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A bstract

P R U N IN G  FR O N T S A N D  T H E  FO R M A TIO N  OF H O R SESH O ES

by

Andre Salles de Carvalho 

Adviser: Professor Dennis Sullivan

Let /  : 7r —* 7r be a homeom orphism  of the plane 7r. We define open 

sets P ,  called pruning fronts  after the work of Cvitanovic [C], for which 

it is possible to  construct an isotopy H  : t t  x  [0,1] — ► 7r w ith open support 

contained in ( J  f n(P)  such th a t H(-,  0 ) =  /( • )  and H(-,  1 ) =  fp(-) ,  where f p  

is a hom eom orphism  under which every point of P  is wandering. Applying 

this construction with /  being Sm ale’s horseshoe, it is possible to  obtain 

an uncountable family of hom eom orphisms, depending on infinitely m any 

param eters, going from trivial to chaotic dynam ic behaviour. This fam ily is 

a 2 -dim ensional analog of a 1-dimensional universal family.
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0 In troduction

One of the m ain concerns in the study of dynamical system s is to  understand 

how a fam ily of m aps passes from simple to  com plicated dynam ic behaviour 

as we vary param eters. W hen the  dynamical system s under consideration 

are 1-dim ensional, the kneading theory of Milnor and Thurston provides a 

full topological understanding of the transition from simple to  chaotic be­

haviour. In dimension 2, no such theory exists. In fact , it is not clear what 

restrictions should be imposed on the families under consideration in order 

th a t understanding them  is not too hopeless a task.

Families like the Henon and the Lozi ones are interesting examples but 

they lack a defining topological characteristic analogous, for exam ple, to 

saying th a t a 1-dimensional m ap is unimodal  (i.e., is piecewise m onotone 

with exactly one turning point.)

In this work, we present a m ethod of isotoping away dynamics from 

a homeom orphism  of the plane in a controlled fashion. More precisely, if 

/  : 7r —y 7r is a hom eom orphism  of the plane 7r, we define open sets P  for 

which there exists an isotopy H  : i t  x [0,1] —> 7r w ith (open) support con­

tained in ( J  f n[P),  such th a t H(-,  0) =  /  and H(-,  1 ) =  / p ,  where f p  is 

a homeom orphism  under which every point of P  is wandering. Using this 

construction, with /  being Sm ale’s horseshoe, for example, it is possible to 

produce an uncountable family of homeomorphisms of the plane, depending 

on infinitely many param eters, going from trivial dynamics (say, only two



nonwandering points, one a ttrac ting  and one repelling fixed points) to a full 

horseshoe.

We call the sets P  m entioned above pruning fronts , after the  work of P. 

Cvitanovic [C]. In [C] they propose sets of symbol space for Sm ale’s horseshoe 

which get “pruned away” as we vary param eters in a family like the  Henon 

one. Here we give a precise definition of pruning fronts and construct the 

isotopies which “prune away” the dynamics in P.

In forthcoming papers we intend to  do two things. F irst, for each m ap 

/ p , where P  is a pruning front as defined herein, there exists a collapsing 

procedure which produces a “tig h t” m ap <pp isotopic to f p  and with essen­

tially the same dynamics. More precisely, there exists an /p -invarian t upper 

semi-continuous decomposition Gp  of the sphere S 2 (we can extend /  to  S 2 

setting / ( oo) =  0 0 ), such th a t, for every elem ent g of G p , g contains a t least 

one elem ent of the nonwandering set of f p  and h( fp ;g)  =  0 , where h ( f p \ g ) 

is the topological entropy of f p  in g as defined by Bowen, f p  then projects to 

a hom eomorphism ipp : I \p  —> K p  of the cactoid I \p  =  S 2/ G p , such th a t no 

point of I \p  is wandering under y>p and /i(/p ) =  h(ipp). Second, we intend 

to  show th a t the family <pp contains the Thurston m inim al reresentatives in 

the isotopy classes of /  relative to  periodic orbit collections of / .  In other 

words, we would like to show th a t given a periodic orbit collection O  of peri­

odic orbits of / ,  there exists a pruning front P  = P ( 0 ), such th a t <pp is the 

Thurston m inim al representative in the isotopy class of /  rel O.  This last 

sta tem ent should have an algorithm ic proof, providing another algorithm ic
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proof of T hurston ’s classification therorem  for hom eom orphism s of surfaces.

The techniques used in the present work are those of point set topology of 

the plane. In Section 1 we sta te  w ithout proof the m ain background results 

we will need, the m ost im portan t of which being the Jordan Curve Therorem  

(Theorem  1.1) and W hyburn’s Separation Theorem  (Theorem  1.3). In Sec­

tion 2  we develop the plane toplogy tools we will use in the rem ainder of the 

paper. In Section 3 we introduce the concept of (c,e)-disks , define pruning 

fronts and prove some propositions which will be used in Section 5. In Sec­

tion 4 we sta te  and prove some results about isotopies of hom eom orphisms of 

the plane, which will also be needed in Section 5. A lthough these results are 

folkloric, we decided to present them  for completeness; the proofs given are 

ra ther elem entary. Section 5 contains the proof of the Main Theorem , as its 

title  suggests. W ithin the first few pages we get to define an isotopy which 

is alm ost all we need (Proposition 5.4) and the rem ainder of the section is 

devoted to showing how this isotopy works and how we fix it in order to  get 

the final isotopy H  (which depends, of course, on P.)

A word about the figures is in order. One of the hardest things for me 

during the preparation of this work was to  transla te  into precise m athem atical 

sta tm ents the  pictures I had in my mind. I decided, therefore to add to 

the tex t all those pictures I had to draw over and over for myself before 

I understood what were the right m athem atical statem ents th a t described 

them . I hope they will be helpful to the reader, for as the saying goes, “a 

picture is worth a thousand words."



1 P relim inaries
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We will denote the 2-dimensional plane 7r or R 2. A Jordan curve J  is the 

hom eom orphic image of the circle 5 1 =  { (£ ,2/) €  R 2; x 2 +  y 2 =  1 } and 

a closed arc L  is the homeomorphic image of the  closed interval [0,1], the 

images of {0} and {1} being its endpoints. By an open arc we will m ean the 

set obtained by taking the endpoints away from a closed arc. If L  is a closed
O

arc L will denote the corresponding open arc.

The theorem s th a t follow can be found in the books of Newman [Ne], 

Moise [M] and W hyburn [Wh]. M oore’s book [Mo] is also a good reference 

although a little  less palatable.

T h e o re m  1 . 1  ( J o r d a n  C u rv e  T h e o re m )  Every Jordan curve separates 

the plane into two regions I  and O and is the boundary of  each.

D e fin it io n  1.2 Let J  be a Jordan curve and I  the bounded region of  w \  J . 

We call I  a Jordan domain and sometimes refer to it as the inner dom ain 

determined by J .

T h e o re m  1.3  (S e p a ra tio n  T h e o re m  (W h y b u rn ) )  Let A  be compact and 

B  closed subsets of the plane such that A  C\ B  is totally disconnected, a G 

4 \ ( A f l B ) ,  b E B  \  (A C\ B )  and e a positive number. Then there exists a 

Jordan curve J  which separates a and b and is such that J D ( A U B )  C A f ) B  

and every point of  J  is at distance less than s from some point of  A.
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D efin ition  1.4 Let U be a domain in the plane and a  an open (closed) arc 

whose endpoints lie on dU and all others lie in U . Such an a  is called an 

open (closed) cross-cut.

T heorem  1.5 I f  both endpoints o f  a cross-cut a  in a domain U C x  are on 

the same component o f  CU, the complement of  U, U \ a  has two components  

and is contained in the frontiers of  both.

Corollary 1.6 Let J  be a Jordan curve, I  its inner domain and a  C l a  

cross-cut. Then a  separates I  into two Jordan domains I \  and I 2 whose 

boundaries are L\  U a  and L 2 U a,  where Li  and L 2 are the arcs into which 

the endpoints of  a  separate J .

T heorem  1.7 Let f  : J\  —> J 2 be a homeomorphism between the Jordan

curves J\ and J 2 . Then it is possible to extend f  to a homeomophism. f  :

D\  —> £>2 between the closed disks D\  =  J\ U I \ ,  D 2 =  J 2 U I 2 bounded by J\ 

and J 2.

Theorem  1 . 8  (A lexander) In R ”, let B n = {a;;||a:|| <  1} and 5 n_1  =

d B n~l — { .t; ||.t || =  1 } and f  : B n —> B n a homeomorphism such that

/Isn -i =  identity. Then f  is isotopic to the identity through an isotopy that 

fixes the boundary pointwise.



2 P lan e Topology

In this section we will develop some plane topology prelim inaries we will need 

later on.

NOTATION: Unless stated  explicitly otherwise, we will use the  fo llo w in g  no­

tations: J  will stand for a Jordan curve, I  and 0  for its inner and outer 

dom ains respectively, and D  for the closed disk I  U J . If D  is a closed disk 

we will sometimes use 1(D)  to denote its inner domain. Subscripts will m atch 

in the obvious way, so th a t the inner dom ain determ ined by the  Jordan  curve 

J\ is I\  and D\  =  I\  U J i ,  etc.

If k is a positive integer k will stand for the set { 1 , 2 , . . .  , k}.

D efin ition  2.1 Let J i , . . . ,  J n be Jordan curves and L  C J\ D . . .  fl J n an 

arc. We say the closed disks D \ , . . .  , D n lie on the same side of L, denoted 

D i , . . .  , D n\L, i f  L C I\  H . . .  fl /„  (see figure 1.)

P roposition  2.2 In the plane x, let A be a closed arc and B  a closed set 

such that A  fl B  C {endpoints of .4} and there exists £ > 0 such that every 

component of  B  \  (A  fl B)  contains a point at distance greater than £ from. 

A. Then there exists a Jordan curve J  such that A  \  (A  fl B )  C /  and 

B  \  (A fl B )  C 0  where I  and 0  are the bounded and unbounded components 

of  CJ  (the complement of J  in t )  respectively, and JC] (A Li B ) c A f ) B c  

{endpoints of A) .
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Figure 1: Two disks on the same side of the arc L.

PROOF: Let a € A  \  {A n  B )  and 6 €  B  \  (A  fl B)  such th a t d(b, A )  >  e. 

By Theorem  1.3, there exits a  Jordan curve J  separating a from b, such th a t 

J  C Vn:{A) (the  £-neighborhood about A)  and J  fl {A U B )  C A  fl B.

First notice th a t I  C VC(A).  This is so because D — J  U I  is com pact 

and since A  is also com pact, there exist x  G A  and y  € D  which realize 

sup{d(x, y)-, x  € A, y G D}.  We claim y € J  for if y €  /  there would exist 

8 > 0 such th a t Vs(y) C I  and in Vs{y) there m ust be a point whose distance 

to x  is greater than  d (x ,y ) .  This shows th a t if J  is contained in Ve(A)  then  

so is D  =  J  U I.

Since 6 ^  K(y4), b 6  O and since J  separates a from 6 , a €  I .  B ut 

A  \  [A fl B )  is a connected point set disjoint from J  and a £ A \  {A fl B )  so 

th a t A \  {A fl B )  C I . Also, we assumed th a t each connected com ponent of 

B \ ( A C \ B )  had a point outside of Ve(A),  and therefore in O. Since B \ ( A C \ B )  

is disjoint from J, B  \  (.4 fl B)  C 0 ,  as we wanted. □



Figure 2: A Jordan neighborhood of a common arc L.

In the proofs of the  statem ents th a t follow, indexed unions and intersec­

tions will be assum ed to  range from  i = 1 to i = n.

n
C o ro lla ry  2 .3  Let  J i , . . .  , J n be Jordan curves and L  C f ]  Ji a closed arc.

:=1

Then there exists a Jordan curve J  such that L  C I  and such that J^j  \  

L c O .

PROOF: Let £,• =  sup{d(x ,L ); x  €  Ji \L} .  Since L is a  closed arc, J,- \  L ^  0 

and thus e,- >  0. Let A  = L, B  = ( ( J J , ) \L  =  an^ £ =  |m in e , '.

T hen AC\B  =  {endpoints of A}  and B \ ( A D B )  =  \J(Ji\L), every com ponent 

of which has a point a t distance greater than  e from A.  We can then  apply 

Proposition 2.2 in order to find the  desired Jordan curve J  (see figure 2.) □

C o ro lla ry  2 .4  With the notation of Corollary 2.3, J  fl L — {endpoints of  

L} and thus L is a cross-cut in 1.
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PROOF: Since LC / ,  L c J  = I U J  so th a t {endpoints of I,} C I  U J. On 

the  o ther hand both endpoints of L are accum ulation points of each J i \ L  so 

th a t {endpoints of L} C (U ^ i) \ L  C O = O U  J. Therefore {endpoints of 

L)  C J. □

C orollary 2.5 Let J  be a Jordan curve, and L  C J  a closed arc. Then 

fo r  any e >  0 there exists an open cross-cut a  C I fl Ve( L ) with the same  

endpoints as L.  □

P roposition  2.6 The closed disks , D n lie on the same side o f  a
71

closed arc L i f  and only i f  there exists an open arc a  C P |/ i  with the same
t = l

endpoints as L. As a consequence, i f  U is the Jordan domain bounded by 

Oi U L, U C {V i-
;= i

PROOF: If there exists such an arc, and U is the Jordan dom ain bounded by 

a  U L, by Theorem  1.1, a  U L  C U C (fl A')• Therefore D \ , . . .  , D „ |l-

If D \ , . ..  , | l i  then L C and we can use Proposition 2.3 to  find

a Jordan curve J  satisfying the conclusions of th a t proposition. By Corol­

lary 2.4 and Corollary 1.6, L  separates I  into two Jordan domains U and V.  

Notice th a t since U U V7 = I  \  L, U U V  does not intersect L  or (U ^;) \  L, 

th a t is, V  U l ' C  C (U J,).

Since LC f U ; , LC I and L n  (fl h )  = 0, (fV ;) C (U U V)  ^  0. Assume 

U fl (f | L)  =  0. Since U C C(\JJi)  and U is connected, U C (f | /,•)- Now. 

U is bounded by a  U L. where a is one of the open arcs into which the
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Figure 3: D x and D 2 are on the  same side of L  and a  is a cross-cut in both 

D\  and D 2.

endpoints of L  separate J  (see figure 3.) Since J  fl (U«A) =  {endpoints of 

L} ,  a  fl ((J Ji) =  0 and since a  C U C fl A- > a C f | 4  

Therefore a  is the arc we were after. □

C orollary 2.7 (o f the proof) In Proposition 2.6, a  may be taken to lie in 

a e-neighborhood of  L, fo r  any e chosen in advance. □

REMARK: The arc a  of Proposition 2 .6  and Corollary 2 .7  is clearly a cross-cut 

in each of the  domains /,• for each i E n.

n

P rop osition  2.8 I f  D \ , . . .  , D u \l' and L is the connected component of  ( J  Ji
1 =  1

containing L ' , then D \ , . . .  , D u\l -

PROOF: Let J  be a Jordan curve as in Corollary 2.3 and U and V the
° 0

com ponents of J  \  L. By Corollary 2.4. U U V  C C{\JJi).  Since L 'C L C  I
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and D i , . . .  , D n\i>, by the same reasoning as in the proof of Proposition 2.6, 

(fl 1%) H (U U V) 7̂  0, say, ( n / ; ) n t / ^ 0 .  Since U C C(U Ji), U C (V i- Thus, 

if dU = L l i  a, a  satisfies the conditions of Proposition 2.6, which shows th a t 

A ,  • • •, A \L as we wanted. □

P r o p o s i t io n  2 .9  / / A i  A | l ,  A ,  A | l '  and L" C i n i '  £/ien A ,  A ,  A U " -

PROOF: T he proof is sim ilar to  th e  previous ones and is left to  th e  reader. 

□

P r o p o s i t io n  2 .10  Let J 0, J i , . . .  , J n be Jordan curves, L C Jo an open arc 

and for  i £ n, L  fl Io H /, =  0. Then given £ > 0 there exists an open cross­

cut a  in Io joining the endpoints of  L such that a  C VC(L) and i f  U is the 

Jordan domain bounded by a  U L, then (U U a )  fl Di = 0 fo r  each i € n.

PROOF: C onsider th e  set B  — (J0\ L ) U [fo fl ( U A ) ] -  B  is clearly closed, 

since L is an open arc, and we claim  th a t  B  fl L = 0. Since I0 is open, 

it is an exercise to  show th a t  I0 fl /,- =  Io fl A -  Thus our assum ption  th a t  

Lo fl Io fl /,■ =  0 is equivalent to  L  fl I0 fl A  =  0 for each i 6 n. Since 

Io fl U A  — U h  H Di, L  n  (/o n  A )  =  0 and clearly L  fl {Jo\L) = 0, so th a t

Now let C be a component of I0 H Di for some i 6  n  and assume C  fl 

(J o \ L ) =  0. Since C fl L = 0, C fl J0 = 0 and it follows th a t C C Io- 

But Dj is connected so th a t C = Di. This shows th a t if a component of
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B  is not th a t which contains J 0 \  J ,  it m ust consist of the  union of one or 

more of the  closed disks From this it is not hard  to see th a t there exists 

e >  0 such th a t every com ponent of B  \  {endpoints of L } contains a point 

at distance greater than  e from L. Let A  — L and apply Proposition 2.2 

to A, B  and £ as above to find a Jordan curve J  such th a t A  \  (A  fl B )  = 

L \  {endpoints of L} = L C / ,  B  \  {A fl B )  =  B  \  {endpoints of L}  C O and 

J  H {A U B)  C A  C\ B  = {endpoints of L}.  Since L  C I  and Jo \  L  C O, L  

is a  cross-cut in I  and I  \  L = U U V, where U and V  are disjoint Jordan 

domains. Since I  fl (Jo \  T) =  0, I \ L  — I \ [ L U  (Jo \  L )] =  I  \  Jo and 

it follows th a t I  \  L  = ( I  fl io) U (7 fl 0 0) so th a t either U = I  fl Io and 

V  =  / n O 0 or vice versa. Assume U = I f )  Io (see figure 4.) Then U DDi = 0 

for every i E n since U = I  fl 7o and I  fl Io fl (J D{ = 0. Also, if a  is the 

arc of J \ ( 4 U f i )  for which dU — a  U L,  it is clear th a t a  C Io and since 

a  fl Iq fl (J D{ = 0, a  fl (J D{ =  0. Therefore, a  is the arc we were after. □

D efin ition  2.11 Let A  be a Jordan curve or an arc and L, L' C A  closed 

arcs. We say that L  and L' are unlinked i f  either L  C L' or L' C L or L 

and L' intersect at most at endpoints.

R E M A R K :  Notice that, saying th a t L  and L' are unlinked in a Jordan curve 

is m ore than the usual definition of their endpoints being unlinked.

P roposition  2.12 Let J  be a Jordan curve and L \ , . . . ,  L n C J  be pairwise 

unlinked closed arcs. Then for  every e >  0 there exist disjoint open cross-cuts 

c\j C /  fl Vj {Lj) joining the endpoints o f  L t . fo r  each i €  n.



13

F igure  4: T he curve J j  only touches th e  arc  L  from  th e  o u te r  dom ain  d e te r­

m ined  by Jo-

P R O O F : We will use induction on the  num ber n of arcs. For n =  1, the  

sta tem ent is true by Corollary 2.5. Assume we have proven the  sta tem ent for 

collections of arcs with up to  n — 1 elem ents and L \ , . . .  , L n are unlinked. Use 

Corollary 2.5 to find an open cross-cut a j  C / f l K ( L i )  joining the  endpoints 

of L\.  Then for i >  1, since Li, L\  are unlinked, either Li C L\  or Li C J  \  L\ .  

Let L ^ , . . .  , Lik C L\  and L j , , . . .  , L j m C J \ L \ .  These are collections of 

unlinked arcs with fewer than  n elem ents and since L i , , . .. , Lik C L\  U a\  

and L j , , . . .  , LJm C J  \  L x U c*i, by the inductive hypothesis it is possible 

to  find collections of cross-cuts c*;,, . . .  , a lfc and a j , , . . .  , a j m satisfying the 

conclusion of the proposition. Clearly ati ,c t i , , . . .  , a i k, a j , , . . .  . a jm is the 

desired collection for L \ , . . .  , L n. □
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P r o p o s i t i o n  2 .1 3  Let Jo,. . .  , J n be Jordan curves, and L i  C Ji H Jo, i G n, 

closed arcs, pairwise unlinked in Jo, no two o f  which are indentical. Assume  

that D q,D{\l , fo r  i G n .  Then for  each e >  0 there exist disjoint open 

cross-cuts a, C Io joining the endpoints o f  Li such that a,- C  Ve{L{) fl 7; fo r

i G 77.

PROOF: The proof is by induction on the num ber n  of curves. If n = 1, the 

sta tem ent is true by Corollary 2.5. Assume we have proven the sta tem ent for 

collections with fewer than  n curves and J,-,J,-, i G n satisfy the hypotheses 

above. Among L i , . . .  , L n choose all the ones which are not contained in 

any other (see figure 5.) We may assume w ithout loss of generality th a t they 

are the first k arcs L \ , . .. , Lk . Since L \ , . . .  , Lk are pairwise unlinked and 

are not contained in one another, they are pairwise disjoint except possibly 

a t endpoints. By Proposition 2.12 there exist disjoint open cross-cuts 7 ; C 

Io fl VE(L i) joining the endpoints of Li for i G k. Notice th a t since the 

arcs 7 / i , . . .  ,Lk  are disjoint except possibly at endpoints, the interior Ui of 

the disks bounded by 7 ; U Li, i G k are pairwise disjoint. Moreover by 

Proposition 2.9 the closed disk bounded by 7 ; U Li is on the same side of 

Li as D0 (the disk bounded by Jo) for each i G k. From Proposition 2.6 it 

follows th a t there exist arcs a ; C U{ fl L  joining the endpoints of L,. Since 

Ih C 70 n  Ve{Li) it is clear th a t a ; is a cross-cut in Io and a,- C Vc(Li) fl 7,-. 

Now, the rem aining arcs are contained in 7,l5 . . .  , Lk, since we chose all the 

arcs which were not contained in any other. For each J,-, i G k, the arcs 

inside it form an unlinked collection with fewer than n elem ents satisfying
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U

Figure 5: Disjoint cross-cuts joining the endpoints of unlinked arcs.

the  hypotheses of the proposition. Therefore by the inductive assum ption we 

are done. □

3 (c, e)-D isks and P ru n in g  Fronts

We will now give a prelim inary definition of what we call (c, e)-disks. Later 

we will add a  dyam ical hypothesis which is not necessary a t present.

D e f in it io n  3 .1  A closed disk D  is called a (c, e)-disk i f  there are closed arcs 

C, E  C d D  specified such that d D  — C  U E  and C and E  only intersect at 

endpoints. In other words, fo r  now, a (c,e)-disk is just a bigon with sides C  

and E .  We call the common endpoints o f  C and E  the vertices o f  D.

D e fin it io n  3 .2  Let D i, D 2 be (c, e)-disks such that I\ D / 2 /  0. We say D\ 

is e-longer or simply  longer than D 2, denoted D\ >- D 2- i f  (i). (H) and (Hi)
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Cl

Figure 6 : The relation >-.

hold (see figure 6):

( i)  Ci fl I 2 =  0  and  j5J2 fl I i  =  0 ;

( i i )  i f  Ci fl C 2 7^ 0 ffoen Ci U C 2 is an arc and i f  E i  fl E 2 7  ̂ 0 then E i  U E 2

is an arc;

( i i i)  i f  Ci fl Ii  fl I 2 7  ̂ 0 then Ci C C 2 and i f  E 2 fl / 1  fl i 2 7^ 0 then £ 2 c £ i .

NOTATION: Let D  be a  (c, e)-disk and a  a cross-cut joining the vertices of D. 

We have seen th a t a  separates the  interior I  of D  into two Jordan  dom ains 

whose boundaries are C U a  and jE U a. We denote them  by I c(a)  and I e(a),  

respectively, and their closures by D c(a ), D e(a)  (see figure 7.) Moreover, 

when the disks are indexed and so are the cross-cuts we will only use the  

index inside the parentheses so th a t D c(a{) will denote the disk bounded by 

C’i U Q,.
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C

Figure 7: Cut (c, e)-disks.

CONVENTIONS: If D \ , . . .  , D l  is a collection of (c, e)-disks, we say they are 

related by >- if for any i, j  6  L  either Ii fl Ij = 0 or 7), y  Dj  or Dj y  Di. 

W hen nothing is m entioned about a colection of (c, e)-disks it is assumed 

they are related by >-. Cross-cuts in (c, e)-disks, when nothing is m entioned 

to  the  contrary, are assumed to be open and to  join the  vertices of the  disk 

wherein they lie.

The following propositions are easy consequences of w hat we have devel­

oped so far and we om it the proofs.

P r o p o s i t i o n  3 .3  I f  D is a (c,e)-disk and a , / 3 , j  C D  are open cross-cuts 

joining vertices such that f3 C I c{a ) and 7  C I e{a) then I c((3) C / c(o) C 

7C(7 ) and I e{(3) D I e{a) D I e{~i)- □

P r o p o s i t i o n  3 .4  Let D\ and D 2 be (c,e)-disks and D\ y  Di- Then 

( 0  Ci fl / 1  fl 12 7  ̂0 . then D i, Icq and 

( i i)  i f  E 2 H  7i fl 72 7  ̂0, then D u  D 2\e2- □
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D e f in it io n  3 .5  A collection o f  pairs {(A ', A')}Li> where '{A }f= 1 is a col­

lection o f  (c,e)-disks related by y  and {/?,- C A }£_i a collection o f  open 

cross-cuts joining vertices, will be called a cut collection.

P r o p o s i t io n  3 .6  Let A  and A  he (c,e)-disks and A  y  A -  I f  A  — A  

or A  =  A  then A  =  A -

P R O O F : Assume A  =  A -  Then the endpoints of A  and A  coincide (since 

they are the same as those of A  and A )  and, by (ii) in the definition of 

y ,  A  U A  is an arc. But this can only happen if A  =  A -  □

P r o p o s i t io n  3 .7  / / A ,  A  are (c,e)-disks and A  A  and A  ^  A  then

A  =  A -

P R O O F : The proof is easy and is left to the reader. □

P r o p o s i t io n  3 .8  Let { (A ,  !3i)}f=o he a cut collection and e a positive num ­

ber. I f  A  7  ̂ Di (i-e., either I0 fl /, =  0 or A  A  and A  7̂  A )  /o^ every 

i £  L then there exists an open cross-cut Qo C / c(/?o)nV£(A) joining vertices 

such that for  each 1 £ L either (i) or (ii) holds:

(i) i f  A  n i 0 n L  ^  0 then [7c(o0 ) u q0] c  A A ) ;

(ii) otherwise [7c(q0) U Qo] H A  =  0-

If, on the other hand, A  A  fo r  every i £ L, then there exists an open 

cross-cut Qo C A /io )  H V j(A ) suc/i f/m/ fo r  each i £ L either (Hi) or (iv) 

holds:
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(iii) i f  E 0 n l 0 f) Ij ^  0 then [7e(Q0) U Qo] C 7e(/?,);

(iv)  otherwise [ / e(Qo) U Qo] fl Di =  0.

P R O O F : We will prove (i) and (ii), the proof of (iii) and (iv) being analogous. 

Divide the disks Di into two groups: (i) those for which Co fl Io fl Ii 0 and

(ii) those for which Co fl lo fl 7; =  0. If Di is in group (i), Io fl Ii 0, 

so th a t by our assum ption Do >- Di and, by Proposition 3.4, 7)0, D ,|c 0. 

Clearly D c(/?0), Do\c0 and D c(/3i), A'|c, and, since Co C C,-, we see th a t 

D c(Po),Do\c0, D0,D i\Co and Di, D c(f3i)\c ,, by Proposition 2.9, im ply th a t 

D c(/3o), D c{fli)\ca for every Di in group (i). It now follows from Proposition 

2.6 and Corollary 2.7 th a t there exists an open cross-cut a  C 7c(/?o) H Ve(Co) 

such th a t [7c(a ) U q] C 7c(/?,).

On the o ther hand, for the disks Dj  in group (ii), Co fl Io C Ij =  0 and 

since I c(a) C Io-, it is also the case th a t Co D I c{a) fl Ij = 0. Thus, by 

Proposition 2.10 there exists an open cross-cut a 0 in I c(a) such th a t for 

every Dj  in group (ii), [7c(ao) U Qo] 0  Dj  =  0. It is clear th a t such a 0 also 

satisfies [7c(q0) U Qo] C 7c(/3,) for every D{ in group (i) (see figure 8 .)

In the event th a t all the disks belong to one or the other of the groups, 

the modifications necessary in the above proof are m inor and are left to  the 

reader. □

D e f i n i t i o n  3 .9  Let {{Di. 6i ) } f _ j be a cut collection, S  C L and e > 0. The 

collection {a,'}t-gs of disjoint open cross-cuts is said to be a ( t, c)-collection
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Figure 8 : A cut collection where Do >~ Di for every i E L.

compatible with { (A ,  A')}^= 1 (see figure 9) i f  .on C / c(/3t) fl K (A ) and for  

every i E S  and j  E L such that Di -ft Dj either (i) or (ii) holds:

(i) i f  Ci fl I{ D Ij  /  0 then [ / c(o:;) U a,-] C I c(ftj);

(ii) otherwise [ /c( a t) U a,-] fl Dj  =  0.

The collection {a , } , e 5  is called a (e, e)-collection compatible with { (A ,  

/?,)}£_■[ i f  a,- C I e{fii) H Vs(Ei) and fo r  every i E S  and j  E L such that 

Di )f D j either (iii) or (iv) holds:

(iii) i f  Ei fl Ii l~l Ij ±  0 then [ /e(Q.) U a;] C I e(fij);

(iv) otherwise [7£(q,) U  a,-] fl Dj  =  0.

R E M A R K S : N o t i c e  t h a t  i f  { a , } i 6 5  is  a  ( e ,  c ) - c o l l e c t io n  c o m p a t i b l e  w i t h  { (A -  P i ) }  

a n d  { 7 ! } !g 5  is  a  c o l l e c t i o n  o f  o p e n  c r o s s - c u t s  j o i n i n g  t h e  v e r t i c e s  o f  D,- a n d
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\ J

Figure 9: { o ^ a ^ }  is a (e, e)-collection and {0 3 , 0 :4 } is a (e, c)-collection, bo th  

com patible w ith {(.D,-,/?,•)}£_r

such th a t 7 ,- C  / c(a<), {7i}ies is also a (e,c)-collection com patible w ith 

{{Di, /?,)}. If moreover 7 ; C  K '(C i) then {7 ,-Jigs is a (e7, c)-collection. The 

analogous s ta tem en t holds true  for (e, e)-collections.

W A R N IN G : A s t h e  r e a d e r  m a y  h a v e  a lr e a d y  n o t i c e d ,  s t a t e m e n t s  a b o u t  c -  

“t h i n g s ” a n d  e - “t h i n g s ” a r e  “d u a l ” t o  o n e  a n o t h e r  a n d  m o s t  p r o o f s  a r e  t o t a l l y  

a n a lo g o u s  in  b o t h  c a s e s .  W e  w i l l  h e n c e f o r w a r d ,  w h e n e v e r  t h e r e  i s  n o t h in g  

e s s e n t i a l l y  d i f f e r e n t  b e t w e e n  t h e  t w o ,  p r e s e n t  o n l y  t h e  “c - p r o o f ” w i t h o u t  

f u r t h e r  c o m m e n t s .

P r o p o s i t io n  3 .10  Let {(D,-,/?,)} -1 j be a cut collection, {a ,} ,es a 

collection and {a-},€s a (e ,e ) -collection both compatible with { (A ,A )} f= i-



22

I f  h j  £ S  are such Miat A  >- Dj and Di /  Dj then:

(i) Ci fl Ii fl Ij  7̂  0 implies [7c( a t ) U a,-] C I c{cij) and

(ii) Ej  fl Ii fl Ij  ^  0 imples [7e( a ' ) U a ']  C 7e(a ') .

P R O O F : From the definition of >- and Proposition 3.4 it follows, under the 

hypotheses above, th a t Ci C Cj and Di, A le .  and from the definition of (e, re­

collection, th a t [I c(a i) U a,] C 7C(/?,). Therefore both a ; and ctj are open 

cross-cuts in / c(/?y). Since they are assumed to  be disjoint (by definition), ad­

joins the endpoints of Ci, aj  those of Cj and C{ C Cj, it m ust be the case 

th a t [7c(a ,)  U a,-] C I c(aj),  as we wanted. □

Proposition  3.11 Let {a ,} lgs  be a (e,c)-collection compatible with the cut 

collection { (A ,A )} ;L i and {&[ C A } f=i « collection o f  cross-cuts such 

that /?• C D e(/3i) fo r  each i £ L. Then {a,-},-es is also compatible with 

{(Di , fi i)}iLj. I f  above we change (e,c)- to (e,e)- and D e(0i) to D c{fii) the 

resulting statement is true.

P R O O F : S in c e  t h e  c o l l e c t i o n  o f  ( c ,  e ) - d i s k s  r e m a in s  u n c h a n g e d  a l l  t h e r e  is  t o

0 _____
check is th a t if i £ ,3 and j  £ L  are such th a t A  D j, Ci fl fl I j  ^  § 

implies [7c(a, ) Ua,] C 7c(/?j). B ut by the “closed” version of Proposition 3.3, 

/3j C D e(/3j) implies th a t I c(/3j) D 7C(/?i)- The result now follows. □
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C o ro lla ry  3 .12  Let {a ,} ;6s and  {a-};eS' be a {e,c)- and a {e',e)~collection 

respectively, both compatible with the cut collection { (A , A )} iLi- Then {a;},-es 

is a (e,c)-collection compatible with the cut collection

{ (A ,/? ,), i e I \ 5 '} U { ( A , a ; . ) ;  i e S ' }

and { a '} ,es' is a (e, e )-collection compatible with

{ (A ,A ) ;  i e L \ S } u { ( D i , a i )- i e S }. □

P r o p o s i t io n  3 .13  Under the hypotheses o f  Corollary 3.12, i f  i €  S  and 

j  € S 1 are such that Di -ft. Dj,  then a,- fl a j  =  0.

P R O O F : The proof is easy and is left to the reader. □

We still have to show th a t (e, c)- and (e, e)-collections exist. In the proof 

we will use the definition and the proposition below.

D e f in it io n  3 .14  Let { A }  be a collection o f  (c,e)-disks related by We 

say D{ and Dj  are c-equivalent, and write Di Dj,  i f  there exits A- in 

the collection such that C i,Cj  C A- and A ,  A-|c, and D j ,D k \c y  We define 

e-equivalence analogously by changing c-sides to e-sides above, and denote it 

by ~ e (see figure 10.)

R E M A R K : Notice th a t by this definition, Di ~ c Dj  if A  C Cj and A ,  A 'lc j 

or vice versa and analogously for ~ e.
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Figure 10: An equivalence class for ~ c. D\  is the distinguished representative.

Proposition  3.15 The rela tions  ~ c and  ~ e defined above are equivalence  

relations. I f  the collection is finite , each equivalence class f o r  ~ c

( ~ e) has a d istinguished represen ta tive  whose c -(e-)s ide  conta ins the c-(e-  

) s id e s  o f  all o th er  disks in i ts  c-(e-)equivalence class. M oreover, in each c-(e-  

)equivalence class the c - (e - )s id es  are unlinked in the c-side o f  i ts  d istinguished  

represen ta tive .

P R O O F : T h a t ~ c is reflexive and sym m etric is clear. In order to  prove

transitiv ity , assum e Di  ~ c Dj  and Dj  ~ c Dk- This means there exist D i , D m

in the collection such th a t Ci , C3 C C/ and Di,Di\c, ,  Dj ,Di \cj  and Cj,Ck  C

Cm and Dj,  D m |c j , Dk, D m\ck- It follows from Proposition 2.9 th a t Di, D m\c3

and thus either Di >- D m or D m >- £)/. We may assume D/ D m, the o ther
0 ______

case being analogous. Then, since Cj C C; and D i ,D m\cj, Ci fl /; fl I m ^  0 

and from the definition of and Proposition 3.4 we can conclude th a t Ci C 

Cm and D i , D m \cr  From this we see that C,- C Cm and D i , D m \c,, which 

shows th a t D, ~ c Dk-
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Consider now one c-equivalence class and let Di be an elem ent in it whose 

c-side is not strictly  contained in the c-side of any other disk in the same class. 

If Dj  ~ c Di then it m ust be the case th a t Cj C Ci for otherwise there would 

exist Dk in the collection for which Ci,Cj  C Ck and A ,  A |c< and Dj,Dk\cj-  

B ut Dk ~ c Di (see the rem ark ju st after the definition of c-equivalence) and 

if Cj <jt Ci, Ck contains Ci strictly  which is contrary to  our assum ption. This 

shows th a t for every Dj  such th a t Dj  ~ c A  we have Cj C Ci and Di, D j \cr  

In order to  see th a t the c-sides of disks in the c-equivalence class of Di are 

unlinked in C; assume Dj  ~ c Dk  ~ c A  and th a t Cj fl Ck D C,  where C  is a 

closed arc. Since A ,  A'Ig, and D j ,D k \c k by Proposition 2.9, it follows th a t 

Dj,Dk\c-  Then Ij  Pi Ik ^  0 and we m ust have Dj >- Dk or Dk >- Dj  and by

(iii) in the definition of Cj C Ck or Ck C Cj. □

S T A N D IN G  C o n v e n t i o n : I f  t h e  lo w e r  i n d e x  in  a n  i n d e x e d  u n io n  o r  c o l l e c t i o n  

is  la r g e r  t h a n  t h e  u p p e r  o n e  w e  w i l l  t a k e  t h e  u n io n  o r  c o l l e c t i o n  t o  b e  e m p t y ,
n —1

so th a t (J f k(P)  — 0 when n — 0 . Also, recall th a t a bar under a positive
- n + l

integer denotes the set of all positive integers smaller than  or equal to  it: 

L = { 1 ,2 , . . .  , L }. If L  =  0 we take L  to be the em pty set as well.

We now go on to prove the existence of (e,c)- and (e, e)-collections (see 

figure 1 1 .)

Proposition  3.16 Let {(Di{k), f3i(k)); k = —1,0,1 and i €  L(k) }  (where 

L(k)  is a nonnegative integer fo r  each k = —1 ,0 ,1 ) be a cut collection such 

that i f  k < I then Di (k)  )f- Dj( l )  for  i £ L(k)  and j  £ L(l).  Then given
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e ,6  > 0 there exist a (6, e)-collection {a;( — 1) C 77,( — l ) } ^ 1' and a (£,c)-  

collection { a j( l )  C both, compatible with {(77,(7),/?,-(7)); k  =

— 1,0 ,1  and i €  7,(7)}.

P R O O F : (See rem ark before the sta tem ent.) We m ay assume, w i t h o u t  loss of 

generality, th a t the distinguished representatives in the c-equivalence classes 

among {77,( 1); i € -£(1)} are the first n  disks Z 7 i( l) ,. . .  , 77n( 1). For each 

i € n  consider the cut collection

{(Dj (k) , f i j {k) ) \  k = - 1 ,0 ,1 ,  j  e  m , D j ( k )  ?  77,( 1)} U {(77,{1), A (l))} -

By Proposition 3.8 there exists an open cross-cut a,-(l) C 7c(^,-(l))nV^(C,-(l)) 

satisfying (i) and (ii) of th a t proposition (with a,-(l) in place of a 0.) We 

do the same for every i £ n  obtaining {a;(l)}"=1. These cross-cuts clearly 

satisfy (i) and (ii)in  the definition of (e, c)-collections and a , ( l )  C 7c(/3 ,(l))fl 

K (C i( l) )  by construction. In order to see they are disjoint, let ?',j €  n. If 

7,( 1) fl 7 j(l) =  0, a , ( l )  fl a 'j( l)  =  0 since a , ( l )  C 7;(1) and Q'j(l) C 7 j(l) . 

If 7;( 1 ) fl 7 j(l)  7  ̂ 0, then either 77,(1) >- Dj ( l )  or Dj ( l )  y  77,■( 1), say, 

77,(1) >- Dj ( l ) .  It follows th a t C,- (1) D 7,(1) fl 7 j(l)  =  0 for otherwise 

C ,(l)  C C j(l)  and 77,(1), 7?y(1)|C;(i ), which goes against our assum ption 

th a t Ci[ 1 ) was the distinguished representative in its c-equivalence class. 

From this we can conclude th a t [7e(o ',(l)) U a ,( l) ]  fl 77j =  0 and thus th a t 

a , ( l )  fl c t j (  1) =  0. Indeed we have shown more, namely th a t

[7c( o i ( l ) ) U o ;( l ) ] n [ 7 c( a j ( l ) ) U a j (l)] =  0
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Figure 11: {c*(l)} is the (e, c)-collection and {a( —1)} is the (e, e)-collection, 

bo th  com patible with {(D(k) ,  /?(&); k = —1,0,1}

for any i , j  €  n.

We now look at the disks in one c-equivalence class. By Proposition 3.15 

the  c-sides of the elements in the class are unlinked in the c-side of its d istin ­

guished representative, 7);(1) say. By Proposition 2.13 it is possible to  find 

disjoint open cross-cuts a j ( l )  C 7c(a ,( l ) )  joining the  endpoints of Cj(  1) such 

th a t  Q:j(l) C 7c(/?j(l)) fl V£(C j(l))  for every j  such th a t Dj  ~ c Di.  Doing 

this for each c-equivalence class we find a collection of disjoint open cross­

cuts { a ,( l)} ^ l^  satisfying the conditions in the definition of a (e, c)-collection 

com patible with {(D,(fc), /?,•(&))} □ .

We will now introduce dynamics in our discussion and add to the defini­

tion of (c, e)-disks a new requirem ent, as we promised earlier. Let /  : 7r —> ~ 

be a plane homeomorphism which we will have fixed for the rem ainder of the
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tim e.

(C,E) D y n a m i c a l  A s s u m p t i o n : A l l  ( c ,  e ) - d i s k s  h e n c e f o r t h  w i l l  b e  a s s u m e d  

t o  s a t i s f y  ( i )  a n d  ( i i ) :

(i)  lim diam  f n{ C ) =  0 ;

(ii) lim diam  f m{E) — 0.
m —»—co

The m ain purpose of the present work is to  isotop away dynamics of /  in 

a  controlled m anner. We will now define sets w ithin which it is possible to 

do this, namely, to destroy all dynamics w ithin them  by an isotopy which is 

identically equal to  /  w ithout them . We call them  pruning fronts  after the 

work of Predrag Cvitanovic [C].

D e f in it io n  3 .17  Let {Di}jJ=1 be a collection o f  (c,e)-disks (satisfying the 

dynamical assumption above) such that (i), (ii) and (iii) hold:

(i)  >- can be extended by transitivity to a partial order on {D {} -Ij or, equiv­

alently, there are no “loops” D >- D l2 >- . . .  >- D ln >- D n ;

(ii) fo r  every n >  0 and i , j  €  L, / n ( A )  -ft Dj;

(iii) for  every m  < 0 and i , j  G A, f m(D{) f- Dj .

_  L

Such a collection will be called a pruning collection. Its locus P  — (J-D;
i = i

(see [C] and the comments before the definition) will be called a pruning front.
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NOTATION: We will use >  to denote the extension of >- to  a partial order 

and keep >- to denote the binary relation as we defined previously.

Before we proceed, let us say a word about finite partially  ordered sets. 

If (V , > ) is one such we define the set of initial elements of X  to  be

/ ( X )  =  { i £  X ; Vy £ X ,  y < x = >  y = x )

It is easy to  see th a t if X  is finite and nonempty, I ( X )  is nonem pty and 

th a t no two distinct elements in I { X )  are related by > . Now let Xi  — / ( X )
n — 1

and inductively set X n =  I ( X  \  From  what we have said, X n is
i=l

n — 1

nonem pty if X  \  ( J  Xi  is nonempty. Since X  is finite, there exists n  >  1
t=i

such th a t X i , X 2, . . .  , X n are all nonem pty and for m, > n,  X m =  0. Clearly 

A 'j, . . .  , X n is a partition  of X  and if A'; has s; elements we can list the 

elem ents of A’ =  {or, x 2, a.’3 , • • • , %l} so th a t the first Si elem ents are those in 

Xi ,  the next s2 elem ents are those in X 2 and so on. In this way the subscripts 

reflect the partial order in the sense th a t if i < j  then X {  ^  X j .  Having said 

this we adopt the following

C O N V E N T IO N : Henceforth it will be assumed th a t the subscripts in a pruning 

collection reflect the partial order >  in the sense th a t if i < j  then £), ^  Dj.  

Notice th a t, in particular, if i <  j  then  Di Dj .

We can now sta te  a proposition containing one of the m ain ingredients in 

the proof of the main theorem  (see figure 1 2 .)
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Proposition 3.18 Let j be a pruning collection and {£n} ^ i0 a se­

quence o f  positive numbers converging to zero. Then there exists a collection 

{a , (n ) C /"(A);  i € L, n  G Z }  o f  disjoint open cross-cuts joining the 

vertices o f  f n(D{) such that (i) and (ii) below hold:

(i) For each n > 1, {a ,(n); i G L )  is a (en,c)-collection compatible with

{(f k{Dj ), aj (k)y,  j  e  L,  - n  + 1 <  k < n -  1}

u { ( H A A  f ( a j{n ~  i))) ; J € 1 }

(ii) For each m  <  0, {a,(m ); i G L } is a (e\m\,C)-collection compatible with

{ { f k { D j ) , a j { k ) y ,  j  G L,m. +  1 <  k  < - m  +  1} 

U { (/,n(Ai ) , r 1 (a J-(m +  l))); j  G L}.

PROOF: We will let m  =  —n-f 1 and use induction on n. In order to  prove the 

proposition for n =  1, choose any collection {A C A } A i of open cross-cuts 

joining vertices and apply Proposition 3.16 with L (0) =  0 (so th a t L(0) =  0 

and {(A ( 0 ),A (0))}  =  0 ) to the cut collection

v  = {(A, A); *■ € L )  u {(/(A), /(A)); i e L )

where {(A,A)} and {(/(A),/(A))} play the  roles of {(A ( - l ) ,  A(—1))} 

and {(A ( 1 ), cki(l))} respectively in the statem ent of th a t proposition, whereas 

e =  Si and 6 = £q. By the definition of pruning collection, / ( A )  Dj  for 

any i , j  G L so tha t T> satisfies the hypotheses and we can conclude there ex­

ist {Qi(l)}f=i and {cv ,}^ a (ty .c)- and a (co. e)-collection respectively, both
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com patible with V.  Since a , C 7e(A ) and therefore /(a ,-)  C 7e(/(/? ,)), by 

Proposition 3.11, and Corollary 3.12, { a ^ l)} ^ .!  is a (ej,c)-collection com­

patib le with

{ (A ,a ,) ;  i € i }  U {( /(A ) ,/(a ,- ) ) ;  * € X}.

By the same token {<*;}£-! is a (£0, e)-collection com patible w ith

{(A ,  / - 1 (o,-(l))); i e L }  U { ( / (A ) ,f l i ( l ) ) ;  i € I-}.

T hat a , ( l )  fl Qj =  0 for i , j  6  f  is a consequence of Proposition 3.13. This 

proves the proposition for n = 1 , m  = 0 .

Assume we have constructed a collection

{a,(fc); i € L,  —n  -)- 2 <  k < n — 1}

of disjoint open cross-cuts satisfying the conclusions of the  proposition. Con­

sider the cut collection

V  = { ( /" (A ) ,  1))); i e L }

U { ( f h(Di ) ,ai (k) ) \  i e L,  —n +  2 <  k  <  n  -  1}

U { ( /~ n+1 (A ) ,  / _1 (o,i(—n +  2 ))); i e L }

and apply Proposition 3.16 with {(A ( l ) ,  A ( l ) )} ? {(A (0 ) , a ,(0 ))}  and { (A  

( —1 ), q,( —1 ))} equal to the first, second and th ird  collections respectively, 

in the above union, letting s = en and 6 = £|_„+i|. From the definition 

of pruning collection, .P ’( A ) ^  f k{D3) for any k < n  and any i , j  e  L
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and f ~ n+1(D{) )f- f k(Dj )  for any k > —??. +  1 and any i , j  € L,  so th a t 

the hypotheses of the proposition are satisfied. We may then conlude there 

exist { a ,(n ) C / ” (£>,)}£= 1 and {o ,-(-n  +  1) C / -n + 1  (A)}<Li a  (e„ ,c )-  and a 

(£|_„+i|, e)-collection respectively, both com patible with V.  From Corollary 

3.12, { a t (n)}f=1 is com patible with

{ ( f k{Di) ,ai{k)) \  i e L , - n  + 1 <  k < n -  1 } 

u { ( / n( A ) , / ( a , - ( n - i ) ) ) ;  i e L }

and { a , (—n  +  1 )}-!! is com patible with

{ { f k{Di),ati{k)y, i e L , —n + 2 < k < n}  

U { ( / - n+1 ( A ) , / - 1 ( a f( - n  +  2))); i e L } .

T hat ai (n)  fl ctj(k) = 0 for — n + 1 < k < n — 1 and a , (—n + 1) fl ctj(k) =  0 

for —n +  2 <  k < n is a consequence of Proposition 3.13. This finishes the 

induction step and proves the proposition. □

C o ro lla ry  3 .19  With the notation o f  Proposition 3.18, fo r  every n e Z, 

a f n )  C I c{ f ( a i ( n  -  1))) and a ,(n )  C / e( / _1 (a ,(n  +  1))).

PROOF: For n > 1, (i) of Proposition 3.18 implies th a t a,-(n)C / c(/(o ';(n  — 

1))) whereas (ii) implies th a t for m <  0, a ,(m ) C I e(.f~ 1 ( a !(m +  1))). By 

Proposition 3.3, / _1 (a,(??? +  1)) C / c(q,•(???)) and applying /  to both sides 

we get Qj(??? +  1) C / ( / c(a,-(m))) =  I c(f(a-i(m))).  Letting n =  m  +  1 we see 

th a t for n < 1, q,(??) C / c(/(q,(?7 — 1))), which completes the proof of the
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fO»

Figure 12: The first few a ( n ) ’s for a  pruning collection containing only one 

(c, e)-disk D.

first sta tem ent. The second is obtained from it using Proposition 3.3 (see 

figure 13.) □

T he next proposition is nothing bu t a  “fattened” version of Proposi­

tion  3.18 (see figure 14.) We could have proven it together with Proposi­

tion  3.18 had we sta ted  the “fattened” versions of the  propositions we proved 

before. Although feasible, this would have been ra ther cumbersome. It is 

also possible to give a direct proof using the techniques we have used so far. 

We leave it to the interested reader.

P r o p o s i t io n  3 .20  Let {q-,(?i); i G L, n  € Z} be as in Proposition 3.18. 

Then there exist collections of disjoint open cross-cuts {0i(n)  C /"(£),•); i G
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Figure 13: The a ( n ) ’s are chosen so th a t a ,(n )  C 7c( / ( a , ( n  — 1))) and 

a ,(n )  C 7e( / - 1 (a ,(n  +  1))).

L, n  € Z j  and {7 ,(n ) C f n(D{); i €  T, n €  Z} joining vertices such that:

(i)  A (n ) C I c{ai(n)) and 7 ,(n ) C 7e(a ,(n ));

(ii) fo r  n  >  1 , -(7 ,(72); f €  7 J  is a (en,c)-collection compatible with

{(f k( Di ), /?,(&)); i e L , - n  +  1 <  & <  n -  1 }

u{(/n(A), /(A(» - 1))); i e i } ;

(iii) f o r m  <  0, {/3<(m); i e  L]  is a [e\m\,e)~collection compatible with

{ ( / fc(A),7>(k)); * € L  m  +  1 <  k < - m  + 1}

u { (r(A ) ,r1(7i(m + i)))i i e L } . n

The corollary below is proved in the same way as Corollary 3.19 (see 

figure 15.)
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Figure 14: The first few 7 (n )’s and /3(n)’s for a pruning collection containing 

only one (c, e)-disk D.

C o ro lla ry  3 .21  With the notation o f  Proposition 3.20, fo r  every n  €  Z , 

7 i(n) C I c(f(f3i(n -  1))) and /?,-(n) C / e( / _1 (7 ,(n  +  1))). □

The next proposition creates the sets in whose union will lie the  support 

of the isotopy we will construct to  prove the main theorem .

P r o p o s i t io n  3 .22  Let {a ,(n )} , {/3;(n)} and {7 t(n)} be as in Propositions 

3.18 and 3.20. Then fo r  every n G Z  and i G I ,  / - 1 (A (n +  1)) U 7 v(n ) a 

Jordan curve bounding a Jordan domain V,(n) such that

Vi{n) D f ~ 1( a i(n +  1)) U a , (n ) .

Moreover,

V,-(n) = /c(7,(??)) f~l l £( f ~ l ( 3 i ( n  + 1))).
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Figure 15: The /?,(n)’s and 7 ,(n ) ’s are chosen so th a t 7 ,(n ) C 7c( / ( / ? , ( n - 1))) 

and f3i(n) C 7 e( / _1 (7 ,(n  +  I)))-

P R O O F : The proof is an easy exercise using (i) of Proposition 3.20, Corol­

lary 3.21 and Proposition 3.3 (see figure 16.) □

Proposition  3.23 Let D i ,D 2 be (c,e)-disks, D \ -ft D 2 and cti C D x and 

a 2 C D 2 be disjoint open cross-cuts joining vertices. Then a i  fl I 2 C I°{cc2) 

and a 2 fl 7i C 7e(a i) .

P R O O F : Since Di  ^  D 2 either 7j n 7 2 =  0, in which case both sta tem ents are 

clearly true, or D\ >- D 2 and D \ ^  D 2. If Di y  D 2, C\ fl 72 =  0 and since 

ax fl a 2 = 0, (a i  U C i) fl a 2 — 0. It follows, since a 2 is connected, th a t either 

a 2 C 7c(a])  or a 2 fl I c(d\ )  =  0. We want to show th a t the  la tte r  is true, so 

we will assume o 2 C 7c(qi) and reach a contradiction. The endpoints of a 2 

are the same as those of E 2 and since E 2 fl I\ = 0  (D\  >- D 2) and c*i C 7lf
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Figure 16: / - 1(/3,(n +  1))) U 7 ,(n ) is a  Jordan curve bounding the  dom ain 

V,-(n).

if a 2 C 7c(q i) , it m ust be the case th a t the  endpoints of o:2 lie on G\. B ut

the endpoints of a 2 coincide w ith those of C2 and, by (ii) in the definition of

X, C 2 C C\. We claim th a t C\ =  C2, for if C2 is strc tly  contained in C 1, one
0

of the endpoints of a 2 lies in C\ and since a 2 C I \  fl I 2 , (iii) in the  definition 

of >- implies th a t C\ C C2 which is a  contradiction. By Proposition 3.6 we 

see th a t D\ = D 2 which is contrary to  our hypothesis th a t D\ -fc D 2.

This contradiction shows th a t a 2 fl I c(a  1 ) =  0 and since a 2 fl a i  =  0 by 

hypothesis, we have shown th a t a 2 D h  C I e(a  1). The o ther sta tem ent is 

proven analogously. □

C o ro lla ry  3.24 Under the hypotheses o f  Proposition 3.23

/ c(Qi) n  I e { a 2 ) =  0. □



38

Proposition  3.25 Let i , j  G L and n , k  G Z :

(i) i f  f k{Dj) f  f n{Di) then / - 1 (aj(fc +  1)) n  V,-(n) =  0, and

(ii) i f  f k(Dj) f  f n{Di) then a 3(k) n  Vi(n) =  0.

P R O O F : From Proposition 3.20 (i) and Proposition 3.3 it follows th a t  a ,(n )  C 

/ e( /? ; (n))n/c(7t(n)). From Proposition 3.20 it also follows th a t f3j(k)riji(n)  =  

0 for any i , j  £ L, k , n  £ Z. Assume f k{Dj) f  /" (£ ),) . By Corollary 3.24, we 

see th a t 7e(/?j(/c))n7c(7 ,(n)) =  0. Since V f n )  C / c(7 ,(n )), Qy(&) C I e(f3j(k)) 

and I e((3j(k.)) is open we can conclude th a t V ;(n)naj(fc) =  0. This proves (ii). 

In order to  prove (i) assume f k (Dj)  7k f n(Di).  Then f k+1(Dj) -ft f n+1(D{) 

and, as above, we can conclude th a t 7e(/?,(n +  1)) fl I c( i j ( k  +  1)) =  0. It 

follows th a t

+ 1 ))) n  r { f - \ l 3 {k + 1 ))) =  0

and since

V i W c f ' ^ ^ n  +  l))) ,

then

f ~ l (Qj (k  +  1)) C 7c( / _1(7 i(/; +  1))).

This la tte r  being an open set, we see tha t

r 1( o j (A' +  i ) ) n v ^ )  =  0 .

T his com pletes th e  proof. □
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P r o p o s i t io n  3 .26  With the notation above:

( i)  f o r  n  > 1 and —n +  1 <  k < n, f k{Ci) fl f n{I j ) C / c( t j{n));

(ii)  fo r  m < 0 and m  < k < —m  +  1, f k(E{) fl f m{Ij) C I e(/3j(m)).

PROOF: From  P roposition  3.20 we know th a t  { l is co m p atib le  w ith

{ { f k{Di),/3i(k));i  € L, - n  +  1 <  k < n -  1} U { ( /n( A ) ,  f(/3i(n -  1))); i G L) .

If f k{ C i ) n f n(Ij) = 0 th e re  is no th ing  to  prove. O therw ise, f n{Dj) f k{D{) 

and therefo re e ith e r [I°{lj{n))  U 7 j(n )]  C I c(j3i{k)) or [Ic('fj{n)) U 7 j(n )]  fl 

f k(Di ) =  0. Since f k{C{) C f k(Di)C)CIc(f3i(k)), th e  conclusion of (i) follows. 

□

C o ro lla ry  3 .27  For k > 1, f k{Ci) and f ~ k(E{) are disjoint from. Vj(n)  for  

every i , j  € L and every n  € Z .

PROOF: If k > n  by th e  definition of p run ing  collection f k(D{) ft  f n(Dj)  

w hich im plies th a t  f k[Ci) fl f n{Ij) = 0. Since V j(n) C f n{Ij) th is  proves th e  

resu lt for k > n.  If 1 <  k <  n by P roposition  3.26, f k (Ci)C\Vj(n)  C I e{'fj{n)) 

w hereas by P roposition  3.22, Vj(?r) C which com pletes th e  proof

of f k (Ci) fl Vj{n) = 0 if k > 1, j  G L and n £  Z.

If n > k we again have by th e  definition of p ru n in g  collection th a t  

f n(Dj) ft f k[D{), which im plies th a t  f k{E{) fl f n(Ij) = 0 and  th u s th a t
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f k (E{) fl Vj(n)  = 0. If m  < k < 0, by P roposition  3.26, D f n(Ij)  C

I c(l3j(n)) which im plies th a t ,  if n < k <  —1,

fHEi)  n n i j )  c  r \ i cm n  + 1)» = n r ' m n  + 1))).

By P roposition  3.22, Vj{n)  C I e( f ~ 1{/3j(n. + 1))) and  th u s  f k(Ei)C\Vj(n)  = 0 

if k <  1, j  G L, n €  Z . T h is com pletes th e  proof. □

4 Isotop ies

D e fin it io n  4.1 Let X , Y  be topological spaces. By  an isotopy we mean a

continuous map H  : X  x [0,1] —» Y  such that the “slice” map H t : X  —>

y ,  H t( x) = H ( x , t )  is a homeomorphism for  each t G [0,1]. I f  f , g  : X  —+ Y  

are homeomorphisms, we say f  and g are isotopic i f  there exists an isotopy 

H  : X  x [0,1] —► Y  such that H ( x ,0 )  = f ( x )  and H (x ,  1) =  g(.r) for  every 

x  G X .

The su p p o rt of  an isotopy H  is by definition (see the remark below) the

set

supp H  = C{.x G A'; H { x , t )  = H {x ,0 )  V< G [0,1]}

where, as usual, C stands for  complement.

I f  f  : X  —> X  is a homeomorphism we define the support o f  f  as

supp /  =  C{x  G X ; f { x )  — x )
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R E M A R K : N o t i c e  t h a t  o u r  d e f i n i t io n  o f  s u p p o r t  i s  n o t  t h e  u s u a l  o n e  in  t h a t  

w e  a r e  n o t  t a k i n g  c lo s u r e s .  S u p p o r t s  o f  i s o t o p i e s  a n d  h o m e o m o r p h i s m s  a r e  

t h e r f o r e  open s e t s .

The following proposition is a straightforw ard exercise in point set topol­

ogy and we om it the proof.

P r o p o s i t io n  4 .2  Let H  : X  x [0,1] —> X  be an isotopy o f  the identity, i.e., 

H (x ,  0) =  x for  every x E X .  I f  x E supp H,  then H ( x , t )  and x belong to 

the same path component of  supp H. □

R E M A R K : If A' is locally path-connected, the path  components of supp H  

coincide with its connected com ponents, since supp H  is open.

D e f in it io n  4 .3  Let G be a collection of  subsets of  a metric space. We call 

G a null collection i f  fo r  every e > 0 only finitely many elements of  G have 

diameter greater than e.

The lem m a below is true in greater generality than  we sta te  and is part 

of the folklore of hyperbolic geometry, geodesic lam inations, etc. The proof 

we give is somewhat sketchy but is rather elementary.

L e m m a  4 .4  Let ID denote the unit disk {x E 2R2; ||a:|| <  1}, and {a'n}£Li 

a null collection of  closed cross-exits, disjoint except possibly at endpoints, no 

two a „ ’s sharing both endpoints. For each n >  1, let 7 „ be the closed arc of
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circle perpendiular to 5 1 =  {a: G JR2; ||a:|| =  1} with the same endpoints as 

q „ .  Then there exists a homeomorphism (  : E> —* E) such that CI51 is the 

identity and C(«n) =  In-

PROOF: From  th e  hypotheses th a t  th e  a n’s are in te rio r d isjo in t an d  no two 

share b o th  endpo in ts  it follows th a t th e  cross-cuts 7 „ are in te rio r d isjo int 

and th e  correspondence a„ —> is one-to-one in th e  sense th a t  if a n ^  a m 

th en  7 „ 7  ̂ 7 m. M oreover, {7 n }^L1 is a  null collection, since given e > 0 only 

fin itely  m any  pairs of endpo in ts of th e  a n’s can be m ore th an  e a p a rt, which 

im plies th a t  only finitely  m any 7 „ ’s have d iam ete r g rea te r th an  e.

Let ipn : 7 n —̂ &n be a hom eom orphism  extending the identity  homeo­

m orphism  between the endpoints of j n and a n, for each n > 1 , and define 

the m ap ?/> as

0 0  CO CO

?/> =  id U U  0 n : S 1 U U  7 „ — > S 1 U Q  a n
n = l  n = l  n = l

where id: S 1 — ► S 1 is the identity  homeomorphism. x(' is well defined since 

the interiors 7°n are disjoint and ?/>„ is the identity at the endpoints of 7 „ . We 

claim V’ is a hom eom orphism. From what we have said above, ip is clearly 

one-to-one and onto. All there rem ains to  show is th a t ip is continuous. Let
OO

{3 7 } be a sequence in S 1 U [ J  7 „ and assume Xk —> x. We want to  show th a t
n = l

ip(x-k) —■* t p ( x ) .  If there exists n such th a t all but finitely many points .77. lie

in 7 then for k0 sufficiently large x k G 7 „  for every k > k0 and since 7,, is

closed ,t G 7 n . It follows tha t for k > k0, 1p(xk) = il>n{xk) —* 4’n { x )  = V’(‘T) 

since ipn is continuous. If there is no 77, containing all but finitely m any .77‘s .
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we can choose a  subsequence Xk £  7 j so th a t  different po in ts lie in d ifferent 

7 j ’s. Since {7 n } is a  null sequence, d iam  7 j  —> 0 as j  —> 0 0  and , since a;* €  7 j 

and  x ^  —> x, for any sequence y2 £ 7 ^, yj —> x. In p a rtic u la r , if Pj,qj  are 

th e  end p o in ts  of 7 ^, Pj,qj  —> x. T h is shows th a t  x  £  5 1. Also, th e  cross-cuts 

Qj, whose endpo in ts  are  Pj ,qj , are all d is tin c t, since th e  7 j ’s are, and  since 

{cvn} is a null fam ily  and  Pj,qj  —> x, for any sequence zj £  Q j ,  Zj —> x. We 

th en  have ij>(xk ) = 4,j i x k1) — Zj G cij and  zj —» x =  ^>(x) since x £  5 1. T his 

shows th a t  V’ is a hom eom orphism . A ssum e for a m om en t we have shown
CO

th a t every component of the com plem ent of S 1 U ( J  7 „ in ID is a Jordan
n = l

co

dom ain. Let U be one such and dU  =  J . J  is a Jordan curve in ■S’1 U U 7 n
n = l

co

and thus 4'{J) is a Jordan curve in 5 1 U [ jQ n- We claim th a t the Jordan
7 1 = 1

CO

dom ain V  bounded by %)>{ J )  is a component of the com plem ent of S 1 U [ J  a n
71 = 1

in E). It is clear th a t V  C {x; ||x || <  1} so th a t V H 5 1 =  0. If V flQj 7  ̂ 0 for 

some Qj, then Qj, which is connected and disjoint from S 1 U ( J q „  D d V ,  is 

contained in V  and its endpoints in dV .  But this implies th a t the endpoints 

of 7 j lie on J  which in turn  implies 7 j C U . Since we assumed U to  be in
CO

the com plem ent of S 1 U ( J 7 n, 7 j C J  — d U . This would then contradict
n —1

the hypothesis th a t no two a n's shared both endpoints. This shows th a t if U
CO

is  a  c o m p o n e n t  o f  t h e  c o m p l e m e n t  o f  5 1 U  [ J  7 „  in  E> w h o s e  b o u n d a r y  i s  a
71 =  1

CO

Jordan curve J , 4'{J) is a Jordan curve in S l U ( J  a n bounding a com ponent

V' of the complement of 5 1 U [J a n in ID. So if every com ponent U of the
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com plem ent of S' 1 U ( J  ~fn in E  is a Jordan domain we can use Theorem  1.7
n = l

to  extend ip to a homeom orphism  ip : E  —* E  and (  =  ip- 1  will satisfy the 

conclusions of the lemma.

S 1 U ( J  7„
71=1

are JordanIn order to see th a t the com ponents U of E  \  

domains let 7 „ be a cross-cut such th a t C dU.  Such a 7 „ m ust exist 

unless {7 n} =  0 in which case the sta tem ent is trivial. By a conformal 

m apping, m ap E  onto the upper half plane 1H so th a t 7 n m aps onto S l C\ 1H 

and U m aps onto U' C -fy; |fy|| <  1} D 1H. It is now not hard to  see th a t 

dU'  \  5 1 is the graph of a continuous function g : ( — 1 , 1 ) —> [0,1) such th a t

|<7(.r)| <  fyl — x 2 for every x  G ( — 1,1). T his proves th a t  dU'  is a Jo rd an  

curve and therefore  so is dU  and  com pletes th e  p roof of th e  lem m a. □

C o ro lla ry  4 .5  Let J  be a Jordan curve and { a n } “ =1 and {/?n}^Lj two null 

collections of  interior disjoint cross-cuts in D, the closed disk bounded by 

J . Assume that no two elements of  each collection share both endpoints and 

that the endpoints of  a,- and fa coincide. Then there exists a homeomorphism 

(  : D  —> D such that £ |j  is the identity, ( ( a n) =  j3n and C, is isotopic to the 

identity through an isotopy with support in I ,  the interior of  D.

P R O O F : Let /  : D  —> JD a hom eom orphism  and  (Q : E  —> E  and : E  —> 

E  hom eom orphism s “s tra ig h ten in g ” { /(q „ )}  and { /( /?n)}, w hich ex ist by 

L em m a 4.4. Set £ =  (jj1 o It is no t hard  to  check th a t  ( \ j  — id and 

C(on ) =  0n- T h a t C is isotopic to  th e  id en tity  is a consequence of T heorem  

1.8 . □
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C o ro lla ry  4 .6  Let J  be a Jordan curve and a , j3 cross-cuts in D  having the 

same endpoints. Then there exists an isotopy of the identity taking a  to (3 

with support in I .

P R O O F : The collection {a} with a single elem ent is a null collection so it is 

possible to  apply Lem m a 4.4 and Corollary 4.5. □

N O T A T IO N : L e t  D ^ , D 2 b e  c lo s e d  d i s k s ,  D\  C  D 2 a n d  D i , D 2\l,  w h e r e  L  C  

dD\  fl d D 2 is  a n  a r c .  I f  D\ \  L  C  I 2, t h e  in t e r io r  o f  D 2, w e  w i l l  w r i t e  

A  C  D 2\l-

L em m a 4.7 Let ip : D  —> D be a homeomorphism onto its image so that 

ip{D) C  D \ ^ l ) ,  where L is a closed arc, ip(L) C  L and p €  L is a fixed 

point such that ipn(x) —> p for  every x  G L. Then there exists an isotopy 

h : D  x [0,1] —> D of  the identity such that h\sD= id and i f  £(•) =  h(-, 1), 

then (ip o ( ) n(x) —> p for  every x  € D.

P R O O F : W e  w i l l  c o n s t r u c t  a  n u l l  c o l l e c t i o n  { a n } £ L i o f  d i s j o in t  o p e n  c r o s s ­

c u t s  in  /  w i t h  t h e  f o l lo w in g  p r o p e r t ie s :

(i) a n h a s  t h e  s a m e  e n d p o i n t s  a s  ipn(L)\

(ii) i f  In—i is the Jordan dom ain bounded by a n_i U ipn~l (L), a n is a cross­

cut in /„_! (T i/’( - / n - i ) ,  for n > 2;

(iii) q„ C  V ' i ( i!’n(L)).
»i
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Set a\  = 4>(dD \  L)  and D\ — Notice th a t D\  C D \ ^ i )  implies

4>{Di) C D i \ ^ ( L). By Proposition 2.13, it is possible to find a 2 C 0 ( / i ) f l / i  =  

t/>(/1 ), an open cross-cut joining the endpoints of 4>2(L) such th a t a 2 C 

Vl {4 ' \L ) ) .

Assume we have constructed Q ],q 2, . . .  , q„ satisfying (i), (ii) and (iii) 

above. Since a n C 4>(In-i)  H I n- i ,  and a n has the same endpoints as 

i/)n(X), D n C and D n C A ,_ i |v n(L)- This la tte r implies

th a t ip{Dn) C ip(Dn- i  )|t/."+i(L) and since 4)Tl+1(L)  C ^ n(T), by Proposi­

tion 2.9, it follows th a t £>n, ^’(-^n)|^+i(L)- By Proposition 2.13, there exists 

<an+i C I n H 4'( In) an open cross-cut with the same endpoints as 4,n+l(L)  

such th a t Qn+i C V  i (4>n+1(L))- By induction, we construct the collec-
n + l

tion {QnJ^Lj. T ha t { an}^Li is a null collection follows from the fact th a t 

a„  C Vi_(4’n( L )) and diam  4>n( L )  —* 0. T ha t the a n’s are disjoint is clear
n

since a n C i for every n > 1. Notice also th a t no two a n’s share both 

endpoints. This is so because the endpoints of a n are the same as those of 

4>n(L)  and if V,n(T) and 4, m( L )  shared both endpoints, L  would contain more 

than one fixed point.

Let j3n = 1 (q«+i )• The collection {/3n}^Li is clearly a null collection of

disjoint open cross-cuts no two of which share both endpoints. Also, for each 

n >  1, q„ and f3„ have the same endpoints. By Corollary 4.5 there exists an 

isotopy of the identity h : D  x  [0,1] —> D  such th a t if £(•) =  h(-, 1), ( {a n) =  

/3n. Then 4' 0 C(Q'n) =  4’(Pn) =  ci'n+i and since 4’(4'n ( L ) )  =  4'n+1( L )  we see 

th a t t l ' o ( (D n) = D n+1 . But diam  D n —> 0 as n —> oo and therefore it follows



47

th a t (fi> o ( ) n(x) —> p, Var £  D  as n  —+ oo as we wanted. □  ;

C o ro l la ry  4 .8  For i = 1 , . . .  , n let Di be closed disks with disjoint interiors 

and Li C dD{ a closed arc. Let i/’ : 7r —> 7x be a homeomorphism of  the plane 

such that if{Li) C L{+i and t/’(A ) C A +i U(L,).> where we let the indices 

“wrap around’', i.e., we set n  -)- 1 to be 1 . Assume i fn\d1 : { D \ ,L \ )  —> 

satisfies the hypotheses of  Lemma j . l .  Then there exists an isotopy 

h : 7r x [0,1] —> 7r of  the identity such that supp h C A  and i f  ((•) — 

/i(-, 1 ), (^>o C)in (‘T) —> p as k oo /o r  every .t 6  A  where p E L\  is the 

fixed point of  ^ u \li ■

P R O O F : The proof is straightforw ard using Lem m a 4.7 and we om it the 

details. □

5 T he P roof o f th e  M ain T heorem

In what follows /  : tt —» 7r will be a uniformly continuous hom eom orphism  of 

the plane and {Di}f=1 a pruning collection for / .  As we pointed out before, 

we may and will assume th a t the  subscripts reflect the partial order >  in 

{ A jiL n  in the sense th a t, if i >  j  then Di Dj.  In particular, if i >  j  then 

A  -A Dj.

D e fin it io n  5.1 For each i £ L we define four numbers n(i) ,  N( i ) ,  m(i ) ,  

M (i )  £ Z U  { ± 0 0 } as folloius:
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(i) n(i)  is the smallest integer > 1 such that f n^ ( D i ) ,  / ( -A O I/^ fc ,)  for  some

j  £ L o r  n( i)  -  oo i f  / fc( A ) ,  f ( D j )  /!/*(<?,) for  every k >  1 and j  £ L;

(ii) N ( i ) — i-e-> the smallest integer greater than or equal to i f

n(i)  <  oo or N ( i )  = oo i f  n ( i ) =  oo;

(iii)  m(i )  is the largest integer <  0 such that f m^ ( D i ) ,  D j |/"*(0 (e,) f o r  some

j  € L or m( i )  = —oo i f  f k(D{) ,Dj  //*(£,) for  every k <  0 and j  £  L;

(iv ) M (i )  — [*“ 2^ j i f  m(i )  >  —00 or M ( i )  = —00 i f  m( i)  =  —00.

The following proposition is a  straightforw ard consequence of the  defini­

tions and we om it the proof.

P r o p o s i t io n  5.2 I fn ( i ) ,  N ( i ) ,  m(i )  and M ( i )  are finite the following holds 

for  each i £ L:

(i) n (i) =  2N (i) — 6 and m( i)  — 2M (i )  — S' where 8,8' = 0 or 1 ;

(ii) f N(')(Di), f ~ N{l)+s+l(Dj)\jNi.,){Ct) for  some j  £ L but for  - N ( i ) + 8 + 2  <

k < N( i )  -  1 , f N{t)( D i ) , f k{Dj) fjNi,){Ci) for  any j  £ L;

(iii)  fo r  1 < n <  N { i ), - n  +  1 <  k < n -  1 , / n( A ) ,  f k(Dj)  /f/"(C.) fo r  any  

j  G L;

( iv ) f M{'){ D i ) , f ~ M{l'l+s' ( D 1)\Jm(,){Ei) for  some j  £ L but for  M {i)  +  1 <  A' <  

_M (») +  6' +  1 . /*'<'>( A ) , / " '( A )  /T/mojk,, for  any j  £ A
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(v ) f o r  M ( i ) < m  < 0 and m  +  1 <  k < —m  +  1, f m(Di), f k{Dj)  /{/"■(£,-) 

for  any j  G L_. □

Recall th a t we defined c- and e-equivalence relations in a collection { A }  iLi 

of (c, e)-disks and in Proposition 3.15 proved th a t the equivalence classes have 

distinguished representatives. The following proposition is again an easy con­

sequence of the definitions.

P r o p o s i t io n  5 .3  For each i G L, n( i)  >  1 i f  and only i f  Di is the dis­

tinguished representative in its c-equivalence class in {D{}fLj. Likewise, 

m ( i ) <  0  i f  and only i f  Di is the distinguished representative in its e- 

equivalence class in {Di}f=l . □

We now sta rt the construction of the isotopy for the proof of the m ain 

theorem .

Recall th a t V f n )  C f n{L)  is a Jordan domain containing a,-(n) and 

f ~ 1(ai(n + 1)) as cross-cuts with the same endpoints. Using Corollary 3.21 

construct, for each i G L  and M (i )  < n < N ( i ) an isotopy /q-,n : ir x [0,1] —> n 

of the identity  such th a t supp C V,(n) and ki,n(ai(n),  1) =  / _1 (o ,(n - |-l)) . 

If n < M ( i )  or n > N( i )  we let kitn — identity. Set C,-,n(-) =  !)• For
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n  G Z define

kn( ^ x ^ — Cl,n O £2,71(^3,71(3-} L t  2 ) ) ,

t € r° ' i

1 1  
U ’ x

2 3
W  L\

C l.n ® C2 ,n O . . . O (^L—i ln{^‘L,n{'^i Lt  L  -j- l)) j t  G 

and let (n( -) =  A ( -, 1)- Now let r 0 =  &o and for n  >  1

k - n{x,2t),  t e

L -  1
: , 1

r n(z ,t )  =  <
* 5 .

and set /)„(•) =  r n(-, 1 ) for n > 0 ._ L
Recall th a t the locus P  =  [J D,- of a pruning collection { A }  was called

i= 1
L

a pruning front. We will denote the union of the interiors [ J  /; by P.
;=i

P r o p o s i t io n  5 .4  77ie isotopies rn just defined have the following properties:

n — 1

( i) supp rn C [ fn(P)  U /  n (P)] \  ( J  f k(P)  for  every n > 0 so that i f
—n+1

n m,  supp rn fl supp rm =  0 ;
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(ii) since f  is uniformly continuous, the diameters of  the connected compo­

nents o f  supp rn converge to 0  as n —* oo ;

(iii) f o r  each i £ L, i f  n < N( i ) ,  pn(ai(n)) — f  1(a ,(n  +  1)) and i f  —n >

M (i ) ,  pn( a i ( - n )) =  / _1 (a;(-rc +  1)).

PROOF: From the definition of kn it is clear th a t for n  £  Z ,

supp kn C (J{V ,(n); M (i )  < n <  N ( i ) }

so th a t for n >  0

supp rn C (J{V ;(«); 1 <  n <  N ( i ) }  U (J{V ;(—n); M{i)  < —n < 0}

and since V,(n) C /"(/,•) , it is clear th a t

supp r„ c  r ( P )  u r n ( P )  =  u  r ( i {) u ( j  m u ) .
t=l i=1

-1
There is nothing m ore to prove for n =  0  (recall th a t [ J f k{P) = 0, by our

i
convention) and we may assume th a t n > 1 (see figure 17.)

If 1 <  n  <  N{i) ,  it follows from Proposition 5.2 th a t

/" (A ), f k(Dj)

for any j  E L and —n +  1 <  k < n — 1. Since {7 ,(n)}f=1 is a (e„, c)-collection 

com patible with

{(.fk(Dj),  0j(k)) : j  £ L, - n  + 1 <  k < n -  1},
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by Proposition 3.20, we m ust have [ /c(7 ,(??.)) U 7 j(n)] fl f k{D j ) =  0 for every 

j  G L  and —n +  1 <  k < n — 1. B ut V,(n) C / c(7 ,(n )) by Proposition 3.22 

and taking the union over j  G L  and — n + 1 < k < n — l w e  see th a t

Vi(n) n  U  f k( P ) =  0
—n+1

from which it follows that

U {V i(n); 1 <  n <  N( i )}  n  U  f k(P)  =  0 .
—n+1

If M (i )  < m  <  0, it follows from Proposition 5.2 th a t

r m j km  ^

for any j  G L  and m +  1 <  k < —m + 1 . Again by Proposition 3.20 {y9,(m) } ^ . 1 

is a (£|m|, e)-collection com patible with

{ ( f k{Dj), (3j{k)); j  G L, m  +  1 <  k <  — m  + 1},

which implies th a t [ / e(/?,(m)) U j3i(m)] fl f k{Dj) = 0 for every j  G t  and 

m + 1  <  k <  —m + 1 , and thus th a t [Ie( f ~ 1(j3{(m)))Uf~l (l3i(m))]r\fk(Dj)  — 0 

for every j  G L  and m  <  k < —m.  Letting m  = —n  +  1 and noticing th a t 

V,-(—n) C I e( f ~ 1(/3i(—n +  1))), by Proposition 3.22, what we have ju st seen 

implies th a t for M (i )  <  — n < 0

V i(-n )  n  U  f k(P)  =  0
— n+1

from which it follows tha t

71 — 1

|J{V ,•(-« ) ;  M(i )  <  - 77. <  0 } n  U  f k(P)  = 0  .
— 771 +  1
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This finishes the  proof of (i).

L
In order to  prove (ii) notice th a t supp rn C [ J  {V,(n) U V,(—rc)} and from

)=i
Propositions 3.20 and 3.22, for n  >  1, V,(n) C / c(7 ,(n)) C K n( / n(C,)) and

V i( - n )  C r ( f - 1(0i( - n + 1))) =  f - 1(F(/3i( - n + 1))) C ( / - " +1 ( ^ ) ) ) -

From the (c, e) dynam ic assum ption, diam  /" (C ,)  —> 0 as n —*■ oo and

diam f m(Ei) —> 0 as m —> —oo. Since en —> 0, it is clear th a t  diam  V;(n) —* 0,

as n —> oo and from  the uniform  continuity of /  we can also conclude th a t

diam V,-(—n) —> 0 as n  —> oo. It is now easy to see th a t the  connected 
L

components of U {V ,(n ) U V,(—n)} have diam eters converging to  zero as 
1 =  1

n —► oo. This proves (ii).

Let us now look a t (iii). From the way we indexed the pruning collection, 

if ? > j , Di Dj  which implies / n(A ) -A f n{Dj)  f°r any ft. € Z. From 

Proposition 3.25 it follows th a t f ~ 1(cii(n + 1 )) fl Vj(?r) =  0. Similarly, if I > i 

the same proposition implies th a t a,-(n) Fl V/(n) =  0- Since each is an 

isotopy of the identity  with support contained in Vi(n), and Ct,n(') — h,n{■, 1 ) 5 

we have supp C V;(n) and, from  what we said above, we see th a t if j  < i, 

Cj,n( / - 1  (<*.•(»■ +  1 ))) =  / - 1(Qi(ft +  1 )) and th a t if I > i, ((^ (a^ ft))  =  o.(ft).
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Thus, for any M (i )  < n < N ( i )

C„(a,(n)) =  (i,n o . . .  o o . . .  o (L,n[oti{n))

=  Ci,n o . . .  o ( t> ( a t(n))

=  Ci.n O . . .  o ( , _ ! , n ( / - 1 (a , - (n +  1 ) ) )

=  / - 1 (o t-(n. +  1 )).

From the  definition of pruning collections, f ~ n(D{) f n{Dj) for any 

n > 1 and any i , j  G X and, by Proposition 3.25, it follows th a t / - 1 (a ;(n  +  l))  

n V j( -n )  =  0 and V;(n) fl Qj(—n ) =  0. Thus we can conclude th a t for any 

i G X , / - 1 (a ,(n  +  1)) fl supp (_ n =  0 and th a t a , ( —n)fl supp £n =  0, for 

n > 1 . Therefore if 1 <  n < N ( i ),

PnK (rc)) =  C-n ° Cn{ai{n))

=  C - n ( / _ 1 ( a ; ( n  +  1 ))

=  f ~ l {a i{n +  1))

and if M [i)  < —n <  — 1,

pn{oti{-n)) = o (n(a,-(-?r))

=  C - n ( t t i ( - n ) )

=  r \ a i(-n + 1)).

This completes the proof since, for n =  0 , po = Co and this case had 

alreadv been taken care of. □
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Figure 17: The first few V (n)’s for a pruning collection with only one (c, e)- 

disk D.

n
C o ro lla ry  5 .5  The sequence Rn  =  ( J  r n is a Cauchy sequence in the uni-

t= 0

form topology and converges to an isotopy R  : w x [0,1] —» k . I f  we set p (-) =  

f o r  each i €  L  and M ( i )  <  n < N( i ) ,  p(a{(n)) =  / - 1 (a ,(n  +  1 )). 

Moreover supp R  C U {K (^); i G L., M ( i )  <  n < N ( i ) } .

P R O O F : Given e >  0, by Proposition 5.4, there exits K  large enough so th a t 

all the connected com ponents of supp rm have diam eter smaller th an  e if
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m  >  K .  Let n > m > K .  We then  have

^ ( ^ m i  ^ n )  — S l i p  di^Rrn  ? I ) i Rn(.*^ i I ) )
(x,()

n

=  sup d (R m{x, i) ,  [Rm U ( J  r t'](x ,i))
( * .0  m + 1

n

=  sup d(x,  1J r i (x , t ) )
(x. t )  m +1

<  £

where the last inequality is a consequence of Proposition 4.2. This shows 

th a t R n is a Cauchy sequence. The rem aining sta tem ents are readily proven 

and we leave them  to the reader. □

P r o p o s i t io n  5 .6  Let R  and p be as in Corollary 5.5. Then fo r  each i £  L  

we have:

(i) p(D c(ai(n))) = D c( f ~ 1(ai(n  +  1))) for 1 <  n <  N ( i )  and

(ii) p(D e(a.i(m))) = D e( f ~ 1(a i{m + 1))) for M (i )  < m  <  0.

P R O O F : Notice th a t supp R  C  U{Vt(R); i G L ., M (i )  < n < N ( i ) } .  By 

Corollary 3.27, for n > l , f n(Ci) fl supp R  =  0 and by Corollary 5.5, if 

1 <  ?? <  N{i) ,  p(ai(n))  = / “ '( o ^ n  + 1 )). Therefore

p ( r ( C i ) U Qi(n)) = p ( r ( C i ) ) U p ( a i ( n ) )

= m u r ' W n  +  i))

But

f n(Ci) U a i(n) = d D c(ai(n))
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r ( C i )  u  / - 1 (o!i(n +  1)) =  d D c( f ~ 1(ai(n  +  1 )))

This completes the proof of (i). (ii) is proven analogously. □

n
D e f in it io n  5.7 For each n > 0, let ipn = f  o pn, =  | J  tpi and ^  =  /  o p, 

i.e., V>„(-) =  /  o rn(-, 1), $„(•) =  /  o R n(-, 1 ) and $ (•) =  /  o R(-, 1 ).

Recall th a t if £ : X  —> X  is a homeomorophism we defined

supp £ =  C{a: G A'; £(:r) =  a:}.

L e m m a  5 .8  Let £ , t) : X  X  be homeomorphisms so that supp (  C A and 

supp rj C B .  Then A U 5  =  A U ( o  v{P)-

P R O O F : First notice th a t if supp (  C A then £(A) =  A  since £(CA) = CA  

and £ is a hom eom orphism. Therefore, since supp ( o i j C A U f i w e  have

A U B  =  £ o t/(A U B )  =  £(A) U (B )  =  A U £ (5 )  =  A U £ o  V{B)  □

P r o p o s i t io n  5 .9  For n >  0,

( i) r ( p )  u  r n(P)  = Pn( fn(p ) )  u  f - n( P ) ;

( i i )  n p )  u  f - ( P )  =  r ( P )  u  P? ( f - n ( P ) ) -

PROOF: For n  =  0, supp po C P  and the result follows. For n > 1, pn = 

£_„ o £n and supp £_„ C f ~ n(P)  and supp £n C f n(P).  The results now 

follow as easy applications of Lem m a 5.8 (see figure 18.) □

The following corollary is im m ediate from the definition of 4’n-
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Figure 18: The homeomorphism pn.

Corollary 5.10 For n > 1,

(i) r + H P )  u f - n+1( P )  =  M f n ( P )) U f ~ n+1( P ) ;

(ii) f n ( P ) u  f - n ( P )  =  f n ( P ) u  ^ ( f ~ n+1( P) ) -  □

We now sta te  and prove an im portan t technical proposition to be used 

later. We will use the following

Definition 5.11 Let  P(0) =  P  and define inductively F(n) =  ,̂n_1(P(n — 1)) 

and P ( —n ) =  ^r“ 1 ( P (—n  +  1)), fo r  every n > 1.

Proposition  5.12 With the notation above P(  1 ) =  f { P )  and

(i) f o r n >  1, U  / fc( P ) =  U  P(k);
— n + 1  —n +3

(ii) f o r n >  2 , [ J  f k( P ) =  U  P(k).
- n + 2  - n + 2
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P R O O F : We will use induction on n. For n — 1, (i) sta tes th a t P  = -P(O), 

which is ju st the definition, whereas P ( l )  =  'Po(P) =  V’o(P)  = f  Po{P) and, 

since supp po C P, Po(P) =  P , which shows th a t P ( l )  =  f ( P )  (see figure 

19.)
2 2

We now show th a t ( J  f k(P)  =  (JP (& ), bu t before we s ta rt, let us point 
o o

out th a t, from the definitions of V’n and ' P n , the following is clear, for each 

n > 0 :

n

a ) — f  in the complement of supp R n C ( J  / fc(P );
— 71

n —1

b )  i>n = f  in the complement of supp pn C [ /" (P )  U / _n(P)] \  ( J  f k{P)\

c) Vn =
within l j  f k (P)

- n + 1

Ipn w ithout ( J  f k( P )
- n + 1

d) =

n  —1

K h  within | J  f k(P)  = ( J  f k(P)
— 71+2 \  —71 + 1 J

Without ( J  f k(P)  = ( "Q1 f k(P)
-71+2 “71+1

Having said this, let us go back to the proof of ( J  f k( P ) = ( J  P(&). Notice
o o

th a t from c) above we have

P(2) =  $ 1 ( P ( 1 )) =
' k o ( - P ( l ) )  within P

i/’i (P ( l ) )  w ithout P
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and, since we have seen th a t P (0 ) =  P  and P(  1 ) =  f ( P ) ,

tf,(P(i)) = ^ ( P ( i ) n P ( 0 ) ) u ^ ( P ( i ) \ P ( 0 ) )  

= ^ 1( P ( i ) ) n ^ o(P(0))]u[^1( / (P ) \P ) ]  

= [P(2) n P(i)] u [V’i(/(P) \  P)] 

= [P (2 )n / (P ) ]u [^ ( / (P ) ) \ / (P ) ]

where the last equality is a consequence of b) above. Thus

U  P( k)  =  ^,1 (P (1)) U [J  P{k)  
o o

= ^ ( P ( i ) ) u U / fc(P)
o

=  Mnp))v\jfk(p)
0

-  U f k ( P )
0

where the last equality is a consequence of Corollary 5.10 (i), with n  =  1.

i l
We now show th a t [J  f k(P)  =  (JP(fc ) .  From d) above we have

- l  - l

^ o 1 (P (0)) w i th in / ( P )  =  P (1) 

^ ( P f O ) )  without / ( P )  -  P ( l )
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so th a t

* r W o ) )  = ^ r 1( m n p ( i ) ) u ^ - i™ \ Jp(i)) 

= [ ^ ( ^ ( 0 ) )  n % \ P ( l))] u 9 ? ( p  \  f ( P ) )  

=  [ P ( - i ) n P ( 0 ) ] u [ ^ ( P \ / ( P ) ) ]  

= [ P ( - i ) n P ] u [ ^ ( ? ) \ P ]

where the last equality is a consequence of b). From this we see th a t

U p ( k )  = u p ^ u ^ t o )
- 1  0

=  \jfk{p)u '̂(m)
0

=  \ j f k( P ) u ^ ( P )
0

= U / ‘(J=)
- l

where the last equality is again a consequence of Corollary 5.10 (ii), with 

n — 1 . This completes the proof of (i) and (ii) for n = 2. Suppose we have 

proven th a t (i) and (ii) hold for 2 <  n < N.  From this assum ption the 

assertions below follow:

n n

1) U f k(P)  = U (̂̂ )> f°r 2 < n < N,  by ju st taking the  union of (i)
— n +  1 —n +  1

and (ii).



n —1

2 ) / " ( P )  =  P[n)  and f ~ n+1{P) = P ( —n + 1 ) in the  com plem ent of [ J  f k{P)
- n + 2

n —1

[ J  P(k) ,  for 0 <  n < N .  This can be seen as follows: by (i),
- n + 2

u  f k (p ) = U p M and by x)> U f h ( P )  = U p W -  Then
—n + 2  —n + 2  —n + 2  —n + 2

r ( p )  u  u  f k( p ) = p m  u ”u  p ( k ) .
- n + 2  - n + 2

n —1

It then follows th a t f n(P)  = P ( n ) in the com plem ent of ( J  f k(P)  —
- n + 2

n — 1

[ J  P(k) .  The other part is proven similarly.
- n + 2

3) '5n(P(jf)) =  P ( j  + 1) for any —n <  j  < n,  0 <  n < N .  For notice
IiI lil

th a t =  « (j| in U f k ( P )  = U p ( k ) P ( j ) -  Thus ®n(^(i)) =  
-bl -lil

^ l i |(P ( ; ) )  =  P ( j  + 1) from the definition of P{j ) .  This reasoning is 

valid for — n < j  < n,  0 <  n < N.  For n — N  what rem ains to be

shown is th a t V n {P( N) )  = P { N  +  1 ) and 9 n { P ( - N )) =  P ( N  +  1 )

or equivalently P ( —N )  =  '£jr1(P( —N  +  1 )). B ut these are ju st the 

definitions again.

We now proceed to  prove (i) and (ii) for N  + 1. We s ta r t with (ii) 
7v+i yv+i
U p ( W =  U A n

- N + 1  - N + 1
From c) in the  beginning of the proof
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P ( N  + 1) = 'Zn ( P ( N) )  =

N - l
'i!N- 1( P( N) )  w ithin ( J  f k (P)

- N + 1
N - l

= u  m
- N + 1

4’n ( P( N) )  w ithout [ J  f k{P)
- N + 1

N - l

= u  p(k)
- N + 1

Thus,

<!!n (P(N)) = y N ( p ( N ) n N\ J  P ( k ) ) u v N [ P ( N ) \ N\ J  P(k )  
V - N + 1  /  V - N + 1  )

(  N - l  \

^ ( P ( 7 V ) ) n ^ _ 1 U  p (k) 
V-N+l j

*N ( f N ( P ) \  T j f k ( p ))
\  - N + 1  /

u

N

P ( N  + 1) n (J P(k)
- N + 2

N

P { N  + 1) n U f k (P)
- N + 2

U
N

M f N (p ) ) \  U f k (p )
- N + 2

where we used 2) in the second equality, 3) in the th ird  and b) from the 

beginning in the forth, not to m ention the induction hypothesis here and
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there. From this it follows th a t

N + 1  N

U  P( k )  = * n ( P{N) )  U U  P{k)
- N + 1  - N + 1

=  9 n ( P{N) )  U ( J  f k(P)
- N + 1

= M f N (P))  u U / fc(p)
- N + 1

N + 1

= U f k(P)
- N + 1

where the last equality comes from Corollary 5.10 (i) w ith n = N.  
N  N

We now prove (i) [ J  P{k)  = ( J  f k{P).  From d) we have 
- N  - N

P ( - N )  = V n1( P ( - N  + 1)) =

^ n - i ( P ( ~ N  +  1 )) w ithin

U  f ( P ) =  u  W )
- N + 2  - N + 2

r ^ i P i - N  +  1 )) w ithout

U f { P ) =  U p w
- N + 2  - N + 2



65

Thus
N

n \ p ( - N + i ) )  = n 1 [ p ( - N  + i ) n  u  m  u
\  - N + 2

N<p-i I P ( —N  + 1) \ U m
\  N+ 2 /

N

U+ U p (k)
\ - N + 2 ,

n 1 ( r N + 1 ( P ) \  U f k ( P ) )
\  - N + 2 /

N - l

P ( - N ) f )  U  P ( k )  U
—N + l

i ’N 1 [ r N + 1 ( p ) \  U f k( P) \
\  - N + 2  )

P ( ~ N ) n  I j 1 f k{P)  U
- N + l

r N+l(P))  \  I j  f h(P)
- N + l

where we have used 2) in the second equality, 3) in the th ird , b) in the  fourth 

and the induction hypothesis.

Therefore

U  P ( k )  =  U  P ( k ) V * N \ P ( - N  +  l ) )
- N  - N + l

=  U  f k{P)  U tyJjl ( P ( —N  +  1))
- N + l

=  U  f h ( P ) U ^ ( P ( - N  +  l ) )
- N + l

= U f k(P)
- N
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P(-0

Figure 19: P{k) ,  k = —1 ,0 ,1 ,2 , for a  pruning collection containing only one 

(c, e)-disk D.

where the  last equality comes from Corollary 5.10 (ii) w ith n = N .  This 

com pletes the proof. □

C o ro l la ry  5 .13  For n  >  1

( i) u  f ( P )  =  u  P M ;
n+l —n+l

( ii)  f n{P)  =  P{n)  and f ~ n+1(P)  =  P ( —n  +  1) in the complement o f

U  / ‘ (p ) =  U  P M -
—n+2 —n+2

P R O O F :  T h e  p r o o f  i s  t h e  s a m e  a s  t h a t  g i v e n  f o r  1 )  a n d  2 )  in  t h e  p r o o f  o f  

P r o p o s i t i o n  5 . 1 2 .  □
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C o ro lla ry  5 .14  I f  ^  is as we defined above, P ( k ) =  \P(P(fc — 1)) fo r  every 

k G Z , that is {P(k);  k G Z} is an orbit under 'P.

n

P R O O F : Just notice th a t ^  in [ J  f k{P)  and argue like in the  proof of
— n

3) in Proposition 5.12. □

We are now going to  define new closed disks A,-, i G L  whose union is 

still the closed pruning front P.  We will see th a t the  cross-cut a ,(0 ) C A  is 

also a  cross-cut in A,- and divides it into two disks A? and A- (see figure 20.) 

These will have some disjo int/nested  properties we will m ake precise later 

and will be useful in the proof of the theorem .

D e f in it io n  5 .15 Let A l  =  A/,(0) =  D l  and, fo r  1 <  i < L, set A; =  

A ( 0 ) =  Cl,0 0  • • ■ 0 Cf+1, 0(Di).  Then define inductively fo r  n > 1, A,-(n) =  

\P(A,-(n — 1)) and A,-(—n) =  'P- 1 (A1-(—n +  1)).

L L l  _

P r o p o s i t io n  5 .16  For I G L, ( J  A,- =  U  A -  In particular ( J  A,- =  P .
i=l i=l i=1

L
P R O O F : By definition A l  = D l-  Assume we have shown th a t [ J  A,- =

;= (+ i
L

( J  A .  Then
! = /+l

L L

U  A i  =  U  A i V A l
i=l  i= /+ 1

= U  A u c L-,10 o.. .oCr+11,o(A)
i=l+1

=  U f t
i=l
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Figure 20: The DCs and the  A,-’s

L

where the  last equality holds because supp Cl > - - . » c r +\ , o c  u  D >■ □
i=/+i

_  L

C o ro l la ry  5 .17  For every n  G Z , P(n)
1 = 1

P r o p o s i t io n  5 .18  For n > 1 and i € L,

(i) C n (u /nPi) )  = U / n(A);
V<« /  i<<

(ii)  C—n ( u n ^ )  = U r n ( ^ ) '
\j>i J j>i

P R O O F : If k > i >  j  then Dk -ft Dj  and w e have seen th a t for n  >  1, 

/ c(7 fc(n)) is either contained in f n{I j ) or it is disjoint from f n(Dj).  If 

I c { l k{n)) is contained in f n{Jj ) it is because f n(Dk),  f n { D j ) \ f n ( Ck ) and 

therefore f ( D k ) ,  f { D j ) \ j [ C k )- By Proposition 5.3, N( i )  — 1 and it follows



th a t  =  identity. If / c(7 t(n ))  is disjoint from f n ( D j )  so is Vjt(n), since 

Vk{n) C / c(7 jr(n)). E ither way we see th a t (supp (k,n) H f n ( D j )  =  0. Thus

C n ^ U / ” ( A ) j  =  C l,n  0  . . . o  Cl .«

=  C l , n ° . . . 0  c , „ ^ y / n ( A ) j

=  U / n ( ^ ' )
j<*

where the  last equality holds because supp ( 1<n o . . .  o ( i<n C [ J  f n ( D i ) .  This
j < i

proves (i). (ii) is proven analogously. □

The next proposition and corollary are analogous to  Proposition 5.9 and 

Corollary 5.10. The proofs use Proposition 5.18 but are otherwise completely 

sim ilar. We om it them .

P r o p o s i t io n  5 .19  For n > 1 and i € L,

( i )  Pn ( u  r m ) u  r n ( P )  =  u  f n ( D j )  u  f ~ n ( p ) ;
\ j < i  /  j < i

(») /"(P)up-1 fu.rn(A)] =/"(^)uUrPi). □
\ j > ’ /  j> i

C o ro l la ry  5 .20  For n >  1 and i € L,
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We can now sta te  and prove a proposition which sharpens Proposition 5.12 

som ewhat. A lthough the proof goes along the same lines as th a t of Proposi­

tion 5.12 we present it for completeness.

P r o p o s i t io n  5.21 For n > 1 and i € L we have

(i)  U  f n ( D j ) U U  f k(P) =  { j A J(n)U  U  P(k) ;
j < i  — n + 2  j < i  —n + 2

(ii) u r +1(^ )u  u  f k(P)  = { j M - n  + i ) u  u  p( k ) .
j > i  - n + 2  j > i  - n + 2

PROOF: The proof is by induction on n. Notice th a t for n =  1, (ii) above 

is ju st Corollary 5.17. In order to  prove (i) with n = 1, observe th a t, since

A i  = + ( 0 )  C P ,  A i {  1) =  $ ( + ( 0 )) =  i po ( A i ( 0 ) )  = f  O po(At(0)). Thus

A ,(l)  =  /  O p0 (Ci:,o 0  • • • 0  C+i,o( A ) )

=  /  0  ( C i , 0  0  • • • 0  ( l ,o )  O ( C l ,o O . . .  o  C ^ . \ to ( A ) )

=  /  0  ( C i ,0 o  • • ■ o  C . - , o ) ( A )

Reasoning as in the proof of Corollary 5.17, it is easy to prove th a t

( J  A j(l)  =  U  , f { D j )  which is (i) for n — 1 .
] < i  j < i

Assume we have shown th a t

U  > l i ( n )  U U  P ( k )  =  U  f n { D j )  U U  f k ( P ) .
j < i  —n + 2  j < i  —n + 2

n —1 n —1 n n

Then, since we know th a t ( J  P(k)  =  (J  ,fk{P)  and ( J  P{k)  = ( J
- n + l  - n + l  - n + l  - n + l

f k {P)  by Proposition 5.12, just like in the proof of th a t proposition we can
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see th a t

U A M )  \ U m  = U l ' ( D i )  \ "u / ‘-(F).
j<i - n + l  j<i - n + l

Using all this inform ation we have

U A?(n + 1) u u  m  =
j < i  - n + l

u U  -P(fc)
—n + l

U U F(l-)
- n + l

U u  f k(P)
- n + l

U u  f k(P)
- n + l

| J + ( n  + l ) \  U  P W
j<« -n + 2

/  n—1 ^

* U a m ) \ U m
\ j < i  - n + l  y

/  n—1 ^

* U /" (^ ) \  U / fc(p)
. \j<< - n + l  )

U / ‘(F))
\ j < :  - n + l  /

^ ( U / ”W ) ) \  u  / ‘ (F )
\ j < i  J  -n + 2

= ^ n ( U / n(^)]U U f k(P)
\ j < i  )  - n + l

= U / n+1( A ) u  u f k(P)
j < i  - n + l

where the last equality holds by Corollary 5.20, (i). S tatem ent (ii) is proven 

analogously and we leave it to  the interested reader. □

Corollary 5.22 For n > 1 and i £ L we have:

u U f k(p )
- n + l

(i) A{(n) = f n(Di) in the complement of

n —1 n —1

U / n( A ' ) U  U  f k(P)  =  U ^ i ( " ) U  u  P(k);
j < i  - n + 2  j < j  - n  +  2
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(ii) A i(—n  +  1) =  /  n+1(Di) in the complement o f

U r * ' ( D j )  u u  t \ p )  = u  + i )u U m -  □
j>i -n+2 j>i -n+2

P r o p o s i t io n  5 .23  For each i £  X, a ,(0 ) is a cross-cut in Ai and divides A{ 

into two closed disks A c{ and A \ bounded by pQl (Ci) U a ,(0 ) and a ,(0 ) U E{, 

respectively.

PROOF: In the proof of Proposition 5.4 (iii), we have shown th a t for each 

i € X, /?0 (or,-(0)) =  Co(a,(0)) =  ( i i0 o . . .  o Thus we see th a t

«.'(0) =  >£»o1 (Ci,o o o C*-1o(Q£,-(0 » )

=  Cl,o 0  • • • 0 Ci“o 0 Ci,o o • • • o Cf,o(a f(0 ))

=  Cl“ ,0 0  • • • 0  C ,+ i ( ^ - ( 0 } )

so th a t a ,( 0 ) is left fixed by ( f l  o ■ ■ ■ o Ci+i.o- Since a , ( 0 ) is a cross-cut in X>, 

and A{ = ( f l  o . . .  o Ci+\,o(^)> Qi(0) is also a cross-cut in A{.

We now show th a t Ai is bounded by p f l {Ci) U E{ which will com plete 

the proof of the proposition. Notice th a t if j  < i, C{ fl Ij = 0 so th a t

Po' iCi)  — Cl,o 0 • • • o Ci+i,o(C«)- On fhe other hand, for j  > i, Ij fl E{ = 0 so

th a t (l,o 0  • • • 0  (i+i,o(Ei) =  E i- This shows th a t Cl.o 0  • • • 0  Ci+i,o(0'i U E t) = 

Po1{Ci) U E{, as we wanted. □

P r o p o s i t io n  5 .24  For each i £  X, (i) and (ii) hold:

(i) fo r  n > 1, A{(n) is bounded by the Jordan curve

/"(£,■) u  *"(£,-);
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Figure 21: A?(0) and Af(0) for i =  1,2.

(ii) fo r  m  <  0, A ,(m ) is bounded by the Jordan curve

^ ( P o ^ C i ) )  u  /"*(£?,•) =  u  r  & ) .

P R O O F :  In the proof of Proposition 5.23 we saw th a t A,(0) is bounded by 

P o \C i)  U Ei = ipol ( f ( C t)) U Ei = V - ' i f i C i ) )  U Ei.  Therefore A ,(l)  =  

^(A ^O )) is bounded by \P ($~ 1 (f(C i))  U E ,) = f (Ci )  U ' i (E i) ,  which proves

(i) and (ii) for n  =  1 and m  =  0 respectively. The general result is now proved 

by induction using Corollary 3.27 to  guarantee th a t ^ " ( / (C ,) )  =  f n+1{Ci) 

for n  >  0 and th a t \Pm(j5,) =  f m (Ei)  for m  < 0. □

D e f in it io n  5 .25  Let  A^(0) =  A- and A*(0) =  A- as in Proposition 5.23 and 

define inductively fo r  n > 1, A f e\ n )  =  ^ ( A f e'(n  — 1)) and A f e\ —n) — 

'P_ 1 (A;*e^(—n +  1 )) (see figure 21.)

P r o p o s i t io n  5 .26  With the notation just introduced we have:
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(i) A^(n) = D c(ai(n))  for  1 <  n < N( i ) ;

(ii) A -(m ) =  D e(ai (m))  f or  M( i )  < m  < 0.

P R O O F : T hat A e{ = Z?e(a,(0)) is a direct consequence of Proposition 5.23, 

since A\  is bounded by a,(0) U Ei  which is the same curve th a t bounds 

E e(cni(0)). On  the other hand, A;(0) is bounded by Po1 (Ci) *-J a ,(0 ) and it 

follows th a t A^(l) =  ^ (y l-(0 )) is bounded by

tfW fC ,- )  U a f(0)) =  M P o \ C i )  U Qf(0)) =  f ( C i )  U q,-(1).

This shows th a t A -(l) =  T>c(a ,( l) ) .

Assume we have shown th a t A^{n) = D c(ai(n))  for n < N( i ) .  Then, 

using Propositon 5.6 (i), we see th a t

A?(n +  1 ) =  *(A ?(n))

=  f p ( D ' ( a i (n)))

=  f m r ' M n  + m )

= D c(ai(n  +  1))

This proves (i). (ii) is proven similarly. □

Let n ( i ) , N ( i ) , m ( i )  and M( i )  be as we defined them  in the beginning of 

this section. By Proposition 5.2 if n( i ) , m( i )  are finite then n(i)  =  2N( i )  — 

8,m( i )  = 2M[i )  — 81, where 6,8' = 0 or 1. Moreover,
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and

r M{i)+sl( m f ^HE, )

for some j ,  I €  L.  Recall also th a t if D i,Z?2 | l  and D i \ L  C I 2 we w rite 

Di  C Z?2 |l-  We can now sta te

Proposition  5.27 With the above notation for each i £  L, (i) and (ii) hold:

(i) I f  n(i)  < 00 and j  € L is largest such that

f W ( Di ) j - w ) + * + ' ( D j ) \jmi)lCi)

then

A ' ( N ( i ) ) c A j ( - N ( i )  + 6 +  1)1^,

(ii) i f  m( i )  >  —00 and j  £ L is smallest such that

f M(i]{Di),  / - M(i)+«'{Dj)\jmi ,){Et)

then

P R O O F :  By Proposition 5.26 we know th a t A^(N(i ) )  — D c(a;(TV( i ) )) . We 

have to show th a t f N^{C{)  C d A j ( —N( i )  +  S + 1) and tha t

A U N { i ) ) \ f NW(Ci) = D ' ( a i( N ( i ) ) ) \ f NW(C t)

=  r ( a t( N( i ) ) ) Ua i ( N ( i ) )

C I i A j l - N W  + S + l))
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where the  last set is the interior of A j (  —N(i )  +  (5 + 1 ) and the second equality 

is ju st the definition and only the  last inclusion needs proof (see figure 2 2 .) 

Let us first show that

f NM{Ci) C d A j ( - N ( i )  + 8 + 1 ).

By assum ption 

which implies th a t

f N[i){Ci) C f ~ Nli)+s+1(Cj).

If n(i)  = 1 , then N( i )  =  1 and 6 = 1, so th a t by Proposition 5.24 and the 

above we have /(C ,)  C f {Cj )  C dAj (  1). If n( i ) >  1, applying 

to  the inclusion f N^' \Cj )  C f ~ N^ +s+1(Cj)  we get / n(l*_1 (C,) C Cj.  From 

Corollary 3.27 we know th a t / n(C,)fl supp R  —  0 for n > 1. In particu lar, 

/ " ( ’) - ! (C ,)n  supp po =  0, and it follows th a t / n^ - 1 (CV) C Pol {Cj) C cL4j(0), 

this last inculsion coming from Proposition 5.24. Also, if k < n(i)  then 

y - k( f n{i}(Ci)) = f ~ k( f n{i)(Ci)) =  f n{i)~k(Ci ), so tha t

y-N(i)+6+l(fn(i)-l(Ci^  =

C ^ - N^ +s+1( p ^ ( Ci ) )

C d A j ( - N { i )  + 6 + l )

as we wanted.
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In order to  see th a t I c(ai (N( i ) ) )  U a{(N( i ) )  C I ( A j ( —N{i )  +  5 + 1 ) )  first 

notice th a t, since {a((A^(i) ) } ^ . 1 is a (£iv(i), c)-collection com patible with

and th a t

then

7c(a,(7V(0)) U <*i(N(i)) C f - ” <!)+*+'(/■). 

We will now show th a t

[7>.-(;V (*)))U ai(JV (*))]ri
N ( i ) - 6 —l

\ j r N{i)+s+l(D, )u u f k(p)
J > j  - N { i ) + , 5+2

This is so because by assum ption f N^ ( D i ) ,  f ~ N^ +s+1(Di) /f/jv(i)(c.) f°r  ̂ >  J 

and from Proposition 5.2 (ii), f N^ ( D i ) ,  f k (Dj)  f°r anY 3 & L  and

—N( i )  +  5 +  2 <  k < N( i )  — 1. This together with the aforementioned 

com patiblity of {or,(7V(z) ) } ^ _ 1 are exactly what we need in order to  verify the 

equation above. By Corollary 5.22 (ii),

in the com plem ent of

u /
N ( i ) - 6 - \

- N ( i ) + s + u  ( J  y*(_p) 

- N ( i ) + S + 2

which shows th a t
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rNM. .
f (M \ > r |

A?(-|J8^

A,(«n)

Aj(-K«Hi+0

Figure 22: A possible configuration for f N^ ( D i ) ,  f  N^ +s+l(Dj)  and

Ai (N( i ) ) ,  A j { - N ( i )  +  <5 +  1 ) and A?(JV(z')).

We leave it for the  reader to  show th a t it is possible to  put I ( A j (  —AT(z)+6 -f-l)) 

in place of A j ( —N( i )  +  6 +  1) in the inclusion above. □

P r o p o s i t io n  5 .28  Under the hypotheses o f  Proposition 5.27 (i) and (ii) re­

spectively, (i1) and (ii') below hold:

( i')  A ‘(N( i ) )  c  A ^ ( - N ( i )  + 6 +  l ) | /W(.)(c.)/

(ii ')  A ei (M( i ) )  C M - M ( i )  +  6 % mi)(Ei).

P R O O F :  By Proposition 5.27, A ;(A (z)) C A j ( —N( i )  + 6 + l ) \ j N( , ) ( Ci )- T here­

fore all we need to  prove is th a t

[Ic(Qi(N( i ) ) )  U a ,(A r(z'))] n  A ' j ( - N( i )  + 6 + 1) =  0.
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There are two cases to  be considered: M ( j )  < —N( i )  +  5 +  1 and M ( j )  > 

—N( i )  +  5 +  1. If M ( j )  < —N ( i ) +  5 +  1, by Proposition 5.26,

A j ( —N( i )  +  5 +  1) =  D e(a3( - N ( i )  +  5 + 1 ) )

and, since {q;(A f ( ? ) ) } ^ _ 1 is a (ejv(j), c)-collection com patible with

€ L,  —N( i )  +  1 < k <  N( i )  -  1},

then

[Ic(cti(N(i)))  U a,-' ’))] C I c( a j ( —N( i )  +  5 + 1 ) )

so th a t

[Ic(ai (N( i ) ) )  U a f(W(*))] n  D e( - N ( i )  +  5 +  1) =  0,

as we wanted.

If Mj  > — N( i )  +  5 +  1 , there exists I € L  such th a t

) | )

where m ( j )  =  2M ( j )  +  5', and, assuming I is the smallest such, by Proposi­

tion 5.28 (ii), we can conclude th a t A j ( M ( j )) C Ai (—M ( j )  +  5'). Therefore

A ej ( —N( i )  +  5 +  1) =  $ - MW -w<!'>+*+1(4 j(M (j) ) )

C 9 - MU)- Nli)+s+1( A i ( - M ( j )  +  5'))

=  A i { - m ( j )  -  N{i )  +  5 +  1).

80
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From M { j )  > —N{i )  +  6 +  2 we have

- m ( j ) - 7 V ( 0  +  <$ +  l =  - 2 M ( j )  + 2 6 ' - N ( i )  + 6 + l

< 2 N ( i ) - 2 6 - A  + 2 8 '-  N{ i )  + 8 + l  

= N ( i ) - 6 - 3 - 2 6 '

< N { i ) - S -  1

If m ( j )  >  0, then  —m ( j )  — N( i )  + 6 + 1 >  — N( i )  +  6 +  2, so th a t

N ( i ) —6—l

A , ( - m ( j ) - N ( i )  + 6 + l ) c  |J P( k)-
- N ( i ) + S + 2

If m ( j )  = 0, then D j, A Ie j ,  which implies th a t Di >- Dj  and therefore th a t 

I > j .  W ith  this we have shown th a t

N { i ) - 6 - 1

A,(-m(i)-7V(t) + 5 + l )  C  U^(-^(*) + «+l)U IJ P( k)
l>3 - N ( i ) + S + 2

N ( i ) - S —1

= U / ' " |il+s+1( A ) u  U f k(P)
l > j  - N ( i ) + 6 + 2

where this last equaltiy is a conseqence of Proposition 5.21 (ii). B ut, from 

the proof of Proposition 5.27, we have seen th a t I c( a i ( N( i ) ) ) Ua i ( N( i ) )  does 

not intersect the set after the equal sign ju st above. This finishes the proof. 

□

C o ro lla ry  5 .29  With the same notation as above, fo r  every i 6  L the fol­

lowing holds:
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(i) i f  n(i)  <  oo, then fo r  every j  €  L such that

f ^ ) {Di) , r N^ ^ ( D 3)\fNl.){Ci)

we have

A ' ( N ( i ) ) c A ' ( - N ( i )  + 6 + l ) \ fNi,Hc<)]

(ii)  i f  m( i )  > —oo, then fo r  every j  G L such that

f m i ) ( D i )  f - M i i ) + s '{ D j ) | /M(1,(Ei)

we have

A 1 { M { i ) ) c A ] { - M ( i )  + 8 % m ,) m .

P R O O F :  We have shown th a t if j  £ L  is largest such th a t

r ^ H D i h f r n i j w H c t )

(which is equivalent to the  condition in (i) above) then the desired inclusion 

holds. Let I £ L be such th a t f n^ ( D i ) ,  f ( D i ) |/»(0 (Ci)i  ̂ /  j  (and thus 

I < j . )  By Proposition 2.9, f { Dj ) ,  / ( A ) |/n ( 0 (c,) and since I < j , we m ust 

have f ( D i )  -< f { Dj ) .  Since {a ;(l)} f=1 is a (e,c)-collection, it follows th a t 

[Ic(ctj(1)) U O j(l)] C I c(a,{l))  and by Proposition 5.26 this is equivalent to 

A Cj[ \ )  C j4f(l)|/(C j) (see figure 23.) Taking the ^ “-^i'^^-im age of this la tte r 

inclusion, we get

A j (  — N{i )  +  7 +  1) C A ‘(—N( i )  +  7 +  1 ) |<p-^(.)+<5(/(oJ))•
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Ac. (-'W+wf)

Figure 23: An example of A i ( N ( i )), A j ( —N( i )  + 6 + l )  and Ai ( —N( i )  + S + 1).

Notice th a t  ^ ~ N^ +s( f (Cj ) )  = '^~n ^')+s+1(pq1 (Cj))  and th a t in the  proof 

of Proposition 5.28 we showed th a t f N^ ( C i )  C tP—Ar(*)+,5+ 1 (C>))• There­

fore

A ei { N ( i ) ) c A ' j ( - N { i )  + 6 + l)|/W(0(Ci)
and

A cj ( - N ( i )  +  6 + 1) C  A^(—N( i )  + <5 +  1)U-w(0+«+i(p- 1(Ci)) 

im ply th a t

C  —- ^ ( 0  +  ^  +  l ) l / JvtO(C’i)

as we wanted. □

P r o p o s i t io n  5 .30  $  has the following properties:

( i )  i f  n(i)  = oo, then has interior disjoint from  P  fo r  every n >  0 /

(ii)  i f  n(i)  <  ..oo, then for  every j  G L such that f n^ [ D i ) ,  /(-Dj)|/n(,)(c,)

' H ’H /in  C ^ ( l ) | /n(1)(Ci) and f ^ ) ( C i )  C f ( C j )
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(iii)  i f  m{i )  =  —oo, then has interior disjoint from P  fo r  every

m < 0;

( iv )  i f  m( i )  > —oo, then fo r  every j  £ L such that f m^ ( D i ) ,

C A ) |/m(l)(£;t) and f m{,){E{) C Ej .

PROOF: If n(i) = oo, th en  N( i )  =  oo and by P roposition  5.26 we see th a t  

'I»n(A n =  A ci(n)  =  D c(ai{n))  for every n  >  1. Since / n( A ) ,  f k{Dj)  /fjn(Ci) 

for —n  +  1 < k < n — 1,

[7c( a ,( n ) ) U a ,- ( n ) ] n  U  f k(P)  =  0-
- n + l

T his being  tru e  for every n > 1, we se th a t  [7c(a ;(n ) )  U Q,(n)] fl P  = 0 for 

every  n  >  1, w hich proves (i). (ii) is im m ed ia te  from  C orollary  5.29. (iii)

and  (iv) are analogous and we o m it th e  proofs. □

We can now s ta te  and  prove th e  m ain  theorem .

T h e o re m  5.31 (M a in  T h e o re m )  Let f  : ir ir be a homeomorphism o f
L

the plane, {Di}h=l a pruning collection and P  = ( J  7,-, where 7,- is the interior
i=i

of the disk 77,-. Then there exists an isotopy H  : 7r x [0,1] —» 7r of the identity 

such that supp H  C [J ,fk{P),  a,nd i f  we set fp{-)  =  /  o 77(-, 1), every point
k&

of P  is wandering under f p .

PROOF: C o n stru c t a  d irected  graph  Gc as follows: its  vertices are  th e  in tegers 

{? €  L\ n(i)  > 1} and th ere  is a d irected  vertex  from  i to  j  if n(i) < o o  and 

f n^ ( D i ) ,  f { D j  )|/„(.i(c,). Since we have taken  only i 6 L for w hich n(i) > 1,
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it is easy to see th a t from each vertex there is a t m ost one outgoing edge (or 

none, if n ( i ) =  oo). A loop in the  directed graph consists of an ordered set 

of d istinct vertices {ii <  i2 < - . .  <  ii} such th a t there is a directed edge 

from i r to  ir+i, for 1 <  r < I where we let the indices “wrap around” , i.e., 

/ +  1 “= ” 1. Since there is at m ost one edge em anating from  each vertex, and 

the vertices in a loop are ordered and distinct, it follows th a t two loops are 

either equal or disjoint. Let £  = { z i,. . .  , z/} be a loop in Gc, which for now 

we will represent by ju st its subscripts {1 , . . .  , /} so th a t the notation is not 

too awkward. By definition, we have

r ^ ( D r ),  /(i?r+ i)|/n (r)(cr) for 1 <  r  <  /

and by Proposition 5.30

®B(r)(/l?) C ^ ( 1 ) 1 ^ , ^ )  for 1 <  r  <  I

from which it follows th a t

4 . E U ,  »w - i w ) ( a ; ( i ))  c  a ;< i )|
J t- ,  r = l  ( C , )

I
For a loop £  =  q} let n(£)  = ^  n{iT) — (I — 2). By Lem m a 4.7

r = l
and Corollary 4.8, there exits an isotopy he of the identity  with supp he 

C 7 ( ^ ( 1 ) )  such th a t, if ( c {-) — he{-, 1), then o £e)kn{C\ x )  —* p for 

every x  €  A ?(l), where p is the fixed point of in / n^ +1 (C,). We then

construct isotopies he for each loop £  in Gc. Since the vertices of Gc where 

integers i G L for which n(i) > 1 , the supports of isotopies associated to
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different loops are disjoint. Let hc be the union of all these isotopies. By
i L

construction supp hc C (J /(A ,-(l)) =  (J 7c(a,(l)).
i ' = i  1 = 1

In an analogous m anner, we construct a directed graph Ge whose vertices

are {i  G L.;m(i) < 0} and for each loop C in Ge, we construct an isotopy

he  of the  identity, w ith support in ^ ( 1 ), playing the analogous role for 'P -1

as the above ones played for Let ke denote the union of these isotopies,

for it is again easy to  check th a t they have disjoint supports, and define

he =  ty- 1  o A: " 1 o vp, i.e., for each fixed t , he(x , t )  = ^r - 1 (A:~1 ($(a;),<)). he is
h

also an isotopy of the  identity and since supp ke C [ J  I { A \ (1 )),
i=i

supp h e C { J  I(AUO))  =  L J /e(at(0)).
1 =  1  1 =  1

From this it follows th a t supp hef) supp hc — 0 and we let h = hc U he and 

((•) =  h(-, 1 ). Finally set

h ( x , 2 t) t e

R{({x),2t-1) t e  

It is now not hard to check th a t H has the desired properties. □
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