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C h a p ter  1

M askit Em beddings

1.1 B asic D efin itions

L et C  =  C u{oo}  be th e  ex tended  com plex p lane . Every  conform al hom eom orphism  

o f C  o n to  itse lf is a M obius tran sfo rm atio n  , i.e., a tran sfo rm atio n  of th e  form

az  +  b
z  i— .  ad — be = 1, a, b, c, d €  C.

cz  + d

Let P S L ( 2, C ) be th e  pro jectiv ized  group o f 2 x 2  m atrices  w ith  d e te rm in an ts  

1. W e shall alw ays identify  th e  m a trix  rep resen tin g  an elem ent of P S L ( ' 2 , C )  w ith 

th e  co rrespond ing  M obius tran sfo rm atio n .

T h e  regular set Q(G )  of a  d iscre te  subgroup  G  of P S L { 2, C )  is a subse t of C  on 

w hich G  ac ts  p roperly  discontinuously , and A (G) = C  -  f l ( G )  is called th e  l imit  set



of G.  If A (G ) con ta ins m ore th a n  tw o p o in ts , we call G non-e lementary .  G  is called 

a  Kle inian group if 11(G) ^  0.

For any subset A' o f C , S t a b d X )  =  {g £ G  : g ( X )  =  A'} is a subgroup  of 

G , which is called th e  stabilizer  o f A' in G.  If  S t a b o ( X )  - G , X  is said to  be G- 

invariant .  If S t a b o ( X )  = H  and  g{ X )  H A ' =  0 for all g 6  G  — H . we say th a t  X  is 

precisely invariant  u n d er I I  in  G.

E very connected  com ponen t f l ' o f f l ( G)  is called a  component  of G.  and  f i ' / S t a b c f f i ) 

is a  R iem ann  Surface. T h en  th e  q u o tien t space fl ( G ) / G  is a d isjo in t union  of Rie- 

m an n  surfaces. T w o com ponen ts f l i  and  of G  a re  conjugate  un d er G  if th ere  is a 

g G G  su th  th a t  g(Q  1) =  f i2- If G  is fin itely  gen era ted , th e n , by Ahlfors" finiteness 

th eo rem , th e  collection o f conjugacy  classes of com ponen ts of G  is fin ite , and eacli 

com ponen t o f $ l ( G ) / G  is a  com pact R iem ann  surface w ith  possib ly  fin itely  m any 

po in ts  rem oved.

Every M obius tran sfo rm a tio n  can also be ex tended  to  th e  hyperbo lic  3-spa.ce 

H 3 as an  isom etry . A subgroup  G  of PSL( '2 .  C )  is d iscrete  if and  only if G  acts 

d iscon tinuouslv  on H 3,(see [I], P .95). T herefo re , a  K leinian g roup  G  de te rm ines a 

3-m anifold H 3/G  w ith  b o u n d a ry  if f1(G) ^  0. T h is 3-m anifold in h e rits  a  hyperbo lic  

s tru c tu re  from  H 3 and  its b o u n d a ry  in h erits  a  conform al s tru c tu re  from  C .

An open hal f  space in H 3 is one o f th e  com ponen ts o f th e  com plem ent of a



h y p erp lan e  in H 3. A polyhedron P  in H 3 is th e  in te rsec tio n  of coun tab lv  m any open 

h a lf  spaces, w here only fin itely  m any of th e  h y perp lanes, defining these open  half 

spaces, m ee t any com pact su b se t of H 3. Each of th e  defining hy p erp lan es is called 

a  side  of P.

Let G  be a  K lein ian  g roup . A f u n d a m e n ta l  polyhedron D  for G  ac tin g  on H 3 is 

a  po lyhed ron  in  H 3 sa tisfy ing  th e  following four p roperties:

(1) For every non-triv ia l elem ent g of G , g (D )  n  D  =  0, i.e., D  is precisely 

in v arian t u n d e r {1 } in G.

(2) Uge G9 ( D )  =  H 3, w here D  is th e  closure o f D  in H 3.

(3) A ny com pact su b se t o f H 3 m eets only finitely  m any G -tra n s la te s  of D.

(4) T h e  sides o f  D  are pa ired  by elem ents o f G .

If  G  has a  fin ite  sided fu n d am en ta l p o lyhed ron , G is said to  be geometrically f inite.

Let G  be a  K lein ian  g roup  w ith Q(G)  0. Let S  be a com ponen t o f S l (G ) /G .  

A marking  for S  is a  basis fo r t t i ( 5 )  defined up to  change of base p o in t. If  all 

com ponen ts of Q (G ) /G  are  m arked , th e  m ark ing  curves d e te rm in e  a  d istingu ished  

set o f g en era to rs  for G.

L et S  be a  given R iem ann  surface which is m arked , and  le t T e i c h ( S )  be the 

T eichm iiller space of S.  T e i c h ( S )  consists of iso topy classes (rel. OS)  o f  quasicon- 

form al m app ings of .5'; th e  im ages of S  under these  quasiconform al m appings are



again  m arked  R iem ann surfaces hom eom orphic to  S  w ith  different conform al s tru c ­

tu res .

Let S „  be  an n -tim es p u n c tu red  sphere, w here n > 4, and le t ay , 1 < j  < n be 

sim ple closed curves on w hose hom otopy  classes gen era te  7ri(D „) such th a t each 

o f th e  curves c t j ' s  sep ara tes  exac tly  one of th e  p u n c tu res  o f E n from  th e  o thers, 

an d  such th a t  a \ a 2 • • • a n is hom otopically  triv ia l. to g e th e r w ith  th e  hom otopy 

classes rep resen ted  by a y 's  defined up to  change of base p o in t is called a marked  

n - t i m e s  punc tured sphere.

In  th e  following sections of th is  ch ap te r, We w ant to  rep resen t TW c/?(S„) as a 

space o f K leinian groups w ith  a  d istinguished  set of g enera to rs having certa in  special 

p ro p erties .

Let M n , n  > 4, be th e  space o f th e  K leinian  g roups G  which satisfy  the  

following p roperties:

( M . l )  G  is a  free group  genera ted  by n  -  1 pa rabo lic  M obius tran sfo rm atio n s 

X j ,  j  = 1 , . . . ,  n - 1.

( M .2 ) £l(G)  has a  sim ply  connected  G-i 11 v arian t com ponen t f i0 for which

£Iq/ S tabc(  flo) = Qq/ G  

is an  rc-times p u n c tu red  sphere .



( M .3 )  T h e  o th e r com ponen ts f t,,?  >  1, of G  are  all non-invarian t u n d er G  and  

th ey  fall in to  n  — 2 d is tin c t conjugacy classes, and  each SI,-/SiabG(Qi)  is a  th rice  

p u n c tu red  sphere.

1.2 M askit E m bedding o f Teich(E4)

In  th is  sec tion , we consider th e  case w here n = 4. F irs t, we are  going to  show th a t 

is non-em pty .

To th is  end , we need M a sk it’s first com bination  th eo rem . Let G\  and  G i  be two

K lein ian  g roups w ith  a  com m on subgroup  J  an d  J  ^  G ;. A pa ir of tw o

non-em pty  d isjo in t sets is called an interactive pa ir  if

(1) B \  and  B 2 a re  ./- in v a rian t,

( 2 ) every elem ent o f G \ — J  m ap s B \  in to  B 2 , and

(3) every e lem ent o f u '2 -  J  m ap s B 2 in to  B \ .

A n in te rac tiv e  p a ir { B \ , B 2 ) is called proper  if e ith e r  th e re  is a  po in t o f J3i th a t is not

G 2-equivalen t to  any  po in t o f B 2 , o r th e re  is a  p o in t of B 2 th a t  is n o t G i-equ iva len t 

to  any p o in t o f B \ .

Let G  be a  K lein ian  g ro u p , and  J  be a  su bgroup  of G. A  closed ./- in v a rian t set 

B  is called a  ( J , G ) -  block if

(1) B  n  f l(G ) =  B  n  f l ( J ) ,  an d  J )  is precisely inv arian t u n d e r J  in G , and
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(2) for every p u n c tu re  on S l ( J ) / J ,  th e re  is a  ne ighborhood  V  of th e  p u n c tu re  (i.e. 

U is a p u n c tu red  disc), such th a t

U C { B n Q ( J ) ) / J  or u  n [ ( 5 n f i ( J ) ) / J ]  =  0.

T h e o r e m  1.1 ( M a s k i t ’s F i r s t  C o m b in a t io n  T h e o r e m )  ([14], P.149)

Let J  be a geometrically f ini te  subgroup o f  the discrete groups G\  and  G 2. A ssu m e  

that J  ^  G'i, i - 1 ,2 , and there is a simple closed curve  7  dividing  C  into two closed 

topological discs B 1 and B 2 , where B t is a (J ,G i ) -b l ock , and  { I n t  B \ , I n t  B 2) is a 

proper interactive pair. Let  D,- be a fun d a m en ta l  set  f o r  G{ such that

(1) Di  n  B i  is a fu n d a m e n ta l  set  f o r  J  act ing on B{,

(2) Di  fl -0 3 - i  =  0 or  I n t { D i  fl B ^ - i )  ^  0, and

(3) D i  n  7  =  D 2 ft 7 .

Let

D  =  ( D i  fl B 2 ) U (D 2 n  B \ ) and G  =  <  G \ , G 2 >  .

Then  the fol lowing s ta te ment s  hold:

(i) G  is the free product  o f  G\  and  G 2 with amalgamated  subgroup J ,  i.e., G  - 

G ] * j  G 2.

(ii) G is a Kle in ian group, and D  is a f u n d a m e n t a l  set  f o r  G.

(iii) I f  7  is precisely invariant under  J  in G \  o r G 2 , except perhaps f o r  conjugates  

of  e lements  o f  G i  and  G 2, every  element  o f  G  is loxodromic.



(iv) G is geometrically f in i te  i f  and  only i f  G\  and  G 2 are both geometrically  

f inite.

L et G ,  C P S L ( 2 ,C )  be  th e  g roup  g en era ted  by th e  follow ing tran sfo rm atio n s:

/  \f  \  
1 0

S  =

\ 1 1

/  \
1 4

, T  =
0 1

, X  =

\

1 +  4 / 16

1 1 -  4 i

Now, we prove th a t  G « is a K leinian group  by using  M ask it's  first com bination  

th eo rem . Let H i  = <  S , T  > , H 2 = <  X , T  > ,  J  = <  T  > ,

Fi = { z  : — 2 <  R e  z  < 2, \z + 1| >  1 a n d |^  — 1| >  1}, and

F% =  { z  : — 2 <  R e  z  < 2 , \z — 1 — 4 i| >  1 and  |s  +  1 — 4 i| > 1 } .

F{ is a fu n d am en ta l se t for Hi  a c tin g  on C for each / =  1 .2 .

Let C  = { z  : I m  z  =  2} U {00}, J3i =  {z : I m  z  >  2} U {0 0 } and  B 2 =  { z  : I m  z <

2} U {0 0 }. T hen  we have:

(1) F i n  C  = F 2 fl C , and  I n t ( F i  n  B 3_ ,)  ^  0 for i = 1 ,2 .

(2 ) Fi ft Hi  is a  fundam en ta l set for J  ac tin g  on B { , i  — 1 ,2 .

(3) Bi  is a  closed /- in v a r ia n t  se t, 5,- fl i l ( H i )  =  Bi  D O (J )  is /- in v a r ia n t  and g( B i  fl

f t ( / ) )  fl (B i  fl f2 ( / ) )  =  0 for all g 6  / / ;  — / ,?  =  1 ,2 . It is clear th a t  every p u n c tu re

on Q ( J ) / J  has a  ne ighborhood  con tained  in th e  p ro jec tio n  o f Bi  o r d isjo in t from

th e  p ro jec tion  of Bi.  T hese im ply  th a t  Bi  is a  ( / , Hi)-block,i  =  1 ,2 .



(4) I n t  B \  and  I n t  5 2 are n onem pty  d isjo in t / - in v a r ia n t se ts  and

h ( I n t  B \ )  C I n t  F 2,Vh £ H \  -  J,  and  h ( I n t  B 2 ) C I n t  Bi,V7i £ H 2 -  J.  

M oreover, 

I n t  B i  -  Uh£H2 h ( I n t  B 2) ±  0

since i t  con ta ins th e  set {.r : I m z  >  6 ) .  T hese  cond itions im ply  th a t  ( I n t  B 1. h i t  B 2 ) 

is a  proper interactive pair.

W e have proved th a t  all th e  hypo theses of th e  first com bination  theorem  are  

satisfied , an d  th u s we have:

( 1 ) G « =  H i  * j  H 2 = <  H \ , H 2 >  is d iscrete , and geom etrically  finite,

(2) F ,  =  (F i fl B 2 ) U (F 2 n  F i )  is a  fu n d am en ta l set for G , ac ting  on C , and

(3) excep t for con jugates of e lem ents o f H\  and  F 2, every elem ent of G , is loxodrom ic 

since C  is precisely in v arian t u n d e r J  in Hi.

From  ( 1 ) and  (3 ), we know th a t  G , is to rsion  free, and  G» satisfies ( M . l ) .

N ex t, prove th a t  G . has a  sim ply connected  G .-in v a ria n t com ponen t f l .  such 

th a t  f i . / G .  is a  four tim es p u n c tu red  sphere.

Let

D i  = { z  £ F» : I m  z  < 0 ) ,

D 2 =  { z  £ F .  : I m  z  >  4}, and

A ) =  {z €  F . : 0 <  I m  z < 4 ) ,

8



-2+4i 2+4i

F igu re  1.1: S haded region is F.

(see F igu re  1). N o te  th a t  H i  is a  Fuchsian g roup  and  D \  is a fu n d am en ta l set for 

H \  ac tin g  on th e  lower h a lf  p lane  f i i ,  then

f ii  =  UhsHi h { D i )

is a  co m ponen t o f G .  since R  =  R U  {00} is con tained  in A (G*).  H 2 is con juga te  to  

H i  in P S L { 2 ,C ) ,  then

^2  =  UheH2 H D 2) =  { z  : I m  z  > 4 }

is a  com ponen t o f G .  and  D 2 is a  fundam en ta l se t for H 2 a c tin g  on Q2. M oreover, 

since S ta ba^ (Q i)  = / / ; ,  th en  f i i / i / ,-  is a  th rice  p u n c tu red  sphere, fi; is precisely 

invarian t u n d er Hi  in  G m, th en  fi; is a  non-invarian t com ponen t of G m, i  =  1 , 2 .

9



Let

f l .  =  U5€g . g(Do) .

It is clear th a t  f l ,  is G ,-in v a rian t. We shall prove th a t  f2, is p a th -co n n ec ted  as 

follows:

F ix  a rb itra rily  a  p o in t a;0 of Do,  an d  le t a: b e  any p o in t of f l , .  T h e re  is a g € G .  

an d  an  x \  E Do  such th a t  g { x \ )  =  x .  Since Do is p a th -co n n ec ted , we m ay assum e 

th a t  g ^  1, and  we w ant to  find a p a th  in f l ,  jo in ing  .ti to  x  = g (x  1). T h is proves 

th a t  f l ,  is p a th -co n n e ted .

T h e re  exist g i , . . . , g n € {S ,  S ~ l , T , T ~ 1 , X ,  X - 1 } such th a t

g =  <7i o • ■ • o gn .

For each i =  Let = gi o o Since each <7; is a side pairing  of

Do,  th en  for every i th e re  is a p a th  in f l ,  jo in in g  a?, to  ,r1+ i ,  and  thus these  p a th s  

give a  p a th  in f l .  jo in in g  a:i to  a:n+ i =  x.

N ote th a t

D 0 U S ( D 0 ) U S ~ l ( D Q) U T ( D o )  U T ~ l {Do)  U X ( D 0 ) U X ' ^ D o )

is a  ne ighborhood  of Do  n  f l(G '.) , th en  f l .  is open.

To show th a t  f l ,  is a  com ponen t of G m, it  suffices to  show th a t  every b o u n d ary  

po in t of f l .  in C  is in A ( G , ).

10



Let y  b e  any b o u n d a ry  p o in t of SI.. T here  is a  sequence x n o f d is tin c t p o in ts  of 

SI. converging to  y.  Let gn G G .  such th a t  g ~ l ( x n ) 6  Do-

If  th e re  is a  subsequence {#„,/.-} of {gn } w ith  gn<k =  gn , l e t  g = gn A . Then 

9 ~ 1 (.Xn,k) are  d is tin c t po in ts of Do  and  g ~ 1 ( x n<k) —»■ g ~ 1 {y)- T h is  proves th a t

9 ~ \ y )  e D 0 - S l . =  { - 2 , 0 , 2 , 4 i , 2 +  4*, - 2  +  4/} C A ( G . ) .

T hen  y  € A (G «).

A ssum e th a t  gn ^  gm w henever n ^  m .  Since G , is geom etrica lly  fin ite ,

( th e  spherical d iam eter o f gn ( D 0)) — ► 0 as ?? —‘ oo,

an d  th u s y  €  A(G»).

From  th e  above a rg u m en ts , Si. is a  G «-invariant com ponen t o f  G „. and  SI. /CL  

is a  four tim es p u n c tu red  sphere . Let a, /3 , 7  and  f  be a m ark in g  o f S I . / G .  w ith  

a f i y d  = 1 . T hen

a  h—  X ,  (3 k—  S ~ l and  7  t—  S T ~ l

defines an  isom orphism  o f tti[Sl . / G . )  on to  G„.

Let p  : SI. — - S l . / G .  =  S 4 be th e  canonical p ro jec tio n , and  p  be th e  hom o­

m o rph ism  betw een and  7r i ( S 4 ) =  G . induced  by p. Since G . ac ts  p roperly

d iscon tinuouslv  on SI., p  is a regular covering w ith deck tran sfo rm a tio n  g roup  CL,

11



and

G« =  th e  deck tran sfo rm atio n  group  o f p

= 7T1( S 4 ) /p ( 7!' l ( f i -))-

T h u s  p (7Ti(ft«)) is tr iv ia l, an d  f t .  is sim ply  connected  since p  is a  m onom orphism . 

T herefo re , G , satisfies ( M . 2 ).

F inally , we w an t to  show th a t  G . satisfies ( M .3 ) ,  an d  th u s  G . E M 4 . Let ft '

b e  any com ponen t of G . w ith  f t ' fl f t .  =  0, and  le t x  be  any  p o in t o f f t '.  T h ere  is a

g E G . such th a t

g ( x )  E F,  = D 0 U £ 1  U D 2.

f t .  is G .-in v a rian t and  f t ' n  f t ,  =  0, th en  g ( x )  is n o t in D 0, and  g (x )  €  D \  or

g{ x )  €  D 2.

A ssum e th a t  g ( x )  E D \.  </(ft') is also a  com ponen t o f G», and

<7( f t ' ) n f t i  D <7(ft') H D i  j* 0 ,

th e n  ff(ft') =  f t j .  Sim ilarly, fif(ft') =  f t2 if g{x )  € D 2. W e conclude th a t  f t ' is a 

sim ply  connected  com ponen t o f G . co n juga te  to  f t j  or f t2 , an d  thu s f t ' /  S ta b  a  , ( f t ')  

is a  th rice  p u n c tu red  sphere . Since f ti and  f t2 are  no t G .-in v a ria n t, no r is f t '.

To com plete th e  proof, we have to  show th a t  f ti  an d  f t2 a re  n o t co n ju g a te  in 

G . ,  o r equivalently , <7( f t i )  fl f t2 =  0 for all g G G».

12



If  g €  H i  — < T ,  S  > , th en

n fi2 = fii fi fi2 = 0*

L et g £  H 2 = <  T,  X  > . Since f i i  C { z  : I m  z  <  4} =  U an d  U is in v a rian t under 

i f 2 , th e n

£r(fii) n n 2 c  U nft2 = 0.

Since G .  =  H i  * j  / f 2, th e n , for any  g  € G , — J ,  g can  be w ritte n  as

g =  gi o ■ ■ • o gn , for some n  >  0 ,

w here gi €  H 1 U H 2 — J . Since <7i ( f i i )  C U, Vi, th en  </(fii) C 17, an d  th u s  < /( f i i ) n n 2 =  

0.

F u rth e r  m ore, we have

A (G „) =  UfleC. g ( W ) ,

w here

W  =  R U { z :  I m  z  = 4} U {0 0 } =  A ( / / i )  U A ( / / 2).

Since A (G ») is G .-in v a ria n t an d  IF  C A (G „), A (G .)  con ta in s

ff(IF ) =  A'.

O n th e  o th e r h an d , G . is non-elem entary , and  K  is G .- in v a r ia n t, th e n

K  3  A (G .)

13



since A (G „) is th e  sm allest non-em pty  G .- in v a ria n t closed subset o f C .

Now, we are  going to  estab lish  a bijective co rrespondence betw een  conjugacy 

classes of g roups in A44 an d  po in ts  in  T e i c h ( S 4) as follows. Since th e  Teichm iiller 

spaces o f tw o quasi conform ally  equivalent R iem ann  surfaces are  isom etricallv  equiv­

a len t, we m ay set E 4 =  f i . / G , .

Let /  : E 4 — ► / ( S 4) rep resen t an iso topy class in  T e ic h (S 4), and  le t

be th e  B eltram i d ifferential o f / .  B y defin ition , fi ^f is in v arian t u n d e r local coord i­

n a te  changes, th en

=  /*(*)> V z £ f i .  an d  V € G ..  ( 1 .1)

T h is gives a  B eltram i d ifferential on fi„, also deno ted  by /i, sa tisfy ing  (1 .1). E x tend

fi to  C  by se ttin g  fi = 0 ou ts id e  f t , .  T h ere  is a  quasiconform al hom eom orphism

of C  on to  itse lf such th a t  /** fixes 0, 1 and  oo, and

f s = lJ‘ f z -

Let g  be any elem ent of G'«. w = / M o g is again  a  quasiconform al a u to m o rp h ism  of 

C  w ith

Wz = fi wz ,

14



th en  th e re  is a  M obius tran sfo rm a tio n  gM such th a t

F  ° 9  = 9 n °  F-> i-e. 9» = F ° 9 ° ( F )

I t  is clear th a t  and  S M are  p arab o lic  since each of th em  has only one fixed

p o in t in C . T hen

G» = r  O F F ) - 1

is an  elem ent of A I4 and  is a  four tim es p u n c tu re d  sphere , w here Qfl =

Since fixes 0 and  00 , fixes 00 and  fixes 0. W e w rite

S M =

/  \  
1 0

V 77 l )
, T , = , X „  =

I  \
1 +  — AC2

V A 1 -  A(

w here £,*7, A € C  — {0}, and  C =  / M(4*) is th e  fixed p o in t of ArM.

5 M(oc) = . F o S o  { F ) ~ H 0 0 ) = F  o 5 ( 00 ) =  F i  1) =  1 ,

th en  77 =  1 .

T - 1 o 5  =

/  \  
- 3  - 4

\
1 1

, T ~ l o A ' =

< \ 
—3 +  4* 12 +  16*

1 1 - 4 *

are p arab o lic , th en  so are

' w

1 1

/  \  
l  +  A ( C - 0  - A C 2 - A C C - C

1 - A C
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T h e  d iscrim in an t o f th e  eq u a tio n  r 2 +  £2 +  £ =  0 is zero, th en  £ =  4. Sim ilarly, we 

have A =  1. Hence

= <

Since

/
1

\
4

/
1

\
0

/
l  +  c

\
- c 2

j

.  1

<

/
1

\
0

1

/
i  +  C - c 2 '

>

c \
1

> .

is a  non -e lem en tary  d iscre te  subgroup  o f G,t , |£| >  1 by Jo rg en sen ’s inequality . 

Since f  0 T 0 (ZM)_1 =  = T  and  / "  o S  o (ZM) -1  = S M = S ,  th en

/ M Hi  ( r r 1 = H i  an d  ZM J  ( / M)_1 =  J-

Let

= r  h 2 u n ~ l = <  >

C onsider th e  sets f M(Fi) ,  ZM(J?»)> * =  1 ,2 , and  f ^ ( C ) ,  w here Fi, B i  and  C  a re  defined 

in  th e  co n stru c tio n  of G m. T h en  these  sets and  g roups H i , H ^  an d  J  satisfy  all th e  

h y p o th eses  of M a sk it’s first com bination  th eo rem , and  thu s

G m =  H i  * j  H ^ ,

excep t for con jugates of elem ents o f H i  an d  I i 2 every elem ent o f G ^  is loxodrom ic, 

and  Gfj. is geom etrically  fin ite  since 7/j an d  H ^  a re  geom etrica lly  fin ite .

16



Conversely, le t G  be  any  group in an d  flo be  th e  sim ply connected  G- 

in v a rian t com ponen t of G  so th a t  Slo/G  is a  four tim es p u n c tu red  sphere. W e w ant 

to  find a  quasiconform al au to m o rp h ism  of C  w hich con jugates G . to  G,  and  th is 

m ap  gives a  quasiconform al hom eom orphism  o f f l , / G ,  on to  f 2 o / G .  By a sim ilar 

a rg u m en t as before, it suffices to  find a  quasiconform al hom eom orph ism  of f i .  onto  

f i o  w hose B eltram i coefficient satisfies (1 .1).

Let (p be a  conform al hom eom orph ism  o f f l ,  on to  th e  u p p e r h a lf  p lane H 2, and 

ip be  a  conform al hom eom orph ism  of fio on to  H 2.

L et g be  any elem ent o f  G*. <p o g  o <p~l is a  conform al hom eom orphism  of 

H 2 on to  itself, th en  p  o g o tp 1 is a  M obius tran sfo rm atio n  by Schwarz lem m a. 

T h is  proves th a t  p  G* is a  Fuchsian  g roup  an d  H 2 / ipG„  p ~ l is a  four tim es 

p u n c tu re d  sphere . Sim ilarly, ip G .  ip~ 1 is a  Fuchsian  g roup  an d  H 2/ip G » ip~ 1 is a 

four tim es p u n c tu red  sphere. T here  a re  s ta n d a rd  a rg u m en ts  to  show th a t  th e re  is 

a quasiconform al hom eom orphism  /  o f H 2 o n to  itse lf whose B eltram i coefficient //,/ 

satisfies

^ S ^ a i ^ g ' i z )  = iJ, j(z)g'(z),  V : €  H 2 an d  V g 6  p  G .  y T 1,

(see, for exam ple, [8], §8 ). L et /  =  tp~1 o f o p ,  and  le t be th e  B eltram i coefficient of 

/ .  I t  is clear th a t  /  is a  quasiconform al hom eom orph ism  of fl* on to  flo- By M a rd e n ’s 

isom orph ism  theorem  [13], one can ex ten d  /  to  a  quasiconform al hom eom orphism
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o f C  o n to  itse lf  so th a t  th e  ex tension  of /  con juga tes G m to  G.

As a  consequence of th e  above a rg u m en t, we have th e  following p roposition .

P r o p o s i t i o n  1 .2  ( N o r m a l i z a t i o n )  Every group in A i 4 is geometrically f ini te,  and  

it is conjugate to a group generated by

/  \  
1 0

/
1

\
4

, and

(
1 +  C - C 2 ^

v 1 s v 1

where  |£| >  1 .

W e have show n th a t  th e re  is a  fu nc tion  w hich m ap s th e  set of conjugacy  classes 

of g roups in  M 4 on to  T e i c h ( E 4). N ex t, we w ant to  check th e  in jec tiv ity  o f th is 

fun c tio n . Suppose th a t  G  an d  G'  are g roups in A d 4 w hich rep resen t th e  sam e po in t 

in  T e i c h ( £ 4 ) ,  i.e ., & o ( G ) / G  an d  Q q{G ' ) / G '  a re  conform ally  equivalen t. T h en  th e re  

is conform al hom eom orph ism  /  of flo(G') o n to  f l0 (G") w hich induces an  isom orphism  

o f G  on to  G ' . T h e n , by M ard en ’s isom orph ism  theo rem  aga in , th e re  is a  conform al 

au to m o rp h ism  of C  which is an  ex tension  o f /  an d  a lso  deno ted  by /  such th a t  

/  G  f ~ l — G ' . f  is a  M obius tran sfo rm a tio n  , th en  G  a n d  G'  a re  co n juga te .

Let

S  -

( \ 
1 0

, T  =

{ \ 
1 4

v °  x /
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(  \  
i 0

A T  A - 1 =  T ~ \  A S A - 1 =  5 - 1 , an d  A X ^ A ' 1 =  A '!* ,

th en  <  T , S , X {  > and  <  T , S,  A _ f  >  are  con jugate . T h is  proves th a t  every group

in  M 4  is con jugate  to  <  T , S ,  X ^  >  for som e (  w ith  |£ | >  1 an d  I m  C, >  0 . On the

o th e r  h an d , by a  sim ilar a rg u m en t as th a t  o f p rov ing  G„ G Ad 4 , we can prove th a t  

<  T , S , X ( ;  >G  X I 4 w hen (  =  i t  w ith  t > 2. T herefo re , we m ay  iden tify  T exch(E 4) 

w ith  Ad<i, w here M 4 is a  connected  co m ponen t of

{/i £  C  :<  T , S , X p  >G M 4 , |/x| >  1, an d  I m  /x >  0}

con ta in ing  g. =  i t  w ith  t > 2. W e refer to  M 4 as th e  Maskit. embedding  o f Te ic h (S ,4 ), 

an d  we w rite  = <  T , S ,  X ^  > .

P rop osition  1.3 (R ough  shape o f M 4 )

(1) n  €  M 4 i f  and only i f  fi +  2 G M . 4 .

(2) /x G M 4 i f  and  only i f  —JI G M 4 .

(3) {/x : I m  fi > 2} C .M 4 C {/x : / m  /x >  0}.

P roof: A ^+2 =  T X f 1 and  <  T , S ,  A'M > = <  T , S j T X f 1 > ,  th e n  (1) follows.

For th e  p ro o f of (2), we only have to  show  th a t  —fi G Ad.) if  /x G A d4. W rite

th e  elem ents of and  GL^ as m atrices. I t is easy to  see th a t  th e  m a trix  o f every

19
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elem ent of G _^  is o b a tin ed  from  th e  co rrespond ing  m a tr ix  in G u by rep lacing  /x by 

—p,  an d  th e  fixed p o in ts  o f e lem ents of and  G M are  func tions of th e  en tries 

o f th e  correspond ing  m atrices . T herefore, th is  m ap  /x i— ► —p  m aps A (G M) onto  

A ( G - j i ) ,  and  hence —p  €  if /x £  M 4 .

N ex t, we prove th a t  R  O M 4 =  0. From  (1), we only have to  show th a t

(—1,1] n = 0.

By th e  definition of M 4 ,  (—1,1) H M 4  =  0. If  p  =  1,

X ltS ( z )  = z - l t A MS 2 =  ^ ,

an d  thus

<  T ,S ,X M >  =  <  T , S ^ X ^ S  > = <  S , X MS  > = <  X ^ S ^ X ^ S  > ,

i.e ., G m is th e  m o d u la r g roup . H ence, 1 is n o t in M 4 .

Finally , we prove th a t  {/x : I m  /x >  2} C M 4 . From  (1), it  suffices to  show  th a t

/x £ M 4 if  I m  jtx >  2 an d  0 <  R e  n  <  2. C onsider th e  following g roups and  se ts,

(see F igu re  1.2):

H i  =  <  T , 5  > ,  / / 2 = < T ,  A ^ > ,  J = < T > ,

B \  =  {2 : I m  z  > I m  /x/2} U {0 0 },

■02 =  {z : I m  z < I m  p / 2 } U {0 0 },
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- z

F igu re  1.2:

7  = { z  : I m  z  =  / m  /z/2} U {oo},

£»i =  {2 : Is +  1 | >  1 , and  |2 - 1 | > 1},

D 2 = { z  : \z +  1 -  /j.\ >  1, and  -  1 -  /i\ >  1},

E i  = { z  : I m  z  < I m  n / 2  and  -  2 <  R e  z  < 2 ) ,

E 2 = { z  : I m  z  >  I m  f.i/ 2 and  — 2 + R e  fi < R e  z  < 2 + R e  /i} ,

D 0  =  JEj D E 2, Fi  = Do  I"1 D\  and  F 2 =  Do  D D 2.

Fj  is a  fu n d am en ta l set for H j  a c tin g  on C , j  = 1 ,2 , and

(1) B j  is a  (J,  # j) -b lo c k ,
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(2) (I n i  B\,  I n t  B2 ) is a  p ro p er in te rac tiv e  p a ir,

(3) Fj fl B z - j  has non -em pty  in te rio r,

(4) Fj PI Bj  is a  fu n d am en ta l set for J  ac tin g  on B j , an d

(5) Fi  n 7 = F2 n 7.

By th e  first com bination  th eo rem , G M =  H \  * j  H fl. By a  sim ilar a rg u m en t as before.

A (G M) =  UseG„ g ( W ) ,  

w here W  =  { z  : I m  z  = I m  / i } u R U  {°o})

too(Gn) = UgeG,, g (D )

is th e  only  sim ply connected  G M-invarian t com ponent o f w ith  f i0 a four 

tim es p u n c tu re d  sphere, an d  th e  o th e r com ponen ts are con jugate  to  { z  : Im. z  > 

I m  /i} or { z  : I m  z  < 0} an d  are  no t G M-in varian t, w here

D  =  { z  € F i fl F 2 : 0 <  I m  z  < I m  fx}.

T herefo re , // €  M i  if I m  fi > 2. Q .E .D .

1.3 M askit E m bedding o f  Teich(E5)

Let G . C P S L ( 2 ,C )  be th e  g roup  gen en ra ted  by

I  \ /  \
1 0

II

1 4

1 1 0 1
\  / \  /
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(  \ (  \
1 +  4 i 16 1 + 4 /  4

, an d  Y  =

1 1 - 4 * 4 1 - 4 /

L et H i  = <  T , X  > , H 2 = <  S , T , Y  >  an d  J  = <  T  > ,  an d  let

Fq = { z  : —2 <  R e  z  <  2},

Fi  =  {z G Fo : |s  +  1 — 4 i| >  1, |ar — 1 — 4 /| >  1},

F 2 = { * € f 0 : |*  +  1 | > 1 , | * - 1 | > 1 , | * + ± - / | > ±

T h en  F{ is a  fu n d am en ta l se t for H i  a c tin g  on C, i =  1 ,2 .

Let

7  =  { z  : I m  z =  2} U {oo},

B i  =  { z  : I m  z  < 2} U {oo}, and

B 2 =  {2 : I m  z  > 2} U {00 }.

T hen  we have:

(1) F j n  7  =  F 2 fl 7 , and  /n t(F ,- fl F 3 - 1 )  i=- 0 for i= l ,2 ,

(2) Fi fl Bi  is a  fu n d am en ta l se t for J  a c tin g  on B i ,  i — 1 ,2 ,

(3) 7  is precisely in v arian t u n d e r J  in / / ; ,  i = 1 ,2 ,,

(4) Bi  is closed and  J - in v a r ia n t, J3,- n  f i (//,•) =  B{ n  f l ( J ) ,  Bi  n  J )  is precisely

invarian t u n d er J  in Hi,  and  every  p u n c tu re  of Q . ( J ) / J  has a  n e ighborhood  contained

in th e  p ro jec tio n  of B i  o r d isjo in t from  th e  p ro jec tio n  o f B i ,  and
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(5) I n t  B \  and  I n t  B 2 a re  n o n -em pty  d isjo in t /- in v a r ia n t  sets and  

h ( I n t  B i )  C I n t  B 3 - i ,  for all h €  Hi — J , i  =  1 ,2 , and  

I n t  B \  — U h ( I n t  B 2 ) 7  ̂ 0-

T h e  first com bination  th eo rem  yields:

(1) G .  = III * j  I I 2 = <  I i \  t I I 2 > is d isc re te , and  geom etrica lly  fin ite .

(2) F  =  fl B 2 ) U (F 2 fl B i )  is a  fu n d am en ta l se t for G ,  a c tin g  on C .

(3) G « is to rsion  free, an d  excep t for con jugates of e lem ents o f H \  an d  I I 2, every 

elem ent o f G» is loxodrom ic. T hus every parabo lic  e lem ent of G « is co n juga te  in G »
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to  one of th e  following:

S n , T n , X n , ( S ~ 1 T ) n , ( Y - 1 S ) n , ( X - 1 T ) n , n e  Z -  {0}.

We have show n th a t  G ,  satisfies ( M . l ) .  N ex t, we a re  going to  prove th a t  G « 

satisfies ( M .2 ) and  ( M .3 ) .  Let

D \  = { z  : Im  z  >  4},

2 2
D 2 = { z  €  F  : —— <  R e 2 <  —, 0 <  Im  z  <  1},

5 5

I >3 =  { z  €  F  : Im  z <  0}, and

Do = F  — ( D \  U D 2 U Do).

H \  is a  Fuchsian  g roup , D \  is a  fu n d am en ta l set for H \  a c tin g  on { z  : Im  z  >  4}, 

an d  =  { z  : Im  £ =  4} U {oo}, then

fix =  { z  : Im  5 >  4} =  UheHi h { D x)

is a  com ponen t of G», f l i /Z / i  is a  th rice  p u n c tu red  sphere , an d  fix is n o t G *-invariant

since S t a b G . i H i) =  H \  G». S im ilarly , f l3 =  { z  : Im  z <  0} is a  com ponen t of G«,

S t a b c . i D 3) = <  T , S  > =  Ho,  and  H3 / / / 3  is a  th rice  p u n c tu red  sphere.

Let f l2 =  { z  : — | |  <  1} and  / / 2 = <  S , Y  > . / / 2 is a  Fuchsian g roup , D 2 is a

fu n d a m e n ta l se t for H 2 ac tin g  on f l2, A ( H 2) =  dQ.2, S ta b G ,( Q 2) = H 2, th en  f l2 is a 

com ponen t of G „, Sl2 / H 2 is a  th rice  p u n c tu red  sphere , and  f l2 is n o t G ,-in v a ria n t.
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It is clear th a t  S(Q,\) U Y ({ 1 \ )  C E x t ( Q 2) (~l Ext(Q.^) ,  th e n  f li is n o t con jugate  

to  Q 2, and  is no t con juga te  to  ^ 3  un d er G ,. S im ilarly, ft 2 is no t con jugate  to  f t3. 

T h is proves th a t  G„ satisfies (M .3 ) .

By a  sim ilar a rg u m en t as in §1 .2 , one can prove th a t  G„ satisfies ( M . 2 ), and

^0 = Ufl£G. g{D0)

is th e  un ique  G „-invarian t sim ply connected  com ponent of G» w ith  f t0 /G »  =  S 5. 

M oreover,

A (G .)  =  Us e G. g ( W ) ,

w here

W  =  R U { * :  I m *  =  4 } u { z : | 2 - £ |  =  i } U { o o }

=  A ( H l ) u A { H 2 ) u X { H 3).

By th e  sam e reason ing  as in §1 .2 , th e re  is a  bijective correspondence betw een 

conjugacy classes of g roups in M s  and  po in ts  in T e i c h ( S 5), an d  every elem ent of 

Ad5 is of th e  form  / G , / - 1 , w here /  is a  quasiconform al hom eom orphism  of C  on to  

itse lf and  is confrom al o u tside  fto- Let /  be such a  quasiconfrom al hom eom orphism  

fixing 0 ,1  and  0 0 , and  let

S = f S r \  T  = f T f - \  X  = f X f - \  Y  = f Y f - \

G = f G ' . r 1 =<  S , T , X , Y  > .
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Since /  fixes 0 and  oo, th e n  T  fixes oo, and  S  fixes 0. 5 (o o ) =  1, th en

5  =

( \ 
1 0

v 1 ’ /

W rite

T  =

/ \ I \ ( \1 £ 1 4- Xp  — Xp 1 + PV - p i 2
, x  = , Y  =

A 1 - X p ^ p  1 -  PV

/ ( 4 i ) ,  77 = f ( i )  an d  A ,£ ,p  6  C  - {0 }.

/ > 1 \
1 - e  - e 1 +  Xp  — A£ —X p 2 — £ +  A i p

, T ~ 1X  =

\
1 1

\
X 1 — Xp

/

are p arab o lic , then  f  =  4 an d  A =  1.

/
5 " xy  =

\

\ /

1 +  prj - p r ]2

- 1  + p - p r j  l - p j ]  + pr)2 

is pa rab o ic , then  pr}2 =  - 4 ,  or equivalently , p = —4 / rj2.

By considering  th e  subgroups <  S ,  X  > , <  T , Y  > , <  X , Y  > o f G,  an d  apply ing  

Jo rg en sen ’s inequality , we have

H  >  1 .1»?| <  4, and  | ^  -  1| >

and  then

G  = <

( \ 
1 0

V 1 x )

1 4

v °  x /

v

l  +  p  - p 2 

l  i - p

I
1 — 4/77 4

- 4 / 7f  1 +  4/77

\

> .

27



P r o p o s itio n  1.4 (N o r m a liza tio n ) E very  group in M s  is geometrically f in i te  and

is conjugate to a group G { p , u )  generated by

((  \ (  \
1 0 1 4

s  = , T  = , x »  =
1 1 n 1

\  / \  /

f o r  some p , u  €  C  — {0} with

l + p  - p .2

1 1 - p
, Y u =

( \ 
l  +  2n 4

- v 2 1 -  2i> ,

ImI >  1) M  >  j ’ +  2| >  1, I m  p  > 0, and  I m  v  >  0.

P roof: Let

A  =

( \ 
- 1  0

\
0 1

A T  A - 1 = T ~ l , A S A ~ l = S - ' t A X ^ A - 1 =  A 'l* , an d  A Y nA ~ 1 = Y S V\

th en  <  S , T , X m, Y t) > an d  <  S , T , X - f j . , Y —n > a re  con juga te . T hen  th e  p ro o f is 

com plete  by se ttin g  u  =  - 2 / r j .  Q .E .D .

L et A d 5  be th e  connected  com ponen t of 

{ { p , v )  €  C 2 : G { p , u )  e  M s ,  |/i| >  1, M  >  \ p v + 2 \ >  1, Im  p  >  0, and Im  v  >  0}

con ta in ing  (4 i , 2z). W e refer to  M s  as th e  M ask it em bedding  o f T e ic /i(E 5).

P roposition  1.5 (R ough  Shape o f  M 5 )

( 1 ) ( p , n )  €  M s  i f f  { - p - , v )  €  M s  and ( p , - P )  € M s -
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(2 ) ( n , v )  €  M s  +  2 , i / )  €  M 5 and { / i , v  +  1) G M s -

(3)

{ { n , v )  G C 2 : I m  n  >  4 , / m  zv >  1} C M s  C {(/* ,/') G C 2 : / m  /.i >  0 , / m  i/ >  0}.

Proof: B y a  sim ilar a rg u m en t as in P ro p o sitio n  1.3 (2), one can prove (1).

(2 ):

T X ~ l = X m+2, Y - 1S  = Y v+1,

and

<  S , T , X ^ Y - l S  > = <  S , T , X » , Y „  > = <  S , T , T X ~ l , Y u > ,

th e n  th e  p ro o f of (2 ) is com plete.

(3): By th e  defin ition  o f M s ,

([0,1) X C ) fl M s  =  0 =  (C  x [0,1/2)) n M s -

If  n  =  1 , th en  X MS 2 = (2) = - 1 / z .  If u  =  1 /2 , th en  T Y „ ( z )  = - 4 { z  +  4 ) / z .  Since

are  e llip tic  tran sfo rm atio n s , and  since G ( f i , u )  are  to rsion  free for all ( n , v )  €  M s ,  

th en

([0,1] X C )  Cl M s  =  0 =  (C  x  [0 ,1 /2 ]) D M s ,
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an d  th u s , from  ( 1 ) and  (2 ),

(R  x C) n M s  =  0 = (C x R) n M s .

H ence M s  C {(fJ.,v) G C 2 : I m  /j >  0, I m  v  >  0}.

A ssum e th a t  0 <  R e  fi < 1 and  0 < R e  v  < 1 /2 , and  le t A ( z )  =  4 / z .

A T A ~ X =

Let

1 1

/  \
1 4

, A S A ~ l =
0 1

, A Y „ A

( \ 
1 -  2w -AiP-

\ 1 +  2v

E  =  { z  : \z +  1| >  1 , \z — 1 | >  1 , \z + 1 +  2u\ > 1 and  \z — 1 +  2v\  >  1},

Fi  =  { z  : I m  z  >  —I m  v, — 2 <  R e  z  <  2},

F 2 =  : I m  z  < —I m  j/, - 2  — R e  v  < R e  z  < 2 — 2R e  1/} .

T h e n  F  =  (F iU F 2) n F  is a fu n d a m e n ta l set for <  A T A ~ X, A S A - 1 , A Y A -1  >  ac ting  

on C, and  A ( F )  is a fu n d a m e n ta l  set for <  S , T , Y „  >  ac tin g  on C, (see F igure 1.3). 

Let

Ci  =  A ( { z  : \z -  1 +  2u\ = 1}),

C 2 = A { { z  : \z + 1 +  2u\ = 1}), and

C  = A ( { z  : I m  z  = I m  (1 +  i -  2i/)} U {00}).

Let w  be any  p o in t o f C , an d  w rite  w  = 4 / z ,  w here I m  2 = 1 -  2 /m  v .  T hen

I m  w
_  —4I m  z  _  4 (2 I m  u — 1)

1*21 <
2 I m  u — 1

< 4 ,
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Im & = "Im

A -fundamenti! set f°«"
< A TA 't ASA"', Ar-jA 'b  
o < Re t) < V i

F igu re  1.3:
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and  th u s  I m  £ <  4 for all £ £  C\  U C 2 . By a  sim ilar a rg u m en t as in  th e  construction  

o f ( ? ,,  we can prove th a t  (/i , v ) £  M s  w henever I m  p  >  4 , / m  i / > l , 0 < J ? e p < l  

and  0 < R e  v  < 1 /2 . T h e  p ro o f of (3) is com plete by (1) an d  (2).

1.4 Cusps

L et £ € d M n , n  =  4 ,5 . If th e re  is a n ; € M n , a lo x o d ro m ic  tran sfo rm a tio n  g £ G(oj), 

and  an  isom orphism  $  : G(u>) — ► G ( £) tak in g  p arab o lic  e lem ents of G ( lj) in to  

p arab o lic  elem ents of G ( ( )  such  th a t  $ ( g )  is p arab o lic , th e n  we say th a t  (  is a cusp 

associated to g,  o r G ( ( )  is cusp group associated to g.

N ote th a t  G '(r) is quasiconfrom ally  equ ivalen t to  G ( u>) for every r  €  M n\ th e re  

is quasi conform al hom eom orph ism  f T of C on to  itse lf  such th a t  f TG ( u ) f ~ l = G ( t ) .  

T herefo re , C is also a  cusp associa ted  to  f Tg f ^ x £ G ( r ) by considering  the  isom or­

phism

h  —  H f - ' h f r ) ,  h  €  G ( r ).

E x a m p le  1 .1  In th is  exam ple  we consider th e  space M 4 , and  we w ant to  prove 

th a t  2 i is a b o u n d ary  p o in t o f  M 4 , and  it  is a  cusp in D M 4 .

C onsider th e  po lyhedron  in H 3 =  {(a: , y , t )  €  R 3 : t > 0} w hich m eets  C in the

set

D  = { z  : - 2  <  R e z  < 2 , | s + l |  >  l , | s  +  l - 2 / |  >  l , | z - l |  >  1 and  \ z - 1 - 2 i \  > 1}.
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Since T,  T ~ l , S ,  5 _1 , X^ i ,  A' ^ 1 axe side pairings of th is  po lyhed ron , th e n , by P oincare  

th eo rem , th is  po lyhedron  is a  fu n d am en ta l po lyhedron  for G('2i) = G 2 i ac tin g  on H 3, 

and  th u s D  is a  fu n d am en ta l dom ain  for G 2,' ac ting  on C  ([14], V I.A .3). T herefroe, 

(j?2t is a  K lein ian  g roup  an d  f i(G 2, ) /G 2i is a  d isjo in t union  of four th rice  p u n c tu red  

spheres. H ence 2 i is no t in M a ,  and  2 i €  O M a  since p  € M a  for I m  fi >  2 .

For every t >  2, le t p  =  i t ,  and  : G M — ► G 2i b e  th e  isom orphism  w ith

$ t ( T )  =  T , $ t ( S )  =  5 , and  $ * (A M) =  X 2i.

Since every p arab o lic  e lem en t o f G M is a  co n ju g a te  of a  p arab o lic  elem ent of <  T,  S  >  

or <  T,Xfj .  > , and  th e  p a rab o lic  elem ents of <  T,  S  >  and  <  T,  A'M >  are  conjugates 

of

r ^ fc,A';,(.YMr - 1)*,(sr-1)*, k €  z -  {o},

th en  4>( takes p arabo lic  e lem ents o f G u in to  p arab o lic  e lem ents o f G 2 i-

X ~ 1S  is loxodrom ic, X ^ S  is p arab o lic , an d  $ t{ X ~ 1 S )  =  X ^ S ,  th en  2 i. is a 

cusp associa ted  to  X ~ ^ S .

By a  sim ilar a rg u m en t, ( 2 \ / 2 i , \ / 2 i )  6  d M 5 is a  cusp associa ted  to  X ~ l Y„. 

M cM ullen proves th a t  cusps are  dense in th e  B ers em bedd ing  ([17]). As we 

rem ark ed , every cusp in d M n is a  cusp associa ted  to  som e loxodrom ic e lem ent of 

every fixed g roup  co rrespond ing  to  an elem ent of M n . S ince G ( r )  is geom etrically  

fin ite  for every r  € M n , by a  resu lt of M askit [16], for any  given loxodrom ic elem ent
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g of G ( t )  w hich rep resen ts a  sim ple closed geodesic on f lo ( G ( r ) ) /G ( r )  th e re  is a 

cusp in  d A 4 n associa ted  to  g,  and  th is  cusp is un ique [12]. T herefo re , to  u n d ers tan d  

d A 4 n well, we have to  find all loxodrom ic elem ents of G ( r )  w hich rep resen t sim ple 

closed geodesics on f io ( G ( r ) ) /G ( r ) .

If C € d M n is a  cusp associa ted  to  g € G ( r ) ,  and  h €  G ( r )  is any elem ent, then 

£ is also a  cusp associa ted  to  h g h ~ l since § { h g h ~ l ) =  4>(/i)4>(g)4>(/i)_1 . T hus, it 

suffices to  find all n o n -con juga te  loxodrom ic elem ents of G ( r )  w hich rep resen t sim ­

ple closed geodesics on  Q o ( G ( r ) ) /G ( r ) ,  or equivalentlly , to  find  all free hom otopy 

classes of sim ple  closed curves on fio ( G ( r ) ) /G ( r )  w hich a re  no t hom otop ica lly  equiv­

a len t to  th e  sim ple closed curves which sep a ra te  som e p u n c tu re  of th e  p u n c tu res  on 

f io ( G ( r ) ) /G ( r )  from  th e  o thers.

We call a  sim ple closed curve on Qq(G(t ))/G(t ) an essential simple closed curve 

if  th is  curve is no t hom otop ica lly  triv ia l and  is no t hom otop ica lly  equivalent to  a sim ­

ple closed curve w hich sep a ra te s  som e p u n c tu re  of th e  p u n c tu re s  on Qo(G(t))/G(t ) 

from  th e  o th ers . In  n ex t ch ap te r , we a re  going to  en u m era te  free hom otopy  classes 

o f essen tia l sim ple closed curves.
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C h ap ter  2

Enum erating Loops and Traces

2.1 T h e G eneral Setup

In  th is  section , we a re  going to  set up som e n o ta tio n s  and  defin itions th a t  we will 

need la te r . To en u m era te  free hom otopy  classes of essen tia l sim ple closed curves is 

a  topological problem ; we sim ply  w rite  G  =  G ( r ) ,  S n =  £10(G(t ) ) /G(t ) ,  X  =  A'M, 

an d  Y  =  Y„. Let Qn be th e  set o f all free hom otopy  classes of essen tia l sim ple 

closed curves on £ n . I t  is a  fac t th a t  every hom otopy  class in  Qn con ta in s a  un ique 

geodesic, say 7 . By abuse o f n o ta tio n , we shall also use 7  for th e  free hom otopy  

class rep resen ted  by 7 .

W e choose a  sim ply connected  fu n d am en ta l dom ain  D  for G  a c tin g  on flo(G0 

w ith  side pairings S * , T ± , Ar± ,and Y * . I f  s  and  s'  a re  sides o f D ,  and  E  €
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X 'V  X

t "

; i-------*-----
s ' 1 s

( 1)

Figure 2 .1: A simply connected fundamental domain D:  (1) n =  4 , (2) n = 5 . 

Simple closed curves on £4: (3) 7, (4) 7'.

{5 ± ,T±, Ar±, y ±} with E ( s )  =  s', then we label E ~ x beside s,  and label E  beside 

s', see Figure 2 .1. A side s of D  is called the E-s i de  of D  if s is labelled by E.

With this labeling, we can easily write words in G  to represent curves in Qn . For 

example, we may write

W \ j )  =  T ~ xS X  and W { i )  =  X ~ ^ S ~ ^ T

to represent the curves 7 and 7' given as (3) and (4 ) in Figure 2.1 with orientations 

indicated by the arrows.

It is easy to see that if 7 and 7' are two essential simple closed curves on En 

with the same underlying set but opposite orientations, and if W  is a word in G  

corresponding to 7 then IF-1 corresponds to 7'. Because we are only interested in 

non-oreinted essential simple closed curves, we are going to use both W  and IF-1 

to represent an essential simple closed curve on En.
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Because we axe only interested in elements of Qn , we shall not distinguish a word 

in G  from its conjugates. In particular, a cyclic permutation of a word II’ in G  is 

conjugate to W  in G,  and we shall identify these words and call any one of them a 

cyclic word.

A word W  = E i  ■ E m in G  is called a reduced word  if for each j ,

E j  G {5’± , r ± , A’± , y ± }, an d  E j E j + i  ^  1 , for j  — 1 — 1,

where 1 is the identity of G.  When W  represents a curve in Qn , we also require that 

E m E i  /  1, and for every j  = and every positive integer k  <  m ,  we call

Ej+i  • • ■ E j +k a subword  of W ,  where E m+i = E \ .

Let 7r : D  — ► En be the canonical projection. For E  G {£'±,T,±,A':t, y ±}, let 

7e  denote the image of the E - side under 7r. 7£ is a simple arc on Sn joining two 

punctures of En.

For every 7 G Qn » ’r-1(7) is a disjoint union a finite number simple arcs in D  

with endpoints on the sides of D .  We call each of these simple arcs a s trand  of 7. 7 

has exactly k  > 0 strands with endpoints 011 the .E-side if and only if it has exactly 

k  > 0 strands with endpoints on the E-1-side, and h is the geometric intersection  

number  of 7 with 7£, which is denoted by I e { i ) -  Thus

I e {i ) = the number of points which are endpoints of 

strands of 7 on the .E-side (or the Ê_1-side).
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Figure 2 .2: A Dehn twist T  associtaed with the puncutes P  and Q

At the end of this section, we are going to define a special kind of Dehn twist 

given by J . Birman ( [3] P .165 - 166) , which plays an important role in the rest 

of our discussions. Let So be the 2-sphere, and let P  and Q be any two distinct 

punctures of En. As points of S0, we choose a simple closed curve C  on So passing 

through P  and Q so that one of the connected components of So — C ,  say C+, is 

contained in S n and all punctures of Sn other than P  and Q are contained in the 

other connected component, say C ~ . We may orient C  so that C ~  lies to the right 

of C.  Choose an annular neighborhood A  of C  on So so that A  does not contain 

any puncture of En other than P  and Q.  By using polar coordinates of the plane, 

we parametrize

A  — {r e l6 : 0 <  r\  <  r < r 2 <  o o ,0  <  6  < 2 ir)
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so that

c  =  { r .«  <= .4 : r =

and P  and Q correspond to

r-i + r 2 , r x + r 2 _ _ _  and

respectively, (see Figure 2 .2). For simplicity, we set rx = 1 and r 2 = 3 . Now, we are 

going to define a Dehn twist T  about C  on En as follows. First, we define T  on A  

as

T ( r e ie) =  r e ,'(fi+,r(r- 1)).

Extend T to Eo so that T is the identity map outside A .  It is easy to see that T 

fixes all punctures of Sn other than P  and Q,  and

T ( P )  = Q,  and T ( Q )  = P.

Thus the restriction of T  to En is a homeomorphism of Sn onto itself. We call T a 

D ehn  twist  associated with the punc tures  P  and Q.  T  induces an isomorphism of G  

which is also denoted by T .

2.2 W ords for S im ple C losed G eodesics on S4 and Traces

Let G  = <  S , T , X  >, let P  be the puncture on S4 = / G  corresponding to the 

fixed point of S ,  let Q  be the puncture on E4 corresponding to the fixed point of
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(1) (2 )

Figure 2.3: (1) D ehn tw ist : T ; (2) sym m etry : 0 .

T - ' S ,  le t T  be  a  D ehn tw ist associa ted  w ith  th e  p u n c tu res  P  an d  Q,  (see F igure 

2 .3), and  le t 0  be  th e  au to m o rp h ism  of G  defined by

0 :  S 1— + S - 1, r ^ r 1, X — + X - 1.

0  induces an  (o rien ta tio n  reversing) hom eom orphism  o f w hich is also denoted  

by 0 ,  (see F igure  2.3). T h e  ac tion  o f T  on G  is defined by

S  — * S ~ XT,  T  — ► T,  X  — » X .

Let Q\  be th e  set o f all free hom otopy  classes of essen tia l sim ple closed curves 

011 S .j. For x  £ { ± 1 ,± 2 , 00}, le t ~/x be  th e  sim ple closed geodesic in Q4 rep resen ted
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T T

V k  t o
s'1 s s*1 s s'1 s
( 1 ) (2) (3)

x . 'V . a  X L - K

E ’  " S

T T

s“ S S'1 S S'1 S
(4) (5) ( 6 )

“X,00

F igu re  2.4: (1) 7 0 , (2) 7 1 , (3) 7 _ x, (4) 72 , (5 )7 _ 2, (6 ) 700. 

by TF’ar € G , w here

W0 =  A”- 15 , W 1 = X T ~ 1 S,  W 2 = T X T ~ 1 S - 1,

W - 1 =  X ~ l T S ~ \  W - 2  = T ~ l X ~ ' T S ,  Woo = T.

see F igure  2.4. By using a  techn ique developed by B irm an  an d  Series [4], every free

hom otopy  class in Q4 can  be  w ritten  as an  in teg ra l com bination  of tw o classes in

# 4  =  { 7 0 , 7 i ,  7 2 , 7 - i ,  7 - 2 ,  Too} 

w ith  rela tively  p rim e non -nega tive  coefficients. M ore precisely, th ey  are

0 7 0  +  i» 7 i , a 7 i  +  &72, « 7 2  +  h o o ,  

a~jo +  6 7 -1 , ct7_i +  67 -2 , 0 7 -2  +  h o o ,
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w here a,b  > 0 w ith  g c d (a ,6 ) =  1. Let

a i  =  {a7_2  4- &7 co : a , b a re  re la tive ly  prim e non-negative in tegers} ,

<72 =  {0 7 -1  +  67—2 : a, b are re la tive ly  prim e non-negative in tegers} ,

<73 =  {070 4- 67-1  : a, b are  re la tively  p rim e non-negative  in tegers} ,

<74 =  {070 +  b71 : a, b are  re la tively  p rim e  non-negative  in tegers} ,

<75 =  {071 -j- 672 : a,  b are  re la tively  p rim e  non-negative  in tegers} ,

cr6 =  {072 4- 7̂co : a , b are  re la tively  prim e non -negative  in tegers}.

A resu lt o f B irm an  an d  Series [4] says th a t  0  an d  T  a c t on  G a ’’lin ea rly ” . M ore

precisely, if 7 , 7 ' €  cr,- for som e i,  an d  if 9 (7 ) , 9 ( 7 ')  6  <7j for som e j , w here ip —

0  or T ,  th e n

1^(07 -)- 67 ')  =  ay?(7 ) 4- 6^ ( 7 ') ,  

for any tw o non-negative  re la tive ly  p rim e in tegers a an d  b.

L e m m a  2 .1  Let  7  €  G a - Then  the fol lowings hold:

( ! )  -Ty (7)  =  -Ts (7)-

(2) There is an integer k depending on  7  such that T k{7 ) €  <74 whenever  7  ^  7 ^ .

P roof: (1) follows im m ed ia te ly  from  prev ious discussions an d  th e  defin itions of I x i l )  

and  I s ( l ) -
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It is easy to  see th a t  (2) holds for 7  6  Uj=2crj. Let 7  6  cr6 — {700, 7 2 }- W rite  

7  =  072  +  6700, >  0 ,g c d ( a ,6) =  1 .

T h ere  ex ist non-negative  in tegers k  and  c < a such th a t  b = a k  + c. Since 

T - ^ 7 2  +  7oo) =  72 an d  T ( 7 oo) =  700 ,

th en

T ~ k( 7 ) =  072 +  c7oo = ( a -  c) 72 +  c(7 2 +  700)

T ' k~ 2(7 ) =  T - 1( ( a - 0)71 +  C7 2 ) =  (a  -  0)7 0 +  C71

By a  sim ilar a rg u m en t, we can prove th a t  (2) ho lds for 7 6 0 - 1  — { 7 0 0 , 7 - 2 } -  

Q .E .D .

Now, we re s tr ic t a tte n tio n  to  7  6  mi, an d  let

W  = W ( 7 ) =  £ i-E 2 - - - E fc, E j  6 { 5 ± , T ± , X ± }, (2.1)

be  a  cyclic reduced  word in G  rep resen ting  7 . N ote th a t  IF  is a  loxodrom ic tra n s ­

fo rm ation .

(1) If  X X ,  A”- 1A '- 1 , SS  o r S~1S ~1 is a  subw ord o f W,  th e n  7  is no t essen tia l 

o r is a  curve sp ira ling  a ro u n d  a  p u n c tu re  on £ n , (see (1) in  F igure  2 .5). T h is is not 

allowed.
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.-1

s'1 s 
( 1 )

.-I

-Is s
(4)

. - t T T

S ‘ ‘ S

(2 )

.-1

s s 
(5)

s’1 s 
(3)

X'1.. X

T T
7 X 1

s '1 s 
(6 )

F igure  2.5: (1) X X  o r A”- 1^ " 1, (2) T ~ l X T ~ x or X ~ l T X ~ l , (3) T X T ,  (4) X T X ,

(5) X - ' T X ,  (6 ) A T -1  A”- 1 .
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(2) By th e  sam e reason ing  as above, T sE ~ * T e and E ST ~ CE C c an n o t be  a  subw ord 

o f W ,  w henever E  €  { S , X } , an d  e =  ± 1  , (see (2) in F igure  2.5).

(3) I f  T SE ST C o r E eT s E e is a  subw ord of W ,  E  € {S ,  A '}, and  £ =  ± 1 , th e n  7 

is n o t sim ple, (see (3) an d  (4) in  F igu re  2.5).

(4) I f  E ~ ST SE S is a  subw ord of IF , E  € { 5 ,X )  an d  e , 6  €  { ± 1 } , th en  7  is not 

sim ple, (see (5) and  ( 6 ) in  F igu re  2.5).

(5) If  E S' T PE S is a  subw ord of W ,  E  € { S ,X }  S \ S  € {± 1}  and  p  ^  0 is an 

in teg er, th en  7  is n o t sim ple.

From  th e  above discussion, we have:

(1) For every fixed i, if  j  is th e  sm allest positive  in teger such th a t  E i ,E i + j  6

{A”* } , th en  j  > 2 , E{+i ,  . . . ,E i+j - i  € { T * , 5 * } , and  th e re  is a  un iq u e  p  € {/ +

1 ,... ,  i +  j  — 1} such th a t  E p € { 5 ± }.

(2) For every  fixed i, if  j  is th e  sm allest positive in teger such th a t  E i , E j +j  e

{ • S ' * } ,  th e n  j  > 2, -E i+ i,..., G { T ^ X * } ,  an d  th e re  is a  u n iq u e  p  G {i +

1, . . . , i  +  j  — 1} such th a t  E p € {A '*}.

(3) I b {i ) = # { j  ■ E j  = E s , 1 <  j  < k,  £ = ± 1) .

For un iform ity , if  X sS s o r S ' X s is a  subw ord of IF , we w rite  

X s S s = X sT ° S e , and  S eX s = S sT ° X s ,
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so that W  is of the form

m
I J T  a<S£iT 0 iX Si, (2.2)
t=i

where a,-,/?,- G Z , £,-,<5,- €  { 1 , - 1 } ,  and m =  I x i l )  =  -Ts(?)• We call a word in G  of 

the form given in (2) a cyclic semi-reduced word.  Note that the length of a word in 

formula (2 .1) is equal to the length of a word in formula (2 .2 ) if they correspond to 

the same element in G.

Next we are going to find the conditions for a,-,/3,-,£i and 6{.

(1) If T k is a subword of W  with |fc| >  2, then 7  contains a strand joining the T-  

side to the r - 1-side. Since every curve in <74 contains no such strands, then |a,j < 1 

and \fii\ <  1 for every i.

(2) If T - 15 £T , £ =  ± 1 , is a subword of W ,  then 7  contains a strand joining the 

T-side to the 5-side, and contains a strand joining the T-side to the 5 _ 1-side, which 

is impossible for curves in <74. Similarly, T S ' T * 1 ,T -1  X eT  and TA^T -1  cannot be 

subwords of W .  Thus =  0 and a;+i/3; =  0 for i -  l , . . . ,m ,  where a m+ 1 =  « i .

(3) Since 7  contains no strands joining the T-side to the 5 - 1-side, and contains 

no strands joining the T -1 -side to the 5 s-side, £ =  ± 1 , then T ~ 1 S ~ 1 , S T , T S ~  and 

5 £T " 1 cannot be subwords of W .  Similarly, X ~ l T ~ l , T X , X eT  and T _1 X s cannot 

be subwords of W .  Then

a ,1 <  0 , fa >  0 , (a; +  Pi)£i <  0 , and (a 1+1 +  fii)6i <  0 .
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P r o p o s i t i o n  2 .2  I f  -f =  a j 0 +  &7 i ndih g c d (a ,b )  =  1, a , 6 >  0, and i f W ( j )  €  G  is 

a cyclic semi-reduced word, then  W (7 ) is o f  the f o r m

m
Y [ T - ai S CiT 0i X Si,
i= 1

where m  =  I x { l )  — Is( l )<  £ {1 , — 1}-, a n d  a,- an d  /?,■ are non-negat ive integers  

sat i sfying the fol lowing conditions:

( 1 ) a< <  1 ,Pi < 1 =  0,(/3; -  a ;)£ ; <  0 , / o r  i =

(2 ) =  0 , (A  -  <  0 , f o r  i =  1 where  a m+i =  0 7 .

( 3 )  E £ i ( « i +  & )  =  * •

P roof: I t  rem ains to  prove (3). From  (1), a ;  +  /?,- <  1. Let

k  = # { i  : a,- +  jd; =  1}.

A ssum e th a t  a,- +  /?,• =  1.

Ei =  - 1  =». a,- =  0 I(3,- =  1 =*• T ~ a i S SiT 0' =  S ~ l T  

— 1 =» a,- =  1 ,A  =  0 => T ~ a ' S eiT 0i =  T _ 15.

Since S _1T  o r T,-1 5  is a  subw ord o f I'F if  and  only if 7  con ta in s a  s tra n d  jo in ing  

th e  T -sid e  to  th e  5 -s id e , th en

k  =  # ( s tra n d s  of 7  jo in ing  th e  T -side  to  th e  5 -d ise)

=  # ( s t r a n d s  of 7  jo in ing  th e  T - 1 -side to  th e  X ^ - d i s e )

=  b
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This completes the proof. Q .E .D .

L et Q4 =  Q4 — {700}• W e associate  to  each 7  £ Q4 th e  in teger N(~f)  given as 

follows:

> 0 w hen 7  £ <74 U <75 U cr6 ,

^ ( 7 ) <  0 w hen 7  £  ffi U cr2 U <73, an d

| A1,(7 ) | =  ^ ( s t r a n d s  o f 7  jo in in g  th e  T - 1 -side and  th e  T -side)

+ # ( s t r a n d s  of 7  jo in ing  th e  T £-side and  th e  T fi-side),

w here e , 6  £  { 1 , - 1 }  and  E  £  { X ,5 } . Set

G4 =  a 4 U <75 U <76 -  { 7 0 0 } ,  and  G f  — u\ U 0 2  U CT3 — {7oo}-

T h e o r e m  2 .3  I f  7  € Ga an d  W (7 ) £ G  is a cyclic semi-reduced word representing  

7 , then W { 7 ) is o f  the f o r m
m

Y [ T a' S c' T p' X s\
i= 1

inhere m  =  I x (7 ) =  / s ( 7 ), £t' , <5; £ { 1 , - 1 } ,  an d  a,- an d  /?,■ are integers sat is fying the 

fol lowing condit ions:

(1) - 1  <  (oti +  f3i)si <  0 an d  - 1  <  ( a 1+1 +  <  0 , where a m+i =  0 7 .

(2 ) |a , j ,  |/?,j £  { a , a  +  1}, where a  =  m in{ |a :i|,|/? ,j : i =  l , . . , m ) .

( 3 )  E r = i ( l « i l  +  IA I )  =  | i V ( 7 ) | .
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(4)a,- <  0 and f3i >  0 when  7  £ G4 , and  a ,  >  0 and  /?,- <  0 when  7  € Q4 . 

Lem m a 2.4 I f  y  € Ga, then

( 1 )  / * ( 0 ( 7 ) )  =  ^ ( 7 ), N ( 0 ( 7 ) )  =  - t f ( 7 ), an d

(2) I X ( T ( 7 )) =  I x { l ) ,  N ( T ( y ) )  =  iV(7 ) +  / x (7 ).

P roof: (1) follows im m ed ia te ly  from  th e  defin ition  o f N ( 7 ) and  th a t  of I x ( y ) -  

To prove (2), we first assum e th a t  7  € £7̂ f\

C ase 1: If 7  =  070 +  671 , th en  N ( 7 ) =  b an d  Ix{~f)  =  a  +  6.

T (  7 ) =  071 +  672 , / .v ( T ( 7 )) =  a  + 6 =  4 (7 ),

JV (T (7 )) =  a +  26 =  JV(7 ) +  / * ( 7 ).

Case 2 : If  7  =  071 +  672 , th en  IV(7 ) =  a +  26 and  I x ( j )  = a + b.

T (  7 ) =  (0  +  6)72 +  6700, I x { T { y ) )  =  o +  6 =  4 (7 ),

IV(r(7)) =  2 (o +  6) +  6 =  iV(7 ) +  / A (7 ).

C ase 3 : If  7  =  072 +  6700, th en  N ( 7 ) =  2a +  6 and  / Ar(7 ) =  o.

T (7 ) =  072 +  (o +  6)700, / a '( T ( 7 )) =  a = I x (y ) ,

N ( T { y ) )  =  3o +  6 =  7V(7 ) +  / A'(7 ) .

Now, le t 7  € Q f -  Since © T  =  T - 10 ,  then

T ( 7 ) =  0 T - 10 (7 ), I x ( T ( y ) )  =  7 a '(7 ), and  
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iV(0 T - 10 ( 7)) = - iV (T -10 ( 7)) = -JV(©(7)) + /x(©(7)) = JV(t) + ^ ( 7 ) -

C o r o l l a r y  2 .5  I f  7  Z.G a and  k  6  Z, £/ien

I x { T k {7 )) =  I x { l ) i  and  N ( T k (7 )) =  JV(7 ) +  fc/A' ( 7 ).

P r o o f  o f  T h e o r e m  2 .3 : F irs t, we assum e th a t  7  € £7̂ " —0-4 . F rom  th e  p ro o f of 

L em m a 2.1, th e re  is an  in teg e r k  > 0 such th a t  7 ' =  T ~ k (7 ) e  a 4 . F rom  C orollary  

2.5,

I x { 7 ) = I x ( Y )  and  N ( 7 ) = N ( Y )  + k l x (7 ).

B y P ro p o sitio n  2.2, 7 ' is rep resen ted  by a  cyclic sem i-reduced  w ord W '  of th e  form

m
J J  T - V i S W i X * ' ^
i= 1

w here m  =  I x { 7 ) =  I x { 7 '),  € {1 , - 1}, and  a'- >  Q,0 '{ >  0 are  in tegers

sa tisfy ing  th e  conditions given in  P ro p o sitio n  2.2.

Let e ' , 6 ' £  { 1 , - 1 }  and  a '  >  0 ,/? ' >  0 be  in tegers w ith  — 1 <  (/?' — a ' ) s '  <  0.

T ( T ~ a' S C' T P' X s') =  T ~ a S £T pX s ,

w here e =  e', 6  = 6 ', a  =  a '  +  i ( l  -  s' )  and  /? =  /?' +  i (  1 +  £')■ I t is easy  to  see th a t

a  >  0, 0  >  0, and  a  +  f3 = a '  +  /?' +  1.

Since

{ 0  -  a)s- =  - ( / ? ' -  a ' ) f '  -  1 and  -  1 <  (/?' -  a ') ^ ' <  0 ,
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th en  — 1 <  (/? — a )e  <  0. T herefo re , W ( 7 ) =  T ( W ' )  is o f th e  form

m
I I  T ~ aiS £iT PiX Si,
i=1

w ith  £i =  ( — <5,- =  8 \, a ,  > 0,  /?,• >  0,

a { +  fa = a'i +  /?■ +  k ,  an d  -  1 <  ( f t  -  a,-)£; <  0 .

F rom  C orollary  2.5,

771 m

E ( « - '  +  A )  =  £ ( « i  +  ^  +  k ) =  +  fcn* =  ^ ( 7 ) .
*=1 »=i

N ex t, we prove th a t  —1 <  ( f t  — a ,+ i ) f t  <  0 for every i. W e w rite

m

IF (7 ) =  Y [ T p' X 6' T ~ a ' S c\
t=i

an d  prove th a t  — 1 <  ( f t  — a ,  )<5,- <  0. Let 0 '  be th e  au to m o rp h ism  of G  defined by

S  — ♦ X ,  T  — ► T , X  — ► S.

0 '  induces a  hom eom orphism  of S 4 on to  itself, which is also d eno ted  by 0 ' .  I t is

easy to  see th a t  0'(<7+) =  ft,- . T hen  0 0 ' ( 7 ) € g f ,  and

m

0 0 '( I F ( 7 )) =
1=1

T hus

- 1  <  (a ;  -  (3i)( — 6i) <  0, or equivalen tly  -  1 <  ( f t  — <  0.



Prove th a t  a,-,/?,- € { « ,»  +  1}- W ith o u t loss of generality , we assum e th a t 

a  =  m in { a i ,/? i} , and  assum e th a t  ex =  1 . T h en  a  =  (3\. Since

T ~ 2 { S S) =  T S ‘ T ~ \  e = ± 1 ,

th en

T ~ 2 ( T ~ a' S SiT 0')  =

and
m

T ~ 2a { W {  7 ))  = Y [ T ~ < S eiT /3<Xs\
i=l

w here a\  =  a,- — a,/?,- =  /?,■ — a .  Suppose th a t  a* >  a  +  1 o r /?,• >  a  +  1 for som e 

i >  1. Since (3[ =  0 and  £x =  E  th e n  1 2“ (7 ) con ta ins a  s tra n d  jo in in g  th e  S -1 -side 

to  th e  A '5l -side. O n th e  o th e r  h an d , Q; > 1 or >  1 im plies th a t  T ~ 2a{7 ) con ta in s 

a  s tra n d  jo in ing  th e  T -side  to  th e  T - 1-side, w hich is im possib le  since 7  is sim ple.

If 7  €  6 4  , we consider th e  curve 0 (7 ), and  th e n  th e  p roo f is com plete . Q .E .D .

T h e o r e m  2 .6  ( E n u m e r a t io n  T h e o r e m )

Let C : O4 — - Q  be defined by

Th en  TT(-y)  =  £ ( 7 ) +  1 , £ 0 ( 7 ) =  —C { ^ ) ,a n d  C is bijective.
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Proof:

c t m  = E i m  = m + M ! i = £ u ) + !
L J { 1 )  I x i r m  I x i l )  ( 7 , +  ’

c q m  = ^ ( ,e (7 ))  =  : m  = . c m
i7 )  /A ' (0(7) )  Ix{  7)  ( 7 ) '

Let q b e  any  non-negative ra tio n a l num ber, and  le t n  >  0 be th e  in teger such 

th a t  0 <  q — n  <  1. T h ere  exist in tegers a > 0 ,6  >  0 w ith  g c d (a ,6) =  1 such th a t

? ~  n = S5T- T hen

£ (0 7 0  +  67!)  -  — = q — n,
a +  0

C T n (a'yo +  671) =  £ (0 7 0  +  671) +  n  =  q, and  

C Q T n( a j 0  +  671) =  —£ T n(a 7 0 +  67 j )  =  - q .

T his proves th a t  £  is su rjective.

A ssum e th a t  7 , 7 '  €  Q4 satisfy  £ ( 7 ) =  C ( Y ) -  We w an t to  show  th a t  7  =  7 '. 

Since 7  =  7 ' iff T k(7 ) =  T k{7 ')  for any  fixed in teger A:, th e n , by L em m a 2.1, we 

m ay assum e th a t  7  =  070 +  67!.

If 7 ' is n o t in  <74, th e n , by L em m a 2.1 again , th e re  i* an in teg er k  ±  0 such th a t

T \ Y )  e  ^ 4 .

C T k( Y )  =  C ( Y )  +  k  and  0 <  C T k{ Y )  < 1 , 

th en  £ ( 7 ')  is no t in th e  in te rva l [0 , 1]. T h is  is a  co n trad ic tio n  since £ ( 7 ) =  C { Y ) -
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W rite  7 ' =  c7o + d 7 i .  B y assu m p tio n , Since g c d (a ,6) =  gcd (c ,d )  = 1 ,

th en  a — c and  b =  d, an d  th u s  7  =  7 '.  Q .E .D .

For every fi E M 4 , le t W { y ; n )  € G(/x) be  th e  cyclic sem i-reduced word given in 

T heo rem  2.3 rep resen ting  7 . I t  is clear th a t  t r W ( y ; p i )  is a  po lynom ial in fi. We 

will w rite

t r  =  a0 n d +  a j / id-1  +  0 (//d -2 ),

if  th e  degree o f t r  W ( y ,  /j.) is d, w here 0 { f i d~ 2) is a  po lynom ial in  fi of degree < d — 2 .

L e m m a  2 .7  / / 7 G Q4 , then

t r  W  (Q{y) \  n )  =  t r  W { 7 ; — fi).

P roof: L et

( i  0 )
C  =

1° "*■ )
and  le t $  : P S L ( 2 ,C )  — ► P S L ( 2 ,C )  be defined by

$ ( / ! )  =  C / I C " 1, for A  € P 5 L ( 2 ,C ) .

Set i? =  $ 0 .  By a  d irec t c o m p u ta tio n ,

* ( S )  =  5 ,  * ( D  =  T, * ( * „ )  =
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T hen

t r  Q ( W ( r ^ ) )

t r  $ 0 (TT(7 ; / r)) 

t r « ( W ( 7 ; M)) 

t r  W { t , - h ) .

T h e o r e m  2 .8  ( T r a c e  F o r m u la )

If  1  G Ga i then

t r  W ( 7 ; fi) =  ± ( / T m +  47V(7 )/x2m *) +  0 ( f i 2m~ 2),

where m  =

P roof: If  e,(5 € { 1 ,- 1 }  and  a  is an in teger, then

> A  -  A u  -

/ \  
1 0

S e =

\
1 4 a

, T a =

/  \
1 H- hji —S/j,2

\ °  1 J 6  1 — 6 /.i

By L em m a 2.7, we assum e th a t  7  G G f  ■ For i = 1 ,..., m , let

T ~ a ' S e‘T ^ ’ X ^ ’ =

( \ 
«>(/*) bi{n)

Ci(n) di(fi)
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w here o:,- >  0,/?,• >  0 and  X ) £ i ( a i +  Pi) — N ( i ) .  A  d irec t co m p u ta tio n  yields: 

a,-(/x) =  (1 — 4cti£i)8m +  const,

bi(fi) =  - ( 1  -  4a{£i)Sif i2 -  4<5;(-a; +  Pi -  4 a ,/? ,£ ,)^  +  const,

Ci(fi) =  +  const,

d,(/z) =  — CiSi^ , 2 — (1  +  4£;/3,)dip 4 - const.

If  m  =  1,

t r W { j ' , f i )  = - £ i 6 i/j? + A s i 6 i ( - a \  -  /?i)/z +  const

=  ~£i<5i(/i2 +  4 ( a i  +  ^9i)p) +  const

=  — £i<5i(p2 +  4N(~f)n) +  const.

A pply ing  in d u c tio n  on m ,  one can show th a t  if m  >  2, th en

A m  =  -  A a ^ K m ^ - 1 + 0 ( / i 2m- 2 )

=  ( —l ) m( l  — 4a i£ i ) I im[i2m + 0 ( p 2m~l )

C m = ( - 1  r - h i K m f i 2”1- 1 + 0 ( v 2m- 2)

771 771

Dm =  ( - l ) ,,l- 1£ l / ^ 2m +  ( - i r ^ m [ l + 4 £ 1( £ Q f +  £ ) 9 i)]/*2m“ 1 + 0 ( ^ 2m- 2)
i=2 i= l
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w here
m m

i= 2 1 = 1

T hen

771

tr W(7;/x) = Am(») + Dm(/i) = ( - l ) m(II  + 4^(7)/i27n"1) + 0 ^ 2m~2).
t ' = i

If 7  €  £ 4% th e n  0 ( 7 ) £ £7*, an d , by L em m a 2.4 and  L em m a 2.7, we have

< r P T ( 7 ;/*) =  t r  W ( 0 ( 7 ); —ji)

= ± { { - i i ) 2m +  4 IV (0 (7 ) ) ( - M)2m- 1) +  0 ( f i 2m~ 2)

=  ± ( / i2m +  47V(7 )/i2,n-1) +  0 ( f i 2m~ 2).

T h e p ro o f is com plete . Q .E .D .

2.3 W ords for S im ple C losed G eodesics on S 5 and Traces

L et G  = <  S , T , X , Y  > ,  le t P  an d  Q  be  th e  p u n c tu res  on E 5 =  £lo/G  corresponding  

to  th e  fixed p o in t of Y  an d  th e  fixed p o in t o f S _ 1 Y ,  respectively , an d  le t be a 

D ehn tw ist associa ted  w ith  P  and  Q,  0 i  and  0 2  be th e  au to m o rp h ism s of G  defined

by

01 : 5  —  S ~ \  T — * T ~ \  A’ — A '" 1, Y  — * T - 1 ,

0 2 : S — >T, T  — ► 5 , X  — ► y, Y  — ► A ,
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and  T -2 =  © 2^ i 0 2 - 72 is a  D ehn tw ist associtaed  w ith  th e  p u n c tu res  correspond ing  

to  th e  fixed p o in t of X  an d  th e  fixed p o in t of T ~ l X .  For each j  =  1 ,2 , th e  action  

of Tj on  G  is given as follows:

Ti : S  — > S,  T  — <• T , X  — ► X ,  Y  —  Y ~ l S,

T2 : S — > S,  T — * T , X  — y A '- 1T, Y — * Y.

Let 7 ^  £  05 be th e  curve rep resen ted  by T ,  an d  7 ^  £  0 5 be th e  curve represen ted  

by S ,  an d  le t — {700 , 7 ^ } -  L et 0 ^ ( T )  be  th e  se t of curves in C/5 which contain  no 

s tra n d s  jo in ing  th e  T -side  th e  A ^-side, e =  ± 1 , an d  le t

0 5- ( T )  =  © i(0 5+ ( r ) ) ,  Q t ( S )  = 0 2 ( Q s ( T ) ) ,  S s ( S )  = Q i ( G U S ) ) .

As in §2.3, we associa te  to  each 7  £  Qs tw o in tegers N t ( i ) and  N s ( 7 ) given as 

follows: L et E  €  { 5 ,T } ,  an d  e,<5 £ { 1 ,- 1 } .

N e {7 ) >  0 w hen 7  £ Q%(E),

N e {7 ) <  0 w hen 7  £ Q ^ { E ) ,

I - ^ t(7 )| =  # ( s t r a n d s  of 7  jo in ing  th e  T -1 -side and  th e  T -side)

-f # ( s t r a n d s  of 7  jo in ing  th e  T £-side an d  th e  A ^-side), and  

|7 ^ s ( t ) | =  # ( s t r a n d s  of 7  jo in in g  th e  S -1 -side and  th e  .S-side)

+ # ( s t r a n d s  of 7  jo in ing  th e  5 £-side and  th e  Y ^-side).

T h e  following lem m a follows im m ed ia te ly  from  definitions.
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L e m m a  2 .9  I f  7  6  Qs, then

(1) I e ( Q i (i )) = I b {7 ) f o r E z  { S , T , X , Y } ,

(2) / a' (©2(7 )) =  Wirt), I t ( & 2 (7)) = Is (7 ),

(3) Nt (Qi W )  = -A t(7 ),  ATs (0i(7)) = - A s (7),

(4) iVr (0 2(7)) = ~Ns(7), As (0 2(7)) = - ^ T(7).

L et 7  G (7s and  W  =  W (7 ) be a  cyclic reduced  w ord in  G  rep resen tin g  7 . By 

th e  sam e reason ing  as in §2.3, n e ith e r one of th e  following is a subw ord o f T'T:

X £X £, Y £Y £, T SX £T S, S sY £S s , X £T kX s , Y £S kY s , T £S sT £, S f T £S s

w here e ,S  G { 1 , - 1 } ,  an d  k  ^  0 is an  in teger.

If E  G { X ± , T ± }  an d  E Y £ (o r Y £E  resp .) is a  subw ord o f W ,  we w rite  E Y £ =  

E S ° Y £ (or Y £E  = Y £S ° E  resp .). S im ilarly, if  E  G { Y * , ^ } ,  we will w rite  E X £ 

and  X eE  as E T ° X C an d  X £T ° E ,  respectively . W e call such a  w ord a  semi-reduced  

word.

L e m m a  2 .1 0  Let t  — ± 1 , an d  let a  and  /3 be integers, and  let 7  G Q$ and  I =

W  be a cyclic semi-reduced word in G  representing  7 .

(1) I f W  = E lS aY £S ^ E  is a subword o f W  and  E , E '  G {A '± ,T t± }, then

- 1  <  ( a + /8 ) f  < 0 ,  a  <  0 /? >  0 when  7  G G s ( S ) ,  an d  a  > 0 0  < 0 when  7  G G s ( S ) .
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(2 ) I f W '  =  E " T aX * T f i E  is a subword o f W  and E , E '  £ then

— 1 <  ( a + 0 ) s  < 0 ,  a  > 0 0  < 0 when  7  €  6 5  (T ) ,  and  a  <  0 0  >  0 when  7  £ Q${ T) .

Proof: We will prove (1). C onsidering T2 and  app ly ing  a  sim ilar a rg u m en t, (2 ) will 

follow.

W ith o u t loss of generality , we m ay assum e th a t  e = 1 and  7  €  CJg"(5"). Since 7 

con ta in s no s tra n d s  jo in ing  th e  5 - 1 -side to  th e  y e-side, th e n  a  <  0 and  0 > 0. We 

rew rite  W  as

W  =  E ,S ~ aY eS 0 E  = E ' S - aY S 0 E ,  

w here a  > 0 an d  0  > 0. Suppose th a t  0  > a .  If 

T C 2a ( W )  =  E ' Y  S 0 ~a E

is a  subw ord of T^~2a ( W ) ,  th e n  Tx~2o:(7 ) is no t sim ple. C o n trad ic tion !.

Suppose th a t  a  > 0  +  1 . Since

T ~ 2 0 ( W ' )  = E ' S a~ 0 Y E ,

th en  7 j- 2/3(7 ) con ta in s a  s tra n d  jo in in g  th e  5 -side  to  th e  5 - 1-side, and  con ta ins a  

s tra n d  jo in in g  th e  y _1-side to  th e  .E-side w ith  E  £ { r ± ,Ar± }, which is im possib le 

since T{~2 0 (7 ) is sim ple. T herefo re , 0  < a  < 0  +  1. Q .E .D .
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R e m a r k  2 .1 . I f  E ,  E '  G { S ± , F 1*1} an d  a  and  (3 are in tegers such th a t  E T a E'  

is a  subw ord of th en  7  con ta ins |a |  +  |/3| — 2 s tra n d s  jo in ing  th e  T -1 -side to

th e  T -side w henever |a |  +  \(3\ >  2, and  con ta ins no s tran d s  jo in in g  th e  T 'T g jd e  to  

th e  T -side w henever |a |  +  |/?| <  2. I f  |a |  +  |/3| <  2, th en  7  con ta in s |q | +  \fi\ s tran d s 

jo in in g  th e  T^-side to  th e  A '^ s id e , w here 8 , e  G { 1 ,- 1 } .

If E , E '  G { T ± ,A r± } an d  a  and  (3 are  in tegers such th a t  E S a Y ES®E'  is a sub­

w ord of W (7 ), th e n  7  con ta in s |a |  +  |/?| — 2 s tran d s  jo in in g  th e  5 -1 -side to  th e  5-side 

w henever |a |  -f- |/3| >  2, an d  con ta ins no  s tran d s  jo in in g  th e  5 - 1 -side to  th e  5-side 

w henever |a |  +  |/3| <  2. If  |a |  +  |/?| <  2, th e n  7  con ta ins |a |  +  \0\ s tra n d s  jo in ing  th e  

5 5-side to  th e  F £-side, w here 8 , s  G { 1 ,- 1 } .

R e m a r k  2 .2 . If I y ( 7 ) =  0, th en  7  does n o t con ta in  any  s tra n d  jo in in g  the  

5 - 1 -side to  th e  5 -s id e , an d  th u s  N s ( 7 ) =  0 . Sim ilarly, N t (7 ) =  0 if  /a '( 7 )  =  0.

If I e {i ) =  0 for som e E  G {5 , T , A', F } ,  th e n , by T heorem  2.3, L em m a 2.10 

and  th e  above rem ark s , we easily  get a  cyclic sem i-reduced  w ord IF  =  W(~f)  G G  

rep resen tin g  7 . For in s tan ce , if  / y ( 7 ) =  0, th e n  W  is of th e  form

771

J } T ‘'A “ iT r>5 ,s\
1=1

w here Z>;,Wi G {1, —1}, m  = I x { j )  = I s ( l ) i  and  Z; an d  are  in tegers sa tisfy ing  th e



following conditions:

( 1 ) - 1  <  (t( +  ri)u>{ <  0 an d  - 1  <  (f;+ i  +  ri)S{ < 0 .

(2 ) |r , |  € { t , t  +  1}, w here t =  m in { |f ,j, |r ,j : i =  1 , m} .

(3) E£i(N+N)=|JVr(7)|.

(4) >  0 r; <  0 w hen  7  €  G $ ( T ) ,  an d  f; <  0 r,- >  0 w hen 7  G g $ ( T ) .

In w hat follows, unless s ta te d  o therw ise , we assum e th a t  I x { l ) h ' { . l )  i=- 0. Since 

g ~ ( S )  = O i ( g £ ( S ) ) ,  an d  since I x ( l )  < I y (  7 ) if  and  only if  I Y  (© 2(7 )) <  -^ '(© 2(7 )), 

we re s tr ic t our a tte n tio n  to  th e  curves 7  €  g £ ( S )  w ith  I x { l )  >

F irs t, we are  going to  find a  cyclic sem i-reduced  w ord for 7  G £ 5(7 ^ )  H £ /* (5 ), 

w here £ 5(7 ^0 ) is th e  se t o f curves in  £5  which con ta in  no  s tra n d s  jo in in g  th e  Y £-side 

to  th e  .E-side for e =  ± 1  an d  E  G { T * . A '*} .

Let m  = I x { l )  an d  n  =  I y { l ) -  By assu m p tio n , m  > n  > 0, an d  th e re  exist 

ex ac tly  n  s tran d s  o f  7  jo in in g  the  E -side to  th e  Y -side, th e re  ex ist exactly

n  s tra n d s  ,£'n o f 7  jo in in g  th e  5 -s id e  to  th e  Y - 1-side, an d  th e  en d p o in t o f on 

th e  Y -side  and  th e  e n d p o in t of l \  on th e  Y - 1 -side are  iden tified  by Y . T h en  th e re  

a re  in tegers a,- >  0, /?,- >  0 and  G { 1 , - 1 } ,  and  th e re  ex ist E-  G { A '* , ! 1*}
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such th a t  for every i = 1 , . . . ,n

E i S ~ aiY ei S pi E[

is a  subw ord of W .  T hus, W  m ust be of th e  form

n  m ,

w = n  s ~ ai Y £i s p' W i , Wi  =  n  .
i= i j= i

jE7ii, iwmi £ { T ± ,A '± }, for all i =  1 , n,  and

Ei j  £  { 5 ± , T ± , A”* } , for all 1 <  j  <  m,- if m,' >  2.

A lso, we requ ire  W{ to  be a  sem i-reduced word for each i. Since m  > n,  th e n , for

every i =  1 , . . . , n,  th e re  ex ists a  j  £ such th a t  Eij  £  {A”*}.

To find W i,  we define reduced words  rep resen tin g  (sim ple) subarcs of 7  as follows. 

Let W  = E \  • • ■ E k  be a  cyclic reduced word in  G  rep resen tin g  7 . N ote th a t  k  >  1 . 

Let p  and q be any  tw o in tegers w ith  1 <  p  < k  and  1 < q < k.  For each 

j  £ { 1, < 7}, th e re  is a  s tra n d  Cj of 7  jo in in g  th e  E ;l > -  .j-s ide  to  th e  £ p+j-s id e . T he 

union o f these  s tran d s  £ i , . . . ,£ q p ro jec ts  to  a  subarc  7 '  o f 7 . We will use

W  =  E pE p+i ■ • • Ep+q

to  represen t 7 ',  w here E p+j  =  E p+j ^ k  if  P +  j  > k.

Now, we first assum e th a t  IF, is a  reduced  w ord for each i =  1 N ote th a t

Wi  is alw ays followed by S ~ l since q ,+1 >  0 for each i. C onsider th e  subarc  7 ;
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X '1 X

Y*‘ Y

F igure  2.6:

rep resen ted  by th e  reduced  w ord

Wi =  S W i S - 1.

W e m ay define I x ( l i )  an d  I y  ( l i )  as before. I t  is clear th a t  I x ( l i )  > 0 and  I y ( 7 ,) =  0 

for every i.

To sim ply  n o ta tio n s , we w rite  for every fixed i

Wi  = S E 1 • • • E pS ~ l .

L et i  be  th e  s tra n d  of 7 ,- jo in in g  th e  S - 1 -side to  th e  £ j- s id e , I '  b e  th e  s tran d  of 7 ' 

jo in in g  th e  £ “ 1-side to  th e  5, - 1-side, P  and  P '  be th e  en d p o in ts  o f I  and  I ’ on ihe 

5 - 1 -side respectively , and  Q  and  Q'  be th e  po in ts on th e  S -side identified  w ith  P  

an d  P '  by S  respectively.

A ssum e th a t  7 ; m ee ts th e  5 -1 -side a t  k  p o in ts , and  we label these  po in ts 

P i , . . . , P k  so th a t  Pj  lies ’’below ” Pj+i ,  j  = 1 -  1 , see F igu re  2.6. T hen  7 ;
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meets the 5-side at k — 2 points.

C la im  : { P , P ' }  = { P U P2}.

P ro o f of th e  C laim : T h e  claim  is clear if k  =  2. A ssum e th a t  k  >  2, and  let 

Q 'j, . . . ,Q'k_ 2 b e  th e  po in ts  on  th e  5 -side  w here 7 ,• m eets. Since th e  arc represen ted  

by E S a E '  w ith  |a | >  1 an d  P , P '  £ {A"± , T ± ] is no t sim ple , th en  7 ,• con ta ins no 

s tra n d s  jo in in g  th e  5 -side  to  th e  5 - 1-side. Since Q is th e  en d po in t o f som e s tran d  

of 7  jo in in g  th e  P -s id e  to  th e  5-side  w ith  E  £ { 5 - 1 , y ± }, th en  Q'j m ust lie above 

Q , an d  th en  P  £ { P i ,P 2}.

If Q'j lies below  Q'  for som e j ,  th en  7  is no t sim ple since Wi  is followed by 5 -1  

or Y e, an d  since Q'j is th e  en d p o in t of som e s tra n d  of 7 ,■ jo in ing  th e  P -s id e  to  th e  

5 -s id e  w ith  E  £ T hus P '  £  { P i ,P 2}. T h is com pletes th e  p ro o f of the

claim .

Let

Q'  w hen P\  =  P ,

Q w hen P\  =  P ' .

L et I  be  th e  s tra n d  o f 7 ; w ith  endpo in t P i ,  an d  Q  be th e  o th e r en d p o in t o f I  on th e  

P -s id e  for som e P  £  {A’:fc, T ± }. Since 7 ,■ contains no  s tra n d s  jo in ing  th e  P 5-side 

to  th e  Y E-side, w here 6 , e  £  { 1 , - 1 } ,  th en  th e re  is a  s tra n d  I  jo in in g  Q  to  Q  which
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is d isjo in t from  all th e  s tra n d s  o f 7 ,• p e rh ap s  except I .  Let 7 ,- be  th e  curve on S 5 

o b ta in ed  from  7 ,• by rep lac ing  I  by I.  T h e n  7 ,- is a  sim ple closed curve in w ith  

h ' i l i )  — 0 and  I x i l i )  =  LA’(7 i )• 7 i is rep resen ted  by a  cyclic sem i-reduced w ord W{ 

of th e  form
m i

Wi = Y [ T tijX ^ T r^  S s'J, 
j = 1

w here m \  =  I x i l i )  =  I x i l «)» and  Uj, , u>ij and  Si j  a re  in tegers sa tisfy ing  the

co n d itions in  T heorem  2.3. Let 7 ; be o rien ted  so th a t  f t (Q)  is th e  en d p o in t and

th e  o rien ta tio n  o f 7 ; is de te rm in ed  by th e  o rien ted  arc  w ith  s ta r tin g  p o in t ~{Q)  and  

en d p o in t ir(Q),  w here 7r is th e  canon ical p ro jec tio n  of th e  fu n d am en ta l dom ain  of 

G  o n to  £ 5 .  We m ay w rite  W i  so th a t  W i  rep resen ts  th e  o rien ted  closed curve 7 ,. 

T h en  £im; =  1, and
771,

Wi = S ( [ [ T tit X b,ii T rii S Si’ ) S - 1, 
j = 1

w here - . 0 and  Sij 6  { 1 , - 1}, 1 <  j  <  m ;, an d  thus

n  m,-

W  = J ]  T t' i X UJ' i T r' i S 5'1 )
•=i j = 1

T h e o r e m  2 .1 1  Let  7  €  Qs, and  assume that  I x ( i ) Iy (i ) 7̂  0.

(I) I f  I x { l )  >  /}•'(7 ) =  n,  then  7  is represented by a cyclic semi-reduced word

W (7 ) o f  the f o r m

W ( y )  = I J  5 “ iy e<S,f t( n  T ^ X ^ T ^ S 6*) ,
;=i j = 1
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where £i,u>ij £  {1 , - 1}, m i  >  0 , and  a i , 0 i , t i j , r { j  and  Sij are integers sat isfying the 

fol lowing conditions:

(1) £ ? = i  m « =  I x i l ) ,  hrm =  0. I f  m i  >  1, then Sij =  ± 1  f o r  1 < j  < m,-.

(2 ) - 1  <  (a ;  +  0 i)si < 0 ; |«» |, |/?i| €  { a , a  +  1}, where a  =  m in { |a , |,  | f t |  : 1 <

*' <  "}>• £ J U ( H  +  Ifrl) =  |JV s(7)l;

a i <  0 , fli > 0 fo r  all i  when  7  £ G;t(S) ,  and

<*i >  0, j9j <  0 fo r  all i when  7  €  G $ ( S ) .

(3) - 1  <  (tij + rij)ujij  <  0; | |r , j |  £ { t , t  +  1}, where t =  m in { |* ;j|, |r , j |  : 1 <

i < n , l < j  < m i } ;  £ " = i E ^ i ( l * y l  +  M )  =  |W r(7 )l;

ti j  <  0, rij  >  0 f o r  all  i , j  when  7  £  Q $ ( T ) ,  and

tij  >  0, rij  <  0 f o r  all i , j  when  7  £  G $ { T ) .

(II) I f  I y ( 7 ) >  I x ( j )  — m ,  then  7  is represented by a cyclic semi-reduced word  

W(~j) o f  the f o r m

771 n ,

W(-y) = jQ r < ,  Yu'1T r'(  S a '>Yc' i S p' i T 8' i ) ,
i=i j= 1

where £ij,u>i £  {1 , - 1}, ra,- >  0 , and t i , r i , a i j , P i j  and  Sij are integers sat is fying the 

fol lowing conditions:

( ! )  £ £ 1  n i =  h {  7 ), <5m, =  0 . I f n i  >  1 , then 6 ^  =  ± 1  f o r  1 <  j  < n,-.



(2) - 1  <  (ti + ri)u>i < 0; | / i | , | r , |  G {<, < + 1 } , w h ere t  = m in{|/,-|, |r,-| : 1 < i < n i) ;

E £ i (M + N) = |JVt(7)I;

ti <  0, r,- >  0 f o r  all i when  7  G G s ( T ) ,  and

ti > 0, r,- <  0 f o r  all i when  7  G G t { T ) -

(3) - 1  <  (a,-j +  Pij)$ij  <  0; |q i ,j |, |/3,j| G { a , a  +  1}, where  a  =  m in { |a ,j |,  \0ij\ : 

1 <  i <  n} ;  E j l i d a o  l +  \Pij\) =  | ^ ( 7 ) |;

a ij <  0, Pij >  0 f o r  all i , j  when  7  G G ^ { S ) ,  and

ccij > 0, Pij <  0 f o r  all i , j  when  7  G G ${S ) .

R e m a r k  2 .3 : I f  I x ( l )  =  A '( t )  =  n,  th en

n

1̂ ( 7 ) = n 5 “ i5' e i5 f t r t , '-y " ,'r r i -
(=1

P r o o f  o f  T h e o r e m  2 .1 1 : Let 7  G G £ ( S )  w ith  I x i l )  > h ' i l )  =  n,  and  W  be a 

cyclic reduced  w ord in  G  rep resen tin g  7 . T h e re  a re  exactly  n  in tegers =  ± 1 , and

th e re  are  G { 5 ± ,Ar ± , T ± } such th a t  E { ^  S ,  E[ ±  S ~ l and  E i Y s,E-  is a

subw ord o f W .  C onsider th e  im age of E { Y €,E '  u n d er Tj2.

7 ? ( E i Y “ El )  = E i S ~ 1Y e,SE ' i ,

th en  G £ 5(7^0 )> and  thu s

n  mi

1 ? ( W )  =  T ti’ X Wi’ T Ti’ S Si>),
t= i j = 1
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and
n  m i

w  = n  s - ^ y ^ S d i  t ^ x ^ t ^ s 8̂ ),
i=1 j= 1

w here a'- =  a ,  — 1 and  /?,■ =  /?,■ — 1 for i =  Since a,- >  0, Pi >  0 for all /,

th en  >  0, /3- >  0 for all i.

If 7  € S s ( S )  and  I x {7 ) >  7y ( 7 ), th en  0 ^ 7 ) € < # ( 5 )  and  7 ^ (O i(7 ) )  =  7e(7 ') 

for E  €  { X ,Y } . If  7a-(7) <  M 7 ), th en  7 * ( 0 2(7 )) =  7 y (7 ) >  7 * (7 ) =  7r ( 0 2(7 )). 

T herefo re, every curve 7  in  £75 w ith  ^  0 is rep resen ted  by a cyclic

sem i-reduced  w ord in G  of th e  form  given in (I) or (II).

To com plete th e  proof, we have to  show th a t  |a , |, |/3 , | €  { a , a  +  1} if 7  is rep ­

resen ted  a  word given in (I) , w here a  =  min{Jort-|, |/3;| : 1 <  i <  n}. N ote th a t  the  

o th e r conditions for a ’s, P's,  t 's,  r's,  S's, e's  and  w ’s follow from  L em m a 2.10 and  

R em ark  2.1. W ith o u t loss o f  generality , we assum e th a t  7  €  G $ ( S ) ,  and  assum e 

th a t  a  =  m in { |a i] ,  |/?i|} and  £j =  1. W e w rite

n  m ,

W  = I I  5 " 0 ,'Y ei5 f t ( n  T ^ X ^ T ^ S 6'’ ), a t ,  Pi > 0 for all i.
i= 1 3- 1

If  n  =  1, we are  done. A ssum e th a t  n  >  1 . Since £ =  1 and  (Pi — a i ) £ i  <  0, tlien 

a  = P i . Suppose th a t  th ere  is an  io > 1 such th a t  m ax  {a,•„,/?,•„} >  a  +  1.

n mi
T f 2a ( W )  =  J J S - a ' Y £' S % ( J j T ti’ X u' 'J Tr '’ S Si>) ,

*'=1 j= i

w here a( =  a ;  — a  an d  /?■ =  pi — a ,  for all i. Let 7 ' be th e  curve in Gs rep resen ted  

by T{~2a ( W ) ,  o r equivalen tly , 7 ' =  T{~2a(^) .  Since P( =  p x -  a  = 0, th e n  7 ' h as a
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s tra n d  jo in ing  th e  y - 1 -side to  th e  22-side for som e E  €  { A '^ T * } .  On th e  o th e r 

h a n d , m a x { a '0 , /3,-o} >  1 , th e n  7 ' has a  s tra n d  jo in ing  th e  5 -s id e  to  th e  5 - 1-side. 

C on trad ic tion ! Q .E .D .

As a  consequence of th e  p ro o f of T heorem  2.11, we have th e  following corollary.

C o r o l l a r y  2 .1 2  Let H  o m e o ^ s )  be the group o f  all homeomorph isms  o f  S 5 onto  

itself, and  let T  = <  >  be the subgroup o f  H o m e o { E s )  generated by 7 j and T2-

I f  7  €  Qs, then there is a ip €  T depending on  7  such that

|A 7'(<^(7 )) | >  2 whenever Ix(~f )  > 0 , and

|Ars(v,(7 ))| >  2 whenever I y ( 7 ) >  0 .

Now, we a re  going to  com pu te  th e  h igh o rd er te rm s  of t v  W (7 ; p,  u) ,  w here (p .  v)

is in M 5 and  W (7 ; p ,  u)  is th e  cvclic sem i-reduced w ord in  G{p,  i>) given in T heorem

11 rep resen tin g  7  € Q5. For sim plicity , we w rite

F { " l \ p , v )  = t r  W ( ' f ; p , n )  =  axp pv q + a 2 p p~ 1 u q + a3 p pv q ~ 1 + 0 ( p  + q -  2),

w here a\  7  ̂ 0 , a 2 and  a3 a re  in tegers, and  0 (p + q -  2 ) is a  po lynom ial in p  and 

v  w ith  degree < p + q -  2. W e call a i p puq +  a 2 p p~ xu q + a z p pv q~ l th e  high o rder 

te rm s of F ( 7 ; p , u).

L e m m a  2 .1 3  I f  7  €  £5 7 y ( 7 ) =  m  and  I y ( j )  = n,  then
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(1) F(Qi(j)-,fi,v)  =  F(r, ~ M i-v) ,

(2 ) F (©2(7 ); AL *>) =  ^ (7; -2 ^ , -m /2 ),

(3) =  ( - l ) " F ( 7 iM ^ +  1),

(4) F ( T f 1(7);m ,^) =  ( - l ) nn 7 ;M ,^  -  l) i

(5) i ?(T2(7);Mi^) =  -  2 , v ) ,and

(6) =  ( - l ) mF(7;/* +  2,«/).

Proof: Let

and let 4>j : P S L ( 2 , C )  — ► P S L (2,C) be defined by

$ j ( A )  =  C j A C - 1 , for all A  G P S L { 2, C).

Set fUj =  $ j© j. By a direct computation, we have:

^ ■ (5 ) =  5 , t y j ( T )  =  T ,

$!(!;) = y_„, * 2(a’m) = a’_2„, * 2(y„) = y_„/2.

By a similarly argument as in the proof of Lemma 2.7, (1) and (2) follow.



and

s y ~ 1 =  y r- 15  =  - r „ +1,

th e n  (3) and  (4) hold. F rom  (2) and  (3),

F (T 2( 7 ) ; ^ )  =  F ( T i 0 2(7); - 2 u, ^ ~ )

=  ( - l ) /l' (02W)F'(0 2(7) ; - 2I/ , ^  + l)

=  { - l ) m F { r , n - 2 , v ) .

T h e  follow ing p ro p o sitio n  is an  im m ed ia te  consequence of T heorem  2.8, L em m a 

2.9 an d  L em m a 2.13.

P r o p o s i t i o n  2 .1 4  Let  7  £  Q5, Ix(~f )  =  m  and I y ( 7 ) =  n .

( 1 ) I f  n  =  0, then F (')’; =  ± ( f i 2m +  ANT(~t)ti2m~ l ) +  0 ( / i 2m~ 2).

(2 ) I f  m  = 0, then F ( ~ f \ n , v )  =  ± 4 " ( i /2" +  2 N s ( ,y)i ,2n~ 1) +  0 ( ^ 2n-2).

Now, we consider th e  case w here I x {i ) I y ( i ) ^  0. L et I x { l )  = m  an d  i y ( 7 ) =  n.  

A ssum e th a t  m  > n  and  7  £ Q $ {T ) .  W rite

n  m ,

W  =  IT (7 ) =  J J  S aiY £' S pi( I J  T - ^ X ^ T ^ S * ’ ),
>=1 j=1
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w here t , j ,  n j  >  0. N ote  th a t

N t {i ) =  -  S E f e + ' i i )  u s ( t )  =  e w -< * .)•
i=i7=1 1=1

For t , r  >  0, 07,<5, £ €  { 1 , - 1 }  an d  in tegers a ,  /3, we have:

(
rp—t J£<jjrpT _ 07/1 +  1 — Atw —u f i 2 +  4 (t +  r ) u f i  +  const.

07 -07/1 +  1 +  4 ru>

S a Y eS p =
2 s u  +  1 +  4s/3 4s

—s v 2 +  2 f ( a  -  (3)v +  const. - 2 s v  +  1 +  4 s a

(
T - t x u,T rgS _ -u S f i 2 +  (1 +  4{t  +  r ) 6 )u>/j, +  const. -u>/i2 +  4 (t +  7*)u;/i +  const.

\
—l j 8 (x + const.

For i = l ,  le t f  =  oj,i w hen  m ; =  1, and

Hi, m ,— 1

& = ( n  ^* j)( n  s i j)  w hen m i >  i>
7 =  1 7 = 1

m ,

A,- =  4 +  r{j ) ,  and
i= i

— 07/1 +  1 +  47*07

W { =  J J  T ~ t,} X Wi]T riJ S Sil =
7 =  1

( \ 
«.(m) bi(n)

c ,(/t)  d ,(/i)

I f  77i, =  1, th en

a .'(^ ) =  &(/* +  co n st.)  =  6 ( / i 2m<-1 +  • • •)

W v )  =  ~ 6 (m 2 ~  A,/i +  const.) =  - £ ; ( / i 2m' -  A,*/i2m' -1  +  • • •)
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C i ( M )  =  ( i  =  € i ( / i 2 n i - 2  +  - - 0

d{(v)  =  - f i(M  +  const.) =  -& ( /z 2m" -1  +  •••)•

By in d u c tio n , one can show  th a t  for m,- >  1

a f c )  =  +

bi(vt) =  -  A,-//2”1'-1-H-----)

c,-( /0  =  +  - ••)

di{p) =

For every i =  l , . . . , n ,  let

S aiY EiS 0iWi =

an d  for every n  let

n

JJsaiy ei5ftWi =

T hen

Ci(n,v) di{n,v)

( \ 
A n(n,i>) B n ( j i , v )

t ' = j

/

dega,- =  2 m,-, degi,- =  2m,- +  1 =  degc,-, d{ =  2 m,- +  2 , and 

d i ( n , u )  ---- ( - 1  )Tn' - 1£1-£,-(i'2/ i2mt -  Aiu 2n 2r n ' - 1 +  2(/3,- -  a ,-)/^ i2m' +  ■••), 

an d , by app ly ing  in d u c tio n  again , we have

n

deg A n(fi, u) =  2 ( n -  l )  +  2 £ m f,
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d e g B n( n , v )  =  2n -  1 + 2 '% 2 m i = d e g C n( f i , v ) ,
t‘= l

n
deg D n(n ,  v )  =  2n +  2 ^ m , - ,

t'=i

an d  th e  high o rd er te rm s of D n{f i ,u )  are de te rm ined  by

n  V) = n(-l)"l<- 1fi£i(*'V2mi -  a + 2(ft -  +...).
i= l  i= l

Since F ( 7 5 /1, 1/) =  A n ( n , v )  +  D n(^ i ,v )  an d  d e g A n(p ,i / )  <  deg £>n(/x, u)  -  1 , then  

th e  h igh o rd er te rm s o f F ( are  de te rm ined  by D n (f i , v ) .

For any  two polynom ials

v )  =  a i n vv q +  a2 fJ?~1 i'v + a3 fipi>q~ 1 +  • • •, 

g{fj. ,v) =  b i/ipV '  + b2 n p' ~ 1 i'g' +  b3 n p' v q'~ x +  • • • ,

th e  h igh o rd er te rm s of f ( g . , v ) g ( n , v )  are

a 1 b1fip+p'u q+q' +  (a jb2 +  a 2b i)/ip+p,- 1^ +9' +  (a jb 3 +  a3 b1) ^ p+p' u q+q' ~ \

th en  we have

F { r , w )  =  ± { v * nfi2m -  . W ”1-1  +  2 ( £ ( P i  -  a i ) ) f i2mv 2n- q +  ■••)
1=1 i=i

=  ±(g ,2mv 2n + 4N T (~,)fj2in- 1v 2n + 2 N s{~ t)^2m v 2n~ l +  • • •)

By L em m a 2.9 and  L em m a 2.13, th e  above trace  fo rm ula  also holds for 7  € G t ( T )  

w ith  / a ' ( t )  >  h ' { l ) -  A ssum e th a t  n =  Iy(~/) > I x ( j )  =  m-  T h en , by using  L em m a
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2.9 an d  L em m a 2.13 again ,

= ^(©2(7 ) ; - 2  ̂ - j - )

=  ± 4  n~ m (fi2m v 2n +  4 N T ('!)/j.2 m- 1 v 2n + 2 N s (j)/j ,2m i ' 2 n ~ 1 + ■■■)

S um m arizing  th e  above discussions to g e th e r w ith  P ro p o sitio n  2.14, we have the  

following theo rem .

T heorem  2.15 (Trace Form ulae)

Let  7  6  Q5, Ix{~t)  =  tti, and  I y { i ) =  n.  For {p. ,v)  €  M s  let W ( j ; p . v )  be the 

cyclic semi-reduced word in G( fx ,v )  given in Theorem 2.11 representing  7 .

(1) I f  m >  n ,  then

tr  W ( j ; p , , v )  =  ± { p 2m u 2n + 4NT( 'Y)p2m~ 1v 2n +  2 N s { l ) p 2m v 2n~ 1 +  •••)•

(2) I f  m  < n ,  then

tr  W ( r ,  H, v )  -  ± 4 n- m ( p 2m v 2n +  4 N T {1 ) p 2m~ l u 2n +  2 N s ( l ) p 2m v 2 n - 1 +  •••)•
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C h a p ter  3

P leatin g  Varieties

3.1 F -P eripheral Subgroups

For r € M n, let flo(r) = fto(G(r)) be the unique invariant simply connected com­

ponent of G'(r), and let ft(r) = Q ( G ( t )) and A(r) be the limit set of G ( t ). Then 

A(r) = dflo(T).

Let C(t) be the convex hull of A(t) in H3UC, and d C( r)  be the boundary of C(r)  

in H3. Since G ( t )  is not Fuchsian, then, by using the nearset point retraction with 

respect to C ( t ) ,  one can prove that there is a one-to-one correspondence between 

the connected components of 0C ( t )  and the components of G { t )  [11], If d C  is 

a connected component of dC (r )  corresponding to a component Q' of G ( r ) ,  then 

the stabilizer of QC  in G ( r )  is exactly the stabilizer Stab(Q')  of Cl1 in G(r), and

77



dC*/ S t a b f f i )  is homeomorphic to i l ' /S ta b(Q')  [11].

Let dCo(r)  be the connected component of dC (r )  corresponding to flo(f). and 

S(r) = d C o { r ) / G ( r ) .  E(r) is homeomorphic to S„. 9C o ( t )  is a disjoint union of 2- 

dimensional submanifolds of H3 and geodesics, and dCo{r)  carries an intrinsic metric 

with respect to which dCo(r)  is a complete hyperbolic surface, (see [6] : 1.5 .1, 1.6.3 

and 1.12.1). Thus, by [5] Lemma 5 .1.4 , S(r) is a pleated surface and the pleating 

locus p l ( r )  of E(r) is a geodesic lamination A. We call

V ( \ )  =  { r  E M n  ; p l ( r )  =  \ ]

the pleating variety associated with A.

If t  € M 4 ,  then p l ( r )  is a simple geodesic. If r € M 5 and if every leaf of p l ( r )  is 

a simple closed geodesic, then p l ( r )  is a simple closed geodesic or is a disjoint union 

of two simple closed geodesics.

Let 7 be a simple closed geodesic on S(r). Assume that S(r) is only pleated 

along 7, i.e. p/(r) = 7. 7 divides E(t) into two connected components E i(r )  and 

S 2(r )  with 7 as their common boundary. For each j  =  1, 2 , let E j(r )  be a connected 

component of the lift of S j ( r )  to H3, Hj(r)  be the stabilizer of E j(r )  in G ( r ) ,  and 

Ilj be the hyperplane in H3 containing S j (r ) .  Since S j ( r )  is invariant under 

then Ilj is invariant under and Hj(r)  is Fuchsian. By convexity, C(r) lies

entirely in one of the closed half spaces in H3 U C bounded by By, so does A(r).
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Thus one of the two open disks, A ( / / j ( r ) ) ,  bounded by the circle where Ilj meets 

C is disjoint from A(r). H j ( t ) is called an F-peripheral subgroup of G ( r ) .

In general, if G  is a Kleinian group but not Fuchsian, if H  is a Fuchsian subgroup 

of G, if C  is a circle containing the limit set of FT, and if one of the two open disks, say 

A, bounded by C  is disjoint from the limit set of G,  then H  is called an F-peripheral  

subgorup of G, and A is called a peripheral disk of I I .

Proposition 3.1  Let G  be a Kleinian group but not Fuchsian. Then every Fuchsian 

subgroup of  G  has at  most  one peripheral disk.

Proof: Let AT be a Fuchsian subgroup of G, and let Aj and A2 be two distinct 

peripheral disks of H .  Let C  be the circle containing A(H) .  By the definition of 

peripheral disks, 0 Aj = C ,  and Aj C fl(G), then A(G) C C, which is impossible 

since G  is not Fuchsian. Q .E .D .

Let G  be a Kleinian group but not Fuchsian. If H  is an F-peripheral subgroup 

of G, then, by Prposition 3.1 , the peripheral disk of H  is unique, which is denoted 

by A (II ).  It is clear that H  is an F-peripheral subgroup of G  if and only if A l l  A -1 

is an F-peripheral subgroup of A G A ~1 for each Mobius transformation A. More­

over, if H  is an F-peripheral subgroup of G  and A is a Mobius transfromation, then 

A ( A H A - 1) = A(A(FT)).
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Let r £ M s ,  and assume that p l ( r )  is a disjoint union of two simple closed 

geodesics 71 and 72. 7i and 72 divide £(r) into three connected components £i(r), 

£ 2(r) and £3(1"), where £j(r) is a sphere with two punctures and one hole for j  =  1 

or 2, £s(r) is a sphere with one puncture and two holes, and 77 is the common 

boundary of £j(t) and £3(7"). For each j  £ {1, 2, 3}, let £j(r) be a connected 

component of the lift of £j(r) to H3, and let H j ( r )  be the stabilizer of £j(r) in 

G ( t ).  Then, by the same reasoning as above, H j ( t )  is an F-peripheral subgroup of 

G ( r )  for each j .

P r o p o s i t i o n  3 .2  Let t  £ M n, and let 7  £ Qn represented by a loxodromic transfro- 

mat ion W  £  G ( t ) .  I f  p l ( r )  =  7 , then there exist non-accidental  maximal  parabolic 

transformations P j,  j  = l,...,n  such that:

(1) The cyclic subgroups < Pj  > and <  Pk > are not conjugate in G ( t ) whenever  

j  and k are dist inct  intergers in

(2) P1P2 and P3---Pn are conjugate to W  in G { t ).

(3) The two subgroups H i  = <  Pi,P2 > and I I 2 =< P3,...,P„ > of  G { r )  are 

F-peripheral with peripheral disks Ai and A 2, respectively. A j/Hi  is a sphere with 

two punctures and one hole, A2///2 is a sphere with n — 2 punctures and one hole, 

and the boundary curves of  the holes are 7.
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Proof: Let £i(r) and £2(7") be the two connected components of £(r) —7. Then one 

of them is a sphere with two punctures and one hole, say £ i(t), and the boundary 

curve of the hole is 7, and thus £2(7") is a sphere with n — 2 punctures and one hole, 

and the boundary curve of the hole is 7.

On £ i(t) , we can find simple loops u>i and w2 based on the same point on £i(r) 

such that each of them encloses exactly one puncture of £ i(r), and such that 07 -u>2 

is freely homotopic to 7. Let Pj be the non-accidental maximal parabolic transfor­

mation in G { t ) corresponding to the homotopic class in 7Ti(£(r)) represented by 

u>j, j  = 1,2 . Then P1P2 is conjugate to W .  Similarly, there exist non-accidental 

maximal parabolic trasformations P s , . . . , P n in G ( t ) such that each of them corre­

sponding to one of the puncture of £ 2(t), and no two of them are conjugate in G'(r), 

and such that P3 •■•Pn is conjugate in G { t ) to W .  We have shown properties (1) 

and (2).

Let £ j(t) be the connected component of the life of £ j ( r )  in H 3 with stabilizer 

H j  in G(r) for j  = 1 or 2 . From previous arguments, we know that Hj  is an 

F-peripheral subgroup of G ( t ) .  Q .E .D .

Proposition 3.3  Let ( n , v )  € M s ,  and let 71, 72 € £5 ie represented by loxodrornic 

transfromations  1-Fi, W2 € G ( p , v ) .  I f  71 and  72 are disjoint, and  i f  p l { p , v )  = 71 U 

72, then there exist  non-accidental  maximal  parabolic transformations Pj ,  j  =  1,..., 5
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such that:

(1) The cyclic subgroups < Pj > and < Pk > are not  conjugate in G ( p , u )  

whenever  j  and  k  are di st inct  intergers in { 1 , 2 , 3 , 4 , 5}.

(2) P1P2 is conjugate to W \  in G ( r ) ,  P4P5 is conjugate to W2 in G ( t ) ,  and  

P3P4P5 is conjugate to W j in G ( r ) .

(3) The  subgroups Hi =<  P i,P 2  >, H2 =< P j ,P s  >  and H3 = <  P3,VPi >  of  

G ( t )  are F-peripheral  with peripheral disks  A i, A2 and  A3, respectively.  A i j H \  

is a sphere with two punctures  and  one hole,and the boundary curve o f  the hole is 

71. A 2 /H 2  is a sphere with two punctures  and  one  hole, and  the boundary curve o f  

the hole is 72. A 3 /H 3  is a sphere with a puncture and  two holes, and  the boundary  

curves o f  the holes are 71 an d  72.

Proof: 71 and 72 divide E (r )  into three connected com ponents, two o f them , say 

£ 1 (r )  and S 3(r ) , are spheres with two punctures and one hole, and the boundary 

curves o f the holes are 71 and 72, repectively, and the other connected com ponent, 

say E 2(r ) , is a sphere with one puncture and two holes, and the boundary curves of 

the two holes on S 2 (r )  are 71 and 72.

By a similar argument as in the proof of Proposition 3 .2, there exist non­

accidental m axim al parabolic transformations Pj, j  = 1, 2, 4,5  in G ( r )  such that:

(1) P i and P2 correspond to the two punctures of E i(r ) ,  respectively, and P1P2
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is conjugate to W\,  and

(2) P4 and P5 correspond to  the two punctures of £3(1"), respectively, and P4P5 

is conjugate to W2.

There is a non-accidental m axim al parabolic trasform ation P3 in G{r ) to the 

puncture o f S 2 (r )i and there is a loxodrom ic transform ation W  in G(r)  conjugate 

to  W2 such that P 3 W '  is conjugate to W \.  After conjugating W  in G(t), we may 

assum e that W  =  P4P5. Q .E .D .

Let r  € M n, and let 7  €  Qn be represented by a loxodrom ic transformation

W  in G(t ). Then there ex ist non-accidental m axim al parabolic trasformations 

Pj, j  =  l , . . . , n  such that these transform ations satisfy the properties (1) and (2) in 

Proposition 3 .2 . After conjugations in G(t ), we may assum e that

P1P2 = W = P3 ---Pn .

Let H \ ( t ) = <  P \ ,  P2 > and Ih ir )  =< P3, . . . ,P n >.  It is easy to  see that G ( t ) = <  

H\{t),  H2(t)  >. We call [H\{t), H2(t)\  a decomposit ion  of G( t )  associated with 7 . 

If IIi(t)  and / / 2(r ) are F-peripheral, then we call [7/ i ( r ) , / / 2(r)] an F-pcripheral  

decomposi t ion  of G( t )  associated with 7.

Let (p,!/)  € A^5, and let 7j and 72 be two disjoint sim ple closed geodesics

on represented by loxodrom ic transformations Wi  and W2 in G(p,  is), re-
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specively. Then there exist non-accidental m axim al parabolic trasform ations Pj ,  j  =  

such that these trasnform ations satisfy the properties ( 1) and (2) in Propo­

sition 3 .3. After conjugations in G { p , u ) ,  we may assume that

P 1 P2 =  W i  = P3 P 4 P 5 , and P4P5 = W 2.

Let H\{p,v)  =< P i,P 2  > , = <  P4, P5 > , and # 3 (^ ,1 /) = <  P ^ W i > . It is

easy to see that G { p , u )  = <  H i { p , v ) , H 2 { p , v ) , H z { p . , v )  > . We call

v) ,  H 3{p,  v)]

a decomposit ion  of G ( p , u )  associated with 71, 72. If H H 2 {p,  v )  and H 3(/i, u) 

are F-peripheral, then we call

[P i (p., v ) ,  H 2 (p ,  v), H 3 {p, v)}

an F-peripheral decomposition o f G{t)  associated with 71, 72.

Now, we may restate Proposition 3.2 and Proposition 3.3 as follows:

(1) I f  p l ( r )  = 7 , then there is an  F-peripheral  decomposi t ion o f  G ( r )  associated 

With 7.

(2 ) I f  pi(p,  1;) =  7! U 72, then there is an F-peripheral decomposi t ion o f  G ( p , v )  

associated with  71, 73.

M odifying the proof o f Proposition 3.6 o f [10] we obtain:
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P ro p o s itio n  3 .4  (A  C h a cter iza tio n  o f  P le a tin g  V a r ie ties)

(I) Let t  € A4„, and  7  be a s imple  closed geodesic on  E ( r )  represented by a 

loxodromic t ransformation W  6  G(t). Then p l{ r )  =  7  i f  an d  only i f  there is an  

F-peripheral  decomposit ion o f G ( r )  associated with  7 .

(II) Let ( p , v )  €  A t 5, and  71 and  72 be two disjoint  s imple closed geodesics on 

represented by loxodromic t ransformat ions  , W 2 € G(p , i s ) ,  respectively.

Th en  p l ( p , v )  =  71 U 72 i f  and  only i f  there is an  F-peripheral decomposi tion o f  

G ( p , v )  associated with 7 1 , 7 2 .

B y the sam e arguments as in [10] Lemma 3.3 and Lemma 3 .4, we have:

L e m m a  3 .5  (I) Let  r  G A 4n , and  7  be a s imple  closed geodesic on  S ( r )  repre­

sented  by a loxodromic t rans format ion in G ( t ). Let [Hi^H f]  be an F-peripheral  

decomposi t ion o f  G { t ) associtaed with 7 , let Ily be the hyperplane in  H 3  that meets  

C  in d A ( Hj ) ,  and  let N (H } ) be the Nielsen region f o r  Hj  act ing on  IIj . Then  

A  ( Hj )  fl A (r )  =  A ( Hj ) ,  a nd  N ( I I j )  is precisely invariant  under  Hj  in G ( r )  fo r  

j  =  1, 2 .

(II) Let (p, is)  € Ads, and  7 1  and  7 2  be two disjoint  s imple  closed geodesics 

on Ti{p,u)  represented by loxodromic t rans format ions in G ( p , v ) .  Le t  [ H i , II^.H's] 

be an F-peripheral  decomposi t ion o f  G { p , u )  associtaed with  7 1 , 7 2 , let IIj be the 

hyperplane in H 3 that meets C  in d A  (Hj ) ,  and let N ( H j )  be the Niel sen region f o r
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Hj  acting on  I lj. Th e n  A ( H j )  H A (r ) =  A (Hj ) ,  and N ( H j )  is precisely invariant  

under  Hj  in G ( r )  f o r  j  =  1, 2, 3 .

L e m m a  3.6  Let r  €  M n , a n d  let H  be a non-e lementary  F-peripheral  subgroup o f  

G ( t ) containing a loxodromic trans format ion  W  €  G ( r ) .  I f W  represents a simple  

closed geodesic  7  on  S ( r ) ,  then  A ( H )  C flo (r )-

Proof: Since A ( H)  fl A (r)  =  0, th en  A ( H )  is con ta ined  in  a  com ponen t of G( r ) .  

Suppose th a t  A ( H )  is n o t co n ta in ed  in  Q,o ( t ) .

There exist com ponents f 2 i , . . . , f in_2 o f G'(r) such that every non-invariant com ­

ponent of G { t )  is conjugate to  exactly one of the com ponents f i i , ..., Sln~2, and each 

one of them  is precisely invariant under its stabilizer in G ( t ) ,  (cf. Chapter 1). Let 

Gj  be the stabilizer o f  Qj  in G( r ) .

W ith o u t loss of genera lity , we assum e th a t  A ( H)  C f i i .  Since

W '(fii)  n  fix d  W ( A ( H ) )  n  f i i  =  A ( H )  n  f i i  ^  0,

then W  € G \ ,  which is im possible since I x ( l )  7  ̂ 0 or I y ( 7 ) 7  ̂ 0, see §2 .3 . Q .E .D .

P r o o f  o f  P r o p o s it io n  3 .4 : We will prove statem ent (I) o f Proposition 3.4 . By 

a similar argum ent, statem ent (II) o f  Proposition 3.4 will follow.

Using the notations given in Lemma 3 .5 , d A ( L I i )  and d A ( H 2 ) m eet at the fixed 

points o f  W,  then IIi and II2 intersect in the geodesic in H 3 join ing the fixed points
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of W .  & { H j )  n  A (r )  =  0, th e n , by convexity, C ( t )  is con ta ined  in one of th e  tw o 

closed h a lf  spaces b ounded  by Hy. T h is proves th a t  ITy is a  su p p o rt p lane  for C (r) , 

and  thus 7  C pl (r ) .

From  L em m a 3.5, N ( H j ) / G ( t )  = N ( H j ) / H j .  N ( H i ) / G ( t )  is a  sphere  w ith  two 

p u n c tu re s  an d  one hole, N ( H 2 ) / G ( t )  is a  sphere w ith  n — 2 p u n c tu re s  and  one hole, 

an d  th e  b o u n d a ry  curves o f the  holes axe 7 . From  [1] T heorem  10.4.3,

A r e a ( N ( H i ) / G ( t ) )  = 2n ,  and  A r e a ( N  ( H 2 ) /  G ( r ) )  =  2 (n -  3)ir.

From  L em m a 3.6, N ( H j ) / G ( t ) C E ( r ) ,  th en  S ( r )  has a re a  a t least 2 (n  -  2)ir. 

B ers’ first a rea  ineq u a lity  [7] im plies th a t

A r e a ( Q ( r ) / G ( T ) )  <  4(n  — 2 )7t.

f l ( r ) /G '( r )  contains n  — 2 th rice  p u n c tu red  spheres, and  th e  a re a  o f a  th rice  p unc­

tu re d  sphere  is 27r, th en  S ( r )  has a rea  a t  m ost 2 (n — 2)n ,  and  th u s  / I r e a ( S f r ) )  =  

2 (n  — 2)ir. T herefo re, S ( r )  is ob ta in ed  from  gluing N ( H i ) / G ( t )  and  N ( H 2 ) / G ( t )  

a long 7 . Ilence , p / ( r )  =  7 . Q .E .D .

A t th e  end  o f th is  section , we s ta te  a  proposition  th a t  we will need la te r; for the  

p ro o f see [10] P ro p sitio n  3.1.

P r o p o s i t i o n  3 .7  Let r  €  A4„, and lei H ( to) be a f ini te ly  generated F-peripheral
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subgroup o f  G (to ) with peripheral disk  Ao- Suppose that

Ao n  A ( to) =  A ( H ( tq)).

Let  r ( t ) ,  0 <  t < £o, be a path in M n with r(O ) =  r0, and  such that H t = I I{T{t))  

is a Fuchsian subgroup o f  Gt = G ( r ( t ) ) .  Then  there is an £ < So such that I I t is an 

F-peripheral  subgroup o f  Gt f o r  every t with 0 <  t < e.

3.2 P lea tin g  V arieties in M \

In  th is  sec tion , we shall re s tr ic t ou r a tten tio n s  to  th e  p lea tin g  varie ties V ( j )  w ith 

7  €  Q a — {7 o o }  =  Q a ‘ From  T heorem  2.6, we m ay identify  geodesics in w ith 

ra tio n a l num bers, and  we shall w rite  V { q / p )  =  V { i ) ,  w here N( - f )  =  q , I x { l )  = 

p > o, and  gcd (p ,q)  = 1. For p. € M 4, let W ( j ; p )  =  W ( q / p ; p )  e  G ( p )  be the  

sem i-reduced  word given in T heorem  2.3 rep resen ting  7 .

P r o p o s i t i o n  3 .8  Let  7  G G<i, and  let [ H i ( p ) , H 2 {p)] be a decomposi tion o f  G (p )  

associated with 7 . Then I l j ( p )  is Fuchsian i f  and  only i f  I F (7 ; p)  is a hyperbolic 

t ransformat ion,  and  thus

^ ( 7 ) C {/i € M ,  1 : t r  W ( j \ p )  is real and  | t r  W{~p,p)\  > 2 ) .

88



Proof: T h ere  ex ist n on -acc iden tal m ax im al parabo lic  tran sfo rm a tio n s  P j( p ) ,  j  = 

1 , 2 , 3 ,4  such th a t

= <  > ,  an d  H 2 {p)  = <  -P3(h )> -^(m ) >*

and  such th a t

-P iO )T 2( /i)  =  g W ( j \ p ) g ~ 1 =  P z i ^ P ^ )  for som e g €  G (p ) .

Since W (7 ; /i)  is loxodrom ic, th e n  W { 7 ; p )  is hyp erb o h c  if H j ( p )  is Fuchsian . C on­

versely, if is h y p erbo lic , th e n , by L em m a 3.9, H j( f i )  is Fuchsian . Q .E .D .

L e m m a  3 .9  Let H  be a Kle in ian  group generated by two parabolic t rans format ions  

A  and B .  Th en  H  is Fuchsian i f  and  only i f  t r  A B  is real.

Proof: Let g be th e  M obius tran sfo rm a tio n  such th a t

A { z )  = g A g ~ 1 ( z )  = z  +  1, an d  B ( z )  = g B g ~ x(z )  =  6 € C -  {0}.

I t is clear th a t  H  is Fuchsian  if  and  only if  H  =  g H g ~ l is F uchsian . A d irect 

co m p u ta tio n  gives t r  A B  =  2 +  6. If  t r  A B  — tr  A B  is rea l, th en  b £ R  -  {0}, and 

thu s H  G P S L ( 2 , T l ) .  Q .E .D .

E x a m p le  3 .1 . C onsider V( 'fo)  — T*(0), w here 70 is rep resen ted  by X ~ l S  =  

IF ( /i) . Since t r  W ( p )  = 2 +  p 2, then  W ( p )  is hyperbolic  if  and only  if  p  — iy  w ith 

y >  2.

89



For every y  >  2, le t H i ( i y )  = <  S , X ^ 1 >  and  H 2 ( iy)  = <  T ^ S . X f ^ T  > . 

T h e n  H i ( i y )  an d  H 2 ( iy )  a re  Fuchsian  subgroups of G(iy) ,  and  [H i( iy ) ,  H 2 [iy)] is 

a  decom position  o f G {i y )  associa ted  w ith  70 . N ex t, we will prove th a t  H\{hy)  and 

H 2 ( iy)  a re  F -p e rip h era l. H ence,

•P(O) =  { iy  : y  >  2},

by P ro p o sitio n  3.4.

Let C j ( i y )  be th e  circle con ta in ing  A (H j ( i y ) ) .  We will prove th a t  C j ( i y )  is a  

ro u n d  circle. Let A j ( i y )  be  th e  open disk b ounded  by C j ( i y )  w hich is a  bounded  

su b se t o f C. We are  going to  prove th a t  H j ( i y )  is F -p e rip h e ra l by p rov ing  th a t  th ere  

is fu n d am en ta l se t D j ( i y )  for H j ( i y )  a c tin g  on A j ( i y )  so th a t  D j ( i y )  C fio{iy)- 

S ince C \ { i y )  passes th ro u g h  th e  fixed po in ts  o f S  and  A",y , and  is o rthogonal to  

th e  iso m etric  circles o f S,  S ~ l , X i y and  th en

C i ( i y )  = { z  : |2  -  y |  =  | } ,  an d  A  x( iy)  = { z : \ z -  l- ^  \ <  | } .

S im ilarly ,

C 2 ( iy )  =  {z : \z -  (2  +  f  )| =  | } ,  an d  A 2 {iy)  =  { z  : |z  -  (2 +  ^ ) |  <  | } .

It is easy  to  see th a t  C \ ( i y )  and  th e  isom etric  circles of S,  5 - 1 , X { y an d  A”' 1 

b o u n d ed  a fu n d a m e n ta l set D i { i y )  for H \ ( i y )  a c tin g  on A i(i? /), an d  D i ( i y )  C Qo(iy) .  

H ence, H \ { i y )  is F -p e rip h e ra l. S im ilarly, I l 2 ( iy )  is F -p e rip h era l.
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P r o p o s itio n  3 .10  Let n be any  integer. T hen  V ( n )  = { - 2 n + i y : y > 2}.

Proof:, t r  W ( l ; /z )  =  t r  T ~ 1 S X fl = — (/j, 4- 2)2 -  2, th en  fF ( l ; /x )  is hyperbolic  if  and  

only  if n  =  — 2 +  i y  an d  y  >  2. For ji — — 2 +  iy  w ith  y > 2, le t H i ( —2 + iy)  = <  

T"_15 , A '_2+ iy >  and  H 2 { - 2  + iy)  = <  T’-"1S T ,T ,~ 1A\_2+,-y > . By a  sim ilar argum en t 

as in  E xam ple  3.1, we can prove th a t  H \ { —2 + iy)  an d  H 2( —2 +  iy)  are  F -p erip h era l 

subgroups o f G ( —2 + iy ) ,  and  thus

V ( l )  =  { - 2  + i y :  y >  2 ) .

W ( n ; n )  =

Let n  be  any in teg e r >  2. By app ly ing  in d u c tio n  on n,  we have

T ~ k~l S T k w hen n  =  2k  +  1 , k  >  1,

T ~ kS ~ 1T bX ti w hen n  = 2k ,  k > 1,

and  t r  W ( n ; g . )  = ( — l ) n [(/i +  2n ) 2 +  2]. T hen  W { n ' , n )  is hyperbo lic  if  and only if 

H = — 2 n + iy  and  y > 2 .

O n th e  o th e r  h an d , for /x =  - 2 n  +  i y ,  we have:

T ~ kX i yT k w hen n  --  2k ,  k  > 1,

T ~ kX ~ 1T k+1 w hen n = 2k  +  1, k  > 1,
Xu -

and

W ( n \ n )  =
T  kS l X i yT k w hen n =  2k,  k  > 1,

T ~ k~1 S X ^ T ^ 1 w hen n =  2k +  1, k  > 1.

91



For fi =  — 2n  +  i y  w ith  y  > 2 , le t

<  T - kS - 1 T k , T - kX iyT k > w hen n = 2 k,  k  >  1 ,
H \ { - 2  n  +  i y )  =

< T - k - i S T k+i^T - k - i x - i T k+i > w hen n  _  2k  +  1 , k  >  1 ,

and

<  T - k S - ' T ^ ^ T - ^ X i y T *  >  when n = 2 k,  k > 1 ,
H 2 ( - 2 n + iy)  =

C T - k- l S T k , T - kX ~ 1 T k + 1  > w hen n = 2k + 1 , k  >  1.

T hen

H \ { —2n + iy)  =
T  kH i ( i y ) T k w hen n  =  2k ,  k > l ,

T ~ k ~ 1 H i ( i y ) T k + 1  w hen n  =  2fc +  1, fe >  1,

T  kH 2 ( i y ) T k w hen n = 2k ,  k  >  1,
H 2( — 2n + iy)  = ‘

T ~ kH 2 ( i y ) T k w hen n  =  2k  +  1, k  > 1, 

w here H j ( i y )  are  th e  F -p e rip h era l subgroups of G ( iy )  given in  E xam ple  3.1. Since

G { —2 n  +  i y )  = <  S , T , X - 2n+iy > = < S , T , X iy > =  G{iy) ,

th en  JIj(  — 2 n  +  iy )  are F -p e rip h era l subgroups o f G ( —2 n  +  i y ) ,  an d  th u s

V ( n ) =  {—2 n + iy  : y  >  2}, for any  in teg e r n >  0.

Sim ilarly , th e  p roposition  holds for n < 0. Q .E .D .
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Let

^ ( 9 / p )  =  {M € C : t r  W ( q / p ; p )  is rea l an d  |t r  W ( q / p \  p ) | >  2}.

t i ( q / p )  is called th e  hyperbolic locus o f t r  W ( q / p \ p ) .  W rite  p  =  x  +  iy,  x , y  E R .

From  T heorem  2.8,

t r  W (q /p ; p)  = ± ( p 2p + 4q p2p~ l + 0 ( p 2p~ 2)).

L et T r { q / p \ p )  = p 2p +  4qp 2p~ x +  0 ( p 2p~ 2). T h en

^(<7I p ) =  { p  € C  : T r ( q / p ] p )  is real and  \ T r (q /p ;p ) \  >  2}.

By a  d irec t co m p u ta tio n ,

I m  T r { q / p ; p )  =  (2p x  +  4q)y2p~ l + a 2p- 2 { x ) y 2 p ~ 2 +  • • • +  a-i{x)y +  a 0(ar),

w here a j ( x )  is a  po lynom ial in x  w ith  in teger coefficients for each j  =  0 , ...,'2 p  — 2 . 

T h en  I m  T r ( q / p ; p ) =  0 if an d  only if

2 px  +  4 q = - ~ z^ { a 2p. 2 { x ) y 2 p ~ 2 +  • • • +  a^ (x )y  +  a 0(a;)}.

O n th e  o th e r h an d , T r ( q / p ; p )  is ho lom orphically  con jugate  to  p 2p in a  neigh­

b o rhood  of 00 , th en  H i q / p )  has 2p  b ranches th a t  are  asy m p to tic  to  2p  rays of th e  

form  exp(^j-p), Ic =  0 , 1 , . . . ,2 p  — 1. T herefo re, th e re  is a  un ique  b ranch  of i i { q / p )  in 

th e  s trip

{ p E C :  2 ( [ - - ]  + 1 ) >  R e p >  2[——]}
p p
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for I m  n  la rge  enough , w here [—|]  is th e  g rea te s t in teger < —|  . Let 7i { q / p )  deno te  

th e  connected  com ponen t of H ( q / p )  conta in ing  th is  b ranch . W e call H { q / p )  th e  

vertical (q/p) -component  o f H ( q / p ) .

For p  =  x +  iy € W-iq/p),

y 2p-\ ( a2p-2(a:)l/2p~2 + • •' + ai (x )y  + a0(a;)} — >0 as y  — oo,

th en  x  —► =̂ 3-. H ence, W ^q /p )  is a sy m p o to tic  to

r 2o{ - — +  iy  : y >  0 },  as y oo.

From  P ro p o sitio n  3.10, we have

7i { n )  =  V { n )  =  ( —2n +  i y  : y >  2}, for any  in teger n.

U sing th e  m eth o d s o f §5 of [9], we o b ta in :

T heorem  3.11 (R ational P lea tin g  V arieties)

For every  rational number q /p ,  V ( q / p )  coincides with Ti (q/p) ,  V { q / p )  contains  

no critical point of  t r  W{q/p' , f i ) ,  and 'H ( q / p ) — H i q / p )  consists o f  a single point  of  

DM4 at  which |t?' W ( q / p ; p ) \  =  2, i.e., this point  is a cusp of  d M . 4.

94



3.3 P lea tin g  V arieties in At 5

Recall that Gs =  5̂ —{700,7^}, where joo is represented by T, and 7^ is represented 

by S. In this section, we deal with the pleating varieties

A and a parabolic transformation P .  Then H  is Fuchsian if  and only if  t r  A P  is 

real.

Proof: It is clear that t r  A P  is real if H is Fuchsian. Assume that t r  A P  is real. 

Conjugate H  in P S L ( 2 , C) so that the fixed points of A are 0 and 00, and the fixed 

point of P  is 1. We write

'Pi.l) = {O,*-') € : p l ( n , v )  =  7},

and

^(71,72) = {(Mi*') G M s  : p l { p , v )  =  71 U72}

with 7,71,72 € Gs-

Lemma 3.12  Let LI be a Kleinian group generated by a hyperbolic transformation

t \ I \
\  0 1 + p - p

A  = and P  =

\
where A > 0 , A ^  1 and p  € C — {0}. Then

t r  A P  — (A + —) + p(A — —),

and thus p  € R. Q.E.D.
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L e m m a  3 .1 3  Let H  be a Kleinian  group generated by three parabolic t ransforma­

t ions A i ,  A i  and  A 3 . Then  H  is Fuchsian i f  and  only i f  t r  A \ A 2, t r  A 2 A 3 , t r  j43-4 i 

and t r  A \ A 2 A 3 are real.

Proof: Let A  =  A \ A 2 A 3 . T h e re  is a  B  £ P S L { 2, C ) such th a t

B A XB - 1

( \ 
1 1

, B A 2 B - 1

( \ 
1 0

, and  B A z B - 1  -

( \
1 +  A 6  - X S 2

X 1 -  XS .

w here X , p , S  £ C  — {0}. T hen  

B A 1 A 2 B ~ 1 =

b a 2 a 3 b - 1 =

/  \  
1 + P 1

P 1  ̂

1 + XS

B A ZA XB -1

- X S 2
\

X +  p  +  XpS 1 — XS — XpS2
/

\
, and

1 +  A5 1 +  A<5 -  XS2 

X 1 -  A -  XS

B A B -1  _

\ /

1 4- A 4- p  4" A6  +  XpS

1 -  AS -  XpS2

I f  t r  A i A 2, t r  A 2 A 3 , t r  A 3 A 1 and  t r  A  are rea l, th en  A, p , S  € R  -  {0}, and  thus 

B I I B ~ l is Fuchsian . Q .E .D .
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Let P  be a  p arab o lic  tran sfo rm a tio n  w ith  fixed p o in t £, and  le t A  be a  M obius 

tra sfo rm a tio n  such th a t  A P A ~ l (z )  =  z +  1. For t  G R ,  le t

Ut = {z  £  C  : I m  z  >  f}.

We call A ~ l {Ut ) a horoball centered at  R em ark  th a t  d A ~ l (Ut)  is o rthogonal to  

th e  isom etric  circle of P  if  £ G C .

L e m m a  3 .1 4  Let { p , u )  G M . 5 , and let P  be a non-accidental  max imal  parabolic 

trans formation in G ( p ,  v )  with f ixed point  £. Th en  there is a horoball U centered at 

£ such that U -  {£} C J/).

P roof: Since P  is no t acc id en ta l, th en  i t  is con jugate  in  G ( p , u )  to  one o f th e  

following:

x ^ x ; 1, Y „ , Y ~ l , S T - \ S ~ l T ,  T ~ xX ^ , T X ~ l , S ~ 1 Y l/, S Y ~ \

T h u s, we only have to  prove th e  assertion  for X ll, Y u, S T ~ 1 , T ~ 1 X tl an d  S '''1Y„.

L et D o ( p , v )  be  th e  fu n d am en ta l se t for G ( p , v )  ac tin g  on f io (p .i ')  given in §1.3.

For

P  G { X ^ S T - ^ T - ' X ^ S - ' Y , , } ,

th e re  is a  horoball U  cen tered  a t  £ scuh th a t  (U -  {£}) D D o ( p , v )  is a  fu n d am en ta l 

set for < P  > a c tin g  on U — {£}. T h en  U is a  desired horoball for P .  Q .E .D .
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For (/i , v ) € M 5, and for 7 € £5, let W = € G ( p , v )  be the semi-

reduced word given in Theorem 2.11 representing 7. There exist non-accidental 

maximal parabolic transformations Pj =  Pj{fx,v) j  =  1 ,.. . ,5  such that the sub­

groups of G ( p ,  v )

Hi  = H i { n , v )  - <  P i , P 2 >,

H 2 = H 2(f i ,v )  =< P4,F>5 >,

J73 =  = <  W ',P3 >

form a decomposition of G { p , u )  associated with 7,71, where 71 € £5 is represented

by W x =  W(~ti-LL,v) =  P4P5 =  P3-1 W .

Lemma 3.15  Let H j ,  j  =  1, 2,3  be given as above. Then:

(1) H\ is Fuchsian if  and only i f W  is hyperbolic. II2 is Fuchsian if and only if 

W \ is hyperbolic. II3 is Fuchsian if  H i  and H i  are.

(2) For j  = 1 or  2 , < I I j , II3 > is F-peripheral i f  IIj is F-peripheral and  < 

I I j , II2, > is Fuchsian.

(3) p l ( n , v )  =  7 if Hi  and H 2 are F-peripheral, and  if  <  H 2,H$ >  is Fuchsian. 

p l ( f i , v )  = 7j i f  Hi  and II2 are F-peripheral, and if <  H \ ,  H 3 >  is Fuchsian.

(4) pl(fi,  v )  = 7U71 if H i ,  H 2 and II3 are F-peripheral, and if  neither  < II1, II3 > 

nor <  II2, II3 > is Fuchsian.
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(5) J?3 2S F-peripheral i f  H i  and 112 are F-peripheral with peripheral  disks  A i 

and  A 2 , respectively, and  i f  A j  D A ( p , v )  =  A ( H j )  f o r  j  =  1 ,2 .

P ro o f of (1): F rom  L em m a 3.9, H \  is a  Fuchsian  subgroup  of G(p. ,u)  if and  only 

if W  is hyperbo lic , and  H 2 is a  Fuchsian subgroup  of G ( p , v )  if  and  only if  \ \ \  is 

hyperbolic . By L em m a 3.12, H 3  is a  Fuchsian subgroup  of G { p . u )  if H i  and  / / 2 

are.

P ro o f of (2): A ssum e th a t  H 2 is a  F -p erip h era l subgroup  of G ( p , v ) ,  and assum e 

th a t  <  H 2 , H 3  >  is Fuchsian . L et C 2 be th e  circle con ta in ing  A ( H 2), and  le t C  be 

th e  circle con ta in in g  th e  lim it set of <  H 2 , H 3  > . Since b o th  C  and  C 2 con ta in  the  

fixed p o in ts  o f P i ,P s  and  IF’i , th en  C  and  C 2 coincide, and  thu s A 2 is th e  periphera l 

disk o f <  H 2 , H 3 > . H ence <  H 2 , H 3  > is F -periphera l.

S im ilarly, <  H i , H 3 > is F -p erip h era l if H i  is F -p erip h era l and  <  / / i , / / 3  >  is 

Fuchsian.

P ro o f of (3) an d  (4): T hese  follow from  (2) and  P ro p o sitio n  3.4.

P ro o f o f (5): If <  H i , H 3  >  o r < / / 2 , i /3  >  is F uchsian , th en  H 3  is F -p erip h era l

by (2).
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A ssum e that neither <  H\ ,H$  >  nor <  H2,H3  >  is Fuchsian. N ote that H3 is 

Fuchsian by (1). For each j ,  let Cj  be the circle containing A (Hj). C3 m eets Ci  at 

the fixed points o f W ,  and C3 m eets C2 at the fixed pints of IF].

For j  = 1 or 2 , let Ilj be the hyperplane in H 3 that m eets C in d A j , and let 

Nj  be the Nielsen region for Hj  acting on Ilj. Since A  j  D A(n, v )  =  A ( //j ) ,  then  

N j / I I j  =  N j / G ( n , v )  is a sphere with two punctures and one hole contained in 

(see [10], Lemma 3.3 and Lemma 3 .4 ). T he boundary curve of the hole 

of N l / G ( f i , u )  is 7 , and the boundary curve of the hole of N 2/ G ( ^ , u )  is 71. Since 

<  Hi,  H3 > and <  H2,H3  >  are not Fuchsian, then 7  and j i  are contained in the 

pleating locus of S (//, z )̂. A dissection  (see [14], pp .28) o f a five -tim es punctured  

sphere consists of at m ost two disjoint sim ple closed curves, thus the pleating locus 

o f is exactly 7 U 71. Thus the lifts o f

S (j i ,^ )  -- (Ni/G{/ . i ,u) U N 2/G{/.i , u))

to dCa(ii,v)  are flat pieces on dCo(/.i,v).

Let 7 be the geodesic in H 3 with the fixed points o f  W  as its endpoints, and let 

71 be the geodesic in H 3 with the fixed points o f W \  as its endpoints. 7 is a lift, of 

7 to  dCo(n,v),  and 71 is a lift of 71 to dCo(}i,v). Let II3 be the hyperplane in H 3 

containing the lift of

E ( /i ,y )  -  (Ni /G( f i ,u)  U N 2/ G ( ^ , u))
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to  dCo(p, ,v)  w ith  b o u n d ary  geodesics 7  and  7 1 . T h en  II3 m eets C  in C3. Since II3 

is a  su p p o rt p lane of C(p,  u) ,  th e n  C3 b ounds a  disk A 3 d isjo in t from  A ( p , v ), and 

th u s  H 3  is F -periphera l. Q .E .D .

As a consequence of Lemma 3.13 and Lemma 3.15, we have following proposition. 

P roposition  3.16 Let H j ,  j  — 1,2,3 be given as above. Then V ( j )  is a subset o f  

t i - i l )  =  { ( / L * ' )  €  M ) s  : IF, P 3 P 4 , P4 P5 , P 5 P 1 are hyperbolic } ,  

and  P ( 7 ,7 i )  is a subset of

W (7 ,7 i)  =  { ( p , v )  £ M 5  : W  and P4P5 are hyperbolic ,  a n d t r  P3P4 o r t r  P^P\ is not real).

P rop osition  3.17 Let  7  € Gs- I f  I x { l ) h ' { l )  =  0 , then V(-y)  =  0 =  7 f ( 7 ).

Proof: Assum e that I%{7 ) =  0 . Then there is a sim ple closed curve on E (/i,/')  

isotopic to 7oo which divides E ^ i,/ ')  into two connected com ponents, say E '(/i,;')  

and E s u c h  that 7  C 'S'(p,n).  N ote that Ys'(p,u)  is a sphere with three 

punctures and one hole, and the punctures E'(|U,j/) correspond to  the fixed points 

of Y„, S ~ l Y „ , T ~ X S , and note that E"(/i, u)  is a sphere with two punctures and one 

hole, and the punctures of Y,"{p,u)  correspond to the fixed points of

Since 7  £ Gs, then 7 is not isotopic to  700, and thus 7 separates one o f the  

punctures on T,'(p,v)  from the other two punctures o f E \ p . , v ) .  Let E 'y ( p , u )  and
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u) be the two connected com ponents o f S(/x, v)  — 7 , where v)  is a sphere

with two punctures and one hole, and S i s  a sphere with three punctures 

and one hole, and two o f the punctures o f correspond to  the fixed points

of and the other puncture of corresponds to the fixed point of

a non-accidental m axim al parabolic P  conjugate in G{n,v)  to a parabolic transfor­

m ation in {Yl/, Y - 1, S Y - 1, S - l Yt/, T - 1S , T S - 1}. Let H =< P, X„,  T’"1 X ^  >.

Suppose that i i ( j )  0 . Then H  is Fuchsian. Let C  be the circle containing 

A (H).  Since <  X lx, T ~ 1X )1 >  is a subgroup o f II ,  then

{ z  £  C : I m  z  = I m  /j,} U {00} C C,

and thus C  =  { z  € C : I m  z  = I m  / j ,}  U {00}. This is a contradiction since C  is 

not invariant under P.  Similarly, 'H(')') =  0 if  iy ( 7 ) =  0. Q .E .D .

P rop osition  3.18 Let 7 1 , 7 2  G Q5 be two geodesics. If  I x i h )  — I \ ’( I 2) =  0, 

or if  I y ( j \ )  =  I y { l 2) =  0, or  i f  I x ( l i )  =  0 =  I y ( 72), then 71 and  72 intersect 

transversely, and thus ^ ( 7 1 , 7 2 ) = 0 -

Proof: If I x (7 ) =  0, then there are two free hom otopy classes v y , v 2 € Gs with  

=  I x ( )  = 0, which are two adjacent curves in (1) o f Figure 3.1, such 

that the free liom ototy class represented by 7 can be written as <117 +  bv2, where
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Figure 3.1: (1) Curves 7 €  Q5 with I x i f )  = 0 . (2) Curves 7 € Gs with 7y-(7) =  0 .

a and b are relatively prime non-negative integers, (Cf. §2 .2). If I y ( 7) =  0, then 

there are two free hom otopy classes 17, U2 € Gs with I y ( v  1) =  I y {v 2) =  0, which 

are two adjacent curves in (2) o f Figure 3.1, such that the free hom otopy class 

represented by 7 can be written as avj +  bv2, where a and b are relatively prime 

non-negative integers. Now, we can easily see 71 and 72 intersect transversely if 

I e (i i ) = Ip{l2)  -  0 and E , P  € {A ',F } . Q .E .D .

E x a m p le  3 .2 . Let 7 be represented by W  =  =  Y^A'"1. Note that
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L e t  W i  =  W \ ( n , v )  =  ( S T  1) ( T X f l 1) =  S X f i1, 71  b e  t h e  g e o d e s i c  r e p r e s e n t e d  b y  

W i ,  a n d  l e t

H i  = H i ( f i , u )  = < Y U, X ~ 1 >,

H 2 =  H 2(fi, v )  = <  S T ~ \ T X ; '  > ,  a n d  

H 2 = H $ ( n , v )  = <  >  .

F r o m  P r o p o s i t i o n  3 . 1 7 ,  V('yi)  =  0 .  N e x t ,  w e  i n v e s t i g a t e  ^ ( 7 )  a n d  P ( 7 , 7 i ) .  A  d i r e c t  

c o m p u t a t i o n  y i e l d s :

t r  W \  =  2 4- /i2, 

t r W  =  2 -  ( n v  +  2 )2, 

t r  Y ^ T - 1 =  2 +  Av2, a n d

t r T X - ' Y y S - 1 =  2 -  ((/x +  2)(v  -  1) +  2)2.

S e t  ^  =  x +  i y  a n d  v  =  £ +  i p ,  w h e r e  a:,7/,£,77 G R  w i t h  3/,77 >  0 .  T h e n :

I F i  i s  h y p e r b o l i c  - * = > •  77 =  iy  a n d  y >  2 ,  c m r f

YvT ~ l i s  h y p e r b o l i c  < = = >  7/  =  777 a n d  7/  >  1 .

C l a i m  1 .  ' P ( t ' )  =  { ( 21775* 77)  : 77 >  v ^ } -

A s s u m e  t h a t  IIX a n d  <  II 2 , II3  >  a r e  F u c h s i a n .  W , W i , Y „ T ~ l a n d  T X ~ l Y uS ~ l 

a r e  h y p e r b o l i c ,  t h e n  /i =  iy,  v  =  iy ,  y  >  2 ,  77 >  1 ,  a n d

I m  t r  W  =  - 2 ( 2 - 7/77)^77 =  0 , \tr W \  =  |2 -  (2 -  yr))2\ >  2, a n d
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I m  t r  T X ^ Y u S - 1 = -2yr ){ y  -  2 t? )  =  0 ,  \tr T X ^ S - 1] =  | 2  -  y W \  >  2 .  

T h u s

H - i y , u  =  irj, y >  2 ,  77 >  1 ,  yrj >  4 ,  a n d  j /  =  2 7 ? .

C o n v e r s e l y ,  i t  i s  e a s y  t o  s e e  t h a t  H i  a n d  <  Hn, II3  >  a r e  F u c h s i a n  i f  ft a n d  v  s a t i s f y  

t h e  a b o v e  c o n d i t i o n s .  W e  h a v e  s h o w n  t h a t

V ( j )  C { ( 777, 777)  : y  >  2 ,  7? >  1 ,  yrj > 4 ,  a n d  y -  2 t ? }  =  { ( 2 i 7? , r 7? )  : 77 >  y/2) .

C o n v e r s e l y ,  a s s u m e  t h a t  /j. = 2ir], v  = irj w i t h  7? >  y/2.  F o r  j  =  1 o r  2 , l e t  Cj  b e  

t h e  c i r c l e  c o n t a i n i n g  A  (Hj ) .  T h e n

Ci  =  { z  : \z -  i(tj +  i ) |  =  77 -  i } ,  a n d  C 2 =  { z  : \z -  (2  +  777) !  =  77} .

L e t

A i =  { z  : \z -  7(77 +  - ) |  ^  77 -  - } ,  a n d  A 2 =  { z  : \z -  (2  +  777) !  <  l}-,
Tj TJ

a n d  l e t  £ > 0 ( 2777, 777)  b e  t h e  f u n d a m e n t a l  s e t  f o r  G(2irj,irj)  a c t i n g  o n  Q 0 ( 2 i 7? ,  777)  g i v e n  

i n  § 1 . 3 .  A j  f l  £ > 0 ( 2777, 777)  i s  a  f u n d a m e n t a l  s e t  f o r  I I 1 a c t i n g  o n  A i ,  a n d  A 2 n  

[ £ > 0 ( 2777, 777)  U  T(Do(2irj ,  777) ) ]  i s  a  f u n d a m e n t a l  s e t  f o r  / / 2 a c t i n g  o n  A 2 .  T h e n  A j  C  

f l o ( 2777, 777) ,  a n d  I I j  i s  F - p e r i p h e r a l  f o r  j  =  1 , 2 .  B y  ( 2 )  o f  L e m m a  3 . 1 5 ,  <  £ / 2 , / / 3  >  

i s  F - p e r i p h e r a l .  H e n c e

^ ( 7 )  ^  { ( 2 * 77,  * 77)  : 77 >  y /2} .
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C laim  2. T { 7 , 7 i )  = { ( i y > iv )  ■ 2V >  U >  2 and VV >  A}-

A s s u m e  t h a t  H\  a n d  H 2  a r e  F - p e r i p h e r a l .  T h e n  W  a n d  Wi  a r e  h y p e r b o l i c ,  a n d

p .  =  i y ,  v  -  f  +  ir), (2  -  yT))Z -  0 ,  y >  2 ,  a n d  | f y 2 -  (2  -  yr} ) 2  +  2 | >  2 .

L e t  A j  b e  t h e  p e r i p h e r a l  d i s k  o f  Hj  f o r  j  =  1 , 2 .  T h e n

A 2 =  { * : k - ( 2 + * § ) ! < § } ,

a n d  d & i  — C\  p a s s e s  t h r o u g h  t h e  f i x e d  p o i n t  i y  o f  X M a n d  t h e  f i x e d  p o i n t  —2 / v  

o f  Yu, a n d  C\  i s  o r t h o g o n a l  t o  t h e  i s o m e t r i c  c i r c l e  o f  A ” M a n d  i s  o r t h o g o n a l  t o  t h e  

i s o m e t r i c  c i r c l e  o f  Yv .

W e  c l a i m  t h a t  £  =  0 .  L e t  L \  =  { z  : R e  z  =  0 } ,  a n d  l e t  L 2 b e  t h e  s t r a i g h t  l i n e  

p a s s i n g  t h r o u g h  —2 / v  t a n g e n t  t o  t h e  i s o m e t r i c  c i r c l e  o f  Y„.  S u p p o s e  t h a t  £  ^  0 .  

T h e n  yrj =  2 a n d  t h e  c e n t e r  o f  C\  i s  t h e  i n t e r s e c t i o n  p o i n t  o f  L \  a n d  L 2 .  A  d i r e c t  

c o m p u t a t i o n  s h o w s  t h a t  t h e  c e n t e r  o f  C\  i s  i /77 =  7J / / 2 ,  a n d  t h e  r a d i u s  o f  C\  i s  

|y — I / 77I =  y / 2 . T h u s  C\  i s  t a n g e n t  t o  t h e  r e a l  a x i s  a t  0 ,  a n d  t h u s  C\  — Co,  w h e r e  

Co  i s  t h e  c i r c l e  c o n t a i n i n g  t h e  l i m i t  s e t  o f  <  S, Yu > .  T h i s  i s  a  c o n t r a d i c t i o n .  H e n c e

e = o.

S i n c e  f  =  0  a n d  | £2 y 2  -  ( 2  -  yrj ) 2 +  2\ >  2 t h e n  yrj >  4.  S i n c e  YVT ~ X i s  a

l o x o d r o m i c  t r a n s f o r m a t i o n  i n  G’(iy, i i ]) ,  t h e n  YuT ~ l  i s  h y p e r b o l i c  a n d  7/  >  1 . F r o m

P r o p o s i t i o n  3 . 1 6 ,  t r  T X ~ 1 YUS ~ 1 i s  n o t  r e a l ,  s o  y  /  2 rj. W e  h a v e  s h o w n  t h a t

P ( 7 i 7 i )  C  { ( iy , i r] )  :  2 ? j  /  y,  y  >  2 ,  r) >  1 ,  a n d  yr) >  4 } ,

106



and

=  ^  = k  -  i ( „ + | ) i  <  I ( B - 1 » .

S i n c e  =  2 + ^ 2̂  i s  t h e  f i x e d  p o i n t  o f  SYj~l , a n d  s i n c e  A 2 i s  t h e  p e r i p h e r a l  

d i s k  o f  H 2 , t h e n

h — -----------( 2  +  i ^ ) |  >  f ,  o r  e q u i v a l e n t l y ,  277 >  y.
1 17] 2  2

H e n c e

' P i n i l l )  C  { (iy , ir) )  : 2r] >  y >  2,  a n d  yrj  >  4 } .

T o  p r o v e  t h a t  ^ ( 7 , 7 1 )  =  { ( i y , i r 7)  : 2rj >  y  >  2 ,  a n d  yrj  >  4 } ,  i t  r e m a i n s  t o  s h o w  

t h a t  i s  F - p e r i p h e r a l  f o r  a l l  ji  =  i y , v  — irj w i t h  2 rj >  y >  2  a n d  yrj > 4.  L e t

C 3  b e  t h e  c i r c l e  c o n t a i n i n g  A(Hz) .  T h e n  C 3  m e e t s  C\  =  d A \  a t  t h e  f i x e d  p o i n t s  o f  

IV,  C 3  m e e t s  C 2 =  9 A 2  a t  t h e  f i x e d  p o i n t s  o f  W i ,  C 3 p a s s e s  t h r o u g h  t h e  f i x e d  p o i n t  

—2 / ( u  —  1 )  o f  y „ 5 - 1 ,  a n d  i s  o r t h o g o n a l  t o  t h e  i s o m e t r i c  c i r c l e  o f  YuS ~ r . T h u s  C 3 

i s  t a n g e n t  t o  C o  a t  — 2 j { y  -  1 ) .

T h e  f i x e d  p o i n t s  o f  W i  a r e

,  , , y ±  s / y 1  -  4
1 +  7 2

T h e n  t h e  c e n t e r  o f  C 3 i s  t h e  i n t e r s e c t i o n  p o i n t  o f  t h e  h o r i z o n t a l  l i n e  I m  ~ \  a n d

L,  w h e r e  L  i s  t h e  s t r a i g h t  l i n e  p a s s i n g  t h r o u g h  —2 / ( u  — 1 )  t a n g e n t  t o  t h e  i s o m e t r i c  

c i r c l e  o f  Y „ S ~ l . L  i s  o r t h o g o n a l  t o  C o ,  t h e n  L  p a s s e s  t h r o u g h  t h e  c e n t e r  i/rj  o f  C o ,
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and thus the center of C3 is

2 t1 , y  1 ,  , , y  y y -  2  , .1/
( o  “  r )  +  *0  =  7 3 — T  +y 2  — 1  2  y J 2  y 2  -  1  2

a n d  t h e  r a d i u s  o f  C 3  i s

r  =  t h e  d i s t a n c e  b e t w e e n  t h e  c e n t e r  o f  C 3 a n d
- 2  =  2 (1  +  iy )  

v  —  1 1 +  t ?2

J ( ^ l  -  _ A _ ) 2  +  ( £  _  _H !L _)2
V S 2 -  1 1 +  ??2 2 1 +  7?2 J

, V V -  2 s 2 4 (3/77 -  2) 4________ 2y?7 4?72
2 S 2 - l  1 ^ - 1  't' ( l  +  7?2)2 l  +  ?/2 +  ( 1 +  7?2)2 <• U

r 2/77 — 2  2 _  4(y?7 -  2 )  _  2(2/77 ~  2 )

?72 -  1 ??4 -  1 772 +  1

y y -  2
772 — 1

-  2 <  0

< * = > •  ? /  <  2 r).

T h e n  C 3  C  { 2  : 0  <  I m  z  <  y } .  L e t  A 3  b e  t h e  d i s k  b o u n d e d  b y  C 3  d i s j o i n t  f o r m  

t h e  l i n e  I m  z  =  0 .  N o w ,  w e  a r e  g o i n g  t o  p r o v e  t h a t  A 3 C  £l { iy , iy ) .  T h i s  i m p l i e s  

t h a t  II3  i s  F - p e r i p h e r a l .
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N o t e  t h a t  t h e  f u n d a m e n t a l  s e t  D o ( i y , i i j )  i s  b o u n d e d  b y  t h e  i s o m e t r i c  c i r c l e s  o f  

X tt, X ~ 1 , Y v , Y ~ 1 , S , S ~ 1 a n d  t h e  v e r t i c a l  l i n e s  R e  z  =  —2 a n d  Re z  =  2.  A l s o  n o t e  

t h a t  t h e  i s o m e t r i c  c i r c l e  o f  Y j ' 1 c o i n c i d e s  w i t h  t h e  i s o m e t r i c  c i r c l e  o f  S Y ~ l .

L e t  l \  b e  t h e  i n t e r s e c t i o n  o f  t h e  i s o m e t r i c  c i r c l e  o f  Y ~ x w i t h  A 3 ,  a n d  l e t  £2 b e  

t h e  i n t e r s e c t i o n  o f  t h e  i s o m e t r i c  c i r c l e  o f  5 " " 1 w i t h  A 3 . I t  i s  c l e a r  t h a t

Ik -  { - 2 / { v  -  1 ) }  C  i l o { iy , i i ] ) ,k  =  1 , 2 .

L e t  E x  a n d  E y  b e  t h e  r e f l e c t i o n s  i n  t h e  i s o m e t r i c  c i r c l e s  o f  A’’" 1 a n d  Y „- 1 ,  

r e s p e c t i v e l y ,  a n d  l e t  E  b e  t h e  r e f l e c t i o n  i n  t h e  i m a g i n a r y  a x i s .  T h e n  A' " 1 =  E E  \ . 

Y „  =  E y E ,  a n d  W  =  YuX ~ x =  E y  E x  . T h u s  t h e  a x i s  o f  W  i n  A 3 i s  o r t h o g o n a l  t o  

l \ ,  a n d  t h e  a t t r a c t i n g  f i x e d  p o i n t  o f  W  l i e s  o n  C 3  b e t w e e n  t h e  e n d p o i n t s  o f  £ j .

S i m i l a r l y ,  W \ — S X ~ l = E s E x ,  t h e  a x i s  o f  \ \ \  i n  A 3 i s  o r t h o g o n a l  t o  t 2, a n d  

t h e  a t t r a c t i n g  f i x e d  p o i n t  o f  W 2 l i e s  o n  C 3 b e t w e e n  t h e  e n d p o i n t s  o f  l 2.

L e t  C =  - 2 / ( v  -  1 ) ,  P  =  Y „ S - \  £[ =  a n d  V2 = W ^ { t 2). S i n c e

W  =  P W U t h e n  P '  =  W ~ l P W  =  W ' XP W U a n d  C,' =  =  H T ^ C )  i s  t h e

f i x e d  p o i n t  o f  P ' .

L e t  £3 b e  t h e  s u b a r c  o f  C 3  c o n t a i n e d  i n  A i  b e t w e e n  t h e  f i x e d  p o i n t s  o f  W ,  a n d  

l e t  £4 b e  t h e  s u b a r c  o f  C 3 c o n t a i n e d  i n  A 2 b e t w e e n  t h e  f i x e d  p o i n t s  o f  W i . T h e n  

^3  a n d  £4 b o u n d  a  f u n d a m e n t a l  s e t  D 3  f o r  / / 3 a c t i n g  o n  A 3 .  T o  p r o v e  

t h a t  A 3 i s  c o n t a i n e d  i n  $l(iy,  irj),  i t  s u f f i c e s  t o  s h o w  t h a t  D 3  i s  d i s j o i n t  f r o m  A  ( iy,  irj).
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S i n c e  A j  C  Llo(iy,ir])  a n d  A 2 C  $lo(iy,iri),  t h e n  £3 , £ 4  a r e  c o n t a i n e d  i n  Clo(iy,ir)), 

a n d  t h u s

d D 3 -  { C , C ' }  C  % ( i y , i j ] ) .

F r o m  L e m m a  3 . 1 4 ,  t h e r e  i s  a  h o r o b a l l  U  c e n t e r e d  a t  a n d  t h e r e  i s  a  h o r o b a l l  V  

c e n t e r e d  a t  £ '  s u c h  t h a t

U  -  { C }  C  f t o { i y , i v )  a n d  V  -  { C ' }  C  Slo{iy,ir})-

W e  m a y  c h o o s e  U  a n d  V  s m a l l  e n o u g h  s o  t h a t  £ 5  =  d U  f l  D 3  a n d  £q =  d U  f l  D 3  

a r e  c o n n e c t e d  c i r c u l a r  a r c s ,  a n d  s o  t h a t  £ 3  f l  £ 3  =  0 .  L e t  D '3  =  D 3  — (U  U  V ) .  T h e n  

0 D 3  i s  a  s i m p l e  c l o s e d  c u r v e  c o n t a i n e d  i n  Qo(iy ,i j j ) .  S i n c e  A(iy, ir ])  =  dLl0 (iy,ir])  

i s  c o n n e c t e d ,  t h e n  D '3  (~l A (iy , i r j )  =  0 ,  a n d  t h u s  D 3  i s  d i s j o i n t  f r o m  A(iy, ir}) .  T h i s  

c o m p l e t e s  t h e  p r o o f .

P r o p o s i t i o n  3 .1 9  Let  7  £ C}5} and  n  be any  integer. Then  

^ ( Tr ( 7 ) )  =  +  : ( n , u )  €

and

'P (t " ( 7 )) =  { { f i , - n  + v )  : 7 )}.
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P r o o f :  L e t  Pj{^\p, ,u)  G G(fi ,v) ,  j  =  b e  n o n - a c c i d e n t a l  m a x i m a l  p a r a b o l i c

t r a n s f o r m a t i o n s  s u c h  t h a t

p1{r,v,v)P2{i',v,v) = P3{r,p,v)P*{r,p,v)Ps{i\p,v) 

i s  a  l o x o d r o m i c  t r a n s f o r m a t i o n  r e p r e s e n t i n g  7 ,  a n d  s u c h  t h a t

I I i ( r , H , v )  =  <  P i ( r , t * , v ) , P 2 (i;fJ;t ')  > ,  a n d  

H 2{ >

form  a  decom position  of G(j t , v)  associa ted  w ith  7 . Since

Tj : 5 m 5 ,  T ~ T ,  Y„ ~  Y~' S  = Yu+U

t h e n  T\  m a p s  n o n - a c c i d e n t a l  m a x i m a l  p a r a b o l i c  t r a n s f o r m a t i o n s  i n t o  n o n - a c c i d e n t a l  

m a x i m a l  p a r a b o l i c  t r a n s f o r m a t i o n s ,  a n d  t h u s

# 1 ( 7 ; ^ " )  =  ^ ( # 1 ( 7 ; / a ,  1/ ) )  = <  P \ { i \ ^ , v ) , P 2 { i \ ^ , v )  > ,  a n d  

# 2(7 ; ^ , " )  =  T i ( / t 2( 7 ; m ^ ) )  = <  ^ 3 ( 7 ; / i ^ ) , - P - i ( 7 ; / i , ' - /) , - P 5 ( 7 ; /L ^ )  >  

f o r m  a  d e c o m p o s i t i o n  o f  G(fi,i>) a s s o c i a t e d  w i t h  7  =  7 i ( 7 ), w h e r e  

p j { 7!/*,*') =  7I(Pj(7;/2,i/)),  j  =  1 , 5 .

Let

* 1(7 ;/* ,^ )  =  t r  P i(7 ; /2 ,/ / )P 2(7;M>^)>
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■̂ 2(7 ; Mi v) = t r  P z d ' , Ml ^ 4(7 ; Ml " )i

F3d \ Mi ”) =  t r  P i d \ Mi v ) P s d \  Mi y ),

F4d ;M i^) =  t r  P 5(7 ;/z ,i /)P 1(7 ;^ , i / ) ,

F \ d \ P , v ) =  ^  -Pi (t ; Mi Mi ^)i

F i d w - ’V) =  t r  P3(7 ; ^ , t / ) P 4(7 ;/Li,!y),

F s d \ Ml v) =  t r  P i d \ P , v ) P h d \ V L,t ' ),

F t d W i v ) = t r  P 5(7 ; / r , //)/>!(7 ; /r ,//) .

F r o m  L e m m a  2 . 1 3 ,

FAi\V,v) = - Fj { r , v , v  + 1), j  = 1,2,3,4.

T h e n  ( n , v )  €  t i d )  i f  a n d  o n l y  i f  d , u  +  1 )  €  H d )  b y  P r o p o s i t i o n  3 . 1 6 ,  a n d  t h u s

' H( T i d ) )  =  i d , - I  +  »>) : d , v )  €  H d ) } -

S i m i l a r l y ,  W ( T 1- 1 ( 7 ) )  =  { ( / * ,  1  +  u)  : (/.i, v )  €  ^ ( 7 ) } .  B y  i n d u c t i o n ,

' H ( V ld ) )  =  i d , ~ n  +  v )  ■

L e t  ( ' )  — i/1 , — 1  +  i / ) ,  l e t  C i c d U 1’ 1')  b e  t h e  c i r c l e  c o n t a i n i n g  t h e  l i m i t  s e t  o f  

Hk(7! Mi v) ,  a n d  l e t  C ^ d  '• M/i v ') b e  t h e  c i r c l e  c o n t a i n i n g  t h e  l i m i t  s e t  o f  Hkd'i t1' 1 v')i 

w h e r e  7  =  T i(7 ).



S i n c e  T \ ( Y V>) =  l v + i ,  t h e n ,  f o r  j  =  1 ,

Pj{r,n',v') =  TiPjinw'iv') = P j i l ^ ' ^ '  + 1) =  Pj(T,T,v),

a n d  t h u s  C k ( i \ n , v )  =  s i n c e  a n d  C * ( 7 ; / / ' , v')  a r e  u n i q u e l y

d e t e r m i n e d  b y  t h e  f i x e d  p o i n t s  o f  Pj(~/;fi,is)  a n d  Pj(-y ; / z ' ,  t / ' ) ,  r e s p e c t i v e l y .

O n  t h e  o t h e r  h a n d ,  G(fJ,',v')  =  G ( n , v )  s i n c e

<  S , T , X ^ , Y V> > - <  5 ,T ,A 'M,r _ i+ ^  > = <  S , T , X ^ S ~ 1Y V > ,

t h e n  =  A(f i ,v ) .  H e n c e ,  H f c ( 7 ; n , v )  i s  a n  F - p e r i p h e r a l  s u b g r o u p  o f  G(/.i,n)

i f  a n d  o n l y  i f  v')  i s  a n  F - p e r i p h e r a l  s u b g r o u p  o f  G(f.i',n').  M o r e o v e r ,  t h e i r

p e r i p h e r a l  d i s k s  c o i n c i d e .  T h i s  p r o v e s  t h a t

P { P \ { l ) )  =  +  v)  : ( / i , * ' )  €  P { l ) } -

S i m i l a r l y ,

B y  i n d u c t i o n  a g a i n ,  t h e  p r o o f  i s  c o m p l e t e .  Q . E . D .

B y  a  s i m i l a r  a r g u m e n t ,  v v e  o b t a i n  t h e  f o l l o w i n g  p r o p o s i t i o n .

P rop osition  3.20 Let  7  6  Gs be a geodesic, let 7 1 , 7 2  € Gs be two disjoint  geodesics, 

and let n  be any integer. Then:
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(1) H { T 2n {7 )) =  {(2n  + p , v ) :  (/x, 1/) €  # ( 7 )}.

(2 ) P (T 2" ( 7 )) =  {(2n +  /x, 1/) : (/x, 1/) €  P ( 7 )}-

(3) H (7Jn(7 l ),7 i» (7 2 )) =  { ( /x ,- n  +  v)  : (/x ,i/) €  W(7 )}.

(4) W (^ * (7 i ) ,T 2» (72)) =  {(2n +  /x, 1/)  : ( / / , ^ )  € W (7 )}.

(5) ^ ( r i n ( 7 i ) , r in (72)) =  { ( /x , - n  +  xx) : ( /i ,/ /)  €  P ( 7 )}-

(6 ) P (T 2" ( 7 i ) ,T 2" ( 72)) =  { (2 n +  /x ,*) : ( /* ," ) €  P ( 7 )}-

R ecall th a t  0  is th e  au to m o rp h ism  of G(/z, v)  defined by

0 : s ^ t ~ \  t  >-». s - 1 , x ^ y ; 1, y ^ x ; 1.

P r o p o s i t i o n  3 .2 1  Let  7  € Gs be a geodesic, and  let 7 1 ,7 2  be two disjoint  geodesics. 

Then:

(1) H ( 0 ( 7 ) )  =  {(/x.i/) : (2x/,/x/2) € W (7 )}.

(2 ) P ( 0 (7 )) =  { ( /i,//)  : (2 ix,/z/2 ) €  7>(7)}.

(3) # ( 0 (71 ) , 0 ( 7 2)) =  {(/x ,7x) : (2 i/,/x /2 ) G 7t((7 i,72)}.

(4) P ( 0 ( 7 i ) , 0 (7 2 )) =  {(/x ,7x) : (2 t/,/x /2 ) € 7^(7 ! , 72 )}.

P roof: Let P j ( 75 /1, 1/) €  G ( f i , v ) ,  j  =  1 ,. . . ,5 ,  be non -acciden tal m ax im al parabo lic  

tran sfo rm a tio n s  such th a t

P i(7 ;/i ,Z i)P 2 (7 ;/i ,/ i)  =  P3{'r;/J.,u)P4( ^ - , n , u ) P 5( ' y ; n ^ )
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is a loxodromic transformation representing 7, and such that

> , and

# 2(7 ; ^ )  =  <  P 3 (7 ;/^ i^ )> -P 4 (7 ;^ ^ )! -f>5(7 ;M ,^) >

form  a decom position  of G(n ,v )  assoc ia ted  w ith  7 . L et 7  =  0 (7 ), Pj(i : f.i,v)

Q ( P j ( r ^ ^ ) ) ,  an d  H k( r , i i , v )  =  0 ( f 7 A.(7 ;/ i ,  1;) ) .

For A €  C  — {0}, le t 

4 a =

/ \ /  \
Ai 2 i i —2 Ai

and  B \  =

\
1
2 0 , , °  -  ,

L if w €  C — {0 } , th e n

= T -1, B XA XT A ? B ^  =  S ~ \  

B xA xX „ A ? B x ' =  y~/2, 5 A4 AyA4 ^ 5 ^  = X r f .  

S e ttin g  A =  /r/ 2  and  u> = 2v>, we have

b ^ a ^ s a - ) ^  = r - \  b , I2a „ I2t a - ^ b ;}2 =  s - \

B  ti / 2 A fi/2^2uA^^2B  B tlj 2A ilj 2YiLj 2 A ^ i 2B  — X

T hen

Pj(  T , H , v )  

H k d u i , ! ' )  

G ( n , v )

Q ( P j { i ; H , v ) )  = B ^ / 2 A li/ 2 P j { i \ 2 v , ^ l 2 ) A ti 'j2B ^ 2, 

0 ( / / fc(7 ; / i , i / ) )  =  B ^ i 2 A tli 2H k ( j ; 2 u , n / 2 ) A ~ j 2B ~ j 2, and

0 ( G ' ( / i , ^ ) )  =  B ^ 2 A ^ 2 G ( 2 v , fl/ 2 ) A - j 2 B ; f 2.
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T h is  proves (1) an d  (2). B y a  sim ilar a rg u m en t, (3) and  (4) will follow. Q .E .D .

E xam ple 3.3. L e t  7  a n d  71  b e  g i v e n  a s  E x a m p l e  3 . 2 .  I t  i s  c l e a r  t h a t  0 (7 ) =  7 . 

L e t  0 (71) =  7 2 .  T h e n  b y  P r o p o s i t i o n  3 . 2 1 ,

^ ( 7 ^ 2 )  =  ' P ( 7 > 7 2 )  =  {( iy , ir) )  ■ y > 2t j  >  2  a n d  yr] > 4}.

B y  P r o p o s i t i o n  3 . 2 0  a n d  P r o p o s i t i o n  3 . 1 9 ,  w e  h a v e

P(7^nT2m(7)) = { ( 2 m  +  2 i j ] , - n  +  i r j ) : T ] >  V 2 } ,

T’(7 ,̂l7 7 l (7 ) i 7 in '?2m(7 i ) )  =  {(2m  + i y , - n  + irj) : 27/ > y  >  2  an d  yr j >  4},

^ (7 'in7'2m(7 ) ,T 1"T 2m(72)) =  {(2m  +  i y ,  — n  + i t]) : y  > 2rj  > 2  and  yr j >  4},

w h e r e  m  a n d  n  a r e  a n y  t w o  i n t e g e r s .
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A P P E N D I X

E l e m e n t a r y  C u r v e s  i n  Q5\ I n  w h a t  f o l l o w s ,  i f  7  €  £ 5  i s  r e p r e s e n t e d  b y  W  6  G,  

t h e n  w e  w r i t e  7  =  W .

71 =  loo  =  T 72  =  7 o o '  =  s 73  =  y _ 1 A '

74  =  A 7 s  =  Y - ' T

7 7  =  T _ 1 y _  I 5 A ' 7 s  =  T S - ' Y X - 1 79 =  T - ^ y - ^ Y
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1
712 =  T - 1S~1Y - 1S T X

713 =  T S Y S ~ l T ~ LX 7i4 = T ~ 1S X 7 is =  T S - ' X - 1

717 = 7i8 =  s y - 1* - 1

720 =  T - ' Y X
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7 2 2  =  T ~ l S X ~ 1Y ~ l X 723  =  T  S ~ l X Y  X ~ l  7 2 ,  =  S Y - ' X Y T - 1

7 2 5  =  S ~ 1Y X ~ 1Y ~ 1T 727  =  T Y T - ' X - 1

729 =  s r s - 1* - 1

7 3 1  =  T S T ~  Xl v —i
7 3 2  =  S Y S ~ l T— 1 'T'i — 1

733 =  S - ' Y - ' S T
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734 =  T - ' Y S - ' T X 7 35 =  T Y - ' S T - ' X - 1 '?3e = T - ' S Y S - l X

737  = T S - 1Y ~ 1S X - 1 738 =  T ~ 1S ~ 1Y T X 739  =  T S Y - ' T - ' X - '

741 =  T ^ S ^ Y S X

B y  u s i n g  t h e  e l e m e n t a r y  c u r v e s  g i v e n  a b o v e  a n d  u s i n g  t h e  t e c h n i q u e  d e v e l o p e d  

i n  [ 4 ] ,  o n e  c a n  f o r m  a  c e l l  d e c o m p o s i t i o n  o f  Q$ w i t h  1 6 8  t e t r a h e d r a  g i v e n  a s  f o l l o w s .  

N o t a t i o n :  F o r  z ,  j ,  k,  I  G  { 1 , 2 , 3 , 4 1 } ,  w e  d e n o t e  b y

a  =  [ z ,  j ,  k,  i\
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th e  te tra h e d ro n  w ith  vertices 7 7 j ,  7 ^, 7 *. T hen  every hom otopy  class in <7 is of 

th e  form  <17; +  67  ̂ +  c-y^ +  w here a, b, c an d  d are re la tive ly  prim e non-negative 

in tegers.

a ©i(<r) © 2 ( 0 ) 0 ( 0 )

oj =  [3,4,9 ,18] <72 =  [3,4,8,19] <73 =  [3 ,5 ,9,20] <74 =  [3,5,8.21]

<r5 =  [3,4 ,9 ,22] <76 =  [3,4,8,23] <77 =  [3,5 ,9 ,24] 08 =  [3,5. S, 25]

<79 =  [3 ,4 ,19 ,22] <710 =  [3,4,18,23] <7n  =  [3,5,21 ,24] <712 =  [3,5/20.25]

<r13 =  [3,9,18,24] <714 =  [3,8,19,25] <715 =  [3,9 ,20 ,22] <716 =  [3,8,21.23]

<r17 =  [3,19,20,22] <71S =  [3 ,18,21,23] <719 =  [3,18 ,21,24] <720 =  [3,19,20,25]

<721 =  [1,26,30,34] <722 =  [1,27,31,35] 023 =  [2,29,32,36] <724 =  [2,28,33.37]

<t25 =  [1,16,26 ,38] <726 =  [1,17,27 ,39] <727 =  [2,15 ,29,40] 028 =  [2.14,28,41]

<729 =  [1,26,30 ,38] <730 =  [1,27,31 ,39] <731 =  [2,29,32,40] <732 =  [2,28,33.41]

<733 =  [1,2 ,10 ,30] <734 =  [1,2,11,31] <735 =  [2,1,10,32] <736 =  [2,1,11.33]

<737 =  [1,2,12 ,30] <738 =  [1,2,13,31] <739  =  [2,1,13 ,32] <740 =  [2,1,12,33]

<741 =  [10 ,17,32,36] <742 =  [11,16,33,37] <743 =  [10,14,30 ,34] <744 =  [11,15,31,35]

<745 =  [1,10 ,17,32] <746 =  [1,11 ,16,33] 0 4 7  =  [2,10 ,14,30] <748 =  [2,11,15,31]

<749 =  [1,13,31 ,39] <750 =  [1,12 ,30,38] <751 =  [2,12 ,33,41] <752 =  [2,13,32,40]

<753 =  [4.9 ,14 ,22] <754 =  [4, S, 15,23] 0 5 5  =  [5 ,9 ,17,24] <756 =  [5,8,16,25]

<757 =  [14,19 ,20,22] <758 =  [15,18,21,23] <759 =  [17,21,18,24] <760  =  [16,20,19,25]
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<761 = 

<765 = 

069 : 

073 : 

077  = 

081 = 

085  =  

089  =  

093  =  

097  = 

0101 : 

0105  : 

0109  : 

0113  : 

0117  

0121 

0125  

0129  =

a © 1 ( 0 ) © 2 ( 0 ) 0 ( 0)

=  [ 9 , 1 4 , 2 0 , 2 2 ] £ 7 6 2  =  [ 8 , 1 5 , 2 1 , 2 3 ] 0 6 3  =  [ 9 , 1 7 , 1 8 , 2 4 ] £ 7 6 4  =  [ 8 . 1 6 . 1 9 . 2 5 ]

=  [ 4 , 1 4 , 1 9 , 2 2 ] £ 7 6 6  =  [4 , 1 5 , 1 8 , 2 3 ] £76 7  =  [ 5 , 1 7 , 2 1 , 2 4 ] £ 7 6 8  =  [ 5 . 1 6 . 2 0 . 2 5 ]

=  [ 5 , 9 , 2 0 , 3 4 ] £ 7 7 0  =  [ 5 , 8 , 2 1 , 3 5 ] £ 7 7 1  =  [ 4 , 9 , 1 8 , 3 6 ] £ 7 7 2  =  [ 4 , 8 . 1 9 . 3 7 ]

=  [ 4 , 8 , 1 5 , 3 7 ] £ 7 T 4  =  [ 4 , 9 , 1 4 , 3 6 ] <775 =  [ 5 , 8 , 1 6 , 3 5 ] £ 7 7 6  =  [ 5 . 9 . 1 7 . 3 4 ]

= [ 4 , 1 4 , 1 9 , 2 8 ] £ 7 78 =  [ 4 , 1 5 , 1 8 , 2 9 ] £779 =  [ 5 , 1 7 , 2 1 , 2 7 ] £ 7 8 0  =  [ 5 . 1 6 . 2 0 . 2 6 ]

= [ 4 , 1 9 , 2 8 , 3 7 ] 0 8 2  =  [ 4 , 1 8 , 2 9 , 3 6 ] 0 8 3  =  [ 5 , 2 1 , 2 7 , 3 5 ] 0 8 4  =  [ 5 . 2 0 , 2 6 . 3 4 ]

= [ 6 , 1 5 , 2 9 , 4 0 ] £786  =  [ 7 , 1 4 , 2 8 , 4 1 ] £ 7 8 7  =  [ 7 , 1 6 , 2 6 , 3 8 ] 0 8 8  =  [ 6 , 1 7 , 2 7 . 3 9 ]

[ 1 7 , 2 9 , 3 2 , 3 6 ] £790 =  [ 1 6 , 2 8 , 3 3 , 3 7 ] ( 7 91 =  [ 1 4 , 2 6 , 3 0 , 3 4 ] £ 7 9 2  =  [ 1 5 , 2 7 , 3 1 . 3 5 ]

= [ 7 , 1 4 , 1 9 , 2 0 ] 094  =  [ 6 , 1 5 , 1 8 , 2 1 ] £795 =  [ 6 , 1 7 , 2 1 , 1 8 ] £7g6 =  [ 7 . 1 6 . 2 0 , 1 9 ]

= [ 7 , 1 4 , 1 9 , 2 8 ] £ 7 9 8  =  [ 6 , 1 5 , 1 8 , 2 9 ] 099  =  [ 6 , 1 7 , 2 1 , 2 7 ] 0100  =  [ 7 , 1 6 , 2 0 , 2 6 ]

=  [ 7 , 1 6 , 1 9 , 2 8 ] 0102  =  [ 6 , 1 7 , 1 8 , 2 9 ] 0103  =  [ 6 , 1 5 , 2 1 , 2 7 ] £7104 =  [ 7 , 1 4 . 2 0 . 2 6 ]

=  [ 8 , 1 1 , 1 5 , 3 7 ] 0 1 0 6  =  [ 9 , 1 0 , 1 4 , 3 6 ] £7107 =  [ 8 , 1 1 , 1 6 , 3 5 ] 0 1 0 8  [ 9 , 1 0 , 1 7 , 3 4 ]

=  [ 8 , 1 1 , 1 5 , 3 5 ] 0110  =  [ 9 , 1 0 , 1 4 , 3 4 ] 0111  =  [ 8 , 1 1 , 1 6 , 3 7 ] 0112  =  [ 9 , 1 0 , 1 7 , 3 6 ]

=  [ 8 , 1 5 , 2 1 , 3 5 ] 0 i i 4  =  [ 9 , 1 4 , 2 0 , 3 4 ] £ 7 1 1 5  =  [ 8 , 1 6 , 1 9 , 3 7 ] 0116  =  [ 9 , 1 7 , 1 8 , 3 6 ]

=  [ 2 , 4 , 1 5 , 3 7 ] £ 7 1 1 8  =  [ 2 , 4 , 1 4 , 3 6 ] £ 7 h 9  =  [ 1 , 5 , 1 6 , 3 5 ] 0120  =  [ 1 , 5 , 1 7 , 3 4 ]

=  [ 2 , 4 , 1 4 , 2 8 ] 0 1 2 2  =  [ 2 , 4 , 1 5 , 2 9 ] 0 1 2 3  =  [ 1 , 5 , 1 7 , 2 7 ] £ 7 i 2 4  =  [ 1 , 5 , 1 6 , 2 6 ]

=  [ 2 , 4 , 2 8 , 3 7 ] 0126  =  [ 2 , 4 , 2 9 , 3 6 ] 0 m  =  [ 1 , 5 , 2 7 , 3 5 ] £ 7 i 2 8  =  [ 1 , 5 , 2 6 , 3 4 ]

= [ 1 6 , 1 9 , 2 8 , 3 7 ] 0 1 3 0  =  [ 1 7 , 1 8 , 2 9 , 3 6 ] ( 7 1 3 1  =  [ 1 5 , 2 1 , 2 7 , 3 5 ] 0 1 3 2  =  [ 1 4 , 2 0 , 2 6 , 3 4 ]
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a Oi(tr) ©2(<7) 0(<7)

a  133 =  [2,11,15 ,37] (7134 =  [2,10,14,36] (7135 =  [1,11 ,16,35] <7136 =  [1,10,17,34]

(7 137  =  [2,11,33 ,37] (7138 =  [2,10,32,36] (7139 =  [1,11 ,31,35] (7i4o =  [1,10,30.34]

<7i4i =  [7,26,30 ,38] °"i42 =  [6,27,31,39] (7143 =  [6,29 ,32,40] (7144 =  [7,28,33.41]

<t145 =  [7 ,14,26 ,30] (7146 =  [6,15,27,31] (7147 =  [6,17,29,32] (7i48 =  [7,16.28,33]

(Tug =  [1,13,17 ,39] (7iso =  [1,12,16,38] (7i5i =  [2,12 ,14,41] ( 7 i52 =  [2,13.15,40]

( 7 i53 =  [1 ,13 ,17 ,32] (7154 =  [1,12,16,33] (7 1 5 5 =  [2,12,14,30] <7156 =  [2,13,15,31]

(7157 =  [6,13,31 ,39] (7158 =  [7,12,30,38] (7159 =  [7,12 ,33,41] (7 ie o  =  [6,13,32,40]

(7 i6 i  =  [6 ,13 ,15 ,31] <7162 =  [7,12 ,14,30] (7163 =  [7,12,16 ,33] (7164 =  [6,13 ,17,32]

c r ie s  =  [6 ,13 ,15,40] (7166 =  [7,12 ,14,41] (7167 =  [7,12,16 ,38] (7168 =  [6,13,17,39]
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