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Introduction

The setting for our discussion is a real linear space J:
with an inner product (x,y). It is assumed that £ is
complete with respect to the norm generated by this inner
product. Clearly the gauges on £ and the bodies (closed,
bounded, absolutely convex sets containing the origin 6 as
an interior point) generate each other. The length (norm)
e(x) = (x,x)% is of course a special gauge. In general, a
gauge will be denoted by @(x), or briefly by @; the symbol

g* represents the conjugate of @.

Problem. Consider two gauges ¢l and ¢2 such that
e$¢l£ ¢2. Under what conditions may one conclude that
* *

2 - 2

?

(*)

That such an orderly relation may exist is suggested by the
fact that for any gauge @, its "average" Q_%_Qf is well
behaving with respect to e, being always 2 e. Moreover, the
average of the average is a better approximation to e, and

50 On.

Solution. With each gauge @ (body K) we associate its
spread G (x). The last concept is a very natural one and
is defined as follows: For 6 # x e 43, construct the line
joining © and x. :Let W (x) represent the (width) distance
between the two support hyperplanes of K orthogonal to that

line, while O (x) represents the (diameter) length of the



chord of K lying on that line. We then define
G¢(x) = GK(X) = W(x) — &(x) .

Clearly, G(x) = E(Xx) for ) # O.
It turns out that for any pair of gauges ¢l and ¢2
such that e<@. 4@, , the relation G, =< &G implies
=72 ) ?y

inequality (*) and also ¢l¢l* < ¢2¢2* . In particular,

one may verify that for any pair of the well-known gauges
n 1

(Z 'le I)p , the corresponding spreads do indeed satisfy
J=t

the above relation. We may express, therefore, the following:
‘Let p > 1. Defineq=51_)—i if p>1 and q =o° if

p = 1. TFor any fixed point (xl,x2,---,xn),
n L n L

1 P\p aja

z (Z'le) + (;lle

J=

and

n _:,1_: n ..]_'
PP aja
<Z "‘J’) (Z 'xj')
J=t J

are decreasing functions of p in the interval 1 4£p<2.



Preliminaries

We begin by stating some definitions and remarks.

Definition. Let A be a bounded, absolutely convex

subset of cQ containing the origin 6 in its interior.
The gauge of A, denoted ¢A’ is defined as follows:

@, (x) =inf{,\ : 1> 0, xe)\A}.

Clearly @ = ¢A possesses the following properties:

g(x) 2 0, @(x+y) £ @(x) + @(y), and #(X x) = || @F(x) for

all scalars & . Also, @#(x) is necessarily continuous.

B(x) < 1} = int(A)

Moreover, {x

{x

and @ is also the gauge of any set B such that int(A) & B =.

A

B(x) £ 1}

Definition. A body is a closed, bounded, and absolutely

convex set containing © in its interior. The boundary of a
body is called its surface. For © ¢ x e£ , the ray determined

by x is {Ax: Ao},

Thus if K is a body having @ as its gauge, then
K = {x: @ (x) S_l} ; its surface S = {x: @(x) = 1} .
A body and its gauge determine each other. Indeed, @(x) = -,-'-5%7'% ,
where S(x) is the point of the surface of K on the ray
determined by x. Also, Kli.:. K, if and only if ¢l(x) = ¢2(x)
for all xe L .



Definition. Let @§ be the gauge corresponding to the

set A. The conjugate @* of the gauge @ is defined as follows:

5 Supremum (x,y) .
% — ’
Pr(x) = "gly)=1
It is readily seen that @* is the gauge of the set
a* = [w: (w,v) £ 1 for all ve A} . The set A* is referred

to as the conjugate or polar set of A,

Definition. The average of the gauge @ is defined as

*
ZLE%jé- . Similarly, the average of the body X is ELgijgt .

We show later that not every gauge is an average.

The Indicatrix and Conjugate

In £ , let a body K be given. Then K* is necessarily '
a body also; we denote its surface by *3. (Placing the
asterisk on the left is unavoidable since the surface of K*¥
does not coincide with the polar of S.) In this section, we
describe a geometric method of determining K¥ given K, which

is equivalent to deriving *S5 from S.

Definition. Let x # © be a point of J: . The inversion

of x, denoted %, is that point on the ray determined by x

whose norm is F%F . If X is any collection of points in

L - {G}, then the inversion of X, in symbol %, is the set

-4



of points obtained by inverting each point of X.

We are now ready to determine *S when S is given.
Consider, in Jl , a fixed ray from the origin ©. Let i be
its intersection with the support hyperplane of K which is
orthogonal to this ray. The collection of all such points

—--one for each ray-- defines the indicatrix of K. It is

denoted by IK or briefly by I. We shall presently show that

the inversion of I is precisely *S.

Let @ be the gauge of the body K. Consider a fixed ray
from the origin, and let v # © be a point on this ray. Then
the distance from the origin & to the support hyperplane
orthogonal to this ray is precisely ¢*(ﬁ¥ﬁ) . Letting i

v

denote the point-of I on this ray, we have *(ﬁ;i) = ||i)] .

Thus, @#*(v) =fvjyif . This is true for any point v # 6 on

~5-



this ray. We, however, are interested in finding that point v
for which @*(v) = jjvj)ill = 2. Clearly, the desired point

is % . Thus, the inversion of I is, indeed, *GS.

The symbols X and Kj will be reserved to represent
bodies. We denote by 'Ek the collection of points "within
and on" IK and term it the solid indicatrix of K. Then the
following statements are immediate.

e A
1) KEX, & IKl_C_ IK2 e’ K * 2 K, *

Theorem 1. § =e & @ = g*

Proof: (=>) Consider the body U = {x: |ixll £ 1}
corresponding to the gauge e. The Pythagorean Theorem implies
that <fﬁ = U. It follows that U = U¥, and consequently,
e = e¥ ,
(&= ) Now suppose @ = @*. Clearly, for x and y in J:,

(x,y) & @(x)@*(y). If also x =y, then

[e(x)]¢ = (x,x) £ g(x)gxx) = [B(x)]% .
Therefore, e £ @. It then follows that e = e* 2 @* = (.
Thus, @ = e. B

A
Corollary. K =U ¢ I,=U & K = K*



Theorem 2, K** = K

Proof: Let x € K. Then (x,y) £ 1 for all y € K*.
Therefore, x € K*¥* and K < K**,

Suppose now that x ¢ K. Then there is a hyperplane
that separates x strictly from K. This hyperplane does
not pass through the origin since the origin is contained
in K. Therefore, there exists a point y such that

(2,y) € 1 for ze&X and (x,y) > 1.
Thus, y € K¥ and x ¢ K**, Hence, K¥* =K. Consequently,

we have K¥* = K. @

** -
Corollary. ¢K = ¢K

The Indicatrix of a Vector Sum

In expressing the theorem of this section, we need an

additional piece of notation.

Definition. For two subsets Xl and X2 of oc , their

vector sum Xl + X2 and radial sum Xl(D X2 are defined as

follows:

-

+
el
|

{x1+x2: xle Xl and 'x2€.X2}
Xl(D X2 = {xl-t-xz: xlexl and x2€X2, and

Xy %o both on the same ray} .



The vector sum and radial sum are related as described

in the theorem which follows.

Theorem 3. Let Kl and K2 be bodies.

Then I = I. @O L .
(K1+K2) Kl K2

Proof: Consider a fixed ray from the origin. Let il and 12

be the points of I and IK respectively on this ray. If

1 2
{x: f(x) = CXl > d} and { s f(x) = C‘Z > O} are the

K

support hyperplanes of Kl and K2 respectively which are

orthogonal to this ray, then there exist points Vj.e Kl and

v, &€ K, for which f(vl) = Cil and f(v2) = sz . Consider

now the point Vit v, - It belongs to K, + K2 and

1
f(vl+ v2) = of; + &, . Moreover, the hyperplane

>{.x: f(x) = of + 0(2} is orthogonal to our ray and
intersects it in the point il+ i2 . Clearly, il+ i2 is the

point of Ix (1)) Iy on this ray. To complete the proof,

1 2
it remains to show that il+ 12 is a point of I(K1+K2) ;,

It is sufficient to show that {:x: £(x) = ofy + c¥2}
is a support hyperplane of Kl + K2 . Otherwise, there would
be a point y € K, + K, for which f(y) > o, + o, . Then

there exist yle Kl and Yo €K2

Since {x: f(x) = O(l} and {k: f(x) = c(z} are support

such that y = Yt Yo

hyperplanes of Kl and K2 respectively, we have f(yi) é-c{i
and f(yz) £ of, . Therefore, f(y) = f(yl+ y2) _‘;o(l + X,

Thus, we reach a contradiction. §

-8~



Corollary 1. If K, and K, are bodies and &, y3 non-zero

= &I, @ WBI .
Ky K,

1 2

scalars, then I(olKl+ )GK2)

Corollary 2. If ¢l and @, are the gauges of K, and K,

respectively, then the gauge of the set K = o(Kl+\8K2, is
- *)*

B = (AP * + BPM* .

Corollary 3. If K is a body having @ as its gauge, then
K+X* > g _ fy . g+ g%
5 =2 U = {x. Hxi _1} and > > e .

Corollary 3 is significant, but not surprising, in the

light of the preceding exposition, since for any positive

I
number o , A+ > 1 . Indeed, equality holds
2

in the last if and only if o = 1. Consequently, we also

have the following corollary.

Corollary 4. The average of K equals U if and only if K =T ¥

the average of @ equals e if and only if @ = e .

The study of the average of a gauge is motivated by the
following theorem. (Confer Schatten: [3], p.73 or [4], p.149.)

*
"Let @ be an arbitrary gauge on £ . Define ¢l = Q_%_Q_ and
¢n—l + ¢n—7
¢n = > for n > 1. Then the sequence {¢n} converges

decreasingly to e."



Since its publication, this theorem has appeared in the
literature in a variety of forms. A recent interesting
version may be found in Mityagin and Shvarts: [2], p.116 .
The preceding corollaries permit us to derive a different

version of the above theorem, wvalid in Euclidean n-space E".

Definition. A sequence of bodies Kn is said to

converge to XK

a) in the Blaschke sense (Kn-g—) K) if for every € >0, -

there exists a N(€) such that for all n 2N(€) we have
A(Kn,K) { € , where A(Kn,K) denotes the distance from
K, to X in the Blaschke sense. (Cf. Eggleston: [1], p.60)

b) pointwise-radially (Kn——-> K) if for each x # © and

for each € > 0, there exists a N(€) such that n =ZN(€) implies
~that IS (x) - S(x))) < € .

¢) uniform-radially (Kn‘::; K) if for each € > 0,
‘there exists a N(€) such that n> N(€) implies that
H Sn(x) - 8(x)]] € € for all x # 6.

s —_ pame =2 ceo [ g < < ...
Observe that if Kl— K2._.. K3 = or Kl ===} K2 __K3 — ,
then the three types of convergence mentioned above are

equivalent. (To prove that X —>K implies Kn—-éa K, we use
the Blaschke Selection Theorem.) Thus, we may express the

following.

10~



Theorem 4. Let K be a body in B®. Define K; = K—;—Kt and
Kn—l + Kn T -
— — — - =2 X
K = > for ny1. Then K 2 K,= K2
B

We conclude this section by showing that not every

, *
gauge ¥ is an average, that is, of the form Y’ = ¢——;——¢—

for some gauge @#. On the Euclidean plane, define:

Ixi + 1yl ifxy > O
Y(X’Y) =

(x2 + yz)% if xy £ 0 .

YV is not the average of any gauge. To prove this, assume

*
to the contrary that YV = S’L:;.L . Let Ky and Ky be the

convex sets corresponding to Y and @ respectively.

. + K %
Corollary 2 of Theorem ? implies that KY* = _K¢__é_._.¢_

(see diagram).

II I

IIT Iv

~13—



Let v # © be a fixed point in either quadrant II or IV.
Denoting by IK(V) and SK(V) the points of the indicatrix and
surface of K respectively which lie on the ray determined

by v, we obtain:

1="IKY*(V)” = %(HIK¢<V>” + HIK¢*(v)H)

> %(nz%w)u : IISK¢*(v)lI) > 1.

Therefore, ”IK¢(V)” = ]|IK¢*(v)H = 1. It follows that
K¢ = .K¢* = U in quadrants II and IV. The last implies
Ky + K %

that K¢EKY* and K¢* =Xy* . Moreover, since _LZ__¢_ = KY*’

we have K¢ = K¢* = Ky? . This of course is a contradiction.

The "Spread" Function

Definition. Let a body XK be given. Then the width of K

in the direction of x, denoted (A)K(x), is the distance
between the two support hyperplanes of K which are orthogonal
to the line determined by the origin and x # ©. The diameter
of K in the direction of x, in symbol ch(x), is the length

of the chord of XK lying on the line determined by © and x.

~12-



The function Gp(x) = Wp(x) — 8K<X) is defined
as the spread of K. Clearly, GK is defined on the whole
space except at the origin. Being constant on each ray,
it may also be considered as a function of direction.

6 }s completely determined by its values on the surface
{u: Jull = 1} of the unit ball. We reserve the letter "u"
to represent an arbitrary point of this surface.

| Let @ represent the gauge of the body K. Then
CUK(u) - SK(u) = 2 <||IK(u)" - HSK(u)H) , due to the

fact that K is balanced. Since |Jjul = 1,
* _ Jull R S I .
PO = @l T g - Mt
oo 1
Moreover, ¢(U.) = “SK(U.)” ”SK(u)"

' Therefore, the spread of the gauge @ is given by:

P(u)

We stress that the last equality holds when u is any vector

6¢(u) = gK(u) = 2(¢*(u) — ) .

of norm one. For a vector x such that O x| # 1, we

define Cf;¢(x) = @¢(ll—>}§ﬁ> . The following relations are
immediate.

1) Gy 2o

2) Ge = 0

) etf =Gy &£ Gy
4) If e<@, <0, , then C'f¢lé C€¢2=$’@¢l* 5‘-@¢2*-

-13~ -



Theorem 5. If ¢l and ¢2 are gauges such that ¢l:é ¢2 and
< *
Cg, & Gy, then ity £ 4,0
Proof: Let y # © be arbitrarily chosen in L. Set y = )11,
where A>0 and fluy = 1 . Clearly, @’¢ < €¢ amounts to
1 2

* 1 * 1 :
¢l (u) - ¢1(u) < ¢2 (u) - ¢2(u) . Since also ¢lé ¢2,,

we have ¢l(u)¢l*(u) < ¢2(u)¢2*(u). Then one obtains
B (B *(y) = N (WP *(w) & N6, (we*(w) = 6, (y)B,*(y)

and consequently, ¢1¢i* < ¢2¢2* . |

Theorem 6. Let ¢l and ¢2 be gauges such that e £¢lé ¢;2 .
Moreover, suppose that @;¢ < @§¢ . Then
1 2

By + By* < By + B*
2 — 2

Proof: If Kj is the body of ¢j and 8. is its surface (j=1,2),

, J
then 6, < &, . Therefore, Wy, - 8§, & W, - 6§, .
5] K5 SRS Ky Ky UK

We shall denote the indicatrix of Kj by Ij and the indicatrix
of Kj* by *Ij . (The asterisk is placed on the left here in
order to distinguish *Ij from the polar of Ij‘) Then, since

the Kj are balanced, it follows that
NI GO = IS (0l & NI (0 - IS,(x)l for all x # 6.

Observe the following.

14—



NIl - 1y (N

Il - ]

- —3 . 1
IS, (x))| IS5 ()N
18, Gl = IS, (0l

s, Cx)ll s, ()N
Since e -‘.-.¢lé ¢2 , we have K, =K, < U. The last implies
that J|S,(x IS (x)] £ 1.  Therefore,
1S, () = s,(x))
s, GOl sy (Ml

NI M = NI, & sy (M = WS, (Il £

= ¥, (0l = I (=)
Thus,
flT1(x) + *T ) = Iy ) + 1Ty )l

Z (N + Tl = T0x) + *T(x))

It follows that the so0lid indicatrix of the average of Kl is

a subset of the solid indicatrix of the average of K2.

K. + K *)* K, + K *\*
Therefore, (_}__2_____1) 2 (——2—2—-—2—> and thus,

#* *

by + 9y Z g, + 9, i
2 —_ 2

Theorem 7. Let @; and §, be gauges satisfying @,<8, <e ,

g, + B % g, + B,*
and suppose (§¢ < G¢ . Then —% 5 1 < —= 2
1 2 2

-15-



Proof: The proof is similar to that of Theorem 6. B

Remark. The preceding arguments will remain valid also
for bounded convex sets (not necessarily balanced) containing
the origin as an interior point. This necessitates only
minor changes in the text. For example, we would then define
the spread as G;K(x) = "IK(x)" - NSK(X)" and

1
u

Gy = P - g5y -

. n i
The Class of Gauges (Z:pcjlp)p for 14£p%& oo
L]

In this section 'i: stands for the n-dimensional
Euclidean space. There we define a class of gauges {¢p}

for 1 4£p¢ e as follows:

1

: 1
(Z 'Xj|I)P for 1&p £ o
3

Maxi .
¢”(Xl’ ...’Xn) = i);il]:zlgm IXJ,

¢p(xl""’xn)

One readily verifies that for each x = (xl,...,xn),
¢p(x) is a decreasing function of p. Moreover, the
conjugate of ¢p is precisely ¢q , where % + % =1 if p>1,
and q =@ if p = 1. To simplify notation, we shall write

@ _(x) instead of G;¢ (x) for the spread of @_ .
Y p b

16—



Theorem 8. Let x = (xl,---,xn) # ©. Then Gp(x) is a

decreasing function of p for 1£p42.

Proof: Let u = (ul,..o,un) be the vector of norm one on
the ray determined by x. Since the spread is constant on
each ray, it is sufficient to prove the theorem for u.
Without loss of generality, we may assume that uj > 0 for
j=1,2,00eyn .
To prove the theorem in case 1<p£2, we define an
auxiliary function ¥ (t) for all t21 by:
n
Y(t) = log (gujt) .

Elementary computations show that:

n
+ .
0 - g () - Z-:ug“j )
u.

and

. (,,. ) (2———- *(Tog )) - (J,. 2" (1oe “392
(3

Moreover, Cauchy's Inequality implies:

-17-



- 2 n t ot 2
(PZ' ujt(log uj9 = (Z (uj")(uj=l log uj)>
Z ( ) ( Z $(10g uy)?

Consequently, ¥ ''(t) 2 O and therefore, t ¥ ''(t) 2
for all t 2 1. The last, being the derivative of
V()= t w'(t) - Y (t), implies that W (+t)—is an
increasing function of t.

Thus, p<2 £q implies that YW (q) 2 ¥(p).

Also,

n 1 n -1

Zujq T2 Zujp T

J=t - J= .
because n 1 n -

aa Py P _ >
(3w ()" - r&w 2o

g J=!

Therefore,

"3 (@) - ( Ny - Z > Wia) £ o.

Thus, a%(gp@.)) Z 0 and @p(u) is a decreasing

function of p for 1< p<?2.
The case p = 1 is settled by observing that for any p
(L<p<£2), we have gl(u) > @:p(u). ]

Corollary. If 2<4q4q' , then @q(x) é@q,(x) for
each x # ©.



As a consequence of the preceding theorem, one obtains

the following result.

Theorem 9. If 1<£p<2 and = 1, then for each point

(xl,--',xn), both:

(Z_,x.)p . ( .X.
@j_‘m) (Z,,)

are decreasing functions of p.

ol I
+
Q=

and

One can derive analogous theorems for a related class

of gauges; we state these here.

: *
Theorem 10. Consider the gauge @(x ,---,xn) = zz::x.xjé> ,

where ch > 0 for all j. Then its conjugate is

h 1
_ jzi 1 2\7
¢*(Xl"'°’xn) = ( / qj xj) .
= i

Proof: The proof of the last is readily derived by using

the Lagrange method for determining the:maximum of a function

~19~ )



over a surface. l

Now suppose that J is any fixed subset of the indices

(1,2,*++,n). For any number t such that 14 t<o9 , define
n

_ 2\% _ o
¢’c(xl’°"’xn) = (Z o(jxj) , Where o(j = t when jed

2=t

=1 when j¢J. Varying t over 1£t< o , one

and O<,j

obtains a family of gauges corresponding to a family of
ellipsoids. Each fixed x determines an increasing function
¢t(x) of t. Moreover, ¢t(x) 2 e(x) for all x and all %
(L&t <o© ). The analogue of Theorem 8 follows.

Theorem 11. Let x # © be any fixed point in E". Then

(_&:t(x) is an increasing function of t (L&t< o0 ).

Proof: Because the spread is constant on each ray, it is
sufficient to consider an arbitrarily chosen point
u = (ul,;u,un) of norm one._ .Using the fact that E u. =1,

one may readily verify that

n -1
d(E@) -] (F T

je€d

n -2
+ (z____o('juj2 2(Z_uj2 }_ 0.

j! j€d
Consequently, @t(u) is an increasing function of t. 8

~20=




The next theorem follows immediately.

Theorem 12. Given a subset J of the indices (1,2,+s+,n),

define (. = t when j€J and o(jzl when j€éJ.

J
Then for any fixed point (xl,---,xn), both

and

are increasing functions of t for 1£t<00

=21~
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