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Abstract

PRUNING FRONTS AND THE FORMATION OF HORSESHOES

by

André Salles de Carvalho
Adviser: Professor Dennis Sullivan

Let f : 7 — 7 be a homeomorphism of the plane 7. We define open
sets P, called pruning fronts after the work of Cvitanovié¢ [C], for which
it is possible to construct an isotopy H : = x [0,1] — 7 with open support
contained in | J f*(P) such that H(-,0) = f(-) and H(-,1) = fp(-), where fp
is a homeomgi?)hism under which every point of P is wandering. Applying
this construction with f being Smale’s horseshoe, it is possible to obtain
an uncountable family of homeomorphisms, depending on infinitely many

parameters, going from trivial to chaotic dynamic behaviour. This family is

a 2-dimensional analog of a 1-dimensional universal family.



iv
Acknowledgements

I would like to thank, first and foremost, my advisor, Professor Dennis
Sullivan. His broad mathematical culture and deep insight were fundamental
in producing the present work; his open mindedness and drive were, and will
continue to be, an example to be followed.

I would also like to thank Dr. Predrag Cvitanovi¢ for providing the
“problem” which proved to be fertile ground for an interesting mathematical
theory.

Professors Alberto Baider, Frederick Gardiner, Michael Handel and Jozef
Dodziuk and Dr. Charles Tresser deserve many thanks. The mathematical
conversations we had were always inspiring and their support during these
years was invaluable.

Toby Hall was a key figure during the past years. His beautiful thesis pro-
vided the mathematical fuel which got this work under way and his precision
and elegance have been a model I have had in mind since we met.

It was a very pleasant and enriching time I spent at the Graduate Center
of CUNY. The atmosphere of friendship and collaboration is one of the best
I have experienced. My colleagues and friends Hsin-Ta Frank Cheng, Jun
Hu, Meiyu Su, and Joel Zablow, as well as Nils Tongring, were an integral
part of this environment and I am very glad they were.

The support received from my wife Daniela I could not possible acknowl-

edge enough. These years without her woud have been unthinkable and her



love and care were an essential part of all I did.

My parents and my brother Rodrigo were also of great importance and
the enormous phone bills were well worth it.

Thanks are due, last but by no means least, to Reeva Goldsmith for the
wonderful job she has done typing the manuscript, for her good humour
and disposition and for her efficiency in taking care of us, Einstein Chair
Associates.

The first four years of my Ph.D. studies were funded by a scholarship

from CAPES. I am grateful for their generous support.



Contents

0 Introduction

1 Preliminaries

2 Plane Topology

3 (c,e)-Disks and Pruning Fronts
4 Isotopies

5 The Proof of the Main Theorem

References

vi

15

40

47

86



vii

List of Figures

o

Nele s B = T

10

11

13

Two disks on the same side of thearc L. . . . .. . .. .. .. 7
A Jordan neighborhood of a commonarc L. . ... .. .. .. 8
Dy and D, are on the same side of L and « is a cross-cut in

both Dy and Dy, . . . . . . . . . e 10

The curve J; only touches the arc L from the outer domain

determined by Jo. . . . . . ..o o 13
Disjoint cross-cuts joining the endpoints of unlinked arcs. . . . 15
Therelation >. . . . . .. . . .. ... e 16
Cut (ce)disks. . . .. ... . 17
A cut collection where Dy = D; foreveryie L. . . . . .. .. 20

{e1,aq} is a (g, e)-collection and {as, @4} is a (g, ¢)-collection,
both compatible with {(D;,8:)},. . . .. . .. .. ... 21

An equivalence class for ~.. D is the distinguished represen-

The first few a(n)’s for a pruning collection containing only

one (c,e)-disk D. . .. ... . ... ... 33



14

15

16

17

18
19

23

viii

The first few 4(n)’s and B(n)’s for a pruning collection con-
taining only one (¢,e)-disk D. . . . ... ... ..., . ... 35
The B:(n)’s and i(n)’s are chosen so that v;(n) C I¢(f(Bi(n—
1)) and Bi(n) CI(f~Hyu(n+1))). . - v v oo 36

f~HBi(n +1))) U1i(n) is a Jordan curve bounding the domain

Vi), o 37
The first few V(n)’s for a pruning collection with only one

(c,e)-disk D. .. ... ......... PR 55
The homeomorphism p,. . . . . . . . ... ... ... ..... 58

P(k),k = —1,0,1,2, for a pruning collection containing only

one (¢,e)-disk Do« o o oo 66
The Di’'sand the Aj’s . . . . .. .. ... .. ... ..., 68
Af(0) and AS(0) fore=1,2. . . . ... oL 73
A possible configuration for fNO)(D;), f~N@O+H+1(D.) and

ANG)), Aj(—~NE) +6+1) and ASNGE). -+ oo oo 78

An exampleof A;(N(7)), A;j(—=N(¢)+6+1) and A(—N(7)+6+1). 82



0 Introduction

One of the main concerns in the study of dynamical systems is to understand
how a family of maps passes from simple to complicated dynamic behaviour
as we vary parameters. When the dynamical systems under consideration
are 1-dimensional, the kneading theory of Milnor and Thurston provides a
full topological understanding of the transition from simple to chaotic be-
haviour. In dimension 2, no such theory exists. In fact , it is not clear what
restrictions should be imposed on the families under consideration in order
that understanding them is not too hopeless a task.

Families like the Hénon and the Lozi ones are interesting examples but
they lack a defining topological characteristic analogous, for example, to
saying that a 1-dimensional map is unimodal (i.e., is piecewise monotone
with exactly one turning point.)

In this work, we present a method of isotoping away dynamics from
a homeomorphism of the plane in a controlled fashion. More precisely, if
f: 7™ — 7 is a homeomorphism of the plane m, we define open sets P for
which there exists an isotopy H : m x [0,1] — 7 with (open) support con-
tained in U f™(P), such that H(-,0) = f and H(-,1) = fp, where fp is
a homeornrfrz;)hism under which every point of P is wandering. Using this
construction, with f being Smale’s horseshoe, for example, it is possible to
produce an uncountable family of homeomorphisms of the plane, depending

on infinitely many parameters, going from trivial dynamics (say, only two
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nonwandering points, one attracting and one repelling fixed points) to a full
horseshoe.

We call the sets P mentioned above pruning fronts, after the work of P.
Cvitanovié [C]. In [C] they propose sets of symbol space for Smale’s horseshoe
which get “pruned away” as we vary parameters in a family like the Hénon
one. Here we give a precise definition of pruning fronts and construct the
isotopies which “prune away” the dynamics in P.

In forthcoming papers we intend to do two things. First, for each map
fp, where P is a pruning front as defined herein, there exists a collapsing
procedure which produces a “tight” map ¢p isotopic to fp and with essen-
tially the same dynamics. More precisely, there exists an fp-invariant upper
semi-continuous decomposition Gp of the sphere 5% (we can extend f to S2
setting f(oo) = 0o ), such that, for every element g of Gp, ¢ contains at least
one element of the nonwandering set of fp and A(fp;g) = 0, where h(fp;g)
is the topological entropy of fp in g as defined by Bowen. fp then projects to
a homeomorphism ¢p : Kp — Kp of the cactoid Kp = S?/Gp, such that no
point of K'p is wandering under ¢p and A(fp) = h(¢p). Second, we intend
to show that the family ¢p contains the Thurston minimal reresentatives in
the isotopy classes of f relative to periodic orbit collections of f. In other
words, we would like to show that given a periodic orbit collection O of peri-
odic orbits of f, there exists a pruning front P = P(Q), such that ¢p is the
Thurston minimal representative in the isotopy class of f rel ©. This last

statement should have an algorithmic proof. providing another algorithmic



proof of Thurston’s classification therorem for homeomorphisms of surfaces.

The techniques used in the present work are those of point set topology of
the plane. In Section 1 we state without proof the main background results
we will need, the most important of which being the Jordan Curve Therorem
(Theorem 1.1) and Whyburn’s Separation Theorem (Theorem 1.3). In Sec-
tion 2 we develop the plane toplogy tools we will use in the remainder of the
paper. In Section 3 we introduce the concept of (¢, e)-disks, define pruning
fronts and prove some propositions which will be used in Section 5. In Sec-
tion 4 we state and prove some results about isotopies of homeomorphisms of
the plane, which will also be needed in Section 5. Although these results are
folkloric, we decided to present them for completeness; the proofs given are
rather elementary. Section 5 contains the proof of the Main Theorem, as its
title suggests. Within the first few pages we get to define an isotopy which
is zﬂmost all we need (Proposition 5.4) and the remainder of the section is
devoted to showing how this isotopy works and how we fix it in order to get
the final isotopy H (which depends, of course, on P.)

A word about the figures is in order. One of the hardest things for me
during the preparation of this work was to translate into precise mathematical
statments the pictures I had in my mind. I decided, therefore to add to
the text all those pictures I had to draw over and over for myself before
I understood what were the right mathematical statements that described

them. I hope they will be helpful to the reader, for as the saying goes, “a

picture is worth a thousand words.”



1 Preliminaries

We will denote the 2-dimensional plane = or R% A Jordan curve J is the
homeomorphic image of the circle $* = {(z,y) € R?% z% + y? = 1} and
a closed arc L is the homeomorphic image of the closed interval [0, 1], the
images of {0} and {1} being its endpoints. Bé/ an open arc we will mean the
set obtained by taking the endpoints away from a closed arc. If L is a closed
arc IOJ will denote the corresponding open arc.

The theorems that follow can be found in the books of Newman [Ne],
Moise [M] and Whyburn [Wh]. Moore’s book [Mo] is also a good reference

although a little less palatable.

Theorem 1.1 (Jordan Curve Theorem) FEvery Jordan curve separates

the plane into two regions I and O and is the boundary of each.

Definition 1.2 Let J be a Jordan curve and I the bounded region of =\ J.
We call I a Jordan domain and sometimes refer to it as the inner domain

determined by J.

Theorem 1.3 (Separation Theorem (Whyburn)) Let A be compact and
B closed subsets of the plane such that AN B is totally disconnected, a €
A\ (ANB), be B\ (AN B) and ¢ a positive number. Then there exists a
Jordan curve J which separates a and b and is such that JN(AUB) C ANB

and every point of J is at distance less than ¢ from some point of A.



Definition 1.4 Let U be a domain in the plane and o an open (closed) arc
whose endpoints lie on OU and all others lie in U. Such an «a is called an

open (closed) cross-cut.

Theorem 1.5 If both endpoints of a cross-cut a in a domain U C mw are on
the same component of CU, the complement of U, U\a has two components

and is contained in the frontiers of both.

Corollary 1.6 Let J be a Jordan curve, I its inner domain and o C I a
cross-cut. Then o separates I into two Jordan domains I, and I whose
boundaries are Ly U o and Ly U «, where Ly and L, are the arcs into which

the endpoints of a separate J.

Theorem 1.7 Let f : J, — Jp be a homeomorphism between the Jordan
curves Jy and Jo. Then it is possible to extend f to a homeomophism f :
Dy — D, between the closed disks Dy = Jy U Iy, Dy = JoU I bounded by J,
and J,.

Theorem 1.8 (Alexander) In R”, let B® = {z;||z||] € 1} and S*! =
dB™ ! = {z;||z|]| = 1} and f : B® — B" a homeomorphism such that
flen-1 = identity. Then f is isotopic to the identity through an isotopy that

fizes the boundary pointwise.



2 Plane Topology

In this section we will develop some plane topology preliminaries we will need

later on.

NOTATION: Unless stated explicitly otherwise, we will use the following no-
tations: J will stand for a Jordan curve, I and O for its inner and outer
domains respectively, and D for the closed disk JU J. If D is a closed disk
we will sometimes use /(D) to denote its inner domain. Subscripts will match
in the obvious way, so that the inner domain determined by the Jordan curve
Jiis Iy and Dy = I, U Ji, etc.

If k is a positive integer k will stand for the set {1,2,... ,k}.

Definition 2.1 Let Jy,...,J,, be Jordan curves and L C JyN...NJ, an
arc. We say the closed disks Dy, ..., D, lie on the same side of L, denoted

Dy,...,Dy|r, if LChin...N 1, (see figure 1.)

Proposition 2.2 In the plane w, let A be a closed arc and B a closed set
such that AN B C {endpoints of A} and there exists ¢ > 0 such that every
component of B\ (AN B) contains a point at distance greater than ¢ from
A. Then there exists a Jordan curve J such that A\ (AN B) C I and
B\ (AN B) C O where I and O are the bounded and unbounded components
of CJ (the complement of J in w) respectively, and JN(AUB) C ANB C

{endpoints of A}.



Figure 1: Two disks on the same side of the arc L.

PROOF: Let a € A\ (AN B) and b € B\ (AN B) such that d(b, A) > e.
By Theorem 1.3, there exits a Jordan curve J separating a from b, such that
J C V,(A) (the e-neighborhood about A) and JN(AUB)C AN B.

First notice that I C V.(A). This is so because D = J U I is compact
and since A is also compact, there exist ¢ € A and y € D which realize
sup{d(z,y); z € A, y € D}. We claim y € J for if y € I there would exist
6 > 0 such that Vs(y) C I and in Vs(y) there must be a point whose distance
to z is greater than d(z,y). This shows that if J is contained in V.(A) then
sois D=JUL

Since b ¢ V,(A), b € O and since J separates a from b, a € I. But
A\ (AN B) is a connected point set disjoint from J and a € A\ (AN B) so
that A\ (AN B) C I. Also, we assumed that each connected component of
B\(ANB) had a point outside of V;(A), and therefore in O. Since B\ (ANB)

is disjoint from J, B\ (AN B) C O, as we wanted. (]



Figure 2: A Jordan neighborhood of a common arc L.

In the proofs of the statements that follow, indexed unions and intersec-

tions will be assumed to range from : =1 to : = n.

Corollary 2.3 Let Jy,...,J, be Jordan curves and L C ﬂ J; a closed arc.

=1
Then there exists a Jordan curve J such that L C I and such that (U J,') \
=1
Lco.

PROOF: Let ¢; = sup{d(z, L); = € J\L)}. Since L is a closed arc, J; \ L # 0
and thus &; > 0. Let A= L, B=({UJ)\L = UJ\L and € = i mine,.
Then ANB = {endpoints of A} and B\(ANB) = U(J:\L), every component
of which has a point at distance greater than ¢ from A. We can then apply

Proposition 2.2 in order to find the desired Jordan curve J (see figure 2.) O

Corollary 2.4 With the notation of Corollary 2.3, J N L = {endpoints of

L} and thus L is a cross-cut in 1.



PROOF: Since ,C I, L C T=1UJ so that {endpoints of L} C TU J. On
the other hand both endpoints of L are accumulation points of each J;\ L so
that {endpoints of L} C (U_J:) \L € O = OU J. Therefore {endpoints of
L}ycJ. O

Corollary 2.5 Let J be a Jordan curve, and L C J a closed arc. Then
for any € > 0 there exists an open cross-cut « C I N V(L) with the same
endpoints as L. O

Proposition 2.6 The closed disks Dy,...,D, liec on the same side of a

closed arc L if and only if there exists an open arc o C ﬂ],- with the same
=1
endpoints as L. As a consequence, if U s the Jordan domain bounded by

aUL, Uc (L

i=1

PROOF: If there exists such an arc, and U is the Jordan domain bounded by
a UL, by Theorem 1.1, a UL C U C (m) Therefore Dy, ..., Dy|L.

If Dy,...,Dy|L, then L C N J; and we can use Proposition 2.3 to find
a Jordan curve J satisfying the conclusions of that proposition. By Corol-
lary 2.4 and Corollary 1.6, L separates I into two Jordan domains U/ and V.
Notice that since U UV =T\ L, U UV does not intersect L or (UJ;)\ L,
that is, U UV C C(U J:).

Since LC N1:, LC Tand LO(NL) =0, (NI)N(UUV) % 0. Assume
Un(NL)=0. Since U C C(UJ;) and U is connected, U/ C (N {;). Now.

[ is bounded by o U L. where a is one of the open arcs into which the
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Figure 3: D; and D, are on the same side of L and « is a cross-cut in both

Dy and D,.

endpoints of L separate J (see figure 3.) Since J N (UJ;) = {endpoints of
L}, an(UJi)=0andsincea cU CNL, «aCNI.

Therefore « is the arc we were after. O

Corollary 2.7 (of the proof) In Proposition 2.6, a may be taken to lie in

a e-neighborhood of L, for any € chosen in advance. O

REMARK: The arc « of Proposition 2.6 and Corollary 2.7 is clearly a cross-cut

in each of the domains I; for each 7 € n.

Proposition 2.8 IfDy,... , Dy} and L is the connected component ofU J;
i=1
containing L', then Dy, ..., Dy|L.

Proor: Let J be a Jordan curve as in Corollary 2.3 and U and V' the

components of J \ L. By Corollary 2.4, U UV C C(UJ;). Since i’CEC I
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and Dy,...,Dy|p, by the same reasoning as in the proof of Proposition 2.6,
(NLHNUUV)#0,say, (NL)NU # 0. Since U CC(U ), U C NI Thus,
if U = LU q, « satisfies the conditions of Proposition 2.6, which shows that

Dy, ..., D, as we wanted. O

Proposition 2.9 If Dy, D,|L, D2, D3| and L" C LNL' then Dy, Dy, D3|pn.

PROOF: The proof is similar to the previous ones and is left to the reader.

g

Proposition 2.10 Let Jo, Jq,... ,Jn be Jordan curves, L C Jy an open arc
and fori €n, LNIoNI; =0. Then given € > 0 there exists an open cross-
cut o in Iy joining the endpoints of L such that & C V.(L) and if U is the

Jordan domain bounded by o U L, then (U Ua) N D; = { for each i € n.

PRrROOF: Consider the set B = (Jo\L) U [Io Ny Di)]. B is clearly closed,

since L is an open arc, and we claim that BN L = §. Since Iy is open,

it 1s an exercise to show that Io N I; = I N D;. Thus our assumption that

LonIgnI; = 0 is equivalent to LN IyN D; = B for each ¢ € n. Since

LnUD; =UlonD;, L0 (IoN D;) =0 and clearly LN (Jo\L) = 0, so that
BnL=09.

Now let C' be a component of Io N D; for some ¢ € n and assume C N
(JoO\L) = 0. Since CNL =0, CNJy =0 and it follows that ¢ C I,.

But D; is connected so that C' = D;. This shows that if a component of
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B is not that which contains Jy \ L, it must consist of the union of one or
more of the closed disks D;. From this it is not hard to see that there exists
¢ > 0 such that every component of B \ {endpoints of L} contains a point
at distance greater than ¢ from L. Let A = L and apply Proposition 2.2
to A, B and ¢ as above to find a Jordan curve J such that A\ (AN B) =
L\ {endpointsof L} = L c I, B\(ANB) = B\ {endpoints of L} C O and
JN(AUB) C AN B = {endpoints of L}. Since L C I and Jo\ L C O, L
is a cross-cut in J and I \ L = UUV, where U and V are disjoint Jordan
domains. Since IN (Jo\ L) =0, INL=TI\[LU(Jo\L)]=1I\J and
it follows that I \ L = (I N Ip) U (I N Op) so that either U = I N Iy and
V = 1IN0 or vice versa. Assume U = I NIy (see figure 4.) Then UND; = (
for every s € nsincel/ = INIyand INToNnUD; = 0. Also, if a is the
arc of J \ (AU B) for which 9U = a U L, it is clear that o C Iy and since

anNlhoNUD; =0, anlyD; = 0. Therefore, a is the arc we were after. [J

Definition 2.11 Let A be a Jordan curve or an arc and L,L' C A closed
arcs. We say that L and L' are unlinked if either L C L' or L' C L or L

and L' intersect at most at endpoints.

REMARK: Notice that saying that L and L’ are unlinked in a Jordan curve

is more than the usual definition of their endpoints being unlinked.

Proposition 2.12 Let J be a Jordan curve and L,...,L, C J be pairwise
unlinked closed arcs. Then for every e > 0 there exist disjoint open cross-culs

a; CINV(L;) joining the endpoints of L;, for each i € n.
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Figure 4: The curve J; only touches the arc L from the outer domain deter-

mined by Jo.

PROOF: We will use induction on the number n of arcs. For n = 1, the
statement is true by Corollary 2.5. Assume we have proven the statement for
collections of arcs with up to n—1 elements and Ly, ... , L, are unlinked. Use
Corollary 2.5 to find an open cross-cut a; C I NV;(L,) joining the endpoints
of Ly. Then fori > 1, since L;, L are unlinked, either L; C Ly or L; C J \ L;.
Let Li,... ,Li, C Ly and Lj,,...,L;, C J\ Li. These are collections of
unlinked arcs with fewer than n elements and since L;,,... ,L;, C 1 U
and Lj,,...,L;. C J_\—L—l U oy, by the inductive hypothesis it is possible
to find collections of cross-cuts ¢;,,...,a;, and oj,...,aj, satisfying the
conclusion of the proposition. Clearly aq,04,... 040, Qj,... .qj, is the

desired collection for Ly,...,L,. O
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Proposition 2.13 Let Jy,... ,J, be Jordan curves, and Ly C JiNJy, ¢ € n,
closed arcs, pairwise unlinked in Jo, no two of which are indentical. Assume
that Do, D;|p, for i € n. Then for each ¢ > 0 there exrist disjoint open
cross-cuts o; C Iy joining the endpoints of L; such that o; C V.(L;) N I; for

1 En.

PROOF: The proof is by induction on the number n of curves. If n =1, the
statement is true by Corollary 2.5. Assume we have proven the statement for
collections with fewer than n curves and J;, L;, © € n satisfy the hypotheses
above. Among Li,...,L, choose all the ones which are not contained in
any other (see figure 5.) We may assume without loss of generality that they
are the first k arcs Ly,...,L;. Since Ly,..., L, are pairwise unlinked and
are not contained in one another, they are pairwise disjoint except possibly
at endpoints. By Proposition 2.12 there exist disjoint open cross-cuts y; C

Iy N Vo(L;) joining the endpoints of L; for i € k. Notice that since the

arcs Li,..., Ly are disjoint except possibly at endpoints, the interior U; of
the disks bounded by +; U L;, ¢ € k are pairwise disjoint. Moreover by
Proposition 2.9 the closed disk bounded by 4; U L; is on the same side of
L; as Dy (the disk bounded by Jy) for each 7 € k. From Proposition 2.6 it
follows that there exist arcs a; C U; N I; joining the endpoints of L;. Since
Ui C IoNV.(L;) it is clear that ¢o; is a cross-cut in [y and o; C Vo(L;) N L.
Now, the remaining arcs are contained in Ly,... , Ly, since we chose all the

arcs which were not contained in any other. For each L;, 7 € k., the arcs

inside it form an unlinked collection with fewer than n elements satisfying
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Figure 5: Disjoint cross-cuts joining the endpoints of unlinked arcs.

the hypotheses of the proposition. Therefore by the inductive assumption we

are done. O

3 (c,e)-Disks and Pruning Fronts

We will now give a preliminary definition of what we call (¢, €)-disks. Later

we will add a dyamical hypothesis which is not necessary at present.

Definition 3.1 A closed disk D is called a (c,e)-disk if there are closed arcs
C,E C 0D specified such that 0D = C U E and C and E only intersect at
endpoints. In other words, for now, a (c,e)-disk is just a bigon with sides C

and E. We call the common endpoints of C and E the vertices of D.

Definition 8.2 Let Dy, D, be (c, e)-disks such that Iy 0N I, # 0. We say D,

is e-longer or simply longer than D,, denoted Dy = Da. if (7). (i1) and (iii)
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Figure 6: The relation >.

hold (see figure 6):
) inL=0and E,NL =0;

(ii) f C1NCy # 0 then C; UCy is an arc and if Ey N E; # 0 then Ey U E,

s an are;
(i) fFCNT AT #0 then C, C Cy and if E; N T A T # 0 then Ey C Ey.

NOTATION: Let D be a (¢, e)-disk and « a cross-cut joining the vertices of D.
We have seen that « separates the interior I of D into two Jordan domains
whose boundaries are C Ua and EUca. We denote them by I°(a) and I¢(a),
respectively, and their closures by D¢(a), D*(a) (see figure 7.) Moreover,
when the disks are indexed and so are the cross-cuts we will only use the
index inside the parentheses so that D¢(«;) will denote the disk bounded by

C; U a;.



17

D
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b D
E
Figure 7: Cut (c, e)-disks.
CONVENTIONS: If Dy,..., D is a collection of (c, e)-disks, we say they are

related by > if for any i, j € L either ;N I; = § or D; > D; or D; > D;.
When nothing is mentioned about a colection of (c,e)-disks it is assumed
they are related by . Cross-cuts in (c, €)-disks, when nothing is mentioned
to the contrary, are assumed to be open and to join the vertices of the disk

wherein they lie.

The following propositions are easy consequences of what we have devel-

oped so far and we omit the proofs.

Proposition 3.3 If D is a (c,e)-disk and a,f,7 C D are open cross-cuts
joining vertices such that § C I°(a) and v C I¢(a) then I¢(B) C I¢(a) C
I¢(y) and 1¢(B) D I¢(a) D I*(y). O

Proposition 3.4 Let D; and D, be (c,e)-disks and Dy = D,. Then
(i) if C,NT, AT, # 0. then Dy, Dsle, and

(i) if E;n TN, # 0, then Dy, Dglg,. O
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Definition 3.5 A collection of pairs {(D;, i)}L,, where {D;}E, is a col-
lection of (c, ¢)-disks related by = and {B; C D;}=, is a collection of open

cross-cuts joining vertices, will be called a cut collection.

Proposition 3.6 Let Dy and D, be (¢, €)-disks and Dy > D,. If Cy = C;
or By = Fy then Dy = D,.

PROOF: Assume C; = (3. Then the endpoints of F; and FE; coincide (since
they are the same as those of C; and C3) and, by (ii) in the definition of

=, E; U Fj is an arc. But this can only happen if £; = E;. O
Proposition 3.7 If D1, D, are (c,e)-disks and Dy > D, and Dy > D, then
D1 = Dz.

ProoO¥F: The proof is easy and is left to the reader. O

Proposition 3.8 Let {(D;, 8:)}1, be a cut collection and ¢ a positive num-
ber. If Do £ D; (i.e., either IyNI; = § or Do = D; and Do # D;) for every
t € L then there erists an open cross-cut ag C I°(fo) NV, (Co) joining vertices

such that for each ¢ € L either (i) or (i) holds:
(i) if ConToT; # 0 then [I5(ao) U ag] C I°(6;);
(i) otherwise [I(ag) U aol N D; = 0.

If, on the other hand, Do ¥ D; for every i € L, then there exists an open
cross-cut ag C I1¢(3o) N Ve(Ey) such that for each i € L either (iii) or (iv)

holds:
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(iii) if BEoNTo AT # 0 then [I5(co) U ao] C I¢(f:);
(iv) otherwise [I¢(ap) U ag) N D; = .

PRroOOF: We will prove (i) and (ii), the proof of (iii) and (iv) being analogous.
Divide the disks D; into two groups: (i) those for which CoNTo N I; # 0 and
(i1) those for which Co N I,NnI; = 0. If D; is in group (i), IoN I; # 0,
so that by our assumption Dy > D; and, by Proposition 3.4, Dy, D;|c,.
Clearly D°(8o), Do|lc, and D°(f;), D:|c, and, since Co C C;, we see that
D¢(Bo), Dolcy, Do, Dilc, and D;, D¢(B:)|c,, by Proposition 2.9, imply that
De(Bo), D¢(B;)|c, for every D; in group (i). It now follows from Proposition
2.6 and Corollary 2.7 that there exists an open cross-cut o C I°(8o) N Vo(Co)
such that [I¢(a)U a] C I°(5:).

On the other hand, for the disks D; in group (ii), CoNToNI; = § and
since 1¢(a) C Io, it is also the case that Co N T¢(a)NI; = 0. Thus, by
Proposition 2.10 there exists an open cross-cut g in I¢(a) such that for
every D; in group (i), [I°(ao) U ap] N D; = @. It is clear that such g also
satisfies [I°(ap) U ag] C I¢(B;) for every D; in group (i) (see figure 8.)

In the event that all the disks belong to one or the other of the groups,
the modifications necessary in the above proof are minor and are left to the

reader. (O

Definition 3.9 Let {(D;.3:)}%, be a cut collection, S C L and ¢ > 0. The

=1

collection {a;}:ies of disjoint open cross-cuts is said to be a (&, c)-collection
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Figure 8: A cut collection where Dy > D; for every : € L.

compatible with {(D;, B:)}~, (see figure 9) if o; C I°(B:) N V.(C:) and for
every i € S and j € L such that D; £ D; either (i) or (ii) holds:

() f C:NTAT; #£0 then [I(cs) U as] C I5(8;);
(i1) otherwise [I°(e;) U] N D; = 0.

The collection {ai}ies is called a (g, €)-collection compatible with {(D;,
B}, if o C I8(B;) N Ve(E:) and for every i € S and j € L such that
D; % D; either (iii) or (iv) holds:

(iii) if BiNT AT # 0 then [I5(cs) U ai] C I°(B;);
(iv) otherwise [I*(a;)U ;] N D; = 0.

REMARKS: Notice that if {a;}ies is a (&, ¢)-collection compatible with {(D;. 3;)}

and {7;}ies is a collection of open cross-cuts joining the vertices of D; and
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Figure 9: {a1,az} is a (€, e)-collection and {as, a4} is a (g, ¢)-collection, both

compatible with {(D;, 8;)}i,.

such that v C I°(e;), {7i}ies 1s also a (g,c)-collection compatible with
{(D;, B;)}. If moreover v; C Vo (C;) then {7i}ies is a (¢',¢)-collection. The

analogous statement holds true for (g, e)-collections.

WARNING: As the reader may have already noticed, statements about c-
“things” and e-“things” are “dual” to one another and most proofs are totally
analogous in both cases. We will henceforward, whenever there is nothing
essentially different between the two, present only the “c-proof” without

further comments.

Proposition 8.10 Let {(D;,B:)}%, be a cut collection, {a;}ies a (g,¢)-

collection and {a'}ies @ (g,¢€)-collection both compatible with {(D;, B;)}L,.



Ifi,7 € S are such that D; > D; and D; # D; then:
() C;NT AT, # 0 implies [I5(cs) U ai] C I9(;) and
(il) E;NT AT # 0 imples {1(a%) U )] C I5(cf).

PROOF: From the definition of > and Proposition 3.4 it follows, under the
hypotheses above, that C; C C; and D;, Dj|¢; and from the definition of (e, ¢)-
collection, that [I°(a;) U a;] C I%(B;). Therefore both «; and «; are open
cross-cuts in I°(f;). Since they are assumed to be disjoint (by definition), a;
joins the endpoints of Cj, a; those of C; and C; C Cj, it must be the case

that [I°(a;) U ;] C I¢(e;), as we wanted. O

Proposition 3.11 Let {a;}ies be a (g, c)-collection compatible with the cut
collection {(D:,B:)}-, and {B! C D:}-, a collection of cross-cuts such
that B! C D%(B;) for each i € L. Then {a;}ics is also compatible with
{(Ds, B)YEL,. If above we change (c,c)- to (c,e)- and D*(B;) to D¢(5;) the

i=1

resulting statement is true.

PROOF: Since the collection of (c, €)-disks remains unchanged all there is to
check is that if © € S and j € L are such that D; » D, Co'i NLNIL # 0
implies [/°(c;)Uai] C I°(5}). But by the “closed” version of Proposition 3.3,
B; C D*(B3;) implies that I°(8}) D I¢(8;). The result now follows. O
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Corollary 8.12 Let {a;}ics and {a}}ics be a (€,¢)- and a (€', e)-collection
respectively, both compatible with the cut collection {(D;, ;) },. Then {c:}ies

is a (&, c)-collection compatible with the cut collection
{(Di,:), i € L\ S} U{(Ds,0f); i € 5}
and {at}ics is a (g, €)-collection compatible with
{(Di,B:); 1€ L\ S}U{(Di,n); i € §}. O

Proposition 3.13 Under the hypotheses of Corollary 3.12, if i € S and

j € S" are such that D; £ D;, then a; Ne; = 0.
PROOF: The proof is easy and is left to the reader. [

We still have to show that (g, ¢)- and (e, e)-collections exist. In the proof

we will use the definition and the proposition below.

Definition 3.14 Let {D;} be a collection of (c,e)-disks related by ». We
say D; and D; are c-equivalent, and write D; ~, Dj, if there exits Dy in
the collection such that C;,C; C Ck and D;, Di|c, and D;, Di|c,. We define
e-equivalence analogously by changing c-sides to e-sides above, and denote it

by ~. (see figure 10.)

REMARK: Notice that by this definition, D; ~. D; if C; C C; and D;, Djc,

or vice versa and analogously for ~..
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Figure 10: An equivalence class for ~.. D; is the distinguished representative.

Proposition 3.15 The relations ~. and ~. defined above are equivalence
relations. If the collection {D;}%, is finite, each equivalence class for ~.
(~e¢) has a distinguished representative whose c-(e-)side contains the c-(e-
)sides of all other disks in its c-(e-)equivalence class. Moreover, in each c-(e-
)equivalence class the c-(e-)sides are unlinked in the c-side of its distinguished

representative.

Proor: That ~, is reflexive and symmetric is clear. In order to prove
transitivity, assume D; ~. D; and D; ~; Di. This means there exist Dy, Dp,
in the collection such that C;,C; C C; and Dy, Dilc,, D;, Dilc, and C;,Ci C
Cm and Dj, Dylc,, Dk, Dmlc,- It follows from Proposition 2.9 that D, Dy |c,
and thus either D; > D, or D,, > D;. We may assume D, > D,,, the other
case being analogous. Then, since C; C C; and Dy, Dnlc,, Co’z NLINT,#0
and from the definition of > and Proposition 3.4 we can conclude that C; C
Cwm and Dy, Dy |c,. From this we see that C; C Cyn, and D;, D¢, which

shows that D; ~. Dy.
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Consider now one c-equivalence class and let D; be an elément in it whose
c-side is not strictly contained in the c-side of any other disk in the same class.
If Dj ~, D; then it must be the case that C; C C; for otherwise there would
exist Dy in the collection for which Cy, C; C Cy and D;, Dic, and Dj, Di|c, .
But D; ~. D; (see the remark just after the definition of c-equivalence) and
if C; ¢ C;, Cy contains C; strictly which is contrary to our assumption. This
shows that for every D; such that D; ~. D; we have C; C C; and Dy, Dj|c,.
In order to see that the c-sides of disks in the c-equivalence class of D; are
unlinked in C; assume D; ~; D ~. D; and that C; N Cy D C, where C is a
closed arc. Since D;, Djlc, and Dj, Di|c, by Proposition 2.9, it follows that
Dj,Dilc. Then I; N I # § and we must have D; > Dy or Dy =~ D; and by

(iit) in the definition of >, C; C Cy or Cx C C;. O

STANDING CONVENTION: If the lower index in an indexed union or collection
is larger than the upper one we will take the union or collection to be empty,

. n—1
so that | J f¥(P) = 0 when n = 0. Also, recall that a bar under a positive
—n+1
integer denotes the set of all positive integers smaller than or equal to it:

L=1{1,2,...,L}. If L =0 we take L to be the empty set as well.

We now go on to prove the existence of (e, c)- and (g, €)-collections (see

figure 11.)

Proposition 3.16 Let {(Di(k),Bi(k)); k = —1,0,1 and ¢ € L(k)} (where

L(k) is a nonnegative integer for each k = —1,0,1) be a cut collection such

that if k < I then Di(k) ¥ D;(l) fori € L(k) and j € L(l). Then given
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£,6 > 0 there exist a (6, €)-collection {a;(—1) C D;(—l)}i[':(;l) and a (g,c)-

collection {c;(1) C D;(1) JLSI) both compatible with {(D;(k),p:(k)); k =
-1,0,1 and i € L(k)}.

PROOF: (See remark before the statement.) We may assume, without loss of
generality, that the distinguished representatives in the c-equivalence classes
among {D;(1); ¢ € L(1)} are the first n disks D;(1),...,Dnp(1). For each

1 € n consider the cut collection

{(Dj(k)aﬁj(k))i k= -1,0,1, .7 € L(k)?DJ(k) ?L Dt(l)} U {(Dz(l)aﬁl(l))}

By Proposition 3.8 there exists an open cross-cut a;(1) C I°(8:(1))NV.(C:(1))
satisfying (i) and (ii) of that proposition (with «;(1) in place of ap.) We

do the same for every i € n obtaining {a;(1)}%,. These cross-cuts clearly

T
satisfy (1) and (ii) in the definition of (g, ¢)-collections and «;(1) C I¢(B;(1))N
Ve(Ci(1)) by construction. In order to see they are disjoint, let 7,5 € n. If
L1)NT;(1) = 0, ai(1)Nej(l) = 0 since a;(1) C (1) and «a;(1) C I;(1).
If I;(1) N I;(1) # O, then either D;(1) = D;(1) or D;(1) > Di(1), say,
Di(1) = D;(1). It follows that & (1) N L) NI;(1) = § for otherwise
Ci(1) C C;(1) and Dy(1), D;(1}|¢,(1), which goes against our assumption
that C;(1) was the distinguished representative in its c-equivalence class.

From this we can conclude that [I¢(c;(1)) U e;(1)] N D; = 0 and thus that

ai(1) N e;(1) = 0. Indeed we have shown more, namely that

[I°(ai(1)) Ua1)] N [T¢(a;(1)) Ua,(1)] = @
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Figure 11: {a(1)} is the (g, ¢)-collection and {a(—1)} is the (¢, e)-collection,
both compatible with {(D(k),8(k);k = —1,0,1}

for any 7,7 € n.

We now look at the disks in one c-equivalence class. By Proposition 3.15
the c-sides of the elements in the class are unlinked in the c-side of its distin-
guished representative, D;(1) say. By Proposition 2.13 it is possible to find
disjoint open cross-cuts a;(1) C I¢(;(1)) joining the endpoints of C;(1) such
that e (1) C I°(B;(1)) N V.(C;(1)) for every j such that D; ~. D;. Doing
this for each c-equivalence class we find a collection of disjoint open cross-
cuts {a;(l)}g}) satisfying the conditions in the definition of a (¢, ¢)-collection
compatible with {(D;(k), 8:(k))} O.

We will now introduce dynamics in our discussion and add to the defini-
tion of (¢, e)-disks a new requirement, as we promised earlier. Let f: 7 — =

be a plane homeomorphism which we will have fixed for the remainder of the
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(C,E) DYNAMICAL ASSUMPTION: All (¢, e)-disks henceforth will be assumed

to satisfy (i) and (ii):
(i) lim diam <) = 0;
(i1) ml_i*r_{loo diam f™(E) = 0.

The main purpose of the present work is to isotop away dynamics of f in
a controlled manner. We will now define sets within which it is possible to
do this, namely, to destroy all dynamics within them by an isotopy which is
identically equal to f without them. We call them pruning fronts after the

work of Predrag Cvitanovié [C].

Definition 3.17 Let {D;}L, be a collection of (c,e)-disks (satisfying the

dynamical assumption above) such that (i), (ii) and (iii) hold:

(i) > can be extended by transitivity to a partial order on {D;}, or, equiv-

alently, there are no “loops” Dy > Dy, > ... = D, > Dy ;
(ii) for everyn >0 and i,j € L, f*(D:) A D;;

(iii) for everym < 0 and i,j € L, f™(D;) # D;.

L
Such a collection will be called a pruning collection. Its locus P = | JD;
i=1

(see [C] and the comments before the definition) will be called a pruning front.
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NOTATION: We will use > to denote the extension of = to a partial order

and keep > to denote the binary relation as we defined previously.

Before we proceed, let us say a word about finite partially ordered sets.

If (X, >) is one such we define the set of initial elements of X to be
I(X)={zeX;, Vye X, y<z=y=uzx}

It is easy to see that if X is finite and nonempty, /(X) is nonempty and
that no two distinct elements in I(X') are related by >. Now let X; = I(X)

n-1
and inductively set X, = I(X \ |JX:). From what we have said, X, is

=1
n—1
nonempty if X \ UXi is nonempty. Since X is finite, there exists n > 1
1=1

such that X3, X,,..., X, are all nonempty and for m > n, X,, = 0. Clearly
Xi,..., X, is a partition of X and if X; has s; elements we can list the
elements of X = {zy,72,23,...,2L} so that the first s, elements are those in
X1. the next s; elements are those in X, and so on. In this way the subscripts
reflect the partial order in the sense that if ¢+ < j then z; 2 z;. Having said

this we adopt the following

CONVENTION: Henceforth it will be assumed that the subscripts in a pruning
collection reflect the partial order > in the sense that if 7 < j then D; 2 D;.

Notice that, in particular, if i < j then D; % D;.

We can now state a proposition containing one of the main ingredients in

the proof of the main theorem (see figure 12.)
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Proposition 3.18 Let {D;}k, be a pruning collection and {€,}%, a se-
quence of positive numbers converging to zero. Then there exists a collection
{ai(n) C fM(D;i); i € L, n € Z} of disjoint open cross-cuts joining the
vertices of f*(D;) such that (i) and (it) below hold:

(1) For eachn 21, {ai(n); 1 € L} is a (&g, ¢)-collection compatible with
{(f}(D;j), a;(k)); je L, -n+1<k<n—1}
U{(/*(Ds), flaj(n=1))); j € L}

(ii) For eachm <0, {ai(m); ¢ € L} is a (€|, C)-collection compatible with
{(fH(D;) (k) j € Lim+1< k< —m+1)

U{(f™(D;), f H(a;(m +1))); j € L}.

PROOF: We will let m = —n+1 and use induction on n. In order to prove the
proposition for n = 1, choose any collectlon {B: € D;}=, of open cross-cuts

joining vertices and apply Proposition 3.16 with L(0) = 0 (so that L(0) =

and {(D;(0), 8:(0))} = 0) to the cut collection
D={(Di,B:); i€ L} U{(f f(B)); 1€ L}
where {(D;, 8;)} and {(f(D:), f(5:))} play the roles of {(D ), Bi(=1))}

and {(D;(1), a;(1))} respectively in the statement of that proposition, whereas
¢ = &) and § = ¢o. By the definition of pruning collection, f(D;) £ D; for
any ¢,J € L so that D satisfies the hypotheses and we can conclude there ex-

ist {a;(1)}x, and {a;}E, a (£1.¢)- and a (<o, €)-collection respectively, both
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compatible with D. Since a; C I¢(8;) and therefore f(a;) C I¢(f(B:)), by
Proposition 3.11, and Corollary 3.12, {a;(1)}£, is a (&1, c)-collection com-

patible with
{(Di,); i € LY U{(f(D:), f(ei)); ¢ € L}.

By the same token {a;}%., is a (o, €)-collection compatible with

{(Di, f7H(ei(1))); ¢ € LY U{(f(Ds), ai(1));i € L}.
That a;(1)Na; = 0 for 7,7 € L is a consequence of Proposition 3.13. This
proves the proposition forn =1, m = 0.

Assume we have constructed a collection
{ai(k); i€ L, -=n+2<k<n—-1}

of disjoint open cross-cuts satisfying the conclusions of the proposition. Con-

sider the cut collection

D = {(f"Dy), flas(n—1))); i € L}
U {(f5(Di),ai(k)); i €L, —n+2<k<n—1}

U {(f—-n+1(Di)’f_l(ai(—-n + 2))), 1€ L}

and apply Proposition 3.16 with {(D;(1), 8i(1))}, {(D:(0),:(0))} and {(D;
(=1), @i(—1))} equal to the first, second and third collections respectively,
in the above union, letting ¢ = €, and 6§ = €_,41]. From the definition

of pruning collection, f*(D;) 4 f*(D;) for any k < n and any 7,5 € L
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and f~"+1(D;) ¥ f¥(D;) for any k > —n + 1 and any 4,j € L, so that
the hypotheses of the proposition are satisfied. We may then conlude there
exist {ai(n) C fA(D))}L, and {a;(—n+1) C f7"*1(D;)}L, a (en,c)- and a
(€]-n+1)» €)-collection respectively, both compatible with D. From Corollary

3.12, {ai(n)}L£, is compatible with

{(f*(D:),ci(k)); i€ L, =n+1<k<n-—1}

U{(f"(D:), f(ei(n = 1))); i € L}
and {a;(—n + 1)}L, is compatible with

{(f*(Di),0s(k)); i€ L, —n+2 < k <n}

V{1 (Di), fH (ei(=n + 2))); i € L}

That ai(n)Naj(k) =0 for —=n+1<k<n-1and ei(—n+1)Naj(k) =0
for —n + 2 < k < n is a consequence of Proposition 3.13. This finishes the

induction step and proves the proposition. O

Corollary 3.19 With the notation of Proposition 3.18, for every n € Z,
ai(n) C I°(f(ei(n = 1))) and cy(n) C I°(f~}(ei(n +1))).

ProoOF: For n > 1, (i) of Proposition 3.18 implies that o;(n)C I°(f(a:i(n —
1)) whereas (ii) implies that for m < 0, a;(m) C I*(f~*(ai(m + 1))). By
Proposition 3.3, f~!(ai(m + 1)) C I°(a;(m)) and applying f to both sides
we get aj(m+41) C f(I%(ai(m))) = I°(f(a;(m))). Letting n = m + 1 we see

that for n < 1, ai(n) C I¢(f(ai(n — 1))), which completes the proof of the
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Figure 12: The first few a(n)’s for a pruning collection containing only one

(c,e)-disk D.

first statement. The second is obtained from it using Proposition 3.3 (see

figure 13.) O

The next proposition is nothing but a “fattened” version of Proposi-
tion 3.18 (see figure 14.) We could have proven it together with Proposi-
tion 3.18 had we stated the “fattened” versions of the propositions we proved
before. Although feasible, this would have been rather cumbersome. It is
also possible to give a direct proof using the techniques we have used so far.

We leave it to the interested reader.

Proposition 3.20 Let {ai(n); 1 € L, n € Z} be as in Proposition 3.18.

Then there exist collections of disjoint open cross-cuts {fB:(n) C f*(D;); i €
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Figure 13: The a(n)’s are chosen so that a;(n) C I°(f(eai(n — 1))) and
ai(n) C I*(f~H(ai(n + 1))).

L, n € Z} and {~i(n) C f*(Ds); i € L, n € Z} joining vertices such that:

(i) Bi(n) C I%(ci(n)) and ¥i(n) C I*(ai(n));

(ii) forn > 1, {7i(n); i € L} is a (eq,c)-collection compatible with
{(f*(Ds), Bi(k)); i€L, -n+1<k<n—1}
U{(/"(Ds), F(Bi(n—1))); i€ L):

(iti) form <0, {Bi(m); i € L} is a (g}m|, €)-collection compatible with
{(f5(Di),vi(k)); i€ L, m+1< k< —m+1}

U{(f™(D:), fHw(m +1))); i € L}. O

The corollary below is proved in the same way as Corollary 3.19 (see

figure 15.)
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Figure 14: The first few 4(n)’s and §(n)’s for a pruning collection containing

only one (c, €)-disk D.

Corollary 3.21 With the notation of Proposition 3.20, for every n € Z,
7i(n) C I(f(Bi(n — 1))) and Bi(n) C I*(fH(vi(n+1))). O

The next proposition creates the sets in whose union will lie the support

of the isotopy we will construct to prove the main theorem.

Proposition 3.22 Let {a;(n)}, {Bi(n)} and {yi(n)} be as in Propositions
3.18 and 3.20. Then for everyn € Z andi € L, f~1(Bi(n +1))U~i(n) is a

Jordan curve bounding a Jordan domain Vi(n) such that
Vi(n) D f7Hai(n +1)) U ai(n).

Moreover,

Vi(n) = I(3(m)) N I(F ™ (Buln + 1)),
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Figure 15: The B;(n)’s and v;(n)’s are chosen so that v;(n) C I°(f(Bi(n—1)))
and fi(n) C I°(f7' (7i(n + 1))).

PROOF: The proof is an easy exercise using (i) of Proposition 3.20, Corol-

lary 3.21 and Proposition 3.3 (see figure 16.) O

Proposition 3.23 Let D1, D, be (c,e)-disks, D1 A Dy and on C Dy and
ay C Dy be disjoint open cross-cuts joining vertices. Then a3 NIy C I¢{az)

and ag NI C I¢{a).

PROOF: Since D; £ D, either I; N1, = §, in which case both statements are
clearly true, or Dy = Dy and Dy # D,. If Dy, = Dy, C; NI, = § and since
ajNag =0, (c; UC1) Nz = 0. Tt follows, since oy is connected, that either
ay C I¢(aq) or g N I%(e1) = . We want to show that the latter is true, so
we will assume a3 C I°(ay) and reach a contradiction. The endpoints of a2

are the same as those of F; and since E; NI} = 0 (Dy > D;) and oy C Iy,
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Figure 16: f~1(B:i(n +1))) U ~(n) is a Jordan curve bounding the domain
V,(Tl)

if ay C I¢(ay), it must be the case that the endpoints of a; lie on Cy. But
the endpoints of a; coincide with those of C; and, by (ii) in the definition of
>, Cy C C). We claim that Cy = Cy, for if C, is strctly contained in C}, one
of the endpoints of a; lies in él and since az C I) N Iz, (iii) in the definition
of > implies that Cy C C, which is a contradiction. By Proposition 3.6 we
see that Dy = D, which is contrary to our hypothesis that D, £ D,.

This contradiction shows that a; N I%(a;) = @ and since oz N @y = @ by
hypothesis, we have shown that a; N J; C I®(a;). The other statement is

proven analogously. (0

Corollary 3.24 Under the hypotheses of Proposition 3.23

[F(a1) N I(ag) = 0. O
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Proposition 3.25 Leti,j € L and n, k € Z:

() o F5(D;) A fH(Ds) then f~(aj(k +1)) NVi(n) = 0, and

(ii) if f4(D;) # fM(Di) then aj(k) N Vi(n) = 0.

PROOF: From Proposition 3.20 (i) and Proposition 3.3 it follows that ¢;(n) C
I¢(Bi(n))NI°(~i(n)). From Proposition 3.20 it also follows that 8;(k)Nvi(n) =
0 for any ¢,j € L, k,n € Z. Assume f¥(D;) # f*(D;). By Corollary 3.24, we
see that 1°(8;(k)) N I*((n)) = 0. Since Vi(n) € I(x(n)), a;(k) C I°(8;(k))
and 1¢(3;(k)) is open we can conclude that V;(n)Ne;(k) = 0. This proves (ii).
In order to prove (i) assume f*(D;) 4 f*(D;). Then f*1(D;) £ f(D;)
and, as above, we can conclude that I¢(G;(n + 1)) N I¢(y;(k + 1)) = 0. Tt
follows that

I B+ 1)) NI (k4 1)) = 0
and since

Vi(n) C I*(f7H(Bi(n + 1)),

then

FHe(k+1)) C I vk + 1))

This latter being an open set, we see that
FHai(k+1)) N Vi(n) = 0.

This completes the proof. O
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Proposition 3.26 With the notation above:

(i) forn>1and —n+1<k<n, f5(C:)) 0 fr(I;) C I(vi(n));

(if) form <0 andm <k < —m+1, f5(E)Nf™(I;) C I¢(B;(m)).
PROOF: From Proposition 3.20 we know that {v;(n)}{=, is compatible with
{(f5(Ds), Bilk));i € Ly —n+1 < k < n=13U{(f*(D2), f(Bi(n —1)));4 € L}.

If f5(C;)N f*(1;) = 0 there is nothing to prove. Otherwise, f*(D;) = f*(D;)
and therefore either [I°(7;(n)) U v;(n)] C I¢(Bi(k)) or [I¢(;(n)) Uvi(n)] N
fE(D;) = 0. Since f*(C;) C f¥(D;)NCI(B;(k)), the conclusion of (i) follows.
a

Corollary 3.27 For k > 1, f*(C:) and f~*(E:) are disjoint from V;(n) for

every t,7 € L and every n € Z.

PROOF: If k > n by the definition of pruning collection f*(D;) 4 f*(D;)
which implies that f*(C;) N f*(I;) = 0. Since V;(n) C f*(I;) this proves the
result for k£ > n. If 1 < k < n by Proposition 3.26, f¥(C;)NV;(n) C I¢(y;(n))
whereas by Proposition 3.22, V;(n) C I¢(y;(n)), which completes the proof
of f5(CHNVi(n)=0ifk>1, j€LandneZ.

If n > k we again have by the definition of pruning collection that

I(D;) 4 f*(D:). which implies that f*(E;) N f*(I;) = ® and thus that
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YE)NV;(n) = 0. If m < k <0, by Proposition 3.26, f*(E;) N f*(I;) C

I¢(B;(n)) which implies that, if n < k < -1,
FHE) O L) € fTHIBs(n + 1)) = I5(f7H(Bi(n + 1))

By Proposition 3.22, V;(n) C I*(f~1(B;(n+1))) and thus f*(E;)NV;(n) = 0
if k<1, j€ L, n € Z. This completes the proof. O

4 Isotopies

Definition 4.1 Let X,Y be topological spaces. By an isotopy we mean a
continuous map H : X x [0,1] — Y such that the “slice” map H; : X —
Y, Hy(z) = H(z,t) is a homeomorphism for each t € [0,1]. If f,g: X — YV
are homeomorphisms, we say f and g are isotopic if there ezists an isotopy
H:X x[0,1] = Y such that H(z,0) = f(z) and H(z,1) = g(z) for every
T € X,

The support of an isotopy H is by definition (see the remark below) the
set

supp H =C{z € X; H(z,t) = H(z,0) Vt € [0,1]}

where, as usual, C stands for complement.

If f: X — X ts a homeomorphism we define the support of f as

supp [ =C{z € X; f(z) ==z}
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REMARK: Notice that our definition of support is not the usual one in that
we are not taking closures. Supports of isotopies and homeomorphisms are

therfore open sets.

The following proposition is a straightforward exercise in point set topol-

ogy and we omit the proof.

Proposition 4.2 Let H : X x [0,1] = X be an isotopy of the identity, i.c.,
H(z,0) =z for everyz € X. Ifz € supp H, then H(z,t) and x belong to

the same path component of supp H. O

REMARK: If X is locally path-connected, the path components of supp H

coincide with its connected components, since supp H is open.

Definition 4.3 Let G be a collection of subsets of a metric space. We call
G a null collection if for every ¢ > 0 only finitely many elements of G have

diameter greater than c.

The lemma below is true in greater generality than we state and is part
of the folklore of hyperbolic geometry, geodesic laminations, etc. The proof

we give is somewhat sketchy but is rather elementary.

Lemma 4.4 Let ID denote the unit disk {x € R?; ||z}] <1}, and {0,}2,
a null collection of closed cross-cuts, disjoint except possibly at endpoints, no

two ay, s sharing both endpoints. For each n > 1, let v, be the closed arc of
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circle perpendiular to S' = {z € IR?%; ||z|| = 1} with the sime endpoints as
on. Then there exists a homeomorphism ¢ : ID — ID such that (|s: is the

identity and ((an) = Yn.

PROOF: From the hypotheses that the a,’s are interior disjoint and no two
share both endpoints it follows that the cross-cuts <, are interior disjoint
and the correspondence a, — <, is one-to-one in the sense that if a, # ap,
then 7, # vn. Moreover, {7,}52, is a null collection, since given € > 0 only
finitely many pairs of endpoints of the a,’s can be more than ¢ apart, which
implies that only finitely many v,’s have diameter greater than e.

Let ¥, : yn — o, be a homeomorphism extending the identity homeo-
morphism between the endpoints of 4, and a,, for each n > 1, and define
the map ¢ as

oo 0 o<

Pp=1dU Uz/)n:SIU U’yn——-)SIU Uan

n=1 n=1 n=1
where id: S — S? is the identity homeomorphism. 1 is well defined since
the interiors v, are disjoint and ¥, is the identity at the endpoints of v,,. We
claim % is a homeomorphism. From what we have said above, ' is clearly
one-to-one and onto. All there remains to show is that v is continuous. Let
{21} be a sequence in 51U G v» and assume z; — z. We want to show that
P(xy) — P{z). If there exi:t=sln such that all but finitely many points z lie
in 4. then for ko sufficiently large @y € 4, for every k > k¢ and since v, is
closed @ € q,. It follows that for & > ko, ¥(ak) = ¥n(xr) — ¥u(2) = ¥(2)

since ¥, is continuous. If there is no 4, containing all but finitely many s,
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we can choose a subsequence zj, € 7; so that different poimts lie in different
7;’s. Since {7} is a null sequence, diam y; — 0 as j — oo and, since z;, € v,
and zx, — z, for any sequence y; € v;, y; — z. In particular, if p;,q; are
the endpoints of v;, pj,q; — @. This shows that ¢ € S'. Also, the cross-cuts
aj, whose endpoints are p;, ¢;, are all distinct, since the «;’s are, and since
{a,} is a null family and p;,q; — @, for any sequence z; € «;, z; — 2. We
then have i (zx,) = ;(xx,) = z; € a; and z; — = = p(z) since € ST. This
shows that 1 is a homeomorphism. Assume for a moment we have shown

o0
that every component of the complement of S! U U’Yn in ID is a Jordan

n=1

oo
domain. Let U be one such and 8U = J. J is a Jordan curve in S'U U')'n

n=1

and thus ¥(J) is a Jordan curve in S*' U Uan. We claim that the Jordan

n=1
o0

domain V' bounded by (/) is a component of the complement of S*U U Oy
n=1

in ID. Tt is clear that V C {z; ||z|| < 1} so that VNS = 0. If VNa; # 0 for

some «;, then o?j, which is connected and disjoint from S* U U a, DIV, is
nj
contained in V and its endpoints in V. But this implies that the endpoints

of v; lie on J which in turn implies v; C U. Since we assumed U to be in

oc
the complement of S U U7m v; C J = 0U. This would then contradict
n=1
the hypothesis that no two a,’s shared both endpoints. This shows that if [/
is a component of the complement of S U U7n in ID whose boundary is a

n=1
o

Jordan curve J, ¢'(J) is a Jordan curve in S*U U an bounding a component

n=1
[a

V" of the complement of S U U a, in ID. So if every component I/ of the

n=1
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o H
complement of S? U | Jv, in DD is a Jordan domain we can use Theorem 1.7

to extend " to a h017111=elomorphism Y : D — D and ¢ = ¢! will satisfy the
conclusions of the lemma.

In order to see that the components U of ID \ [5’1 U 67"] are Jordan
domains let v, be a cross-cut such that v, C 9U. SUCﬁzill v, must exist
unless {y,} = 0 in which case the statement is trivial. By a conformal
mapping, map ID onto the upper half plane IH so that v, maps onto S* N IH
and U/ maps onto U’ C {z;||z|| < 1} N JH. It is now not hard to see that
oU' \ S! is the graph of a continuous function g : (—1,1) — [0,1) such that
lg(z)| < V1 — a2 for every x € (—1,1). This proves that U’ is a Jordan

curve and therefore so is U and completes the proof of the lemma. O

Corollary 4.5 Let J be a Jordan curve and {a,}32; and {B,}52, two null
collections of interior disjoint cross-cuts in D, the closed disk bounded by
J. Assume that no two elements of each collection share both endpoints and
that the endpoints of ; and B; coincide. Then there exists a homeomorphism
¢ : D — D such that {|; is the identity, ((an) = B. and ( is isotopic to the

identity through an isotopy with support in I, the interior of D.

ProOOF: Let f: D — ID a homeomorphism and (, : ID — ID and (g : D —
ID homeomorphisms “straightening” {f(a.)} and {f(8.)}, which exist by
Lemma 4.4. Set { = Cﬁ'l 0 (o. It is not hard to check that (|; = id and
((an) = 3n. That ( is isotopic to the identity is a consequence of Theorem

1.8. O
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Corollary 4.6 Let J be a Jordan curve and a, § cross-cuts in D having the
same endpoints. Then there exists an isotopy of the identity taking o to S

with support in I.

PRrOOF: The collection {a} with a single element is a null collection so it is

possible to apply Lemma 4.4 and Corollary 4.5. O

NOTATION: Let Dy, D, be closed disks, Dy C D, and Dy, D,|1, where L C
0D, N 0D, is an arc. I Dy \ L C I, the interior of Dy, we will write
D, C D2|L.

Lemma 4.7 Let ¢ : D — D be a homeomorphism onto its image so that
Y(D) C D|ywr), where L is a closed arc, (L) C L and p € L is a fized
point such that Yv™(x) — p for every € L. Then there exists an isotopy
h: D x[0,1) — D of the identity such that hlop= id and if {(-) = h(-,1),

then (¢ o ()™(z) — p for every x € D.

PROOF: We will construct a null collection {a,}22; of disjoint open cross-

cuts in [ with the following properties:

(i) an has the same endpoints as ¥"(L);

(ii) if J,— is the Jordan domain bounded by a,-; U¥™ (L), a, is a cross-

cut in I, NY(I,-1), for n > 2;

(iil) o, C Vi(¢™(L)).
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Set @y = ¢(dD \ L) and Dy = (D). Notice that Dy T D|yry implies
¥(Dy) C Dy|y2(r)- By Proposition 2.13, it is possible to find o C %(11)N1; =
¥(I,), an open cross-cut joining the endpoints of ¥?(L) such that ay C
Vi(¥*(L)).

Assume we have constructed aj,aq,...,a, satisfying (i), (ii) and (iii)

(ST

above. Since a, C ¥(I,-1) N I,_;, and «, has the same endpoints as
Y™(L), Dn C (Dac1)lynz) and Dy C Dy_i|ynr). This latter implies
that ¢(D,) C $(Dnp_1)|yn+1(ry and since Y™*1(L) C ¥™(L), by Proposi-
tion 2.9, it follows that Dn,d’(Dn)|¢n+1(L). By Proposition 2.13, there exists
ant1 C I, N ¢(I,) an open cross-cut with the same endpoints as ¥™+(L)
such that a,4 C ‘/;17‘(1/)"+1(L))- By induction, we construct the collec-
tion {@,}22,. That {@,}?2, is a null collection follows from the fact that
on C V%(zj)"(L)) and diam 9"(L) — 0. That the a,’s are disjoint is clear
since a, C I,_; for every n > 1. Notice also that no two a,’s share both
endpoints. This i1s so because the endpoints of o, are the same as those of
¥™(L) and if (L) and ¥™(L) shared both endpoints, L would contain more
than one fixed point.

Let 3, = 1" (an+1). The collection {8,}°%, is clearly a null collection of
disjoint open cross-cuts no two of which share both endpoints. Also, for each
n 2 1, a, and 3, have the same endpoints. By Corollary 4.5 there exists an
isotopy of the identity & : D x [0,1] — D such that if () = 2(-,1), {(an) =
Bn. Then o o ((ay) = ¥(B,) = any1 and since P(P™(L)) = ¥"Ft(L) we see

that v o ((D,) = Dyy1. But diam D,, — 0 as n — oc and therefore i1t follows



47

that (o ()"(z) — p, Vo € D as n — oo as we wanted. 0 °

Corollary 4.8 Fori=1,...,n let D; be closed disks with disjoint interiors
and L; C 0D; a closed arc. Let ¢ : m — 7 be a homeomorphism of the plane
such that Y(L;) C Liy1 and ¥(D;) C Dita|y(r), where we let the indices
“wrap around”, i.e., we set n + 1 to be 1. Assume ¢"|p, : (Dy,L;) —
(D1, Ly) satisfies the hypotheses of Lemma 4.7. Then there exists an isotopy
h : mx[0,1] — = of the identity such that supp b C Dy and if {(-) =
h(-,1), (0o ()(z) — p as k — oo for every * € D, where p € L, is the

fized point of Y™\, .

PRrROOF: The proof is straightforward using Lemma 4.7 and we omit the

details. OJ

5 The Proof of the Main Theorem

In what follows f : # — 7 will be a uniformly continuous homeomorphism of
the plane and {D;}%, a pruning collection for f. As we pointed out before,
we may and will assume that the subscripts reflect the partial order > in
{D;}L,, in the sense that, if 1 > j then D; £ D;. In particular, if i > j then
D; £ D;.

Definition 5.1 For each 1 € L we define four numbers n(z), N(i), m(1).
M(i) € ZU {£oc} as follows:
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(i) n(:) is the smallest integer > 1 such that frO(Dy), f(D; )] snic,) for some
j € L orn(i) = oo if f¥(Dy), f(D;) fssciy for every k> 1 and j € L;

(ii) N(z) = [ﬂzﬁ], i.e., the smallest integer greater than or equal to ”—(ZQ, if

n(t) < oo or N(i) = oo if n(z) = oo;

(1i1) m(2) is the largest integer < 0 such that fm(i)(D{),Djlfm(i)(E‘) for some

j € L orm(i) = —oo if f¥(D;),D; fixg,) for every k <0 and j € L;
(iv) M(i) = [22] if m(i) > ~c0 or M(i) = —c0 if m(i) = —oco.

The following proposition is a straightforward consequence of the defini-

tions and we omit the proof.

Proposition 5.2 Ifn(¢), N(¢), m(z) and M(z) are finite the following holds

for each i € L:
(i) n(¢7) =2N(i) — é and m(3) = 2M(z) — & where 6,6’ =0 or 1;

(ii) fNO(Dy), fVEOHEYD5)] vy, for some § € L but for —N(i)+6+2 <
k< NG) =1, fYO(D), f4(Dy) fymoc, for anyj € L

(iii) for1 <n < N(i), —n+1 <k <n=1, fA(D;), f5(D;) finc.) for any

JeL;

(iv) fM(i)(Di)’f—A”"H‘S'(DJ‘)Ifm(.)(El) for some j € L but for M(i)+1 <k <
—M(i) + 8 + 1. fMO(Dy), fF5(D;) fiscog,, for any j € L:
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(v) for MG) <m <0 andm+1<k<—m+1, (D), fXD;) fym,

foranyje L. O

Recall that we defined c- and e-equivalence relations in a collection {D;}%
of (¢, e)-disks and in Proposition 3.15 proved that the equivalence classes have
distinguished representatives. The following proposition is again an easy con-

sequence of the definitions.

Proposition 5.3 For each ¢ € L, n(i) > 1 if and only if D; is the dis-
tinguished representative in its c-equivalence class in {D;},. Likewise,
m(i) < 0 if and only if D; is the distinguished representative in its e-

equivalence class in {D;}L,. O

We now start the construction of the isotopy for the proof of the main

theorem.

Recall that Vi(n) C f"({;) is a Jordan domain containing ¢;(n) and
f~Yeai(n + 1)) as cross-cuts with the same endpoints. Using Corollary 3.21
construct, for each 7 € L and M(¢) < n < N(7) an isotopy ki, : 7 x [0,1] = 7
of the identity such that supp ki, C Vi(n) and kin(a:i(n),1) = f~1(ai(n+1)).
If n < M(2) or n > N(i) we let k;,, = identity. Set (;n(-) = kin(+,1). For
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n € Z define
( 1
k1n(z, Lt), telo, Z}
(12
Gn(kanle, It = 1)), te|r 7]
ka(z,) =1 ¢ ks n(z, Lt — 2)) tel2 i]
n ) gl,'n o C?.,n( 3'71(.'1', - ] .L’ L

L—-1
v © G © -0 Cootlbra(e, Lt = L+1)), te [Z=,1]

and let (,(-) = kn(+,1). Now let ro = ko and for n > 1

1
C—n ,2t ’ t [y
bon(2,28) € [0 2]
ro(z,t) =
nlhan(z,2 = 1)), t€ [21]
and set pn(:) = rp(+,1) for n > 0.

L
Recall that the locus P = | ] D; of a pruning collection {D;}%, was called
i=1
L
a pruning front. We will denote the union of the interiors | J I; by P.

i=1
Proposition 5.4 The isotopies r, just defined have the following properties:

n-1
(i) supp rn C [fM(PYU FHP)N\ U f5P) for every n > 0 so that if
—n+1
n # m, supp rn, Nsupp rm, = 0:
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(i) since f is uniformly continuous, the diameters of the éonnected compo-

nents of supp r,, converge to 0 asn — oo;

(ii1) for each i € L, if n < N(1), pa(@i(n)) = " (ei(n + 1)) and if —n >
M(i), prlai(—n)) = [~} (ai(—n + 1)).

PROOF: From the definition of k, it is clear that for n € Z,
supp ko C [J{Vi(n); M(i) <n < N(i)}
so that forn > 0
supp 7, C [ J{Vi(n); 1 <n < N@)}UJ{Vi(—n); M(i) < —n <0}
and since Vi(n) C f*(1;), it is clear that

L L

supp 7» C fH(P)UST(P) = | (I v J F ().
1

i=1 =

-1
There is nothing more to prove for n = 0 (recall that Ufk(P) = 0, by our
1
convention) and we may assume that n > 1 (see figure 17.)

If 1 < n < N(2), it follows from Proposition 5.2 that
Dy, D)) Jymey

for any j € L and —n+1 < k < n—1. Since {y;(n)}X, is a (&5, ¢)-collection

compatible with

{(f5(D;), Bi(k)): jeL, —n+1<k<n—1},
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by Proposition 3.20, we must have [I°(y;(n)) U v;(n)] N f¥(D;) = 0 for every
j€Land —n+1 <k <n—1. But Vi(n) C I°(yi(n)) by Proposition 3.22
and taking the union over j € L and —n +1 <k < n — 1 we see that

Vviyn U f4(P) =0

—-n+1

from which it follows that

Uii(n); 1<n < N@)}I N U 5Py =1.

-n41

If M(i) <m <0, it follows from Proposition 5.2 that
™Dy, fED) fimiey

for any j € Land m+1 < k < —m+1. Again by Proposition 3.20 {8:(m)}L,

is a (&pm|, €)-collection compatible with
{(F5(D;), B(k)); § € L, m+1 <k < —m+1},

which implies that [I°(8:(m)) U Bi(m)] N f*(D;) = 0 for every j € L and
m+1 < k < =m-+1, and thus that [1(f~1(8(m)))Uf " (B(m))INf*(D;) = 0
for every j € L and m < k < —m. Letting m = —n + 1 and noticing that
Vi(—n) C I¢(f~Y(B:(—n + 1))), by Proposition 3.22, what we have just seen
implies that for M(7) < —n <0

Vi(=n) N ’Dl fEP)=10

—n+1

from which it follows that

U{Vi(=n); M(i) < —n <0}N TDI Py =0.

—-m+1
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This finishes the proof of (i).

L
In order to prove (ii) notice that supp r, C |J{Vi(n) UVi(~n)} and from
i=1

Propositions 3.20 and 3.22, for n > 1,Vi(n) C I¢(vi(n)) C V., (f*(C:)) and
Vi(=n) C IF(f7H(Bi(—n+1))) = fTHI(Bi(—n+1))) C 7 (Ve (FTH(EY)))

From the (¢, e) dynamic assumption, diam f*(C;) — 0 as n — oo and
diam f™(E;) — 0 as m — —o0. Since ¢, — 0, it is clear that diam V;(n) — 0,
as n — oo and from the uniform continuity of f we can also conclude that
diam Vi(—n) — 0 as n — oo. It is now easy to see that the connected
components of LLJ{V,(n) U Vi(—n)} have diameters converging to zero as
n — oo. This p;::/es (i1).

Let us now look at (iii). From the way we indexed the pruning collection,
if ¢ > 3, D; £ D; which implies f*(D;) £ f*(D;) for any n € Z. From
Proposition 3.25 it follows that f~!(a;(n+1))NV;(n) = @. Similarly,if [ > ¢
the same proposition implies that a;(n) N Vi(n) = 0. Since each k;, is an
isotopy of the identity with support contained in V;(n), and i n(+) = kin(+, 1),
we have supp (;» C Vi(n) and, from what we said above, we see that if j < 1,

G (f"Heai(n +1))) = fYai(n + 1)) and that if [ > 7, (n(a;(n)) = ai(n).
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Thus, for any M (i) < n < N(7)

(nlai(n)) = Gmo...0Gno... 0 a(ai(n))
= (1n0...0Cn(ain))
= (1n0... 0 Gern(fH ei(n +1)))
= fHa{n +1)).
From the definition of pruning collections, f~™(D;) % f™(D;) for any
n > 1and any 7,5 € L and, by Proposition 3.25, it follows that f~(a;(n+1))
NV;(-n) = § and Vi(n) N a;(—n) = @. Thus we can conclude that for any
i € L, f~'(ai(n + 1)) N'supp (-, = 0 and that o;(—n)N supp ¢, = 0, for

n > 1. Therefore if 1 < n < N(1),
pa(ai(n)) = (-noCa(ai(n))
= (alfHa(n +1))

= [THei(n+1))

and if M(7) £ —n < =1,
pa(@i(—n)) = (-no(alai(—n))
= (-n(ai(—n))
= fYoy(—n+ 1)).

This completes the proof since, for n = 0, pg = (o and this case had

already been taken care of. O
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Figure 17: The first few V(n)’s for a pruning collection with only one (¢, e)-

disk D.

Corollary 5.5 The sequence R, = | Jra is a Cauchy sequence in the uni-
=0

form topology and converges to an isotopy R : 7 x[0,1] — 7. If we set p(-) =

R(-,1), for each i € L and M(Z) < n < N(2), p(ai(n)) = fHeai(n + 1)).

Moreover supp R C U{Vi(n); i € L, M(i) <n < N(7)}.

PROOF: Given € > 0, by Proposition 5.4, there exits K large enough so that

all the connected components of supp r, have diameter smaller than ¢ if
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m > K. Let n > m > K. We then have

d(Rm,R,) = supd(Rn(z,t), R,(z,1))

(I't)

= supd(Rm(z,t),[Rn U O ril(z,t))

(.’L‘,t) m+1
n
= supd(a, |J ri(z,1))
(:L‘.i) m+l
< €

where the last inequality is a consequence of Proposition 4.2. This shows
that R, is a Cauchy sequence. The remaining statements are readily proven

and we leave them to the reader. O

Proposition 5.6 Let R and p be as in Corollary 5.5. Then for each i € L

we have:
(i) p(D¢(ai(n))) = D(fHai(n+1))) for1<n< N(z) and
(i) p(D*(ai(m))) = D*(f~Hai(m +1))) for M(i) <m < 0.

PROOF: Notice that supp R C U{Vi(n); 7 € L, M(i) < n < N(i)}. By
Corollary 3.27, for n > 1, f*(C;) N supp R = § and by Corollary 5.5, if
1 <n < N(@),plai(n)) = fci(n + 1)). Therefore

p(f1(C)Vai(n)) = p(f™(C:))U p(ai(n))
= fM(C)U fHai(n+1))

But
FUC) Uai(n) = 0D (ai(n))
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and
FHCHU FHai(n + 1)) = 0D°(f ™ (es(n + 1))

This completes the proof of (i). (ii) is proven analogously. O

Definition 5.7 For eachn >0, let ¥, = fopn, ¥, = U Y; and ¥ = fop,
1=0

ie., Yn(-) = forn(-,1), U,(-) = fo Ru(-,1) and ¥(:) = fo R(-,1).
Recall that if £ : X — X is a homeomorophism we defined
supp £ =C{z € X; £(z)==z}.

Lemma 5.8 Let £, : X — X be homeomorphisms so that supp £ C A and
suppn C B. Then AUB = AU on(B).

PROOF: First notice that if supp £ C A then £(A) = A since §(CA) = CA

and ¢ is a homeomorphism. Therefore, since supp £ on C AU B we have
AUB =¢on(AUB)=£(A)U(B)= AUEB) = AUfon(B) O

Proposition 5.9 Forn > 0,

(i) fMPYUSTP) = pu(fM(P)U fT(P);

(i) fA(PYUf™(P) = A (PYUp (fT(P)).

PRrROOF: For n = 0, supp po C P and the result follows. For n > 1,p, =
C-n 0 (n and supp (~, C f~"(P) and supp (, C f*(P). The results now

follow as easy applications of Lemma 5.8 (see figure 18.) O

The following corollary is immediate from the definition of 1.
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Figure 18: The homeomorphism p,.

Corollary 5.10 Forn > 1,

(i) fHUP)USTHUP) = ga(fH(P) U FTHH(P);

J

(ii) fA(PYU f(P) =PV P(f(P)). O

We now state and prove an important technical proposition to be used

later. We will use the following

Definition 5.11 Let P(0) = P and define inductively P()=U,_,(P{n — 1))
and P(—n) = V1 (P(—n + 1)), for every n > 1.

Proposition 5.12 With the notation above P(1) = f(P) and

@ fornz1, U f4P)= U Pk);

—n+1 -n+1

(ii) forn > 2, U APy = 0 P(k).

-n+2 —n-+2



59

Proor: We will use induction on n. For n = 1, (i) states that P = P(0),
which is just the definition, whereas P(1) = Wo(P) = ¢o(P) = fpo(P) and,
since supp po C P, po(P) = P, which shows that P(1) = f(P) (see figure
19.)
2 2
We now show that Ufk(P) = [ J P(k), but before we start, let us point
0 0
out that, from the definitions of ¥, and ¥,, the following is clear, for each
n > 0

a) ¥, = f in the complement of supp R, C |J ¥ (P);

—-n

b) ¢, = f in the complement of supp p, C [f*(P)U f"(P)]\ Dl ¥ (P);

—n+1

n—1
V.1 within | f5(P)
C) U, = _ith )
¥ without |J f*(P)

-n-+1

U:l, within | fk(P)=\Iln_1( U fk(P))

d) ¥;! = '"+: '":_11
¥ without |J fH(P)= U, ( U fk(P))
—n+2 —-n+1

2 2
Having said this, let us go back to the proof of | J ¥P) = |J P(k). Notice
0 0
that from c) above we have
Uo(P(1)) within P

P(2) = Uy (P(1)) =
n(P(1)) without P



and, since we have seen that P(0) = P and P(1) = f(P),
Uy (P(1)) = Ti(P(1)NP(0)) U ¥ (P(1)\ P(0))
= [¥1(P(1)) N Wo(P(0))] U [T1(f(P)\ P)]
= [P2)nPM)]U [ (f(P)\ P)]
= [P2)NF(P)U [ (f(P)\ f(P)]

where the last equality is a consequence of b) above. Thus

LZJP(k) = \I’I(P(l))UL;JP(k)
- (PO LYP)
= ¢1(f(P))UL;Jf"(P)
= Lsz"(P)

where the last equality is a consequence of Corollary 5.10 (i), with n = 1.

1

1
We now show that Ufk(P) = | JP(k). From d) above we have
-1 -1

P(—1) = UT1(P(0)) = WU5Y(P(0)) within f(P) = P(1)
YFI(P(0)) without f(P) = P(1)
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so that

UTH(P(0)) = T7(P(0)N P(1)) UETI(P(0)\ P(1))

= [L7(P(0)) N TGPV ITH(P\ f(P))
[P(~=1) N P(O)] U [ (P\ f(P))]
= [P(=1)NPJU (P)\ P]

fl

where the last equality is a consequence of b). From this we see that

UP®k) = P(k)u ¥ (P(0))

-1

1

= UMHP)uer(P(0)

0

1

= UMP)uy'(P)

0

= Uriep)

where the last equality is again a consequence of Corollary 5.10 (ii), with
n = 1. This completes the proof of (i) and (ii) for n = 2. Suppose we have
proven that (i) and (ii) hold for 2 < n < N. From this assumption the
assertions below follow:

1) U /P = J P(k), for 2 < n < N, by just taking the union of (i)

-n+1 —n+1
and (ii).



62

2) f*(P)= P(n)and f~"*!(P) = P(—n+1)in the compler;lentof nL_J] f¥(P) =
-n+42

n—-1
J P(k), for 0 < n < N. This can be seen as follows: by (i),

-n-+2

) £#Py= ) P(k)andby 1), U F*(P)= | P(k). Then

—n+2 —n-2 —n+42 -n+2

Pyu U Py =Pm)yu U P .

—n+2 —-n+2

n-1

It then follows that f*(P) = P(n) in the complement of | J ffP) =
—n+2

n—1
U P(k). The other part is proven similarly.
—-n42

8) Ua(P(j)) = P(j + 1) for any —n < j < n, 0 < n < N. For notice
that ¥, = ¥ in ILJJIf"(P) = IijlP(lc) D P(j). Thus ¥,(P(j)) =
U(P(g)) = P(y +_1IJ)' from the alélﬁnition of P(j). This reasoning is
valid for —n < j < n, 0 < n < N. For n = N what remains to be
shown is that Un(P(N)) = P(N + 1) and ¥Yn(P(—N)) = P(N +1)
or equivalently P(—~N) = ¥R (P(~=N + 1)). But these are just the

definitions again.

We now proceed to prove (i) and (ii) for N + 1. We start with (ii)
N+1 N
U Pk)= U (P
-N+41 -N+1

From c¢) in the beginning of the proof
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N-1
Un_1(P(N)) within |J f5P)

—N+1
N-1
= U P(k)
P(N +1) = Un(P(N)) = N N-1
PN(P(N)) without | J &P
N —N+1
- U pw
—N+1

Thus,

Un(P(N))

P(N+1)n | P(k)

PIN+1)0 U FP)

N-1 N-1
PN | P(k)) Uy (P(N)\ U P(k))

~N+1 ~-N+1

N-1
Un(P(N))N Uy ( U P(k)):l )
~N+1

N-1
P\ U f"(P))
~N+1

N N-~1
Uy (f”(P)\ U f’“(P))
-N+2 ~N+1
N N
ulen(FNPHN U FE(P)
~N+2 ~N+2

where we used 2) in the second equality, 3) in the third and b) from the

beginning in the forth, not to mention the induction hypothesis here and



there. From this it follows that

N+1

U Pk =

—N+1

N
Un(P(N)U |J P(k)
-N+1
N
Un(P(N)U J f5(P)
~N+1
N
sn(N(PYU U FH(P)
-N+1
N+1
U P
-N+1

where the last equality comes from Corollary 5.10 (i) with n = N.
N N
We now prove (i) | P(k) = |J f¥(P). From d) we have
-N -N

P(=N) = U} (P(=N +1)) = {

, UL, (P(=N + 1)) within
N N
U 7@ = U Pk
~N+2 —N+2
YN (P(=N + 1)) without
N N
U riP)=U P
\ ~N+2 —N+2

64
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Uy (P(=N +1))

1l
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v (P(—N+1)n L]j P(k)) U

~-N+2

Uy (P(—N+1)\ L]j P(k))

NT2

[\1;,:,1(}3(—1\74r D)NIRL, ( CIJ P(k))} U

~N+2
N
oy (f'N“(P)\ U fk(P))
~N+2

N-1
[P(—N)n U P(k)| U

—-N+1

N
YR (f’N“(P)\ U f"(P))

~-N+2

[P(—Nm T f"(P)J U

—N+1

N-1
[zbﬁl(f“N“(P))\ U f4p)

-N+1

where we have used 2) in the second equality, 3) in the third, b) in the fourth

and the induction hypothesis.

Therefore

]\I
U P(k)
-N

N

U P(k)UTR(P(-N +1))
-N+1

N

U fA(P)U TR (P(-N +1))
—-N+1

N

U FA(PYUPRHP(=N +1))
—N+1

N
U f4(P)

~N
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Figure 19: P(k),k = —1,0,1,2, for a pruning collection containing only one

(¢, e)-disk D.

where the last equality comes from Corollary 5.10 (ii) with n = N. This

completes the proof. O

Corollary 5.13 Forn > 1

@ U P = () P

n+1 —-n+1
(ii) f*(P) = P(n) and f~"*Y(P) = P(—n + 1) in the complement of
n—1 n-1
U F#P)= U Pk).
—-n+42 —n-$2
PROOF: The proof is the same as that given for 1) and 2) in the proof of

Proposition 5.12. ]
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Corollary 5.14 If U is as we defined above, P(k) = W(P(k — 1)) for every
k € Z, that is {P(k); k € Z} is an orbit under V.

PROOF: Just notice that ¥ = ¥, in Ufk(P) and argue like in the proof of
3) in Proposition 5.12. O

We are now going to define new closed disks A;, ¢ € L whose union is
still the closed pruning front P. We will see that the cross-cut a;(0) C D; is
also a cross-cut in A; and divides it into two disks Af and A{ (see figure 20.)

These will have some disjoint/nested properties we will make precise later

and will be useful in the proof of the theorem.

Definition 5.15 Let A, = AL(0) = Dy and, for 1 < ¢ < L, set A; =
Ai(0) = ¢pp0...0(F o(D:). Then define inductively forn > 1, Ain) =
U(Ai(n —1)) and A;(—n) = U1 (A;(—n +1)).

L L L
Proposition 5.16 Forle L, U A= U D;. In particular U A, =P.

1=l =l =1

L
PRrROOF: By definition Ay = Dy;,. Assume we have shown that U A =

1={+1
L
U D;. Then
1=[+1
L L
U A = U A; U A
1=l i=l41
L
= U Diu¢gpo... 03 0(D1)
=41
L

= Uob

1=l



68

ﬂ«,(n) @ Dy, Ay
o
(o i! ' k
A
i) 7." ~ 5o ’
oL0) D, Ay
{lead 8

Figure 20: The D;’s and the A;’s

L
where the last equality holds because supp (f0...0{3 o, C |J Di. O
t=i{+1

L
Corollary 5.17 For everyn € Z, P(n) = |J Ai(n). O
i=1
Proposition 5.18 Forn>1 andi € L,

(i) ¢ (U f"(D,-)) = U f(D;);

(i) o (L;‘f'"(Dj)) =Y r7(0y)

ProoF: If k > ¢ > j then Dy £ D; and we have seen that for n > 1,
I¢(yk(n)) is either contained in f"(I;) or it is disjoint from f*(D;). I
I‘(y(n)) is contained in f™(/;) it is because f*(Dy), f*(D;)|sn(c,) and

therefore f(Dy), f(D;)|sc.). By Proposition 5.3, N(z) = 1 and it follows
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that k;, = identity. If I°(yx(n)) is disjoint from f™(D;) so is Vi(n), since

Vi(n) C I°(yk(n)). Either way we see that (supp (k,») N f*(D;) = 0. Thus

G (U, f"(Dj))

Cl,n 0...0 CL.n (U fn(DJ))

i<i

= (1n0...0Cin (U fn(Dj))

i<i
= U Mo,
i<i
where the last equality holds because supp (1,0...0(n C U f™(Dy;). This

i<i
proves (i). (ii) is proven analogously. O

The next proposition and corollary are analogous to Proposition 5.9 and
Corollary 5.10. The proofs use Proposition 5.18 but are otherwise completely

similar. We omit them.

Proposition 5.19 Forn>1 andi € L,

(1) pn (U f”(Dj)) U (P) = fHD;) U f(P);

i<i Jsi
(ii) fM(P)up;! (Uf‘"(Dj)) =f(P)yulJsrm™w;). 0O
j>i iz

Corollary 5.20 Forn > 1 and: € L,

(1) n (U (D )Uf‘"“( )= fMUD;) U fT(P);
J<i J<i

(ii) /(P Ud1<Uf‘"“ ))—f" yul £

j>i i1
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We can now state and prove a proposition which sharpens Proposition 5.12
somewhat. Although the proof goes along the same lines as that of Proposi-

tion 5.12 we present it for completeness.

Proposition 5.21 Forn > 1 and i € L we have

@ Uroyu U ey =Uamu U Pk

i<t -n4-2 1<t —n+2
n—1 n~1
(i1) Uf""“(Dj) U U kP = U Aj(-n+ 1)U U P(k).
j21 -n+42 j2i —-n+42

PROOF: The proof is by induction on n. Notice that for n = 1, (ii) above

is just Corollary 5.17. In order to prove (i) with n = 1, observe that, since

Ai = Ai(0) C P, Ai(1) = T(Ai(0)) = %o(4i(0)) = f 0 po(A:(0)). Thus

Aq(1) Fopo(Crpo.. 0Cho(Dy))
fo(Cipo...0Co)o((fpo-. 0Cho(Ds))

= fo(Co...0G0)(D)

Reasoning as in the proof of Corollary 5.17, it is easy to prove that

U A;(1) = U F(D;) which is (i) for n = 1.
i<i i<
Assume we have shown that

U A;(n) U nL_J P(k)y=J M(Dyu nL_J FE(P).

J<i —-n+2 J<i —n+2
n—1 n—1 n n
Then, since we know that U P(k) = U f¥(P) and U P(k) = U
~n+1 —n+1 —n+1 —n+1

f¥(P) by Proposition 5.12, just like in the proof of that proposition we can



see that

U A\ U PRy = U £

i<i —n+41 i<i

Using all this information we have

UAm+1u [J P =

i<i —n+1 i<i
i<i
J<i

j<i

i<i

= Yn (LJ fn(l)

j<i

- |v (U 7o\ U f"(P))
X —n-+1

. (Uf“wj))\ () )
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n~1

D)\ U rHp).

—n+1

—n+1

Uaim+D\ U P(k)]u U P
—n+42

—-n+1

- @(U A\ U P(k))] o U Py
L -n+1

u () 4P

—n+1

-n+1l

= |¥n (U fH D)\ U fk(P)ﬂ U CJ FHP)
L -n+41

o U )

—-n+2 -n+41

—n+41

)u U )

= Urimyu U #e)

j<i

—n+1

where the last equality holds by Corollary 5.20, (i). Statement (ii) is proven

analogously and we leave it to the interested reader. O

Corollary 5.22 Forn > 1 and i € L we have:

(i) Ai(n) = f*(D;) in the complement of

n—1 n—1
Urdnu U H(Py=U4(nyu |J Pk);

i<i —n+2

i<i —-n+42
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(i) Ai(-n+1) = f~"*(D;) in the complement of

U™ 00 U £#(P)= U A(-n+1)u U P(k). O

3> —nt2 i>i —n+2
Proposition 5.23 For eacht € L, a;(0) is a cross-cut in A; and divides A;
into two closed disks A and A¢ bounded by p5'(C;) U o;(0) and o;(0) U E;,

respectively.

PROOF: In the proof of Proposition 5.4 (iii), we have shown that for each
i € L, po(ai(0)) = Co(i(0)) = C100...0(o(@i(0)). Thus we see that
ai(0) = p5'(Croo--- 0 io(ei(0)))
= ([00---0(00G00- 0 (io(a(0))
= (£oo 0 (31(a(0))
so that o;(0) is left fixed by (7§ 0+ 0(73} 0. Since ;(0) is a cross-cut in D;
and A; = (g 0...0(340(D:), ai(0) is also a cross-cut in 4;.

We now show that A; is bounded by p5'(C;) U E; which will complete
the proof of the proposition. Notice that if j < ¢, CiNI; = § so that
po (Ci) = Cpgo...0(10(C:). On the other hand, for j >4, I; N E; = 0 so
that (7§ 0...0 (3 0(E:) = E;. This shows that (fh0...0(3o(CiUE;) =

P51 (Ci) U E;, as we wanted. [J

Proposition 5.24 For eachi € L, (i) and (ii) hold:
(i) forn > 1, Ai(n) is bounded by the Jordan curve

fr(C) U (E);
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A,©©)

A

Figure 21: A$(0) and A§(0) for i = 1,2.
(i) for m <0, Ai(m) is bounded by the Jordan curve
U™ (pp ' (C:)) U f™(Ei) = ¥ TH(F(C) U ™ (E).

PROOF: In the proof of Proposition 5.23 we saw that A;(0) is bounded by
po (C)) U Ei = 5 (f(Ci)) U E; = U~Y(f(Ci)) U E;. Therefore A;(1) =
W(A:(0)) is bounded by ¥(¥~1(f(C:)) U Ei) = f(C:) U ¥(E3), which proves
(i) and (ii) for n = 1 and m = 0 respectively. The general result is now proved
by induction using Corollary 3.27 to guarantee that U™(f(C;)) = f**1(C;)
for n > 0 and that Y™(E;) = f™(E;) form <0. O

Definition 5.25 Let A3(0) = A¢ and A(0) = A{ as in Proposition 5.23 and
define inductively for n > 1, A% (n) = U(AS)(n — 1)) and A% (—n) =

\Il'l(Af(e)(—n + 1)) (see figure 21.)

Proposition 5.26 With the notation just introduced we have:
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(1) Af(n) = D*(ai(n)) for1 <n < N(7);
(ii) A%(m) = D*(ai(m)) for M(z) <m < 0.

Proor: That Af = D?(;(0)) is a direct consequence of Proposition 5.23,
since Af is bounded by «;(0) U E; which is the same curve that bounds
D¢(;(0)). On the other hand, A%(0) is bounded by pg*(C:) U a;(0) and it
follows that A$(1) = U(A$(0)) is bounded by

U(p51(Ci) Uai(0)) = po(pg ' (Ci) U ei(0)) = f(Ci) U ani(1).

This shows that A$(1) = D(a;(1)).
Assume we have shown that Af(n) = D°(ai(n)) for n < N(7). Then,

using Propositon 5.6 (i), we see that

Ai(n+1) = Y(Af(n))
= fp(D(ei(n)))
= f(D(fH(ei(n +1))))

Df(a;(n+ 1))

This proves (i). (ii) is proven similarly. [J

Let n(7), N(¢),m(¢) and M(7) be as we defined them in the beginning of
this section. By Proposition 5.2 if n(z), m(7) are finite then n(:) = 2N (7) —

6,m(i) = 2M(7) — &', where 6,6’ = 0 or 1. Moreover,

FROD;), fNOHH D) e
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and

fHODs), fMOD)| o,

for some j,! € L. Recall also that if Dy, Ds|r and Diy\L C I, we write

D, C D;|r. We can now state
Proposition 5.27 With the above notation for each i € L, (i) and (i) hold:
(i) If n(i) < oo and j € L is largest such that

YD), fNOH(DS) v,y

then

A{(N(2)) C Aj(=N(2) + 6 + 1) pneireyy;
(i1) if m(t) > —oo and j € L is smallest such that
MD;), f_M(i)+61(Dj)|fM(i)(E,)

then

ALM() C Ai(=M () + &) prcos,.

PRroOF: By Proposition 5.26 we know that A$(N(7)) = D(ai(N(7))). We
have to show that fN)(C;) € A;(—N(:) + 6 + 1) and that

ASN@EN\ YOG = D(ai(N @)\ FFO(C)
= I(ai(N(2))) U ci( N(2))

C I{A;(=N()+6+1))
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where the last set is the interior of A;(—N(2)+6+1) and the second equality
is just the definition and only the last inclusion needs proof (see figure 22.)

Let us first show that
FNO(C)) C OA(=NG) + 6 +1).

By assumption
(D), f_N(i)+6+1(Dj)|jN<-')(c.)
which implies that
NGy € fROF(Cy).

If n(z) = 1, then N(2) =1 and é = 1, so that by Proposition 5.24 and the
above we have f(C;) C f(C;) C 9A;(1). If n(z) > 1, applying fN(H-é-1
to the inclusion fNO)(C;) ¢ f-NO++1(C;) we get f~I-1(C;) C C;. From
Corollary 3.27 we know that f*(C;)N supp R = 0 for n > 1. In particular,
FO-1(C)N supp po = 0, and it follows that f»9=1(C;) C pg?(C;) C 8A;(0),
this last inculsion coming from Proposition 5.24. Also, if k¥ < n(Z) then

TR fO(Cy)) = fHO(C) = fRO7K(Cy), so that

\I’_N(i)+6+l(fn(i)_l(c,')) = fN(i)(Ci)
C \P-N(i)+6+1(p51(0i))

C O0A;(-N{@E)+d6+1)

as we wanted.
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In order to see that I°(ai(N(2))) U ai(N(2)) C I{Aj(—N(z) + 6+ 1)) first
notice that, since {ay(N(#))}Z; is a (eng), ¢)-collection compatible with
{(f*(Dy), ;(k)); j € L, =N(i)+1 < k < N(z) — 1}
and that
YD), fNORH(D ) v e

then

I¥(ai(N(1))) U eq(N(i)) C f-VO+H(L),

We will now show that

N(i)-6-1
[I(ei(N(@)) Ues( NI N (U YO (Dyu () fA(P)| =0.
] =N(i)+6+2

This is so because by assumption fNG)(D;), f~NE+5+1( D)) Apniy for 1> 5
and from Proposition 5.2 (i), fN(Dy), f¥(D;) fynawyc,) for any j € L and
-N(iz)+6+2 <k < N(z) — 1. This together with the aforementioned
compatiblity of {a;( N (7)) }£, are exactly what we need in order to verify the

equation above. By Corollary 5.22 (ii),
Aj(=N@@) +8+1) = f[-NOH+(D;)

in the complement of

. N(i)-6-1
U o+ myu o AP
>3 —N(i)+6+2

which shows that

I(ai(N(i))) U ei(N(i)) C Aj(=N() + 6 +1).
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Figure 22: A possible configuration for fNON(D;), f-NO++1(D.) and
Ai(N(39)), Aj(—N(i)+68+1) and AF(N(1)).

We leave it for the reader to show that it is possible to put I(A;(—N(z)+6+1))
in place of A;(—N(z) + 6 + 1) in the inclusion above. [

Proposition 5.28 Under the hypotheses of Proposition 5.27 (i) and (i) re-
spectively, (1) and (if') below hold:

(i) A{(N()) C A(=N(@) + 6 + 1)l prvairveys

(i) AFH(M(:)) C A;(—M(3) + &)y,

PROOF: By Proposition 5.27, AS(N(z)) C Aj(=N(i)+6+1)|smuc,)- There-

fore all we need to prove is that

(ad NE))) Vad( NE)INA(=N(@E) +6+1) = 0.
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There are two cases to be considered: M(j) < —N(i)+6+1 and M(j) >
—N(@i)+6+1. If M(j) < —N(i) + 6 + 1, by Proposition 5.26,

AS(= V(i) + 8 +1) = D*(a5(~N(i) + 6 + 1))
and, since {ai(N(7))}2, is a (en(i), ¢)-collection compatible with
{(f*(Dj),ej(k));j € L, =N(i)+1 <k < N(i) -1},

then
[I°(ei(N(7))) U ei(N(7))] C I°(a;(—=N(i) + 6+ 1))
so that

[I*(i(N(#)) U ei(N (@) N D(=N(i) + 6 + 1) =0,

as we wanted.

If M; > —N(i) 4+ 6 + 1, there exists | € L such that
FMOD;), MO+ (D1)| paaoys,)

where m(j) = 2M (j) + &¢', and, assuming [ is the smallest such, by Proposi-
tion 5.28 (ii), we can conclude that A3(M(j)) C Ai(—M(j) + &'). Therefore

AS(=NG)+64+1) = WMO-NOH (450 (j)))
C \I;—M(j)—N(i)+5+l(Al(_]w(j)+5l))

= Ai(-m(5) - N(@) +6+1).
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From M(j) > —N(2) + 6 + 2 we have

—m(j) - N@)+6+1 = —2M(j)+28 - N(@E) +6+1
< 2N(i)—26—4+26 -~ N(@E)+6+1

= N()—6§—3—26

IN

NG)—6—1

If m(5) > 0, then —m(j) = N(@) +é+ 1> —N(i) + 6 + 2, so that

N(i)-6-1
A(-m(G)-N@+6+1)c U Pk).
~N(3)+6+42

If m(j) = 0, then D;, Di|g,, which implies that D; > D; and therefore that

[ > j. With this we have shown that

N(1)-6-1
A(=m() = NG +é6+1) ¢ JA=NG+6+Du U Pr)
I>j —N(i)+6+2
N(i)=6-1

= Uty oyo J o (@)
1> —N(i)+5+2
where this last equaltiy is a conseqence of Proposition 5.21 (ii). But, from
the proof of Proposition 5.27, we have seen that I¢(a;(N(7)))Uai(N(7)) does

not intersect the set after the equal sign just above. This finishes the proof.

d

Corollary 5.29 With the same notation as above, for every i € L the fol-

lowing holds:
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(i) ifn(i) < oo, then for every j € L such that
FNODy), FNOHH(D vy

we have

A{(N(2)) C A5(=N(i) + 6 + 1)| ;v
(i1) #f m(i) > —oo, then for every j € L such that
fM(i)(Di) f—MUH&I(Dj)IjM(')(E,)

we have

AS(M(3)) C AS(—M(G) + &) oz,
PROOF: We have shown that if j € L is largest such that

D), F(D;) pwcire,y

(which is equivalent to the condition in (1) above) then the desired inclusion
holds. Let [ € L be such that fn(i)(Di),f(Dl)lfn(.‘)(c‘.), l # j (and thus
I < j.) By Proposition 2.9, f(D;), f(Di)|sn)c;) and since | < j, we must
have f(D;) < f(D;). Since {a:(1)}L, is a (e, ¢)-collection, it follows that
[I°(aj(1)) Uea;(1)] C I°(au(1)) and by Proposition 5.26 this is equivalent to
A1) € Af(D)y(c,) (see figure 23.) Taking the U-NE+S image of this latter

inclusion, we get

AS(=N(0) + 6 +1) C AH(=N(i) + 8 + Dlg-mors sy
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A (@ THEEY))

A (-NE1+5)

A; (NGY

A (am\/

3 '/ Ac" (~HGY +341)

ky (-06) 50 )

Figure 23: An example of A;(N(2)), A;(=N(7)+6+1) and A (—N(2)+6+1).

Notice that U=NO+( £(C;)) = G-NO+6+1(p1((C;)) and that in the proof
of Proposition 5.28 we showed that fN0)(C;) c W~NO++1(p71(C.)). There-

fore
A{(N(2)) C A(=N() + 6 + 1) pmviiney)
and
Aj(=N(@) + 6+ 1) C AJ(=N(@) + 6+ 1)|g-nvirs41 (572 (ca))
imply that

A{(N()) C Af(=N(2) + 6 + 1l

as we wanted. O

Proposition 5.30 ¥ has the following properties:
(i) if n(i) = oo, then U™(A$) has interior disjoint from P for every n > 0;

(i1) if n(z) < .00, then for every j € L such that fn(i)(D,‘),f(Dj)Ifn(:)(Cl)

UrO(A]) € AS(1)| e, and f"0(C) C £(C5)
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(iii) if m(i) = —oo, then U™(A¢) has interior disjoint from P for every

m <0,

(iv) o m(i) > ~oo, then for every j € L such that f™9(D;), Dj|pmirg,)
U (Af) C A8 pmiirs,y and fMO(E;) C E;.

PROOF: If n(i) = oo, then N(i7) = oo and by Proposition 5.26 we see that
Un(A5) = AS(n) = D¥(ai(n)) for every n > 1. Since F*(Dy), f(D;) fym(cy
for—-n+1<k<n-1,
n—1
[I°(ei(n)) U es(n)] N —Hq f*P)=0.
This being true for every n > 1, we se that [I°(e;(n)) U cy(n)]N P = 0 for
every n > 1, which proves (i). (ii) is immediate from Corollary 5.29. (iii)

and (iv) are analogous and we omit the proofs. O
We can now state and prove the main theorem.

Theorem 5.31 (Main Theorem) Let f : 7 — 7 be a homeomorphism of
the plane, {D;}%, a pruning collection and P = CJ I;, where I; is the interior
of the disk D;. Then there exists an isotopy H : ‘7-r—_1>< [0,1] — 7 of the identity
such that supp H C | J 5(P), and if we set fp(-) = f o H(-,1), every point
of P is wandering u:;ir fr.

ProoOF: Construct a directed graph G, as follows: its vertices are the integers

{r € L; n(7) > 1} and there is a directed vertex from ¢ to j if n(z) < co and

f"‘”(Di)af(Dj)lfn(.)(C,). Since we have taken only ¢ € L for which n(i) > 1,
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it is easy to see that from each vertex there is at most one outgoing edge (or
none, if n(7) = 00). A loop in the directed graph consists of an ordered set
of distinct vertices {i; < i3 < ... < i} such that there is a directed edge
from ¢, to t,4;, for 1 < r <[ where we let the indices “wrap around”, i.e.,
[+1 “="1. Since there is at most one edge emanating from each vertex, and
the vertices in a loop are ordered and distinct, it follows that two loops are
either equal or disjoint. Let £ = {4;,...,%4} be a loop in G., which for now
we will represent by just its subscripts {1,...,!} so that the notation is not

too awkward. By definition, we have

FUD,), f(Deat)lpmoreyy for 1 <7 <1
and by Proposition 5.30

UM(AF) C Argr(1)]gniryc,y for 1< v <1
from which it follows that

]
T2 =0=2(42(1)) € A5(1)] oy =1

I
For a loop £ = {i,...,u} let n(£) = Y _n(:;) — (I — 2). By Lemma 4.7

and Corollary 4.8, there exits an isotopy =h; of the identity with supp A
C I(A5 (1)) such that, if (¢(-) = he(,1), then (¥ o () (z) — p for
every x € A$(1), where p is the fixed point of U™4) in f2(E+1(C;). We then
construct isotopies iz for each loop £ in G.. Since the vertices of G. where

integers 7 € L for which n(i) > 1, the supports of isotopies associated to
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different loops are disjoint. Let k., be the union of all these isotopies. By
construction supp h. C LIJ I(A{(1)) = LLJIC(a,-(l)).

In an analogous man:elr, we constm;:é a directed graph G. whose vertices
are {i € L;m(¢) < 0} and for each loop £ in Ge, we construct an isotopy
hc of the identity, with support in A§ (1), playing the analogous role for ¥~!
as the above ones played for U. Let k. denote the union of these isotopies,
for it is again easy to check that they have disjoint supports, and define
he =9 lok oW, ie., for each fixed ¢, he(z,t) = U1 (k1 (¥(2),1)). h.is
also an isotopy of the identity and since supp k. C LLJ I(Af(1)),

i=1

L L
supp he C (J 1(45(0)) = |J I*(e:(0)).

i=1 i=1
From this it follows that supp h.N supp h. = @ and we let A = k.U h. and
¢(:) = A(-,1). Finally set
h(z,2t) t e [0, l]
H(z,t) =
R(((@),2t~1) te [5]]

It is now not hard to check that H has the desired properties. [
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