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Abstract

FAST FOURIER TRANSFORM ALGORITHMS FOR SPECIAL

N’s AND THE IMPLEMENTATIONS ON VAX

by

CHAO LU

Advisor: Professor Richard Tolimieri

A new class of FFT algorithms based upon multiplicative structure of indexing set have
been designed for transform sizes 4p, 4pq, p?, p?q, where p and q are odd primes. These algo-
rithms combine the arithmetic efficiency of the Winograd’s multiplicative algorithms with the
simplicity of programming of the Cooley-Tukey algorithms, and offer significant advantage over
the Winograd’s algorithms in practical applications. Programs have been written for transform
sizes N less than 128 on the Micro VAX II whose run-time is about 40% to 60% better and in
some cases are even better than the radix-2 or radix-4 optimized Cooley-Tukey programs (DEC.
LABSTAR DSP Package) of the next applicable size.

The fundamental algorithm is derived in the form of a factorization CA, where C is a block-
diagonal matrix having skew-circulant blocks and tensor products of skew-circulant blocks, which
can be computed by corresponding smaller FFT subroutines, and A is a pre-addition matrix.

For each case, a family of variants of the fundamental algorithm are also designed which
present options as to whether additions or multiplications dominate arithmetic cost and which
are further distinguished by data flow. These algorithmic parameters play an important role in
deciding which algorithm is best suited for given computer architecture.

A very efficient Small DFT Library is given in section 11 for the purpose of small FFT
subroutine calls. Many algorithms have been tried in VAX assembly code for each size N, the

fastest one has been collected into the Library,
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1. INTRODUCTION

The efficient computation of large size discrete Fourier transforms has become an important
tool in advancing science and modern technology. In various scientific and engineering disciplines,
such as weather forecasting, oil exploration, aircraft design, X-ray image processing in hospital
and artificial intelligence etc. require real time signal processing, and require that Fourier trans-
forms be computed as fast as possible to reflect information for analysis and control. There are
two ways to speed up the computations, first one can build large high speed computers, second
one can design faster algorithms. Looking back into history, these two sides have been stimulating

each other to advance modern scientific computations.

The discrete Fourier transform (DFT) of a N-point sequence a is defined as

b(k) = Z a(j)wjk , 0< k< N; w= e21ri/N , (1)
0<j<N

where b(k) represents the kth-term of the DFT sequence b. Write (1) in the matrix form, we

11 1 -
w w2 oo
1 w? wt N 2(N 1) )
bN 1 1 wN_l w‘a(N"l) ven (N 1)(N-1)

we denote the above N by N matrix by F(N), and call it the DFT matrix of order N.

have

-

The design of fast DF'T algorithms can be dated historically back to the times of Gauss (1805)
[1]. The collected work of some unpublished manuscripts by Gauss contained the essentials of
FFT algorithms. Since computers were not yet developed at that time, Gauss’ ideas did not
attract much attention. In 1965, when Cooley and Tukey published their paper [2], known as the
Fast Fourier Transform algorithm(FFT}, the computing science started a revolutionary era[3].
FFT algorithm reduced the DFT computations from the order of N2 to the order of Nlog(N)
operations . Many good algorithms have been designed since then, but the FFT algorithm is still

the most widely used, because of programming simplicity and well structuring.

In 1976 and 1978, Winograd, in his papers [4] [5], presented a potentially more efficient algo-
rithm, known as Winograd Fourier transform algorithm (WFTA), which provided a much deeper
understanding of computing DFT. In the WFTA, the computation of the DFTs is accomplished
by convolutions. In this way Winograd achieved theoretically the optimum arithmetic count,
and he exhibited a lower computational bound for DFT algorithms by using the underlying finite
ring structure. One form of the WFTA is given by the factorization:

F(p) = C,ByA, (3)

1



where A, and C, are pre- and post-addition matrices with only 1, 0, -1’s, and B, is a diagonal
matrix with only pure real or pure imaginary entries. The order of B, represents the number of

multiplications required. Winograd showed that it has an order of p.

Even before Cooley and Tukey annouced their FFT algorithm, Good and Thomas demon-
strated in their papers [6] and [7] that if p and q are relatively prime, the Fourier transform can

be written in the form:
F(pg) = P2(F(q) ® F(p)) 1 4

where P, and P, are permutation matrices due to the Good-Thomas input and output data

indexing. ® denotes the tensor product . (4) is known as Good-Thomas algorithm(GTA).

Combining the GTA with small size WFTA, we can get efficient algorithms for computing

composite sige N=§q, where p and q are relatively prime:
F(pg) = P;[(C, ® C;)(B, ® By)(A; ® 4,)]| P, (5)

(5) is known as the Large Winograd FT algorithm(LWFT) or Good-Thomas -Winograd algo-
rithm (GTW).

Although WFTA is theoretically superior to FFT algorithm as far as arithmetic complexity
is concerned, implementation shows that it has certain defects: firstly for each N, it needs a

whole new programming effort; secondly for large N, numberical stability becomes a problem [8].

Comparing the Cooley-Tukey FFT algorithms with the Winograd algorithms, FFT algo-
rithms are much easier for implementation, but thier timing efficiency is not as good as expected,
and also they are only very good for transform sizes of two’s power N=2™ as m goes bigger, the

interval between two nearest applicable points becomes larger.

Tolimieri, [9], [10], [11], developed a new series of algorithms from the ring structures of
data indexing set which preserve the arithmetic simplicity of the Winograd algorithms and can
also be programmed with loops and subroutine calls for number of sizes which have the same
ring structure. For example in the pq case, p and q are distinct primes, we have the basic

factorization:

F(pg) = P~'CAP (6)
where P is permutation matrix, A is pre-addition matrix and C is block-diagonal matrix with
each submatrix on the diagonal skew- circulant,

In this thesis, we extend Tolimieri’s Algorithms to the cases of 4p, 4pq, p? and p?q, where p

and q are distinct odd primes. The 4p case can be considered as a special case of p?q for p =2,

2



since the non-zero divisor of 4 is only 2, and 2 corresponding to the unit circle of Z/4 is -1, this
makes the 4p and 4pq cases have much better structure, so that we seperate the 4p case from

p2q case.

Using the number theoretical methods, we have produced in the cases N=4p , 4pq and p?q
orbital decompositions of indexing set, producing highly structured algorithms, with an accom-

panying simplicity of code which can be efficiently matched to variety of machine environments.

For each case, after the fundamental factorization is derived, a family of variants of the fun-
damental algorithm are designed which present options as to whether additions or multiplications
dominate arithmetic éost and which are further distinguished by data flow. These algorithmic
parameters play an important role in deciding which algorithm of the class is best suited for the
given computer architecture. For example as in Variant 2 and 4, we use integer multiplying real
number to trade off with real additions, for the reasons that some of the super computers such

as Cray and Cyber 205, as in [12] says, multiplication is almost for free.

All the algorithms in this thesis are given by matrix factorizations of the finite Fourier trans-

form matrix containing tensor product factors which make them fairly easy to be implemented.

Immediately after the algorithms for each case presented, an example is given for good

understanding and complete picture of the algorithms.

From the algorithms of pq, 4p, 4pq, p?, p?q and also the paper [13], we can see that they
all need corresponding smaller sizes of Fourier transform subroutines. So that the efficient small
DFT library is a very important basis for the efficiency of large size Fourier transforms. In section
11, a mixed algorithms DFT library is given, many algorithms have been tried for each size of

N’s, the fastest one has been selected into the DFT library.

In section 12, implementations of the algorithme on Micro VAX II has been considered. In
section 13, efficiency comparisons between algorithms and with available DSP package are given.
They show that the achievement is obvious. These programs are not only fullfilling the sizes
which Cooley-Tukey algorithms do not have, and also for some sizes are much more efficient
than the nearest Cooley-Tukey. We will see this from the timing tables given in section 13. The

features of these new class of FFT algorithms are summarizged in section 14.



2. THE CASE N=4

In order to derive a new class of FFT algorithms for special sizes of N=4p and N=4pq, p
and q distinct odd primes, let us first consider the simplest case of N=4.

Ordering the indexing set Z/4 by the permutation

nI={0,213}, (1)
the corresponding Fourier transform matrix Fiy is
i1 1 i
1 1 -1 -1
Pn=fy o ¢ - (2)
1 -1 — ¢

There are several methods which can be used to factorize Fyy, each leads to a slightly
different factorization . We will discuss each in turn in some detail for they provide the basic

ideas underlying those algorithms of N=4p and N=4pq.

Method 1. First we can write

Fa=C4, (3)
where
10 0 0
01 0 o
c= , (4)
00 1 i
00 1 —i
11 1 1
1 1 -1 -1
A=11 1 0 ol- (5)

0 0 1 -1
Although C is block-diagonal, it does not have skew-circulant blocks. Factorization (3)
corresponds to the 4-point Winograd algorithm as described in [14]. To see this, note that II

corresponds to the permutation matrix

1 00O
0010
P= 0100} (6)
0 001
and
F(4) = P"'Fy P = (P"1C)(AP), (7)
where by direct computation, we can see
1 1 1 1
1 -1 1 -1
AP= " ol (8)
01 0 -1



P ic= (9)

COoOO M
O OO
oo

o e O

-1
From (4) and (5), for complex input data, 16 real additions and no multiplications are needed

to compute the action of Fyy, if we ignore the multiplications by -1 and i.

Method 2. A partial diagonalization method will be applied to (2). Direct computation
shows that

1 1 0 0
- - 0 0 1 1
(F) e F@ =9 % 1 1], (10)
0 0 & -2
mplying 1 1 0 O
0 0 1 1
Fn=(F@eFe) |l % 1 o (11)
0 0 ¢ -t

The arithmetic is the same as that in method 1., but the data flow is different.




8. THE CASE N=4p

A class of algorithms computing the N=4p point Fourier transforms will be derived from the
ring-structure of the indexing set Z/4p. The ring structure determines a permutation of input
and output data. -

From the Chinese Remainder Theorem, we have a set '

{31132} ’ €162 € Z/4P ’ (1)

which is called a system of idempotents for the ring Z/4p, since it satisfies the following conditions:

ex=1mod4, e =0modp, (2)
ea=0mod4, e3=1modp, (3)
then
1=e;+ez moddp, (4)
0= ¢ejeg mod dp, (5)
e2=e;moddp, j=12. (8)

We begin our study of the ring Z/4p by describing the unit group U of Z/4p. Take a
generator z of U(p), the U is the set of 2(p-1) elements

81+zj82, 05j<P—1: (7)

and
3¢y +2%ep, 0<k<p-1. (8)

Denote the set of p-1 elements given in (7) by U+, and the set of p-1 elements given in (8)
by U~. Set

fi=2e, (9)
fa=2e1+ea, (10)
and observe that

=0, fi=e, (11)
aafi=f, efa=es, (12)
eafi =0, efa=fi. (13)

From the formulas, we see that
oU = {0}, (14)
HU={2e:}, (15)
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U= {e1,3e1},
eaU = {zjeg :0$j<p—1},
faU= {21 +27¢; :0<j<p—1}.
The set of U-orbits corresponding to

0, f1, €1, €2, f2, 1

defines a partition of Z/4p. Order the partition by (19).

(16)
(17)
(18)

(19)

The unit group U is ordered by first running over 0 < 7 < p—1 and thenover 0 < k < p—1in

(7) and (8). The remaining U-orbits are ordered as listed. Denote the corresponding permutation

by II. We will describe
Fn =PF(4P)P—1 ’

where P is the permutation matrix corresponding to Ii. -
If « and f§ are in Z/4p, denote by

C(a,ﬂ) )
the submatrix of Fi1 corresponding to al/ x SU. Then, since e2 =e,

3e
vel et 2mifd
¢(31,€1) = [0331 ver | v = g?"i/4p .

By (2), e1 = p or 3p, implying v°* =1 or -i, respectively. In any case

V30 = %,

Set Cy = 0(61,81), then
vel _vel
C4 = [__vcl ptl ] .
In the same way, since e2 = ez,

0(02, 62) = [ (vez),“'" ]05j.k<p_1 ]

by (3)s

is a primitive p-th root of unity. Set
CP = 0(62,62) ’

which we recognized as a rotated Winograd core.
By (7) and (8),
v1C, —viC,| _ C.®C
C(ln 1) = —v1C, v9G, =0s4@Cp.

7
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The off-diagonal blocks are computed in the same fashion. Consider, for example, C(1, ¢3).

By (7), (8) and (17), we have, using

(e1 + 27 ez)2keq = 29FFey

(3e1 + 27eg)zxeq = 271ke,

C(l, 62) = 12 ® Cp .

Continuing in this way, the matrix Fi is given by the following table.

Table 1.
0 h e ez 2 1
0 11 1 L, 1, 15,
A 11 -1 1, 1, ~18,,

ey 13 -1z C, E(Z, ') —E(Z, p’) Ci® 1:,:
e2 1y 1y  E(2,p) Cp Cp %eC,
f2 1,y 1 —E(2,p) C, Cp ~-1%®C,

1 lagg —lop Ci®1y 1,80, -1, 80C, Ci®C,

(29)

(30)

(34)

where 1, is a n-dimensional vector with all 1’s, and E{n,m) is n by m matrix with all elements

equal 1.

Set

then we can rewrite Fi; as

(4 Fr(4 1t,
= [Fn(f)(g)l,,. Fﬁ&%gi] .

Since Cply = —1p, we have

I I ® 1‘1
Fy = (Fn(4) ® (Fu(4) ® Cy)) [ L@l Lo’ ] '

where Fij(4) can be factorised as

Fa(4)=C'4',

8
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(36)
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where

1 o=
C’=I2@ [1 _ve;] L (39)
1 1 1 1
N E R R
A=1, 4 0 of: (40)
0 0 1 -1

which are similar to the case of N=4 as in section 2. Substitute (38) to (36), direct computation
will show that

Fau=CA, (1)
where
c=C'e(C'®C,), (42)
_ A AelL,
A= [_A'®1p’ AI®IzI] . (43)

Arithmetically, A is equivalent to
A'® A(p) , (44)

where A{p) is defined as ,
1 1,

Alp) = Ll 45

() (—1,,, I,,,) (45)

Direct computation will give the arithmetic count as:

Table 8-2. Fn =CA

Factor R.A RM
C 4(p—1)(4p—5)+4 16(p — 1)2
A 4(7p-4) 0
Fn 4(4p® —2p+2). . 16(p — 1)2

Table 8-8. Fy =CA

Factor R.A R.M
12 : 128 64
20 368 256
28 736 576
44 1856 1600




Variant 1.

From the factorization (41), we will derive several variants offering a variety of arithmetic

and data flow. First set

Fo=La (14 ® F(P')) ’ (46)
then
C = F,DF,, (47)
where
D=C'e(C'@D,), (48)
and D), is the diagonal matrix
Dy = F_I(P')CPF—I(P') . (49)

Note that D is not diagonal. Placing (47) in (41), we have

Fn = FoDFoA . (50)

Table 8-4. Fg = FoDF A

Factor R.A R.M
Fy 4x A, 4x M,
D 4(3p-6) 16(p-2)
A 4(7p-4) 0
Fn 8A, +40(p—1) 8M,, + 16(p — 2)

where Ay, and M), are the number of real additions and the number of real multiplications required

to compute F(p-1).

Variant 2.

We can rewrite (50) as

Fn = FyDBF, , (51)
where the matrix
B = FoAF;?, (52)
is given by
p=| , A& = Aoy (53)
—-pA'®celp) ARy |’

the vector g(p) is the p'-tuple beginning with 1 and followed by 0’s. The matrix B requires
12p-+16 real additions and 8 multiplications by p'.

10



Table 8-5. Fi = FoDBF,

Factor R.A R.M
Fy 4% A, 4x M,
D 4(3p-6) 16(p-2)
B 4(3p+4) {8}
Fy 84, +8(3p— 1) 8M,, + 16(p — 2) + {8}

Multiplications by an integer are placed in {}.

Variant 3.

The next method replaces the complex multiplications required to compute the action of
C=0"0(C'®C,) (54)

by real multiplications. The matrix Cp, has the form

(2 %)
with the result that |
Co=(FR)®Ig)L(FR)® Iy), (56)
where :
Y, = 2((X, + X3) @ (X, - X;)) (57)

The multiplications required to compute the action of ¥}, are all pure real or pure imaginary.
Placing (56) in (54), we have

C=HYH, (58)

where
H=Le(LeF(2)ely), (59)
Y=Co(C'oY,). (60)

Substitute (58) into (41), we will have the form

Fn=HYHA. (61)

11



Table 8-6. Fy = HYHA

Factor R.A R.M
Y 4(p? — 3p + 3) 4(p—1)?
H 8(p-1) 0
A 4(7p — 4) 0
P 4(p? + 8p — 5) 4(p—1)2

Variant 4
Combining the ideas in Variant 2 and 3, we can have the factorization
Fy=HYB;H,

where by direct computation, the matrix

By =HAH™!,
is given by .
A Aodel,
Bl. = ) ] 3 ’
—24 ®£®1%'_ ALy
where

-(3) -

A'® By(p) ,

Arithmetically, B; is equivalent to

where the matrix By (p) is given as

1 e® 1*51
Bi(p) = —2¢® 1%'- I .

12

(62)

(63)

(64)

(65)

(66)

(67)



Table 8-7. Fy = HY B\ H

Factor R.A R.M
Y 4(p® — 3p +3) 4(p—1)?
H 8(p-1) 0
B, 20p-8 {4(p—1)}
Fn 4(p? + 6p—3) 4(p—1)2 + {4(p— 1)}
Table 8-8. Fn = HYByH
Factor R.A RM
12 96 16 + {8}+
20 208 64 -+ {16}
28 352 144 + {24}
44 736 400 + {40}

Programs have been written for n=12, 20, 28, 52 68 and etc. Efficiency comparisons with

nearest point Cooley-Tukey algorithms will be given in section 13.
{8}* in the case of N=12, the 8 multiplications by 2 can be eliminated by a trick which will

be explained in section 12,

13



4. AN EXAMPLE OF N=4p: N=20

We choose N=20 as an example of N=4p to give a complete picture of the 4p algorithms,
where p=5. The implementation results of N=20 are excellent for the 4p algorithms derived in
this section comparing with the nearest Cooley-Tukey algorithms.

The algorithm for computing 20-point finite Fourier transform is designed from the ring-
structure of Z/20. The sut

{5,16} , (1)
is the complete system of idempotents for Z/20, and the following conditions are satisfied
52 =5mod 20, 16% =16 mod 20, (2)
0=5-16 mod 20, (3)
1=5+16 mod 20, (4)
5=1mod4, 5=0mod5, (5)
16=0mod4, 16=1mod5. (e)

The complete system of idempotents (1) determines a ring-isomorphism o
Z[4x Z[5 = Z[20), (7

by the formula
o(a,b) = 5a + 16b mod 20, (8)

where 0 < a < 4 and 0 < b < 5. Table 4-1 explicitly describes o.
Denote the unit group U(20) of Z/20 by U. The ring-isomorphism o restricts to a group-

isomorphism
U4 xU(B)2U. (9)
Since
U(4) ={1,3}, (10)
U(s) = {1,2,3,4}, (11)
we can see from Table 4-1, that
U= {1,17,9,13,11,7,19,3} . ~ (12)

14




Table 4-1.

Z/ax 2[5 | Z/20
0,0 0
0,1 16
0,2 12
0,3 8
0,4 4
1,0 5
1,1 1
1,2 17
1,3 13
1,4 9
2,0 10
2,1 6
2,2 2
2,3 18
2,4 14
3,0 15
3,1 1
3,2 7
3,3 3
3,4 19

Of course, in the special case of the example, the unit group U can be determined directly,

but for the purpose of generalization, we have emphasized the role of the ring-isomorphism o.

The set of zero divisors D of Z/20 is

D ={0,2,4,5,6,8,10,12, 14, 15,16, 18} .

(13)

We will partition the set using the action of the unit group U. First the action of U on the

idempotents gives rise to the sets
5U = {5,15},

16U = {16,12,4,8} .

From (9) and (10) in section 3, we have
J1=2¢,=10,

f2=281+¢2=6.

Then the other elements of D will be given by
10U = {10},

6U = {6,2,14,18} ,

15

(14)
(18)

(18)

(17)

(18)

(19)



and
oU = {0} . (20)

The U-orbits
oU, 10U, 5U, 16U, 6U, U (21)

partition the indexing set Z/20. The elements
0, 10, 5, 16, 6, 1 (22)

are called orbit leaders.

Reorder the indexing set by the partition
IT = {0; 10; 5,15; 16,12, 4,8; 6,2,14,18; 1,17,9, 13, 11,7, 19, 3} (23)
and denote the corresponding permutation by P. The matrix
Fy = PF(20)P~1 (24)
computes 20-point FFT for input and output data indexed by II. It is given by
Fq= [,,“(J')ﬂ(k)]

0< k<20 Y= e27i[20 (25)

We describe Fip by the following sequence of definations. Set

1 1 1 11
1 1 -1 -1
F]‘[ (4) = ’ (26)
1 -1
Cy
L1 -1 J
where ‘
£ -1
and set
ut ud u u?
B u u? uf ;
Co=1, 2 ut 3| *= vt = 2m/5 (28)
u?2 ut W@ u

The matrix Fij(4) is the same matrix given in (2) of section 2, and Cp is rotated 5-point

Winograd core. The matrix Fy is

Fr(4 Fn(4) @14
Fi= e g (29)

Since Cs514 = —14, we can factor Fy as

Fu = (Fn(4) ® (Fn(4) ® C5)) [_I‘I;3 . I ;1961‘4] , (30)
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By the same argument as in section 2,
Fu(4) =C'A’,

where
' _ 1
C'=Lo [1 _‘.] ’

1 1 1 1
A E T R |
A= 1 -1 0 0
o 0 1 -1
Placing (31) into (30}, we have
Fp=CA,

where
C=C®o(C'®C;),

I, I4®li]
)

A= (Ao (4o L)) [_.[4®14 he

which can be written as

A= A A1
-A®1; AIL|"

Arithmetically, A is equivalant to
A'® A(5),
where the matrix A(5) is given as

A(5) = [_114 }ﬂ .

Direct computation gives the arithmetic count as in Table 4-2.

Table 4-2. Fi; =CA

Factor R.A R.M
C 244 256

A 124 0
Fn 368 256

Yariant 1.
The matrix Cg can be diagonalized by the formula
Dg = F(4)_105F(4)-1 ,
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(31)

(32)

(33)

(34)

(35)
(36)

(37)

(38)

(39)

(40)



where
-1 0 0 0
_ 1 0 u‘+iu3—u—iu2 0 0 . 2,"'/5
Ds‘Z 0 0 ut —u? +u—u? 0 y u=e :
0 0 0 ud —ud —u+iul
(41)
Set
Fo=Leo(L,eF4), (42)
then
C=F,DF, , (43)
where
D=Co(C'®Ds). (44)
Placing (43) into (34), we have
Fn=F,DFoA. (45)
Table 4-8. Fy = FoDFyA
Factor R.A ) R.M
Fo 64 0
D 36 48
A 124 0
Fn 288 48
Variant 2.
We rewrite (45) as
Fn = FoDBF, , (486)
where the matrix
B = FoAF;! (47)
is given as
A A’ ® [1000]
1
B=l-wed| wel (48)
0
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Table 4-4. Fi; = FyDBF,

Factor R.A R.M
by 64 0
D 36 48
B 76 {8}
Fy 240 48+{8}

Variant 3.

Replacing the complex multiplications by real mult.iplicat‘ions, we set
C=Co(C'8Cs),
where Cg can be written as
Cs=(F(2)® L)Y;(F(2)® L) ,

where

Y = %((X5 +X3) @ (X5 — X2)) ,

and X5 is 2 by 2 matrix given as

4 ,3
%= % ]
Factorize the matrix C as

C=HYH,

where
H=Le(LeF(2)® L),
Y=Co(C'®Ys).

Then

Fn=HYHA.

Table 4-5. Fy = HY HA

Factor R.A R.M
H 32 0
Y 52 64
A 124 0
F 240 64
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(49)

(50)

(61)

(62)

(3)

(54)

(55)

(56)



Yariant 4.
We can rewrite (56) as
Fm=HYB H,
where the matrix
.B]_ = HAH -1
is, by direct computation, given by
B _ Al A' ® .e-'t ® 1‘%
1T |-24@c®1,  AeI [

where

=[1].

Arithmetically, B is equivalent to

A'® B,(5),
where the matrix
1 1100
-2 1 00O
Bi5)=|-2 0 1 0 0
0 0 010
0 0 001

Table 4-6. Fp = HYBH

Factor R.A R.M
H 32 0
Y 52 64
B 92 {16}
Fa 208 64+{16}

Multiplication by 2 is placed in brackets.
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5. THE CASE N=4pq

In this section, we extend the 4p algorithms to the case of 4pq. The algorithms of 4pq case
will be designed based on the ring-structure of Z/4pq.

By Chinese Remainder Theorem, we know that there exists a ring- isomorphism ®
Z/Ax Z[px Z[q=Z[4pq, (1)
which restricts to a group-isomorphism
U(4) x U(p) x U(q) = U(4pq) . | (2)
Let z; =3, 2, and 23 be the generators of U(4), U(p) and U(q) respectively, and let
{e1, 2, es} - (3)

be the system of idempotents for the ring of Z/4pq, it satisfies the following conditions

es=1mod4, e, =0modp and ¢ =0mod q, (4)
e2=0mod4, e2=1modp and e =0mod q, (5)
es=0mod4, e3=0modp and eg = 1mod q, (6)
and
e2=¢;modn, 1<j5<3, (7
esex =0modn, 1L535,k<3, j#k, (8)
e1+ext+es=1modn. (9)

Define the mapping by the formula
®(a,,a3,a3) = a1 + azez +ages , (10)
where 0 < a; <4, 0<a3 <p, 05 as <q. Then the unit group
U = U(4pq) (11)

is given by
zle; + 2Kes +2hes, 0<j <2 0<k<p-1, 0<l<g—-1 (12)

U will be ordered by the assumption given in (12), 1 is the fastest variable, k is the next

fastest and j is the slowest variable,

e1+ez+zies, 0<l<g-1, (13)
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e1+zgez+z§e3, 0<Lli<g-1, (14)

ey +22e;+25es, 0<l<q—1, (15)
ey + 2826 +2hes, 0<q-—1, (16)
and then
z1e1+ez+z§e3, 0<Ll<qg-1, (17)
211 + z’;"zez +2zbes, 0<Ll<g~1. (18)

The order of U is 2(p-1)(g-1).
The indexing set Z/4pq will be partitioned and ordered by U-orbits. First using (7)-(9), we

have
61U= {81, 2181} N (19)
62U={z'§e2 :0<k<p-1}, (20)
esU = {zhes :0<l<q-—1}. (21)

Under the isomorphism ®, ;U corresponds to U(4), e;U corresponds U(p) and esU corresponds
to U(q). Define

fi=e1+ez, (22)
fa=e1tes, (23)
fs=extes, (24)

then
fLlU={zle;+2kez :0<j<2,0<k<p—-1}, (25)
f2U={2{e1+z§es :0<5<2,0<k<g-1}, (26)
f3U={z§ez+z§e3 :05k<p—1,051<q—1}. (27)

The U-orbits are ordered by the same convention on the variables j,k, and 1 introduced above.
Under the isomorphism ®, f,U corresponds to U(4) X U(p), f2U corresponds to U(4) x U(g) and
faU corresponds to U(p) x U(g). Define

9 =2e1, (28)

g2 =2e; +eq, (29)
gs = 2e1 +es3, (30)
h=2e; +ez+es, (31)

22



then

U = {26}, (32)

g2U={231+z§c2 :05k<p—1}, (33)

gsU = {2¢; + z}es :10<i<g—-1}, (34)

hU = {2¢; + 2§es +25es :0<k<p—1,0<li<g-1}. (35)

Again, these sets are ordered by the above convention of running first through 1,0 <l < ¢—1,
then through k, 0 < k < p — 1. Under the ring-isomorphism ®, g,U corresponds to {2¢;} x {0},
92U corresponds to {2¢;} % U(p), gsU corresponds to {2¢;} x U(q) and hU corresponds to

{2e1} x U(p) x U(q).
The U-orbits corresponding to the elements

0, g1, €1, €2, g2, f1, €3, g3, f2, fa, b, 1 (36)

define a partition of Z/4pq. The set of U-orbits will be ordered by (36) inducing an ordering or

permutation IT of Z/4pq. Denote the corresponding permutation matrix by P and set
Fn = PF(4pq) P71 . (37)
If a and b are in the list (36), then the submatrix of Fi
W(a,8) = (0" ),cap, oy~ W= ""/4P1, (38)

corresponds to the Cartesian product all X U. Set

Cy=Wi(e,e1), (39)
Cp = W(ea,e2), (40)
Cq = W (es, e3) , (41)

direct computation from (19)-(21) shows that

wel _wel .
oum (), wm it “)
i+k .
Cp — [(we:)s; ]051'.k<p-1 , w= e2m/4w , (43)
43 .
Cy = [(w*)% ]osj,l<q—1 ) w = /4P, (44)

Consider the submatrix W(1,1), a typical product r- s , r,8 € U is given by

r.es= (z{el + zFes + zf,es)(z{'el + zf'eg + z,','es) = z{"”"el + 2§+k'€2 + zf,'”'es , (45)
then , , ,
wr = (w4 (@) (we) S (40
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running first over 0 < [,I' < ¢ — 1, and then over 0 < k, k' < p ~ 1 and at last running over
0< 7,7 < 2. We form from (46) the matrix

Ci®C,®C,, (47)

which is W(1,1).
The same arguments can be used to describe the remaining submatrices of Fy;. For example,

consider the submatrix W(1,h), a typical product r . s, r € U, s € hU is given by

rog= (z{el + 2Keq + z!,ea)(2el + zg'ez + zges) = 2e1 + z;""k'ez + zf,""les , (48)
then
W = (=i () H " o) (49)

running over 0 < [,!’ < ¢ — 1, and then over 0 < k, k' < p— 1, we form from'(49) the matrix
-C, ®Cy, (50)

-which is independent of the variable j ,0 < 5 < 2. Running over 0 < j < 2, we form from (50)
the matrix
-eC,®C,, : (51)

which is W(1,h).

Continuing in this way, we can construct Fiy by the following sequence of constructions. Set

11 1 1

11 -1 -1

1 -1 w*r —wr )’
1 -1 —uw®t u*

Fr(4) = (52)

which should be compared to (35) of section 3. Set

Fn(4 Fn(9)®1;_,
Fn(4p) = ( Fn(4;1é )1,,_1 ;'[n((‘)i)®® 6:1 ) ’ 59

which should be compared with (36) of section 3. Direct computation shows that

Fri(4 Fr(d4p)®1%_,
5= (gt Aot ) 50

The matrices (53) and (54) should be compared to the matrix (36) constructed in section 3.

Arguing as in section 3,
" "

Fa()=C"4", (55)
where
1 00 0
" 010 0
C=loo1 wu|® (56)
0 01 —w



1 1 1 1
v 11 -1 a1
4=13 90 o
00 1 -1

These are the same as the matrices given in (39) and (40) in section 3.
Then by the same arguments,
Fa(4p) =C'4',

where
c'=Cc"o(C"eC,),
A= ( A A'e 1;_,)
-A"®1,, A"®L_,)’
and
Fp=0A4,
where

c=Co(C'eC)=C"o(C"'8C)o(C"0C)e(C"®C,0C,),

A= A Aol .
-A'®1,_, A,

Direct computation will give the arithmetic count as

for matrix C:

R.A= 4(4p® — 9p + 6)g + 8p(q— 1) (2¢ — 3)
R.M =16|(p—1)%q+p(q — 1)?],

and for matrix A:
R.A=4(11pq—4p—4q),

RM=0.

Variant 1.

(87)

(58)

(59)

(60)

(61)

(62)

(63)

(64)

(65)

(66)

(67)

All the methods of designing variants developed in the preceeding sections apply to (61).

First by convolution theorem
Cp = F(')D, F(p'),

Cy=F(¢)D,F(¢),

where Dy, and D, are diagonal matrices.
Define
F=Le(LeF({)e(LeF()) e (LeFp)eF(),
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we will have that
C=FyDFy,

where
D=c"e(c"®D,)o(C"®D,)®(C"®D,®D,).

Then (61) becomes
Fn =FyDFoA .

The arithmetic count will become

for matrix Fy:

R.M = 4(Mpq+ M,p),

and for matrix D:
RA= 4(5pq —6(p+ q)) s

RM=32(pg—p—4q).

Variant 2.

Rewrite (73) as

Fr[ = FoDBFo ’
where
B _ Bl BI ® g‘(q)
_qIBI ® g(q) Bl ® Iq, ’
and

BI = #" A""® g-t (P)
-p'A ®¢elp) A OL |-

The arithmetic count for matrix B is

R.A=4(3pg+4p+4q),

and the number of multiplications, for real number multiplied by integer , is given as

RM ={8(p+q)}.

Variant 8.

Complex multiplications can be eliminated by the following method:
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(72)

(73)

(74)

(75)

(78)

(77)

(78)

(79)

(80)

(81)

(82)



let
Co=(F2)® Iy)Y,(F(2)®1y),

and
¢, = (FO) 8 I)%(F) 8 1y),
where
_1(Xp+X; 0
n=3(*7% £ x)
_1 (X, + X3 0
Y*"z( o ' x,,-x;;)'

(83)

(84)

(85)

(88)

The entries of Y, and Y, are either real or purely imaginary implying that only real multiplications

are required to compute their actions.

Set
H’=I‘e(14®F(2)®I%'_) ,
H=H'e(H'®F(2)®I#),
Y'=C”e(0”®Yp)’
and
Y=Y'a(Y'9Y).
Then
C=HYH,
and
Fpn=HYHA.

and

The arithmetic count now becomes
for matrix H:
R.A=8(2pq—p—4q),
RM=0,

for the matrix Y:
R.A=4(p®-3p+3)g+4p(¢g—1)(¢-3),

R.M = 4(p—1)%q+4p(g—1)°.

Yariant 4.

We rewrite (92) as
Fn=HYB\H,
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(89)

(90)

(91)

(92)

(93)

(94)

(95)
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(97)



where
Bl = HAH_I .

B can be explicitly written as

BI B' t
B, = (—2B’[(q) B%sz?)) ;

where
B =HAH",
which is given as " "
B’=( 4 A,.Qi(”))
—24"®f() A"®ly )’
where f(n) is defined as

f(n) = (},)@1&?.

The arithmetic count of B; is
R.A=4(Tpg—2p—29),
and the number of multiplications, real number multiplied by 2, is

R.M = {4(2pq —p—q)} .
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6. AN EXAMPLE OF N=4pq: N=60

In this section, we will pick up N=60 as an example of N=4pq case to give a complete
picture of the algorithms, and also that N=60 is a very important case in applications. From the

ring-structure of Z/60, the following elements
e = 45, €3 = 40, ég = 36, (1)

define a system of idempotents for the ring Z/60, since

ed=e;, j=12,3, (2)
ejex =0mod60, 1<5,k<3,7#k, (3)
1=e;4+ey3+e3 mod60. (4)
A ring-isomorphism
b:2Z/4x Z[3x Z[5=Z]60 (5)
is defined by the formula
®(a1, az, a3) = are; + ages + azes , (6)

where 0 < a; < 4, 0< a2 < 3, 0 < ag < 5. Choose generators
z21=3,2:2=2,andzz3 =2, (7)
of the unit group U(4), U(3) and U(5), respectively. Then the unit group
U = U(60) (8)

is given by
2ley +2key +2hes, 0<j<2 0<k<2 0<I<4. (9)

U will be ordered by the assumption that in (9), 1is the fastest variable, k is the next fastest
and j is the slowest variable. The order of U is 16, Explicitly, U is given in order by

er1+ea+2bes, 0<l<4, (10)
1+ 23¢3+2hes, 0<1< 4, (11)
ziey +ea+2hes, 0<I< 4, (12)

2161 + 22€3 + zéea, 0<l<4,. - (18)

The indexing set Z/60 will be partitioned and ordered by U-orbits. First using (2)-(4), we
have
el = {e1, z1e1} = {45, 15}, (14)
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e2U = {e3, 22¢2} = {40, 20}, (15)
esU = {es, 23¢3, 23¢es, 23e5} = {36, 12, 24, 48} . (18)

Under the isomorphism ®, e, U corresponds to U(4), eaU corresponds U(3) and e3U corresponds
to U(5). Define

fi=e1+ea=25, (17)
fa=e1te3=21, (18)
Ja=ez+e3=16, (19)
then
fiU={zles+ 25 :0<j<2,0<k<2}, | (20)
faU={zfes +3kes :0<j<2,0<k<4}, (21)
foU={2hea+24es :0<k<2,0<l<4}. (22)

The U-orbits are ordered by the same convention on the variables j,k, and 1 introduced above.
Under the isomorphism ®, f;U corresponds to U(4) x U(3), foU corresponds to U(4) x U(5) and
J3U corresponds to U(3) x U(5). Define

g1 = 2¢; =30, (23)
g2=2e1+e2=10, (24)
gs=2e1+e3=6, (25)
h=2e +e;+es =46, (28)
then
aU = {2}, (27)
90U ={2¢;+z5e; :0<k<2}, (28)
gsU = {2e1 +25es :0<1< 4} , (29)
hU = {2¢; +z5ea+ 2es :0<k<2,0<l<4}. (30)

Again, these sets are ordered by the above convention of running first through 1, 0 <[ < 4,
then through k, 0 < k < 2. Under the ring-isomorphism ®, g;U corresponds to {2¢;} x {0},
92U corresponds to {2e,} x U(3), gaU corresponds to {2¢;} x U(5) and hU corresponds to
{2e,} x U(3) x U(5).

The U-orbits corresponding to the elements

0, g1, €1, €3, 92, f1, €3, 93, f2, fs, b, 1 (31)
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define a partition of Z/60. The set of U-orbits will be ordered by (31) inducing an ordering or

permutation II of Z/60. Denote the corresponding permutation matrix by P and set
Fnq = PF(60)P~. (32)
If a and b are in the list (31), then the submatrix of Fi
W(a,8) = (0" )reav, sesyr» W =€/, (33)

corresponds to the Cartesian product aU x bU. Set

Cy=W(ey,e1), (34)
03 = W(ez,ez) s (35)
05 = W(es,es) ’ (36)

direct computation from (14)-(16) shows that

Ci= (? :,) s (37)

2
u u 2mi/3
Cs = u = 2/ 38
8 u uw)? ’ (38)
3 v v? vt
2 .4 .3
v v vt ¢ ;
Cs = v = e2/6 39
5 v vt W v ' ( )
vt v v 9?

Consider the submatrix W(1,1), a typical product r- s , r,s € U is given by

ro=(ses + e+ dhes)(a] e2 + o e+ dhes) = AT e + F M ez s, (40)
then
w™ = (we;)'{“, (we,)";“' (we’),gﬂ' , (41)
which, since w®! = —¢, w® = u?, and w°®® = v3, can be rewritten as
W = (=) (@2 (42)

running first over 0 < [, < 4, we form from (42) the matrix
(95" @, (43)
running over 0 < k, k' < 2, we form from (43) the matrix
()i csecs, (44)
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and running over 0 < j, 5’ < 2, we form from (44) the matrix
Ci®Cs8C5, (45)

which is W(1,1).
The same arguments can be used to describe the remaining submatrices of Fiy. For example,

consider the submatrix W(1,h), a typical product r - s, r € U, s € Uh is given by

ros=(2ley + zheg + 2hes)(2es + 25 e3 + 2} e3) = 2¢; + ZEtE ey 4 2t eq (48)
then
W = (=P ) (47

running over 0 < [,/ < 4, we form from (47) the matrix

k+k!

1 G, (48)
running over 0 < k, k' < 2, we form from (48) the matrix
-C5®Cs, (49)

which is independent of the final variable j ,0 < 7 < 2. Running over 0 < 5 < 2, we form from
(49) the matrix
-1 ®C;®Cs, (50)

which is W(1,h).

Continuing in this way, we can construct Fiy by the following sequence of constructions. Set

1 1 1 1
m@=(; Y 37 (51)
1 -1 ¢ -1
and
R(12)= (0 - ules), 2

direct computation shows that

Fn(12) Fn(12)®1}
Fin = (Fn(rll2()®) 14 F:((lz))g c's) : (53)

Arguing as in section 3,
Fn(4)=C"A", (54)

where

, (85)

coor

cCOoOmO

- O
)




11 1 1
" 1 1 -1 -1
4 = 1 -1 0 0
0 o0 1 -1
Then
Fr(12) =C'4’,
where
C'=C"$(C"®Ca),
a=( A Aoy
T\-40®1; AeL)’
and
Fp=CA,
where

C=Co(C'8C:)=C"o(C"®Cs5)a(C"®Cs)®(C"®C:®Cs),

A= A Aol
-A®1, Aol

Direct computation of (60) will give the arithmetic count as in Table 6-1.

Table 6-1. F =CA

Factor R.A R.M
C 972 1088

A 532 0
Fn 1504 1088

Variant 1:

(58)

(57)

(58)

(59)

(60)

(61)

(62)

All the methods of designing variants developed in the preceeding sections apply to (60).

Let us first apply convolution theorem to

C3 = F(2)D3F(2) ’
and

Cs; = F(4)DsF(4),

where
-0.5 0
pa=[ 0% 4]
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and -0.256

Dy = diag %if(:s“_‘,'j Taty)

3(v® +dv — 0% —ivf)
Define
h=Le(LeF(2)e(lLoF(4))e (e F(2)®F(4)),
then
C=FyDFp,

where

D=C"®(C"®Ds)o(C"®D;)o(C" ® Ds ® Ds) .
Substitute (68) to (60), we will have

Fn = FQDFQA .

Table 6-2. Fj = FoDFoA

Factor R.A R.M
Fo 272 0
D 108 224

A 532 0
Fu 1184 224

Yariant 2:
We can rewrite (70) as
Fn = FoDBF, ,
wher B is given by
B = FoAF; ',
which can be explicitly written as
B B'®[1000]
1
B=l_pod| pen |-
0
and " n
A A ®[10]
! — " " .
B'=|_24 @((1)) YA
34
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Table 6-8. Fii = FoDBF,

Factor R.A RM
Fy 272 0
D 108 224
B 308 {64}
Fy 960 224+-{64}

Yariant 3:

Complex multiplications can be reduced by the following method, let

Cs = F(2)Y5F(2), (75)
Cs = (F(2)® L)Ys(F(2)® L), (76)
where
1/-1 0
Y3=§(0 uz-—u)’ (77)
v¥+vd u4ovt 0 0
1| vt vt V24P 0 0
Yo=3 : (78)
0 0 v¥P—v? y—ovt
0 0 v—v? v¥—48

The entries of Y3 and Y5 are either real or purely imaginary implying that only real multiplications

are required to compute their actions.

Set

H=ILe(l,eF(2), (79)
H=Heo(HoF?2)0ol), (80)
YI = CII e (C" ® Y,s) . (81)

then
Y=Ye(r'eY)=C"o(C"eh)o(C'eY)e(C" oY), (82)

and matrix C can be written as

C=HYH, (83)

and
Fn=HYHA. (84)
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Variant 4:

Table 6-4. Fiy = HYHA

Factor R.A RM
H 176 0

Y 156 272

A 532 0
Fn 1040 272

We can rewrite (84) as

where

we have that

where

is given as

Fn=HYBH ,

By =HAH™!,

B B’ ® [1100]

B, =

—-2B’ Beol !

QO = =

B' =H'A'H™",

A" A”@[l 0]
"“ ” " .
B = —24 @((1)) Aol

Table 6-5. Fn=HY B: H

Factor . R.A R.M
H 176 0
Y 156 272
B 356 {88}
Fn 864 272+{88}
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7. THE CASE N=p?

For the case of N=p?, p an odd prime, Z/N is no longer a field, but we can still have the
unit group U(p?) to be a cyclic group, and it is given as

U=U@p*)={0<j<p*: (p})=1}. (v

Define the subsets Dy of Z/p?, 0< k < 3 as

Dy={0<j<p?: (5,p°) =p*}, (2)
then we have
Do=U, 3)
Dy ={p, 2p, ... (p— 1)p}, (4)
D, ={0}. (5)

It is easy to see that D; has an order of (p-1) and D2 has an order of 1, so that Dy has an
order of p(p-1). Since U is a cyclic group, we can find z € U, a generator, such that

U={z: 0<j<plp—-1)}. (6)

By Fermat’s theorem, we see that
2" 1=1modp. (7)

Multiplying both sides of (7) by p, we have
p2P = pmodp?®. (8)

The elements of Dy are all of the form pz’. Since the order of D, is (p-1), each element

z € D; has a unique representation
z=p': 0<j<p-1, (9)
then we have
Dy={p': 0<j<p-—1}. (10)

Equations (6) and (10) define a partition of Z/p?. Ordering the partition by the set of
U-orbits
DZ) Dl: DO: (11)

then the Fourier transform of F(p?) will have this form
F(p*) = P Fu(p®)P, (12)
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where P is the permutation matrix corresponding to permutation II defined in (11), and
Fu(p®) = ["”n(j)n(k) ]051',k<p= , W= e2milp’

Let p'=p-1, and s=p(p-1), Fi1(p®) can be written as
1 1 1
FH(PZ) =1 E(p',p) 1:: ®Cp i »
1, 1,®C, Cpa
where Cypa is the s by s skew-circulant matrix with the first row as

0 1 21
w” o, W, LW N

Cp is the (p-1) by (p-1) skew-circulant matrix having the first row as

(] 3 p~%
wP* | wP*, L wPE

(13)

(14)

(15)

(16)

and E(p',p') is a p’ by p' matrix with all elements equal 1. Observe the matrix Fir(p?) in (14),

since Do and D; are in disjoint set of Z/p?, Cpz and O}, are disjoint . We can not factorize the
F(p?) to be of the form as CA as in section 3 the 4p case, where the C is block-diagonal and A

is a matrix with 1, 0, and -1’s. We need to modify the submatrix C,2 to C",,, such that C,',, has

the information of Cp, and that C’",, must be still skew-circulant.
Let

1
Fu(p”) +0(p.p) © (CE(p.p) © Gy) = F(07)
where 0(p,p) is a p by p matrix with all elements equal 0. Then F(p?) is given as
11, 1
F.(p%)= | 1p» E(¢',7') 1£LeC,
L, 1,80, Cp+iE(pp)®C,

Let
1
Cp2 =Cpr + ;E(p,p) ®Cy,

direct computation can show that
Cp3l, =0,

E(P; P) ® Cpla = —pl,,
Cpa(1p ® I,—1) = 0(s, ),
(E(p, ) ® Cp)(1p ® Ip—1) = p(1, ® Cp)-
Now that F,(p?) can be factoriged as
F,(p®)=CA,
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where C is a block-diagonal matrix
C=180C,®Cp,, (25)

and A is the pre-addition matrix given as

1 1, I
A=|-1p -E(p',¢') 1;,0Iy|. (26)
-1, 1,8 I, I,

Go back to the computation of Fi1(p?), since Fi1(p?®) has two parts

Fu(p®) = F-(®) - O(p,p) ® (%E(p, p)®GCy), (27)

the second part is very easy to compute, since E(p,p) is p by p matrix with all elements equal 1.
Let

b = Pb, (28)
¢ = Pg, (29)
then
¥ = Fu(p?)d. = F:(s*)el — (p,p) © (SE(p,r) 8 Gyl (30)
Let g',(,—1) be a vector of the p(p-1) elements of g’ corresponding to the indexing set of U,

Qip(p-l) = [a_'(O), Qi(l)v oo .a_t.(p - 1)] ’ (31)

where each g*(z) has (p-1) elements. Let

p—1
ap = a(i), (32)
=0
then
B = %C’,,a;,. (33)
The whole computation will be
U =CAd - b, (34)
where
%
b, :
h=|7]. (35)
by

Direct computation of (34) will give the arithmetic count as:
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Teble 7—1: Fp(p?)

Factor R.A R.M
C 2(2p% — 4p° + 3p? — 4p + 3) 4(p — 1)%(p® + 1)
A 2(p® + 5p — 6) 0
Fe(p?) 2(2p* —4p* +4p® +p—3) 4(p — 1)%(p® + 1)
Fn(p?) 2(2p* — 4p° + 7p® — 5p) 4(p — 1)*(p? + 1)
Variant 1.

Matrix C can be further diagonalized as

C = FDF, (36)
where
F=19F(p')o F(s), (37)
and D is a diagonal matrix
D=1eD,®D,, (38)
where
D, = F(p) ' CF (), (39)
and
D, =F(s)™'Cp. F(s)™*. (40)
Diagonalize ;I;C',, by F(p-1), we have
B, = F(p— 1)D,F(p - )a), (41)
where D, is a (p-1) by (p-1) diagonal matrix, and
D, = -:;D,, :
Equation (24) now can be written as
F.(p®) = FDFA. (42)
Table 7—2: Variant 1. Fp(p?)
Factor R.A R.M
F A, -+ A, M, + M,
D 2(p? — 5) 4(p® - 3)
A 2(p? + 5p — 6) 0
Fe(p?) 2(2p° +5p— 11+ A, + 4,) 2(M, + M,) + 4(p? - 3)
Fu(p?) 2(3p® + 5p — 14 + 24, + 4,) 2(2Mp + M,) + 4(p® +p - 5)
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Variant 2.

The cost of additions in (42) can be reduced by interchanging the order of the computations.

Let
F.(v?) = FDBF, (43)
where
B=FAF!, (44)
B can be explicitly written as
1 2 et
B=|—pley —ple(t),p)) Iy ®e| (45)

—se, ply®ep I,
where ¢,, is a vector having n elements with only the first being 1 , all others being 0, and
e(n,n) =e, @, . (46)

It is clear that computation (43) has fewer additions than that of (42), but we introduced
some multiplications by rational number.

Matrix B has only 2(p-+3) real additions and 6 real number multiplied by integer.

YVariant 3.

To reduce the cost of additions required to perform the complex multiplications coming from

the action of C, we note that each skew-circulant matrix has the form

X, X
w-[% %] @
and
X, X;
;z = X:. X: ] . (48)
By the action of
Cp = (F(2) ® Iyj2) Yp(F(2) ® Iy 12) (49)
where
_ 11X, + X5 0
Y'"z[ 0o " x,,—x;]’ (50)
and
1'»’ = (F(Z) ® Io/z)Ya(F(z) ® IJ/Z) ’ (51)
where .
11X, +X; 0
L= 1 %] (52)
The important thing is that both ¥, and Y, have only real entries or purely imaginary entries.
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Set

and

now we can write

and

H=10 (F(2)® Iy ;) @ (F(2) ® L),

C=HYH,

F.(p?)=HYHA.

Table 7—8: Variant 3. C

Factor R.A R.M
H 2(p? — 1) 0
Y pP—2p°-2p+3 (p-12(F*+1)
C p* —2p° +4p® —2p—1 (p—1)°(r* +1)
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8. AN EXAMPLE OF N=p?: N=9

In this section, let us derive in detail an example of N = p2, N=9, to see a complete picture
of the algorithms.
The cyclic group of Z/9 is
U={1,24,571,8}. (1)

Reordering U by the generator =2, we have
Dy=U={1,2,4,8,175}. (2)
The other two U-orbits D; and Dy will be
D, = {3, 6}, )

D = {0}. (4)

The'permutat.ion IT is defined as
012 3 45 6 7 8
= [ 3612 4 87 5] ‘ ®)

Direct computation shows that the matrix Fii(9) as

1 1 1 1 1 1 1 1 17
1 1 1 v ¥ v v v o?
1 1 1 v v v v v v
1 v o3 w w? w v w W ; .
FH(Q) = 1 v v w?® wt wd w w wl?® w= 621"/9’ and v = &2/ s (6)
1 v o2 wt wd w W w w?
1 v v wP w W w w? wt
1 v 2 w w o w w wt W
L1 v? v wt w w? wt wi Wl
which can be written as
1 1
(9= |12 E(2,2) 14®Cs| . (7
lg 13®Cs Co
Modifying Fi;(9) as
1
F(9) +0(3,3) @ (EE(3, 3)® Cs) = F,(9), (8)
then F,(9) is given as
) 1
Fc (9) = 12 E(2, 2) 13 ® 03 ’ (9)
lg 13®Cs C}
where L
C'; =Cy + §E(3, 3) ®Cs. (10)
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The properties we use in factoring F(9) are

Cole =05,
E(3,3) ® Cs1g = —3 1,
Cs(13 ® I3) = 0(86, 6),
(E(3,3) ® Cs)(1s ® ) = 3(15 ® Cs).

F,(9) can be factorized as

F,(9) =CA,
where C is a block-diagonal matrix
C=16C;s @ Cy,
and A is the pre-addition matrix given as

1 1 1
A=|-1, -E(22) LekL|.
-1 13® kL Is

Go back to the computation of Fii(9), since Fir(9) has two parts
1
Fu(9) = F.(9) - 0(3,3) @ (EE(3,3) ®Cs),

the second part is computed as follows:
let

2
' t(n _ 161 +ag+ar
a_S—ZL(')_[a2+a5+ag]’
then

1
5039_&_.

k=
I

Diagonalizing 5Cs by F(2), we have

”1

az +as +ag

by = F(2)DsF(2)a} = F(2) [‘*g‘ _:2_ ] F(2) [m +aq+ a7] _

The whole computation will be

0y
bl
b =cad- |3
A
et ]
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Variant 1.

where

and D is a diagonal matrix

where

and

Table 8 -1: Fn(g)
Factor R.A RM
C 144 160
A 36 0
F,(9) 180 160
F(9) 204 176
Matrix C can be further diagonalized as
C=FDF,
F=10 F(2)® F(6),
D=1®D;® Dg ,
Ds = F(Z)—103F(2)—1 ’
Dg = F(6)"'CiF(6)~".
Equation (15) now can be written as
F.(9)=FDFA.
Table 8 —2: Variant 1. Fp(9)
Factor R.A R.M
F 40 8
D 8 24
A 36 0
F.(9) 124 40
Fr(9) 144 44
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Yariant 2.

The cost of additions in (28) can be reduced by interchanging the order of the computations.
Let

F.(9) = FDBF, (29)
where
B=FAF'. (30)
B can be explicitly written as
1 3 e
B=|-23 —2(22) L®é¢]. (31)

—6eg 3 ®es Is

It is clear that computation (29) has fewer additions than that of (28), but we introduced

some multiplications by rational numbers.

Table 8- 8: Varient 2. Fy(9)

Factor R.A R.M
F 40 8
D 8 24
B 12 {6}

F,(9) 100 40-+{6}

Fr(9) 120 44+{6}

Yariant 3.

To reduce the cost of additions required to perform the complex multiplications coming from

the action of C, we note that each skew-circulant matrix has the form

Cs = [;1 ° ] , (32)
and X .
r e [
09 - [X; XG] ] (33)
where
. w w wt
Xe=|w? w* wi}. (34)
wt wd W
By the action of
Cs = F2)YaF(2), (35)
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where

1o+ 0
n=1["1" 0], (36)
and
s = (F(2)® L)Ys(F(2)® Is) , (37)
where
_ _]; X6 + X; 0
It is easy to see that both Y2 and Yg have only real entries or purely imaginary entries.
Set
and
H=10F(2)e (F@)0 L), (40)
Now we can write
C=HYH, (41)
and
F.(9)=HYHA. (42)
Table 8 —~4: Variant 3. Fp(9)
Factor R.A R.M
H 16 0
Y 24 36
A 36 0
F,(9) 92 36
F(9) 112 40
YVariant 4.

By the same method as in Variant 2, we can have from (42)
F.(9)= HYB\H , (43)

where
B, =HAH"!. (44)
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Direct computation can show that

1 /i fé
By =|-2f; -2f(2,2) E§|, (45)
—2fe Eg Is

where

1110 0 0
Eg“[ooo1—1 1]'

It is clear from (45) that computing the action of B; requires fewer additions than that of
computing the action of A.

(46)

Table 8- 65: Variant 4. Fp(9)

Factor R.A R.M
H 16 0
Y 24 36
B, 24 {4}
Fo(9) 80 36-+{4}
Fu(9) 100 40+{4}
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9. THE CASE N=p?q

For the case of N=p?q, where p and q are distinct odd primes, we have that p? and q are
relatively primes. The Chinese Remainder Theorem asserts the existance of a ring-isomorphism
o, such that

Z/y® x Z[q = Z|N, (1)

which restricts to a group-isomorphism
U(r®) x U(q) = U(N), (2)

U(N) is the direct product of the cyclic groups of U(p?) and U(q). They were defined in the
previous sections.

A class of algorithms computing the N = p%q point Fourier transform will be derived from
the ring-structure of the indexing set Z/p?q. The ring-structure determines a permutation of
input and output data. ,

From the Chinese Remainder Theorem, we have a set

{e1,e2}, e, e2 € Z/p%q, (3)

which is called a system of idempotents for the ring Z/p?q, since it satisfies the following condi-

tions:
ey=1modp®, e, =0modgq, (4)
e2=0modp?, e;=1modq, (5)
and
1= e; + e3 mod pq, (6)
0 = eyez mod p3q, (7)
ed=e¢;modp?q, j=1,2. (8)
Define a mapping o:
o(a,b) =era+e2b, a€ Z/p?, be Z/q (9)

Fix the generators 2; and z3 of the cyclic groups U(p?) and U(q) respectively, let
y1 = o(21,1) = €12, + ez mod p?q, (10)
2 = a(1,22) = e1 + €223 mod pq, (11)
and G(y1) and G(y2) denote the cyclic groups generated by y; and yz, then we have
U(N) = G(y1) x G(ya) . (12)
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This induces the order on U(N) defined by the listing
wyf: 0<j<(¢—1), and 0<k<p(p—1), (13)

running first over j and then over k, and we call it the exponential order of U(N) associated with

y1 and y3. Let

U=U(N), s=p(p-1), p'=p-1, andd=g¢-1, (14)
and set
f1 = pey mod p’q , (15)
f2 = pe1 + e mod p°q, (16)
observe that
f2=0mod p?q, f2=e3modp’q, (17)
erfr = fr mod p?q, e3f2 = €3 mod pq, (18)
eafy =0 modp?q, e1f2 = fy modp’q. (19)
From the formulas, we see that
oU = {0}, _ (20)
el = {elz{ : 0<j5< a}, (21)
eoU={ezz}: 0<j<g'}, (22)
AU ={fiz]: 0<j<yp'}, (23)
foU={fif +exz}:0<j<q and0<k<p'}. (24)

The set of U-orbits corresponding to

0, e2, f1, f2, &1, 1 (25)

defines a partition of Z/p?q. Order the partition by (25), and denote the corresponding permu-
tation by II. We will describe
Fn = PF(p?q) P, (26)

where P is the permutation matrix corresponding to II.
If « and B are in Z/p?g, denote by

C(a, ), (27)
the submatrix of Fi; corresponding to aU' x BU. Then, since e? = e;, by (21), we have
Olenser) = [(wo) 4™ loggpe, » 0 =1 (28)
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By (4),

is a primitive p3-th root of unity. Set

sz = 0(61, 61), (29)

which is the rotated version of Cpa given in section 7. In the same way, since e2 = e;, by (22),

we have
Clessea) = [ @)™ logime - (30)
By (8),
u=w" (31)
is a primitive g-th root of unity. Set

C,, = C(ez, 62) , . (32)

which we recognized as a rotated Winograd core.
By (10), (11) and (13), we have

o(1,1) = [uwst"sd"] = [t W)t | = Cp @ Gy (33

Continuing in this way, the matrix Fy is given by the following table.

Table 9-1: Fp(p?q)

0 ea h Ja e 1
t 3
0 1 1t 1, L 1t 1,
ez 1y c, E(¢',p") 1, ®Cy E(g',5) 1teC,
hi Iy E(p.d) E(,p) E(Y',p'q') L®C, 18Cel

f2. Ly 1x2®C, E(d,p) E@,p)eC 1,8C01y 1,8C6,0C,
e1 1, E(s,q') 1, ®Cp ,8C,® L, Cpa Cps ® 1%,

1 1l 1,8 Cq 1,,® C'p ®ly 1,® Cp ® Cq sz ® 1, sz ®C,

where Cp is (p-1) by (p-1) skew-circulant matrix with elements of p-th root of unity, a
rotated p-point Winograd core.

The same argument as in section 7, the N = p? case, modification got to be taken in order
to factorize the matrix Fy;(p?q) into two matrices production CA, where C is a block-diagonal

matrix with each submatrix skew-circulant, and A is a pre-addition matrix with only 1, 0, -1’s.
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Let
1
C;,z = Cp’ + ;E (P, P) ®Cp, (34)
then

1[ E(@ppecC E(p,p)®C,® 1!
F 2 =Fc 2 -0 \ ol 1 2% 5 P PP P q' 3
n(pa) = Folp’a) —0pa,pd) © 7 | g V0001, Epp)ecied, | 9

where F(p?g) has the same structure as Fyi(p®q) in Table 9-1 except that C,a is substituted by
A
Now that F(p?q) can be factorized as

F.(p?q)=CA, (3¢)

Where C is given as
100,00, ®(Cr®C,)0C ®(Cra®Cy), (37)

and A is given as

Table 9-2: A

0 ez b1 Ja € 1
0 1 13 1:,‘. 1:,',1, 1t ) L
€ —'lql Iql —E(q’, p’) 1:,' ® Iq' —E(q', 3) 1: ® Iql
fi -1 -E(p,q') —E(p',7) -E(p',p'¢') 1 ® Iy 1ely®1
fa lpg —1p @Iy E(p'd,p') -E(p',p')® Iy "1:: ® Iy ®1y 1:; ® Iy @Iy
e1 -1, —E(s,q') 1,® Iy LeLye®t I, Lot
1 lyy -1,y -1,@Iy®1y 1,@IyQI, -1, ®1y Ly

By a permutation Q, A can be written as

1 __ -1 _ A( 2) A( 2) ® 1:1'
4=974q= [‘A(P;)’ ® 1y A(zz) ® Iq’] ’ (38)

where A(p?) is given as
1 1, 1t
A(p®) = -1 —E(¢',p") 1:, @ILy|, (39)
-1, 1, @ Iy I,

which was given in section 7. The permutation matrix Q is easy to define . Actually, if we order

the input and output indexing set by listing this way

0fi, e, €2 fa, 1, (40)
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we will get the form of A’. The reason we take the ordering as (25) is that we want to put Cp2
and Cp2 @ C, close. The advantage can be seen from equation (35).

If we take the order listed in (40), the corresponding Fourier transform matrix will be

Fi(v%q) = Q"' Fe(r*q)Q = C' 4, (41)
where
C'=18C8C.0C,0(C,®C) 0 (Cls®C,). (42)
Set

then equation (42) can be written as
c'=clr’)e(c(r’)eC). (44)

Arithmetically, A is equivalent to

AP @ A7), (45)

where A(q) is given as

1 1,
Alq) = [ q ] . 46
(9) —1g I (46)
Let us go back to the computation of Fix (p%g). Observe the second part of equation (35),
and set
F = _]; [ E(p,p)@C'p E(p,p)®0p®lz:] . (47)
‘" plE(pP)eCroly E(pp)®C,®C,

A permutation matrix P; can be easily found such that
F'=P]-.-1(E(p)p)®Fr)P11 (48)

where F, is given as

_1l G Cro 1
F"p[c,,mq. C,eC,| (49)
It is easy to see that F, can be written as
F.=C A, ) (50)
where C, is a block-diagonal matrix given as
_11G 0
a=3[% ceal (51)

and A, is pre-addition matrix given as

_ Ipl Ip' ® 1‘!
A“W&ew el (52)
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The permutation matrix P, is defined as
P =1I,0P(sd,p'¢), (83)

where P(n,m) is defined in reference [10]. Consider the action of F, on an input data array x,

y=Foz, (54)
let

y¥="Py, (55)
and

g’ = P]__z_ . (56)

Since E(p,p) is a p by p matrix with all elements equal 1, so that the computation of F, repeats
p times. Let us first cut 2’ into p pieces, each one has q(p-1) elements, that is

@) = («(0)*, z(1)", ... z(p - 1)*) , (57)
let
p—1
z, =Y z(), (58)
=0
we have
Y, = Frz, =Ci Az, , (59)
then
Y,
9,
¥y=1. (60)
A
The whole computation of Fii(p?q) will be
b = F.(p?q)a’ — by = CAd' — by, (61)
where
t=[%]. (e2)

and 0,4 is a vector with pq elements all equal 0.

Direct computation of (61) will give the arithmetic count:
for the block-diagonal matrix C:
R.A=2(2p" — 4p° + 3p® — d4p + 3)q + 2p% (¢ — 1)(29 - 3), (63)

RM =4(p~1)%(p® + 1)g +4(g - 1)%p?, (64)
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and for the pre-addition matrix A:
R.A=2(p®+5p—6)g+4p’(g—1), (65)

RM=0. (66)

For the second part of (61), some of the additions have been done in computing the action

of A, the additional arithmetic count of b, is:

R.A=2(p-1)|(2p—3)g+ (¢~ 1)(2p - 1)], (67)

RM=4(p-1)%q+4(p—1)(g—1)°. (68)

Variant 1.

Matrix C' and C, are block-diagonal with each submatrix being skew-circulant, so that C’

and C, can be further diagonalized by corresponding size of Fourier transform. Define F as

F=1eF()e F(s) @ F({) @ (F(r) ® F(¢) ® (F(s) ® F(¢')) . (69)
Set
Fa=10F(p')o F(s), (70)
(89) can be written as
F = F, @ (Fp2 ® F('). (71)
Then
C'=FDF, (72)

where D is a diagonal matrix given as

D=F"CF!, (73)
D can be written explicitly as
D=10©D,®D,®De& (D, ® Dy) ® (D, ® D,) , (74)
where
D, =F(y')'CF(p) ", (75)
D, =F(¢)'CF(d) Y, (76)
D, = F(s)"'Cl.F(s)™!. (77)
D can also be written as
D =D(v*)® (D(r*) ® D,) , (78)
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where
D(p®) = F3'C(p®)F ;! . (79)
Computation of (41) becomes
F!(p?q) = FDFA'. (80)
Diagonalizing the matrix C, by
Fo=F(p') o (F(r') ® F(d') , (81)
then
C,- = FoD,-Fo N (82)

where D, is a diagonal matrix given as
D, =F;'C.F5t. (83)
Then the computation of F, becomes

F, = FoD, FoA, . (84)

Table 9~8: F,

Factor R.A "RM
Fo Apg+ Ag(p— 1) Mpa+ M (p—1)
D, 2(pq-q-4) 4(pq-q-2)
A, 4(p-1)(q-1) 0
F, 2(Apg + (p—1)(Ag +38g) —2p—2) 2(Mpq + (p — 1) (M, + 2q) — 4)

Table 9—4: Variantl. F and D

Factor R.A RM
F Apg+ Ag(p+8) + Aug Mpg+ My(p +5) + Mug
D 2(p%q - 9) 4(p%q — 4)

where A, , A; and A, are the number of real additions required to compute F(p'), F(g') and F(s)

respectively, and M, , M, and M, are the number of real multiplications required to compute
F(p'), F(q') and F(s) respectively.
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(85)

Variant 2.
The cost of additions in (80) can be reduced by interchanging the oder of of computations.
Set
Fo(v%q) = FDBF ,
where

B=FA'F1,
B can be explicitly written as

- B(p?) B(p?)® ¢,
B= [-—q’B(p’;)@eq B(:’)®Iq'] ’

where B(p?) was defined in section 7 equation (45). Arithmetically, B is equivalent to
B=B(r’)® B(q),

where
1 et
= q
B(q) [_‘I"’q Iq'] )
The arithmetic count of B is
RA=4p%>+12¢,

R.M = {2p° + 8¢} .

(91) is the number of multiplications of real multiplied by integer.

Variant 3.

(36)

(87)

(88)

(89)

(90)

(91)

To reduce the cost of additions required to perform the complex multiplications coming from

the action of C, we note that each skew-circulant submatrix has the form

[x. x
C"‘[X;: XZ]'

By the action of
C, = (F(2) ® In/z)Yn(F(2) ® In/z) )

where
Y. = 11X, + X, 0
"9 0 Xo—X2]-
Set .
Y=Y(") e (Y(’) oY),
and

H=H(p®) o (H(p?) ® F(2) ® Iy/)
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where
Yp)=10Y,0Y,, (97)

and
Hp*) =10 (F(2)® Lyj2) ® (F(2) @ 1,3) . (98)

The important thing is that Y has only real or purely imaginary entries. Now we can write

C'=HYH, (99)
and
F!(p*q) = HYHA'. (100)
The arithmetic count for H and Y are
H:
R.A=2(p?-1)g+2p%(g 1), (101)
RM=0, (102)
and Y: v
RA=(p* —2p® - 2p+3)q+p*(¢® — 4¢ +3), (103)
RM =p*((p—1)%q+ (¢—1)%). (104)
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10. AN EXAMPLE OF N=p?q: N=45

In this section, we derive in detail an example of N = p?q, N=45, to see a complete picture
of the algorithms of N = p2q.
The system of idempotents for Z/45 is

{e1, e3} = {10, 36} . (1)

It is easy to see that the following conditions are satisfied
10 = 10 mod 45, 362 = 36 mod 45 , (2)
0=10-36 mod 45 , (3)
= 10 + 36 mod 45 , (4)

Table 10-1.

Z[3% x Z[5 Z/45

0,0 0

0,1 36

0,2 27

0,3 18

0,4 9

1,0 10

1,1 1

1,2 37

1,3 28

1,4 19

2,0 20

2,1 11

2,2 2

2,3 38

2,4 29

8,0 35

8,1 26

8,2 17

8,3 8

8,4 44

and o

10=1mod3%, 10=0mod5, (5)
36=0mod3?, 36=1mod5. (6)
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The complete system of idempotents (1) determines a ring-isomorphism o
Z/3% x Z[5 = Z[45, (N

by the formula
o(a,b) = 10a + 36b mod 45 , (8)

where 0 < a <9 and 0 £ b < 5. The Table 10-1 explicitly describes the mapping.
Denote the unit group U(45) of Z/46 by U. The ring-isomorphism o restricts to a group-
isomorphism
U@ )xU(s)=U. ' (9)

Choose z; = 2 and z; = 2 as the generators of U(3%) and U(5) respectively, and let
y1 = o{z1,1) = 11 mod 45, (10)
yz = o(1,22) = 37 mod 45, (11)
then the order of U is given as

U= {1, 37, 19, 28; 11, 2, 29, 38; 31, 22, 4, 13; 26, 17, 44, 8; 16, 7, 34, 43; 41, 32, 14, 23}.

(12)
Set
fl =30, (13)
fa=21, (14)
and observe that
30°=0mod45, 212=36, (15)
10 X 30 =30 mod 45, 36 X 21 = 36 mod 45 , (16)
36 x 30 =0mod 45, 10 x 21 = 30 mod 45 . (17)
From the formulas, we see that
oU = {0}, (18)
e U = {10, 20, 40, 35, 25, 5}, (19)
eaU = {38, 27, 9, 18}, (20)
f1U = {30, 15}, (21)
f2U = {21, 12, 39, 3; 6, 42, 24, 33}. (22)
The set of U-orbits corresponding to
0, e3, f1, fa, €1, 1 (23)
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defines a partition of Z/45. Order the partition by (23), then the Fourier transform can be

written as

F(45) = PF(45)P!

where P is the permutation matrix corresponding to (23).

Table 10-2: Fp(45)

0 e2 h Ja €1
0 1 1:"1 lg lg 1%
€ 1, Cs E(4, 2) 15 ®C;y E(4, 6)
fl 1z E(Z, 4) E(za 2) E(Z, 8) 1?3 ® CS

f2 1z 1,0Cy E(s, 2) E(Z, 2) ®Cs 1§ ®C:3® 1,4
-1 16 E(G, 4) 13®Cs 150C: ® 11 Co
1 14 16®Cs 13@Cs®1; 13®C:®Cs Co®14

where

Cs = [ﬂp? B p= e2mif3 ,

[
[~

05 =

=|h
gu
«

I

o

:@

and

meqcme
[

™ o~ ®

e <9,

WSS

e
e

Y
e e
meh

e
<

€“e
[ )
-
(=]

<
<
[
[

Modify Cy as
1
Cy=Co+3E(3,3)®Cs,

then

Fui(45) = Fo(45) - 0(15,15) ® ¢

(24)
1
13,
1% ®Cs
1e®C:® 1%
149 Cs®Cs
Co®1}
Cy®Cs
(25)
(26)
(27)
(28)

1] E(3,3)®0Cs E(3,3)®Cs ®1} (29)
E(3,3)®C3®14 E(3,3)®C3®C; |’

where F(45) has the same structure as Fyj(45) in Table 10-2 except that Co is substituted by

Ch.
Now that F.(45) can be factorized as

F.(45)=CA,

where C is given as
10C;0C:®(Ca®Cs) @ Cy @ (C, ®Cs)
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and A is given as

Table 10—-8: A

0 €2 h fa e
] 1 1 1 1% H
2 -1 I, —-E(4,2) 1ol —E(4,6)
h -1 —-E(2,4) -E(2,2) —E(2,8) Lol
fa 1z —-1;01I E(8,2) -B(2,2)®I, -140L®l,
e7 —1g —E(6,4) 1301 130L,®1% Is
1 lay 1405 ~13@L@1, 1;0L QI ~Je ®14

By a permutation Q, A can be written as

' _ A(9 A(9)® 1%
A'=QlAQ= [—A(g()éou Aggh] ’

where A(9) is given as

1 11
A(9)=|-1; -E@2,2) LeL]|,
-1 13® I I

1

14

1
134
el
eL®1}
®L®I
L1l

Iag

(32)

(33)

which was given in section 8, equation (17). If we take the order listed in (40) of section 9, the

corresponding Fourier transform matrix will be
F!(45) = Q"'F,(45)Q = C'A'.
Set
cP9=10Cs0Cy,
then C’ can be written as
c'=c(9)e(Cc(9)ecCs).
Arithmetically, A is equivalent to
A(9) ® A(5),
where A(5) is given as
A(5) = [ 1 15] .
~14 Is
Observe the second part of equation (29), and set

F 1[ E(3,3)® Cs E(3,3)®03®1:]
8 3

~3|E(B3,3)©Cs01 E(3,3)®C:0Cs
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by a permutation P
F, = P{'(E(3,3) ® F10) Py ,

where Fyq is given as

t
Flo 1 [ Cs 03@1‘] .

= § C3®1ly C3®Ch
Factorige Fyg as
Fyo = Cro410,

where Cj¢ is a block-diagonal matrix given as

o _1[c 0
73]l0 oG’

and A;¢ is pre-addition matrix given as

_ I L®1
A1 = [-I,@ . Lelk]|"

The permutation matrix P, is defined as
P]_ = Ig ® P(24,8) .

Let
[a(10) + a(40) + a(25) ]
a(20) + a(35) + a(5)
a(1) + a(31) + a(16)
a(11) + a(26) + a(41)
_ | a(37) + a(22) + a(7)
L10= | a(2) +a(17) +a(32) | °
a(19) + a(4) + a(34)
a(29) + a(44) + a(14)
a(28) + a(13) + a(43)
[ a(38) + a(8) + a(23) .

we have

Y10 = Fr0210 = Cr041020 -

1 %o
£=P1 ! [210] ’
Y10

Set

Then the whole computation of Fyi(45) will be

¥ = F,(45)a' — by = CAg' - b, ,

w=[]

Direct computation of (49) will give the arithmetic count as in Table 10-4.

where
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(42)

(43)

(44)

(45)

(46)

(47)

(48)

(49)
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Table 10 —4: Fp(45)

Factor R.A RM
C 1224 1376
A 324 0
F,{45) 1548 1376
Fi(45) 1812 1568

Variant 1.

Matrix C' and C,¢ are block-diagonal with each submatrix being skew-circulant, so that ¢’

and Cjo can be further diagonalized by corresponding sige of Fourier transforms. Define F as

F=10F(2)® F(6) ® F(4) @ (F(2) ® F(4)) ® (F(6) ® F(4)),

set

Fy=1@ F(2)® F(6),

then (51) can be written as
F=Feo (Fg ® F(4)).

Diadogalizing matrix C' by F, we have
C'=FDF,
where D can be written as
D=1®D;®D¢® Ds ® (Ds ® D5) ® (Dg ® D) ,

where

11-1 0
D3=-2-[0 ﬂz_ﬁ]’

-
3

u
Dy=F@&*|" |,

LU J

4]

[

and

Dg = F(6)~!

(51)

(62)

(58)

(54)

(55)

(56)

(57)

(58)



Rewrite D as
D =D(9)® (D(9) ® Ds) ,

where
D) =10Ds & Dg .

Substitute (54) into (34), we have
F,(45) = FDFA' .

Diagonalizing the matrix Cjo by
Fo=F(2)® (F(2) ® F(4)) ,

then
Cio = FoDyoFo ,

where D¢ is a diagonal matrix given as
! DIO = FO_IC]_OFO—I .
Then the computation of Fyo becomes

Fyo = FoD1oFo Ao -

Table 10—-5: F1o

Factor R.A R.M
Fy 52 0
Dsyp 8 28
Ao 32 0
Fio 144 28

Table 10—-6: Variant1l. Fy(45)

Factor R.A R.M
F 344 40
D 112 300

F,(45) 1124 380

Fin(45) 1328 408
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Yariant 2.

The cost of additions in (61) can be reduced by interchanging the order of computations.

Set
F!(45) = FDBF,

where
B=FA'F!,

B can be explicitly written as

B(9 B(9) ® ¢t
B= [—4B(s()))® - nggeff] ’

where B(9) was defined in section 8 equation (31). Arithmetically, B is equivalent to

B=B(9)® B(5),

where
|1
B(5) = [_435 14] .
Table 10—-7: Variant2. F.(45)

Factor R.A RM

B 96 {58}
F,(45) 896 380+{58}

Variant 8.

(68)

(87)

(68)

(69)

(70)

To reduce the cost of additions required to perform the complex multiplications coming from

the action of C, we note that each skew-circulant submatrix has the form

= |[Xs X3
o= %]

The same reasoning as in previous sections, we set
Y=Y(9)ea(Y9e¥),

and

H=H(9)o (H9)®F(2)® ),

where
Y9 =10Y:0Ys,
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and
H9) =10 (F(2)eL)o (F(2)®Is) . (75)
The important thing is that Y has only real or purely imaginary entries. Now we can write

C'=HYH, (78)

and

F!(45) = HYHA' . (17)

Table 10-8: Variant3. F.(45)

Factor R.A RM
H 152 0
Y 336 468

F!(45) 964 468
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11. BUILD UP A DFT LIBRARY BY MIXED ALGORITHMS

We can see from previous sections that the algorithms for the cases of 4p, 4pq, p?, and p3q
(also for the case of pq in reference [11]) all have a basic factorization of a block-diagonal matrix
C, which has skew-circulant matrices on the block-diagonal. We know that skew- circulant matrix
can be computed by the corresponding Fourier transforms as given in Variant 1 of each section,
so that the efficient small DFT library is a very important basis for the efficiency of large size
Fourier transforms. Programming efforts have been made on Micro VAX II to build up a very
efficient DFT library. Different algorithms have been tried for each size N, the fastest one has
been selected into the DFT library as we can. That is why we call it Mixed Algorithms DFT
Library.

For the small size N’s, since the Micro VAX II has 16 registers, of which 12 can be used for
general purposes, the most efficient algorithm is the one with the least number of real multipli-
cations and real additions, that is Winograd small FFT algorithm. For the sizes N equal 2, 3, 4,
5, 7, 8, 16, the Winograd algorithms have been used to write the VAX assembly line-code.

For the primes larger than or equal to 11, the Winograd algorithm will increase the size
of matrices very quickly, so that the stability becomes a problem. We choose Tolimieri’s Prime

Case Algorithm [10] to reduce the number of multiplications and additions.

For the sizes N having relatively prime factors, each factor has a very good Winograd small
FFT, the Good-Thomas algorithm combined with the Winograd algorithm has been adopted for
the line-coding. We call this Good-Thomas- Winograd algorithm (G-T-W) or Winograd Large
FFT (WLFFT), which will be explained in detail in section 11-1.

We all know that Winograd algorithm is superior to the other algorithms as far as the
multiplicative arithmetic complexity concerns, but the programming complexity makes it very
difficult for applications. This is because that firstly it needs a whole new programming effort
for each N, secondly to minimise the number of additions for the pre-addition and post-addition
matrices is so arbitrary and difficult. The author suggests an approach to minimige the number
of additions in section 11-2 called Huffman Coding Rule, because Huffman code ideas have been

adopted.

11.1. Good-Thomas-Winograd algorithm on N=pq

When the size N has relative prime factors for which each of them has a very good Winograd
small FFT algorithm, the G-T-W algorithm is very efficient for computing DFT. This algorithm

68




combines the Good-Thomas relative prime factor indexing scheme with the Winograd small FFT
nesting algorithms. We will discues in detail in this section the G-T-W algorithm for N with two

relative prime factors
N=pg. (1)

The Good-Thomas indexing scheme can be described as follows:
By Chinese Remainder Theorem, there exist N; and Ny, such that

Nip+Nzg = 1mod N, N;,N,e€Z/N, ‘ (2)

the input data is indexed as
i =1t Nag+i2Nypmod N, . (3)

and the output data is indexed as

k=t1g+tapmod N, v (4)
where
£$=01,2, ..(p-1), (5)
and
2=0, 1, 2, "')(q_l) s (6)

running first over 7; and then over ig.
Let P; and P; be the permutation matrices corresponding to the indexing set of (3) and (4),

then the N-point Fourier transform will be
F(N)=P;*(F(9) ® F(p)) Py . (7)
If both p and q have Winograd small FFT algorithms
F(p) = CpB, 4, , (8)

and
F(q) = C B A, , {9)

where A; is pre-addition matrix, B; is diagonal matrix with only real entries, and C; is post-
addition matrix, i=p or q.

Then we have

F(N) = P;'(C, ® G,) (B, ® By) (4, ® 4,) P, (10)
rewrite it as
F(N) = P;1CpyBpyAp P (11)
where
Apg=A;® Ay, (12)
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qu=Bq®Bp,
Coa=C,®C,.

Let us look at an example of N=pq: N=15. We have

F(3) = CsBsAs N

1
A3= 0
0

1
Bs=diag[ -1.5 ],

where

-
|
A
—
-

0.8660254

10 0
03 =111 i N
11 —

and

where

1
1
1 -1 -1 1
1 -1 1 -1}’
10 o0 -1
0o -1 1 o0

1
-1.25
0.55901700
0.95105654 | °’
—0.36327127
1.53884172

0 0O 0 O

1 — 0 ¢
-1 - -t O
-1 ¢+ : 0

1 &+ 0 —5

(= = = I = I~

B = diag

Cs =

e e et
P e s O

The Good-Thomas indexing sets for input and output are
input: 0, 6, 12, 3, 9, 10, 1, 7, 13, 4, 5, 11, 2, 8, 14,
output: 0, 3, 6, 9, 12, 5, 8, 11, 14, 2, 10, 13, 1, 4, 7.
P; corresponds to (23), Pz corresponds to (24), then

- F(15) = P;1CisBis APy,
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where

'L 1 1 1 1 11 1 1 1 1 1 1 1 17
01 1 1 1 01 1 1 1 0 1 1 1 1
01 -1 -1 1 01 -1 -1 1 0 1 -1 -1 1
01 -1 1 -1 01 -1 1 -1 0 1 -1 1 -1
01 O 0o -1 01 O 0 -1 0 1 0 0 -1
0 0 -1 1 0 0 0 -1 1 0 0 0 -1 1 0
0 0 O 0 0 11 1 1 1 1 1 1 1 1
6 0 0O 0 0 01 1 1 1 0 1 1 1 1
_]0 0 0 0 0 01 -1 -1 1 0 1 -1 -1 1
A = 0 0 O 0 0 01 -1 1 -1 0 1 -1 1 -1 (26)
0 0 O 0 0 01 0 0o -1 0 1 0 0 -1
0 0 O 0 0 60 0 -1 1 0 0 o -1 1 0
0 0 ¢© o 0 11 1 1 1 -1 -1 -1 -1 -1
0 0 0 0 0 01 1 1 1 0 -1 -1 -1 -1
0 0 O 0 0 01 -1 -1 1 0 -1 1 1 -1
0 0 O 0 0 01 -1 1 -1 o -1 1 -1 1
00 O 0 0 01 0 0 -1 0 -1 0 0 1
L0 0 O 0 0 0 0 -1 1 0 0 0 1 -1 0.
Bis = B3 ® Bs, (27)
and
Cis=C38C; . (28)

Explicit forms of C15 and B;g are similarly taking the tensor products as in A;s.

11.2 Huffman Coding Rule to minimige the number of additions

Ihe case N=p

It is clear that to write a program for Winograd algorithm, the first thing is to figure out
how many additions are required and how many temporary storages we have to adopt for the
pre-addition matrix. Certainly we want the additions and the temporary storages as few as
possible in general.

For small N’s, the procedures to minimise the number of additions with the condition of
minimum temporary storages, we suggest here, is to match the Huffman coding rule [15], the
procedures are stated as follows:

In each step of reduction, find the pair columns with maximum number of matching elements,

since each pair columns correspond to each pair input data, then set one temporary storage T;
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to equal the sum (or difference) of the pair input data, put T; at the position of one of the pair
input data, and set all the none zero matching elements in this column to be another symble, if
there are other not matching elements in the column, and the matching elements in the other
column to be 0. For each step follows the same rule, we will stop the reduction when there are
no more than one matching element in any pair columns.

For example of N=5 of equation (20), the first thing is to compute Ag X, X is the input data
vector. The procedures are listed as follows:

Since each input data corresponds to each column, let us put the input data vector X on

top of As matrix,

[Z9 Z1 Zo ZTg Z4 W
1 1 1 1 1
L | 1 1 1
0O 1 -1 -1 1 (29)
0 1 -1 1 -1
0 1 0 0 -1
L0 0 -1 1 0

Step 1. Column 1 and column 4 have three matching elements , and colmn 2 and column 3
have three matching elements, let us set Ty = z; + z4 and Ti = z3 + z3, put Tp and T} on
top of z; and z; respectively. Set the matching elements in column 1 and 2 to be X, and the

corresponding matching elements in column 3 and 4 to be 0, then the matrix will be

Step 2. Set 3 = z3 — z3 and z4 = z; — 24, then

later. Now we change the symble x back to 1,

[ T Ty '1
Top 21 Tg T3 X4
1 x x 0 0
0 x x 0 O
0 x -x 0 O (30)
c 1 -1 1 -1
0 1 0 0 -1
L0 0 -1 1 0

and z3 are out of line, we can reuse them

zo To T z3 =4
1 1 1 0 o0
0o 1 1 0 O
0 1 -1 0 0 (31)
0 0 0 1 1
0 0 0 0o 1

L0 O 0 1 0.

Step 3. Set z; = T + Ty, then (31) will be

. . i
2o To T z3 =
1 x 0 0 ©0
0 x 0 0 o
0 1 -1 0 0 (32)
0O 0 O 1 1
0 O 0 0 1

L0 0 O 1 0l
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Step 4. Set 2o = zo + 1, T1 = To — T and z3 = z3 + x4 , then we will have a diagonal matrix

20 z1 TW 2x23 24 23
1 0 0 0 0 O
0 1 0 0 O O
0 0 t o0 0 O (33)
0 0 0 1 o0 O
0 0 0 O 1 O
L0 0 0 0 0 1.
The matrix As multiplying a vector X becomes a vector
Zo
Zy
I
o, (54
T4
z3

after 8 additions. But by direct computation we need 15 additions.

‘"The case N=pq

For large N with two relatively prime factors, the pre-addition matrix 4,y = A; ® 4, is
written as two matrices’ tensor product, we will use the Nested Huffman Coding Rule. Let us

state it by an example of N=15, the equation (26).

As As As
As=]10 As A , (35)

0 As —As
(35) has the same form as (16), the matrix As, except that As replaced 1. Apply the Huffman

Let us rewrite (26) as

Coding Rule to A3, by the Good- Thomas data indexing given in (23), set
To = z10 + %5
T =2+ 211
To=2r+22
Ts =213+ 78
Ti =24+ 214,

As X 0
0 X 0 . (36)
0 As

(35) will be

Set
Zs = Z10 — Ts
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Z14
0

g
0

Z2
0

Ts Z11
0

0

Ty
0

0

T4 — T14
Ts

20+ To
z12+ T
z3+ Ty

0

zg =gz +T)
T,

Z11 = T — I11
T =%X7— 23
g = T13 — 28
zg =129+ Ty,

T14
Zo
Z12
z3

z3s @ o T
1 1 0o 0

1

Zo Ze Z12
1

1

(= =]

(==

we will have

and

-1
74
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We can see from (37) that the matrix becomes block-diagonal with As on the diagonal. We
can use exactly the same rule as we used before to minimize the number of additions for each

submatrix Ag.




11.8 A list of DFT algorithms corresponding to specific N’s

In this section, we give a list of algorithms corresponding to specific size N’s which have
been collected into the DFT Library. For each N, we give its arithmetic count: the number of

real additions and the number of real multiplications due to complex input.

Table 11 — 1. Winograd Small FFT Algorithm

Size R.A R.M
2 4 0
3 12 4

4 18 4

5 34 10
7 72 16
8 52 4
16 148 20

Tolimieri’s Prime Case Algorithm

Tolimieri’s Prime Case algorithm in [10] is given as followwing:

Fn=H'YB,H, (1)
where
H=10(F(2)®l,), 2
n=( £) ©)
and
Y=10(X+X")o(X-X"). (4)

The permutation corresponding to II is given by Rader algorithm.
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Table 11 — 2 Tolimieri’s Prime Case Algorithm

Size R.A R.M
11 140 100
13 192 144

17 320 256
19 396 361

Table 11 — 3. Good — Thomas — Winograd Algorithm for N =pq

Size R.A R.M Algorithms
6 36 8 3-Winograd
10 92 20 5-Winograd
12 96 16 3,4-Winograd
14 180 32 7-Winograd
15 168 34 3,5-Winograd
18 204 40 9-Winograd
20 228 40 4,5-Winograd
21 312 52 3,7-Winograd
24 246 36 3,8-Winograd
28 420 64 4,7-Wimnograd
30 396 68 2,3,5-Winograd

Tolimieri’s N = pq Case Algorithm

The arithmetic count given below is due to the Tolimieri’s pq case algorithms the Variant 1 in

[11].

where

and

Fn=FDFA,

F=1e F(y)e F(¢) o (F(r') ® F({) ,

D=1@ D, ® Dy ® (D, ® D),

o

A(p)
“A(P) ® 1y
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Table 11 —~ 4. Tolimieri's N = pq Case Algorithm

Size R.A R.M
15 236 40
21 424 112

33 896 232
35 844 200
39 988 232
51 1394 304
93 3316 760
105 3164 604

Table 11 ~5. N =4p Case Algorithm

Size R.A R.M
12 96 16
20 224 64

28 528 144
44 1136 304
52 1248 304
68 1824 . 400
124 4368 1008

Table 11— 6. N = p?(p?q) Case Algorithm

Sise R.A R.M
9 100 40+{4}
25 592 180
45 1328 408
7




Table 11-17. N = 4pq Case Algorithm

Size R.A R.M
60 1072 248
84 2072 260

For all N’s listed in Table 11-5, 11-6, 11-7, the algorithms used are the Variant 1., the

algorithms by convolution theorem in the previous sections.
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12. IMPLEMENTATION CONSIDERATIONS

For all algorithms and all size N’s, the timings are based on the complex input and complex

output with real and imaginary parts floating point real numbers.

We implemented the algorithms given in previous sections on the DEC’s VAX architecture
machine, the Micro VAX II, the timings will be listed in section 13.

As we know that register accessing is about ten times faster than memory accessing, keeping
the best use of registers is the most important. The VAX has 16 registers, 12 of them can be
used for general purposes. One register is sometimes reserved for addressing. Since most actions
of Fourier transform are butterfly, that needs one register for temporary storage, so that we have,
at most time, 10 registers on hand. If we can match as well as possible the register structure,

the code will run fast.

The Micro VAX II has 14 addressing modes, most of which can be indexed by one of the
registers. By experience, we realized that some more powerful instructions seem to run slower
than that equivalent sequences of simpler instructions, so that when we do memory accessing,

we only use auto increment , auto decrement and register defered addressing modes.

To reduce memory accessing, we should do as much computing as possible within registers
between loads and stores. For small size FFT’s, N is less than or equal to 6, we put all real
and imaginary input data in registers by auto increment addressing mode. All the additions and
multiplications can be done in registers, then by auto decrement addressing mode, we put back

the transformed data to the output data array at the last additions stage.

For the sizes from 6 to 12, we put the real part of input data in registers by auto increment
addressing mode, and do as much as possible the computations. As we know that for the
Winograd algorithm or G-T-W algorithm and for some small sizes of pq and 4p algorithms,
computations of real part and imaginary part will not interact till the last additions stage. When
we arrive the last step of real part computation, we free registers for imaginary data computation
by loading the data into stack pointer(SP). Since imaginary part and real part computation are
exactly the same except the input data address, we simply copy down the code. After imaginary
part computation is done, we leave the data still in registers, and pop out real part from (SP) one

by one, and do the last stage additions. It is clear that registers are being used most efficiently.

For the sizes larger than 12, we use register defered addressing mode. First we put 10 real

input data in registers corresponding to the maximum match of columns in the pre-addition
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matrix by Huffman Coding Rule, and do as much as posgible the computations, and leave part
or all of the data in temporary memory, and do the same for the rest of real part to the last
stage, then load the computed real part in (SP), and do the same to imaginary part.

Choosing the way of tensor products in an algorithm to match the architecture of computers

is also very important. For example of F(30), by Good-Thomas algorithm, we have
F(30) = P,|F(3) ® F(2) ® F(5)|P; . (1)

The order of F(2), F(3), and F(5) we take in (1) is for the purpose of matching the number of
registers, since F'(2) ® F(5) needs 11 registers to do the computation. And also for example of

n=33, the pq case algorithm [11],

F1(33) = Cs3Ass , 2
where
Cis=10Cs@C11®(C3®Ch), (3)
and Cs ® C;; is computed by
F(2) ® F(10) . (4)

Since the size of F(10) just matches the number of registers, most computation can be done

within registers without memory accessing.

Even when writing Fortran program, we still can consider the factor of registers. For exam-
ple, we try to put as many as possible operations, from the same input data, close in order to

reduce memory accessing.

All the algorithms given in previous sections need corresponding small size FFT subroutines,
it is clear that if we have a very eficient DFT library, we can build the very efficient large size
Fourier transforms. A very efficient assembly code small DFT Library has been built and we will

enlarge it. The timing results will be listed in section 13.

The interesting point is that we can recursively use the 4p algorithm to enlarge the DFT
library. For example of n=12, 12 = 4 X 3, we use the 4p algorithm to write a very efficient code
as indicated in Table 13-2., and n=52 can be built based upon F(12), from (50) of section 3, we
have

Fu(52) = Fo(52)D(52) Fo(52) A(52) (%)
where F(52) from (45) of section 3 is given as

Fo(52) = I, & (I, ® F(12)) . (6)
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The same reasoning as above, we can build F(212) from the efficient F(52) algorithm,
Fu(212) = Fo(212) D(212) Fo(212) A(212) , ™
where Fy(212) is based upon the F(52) as

Fo(212) = L o (I, ® F(52)) . (8)

For the case of n=12, we use Variant 4. to write VAX assembly code to save some arithmetic

count,

Fu(12) = HYBH . )

In the matrix B, there are some multiplications by 2

[ A Al 1]]
B= 1 . (10)

—24'® (0) Aol

Fortunately that corresponding to the multiplication by 2 in the next step computation Y,

we have the case as
R+ (-05) = (R; — 2% R;)(-0.5), (11)

(11) can be computed in the following way to save a multiplication
R; +(-05)*R;. (12)

By (12), we saved 8 multiplications by 2, or we can say, 8 real additions. F(12) ends up with 96

real additions and 16 real multiplications.

The n=20 case was also wrtten in assembly based on Variant 4 algorithm, the size 20 just
fits the number of registers which can be used twice, so that the code comes out very efficient as

we can see from the timing in Table 13-3.

Observe the arthmetic count of N=93 and N=105 in Table 11-4, and the timing results in
Table 13-2. We can predict that the more factors the size N has, the more efficient the Fourier
transform will be, comparing to the close size which has fewer factors. This can be explained as
follows: the smaller factor has the smaller size skew-circulant matrix, which means the smaller
size FFT, a few small sitze FFT tensor product is much more efficient than a large size FFT,

which is close to their product. For example of N=93 and N=105, F(93) has the form

F1(93) = Cos Aos , (13)
where
Cos=10C3®Cs, ® (Cs ® Csl) s (14)
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which is computed by

Fys =10 F(2) ® F(30) @ (F(2) ® F(30)), (15)
where F(30) consists of
F(3)® F(2)® F(5) . (16)
But F(105) has the form
Fr(105) = Ci054105 » (17)

" where

Cis=10C:0C:®(Cs0C5)0Cr@(Cs®Cr)@(Cs@C) D (Cs®C5®@Cy), (18)
which is computed by

Fios = 10F(2)oF(4)o(F(2)@F(4))oF(6)0(F(2)oF(6))a(F(4)0F(6))0(F(2)@F(4)@F(6)),
(19)

where F(6) consists of ,
F(2)® F(3). (20)

Since F(2) and F(4) are very simple, which need no multiplications, only F(3) has 4 real multi-

plications for complex input, so that Fjo5 is simpler than Fag.

We have the same supporting results in Table 11-5. and Table 13-3., where F(60) is more
efficient than F(52). For the case of F(60), it needs only F(2) and F(4) in its computation, but
F(52) needs calling F(12), which consists F(3) and F(4), where F(3) needs multiplications.
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13. EFFICIENCY COMPARISONS

For most sizes of N less than or equal to 30, VAX assembly codes have been created, whose
run time is very efficient as we can see from Table 13-1. In Table 13-1., we also give the algorithm

chosen which is the fastest one as we have tested on Micro VAX II.

For all N's listed in Table 13-2. and Table 13-3., the algorithms used are Variant 1 algorithms
by convolution theorem. The main programs are written in Fortran and they call the small DFT

subroutines given in Table 13-1.

Table 13-1. The Efficiency of Small DFT Library(Mixed Algorithms)

Size Factors CPUTIME Algorithms
3 0.085ms. WFTA
4 22 0.083ms. WFTA
5 0.178ms. WFTA
6 2x3 0.177ms. G-T-W
7 0.317ms. WFTA
8 23 0.222ms. WFTA
9 32 0.535ms. p? case
10 2x5 0.396ms. G-T-W
11 0.859ms. Tol’p
12 I x4 0.415ms. 4p case
14 2x7 0.725ms. G-T-W
15 3x5 0.699ms. G-T-W
16 24 0.680ms. WFTA
20 4x5 0.901ms. G-T-W
30 2x3x%x5 1.687ms. G-T-W

83




All the programs for the sizes listed in Table 13-1. , Table 13-2. and Table 13-3., are tested
in two ways, cne is to create an arbitrary input data array, and run the program, then use the
output data as the input data, to run the same program just by changing the sign, then the
output data are compared with the original created arbitrary input data, they should be the
same or very close.

Another way to test the programs is: using the same input data to run the program and the

direct computation program which is based on defination

bk)= D a(f)w™*, 0<k<N; w=em/N, (1)
0<j<N

The output data arraies of the two programs should be the same or very close.

Table 18-2. Timing Comparisons (pq and pqr cases)

Sige Factors pa(pqr) Dec.Labstar
4 22 0.82 ms.
8 23 1.49 ms.
15 3x5 1.13 ms.
16 24 2.87 ms.
21 3x7 2.23 ms.
32 25 5.78 ms.
33 3x11 4.35 ms.
35 5x17 4.22 ms.
39 3x13 4.78 ms.
51 3x 17 6.97 ms.
64 26 12.49 ms.
93 3x31 16.03 ms.
105 3x5x7 16.01 ms.
128 27 27.80 ms.
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Table 18-3. Timing Comparisons (4p ,4pq and p?q cases)

Sige Factors 4p(4pq) Dec.Labstar
4 22 0.82 ms.
8 238 1.49 ms.
12 4%x38 0.415 ma.
16 24 2.87 ms.
20 4x5 0.985 ms.
28 4x7 2.92 ms.
32 26 5.78 ms.
44 4x11 5.86 ms.
45 32 x5 6.52 ms.
52 4x13 6.53 ms.
60 4xX3x%x5 6.39 mas.
64 28 12.49 ms. .
68 4x17 9.27 ms.
124 4% 31 20.42 ms.
128 27 27.80 ms.

where ms.= 10~3 second.

From Table 13-1., 13-2. and 13-3., we can see that these algorithms do not only fullfill those
sizes which Cooley-Tukey FFT does not have, and their timing for most sizes are much better
than the nearest point Cooley-Tukey algorithm. They cover mest points of Fourier transform for

n less than 128.
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14. SUMMARY AND CONCLUSIONS

Algorithms are designed and implemented on Micro VAX II for N-point FFT, N equals 4p,
4pq, p? and p2q, where p and q are distinct odd primes. By applying tensor product rules to
matrix Frr, which describes the FFT relative to input and output data ordered by the ring-

structure of the indexing set Z/N, we arrive at the fundamental factorization
Fp=CA, (1)

where C is a block-diagonal matrix, and A is a matrix with all of whose entries are 0, 1, or -1.

For the simplest case of N=4, the algorithm is given by the factorization

Fn(4) = C(4)A(4), (2)
where )
C’(4)=Ige(: _‘i), (3)
and 1 1 1 1
A0=10 5% o “
0 0 1 -1

And in the case of N=p, p a prime,
C=10C(p), (5)

where C(p) is the skew-circulant matrix (Winograd core )

cw=| " : (©)

z;"
where v = ¢2™/P and 3 is a generator of the unit group U(p) of Z/p, and

A=A(p)=[_ip' _1,3], p=p-1. | ()

- To derive (1), when N=4p, p odd prime, we use the Chinese Remainder Theorem. In this case

c=Ca(C'®C), (8)

where C' equals C(4) or C*(4), and G}, is rotated Winograd core, and

A4 A4 @1,
A= [—A(4§ ; 1, AE‘!% g I:l ] ’ ()
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Extensions of these methods to transform sizse N=4m, m a product of distinct primes, are

given by the case of N=4pq in sectior 5. The algorithms can be constructed recursively. Set

1 00 0
0" 010 0
C=loo1 ws |- (10)
0 0 1 —w%
c¢=C"o(C"®C,), (11)
c=C'9(C'®C,), (12)
and
1 1 1 1
" 1 1 -1 -1
A=l 10 o] (13)
0 0 1 -1 :
A" Aot
= " n p ) 14
4 (—A ol A @I.) (14)
_ A Aol
A'_ (—A’@lql A'@ Iq' ) (15)
then we have
Fr(4pg) =CA. (16)

Cp and C; are rotated Winograd cores, determined from C(p) and C(q), by the idempotents of
the ring Z/N.

For the case of N=p?, after a modification has been taken, Fi1(p?) has two parts,

1
Fu(p") = Fe(s®) - Olp.r) @ (D E(p.P) © ) (17
the first part can be factorized as
F.p®)=cCA, (18)
where
C=10C,®Cla, (19)
1 1t 1
A=|-1, -E@p,p) el ], (20)
-1, 1,0 Iy I,

and the second part of (17) is very easy to compute, since E(p,p) represents the computation of
C, multiplying a vector repeating p times. The main part of the computation of Fi(p?), F.(p?)
has the same form as in (1).

The algorithms for the case of N=p2q can be constructed in the same fashion as in the case
of N=4p, except that Fyj(4) is substituted by Fi(p?).
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The factorization (1) decomposes the computation of the FFT into two distinct stages, an
addition stage given by the matrix A and a multiplication stage given by the matrix C. For

implementation on the Micro VAX II, we prefer the variant of (1) given by the factorization
F,=FDFA, (21)

where F is a block-diagonal matrix having small FFT blocks and tensor product of these blocks,
D is a diagonal matrix coming from the convolution theorem applied to C, and A is an addition
matrix with only 1, 0, and -1’s. Arithmetically more efficient algorithms are derived (Variant 2

and 4), but factorization (21) has a uniform structure which greatly simplifies programming.
The features of these new class of FFT algorithms can be stated as follows:

a. Arithmetic efficiency

these algorithms preserve the Winograd’s multiplicative structure, they are constructed
by smaller size FFT’s, each of these small size FFT can be computed again by the most

efficient available algorithms.

b. Programming simplicity

comparing with Winograd algorithms, these algorithms can be written in a nested way and
with subroutine calls for a class of sizes which have the same ring-structure. We can build
up a very efficient DFT library for the small DFT subroutine calls.

¢. Good structuring

tensor product formulation of these algorithms makes them possible to be modified to
produce variants which offer options as to operational count and arithmetic balance, and

to match the hardware environments.

d. Easy to be parallelized

these algorithms are constructed by small pieces using tensor products, parameters can
be chosen such that they are matching the parallel structure of the computers.

e. Linear coverage of transform sizes

the Cooley-Tukey algorithms are only very good for transform sizes of two’s power
N=2™, they distribute exponentially, as m goes bigger, the interval between two
nearest applicable points becomes larger. The algorithms derived in this thesis distribute

the transform sizes linearly, they cover more points than Cooley-Tukey algorithms.
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