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Abstract

BRILLOUIN SCATTERING STUDY OF INCOMMENSURATE

POTASSIUM SELENATE

(Acoustic Anomalies And The Landau Free Energy)

by 

Gen Li

Adviser: Professor Herman Z* Cummins

Brillouin scattering studies of K2Se04 in the  vicinity  of the incommen­

surate and com m ensurate phase transitions w ere perform ed and analyzed in 

the following aspects:

(1) The longitudinal acoustic mode propagating along the c* axis was 

investigated both in 90° and 180° scattering geometries. A theoretical deriva- 

tion of the complex elastic constant C33(o>) w as carried ou t in the fram ework 

of Landau theory including both bilinear (Landau-K halatnikov) coupling to 

the am plitude mode, and fluctuation contributions from  the E2 soft mode 

above Tj and from  pairs of am plitude modes and phase modes below T(. The 

contribution of phase modes w as considered lor the first tim e in this analysis. 

Comparison betw een theory and the Brillouin data led to an  excellent fit using 

free energy param eters close to values deduced from previous static and 

dynam ic experim ental results. This analysis also indicated th a t the phason gap 

1^(0) is at least 100 GHz. Analysis beyond the mean-field approximation was 

also discussed.
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(2) Transverse acoustic inodes propagating and polarized along the crystal 

axes w ere investigated in 90° scattering geometries. The C44 anomalies above 

and  below T* were ten ta tively  explained by bilinear coupling w ith  the lowest 

optical mode. Raman scattering studies o f this mode indicated a varia­

tion of frequency w ith  tem perature w hich is sim ilar to the variation of C4 4 . 

The C35 anom aly near Tc w as explained by coupling to the phase mode w ith  

w avevcctor of K* =  a*S(T). The anom aly near Tj w as also analyzed w ith  

Landau theory. Theoretically predicted transverse acoustic asym m etries due 

to the coupling w ith  phase modes were also explored.
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C H A PTER  I

INTRODUCTION

1. INCOMMENSURATE CRYSTAL STRUCTURE

One of the most basic characterizing features of a crystal is its lattice 

translational periodicity. Traditionally each crystal has been assigned to one of 

the 230 three-dimensional crystallographic space groups according to the 

arrangement of the atoms in the unit cell and the crystal lattice symmetry. 

However in some crystals, there exists a kind of structure in some tempera­

ture range called incommensurate which can not be classified into one of the 

above space groups.

"Incommensurate structures are peculiar quasi-crystalline substances that 

lack periodic translational symmetry not in a haphazard amorphous way but 

because two (or perhaps more) elements of translational symmetry are present 

which are mutually incompatible. Suppose A(r) and B(r) represent the spatial 

distribution of two characteristic properties of a material and that

A to -E A rf® *  * « ■ )-£ * ,« » * . (1.1.1)
IG) 1G|

The structure is incommensurate if the sets of reciprocal lattice vectors iG} 

and {G} have only the trivial elements G =  G =  0 in common" *AIl  Gen­

erally incommensurate structures can be classified into four types; Magnetic, 

compositional, intergrowth/overgrowth, and displacive. In the displadve type, 

the two incommensurate characteristic properties are the displacement field 

u(r) and the periodic density of the unmodulated crystal, p m. In general, an 

incommensurate structure is developed from a high temperature prototype
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s tru n u re  through a second order phase transition a t T s and is stable in a cer­

tain tem perature range (or ranges) in w hich  "the modulation w ave  vector usu­

a lly  becomes larger w hen tem perature is lower. At some tem perature Tr a 

commensurate s tru c tu re  becomes more stable and the system w ill lock into 

the commensurate phase w ith a lirst order lock-in phase transition.

Even though incommensurate struc tu res cannot be classified into any of 

the normal three-dimensional space groups, dcWollffD,l has discussed the 

classification for s truc tu res w ith  one-dimensional modulation by exploiting the 

sym m etry of the four-dim ensional struc tu re  of

K =  ha*+ kb*+ lc*+ niq, ( 1. 1.2 )

where ( a \b ’,c’) are the three reciprocal basis vectors of the undistortcd lattice, 

q  is the w ave vector of the modulation w ave  and (h, k, 1, m) are integers.

There are several special characteristic features that make the incommen­

surate struc tu re  interesting: (a) The most characteristic features of incommen­

surate structures are their diffraction patterns in w hich  besides the prim ary 

Bragg reflections, there  exists a secondary set of satellite reflections w ith their 

own characteristic spacing In spite of th is discrete crystal-like diffraction 

pattern, incom m ensurate structures are not crystalline in the generally 

accepted sense because they lack translational periodicity, (b) The condensa­

tion below T ; of the  tw o  degenerate soft optical modes w hich exist above Tj 

generates tw o non-degenerate soft modes in the incom m ensurate phase: the 

am plitudon w hich is the usual totally sym m etric soft mode, and the phason 

which (at q  =  0 ) is a zcro-cnergy Goldstonc mode, (c) There arc two order 

parameters in the incommensurate system : Near T f in the incom m ensurate 

phase, the m odulation wave is essentially sinusoidal, so the order parameter is 

the am plitude of the incommensurate distortion. While near Tc the



modulation evolves into an array  of phase soli ions w hich  is described by a 

lim e-independent sine-Gordon equation, and the order param eter is the soliton 

density.

Because incommensurate modulations break the three-dimensional transla­

tion periodicity in a special w ay , incom m ensurate structures show new 

phenomena that do not exist in ordinary periodic crystals. By studying incom­

m ensurate structures and their phase transitions, we may extend our 

knowledge of physics from three-dimensional periodic to more complicated 

systems, and improve the understanding of aperiodic materials.

2. STRUCTURE OF K2 Sc04

The S tructure  of the K2Sc04 (Potassium Sclenate) crystal has been inves­

tigated by m any groups. It exhibits lour phases in different tem perature range 

as show n in figure 1.2 . 1.

In the highest tem perature phase, w hich  exists from m elting to 745K 

(T j), the K2Se04 crystal has hexagonal sym m etry  and belongs to  the space 

group D6h—Ph,/ mine- From the results of th e ir experimental and phenomeno­

logical studies, Shiozaki ct alJsl* concluded th a t the phase transition from hex­

agonal to orthorhombic sym m etry a t T, w as due to the instability of an opti­

cal mode belonging to the representation w ith  a w ave vector of 

q  — (0,2ir/ -J  3aH,0). W here a„ is the lattice constant in the hexagonal phase.

In the normal phase between 745K (T ,) and 129.5K (Tj), the crystal 

struc tu re  of K2Sc04 w as first determined by Kalman et al.*KI* (in 1970) 

though von Gattow*0 ^  (in 1962) had pointed out that the struc tu re  is isomor- 

phous w ith  0 — K2S04. In this phase, the crystal has orthorhombic sym m etry 

and belongs to the space group of D2'h6—Pnam. The cell dimension a t room tern-
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-(4).
93K

-(3). .(2).
129.5K

T l
_ J ___
745K

.(1).

Phase 1 

Phase 2

Phase 3 

Phase 4

Hexagonal; DhV Pv  mmc (a- K2SQ4)

Orthorhombic; D2h,-Pnjm(b> aX ) (fl- K3S0 4fc 
Paraelectriq (Normal Phase)
At T-300K ;
a =  7.061 A. h *  10i466A. c =  6.003A 
n, *  1.549, nb *  1.539, n* =  1.543;
Prn =  3.05g/ cm3

*

Incommensurate qQ =  -2-li—8 ( T)1

Commensurate; Orlhorbombiq C2V pm2[ 
qc — a*/ 3; ferroelectric Pz

Z -  2 

Z =  4

Z =  12

Figure 1.2.1. Phases of K2Se0 4. Z is the number of formulae units per unit cell.

\7  ©I
Figure 1.2.2. Schematic structure of the P phase K 2Se<)4. Two levels along the c 
direction at heights 1/4 and 3/4 are shown separately. K„ and K# are symmetrically 
nonequivalent potassium ions. Numbering identifies ions or groups (from lizumi et al. 
mi).



peralure arc:

a =  7.661 ±0 .004A b =  10.466 ±0 .008A  c =  6.003 ±  0.001 A.( 1.2.1)

Figure 1.2.2 show s the schematic s truc tu re  of K^StO^. The u n it cell contains 

four form ula units (28 atoms). There arc tw o  non-equivalent sites for the 

potassium ions, Ku and K^, w hich lie in special positions on the m irror planes 

1 3at z =  — and z — The selenium  ions at the center of the tetragonal Se04 
•4 4

groups also occupy special positions on the m irror planes and therefore m irror 

planes of the tetragonal groups coincide w ith  the m irror planes of the lattice. 

In fact, the orthorhombic structure  is a slightly  distorted hexagonal struc tu re  

w ith  the a axis being the pseudo-hexagonal axis and the ratio of b/c being 

1.7437 == 73 in the notation in w hich the a axis is coincident w ith  the 

hexagonal axis direction of the high tem perature phase (hexagonal sym m etry 

phase). In this phase, the crystal is paraclectric.

A major neutron scattering experiment w as reported by lizumi et a lJ1̂  in 

1977. In their experiment, they found tha t in this normal phase, there exists a 

low est-lying transverse soft optical phonon branch which propagates along ( 1, 

0, 0) and has the sym m etry of the Z 2 irreducible representation w ith  a
a

m inim um  at q  =  — (1— S0). Figure 1.2.3 show s the tem perature dependence of

the dispersion curve of this Z 2 branch. Characterizing the dispersion curve by 

the Fourier series

t h « f ) P  =  £ F B( l- c o s n  ir{X ( 1.2 .2 )
n

they  found th a t w hen the tem perature decreasing towards Tjt the force con­

stants between nearest-neighbor layers and second-neighbor layers, F, and F2, 

are decreasing. In contrast, the force constant betw een third-neighbor layers is 

increasing and becomes the predom inant component, resulting w ith  the



softening of phonon energy at about (1/3, 0, 0). At Tj, the incommensurate
»

transition tem perature, and the soft mode a t q  =  — ( ] —So) on the branch

condensed, the se>t‘i mode instability transform s the crystal into a displaeive 

incom m ensurate structure .

The incom m ensurate phase exists f rom 129.5K (Tj) to 93K (Tc). After the

norm al-incom m ensurate phase transitions, the  "frozen-in" soft optical mode

becomes a one-dimensional static m odulation wave. The neutron diffraction

study  in this phase by lizumi el al. *11* indicated that the satellites generated

by the modulation w ave are not exactly a t superlattice positions. Instead, the
*

w avevecuir is q  =  — (1—5), w here 6 is a tem perature-dependent mismatch

param eter. They found that w hen tem perature is decreased from  Tj towards 

Tc, the value of 8  decreases continuously from  SQ = 0 .0 7  to about 0.02, as 

show n in figure 1.24. They also found th a t the intensity of the  first-order 

satellites, w hich is proportional to  the am plitude squared of the modulation 

w ave, starts from  zero and increases continuously w ith decreasing tempera­

ture. The fact th a t there is no abrupt change of either 5  or the in tensity  of the 

satellites a t Tj suggests that the incom m ensurate phase transition is second- 

order.

Based on their neutron scattering results and sym m etry analysis, lizumi 

et a lJn * concluded that the major components of the struc tu ra l modulation 

consist of rotation of the Sc04 groups around the b-direction and associated 

translation of K ions along the c-direction. The observations of the incommen­

surate  structure were extended by Yamada e t a l . * ' b y  x-ray diffraction. 

T heir results supported the predictions from  the neutron scattering experi­

m ent. Several im portant points w ere obtained from their measurements: (a) 

The SeOj tetrahedra are almost regular and displace rigidly, (b) No higher



order satellites were observed which indicates th a t the modulation is nearly  

sinusoidal, (c) The bond length between oxygen atom s belonging to adjacent 

Se04 tetrahedra  changes rem arkably from  the norm al phase and fluctuates 

w idely in the incom m ensurate phase. These results provide a better under­

standing of the incom m ensurate instability.

At T(, the incom m ensurate-comm ensurate phase transition point, the

mismatch parameter 8  ab rup tly  drops from  0.02  to zero as show n in figure
♦£

1.2.4. The wavevector of the modulation becomes q  =  -j-. X-ray diffraction

results indicated th a t the "lock-in" phase transition is characterized by the 

structu ra l modulation becoming commensurate w ith  the lattice as well as an 

additional homogeneous s tru c tu ra l change both in rotation of Se04 groups 

around the b-axis and in translation of Ka (sec figure 1.2 .2 ) ions along the c- 

axis.

In the  commensurate phase, the crystal s truc tu re  has orthorhombic sym ­

metry and  belongs to the space group of C 2̂ —Pna2 1. The modulation w ave
4

w ith  q  =  —  results the unit cell being tripled along the a  axis relative to the

normal phase. Associated w ith  the "lock-in" transition, a macroscopic dielec­

tric  polarization is generated by secondary atomic displacements induced by 

fourth-order an harmonic coupling of P0 to the prim ary lattice modulation. 

Thus K 2Sc04 in this phase is an improper ferroelectric w ith  the spontaneous 

polarization along the c-direction.
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30

40
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1 to

130

1003
4  { REDUCES UNIT I

Figure 1.2.3. Dispersion curve of the I 2 s°f* mode along with the I j  acoustic mode 
plotted in an extended zone which is doubled along the a* axis. Z.B. indicates the ori­
ginal zone boundary. Solid lines show the results of fitting of Eq. (1.2.2) (from lizumi 
et al. 1,1 *X

OJt-

OM-
“ OOI-

oat -

M *0

Figure 1.2.4. Temperature dependence of 8 . Solid tine is calculated result, (from 
lizumi et al. ^ X



CHAPTER II

REVIEW  O F PREVIOUS STU D IES OF K2SeQ4

1. EX PERIM EN TA L STU D IES

Among the A2BX4 fam ily  of incom m ensurate insulators, K2Se0 4 is 

perhaps the best studied by various experim ental techniques; it has also played 

a major role in understanding modulated incom m ensurate structures and the 

phase transitions.

a . X -ra y  d if f ra c tio n  a n d  n e u tro n  s c a tte r in g  s tu d ies

The tw o successive phase transform ations of K2Sc04 a l T, =  129.5K and 

T( =  93K were lirst found in 1970 by Aiki el a lJA3*A4' in specitic heat and 

dielectric constant measurements. They also found that the transition at Tt. is 

to a ferroelectric phase w ith  the spontaneous polarization along the c-axis. 

Following Aiki et al.’s discovery, Terauchi et a lJn * carried out a x-ray 

diffraction measurement of the tem perature dependence of the satellites in the 

tem perature range between the tw o transition points. They failed to detect the 

incommensurate spacing of the satellites and concluded th a t the satellites arc

j|_
a lw ays a t the commensurate positions of q =  —

3

A very important neu tron  scattering study of K2Se04 was reported by 

lizumi et alJ1̂  in 1977. Above Tj, by inelastic neutron scattering, they 

explored the tem perature dependence of the lowest lying soft optical Z 2 

branch (shown in figure 1.2.3). The dispersion curve for this branch show s a

w ell defined sof t mode at q  ~  —  w hich condenses a t Tj. This soft mode insta-
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biliiy  provides a dynamic explanation for the norm al-incom m ensurate 

transform ation. Lacking a microscopic explanation for the incommensurate la t­

tice instability, they used a phenomenological force constant analysis of the 

soft-mode dispersion curves. W ith the picture of competition of the interaction 

forces among three layers, they could explain the softening of the branch. 

Below T (, by precisely measuring the peak positions of the satellite reflections, 

they found that the reflections are characterized by a w ave vector

q  =  ™ (1 —S). The deviation 5 changes w ith  tem perature and disappears

discom inuously at T(. (as shown in ligure 1.2.4). From these results, they con­

cluded th a t the phase transition a t T* is the transform ation to an incommen­

surate struc tu re  and the transition a t T( is an incommensurate to commen­

surate phase transition. They also presented a discussion of the 

incommensurate-commensurate transition and the sim ultaneous occurrence of 

the commensurate phase and the spontaneous polarization by using a Landau 

free energy expansion in w hich the coupling term plays an

essential role both in driving the incommensurate-commensurate phase 

transform ation and inducing the spontaneous polarization.

A fter the elucidation of the incommensurate properties of K2Se04 by 

lizumi et aU  many fu rther experimental investigations were carried out. In 

their x-ray diffraction study, Chen et al.*c l* (1981) observed therm al hysteresis 

a t the incommensurate- comm ensurate transition. Kudol* ^ (1982) reported x- 

ray diffraction results for the satellite  positions and intensities in the incom­

m ensurate phase. Their results are in good agreem ent w ith  the neutron 

scattering results. More detailed x-ray  diffraction studies were carried out by 

Yamada et a lJ '1 2®'> Based on the concept of de W olff’s four-dimensional 

lattice space, they analyzed the structures of K2Se04 in the incom m ensurate 

phase and evaluated the eigenvectors of the modulation mode from the
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observed atomic displacement pattern . They also analyzed ihe structure in the 

com m ensurate phase and revealed the details of the s truc tu ra l change a t the 

incom m ensurate-commensurate phase transition. Several im portant results of 

their w ork have been mentioned in the last section of chapter 1.

A fter lizum i ct al„ fu rth e r neutron scattering studies were reported by 

several groups. Majkrzak et al.^Ml' (1980) studied the tem perature dependence 

of the prim ary  and secondly satellites by neutron  diffraction. Press et alJp,l 

(1980) studied the effects of hydrostatic pressure on the normal- 

incom m ensurate phase transition. Axe et a lJA6* (1980) studied the dispersion 

and tem perature dependence of the "am plitudon" and "phason" (they  were 

not able to measure the behavior o f the phason branch when T—»Tt. from 

below or in the incommensurate phase, w h a t they studied was only the 

" pseudo-phason".) w hich represent the fluctuations in am plitude and phase of 

the m odulation w'ave below Tj. Figure 2.1.1 show s their results for the tem ­

perature dependence of the soli mode frequences. Their results are in agree­

m ent w ith  the Raman data reported by Wada et a lJu 2* in 1977.

In 1983, Quilichini et alJv *l reported their neutron scattering study on the 

phason branch in the incommensurate phase of K2Se04. They observed a 

heavily damped inelastic feature near the strong satellite reflection and they 

identified it as the phase-mode response. By fitting their data  to a damped har­

monic oscillator response function w ith  the assum ption of a w ave vector 

independent phason damping w ith linear tem perature dependence (w hich was 

estimated by using the Raman and neutron results in the normal and commen­

surate phases), they obtained a non-zero gap for the phason branch dispersion 

curve as show n in figure 2.1.2. By extrapolating to q =  0, They found a pha­

son gap of fit, ^  60GHz.
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Figure 2.1.1. Temperature dependences of q — 0 phase and amplitude mode frequen­
cies. Solid lines indicate Raman scattering results, data points are neutron results.The 
dashed portions of the is entirely schematic serving to indicate that is expected 
to vanish at Tc (from Axe et al. ,A6'X
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Figure 2.1.2. Phason dispersion of KjSeO^ for q //a \  circles are neutron data (closed- 
I20K, open-IOOKb triangles are Raman data; acoustic slopes are shown as broken 
lines, for comparison (from Quilichini et al.
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b. Raman scattering studies

W ada et (1977) reported Raman scattering studies of the soft

modes in the incom m ensurate and com m ensurate phases. They obtained the 

tem perature dependence of the frequencies and damping constants o f the 

am plitudon and pscudo-phason. IJnruh et a]Jln ' repeated the Raman scattering 

measurement on the tw o soft modes in 1979. W ith the help  of the higher 

resolution of the ir triple monochromator, they extended the measurement 

closer to Tj and found that the frequency of the am plitudon can be described 

by — 11.2(cm- 1 Xl27.4—T(k)]°'26- Also they observed a rem arkable increase 

of the am plitudon damping w hen the tem perature approached Tj from below. 

Their results are show n in figure 2.1.3. Further Raman investigations on the 

am plitudon w ere carried out by the groups of Fleury et alJF1 ,̂ W adaet al.*u 3' 

Kolpakov et alJK2l  Echegut ct alJE1* and Lee at a).*L1l

A Raman scattering study of the phase mode in the incommensurate 

phase of K 2Se04 w as performed by Inoue et al.*12* in 1983. They found that 

the pscudo-phason in the commensurate phase developed into an over-damped 

mode in the incom m ensurate phase. Bast'd on a damped harmonic oscillator 

model, their analysis gave a  phason frequency w ith  a q « 0  gap which was 

later found by Q uilichini et a lJ^ 1* to be consistent w ith  their neutron scatter­

ing results.

c. Specific heat and thermal expansion studies

A fter Aiki e t al. more specific heat m easurem ent of K2Se04 in the vicin­

ity of Tj and Tc w ere  carried out U-^It'2llr*2XA7l_ ^  sm a]] specific heat anom aly 

was found at Tr and a second-order transition behavior w as found at Tit as 

shown in figure 2.1.4. The specific heat jum p at T, found by Chaudhuri et 

al.*1-' and by Flcrov et alJF2' w ere 8.5JK- l m ol_I and lO .lJ K ^ m o F 1
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Figure 2 . 1.1. Higenfrequency o>0 and damping constant y  of the amplitude mode of 
K;Se()4 versus temperature. Circles are the results of Wada at al. 1W1' for comparison 
(from Unruh et al. *UI*X
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Figure 2.1.4. Heat capacities of K2SeQ4 (from C'haudhuri et al.lc3,X
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Figure 2.1.5. Linear thermal expansion coefficients of KiScO^ measured along the a. 
b and c axes (from Flerov et alJF2‘l
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respectively. Flerov el al. also studied the behaviors of ihe linear therm al 

expansion eocllidenls along the three erystal axes. Big discontinuous changes 

were found at T ; for all th ree  directions w ith  

(Aaa Aar ) =  (3.4, 8.1, —19.1 )xlO ~5K_1, and sm all anomalies were found 

al Tc. Their experim ental results arc show n in figure 2.1.5.

A therm al expansion m easurem ent on K2Se04 w as performed by Shiozaki 

et a lJs l* in 1977. The m easurement w as reexamined by Midorikawa*M2* in 

1981. His result is in better agreement w ith  the results of neutron scattering 

under high pressure by Press et a li1’̂  and the results of the x-ray m easure­

ment on the lattice constant by Kudo et alJK3L in both therm al expansion 

measurements, rem arkable changes were ohserved at the nortnal- 

incommcnsuratc phase transition in the slopes of the therm al expansion (as a 

function of T) along the three crystal axes. In the  incommcsurate phase, the 

spontaneous strains along the a  and b  axes show linear tem perature depen­

dence w hile along the c axis show-s non-linear tem perature dependence. A 

small discontinuity in the therm al expansion in the c direction was observed 

by M idorikawa a t Tc, indicating that this transition is of first order.

d. U ltra so n ic  a n d  B rillo u in  s c a t te r in g  s tu d ies

Ultrasonics and Brillouin scattering studies o f K2Sc04 were reported by 

several groups. Yagi et a l J '4* 3* w ere the first to investigate the tem perature 

dependence of the elastic constants of the pure longitudinal acoustic modes of 

K2Sc04. A large anomaly w as observed w ith  decreasing tem perature for the 

C3 3  longitudinal acoustic mode Brillouin f requency, w ith  about a 25% dow n­

w ard rounded step around T,, and a gradual increase after Tj.

Rchwald et a lJR1* combined ultrasonic and Brillouin scattering results 

together in their report in 1980 in w hich they  measured the tem perature
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Figure 2.1.6. Variation of the elastic stiffness functions of K2-Se()4 with temperature 
from ultrasonic measurements (from Rehwald et alJR1 *1
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Figure 2.1.7. Variation of the clastic stiffness functions and sound attenuation of the 
longitudinal sound wave along ((X)1) of KtSc04 with temperature from Brillouin 
scattering. The solid lines are calculated from the stiffness functions of ’pure'- and 
’quasi’- phonons (from Rehwald et al.*1"*).
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dependence of the clastic constants C n —C^, (see figure 2,1.6 and 2.1,7). The 

results from both measurements arc sim ilar (They did not succeed in detecting 

the Brillouin M attering from the pure transverse modes because of the small 

scattering cross section). They determ ined the C44, C S5 and from the 

quasi-longitudinal and quasi-transverse phonons for the hypersonic frequency. 

In iheir m easurements, characteristic variations in the vicinity of Tj were 

observed for the elastic functions of C 22, C33, C ,3, C23 and C44. For the C 33 

longitudinal acoustic mode, besides the rem arkable anom aly of the frequency 

decreasing around Ts as reported by Vagi et al., they found that the damping 

also experienced a pronounced increase around T,. The C44 elastic constant 

also shows considerable changes around Tjt decreasing w hen tem perature 

approaches Tj f rom both sides. Around Tt., on I ibits large variations,

w ith  about a 25% decrease in the incommensurate phase. Based on a Landau- 

type power-series expansion of the frce-energy, they interpreted the anomalies 

of the elastic functions as a conseq uence of the coupling of strains to the order 

parameter in the incom m ensurate and comm ensurate phases. In a more 

detailed analysis of the anom aly f rom their ultrasonic measurement K̂2*, 

they investigated the role of phason coupling and the existence of soli ton-like 

discommensurations close to T< in the incommensurate phase.

More Ultrasonic studies of the anomalies of the elastic constants were 

reported by Hoshizaki et alJ111', Esayan et alJ12*, and Lemanov et alJL3L In 

f u rth e r Brillouin scattering studies, Hauret et alJ112' carried out an analysis of 

the damping of the C33 longitudinal acoustic mode in the incommensurate 

phase around Tj based on the linear coupling between the incommensurate 

deformations and an overdamped mode w hich is equivalent to a Debye relaxa-

Totion process. They found a relaxation time of r  =  ^  w here
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Figure 2.1.8. The lemperature dependence of (a) and the FWHM (b) of K2Se0 4 
for 6 *45® (triangles). 90° (closed circles) and 1.45° (open circles) from Brillouin 
scattering (from l.uspin el al.,L4*X
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t (1 =  2.6x10- 12sK. Luspin cl a lJ14  ̂ reported their Brillouin scattering studies 

of the wavevector dependence of the C 33 mode anomaly in the incommen­

surate phase around Tj by changing the scattering angles (see figure 2 . 1.8 ). 

Hydrostatic pressure effect and uniaxial stress efleet on the C31 anomalies 

were reported by Benoit et a lJB1* and Billesboch et alJ8*̂  respectively. Addi­

tional review and discussion of the analysis of Brillouin scattering results w ill 

be given in subsequent chapters in w hich w e w ill make comparison w ith  our 

results.

e. O th e r  e x p e r im e n ta l s tu d ie s

Incom m ensurate K2Se04 has been intensively studied by many other 

experiments: Dielectric constant m easurement iHM3ls2HK3llH3lH4)t m jj_

limcter w ave measurement 2*. piezoelectric resonance and magnetic

resonance lJ1llt Jlls3l r 3l i : l  j ] lc rceent NMR m easurement results reported by 

Topic et a lJ 12* indicated that the phason has a non-zero gap of about 160GHz.

2. THEORETICAL STUDIES

Many theoretical studies on the incom m ensurate structure and the phase 

transitions of K2Se04 have been carried out by many groups and w ith  various 

models. The principal theories may roughly be sorted as follows:

a. Lattice dynamics

An in terlayer force competition phenomenological lattice dynamics 

analysis w as first applied by lizumi et a lJn * in 1977 to explain the dispersion 

relations of the tem perature-dependent soft optical E* branch of K2S e0 4 

observed from their neutron scattering studies. Assuming that the interactions 

between lattice layers perpendicular to the direction of the modulation
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w ave vet-tor are represented by in ter layer harmonic force constants, they 

found that the dispersion relation could be w ell described by the Fourier 

decomposition of equation ( 1.2 .2 ), in w hich on ly  terms w ith  n ^ 3  give the 

main contributions. From the tem perature dependence of the force constants, 

they  concluded that the softening of the Z 2 branch and the condensation of
a

the soft mode a t q  ^  —  is the resu lt of the  competition of the first, second

and third layer interaction forces in w hich F! and F2 decrease w ith  tempera­

tu re  whereas F3 increases and becomes the predom inant component. In their 

s tu d y  of the hydrostatic pressure effect on the incommensurate transition of 

K2Se04, Press et alJP1' extended the lattice dynam ics analysis and concluded 

th a t the three-fora*-constant approximation does make specific predications 

about the pressure dependence of the soft phonon branch.

b . A b in i t io  la tt ic e  d y n a m ic s

In 1980, Haquc and Hardy*” 5' reported their ab initio lattice-dynamics 

studies of the incommensurate phase transition in K2Se04. Using the know n 

K2Se04 structure, they combined general Coulomb interactions and short- 

range interactions betw een restricted num bers of dose neighbors in to  a Born- 

von Karman rigid-ion model. The associated short-range f orce constants were 

fixed by using the static equilibrium  conditions and the observed Raman fre­

quencies. By varying the  tem perature w hich  is sim ulated by varying the 

short-range f orce constants, they found tha t th e  crystal has a low -frequency 

optical branch of L2 sym m etry  w hich displays softening and instability for 

w avevector q  =0.3a*. Haque and Hardy noted that the instability  is very 

sensitive to changes in a small num ber of potassium-oxygen and inter-anion 

oxygen-oxygen potentials. By decomposing the squares of the norm al mode fre­

quencies into a sum of Coulomb and short-range components, they found that
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the instability w as resulted from a near cancellation of stabilizing Coulomb 

forces and destabilizing short-range contributions.

Recently, Lu and H ardy^'5*116* reported the ir new approach to the  first- 

principle sim ulations of the  phase transitions in K2Se04. In this sim ulation, 

they performed ab initio quan tum  chem istry calculation for an isolated Se042- 

ion and calculated the electron charge density for the w hole Se042- ion and 

individual Sc and 0  atoms. A fter a sym m etry-restricted static relaxation, in 

w hich both the intram olecular and in ter m olecular interaction potentials are 

determ ined, they obtained a room -iem perature struc tu re  w hich is very close to 

the experim ental structure. A further lower tem perature sym m etry  restricted 

static relaxation also gives a closr fit to the low tem perature experim ental 

s truc tu re . They concluded th e  a double-well type of structure in the potential 

energy surface is the driving mechanism of the phase transitions.

c. Phenomenological Landau theory

Phenomenological models based on a Landau theory have been w idely 

utilized to investigate the incom m ensurate phase and the phase transitions of 

KjScCV lizumi et alJ1̂  w ere  the first to explain the phase transitions of 

K2Se04 by using an extended Landau theory. By taking the lattice distortion

Qq w ith  wavevector q =  (y ,0 ,0 )  as the prim ary order param eter and the

spontaneous polarization Pz as a secondary order parameter, they found that 

the interaction term  Q̂ 3PZ can provide explanations for the incommensurate- 

com m ensurate phase transition and the induction of the spontaneous polariza­

tion below Tc. They also noted that the  strain  component € 5 w hich is related 

to the transverse xz acoustic mode has the same sym m etry as Pz and th a t a 

sim ilar coupling effect is possible.
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A fu rth er theoretical study on K>Se04 w as reported by Sannikov and 

L evanyuk^* in 1978 based a free energy in w hich  the prim ary  order parame­

ter describes the change of the sym m etry  of the ferroelectric phase relative to 

the normal phase. They found that the Lifshits gradient invarian t term in the 

free energy is required to describe a phase transition from  a normal phase to 

an incom m ensurate phase. They also noted th a t a higher-order (sixth rather 

than fourth  order used in the previous studies) anisotropy invariant is essen­

tial in the description of the phase transition from  an incommensurate to a 

commensurate polarized phase. In this analysis, the contribution of the cou­

pling terms of QM3P, and Qfc*, w ill renormalize the coefficient of the sixth 

order term for the Lock-in transition a t Tc.

In contrast to the previous studies in w hich the coefficients of the free 

energy were treated as filling param eters and adjusted to fit individual experi­

m ental results, Sannikov and Golovkds5* reported a system atic study of 

K iSc04 based on the Landau-type free energy. They quantitatively  evaluated 

most of the coefficients of the free energy by using various results from 

different experiments. In this w ay, the valid ity  of the Landau free energy 

was verified.

Many calculations and analyses based on the Landau theory have been 

carried out over the years. Ishihashi^13* calculated the tem perature dependences 

of the specific heat in the incommensurate phase by solving the Landau-type 

therm odynam ic potential w ith in  the phase m odulation-only approximation. 

Under the same approximation, Mashiyama*M3*M4̂ calculated the dielectric sus­

ceptibility. Comprehensive overview s on the theoretical and experimental 

studies on K2Sc04 can be found in the review s of Axe^A8*, Ish ibash i^  and 

C um m ins^5*.
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b. Three-dimensional XY model

Since their introduction by W ilso n ^ 4*, n-component Landau-Ginzburg- 

Wilson (LGW ) Ham iltonian models have been successfully applied in describ­

ing critical phenomena of many phase transitions. By using the 

renorm alization-group techniques and field theoretic methods ^  4][tvslLnlLi2  ̂

this theory can be used to calculate quantities such as the critical exponents 

for various systems.

K2Se04 has a second-order displacive norm al-incom m ensurate phase tra n ­

sition w ith  a tw o component order param eter of continuous sym m etry. Thus 

the tw o component (n=2) Landau-Ginzburg-W ilson Ham iltonian is appropriate 

near the transition point. The critical behavior should then belong to that of 

the universality class of the 3-dimcnsional (d -3 ) XY model. The critical 

exponents of this (d=3, n=2) model have been calculated by Le Guillou et

a lji .i ilu z )  w ^ 0 foun(j y  — i .3 i v =  0.669 and /3 =  -L(yd—y) =  0.3455. The

tem perature dependences of the soft mode frequency and the modulus

of the prim ary order parameter p(T) of K2Sc04 should behave as 

Uc,(qo) a  (T—Tj)y and p 2 a  (T4—T)2̂ , respectively,

lizumi et alJ11* w ere  the lirst to explore the possibility of describing the 

norm al-incom m ensurate phase transition of K2Se04 w ith  a 3-dimensional XY 

model. In their neutron scattering studies of K2Se04, they analyzed the in ten ­

sity  of the prirpary satellite  rellection w hich is proportional to p* and obtained 

the critical exponent of 2/3 = 0 .8 4 0 .1 . This value obviously deviates from the

mean-field results of y  ~  1, v =  y ,  2/3 =  1 Based on the free energy they

used w hich, by suppressing the secondary order parameter, is an example of a 

Landau-Ginzburg-W ilson Harmiltonian w ith  an (n-2)-com ponent vector, they 

suggested that the true critical behavior of K2Se04 m ight be th a t of the XY



- 25 -

model. A fu rth er neu tron  diffraction study and analysis of the normal- 

incomniensurau* phase transition of K2Se04 w as reported by M ajkrazak ct 

a iJM,l in 1980. They m easured the critical exponents associated w ith  the pri­

m ary and secondary diffraction satellites and found them to be 

2/3 =  0.75d0.05 and 20 =  1.57J0.07, respectively. These values are in reason­

able agreement w ith the theoretical estim ates 20 =  0 .70 i0 .04  and 

20 =  1.69d0.09 of the 3-dimensional XY model.

Recently, Chcn^’7* reported a new  analysis o f the specific heat anomalies 

of K2Se04 and Rb2ZnCl4 near the norm al-incom m ensurate phase transition. 

Based on the 3-dimensional XY model, he compared the experim ental data 

w ith  the theoretical calculations in w hich the critical exponents *L12' and 

o ther universal features w ere fixed to the XY universality  class. V ery close 

agreem ent between the theory  and the experim ental results werc

found in this analysis. He concluded that norm al-incom m ensurate phase tran­

sitions in the A 2BX4 fam ily  do belong to the universality class o f the 3- 

dimensional XY model.

3. OUR BRILLOUIN SCATTERING STUDIES OF K^cO A

As mentioned in the  previous sections, acoustic anomalies of K2Se04 in 

the vicinity of the incommensurate (Tj) and lock-in (Tc) phase transitions 

have been studied by m any groups w ith  ultrasonic IH,l RtlR2lL3li acoustic reso_ 

nance *KS* and Brillouin scattering methods lnM '4M< tlRilH2lL4lBil However, to 

date there has been no a ttem p t to establish w he ther or not the details of the 

acoustic anomalies observed in these experim ents can be successfully explained 

by the Landau Tree energy w ith  coefficients determ ined by independent experi­

m ents rather than  being considered as free fitting parameters. Also, analysis of 

the anomaly of the longitudinal elastic constants based on an equal treatm ent
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of tlic Landau-K halal ni kov bilinear coupling el feet and fluctuation cll'ects 

w hich arise from the same an harmonic coupling term s in the free energy, has 

tun been done in the previous studies. Furtherm ore, previous attem pts a t direct 

observation and study of Brillouin scattering from the pure-transverse acoustic 

modes by other groups has not been successful. From the consideration of the 

sym m etry  of phasons w ith  small wavevector and the sym m etry of the 

transverse acoustic modes, theoretical analysis predicted certain

asym m etries for transverse sound waves under interchange of their propaga­

tion .and polarization directions. Transverse sound w aves w ith  a vector q  per­

pendicular to the modulation axis and w ith  displacements along the m odula­

tion axis could couple to phasons, whereas sound waves w ith  q along the 

m odulation axis and displacements along the perpendicular direction can not 

couple. Therefore, asym m etric behavior is expected for the related elastic con­

stants or attenuations or both. However, there is no light-scattering study 

reported on the investigation of this kind of asym m etry  effect. Therefore, we 

have perform ed the following research:

( 1 ). Brillouin scattering (90° and 180°) studies of the C 33 LA mode in w hich 

we have analyzed the elastic constants and the damping by using a Landau- 

free energy expansion w ith  most of the free energy coefficients determ ined by 

other existing experim ental results, in the sp irit of the Sannikov-Golovko 

approach. In the analysis, a ll anharmonic term s resulting from th ird  order 

coupling between the LA phonon and pairs .of excitations lying on the  soft 

mode branch are taken in to  account sim ultaneously. The main analysis is 

based on a self-consistent mean field fram ew ork. Approaches beyond the mean 

field approximation are also briefly discussed.

(2). Brillouin scattering studies of the anomalies of yz, zx and xy pure 

transverse acoustic modes w hich  are directly related to the elastic constants of
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C44. C5s and C ^ . The anomalies are analyzed also hased on the Landau-type 

free energy.

(3). Brillouin seaucring investigations of the asym m etric behavior of the 

transverse acoustic modes.
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CHAPTER III 

EXPERIMENTAL APPARATUS AND DATA ANALYSIS

1. BRILLOUIN SCATTERING APPARATUS

a. Fabry-Perot interferom eters

Brillouin scattering spectroscopy using Fabry-Perot interferom eters is a 

w ell established method for investigating therm ally  excited sound waves in 

solids and liquids. A single plane Fabry-Pcrot ctalon consists of tw o  high qual­

ity  plane m irrors m ounted accurately parallel to one another and separated by 

an optica] path length L. For a single-pass Fabry-Pcrot, the transmission func­

tion is given by

w here  T0 is the m axim um  possible transm ission of the system, \  is the 

w avelength of the transm itted  light and F] is the finesse which is defined as 

the ratio of the FSR (free  spectral range) to  the FWHM (fu ll w id th  a t half 

m axim um ) of the in strum en t response. A schematic plot of equation (3.1.1) is 

show n in figure 3.1.1. For a Fabry-Perot, the  finesse depends on the mirror 

rellectivity and the departure of the m irror surfaces from ideal planes. W ith 

the consideration of these tw o effects, we have a reflectivity finesse, FT, and a 

surface finesse, Fs:

(3.1.1)

, _  tt'JR
1 "  T - r " ’

(3.1.2)
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F „ = - y ,  (3.1.3)

w here R is the reflectiviiy of each m irror and -^1 is the r.m.s. variation of the

m irror surfaces flatness. In a real system, light is collected from a finite size

source and over a finite solid angle so tha t the collimated light is not perfectly

parallel, as shown in figure 3.1.2. This effect w ill causes an additional

broadening of the transm ission peak. For a pinhole of diam eter d a t the focus

of a collim ating lens of focal length f, the pinhole finesse is given as

c  -  4Xf2 n  i nF = —-—  (3.1.4)
1 d 2L

The combined finesse F, is given by

 ̂ =  _ L + J _ + J _  (3  1 s)
F 2 F F F * '* 1 * r J * 1 p

The contrast of the system is defined as the ratio of the maxim um  transm is­

sion to the  minimum transm ission and is related to the finesse of the system  

by

T 4F ,2
C, = = *  1 +  — i - .  (3.1.6)

* m in  7 r

For a typical single pass Fabry-Perot interferom eter system w ith  R =  98%, 

K — 488nm , m/X. — 200, L =  1cm, d =  150/tm and f =  10cm, the calculated 

finesse is 60 and the contrast is about 1500. W hen o ther imperfections of the

system are included, the actual finesse is usually about 50 w ith  a contrast of

about 1000 .

A lthough the finesse of a  single pass Fabry-Perot system can be fu rth e r  

increased up to a lim it of about 80, the low contrast lim its its application in 

observing weak Brillouin signals in the presence of the usually extrem ely
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Figure 3.1.1. Schematic plotting of equation (3.1.1) as a function of L- The transmis­
sion of monochromatic light through a single cavity Fabry-Perot interferometer is a 
periodic function of the mirror spacing.

Fabry-Perot spatial lilicr

J l

Figure 3.1.2. The non-parallel components of the collected light would cause an 
additional broadening of the transmission function.
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intense elastically scaticd light. This problem can be solved by using a m u lti­

pass Fabry-Perot )ntert’cromcter^B5̂ s7*. For a n-pass single Fabry-Pcrot system 

in which light traverses the Fabry-Pcrot n times a t different positions, the 

transmission (’unction is just the n -th  power of equation (3.1.1):

T n =  (T ,)n. (3.1.7)

The finesse and the contrast of the  system  are

F „ = — p - _ .  (3.1.8)
( 2 " _ l ) y

Cn =  (C ,)n. (3.1.9)

3-pass and 5-pass are the m ulti-pass systems comm only used. For a 5-pass 

Fabry-Perot interferom eter system  w ith  R =  95%, a finesse of F5 ^  70 and a 

contrast 1010 can easily be achieved.

A lthough a m ulti-pass in terferom eter can provide high finesse and high 

contrast, it suffers, like a single-pass Fabry-Perot in terferom eter, from the 

overlapping of neighboring in terference orders w hich introduces ambiguity to 

the analysis of the measured spectra and can even m ake the m easurement 

impossible if  the spectrum contains m any (or broad), features. Efforts have

been made to  solve this problem by constructing interferom eters consisting o f

tw o Fabry-Perot etalons of unequal spacing in tandem operation. Light w ill be 

transm itted through the system on ly  w hen both Fabry-Perots satisfy the reso­

nance conditions of

m, A  =  L, m2 A  =  U , (3.1.10)

where m, and m 2 are integers, and  L, and L2 are the m irrors separations of 

the first and  second Fabry-Perot. To scan the transm itted  w avelength, a sy n ­

chronization condition m ust be satisfied:
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8 L, L,
S L 7 = L 7 ' , 3 n n

where 8 L| and 8 L2 are the variations o f L, and Li during the scan.

A tandem  Fabry-Perot in terferom eter (TFP1) introduced by Sandercock in 

1978 Is8* provides a practicable solution to the problem. This Sandercock TFP1 

consists of tw o  Fabry-Perot etalons in terferom eters in w hich the scanning 

mirrors of both interferom eters are m ounted on a common translation stage. 

The axis of the lirst Fabry-Perot is along the scan axis w hile the second is 

rotated, as show n in figure 3.1.3, by an  angle 0 . The spacings of the tw'o 

Fabry-Perots are related by

Li =  Ltco s9 . (3.1.121

This relation autom atically satisfies the synchronization condition of equation 

(3.1.11). The transmission functions for a single-pass of each Fabry-Perot are

T
T FP1 =    , (3.1.13a)FP1 ac ->  -TTi , 4 F f  . 2 27rL,

1 +  — —sin*-------
TT K

T 0
Tpp2 =  -----------------------------— • (3.1.13b)

4F|2 , 2trL,cosG
1 +  — s-s in * --------------

it X

The total transmission function for light passing the tw o Fabry-Perots in tan ­

dem is

Tj*) =  TppjTppi* (3.1.13c)

Schematic plots of equations (3.1.13) are  show n in figure 3.1.4. It shows 

clearly how the neighboring interference orders are suppressed because of 

equation (3.1.12). By setting up a m ulti-pass for the Sandercock TFPI, we 

obtain a high suppression of the neighboring interference orders, high
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Figure 3 .13 . The scanning stage of the Sandercock TFP1 which automatically 
satisfies the synchronization condition of equation (3.1.11).
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Figure 3.1.4. Schematic plotting of equations (3.1.13) as functions of Lt. Neighbor­
ing interference orders are suppressed in the Sandercock TFPI by the condition of 
equation (A 1. 12).
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resolution, high contrast and thus a high perform ance Brillouin scattering sys­

tem.

b. Brillouin scattering instrumentation

The in terferom eter used in our Brillouin scattering spectrometer is a San- 

dcrcock TFPI set up for 6 -pass (3x2) operation. The m irrors m ounted on the 

in terferom eter are 60m m  diameter fused silica flats obtained from  " 1COS" 

w ith  a reflectivity of R=92-94% a t K — 4880—5145A and a flatness of about 

A/150 over the central 46mm region. The hack surface of each m irror is 

antireflection coated to minimize transm ission losses and unw anted  reflection. 

According to equations (3.1.2) and (3.1.3), the  corresponding finesses for the 

m irrors are Fr =^37 and Fi sas75, w hile for the 6 -pass (3x2), w e have 

F,<b) ^  106 and F^6) *=200. The angle betw een the second Fabry-Perot axis 

and  the scan axis is 0 =  18° and the m irror separation range is Lj =  0— 27mm. 

The m irror used for coupling the first and second Fabry-Pcrots has reflectivity 

r=99%  and a flatness of A/40.

A schematic diagram of the 90° Brillouin scattering apparatus is show n in

figure 3.1.5. A Spectra-Physics 165 Argon ion laser w ith  a built-in air spaced

ctalon is used as a light source w hich can be operated in a single-mode a t 
* *

4880A or 5145A. The stability and quality  of the single-mode o u tp u t of the 

laser is checked regularly  by using a Coherent Optics model 670 spherical 

Fabry-Perot (SFP) w ith  a  free spectral range of 8 GHz. The scan o f the SFP is 

driven  by a 25V ramp and the ou tpu t of the  SFP is monitored by an oscillo­

scope. W ith  careful adjustm ent of the laser cavity and the etalon, one can 

obtain true  single mode ou tpu t from  the laser.

The single-mode laser light is focused onto the sample and the  scattered 

light is collected at 90° by the focusing lens of the first spatial filter. To
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minimize the aperture broadening, we collect light in  a small solid-anglc w ith  

a collecting aperture of 1:0.088 (about 5 x l0 -4  sr). The incident light is polar­

ized perpendicular to the scattering plane and the polarization of the scattered 

light m ay be analyzed by placing a polarizer in the path  of the collected light. 

To protect the poiom uliiplicr tube (PMT) from overload w hen the elastic 

scattering from a sample is too strong, a computer controlled fast shu tter is 

placed before the focusing lens f ,. The shutter is controlled so that it w ill  

dose in some intervals of each scan w here the signal is too strong. A suitable 

intense reference beam of the laser frequency is required  for automatic stab ili­

zation w h en  the sh u tte r  is in operation. This is achieved by the beam sp litte r 

Sj and a continuously adjustable neutral density (ND) filter that provides the 

reference beam that by-passes the  shutter. The second beam splitter S2 has tw o  

uses: first, it sends the reference beam into the system , second, it acts as a  m ir­

ror for view ing the sample through the telescope so th a t a high optical q u a lity  

path of the  sample can be selected. The scattered lig h t (and reference ligh t) is 

collected and passed through the first spatial fitter w h ich  serves to define the 

scattering volume. T he size of the pinhole in the spatial filter is chosen (100- 

250/im) according to equation (3.1.4) such tha t Fp ^  150. The collimated light 

is then analyzed w ith  the TFPI. The combination o f the coupling m irror M2, 

corner-cube C, and cat’s-eye elem ent ( f 3 and M3) reflects the beam and adjusts 

the beam positions to complete the 6-pass (3x2) through the TFPI.

Because the frequency response of the PMT is m uch w ider than the 

effective free spectral range of the TFPI, significant background noise w ould be 

caused by  the light outside the free spectral range such as Raman scattering 

and fluorescence from  the sam ple and optics, am bient room light, etc. In order 

to elim inate these background effects, w e use an Am ici dispersing prism and a 

spatial filter as a final bandpass filter. By using a f — 250mm focusing lens and
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a 300/im  diam eter pinhole in iht* spatial lihcr, from the angular dispersion of 

the Amici prism  of da/dA. =  0.028°nm- , l we have a bandw idth  of 2.4nm for 

the bandpass tiller, w hich  is the same as the common interference narrow 

band filter. The transmission of th is bandpass filter is about 90%, m uch higher 

then a narrow  band interference filter (R ^SO^o) or a diffraction grating.

The analyzed light is detected by a Hamamatsu model R464 PMT w hich 

has a spectral response range of 300-650nm w ith  peak w avelength a t 420nm. 

This PMT can be operated in the tem perature range of — 80°C to +50°C. The 

norma] operating voltage is lkv  and the gain is about 6X106. At room tem­

perature, the  dark count is about 2.5 counts/second (a little  too high in some 

cases of w eak Brillouin scattering signal). By using a Canberra Industries 

model 813 discrim inaior/prc-am piifier, the ou tpu t of the  PMT is converted 

into TTL signals w hich arc recorded by a data acquisition system during the 

interferom eter scan (the data acquisition system is described in the following 

section). The PMT ou tput also serves, by feeding back to  the TFPI controller, 

as a reference for stabilizing the TFPI.

The scan, alignm ent and stabilization of the TFPI is controlled by a San- 

dercock TFPI controller w hich came w ith  the TFPI. The scan of the inter­

ferometer is performed by a piezoelectric transducer (PZT). To compensate for 

the non-linearity  of the scanning PZT, a plane capacitor is contained in the 

TFPI w ith  its capacitance inversely proportional to the  extension of the PZT. 

By driving the PZT w ith  a voltage w hich is controlled by the separation of 

the capacitor, a linearized scanning is achieved. W ith a careful adjustm ent of 

the linearizing circuit our TFPI system can have a  linearity of j? 98%. 

The tine adjustm ents of the Fabry-Perot m irrors are m ade w ith  six additional 

PZTs w hich  support the non-scanning m irrors of the tw o  Fabry-Perots. In the 

initial alignm ent, the adjustm ent may be handled by switching off the
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stabilization and changing the voltages across the PZTs m anually . When 

acquiring data, autom atic alignm ent can be applied by sw itching 011 the stabil­

ization w hich w ill maximize the central transmission peak during scanning.

To achieve long-term stability, special attention has to be paid to the 

influences of vibration coupling. To decouple the vibration from  the surround­

ing environm ent, the whole Brillouin scattering apparatus is mounted on a 

compressed air floating optical table ( Modern Optics). The decoupling of vibra­

tions arising from  the equipm ent is accomplished by supporting the laser and 

the TFPI unit w ith  anti-vibration rubber pads.The other optics are supported 

solidly by m etal holders and guiding rails. To minimize the influence of the 

air motion betw een the Fabry-Perot m irrors and obtain better therm al unifor­

m ity, a plcxiglas box is used to enclose the entire interferom eter. W ith these 

precautions, the system can scan continuously for days w ithout destabiliza­

tion.

To m aintain the high contrast of the m ulti-pass Fabry-Perot system, 

masks are placed at the fron t and back of the Fabry-Perots, in fron t of the 

coupling m irror and corner cube, and in some necessary places to elim inate 

stray reflections from  imperfect optical surfaces.

W ith the apparatus described above, we obtain a finesse of ^ 6 5  a t a m ir­

ror separation of 1.0cm, a  contrast of ^  10K) and a suppression of ~  300 of 

neighboring interference orders for a sandblasted copper block sample.

For tem perature control, samples are mounted on the coldfinger o f an  Air 

Products C ryotip  continuous flow nitrogen (or helium ) cryostat w ith  optical 

w idows. Tem perature is controlled by an Oxford ITC-4 platinum  resistance 

tem perature controller w ith  an accuracy of d0.1K. Details of the cryostat and 

tem perature controller are given in appendix B.
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2. DATA ACQUISITION AND ANALYSIS

An 1BM-AT compatible com puter equipped w ith an EG&G O nce ACE- 

MCS m ulti -scalar board was used f or the data acquisition. This EG&G 

hardw are and softw are package is capable of storing data to memory in only 2 

microseconds, allow ing very short collection times ( 2/xs - 35.7min per channel 

per scan ). The built-in  counter can accept TTL signals or signals d irectly  from 

the PMT. The scan length can be up to 4096 channels w ith  a m inim um  length 

of 4 channels. The count rate can be up to 100 MHz for TTL signals and 100 

KHz for analog signals. The "live* display feature allow s us to monitor the 

spectrum  during acquisition, w hereas the background-job feature allow s us to 

use the computer for other purpose* w hile the EG&G board is collecting data 

by itself.

In everyday operation, a total of 1024 channels is generally used w ith a 

collection time of 0.5ms/channel-scan w hich  matches the lim e scale of 

1024channclx0.5m s/channel-scan of the TFPI set by the TFPI controller. 

Sequential scans are accum ulated to build up the Brillouin components until a 

satisfactory Brillouin signal is obtained (the accumulation time tan  be* from 

10 m inutes to 10 hours, depending on the Brillouin scattering intensity). Col­

lected spectra arc stored in the IBM compatible computer and subsequently 

transferred to the science division VAX/780 for analysis w ith  a nonlinear 

least squares fitting program. A hard-copy of a recorded spectrum  can be 

obtained w ith  a HP 7040A x-y plotter interfaced to the IBM-type computer.

The program (tandem fit.f) used for analyzing the Brillouin spectra was 

developed from a standard (taurosv.f) nonlinear least-squares fitting program 

based on the Rosen brock stepping method. A list of the tandem fit.f program is 

given in appendix C.
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To show how ihe lin ing  procedure is organized, let’s first have a look at 

the structure  of a Brillouin scattering spectrum . Figure 3.2.1 shows a typical 

room tem perature 90° Brillouin scattering spectrum  of K iSc04 crystal w ith  

the wave vector, q, of the  acoustic phonons along the (0 0 1 ) direction (m irror 

separation of the FP1: 0.700cm, laser light w avelength: 488nm). The strong 

narrow  peak (R) a t the center of the spectrum  is the Rayleigh scattering com­

ponent which essentially represents the in strum en t transmission response. The 

tw o  small peaks (G( and GR) at both sides of the spectrum  are the suppressed 

neighboring interference orders (ghosts) of the  central line. As indicated in 

figure 3.1.4, because the FP1 and FP2 have deferent separations, their 

corresponding ghosts are in dilfercnl positions. In frequency space, the inner 

pair on both sides is due to FP1 and the outer pair, to FP2. In the spectrum  of 

figure 3.2.1, Gj and GR consist of these tw o pairs of ghosts merged w ith  each 

other. The tw o  other enlarged peaks (LAl  and LAR) are the Stokes and anti- 

Stokcs Brillouin components of the longitudinal acoustic modes w ith  q//c . 

They arc the the convoluted results of the instrum ental response, Ktu), w ith  

the spectrum of the sound wave, S(a»). In general the spectral function SUu) 

can be well represented by the im aginary part o f a damped harm onic oscilla­

tor response m ultiplied by a Bosc-Einstein factor*116*. In the  classical lim it, we

w here y  is the damping constant of the acoustic mode. The experimental 

in tensity  spectrum  of the Brillouin scattering is given as

have

(3.2.1)

( f a > 2 — 0 >o 2 ) 2 +  O ) 2 } ' 2  *

(3.2.2)

w here A is a frequency independent constant.
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Figure 3.2.1. Room temperature 90“ Brillouin scattering spectrum of K2SeQ4 with 
(a+clb.TKa—c) scattering geometry. The (iL and GR are enlarged by x5Q and the 
LAl  and LAR are enlarged by x200. The points are the experimental spectrum and 
the solid lines are the fitted results
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In most cases, all the components in a spectrum , such as the spectrum  ol' 

tigure 3.2.1, are w ell separated because of the high resolution, high suppression 

of neighboring orders and high contrast of the TFPI system. To analyze the 

spectrum , we therefore can apply the above fitting to each of the components 

separately.

a). In the filling program, w e first fixate the  central position of the Ray­

leigh peak (R) by fitting it w ith  a Gaussian distribution function. This peak 

position is used as the zero frequence sh ift point, o r the origin of the spectrum .

b). Second, w e determ ine the FSR of the spectrum  by using the Gj and G„ 

components. Because G^ and GR each consist of tw o  ghosts as discussed above, 

we fit each of them  w ith  a  tw o  Gaussian d istribution  function. The inner pair 

of ghosts are selected to define the FSR w hich  corresponds to the separation of

the FP1 in the TFPI w ith  FSR — — in units of cm -1 .
2L,

c). Finally, w e carry ou t the convolution fittings to each of the Brillouin 

components. Because the instrum ental response (R) is very narrow , the convo­

lution of equation (3.2.2) only needs to  integrate over a narrow  range around 

the peak position of the instrum ental response. As a good approxim ation, we 

use a range of ±3xH W H M r (h a lf w idth a t the h a lf  maximum of the Rayleigh 

peak) around the Tmax position in w hich the transmission of the instrum ental 

response decreases from the Tmax to a value of less than  Tmav/ 1000. In the  cal­

culations of the convolution, w e replace the integral w ith  a summation so that 

we can directly use the stored digital values of the Rayleigh peak as I(o») in 

the integral. This substitu tion  has tw o advantage: first it takes much less CPU 

lime, second it elim inates the  error in the T(o>) function  found from the Gaus­

sian fitting to the Rayleigh peak.
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The solid lines in figure 3.2.1 are the fitted results to the experim ental 

spectrum . The CPU time used lor the lilting in a VAX/780 is about 10 

minutes. The results given by the lining lor this speitrum  are: 

HWHMu =  261 MHz, the l ull w idth  at the hall m axim um  of the deconvoltiled 

Brillouin components FW HMB =  y  =  8bMHz, and the frequency shift of the 

Brillouin components AvB =  16.40GHz.

3. EXPERIM ENTAL RESULTS

In Brillouin scattering, the frequency shift Ays of the scaticd light is con­

nected to the sound velocity \ , by the relation of

7 2 fn ,2+ n s2r : , 0
Ay. -  v ■sin(T ), (3.3.1)

where is the w avelength of the laser light, nj and  ns the refractive indices 

of the medium for the incident and scatted light respectively and 0 the 

scattering angle. For an orthorhom bic system, the velocity vt of a longitudinal 

or transverse sound w ave along the crystal axes is related to the component of 

the elastic constants Cj( by

Vj =  V Q j/  p m. (i =  1..... 6) (3.3.2)

where p m is the density of the medium. By substitu ting  equation (3.3.2) into 

equation (3.3.1), w e obtain

^    Pm
2(n,2+ n s2)

A y,\((
. 7 0 7

S.n<T )
(3.3.3)

The room -tem perature values of p m and nj (i=-l,2,3) are given in chapter I. 

Experimental results indicate that in the tem perature range of interest, the 

density varies by ^1.5% and this variation may be partially compensated by
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the variation of the refractive indices. Therefore in the following calcula­

tions, p m and tij are assumed to be constants and  to have their room- 

tem perature values.

The K 2Se04 crystals used in  our experiments w ere grown by G. Haurct a t 

the U niversity  dX)rleans from  99% slock material (A lfa  products, Danvers, 

Mass.) w h ich  was recrystallized tw ice for purilication. They w ere oriented, 

cut, and polished a t the university  P. and M  Curie in Paris by N. Lcnain

C33 lo n g itu d in a l  acoustic  m ode

In the studies of the anomalies of the C 33 longitudinal acoustic phonon, 

90° and 180° (hack) scattering experiments w ere performed. T w o crystals 

approxim ately 6mm on each side w ere used. For 90° scattering, the crystal 

was cut w ith  faces perpendicular to b, a + c , and a —c, and the scattering 

geometry w as (a+cXb,T](a—c). For back-scattering, the  crystal w as cut w ith  

faces perpendicular to the crysta l axes, and the scattering geometry w as 

c[a,T](— c).

Figure 3.3.1 show's three 90° Brillouin scattering spectra at T=300, 127.5 

and 81K. The broadening of the  Brillouin components is visible at T= 127.5 

w hich is around the transition tem perature.

The elastic constant C jj and  the damping constan t y 33 found from 90° 

and 180° scattering data are show n in figures 3.3.2 and 3.33  respectively. As 

part of a joint program, back-scattering w as also perform ed at the university  

of P. and M. Curie in Paris. T heir results are correspondingly plotted in figure 

3.3.3. In agreement w ith  the reported Brillouin resu lts tH2iL,4l̂  t j1e c 33’s of 

both 90° and 180° scattering show  rounded-step decreases (==25%) around Tj 

and gradual increases below Tj. The damping constants y 33’s also show 

rem arkable increases around T t w ith  their maxima occurring slightly above
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the minima of the corresponding C 3V The maxim um  of the y w curve 

increases w ith scattering angle, show ing a strong q dependent behavior. The 

average accuracies for C 13 and y 31 are estimated to be 0.3GPa and 100 MHz 

respectively.

b. C4 4 , C5 5 and transverse modes

Brillouin scattering investigations of the C44, C55 and  transverse 

modes has not been successfully carried out before by other groups because of 

their very small scattering cross sections. By using our high resolution and 

high contrast Sandercock TFPI system, w e are able to delect the weak Bril­

louin signals from  these transverse modes and follow their temperature 

dependences. Figure 3.3.4 shows tw o room -tem perature Brillouin spectra of 

K2Se04 collected in 90°, VV+VH (a) and VH (b) scattering scattering 

geometries. The strong LA components in the spectrum  (a) correspond to the 

C33 longitudinal mode and the weak TA components correspond to the C55 

transverse mode. In the depolarized scattering spectrum (b), the LA com­

ponents are elim inated (except the ^2?/c leaking from the im perfect polarizer) 

w hile the TA components are shown clearly .

To investigate all six transverse modes w ith  q  along the crystal axes, 

three K:Se04 sam ples w ith different crystal cuts are used. The sizes of the 

samples are about 6 mm on each side. They are cut so that each of them has 

tw o surfaces perpendicular to  a dilfercnt crystal axis (a or b  or c) and four 

other f aces perpendicular to the diagonal directions of the o ther two crystal 

axes. All the Brillouin scattering m easurements w ere perform ed in a 90° dcpo- 

larizcd (VH) geom etry. The laser w as operated a t the w avelength  of 4880A 

w ith  output pow er of 250mW. The collection time lor each spectrum  varied 

from 1 /2  hour to 10 hours.
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Figures 3.3.5 and 3.3.6 show the tem perature dependences of' the elastic 

constants and the deeonvolutcd FW HM s (damping constants) deduced from 

the Brillouin scattering components of these six transverse modes. For the pair 

of the C44 and y ^ ,  w e use squares to represent the results o f the transverse 

mode propagating along b  direction and polarized along c direction (q //b , u //c ) 

and triangles to represent the results of the other C44 transverse mode (q //c t 

u / /b )  w ith  interchanged q  and u  directions f rom the first one. In the same 

wav, we denote the  results of the pair C 55 modes w ith : squares - (q //a , u //c), 

triangles - (q //c , u / /a ) ;  and modes w ith : squares - (q //a , u / /b ) , triangles * 

(q/Tb, u //a ) . W hen the tem perature approached Tc from  above, the Brillouin 

scattering in tensity  of the C55 transverse modes decreased dram atically , m ak­

ing fu rther low tem perature m easurem ents impossible. The weakness of the 

transverse mode Brillouin signals causes uncertainties in determ ining the fre­

quency shifts and the  damping constants. The accuracies for the elastic con­

stants and the attenuations arc estim ated as 0.3GPa and 100MHz respectively 

around room -tem perature and 0.6GPa and 200MHz a t low tem peratures.

As can be seen from  figures 3.3.5 and 3.3.6, w ith in  the experim ental accu­

racies, there is no distinguishable asym m etry in the and y^ for the pairs of 

transverse modes under interchange of their propagation and  polarization 

directions.

A comparison of our hypersonic shear stiffnesses C4 4 , C 55 and w ith  

the results of R ehw ald et alJR,l show s tha t our results are sim ilar to their 

ultrasonic results, bu t som ew hat different from  their hypersonic results 

indirectly obtained by using the stiffness functions of pure  longitudinal, 

quasi-longitudinal and  quasi-transverse phonons.

Of the measured shear elastic constants, only C44 shows pronounced vari­

ations around the Tj tem perature w ith  a gradual decrease of about 40% when
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Figure 3.3.4. Room temperature 00° Brillouin scattering spectra of K2Se0 4 in the 
scattering geometries of: (a) (b-cJfa, TXb+cJt (b) (b -c |a , b-c] (b+cl The notations 
I.A, TA and GLA represent the longitudinal components, transverse components and 
the ghosts (neighboring order) of the I .A components. The LA components in (b) are 
the leakages.
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the tem perature approaches Tj from both sides. O nly CS 5  show s an anomaly 

around Tt w ith a significant decrease w hen the tem perature approaches T(. 

above. O f all the measured damping constants, no countable anomaly was 

observed w ith in  the experim ental accuracy.

Figure 3.3.7 show s the tem perature dependences of the integrated Bril­

louin scattering intensities (144, 155 and of the C44, C 55 and transverse 

modes. They are obtained by integration over the area of the  corresponding 

Brillouin components and norm alization w ith  the laser pow er and collection 

time. The accuracy of these values is estim ated to be about 20%. As shown in 

figure 3.3.7, the Brillouin scattering in tensity  of the mode exhibits unusual 

changes on both sides of T j( and the C55 mode w hen  approaching Tr. To 

explore the intrinsic properties, w e plot in figure 3.3.8 the tem perature depen­

dences o f Pjj w ith

Pii =  ( ^ c y  r y \  ( 3.3.4 )

in w hich  the P^ are proportional to the elasto-optic (PocKels’s) coefficients. The 

figure shows clearly  that w hile  P^, is tem perature independent, P*, is tem ­

perature dependent w ith  a variation opposite to th a t of CM, and P55 is also 

tem perature dependent in the incom m ensurate phase w ith a variation sim ilar 

to that of CS5, though it is tem perature independent in the norm al phase.

The analysis and  discussions of these experimental results w ill be given 

in the later chapters in which w e w ill discuss the longitudinal C 33 mode and 

the transverse modes separately.
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CHAPTER IV

ELASTIC ANOMALY OF 

C33 LONGITUDINAL ACOUSTIC MODE AROUND Tj

In this chapter w c present a sell-c onsistent theoretical analysis of the C 33 

longitudinal acoustic anomaly of K2S c04 in the vicinity o f the incommen­

surate phase transition based on the framework, o f Landau theory. Much of 

the m aterial presented in th is chapter has been recently published in Physical 

Review B*117*.

1. THE LANDAU FREE ENERGY

The phenomenological Landau theory has been extended and w idely 

applied in describing structu ra lly  incom m ensurate phases and the phase tra n ­

sitions w ith  great success. For K iSc04, tw o  kinds of Landau free energy 

expressions are generally used. A lthough they are essentially equivalent, each 

of them has advantages in describing some of the incom m ensurate characteris­

tics. The complete form of the free energy most w idely used is an expansion 

in the complex com m ensurate normal-mode coordinate, QH , whose phase and 

amplitude are assumed to be continuous slow ly  varying functions of position. 

This kind of free energy has been extensively discussed by many authors 

li.9 l.s6H B 4li4lssl jt int ]ucies the gradient term  which guarantees tha t the equili­

brium state is homogeneous, and the Lifshiz invariant term  w hich  provides a 

natural explanation lo r the occurrence of the incommensurate phase. Another 

expression lor the free energy is a norm al mode expansion in w hich  the order 

parameters are the complex normal-mode amplitudes, Qq, of the Z2 soft optical 

branch. This form  of the free energy has the advantage for analyzing the
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lattice dynam ics in the incom m ensurate phase. The existence of tw o  new exci­

tations, th e  am plitudon and phason, in the incom m ensurate phase is a na tu ra l 

result of this free energy. Detailed review s of this normal-mode expansion 

free energy have been given by Axe *A2*, Dovrak. et a lJU2' and Bruce et a lJB3l  

We w ill show tha t under certain  approximations, both free energies can be 

reduced to  a  simple form  w hich  is valid in the v icin ity  of T; and has been 

w idely used.

a. Complete form of the Landau free energy

The Landau free energy density  function for incom m ensurate K2Se04 can 

be constructed according to the crystal sym m etry  in the  normal and commen­

surate phase. It can be expressed as a sum  of three parts:

f(x) =  fg (x )+ fe(x)-*-fp(x), (4.1.1)

w here fg(x) includes terms only containing the order param eter Q(x) w hich  is

the complex position-dependent am plitude of the Z 2 mode at the commen-
»

surate w avevector q c =  — , f e(x) includes term s in the  strains €j ( i - 1-6) both

alone and  in combination w ith  Q, and fp(x) includes term s in the  polarization 

Pz both alone and in combination w ith  Q. Each of them  can be expressed as:

fp  =  jo K 3 0 ,+ -l-« Q O ,)2+ I r i ( Q Q ,P - i I c ( Q ^ - Q * ^ )

+ 7 ^ ^ + 7 y (0 ‘+<y‘)' ( 4 , -2 a )

fP =  ^ P 2+ iT tPJQO'+fK03+<?'3)-PE. (4.1.2b)

r .  =  y  £  c ,° ‘ i‘ r £ h i« iQO,+  £  gijc(« , W
*  k j = l  i = l  i j = l
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+  £ g iei2Q Q '+ -U « s< Q :,+Q ‘3>- £  * I« i. (4.1.2c)
i = 4  *  i = |

w here, according 10 ihe usual Landau assumption, only the coefficient a  is 

tem perature dependent w ith

a  =  a 0(T -T 0), (4.1.3)

and all the other coefficients arc assumed to be tem perature independent.

This form of free energy has the great advantage of describing both the 

incom m ensurate and lock-in transitions as w ell as the evolution of the modu­

lation wave from  the sinusoidal regime near T, to the m ulti-soliton regime 

near Tc in the incommensurate phase. But it does not na turally  include 

dynam ics, to apply the free energy for the elastic anomalies around Tj, we 

w ill show th a t it can be simplified to a simple form  under certain approxima­

tions. First, w e  make the usual transform ation to polar coordinates Q =  pei^ x)

and invoke the continuum  constant-am plilude approxim ation -jj£- =  0. Equa­

tions (4.1.2a), (4.1.2b) and (4.2.2c) can then be rew ritten  as:

fp =  y a p 2+ ^ 0 p 6+ - ly , 'p 6-CTp2^ + - l - K p 2( ^ ) 2+ y p 6coe60, (4.1.4a) 

fp =  —1—P2+-i.r)P 2p 2+2£Pp3cos30—PE, (4.1.4b)

f ( =  y l  Q j6 i€ j - £ h i€ ip 2+  £  gjjtjCjp2 
Z i . j = l  i = l  i j = l

+  Z g i€ j2p 2+ a 3€ 5p 3c t* 3 0 -  (4.1.4c)
i = 4  i = 4

Since w e w ill not consider the polarization P, w e  minimize the average free

1 Lenergy density F — f(x)dx w ith  respect to P and find the equilibrium
^  o

value:



* 59 -

P =  >^(E-2£p3('os30), (4.1.5)

w here

1Xo j <

Assuming that the electric field E and the stresses a t are zero, w e elim inate P 

from f(x) and find:

fp =  Xd£2P*(l+fns60X  (4.1.6)

w here w e have made use of the  identity

c o s H i ^ ) =  l+COf n 0> .

It can be seen tha t the term s in fi,(x) can be absorbed into the sixth order 

terms of fy(x), resulting a modification of the coefficients of y , and y . In this 

w ay the free energy can be considerably simplified.

The xz elastic strain e 5 has the same sym m etry  as the phason and, there­

fore, w ill have interaction through the term  -i-asC sf^+Q *3). However, the

interaction has a strong effect only near Tc; for the tem perature around Ti( the 

effect is sm all, so w e drop th is term . For the purpose of describing the longitu­

dinal elastic anomalies around T i( w e ignore all term s in strains t 4, c 3, e 6 and 

the off-diagonal components of g ^  Then the approxim ate form of f(x) is:

(Xx) =  l .o ip J+ i./3 p 4+ l . y 1p6- o p 2^ . + - j . * p 2( ^ . ) J+'yip6cfl8(6^)

+ T  Z C iJ‘ i e r £ h i « i P 2 + £ g i « i V .  ( 4 . 1 . 7 )
A  u = l  i = l  1=1

where

Yi -  Vi_ 6 Xô 2- (4.1.8a)
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y - y - x A 2' (4.1.8b)

A fu rth e r simplification can be achieved by minimizing the average free
j l

energy density F =  — J f(x)dx w ith  respect to <f> in the constant-am plitude
*- o

approximation. The Euler-Largrange equation

*  0, (4.1.9)
dx A ( M )

dx

yields

k I I s  - 6 y p 4xin(60), (4.1.10)
dx~

w hich is the sine-Gorden equation. The solution of this equation indicates that 

w hen T is close to  Tc in the incom m ensurate phase, the spatial variation of the 

phase 0  of the m odulation w ave is soliton like, whereas w hen  the tempera­

ture is close to T it tends to be constant as show n in figure 4.1.1 In the

vicinity of Tit w e  take the incom m ensurate plane w ave lim it and let

=  q - q f. (4.1.11)
dx

In this lim it, equation (4.1.7) reduces to

Z  4  O

+ T  £ Ci°t .e r i hi‘ i<>2 + £ 8 1‘ iV -  (4.1.12)
i , j = l  i = l  i = l

In the above free energy, p is the am plitude of a E2 mode a t the  wavevector q, 

and thus equation (4.1.12) is the free energy of a single mode. Minimizing f(x) 

w ith  respect to q gives

q „ = q c+ -£ . (4.1.13)
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S u b s ti tu t in g  q„ in to  (4 .1.12), otic obtains

f(x) =  ^ ( a - ^ V 2+ I / 3 p 4+ I y , / i h+ l  £  C ^ e ^ j

- Z hi€ iP2+ Z g i€ i 'P 2. (4.1.14)
i= I i=l

Note that the Lifshitz invariant term  — i- ^ ( Q ^ r ——Q*4^-) >n equation (4.1.2)
2 dx dx

a

shifts the m inim um  in the part of f(x) quadratic in p from  q r =  to 

q„ =  qf+ —- Also it increase the transition tem perature from Tn where
K

a  =  o 0(T—T„) =  0 (the  virtual paraelcctric-com mens urate transition) to
1 1 n2

T. =  T0+ ~ . w here ( a —-^1) — 0. F inally , replacing ( a —— ) by
OtaK K K

A =  An(T—T;), 0  by B and y, by D, and noting that f(x) is no longer depen­

dent on x and is therefore identical to the average free energy, w e have the 

tinal simple form of the f ree energy:

F =  i A , 1( T - T,) p - + lB p J+ l Dp ' ' + I  £  C,;«

“ Z hi€ iP2+ Z & €i2P2- (4.1.15)
i=l 1=1

This form  of the  free energy is advantageous for calculating the therm o­

dynamic properties in  the vicinity of Tj. It includes the main contributions 

from the am plitude of the order param eter w hich  is the am plitude of the con­

densed soft optical mode on the Z 2 branch w ith  wavevector We w ill 

evaluate the coefficients appearing in this approxim ate free energy expression 

in the static equilibrium  limit.
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Although this form  of the free energy can be extended to  analyze the 

interaction of acoustic phonons w ith  the order param eter dynam ics it 

lacks some im portant dynamic inform ation. Note th a t orig inally  the complex 

order parameter Q is tw o  dimensional (am plitude and phase), w hereas the one 

in the free energy (4.1.15) is on ly  the am plitude p of the order param eter (the 

incommensurate condition provides th a t the free energy of the  equilibrium  

state is independent of the phase angle <f> and  the equilibrium  sta te  is thus con­

tinuously degenerate *83*). Also it does not include the dynam ic information 

required to describe the degeneracy of the soft modes a t (qc+ q )  and (—t^ + q )  

in the paraelcctric phase and the lifting of the degeneracy in the  incommen­

surate phase because of the change of the  sym m etry. To obtain th is  informa­

tion for the dynam ic calculation of the acoustic phonon - soft mode interac­

tions, w e need to consider the  free energy density w ritten  directly  as an 

expansion in normal mode coordinates.

b . F ree  e n e rg y  in  n o rm a l m o d e  e x p an s io n

We know tha t the incommensurate phase transition of is driven

by the condensation of the soft optical mode of q =  q0 on the Z 2 branch. To 

investigate the dynam ic properties of the  soli modes, we shou ld  use a free 

energy density expressed directly in norm al mode coordinates. For easy discus­

sion, we w rite  it in the  form of

F — Fq+ F ^+ F j., (4.1.16)

w here F q  is the p a rt o f the free energy w hich depends only on  the normal 

mode coordinates, Q(q). °n the Z 2 branch where the modes a t  q<, and —qQ 

become critical at T it F€ is the purely  elastic contribution, and  Fc is the part 

w hich includes coupling between the norm al modes and the elastic  strains in 

w hich w e w ill on ly  consider the  lowest order contributions. A ll contributions



-6 3  -

of ihe polarization P are neglected. The three parts of the free energy can be 

w ritten  as

f q =  j  Z  flftqi)Q (qi)Q (q2)S(qi+ q 2 ) + ^  L  BQ (qi)-Q (q4)8(qi+-+q4)

- L  £  DQ(q,)™Q(q6 )S(q)+ - + q 6), (4.1.17a)
3 qi—q*

F« =  i  Z  L C ^ j t q ^ / q j ^ q i + q j ) ,  (4.1.17b)

Fc =  -  Z  Z h i€i^qiXXq2)Q(q3)S(q]+.+q3)
qi.^ji— 1

+  Z  L & «M i)e,C q2KXq3X?Cq4> S (q ,+ -+ q4)- c(4 .i.i7c)
q,„t|«i=1

In this expression, it is understood that Q(q), the norm al coordinate of a mode 

on the Z 2 branch, is considered only for q  in the v icin ity  of q,, or —q^ F u r th ­

ermore, w e have neglected the wavevector variation of the coefficients of B, D, 

Cj°, hj and  g,. Only (1 is tem perature and w avevector dependent and is defined 

as

Ac( T - T i> + ^-£ A » 3 (q i q o )a (q :tqo)j3. (4 . 1. i s )
a,/3

where the  ±  sign depends on the proximity of q  to  q*, or —q<, and is a 

sym m etric tenser w ith  the fu l l  orthorhombic sym m etry . In the lowest order 

approximation, w e w rite  it as

A =
A *  0  0
0  A.. 0
0 0 A,

This free energy is w ritte n  in the variables re levant to T>T,; it contains 

both equilibrium  and dynam ic components. The equilibrium  components can
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be obtained by dropping all term s in the sums on q  except those lor w hich  all 

qj arc equal to ±q0 for the norm al mode coordinates Q tq ^ an d  all q s are equal 

zero for the strains e(qj). By setting

CXqJ =  (4.1.19)

one can obtain

f  =  ^ « q > 1+ j B p 4+ i p p ‘ + i  f C iJ * ,* ,

“ L h ie iP2 + Z g i€ iV 2. (4.1.20)
i = l  i=  I

where, as indicated by (4.1.18)

=  A0(T —Ti).

Comparisons of equation (4.1.20) w ith equation (4.1.15) shows tha t the equili­

brium components of the free energy (4.1.20) is identical w ith  the sim ple 

form free  energy (4.1.15).

Now w e w ill consider the  dynam ic components of the free energy 

(4.1.17) and find the dynam ic effects of the  coupling between the acoustic pho- 

nons and  the soft optical modes. Using equations (4.1.17X w e w ill calculate 

the energy associated w ith the  tim e dependent fluctuations of the normal coor­

dinates in the presence of the  static distortion Following Bruce

and Cowley^83*, w e redefine the variables Q(4*L,) in the free energy (4.1.17) by

Q (* io ) (4 . 1.2 1 )

so th a t the  Q( 4 ^ )  in the rig h t hand side alw ays describes the fluctuating coor­

dinators o f wavevector 4 ^  in  the norm al and incom m ensurate phases. The 

static distortion is defined as

< p ( i O > =
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w hcre p„ is the equilibrium value of equation (4.1.20). The lowest order devi­

ation of the  free energy from its equilibrium  value is given by

SFg =  ±q0+ q H 2 B p 02+ 3 D p 04Xj( ±q0+q)Q*( ±qQ+ q )
q

+ £ (B + 2 D p o2)poJ[c -iJ4-Q (q„+q)0‘(-q .+ q )+ c .c .l. (4 .1.22a)

«Fc =  E l & P o ^ - q X f q ' )
q i-i

~ Z  Z th j-g jC ^ 0 )lp o€ j ( - q )_ I _ le  'S X q o + q l+ e ^ tX -q o + q ') ]
q  i = l

~  Z  Z  [ht- gie i°(o)]e i(- 4 W  * io + *'+qX?*( ^^Jo+q). (4 .1.2 2 b)
q , q i = l

w here c.c. is the complex conjugate. Since the struc tu re  is changed by the 

static distortion in the incom m ensurate phase, the above energy fluctuation 

w ill play a  different role above and below Tj. We w ill  discuss the  tw o situa­

tions in tu rn .

1). W hen T > T j:

Since the  equilibrium  conditions of equation (4.1.20) requires p„ =  0  and 

Cj'XO) =  0, equations (4.1*22) can be reduced into

SFq =  Z  iqB+qXX * lo + q )Q ’( * lo+ q ), (4.1.23a)
q

SFC =  - £ h i€ i( -q )Q (± q o+ q ,+ q )0 * ( iq o+ q). (4.1.23b)
q.q

The above equations indicate th a t above Tj, the dynam ical variables are the 

normal modes of the Z 2 branch. Also, in this phase, the  energy of the system  

can be low ered by the coupling of the acoustic phonon to pairs of soft modes 

around the  tw o  minima a t ±q0 on the Z 2 branch. Such a coupling may be
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represented by the usual bubble diagrams

Q(qo+ q + <0 (X -q o + q + q )

€ ,(-q ) €i<-q ')

The total effect should sum the q over the Z2 branch.

2). When T<Tj :

In the incommensurate phase, p0  and e,°(0 ) are different from zero. In this 

case, as can be seen from equation (4.1.22a), soft-branch modes with wavevec- 

tore (q„+q) and (—qo+q) become coupled. Since they are degenerate (in the 

parabolic approximation with the minima at q*, and —q©), they can be decou­

pled by introducing a canonical transformation

PA(q) =  - ^ < T l*'Q(qt,+q>+e,*'Q(-q(,+q)]. (4.1.24*)

P*(q) =  -y j(e_l*,Q(q<>+q)-«i*'<X-qa+ q )l (4.1.24b)

As a result of the transformation, the eigenvalues are given by

n ^ q ) -  2Bp„:!+4Dp04+ i £ y V 1„q9, (4.1.25*)

ilA * q „ q ®  (4.1.25b)

It is well know that PA(q) is the amplitudon and P /q ) the phason. They are 

associated with the local fluctuations in the amplitude and the phase of the 

static distortion field. A schematic illustration of these fluctuations is shown in 

figure 4.1.2. Note that in the incommensurate phase, the dynamic variables are
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a
v

M

Figure 4.1.1. Spatial variation of the phase tb of the modulation wave for different 
soli ton densities nt =  d^l xv  here cIq is the soliton width and x^ the intersoliton spac­
ing. The spatial variable is measured in units of x0 =  L. When T-»Tt, ns-* I; when 
T—• Te, n ,-»0 (from Blinc et al.lB2|l

Phase
fluctuations

2
OQ Amplitude

fluctuat ions+
2

Figure 4.1.2. Schematic illustration of the amplitude and phase fluctuations of the 
modulation field.
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no longer Q(q), but PA(q) and P*(q). With the transformation of equations 

(3.1.24), equations (4.1.22a,b) have the form

S F q  =  L  PA(q)P A <q>+1  ̂ 2p * (q )p ;(q ). (4 .1 .2 6 a )
4 4

S F c =  z£giP<,2 €i(-q')«i(q'>-5;£(hi- g i€i0 )p0 ei(-q')PA(q)
q  i=  1 q  i =  1

-  £  Z ( h -g i€ 1°)* i(-qXPA(q + q > ;(q )+ P /q + q )P ;(q )l (4.1.26b)
q ,q i= J

The second term in equation (4.1.26b) represents a bilinear coupling of the 

acoustic phonon to the amplitudon. From equations (4.1.24a,b), we can see that 

the amplitudon is essentially even and the phason is odd in the vicinity of 

q =  0. Since the elastic strains (i-1-3) are even, the invariance of the free 

energy restricts the bilinear coupling of acoustic phonons to the amplitudon 

(in the lowest order approximation - q independent coupling constants ht and 

gj). This coupling w ill lead to the well know Landau-Khalatnikov result of 

the elastic anomaly discussed by Landau and Khalatnikov in 1954 û l

As indicated by the third term of equation (4.1.16b), in the incommen­

surate phase, the acoustic phonon can couple to pairs of amplitudons and pha- 

sons. Therefore we have another two bubble diagrams, one for amplitudons 

and one for phasons

pA(q+q^> P*(q+q)

They just replace, with the same weight, the two soft mode bubble diagrams
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corresponding to the m inim a a t Again, the total contribution from the 

coupling can be obtained by sum m ing over q  in  the v ic in ity  of the origin.

We w ill show in the next section tha t the contributions o f the th ird  

order coupling, the bubble diagrams, w ill lead to the w ell know resu lt of the 

fluctuation integrals discussed by Levanyuk*L10  ̂ in 1966.

2 . DERIVATION OF THE LONGITUDINAL ELASTIC ANOMALY

The longitudinal elastic constants of KjSeC^ exhibit anomalies in the 

vicinity  of the incommensurate phase transition due to the  coupling of strains, 

e i (i-1,2,3), to the order param eter through the term  of (hj€j—gj€j2)QQ* in the 

free energy of (4.1.2). O f the th re ;  LA modes, only the  C33 mode shows a 

major anomaly near Tj, a rounded-step decreasing by about 25% in the 

immediate vicinity of the transition. Such anomalies are often found in 

incom m ensurate and other s tru c tu ra l phase transitions in w hich  bilinear 

coupling of strains to the  order param eter is forbidden by  sym m etry. How­

ever, even w ith in  the simplified fram ew ork  of a mean-field theory, a complete 

treatm ent o f th a t kind of coupling effect has not been given in the  case of a 

norm al-incom mensurate phase transition . Therefore, in th is  chapter, w e w ill 

derive the expansion of the longitudinal elastic anomalies in w hich  the 

fluctuation effects, including the acoustic phonon-phason coupling, have been 

taken into account.

To study  the elastic anom aly, w e need to compute the complex 

tem perature-dependent elastic constants (Xw) =  C(o>)+C*(a>). A phenomenolog­

ical approach to the calculation o f the  elastic constants based on th e  Landau 

free energy has been reported by Yao et al. in their studies of the  acoustic 

anomalies of terbium  molybdate. Essentially follow ing th e  same procedure, w e 

w ill  first find the static results from  the free energy (4.1.15), then  make a
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dynamical approach w ith  the consideration of one dimensional order 

parameter^and finally , extend the resu lt to a tw o dimensional order parameter 

system of incom m ensurate K2Sc04.

a. S ta t ic  re s u l ts

Minimizing th e  simplified free energy of equation (4.1.15) w ith  respect to

p and €; by setting ¥0 -  ( — -) =  0 and Oj =  ( - ~ )  =  0, w e  have the equili-
9 dP

brium conditions of

[A0( T -T i)+B p2+D p4- £ ( 2 h ie i- 2 g i€i2)]p =  0. (4.2.1a)

£ C ^ r ( h - 2 g i€i)p2 =  0. (4.2.1b)
j= i

The equilibrium  values of p and are give by

p 0 =  0, (T>Ti) (4.Z2a)

€:° =  0, (T>Ti) (4.2.2b)

A0( T - T i)+Bp02+ D p04- £ ( 2 h i€j2- 2 g i€ io2) =  0, (T  <Tj) (4.2~2c)
i=l

^ C jj ,€ (hj—2gl<,°)p02 =  ft (T<Ti) (4.2.2d)(4.2.2d)
i=i

For sm all deviation of p and C| from  equilibrium

P =  Po+Sp*

«, =  «I<,+Se„

the stresses ot and  force conjugate to the  order param eter Fp become

SF„ =  A /T -T ^ p , (T>T|) (4.23a)



- 71 -

Soi =  i c j S c ^ ,  (T>Tj) (4.Z3b)
i=i

SFp =  (2Bp02+4Dp04)S p - EQ hj^gje^PoSej, (T <Tj) (4.2.3c)
i = l

So, =  E C.°S« ,+2g *>.56« i-< 2 h - 4 gle ,“)p„Sp, (T  <Tj) (4.2.3d)
jFl

w here we have only kept the term s linear in 8€j and Sp. The static equili­

brium conditions (4.2.2) are used.

In the sta tic  limit, w e assume th a t p rem ains in equilibrium , the linear-

5 a,
ized longitudinal elastic constants under zero 5F p are given by ( That  

gives

Cy(o>=0) =  C£, (T>Tj) (4.2A&)

Ca(w = 0 ) =  lC f+ 2 g iP * )~ (2.h ‘~ ' ! y ,  ■ (T < r,) (4.24b)
2B+4Dp(f

This is the typical result from  the coupling of (hj€j—gj€j2)p 2. Note tha t in the 

static lim it, the  coupling has no effect on the elastic constants before the phase 

transition and causes a discontinuous changes a t the phase transition point.

b. D y n a m ic  re s u lts

In order to obtain the dynam ical properties and include the fluctuation 

effects, a dynam ic treatm ent for the  coupled mode system  m ust be considered. 

Dynamics can be introduced by constructing a  Lagrangian density in w hich 

the free energy F of equation (4.1.15) is taken to be the potential energy den­

sity for the coupled modulation w ave and acoustic modes. U sually , in the Lan­

dau theory, th e  soft mode dispersion is produced by the gradient term of (N^)2 

in the free energy bu t for the sake of greater generality, we w ill not fix
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the soft-mode dispersion in the calculation and w ill use the dispersion relation 

obtained from  neutron scattering experim ents, as discussed by Yao et a l J Y5*. 

The kinetic energy density  is taken as

T - ± P 1+ i p m£ u , 1. (4.2.5)
z i=i

w here p m is the mass density  and Uj(r) are displacements in the direction,

d u iw hich is related to the  longitudinal elastic stra in  by €j =  In the follow -
d x i

ing calculation, we w ill lim it ourselves to  the longitudinal acoustic phonons 

traveling along the crystal axes. External driving forces are included by 

adding to the potential energy density w ith

3
ex I = ~ Z CTic i_ Pfp. (4.2.6)

1=1

w here Oj and f,, are the driv ing stress associated w ith strain  and  the driving 

force for the soft mode. Damping can be introduced phenomenologically by a 

Rayleigh dissipation function of

Fr = ! r P2+ ip ,n £ y ii 'V . (4.2.7)* * i=i

in w hich T and y  ° represent the damping of the soft mode and the acoustic 

modes. The equation of motion for p and are obtained from the Lagrange’s 

equation for continuous system:

ft (4.220

w here £ — p, ut and the Lagrangian

L =  T - F - F Mt.

The equations of motion are given as
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P+rp+Ap+Bp3 +Dp5 -^ (2 h ,€ i“ 2g,6j2)p =  fp, (4.2.9a)
i=]

P m h + P mY f i i_ c » («iP2) =  (4.2.9b)
qXj QXj Q̂ i 0*i

in which a differentiation with respect to x( has been taken For the second 

equation. Fourier transformation of the above equations gives

-  0?p(q,QH Iirp(q,lS+Ap(q,!))+Blp*(p'pl I,,,(rt-Dlp*(p*lpvn ) ,i(1

- £ 2 h i ( c i'p lq,n+Z;2g,|€i*Ui*pH ,,n= f»(q.«A (4.2.10a)
i = l  i - 1

i(k/o)+Cifkj2e jfk.o))—hikj2  { p*p) kMi

+2giki2 {€i*{p*p} =  ki2 ai(lwi>X (4.2.10b)

where {f*gl denote the convolution of

l f g l , .a =  /  f(q,Oi)g(q-q.nl-OWq<Hi 

The conventional Fourier transformation is taken as

ftq.fi) =  —I — f  f(r,t)e~ H<rr_ Mrdt, 

ftr.t) =  / f f q . f l M ^ ^ ’dqdft

Now considering the small deviations of p and c* from their equilibrium 

positions, we denote

p(q,U> =  po^qj,—q)8 (Q)+6 p(qtQ)t (4 .i l la )

ej(k,o>) =  €i°S(k)S(«)+S€i(k^X (4.2.11b)

where q,, is the wavevector of the soft-mode on the L 2 branch which is con­

densed below T|. p0  and c,° are the equilibrium values of p and Cj obtained 

from (4.2^2). The 5p and 8 c ; are the dynamical variables in the following



- 74 -

calculations. Substitute the above equations into equation (4.2.10), keep terms 

linear in the dynamical variables of 8 p and 5t, as well as the coupling terms 

of S c ’Sp from (4.Z10a) and the second order term of 6p*5p from (4.2.10b), 

The equations of motion for the coupled acoustic mode and the soft optical 

mode are

- i - 6 p(q,n>- £  (2hi~4gie 1°)p05e 
Xfi i=l

-  £ ( 2 1 1 , - 4 ^ 6  ,*8 ? K n = (4.2.12a)
i= i

-LfiCjdcvwM2h-4gi€ j^PoSpCk-q^)
K

- ( h 12gie i°){5p*5p}ku) =  Oi(k,w), (4.2.12b)

where the x £  and arc the zeroth-order susceptibilities of the soft mode and 

the acoustic mode. They are

-L (q,fl) =  A+ 3Bp02 +5Dp04-  £  (2 h ;€ i° - 2 gi€ ̂  i flT, (4.2.13a)
X p  i = l

- V ( lw )  =  (C,°+2g^i02>- - ^ ^ - i  (4J.13b)
X<( k.j kj

From these susceptibilities, we can identify the soft-mode frequency as

C^HqJ =  A.CT-Ti), (T>T,) (4.2.14a)

=  (2B+4Dp„2 )p02, (T<T,) (4^.14b)

where we have used the equilibrium conditions of (4.2-2). To extend the 

analysis with the soft-mode dispersion, we demand that the pole of 

must correspond to f^(q) so that

-L(q.O) =  ^ ,(q )-tt-if lr .
Xfi
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From (4.2.12a) one obtains 

Sp(q,fl) =  Sp°(q,fl)

+XP°(q .« )£ (2h i-4 g i€iDXS€i(q -q w,fl[)+{S€i*ap}q(nL (4.2.15a)
i= l

where Sp'Xq.tt) =  x^(qtfli)fp(q,l}) is the zeroth-order value of the Sp. Substi­

tute (4.2.15) into (4.Z12b) and only keep terms linear in Scj yielding

Oi(k,a>) = —- 1 —--S€ j(k^>)—(2 hi—4gj€ ,(k^>)
X ^k.0))

- (2 h - 4 g j€i“)2poXp‘<k-qofa>)(6€’Sp0 lk_<|wtt 

—(2 hj—4gi€°)2 p0{ Sp°%°(q, (i)S€ j(q- q #  O')} k<U)

—(2h|—4giei0 )2 {8p0 *>^(q’,flE){6€*6p0)qin| kiM. (4.2.16)

To evaluate the nonlinear coupling terms in the above equation, we note that 

the average of the thermal fluctuation of

<8 p ° > — 0 , and introduce the fluctuation- dissipation theorem which pro­

vides

2k T
<2p°(q.a>Sp<'(q,a»= —-L-Im lx^q.flEllSCq+q^O fd). (4.2.17)

( 2 l fy  »

where lmI>^(q(U>] is the imaginary part of Xp°. Then the average of the <Jj 

over the thermal fluctuation of 5p° gives

<o,(k*>)>ap = — 1—-8€i(k^>M2hi-4g,€i°)2po2Xpc<k-q0̂ »)S€i(k^))

2k
- ^ r (2 h ,-4 g 1t l“)25 « l(kvm) /  d q f  ^ f lm tx ^ q .r iU x fO i-q v -a ) . (4 .218)
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1 d ^5 aThe elastic susceptibility is given by —  =  With the approximation

X£Ol~'Ro*01̂  ~  we substitute (4.2.13a) into the second and third

terms of (4.2.18), then carry out the integration over the ft by using contour 

integration, which gives us

1 _  l _  (2hj—4glc i°)2p02
XeJltvoT X^k.oj) ^ ( q o ^ ^ - ic o r

-  ^ g‘€‘ ^ / dq— -----------(i ± l ^ . .2r)--------------- (4.2.19)
(2 ir¥  J f l^ l - iw /  rX4fy2-i2G>r(l-io>/ D]

For a><3C I" which is true in the case of K2Se04, we drop terms of ovT. Since 

co^Kf^Cqo) we omit the to2  in the second term. That results in

1 _  i _  (2ht—4gie i°)2p02
x#k,o>) (^ (q ^ iw r

_ 2K„T(2hl- 4 gi«,-)» .  d ,  (42J())
(27T)3 q X4 l^ (q  )+ i 2o> Itq)]

By using the above susceptibility and equation (4.2.13b), we can find the elas­

tic constant and the damping as

r (  \ ( r w  2, (2 h -4 g i€i0 )2 p02 q f tq j

BT(2hi~ ^ l«,0)2 /  dq , (4.2.21a)
(2w)  4î (q)+Qj2r2<q)

. , ,  . (2hl- 4 glii«)»p(i‘r

 ̂K1 kBT(2hi—4g1t,0)2 f rdq
Pm ( 2 « ?  J  (^<qX4(V(q>Ha2 r2(q)]' '
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The second term  in  equation (4.2.20) is the  w ell know n Landau-Khalatnikov 

term  resulted from  the bilinear coupling of S e fip .  In the o>-*0 lim it, it 

reduces to the sta tic  result of equation (4.2.4). The th ird  term  of equation 

(4.2.20) is the fluctuation integral developed from the th ird  order coupling of 

SejSpSp. This in tegral is im portant in both the norm al and incommensurate 

phase near Tj w here the fy —*0.

In order to obtain the elastic anomalies for the tw o  dimensional dynamic 

variable system of K2Se04, w e have to  extend the above results from the 

simplified free energy employed so far by considering the free energy in nor­

mal mode expansions and the dynam ic results discussed in section 4.1h. W hen 

T>Tj, the clastic anomalies are caused only  by the th ird  order coupling. It is 

clear th a t from equation (4.1.23), tw o fluctuation integrals w ill be obtained 

corresponding to th e  tw o m inim a on the  I 2 branch. In the case of T<Ti, the 

elastic anomalies are  caused by tw o  effects: bilinear coupling and third order 

couplings. It is also clear th a t from  equation (4.1.26), a Landau Khalatnikov 

term  w ill result from  the bilinear coupling of the acoustic phonon and the 

am plitudon, and tw o  fluctuation integrals w ill be resulted from  the th ird  

order coupling of the  acoustic phonon to  pairs of am plitudons and phasons. 

Therefore, the theoretical predictions for the tem perature dependence of the 

elastic constants and  the attenuation are given as

h} f
4fl£(q)+<i»2r£(q)*

rr ,(q )d q  

qX4 n£(q)+<i>2 r £(q)] *

(4.2.22a)

(4.2.22b)
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T<T,:

(2h,-4gi€i'‘)2 po2 n i(0 )
C„(o.) =  (C,r+2gip0J) - .

nA*(oH u 2 r 2 (o)

2k,T
{ 2 * y  ' “  1 '  K 40j{(q)+0)2r j{(q)

C2h-4g,€i°)2
4 0 ^ q ) + l

+  /  r q  ; r  . (4.2.22c)4()*(qHw2r (̂q) |

K, 1  (2hi-4g ,€ i»)JpI2 r A(0) 
y> )  =  yu+_ - . _ - ,ir- o ) -

. kBT (2h  I r  r A(q)dq
,-4g|€(°)2 1/Pm (27T)3 ' ‘ | 0JJ(qX4ftJ{(q)+a)2 r jJ(q)3

r r^(q)dq 1
+ ^ <V(qJ4tV(q)+«»2ri(q)] [

In the expressions o f equation (4.2.22a) and  (4.2.22b), w e have m ultiplied the 

fluctuation integrals by 2 to take into account the existence of the tw o  minima 

in the E2 branch. Also, in the Landau-Khalatnikov term s of equation (4.2.22c) 

and (4.2.22d), w e have used the approximations of QA(qj) ~  Q*(0) and 

rA(qi) = r A(0) w hich  is valid for phonons of small qi detected by ultrasonics 

or Brillouin scattering. In the above expressions, llfc3, r £a, r A, and 

are the frequencies and attenuations of the  £ 2 soft mode, the am plitude mode, 

and the phase mode branches respectively. Expressions of Oa , and are 

given by equations (4.1.18X (4.1.25a) and (4.1.25b).

A fter evaluating the  coefficients of th e  free energy (4.1.15), w e  w ill use 

equations (4.2.22) to  calculate the tem perature depen dance of th e  elastic and 

damping constants. By comparing the theoretical results w ith the  experimen­

tal results, w e may check the validity  of th e  theory and the consistence of the
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analysis.

3. EVALUATION OF THE FREE ENERGY COEFFICIENTS

Most o f the coefficients in the  full form  free energy expansion of equation 

(4.1.2) can be evaluated from  the existing experim ental literature on KjSeO,, 

as has been discussed by Sannikov and Golovko Is5*. However, for the purpose 

of analyzing the C 33 longitudinal acoustic anomalies around the norm al- 

incom m ensurate phase transition, we w ill only consider the coefficients A,* B, 

D, Cjj(itj=l-3X  h j( i- l-3 )  and g3 appearing in the simplified free energy of equa­

tion (4,1.15) (ignoring all gj except g3) as w ell as the three diagonal com­

ponents o f the tenser in  equation (4.1.18). These coefficients are necessary 

for carry ing  out the  theoretical calculations w ith  equations (4.Z22).

a* A0:

Equation (4.1.18) show s th a t in the  norm al phase, the coefficient A0 is 

related to the  soft mode frequency by

q0) =  A0(T—Tj). (4.3.1)

The tem perature dependence o f the has been determ ined by lizum i et

al.*n* in  th e ir inelastic neutron scattering studies of I^SeO * Their results are 

show n in figure 4.3.1. A linear fit to the  data points of q„ =  (0.31 AO) gives

Eh flfc/q,,)? =  0 0 7 (T -T j)  m e V ^ " 1, (4.3.2)

from w h ich  we obtain

A,, =  U X  lO ^ S ^ K -1 (4.3.3)
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b» C J :

We have estimated the  "bare" values of the clastic constants Cij,(i* l-3) 

by extrapolating the Brillouin Scattering results of H auret et a lJH2* to T( in 

the normal phase, and the Q^Cis*), i.^1 -3) by the Brillouin scattering results 

of Rehwald et a lJRI* (as show n in  figure 2.1.7). We find

(C°] =
5.8 1.7

5.4
1.5
2.0
4.0

x 1 0 n dyn cm - 2 (4.34a)

and

[S°] =  [ c ° r i =
0.20 -0 .0 4 5  -0 .0 4 5

0.23 -0 .1 0
0.32

xlO n dyn Vth2. (4.14b)

c. B and hj i

The B and hj coefficients are related to the abrupt changes of the specific 

heat (ACp) and therm al expansion coefficients (A a,) at Tj.

The specific heat anomalies o f KjSeC^ have been measured by several 

groups !A3lL2lc2lF2lA7l fro m  most resent result of Flerov et a]JF2', the 

specific heat jum p  at Ts is ACp — 10.1J K_1m ol-1 . W ith the molar volume of 

72cm3mol_ l (g«3X)5g cm -1 , 1 m ole-22lgX w e  find

ACp =  M x l ^ e r g  cm ~3K“ \  (4.3.5)
*

The therm al expansion of K2S e0 4 has also been studies by several groups 

(M2lF2lK3lsU From the results o f Flerov e t  al.*F2 ,̂ the discontinuities of the 

therm al expansion coefficients at T i( as shown in figure 2.1.5, were found to be

( A a„  A a2, A a3 ] =  [ 3.4, 8.1, -1 9 .1  ] x  10“ 5K ~ '. (43.6)



-  8 1  -

W hen tem perature is very  close to T it the simplified free energy of equa­

tion (4.1.15) can be fu rth e r reduced by ignoring the six th  power and the 

biquadratic coupling terms. We w rite

H T «T i, o = 0 ) =  F „+ 1  A pJ+  i-B p S - i  £ c , ^ , - £ h , £lp 2, (4.3.7)
^  4  £  i,j-l i—  1

w here F0 is the " background" free energy w hich does not depend on and p. 

By minim izing the above free energy w ith  respect to € jt w e have the spon­

taneous strains a t zero stress

«i° =  ESiJhjP*2. (4.3.8)
i=i

Using this resu lt to elim inate the the  free energy of equation (4.3.7) can be 

rew ritten  in to

FCPSTi, o = 0 ) =  F0+ l A p 2+ i .B p 4 (4.3.9)

w here

B = B -2  £  hiSiyhj. (4.3.10)
i.i=l

From the equilibrium  condition of =  0, the equilibrium  value of the order 

parameter near Tj is given as

p02 =  a  (T>Tj) (4.3.11a)

Pa =  ~ r .  (T<Tj) (4.3.11b)

so that

B

F =  Fw (T>Tj) (4.3.12a)

F f c ^ e ,0. p = p 0) =  F0- A l .  (T<Tj) (4.3.12b)



- 8 2 -

•j2p
the speciflc heat, C p =  —TtJZ—- ) ^ , )t is then

QT

C = C°v-p*

T A 2
r  = r ° + .  °

2B

(T>Tj)

(T < r,)

(4.3.13a)

(4.3.13b)

a JF.
w here Cp° =  —T ( p<>) is the "background" specific heat due to other

0T

degrees of freedom. The jum p of the specific heal a t Tj is, thus,

T,A02
AC„ =  

p 2B
(4.3.14)

d €i°Sim ilarly, the therm al expansion coefficients a , =  ( — —) can be obtained
flT

3
from equation (4.3.7) w ith  ). We have

j = i  w '

dPo

<*, =  a , 0, (T>Ti)

3 A0

j=i B
(T<T,)

(4.3.15a)

(4.3.15b)

The jum p in a j  a t  Tj is then

o  j= i
(4.3.16)

From equations (4.3.14) and (4.3.16), w e  obtain

A0Ti 3
h 4 =  -

2 AC
£C j°A aj, (4.3.17)

p J=i

w hile from  equations (4.3.10) and (4.3.14), w e have

3
B =

TiA02
2 ^ + 2  Z  h f t h ,

i,j=l
(4.3.18)
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Using the values of A„, Cj°, ACp and &ai obtained above, w e  find

B — 2.1 X l ^ V 'c m  R2* (4.3.19)

and

[ h „  h 2, h 3 ] — [ -0 .4 2 , -0 .8 0 , 3.8 JxlO 2̂ ” 2. (4.^20)

An aux iliary  check, of these values can be made from  the dow nw ard step 

in C33 a t T-, w hich experim entally  is approxim ately 11 x l0 '°d y n  cm 2 as 

show n in figure 3.3.2. From the static resu lt of equations (4.2.4), the calcu­

lated abrupt change in C33 at T, is

AC33(a>=0) =  — _3-  =  — 14x1010dyn cm -2 , (4.3.21)
B

in reasonable agreement w ith  observation,

d . D an d  g3 :

The coefficients of the sixth order term and the biquadratic coupling term 

(D and g3) in the simplified free energy of equation (4.1.15) cannot be properly 

evaluated from  existing experim ental data, bu t they can be estimated from the 

tem perature dependence of the spontaneous stra in  «3 in the  incommensurate 

phase, as determ ined from  X-ray diffraction data by K udo and Ikeda *K3*. The 

equilibrium  conditions obtained from  equation (4.1.15) fo r T  <T* are:

A j T - T ^ B p i + D p ^ Z h f f + l g & f ) 2 =  a  (4.3.22a)
i = l

f c ^ - h . ^ + ^ g i C . X 2 =  0 (i =  1,2,3), (4.3.22b)
j=i

w here the S 3i eliminates the gj except g3 terms. From these equations, pe(T) 

and €j°(T) can, in principle, be deduced if D and g3 are know n. Treating D or 

g3 as a fitting parameter and fitting the €3° to the experim ental data K̂3*, one
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Figure 4.3.1. Squares of the phonon energies of K2Se04 at the zone center, 
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Figure 4.3.2. Best fit to the spontaneous strain cj* by using equations (4.3.22a) and 
(4.3.22bX Squares are the experimental results from Kudo and Ikoda ’K3l solid line is 
the best fitting result with D-0. gj =  l^ x lO 2̂ -3 and the dotted line is the best 
fitting result with g* =  0, D =  0.42xl06°g- : cm2s*1.
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can deduce the best value of either D or g3, setting the other one equal to zero. 

By setting W ) , w e  obtained a best fit o f €3°, as show n in figure 4,12 (solid 

line), w ith

g3 = 1 . 8 x  10_28s“ 2. (4.3.23a)

Conversely, by setting  g3 =  0 w e obtain another best fit, also show n in figure 

4.3.2 (dotted line), w ith

D =  0.42 x  l O ^ g ^ c m V 2. (4.3.23b)

e . I

As has been indicated in equation (4.1.18), the dispersion of the E2 optic 

branch near K =  q Q+ q  =  0 can be represented by

*£(<!>= ‘V ,(q .)+ jA sKs2+^./SyK5? + I / llK!2. (4.3.24)

From the neutron scattering results of Iizum i et alJ11* at T-130K, w e find

A* =  3.2 T H z2A2, (4.3.25a)

A ,=  17T H z2A2. (4.3.25b)

Ay was not determ ined, so we assume th a t

Ay =  Ag. (4.3.25c)

We also assume th a t the / \  are tem perature independent and have the same
*

values above and below Tj.

f. r :

In agreement w ith  Quilichini and C u rra t for the w hole tem perature 

range under study, w e assume a q-independent damping constant for the soft
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modes (E 2* am plitudon and phason ) and represent its tem perature variation 

by:

T =  [0.0027(T—T j)+0.34] THz, (4.3.26)

as show n in figure 4.3.3 obtained from  Quilichini et a lJ ^ 'l

Having evaluated all the  coefficients in  the free energy of equation 

(4.1.15) and  rew riting  equations (4.1.25a) and (4.1.25b) as

n ^ K ) =  2Bp.2+4Dp04+ i ^ K I3+ I / \ l<KyJ+ICIJ), (4.3.27a)

i ^ K ) =  i ^ K . - ’+ I .V K ^ + K ,2), (4.3.27b)

w e are able to  calculate the tem perature dependence of the C33(o>) and y33(o>) 

w ith  the equations (4.2.22). T he calculations w ill be show n in the next sec­

tion.

Q uilichini and C u rra t *9'* have verified, in their inelastic neutron scatter­

ing experim ents on the phason dispersion, th a t the r ,  \  and \  deduced from  

equation (4.3.27b) are consistent w ith  the  values obtained above Tj as w e  

have assumed. However, their d a ta  (as show n in figure 2.1.2) indicate that the 

phason frequency  a t K =  0 is n o t zero; instead it indicates a value of

0*(0) = 6 0 ± 2 5  GHz, (4 3 .2 8 )

w hich does not agree w ith  equation (43.27b). We therefore add a  phason gap 

term  to th e  equation and rew rite  i t  as

OHK ) =  f l ^ O + I / V K ^ + ^ r t K ^ + K ,2). (4.3.29)

We sum m arize all the coefficients evaluated in th is  section in the second 

colum n o f table L For comparison, w e also list the values of the coefficients 

found by Sannikov and Golovko in the last column of the table.



- 8 8 -

TABLE I. FREE ENERGY COEFFICIENTS.

Coefficient Value found from
previous experiments 
•

Best fit of Cjjtco) and 
yjj(<o) to present 
experiments (mean 
Field)•*

Value found by 
Sannikov and 
Golovko ***

AoCs^K"') 1.6X1023 I.5X1023

B (g“*s“2cm)

|

2.1X1042 b.lxl042(with D=0) 
pOxl042(with gj=0)

2.1 xlO42

;
Dfg^cm^-2) 4.2xl059(with g3-0) 3.6xl059(wilh gj^))

[C°Jdyn cm-2) 5.8 1.7 1.5 
5.4 20 

40
xlOn

5.8 1.7 1.5 
5.3 2.0 

3.8
xlOu

h, (s-2) 
h2 (s-2) 
hj (s-2)

-0.42x10“  
—000x1026 

30x10 26 3.5x10“

-031x10“
-090x10“

3.6X10“

gj ts-2) l-SxlO^twith EW)) l-2xlO“ (wlih D-0)

\  (TH^A2) 
Ay—\(THz2A2)

3.2
17

T (THz) aiXKTlT-TiW)^

(^(o) (GHz) 60125

* As described in the text of Sec. 4.3.
** Values for the unfilled coefficients in this column are the same as thoes in the

first column.
*** EXG. Sannikov and VA Golovoko, Sov. Phys. Solid State 2C 580 (1978).

Values for the coefficients not given in this column were not determined in their
analysis.
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4, COMPARISON OF THEORY WITH EXPERIMENTAL RESULTS

a. Estimation o f "adiabatic correction"

It is know n th a t the measured elastic constant w ill be adiabatic if the 

period of the elastic w ave is short compared to the time required for relaxa-

and v, p m, Cp and K, are the sound velocity, density, specific heat and therm al 

conductivity of the  sample, respectively. For K2Se04 around T,, these quan ti­

ties are estimated as v 1.8x10s cm s~ !, Cp *=* 1.4x10 7erg k- ! cm-3 , 

p m — 3.05 g cm - 3  and K, ^ l O 6 erg t m " ,s " 1K-1 . W ith these values, we have 

yc *= T x lO ^H z, w hereas the Brillouin frequency of the C33 longitudinal mode 

around T, is yB =» I 6GH2, showing tha t yc5>yB. Therefore the  C33 elastic con­

stants obtained from  our Brillouin scattering measurements are adiabatic.

To derive the static adiabatic clastic constants for Cjj (i=  1 —3) longitudinal 

modes, w c use the simplified free energy (equations (4.3.35)) and include a 

"background" term  F„(T) as w e did in equation (4.3.7). The forces conjugate to

the order param eter Fp =  ( - ^ X  the stresses Oj =  ( - ^ 1 )  and the entropy

tion by heat conduction Ĥ7l  The necessary inequality for an adiabatic 

process^1*86' is y<<yc w here yc is the "crossover" frequency given by[ZIKB6]

(4.4.1)

S =  — are then

F p =  A p+B p3+D p5- 2 £ h i€ ,p + 2 £ g i€ i2p, (4.4.2a)

° i  "  Z c i i e j“ h ip 2+ 2 g i€ jp 2, (4.4.2b)
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c  A o  2  l  A A t  \

s  =  _ - r p  a t  ( 4 A 2 d

The equilibrium  values o f p and e, are given in equations (4.2.2). For small 

departures from  equilibrium , we find

SF„ =  (2B+4Dp02)p„JS p - £ (2 h i-4 g ie l0)ptl5€i+A0p0aT, (4.43i)
i=1

Soj =  L C i°8€j+2gjp028 € i- ( 2 h i—4gie°)p08p , (4.4.3b)
J=i

a2F„as = — A ^ fip ———̂ -ST, (4.4.3c)
dT

w here  w e have used the equilibrium  conditions (equations (4.2.2)) and kept 

the term s linear in the fluctuations. W ith the adiabatic condition SS =  0  and 

the  assumption of 8Fp =  0  w hich has been discussed previously, w e have

d 2F„
9T2

■ST =  —A aP0Sp. (4.44*)

A 2T 3
(2B+4Dp„2+ - i - ) p 02Sp =  t ( 2 h i-4 g 1£l«)p„8€l. (444b)C O

p i= 1

Q a
C °  =  —I X ° ). The longitudinal adiahatic elastic constants C^Co)) under

To derive equation (4.4.4b), w e have used equation (4.4.4a) and th e  relation

a 2F„
®T2

8oj
2ero 8F p are given by (-j^-)sf^5s=o- From equation (4.4.3b) and the above con­

ditions, w e obtain

C tJ(0) =  C °  (T>Tj), (4.4.5a)

( 2 h —4 c € t°)2
Cu’CO) =  (Cif+2gtp 2) -  L -  ‘---------  (T<Ti). (4.4.5b)

2B+4Dp o +  A„2T/  Cp°

Comparison of the these results w ith  equations (4.2.4) show s th a t the term
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A02T/C p° appearing in equation (4.4.5b) is the  'ad iabatic  correction". This 

correction can be estim ated by using the values of the  free energy coefficients 

evaluated in the last section. W ith B =  2.1 x lO 42 g- I s-2 cm, T=130K, 

A„ =  1.6X1023 s_2K_I and Cp° =  1.4XI07 erg K-1 cm -3 , w e find the  ratio

= 5% . (4.4.6)

The correction only changes the value of the denom inator in the second term  

of equation (4.4.5b) by about 5%.

Because the "adiahatic correction" effect is sm all, w e w ill ignore it the 

following calculations in order to sim plify the analysis.

h. Theoretical predictions and comparison w ith  experimental results

Now w e  can compare the mcan-ficld theory predictions of C33(o>) and 

y 33(o») given in equations (4.Z22) w ith  the Brillouin scattering data  of the C33 

longitudinal mode described in  the section 3 of chapter 3. We begin by 

evaluating the equations (4.Z22) using the evaluated free energy coefficients 

described in the last section. For the acoustic frequency o> in these equations 

w e used the  approximate value

< o - 2
C o

33

Pm
nb— sin (^ -) t (4.4.7)

c 2

£
w here u>| is the laser frequency, —  is the speed of light in the crystal, and 9

n b

is the scattering angle. This value of <o corresponds to the "bare" frequency of 

the acoustic phonon w ithout including coupling. From our experim ental 

results as show n in figure 3.3.2(a), w e have co =  2 irx l6 .2  s-1 .

We evaluated the equations both w ith  D — 0, g33 ^ 0  and vice-versa. For 

these tw o  cases, the results w ere som ew hat different in C33(<*>) w hen
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tem perature w as lower in the incom m ensurate phase, b u t were essentially 

identical in y 33(o>). Evaluation of the integrals appearing in the equations 

(4.2.22) was carried out in several different approximations. For T > T jt w e first 

used the dispersion curve of O^Cq) determ ined by lizumi et a lJ11̂ and 

integrated over the full Brillouin zone. We then  used the parabolic approxima­

tion (equation (4.3.24)) and integrated over a cylindrical volum e (w ith  its axis 

along a) w hich w as equal to one-half the volum e of the Brillouin zone, then 

m ultip lied  the result by 2. These tw o  procedures gave indistinguishable 

results. Also, the integrals were insensitive to change in the integration 

volum e, demonstrating th a t the integral is dom inated by a small volum e ele­

m ent centered at the m inim um . Consequently w e used the second procedure 

for T>Tj, and also for T<Tj but w ith o u t m ultiplication by 2 in this case.

The calculated results (w ith  D -0, g3 ^ 0 )  are shown in figure 4.4.1 w ith 

C 33(o>) on the left and y 33(o>) on the right. The top pair of figures (figure 

4.4.1(a)) are the first term s of equations (4.2.22) (C ^ + 2 g 3p 02 and y 3°3), the 

second pair (figure 4.4.1(b)) are the Landau-Khalatnikov term s, and the third 

pair (figure 4.4.1(c)) are the anharm onic contributions found from  the 

integrals. For reasons to  be discussed below, w e performed this calculation 

w ith  three different values of the phason gap f^(0V<X 60 and 160 GHz. The 

bottom  pair (figure 4.4.1(d)) are the total C33(o>) and y ^ w )  obtained by  adding 

these three contributions. C learly the size of the phason gap has on ly  a minor 

effect on C33(a>) but causes major changes in the values of y33(o>) with* a 

saturation effect for large values of fy (0 ) w h ich  totally suppress the  phason 

contribution.

Comparison of figures 4.4.1 and 3.3.2 makes clear the im portance of using 

a consistent theory. Indeed, the rounding of C33(a>) and y 33(<o) above T jt which 

is very  distinct in the experim ental data as show n in figure 3 3 2 .  cannot be
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obtained w ithout including the  fluctuation term s (figure 4.4.1(c)). Conversely, 

once the  contribution of both the phason and the am plitudon are taken into 

account, y 33(6)) is too large below Ts (figure 4.4.1(c)) if a phason gap is not 

introduced in the phason dispersion curve.

Figure 4.4.2 show s the  comparison of our 90° Brillouin scattering results 

w ith  the calculated theoretical predictions (both w ith  D-O, g3 5*0  and vice- 

versa) using 160GHz for the  phason gap w hich  w as obtained indirectly  by 

Topic et al.*72  ̂ in a recent NMR study of K;Se04. The agreement is fair, w hich 

is a lready im portant for the  prim ary test of the theoretical treatm ent in  view 

of the  large uncertainties in some of the num erical values w e have used 

(second column of table 1).

To fu rth e r test the Landau free energy approach, w e subsequently carried 

out a  non-linear least squares fit in w hich the coefficients B, h 3 and D (w ith  

g3 =  0 ) or g3 (w ith  D -0) w ere varied in order to  optimize the fit to the  90° 

Brillouin scattering data. Figure 4.4.3 shows the optimized fits obtained either 

w ith  D -0  (g3 ^ 0 )  or w ith  g3 =  0  (D 5* 0 ). A better fit is obtained fo r the 

g3 =  0  (D ^ 0 )  case. The resu lting  values of the parameters from  the best fits 

are given in the th ird  colum n of table I. Comparison of the values in the  th ird  

colum n w ith  those in the  second colum n show s that excellent agreement 

betw een the theoretical calculation and experim ental data can be achieved 

w ith  on ly  slight adjustm ents of the values of B, h 3, and D or g3, and these 

sm all changes are w ith in  the  experimental accuracy.

The calculations and th e  fits show n in figures 4.4.2 and 4.4.3 were 

obtained w ith  a phason gap f^ (0 )  ~  160GHz. O ther values larger than approx­

im ately  100GHz w ould also be acceptable, producing only m inor changes in 

the four adjusted param eters. Lower values w ould  lead to the values of y 33(<o) 

too large at low tem perature to agree w ith  our experimental data. Note that
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the low er limit on fy (0 ) deduced form this analysis is slightly  above the 

upper lim it, 85GHz, deduced from  the neutron scattering data  (as show n in 

figure 2.1.2) of Quilichini and C u r r a t ^ .

Using the same values in the  th ird  column of table 1, we fu rth e r checked 

our theoretical results against the 180° Brillouin scattering C33(o)) and y 33(a)) 

data w hich  have been show n in figure 3.3.3. Figure 4.4.4 show s the com­

parison o f the theoretical resu lts and the experim ental data. Again the agree­

m ent is qu ite  convincing in the  g3 =  0, D ^ 0  case.

From  the above results, w e  conclude that a consistent m ean field theory 

can explain our Brillouin scattering results for the  C 33 acoustic anom aly of 

K2Se04 near the norm al-incom m ensurate phase transition.

c. Comparison w ith  previous studies

As has been mentioned in chapter 2, the C 33(a>) acoustic anom aly in 

K2Se04 near the norm al-incom m ensurate phase transition has been studied 

previously by several investigators. However, the analysis of the effect in all 

of these investigations was incomplete.

Yagi e t alJV4*C3* were the  first group to study the C33(a») anom aly near 

Tj. In th e ir theoretical analysis, they used the same free energy expansion as 

our equation (4.1.15), but adding a term  S3€;jp4 for completeness. Their resu lt 

included both the bilinear coupling and anharm onic contributions, but w ith  

all coefficients treated as adjustable parameters. Also they  did not consider the 

qo, — degeneracy of the soft mode above T, and the  role of phasons below Tj. 

They assum ed that the soft mode dispersion curve is isotopic, and tha t p 0(T ) is 

a lw ays sm all enough so th a t all equations can be linearized in (T —Tj). 

A lthough they obtained reasonable fits of their theoretical expressions to  their 

experim ental results, in view of the assumptions th ey  made and the fact th a t
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the linew id th  w as not analyzed, the  values of the fitting parameters they 

found cannot be expected to be physically  significant.

Rehwald et al.*R1* compared ultrasonic and Brillouin data  for C33'(a>) and 

w ere the first to measure y 33(o>). T hey also presented a careful theoretical 

analysis of the  harmonic contributions to C33'(w). They pointed out a a  fu rther 

coupling of C 33 to the am plitudon and phason at K =  5  a ‘ arising from a 

P3€3P3 term , linearized to p3e 3p 03p below Tjt They concluded that this effect 

w as presum ably too small to be m easured and did not a ttem pt any fit.

Haurct and  Benoit^ 2 determ ined both C33(cd) and y 33(o>) in 90° Brillouin 

scattering experim ent. They analyzed their data starting from  a free energy 

similar to our equation (4.1.15) w ith  D -0, but considered only the Landau- 

K halatnikov term , ignored anharm onic effects. This procedure did not enable 

them  to analyze the rounding off o f C33(6)) and y 33(oj) above Tj and the 

corresponding effects below Tj. The relaxation tim e they found 

r  — r 0(Tj—T ) " 1 w ith  r 0 =  2 .6 x l0 - ,2 s is in fair agreement w ith  our value of 

t g =  2.1x10“  12s obtained from table I. Having set D -0 , they could not 

explain the dow nw ard  curvatu re  of C 33(o>) below Tj and had to use a non­

mean field critical exponent for p„(T) (2 0  ^O.VS) in order to achieve a reason­

able fit through  the g3P02 term  of equation (4.2.22c). This group/1-4* subse­

quently  extended their Brillouin scattering studies w ith  45°, 90° and 135° 

w hich illu stra ted  the o> dependence o f € 33(01). They confirmed their previous 

value of r 0 =  (Z854(X20)x10“ 12s.

Esayan and Lemanov*62* perform ed ultrasonic measurements, and w ere 

the first to take into account the role of the K ~ 0  phason. Again w ith in  the 

Landau-K halatnikov approximation, they  sim ply mentioned the  absence of the 

coupling of the  strain  €3 to this excitation.
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The analysis employed in a recent Brillouin scattering of Rb2ZnBr4 and 

Rb2ZnCl4 by Horikx et alJH8' is sim ilar to ours. They included both the 

Landau-K halatnikov and anharmonic fluctuation terms, but did  not include 

phason contributions. Since inelastic neu tron  scattering studies of these 

materials did not show  any propagating soft modcs*D3*D4^ 2\  th e ir fits could 

not be carried out using independent dynam ical data as inputs. Furtherm ore, 

the anomalies in these m aterials are very  sm all compared to th a t of the C 33 in 

K 2Se04, m aking the  analysis m uch less significant.

5. HIGHER ORDER CORRECTION AND BEYOND MEAN HELD 

APPROXIMATION

a. 3-dimensional XY model

The theoretical analysis w e have employed to derive predictions for 

C 33(u>) and y33(a>) w as based on the fram ew ork  of a mean field approximation 

w ith  the usual Landau assumption of A (T) — A0(T—Tj) in equation (4.1.15). It 

was, however, necessary to include a  phason gap (assumed tem perature 

independent) in the calculation in order to  obtain good agreem ent between the 

theory and  the experim ental results. A lthough a K  =  0  gap in  the excitation 

spectrum  of the phason w as observed exper i ment al l y^1 it is not 

predicted by the m ean field theory. Thus th e  phason gap used in our analysis 

is an additional assumption. W e note th a t Gooding and Walker*04* have sug­

gested th a t the phason branch m ay ac tua lly  be gapless and th a t  the observed 

apparent gap could result from  phason-acoustic phonon interactions.

There is extensive evidence w hich indicates deviations o f the critical 

behave of KjSeC^ a t the norm al-incom m ensurate phase transition from the 

mean field approximation. As has been mentioned in chapter 2, the critical
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exponent found by M ajkrzak et a lJM1' was 2 0  =  0.75. The tem perature depen­

dence of the  soft mode frequency Q ijiq J  obtained by lizumi et alJ11* (as 

show n in figure 4.3.1) clearly show s upw ard  curvature. A non-linear least 

squares fit of their da ta  to the relation of l^?(qo) «  (T —Tj)* gives y  =  1.3. 

A ndrew s and  M ash iyam a^**9* carried out x -ray  scattering and dielectric con­

s ta n t measurements in Rb2ZnCl4 w hich is isomorphous to K2Sc04, and found 

the  critical exponents 2/3 =  0.69, y  — 1.26 and  v — 0.693. All these values of 

the  critical exponents show clear deviations from the mean field values of 

2 0  =  1, y  =  1 and v -1 /2 . In the incom m ensurate phase of K2Se0 4 , U nruh et 

al.*u ,J have found th a t the dielectric anom aly  behaves as Ax (Tj—T)076, 

w h ile  the frequency o f the am plitudon 0 ^ (0 )  cr (Tj—T)0-52. They also found 

th a t the damping constant r A of the am plitudon deduced from th e ir Raman 

d a ta  increased strongly near Tj. We found tha t their results can be w ell 

described, as shown in figure 4.5.1, by

r A =  [—0.089(Tj—T)+ 9 .6 + ------ ^ ------ JcnT 1. (4.5.1)
( T j - T ^ + a i

W e note th a t similar strong increases in th e  soft mode line w id th  have been 

observed in  m any m aterials undergoing s tru c tu ra l phase transitions^13̂ , but no 

theoretical explanation for this effect yet exists. These non-mean field effects 

have not been taken in to  account in our analysis.

To proceed w ith  our analysis beyond th e  mean field approxim ation w ould 

require a complete theory . A lthough some ingredients are already available, 

such a complete theory has not yet been established. As has been discussed in 

chapter 2, K2Se04 is a 3-dimensional system  w ith  a 2 component o rder param­

eter. C ritical exponents for the 3-dimensional XY model have been estimated 

by  LeGuillon and Z inn-Jastinl u l *U21 (20 — 0.691, y  =  1.316 and  v  =  0.669). 

By using a  crossover theory  w hich accounts for the crossover from  singular



-  102 -

>0

I

10

30 40 *060 110TO •o 160 130100

T (k )

Figure 4.5.1. Best fit to the damping constant of the amplitudon rA(0X Squares are 
the experimental results from Unruh et al.,ui1. Solid line is the result of equation 
(4.5. IX
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critical behavior to regular classical behavior, Chen'c7* has successfully 

analyzed the specific heat data of K2 Se04*(^ A7̂ and Rb2 ZnCl4*L2' based on the 

3-dimensional XY model. However, the crossover and scaling effects on the 

lattice dynamics in the A2 BX4  class of materials has not been investigated.

Some of the basic theory for a scaling analysis of the acoustic anomalies in 

incommensurate crystals has been developed by Schwabl and his co- 

workorsJsl0*s ,,N|5̂ D3l  They also noted that the usual separation of the acoustic 

anomaly into independent Landau-Khalatnikov and anharmonic contributions 

may not be correct in the context of a scaling theory*03  ̂ Hu et alJ1*9* have car­

ried out a scaling analysis in their ultrasonic studies of NaN0 2.

In the absence of a complete theory, there is no straightforward way to 

carry out an analysis of the C3 3  acoustic anomalies beyond the mean field 

approximation. Generally, one cannot modify the temperature dependence of 

any property without simultaneously changing others. To illustrate, we car­

ried out an analysis with equations (4.222) and used the damping constant of 

the amplitudon I~A found by Unruh et alJu,l (equation (4.5.1)) rather than the 

linear temperature dependence form of equation (4.3.26). We found that even 

with the adjustment of the coefficients B, h3, D or g3, no satisfactory agree­

ment can be achieved between the theoretical values and the experimental 

results. Figure 4.52 shows the best fit (solid lines) for the g3  — 0, DtO case. 

The disagreement is evident. We then used a non-mean field amplitudon fre­

quency 0 ^ (0 ) cc (Tj—T )y to replace the mean field result of equation (4.1.25a) 

with y  as a free parameter. The best fit is also shown in figure 4.52 by the 

dotted lines (for the EM) g3  ^ 0  case). Good agreement can be achieved again, 

but the fit gave a value of y  *=0.66 rather than y  =  0.52 found by Unruh et 

al/u *l or y  =  1.3 predicted by the XY model.
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h. H ig h e r  o rd e r  coup ling  c o rre c tio n s

In deriv ing  the theoretical expressions of C33(o>) and y ^ c a )  (equations 

(4.2.22)), th e  anharm onic contributions w ere  treated on ly  in the lowest order 

approxim ation. We have only included the coupling o f an acoustic mode to a 

pair of Z2 so ft modes above Tj, and  to a pair of am plitudons and a  pair of pha- 

sons below Ti. Recently, Levanyuk et alJU4* noted th a t in the incom m ensurate 

phase the higher-order couplings m ay have an im portant effect in  the anhar­

monic contributions . Their prelim inary results are expressed as 

T > T j:

£ 3 3(0 )) -  C3 3 -  ( 2 ) r ) 3  h3  /  (* i2 a )

T<Ti:

(2h3- 4 g 3 ( 3")2p  2O
CljKoy-itoTAO)

(2 IT )3
(2h3- 4 g 3€30)2

3O ^(0)+8D po4 -  dq

ft^0)-ia>rA(0) ilA(qX2 0 Jf(q)—ia>TA(q)]

12 f  dq+ fl — AV / 12 f
a 2 /r \\  . r  f r \ \  Jf )^ 0 ) - ia > rA(0) J  ^ q X 2 Q ^ (q > - io > r /q )3

(4.5.2b)

It is im portan t to note tha t in th e ir results (equations (4.5.2)) the fluctuation 

integrals fo r the am plitudons an d  phasons now  have different weights. The*

f l^ o )
anharm onic contribution from phasons is w eighted by  [1— r  ( 0 ) ^

«rA(o)
and thus w ill  be largely suppressed a t low tem perature w hen « 1 .

This is the  m ain difference from our analysis in w hich  w e need to  introduce a 

phason gap to suppress the phason contribution. Also it is interesting to note
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that the introduction of the D and g3 terms does not affect the w eight of the 

phason contribution, w hereas the w eight of the anharm onic contribution from 

am plitudons is affected by the D term .

Equations (4.5.2) are a prelim inary result. In a tria l analysis using the 

values of the free energy coefficients given in the second column of table I, w e 

found that the  and y 33(t»>) of equations (4.5.2) showed some unexpected

behavior (fluctuating rapid ly) near Tj in the incommensurate phase. A more 

careful reexamination of their results (w hich is cu rren tly  in progress) w ill be 

required in order to carry  out fu rth er analyses.
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CHAPTER V

ELA STIC A N O M A LIES OF 

TRANSVERSE ACOUSTIC M ODES AROUND T, AND T c

1. C4 4  TRANSVERSE ACOUSTIC A N O M A LIES 

a* T h e o ry

As show n in figures 2.1.6, 2.1.7, and 3.3.5, the C44 elastic constant of 

K2Se04 exhibits anomalies in the norm al phase and the incommensurate as 

w ell as the com m ensurate phases. In the norm al phase, C ^  continuously 

decreases w ith  decreasing tem perature, w hile in  the  incommensurate and  com­

m ensurate phases, C44 gradually  increases w ith  fu rther decreasing tempera­

ture. A sim ilar C44 anom aly  was also observed in  incommensurate R t^ZnCl* 

an isomorph of K2Se04, by Ultrasonic^1110* an d  Brillouin scattering^1 meas­

urem ents.

Besides the anomalies of the elastic constan t, the Brillouin scattering 

in tensity  of this C44 acoustic mode also exhibits abnorm al changes in  the  nor­

m al, incom m ensurate and  commensurate phases. This Brillouin in tensity  ano­

m aly  strongly suggested th a t the CM acoustic anomalies are caused by  a cou­

p ling  mechanism.

The variation of C 44 in  the norm al phase is an indication of a  bilinear 

interaction betw een the stra in  c4 and an  ordering quan tity  which should  have 

the  same sym m etry  type  as €4 and  should have its wavevector a t  the  zone 

center. Because the C** transverse acoustic modes measured by Ultrasonic or 

B rillouin scattering m ethods belong to  the representation, Hirotsu e t alJHI0*
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suggested, in analyzing their Rb2ZnCl4 ultrasonic data, that the ordering quan­

tity  m ight be the zone center mode of the  Z 2 branch (on w hich  the soft mode 

occurs a t q =  qD) w hich  belongs to the  representation of e ither or Au. 

Because of the softening of the Z2 branch, this zone center mode exhibits 

decreasing frequency in the norm al phase as show n in the neu tron  scattering 

results*11* o f figures 1.2.3 and 4.3.1. R ehw ald  et al.*RI* also used th is assumption 

in explaining their C44 Ultrasonic and Brillouin K2Se04 data. However, previ­

ous Raman scattering studies*w l**MB* and our new Raman scattering experi­

ments have not been able to observe the zone center mode ( 25  cm -1  a t room

tem perature) of the  soft Z2 branch. Furtherm ore, theoretical sim ulation 

results*115* indicated tha t the sym m etry  of the zone center mode on the soft Z 2 

branch belongs to  the Au representation rather than  w h ich  is Raman 

active. Therefore, the assumption of bilinear coupling of th e  C44 acoustic 

mode w ith  the zone center mode of the Z 2 soft branch is un like ly , although it 

is possible th a t the  mode actually  is of B ^  sym m etry bu t has an  extrem ely 

small Raman cross-section.

Nevertheless, Raman scattering studies*w l* of K2Se04 have show n th a t the 

lowest frequency B ^  optical model ( — 50 cm -1  ) did show softening in the 

norm al phase. W e also performed Ram an scattering m easurem ents to study  

this mode. Figure 5.1.1 show s three Raman spectra of th is  B ^ mode at 

different tem peratures, and figure 5.1.2 show s the tem perature dependence of 

the squared B^ mode frequency ( Of )  deduced from  the Raman spectra. It 

shows clearly  th a t the tem perature dependence of the ( i f  is ve ry  sim ilar to 

th a t of the €44 elastic constant. The da ta  o f ( i f  above and below T{ can be 

w ell represented (solid lines in  figure 5.1.2) by

Q f i J )  =  [8 .82(T -T iJM3+ 2 0 8 4 ](c n r1)2, (T >Tj) (5.1.1a)
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ttf(T ) =  [52(T,—T)°-6n+2084Xcm_1)2, (T<Y,) (5.1.1b)

w here w e  lake T, =  129.5K. Taking This B^, optical mode as the ordering 

quantity , w e  then can explain the anomaly in the norm al phase. We leave 

aside the origin of the tem perature dependence of th is mode, and proceed to 

consider its interaction w ith  the C 44 acoustic mode phcnomenologically.

The equation of motion for the coupled optical mode and the C44 

acoustic mode can be derived from  the Largrangian density  as w e have done in 

section 2 of chapter 4. If w e denote the normal-mode coordinate of the  opt­

ical mode by QB w ith  QbQb =  Pb* then the potential and  kinetic energy den­

sity  for the  B-jg optical mode and the C44 acoustic mode can be w ritte n

u  =  y < W + j C , £ e 42+a4PB€.<, (5.1.2)

T =  +  (5.1-3)

w here C& is the "hare" elastic constant, a4 the coupling constant, p m the den­

sity  of the  crystal and q the w avevector of the C44 acoustic mode. Including 

the external driving force and a Rayleigh dissipation function

F^ki — 0 4€ 4 p BfB, (5.1.4)

Fr =  ■j *"bPb + -j  — (5. 1. 5)

follow ing the  same procedures used in section 2 of chapter 4, w e find the 

theoretical expressions fo r the tem perature dependence of the elastic constant 

044(0)) and  the damping constant 744(0))

&?( Ob —to1)

C« (“ ) =  C« - ( 7 ? ^ W  CT>Ti> ( 5 ' , -6 i )

(T>Tj) (5.1.6b)
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w here o 4, 1B, rB, and y u  are the driving stress associated w ith  e 4, d riv ing  

force for the mode, dam ping constant of the mode and the acoustic 

mode, respectively. For w hich is tru e  in our case, the above

results can be simplified by dropping terms in ta2 and  eul*^ whence

discussed by m any a u th o r s ^ ^ 87^ 3*. It predicts th a t the  decrease of f^(T ) w ill 

cause a decrease of the C44 elastic constant, providing a possible explanation to  

the C44 elastic anom aly in the  norm al phase.

In the  incommensurate and  commensurate phases, the C44 acoustic mode 

still can bilinearly couple w ith  the same zone center optical mode as in the 

norm al phase because both o f them  still have the same sym m etry and belong 

to the B2 representation in the  commensurate phase. Therefore, equations 

(5.1.7) are also valid below T j( providing th a t the f^ (T )  takes the values of 

equation (5.1.1 bX

In the incommensurate and  commensurate phases, the C44 acoustic mode 

also can couple w ith  the m odulation w ave th rough  the quadratic coupling 

term  g4p 2e 42 term appearing in  the free energy of equation (4.1.2c). It is also 

w ell know  tha t this coupling w ill lead to a  modification of the C44 elastic 

constant proportional to the square  of the order param eter

w here p 0 is the equilibrium  value of the order param eter given by equations 

(4.2.2c) and (4.2.2d). The C4 4  elastic constant in the incommensurate and

(T>Tj) (5.1.7b)

(5.1.7a)

Equation (5.1.7a) is the w ell know bilinear coupling result w hich has been

^ 4 4  —  2 g 4 p D2, (5.1.8)
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comm ensuraie phases is then given by

a 2
C^(O ) =  C& — _ J _ + 2 g . p „ J. (T  <T() (5.1.9)

Equations (5.1.7a) and (5.1.9) together describe the tem perature variations o f 

the C44 clastic constant in the high tem perature norm al phase and the low 

tem perature incom m ensurate and commensurate phases.

b. Comparison o f theory w ith  experiment

To compare the theory w ith  experim ental results, w e  first fitted equation 

(5.1.7a) to  the data  in the norm al phase (T>Tj) in w hich  C £  and a4 w ere  

treated as adjustable param eters and f^ (T )  w as determ ined by equation 

(5.1.1a). The best fit w as obtained w ith  C £  =  17.1 GPa and 

a4 =  3.0x1 O' 8 g^cm - ^ -2 . Keeping these values of C& and a4, w e then fit 

equation (5.1.9) to the low tem perature (T<Tj) C44 da ta  w ith  g4 as the only  

adjustable param eter. Q£(T) w as determined by equation ( 5. 1.1b), w hile p02 

was calculated by the mean-field results of equations (4.3.22) and the 

evaluated free  energy coefficients listed in the th ird  colum n of table 1 (w ith  

g3 =  0). W e obtained the best fit w ith  g4 — 1.8 x l 0 27s-2 . Figure 5.1.3 show s 

the comparison of the calculated results of equations (5.1.7a) and (5.1.9) w ith  

the Cw experim ental results. The agreement between the theory and the 

data is excellent.

In our analysis the theory coupled-mode theory w as used consistently. To 

explain th e  C44 anom aly in the  norm al phase, a bilinear coupling of the C44 

acoustic mode w ith  a  "soft” optical mode is required. W hereas once the bil­

inear coupling is invoked in the  normal phase, its contribution in  the incom­

m ensurate and commensurate phases was also considered on the same basis.
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Figure 5.1.3. Comparison or the experimental data (squares) with Ihe btsi fit results 
of equations (5.1.7a) and (5.1.9) (solid linesX HjKr) was determined by equations 
(5.1.1) and p02 was calculated by using equations (4.3.22) with the evaluated Tree 
energy coefficients listed in the third column of table I. The best fit was obtained with 

=  17.1GPa, a* =  iO xlO '"gv*cm_v,s~2 and g4 =  hBxlO27*"2. The dotted line in the 
low temperature phases (T < l\) is the result of the first tw o terms in equation (5.1.9). 
showing ihe contributions of the bilinear coupling in the low temperature phases.
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The anom aly of the damping constant y ^  due to the bilinear coupling can 

be estimated by using equation (5.1.7b). W ith q =  2 .8 x l0 5crrT l (90° scatter­

ing and \ | Mer — 488nm), p m =  3.05 gem ~3, r B ~300G H z and the above filled 

a4 value, w e  found tha t the  m axim um  variation of y^CO) is

q° ®42(Ay^nw* =  —------- ——-  ~  13 MHz. Such a sm all variation is beyond our
Pm

experim ental accuracy o f — 100MHz and explains w hy  the  damping anomaly 

is not observed in our measured attenuation  results as show n in figure 3.3.6(a).

An analysis of the low tem perature (T<Ti) C44 da ta  using equation 

(5.1.9) w ith  a non-mean field p^cctTj—T)2̂  w as also attem pted, w ith  j3 as a 

free param eter. Good agreement w as achieved w ith  2j3 =  0.70, in agreement 

w ith  the resu lt of the 3-dimensional XY model (2)3 — 0.691 )*L1,*LI2L

c. P rev io u s  s tu d ie s

The elastic anom aly of K2Se04 and the isomorph Rb2ZnCl4 were 

investigated by several groups. H irotsu et alJH,°* were th e  first to observe the 

C44 anomaly o f Rl>2ZnCl4 around th e  norm al-incom m ensurate phase transition 

by ultrasonic m easurement. Noting the considerable decrease of C44 w ith  

decreasing tem perature in  the norm al phase, they  suggested a  possible explana­

tion of b ilinear coupling of the CM acoustic mode w ith  the  zone center mode 

of the soft Z 2 branch, providing th a t there w as also a soft Z2 branch in 

Rb2ZnCl4 like th a t in K2Se04 and th a t the zone center mode on the branch 

belonged to rather than  Au representation. Because neu tron  scattering stu­

dies on Rb^ZnC^ did not show such a soft L2 branch, their suggestion for 

Rb2ZnCl4 is questionable.

Rehwald et al.*R1* analyzed th e ir high tem perature (T >T ,) ultrasonic and 

Brillouin €44  data in the fram ew ork of Landau theory including bilinear
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coupling of € 4 10 an  ordering quantity . This theory leads to an elastic Curic-
( i t )

Weiss law , C44(T) =  C44 Based on Hirotsu’s assumption, they then
T—T0

compared their fitted results (T0,<T> =  5K for ultrasonic and T0(o) — 70K for 

Brillouin) w ith  the extrapolated transition tem perature (they found T0~72K., 

but from Fig. 7 of lizum i et alJ"! w e found T0~-5K) for the zone center mode 

on the Z 2 soft branch measured by lizum i et a lJ11̂  and they concluded th a t 

Hirotsu’s assumption fitted w ell w ith  th e ir  Brillouin results. Because of the 

B^ sym m etry they assumed for the zone center mode on the so ft Z2 branch, 

their comparison m ay not be m eaningful. Also their interpretation of the 

difl'erence of their C44 ultrasonic and Brillouin data in the norm al phase ( the 

ultrasonic C 4 4  curve is less bent than th a t  of Brillouin resu lts) by crystal 

im perfection is not correct. Note tha t they  did not measure the  Brillouin C44 

directly because the  Brillouin intensity is too weak, they obtained it by 

analyzing mixed modes. We found that our Brillouin results are closer to 

their ultrasonic resu lts than their Brillouin results. In analyzing the  low tem ­

perature results, they simply fitted the  data in the incommensurate and 

commensurate phase to  a  power law and obtained an exponent 0.71.

Hoshizaki et a lJH1' also studied the €44  anomaly of K.2Se0 4 by Ultrasonic 

measurements. M atsuda et a l)M9* and Luspin et a l iL15  ̂ investigated the C44 

anom aly of Rb2Z nC l4 by ultrasonic m easurem ent and Brillouin scattering, 

respectively. All of them  analyzed their low tem perature data  (T<Tj) by 

linearly extrapolating the variation in the normal phase to  the  low tem ­

perature phases and fitted the difference o f the data w ith  the extrapolation to 

a  power law expression. Hoshizaki et al. obtained an exponent 0.68, Nfetsuda et 

al. (X61 and Luspin e t al. 0.60. W ithout considering the m echanism  of the 

softening of the C 44 acoustic mode in the normal phase, their results are not
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physically significant.

2. C55 TRANSVERSE A CO U STIC ANOM ALY AROUND Tc

a. T h e o ry

Ultrasonic and Brillouin scattering studies o f K2Se04 *R,*E21 have shown 

tha t the  C 55 elastic constant exhibited significant variations around the lock-in 

phase transition. It can be clearly seen in figures 2.1.6 and 2.1.7 th a t C55 

decreases dram atically w h en  tem perature approaches Tc from  above and  then 

gradually  increases below T c. Our Brillouin C35 results in figure 3.3.5 also 

show the same variation in the  incommensurate phase. We lack the low  tem­

perature  data below Tc because of the vanishing of Brillouin scattering inten­

sity. The unusual decrease o f the scattering in tensity  near as show n in 

figures 3.3.7(b) and 3.3.8(b), is a good indication o f coupling effect.

The C 55 elastic anomalies have been analyzed by Rehwald e t alJR 1 *R2̂  and 

Esayan et al.*E2* in the fram ew ork  of Landau theory. It has been show n that 

the C 55 anomalies can be w e ll described w ith  the  fourth-order coupling term 

CjQ-3 by w hich the C53 acoustic mode interacts w ith  the ampliludon an d  pha- 

son in the  incommensurate phase and the coupling w ith  the phason causes the 

large C 55 anomaly near Tc.

The theoretical expression for the C 55 elastic constant can be derived by 

using the free energy of equations (4.1.2). For sim plicity, w e just keep terms 

containing €5 and Q and w rite

F -  Fg+ i c 3°s€52+ g5€ 5W +  sK P+ Q '3). (5.2.1)

w here Fq is the part of th e  free energy which depends only on the normal 

mode coordinates and is given by equation (4.1.17aX In the plane wave
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approxim ation, the free energy associated w ith  the tim e dependent fluctuations 

or the norm al coordinate Q in th e  presence of the static  distortion pc is

8F =  8Fq+ y (C 55+2g3po2 )€ 52

+ Aas« J  <P(q„)>2Q(Kj+q0)+ (5.Z2)

in w hich w avevector conservation requires

Kj = a’-3 q 0 = 3(qc- q 0) = a*8(T), (5.2.3)

where qc is the commensurate w avevector qc =  a*/3, and  S(T) is the mismatch 

param eter. In obtaining equation (5 2 2 ), w e have used the redefinition equa­

tion (4.1.21) and dropped all term s high than  quadratic  in Q or €5. In the  

incom m ensurate phase, the new  normal modes, am plitudon  and phason, are 

defined in equations (4.1.24). Using these definitions and equation (4.1.26a), 

equation (5 .2 2 ) can be rew ritten  as

SF =  nA2(K1)PA(Ki)P;(K1)+lV<K.i)Pi (K1)P;(Ki)+^(C5"5+ 2g5pt,2)€32

+ - 4 - a 3e ^ 0; ([p A(K 1)—iP4(K,)H-cA.|. (5.2.4)

Taking th is  free energy as the potential energy, including the damping con­

stants r A, T*, and y 5S phenomenologically for the am plitudon, phason, and C 35 

acoustic mode, respectively, the same dynamical calculation we used in section 

2 of chap ter 4  leads to the w ell-know n resu lt

Cjjtcu) =  (C55+2g5P02)

9 1 1
ft^Kj)—w2+ia>rA(Ki) + 0/(Kt)-w2+iwr/K|)^

Since the above equation can be simplified by dropping

the am plitudon and o>2 term. T hen we have
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C S5<«) =  < c & + l t f (Ki S U ) P ' (5-2-6a)

^ ■ ^ ' i j p S s r
w here y 35 is the background damping o f the C35 acoustic mode.

According to equation (4.3.27b), w e  have

ItfK ,) =  iA ,K ,2. (5.2.7)

For K 2Sc0 4, the value of A* is given in  table I. According to  lizumi e t alJn l  

the tem perature dependence of the m ism atch param eter 6(T ) can be described 

by

8(T) = -------- ---(5.2.8)
1 +0.002(Tj—T)2

w ith  Tj =  127.5K. Due to the continuous decrease of K, from  0.07a* a t Tj to

0.02a* a t Tf, decreases sim ilarly w hich causes the decrease of C33.

The above theoretical treatm ent has been utilized by R ehw ald et a lJR1*R2̂ 

and Esayan et a lJ Ii2* in analyzing th e ir C33 ultrasonic data. Note tha t in the 

above treatm ent w e  have used the plane wave approxim ation for the modula­

tion w ave in the  incommensurate phase. However w e know  tha t near Tc in 

the incom m ensurate phase the m odulation wave evolves in to  phase solitons*B2l  

Therefore the plane w ave approxim ation is not valid near T c. Dvorak and

Hudak*05* carried out theoretical studies for the C55 elastic constant of

A2BX4-type crystals in the dom ain-like regime in the incom m ensurate phase 

near Tc. They found  tha t the anomalous part of C 55 is proportional to the 

domain w all density  n ^  a  resu lt anticipated by Rehw ald and  Vonlanthen^R2*. 

In the  constant am plitude approximation, their theory leads to  the  result
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C 55(0) =  C j'S '+ C s^ l—  r T \  (5.2.9)
55 55 C 5°5 V  c(T—Tf)

w here C5°5 and are the ’bare’ elastic constants in the norm al and commen­

surate phases, respectively, c is a positive constant. This result predicts a 

decrease of near Tc in the incom m ensurate phase.

b. C o m p ariso n  w i th  e x p e rim e n ts

To analyze our Brillouin C 55 results, w e first fitted the data  in the normal 

phase to a  linear tem perature dependence and obtained the background elastic 

constant

C £  =  16.0—0.0051T (GPa). (5.2.10)

We then  fitted equation (5.2.6a) to the data  in the incom m ensurate phase w ith  

0 £(Kj) calculated by using equations (5.2.3), (5-2.7) and (5.2.8), p„2 determined 

by equations (4.3.22) and the values in the  third colum n of tabic I (mean-field 

result), and r^(K j) obtained from equation (4.3.26) (a linear tem perature 

dependence of the damping constants o f phason used by Q uilichini et a l J ^  in 

their neutron scattering studies of phason in K2Se04). Taking w =  9.9GHz 

(Brillouin frequency of the C 55 acoustic mode at room temperatureX treating 

a5 and g5 as adjustable param eters, w e obtained the best fit w ith  

a5 =  1.9X1034 g-l/jcm l/js-2 and g5 =  8.8X1026 s-2 . Figure 5.21 show s the com­

parison of the calculated results of equations (52.6a) and (5 .2 1 0 ) (solid lines) 

w ith  the  C 55 experim ental results. The agreement is good in view  of the large 

uncertainties in the  low tem perature C 55 data.

R ehw ald et al.*R2* have found th a t the theoretical resu lt of equation 

(5 .26a) deviated from  their Ultrasonic C 55 data near the lock-in transition.
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They in terpreted it as the effects of solitonlikc discommensurations described 

by the sinc-Gordcn equation (4.1.10). O ur C55 d a ta  also indicates the same 

departure from the theory as shown in figure 5.2.1. However, the poor preci­

sion of o u t  C 5 5  data  near T c prevent us from carry ing  out a  quan titative  

analysis. Rehw ald et alJR2* and Dvorak et a lJDS* have tried to fit the C55 u l tra ­

sonic data*R1* of K2Sc04 by a logarithmic law  as given in equation (5.1.9) and 

they found that it was loo steep to agree w ith  the  data. Dvorak and H udak 

concluded that w ith in  the constant am plitude approxim ation a quan tita tive  

explanation to the tem perature dependence of C55 o f K2Se04 is questionable.

In correspondence w ith  the analysis of the C 33 anomalies in chapter 4, w e 

also carried out an analysis of equation (5.2.6a) using non-zero phason gaps 

w ith

=  f tfC O + lA JC j2. (5.2.11)

For the reasons mentioned in chapter 4, 1^(0) =  60GHz and f^ (0 ) =  160GHz 

were considered. For the case of =  60GHz the best fit of equation (5.2.6a) 

to the C 55 data was obtained w ith  a5 =  2 .3X10 34g^vV m '2s 2 and 

g5 =  11 x lO ^ s -2 , w hile  for f^ (0 )= 1 6 0 G H z  best fit was obtained w ith  

as =  4 .8 x l0 34g_'/,cm ,/ls~ 2 and g5 =  2 1 x l0 26s-2. The calculated results of 

equation (5.2.6a) for these tw o  cases arc essentially identical w ith  the resu lt 

shown in figure 5.2.1 calculated by using gapless phason.

The theoretical predictions of the damping constant y$s(a)) anomalies 

(equation (5.2.6b)) for 1^(0) =  0, 60, 160GHz are p lotted  in figure 5.2.2 (solid 

lines). In contrast to the equivalence of the C55(o>) in the above three cases, 

y Sj(b>) is very sensitive to phason-gap values. It show s clearly in  figure 5.2.2 

that the y55(<i>) anom aly near Tc can be largely suppressed by a phason gap of 

f^(0) ^  100GHz. A lthough w e were not able to trace the behavior of the  C55
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Figure 5.2.1. Comparison of Css experimental data (squares) with the best fit results 
of equations (5.2.6a) and (5.2.101 was calculated by equations (5.2.7), (5.2.3)
and (5.2-8) w ith A* given in table I. was determined by equation (4.3.2b) and p02 
was calculated by equations (4.322) w ith the coefficients in ihe third column of table
1. The best fit was obtained with aj — 1.9xl034g~,',cm /*s'“2 and g5 *  8.8xit)2l,s_2.
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Figure S3 .J2 .. Temperature dependence of the damping constant y }j(<x>)L solid lines 
are the calculated result of equation (5.2.6bX Three phason gape are used;
(1) CyO) =  0, a3 =  1.9xlO*V*cm vV 2, g5 =  afix lO 26**2;
(2) tyO) *  60GHz, a3 =  2 .3xi03V v*cmVlS- 21 g3 =  l lx lO ^ s " 2;
(3) fy o ) *  160GHz, a5 =  dA xlO ^g-’W ^ " 2, Bs =  2 Ix l0 26s"2.

Other parameters are the same as that used in figure 5.2.1. Squares are the experimen­
tal results.
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mode close enough to  Tc because of the vanishing of the Brillouin scattering 

signal near Tr, a comparison of our data  w ith  the  theoretical results (figure 

5.2.2) indicates a preference for the resu lt w ith  a phason gap ^  100GHz, in 

agreem ent w ith  the  resu lt of chapter 4 in w h ich  the analysis of the  C33 

anomalies required a phason gap fy (0 ) ^  100GHz.

3. TRANSVERSE ACOUSTIC ANOMALY AROUND T {

O f the three transverse elastic constants, show s the simplest tem pera­

ture dependent variation. It only exhibits a slight change of slope a t T* as 

show n in  figure 3.3.5.

The theoretical explanation for the elastic anomaly is straightfor­

ward. A fter T it the  acoustic mode can interacts w ith  the order param eter 

through the quadratic coupling g^^Q Q * term  appearing in the free energy of

equation (4.1.2c). In the low est order approxim ation, this coupling leads to  the

variation of the elastic constant

ACea =  2&>Po2- (5.3.1)

Then

QfctO) =  C ^ + 2 g 6Po2. (5.3.2)

In the normal phase, the  C&  data is w ell described by

C £  =  17 .6-0 .0079T (GPa). (5.3.3)

A fit of equation (5.3.2) to the data points below Tj gives

gg =  —S.bxlO ^s-2 , in w hich , again, w e used the mean-field p02 calculated 

from equations (4.3.22).

Figure 5.3.1 show s good agreement betw een the calculated results of 

equation (5 .3^) (solid lines) and the experim ental results.
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Figure 5*3*1. Comparison of CM experimental data (squares) with the calculated 
results of equations (5.A2) and (5.3.31 p02 was calculated as in the figure 52.1. The 
best fit was obtained w ith g* — —5.6xl026s-2.
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4. TRANSVERSE ACOUSTIC ASYMMETRIES

a. Experimental evidence

. Asym m etric behavior of transverse w aves in the  incom m ensurate phase is 

one of the  interesting phenomena w h ich  has been observed in several incom­

m ensurate crystals.

Fritz!F4* studied the incommensurate phase transition of BaMnF4 by u ltra ­

sonic m easurem ents. He found th a t ultrasonic waves propagating along the a- 

axis (polar-axis) and polarized along b-axis underw en t a larger change in velo­

c ity  than the one w ith  interchanged propagation and polarization directions.

Esayan et alJE4* ligated the acoustic properties of RbH3(Se03)2 in the 

incommensurate and commensurate phases. They observed th a t the velocity 

and damping of the ultrasonic transverse waves propagating along the b-axis 

(m odulation axis) and  polarized along th e  a-axis exhibited m uch stronger 

anomalies in the incom m ensurate phase than  the transverse w aves w ith  in te r­

changed propagation and polarization directions.

Berge et alJM* also observed asym m etric behavior of transverse acoustic 

modes in quartz (S i0 4) crystals in the incom m ensurate phase by Brillouin 

scattering measurements. They found th a t the damping constant of the TA 

mode propagating along the y direction and polarized along the  x direction 

showed a stronger anomaly in the incom m ensurate phase than  the  TA mode 

propagating along x and polarized along y.

b. Theoretical studies

Theoretical investigations of the transverse acoustic asym m etries in the 

incommensurate phase have been reported by several authors. Based on the 

fram ew ork of Landau theory, Poulet and Pick*P3* studied selection rules for
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light scattering by soli modes and interacting acoustic modes in displacive 

incom m ensurate structures. By considering the sym m etry properties of ampli- 

tudon, phason and acoustic modes, they found th a t  in the case of K2Se04 the 

phason can couple w ith  the transverse acoustic modes propagating along the 

b-axis (or c-axis) and polarized along the m odulation axis (a-axis), bu t not w ith  

the transverse acoustic modes propagating along the  a-axis and polarized along 

the b-axis (or c-axis). This resu lt predicted transverse acoustic asym m etries in 

the incom m ensurate phase, providing tha t the phason coupling effect is strong 

enough to be observed.

Dvorak and Esayan*04* proposed a possible explanation for the transverse 

acoustic asym m etry of RbH3(Se03)2 on basis of the Landau-type theory. From 

the starting  point tha t acoustic waves propagating along a particular direction 

are coupled only to  soft modes propagating in  the  same direction, they  sug­

gested tha t the the coupling of the transverse acoustic modes to soft modes 

w ith  anisotropic dispersion curves around q0 (w avevector o f the frozen-in soft 

mode) might cause the transverse acoustic asym m etries in the  incommensurate 

phase. Lcmanov et alJL3* also discussed the asym m etric behavior of transverse 

w aves in the incom m ensurate phase. From sym m etry  considerations, they 

obtained the same phason-acoustic phonon coupling results as Poulet and 

Pick*?31. From their analysis, they pointed out th a t the observed asym m etry of 

RbH ^SoO ^j cannot be explained by the phason coupling effects and cannot be 

due to  the mechanisms discussed by Dvorak and Esayan*w l  They also studied 

the acoustic properties of K2Se04, Rb2ZnCl4 and (NH4)2BeF4 crystals by u ltra ­

sonic measurements and w ere  not able to observe a similar asym m etry of the 

transverse w aves w ith in  th e ir  experimental accuracy. They concluded that 

ultrasonic experiments cannot reveal a Goldstone phason because of its very 

large relaxation time.
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Scott*512* presented an explanation for the observed transverse asym ­

m etries based on nonequilibrium  defects observed in certain incom m ensurate 

crystals. He also proposed th a t the asymmetries do not arise from spatial 

dispersion as proposed by Dvorak, and Esayan*D4*, bu t from anti-sym m etric 

contributions to the stress tensor due to local rotations caused by chiral defects 

w hich  are  large in incom m ensurates w ith  screw  axes.

Gooding and Walker*03* developed a linear theory for long-w avelength, 

low -frequency vibrations in incom m ensurate dielectrics. Through the con­

sideration of the rotational invariance of the Lagrangian density  (extended 

Nelson-Lax thcory*N1**N2* for incom m ensurate structures), they studied the cou­

pling effects of sound-waves w ith  phason displacem ent fields in incom m en­

surate crystals. In the  norm al crystal structures th e ir  theory reproduces the 

results o f Nelson and Lax*N,**N2*, w hile  in the incommensurate struc tu re  the ir 

theory indicates tha t a contribution to transverse acoustic attenuation due to 

the viscous damping of the motion of the m odulation relative to the underly ­

ing crystal lattice m ay be present for one geometry and absent w hen the pro­

pagation and  polarization directions are interchanged. Therefore their theory  

predicts a  transverse acoustic asym m etry for the damping constants in the 

incom m ensurate phase. They also examined the asym metric behavior of 

incom m ensurate BaMnF4.

Subsequently, Gooding and W alked04* carried ou t analyses on the phasons 

and transverse sound-wave asymmetries of K2Se04 in the incom m ensurate 

phase. T hey  found tha t the inelastic neutron scattering data  of K ^ O , ,  

obtained by Quilichini and Currat*^1*, whose damped-harm onic oscillator 

analysis suggested a  non-zero phason gap in the incom m ensurate phase, m ay 

also be explained by using a coupled phason sound-w ave (longitudinal acoustic 

phonons propagating along the a-axis) theory in w hich  the phasons are gapless.
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Therefore w h e th er or not the  phasons in K2Sc04 are really  gapless is still unc­

ertain. However* from th e ir fu rth e r analysis of the coupling effects of 

transverse sound-w aves w ith  phasons* they  found tha t coupling w ith  gapless 

phasons w ould give very different results in the  transverse acoustic asym ­

metries from th a t of phasons w ith  a  gapi Considering the  high-frequency 

(q50.02A ) and low -frequency (q ^0.0005A ) lim its, their theory predicted:

(1). For gapless phasons and in the  high-frequency regime

v h« > ( ° r <  ) v«b . (5.4.1a)

Dh, <  Dab , (5.4.1b)

vcm > (o r  < ) v 4c, (5.4.1c)

DM < D ac, (5.4. Id)

w here is the  velocity of sound-waves propagating along the b-axis and 

polarized along th e  a-axis. D ta is related to the dam ping constant y ta of the v ^  

sound-wave by y ta =  D ^ q 2. Similar definitions are applied in equations 

(5u4.1). The >  (or <  ) inequality of equation (5.4.1a) pertains to the conditions 

of v *  > v p (or v u  >Vp), respectively, w here v p is the bare phason speed. 

Sim ilarly for equation (5.4.1c).

(2). For gapless phasons and in the  low -frequency regime

v h. =  v0b (5.4.2a)

D * >  Dab (5.4.2b)

vcl — vK (5.4.2c)

D „  >  Dk  (5.4.2d)

(3). For phasons w ith a  gap and a t sufficiently low frequencies (less then 

1GHz), the attenuation asym m etries predicted by equations (5.4.2) are
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rcmoved.

In the high-frequency regime, the  theory of Gooding and W alker and th a t 

o f Poulet and  Pick predict identical sound-spced asymmetries. Following the 

predictions of Gooding and W alker, fu rth e r experim ental studies on the 

transverse acoustic asymmetries m ay provide im portant inform ation for deter­

m ining w h e th er the phasons in KjSeC^ are gapless or not.

c. Our Brillouin scattering results

To investigate the transverse acoustic asym m etries, w e studied the acous­

tic properties of the six transverse acoustic modes of K2Se04 propagating and 

polarized along the crystal axes by Brillouin scattering method. The deduced 

elastic and dam ping constants corresponding to each of the transverse acoustic 

modes are show n  in figures 3.3.5 and 3.3.6. W ithin  our experim ental accuracy 

o f ~~0.6GPa for the elastic constants and ~-200GHz for the damping constants 

in  the incom m ensurate phase, w e  w ere not able to observed acoustic asym ­

m etric behavior for the  pairs of transverse modes under interchange of their 

propagation and polarization directions. We conclude th a t Brillouin scattering 

cannot reveal the coupling effects of transverse sound-w ave w ith  phasons o f

K 2Se04. According to Gooding and Walker*04*, the transverse modes w e me as
• *

ured by Brillouin scattering m ethod (q ~0X)028A o> === 10GHz) are beyond 

the low -frequency regime. Besides, the experimental accuracy of the  damping 

constants in the  incommensurate phase are poor. Therefore, it is not posible  

to  draw  definitive conclusions about the phason gap from  our results. Further 

careful ultrasonic experimental studies on the damping asym m etries of the 

transverse modes may provide the  answ er.
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APPENDIX A

RAMAN SCATTERING APPARATUS

The Raman scattering apparatus is illustra ted  schem atically in figure A .l. 

The Coherent model 52 Argon-ion laser (cither a t 4880A or 5145A) was 

operated single-line m ulti-m ode w i th  a usual ou tpu t power of ~ 3 0 0 m W . The 

laser beam w as focused in to  sample contained in a cryostat and the scattered 

light w as collected and focused on an interm ediate slit w hich  w as used to 

elim inate the strong elastic scattering from  the edges of the  sample. The col­

lected light w as collimated and then refocused on the entrance-slit o f a Spex 

1401 tandem  grating spectrometer. The openings o f the three slits in  the Spex 

spectrom eter can be adjusted to optimize the th roughput and the resolution 

(the  highest resolution is ~  0.5cm-1 ). The settings usually  used for the three 

slits is 100/um:200/im:l 0 0 /xm. The scattered ligh t is analyzed by tw o  gratings 

in tandem  operation. The analyzed light w as detected by a photom ultiplier 

tube (PMT) (I.T.T, FW -130) operated a t a cathode voltage of -1750 volts tLc» 

The PMT is cooled by a refrigerated chamber (model Te-104, Products for 

Research Inc.) in order to  reduce the background (dark-curren t) emission. The 

electrical pulses em itted by the PMT w ere processed by a Canberra Industries 

model 813 discrim inator/pre-am plifier, and the TTL signals w ere acquired by 

an AT-type computer equipped w ith  an EG&G Ortec ACE-MCS m ulti-scalar 

board w hich  has been described in chapter 3.
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D l o c r l a l n a t o x

Figure A*l. Schematic illustration or the Raman scattering apparatus.
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APPENDIX B

CRYOSTAT AND OXFORD TEMPERATURE CONTROLLER

The cryostat used in our experim ent is an Air Products Cryo-Tip model 

LT-3-110 continuous flow nitrogen (or helium ) cryostat. A schematic illu stra ­

tion of the  cooling system  is given in figure R l .  The cryostat has four optical 

w indow s in the four sides for light scattering experiments. The Sample is 

m ounted in a cylindrical sam ple holder w ith  four w indow s and the sample 

holder is attached to the coldfinger of the  cryostat. A platinum  resistance ther­

m ometer (100 O a t  room tem perature) is installed in the coldfinger near the 

sample holder to  monitor th e  tem perature of the coldfinger and the sample. 

Heating wires are w ound around the coldfinger for heating and tem perature 

control. The coldfinger and  sample are cooled by flowing liquid nitrogen (or 

helium ). The tem perature is controlled by an O xford tem perature controller 

model 1TC4 w hich  detects the  tem perature of the coldfinger v ia the platinum  

therm om eter and applies DC pow er to the heater on the coldfinger.

The Oxford tem perature controller is a programmable proportional con­

tro ller. It can provide up to  80W  of heating power. W ith the above platinum  

resistance therm om eter sensor, it can control the tem perature from 19K to 

500K w ith  an accuracy of 30.1 K. The cooling or heating rate d in  be set and 

autom atically controlled by the built-in programmable feature  of the con­

troller. Remote com puter control and m onitoring is also accessible via a built- 

in standard  RS-232 interface.
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Figure B.I. Schematic illustration of the cryosiai tooling system.
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A PPEN D IX  C

LISTIN G  O F THE BRILLOUIN SPECTRU M  FIT T IN G  PROGRAM

The follow ing landemfitT program w as developed from a standard 

(iaurosv.f) nonlinear least-squares fitting program  based on the Rosen brock 

stepping m ethod.

cccc tcccccccccccccccccccccccccccccccccccccccccccccccccctccccccccccccccc
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccc
ccc
ccc T h is  p rogram  is w r it te n  fo r  fitt in g  th e  B r illo u in  S ca tter in g
ccc sp ectra o b ta in d e d  b y  th e  TT'P sy s te m . It fits th e  B r illo u in
ccc peaks b y  th e  co n v o lu tio n  o f  in stru m e n l-re sp o n se  w it h  a d am p ed
ccc h arm oric  o sc illa to r  response.
ccc
ccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccccecccccc
CCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCCC

im p lic it  d o u b le  precision  (a -h ,o -z)  
ch aracter  i n f * 15 ,side*8,sf le ,ou t f* 1 K ,outex* 18 
co m m o n /in p u t/K 9 ,3 X sn o is^ ix ji p o in t  
co m m o n /c n n v /y (4 0 0 0 X z (4 0 0 0 X m n M n m  I / f f  
c o m m o n /c o n  v l  l / in f ,o u t f ,o u te x  
c o m m o n /c o n  v v /a ln  

com m on  
c /d e r iv a /  n g ,k k

w r ite (6 ,2 )
2  fo r m a t( lx ,’N o n lin ea r  least sq uares f it t in g  to  B r illo u in

+ sca tter in g  sp ec tr u m ')  
c  read in  th e  file  for  fitt in g

p r i n t f l x / l x / ' G i v e  th e  in p u t file  n a m e fo r  fitting;")'
r e a d \ in f
p r in t \ in f
opent 8,fi l e - in f ^ t a t u s - ’old") 
read(8, V n d - 4 X y ( i  Xi"1 ,4 0 0 0 )

4  n p o in t- i-1
close  ( 8 )
p r in ts  l x / l x ,"  G iv e  th e  m irror sep ara tion  ( in  cm);" T 
readier 
p rin l*T sr  
a ln -a lo g (2 .0 )  
d o  8 i - l j i p o i n  

8  z f iM H )

H
d o  9  i—1 ,1 5
i f  ( in f t i: i )  .eq . jo t. in it it i )  -eq. " " )  g o to  10
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9  c o n t in u e
1 0  o u t f - i n f (  l : j ) / /*  .fi* 

o u ie x - in f (  l : j ) / /"  .ep"
p r in i,|( /1 )t ," T h e o u tp u t file n a m e fo r  th e  b est fitted  

+ d a ta  is;", /1 x ,  a 1 8 / ,o u tf
p r in tV lx ," T h e  o u tp u t  file n am e for th e  ex p e r im e n ta l  

+ d a ta  is:", / l x ,  a l8 ) \o u te x

cget th e  p aram eters f o r  th e  cen traU efW righ t R a y le ig h  lin es

h a l f - 1.0  
d o  1 0 2  n -J .3 .1  
sid e-*  C en ter  ’ 
i f  (n  .eq. 2 )  th e n  
s id e - ’ L eft * 
h a lf - 2 .0  
en d  i f
i f  (n  .eq. 3 ) s id e - ’ R ight *
w r ite < 6 ,1 0 0 )  s id e
w r it e ( 6 t1 1 0 )
read* ,H n ,2 )j<  n  ,3 )
p rin t* , r (n ,2 X r(n ,3 )
i - in t ( r ( n ,2 ) )
r ( n , l ^ y ( i ) / h a l f

102  c o n t in u e

c get th e  p aram eters for  th e  B r illo u in  l in e s  
mmm 
d o  2 0  k - U  
s id e - ’ L eft ’ 
i f  (k  jeq. 2 )  s i d e - ’ R ight * 
w r it e (6 ,1 2 0 )  s id e  
read*, ram i 
p r in t* ,m m l  
d o  11 i - L m m l
print,(lx/lx." For modeC j2.1x."X enter" )\i
w r ile ( 6 ,1 1 0 )
m o d -m m + 3 + i
read*, HmotL2Xr(motL3)
print\r(nuxL2Xr(mod3)
l - in t ( r (m o d ,2 ) )
Kmod,l)-y(l)

11 c o n t in u e
i f  (k  .eq. 1 ) m m - m m l

2 0  c o n tin u e

p r in t’O i / l x / G i v e  th e region ( in  c h a n e l n u m b e rs)  fo r  fin d in g  
+ th e  n o ise  level:"  /  

read*, n o is l ,  n o is2  
p rin t* , n o is l ,  n o is2  
snoi^O .0
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d o  2 2  i - n o i s l  ,nois2  
2 2  sn o i» -a n o i» + y (i)

s n o i» n o i s / ( n o i s 2 - n o t s l+ 1 ) 
p r in t f / lx ," T h e  noise le v e l  is"  7  
print*, sn o is
p r in t l / lx ,"  F ix  the n o ise  le v e l or n otT ty/n fc")’
read *sele
p r in t* se le
f i x - 1 .0
i f  ( se le  jeq. ’y ')  fix-O.O  

k k - m m + m m l+ 3  

n g -1  

c a ll m in n ew
1 0 0  fo r m a tC lx / lx .’For th e  R a y le ig h  lin e  a t th e  en ter" )
1 1 0  f o r m a l  1 x ,’Peak p osition , W id th (h w h m fc’)
1 2 0  Format( 1 x / 1 x.’N um ber o f  B r illou in  m ode a t th e  (\a8,*):’)

en d
su b ro u tin e  m in n e w

im p lic it  d o u b le  p recision  (a-h ,o-z)  
com m on

2 /p a n n t /  x ( 1 5 )  ,x t ( l5 )  .d ir in O S ) .m axrnt ,n p a r
3 /p a r e x t /  u (3 0 )  ,w ( 3 0 )  .w errO O ) .m a x e x t ,n u
6 /u n i t  /  isy srd  .isy r w r
8 / t i t l e  /  t i t l e ( 2 0 )  , i s w (7 )  rn b lock
9 /c o n v e r /  epsu  apsi .v te s t  j is tep q  .n fc n  j t f c n m x
b /m in im a / a m in  .u p  .n e w m in  j t a u r  ,lm i(3 0 )
c /d e r iv a /n g j tk

i f  (n g .lt .ltk + 1 ) go to 1 0  
c a ll fc n (n p a r ,4 ,a m in .u ,2 )  
c a ll ex it

1 0  m a x in t -1 5  
m a x e x t -3 0  
is y s r d -5  
i s y s w r - 6  
n b lo c k « 0  

1 1 0  c o n tin u e  
n fc n - 1  
c a l l  m id a u  
c a ll in to e x (x )  
c a ll  f c n (n p a r ,n g ^ im n ,u ,l) 
c a ll f c n (n p a r j ig ^ m in ,u ,4 )  
c a l l  m p r in t d ^ m t n )  
c a l l  fcn (n p a r ,n g ,f ,iv 4 )  
i f ( f m e a m in )  go  to  160  
n f c n - 3  
c a ll com and  
go  to  H O
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1 6 0  c o n t in u e
w r ite !  is y s  w  r ,880) a m  i n .f  
retu rn

8 8 0  fo rm a t(* 0 fo r  th e a b o v e  v a lu e s  o f  th e  p aram eters, fen  is t im e -d e p e n  
' d e n t r O f  - \e 2 2 .1 4 /  fo r  first call*/* f - ’,e2 2 .1 4 /  fo r  secon d ’) 
en d
su b r o u t in e  miefcta 

im p lic i t  d oub le p rec ision  (a -tu »-z)  
c o m m o n /in p u t /K 9 ,3 )^ n o is J ix j ip o in t  

co m m o n
1/n a m e s  /  n a m l(3 0 )  ,n a m 2 (3 0 )
2 /p a r in t /  x (1 5 )  j t l ( 1 5 )  ^dirinC 1 5 )  .m a x im  jip a r
3 /p a r e x t /  u (3 0 )  ,w {  3 0 )  ,w e r r (3 0 )  .m a x e x t j iu
4 / l i m i t s /  a l im (3 0 ) ,b lim (3 0 )  ,lc o d e (3 0 )  ,lc o r sp (3 0 )  .lim se t
6 /u n i t  /  isy srd  . i s y s w r
8 / t i t l e  /  t i t l e ! 2 0 ) , i s w ( 7 )  .nb lock
9 /c o n  v e r / e p s i ,  apai ,v te s t  .n step q  ,n fc n  j i f c n m x
b /m in im a /  am in  .u p  .n e w m in  .itau r ,1 m i(3 0 )
c /d e r iv a /  n g .k k

d o u b le  precision  dax^ibx  
eq u i v a  le n c e ( k p jn a x e x t) 
n b ln c k -n b lo c k + 1  
d o  5 0  1 -1 .7  

5 0  i s w ( iM )  
npfix^) 
nintM) 
n u - 0  
n p a r -0  
k 2 - 0  
k c a r d -1  
d o  KX) i - l , k p  
u ( i ) - 0 .0  
n a m l ( i ) - 0  
lc o d e ( i ) - 0  
Ico rsp G M )

1 0 0  c o n t in u e
d o  1 0 5  i - l^ n a x in t  
d ir in ( i ) - 0 .0  

105  c o n t in u e

c ta n s fe r  th e  param eters to  u ( i)
d o  1 1 0  i - l , 3  
u ( i ) - r ( n g j )

1 1 0  c o n t in u e

c s e t  s t e p  s ix e s jn u n d s  fo r  u (i)
w ( l ) - u ( l ) / 1 0 u 0  
b U m (l) -u ( l)* 5 J 0  
a l i m ( l ) - 0 . 0  
w ( 2 ) - u ( 3 ) /3 0 u 0  
b lim (  2 ) -u (2 )+ 3 * u (  3 )
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al im ( 2 ) - u (  2)- 3*u( 3) 
i f  (n g  .g t. 3 ) then  
u (3 ) -u ( 3 ) - r ( 1 ,3 )  
i f  ( u ( 3 )  . le .« lO )u < 3 M .O  
en d  i f
w (3 )-u (3 )/2 (X O  
b lim (3 V 5 .0 * u (3 )  
a lim ( 3 ) -0 .0  
i{>-4

c  t w o  g a u ssia n s for  th e  R a y le ig h  a t  th e  L e ft a n d  R igh t
i f  (n g  -eq. 2  a t . ng -eq. 3  ) th en  
ip-7
d o 1 2 0  i - 1 .3
u ( i+ 3 V u ( i )
w ( i + 3 ) - w ( i )
b lim ( i+ 3 ) -b l im ( i)
a l i m ( i + 3 ) - a l i m ( i )

1 2 0  c o n t in u e  
end  i f

c noiae le v e l  is in  u (ip ).
u ( ip ) - s n o is  
w (jp )" u ( ip )* f ix /1 0 .0  
b lim ( ip )-2 0 0 * u (ip )  
a lim (ip > -0 .0

2 0 3 0  d o  2 0 0  i - 1 , ip  
n in t - n in t+ 1  
lc o r s p ( i ) -n in t  

n u -m a x O (m ij )  
w e r K i ) - w ( i )  
if ta lim (i) )1 4 Q ,l 3 0 ,140  

1 3 0  if (b lim (i))1 4 Q ,l 3 3 ,1 4 0  
1 3 5  lc o d e ( iV l  

go to  1 6 0  
1 4 0  lc o d e ( iV 4  
1 6 0  c o n t in u e  
2 0 0  c o n t in u e  
2 5 0  c o n t in u e  

n p a r -n in t  
c a ll e x to in (x )  
d o  3 0 0  i - l , n u  
k - ) c o n p ( i )  
i f (k  > 3 0 0 ,3 0 0 ,2 6 0  

2 6 0  « v - u ( i ) + w ( i )  
l^ p in t f t s a v j )  
a a v - u ( i ) - w ( i )  
a - p i n t f t n v u )  
d tn * d b le (b -x (k ) )  
d a x -d b le (a -x (k ) )
d ir in ( kM dabsC dax)+dabe(dbx ) ) /2 .0  
x t f k V x ( k )

3 0 0  c o n t in u e
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u p - 1.0  
i s w ( 5 ) - l  

retu rn  
en d
su b r o u tin e  e x to in (p in t)  

im p lic it  d o u b le  p recision  (a -h ,o -z)  
co m m o n
1/n a m e s  /  n am  1 (3 0 )  j ia m 2 (3 0 )
3 /p a r e x t /  u (3 0 )  ,w (  3 0 ) ,w e r i< 3 0 )  .m a x e x t  j iu
4 / l i m i t s /  a lim ( 3 0 )  ,b liin (3 0 ) ,k o d e( 3 0 ) ,k o r s p (3 0 )  .lim se t  
6 /u n i t  /  isy srd  . is y s w r  
d im e n s io n  p in t (3 0 )  
l im a e t - 0  
d o  1 0 0  i - l j i u  
> -lco rsp (i)  
i l t j )  1 0 0 ,1 0 0 ,5 0  

5 0  p in t ( j ) -p in t f ( u ( i) ,j )
1 0 0  c o n tin u e  

re tu rn  
en d
su b r o u tin e  in to e x (p in t)

im p lic it  d o u b le  precision  (a-h,o-z.) 
com m on

1/n a m e s  /  n am  1 (3 0 )  ,n a m 2 (3 0 )
3 /p a r e x t /  u (3 0 )  ,w ( 3 0 )  ,w e r r (3 0 )  .m a x e x t  ,nu
4 / l i m i t s / a 1 im ( 3 0 )  ,b lim (3 0 ) ,lcode( 3 0 )  ,lc o r sp (3 0 )  . lim se l  
6 /u n i t  /  isy srd  j s y s w r  
d im e n sio n  p in t (3 0 )  
d o  1 0 0  i - l^ iu  
^ lc o r s p ( i)  
if f  j) 1 0 0 ,1 0 0 ,5 0  

5 0  c o n tin u e  
u< i ) - p e x t f (  p in t( j ) , i )

1 0 0  c o n t in u e  
retu rn  
en d
fu n c t io n  p extlX p in tvO  

im p lic it  d o u b le  precision  (a -h ,o -z )  
com m on
1 /n a m e s  /  nam  1 (3 0 )  ,n a m 2 (3 0 )
3 /p a r e x t /  u (3 0 )  , w ( 3 0 )  ,w e r K 3 0 )  .m a x e x t  ,nu
4 / i i m i t s /  a l im (3 0 )  ,b lim (3 0 ) ,lco d e(3 0 ) .k o r s p (3 0 )  .lim aet  
6 /u n i t  /  isy srd  . is y s w r  
d o u b le  p recision  d p in tj  
ig o - lc o d e (i)
go  to  ( 1 0 0 ,2 0 0 ,300,40()X igo  

1 0 0  p e x t f - p in t j  
go to  S 0 0  

2 0 0  c o n t in u e  
3 0 0  c o n t in u e  
4 0 0  a lim i-a lim O )  

b lim i-b l im ( i)
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d pin tp >db 1e(p intj)
p e x t f - a l i  m W X5*(dsi n td p in  t j ) + 1 .())*( b l im i-a l im i)

8 0 0  re tu r n  
e n d
fu n c t io n  p in lffp e x tM )  

im p l ic i t  d ouble precision  (a -h ,o -z )  
c o m m o n

1 /n a m e s  /  nam  1 (3 0 )  ,n a m 2 (3 0 )
3 /p a r e x t /  u (3 0 )  ,w ( 3 0 )  ,w e r r ( 3 0 )  .m a x e x t  j tu
4 / l i m i t s /  a lim (3 0 )  ,b lim (3 0 )  tk o d e (3 0 )  ,k o r s p ( 3 0 ) . l im s e t  
6 / u n i l  /  isysrd  .is y s w r  
d o u b le  precision d v
data b ig ^ m a ll / I -5 7 0 7 9 6 3 2 6 7 9 5 .-1  .5 7 0 7 9 6 3 2 6 7 9 5 /  
ig t^ lcu d e O )
go  to  (1 0 0 ,2 0 0 ,3 0 0 ,4 0 0 ),i go  

1(X) p in t f - p e x t i  
go to  8 0 0  

2 0 0  c o n t in u e  
3 0 0  c o n t in u e  
4 0 0  a l im i- a l im ( i)  

b l im i- b l im ( i )  
i f tp e x i i - a l im i)  4 4 0 .5 0 0 ,4 6 0  

4 4 0  a - s m a l l  
4 5 0  p in t f  - a  

p ex ti - p e x t f t a j )  
l i m s e t - 1
w r it e ( is y s w r ,2 4 1 )  i 
g o  to  8 0 0  

4 6 0  ifC b lim i-p ex ti)  4 7 0 -5 2 0 ,4 8 0  
4 7 0  a - b ig  

g o  t o  4 5 0
4 8 0  y -2 .0 " (p e x t i-a lim i) /(b lim i* a lim i) -1 .0  

d y -d b le O .O -y * * 2 )  
pi n  t f - d a  tan( y /d sq  rt( d y )) 
go to  8 0 0  

5 0 0  p in t f - s m a l l  
go  to  8 0 0  

5 2 0  p in t f  - b ig  
8 0 0  r e tu r n
241 fo r m a tC  error in  p in tf . variable*. i3 ,’ n ot w i t h in  lim its ’ ) 

en d
f u n c t io n  d ex d in (x ^ n t)  

im p lic i t  d oub le p recision  (a-h^>-z) 
co m m o n

3 /p a r e x t /  u (3 0 ) ,w ( 3 0 )  ,w e r r ( 3 0 )  .m a x e x t ,nu
4 / l i m i t a /  a lim O O ) .b lim O O ) .lc o d e (3 0 )  ,lc o r sp (3 0 ) , lim se t  
d o u b le  precisioo  d x  
d o  5 0  i - l j i u  
l c - l c o r s p ( i )  
i l t l c - i n t )  5 0 .1 0 0 ^ 0  

5 0  c o n t in u e  
d e x d in - 0 .0
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g o  to  2 0 0  
1 0 0  1 d -lc o d e (i)

g o  to  (1 1 0 ,1 2 0 .1 3 0 ,1 4 0 ) , Id 
l lO d e x d in - l .O  

go to  2 0 0  
1 2 0  c o n tin u e  
1 3 0  c o n tin u e  
1 4 0  d x -d b le ( x )

9 1 4 0 d e x d in -(b lim (iV a lim (i))* 0 .5 * d a b B (d c o s(d x ))
2 0 0  retu rn  

en d
su b r o u tin e  m p r in t( ik o d e ,fv a l)  

im p lic it  d o u b le  precision  (a -h ,o -z)  
com m on

1 /n a m e s  /  n a m  1( 3 0 )  ,n a m 2 ( 3 0 )
2 /p a r in t /  x ( 1 5 )  ,x t)1 5 )  ^dirinC 15) .m a x in t  .np ar
3 /p a r e x i/  u ( 3 0 )  ,w (3 0 )  ,w e r K 3 0 )  .m a x ex t ,nu
4 / l i m i t s / a l i m ( 3 0 )  ,b lim (3 0 )  ,lco d e t3 0 )  J co rsp )3 0 )  . l im se t
5 /v a r ia n /  v ( 1 5 ,1 5 )
6 /u n i t  /  isy s r d  .isy sw r  
8 / t i t le  /  t i t l e ) 2 0 )  , i s w (7 )  ,n b lo ck
9 /c o n v e r /  ep si, apsi .v test .nstepq  .n fc n  .n fc n m x
b /m in im a / a m  in ,u p  .n e w m in  .ita u r  ,lm i(3 0 )
d o u b le  p rec ision  dupgdv 
d im en sio n  d v ( 1 5 , l5 )  
d u p - d b M u p )  
s q u p - d « ] n ( d u p )  
w  rite( isy s w  r, 1 0 0 0 )  
k o u n l-O  
d o  2(X) i - l , n u  

2 0  l- lc o r s p ( i)  
ifCljeq.O) g o  to  55  
i f ( i s w ( 2 > - l )  2 9 ,2 5 .2 5  

2 5  if(v (l,lX lt .O .)  v U l ) - - v ) U )  
d v U ) V d b le ( v ( l , ] ) )
w e r r ( i) -d e x d in (x ( lX l)* d a q r t(d v < l,l))S q u p

2 9  i f tk o u n l)  3 0 .3 0 ,4 0
3 0  k o u n t-1

w  rite ) isy s w  r ,l  0 0 1  ) f  vaU nfcn  
go to  2 0 0  

4 0  c o n tin u e  
go to  2 0 0  

5 5  iftik o d ejeq .0 ) g o  to  200  
i f tk o u n l)  6 0 ,6 0 ,7 0  

6 0  k o u n t-1  
w r it e ( is y s w r ,1 0 0 1 )  fv a k n fc n  
g o  t o  2 0 0  

7 0  c o n tin u e  
2 0 0  c o n tin u e  

retu rn
1 0 0 0  fo rm a t) 1 4 x ,’ fe n  v « lu e \5 x ,’ c a lls ')
1001  fo rm a t)  1 0 ) u e l5 .7 j7 )
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1 0 0 2  forroatC  ’ ,55x ,i6 ,i4 ,1  x ,2 a 4 ,2 x ,4 e l 3 .3 )  
en d
su b ro u tin e  com and  

im p lic it  d ou b le  p rec is io n  (a -h ,o -z)  
com m on

2 /p a r in t /  x( 1 5 )  , x t ( ! 5 )  ,d ir in (1 5 )  .m ax in  t  ,npar
3 /p a r e x t/ u (3 0 )  ,w ( 3 0 )  ,w e r r (3 0 )  .m a x ex t ,nu
4 / i i m i t s / a l im ( 3 0 )  .b lim O O ) ,lc o d e (3 0 )  , lc o r sp (3 0 )  .lim aet 
5 /v a r ia n /  v ( l5 ,1 5 )
6 /u n i t  /  isy srd  . i s y s w r
S /t i t le  /  t i t l e ( 2 0 )  , is w (7 )  ,nb lock
9 /c o n v e r /  ep si. apsi .v t e s t  .n s lep q  j i f c n  j i f c n m x
a /card  /  c w o r d  .c w o r d  2 ,w o r d 7 (7 )
b /m in im a / am in  .u p  .n e w m in  .ita u r  ,lm i(3 0 )
c /d e r iv a /  n g ,k k  
d im en sio n  w o r d S (8 )  
eq u iva1en ce( w o rd K ,cw o rd 2 )  
n p u n c h - 0  
iiauM) 
n f c n m x -1 5 0 0  
epsj-.OOOOOOOOOOOOOOOl 
n s le p q -2  
c a ll tauros  
if ta g -3
ca ll fcn ( n p a r .n g /,u ,if la g )  

n g -n g + 1
c go  back to  th e  m ain  ro u tin e , fit th e  n e x t  

c a ll m in n e w  
return  
en d
su b ro u tin e  taun ts

im p lic it  d ou b le  p rec is io n  (a -lto -z )  
com m on

2 /p a r in t /  x (1 5 )  , x t ( l 5 )  ^Jirint 1 5 )  .m a x in t ,npar
3 /p a r e x t/ u (3 0 )  ,w (  3 0 )  ,w e r r (3 0 )  .m axex t .nu
6 /u n i t  /  isy srd  j s y s w  r
8 /t i t le  /  t i t le (2 0 )  , is w (7 )  .n b lock
9 /c o n v e r /  epai, apsi .v te s t  .nstep q  j i f c n  .n fcn m x
a /card  /  c w o r d  ^ w o r d 2  .w o r d 7 (7 )
b /m in im a / am in  .u p  .n e w m in  .ita u r  , lm i(3 0 )
c /d e r iv a /  n g jtk  
d ou b le p recision  d x n ,d d ir in  
d im en sio n  d d ir in (1 5 )  
d im en sio n  d (1 5 X y (1 5 ),X 9 (1 3 ,1 5 X et(1 5 ,1 5 )

10 nfnnpar 
isw  tr '-is  w (  5  )-itau r  
n p f n - n f c n  
a l - 3 .  
be—A
gam — 2 y (a l* b e )  
n k - 2 0
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n e q -0
d o  3 0  i« l ,n p a r  
d o  2 0  j - l .n p a r  

2 0  xkCi.p-GX) 
d d ir in (i) -d b 1 e (d ir in (i))  
i f (d a b s (d d ir in ( i) ) .lL l.0 d -2 0 )  d ir in ( i) -1 .0 e -2 0  

3 0  x s ( m > * 1 . 0  

i flag—4  
a v r -a m in  
n s t - 0

c w r ite !  isy sw  r ,47 0 )  ep si,n ste p q
c a l l  tn p r in t( l ,a in in )  

c w  rite( i*y sw  r ,4 8 0 )
4 0  a s l-a m in  

d o  2 7 0  ^ l , n p  

y l- 1 .
n e - 0  
n s-O  
d{ j)—0. 
k o m -O  

5 0  d o  6 0  i - l^ ip a r  
6 0  y ( i) -x ( i> + d ir in (j )* x s ( ii )  

c a l l  in to e x fy )  
i flag - 4
c a l l  fcn fn p a r .n g .a .u jf la g )  
n fc n - n f c n + 1  
y 2 -a m in -a  
i f t y 2 )  1 1 0 .7 0 ,8 0  

7 0  i f l y l )  9 0 2 1 0 .1 1 0  
8 0  ne-<) 

a m in -a  
9 0  y l - y 2  

n s -1
d o  ](X) i - l .n p a r  

1 0 0  x ( i) -y < i)
9 5  c o n tin u e  

d (j)-d (j )+ d ir in (j)  
k o n t-k o n t+ 1  
i f lk o n t -n k )  1 0 5 ,1 0 5 ,2 1 0  

1 0 5  c o n tin u e
d ir in ( j)-* l* d ir in ( j)  
g o  to  5 0  

1 1 0  k o n t-k o n t+ 1
if lk o n t -n k )  1 1 5 ,1 1 5 .9 5  

1 1 5  d ir in (jM )e * d ir in (j)  
i f tn a )  120^ 0,120

1 2 0  c o n tin u e  
1 3 0  i f l y l )  1 6 0 ,1 4 0 ,1 6 0  
1 4 0  if tn e )  1 5 0 ,1 5 0 ,2 1 0  
1 5 0  d in n (j)-g a m * d ir in { ])  

n e - 1  
g o  to  5 0
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1 6 0  x 2 - d ir in ( j ) /b e  
x 1 - x 2 / a l  
d a - x 2 * y l  
d l^ x 1 * y 2  

d p p -d a -d b
iftdpp.ge.O detiO jm d.dpp.le.l .e - 3 8 )  d p j ^ l je -3 8  
iftd p p lu O .eO tijn tL d p p .g e .- l.e -3 8 ) d p f ^ - l .e - 3 8  

sij- .5 * (d a * x 2 + d b » x  1 ) /(d n -d b )  
if ts t j )  1 7 0 ,2 1 0 ,1 7 0  

17 0  d o  1 8 0  i* l ,n p a r  
18 0  y ( i)» x ( i) + « i |* x j ( i i )  

ca ll in to e x (y )  
if la g -4
ca ll fc n (n p a r .n g A u ,if la g )  
n fc n - n f c n + 1  
i f ta -a m in )  1 9 0 ,2 1 0 ,2 1 0  

1 9 0 a m in « a
do 2 0 0  i-1 ,n p a r  

2 0 0  x ( i) -y C i)  
d (j ) -d (j )+ s t j  

2 1 0  c o n t in u e  
n s l- n s l+ 1
iftisw tr .g e .3 j> r j(isw ir .e q .2 jn d .in o d (n st ,IO le q .O ))  c a ll m p r in t(0 , 

*am in)
2 6 0  i f tn f c n -n fc n m x - n p fn )  2 7 0 ,4 3 0 ,4 3 0  
2 7 0  c o n t in u e  

a m e -a m in -a s t  
i f la m e )  2 9 0 ^ 8 0 ^ 8 0  

2 8 0  w r ite (  is y s w  r ,490)  
g o  to  4 3 3  

2 9 0  if te p s i+ a m e ) 3 0 0 ,4 1 0 ,4 1 0  
3 0 0  n e q - 0  
3 1 0  d o  3 2 0  i-1 ,n p a r  
3 2 0  et( n p ,i ) - d (  np)*xs( n p i )  

if tn p a r .e q .1 )  go  to  4 0  
d o 3 3 0  ^ 2 ,n p  
j j - n p + l - j  
d o  3 3 0  i - l ,n p a r  

3 3 0  et( j j^ ^ t ( i> + U )+ d ( j j )* x s ( j i i )  
d o  4 0 0  ^ 1 ,n p  
d o  3 4 0  k - l ,n p a r  

3 4 0  u ( i k ) - e t ( > k )  
i f ( j - l )  3 8 0 ,3 8 0 ,3 3 0  

3 3 0  d o  3 7 0  i - 2 , j  
tKiVO.
d o  3 6 0  k - l .n p a r  

3 6 0  < K i)-d C i)+ et(jjL )* u (i-lJ t)  
d o  3 7 0  k - l ,n p a r  

3 7 0  x flC jJtV xa(> k 3d (i)*xa (i'IJ t)
3 8 0  x n -O .

d o  3 9 0  k -1 ,n p a r  
3 9 0  x n - x n + x g ( ik ) » 2
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d x n - d b le ( x n )  
d ir -d s q r t(d x n )  
d ir in (j)-d ir * a l  

i f (d ir .1 e .le -3 8 )  go to  2 2 2 2  
d o  4 0 0  k -1 ,n p a r  

4 0 0  * 3 (> k )-x s(> k .) /d ir  
2 2 2 2  c o n t in u e  

g o t o  4 0  
4 1 0  n e q -n e q + 1

if fn e q -n s te p q )  3 1 0 ,4 2 0 ,4 2 0  
4 2 0  c o n t in u e

w  r i te ( is y s w  r ,500 )  
g o t o  4 3 5  

4 3 0  w r i ie ( is y s w r ,5 1 0 )  
i s w O K l  

4 3 5  c o n t in u e  
d o  4 5 0  i - l ,n p a r  
d ( i) - 0 .
d o  4 5 0  j~ l« n p  

4 4 0  d (i^ > d(i)+dirin (j)*xs( j j )
4 5 0  c o n t in u e  

d o  4 6 0  i-1 ,n p a r  
4 6 0  d ir in ( i ) - d ( i )  

ca ll in to e x (x )  
c a ll m printC  M m in )  
retu rn

c  4 7 0  fo r m a t ( lx , ’start p o in t fo r  tauros m in V lx , ’co n v er g en ce  cr iterion*  
c  i y i x , ’fu n c t io n  ch an ge le ss  t h a n \e l0 .2 , ’d u rin g ',i3 ,’f u l l  iterat* /)
c  4 S 0  fo rm a tO  ’ )

4 9 0 fo r m a t( lx ,* m in im iz a t io n  ter m in a ted  sin ce n o  im p ro v em en t* ,/1 x , 
l'can  be fo u n d  on  cu rr en t m in im u m *)

5 0 0  fo rm a t( 1 x /u u r o t  m in im iza tio n  h as converged*)
5 1 0  fo rm a t( 1 x.'Otauros m in im iza tio n  te r m in a te d  w it h o u t  con vergen ce*)  

en d

c  su b r o u tin e  fo r  th e  f itt in g  fu n c t io n  
su b r o u tin e  fc n (n p u ig jju if la g )  
im p lic it  d ou b le  precision  (a -lv o -z )  
ch a ra c ter  side*S, o u tfM S , in f* 1 5 ,o u te x * lS  
d im e n s io n  x(n p )
com m on /in p u t/i< 9 ,3X > n o i^ fixd i p o in t  
com  m o n /c o n  v /y ( 4 0 0 0 Xz(4 0 0 0 X m m ,m m l,f ir  
c o m m o n /c o n v  11 / in f  Jtoutf .ou tex  
c o m m o n /c o n w /a ln
c o m m o n /s a v e l  /n s ta r ,n e n c U u u it iin e £ in s t( -  1 0 0 :1 0 0 X ca lb r i(4 0 0 0 )  
co m m o n /sa v e2 /c p p ^ cp w ,p lp ,p r p ,w m p c ,b p p (2 ,3 ) ,b p w (2 ,3 ) ,n c en tw ,p sh

go to  (1 0 ,2 0 ,3 0 ,30X iflag  
1 0  n s ta r - in t tx te X ^ n g tS ^ S )  

n e n d - in t (x (2 > fK n g ,3 > 3 )  
i f  (n s ta r .le .1 )  n a tar-1  
i f  (n e n d .g e j ip o in t)n e n d -n p o m t
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n n ~ n e n d -n s ta r + l
ntime^)
i f  (n p  .eq. 7 ) n t im e - 1  
re tu r n

30
i f  ( n g  .gL 3 ) th e n
w 0 - x ( 2 ) - c p p
b top -<  2*w  0*x ( 3 )  )** 2
d o  31 m - n s u r - n c e n t w ,  n c n d + n cen tw
w -m -p a h
b o tlo m -(w O * * 2 -w * * 2 )* “2 + (2*w *x(3))**2  
c a lb r i(m )-x (  1 )* b io p /b o u o m

31 c o n tin u e  
e n d  i f
d o  41 j n - n s u r ,n e n d  
z ( j n ) - 0 .0  
d o  4 0  i-O jit im e  
k - i* 3
i f  (n g  .It. 3) th e n
z ( jn W (jn )+ x (k + l)* e x p < (-( jn -x (k + 2 ))* * 2 )* a ln /x (k + 3 )* * 2 )
e ls e
d o  3 9  l - jn - n c e n tw ,j n + n c e n tw  
z( jn>»z( jn )+ c in st(  l-jn )* ca lb r i(l)

3 9  c o n tin u e  
en d  i f

4 0  c o n t in u e  
z ( jn V z ( jn > tx (n p )
e i U  z( jn )-y ( jn ))* * 2 /( y (  jn >+0.05) 
f - f + e 2

41 c o n t in u e  
f - f / n n
i f  ( ifla g  Jie. 3 ) re tu r n

go  to  (5 0 0 ,6 0 0 ,6 0 0 ,7 0 0 )  ng 
go  to  7 0 0

3 0 0  side** C en ter  *
w r ite (  6 ,1 0 0 )  s id e
c p f^ x ( 2 )
c p w * x ( 3 )
w r i t e ( 6 ,1 1 0 )  x (2 X  x ( lX  x (3 )  

c m a k e  a n o rm a liz ed  ce n tr a l response array  c in s t ( i )
n c e n t - in t (c p p + 0 -5 0 )  
p a h -2 * cp p -n c en t  
n c e n t w - in t ( c p w * 4 )  
bottom-OuO
d o  5 0 1  i* n c e n t -n c e n tw jic e n t+ n c e n tw  
b o tto m -b o tU * n + y (i)

501  c o n t in u e
d o  5 0 2  i - n c e n t - n c e n t w ,  n cen t+ n ce n tw  
c in stf  i-n c e n t)* y (  i ) / bottom
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5 0 2  c o n tin u e  
g o  to  800

6 0 0  i f  (n g  ^ q . 2 )  th en  
s id e - ’ L eft ’ 
p lp - x ( 2 )
i f  ( x (5 )  .gu  x (2 ))  p l ] ^ x ( 5 )  
e n d  i f
i f  (n g  Jtq. 3 ) th en  
s id e - ’ R ight ’ 
p r p -x (5 )
i f  (x (5 )  .g l. x (2 ))  p r p -x ( 2 )  
en d  i f
w r i l e ( 6 , l0 0 )  sid e  
p rin t* ,T or peak ( l V  
w r ite !  6 ,1 1 0 )  x (2 ), x ( l ) ,  x (3 )  
p rin tV F or peak (2 V  
w r ite !  6 ,1 1 0 )  x (5 ), x (4 ) , x (6 )  
go  to  800

7t)0  s id e - ’ L eft ’ 
k -1  
i - n g - 3
i f  (n g  -gu m m + 3 ) th en  
s id e - '  R ight ' 
k - 2
i-n g -m m -3  
en d  i f
w rite(A v13 0 )  sid e
p rin tV F or th e  m ode (', i.*>*
w r ite (6 ,1 1 0 )  x (2 ), x ( l ) .  x (3 )
w r ite (6 ,1 4 0 )  x (3 )
b p j< k ^ )-x (2 )
b p w (k jW x (3 )

8 0 0  w r i l e ( 6 , l2 0 )  f ,  x (n p )  
retu rn

1 0 0  fo r m a tf / lx /R e s u lt  fo r  th e  R a y le ig h  l in e  a t th e O W )
1 1 0  fo r m a d  I x,’p tw it io n ->  1 2 A 2 x .'h e ig h - >  1 2 J t2 x ,* h w h m -’<e 12-5)
1 2 0  f o r m a d lx /c h i  s q u a r r -> 1 2 * 5 t2 x / n o i ^ > 1 2 J )
1 3 0  fo r m e d /1 x /R e s u  It fo r  th e  B r illo u in  l in e  a t th e  0 8 / V )
1 4 0  form at! lx , ’th e  tru e  w id th (h W h m V ,« 1 2 _ 5 )
1 6 0  form at! lx ,*poaition(t /c m  ) - > 1 2 J t2 x ,’tr u e  h w h m ( l / c m ) » \ e l 2 J )  
1 7 0  fo r m e d  I x,’average s h i f t ( l / c m K , e l 2 J t2 x /a v e n g e  h w h m { l / c m )  

+ - > 1 2 . 5 )
1 7 2  fo r m e d  I x /b r i llo u in  p ea k s  disunce (in  chattel n u m b e r s ) \f9 .3 )

2 0  w m p c - ljQ A fs r ^ p r p -p lp ) )
op en ( IC^file^Kitf s t a t u s - n e w ' )  
op en ( 1 2 J ile ^ > u tr x ^ u tu * -’n e w  *)
d o  5 0  i-1  jkp oint
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wx-( i-cpp)*w mpc 
write (10,200) wx, z(i) 
write (12.200) wx, y(i)

SO continue 
200 format(f8.4,el2^) 

close (10) 
close (12) 
wjt-cpw*w mpc
printt/1 x," hwhmt instrument in l/cm V ,rl2 jy ,w ii
printX/1x,"fsr*2(in chanel number)-" .f^ST.prp-pIp
do 52 ^1,2
side-’ Left ’
if (j eq. 2) then
side-’ Right ’
nun-mml
end if
write(6,]30)side 
do 54 i-l.mm 
bposi-w mpc*(bpp()a)-cpp) 
thwhm -w mpc*bpw(y) 
print*,Tor the mode (’, i,’V 
write(6,160) bpasi, thwhm 

54 continue 
52 continue

if ( mm eq. mml) then 
do 56 i-l,mm 
dbpr^bpp(2^)-bpp( U) 
avpasi-w mpc*dbpp/2.0 
avhwhm-wmpc*(bpw(2j)+bpw(l,i))/2.0 
prin ttl x/lx,*For the mode ( ):’ )*,i
write(6,l 70) avpasi, avhwhm 
write(6,l 72) dbpp 

56 continue 
end if
print’(/lx,"The "elO," and ".a 10," hies are ready for 

+ plotting." )\nulf,outex 
return 
end
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