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A b s t r a c t

ASPECTS OF MORSE THEORY 

by

Diana K a l i s h  

A d v is e r :  P r o f e s s o r  Edgar Feldman

In t h i s  pape r  t h e  Morse Index  Theorem i s  p roven  in  t h e  c a s e  

where two s u b m a n i f o ld s ,  P and Q, a r e  a t  t h e  e n d p o i n t s  of  a g e o d e s i c .

The in d e x  of  t h e  H e s s i a n  o f  t h e  ene rgy  f u n c t i o n  i s  computed on th e  

space  o f  c o n t i n u o u s  p i e c e w i s e  smooth p a t h s  u s in g  P - f o c a l  p o i n t s  a long  

t h e  g e o d e s i c  and a boundary  c o n d i t i o n  a t  Q.

The Fundamenta l  Theorem of  Morse Theory i s  th e n  g e n e r a l i z e d  to  

th e  above c a s e  t o  o b t a i n ,  under  c e r t a i n  c o n d i t i o n s ,  t h e  homotopy type  

of  t h e  space  o f  c o n t in u o u s  p a t h s  j o i n i n g  P and 0 a s  a c o u n t a b l e  CW- 

complex w i th  a c e l l  o f  d im ens ion  A f o r  each  g e o d e s i c  from P t o  Q of  

index  A. The d e s c r i p t i o n  o f  t h e  index  o f  a g e o d e s i c  in  t e rm s  of  P-  

f o c a l  p o i n t s  and a Q-boundary c o n d i t i o n  i n v o l v i n g  th e  second fundam enta l  

form of  Q l e n d s  i t s e l f ,  i n  c e r t a i n  i n s t a n c e s  t o  a s im p le  c o m p u ta t i o n .  

S e v e r a l  such examples  a r e  worked o u t .



1

C h ap te r  I

THE MORSE INDEX THEOREM 
WHERE THE ENDS ARE SUBMANIFOLDS

§1. I n t r o d u c t i o n

L e t  M be a com ple te  Riemannian  m a n i f o ld  w i t h  s u b m a n i fo ld s  P and 

Q. The e n e rg y  f u n c t i o n  E i s  d e f i n e d  on t h e  space  fi(M;P,Q) of  p i e c e -  

w is e  C“  p a t h s  j o i n i n g  P and Q. A p a t h  y e f i(M;P,0)  i s  a c r i t i c a l  

p o i n t  f o r  E when y i s  a g e o d e s i c  i n t e r s e c t i n g  P and Q o r t h o g o n a l l y .

The t a n g e n t  s p a c e ,  Tfty, c o n s i s t s  o f  p i e c e w i s e  C00 v e c t o r  f i e l d s  a long  

y w i t h  i n i t i a l  and f i n a l  v e c t o r s  t a n g e n t i a l  t o  P and Q, r e s p e c t i v e l y .

A symmetric  b i l i n e a r  map, I ,  i s  d e f i n e d  on Tftyx Tfty to  R and i s  

c a l l e d  t h e  Morse index  form.

When Q i s  a p o i n t ,  t h e  Morse index  theorem  y i e l d s  t h e  inde x  of  

I  a s  t h e  sum o f  t h e  P - f o c a l  p o i n t s  a lo n g  y  coun ted  w i t h  m u l t i p l i c i t i e s .  

Both Ambrose [1] and B o l to n  [2]  have  p roven  in d e x  theorems i n  t h e  

g e n e r a l  c a s e ,  where Q i s  a  s u b m a n i fo ld .  Ambrose d e f i n e s  a "(P*Q) 

c o n j u g a t e  p o i n t , "  w h i l e  B o l to n  u s e s  t h e  n o t i o n  o f  a s ig n e d  (P ,0 )  

f o c a l  p o i n t  which i s  employed i n  t h e  c a l c u l a t i o n s  o f  t h e  inde x  o f  I .

In  t h i s  p a p e r  t h e  inde x  i s  found  u s i n g  P - f o c a l  p o in t s .  T h i s  

method a l lo w s  f o r  a s i m p l e r  p ro o f  o f  t h e  theo re m ,  a s  w e l l  a s  easy  

co m p u ta t i o n  o f  t h e  P - f o c a l  p o i n t s  ( a s  d e m o n s t r a t e d  i n  t h e  examples  

i n  C h a p te r  I I ) .
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§2.  D e f i n i t i o n s

M i s  a com ple te  Riemannian  m a n i fo ld  of  d im ens ion  d.  

y ( t ) ,  t  e [ 0 , T ] ,  i s  a  g e o d e s i c  in  M.

P and Q a r e  s u b m a n i fo ld s  o f  M w i th  y ( 0 )  e P; y ’ (0 )  J, Py(0)» 

y(T)  e Q; y ' ( T )  1  Qy ( x ) .

r  i s  t h e  d im ens ion  o f  Qy(X)*

H i s  t h e  l i n e a r  s p a c e  o f  c o n t i n u o u s  p i e c e w i s e  C°° v e c t o r  f i e l d s

a lo n g  y which a r e  o r t h o g o n a l  to  y and whose i n i t i a l  and f i n a l  v e c t o r s  

a r e  i n  Py(g)  anc  ̂ ^ Y (T )’ r e s p e c t i v e l y .  Then

d-1
H = {V(t )  * Z h i ( t ) E i ( t )  w i t h  V( 0 ) E P y ( 0 ) ;  V ( T ) e Q y ( T ) },

where E j ,  . . . ,  a r e  o r th o n o r m a l  p a r a l l e l  v e c t o r  f i e l d s  a lo n g  y and

o r t h o g o n a l  t o  y ,  and h^ ,  . . . , h(j_i a r e  r e a l  v a l u e d  c o n t in u o u s  p i e c e w i s e  

C”  f u n c t i o n s  d e f i n e d  on [ 0 , T ] ,

A J a c o b i  f i e l d  X i s  a v e c t o r  f i e l d  a long  y which s a t i s f i e s  t h e

d i f f e r e n t i a l  e q u a t i o n  X" -  RX = 0,  where RX = R ( y ' , X ) y '  i s  t h e  c u r v a t u r e

t e n s o r  of  t h e  L e v i - C i v i t a  c o n n e c t i o n .

A P - J a c o b i  f i e l d  i s  a  J a c o b i  f i e l d  which i s  o r t h o g o n a l  t o  y w i th

J ( 0 )  e Py(Q) anc* J* (0) -  SgJ(O) 1  P ^ q j , where Sg i s  t h e  second fu n d a ­

m e n ta l  form of  P a t  y (0 )  w i t h  r e s p e c t  to  y ' ( 0 ) .

J ^ ,  . . . , J d _ i  a r e  d - 1  l i n e a r l y  i n d e p e n d e n t  P - J a c o b i  f i e l d s  which

span  th e  space  o f  P - J a c o b i  f i e l d s .

B i s  t h e  s e t  o f  a l l  X e H such t h a t

d-1
X ( t )  = Z f i ( t ) J i ( t )  w i th  X(T) = 0,  

i = l

and f j ,  . . . ,  a r e r e a l  v a l u e d  c o n t i n u o u s  p ie c e w is e  C“  f u n c t i o n s  de f ined

on [ 0 , T ] .
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I  i s  a  symmetric  b i l i n e a r  map from H X H to  R d e f i n e d  a s  f o l l o w s .  

L e t  X e H, Y e H,

T
I(X,Y) = /<RX (t )  - X " ( t ) , Y ( t ) > d t  

o
T

+ I<X' (p •) - X ' ( p + ) , Y ( p i ) > + < X , ( t )  -  St X ( t ) , Y ( t ) >
0

where p^ = jumps of  X' i n  ( 0 , T ) ;  Sq i s  t h e  second fundam e n ta l  form of

P a t  y (0 )  w i th  r e s p e c t  t o  y ' ( 0 ) ;  and Ŝ , i s  t h e  second fu n d am e n ta l  form

of Q a t  y(T) w i th  r e s p e c t  to  y ' ( T ) .

A P - f o c a l  p o i n t  i s  a p o i n t  y ( t ) ,  t  e [ 0 , T ] ,  f o r  which t h e r e  e x i s t s

a P - J a c o b i  f i e l d  which v a n i s h e s  a t  t .

The m u l i p l i c i t y ,  m, of  th e  P - f o c a l  p o i n t  y ( t )  i s  t h e  d im ens ion  of

t h e  sp a c e  of  P - J a c o b i  f i e l d s  which v a n i s h  a t  t .

A i s  a symmetric  b i l i n e a r  map d e f i n e d  on t h e  space  spanned  by

J j  , . . . , J d _ i  f o r  which

d-1 
X a i J i ( T )  

i = l

i s  c o n t a i n e d  in  Qy(x) an^ i s  d e f i n e d  a s  f o l l o w s :

f o r

and

A(V,W) = <V’ (T) -  StV(T),W(T)>

d-1
V = Z ctxJ-j.5 V(T) e Qy(T) 

i = l

d-1
W = Z W(T) e Qy (T )

i = l
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§3.  The Index  Theorem

Theorem (Morse Index  Theorem With V a r i a b l e  E n d p o in t s )  . The index  

o f  I  i s  e q u a l  to  t h e  number of  p o i n t s  Y ( t ) ,  w i th  0 < t  < T, such t h a t  

y ( t )  i s  a  P - f o c a l  p o i n t ;  each such  P - f o c a l  p o i n t  coun ted  w i th  i t s  mul­

t i p l i c i t y  p l u s  t h e  inde x  of  A. (Assume T i s  n o t  a P - f o c a l  p o i n t . )

The above theorem s t a t e s :  

k
i ( I )  = E m± + i ( A ) ,  

i = l

when T i s  n o t  a P - f o c a l  p o i n t ,  where i ( I ) = inde x  of  I ;  i (A )  = inde x  of  A; 

m^ i s  t h e  m u l t i p l i c i t y  o f  y ( t ^ ) ;  and y ( t ; [ ) ,  ( t ^ )  a r e  t h e  s e t  o f  P-

f o c a l  p o i n t s  a lo n g  y; 0 < t^  < . . .  < t ^  < T.

Our aim w i l l  be to  w r i t e  H = B ©  B^, where I  i s  p o s i t i v e  on B. We
p

w i l l  show t h a t  B i s  a f i n i t e  d im e n s io n a l  sp a c e  and c o n s t r u c t  a subspace
p

o f  B on which I  i s  n e g a t i v e  d e f i n i t e  and whose d im ens ion  i s  e q u a l  to  or  

g r e a t e r  than  any o t h e r  s u b sp a c e  of  H on which I  i s  n e g a t i v e  d e f i n i t e .  

T h i s  w i l l  y i e l d  i ( I ) .  However, one of  t h e  lemmas w i l l  o n ly  a p p ly  to  a 

H i l b e r t  s p a c e ,  so t h a t  we w i l l  f i r s t  com ple te  H to  a H i l b e r t  space  H and 

w r i t e  H = W ©  B*". We w i l l  t h e n  show B c. W such t h a t  H = B ©  B^, w i th  

B and B^ h av in g  t h e  d e s i r e d  p r o p e r t i e s .

The p r o o f  o f  t h e  theorem w i l l  be a consequence  o f  t h e  f o l l o w i n g  

remark  and lemmas.

Remark. I n t r o d u c e  an i n n e r  p r o d u c t  on t h e  space  of  c o n t in u o u s  

p i e c e w i s e  C00 f u n c t i o n s  from [0 ,T ]  -* R d e f i n e d  by 

T
( f , g ) L = / f ( t ) g ( t )  +  f ' ( t ) g ' ( t ) d t .  

o

T h i s  i n n e r  p r o d u c t  d e f i n e s  an L norm. Complete t h i s  sp a c e  i n  t h e  L
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norm to  a H i l b e r t  space  L . Then L i s  t h e  s e t  o f  a b s o l u t e l y  c o n t in u o u s  

f u n c t i o n s  from [0 ,T ]  ->- R such  t h a t  

T
j | X ' ( t ) | 2d t  < oo. 
o

Le t

H = ©  L.
d-1 c o p i e s

Then H i s  t h e  c o m p le t io n  o f  H w i th  r e s p e c t  to  t h e  L norm, where

T
( IIVJJL) 2 = / llV(t) II2 + IIV’ ( t ) l | 2d t .  

o

By a lemma of  S oba lev ,

Ilf IIoo = sup I f  ( t )  I < c o n s t a n t  Ilf 11̂ , f  z L , t  e [0 ,T]  .

S ince  e v a l u a t i o n  a t  a  p o i n t  i s  a c o n t i n u o u s  l i n e a r  f u n c t i o n a l  in  

th e  supremum norm, S o b o le v ’ s lemma i m p l i e s  t h a t  e v a l u a t i o n  a t  a p o i n t

i s  a c o n t in u o u s  l i n e a r  f u n c t i o n a l  in  t h e  L norm.

d i  ZD e f i n i t i o n . L e t  p^ ( i  = l , . . . , k ;  j  ^ = 1 ,  . . . , m- )̂ and p (Z = 1,  . . . ,

r ;  r = d im Q )  be  c o n t i n u o u s  l i n e a r  f u n c t i o n a l s  d e f i n e d  on H as  f o l l o w s .

At t h e  P - f o c a l  p o i n t  y ( t ^ )  l e t  e j ,  . . . ,  em^ be  a s e t  of  o r thonorm al

v e c t o r s  s p ann ing  th e  s p a c e  p e r p e n d i c u l a r  t o  t h e  sp a c e  spanned  by J j C t ^ ) ,

. . . ,  J ( j - i ( t i )  and o r t h o g o n a l  to  y ' ( t ^ ) .

L e t  p ^ C V )  = ^ ( t - ^ )  . e j ^ ,  j ^ l ,  . . . . m ^ ,  V e H.

At y(T)  l e t  e j   e r  b e  an o r th o n o rm a l  s e t  spann ing  Q ^  and

o r t h o g o n a l  to  y ' ( T ) .

L e t  pZ(V) = <V(T) , e^> ,  Z = 1 ,  . . .  , r ,  V e H.

J i  1Lemma 1 . p^ and p^ ( j ^  = l , . . . , m ^ ;  i  = 1,  . . . , k ;  Z = 1,  . . .  r )

a r e
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k
( £ mj[ + r )  
i = l

l i n e a r l y  i n d e p e n d e n t ,  c o n t in u o u s  l i n e a r  f u n c t i o n a l s  on H.

P r o o f . The c o n t i n u i t y  f o l l o w s  from th e  p r e c e d i n g  r em ark .  To show
J i  J i  -i

t h e  f u n c t i o n a l s  a r e  l i n e a r l y  i n d e p e n d e n t  assume Ea^ p^ + E 0 ^p‘' = 0 .

Choose an e l em en t  V £ H w i th  V(T) = e ^ , where e^ i s  member of  t h e  

O.N. s e t  ( e j ,  e r ) used  in  t h e  d e f i n i t i o n  o f  p£ and such t h a t  V ( t^ )

i s  in  t h e  span of  J  -j_ ( t-j_)» J j - l C t ^ )  f o r  a l l  t ^  f o r  which Y( t ^ )  i s  a

P - f o c a l  p o i n t .  Then V w i l l  be  c o n t a i n e d  in  t h e  k e r n e l  o f  a l l  t h e  f u n c -

J i  7 it i o n a l s  p^ j p 6 e x c e p t  p .  I t  then  f o l l o w s  t h a t

0 = (Zai i p i i  + ES^P^)V= B^p^CV)

= (T) , e^> = 32<'62»e i^> = •

=> gj = 0.

j  i
In  a s i m i l a r  manner,  a l l  , 6  ̂ a r e  eq u a l  t o  z e r o ,  which p ro v e s

J i  7t h a t  t h e  l i n e a r  f u n c t i o n a l s  p^ ,p^ a r e  l i n e a r l y  i n d e p e n d e n t .

Th i s  p r o v e s  lemma 1.

D e f i n i t i o n .

w = n  K ern e l  p ^ n f~\ K e rn e l  p^

i  = 1 , . . .  , k
j  ^ — 1 5 •  -  *  5 -

Lemma 2 . H = W ©W^", and t h e  d im ens ion  o f  i s  e q u a l  to  

k
E m. + r .

i = l

P r o o f .  Lemma 2 f o l l o w s  from th e  theorem which s t a t e s :  I f  H i s

a H i l b e r t  space  and f j   f n  a r e  n l i n e a r l y  in d e p e n d e n t  c o n t i n u o u s
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f u n c t i o n a l s  d e f i n e d  on H and i f  

n
M = O  K erne l  f ^ ,  

i = l

then  (1) M̂" e x i s t s ;  (2) H = M ©  M—; and (3)  th e  d im ens ion  o f  M"̂  i s  

e q u a l  t o  n .  T h i s  p ro v e s  lemma 2.

The n e x t  two lemmas a p p ly  to  v e c t o r  s p a c e s  i n  g e n e r a l .

Lemma 3 . L e t  X be any v e c t o r  s p a c e ,  and suppose  W C  X, V Cl X, 

t h e  d im ens ion  of  V i s  n and X = W ©  V. Then f o r  any s u b sp a ce  V C X 

whose d im ens ion  i s  a l s o  n and such  t h a t  W r\ V = 0,  we have 

X = W ©  V.

P r o o f . We w ish  to  show t h a t  f o r  x e X we have x = w + v ;  w £ W,

v  e V. L e t  v l5 . . . , vn be  a b a s i s  f o r  V; l e t  v^ = w^ + v .p  w^ e W,

v-  ̂ £ V, i  = 1,  . . . , n ;  th e n  v^ = v^  -  w^, i  = 1,  . . . , n .

The f o l l o w i n g  argument  shows t h a t  v^ a r e  l i n e a r l y  i n d e p e n d e n t  and

so form a b a s i s  f o r  V.

n n _
0 = X a ±v i  = X a ^ v . - w ^  

i = l  i = l

n n
= X a-jv-^ + X (-a-j jwj . 

i = l  i = l

Then XajV-̂  = 0 f o l l o w s  from V O W  = 0.  S ince  v^ a r e  l i n e a r l y  

i n d e p e n d e n t ,  we have  a i  = 0,  i  = l ,  . . . , n .  Thus v.^ a r e  l i n e a r l y  i n d e ­

p e n d e n t .

L e t  x e X, so t h a t  x = w + v = w + Ect^v^ = w + Ea^ (v^ -  w^) =

w -  Xcti wi  + Za^v^.  L e t t i n g  w -  Sc^w-^ = w e W and EafVi = v e V, we can

w r i t e  x = w + v .  T h i s ,  t o g e t h e r  w i th  W D V = 0,  y i e l d s  

X = W ©  V.
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T h i s  p r o v e s  lemma 3.

Lemma 4 . L e t  X be any v e c t o r  s p a c e ;  V i s  an n - d i m e n s i o n a l  sub­

sp ace  of  X; W C  X; and V ©  W = X. L e t  V C. X such t h a t  V C\ W = 0.  Then 

t h e  d im ens ion  of  V c a n n o t  be  g r e a t e r  th a n  n .

P r o o f . Suppose t h e r e  e x i s t s  n + 1 l i n e a r l y  i n d e p e n d e n t  v e c t o r s  in  

V; Vj,  . . . ,  vn + 1 .

L e t  Y be t h e  span  o f  v-^, . . . , v n . By lemma 3,

Y ©  W = X.

T h e r e f o r e ,  vn+ i  = y + w ;  y £ Y, w e W, so t h a t  0 = Y ~ v n+^ + w. S in ce

y - vn+2 E V and w £ W, we have  y - vn+-̂  = 0, o r  vn+^ i s  a l i n e a r  combina­

t i o n  o f  V j ,  vn . Th i s  c o n t r a d i c t s  t h e  a s s u m p t io n  t h a t  v ^ , • • • > v n ,v n+]_

form a l i n e a r l y  i n d e p e n d e n t  s e t .

Th i s  p ro v e s  lemma 4.

I n  lemma 2 we showed H = W ©W^". We w i l l  n e x t  c o n s t r u c t  a f i n i t e

— C Cd im e n s io n a l  s u b sp a ce  o f  H and w i l l  d e n o t e  i t  by B . The d im ens ion  of  B

w i l l  e q u a l  t h e  d im ens ion  of  W-̂ - and B(-'/r'\ W = 0,  so t h a t  by lemma 3 we w i l l

have  H ~ W ©  B^. F i n a l l y ,  we w i l l  show B C W and H = B ©  B©

The n e x t  two d e f i n i t i o n s  w i l l  y i e l d

k
E m j + r

n=l
_  Q

e le m e n t s  o f  H whose span w i l l  be deno ted  by B .

D e f i n i t i o n . S in c e  T i s  n o t  a P - f o c a l  p o i n t ,  we can choose  r  

l i n e a r l y  i n d e p e n d e n t  P - J a c o b i  f i e l d s  K^, . .  . , Kr  w i t h  t h e  f o l l o w i n g  

p r o p e r t i e s :  (1) Kj (T) , . . . , K r (T) s p a n C ^ ^ ;  (2)  A i s  n e g a t i v e  d e f i n i t e

on th e  span  o f  K-p . . . , K N, where N = inde x  A and N < r ;  and (3) A i s  

p o s i t i v e  on t h e  span  o f  . . . , K r . ( R e c a l l  t h a t  A was d e f i n e d  a s
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a symmetr ic  b i l i n e a r  map on th o s e  P - J a c o b i  f i e l d s  w h ich ,  when e v a l u a t e d

a t  T, l i e  i n  Q y (x ) '  The d im ens ion  o f  t h i s  sp a c e  i s  r . )

D e f i n i t i o n . C o n s id e r  t h e  P - f o c a l  p o i n t  yCt ^)  w i th  m u l t i p l i c i t y  m- .̂ 

l miL e t  Y l ,  . . .  , Y^ be  l i n e a r l y  in d e p e n d e n t  P - J a c o b i  f i e l d s  such t h a t

J iY^ ( t ±) = 0 f o r  j i  = l ,  . . . , m is

and such  t h a t

1 mn-' i 1 ,YI  ( t i ) .

^ iform an o r th o n o rm a l  s e t .  L e t  be  p a r a l l e l  v e c t o r  f i e l d s  a lo n g  y such 

t h a t

Zi 1 ( t i ) = - Y ^ C t j ^ )  f o r  j i  = 1,  . . . , imp

L e t  <f»i: [ 0 , T] R be a C°° f u n c t i o n  such  t h a t :  (1)  <j>j_(t )̂ = 1; (2)  (j>^(t^)

h a s  s m a l l  s u p p o r t  ab o u t  t-^; and (3) 0 ^  d>iCt) ^  1.  L e t

J i , . N ,Zi  ( t )  — (j)-^(t)Z-£ ( t ) ;  i  — 1,  . . . ,  m^.

( Y . ( t )  + AZ ^ C t )  f o r  0 < t  < t i
Vi^^H \

[ x z ± ( t )  f o r  t ± < t  < T,

where A > 0.
r

D e f i n i t i o n . L e t  B C- H d e n o te  t h e  span of

Em-  ̂+ r  ( i  = 1 ,  . . . , k )

v e c t o r s  ( i  = 1,  . . . , k; = 1,  . .  . , m-[) and (Z = 1,  . .  . , r )

C la im . B*"' s a t i s f i e s :  (1)  th e  d im ens ion  of

k
BC = E m± + r ; 

i = l

and (2)  BC H  W = 0;  W = ( f l K e r p ^ 1) D  (0 K e r p Z) .
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P r o o f . (1)  We need  t o  show t h a t  t h e  s e t  o f

k
E rn  ̂+  r  

i = l

3 iv e c t o r s  {V^ jK^Jform a l i n e a r l y  i n d e p e n d e n t  s e t .  Suppose 
j  i  j  i

£ + £ b^K i  = 0.
i = l ,  . . . , k Z=1, . . . , r

j  1 , • • • > n>i

The s u p p o r t s  of  a l l  can be made sm al l  enough so t h a t  t h e  f o l l o w ­

ing  argument i s  t r u e .

AZAZ

T

At T:
J i  J ' i  r

0 = £a .  V± ( T ) + £b^K^(T) = £ b ^ C T ) .
1=1

K ^ (T )  Kr (T) b e in g  l i n e a r l y  i n d e p e n d e n t  i m p l i e s  = 0 f o r  1 = 1 , . . . ,  r .

At  t k :



11

J -f J x i   ̂i
0  -  I  a ^ . l ( t k ) -  I  a  V < t k )

i = l , . . . , k i=k
j  j .- ^ 9 • • *» J x_ 1 9 • • • 9

mk j k j k 
= Z a k AZk ( t k )

J k =1

mk Jv  - j v
= E a k Â ,k ( t k )Zk ( t k )

j k =1

^  Jk  J k
"  X a k Yk

^k:=1

s i n c e

and

<f’k ( t k ) “  1

• P ^ ( t  ) = -Y 1^Zk U k ; 1 k  •

1 mkBut Yk ( t k ) ,  . . . , Yk ( t k ) form an o r th o n o rm a l  s e t  i m p l i e s

J kak = 0 f o r  j k = 1,  . . . , mk .

Using t h e  above argument f o r  t =  tk_i>  t  = t ^ ,  we g e t

f o r  i  = 1 ,  . . . , k and j  ^ = 1,  . .  . , m^.

P roo f  of  ( 2 ) . We need  t o  show t h a t  i f  X e and X e W 

r
X e B means X i s  o f  t h e  form

J i  J i  rX = Z a .  V. + E b z Kz , 
i  sj i  1=1

and x e W means

x e [ C \ Ker p . i ] A  [A Ker p^] .
i 5J ± 1

At T:
r

X(T) = Z b 7K7(T) ,
1=1 1 L

t h e n  X = 0.
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so t h a t

r
0 = p i (X) = < E b7K7 ( T ) , e . >;  1 = 1 ,  . . . ,  r .

l - l  1

S ince  e ^ , er  span Q y ^ )  anc  ̂ Kj ( T) ,  . . . , K r (T) a l s o  span  Qy(x)

and a r e  l i n e a r l y  i n d e p e n d e n t ,  we g e t

r
E

1=1
E b7Kz (T) = 0

and

At t k 1
j  j

0 = pJ(X)  = < X ( tk ) , e i > = < E a kkVkk ( t k ) , e;l>
J k =1

mk i i
= < - AE ak * k  ^ k ^  ’ e i '>’ 1 = 1 ............mk*

3k=1

j k
However,  t h e  sp a c e  spanned by {Yl ( t , ) } .  _ i s  o r t h o g o n a l  to

ic k J k — -L» • • • ,

t h e  space  spanned by J j  ( t k )  J d - l ^ k )  anc* Y ' ( t k ) »  an^ so as same

a s  t h e  space  spanned by e ^ , . . . ,  emk a t  t ^ .  T h e r e f o r e ,  X ( t k ) i s  b o th  in

th e  space  spanned by e j ,  . . . ,  emk and o r th o g o n a l  t o  t h e  sp a c e  spanned by

J pT  ̂1c
e^ ,  . . . ,  emk. T h i s  i m p l i e s  t h a t  0 = X ( t k ) = -XEak *k ( t k ), and s i n c e  

j k
{Yl ( t , ) } - ,  _ i  forms an o r th o n o rm a l  s e t ,  we g e tk k j k - -L’ , *, » Iuk

J k
ak = 0 f o r  j k = 1,  • • • ,  mk .

The above  argument works i n  e x a c t l y  t h e  same way f o r  t ^ _ i  t p

j k
which y i e l d s  ak = 0 f o r  a l l  k and f o r  a l l  j k - Thus X = 0,  and th e  

c l a i m  i s  p ro v e n .

Lemma 5. H = w ©  B*"'.
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P r o o f . By lemma 2,  H = W ©  W~, where t h e  d im ens ion  of

W1 = Z m . + r .  
i = l

r
By t h e  c l a im  p roven  above B h a s  d im ens ion  

k
I  m ^ r

i = l

and B ^ r i W  = 0.  T h e r e f o r e ,  by lemma 3,  we have H = W ©  B^.

This  p r o v e s  lemma 5.

Lemma 6 . H = B ©  B*"'.

P r o o f . I f  X e B, th e n

d-1  
X = X f ^  

i = l

such t h a t  X(T) = 0.  T h e r e f o r e ,  a t  t h e  P - f o c a l  p o i n t s  X i s  in  t h e  span

of  t h e  P - J a c o b i  f i e l d s  a t  each  f o c a l  p o i n t ,  and so X i s  c o n t a i n e d  i n  th e
j i  7

k e r n e l s  o f  a l l  t h e  l i n e a r  f u n c t i o n a l s  p^ and p . Thus,  x c W. T he re ­

f o r e ,  B C W. However,  B t  H and W = 0 t o g e t h e r  imply  t h a t

b n Bc = 0.

To co m p le te  t h e  p r o o f  we need to  show t h a t  i f  x £ H th e n  x = b + c ,
n

where b £ B and c £ B . I t  f o l l o w s  from lemma 5 t h a t  x = w + c  f o r  w £ W

and c e bc . S ince  x e H and c e H, we have w e H. Then w e H and w e W

i m p l i e s  w e B. This  f o l l o w s  from t h e  f a c t  t h a t  any b roken  C“  v e c t o r

f i e l d  which can be e x p r e s s e d  as

d-1
E f i ( t ) E 1 ( t )  

i = l

and i s  in  t h e  span o f  J j ( t ^ ) ,  . . . ,  J d - i C t j . )  a t  P ~ f ° c a l  p o i n t s  t^  

can a l s o  be w r i t t e n  a s



14

d-1
Z g i ( t ) J i ( t )  

i = l

f o r  b roken  C“  f u n c t i o n s  g-  ̂ [3,  p .  2 3 1 ] .

T h i s  p r o v e s  lemma 6.

Lemma 7 w i l l  show I  i s  p o s i t i v e  on B and lemma 8 w i l l  e x h i b i t  a
n

s u b sp a ce  of  B on which I  i s  n e g a t i v e  d e f i n i t e .

Lemma 7 . I(V,V) ^  0 f o r  V e B.

P r o o f . L e t  V e B. Then

d-1  
V = E f j J i

i = l

and
d-1  d-1

I(V,V)  = < Z  f ± ( T ) J ' ( T )  -  ST [ Z f i ( T ) J i ( T) ] , V( T) >  
i = l  i = l

T
+ / < Z f ! ( t ) J i ( t ) , Z f ! ( t ) J i ( t ) > d t

o

T
= / < E f ^ ( t )  J j_( t )  , Z f ^ ( t )  J \ ( t ) > d t  s i n c e  V(T) = 0.

> 0.

For t h e  f i r s t  e q u a l i t y ,  s ee  [3 ,  p .  229] .  Th is  p ro v e s  lemma 7.
k

Lemma 8.  i n d e x ( I | „ r ) = Z + index (A) .
I i = l

P r o o f . K p  . . . , Kr  were  chosen  to  be  r  l i n e a r l y  i n d e p e n d e n t  P -  

J a c o b i  f i e l d s  such t h a t  A i s  n e g a t i v e  d e f i n i t e  on t h e  span of  K- ,̂ . . .  , Kjq 

and p o s i t i v e  on . . . , K r . (Note :  N= index A.)

We w ish  t o  show t h a t  I  i s  n e g a t i v e  d e f i n i t e  on t h e  span  o f

. . . , k
j — 1 j • •• )

and and t h a t  I  i s  p o s i t i v e  on t h e  span of  Kjj+ i ,
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j  . j  . N
I (  T. c ^ V . 1 + £ BZKZ) =

i  > j  i  2=1

(1) V.. )

N
(2) +21 ( £ a j i vJ i ,  £ B ^ )

U i  1 1 ^=1

N
(3) + I (  £ B7K7 ) .

2=1 * L

N
Computat ion  of  ( 3 ) . L e t  K = £ 37KZ.

1=1

T
I(K) = / < R K - K " , K > d t  + £ < K ' ( p - ) - K , ( p + ) sK(p i )>

o j  ump s
of  K*

T
+ <K’ ( t )  -  St K ( t ) , K ( t ) >

0

= <K' (T)  -  StK (T) ,K (T)> .

T h i s  f o l l o w s  from t h e  f a c t  t h a t  K i s  a P - J a c o b i  f i e l d  and i s  smooth 

and t h e r e f o r e  s a t i s f i e s  RK -  K" = 0 and K ' (0) -  SqK(O) 1 P ^ q^.

So I(K) = <K '(T)  -  StK (T) ,K (T)> = A(K) < 0 ,  s i n c e  A i s  n e g a t i v e  

d e f i n i t e  on th e  span  of  , . . . , Kj<j and 

N
K = £ B7K7 .

2=1

Computat ion  of  ( 2 ) . When (2)  i s  expanded we g e t  l i n e a r  combina-
J i

t i o n s  of  te rm s  o f  t h e  form I(V^

T j  • T
K V ^ 1 , ^ )  = <RK£ -  K̂ , ,Vi 1> d t  + < K ^ ( t )  -  St K2 ( t ) , V i :L( t ) >

o 0

= 0,

s i n c e  i s  a P - J a c o b i  f i e l d  and so s a t i s f i e s  RK^ -  K̂ ' = 0 and
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(0) -  SqK(O) 1  Py (0 )  ( V ^ ( 0 )  E PY(0 ) ) .  A l s o ,  V ^ ( T )  = 0. Note t h a t  

i n  t h e  f i r s t  e q u a l i t y  above t h e r e  a r e  no jumps of  K' s i n c e  K i s  a P -  

J a c o b i  f i e l d  and t h e r e f o r e  smooth.

Th i s  shows t h a t  (2) i s  e q u a l  to  z e r o .

Computa t ion  o f  ( 1 ) . Le t

'Y-j( t)  0 < t  < t ±

l i ,

=

Then V ^ ( t )  = Y^ ( t )  + AZ^( t ) ;  t  e [ 0 , T ] .

1
K V ^ v j b  = /< V !d ,V 'Z> + <RVd , v /> d t  -  <S Vd ( t )  ,V^ ( t ) >  i  11 i n  i n  c i  n [3,  p.  220]

= /<Y!j + AZ|3 S i 1 + AZ'Z> + < R ( ^  + AZ3),yJ +AZ^>dt

-  <St v 3 ( t ) , V h ( t ) >

(a) I ( y| , yJ )

(b) +a2i (z| , zJ )

(c) + A I(z | ,Y ^)  + AI(yJ . zJ ) .

L e t  h < i .

(a )  = I ( yJ , y£)  = / < R Y j - Y ^ , Y ^ > d t  + <Y^J ( tT )  -  Y’J ( t+ )  , Y ^ ( t ±)>

+ <Y!j  -  St Yj,Y£>

= 0 .

T his  f o l l o w s  from Y ^  -  RyJ  = 0 ,  Yh ( t ±) = 0,  y£(T) = 0,  and Y ^  ( 0 ) -  

SqY^CO) 1  P y ( 0 ) '  ’̂ ien i  ^  h e x a c t l y  t h e  same argument  works .
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(c)  = — 2A5 6 j 2.» which i s  shown to  be t r u e  a s  f o l l o w s .  For i ^ h ,  

we g e t
T

i ( z J , y J )  = / < r y £ -  Y|;z , z 4 > d t  + ^ ( t " )  - ^ z ( t J ) , z 4 ( t h )>
o

T
+ <Y’Z( t )  -  S Y ? ( t )  , z |  ( t ) >

0
= 0,

s i n c e  i s  a P - J a c o b i  f i e l d  on

z j ( 0) = zj (T)  = 0

and

z i ( t h ) .  o

when th e  s u p p o r t  o f  <j>̂ i s  sm a l l  enough.

For i  = h ,  we g e t  t h e  same a s  above  e x c e p t  a t  t ^

I ( z | , Y b  = < Y ^ ( t - )  -  q Z( t + ) , z j ( t i )>

= <YlZ ( tT )  , z | ( t i )>  (^since Y ^ ( t ) = 0  f o r  t  e [ t ^ T ] }  

= <Y'.Z( t , ) , - Y ' . j ( t , ) >l  l
# O 1 A 111 ̂

= - 6 .  IIY1J ( t ±) IIZ ( s i n c e  Y !1, Y ^ ........... Y^ a r e  an
o r th o n o rm a l  s e t  e v a l u a t e d  a t  t j

= -<v

T h e r e f o r e ,  AI ( z4 , y£)  + AI ( yJ , Z Z) = -2A6l h 6 j r

P u t t i n g  t o g e t h e r  t h e  r e s u l t s  from ( a ) ,  ( b ) ,  and ( c ) , we have

I<vj ,v£)  = \ 2Uz[,z\)  - 2H Ih6J r

N o t a t i o n . L e t

■i j J i  J i  J i  i  i  j  i
(Za^ Vi  ,Ebi  Vi  ) = E a± b . 1

and

llZai V±V  = I  ( a .  ) .
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k k
L e t  M be  a £ E m/)  by £ E m-j^ m a t r i x ,  and l e t  

i = l  i = l

 ̂i . / 1 I nM r t a j  V±x) = (M)

mi

mk
“k

k k
Then i f  A i s  t h e  £ E mj3 by C ^ m a t r i x  g iv e n  by

i = l  i = l

A =

K z j . z j )

i ( z * , z * )

mk 1I ( z k , z j )

1 ®1 1 1  K z j . Z j  ) i ( z j z  J I ( z l - z” k)

1<zl - z" k)

mk mk 
I ( \  - zk >

and E i s  t h e  (Em^) by (Em^) i d e n t i t y  m a t r i x ,  and i f

j  i  J i  
X = E a ± V± ,

V i

we have

I(X,X) = ( ( A2A -  2AE)X,X) .

This  w i l l  e n a b l e  u s  t o  com ple te  t h e  c om pu ta t ion  o f  (1) which 

began  on p .  16.

For

X = E a ^ V ^ 1

V i

we have
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I(X,X)  = ((A2A -  2AE)X,X)

= ( (-2AE)X,X) f o r  A = 0

= -2A(X,X) < 0 f o r  any A < 0, X ^ O .

For A ^ 0 ,  IIAll i= 0 ,  so l e t  0 < A < Then

I(X,X) = ((A2A -  2AE)X,X)

= A2 (AX,X) -  2A(X,X)

^  A2  IIAXII11X11 -  2AIIXII2

< A2  IIAII IIX [12 -  2A IIXII2

< A-nTyllAII IIX II2 -  2 A IIX II2IIAII

= 0 .

j  i  j  i  3 i  j  i  j  i  J i  .
T h i s  g i v e s  I (E a ^  ,Ea^  ) < 0  f o r  Ea-^ ^ 0.

The r e s u l t s  from ( 1 ) ,  ( 2 ) ,  and (3)  show t h a t  I  i s  n e g a t i v e

l i
d e f i n i t e  on th e  span  o f  {V. v  v } j_ i  t,1 ,Kj , . . • j x—i , . . . ,  K

j  i  = 1 , . . . ,

In o r d e r  to  f i n i s h  p ro v in g  lemma 8  we need to  show I  i s  p o s i t i v e

on th e  span  o f  Kr .

r  T
I (  Z b z Kz ) =  / < R ( Z b z Kz ) -  ( E b z Kz ) " ,E b zKz > d t  

Z=N+1 o
T

+ <(Z bzKz ) ' -  St (ZbzKz ) , Z b zKz>

= <(E bzKz ) ' -  ST(XbzKz ) ,X b zKz> T 

r
= A( Z b zKz ) > 0,

Z=N+ 1

s i n c e  A i s  p o s i t i v e  on t h e  span of  Kr . The above e q u a l i t i e s

r e s u l t  from t h e  f a c t  t h a t
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„ * H H
Z=N+1

i s  a P - J a c o b i  f i e l d  and so i s  smooth,  and s a t i s f i e s  RX -  X" = 0 and 

x ' ( 0 ) s 0 x (0 )  x  PY ( 0 ) .

Lemma 9 . L e t  C  H such t h a t  H = B ©  B^. Then 

index ( I  | ~c) < i n d e x ( I | BC) .

P r o o f . Assume th e  lemma i s  f a l s e .  Then t h e r e  e x i s t s  a subspace  

o f  B^ on which I  i s  n e g a t i v e  d e f i n i t e  and whose d im ens ion  i s  g r e a t e r  

than
k
E m^ + N. 

i = l
- c

T h i s  i m p l i e s  t h a t  t h e  d im ens ion  of  t h e  s ubspa ce  of  B on which I  i s  

p o s i t i v e  i s  l e s s  th a n  r - N  which can be seen  by c o n s i d e r i n g  t h e  f o l l o w ­

ing :

k k
( E m-̂  + N) + ( r - N )  = E m* + r  = dimB = dimB . 
i = l  i = l

From lemma 8  we know t h a t  I  i s  n e g a t i v e  d e f i n i t e  on t h e  span  of

K^, . . . , Kn and I  i s  p o s i t i v e  on t h e  span  o f  . . . , K r . L e t

% + l  “ v x + Vj

Kr = Vr _N + Vr _N,

where e B*" and e B f o r  i  = l ,  . . . , r - N .

Our aim w i l l  be to  show t h a t  V^, Vr _^ form a s e t  o f  r - N

l i n e a r l y  i n d e p e n d e n t  v e c t o r s  on whose span  I  i s  p o s i t i v e ,  t h u s  y i e l d i n g  

a c o n t r a d i c t i o n .
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r-N r-N
I (  Z cti Vi ) = I (  E c X i O ^ + i - V i ) )

i = l  1 = 1

r-N 
-  I  ( E

r-N
i % + i  “ E a i v i )

= I ( Z a ±Kx+ i ) + I ( Z a i Vi ) -  21 (Ea i KN + i .E a jV i )  .

r-N
I (  E ^  0

1=1
s i n c e  I  i s  p o s i t i v e  on t h e  span of  
%j+l > • • • > Kr•  •  •  9

r-N
I (  E OijVj,) ^  0 s i n c e  Ea-jV.^ e B

i = l

r -N
I (  E otiKN+lsEd^V-^) = 0,  

i = l

s i n c e  E a i % + 1  i s  a P - J a c o b i  and t h e r e f o r e  s a t i s f i e s  R X - X " = 0 ,  i s  smooth,

and so has  no jumps,  and s a t i s f i e s  X ' (0) -  SqX(O) J. Py^g^.  A lso ,

r-N 
E a i V i  e B 

i = l

i m p l i e s  Sa^V-j^T) = 0 .

T h e r e f o re

r-N
I (  E a i V i )  > 0. 

i = l

Next show V- ,̂ . . . , Vr _^ a r e  l i n e a r l y  i n d e p e n d e n t .  Suppose

r-N

i = l

Then

0 -  Eot-jV  ̂ — Eoc-̂  -  V^)

= Ea-jKj^.^ -  Ea^V^ .
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p
But Eot-jKjj+ -£ e B , and Ect-jVi e B, which i m p l i e s  

r -N
E a i^N+i  = 

i = l

so t h a t

a^ = 0; i  = 1 ,  r-N

T h is  c o n t r a d i c t s  t h e  a s s u m p t io n  t h a t  t h e r e  e x i s t s  a s ubspa ce  of 

B*-' on which I  i s  n e g a t i v e  d e f i n i t e  and whose d im ens ion  i s  g r e a t e r  than  

Em^+ N and so lemma 9 i s  t r u e .

P ro o f  of  Index  Theorem. We have  proven  H = B © B ^ ,  I  i s  p o s i t i v e  

on B, and

dimB^ = E m^ + r .
k 
E

i = l

Suppose V i s  a s u b sp a ce  of  H such  t h a t  I  i s  n e g a t i v e  d e f i n i t e  on 

V. I f  v e V, v 4- 0,  we know v t  B s i n c e  I  i s  p o s i t i v e  on B. Thus 

V / I  B = 0. By lemma 4,  

k
dimV < E m^ + r . 

i = l

Case 1 . dimV = Emi + r .  Then, by lemma 3,  H = B © V .  I t  then  

f o l l o w s  by lemma 9 t h a t

index  ( I  | v ) < i n d e x ( I | BC) .

Case 2 . dimV < Em-  ̂+ r .  A d jo in  v e c t o r s  in  H -  B to  V t o  form a 

subspace  V of d im ens ion  Em^ + r  and such t h a t  V C  V and V A B  = 0.  

Then,  a s  i n  c a s e  1,

i n d e x ( I | —) < i ( I | Bc > •

S in ce  V C V, we have  i n d e x ( I | ^ )  < i n d e x ( I j Bc ) .

Th i s  p r o v e s  t h e  Index  Theorem.
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C h a p te r  I I

THE FUNDAMENTAL THEOREM OF MORSE THEORY 
IN THE CASE WHERE THE ENDS ARE SUBMANIFOLDS

§1.  I n t r o d u c t i o n

Let  M be  a com ple te  Riemannian  m a n i fo ld  w i th  P and Q two c l o s e d  

and bounded s u b m a n i f o ld s .  L e t  ft* be t h e  space  of c o n t in u o u s  p a t h s  

j o i n i n g  P and Q w h i le  ft i s  t h e  space  of  p i e c e w i s e  C°° p a t h s  j o i n i n g  P 

and Q. The main theore m  o f  C hap te r  I I  w i l l  be to  show t h a t  th e  

homotopy ty p e  o f  ft* or  ft i s  a  c o u n t a b l e  CW-complex which c o n t a i n s  a 

c e l l  o f  d im ens ion  A f o r  each  g e o d e s i c  which i s  a c r i t i c a l  p o i n t  of

t h e  ene rgy  f u n c t i o n  o f  index  A. The p r o o f  w i l l  f o l l o w  M i l n o r ' s

e x p o s i t i o n  [4,  pp .  8 8 - 9 5 ] .

From C hap te r  I  we can  compute t h e  index  of a g e o d e s ic  o r t h o g o n a l  

t o  P and Q by f i n d i n g  th e  P - f o c a l  p o i n t s  a lo n g  th e  g e o d e s ic  w i th  

m u l t i p l i c i t i e s  p l u s  a boundary  t e rm  depending  on Q . A few exam ples  

w i l l  be g ive n  f o r  which t h e  homotopy ty p e  of  t h e  p a t h  space  j o i n i n g  

two s u b m an i fo ld s  i s  fo u n d .

§2.  The Fundamental  Theorem o f  Morse Theory

L e t  M be a com ple te  Riemannian  m a n i fo ld  w i th  P and Q two sub­

m a n i f o ld s  which a r e  c l o s e d  and bounded .  Le t  

ft* = ft*(M;P,Q) 

be t h e  s e t  o f  a l l  c o n t i n o u s  p a t h s  

a): [0 ,1] -*■ M
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j o i n i n g  P and Q i n  t h e  compact  open t o p o l o g y .  Th is  to p o lo g y  i s  in duced  

by t h e  m e t r i c

d*(ui^ >w2) = max p ( u 1 ( t ) , m 2 ( t ) )  ,

where p d e n o t e s  t h e  t o p o l o g i c a l  m e t r i c  on M coming f rom i t s  Riemannian 

m e t r i c .  L e t

ft = ft(M;P,Q) 

be t h e  s e t  o f  a l l  p i e c e w i s e  C°° p a t h s  

co: [0 ,1]  -*■ M

j o i n i n g  P and Q i n  t h e  to p o lo g y  induced  by th e  m e t r i c

1 d s j  d s 2
d(m1 ,a)2 ) = d*(oJ1 ,o>2) + [f  (-fo-------g p )  d t ] 2,

o

where (o^,W2 e ft w i th  a r c  l e n g t h s  s ^ ( t )  and s 2 ( t ) ,  r e s p e c t i v e l y .  In

t h i s  top o lo g y  th e  energy  f u n c t i o n

b b
E(a>) = / ( ^ f ) 2d t
a  a

w i l l  be a c o n t i n u o u s  f u n c t i o n  from ft t o  t h e  r e a l  numbers .

D e f i n i t i o n . Two su b m a n i fo ld s  P and Q a r e  s a i d  to  be c o n j u g a t e  

a l o n g  a g e o d e s i c  y o r t h o g o n a l  t o  P and Q i f  t h e r e  e x i s t s  a n o n - z e r o  

P - J a c o b i  f i e l d  a lo n g  y  which i s  a l s o  a Q - Ja c o b i  f i e l d .

Theorem (Fundamenta l  Theorem o f  Morse Theory e x t e n d e d  t o  t h e  c a s e  

w i t h  v a r i a b l e  e n d p o i n t s ) . Le t  M be  a com ple te  Riemannian m a n i f o ld  w i th  

P and Q a s  two c l o s e d  and bounded s u b m an i fo ld s  of  M which a r e  n o t  c o n ­

j u g a t e  a l o n g  any g e o d e s i c  o r t h o g o n a l  t o  P and Q. Then ft(M;P,Q) (or  

f t*(M;P,Q)) h a s  t h e  homotopy ty p e  of  a c o u n t a b l e  CW-complex which c o n ­

t a i n s  one c e l l  o f  d im ens ion  X f o r  each  g e o d e s ic  o r t h o g o n a l  t o  P and Q

of  index  X.
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The p r o o f  of t h e  above main theorem  w i l l  be b a s e d  on t h e  f o l l o w i n g  

the o re m .

Theorem 1 . I f  f  i s  a d i f f e r e n t i a b l e  f u n c t i o n  on a m a n i fo ld  M w i th  

no d e g e n e r a t e  c r i t i c a l  p o i n t s ,  and i f  each  Ma = f ^ ( - &,,a ]  i s  com pac t ,  

t h e n  M h a s  t h e  homotopy t y p e  of  a CW-complex, w i th  one c e l l  of  d im ens ion  

X f o r  each  c r i t i c a l  p o i n t  o f  in d e x  A [4 ,  p .  20 ;  see  p r o o f  on p .  2 3 ] .

We w i l l  p ro v e  t h e  main theorem  f o r  t h e  p a t h  space  0 and t h e n ,  

s i n c e  t h e  map i : 2  -> i s  shown t o  be a homotopy e q u i v a l e n c e ,  t h e  

the o re m  i s  t r u e  f o r  0* .  The p r o o f  w i l l  c l o s e l y  f o l l o w  M i l n o r ' s  p r o o f  

g iv e n  i n  [4 ,  p p .  88-95]  w i t h  m o d i f i c a t i o n s  f o r  t h e  c a s e  where t h e  end­

p o i n t s  a r e  s u b m a n i fo ld s  P and Q i n s t e a d  o f  p o i n t s  p and q.

For  c > 0 ,  l e t

q c  =  e _ 1 ( [ 0 , c ] )

and

I n t f i c = E- ^ ( [ 0  , c )  ] .

Choose a s u b d i v i s i o n  0 = tg  < t ^  < . . .  < t n = 1 of  [ 0 ,1 ]  . L e t  

f i ( t g ,  . . . ,  t n ) be t h e  s u b sp a ce  of  Q c o n s i s t i n g  o f  p a t h s  to: [0 ,1 ]  M 

such  t h a t

(1)  w(0) e P and m( l )  e Q;

( 2 ) co I r . , i s  a g e o d e s i c  f o r  i  = 2 , . . . , n - l ;  and
I ^ i - l ’ t i J

(3) co 1 r_ -i and co i r . , a r e  g e o d e s i c s  o r t h o g o n a l  t oI LUjt jJ  | L t n _ ^ , I J

P and Q, r e s p e c t i v e l y .

D ef in e  t h e  s u b sp a c e s

^ ( tg  , • . • , = f2( t g  , . . . , t ^ )

I n t f i ( t g ,  . .  . , t n ) C = I n t f iCn  0 ( t g ............. t n ) .
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Lemma. L e t  M be a co m p le te  Riemannian m a n i fo ld  and l e t  c be a 

f i x e d  p o s i t i v e  number such  t h a t  Qc 4 (j>. Then f o r  a l l  s u f f i c i e n t l y  f i n e

s u b d i v i s i o n s  ( t g  t n ) of  [0 , 1 ] t h e  s e t  I n t n C t g ,  t n ) c can  be g ive n

t h e  s t r u c t u r e  o f  a smooth f i n i t e  d im e n s io n a l  m a n i f o l d .

P r o o f . L e t  S d eno te  t h e  s e t

{x e M:D(x,P) < V c } , 

where D i s  t h e  d i s t a n c e  from a p o i n t  x t o  t h e  s ubm an i fo ld  P.  I f  to e 0C

th e n  c u ( [ 0 , l ] )  l i e s  w i t h i n  t h i s  s u b s e t  S C M. This  can be seen from

[D (to ( t )  ,P)  ^  ^  [L(jj]^ ^  E(w) < c .
o o

S ince  P i s  c l o s e d  and bounded and M i s  c o m p le t e ,  S i s  c l o s e d  and 

bounded and t h e r e f o r e  com pac t .  Hence ,  t h e r e  e x i s t s  e > 0 so t h a t  when­

e v e r  x , y  e S and p ( x , y )  < e t h e r e  i s  a un ique  g e o d e s i c  from x t o  y of  

l e n g t h  <e and so t h a t  t h i s  g e o d e s i c  depends  d i f f e r e n t i a l l y  on x and y .  

Also  by [3 ,  p .  151] t h e r e  e x i s t s  r^  > 0 such t h a t  t h e  e x p o n e n t i a l  f u n c ­

t i o n  maps t h e  t u b u l a r  n e ig h b o rh o o d  of  J_r ^(P) d i f f e o m o r p h i c a l l y  on to  i t s

im age,  c a l l e d  t h e  t u b u l a r  n e ig h b o rh o o d  of  P in  M, w i th  t h e  p r o p e r t y  

t h a t  a l l  o f  i t s  p o i n t s  a r e  j o i n e d  to  P by un ique  g e o d e s i c s  which 

min im ize  a r c  l e n g t h  t o  P .  S i m i l a r l y ,  t h e r e  e x i s t s  ^  > 0 which does  

t h e  same f o r  Q. Le t

e = min [e , r  ̂  ] .

Choose t h e  s u b d i v i s i o n  ( t g ,  . . . ,  t n ) of  [ 0 ,1 ]  so t h a t  each  d i f f e r ­

ence  < e ^ / c .  Then f o r

(0 E £ 2 ( t Q ,  . . . ,

we have
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t i  t i
(L to) 2 = to)
t i - 1  t ±_i

< -  t  (Eto)

< ( t i  -  t i _ i ) c  < e2 ,

w h i le
n  t l

[DCuCtj) ,P ) ] 2  < (Lto) = ( t 1 -0)Eto  
o o

2
^  (t-^ -  O)E(to) < • c = e2  ^  r 2 .

S i m i l a r l y ,  D(to(tn _ i )  ,Q) ^  r 2 . Thus t h e  g e o d e s ic  to, , f o r  i  =
I L t i - l  5t i-l

2 , . . . , n - l  i s  u n i q u e l y  and d i f f e r e n t i a l l y  d e t e rm in e d  by t h e  two end­

p o i n t s ,  w h i l e  t h e  g e o d e s i c  un rn . ■, o r t h o g o n a l  t o  P and t h e  g e o d e s ic| LU ,tj_j

co| ^ i j  o r t h o g o n a l  t o  Q i s  u n i q u e l y  and d i f f e r e n t i a l l y  de te rm in e d

by to(t^)  and co(tn _ i ) ,  r e s p e c t i v e l y .

The b roken  g e o d e s i c  i s  u n i q u e l y  d e t e rm in e d  by th e  ( n - l ) - t r i p l e  

to(t j )  , w ( t 2 ) » <o(tn _ i )  e Mx . . . x m .

Th i s  c o r r e s p o n d e n c e

to ( to ( t  ̂  ) , . . . ,  to ( t ^  i  ) )

d e f i n e s  a homeomorphism between I n t f i ( t Q ,  . . . ,  t n ) c and t h e  open s u b s e t  

o f  t h e  (n -1 )  f o l d  p r o d u c t  Mx . . . x M  g iv e n  by t h e  s e t  o f  a l l  

(p , • . . ,  Pn _ i )  e S x . . .  x  s 

such t h a t

D(P l , P ) 2  n -1  D C p ^ . Q ) 2
— --------  + I  p ( p i . i , P i ) 2 / t i - t 1 . 1  + — —  < c .

i = 2  ' n n - 1

Taking  o v e r  t h e  d i f f e r e n t i a b l e  s t r u c t u r e  from t h i s  p r o d u c t  c o m p le te s  

t h e  p r o o f  o f  t h e  lemma.
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Let  I n t f i ( t Q ,  . . . ,  t n ) c be deno ted  by B, and l e t  

E' : B -v R

d e n o te  t h e  r e s t r i c t i o n  o f  E t o  B.

Theorem 2 . E ' :B  R i s  smooth.  F u r th e r m o re ,  f o r  each  a < c t h e  

s e t  Ba = (E’ ) - ^ [ 0 , a ]  i s  compact  and i s  a d e fo rm a t io n  r e t r a c t  o f  t h e  

c o r r e s p o n d i n g  s e t  fta . ( S i m i l a r l y ,  B i s  a d e f o r m a t io n  r e t r a c t  of  

In t f tc . )  The c r i t i c a l  p o i n t s  o f  E' a r e  p r e c i s e l y  t h e  same a s  t h e  

c r i t i c a l  p o i n t s  o f  E in  In t  Slc ; namely ,  t h e  unbroken  g e o d e s i c s ,  from 

P t o  Q, which a r e  o r th o g o n a l  t o  P and Q, o f  l e n g t h  l e s s  t h a n  \/c. The 

inde x  o f  t h e  H e s s i a n  E^A a t  each  such  c r i t i c a l  p o i n t  y  i s  e q u a l  t o  

t h e  index  o f  E^A a t  y .

P r o o f . S ince  t h e  b ro k en  g e o d e s i c  ui e B depends  smooth ly  on th e  

( n - l ) - t r i p l e

oi(t i )  , . . . ,  rn ( t n_ i )  e M x . . . x M 

t h e  e n e rg y  E' (m) a l s o  depends  smoothly  on t h i s  ( n - l ) - t u p l e :

n - 1
E' (oj) = D(oj( t2 ) , P ) 2 / ( t  j -  0)  + E p(oj ( t ) , m ( t i ) ) 2 / ( t i  -  t ^ i )

i = 2

+ D(m(tn _-L) , 0 ) 2 / ( t n -  t n _ l ) .

For  a < c t h e  s e t  Ba i s  homeomorphic t o  t h e  s e t  o f  a l l  ( n - 1 ) -  

t u p l e s  ( p j , . . . , P n - l )  e S x . . .  x S such  t h a t

n - 1
D (p 1 , P ) 2 / ( t 1 -  0) + E p ( p i _ i , p i ) 2 / ( t i - t ^ )

i = 2

+ DCPn-l’ Q ^ / ^ n  “ b n - l )  ^  a -

As a c l o s e d  s u b s e t  o f  a compact  s e t ,  t h i s  s e t  i s  compact .
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A r e t r a c t i o n  r : I n t f t c -* B i s  d e f i n e d  a s  f o l l o w s .  Let  r (w )  deno te

t h e  u n iq u e  b roken  g e o d e s i c  in  B such t h a t  r (w )  d e f i n e d  on [ 0 , t j ]  and

[ t n _ ^ , l ]  i s  t h e  u n iq u e  s h o r t e s t  g e o d e s i c  of  l e n g t h  <e j o i n i n g  P to

w ( t i )  and w( t  q)  t o  Q, r e s p e c t i v e l y ,  w h i le  each  r (w ) i . .  . i s  t h e
I Lt i - l > J

u n iq u e  g e o d e s i c  o f  l e n g t h  <e from m(t^_^)  t o  w ( t^ )  f o r  i  = 2 , . . . , n - l .  

The i n e q u a l i t y

D ( P , w ( t ) ) 2 < (Lu) ) 2  < Eo) < c

i m p l i e s  t h a t  w ( [ 0 , l ] ) £ I  S. Hence t h e  i n e q u a l i t y

t  • 2
P ( w ( t .  i ) .wCt^ ) ) 2 < ( t i - t i _1 )(E1  w) < 5— ' c = E2 

1  x  1  i  x -l t i _1 c

and

t l  n 1 F 2 0 9
D(w(t i  ) , P ) 2  ^  (Lai) 2  ^  ( t .  -  0)  (Em) < —  • c = e  < r ,  , 

o 1 o c 1

and s i m i l a r l y

D(o)(tn - l )  ,Q) < r 2 

i m p l i e s  t h a t  r(tu)  can  be so d e f i n e d .  Then r (w )  e B, s i n c e

E ( r (m ) )  ^  E(m) < c .

T h i s  r e t r a c t i o n  r  f i t s  i n t o  a 1 - p a r a m e te r  f a m i ly  of  maps

r u : I n t  Qc ■+ Intf2c 

a s  f o l l o w s .  For 0 ^  u ^  t]  ̂ l e t

, . _ t h e  un ique  g e o d e s i c  which m in im izes
ru  U | [ 0 , u ]  a r c  l e n g t h  from w(u) to  P.

ru((1))| [ u , l ]  = W| [ u , l ]

For t ^ _ i  < u ^  t ^ ;  i  = 2 , . . . ,  n - 1 , l e t
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r u ( u ) | [ o , t i _1] r ( “) | t o , t 1_1 ]

r u ( w) , r -j = minimal g e o d e s i c  from t o  u(u)
I *• i - 1  * ̂  -«

r u (w) | [ u , l ]  = W| [ u , l ]

For t n_ i  < u < 1 (= tn ) l e t

ru(a, )I t o , t n_1] = r ( w ) | t o , t n_i ]

r u ( w ) | [ t n _ i , t n - u + t n_ i ]  ” “ I f t n . i . t n - u + t n . i ]

. . _ t h e  u n iq u e  g e o d e s i c  which m in im izes
r u  | [ t n - u + t n _ i , t n ] a r c - l e n g t h  from a)(tn - u + t n _q) to  Q.

Then Tq i s  t h e  i d e n t i t y  map of  In t  and r-j, = r .  A l s o ,  r u (u0 i s  con­

t i n u o u s  a s  a f u n c t i o n  o f  b o t h  v a r i a b l e s .  Th i s  p r o v e s  B i s  a d e f o r m a t io n  

r e t r a c t  o f  In tQ c .

S ince  E ( r u (w)) < E(w) we a l s o  have each  Ba i s  a d e f o r m a t io n  r e t r a c t  

o f  f2a .

The c r i t i c a l  p o i n t s  o f  E a r e  t h e  unbroken  g e o d e s i c s  which a r e

o r t h o g o n a l  t o  P and Q and so l i e  i n  t h e  subm an i fo ld  B. Using t h e  f i r s t

v a r i a t i o n  f o rm u la ,  t h e  c r i t i c a l  p o i n t s  of  E'  a r e  p r e c i s e l y  t h e  unbroken

g e o d e s i c s  o r t h o g o n a l  t o  P and Q [3 ,  p .  216] .

C o n s id e r  t h e  t a n g e n t  space  TB^ t o  t h e  m a n i fo ld  B a t  a  g e o d e s i c  y

o r t h o g o n a l  t o  P and Q. T h i s  w i l l  be i d e n t i f i e d  w i th  t h e  space  K,

d e f i n e d  a s  f o l l o w s .

D e f i n i t i o n . L e t  K be  t h e  space  o f  v e c t o r  f i e l d s  Y a l o n g  y  such

t h a t  Y | rn i s  a P - J a c o b i  f i e l d ,  Y i r , i s  a J a c o b i  f i e l d  f o rI L U  ,  t ^  J | L t ^ - i  ,  t - j q

i  = 2,  . . . , n - l ,  and Y i r . i s  a Q - J a c o b i  f i e l d .  Th is  i d e n t i f i c a t i o n
I i  ^ n - l » J

can be j u s t i f i e d  a s  f o l l o w s .  Let
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a ( - E »  e) -> B

be any  v a r i a t i o n  of  y t h ro u g h  b roken  g e o d e s i c s  i n  B. Then t h e  c o r r e ­

spond ing  v a r i a t i o n  v e c t o r  f i e l d

a lo n g  y i s  a  b ro k e n  J a c o b i  f i e l d  in  K [3,  p p .  174,  2 22 ] .  Then t h e  index  

o f  a t  Y i s  e q u a l  t o  t h e  index  o f  = E** [3 , p .  2 32 ] .  This

co m p le te s  t h e  p r o o f  o f  th e o re m  2 .

Theorem 3 . L e t  M be a com ple te  Riemannian m a n i f o ld  and l e t  P and 

Q be two c l o s e d  and bounded s u b m a n i fo ld s  which a r e  n o t  c o n j u g a t e  a lo n g  

any g e o d e s i c  o r t h o g o n a l  t o  P and Q o f  l e n g t h  < / a .  Then h a s  t h e  homo­

to p y  ty p e  o f  a f i n i t e  CW-complex w i th  one c e l l  o f  d im ens ion  A f o r  each  

g e o d e s ic  o r t h o g o n a l  to  P and Q in  Q,a a t  which E** h a s  index

P r o o f . Theorem 3 f o l l o w s  from theorem  2 t o g e t h e r  w i th  theorem 1 

and from t h e  f a c t  t h a t  t h e  n u l l  space  of  E*A c o n s i s t s  o f  t h e  i n t e r s e c ­

t i o n  o f  t h e  s p a c e s  o f  P - J a c o b i  f i e l d s  and Q - Ja c o b i  f i e l d s  [3 ,  p .  22 1 ] .  

Theorem 4 . The map i : f i  -)• i s  a  homotopy e q u i v a l e n c e .

P r o o f . The p r o o f  i s  e x a c t l y  t h e  same a s  t h e  p r o o f  o f  theorem 

17.1 i n  [2,  p. 93], s u b s t i t u t i n g  fi(M;P,Q) f o r  f i (M ;p ,q ) ,  fi*(M;P,Q) f o r  f t (M ;q ,q ) ,  

P f o r  p ,  and 0 f o r  q.

The p r o o f  o f  t h e  main theorem  on page 24 above i s  a g a i n  e x a c t l y  

t h e  same a s  M i l n e r ' s  p r o o f  o f  theo rem  17 .3  [4,  p .  9 5 ] .

§3.  Examples

1.  The homotopy t y p e  o f  t h e  space  o f  p a t h s  j o i n i n g  two non­

i n t e r s e c t i n g  c i r c l e s  on t h e  2 - s p h e r e .
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Let  M be t h e  u n i t  2 - s p h e r e ,  S^; P = S*; 0 = S*. C o n s id e r  t h e
O

c i r c l e s  p l a c e d  on S a s  i l l u s t r a t e d .

S

Let  y ( t )  be t h e  g e o d e s i c  whose p o i n t s  l i e  on th e  g r e a t  c i r c l e  

th ro u g h  N and B and whose d i r e c t i o n  i s  c l o c k w i s e ,  so t h a t  y ( 0 )  = N; 

y(^r) = B, e t c .

L e t  E ( t )  be a u n i t  p a r a l l e l  v e c t o r  f i e l d  a lo n g  t h e  g e o d e s i c  y ( t )  

such  t h a t  E ( t )  e My(t)  and E ( t )  1 y ’ ( t ) .

Le t  J ( t )  = ( s i n t ) E ( t )  be a J a c o b i  f i e l d  a lo n g  y ( t ) .  The f i r s t  

f o u r  g e o d e s i c s  from P t o  0 which a r e  o r t h o g o n a l  t o  P and Q a r e  l i s t e d  

i n  o r d e r  o f  i n c r e a s i n g  l e n g t h .

y i ; y ( t ) f o r TT

6
^  t < 2

3*
a lo n g BC

y2 ; y ( t ) f o r TT
6

< t < 7
V a lo n g BD

y3 ; ■y(t) f o r 7T
6

^  t < 2
3*

a lo n g AC

y4 ’ Y ( t ) f o r IT

“ 6
^  t < 7

r
a lo n g AD.
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O
The c u r v a t u r e ,  K, o f  a  c i r c l e  on S i s  g iv e n  by 

K = co t  r ,

where r  i s  t h e  l e n g t h  o f  a r c  from t h e  c e n t e r  o f  t h e  c i r c l e  on th e  sphe re  

to  t h e  c i r c u m f e r e n c e .  K i s  p o s i t i v e  when t h e  c i r c l e  i s  bend ing  away from 

t h e  d i r e c t i o n  o f  t h e  g e o d e s i c  and n e g a t i v e  when t h e  c i r c l e  i s  bend ing  

tow ards  t h e  d i r e c t i o n  of  t h e  g e o d e s i c .

>

K > 0

The co m p u ta t i o n  o f  A ( J ( t g ) )  i s  found t o  be

A ( J ( t 0 ) )  = < J '  -  SQJ , J > | t  = < J '  -  (-KQ) J , J > | to  

= ( c o s t  + K gSin t)  ( s i n t ) < E ( t )  , E ( t ) > j  t  

= (cos tg  + K g s i n tg )  ( s in  t g )  , 

where Sq i s  t h e  second fu n d a m e n ta l  form o f  Q w i t h  r e s p e c t  t o  y ' ( t g )  a t  

QY ( t 0 )*

L e t  i ( Y j )  d eno te  t h e  inde x  o f  I  f o r  t h e  g e o d e s i c  Yj a n d l e t  i (A) 

d e n o te  t h e  inde x  o f  A f o r  Y j •

The co m p u ta t i o n  o f  t h e  i n d i c e s  o f  t h e  g e o d e s i c s  a r e  a s  f o l l o w s .  

Yi ;  BC N

S
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TT 2The space  o f  P - J a c o b i  f i e l d s  i s  spanned by J ( t )  f o r  < t  < -ju.  That  

J  i s  a J a c o b i  f i e l d  f o l l o w s  from

< J ’ -  SpJ , J > | 7r / 6  = ( c o s |  + KpSin^) (sin-^)

= (cos-jr + (-cot-^)  (sin-^) ) (sin-gO 

= 0 .

This  shows ( J '  -  Sp J )  | ^ / 6  J. Py ( t t /6 ) -

2  2  2  2 A(J  ("^t) ) = (cos-jtt + KpSin-j-rr) (sin-jTr)

s (cos-^tt + (5 . 7)sin-|-n-) (sin-|Tr) (co tyg '  = 5 .7}  

s ( - . 5  + ( 5 . 7 ) ( . 8 ))  ( . 8 ) > 0.

S ince  A i s  p o s i t i v e  on t h e  span o f  t h e  P - J a c o b i  f i e l d  ( t h e r e  i s  on ly  

one in  t h i s  c a s e )  we have i(A) = 0 .  The P - f o c a l  p o i n t s  o c c u r  where J ( t )  

v a n i s h e s ,  which w i l l  be a t  mr; n = 0 ,  1,  2,  . . .  The m u l t i p l i c i t y  a t  each  

P - f o c a l  p o i n t  i s  one .  T h e r e f o r e ,  J  h a s  no P - f o c a l  p o i n t s  a long  y i *

Th is  y i e l d s

i ( T ^ )  = (number o f  P - f o c a l  p o i n t s  w i th  m u l t i p l i c i t y )  + i(A )

= 0 +  0 

= 0 .

Each t ime we e x t e n t  y i  a com ple te  r e v o l u t i o n  we o b t a i n  a n o t h e r  g e o d e s ic

j o i n i n g  P and Q which i s  o r t h o g o n a l  t o  P and Q, and f o r  each  com ple te

r e v o l u t i o n  we p i c k  up two P - f o c a l  p o i n t s .  We w i l l  d e n o te  t h e  g e o d e s i c s

by Yi + n(2rr) f o r  n = 0 ,  1,  2,  . . .  The boundary  te rm a t  Q r em a in s  t h e  same

f o r  a l l  t h e s e  g e o d e s i c s .  T h e r e f o r e ,  we have

i ( Y i  + n ( 2 i 0 )  = 2n + i (A )

= 2 n + 0  

= 2 n .
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A P - J a c o b i  f i e l d  a l o n g  Y2  i s  g iv e n  by

J ( t )  f o r  -g- < t  < -|tt.

7 7 7 7
A (J(g-7T) =  (cos-giT +  K g S i n —tt)  ( s in -g iT )

s ( - . 8 + ( - 5 .  7) ( . 6 ) )  ( .  6 ) < 0 .

So i(A)  = 1 and t h e r e  a r e  no P - f o c a l  p o i n t s .  We have 

i (Y 2 ) = 0 + 1 = 1

i ( y 2 +  n ( 2 7 r ) )  =  2 n  +  1  .

N

S
A P - J a c o b i  f i e l d  a lo n g  Y3  i s  g iv e n  by 

J ( t )  f o r  —g- < t  < -|tt.

That  J  i s  a  P - J a c o b i  f i e l d  on t h i s  i n t e r v a l  f o l l o w s  from
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<J ' -  SpJ , J > | _ ^ ^ 6 = ( c o s ( - - | )  + c o t  ( ~ ) s i n  (—| )  ) ( s in--^)

=  0 .

2
A(J(-^tt)) > 0 from t h e  c a l c u l a t i o n  f o r  y ^ ,  so we g e t  i (A )  = 0 .  There i s  

one P - f o c a l  p o i n t  which o c c u r s  a t  t h e  n o r t h  p o l e .  We have

i  (y3 ) = 1  + 0  = 1

and

i ( Y 3  +  n ( 2 7 r ) )  =  2 n  +  l .

Y4 ; ad N

S

Y4

A P - J a c o b i  f i e l d  i s  g iv e n  by

J ( t )  f o r  < t  < -^tt.o y

A(J(-^-tt)) < 0 from t h e  c a l c u l a t i o n  f o r  Y2 » so we Be t  i (A )  = ! •  There i s  

one P - f o c a l  p o i n t  a t  t h e  n o r t h  p o l e .  So we have 

i ( Y 4 )  = 1  + 1 = 2

and

i (Y 4  + n ( 2 iT) = 2 n + 2 .

For t h e  c a l c u l a t i o n  o f  t h e  n e x t  f o u r  o r t h o g o n a l  g e o d e s i c s  we r e d e f i n e  

Y ( t ) ,  E ( t ) ,  and J ( t ) .  L e t  Y ( t )  be t h e  g e o d e s i c  whose p o i n t s  l i e  on 

t h e  g r e a t  c i r c l e  t h ro u g h  N and A and whose d i r e c t i o n  i s  c o u n t e r - c l o c k ­

w i s e ,  so t h a t  Y(0) = N; Y (^)  = A, e t c .  Let  E ( t )  be a u n i t  p a r a l l e l
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v e c t o r  f i e l d  a lo n g  y ( t )  such  t h a t  E ( t )  e My(t)  and E ( t )  J. y ’ ( t ) .  

J ( t )  = ( s i n t ) E ( t ) .  The n e x t  f o u r  o r t h o g o n a l  g e o d e s i c s  from P to  

l i s t e d  i n  o r d e r  o f  i n c r e a s i n g  l e n g t h ,  a r e

Y5 ; y ( t ) f o r  < t  <-^tt a l o n g  -AD

Yg; y ^ )  f o r  ^  ^  3 ^ a lo ng  -AC

Y7 ; y ^ )  f o r  ^  a l o n 8  -BD

Y 8 ; Y ( t )  f o r  ^  ^  "f71 a l o n g  -BC.

N = Y(0)

S

y5 ; - ad

A P - J a c o b i  f i e l d  i s  g iv e n  by

J ( t )  f o r  -g- < t  < " l p T*

Let

Q .
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A ( J ) = ( c o s ^ p r  + ( 5 . 7 ) ( s i n ^ r ) )  (s in-^pr)

s ( - . 8  + ( 5 . 7 ) ( - . 6 ) ) ( - . 6 )

> 0 .

Hence,  i (A )  = 0 ,  and t h e r e  i s  one P - f o c a l  p o i n t  a t  t h e  s o u th  p o l e .  

T h e r e f o r e ,  we have

and

i ( y 5 ) = 1 + 0  = 1

i (Y 5  + n ( 2 ir)) = 2 n + 1 .

y6 ; -AC

A P - J a c o b i  f i e l d  i s  g ive n  by

J ( t )  f o r  -g- ^  t  <  - p .

A ( J ( p r )  ) = (cos(prr )  + ( - 5 .  7 ) s i n p r )  ( s i n - p )

s ( - . 5  + ( - 5 . 7 ) ( - . 8 ) ( - . 8 )

< 0 .

So i(A )  = 1,  and t h e r e  i s  one P - f o c a l  p o i n t  a t  t h e  s o u th  p o l e .  

T h e r e f o r e ,  we have

and

i  (Y6  ) = 1 + 1 = 2

i ( y £  + n (2 tt) ) = 2n + 2 .
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Y7 ; -BD

A P - J a c o b i  f i e l d  i s  g iv e n  by

J ( t )  f o r  < t  ^

A ( J ( ~ i r )  > 0

from t h e  c a l c u l a t i o n  f o r  y ^ .  So i ( A ) = 0 ,  and t h e r e  a r e  two P - f o c a l  

p o i n t s — one a t  t h e  n o r t h  p o l e  and one a t  t h e  s o u th  p o l e .  T h e r e f o r e ,  

we have

i ( Y 7 )  = 2  + 0 = 2

and

i ( Y 7 + n(2 i r ) )  = 2n + 2 .

Y g ; -BC

A P - J a c o b i  f i e l d  i s  g iv e n  by 

J ( t )  f o r  —̂  < t  <



40

A ( J ( | tt) )  < 0

from t h e  c a l c u l a t i o n  f o r  yg.  So i ( a )  = 1,  and t h e r e  a r e  two P - f o c a l  

p o i n t s — one a t  t h e  n o r t h  p o l e  and one a t  t h e  sou th  p o l e .  T h e r e f o r e ,  

we have

i ( y 8 )  =  2  +  1  =  3

and
i (Y 5 + n ( 2 i T ) )  =  2 n  +  3 .

P u t t i n g  t o g e t h e r  a l l  o f  t h e  p r e v i o u s  c o m p u ta t i o n s ,  we have:

n = 0 n = 1 n =

i ( Y l  + n (2tt) ) = 2 n 0 2 4

i ( y 2 + n ( 2 Tr)) = 2 n + l 1 3 5

KY3 + n ( 2 ir)) = 2 n + l 1 3 5

i ( Y4 + n ( 2 ir)) = 2 n + 2 2 4 6

i ( Y 5 + n(27r)) = 2 n + l 1 3 5

i (Y6 + n ( 2 n ) ) = 2 n + 2 2 4 6

i ( y j  + n ( 2 n ) ) = 2 n + 2 2 4 6

i ( Y g  + n(2rr>) = 2n + 3 3 5 7

T h e r e f o r e ,  t h e  homotopy type  o f  t h e  space  o f  p a t h s  j o i n i n g  two 

n o n - i n t e r s e c t i n g  c i r c l e s  on i s  t h e  c o u n t a b l e  CW-complex g iv e n  by:

e® u  e* \ j  e^ \ j  e^ \ j  e^ u  e^ \ j  u  e ^

U u  e^ u  e^ u  e^  u  \j e^ u

4vJ e \J eD \J . . .  e t c .

Remark. T h i s  co m p u ta t i o n  i s  c o n s i s t e n t  w i t h  a s i m i l a r  computa­

t i o n  done by P r o f e s s o r  Vasquez u s i n g  methods of  a l g e b r a i c  to p o lo g y .
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2. The homotopy ty p e  o f  t h e  space  o f  p a t h s  j o i n i n g  two non­

i n t e r s e c t i n g  ( d - l ) - s p h e r e s  on a d - s p h e r e .  M = S^; P = Q = S ^ - l .

R d+1

d- 1

a 1 s t e r e o g r a p h i c  p r o j e c t i o n

o(P)

We p l a c e  w i th  i t s  s o u th  p o l e  a t  t h e  o r i g i n  i n  and

w i th  i t s  c e n t e r  a lo n g  t h e  a x i s  and t h e  second S^- -̂ w i t h  i t s  c e n t e r

n o t  a lo n g  t h e  x ^ . ^  a x i s .  L e t  a be s t e r e o g r a p h i c  p r o j e c t i o n  which sends  

t h e  s o u th  p o l e  o f  S1̂ to  t h e  o r i g i n  in  and t h e  n o r t h  p o l e  t o  t h e  p o i n t  

a t  i n f i n i t y .  Th is  t e l l s  u s  t h e r e  i s  one g r e a t  c i r c l e  on which i s  

o r t h o g o n a l  to  P and Q. I t  i s  t h e  one which  o sends  i n t o  t h a t  c o o r d i n a t e  

a x i s  which j o i n s  o(P) and o(Q) and i s  o r t h o g o n a l  to  b o t h .  Along t h i s  

g e o d e s i c  we have ( d - 1 ) o r th o n o rm a l  p a r a l l e l  v e c t o r  f i e l d s  E j ,  . . . ,  E ^ - l  

and (d -1 )  J a c o b i  f i e l d s  g iv e n  by J.j_(t) = ( s in t ) E - j _ ( t ) ; i  = l ,  . . . , d - l ,  

which a r e  l i n e a r l y  i n d e p e n d e n t .  We w i l l  o b t a i n  t h e  same c o m p u ta t io n s
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as  in  example 1 f o r  t h e  index  of  A f o r  each  o f  t h e  J a c o b i  f i e l d s ,  b u t  

t h i s  t im e  f o r  ev e ry  com ple te  r e v o l u t i o n  o f  a  g e o d e s i c  we w i l l  i n c r e a s e  

t h e  number of  P - f o c a l  p o i n t s  by 2  ( d - 1 ) .  T h e r e f o r e ,  we w i l l  have

i ( Y ]  + n ( 2 n ) )  =  2 n ( d - l )  

i ( Y 2  + n ( 2 T T ) )  =  ( 2 n  +  l ) ( d - l )  

i ( Y 3 +  n ( 2 T r ) )  =  ( 2 n  +  l ) ( d - l )

i ( Y 4  +  n ( 2 i r ) )  =  ( 2 n  +  2 ) ( d - l )

i  ( Y 5 +  n  ( 2 t t ) ) =  ( 2 n  +  l ) ( d - l )

i ( Y 6 +  n ( 2 i T ) )  =  ( 2 n  +  2 )  ( d  -  1 )

K y 7 +  n ( 2 n ) )  =  ( 2 n  +  2 )  ( d  -  1 )

i ( Y g  +  n ( 2 - r r ) )  =  ( 2 n  +  3 ) ( d - l ) .

In  t h e  s p e c i a l  c a s e  f o r  d = 3 we g e t  M = S^,  P = S2 , and Q = S2 . 

The homotopy ty p e  o f  t h i s  p a t h  space  w i l l  be

e°  vj e 2 \ j  e 2 u  e^ vj e 2  w e^ \j  u  e 6 

U e 1̂ U e ^  u  e ^ u  e ^ u  e^ \ j  \ j  e ^

\J e® \J . . .  e t c  .

3.  The homotopy ty p e  of  t h e  space  o f  p a t h s  j o i n i n g  r e a l  p r o j e c t i v e

1 1 . . 2 s p a c e ,  P , t o  a n o n - i n t e r s e c t i n g  c i r c l e ,  S , i n  r e a l  p r o j e c t i v e  space  P .

C = y (tt/ 2 )

Y(0) =

E= y CqtO

/  B
_ - X  - -

M= P2 ; P = P 1;
Q = S1
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L e t  y be t h e  g e o d e s i c  whose p o i n t s  l i e  a lo n g  t h e  g r e a t  a r c  which

TT 2p a s s e s  t h ro u g h  A and C such t h a t  y (0 )  = A; y C^) = C, and y(-jtt) = D. Le t  

E be a u n i t  p a r a l l e l  v e c t o r  f i e l d  a lo n g  y and o r t h o g o n a l  t o  y  such t h a t  

E ( t )  e Le t  J ( t )  = s i n t  E ( t )  . J ( t )  v a n i s h e s  f o r  t  =0,  n,  2u,  . . .

TTAt J (—) we have

< J '  -  = (cos-j + KpSiny) (sin-^-)

= 0

TTs i n c e  Kp = cot-^- = 0 .

The f i r s t  f o u r  g e o d e s i c s ,  o r t h o g o n a l  t o  P and 0,  a r e  l i s t e d  in  

o r d e r  o f  i n c r e a s i n g  l e n g t h  and t h e i r  i n d i c e s  a r e  computed.

Y i ; CD

A

P - J a c o b i  f i e l d :

J ( t ) ; j  < t  < -|tt.

A ( J ( - | i t ) )  £ ( c o s ^ tt +  ( 5 .  7 ) s i n - | - TT)  ( s i n - | r )

£ ( - . 5  + ( 5 . 7 ) ( . 9 ) ) ( . 9 )

> 0 ,

so i (A )  = 0 .
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i ( y ^ ) = (number o f  P - f o c a l  p o i n t s  w i th  m u l t i p l i c i t y )  + i (A )

=  0 + 0  

= 0

and i ( y |  + nTT) = n ,  s i n c e  each  t ime y j  i s  e x t e n d e d  a com ple te  r e v o l u t i o n ,  

o n ly  one P - f o c a l  p o i n t  i s  added to  th e  i n d e x ,  w h i le

A ( J ( t  + t t )  = A ( J ( t ) )  .

C

A A

B

P - J a c o b i  f i e l d :

A(J (tjiO

£ ( - . 8  -  4 . 7 ( . 6 ) ) ( . 6 )

< 0 ,

so i (A )  = 1.

i ( Y 2 ) = 0  + 1

= 1

and

i ( y 2 + nir) = n + 1 .
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C = y (W 2)

P  = y ( tt/ 3 )

A = y (0)A

B

D ef ine  a d i f f e r e n t  y ( t ) ;  E ( t ) ;  J ( t ) .  Let  y ( t ) be t h e  g e o d e s ic

whose p o i n t s  l i e  on t h e  g r e a t  a r c  j o i n i n g  A and D such  t h a t  y (0)  = A 
2

and y Ok^ )  = E. Le t  E ( t )  be a u n i t  p a r a l l e l  v e c t o r  f i e l d  a long  y ( t )  andy

o r t h o g o n a l  t o  y ( t )  such  t h a t  E ( t )  e a n d l e t  J ( t )  = ( s i n t ) E ( t ) .

Y3  > ~CE

}—

A

B

P - J a c o b i  f i e l d :



A ( J ( ^ p r ) )  £ (cos-^pr + ( 5 .7 )  ( s in -^p r ) )  (s in-^pr)  

= ( - . 8  +  ( 5 . 7 )  ( - . 6 ) )  ( - . 6 )

> 0 ,

so i (A )  = 0 ,  and t h e r e  i s  one P - f o c a l  p o i n t  a t  A. 

* ( 7 3 ) = 1  + 0 

i  (y^ + nir) = n + 1 .

Y4 5 “ CD

B

— —

P - J a c o b i  f i e l d :

J ( t )  ; ^  < t  <

A  A  A  A.
A ( J ( - p ) )  s (cospT + ( - 5 . 7 ) s i n - p )  (sin^-TT)

s ( - . 5 +  ( - 5 . 7 )  ( - . 8 ) ( - . 8 )

< 0 ,

so i (A )  = 1.

and

i ( y 4 ) = 1 + 1 = 2

i ( y ^  +nir)  = n + 2 .
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P u t t i n g  t o g e t h e r  t h e  c o m p u ta t io n s  we have:

n = 0 n=l n=

i ( Y |  + nir) = n 0 1 2

i (Y 2  + nir) = n + 1 1 2 3

i  (y^ + mr) = n + 1 1 2 3

i(Y^ + nir) = n + 2 2 3 4

T h e r e f o r e ,  t h e  homotopy ty p e  of  t h e  space  o f  p a t h s  j o i n i n g  P^ to  

a n o n - i n t e r s e c t i n g  S* in  P^ i s  g iven  by:

e® e^ u  e^ o’

1 9  9 9U e \ j  ez o' \ j  e J

9 9 9 4u e ^  u  e o  e J \ j  e

9 4\j \ j  e \j. . . e t c  .
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