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Abstract

ASPECTS OF MORSE THEORY
by

Diana Kalish

Adviser: Professor Edgar Feldman

In this paper the Morse Index Theorem is proven in the case
where two submanifolds, P and Q, are at the endpoints of a geodesic.
The index of the Hessian of the energy function is computed on the
space of continuous piecewise smooth paths using P-focal points along
the geodesic and a boundary condition at Q.

The Fundamental Theorem of Morse Theory is then generalized to
the above case to obtain, under certain conditions, the homotopy type
of the space of continuous paths joining P and Q as a countable CW-
complex with a cell of dimension A for each geodesic from P to Q of
index A. The description of the index of a geodesic in terms of P-
focal points and a Q-boundary condition involving the second fundamental
form of Q lends itself, in certain instances to a simple computation.

Several such examples are worked out.



Chapter I

THE MORSE INDEX THEOREM
WHERE THE ENDS ARE SUBMANIFOLDS

§1. Introduction

Let M be a complete Riemannian manifold with submanifolds P and
Q. The energy function E is defined on the space Q(M;P,Q) of piece-
wise C” paths joining P and Q. A path vy ¢ Q(M;P,0) is a critical
point for E when vy is a geodesic intersecting P and Q orthogonally.
The tangent space, Tﬂy, consists of piecewise C” vector fields along
v with initial and final wvectors tangential to P and Q, respectively.
A symmetric bilinear map, I, is defined on TQYXTQY to R and is
called the Morse index form.

When Q is a point, the Morse index theorem yields the index of
I as the sum of the P-focal points along Yy counted with multiplicities.
Both Ambrose [1] and Bolton [2] have proven index theorems in the
general case, where Q is a submanifold. Ambrose defines a "(P,Q)
conjugate point," while Bolton uses the notion of a signed (P,Q)
focal point which is employed in the calculations of the index of I.

In this paper the index is found using P-focal points. This
method allows for a simpler proof of the theorem, as well as easy
computation of the P-focal points (as demonstrated in the examples

in Chapter II).



§2. Definitions

M is a complete Riemannian manifold of dimension d.

vy(t), t ¢ [0,T}, is a geodesic in M,

P and Q are submanifolds of M with y(0) ¢ P; v'(0) 1 Py(O);
Y(T) € Q5 v' () L Qy(q)-

r is the dimension of QY(T)‘

H is the linear space of continuous piecewise C® vector fields
along vy which are orthogonal to y and whose initial and final vectors

are in PY(O) and QY(T)’ respectively. Then

d-1
H= {V(t) = izlhi(t)Ei(t) with V(O) EPY(O); V(T) EQY(T)}’
where E{, ..., Eg_q are orthonormal parallel vector fields along vy and

orthogonal to vy, and hy, ..., hg_1 are real valued continuous pilecewise
C® functions defined on [0,T].

A Jacobi field X is a vector field along vy which satisfies the
differential equation X" - RX = 0, where RX = R(y',X)y' is the curvature
tensor of the Levi~Civita connection.

A P-Jacobi field is a Jacobi field which is orthogonal to v with
J(0) ¢ PY(O) and J'(0) - 8J(0) 1 PY(O)’ where Sp is the second funda-
mental form of P at y(0) with respect to vy'(0).

J1s +++5J3-1 are d~1 linearly independent P-Jacobi fields which
span the space of P-Jacobi fields.

B is the set of all X € H such that

d-1
X(t) = Z £4(6)J3(t) with X(T) = 0,
i=1
and fy, ..., fd—l are real valued continuous piecewise C® functions defined

on [0,T].



I is a symmetric bilinear map from HXH to R defined as follows.
Let X e H, Y € H,
T
I(X,Y) = S<RX(t) - X"(t),Y(t)>dt
° T
+ 3K (p]) - X' (P, Y (p)>+ <K' (£) = S¢X(£),Y()> ;
where pj = jumps of X' in (0,T); Sy is the second fundamental form of
P at v(0) with respect to vy'(0); and St is the second fundamental form
of Q at v(T) with respect to v'(T).
A P-focal point is a point y(t), t ¢ [0,T], for which there exists
a P-Jacobi field which vanishes at t.
The muliplicity, m, of the P-focal point y(t) is the dimension of
the space of P-Jacobi fields which vanish at t.
A is a symmetric bilinear map defined on the space spanned by
Jis «+es J3-1 for which
d-1
X aiJi(T)
i=1

is contained in QY(T) and is defined as follows:

A(V,W) = <V'(T) - STV(T) SW(T)>

for
d-1
i=1
and
d-1
W= Z BiJ;; W(T) ¢ Q.Y(T).
i=1



8§3. The Index Theorem

Theorem (Morse Index Theorem With Variable Endpoints). The index
of I is equal to the number of points y(t), with 0 < t < T, such that
vy(t) is a P-focal point; each such P-focal point counted with its mul-
tiplicity plus the index of A. (Assume T is not a P-focal point.)

The above theorem states:

k
i(I) = E my+i(a),
i=1

when T is not a P-focal point, where i(I) =dindex of I; i(A) = index of A;

mj

is the multiplicity of v(ty); and yv(t1), ..., (ty) are the set of P-
focal points along v; 0 < t; < ... < tp < T.

Our aim will be to write H = B C)BC, where I is positive on B. We
will show that BC is a finite dimensional space and construct a subspace
of B® on which I is negative definite and whose dimension is equal to or
greater than any other subspace of.H on which I is negative definite.
This will yield i(I). However, one of the lemmas will only apply to a
Hilbert space, so that we will first complete H to a Hilbert space'ﬁ and
write H =W ® BC. We will then show B &€ W such that H = B @ BC, with
B and BC having the desired properties.

The proof of the theorem will be a consequence of the following
remark and lemmas.

Remark. Introduce an inner product on the space of continuous
piecewise C” functions from [0,T] -+ R defined by

T
(f,)g, = JE(t)g(t) + £'(t)g' (v)dt.

o}

This inner product defines an L norm. Complete this space in the L



norm to a Hilbert space L. Then I is the set of absolutely continuous
functions from [0,T] -+ R such that

T

FIX'(t)] 24t < o.

o
Let

H=® 7.

d-1 copies
Then H is the completion of H with respect to the L norm, where
2 T 2 2
(HV”L) = fIv(e) e + v (&) lI°dt.
o)
By a lemma of Sobalev,
lfll, = sup l£(t)| < constant lflly, £ ¢ L, t ¢ [0,T].

Since evaluation at a point is a continuous linear functional in
the supremum norm, Sobolev's lemma implies that evaluation at a point
is a continuous linear functional in the L norm.

e 31 i 1 .72

Definition. Let Py (i=1, ..., k3 jj=1, e..omy) and p” (Z=1,...,
r; r=dimQ) be continuous linear functionals defined on H as follows.

At the P-focal point Y(ti) let €15 +es Emy be a set of orthonormal
vectors spanning the space perpendicular to the space spanned by J;(t;),
«e+s Jg-1(t4) and orthogonal to y'(t;).

Ji . =

Let pi (V) = <v(ti)’eji>’ Ji=1, c ey mi, V ¢ H.

At y(T) let ey, ..., ey be an orthonormal set spanning Q (T) and
orthogonal to y'(T).

Let pl(V) = <V(T),e;>, Z=1,...,7, V ¢ H.

ii 1 .. _ . -
Lemma 1. p; and p* (§;=1, ...,my; i=1, ey ky =1, ... 1)

are



k
(X mi+r)
i=1
linearly independent, continuous linear functionals on H.
Proof. The continuity follows from the preceding remark. To show
. . . Ji J4 7
the functionals are linearly independent assume Eoj p; +XB7p° = 0.
Choose an element V € H with V(T)==e1, where e is member of the
0.N. set {el,..., er} used in the definition of p’ and such that V(ty)
is in the span of Jy(tj), ..., Jq-1(t3) for all tj for which v(t;) is a
P~focal point. Then V will be contained in the kernel of all the func-

i
tionals pil,pZ except pl. It then follows that

Ji 3i
0 = (zoy Py + Z8;p0)V=g1pl (V)
= BIW(T),61> = Bl<el,el> = Bl'
=>8;=0.

J
In a similar manner, all aii,ez are equal to zero, which proves
j .
that the linear functionals pil,pZ are linearly independent.
This proves lemma 1.

Definition.

W= nKernel pii ﬂ () Kernel pt

i=1, ...,k =1, ..., T
ji=1, ...,mi

Lemma 2. H = W(:)Wl, and the dimension of W‘L is equal to

Proof. Lemma 2 follows from the theorem which states: If H is

a Hilbert space and fy, ..., f are n linearly independent continuous



functionals defined on H and if
n

M = M) Kernel £,
i=1

then (1) Ml existsy; (2) H=M C)Miq and (3) the dimension of M‘L is
equal to n. This proves lemma 2.

The next two lemmas apply to vector spaces in general.

Lemma 3. Let X be any vector space, and suppose W& X, VC X,
the dimension of V is n and X = W® V. Then for any subspace Ve Xx
whose dimension is also n and such that WA V = 0, we have

X=W@V.

Proof. We wish to show that for x ¢ X we have x = w + vy weEW,

v eV. Let Vvy,...,Vv, be a basis for V; let ;i =wj+vy, wy; €W,

vi €V, i=1,...,n; then vy = V&-—wi, i=1,...,1n.

The following argument shows that vy are linearly independent and

so form a basis for V.

n n _
0= % ajvy; = X ai(vi-wi)
i=1 i=1
n n
= I ajvy + I (-aj)wj.
i=1 i=1
Then Ea;vy = 0 follows from VA W=0. Since v; are linearly

independent, we have a; = 0, i=1, ..., n. Thus vy are linearly inde-
pendent.

Let x € X, s0o that x = w+v = w-FZaivi = w+Zo;(Vi-wy) =
w-zaiwi4-2u£§i. Letting w-Xajw{ = W ¢ W and Za4Vy{ =V ¢ V, we can
write x = w+v. This, together with WN V = 0, yields

X=W@V.



This proves lemma 3.

Lemma 4. Let X be any vector space; V is an n-dimensional sub-
space of X; WCX; and V@ W = X. Let V& X such that VA W = 0. Then
the dimension of V cannot be greater than n.

Proof. Suppose there exists n+1 linearly independent vectors in
V; ;1’ cees Vpt-

Let Y be the span of Vi, veesVy. By lemma 3,

Y&EW = X.
Therefore, vp4] = y+w; y € Y, w € W, so that 0 = y-v_4q+w. Since
Yy-Vp+1 €V and w € W, we have y-V 44 = 0, or v 41 is a linear combina-
tion of';l, ...,55. This contradicts the assumption that ;1’ "";ﬁ;;n+l
form a linearly independent set.

This proves lemma 4.

In lemma 2 we showed H = VJQ?RAZ We will next construct a finite
dimensional subspace of H and will denote it by BC. The dimension of BC
will equal the dimension of wl and B¢ W = 0, so that by lemma 3 we will
have H = W@BC. Finally, we will show BC W and H = B@BC.

The next two definitions will yield

k

Zm1+r
n=1

elements of H whose span will be denoted by BC.
Definition. Since T is not a P-focal point, we can choose r

linearly independent P-Jacobi fields Kj, ..., Ky with the following

properties: (1) Ky(T), ..., Ky (T) span(lY(T); (2) A is negative definite

on the span of Ky, ..., Ky, where N=index A and N € r; and (3) A is

positive on the span of Kyy71, ... K. (Recall that A was defined as



a symmetric bilinear map on those P-Jacobi fields which, when evaluated
at T, lie in Qy(T)' The dimension of this space is r.)
Definition. Consider the P-focal point y(t;) with multiplicity my.

m

Let Y%, ...,Yil be my linearly independent P-Jacobi fields such that

3i .
Yi (ti) =0 for jj=1,...,my,
and such that
1 my
] 1
Yi (t;), cees Yo (t4)
J1
form an orthonormal set. Let Zi be parallel vector fields along vy such
that

— !

) for ji=1s ceesmy.
Let ¢4:[0,T] - R be a C® function such that: (1) o1 (ty) =1; (2) ¢4(ty)
has small support about tj; and (3) 0 < ¢4(t) < 1. Let

z?.Li(t) = d)i(t)iii(t); i=1, ..., my.

Let ii i1
i1 Yy () +AZy () for 0 S t <ty
1
Azi (t) for t; £t<T,

where A > 0.

C

Definition. Let B~ H denote the span of

zmi+r (i=l,...,k)

j .
vectors Vil (i=1, ..., k; ji=1, ..., mj) and K7 (Z=1,...,1).

Claim. BC satisfies: (1) the dimension of

BC = mg +r;

1 ™M=

i=1

and (2) B°Nw = 0; W= (NKer pii) N (nKer pZ).



10

Proof. (1) We need to show that the set of

k
zmi+r
i=1

j .
vectors {Vil,KZ}form a linearly independent set. Suppose

Ji Ji
¥ a; vy + I  bzKz = O.
i=1, ..., k =1, ..., T
ji=1,...,mi

The supports of all ¢; can be made small enough so that the follow-

ing argument is true.

At T:

i ji r
0=Xa, Vi (T) +EbsKz(T) = I byKz(T).

1 =1

Kl(T),..., K, (T) being linearly independent implies bz =0 for =1, ..., 1.

At tk.:
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3i Ji J
0= T oag;vi(y) = x a, vi (t;)
i=1, ..., k i=k

ji=l,...,mi ji=ls--°9m
M Gy

I ag Azk (tk)
=1

Ik ~Jk
ak x¢k(tk)zk (tk)

I
™M=

(1),

|
I
>
M
]
o

since
o () =1
and

Ik

~jk - ]
zk (tk) = =Y K *

m
But Y'l(tk), Ve Yf{ k(tk) form an orthonormal set implies

Ik .
ap = (0 for 3k=1,...,mk.

J.
Using the above argument for t=ty_1, «e.s £ = t,, we get ail= 0
for i=1, ..., k and ji=l’ cees My

Proof of (2). We need to show that if X ¢ BC and X ¢ W then X = O.

X e BC means X is of the form

at

X = ) g ai Vi + X bZKZ’
lsji Z=1

and x ¢ W means

X € [/\ Kerp ]/\ [/\Kerpz]
i,34

At T:
r
X(T) = Z b,;K,(T),
7-1 ™
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so that
r
0 = Pi(x) =< X bZKZ(T),ei>; i=1, ..., r.
=1
Since €)s +++> €p SPan QY(T) and Kl(T),..., K, (T) also span QY(T)

and are linearly independent, we get

r
¥ b,K, (T) = 0
=1 bt
and
bz = 0; Z =l, s I
At tk:
i Tk 3y dy
0= pL(®) = <&(tp),e> = < I 2V (t),ep>
J=1
kg j
k ,
= <X Y N(g),e>s 1=, i, my
jk=1

However, the space spanned by {Yéjk(tk)}jk==1,... m is orthogonal to
the space spanned by Jj(ty), ..., Jg-1(ty) and v'(tx), and so is the same
as the space spanned by ey, -ves em at tg. Therefore, X(ty) is both in
the space spanned by ej, ..., emy and orthogonal to the space spanned by
€15 - -5 ey - This implies that 0 = X(tk)==—l2aikYéJk(tk),and since
forms an orthonormal set, we get

Ik
A\l
{Yk (tk)}jkj=l, ceey MK

3x .
a =0 for jy=1,...,m.

The above argument works in exactly the same way for ti-1, ..., ty,
J
which yields akk==0 for all k and for all jp. Thus X = 0, and the

claim is proven.

Lemma 5. H=w® BC.
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Proof. By lemma 2, q-= VJC)RH} where the dimension of
wl k
=i§fi+n
By the claim proven above 2C has dimension
k
i2=:lmi+r
and B MW = 0. Therefore, by lemma 3, we have H = W @ BC.
This proves lemma 5.

me6.H=B@§.

Proof. 1If X ¢ B, then

such that X(T) = 0. Therefore, at the P-focal points X is in the span
of the P-Jacobi fields at each focal point, and so X is contained in the
kernels of all the linear functionals pii and pZ. Thus, x € W. There-
fore, BC W. However, B& W and WN BC =0 together imply that
B N BC = 0.
To complete the proof we need to show that if x € H then x = b+e¢,
where b € B and ¢ € B®. It follows from lemma 5 that x = w+c for w € W

and ¢ £ b®. Since x € Hand ¢ ¢ H, we have w ¢ H. Then w ¢ H and w ¢ W
implies w ¢ B. This follows from the fact that any broken C® vector
field which can be expressed as

d-1

i=1
and is in the span of Jy(ti), ..., Jd_l(ti) at all P-focal points ty

can also be written as
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d-1
£ g (t)J (1)
i=1
for broken C~ functions gq [3, p. 231].
This proves lemma 6.
Lemma 7 will show I is positive on B and lemma 8 will exhibit a
subspace of BC on which I is negative definite.

Lemma 7. I(V,V) 2 0 for V ¢ B.

Proof. Let V ¢ B. Then

d-1
V= E f;Ji
i=1
and
d-1 d-1
I(V,V) = <x £5(T)I(T) ~ Spl & £5(TII;(T)],V(T)>
i=1 i=1
T
+ J<EEL(0) 35 (), 2E5 (£) J; (£)>dt
(6]
T
= 6<Ifi(t)Ji(t),Zfi(t)Ji(t)>dt since  V(T) = 0.
> 0.

For the first equality, see [3, p. 229]. This proves lemma 7.
k
Lemma 8. index(I'BC) = L +index(A).
i=1

Proof. Ky, ..., Ky were chosen to be r linearly independent P-
Jacobi fields such that A i1s negative definite on the span of Ky, ..., Ky
and positive on Kyyqs ««.5 Ky (Note: N=indexA.)

We wish to show that I is negative definite on the span of
NE]

;'

i=1,...,k
j]'_:l, ...,mk

and Ky, ..., Ky, and that T is positive on the span of Ky41s +-.s Ky.



i Ji N
I( £ ag Vi~ + I gsKp) =
1,]1 =]
C 31 34
(1) I(Zo; Vi0)
» j N
(2) +21( E ale i, ¥ B;K;)

i,ji i 1 =1

N
(3) +I( Z B,Ky).
1-1 1
N
Computation of (3). Let K= X B7Kz.
=1
T
I(K) = SRK-K",K>dt+ T <K' (p)-K'(p).K(p;)>
o jumps
of K'
T
+ <K' (t) - SK(t),K(t)>
0

= K'(T) - STK(T),K(T)>.

This follows from the fact that K is a P-Jaceobi field and is smooth
and therefore satisfies RK- K" = 0 and K'(O)-—SOK(O) L Py(O)'
So I(K) = <K'(T) - STK(T),K(T)> = A(K) < 0, since A is negative

definite on the span of KI""’ Ky and

Computation of (2). When (2) is expanded we get linear combina-

3
tions of terms of the form I(Vii,KZ).

- T ‘. P T
LK) = <RR, - R,V I>de +<K! S, K, (t),V, -(£)>
I(Vi H) Z) = o Z‘ Z’Vi t Z(t)" t Z(t)s i ) 0

= O,

since KZ is a P~Jacobi field and so satisfies RKZ-KE = 0 and

15
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Ki(O)-—SOK(O) d Py(O) (Vii(O) £ Py(O))‘ Also, Vii(T) = 0. Note that
in the first equality above there are no jumps of K' since K is a P~
Jacobi field and therefore smooth.

This shows that (2) is equal to zero.

Computation of (1). Let
{Yg(t) 0< <ty

0 t

§ -
1

; StsT.

N = 9] J .
Then Vi (t) Yi(t) + xzi(t), t ¢ [0,T].

T T
i vly = v oyrl iyl _ 3 7
I(Vy,VE) £<Vi Vg 7>+ <RV VESdE - <8 73 (1), Vp (£)> . [3, p. 220]
P R j iy L A
= j<Y£J4-AZ£J,YﬁZ4-AZ£Z>-+<R(?i +22)), ¥y +azp>de
(e}
) 7 T
-<stv3i(t),vh(t)> =
0
Aj ,\Z

(a) I(Yi,Yh)

® +21ezd,zh)

(e) +u(z},§ﬁ) + u({z_?i,z}zl).

Let h € i.
"j /\Z T I\j " = AZ j + AZ
- — 12 o — Lpd 1
(a) = I(Yi’Yh) = £<RYi-YiJ,Yh>dt4-<Yi (ti)-°Y£J(ti)’Yh(ti)>
. Ai A7 T
+ <X£J-sth,Yh>
0
= 0.

This follows from ?gj-R§g = 0, ?ﬁ(ti) = 0, ?%(T) = 0, and ?ij(O)-

SO?Q(O) 1 PY(O)' When i € h exactly the same argument works.



17

(c) = -ZAGihajZ, which is shown to be true as follows. For i#h,
we get
j AZ T AZ A Z . A Z A Z + .
~— n -
I(z3,Yp) = £<RYh-Yh yzd>dt + <yl “(tp) - ¥ O (e]) 2 (1))
/A ol | T
G
+ <YLC(t) - S, Yf (t),23(t)> .
= 0’

since §% is a P-Jacobi field on [O,th],
j = 73 =
Zi(O) Zi(T) 0

and

J -

when the support of ¢4 is small enough.

For i=h, we get the same as above except at ty

Jj ol Sl - _ Syl .t J
1(Z3,Y) <Yi (ti) Yi (ti),Zi(ti)>

= <§£Z(t£),zg(ti)> Csince ?%(t)==0 for t € [ti,T])

= l 1]
= <Y 00ty ,-Yy (£5)>

=33,
= 047

Therefore, AI(Z%,?%) + AI(?%,Z%) = —ZAGithZ.

Putting together the results from (a), (b), and (c), we have
3wl = 3 27¢s3 o0

Notation. Let

R PIRNE PO PR PR P
(galiv;,Eb Vi T) = Eay byt

and

3334 2 Ji2
Ixa; v, 1= = X(ai ).

. M.
v ey (since Y!1, Y12, ..., ¥! © are an
i i i i
orthonormal set evaluated at ti)
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k k
Let Mbea (& mi) by (& mi) matrix, and let
i=1 i=1

3y ds
M(Zoy V3D = 0] o

.ml
o1
Mk
*x
k k
Then if A is the C ) mi) by C p mi) matrix given by
. i=1 i=1
1,1 1 .M 1,1 LN
I(Zl,Zl) e I(Zl,Z1 )I(ZlZ } N I(Zl,Zk )
2 .1 2 Mk
A=
3
M1 Tk M
I(Zk ,Zl) oon I(Zk ,Zk )
_ i

and E is the (Xmi) by (Zmi) identity matrix, and if
i Ji
X='X.aiVi,
1131
we have

I(X,X) = ((A2A - 2)E)X,X).

This will enable us to complete the computation of (1) which
began on p. 16.

For

we have
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I(X,X) = ((A%A - 2XE)X,X)
= ((-2)XE)X,X) for A=0
= =20 (X,X) < 0 for any X < 0, X#0.
For A #0, llAll # 0, so let 0 < ) < ﬂ%ﬂ' Then

I(X,X) (1% - 2)AE)X,X)

"

A2(AX,X) - 23 (X,X)

AZIAXIIXE = 230%12

AN

V2141 IX1% = 23 1x12

AN

2 2 2
AmllAlf IXN= - 2x1Xh

A

= 0.

Ji 3

j . ji j j i
This gives I(zqilvi ,ZocilVi ) <0 for taiiVil # 0.

The results from (1), (2), and (3) show that I is negative

j.
definite on the span of {Vi:,LKl, .., KN}i=l, oLk

ji=1l, ..., my
In order to finish proving lemma 8 we need to show I is positive

on the span of KN+1’ eoes Kpo

T T
I( ¢ szz) = f<R(szKz) - (zbZKZYLzbZKZ>dt
1=N+1 o
T
+ <(xbzK7)' - S¢(EbyK,),Zb K;>
0

r
A( X szZ) > 0,
7=N+1

since A is positive on the span of Kyj1s ..., K.. The above equalities

result from the fact that

e ww ee



T
£ b KZ
=N+l ©
is a P-Jacobi field and so is smooth, and satisfies RX-X" = 0 and

x' (Dsx(0) L 0.

Lemma 9. Let BCC H such that H = B@ BC. Then

index(I]iC) < index(I]BC);
Proof.

Assume the lemma is false. Then there exists a subspace

of BC on which I is negative definite and whose dimension is greater
than

k
) X mi+N.
i=1

This implies that the dimension of the subspace of BC on which I is

positive is less than r - N which can be seen by considering the follow-
ing:

k

k
(Emg+N) + (r-N) = £ mj+r = dimB® = aimBC.
i=1 i=1

From lemma 8 we know that I is negative definite on the span of

Ki{s ...» Ky and I is positive on the span of KN+1""’ Ky Let
Kyer = V1 vV
Kr = Qr—N T VN
where ﬁi £ ﬁc and Vi ¢ B for i=1, ..., r=N,
Qur aim will be to show that ?1, . vr—N form a set of r-N

linearly independent vectors on whose span I is positive, thus yielding
a contradiction.

20
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r-N r-N

i=1 i=1
r~N r-N
i= i=1

= I(xaiKN-f-i) +I(EajVy) - 21 (zaiKN+i ,ZdiVi) .

r-N
ICE ajKyep) 2 0 since I is positive on the span of
i=1 KN+1, a s ey Kr
r~N
ICE o4Vy) 20 since Xa;V; € B
i=1
r-N
I( 2 aijkyg1sZaiVy) =0,
i=1

since ZaiKy+1 is a P~Jacobi and therefore satisfies RX -X'" =0, is smooth,
and so has no jumps, and satisfies X'(O)-—SOX(O) 1 PY(O)' Also,

P

L aiVi € B

i=1

implies XOLiVi(T) = 0,

Therefore

Next show Vl,..., vr—N are linearly independent. Suppose

Then

0 = Ea;V; = Zag (Kyyq - Vi)

zaiKN+i - XaiVi .
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But ZoiKy4q € BC, and ZaiVi{ € B, which implies
r-N
I ojKnti = 0
i=1

so that

a:;=0; i=1, ..., r=-N

This contradicts the assumption that there exists a subspace of
BC on which I is negative definite and whose dimension is greater than

Imi+N and so lemma 9 is true.

Proof of Index Theorem. We have proven H = B @ BC, 1 is positive

on B, .and

k
dimBC = 3 my+r.

Suppose V is a subspace of H such that I is negative definite on
V., If v eV, v#0, we know v ¢ B since I is positive on B. Thus
VMNB=10. By lemma 4,
k
dimV < £ mj+r.
i=1
Case 1. dimV = EZmj{+r. Then, by lemma 3, H =B @ V. It then
follows by lemma 9 that

index(Il ) £ index(IlBC).

\Y
Case 2. dimV < Emj+r. Adjoin vectors in H-B to V to form a
subspace V of dimension Im; +r and such that V& V and VA B = 0.
Then, as in case 1,
index(Irv) < i(I|BC).
Since V € V, we have index(I,V) < index(I!Bc).

This proves the Index Theorem.



Chapter II

THE FUNDAMENTAL THEOREM OF MORSE THEORY
IN THE CASE WHERE THE ENDS ARE SUBMANIFOLDS

§1. Introduction

Let M be a complete Riemannian manifold with P and Q two closed
and bounded submanifolds. Let Q% be the space of continuous paths
joining P and Q while @ is the space of piecewise C® paths joining P
and Q. The main theorem of Chapter II will be to show that the
homotopy type of Q% or © is a countable CW-complex which contains a
cell of dimension X for each geodesic which is a critical point of
the energy function of index ). The proof will follow Milnor's

exposition [4, pp. 88-95].

From Chapter I we can compute the index of a geodesic orthogonal

to P and Q by finding the P-focal points along the geodesic with
multiplicities plus a boundary term depending on Q. A few examples
will be given for which the homotopy type of the path space joining

two submanifolds is found.,

§2. The Fundamental Theorem of Morse Theory

Let M be a complete Riemannian manifold with P and Q two sub-
manifolds which are closed and bounded. Let
Q% = *(M;P,Q)
be the set of all continous paths

w:[0,1] - M

23



24

joining P and Q in the compact open topology. This topology is induced
by the metric

d*(wlsMZ) = max p ((')l(t) swz (t)) s
t

where p denotes the topological metric on M coming from its Riemannian
metric. Let

Q= Q@4;P,Q)
be the set of all piecewise C” paths

w:{0,17 M
joining P and Q in the topology induced by the metric

d = a* f e dszzd]‘/z

(Wys0y) = d¥(wy,wp) [o(Tﬁ?-— =) dels,

where wy,wp € € with arc lengths sl(t) and sp(t), respectively. In

this topology the energy function

b b d
E@W) = f(5P%ar
a a

will be a continuous function from  to the real numbers,

Definition. Two submanifolds P and Q are said to be conjugate
along a geodesic y orthogonal to P and Q if there exists a non-zero
P-Jacobi field along y which is also a Q-Jacobi field.

Theorem (Fundamental Theorem of Morse Theory extended to the case
with variable endpoints). Let M be a complete Riemannian manifold with
P and Q as two closed and bounded submanifolds of M which are not con-
jugate along any geodesic orthogonal to P and Q. Then 2(M;P,Q) (or
Q*(M;P,Q)) has the homotopy type of a countable CW-complex which con-
tains one cell of dimension X for each geodesic orthogonal to P and Q

of index A.
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The proof of the above main theorem will be based on the following
theorem.
Theorem 1. 1Iff isa differentiable function on a manifold M with
no degenerate critical points, and if each M@ = f—l(—m,a] is compact,
then M has the homotopy type of a CW-complex, with one cell of dimension
A for each critical point of index A [4, p. 20; see proof on p. 23].
We will prove the main theorem for the path space & and then,
since the map i:00 + Q% is shown to be a homotopy equivalence, the
theorem is true for 9*. The proof will closely follow Milnor's proof
given in [4, pp. 88-95] with modifications for the case where the end-
points are submanifolds P and Q instead of points p and q.
For ¢ > 0, let
a¢ = E71([0,c])
and
Int0¢ = E-1([0,e)].
Choose a subdivision 0 = tg <t} < ... <ty = 1 of [0,1]. Let
Q(tgs ..., ty) be the subspace of Q consisting of paths w:[0,11 > M
such that
(1) w(0) € P and w(l) £ Q;
(2) wl[ is a geodesic for i = 2, ...,n-1; and
(3) w

ti-1>ti]

and w are geodesics orthogonal to

l[ostl] l[tn_]_sl]
P and Q, respectively.

Define the subspaces

Q(tgs +ves tn)® = 9N Qltg, ov .y ty)

IntQ(tgys «ovs tn)S = It Qtys - .0y ).

R
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Lemma. Let M be a complete Riemannian manifold and let c be a
fixed positive number such that Q¢ # ¢. Then for all sufficiently fine
subdivisions (tp, ..., tn) of [0,1] the set IntQ(tO, «ees ty)C can be given
the structure of a smooth finite dimensional manifold.
Proof. Let S denote the set
{x e M:D(x,P) < Vc},
where D is the distance from a point x to the submanifold P. If w € Q¢

then w([0,1]) lies within this subset S C M., This can be seen from

1
[D(w(t),P)]2 < [Ew]Z < [Lw]? € E() < c.
(o} o]

Since P is closed and bounded and M is complete, S is closed and
bounded and therefore compact. Hence, there exists ¢ > 0 so that when-
ever X,y ¢ S and p(x,y) < ¢ there is a unique geodesic from x to y of
length <e and so that this geodesic depends differentially on x and y.
Also by [3, p. 151] there exists ry > 0 such that the exponential func-
tion maps the tubular neighborhood of lrl(P) diffeomorphically onto its
image, called the tubular neighborhood of P in M, with the property
that all of its points are joined to P by unique geodesics which
minimize arc length to P. Similarly, there exists r) > 0 which does
the same for Q. Let

E = min[E}rl,rZJ.
Choose the subdivision (to, eees ty) of [0,1] so that each differ-

ence tj-tj.1 < e2/c. Then for
w e Ly, oun, t,)€

we have



ti ti
L w2 = (ty-t3-DE W)
ti-1 ti-1
< (g - ty-1) (Ew)
< (tg-ty_1)e < €2,
while
t1 t1
[DCu(t;),P)12 < (Lw)? = (tq-0)Ew
(o} (o}
2

< (t1-0EW) € Evc = 2 <rl.

Similarly, D(w(t,.1),Q) < ry. Thus the geodesic w for i =

| [t4-1-t4]
2, ve.sn=-1 is uniquely and differentially determined by the two end-

points, while the geodesic w orthogonal to P and the geodesic

I[O’tll
wl[tn-l’l] orthogonal to Q is uniquely and differentially determined
by w(tl) and w(t,_1), respectively.
The broken geodesic is uniquely determined by the (n-1)-triple

w(tp),w(ty), ooy wltp) e M¥ .. XM,
This correspondence

w > (w(ty)s oous wlty_1))
defines a homeomorphism between IntQ(tO, «ess tn)C and the open subset

of the (n-1) fold product Mx ...xM given by the set of all

{pl, ---’pn_l} € SX"'XS

such that
2
D(p;,P)° n-l ) D(py_1,Q)2
———— + I p(pj_1.P1) /t--t-_ e < ¢
t j=2 151 17l th = thol

Taking over the differentiable structure from this product completes

the proof of the lemma.

27
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Let IntQ(tys - .-, tn)€ be denoted by B, and let
E':B~+ R
denote the restriction of E to B.

Theorem 2. E':B - R is smooth. Furthermore, for each a < ¢ the
set B2 = (E')'l[O,a] is compact and is a deformation retract of the
corresponding set Q8. (Similarly, B is a deformation retract of
IntQ€.) The critical points of E' are precisely the same as the
critical points of E in Int9€; namely, the unbroken geodesics, from
P to Q, which are orthogonal to P and Q, of length less than vVe. The
index of the Hessian E;* at each such critical point y is equal to
the inde# of E,, at v.

Proof. Since the broken geodesic w € B depends smoothly on the
(n-1)-triple

w(ty1)s voes w(tp-1) e MX ... XM
the energy E'(w) also depends smoofhly on this (n-1)-tuple:
n-1

E'(w) = D(w(tl),P)z/(tl-—O) + _Xzo(w(ti_l),w(ti))z/(ti-'ti_l)

i=

+ D(w(ty_1),0)%/(ty = tn-1).

For a < ¢ the set B2 is homeomorphic to the set of all (n-1)-

tuples (pl, «e.> Pp-1) € SX...x S such that
n-1 5
D(py,P)2/(t;-0) + E p(pg_1,pi)%/(tg5-ty.1)
i=2

+ D(py_1-Q2/ (ty - ty-1) < a.

As a closed subset of a compact set, this set is compact.



A retraction r:IntQ€ > B is defined as follows. Let r(w) denote
the unique broken geodesic in B such that r(w) defined on [0,t;] and

[t,-151] is the unique shortest geodesic of length <e joining P to

w(tl) and w(tn_l) to Q, respectively, while each r(w)l[ti-l

unique geodesic of length <e from w(t;_ 1) to w(ty) for i = 2,...

The inequality

D(P,w(t))2 € (Lw)? < Ev < ¢

implies that w([0,1]) € S. Hence the inequality

ti 2
pwlty_1),uw(ty))? < (b3 - t3) (E_0) < Ec=¢?
and
t1 1 2
D(w(t;),P)2 € (Lw)? € (£, -0)(Bw) € S c = e2 < 12,
o o c 1

and similarly
D(w(ty-1),Q) < 1,

implies that r(w) can be so defined. Then r(w) € B, since
E(r(®w)) € E) < c.

This retraction r fits into a l-parameter family of maps
r,: Int Q¢ - IntQC

as follows. For 0 S u < t] let

£ () _ the unique geodesic which minimizes
ut® {[O,u] arc length from w(u) to P.

ru(m)l[u,l] = 9 [u,1]

For tj.31 Sust i=2,...,n-1, let

i3

sty

29

is the

,n-1, -
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Ful 10,0591 7 T 10,65 4]

ru(w)|[t = minimal geodesic from y(tj_1) to (u)

i-1»>u]
Tulw) 1y,11 T 9)[u,1]

For t -1 Su <1 (=t;) let

ru(’“)[[o t 0,tn-1]

. n—-l] = I‘(w)l[

ru(w)l[tn_l,tn—u+tn_1] - Y ltp-1stn-utty_1]

ey ] © e i geodesic shich mininizes

n n-1-ty wltp n-1) to Q.

Then rg is the identity map of Int Q¢ and ry = r. Also, ru(m) is con-
tinuous as a function of both variables. This proves B is a deformation
retract of IntQC.

Since E(ry(w)) < E(w) we also have each B? is a deformation retract
of 0&.

The critical points of E are the unbroken geodesics which are
orthogonal to P and Q and so lie in the submanifold B. Using the first
variation formula, the critical points of E' are precisely the unbroken
geodesics orthogonal to P and Q [3, p. 216].

Consider the tangent space TBY to the manifold B at a geodesic ¥y
orthogonal to P and Q. This will be identified with the space K,
defined as follows.

Definition. Let X be the space of vector fields Y along y such
is a Jacobi field for

that YI[ is a P-Jacobi field, Y

is a Q-Jacobi field. This identification

O,tl]

i=2,...,n-1, and Y|[t 1,1]
n— b ]

can be justified as follows. Let
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E(-E, E) - B
be any variation of y through broken geodesics in B. Then the corre-

sponding variation vector field
aa
22(0,¢)

along y is a broken Jacobi field in X [3, pp. 174, 222]). Then the index
of E,, at vy is equal to the index of E**|K = E,, [3, p. 232]. This
completes the proof of theorem 2.

Theorem 3. Let M be a complete Riemannian manifold and let P and
Q be two closed and bounded submanifolds which are not conjugate along
any geodesic orthogonal to P and Q of length <Va. Then Q2@ has the homo-
topy type of a finite CW-complex with one cell of dimension ) for each
geodesic orthogonal to P and Q in 02 at which Eix has index ).

Proof. Theorem 3 follows from theorem 2 together with theorem 1
and from the fact that the null space of E,, consists of the intersec-
tion of the spaces of P-Jacobi fields and Q-Jacobi fields [3, p. 221].

Theorem 4. The map i:0 q* is a homotopy equivalence.

Proof. The proof is exactly the same as the proof of theorem

17.1 in [2, p. 93], substituting Q(M;P,Q) for Q(M;p,q), 2 (M;P,Q) for (M;q,q),

P for p, and O for q.
The proof of the main theorem on page 24 above 1is again exactly

the same as Milner's proof of theorem 17.3 [4, p. 95].

§3. Examples
1. The homotopy type of the space of paths joining two non-

intersecting circles on the 2-sphere.
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I
w
—
O
]
[€2]
[

Let M be the unit 2-sphere, 52; P Consider the

circles placed on s?2 as illustrated.

Let y(t) be the geodesic whose points lie on the great circle
through N and B and whose direction is clockwise, so that y(0) = N;
yég) = B, etc.

Let E(t) be a unit parallel vector field along the geodesic vy (t)
such that E(t) ¢ MY(t) and E(t) | v'(t).

Let J(t) = (sint)E(t) be a Jacobi field along y(t). The first
four geodesics from P to Q which are orthogonal to P and Q are listed

in order of increasing length.

v1; v(t) for %—< t < %ﬂ along BC

Yo3 vy(t) for I<t g I along BD
2 6 9

Y33 y(t) for —%-< t <'%W along AC
i 7

N

; - <X — .
Y45 y(t) for 3 t g" along AD
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The curvature, K, of a circle on s? is given by
=cotr,
where r is the length of arc from the center of the circle on the sphere
to the circumference. K is positive when the circle is bending away from
the direction of the geodesic and negative when the circle is bending

towards the direction of the geodesic.

> /
\

K > K <0

Y

A\

The computation of A(J(to)) is found to be

A(J(to))

v = v - (-
<J SQJ,J>[t <J ( KQ)J,J>

0 lto

1

(cost + K.sint) (sint)<E(t),E(t)>
Q to

(costo + KQsintO)(sintO),
where SQ is the second fundamental form of Q with respect to y'(ty) at
QY(to)’

Let i(yj) denote the index of I for the geodesic Y and let i(A)
denote the index of A for K

The computation of the indices of the geodesics are as follows.

Y1; BC
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A
wito

The space of P-Jacobi fields is spanned by J(t) for-g £t m. That

J is a Jacobi field follows from

= (cos% + Kpsing)(sing)

‘ -
<J SPJ’J>|ﬂ/6

It

(cos-g + (-cot %) (sin%) ) (sin-g)
= 0.

This shows (J'-SPJ)|N/6 1 Py(W/6)'

A(JG%w)) = (coszm + KQshr%w)(shn%n)

3
2 . 2 . 2
S (COSEﬂ‘F(5-7)SIn§ﬂ)(Sln§ﬂ) (cotf% = 5.7)

(-.5+ (5.7)(.8))(.8) > 0.

n

Since A is positive on the span of the P-Jacobi field (there is only

one in this case) we have i(A) = 0. The P-focal points occur where J(t)
vanishes, which will be at nw; n=0,1, 2, ... The multiplicity at each
P-focal point is one. Therefore, j has no P-focal points along vj.

This yields

(number of P-focal points with multiplicity) + i(A)

i(yy)

Each time we extent y; a complete revolution we obtain another geodesic
joining P and Q which is orthogonal to P and Q, and for each complete
revolution we pick up two P-focal points. We will denote the geodesics
by yy+n(2r) for n=0,1, 2, ... The boundary term at Q remains the same
for all these geodesics. Therefore, we have

2n + i(Aa)
2n + 0

iy +n(2m))

= 2n.



Y23 BD

A P-Jacobi field along yp is given by

RIEPS <l
J(t) for 3 t 37

A(JC%W) = (COS%W + KQsin%m)(sin%m)

(-.84+ (-5.7)(.6))(.6) < 0.

i

So i(A) = 1 and there are no P-focal points. We have

]
=

i(’Yz) = 0+1

L]
]
o}
+
ja

i(Yz + n(27))

Y35 AC A
d

S
A P-Jacobi field along y3 is given by
J(e) for -I< ¢ <y,
6 3

That J is a P-Jacobi field on this interval follows from

-
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<J' - SPJ’J>|—H/6 = (cos(»%)4~cot(%)sin(~%))(31n—%)

= 0.
2
A(chw)) > 0 from the calculation for Yys SO we get i(A) = 0. There is

one P-focal point which occurs at the north pole. We have

1

i(yg) = 1+0

and

i(yz+n(2m)) 2n+ 1,

Y43 AD N

A P-Jacobi field is given by

el
J(t) for 3 t 57~

A(JC%W)) < 0 from the calculation for y,, so we get i(A) = 1. There is
one P-focal point at the north pole. So we have

i(y4) =141=2
and

i(y4, +n(2m) = 2n + 2.
For the calculation of the mnext four orthogonal geodesics we redefine
v(t), E(t), and J(t). Let y(t) be the geodesic whose points lie on
the great circle through N and A and whose direction is counter-clock-

wise, so that y(0) = N; y(%) = A, etc. Let E(t) be a unit parallel



vector field along y(t) such that E(t) e My(¢) and E(t) 1 v'(v).

J(t) = (sint)E(t).

Let

The next four orthogonal geodesics from P to Q,

listed in order of increasing length, are

Y53
'Y6;
Y75

Y8

v (t)
vy (t)
v (t)

v (t)

for

for

for

for

£t

A
r+
:/l\

N
rt

A P-Jacobi field is given by

J(t)

for

along

along

along

along

37



A(JC%%v)) = (cos%%m + (5.7)(sﬁr%%n))(sin%%n)
2 (-.8 + (5.7)(~-.6))(-.6)
> 0.

Hence, i(A) = 0, and there is one P-focal point at the south pole.

Therefore, we have

=1

2n + 1,

i('Ys) = 1+0

and

i(ys-kn(Zﬂ))

Ygs —AC

A P-Jacobi field is given by

J(t) for %< t <%’n.

A(JC%N)) = (cos(%ﬂ) + (—5.7)sﬁr%n)(sin%m)
2z (-.5 4+ (-5.7)(-.8)(-.8)
< 0.

So i(A) = 1, and there is one P-focal point at the south pole.

Therefore, we have

]
(A

i(Y6) = 1+1

and

i(yg +n(2m)) 2n + 2.



Y75 —BD

A P-Jacobi field is given by

J(t) for --'g< t < ==r.

A(JC%%H) > Q
from the calculation for Y5 So i(A) =0, and there are two P-focal

points—-one at the north pole and one at the south pole. Therefore,

we have

i(y7) =240 =2
and

i(y74-n(2w)) = 2n + 2.
vgs —BC

A P-Jacobi field is given by

J(t) for - <t<%ﬂ.

Y/



A(J(—gn)) <0

from the calculation for Y. So i(a) = 1, and there are two P-focal
points--one at the north pole and one at the south pole. Therefore,

we have

]
W

i(YB) = 241
and
i(Y5+n(2m)) = 2n + 3.

Putting together all of the previous computations, we have:

n=0 n=1 n=2 ... etc.
i(y;+n(27)) = 2n 0 2 4
iw2+nan = 2n+1 1 3 5
i(y34-n(2n)) = 2n+1 1 3 5
i(y4+n(2ﬂ)) = 2n+2 2 4 6
i(y54-n(2n)) = 2n+1 1 3 5
i(yg+n(2m)) = 2n+2 2 4 6
i(y74-n(2ﬂ)) = 2n+2 2 4 6
i(y84-n(2n)) = 2n+3 3 5 7

Therefore, the homotopy type of the space of paths joining two

non-intersecting circles on s2 is the countable CW-complex given by:

eOU el\) eluez\_/ eluezu e2u 63

Uezue3ue3ue4ue3ue4u ed U e

4

5

Je u ed U ... etc.

Remark. This computation is consistent with a similar computa-

tion done by Professor Vasquez using methods of algebraic topology.

40
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2. The homotopy type of the space of paths joining two non-
intersecting (d-1)-spheres on a d-sphere. M = Sd; P = Sd‘l; Q = sd-1,

REFL e
Ve ~

Ve M=sd N

.

o ¥+ stereographic projection

rRA

We place sd with its south pole at the origin in RIH1L apg gd-1
with its center along the %447 axis and the second sd-1 with its center
not along the x4;7 axis. Let 0 be stereographic projection which sends
the south pole of sd to the origin in R4 and the north pole to the point
at infinity. This tells us there is one great circle on sd which is
orthogonal to P and Q. It is the one which o sends into that coordinate
axis which joins o(P) and 0(Q) and is orthogonal to both. Along this
geodesic we héve (d-1) orthonormal parallel vector fields Eq, ..., Eg-1
and (d-1) Jacobi fields given by J;(t)= (sint)Ej(t); i=1, ..., d-1,

which are linearly independent. We will obtain the same computations
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as in example 1 for the index of A for each of the Jacobi fields, but
this time for every complete revolution of a geodesic we will increase

the number of P-focal points by 2(d-1). Therefore, we will have

i(y; + n(2m)) 2n(d-1)

i(yp + n(2m)) = 2n+1)(d-1)
i(ys +n(2m) = (2n+1)(d-1)
i(ys + n(2m)) = (2n+2)(d-1)
i(ys + n(2m)) = 2n+1)(d-1)
i(yg + n(2m) = (2n+2)(d-1)
i(y; + n(2m)) = (2n+2)(d-1)

1(78 +n27)) = (2n+3)(d-1).

In the special case for d = 3 we get M = SB, P = Sz, and Q = s2,

The homotopy type of this path space will be

eou ezu ezue[*uezuel‘ue[‘uef’

6 10

Ue4 L)e6 v e6\J e8\J e v GS\J eskj e

\}e8 v ... etc.

3. The homotopy type of the space of paths joining real projective

space, Pl, to a non-intersecting circle, Sl, in real projective space P2.
C=v(n/2)

M=p2; P=pl;
q=st
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Let y be the geodesic whose points lie along the great arc which
passes through A and C such that y(0) = A; y(%) = C, and 'y(%n) = D. Let
E be a unit parallel vector field along y and orthogonal to y such that
E(t) ¢ Psf(t)' Let J(t)=sint E(t). J(t) vanishes for t =0, 7y 275 «+.

At J(—;) we have
v = I T s T
<J SpJ,J> )2 (cosz+KP51n2)(sm2)

=0

s

2

The first four geodesics, orthogonal to P and O, are listed in

since Kp=cot = 0.

order of increasing length and their indices are computed.

Yi; CD

P-Jacobi field:

I(e); g <t < %ﬂ.

A(J(%ﬂ)) = (cos%w+(5.7)sin%n)(sin%r)
g (-.5+ (5.7)(.9))(.9)
> 0,
so i(A) = 0.
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(number of P-focal points with multiplicity) + i(A)

i(Yl)

0+0

=0

and i(yl-knw) n, since each time Y1 is extended a complete revolution,
only one P-focal point is added to the index, while

AQJGE+m) = AQJ(L)).

v25 CE

P-Jacobi field:

J(0); T <t <
AU = (cosgn + (-5.7)singn) (singr)
s (=.8 - 4.7(.6))(.6)
< 0,
so i(A) = 1.
i(yy) = 0+ 1
=1

and

i(yz +qnr) =n + 1.
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Define a different v(t); E(t); J(t). Let y(t) be the geodesic
whose points lie on the great arc joining A and D such that v(0) =A
and y(%ﬂ)==E. Let E(t) be a unit parallel vector field along y(t) and

orthogonal to y(t) such that E(t) ¢ P%(t)’ and let J(t) = (sint)E(t).

Y33 -CE

P-Jacobi field:

J(t); g-< t < ==r.,



A(J(%Tr)) & (coslgl—n + (5.7)(sm1—;ﬂ))(sin.%lﬂ)
¥ (=84 (5.7)(=.6))(~.6)
> 0,

so i(A) = 0, and there is one P-focal point at A.
i(y3) =1+0

Y43 -CD

P~Jacobi field:

MOTEE R gﬂ
A(J(%'rr)) . (cos%«r+(-5.7)sm—§-ﬂ)(sm%n)
2 (=.5+ (=5.7)(=.8) (.8)
< 0,
so i(A) = 1.

i(YA) =1+1=2
and

i(y4-+nw) =n + 2.



Putting together the computations we have:

n=0 n=1 n=2 ... etc.
i(yl-an) =7 0 1 2
i(yp+nm) = n+1l 1 2 3
i(yB-Fnﬂ) =n+1 1 2 3
i(y,+nm) = n+2 2 3 4

Therefore, the homotopy type of the space of paths joining P! to

a non-intersecting sl in P2 is given by:
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