
INFORMATION TO USERS

This was produced from a copy of a document sent to us for microfilming. While the 
most advanced technological means to photograph and reproduce this document 
have been used, die quality is heavily dependent upon the quality of the material 
submitted.

The following explanation of techniques is provided to help you understand 
markings or notations which may appear on this reproduction.

1. The sign or “target” for pages apparently lacking from the document 
photographed is “Missing Page(s)M. If it was possible to obtain the misting 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting through an image and duplicating 
adjacent pages to assure you of complete continuity.

2. When an image on the film is obliterated with a round Mack mark it is an 
indication that the film inspector noticed either blurred copy because of 
movement during exposure, or duplicate copy. Unless we meant to delete 
copyrighted materials that should not have been filmed, you will find a 
good image of the page in the adjacent frame.

3. When a map, drawing or chart, etc., is part of die material being photo­
graphed the photographer has followed a definite method in “sectioning” 
the material. It is customary to begin filming at the upper left hand comer 
of a large sheet and to continue from left to right in equal sections with 
small overlaps. If necessary, sectioning is continued again—beginning 
below the first row and continuing on until complete.

4. For any illustrations that cannot be reproduced satisfactorily by 
xerography, photographic prints can be purchased at additional cost and 
tipped into your xerographic copy. Requests can be made to our 
Dissertations Customer Services Department.

5. Some pages in any document may have indistinct print. In all cases we 
have filmed the best available copy.

University:
Microfilms

International
3 0 0  N 7 E E B  HOAD,  ANN A R B O R .  Ml 4 8 1 0 6  
18 B E D F O R D  ROW. L O N D ON  WC1H 4 E J  E N G L A N D



8023667

Fh g , Ephraim

SOME RESULTS IN ALGEBRAIC COMPLEXITY THEORY 

City University of New York PH.D. 1980

University 
Microfilms

International 300 N. Zeeb Road, Ann Arbor. MI 48106 11 Bedford Row. London WC1R 4EI, England



SOME RESULTS IN ALGEBRAIC COMPLEXITY THEORY
b y

EPHRAIM FEIG

A d i s s e r t a t i o n  s u b m i t t e d  t o  t h e  G r a d u a t e  F a c u l t y  

i n  M a t h e m a t i c s  i n  p a r t i a l  f u l f i l l m e n t  o f  t h e  

r e q u i r e m e n t s  f o r  t h e  d e c r e e  o f  b o c t o r  o f  

P h i l o s o p h y ,  The  C i t y  U n i v e r s i t y  o f  New Y o r k .

1980



T h i s  m a n u s c r i p t  h a s  b e e n  r e a d  a n d  a c c e p t e d  f o r  t h e  

G r a d u a t e  F a c u l t y  i n  M a t h e m a t i c s  i n  s a t i s f a c t i o n  o f  

t h e  d i s s e r t a t i o n  r e q u i r e m e n t  f o r  t h e  d e g r e e  o f  I o c t o r  

o f  P h i l o s o p h y .

e / s / S 'o

d a t e C h a i r m a n  o f  E x a m i n i n g ;  C o m m i t t e e

> /  V 7  i
d a t e Pxe'c i f ^ i v e  C f f  i c e r

Professor Burton Rsndol

Dr. Shttuel Wlnograd. IBM

S u p e r v i s o r y  C o m m i t t e e

The  C i t y  U n i v e r s i t y  o f  New Y o r k

i i



;'Rti i c a t e r i  t o  L i n d a  K a h c r  w i t h  rcuoh l o v e

i  i  i



A c k n o w l e d g e m e n t

I w o u l d  l i k e  t o  t h a n k  P r o f .  L .  A u s l a n d e r  f o r  

s o  many r e a s o n s  w h i c h  made  t h e  p r e p a r a t i o n  o f  t h i s  

t h e s i s  a n  e x c i t i n g  a n d  j o y o u s  e x p e r i e n c e .

I w o u l d  a l s o  l i k e  t o  t h a n k  h r .  s .  1 i n o ^ r a r i  

f o r  h i s  k i n d  h e l p  a n d  e n c o u r a g e m e n t .

i v



T a b l e  o f  C o n t e n t s

I n t r o d u c t  t o n

O u r m o t i v a t i n g  e x a m p l e

1 . I n t r o d u c t i o n

? . P p r i m e

3 . T he  R a t i o n a l  C a n o n i c a l  Fo rm  a n d  t h e

C h i n e s e  R e m a i n d e r  T h e o r e m

4 . PF T (Z  ) ,  c o n t i n u e d

5 . ])FT(y, © . . . .  6 > Z  ) ,  p p r i m e  
P P

6 . 1 F T ( Z 5 ©

A i' i r e c t  !-um T h e o r e m

1 . I n t r o d u c t  i o n

2 . A d i r e c t  sum t h e o r e m  f o r  a u a d r a t i c

e x t e n s  i o n s

C l a s s i f i c a t i o n  o f  M i n i m a l  A l g o r i t h m s

1 . I n t r o d u c t i o n

P . M u l t i p l i c a t i o n  i n  d i v i s i o n  r i n g s

3 . D e f i n i t e  m a t r i c e s

A • S u b s t  i t u t  i o n s

5 . More  p r e l i m i n a r i e s

8 . Cn m i n i m a l  q u a d r a t i c  a l g o r i t h m s

7 . On m i n i m a l  d i v i s i o n - f r e e  a l g o r i t h m s

8 . C o r o l l a r i e s

V



I .  I n t r o d u c t  i o n

T h i s  p a p e r  i s  a n  a c c o u n t  o f  some o f  my w o r k  i n  

a l g e b r a i c  c o m p l e x i t y  t h e o r y  d u r i n g  t h e  p a s t  y e a r  a n d  

a  h a l f .  The  w o r k  w a s  m o t i v a t e d  b y  r e c e n t  r e s u l t s  on 

t h e  s t r u c t u r e  a n d  m u l t i p l i c a t i v e  c o m p l e x i t y  o f  t h e  

D i s c r e t e  F o u r i e r  T r a n s f o r m  ( D F T ) .  The  b a s i c  i d e a  

b e h i n d  t h e s e  r e s u l t s  i s  t o  b l o c k - d i a g o n a l i z e  t h e  

m a t r i x  o f  t h e  DFT u s i n g  l e f t  a n d  r i g h t  m u l t i p l i c ­

a t i o n s  b y  r a t i o n a l  m a t r i c e s .  B l o c k - d i a g o n a l i z i n g  

t h e  m a t r i x  o f  DFT(F ) ,  t h e  1- d i m e n s i o n a l  DFT on 

p p o i n t s ,  w h e r e  p i s  a  p r i m e ,  i s  a l r e a d y  

d i s c u s s e d  i n  * V i n o g r a d  l o o k s  a t  t h e  " c o r e "

o f  t h e  DFT ( Z ) m a t r i x ,  t h a t  i s ,  t h e  PF T (Z  )
P P

m a t r i x  w i t h o u t  i t s  f i r s t  r o w  a n d  c o l u m n  ( w h o s e  

e n t r i e s  a r e  a l l  1 ) .  A f t e r  p e r m u t i n g  t h e  r o w s  a n d  

c o l u m n s  o f  t h e  " c o r e , "  t h e  r e s u l t i n g  m a t r i x  i s  

c i r c u l a n t  [ 7 ]  . T h i s  m a t r i x  c a n  t n e r e f o r e  b e  v i e w e d

a s  t h e  i m a g e  o f  some e l e m e n t  i n  a  p o l y n o m i a l  q u o t i e n t  

r i n g  u n d e r  t h e  r e g u l a r  r e p r e s e n t a t i o n ,  a n d  c a n  b e  

b l o c k - d i a g o n a l i z e d  u s i n g  t h e  C h i n e s e  R e m a i n d e r  

T h e o r e m  (C R T ) .  T h i s  w i l l  b e  q u i c k l y  r e v i e w e d  i n  

s e c t i o n  1 1 - 1 .

In  t h e  s p r i n g  o f  l a s t  y e a r ,  P r o f .  A u s l a n d e r
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s u g g e s t e d  t o  me t h a t  I  s t u d y  ]3FT(Z ©  * * ■ &  2 ) ,
r' r

If
t h e  k - d i m e n s i o n a x  PFT o n  p p o i n t s ,  w h e r e  p

i s  a  p r i m e ,  b y  i n v e s t i g a t i n g  t h e  g r o u p  o f  a d d i t i v e
Jf

c h a r a c t e r s  o n  t h e  f i e l d  w i t h  p e l e m e n t s .  I n

s e c t i o n  I I - 5 we s h o w  t h a t  t h e  c o r e  o f  t h e  bFT

m a t r i x  i n  t h i s  c a s e  c a n  b e  b l o c k - d i a p o n a l i z e d  b y  

p e r m u t a t i o n  m a t r i c e s  t o  a  d i r e c t  sum o f  P ^ - l / p - 1  

c o p i e s  o f  t h e  c o r e  o f  t h e  DFT(Z ) m a t r i x .  T h i s
r

y i e l d s  a  m e t h o d  f o r  c o m p u t i n g  t h e  DFT(Z ©  **•  <J> 

b y  p e r f o r m i n g  p k - l / p - 1  d i f f e r e n t  P F ? ( Z  ) c o m p u t -
r

a t  i o n s .  When t h i s  w a s  d i s c o v e r e d ,  i t  w a s  f i r m l y

b e l i e v e d  t h a t  t h i s  s c h e m e  y i e l d e d  m i n i m a l  a l g o r i t h m s

f o r  t h e  DFT(Z ©  ©  Z ) a s  d i r e c t  s u m s  o f
1

m i n i m a l  a l g o r i t h m s  f o r  P F T ( Z  ) .  I n  £ 1 1 } V . ' i nog rad  

c o n s t r u c t s  m i n i m a l  a l g o r i t h m s  f o r  P F T ( Z  ) a s  d i r e c t  

su m s  o f  m i n i m a l  a l g o r i t h m s  f o r  p r o d u c t s  i n  f i n i t e  

a l g e b r a i c  e x t e n s i o n  f i e l d s .

T h e  i n v e s t i g a t i o n  b r a n c h e d  i n t o  t w o  d i r e c t i o n s ,  

t h e  c o m p l e x i t y  i s s u e  a n d  t h e  c l a s s i f i c a t i o n  p r o b l e m

f o r  m i n i m a l  a l g o r i t h m s .  I n  [ 1  W i n o g r a d  h a s

a l r e a d y  p r o v e d  t h a t  t h e  m u l t i p l i c a t i v e  c o m p l e x i t y  o f  

I 'FT(7,  ) i s  ? p -  ^  ( p - 1  ) - '5» w h e r e  } K p - l )  e q u a l s  

t h e  n u m b e r  o f  d i v i s o r s  o f  p - 1 .  I n  s e c t i o n  I I I - X  

we p r o v e  t h a t  e v e r y  b i l i n e a r  a l g o r i t h m  f o r  c o m p u t i n g  

t h e  N p r o d u c t s  a b ^ ,  . . . »  ab^,  i n  a n y  q u a d r a t i c



e x t e n s i o n  f i e l d  u s e s  a t  l e a s t  3 N m u l t i p l i c a t i o n s .  

T h i s  y i e l d s  m e t h o d s  f o r  d e t e r m i n i n g  t h e  m u l t i p l i c a t i v e  

c o m p l e x i t y  o f  3)PT(Z^ 0  . . .  $  a n d

l ' F T ( Z ^  ©  • • •  ©  ^ 7 ) ? 0 T  c l a s s  o f  b i l i n e a r

a l g o r i t h m s .  A r e c e n t  r e s u l t  o f  A u s l a n d e r  a n d  

V / i n o g r a d  £ e n a b l e s  u s  t o  c o m p u t e  t h e  m u l t i p l i c a t i v e  

c o m p l e x i t y  o f  PF T(O )  f o r  m o s t  f i n i t e  a b e l i a n  g r o u p s  

n .  A l t h o u g h  t h e  r e s u l t s  i n  I I I - 2  a r e  d w a r f e d  b y  

t h e  c i t e d  r e s u l t ,  we p r e s e n t  i t  b e c a u s e  i t  i s  t h e  

p r o o f  w h i c h  we f i n d  i n t e r e s t i n g .  I t  e s t a b l i s h e s  a  

n o n - t r i v i a l  l o w e r  b o u n d  on t h e  m u l t i p l i c a t i v e  

c o m p l e x i t y  o f  a  s y s t e m  o f  b i l i n e a r  f o r m s  w i t h o u t  

u s i n g  e i t h e r  a  s u b s t i t u t i o n  o r  a  d i m e n s i o n  a r g u m e n t .

T he  m a j o r  p a r t  o f  t h i s  p a p e r  d e a l s  w i t h  t h e  

c l a s s i f i c a t i o n  p r o b l e m .  I n  £ 10^ W i n o g r a d  c l a s s i f i e d  

a l l  m i n i m a l  b i l i n e a r  a l g o r i t h m s  f o r  c o m p u t i n g  

p r o d u c t s  i n  f i n i t e  a l g e b r a i c  e x t e n s i o n  f i e l d s .  He 

s h o w e d  t h a t  t h e y  a l l  e s s e n t i a l l y  u s e  Toom 1 s  m i n i m a l  

a l g o r i t h m  f o r  c o m p u t i n g  t h e  p r o d u c t  o f  p o l y n o m i a l s  

a n d  t h e s e  a r e  known  t o  b e  i m p r a c t i c a l  f o r  p o l y n o m i a l s  

o f  h i g h  d e g r e e s  [ 1 3 ]  . The  m a i n  r e s u l t  o f  c h a p t e r  IV 

i s  t h a t  e v e r y  m i n i m a l - d i v i s i o n - f r e e  a l g o r i t h m  f o r  

c o m p u t i n g  p r o d u c t s  i n  a  f i n i t e  a l g e b r a i c  e x t e n s i o n  

f i e l d  i s  b i l i n e a r .  O u r  m a i n  t o o l  i s  t h e  m e t h o d  o f  

s u b s t  i t u t  i o n s  ( s e e  a l s o  [ S i .  l 5 b  ( , 9 b  L 12 l  5 • We 

s t u d y  how v a r i o u s  s y s t e m s  o f  b i l i n e a r  f o r m s  a n d



m i n i m a l  a l g o r i t h m s  w i c h  c o m p u t e  t h e m  a r e  t r a n s f o r m e d  

b y  v a r i o u s  p r o j e c t i o n  o p e r a t o r s .  We a l s o  r e l y  h e a v i l y  

on  W i n o g r a d ' s  s t r u c t u r e  t h e o r e m  £ 1 2 ] w h i c h  a s s e r t s  

t h a t  e v e r y  m i n i m a l  a l g o r i t h m  f o r  c o m p u t i n g  a  s y s t e m  

o f  b i l i n e a r  f o r m s  i n d u c e s  a m i n i m a l  q u a d r a t i c  

a l g o r i t h m  f o r  c o m p u t i n g  t h i s  s y s t e m .

O u r  r e s u l t s  i n  c h a p t e r  IV a p p l y  t o  o t h e r  

s y s t e m s  o f  b i l i n e a r  f o r m s ,  i n c l u d i n g  s y s t e m s  f o r  

c o m p u t i n g  p r o d u c t s  i n  v a r i o u s  f i n i t e  d i m e n s i o n a l  

d i v i s i o n  r i n g s  o v e r  f i e l d s .  As a  c o n s e q u e n c e ,  we 

p r o v e  t h a t  t h e  m u l t i p l i c a t i v e  c o m p l e x i t y  o f  t h e  

q u a t e r n i o n  p r o d u c t  o v e r  a  r e a l  f i e l d  i s  8 .
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I I . O u r  m o t i v a t i n g  e x a m p l e

I I - 1 .  I n t r o d u c t i o n

We s t a r t  "by d e s c r i b i n g  t h e  D i s c r e t e  F o u r i e r  

T r a n s f o r m  on a  f i n i t e  a b e l i a n  g r o u p  G, w h i c h  we 

s h a l l  d e n o t e  b y  D F T ( G ) .  l e t  ^  b e  t h e  d u a l  g r o u p  

o f  (r|  t h a t  i s ,  t h e  g r o u p  o f  h o m o m o r p h i s m s  o f  G 

i n t o  C,  t h e  c o m p l e x  n u m b e r s .  0 may b e  w r i t t e n  

u n i q u e l y  i n  t h e  f o r m  G * A / r \ ^  'A ( $  . . . .  ®  A / n^Z , 

t h e  d i r e c t  sum o f  k c y c l i c  g r o u p s  o f  o r d e r  n ^  , 

w h e r e  n^  | n i+1 f o r  a l l  i  = 1 ,  . . . ,  k - 1 .  L e t

€  * = e ( 2 ‘n, i / n j )   ̂ c h a r a c t e r s  i n  ^G map G
J

o n t o  t h e  m u l t i p l i c a t i v e  s u b g r o u p  o f  51 g e n e r a t e d  

by  £  j( . T h e r e  e x i s t s  a n  i s o m o r p h i s m  :G — » G 

g i v e n  b y  ,

We w i l l  w r i t e  g  = M g )  , f o r  e v e r y  g * G .

p
L e t  1 ( G )  b e  t h e  v e c t o r  s p a c e  o f  f u n c t i o n s  

f r o m  G t o  <C, a nd  d e f i n e  L ^ ( G )  s i m i l a r l y .  I f

t h e  o r d e r  o f  t h e  g r o u p  | g | » n ,  t h e n  L ^ ( G )  L ^ ( G )

Cn . T'FT(G) i s  t h e  i n v e r t i b l e  l i n e a r  o p e r a t o r

d e f i n e d  b y

h  t t ;



*H'e a l s o  w r i t e  f  * 7  f ,  h e  may i d e n t i f y  (5 w i t h

0 v i a  o u r  i s o m o r p h i s m  A an d  we w i l l  w r i t e  

f ( f O  = f ( £ ) .

I f  (J i s  c y c l i c  o f  o r d e r  n ,  we may w r i t e  

(’ =* ^ 0 , 1 , n - 1 j w i t h  p r o u p  o p e r a t i o n  a d d i t i o n

m o d u lo  n .  L e t  £  = e ^  . ' f hen

n - 1

f ( p )  = £ p h  r ( i>)  •
h = 0

i ; e f i n e  t h e  v e c t o r s  ( f )  = ( f ( 0 )  f ( l )  • • • *  f f n - l ) ) ^  

and  ( f )  * ( f ( 0 )  ? ( 1 )  f ( n - l ) } t  . L e t  ( ? )

_ ( g ph^  n * n m a t r i x  w h o s e  ( e ,+ 1 , v’+ l )

e n t r y  i s  6 ^  , f o r  P 4. c , h 4 n - 1, "’h e n  we h a v e

( f )  = (!r ) ( f ) ;  t h i s  i s  t h e  way we u s u a l l y  e n c o u n t e r  t h e  

d i s c r e t e  F o u r i e r  t r a n s f o r m .

I n  t h e  g e n e r a l  c a s e  w h e r e  (J « ' / J n ^ w  ®  <3? h / n ^ I

wfe rnay w r i t e  e v e r y  p  « Cl i n  t h e  f o r m  p  » (n.^,  . . .  )

w i t h  C £ a .  £  n . - 1 .  .wo r  j  * 1 ..............k l e t
J  J

p j  : C! —* be  t h e  n a t u r a l  p r o j e c t i o n  m ap s .  '-’h e n

f t p )  = T T  £  j  f ( h ) *
h«r, j = i

L e t  u s  c h o o s e  t h e  u s u a l  l e x i c o g r a p h i c  o r d e r i n (rT
r> O 4*

f o r  t h e  e l e m e n t s  i n  b o t h  L C V- ) an d  L (Cl ) ;  f o r  e x a m p l e
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f o r  f  * I j 2 (G)  we w i l l  h a v e  ( f )  -  ( f ( 0 , . . . , 0 )

f ( 0 ............1)  ............ f ( n 1 - 1 ,  . . . .  n k - 1 )  ) t .

L e t  ( F )  b e  t h e  m a t r i x  o f  I )FT(G) r e l a t i v e  t o

t h i s  o r d e r i n g ,  a n d  l e t  f F j )  ^ o r   ̂ “  1 .............34

b e  t h e  m a t r i c e s  c o r r e s p o n d i n g  t o  ] ) F T ( Z / n j H )  a l s o  

r e l a t i v e  t o  t h e  l e x i c o g r a p h i c  o r d e r ,  t h e n

( F ) « ( F 1 ) <SD ' * '  ’ 6 £> ( > \ )

1 1 - 2 .  PFT(  'A ) .  p p r i m e

L e t  G « 'A w i t h  p  p r i m e .  Ve may i d e n t i f y  

0 w i t h  t h e  f i e l d  w i t h  p e l e m e n t s ;  t h a t  i s ,  we 

f i x  a n  i s o m o r p h i s m  o f  G i n t o  t h e  a d d i t i v e  g r o u p  

o f  t h e  f i e l d  w i t h  p e l e m e n t s .  The  f o l l o w i n g  l emma  

d e s c r i b e s  t h e  a d d i t i v e  c h a r a c t e r s  o f  a  f i n i t e  f i e l d .

Ve p r o v e  i t  f o r  a r b i t r a r y  f i n i t e  f i e l d s  b e c a u s e  we 

w i l l  n e e d  t h i s  g e n e r a l i t y  i n  t h e  m u l t i - d i m e n s i o n a l  

c a s e .

]r
Lemma I I - 1 : L e t  G b e  a  f i e l d  w i t h  p e l e m e n t s ,

A
a n d  l e t  G b e  t h e  d u a l  t o  t h e  a d d i t i v e  g r o u p .  Le t*  

w * 0  b e  a  g e n e r a t o r  o f  t h e  c y c l i c  m u l t i p l i c a t i v e
I t  wg r o u p  o f  o r d e r  p - 1 ,  l e t  a * G  b e  a  n o n - t r i v i a l

A
c h a r a c t e r ,  a n d  l e t  1 t G  b e  t h e  t r i v i a l  c h a r a c t e r .  

. F o r  n ■ O,  1,  . . . ,  p k - 2 ,  d e f i n e  — 9 ® ^ y

s e t t i n g  < ^ X n . v . ^  “  + a n d  ^ X  n » 0 ^  -  1 .

7
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T h e n  G = )"X _ / n _k  „ L J  1(  n  n ■ U p t i i P  - 2

P r o o f ; To s e e  t h a t  e a c h  \ n  d e f i n e s  a

c h a r a c t e r ,  we n o t e  t h a t  ^ X  n ,wa+w^ ^

■ ( ^ Pv/a + n + w ^ + n )  -  < f X , w a + n ^  > , w b + n >

“ ^  ̂  n *w& y  £  > n * ^  ’ a n d  h y p ° t h e s e s »

i  X n . O )  -  1 .

To s e e  t h a t  t h e s e  a r e  a l l  d i s t i n c t  c h a r a c t e r s ,  

we s u p p o s e  t h e  c o n t r a r y ,  t h a t  f o r  some i n t e g e r s  

m ^ n mod p k - 1,  we h a v e  A _ » A . T h e n  f o r  a n ym n
r wS * / X  . mr wS ) '  n*

s  S w 7 T h i s  i m p l i e s

, wn >  , a n d s o  f o r  a n y  s ,
m, V's '

ic

= 1.  Th i  s
nw , a n d  we g e t a  c o n t r a d i c t i o n .

s '

V.'e now r e t u r n  t o  o u r  d i s c u s s i o n  o f  1 F T ( Z  ) .

T he  a b o v e  l emm a  p o i n t s  o u t  a  c e r t a i n  c y c l i c  p r o p e r t y  

o f  t h e  n o n - t r i v i a l  c h a r a c t e r s ,  a n d  t h i s  p r o p e r t y  i s  

a  c o n s e q u e n c e  o f  t h e  m u l t i p l i c a t i v e  s t r u c t u r e  i n  t h e  

f i e l d  Z . L e t  u s  a r r a n g e  t h e  e n t r i e s  i n  o u r  i n p u t  

v e c t o r  jf a n d  o u r  o u t p u t  v e c t o r  f  s o  a s  t o  h i g h l i g h t

t h i s  s t r u c t u r e .  F i r s t  p u t  N * p - 2 ,  a n d  l e t

( f )  -  ( f  ( 0 )  f  C1)  f ( w )  f ( w 2 )   f U 1’ ) ) *  . L e t

B:G  y G b e  t h e  b i s e c t i o n  g i v e n  b y  L ( w ^ )  * A j  ,

j  * 0 ,  . . . »  N, a n d  1 ( 0 )  ■ 1 ,  w h e r e  A j a n d  1
*sr

a r e  a s  d e f i n e d  i n  t h e  l emm a  a b o v e .  L e t  ( f )  ■

( f ( 9 ( 0 ) )  f ( » ( l ) )  f ( B ( w ) )  f ( B ( w 2 ) )  • • • •  f ( 9 ( w N) ) t . 

C u r  l em m a  p a y s  t h a t  ( £ )  ■ ( 0 ) ( f )  , w h e r e  t h e  m a t r i x

P



(C )  i s

1 1 1 

W >

<0 ^ , 0  { ^ , v 2 >

<’X? ,w> ^ . w 2 )

/ :
^ I ' ) »^> v. >

^  X , w > <X, w?> f w^> 

< % v ?> < % v 3> * \ v A ?

y

/ v  N - 1, (>,w

We w i l l  u l t i m a t e l y  b e  c o n c e r n e d  w i t h  c o n s t r u c t i n g  

a l g o r i t h m s  f o r  PFTCz ) .  We may r e s t r i c t  o u r  c o n s i d e r ­

a t i o n s  t o  w h a t  we c a l l  t h e  " c o r e "  o f  t h e  m a t r i x  ( ( ’ ) .  

T h i s  i s  t h e  ( p - l ) x  ( p - 1 )  m i n o r  o f  (C )  o b t a i n e d  

f r o m  i t  b y  d r o p p i n g  t h e  f i r s t  r o w  a n d  t h e  f i r s t

c o l u m n .  We w i l l  l a b e l  t h i s  c o r e <C) •

9



We r e c o g n i z e  t h a t  ( o )  i s  a  c i r c u l a n t  m a t r i x .  L e t

A b e  t h e  c o m p a n i o n  m a t r i x  o f  A l s o ,  l e t

( o )  b e  t h e  m a t r i x  o b t a i n e d  f r o m  ( 0 )  b y  l e a v i n g  

t h e  f i r s t  c o l u m n  f i x e d  an d  r e v e r s i n g  t h e  o r d e r  o f  

t h e  l a s t  K c o l u m n s .  A d i r e c t  c a l c u l a t i o n  s h o w s

N
t h a t  (O)  * , w^ y  A  ̂ C^*)

•5-0

L e t  ( f )  » ( f ( l )  f ( w K) f ( w N _ 1 ) • • • •  f ( w ) ) 1" a n d

C f )  -  ( f ( K O )  f ( H w N ) )  f ( I ( w N' 1 ) )  -------  ? ( ! • ( « ) )  g .

We v i e w  t h e  e n t r i e s  i n  ( f )  a s  d i s t i n c t  i nc i e  t e r m  i n a n t s  

o v e r  0 ( t h i s  i s  b e c a u s e  we w a n t  t o  u s e  o u r  

a l g o r i t h m s  on  a r b i t r a r y  i n p u t  v e c t o r s  ) .  L e t  H b e  

t h e  f i e l d  e x t e n s i o n  o f  G o b t a i n e d  b y  a d j o i n i n g  t o  

i t  6  a n d  t h e  i n d e  t e r m  i n a n t  s  i n  ( f ) .  V/e c l a i m  

t h a t  we c a n  v i e w  t h e  a c t i o n  ( C ) ( f )  a s  a  p r o d u c t  i n  

H[u1 / < u P - 1-1 ^  T h i s  i s  e s s e n t i a l l y  t h e  T h e o r e m  o f  

t h e  R a t i o n a l  C a n o n i c a l  Fo rm ,  a n d  i t  e n a b l e s  u s  t o  

b l o c k - d i a g o n a l i z e  ( C )  u s i n g  t h e  C h i n e s e  R e m a i n d e r  

T h e o r e m .  We now d i g r e s s  m o m e n t a r i l y  t o  d i s c u s s  t h e s e  

t w o  t h e o r e m s  i n  o u r  s e t t i n g .

I I - 3 .  The  R a t i o n a l  C a n o n i c a l  F o r m  a n d  t h e  C h i n e s e  

R e m a i n d e r  T h e o r e m s

L e t  F b e  a  f i e l d ,  u a n  i n d e t e r m i n a n t  o v e r  F ;

10



a n d  g ( u )  4 f £u J a  m o n i c  p o l y n o m i a l .  We c a n  w r i t e

M
* ( » )  -  T f  g A( u )  , w h e r e  g ^ ( u )  a r e  a l l  r e l a t -

i=  1

i v e l y  p r i m e .  The  C h i n e s e  R e m a i n d e r  T h e o r e m  (CRT) 

a s s e r t s  t h a t

M
F [ u ]  ^  0 ^  T [ u ]  /  .

1 * 1

x i e t  A b e  t h e  c o m p a n i o n  m a t r i x  o f  g ( u > ;  t h a t  

i s # i f  g v u ;  * aQ + a ^ u  ♦ • • • •  + u n , t h e n

Ajet A ̂  b e  t h e  c o m p a n i o n  m a t r i c e s  o f  g ^ ( u )  

f o r  i  * 1 , . . , , K.  F o r  a n y  F - m a t r i x  F ,  l e t  C f  O'1) 

b e  t h e  a l g e b r a  g e n e r a t e d  b y  D o v e r  F .  We know 

t h a t  i f  i s  t h e  c o m p a n i o n  m a t r i x  o f  a n y  m o n i c

p o l y n o m i a l  h ( u ) ,  t h e n  t h e  min imum p o l y n o m i a l  o f  

e q u a l s  t h e  c h a r a c t e r i s t i c  p o l y n o m i a l  o f  

a n d  i s  i n  f a c t  h ( u ) .  T h e r e f o r e  t h e r e  e x i s t  i s o ­

m o r p h i s m s  I :  F [ u ]  / ^ g ( u ) ' )  ----- ? C X  ( A) g i v e n  by

I ( u )  -  A a n d  I  ± : F { u J  / < ' g i ( u ) >   OC (A L ) g i v e n

11



Hy I i ( ^ )  -

T h e  CRT a s s e r t s  t h a t  t h e r e  e x i s t s  a n  F - m a t r i x  

N s u c h  t h a t

KA N- 1

A1 o \

L e t  H b e  a  f i e l d  e x t e n s i o n  o f  F ,  a n d  f o r

a n y F - m a t r i x  L ( l e t  a  j j ( F )  b e  t h e  a l g e b r a

p e n e r e a t e d  b y  J; o v e r  H. T h e n

Cf H(l)) “ ^F H

L e t  J  b e  t h e  i s o m o r p h  i sm  g i v e n  b y  t h e  CRT. T h e n  

J  e x t e n d s  t o  a n  i s o m o r p h i s m

J  ®  1 : H O I  H [u ] /

n - 1
I n  t h e  l a n g u a g e  o f  m a t r i s e s , i f  K = ^  f ,

i « 0
f ^  £ H p t h e n

/
NKN, - 1

K,
o

O 'K

a n d  K  ̂ c a n  b e  v i e w e d  a s  e l e m e n t s  i n  C {  ^ ( A i ) .

1 ?



I n  t h e  l a n g u a g e  o f  c o m p l e x i t y  t h e o r y ,  i f

n - 1  n - 1
r ( u ) =* p  r 4u  a n d  s ( u )  ~ ”U (111U. D  ̂U  ̂ D ^ I

i » 0  i = 0

r i # s ^  k  H,  t h e n  c o m p u t i n g  t h e  c o e f f i c i e n t s  o f  

r ( u ) s ( u )  mod g ( u )  i s  e q u i v a l e n t  o v e r  F t o  

c o m p i l i n g  t h e  c o e f f i c i e n t s  o f  r ( u ) s ( u )  mod g ^ ( u )  

f o r  a l l  i  « 1,  . « . ,  K.

I I - 4 .  t?.FT( Kp ) .  c o n t  i n u e d

V.'e h a v e  j u s t  s e e n  t h a t  t h e  a c t i o n  ( o ) ( f )

c o r r e s p o n d s  t o  a  m u l t i p l i c a t i o n  i n  t h e  p o l y n o m i a l

q u o t i e n t  r i n g  Hfcul /  * r- °  p r e c i s e ,

i f  we l e t

p - 2  _ p - 2
X ( u ) » ^  u 1 a n d  Y ( u )  -  Y i 1**

x * 0 i = 0

w h e r e  y Q -  f ( l )  a n d  f o r  i * 1 ,  p - 2 ,  y i  -

f C w P " 1* 1 ) ,  t h e n  t h e  a c t i o n  (C’ ) ( f )  c o r r e s p o n d s  t o

t h e  m u l t i p l i c a t i o n  X ( u ) Y ( u )  mod u P ~ 1- 1 .

'.ve know t h a t  u P - 1 - 1  » j  f i ( u )  , w h e r e
i - 1

<f i ( u )  a r e  d i s t i n c t  i r r e d u c i b l e  f a c t o r s  o f  u P ” ^ - 1  

( t h e  c y c l o t o m i c  p o l y n o m i a l s  ) a n d  y ^ ( p - l )  * t h e

n u m b e r  o f  d i v i s o r s  o f  p - 1 .  L e t  ( u )  ■ u - 1  .

13



L e t  : H [ u ]  /   * H ^ u ]  / < ^ ' ^ 1 ( u )> b e

t h e  n a t u r a l  p r o j e c t i o n s .  T h e n

P - 2
p ^ X f u )  * {  X #wi > « -1

i - 0

b e c a u s e  f o r  1 « 0 .................. p - 2 ,  <^X . w 1 )  a r e  a l l

d i s t i n c t  p ^ h r o o t s  o f  u n i t y  n o t  e q u a l  t o  1.  F o r  

p >, 3 ,  l e t  R * p - 1 / ? ,  S ( u )  ** u ^ - 1  a n d  T ( u )  =
U

u + 1 .  T h e n  we h a v e  t h e  f o l l o w i n g  c o m m u t i n g  

d i a g r a m  o f  i s o m o r p h i s m s

( P - 1 )

Hlu}  /  u ) > ©  H [ u ?  / ^ T ( u ) >

t R , u i+R i  i / R . \b e c a u s e  w -  - 1 f \ : s  h a v e  w + w  ■ w (w + 1)

* 0 .  T h i s  i m p l i e s  t h a t  <^\ , w * ^  > , w*4 ^ ^  » 1
i  i+  Ra n d  t h e r e f o r e  ^  X ,w > a n d  < X , w  ‘ > a r e  c o m p l e x

c o n j u g a t e .  L e t  p 0 a n d  p r b e  t h e  n a t u r a l
h • X.

p r o j e c t i o n s  o f  H{u7 /  4 u P ~ 1“ l )  o n t o  H (u ]  /  ^ r ( u ) >  

a n d  H^u} / ^ T f u ) )  , r e s p e c t i v e l y .  T h e n  we s e e  t h a t

t h e  c o e f f i c i e n t s  o f  p ^ f  X( u )  ) a r e  a l l  r e a l  a n d  t h e
4 •

c o e f f i c i e n t s  o f  p ^ f  X ( u )  ) a r e  a l l  p u r e  i m a g i n a r y .  

O u r  c o m m u t i n g  d i a g r a m  s h o w s  t h a t  t h e  p r o j e c t i o n s  o f  

X( u )  o n t o  e a c h  H [ u J  /  <q> ± ( u ) >  a r e  p o l y n o m i a l s  

w h o s e  c o e f f i c i e n t s  a r e  e i t h e r  a l l  r e a l  o r  a l l  p u r e  

i m a g i n a r y .
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V/e h a v e  s h o w n  t h a t  o n e  c a n  c o m p u t e  LFT(  ' A ) 

b y  f i r s t  c o m p u t i n g  t h e  c o e f f i c i e n t s  o f  t h e  p r o d u c t s  

X ( u ) Y ( u )  mod ^ ( u )  i i  * 1,  . . . .  ( p - 1 ) .  T h e n ,

r a t i o n a l  l i n e a r  c o m b i n a t i o n s  o f  t h e s e  c o e f f i c i e n t s  

t o g e t h e r  w i t h  some r a t i o n a l  l i n e a r  c o m b i n a t i o n s  o f  

t h e  e n t r i e s  i n  o u r  i n p u t  v e c t o r  ( f )  w i l l  g i v e  u s  

t h e  e n t r i e s  o f  t h e  LFT o u t p u t .  ( f ) .  V.’e s aw  t h a t  

c o m p u t i n g  t h e  p r o d u c t  X ( u ) Y ( u )  mod ^ ( u )  r e q u i r e s  

n o  e s s e n t i a l  m u l t i p l i c a t i o n s .  F o r  i  -  * ^ ( p - 1 ) ,

we c a n  c o m p u t e  t h e  p r o d u c t s  mod ^ ( u )  u s i n g  t h e  

s c h e m e  d e s c r i b e d  i n  [ i l l  . T h i s  s c h e m e  i s  b a s e d  

on  m i n i m a l  a l g o r i t h m s  f o r  c o m p u t i n g  a r b i t r a r y  

p r o d u c t s  i n  f i n i t e  a l g e b r a i c  e x t e n s i o n  f i e l d s  [ 13 j  . 

T h e s e  i n  t u r n  a l l  u s e  some v a r i a t i o n  o f  O’oom ’ s 

a l g o r i t h m  f o r  c o m p u t i n g  t h e  p r o d u c t  o f  p o l y n o m i a l s  

. [ 1 0 ]  . I n  i j  >. i n o g r a d  p r o v e s  t h a t  t h e

a l g o r i t h m s  d e r i v e d  u s i n g  t h i s  s c h e m e  a r e  m i n i m a l  w i t h  

r e s p e c t  t o  n o n - r a t i o n a l  ( e s s e n t i a l )  m u l t i p l i c a t i o n s .  

Now, e a c h  p r o d u c t  mod ^ P ^ f u )  . i  * *■(p - 1 )

c a n  b e  c o m p u t e d  w i t h  2 d ^ - 1  e s s e n t i a l  m u l t i p l i c a t i o n s ,  

w h e r e  « d e g r e e  o f  f • We c a n  t h e r e f o r e

c o m p u t e  PF'*1 (7. ) w i t h  

* ( P -  1 )
2 7  -  ( ^ ( p - 1 ) -  1 )
LmP.

-  ? p  -  ^ ( P - 1 ) -  3 

e s s e n t i a l  m u l t i p l i c a t i o n s .  L e t  n s  d e n o t e  b y  / t 4 l ; F T (G )
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t h e  m u l t i p l i c a t i v e  c o m p l e x i t y  o f  DKT(G)  o v e r  t h e  

r a t i o n a l e *  We mav s u m m a r i z e  o u r  h i e  c u s s  i o n  i n  t>*e 

l a s t  t h r e e  s e c t i o n s  &3

T h e o r e m  I X - 1 : B P T ' f Z p )  = 2 p  -  ^ ( p - 1 )  - 7  ,

w h e r e  */* ( p - 1 ) « t h e  n u m b e r  o f  d i v i s o r s  o f  p - 1 .  

F u r t h e r m o r e ,  t h e r e  e x i s t s  m i n i m a l  a l g o r i t h m s  f o r  

X F T ( Z p )  a l l  o f  w h o s e  e s s e n t i a l  m u l t i p l i c a t i o n s  h a v e  

f a c t o r s  w h i c h  a r e  e i t h e r  r e a l  o r  p u r e  i m a g i n a r y .

I I - 5  : P F T ( Z p <£> . «■ »  Zp ),  P p r i m e

L e t  0 = Z • Q? Z , t h e  d i r e c t  sum o f  k
1  ̂ r

c o p i e s  o f  t h e  c y c l i c  g r o u p  o f  o r d e r  p ,  w h e r e  p i s

p r i m e .  O u r  g o a l  i n  t h i s  s e c t i o n  i s  t o  r e d u c e  t h e

c o m p u t a t i o n  o f  P F T ( G )  t o  w h a t  we c a l l  a  d i r e c t  sum

c o m p u t a t i o n  o f  p ^ - l / p - 1  c o p i e s  o f  P F '! ( Z ) . We
v

i d e n t i f y  G w i t h  t h e  f i e l d  w i t h  p e l e m e n t s .

Lemma I I - 1  d e s c r i b e d  t h e  a d d i t i v e  c h a r a c t e r  o f  t h i s  

f i e l d ,  a n d  P F T ( G )  i s  b u i l t  o u t  o f  t h e s e .  U s i n g
p

t h e  n o t a t i o n  o f  l e m m a  I I - 1 ,  f o r  a n y  f *  L ( G )  we

N
h a v e  f ( 0 )  = f ( 0 )  + f ( w ^ )  , w h e r e  N = p k - 2 ,

U O

N

f ( w J ) -  f ( 0 )  + ^  < X . j w 1 > f  ( w 1 ) , j  -  1 t . . . »  P k - 1 .
i » 0

L e t  ( f )  -  ( f ( 0 )  f ( 1 )  f ( w )  f ( w ? ) -------  f ( w N ) ) t , a n d  l e t

1 6



b :  (i -----•? G b e  t h e  b i s e c t i o n  g i v e n  by  bCw'1) « A .
J

f o r  J = 0 ,  1 , . . . ,  N a n d  b ( 0 )  » 1,  w h e r e  A ,  a nd
J

1 a r e  a s  d e f i n e d  i n  t h e  p r e v i o u s  l emma .  O b s e r v e  

t h a t  t h i s  b i s e c t i o n  i s  n o t  a  g r o u p  h o m o m o r p h i s m .  L e t  

u s  o r d e r  t h e  e n t r i e s  i n  t h e  o u t p u t  v e c t o r  a s  f o l l o w s :

( f )  -  ( f ( 0 )  f ( l )  f ( A ? )   f ( X N) ) \

R e l a t i v e  t o  t h i s  c h o i c e  o f  b a s e s ,  t h e  m a t r i x  o f  

R-FT(G) h a s  t h e  f o r m

1 1 1 1 . . . .  1 

1

1 , w 2)

1 ^Ap» O  ^  p,v/^ )

I 1 1 1

^ X , 1> ^X,w> ^A,w2 >

<̂ x #w)  <x, w?) Ch, y

, v 2 > (x,w^A »w >
i

A .WN- 1) /
L e t  0 b e  t h e  c o r e  o f  t h e  a b o v e  m a t r i x ,  t h a t  

i s ,  t h e  m a t r i x  d e r i v e d  f r o m  t h e  a b o v e  on e  by  d r o p p i n g



t h e  f i r s t  r o w  a n d  t h e  f i r s t  c o l u m n ,  a n d  f o r  j  * 0 , 1 ,

9  -. . . . .  N l e t  f ( K  ) -  f ( X . )  -  f ( 1 ) .  A l s o  l e t  ( f )

-  ( fC 1 ) f (  * ) f C ^ )  .............. f ( x N) ) t , a n d  l e t  ( f )

h e  t h e  v e c t o r  d e r i v e d  f r o m  (_£) b y  d r o p p i n g  t h e  t o p  

e n t r y  f ( 0 ) .  T h e n  ( f )  » 0 ( f ) .  We r e c o g n i z e  t h i s  

s y s t e m  a s  t h e  on e  c o r r e s p o n d i n g  t o  a  w e l l  k n ow n  c y c l i c  

c o n v o l u t i o n .  More  s p e c i f i c a l l y ,  f ( A . )  i s  t h e

c o e f f i c i e n t  o f  t h e  u J t e r m  i n  t h e  e x p r e s s i o n  f o r

^  f ( 1 ) + 2 1  f ( w N‘ J + 1 ) '■

!̂+ 1mod u 1 - 1 .  To s i m p l i f y  o u r  n o t a t i o n ,  we l e t  y ^

= f  ( 1 ) a nd  f o r  ,j = 1 N we l e t  y  . * f  ( w^~ ‘̂ + 1 ) .
J

The  a b o v e  c y c l i c  c o n v o l u t i o n  now h a s  t h e  f o r m

y . u ^  j  mod u N + 1 - 1  .
0 = 0  /

To f u r t h e r  s i m p l i f y  o u r  n o t a t i o n ,  we w i l l  l e t  X( u )

N i v n i l -  i
= \  > »w ?  u anri  y ( u ) = ^  y  . u J ,

.1 =0  3=0

L e t  a  = p k -1  = N+1 a n d  b= p ^ - l / p - l .  F o r  

i  ■ 1,  P - 1 ,  l e t  £   ̂ b e  t h e  s e t  o f  p r i m i t i v e

p - t h  r o o t s  o f  u n i t y .  r e f i n e  f o r  i  -  1 , . . . , P - 1  

B 1 -  { j  | < v , w - j >  « £  O j  a - 1  |  a n d  d e f i n e

P 0  “  \ j I ^  1 . 0  j  a - 1  f  .

i n  G i  s  a  s u b f i e l d  H wh i c h  i s  i s o m o r p h  i c  t o



t o  Z / p Z .  The  e l e m e n t s  i n  H a r e  [  0 # w*\ w ^ ,

  ^ - 1  ]  , and  Cl i s  a n  a l g e b r a i c

e x t e n s i o n  o f  H o f  d e g r e e  k .  F o r  e v e r y  w*̂  t  0

and  f o r  n * 0 , . p - 2 , w^wnl5 e q u a l s  t h e  sum
$ &

o f  ^  ( n )  t i m e s ,  and  ^  : £ 0 , p - 2 j ---------9

j l ,  . p - l |  i s  a  b i j e c t i o n .  We h a v e

d )  0 ,w*+ n b >  .

G h o o s e  L  i  an d  a n  i n t e g e r  r ,  0  £■ r  4  p - ? ,  

s u c h  t h a t  < X , w r >  * £  Then  ^ X , w r ^ ^ n ^

r u n s  o v e r  a l l  p r i m i t i v e  p - t h  r o o t s  o f  u n i t y  a s  

n r u n s  o v e r  0 ,  p - ? .  L e t  u s  d e f i n e  f o r  b  »

0 ..................... P-1 r . (u> -  2 1  . Equation (1)
i  *  * 8

i m p l i e s  t h a t  P p ( u )  = u ^ s ^ P ^ ( u )  mod u a - 1 .  F o r  

e a s e  o f  n o t a t i o n ,  l e t  u s  w r i t e  £  ^ = £  an d

P ( u )  = F ( u ) .  We may a s s u m e  t h a t  we c h o s e  o u r  n o n ­

t r i v i a l  c h a r a c t e r  so  t h a t  . w )  = £  . y i l so  l e t

o /  > /■  *■ * l ( 1 ) b - *r( I?) 2b ,, * ( p - 2 )  ( p - ? ) bS ( u ;  = t + £ '  u + £  ' u + • • • •  + £  7 ' yu s ^ '

T h e n  X( u )  « S ( u ) F ( u )  + Pq ( u ) mod u a - 1 .  Our

d i s c u s s i o n  sh o w s  t h a t  c o m p u t i n g  T)FT(li) i s  e q u i v a l e n t

t o  c o m p u t i n g  t h e  c o e f f i c i e n t s  o f

( ? )  ( s ( u ) P ( u )  + PQ( u )  ) (  Y( u )  ) mod u a - 1 .

The  c o e f f i c i e n t s  o f  J’( u )  and PoO*)  a r e  1

o r  0 ;  t h e  c o e f f i c i e n t s  o f  Y( u )  may b e  v i e w e d  a s  

d i s t i n c t  i n d e t e r m i n a n t s  o v e r  t h e  r a t i o n a l e .
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L e t  u s d e f i n e v i
N

t h e  f o r m u l a v i uou

C o m p u t i n g  t h e v ^ r e q

1 i c a t  i o n s . L e t  V( u )

f o r  i  * Ot . a - 1  b y

= F ( u ) Y ( u )  mod u a - 1 .

N
v i u i  • ' ^ e  B e e

i =*0

w* o a n  D PJP(a) b y  f i r s t  c o m p u t i n g  t h e

c o e f f i c i e n t s  o f  S ( u ) V ( u )  mod u a - 1 .  D e f i n e  f o r  

j  = 0 .............. ..  b - 1 , t h e  p o l y n o m i a l s

1T I \ C 1 *1 + it]
V . ( U ) -  2 1  v j * i b u

i = 0
Th en

V( u )  = Vj ^ u ^
b - 1

2 1
j - 0

a n d

K ( u ) V ( u )  ■ S ( u ) V  ̂ ( u ) mod u a -  1.
i * 0

f u r t h e r m o r e , i f  f o r  a n y  i n t e g e r  r  t h e  c o e f f i c i e n t

o f  u r  i n  f ( u ) V . ( u )  i s  n o t  0 , t h e n  f o r  a l l  i  4- j »
J

t h e  c o e f f i c i e n t  o f  u r  i n  F ( u ) V ^ ( u )  i s  O. We 

s e e  t h a t  o n e  way o f  c o m p u t i n g  PFT ( G ) i s  b y  f i r s t
£

p e r f o r m i n g  b c o m p u t a t i o n s  f o r  S ( u ) V j ( u )  mod u - 1  

a nd  t h e n  c o m p l e t i n g  t h e  a l g o r i t h m  w i t h o u t  a n y  m o r e  

e s s e n t i a l  m u l t i p l i c a t i o n s .  The  c h a n g e  o f  v a r i a b l e s  

v — » u ^  g i v e s  t h a t  t h e  l>FT(G)

2 0



c a n  b e  c o m p u t e d  b y  f i r s t  c o m p u t i n g  t h e  c o e f f i c i e n t s  

o f  t h e  b p r o d u c t s  S ( v ) ! T ^ ( v )  mod w h e r e

s c v )  -  t  *  c ' ' ( 1 ) v + . . .  + t , ( p ' ? ) v p ' 2

p - ?
a n d  7  ( v )

u
1=0

. Vve r e c o g n i z e  t h e s e

a s  t h e  c o m p u t a t i o n s  i n  \\ i n o g r a d  * s  a l g o r i t h m  f o r

L e t  u s  r e s t a t e  o u r  r e s u l t s  i n  t h e  l a n g u a g e  o f  

m a t r i c e s .  F i r s t ,  f o r  a n y  m a t r i x  A a n d  a n y  i n t e g e r  

m d e f i n e  t h e  m a t r i x

mA A
O \

O

t h e  m - f o l d  d i r e c t  sum.  We h a v e  shown  t h a t  t h e r e

e x  i s t  p e r m u t a t  i o n  m a t r i c e s  P 1 a n d s u c h  t h a t

= bC ,  w h e r e  0  i s  a  c i r c u l a n t  ( p - 1 ) x  ( p —1) 

m a t r i x .  (J i n  f a c t  i s  t h e  m a t r i x  c o r r e s p o n d i n g  t o  

r 'PT( / j p ) . Now b y  t h e  CRT, t h e r e  e x i s t  r a t i o n a l

m a t r i c e s  R 1 and  R

R1CH?

s u c h  t h a t

A, O

w h e r e

O
b e , ,  a n d  t h e  f!

A ^ ( p - 1 )

may b e  v i e w e d  a s  t h e

i m a g e s  o f  e l e m e n t s  i n  t h e  a l g e b r a i c  e x t e n s i o n  f i e l d  

n [ u ] / ^ < p ^ ( u ) >  u n d e r  t h e  r e g u l a r  r e p r e s e n t a t i o n .

? 1



We c a n  s u m m a r i z e  "by s a y i n g  t h a t  t h e r e  e x i s t  r a t i o n a l

\
m a t r i c e s  Rn a n d  R s u c h  t h a t  1 r

O
Rl ( £ )Rr  "  '  bA?o t A * ( p - 1 ) /

w h e r e  ( F )  i s  t h e  c o r e  o f  t h e  P F V ( g ) m a t r i x .  We 

c l a i m  t h a t  R^ an d  R a r e  n o n - s i n g u l a r .  To p r o v e  

o u r  a s s e r t i o n  i t  s u f f i c e s  t o  show t h a t  P ( u )  a n d  

u a - 1  a r e  r e l a t i v e l y  p r i m e .  The  p r o o f  o f  t h i s  f a c t  

p r e s e n t e d  h e r e  i s  d u e  t o  .A. V a s q u e s .

Lemma I I - 2 : PC11) a n d  u a - 1  a r e  r e l a t i v e l y  p r i m e .

P r o o f : S u p p o s e  t h e  c o n t r a r y .  T h e n  t h e r e  i s

some a - t h  r o o t  o f  u n i t y  s u c h  t h a t  P(<* ) * 0 .

Now Gx , t h e  m u l t i p l i c a t i v e  g r o u p  o f  i n v e r t i b l e  

e l e m e n t s  i n  G f i s  c y c l i c .  L e t  w g e n e r a t e  Gx ; 

t h e n  a s  X  r a n g e s  o v e r  a l l  m u l t i p l i c a t i v e  c h a r a c t e r :  

o f  Gx , X  (w)  r a n g e s  o v e r  a l l  a - t h  r o o t s  o f  u n i t y .  

T h e r e f o r e  o u r  a s s u m p t i o n  i m p l i e s  t h a t  t h e r e  e x i s t s  a  

m u l t i p l i c a t i v e  c h a r a c t e r  X  s u c h  t h a t  P (  JC ( w ) )

-  P (  •< ) -  0 .

Ve w i l l  p r o v e  t h e  l emm a  b y  s t u d y i n g  t h e  G a u s s  

sum a s s o c i a t e d  w i t h  X  an d  t h e  n o n - t r i v i a l  a d d i t i v e  

c h a r a c t e r  A  w h i c h  we u s e d  t o  d e f i n e  P ( u ) .  The  

c l a s s i c a l  r e s u l t s  w h i c *1 we w i l l  c i t e  c a n  b e  f o u n d  i n  

L a n g ' s  C y c l o t o m . i c  F i e l d s .



The C a u s e  sum i s  d e f i n e d  a s

r v M  ■ 2 1  •
3*0

We b r e a k  u p  t h i s  sum a s  we d i d  i n  o u r  c o n s t r u c t i o n  

a b o v e .  We h a v e  T x ( X )

X ( w ^  ) A (w^ )

1 * J i  

P - 2

Z  X ( w b +
S  |

3 *  Fo 1 - 0  (

+ Z L

.1«  p 0 j  f r P i

+ z :  i
.1 *  p 0 j c  p  A

2 1  ' X ( w ' ) + Ii  ^ ?
.) *  p „ 1[ 3 C - l = i

2 1  V ( w b + P ( X ( w

J ‘ p 0

2 1  " X t w 1) .
3 * P 0

• X ( w j * l b ) \ ( v l + l b ) )

X(wbX(Klb)XcwJ

Er  x ( - l b » ( " J >1 (
i * 0  

i - 0

Now X  c a n n o t  b e  t h e  t r i v i a l  c h a r a c t e r ,  s i n c e  

o t h e r w i s e  P(  ~K (w)  ) = F ( 1 )  -  ^  ( 1 ) ^  ^ O. I f

3
i s  n o t  t r i v i a l ,  t h e n  we know t h a t  Z~^ f  4  O* 

a - 1 ,
H o w e v e r ,  ' p r  ( wj ) * 0 ,  a n d  we c a n  m a n i p u l a t e  

3 - 0
t h  i s  sum,  3u s t  a s  we d i d  a b o v e , t o  p e t



21 > = 2 1  y ( w J) -  o.
i  * p0 J -o

T h i s  i m p l i e s  t h e  c o n t r a d i c t i o n  Of a n d  so  we

h a v e  p r o v e d  t h e  l em m a .

The  l emm a  i m p l i e s  t h a t  t h e  two  s v s t e m s  P F T ( t i )  

a n d  t h e  d t r e e t  sum s y s t e m  we h a v e  c o n s t r u c t e d  a r e  

c o m p u t a t i o n a l l y  e q u i v a l e n t .

R e m a r k :  W i n o ^ r a d  h a s  c o m m u n i c a t e d  t o  u s  a n  e l e m e n t a r y

a r g u m e n t  w h i c h  p r o v e s  t h e  l e m m a .

I l - f i :  UFT(Zb <S> /i5 )

',re w i l l  c o n s t r u c t  a  m i n i m a l  a l g o r i t h m  f o r  

P F T (Z ^  ©  ' 4 ^ ) .  ' r i v e n  t h e  2 ^ d i s t i n c t  i n d e t e r m i n a n t s

f ( a , b )  w i t h  0  ^  a , b  ^  4 , we w o u l d  l i k e  t o

c o m p u t e  t h e  25 v a l u e s

/v S  „ a x + b y
f C a . b )  = f  £  f ( x , y )

(* ,y)
*? IT" i  /  S ?w h e r e  £  = e '  . The  p o l y n o m i a l  u +2 i s

i r r e d u c i b l e  o v e r  / .^  t s o  we c a n  l o o k  a t  t h e  f i e l d

H * * H i s  a  v e c t o r  s p a c e  o f  d i m e n ­

s i o n  2 o v e r  w i t h  b a s i s   ̂ 1 ,  u j  . We w i l l  w r i t e

a + b u  * ( a , b )  f o r  a l l  a - tbu  t  H.  ( 1 , 1 ) g e n e r a t e s

a  c y c l i c  m u l t i p l i c a t i v e  g r o u p  o f  o r d e r  2 4 .  toe h a v e  a

b i s e c t i o n  b :  H - — f  H g i v e n  b y  b ( 0 )  ■ O' a n d  t h e

24



t h e  f o l l o w i n g  t a b l e :

j — » 3 -— * wJ j  - ~ , w J' 3 —-  VJ

0 ( 1 , 0 ) 6 ( 3 , 0 ) 1 2 ( 4 , 0 ) 18 ( 2 , 0 )

1 ( 1 , 1 ) 7 ( 3 , 3 ) 13 ( 4 , 4 ) 19 ( 2 . 2 )

2 ( 4 , 2 ) 8 ( 2 , 1 ) 14 ( 1 , 3 ) 2 0 ( 3 , 4 )

•3E ( 0 , 1 ) 9 ( 0 , 3 ) 15 ( 0 , 4 ) 21 ( 0 , 2 )

4 ( 3 , 1 ) 10 ( 4 , 3 ) 16 ( 7 , 4 ) 2 2 ( 1 , 2 )

5 ( 1 , 4 ) 11 ( 3 , 2 ) 17 ( 4 , 1 ) 23 ( 2 , 3 )

A c c o r d  i n ^ l y , we r e l a b e l  o u r  i n p u t  d a t a  a s  

f o l l o w s :  f ( 0 , 0 ) = , f ( l , 0 ) = y Q , a n d  f o r

3 = 1 , . . . ,  2 3 ,  f ( w ? 4 " j )  = y .

L e t  u s  c h o o s e  t h e  n o n - t r i v i a l  c h a r a c t e r  ^  

d e f i n e d  by  , ( a  ( b i ' )  = £  . J e f  i n e

2 3 .
3= ^  < f X , w J ^  u

3=0

P ( u )  B= 1 + u + 11̂  + u  ̂4 + u ”

S ( u )  *= o( ,  + P^pU6  + + y y i 1H

w h e r e  c f ^  “ £  1 -  1

Y ( u )  -  y j u ^
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t h e n  X ( u )  * J' ( u ) f  ( u ) mod u ^ 4 - 1 .  ( N o t i c e  t h e  

m o d i f i c a t i o n  f r o m  t h e  c o n s t r u c t i o n  i n  t h e  p r e v i o u s  

s e c t i o n .  t h e r e  we w e r e  c o n c e r n e d  w i t h  t h e  c o m p l e x i t y  

q u e s t i o n  a n d  we d i d  n o t  w o r r y  a h o u t  c o m p u t i n g  

P q ( u ) Y ( u )  mod u a - 1 ( w h i c h  r e q u i r e s  no  e s s e n t i a l  

s t e p s .  H e r e  we a r e  t r y i n g  t o  m i n i m i z e  a d d i t i o n s  a s  

w e l l .  t h i s  m o d i f i c a t i o n  h o l d s  f o r  a l l  P P t  (/.  <3? . . .

. .  . 6* - p ) . )

\ ' e  w o u l d  l i k e  t o  c o m p u t e  t h e  c o e f f i c i e n t s  o f  

X ( u ) Y ( u )  = N ( u ) P ( u ) Y ( u )  mod u ^ 4 - i .  Ve c a n  f i r s t  

c o m p u t e  j ( u ) Y ( u )  mod u ^ 4 - 1  w i t h  o n l y  a d d i t i o n s .

23
l ' e f i n e  V ( u )  = v . u }-'(u ) Y (u  ) mod u 2 4 - 1 ,

i = 0

t h e n  v .  = y .  + y . ^  + y i + 5  + y .  + 14 + y i + ? ? , w h e r e  

t h e  i n d e x i n g  nu mbe rs  a r e  t a k e n  mod 2 4 .  i t  i s  c l e a r  

how t o  c om p ut e  e a c h  w i t h  4 a d d i t i o n s .

N e x t ,  t o  c o m p u t e  t h e  c o e f f i c i e n t s  o f  : : ( u ) V ( u )
94

mod u '  - 1 , we p e r f o m  t h e  f o l l o w i n g  b c o m p u t a t i o n s

= 0 , m * * t ‘h we o o m p u t H

!
m

f * 1
* 4

6 -̂m * ? * 1 J * 4

1 2 +m * 4 * 1 -V

1 H+m [ " I * 4

/  vm \
r6 +m

1 ?+m

V v 1tUm I

9 b



Nov: v/e u s e  i n o g r a d  ’ s  a l g o r i t h m  9 t o  c o m p u t e  t h e  

6 e y c l L c  c o n v o l u t i o n s .  e f i r s t  c o m p u t e  t h e

owing P4 products : for in ® ^  p • • p t

P. sx /’ l(vra - v6+m v 1?+m “ v 18+m^
= f  + v6+m - v 12+m ” v 1

- /  3*v 6+m " v l8^m)

P ¥,<h = < 3 1
v 1?+m ̂

w h e r e

r ,  -  * (  *  -  « 2 * -  £ 3 )

f  ? - $ (£ - £ ̂ )
/  3 -  i (  £  + 6 ^ “ 6 ^ ^ )

/ 4 * ^ ^  ^  •

Oh s e r v e  t h a t   ̂ i s  r e a l  a n d  f *  ?* f "*>* anri  ^  A

a r e  p u r e  i m a g i n a r y .  v e may a s s u m e  t h a t  t h e  f   ̂

h a v e  "been c o m p u t e d  o n c e  a nd  f o r  a l l  a n d  a r e  s t o r e d  

i n  m e m o r y .  We c a n  c o m p u t e  t h e  6 c y c l i c  c o n v o l u t i o n s  

w i t h  3 6  a d d i t i o n s  a n d  2 4  m u l t i p l i c a t i o n s .

’ ’e a l s o  c o m p u t e  t h e  6  n o n - e s s e n t i a l  m u l t i p l i -  

c a t i o n s  f ^ - ( - 5 / 4 ) ( v n . v 6+m * v 1?+m + v 18+m) f o r  

m = 0 # . , . t 3 .  T h i s  r e q u i r e s  1fi a d d i t i o n s  and

6 m u l t i p l i c a t i o n s  b y  ( - 3 / 4 ) .



T h e n ,

I
m

^6+m

* 1 ? + m

^18+m I

1
1 1 -1 0

-1 1 0 -1

1 1 - 1 1 0

\ 1 - 1 -1 0 1

PO

P

,m \

1,  m

3 , m

W m I
T h e s e  we c a n  c o m p u t e  w i t h  60  a d d i t i o n s .  A l s o ,  f o r

*r X* >>
3 = 0 , . . . , ? %  t h e  f  j  a r e  p r e c i s e l y  f  ( a ,  b ) - f  ( 0 , 0 )

pe rmu  t e d  a r o u n d .  Re n e x t  d e s c r i b e  t h i s  p e r m u t a t i o n .  

R e c a l l  t h a t  *=■ £ x . U s i n p  t h e  n o t a t i o n

o f  Lemma 1 1 — i , ^  ^  ( a  = ^  ̂  * ( a , b ) ( x , y )  ^

= ^  , ( a x - ? y b , a y + b x ) } = £  a x “ ?t ,y .  ].ut f o r  some

i n t e g e r s  0 £ r , s  d 5 , ( a , b ) * ^x , y ^  = ^  r x + s y ^

v e m u s t  h a v e  a ** r  mod 5 a n d  b = ? s  mod 5 .  T h i s
yA, ^  /

s a y s  t h a t  f ( r , s )  = f  _ + f ( 0 , 0 ) ,  w h e r e  t h e  s u b -
f r. 8

s c r i p t s  a r e  t a k e n  mod 5 , f o r  a l l  ( r , s )  *  h ,  ( r , s )

/  0 .  C o m p u t i n g  t h e s e  ? 4  c o e f f i c i e n t s  r e q u i r e  24 

m or e  a d d i t i o n s .  f i n a l l y ,  we c o m p u t e  f ( 0 , 0 ) w i t h  24 

a d d i t i o n s .  A l t o g e t h e r ,  we h a v e  c o m p u t e d  ] )FT(Z^  &  Z^)  

w i t h  24  e s s e n t i a l  m u l t i p l i c a t i o n s ,  6  m u l t i p l i c a ­

t i o n s  b y  ( - 5 / 4 ) ,  a n d  25B a d d i t i o n s .

R e m a r k : The  mod i f i c a t i c n  i n  t h i s  c o n s t r u c t i o n  i s

d u e  t o  V i n o p r a d .



I I I .  A D i r e c t S u m  T h e o r e m

I n t r o d u c t i o n

I n  t h e  p r e v i o u s  s e c t i o n  we s a w  t h a t  i f  G i s  

a  f i n i t e  d i r e c t  sum o f  Z /p Z  w h e r e  p i s  p r i m e ,  

t h e n  we c a n  c o m p u t e  l )FT(G)  b y  f i r s t  c o m p u t i n g  

w h a t  we c a l l  a  d i r e c t  sum s y s t e m  o f  s e m i l i n e a r  f o r m s .  

I n  a  s u b s e q u e n t  p a p e r  we w i l l  show t h a t  t h i s  s c h e m e  

c a n  b e  u s e d  f o r  t h e  DFT o f  a n y  f i n i t e  a b e l i a n  

g r o u p .  We a l s o  s aw e a r l i e r  how we c a n  u s e  a l g o r i t h m s  

f o r  s y s t e m s  o f  b i l i n e a r  f o r m s  t o  y i e l d  a l g o r i t h m s  

f o r  t h e s e  P F T s .  We a r e  t h e r e f o r e  m o t i v a t e d  t o  

e x p l o r e  t h e  m u l t i p l i c a t i v e  c o m p l e x i t y  o f  c e r t a i n  

d i r e c t  sum s y s t e m s  o f  b i l i n e a r  f o r m s .

L e t  G b e  a  f i e l d ,  a n d  l e t  ( x )  ■ ( x 1 * c )"t

a n d  ( ^ )  « C y **•  y-fc)^ b e  v e c t o r s  o f  d i s t i n c t  

i n d e t e r m i n a n t s  o v e r  G.  F o r  k  « 1 ,  . . . ,  a ,  l e t

b e  a  c o l l e c t i o n  o f  b i l i n e a r

i t  J

w i t h  f We may w r i t ef o r m s

where -  Z  f i J k x 1 L e t  u s  a l s o  w r i t e

P9



f . . .  L 1 t  \

A ( x )

\  L a1

We c a l l  A ( x ) ( £ )  a  s y s t e m  o f  b i l i n e a r  f o r m s .  

D e f i n i t i o n  1 1 1 - 1 *  An a l g o r i t h m  <3L i s  a  f i n i t e

t r a n s c e n d e n t a l  e x t e n s i o n  o f  G o b t a i n e d  b y  a d j o i n i n g  

t o  i t  t h e  i n d e t e r m i n a n t s  i n  ( x )  a n d  ( £ ) »  w h e r e  

e i t h e r

( i i )  h ^  » h p * h q t  P * j ,  q - ^ j t  a n d  * i s  

o n e  o f  t h e  f i e l d  o p e r a t i o n s  i n  F .

D e f i n i t i o n  I I I - 2 :  The  a l g o r i t h m  C L  i s  s a i d  t o

c o m p u t e  t h e  s y s t e m  A ( x ) ( j r )  f o r  e v e i *y *  * 1 , . . . , a

t h e r e  e x i s t s  j  s u c h  t h a t  b,  * h , ,  w h e r e  a s  a b o v e ,

b^  i s  o n e  o f  t h e  b i l i n e a r  f o r m s  i n  t h e  s y s t e m  a n d

R e m a r k : The  a l g o r i t h m  i n  o u r  d e f i n i t i o n  h a s  no

b r a n c h i n g ;  f o r  a  j u s t i f i c a t i o n  s e e  ( L9 l  .  s e c t i o n  

I l i a ) .  A l s o  c o m p a r e  o u r  d e f i n i t i o n  w i t h  t h e  o n e s  i n  

t h e  c i t e d  r e f e r e n c e ;  h e r e  we f i x  o u r  b a s e  s e t  t o  b e

s e q u e n c e  o f  e l e m e n t s  h j  e  F « C i ( x , ^ ) ,  t h e  p u r e l y

( i ) h  j  £ G t_J { x 1 , * c  • * • • • I y b }  o r

i s  a  s t e p  i n

^ U  ( x 1 , • • . i xc , y^,  |  .

D e f i n i t i o n  I I I - 3 :  A s t e p  h ^  o f  C L  i s  c a l l e d

e s s e n t i a l  o f  h .  = h *  h  a n d  e i t h e r
J P Q

•  •  •  *
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( i )  * i s  a  m u l t i p l i c a t i o n ,  h p ^ G » a n d

h^  ^  G ; o r

( i i )  *  i s  a  d i v i s i o n ,  a n d  t h e  d i v i s o r  h  4

T h e  f o l l o w i n g  p r e s e n t a t i o n  t h e o r e m  i s  a  d i r e c t  

c o n s e q u e n c e  o f  o u r  d e f i n i t i o n s .  F o r  a  p r o o f ,  s e e  £ 6 3 .

T h e o r e m  I I I - 1 :  L e t  ( J [  b e  a n  a l g o r i t h m  c o m p u t i n g

A ( x ) ( ^ )  a n d  l e t  h ( l ) ,  .............. h ( t )  b e  t h e  e s s e n t i a l

s t e p s  o f  CH . T h e n  t h e r e  e x i s t s  a n  a  x  t  m a t r i x  M 

w i t h  e n t r i e s  f r o m  0 ,  an d  a n  a - d i m e n s i o n a l  v e c t o r  

L ( x , ^ )  o f  l i n e a r  f o r m s  ( n o t  n e c e s s a r i l y  h o m o ­

g e n e o u s  ) i n  t h e  i n d e t e r m i n a n t s  o f  ( x )  a n d  ( ^ )  

o v e r  G,  s u c h  t h a t

A ( x ) ( j r )  ** M ( h ( 1) . . . .  h ( t ) )  t  + L ( x , £ )  •

F u r t h e r m o r e ,  f o r  k * 1 ,  . . . ,  t ,  h ( k )  ■

I 2 -  aikh(1) + 2k+£k+fk \  * ( % aikh(1) + 2k+i k +fk )  , 
\ i x k  I V i  * k '

w h e r e  a i k , a [ k , f k , f  k < G, xk  a n d  x£  a r e

h o m o g e n e o u s  l i n e a r  f o r m s  i n  ( x )  o v e r  G,  j£k  a n d  

* k  a r e  h o m o g e n e o u s  l i n e a r  f o r m s  i n  ( ^ )  o v e r  0 ,  

a n d  * i s  e i t h e r  a  m u l t i p l i c a t i o n  o r  a  d i v i s i o n .

D e f i n i t i o n  I I I - 4 :  We d e f i n e  t h e  d e g r e e  o f  t h e

a l g o r i t h m  a  t o  b e  t h e  n u m b e r  o f  e s s e n t i a l  B t e p e

i t  c o n t a i n s ,  a n d  we d e n o t e  i t  b y  ( 0 ?  ) .

D e f i n i t i o n  I I I - 5 :  We d e f i n e  ^/a ACx ) « i n f  ^  t  |

t  -  m ( ^ )  a n d  Cf i s  s o m e  a l g o r i t h m  c o m p u t i n g
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A ( x ) ( ^ )  j . We c a l l  y x A ( x )  t h e  c o m p l e x i t y  o f  t h e  

p y s t e m  A ( x ) ( ^ ) .

D e f i n l t i o n  I I I - 6 :  i f  A (x )  « t  a n d  C ?  i s  a n

a l g o r i t h m  o f  d e g r e e  t  w h i c h  c o m p u t e s  A ( x ) ( ^ ) »  

t h e n  we c a l l  C f a  m i n i m a l  a l g o r i t h m  f o r  A ( x ) ( £ ) .

V/e n e x t  l i s t  a  h i e r a r c h y  o f  c l a s s e s  o f  a l g o r i t h m s  

f o r  c o m p u t i n g  s y s t e m s  o f  b i l i n e a r  f o r m s  w i t h  w h i c h  we 

s h a l l  b e  c o n c e r n e d  f o r  t h e  r e s t  o f  t h i s  p a p e r .

D e f i n i t i o n  I I I - 7 :  (3 ?  i s  c a l l e d  a  d i v i s i o n - f r e e

a l g o r i t h m  i f  a l l  o f  t h e  e s s e n t i a l  s t e p s  o f  C C  

a r e  m u l t i p l i c a t i o n s .

D e f i n i t i o n  I I X - 8 :  I f  e a c h  o f  t h e  e s s e n t i a l  s t e p s

o f  d T  i s  a  m u l t i p l i c a t i o n  o f  t h e  f o r m

( x ^  + + w h e r e  x k  a n d  x £  a r e  h o m o g e n e o u s

l i n e a r  f o r m s  i n  t h e  I n d e t e r m i n a n t s  o f  ( x )  a n d  a n d

^  a r e  h o m o g e n e o u s  l i n e a r  f o r m s  i n  t h e  i n d e t e r m i n a n t s  

( ^ ) »  t h e  C f i s  c a l l e d  a  q u a d r a t i c  a l g o r i t h m .

C o r r e s p o n d i n g  t o  t h e o r e m  I I 1 - 1 ,  we h a v e  t h e  

f o l l o w i n g  p r e s e n t a t i o n  t h e o r e m  f o r  q u a d r a t i c  a l g o r i t h m s .

T h e o r e m  I I I - 1 1 : L e t  ( j t  Le  a  q u a d r a t i c  a l g o r i t h m

c o m p u t i n g  A ( x ) C ^ )  a n d  l e t  h ( 1 ) .................  h ( t ) b e  t h e

e s s e n t i a l  s t e p s  o f  O C  . T h e n  t h e r e  e x i s t s  a  m a t r i x  

M w i t h  e n t r i e s  f r o m  G s u c h  t h a t

A ( x ) ( ^ )  -  K ^ h ( l )  . . . .  h ( t ) j  t .
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P e f i n l t i o n  I I I - 9 :  I f  e a c h  e s s e n t i a l  s t e p  o f  a

q u a d r a t i c  a l g o r i t h m  Ct h a s  t h e  f o r m

h ( k ) * ^ * 2 L a i k x i ^  ^  * Z - b i k y i ^

an d  a ii(» ^ i k  *  t h e n  <7C i s  c a l l e d  a  b i l i n e a r

( o r  n o n - c o m m u t a t i v e ) a l g o r i t h m .

P e f i n i t i o n  1 1 1 - 1 0 :  F o r  a b i l i n e a r  a l g o r i t h m  (T  , we

d e f i n e ja  o c  t o  e q u a l  t h e  n u m b e r  o f  e s s e n t i a l  s t e p s  

i n  CC . V/e d e f i n e  ^ A ( x )  = i n f  | t  | t  « 

a n d  oc i s  some b i l i n e a r  a l g o r i t h m  c o m p u t i n g

A ( x ) ( j r ) .  We c a l l  ^  (X  ( r e s p .  ^ < I a ( x ) )  t h e

b i l i n e a r  c o m p l e x i t y  o f  CC  ( r e s p .  A ( x ) ( ^ )  ) .

R e m a r k ; N o t i c e  t h a t  we d i d  n o t  make  a  s p e c i a l  

d e f i n i t i o n  f o r  q u a d r a t i c  c o m p l e x i t y  a n a l o g o u s  t o  

o u r  d e f i n i t i o n  1 1 1 - 1 0  o f  t h e  b i l i n e a r  c o m p l e x i t y .

T h i s  i s  b e c a u s e  i n  £ 1 2 ]  W i n o g r a d  p r o v e d  t h a t  g i v e n  

a n  a l g o r i t h m  ct o f  d e g r e e  t  f o r  c o m p u t i n g  A ( x ) ( ^ ) ,  

we c a n  i n d u c e  f r o m  i t  a  q u a d r a t i c  a l g o r i t h m  (%  o f  

d e g r e e  a t  m o s t  t  w h i c h  a l s o  c o m p u t e  s A ( x ) ( £ ) .  I n

p a r t i c u l a r ,  i f  C C  i s  m i n i m a l ,  t h e n  t h e  i n d u c e d  

a l g o r i t h m  O C  m u s t  a l s o  b e  m i n i m a l  a n d ,  t h e r e f o r e ,  

o f  t h e  s ame  d e g r e e .

The  p r o o f  o f  W i n o g r a d ' s  t h e o r e m  c i t e d  i n  t h e  

p r e v i o u s  r e m a r k  i s  c o n s t r u c t i v e ;  o n e  a c t u a l l y  

c o n s t r u c t s  t h e  q u a d r a t i c  a l g o r i t h m  f r o m  t h e  g i v e n  o n e .
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Ve a l s o  r e f e r  t h e  r e a d e r  t o  f  9 ] f o r  a  n i c e  t r e a t m e n t  

o f  t h i s  i n d u c i n g  p r o c e s s .  I n  t h e  f o l l o w i n g  c h a p t e r  

we s h a l l  o n l y  n e e d  t h e  f o l l o w i n g  c o n s e q u e n c e  o f  

t h e  p r o o f .

T h e o r e m  I I I - 2 ( W i n o g r a d ) :  L e t  C t b e  a  m i n i m a l

a l g o r i t h m  c o m p u t i n g  A ( x ) ( y ) .  S u p p o s e  t h a t  ^ 2

a n d  t h a t  t h e  f i r s t  tw o  e s s e n t i a l  s t e p s  o f  a r e

t h e  m u l t i p l i c a t i o n s

h (  1)  > ( x 1 + + f ^ K x }  + Z\ ♦ I p  a n d

h ( 2 )  -  ( a h ( 1 )  + x ? + + f £ ) ( a ' h ( 1 )  + x j  + +

L e t  L « + £ 1  ) + 1 + - ' 'hen t h e r e

e x i s t s  a  m i n i m a l  q u a d r a t i c  a l g o r i t h m  o e  w h i c h  

c o m p u t e s  A ( x ) ( ^ )  a n d  w h i c h  h a s  a s  i t s  f i r s t  tw o  

e s s e n t i a l  s t e p s  t h e  m u l t i p l i c a t i o n s  

h ( l )  -  ( x 1 + + £ } )  a n d

h ( 2 )  ■ CaL + Xj, + £ j , ) ( a * L  + x j  + JCj) •

I I I - 2 .  A d i r e c t  sum t h e o r e m  f o r  q u a d r a t i c  e x t e n s i o n s

L e t  x Q, x  1 » y 0 (  1 » y  1 p 1 * *  y O , b »  y 1 , b

b e  d i s t i n c t  i n d e t e r m i n a n t s  o v e r  G.  L e t  C b e  t h e

c o m p a n i o n  m a t r i x  o f  a n  i r r e d u c i b l e  q u a d r a t i c  p o l y -

nomial .  Let (jr) -  (y0 > , y 1f1  y0 , b y 1f t
a n d  l e t  C ( x )  ■ Xq I  + x ^ C ,  w h e r e  I  d e n o t e s  t h e

2 * 2  i d e n t i t y  m a t r i x .  I n  t h i s  s e c t i o n  we w i l l

d e t e r m i n e  t h e  b i l i n e a r  c o m p l e x i t y  o f  t h e  s y s t e m
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/ o
b C ( x ) ( ^ )  =■ C ( x )

O C ( x )

\

I

I
Lemma I I I - 1:  

P r o o f :

The  d e t e r m i n a n t

S u p p o s e  C

| c ( x ) |  d o e s  n o t  s p l i t .

l °  a \Z -  I I T h e n
I  1 b

C ( x ) x 0 ax^

X1 x Q+ b x 1 L0

min imum p o l y n o m i a l  o f  C i s  x '  

a s s u m p t i o n  i s  i r r e d u c i b l e .

bxQX^ -  a x ^ 2 .  T he

-  b x  -  a ,  a n d  b y

D e f i n i t i o n  1 1 1 - 1 1 :  L e t  A ( x )  b e  a  m a t r i x  o f  l i n e a r

f o r m s .  Ve d e f i n e  d A ( x )  t o  b e  t h e  maximum n u m b e r  o fr  —

a u r j  c  r-

o f  A ( x )  s u c h  t h a t  i f

a n d  t f i ,  t h e n  a ^ 0  f o r  a l l

j  -  1 ,  k .  <̂ r A ( x )  i s  c a l l e d  t h e  O - r o w  r a n k  o f

A ( x ) .  ’.Ve s i m i l a r l y  d e f i n e  t h e  C i - co lumn  r a n k  o f  A ( x )  

a n d  d e n o t e  i t  b e  <*c A ( x ) .

D e f i n i t i o n  I I I - 12 ;  I f  e i t h e r  A ( x )  o r  A ^ ( x )  h a s  

t h e  f o r m  ( a^ m a s m ) f w h e r e  a j  t G  a n d  m i s

a  l i n e a r  f o r m  i n  ( x )  o v e r  f i ,  t h e n  A ( x )  i s  

c a l l e d  a  r a n k - 1 v e c t o r .
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T h e o r e m  I I I - 3 :  L e t  A ( x )  b e  a n  a x b  m a t r i x  o f

h o m o g e n e o u s  l i n e a r  f o r m s  i n  ( j t )  o v e r  G.  S u p p o s e  

t h a t  d r A ( x )  * a ,  d c A ( x )  “  11 * a n d  A ( x )  -  t ,

T h e n  t h e r e  e x i s t s  a  t ^  t  m a t r i x

A ( x )

P(x)

s u c h  t h a t  t h e  d e t e r m i n a n t  | B ( x ) |  i s  n o t  z e r o  a n d  

s p l i t s  o v e r  G i n t o  l i n e a r  f a c t o r s .

P r o o f :  O u r  a s s u m p t i o n  / *  A ( x )  * t  i m p l i e

t h a t  t h e r e  e x i s t s  a  b i l i n e a r  a l g o r i t h m  o f  t h e  f o r m

s

A ( x ) C ^ )  -  M

L r L i '

V Lt /

M
/ a n L i

a t i Lt

a 1 b L 1

a t b L t /  \  y bV
M <X ( ^ )  t

w h e r e  *
> 1

a i d y .i

a n d  a i-j» f’i-j  4 The  r o w s  o f  CL a r e  l i n e a r l y
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i n d e p e n d e n t  h e c a u p e  y u  A ( x )  = t ,  L e t  k * t - a ,  We 

maw a s s u m e  t h a t  t h e  f i r s t  k  r o w s  o f  Q[ a n d  t h e  

r o w s  o f  A ( x )  a r e  a l l  l i n e a r l y  i n d e p e n d e n t .  L e t

A( x )

A (x)

a 11L 1 ............ a 1bL 1

a k 1 Lk   a k b Lk

B'f t h e  d u a l i t y  t h e o r e m  f o r  t h e  t r a n s p o s e s  o f  s y s t e m s  

o f  b i l i n e a r  f o r m s  ( s e e  £ 9 J  , t h e o r e m  I I I - 4  )
V A/ +
A ( x )  A ( x ) ,  s o  t h e r e  e x i s t s  a n  a l g o r i t h m  o f

t h e  f o r m

A ( x ) ( z ) N
K r H i \

v Kt  /

N

t  i «f’- * 11 1

b t i Mt

K (z. ) .

b 1 t M1

t t Kt  /

( z )

w h e r e  ( r e s p .  M£) a r e  h o m o g e n e o u s  l i n e a r  f o r m s

i n  ( x )  ( r e s p .  ( ^ )  ) a n d  ( ^ )  i s  a  v e c t o r  o f

t  d i s t i n c t  i n d e t e r m i n a n t s .

L e t  1 -  t - b .  We may a s s u m e  t h a t  t h e  f i r s t  1 

r o w s  o f  a n d  t h e  r o w s  o f  A ^ ( x )  a r e  l i n e a r l y
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i n d e p e n d e n t .  L e t

<V +
A (3C)

Ht ( x ) b 1 1 K 1

b l 1 M1

b 1 t M1

b l t f

T h e n  d ^ C x )  -  d h ^ C x )  -  J *  Kb ( x )  -  t .  F i n a l l y ,

L e c a u e e  Bt ( x )  = JU  l ( x ) ,  t h e  G - r o w  s p a n  o f  l ( x )  

h a s  a  b a s i s  c o n s i s t i n g  o f  a l l  r a n k - 1  v e c t o r s .  ' f h u s  

t h e r e  e x i s t s  a  n o n - s i n g u l a r  m a t r i x  G o v e r  G s u c h  

t h a t

C l ( x )

c N C 1 1 1

c t 1 Kt

c N c i f H

° t t wt

/ K i
o

o K.

11 
I

t 1

11

t t

L e t  (N) r o  I
an d y -

C1 1
it

c 1 t

 ̂ ° Nt Ct 1 ctt/

( N o t i c e ,  NT̂  a r e  l i n e a r  f o r m s  a n d  ) ,' e

c l a i m  t h a t  i s  n o n - s i n g u l a r .  O t h e r w i s e  t h e r e

e x i s t s  a  v e c t o r  v  jl 0 s u c h  t h a t  O B ( x ) v  « ( N ) ^  v  ■ 0 ,  

f r o m  w h i c h  i t  f o l l o w s  t h a t  B ( x ) v  * 0 ,  c o n t r a d i c t i n g
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o u r  p r e v i o u s  r e s u l t  t h a t  d c P ( x )  ■ t .  T he  m a t r i x

h ( x )  c l e a r l y  s a t i s f i e s  t h e  c o n d i t i o n s  o f  o u r  t h e o r e m .

, w h e r eL 1 L ?
T h e o r e m  I I I - 4 :  L e t  A( x )  * |

L 3 L 4

a r e  h o m o g e n e o u s  l i n e a r  f o r m s  i n  ( x )  o v e r  G.

S u p p o s e  t h a t  | a ( x )  | 4  0 a n d  d o e s  n o t  s p l i t  o v e r

G.  T h e n  JU  k A ( x ) ^  3k  ( R e c a l l ,  k A ( x )  m e a n s  t h e  

k - f o l d  d i r e c t  sum o f  A( x )  ) .

P r o o f : L e t  k A ( x )  * t ,  a n d  l e t  s  ■ t - 2 k .

C l e a r l y  d k A ( x )  -  d k A ( x )  ■ 2 k ,  s o  b y  t h e  p r e v i o u smm ^
t h e o r e m  t h e r e  e x i s t s  a  t u t  m a t r i x  o f  t h e  f o r m

/  k A ( x ) I P ( x )
P ( x )  -  ( -----------  i----------------

\  E ( x )

s u c h  t h a t  | p ( x ) |  f  0 a n d  s p l i t s  i n t o  l i n e a r  f a c t o r s  

o v e r  G.  We c a n  b l o c k - e x p a n d  f o r  t h e  d e t e r m i n a n t  a s

f o l l o w s :  P ( x )  ** ^  J E ^ | |  |  , w h e r e
i

a ^  £ G,  E^ r a n g e  o v e r  a l l  s k  s m i n o r s  o f  E ( x ) ,  

a n d  A^ a r e  t h e  c o m p l e m e n t a r y  2k c o l u m n s  o f  

( k A ( x )  | l ' ( x )  J . Now i f  t  f  3 k - 1 ,  e a c h  A^ 

c o n t a i n s  a t  l e a s t  k+1 c o l u m n s  o f  k A ( x ) .  H e n c e  

| a ( x ) |  i s  a  f a c t o r  i n  e a c h  summand o f  t h i s  b l o c k  

e x p a n s i o n  f o r  t h e  d e t e r m i n a n t .  T h u s ,  b e c a u s e  o f  

u n i q u e  f a c t o r i z a t i o n  i n  p o l y n o m i a l  r i n g s ,  j p ( x ) |  

c a n n o t  s p l i t  i n t o  l i n e a r  f a c t o r s  o v e r  G.
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C o r o l l a r y r L e t  Q b e  a  q u a d r a t i c  e x t e n s i o n  f i e l d

o f  n a n d  l e t  r ,  ............ b e  a r b i t r a r y

e l e m e n t s  i n  Q. Any b i l i n e a r  a l g o r i t h m  f o r

c o m p u t i n g  t h e  p r o d u c t s  r s ^ t ............ r s ^  u s e s  a t

l e a s t  3k  m u l t i p l i c a t i o n s .

P r o o f : T h i s  i s  a n  i m m e d i a t e  c o n s e q u e n c e  o f

Lemma I I I - 1  a n d  t h e o r e m  1 I I - 4 .
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IV. Classification of Minimal algorithms

I V - 1 .  I n t r o d u c t i o n

I n  c h a p t e r  I I  we s aw t h a t  i n  c e r t a i n  c a s e s  

t h e  UFT i s  c o m p u t a t i o n a l l y  e q u i v a l e n t  t o  a  

d i r e c t - s u m  s y s t e m  o f  s e m i l i n e a r  f o r m s  w h o s e  d i r e c t  

s um m and s  c a n  h e  v i e w e d  a s  p r o d u c t s  i n  f i n i t e  a l g e b r a i c  

e x t e n s i o n  f i e l d s .  We a l s o  s aw  how m i n i m a l  a l g o r i t h m s  

f o r  s y s t e m s  o f  b i l i n e a r  f o r m s  f o r  c o m p u t i n g  p r o d u c t s  

i n  a l g e b r a i c  e x t e n s i o n  f i e l d s  y i e l d e d  a l g o r i t h m s  f o r  

t h e s e  d i r e c t  s u m m a n d s .  I n  c h a p t e r  I  we p o i n t e d  o u t  

t h a t  A u s l a n d e r  a n d  W i n o g r a d  i n  £ ’ ]  h a v e  p r o v e d  t h a t  

d i r e c t  su m s  o f  m i n i m a l  a l g o r i t h m s  s o  d e r i v e d  y i e l d  

m i n i m a l  a l g o r i t h m  f o r  DFT c o m p u t a t i o n s  i n  many c a s e s .  

I n  t h i s  c h a p t e r  we s t u d y  t h e  c l a s s i f i c a t i o n  p r o b l e m  f o r  

m i n i m a l  a l g o r i t h m s  f o r  s y s t e m s  o f  b i l i n e a r  f o r m s  f o r  

c o m p u t i n g  p r o d u c t s  i n  f i n i t e  a l g e b r a i c  e x t e n s i o n  

f i e l d s .

I n  a  r e c e n t  p a p e r  [ l o j  W i n o g r a d  c l a s s i f i e d  a l l  

m i n i m a l  b i l i n e a r  a l g o r i t h m s  f o r  c o m p u t i n g  s u c h  p r o d u c t s .  

F u r t h e r m o r e ,  h e  s h o w e d  t h a t  e v e r y  m i n m a l  q u a d r a t i c  

a l g o r i t h m  f o r  c o m p u t i n g  p r o d u c t s  i n  a n  a l g e b r a i c  

e x t e n s i o n  f i e l d  o f  d e g r e e  2 i s  n e c e s s a r i l y  b i l i n e a r .  

What  we h a v e  t r i e d  t o  do  i s  p r o v e  t h a t  a l l  m i n i m a l  

a l g o r i t h m s  f o r  c o m p u t i n g  p r o d u c t s  i n  f i n i t e  a l g e b r a i c  

e x t e n s i o n  f i e l d s  a r e  b i l i n e a r .  We h a v e  n o t  s u c c e e d e d
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i n  t h i s  t a s k ,  b u t  we d i d  make  c o n s i d e r a b l e  

p r o g r e s s  t o w a r d s  t h i s  g o a l •

I n  t h i s  c h a p t e r  we p r o v e  t h a t  f o r  a  c e r t a i n  

c l a s s  o f  s y s t e m s  o f  b i l i n e a r  f o r m s  a l l  m i n i m a l  

d i v i s i o n - f r e e  a l g o r i t h m s  a r e  b i l i n e a r .  T h i s  c l a s s  

i n c l u d e s  s y s t e m s  f o r  c o m p u t i n g  p r o d u c t s  i n  a l g e b r a i c  

e x t e n s i o n  f i e l d s  o f  a r b i t r a r y  f i n i t e  d e g r e e .  I t  a l s o  

i n c l u d e s  s y s t e m s  f o r  c o m p u t i n g  p r o d u c t s  o f  T o e p l i t z  

m a t r i c e s  w i t h  v e c t o r s  a n d  s y s t e m s  f o r  c o m p u t i n g  

p r o d u c t s  o f  H a n k e l  ( F I R  f i l t e r )  m a t r i c e s  w i t h

v e c t o r s .  F i n a l l y ,  a n  i n t e r e s t i n g  c o r o l l a r y  o f  o u r

r e s u l t s  i s  t h a t  t h e  m u l t i p l i c a t i v e  c o m p l e x i t y  o f  

t h e  q u a t e r n i o n  p r o d u c t  o f v e r  a  r e a l  f i e l d  i s  8 .

L e t  u s  q u i c k l y  o u t l i n e  t h e  i d e a s  i n  t h i B  

c h a p t e r .  L e t  F b e  a n  a l g e b r a i c  e x t e n s i o n  f i e l d  

o f  d e g r e e  n o f  a  f i e l d  G,  a n d  l e t  F ( x ) C ^ )  b e  

a  s y s t e m  o f  b i l i n e a r  f o r m s  f o r  c o m p u t i n g  t h e  p r o d u c t

i n  F .  F ( x )  i s  a n  n x n  m a t r i x  o f  h o m o g e n e o u s

l i n e a r  f o r m s  i n  n i n d e t e r m i n a n t s  o v e r  0 .  The

s y s t e m  F ( x ) ( ^ )  h a s  t h r e e  i m p o r t a n t  p r o p e r t i e s .

F i r s t ,  i f  f , g  €. Gn a n d  f ^ F C x J g  = O t t h e n  e i t h e r

f  « 0 o r  g = 0 .  g e c o n d ,  t h e  e n t r i e s  o f  F ( x )  

s p a n  a n  n - d i m e n s i o n a l  v e c t o r  s p a c e  o v e r  G.  And 

t h i r d ,  t h e  m u l t i p l i c a t i v e  c o m p l e x i t y  o f  t h e  s y s t e m  

F ( x ) ( v )  i s  2 n - 1.

T h i s  m o t i v a t e s  o u r  s t u d y i n g  t h e  f o l l o w i n g  g e n e r a l
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s i t u a t i o n :  f t ( x ) ( v )  i s  a  s y s t e m  o f  b i l i n e a r  f o r m s ,

w h e r e  A ( x )  i s  a n  a x b  m a t r i x  o f  h o m o g e n e o u s

l i n e a r  f o r m s  o v e r  a  g r o u n d  f i e l d  G,  a n d  t h e  s y s t e m

s a t i s f i e s  t h e  f o l l o w i n g :

( i )  i f  f  €  Ga  a n d  g € Gb a n d  f b A ( x ) g  -  0 ,

t h e n  e i t h e r  f  ■ 0 o r  g  = 0 ;

( i i )  t h e  e n t r i e s  o f  A ( x )  s p a n  a n  a - d i m e n s i o n a l  

v e c t o r  s p a c e  o v e r  fl:

( i i i )  t h e  m u l t i p l i c a t i v e  c o m p l e x i t y  o f  t h e  

s y s t e m  A ( x ) ( £ )  a + b - 1 .

We l o o k  c l o s e l y  a t  how t h e s e  s y s t e m s  a n d  m i n i m a l  

q u a d r a t i c  a l g o r i t h m s  f o r  c o m p u t i n g  t h e m  a r e  a f f e c t e d  

b y  v a r i o u s  p r o j e c t i o n s ,  T h i s  i s  t h e  t e c h n i q u e  o f  

s u b s t i t u t i o n s  w h i c h  h a s  b e e n  s u c c e s s f u l l y  u s e d  b y  

A u s l a n d  e r  * W i n o g r a d  [ 3 ]  , f l l ]  , [ 1 3 ]  ,

a n d  v a r i o u s  o t h e r  a u t h o r s  i n  s t u d y i n g  t h e  c o m p l e x i t y  

o f  c e r t a i n  s y s t e m s  o f  b i l i n e a r  a n d  s e m l l i n e a r  f o r m s .

The  p r o p e r t i e s  o f  A ( x ) ( ^ )  w h i c h  we h a v e  l i s t e d  a b o v e  

g u a r r a n t e e  t h e  e x i s t e n c e  o f  t h e  v a r i o u s  s u b s t i t u t i o n s  

t h a t  we n e e d ,  a n d  a l s o  a l l o w s  u s  t o  d r a w  much  

i n f o r m a t i o n s  f r o m  t h e  s y s t e m s  a n d  a l g o r i t h m s  i n d u c e d  

b y  t h e s e  s u b s t i t u t i o n s .  We a r e  t h e n  a b l e  t o  show 

t h a t  a l l  m i n i m a l  q u a d r a t i c  a l g o r i t h m s  f o r  c o m p u t i n g  

A ( x ) ( ^ )  a r e  b i l i n e a r .

To p a s s  f r o m  m i n i m a l  q u a d r a t i c  a l g o r i t h m s  t o  

m i n i m a l  d i v i s i o n - f r e e  a l g o r i t h m s ,  we u s e  t h e
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p r e s e n t a t i o n  t h e o r e m  o f  Y / i n o g r a d  c i t e d  i n  t h e

p r e v i o u s  c h a p t e r  ( t h e o r e m  I I I - 2  ) .  T h i s  t h e o r e m  

t o l d  u s  h o w ,  g i v e n  a n y  m i n i m a l  a l g o r i t h m  f o r  c o m p u t ­

i n g  A ( x ) ( j f ) ,  we c a n  c o n s t r u c t  f r o m  i t  a  m i n i m a l  

q u a d r a t i c  a l g o r i t h m  f o r  c o m p u t i n g  t h i s  s y s t e m .

F i n a l l y ,  w h e n  t h e  o r i g i n a l  a l g o r i t h m  i s  d i v i s i o n -  

f r e e ,  we a r e  a b l e  t o  u s e  a n  i n d u c t i o n  a r g u m e n t  a n d ,  

p u t t i n g  a l l  t h e s e  i n g r e d i e n t s  t o g e t h e r ,  p r o v e  t h a t  

t h e  a l g o r i t h m  m u s t  b e  b i l i n e a r .

I V - 2 .  M u l t i p l i c a t i o n  i n  D i v i s i o n  K i n g s

I n  t h i s  c h a p t e r  we s h a l l  b e  i n t e r e s t e d  i n  t h e  

s t r u c t u r e  o f  m i n i m a l  d i v i s i o n - f r e e  a l g o r i t h m s  f o r  

c o m p u t i n g  p r o d u c t s  i n  c e r t a i n  d i v i s i o n  r i n g s  ( f o r  

e x a m p l e ,  f i n i t e  a l g e b r a i c  e x t e n s i o n  f i e l d s ) .  I n  

t h i s  s e c t i o n  we d e s c r i b e  w h a t  s y s t e m s  o f  b i l i n e a r  

f o r m s  f o r  c o m p u t i n g  p r o d u c t s  i n  d i v i s i o n - r i n g s  l o o k  

l i k e ,  a n d  we g i v e  tw o  i m p o r t a n t  e x a m p l e s .

L e t  D b e  a  d i v i s i o n  r i n g  o f  d i m e n s i o n  n o v e r  

a  f i e l d s  0 ,  a n d  l e t  u s  f i x  a  v e c t o r  s p a c e  i s o m o r p h i s m

1 :  V   p n n . b e c a u s e  m u l t i p l i c a t i o n  b y  a n  e l e m e n t  i n

T) i s  a  l i n e a r  o p e r a t i o n ,  we i n d u c e  t h e  l e f t - r e g u l a r

r e p r e s e n t a t i o n  L :  D ----- 9 Mn (G)  d e f i n e d  a s  f o l l o w s :

f o r  d ^ ,  d ^  £ L ,  L f d ^ )  i s  t h e  m a t r i x  s u c h  t h a t  

L ( d 1 ) i ( d ? ) -  i ( a 1d ? ) .

L e t  ( x )  -  ( x 1 . . . .  x n ) t  a n d  ( ^ )  -  ( y 1 . . . .  y n ) t
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b e  v e c t o r s  o f  d i s t i n c t  i n d e t e r m i n a n t s  o v e r  G , a n d  

f o r  j  ■ 1 f . . . ,  n ,  l e t  e^  € Gn b e  t h e  v e c t o r  

( 0  . . .  1 . . .  0 ) t f t h e  s i n g l e  n o n - z e r o  e n t r y  i s  1,

a n d i t  a p p e a r s  i n  t h e  j - t h  r o w .  L e t  d  ̂ ■ i   ̂ ( e  ̂ )

n
a n d  l e t  P ( x )  * ^ ( x )  i s  a n  n x  n

J - 1

m a t r i x  o f  h o m o g e n e o u s  l i n e a r  f o r m s  i n  t h e  i n d e t e r -  

m i n a n t s  o f  ( x )  o v e r  G.  The  v e c t o r  r ( x ) ( j r )  i s  

c a l l e d  a  s y s t e m  o f  b i l i n e a r  f o r m s  f o r  c o m p u t i n g  t h e  

p r o d u c t  i n  P .

T h e o r e m  I V - 1 :  L e t  f ,  g  €  Gn a n d  s u p p o s e  t h a t

f ^ P ( x ) g  * 0 .  T h e n  e i t h e r  f = 0  o r  g * 0 .

P r o o f :  C h o o s e  a  n o n - z e r o  d « D a n d  d e f i n e

t h e  l i n e a r  t r a n s f o r m a t i o n  Lrf: ]) -  »  Gn b y

Lrf( h )  = L ( h ) i ( d )  * i ( h d )  f o r  e v e r y  h t  3). P e c a u s e

P c o n t a i n s  no  z e r o - d i v i s o r s ,  t h e  k e r n e l  o f  L^ i s  

t r i v i a l .  T h e r e f o r e ,  f o r  e v e r y  n o n - z e r o  d i ]),

L(3) )d  -  Ld ( P )  -  Gn .

Now s u p p o s e  t h a t  f ^ P f x J g  = 0 .  T h e n

n  \  n

f  t  / 2T e ■ 2T  x ^ f ^ c d j j g  - o.
id-1  I d - i

P e c a u s e  x ^ ,  . . . ,  x n a r e  d i s t i n c t  i n d e t e r m i n a n t s ,  we 

m u s t  h a v e  f ^ L ( d j ) g  » 0  f o r  e a c h  j  -  1 , . . . ,  n .  Now

d ^ ,  . . . . ,  d n  g e n e r a t e  1) a s  a  v e c t o r  s p a c e  o v e r  G,
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a n d  t h e r e f o r e  f ^ L ( r ) g  * 0 .  I f  g  4  0 ,  t h e n  b y  t h e  

p r e v i o u s  p a r a g r a p h  L ( ] ) ) g  * Crn ,  We m u s t  t h e r e f o r e  

h a v e  t h a t  f ^ G n -  0 ,  w h i c h  i m p l i e s  t h a t  f  » 0 ,  

a n d  we h a v e  p r o v e n  t h e  t h e o r e m .

F x a m p l e  I V - 1 :  L e t  0 [u} b e  t h e  p o l y n o m i a l  r i n g  i n

t h e  o n e  v a r i a b l e  u o v e r  G,  a n d  l e t  g ( u )  £ GCu] 

b e  a  m o n i c  i r r e d u c i b l e  p o l y n o m i a l  o f  d e g r e e  n .  L e t  

0 b e  t h e  c o m p a n i o n  m a t r i x  o f  g ( u ) ,  a n d  l e t  ( C )
K  * tv

b e  t h e  a l g e b r a  g e n e r a t e d  b y  r; o v e r  G. T h e n  a n
r

i s o m o r p h i s m

I : g (u ] / < g ( u ) >   * ^ ^ Cg^

i s  g i v e n  by  I ( u )  = (J . F i x  t h e  v e c t o r  s p a c e

i s o m o r p h i s m  i :  GLu]  /  ---------- *  Gn d e f i n e d

b y  i ( u ^ ~ ^ )  « e ^ ,  f o r  3 * 1 ,  . . . .  n .  R e l a t i v e  t o  

t h i s  c h o i c e  o f  b a s i s ,  t h e  r e g u l a r  r e p r e s e n t a t i o n  

h a s  t h e  f o r m

n - 1 \  n - 1

a j u J  -  2 T . a j ec :
L j - o  /  3-o

a n d
n -  1

Z T  x . r :  ** ] (% )  i s  a  s y s t e m  o f  b i l i n e a r  f o r m s
V J - 0

f o r  c o m p u t i n g  t h e  p r o d u c t  i n  t h e  e x t e n s i o n  f i e l d

o [ u ]  /  <V (u)>
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K x a m p le  IV-2 . :  The  q u a t e r n i o n s  K o v e r  a  r e a l

f i e l d  G a r e  a  f o u r  d i m e n s i o n a l  r i n g  o v e r  G w i t h  

g e n e r a t o r s  1 ,  i ,  j # k t a n d  w i t h  t h e  r e l a t i o n s  

i ? * j 3 1 = - 1 ,  i j  * k t j k  « i ,  a n d  k i  -  j .

L e t  u s  f i x  t h e  v e c t o r  s p a c e  i s o m o r p h i s m  . i : K  —■+ G^ 

g i v e n  t y  _i( 1)  -  e ^  . i ( i )  -  e ^ ,  . i ( j )  -  e ^ ( a n d

_ i ( k )  » e ^ ,  w h e r e  e^  c G^ a r e  a s  d e f i n e d  i n  t h e  

b e g i n n i n g  o f  t h i s  s e c t i o n .  T h e n  c o m p u t i n g  t h e  

p r o d u c t  o f  t h e  q u a t e r n i o n s  i s  t h e  s a m e  a s  c o m p u t i n g  

t h e  f o l l o w i n g  s y s t e m  o f  b i l i n e a r  f o r m s :

IV- 3 .  D e f i n i t e  M a t r i c e s

M o t i v a t e d  b y  t h e  s t a t e m e n t  o f  t h e o r e m  1 V - 1 ,  we 

now g i v e  t h e  f o l l o w i n g  d e f  i n i t  i o n .

D e f i n i t i o n  I V - 1 :  L e t  ( x )  * ( x ^ ,  • • • »  x c ) b e  a

v e c t o r  o f  d i s t i n c t  i n d e t e r m i n a n t s  o v e r  a  f i e l d  G , 

a n d  l e t  A( x )  b e  a n  a  * b m a t r i x  w h o s e  e n t r i e s  a r e  

h o m o g e n e o u s  ] i n e a r  f o r m s  i n  t h e  i n d e t e r m i n a n t s  o f  ( x )  

o v e r  G,  we w i l l  c a l l  A ( x )  d e f i n i t e  o f  i t  s a t i s f i e s  

t h e  f o l l o w i n g  c o n d i t i o n :  f o r  e v e r y  f  €  Ga  a n d

g  « i f  f  ( x ) g  “  0 t n e n  e i t h e r  f « 0  o r  g * 0 .
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D e f I n l t i o n  I V - 2 :  L e t  A ( x )  fce a s  a b o v e  ( n o t

n e c e s s a r i l y  d e f i n i t e  ) .  We d e f i n e  t h e  G - r a n k  o f  

A ( x )  t o  b e  t h e  d i m e n s i o n  o f  t h e  v e c t o r  s p a c e  

g e n e r a t e d  by  a l l  t h e  e n t r i e s  i n  A.(x) o v e r  G, 

a n d  we d e n o t e  i t  b y  r f, ( A ( x ) ) .

E x a m p l e  I V - 3 :  I f  1) ( x ) C / )  i s  a  s y s t e m  o f  b i l i n e a r

f o r m s  f o r  c o m p u t i n g  t h e  p r o d u c t  i n  a  d i v i s i o n  r i n g  1 

o f  d i m e n s i o n  n o v e r  a  f i e l d  G , t h e n  r ^ ( ] l ( x ) )  ■ n 

a n d  by  t h e o r e m  1V-1 ] ' ( x )  i s  d e f i n i t e .

E x a m p l e  I V - 4 :  An n * n  m a t r i x  T i s  c a l l e d  a

T o e p l i t z  m a t r i x  i f  f o r  a l l  2 r f i , j #  n we h a v e  fi ( i , j )

= T ( i - 1 , j - l ) ,  w h e r e  b y  rr ( i , j )  we mean  t h e  i , j t h

e n t r y  o f  T.  fi 'he s y s t e m  o f  b i l i n e a r  f o r m s  f o r  

c o m p u t i n g  t h e  p r o d u c t  o f  a n  n x n  f o e p l i t z  m a t r i x

a n d  a  v e c t o r  i s  T ( x ) ( ^ ) ,  w h e r e

x o X1 Xn+ 1 • ■ x ? n - 2

X1 X0 x n x 2 n - 3

X1 x 0 x ? n - 4

x n - 1  x n - 2 x n - 3 . . . .  x 0

t o t h e  r e a d e r  t o v e r i f y  t h a t  ? (

i s  d e f i n i t e  o v e r  a n y  f i e l d .  V,e w i l l ,  h o w e v e r ,  

p r e s e n t  t h e  f o l l o w i n g  p r o o f  t h a t  v ( x )  i e  d e f i n i t e

o v e r  t h e  r a t i o n a l s . o, b e c a u s e  we w i l l  u s e  t h i s

a r g u m e n t  a g a i n  l a t e r  i n  t h e  p a p e r .  S u p p o s e  t h a t
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f ( r  £ Qn a n d  f  T ( x ) g  * 0 .  L e t  a «  0  b e  a  n o n ­

z e r o  s q u a r e - f r e e  i n t e g e r  n o t  e q u a l  t o  ± 1 .  T h en  b y  

E i s e n s t e i n * s  c r i t e r i o n ,  u n - a  i s  i r r e d u c i b l e  o v e r  Q. 

L e t  T ( x )  b e  t h e  m a t r i x  o b t a i n e d  f r o m  T ( x )  by  

s u b s t i t u t i n g  f ° r  x j  f o r  a 11  *5 “  n » * •*»

3 n - 3 .  T h e n  f ^ T f x J g  ■ 0 .  b u t  T ( x ) ( ^ )  i s  a  s y s t e m  

o f  b i l i n e a r  f o r m s  f o r  c o m p u t i n g  p r o d x i c t s  i n  t h e  

e x t e n s i o n  f i e l d  o£ u ]  /  ^ u n - a >  . T h e r e f o r e  e i t h e r  

f  * 0 o r  g  = 0 ,  a n d  we h a v e  shown  t h a t  T ( x )  i s  

d e f i n  i t e .

I X0 " X1 \E x a m p l e  I V - 5 :  L e t  A ( x )  = I ] a n d
\ X 1 x 0  }

( ^ )  = ( y 0 A ( x ) (^r) i s  t h e  s y s t e m  o f  b i l i n e a r

f o r m s  f o r  c o m p u t i n g  t h e  p r o d u c t  o f  t w o  a r b i t r a r y  

c o m p l e x  n u m b e r s .  T h e  m a t r i x  A( x )  i s  d e f i n i t e  o v e r  

t h e  r a t i o n a l e  0 b u t  n o t  o v e r  0 ( i ) ,  t h e  G a u s s i a n
p

r a t i o n a l e .  T h i s  i s  n o t  s u r p r i s i n g  b e c a u s e  u  +1 i s  

i r r e d u c i b l e  o v e r  T b u t  n o t  o v e r  T ( i ) .  S i m i l a r l y ,  

t h e  m a t r i x  g i v e n  i n  e x a m p l e  I V - 3  i s  d e f i n i t e  o v e r  0 

b u t  n o t  o v e r  T ( i ) .  O f  c o u r s e ,  t h e  q u a t e r n i o n s  a s  

a  d i v i s i o n  r i n g  o v e r  r ( i )  i s  a  v e c t o r  s p a c e  o f  

d i m e n s i o n  3 ,  an d  t h e  m a t r i x  o f  t h e  s y s t e m  o f  

b i l i n e a r  f o r m s  f o r  c o m p u t i n g  t h e  q u a t e r n i o n  p r o d u c t

( X 1 “ X 2 \  -_  ] , w h e r e  b y  x we mean

X2 X1 I
t h e  c o m p l e x  c o n j u g a t e  o f  x .  T h i s  l a s t  m a t r i x  i s
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d e f i n i t e  o v e r  Q ( i )  b y  t h e o r e m  I V - 1..

Lemma I V - 1 :  L e t  A ( x )  h e  a  d e f i n i t e  a w b

m a t r i x .  T h e n

( i )  E v e r y  n o n - z e r o  e l e m e n t  i n  t h e  G - r o w  s p a n  

o f  A( x )  L a s  G - r a n k  b ;  e v e r y  n o n - z e r o  e l e m e n t  i n  

t h e  G - c o l u m n  s p a n  o f  A ( x )  h a s  G - r a n k  a .

( i i )  I f  c * a ,  d * b ,  K i s  a  c * a  G - m a t r i x

o f  r a n k  c ,  a n d  M i s  a  b * d G - m a t r i x  o f  r a n k  d ,

t h e n  M/ , (x)N i s  d e f i n i t e .

P r o o f : ( i )  L e t  v = f ^ A ( x ) ,  w h e r e  f  t  Ga  a n d

f  j* 0 .  C l e a r l y  ( v ) ^  b ,  S u p p o s e  r [;( v )  .-c b - 1 .  T h e n

t h e r e  e x i s t s  a  n o n - z e r o  p  e  G^1 s u c h  t h a t  f ^ / ' ( x ) f

» v* p  = 0 .  l u t  t h i s  c a n n o t  b e  b e c a u s e  we a s s u m e d

t h a t  / ( x )  i s  d e f i n i t e .  T h i s  p r o v e s  t h e  f i r s t  p a r t  o f  

( i ) ;  t h e  s e c o n d  p a r t  i s  p r o v e d  s i m i l a r l y ,

( i i )  C u r  a s s u m p t i o n s  on  M a n d  K i m p l y  t h a t
p di f  f e O '  a n d  g  t  G a r e  b o t h  n o n - z e r o ,  t h e n  a l s o

f ^ K  € Ga  a n d  Kg t  Gb a r e  b o t h  n o n - z e r o .  T h u s ,  i f

f ^ H A ( x ) N g  = 0 ,  t h e n  e i t h e r  f H l  » 0  o r  Ng -  0 ,

w h i c h  i m p l i e s  t h a t  e i t h e r  f  ■ 0 o r  g » 0 .

C o r o l l a r y : I f  A( x )  i s  a  d e f i n i t e  a * b  m a t r i x ,

t h e n  ( i )  e v e r y  e n t r y  o f  A(_x) i s  n o n - z e r o ,  a n d  

^ . i i )  i f  p < G^ a n d  p  4  0 ,  t h e n  r ^ C A C x ) ^ )  ■ a .

F o r  t h e  r e s t  o f  t h i s  c h a p t e r  we w i l l  b e  i n t e r e s t e d  

i n  t h e  f o l l o w i n g  s i t u a t i o n :  A( x )  i s  a  d e f i n i t e  a w  b



m a t r i x  a n d  ^u a ( x ) ** a + b - 1 ,  We s h o u l d  r e m i n d  t h e  

r e a d e r  o f  t h e  w e l l  known  r a n k  t h e o r e m  3 :

T h e o r e m  I V - 2 ( R i d u c c i a - Z a l c s t e i n ) : I f  A ( x )  i s

a  d e f i n i t e  a  x b m a t r i x ,  t h e n  ^ c * A ( x )  a + b - 1 .

Lemma I V - ? :  L e t  A ( x )  h e  a  d e f i n i t e  a x b  m a t r i x

a n d  l e t  M ( h ( l )  • h ( a + b - l ) ) ^  h e  a  q u a d r a t i c

a l g o r i t h m  c o m p u t i n g  A( x ) ) ( c f  t h e o r e m  1 1 1 — 1 *) •

T h en  e v e r y  a  c o l u m n s  o f  M a r e  l i n e a r l y  i n d e p e n d e n t .

P r o o f : L e t  M................. .| Ga + b - 1 w h e r e  c i

a r e  t h e  c o l u m n s  o f  M, a n d  s u p p o s e ,  s a y t t h a t

 .............. . c a r e  l i n e a r l y  d e p e n d e n t .  T h e n  t h e r e  i sl a
a  n o n - z e r o  f  * Ca  s u c h  t h a t  f ^ H  = ( 0  **•  0  d . ***

a T  I

w h e r e  d^  £ (i f o r  j  « a + 1 ,  . , , , a + b - 1 .

a + b - 1
Now f ^ACxJ Cj r )  = ^  d ^ . h ( j )  , s o  t h a t  ^ u . f ' t A ( x )

j » a +  1

£■ h - 1 .  P u t  h y  l emm a  I V - 1,  r f, ( f ^ A ( x ) )  » h ,  a n d  s o  

hy  t h e o r e m  I V - 2 ,  f ^ A ( x )  ^ b .  We h a v e  r e a c h e d  a

c o n t r a d i c t i o n .  C f  c o u r s e  we c o u l d  h a v e  a r g u e d  

s i m i l a r l y  f o r  a n y  a  c o l u m n s  o f  Kf a nd  s o  we 

h a v e  p r o v e d  t h e  l e m m a .

R e m a r k : L e t  A ( jc) a n d  M h e  a s  i n  l emma  I V - 2 ,  a n d

l e t  W * ( c ^  | * * * * | c a ) '  Lemma I V - 2 a s s e r t s  t h a t  W 

i s  i n v e r t i b l e *  an d  h y  l emm a  1 V - 1 ,  i s

d e f i n i t e .  C l e a r l y  i f  e v e r y  m i n i m a l  a l g o r i t h m  c o m p u t i n g
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’a'” 1A ( x ) ( ^ )  i s  b i l i n e a r ,  t h e n  t h e  s a m e  h o l d s  f o r  

a l l  m i n i m a l  q u a d r a t i c  a l g o r i t h m s  c o m p u t i n g  A ( x ) ( ^ ) ,  

a n d  v i c e  v e r s a .  T h e r e f o r e ,  i n  a n y  a r g u m e n t  i n  w h i c h  

we o n l y  i m p o s e  on  A ( x )  t h e  c o n d i t i o n  o f  d e f i n i t e -
j V

n e s s ,  we may a s s u m e  t h a t  K ■ ( 1 | M ) ,  w h e r e  1 

i s  t h e  a x  a  i d e n t i t y  m a t r i x .  A l s o ,  a n  a r g u m e n t  

s i m i l a r  t o  t h e  o n e  i n  t h e  p r o o f  o f  l e m m a  I V - P  s h o w s  

t h a t  n o n e  o f  t h e  e n t r i e s  o f  K a r e  0 .

I V - 4 .  S u b s t i t u t i o n s

P e n o t e  b y  h (1( x f^ )  t h e  G - l i n e a r  s p a n  o f  t h e  

i n d e t e r m i n a n t s  i n  ( x )  a n d  ( ^ ) , a n d  d e n o t e  by

t h e  p o l y n o m i a l  r i n g  (; [  x -|» ’ * * » x c *y  1 * * ”  y b  j  *

P e f i n i t i o n  1 V - 3 : G i v e n  a  m a p p i n g  s :  { x 1 , * * * , x c , y 1 , **

. . . , y b J ----- * L ( x , * ) f f? c a n  b e  e x t e n d e d  u n i q u e l y  t o

a  h o m o m o r p h i s m  "s: G [   ■*> (i f  x , X  J  w h i c h  i s

t h e  i d e n t  i t y  on  G. V*e s h a l l  c a l l  s u c h  a  ho m o mo rp h  i s m  

s a  s u b s t i t u t i o n .

R e m a r k : C o m p a r e  w i t h  t h e  d e f i n i t i o n  o f  s u b s t i t u t i o n

i n  £ 3 ] a n d  £ 11^ . H e r e  we a l l o w  s u b s t i t u t i o n s  f o r  

i n d e t e r m i n a n t s  i n  b o t n  ( x )  a n d  ( ^ ) .  A l s o ,  b e c a u s e  

i n  t h i s  c h a p t e r  we w i l l  o n l v  d i s c u s s  d i v i s  1 o n - f r e e  

a l g o r i t h m s ,  we w i l l  n o t  w o r r y  a b o u t  e x t e n d i n g  

s u b s t i t u t i o n s  t o  t h e  f i e l d  o f  f r a c t i o n s  G ( x , ^ ) .

I n  t h e  r e m a i n d e r  o f  t h i s  s e c t i o n  we d e s c r i b e  how
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c e r t a i n  s u b s t i t u t i o n s  a f f e c t  s y s t e m s  o f  b i l i n e a r  

f o r m s  a n d  v a r i o u s  a l g o r i t h m s  w h i c h  c o m p u t e  t h e m .

jV: L e t  a ( x ) b e  a  d e f i n i t e  a x b  m a t r i x ,  a n d

l e t  / ( x ) ( ^ )  » K ( h ( l )  • • • •  h ( a + b - l ) ) t  b e  a  m i n i m a l  

q u a d r a t i c  a l g o r i t h m ,  w h e r e  h ( i )  = )

a s  i n  d e f i n i t i o n  I 1 I - R .  L e t  v  b e  a n y  n o n - z e r o  

e l e m e n t  i n  t h e  J i - s p a n  o f  t h e  e n t r i e s  i n  A ( x ) ( y ) »

a n d  w r i t e  v * X  k . ( x ) y i (  w h e r e  k . ( x )  a r e  l i n e a r
i

f o r m s  i n  ( x )  o v e r  f i . Py  l emma  I V - 1,  v i s  

d e f i n i t e ,  a n d  b y  t h e  c o r o l l a r y  t o  t h e  s ame  l e m m a ,  

k i ( x )  4 0 f o r  a l l  i  = 1,  • • • ,  b .  We s e e ,  i n  p a r t i c  

u l a r ,  t h a t  v i s  n o t  i n  t h e  p u r e l y  t r a n s c e n d e n t a l

e x t e n s i o n  f i e l d  b f x ^ .x c , y ^ , . . . , y t _ 1 ) .  t h e r e f o r e

t h e  i n d e t e r m i n a n t  y ^  m u s t  a p p e a r  s o m e w h e r e  i n  t h e  

a l g o r i t h m .  We may a s s u m e ,  a f t e r  p e r h a p s  p e r m u t i n g  t h  

c o l u m n s  o f  m a n d  c o r r e s p o n d i n g l y ,  t h e  h ( i ) ,  t h a t

b - 1
^ i y i  * w i t h  a ,  b £ 0 a n d  a  ^  0 .

i«= 1

L e t  = b ^ / a .  I f ,  f o r  e v e r y  y ^  a p p e a r i n g  i n  o u r

b - 1

a l g o r i t h m  we s u b s t i t u t e  -  ^  a i ^ i  “ —1 * we
i - 1

g e t  a  new a l g o r i t h m  o f  t h e  f o r m



r/  A* ^
K ( h ( 2 )  • • • •  h ( a + b - 1 ) )  # w h e r e  M i s  t h e  m a t r i x  o f

-V
t h e  l a s t  a + b - 2  c o l u m n s  o f  K( a n d  h ( i )  a r e  t h e  

p r o j e c t i o n s  o f  t h e  o r i g i n a l  h ( i )  i n d u c e d  b y  t h e  

s u b s t i t u t i o n  (x ^  * ^ ) — > O. F o r  i  = 1 ,  . . . ,  b p

l e t  o i  b e  t h e  c o l u m n s  o f  A ( x ) .  The  new a l g o r i t h

c o m p u t e s  C ( x ) C ^ )  + , w h e r e  0 ( x )  =

( ° 1  + a 1 c b I ------- I c b - l  + a b - 1 c b> a n d  * ( y l*
• • •  0 ( x )  i ?  a l s o  d e f i n i t e  b e c a u s e  i f

f  Ga a nd  g *  an d  f ^ u C x ) ^  ® O.  t l  ?n ,  l e t ­

t i n g  p * Ca1 • • •  a-b_ 1 ) * s  a n d  q = ( g  \ p  ) t , we 

h a v e  f t A ( x ) q  ■ 0 .

V.'e c a n  r e p e a t  t h i s  p r o c e s s  o f  s u b s t i t u t i o n  b
+  Vi

t i m e s .  I f  k < b - 1 ,  t h e n  a f t e r  t h e  k s u b s t i t u t i o n  

we a r e  c o m p u t i n g  a  s y s t e m  o f  t h e  f o r m  ^ ( x ) ^ )  + C ( x ) ,  

w h e r e  A ( x )  i s  a  d e f i n i t e  a  7 * ( b -k )  m a t r i x ,  ° ( x )  

i s  a  c o l u m n  v e c t o r  o f  o u a d r a t i c  f o r m s  i n  ( x ) »  ^ nci 

we may a s s u m e  t h a t  ( £ )  « (y^ •**  A l s o ,  t h e

i n d u c e d  a l g o r i t h m  i s  m i n i m a l ,  o f  d e g r e e  a + b - k - 1 ,  

a n d  e a c h  e s s e n t i a l  m u l t i p l i c a t i o n  i s  t h e  p r o j e c t i o n  

o f  on e  o f  t h e  o r i g i n a l  h ( i )  i n d u c e d  b y  t h e  

s u b s t i t u t i o n s  we u s e d .

R e m a r k  1 :  I n  t h e  f i r s t  s u b s t i t u t i o n  a b o v e  we r e ­

p l a c e d  y ^  b y  a  l i n e a r  f o r m  i n  t h e  i n d e t e r m i n a n t s

X 1 »• • • * x c iy-|  t • • • t 1 . T h i s  w a s  e q u i v a l e n t  t o  

p r o j e c t i n g  a l o n g  ( x ^  + -  O. Of  c o u r s e  we c o u l d

h a v e  i n s t e a d  s u b s t i t u t e d  f o r  a n y  o f  t h e  i n d e t e r m i n a n t s
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a p p e a r i n g  i n  ^ . J ' o r  t h e  r e s t  o f  t h e  p a p e r ,  w h e n ­

e v e r  we do  s u b s t i t u t i o n s ,  we w i l l  n o t  h a v e  t o  w o r r y  

a b o u t  w h i c h  s p e c i f i c  i n d e t e r m i n a n t  we a r e  e l i m i n a t i n g .  

F o r  e x a m p l e ,  i n  d e s c r i b i n g  t h e  a b o v e  s u b s t i t u t i o n ,  

we s h a l l  h a v e  s i m p l y  s a i d :  l e t  u s  s u b s t i t u t e

Cx1 + ) * 0 .

R e m a r k  2 :  The  a b o v e  a r g u m e n t  s h o w s  t h a t  we may

a s s u m e  t h a t  * • • • » Xb a r e  l i n e a r l y  i n d e p e n d e n t .  

N o t i c e ,  i n  f a c t ,  t h a t  a  s l i g h t  m o d i f i c a t i o n  o f  t h a t

a r g u m e n t  s h o w s  t h e  f o l l o w i n g :  l e t  A ( x )  b e  a n  a x b

m a t r i x  o f  h o m o g e n e o u s  l i n e a r  f o r m s ,  a nd  s u p p o s e  t h a t  

t h e  c o l u m n s  o f  A( x )  a r e  l i n e a r l y  i n d e p e n d e n t  (we a r e  

n o t  a s s u m i n g  d e f i n i t e n e s s ) .  S u p p o s e  t h a t  A ( x ) ( ^ )  = 

M ( h ( l )  • • • •  h C t ) ) ^  i s  a  q u a d r a t i c  a l g o r i t h m  ( n o t

n e c e s s a r i l y  m i n i m a l )  w i t h ,  a s  u s u a l  h ( i )  =

e n  we may a s s u m e  t h a t  ^ , * . . ,  ^

a r e  l i n e a r l y  i n d e p e n d e n t .  N o t i c e  t h a t  b y  t h e o r e m  I V - ? ,  

we h a v e  b *  t .  The  m o d i f i e d  a r g u m e n t  s t a r t s  by  

o b s e r v i n g  t h a t  b e c a u s e  t h e  c o l u m n s  o f  a ( x ) a r e  

l i n e a r l y  i n d e p e n d e n t ,  a t  l e a s t  o n e  e n t r y  i n  t h e  b^*1 

c o l u m n  o f  A ( x ) i s  n o t  0 .  The  p r o o f  c o n t i n u e s  

a l m o s t  w o r d  f o r  word  a s  t h e  o n e  a b o v e , e x c e p t  t h a t  

a f t e r  e a c h  s \ i b s t i t u t i o n ,  ( i n s t e a d  o f  c l a i m i n g  t h a t  

t h e  i n d u c e d  m a t r i x  i s  d e f i n i t e )  we c l a i m  t h a t  t h e  

c o l u m n s  o f  t h e  i n d u c e d  m a t r i x  a r e  a g a i n  l i n e a r l y  

i n d e p e n d e n t .



t : O u r  s e c o n d  t y p e  o f  s u b s t i t u t i o n  i s  e s s e n t i a l l y

t h e  s a m e  a s  t h e  f i r s t ,  e x c e p t  t h a t  we w r i t e  t h i n g s  

d i f f e r e n t l y .  A g a i n ,  l e t  M ( h ( l )  • • • •  h ( t ) ) ^  b e  a  

q u a d r a t i c  a l g o r i t h m  c o m p u t i n g  A ( x ) ( j r ) ,  a n d  a s s u m e  

t h a t  t h e  c o l u m n s  o f  A( x )  a r e  l i n e a r l y  i n d e p e n d e n t ,  

’' . ' r i t e  a s  u s u a l  h ( i )  = ( r e ma r k  2 ,  

we may a s s u m e  t h a t  ^  , . . .  a r e  l i n e a r l y  i n d e p e n ­

d e n t .  W r i t e  anfl  » w h e r e
J "" J J iJ

b^  ^ a n d  Cj  f  Gc . L e t  (A)  b e  t h e  m a t r i x

s u b s t i t u t i n g  » Ci t i+-^b^ “ 0  i s  t îe

s ame  a s  s e t t i n g  ( A ) ( x )  + ( b ) ( j r )  = 0-  . b e c a u s e

c o m p o s e d  o f  t h e  l a s t  a - 1  c o l u m n s  o f  M anA . h ( i )  

a r e  t h e  p r o j e c t i o n s  o f  t h e  o r i g i n a l  h ( i )  i n d u c e d  

b y  t h e  i d e n t i f i c a t i o n s  ( A ) ( x )  + ( l ) ( v )  * 0 .

q u a d r a t i c  a l g o r i t h m  i s  m i n i m a l  we c a n  s a y  c o n s i d e r a b l y  

m or e  a b o u t  t h e  s t r u c t u r e  o f  t h e  i n d u c e d  s y s t e m  a n d

a n d  l e t  ( t  ) = T h e n

» . * • »  Xb a r e  l i n e a r l y  i n d e p e n d e n t ,  (h) i s  n o n ­

s i n g u l a r .  L e t  ( u )  » - ( b ) * 1A ( x ) .  T h e n  r g ( l i )  = 

r f, ( x   ̂ . . . .  x b ) = r a n k  ( A ) .  A l s o  A . ( x ) ( u )  c 

K ( h ( b + 1 )  * . * .  h ( n + t - 1)  ) ^ , w h e r e  h  i s  t h e  m a t r i x

R e m a r k : I n  t h e  s p e c i a l  c a s e  t h a t  t h e  o r i g i n a l



a n d  a l g o r i t h m s .  S p e c i f i c a l l y ,  i f  we w r i t e  h ( i )  -  

k ^ k ^  f o r  i  -  b + 1 ,  a + b - 1 ,  w h e r e  k ^  a n d  k ^

a r e  l i n e a r  f o r m s ,  t h e n  we a s s e r t  t h a t  a l l  t h e  k ^  

a n d  k £  a n d  t h e  e n t r i e s  o f  ( u )  a r e  i n  t h e  CI-1 i n e a r  

s p a n  o f  t h e  e n t r i e s  o f  A ( x ) .  R e c a l l  t h a t  ( ^ )  «

( y 1 . . .  y-fr)1' /  S 1 a f t e r  b s u b s t i t u t i o n s  o f  t h e  

f o r m  ( x ^ ^ )  -  . . .  -  ( x b +l t ) « 0  w i t h  » • • • *

l i n e a r l y  i n d e p e n d e n t ,  t h e  i n d e t e r m i n a n t s  y ^ ,  . . . ,  y ^  

v a n i s h .  T h e n  e i t h e r  o u r  a s s e r t i o n  i s  t r u e  o r  t h e  

i n d u c e d  a l g o r i t h m  c o n t a i n s  e x t r a n e o u s  v a r i a b l e s .  T h e  

s e c o n d  p o s s i b i l i t y  i s  e x c l u d e d  b y  t h e  f o l l o w i n g  l e m m a .

Lemma I V - 3 :  L e t  A ( x ) ( ^ )  = M ( h ( l )  • • • *  h ( t ) ) ^  b e  a

p r e s e n t a t i o n  o f  a  m i n i m a l  q u a d r a t i c  a l g o r i t h m .  T h e n  

e v e r y  i d e t e r m i n a n t  a p p e a r i n g  i n  t h e  a l g o r i t h m  m u s t  

a l r e a d y  a p p e a r  i n  A ( x ) ( ^ ) .

P r o o f : S u p p o s e , on  t h e  c o n t r a r y , t h a t  t h e

e x t r a n e o u s  i n d e t e r m i n a n t  w a p p e a r s  i n  t h e  a l g o r i t h m  

b u t  n o t  i n  A ( x ) ( ^ ) .  L e t  h ( k )  b e  a n y  e s s e n t i a l  

s t e p  o f  t h e  a l g o r i t h m  w h i c h  c o n t a i n s  w.  T h e n  we 

c a n  w r i t e  h ( k )  ■ ( a w + L ) ( a ' w  + L ' ) »  w h e r e  L a n d  

L* a r e  l i n e a r  f o r m s ,  a ,  a 1 c  Ci, a n d  we may a s s u m e
— A

t h a t  a  4  0 .  I f  we now s u b s t i t u t e  - a  L f o r

e v e r y  w a p p e a r i n g  i n  b o t h  A ( x ) ( ^ )  a n d  t h e  a l g o r i t h m  

we g e t  a n  i n d u c e d  a l g o r i t h m  o f  d e g r e e  a t  m o s t  t - 1 

w h i c h  a l s o  c o m p u t e s  A ( x ^ ) ( ^ ) .  T h i s  c o n t r a d i c t s  o u r  

a s s u m p t i o n  t h a t  t h e  o r i g i n a l  a l g o r i t h m  i s  m i n i m a l .

b l



0 :  L e t  k ^ ,  . k^  b e  l i n e a r l y  i n d e p e n d e n t

h o m o g e n e o u s  l i n e a r  f o r m s  i n  t h e  i n d e t e r m i n a n t s  o f <*>

o v e r  G. 

i  -  1,  .

V.'e c a n  s u b s t i t u t e f t  e  oj. x  f o r

,  h .

D e f i n i t  i o n  I V - 4 :  I f  t h e  l i n e a r l y  i n d e p e n d e n t  l i n e a r

f o r m s  k ^ # . . . »  k^  a r e  i n  t h e  ( i - l i n e a r  s p a n  o f  t h e  

e n t r i e s  i n  M x ) ,  t h e n  t h e  s u b s t i t u t i o n s  “  f i  4

a r e  s a i d  t o  b e  e f f e c t i v e  on  A ( x ) *

F i r s t  l e t  u s  s e e  w h a t  t h i s  t y p e  o f  s u b s t i t u t i o n  

d o e s  i n  t h e  f o l l o w i n g  s p e c i a l  c a s e .  As u s u a l ,  ( x )  -  

( x^  x c ) , an d  l e t  u  ■ R ( x ) ,  w h e r e  R i s  some

a  ft c G - m a + r i x . I f  we s u b s t i t u t e

x c

c - 1

' Z .
i = 0

f i x i 0 , w h e r e f  ̂  6. G , t h e n  we

i n d u c e  f r o m  u t h e  v e c t o r

u R
I

0 •  *  *  • 0

( x )  , w h e r e

c - 1 j

i s  t h e  ( c - 1 )  * ( c - 1 )  i d e n t i t y  m a t r i x .  I n  p a r t i c u l a r ,  

we s e e  t h a t  t h i s  t y p e  o f  s u b s t i t u t i o n  may r e d u c e  t h e

G - r a n k  o f  u b y  a t  m o s t  1.

N e x t ,  i f  d £ c  a n d  k 1# • * . ,  k d a r e  l i n e a r l y

i n d e p e n d e n t  h o m o g e n e o u s  l i n e a r  f o r m s ,  we may s u b s t i t ­

u t e 0 .  T h i s  w i l l  i n d u c e ,  a f t e r

5>H



p e r h a p s  p e r n m t i n g  t h e  e n t r i e s  i n  ( x )  a n d  r e l a b e l i n g  

t h e m ,

u ■

t h e  ( c - d )  x ( c - d )  i d e n t i t y  m a t r i x .  I n  p a r t i c u l a r ,  

t h e  G - r a n k  o f  u h a s  b e e n  r e d u c e d  b y  a t  m o s t  d .

I f  t h e  s u b s t i t u t i o n s  w e r e  e f f e c t i v e  on u t h e n  t h e  

f i - r a n k  o f  u h a s  b e e n  r e d u c e d  by  e x a c t l y  d .

R e m a r k :  I f  r f, ( u )  = r ,  we c a n  a l w a y s  f i n d  r
-  V  7

e f f e c t i v e  s u b s t i t u t i o n s  w h i c h  w i l l  i n d u c e  t h e  0 

v e c t o r  f r o m  ( i O . Py  t h e  a b o v e  d i s c u s s i o n ,  e a c h  o f  

t h e s e  s u b s t i t u t i o n s  w i l l ,  i n  ^ n c t ,  l o v e r  t h e  ( i - r a n k

o f  ( u )  b y  1 . I n  p a r t i c u l a r ,  t h e r e  e x i s t  r - 1  

s u b s t i t u t i o n s  w h i c h  i n d u c e  f r o m  ( u )  a v e c t o r  

( u )  * v g ,  w h e r e  v i s  a  l i n e a r  f o r m  i n  ( x )  a n d  

g C- Ua j  ^  ^  O  ■

Lemma I V - 4 :  L e t  a ( x ) b e  a  d e f i n i t e  a  x b  m a t r i x ,

w i t h  r ^ f A f x ) )  ** a .  L e t  ( u )  b e  a  b - d i m e n s i o n a l

c o l u m n  v e c t o r  w h o s e  e n t r i e s  a r e  a l l  i n  t h e  G - l i n e a r

s p a n  o f  t h e  e n t r i e s  o f  A ( x ) .  L e t  n £  a .  A f t e r  n

s u b s t i t u t i o n s  w h i c h  a r c  e f f e c t  i v e  on  A ( x ) f e i t h e r
/  * *  \t h e  i n d u c e d  v e c t o r  ( u )  * 0  o r  t h e  i n d u c e d  s y s t e m  

A ( x ) ( u  ) 4  0 .

P r o o f : S u p p o s e  t h a t  r f, ( u )  * r  ^  1.  Py  t h e

R
c - d

Cx) w h e r e
0 c - d i s



p r e v i o u s  r e m a r k ,  t h e r e  e x i s t  r - 1  s u b s t i t u t i o n s  

w h i c h  i n d u c e  f r o m  * A ( x ) ( u )  a  s y s t e m  o f  t h e  f o r m
/V  A  A

A ( x ) ( u )  * vA ( x ) p , w h e r e  v  fl i s  a  l i n e a r  f o r m  

a n d  0 ^  g £ Ga . T h e s e  s u b s t i t u t i o n s  a r e  e f f e c t i v e  on  

A( x ) , a n d  s o  r ^ A f x )  * a - n - ( r - 1 ) .  A l s o  1 * r {, ( \ i )  fe. 

r ^ A ( x ) .  T h e r e f o r e ,  a - n - ( r - 1 )  ^ 1 .  Now r ^ ( A ( x ) )  -  

a ,  a n d  b e c a u s e  e a c h  s u b s t i t u t i o n  r e d u c e s  t h e  G - r a n k  

o f  A ( x ) g  b y  a t  m o s t  1 ,  we h a v e  r G ( A ( x ) g )  

a - n - ( r - l ) .  We h a v e  sho w n  t h a t  r ^ . ( x ) ^ )  >,1, w h i c h  

i m p l i e s  t h a t  v A ( x ) g  4  0 ,  a n d  t h e r e f o r e  A ( x ) ( u )  4

R e m a r k : An e x a m i n a t i o n  o f  t h e  a b o v e  p r o o f  s h o w s  t h a t

t h e  l e m m a  i s  v a l i d  f o r  n » O.

I V - 5 .  iMore p r e l i m i n a r i e s

P e f i n i t i o n  I V - 5 :  An a l g o r i t h m  c o m p u t i n g  A ( x ) ( ^ )

w i l l  b e  c a l l e d  s e m i - b i l i n e a r  i f  e a c h  o f  i t s  e s s e n t i a l  

m u l t i p l i c a t i o n s  h a s  t h e  f o r m  ( )  .

T h r o u g h o u t  t h i s  s e c t i o n ,  A( x )  i s  a  d e f i n i t e  

a k b  m a t r i x  w i t h  ^ A ( x )  = a + b - 1 .

Lemma I V - 5 :  L e t  A ( x ) ( / )  » K ( h ( l )  • • • •  h C t ) ) ^  b e  a

m i n i m a l  q u a d r a t i c  a l g o r i t h m .  S u p p o s e  t h a t  b - 1  o f  

t h e  e s s e n t i a l  s t e p s  a r e  o f  t h e  f o r m  ( X i +2 1 i ) ( £ p *  T h e n  

t h e  a l g o r i t h m  i s  s e m i - b i l i n e a r .

P r o o f : V.'e may a s s u m e  t h a t  f o r  1 = 1 ,  • * . ,  b - 1 ,

h ( i )  » F o r  j  -  1 ... a ,  l e t  b e

60



4* V\
t h e  j  r o w o f  A( x )  • S u p p o s e  t h a t

( Z T
.1-1

a

( £ )  + ^  b ^ h ( i )  * 0 ,  w h e r e
b - 1

i - 1

a

Z . I f  v  O, t h e n

3 - 1

b y  l emma XV-1 f r ( ; ( v ) “ b » a n d  t h e o r e m  1 V - 2 ,

/ U  ( v )  % b .  b u t  we c a n  c o m p u t e  v ( ^ )  u s i n g  t h e  b - 1  

e s s e n t i a l  m u l t i p l i c a t i o n s  h ( l ) # . . . ,  h ( b - 1 ) .  T h e r e ­

f o r e  v  = 0 ,  w h i c h  i m p l i e s  t h a t  f o r  a l l  ,j « 1 # . . . ,

b - 1  we m u s t  h a v e  b ^  -  0 ,  b e c a u s e  t h e  e s s e n t i a l  

s t e p s  o f  a n y  m i n i m a l  a l g o r i t h m  a r e  a l w a y s  ( J - l i n e a r l y  

i n d e p e n d e n t .  :\e h a v e  shown  t h a t  r . ,  . . . ,  r „ , h ( l ) ,  .1 ft
. . . ,  h ( b - l )  a r e  d - l i n e a r l y  i n d e p e n d e n t ,  a n d  a 

s i m p l e  d i m e n s i o n  a r g u m e n t  s h o w s  t h a t  t h e s e  f o r m  a  b a s i  

f o r  t h e  v e c t o r  s p a c e  s p a n n e d  b y  h ( l ) ,  . . . »  h ( a + b - l ) .  

T h i s  s h o w s  t h a t  t h e  a l g o r i t h m  i s  s e m i - b i l i n e a r .

Lemma I V - 6 :  L e t  A ( x ) ( ^ )  = K ( h ( l )  * • • •  h C a + b - l ) ) 1'

b e  a  m i n i m a l  q u a d r a t i c  a l g o r i t h m ,  a n d  s u p p o s e  t h a t  

b - 1  o f  t h e  e s s e n t i a l  s t e p s  a r e  m u l t i p l i c a t i o n s  o f  t h e  

f o r m  T h e n  t h e  a l g o r i t h m  i s  b i l i n e a r .

P r o o f : T h e  p r o o f  i s  e s s e n t i a l l y  t h e  s ame  a s

t h e  p r o o f  o f  t h e  p r e v i o u s  l e m m a ,  a n d  i s  o m i t t e d .

Lemma 1 V - 7 :  L e t  A ( x ) ( ^ )  = F. ( h ( l )  • • • «  h ( a + b - l ) ) t

we m u s t  h a v e  a .  * O
J

A l s o ,  t h e n ,  f o r  i  *= 1,



b e  a  m i n i m a l  s e m i - b i l i n e a r  a l g o r i t h m ,  w i t h  h ( i )  = 

( x ^ + ^ ) ( , 2 ^ ) *  T h e n  any b o f  t h e  ^  a r e  l i n e a r l y  

i n d e p e n d e n t .

P r o o f :  Ve w i l l  o n l y  show t h a t  , • • • »  2 b

a r e  l i n e a r l y  i n d e p e n d e n t .  P a p p o s e ,  on  t h e  c o n t r a r y ,  

t h a t  r pr ( 2 i .................2 b ^  ^ -  b - 1 .  T h e n  a f t e r  d s u b ­

s t i t u t i o n s  ( o f  t h e  t y p e  i n  1 V - 4 - A ) ,  s a y ,  ^

• • •  -  * A  *  0 ,  we a r e  c o m p u t i n g  a  s y s t e m  *a ( x ) ( ] £ ) ,  

w h e r e  A ( x )  i s  a  d e f i n i t e  a  * ( b - d )  m a t r i x ,  a n d

o u r  i n d u c e d  a l g o r i t h m  u s e s  a t  m o s t  a - 1 e s s e n t i a l  

m u l t i p l i c a t i o n s .  P u t  b y  t h e o r e m  1 V - 2 , y * i A ( x )  &  a .

Th i s  c o n t r a d  i c t i o n  p r o v e s  t h e  l e m m a .

Lemma I V - B :  S u p p o s e  t h a t  a  2 .  T h en  e v e r y

m i n i m a l  s e m i b i l i n e a r  a l g o r i t h m  c o m p u t i n g  A(xt ) )

i s  b i l i n e a r .

P r o o f : b e  p r o v e  t h e  l em m a  b y  i n d u c t i o n  on b .

T he  l em m a  i s  o b v i o u s  f o r  b = 1.  So l e t  u s  a s s u m e  t h a t  

b ^  2 .  V/e may s u b s t i t u t e  « 0  a n d  i n d u c e  a  s y s t e m

A ( x ) ( ^ ) f w h e r e  A ( x )  i s  a  d e f i n i t e  a * ( h - l )

m a t r i x .  A l s o ,  t h e  i n d u c e d  a l g o r i t h m  i s  b o t h  s e m i ­

b i l i n e a r  an d  m i n i m a l .  P y  i n d u c t i o n ,  t h e  i n d u c e d  

a l g o r i t h m  i s  b i l i n e a r .  T h e r e f o r e ,  f o r  i  -  2 ,  . . .  

. . . ,  a + b - 1  we m u s t  h a v e  * i  * * i * 1 ’ w h e r e  e G .

Ve c a n  a r g u e  s i m i l a r l y  b y  s u b s t i t u t i n g  2 p  * 0 i n  "t l̂ e  

o r i g i n a l  a l g o r i t h m  t h a t ,  f o r  i  « 1 ,  3 ,  . . . ,  a + b - 1 ,

^ i  -  w h e r e  (  G. Py  t h e  p r e v i o u s  l em m a ,
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a n d  a r e  1 i n e a r l y  i n d e p e n d e n t  , a n d  s o  f o r

i  ■ 3 ,  • • • »  a + b - 1 ,  we m u s t  h a v e  ^  = 0 .  Now b e c a u s e  

we h a v e  a s s u m e d  t h a t  a  > 2 ,  t h e  a l g o r i t h m  s a t i s f i e s  

t h e  h y p o t h e s i s  o f  l em m a  I V - 6  a n d  i s  t h e r e f o r e  b i l i n e a r .

C o m b i n i n g  t h e  r e s u l t s  o f  t h e  f o u r  l e m m a s  i n  t h i s  

s e c t i o n ,  we g e t  t h e  f o l l o w i n g :

Lemma 1 V - 9 :  L e t  a  ^  2 ,  a n d  l e t  A ( x )  b e  a  d e f i n i t e

a x b  m a t r i x  w i t h  / *  A( x )  * a + b - 1 .  L e t

K ( h ( l )  • • • •  h C a + b - l ) ) ^  b e  a  Quadratic a l g o r i t h m  

c o m p u t i n g  A( x ) ( ^ ) . S u p p o s e  t h a t  b - 1  o f  t h e  e s s e n ­

t i a l  s t e p s  o f  t h e  a l g o r i t h m  a r e  o f  t h e  f o r m  h ( i )  « 

( x ^ + ^ ) ( ^ r £ ) .  T h en  t h e  a l g o r i t h m  i s  b i l i n e a r .

H e m a r k : Ke n e e d  a  ^  2 i n  t h e  s t a t e m e n t  o f  t h e

p r e v i o u s  l e m m a .  F o r  e x a m p l e ,  ( x^  x 2 ^ y 1 ^

( x 1+ y ? ) ( y 1 ) + ( x ? - y J\ ) ( y 2 ) i s  a  m i n i m a l  s e m i b i l i n e a r  

a l g o r i t h m  s a t i s f y i n g  a l l  t h e  h y p o t h e s i s  o f  l emm a  1V-9  

e x c e p t  a  ^  a n d  t h i s  a l g o r i t h m  i s  n o t  b i l i n e a r .

I V - 6 :  On M i n i m a l  Q u a d r a t i c  A l g o r i t h m s

T h e o r e m  I V - 3 :  L e t  A( x )  b e  a  d e f i n i t e  a x b

m a t r i x  w i t h  a  »  2 ,  r ^ ( A ( x ) )  * a ,  a n d  A ( x ) *

a + b - 1 .  T h e n  e v e r y  m i n i m a l  q u a d r a t i c  a l g o r i t h m  

c o m p u t i n g  A ( x ) ( ^ )  i s  b i l i n e a r .

P r o o f : L e t  A ( x ) C ^ )  * Id ( h ( l )  h C a + b - l ) ) ^

b e  a  m i n i m a l  q u a d r a t i c  a l g o r i t h m  w i t h ,  a s  u s u a l ,
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h ( i )  -  (2£i+^ i  ) r e m a r k  2 i n  I V - 4 - A ,  we

may a s s u m e  t h a t  , . . • » a r e  l i n e a r l y  i n d e p e n d e n t .

L e t  u s  make  a  s u b s i t u t i o n  o f  t h e  t y p e  i n  I V - 4 - L ,  a n d

s e t  Xi " *** "  2^b+^ b  = °*  We i n d u c e  A ( x ) ( u )  -

M ( h ( b +  1) . . .  h ( a + b - 1 ) ) ^ ,  a n d  r (j ( u )  * *** 2 ^ ) *

I f  r , , ( u )  » 0 .  t h e n  we a r e  d o n e  b y  l emm a  I V - 9 .( I

S u p p o s e  t h a t  r , ,  ( u )  = r  ^  1 .  F o r  i  * b + 1,  . . .
V f

. . . ,  a + b - 1 ,  l e t  u s  w r i t e  h ( i )  = ^ i ^ i »  w h e r e  k ^  a nd

k  ̂ a r e  l i n e a r  f o r m s .  b y  t h e  r e m a r k  i n  I V - 4 - 1 ,  a l l  

t h e  k ^ ,  k£ a n d  t h e  e n t r i e s  i n  ( u )  a r e  i n  t h e  G-  

1 i n e a r  s p a n  o f  t h e  e n t r i e s  o f  A ( x ) . b y  t h e  r e m a r k  

a f t e r  l emm a  I ir- 4 ,  ( h ( b + l )  *•* h ( a + b - 1  ) )  4  0 ,  s o  we 

may a s s u m e  t h a t  k ^ +  ̂ ft 0 .  Suv s t i t u t i n r  k ^ +1 = 0 i s  

n i f ‘ r ' l i v e  on A ( x ) ,  and  b y  l emm a  I V - 4 ,  e i t h e r  t h e  

i n d u c e d  ( u )  « 0 o r  t h e  i n d u c e d  s y s t e m  A( x ) ( u ) /  0 .

I f  t h e  s e c o n d  p o s s i b i l i t y  o c c u r s ,  t h e n  we c a n  r e p e a t  

t h i s  p r o c e d u r e ;  we may a s s u m e  t h a t  t h e  i n d u c e d  

k b + ?  ^  ancl f?u 3̂S't i t u t e  A p a i n  t h i s

s u b s t i t u t i o n  i s  e f f e c t i v e  on  t h e  i n d u c e d  A ( x ) .  b y  

t h e  d i s c u s s i o n  i n  IV —4 —C t e a c h  s u c h  s u b s t i t u t i o n  

r e d u c e s  t h e  G - r a n k  o f  ( u )  b y  a t  m o s t  1 .  S i n c e

a f t e r  s u f f i c i e n t l y  many ( a t  m o s t  a - 1 )  s u b s t i t u t i o n s

o f  t h e  f o r m  k ^  * 0 we c a n  a n n i h i l a t e  ( u ) ,  we s e e

t h a t  we c a n  make  d s u b s t i t u t i o n s  o f  t h e  f o r m  k ^  * 0 ,

w i t h  r - 1  * d £  a - 1 »  a n d  s u c h  t h a t  t h e  G - r a n k  o f  t h e

v e c t o r  i n d u c e d  f o r m  (u^) b y  t h e s e  s u b s t i t u t i o n s  i s  1 .
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L e t  up  d e n o t e  t h e  s y s t e m  i n d u c e d  f r o m  A ( x ) C ^ )  hy  

t h e s e  d c u t  s t  i t u t  i o n  r  t y  A ( x ) ( u ) .  V.'e may a s s u m e  

t h a t  t h e s e  s u b s t i t u t i o n s  w h e r e  k b+1 -  * ’ ’ -  k b +d * °* 

A g a i n  b y  l emm a  I V - 4 ,  we h a v e

( * )  A ( x ) ( u )  « M ( h ( b + d + l )  • • •  h ( a + b - l ) ) ^  ^ 0 .

As  i n  t h e  p r o o f  o f  l emm a  I V - 4 , we c a n  w r i t e  

( u )  = v g ( w h e r e  v ^  G i s  a  l i n e a r  f o r m  i n  ( x )  

an d  0 ^ g C Cit . frh e n  A ( x ) ( u )  = v A ( x ) g .  A l s o ,  

b y  t h e  c o r o l l a r y  t o  l emm a  i v - i t r f, ( A ( x ) g )  =
a

t h e r e f o r e  r , . ( A ( x ) g )  a - d ,  r,1h e r p . f o r e  t h e  v e c t o rt T ““
A ( x ) ( n )  -  v-A(_x)g c o n t a i n s  a s  e n t r i e s  a t  l e a s t  a - d  

l i n e a r l y  i n d e p e n d e n t  '■n<i'1r a ! w* . f o r m s .  j u t  e q u a t i o n  

( * )  a b o v e  s h o w s  t h a t  t h e  e n t r i e s  o f  . ' ' ( x ) ( u )  a r e  

c o n t a i n e d  i n  t h e  n - l i n e a r  s p a n  o f  a t  m o s t  u - r i - 1  

o u a r i r a t i c  f o r m s ,  m1-' i r  c o n t r a d i c t s  o u r  a s s u m p t i o n  t h a t  

r, ,  ( u )  ~>s 1 ,  a n d  so  we h a v e  p r o v e n  t h e  t h e o r e m .It

I V - 7 : On M i n i m a l  l : i v i s l o n - V r e e  A l g o r i t h m s

I n  t h e  p r e v i o u s  s e c t i o n  we s h o w e d  t h a t  f o r  a 

c e r t a i n  c l a s s  o f  s y s t e m s  o f  b i l i n e a r  f o r m s ,  a l l  

m i n i m a l  q u a d r a t i c  a l g o r i t h m s  a r e  b i l i n e a r .  U s i n g  t h i s  

r e s u l t  a n d  some o f  t h e  i d e a s  d i s c u s s e d  i n  I I I - 1 ,  we 

c a n  now show t h a t  f o r  t h i s  c l a s s  or’ s y s t e m s ,  a l l  

m i n i m a l  d i v i s i o n - f r e e  a l g o r i t h m s  a r e  e s s e n t i a l l y  

b i l i n e a r .  u‘i r s t  we w o u l d  l i k e  t o  make  t h i s  l a s t
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p h r a s e  p r e c i p e .

.Dc f  i n  i t  i o n  I V - b j  An e s s e n t i a l  s t e p  o f  a n  a l g o r i t h m  

i s  s a i d  t o  b e  e s s e n t i a l l y  b i l i n e a r  i f  i t  i s  o f  t h e  

f o r m  ( x ^ f  ^ ) ( ^ + f p  , w h e r e  f ^ ,  f £  * G.  An a l g o r i t h m

i s  s a i d  t o  b e  e s s e n t i a l l y  b i l i n e a r  i f  e a c h  o f  i t s

e s s e n t i a l  s t e p s  i s  e s s e n t i a l l y  b i l i n e a r .

T h e o r e m  I V - 4 :  L e t  A( x )  b e  a  d e f i n i t e  a  * b

m a t r i x ,  w i t h  a  ^  2 ,  r f i ( A ( x ) )  = a ,  a n d  / A  A( x ) -

a + b - 1 .  T h en  e v e r y  m i n i m a l  d i v i s i o n - f r e e  a l g o r i t h m  

f o r  c o m p u t i n g  A ( x ) C ^ )  i s  e s s e n t i a l l y  b i l i n e a r .

P r o o f i T h e  p r o o f  i s  b y  i n d u c t i o n  on b ;  t h e

t h e o r e m  i s  o b v i o u s  when  b = 1.  b e f o r e  we c a n  p r o c e e d

w i t h  t h e  i n d u c t i o n  a r g u m e n t ,  h o w e v e r ,  we m u s t  f i r s t

show t h a t  t h e  f i r s t  tw o  e s s e n t i a l  s t e p s  o f  t h e  a l g o ­

r i t h m  a r e  e s s e n t i a l l y  b i l i n e a r .

L e t  A( x ) ( j £ )  « H ( h ( l )  **•  h C a + b - l ) ) ^  + L ( x , ^ )  

b e  a  p r e s e n t a t i o n  o f  a  m i n i m a l  d i v i s i o n - f r e e  a l g o r i t h m .  

L e t  t h e  f i r s t  tw o  e s s e n t i a l  s t e p s  o f  t h e  a l g o r i t h m  b e  

t h e  m u l t i p l i c a t i o n s  h ( l )  -  ( x 1 + ^ 1 +f ^  ) ( x^ +^lj + f  ̂  ) a n d  

h ( ? )  -  («jh(  1 J + x ^ + ^ p + f  p )  ( ^ '  h (  1 )+Xp+i J> + f  p )  • * y  t h e o r e m

I I I - 2 ,  t h e r e  i s  a m i n i m a l  q u a d r a t i c  a l g o r i t h m  c o mp u­

t i n g  A ( x ) ( ^ )  w h i c h  h a s  a s  i t s  f i r s t  e s s e n t i a l  m u l t  i p -  

l i c a t i o n  h ( l )  « ( x ^ ^ i  ) ( x } + ^ } ) .  P y  t h e o r e m  I V - 3 ,  

t h i s  i n d u c e d  q u a d r a t i c  a l g o r i t h m  m u s t  b e  b i l i n e a r .  V>e 

may t h e r e f o r e  a s s u m e  t h a t  m x * « 0 ,  a n d  t h a t
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h ( 1 )  -  ^ ) • A l s o  b y  t h e o r e m  I I I - 2 ,  t h e

s e c o n d  e s s e n t i a l  m u l t i p l i c a t i o n  o f  t h e  i n d u c e d  q u a d -  

r a t i o  a l g o r i t h m  h a s  t h e  f o r m  h ( 2 )  »

And a g a i n  "by t h e o r e m  I V - 3 ,  t h i s  i n d u c e d  a l g o r i t h m  

i s  b i l i n e a r ,  a n d  s o  e i t h e r  g ^ x - j + x ^  * 0 o r  

-  ° -

S u p p o s e  t h a t  g f ^ x ^ X j j  * °» -'’h e n  4  °*

L e t  u s  s u b s t i t u t e  i n  t h e  o r i g i n a l  a l g o r i t h m  + q 

f o r  w h e r e  q t  Cl, q ^  0 .  T h i s  s u b s t i t u t i o n

i n d u c e s  A ( x ) C ^ )  + N( x )  = K ( h ( l )  *** h ( a + b - 1 ) ) ^

+ L f j t , ^ ) ,  w h e r e  >I (x)  i s  a  v e c t o r  o f  l i n e a r  f o r m s

i n  ( x )  . v’e r e w r i t e  t h i s  a s  A ( x ) ( ^ )  “ K ( h ( l )
*—■ t  ^• **  h ( a + b - l ) )  + L ( x , ^ 0 .  b y  o u r  c o n s t r u c t i o n ,  t h e

f i r s t  t w o  e s s e n t i a l  s t e p s  o f  t h i s  new a l g o r i t h m  a r e

h (1 ) -  ( x ^  1 ) ( ^ } + f } + q  ) a n d  h ( 2 )  >
■

( g h (  1 ) + x, ,+2 ? + f 2 ) ( g ' h ( l  ) +Xp+£ 2 + f 2 ^* li'r om t h i s  new 
a l g o r i t h m  we i n d u c e  a  m i n i m a l  q u a d r a t i c  a l g o r i t h m  i n  

w h i c h ,  b y  t h e o r e m  1 I I - 2 ,  t h e  s e c o n d  e s s e n t i a l  s t e p  

h a s  t h e  f o r m

^ g ( f  *+n Jx^j + x ^ + C g f ^ l j + Z p ) " !  ( f  J + e J x T + x ^  (g* f  ^

b e c a u s e  g f  4  O,  we m u s t  h a v e  g (  f ^  +q ) x 1 + x 2 -  0 .

b u t  we a l s o  a s s u m e d  t h a t  K ^ x 1 + x ? ■ 0 .  I ’h i s  i m p l i e s  

t h a t  gqx-i  “ °* f i n a l l y ,  b e c a u s e  x-| 4  0  a n d  q 4  0 ,  

we m u s t  h a v e  g * 0 ,  a n d  t h e r e f o r e  a l s o  -  ° -
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S i m i l a r l y ,  i f  we h a d  a s s u m e d  t h a t  

we c o u l d  h a v e  a r g u e d  t h a t  g * ^  -  0 .  A l s o  s i m i l a r l y  

we c a n  a r g u e  t h a t  g* = 0  a n d  c i t h e r  xi,  = 0  o r

= o .  H e n c e  we h a v e  t h a t  i n  o u r  o r i g i n a l  a l g o r i t h m  

h ( 2 )  i s  e s s e n t i a l l y  b i l i n e a r .  '-'e n a y  a s s u m e ,  t h e n ,  

t h a t  h ( ? )  = ( Xp+f- j )  r- cmi  n ° v’ P r o c e e d  w i t h

o a T‘ M.da e r^ io n  a r g u m e n p .

As we s a i d  e a r l i e r ,  t n ^  t n e o r f jr. i s  o b v i o u s  f o r  

l =  1.  S u p p o s e  t h e n  t h a t  b 2 .  l e t  v' ( k )  be  t h e  

f i r s t  e s s e n t i a l  s t e p  o f  t h e  a l g o r i t h m  \ i n c h  i s  n o t  

e s s e n t i a l l y  b i l i n e a r .  Now h ( k )  =

atkh(1) j | » ik»>U)
i  < k

P u ^ s t i t u t e  £ ^ + f }  “ " ^ i s  i n d u c e s  a  s y s t e m

A ( x ) ( J )  ♦ N( ^ ) *  w h e r e  A( x )  i s  a ( i n f i n i t e  a x  ( b - 1 )

m a t r i x  a n d  N ( x )  i s  a  v e c t o r  o f  l i n e a r  f o r m s .  A l s o  

t h e  i n d u c e d  a l g o r i t h m  i s  m i n i m a l , d i v i s i o n - f r e e ,  a n d  

o f  d e g r e e  a + ( b - l ) - 1 .  T h e r e f o r e  by  i n d u c t i o n  t h i s  

i n d u c e d  a l g o r i t h m  i s  e s s e n t i a l l y  b i l i n e a r .  Now b e c a u s e  

t h e  i n d u c e d  s t e p s  h ( ? )  , * * ,  h ( a + b - l )  a r e  a l l  e s s e n ­

t i a l  a n d  l i n e a r l y  i n d e p e n d e n t ,  we m u s t  h a v e  t h a t  f o r

1 * 2 ,  . * • •  k —1 ,  = a i k  *

S i m i l a r l y ,  i f  we s u b s t i t u t e  i p + f p * 0 i n  t h e

o r i g i n a l  a l g o r i t h m ,  we c a n  a r g u e  t h a t  f o r  i  = 1,  3 ,

. . . ,  k - 1 ,  = 0 .  v e h a v e  t h e r e f o r e  shown

t h a t  h ( k ) = ( i } t +^ k 4‘f k ^ - k +^ k +f,k^ ’
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C l e a r l y ,  b e c a u s e  we h a v e  a s s u m e d  t h a t  h ( l ) ,

. . . ,  h ( k - l )  a r e  e s s e n t i a l l y  b i l i n e a r  and  b e c a u s e  we 

know t h e  s p e c  i a l  . form o f  h ( k ) , we c a n  r e a r r a n g e  t h e  

o r d e r  o f  t h e  f i r s t  k e s s e n t i a l  s t o p s  o f  o u r  a l g o r i t h m  

t o  o b t a i n  a  n ew  m i n i m a l  a l g o r i t h m  c o m p u t i n g  A ( x ) ( y )  

w h i c h  u s e s  t h e  s ame e s s e n t i a l  s t e p s  a s  o u r  o r i g i n a l  

a l g o r i t h m ,  b u t  w h o s e  f i r s t  e s s e n t i a l  s t e p  i s  u ( k )  =

( )  C ) • N°'v' fcy t h e o r e m  I V - ? ,  t h i s  q u a d r a t i c  

a l g o r i t h m  i s  b i l i n e a r .  ’*e h a v e  t h e r e f o r e  sh o w n  t h a t  

h ( k )  i s  e s s e n t i a l l y  b i l i n e a r .  b u t  t h i s  c o n t r a d i c t s  

o u r  a s s u m p t i o n s  on h ( k ) ,  a n d  p r o v e s  t h e  t h e o r e m .

I V - 8 .  C o r o l l a r i e s

y h e o r e m  I V - 5 : A l l  m i n i m a l  d i v i s i o n - f r e e  a l g o r i t h m s

f o r  c o m p u t i n g  p r o d u c t s  i n  f i n i t e  a l g e b r a i c  e x t e n s i o n  

f i e l d s  a r e  e s s e n t i a l l y  b i l i n e a r .

P r o o f : L e t  A ( x ) C ^ )  b e  a  s y s t e m  o f  b i l i n e a r

f o r m s  f o r  c o m p u t i n g  p r o d u c t s  i n  a n  a l g e b r a i c  e x t e n s i o n  

f i e l d  o f  d e g r e e  n .  ff h e  d i s c u s s i o n  i n  IV-?? Bhowed 

t h a t  A ( x )  i s  a  d e f i n i t e  n x n  m a t r i x  w i t h  

r , , ( A ( x ) )  * n .  A l s o ,  V i n o g r a d  h a s  shown  i n  f  13711 —■
t h a t  y t i  & ( * )  * ? n - 1 .  C u r  t h e o r e m  now f o l l o w rs 

d i r e c t l y  f r o m  t h e o r e m  I V - 4 .

I n  e x a m p l e  I V - 4  we d e s c r i b e d  w h a t  a n  n x n

T o e p l i t z  m a t r i x  l o o k s  l i k e .  A v e r y  s i m i l a r  m a t r i x  i s

an  n x n  H a n k e l  m a t r i x  H i n  w h i c h  H ( i , j )  «
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H ( i - 1 , j + l ) ,  w h e r e  b y  H ( i , j )  we mean  t h e  i f t j 

e n t r y  o f  H. L e t  T ( x ) ( ^ r )  b e  t h e  s y s t e m  f o r  

c o m p u t i n g  t h e  p r o d u c t  o f  a n  a r b i t r a r y  n u n  

T o e p l i t z  m a t r i x  a n d  a n  a r b i t r a r y  v e c t o r ,  a n d  l e t  

h ( x ) ( ^ )  b e  t h e  s y s t e m  f o r  c o m p u t i n g  t h e  p r o d u c t  o f  

a n  a r b i t r a r y  n x n H a n k e l  m a t r i x  w i t h  a n  a r b i t r a r y  

v e c t o r .  L e t  J  b e  t h e  n x n  p e r m u t a t i o n  m a t r i x  

i n  w h i c h  J ( n - i - 1 , i )  = 1 f o r  i  = 1,  n ,  f(,h e n

T(_x)J  = H ( x ) ,  anf* p o  ^w0 s y s t e m s  T ( x ) ( ^ )  a n d

H( 2t ) ( ^ )  a r e  c o m p u t a t i o n a l l y  e q u i v a l e n t ;  ^ i v e n  a n y  

a l r o r i t h m  f o r  c o m p u t  i n p  on e  o f  t h e m ,  we c a n  d e r i v e  

f r o m  i t  a n  a l r o r i t h m  f o r  c o m p u t i n g  t h e  o t h e r  by  

s i m p l y  r e l a b e l i n r  t h e  i n d e t e r m i n a n t s  i n  ( ^ ) .  The  

m a t r i c e s  T ( x )  a n d  H ( x )  a r e  d e f i n i t e ,  a n d  by  

t h e o r e m  I V - 2 ,  J l*  T ( x )  = H( j ( )  2 n - 1 .  I n  [ 9 ]

T i n o p r a d  sh o w s  how t o  c o n s t r i i c t  a l g o r i t h m s  f o r  

H ( x ) ( ^ )  w h i c h  u s e  2 n - 1  e s s e n t i a l  b i l i n e a r  m u l t i ­

p l i c a t i o n ,  T h e  b a s i c  i d e a  t h e r e  i s  t h a t  o n e  Of  t h e  

t r a n s p o s e s  o f  t h e  s y s t e m  H ( x ) C ^ )  i s  t h e  s y s t e m  f o r  

c o m p u t i n g  t h e  p r o d u c t  o f  tw o  a r b i t r a r y  p o l y n o m i a l s  o f  

d e c r e e  n - 1 .  V.e c a n  now u s e  a n  a r g u m e n t  s i m i l a r  t o  

t h e  o n e  i n  e x a m p l e  I V - 4  t o  p r o v e ;

T h e o r e m  I V - 6 :  O v e r  t h e  r a t i o n a l s ,  a l l  m i n i m a l

d i v i s i o n - f r e e  a l g o r i t h m s  f o r  c o m p u t i n g  p r o d u c t s  o f  

a r b i t r a r y  n x n  T o e p l i t z  ( H a n k e l  ) m a t r i c e s  

a n d  a r b i t r a r y  v e c t o r s  a r e  e s s e n t i a l l y  b i l i n e a r .
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P r o o f ; L e t  T ( x ) ( ^ )  b e  t h e  s y s t e m  i n  q u e s t i o n ,  

a n d  s u p p o s e  t h a t  c o n t r a r y  t o  o u r  a s s e r t i o n ,  t h e r e  i s  

a  m i n i m a l  a l g o r i t h m  f o r  T ( x ) ( ^ )  w h i c h  i s  n o t  

e s s e n t i a l l y  b i l i n e a r .  b e c a u s e  t h e  r a t i o n a l s  c o n t a i n  

i n f i n i t e l y  many s q u a r e - f r e e  i n t e g e r s  n o t  e n u a l  t o  ^ ,1 ,  

we c a n  f i n d  s u c h  s n  i n t e g e r  a  s o  t h a t  a f t e r  s u b s t i t ­

u t i n g  a x ;?n_ 1_^ f o r  x ̂  f o r  a l l  j = n ,  ? n - ? (

t h e  i n d u c e d  a l g o r i t h m  i s  a l s o  n o t  e s s e n t i a l l y  b i l i n e a r .  

P u t  t h i s  a l g o r i t h m  c o m p u t e s  t h e  p r o d u c t  i n  t h e  

a l g e b r a i c  e x t e n s i o n  f i e l d  Q u n - a  )  . By

t i i ro-^em i ir- 3 ,  t h i s  a l g o r i t h m  m u s t  b e  e s s e n t i a l l y  

b i l i n e a r .  T h i s  c o n t r a d i c t i o n  i m p l i e s  o u r  t h e o r e m .

He mark  : He r e f e r  t h e  r e a d e r  t o  f o r  a  d i s c u s s i o n

On t r a n s p o s e s  o f  s y s t e m s  o f  L i j . i n t e r  f o r m s  a n d  

a l g o r i t h m s  f o r  c o m p u t i n g  t h e s e  t r a n s p o s e s .  T h e o r e m  

I V -6  sh o w s  t h a t  a l l  m i n i m a l  d i v i s i o n - f r e e  a l g o r i t h m s  

f o r  c o m p u t i n g  a r e  e s s e n t i a l l y  d e r i v a b l e ,

v i a  t h e  t r a n s p o s e  m e t h o d ,  f r o m  m i n i m a l  a l g o r i t h m s  

f o r  c o m p u t i n g  p r o d u c t s  o f  a r b i t r a r y  p o l y n o m i a l s .  The  

l a t t e r  h a v e  a l r e a d y  b e e n  c l a s s i f i e d  b y  V . i n o g r a d  i n  [l  3]  .

T h e o r e m  I V - 9 :  The  m u l t i p l i c a t i v e  c o m p l e x i t y  o f  t h e

o u a t e r n i o n  p r o d u c t  o v e r  a  r e a l  f i e l d  i s  8 .

P r o o f :  D e n o t e  by  K ( x )  t h e  m a t r i x  o f  t h e

s y s t e m  o f  b i l i n e a r  f o r m s  f o r  c o m p u t i n g  t h e  q u a t e r n i o n  

p r o d u c t  ( s e e  e x a m p l e  I V - ? ) .  By t h e o r e m s  I V - 1 a n d

I V - ? ,  K ( x )  >, 7 .  S u p p o s e  t h a t  y n  K( x )  * 7 .
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P y  W i n o g r a d ' s  p r e s e n t a t i o n  t h e o r e m  » t h e r e

e x i s t s  a  o u a d r a t i c  a l g o r i t h m  o f  d e g r e e  7 w h i c h  

c o m p u t e s  K ( x ) C ^ ) .  Py  t h e o r e m  I V - 3 ,  t h i s  a l g o r i t h m  

m u s t  h e  " b i l i n e a r .  P u t  H o w e l l  h a s  s h o w n  t h a t  JX K ( x )  

= 8 .  Th i s  c o n t r a d  i c t  i o n  i m p l  i e s  t h a t  K ( x )  4 7 .

f i n a l l y ,  J X  K ( x )  = 0  i m p l i e s  ^ £ * K ( j c )  = 8 .

R e m a r k : P o r o d i n  e x h i b i t s  a  b i l i n e a r  a l g o r i t h m  o f

d e g r e e  8 f o r  c o m p u t i n g  t h e  q u a t e r n i o n  p r o d u c t  L V J .
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