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CHAPTER I 

(Preliminaries)

Section 1.

Let G be a compact connected Lie group, and T a maximal torus 

of G . If H is any connected subgroup of G which contains a maxi­

mal torus, then H is a subgroup of maximal rank. For a given G , H ,
  of Band T £ H , as above, we have the following diagram: T ---> H —1— > G ,

where a and B are the inclusion maps. Let i : T — > G be the map 

B0̂  .

R(G) will denote the Complex Representation Ring of G , which is 

defined as follows: Let S be the set of all equivalence classes of

finite dimensional irreducible representations, p : G ---> GL(n,0) ,

where by p ~  p/ we mean that there exists a linear automorphism, cp ,

of 0n B the following diagram commutes for all g € G :

t — els)— > p

cp 9
1/
Cn  > f£

(Note: We will always pick an irreducible representation to represent

an equivalence class, and all future constructions will be invariant of 

this choice.)

R(G) is the free abelian group on the set S . Ring multiplication is 

defined by taking tensor products of representations as follows: Let
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p : G — > GL(n,0) and p : G — > GL(m,g2) , p and p irreducible.
1 X <U

n mThen form 0 <2>, 0 , on which G acts by p <8> p„(g) (v ® v ) =
fCr X £  X

p^g) v]L ® P2(g) v2 , for v1 € 0n , v2 € 0m . If Px <8> P2 is ir­

reducible then by the tensor product of p and p we mean the equi-
X z

valence class of p1 ® pg . If p]L <8> p2 is reducible, then, since G

is compact p <£> p = p̂  + . . . + p , where the p̂  are irreducible

representations. (See [1; 3.20, 3.24]) . In this case the tensor

product means the sum of the equivalence classes of the p . By 

linearity we can extend this definition to any two elements of R(G) .

Let h : G — > G / be a Lie group homomorphism, then h induces

a homomorphism h : R(G^) — > R(G) , Let p be an irreducible repre­

sentation of G / , p : G^ — > GL(n,|Z!) . Then p°h : G — > GL(n,0) is

a representation of G . As in the previous case, if p°h is reducible

then write it as p„ + ... + p„ , where the p. are irreducible. Thenrl rs ri
* — -h (p) = p + ... + p , an element of R(G) . By linearity we can extend 1 S

h to act on all of R(G ) . In particular if we consider the inclusion

homomorphisms o' : T — > H and |3 : H — > G , then a and 3 are

monomorphisms. (See [9]) . We therefore think of R(G) as a subring

of R(H) . (i.e., R(G) < R(H) < R(T)) .

Let W(G) , the Weyl Group of G , be defined as follows: W(G) is

the group of automorphisms of T , a maximal torus of G , induced by

those inner automorphisms of G which map T into T . Since all

maximal tori of G are conjugates, W(G) is well defined [1; 4.23] .
N (X G)It is also quite easy to show that W(G) = ---- ^- , where N(TfG) is

the normalizer of T in G [l; 4.29] . T is also a maximal torus of
N(X H)H , and therefore we can define W(H) se ---^—  . Furthermore,

N(T,H) < N(T,G) , which implies that W(H) < W(G) .



Every element, 0 , of W(G) is an automorphism of T , and there- 
♦fore induces 0 : R(T) — > R(T) . So, we can consider W(G) as a 

group of automorphisms of the Representation Ring of T . Any inner 

automorphism of G induces the identity map on R(G) (see [9]) .

Therefore W(G) acts trivially on R(G) , thought of as a subring of
WCG) W(G)R(T) . In fact R(G) = R(T) v , where R(T) v is the fixed sub­

ring of R(T) under the action of W(G) . ([4]). Similarly,



Section 2.

We now wish to describe the Weyl Group in another manner. In

order to do so, we must introduce the concept of the roots of G .

Let Ad : T — > Aut(G ) be the homomorphism induced frome
a : T — > Aut(G) , where a(t)(g) = tgt  ̂ , t € T and g € G . By

G^ , we mean the tangent space of G at the identity. Gg is

identified, as usual, with L(G) , the Lie algebra of G .

Definition 1.1. The integer lattice of L(T) is exp "'"(Id̂ ,) , where

exp : L(T) — > T is the exponential map.

Since T is connected and abelian, the exponential map is a sur- 

jective homomorphism of groups. [1,2.19], Therefore, we can identify 

T with L(T)/integer lattice.

Let us note the following important theorem:

Theorem 1.2 [1,4.12]
m

L(G) = G splits in the form V. ©  V , where Ad(T) acts e 0 . ii=l
trivially on VQ , dimCiO = 2 for i > 0 , and Ad(T) |v̂  acts as

/cos 2 tt 0.(t) - sin 2 tt 0 . (t)l i

, where 0. : T — > R/Z is given isin 2tt 0 . (t) cos 2tt 0 . (t)\ 1 1 Iby the linear form 0. : L(T) — > R , taking integer values on the integerl
lattice, and no 0. is zero,

Definition 1.3. The set [-0 }m , is called the set of roots of G . --------------  l i=l -----
If we view the 0 as linear forms on L(T) = Rn , we can look at the 

(n-1) -dimensional hyperplane L(IL) , defined as follows: L(lO =

[v € R*1 |0 (v) = o} . Let us note that this is just the Lie algebra

of the closed subgroup of T , U. , defined by U. = {t € T|0.(t) s o (mod 1)} .



These hyperplanes divide L(T) = Rn into chambers, called the Weyl 

Chambers of G . We arbitrarily choose one of those chambers and call 

it the Fundamental Weyl Chamber. We say that a root, 0 , is positive 

if 9(v) s 0 for v in the F.W.C., and negative if 9(v) < 0 for all 

v € F.W.C. This process divides the roots into 2 disjoint sets.

Theorem 1.4 [1,5.13]

(1) W(G) permutes the Weyl Chambers simply transitively.

(2) For each r , 1 s r ^ m , W(G) includes the reflection

in the plane L(U ) r
(3) Such reflections generate W(G) .

Note: We choose an inner product defined on L(G) which is invariant

under Ad(g) , for all g 6 G . By a reflection we mean relative to 

the norm induced by this inner product [1,5.12].
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Since W(G) is generated by reflections in hyperplanes of L(T) , 

W(G) also acts as a group of linear automorphisms of L(T) = Rn . We 

can therefore make the following definitions:

Definition 1.5: Let cp 6 W(G) , then sgn(cp) s sign of the determinant

of the linear automorphism, cp .

We call x € R(T) symmetric if cp(x) = x for all cp in W(G) ,

and x is anti-symmetric if cp(x) = (sgncp)x for all cp in W(G) .

Any linear form, w : L(T) — > R̂  , which takes integer values on 

the integer lattice can be viewed as an element of R(T) . It is just

the 1-dimensional representation mapping t to multiplication by

e2TTiw(t)  ̂ such w's are called weights of T . (e.g., the roots of

G are weights.)

Given any x in R(T) , let A(x) = 2 (sgncp) cp(x) . We call
cp€W(G)

A(x) the elementary alternating sum of x . It is clear that for all

x in R(T) , A(x) is anti-symmetric.

Proposition 1.6 [1,6.12]
2 TTiW j ILet w be a weight, then either A(e ) contains |W(G) | dis-

. 2rr iwtinct terms,or A(e ) = 0 .

Similarly, we define S(x) = 2 x. , where the x. range over the
i

orbit of x under W(G) , S(x) is called the elementary symmetric sum 

of x .

Notation: If w is a weight, then by A(w) we mean ACe^11™) .
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Previously, we introduced the homomorphism Ad : T — > Aut(G^) .

If we look at the more general map, Ad : G — > Aut(G^) , then the image

is contained in SO(N) , where dim G = N . [1,5.56]. SinceR e
tt (SO(N)) =s Z , N s 3 , SO(N) has a simply connected double cover.X z
This simply connected group is called Spin(N) , the Spinor Group of dimen- 

2N - N
aion ~ . For a more detailed description see [9] . If/it

Ad (tt (G)) = 0 , then by elementary covering space theory, Ad lifts -L
to Spin(N) . (i.e., there exists a homomorphism Ad : G — > Spin(N) 

such that Ad = TT 0 ftd , where tt : Spin(N) — > SO(N) is the covering 

map.)

Theorem 1.7 [1,5.57]
m

If Ad lifts to Spin , then (3 = ^ E 0. is a weight, whereG c . li=l
0^ ranges over the positive roots.

We are interested in 5 s A(fl_) , for if Ad lifts to Spin , weG
get the following strong and important theorem:

Theorem 1.8 [1,6.6, 6.16, 6.18]

(1) If x is symmetric then x — > x ' 6 gives an isomorphism

onto from the additive group of symmetric elements to the 

additive group of anti-symmetric elements.

(2) Let x be an irreducible complex representation of G , and

think of R(G) < R(T) , then x • 6 = A(y) for some weight y .

(3) Conversely, every A(y), y is a weight, is equal to - x * 6

for some irreducible x in R(G) .
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A more general approach can be found in [4]. The claim there is 

that if tt (G) has no 2-torsion, then there exists an alternating 

element 0(G) Theorem 1.8 is true if we substitute Q(G) for 6 .

Some hints are given of a possible proof, but no proof has ever 

appeared in print. We wish to make use of this more general approach 

in this paper, and will therefore offer a proof of this fact later on. 

Notation: The notation in [4] is slightly different from the one used 

here. Let us therefore make note of the following: The term irreducible 

G-Module is used instead of irreducible representation of G . A(G) 

stands for the alternating elements and 1(G) is used for the subring 

of symmetric elements. Instead of considering R(G) < R(T) , the nota-
4; % 1 —1tion i (M) € R(T) is used, where M is a G-Module and i : R(G) — -£> R(T) 

With this in mind, we will freely translate all future statements appear­

ing in [4] into our notation.
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Section 6.

We have R(G) ^ r (h ) ^ R(T) , and we can therefore consider each

overring as a module over a subring. (e.g., R(T) is an R(G)-Module.)

If both G and H are such that tt (G) and tt̂ (h ) have no 2-torsion,

then by the generalization of Theorem 1.8 , 0(G) and 0(H) can be

defined. It also follows from the Theorem that for any x in R(T) ,

A(x) is an element of R(G) , where A denotes "alternating over W(G)." 
0(G)
The analogous statement about 0(H) and R(H) is also true.

Let z be an element of R(H) and let 0(H) be as above. Let

us look at the term A(0(H) • z) = sSn(cP) ^(^(H) • z) . Let Id =

a  , a  , ... , a  denote the elements of W(H) . If we pick a repre-0 1 ’ k
sentative, cp € W(G) , for each left coset of W(G)/W(H) , then we can

write the elements of W(G) as {cp cr j . A(0(H) z) =i J
? (sgn cp.) cp. [S sgn(ff i y .(O(H)-z) ] = |W(H) |? sgn(cp.) cp. (O(H)w)) , since 
l l i j  J 3 1 1

z is fixed under W(H) and sgn(ff ) a  (0(H)) = 0(H) V. . Therefore,J J J
picking any set of representatives £ cp ], for the left cosets of W(G)/W(H) ,

we can define A(0(H) ‘w) to be 2 sgn(cp̂ ) cp^(0(H)w) , w € R(H) . This

is well defined by the previous argument. It is also true that for any

w € R(H) , A ^̂ tI(G) iS in ' (See [4]) . Let

F : R(H) X R(H) — > R(G) , an R(G)-bilinear form, be defined by

F(z,w) = A< ^ ) (g)-------. (For H = T , 0(T) = id , and A is A ,

the usual alternating sum.)

Discussion: Let M be a module over a commutative integral domain, R ,

with identity. Suppose we have defined a bilinear form F : M X M — > R . 

This form induces an R-Module homomorphism , cp , from M to Hom(M,R)
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defined as follows: cp(m) (n/) = FCn^m/) € R . If cp is an iso­

morphism, then we call F strongly non-singular. In particular, if M 

is a finitely generated free module over R , and if 3 two bases 

r i N  r i Nla.] and [b.j ^ determinant of ((F(a. ,b.))) is a unit in
1 i=l J j=l 1 J

R , then F is strongly non-singular. For, Hom(M,R) is also a free

R-Module generated by {f . }N where f. is defined by f.(b.) = 6. . .1 i_l 1 1 J
r t NIf we denote F(a ,b ) by C , then in terms of the basis If.] , i j ij J j=l

cp(a.) = 2 C. f . . Since the determinant of ((C. .)) is a unit, this i j ij J 1J

implies that the row vectors are independent. In particular, this means 
r tNthat 12 C. f .] is also a basis for Hom(M,R) over R . Therefore,j iJ J 1=1

cp takes a basis of M to a basis of Hom(M,R) and is an isomorphism.

The object of this paper is to prove the following Theorem for a 

large number of cases.

Theorem 1.9 ( ^(G) and ^(H) have no 2-tors ion .)

|w (G )  I(1) R(H) is a free R(G)-Module of rank N =  ------ . (For
|W (H) |

H = T , W(H) = 1 )

(2) There exists two sets of bases fa. , and (b ,}N ,i i=l J j=l

^ F(a^,bj) = ^ ^ (i.e. , F is strongly non-singular.)

We will prove this Theorem for all the classical groups. The proof
Qfor Spin(N) , will also induce a proof for Spin (N) .



11

Section 7.

There is another way of viewing the form F , and although we will

not be using this approach, it is still a useful point to mention.

R(G) was defined as the free abelian group generated by the set

of equivalence classes of irreducible complex representations. We can

define an inner product on R(G) (having values in the integers) as

follows: If WQ,»wp are hwo irreducible representations, then

<w ,w „> = 6 0 (the Kronecker delta) . Extending by linearity, we get O' p G
an inner product. Let 3 : H — > G , as before, then define

A AP* : R(H) — > R(G), a group homomorphism, where R(G) denotes the

abelian group whose elements are possibly infinite sums of irreducible

representations, as follows: 3̂ .(z) = £ < 3 (w^) ,z >HWQ, > where
a

t[w ]] O' € A is the set of irreducible representations of G . If

TT (G) and TT, (H) have no 2-torsion, then 3 (z-Q (G/H)) is an1 1  *
element of R(G) . Here, Q(G/H) = Q(G)/Q(H) , an element of R(H) ,

where R(H) is thought of as a subring of R(T) , and if Q

= + • • • + cPn , irreducible, then Q = cp̂ + . . . + cp̂ with

cp± equal to the dual representation of cp̂ [4] . For H = T , 

^(G/T) = ^(G) . In this notation F(z,w) = 3 (Q*z-w) € R(G) . (This 

map 3* is used very strongly in the proof of the index Theorem for 

Homogeneous Elliptic Operators (see [4]) ) .
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Section 8.

There is a strong relation between the representation ring of a

compact connected Lie group, G , and the ring K , of equivalenceG
classes of G vector bundles. For T ^ H ^ G we have K (G/H) R(H)G
and K (pt) =; R(G) . Our Theorem will therefore give us information G
about K (G/H) and about K(G/H) . Furthermore, the strong non- G
singularity of the bi-linear form can be interpreted as a Poincare Duality

result for K -theory. If the conjecture is true in general (i.e., if G
the bilinear form is strongly non-singular whenever tt (G) and tt̂ (h)

have no 2-torsion), then it will give very strong information about

K (G/H) for a large class of homogeneous spaces.G
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CHAPTER II 

(Algebraic Background)

Section 1.

As usual let G be a compact connected Lie group and T a 

maximal torus. We have R(G) ^ R(T) , where by R(G) we mean i (R(G))) , 

i being the inclusion map of T in G . We are interested in the 

structure of R(T) as an R(G)-Module. Let us start by noting that 

much can be said even for the most general case.

If T is a n-torus and if we pick a Euclidean Coordinate System 

for Rn , we can represent T as the set of {(y^,-.- >yn) lŷ   ̂R/z} • 

Every irreducible representation of an abelian group is one-dimensional, 

and therefore every irreducible T-Representation is of the form 

x : T — > S^ , where x is a continuous homomorphism. [1,3.73].

(Note: The compactness of T implies that the image lies in S'*- .)

If T = S^x.^xS^ then let p. denote projection onto the î *1 factor.

By x , an element of R(T) , we will mean the irreducible representa-
2rrip. (t) tion t — > e *iv .

Theorem 2.1 (1,3.77)

Let T be an n-torus , then R(T) =' z[ x, , . . . , x , x.,1,. . . ,x 1 ] . n L 1 n 1 n J
Since in the most general case, R(T) has this explicit algebraic 

description, we are able to get a good hold on the first part of our 

problem through the following Algebraic Theorems.
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Proposition 2.2 (11,V,#4)

Let A be an integrally closed domain, K its quotient field, F

a finite seperable algebraic extension of K and A 7 the integral

closure of A in F . Then 3 a basis x , ...,x of F over
n

K 3 A 7 is contained in the A-Module 2 Ax. , |"F:K] = n .i =1 i

Proposition 2.3

Given the above hypothesis. If A 7 is generated by y^»...,y^

over A , for i ^ n , then i = n and A7 is freely generated by

Proof.

In the proof of the first proposition it is shown that

F = {a7/a|a7 € A 7, a € a } . Therefore, for any f € F , f = a7/a ,

a v + . . . + a v a, a. a. r „which equals 1 1 __________ l i = _1_ y + ... + _i y^ , __i 6 K .
a a a a

Therefore, i = n , and the set {y ,...,yn3 is linearly independent

over K . In particular if a v, + . . . + a y = 0 , a. € A , then 1 1 1  n n i
a. = 0 for all i . This implies that {y1 ,---,yn i freely generates 

A7 over A .

Notation: If A is an integral domain, then Q(A) will denote its

quotient field.
W(G)We have R(G) ^ R(T) and further that R(G) = R(T) , where

W(G) is the Weyl Group of G . Let us also note that

R(T ) =Z[x ,...,x ,x,1 ,. . . ,x and that therefore R(T) isn L 1 ’ n 1 n J
integrally closed. [11,V,#3].
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Proposition 2.4

Let A7 be an integrally closed domain and let G be a finite
j Ggroup acting on A , as a group of automorphisms. Then if A = (A ) ,

A is also integrally closed and A* is the integral closure of A 

in Q(A7) .

Proof.
/ / /\ Q

1. Let G act on Q(A/) by g(—r) = — t-tt- . Then Q(A) ^Q(a') 

Suppose q € Q(A) and q is integral over A . Then q is in A7 , 

since A 7 is integrally closed. But q is fixed by G , therefore,

q € (A')° = A .

2. A' is integral over A . For let a" 6 A7 , then

0€g ~ is an integral relation. A 7 is integrally closed,

therefore, it is the integral closure of A in Q(A7) .

Theorem 2.5

Q(R(G)) £ Q(R(T)) 
ti t j

R(G) ^ R(T)

This diagram satisfies the hypothesis of Proposition 2.2. Hence, if 

R(T) is finitely generated over R(G) by N = |w(G) | elements, then 

R(T) is free over R(G) of rank N .

Proof.

By Proposition 2.4, R(G) is integrally closed and R(T) is the 

integral closure of R(G) in )(R(T)) • By the proof of Proposition 2.2, 

Q(R(T)) = [J|s € R(T) , r € R(G)} , implying that Q(R(G)) = ^(R(T))W(G) . 

By elementary Galois Theory (see [11] , Chapter II), Q(R(T)) is a normal

finite algebraic extension of Q(R(G)) . The final assertion follows 

from Proposition 2.3 .
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Proposition 2.6 [10,1,10.5]

Let R be a domain and let a € R . Then if a  ̂ £ Q(R) is 

integral over R , then a  ̂ € R .
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Section 2.

In view of these results, we make the following observations:
W(G)Since R(G) = R(T) , we need only prove that R(T) can be

generated by |W(G) | elements over R(G) . This will imply that it is

freely generated by these elements.

From Proposition 2.6 it follows, that, if we can generate a subring

of R(T) which contains all the x , then it must contain the x^1 ,

and hence we will have generated all of R(T) .
i , W 7Let W ^ W(G) and let R = R(T) . Then we have

R(G) ^ R 7 ^ R(T) , with R* integrally closed and R(T) the integral

closure of R 7 in Q(R(T>) . This provides us with an inductive method

for proving R(T) is free over R(G) .

As a final note, let us suppose that we have two integral domains

R ^ R 7 with R integrally closed and x € R 7 , integral over R .

(e.g., r ' = R(T) and R = R(G) ) . Then the minimal polynomial of x

over Q(R) is of the form X11 + a„ Xn  ̂ + . . . + a , where the a. are1 n l
in R . Therefore, if we let R[x] denote the smallest ring containing

R and x , then R[ x] is freely generated by {l,x ,...,xn over

R .
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CHAPTER III

Section 1. SU(n) and U(n)

U(n) is the subgroup of GL(n,0) whose elements have the follow­

ing property: A 1 = (A)1" (i.e. , the inverse of any element is equal to

the conjugate transpose.) This implies that det(A) € 01 has norm 1 

for all A € U(n) . SU(n) is the subgroup of U(n) whose elements 

have determinant +1 . A maximal torus for U(n) is the subgroup of 

diagonal matrices ((e2TTlyi)) 1 ^ i ^ n . If we restrict ourselves to

those diagonal matrices where y^ = - y   -yn-l M̂od ’ we have an

(n-1)-torus, which is a maximal torus for SU(n) . In particular 

SU(n) is not a subgroup of maximal rank.

We can also include U(n) — > SU(n+l) as follows: Let A € U(n) ,
t  °\then i(A) =/ A M  , where * = VdetA . As can easily be seen i(A)
\o . . .0 * /

is in SU(n+l) . In this case the maximal n-torus of U(n) which was 

previously described, is mapped isomorphically onto a maximal n-torus 

of SU(n+l) , and we have U(n) as a subgroup of maximal rank of

SU(n+l) . As usual, this induces R(SU(n+l)) ^ R(U(n)) ^ *

The Weyl group of U(n), W(U(n))^ acts on R(T ) as the group of
+1 +-̂

permutations of the set {x^,...,xn} , where ) — Z[X^ ,...,X^ ] .

The order of W(U(n)) is therefore n.' . R(U(n)) is the fixed subring

of W(U(n)) , and it is quite easy to show that R(U(n)) ~ ZC >•••>Tn >Tn ^1 >

where the T are the elementary symmetric functions of [x^,...,X^j
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[1,7.3]. As representations of U(n) , T is U(n) acting on j£n

and T = A^t the î *1 exterior power of T (see [9 ]).1 1 1
W(SU(n+l)) acts on R(Tn) as ^he full group of permutations of

the set fx ,...,x , x„1.....x 1] . As an abstract group, it is iso-1 n 1 n
morphic to S , the symmetric group on the set of (n+1)-elements. n+1
The refore, |w(SU(n+l)) | = (n+1)I . R(SU(n+l>) — Z[p ,...,pn] , where

p. It = x, + —  + x + x, ̂  x  ̂ (i .e. , p, is SU(n+l) acting on 1 n 1 n 1 n rl
Cn+1 ) and p. = A1p1 . [1,7.4].)

Let W / be the subgroup of W(SU(n+l)) which fixes —  x^1 ,

then W7 < W(SU(n+l)) and R(U(n)) is the fixed subring of R(Tn)

under W 7 . (i.e., W 7 =W(U(n)) .)

Theorem 3.1

R(T ) is a free Module over R(U(n)) of rank n! . A set ofn
31 an-lgenerators for R^^) over R(U(n)) is the set {x^ —  Xn-1  ̂ where

0 ^ a . ^ n-i .1

Theorem 3.2

R(T ) is a free Module over R(SU(n+l)) of rank (n+1)1 . A set
11 ai+j 3n-l+J jof generators is [xn ,....x , x } where 0 < a. < n-i and1 n-1 n 1

-n 2 j £ 0 .

Lemma 3.3

R(U(n)) is a free R(SU(n+l)) Module of rank n+1 , with 
-n

{(x —  x )J } a set of generators.
n j=0

Note: Lemma 3.3 and Theorem 3.1 imply Theorem 3.2.

Proof (Lemma 3.3):

(x —  x ) 1 is an element of R(T ) and is therefore integral I n  n
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over R(SU(n+l)) . [Ch. II, 2]. 1 = (x^— x^) 1 has n+1 images

under W(SU(n+l>) and therefore its minimal polynomial, which is the

same as its integral polynomial is p(y) = TT(y - $(t ) is of degree
$€W n

(n+1) . This implies that R(SU(n+l))[T '*'] is free over R(SU(n+l)>n. -n 
-1 Jand is generated by {(t ) } . [See Ch. II, 2] .

n j=0
We will now show that R(SU(n+1))[Tn *] = R(U(n)) , completing the

proof. Tp “ Pp ~ — xn  ̂  ̂ is in R(SU(n+l)) [ and for i > 1 ,

T. = p. - t. • (x.,— x )  ̂ , and therefore T. € R(SU(n+l))[T byl ri l-l 1 n x n
—1 —1 finite induction. This implies R(SU(n+l))[T ] = Z[t . . t ,t ]n I n n

which in turn equals R(U(n)) .

Note: Let us look at S = Z[xi;..,x ] the polynomial ring over Z inI n  s
n indeterminants. Let , the symmetric group,act on S , then S

is the ring R = Z[T ,..,T 1 where the T. , as before, are the elemen-1 n i
r i Ntary symmetric functions. Claim: If (a.j is a set of generators
1 i=l

N
for S over R , then fa.} considered as elements of R(T )i . n ni=l

± 1 il=: Z[x, ,..,x ] generate R(T ) over R(U(n)) . This follows triviallyI n n

from the fact that R ^ R(U(n)) and from Proposition 2.6 (i.e., if we

can generate the x^ we also get all the x_X .). The proof of Theorem

3.1 will, therefore, be complete provided we can prove the following

lemma:

Lemma 3.4

Let S and R be as above. Then S is a free R-Module generated

by fx 1 —  x „ } where 0 ^ a. ^ n-i .J 1 n-1 J l
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Proof (induction on n ).

(a) n = 2 R = Z[xj + >xl ' xs 1 ^ z[xl >x2 ] = S . Clearly S 

is freely generated by {l,Xi} .

(b) Assume true for n ^ k-1 . Let S be the subgroup of

Sk-1S fixing xx . Clearly R / = S is the ring Z[x*][T ,... ,T ] ,k i n-i
where the are the elementary symmetric functions in {x2,..,xn} .

By the inductive hypothesis Z[x ,..,x ] is freely generated over
A XI

a2 anzrT,/,..,T/] by £x0 •••x } 0 ^ a. ^ n-i . This implies that the1 ’ nJ J 2 n-1 i

same set generates Z[xx][x2>..,x ] over Z[xx][T*,..,T^_^] and does

so freely. We have Zt^,..,^] < Z[xx ][t ' ,. . . T ^ ]  ^ Z ^ , . . ^ ]

and to complete the proof we will show that Z[xx][t^ ,.. , ]  is

freely generated over Z[t .,,t ] by [l,xx,...,xxn . By the

reasoning in Chapter II, 2, the proof will be complete if we can show

that Z[Tlf.. ,Tn][Xl] = Z[Xi ][t ',.. But = T! “ Xx and t ' =

t. - x, • t ' , therefore the result follows. i 1 i-I

Section 2. Sp(n) and S0(2n+1)

We are going to consider Sp(n) and S0(2n+1) together, because
±1 ±itheir representation rings, as subrings of Z[x^ ,..,x^ ] , are the same.

Sp(n) is the subgroup of Gl(n,k) , whose elements satisfy 
-1 -TA - A , where k is non-commutative field of Quaternions and con­

jugation is the cannonical quaternionic conjugation (i.e.,

a + ib + jc + kd = a - ib - jc - kd ). A maximal torus for Sp(n) is 

the subgroup of diagonal matrices. (See [1, 4.18].)
-1 T0(n) is the subgroup of Gl(n,R) whose elements satisfy A = A

Therefore, det(a) = -1 for A € 0(n) . This implies 0(n) is not 

connected. and ( ’ • ̂  3X6 in different components j- . Let
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SO(n) be the subgroup of 0(n) with determinant equal to +1 . SO(n)

is a compact connected lie group.

The representation rings of S0(2n) and S0(2n+1) are different,

so let us now only consider the case S0(2n f1) . Let C(y) be the

following element of S0(2) ,(C°S Sin > y ^ R/z • A maximal\sxn 2ny cos 2riy/
torus for S0(2n+1) is the set of matrices of the form:

c(yi)

Th

'• c<* y

is subgroup is isomorphic to the n-torus {(y^,..,y ) | y^ € *Vz] by 

the obvious map. Therefore, the representation rings of the maximal tori
-J- 4--1 -1of Sp(n) and S0(2n+1) are isomorphic to Z[x^ ,...,Xn ] .

The Weyl group of Sp(n) and the Weyl group of S0(2n+1) act on

R(Tn) as follows: W is the group of permutations of the set 
r  - l - l - i  W[x , ..,x , x^ ,..,xn } . R(Sp(n)) = R(Tn) = R(S0(2n+l)) , proving that

R(Sp(n)) = R(SO(2n+l)) . It can be shown quite easily that both rings,
. thas subrings of R(T ) are equal to Z[ T, , . . , T  ] where T. is the in I n i

-1 nelementary symmetric function in the set {(x.+x. )} [9] . This
3  3 j=l

fact will be of importance later.

Let be the representation of Sp(n) induced as follows: The

elements of Sp(n) act as linear transformations on kn , n-dimensional 

quaternionic vector space. Thinking of kn as a 2n-dimensional complex 

vector space (see [1, 3.3]) , this yields a complex representation of

Sp(n) . p |t = x1 + ... + xn + x11 + ... + xn1 . Letting p± = A1p1 ,



we have that R(Sp(n)) =Z[p ,...,pn] . ([X, 7.6]).

If we think of S0(2n+1) as a group of real linear transformations 

of Euclidean 2n+l - space, R2n+1, we get a real representation of 

S0(2n+1) . The complexification of this representation will be called p̂

p. I T is x +...+X +x,^+...+x ^+1 . If we let p - A  p , then rl l n l  n i 1_  _  n
R(S0(2n+l)) = Z[p , . .. , p ] (see [l, 7.7]). Lot us note that if {t .}I n  i i = i

n
are the elementary symmetric functions on the set {(x.+x. )} ,

J J j=l
previously discussed, then p̂  = + 1 , and in fact each p̂  can be

written as T. + n T. „ + . . . +  n. , where n. € Z .i 1 x-1 l i
We will prove the following theorem for Sp(n) and the result will

follow for S0(2n+1) because of the isomorphism.

Theorem 3.5

R(T ) is a free R(Sp(n))-Module of rank 2*1 ' nl . A set of n
ai 3ngenerators is [x.......x } where 0 ^ a. £ 2(n-i) + 1 .I n  i

Proof (Induction on n):

(a) n = 1 R(Sp(l)) = Z[X^+X "̂L] ^ Zfx^x^] = R(T^) . Clearly

{l,x^} is a free basis.

(b) Assume, now, by the induction hypothesis that 
+1 + ,

= Z[x ,...,x ] is freely generated over R(Sp(k-l)) = Z[T' ...,T* ]
Z  K  X K. X

+ +-1 -i
2 ’•••
a_ a.2 kx2 kby fx .. x, } 0 < a. < 2(k-i) + 1 . (t 7 is the ith elementary

J 2 k J i , i
—1symmetric function in the set {(x.+x. )} ,(as previously noted.)

J J j=2 . •
If we let W / ^ W(Sp(k)) be the subgroup fixing [x^] t and if we 

. w 7let R = R(T ) . Then, as in the case of R(U(n)) , we getK
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R 7 = Z[x ,x ^][T7 ...,T7 J and furthermore we have R(Sp(k)) 7 R 7 X X X  K “X
+ +“"X X X^ Z[x^,x^ ]Lx2 ancJ is freely generated over R by

a ̂ a,P k
{x^ —  x̂. } where 0 < a^ < 2(k-i) + 1 .

We also note, that since x^ has 2'k images under the action

W(Sp(k)) , R(Sp(k))[x ] (which equals R(Sp(k)) [x ,x ) is free
r 2k_1iover R(Sp(k>) of rank 2‘k , generated by [1, x , . . .,x^ j . The

proof will be complete if we can show that R(Sp(k))[x^, =  R 7 .

Exactly as in the case U(n) , we have the following relations:

t/ = T - (x^+x, ■*■) and T7 = t . - (x^+x,1)!7 7 . This, then, implies 1 1 1 1  l i l l i - l

that R(Sp(k))[x^,x^1] = R7 and completes the proof.

Section 3. S0(2n) .

We can include S0(2n) in S0(2n+1) as a subgroup of maximal
O'

rank as follows: If A S0(2n) map A  > n j€ S0(2n+1) .
1j

A maximal torus for S0(2n) is the set of matrices of the form

7c(yi) 0

I /\0 ' C ( y J

iwhere the C(y.) are the elements of S0(2) previously

\  7
discussed. (See previous section.) Under the inclusion map this torus 

is mapped isomorphically onto the maximal torus of S0(2n+1) .

Let be the complexification of the real representation of
2nS0(2n) acting as a group of real linear transformations on R

p j  T = x, + x /  + ... + x + x  ̂ . Let p. = A* p , then R(S0(2n))K1 1 1 1 n n l rl
-f — . -f —= zrp ,...,p ,p ,p 1 where p and p are defined as follows.^1 n-1 n n rn rn

(See [9]). Analagous to the case, S0(2n+1) , ~ and Pj_ > i >  ̂ »
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can be written as T. + n,T. + . . . + n  , where the T. are the1 1 a -1 i l
elementary symmetric function discussed in the previous section. In

particular, p = T + k,T , + . . . +  k , where k. 6 Z , T can be n n 1 n-1 n i n

S1 Sn +written as 2 x, ... x . Let us call T the sum,
s = t i 1
i

e, e en ev 1 „ 1 n ^L x, ... x and T the sum, L x„ ... x . (Note:I n  n 1 nTTe.=+l TTe.=—1i i

Tn = + Tn } • Then pn " Tn +CT ’ Pn = Tn + CT ’ CT € R(S0(2n)) , and

p++p = p , Tl] • Let us note that p is also an element of then n n L J ^n

ring R(S0(2n+l)) and that in fact R(S0(2n+l)) £ R(S0(2n)) ^ *

(See [1 ]) .

An arbitrary element of W(S0(2n+l)) can be thought of as acting
-1 -1 -1 -1on fx,,...,x ,x, ,...,x } as follows. (As usual, R(T ) = Z[xn ,...,x 1)l n l n n 1 n

It first permutes the subscripts, as an element of , and then makes

an arbitrary number of sign changes of the form x < > x^1 . Think­

ing of W(S0(2n+l)) as acting on this way, W(S0(2n) is the

subgroup of W(S0(2n+l)) where only an even number of sign changes are 

allowed.

We will not prove a theorem about the freeness of R(T ) overn
R(S0(2n)) because TT (S0(2n)) = Z and our main theorem will notX £

apply. The only reason we introduced this case is because of its useful­

ness in the discussion of Spin(2n) .

Section 4. Spin(n) .

As mentioned in the introduction, tt (SO(n)) Z , for n > 2 ,X idt

and therefore SO(n) has a simply connected double cover. This double 

cover is called Spin(n) , the Spinor Group.
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We will take as a maximal torus of Spin(n) the cover of the 

standard maximal torus that we used for SO(n) . L(T) and L(T) are 

isomorphic as vector spaces, where T and T are the maximal tori of 

Spin(n) and SO(n) , respectively, but the integer lattices of each 

differ. (See [1, 5.56]). If the integer lattice of T is represented

by £(y ,..-,y ) |ŷ  € zj , then the integer lattice of T is the subset, 

where y^ + ... + - 2k , for some integer k .

Let tt : Spin(n) SO(n) be the double cover and let e be the 

non-identity element in the kernel of tt . Then with the previous inter­

pretation, e can be represented by any (y^,...,y ) £ L(T) with

yl + ••• + yn = 2k + 1 .

The walls of the Weyl Chambers of L(T) , considered as hyperplanes 

in L(T), yield the Weyl Chambers of Spin(n) . In particular,

W(Spin(n)) — W(SO(n)) , because both groups are generated by reflections

in the same hyperplanes.
1 1

Let x? xs be the element of R(T, ) defined as follows:l k  k

Send (yi,...,yk) e1Tl̂ yi+‘ ' -+yk  ̂ . Because y_L + . . . + yfc = 2K
i  2,

whenever (y^,...,yj^) is in the integer lattice, x2.... x^ is well
~ - 1  - 1  — —defined. Furthermore, R(T ) = Z[x , ...,x, ,x2 ...x,s] . (See [9]).

k  1 k  1 k

Let p : SO(n) Aut(V) , be a representation of SO(n) , then

p o tt : Spin(n) Aut(V) is a Spinor representation. In particular, the

p. , (recall: R(S0(2k+l)) = Z[p ,...,p ]) , are elements of R(Spin(n)) .i -L JK
Because of the projection map, in any representation induced from SO(n) ,

e acts as the identity. There is a special Spinor representation, A ,
k  i  _ i

under which e does not act as the identity. A T, = tt (x2 + x.2) =
4- 6k 1=1 1s x 7  x-3- . (See [9]) .

e =±i 1 ki
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As in the case of SO(n) it makes a difference whether n is of 

the form 2k or sk+1 . R(Spin(2k+l)) —  Z[p^,...,p > where the

generators are algebraically independent. For the case Spin(2k) , A 

is not irreducible, but it splits into two irreducible representations

R(Spin(2k)) is the polynomial ring Z[p ^ , . . . , p^_2,A+,A ] .

In either case, we have the following important relations:

(a) A - A = p^ + P^.2 + • • • •

(b) A + ■ A “ = pk_1 + pk_3 + ....

(c) A" • A" = p" + Pk_2 + .. . .

(d) A ‘ A = p^ + p^_^ + . . . . + p̂  + 1

Note: For (a), (b), and (c) , let us understand pQ as equal

to +1 .

Since S0(2k) is contained in S0(2k+1) as a subgroup of maximal 

rank, Spin(2k) is of maximal rank in Spin(2k+1) . This yields: 

R(Spin(2k+l)) ^ R(Spin(2k)) ^ R(T, ) . Our approach will be to firstK
prove that R ( T ) is free over R(Spin(2k)) and then prove that K.
R(Spin(2k)) is free over R(Spin(2k+l)) . (See [9] for entire previous 

assertion.)

±1 ±i i 4
Discussion: In the ring R(T. ) = Z[x ,...,x ,x2.....x~l there arev k L 1 ’ ’ n 1 nJ
two types of monomials. One type is a monomial consisting of a product

of x. with integral powers (e.g., x x ) ; the second type is one in which 1 1 ^
all the x. have integral powers (e.g. , x2 x2) . We will call1 X K
these the "integral" and "non-integral” monomials, respectively. A poly-

A f  a n d  A . A It , =1 k rre
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noraial in R(T^) is said to be homogeneous if it is a sum of monomials, 

all of which are either integral or non-integral. It is clear that as 

an abelian giovp = I ©  N , where I and N represent the homo­

geneous integral and homogeneous non-integral polynomials, respectively. 

This also gives us a Z2 graded ring related to the ring R(? ) .K
Since, if p . is in I and q. is in N then p.q. f N . p. • p. € li 3 1 J ii 13

and q . • q . ■© I .Jl 32

Theorem 3.6.

R(T ) is a free module over R(Spin(2k)) , freely generated by

1 k-1|W I = 2 • k.' homogeneous polynomials.

Proof (by induction on k )

Lemma 3.7
±1 — A.

Suppose R(Tk -ĵ) = Z[x > • • • >xk-i ,xi ‘ ‘ ‘ ’ ?xk-i-1 is &enerated over

R(Spin(2k-2) ) = Z[ p^,. . . , p*_3 , A*^ , A ^  ] by the set { a ^ . . . ^ }  where

the a. are homogeneous polynomials in R(T ) . Let R* ^ R(T ) be 1 K-i K+1 X. ±_
the following subring. R* = Z[x~ > > • • • > P^_3 >x^ Ak-i>Xk Ak-1^ ' If

» 1a‘ € R(T, ) is defined by: a' ~ a. if a. is integral and a/ = x,s a.1 k 1 1  1 l k i

if a^ is non-integral. Then is generated by over R* .

Explanation: The notation p* is used to differentiate these elements

from the p. , where R(Spin(2k)) = Z[p ,...,p ,A* A ] . Secondly,]. 1 K K
any homogeneous integral element in R^, ,) can be considered as anK“1
element of R ( T ) . This explains why the p7 are elements of R(T.)&  X .K

and the definition of a.* .
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Proof of Lemma 3.7

We will show that any monomial, m , of R(T ) can be generated.K
by the a* , and this will imply the Lemma.

Case 1: ( m is integral and has no factor of x, ) ."■ K
In this case m is in R(T, ,) and m = 2 r.a. , wherek-1 l i

r^ € R(Spin(2k-2)) . By homogeneity we may assume that each riai

must be integral. This implies that both r and a^ are in I

or they both are in N . Let r* € R(Spin(2k)) be equal to r^ ,
_i

if rf is integral and it be equal to r • x^2 if r^ is non-
s

integral. It is then clear that m = .2, r . a? .i=l l l
Case 2; ( m is integral and contains a factor of x, ).

■ "■ _ " K

m = m x? where p 6 Z, p * 0 . By Case 1, m = 2 r'fa* . But xf k i i  k
s

is in R* , therefore m = .2, (r*xf) • a* .i=l i k l
Case 3: ( m i s  non-integral).

By the reasoning of Case 2, we need onl}r consider m , where x^ 

appears to the |r power.
k - vm = m • x ” , where m = L r.a. is a non-integral monomial mK 1 1

R(T^ . By homogeneity we may assume that each is in N .

This implies that for each i , r. and a. are in different parts of the
l

ZP grading. Let r“ = r. if r. is in I , and let r" = x® r. if1 1  l ’ l k l
s

r. € N . Then m = £ r" • a* .
i=l 1 1

Lemma 3. 8

Let W # be the subgroup of W(Spin(2k)) which fixes x . Then
K

/ - w ' ,R = R(T ) is the ring R described in the previous Lemma, k
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Proof

Let us first note that W* as W(Spin(2k-2)) , and both have the

same action on the set [x, ,. . . ,x, , * ,. . . ,x, \  } . It is therefore1 k-1 1 k-1
clear that R ^ R(T, )k

Let p € R(T ) and suppose that 0(p) = p V0 £ W # . p = SxJ p . , k k j
  a  N  M  rwhere the p . are elements of R(T ) and -j k—X A £

  „
Since W fixes x, , this implies that n € R(T, ,) Vj . Thereforek * j k-1
p € R* .

Proof of Theorem 3.6 (induction on k ).

+ - -1 ±1 i -1. k = 2 . R(Spin 4) = Z[A2 ,A2] ^ Z[x1 ,x2 ,x^ x|] = R(T2> .
i  ia. x® x^ has 2 images under W(Spin 4) , therefore,1 ^

R* = R(Spin 4)[x^ ’ x;~] is free over R(Spin 4) , generated byX ^
1 1

b. C and are elements of r” , where <7 ,(J are the
L A  L A

elementary symmetric functions in {x ,x } . This follows because 
2

°2 = X̂1 ’ X2? and X1 X2 ^ 2  + ^ 2} = °"l + ° 2 + 1 ‘

c. By Lemma 3.4 we can generate {x ,x } over Z[<7 jO-,,] by
L A  X A

{l,x ] . This implies that {l,x } generate R ( f ) over r " .
X L A

i id. Putting these steps together, we get that 1, x , x^ x^,X L A
1 i  ixf’Cx'5 ‘ x~) generate RCF0) over R(Spin(4)) . Since |w(Spin (4)) |
X X ^ &

= 4 , we have that these elements freely generate R(TrQ) over R(Spin (4)) .
A

(See Ch. II, 2.)

2. Assume the theorem is true for k < s . Let a. .....a be the1* * r
homogeneous elements which generate over R(Spin (2s-2)) ,

where r = |w(Spin (2s-2)) | = 2S 2(s-l) . If W x is the subgroup of
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W(Spin (2s)) fixing [x } and R* is RCT7 ) . Then by Lemma 3.7s s
and 3.8, we have R(Spin (2s)) ^ R* £ R(T ) and R(T ) is generatedS 5

rover R* by (a^ . The proof will be complete provided R f can
1 i=l

be generated over R(Spin (2s)) by 2 • s homogeneous elements. 

Lemma 3.9

R' is generated over R(Spin (2s)) by the set {l,x ,...,
3 + %• S

xS * x x ^  ,x~2 ^s-l,Xs A } = S . (Note: these are exactlys s ’ s 5 s s—1
2 • s homogeneous elements).

Proof

Let us first note that R(Spin (2s))[S] , the smallest ring con­

taining R(Spin (2s)) and the set S } is equal to R* . Let us recall 

that R* - ZCx"1,?',...,Pg_3>x2 A+_i,x| a“_i] , and R(Spin (2s))

= Z[p ,...,p ,A+,A ] . In the proof of SO(2s+l) we showed that anyl s-£ s s .
r -i j\1_1p. could be generated over Z [ p p . ]  by the set 1(x + x ) r1 . L i  v S S j 1

(Let us note, that in the case S0(2k) we let W x be the subgroup 

fixing x^ , the first coordinate, and here we are fixing xg , the 

last coordinate. Obviously, nothing changes if we rename coordinates.)
f -1 J\S-2Since R(Spin (2s))[S] contains |(x + xg ) j , we get that

j=l
p/,...,p< is in R(Spin(2s)[S] . The other generators of R* over1 s ""3
Z are already in S , therefore R(Spin(2s))[S] = r ' . To complete 

the proof of the Lemma, we will show that the Module generated by S 

over R(Spin(2s)) is closed under ring multiplication.

We introduce the following notation to make the combinatorics 

less cumbersome:
e e•p 1 i(i) F. = ^ x . .. x.J (1 <; j < s) . Note that F.
1 j J

1-i, <i„. . . <1 .̂ s 1 2  J
e.=±l1
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is fixed under W(Spin(2s)) (hence the letter F ) , and therefore

F. € R(Spin(2s)) . [e.g., F = x +. .+x +x 1+. . +x 1] .1 1 J. S i  s

e e .
(ii) F* = 2 x.1 .. x.J (1 j < s-i) .

J XJ
l^i. . “̂i .^s-l l  ̂ J

e. =+1i -

F* is fixed under W* and therefore F* £ R* . [e.g., F* = x+. ..+J J 1 1
”"1 “*1x +x̂  +..+x ,]. Let M denote the Module generated by S over s-i i s-i

R(Spin(2s)) .
g

Step 1: x is an element of M . -—  s
... s s-1 . s-2 s-1(i) x = x (F ) - x - x (F )s s 1 s s i

The first two terms on the right side are in M . Therefore, to com­

plete Step 1, we must show that x^ ^(F*) is in M .

(ii) Multiply the equation in (i) by x  ̂ , and we see that
s-2. /,x [F, I is m  M s L 1J

(iii) Multiplying by the appropriate power of (xs )̂ > we see

that *J[Fi'] £ M for -(s-3) ^ j ^ (s-2) .

(iv) We have the following important inductive formula:

F. — x (F? .,) + x ^ ( F / .) + F? . This formula implies that if 1 s 1-1 s 1-1 1

x^F^  ̂ is in M for -(s-2) < -n ^ j ^ m ^ s-1 , then xg * F^ is in

M for -(n-1) ^ j ^ (m-1) , and conversely. (To see this, multiply

the formula by x^ 1 , and we get x^ 1 • F. = x"* • Ff . + x^ 2F? + x^ ̂  • Ff)J s 5 s i s  l-l s l-l s 1
S—1 f(v) By finite induction on i , we see that xg (F^) is in

M « x  • F* is in M. This reduces the problem to showing that 
S S — J.
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 ̂ g ̂  ̂  ^

x • F „ is in M . Also, since x • F, is in M (see (ii)) , s s-1 7 s 1
this implies that x F. is in M for 1 ^ i ^ s-2 .s x

(vi) We have the following formulas:

A + = x3 A+ + x 2 As s s-1 s s-1

A = x2 A , , + x 3 A + s s s-1 s s-1

Therefore: (a) xjA+^CA*) = *s(As-l ' As-1> + As-1 ' As-1

= Xs(Ps-l + Ps-3 + + Ps-2 + P^ 4  + ......

( b )  x 2 A ( A  )  =  x  ( A  • A )  +  A  • A +s s-1 s sv s-1 s-1 s-1 s-1

= xs(ps-l + Ps-3 + + Ps-2 + Ps-4 + ....

i + + f -(vii) p = x2 A ( A  ) + x2 A ( A  ) is in M . Therefore,S S“1 S S S“J- s

xs(Ps-l + C l ’ + xs(2Ps-3 + •••) + 2ps-2 + ••• is in M •

Note, that any p' is a sum of the F^ for 1 ^ j ̂  i . Also,

p, + , + p* = F^ , + a sum of terms from {f .} with 1 ^ i ^ s-2 . s —1 rs-l S-1 1

This implies that p = F / + where p 7 is in M by (v) . Therefore 

xg(F^ )̂ is in M , and by (v) the same is true for x ^  "̂(F*) , which 

completes Step 1.

i -  -Step 2; We will show that x  • ( x 2 • A ,) is an element of M for   —  s s s-1
0 £ j s s-1 .

(i) for j = 0 the result is trivial

(ii) assume true for j < r ^ s-1 . We have:

x r ( x ^  A +  )  =  x r ( A + )  -  x r _ 1 ( x ^  • A _  )  s s s-1 s s s s s-1

and xr(x2 A ) = xr(A ) - xr X(x2 • A+ ) s s s-1 sv s s s s-1

pi-oving Step 2.
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Step 3: (x2 • A+ ) = x [p/+, + p* „ + ....] which is in M by part S S—JL S S —1 S—o

v. in Step 1.
1 _ 2 ^

Similarly, (x2 Ag_1) = xsCPg-i + ps-3 + " and
1 i -(x2 A ) (xs A ,) = x [p * + p * + . . . ] are in M . s s-1 s s-1 sL s-2 s-4 J

Step 4: The previous three steps imply that M contains
i + i _ -1R(Spin(2s))[x ,xH A ,xp A ] . As usual this implies that x is in S S S*"JL S S S

this ring and hence M = R(Spin(2s))[S] .

This then completes the proof that free over R(Spin(2n))

of rank |w(Spin(2n)) |= 2n  ̂ n.' .

Proposition 3.10

R(Spin(2n)) is freely generated over R(Spin(2n+l)) by the set

{1,A+} .

Proof

R(Spin(2n+l)) = Z[ px,. . . , p ^ , A ]  ^ Z[ PjL,. . . , pn_2,A+,A~] = R(Spin(2n)) 

It is therefore clear that R(Spin(2n+l))[A+] = R(Spin(2n)) . A+ has 

two images under W(Spin(2n+l)) , therefore {l,A+} are a set of 

generators.

Theorem 3.11

R(Tn) is free over R(Spin(2n+l)) of rank 2n • nj = |w(Spin(2n+l))|

Proof

This follows trivially from Theorem 3.6 and Proposition 3.10.
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Section 5. G0
,i ■ > ii in., ■ T n ^

In the classification of simple complex Lie Algebras, it has

been shown that besides the four general classes, there are seven

"exceptional" algebras. The exceptional algebra whose diagram is made

up of two simple roots and three connecting lines is known standardly

as G2 . (See [8].) In an abuse of notation we will call the

simply connected compact Lie Group representing the local structure of

the algebra, G2 . G2 contains SU(3) as a subgroup of maximal rank.
+ +

(See [2].) As usual we have R(G2) ^ R(SU(3)) ^ R(T2  ̂ = zCX]̂1jX21  ̂ •

It also follows that W(G2> ^ W(SU(3)) where W(SU(3)) acts
r -1 -1ton R(t2) as the group of permutation of the set tx^jX^x^ • x2 j .

As was noted in Section 1 of this Chapter, R(SU(3)) = Z[p ,p ] where
X 'u

p = X + x2 + X 1- x^1 . P2 = X11 + + Xx • x2 . W(G2) contains

an element, cp , sending x. -+ x.1 (for i = 1,2) and |w(G0) | = 12.i. i £

(See [8] Chapter VII). This implies that W(G2> is the group generated

by {cp,SU(3)} . (The order of W(SU(3)) = 6.) Since tp : p « p ,J. ^

and since p ,p are fixed by SU(3) we have that R(G0) = Z[A ,A ]JL £ £ x ^

where \  = P1 + P2 and A2 = P1 ' P2 ‘

Theorem 3.12; R(SU(3)) is freely generated over R(G2) by {l,p } .

Theorem 3.13; R (T2) is a free R(Gg) Module of rank 12 = |w(G2) | .

Proof

Both Theorems follow trivially from the preceeding discussion.
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CHAPTER IV 

(The Bi-linear Form)

We are now ready to work with the bi-linear form introduced

in Chapter I. Let us recall that if P : H G is the inclusion of
*R D*a subgroup of maximal rank, then we have R(G) — > R(H) . p is a 

monomorphism, and we consider R(H) as an R(G)-Module.

Under special conditions for tt (G) and tt̂  (h) there exists 

elements ^(G) , Ŝ (H) € R(T) , and ^(G/H) = € R(H) , where T is

a maximal torus for H and G . These elements have the following 

property. For x € R(T) , if we let A(x) = 0€W(G)(Sgn ̂  • 0(X) ' the

elementary alternating sum of x , then ^-Xy  is in R(G) . Similarly,

if we let A*(x) = 2 (sgn 0) 0(x) , for x 6 R(T) , then is
0€W (H) (H)

in R(H) . Finally, for any z 6 R(H) , we have iS in

R(G) . (See [4]. )

The existence of these properties are proved in [4] under the

condition that rr̂ (G) and ̂(H) have no 2-torsion. The proof depends

heavily on the following theorem.

Theorem 4.1: Let tt (g ) have no 2-torsion. Then:

(1) there exists an element Q(G) in R(T) such that the 

mapping x — > x • H(G) gives an isomorphism onto, from the additive

group of symmetric elements to the additive group of anti-symmetric elements.

(2) Let x be an irreducible complex representation of G ,(R(G)
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^ R(T)) , then x • 0(G) = A(y) for some representation, y , in R(T) .

(3) Conversely, every A(y) is equal to -xfi(G) for some 

irreducible representation, x , in R(G) .

Note: (a) For tt (G) = 0 , 0(G) is the 6 introduced in Chapter I,

and this Theorem is Theorem 1.8.

(b) Recall, that the notation in [4] is different from the one 

used above, and that in Chapter I we "translated" the notation of [4].

(c) In [4] Bott gives no proof of this Theorem, and he only 

gives a few hints as to a possible proof.

(d) In [4] it is also asserted that the condition on is

"hereditary." (i.e., if tt̂ (g) has no 2-torsion, then tt̂ (h ) also

has no 2-torsion for H ^ G of maximal rank.) I am indebted to

Father L. Conlon for the following counter example. Let G be

Spin(p+q) where p and q are even integers, (p,q s 4). Let H be

the Z quotients of Spin(p) X Spin(q) by identifying (e , e ) to z p q
(Id., Id.). Here, and are the respective non-identity

elements of the kernel of tt ; Spin(n) — > S0(n) . Then H is a sub­

group of maximal rank contained in G . In this case tt̂ (g) = 0 and

tt (H) =  Z providing a counter example, i. £

We will now prove Theorem 4.1, following closely the proof given 

in [1] for the case (G) = 0 and the hints provided in [4].

Lemma 4. 2

Suppose P is a weight, where P is one-half the sum of the 

positive roots of G , or, if P is not a weight, suppose that there 

exists a one-dimensional complex representation, p , of G , p |t 

= } with P + a weight. Then if we set ^(G) = A(P) , in the

first case, and set ^(G) = A(P+-gw) , in the second case, then Q(G)



will satisfy the conditions of Theorem 4.1.

Proof

If 3 is a weight (e.g., if tt̂ (g) = 0) , then A(P) = 6 (in 

the notation of Theorem 1.8) and the Lemma is just Theorem 1.8.

For the case 3 is not a weight, let us call 3 + ^w, 3* » anci

let A(3*) = . Then, following the same line of argument used in [1]

to prove Theorem 1.8, we will show that if we substitute 37 for 3 ,

and 67 for 6 , all the conclusions remain valid.

Sub-Lemma 4.3 ([1,6.5])

If x in R(T) is anti-symmetric, then x is equal to
m „ q _
tt (e J - 1) ‘ | , where  ̂ is in R(T) and is 'fche
j=l
set of positive roots.

We will now prove Lemma 4.2:

A. (1) 6f is anti-symmetric, therefore • 8* is anti­

symmetric for € R(G) = R(T)^^ .

(2) 6' = 6 • e111'7 , 6 + 0  [1,6.6], and 0 V t € T .

Therefore i|i — > • 61 is a monomorphism.

(3) (onto). Suppose x is an anti-symmetric element of R(T) 
m 2 Hi 9 .

Then by the Sub-Lemma x = tt (e ^ - 1) i|f . Since i(9 +. .+9 ) + iwj =1 d l m rf

is a weight and are weights, it follows that -^(9^+. . +9m)
m 2TTi0 .

+ iw and &(9,+. .+9 ) - iw are also weights. Multiply 17 (e J - 1)1 m c j =1
-TTi (0 +. . +9 -w) , ... . . TTi (01 + . . +0 -W)by e 1 m anci multiply by e L m we

tt-Q rr-Q T T i ( 0 , + .  .+9 “m TTx0 . —TTi0 . , , ,, , v 1 m- „ , 1 l, . TTiw • f , where f = Y • ethat x = tt (e - e J) ' e  T ’
j=l

-  -  T T iw  I /  c  i i ris an element of R(T) . Therefore we have x = o • e • = o
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We will now show that 'ty' is symmetric. (Therefore, the map 

x — > x 6 is an epimorphism.) 0(x) = sgn(0)x =sgn(0) • 6' • , for

0 £ W(G) . 0(x) = 0(6' • ty*") = sgn(0)8/- 0('|f/) . Since 8f is not

equal to zero and since R(T) is an integral domain, this implies that 

\|f7 = 0('|//) V 0 6 W(G) . Part A therefore implies the first of the con­

clusions of Theorem 4.1.

B. If we note that S7 • F7 = Z • 8 . (This follows because 
TTiw —TTiwe = e ) . Then the other two conclusions follow by the same proof 

as in [1,6.16,6.18] if we change every 6 to 67 in the statements 

and proofs.

Part A and Part B therefore imply Lemma 4.2. We will now show

that if ^(G) has no 2-torsion then a one-dimensional element of R(G)

exists having the properties described in Lemma 4.2. This will then 

conclude the proof of Theorem 4.1.

Discussion: Let Spin (N) , N ^ 4 , be the following Z2 quotient of

Spin(N) X S1 . Identify (e,-l) to (Id. ,Id.), where e is as usual

and -1 = e_TTl e S1 . Let q : Spin(N) X S1 — > SO(N) X S1 be the

projection of Spin(N) onto SO(N) on the left factor and the usual
1 cdouble cover of S on the right factor. q factors through Spin (N)

and we have q : SpinC(N) — > SO(N) X S1 . Let tt : SO(N) X S1 — > SO(N)
0be projection onto the first factor. Then define tt ; Spin (N) — > SO(N) 

to be tt̂  0 q .

If G is a compact connected Lie group, we have previously noted

that Ad : G — > Aut(G ) is actually a homomorphism from G to SO(N)6
rv 0

for some N . If we can find a homomorphism Ad : G — > Spin (N) making
SpinC(N)

the following diagram commute: r1 x 71 i tt , then we say thatv  ^
G " ad"-•> SO(N)
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"Ad lifts to SpinC(N)."

If X is any homomorphism, X ; G — > S^ , then Ad X X ; G 

— > SO(N) X S1 is a "partial lift" of Ad , in the sense that

SpinC(N)
jq
1 1 SO (N) x s

- s'1 TT
d-V 1V

e'AdT* S0(N)

this diagram commutes.
“ c 1Since q : Spin (N) — > S0(N) X S is just a covering space map,

the problem of lifting Ad X X resolves itself into a homotopy problem.

(i.e, Ad X X lifts to Ad « q . (TT (SpinC(N)) £ (Ad X X) (tt (g)). (See^  X ^  X

for example [5].)

The questions that must first be answered are; (1) What is 

tt (Spin°(N)) and, (2) What is q^Cl, (SpinC(N)) ?1 ^  X

(1) Let $ : 1 ̂    ■  > S1/z0 be the following fiber
2 2

bundle. The space S1/Z is the quotient space of S1 gotten by

identifying e ^  with 1 . — — S-  is just SpinC(N) . The
2

fiber is clearly Spin(N) . From the homotopy sequence for a fibration

we get 0 = (Spin(N)) — > (Spin°(N)) — — > ^(f-) — > TT0 (Spin(N)) = 0 .
2

1 1 s^ 1S /Z0 = s and therefore tt (— ) = Z . A generator for tt (S /Z) is 2 1 Z2 1

the curve f : I — > s V z 2 defined by f(t) = [eTTit] , where the

brackets indicate the equivalence class with respect to the Z2 action.
cThis implies that TT̂ (Spin (N)) is Z and that a generator is the

curve f : I — > X. s defined by f(t) = [ (<J(t) ,f (t)) ] where
2
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cr : i — > Spin(n) is any curve with cr(O) = Id. CT(1) = e •

It also follows directly that q^(f) is (gen.,gen.) € tt (SO(N) X S1)y? 1
—  Z^ © Z . This implies that Ad X 1 will lift to Ad « X_̂ : tt̂ (G) tt̂ (s )̂

=  Z is equal to Ad : tt (g) — > tt (SO(N)) = Z , Mod 2 . (Note: In^ -L JL £

[4] it was hinted that this was an essential criteria for lifting.) We 

therefore have the following lemma:

Lemma 4.4

Let h : G — > SO(N) be any homomorphism. Then h lifts to 

: G — > SpinC(N) , h a homomorphism, « 3 a homomorphism X : G — > S^ 

3\.:ti-l(G) — > Z is equal to h^ : tt̂ g ) — > Z2,Mod 2 .

Proof (See preceeding discussion).

Lemma 4.5

If tt (G) has no 2-torsion, then 3 a map X \ G — > 3 X (Mod 2)1 *
= h where h : G — > SO(N) is any homomorphism.

Proof

h. : tt (g) — > Z„ . Since tt (g) has no 2-torsion, this implies *  JL &  L

that we can lift h to a homomorphism k : tt (G) — > Z . We must* 1
therefore show that k can be induced from a homomorphism X ; G — > S^ .

In fact, we will show that any homomorphism from tt (G) to Z can be

induced from a homomorphism of G into S1 .

For G = T , an n-torus, the result is trivial. tt (t ) n * ’ I n
= Z®. .©Z (n-times) , and Tn = S^x. . . xS'*' . For the general case G ,

Q X T —compact connected, we have that G — — g—  , where G is semi-simple,

T is torus, and D is a discrete normal subgroup which intersects G 

and T only at the identity. (See [6 ].)
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Q  X  T  TT — —Let — g—  ----> T/D be the obvious fiber space, where D is

the image of D under projection onto the second factor. The fiber

is then G , and we get the following homotopy sequence:
TT

TT (G) ---> (G)  > ̂(T/D) ----> ^(G) - 0 . Since G is semi-simple ,

(G) is a finite group and hence completely torsion. tt (T/d) is free,TT

and therefore the sequence splits. Since tt̂ (g) is completely torsion,

any homomorphism from tt (G) to Z factors through tt . This, to-1 *
gether with the proof for G = T , implies the result. (e.g. , Let

K : tt (G) Z be a homomorphism. . Let H ° tt be the factoring. By 1 *
T 1the case G = T , H = h . where h : /D S . Therefore (h 0 Tl) - K .

QWe are now assured that Ad lifts to Spin (N) provided ^(G) 

has no 2-torsion. The proof of Theorem 4.1 will be complete with the 

following lemma.

Lemma 4.6
£

If Ad lifts to Spin (N) , then 3 , a one-dimensional complex
1 -s I 2 TTiwrepresentation of G , K : G -♦ S , 3 X|T = e , w is a weight and

3 P + |w , is a weight.

Proof

SpinC(N)

S O (N ) X s 1 - — >  R1

*
g ' A d - ->  SO (N )
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Let x^ represent the coordinate functions of the cannonical torus of

SO(N) . Then if we take (i^x.) 0 (Ad)|t we get -8.) where the
. x  , ix x

{9^} are the positive roots of G . (See [1,5.57].) Therefore

0 Ad X X |t is equal to - 8^ + ^w where -̂|t = e^ iW ' ^  '* S
i i

clear that if the above element is a weight, then so is 0 + %w = |3 + %w .

(See [1,5.57].) We will show that if T 7 is the cannonical maximal
1 // ctorus of SO(N) X S , then we can find T a maximal torus for Spin (N) ,

^(t )̂ = T / , such that the following is true. If the integer lattice

for L(Tf) is the usual (i.e., iŷ_ ^ > then the integer

lattice of L(T//) has the property that if (y^,...,y ) is in the 

integer lattice, it follows that y^ + ... + y^ is an even integer. As

in [1,5.57] this will imply that ^^9^ + |rW is a weight.
1 c 1From the diagram Spin(N) X s — > Spin (N)— > SO(N) X S , we

get T7 — > T" — > T 7 , where T* is a maximal torus of Spin(N) X s1 .

t ' is equal to T X where T is the torus of Spin(N) previously
1 R1discussed. (See [1,5.56]), and S is represented by /2Z . There-

/ // cfore T has the desired property. When we project, we get T S Spin (N) .

By the projection map we get the following "new" integer lattice pts:

{(A ,x ) |x ,x are integer lattice points of L(T) , L(R^2Z) , respect-J. C i 1 A

ively, with X, = y + . . . + y an odd integer, and X an odd integer} .1 1 n
Therefore the added lattice points also have the property, that /t + X^ 

is an even integer. This completes the proof of Theorem 4.1.
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Section 2.

The final section of this Chapter will deal with the bi-linear

form introduced in the first Chapter. Let us recall how this form was

defined and see what general information we have before we actually

begin the calculations in Chapter V.

For H ^ G , H of maximal rank, we wish to define

F : R(H) X R(H) — > R(G) , a bi-linear form. Let x,y be elements of

R(H) , then F(x,y) is defined to be ^  > where A is the

alternating sum over (see Chapter 1) , and (2(H) , (2(G) are theW (H)
elements discussed in the previous section. For the case H = T ,

(2(T) = 1 and A is the usual elementary alternating sum over W(G) .

In [4] it was proven that F(x,y) actually takes values in R(G) .

The bilinearity follows trivially from the fact that R(G) is fixed by 

W(G) .

In the previous section, we showed that (2(h ) = A (P*) , whereH
p/ is in R(T) and A^ represents "alternation with respect to W(H)."

Similarly, Let A and A . denote alternation with respect to W(G)G G/H
and , respectively. Then AG/,H ((2(H) • x) = Ag/h ÂH ^ / ' =

A (P^) , whenever x is an element of R(H) . (Since x is then fixedG
by W(H) . )

Our form F : R(H) X R(H) — > R(G) can now be rewritten as

F(x,y) = — X' ’--- , where (2(H) = ^ ( p 7) •
(2(G) “

In Chapter I we stated Theorem 1.9, the main Theorem of this

paper. Assuming that R(H) is a free R(G)-Module, we wish to find two

sets of bases {a.} and {b.} 3 F(a. ,b .) = -j  ̂ • We havei j i7 j 10

previously noted that if a bi-linear form has this property, it implies



that the form is strongly non-singular (see Chapteri ).

Let us also note that if such bases exist, it implies the

existence of {a^ and {b/} , two other sets of bases ^  F(a.,b() =i j 1 J
6 . Using this fact, we will be able to prove the following strong

inductive tool:

Suppose we have T ^ h ^ G . Then we can define

F : R(T) X R(T) — > R(H) , F2 : R(H) X r (h ) — > R(G) and

F : R(T) X R(T) — > R(G) . Although the domain of definition of these

forms will not allow us to claim that F = F0 ° F , in some sense this ̂ i.
is the case. For, let us define f : R(T) — > R(G) as follows:

f(x) = > x ^ R(T) . Then it is clear that F(x,y) = f(x • y) for
A ( p )

x,y € R(T) . Similarly, we can define f : R(T) — > R(H) and

f2 : R(H) — > R(G) . For these functions it follows trivially from the

calculations at the beginning of this Section that f = f2 0 f^ •

Lemma 4.7 (inductive Lemma)

If F : R(T) X R(T) — > R(H) and F2 : R(H) X R(H) — > R(G)

are both strongly non-singular, then so is F : R(T) X R(T) — > R(G) .

Proof

By the previous observations we may assume that 3 {x^ 5--->xn} 

and {y ,...,yn) , two sets of bases for R(T) as an R(H)-Module,

3 fl(xi ' yj> = 5ij ' Similarly, 3 ẑi ’--->zm  ̂ 2111(1 ‘ ‘ ' ’wm  ̂’

two sets of bases for R(H) as an R(G)-Module, 9 ^2^zot ' ’
N M N M

Clearly, {x ■ z j and [y . wRj are bases for R(T)
1 “ i=i a=l J P j=l p=i

as an R(G)-Module . Furthermore, F(x. • z y . • w„) = f(x. ■ y. • z
1  Q. J  p  1  J
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6 „ • 6 . Therefore the result follows:ap ij
Remark: This inductive Lemma is not quite strong enough. Given T ^ G , 

there are not enough subgroups of G , of maximal rank, to put in 

between T and G .

Suppose W / is any subgroup of W(G) . Let R7 be equal to
W 7 /R(T) . Then we have R(G) ^ R 5 R(T) . If x is in R(T) , we let

A*(x) denote the alternating sum under the action of W 7 ̂  W(G) = W .

If z is alternating with respect to W7 , (i.e., 0(z) = sgn(0) • z) ,

then let A (z) be the alternating sum with respect to ^/W7 .

We will now make an assumption on R7 , which will allow us to

improve the inductive Lemma, by replacing R(H) with such an R7 .
i A (x)Suppose there exists an element P in R(T) such that ^ “(P') is

an element of R7 for all x in R(T) . Then we can define

Fn : R(T) X R(T) — > R 7 by F (x,y) = x,y € R(T) , and define
1 1 A (P )

F0 : R7 X r 7 — > R(G) by F (z,w) = Z W- for z w € R7 and the
2 2 0(G)

proof of the inductive Lemma will apply to this case as well. We there­

fore have the following "strong” inductive Lemma.

Lemma 4. 8

Suppose R7 is as above. Then, if F : R(T) X R(T) — > R7 and 

F^ : R7 X r 7 — > R(G) are both strongly non-singular, we also have that 

F : R(T) X R(T) — > R(G) is strongly non-singular.

Proof

Just note that A(P7-z-w) = A (A7(p7)zw) for z,w in R7 . 

Substituting A7(p7) for Q(H) , the proof is the same as in Lemma 4.8. 

Note: (1) This seems to be a very strong condition on R7 . Yet, for
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the cases computed in this paper, there will be enough R /'s to make 

the induction much easier.

(2) Even in the case R(G) ^ R(H) ^ R(T) , we will use the 

notation Vf/ for W(K) and W for W(G) . Furthermore, A will be(jr
called A , A^ will be notated A* , and we will use A for Ag •

(3) As a final note, if z is an element of R(T) and if there 

exists an element 0 in W(G) , sgn(0) = -1 , such that 0(z) = z , 

this implies that A(z) = 0 , where A denotes alternation with 

respect to W(G) . This follows because A(0(z)) = -A(z) .
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CHAPTER V.

Section 1. SU(n) and U(n)

Let us recall that U(n) can be imbedded in SU(n+l) , and 

that if Tn is the cannonical torus of U(n) , we have R(SU(n+l))

^ R(U(n)) ^ ^^n^ described ffs usual manner as
±1 ±!

Z[x^ ,..,xn ] , then R(Tn) is freely generated over R(U(n)) by 
f a a
•jx̂  J (0 — a_̂ ^ n-i) . (See Chapter III.)

If we let T be the i'*'*1 elementary symmetric function on 

the set {x ,...,xn) , we recall that R(U(n)) = Z [ , . . . , ]  and 

R(U(n)) is freely generated over R(SU(n+l)) by - n ^ j ^ 0 .

In this Section we will show that the bilinear forms 

F : R(Tn) X R(Tn) — > R(U(n)) and F : R(U(n)) X R(U(n)) — > R(SU(n+l)) 

are s.n.s. . As we have seen (Lemma 4.7), this will imply that 

F : R(Tn) X R(T^) — > R(SU(n+l)) is also s.n.s. . Before we can 

calculate these forms, we must first know the elements !^(SU(n+l)) and

fl(U(n)) .

TT^(SU(n+l)) = 0 [1, 5.49] , therefore 3 is a weight and

ST2(SU(n+l)) = A(P) . In [l] it is shown that the roots of SU(n+l) are

the (x.-x.) i + j 1 ^ i , j ^ n+1 , where by x we mean -(x.,+. . .+x ) . l j n+1 1 n

If we choose the Fundamental Weyl Chamber to be x. > x_ .. > x > x ,J 1 2 n n+1
then the positive roots are the (x^-x ) with i < j . |3 is then just

nx + (n-1) x„ + . . . + x . We will abuse notation and let j3 also 1 z n



2TTiB „  , ,stand for e , the representation of T associated to the weight

3 . 3 = x*1 . . . x , where, as previously noted x. stands for theI n  1
2rriXi

representation (x , ...,x ) — > e € S

tt (U(n)) is Z , (see [l]); therefore we do not expect 3 to

be a weight. The roots of U(n) are the (x^-x^) i + j 1 ^ i , j ^ n

Let the Fundemental Weyl Chamber be described by ... > x^ ,

then the positive roots are the (x^-x ) with i < j . It is easy to

see that 3 is equal to -g[ (n-1) x +(n-3) x„+. . . . -(n-1)x ] . Therefore1 z n
3 will be a weight if and only if n is odd.

Case i ( n = 2K+1)

3 = Kx, +...-Kx , (note that x,r has coefficient zero). 31 n K+l
K K-l -Kis a weight, and the associated representation is 3 = x x ...xJ.  ̂ n

Case ii ( n = 2K)

3 = (K-%) x, +. . . .-(K-i) x , and 3 is not a weight. Recalling 1 n
Lemma 4.2, we want to find a one-dimension representation of U(n) , p

such that p |t = e2 iW and such that 3 + 7? w = 37 is a weight. It

will then follow that A(3*) = ^(U(n)) .

is a one dimensional representation of U(n) and |Tn =

2TTi(-X;L-. . . -xn) t

e . Let w = -x, - ... - x , then 3 = 3 + b w is1 n ^
equal to (K-l) x + (K-2) x +. . .-Kx , a weight. The associated represent j. £ n
tion is 37 = x^ 1...x K and by Lemma 4.2 A(3*) = ^(U(n)) .1 n

Theorem 5.1

F : R(T ) x R(Tn) — > R(U(n)) is strongly non-singular.

Proof (induction on n )

Suppose the Theorem is true for n < r . R(U(r~l)) =



the elementary symmetric function on the set {x ,...x } . By the
£ 1C

induction hypothesis, we have ^  ’ tWO ^ases ^or ^^r-1^

over R(U(r-l)) , such that F(a. ,b .) =X J

W(U(r-l)) acts as the group of permutations of {x0,...,x } .
a r

Let W 7 be that subgroup of W(U(r)) which fixes x^ . [Note that 

W / acts on {x . . . ,x } in the exact manner as W(U(r-l)) .]
£ 1C

+ H~
If we think of R(Tr) = Z[x^ , as the polynomial ring

-1 ±1 -1in the inderminants x ,...,x with coefficients in Z[x ] . (i.e.,z r x
- 4 - 4 - 4 -  y-1 —1 # w is iustZ[xt 1 [xo >■■• >x 1 ) > then it is clear that R = R(T )1 2i ¥  1C

-  -  - iZTx-, ] FT-, »- - - »T »T •. 1 • It also follows trivially that the sets1 1 r-1 ’ r-1 J
/ -1 - - - -1{a.} and {b .} generate R(T ) over R / = Z[x ,T ... ,T T ] .i J r L 1 1 r-1 r-1 J

Let j37 be the element of R(T ) such that A(P*) = Q(U(r-l)) .

In particular, if x is any element of R(T ,) , then A.(.x) is anr ~l A ( 3 )
WCUfr-li1element of R(T^ ) ' . Now let y be any element of R(Tr) .

(3* can also be considered as an element of RCT^) in a natural way.
/

If we assume y is a monomial, then — v is an element of R
a '(P')

Since, if y contains x^ , we have y = x^ • y , with y in R(Tr_̂ ) .

a '(v) xiA/(y>Then ■■ = -- --- —  - x; • w , where w is in R(U(r-l)) . (ThisA (P*> A (P ) 1
follows from the association of W* and W(U(r-l)) . x^ ■ w is an

element of R* completing the proof of the assertion. If y is a

polynomial, just use the fact that A" is linear. The upshot is that

R7 satisfies the hypothesis of Lemma 4.8.

We can therefore define F7 : R(Tr> X R(Tr> — > R^ (see Lemma 4.8),

( -1 i=j\
I  0  i<jj



51

and we will now show that the induction hypothesis implies that F is

s.n.s. . As pointed out, the bases {a^} and fkj} generate RCT^)
t A' (a. • b .) A(aib .)

over R / . F J(a. ,b.) = -----  - - J-~ is equal to -— - , where A
1 J A' O  ) A(P')

represents alternation with respect to W(U(r-l)) . (This follows

because a.,b.,(37 are elements of R(T ,).) This in turn equals l j r-1
F(a. ,b.) , where F : R(T ) X r (t ) — > R(U(r-l)) . But this has1 J 17 1 V L

the desired property by the induction hypothesis. It now follows by

the "strong" inductive Lemma, that if we can show that F : R7 X R7 — > R(u(r))

is s.n.s. , then the result will follow for F : R(T^) X R(Tr> — > R(U(r)) .

E<U<r»  = Z[ \  V r ^  S = B ' . As

in Chapter III, it is clear that R(U(r))[x ] equals R . Since x^

has r images under W(U(r)) = W , we know that the set {l,x^,...,x*^r ^  } 

generates R7 over R(U(r)) . Let this basis, in the order written, be

denoted by . We could have equally well generated R 7 over R(U(r))

by {l jX^1 ,. . . ,x̂  ^  } . Let us denote this set us recall

that F : R7 X R7 — > R(U(r)) is defined by F(z,w) = ■ ■ Z---̂ , whereA(, P/
p7 is the element induced from the case U(r-l) .

Case 1: ( r = 2K + 1)
, q K “K , o' K-l -K T ^We have p = x, . . . .x and p = xn . . . .x . Let a. be as1 r 2 r l

described and let b7 be b • x^ . x^ is a unit in R7 , thereforeJ J 1 1

{b = {b7} is also a basis for R7 over R(U(r)) . F(a.,b7) =J 1 J 1 J

A(P7 ’ a b\ A(p. a b )
 L_J = i j •

A(P) A(P)
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Case 2 ( r = 2k + 2)

Then, (3 = x^,....x and (3* - .......x K . Let a. be1 r 2 r x
•u  ̂ j •, 4- v,' v, v, K / -1 K. -1 -1. K --1as described and let b . be b . • x, (x„ . . .x ) . x, (x_ . . .x ) - x, Tj j 1 2  r 1 2  r 1 r-1

is a unit in R / , therefore ^b^} is a basis. F(ai(b^)=:

A(p/-aib̂ > _ ACP-a^b^) It therefore follows that in either case,
A(P) A(P)

A(P- a. ■ b .)
r even or odd, that we must calculate ------— —A(P)

-1 A(P)If i=j , then a. = b . and we have ---- = 1 .1 J A(P)
A(P-xJ

If i ^  , then we have ------ , where -(r-1) ^ -i < 0 . In
A(P)

either case, r even or odd, we can see that there is some x^ , s + 1 , 
-twhere in P -x , x and x are raised to the same power. Let <p 1 1 s

be the element of W(U(r)) permuting x and x , then sgn(<$) - -1X s
'L 'Land 9(3'x )  = P*x^ . By the note at the end of Chapter IV this implies 

-tA(P x^) = 0 . We must now start the induction.

-1, . ±1 ±1.
n = 2 (i’J(l) is just a torus).

R(U(2)) = Z[x1+x2,x1-x2,(x1*x2) J‘] ^ Z[xi'L ,x2J'] = R(T2) . Two bases

for R(T2) over R(U(2)) are [l.x^1] and {l,x^} . In this case P

is x . Let us change the first basis, above, by multiplying by x 1 , 2 "
a unit. We then get {x^ jX^1 • Xg1} . Let {ljX^} be denoted by {a^

and {x2,x11-x21} by {b^} , then F(aj.,bJ) . F(ai,bi) =

A(P) = i f proving the diagonal part of the statement. If i < j , we
A(P) -1 -1

-1 -1 A(x^ • x2 )
have F(x ,x ) = ---------- . (x -x ) is fixed under cp , the

2 1 A(P) 1 2
element of W(U(2)) permuting x^ and xg , therefore ACx^-Xg) = 0 .
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This concludes the proof of Theorem 5.1.
1 0!Let us now note the following. Consider U(n-l) X s -> U(n) ,

with Q'(A,e2Trî ) = A ° , A 6 U(n-l) . Then U(n-l) X S1 is
2TTi00 e

a subgroup of maximal rank in U(n) . Furthermore, (see [l]) ,
1 1 “ — —— 1 —I

R(U(n-l) X S ) S  R(U(n-l) ® R(S ) = Z ^ ,  ’V l ’V l ^  % ZEXn ’Xn ]

- - -1 is  ZfT ,T ,x I = R , using the notation of Theorem 5.1 .L 1 n-1 n-1 n
i w'Therefore our abstract ring R = R(Tn> is actually the Representation 

Ring of a subgroup of maximal rank.

Theorem 5.2: F : R(U(n)) X R(u(n)) — > R(SU(n+l)) is strongly non­

singular.

Proof

In Chapter III we proved that R(U(n)) is freely generated over 

R(SU(n+l)) by the set {l,T^1 ,...,T^nj . From the proof in Chapter 

III it can be easily seen that {l, , . . . , T”j would also be a basis.

Let the first basis be denoted by 3X1(1 tlie seconcl by •

The element P , for SU(n+l) , is x”----xn • The corresponding

p7 for U(n) depends on whether n is even or odd. In either case,

we look for u , a unit in R(U(n)) , such that p7 • u = P . If we 

can find such a u , let b^ = b^ • u . Then FCa^jb^) is just

A(P'-a.-b') A(p-a.*b.) ^ K-l -K . .l f = i j . For n = 2K P = xn  x , so we let--------- a. --------1 n
A(P) A(P)

u be tK+1 . For n = 2K + 1 , p7 = x^...x K and let u be tK .n ' i n  n

In either case, to compute F(ai,b̂ ) we must really compute

A(P- a. -b .)_____i J

A(P)
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1  A  ( 8^If i = j , a. = b. and we get — — — which equals +1 .

1 J A(B)

A(B" t -r)Suppose i < j , then we have  n where 1 ^ r ^ n .
A(P>

_ r n  — £»If r < n , ( 3 ' T  - (xn.....x ) (x,.... x ) is a monomial wheren 1 n 1 n
for some pair (i,i.+l) , x^ appears to the first power and xi+  ̂ i°

the zero power. Let cp in W(SU(n+l)) be that element permuting
-1 -1 -rx. and x, ...x . Then, in the monomial CP(B-T ) » x - and x.i I n  ’ n ’ i l+l

“I* “I*both appear raised to the (-1)-power. Therefore A(B'Tn ) = -A(cp(P’Tn ))

= 0 , since 9(P'Tnr) is fixed by o> in W(SU(n+l)) , where ot

permutes x. and x. „ (see fl, 6.121). i l+l

This concludes the proof of Theorem 5.2, and implies the following 

Theorem 5.3

F : R(T) X R(T) — > R(SU(n+l)) is strongly non-singular.

Proof

The Theorem follows from Theorems 5.2, 5.3, and the inductive lemma.

Section 2. Sp(n)

The roots of Sp(n) are -2x. , (x.-x.) and -(x.+x.), i T j ,i i J a j
1 ^ i , j ^ n . (See [1, 4.18].) Choose the Fundemental Weyl Chamber

by setting x^ > x^ .. > x^ > 0 . The positive roots are then

{2x. } U {x. -x . |i < j] U [x +x . | i 4= j] . P = nx + (n-1) x + . . . + x ,i i j  i j  i ^ n

a weight. (This is to be expected since TT^(Sp(n)) = 0 (see [1 As

an element of R(T ) , B = xf.... xn ’ 1 n

In Chapter III we showed that R(T ) is generated over R(Sp(n))n
ai aby fx. ...x ] where 0 ^ a. ^ 2(n-i) + 1 . Let us recall that we alsoJ 1 n J i
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showed that R(Sp(n))[x^] = R* , where r ' is the subring of R (Tn>

fixed by W 7 , and w' is the subgroup of W(Sp(n)) fixing {x^} .

We noted there that W 7 was isomorphic to W(Sp(n-l)) , and that in
±1 ±1fact if we consider R(Sp(n-l)) as a subring of Z[x ,...,x ] , then^ XI

/ -1 -1 -1 R ' is just R(Sp(n-l))[x ,x ] ^ Z [ , ...,xn ] . Exactly as in the

case of U(n) , the upshot of this is the following. If we let p7 be 

the element of R(Tn j_) such that A(P7) = !^(Sp(n-l)) , then consider­

ing p7 as in R(Tn) , P/ is the element which makes R 7 satisfy 

Lemma 4.8. Furthermore, suppose that F : R(Tn X — > R(Sp(n-l))

is strongly non-singular, and that {a^} and i-b̂ } are bases making

the form s.n.s. f then, clearly, these elements are bases for R(T )

over R 7 and make F : R(T ) X R(T ) — > R s.n.s. .n n

Theorem 5.4

F : R C O  X R C O  — > R(Sp(K)) is strongly non-singular.K K

Proof (induction on K )

Assume true for K < n . Since the theorem is true for K = n-1 ,

F : R(Tn> X R(T ) — > R 7 is strongly non-singular, by the previous

discussion. By the strong inductive Lemma, we need only prove that

F : R 7 X r 7 — > R(Sp(n)) is strongly non-singular to complete the

general inductive step.

In Chapter III we also showed that {ljX^,..^^11 1} generates

R 7 over R(Sp(n)) . Let us call this set {a.̂ } . It is also clear

that the set [l,x \..,Xj^4n ^  } will yield a basis. Let us denote

this set by £b } . P = x]1,,,xn 311(1 ^  ~ x2 ''"’‘‘Xn ’ S° We aSain
look for a unit, u , in R 7 such that p7 • u = P . Such a unit is

K / Kthe element x, . As usual, let b . = b . * x . Then 1 j J 1



If i = j , then a. = b.,1 , therefore we get = +1 ■x 1 A(p)
r

Suppose i < j . Then F(a^,b^) =  ̂ where -(2n-l) ^ r ^ -1 .

rIn the monomial 3 • x , there appears some x , such that the power1 J(,

that x is raised to and the power that x is raised to are the same1 <\y

in absolute value. Since there is a 9 in W(Sp(n)) which permutes

±1 rx. and x , it follows that 3 • x is fixed by some element of
X ' X X

W(Sp(n)) . This implies that A(3'x^) = 0 , completing this part of

the proof (see [1, 6.12]) .

G = Sp(l)

R(Sp (1)) ^ Zfx^.x^1] = R(T^) . RC^) is generated by {l,x1}

over RCT^) . The set { l ^ 1} is also a basis. Call the first set

r ,2 , ,2la. ] and the second set ib.j . 3 = , so, as usualy, multiply
1 i=l J j=l 1

by x , a unit, to get {b*} . Then F(a.,b7.) = j X ,1 1 J X
+1 i = j

O i  <  i

-1,[Note: A(l) = 0 implies FCx^jX^ ) = 0 ]

V\ I F(1,x ) F(1,1)
FCa b')1) = j

1 y j  \FCxj_.Xj_) F(x1 ,l)

Section 3. Spin(n) and SpinC(2K-)

Let us recall that we have R(Spin(2K+l) ^ R(Spin(2K)) ^ •
K

We noted in Chapter III that R(Spin(2K)) is freely generated over

R(Spin(2K+l)) by the set {l,A+] . To compute the matrix of

F : R(Spin(2K)) X R(Spin(2K)) — > R(Spin(2K+l)) will therefore only

involve a two-by-two matrix, and will be quite easy. Our main task will

therefore be to prove the strong non-singularity of F : R(T ) X R(T )
K  K
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Let us recall that Spin(2K) is the simply connected double cover 

of S0(2K) . We pointed out in Chapter III that this implied that 

W(Spin(2K)) — W(S0(2K)) . In fact, if we let T be the maximal torus

of S0(2K) previously described, and let T be the subgroup of Spin(2K) 

covering T , then F is a maximal torus of Spin(2K) (Chapter III).

±1 ±1If R(T) = Z[x^ ,...,xk ] , then we can regard the x^ as representations

of T by first projecting onto T and then following by x . In

±1 ±i A. iChapter III we noted that R(T) = Z[x , ...,x ,xf..x~] and that1 K 1 K
±i

W(Spin(2K)) acts on the set {x ,...,x } is the same way that W(S0(2K))1 K

acts on this set. Furthermore, we noted that L(T) 2= L(T) , as Euclidean

spaces, and that the walls of the Weyl Chambers were described by the 

"same" linear forms. In particular, this implies that the roots of 

Spin(2K) , regarded as linear forms on L(T) , are just

[x^x } U {-(x^+x^.)} , i + j , 1 ^ i, j 2 k . [1]. (Notice, if the xi

are regarded as linear forms on L(T) , then these are just the roots of

S0(2R) .) Let the fundamental Weyl Chamber be chosen such that

x > x > ... > x > x . Then the positive roots are {x.-x .} i > jK lc—1 1 & i j

and {(x.+x.)} i 4= j . (3 is equal to (K-l)x + .... + x„ and is al j k <5

we ight. This is to be expected, since Tr (Spin(2K)) = 0 . Viewing (3
~ R-1as a representation of T , (3 = x ....xK ^ K

In Chapter III we introduced W / , the subgroup of W(Spin(2K))

which fixes {x } , and R ; , the fixed subring of W 1 . Vie will now K
/ cshow that R is actually the representation ring of Spin (2K-2) ,

a subgroup of Spin(2K) of maximal rank.

We can view S0(2K-2) X S0(2) as a subgroup of S0(2K) as follows.
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If (A,B) is an element of S0(2K-2) X 30(2) , A € S0(2K-2) , B € S0(2) ,
( A  0 v

then sending (A,B) to  ̂ J £ S0(2K) yields an injection. Since

the image of SO(2K-2) X S0(2) in S0(2K) contains the maximal torus

of S0(2K) previously described (see Chapter III) , it is of maximal 

rank. Then, SpinC(2K-2) is the subgroup of Spin(2K) , double cover­

ing SO(2K-2) X SO(2) . (See [2].) It then follows, as in the case

of Spin(2K) , via S0(2k) , that the Weyl group of SpinC(2K) is iso­

morphic to W(SO(2K-2) X SO(2)) . The roots of S0(2k -2) X S0(2) are 

the same as the roots of SO(2K-2) , because S0(2) ss S'*- is a torus. 

Therefore, the roots of SpinC(2K-2) are just the roots of S0(2K-2) .

In particular, one-half the sum of the positive roots, 3 , is equal to

(K-2)x + .... + x , a weight. Therefore, the previous theory appliesK-l £

and F : R(T) X R(T) — > R(Spin°(2K-2)) can be defined, where T is
Q

the maximal torus for Spin(2K) previously described. (Note: Spin (2K-2)

is of maximal rank and contains T .) We have previously noted that W 7 

-1 -1acts on [x ,...,x } in the same manner as W(Spin(2K-2)) acts on1 K-l
this set. Therefore, Spin°(2K-2) , having W(Spin(2K-2)) as its Weyl

group, implies that R 7 - R(T )^ is equal to R(SpinC(2K-2)) .

In Chapter III we proved that if ,. . . , â. was a basis for

over R(Spin(2K-2)) , N = |w(Spin(2K-2)) | , then the set {a7}

generates over R 7 . (Recall that the a7 are the images of

a^ under the map fixing an integral monomial and sending a non-integral 

monomial m , to m • x~ ) . Since N = |w(Spin°(2K-2)) | , this implies 

that the a7 freely generate R(Spin(2K-2)) =: R7 . (See Chapter II.)

We will now show that information about the form for the case 

G = Spin(2K-2) , will yield information for the case SpinC(2K-2) .
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Let us suppose that F : F(T ) X R(T ) — > R(Spin(2K-2)) isK l K-l

strongly non-singular. Then 3 {a.} and {b.} 3 F(a.,b.) = j1 J i J *- 0 i

Let us furthermore assume that these a. and b . are homogeneous<3
elements. By Lemma 3.7 the sets {af} and [b'.} are a basis for R(T )i J K

Qover R(Spin (2k -2)) . By inspecting the proof of Lemma 3.7, we can see
_i

that if we multiply the non-integral b . by x 2 , the proof works justJ K
as well. Let us call this new basis {b̂ .} .J

Let us now inspect F : R(T„) X R(T ) — > R(SpinC(2K-2)) .K K
A'(af-b".)-,///. 1 J a/ K-2 .... ... / . hF(a. ,b .) = --- ;-- 7̂ —  , 3 = x0. . . ,x„ . Notice that a. • b. = a. 1 b. ,1 J A (P ) H 2 K-l l l l x

i  _ i  / 1 //since we multiplied one by x2 and the other by x^3 . Since a^ •

= a. • b. is an element of R(Tt.) , and since no factor of x appears,1 1  K K.
this implies that a^ • b^ = â  • b is a homogeneous integral element

of R(T ) . Let us note that there is an isomorphism onto from K
i ii ~ ii ii ~S = Z[xlf. . . ,xK_1] £ R(T^._1) to S = Z[xx *--->xK_1] - r (Tk) described

by sending x^ — > x_̂ , i ^ K-l , and that this isomorphism commutes

with the action of W(Spin(2K-2)) on S and the action of w' on S .

By the assumption on F , A(a^'b^) = -A(P7) , where A is alternation

under W(Spin(2K-2)) and P* are in S . Under the above

isomorphism, we then have that A /(a^,b^) = A^a^'b^) = iA/(p/) , where

these elements lie in S . This implies that F(a^,b^) = ^1 .

Now let us consider FCaf,^.) for i < j , where FCa^b^.) =i J  ̂ J

A'(a'-b")

a '(P')
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_ iWe pass to R , the ring extension of R ( T ) with x'; adjoined, andK K

t — "**1 "*"llet W act on R by its usual action on {x^ .,x } . Then

A/(a/-b//.) is an element of R and in R we can factor out the xi j K
term. A /(a/‘b//.) = x ^ 2 • A^Ca • b .) , € = ^1 since W / fixes x / 3 .i J K l j K

+i ^
Since R contains x - , this implies that R(T i) can isomorphi-K K-l
cally imbedded in R and furthermore this isomorphism commutes with the 

actions of W(Spin(2K-2)) and W / , respectively. By the assumption

on F , A(a^'b.) = 0 , i < j . By the above identification of

with a subring of R , we have that A^a^'b^) = 0  in R . Therefore

A^Caf'b*) = x A /(a.,b.) = 0  in R . But A^Caf'b^.) is an elementi J *1 i J i J

of R(T.) ^ R and therefore A^ia'-h") - 0 in R(T ) . This finallyK l j K.

implies that F(af,b^) = 0 and yields the following Lemma.

Lemma 5.5

Suppose F : R(T ) X R(T ,) — > R(Spin(2K-2)) is strongly non- K“i Y“m 1
singular. Then the same is true for F : R(T ) X R(T ) — > R(Spin°(2K-2)) ,K K
where, as usual, we assume that there exists homogeneous bases, 

and {bj} , 3 F(ai,bj) = { "J i < j ■

Theorem 5.6

F : X R(T ) — > R(Spin(2n)) is strongly non-singular for all

n € Z n s 2 . Furthermore, the bases {a.} and £b .} which make1 J
F s.n.s. are homogeneous elements of R(Tn) .

Proof (induction on n )

Inductive Step: Suppose the theorem is true for n < K . By

Lemma 5.5 this implies that F : R(T ) X R(T ) — > R(Spin°(2K-2)) isK K
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strongly non-singular. To complete the inductive step we must show

that F : R(Spin°(2K-2)) X R(SpinC(2K-2)) — > R(Spin(2K)) is strongly 

non-singular.

Let us recall that a basis for R(Spin(2K)) over R(SpinC(2K-2))
• 4. f -(K-2) -1 n % .+ ^ A- (K-l) -l _ .
xs the set lxR ,l,XK K-l,XK K-l,KK ’''',Xfc ■* * US

refer to this basis as {a^} where the ordering is as written. These

rings are completely symmetric in the x ^ x ^1 . Therefore if we take
-1 „the image of this basis under cp : x — > x^ V i , we will get a second 

basis . To be explicit ^^3 =

x̂KK_2) ’••‘,XK ,1 ,XK^ ̂ K-1 ,XK^ ̂ K-l*3̂ 1 ***',XK (K_1)  ̂ ±n thS order written- 

A - represents the image of A under the action of cp . Unless other- 

wise stated A will stand for A .

K-i j
The (3 associated to Spin(2K) is P = x^^.x^, and the P

associated to SpinC(2K-2) is p7 = X2 ‘-'-xk_i • As in the previous
c K-lcases, there exists a unit in R(Spin (2K-2)) , x^ , such that

p7 • xK 1 = P . Therefore, let {b7} be a new basis, where K J

b7 = b • x1̂ 1 . We will show that F(a. ,b7) = { * Z- .J J K  i J 1 0  i < J

A(p7*a.’b7) A(P7 ■ a. • b .• x^ 1) A(P*a.b.)^ x j K  i j  ,F(a. ,b ) =  —  = ---------- -------  = -------—  , because
1 J A(P) A(P) A(p)

K-l A(p-a -b )
p7 • x = P . So we have to compute-------- —  f where A is

K A(p)

alternation over W(Spin(2K)) . By the choice of the two bases, we can

see that for almost all i , a. • b. = 1 . This will imply that for1 1

A(P’ a ^ b ^
all those i ' s   = +1 . The only two diagonal terms which

A(P)



give any trouble are the A terms.

e, e
+ a K llLet us recall that A = E x_ . . . x , , and

e =±i 1 K"1i
ne =i x

eK-l
A = 2 xl3” . . . x ~ T ~  . We must now differentiate between two cases.

e =±1 1 K_1i
ne =-1 i

i) K-l is an even integer: Then

A +  = A +  and A =  A

ii) K-l is an odd integer: Then

A +  =  A and A =  A +  .

In Chapter III we introduced the following formulas:

A +  * A +  = p+ + p + . . ..HK-1 K-3

A ' A = PK-1 + PK-3 + ' ■ ' ■

4+ ' *’ * PK-2 + ....

In these relations, determining which sums end with the term +1 

depends on whether (K-l) is an even or odd integer. In either case, 

the terms A +  • A +  and A * A will be of the form 1 + p„ + p + ...

To conclude the proof that the diagonal is ^1 , we will show that
+

A(P*p.) = A(3-p„ Jis zero. This will imply that the diagonal terms, i
i ,  _i_, i _  _i__F(x® A , x 2  A ) and F(x2 A ,  x Q A ) ,  are equal to 1 . Since,K K K K
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l _iA similar computation shows that A(P'xq A "x 8 A ) = A((3) . (Note:k K

As we have done previously, the factoring actually takes place in an
1.

extension ring which contains xj? , and in which we can imbed R(T ,)) .K K-l

Lemma 5.7
4-

AO' p ) and A(Pp.) for 1 ^ i ^ K-2 both equal zero.K—1 i

Proof

Suppose m is a monomial in Zf x,^,. . . ,xq . x~] , m = xn,J'....x„
^  1 1 K 1 K J ’ 1 K

Suppose a^ = -a^ for some i, j . Then m is fixed under some cp

in W(Spin(2K)) . For suppose a^ = â  , then let <p be the element

permuting x.,x. and fixing the other variables. If a. = -a. , let f 3  ̂ J
cp be the element permuting and x * . This has an even number of

sign changes and is therefore in W(Spin(2K)) . Call such a monomial 

symmetric in (i,j) . (i.e. , either if a^ = â  or a^ = _aj-) As we 

have noted before, A(m) = 0  if m is "symmetric in (i,j)

Through an abuse of language, we will call the following m a
el ei +"monomial." m is of the form x .... x. e. - - l and
Jl J± a

1 s j < j ... ^ j. ^ K-l with the following understanding. If1  ̂ i

j = j , , then e = +1 , e = -l and no other j is equal to j
s s+1 s s+1 r s

(i.e., we allow terms like x^ • x^1 to appear and we do not cancel.)

K—1P • m = (x .... x ) (m) is therefore a monomial of the form 
£ K

ai \  i ix .... x where the 0 ^ |a.| ^ K-l . (Just note that the e. can 1 K j i
only raise or lower the exponent by 1 .) By the Pigeon Hole principle 

we have one of two possibilities.

(1) each a^ is different, and the lla^]} fill the range
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between zero and K-l .

(2) At least two of the a^ agree, in absolute value, in which

case p • m is symmetric in some (i,j) .

Let us write p. as p7 + p". where p7 is made up of monomials1 i i l
of the first type and p^ is made up of monomials of the second type.

A(P'p^) = 0 because each m in p^ is of type 2 . Therefore

A(P-P.) =A(P-p') .

/ ai ^Since for each m in p. , p • m is equal to x ... x wherei I K
the { I a . |} fill out the range zero to K-l , it follows that P • m J
= 9(3) for some cp in W(Spin(2K)) . (Just permute the indices and

K-lchange signs, until you get x ... x . If, in the process, you make
£ K

an odd number of sign changes, just follow the process by x^ <— > x ^

and we have added an extra sign change which does not alter the term 3 .)

It follows that for any m in p^ , A(ni'P) = A(9(3)) = -A(P) , the plus

or minus depending on whether sign cp is positive or negative. We will

show that p̂  has an even number of terms, p7 = m,+. . .+m +m, +. . . +m ,1 i 1 s 1 s ’
such that (3 • hl = 9(3) with sgn (9) = +1 and 3 • m_. = 9(3) with 

sgn (9) = -1 . This will imply that A(P’p^) = 0 , completing the proof.

Let us suppose that m is a monomial in p^ (i.e., A(3m) 9 0 ) .  
e e.

m -..x ... x . with the previous conditions on the x . . Suppose
J1 Ji Jr

j 9 j2 and furthermore suppose that either j2 9 j + i or that

Jo = Jt + 1  but e = e (We will not consider the case j = 1^  X X X

and e = e - -1 .) Then (3‘m) is symmetric in (j‘,-l,j,) ifX ^ X X

e = -1 , and is symmetric in (j^,j-^+l) if e = +1 . This would
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imply A(P‘m) = 0 contradicting our assumption. Therefore we must 

have = j2 (implying , or j2 = + 1 and \  = 1 >

e = -1 . (The only exception is if j = 1 we can have e = -l ,
£  X X

e2 = - 1 .) Now, if j2 = j + 1 , we must have j'3 4= j2 . For, if

j3 = j2 (implying = -e2) , we again have symmetricity in

(j ,j +1) . (Except in the case j = 1 and e - e = -1 , in which 
I X  X X

case we would get symmetricity in (1,2) .) The same line of reasoning 

applied to (j^,j2) applies to ( and we must have either 

j3 = J 4  or j4 = j3 + 1 and 63 = 1 , e4 = -1 .

Following this line of reasoning we see that m must be a monomial

of the following type, m has an even number of terms (i.e., i = 2r ) ,

and they come in "pairs." (i.e. , for any 1 ^ j ^ r ,

£ 6 2 ' 1x ^ X 1 ” x_  ̂ is of the form x x 1 or of the form x • x \  , with2j-1 2j s s s s+1 ’

the usual exception regarding x  ̂ * x ^  ) . The first conclusion of

this assertion is that for p , i = 2r+l , is empty and therefore

A(p-p±) = 0 .

For the case i = 2r , we will set up a one-to-one correspondence 

among the m 's in p̂  as previously described. In each case, note 

that multiplying (3 by m_. and m^ , respectively, give images of |3 

under elements of W(Spin(2K)) of opposite sign.

Correspondence 1: Let m be a monomial of the form x • x * . . , . where
--------------------------------------------------  J  J

j is ^ 2 . Let m be equal to x • x 1 .... where the rest ofJ x J
the monomial is exactly the same as the rest of m . (Note; For any

possible end for m , we have the same possibility for m .) If we



take m • (3 and add the extra reflection x^  ̂ <— > x^ we get m3 .

Therefore m3 = cp(m3) where sgn(c0 = -1 . This sets up our first

correspondence. This case covers all possibilities except monomials

beginning with x • x  ̂ or with x  ̂ • x  ̂ .
1 J. 1.  £

Correspondence 2; (Monomials beginning with x^ ' x  ̂ .)
-1 -1Suppose m is of the form x, -x, x . x . _  ....  ( j s 2 ) .1 1 J j+1

Then let m be x, • x 1 x , x \   , where, as in Case One, the1 1 j+1 j+1
dots imply, that otherwise, the corresponding monomials have the same

terms. (Note that 3 ' m and 3m yield images of 3 with "opposite

signs.") This will cover all cases except monimials beginning with

x -x ^‘X *x  ̂ . For this set use the following correspondence.1 1  2 ^

Y xj+1 c 2®  <:— " V ^ ' V ^ 1 XJ+1 xjii....

This will cover all cases except monomials beginning with x *x "X2^ X3

Following this line of reasoning we can "match up" all monomials beginning

with x„ • x,^ , except x, • x, ̂  xnx0  ̂ . ...x -x  ̂ . We will deal with this 1 1 ’ 1 1 2 2  r r
"exception" in Case 4.

Correspondence 3: (Monomials beginning with X \ ^ " X 2 ^^

We use analagous correspondences to those used in Case 3 , but we 

substitute x ^-x  ̂ in place of x •x  ̂ . (e.g.,1 £ J. 1
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,, -1 -1 -1 -1 This will cover all cases except xn •x0 x •x„ ....x -x ,1 2 3 3 r+1 r+1

which will be covered in Case 4.

Correspondence 4:
-1 -1 -1 -1 -1 -1 -1x,-x, X_x0 ....X -x---- <---> x, *x0 X -X0 ....X *x1 1 2 2  r r  1 2 3 3  r+1 r+1

(Note: In all cases, the corresponding monomials yield images of (3 of
+

"different signs.") For the case A(P-p )̂ = 0 > us first note

that by our previous arguments, if K-l is odd, the result is trivial.
+

To check the proof for p , where K-l = 2r , just note theK-l
following. A((3'pTr ) = 0 by the preceding argument. p =K—1 K-l

e- e1 K—1E x ....x + a , where cr is a sum of monomials, in the usualTTe.=+i 1 K-l
i + e e— 1 k —1sense, with K-3 or fewer x. 's . Similarly, p = E x . ...x + a ,1 K—J- TTG =̂-1 r ft.—1.

where o is the same polynomial. (See [1, 7.7].) Furthermore,
+

p = p+ + p . Let us also note that in P„ , there are only two K-l K-l K—1 K 1
/ - i - i  -imonomials which appear in PK_j_ • They are m^ = x1'x2 X3'X4 •*•*xk-2’XK-1 ’

and m2 = x •x2 x3 -x4 ----XK-2'XK-1 ’ °ne aPPearinS PK _X ^  the
— K-lother in p . (Depending on whether -tj— is even or odd.)K—1 ^

We now have that 0 = A(P*p ) = A((3[p*+PK ]) = A(Pp*) + A(PpK)

= A(3-m1) + A(f3'm2) + 2A(P*o) . Note that if P'm^ = ^(P) and

Pm2 = 92(P) , then sgn(cp̂ ) = sgn(q?2) . Therefore 0 = A(P‘PR)

= 2 sgn(cpi) A(P) + 2A(P-o) = 2[ s g n ^ )  A(P) + A(P’O)] = 0 .

Therefore A(P*p* ) = A(P*p„ ..) = sgn(cp )A(P) + A(P*o) = 0 . This K—1 K-l 1
±icompletes the proof that A(P*p ) = 0 .K-l
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This completes the proof of the Lemma 5.7, and as we noted previously, 

this implies that FCa^b^) = 1 . Therefore we now know that the diagonal 

terms are 1 , and we will proceed to show that the terms above the

diagonal are zero. The following chart will make it easier to follow the 

cases.

.-(K-l)-1K-2 s“2

CASE 1CASECASE

CASE

CASE 3

CASE 1

(K-l)
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S — yCase 1: (a. = x , b. = x s < r) . Therefore, (3 'a. • b.1 - — i K J K i j

C_ ■£» C_
= 3 x where -2K+3 < S-r ^ -1 . For some £ , 3 * x isK K

symmetric in (-tjK) . Therefore A(3’a^bj) = 0 .

a _i - +
Case 2: (â  = xjr , -(K-2) ^ S ^ 0 , = xir2 A- ) . Therefore— ■ i K j K

g__ x —  |
3 • a. • b. is equal to P 1 x 2 ' 4- . The terms of A- are ofl j K

el eK~l
the form xT~ .... x, 2 . We then have that 3 * a- * b. is a sum1 K-l i J

_|L 1+^  (K-1)+2S-1
of terms of the form x ' x .... x 2 . The range ofX M IV

the absolute value of the exponents are -g integers between and 

2k- 3— 2~ ■ By the Pigeon Hole Principle we have that each term is symmetric

in some (i,j) . This implies A(3‘aibj) = 0 for Case 2.
Jk i g

Case 3: (a. = x2 • A- , b . = x -1 < S £ - (K-l) .)------ I K  J K

Exactly as in the previous case, we use the Pigeon Hole Principle on
K+2S+1

£l ---terms of the form x^.... x 2 , to get A(3a.b.) = 0 .I K  i j

Case 4: (a. = x2 A b. = x 2 A )------ i K j K
A(3’a.b.) = A(3‘A+ ‘A ) . As in the case of the diagonal element,

 ̂J
whether K-l is even or odd, A ' A  = P, + P„ + ......  ThereforeX O
by the previous Lemma A(3A+,A ) = 0 .

This completes the inductive step of the Theorem. We must now

start our induction with the case n = 2 .

Case: G ~ Spin(4).

3 = x2 € R(T2) and two bases for R(T2) over R(Spin(4>) are
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ai = CljxICXj^2) ,x|<xp ,x2} s bj = [lsx2s(x2) ,x2?(x1?) ,x21} . The terms

± tin the bracket take on the role of A n . Let b. = b. • x_ , then1 J J 2
A((3- a. b .)

F(aj.,bJ) = x i ' —1------  . Suppose i = j » then a. = b. and F(a.,b.)
A(P) 1 1  1 i

A(P) A(P) +1

Suppose i < j , then each of the six terms above the diagonal is 

symmetric in some (r,s) and are therefore zero.

-1

-1

This completes the proof of Theorem 5.6. Furthermore, as a con­

sequence of the proof of Theorem 5.6, we get the following additional 

Theorem.

Theorem 5.8

F : R(T ) X R(Tk) — > R(Spinc(2K-2)) is strongly 

non-singular for 2K-2 ^ 4 .

We remarked at the beginning of this Section that R(Spin(2K+l))

£ R(Spin(2K)) and that R(Spin(2K)) is generated by 1, A over
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R(Spin(2K+l)) .

Theorem 5.9

F : R(Spin(2K)) X R(Spin(2K)) — > R(Spin(2K+l)) is strongly 

non-singular.

Proof

The roots of Spin(2K+l) are the same as the roots of S0(2K+1> .

They are -x , x.-x. and -(x.+x.) i + i l ^ i . j . r ^ K -  Let 
r i j i J

the Fundamental Weyl Chamber be described by 0 < x̂ x.K ’
then the positive roots are x , x.-x. for i > j and x. ;-x . forr i j J x j

i 4= j . Therefore 3 is |(x +3x +. . .) and as a representation1
2K-1 

~ SP = x2 .... x a , an element of R(?L) • I K  K

Let the set {l,A+} be called {a.} , and let {b .} be the

set {A+,l}
i=l J .1=1

1

*

f 1 i We will show that F(a.,b ) = 4
1 J L 0 x

A(P/ ‘ a. b .)
F(a ,b ) - ------i-i-

J A(P)

The first thing to note is that A(p7) = 0 . py is equal to 
K-lx2 x , and if we let cp be the element of Spin(2K+X) permuting

x^ and x  ̂ , then ^(P7) = P/ , implying that A(p7) = 0 .

To complete the proof we will show that A{p/-A+) = A(p> .

A = 2 X 5Tre. -i 1 11 1
■ a . One summand of this sum is the term■ XK2

,s x'z . We also have that P '  = P • We will nowK J. K
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prove that for any other summand, Y , A(p/\) = 0 .

e.i
Y is equal to it  x 2 . Suppose ej_ = -l , then e2 must

1  K

be equal to +1 if we wish AC^Y) to be non zero. (Otherwise we

Further-
_ i  iwould have x 2 ■ x2 .... , which is symmetric in (1,2) )
J.

more, all e must be +1 or (3; • Y would be symmetric in (2,3) .O
Following this line of reasoning, the only term Y , which would yield
, - i l l3 Y , non-symmetric, is Y = x 2 x2 .... x2 which is not an element of1 " K

A+ . Suppose now that % = +1 , then by the same reasoning, the only
/ ^ ielement, Y , which gives A((3 *Y) + 0 is y = xf .... x2 which we

JL k

have already considered. Therefore, A((37 A+) = A((3) completing the 

proof.

By the inductive Lemma we also have the following :

Theorem 5.10

F : R(T„) x R(Tt_) — > R(Spin(2K+l)) is strongly non-singular.
K  K

Section 4. SpinC(2K+l)
QWe have previously discussed the properties of tt : Spin (n) — > S0(n) 

(See Chapter IV.) We can include S0(2K) X S1 in SO(2k +1) X S1 as a
Qsubgroup of maximal rank. This in turn induces an inclusion of Spin (2K)

Qin Spin (2K+1) , of maximal rank. In particular, we have
c  c  ~  -1 ± 1  -  iR(Spin (2K+1)) £ R(Spin (2K)) ^ R<TK+1) -  ZCX2 ’•••’xK+i'xf.... x|+i^ *

0We have already noted that R(Spin (2K)) is the ring

Pl' ’ PK-2’ 4 +1 Ar  XK+1 ak ] ’ where the pi 816 the
cannonical generators for S0(2K) .

0In Chapter IV we also noted that the roots and Weyl group of Spin (n)

were the same as the roots and Weyl group of S0(n) . [By the roots



being the same, recall that we have L(T) —  L(T) and we view the roots

as linear forms on this Euclidean Space.]

Recall that W(S0(2k+l)) is the group of permutations of the set 
r -1 -It ~ix , x , ... , xK , xR ] . This group acts on R(tk+1) > by fixing

x , and permuting the other x.,x  ̂. In particular, then,K+l l j
c ~ W cR(Spin (2k +1)) = R(T ) , where W is W(Spin (2K+1)) .K+l

Lemma 5.11
c -1 i -

R(Spin (2K+1)) ~  % [ \ +1>Pl ■,....’PK-1,XK+1 V ~ R ‘
Proof

±1 ±1 i iLet us look at R(Spin(2K+l)) ^ Z[x ,...,x..,x3..... x3] . Then1 K 1 K

R(Spin(2K+l)) — Z[p ,...,p ,A] and furthermore, R(Spin(2K+l)) is1 K-l
~ w -equal to R(T,r) , where W is as above. Since W fixes x , this K K+l

~ W cimplies that R ^ R(Tt. ,) = R(Spin (2K+1)) .K+l

Suppose p is an element of R(T ,) , which is fixed under W .K+l
As in the case of SpinC(2K) , let us write p as a polynomial in xK+l
(i.e., p = 2 p. , where the i are integers or half-integers.)K+l i
Since W fixes x „ , this implies that each p. is fixed under W .K+l i
The p. are elements of R(T ) , thus the p. are in Z[p ,... ,p ,A] i K i 1 K-l
This implies that p is in R . Therefore R(SpinC(2K+l)) = R

completing the proof.

Theorem 5.12

F : R(SpinC(2K)) X R(,3pinC(2K>) — > R(SpinC(2K+l)) is s.n.s.

Proof

The roots of S0(2k +1) are ^x , x.-x. -(x.+x.) , i =t= j ,r ’ i j i j
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1 ^ i,j,r ^ K . Define the same positive Weyl Chamber as in the Case

Spin(2K+l) . We then have, as in Spin(2K+l) , 3 = |r(x1+3x2 + . . . +(2k -1)x .̂)

TT^(Spin (2K+1)) — Z # 0 , therefore as we might expect, 3 is not a

weight. x is a weight, and it is the restriction to T of aK+l K+l
c 1l-dimensional Spin (2K+1) representation. Furthermore, 3 + i?xT. i' K. +i

1.2
2K-1 ir­is a weight. Therefore the element 3 , we need, is x® x1 K

and A(3) = ^(Spin°(2K+l)) . (See Chapter IV.)
/ c3 , as previously described, for the Case H = Spin (2K) is

equal to x . .

4 +i »

x^ 1 . A basis for R(Spin°(2K)) over R(SpinC(2K+l)) K
+% +is clearly the set ^ a second basis be the set

{ K+l 

Then F (a

A+, l] . Call the first set {a^} and the second set {b .}

i-b i> = ft i
=  j

< i

X.+1 "K

x + s  A 
K

1

1 1 0

A + 1

As in the case R(Spin(2K+l) ^ R(Spin(2K)) we will get A(3 ) = 0  .
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CHAPTER VI.
An Observation

Theorem 1.9 was stated under the hypothesis that ^(G) have no 

two-torsion. This hypothesis implied that one-half the sum of the 

positive roots was a weight and allowed us to define the bilinear form. 

One might then conjecture that for any compact connected Lie group, G , 

if one-half the sum of the positive roots is a weight, then the bi­

linear form defined in Chapter I is strongly non-singular. A counter­

example is the Case G = SO(6) .

For G = S0(6) , one-half the sum of the positive roots, 0 , is
-1 -1 ±1equal to x^ + 2x^ , a weight, where R(Tg) = ZCX  ̂ >x 2 >X3 3 • (Se&

Chapter V, Section 3.)

Let us note that R(S0(6)) can be isomorphically imbedded in

R(Spin(6)) and R(Tg) can be imbedded in R(Tg) , where Tg is the

torus of Spin(6) previously described. (Both maps are induced from

the covering space projection.) This isomorphism (into) commutes with

the actions of the respective Weyl groups, and in fact, the bilinear

form for the Case G = S0(6) can be interpreted as the bilinear form

for Spin(6) , restricted to a subring. (See Chapter V.)

If the bilinear form for S0(6) was strongly non-singular, there

would exist two bases {a^} and > m&king the matrix of the form

lower triangular with units on the diagonal. Under the isomorphism

connecting R(Spin(6)) and R(S0(6)) this would imply that the sets

{a } and {b .} were a bases for R(T„) over R(Spin(6)) . (Since i J 3
|w(Spin(6))| =  | w ( S 0 ( 6 ) ) |  )  . Since these bases are made up of homo­

geneous integral elements, this would, in particular, imply that
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"f* "f" -J- -f- -J~

R(Spin(6))[x“1 , x”1 , x"1] equals Z[x1'L, x ^  , Xg1, x3 x| x|] = R (T3> •

To complete this counter-example, we will show that this last statement 

is not true.

Recall that R(Spin(6)) = Z[p^,A+,A ] (See Chapter V) . Let A
C n + m/3 -s

be the following subring of the reals: A = | ^r ^s n,m,r,s € Zr .

Let B be the subring of A defined by:

B = i — + ^ n,m,r,s € zT . We can define a ring homomorphism,
L 3r 3S J

9 , from R(T„) to A by setting cp(x ) = 3  i = 1,2,3. We will showO 1
+1 +■, +1 _JL Jk JL

that cp maps R(Spin(6)) [ x , xg , xg ] into B , while cpCx^3-x|* x|)

= /3 B . This will complete the proof that the bilinear form of SO(6)

is not strongly non-singular.

, _  28 /3
Note that cp^) = 10 , cp(A ) = 4 /3 , cp(A ) = -2- ■ and 

cp(x̂ ) = 3 . Since 9 is a ring homomorphism, this proves the claim 

and provides our counter-example.
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