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Chapter 1

Maskit Embeddings

1.1 Basic Definitions

Let € = CuU{2c} be the extended complex plane. Every conformal homeomorphism

of € onto itself is a Mébius transformation , i.e., a transformation of the form

az+b
cz+d

, ad—bc=1, a,b,c,d € C.

Let PS-L(Q, C) be the projectivized group of 2x2 matrices with determinants
1. We shall always identify the matrix representing an element of PSL(2,C) with
the corresponding Mobius transformation.

The regular set Q(G) of a discrete subgroup G of PSL(2,C) is a subset of C on

which G acts properly discontinuously, and A(G) = € — Q(G) is called the limit set



of G. If A(G) contains more than two points, we call G non-elementary. G is called
a Kleinian group if Q(G) # 0.

For any subset X of C, Stabg(X) = {9 € G : 9(X) = X} is a subgroup of
G, which is called the stabilizer of X in G. If Stabg(X) = G, X is sald to be G-
invariant. If Stabg(X) = H and ¢(X)NX = 0 for all ¢ € G — H, we say that X is
precisely invariant under H in G.

Every connected component ' of Q(G) is called a component of G, and Q' /Stabg ()
is a Riemann Surface. Then the quotient space Q(G)/G is a disjoint union of Rie-
mann surfaces. Two components 1 and Q2 of G are conjugate under G if there is a
g € G suth that g(1) = Qq. If G is finitely generated, then, by Ahlfors’ finiteness
theorem, the collection of conjugacy classes of components of G is finite. and each
component of Q(G)/G is a compact Riemann surface with possibly finitely many

points removed.

Every Mébius transformation can also be extended to the hyperbolic 3-space
H3 as an isometry. A subgroup G of PSL(2,C) is discrete if and only if G acts
discontinuously on H?3 (see [1]. P.95). Therefore, a Kleinian group G determines a
3-manifold H®/G with boundary if Q(G) # §. This 3-manifold inherits a hyperbolic
structure from H? and its boundiry inherits a conformal structure from C.

An open half space in H is one of the components of the complement of a



hyperplane in H3. A polyhedron P in H3 is the intersection of countably many open
half spaces, where only finitely many of the hyperplanes. defining these open half
spaces, meet any compact subset of H®. Each of the defining hvperplanes is called
a side of P.

Let G be a Kleinian group. A fundamental polyhedron D for G acting on H? is
a polyhedron in H? satisfying the following four properties:

(1) For every non-trivial element g of G, ¢(DYN D = @, ie., D is precisely
invariant under {1} in G.

(2) Ugecg(D) = H3, where D is the closure of D in H3,

(3) Any compact subset of H3 meets only finitely many G-translates of D.

(4) The sides of D are paired by elements of G.

If G has a finite sided fundamental polyhedron, G is said to be geometrically finite.

Let G be a Kleinian group with Q(G) # 0. Let S be a component of (G)/G.
A marking for S is a basis for m;(.5) defined up to change of base point. If all
components of Q(G')/G are marked, the marking curves determine a distinguished
set of generators for G.

Let S be a given Riemann surface which is marked. and let Teich(.S) be the
Teichmiiller space of S. Teich(S) consists of isotopy classes (rel. d.5) of quasicon-

formal mappings of .5; the images of § under these quasiconformal mappings are



again marked Riemann surfaces homeomorphic to § with different conformal struc-

tures.

Let ¥, be an n-times punctured sphere, where n > 4, and let a;,1 < j < n be
simple closed curves on ¥, whose homotopy classes generate 71( X, ) such that each
of the curves a;’s separates exactly one of the punctures of ¥,, from the others.
and such that ajas - - a, is homotopically trivial. &, together with the homotopy
classes represented by a;’s defined up to change of base point is called a marked
n-times punctured sphere.

In the following sections of this chapter, We want to represent Teich(¥X,) as a
space of Kleinian groups with a distinguished set of generators having certain special
properties.

Let My, n > 4, be the space of the Kleinian groups G which satisfy the
following properties:

(M.1) G is a free group generated by n — 1 parabolic Mdbius transformations
Xj,j =1,...n—1.

(M.2) Q(G) has a simply connected G-invariant component Qg for which

QQ/St(tbG(Qo) = Qo/G

is an n-times punctured sphere.



(M.3) The other components 2;,7 > 1, of G are all non-invariant under G and
they fall into n — 2 distinct conjugacy classes, and each Q;/Stabg(€;) is a thrice

punctured sphere.

1.2 Maskit Embedding of Teich(X,)

In this section, we consider the case where n = 4. First, we are going to show that
My is non-empty.

To this end, we need Maskit’s first combination theorem. Let G; and G5 be two
Kleinian groups with a common subgroup J and J # G;. A pair (B, B3) of two
non-empty disjoint sets is called an interactive pair if
(1) B; and B; are J-invariant,

(2) every element of Gy} — J maps B, into B,, and

(3) every element of 'y — J maps B, into B;.

An interactive pair (By, B;) is called proper if either there is a point of B; that is not
Ga-equivalent to any point of By, or there is a point of B; that is not G-equivalent
to any point of B.

Let G be a Kleinian group, and J be a subgroup of G. A closed J-invariant set
B is called a (J, G)-block if

(1) BAQYG) = BN QJ), and Q(J) is precisely invariant under J in G, and



(2) for every puncture on §(J)/J, there is a neighborhood U of the puncture (i.e.

U is a punctured disc), such that
Uc(BNnQJ))/J or Un[(BnQJ)/J]=0.

Theorem 1.1 (Maskit’s First Combination Theorem) ([14], P.149)
Let J be a geometrically finite subgroup of the discrete groups G1 and Go. Assume
that J # Gi,t = 1,2, and there is a simple closed curve v dividing C into two closed
topological discs By and By, where B; is a (J,G;)-block, and (Int By, Int B3) isa
proper interactive pair. Let D; be a fundamental set for G; such that

(1) Din B; is a fundamental set for J acting on B;,

(2) Din Bz_; =0 or Int(D; N Bs_;) # 0, and

3y BDiny=Dyn~.
Let

D=(D1nBYu(DyNBy) and G =<G1,.G2> .

Then the following statements hold:

(i) G is the free product of Gy and G5 with amalgamated subgroup J, i.e., G =
G %y Go.

(ii) G is a Kleinian group, and D is a fundamental set for G.

(iii) If v is precisely invariant under J in Gy or G, , except perhaps for conjugates

of elements of G1 and G4, every element of G is lozodromic.

6



(iv) G is geometrically finite if and only if G1 and G are both geometrically

finite.

Let G. ¢ PSL(2,C) be the group generated by the following transformations:

10 1 4 1441 16
S: , T:: y _Y:
11 01 1 1—-4q

Now, we prove that G. is a Kleinian group by using Maskit's first combination

theorem. Let Hy =< §,T >, Hy, =< X, T >, J =< T >,

Fy = {z:-2< Rez<2,|]z+1]>1 and|z-1]| > 1}, and

Vs

Il

{z:=2< Rez<2,|]z2~1—-4i|>1 and |z 4+ 1—-4i| > 1}.

F; is a fundamental set for H; acting on C for each i = 1.2.

Let C ={z:Imz=2}U{o0},B1={z:Imz>2}U{oc}and Bo = {z:Im=z <
2} U {oc}. Then we have:
(WANC=FnC,and Int{F;NBa_;)# O fori=1,2.
(2) F; n B; is a fTundamental set for J acting on B;,7 = 1,2.
(3) B is a closed J-invariant set, B; N Q(H;) = B; N Q(J) is J-invariant and g(B; N
UJI))N(B;NQJ)) =0 for all g € H; — J,i = 1,2. 1t is clear that every puncture
on Q(J)/J has a neighborhood contained in the projection of B; or disjoint from

the projection of B;. These imply that B; is a (J, H;)-block,i = 1,2.



(4) Int By and Int B, are nonempty disjoint J-invariant sets and
h(Int By) C Int B2,Vh € Hy ~ J, and h(Int B,) C Int B,VYh € Hy — J.

Moreover,

Int By — Upen, h(Int By) # 0

since it contains the set {z : Im z > 6}. These conditions imply that (Int B;.Int By)
is a proper interactive pair.

We have proved that all the hypotheses of the first combination theorem are
satisfied, and thus we have:
(1) Gu = Hy %5 Hy =< Hy, H2 > is discrete, and geometrically finite,
(2) F. = (F1 N B2)U(F2N By) is a fundamental set for G. acting on ¢, and
(3) except for conjugates of elements of Hy and H,, every element of G. is loxodromic
since C is precisely invariant under J in H;.
From (1) and (3), we know that G. is torsion free, and G. satisfies (M.1).

Next, prove that G. has a simply connected G.-invariant component €. such

that Q./G. is a four times punctured sphere.

Let
D, = {ze€F.:Im:z<0},
D; = {ze€F.:Imz>4}, and
Dy = {z€F.:0<Imz<4]},



-2+4] 2+4i

N

-2 . 0 2
Dl
& \\\\

Figure 1.1: Shaded region is F.

(see Figure 1). Note that H; is a Fuchsian group and D, is a fundamental set for

H, acting on the lower half plane Q,, then
Q1 = Uh€H1 h(Dl)

is a component of G\ since R = R U {o0} is contained in A(G.). H; is conjugate to

H,in PSL(2,C), then
Qg = Upen, h(Dy) = {z :Imz >4}

is a component of G'. and D, is a fundamental set for H, acting on Q. Moreover,
since Stabg,(Q;) = I, then Q;/H; is a thrice punctured sphere. €; is precisely

invariant under H; in G., then §; is a non-invariant component of G.,7 = 1,2.



Let

Q. = Ugea, 9(Do).

It is clear that Q. is G.-invariant. We shall prove that Q. is path-connected as
follows:

Fix arbitrarily a point xp of Dg, and let = be any point of Q.. Thereisa g € G.
and an z; € Dy such that g(z;) = z. Since Dy is path-connected, we may assume
that ¢ # 1, and we want to find a path in Q. joining z; to @ = g(2;). This proves
that Q. is path-conneted.

There exist g1,...,gn € {5, 51, T, 771, X, X~} such that

g:glo...ogn'

Yor each i = 1,..,n, Let 2,4, = g1 0---0g;(21). Since each g; is a side pairing of
Do, then for every ¢ there is a path ¢; in Q. joining «; to x;+1. and thus these paths
l1,.., £, give a path in Q. joining z1 to Tp41 = 2.

Note that
Do U S(Dg)U S Do) UT(Dg)UT Y (Dy) U X(Do)U XY (Dy)

is a neighborhood of Do N Q(G.), then Q. is open.
To show that €. is a component of G., it suffices to show that every boundary

point of 2, in € is in A(G.).

10



Let y be any boundary point of §2.. There is a sequence z,, of distinct points of
Q. converging to y. Let g, € G. such that g;1(z,) € Do.
If there is a subsequence {g,+} of {g.} with g, x = gn.1,Vk, let ¢ = g,,,;. Then

g~ Y(zn ) are distinct points of Dg and ¢~ (apn ) — ¢~ !(y). This proves that
g My) € Do — Qu = {=2,0,2,4i,2 + 4i, 2 + 4i} C A(Gx).

Then y € A(G.).

Assume that g, # g, whenever n # m. Since G. is geometrically finite,
(the spherical diameter of g,(Dg)) ~— 0 as n — oo,

and thus y € A(G.).

From the above arguments, 2. is a G.-invariant component of G.. and Q./G.
is a four times punctured sphere. Let a,8,v and é be a marking of ./G. with
afybé = 1. Then

ar— X, B+— S7! and y+— ST}

defines an isomorphism of 7,(Q./G.) onto G..
Let p : . — 2. /G. = I, be the canonical projection, and ji be the homo-
morphism between 71({2.) and m;(X4) = G. induced by p. Since G. acts properly

discontinuously on ., p is a regular covering with deck transformation group G.,

11



and

a
i

the deck transformation group of p

R

T1(Z4)/B(m1(24)).

Thus p(71(S2)) is trivial, and €. is simply connected since p is a monomorphism.
Therefore, G. satisfies (M.2).

Finally, we want to show that G. satisfies (M.3), and thus G. € My. Let Q'
be any component of G. with ' N Q. = @, and let = be any point of '. There is a
g € G. such that

g{z) € Fu = Do U Dy U Ds.
Q. is G.-invariant and Q' N Q. = O, then g(z) is not in Dg, and g(z) € Dy or

g(2) € Da.

Assume that g(a) € D;. g(Q') is also a component of G, and

g(@)n > g()Yn Dy # 0,

then g(Q') = ©,. Similarly, g(Q') = Q, if g(z) € D,. We conclude that Q' is a
simply connected component of G. conjugate to §; or Q,, and thus Q'/Stabg, (')
is a thrice punctured sphere. Since §; and 3 are not G,-invariant, nor is §'.

To complete the proof, we have to show that £; and Q; are not conjugate in

G, or equivalently, g(2,) N Q, = 0 for all g € G..

12



g€ H =<T,S >, then
g )N =N =0.

Let g € Hy =< T,X >. Since @, C {z:Im 2 < 4} = U and U is invariant under
Hy, then

gQ)NQpCclUnN =0.
Since G. = Hjy #3 Hy, then, for any g € G. — J, g can be written as
g=4g10-0gn, for some n >0,

where g; € HiUH2—J. Since g;(Q1) C U, Vi, then g(Q1) C U, and thus g(Q1)NQ2 =
0.

Further more, we have
A(Gx) = Ugea, g(W),

where

W=RU{z:Imz=4}U {oo} = A(H1) U A(H>).
Since A(G.) is G.-invariant and W C A(G.), A(G.) contains
Ugeg. 9(W) = K.
On the other hand, G« is non-elementary, and K& is G.-invariant, then

K > A(G.)

13



since A(G.) is the smallest non-empty G.-invariant closed subset of C.

Now, we are going to establish a bijective correspondence between conjugacy
classes of groups in M, and points in Teich(Z,) as follows. Since the Teichmiiller
spaces of two quasiconformally equivalent Riemann surfaces are isometrically equiv-
alent, we may set ¥y = Q./G..

Let f: 34 — f(Z4) represent an isotopy class in Teich(Zy4), and let

E
“dz

be the Beltrami differential of f. By definition, u % is invariant under local coordi-
nate changes, then
.,)

1(g(2)) ‘Z:—E:-S = u{z), Yz€ Q. and Vg €G.. (1.1)

This gives a Beltrami differential on {2., also denoted by p, satisfying (1.1). Extend
t to € by setting u = 0 outside Q.. There is a quasiconformal homeomorphism f*

of € onto itself such that f* fixes 0, 1 and oo, and

fe=unft.

Let g be any element of G'.. w = f* o g is again a quasiconformal automorphism of

C with



then there is a Mébius transformation g, such that
frog=guof*, ie gu=frogo(f)7.

It is clear that T),, X, and S, are parabolic since each of them has only one fixed
point in C. Then

Gu = f* G, (fu)—l =< XusTuvsu >

is an element of M4 and Q,/G, is a four times punctured sphere, where Q, =
FH(8%).
Since f# fixes 0 and oo, T}, fixes 0o and S, fixes 0. We write
10 1 ¢ 14+ A —AC?
n 1 01 A 1-X¢

where ,7,A € C — {0}, and ¢ = f#(47) is the fixed point of X .

Su(oc) = f* 0§ o (f*) M oo) = f* 0 S(o0) = (1) = L,

-3 -4 ) -3 +4i 12+ 16
1 1 1 1-4:

are parabolic, then so are

1-¢ - 1+ AMC—€) =M= ME—
rrtesie | 176 6| porex, (C—€) —A-AE-¢

m
11 A 1= X¢

15



The discriminant of the equation z2 4+ £2 + £ = 0 is zero, then £ = 4. Similarly, we

have A = 1. Hence

1 4 10 1+¢ =¢2
G, =< ) ) >
0 1 11 1 1-¢
Since
10 1+¢ =¢?
< , >
11 1 1-¢

is a non-elementary discrete subgroup of G,, |(| > 1 by Jorgensen’s inequality.

Since f*oTo(f*) '=T,=Tand ffoSo(f*) 1 =5, =25, then
fHHy (f*)"'=Hy and f*J (f*)" 1=

Let

H,=fFH () V=< T,X,>.

Consider the sets f*(F;), f*(B;),i = 1,2, and f#(C), where F;, B; and C are defined
in the construction of G.. Then these sets and groups Hy, H, and J satisfy all the

hypotheses of Maskit’s first combination theorem, and thus
GU- = H1 *J H”,,

except for conjugates of elements of H; and H, every element of G, is loxodromic,

and G, is geometrically finite since H; and H, are geometrically finite.

16



Conversely, let G be any group in My and g be the simply connected G-
invariant component of G so that /G is a four times punctured sphere. We want
to find a quasiconformal automorphism of € which conjugates G. to G, and this
map gives a quasiconformal homeomorphism of Q./G. onto Q5/G. By a similar
argument as before, it suffices to find a quasiconformal homeomorphism of Q. onto
Qp whose Beltrami coefficient satisfies (1.1).

Let ¢ be a conformal homeomorphism of . onto the upper half plane H?, and
7 be a conformal homeomorphism of Qp onto H2,

Let g be any element of G.. @ogo®™! is a conformal homeomorphism of
H? onto itself, then ¢ o g o ™! is a Mébius transformation by Schwarz lemma.
This proves that ¢ G. ¢! is a Fuchsian group and H?/p G. ¢~ ! is a four times
punctured sphere. Similarly, ¥ G. ¥~! is a Fuchsian group and H?/vy G. v~ is a
four times punctured sphere. There are standard arguments to show that there is
a quasiconformal homeomorphism f of H? onto itself whose Beltrami coefficient p I

satisfies

1p(9(2))g'(2) = ug(z)g'(z), V€ H? and Vg€ ¢ G ¢!,

(see, for example, [8], §8). Let f = 3p~1ofoe, and let 1 be the Beltrami coefficient of
f. 1t is clear that f is a quasiconformal homeomorphism of €2, onto 5. By Marden’s

isomorphism theorem [13], one can extend f to a quasiconformal homeomorphism

17



of C onto itself so that the extension of f conjugates G. to G.

As a consequence of the above argument, we have the following proposition.

Proposition 1.2 (Normalization) Every group in M, is geometrically finite, and

it is conjugate to a group generated by

10 1 4 1+¢ =¢*
, , and ,

where |C| > 1.

We have shown that there is a function which maps the set of conjugacy classes
of groups in M, onto Teich(Ly). Next, we want to check the injectivity of this
function. Suppose that G and G’ are groups in My which represent the same point
in Teich(Ly), i.e., Qo(G)/G and Qo(G’)/G’ are conformally equivalent. Then there
is conformal homeomorphism f of Q4(G) onto Q4(G’) which induces an isomorphism
of G onto G’. Then, by Marden’s isomorphism theorem again, there is a conformal
automorphism of € which is an extension of f and also denoted by f such that

fG f‘1‘= G’'. f is a Mobius transformation , then G and G’ are conjugate.

Let

18



1+¢ —¢° i 0
X = , and A=
1 1-¢ : 0 —i
ATA™ =T}, ASA™ =871, and AX A™' = X7,
then < 7,5,X¢ > and < T, §,X_¢ > are conjugate. This proves that every group
in My is conjugate to < T}, S, X¢ > for some ¢ with [¢| > 1 and I'm ¢ > 0. On the
other hand, by a similar argument as that of proving G. € M, we can prove that

<T,§8 X >¢ M, when ¢ = it with ¢ > 2. Therefore, we may identify Teich(Xy)

with My, where M, is a connected component of
{peC:<T,5,X, > My,|u| >1, and Impu > 0}

containing p = it with ¢ > 2. We refer to My as the Maskit embedding of T'eich(Xy4),

and we write G, =< T,5,X, >.

Proposition 1.3 (Rough shape of M,)
(LYpeMyifand only if u+ 2 € My.
(2) 1 € My if and only if -1 € M.

@) {p:Imp>2} cMyC{p:Impu>0}.

Proof: X, 42 = TX;1 and < 7,5, X, >=<T, .5',TX,’[1 >, then (1) follows.
For the proof of (2), we only have to show that —z € My if p € M,. Write

the elements of G, and G_; as matrices. It is easy to see that the matrix of every

19



element of G_j is obatined from the corresponding matrix in G, by replacing u by
—f, and the fixed points of elements of G_; and G, are functions of the entries
of the corresponding matrices. Therefore, this map u ~— —f maps A(G,) onto
A(G_z), and hence —g € My if p € M,.

Next, we prove that R N M, = . From (1), we only have to show that
(-—1, 1] n M4 = 0.

By the definition of My, (=1,1)N My =0. If u = 1,

X, 5(z)=2-1, X,8= "—1

-
~

and thus
<T,5X,>=<T,5,X,8 >=< §,X,5 >=< X,5%, X,5 >,

i.e., G, is the modular group. Hence, 1 is not in My,
Finally, we prove that {s : Im p > 2} C My. From (1), it suffices to show that
peEMyif Impu>2and 0 < Rep < 2. Consider the following groups and sets,

(see Figure 1.2):

H = <T,5>, Hy=<T,X,>, J=<T>,
By = {z:Imz2>1Imp/2}U {0},
By = {z:Imz<Imyu/2}U {x},

20



“2+u 24U

Figure 1.2:
v = {z2:Imz=1Imu/2}U{o0},
D; = {z:|z4+1]>1, and |z~1| > 1},
D, = {z:|z2+1—p|>1, and |z—1—py| > 1},
E, = {z:Imz<Imp/2 and —2 < Re=z< 2},

Ey, = {z:Imz>Impu/2 and —2+ Rep < Rez <2+ Re u},

Dy

EyNEy, Fy =DgNDy and F = Dy N Ds,.

F; is a fundamental set for H; acting on €,j = 1,2, and

(1) Bj is a (J, H;)-block,

21



(2) (Int By, Int By) is a proper interactive pair,

(3) F; N Bs_; has non-empty interior,

(4) F; N B; is a fundamental set for J acting on B;, and
By FAny=Fn-y.

By the first combination theorem, G, = Hy*j H,. By a similar argument as before.
A(Gy) = mv

where W= {z:Imz=Imu} URU {0},
Qo(Gy) = Ugea,, 9(D)

is the only simply connected G,-invariant component of G, with Q¢(G,)/G, a four
times punctured sphere, and the other components are conjugate to {z : Im z >

Imp} or {z:Imz < 0} and are not G-invariant, where
D={ehNnF:0<Imz< Imyu}.

Therefore, p € My if Im p > 2. Q.E.D.

1.3 Maskit Embedding of Teich(Zs)

Let G. C PSL(2,C) be the group genenrated by

S= 7T= 3
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1+4i 16 1+ 4i 4

1 1—-4¢ 4 1-4:
Let Hi =< T,X >,Hy =< 5, 7,Y > and J =< T >, and let

Fy, = {#:-2< Rez<?2}

Fi = {zeFy:|z4+1-4i>1, |2-1-4i] > 1},

Bo= {zeRil+l>Llz-1U>Llztmi> i oo togsdy
2 T el ET A= hiET T plET Y 3

Then F; is a fundamental set for H; acting on C, i=1,2.

Let
v = {z:Imz=2}U {0},
By = {2:Imz<2}U{cc}, and
B, = {z:Imz2>2}U{o0}.

Then we have:

(1) Any = FRny,and Int(F; N Ba-;) # 0 for i=1,2,

(2) F; N B; is a fundamental set for J acting on B;, i = 1,2,

(3) 7 is precisely invariant under J in H;, i = 1,2,,

(4) B; is closed and J-invariant, B; N Q(H;) = B; N Q(J), B; N Q(J) is precisely
invariant under J in H;, and every puncture of Q(J)/J has a neighborhood contained

in the projection of B; or disjoint from the projection of B;, and
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(5) Int By and Int B, are non-empty disjoint J-invariant sets and
h(Int B;) C Int Bs_;, forall he H; - J,i=1,2, and

Int By — Unen, h(Int Be) # 0.

D,
~2+4 4o 2+4e
DO
¢
-2 o 2
N
Dy

The first combination theorem yields:

(1) Gu = Hy %5 Hy =< Hy, Hy > is discrete, and geometrically finite.

(2) F = (F1NBy)U (FaN By) is a fundamental set for G, acting on C.

(3) G. is torsion {ree, and except for conjugates of elements of H; and Hj, every

element of G\ is loxodromic. Thus every parabolic element of G. is conjugate in G.
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to one of the following:
S%, T, X (ST, (Y8 (X7, n € Z - {0}.

We have shown that G, satisfies (M.1). Next, we are going to prove that G.

satisfies (M.2) and (M.3). Let

D, = {z:Imz>4},
2 2
D, = {zeF:—g< Rez<g,O<Imz<1},
Dy = {:éF:Imz<0}, and
Dy = F-—-(D1UD2UD3).

H, is a Fuchsian group, D; is a fundamental set for H; acting on {2z : Im z > 4},

and A(Hy) = {z: Im z = 4} U {00}, then
O ={z: Im z >4} = Upen, h(Dy)

is a component of G., 1/ H, is a thrice punctured sphere, and Q; is not G,-invariant
since Stabg,($11) = Hi # G.. Similarly, Q3 = {z: Im z < 0} is a component of G.,
Stabg,(S23) =< T,85 >= Hj, and 3/ Hj is a thrice punctured sphere.

Let Qp = {z:]z - §| <1} and 2 =< 8,Y > . H, is a Fuchsian group, D; is a
fundamental set for Hy acting on Q,, A(fIg) = 0Qq, Stabg,(2) = H,, then Qyis a

component of G., Qz/H; is a thrice punctured sphere, and Q3 is not G.-invariant.
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It is clear that S(Q;) U Y () C Ezt(Q) N Ext(Q3), then ©; is not conjugate
to §22, and is not conjugate to 23 under G.. Similarly, 22 is not conjugate to Q3.
This proves that G. satisfies (M.3).

By a similar argument as in §1.2, one can prove that G. satisfies (M.2), and
Qo = Ugea. g(DO)

is the unique G.-invariant simply connected component of G. with Qp/G. & Ss.
Moreover,

A(Gx) = Ugeg, 9(W),
where

W = RuU{z: Imz=4}U{z:|z—-;-|=-;—}U{oo}

A(Hy) U A(H3) U A(H3).

By the same reasoning as in §1.2, there is a bijective correspondence between
conjugacy classes of groups in Ms and points in Teich(3s), and every element of
M is of the form fG.f~1, where f is a quasiconformal homeomorphism of C onto
itself and is confromal outside Qo. Let f be such a quasiconfromal homeomorphism

fixing 0,1 and oc, and let
S=f8f1 T=fTf, X=X, V=fYf,
G=fGf ' =<8,T,X,V>.
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Since f fixes 0 and oo, then T fixes 00, and S fixes 0. S(oo) =1, then

. 1 0
S =
11
Write
. 1 ¢ . T+dp =M? . 1+pn —pn?
T = , X = , V= ,
01 A 1= p 1—p7m

where u = f(47),n = f(i) and A,€,p € C - {0}.

. A 1-¢ ¢ s T+ A= A6 =M — £ 4 Xp
T-'§ = T-'X =
1 1 A 1—-Ap
are parabolic, then £ =4 and A = 1.

2
g1y — 1+pn pn
~l14+p—pn 1-pn+pn?
is paraboic, then pn? = —4, or equivalently, p = —4/92.
By considering the subgroups < §,X >, < T,¥ >,< X,¥ > of G, and applying

Jorgensen’s inequality, we have
1
lul > 109l < 4, and |E—-1]> 3,
n 2

and then
10 1 4 1+p —u? 1-4/n 4

G =< ’ y y >,
11 01 1 1-p —4/7’]2 1+4/’I]
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Proposition 1.4 (Normalization) Every group in Ms is geometrically finite and

is conjugate to a group G(u,v) generated by

10 1 4 1+pu —u? 14 2v 4
S = , T'= , Xp= , Yy =

for some p,v € C — {0} with
612 L2 3wy +21 2 1, mp > 0, and Imy > 0.

Proof: Let

A=
0 1
ATA™' =T ASA™ = 57, AX, A7 = XT}, and AY,A71 =YL,

then < 5,7,X,,Y;, > and < S,7,X_-,,¥_, > are conjugate. Then the proof is

complete by setting v = —2/7. Q.E.D.

Let M5 be the connected component of
~ 1
{(n,v) € C? : G(u,v) € Ms,|u| > 1,|v| > 5 [uv+2| > 1, Imp >0, and Im v > 0}
containing (4¢,2¢). We refer to M5 as the Maskit embedding of Teich(Z5).

Proposition 1.5 (Rough Shape of Ms5)
(1) (p,v) € Ms iff (~f1,v) € Ms and (u,~P) € Ms.

28



(2) (n,v) € Ms iff (1 +2,v) € M5 and (p,v + 1) € Ms.

(3)
{(g,v)e C*: Impu>4,Imv>1} C Ms C {(,v) € C*: Im pu > 0,Im v > 0}.

Proof: By a similar argument as in Proposition 1.3 (2), one can prove (1).

(2):

TX;'=Xupa, V'S =Y4,

and

< 8T,X,,Y, 'S >=< 8,T,X,,,Y, >=< §,T,TX;,Y, >,

then the proof of (2) is complete.

(3): By the definition of M3,
([0,1)x C)NM;s =0 =(C x[0,1/2)) N Ms.

If =1, then X,5% = (2) = =1/z. Hv = 1/2, then TY,(z) = —4(z + 4)/z. Since

4(z 4+ 4)

>
&

z2+— —— and 2z —

are elliptic transformations, and since G(u,v) are torsion free for all (p,v) € Ms,
then

([0,1] x C)n M; = 0 = (C x [0,1/2]) N Ms,
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and thus, from (1) and (2),
RxC)NMs=0=(CxR)NMs;.
Hence M5 C {(u,v) € C?: Imu >0, Imv > 0}.
Assume that 0 < Rep < 1 and 0 < Rev < 1/2, and let A(2) = 4/=.
10 1 4 1-2v —4p?

ATA™! = , ASA™! = , AY,A7' =
11 01 1 142

Let

E = {z:|z+1]>1,]z-121,]z+1+ 20 >1and |z — 1+ 20| > 1},

B {z:Imz>-Imv,-2< Re z < 2},
F, = {z:Imz<-Imv,-2— Rev < Rez<2-2Rev}.
Then F = (F1UF,)NE is a fundamental set for < ATA™}, ASA™Y, AY A~! > acting

on C, and A(F) is a fundamental set for < §,T,Y, > acting on C, (see Figure 1.3).

Let
Ci = A({z:]z—=-14+2¢|=1}),
C; = A({z:]z+1+4+2v|=1}), and
C = A{{z:Imz=Im(1+1i-2v)}U{0}).

Let w be any point of C', and write w = 4/2, where Im 2 = 1 — 2Im v. Then

—4Imz 4(2Imv—1) 4 <
T |2]2 = 2Imv—-1

Imw= 4,
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2

\ Imp=-TIme/

2-2+/ A fundamental set for
CATAY, ASAL, AvyA™D
0< Rey < V2

Figure 1.3:
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and thus Im { < 4 for all { € C1UCs. By a similar argument as in the construction
of G., we can prove that {(y,v) € M35 whenever Imy > 4,Imv >1,0< Rep <1

and 0 < Re v < 1/2. The proof of (3) is complete by (1) and (2).

1.4 Cusps

Let { € OM,,n = 4,5. If thereis aw € M,, aloxodromic transformation g € G{(w).
and an isomorphism ® : G(w) — G(¢) taking parabolic elements of G(w) into
parabolic elements of G(({) such that ®(g) is parabolic, then we say that ¢ is a cusp
associated to g, or G({) is cusp group associated to g.

Note that G(7) is quasiconfromally equivalent to G(w) for every 7 € M,,; there
is quasiconformal homeomorphism f, of € onto itself such that QW) f = G(r).
Therefore, ¢ is also a cusp associated to frgf-! € G(r) by considering the isomor-
phism

h— ®(f71hfy), ke G(r).

Example 1.1 In this example we consider the space My, and we want to prove
that 2¢ is a boundary point of M., and it is a cusp in OM,.
Consider the polyhedron in H® = {(z,y,t) € R3:¢ > 0} which meets C in the

set,

D={2:-2<Rez<2]z4+1|>1,]z41-2{ > 1,|z—1] > 1 and |z—1-2i| > 1}.
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Since T, T-1, 8,571, Xo;, X{il are side pairings of this polyhedron, then, by Poincaré
theorem, this polyhedron is a fundamental polyhedron for G(2i) = G; acting on H3,
and thus D is a fundamental domain for Go; acting on € ([14], VI.A.3). Therefroe.
Gg; is a Kleinian group and Q(G2;)/Gqi is a disjoint union of four thrice punctured
spheres. Hence 27 is not in My, and 27 € dM, since p € My for Im u > 2.

For every t > 2, let p = it, and @, : G, — G9; be the isomorphism with
QU T)=T,0,(S) =5, and ®,(X,) = Xo.

Since every parabolic element of G, is a conjugate of a parabolic element of < T, 5 >
or < T, X, >, and the parabolic elements of < T',.§ > and < T, X, > are conjugates
of
T, Sk, x5 (X TN (ST™H, ke Z - {0},
then @, takes parabolic elements of GG, into parabolic elements of Gy;.
X715 is loxodromic, X5;§ is parabolic, and ®,(X718) = X;S, then 2i is a

cusp associated to XS,

By a similar argument, (2v/2i,/2{) € M3 is a cusp associated to X;lY,,.

McMullen proves that cusps are dense in the Bers embedding ([17]). As we
remarked, every cusp in dM,, is a cusp associated to some loxodromic element of
every fixed group corresponding to an element of M,,. Since G(7) is geometrically

finite for every 7 € My, by a result of Maskit [16], for any given loxodromic element
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g of G(7) which represents a simple closed geodesic on Qo(G(7))/G(7) there is a
cusp in @M, associated to g, and this cusp is unique [12]. Therefore, to understand
OM,, well, we have to find all loxodromic elements of G(7) which represent simple
closed geodesics on Qo(G(7))/G(T).

If { € M, is a cusp associated to g € G(7), and h € G(7) is any element. then
¢ is also a cusp associated to hgh™?! since ®(hgh~!) = ®(h)®(g)®(h)~!. Thus, it
suffices to find all non-conjugate loxodromic elements of G(7) which represent sim-
ple closed geodesics on Qo(G(7))/G(7), ar equivalentlly, to find all free homotopy
classes of simple closed curves on Qo(G(7))/G(7) which are not homotopically equiv-
alent to the simple closed curves which separate some puncture of the punctures on
Qo(G(7))/G(7) from the others.

We call a simple closed curve on Qo(G(7))/G(7) an essential simple closed curve
if this curve is not homotopically trivial and is not homotopically equivalent to a sim-
ple closed curve which separates some puncture of the punctures on Qo(G(7))/G(7)
from the others. In next chapter, we are going to enumerate free homotopy classes

of essential simple closed curves.
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Chapter 2

Enumerating Loops and Traces

2.1 The General Setup

In this section, we are going to set up some notations and definitions that we will
need later. To enumerate free homotopy classes of essential simple closed curves is
a topological problem; we simply write G = G(1), &, = Qo(G(7))/G(7), X = X,,
and Y = Y,. Let G, be the set of all free homotopy classes of essential simple
closed curves on T,. It is a fact that every homotopy class in G, contains a unique
geodesic, say 7. By abuse of notation, we shall also use v for the free homotopy
class represented by 7.

We choose a simply connected fundamental domain D for G acting on Q4(G)

with side pairings §*, T*, X* and Y*. If s and s’ are sides of D, and E €
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B man B e 0 0
A T T /" T T It
s S /
st s

x
3

st s 'y st s

§)) (2) (3) (4)

Figure 2.1: A simply connected fundamental domain D: (1) n = 4, (2) n = 5.

Simple closed curves on X4: (3) v, (4) 7'.

{§%, T+, X* Y*} with E(s) = &', then we label E~! beside s, and label E beside
8, see Figure 2.1. A side s of D is called the E-side of D if s is labelled by E.
With this labeling, we can easily write words in G to represent curves in G,,. For

example, we may write
W(7)=T7'SX and W(y') = X'§7'T

to represent the curves v and 4’ given as (3) and (4) in Figure 2.1 with orientations
indicated by the arrows.

It is easy to see that if v and 4’ are two essential simple closed curves on &,
with the same underlying set but opposite orientations, and if W is a word in G
corresponding to v then ¥~} corresponds to 4’. Because we are only interested in
non-oreinted essential simple closed curves, we are going to use both W and W !

to represent an essential simple closed curve on &,,.
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Because we are only interested in elements of G,, we shall not distinguish a word
in G from its conjugates. In particular, a cyclic permutation of a word W in G is
conjugate to W in G, and we shall identify these words and call any one of them a
eyclic word.

Aword W = Fy..-Fp, in G is called a reduced word if for each j,
E; € {8%,T%, X%, Y%}, and E;E;41 #1, for j=1,...,m— 1,

where 1 is the identity of G. When W represents a curve in G,,, we also require that
EnEy # 1, and for every 7 = 1,...,m, and every positive integer k¥ < m, we call
Eiy1--- Ejqr a subword of W, where Ep, 1 = Ej.

Let m : D — I, be the canonical projection. For E € {S*,T%, X%, Y*}, let
v denote the image of the E-side under 7. 7g is a simple arc on I, joining two
punctures of X,,.

For every ¥ € G,, 7~ 1(v) is a disjoint union a finite number simple arcs in D
with endpoints on the sides of D. We call each of these simple arcs a strand of 7. v
has exactly k& > 0 strands with endpoints on the E-side if and only if it has exactly
k > 0 strands with endpoints on the E~1-side, and k is the geometric intersection

number of v with vg, which is denoted by Ig(vy). Thus

Ig(y) = the number of points which are endpoints of
strands of v on the E-side (or the E~!-side).
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TCY)

Figure 2.2: A Dehn twist 7 associtaed with the puncutes P and Q

At the end of this section, we are going to define a special kind of Dehn twist
given by J. Birman ( [3] P.165 - 166) , which plays an important role in the rest
of our discussions. Let £y be the 2-sphere, and let P and @ be any two distinct
punctures of £,. As points of Xy, we choose a simple closed curve C' on ¥y passing
through P and @ so that one of the connected components of £y — C, say C¥, is
contained in ¥, and all punctures of &, other than P and @ are contained in the
other connected component, say C~. We may orient C so that C~ lies to the right
of €. Choose an annular neighborhood A of C on I; so that .4 does not contain
any puncture of £, other than P and Q. By using polar coordinates of the plane,

we parametrize

A={re?:0<r <r<ry<00,0<0<2n}
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so that

C={re"9eA:r=1L;’_’%},
and P and @ correspond to
Ty -+ 7o and _7‘1+7‘2
2 2

respectively, (see Figure 2.2). For simplicity, we set 7; = 1 and r, = 3. Now, we are
going to define a Dehn twist 7 about C on X, as follows. First, we define 7 on A
as

T(reig) = pel(f+m(r=1))
Extend T to Xg so that 7 is the identity map outside A. It is easy to see that 7

fixes all punctures of ¥, other than P and @, and
T(P)=Q, and T(Q)=P.

Thus the restriction of 7 to ¥, is a l\omeorhorphism of T,, onto itself. We call 7 o
Dehn twist associated with the punctures P and Q. 7 induces an isomorphism of G

which is also denoted by 7.

2.2 Words for Simple Closed Geodesics on ¥4 and Traces

Let G =< §,T,X >, let P be the puncture on ¥4 = Qp/G corresponding to the

fixed point of §, let @ be the puncture on I, corresponding to the fixed point of
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(M - (2)

Figure 2.3: (1) Dehn twist : 7; (2) symmetry: O.

T718, let T be a Dehn twist associated with the punctures P and Q, (see Figure

2.3), and let © be the automorphism of G defined by

0: §— 81 T—T' X+— XL

O induces an (orientation reversing) homeomorphism of £, which is also denoted

by O, (see Figure 2.3). The action of 7 on G is defined by

§— ST, T—T, X — X.

Let G4 be the set of all free homotopy classes of essential simple closed curves

on Z4. For z € {£1,+£2, 00}, let v, be the simple closed geodesic in G4 represented
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1y x' x x* ~,

[ T"j/[T T"\\\T y - y

* »

- -1 -1

s’ s st s s' s
(1) 2) (3)
' x Xt x x!
A RO T K Yz
TS .
st s st s st s
(4) (5) (6)

Figure 2.4: (1) Yo, (2) 715 (3) T-15 (4) Y25 (5)7—2v (6) Yoo

by W, € G, where

hcw]
=

(=]
i

X-1S, Wy =XT718, Wo=TXT" 1571,

W_o1 = X7ITS™Y, Woo=T"1X"ITS, We =T.

see Figure 2.4. By using a technique developed by Birman and Series [4], every free

homotopy class in G4 can be written as an integral combination of two classes in

84 = {70s Y172+ Y=1+7-2, 700}

with relatively prime non-negative coefficients. More precisely, they are

ayo + by1, ay1 + bya, ave + by,
avo + by-1, ay-1+ by-2, ay-2 + Vyeo,

41



where a,b > 0 with gcd(a,b) = 1. Let

a1

g2

o3

04

L2}

O¢

{ay-2 + by : a, b are relatively prime non-negative integers},
{ay-1 + by—7 : a, b are relatively prime non-negative integers},
{ayo + by-1: a, b are relatively prime non-negative integers},
{av0 4+ b1 : @, b are relatively prime non-negative integers},
{am1 + by2 : a, b are relatively prime non-negative integers},

{av2 + b7 : @, b are relatively prime non-negative integers}.

A result of Birman and Series [4] says that @ and 7 act on G4 "linearly”. More

precisely, if 7,7’ € o; for some ¢, and if ¢(7),(7") € o; for some j, where ¢ =

O or T, then

wlar +b7') = ap(r) + be(7'),

for any two non-negative relatively prime integers a and b.

Lemma 2.1 Let v € G4. Then the followings hold:

(1) Ix(7) = Is(7)-

(2) There is an integer k depending on v such that T*(v) € g4 whenever v # voo.

Proof: (1) follows immediately from previous discussions and the definitions of I'y (y)

and Ig(7y).
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It is easy to see that (2) holds for ¥ € U3_,0;. Let ¥ € 06 — {7c0,72}. Write
¥ = ay2 + b¥eo, @,b > 0,gcd(a,b) = 1.
There exist non-negative integers k£ and ¢ < a such that b = ak + ¢. Since
T (2 + Yoo) = 72 and T (Yoo) = Yoo
then

T75y) = a2+ oo = (@ = )2 + (12 + Yoo)

T75"%(y) T Y (a—cm+eve)=(a—c)yo+en

By a similar argument, we can prove that (2) holds for v € o7 — {Ye0,7-2}-

Q.E.D.

Now, we restrict attention to ¥ € o4, and let
W =W(y) = EiE---E, Eje{§%1% x%}, (2.1)

be a cyclic reduced word in G representing . Note that W is a loxodromic trans-
formation.

(DI XX, X"1X"1, 55 or 571571 is a subword of W, then < is not essential
or is a curve spiraling around a puncture on %, (see (1) in Figure 2.5). This is not

allowed.
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o B\ 7
T T T T T AT
s s st s st s
(1) (2) (3)

X X X X X, X
il VA AN

T T -1 H -1 .
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st s st s st s
(4) (5) (6)

Figure 2.5: (1) XX or X~1X~1,(2) T-'XT~! or X-1TX"!, (3) TXT, (4) XTX,

(5) X7ITX, (6) XT~'X-1.
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(2) By the same reasoning as above, T E~°T¢ and E<T~¢E* cannot be a subword
of W, whenever E € {5,X}, and ¢ = £1, (see (2) in Figure 2.5).

(8) f T*E*T* or E*T*E* is a subword of W, E € {S,X}, and € = %1, then 4
is not simple, (see (3) and (4) in Figure 2.5).

(4) If E~®T*E? is a subword of W, E € {S,X} and ¢,6 € {£1}, then 7 is not
simple, (see (5) and (6) in Figure 2.5).

(5) If ESTPE® is a subword of W, E € {§,X} 6,6 € {+1) and p # 0 is an
integer, then v is not simple.

From the above discussion, we have:

(1) For every fixed 1, if j is the smallest positive integer such that Ej, Eiy; €
{X%}, then j > 2, Eiy15.s Eiyjo1 € {T%,5%}, and there is a unique p € {i +
1,..,i+ j — 1} such that E, € {S*}.

(2) For every fixed 1, if j is the smallest positive integer such that E,‘,Ei_*_j €
{S*}, then j > 2, Eit1,..., Eixjo1 € {T%,X*}, and there is a unique p € {i +
1,.,i4 7 — 1} such that E, € {X*}.

(3) Ie(r) = #{j: B = B 1< <k, &= 1.

For uniformity, if X45¢ or S¢X?% is a subword of W, we write

X48° = X°T°6¢, and S°X¢ = §T0X5,
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so that W is of the form

m
H TaiSSiTﬁix& , (2.2)

i=1
where a;,8; € Z, €;,6; € {1,-1}, and m = Ix(y) = Is(v). We call a word in G of
the form given in (2) a cyclic semi-reduced word. Note that the length of a word in
formula (2.1) is equal to the length of a word in formula (2.2) if they correspond to
the same element in G.

Next we are going to find the conditions for oy, 5;,¢; and §;.

(1) If T* is a subword of W with |k| > 2, then v contains a strand joining the T-
side to the T—!-side. Since every curve in o4 contains no such strands, then |a;| < 1
and |B;| < 1 for every .

(2) If T718¢T, ¢ = +1, is a subword of W, then v contains a strand joining the
T-side to the S-side, and contains a strand joining the T-side to the §—1-side, which
is impossible for curves in o4. Similarly, TS*T~1,T-1X¢T and TXT~! cannot be
subwords of W. Thus a;8; = 0 and a;4+18; = 0 for i = 1,...,m, where ap41 = ay.

(3) Since 7 contains no strands joining the T-side to the §~!-side, and contains
no strands joining the T—)-side to the S$*-side, ¢ = +1, then 7-18~!, ST, TS* and
S5¢T-1 cannot be subwords of . Similarly, X~17-!,TX, X¢T and T-'X¢ cannot

be subwords of W. Then

a; <0, B; 20, (a; +Bi)e; £0, and (aiq1 + Bi)d; < 0.
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Proposition 2.2 Ify = ayo + by1 with ged(a,b) =1, a,0> 0, and if W(y) € G is

a cyclic semi-reduced word, then W(¥) is of the form

ﬁ T—i geihi x 6 ,

i=1

where m = Ix(v) = Is(v), €i,6; € {1,—1}, and a; and B; are non-negative integers
satisfying the following conditions:

(1) e; 1,6, <1L,a;8,=0,(8; —a;)e; €0, fori=1,...,m.

(2) aip18i = 0,(Bi — @i41)6; <0, fori=1,..,m, where am+1 = a;.
(3) Ziza(ai + B;) = b.
Proof: It remains to prove (3). From (1), a; + §; < 1. Let
k=#{i:0;+6; = 1}.
Assume that a; + 9; = 1.
gi=-1 = 0;=0,3=1=T"*§Th = 51T
ei=1 = oy=18=0=T "7k =715,

Since S™!T or T71§ is a subword of W if and only if v contains a strand joining

the T-side to the S-side, then
k= #(strands of v joining the T-side to the S-dise)
= #(strands of v joining the T~!-side to the X ~!-dise)
= b
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This completes the proof. Q.E.D.

Let Gy = G4 — {7e0}. We associate to each v € G, the integer N(7) given as

follows:
N(v) > 0 when v € 04U 05 U 0g,
N(v) £ 0 when y€o01Uo2Uo0s, and
IN(7)] = 4(strands of v joining the T"!-side and the T-side)

+#(strands of 7 joining the T<-side and the E’-side),
where €,6 € {1,-1} and F € {X,S}. Set
Gf =04Ua5U06 ~ {70}, and G = 03 Uo2U 03 — {Yoo}-

Theorem 2.3 Ify € Gy and W(x) € G is a cyclic semi-reduced word representing

v, then W(~) is of the form

H T §&i Tﬁ.’ Xé‘ ,

i=1
where m = Ix(vy) = Is(¥y), €:,6; € {1,—1}, and a; and 3; are integers satisfying the
following conditions:
(1) =1 L (i + Bi)si £0 and -1 < (aj41 + Bi)6; < 0, where amsr = ;.
(2) lail, 18i| € {a,a + 1}, where a = min{|oy}, 16| :i = 1,..,m}.
(3) Xzl + 18il) = IN ().
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(4)a;§0and,@;20when7€§j’, and a; > 0 and B; < 0 when vy € G .

Lemma 2.4 Ify € G4, then
(1) Ix(0(7)) = Ix(7), N(©(7)) = —=N(7), and

(2) Ix(T(v) = Ix (), N(T(7)) = N(v) + Ix (7).

Proof: (1) follows immediately from the definition of N () and that of Iy (7).
To prove (2), we first assume that v € G .

Case 1: If v = ayo + by1, then N(v)=b and Ix(y) =a+b.

n

T(v) am + bye,  Ix(T(7)) = a+ b= I(%),

Il

N(T(7)) a+2b=N(y)+Ix(7).
Case 2: If v = a7y + byq, then N(v) = a+ 2b and Ix(vy) =a+b.

T(v)

Il

(a+b)12 + 070, Ix(T(7)) = a+b= L),

N(T(7)) 2a+b)+ b= N(7)+ Ix(7).

Case 3: If v = ay2 + VYoo, then N(y) = 2a + b and Ix(y) = a.

T(7) a2 + (@ +0)Yor  Ix(T(7)) = a = I(7),

N(T (7))

Il

3a+b=N()+ Ix(7).

Now, let ¥ € G. Since ©7 = 710, then

T(y)=077'0(7), Ix(T(7))=Ix(7), and
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NOT™'0(7) = ~N(T71'0(7)) = =N(©() + Ix(©(7)) = N(7) + Ix ().
Corollary 2.5 Ify € G4 and k € Z, then

Ix(T*(y)) = Ix(7), and N(T*(y))= N(7) + kIx (7).

Proof of Theorem 2.3: First, we assume that v € G} — 04. From the proof of
Lemma 2.1, there is an integer & > 0 such that v’ = ’T"‘('y) € o4. From Corollary
2.5,

Ix(7) = Ix(7') and N(v)}=N(Y')+ kIx(y).

By Proposition 2.2, %' is represented by a cyclic semi-reduced word W’ of the form

m
[I T s=iTh X5,

=1

where m = Ix(y) = Ix(y"), €6} € {1,-1}, and o} > 0,8! > 0 are integers

177t

satisfying the conditions given in Proposition 2.2.

Let ¢/,6' € {1,~1} and a’ > 0,8 > 0 be integers with —1 < (' — a’)¢’ < 0.
T(T~*'$TF XYy = T-25°TAX?,
wheree =¢', 6 =6, a =o' + %(l —eNand =0+ %(1 +¢”). Tt is easy to see that
a>0,>0, and a+8=a"+ 5 + 1.

Since
B-a)e=—(f'-a)e'=1and -1<(f' -a') <0,
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then —1 < (B — a)e £ 0. Therefore, W(vy) = T(W') is of the form
H T—aiSEiTﬁi_X’tsi,
=1

with g; = (=1)kel, & =6, @; 20, B; >0,
ai+0i=ai+p+k, and —1< (8- ai; <0.

From Corollary 2.5,
m m
D (ai+Bi) = (el + Bl + k)= N(') + km = N(y).
i=1 i=1
Next, we prove that —1 < (#; — ai4+1)8; < 0 for every ;. We write
m
W(y) = H T xbip—ei gei ,
i=1

and prove that —1 < (f8; — a;)8; < 0. Let ©’ be the automorphism of G defined by
S§— X, T—T, X—86.

©’ induces a homeomorphism of T, onto itself, which is also denoted by ©’. It is
easy to see that ©'(GF) = G7. Then ©0'(y) € G, and
m
0O (W(y)) = [T A5t x—e,

i=1

Thus

=1 < (ai = Bi)(=6;) <0, orequivalently —1 < (8; —;)6; < 0.
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Prove that «;,8; € {a,a + 1}. Without loss of generality, we assume that

a = min{ai, S}, and assume that €; = 1. Then « = ;. Since

T8 =T8T, €= +1,

then
T—Z(T—aise.‘Tﬁ.‘) = 7~ {(@i=1) geip(fi=1)
and
il ] !
T2 (W(y)) = [IT-*sT% x5,
i=1

where o = a; — a,! = 3; — a. Suppose that a; > a+ 1 or §; > @+ 1 for some
i > 1. Since §{ = 0 and &; = 1, then 7~2%(v) contains a strand joining the §~!-side
to the X% -side. On the other hand, o) > 1or B> 1 implies that 7~2*(«y) contains
a strand joining the T-side to the 7'~ !-side, which is impossible since + is simple.

If v € G5, we consider the curve G(7), and then the proof is complete. Q.E.D.

Theorem 2.6 (Enumeration Theorem)

Let L : Gy — Q be defined by

N(7) ;
, 7€ 0.
Ix(v) T

L(y) =

Then LT(y) = L(7) + 1, LO(y) = —L(7),and L is bijective.
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Proof:

N(T () _ N+ Ix(7)
Ix(T(7)) Ix(7)
N©O®O) _ =NO) _
Ix(0(7))  Ix(7)

LT (v) = L(y) +1,

LO(y) —L(7)-

Let ¢ be any non-negative rational number, and let » > 0 be the integer such
that 0 < ¢ — » < 1. There exist integers a > 0,b > 0 with gcd(a,bd) = 1 such that

q—n=ﬁ5. Then

b
L(ayo+bn1) = ek Al
LT (avo+b71) = L(avo+br1)+n=g, and
LOT™avo+bn) = —LT(av +bn) = —q.

This proves that £ is surjective.

Assume that v, € G, satisfy £(7) = L£(y'). We want to show that v = 7.
Since v = v’ iff T#(y) = T*(4') for any fixed integer k, then, by Lemma 2.1, we
may assume that v = a7y + by1.

If 4’ is not in o4, then, by Lemma 2.1 again, there is an integer k& # 0 such that
Tk('Y') € 04.

LTy = L(Y)+k and 0< LT*() < 1,

then £(') is not in the interval [0,1]. This is a contradiction since L(v) = L£(7").
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Write 94 = ¢yo+dv;. By assumption, E%i = ;_brg Since ged(a,b) = ged(c,d) = 1.

then a = ¢ and b = d, and thus v = ' Q.E.D.

For every p € My, let W{y;p) € G(u) be the cyclic semi-reduced word given in
Theorem 2.3 representing . It is clear that ¢t W(vy;u) is a polynomial in p. We
will write

tr W) = aop® + a1p®™t + O(u*™?),
if the degree of tr W (7; i) is d, where O(u?~2) is a polynomial in u of degree < d—2.
Lemma 2.7 If v € G,, then
tr W(O(y)in) = tr W(vy;—u).
Proof: Let
C= ,
0 —1¢
and let @ : PSL(2,C) — PSL(2,C) be defined by
®(A) = CAC™!, for A€ PSL(2,C).

Set ¥ = $0O. By a direct computation,

YS)=S8, WT)=T, ¥(X,)=X-,.
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Then

tr W(O(7)iu)

tr O(W(v;p))
= ir 2O(W(y;p))
= tr Y(W(y;p))

= tr W(y; —p).

Theorem 2.8 (Trace Formula)

Ify e G4, then

tr W(yip) = (12 + 4N (1Y) + O(u?™?),

where m = Ix (7).

Proof: If ¢,6 € {1,—1} and « is an integer, then

g 10 1 4a 1+46u —6u?
= , T¢ = X

e 1 0 1 é 1-éu

By Lemma 2.7, we assume that v € G;’ Fori=1,...,m,let

ai(p)  bi(w)
T-igsTh X% = , and

ci(p) di(u)
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ﬁT“aiSS-’Tﬁ.‘_X‘si: Am()  Bns) ,

= Cm(p) Dm(n)

where a; > 0,8; 2 0 and >-72 (o + 3;) = N(7). A direct computatjon yields:

di(p)

a;(p) = (1-—4ae;)b;pn+ const,
bi(p) = —(1-4daie)bip® — 46i(—ai + Bi — 4aifie;)u + const,

ci(p) = eibip+ const,

Il

—ei6ip? - (1 + 4e¢;6;}8;p0 + const,

Ifm=1,

tr W{y;u) —e1614% + 4€161(—~ay — B1) + const

—£181(p® + 4(a1 + B1)p) + const

il

= —&16;(u? +4N(y)p) + const.

Applying induction on m, one can show that if m > 2, then

Am

Bm

Cm

(=)™ 11 — dogey ) Kppu®™ 1 4+ O(,u?'m"z)
(=1)™(1 - day1 ) Kpput®™ + O(p*™ 1)
(‘l)m-lﬁl\’muz’”—l + O(”2m—2)

(=)™ ey Knp®™ 4 (1) Kl + 461D ai + 3 B)I2™ 1 + O(u?™?)

=2 =1
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where

K = ([T )T ).

=2 i=1

Then

tr W(vi 1) = Am(p) + Dm() = (=1)™(J [ €:6) (™™ + 4N (1) 1) + O3 72).

=1

If y € G, , then O(y) € QI, and, by Lemma 2.4 and Lemma 2.7, we have

trWivin) = tr W(O(y);—-n)

£((=p)"™ +AN(O(M))(=p)*™ 1) + O™ %)

= (U + 4N ()P + O(u™h).

The proof is complete. Q.E.D.

2.3 'Words for Simple Closed Geodesics on Y5 and Traces

Let G =< §,T,X,Y >, let P and Q be the punctures on X5 = Q¢/G corresponding
to the fixed point of ¥ and the fixed point of §71Y, respectively, and let 7; be a
Dehn twist associated with P and @, ©; and @3 be the automorphisms of G defined

by

0, : §— 85N T—7T!' X—X, V¥V -V
O : §S—T, T—§ X—Y, Y—X,
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and T, = 0;710,. 72 is a Dehn twist associtaed with the punctures corresponding
to the fixed point of X and the fixed point of 7' X. For each j = 1,2, the action
of 7; on G is given as follows:

i §— S T—T, X—X, Y —Y"1S,

B+ §—8 T—T, X—X"IT, Y —VY.

Let vo € Gs be the curve represented by T', and 7., € Gs be the curve represented
by S, and let G5 — {Yo0y 75 }- Let GF(T) be the set of curves in G5 which contain no
strands joining the T-side the X*-side, £ = %1, and let

G5 (T) = 01(GF(T)), G5(8) = 0265 (T)), G5(S) = 01(G5 ().
As in §2.3, we associate to each ¥ € §s two integers N1(v) and Ng(v) given as
follows: Let E € {5,T}, and ¢,6 € {1,—1}.
Ng(y) > 0 whenye€ GFH(E),
Ne(y) £ 0 when y € G5 (E),
INT(v)] = #(strands of 4 joining the T~!-side and the T-side)

+#(strands of v joining the T*-side and the X?-side), and

INs(7)] #(strands of v joining the S~'-side and the S-side)

+#(strands of v joining the S$*-side and the Y°-side).

The following lemma follows immediately from definitions.
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Lemma 2.9 Ify € Gs, then
(1) 15(01(7)) = Ie(y) for E € {5,T, X,Y},
(2) Ix(©2(7)) = Iy (v), I1(©2(7)) = Is(7),
(3) N7(O1(y)) = =N1(7), Ns(01(7)) = —Ns(7),

(4) N1(02(7)) = —Ns(7), and Ns(O2(7)) = —Nr(v).

Let v € G5 and W = W () be a cyclic reduced word in G representing 7. By

the same reasoning as in §2.3, neither one of the following is a subword of 11":
‘YsXs, YE)’E, T‘S.XET'S, 56},556, XsTkXﬁ, )/551:)/5‘ TES‘sTE, 55T556

where €,8 € {1,-1}, and k£ # 0 is an integer.

If E€ {X*,T*)} and EY* (or Y°F resp.) is a subword of W, we write EY® =
ES°Y® (or Y°E = Y*SOF resp.). Similarly, if E € {Y'*, §%}, we will write EX*
and X¢F as ET°X¢ and X¢T°F, respectively. We call such a word a semi-reduced

word.

Lemma 2.10 Let ¢ = +1, and let « and B be integers, and let v € Gs and Wiy =
W le a cyclic semi-reduced word in G representing 7.

(1) If W' = E'S°Y<SPE is a subword of W and E,E' € {X*,T%}, then

~1<(a+B)e <0, a<0 B>0 wheny€GF(S), and a>0 <0 when v € G5 (.5).
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(2) If W' = E'T*X*TPE is a subword of W and E,E' € {Y*,5%}, then
~1<(a+B)e <0, a>0 3<0 wheny € GF(T), and « <0 B> 0 when vy € G5 (T).

Proof: We will prove (1). Considering 72 and applying a similar argument, (2) will
follow.

Without loss of generality, we may assume that ¢ = 1 and v € GF(S). Since v
contains no strands joining the §~1-side to the Y*°-side, then o < 0 and 8 > 0. We
rewrite W' as

W'= E'§S"*Y*SPE = E'S™*Y SPE,
where @ > 0 and 8 > 0. Suppose that 8 > a. If

7-1—20(1/1/-1) - Elysﬁ—aE

is a subword of 7;72%(W), then 7;72%(%) is not simple. Contradiction!.

Suppose that a > 3 + 1. Since
7-1—23(“/1) = ElSa—B}rE’

then ’1'1_26(7) contains a strand joining the S-side to the S~ !-side, and contains a
strand joining the Y ~!-side to the E-side with E € {T#*, X*}, which is impossible

since ’_7;"2ﬁ(7) is simple. Therefore, 3 < a <+ 1. Q.E.D.
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Remark 2.1. If E, E’ € {§%,Y*} and a and f are integers such that ET*XT9 £
is a subword of W’(’y\), then v contains |a| + |8| — 2 strands joining the T"=!-side to
the T-side whenever |a| + |4] > 2, and contains no strands joining the T~ !-side to
the T-side whenever |a| + |8] < 2. If |a| + |8] < 2, then v contains |a| + |3] strands
joining the T*-side to the X*-side, where 6, € {1,-1}.

If E,E' € {T%*,X*} and o and f are integers such that ES°Y*SPE’ is a sub-
word of W(7), then 7 contains |a|+|8| —2 strands joining the S$~!-side to the S-side
whenever |a| + |8 > 2, and contains no strands joining the §~1-side to the S-side
whenever |af + |8} < 2. If ja} + |8] < 2, then v contains |a| + | 8| strands joining the

$5-side to the Y¢-side, where 6, € {1,—1}.

Remark 2.2. If Iy(y) = 0, then v does not contain any strand joining the

§-1.side to the S-side, and thus Ns(y) = 0. Similarly, N7(y) = 0 if Ix(7y) = 0.

If Ig(y) = 0 for some F € {S,T,X,Y}, then, by Theorem 2.3, Lemma 2.10
and the above remarks, we easily get a cyclic semi-reduced word W = W(y) € G

representing 7. For instance, if Iy(y) = 0, then W is of the form
m
[I Tt x“Tm 5%,

i=1

where 6;,w; € {1,-1}, m = Ix(y) = Is(7), and t; and r; are integers satisfying the
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following conditions:
(1) =1 < (ti + ri)wi £ 0 and =1 < (tiy1 + 713)é; < 0.
(2) 1], |ri) € {t,t + 1}, where t = min{|¢;], |r| :i=1,...,m}.
(3) ZiZa([tal + |ri) = [N (v)l-

(4)t; >0 r; <0 when v € GF(T),and t; <0 7; > 0 when v € G5 (T).

In what follows, unless stated otherwise, we assume that Ix(y)Jy(7) # 0. Since
G5 (8) = 01(G(8)), and since Ix(7) < Iy(7)if and only if Iy (©2(7)) < Ix(©2(7)),

we restrict our attention to the curves v € GF(S) with Ix(v) > Iy (7).

First, we are going to find a cyclic semi-reduced word for v € Gs(v.,) N GF(S),
where G5(7.,) is the set of curves in {5 which contain no strands joining the Y -side
to the E-side for ¢ = +1 and E € {T*, X*}.

Let m = Ix(y) and » = Iy(y). By assumption, m > n > 0, and there exist
exactly n strands {,...,£, of v joining the S-side to the Y-side, there exist exactly
n strands €1, ...,£,, of 4 joining tle S-side to the Y ~1-side, and the endpoint of £; on
the ¥-side and the endpoint of £; on the Y ~!-side are identified by Y. Then there

are integers a; > 0, §; > 0 and ¢; € {1,—1}, and there exist E;, E! € {. 'i,Ti}
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such that for every ¢ = 1,...,n
E;S~iYsiSAE]
is a subword of W. Thus, W must be of the form

my
W = ﬁ S_G‘YE"S'G""V,', W; = H E;;,

i=1 j=1

Ei, Eim, € {T*,X*}, foralli=1,..,n, and
E; e {8%,T%, X%}, foralll<j < m;ifmi>2.

Also, we require W; to be a semi-reduced word for each :. Since m > n, then, for
every i = 1,...,m, there exists a j € {1,...,m;} such that E;; € {X%}.

To find W;, we define reduced words representing (simple) subarcs of ¥ as follows.
Let W = E; --- E}. be a cyclic reduced word in G representing . Note that & > 1.
Let p and ¢ be any two integers with 1 < p < kand 1 < ¢ < k. For each
J € {1,....,q}, there is a strand {; of v joining the E;,_lj_l-side to the E,;-side. The

union of these strands £4,...,£; projects to a subarc v’ of y. We will use
W= EyEpi1 -+ Epyg

to represent ¥, where Ep ;= Eppj_r if p+j > k.
Now, we first assume that W, is a reduced word for each ¢ = 1,...,n. Note that

W; is always followed by S~ since ajy; > 0 for each i. Consider the subarc Yi
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Figure 2.6:

represented by the reduced word
W; = Sw;571.

We may define Ix(7;) and Iy (;) as before. It is clear that Ix(v;) > O and Ly () =0
for every 1.

To simply notations, we write for every fixed ¢
W; = SE -+ - E,§L.

Let ¢ be the strand of v; joining the S~1-side to the E;-side, £ be the strand of v’
joining the E;!-side to the §~!-side, P and P’ be the endpoints of £ and £ on the
S~1.side respectively, and @ and Q' be the points on the S-side identified with P
and P’ by S respectively.

Assume that 4; meets the S~ !-side at k points, and we label these points

Py,..., Py so that P; lies "below” Pjyq, j = 1,...,k — 1, see Figure 2.6. Then v;
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meets the S-side at k — 2 points.

Claim : {P,P'} = { P, P;}.

Proof of the Claim: The claim is clear if ¥ = 2. Assume that & > 2, and let
Q},-,Q%_, be the points on the S-side where 7; meets. Since the arc represented
by ES®E' with |a| > 1 and E,E' € {X*,T*)} is not simple , then ¥; contains no
strands joining the S-side to the S~'-side. Since Q is the endpoint of some strand
of v joining the E-side to the S-side with E € {§~!,Y*}, then @’ must lie above
Q, and then P € {P;, P;}.

If Q) lies below Q' for some j, then + is not simple since W; is followed by §—1
or Y¢, and since @} is the endpoint of some strand of ; joining the E-side to the
S-side with E € {X*,T*}. Thus P’ € {P,,P,}. This completes the proof of the
claim.

Let
) Q' when P, =P,
Q=
@@ when P, = P.
Let £ be the strand of 4; with endpoint P;, and Q be the other endpoint of £ on the

E-side for some E € {X*,7T%}. Since 7; contains no strands joining the ES-side

to the Y*-side, where §,¢ € {1, 1}, then there is a strand ¢ joining Q to Q which
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is disjoint from all the strands of 4; perhaps except £. Let 4; be the curve on T
obtained from +; by replacing f by £. Then 4; is a simple closed curve in G5 with
Iy(%:) = 0 and Ix(¥:) = Ix(7). 4% is represented by a cyclic semi-reduced word 1¥;

of the form
m]
W = [ T xwsTmi 5%,
Jj=1

where m] = Ix(4i) = Ix(v), and tj;,7i;,w;; and §;; are integers satisfying the
conditions in Theorem 2.3. Let %; be oriented so that 7(Q) is the endpoint and
the orientation of 4; is determined by the oriented arc with starting point 7(Q) and
endpoint W(Q), where 7 is the canonical projection of the fundamental domain of
G onto ¥5. We may write W,- so that W,- represents the oriented closed curve 4;.
Then 6,',,15 =1, and
-~ ~ m‘
Wi = S(J] 7% x5 17 §%)8-1,
Jj=1
where 6im; = 0 and 6;; € {1,-1},1 < j < m;, and thus
n my
W =] s~y g8 (] Tt X< §%)
1=1 j=1
Theorem 2.11 Let vy € Gs, and assume that Ix(y)Iy(y) # 0.
(D) If Ix(y) 2 Iy (y) = n, then v is represented by a cyclic semi-reduced word
W(v) of the form
n my
W(y) = [ sy sh(J] T4 XwiTms §%),
i=1 j=1
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where €;,w;; € {1,-1}, m; > 0, and a;,B;,ti;,7;; and §;; are integers satisfying the
following can;litz'ons:

(1) Ximi =Ix(v), bim; =0. If mi > 1, then §;; = £1 for 1 < j < m;.

(2) =1 < (o + Bi)ei £0; ||, |Bil € {a,a + 1}, where @ = min{|e;l,|3:] : 1 <

i< n} Tl (lal +18d) = [Ns(7)l;

ai < 0, B; >0 for all i when v € GF(S), and

o 0, B; <0 for all i when v € G5 (S).

v

(3) =1 < (i + rij)wi; < 07 |tijl, Iriz] € {t,t + 1}, where t = min{|t;;], |ri;] : 1 <

<0, 1< J < medy 2y D58 (] + 1risl) = [N ()l

IA

tij 0, i 20 foralli,j when vy € G5 (T), and

tii; > 0, r; <0 foralli,j wheny € Q'g'(T).

(I1) If Iy(v) = Ix(y) = m, then v is represented by a cyclic semi-reduced word

W(v) of the form

W(v) = H fl“t‘.’(“"T“(H Seijyei; Sﬂl‘jT&l‘])’
i=1 j=1
where &ij,w; € {1,~1}, n; > 0, and t;,7i, 045, ;; and 6;; are integers satisfying the

Jollowing conditions:

(1) XiZini = Iy (), bin; =0. If n; > 1, then ;5 = 1 for 1 < j < n;.
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(2) -1 < (ti+r)w; 05 Jti],|mi] € {t,t+1}, wheret = min{jt;],|ri| : 1 < i < m}:
iy ([t:] + [ril) = [N ()l
ti £ 0, 720 foralli when~v € G5 (T), and

t; = 0, 7 <0 for alli when v € GF(T).

(3) =1 < (ayj + Bijeij < 0; |ejl, |8ij] € {@,a + 1}, where & = min{|a;;|, |8,

1S < 0}y S S (le! + 1851) = INs(1);

IA

0, Bij >0 for alli,j wheny € G (S), and

ajj 2 0, Bi; £0 foralli,j when vy € G5 (5).
Remark 2.3: If Ix(v) = Iy (y) = n, then

W(y) = [[ §Y §ATH X,

i=1

Proof of Theorem 2.11: Let y € GF(S) with Ix(y) > Iy (y) = n, and W be a
cyclic reduced word in G representing 7. There are exactly n integers ¢; = +1, and
there are E;, E] € {S%,X%,T*} such that E; # S, E! # §71 and E;YSE! is a
subword of W. Consider the image of E;Y ¢ E! under 7.

THEYSE) = EiST'YSSE],
then 7;2(y) € Gs(7.,), and thus

712("V) — H S*ai)fsisﬁi(ﬂ Tt.j‘x'w.'jTr.-]S&.-j),

i=1 i=1
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and
n ] ’ T
W =[] §~vesf([] T X T %),
i=1 j=1
where o} = a; — 1 and B/ = f; — 1 for i = 1,..,n. Since a; > 0, B; > 0 for all 4,
then o} > 0, B> 0 for all <.

I v € G5 (S) and Ix(v) 2 Iv(7), then ©1(7) € GF(S) and Ig(01(7)) = IE(7)
for £ € {X,Y}. f Ix(v) < Iy(y), then Ix(03(7)) = Iy(y) 2 Ix(7) = Iy (©2(7)).
Therefore, every curve 7 in Gs with Ix(7)Iy(y) # 0 is represented by a cyclic
semi-reduced word in G of the form given in (I) or (II).

To complete the proof, we have to show that |a;|,|8:] € {a,a + 1} if v is rep-
resented a word given in (I), where a = min{|a;|,|0;| : 1 < ¢ £ n}. Note that the
other conditions for a’s, 8's, t’s, r’s, §’s, €’s and w’s follow from Lemma 2.10 and

Remark 2.1. Without loss of generality, we assume that v € GF(S), and assume

that ¢ = min{|a;|,|01]} and &1 = 1. We write

n mg
W =[] s~*y=so(J] T X“ T 5%), a;, Bi >0 for all .

=1 7=1

If n = 1, we are done. Assume that n > 1. Since ¢ = 1 and (61 — a1)c1 < 0, then

a = (1. Suppose that there is an ip > 1 such that max{ai,,B8i,} > o + 1.

n my
T72(W) = [ s~y sA(T] T xwo T §%),

i=1 i=1

where a} = a; — a and f! = 3; — a, for all i. Let 4’ be the curve in G5 represented
by 7;72%(W), or equivalently, v/ = 77%%(). Since B, = By — a = 0, then 4/ has a
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strand joining the Y ~!-side to the E-side for some E € {X*,T*}. On the other
hand, max{a/,8! } > 1, then 4’ has a strand joining the S-side to the §~!-side.

Contradiction! Q.E.D.

As a consequence of the proof of Theorem 2.11, we have the following corollary.

Corollary 2.12 Let Homeo(Zs) be the group of all homeomorphisms of 5 onto
itself, and let I' =< T1,7; > be the subgroup of Homeo(Xs) generated by Ty and Ts.

If v € Gs, then there is a ¢ € T depending on v such that

|INT((7))] > 2 whenever Ix(y) > 0, and

[Ns((y)

v

2 whenever Iy (v) > 0.

Now, we are going to compute the high order terms of tr W(vy; u,v), where (u,v)
is in M5 and W(7y; u,v) is the cvclic semi-reduced word in G(p, ) given in Theorem

11 representing 7 € Gs. For simplicity, we write
F(ysp,v) = tr W(y;,v) = a1pPv? + aqu? ™09 + agpPv?™1 + O(p + ¢ - 2),

where a; # 0, a; and a3 are integers, and O(p + ¢ — 2) is a polynomial in g and
v with degree < p+ ¢ — 2. We call a1uPv? + auP~ 9 + aguPr?~? the high order
terms of F(y;u,v).

Lemma 2.13 Ifv € Gs with Ix(y)=m and Iy(y) = n, then
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(1) F(01(7)in,v) = F(7; —p, —v),

(2) F(©2(7)iu,v) = Flvi =20, —p/2),

@) F(Ti(v)iw,v) = (=1)"F(yipv + 1),

4) F(TT (Mipav) = ()M Flyipv = 1),
(8) F(T2(y);p,v) = (=)™ F(7ip = 2,v),and
(6) F(T; ' (1) mov) = (1) F(v; 1 + 2,0).

Proof: Let

i 0 0 -2
Cl‘—' and CZ': Py

0 —i =~ 0
and let ®; : PSL(2,C) — PSL(2,C) be defined by
B;(A)= CjACJ-"l, for all A € PSL(2,C).

Set ¥; = ®,;0;. By a direct computation, we have:

v;(8)

S, V(T =T, ¥1(X,)=X_,,
Ui(Y,) = Yoo, Ua(Xy)=Xog, Uo(¥)=Y_,).

By a similarly argument as in the proof of Lemma 2.7, (1) and (2) follow.

Since
i+ §—8 T—T, X, —X,, Y, —Y LS5
TV : §— S8 T —T, X,—X,, Y, — SY,
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and

S},u—l = _},u—lv Yu_ls = '—)’U+17
then (3) and (4) hold. From (2) and (3),

F(T(7);u,v) = F(’.GOz(v):—%,:;—‘)

(=)D F(@y(y); ~2v, £ +1)

(=)™ F(y;p = 2,v).

The following proposition is an immediate consequence of Theorem 2.8, Lemma

2.9 and Lemma 2.13.

Proposition 2.14 Let vy € G5, Ix(7) = m and Iy () = n.
(1) If n =0, then F(y;p,v) = £(u*" + 4Ng(7)u?™ 1) + O(p*™2).

(2) If m =0, then F(v;u,v) = £4™(1?" + 2Ng(yw? 1) + O(v*—2).

Now, we consider the case where Ix(y)Iy(v) # 0. Let Ix(7) = m and Iy (v) = n.
Assume that m > n and y € G5 (T'). Write
n

W =W(y) =[] s¥Yss%(]] Tt XwiTmi5%),

=1 1=1
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where t;;, r;; > 0. Note that

Nr(7)=-)_ z(tsj +1ij) Ns(7) =D (6i — ).
i=1j=1 =1

For t,r > 0, w,d,¢ € {1,—1} and integers &, (3, we have:

wi+1—4tw —wp?+4(t + r)wp + const.

T—twar =
w —-wi + 1+ 4rw
Sa},SSﬂ 2ev + 1 + 45ﬂ 4e
—ev? 4+ 2(a - B)v + const. —2ev+ 1+ 4ea
t ywpr g6 —wép? + (1 4+ 4(t + r)é)wpu + const. —wp? + 4(t + r)wop + const.
T'X =

~wdu + const. —wit + 14 drw
Fori=1,..,n,let £ = w;; when m; =1, and

mi-1

£ = (H wi; )( H 6;;) when m; > 1,
Jj=1 i=1

Ai = 4Z(t,’j + 74;), and

i=1

my
Wi = [] 7% xwoTma 5% =
i=1 ci(p) di(p)

If m; =1, then
ai(p) = &(p+ const.) = &(;ﬂm-’—l + )

—&(#2 — Aip + const.) = —§,~(/ﬂmi - ,\m2m-“1 +--1)

bi(u)

73



) = &= &)
di(p) = —&(u+ const.) = —£(p?™ 1 4.0,

By induction, one can show that for m; > 1

ailk) = (~1E(=pPmT 4 )
bi(n) = (___1)m.'§i(u2m.' _)\iﬂZm.‘—l_{_.”)
ci(p) = (m1)™g(-pP™24 ..

di(n) (=)™&(E*™ 4 -0),

it

For every i = 1,...,n, let

goiyegsy, = | H0er) W)
&(p,v) di(p,v)

and for every n let

ﬁ Sa‘},ﬁisﬁiiv- _ An(,u" V) Bn(/l,l/)

=1 Cu(ptsv) Da(p,v)
Then

dega; = 2m;, deg i),' = 2m; + 1 = degé;, (z,' = 2m; + 2, and
di(p,v) = (=1)™ e i(v2p?™ — A ™l L 9B — e )™ 4 -,

and, by applying induction again, we have

n
deg An(pt,v) = 2(n—-1)+2> my,

i=1
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deg Bn(p,v) = 2n-1+4 2Zm; = deg Cp(p,v),

=1

2n+22n:m,-,

=1

deg Dn(p,v)

i

and the high order terms of D, (u,v) are determined by

II di(p,v) = T[(-D)™ e (2™ = A ™71 4 2(8; — oo™ + - ).

=1 i=1
Since F(y;p,v) = Ap(pt,v) + Do(p,v) and deg A,(p,v) < deg Dp(p,v) — 1, then
the high order terms of F'(y;u,v) are determined by D, (u,v).

For any two polynomials

f(N,V) = apfr? + ag,u”‘lu" + agupuq—l F-ee,

g(,u,u) = blﬂp,l/ql + bgﬂp,_lllq, + b3lupll/ql—1 g,
the high order terms of f(u,v)g(u,v) are
arby PP I 4 (arby + aghy )PP T WY 4 (agbs + aghy )Pt LI,

then we have

F(ripv) (2™ = QM 423 (B — et 4 )
i=1

i=1

i(ﬂng2n+4NT(’)’)/J,2m—1U2n+2N3(‘)’)ﬂ2ml/2n—1 +)

By Lemma 2.9 and Lemma 2.13, the above trace formula also holds fory € G (T)

with Ix () 2 Iy(v). Assume that n = Iy(y) > Ix(y) = m. Then, by using Lemma
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2.9 and Lemma 2.13 again,

F(02(7)i =20, )

F(vy;p,v)

:t4"_m(p,2m1/2" + 4NT(7)#2m—-lU2n o+ 2N5(')’)[J2ml/2n_l 4. )

Summarizing the above discussions together with Proposition 2.14, we have the

following theorem.

Theorem 2.15 (Trace Formulae)
Let v € Gs, Ix(7) = m, and Iy(y) = n. For (u,v) € Ms let W(y;pu.v) be the
cyclic semi-reduced word in G(u,v) given in Theorem 2.11 representing 5.

(1) If m > n, then
tr W(vim,v) = ("0 + ANT(y)u*" 702" + 2Ns(1)p® v 4 -00).
(2) If m < n, then

tr W(yip,v) = A" (P02 + AN(7)p? " 2 4 2N ()R  4),
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Chapter 3

Pleating Varieties

3.1 F-Peripheral Subgroups

For 7 € My, let Qo(7) = Qo(G(7)) be the unique invariant simply connected com-
ponent of G(7), and let Q(7) = Q(G(7)) and A(r) be the limit set of G(r). Then
A(T) = 0Q0(7).

Let C(7) be the convex hull of A(7) in H3UC, and 9C(7) be the boundary of C(7)
in H3. Since G(7) is not Fuchsian, then, by using the nearset point retraction with
respect to C(7), one can prove that there is a one-to-one correspondence between
the connected components of dC(t) and the components of G(7) [11]. If aC’ is
a connected component of JC(7) corresponding to a component ' of G(7), then

the stabilizer of 9C’ in G(7) is exactly the stabilizer Stab(f') of Q' in G(7), and
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aC'/ Stab(Y') is homeomorphic to Q'/Stab(Q’) [11].

Let dCo(7) be the connected component of dC(r) corresponding to Qg(7). and
T(r) = 8Co(7)/G(r). (7) is homeomorphic to K,.. dCo(7) is a disjoint union of 2-
dimensional submanifolds of H® and geodesics, and dCo(7) carries an intrinsic metric
with respect to which dCy(7) is a complete hyperbolic surface, (see [6] : 1.5.1, 1.6.3
and 1.12.1). Thus, by [5] Lemma 5.1.4, £(7) is a pleated surface and the pleating

locus pl(T) of X(7) is a geodesic lamination X. We call
P(A) = {r € My :pl(T) = A}

the pleating variety associated with M.

If 7 € My, then pl(7) is a simple geodesic. If 7 € M5 and if every leaf of pl(7) is
a simple closed geodesic, then pl(7) is a simple closed geodesic or is a disjoint union
of two simple c‘Iosed geodesics.

Let v be a simple closed geodesic on (7). Assume that (7) is only pleated
along 7, i.e. pl(t) = v. v divides £(7) into two connected components L;(7) and
Bo(7) with v as their common boundary. For each j = 1,2, let ij(r) be a connected
component of the lift of £;() to H3, H;() be the stabilizer of £;() in G(r), and
IT; be the hyperplane in H2 containing f,j(r). Since .‘ij(r) is invariant under H;(7),
then II; is invariant under H;(7), and H;(7) is Fuchsian. By convexity, C(7) lies

entirely in one of the closed half spaces in H3 U C bounded by II;, so does A(T).
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Thus one of the two open disks, A(H;(T)), bounded by the circle where II; meets
C is disjoint from A(r). H;(7) is called an F-peripheral subgroup of G(1).

In general, if G is a Kleinian group but not Fuchsian, if H is a Fuchsian subgroup
of G, if C is a circle containing the limit set of H, and if one of the two open disks, sav
A, bounded by C is disjoint from the limit set of G, then H is called an F-peripheral

subgorup of G, and A is called a peripheral disk of H.

Proposition 3.1 Let G be a Kleinian group but not Fuchsian. Then every Fuchsian

subgroup of G has at most one peripheral disk.

Proof: Let H be a Fuchsian subgroup of G, and let A; and A, be two distinct
peripheral disks of H. Let C be the circle containing A(H). By the definition of
peripheral disks, 9A; = C, and A; C G), then A(G) C C, which is impossible

since G is not Fuchsian. Q.E.D.

Let G be a Kleinian group but not Fuchsian. If H is an F-peripheral subgroup
of G, then, by Prposition 3.1, the peripheral disk of H is unique, which is denoted
by A(H). It is clear that H is an F-peripheral subgroup of G if and only if AH A™!
is an F-peripheral subgroup of AGA™! for each M&bius transformation A. More-
over, if H is an F-peripheral subgroup of G and A is a Mébius transfromation, then

A(AHAY) = A(A(H)).
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Let 7 € Ms, and assume that pl(r) is a disjoint union of two simple closed
geodesics 1 and ;. 71 and 7, divide () into three connected components T;(7),
¥o(r) and E3(7), where £;(7) is a sphere with two punctures and one hole for j = 1
or 2, S3(7) is a sphere with one puncture and two holes, and v; is the common
boundary of X;(r) and Z3(r). For each j € {1,2,3}, let £;(r) be a connected
component of the lift of T;(7) to H3, and let H;(r) be the stabilizer of .‘:‘,j(r) in
G(7). Then, by the same reasoning as above, H;(7) is an F-peripheral subgroup of

G(r) for each j.

Proposition 3.2 Let 7 € My, and let v € G, represented by a lozodromic transfro-
mation W € G(7). If pl(T) = v, then there ezist non-accidental mazimal parabolic
transformations P;, j = 1,...,n such that:

(1) The cyclic subgroups < r; > and < Py > are not conjugate in G(7) whenever
J and k are distinct intergers in {1,...,n}.

(2) PP, and P3--- P, are conjugate to W in G(71).

(3) The two subgroups Hy =< P1,P; > and Hy =< Ps,..., P, > of G(7) are
F-peripheral with peripheral disks Ay and Aj, respectively. Ay/H, is a sphere with
two punctures and one hole, Ay/Hy is a sphere with n — 2 punctures and one hole,

and the boundary curves of the holes are .
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Proof: Let ©1(r) and 2(7) be the two connected components of £(7)—+. Then one
of them is a sphere with two punctures and one hole, say £;(7), and the boundary
curve of the hole is v, and thus Z;(7) is a sphere with n — 2 punctures and one hole,
and the bouﬁdary curve of the hole is 7.

On X;(7), we can find simple loops w; and w, based on the same point on T(7)
such that each of them encloses exactly one puncture of £,(7), and such that w; -w,
is freely homotopic to . Let P; be the non-accidental maximal parabolic transfor-
mation in G(7) corresponding to the homotopic class in 7y (X(7)) represented by
wj, j = 1,2. Then PP, is conjugate to W. Similarly, there exist non-accidental
maximal parabolic trasformations Ps,..., Py in G(7) such that each of them corre-
sponding to one of the puncture of ¥(7), and no two of them are conjugate in G(r),
and such that P3--. P, is conjugate in G(7) to W. We have shown properties (1)
and (2).

Let £;(7) be the connected component of the lifc of 2;(r) in H® with stabilizer
H; in G(r) for j = 1 or 2. From previous arguments, we know that H; is an

F-peripheral subgroup of G(7). Q.E.D.

Proposition 3.3 Let (u,v) € Ms, and let v1, 7, € G5 be represented by lozodromic
transfromations W1, Wa € G(p,v). If 1 and 2 are disjoint, and if pl(p,v) = 3 U

Y2, then there exist non-accidental mazimal parabolic transformations P;, j = 1,...,5
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such that:

(1) The cyclic subgroups < P; > and < P, > are not conjugate in G(u,v)
whenever j and k are distinct intergers in {1,2,3,4,5}.

(2) PP, is conjugate to Wy in G(1), PyPs is conjugate to W, in G(7), and
P3 Py Ps is conjugate to Wy in G(7).

(3) The subgroups Hy =< Py, Py >, Hy =< Py,Ps > and H3 =< P3,W; > of
G(1) are F-peripheral with peripheral disks Ay, Aq and Ag, respectively. A,/ H;
is a sphere with two punctures and one hole,and the boundary curve of the hole is
v1. A2/ Hy is a sphere with two punctures and one hole, and the boundary curve of
the hole is vy. A3/ Hgs is a sphere with a puncture and two holes, and the boundary

curves of the holes are v and 7,.

Proof: 71 and 7, divide E(r) into three connected components, two of them, say
Z1(r) and Z3(7), are spheres with two punctures and one hole, and the bouudary
curves of the holes are 4; and +;, repectively, and the other connected component,
say ¥o(7), is a sphere with one puncture and two holes, and the boundary curves of
the two holes on ¥o(7) are 41 and 73.

By a similar argument as in the proof of Proposition 3.2, there exist non-
accidental maximal parabolic transformations P;, j = 1,2,4,5 in G(7) such that:

(1) Pr and P; correspond to the two punctures of £,(7), respectively, and P, P,
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is conjugate to Wy, and

(2) P4 and Ps correspond to the two punctures of $3(7), respectively, and PyPs
is conjugate to W,

There is a non-accidental maximal parabolic trasformation Pz in G(7) to the
puncture of ¥p(7), and there is a loxodromic transformation W' in G(7) conjugate
to W, such that P3W' is conjugate to Wj. After conjugating W' in G(7), we may

assume that W' = Py P;. Q.E.D.

Let 7 € My, and let v € G, be represented by a loxodromic transformation
W in G(7). Then there exist non-accidental maximal parabolic trasformations
P;, 7 =1,...,n such that these transformations satisfy the properties (1) and (2) in

Proposition 3.2. After conjugations in G(7), we may assume that
P1P2 = "7 = P3"'Pn.

Let Hi(T) =< Pi,P; > and Hy(7) =< Ps,..., P, >. It is easy to see that G(7) =<
Hy(r),Hy(7) >. We call [Hq(7), H2(T)] a decomposition of G(7) associated with 7.
If II;(7) and Hy(r) are F-peripheral, then we call [H1(7), Ho(7)] an F-peripheral
decomposition of G(7) associated with 7.

Let (u,v) € Ms, and let v, and v, be two disjoint simple closed geodesics

on X(u,v) represented by loxodromic transformations ¥, and W, in G(u,v), re-
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specively. Then there exist non-accidental maximal parabolic trasformations P;, j =
1,...,5 such that these trasnformations satisfy the properties (1) and (2) in Propo-

sition 3.3. After conjugations in G(u,»), we may assume that
P1P2 = IV] = P3P4P5, and P4P5 = I’Vz.

Let Hy(u,v) =< P1, Py >, Ho{p,v) =< Py, Ps >, and Ha(u,v) =< P3,W; >. Tt is

easy to see that G(u,v) =< Hy(p,v), Ha(p,v), Ha(u,v) >. We call

[Hl(,u.,V),Hz(;t,V),Ha(p,l/)]

a decomposition of G(u,v) associated with vy, vo. If Hy(p,v), Ho(u,v) and Ha(p,v)

are F-peripheral, then we call

(Hy(p,v), Ha(p,v), Ha(p,v)]

an F—perip‘heral decomposition of G(7) associated with 1, 72.

Now, we may restate Proposition 3.2 and Proposition 3.3 as follows:

(1) If pl(T) = 7, then there is an F-peripheral decomposition of G(T) associated
with v.

(2) If pl(p,v) = 71 U 7o, then there is an F-peripheral decomposition of G(u,v)

associated with vy, .

Modifying the proof of Proposition 3.6 of {10} we obtain:
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Proposition 3.4 (A Chacterization of Pleating Varieties)

(1) Let T € M, and v be a simple closed geodesic on I(t) represented by a
lozodromic transformation W € G(1). Then pl(t) = ~ if and only if there is an
F-peripheral decomposition of G(r) associated with .

(IT) Let (u,v) € Ms, and 71 and vy, be two disjoint simple closed geodesics on
E(u,v) represented by lozodromic transformations Wy, Wo € G(u,v), respectively.
Then pl(p,v) = v1 U v; if and only if there is an F-peripheral decomposition of

G(u,v) associated with 1, 2.
By the same arguments as in [10] Lemma 3.3 and Lemma 3.4, we have:

Lemma 3.5 (I) Let 7 € M,, and v be a simple closed geodesic on (1) repre-
sented by a lozodromic transformation in G(r). Let [Hy,H;) be an F-peripheral
decomposition of G(t) associtaed with v, let II; be the hyperplane in H? that meets

C in A(Hj), and let N(H;) be the Nielsen region for H; acting on II;. Then
K(H_j)ﬂ A(T) = A(H;), and N(H;) is precisely invariant under H; in G(7) for
j=1,2.

(II) Let (u,v) € Ms, and v1 and 72 be two disjoint simple closed geodesics
on L(u,v) represented by lozodromic transformations in G(u,v). Let [Hy, Ha, H3)

be an F-peripheral decomposition of G(p,v) associtaed with ¥y, v, let II; be the

hyperplane in H3 that meets C in 0A(H;), and let N(H;) be the Nielsen region for
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H; acting on 1I;. Then A(H;) N A(T) = A(H;), and N(H;) is precisely invariant

under H; in G(r) for j =1,2,3.

Lemma 3.6 Let 7 € My, and let H be a non-elementary F-peripheral subgroup of
G(7) containing a lozodromic transformation W € G(r). If W represents a simple

closed geodesic v on (1), then A(H) C Qo(7).

Proof: Since A(H)N A(r) = 0, then A(H) is contained in a component of G(7).
Suppose that A(H) is not contained in Qo(7).

There exist components £, ...,2,—2 of G(7) such that every non-invariant com-
ponent of G(7) is conjugate to exactly one of the components Qy, ..., Q,,_2, and each
one of them is precisely invariant under its stabilizer in G(7), (cf. Chapter 1). Let
G; be the stabilizer of Q; in G(7).

Without loss of generality, we assume that A(H) C ;. Since
W(Q)NU DOWAH)NU = AH)NQ, # 0,

then W € Gy, which is impossible since Ix (y) # 0 or Iy(y) # 0, see §2.3. Q.E.D.

Proof of Proposition 3.4: We will prove statement (I) of Proposition 3.4. By
a similar argument, statement (II) of Proposition 3.4 will follow.
Using the notations given in Lemma 3.5, JA(H;) and A(H,) meet at the fixed

points of W, then II; and II, intersect in the geodesic in H® joining the fixed points
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of W. A(H;)n A(r) = 0, then, by convexity, C(7) is contained in one of the two
closed half spaces bounded by II;. This proves that II; is a support plane for C(7),
and thus v C pl(7).

From Lemma 3.5, N(H;)/G(7) = N(H;)/H;. N(H1)/G(r) is a sphere with two
punctures and one hole, N(H3)/G(7) is a sphere with » — 2 punctures and one hole,

and the boundary curves of the holes are 4. From [1] Theorem 10.4.3,

Area(N(Hy)/G(T)) = 27, and Area(N(H,)/G(7)) = 2(n — 3)x.

From Lemma 3.6, N(H;)/G(r) C Z(7), then X(7) has area at least 2(n — 2)r.

Bers’ first area inequality [7] implies that

Area(Q(r)/G(7)) < 4(n — 2)x.

Q(7)/G(7) contains n — 2 thrice punctured spheres, and the area of a thrice punc-
tured sphere is 27, then X(7) has area at most 2(n — 2)x, and thus Area(Z(7)) =
2(n — 2)7w. Therefore, S(7) is obtained from gluing N(H,)/G(r) and N(H,)/G(r)

along v. Hence, pl(7) = 7. Q.E.D.

At the end of this section, we state a proposition that we will need later; for the

proof see [10] Propsition 3.1.

Proposition 3.7 Let 7 € M, and let H(mo) be a finitely generated F-peripheral
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subgroup of G(7o) with peripheral disk Ag. Suppose that
—A—aﬂ A(T’o) = A(.H(To))

Let 7(t), 0 < t < €9, be a path in M, with 7(0) = 79, and such that H, = H(7(1))
is a Fuchsian subgroup of Gy = G(7(t)). Then there is an ¢ < gq such that II, is an

F-peripheral subgroup of G; for everyt with0 <1t <e.

3.2 Pleating Varieties in M,

In this section, we shall restrict our attentions to the pleating varieties P(y) with
v € G5 — {Yoo} = G4. From Theorem 2.6, we may identify geodesics in G, with
rational numbers, and we shall write P(q/p) = P(v), where N(y) = ¢, Ix(y) =
p > o, and ged(p,q) = 1. For p € My, let W(y;u) = W(g/p;pn) € G(1) be the

semi-reduced word given in Theorem 2.3 representing ~.

Proposition 3.8 Let v € G4, and let [H1(#),H2(u)] be a decomposition of G{(u)
associated with v. Then Hj(u) is Fuchsian if and only if W(y;u) is a hyperbolic

transformation, and thus

Ply) C {p € My tr W(y;p) is real and |tr W(y;u)| > 2}.
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Proof: There exist non-accidental maximal parabolic transformations P;(u), j =

1,2,3,4 such that
Hi(p) =< Pu(p), P2(p1) >, and Ha(p) =< Pa(u), Ps(p) >,
and such that

Pi(p)Po(p) = gW(y;p)g™ = Ps(u)Ps(p) for some g € G(u).

Since W(y; i) is loxodromic, then W(y; ) is hyperbolic if H;(u) is Fuchsian. Con-

versely, if W(~v;p) is hyperbolic, then, by Lemma 3.9, H;(x) is Fuchsian. Q.E.D.

Lemma 3.9 Let H be a Kleinian group generated by two parabolic transformations

A and B. Then H is Fuchsian if and only if ir AB is real.
Proof: Let g be the M&bius transformation such that

A(z) = gAg Y (z) =z +1, and B(z) = gBg~l(2) = be C-{0}.

It is clear that H is Fuchsian if and only if # = gHg~! is Fuchsian. A direct
computation gives tr AB =2+ b. If tr AB = tr AB is real, then b € R — {0}, and
thus H € PSL(2,R). Q.E.D.

Example 3.1. Consider P(v) = P(0), where ¢ is represented by X",’lS =
W(u). Since tr W(p) = 2 4 p?, then W(u) is hyperbolic if and only if 1 = iy with
y> 2.
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For every y > 2, let Hy(iy) =< S,Xi’y1 > and Ho(iy) =< T7'8.X7 1T >.
Then H,(iy) and Hq(7y) are Fuchsian subgroups of G(iy), and [H1(iy), Ha(iy)] is
a decomposition of G(iy) associated with 9. Next, we will prove that H;(iy) and

H,(iy) are F-peripheral. Hence,
PO)={iy : y>2},

by Proposition 3.4.

Let C;(iy) be the circle containing A(H;(iy)). We will prove that C;(iy) is a
round circle. Let A;(iy) be the open disk bounded by C;(7y) which is a bounded
subset of C. We are going to prove that H;(iy) is F-peripheral by proving that there
is fundamental set D;(iy) for H;(iy) acting on A;(iy) so that D;(iy) C Qo(iy)-

Since C;(iy) passes through the fixed points of S and X, and is orthogonal to

the isometric circles of 5, S™1, X;, and X7}, then

1y °
; i i
Cy(iy) = {~;|.~__2y.|__} and Ay zy)—{~:|z—i2zi|<%}.
Similarly,
Coliy) ={z: ]z - 2’r—)l“—} and Aqg(iy) = {z:|z - ~ (24 )|< }

It is easy to see that Cj(iy) and the isometric circles of S, §71, X, and \'l;
bounded a fundamental set Dy(iy) for H;(iy) acting on A,(3y), and D;(zy) C Qo(iy).
Hence, Hy(iy) is F-peripheral. Similarly, Ha(iy) is F-peripheral.
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Proposition 3.10 Let n be any integer. Then P(n) = {-2n+iy: y > 2}.

Proof: tr W(l;u) = tr T715X, = —(p + 2)% — 2, then W (1;u) is hyperbolic if and
only if u = -2+4+14dyand y > 2. For u = =2 4+ iy with y > 2, let H,(-2 + iy) =<
T-15,X_24iy > and Ho(=2+1y) =< T™1ST, T~ X _44;y >. By a similar argument
as in Example 3.1, we can prove that H1(—2+ iy) and Ho(-2 + iy) are F-peripherz;l

subgroups of G(—2 + iy), and thus
P(l)y={-2+1iy: y>2}.

Let n be any integer > 2. By applying induction on n, we have

T-k-18T*X, whenn=2k+1,k>1,
W(n;p) =
T-*S-1T*X, whenn =2k, k> 1,

and tr W(n;u) = (=1)*[(¢ + 2n)? + 2]. Then W(n;u) is hyperbolic if and only if
uw=—2n+1iyand y > 2.

On the other hand, for p = —2n + iy, we have:

T“"'X;yT"' when n =z 2k, k > 1,
X, =
T"‘".“(,-—le"+1 when n =2k + 1, k> 1,

and

T-k81X,;,T* when n = 2k, k > 1,
W(n;p) =
T“""'l.S'Xz-;lT""H when n=2k+1, k> 1.
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For u = —2n + iy with y > 2, let

< T-k5-1Tk, T=%X;,T* > when n =2k, k> 1,
Hy(-2n+1y) =
< P=k=1GTRH, T=F-1X 1T > whenn=2k+1, k> 1,

and
< T-kg-1Tk+1 T=k-1X, T* > when n =2k, k> 1,
Hg(.—?.n + Zy) =
<T-*1STHT=*XITH1 > whenn=2k+1,k2> 1
Then

T-*H,(sy)T* when n = 2k, k> 1,
Hi(-2n4+1iy) =

T-F=1H (iy)T*+' when n =2k +1, k> 1,

T-*Hy(iy)T* when n =2k, k> 1,
Hy(=2n + iy) =

T-*Ha(iy)T* whenn=2k+1, k> 1,
where H;(iy) are the F-peripheral subgroups of G(7y) given in Example 3.1. Since
G(-2n+1iy) =< S, T, X_gntiy >=< S, T, Xy, >= G(iy),
then H;(—~2n + iy) are F-peripheral subgroups of G(—2n + {y), and thus

P(n)={-2n+1iy : y > 2}, forany integer n > 0.

Similarly, the proposition holds for n < 0. Q.E.D.
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Let
H(g/p) = {n € C:tr W(q/p;p)is real and |tr W(g/p;p)| > 2}.

H(q/p) is called the hyperbolic locus of tr W(q/p;p). Write u = z + iy, z,y € R.

From Theorem 2.8,
tr W(g/pin) = £(u* + 4qu®~1 + O(u*7%)).
Let Tr(g/p; i) = p% + 4qu?~1 4 O(u®P~2). Then
H(q/p) = {n € C: Tr(q/p; ) is real and |Tr(q/p; p)| > 2}.
By a direct computation,
Im Tr(g/p;p) = (2pz +49)y™ ™! + azp—2(2)y* 2 + -+ + a1(2)y + ag(2).

where a;(z) is a polynomial in z with integer coefficients for each j = 0,...,2p — 2.

Then I'm Tr(q/p;p) = 0 if and only if
-1 _
2pz +4q =y {aza @y 4 - 4 ai@)y + ao(e)}-

On the other hand, T#(g/p; ) is holomorphically conjugate to u?? in a neigh-
borhood of co, then 'F((q/p) has 2p branches that are asymptotic to 2p rays of the
form exp(k—;'i), k=0,1,...,2p — 1. Therefore, there is a unique branch of 'Fl(q/p) in
the strip

{heC2(=7]+1) 2 Rep > 2-21}
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for I'm p large enough, where [—-ﬂp] is the greatest integer < —% . Let H(q/p) denote
the connected component of H(q/p) containing this branch. We call H(q/p) the
vertical (q/p)-component of H(q/p).

For p = = + 1y € H(q/p),

5%{“213-2(10)1/2”'2 + -+ ai(z)y + ao(z)} — 0 asy — oo,
then z — -'%‘1. Hence, H(g/p) is asympototic to
{—22—)q+z'y:y>0}, as y — o0o.
TFrom Proposition 3.10, we have
H(n)=P(n)={-2n+4dy : y>2}, for any integer n.
Using the methods of §5 of [9], we obtain:

Theorem 3.11 (Rational Pleating Varieties)
For every rational number q/p, P(q/p) coincides with H{q/p), P(q/p) contains

no critical point of tr W{(q/p;p), and 'H(q/p) — H(q/p) consists of a single point of

OMy at which |tr W(q/p;p)| = 2, i.e., this point is a cusp of OM,.

94



3.3 Pleating Varieties in M;

Recall that Gs = Gs—{Yo0, . }, Where o, is represented by T, and v/, is represented

by S. In this section, we deal with the pleating varieties

P(v) = {(p,v) € Ms : pl(p,v) = 7},
and
P(r1,72) = {(1,v) € Ms : pl(p,v) = 71 U 72},

with Yy Y1,72 € 65'

Lemma 3.12 Let H be a Kleinian group generated by a hyperbolic transformation
A and a parabolic transformation P. Then H is Fuchsian if and only if ir AP is

real.

Proof: It is clear that ¢tr AP is real if H is Fuchsian. Assume that tr AP is real.
Conjugate H in PSL(2,C) so that the fixed points of 4 are 0 and oo, and the fixed

point of P is 1. We write

A
A= and P =

0

[en)
b
+
=
|
=

Sop=
=
fa
i
2

where A > 0,A # 1 and p € C — {0}. Then
AP = (A+3) 4 p(A - 1)
ST xTRATY)
and thus p € R. Q.E.D.
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Lemma 3.13 Let H be a Kleinian group generated by three parabolic transforma-
tions Ay, A; and Az. Then H is Fuchsian if and only if tr Ay Aq, 1r AqAa,tr AzA,

and tr A{A3A3 are real.

Proof: Let A = A1A2A;. Thereis a B € PSL(2,C) such that

11 1 0 14X =)
BA]B_l = , BAQB-I = , and BA3B™! =

01 p 1 A 1- X6

where A, p,6 € C — {0}. Then

1+p 1
BAjAB™! = ,
p 1
1+ M6 —\é62
BA;A3B™! = ,

Adp+Apé 1= 26— Apb?

14+A6 14 X6— N6 \
BAs;AB™' = , and

A 1—A=A6

pap- 14 A4+ p+ A6+ Aob

1~ X6 — A\pb?
If tr A1 Ag, tr A2As,tr AgA; and tr A are real, then A\, p,6 € R — {0}, and thus

BHB™! is Fuchsian. Q.E.D.
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Let P be a parabolic transformation with fixed point ¢, and let A be a M&bius

trasformation such that APA~1(2) = 2+ 1. For t € R, let
Uy={2€C: Imz>t}.

We call A~1(U,) a horoball centered at (. Remark that 8A~1(U;) is orthogonal to

the isometric circle of P if { € C.

Lemma 3.14 Let (u,v) € Ms;, and let P be a non-accidental mazimal parabolic
transformation in G(u,v) with fized point (. Then there is a horoball U centered at

¢ such that U — {¢} C Qo(p,v).

Proof: Since P is not accidental, then it is conjugate in G(u,v) to one of the

following:
XX, LY, Y, L 8T ST, T X, TX L, ST, Syt

Thus, we only have to prove the assertion for X,,Y,,ST~}, 771X, and S~'Y,.
Let Do(p,v) be the fundamental set for G(, ) acting on Qo(, ) given in §1.3.
For

Pe{X,Y,, ST, T7'Xx,,5°1v,},

there is a horoball U centered at ¢ scuh that (U — {¢}) N Do(u,v) is a fundamental

set for < P > acting on U — {¢}. Then U is a desired horoball for P. Q.E.D.
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For (it,v) € Ms, and for v € Gs, let W = W(y;u,v) € G(u,v) be the semi-
reduced word given in Theorem 2.11 representing «. There exist non-accidental
maximal parabolic transformations P; = Pj(u,v)j = 1,...,5 such that the sub-

groups of G{u,v)

=
l

H](ﬂ,l/) =< P13P2 >,
Hy = Hy(p,v) =< Py, Ps >,

Hy; = Hg(,u,l/) =< W, P3; >

form a decomposition of G(u,v) associated with v,v;, where 11 € Gs is represented

by Wy = W(y1;p,v) = PyPs = Py 1W.

Lemma 3.15 Let H;, j = 1,2,3 be given as above. Then:

(1) Hy is Fuchsian if and only if W is hyperbolic. H, is Fuchsian if and only if
Wy is hyperbolic. Ha is Fuchsian if Hy and Hy are.

(2) For j = 1 or 2, < H;,H3 > is F-peripheral if H; is F-peripheral and <
H;, Hy > is Fuchsian.

(3) pllpu,v) =~ if Hy and Hy are F-peripheral, and if < H,, Hs > is Fuchsian.
pl(p,v) = 1 if Hy and Hy are F-peripheral, and if < Hy,Hs > is Fuchsian.

(4) pl(p,v) = yUv if Hy, Ha and Hz are F-peripheral, and if neither < Hy, Hz >

nor < Hy, Hs > is Fuchsian.
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(5) Hjs is F-peripheral if H, and H, are F-peripheral with peripheral disks A

and A, respectively, and if A; N A(p,v) = A(H;) for j = 1,2.

Proof of (1): From Lemma 3.9, H; is a Fuchsian subgroup of G(u, ) if and only
if W is hyperbolic, and H; is a Fuchsian subgroup of G(u,v) if and only if W] is
hyperbolic. By Lemma 3.12, H3 is a Fuchsian subgroup of G(u.v) if Hy and Hy

are.

Proof of (2): Assume that H; is a F-peripheral subgroup of G(u,v), and assume
that < Hy, H3 > is Fuchsian. Let C'3 be the circle containing A(H3), and let C be
the circle containing the limit set of < Hy, H3z >. Since both C and C3 contain the
fixed points of Py, P; and W7, then C and C; coincide, and thus A, is the peripheral
disk of < Hy, H3 >. Hence < Hy, H3 > is F-peripheral.

Similarly, < H;,Hs > is F-peripheral if Hy is F-peripheral and < Hy,Hs > is

Fuchsian.

Proof of (3) and (4): These follow from (2) and Proposition 3.4.

Proof of (5): If < Hy,Hs > or < Ha, Hs > is Fuchsian, then Hj is F-peripheral

by (2).
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Assume that neither < Hy,Hs > nor < Ho, Hz > is Fuchsian. Note that Hs is
Fuchsian by (1). For each j, let C; be the circle containing A(H;). C3 meets C; at
the fixed points of W, and C3 meets C; at the fixed pints of W;.

For j = 1 or 2, let II; be the hyperplane in H> that meets Cin 04;, and let
N; be the Nielsen region for H; acting on II;. Since A; N A(u,v) = A(H;), then
N;/H; = N;/G(u,v) is a sphere with two punctures and oné hole contained in
S(u,v), (see [10], Lemma 3.3 and Lemma 3.4). The boundary curve of the hole
of N1/G(u,v) is vy, and the boundary curve of the hole of No/G(u,v) is v;. Since
< Hy,Hz > and < Ha,Hs > are not Fuchsian, then v and 4; are contained in the
pleating locus of X(u,v). A dissection (see [14], pp.28) of a five -times punctured
sphere consists of at most two disjoint simple closed curves, thus the pleating locus

of E(u, ) is exactly ¥ U~y,. Thus the lifts of
Y, v)-- (NI/G(/J’V) U Arg/G(lt,l/))

to 0Co(u, v) are flat pieces on dCo(u,v).

Let 4 be the geodesic in H3 with the fixed points of W as its endpoints, and let
41 be the geodesic in H? with the fixed points of W, as its endpoints. 7 is a lift of
7 to dCo(p,v), and 41 is a lift of 4, to 8Co(n,v). Let I3 be the hyperplane in H3

containing the lift of

E(p,v) = (N1/G(p,v) U NoJG(p,v))
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to 8Co(pt,v) with boundary geodesics 5 and %;. Then I3 meets € in Cs. Since I3
is a support plane of C(u,v), then C3 bounds a disk Az disjoint from A(g,v), and

thus Hj3 is F-peripheral. Q.E.D.

As a consequence of Lemma 3.13 and Lemma 3.15, we have following proposition.
Proposition 3.16 Let H;, j = 1,2,3 be given as above. Then P(v) is a subset of
7:((7) = {(u,v) € M)s : W, P3Py, P4Ps, P3Py are hyperbolic},
and P(v,71) is a subset of
H(v,m) = {(1,v) € Ms : W and Py Ps are hyperbolic, and tr P3Py ortr PsP; is not real}.
Proposition 3.17 Let ¥ € Gs. If Ix(7)Iy(7) = 0, then P(7) = 0 = H(~v).

Proof: Assume that Iy(y) = 0. Then there is a simple clpsed curve on Y{u, V)
isotopic to 7 which divides E(u,») into two connected components, say &/(u,r)
and X"(u,v), such that v C ¥'(u,v). Note that T'(u,v) is a sphere with three
punctures and one hole, and the punctures ¥'(x,v) correspond to the fixed points
of Y,,5871Y,,T715, and note that S”(u,r) is a sphere with two punctures and one
hole, and the punctures of £”(u,v) correspond to the fixed points of X,,77'X .
Since v € Gs, then + is not isotopic to v, and thus v separates one of the

punctures on Y'(u,v) from the other two punctures of ©/(u,v). Let . (u,v) and
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X(u,v) be the two connected components of X(y,v) v, where X (1, v) is a sphere

with two punctures and one hole, and XJ(u,v) is a sphere with three punctures
and one hole, and two of the punctures of X4(u,») correspond to the fixed points
of X,,T71X,,, and the other puncture of TJ(u,v) corresponds to the fixed point of
a non-accidental maximal parabolic P conjugate in G(u,») to a parabolic transfor-
mation in {Y,,Y,;71,SY,1,8-1Y,, 7715, TS"1}. Let H =< P, X,,, T"'X, >.
Suppose that #(y) # 0. Then H is Fuchsian. Let C be the circle containing

A(H). Since < X,,,T7'X, > is a subgroup of H, then
m o
{zeC: Imz= Imu}u{} CC,

and thus C = {z € C: Imz = Impu}U{co}. Thisis a contradiction since C is

not invariant under P. Similarly, H(v) = @ if Iy(y) = 0. Q.E.D.

Proposition 3.18 Let 71, 72 € Gs be two geodesics. If Iy(y;) = Ix(72) = 0,
or if Iv(v1) = Iy(72) = 0, or if Ix(71) = 0 = Iy(72), then 11 and 73 intersect

transversely, and thus P(vy1,72) = .

Proof: If Ix(y) = 0, then there are two free homotopy classes v;,v; € G5 with
Ix(v1) = Ix(v2) = 0, which are two adjacent curves in (1) of Figure 3.1, such

that the free homototy class represented by ¥ can be written as av, + bv,, where
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Figure 3.1: (1) Curves v € G5 with Ix(y) = 0. (2) Curves v € G5 with Iy-(y) = 0.

a and b are relatively prime non-negative integers, (Cf. §2.2). If Iy(y) = 0, then
there are two free homotopy classes vy,vs € Gs with Iy(v;) = Iy(v2) = 0, which
are two adjacent curves in (2) of Figure 3.1, such that the free homotopy class
represented by ¥ can be written as avy 4+ bvs, where a and b are relatively prime
non-negative integers. Now, we can easily see ; and 7, intersect transversely if
Ig(v1) =1Ip(y2) =0and E,P € {X,Y}. Q.E.D.

Example 3.2. Let v be represented by W = W(v;pu,v) = Y, X 1. Note that

YA = W= (Y,STHY(STINTXY).
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Let Wy = Wy(u,v) = (ST‘l)(TX;l) = SX;I, 71 be the geodesic represented by
Wy, and let
Hy = Hi(p,v)=<Y,,X;'>,
Hy = Hy(p,v)=< ST L, TX;'>, and
Hy = Hi(p,v)=<W,Y, 571>,
From Proposition 3.17, P(y1) = 0. Next, we investigate P(y) and P(7,7:1). A direct
computation yields:
r Wy = 24 u?,
trW = 2-(uv+2)?
trY,T7! = 24402, and
tr TX;'Y, 570 = 2—-((p+2)(r-1)+2)%
Set » ==z + iy and v = £ + in, where z,y,£,7 € R with y,5 > 0. Then:
W is hyperbolic <= p=iyandy > 2, end
Y, T7!is hyperbolic <= v=igandy > 1.
Claim 1. P(v) = {(2in,2m) : 7 > /2}.
Assume that Hy and < H,, H3 > are Fuchsian. W, W;,Y, 7! and T_/‘(;li",,S“1
are hyperbolic, then u =iy, v =in, y > 2, > 1, and
ImtrW = -2(2-yn)€y=0, [trW|=1[2-(2—yn)? >2, and
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Imtr TX;IY,,S'I = =2yn(y —=2n) =0, |tr TX;IY,,S'll =2 - y2n? > 2.
Thus
p=ty, v=1in,y>2,1>1 yn>4, and y = 2n.

Conversely, it is easy to see that Hy and < Ho, H3 > are Fuchsian if i and v satisfy

the above conditions. We have shown that
P(y) C {(ig,in) : ¥y >2, 1> 1, yn >4, and y = 2n} = {(2in,in) : 7> V2}.
Conversely, assume that p = 2in, v = in with > v/2. For j = 1 or 2, let C; be
the circle containing A(H;). Then
, 1 1 .
C1 = {z=|z—1(n+5)l =77—;}, and C2 = {z: |z = (2+ in)| = n}.
Let
. 1 1 .
A= {z=12~2(n+;7-)l ~ 77-5}, and Az = {z: ]|z = (2 +in)| < n},

and let Dg(2in,in) be the fundamental set for G(2in,1n) acting on Qp(2in,in) given
in §1.3. A; N Do(2in,in) is a fundamental set for H; acting on Aq, and Aa N
[Do(2in,in) UT(Do(2in,in})] is a fundamental set for Hy acting on Az. Then A; C
Q0(2in,in), and H; is F-peripheral for j = 1,2. By (2) of Lemma 3.15, < Ho, H3 >

is F-peripheral. Hence

P(y) D {(2in,in) : n> \/5}
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Claim 2. P(v,7:) = {(3y,in) : 2n > y > 2 and yn > 4}.

Assume that H; and H, are F-peripheral. Then W and W are hyperbolic, and
p=iy, v=E+in (2-yn€=0,y>2 and [¢%” — (2 -y’ + 2| > 2.
Let A; be the peripheral disk of H; for j = 1,2. Then
Bo={z:]e - 2+iD) < 3},
and 0A; = C; passes through the fixed point iy of X, and the fixed point —2/v
of Y,, and C; is orthogonal to the isometric circle of X, and is orthogonal to the
isometric circle of Y.

We claim that £ = 0. Let L; = {z: Re z = 0}, and let L, be the straight line
passing through —2/v tangent to the isometric circle of Y,. Suppose that £ # 0.
Then yn = 2 and the center of C; is the intersection point of L; and L,. A direct
computation shows that the center of C; is i/n = iy/2, and the radius of C; is
ly — 1/n| = y/2. Thus Cj is tangent to the real axis at 0, and thus Cy = Cp, where
Co is the circle containing the limit set of < §,Y, >. This is a contradiction. Hence
£=0.

Since £ = 0 and |£2y% — (2 — yn)? + 2] > 2 then yy > 4. Since Y, 7' is a
loxodromic transformation in G(iy,19), then Y, 7~} is hyperbolic and 5 > 1. From

Proposition 3.16, tr TX 1Y, 5~ is not real, so y # 27. We have shown that

P(y,711) C{Gy,in): 20 # y, y > 2, n > 1, and yn > 4},
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and
) 2 1 2
Ay ={z:]z - 5(1/'*‘ E)I < 5(3/— 5)}

2 _ 2(1+in)

Since T=5 = 1357 is the fixed point of §Y,7!, and since A, is the peripheral

disk of Ha, then

N

'Tiz_;;_ - (2+ z-g-)l > =, or equivalently, 277 > .

Hence

P(v,71) C {(¢y,in) : 2n > y > 2, and yn > 4}.

To prove that P(vy,71) = {(¢y,in) : 2n > y > 2, and yn > 4}, it remains to show
that Ha(u,v) is F-peripheral for all 4 = iy,v = in with 29 > y > 2 and yn > 4. Let
Cs be the circle containing A(H3). Then C3 meets Cy = dA; at the fixed points of
W, C3 meets Cq = 84, at the fixed points of W;, C3 passes through the fixed point
—2/(v — 1) of ¥,,571, and is orthogonal to the isometric circle of ¥, $~!. Thus Cs
is tangent to Cg at —2/(v — 1).

The fixed points of W are

yEVyt—4

1
+1 5

Then the center of Cj is the intersection point of the horizontal line Im z = ¥ and
L, where L is the straight line passing through —2/(v — 1) tangent to the isometric

circle of Y, 571, L is orthogonal to Cp, then L passes through the center i/n of Co,

107



and thus the center of C3 is

and the radius of Cj3 is

-2 2(1+ip)

r = the distance between the center of C3 and =
v—1 1+ 72

_ ym=2_ 2 w.,  Y__21
- \/(772—1 Tr) T el

2

yn—2)2 _4yn-2) 4 2yn 4n

y
L4 - 0
<y ¥ (772—1 -1 +(1+n2)’ 1+772+(1+77?)2<

(yn—Q)z _4mn-2) 2yn-2)

<0
= 7 -1 -1 7 +1
yn — 2
-2<0
= a1 2<
< y<2n

Then C3 C {z:0< Imz < y}. Let Az be the disk bounded by Cs disjoint form
the line Im z = 0. Now, we are going to prove that Az C Q(iy,in). This implies

that Hgs is F-peripheral.
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Note that the fundamental set Do(iy,in) is bounded by the isometric circles of
)&'“,.X';l,)’,,,Y,,'l,5,5‘1 and the vertical lines Be z = —2 and Re z = 2. Also note
that the isometric circle of ¥,! coincides with the isometric circle of SY, 1.

Let £; be the intersection of the isometric circle of Y71 with Az, and let {; be

the intersection of the iscmetric circle of §~1 with As. It is clear that
£ — {=2/(v = 1)} C Qo(iy,in),k = 1,2.

Let Ex and Ey be the reflections in the isometric circles of X' and Y1,
respectively, and let E be the reflection in the imaginary axis. Then X! = EEy,
Y, = FEyE,and W = Y,,X;1 = Ey Ex. Thus the axis of W in Aj is orthogonal to
£y, and the attracting fixed point of W lies on C3 between the endpoints of £;.

Similarly, W; = 5'X;1 = EgEx, the axis of W} in Az is orthogonal to {5, and
the attracting fixed point of W; lies on C3 between the endpoints of {5.

Let ( = =2/(v = 1), P = Y, 57}, £f = W), and £, = W, (£2). Since
W = PW,, then P/ = W=1PW = W[ 'PWy, and {' = W-1(¢) = W () is the
fixed point of P’.

Let {3 be the subarc of C3 contained in A; between the fixed points of W, and
let £4 be the subarc of C3 contained in A; between the fixed points of W;. Then
€1,02,£,£5,€3 and {4 bound a fundamental set D3 for Hs acting on Az. To prove

that Aj is contained in Q(iy, in), it suffices to show that Dj is disjoint from A(iy,in).
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Since Ay C Qo(iy,in) and Ay C Qo(2y, in), then £3, £4 are contained in Qu(iy, in),

and thus
8D3 - {¢, ('} C Qo(iy, in).

From Lemma 3.14, there is a horoball U centered at {, and there is a horoball 1/

centered at ¢’ such that
U —{¢} € Qo(iy,in) and V —{('} C Qo(iy, in).

We may choose U and V small enough so that €5 = U N D3 and ¢ = U N Dy
are connected circular arcs, and so that £5 N ¢ = (. Let D = D3 — (UUV). Then
0Dj3 is a simple closed curve contained in Qq(iy,in). Since A(iy,in) = 0Q0(iy, in)
is connected, then Dj N A(iy,in) = 0, and thus Dj3 is disjoint from A(iy,¢n). This

completes the proof.

Proposition 3.19 Let v € G5, and n be any integer. Then

HIT) = {(s—n +v) : (w,v) € H(M}

and

P(IM) = {(g,—n +v) = (w,v) € P(7)}
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Proof: Let Pj(7;u,v) € G(u,v), j = 1,...,5, be non-accidental maximal parabolic

transformations such that

Pi(y; 1, 0) Po(7y; 1ty v) = Pa(vs V) Pa(y; 1y v) Ps (v 1, v)

is a loxodromic transformation representing <, and such that

Hi(vimv) = < P(vip,v), Pa(vip,v) >, and

Ho(vip,v) < Pa(y5,v), Py(ys o v), Ps(yi p,v) >

form a decomposition of Gy, 1) associated with 5. Since
71 :5-8 T—T, Xy»X,, Y, =Y 18=Y,,,,

then 73 maps non-accidental maximal parabolic transformations into non-accidental

maximal parabolic transformations, and thus

7-1(111(7;“,11)) =< P](:)';}L,V), PZ(:va"V) >, and

i

Hl(:)’;l-l‘vl/)

Ha(5ip,v) = Ti(Ha(vipev)) =< Pa(Fip,v), Pa(Fi 0, v), Ps(3i 1, v) >
form a decomposition of G(u,») associated with ¥ = 73(v), where
Pi(7p1,v) = Ti(Pi(yi i, 7))y 7= 1,...,5.
Let

Fi(vip,v) = tr Pu(y;p,v)Pa(vy; s ),

111



Fa(y; pyv)
F3(v; p,v)
Fy(yipov)
Fi(¥; u,v)
Fy(5 p,v)
F3(¥ip,v)

Fs(%;p,v)

From Lemma 2.13,

tr Pa(y; p, v) Pa(yi gy v),
tr Py(v; p,v) Ps(vi 1, v),
tr Ps(v;p, ) Pr(7i s, v),
tr Pu(¥; 1, 0) Pa (55 1, v),
N ICHTRAVACH TSR
tr Py(%; p,v) Ps (%5 14, ),

tr PS('?;“,I/)PI(:)";/IaV)'

Fi(%p,v) = =Fj(7viu,v + 1), j=1,2,3,4.

Then (u,v) € H(7) if and only if (u,v + 1) € 7:{(7) by Proposition 3.16, and thus

H(Ti(7) = {(w, ~1+v) : (n,v) € H)].

Similarly, H(7;7* (7)) = {(#, 1 +») : (u,v) € H(7)}. By induction, -

() = {(1, =0+ v) & (u,v) € H()}.

Let (p/,v") = (4, =1+ v), let Ci(7; ., v) be the circle containing the limit set of
g

Hi(v;p,v), and let Ci(7 : p/, ') be the circle containing the limit set of Hy(5;p/,v'),

where ¥ = T;(7).

112



Since T1(Y,) = Y,144, then, for j = 1,...,5,
Pi(7;1',v") = A Pi(vi 1\ V') = Bi(vi v + 1) = Pi(7; pyv),

and thus Cr(y;u,v) = Cr(F;4',vV') since Cr(y;u,v) and Cr(5;u',') are uniquely
determined by the fixed points of P;(vy;u,v) and P;(§;u',v’), respectively.

On the other hand, G(¢',v') = G(u, ) since
<8T,X,,Y, >=< 8T,X,, Y140 >=< 5T, X,,, S7Y, >,

then A(u/,v') = A(p,v). Hence, Hi(v;u,v) is an F-peripheral subgroup of G(u. )
if and only if Hy(5;u',v") is an F-peripheral subgroup of G(¢',’). Moreover, their

peripheral disks coincide. This proves that

P(Ti(7) = {(g, =1+ v) : (n,v) € P(7)}-

Similarly,
PTTH () = {1+ v) : (mv) € P(M)}-

By induction again, the proof is complete. Q.E.D.

By a similar argument, we obtain the following proposition.

Proposition 3.20 Lety € G5 be a geodesic, let 71,72 € Gs be two disjoint geodesics,

and let n be any integer. Then:
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(1) H(TF()) = {@2n +p,v): (1,v) € H(N}
(2) P(T3(7) ={2n+ p,v) : (1,v) € P(7)}
(3) T () T (12) = {(1, —n +v) : (u,v) € H(7)}.
(4) H(TF (), T (r2)) = {(2n + pyv) = (1,v) € H(M)}-
(B) P(*(m) T (72)) = {(s, —n + ) : (p,v) € P()}-

(6) P(T3'(m), T (2)) = {(2n + p,v) : (n,v) € P(7)}.
Recall that © is the automorphism of G(u,v) defined by

0: ST TS X, Y YV, = X0

v Ll

Proposition 3.21 Let~y € Gs be a geodesic, and let v,,7v2 be two disjoint geodesics.
Then:

(1) H(O(7) = {(r,v) & (20,1/2) € F()}-

(2) PLO(7)) = {(r,v) : (2v,1/2) € P(7)}.

(3) H(O(m),0(72)) = {(1,v) : (2v,/2) € H(m1,72)}-

(4) P(@(7l)10(72)) = {(luwu) : (QVa/‘/Q) € P(71172)}'

Proof: Let Pj(vy;u,v) € G(u,v), 7 = 1,...,5, be non-accidental maximal parabolic

transformations such that

Py(7; 1, V) Po(77; 18, v) = Ps(y; v ) Py(y; pty ) Ps (5 )
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is a loxodromic transformation representing v, and such that

Hy(vip,v) = < P(vip,v), Pa(vip,v) >, and

< P3(7ip,v), Py(yi o v), Ps(ys py v) >

1l

Hy(v;p,v)

form a decomposition of G(u,v) associated with v. Let ¥ = O(y), P;(F:p.v) =

O(P;(7i 1, v)), and Hiy(F5u,v) = O(Hp(v; p,v)).

For A € C — {0}, let

By a direct computation, if w € C — {0}, then
By\A SA'BY = T7', ByATA'Bi'=5"1,
B\ANXLAT'BS! = YL, BaAATIBT = Xg.

Setting A = /2 and w = 2v, we have

B#/ZAuﬁSAu/z u/2 = T, Bu/ZAu/Z’TApn u/z“s—
#/2‘4#/2 XQVAu/QB;/z = }fu—l, Bu/ZAu/2Y#/2Au/2 l-t/2 = \'—
Then
PJ(;;’;JU'J/) = O(PJ( )— u/?Au/2P (7121/ “/2)/4 u/? u/Z’
Hi(F;pn.v) = O(Hk(’)';,u,u))=Bu/zAu/szk('y;2u,u/2)A;}2B;/2, and

G{u,v) O(G(u,v)) = Bu/QAu/QG(2I/,,lL/2)A B!

nf27uf2°

Il
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This proves (1) and (2). By a similar argument, (3) and (4) will follow. Q.E.D.

Example 3.3. Let v and 7, be given as Example 3.2. It is clear that O(v) = 4.

Let ©(v1) = 2. Then by Proposition 3.21,
H(v,72) = P(7,72) = {(iv,in) : y > 27> 2 and yn > 4}.
By Proposition 3.20 and Proposition 3.19, we have

PTG (7)) = {(2m+2in,~n+in):n> V2},

PG (v), VL™ () {(2m +dy,—n +in): 29 > y > 2 and yn > 4},

t

P (), "I (72)) = {(2m+iy,—n+1in):y>2n> 2 and yn > 4},

where m and n are any two integers.
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APPENDIX

Elementary Curves in Gs: In what follows, if v € G5 is represented by W € G,

then we write y = W.

M= VYo=T Y2 = Yoo! = 5 73:'),—1‘\.

x

X

k- §
x
b

v4=8"1X v = YIT 76 =TYS§™1Xx1

O\

L x b » x b

E
x

*

o
P
x

vr =TTV -18X 8 =T8"1yx-! vo = T7ISY-1X

x .
% ¥*

” » l)

N
e [
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Y10 = T~1SY ST X! 11 = TSy 1§71 x Y12 = T718-1Y1S5TX

\@ >ﬁ 4

y13=TSY S~ 171 x-1 Y14 =T718X s =TS 1x!

%

%

~ [/ N\

3¢

Y16 = STIYT Y7 = SY~iT-1 18 = SY"1x!

Y9 =57V X 720 =T 'YX Y1 =TY1x !

A

/ “ v
™ i
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Y22 = T71SX-1y-1x Y3 = TS IXY X! Yoq = SY-IXYT-!

e e
AN
; : A

Yo5 = STY Xy -lT Yo6 = TTY-ITX

L 3

N

A
1‘//’!

Yos = STV TISX Y29 = SY §-1X-1

A

d

7
N

a1 = TST1x-1 Y32 = SY §-1-1

=

X




vag = TV S-ITX yas = TY~1ST-1 X1 vas = T-1SY §-1X

37 = TSTY 16X ! v3s = T-18-1YTX 39 = TSY 171y -1
1/ X

40 = TSY-15-1x-1 T-15-1YSYX

7z

By using the elementary curves given above and using the technique developed

Y/

*

N

~

B\
*/ﬁ/ﬁ

b

F 3

in [4]. one can form a cell decomposition of G5 with 168 tetrahedra given as follows.

Notation: For i, j, k, € € {1,2,3,...,41}, we denote by

o=1[i, j, k, £]
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the tetrahedron with vertices v, v;, Y&, Y¢. Then every homotopy class in ¢ is of

the form avy; + by; + ¢y + dve, wherea,b,c and d are relatively prime non-negative

integers.

o

o1 = [3,4,9,18]

o5 = [3,4,9,22)
oo = [3,4,19,22]
o013 = [3,9,18,24)
017 = [3,19,20,22]
oa1 = [1,26,30,34]
025 = [1,16, 26,38
o0 = [1,26,30, 38]
oas = [1,2,10,30]
037 = [1,2,12,30]
oq = [10,17, 32, 36]
o4 = [1,10,17,32]
o140 = [1,13,31,39)
os3 = [1,9,14,22]

o517 = [14, 19, 20,22]

O1(o)

o2 = [3,4,8, 19]
os = [3,4,8,23]
o1 = [3,4,18,23]
o014 = [3,8,19,25]
o1 = [3,18,21,23]
o2 = [1,27,31,35]
o2 = [1,17,27,39]
050 = [1,27,31,39]
o3¢ = [1,2,11,31]
o3 = [1,2,13,31]
ouz = [11,16,33, 37
a5 = [1,11,16,33]
o0 = [1,12, 30, 38]
o5t = [4,8,15,23]

058 = [15, 18, 21, 23]

121

O2(0)

s = [3,5,9,20]
o7 = [3,5,9,24]
ou = [3,5,21,24)
o5 = [3,9,20,22)
o1 = [3,18,21, 24]
o2 = [2,29,32, 36]
o2 = [2,15,29, 40]
o3 = [2,29,32,40]
o35 = [2,1,10,32]
o3 = [2,1,13,32)
o4z = [10, 14, 30, 34]
o4 = [2,10,14, 30]
s = [2,12,33, 41]
55 = [5,9, 17, 24]

059 = [17, 21, 18, 24]

Qo)

0]
o]
o

g4 = [3,5. .

o

og = [3,5.8,25]
012 = [3,5,20.25)
716 = [3,8,21,23)
720 = [3,19.,20,25]
024 = [2,28,33.37]
28 = [2.14,28,41]
032 = [2,28,33.41]
a3s = [2,1,11.33)
050 = [2,1,12,33]
oaq = (11,15,31,35]
o4 = [2,11,15,31]
os2 = [2,13,32,40]
os6 = [5,8,16,25]

oe0 = [16,20,19,25]



g

oe1 = [9,14,20,22]
oes = [4,14,19,22]
o6 = [5,9,20,34]
ors = [4,8,15,37]
orr = [4,14,19, 28]
o8 = [4,19,28,37]
oss = [6,15,2¢,40]
oge = {17,29,32,36]
o093 = [7,14,19,20]
o9y = [7,14,19,28)
o101 = [7,16,19,28]
o105 = [8,11,15,37)
o100 = [8,11,15,35]
o113 = [8,15,21,35]
oz = [2,4,15,37)
o121 = [2,4,14,28]
o125 = [2,4,28,37]

o120 = [16,19,28, 37]

©1(o)

oe2 = [8,15,21,23]
oes = [4,15,18,23]
oz = [5,8,21,35]
o4 = [4,9,14,36]
ors = [4,15,18,29]
ogz = [4,18,29, 36]
ose = [7,14,28,41]
ogo = {16,28,33,37]
094 = [6,15,18,21]
ogs = [6,15,18,29]
o102 = [6,17,18,29]
o106 = [9,10,14, 36]
o110 = [9,10, 14, 34]
o114 = |9, 14,20, 34]
o118 = [2,4, 14, 36]
o122 = [2,4,15,29]
o126 = [2,4,29,36]

d130 = [17, 18,29, 36]

122

0(0)

oes = [9,17, 18, 24]
oer = [5,17,21,24]
o = [4,9,18,36]
o175 = [5,8.16,35]
19 = [5,17,21,27]
o = [5,21,27,35]
o7 = [7,16,26, 38]
o1 = [14,26,30,34)
ogs = [6,17,21, 18]
o99 = [6,17,21,27]
o103 = [6,15,21, 27]
o107 = [8,11, 16, 35]
o = [8, 11,16, 37]
ous = [8, 16,19, 37]
o = [1,5,16,35]
o123 = [1,5,17,27]
o127 = [1,5,27,35]

o1m = [15,21,27, 35)

O(a)

61 = [8.16.19. 23]
oes = [5.16.20.25)
o0 = [4.8.19.37]
ore = [5.9.17.3]
8o = [5.16.20.26]
oss = [5.20,26.34]
oss = [6,17,27.39]
ooz = [15.27,31.35]
o6 = [7.16.20, 19)]
o100 = [7,16.20,26)
o104 = [7,14.20,26)
o108 — 19,10,17, 34]
o112 = [9.10,17, 36]
o116 = [9, 17,18, 36)
o120 = [1,5, 17, 34]
124 = [1,5, 16, 26]
o128 = [1,5,26,34]

o132 = [14, 20,26, 34]



ag
o133 = [2,11,15,37)
o137 = [2,11,33,37)
o141 = [7,26,30,38]
o145 = [7, 14,26, 30]
o140 = [1,13,17,39]
o153 = [1,13,17,32]
o157 = [6,13,31,39]
o161 = [6,13,15,31]

J165 = [6, 13, 15,40]

01(0)
o134 = [2,10, 14, 36)
o138 = [2,10, 32, 36]
o142 = [6,27,31,39)
o146 = [6,15,27,31]
o150 = [1,12, 16,38
o154 = [1,12,16,33]
o158 = [7,12, 30, 38]
o162 = [7,12,14,30)]

0166 = [7, 12, 14, 41]

123

Oq(0)
o135 = [1,11,16, 35]
o130 = [1,11,31,35]
o143 = [6.29,32, 40]
o147 = [6,17,29, 32]
o151 = [2,12,14,41]
o155 = (2,12, 14, 30]
o150 = [7,12,33,41]
o163 = [7,12,16,33]

o167 = (7,12, 16, 38]

O(o)
o136 = 1,10, 17, 34]
o140 = [1,10.30.34]
o144 = [7,28.33.41]
o148 = [7,16.28,33]
o152 = [2,13.15,40]
o156 = [2,13,15,31]
o160 = [6,13,32,40]
o164 = [6,13,17.32]

J168 = [6, 13, 17, 39]
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