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I. Introduction

"his paper is an account of some of my work in
alpgebraic complexity theory during the past year and
a half, The work was motivated by recent results on
the structure and multiplicative complexity of the
Discrete Fourier Transform (D¥F?). The basic idea
behind these results is to block-diagonalize the
matrix of the U¥FT using left and right multiplic-
ations by rational matrices. Flock=-diagonalizing
the matrix of DFT(ZP), the 1-dimensional DFT on
p points, where p 1is a prime, is already
discussed in [11] . winograd looks at the "core"
of the DFT(ZP) matrix, that is, the DFT(zp)
matrix without its first row and column (whose
entries are all 1). After permuting the rows and
columns of the ‘"core," the resulting matrix is
circulant [7} . This matrix can tnerefore be viewed
as the image of some element in a polynomial quotient
ring under the regular representation, and can be
block-diagonalized using the Chinese Remainder
Theorem (NRT), This will be quickly reviewed in

section 11-1,

In the spring of last year, Prof. Auslander



suggested to me that I study ])F‘T(Zp @ B Zp).

the k-dimensiona:. DFT on pk points, where p

is a prime, Dby investigating the group of additive
characters on the field with pk elements. In
section 1I-5 we show that the core of the DLFT
matrix in this case can be block=diapgonalized by
permutation matrices to a direct sum of pk-1/p-1
copies of the core of the DFT(ZP) matrix. This
vields 2 method for computing the DPT(ZP ® D Zp)
by performing pk-1/p-1 different DFT(ZP) comput-
ations. 'Wwhen this was discovered, it was firmly
believed that this scheme yielded minimal algorithms
for the DFT(ZP @ @ zp) as direct sums of
minimal algorithms for LFT(ZP). In [11] YWwinograd
congtructs minimal algorithms for DFT(Zp) as direct

sums of minimal algorithms for products in finite

algebraic extension fields.

The investigation branched into two directions,
the complexity issue and the clasgification problem
for minimal algorithms. In [11] winograd has
already proved that the multiplicative complexitv of
I‘-F’f‘(zp) is ?p- ¥ (p-1)=-3, where ¥(p-1) equals
the number of divisors of p=-1. 1In section Iil-2
we prove that every hilinear algorithm for computing

the N products ab1, ceny abN in any quadratic



extension field uses at least 3N multiplications.
T"his yields methods for determining the multiplicative
complexity of DFT(Z.5 @ ... & 4g) and

TFI(%) @ ... @ %;) for the class of bilinear
algorithms, A recent result of Auslander and
“Winograd (3] enables us to compute the multiplicative
complexity of MNWFT(i) for most finite abelian groups
i, Although the results in 1Il-2 are dwarfed by

the cited result, we present it because it is the
proof which we find interesting. [t establishes a
non-trivial lower bound on the multiplicative
complexity of a system of bilinear forms without

using either a substitution or a dimension argument,

The major part of this paper deals with the
classification problem. 1In [10] wWinograd classifiled
211 minimal bilinear algorithms for computing
products in finite algebraic extension flelds., He
cshowed that they all essentially use Toom's minimal
algorithm for computing the product of polynomials [8],
and these are known to be impractical for polynomials
of high defgrees [13] e« The main result of chapter 1V
is that every minimal=division-free algorithm for
computing products in a finite algebraic extension
field ies bilinear, Our main tool is the method of
substitutions ( see also [3], 15], LQ], L12]). wWe
study how various syestems of bilinear forms and



minimal algorithms wich compute them are transformed
by various projection operators., We also rely heavily
on Winograd's structure theorem [12] which asserts
that every minimal algorithm for computing a system

of bilinear forms induces a minimal quadratic

algorithm for computing this cystem,

Cur results in chapter 1V apply to other
systems of bilinear forms, including systems for
computing products in various finite dimensional
division rings over fields., As a consequence, we
prove that the multiplicative complexity of the

niaternion producet over a real field is 8.

-



IT. Our motivating example

I1-1, Introduction

We start by describing the Discrete Fourier
Transform on a finite abelian group G, which we
shall denote by DN¥7(G). Llet T be the dual group
of G, that is, the group of homomorphisms of G
into €, the complex numbers, G may be written
uniquely in the form G = Z/n.liﬂ@ ceas @I/./nk‘/l R
the direct sum of k cyclic groups of order n;

where Ny | ny,q for all i =1, ..., k=1. Let

/-
€ j = e(ZTTi/nj) . The characters in G map ©
onto the multiplicative subgroup of @ generated

by € x+ There exists an isomorphism A G Y

given by .
<)\(a1. ooy ak),(x1, coes xk)> _ TT(éj)a,XJ
J=1 '

NeE) , for every get,

We will write E

Let LQ(G) be the vector space of functions
from ¢ to €, and define L7°(G8) similarly. If
the order of the group IGI = n, then L2(G)‘¥ LQ(E)

¢®, mnwp(g) is the invertible linear operator

7 :12(0) —v L2(5)

defined by

_7f(§) - Z: (&, £(h)

h ey



”

We also write f = ?f. e may identify ¢ with
f via our isomorphism XA and we will write
”~ -~
Fe) = 7 £(3).

if G is cyclic of order n, we may write
G = ‘O, 19 ecens n-1} with group operation addition
P?ﬁ i/n

modulo n. Let §€ .+ Then

n-1

£(g) = e ™ r(n) .
h=0

Tefine the vectors (£f) = (£(0) £(1) <> f(n-—‘l))t
and (F) = (F(0) F(1) eees T(r=1T L Let (#)

= (€ Eh) bte the nxn matrix whoge (e+1,v+1)
entry i=s & £h , for O & g, £ n=1, "Then we have

(E) = (#)(£); this is the way we usually encounter the
Tiscrete VFourier fi'ransform.

In the general cace where ¢ = :f,/n1.", @ - @ '/Jnk:f:
we may write every ¢ € (¢  in the form g = (a1, s ak)
with C £ ajy £ nj-1. Hor J = 1, 44y kK 1let
Py n —> Z/nJZ be the natural projection maps. "hen

p.{¢p)p.(h)
£(g) = :zi' ']T' € "y £(n).

k
L e J:.-']

L.et e choose the usual lexicopgrap.ic ordering

o Lol
for the elements in both L' {(¢) and LQ(G); for example

6



for f&12(G) we will have (f£) = ( £(0,...,0)
f(o’...'1) LA f(n1-1, s e p nk-1) )t.

Let (F) be the matrix of DFT(G) relative to
this ordering, and let (Fj) for J = 1,.6.,k
be the matrices corresponding to nyw(x/njz) also

relative to the lexicographic order, then

(F) = (F,) 6 «++» @ (F) .

1I-2. DFT!ZP), v prime

Let G = Zp with p »nrime. %e may identify
G with the field with p elements; that is, we
fix an isomorphism of ¢ into the additive group
of the field with p elements, The following lemma
describes the additive characters of a finite field,
“e prove it for arbitrary finite fields because we
will need this generality in the multi-dimensional
case.

k

Lemma II-1: LLet G be a fleld with p elements,

Fal
and let G be the dual to the additive group. Let,

wé&(G be a fFenerator of the cyclic multiplicative

k —
proup of order p -1, let Ae€(i be a non-trivial

»~
character, and let 1€G be the trivial character,

,or n = 0, 1, ..., pk-z, define )\n:G -_v § by

SEtting <).n,wj> = (% 1“'j+n> and <>\nso> = 1,



Then G=§>nin LI U 1.

Proof: To see that each An defines a

character, we note that dN n,wa+wb>
,<)\'wa+n+wb+n> - ()\ ’wa+n7< >'wb+n>
- ()\n,wa> Z >~n,wb> , and by hypotheses,
X 00D = 1.

"o see that these are all distinet characters,
we suppose the contrary, that for some integers
m# n mod pk-1, we have )'m = Alj . "hen for any
intefer s, <)~m,ws> = (Xn,ws> . "This implies
that ()\s,wm> = (ks,wn5 , and so for any s,
()\S,wm-wn> = <>~S,wm)()ss,wn>-1 = 1. Thie

implies that v o= wn, and we get a contradiction.

We now return to our discussion of ﬁFT(Zp).
The ahove lemma points out a certain cyclic property
of the non-trivial characters, and this property is
a consequence of the multiplicative structure in the
field Zp. Let us arrange the entries in our input
vector f and our output vector 'E so as to highlight
this structure. First put N = p~2, and let
(£) = (£00) £(1) f(w) f(w?) eve £(w)Y L Let
B:G ——» G be the bijection given by L{(wl) = Ay
j =0, vou, N, and }(0) = 1, where AJ and 1
are as defined in the lemma above. Let (E) =

( T(B(O)) T(B(1)) £(B(w)) L(B(wR)) ~+++ T(B(WF))T.

Cur lemma says that (3) = (E)(i) , where the matrix

P

e



)\

(c) is

1 1 1 1 L
1 N1 (2 ,wd L, w?D AW
1 <>\1,1> ()\1,\-15 ()\1,\1\«2) ()l,WN>
LR @ PV DS PN (Ag.w2> <f‘?.w](>
1 Qg1 gwd O‘r:""?) SRRRIEPY SRR
1 1 1 1 R . 1

1 ()*315 <X awWd (7‘\.\'-’9) (h,\-\-:)
1T Oaw) Owy dAw) (h, D

1 W) Oavr O O vy

1 AW O ) O

e will ultimately bhe concerned with constructing
alrforithms for DFT(ZP). “e may restrict our consider-
ations to what we call the "core" of the matrix (C).
This is the (p=-1)x {p=1) minor of (E) obtained
from it by dropping the firet row and the first

~
column. We will latel this core (c) .



we recognize that (ﬁ) is a circulant matrix. lLet
A be the companion matrix of uP- 1.4, Also, let
() be the matrix obtained from (G) by leaving
the firet column fixed and reverring the order of

the last N columns. A direct calculation shows

N
that  (C) = 2 <nwiy sl (1)

j=0
Let (£) = (£(1) £y £ e £(w))Y and
(3) = (F(r(1)) TG FE) el T )
e view the entries in (g) as distinct indeterminants
over G ( this is because we want to use our
alporithms on arbitrary input vectors ). Let H be
the field extension of (( obtained by adjoining to
it & and the indeterminants in (f). Ve claim
that we can view the action (C)(f) as a product in
H{u] / <up-1-f) Thieg is ersentially the Theorem of
the Rational Canonical Form, and it enables us to
block-diagonalize (C) using the Chinese Remainder
Theorem., Y“We now digress momentarily to discuss there

two theorems in our setting.

11=3., "The Rational (Canonical ¥orm and the Chinese
Remainder Theorems

Let ¥ ©be a field, u an indeterminant over F

’

10



and g(u) € F{u] a monic polynomial. We can write

M

fg(u) = " gi(u) , where gi(u) are all relat-
i=1

ivelv prime, 7The Chinese Remainder Treorem (CRT)

asserts that
M
Flu] /<glu,y = @E Flu] / <eusd .
i=1

vet A be the companion matrix of g(u); that

is, if g.u) = Ay + AU ¢ cece 4 ul » then

¢ 0 o .-+ 0 -ag

1 0 0 0 -8,
R T

O o o ... 1

“Ap-q

wet A; be the companion matrices of pi(u)
for i =1,...,M. For any F-matrix I, let ¥¢(D)
be the algebra generated by 1D over F, ‘we know
that if ﬁh is the companion matrix of any monic
polynomial h(u), then the minimum polynomial of

A equals the characteristic polynomial of Ay,

h
and ie in fact h(u). Therefore there exist iso-
morphisms I: F[u] /(g(u)) - CC€(L) given by

I(u) = & and I, Flul / <gi(u)d —> 0C (£;) &iven

11



by Ii(u) = Ay

The (CRT asserts that there exists an F-matrix

K such that

A 4 O
O ' A K

Let H ©be a field extension of ¥, and for

NKAN® =

any Fematrix I, let Cﬁ H(D) e the algebra

Fenereated by i, over H, Then
Ct p(n) = B () &, M.

Let J be the isomorphism given by the C(CRT, Then

J extends to an isomorphism

T® 1 Hl / Celu)) ®) W@l /Loy .
n-=1 .
In the language of matrices, if K = E fiAl ’
1i=0

fie H, then

1 O
-1 K2
NEN = .
O Ky,
and K,; can be viewed as elements in CII{(Ai) .

12



In the language of complexity theory, if

n=1 n=1
r(u) = E riui and s(u) = Z siui .
i=0 i=0

ryy sy € H, then computing the coefficiente of
r(u)s{u) mod g(u) 1is equivalent over F¥ +to
computing the coefficients of r(u)s(u) mod gi(u)

fOI‘ all i = 1’ s mey ]“rlo

I1-4, HFT(ZP), continued

We have just =een that the action (C)(f)
corresponds to a multiplication in the polynomial

auotient ring Hiul / (up'1-1> . To be precise,

if we let
p-? . p=-2
X(u) = Z (A,wi) ut and Y(u) = Z yiui
i=0 i=0

where y_ = £(1) and for i=1, ..., D=2, yi =
f(wp-1-i). then the action (C)(f) corresponds to

the multiplication X(u)Y(u) mod uP~ 1.4,

w(p-1)
“e know that up_1-1 = }l jpi(U) » Wwhere
i=1
¢ i('u) are distinct irreducible factors of uP~1-1
( the cyclotomic polynomials ) and W (p=1) = the

number of divisors of p=1. Let 491(u) = u=-1 ,



Let py : H[ul / ¢uP™'-1) —> H(u] /¢@ (u)> ve

the natural projections, Then

p-2
p X (u) = Z A oowtd - =1

i=0
because for 1 = 0, ..., P=2, <3\.wi> are all
distinct pth rocts of unity not equal to 1. For
p 3%, let R = p=1/2, S(u) = u'=1 and %(u) =
uR+1. ‘hen we have the following commuting
diapram of isomorphisms

(p-1)

Kl / <uP™ ey —— © 5 Hlul /g
=1

N S

Hlu] / ¢S(u)) @ H[ul /¢w(u)d

wi+H + wi - wi( R 1)

Lecause wH = -1, wa have
= 0. This implies that (a,w' ) <2, wi*f> o 1

and therefore (¢ X ,wi> and ()x,wi"R) are complex
conjugate., Let Pe and Pry be the natural
projections of H{ul] / <up-1-1) onto Hf{u] / <c(u)>
and Hfu] /¢*(u)) , reepectively. “hen we see that
the coefficients of pp( X(u) ) are all real and the
coefficients of pT( X{u) ) are all pure imaginary.
Cur commuting diagram shows that the projections of
X(u) onto each Hf[u] / (q’i(u)) are polynomials
whose coefficilients are either all real or all pure

imaginary.

14



“e have shown that one can compute DFT(ZP)
by first computing the coefficients of the products
*(u)Y(u) mod ?iﬁu) y 1i=1, «o., (p-1). Then,
rational linear combinations of there coefficients
together with some rational linear combinations of
the entries in our input vector (f) will give us
the entries of the NIFT output, (i). e saw that
computing the product X(u)v(u) mod ?1(u) requires
no essential multiplications. For 1 = 2,..., ¥(p=-1),
we can compute the products mod q>i(u) using the
scheme described in [11] . This scheme is based
on minimal algorithms for computing arbitrary
producte in finite algebraic extension fielde [13] .
‘"These in turn all use some variation of f'oom's
algorithm for computing the product of polynomials
{8] ’ [101 . 1In [11] winoprad prover that the
alporithms derived using this scheme are minimal with
respect to non-rational (essential) multiplications.
Mow, each product mod @ (u) , i = 2,..., ¥(p-1)
can te computed with 2d1-1 egeential multiplications,
where d; = derree of ?j}u). We can therefore
compute DFT(ZP) with

w(p=-1)
= (Pda=1) = 2(p=2) = ((p-1) - 1)
i=2

= 2p - W(p-1) - 3
essential multiplications. lLet ns denote by /;LBFT(G)

15



the multiplicative complexity of DWr(:) over the
rationals. We mav summarize our discussion in the

last three sections as 0l ouys:

2p - "ﬁ(p-") -7

i

he -1 PT
Theorem II-1 At DFT(Z)
where ¥ (p-1) = the number of divisors of p-1.
Yurthermore, there exists minimal algorithms for
DFT(ZP) all of whose essential multiplications have

factors which are either real or pure imaginary.

II-5: DNET(7_ @ 00 & }-:p), D prime

Let G = ?‘p B oo @ Zp’ the direct sum of k
copies of the ecyelic group of order p, where p is
prime. Our goal in this section is to reduce the
computation of IFT(G) to what we call a direct sum
computation of pk—1/p-1 copies of DFT(ZP). ve
identify G with the field with pX elements.
Lemma II-1 described the aaditive character of this
field, and LF?{(G) 1is built out of these. Using
the notation of lemma Il-1, for any fe L2(G) we

N

have T(0) = £(0) + 2 f(w') , where N = p®-2,
1=0

N
Ty = £(0) + > gD ey, 5= 1, Ll BRe.
i=0

Let (£) = (£(0) £(1) £(w) £(w?) esee £(w))F, and let

16



1

b: G —-4'E be the bijection given by b(wj) = 'Aj
for j =0, 1,.4., N and ©b(0) = 1, where Aj and
1 are as defined in the previous lemma. Observe
that this bijection is not a group homomorphism, Let
us order the entries in the output vector as follows:
(1) = (20) T(1) T Ry ... To N
Relative to this choice of bases, the matrix of

"FT(G) has the form

1 1 1 1 1

1L W O (h WD

1 (h1,1> Oy.w) (k1,w2> (*1,wN>

1 (npe 1Y Ogywd O yw?) O 0wt D
\ 1 O‘N'ﬂ (’\N,w) (KN,w2> - A N,wN)
/ 1 1 1 1 Ce 1

1 D) W) (A,w2> (A,WN>

1 Oow) W) Gawe) Ch 1)

1 (™ ,w2> (A,WBP (r\,w4) (n yw)

LY O > . L D

Let C bhe the core of the above matrix, that

is, the matrix derived from the above one by dropping

17



the first row and the first column, and for Jj = O, 1,
veesy N let 'f(;.j) - }(aj) - T(1). A1so let (%)

= (T(1) T(A) T(x) .ees. Fry) ), and let (£)
be the vector derived from (i) by droppineg the top
entry f£(0). "Then (E) = C (f). We recognize this
system as the one correcponding to a well known cyclic

-t
convolution., More specifically, f(Aj) is the
J

coefficient of the u term in the exprecgsion for
N . 4 N . .
Z <n,wd P ud £(1) + > f(wN J+1y
3=0 J=1
N+1 . ;
mod u -=1. To simplify our notation, we let Yo

= £(1) and for J = 1,....,N we let yj=f(wN-j+1)

""he above cyclic conveolution now haese the form

N : N
> ywI) ul v yjuj) mod u'*laq |

j=0 j=0
7o further simplify our notation, we will let X(u)
= % <>~ ,w'j?uj and Y(u) = %__ yju‘j.

=0 J=0
let a = pk-1 = N+1 and b= pk-1/p—1. For

i=1, ¢asy p=1, 1let Ej_ be the set of primitive
p=-th roots of unity. YTefine for 1 = 1,...,D=1
By = { 1< Wiy €, 0 5 a-t ! and define
o= §3 1 O 1, 0 5 a-1].

In G 1is a subfield H which is isomorphic to

18



to %/p%. 'The elements in H are {0, wb, w?b,

e, w(p'1)b-1 i , and ( is an algebraic

extengion of H of degree k. IFor every w'j e G

nb equals the sum

] $

and for n = 0, ,.., P=2, wa

{1, vy p-1} is a bijection. We have
(1) Wit o ) ()

NMhoose & i and an integer r, O £1r £ p-?,
such that <>~,wr> = €,. Then <)\,wr? 7(n)
runs over all primitive p-th roots of unity as

n rTuns over 0O, ..., P=?. Let us define for B =

O’ "8y p-1 PS(U) = Z_ 11‘] » Eq:u.tion (1)
j e ]:'S

{(s)b

implies that P_(u) = u Pi(u) mod u®-1. For

ease of notation, 1let us write £ ; = € and

P (u) = P(u). We may assume that we chose our non-
trivial character so that‘<x,w) = €. 7lso let

S(u) = € +£ﬂ(1)ub + e"(z)qu + evee + € 3(p-2),(p=2)b
Then X(u) = S(u)F(u) + Py(u) mod u®-1. our
discussion shows that computing DF(G) 1is equivalent

to computing the coefficients of
(2) ( s(u)P(u) + Py(u) )( Y(u) ) mod u?-1,

The coefficients of IT(u) and Po(u) are all 1
or 0O; the coefficients of Y(u) may be viewed as

distinet indeterminants over the rationals.

19



Let us define v, for i =0, ...., a=1 by

i
the f 1 2? v ui = P(u)Y(u) mod uZ-1
e formula i .
i=0
Computing the Vi requires no essential multip-
N i
licationa. Let V(u) = :E: vius . Ye see that
i=0

we can compute, DFT(G) by first computing the
coefficients of <S(u)vV(u) mod u?-1., Define for

J =0, «ce., b=1, the polynomials

e
hV]

. J+ib
Vj(u) = 754 iy .
i=0
Then
h-1
v = ]
/(u) 2 VJ(u)
J=0
and

S(ud)viu) = Efi S(U)Vj(u) mod u®-1,
i=0

Furthermore, if for any inteper 1r the coefficient
of u¥ in P(u)Vj(u) ie not 0O, +then for all i # j,
the coefficient of u¥ in F(u)vi(u) is 0., Wwe
see that one way of computing DIFT(G) is by first
performing b computations for S(u)Vj(u) mod uZe1
and then completing the algorithm without any more
eesential multiplications., The change of variables

v —apu” gives that the LFT(G)
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can be computed by first computing the coefficliente
of the b products §(V)Vj(v) mod vp-1-1. where
B(v) = € + 6"(1)V'+-ea(2)v2 +  aee 4-6_.'(1)"2)v}:’-2

p=2 i
and Vj(v) = EE: vj+ibvl . e recognize these

i=0

as the computationsg in Winograd's algorithm for
NRT(Z ).
( p)

Let us restate our results in the language of
matrices, First, for any matrix 2 and any integer

m define the matrix

A O
o

the m-fold direct =sum, we have gshown that there

mA

exist permutation matricer P1 and P2 such that
P1(£)P2 = bC , where ¢ 1is a circulant (p=-1)x (p=-1)
matrix. € in fact is the matrix corresponding to
FFT(ZD). Now by the CRT, there exist rational

matrices R and R? such that

]
L @
R,CR,
O A w(p-1)

where Ay = bCi, and the ¢y may be viewed as the

fl

imagers of elements in the algebraic extension field

7lul /(?1(11)) under the regfular representation.
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We can summarize by saying that there exist rational

matrices Rl and Rr such that
A, )
ba
Ry (F)R,. = 2.
T v
& Mo (p-1)
where (¥) 1is the core of the DFT(G) matrix. Ve

claim that R and Rr are non=singular. "o prove

1
our assertion it suffices to show that Y(u) and
u®-1 are relatively prime. The procf of this fact
presented here is due to A, Vasquez,

a

Lemma II=2: P(n}) and u =1 are relatively prime,.
Proof: suppose the contrary. Then there is

some a-th root of unity o such that P(e) = 0.
Now Gx, the multiplicative group of invertible
elements in G, is cyeclic. Let w generate Gx;
then as X ranFes over all multiplicative characters
of G¥*, X (w) ranges over all a=-th roots of unity.
Therefore our assumption implies that there exicests a
miltiplicative character X such that P{ X (w))
= P(e) = O,

We will prove the lemma by studying the Gauss
sum associated with X and the non-trivial additive
character A which we used to define ©P(u). ‘he

classical resultes which we will cite can be found in

Lang's (Cyclotomic Fields.
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The Causs sum ig defined ar

2 J J
T, (%) = ;Z—E X wdy x(wd) .

we break up this sum as we did in our construction

above., We have T A (X)

Z_ X . p}"_?‘ (Z X(w‘j)/\(wj))

jer, i=0 \ jeP,
o . - . .

- 2 X « 2o &%: K(wi*1P) \(wJ*ib))
je}‘o jt}’i i=0

> xXeh) o+ Z kgz—f X(wJ)chib)A(wJ)’l(”)

je& PO J e Pi i=0
. . -2 . . .
- X | Z X(wﬂ)(pz; X(wlb);\(wJ)"(”)
je P je ¥y i=0

+

. - . .
= 2 ¥(w) P(X (w)) pZ y(wib)MwJﬂ(l))

Je P, i=0Q

Zi; 7((wj).

jeP,

Now X cannot be the trivial character, since

otherwise P(X{(w)) = P(1) = Z (1)j £ 0, 1If
J ePy
x is not trivial, then we know that Z;fk),l 0.

a=1
However, Z ?( (w‘j) = O, and we can manipulate

J=0
this sum, Just as we did above, to get
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) X (wly = aZ-1 Y (wd) = o.
§=0

je'PO

This implies the contradiection -ZA{xL‘(% and so we

have proved the lemma,

The lemma implies that the two svstems DFU(G)
and the direct sum system we have constructed are
computationally eaquivalent,

Remark: Winorcrad has communicated to us an elementary

argument which proves the lemma.

11-6: DFT(:_{5 (e>) :1;5)

we willl construct a minimal algorithm for
]‘,FT(Z5 G)xs). {yiven the 25 distinect indeterminants
f(a,b) with 0O £ a,b & 4, we would like to

compute the 2?5 wvalues

Z +b
/}(3’}3) = e e f(xsy)

(st)

T i
= 92 /5 « The polynomial u?+2 is

where ¢
irreducitle over Z5 » EO we can look at the field

H = ?]5[_11] /(11?+9_> . H 1is a vector space of dimen-
sion 2?2 over 25 with basis ; 1,11f . Wwe will write
a+bu = (a,b) for all a+bu ¢ H. w= (1,1) generates

a cyclic multiplicative group of order 24. We have a
bijeetion b: H-~—y H given by b(0) = 0O and the
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the following table:

PR [ j s W J ey Wl j o )

0 (1,0) 6 (3,0) 12 (4,0) 18 (?2,0)
T (1,1) 7 (3,3) 1% (4,4) | 19 (2,2)
2 (4,2) 8 (2,1) 14 (1,3) [ 20 (%,4)
Z (0,1) 9  (0,3%) 15 (6,4) | 21 (0,?)
4 (%3,1) 10 (4,32) 16 (2,4) | 22 (1,2)
5 (1,0 11 (3,2) 17 (4,1) 1 23 (2,3)

Aecordingly, we relabel our input data as

follows: f(0,0) = Y4 » £(1,0) = Yy » and for
2 ? -'.\
J = 1' s ey 23’ f(\'f4']) =‘yJ .
Let us choose the non-trivial character A
defined by {(>,(a,b)) =€ 7 . iefine
23 ]
Y(u) = Z ()\,w'] ) u ,
3=0
Pu) = 1 +u +u” + ud o u? ,

s(u) = A, + a{?u6+ .::;"411“2 + q/3u18
where q’i = £ -1,

Y(u) = ¥ 5u .

.
it N
O

t
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Then X(u) = @(u)¥(u) mod u24-1. (Notice the

modification from the construction in the previous

section. There we were concerned with the complexity

question and we did not worry about computing
Po(u)Y(u) mod u®-1, which requires no essential
csteps. Here we are trying to minimize additions as
well. "This modification holds for all ]‘-T"':‘(if’,p@
e ® <p).)

“we would like to compute the coefficients of

X(u)Y(u) = (w)P(u)v(u) mod u?4-1. ve ecan first

compute I(u)Y(u) mod u24-1 with only additions.

23
. i . 24
"efine V(u) = viu = P{u)y(u) mod u“"=1,
i=0
then Vi = Y35 * Y1 * Yiug * Yis1gq * Yisppr  where

the indexing numbers are taken mod 24, It ig clear

how to compute each vy with 4 additions.

Next, to compute the coefficients of s(u)v(u)

moa u?4-1, we perfom the following 6 computations
for m= 0, ..., b, we compute

fm ‘ ( q” d'3 c¥4 a(? Vm

Teum o, oA, oy o, Véam

fyo24m &, o, o o Vio+m

T18en | \ ¥, X, o, o Vigem
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Now we use “inogrzd's algorithm 9 to compute the
6 cyeclie convolutions. € firct compute the

rollowing 74 products: for m= €, ..., 8%

p"}"‘ ) f1(vm = Véum * Viram = V18+m)
Pam T o * Yerm = Vizem T Vigem
Paym f"ﬁ(vﬁa-m = Vigem)
¥ Vm Jall(vm = Viounm’

where
lp1=ft(€-62+ et - e?)

[
=
(1)

1
(1)
.

fp'

[.=3(e + €” - et = ¢e?)

>

fa= €- € - e+ e’

Olserve that f.' is real and - f2, f3, and f4
are pure imaginary. "'e may assume that the J’ i

have heen comnuted once and for all and are stored

in memory. “e can compute the 6 eyclic convolutions

with %6 additions and 24 multiplications,

e also compute the 6 non-esgential multipli-
cations f;nz(-5/4)(vm Veom * Vioum * v18+m) for
m= 0, .44, This reguires 18 additions and

6 multiplications by (=5/4).



Then,

}m \ f1 1 1 =1 o} [ PG, m \
?Bm 1 -1 1 0 =1 Py m
'_'1?+m I R I e Py m
}18”_”] \1 -1 -1 0o 1 P, m
\*’%m J

T"hese we can compute with 60 additions. Also, for
-~ -~ -
J =0, «¢ee,23, the ‘.j are precisely f(a,b)=f(0,0)

permuted around. 'We next describe this permutation.

Recall that <’X.(X;Y)> = € X, Using the notation

of Lemma 1I-%, <N, pyr (y)> = <>, (a,b) (x,y) >
?

€ ax-?by.

= {» , (ax=2yb,ay+bx) ) lut for some

interers 0 <& 1T,8 ¢ 5, <> (a’b).(x,y)> = € rx-rsy.

We must have a = r mod 5 and Yt = 25 mod 5. This
A ~ .
says that f(r,s) = fr g * f(0,0), where the sub-
ny 7

scripte are taken mod %, for all (r,s) € L, (r,s)
# 0. Computing these 24 coefficients require 24
more additions. ¥inally, we compute ?(0,0) with 24
additions. Altogether, we have computed DFT(ZB eydb)
with 24 essential multiplications, 6 multiplica-

tions by (=5/4), and 298 additions.

Remark: "The modificaticn in this construction 1is

due to VWinograd.
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111, A Direct Sum Theorem

111-1, Introduction

In the previous section we saw that if G |is
a finite direct sum of 2/pZ where p is prime,
then we can compute DFT(G) by first computing
what we call a direct sum system of semilinear forms.
In a subsequent paper we will show that this scheme
can be used for the DFT of any finite abelian
group, We also saw earlier how we can use algorithms
for =systems of bilinear forms to yield algorithms
for these DNFTe, Wwe are therefore motivated to
explore the multiplicative complexity of certain

direct sum systems of bilinear forms.

Let G be a field, and let (x) = (x1 e xc)t
and (y) = (y1 s yb)t be vectors of distinct

indeterminants over G. For k=1, ..., a, let

bk = E fijkxiyj be a collection of bilinear
1,1

forms, with fijk € G. Ve may write

by Laqg oo gy Y
ba La1 * e Lab yb

where ij = EE fijkxi‘ lLet us also write
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Alx) =
La1 a8 La'b
we call A(x)(y) a system of bilinear forms.

Definition III-1: An algorithm (P is a finite

sequence of elements hJ e F = G(x,¥y), the purely
transcendental extension of G obtained by adjoining
to it the indeterminante in (x) and (y), where
either

(i) hjeG U{X1. e e 2y yc' y1' a0y yb} or

(11) hy = h *n p<j, q«j, and * isg

J q’
one of the field operations in F,

Tefinition III=-2: The algorithm (L is said to

compute the system A(x)(y) if for every k = 1,...,a
there exists J such that bk = hj' where as above,

bk is one of the bilinear forms in the system and

hj is a step in .
Remark: The algorithm in our definition has no

branching; for a justification see ( [9] , =ection
I1I1a). Also compare our definition with the ones in
the cited reference; here we fix our base set to be

G U {Xq9 eves Xgo Fqs oves ybf .

Definition III-3: A step hy of QA is called

essential of hJ = hp* ho and either



(1) * is a multipliecation, hp¢G, and
hq¢ G; or
(i1) * is a division, and the divisor hq¢ G.

The following presentation theorem is a direct

consequence of our definitions. For a proof, =see (¢].

Theorem IfI-1: Let (¥ be an algorithm computing
A(x)(y) and let h(1), ...., h(t) Dbe the essential
esteps of (¢ . Then there existe an axt matrix M
with entries from G, and an a-dimensional vector
L(x,y)} of linear forms ( not necessarily homo-
geneous ) 1in the indeterminants of (x) and (y)
over G, such that

A () = m(n() con()) e Lix,y) -
Furthermore, for k = 1, ..., t, h{(k) =
{2 agh(1) + _n_t_k+xk+fk) * (Z aj, h(1) + §i+xi+ff() ,

i<k i<k

where Ay aik, fk’ fi e (3, X and Ei are
homogeneous linear forms in (x) over G, Y, and
xi are homogeneous linear forms in (x) over G,

and * 1ig either a multiplication or a division.

Definition I111-4: We define the degree of the

alpgorithm & to be the number of essential Bteps

it contains, and we dencte it by /M () .

NDefinition III-5: We define 4« A(x) = inf {ti

t - M (@) and ©f is some algorithm computing



A(z)(x)l . We call ‘/4A(§) the complexity of the

rystem A(x)(y).

Definition II1I-6: If /JA(_)_[_) = t and (P is an

algorithm of degree +t which computes A(x)(y),
then we call ¢¢ a minimal algorithm for A(x)(y).

We next list a hierarchy of classes of algorithms
for computing systems of bilinear forms with which we

shall be concerned for the rest of this paper.

Definition I11-7: ¥ is called a division-free

algorithm if all of the essential steps of (T

are multiplications,

Definition 1II1-8: If each of the essential esteps

of ¢P is a multiplication of the form

(X, + ) (x} + X)) where x, and x}! are homogeneous
linear forms in the indeterminants of (x) and y, and
Yy are homogeneous linear forms in the indeterminants

of (y), the C€ is called a quadratic algorithm.

Corresponding to theorem 1II-1, we have the

following presentation theorem for quadratic algorithms.

Theorem III=1': Let ¢¢ be a quadratic algorithm
computing A(x)(y) and let h(1), «...., h(t) Dbe the
essential steps of X . fThen there exists a matrix

M with entries from G such that

A () = 1 {n(n) ..., h(t)) t,



Definition I1II-9: If each essential step of a

quadratic algorithm ¥ has the form
h(k) = (Z aikxi) pya bikyi)
i i

and a;,, by, €0, then ¥ 1is called a bilinear

(or non-commutative) algorithm.

Definition III-10: For a bilinear algorithm & , we

define 4 ¥ to equal the number of essential steps

—

in & . ve define & A(x) = inf ft I t = A O€
and CX? is some bilinear algorithm computing
a(x)(y). vwe call 4 X ( resp. An(x))  the
bilinear complexity of c€ (resp. A(x)(y) ).

Remark: Notice that we did not make a special
definition for guadratic complexity analofFous to
our definition 1II-10 of the bilinear complexity.
This is because in [12] Winograd proved that given
an algorithm (¥ of degree t for computing A(x)(y),
we can induce from it a quadratic algorithm EF of
degree at most t which also computes A(x)(y). 1In
particular, if (I is minimal, ‘then the induced
algorithm 6% must also be minimal and, therefore,
of the same degree.

The proof of Winograd's theorem cited in the

previous remark is constructive; one actually

constructs the nguadratic alpgorithm from the given one.

33



We also refer the reader to [9] for a nice treatment
of this inducing process. In the following chapter
we shall only need the following consequence of

the proof.

Theorem III-2 (Winograd): Let X %be a minimal
algorithm computing A(x)(y). <Suppose that /u[ce)v,z
and that the first two essential steps of CF are
the multiplications

h(1) = (x4 + ¥4 ¢+ £0(x) + y7 + £3) and

h(2) = (ah(1) + x, + ¥, + £5)(a'h(1) + x5 + y5 + £1).
Let L = £, (x} + y}) + f£i(x, + y,). ’3hen there
exists a minimal quadratic algorithm (f which
computer A(x)(y) and which has as its firet two
eegential steps the multiplications

(1) = (x, + x)(x} + y!) and

h(2) = (aL + Xo + Yy)(a'L + x5 + ¥3) .

ITI=-2. A direct sum theorem for guadratic extensions

Let Xgs Xq0 ¥o,10 Yq,q0 coceer Yo,u0 Y1,p
be distinct indeterminants over G. Let C Dbe the
companion matrix of an irreducible quadratic poly-

L B t
and let C(x) = xgI + x,C, where 1 denotes the
?x2 1identity matrix. In this section we will

determine the bilinear complexity of the system



Cc(x) (:>

bC(x)(y) =", L
> Ce(x)

Lemma I1II-1: The determinant IC(;), does not split,

!

O a

Proof: Suppose ( = ( ) . Then

1 b

X ax
0 1 7
X0

+ bxox1 - ax12. Yhe

[C(g)

x, x0+bx1

minimum polynomial of C is x2 - bx - a, and by

assumption is irreducible.

Definition I1I-11: Let A(x) be a matrix of linear

forme. Ve define drﬂ(g) to be the maximum number of

POWE Ty essey T of A(x)} such that if

k
§E1 aijrj € G and Ay ¢, then Ay = 0 for all

J = 1y eus, k. drA(z) is called the G-row rank of
A(x). We similarly define the G-column rank of A(x)

and denote it be d_A(x).

Definition III-12: 1f either A(x) or At(ﬁ) has

the form (a1m cene asm), where aje_G and m |is
a linear form in (x) over G, then A(x) is

called a rank=1 vector.



Theorem 1II-3: Let A(x) be an axb matrix of
homogeneous linear forms in (x) over G. Suppose
that drA(g) = a, ch(g) = b, and /E.A(g) = t,

Then there exists a txt matrix

A(x) \
F(x) = —
- \

such that the determinant l B(E)l is not zero and

splits over ¢ 1into linear factors.

Proof: Our assumption ‘j: A(x) = t implies
that there exists a bilinear algorithm of the form

L,-Lj
A(x)(y) = W
Lt‘L%
a11L1 LI a1bL1 y1
= M
Apqly cocre Al Vb
= M0y,
a b
where Li" Z fijxj . Li' 231 aijyj ,
Jm=1 =

and 844 fi,j € G. The rows of Ql are linearly
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independent becaure /jiﬁ(g) = t, lLet X = t-a, Wwe
mav agsume that the first k rows of & and the

rows of A(x) are all linearly independent. Let

Byqkg 2ottt Ak

. " 8

ag 1k Bepl
By the duality theorem for the transposes of systems
of bilinear forms ( aee [9] , theorem III-4 )
~
/E.A(z) =/Z‘ht(§). so there exists an algorithm of

the form

28 (x)(z) = K §

= N ?>(g) ’

where Mi (resp. Mi) are homogeneous linear forms
in (x) (resp. (¥y) ) and (z) is a vector of
t distinct indeterminants.

Let 1 = t=b, We may assume that the first 1

rows of F5 and the rows of At(ﬁ) are linearly



independent, Let
~s
A¥(x)

K¥(x) = gqMq ot DMy

b 1'1 .I.I.b

1174 1¢H

t

1 .t - .t 5

Then 4 F (x) = d b (x) = M E (x) = t. Finally,
because /E Pt(z) = /Z E(x), the G-row span of ¥ (x)
has a basis consisting of all rank-1 vectors. 7Thus

there exists a non-singular matrix € over G such

that
CaqlNy 2ot e Ny
Cr(x) = : '
Ct1Nt veo e CttNt
N o s aa s C
1 11 1t
\\ (—) ’ '
C) Nt Ceq *°°' Ciy
Ny O Ceq *°°°° Cq¢
Let (N) = and Y= | R
O T LK B BN BN ]
Nt Cyy Ctt
( Notice, N; are linear forms and cije G, ) Wwe

claim that ¢ 1is non-singular. Otherwise there
exists a vector v # O such that CE(x)v = (N)J’\:- 0,

from which it follows that Ek{(x)v = O, contradicting
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our previous result that ch(g) = t, The matrix

E(x) clearly satisfies the conditions of our theorem.
L1 ]J?
Theorem [1I=-4: Let A(x) = " |+ where L,
L 1
3 4
are homogeneous linear forms in (x) over G.
Suppose that IA(;)' £ 0 and does not split over
G. Then /’& kr(x) » 3k (Recall, kA(x) means the

k-fold direect sum of A(x) ).

Proof: Let Fkh(_}g) = t, and let =& = t=2k.
Clearly drkA(g) = dckA(g) = 2k, so by the previous
theorem there exists a txt matrix of the form

kA(x) L 1(x)

E(x) =
E(x)
such that lh(z)‘ ¥ O and splits into linear factors

over G. W%e can block-expand for the determinant as

follows: K(x) = ZE:_ ay 'Eil\ﬁi\ » where
i

a; € G, F,; range over all sxs minors of E(x},
and Ai are the complementary 2k columns of
[kA(g) l D(;)) . Now if t & 3k-1, each Ay
contains at least k+1 columna of kA(x). Hence
\A(;)l is a factor in each summand of this block
expansion for the determinant., Thus, Yecause of
unique factorization in polynomial rings, !E(;)I

cannot split into linear factores over G,
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Corollary: Let Q Dbe a quadratic extension field
of G and let r, Bys eceesy By be arbitrary
elements in Q. Any bilinear algorithm for
computing the products T84y sseey 'Sy UBES at

least 3k multiplications.

Proof: ™This is an immediate consequence of

Lemma I1II-1 and theorem 1II-4.

40



Iv, Clagsgification of Minimal algorithms

Iv=-1. Introduction

In chapter II we saw that im certain cases
the DLFT 1is computationally equivalent to a
direct-sum system of semilinear forms whose direct
summands can be viewed as products in finite algebraic
extension fields., WwWe also saw how minimal algorithms
for systems of bilinear forms for computing products
in algebraic extension fields yielded algorithms for
these direct summande. In chapter 1 we pointed out
that Auslander and Winograd in [3] have proved that
direct sums of minimal algorithme so derived yield
minimal algorithm for DFF computations in many cases.
In this chapter we study the classification problem for
minimal algorithms for systems of bhilinear forms for
computing products in finite algebraic extension

fielde,

In a recent paper [10] vinograd classified all
minimal bilinear algorithms for computing such products.
Furthermore, he showed that every minmal quadratic
alporithm for computing products in an algebralc
extengion field of degree 2 1is necessarily bilinear.
What we have tried to do is prove that all minimal
algorithms for computing products in finite algebraic

extension fieldes are bilinear. We have not succeeded
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in this task, but we did make considerable

progress towards this goal.

In this chapter we prove that for a certain
class of systems of bilinear forms all minimal
division-free algorithms are bilinear. This class
includes systems for computing products in algebraic
extension fields of arbitrary finite degree. 1t also
includes systems for computing products of Toeplita
matrices with vectors and rcystems for computing
products of Hankel (F1K filter) matrices with
vectors, Finally, an interesting corollary of our
recults is that the multiplicative complexity of

the quaternion product ofver a real field is 8,

Let us guickly outline the ideas in this
chapter. lLet F be an algebraic extension field
of degree n of a field G, and let F(x)(y) be
a cystem ¢{ bilinear forms for computing the product
in F, F(x) 1is an nxn matrix of homogeneous
linear forms in n 1indeterminants over G, 'he
eystem F(x)(y) has three important properties.
Firet, if f,g e G" and fYF(x)g = O, then either
f=0 or g = 0. Cfecond, the entries of F(x)
span an n-dimensional vector rpace over (. And
third, +the multiplicative complexity of the system

P(x)(y) 1is 2n-1,

This motivates our studying the following general
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situation: A(x)(y¥) 1is a system of bilinear forms,
where A(x) 1is an axb matrix of homogeneocus
linear forms over a ground field G, and the system
satisfies the following:

b and fth(z)g = 0,

(i) if f € ¢® and pe€G
then either f = O or g = 03

(ii) the entries of A(x) span an a-dimensional
vector space over (G:

(11i1) the multiplicative complexity of the

system A(x)(y) 1is a+b=-1,

We look closely at how these systems and minimal
quadratic algorithms for computing them are affected
by various projections, "his is the technique of
substitutions which har been succersfully used by
Auslander [2? » [3] R “inograd [3} ’ 111] , [13] ,
and various other authors in studying the complexity
of certain systems of bilinear and semilinear forms.
The properties of A(x)(y) which we have listed above
guarrantee the existence of the various substitutions
that we need, and also allows us to draw much
informations from the systems and algorithms induced
by these substitutions, We are then able to show
that all minimal quadratic algorithms for computing

A{x)(y) are bilinear.

To pass from minimal guadratic algorithms to

minimal division-free algorithms, we use the
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pPresentation theorem of Winograd [12] cited in the
Previous chapter ( theorem JII~2 ), This theorem
told us how, given any minimal algorithm for comput-
ing A(x)(y), we can construct from it a minimal
auadratic algorithm for computing this system,
Finally, when the original algorithm is division-
free, we are able to use an induction argument and,
putting all these ingredients together, prove that

the algorithm must be bilinear.

Iv-2, Multiplication in Division Rings

In this chapter we shall be interested in the
structure of minimal division~free algorithms for
computing products in certain division ringe (for
example, finite algebraic extension fields). 1In
this section we describe what systems of bilinear
forms for computing preoducts in division-ringe look

l1ike, and we give two important examples.

Let 10 De a division ring of dimension n over
a fielde G, and let us fix a vector space isomorphism
i: 7 —» 6", Fecause multiplication by an element in
N is a linear operation, we induce the left-regular
representation L: Inh —> Mn(G) defined as follows:
for d

d, € D, L(d1) is the matrix such that

1* Y2
L(d1)i(d?) = i(d1d?).

Let (x) = (x1 cone xn)t and (y) = (y1 cess yn)t
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be vectors of distinct indeterminants over G, and
for J =1, vee, n, 1let e.j € G" be the vector

(0O eoe 1 sus O)t, the single non-zero entry is 1,
and it appears in the j-th row. Let dj = 1_1(93)

n
and let D(x) = 2:_ xJL(dj). (x) is an n=xn
J=1

matrix of homopgeneous linear forms in the indeter-
minants of (x) over G. fThe vector T(x)(y) is
called a system of bilinear forms for computing the

product in Dn.

Theorem IV-1: Let f, g € " and suppose that

ftD(l)g = 0, "hen either f=0 or g=0,

Proof: Choose a non-zero d € I and define
the linear transformation Lat B — 51 by
Ld(h) = L{h)i(d) = i{(hd) for every h € 1. }ecause
D containes no zero-divisors, the kernel of Ld is
trivial. Therefore, for every non-zero d € D,

L(D)d = Ly(D) = 6.

Now suppose that ftD(g)g = 0, Then

n n
et JZ_: xL(a) | g = 32:1 xjftL(dj)g = O.

Fecause X49 sees X, ATe distinct indeterminants, we
must have ftL(dJ)g = 0 for each J = 1,..., n. Now

d1. cseey dn generate 1) as a vector space over G,



and therefore ftL(P)g = 0, If g £ O, then by the
previous paragraph L(D)g = Gn. wWe must therefore
have that '™ = 0, which implies that f = O,

and we have proven the theorem.

Fxample IV-1: Let G[u]l be the polynomial ring in
the one variable u over G, and let g(u) ¢ 4Qu]

be a monic irreducible polynomial of degree n. Let
Cg be the companion matrix of g(u), and let Cl(Cg)

be the alfebra generated by UF over G, “hen an

isomorphism

I :6lu] /<¢e(u)y

> Cg((,‘g)

is given by I(u) = CP' ¥ix the vector space
isomorphism i: dt] / ¢e(u)) — i defined
ty i(uj-1) = ey, for j = 1, ..., N, Relative to
this choice of basis, the regular representation

has the form

n=1 n-1
:E J :E J .
j=0 j=O
n=1
and E xjf:g'j (y) is a system of bilinear forms
J=0

for computing the product in the extension field

clu] /7 r(u)y .
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¥xample Iv-2: "The quaternions k over a real
field G are a four dimenseional ring over G with

generators 1, i, j, Kk, and with the relations

1 w j7 = kK” = =1, ij =k, jk =1, and ki = Jj.

Let us fix the vector space isomorphism 1i:K -0G4

Fiven by i(1) = €49 i(i) = €y i(3) = €y and
i(k) il 84’ -
beginning of this section., Then computing the

where ej ¢ G4 are acs defined in the

product of the guaternions is the same as computing

the following system of bilinear forms:

Xy "Xy Xa 'x4\ f Y1 \

X5 Xy X, - X Yo

X4 Xz =X5 Xy | \3’4 J
Iv=-3, hefinice Matrices

Motivated by the statement of theorem 1V-1, we

now give the following definition,

Nefinition IV-1: Let (x) = (x1, ceay xc) be a

vector of distinet indeterminants over a field @,

and let A(x) bhe an axb matrix whose entries are
homogeneous 1inear forms in the indeterminants of (x)
over i, Wwe will call A(x) definite of it satisfies
the following condition: for every f & G? and

g €GP, 1if fYA(x)F = U then either f=0 or g=0.

47



Definition 1v=-2: Let A(x) %Yte as above { not

necessarily definite ). Ve define the G-rank of
A(x) to be the dimension of the vector space
generated by all the entries in 4(x) over ¢,

and we denote it by r, (A(x)).

kxample IV-3: If w(x)(y) 1is a system of bilinear
forms for computing the product in a division ring T
of dimension n over a field ¢, then rG(D(E)) = n

and by theorem 1V=1 1(x) 1is definite.

}xample IV-4: An n *n matrix T 1is called a
"oeplitz matrix if for all 2 #i,jen we have = (i,])
= T(i-1,j=-1), where by ©(i,j) we mean the i,jth
entry of T, 7“he system of bilinear forms for
computing the product of an nxn Toeplitz matrix
and a vector is "T(x)(y), where

*0 *4 *ne1 - - 0 0 Tonaz

%4 *0 *n x2n-3

"(x) = 2 X X Xon-4
*ne1 *n-2 ¥p.z .- - X

we leave it to the reader to veriry that 7(x)
ies definite over any field. %e will, however,
present the following proof that (x) 1is definite
over the rationals, 1, *ecause we will use this

ar-ument agaln later in the paper. Suppose that
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f, €& Q! and ftT(l)g = 0, Let ae€¢e(Q be a non-
zero snuare=-free integer not equal to 11, Then by
Fisenstein*'s criterion, ul-a is irreducible over Q.
Let '%(5) be the matrix obtained from ©(x) by
2n=1=j for xj for all J = N, +eay
?n-?. "Then ftﬁ(l)g = 0. rut %(E)(x) is a system

substituting ax

of bilinear forms for computing products In the
extension field O&ﬂ ,/(un-a> « ‘Therefore either
f =0 or g =0, and we have shown that 7T(x) Iis
definite,

Xg -X 4

and

Example IV-5: let A(x) =

(y) = (yO y1)t. A(x)(y) 1is the system of bilinear
forms for computing the product of two arbitrary
complex numbers. The matrix ﬁ(é) is definite over
the rationals ¢ but not over (i)}, the Gaussian
rationals., "“his is not surprising because u2+1 is
irreduecible over ¢ but not over 0(i). Similarly,
the matrix given in example IV=-2 1is definite over ¢
but not over ©{i). ©f course, the quaternions as

a divieion ring over (i) 1is a vector space of
dimension 2, and the matrix of the rystem of
bilinear forms for computing the quaternion product

X

over (i) ias (

1 '-’??
_- , where by X we mean
X X

2 1

the complex conjugate of x. This last matrix is
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definite over (i) by theorem 1IV-1,

Lemma 1V-1: Let A(x) be a definite axb

matrix. Then

(i) Fvery non-zero element in the G-row span

of A(x)} Las G-rank b; every non-zero element in

the Ge-column span of Ai(x) has G-rank a.
(ii) If cea, deb, K is a cmna G-matrix
of rank ¢, and N 1is a tad G-matrix of rank d,

then MA(E)N is definite.

Proofs (1) let v = ftﬁ(z), where f €02 and
f # O, Clearly rG(v) < b, C“uppose r[;(v) # h-1., "Then
there exists a non-zero ¢ € 6P such that ftﬁ(g)g
= ve ¢ = 00, lut this cannot be Tecause we assumed
that f{(x) is definite. This proves the first part of

(i); the second part is proved similarly.

(ii) Cur aecsumptions on V¥ and KN imply that
if £ € 6% and g e Gd are both non-zero, then also

' €% and Ng € G° are both non~-zero, “hus, if

£
£ A (x)Ng = O, then either f'M = O or Ng = O,

which implies that either f = 0 or g = O,

Corollary: If A(x) 1is a definite arxt matrix,

then (1) every entry of A(x) 1is non-zero, and

\vii) if g € Gb and g # 0, then rG(A(g)g) = a,

For the rest of this chapter we will be interested
in the following situation: A(x) 1is a definite anx b
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matrix and '/4A(5) = a+b-1, “e should remind the

reader of the well known rank theorem [1] :

Theorem IV-2 (¥iduccia=-Jalestein): If a(x) 1is

a definite axb matrix, then ’/uﬂ(g).a a+kb-1,

Lemma IV-2: Let A(x) be a definite axb matrix
and let M{h(1) -+« h(a+b-1))% be a quadratic
algorithm computing A(x)(y) (ef theorem ILi-1').

Then every a columns of |1 are linearly independent.

Proof: Let ¥ (011 ""'lca+b-1)’ where c,

are the columns of ¥, and suppose, =ay, that

Cay o220y C are linearly dependent. ""hen there is
1 a
a non-zero f ¢ ? such that f'H = (0 «o+ O d_, , =+-
see da+b-1)' where dj € G for j = a+l, ...,a+b=1,
a+b-1
Now ftﬁ(l)(x) = EE djh(j) » 80 that /u.ftﬁ(z)
jua+1

€ b-1. Fut by lemma IV-1, =r,(£%4(x)) = b, and so
by theorem I1V=2, M ftA(ﬁ) » b, we have reached a
contradiction. OCf course we could have argued
similarly for any a columns of [V, and so we

have proved the lemma.

Remark: Let A(x) and ¥ be as in lemma 1IV-2, and
let W = (c1l ....Ica). Lemma 1iV=2 asgerte that W
is invertible, and by lemma 1V-1, W~ 'aA(x) is

definite., Clearly if every minimal algorithm computing



w'1A(5)(1) is bilinear, then the same holds for

all minimal quadratic alegorithme computing A(x)(y),
and vice versa. Therefore, in any arpgument in which
we only impose on A{x) the condition of definite=-
ness, we may assume that M = ( 1' i ), where 1

is the axa identity matrix. slso, an argument
eimilar to the one in the proof of lemma IV=2 shows

that none of the entries of ¥ are O,

Iv-4. Subgtitutions

Tenote by Lg(lvl) the G-linear span of the
indeterminants in (x) and (y), and denote by

G [5,1] the polynomial ring G [x1,-°-,xc,y1.---yb] .

hefinition 1V-3: Given a mapping s:{ x1.'--,xc,y1,--

...,ybi —y Lh(g,l), g can be extended uniguely to
A homomorphism T8: (}(5,1] —_ ”(1!1] which is
the identity on . Ye shall call such a homomorphism

s a subetitution.

Remark: Compare with the definition of rubstitution
in ['3] and [11] . Here we allow substitutions for
indeterminantes in both (x) and (y). Also, because
in this chapter we will onlyvy discuss Jdivision=frae
alrForithms, we will not worry abtout extending

substitutions to the field of fractions G(x,y).

In the remainder of this section we describe how
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certain substitutions affect systems of bilinear

forms and various algorithms vhich compute them.

A Let A(x) Dbe a definite axbh matrix, and
let 2(x)(y) = 1 (h(1) +++- h(a+b=-1))¥ be a minimal
quadratic algorithm, where h(i) = (51+xi)(55+1;)

As in definition Il1I-8. let v be any non-zero

element in the (-span of the entries in A(x)(y),
and write v = :E: ki(g)yi, where ki(i) are linear
i

forms in (x) over «. Fy lemma [V-1, v is
definite, and Ty the corollary to the same lemma,
ki(z) £ 0 forall {=1, ..., be We see, 1in partic-
ular, that v 1is not in the purely transcendental
extension field 0(31,...,xc,y1,....yb_1). “herefore
the indeterminant Yy must appear romewhere in the
algorithm, We may aessume, after perhaps permuting the
columnsg of m and correspondingly, the h(i), that

bHe=1
Yy = ayy + Z LIV with a, b €4 and a #£ O.

i=1
Let a; = bi/a. If, for every Yy, appearing in our
alporithm we subgtitute - Z a; ¥y = X , we

i=1

get a new algorithm of the form



‘E(E(Q) '--°’E(a+b-1))t , Wwhere M is the matrix of
the last a+b=? columns of F, and ‘B(i) are the
projections of the original h(i) induced by the
substitution (51 - x1) -—> O, For i =1, ..., b,

let o be the columns of A(x)}. The new algorith

i
computes C(g)(i) + X,cy o where c(x) =

(cqrajey | +ove Loy y+ayoqoy) and (3) = (v, *--
)t

. C(x} 1is also definite because if
b~-1

. a y.b-“

f¢G® and g e G and ftu(z)g = 0, tr=n, let-

t
tin{?pz (a1 ) ab"‘"1).g and aq = ( glp ) » we

We can repeat this process of substitution @D

th substitution

times. If kX £b-1, then after the k
F o
we are computing a system of the form A(g)(&) + 0(x),
where ?(ZJ is a definite a »(b-k) matrix, "(x)
ig a column vector of auadratie forms in (x), and
t
we may assume that (2) = (x' LR yb-k) . Also, the
induced algorithm is minimal, of degree a+b-k-1,
and each esgsential multiplication is the projection

of one of the original h(i) induced by the

csubstitutions we used.

Remark 1: In the firet substitution above we re-

placed Yy by a linear form in the indeterminants

x1.---.xc.y1,...,yb_1. "his was equivalent to
projecting along (51 + 11) = 0, Of course we could

have instead rubstituted for any of the indeterminants
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appearing in Xqe For the rest of the paper, when-
ever we do substitutions, we will not have to worry
about which specific indeterminant we are eliminating.
For example, in describing the above substitution,

we shall have simply said: let us substitute

(51 + x1) = O,

Remark 2: "he above argument shows that we may
assume that y.,, ..., Yy, Aare linearly independent.
Notice, in fact, that a =slight modification of that
argument shows the following: let A(x) be an axb
matrix of homogeneous linear forms, and suppose that
the columns of #(x) are linearly independent (we are
not assuming definiteness). Suppose that 2(x)(y) =
M(h(1) e+~ h(t))t is a quadratic algorithm (not
neceesarily minimal) with, ags usual h(i) =
(x;+¥;)(x}+xy}). Then we may assume that y., ..., ¥y
are linearly independent. Notice that by theorem IV-2,
we have b £ t, “he modified arpgument starte by
observing that because the columns of A(x) avre
linearly independent, at leasrt one entry in the bth
column of A(;) is not 0O, The proof continues
almost word for word ar the one above, except that
after each substitution, (instead of claiming that
the induced matrix is definite) we claim that the
columns of the induced matrix are again linearly

independent,

(1]
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k: Our second type of substitution is essentially
the =same as the first, except that we write things
differently. Apain, let MH(h(1) «+++ h(t))¥ ve a
quadratic algorithm computing A(x){(y), and asrume
that the columns of A(x) are linearly independent.
write as usual h(i) = (x;+y;)(x}+y}). Ity remark 2,
we may assume that Jqv v 1Yy arve linearly indepen-
dent. Write xj = Ej-(x) and Xy = Ej'(ﬁ) , where

by € 67 and gy ¢ 6% Let (#) be the matrix

g b
: and let (I)= . . fhen
S.a __E‘

substituting (51+x1) = esss m (5b+xb) = O 1is the

same as setting (a)(x) + (b)(Y) = O, Tfecause

Yq» oees Yy, Aare linearly independent, (hlis non-
singular. Let (u) = -(P)'1A(£). T"hen TG(H) =
rn(z1 RIS 5b) = rank {A). Also A(x)(n) =

B

‘E(;(b+1) sene zfa+h-1))t, where is the matrix
composed of the last a-1 columns of ¥ anc. b(i)
are the projections of the original h(i) induced

by the identifications (£)(x) + (¥)(¥) = O,

Remark: In the special case that the original
nuadratic algorithm is minimal we can say congiderably

more ahout the structure of the induced esystem and
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-~
and algorithms., Specifically, if we write h(i) =
kiki for 41 = b+1, ..., a+b=1, where k, and ki
are linear forms, then we assert that all the ky
and k} and the entries of (u) are in the G-linear
span of the entries of A(x). Recall that (y) =
(v, «+. ¥)% 8. after b substitutions of the
form (£1+x1) E eoe = (lb+lb) = 0 with Y,y «ees ¥y
linearly independent, the indeterminante Yys eeer Yy
vanish, Then either our assertion is true or the

induced alporithm contains extraneous variables. The

second possibility is excluded by the following lemma,

Lemma IV-3: Let a(x)(y) = ™M (h(1) *=-* h(t))t be a
presentation of a minimal quadratic algorithm, Then
every ideterminant appearing in the algorithm must

already appear in A(x)(y).

Proof: Suppose, on the contrary, that the
extraneous indeterminant w appears in the algorithm
but not in A(x)(y). Let h(k) be any essential
step of the algorithm which contains w. ‘TThen we
can write h(k) = (aw + L)(a'w + L'), where L1 and
L' are linear forms, a, a' € (i, and we may assume
that a # O. If we now substitute =-a~ 'L for
every w appearing in both A(x)(y) and the algorithm
we fFet an  induced alporithm of depgree at most t-1
which also computes A(x){y). This contradicts our

assumption that the original algorithm is minimal.
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[oF Let k1, sy kd be linearly independent
homoreneous linear forms in the indeterminants of (x)
over G. Ye can substitute k; = f;, € G for

i- 1' s e 09 do

Definition IV-4: If the linearly independent linear

forms k1, seoy kd are in the ((=linear s=pan of the
entries in #(x), then the substitutions k; = f, € G
are sald to be effective on p(x).

Firet let us =mee what this type of substitution
does in the following special case. Ag usual, (x) =
(x1 ‘o xc)t, and let u = KR(x), where R 1e some

axc G=matrix. If we substitute

c=1
Xo = _-Z— fixi = 0, where fi e G, then we
i=0

induce fyom u the vector

R

u = R . (x) , where I

O "s s 0 f

c=1
is the (c-1) x{ec=1) identity matrix. In particular,
we see that this type of substitution may reduce the

G=rank of u by at most 1.

Next, 1if dgc and k1, P kd are linearly
independent homogeneous linear forms, we may substit-

ute k1 w sees = kd = 0, "This will induce, after

58



perhaps permuting the entries in (x) and relabeling

them,

u = R _ g (x} , where la.q 18

the (ec-4) x(ec=-d) identity matrix. In particular,
the G-rank of u har been reduced by at most d,.
If the substitutioncs were effective on u then the

fi=rank of u has been reduced by exactly d.

Remark: 1f rG(E) = r, we can always find r
effective substitutions which will induce the O
vector from (u). Fy the above discussion, each of
there rubetitutions +111, in fnet, Jlower the (-rank
of (u) by 1. In partiecnlar, there exist 1r-1
substitutions vhich induce from - (u) a vector

(ﬁ) = v¢, where v 1is a linear form in (x) and

£ ety q# O.

Lemma IV=-4: Let a(x) be a definite a xb matrix,
with rG(A(z)) = a. Let (u) be a t-dimensional
column vector whose entries are all in the G-lirear
eprn of the entries of A(x)., Let n £ a. After n
substitutions which are effective on A(x), either
the induced vector (ﬁ) = 0 or the induced system

M) (@) £ o,

Proof: suppose that 7r,(u) = r 1, Yy the



previous remark, there exist r-1 substitutions
which induce from '1(5)(§) a system of the form
1(;)(&) = vﬁ(;)p, where v & G is a linear form

and O # ¢ eG®., These substitutions are effective on
’;{(;_(), and so er(g) = a-n-{(r-1). Also 1 = rG(ﬁ) =,
r;A(x). Therefore, a-n-(r-1) z 1. Now r,(A(x)) =
a, and because each substitution reduces the G=-rank
of A(x)e by at most 1, we have rG(A(_Jg)g) -
a=n=(r=-1), We have shown that rGh(§)3}z1, which

~ ~ -
implies that vA(x)g # O, and therefore A(x)(u) # O.

Remark: An examination of the ahove proof shows that

the lemma is wvalid for n = O,

Iv-5, More preliminaries

Tefinition IV-5:  An alporithm computing A(x)(y)

will be called semi~bilinear if each of its essential

multiplications has the form (£i+xi)(11).

Throughout this section, A(x) 1is a definite

axb matrix with  «A(x) = a+b-1,

Lemma IV-5: Let A(x)(y) = k& (h(1) <»-- h(t))t be a
minimal oquadratic algorithm, Suppose that h-1 of
the essential steps are of the form (x,+y;)(y}). Then

the algorithm is semi-tilinear.

Proof: ¥'e may assume that for i = 1, ..., b=1,

h(i) = (§i+xi)(xi). For Jj = 1, +e., a, let Ty be
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th

the } row of A(x). Suppose that
a b—1
2 ajrj (y) =+ E bih(i) = 0, where
J=1 i=1
a
. Te > = : . ifr O >
25 b.j e ( Let v - ayry 1 v £ 0O, then

by lemma 1V-1, ru(v) = b, and by theorem 1V=2,

/Ac(v) 2 b, tut we can compute v(y) using the b-1
essential multiplications h(1), ..., h(b=1). “here-
fore v = 0, which implies that for all Jj= 1, ..., a
we must have aj = 0, Also, then, for 1i= 1, ...
eep L=-1 we must have bi = G0, hecause the essential
steps of any minimal alforithm are always (Gi=linearly

independent. ‘e have shown that r,, ..., r h(1), ..

al
ceey h{b=1) are Gelinearly independent, and a

simple dimension arpgument shows that these form a basis
for the vector space spanned by h(1), ..., h{(a+b=1),

This shows that the algorithm is semi-tilinear.

Lemma IV-6: Let A(x)(y) = ¥ (h(1) ++++ h(a+b=1))"
be a minimal quadratic algorithm, and suppose that
b-1 of the essential stepe are multiplications of the
form (51)(11). "Then the algorithm is bilinear.
Proof: The proof is essentially the same as

the proof of the previous lemma, and is omitted.

Lemma 1V="7: Let A(x)(y) = I (h(1) »o-- h(a+b-1))t
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be a minimal semi-hilinear algorithm, with h(i) =
(51+X1)(11)' "hen any Y} of the Y; are linearly
independent,

PI‘OOf: "u‘"e Will Only Eho‘ﬂ that X; M ] lt.)
are linearly independent. Sfuppose, on the contrary,
that r (¥4, «+.» ¥&) = ¢ € b=1. Then after d =sub-
stitutions (of the type in 1V-4-a), say, gy} = ---
e+ = y' = O, we are computing a system '3(5)(2),
where 7A(x) 1is a definite a x(b-d) matrix, and
our induced algforithm uses at most a-1 essential
multiplications. Tut by thecrem 1IV-2, /uﬂ(g) > A.

This contradiction proves the lemma.

Lemma 1V=-8: Suppose that a »”., Then every
minimal semibilinear algorithm computing 2£(x)(y¥)
is bilinear,

Proof: e prove the lemma by induction on bh.
The lemma is obvious for b=1., S0 let us assume that
b 2 2. We may substitute x; = 0 and induce a system
1(5)(i), where E(;) is a definite a x(b=1)
matrix. 21so, +the induced algorithm is both semi-
Pilinear and minimal. Iy induction, the induced
alporithm is bilinear. Therefore, for 1 = 2, ...
esepy A+b=1 we must have Iy = gix;, where Fy € G.
we can argue eimilarly by substituting xé = 0 1in the
original algorithm that, for i = 1, 3, ..., a+b=1,

= h.y!, where h, € G, Fy the previous lemma,
Ly 1o i
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1
i=3, ..., atb=1, we must have Yy = O.

Yy and y) are linearly independent, and so for

Now because

we have assumed that a 2?2, the algorithm satisfies

the hypothesis of lemma IV~6 and is therefore bilinear.

Combining the results of the four lemmas in this

section, we get the following:

Lemma 1V-9: Let a » 2, and let A(x) be a definite

axb matrix with wA(x) = a+b-1. Let

i (h(1) se++ h{a+b=1))% be a ouadratic algorithm

computing A(x)(y). Suppose that h-1 of

tial steps of the algorithm are of the form

the essgsen-

h{i) =

(§i+xi)(xi). Then the algorithm ies bilinear.

Remark: We need a 2 ? 1in the statement
previous lemma. For example, (x1 x?)(y1
= (x1+y?)(y1) + (x?-y1)(y2) is a minimal
alForithm satisfying all the hypothesis of

of the

t
Y5)
semibtilinesnr

lJemma 1V=9

except a 2 2, and this algorithm is not hilinear.

1V=-6: On Minimal “uadratic Algorithms

Theorem IV-3: Let A{x) be a definite

anxb

matrix with a » 2, rG(ﬁ(g)) = a, and Alx) =

a+b=1, Then every minimal quadratic algorithm

computing A(x)(y) 1is bilinear.

Proof: Let A(x)(y) = M (h(1) «-+ h(a+b=1))"

be a minimal quadratic algorithm with, as usual,
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h(i) = (£i+xi)(§i+xi). Ey remark 2 in 1IV=-4-=-A, we
may assume that Jqr eeer Y, are linearly independent.
Let us make a subsitution of the type in 1V=4-}, and
set X, +¥, ®m ottt m Xpey, = O. Wwe induce A(x){(u) =
Ho(R(b+1) «en Ti(asb=10)Y, and ry(u) = r (x, 00 x,).

1f rG(u) = 0, then we are done by lemma IV-9,

Suppose that rn(g) =r »1. ¥or i = b+1, ...
cesy a+b=1, let us write h(i) = k;k}{, where Xk, and
ki are linear forms, }y the remark in IV-4-}, all

the Kk k! and the entries in (u) are in the G-

i*
linear span of the entries of A(x). ¥y the remnrk
after lemma 1IV-4, (E(b+1) soe E(ﬂ+l-1)) £ O, 80 we
may arcsume that Kk, # 0. Su¥stituting kKp,q = O s
nifertive on A(x), and by lemma IV-4, either the
induced (i) = O or the induced system 1(5)(&) ¢ O.
If the second possibilitv occurs, then we can repeat
this procedure; we may assume that the induced

LS # 0, and substitute k = U, Again this

b+ 2
sutstitution is effective on the induced 1(5). by
the discussion in 1V=4-C, each such substitution
reduces the fi-rank of (u) &ty at most 1. Since
after sufficiently many (at most a-1) substitutions
of the form ki = 0 we can annihilate (u), we see
that we can make d substitutions of the form ki = 0,
with r=-1 & d £ a=1, and such that the G-rank of the

vector induced form (u) by these rubstitutions is 1,
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Let us denote the system indvweced from A(x)(y) by

o~ )
these d cubstitutionc ty A(x)(u). Ve may assume
that these substitutions where kb+1 = e = kb+d = (),

Again by lemma IV-4, we have
»~ - A A ~ t
(*) A(x)(u) = M(h(b+d+1) +++ h(a+b=1))" £ O.

As in the proof of lemma V-4, we can write
(u) = v¢, where v & G 1is a linear form in (x)

a - ~ -~
and O ¢ ¢ € G, Then r(x)(u) = va(x)g. *rlso,

by the coreollary to lemma IV=1, rG(A(g)g) = a, Aand
,-
therefore rr(A(x)V) > a=-d, Tuerelore the vector
’ —
A "~ - -
A(x) (1) = vr(x)¢ econtains as entries at least &-d
linearly independent ~u.?rat i~ rorms., Iut equation

~ ~
(*) above shows that the entries of /(x){u) are
contzined in the Ge-linear span of at most Ae-d=-1
nuadratic forme, Trie contradictes our arsumptior that

r.(u) > 1, And fro we have proven the theorem.

Iv-7: Cn Minimal Nivision=-Wree Algorithms

In the previous rection we showed that for a
certain clags of systemg of bilinear forms, all
minimal auadratic alporithms are hilinear. lUsing this
result and some of the idcae discussed in I1II1I-1, we
enan now rhow that for thir clase of esystems, all

minimal Aivirion-free algorithms are escentially

Tilinnar. “iret we would like to make this last
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plirasre precire,

Nefinition IV=5; An essential step of an algorithm

is said to be essentially bilinear if it is of the

form (5i+fi)(xi+fi), where f., f! ¢ G. An algorithm
is sald to bPe essentially bilinear if each of its

essential steps is essentially bilinear.

Theorem IV-4: Let A(x) be a definite axb
matrix, with a 3 2, rG(A(z)) = a, and _tA(x) =
a+b=1, Then every minimal division-free algorithm

for computing a(x)(y) 1is essentially bilinear.

Proof: The proof is by induction on b; the
theorem is obvious when b = 1, }efore we can proceed

with the induction argument, however, we must first
show that the first two essential steps of the algo-

rithm are essentially tilinear.

Let 2(x){y) = I (h(1) +++ h(asb=1))% + L(x,y)
be a presentation of a minimal division-free algorithm.
Let the firet two essential steps of the algorithm bhe
the multiplications h{1) = (x,+y,+f, )(x}+y{+f}) and

= ' | Ty :
h{?) (3h(1)+£2+x?+f2)(3 h(1)+5?+£?+fé). ¥y theorem
[{1-2, +there is 3 minimal quadratic algorithm compu=
ting A(x)(y) which has as its first essential multip-

ot

lication h(1) = (£1+x1)(5;+x%). }y theorem 1IV-3,
this induced quadratic algorithm must be bilinear. we

may therefore assume that y, = x) = 0, and that
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h(1) = (£1+f1)(x;+f;). Also by theorem 111-2, the

rrecond essential multiplication of the induced quad-
-

ratic algorithm has the form h(2) =

ng;£1+52) + (gf1x;+12i}[(gtf;51+zé) + (e'f1x;+zé)] .

And afgain by theorem IV=3, this induced algorithm

ig bilinear, and =0 either 8f551+l? = 0 or

gf1lfl+x? = O,
suppose that gfix,+x, = O. Then gf,y!+y, £ 0,

Let us substitute in the original algorithm x;+q

for yi, where q &¢G, q £ 0. This substitution
induces A(x)(y) + N(x) = [ (h(1) «-- Tﬁ(aq—b-‘l))t

+ L{(x,y), where }(x) 1is a vector of linear forms

in (x). "e rewrite thie as a(x)(y) = ﬁ (ﬁ(1) oo
--°'-171(a+b—1))t + ;(E!X)° Ey our construction, the
first two essentlial steps of this new algorithm are
T(1) = (x+£,)(gi+£14q) and h(2) =
(gh(1)+z?+xp+f23(g'h(1)+§5+xé+f5). Prom this new
algorithm we induce a minimal quadratic algorithm in
which, by theorem 11I-?, the secona ersential step
has the form

Leteyrarn empe er g, | [0 (peedmpenye (o2 s )b
lecause gf, yi+y, # O, we must have e(fi+q)x,+x, = O.
kut we also assumed that gfix,+x, = O. “his implies
that gaqx, = O. Finally, because x, £ 0 and g # 0O,

we must have g = 0, and therefore also X, = 0.
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¢imilarly, 1f we had assumed that gf11;+x2 = 0O,

we could have argued that g = I, = 0., Also similarly

we can arfue that g' = 0 and either 55 = {} or
Y4 = 0. Hence we have that in our original algorithm
h(?2) 1is essentially bilinear. "e may assume, then,

that h(?) = (x,+f,)(y5+f%) . & can nov proceed with
onr irdueiion swreument.

As we sald earlicr, +tiue tneorer. i obvious Tcor
1 = 1. Cuppose then that b 2 2, Yet ®w{k) be the
fircet ecrentinl step of the alfgorithm vnich is not

ecsentially bilinear. &Kow h(k) =

EE: aikh(i) +x, 4V, +T, :EE; aikh(i) +5i+xi+fi .
i<k i<k
Sfuhgtitute X;*f; = 0, “his induces a system
Mx)(F) + N(x), where A(x) is a definite A x (b-1)
matrix and N(x) 1is a vector of linear forms. Also
the induced algorithm is minimal, division-free, and
of degree a+(b=1)=1, fTherefore by induction this
induced alrorithm is essentially bilinear. Now because
the induced steps h(2) ,*+, h{(a+b=-1) are all essen-
tial and linearly independent, we must have that for

iz?. R Y k-13 O'

ajg = 2k =
fimilarly, 1f we substitute 15+f§ = O in the

original alforithm, we can argue that for 1 = 1, 3,

eevy k=1, Ak = aik = 0, “e have therefore shown

that  h(k) = (x +y, +f ) (x}+yL+T0).
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(learly, bLecause we have assumed that h(1),
eesy h{k=1) are eemential’y bilinear and lLecaure we
know the epecial form of h(k), we ecan rearrange the
order of the first %k regsentin]l cneps of our algorithm
to obtain a new minimal algorithm computing A(x)(y)
which uses the same essential steps as our original
aleorithm, %but whose first essential step is (k) =
(X +¥), ) (xp+y$). Now by theorem I[V-3, this quadratic
algorithm is bhilinear, e have therefore shown that
h(k) 1is essentially bilinear. }ut this contradicts

our assumptions on h(k), and proves the theorem,

iv-8, Corollaries
Theorem IV=5: 211 minimal division-free alforithms

for computing products in finite algebraic extension

fields are esgentially tilinear.

Proof: Let 4(x)(y) be a system of bilinear
forms for computing products in an Aalgebraic extension
field of degree n, “he discussion in 1Iv-2 sghowed
that A(x) 1is a definite nxn matrix with
TG(A(E)) = n, Also, ‘inograd has shown in f131
that /L(A(ﬁ) = 2n=-1. Cur theorem now follows

directly from theorem 1V=4,

In example 1iV=4 we described what an nxn
Toeplitz matrix looks like. A very similar matrix is

an nxn Hankel matrix H in which H(i,j) =
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H(1-1,3+1), where by H(i,3) we mean the 1,j °°

entry of H., Let T(x)(y) be the system for
computing the product of an artitrary nxn
Toeplitz matrix and an arbitrary vector, and let

H(x)(y) be the system for computing the product of

an arhitrary nxn Hankel matrix with an arbitrary
vector, lLet J ©bhe the n xn permutation matrix
in whieh J(n-i=-1,i) =1 for i =1, ..., n. Then

T(x)J = H{(x), and so the two systems %(x)(y) and
H(x)(y) are computationally equivalent; given any
alrorithm for computing one of them, we can derive
from it an algorithm for computing the other by
simply relabeling the indeterminants in (y). The
matrices T(x) and H(x) are definite, and bty
theorem IV=2, /M-T(E) = m H(x) » ?2n-1. 1In [9]
“inorrad shows how to construct algorithms for
H(x)(y) which use 2n-1 ergential bilinear multi-
Plication, The btasic idea there is that one 6f the
transposes of the rystem H(x)(y) 1is the system for
computing the product of two arbitrary polynomials of
deFree n-=1. Ye can now use an arfgument similar to

the one in example 1V-4 to prove:

Theorem IV=6f: Over the rationals, all minimal
division-free algorithms for computing products of
arbitrary nxn Toeplitz ( Hankel ) matrices

and arbitrary vectors are essentially bilinear.
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Proof: Let T(x)(y) be the system in question,
and suppose that contrary to our assertion, there ir
a minimal algorithm for (x)(y) which is not
ersentially tilinear. Fecause the rationals contain
infinitely many square-free integers not eocual to g1,
we can find such an integer a s0 that after substit-

uting for x, for all jJ = n, .., ?n=2,

AXone1- J

the Induced algorithm is also not ersentially bilinear.
Yut this algorithm computese the product in the
algebralec extension field (Q(u) /(un-a) . By
whrorem (V=5, this algorithm must be essentially

bilinear. This contradiction implies our tlieorem.

Kemark: v'e refer the reader to [¢] for a discursion
on trangperes ol rnyrcteng of biiineer forrms and
clgorithrs for computing these transposes. Theoren
IV=f gehews that 211 rinimal division-free algorithms
for computing 2(x)(y) are essentially derivable,

via the transpose method, from minimal algorithms

for computing products of arbitrary polynomials. The

latter have already been classified by winograd in [131.

Theorem 1V-9: The multiplicative complexity of the

auaternion product over a real Tield is 8,

Proof: I‘enote by K(x) the matrix of the
system of bilinear forms for computing the quaternion
product (see example IV-?). Ly theorems IV-1 and

-2, M K(x) » 7. Suppose that /uk(;) = 7.
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Fy Winograd's presentation theorem [12] » there
exists a auadratic algorithm of degree 7 which
computes K(x)(y). FEy theorem IV-3, +this algorithm
must be bilinear. Lut Howell has shown that }IK(E)
= 8, This contradiction implies that A K(x) # 7.
Finally, i K(x) = 8 implies  A4K(x) = 8.

Remark : Forodin exhibits a bilinear algorithm of

depree 8 for computing the guaternion product qu.
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