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C hapter I  I n tro d u c tio n  to  s c a t t e r in g  th eo ry

In  t h i s  in tro d u c tio n  we d e sc r ib e  th e  background m a te r ia l  

n e ce ssa ry  in  th e  stu d y  o f th e  tim e d e lay  a sp e c t o f  s c a t te r in g  

th e o ry . I t s  u l t im a te  a p p lic a t io n  in  s t a t i s t i c a l  m echanics

th re e  body th e o ry , we r e s t r i c t  ou r study  to  th e  quantum non- 

r e l a t i v i s t i c  s c a t t e r in g  o f th re e  p a r t i c l e s  in te r a c t in g  th rough  

two body fo rc e s  o n ly . U nless s ta te d  o th e rw ise , th e  m athem atica l 

assum ptions used  in  t h i s  th e s i s  a re  th o se  s ta te d  in  F addeev 's  

book.

We s h a l l  d is c u s s  a l l  s c a t t e r in g  in  th e  c e n te r  o f mass 

system . In  th e  two body c a se , we have th e  i n te r a c t in g  H am ilton­

ia n  + v  where i s  th e  f r e e  H am ilton ian  and v  th e  two

body p o t e n t i a l .  We d e fin e  th e  re s o lv e n ts  Afr) =■ ' ^nd

yijz)  s (6 , - n t f '  where e- i s  th e  i d e n t i ty  and £  a complex number. 

The u su a l .M oeller o p e ra to r  i s  d e fin e d  as

The s c a t t e r in g  S -m atrix  i s  d e fin e d  as
(+) L-) 1 /s = n n

The u su a l  r e s u l t s  o f s c a t t e r in g  th e o ry  can be summarized in  

th re e  sim ple theorem s:

would be d e a l t  w ith  in  l a t e r  c h a p te r s .  Follow ing F a d d e e v 's ^

(X. 1 )

(c o n se rv a tio n  o f p r o b a b i l i ty )  

(asym p to tic  com pleteness) 

(c o n se rv a tio n  o f energy)

<2') n.m - e -p» 
(3) to.) rt> = n m ?(*■)



?b i s  th e  p ro je c t io n  o p e ra to r  in to  th e  bound s t a t e  and f  i s  a

fu n c t io n . We a ls o  use  th e  T -m atrix  in  ou r d e r iv a t io n s .

t  = V  "  V  A  y  ( x - 3 )

=  'V '  —  V A ( t  ( l . ^ )

The u n i t a r i t y  eq u a tio n  can be s ta te d  as

t f t )  -  t f a )  = ( Z i ' Z i )  t f a )  AoC*-*)

We u se  only  th e  above r e s u l t s  to  d e r iv e  a l l  th e  two body tim e -

d e lay  p r o p e r t i e s .

The e q u iv a le n t s e t  o f  s c a t t e r in g  th e o ry  r e s u l t s  th a t  we

need f o r  th r e e  body tim e d e lay  i s  c o n s id e ra b ly  more e x te n s iv e .

The th re e  body problem  i s  th e  s im p le s t n o n - t r i v i a l  example of

many body i n te r a c t io n .  I t  com prises many fundam ental N-body

p r o p e r t i e s :  b rea k -u p , r e s c a t te r in g ,  rea rran g em en t, o f f - s h e l l

m a tr ix  e lem en ts, e tc .  th a t  a re  n o tic e a b ly  ab sen t in  two body

s c a t t e r in g .  We h e re  o u t l in e  th e  Faddeev r e s u l t s  to  be used  in

th e  fo llo w in g  c h a p te rs .

I f  £/, \ , a re  th e  momentum v e c to rs  of th e  th re e  p a r t i c l e s  
. ^

th en  K = £/ + ^ 3  i s  the  independen t momentum v a r ia b le  o f the

c e n te r  o f  m ass. The rem aining  s ix  momentum c o o rd in a te s  can be 

exp ressed  in  th r e e  e q u iv a le n t s e t s  o f Jaco b ian  v a r ia b le s .

^,+m x*nt3 ^ ^

o r » f% * ( *3 +*.,) -  (7*•3 +ntt) k l f
>1, + mL + -w-j w

o r ,  p3 s  ~ ^  -feu
7*1, + + m3 /n' r

& and a re  c o n ju g a te  momenta to  th e  s p a t i a l  c o o rd in a te s
-* _x —*

and ^  r e s p e c t iv e ly .  ^  i s  th e  s p a t i a l  s e p a ra t io n  o f  p a r t i c l e

Zj



p<-from th e  c e n te r  o f  mass o f th e  rem ain ing  p a i r  and Y , t o ­

g e th e r  c a l le d  th e  oc c lu s t e r .  %<. g iv e s  th e  s p a t i a l  s e p a ra tio n  

o f th e  °c c lu s t e r  i t s e l f ,  i . e .  between p a r t i c l e s  /? and Y .

In  th e se  c o o rd in a te s  th e  f r e e  H am iltonian  i s  sim ply ex p res­

sed as H0(P>f) = + = 5a, ^  * **>£

where ^  = . "'fl = w* + w* P ; r t . a . r  g O ,\3 .P .

/"V *«s/For convenience we d e fin e  s p e c ia l  c o o rd in a te s  /?< and ^  , such

th a t  p  = ^  = * 7 * ^  ■

Hence, HofofrP * ?w ^ ^  , •* = 3 • 0 - 7 )

To d is c u s s  th e  th re e  body S -m a trix , M oelle r o p e ra to rs  and 

t h e i r  r e la te d  fundam ental theorem s, we must f i r s t l y  d e sc r ib e  th e  

H ilb e r t  space s t r u c tu r e  in  which th e se  o p e ra to rs  a c t .  Here l i e s  

th e  channel p ro p e r ty  t h a t  c h a ra c te r iz e s  th e  th re e  body problem .

The com plete H am ilton ian  i s  o b ta in ed  by adding a l l  th e  

p o s s ib le  two body in te r a c t io n s  to  th e  f r e e  H am ilton ian  .

H = H* + L  V* (*■*)6L~ I
V* i s  th e  p o te n t i a l  o f th e  oi c l u s t e r .  Both H and H0 a c t  

in  which i s  a s ix  d im ensional H ilb e r t  space o f square  i n t -  

eg ra b le  fu n c t io n s ,  denoted as 1Hfr%) . The in n e r  p roduct r e ­

la te d  to  M - i s  C > ) and the  i d e n t i ty  o p e ra to r  on i s  £. .

A cting  in  Jd- , H and H0 a re  b o th  s e l f - a d jo in t  o p e ra to rs .

The channel s t r u c tu r e  i s  a m a n ife s ta t io n  o f  th e  p o s s ib le  

asym pto tic  b eh av io u r. There a re  one channel ( <*=o ) w ith  a l l  

th r e e  p a r t i c l e s  f r e e  and th re e  channe ls ( ot= i> z ,3  ) w ith  th e

oL p a r t i c l e  f r e e  w hile  th e  <*• c lu s t e r  i s  bounded. Hence

3



th e  sc a tte r in g p y s te m  can come in  fo u r  d i f f e r e n t  channels and 

can a ls o  go ou t in  fo u r  d i f f e r e n t  ch an n e ls . A system  in  any 

c lu s t e r  channel ( ‘< = l , z,3 ) must be d e sc rib e d  by a wave fu n c tio n  

o f  th e  form 'jjlfr) tffy<■) where fyfo) i s  th e  norm alized  bound s t a t e  

wave fu n c tio n  o f  th e  c lu s t e r .  fi(fa) d e sc r ib e  the  f r e e  

p a r t i c l e  and must be in  , a th re e  d im ensional H ilb e r t  space 

o f square  in te g ra b le  fu n c tio n , L*"(■%) . The H i lb e r t  space r e l ­

a te d  to  th e  f r e e  channel ( °i=0 ) i s  340 which i s  a s ix  d im ensi­

ona l H ilb e r t  space o f  square  in te g ra b le  fu n c tio n s  LJ’(p'f) and i s  

m ath em atica lly  id e n t i c a l  w ith  J4 - .

To d e sc r ib e  to g e th e r  a l l  th e se  p o s s ib le  asym pto tic  m otion 

o f  th e  th re e  body system , we in tro d u c e  a s in g le  H ilb e r t  space 

J4- = J 4 0 ® #-, © ^  . A fu n c tio n  4  in  $1* n e c e s s a r i ly  has

fo u r  com ponents, i . e .  ^  -f, ® ^  ® ^ 3 •

I t  i s  c le a r  t h a t  i s  d i f f e r e n t  from 34 .

i t , P l  = i a u . D

To com plete th e  d e s c r ip t io n  o f th e s e  H i lb e r t  sp aces , we 

in tro d u c e  the  o p e ra to rs  P* and I<* . For f  s. 34  ,

% , 34- - *  J4- (x-. io)

> 34  —> J4* ( Z . 1 L)

where %  i s  th e  <* bound s t a t e  wave fu n c tio n  and

&<%> -  t ( *  ■%>%*(*>  <X-J-z>

For i l l u s t r a t i o n  we l i s t  h e re  a l l  th e  H am ilton ians th a t  a re  

a s s o c ia te d  w ith  each o f  th e  spaces d isc u sse d  above.

I n  #  ,

I n  H  ,  £ * •  , H* ‘  ^ ( M 'f i ^ >



i n  J f .  ,  t M >  * * .  , H. 1 . < M >  -  < f

I n  H ,  , M M  * # .  • H- ^  =  < S t - 4 ) t * < * >
*** /V -*V/

The H am ilton ians w ith  th e  t i l d a  ( H0 , H*, H, and ) a re  c a l le d  

channel H am ilto n ian s. Of cou rse  H0 and H„ a re  m ath em atica lly  

i d e n t i t i c a l .

In  term s o f th e se  H ilb e r t  sp aces , J4g , M, , 04-z , 043 and 04- we 

can now d e sc r ib e  th e  S -m atrix  and M oelle r o p e ra to r s .

'‘V ^ I  I  <

•• J h '+ O d p  ( I . / * )

I f  we w r i te  I S I  = , th e  S -m atrix  would now a c t
•A

u ? _ t w  o 
t-»±°°

S /3 a.
/+, t  (-)

= ^  (J«

5/3A

n «S jp : ^

Unitarity in Jf is simply S 5 '55 - E. while in 04p

i t  i s  Z  S** 5ry3 = £p

The th re e  fundam ental theorem s runs p a r a l l e l  to  th o se  o f 

th e  two body c a se .

( D  :

( 2 ) J . o u f  u f t  -  E. -  P g  : x  -  *

(3) H u f  = i f '  ffi.

The s in g u la r i ty  s t r u c tu r e  o f  has been w ell s tu d ie d  by 

Faddeev. For <* = 1,1,3 , U« |ft<) — ~~

< % u l  / O a >

where ^ f ^ S ^ l V y  = ^  ̂   ̂ ^   ̂^  ̂  -  ?<* ( x . / 5 )

(i} £. - ^ ± * 'o
<r*%l bo* \ % y = ^  c A & ; % tit ± i o )

-  ~ y k l {  ^  (M *  J ^  ’ £< * l0)

U 3 eJ± )
- Ê  ± 1 0  '

S



The v e r te x  fu n c tio n  i s  g iven  by = (pf+Xy)

For th e  3-3 ch an n e l, we have th e  fo llo w in g ,

< r l l  u 'V * '>  = 3 <*.-?«; I ( v ^ )  -  < f

where < ~
-  fi' ± i o~0 *- o

3
< n i T (±>m ' >  = ^  , « « p < p i > H ' i  < t i o >

Map <n y > t  > * ; = ^  * *  -K; [  * ■

+ h J K > 1>%'> * )  + J k lh L  &ta ( P u f f i n . )  
p  *-£<  p

+■ Sr^Cpt >%'**) %<■%)
i -  £(3

+  J V i J .  H „  ( / * ; £ ; * )  J & t i e L  ( z . n )
* ■ -*  i s '  ■

Ct) fi-) f±)
We should  n o te  h e re  t h a t  and T a re  th e

p h y s ic a l  s c a t t e r in g  am p litudes o f  the  o( to  0 ch an n e l, p  

to  c( channel and 0 to  0 channel r e s p e c t iv e ly .



C hapter I I  S p e c tra l  p ro p e rty  o f  tim e d e lay

T his c h a p te r  d is c u s se s  th e  s p e c t r a l  p ro p e rty  o f  tim e 

d e la y . I f  one c o n s id e rs  th e  s c a t te r in g  by a p o te n t i a l  V  , 

th en  th e  s p e c t r a l  p ro p e r ty  i s  th e  s ta tem en t th a t  th e  t r a c e  o f 

th e  tim e -d e lay  o p e ra to r  i s  p ro p o r t io n a l  to  th e  change in  

s t a t e  d e n s i ty  produced by th e  in te r a c t io n  ir . We g iv e  a new 

and e lem entary  p ro o f o f t h i s  r e s u l t .

I I .  1 In tro d u c tio n  

As a p re fa c e  to  our d is c u s s io n  o f th e  s p e c t r a l  p ro p e rty  

o f tim e d e la y , we s h a l l  d e sc r ib e  th e  known r e s u l t s  f o r  tw o- 

body tim e d e la y . The g e n e ra l a b s t r a c t  d e f in i t io n  o f  tim e 

d e lay  f i r s t  proposed by G oldberger and Watson i s

-  ■& > f j l w v . M f W )  -  ( I 1 < 1 }

Here Wty i s  th e  ex ac t tim e-dependen t wave fu n c tio n  which 

a sy m p to tic a lly  behaves as the f r e e ly  evo lv ing  wave p ack e t 0 ^  

and P(K) i s  a s p a t i a l  p ro je c t io n  o p e ra to r  which i s  one in s id e  

th e  sphere  o f  ra d iu s  ^  . The fu n c tio n  s p e c i f ie s  th e

i n i t i a l  s c a t t e r in g  s t a t e  th rough

$(£) = e  f  ( I I . 1 .2 )

and m  i s  g iven  by the  u su a l form ula

W  * ( I I .  1 .3 )

I t  i s  obvious from eq u a tio n  ( I I . 1 .1 ) th a t  b e fo re  th e  l im i t

7



i s  tak en  th a t  th e  r ig h t  hand s id e  re p re s e n ts  the  tim e 

d if f e r e n c e  th a t  th e  exac t wave WV and th e  f r e e  wave <f(t) 

spend in s id e  th e  sphere  o f ra d iu s  . Then (f ,Q-f) i s  th e

tim e d if fe re n c e  computed over a l l  sp ace . The problem  i s  th e n
r r j )

one o f e v a lu a tin g  • Jauch and Marchand so lved  t h i s

problem . T heir r e s u l t  may be s ta te d  th rough  th e  fo llo w in g

e q u a tio n s . A sso c ia te  w ith  th e  momentum space k e rn e l

( f . Qf )  = ( i i . 1 . 4 )

th e n  Q, conserves energy and may be w r i t te n

^ j a l p y  M 0 L  ( x i . 1 . 5 )

where we may th in k  o f %̂ E) as an o p e ra to r  on a tw o-d im ensional 

H i lb e r t  space /J- (?) • The q u a n ti ty  p" i s  of co u rse  th e

u n i t  v e rc to r  in  th e  d i r e c t io n  of P . The e n e rg ie s  a re  £- &

and e/=  P1' / ^  f o r  reduced mass /*- . We a s s o c ia te  w ith  

th e  momentum space S -m atrix  elem ents a s im ila r  reduced oper­

a to r  A(z) d e fin ed  by

< p i s i ? >  - 1 {0 2-  ( I I - 1 - 6)

Then th e  s o lu t io n  o f  t h i s  problem  i s  g iven  by th e  o p e ra to r  

r e l a t i o n  on iJ’(p )  :

^(£J =  ^ ( E) . ( I I . 1 .7 )
a-E.

The u n i t a r i t y  o f  A(e) im p lie s  th a t  the %,(£) i s  h e rm itia n  on 

L? (p) f o r  each £

In  th e  fo llo w in g  s e c t io n  we prove th a t  th e  tim e d e lay

%



has a n o th e r  p h y s ic a l  m eaning, b e s id e s  th e  one g iven  by i t s  

d e f in i t io n  eq u a tio n  ( I I . 1 .4 ) .  T his r e s u l t  was f i r s t  o b ta in ed  

in  an e la b o ra te  paper by Jauch , Sinha and M isra . The purpose 

o f the n ex t s e c t io n  i s  to  show th a t  th e  s ta te m e n t o f  the  - 

s p e c t r a l  p ro p e r ty  may be o b ta in ed  by a sim ple argument u t i l i ­

z in g  only  a few e lem entary  i d e n t i t e s  in  s c a t t e r in g  th e o ry . 

Jau ch , Sinha and M isra tak e  g re a t  c a re  in  an a ly z in g  th e  most 

g e n e ra l c a s e , where th e re  may e x is t  bound s t a t e s  in  th e  s c a t ­

t e r in g  continuum . We tak e  th e  p h y s i c i s t ’s view th a t  such 

s t a t e s  w i l l  n o t occu r in  any rea so n ab le  p h y s ic a l  s c a t t e r in g  

problem . So we e x p l i c i t l y  p r o h ib i t  by assum ption  bound s t a t e s  

in  th e  continuum .

I I . 2 The d e r iv a tio n  

In  t h i s  s e c t io n  we g ive  an elem entary  p ro o f of the  spec­

t r a l  p ro p e r ty  o f two-body tim e d e la y . The p ro o f r e s t s  on 

two well-known g e n e ra l f e a tu r e s  o f  s c a t t e r in g  th e o ry , v i z . :

AW = A  “ A> t(t)AJi)  ( I I . 2.1 )

tfa) - -t (ti) = &.-*>) -t W  ( I I . 2 .2 )

Bach o f th e se  s ta te m e n ts  i s  a s s o c ia te d  w ith  a p h y s ic a l f e a tu re  

of s c a t t e r in g  th e o ry : ( I I . 2.1 ) i s  th e  d e f in i t io n  o f th e  T-ma- 

t r i x  o p e ra to r ;  ( I I . 2 .2 ) i s  th e  o p e ra to r  form o f o f f - s h e l l  

u n i t a r i t y .  Our p ro o f a ls o  employs th e  weak r e s t r i c t i o n  th a t  

th e  o f f - s le l l  T -m atrix  i s  d i f f e r e n t i a b l e  in  Ip I and j '̂f 

The H am ilton ians and £  t h a t  appear in  th e  r e s o lv e n ts  

A»(i) and A d)  a re  n a tu r a l ly  assumed to  be h e rm itia n , hav ing  

a co n tinuous spectrum  devoid o f  d i s c r e te  e ig e n v a lu e s .



Our ta s k  i s  to  compute th e  im aginary  p a r t  o f th e  t r a c e  

o f th e  re s o lv e n t d if f e re n c e  Ji l-z> -  A-W . We f i r s t  re w r ite  

t h i s  e x p re ss io n , T. , as

X = s.Ju [ a ( ± ) - A(i)  -  /iAc*) +

=* -  A l U )  *(*■)]
( I I . 2 .4 )

* tIn  th e  above e q u a tio n , we have used A»(t)*/■*!& and th e  

t r a c e  p ro p e r ty  to  re a rra n g e  th e  o rd e r  o f o p e ra to r s .  E quation  

( I I . 2 .4 ) i s  e q u iv a le n t to

j  = £  a  [/>>*) -A& lLtk*) f m ]  + &*)][*&*) -x foj] ( i i . 2 . 5 )

Now we observe t h a t  th e  d e f in i t i o n  o f th e  re s o lv e n t  /ij-t) * ( £ a' £ ) 1 

im p lie s

-j~[(S t*-2)fl.(e)A . ( & ]  =  Jlltt*) ( II .2.6)

where vre s e t  X, *• .

This l a s t  i d e n t i ty  p e rm its  u s to  w rite  X as th e  sum o f 

th r e e  te rm s,
Z  = X, + 1  ̂ * I j  = J ( h . 2 . 7 )

where

[ i k j *  tfi>] (1 1 .2 .8 )

=  i *  t f t * ? ) [ t M  - & v ]

-J  ~  A> ( * } [ £ ( * * ) - £ ( * ) ]  ( II .2.10)

I f  one ta k e s  th e  complex c o n ju g a te  o f I3  th en  we see  t h a t  i t  

i s  th e  n e g a tiv e  o f  . So as th e  l a s t  form o f  eq u a tio n  

( I I . 2 .7 ) in d ic a te s  i t  s u f f ic e s  to  commute I  and

Jo



The n ex t s te p  i s  to  in tro d u c e  th e  reduced re p re s e n ta t io n  

o f a l l  th e  o p e ra to r s .  The o p e ra to r  T (£,£'$*■) w i l l  be th a t  

a s s o c ia te d  w ith  t(*) . The k e rn e l o f X(e,£'>£) g iv e s  i t s  

p re c is e  d e f in i t i o n .  S p e c if ic a l ly

: ) l f> = i t e # !  *(&}?>•}-(*') ( I I . 2 .11 )

where th e  ja c o b ia n  f a c to r  i s

j(6) = (4i*3£)* , £ » ( I I . 2 . 12)

The reduced o p e ra to rs  a c t  on th e  tw o-d im ensional H ilb e r t  

space o f C(p)  . On t h i s  space we denote  th e  t r a c e  by .

For fu tu re  re fe re n c e  we n o te  th a t  th e  m a trix  elem ent o f £  

i s  zero  when e i t h e r  t - o  o r  a' = o  .

F i r s t  we e v a lu a te  L in  th e  l im i t  ^  -> -'-O . From

e q u a tio n  ( I I . 2 .8 ) we have

Xt =. ( I I . 2 .13 )

This e x p re ss io n  becomes a f t e r  one in te g r a te s  by p a r t s  and 

observes th a t  th e  su rfa c e  term  v an ish es

X  = **-'<>; 1 * ( I I . 2 .14)
1 P£

Turning to  X^ we in tro d u c e  th e  o f f - s te l l  u n i t a r i t y  r e l a t i o n  

( I I . 2 .2 ) two tim es to  o b ta in ,

i  £  A-l(iX) ( * - * * ) Mi )

= i (k-i*) £(**) Ao&AJ*) X

x [ t ( t )  -f tit) fiofa K(-if) %(£)] ( I I . 2 . 15)

O ff - s h e l l  u n i t a r i t y  a ls o  im p lie s

^  t(t) = - £(t)Az*(V£(±) ( I I . 2 .16)

Thus X^may be s ta te d

/ /



^  A o ii*} Ao(±)

+ A &  ft* '* )  A ,(t*)Aoft) f t  f t )  ( t t ± )  / i0(t) A.(j* )

( I I . 2 . 1 7 )

In  th e  l im i t  t h i s  becomes in  th e  reduced language

x  =  J L %  \ d e -  ( - x t t i ) 5  f t - * )  j L  

+ ~k &  l dEJo**-'[ [~hir t B' E>

x (-nri) 'L3(e? , \ )  v/ e ' e j& H o ) 3 (e -*)?
J ( I I . 2 .18)

Take th e  im aginary  p a r t  o f t h i s ,

Z X J v k Zj = -jLiTl fc. A*- ' ^ T C£,e - ,K '> ° ) \E =
r -  s *7

-h i  (iTTlffti T(k&;\-rojj ? C \X * + > 6 )
£** ' ( I I . 2 .1 9 )

E quation  ( I I .2 .1 9 )  may be a lso  exp ressed  as

( I I . 2 .20 )

Here th e  change in  th e  second term  i s  th e  r e s u l t  o f  the  id en ­

t i t y

[ * * /  ( I I . 2 .21 )

T his eq u a tio n  can be o b ta in ed  from th e  u n i t a r i t y  eq u a tio n  in  

th e  reduced space language.

(*-%)  ( I I . 2 .22 )

L et ^,=.^1+^. , ^ o ' * '  tak e  th e  t r a c e .

13.



K '  M* *  (£ " '* -)

= ~**+ A  T ^ ; A ; ^ / o ) T : U (E;A -(0)

( I I . 2 .23)

Take p a r t i a l  d e r iv a t iv e s  w ith  re s p e c t  to  £■' ,

=  ( r W * ) P -  
7 ( I I . 2 .24)

S im ila r ly , we can o b ta in  ano th er e x p re ss io n  s t a r t i n g  w ith

T(*,£;*,) -T (tfE'ftt) = (ij-Jti) Jgfc* T^ ,£ ;? Q  z t e U ' i t , )
(&"-K) (&*-*,) ( I I . 2 .25)

and l e t  A-i/*. , =■*.+ </*■ and of

U  J l  (*(*,£}*.-<o) -  TC‘ ,C',A*>t>lj

=  * n i  £ ,*+ ;< > ) ( 1 1 . 2 . 2 6 )

How s e t  bo th  £ and £/ equal to  7L f o r  bo th  e q u a tio n s  

( I I . 2 .24 and 2 6 ), and th en  s u b tr a c t  one from th e  o th e r .

-  -O-TTa, £ ,  [-££7: f£-/ &j s'-'10)]  A-f/0) ( I I . 2 .27)
£ —A

*/* jSince pt (±)-pt (£) , th e  l e f t  hand s id e  i s  an im aginary  number.

Hence, th e  r e a l  p a r t  o f th ^ r ig h t  hand s id e  must v a n ish . T his

produc es e q u a t io n :( I I .2 .2 1 ) .

L et us r e tu r n  to  th e  b a s ic  argum ent. Combining e q u a tio n s  

( I I . 2 .2 0 , 14 and 7) we o b ta in

3L* fc [A .(  *■+*<>) - A 0 (X-+‘0) ]  = -3Uri fi. ftjL ~Z-[a b)

4- i  (mi) J ^ ! [  d rU j^ ^ .io ) T (X A .M 0 ) j
( I I . 2 . 2 8 )
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The r ig h t  hand s id e  o f ( I I . 2 .28 ) i s  r e la te d  to  th e  tim e d e lay  

by n o tin g  th a t  %(*■)- , so f a  %(*■)= f a  fa  . Using

th e  S -m atrix  r e p re s e n ta t io n  o f %(K) and th e  r e p re s e n ta t io n  o f 

M *-) in  term s o f the  T -m atrix ,

yd(^) — / — 2. WZ I ^  > A+'d) ( H .2 .2 9 )

we have

=• -<5v p .  S ^ U - L U . * . ) * - ' 0)

- ( > * ) ' J L U [ * Z ( y p - ' D)]  x ( X , x ; X + ! o - )

( I I . 2 .30)

V ersion  ( I I . 2 .30) o f  "6 %(*-) to g e th e r  w ith  eq u a tio n  ( I I . 2 .4 ) 

a llow s us to  conclude th a t

Z  cSUt fa  [ / l ( ^ t o ) - / i e (2.-tt°)J ==■ ( I I . 2 . 3 1 )

T his i s  the  s p e c t r a l  p ro p e rty  o f tim e d e la y .

I I . 3 ' The p h y s ic a l in t e r p r e t a t i o n  

I t  i s  a p p ro p r ia te  to  g iv e  an e x p l i c i t  p h y s ic a l  in te r p r e ­

t a t i o n  to  th e  s p e c t r a l  p ro p e r ty  found above. Follow ing B im an  
5 )

and K rein  we in tro d u c e  th e  s p e c t r a l  s h i f t  fu n c tio n  A 4*-) .

The exac t and f r e e  H am ilton ians have a s p e c t r a l  re p re s e n ta t io n ^  

g iv en  by

i ,  - f%deL%)  , $*0 '
( I I . 3 .1 )

Here eLz . )  and denote  th e  s p e c t r a l  p ro je c t io n  o p e ra to rs

f o r  H and . In  the  continuum , i . e .  X > .0  we d e fin e

A( X)  as

&(.Z )  =■ e o ( A ) J  ( I I . 3 . 2 )
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The s p e c t r a l  s h i f t  has a sim ple p h y s ic a l i n t e r p r e t a t i o n .  

Suppose f o r  pu rposes o f d is c u s s io n  th a t  we were c o n s id e r in g  

a quantum problem  w ith  box n o rm a liz a tio n  and boundary c o n d itio n s , 

In  th e se  c ircu m stan ces  th e  continuum  i s  a b sen t and fâ  i s  

a  f i n i t e  p o s i t iv e  in t r g e r  t h a t  i s  equal to  th e  number o f e ig ­

e n s ta te s  w ith  energy l e s s  th an  A. . Here fi-[e(x) - eaM ]  i s  

th e  excess number o f  e ig e n s ta te s  c re a te d  when th e  p e r tu rb a t io n  

-V =■&-&,, i s  tu rn ed  on. So, AW  i s  a d e f in i t i o n  o f t h i s  

excess number o f  s t a t e s  and th e  d e f in i t i o n  rem ains m eaningful 

even when we remove th e  box n o rm a liz a tio n  and th e  con tinuous 

spectrum  i s  p r e s e n t .  For th e  con tinuous spectrum  c a se , o f 

co u rse  and f a . £( \ )  a re  b o th  i n f i n i t e .  Thus i f  we

form th e  d e r iv a t iv e  - - f ^  i t  has the  meaning o f  th e  change of 

s t a t e  d e n s ity  a t  energy A. due to  th e  in te r a c t io n  v  . For 

th e  r e s o lv e n ts  AM and Aafc) eq u a tio n  ( I I . 3 .1 ) a llo w s th e  

r e p re s e n ta t io n

fil-k) = J  d e f t )  , ( I I .  3 . 3 )

A c(V  =■ j  ( T t - i ) - '  d e j X ) , ( i i . 3 . 4 )

For any s t a t e  in  th e  CCp) H i lb e r t  space one has 

( &, [/L(x-h>/c) -  !/*.)] <f> )

J  L * - * .  v - J  ( I I . 3 . 5 )

Taking , g iv e  us

( 4 ,  'U kLm m -W  -Aofo+io)] i6 )  (<t>, l e U )  - e . ( x ) ] p ) '  ( n . 3 . 6 )
d A

/ S



Suppose now { f „ j  i s  a com plete o rthonorm al s e t  i n  C ’(p) , th en  

i f  we sum eq u a tio n  (1 1 .3 .6 )  over n. f o r  each ^  we have

A U + t o )  ~ A j * + “>)] ( I I . 3 .7 )

Thus, from ( I I . 2 .3 1 ) we deduce

%  j » )  =  z i r  < LA ±L  ( I I . 3 . 8 )

Prom a p h y s ic a l  p e rs p e c tiv e  t h i s  means th a t  fart*-) i s  a rem ar­

k ab le  o b je c t .  As in d ic a te d  in  th e  opening d is c u s s io n  i t  i s  

known th a t  g iv e s  th e  p h y s ic a l  tim e d e lay  f o r  an

in c id e n t  p lan e  wave. E quation  ( I I . 3 .8 ) shows us t h a t  has

a second, v e ry  d i f f e r e n t ,  p h y s ic a l  meaning -  namely th e  change 

o f s t a t e  d e n s i ty  due to  th e  p e r tu rb a t io n .  For exam ple, i t  i s  

because o f  th e  s t a t e  d e n s i ty  o f  meaning th a t  i t  e n te rs  

th e  th eo ry  o f s t a t i s t i c a l  m echanics and the  com putation  o f 

v i r i a l  c o e f f i c i e n t s  fo r  d i lu t e  g a se s .

From th e  s p e c t r a l  p ro p e rty  o f  (fc(A) i t  i s  a s h o r t  s te p  to

th e  tim e d e la y  v e rs io n  o f  L e v in so n 's  theorem . For a s p h e r i­

c a l ly  sym m etrical p o t e n t i a l ,  we can p ro je c t  %l>) onto a angu­

l a r  momentum subspace as %ji fa) . The s p e c t r a l  p ro p e rty  in  

t h i s  subspace b e a rs  the  same form as ( I I . 2.31 )

£  fc. [aC^+<o) - Ao(A--*-'0) ( I I . 3 .9 ) 

The fu n c tio n  £l[A(?.+<y) -A 0(^+/p) i s  an a n a ly t ic  fu n c tio n  o f 

Z  i n  the  c u t p lan e  exclud ing  th e  p o s i t iv e  r e a l  a x is .  T h is 

fu n c tio n  has sim ple  p o le s  a t  the  bound s t a t e  e n e rg ie s  o f . 

We app ly  C auchy 's theorem  to  a c o n to u r which i s  a c i r c l e  o f 

r a d iu s  A. c e n te re d  about th e  o r ig in  o f £ and runn ing  a long  

th e  r e a l  a x is  so as to  exclude th e  b ranch  c u t ly in g  a long  th e



p o s i t iv e  r e a l  a x is .  The c o n to u r has s e p a ra te  sm all c i r c l e s  

about each sim ple p o le  o f fa[Ate) -A>te) • Then

X
I t  i s  easy to  show th a t

/*/ (fi[/LCz) 'Acte)]A j —> o  ( I I . 3 .11)

u n ifo rm ly  as l a j -* * 0 . So when K->e0 th e  c o n to u r a t  i n f i n ­

i t y  v a n is h e s , th u s  ( I I . 3 .10 ) g iv es  us

/  a» ~/i„( A+<o) J j dA -hJTXHjL ~ 0  ( I I . 3 .12)

where i s  th e  number o f  bound s t a t e s  o f a n g u la r  momentum.'

/  , in c lu d in g  degeneracy .

By ap p ly in g  th e  s p e c t r a l  p ro p e rty  ( I I . 3 .9 )  one th e n  has

J *  %*<*■) A*  = ( I I . 3 .13)

T his i s  th e  tim e -d e la y  v a r ia n t  o f L ev in so n 's  theorem . A sub­

s t i t u t i o n  o f ~ 4^ - ^  i n  term s of th e  phase s h i f t
<*■£

one rec o v ers  the  f a m i l ia r  form o f L ev in so n 's  theorem .

faf*)  - £ ( < » )  * a.-irNA ( I I . 3 .14 )

An a t t r a c t i v e  a sp e c t o f t h i s  s ta te m e n t o f L ev in so n 's  

theorem  i s  t h a t  we may u n d ers tan d  th e  theorem  as a r e l a t i o n  

betw een two o b se rv ab le  q u a n t i t ie s  -  tim e d e lay  on one hand and 

th e  number o f bound s t a t e s  on th e  o th e r .  Note a ls o  t h a t  equ­

a t io n  ( I I . 5 .13) p r e d ic ts  some s t r i k in g  g e n e ra l r e s u l t s  concer­

n in g  tim e d e la y . C onsider th e  case  when a t  some energy £ = £* 

th e r e  i s  a long  l iv e d  reso n an ce . In  th e  energy reg io n  around 

£■/>. > %JLM i s  ve ry  la rg e  and p o s i t iv e .  In  o rd e r  f o r  ( I I . 3 .13 ) 

to  rem ain v a l id ,  what must happen i s  t h a t  in  o th e r  energy 

re g io n s  away from ^  th e re  w i l l  be an in c re a s e d  tim e advance.

n



In  th e  s i t u a t io n  where th e  p o te n t i a l  has on ly  a f i n i t e  

number o f p a r t i a l  waves, one could  sum over a l l  th e  an g u la r 

momentum s t a t e s  and a r r iv e  a t  a L ev in so n 's  theorem  f o r  the 

e n t i r e  sp ace ,
00

J '  a  '  ~A i r N  ( I I . 3 . 1 5 )
w

where n = %■ Nx  and M i s  f i n i t e .
JL*l

ut
For a  g e n e ra l p o te n t i a l  however, th e  L ev in so n 's  theorem  

must be m o d ified .

J . X  »  - 3 T T N  ( X I . 3 . 1 6 )

where = J d v  v ( ' k )  . M athem atica lly , the  d i f f i c u l t y

l i e s  in  th e  v a n ish in g  o f  ( I I .3 .1 1 )  as /*■} ~* 00 . An i n f i n i t e

sum o f p a r t i a l  waves would n o t v a n ish , i . e .

L I* I \p.[Alt) -Aoft)], I

— y  !t(lpi[/Lfe) = &
W  ( I I . 3 .17 )

However,

U** £  l*l I A  [ a (v " AoC*jj I 
/*/->«’ *-1 '

+  jr  1*1
' a=-i l*h *

( I I . 3 .18 )

and hence , would n o t v a n ish . This n e c e s s i t a te  th e  m o d if ic a tio n  

in  ( I I . 3 .1 6 ) .

18



C hapter I I I  U and ¥ fu n c tio n s  and b in a ry  k e rn e ls

In  t h i s  c h a p te r  we g ive  a summary o f th e  methods employed 
(r )

by Kahn and Uhlenbeck in  in v e s t ig a t in g  th e  quantum v i r i a l  

c o e f f i c i e n t s .  This w i l l  se rv e  as an h i s t o r i c a l  background to  

i l l u s t r a t e  th e  c h a ra c te r  o f  our d e r iv a t io n  in  th e  coming chap­

t e r s .  S ince th e  bu lk  o f  t h i s  th e s i s  i s  concerned w ith  th e  

th re e  body problem , one must n e c e s s a r i ly  p ro je c t  onto th e  N- 

body problem  (N>3)  from th e  th re e  body s o lu t io n .  The method 

o f  Kahn and Uhlenbeck p ro v id es  a p ro p er b a s is  f o r  such a p ro ­

j e c t io n .  In  p a r t i c u l a r ,  one can p e rc e iv e  why th e  problem  o f 

d isco n n ec ted n ess  i s  ab sen t in  th e  two body case  bu t p re s e n t in  

th e  th re e  body c a se , and a ls o  how i t  can be handled  f o r  ¥ > 3  

c a s e s .

Even though th e  Kahn and Uhlenbeck method a re  e x a c t, they  

a re  n o t ve ry  u s e fu l  f o r  a c tu a l, n u m erica l c a lc u la t io n s .  Many 

w orkers seek  approx im ations from th e  th eo ry  in  o rd e r  to  c a lc u ­

l a t e  even th e  t h i r d  v i r i a l  c o e f f i c i e n t .  The b in a ry  k e rn e l 

method by Lee and Tang5/  which we s h a l l  i l l u s t r a t e ,  i s  a w e ll 

known sy s te m atic  method o f  app rox im ation . O therw ise, th e  th eo ry  

o f  v i r i a l  c o e f f i c i e n t s  has n o t p ro g ressed  much and a re  g en er­

a l l y  tak en  a s  com plete .

In  term s o f tim e d e la y , we have found a new th e o ry  f o r  

v i r i a l  c o e f f i c i e n t s .  We s h a l l  e s ta b l is h  in  c h a p te r  IV, on a 

r ig o ro u s  o p e ra to r  l e v e l ,  th e  sim ple fu n c t io n a l  dependence o f 

v i r i a l  c o e f f ic ie n t s  upon tim e d e la y . In  th e  nex t c h a p te r , 

th rough  th e  Oayley tran sfo rm  method we v e r i f y  th e  c a lc u la t io n



u s in g  k e rn e ls  and in te g r a t io n s .  We i l l u s t r a t e  th e  i n te r n a l  

s t r u c tu r e  o f th e s e  v i r i a l  c o e f f i c i e n t s  from which we hope, one 

can make new, and may be b e t t e r ,  app rox im ations.

To be c o n s is te n t  w ith  th e  r e s t  o f  th e  t h e s i s ,  we only  

i l l u s t r a t e  th e  sim ple case  o f Boltzmann s t a t i s t i c s .  Bose o r  

Fermi s t a t i s t i c s  can be t r e a te d  a cc o rd in g ly  bu t th e  co m p lica tio n  

on ly  tend  to  confound r a th e r  than  to  i l lu m in a te  th e  p h y sic s  o f 

tim e d e la y .

We fo llo w  th e  s ta n d a rd  tre a tm e n t and in tro d u c e  th e  WN and 

UN o p e ra to r  fu n c t io n s .

W N =  ( 3 L . I )

where i s  th e  f u l l  W p a r t i c l e  H am ilton ian . The p a r t i t i o n

fu n c tio n  i s  sim ply Q N = 7 r  lA/̂  . To o b ta in  th^/logarithm  o f 

th e  grand p a r t i t i o n  fu n c tio n  <~b i n  a  sim ple form , we fo llo w
to

a p rocedure  f i r s t  in tro d u c ed  by U rs e l l  and by Mayer f o r  c l a s s i ­

c a l  s t a t i s t i c a l 'm e c h a n ic s  and by Kahn and Uhlenbeck f o r  quantum 

s t a t i s t i c a l  m echanics.

One d e f in e s  UN fu n c tio n s  by

= < i ' |  u , I <>

\a/z | ! , * , >  =  < i ' I U | i > < * ' I  ■*- O - a ' I U J i , * >

I lA/3 | l,2.3> =  <l ' |U(| i >  < ^ |U ,|z .>  <3'| Uf |3>

<>'/ u , |  ' >  ( z ' . y  | u t | ^ 3 >

■*" < * ' I U , U >  U1 1 1)3

< 3' | U , | 3 >  < i.'z'l U J  i , * >

+ <  *1. 3' | Us \ >,1,3} (&.*)

•  •  •  6"be •



The numbers 1 , 2 , 3 . . .  in  th e  b ra  and k e t  v e c to rs  denote  th e  

com plete s e t  o f  c o o rd in a te s  o f p a r t i c l e  number 1 and o f  p a r t i c l e  

number 2, e tc .  The s u b s c r ip t  N in  and UN deno tes th e  

t o t a l  number o f p a r t i c l e s  in v o lv e d . We can a lre a d y  see  the 

s ig n i f ic a n t  d if f e re n c e  between WN and' UN . U N i s  th e  p a r t  

o f  W*, which i s  n o t (a ) c o n tr ib u te d  by th e  f r e e  H am ilton ian  

a lo n e , i . e .  < l’| U ,  | / > < * ' / ( J , U >  < X |  U, | n )
V -------

N

which i s  | W/v | i f  th e  p o te n t i a l  v a n ish es  and

H/y = H/y ; (b) d isco n n ec ted  by hav ing  one group o f  p a r t i c l e s  

i n te r a c t in g  w ith in  th e  group o n ly , e .g .  </')U, |<)» (z'.s' / LfJ z> 3)> 

where p a r t i c l e  number 1 n ev er i n t e r a c t  w ith  2 o r  3* Follow ing

s ta n d a rd  t re a tm e n t, one a r r iv e s  a t
°° n \  ^

N =■ O
oO

JL*i, a//

- 1  - l  £  * ^

where th e  v i r i a l  c o e f f i c i e n t s  ^  i s  exp ressed  d i r e c t l y  in  term s

o f  Ux  •

We pause h e re  to  s t a t e  -that we have n o t d e a l t  w ith  th e  

theorem s o f  Lee and Yang concern ing  th e  volume dependence of 

Our s tu d ie s  in v o lv e  m acroscopic f i n i t e  volume la r g e  enough f o r  

th e  c lu s t e r  in te g r a l s  to  be e s s e n t ia l l y  th e  same as th o se  com­

pu ted  a t  V  —> 00 . S p e c i f ic a l ly ,  any m acroscopic & w i l l  

make P(&) c lo s e  enough to  u n i ty  f o r  our c a lc u la t io n s  in  th e  

fo llo w in g  c h a p te r .

To f u r th e r  our d is c u s s io n , we in tro d u c e  th e  diagram m atic 

method o f  Lee and Yang and t h e i r  b in a ry  k e rn e l  expansion .

2 /



The o p e ra to r  fu n c tio n  - Mtp. Hy f Hrt = HN'h VN can be 

expanded in  term s o f \ a a n d  VN .

W J f )  =  lÂ VyS) + j f  W j  ( /* ' /* ' )  (~VN)  VJ°N ( f i ' )  ^  

4- j f d . f i '  J f'd ifl"  W U t ' f i ' l  ( ~ V» )  K °  C / - /3 " )  ( ~ V rt)  W j  (js")

-h • • • f-M. J

We re p re s e n t  th e  f i r s t  few WN(ytf) in  f ig u re  I I I -1  , diagram m ati- 

c a l ly .  The h o r iz o n ta l  l i n e s  re p re s e n t  (-VN) and each v e r t i c a l  

l i n e  re p re s e n t  one p a r t i c l e .  The le n g th  a long  th e  v e r t i c a l  

l i n e s  re p re s e n t  /3 and th e  in te g r a t io n  v a r ia b le s  / 3 ‘ , p " , a3

m • 0  0 *tC •

In  th e s e  d iagram s, th e  c o n tr ib u tio n  from th e  f r e e  Ham ilto- 

n ia n  a re  th e  diagram s w ith o u t h o r iz o n ta l  l i n e s  ( i . e .  no -V'/y ).

D isconnectedness i s  r a th e r  s e l f - e x p la n a to ry .  I t  d e sc r ib e s  

d iagram s where a t  l e a s t  two groups o f v e r t i c a l  l i n e s  a re  n o t 

j o in t  to  each o th erb y  any h o r iz o n ta l  l i n e .  e . g .  th e  2nd, 3 rd , 

4 th  and 5 th  diagram  o f Wjf/O. j n term s of th e se  p o te n t i a l  

d iag ram s, th e  UN5 have a sim ple m eaning. \JN i s  th e  sum o f 

a l l  "connected diagram s" w ith  N v e r t i c a l  l i n e s  each o f  le n g th  

Z3 . We can now in tro d u c e  th e  b in a ry  k e rn e l  as a p a r t i c u l a r  

way o f  summing th e s e  connected  d iagram s.

& ( / =
■j- jJsC

A new s e t  o f  b in a ry  k e rn e l diagram s can be drawn to  re p re s e n t
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W ,( /0  s A

K (f i  =

/ z > z / '  Z

/I  4 -

t  '
f i ’

1

3  4- t 2?AA 1

' t

hj *r

t

*
----------->

*■

/ z I z / 2

W3 C/9) =

/' * ■*' /  z' -3'

+•

' * J ' X J

! 2 3

/ Z J

/ 2 J /' z' 3' / '  Z j'

■ h  » •

/  Z  3 /  t  3

F ig u re  I I I - 1  P o te n t ia l  diagram s

/  Z 3
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U/y as in  f ig u re  I I I - 2 .

We can a ls o  d e fin e  th e  b in a ry  k e rn e l as

The b in a ry  k e rn e l  fr(/3',i.t) could  be so lved  from th e  two body 

problem  and w i l l  th e r e f o re ,  p ro v id e  a way o f  approx im ating  a l l

In  conclud ing  t h i s  c h a p te r , we must s t a t e  e x p l i c i t ly  th e  

coup le  o f p h y s ic a l a sp e c ts  th a t  t h i s  th eo ry  does n o t p rov ide  

f o r .  While i t  d e a ls  a d eq u a te ly  w ith  th e  obvious problem  o f 

s p e c ta to r  p a r t i c l e  (d isc o n n e c te d n e ss ) , i t  cannot a llow  f o r  th e  

p o s s ib i l i t y  o f bound s t a t e s  and hence , channel s t r u c tu r e  in  th e  

v a rio u s  v i r i a l  c o e f f i c i e n t s .  I t  a ls o  bypasses th e  problem  o f 

r e s c a t t e r in g  s in g u la r i ty .  Both o f  th e se  problem s a re  so lved  

in  th e  tim e d e lay  th eo ry  o f v i r i a l  c o e f f ic ie n t s  in  th e  fo llo w ­

in g  c h a p te rs .

v i r i a l  c o e f f i c i e n t s  in  powers o f  b  . For example,

„z
+ fo u r  o th e r  term s o f o rd e r  o

+ term s o f h ig h e r  o rd e rs  in  fi . ( M . 6 )
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Chapter IV Quantum theory of virial coefficients

T his c h a p te r  p re s e n ts  a g e n e ra l quantum th eo ry  o f th e  

h ig h e r  v i r i a l  c o e f f i c i e n t s .  The o b je c tiv e  i s  to  d e r iv e  from 

f i r s t  p r in c ip le s  th e  e q u ilib riu m  s t a t i s t i c a l  behav iou r o f  an 

in te r a c t in g  N -p a r t ic le  quantum g a s . A b r i e f  summary and phy­

s i c a l  p ic tu r e  o f our problem  i s  h e lp f u l .  We s h a l l  n o t impose 

any r e s t r i c t i o n s  on th e  s t r e n g th  o f th e  i n te r a c t io n s ,  i f  

a t t r a c t i v e  enough, a re  f r e e  to  form two, th re e  o r  n - p a r t i c l e  

bound s t a t e s .  The fo rm ation  o f  th e s e  s ta b le  c lu s t e r s  i s  th e  

c re a t io n  by th e  in te r a c t io n  o f sp e c ie s  ty p e s  in  th e  g a s . The 

eq u a tio n  o f s t a t e  f o r  such a system  i s  one such th a t  th e re  

a re  c o l l i s io n s  betw een e lem entary  c o n s t i tu e n ts  and c lu s t e r s .  

These s c a t t e r in g s  w i l l  in v o lv e  p ick u p , rea rran g em en t, breakup 

and e l a s t i c  s c a t t e r in g .  For e q u ilib riu m  th e s e  v a rio u s  p o s s i­

b le  outcome o f th e  s c a t t e r in g  p ro cess  occu r a t  r a t e s  such 

th a t  th e  f r a c t io n a l  amounts o f th e v a r io u s  sp e c ie s  ty p e s  rem ain 

c o n s ta n t .

The system  we c o n s id e r  i s  N (= 10 ) d is t in g u is h a b le

p a r t i c l e s  hav ing  id e n t i c a l  mass m. We r e s t r i c t  th e  s t a t i s t i c a l  

c h a ra c te r  o f t h i s  system  to  th a t  o f  Boltzmann s t a t i s t i c s .  

C onsequently  e f f e c t s  a r i s in g  from th e  symmetry o f  th e  N -p a rt­

i c l e  wave fu n c t io n , such a s  exchange phenomena, a re  om itted  

from t h i s  a n a ly s i s .  While we b e lie v e  t h i s  r e s t r i c t i o n  to  

Boltzmann s t a t i s t i c s  can be re la x e d , we impose i t  because our 

b a s ic  aim i s  to  f in d  which a sp e c ts  of the p h y s ic a l  s c a t te r in g  

p ro cess  c o n tro l  th e  thermodynamic b eh av io r o f th e  system .



Our study  employs modern f e w -p a r t ic le  s c a t t e r in g  th e o ry . 

T his th eo ry  does n o t y e t  e x is t  f o r  lo n g -ran g e  Coulomb fo r c e s .  

For t h i s  reaso n  we must c o n fin e  our tre a tm e n t to  fo rc e s  th a t  

f a l l  o f f  f a s t e r  th an  th e  Coulomb f o r c e .  Aside from t h i s  one 

p h y s ic a l r e s t r i c t i o n ,  our i n te r a c t io n  may be q u i te  g e n e ra l .  

For example, th e  th eo ry  rem ains v a l id  f o r  i n te r a c t io n s  t h a t  

do no obey tim e r e v e r s a l  in v a r ia n c e  o r  conserve  a n g u la r  mome­

ntum.

IV. 1 In tro c u c tio n  

l e t  u s o u t l in e  th e  b a s ic  in v e s t ig a to ry  to o ls  we w i l l  

u t i l i z e .  Assume th a t  V  i s  th e  volume and th e  tem per­

a tu re  o f  ou r system . For P  = j c r  th e  grand p a r t i t i o n  fu n c t­

io n  i s  d e fin e d  in  term s o f  th e  fu g a c i ty  £ by

where HN i s  th e  ex ac t H am ilton ian  f o r  a N -p a r t ic le  system . 

The t r a c e  i s  tak en  over th e  e n t i r e  N -p a r t ic le  H i lb e r t  space 

w ith o u t th e  im p o s itio n  o f  any symmetry r e s t r i c t i o n s .  I t  i s  

th e  absence o f  symmetry req u irem en ts  th a t  i d e n t i f i e s  t h i s  

system  as one governed by Boltzmann s t a t i s t i c s .  Of c o u rse ,

& i s  th e  Boltzmann c o n s ta n t . 
li)

U rs e l l  developed a c l u s t e r  expansion  f o r  t h i s  system  

which le a d s  to  a second form f o r  th e  grand p a r t i t i o n  fu n c tio n  

g iven  by r co p i
Z ( v T , i } - ^ { v L  ^ u 2 )

The key q u a n ti ty  in  t h i s  r e p r e s e n ta t io n  i s  th e  c o e f f i c i e n t s
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&X. -  th e  / ( th  c l u s t e r  i n t e g r a l .  . I f  one expands b o th  forms 

o f ^  and e q u a tes  th e  c o e f f i c i e n t s  o f  th e  d i f f e r e n t  powers 

o f  z th en  sim ple t r a c e  d e f in i t io n s  o f k/L. r e s u l t s .  For exam­

p le ,

k  ~ Ta e  ^ H{ = A 3 ( i v .1 . 3 )
2* / \«[where A. = ( H . The q u a n ti ty  A i s  th e  therm al

w avelength  o f  th e  p a r t i c l e  mass m. We s h a l l  be e s p e c ia l ly  

in te r e s te d  in  th e  c lu s t e r  i n te g r a l  f o r  two and th re e  p a r t i c l e  

system s. E quations (IV . 1.1 and 2) imply

h* = v r v  ^  ' )  (IV -1 -4)

In  t h i s  form ula th e  c en te r-o f-m a ss  m otion has been e x tra c te d
X  -3

le a d in g  to  th e  f a c to r  o f  Z A- . S o  th e  t r a c e  ranges over 

j u s t  th e  r e l a t i v e  m otion deg rees o f freedom o f  t h i s  system .

I f  we deno te  th e  in te r a c t io n  by v  th en  i s  th e  f r e e  two 

p a r t i c l e  H am ilton ian  and & i s  th e  f u l ly  in te r a c t in g  H am ilt­

on ian  £ = +'W' . The tem p era tu re  dependence o f w i l l  n o t

be e x h ib i te d . The form ula f o r  t h i r d  c l u s t e r  i n t e g r a l  i s  a ls o  

found from eq u a tio n s  (IV.1 .1 and 2 ) .  We have

= A  l i f e ? "  _  i ( ^  - 1 ^ ) \  ( i v . 1 . 5 )
3 3 l? ?  L  J

The q u a n t i t ie s  H > and H0 in  t h i s  form ula a re  th r e e -

body H am ilto n ian s.

In  t h i s  fo rm alism , once we have an e x p l i c i t  form f o r  th e

c l u s t e r  i n t e g r a l  fyc th en  th e  grand p a r t i t i o n  fu n c tio n  and th e

o th e r  thermodynamic p r o p e r t ie s  o f th e  system  a re  de te rm ined .

For example th e  eq u a tio n  o f  s t a t e  i s

P V  = N £ T  Z- p *  ( IV .1 .6)
Z- I

A S



where p  i s  th e  p a r t i c l e  space d e n s i ty  N / y  and th e  Q-jl *s

a re  th e  v i r i a l  c o e f f ic ie n t s  which a re  determ ined  in  a known

way by th e  c lu s t e r  i n t e g r a l s ,  i . e .  «•, = I , ^  = ^  ,

a.3 = -Zbjb,  f e tc .  A sy s te m atic  f e a tu r e  o f th e se  U rs e l l

c lu s t e r  r e p re s e n ta t io n s  i s  t h a t  th e  n c lu s t e r  i n te g r a l  o r 
"ttin v i r i a l  c o e f f ic ie n t  in v o lv e s  only  n and few er p a r t i c l e  . 

e f f e c t s .

A ll s tu d ie s  o f h ig h e r  v i r i a l  c o e f f i c i e n t s  beg in  w ith  

th e se  U rs e l l  fo rm u lae . The ta s k  c o n fro n tin g  s u c c e s s fu l  th e o ry  

i s  to  e v a lu a te  th e se  c lu s t e r  i n te g r a l s  , i n  term s o f s c a t ­

t e r in g  q u a n t i t i e s ,  The a n a ly s is  g iven  h e re  r e l i e s  on th e  tim e

dependent form o f few p a r t i c l e  s c a t t e r in g  th e o ry  found in  
0

Faddeev’s work. More s p e c i f i c i a l l y ,  we s h a l l  base ou r s o lu t io n

on th e  p r o p e r t ie s  o f th e  th e o ry  o f few p a r t i c l e  tim e d e la y .

The key f e a tu r e  of tim e d e lay  phenomena w i l l  tu rn  ou t to  be
12)

th e  s p e c t r a l  p ro p e r ty  o f tim e d e la y . I l l u s t r a t i v e  o f a succ­

e s s f u l  d e te rm in a tio n  o f  th e  quantum v i r i a l  c o e f f i c i e n t s  i s  

th e  s o lu t io n  f o r  th e  second c lu s t e r  i n te g r a l  found in  1936 by
(3) IV)

Beth and Uhlenbeck and in d ep en d en tly  by d ro p p er. These a u th o rs

f in d  a c lo sed  form e x p re ss io n  f o r  t h i s  v i r i a l  c o e f f ic ie n t :  in

term s o f th e  phase s h i f t s  fo r  two body s c a t t e r in g .  Our g oa l

in  t h i s  paper i s  to  f in d  c lo sed  form e x p re ss io n s  fo r  th e  h ig h e r

c lu s t e r  i n t e g r a l s .

There e x is t s  a  la rg e  l i t e r a t u r e  on t h i s  problem  and th e
<s)approach o u tlin e d  above has i t s  a n te c e d e n ts . F i r s t  Smith and 

it)l a t e r  Bedeaux have used th e  tim e d e lay  approach  to  a ttem p t to  

so lv e  th e  v i r i a l  c o e f f ic ie n t  problem . The reaso n  th e  work o f

Af



th e s e  a u th o rs  must be co n sid ered  incom plete  i s  t h a t  th ey  do 

n o t t r e a t  th e  few - body problem  r e a l i s t i c a l l y .  Not co n sid ered  

by th e s e  a u th o rs  a re  th e  new p h y s ic a l  phenomena occu ring  in  

th e  th re e  and N p a r t i c l e  s c a t t e r in g  problem  th a t  have no p a ra -  

l e l l  i n  tw o -p a r t ic le  s c a t t e r in g .  These phenomena a re  -  th e  

e x is te n c e  o f  s ta b le  s u b c lu s te r s ,  d isco n n ec ted  s c a t t e r in g  p ro ­

c e s s e s ,  p ick u p , rea rrangem en t, and breakup c o l l i s i o n s ,  and 

r e s c a t te r in g  s i n g u l a r i t i e s  in  th e  o n -s h e l l  th r e e - to - th r e e  S- 

m a tr ix . Only th e  modern s c a t t e r in g  form ulism  o f th e  type  

developed by Faddeev t r e a t s  th e se  f e a tu re s  a d e q u a te ly .

A p a r a l l e l  to  t h i s  one i s  a ls o  developed in  th e  l i t e r a t u r e .  

A d i r e c t  a ttem p t to  e v a lu a te  th e  v i r i a l  c o e f f i c i e n t s  in  term s 

o f n - p a r t i c l e  p h a s e - s h if t s  o r S -m a trice s  has been c a r r ie d  ou t
17) If)

by Dashen and c o l la b o r a to r s ,  by L arsen  and M ascheroni, and by
I'DB uslaev  and M erkuriev . Where a p p ro p r ia te  we d is c u s s  where 

th e s e  two se p a ra te  approaches c o a le s c e . We should  a ls o  p o in t  

out s e v e ra l  o th e r  p r io r  a ttem p ts  to  in tro d u c e  Faddeev’s equa­

t io n s  in to  the problem  o f  de te rm in in g  th e  h ig h e r  v i r i a l  c o e f­

f i c i e n t s .  A beg inn ing  in  t h i s  d i r e c t io n  was a ttem p ted  by
gj>) a i) jj3i

R e in e r , Baum gartl and Gibson. None o f  th e se  a u th o rs  had th e  

th eo ry  Of few p a r t i c l e  tim e d e lay  a v a i la b le  to  them , and p a r t l y  

f o r  t h i s  reaso n  t h e i r  r e s u l t s  a re  l a r g e ly  in c o n c lu s iv e .

IV .2 Second v i r i a l  c o e f f ic ie n t  

T his s e c t io n  g iv es  a d e te rm in a tio n  o f  th e  second v i r i a l  

c o e f f i c i e n t .  A lthough th e  p h y sic s  o f th i s  case  i s  w e ll u n der­

stood  i t  i s  n e v e r th e le s s  c o n s tru c t iv e  to  p re s e n t ou r approach
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f o r  t h i s  l im i te d  problem  f i r s t . Here one can c le a r ly  see  th e  

p a t t e r n  o f  th e  d e r iv a t io n  in  a c o n te x t s im p le r th an  f o r  th e  

n - p a r t i c l e  c a s e . Here i t  i s  easy to  id e n t i f y  th e  s e n s i t iv e  

m athem atica l f e a tu r e s  o f th e  d e r iv a t io n .  F in a l ly ,  i t  i s  i n s t ­

r u c t iv e  to  compare th e  tw o- and few-body s o lu t io n s .  We s h a l l  

show th a t  knowledge o f th e  s p e c t r a l  p ro p e r ty  o f  tim e d e lay  a t  

once le a d s  to  an e v a lu a tio n  o f  th e  second c lu s t e r  i n t e g r a l .  

Thus th e  c e n t r a l  r e s u l t  o f  t h i s  s e c t io n  i s  a  d i r e c t  p ro o f o f 

th e  s p e c t r a l  p ro p e r ty .  In  c o n tr a s t  to  th e  method used  in  

c h a p te r  I I ,  th e  c a lc u la t io n  h e re  o f f e r s  a g e n e ra l iz a t io n  to  

th e  th re e  body problem .

Through ou t t h i s  and th e  n e x t s e c t io n ,  we s h a l l  ad ap t th e  

s c a t t e r in g  th e o ry  n o ta t io n  used  by Faddeev. We s h a l l  need 

more d e t a i l s  th an  appeared in  c h a p te r  I I .  The M oelle r wave
(t)

o p e ra to r s ,  (J re p re s e n t  th e  ex ac t s o lu t io n s  o f  th e  lippm ann- 

Schwinger e q u a tio n . The wave o p e ra to rs  a re  is o m e tr ie s  on th e  

H i lb e r t  space L .  The c o o rd in a te  occu rin g  in  th e  square  

in te g r a b le  fu n c tio n s  o f t h i s  space i s  th e  i n t e r p a r t i c l e  sepa­

r a t io n  v e c to r .  The i d e n t i ty  on LY1̂3) we deno te  as a  .

Then th e  M oeller wave o p e ra to rs  and t h e i r  a d jo in ts  s a t i s f y  

th e  th re e  fundam ental i d e n t i t i e s :

The ( - )  s u p e r s c r ip t  demotes th e  s o lu t io n  w ith  ou tgo ing  

r a d ia t io n  boundary c o n d itio n  s a t i s f i e d .  The (+) in d ic a te s
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an incom ing wave c o n d it io n . The f i r s t  s ta te m e n t im p lie s  wave- 

fu n c tio n  p r o b a b i l i ty  i s  conserved in  th e  s c a t t e r in g  p ro c e s s .

The n e x t s ta tem en t p ro v id es  t h a t  e i t h e r  (J o r  (J a re  a 

com plete s e t  o f  s c a t t e r in g  s t a t e s .  The l a s t  s ta te m e n t t e l l  

u s t h a t  th e  exac t s c a t te r e d  wave has th e  same energy as

th e  in c id e n t  p lan e  wave. The v a l i d i t y  o f  th e s e  th re e  i d e n t i ­

t i e s  has been s tu d ie d  f o r  a wide v a r i e ty  o f  assum ptions on th e  

two body p o te n t i a l .  We s h a l l  n o t be in te r e s te d  in  s tu d y in g  

th e  b ro a d e s t p o s s ib le  c la s s  o f  p o te n t i a l  f o r  which ou r r e s u l t s  

rem ain v a l id .  On th e  o th e r  hand we want to  e s t a b l i s h  th e  spec­

t r a l  p ro p e r ty  f o r  a c la s s  o f p o te n t ia l s  t h a t  a re  n o t f e l t  to  

exclude any p h y s ic a l ly  i n t e r e s t i n g  c a s e s . To t h i s  end we 

assume th e  p o te n t i a l

AJ-S L'.(K3)  f l  L* ( K  )  ( IV .2 .4 )

With t h i s  assum ption  th en  Kato proved eq u a tio n s  ( lV .2 .1 - 3 ) .

I t  i s  a t  t h i s  p o in t  th a t  Coulomb p o te n t i a l s  a re  excluded from 

o u r s tu d y . The p h y s ic a l  l im i ta t io n s  t h a t  c o n d it io n  ( IV .2 .4 ) 

im poses on th e  p o te n t i a l  a re  t h a t  lo c a l  and i n f i n i t y  b eh av io r 

a re  c o n tro l le d .  Thus v  Z L  r e q u ire s  t h a t  v a n ish es
I J

f a s t e r  th an  l%l a t  i n f i n i t y ,  f o r  some o > °  • The mem-
i 1b e rsh ip  o f  v  in  L c o n fin es  th e  l o c a l  s in g u la r i ty  to  be l i k e

i ^ i ~■4*\x \  • The form in  which we s t a t e  two-body s c a t t e r in g

th e o ry  a lso  presum es th a t  th e  c o n s t i tu e n t  a p r t i c l e s  a re  s p in -  

l e s s .  In c lu d in g  s p in  in v o lv es  on ly  an e x te n s io n  o f o u r n o ta ­

t i o n .  We have chosen to  impose t h i s  r e s t r i c t i o n  in  o rd e r  

t h a t  th e  p re s e n ta t io n  o f  th e  a n a ly s is  be s im p li f ie d .  F in a l ly ,  

we n o te  t h a t  we w i l l  n o t assume th a t  ou r in te r a c t io n  v  s a t i -
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s fy  e i t h e r  tim e r e v e r s a l  in v a r ia n c e  n o r t h a t  i t  co nserves an­

g u la r  momentum. Of cou rse  i t  i s  n e c e ssa ry  t h a t  ^  he herm­

i t  i a n .

Now l e t  us r e c a l l  th e  d e f in i t i o n  o f  tim e d e la y . We con­

s id e r  th e  tim e e v o lu tio n  o f  two r e la te d  s t a t e s  o f  th e  system . 

A sso c ia ted  w ith  each f & L Z(l&3)  we have a ' f r e e l y '  evo lv ing  

system  g iven  hy 4>d) = e?cp.(-^kd) f- „ This s t a t e  $( t)  does n o t 

f e e l  th e  e f f e c t  o f  th e  in te r a c t io n  V  betw een th e  p a r t ic le s , ,  

R e la ted  to  <f>d) i s  (_/ if • The s t a t e  t y d )  i s  th e

ex ac t s c a t te r in g  s t a t e  th a t  c o in c id e s  w ith  4>d) f o r  tim es 

lo n g  b e fo re  th e  s c a t t e r in g ,  v i z .

II WV - </>&) l[ = O ( I V .2 .5 )

Rext one in tro d u c e s  a p ro je c t io n  o p e ra to r  P(R) t h a t  i s  r e la te d

to  th e  s p a t i a l  s e p a ra t io n  o f  th e  two p a r t i c l e s .  Choosing i

to  deno te  th e  v e c to r  s e p a ra t io n  o f  th e  two p a r t i c l e s  th en

P(*) H *)  i s  equal to  zero  i f  1*1 > ^  and equal f (*)  o th e rw ise .

Thus P(&) d e f in e s  th e  p ro je c t io n  onto a sphere  o f ra d iu s  R.

c e n te re d  about th e  c en te r-o f-m a ss  v e c to r  f o r  th e  two p a r t i c l e

system . For each o f  ou r evo lv ing  s t a te s  $(£) and W*) th e re  i s

a quantum m echan ica l t r a n s i t  t im e . The p r o b a b i l i ty  o f  hav ing

t y d )  in s id e  th e  sphere  i s  ( tyft) , P(A) W*))  • Thus th e  t r a n s i t
( *°tim e o f Vd)  i s  \ (y t t ) ,  PO*-) ¥&) e l t  . The co rrespond ing  t r a n s i t  

J-OO QQ
tim e o f th e  f r e e  wave i s  j  ( $ d ) , PU) $ d ) )  . The d if f e r e n c e

Z. oo
o f th e se  two r e a l  numbers i s  th e  d e f in i t io n  o f tim e d e la y  f o r  

th e  in c id e n t  s t a t e  s p e c if ie d  by th e  fu n c tio n  j- •

This tim e d e lay  i s  i n  p r in c ip le  an o b se rv ab le  f e a tu r e  o f 

th e  s c a t t e r in g  p ro c e s s . The rem ain ing  ta s k  o f  b u r d e f in i t io n
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i s  to  sp e c ify  th e  h e rm itia n  o p e ra to r  t h a t  must he a s s o c ia te d  

w ith  t h i s  observab le#  This ta s k  i s  t r a i g h t  forw ard,. As g iven  

above, th e  tim e d e lay  f o r  sphere  R and wave p a ck e t /* i s  

g iven  by th e  e x p re ss io n

PM ~ (Qtot  W  ^ (t))  t i t  ^IV 2 6)

I f  th e  in te r tw in in g  p ro p e r ty  (IV#2 .3 ) i s  u se d ,th e n  a l l  th e  tim e
lh *tdependence in  in n e r  p ro d u c ts  may be w r i t te n  i n  term s o f e_ ° •

Thus e x p re ss io n  ( IV .2 .6 ) can a ls o  be s ta te d  as

= \ ( f > e tkot[ u ^  P W U U -  P(*)] e ° f )  d t  ( i v . 2 . 7 )
_ZOa

where Q.(R) i s  th e  o p e ra to r  whose d iag o n a l m a tr ix  e lem ents 

g iv es  th e  v a lu e  o f  th e  observed tim e delay# By doing  th e  tim e 

in te g r a t io n  we o b ta in  a d e l t a  fu n c tio n  in  energy . Thus we a re  

le d  to  a u s e fu l  k e rn e l  r e p re s e n ta t io n  o f ,

( f ( x v . a . s )

where ^ ( £,R) i s  an o p e ra to r  a c t in g  on l)(p) and i s  determ ­

in ed  by

( f t  -  ^7r/AP ( p l  U C) p(l) i l  - f t * ) I p ' )  ( IV .2 .9 )

In  b o th  o f  th e  eq u a tio n s  above, energy and momenta a re  r e s t r i c t e d  

by the  o n - s h e l l  c o n d itio n  E = . The symbol p- s ta n d s

f o r  th e  reduced mass o f th e  system . E v en tu a lly  we s h a l l  need 

th e  tim e d e lay  f o r  a l l  o f sp a ce . T his i s  o b ta in ed  from  eq u a tio n  

( IV .2 .8 ) by l e t t i n g  . We s h a l l  deno te  th e  k e rn e l

a s s o c ia te d  w ith  t h i s  l im i t  by ^ £) l p )  • I t  i s  g iv en  by

J * * * . ( f , a Q 0f )  = \ f ( v ) ^ ^ r < ? ' h i £) \ ? y  W ? ) * ? * ? '  ( i v . 2 . 1 0 )H^oo -J fA-P
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For m ost o f  ou r pu rposes we s h a l l  on ly  need th e  d e f in i t io n s  

s ta te d  in  e q u a tio n s  (IV .2 .7 -1 0 ) More e x te n s iv e  d is c u s s io n  o f 

tim e d e lay  in  th e  tw o -p a r t ic le  case  a re  found in  r e fe re n c e s

- 3 t> #

With th e s e  s c a t t e r in g  th e o ry  p re l im in a r ie s  com plete l e t  

us r e tu r n  to  th e  b a s ic  problem  o f e v a lu a tin g  th e  second c l u s t e r  

i n t e g r a l .  We need to  compute e. ^ °) . Both Hamil­

to n ia n s  h and K  d e f in e  re s o lv e n ts  f o r  complex e n e rg ie s  £

"by M*) ‘ and A ,(*■) • The re s o lv e n t  Ate)

i s  connected  to  th e  s t a t i s t i c a l  o p e ra to r  by th e  Watson
j i)

tran s fo rm  which t e l l s  u s t h a t ,

= _ _z__ cfc e ' ^ A t e )  (IV .2 .1 1 )Sir*. J c

where C i s  any p o s i t iv e ly  o r ie n te d  c o n to u r in  th e  complex 

p lan e  th a t  e n c i r c le s  th e  spectrum  o f  & • An id e n t i c a l  form­

u la  h o ld s  f o r  £e and A,te) • The spectrum  o f  £  i s  r e s t r i c t e d  

to  th e  r e a l  a x is  o f  the  k  p la n e  c o n s is t in g  o f a l l  th e  p o s i t iv e  

v a lu e s  and i s o la t e d  n e g a tiv e  v a lu e s  where £  has e ig e n fu n c t­

io n s .  The spectrum  o f  £» in c lu d e s  th e  p o s i t iv e  r e a l  a x i s .

Thus th e  c lu s t e r  i n t e g r a l  h as th e  form

k  = Ta (M*)-JI.w )  A*r ( IV .2 .12)

I f  we l e t  th e  c o n to u r approach  th e  r e a l  a x is  th e  in te g ra n d

becomes X. T*.(a (e+;o) -JlJ-E+!o)J • So th e  d e te rm in a tio n  o f  

t h i s  l a t e r  q u a n ti ty  becomes e q u iv a le n t to  th e  s o lu t io n  o f 

c lu s t e r  i n t e g r a l  problem,.

The s p e c t r a l  p ro p e r ty  o f  two-body tim e -d e lay  th e o ry  i s  

th e  s ta te m e n t t h a t
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Z  ’T Z [ A ( E 4 i o )  -  A 0fE+'0))  = % $ . * )

f o r  p o s i t iv e  £■ • The t r a c e  o f  $.&) i s  t h a t  a p p ro p r ia te  f o r

to  show th a t  th e  l e f t  hand s id e  o f t h i s  eq u a tio n  has th e  i n t e r ­

p r e ta t io n  as th e  change o f s t a t e  d e n s ity  in  th e  s c a t t e r in g

1 3  t e l l s  us t h a t  th is  s t a t e  d e n s i ty  change a t  energy £ equals 

th e  t o t a l  tim e d e lay  f o r  t h a t  same energy . C le a r ly , e s ta b l is h ­

in g  th e  s p e c t r a l  p ro p e r ty  i s  e q u iv a le n t to  so lv in g  th e  c lu s t e r

i n te g r a l  problem . S ev e ra l p ro o fs  o f  eq u a tio n  13 e x is t  which 

employ th e  S -m a tr ix . Here we in te n d  to  e s ta b l i s h  13 d i r e c t l y  

w ith o u t re fe re n c e  to  th e  S -m atrix  and in  such a manner t h a t  

th e  a n a ly s is -  i s  a ls o  s u c c e s s fu l  f o r  th e  few body s p e c t r a l  

p ro p e r ty . We s h a l l  assume on ly  t h a t  th e  h e rm itia n  p o te n t i a l  

v  obey c o n d it io n  4» The d em o n stra tio n  o f  eq u a tio n  13 w i l l  

r e s t  on th e  s c a t t e r in g  th e o ry  s t r u c tu r e ,  e q u a tio n s  1 -3 , and 

on elem entary  p ro p e r t ie s  o f  the  t r a c e  and th e  c o n tin u i ty  o f 

o f  th e  p ro je c t io n  o p e ra to r  P(r) i n  th e  v a r ia b le  & .

To b eg in  we n o te  th e  d e f i n i t i o n  o f  th e  t r a c e  o f  an o p e r-  
3*) ( A l 00a t o r .  L et jP A  "be any com plete orthonorm al s e t .  Then a

bounded o p e ra to r  A i s  t r a c e  c la s s  i f  and on ly  i f  th e  sum

th e  H ilb e r t  space %(£) a c t s  on, namely Ll ( P )  .  I t  i s  easy

system  produced by th e  in te r a c t io n  v=-£-"& 0 .  Thus eq u a tio n

31,» )

(IV .2 .1 4 )

Here Mf i s  th e  a b so lu te  v a lu e  o p e ra to r  r e la te d  to  A by

A = A • When A i s  t r a c e  c la s s  the  t r a c e  i s  d e fin e d

3i



by
H A -  $ ( A . A t i )  ( I V i2 J 5 )

The sums in  b o th  e q u a tio n s  14 and 15 a re  independen t o f th e  

ch o ice  o f  th e  s e t  ( A ]  •

C onsider th e  o p e ra to r  P(&) used  in  th e  d e f in i t i o n  o f 

tim e delayo This o p e ra to r  i s  a  p ro je c t io n  which means

PC*) = P2(r) = P+(A) (IV . 2 .16)

This o p e ra to r  converges s tro n g ly  to  th e  i d e n t i ty  £  as

co .  We e s ta b l is h  in  Appendis A th a t  i t  i s  a g e n e ra l 

f e a tu r e  o f any t r a c e  c la s s  o p e ra to r  A th a t  th e  t r a c e  Tk-P(H)A 

i s  u n ifo rm ly  convergen t in  R so t h a t  i t  i s  j u s t i f i e d  to  

w r i te

~PA = 1 2  P(&)A = Ta- P0OA
^  n^co ( IV .2 .17)

We s h a l l  u se  th e  r ig h t  member o f  th e  above eq u a tio n  to  c a lc u la te  

th e  t r a c e  o f  o u r re s o lv e n t  d i f f e r e n c e .

l e t  u s f in d  th e  t r a c e  o f  th e  re s o lv e n t d if f e re n c e  o c c u r-  

in g  in  l e f t  hand p a r t  o f  eq u a tio n  13. Appendix A shows us 

t h a t  when ^  s a t i s f i e s  c o n d itio n  ( IV .2 .4 )  th en  th e  o p e ra to r  

£  d e fin e d  by

C = Mfk) - A ffr) - A 0(l) + ( IV .2 .18 )

i s  t r a c e  c l a s s 0 Thus we may employ eq u a tio n  17 to  c a lc u la te  

th^fcrace o f  £  . I n  p a r t i c u l a r  we n o te  th a t  P(%) (a Jz) -ATAj] 

and p ( R ) [ A ( t )  - / ( * ) ] a re  b o th  t r a c e  c la s s  f o r  & < 06 and 

^  >o  . T his f a c t  i s  a ls o  e s ta b l is h e d  In  Appendix A.

So we may w r ite
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TrLp(R)C =■ 7a P(*j[A(*)-AhJ + V l ?(*)[&(*)■-*!/*)]

(IV .2 .1 9 )

C onsider th e  t r a c e  on th e  r ig h t  hand s id e  o f  th e  above e q u a tio n , 

u s in g  the  H i lb e r t  i d e n t i ty

/ifc) -  /Lf(t) * (*-*.*) A f a / f f a  ( IV .2 .20 )

we may w r i te  t h i s  t r a c e  (w ith o u t th e  f a c to r  )

Tn. Pfc) [a {*) Af/bJ ?(&) -  Ts*. nf(%) P(fc)/i(±) ( IV .2 .21 )

The l a s t  form has u t i l i z e d  th e  c y c l ic a l  in v a r ia n c e  p ro p e rty  

o f  th e  t r a c e  and th e  idem potent p ro p e r ty  o f  P(\) . How i n s e r t  

th e  form o f  th e  i d e n t i ty  0  t h a t  appears  in  th e  asym pto tic  

com pleteness s ta te m e n t eq u a tio n  2

A  fW A W  = (1T>2>22)

X *  =■ T a  A * ®  ( j y . 2 ^ 5 )

E quation  23 r e l i e s  on th e  in te r tw in in g  f e a tu r e  o f  U* * „ The 

rem ain ing  term  c o n ta in in g  th e  p ro je c t io n  o p e ra to r  ?b can  be 

e x p l i c i t ly  computed. The g e n e ra l form o f t h i s  bound s t a t e  

p ro je c t io n  o p e ra to r  i s

Pb = £  %  ® %  (IV .2 .24 )-c- /

wkere j  a re  th e  l \  b o u n d -s ta te  e ig e n fu n c tio n s  o f  w ith
i

e igenvalue  —Xi  , v i z .

< * 4 ,  =* t ,  X = i ( I V . 2. 25)
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C onsequently ,

t  ft t  nf \ ^
1/ l Pf, fl-fa) £  I z t +J - I 2-

IXL* * j (1 7 .2 .2  6)

C o lle c tin g  th e  r e s u l t s  of e q u a tio n s  18, 19,23and 26 le a d s  u s to
M. -/

£  ^  JUl Ta. =» i

+ Vl &UZ: Iao(V11 [ u^rfc) U°- f>(® 1
^  (IV .2 .2 7 )

where Iao^ I * -  fttfaAoii)  •

The d iag o n a l i n t e g r a l  form f o r  th e  t r a c e  may now be i n t r o -

ducedo This form o f th e  t r a c e  i s  allow ed s in c e  th e  two o p e ra to rs  

i n  th e  r i g h t  member o f  eq u a tio n  27 a re  b o th  o f  th e  form ^ A  

where A i s  a Schmidt o p e ra to r  (se e  eq u a tio n  A04 o f  th e  

A ppendix), S p e c if ic a l ly  A i s  e i t h e r  Pfyftofc) o r  P(R) UH/lofr) . 

As d isc u sse d  in  th e  Appendix i t  i s  easy to  show th e  f i r s t  o f  

t h i s  o p e ra to rs  i s  S c h m id t-c la ss , That th e  second sh a re s  t h i s  

p ro p e r ty  i s  th e  consequence o f  P(k) L)( =■ PCR.)A(£) U t"5.  Again 

p(n) /ift) i s  S ch m id t-c la ss  and th e  iso m etry  U  * i s  by d e f in ­

i t i o n  a bounded o p e ra to r .  Thus ( c f ,  p ro p e r ty  i v  i n  Appendix) 

we have th a t  P(^)L/°AoW i s  S c h m id t-c la ss , So f o r  th e  l a s t  

term  on th e  r ig h t  o f eq u a tio n  27 we may w r i te
£»

<r'iLrmir-wir>*P

^  . c ;  ( 1 7 . 2 . 2 8 )

Here we have s e t  £ = J  + • A change o f  v a r ia b le s  w ith

£ ' = P’/^ c a n d  th e  u se  o f  r e p re s e n ta t io n  ( IV ,2 ,9 )  f o r  th e  tim e
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d e lay  o p e ra to r  i n  sphere  K. g iv e s  28 . The d e f in i t i o n  o f

in  e q u a tio n  10 p e rm its  u s  to  ex p ress  eq u a tio n  27 in  th e  form 
7a [A(b +a >i) - / i jE - t - in ) ]

The l a s t  s te p  i s  to  ta k e  th e  l im i t  . i n  t h i s  c ase

th e  f i r s t  term  on th e  r ig h t  hand s id e  v a n ish es  f o r  E > o

d e l ta  fu n c tio n  g iv in g  us eq u a tio n  1% This com pletes th e  

d em o n stra tio n  o f  th e  s p e c t r a l  p ro p e r ty .

As c laim ed we have proved th e  s p e c t r a l  p ro p e r ty  w ith o u t 

re fe re n c e  to  th e  S -m a trix . The d e r iv a t io n  above on ly  employs 

th e  fundam ental s c a t t e r in g  th e o ry  s t r u c tu r e ,  e q u a tio n  1-3 and 

th e  d e f in i t io n  o f  tim e d e lay  s ta te d  in  e q u a tio n s  7 -1 0 . The 

s p e c t r a l  p ro p e r ty  i s  seen  to  r e q u ire  n e i th e r  a n g u la r  momentum 

c o n se rv a tio n  n o r tim e r e v e r s a l  in v a r ia n c e  fo r  i t s  v a l i d i t y .  

Now th a t  eq u a tio n  13 i s  e s ta b l is h e d  we may combine i t  w ith  

e x p re ss io n  12 to  g ive  us th e  tim e -d e la y  form o f  th e  second 

c l u s t e r  i n te g r a l

This form ula m a n is fe s t ly  t e l l s  us t h a t  th e  s c a t t e r in g  c o n t r i ­

b u tio n  to  th e  second v i r i a l  c o e f f i c i e n t  i s  e n t i r e ly  dependent 

on th e  tim e d e la y . A ll  o th e r  independen t in fo rm a tio n  abou t th e

The above form ula  a ls o  p ro v id es  us w ith  a p r e c is e  u n d e r-

( IV .2 .29)

and th e  ^  dependent p a r t  of th e  E.' in te g ra n d  becomes a

two p a r t i c l e  c o l l i s i o n  p ro ce ss  does n o t a f f e c t  •



s ta n d in g  o f  th e  p h y s ic s  o f  th e  v i r i a l  r e p re s e n ta t io n  o f  th e  

e q u a tio n  o f  s t a t e .  Follow ing an argument o f  Bar-G-adda, we 

w r i te  th e  v i r i a l  eq u a tio n  o f  s t a t e  (n e g le c tin g  th e  b o u n d sta te  

term s fo r  th e  moment )

P V  -  N A T - 1 i -  ( ^ r j [  jk I ®  X P  + " •  J (IV .2 .3 1 )

Assume th a t  V  and T  a re  h e ld  f ix e d .  E quation  31 t e l l s  

u s i f  J^%te)yo  th e n  th e  p re s su re  i s  d ecreased  r e l a t i v e  to  th e  

id e a l  gas law . This makes good p h y s ic a l sense  s in c e  > °

d e sc r ib e s  th e  s i t u a t io n  where th e  two p a r t i c l e s  s c a t t e r in g  a t  

energy E may s ta y  to g e th e r  lo n g e r  th an  could  f r e e  p a r t i c l e s  

o f  th e  same in c id e n t  energy . Thus th e  i n te r a c t io n  i s  e f f e c t ­

iv e ly  c r e a t in g  e x tra  space f o r  th e  p a r t i c l e s  to  e x is t  in  r e l a ­

t io n  to  f r e e - p a r t i c l e  dynam ics. S ta te d  an o th e r way, we can 

say  th a t  an in c re a s e  in  tim e d e lay  w i l l  r e s u l t  i n  a d ecreased  

f lu x  o f  p a r t i c l e s  s t r i k in g  th e  c o n ta in e r  w a ll ,  th u s  d e c re a s in g  

th e  p re s s u re .  T his i n t e r p r e t a t i o n  i s  v a l id  independen t o f 

w hether th e  u n d e rly in g  dynamics a re  c l a s s i c a l  o r  quantum mech­

a n ic s .  I n  f a c t ,  by s tu d y in g  tim e d e lay  in  a c l a s s i c a l  c o l l i s i o n  
35)

Bar-Gadda was a b le  to  f in d  th e  c l a s s i c a l  approx im ation  to 

e q u a tio n  3 0 .

C onsider now th e  r o le  o f  th e  S -m atrix  in  t h i s  problem .

I t  i s  w e ll know th a t  may be exp ressed  in  term s o f

th e  o n - s h e l l  S -m atrix  Ate) • energy dependent o p e ra to rs

Ate) a c t  on th e  same j j ( f ) H i lb e r t  space as and a re  d e fin e d

by

< P '|S |P >  = J ^ T "  < V \ M ^  IP> (IV .2 .3 2 )



where S  =  ( J U (IV .2 .3 3 )

C a p ita l  aS i s  th e  s ta n d a rd  energy independen t S -m a trix . 

E quation  32 d e f in e s  in  term s o f S  th e  k e rn e ls  Sp'l/){e)lp> •

This in  tu rn  d e f in e s  the o p e ra to rs  A(z) . The S -m atrix  

e x p re ss io n  f o r  ffe) i s

t ( l }  =  - i  S U )  J .  A W  { c t . 2. 34)

¥e can , a t  t h i s  p o in t ,  i n s e r t  r e p re s e n ta t io n  (1 7 .2 .3 4 ) in to  

form (IV .2 .30) f o r  th e  second c lu s t e r  i n te g r a l  and o b ta in  an 

e x p re ss io n  which employs th e  o n -s h e l l  S -m a trix . This form o f  

th e  c lu s t e r  i n t e g r a l  r e p re s e n ta t io n  i s  th e  one sought by Dashen
17)

and c o l la b o r a to r s .  There th e  p o in t  o f  view i s  tak e n  t h a t  th e  

S -m atrix  c o n ta in s  a l l  o f  th e  p h y s ic a l ly  a v a i la b le  in fo rm a tio n  

abou t th e  c o l l i s i o n  p ro c e s s , and con seq u en tly  th e  second and 

h ig h e r  v i r i a l  c o e f f i c i e n t s  must have r e p re s e n ta t io n s  c o n ta in in g  

on ly  th e  S -m a tr ix . The tim e d e lay  s o lu t io n  i s ,  o f  c o u rse , 

c o n s is te n t  w ith  t h i s  req u irem en t. However, t h i s  tim e d e lay  

s o lu t io n  has th e  added advantage o f  e x p la in in g  th e  p h y s ic a l 

mechanism o f  how th e  n o n - id e a l  gas law  b eh av io r o c c u rs . Erom 

th e  p o in t  o f view o f  convenience we concede th a t  a t  th e  p re s e n t  

tim e th e  e a s i e s t  way to  compute i s  to  u se  th e  S -m atrix

form . In  f a c t  i f  we impose r o t a t io n a l  in v a r ia n c e  on th e  i n t e r ­

a c t io n  V  th en  /Afe) a c q u ire s  th e  f a m i l ia r  p a r t ia l-w a v e  

form ,

t r i A ‘) t f >  =  e  px cr-f ) ( I V . 2 . 3 5 )

where i s  th e  p a r t i a l  wave phase s h i f t .  This th en



im p lie s  t h a t

(IV .2 .J6 )

The p h a s e - s h if t  r e p re s e n ta t io n  o f  finite) may be in s e r te d  in

One fe a tu re  o f  ou r s o lu t io n  eq u a tio n  JO i s  th a t  i t  rem ains 

d e fin e d  even when a n g u la r  momentum i s  n o t conserved and th e  

phase s h i f t  i s  in d e f in e d . T his l a t e r  f e a tu r e  becomes im port­

a n t  in  th e  t h i r d  c l u s t e r  i n t e g r a l  where f o r  th ree -b o d y  breakup 

am p litudes no phase s h i f t  r e p re s e n ta t io n  i s  known to  e x i s t .

The aim o f t h i s  s e c t io n  i s  to  e x p l i c i t ly  e v a lu a te  th e  

t h i r d  c l u s t e r  i n te g r a l  in  term s o f  th e  th ree -b o d y  tim e d e la y . 

The c e n t r a l  r e s u l t  and id e a  o f  th e  p rev io u s  s e c t io n  th a t  th e  

two-body tim e d e la y  c o n tro ls  th e  second v i r i a l  c o e f f i c i e n t  

e n t i r e ly  i s  o f  l im i te d  u se  i n  s t a t i s t i c a l  m echanics u n le s s  t h i s  

id e a  has a v a l id  e x te n s io n  f o r  a l l  th e  h ig h e r  v i r i a l  c o e f f ic ­

i e n t s .  The d i f f i c u l t i e s  in  f in d in g  a s o lu t io n  f o r  th e  t h i r d  • 

and h ig h e r  c lu s t e r  i n te g r a l  a re  s u b s ta n t ia l ly  l a r g e r  th an  f o r  

th e  tw o -p a r t ic le  ca se  because th e  problem  o f  th e  f e w -p a r t ic le  

c o l l i s i o n  has a r i c h e r  p h y s ic a l  s t r u c tu r e .  In  p a r t i c u l a r ,  th e  

f u l l  m u lti-c h a n n e l s t r u c tu r e  o f  com posite s c a t t e r in g  p ro ce sse s  

i s  now p r e s e n t .  We have p ick u p , rea rrangem en t, breakup and 

e l a s t i c  s c a t t e r in g s .  New te c h n ic a l  f e a tu r e s  a ls o  a r i s e  such

13)
eq u a tio n  JO. T his g iv es  us th e  Beth-U hlenbeck s o lu t io n ,

IV .J, Third  c lu s t e r  in te g r a l



as  d isco n n ec ted  p ro c e s s e s , o f f - s h e l l  T -m atrix  and th e  r e s c a t ­

te r in g ,  s i n g u la r i t y .  A v a l id  a n a ly s is  must acknowledge and 

cope w ith  a l l  th e s e  f e a tu r e s .

The s o lu t io n  we g ive  h e re  p a r a l l e l s  th a t  p re se n te d  in  

s e c t io n  IV .2 . The c e n t r a l  dev ice  i s  th e  s ta tem en t and p ro o f 

o f  th e  th ree -b o d y  s p e c t r a l  p ro p e r ty . As in  th e  two-body case  

we d e f in e  h e re  a th ree -b o d y  tim e d e lay  v a l id  f o r  m u ltich an n e l 

s c a t t e r in g .  In  a  broad sense  th e  t r a c e  o f  t h i s  tim e d e lay  

equals  th e  change o f s t a t e  d e n s ity  produced by a l l  th e  non- 

a sym pto tic  i n te r a c t io n s .  We s h a l l  presume th a t  each two-body 

in te r a c t io n  i s  such th a t  i t  produces on ly  one bound s t a t e .

This assum ption  i s  t r i v i a l  to  r e la x  b u t a f fo rd s  u s c o n s id e ra b le  

n o ta t io n a l  s im p l i f i c a t io n .

The f i r s t  p re lim in a ry  i s  to  reco u n t th o se  f e a tu r e s  o f 

tim e dependent th ree -b o d y  s c a t t e r in g  th eo ry  th a t  our p ro o f

u i i l i z e s .  By in  l a r g e  ou r n o ta t io n ,  except formomenta, e x a c tly
0 -1fo llo w s Faddeev. We s h a l l  u se  Jaco b i v a r ia b le s  ̂  , fa to

d e sc r ib e  th e  s p a t i a l  c o o rd in a te s  o f  th e  t h r e e - p a r t i c l e  system .

These s ix  deg rees o f  freedom com plete ly  sp e c ify  th e  o r ie n ta t io n

o f  th e  th r e e  p a r t i c l e s  r e l a t i v e  to  th e  th re e  body c e n te r  o f

mass p o s i t io n .  The v a r ia b le  ^  i s  th e  v e c to r  s e p a ra t io n  o f

p a r t i c l e  from th e  c e n te r  o f  mass o f  th e  ( y6 , ) c l u s t e r .

The rem ain ing  independen t c o o rd in a te  v a r ia b le  g iv e s  the

v e c to r  s e p a ra t io n  o f  th e  c o n s t i tu e n ts  o f  th e  a  c l u s t e r  -  namely

th e  s p a t i a l  s e p a ra t io n  o f  p a r t i c l e s  and ^ • The c a n o n ic a lly
—* ^

co n ju g a te  momenta r e la te d  to  ^  and flu a re  denoted  by 

and ^  . The momenta fa s p e c i f ie s  the  r e l a t i v e  m otion o f



p a r t i c l e  cK and c lu s t e r  o{ . L e t be th e  m asses o f ou r

th re e  p a r t i c l e s ,  th en  nd = '1*<nCrAfstynn')j,*&y\ l m)  r e p re s e n ts  th e  reduced 

mass o f p a r t i c l e  <K. and c l u s t e r  <K . Thus th e  k in e t ic  energy 

o f t h i s  r e l a t i v e  m otion i s  . The in te r n a l  momentum
-i

o f the fragm ents o f  c l u s t e r  eC i s  j u s t  0 C lu s te r  cC has 

reduced mass )1V/A}s+"'-*• and a k in e t ic  energy g iven  by

. With t h i s  n o ta t io n  th e  f r e e  th re e  p a r t i c l e  k in e t ic  

energy H am ilton ian  i s

U  _ ?* +  _  p ,z +  +.
n »  '  V / V .  " (IV .3 .1 )

C le a r ly  H0 i s  an in v a r ia n t  independen t o f  which o f th e  

th re e  Ja co b i system s we choose to  express i t  in» A sso c ia ted  

w ith  H„ i s  a c o o rd in a te  space m e tr ic  in v a r ia n t  g iven  by

P° ~ i i /  J *«< # 0  = ^ ro U mi K  f a ^  +■ ^ 3 ^ 3  )  ( i v .  3 . 2 )

where a , , A,, and A3 a re  th e  in d iv id u a l  p o s i t io n  v e c to rs  

o f p a r t i c l e s  1 , 2 and 3 in  th e  c e n te r  of mass system , and
j.

The m otion o f the  th re e  p a r t i c l e  s t a t e  i s  governed by th e  

v a rio u s  H am ilton ians th e  a d m its , l e t  r e p re s e n t  th e

p o te n t i a l  a c t in g  betw een p a r t i c l e s  yS and Y . So, in  coor­

d in a te  space we have

-  * « $ * )  (IV .3 .3 )

Thus we may d e f in e  th e  H am ilton ians

Hu = H. + Vet , * = a ' 3 - (IV .3 .4 )

H (IV .3 .5 )

We deno te  by Jql th e  space o f square  in te g ra b le  fu n c tio n s  over

t t y



th e  s ix  c o o rd in a te  deg rees o f freedom -  e i t h e r  p* , fa. o r  

oL̂  , ^  • The id e n t i ty  on ^  w i l l  be £- • The ^  

space over X* we deno te  by » I t s  a s s o c ia te d  i d e n t i ty

i s  g iven  by Ê  « l ik e w ise  th e  L- space over ^  i s  

in d ic a te d  by ^  and i t s  i d e n t i ty  by ^  • So in  t h i s  n o ta ­

t io n  £ = 6 ^ ® £ ^  , d = l , 2 . 3  .

C ontained w ith in  th e  th r e e  p a r t i c l e  problem  a re  th re e  

d i s t i n c t  two p a r t i c l e  p rob lem s. We have s ta te d  above th a t  

each two body in te r a c t io n  i s  cap ab le  o f  su p p o rtin g  on ly  one 

bound s t a t e .  We s h a l l  re p re s e n t  t h i s  s t a t e  as o I t  i s

th e  e ig e n fu n c tio n  th a t  s a t i s f i e s

(«*/*/“< + v*) %  = -%< % , o(= i ,A,i. (iv.3*6)
where i s  u n i t  norm alized  in  ^  , F ree  channel m otion

i s  c h a ra c te r iz e d  by a fu n c tio n  l i k e  u S ince %, i s

known, th e  n o n - t r iv a l  wave p ack e t in fo rm a tio n  i s  g iven  by 

j-j  & • The t o t a l  energy a v a i la b le  f o r  asym pto tic  m otion
/V

i n  channel d  i s  determ ined by • R e la ted  to  i s  •

H* f j f a  % & )  = % l u )  fiU ik * ( i v . 3 , 7 )

This e q u a tio n  d e f in e s  a  channel H am ilton ian  a c t in g  on th e  

space g iven  by

Hd = /a** -**) , H, * H* (iv.3 ,8 )
F req u en tly  one m ust e x tr a c t  from a fu n c tio n  in  J4* i t s  channel 

component i n  . This i s  accom plished by th e  o p e ra to r

h  = f  £ &  - A  6  V * , * > »

f iO T  = J ( I V . 3 .9 )

*6



The a d jo in t  o f X^ i s  c le a r ly  an in je c t io n  o p e ra to r  s p e c if ie d  

by

h  = Wi ®  jd  1 J'L 0 (IV.3.10)

The ex ac t s c a t t e r in g  s o lu t io n s  f o r  th is  system  a re  o b ta in ed

from knowledge o f th e  m u ltich an n e l M oeller o p e ra to rs  d e fin ed

W i)  i t t t  - uH*t
j I ==. £. p !<K

m (±j i-Hi ~ lH 0t
I I =Z £  P
U ° ^ ± 0 ° ( IV .3 .1 2 )

■f"
where Pu = 2  ̂ X̂  • The o p e ra to r  Pc< i s  a p ro je c t io n  o p e ra to r  

on JX a s s o c ia te d  w ith  th e  subspace o f o< channel m otion and 

has a k e rn e l r e p re s e n ta t io n  g iven  by

CvAA Pot I % = %<& $u) s $-&) (iv.3.13)
r ,  (±) pi t±)

P addeev 's  a n a ly s is  ex p resses  (J , in  term s o f  a  c lo s e ly
(±)

r e la te d  s e t  (J , (J^ which may in  tu rn  be u n iq u e ly  c o n s t­

ru c te d  from th e  tim e independen t Predholm in te g r a l  eq u a tio n  

th a t  Paddeev d isc o v e re d . B a s ic a lly  th e  p la c e  wave m a trix  

e lem ents < pXj (jf^  IpX) and. ( J ? ) P'^')> a re  the  ex ac t wave

fu n c tio n  s o lu t io n s  to  th e  Schroed inger eq u a tio n s  w ith  the  ( - )  

in d ic a t in g  th e  ou tgo ing  s o lu t io n .  (+) in d ic a t in g  th e  incom ing 

s o lu t io n .  Thus

^  f i )  ( t )  ( i .)

U .  =  U .  . , H  = (J.  ^  ^  ( IV ,3 .1 4 )

These M oelle r o p e ra to rs  obey th e  fundam ental eq u a tio n s



( i i ) 3
z

«) mU, U< + £>o = (IV.3.16)
3Lcrf-0 or o f L (IV.3.161)

( i i i ) H U / ’ = U?H- ; (IV.3.17)

H Of = 0?H< (IV.3.17*)

The two versions of these re su lts  depend on whether we use (Jm
@9o r  Uei • The d e f in i t io n  in  eq u a tio n  1 4  l e t s  one o b ta in  th e  

prim ed v e rs io n  from thqim prim ed v e rs io n  o f th e s e  e q u a tio n s .

We s h a l l  u se  bo th  forms in  ou r d e r iv a t io n .  The o p e ra to r  &0 

deno tes th e  p r o je c t io n  onto  th e  bound s t a t e  subspace o f  3^-  

spanned by th e  e ig e n fu n c tio n s  of Jf- , i . e .

H  =  -  X o  =  ' •  Z> N3  ( I Y . 3 . 1 8 )

E> =  Z
* i=l (IV .3 .1 9 )

Of co u rse  sta tem en t ( i )  i s  channel o r th o g o n a lity ;  ( i i )  i s  asy ­

m p to tic  com p leteness; ( i i i )  i s  th e  in te r tw in in g  p ro p e r ty .

The r e s u l t s  above r e f l e c t  th e  contemporary two H i lb e r t  space 

trea tm en t o f  the  m u lti-c h a n n e l s c a t t e r in g  problem . I n  t h i s  

tre a tm e n t th e  s t r u c tu r e  above h as a g e n e ra l iz a t io n  f o r  th e  

H - p a r t ic le  s c a t t e r in g  problem . In  th e  th r e e  body c a se , th e se
i)

e q u a tio n s  were f i r s t  g iven  a p ro o f by Faddeev under some what 

d i f f e r e n t  assum ptions th an  c o n d it io n  ( IV .2 .4 ) .  R ecen tly ,
J7)

Thomas has p rov ided  new p ro o fs  v a l id  when th e  p o te n t i a l  does 

obey ( IV .2 .4 ) .

To th e  s c a t t e r in g  th e o ry  g iven  above, we m ust add the

+g



d e s c r ip t io n  o f  th e  th re e  body system  which evolves e x c lu s iv e ly  

by /-Id • Such a system  i s  r e a l ly  a  two body system  w ith  a 

t h i r d  p a r t i c l e  t h a t  i s  a n o n - in te r a c t in g  sp e c ta to r ,, Thus we 

must r e s t a t e  th e  c o n te n t of e q u a tio n s  ( IV .2 .1 - 3 ) ,  b u t now s e t  

i n  th e  space o f  • To do th i s ,d e f in e

\M ? = e * ® U « ! )  (1 7 .3 .2 0 )
and

_  ^  (1 7 .3 .2 1 )

^  ^  (1 7 .3 .2 2 )

The p ro je c t io n  o p e ra to r  6 ^  i s  the sub -space  in  &  spanned 

by a l l  moving bound c lu s te r s  ^  . We have th re e  o f  th e se

system s =1 , a, 3 and each s a t i s f i e s

( i )
, .  . d)f , , (*)W *  IaU = E_ (IV .3 .23)

( i i ) W *  - £  - • :(IV .3.24)
(i) f±)

H 0( i i i )

11X

W < (IV .3 .2 5 )

We now have in  p la c e  th e  n e ce ssa ry  s c a t t e r in g  th eo ry  to  

so lv e  ou r p roblem . Our f i r s t  ta s k  i s  to  d e fin e  th e  m u lti­

channel tim e d e la y  v a l id  in  a  th re e  body c o l l i s i o n .  C onsider 

any o f th e  channe ls w ith  a  s ta b le  c lu s t e r  as  a  t a r g e t ,  i . e .

> o o The in c id e n t  s t a t e  i s  com plete ly  determ ined  by a  wave 

p ack e t 3 ^ 0 The tim e dependent n o n - in te ra c t in g  asym pto tic

s t a t e  i s  ^
- i H , t  t  t  - ^ t

1  X i )  = e t  = I j e **
(IV .3 .26 )

A sso c ia ted  w ith  t h i s  " f re e ly "  ev o lv in g  s t a t e  i s  an ex ac t s t a t e
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evo lv ing  by th e  f u l l  Ham iltonian. H . This exac t wave 

p ack e t i s  d e fin ed  by th e  boundary c o n d itio n

A * - 00

and g iven  in  term s o f  th e  M oelle r o p e ra to r  by

I II - O
-  <*> ( I V . 3 . 2 7 )

(IV .3 .2 8 )

The in te r tw in in g  p ro p e r ty  i s  used  to  o b ta in  th e  l a s t  form on 

th e  r ig h t  from th e  p rev io u s member0

As in  th e  two body c a s e , we need a sphere  th a t  w i l l  d e f in e  

quantum t r a n s i t  t im e s . This sphere  i s  c en te re d  abou t th e  t o t a l  

th r e e  body c e n te r  of mass c o o rd in a te . We deno te  th e  p r o je c t io n  

o p e ra to r  in  J 4 - a s s o c ia te d  w ith  t h i s  sphere  by (P(f>) , v i z .

a re  th e  ’’f r e e "  and ex ac t t r a n s i t  tim es f o r  th e  s t a t e  s p e c if ie d

( { 4  , ^  £:)• By employing eq u a tio n  1 5  -  17, an h e rm itia n

o p e ra to r  foim  o f  i s  g iven  by th e  e x p re ss io n ,

G>(f) i f  f>a < P

O o th e rw ise .
where f >0 i s  t h a t  g iven  in  e q u a tio n  2 . The in te g r a l s

(IV .3 .3 0 )

(IV .3 .3 1 )

by . This d if f e r e n c e  in  t r a n s i t  tim es we s h a l l  deno te  as

(h , (A h ) i t  - (?M r \ ) & .
In  th is  in te g ra n d now a new o p e ra to r  g iv en  by

so



<% (/.) =  I „  < P M  U  '■ ( I V . 3 . 3 3 )

This i s  o b v iously  a r e s t r i c t i o n  o f (Pty) to  th e  s in g le  channel 

space 34* • InA fe  » (Sty) i s  a m u l t ip l ic a t io n  o p e ra to r  given' by

J 0 (IV .3 .3 4 )

where (jj) i s  th e  th e ta  fu n c tio n  and ^  i s  g iven  in  eq u a tio n  6.

C arry ing  ou t th e  tim e . in te g ra t io n  le a d s  us to  th e  tim e 

independen t form o f  ou r d e f i f i t i o n .  We have

(fct>Q<Mty)t() ~  J  (IV .3 .3 5 )
/

Here th e  energy argum ents o f th e  d e l ta  fu n c tio n  E. and £
p a  ^ p l  ta re  and ^  r e s p e c t iv e ly .  The k e rn e l i n  th e  in ­

teg ran d  o f eq u a tio n  35 d e f in e s  a reduced o p e ra to r  a c t in g  on 

L Z( p )  by th e  e x p re ss io n ,

^ V ft ^  | UJ VfyOU? ~ (PJp) I &  (IV .3 .36 ) 

The momenta ap p ea rin g  in  th e  r ig h t  o f  the  above e q u a tio n  a re  

r e s t r i c t e d  to  be th e  o n -s h e l l  momenta s p e c if ie d  by energy £ • 

One o b ta in s  from e q u a tio n  35 and 36 a time d e lay  independent 

o f  th e  sphere  by ta k in g  the l i m i t  p-s>°°  i n  e q u a tio n  35.

T his p ro cess  d e f in e s  , v i z .

jiuyw ( f<>(, (p) fk)

^  (IV .3 .3 7 )

Eor th e  most p a r t ,  ou r d e r iv a t io n s  w i l l  employ on ly  t h i s  d e f­

i n i t i o n  o f  m u ltich a n n e l tim e d e la y . Extended d is c u s s io n  o f

st



th e  p ro p e r t ie s  and p h y sic s  o f t h i s  concep t may he found in  

re fe re n c e s  and 3& .

There rem ains one case  o f tim e d e lay  we have n o t d isc u sse d . 

This case  i s  th re e  to  th re e  s c a t t e r in g .  Here bo th  th e  i n i t i a l  

and f i n a l  s t a t e  a re  composed o f  th r e e  a sy m p to tic a lly  f r e e  

p a r t i c l e s .  The i n i t i a l  wave p ack e t can be any fu n c tio n  J~0 1 

= C'CpA) • The f r e e ly  evolv ing  s t a t e  i s

by th e  boundary c o n d itio n  (IY .3 .2 7 ) w ith  - o  # Hie r e s u l t -

The p h y sic s  o f  the  d e f in i t io n  and carfcent o f  th e  c u r re n t  a se  

i s  n o t e n t i r e ly  analogous to  the  c a se s  w ith  . H ere, f o r

b in g  a  rem ote s p e c ta to r  p a r t i c l e  t h a t  rem ains u n a lte re d  as th e  

rem ain ing  two p a r t i c l e s  c o l l i d e .  This i s  n o t a t r u e  th r e e -  

p a r t i c l e  c o l l i s i o n .  By way o f c o n tr a s t  f o r  c*>o a l l  th e  c o l l -

th re e  p a r t i c l e s .  Thus o u r d e f in i t io n  o f th re e  to  th re e  tim e 

d e lay  must remove th e  e f f e c t s  o f th e s e  sp u rio u s  tw o -p a r t ic le  

c o l l i s io n s  t h a t  s i t  in  th e  th re e  p a r t i c l e  H i lb e r t  sp a ce . This 

i s  easy to  accom plish . Prom th e  d if fe re n c e

. ' r I \ — (/ ^oit ^
= e  f . (IV .3 .3 8 )

We s h a l l  in d ic a te  by Q0(*) th e  ex ac t s t a t e .  I t  i s  determ ined

in g  form f o r  ]£J*) in  term s o f  th e  M oeller o p e ra to r  ( J ^  i s

(IV .3 .3 9 )

example, in  J40 th e re  e x is t  ;f0 t h a t  a re  wave p a ck e ts  d e s c r i -

i s io n s  p o s s ib le  fo r  any 6 34^ in v o lv e  th e  c o l l i s i o n  o f  a l l

we must s u b tr a c t  th e  d if f e r e n c e



I  [ ( $ > ) , < P W s > j  -  ( $ < t ) , < p ( f ) £ « ) ) ]  c t t
d  > 0 - »  ( IV .3 .4 1 )

where Sleety  i s  d e fin e d  by

At***  || 3&e &) -  |  =  O ( I V o 3 . 4 2 )

01 e a r ly  ^C-t) i s  th e  exac t s o lu t io n  th a t  evo lves according., to  

H* , from . So

-il-L f (-) , 
T . % )  = e  W< t (IV .3 .4 3 )

and lA/Jj' i s  th e  M oeller o p e ra to r  g iven  in  eq u a tio n  20. Com­

b in e d , e x p re ss io n s  40 and 41, p ro v id e  u s  w ith  a connected  th r e e  

to  th r e e  tim e d e la y .

-  C d . . e i W f [ u . BW j U r - < ? V j

c-)t /-■> . — L
p  -f )

JoJ (IV .3 .4 4 )-  I  K  c p ^  ia- T  -  c R w l

As in  th e  ^>o s i t u a t i o n  we c a r ry  ou t th e  tim e in te g r a t io n .  

This in tro d u c e s  th e  d e l ta  fu n c tio n  in  energy in  th e  i n t e g r a l  

r e p re s e n ta t io n  o f  • Thus we d e fin e  an energy dependent

reduced o p e ra to r  'fao&p) g iven  by

- £ K < P W W T - < * V ]  I P J  ( I T . , . 45)

She momentum r e p re s e n ta t io n  used h e re  i s  a p p ro p r ia te  to  th e  

s ix  d im ensional space  (j Y/Vj?*) • Iu  d e t a i l  one d e f in e s

j L  = J * L -  4- i L
«3"%> <3/^ (1 7 .3 .4 6 )

The v e c to r  P„ s p e c i f i e s  th e  s ix  d im ensional p o in t  ( p̂  , 2<x)
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/ A \ •-*and ( p0 , po ) i s  th e  s p h e r ic a l  c o o rd in a te  d e s c r ip t io n  o f  P„

where i s  th e  s ix  d im ensional u n i t  v e c to r  in  th e  d i r e c t io n

o f  P., • The energy dependence e n te rs  th e  r i g h t  hand s id e  o f

= J*I = -Et

F in a l ly  a tim e d e lay  th a t  i s  independen t o f i s  g iven  by

eq u a tio n  43 by th e  o n -s h e l l  requ irem en t t h a t  £ = if -  =

° ( l *• 3 •4 7 )

With eq u a tio n  47 we have com pleted th e  accoun t of th e  s c a t t e r ­

in g  th eo ry  s t r u c tu r e s  and th e  tim e delay, form ula t h a t  th e  en­

su in g  d e r iv a t io n  r e q u i r e s .

We tu rn  ou r a t t e n t io n  a t  t h i s  p o in t  to  th e  e v a lu a tio n  o f 

th e  th i r d  c lu s t e r  i n t e g r a l .  We must compute th e  t r a c e  appear­

in g  in  eq u a tio n  (IV . 1 .5 ) .  The f i r s t  s te p  i s  to  u se  th e  W atson3̂  

tran sfo rm  f o r  th e  s t a t i s t i c a l  o p e ra to r  • ^ ° r  a&

a p p ro p r ia te  co n to u r t h i s  tran sfo rm  i s

- &H  . /  -A*
e = i v  JC e M*) (IV.3.48)

The s u i ta b le  c o n to u r C- i s  i l l u s t r a t e d  i n  F ig u re  IV-1 .  I t

e n c ir c le s  th e  e n t i r e  spectrum  of H . With t h i s  same c o n to u r

eq u a tio n  46 rem ains v a l id  when th e  p a i r  o f  o p e ra to rs  H , Rfe)

a re  rep la ce d  by th e  p a i r s  Hu  , Rctfe) and f-i. » Rot*) • Here th e

th re e  body re s o lv e n ts  a re  d e fin e d  by R.(t) = ( H- Z)  1 , Ru(Z) =

( H u  - 2 )  and Rdz) = ( H 0 - i )  * . The problem  o f  f in d in g  t>3

i s  by e q u a tio n  48 and i t s  companions tu rn ed  in to  e v a lu a tin g ,



where Rcd) d eno tes th e  connected re s o lv e n t s t r u c tu r e

Rc fr) = Rfe) -  Rb(i) -  X. (RJV ~ ( IV .5 . 5 0 )

S ince th e  c o n to u r £  i s  symmetric about th e  r e a l  a x is  and
-J*

= R& w  we must know

3L* V l /?<.(*-) = 7^ (ft. (a -
(IV .3 .5 1 )

a s  • The th re e  body v e rs io n  of th e  s p e c t r a l  p ro p e rty

o f  tim e d e lay  p ro v id es  u s  w ith  th e  i d e n t i ty

3 * .
2 . J ^ T a  Kc (e ^ ° )  =  E) (IV .5 .5 2 )

The fo u r  t r a c e s  on th e  r i g h t  o f  t h i s  form ula a re  th o se  appro­

p r i a t e  f o r  th e  H i lb e r t  spaces t h a t  th e  tim e-d e lay  o p e ra to rs
A 2 ^

a c t  on . For a l l  o< , p ^  i s  th e  t r a c e  on L (pet). Thus f o r
/I

o(=o f P -0 a c t s  on a f iv e  d im ensional sp a ce . For d >0 , i t  

a c t s  on a two d im ensional sp ace . The p h y s ic a l c o n te n t o f t h i s  

eq u a tio n  i s  analogous to  th a t  in  the  two body c a s e . The l e f t  

s id e  i s  th e  g e n e ra liz e d  change o f  s t a t e  d e n s i ty  a t  energy E 

produced by th e  in te r a c t io n s  V,*, • The r i g h t  hand s id e  i s  th e  

sum over th e  t o t a l  tim e d e lay  a t  energy L  o f  each p o s s ib le  

asym p to tic  ch an n e l. C le a r ly , knowing eq u a tio n  52 e f f e c t s  th e  

s o lu t io n  o f th e  t h i r d  c lu s te r  i n t e g r a l .

The th re e  body s p e c t r a l  p ro p e r ty  n o t on ly  p ro v id es  us 

w ith  a s o lu t io n  o f  th e  t h i r d  c l u s t e r  i n t e g r a l  b u t has th e  

v i r tu e  t h a t  each s id e  o f the e q u a l i ty  in  eq u a tio n  52 has i t s  

own d i s t i n c t  p h y s ic a l i n t e r p r e t a t i o n .  As b r i e f l y  a llu d e d  to  

i n  th e  o u ts e t  o f t h i s  s e c t io n  th e  term  7a Rc ( f  + io) i s  p ro ­

p o r t io n a l  to  th e  change o f  s t a t e  d e n s i ty  a t  energy £ e f fe c te d
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by th e  s c a t t e r in g  -  which i s  h e re  o f a com posite m u ltich an n e l 

c h a r a c te r .  We pause to  g iv e  a b r i e f  dem o n stra tio n  o f t h i s  

im p o rtan t f a c t .  Suppose E(!p i s  th e  fam ily  o f  s p e c t r a l  

p ro je c t io n  o p e ra to rs  r e la te d  to  H a c t in g  on <3̂  • Then £ ^ )

i s  th e  p ro je c t io n  onto a l l  s t a t e s  o f  th e  th re e  body system  

w ith  energy l e s s  th a n  ^ • The s p e c t r a l  r e p re s e n ta t io n  o f H 

i s

H  = J j  dE(J) ( IV .3 .5 3 )

In  t h i s  n o ta t io n  th e  a s s o c ia te d  re s o lv e n t Rfe) has th e  form ,

Rft) =  d B (V
J 1 ' *  (IV .3 .54 )

I f  E J V  i s  th e  s p e c t r a l  fam ily  g en era ted  by th en  i t  i s

obvious t h a t  eq u a tio n s  53 and 54 a re  f u l f i l l e d  by each o f  th e  

s e t s  |  H* •

For th e  pu rposes o f  t h i s  d is c u s s io n  l e t  Q. be th e  p ro ­

je c t io n  onto an a r b i t r a r y  f i n i t e  dem ensional subspace o f 34  ̂ •

We n o te  t h a t  i s  the  number o f e ig e n s ta te s  ( d is c r e te  and

con tin u o u s) o f  energy l e s s  th a n   ̂ i n  th e  subspace 0, &  • l i k e ­

w ise  f i s  th e  number o f s t a t e s  of w ith  energy

l e s s  th an  '(•' in  Q • D efine now th e  connected  s p e c t r a l  

o p e ra to r '

i s  th e  com posite excess o r  d e f i c i t  o f 

s t a t e s  in  Q.H- due to  a l l  th e  in te r a c t io n s  betw een th e  e n e rg ie s  

1 2 and J, , > J, . C onsequently  ^as

meaning o f  th e  change of s t a t e  d e n s i ty  a t  energy in  th e  subspace
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Q iL  produced by a l l  th e  -s c a tte r in g s .

The r e la t io n s h ip  o f  th e se  o b se rv a tio n s  to  th e  connected 

re s o lv e n t  d i f f e r e n c e  £ c6i) i s  e a s i ly  e s ta b l is h e d  from eq u a tio n  

54. Prom fc(-t) s u b t r a c t  R.*(i) , ta k e  th e  in n e r  p ro d u c t o f t h i s  

sum w ith  r e s p e c t  to  any -f I Q.&  . One has a t  once

(*■*%■’ f ) 4  (iy>3>56)

Taking >l—>+ 0  , and summing ov er an |orthogonal s e t  o f 'f  's

t h a t  span & g iv es

= A i - r r d ^ T n . a ^ )
> (IV .3 .5 7 )

N a tu ra lly  t h i s  r e l a t i o n  i s  a lso  v a l id  f o r  th e  rep lacem en ts o f

= o, l , 2 , 3 . Thus weby  { h* , E / p
may sum th e se  s ta te m e n ts  w ith  th e  r e l a t i v e  s ig n s  g iven  by 

e q u a tio n  55 to  f in d

A *  J U T *  <3 -n o )  = 3 ^ 1 - r  a M p
( X T . 3 . 5 8 )

Since Q.H- i s  an  a r b i t r a r y  subspace o f  34- , e q u a tio n  58 i s

th e  s ta te m e n t t h a t  T ' Rc(^+'°) i s  p ro p o r tio n a l  to  th e  change 

o f  th re e  body s t a t e  d e n s i ty .

We s h a l l  now g iv e  a p ro o f o f th e  s p e c t r a l  p ro p e r ty . Our 

p ro o f w i l l  a llow  us to  e s ta b l i s h  th e  p ro p e r ty  d i r e c t l y ,  and 

w ith o u t any re fe re n c e  to  th e  S -m a trix . We employ in  th e  p ro o f 

on ly  th e  s c a t t e r in g  th eo ry  s t r u c tu r e  o u tlin e d  above and c e r t a in  

conven ien t m athem atica l p ro p e r t ie s  o f th e  t r a c e .  We s h a l l  

s p e c i f i c a l ly  r e ly  on th e  assum ptions used  by Faddeev p lu s  one 

a d d it io n a l  te c h n ic a l  r e s t r i c t i o n ,  eq u a tio n  (B .3 ) . As no ted

j-r



in  th e  two p a r t i c l e  case  t h i s  means th e  s p e c t r a l  p ro p e r ty  i s  

e s ta b l is h e d  even when tim e r e v e r s a l  in v a r ia n c e  and a n g u la r  

momentum a re  n o t re sp e c te d  in  th e  th re e  body problem .

The form o f th e  p ro o f to  be g iven  depends on iiie  g e n e ra l 

id e a  o f  th e  a n a ly s is  p re se n te d  in  th e  two body c a s e .  The 

s t r u c tu r e  o f  th e  d e r iv a t io n  i s  m odified  by th e  m u ltich a n n e l 

c h a ra c te r  of th e  s c a t t e r in g  and by te c h n ic a l  f e a tu r e s  p e c u l ia r  

to  the  th re e  body problem . One te c h n ic a l  f a c t  r e le v a n t  to  ou r 

p ro o f i s  t h a t  th e  o p e ra to r  i s  n o t by i t s e l f  t r a c e - c l a s s .

However, i t  can be shown ( c f .  Appendix B) th a t

/\(i) = d  W  -  HlCi) - Rcdl -  t ( t f f a  -  to fa)
'T t  ( IV .3 .5 9 )

i s  t r a c e - c la s s  fo r  a l l  \  n o t on th e  spectrum  o f  H • Bet 

TTj deno te  a l l  p o in ts  in  th e  £ p lan e  th a t  a re  a  d is ta n c e  S >o 

o r  g r e a te r  from th e  spectrum  o f  H . Then 1a hfy i s  an a n a ly t ic  

fu n c tio n  which i s  a  un ifo rm ly  convergen t s e r ie s  of a n a ly t ic  

fu n c tio n s  i n  any bounded s e c to r  o f th e  s e t  TTg .  The d is ta n c e  

$ may be a s  sm all a s  we d e s i r e .  Thus, i n  Tfj th e  o p e ra tio n s  

o f  complex in te g r a t io n  o r  d i f f e r e n t i a t i o n  may be passed  th rough  

th e  t r a c e .  A consequence o f  t h i s  i s  t h a t  i f  one in te g r a te s  

"1a A (£) from to  , and n o te s  = t e tc .  i t

fo llo w s th a t  T a ffc fo )-  b(*i>] i s  t r a c e - c l a s s .

The second te c h n ic a l  f e a tu r e ,  r e le v a n t  fo r  u s ,  i s  th a t  

th e  p ro d u c ts  (Pip) R0(*) » (P(fi) and (Pip) a re  n o t

S ch m id t-c la ss  in  J4* . This r e s u l t  i s  in  c o n tr a s t  to  th a t  

f  o r  th e  two body problem  and comes about f o r  a sim ple  rea so n .
i 2-The change o f  d im ension o f th e  L space from th r e e  to  s ix



d eg rees o f freedom  a l t e r s  th e  r e l a t i o n  betw een th e  in n e r  

p ro d u c t measure and energy . In  th e  two p a r t i c l e  case  th e  mea- 

su re  i n  momentum space i s  p ro p o r tio n a l  to  E de. 0 But f o r  

th e  th re e  p a r t i c l e  s ix  d im ensional space th e  L* measure becomes 

El dE . However, i n  bo th  s i tu a t io n s  th e  re s o lv e n ts  a re  p ro ­

p o r t io n a l  to  E '1 o So th e  Schmidt norm o f  i s  f i n i t e ,

b u t t h a t  f o r  (P(f>) Ro(-*) i s  unbounded. What one can prove i s

th a t  (P(f) R-o(t) , (P(f) and (PCf)R(i) a re  a l l  Schmidt c la s s

f o r  and ( c f .  Appendix B )0 Bor th e s e  reaso n s we

s h a l l  n o t prove th e  s p e c t r a l  p ro p e r ty  d i r e c t l y ,  b u t r a th e r  

w i l l  p rove th a t  th e  second d e r iv a t iv e  w ith  re s p e c t  to  energy 

o f  the  r e l a t io n  i s  v a l i d .  Then in te g r a t in g  tw ice  w i l l  re c o v e r 

e q u a tio n  52 fo r  u s .

We beg in  by e x p re ss in g  th e  t r a c e  of K.&('l^7l) in  term s 

o f th e  l im i t  p - * ° °  ,

i r
( I V > 3 > 6 0 )

An e s s e n t ia l  o b se rv a tio n  i s  t h a t  < ^ ) ^ zJj?e^+i:^-^.fij-t>i)jmay be

w r i t te n  as th e  sum o f  f iv e  se p a ra te  t r a c e - c la s s  o p e ra to r s ,  

v i z .

^  I lf  lR(r*{>r,l
( IV .3 .6 1 )

1

(IV .3 .6 2 )

where tA = o, t , i ,3 . The eq u a tio n s  above depend on th e  H i lb e r t



i d e n t i t y  ( IV .2 .20) which a l l  th e  re s o lv e n ts  s a t i s f y .  Because 

th e  r ig h t  hand s id e  alw ays in v o lv e s  th e  p ro d u c t o f  fo u r  r e s o l ­

v e n ts  a f t e r  the  d e r iv a t iv e  i s  tak en  i t  i s  th e  p ro d u c t o f  twj 

Schmidt o p e ra to r s .  Thus th e  l e f t  hand s id e s  a re  in d iv id u a l ly  

t r a c e  c l a s s .  C onsider f i r s t  th e  J4- - t r a c e  o f  th e  o p e ra to r  

in  e q u a tio n  61

The f i r s t  form o f th e  t r a c e  u se s  th e  c y c l ic a l  in v a r ia n c e  p ro -  • 

p e r ty  o f th e  t r a c e  and th e  idem potency o f (P(f>) ; th e  second 

employs th e  asym pto tic  com pleteness r e l a t io n s  eq u a tio n  1 6 'j 

th e  t h i r d  r e l i e s  on th e  in te r tw in in g  p ro p e r ty , e q u a tio n  17'» 

th e  l a s t  e q u a tio n  i s  a consequence o f  the  d e f in i t i o n  cf Jan dA

th e  r e l a t i o n  eq u a tio n  14» We have in tro d u c ed  1a  ̂ a s  the  

t r a c e  on th e  space 34% • E ie re s o lv e n t Rfe) = (H* -£)  a ls o

a c t s  on t h i s  same sp ace .

Focus now on th e  second s e t  o f o p e ra to rs  g iven  by eq u a tio n  62 

w ith  <*7 0 .  We su c c e ss iv e ly  m odify th e  t r a c e  o f th e  f i r s t  form 

in  a manner p a r a l l e l  to  t h a t  j u s t  c a r r ie d  ou t



Above we have r e l i e d  on th e  e lem entary  p r o p e r t ie s  o f  th e  

s p e c ta to r  s c a t t e r in g  system  s ta te d  in  e q u a tio n s  20 -  25. Now 

combine eq u a tio n  63 and 64 to g e th e r  w ith  th e  t r a c e  eq u a tio n  62 

f o r  o< = o , to  o b ta in

C "t"
+  -  © w j

(IV .3 .6 5 )

th roughou t th e  t r a c e s  o f  eq u a tio n  65 appear th e  o p e ra to rs  t h a t  

d e f in e  th e  v a r io u s  th re e  body tim e d e la y s , th e  in d iv id u a l  

o p e ra to rs  found in l / i  and ~Uî  a re  alw ays in  th e  form o f p ro d u c ts

o f  Schmidt o p e ra to r s .  So we may e v a lu a te  them in  th e  d iag o n a l

form ( c f .  Appendix A)

tak e  th e  v a r ia b le  on b o th  s id e s  o f  e q u a tio n  65,

P ro p e rty  (IV .3 ,60 ) g u a ra n tee s  th a t  the  l i m i t  e x is t s  and i s  

equal to  th e  t r a c e  we seek
N3 2

, { j l .  — ------------ < ^ l
J d f  3ir p ' t

, r  ( j L  < f i \  ^
+ K1 °?7r ** Rs

( IV .3 .66)

th e  l a s t  s te p  i n  ou r p ro o f i s  to  tak e  th e  l i m i t  y-9 o . I f  we



do t h i s  and c a r ry  ou t th e  change o f  v a r ia b le s  d.~pj = cLe'

and dp' = dpo ^ E> » then  th e  i n te g r a l s  in  eq u a tio n  66

become

(IV .3 .67 )

Of cou rse  th e  o p e ra to rs  fy jty  a re  zero  u n le s s  the  energy ^ i s

There i s  no c o n tr ib u t io n  from th e  low er l im i t  s in c e  th e  p o in t

assumed n o t to  be an i s o la te d  s p e c t r a l  p o in t .  In  t h i s  reg io n  

o f energy Rji)  has no d is c o n t in u i ty  a c ro ss  the r e a l  a x i s .  A 

second in te g r a t io n ,  l i k e  th a t  in  eq u atio n  68, g iv es  u s  the 

s p e c t r a l  p ro p e r ty  o f  eq u a tio n  52. This com pletes o u r p ro o f .

In  t h i s  s e c t io n  we co n tin u e  ou r a n a ly s is  and w r i te  ou t 

th e  forms o f th e  t h i r d  c lu s t e r  i n t e g r a l  and g iv e  th e  p h y s ic a l 

i n t e r p r e t a t i o n  o f  ou r s o lu t io n  in  th e  c o n te x t o f  th e  eq u a tio n  

o f  s t a t e .  A lso we c o n tr a s t  our r e s u l t  w ith  s e v e ra l  o th e rs  

re p o r te d  i n  the  l i t e r a t u r e .

The tim e  d e lay  form f o r  th e  t h i r d  v i r d a l  c o e f f i c i e n t  i s  

found by s u b s t i tu t in g  th e  s p e c t r a l  .p ro p erty  (IV .3 .5 2 ) in to  

th e  Watson tran s fo rm  (IV .3 .49)

g r e a te r  th an  one o f th e  channel th re s h o ld s ,  ^ x t  •
u

l e t  |  < -  >n«*c th en

i s  to  th e  l e f t  o f th e  con tinuous spectrum  and can be

IV .4 C onclusion



( IV .4 .1 )

The low er l im i t  o f th e  i n te g r a l  i s  th e  n e g a tiv e  energy v a lu e  

a t  which th e  s c a t t e r in g  continuum  f i r s t  a p p e a rs . This reduc­

t io n  to  q u a d ra tu re  of th e  t h i r d  c lu s t e r  i n te g r a l  t e l l s  us a g a in  

t h a t  th e  on ly  a sp e c t o f the  th re e  p a r t i c l e  s c a t t e r in g  th a t  

a f f e c t s  th e  c lu s t e r  i n t e g r a l  i s  th e  tim e d e la y . Of c o u rse , 

th e  s p e c i f ic  form o f  ou r s o lu tio n  in d ic a te s  i t s  v a l i d i t y  when 

s ta b le  two p a r t i c l e  c lu s te r s  a re  p re s e n t  in  th e  g a s . The term s
TT*-eyp. y&Ai a re  th re e  body c lu s te r s  t h a t  w i l l  tak e  p a r t  i n  th e  

fo u r  body s c a t t e r in g  p ro c e s s e s . The g e n e ra l p a t t e r n  o f  our 

s o lu t io n  re v e a ls  why i t  i s  s u c c e s s fu l .  Most c o n s tru c ts  in  

s t a t i s t i c a l  m echanics a re  based on sums over th e  allow ed 

quantum s t a t e s  o f  a  system . Here th e  q u a n ti ty  needed i s  th e  

d if f e r e n c e  o f  th e  number o f s t a t e s  in  th e  s c a t t e r in g  continuum 

betw een a f r e e  and an in te r a c t in g  system . The s p e c t r a l  prop­

e r ty  i n  b o th  th e  two and th re e  body problem  p ro v id e  us w ith  

th e  needed d if f e r e n c e  in  term s o f t r a c e s  over th e  v a rio u s  

channel tim e d e la y s , n e v e r th e le s s ,  we pause to  n o te  th e re  i s  

even a more econ im ical way to  o b ta in  eq u a tio n  1 th an  th a t  i s

p re se n te d  in  s e c t io n  IV ,3 , The t r a c e  d e f in in g  t>3 in  eq u a tio n
/? )IV ,1 ,5  i s  known to  be t r a c e  c l a s s ,  F u rth e r we show in  Appendix 

B th a t  th e  o p e ra to rs  6 (p(p) , e '^ H“ (?(p) and £

a re  Schmidt c l a s s .  So one cou ld  s t a r t  from th e  e x p re ss io n  f o r  

i n  ( IV ,1 ,5 ) and u se  th e  tech n iq u es  f o r  r e s t r u c tu r in g  th e

£ <£■



t r a c e  found i n  e q u a tio n s  (IV .3 .6 0  -  6 6 ) . The r e s u l t  i s  ag a in  

eq u a tio n  1 , one does n o t have to  u se  the  Watson tran sfo rm  o r  

make any re fe re n c e  to  r e s o lv e n ts  and t h e i r  a n a ly t ic  p r o p e r t i e s .  

The reaso n  we have p re se n te d  th e  form o f th e  p ro o f we have i s  

because we b e lie v e  th e  s p e c t r a l  p ro p e r ty  o f tim e d e la y  i s  phy­

s i c a l l y  i n t e r e s t i n g  in  i t s  own r i g h t .  Tor example, i t  may be 

used  as a  s t a r t i n g  p o in t  f o r  d e r iv in g  m u ltich an n e l L ev in so n 's  

theorem s •

I t  i s  i n s t r u c t iv e  to  see  what th e  s o lu t io n  above t e l l s  

us about th e  eq u a tio n  o f  s t a t e .  Tor pu rposes of p ro v id in g  t h i s  

i n te r p r e t a t i o n  we s h a l l  assume t h a t  th e re  a re  no" th re e  body 

bound s t a t e s .  The t h i r d  v i r i a l  c o e f f ic ie n t  i s

Thus th e  th re e  body c o n tr ib u tio n  to  th e  eq u a tio n  o f s t a t e  i s

w h ile  th e  o th e r  v a r ia b le s  V, IT, T and th e  two body v i r i a l  

c o e f f ic ie n t  rem ain c o n s ta n t le a d s  to  a  d e c rea se  i n  p re s s u re .  

This d ecrease  i s  p ro p o r t io n a l  to  th e  d e n s i ty  sq u a red . Again 

th e  dynam ical in te r a c t io n  o f th e  c o l l id in g  p a r t i c l e s  a t  energy 

E- i s  e f f e c t iv e ly  c re a t in g  e x tra  space fo r  th e  p a r t i c l e s ,  

th u s  reducing  th e  p re s s u re .  In  t h i s  d e s c r ip t io n  o f th e  e f f e c t  

o f  s c a t t e r in g  on th e  s t a t i s t i c a l  system , we have chosen to

(IV .4 . 2)

PV

As in  th e  two body c a se , an in c re a s e  i n  any o f  th e  f a  (ty



h ig h l ig h t  th e  eq u a tio n  o f  s t a t e .  I t  i s  t r i v i a l  to  extend our 

r e s u l t s  to  g iv e  analogous form ulae f o r  th e  i n t e r n a l  energy , 

th e  s p e d f i c  h e a t ,e n t r o p y ,e tc .  Each o f th e se  thermodynamic 

q u a n t i t ie s  may be s ta te d  a s  fu n c tio n s  o f two and few body tim e 

d e la y .

As in  th e  two body problem  i t  i s  i n te r e s t i n g  to  g iv e  th e  

S -m atrix  form s o f  th e  s o lu t io n .  In  th e  case s  where th e  th re e  

body s c a t t e r in g  has a two body bound c lu s t e r  in  th e  i n i t i a l

o r  f i n a l  channel th e  r e l a t i o n  between tim e d e lay  and the  S-ma- 
n)

t r i x  i s  known. One may s t a t e  th e  co nnec tion  in  th e  fo llo w in g  

way. l e t  be th e  channel S -m atrix  Eaddeev d e f in e s ,  i . e .

S a/3 =  u r f  U,h  : -  34P
(IV .4 .4 )

We s h a l l  r e q u ire  th e  k e rn e ls  fo r  th e  reduced energy-dependent 

S -m atric .es,

I 1 fc\l<’
(IV .4 .5 )

' r  (1 7 .4 .6 )

Thus th e  energy dependent fam ily  o f o p e ra to rs  a re  d e f in e d .

They a re  a l l  f r e e  o f  th e  energy d e l ta  fu n c tio n  o ccu rin g  in  

With th e s e  o p e ra to rs  i t  i s  proved in  th a t

f y j t )  = 7 ^ ^  , c ( > 0  (IV .4 .7 )

Eor t h i s  rea so n  th e  oL >o channel p o r tio n s  o f  tim e d e lay  in

eq u a tio n  1 a r e ,
3  3

Z . U) + ^  ®  (1 7 .4 .8 )

a



The form ulae f o r  th e  th re e  to  th re e  connected tim e d e lay  have 

n o t y e t  been worked o u t .  Analogy w ith  eq u a tio n  7 su ggests  

what th e  answ er i s  l i k e l y  to  b e . D efine th e  d isco n n ec ted  

s p e c ta to r  S -m atrix  by

We n o te  t h a t  t h i s  th e  S -m atrix  form th a t  Dashen a t  a l  and

I f  one assumes th e  in te r a c t io n  i s  n o t s tro n g  enough to  

form s ta b le  two p a r t i c l e  c lu s te r s  th en  on ly  th e  square  b ra c k e t 

term  in  eq u a tio n  12 rem ains in  form ula (IV .4 .1 )  f o r  th e  t h i r d  

c lu s te r  i n t e g r a l .  For t h i s  r e s t r i c t e d  problem  a l l  th e  channel 

s t r u c tu r e  i s  a b se n t and on ly  th re e  to  th re e  s c a t t e r in g  i s  

p o s s ib le .  I f  one f u r th e r  assumes th a t  a n g u la r  momentum i s  

conserved  th en  th e  s i t u a t i o n  i s  p r e c is e ly  t h a t  s tu d ie d  in  

d e t a i l  by L arsen . Using a h y p e rsp h e r ic a l method L arsen  

d e sc r ib e s  t h i s  s c a t t e r in g  in  te im s of a phase s h i f t ,  and
n)

o b ta in s  a  s o lu t io n  p a r a l le l in g  th a t  o f Uhlenbeck and B eth .

i v

Both S ao and 5 ^  g e n e ra te  reduced S -m atrices

Thus th e  expected  form f o r  (£) i s

(IV .4 .1 2 )

Smith b e lie v e  to  be v a l id



At t h i s  p o in t  we have dem onstra ted  t h a t  th e  second and 

th i r d  c lu s t e r  i n t e g r a l  a re  e x p l i c i t l y  determ ined  by tim e delay,, 

We a re  c o n fid e n t t h a t  t h i s  a n a ly s is  can be extended to  fo u r  

o r  more p a r t i c l e  c o l l i s i o n s .  Observe t h a t  our argument r e s t s  

on j u s t  a few g e n e ra l f a c t s  o f  th re e  p a r t i c l e  s c a t t e r in g .  

S p e c i f ic a l ly ,  we re q u ire d  th e  e x is te n c e  o f  th e  M oeller wave 

o p e ra to rs  in  o rd e r  to  d e fin e  th e  concept o f tim e d e la y . Sec­

o n d ly , we used  th e  energy co n serv in g  ( in te r tw in in g )  and comp­

le te n e s s  p r o p e r t ie s  of th e s e  wave o p e ra to r s .  These f e a tu r e s  

must e x is t  f o r  any p h y s ic a l ly  rea so n a b le  few body s c a t t e r in g  

th e o ry .

In  c lo s in g  we remark th a t  in  c o l l i s io n s  l i k e  breakup , 

where th e  i n i t i a l  and f i n a l  s t a t e  d i f f e r  by th re e  co n tin o u s 

deg rees o f freedom  no phase s h i f t  d e s c r ip t io n  o f s c a t t e r in g  

e x i s t s .  By comparing th e  two p a r t i c l e  s o lu t io n  w ith  t h a t  f o r  

th e  th r e e  body problem  we can p e rc e iv e  a g e n e ra l t r e n d .  What 

i s  happening in  o u r form alism  i s  t h a t  th e  t r a c e  of th e  tim e 

d e lay  i s  re p la c in g  th e  phase s h i f t  a s  the u n iv e r s a l  d e s c r ip to r  

o f  th e  s c a t t e r in g  p ro c e s s .



Chapter V Cayley Transform method

In  t h i s  c h a p te r , we v e r i f y  th e  r e s u l t s  o f c h a p te r  IV by 

a d i f f e r e n t  method: Cayley T ransform . This method has p a r t i ­

c u la r  m e r its  in  th e  th re e  body c a se . I t  fo cu ses  n o t on ly  on 

"connectedness" and "channel s t r u c tu r e "  as in  c h a p te r  IV, bu t 

a lso  b rin g  to  l i g h t  " r e s c a t te r in g  s i n g u l a r i t i e s " .  We show 

how to  t r e a t  th e se  s in g u l a r i t i e s  which has been g e n e ra lly  

ignored  by w orkers in  t h i s  a re a .

V.1 In tro d u c tio n

An a l t e r n a t iv e  method o f  e x p re ss in g  th e  change o f  s t a t e  

d e n s ity  in  term s of tim e d e lay  i s  p o s s ib le  th rough  th e  d e v e l­

opment o f  Cayley tra n s fo rm . The tim e d e lay  h e re  ta k e s  th e  

form o f th e  lo g a r ith m ic  d e r iv a t iv e  o f  th e  f a m i l ia r  s c a t t e r in g  

S -m atrix  in s te a d  o f  the  o r ig in a l  G oldberger and Watson form 

u s in g  th e  range p r o je c to r .

1(a) = / ( V

M  (V.1 .1 )

The eq u iv a len ce  of th e  two forms o f tim e d e lay  was proven in
3) Ii)

th e  two body case  by Jauch and Marchand. Osborn and B o lle  

e s ta b l is h e d  th e  r e la t io n s h ip  in  th e  tw o-body like  channe ls o f 

th e  th re e  body problem , 4 = 1, *,3 . They propose th e  o p e ra to r  

form o f  tim e d e lay  to  be

fri(e) J * 0, ' . * - 3' (V.1 .2 )



The Cayley tran sfo rm  method d i f f e r s  from th e  p rev io u s  

c h a p te r  in  th a t  i t  d e a ls ,  n o t w ith  th e  o p e ra to rs  th em se lv es, 

bu t r a th e r  w ith  th e  k e rn e ls  o f  th e  o p e ra to rs , e s p e c ia l ly  t h e i r  

t r a c e s  in  th e  form o f  i n te g r a l s .  The outcome on th e  two-body­

l i k e  channels e f f e c t iv e ly  v e r i f i e s  what one would have expected 

u s in g  th e  r e s u l t s  o f  th e  p rev io u s  c h a p te r  and the c a lc u la t io n s  

o f Osborn and B o lle . In  th e  th r e e - to - th r e e  channel (* = °  ) , 

th e  Cayley tran sfo rm  method re v e a ls  >a much more complex s t r u ­

c tu re  to  th e  t r a c e  o f  th re e  body tim e d e lay  th an  one would have 

proposed from eq u a tio n  2 above.

S p e c if ic a l ly ,  we have shown h e re  t h a t ,  even in  th e  absence 

o f two body bound s t a t e s ,  th e  t r a c e  o f  tim e d e lay

cannot be o b ta in ed  by d i r e c t  s u b s t i tu t io n  o f th e  known form 

o f  th e  k e rn e l A»

E+fo) =. S ( f o - f i )  -  ^  'Mdji

The s u b s c r ip t  £. deno tes "co n n ec ted " , meaning th a t  term s w ith  

over a l l  d e l ta  fu n c tio n  in  momentum a re  removed. The d iag o n a l 

elem ents o f "d isconnec ted" term s a re  s in g u la r  as  I t 6) . Such 

s u b s t i tu t io n  on ly  le a d s  to  m eaning less i n f i n i t i e s  in  th e  t r a c e  

o f tim e d e lay  which we have a lre a d y  shown to  be f i n i t e .  While 

th e  o p e ra to r  form may w ell be expressed  as in  eq u a tio n  2, th e  

g e n e ra liz e d  fu n c tio n s  in  th e  k e rn e ls  of th e  t r a c e  must be p ro ­

p e r ly  t r e a te d ,  a  p ro cess  known a s  r e g u la r ia t io n  in  th e  th eo ry
4o)

g e n e ra liz e d  fu n c t io n s . S c h em a tica lly , th e  r e g u la r iz e d  r e s u l t  

has th e  form
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+ = u [ a % )  ^  Ao fy  -  M ] & + A  * (* )  ( v . 1 . 3 )

where th e  t r a c e  of th e  fu n c tio n  in  square  b ra c k e ts  no lo n g e r

has any o f  th e  r e s c a t te r in g  s i n g u l a r i t i e s .  The term  A. x f y

c o n ta in s  on ly  two body T -m a tric e s .

T his m athem atica l problem , g e n e ra lly  known as r e s c a t te r in g

s in g u la r i ty ,  has rec e iv e d  l i t t l e  tre a tm e n t from a u th o rs  working

in  t h i s  a re a  (Dashen^ L arsen ,* e tc .  ) We a re  aware o f  a s im ila r
/<>)

c a lc u la t io n  re p o r te d  by B uslaev and M erkuriev . However, due 

to  incom plete  t r a n s la t i o n  o f  R ussian  l i t e r a t u r e ,  we a re  n o t 

a b le  to  compare w ith  t h e i r  r e s u l t s .  M oreover, t h e i r  c a lc u la t io n s  

appears  to  in v o lv e  f in d in g s  in  m athem atica l a n a ly s is  much beyond 

th e  scope o f t h i s  t h e s i s .
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V.2 Two body Cayley transform

We would l i k e  f i r s t  to  d e fin e  Cayley tran sfo rm s and th en  

r e l a t e  them to  re s o lv e n t  d i f f e r e n c e s .  For each H am ilton ian  

we a s s o c ia te  th e  fu n c tio n  = (’&■-£){(•&-%) a s  i t s

Cayley tra n s fo rm . £ i s  a complex number, i. = x  + ,

X and / a. a re  bo th  r e a l .  k & fi = (&»-&*)j (<,-*■) i s  th e  

Cayley tran sfo rm  o f  th e  f r e e  H am ilton ian  . A ll Cayley 

tran sfo rm s a re  u n i ta r y  by d e f in i t io n .

y U i)  b^(i) => ■ = e = £(*)
£ - * *  &-*.  *  (V .2 .1 )

Cayley tran sfo rm s can a lso  be expressed  in  term s o f r e s o lv e n ts ,  

H(t)  » ( t - * ) ' 1 ,

-  ■$=£- -  E ( V. 2 . 2 )

and,

bjLi) = £* + eXi/A.Agd) (v.2.3 )
We a ls o  d e fin e  a new u n i ta r y  o p e ra to r , as  a p roduct o f 

Cayley tra n s fo rm s ,

= b*.(*} b<o(i) (V .2 .4)

This o p e ra to r  can be expressed  in  term s o f  r e s o lv e n ts  a ls o .

-  ( e. + 2a./*.a (*)) [ t  -  A.(#))

-  e  + SLi/*A(i) -  at/Lflofy -  US/*)*’ AM *■* (■*■*) 

= e  + a ; ^ [ h j d )  -  h o d )  Jt[z.)a 0(*)J -  a ; /* .K i£ )

- ( a ,'/t)*-[A0 (i) -  Ao(*) £(*> *•(*)]

7*.



*= e + Lfi-J*) -  fl-oit*) -  &'/*■ ft*Ct)a0 ( t )  J

-  A,/^ Ac fa t  Li) Ac L̂ ) +  * '/*• Ac (*) £& ) [ A  (*> "A  &*) ]

«  e  '  a -> A 0 f*; £ ( * )  Ao(**)
(V .2 .5)

where we have used th e  s tan d ard  u n i t a r i t y  c o n d itio n  and 

d e f in i t io n  o f  th e  T -m atrix .

A d )  -  no?)  » a  to) a  a*)

A l t )  -  Ac Or) = -  Ao(*) ±(*) Ao Ik)

Now we want to  exp ress th e  re s o lv e n t d if f e r e n c e  ^  jflLt) ~Ato)]

in  term s of th e se  Cayley tra n fo rm s . S ince A/st) = -2- JL*. (:i - j t ) ' 1Pa.

i t  fo llo w s th a t

To form th e  d if f e r e n c e  o f  th e  above two e q u a tio n s , we w r ite

Now i t  i s  c le a r  what th e  re s o lv e n t d if f e re n c e  i s .

Ha J U [M * )-A * (* )]  *  A ( i)~ A ( i* )  -  Ao to) + A„(i*)

(V .2 .9)

Because o f u n i t a r i t y ,  t h i s  eq u a tio n  has an a l t e r n a t iv e  form .

M * )  -  A.L**) = b) j ±] -f, V * 1 ( V . 2 . 7)

b j i )  as and s u b s t i tu t e  in to  eq u a tio n  6.
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-/w*> + n.(t*~) = -  k tj* > ( h j * )  ( v . 2. 9 ’ )

The change o f s t a t e  d e n s ity  i s  r e la te d  to  the t r a c e  o f th e  

o p e ra to r  on th e  l e f t .  The t r a c e  i s  a pure im aginary  number 

which can be ev a lu a ted  in  term s of th e  f r e e  r e s o lv e n t  and 

th e  T -m atrix  th rough  th e  r ig h t  hand s id e  o f th e  above e q u a tio n . 

l_ -  Ra 4™ ( / i (v  - A o d )  )

« ^  A  ^  (*) ( f a

88 1 j z

— si, fa* i  £ + £ yi/A- /T-o (t ) £ (■£*) (-£) J

* A  [  e  ~ *(*> (V .2 .10)

T his can be f u r th e r  developed as a sum o f  two te rm s, a l i n e a r  

term  L, and a q u a n d r^ tic  term  . L  - L, +• .

L t -  i  fb  jt i  -9/ a- A0lt) X l t )  A J t* ))  ^  2 ^

/ = 1  J** (*/“) z A0C4]J:(t*)Ao(*) £ ( / h ( - t > £ ( i ) / i 0(t*))
A 9X{ '  (V .2 .12)

¥e s p e c i f i c a l l y  develop  th e  energy dependence o f  the t r a c e

o p e ra tio n , i . e .

£ . Al t )  = p «  *  }<*> (Y. 2<1 3)

where i s  th e  reduced t r a c e  in  th e  reduced space ,

= ^JTke. i s  th e  Jaco b ian  and ?(£,£.,*) = J{ej X  (£, e, z)  j(s.) 

as th e  reduced  T -m a trix . The n o ta t io n  h e re  i s  th e  same as 

in  c h a p te r  I I .

In  t h i s  reduced space n o ta t io n  we can c a lc u la te  l~, .

L, =• x R*- f   — r  A- X+r/O---------- -—1 * ^  £-*-</*- E-K+'/A-

7*



_2_ 6.,"%+•/*)

£ = «  oo
‘" i  ~  R jl l   » * / «  T .  - r i t e  a j . , ' „ i  4-  (  cL - P m .-*■ fa \   ;£  t{£,£,A+C*)l -b (

L re-AjV*- I ^£-0 
Oo

X
C?£ ^  ' '

(V .2 .14)

In  th e  l im i t  /<■ -> <5f  , ^ arrJ(£-A ) . The su rfa c e

term  v a n ish es  because o f th e  s t r u c tu r e  o f T(£,£,A+!/0 • Hence, 

<^k L, = Ji fU -37r J -  % x ( ,̂A,9l+)o )
^  (V .2 .15)

N ext, we want to  develop .

La * -i <kw f i .  (am)*  / i j *) M *t) a 0(i*) [/W*; ifcj Aft*;]

=  / i X w  A  V * 2 ft) pt(r*)A0$Aji)ll~ i(t)l flji*) + K
&*■ J (V .2 .16)

where /<( -  1 iv  [  4mz Aa(t) £(4) A jit)  Ao(*> A (**)

+ 4-siS/iolt) £ (4 ) Ao(l*)A. (4) Jtl±) P-o (4*) J 
=  X Jn*. U  [  ^  (~A(a  £ [ i ) A J t* )  A J h )  £ (t* )  j  fa d * )  a Uv

4- 8/aX (-S-im-Ma*) Aolt*) /to d) £(i) J aT(^) A° 0)]

= £Jt*i. A */** (*to -£(*■*))(a,( / ) / i?(v + A* fa*)n°(i))

0  (V .2 .17)

s in c e  th e  above t r a c e  i s  e x p l i c i t l y  a r e a l  number. Hence,
fco °° j£

U  = A J t~ .  *+TTl J e U  fT^e-X; x U , E ' , * - f o )  $ { & ' - * )  'c(E-'l E-l
p l o *  0 A '  '  '

-  s i  4 yw V-7T'£  *  ( A , A , A - r 0)  z ( A , \ *-*-'<>)
(V.2.18)
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where we in tro d u c e  th e  n o ta t io n

- C ( e , e , * + J o)  =  J -  ■£.(&,

Next we want to  show th e  fo llo w in g  u n i t a r i t y  i d e n t i ty :

0 = &  z ( \  .'K.’K-s-b) t ( Z -  ,0)  (V .2 .19)

such th a t

L* '  d x  (V .2 .20)

The u n i t a r i t y  eq u a tio n  in  reduced space ta k e s  th e  fo llo w in g  

form s,

tCt.tjA-i6) -  z(z,b',A+io) = -3-vX t (  A, a', A+1'0 )  (V .2 .21 )

-  P-ttj, Z  t ^7 A »X+t 0 )  A -1  o j  2  2 1 * )

We th e n  ta k e  energy d e r iv a t iv e s  w ith  re s p e c t  to  eq u a tio n

21 and /̂?e. w ith  re s p e c t  to  21 ' .  Next we pu t £ = £ ' = X. 

in  b o th  e q u a tio n s . Taking th e  t r a c e  o f  bo th  r e s u l t in g  e q u a tio n s  

and add, we o b ta in :

£   ̂r (  A,A, / l - i ’o) -  z ( x ,  A, *+ie>)J -f- fat, ( r  (A , A, X-t'o) -  j j

= T(aJl ,A+' 'o )  ■+* X  t . ( x , X . J‘X + io) t C x . K 9l -ao )  j

(V .2 .22)

0 r > f a ( i ( x . \ . X - * o ' )  -  ' c ( i , i , A - + f o ) )

=■ 'z[x,X,X-i'o) z  A+1'0 ) -t zlx,A,X->o) t : /Afa,  X+t'o)^

■ =  T t A , A , A - i ' o )  r t x f a ,  X-hio)

(V .2 .2 3 )

S ince th e  l e f t  s id e  i s  e x p l i c i t ly  pure im aginary , th e  r e a l  

p a r t  o f  r i g h t  s id e  must be z e ro . Hence, we o b ta in  eq u a tio n  

(V .2 .19).
7£



G athering  a l l  th e  r e s u l t s  in  e q u a tio n s  15 and 20, we

have
L = -  s-nJu fU -A A  ^Lx,\,x^o)<?A

+ -hM. ^  t(x.x.x->'o)

— 1  s4^(X)  - 2 -  y d ( x )

= J. A s C +(x) J-jafa) (V .2 .24)

where we have used /3(x) = e  -  3 ^ 2  T-Ĉ .X. ,*+•& ) •

U sing th e  form o f tim e d e lay  in  (V. 1 .1 ) we rec o v e rs  ( I I . 2 .51)*

8 <&*. & [ a (*-k'o) -A i(x+ it)j  = A  

We have a r r iv e d  a t  th e  s p e c t r a l  p ro p e rty  of tim e d e la y  f o r  

th e  two body problem  u s in g  Cayley tran sfo rm .

We n o te  h e re  th e  prom inent f e a tu re s  o f t h i s  d e r iv a t io n .

They w i l l  appear a g a in  in  th e  th re e  body case  to g e th e r  w ith  

many o th e r  new f e a tu r e s .  F i r s t l y ,  we no te  th e  m athem atical 

p rocedure  invo lved  in  form ing th e  energy co nserv ing  d e l ta

fu n c t io n s ,  i . e .  ------ > ttsU-X) as  • The energy

co n serv in g  d e l ta  fu n c tio n  must be p re s e n t f o r  th e  fo rm ation  

o f tim e d e lay  which i s  f u l l y  o n - s h e l l .  Secondly , we want to  

n o te  th e  n e c e s s i ty  o f  th e  u n i t a r i t y  eq u a tio n  (V .2 .19) in  form ing 

th e  t o t a l  d e r iv a t iv e  in  LA . This i s  no t needed in  L, > 

which i s  a t o t a l  d e r iv a tiv e '.  I t  i s  u s e fu l  to  b ear th e s e  p o in ts  

in  mind when s tu d y in g  th e  n ex t s e c t io n  on th re e  body Cayley 

Transform . This w i l l  h e lp  to  id e n t i f y  th e  new f e a tu r e s  as 

one goes from two body to  th re e  body problem .
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V.3 Three body Cayley tran sfo rm  

Because o f th e  le n g th  o f t h i s  s e c t io n ,  we would in tro d u c e  

su b se c tio n s  to  h e lp  c l a r i f y  th e  m a te r ia l .  A ll eq u a tio n s in  

t h i s  s e c t io n  w i l l  be la b e l le d  w ithou t re fe re n c e  to  th e  c h a p te r . 

"D isconnectedness" i s  t r e a te d  in  th e  c o n te x t o f Cayley tran sfo rm  

in  th e  f i r s t  su b s e c tio n . To develop th e  channel s t r u c tu r e ,  

th e  r e s u l t in g  Cayley tran sfo rm  i s  e v a lu a ted  by d iv id in g  th e  

volume o f  in te g r a t io n  in  th e  t r a c e  and in te r n a l  s t a t e s  in to  

f iv e  d i s j o in t  s u b s e ts .  In  th e  th re e  to  th re e  ch an n e l, we 

en coun ter a new m athem atica l problem  o f r e g u la r iz a t io n  in  th e  

r e s c a t te r in g  te rm s. The tw o-body like  channe ls a re  t r e a te d  in  

about th e  same fa sh io n  as th e  l a s t  s e c t io n  w ith  the  two body 

problem . The double p o le s  th a t  develop h e re  a re  c a n c e lle d  by 

s im i la r  p o le s  in  th e  u n i t a r i t y  eq u a tio n  in  th e  fo llo w in g  sub­

s e c t io n .  The th re e  body u n i t a r i t y  eq u a tio n  a ls o  c o n ta in s  th e  

same channel s t r u c tu r e  as th e  Cayley tran sfo rm  i t s e l f .  I t  i s  

a ls o  e v a lu a ted  in  f iv e  d i s j o in t  s u b s e ts .



V.3.1. Connectedness
In  g e n e ra l iz in g  th e  Cayley tran sfo rm  method to  th e  th re e  

body problem , th e  f i r s t  n o tic e a b le  d if fe re n c e  we encoun ter i s  

th e  e x is te n c e  o f  d isco n n ec ted  term s in  the  s c a t te r in g  am p litu d e . 

T his type  o f s in g u la r i ty  e x is t s  even in  th e  absence o f  two body 

bound s t a t e  ch an n e ls . I t  i s  an in h e re n t th re e  body s c a t t e r in g  

c h a r a c t e r i s t i c .  Of c o u rse , d isco n n ec ted n ess  p e r s i s t s  in  a l l  

N-body s c a t t e r in g  fo r  N = 3.

One f i r s t  come a c ro ss  w ith  t h i s  s in g u la r i ty  when examining 

th e  s t r u c tu r e  o f th e  th re e  body s c a t te r in g  am plitude  .

The m athem atical s ig n i tu r e  o f  d isco n n ec ted n ess  i s  th e  p resence  

o f  a d e l ta  fu n c tio n  in  th e  momentum v e c to r .  The d e l ta  fu n c tio n  

i s  s in g u la r  in  th e  forw ard s c a t t e r in g  d i r e c t io n ,  i . e .  w ith  zero  

momentum t r a n s f e r .  Faddeev determ ined th a t  = <5̂  Toi(i) + VlyW

where i s  f r e e  o f d e l ta  fu n c t io n s . The k e rn e l  o f  t h i s

eq u a tio n  i s

In  t h i s  r e p re s e n ta t io n ,  i t  i s  easy to  i n t e r p r e t  the  p h y sic s  

o f d isc o n n ec te d n ess . I t  d e sc r ib e  th e  p o s s ib le  s c a t t e r in g  where 

p a r t i c l e s  /3 and V ( i . e .  d  p a ir )  s c a t t e r s  w h ile  th e  d  p a r t ­

i c l e  does n o t i n t e r a c t  w ith  e i t h e r  one o f them . I t  a c ts  m erely 

as a s p e c ta to r  whose p resence  makes th e  o th e rw ise  two body 

s c a t t e r in g  in to  a th re e  body e v en t.

The f i r s t  term  i s  d isc o n n ec te d .

T J n - . r i i * ) =  ( 3 . 1 . 2)

The energy o f  th e  d  - p a i r  i s  £  , i*  e . l e s s  by th e

amount o f k in e t ic  energy o f  th e  s p e c ta to r  p a r t i c l e  r*



B efore we d e r iv e  the Cayley tran fo rm  r e s u l t s ,  we want to  

p o in t  ou t t h a t  w hile  d isco n n ec ted n ess  e x is ts  in  th e  absence o f 

two body bound s t a t e s ,  i t  i s  n o t se p a rab le  from th e  bound s t a t e  

c h an n e ls . That i s ,  i t  i s  p re s e n t  in  a l l  fo u r  c h an n e ls , °i=°,',x,3 . 

In  th e  p resen ce  o f two body bound s t a t e  th e  7̂  (l) we have ju s t  

examined ta k e s  on a more com plica ted  k e rn e l .

d e l t a  fu n c tio n  and channel s in g u la r i ty .  We s h a l l  see  t h a t  t h i s  

p a r t i c u l a r  s t r u c tu r e  p lay s  a s ig n i f ic a n t  r o le  in  th e  fo llo w in g  

d e r iv a t io n .  I t  p ro v id es  fo r  th e  l i n e a r  term  f o r  th e  </ = i t s,3.  

channe ls from th e  q u a d ra tic  term . The l i n e a r  term  from th e  

th re e  body Cayley tra n s fo rm , as we s h a l l  s e e , p ro v id es  f o r  only  

th e  oi =. o c h an n e l.

Wow we s h a l l  s t a r t  d e r iv in g  th e  th re e  body Cayley tra n s fo rm . 

I f  one re p e a ts  th e  two body d e r iv a t io n  o f e q u a tio n  (V .2 .9) u s in g  

th r e e  body o p e ra to rs  in s te a d ,  one a r r iv e s  a t  s im i la r  r e s u l t s .

The on ly  in p u t in  th e  making of (V .2 .9 ) a re  th e  d e f in i t io n s  of 

re s o lv e n ts  and Cayley tran sfo rm  and th e  u n i t a r i t y  eq u a tio n  

which a re  b a s ic  to  bo th  two and th re e  body s c a t t e r in g  th e o ry . 

S p e c i f ic a l ly ,  i f  one use RU) , R* (*) and T(t) in s te a d  o f  Alt), 

Ae(t) and j t ( t)  r e s p e c t iv e ly ,  one a r r iv e s  a t

<*-/W
where i s  a smooth fu n c t io n . The f i r s t  term  has bo th

(3 .1 .4 )

where &HJ*) ~ & + a »>- RoC*)

Ah/hJ*) = E " Rofe) T[t) Rod*)



I f  one u ses  , RJt) and 7h(t) in s te a d  o f /i(t> , /i0(i> and

r e s p e c t iv e ly ,  one a r r iv e s  a t

f a t o - M ]  - ( 3 _ U 5 )

where =» £ -  «3;> i\(t) ~Q to K&*)

Both Reto and £. conserve  6-momentum ( pj , ^  ) so t h a t  Bh/* )  

a ls o  conserves ( f  ,% ) .  ~Q(*) conserves only  th e  momentum o f  th e

oi p a r t i c l e  %i and hence Ahu/h^  conserves fj. .  Bach o f 

th e  k e rn e l o f  th e  fo u r  o p e ra to rs  on th e  r ig h t  o f (3.1 .5 ) 

co n serv es fj. , so th a t  eq u a tio n  5 has a o v e ra l l  d e l t a  fu n c tio n  

S & ' f t )  and hence i s  d isc o n n ec te d .

(3 .1 .4 )  a lso  c o n ta in s  some d isco n n ec ted  term s s in c e  Tfe) 

c o n ta in s  Tufc) . However, i f  we s u b s tr a c t  (3 .1 .5 )f^o m  (3*1 .4) 

we can a r r iv e  a t  an eq u a tio n  f r e e  o f  d isc o n n ec te d n ess .

[U=t) - R(t*)] - [R,Ci) -  Mi)] -  I ' I [**(*) ~ -  [*• & '  *0 d*)]J

■ <*[*%,<*> k W  - %, V ' k *"•lt)
( 3 .1 .6 )

To develop f u r t h e r ,  one must pu t in  the v a lu e  o f  th e  A *s 

in  term s o f  r e s o lv e n ts  and T -m a tr ic e s .

k Aĥ  ' £, k AhJ?>]
’f’ -i

=  [  E -  ai^cRJi) T(t) Rjtj] JL 5 ;><- R.(l) T(’*) R„(t*)J

” £ /  L £ " t o  V t e R 0 (**)J JL [ - a t } u . / i 0 ( i)  Tul*) R* f t* ) ]

=  J L  £ -  a y .  n t ( i )  (  T ( i)  -  £  f Tj (*) J Rt ( i* )J

+ { 9 / i t  to  ft) ( W ®  + f ( Iai(i) + Z  75

-  I' ft4  R*ft) Tu (}*) R.(i*)J^[n, (*) Tu(i) Rod1)]

i f



+• —  R.f*) M/tW *</**>trA
+ (V )2 6  ft; £ f Tetd*) fi*(4) _JL fi* (ij W(u Rjt*)

+. fp/<;1 to lA/te*) /?«,«*; _2_ £  %(*) RatS)
z \  °t' 1

+ £ . to/*)1 R>faT'f (i+) Rb&+) 3 -  RJ±) T a fa  R-C-t*)
* ¥  **- ^ (3 .1 .7 )

j
where we have used TCi) - t-T^L*) + to/fe), lv(£) = J^, .

A ll o f  th e  term s a re  connec ted . Now we a re  a b le  to  sum over 

a l l  th e  d iag o n a l elem ents o f th e  o p e ra to r  eq u a tio n  above. An 

in s p e c t io n  o f th e  t r a c e  o f  the  l e f t  hand s id e  o f eq u a tio n  7 

shows th a t  i t  i s  e x p l i c i t l y  a pure im aginary  number. Hence, 

th e  r e a l  p a r t  o f th e  r i g h t  hand s id e  must v a n ish . To e v a lu a te  

th e  r e s u l t in g  Cayley tran sfo rm  we re a rra n g e  th e  term s as fo llo w s : 

7h . f t )  - g j k t o -* ,& )]  = A + 8 + C -f + F

(3 .1 .8 )

where /4 = Ta  — -3ja Fol*) R.(£)9\

3 ~T/i |  4*.1 K.Oj I w(-i) Rjf) +■ g,(i)W(i)

4 4 / S  g X n f ? )  w t * ) R . ( f t  -f *,ft> w ( * j ± g , $ 7

+ */SRt to)Wtf) *>(**)[(&*,&)2pjto fi.lt) + *.to$Tu(t) &*.{&]

+ f ip  4/SK'0t)T4b*iZ.k*) [ (-^R .lt))  Tf (*)R. *.«» 7i t y £ * ' ( £ ] J

C =  I t  W  K(i) lAJtt*) RJi4) R j i ) ^  wtoj

ZP =  T /, 4-/S- Z o t o f e  T* (-**)) M V  ( j x  t o ® )

£ *  77. 4/^ fa iv#? /?. <:**; & ) ** h*)

F = Tk 4-S £  R.fa T*tf) R,d*) £.(**)

yx.



V.3.2 Channel singularities

There a re  two d i f f e r e n t  ty p e s  of r e s o lv e n ts  in  Cayley 

tra n s fo rm . R.Ot) and i t s  complex co n ju g a te  R0(A) s ig n i fy  th e  

f r e e  O -channel. = (H d - i) '1 and- deno tes the  p resence

o f th e  two b o d y -lik e  channels 1 , 2 and 3 . a re  found

e x p l i c i t l y  in  th e  d e f in i t io n  o f  Cayley tran fo im  and a ls o  in  th e  

k e rn e l o f W/ty . i s  found on ly  in  th e  k e rn e l o f ~Q(*) and

WL*) . In  th e  l im i t  th e se  re s o lv e n ts  may be s in g u la r

i f  A = £ c o r A = ( * = 1 , 2 , 3 )

In  th e  l i n e a r  term  A , th e re  i s  a s ix  d im ensional i n t e ­

g r a t io n  fcLpoty from th e  t r a c e .  For a f ix e d  A. , th e  volume o f 

in te g r a t io n  does c o n ta in  th e  p o in ts  A = , ^3 •

We d e fin e  a r b i t r a r i l y  sm all neighbourhoods and &3

around th e  p o in ts  A = £ „ , £ , ,  \  and £3 r e s p e c t iv e ly .  We

c a l l  th e  rem ain ing  volume o f in te g r a t io n  (0) , i . e .

0  U  U  U  U  9 .  = )

In  ®  a l l  r e s o lv e n ts  a re  f i n i t e  and w e ll d e f in e d . In  th e  l im i t  

o* , A v a n ish es  in  @ l in e a r l y  a s  /^  . In  60 , only 

may c o n tr ib u te .  ^  i s  f i n i t e  in  a0 and can be ig n o red . 

S im ila r ly , i n  , on ly  may c o n tr ib u te .

In  a q u a d ra tic  term , th e re  a re  two s ix -d im e n s io n a l in te g r ­

a t io n s :  Jd.p f o r  th e  t r a c e  and from the  in te g r a t io n

over th e  i n t e r n a l  s t a t e s .  For th e se  term s we have two s e t s  o f 

neighbourhoods , 8/ , &L and 0. , G, , &i , 3̂ . In

e i th e r  (h) o r  ^  , th e  q u a d ra tic  term s v a n ish  q u a d ra t ic a l ly  

a s  / t 2 -> o r .

yj



To e v a lu a te  th e  Cayley tran sfo rm  one on ly  need to  f in d  

c o n tr ib u tio n s  from th e  neighbourhoods 6t , ot , and 03 i n  th e  

l i n e a r  term  i \ and L  8 ^  U Ba ( d  ,  a  = i t a t 3 ) in  th e  quad- 

r a t i o  te rm s. ¥e choose to  e v a lu a te  d0 and &0 U 8' c o n tr ib u t io n  

f i r s t .  They c o n ta in  the  only  c o n tr ib u tio n  i f  two body bound 

s t a t e s  do n o t e x i s t .  M oreover, th ey  a re  r i c h e r  in  s t r u c tu r e .  

They c o n ta in  r e s c a t te r in g  s t r u c tu r e  which needs s p e c ia l  a t t e n ­

t io n .



V.3.3 Term 3

B efore we beg in  we would l ik e  to  e lim in a te  th e  term  B . 

I t  i s  s im ila r  to  the  rem ainder R in  (V. 2 .17) in  th e  two body 

c a se . I t  i s  a r e a l  number though a c lo se  s c ru t in y  o f B does 

show th a t  th e  o p e ra to rs  a re  in  th e  wrong o rd e r . We s h a l l  

s im p lify  E> so t h a t  i t  would be e x p l i c i t ly  r e a l .

To b e g in , we s t a r t  w ith  th e  connected  u n i t a r i t y  e q u a tio n .

IA/(f*) + Zu Tufa Tute*)

The t r a c e  o f th e  r ig h t  hand s id e  i s  equal to  one h a l f  o f & 

a f t e r  th re e  c y c l ic  p e rm u ta tio n s .

*  (Z-*) 77L^R,6) 1 +

+ Kofa £ 7i k*) *.(**) +- Wb*) fLfa*) ( ntoR>(*+)

To a r r iv e  a t  th e  o th e r  h a l f  o f & , one must s t a r t  w ith  th e

P re -m u ltip ly  by -̂ r and p o s t-m u ltip ly  by . Then we

re a rra n g e  in  term s o f  Td& and iaj (*■) o n ly .

( 3 . 3 . 2 )



o th e r  form o f  th e  u n i t a r i t y  e q u a tio n , where th e  o rd e r  o f Tfc*) 

and T  (i) i s  in te rch an g ed  in  th e  q u a d ra tic  te rm .

T(*) -  T  fa*) -  Z [  Tjl (*) -  T* ;J

= U *'*) £ T(t*) RJt*) K j i )  t £t) -  21 T tfr*) R o 72(*)J

(3.3.4)
P re -m u ltip ly  by and p o s t-m u lt ip ly  by ■£- H* 0&) . Then

& A

we fo llo w in g  th e  p receed in g  p rocedure  to  a r r iv e  a t

[ ta " to&)J

=  ( £ - i )  7a I Ro(*) W(**) Rj-t*) M t)  +

+ I L fa  £  7* ft*) ^ f t * ,  £ „ f t )  l/vftj +■ f i - fa  M/ft5 2  T*(*)

f h  K(ft) Td(^  ^  RU*J }
'  ( 3 . 3 . 5 )

Combining eq u a tio n  3 and 5> we have th e  e n t i r e  term  3 on th e  

r i g h t  hand s id e .

T/i ^  (fio$ R* (  W(Q '  W&'j = 3

(3.3.6)

Now we have a compact form of 8 which i s  e x p l i c i t l y  r e a l .

U



V .3 .4  C o n tr ib u tio n  from 90 U Q0

In  th e  neighbourhoods d 6 U 0 ' , we expect to  f in d  a l l  

th e  t h r e e - to - th r e e  channel c o n tr ib u t io n s .  As we have no ted  

many tim es b e fo re , t h i s  p a r t i c u l a r  channel p ro v id es  th e  most 

m athem atica l c h a lle n g e  to  in v e s t ig a te .  F i r s t  o f  a l l ,  i t  does 

c o n ta in  th e  "normal" c o n tr ib u tio n s  one would come to  expect 

as a p ro je c t io n  from th e  two body c a se . The re s o lv e n ts  do in  

some term s form sim ple energy co n serv in g  d e l ta  fu n c t io n s .  

However, in  th e  r e s c a t te r in g  term s other/re so lv e n ts  g e t  on th e  

same energy s h e l l  as  th o se  form ing th e  d e l ta  fu n c t io n . T ogether 

th ey  foim  g e n e ra liz e d  fu n c tio n s  t h a t  a re  no lo n g e r sim ple 

d e l ta  fu n c t io n s . The seek ing  o f m eaningful g e n e ra liz e d  func­

t io n s  from th e se  new re s o lv e n t  groups i s  c a l le d  r e g u la r iz a t io n .

B efore we s t a r t  to  d iv e rg e  to  the^Lengthy p ro cess  o f regu­

l a r i z a t i o n ,  we should  c a lc u la te  th e  c o n tr ib u tio n s  from th e  

"norm al" term s f i r s t .  The reaso n  why th e s e  a re  c o n s id e r  norm al 

w h ile  o th e rs  a re  to  be re g u la r iz e d  w i l l  be c le a r  l a t e r  when we 

d e fin e  r e s c a t t e r in g .  We h e re  now l i s t  and c a lc u la te  th e  term s 

in  (V.3.1 »8) in  th e  neighbourhood 6 a U 0 6 > l e s s  a l l  r e s c a t ­

t e r in g  te rm s. The s u b s c r ip t  °o d eno tes th e  neighbourhood and 

primed l e t t e r s  denote  th e  absence o f  r e s c a t te r in g  te rm s.

In tro d u c e  th e  n o ta t io n  IAJ(t) used by Faddeev,

r . co , , /*<
W ( H  = + '• 'ty  (5 .4 .1 )

where
Q l'J (in = -  T i to



/) = l / i  JL- (-Si'i*) Rol-t') IA/Li) U t )
dX '

C  = Vl *

’ M f i s & r i (,> * &(*>]*.&*>

w ith  th e  s t i p u la t io n  th a t  e i t h e r  o i^ 5  o r  p  ^ y .

-  Vi v J Z, ( £ / * ) + * • $

w ith  «( V and ot ^ & .
til

( i . e .  f o r  Tj^*) we have on ly  Q fy and Q (i) .)*23 3A /

= 7~a  4a*2 R* fo [  £  s o"yj ^  + W $ ]  1 R. d) [ &  vfi fy] L  fa*)

w ith  p> ^ r  and p  ± % a g a in . ( 3 . 4 . 3 )

The term  b i s  a lre a d y  shown to  v an ish  and F i s  a r e s c a t t e r in g  

term .

The l im i t  /A.-J*ot  can now he tak en  t r i v i a l l y  t u n i n g  fx R0ti) £<,(**) 

in to  7rS(H0-x) .
f \ '  = J c L p d i  J L  - f i l K S f e - X )  W C f i i > H > X + " )

° e,; **■

= -S-trAj JL Jxa “U/( A.Ti.X-h'o)

B0 o£ *

x z  « -* -)]_  J-H  & y S ( f r  i U ' A + !o)  ■<-

lN (?%  i P t  > i + i»)J

* [ L  (x,A,Kt<'o) ■+ W  ( x . X , X+<'0)1L-gtS V& J J

w ith  <y ^ 2 o r  /3 £  v

=  tnr’

88



Doo 55 U p * i  u v 2 S(*t -X) r  Tu Cp% > p ' $>  %-'»)
0 fl, ®*

x Ste-A) [  ^  ^  ( p i  - y %; £+;v) + Jv f^  j p i . A+rojj 

— 4-7T ^t-0 21, ^  (A,A,A+roJ £ 21 ( A,/I, A-htO) +■

+■ XaA"(X,A\ ,%+t 0)J 

w ith  £* ^  y and oi ^ $

C  = X 0 [ f t s Z ^ / C A . A . + U r ’ (* .* .x- i -") ]  *

* Ẑ  0^ iX.A,A+t'o)

w ith  <* £ r  and o( ^ $ . ( 3 . 4 . 4 )

For n o ta t io n a l  convenience th e  momentum d e l ta  fu n c tio n s  & (fi t - f t )  

in  T^(pi-}P‘i'>M>o)ov J'ciA-.A,X+<'0) have been l e f t  u n in te g ra te d .

Having d isp o se  o f  th e  "normal" te rm s, we can now work on 

th e  r e s c a t te r in g  te rm s. By r e s c a t te r in g  we mean term s w ith  only  

one '71 and one and a number o f re s o lv e n ts  in  betw een and

around them . Because o f  th e  u n i t a r i t y  c o n d it io n ,

* x 4™ 71 ft) = 71 (i) - 71 a*) = (t*- *) T j t )  A. (i) R>(i*y Tu It*)

two To(. *s a p p ea rin g  as on th e  r ig h t  may a c t  as  on ly  one 71 .

The d iag o n a l elem ent o f  a r e s c a t te r in g  term  has a l l  i t s  r e s o lv e n ts  

on th e  same energy s h e l l .  The in te g r a t io n  over i n t e r n a l  s t a t e s  

betw een 71 and 7^ i s  done t r i v i a l l y  by th e  momentum d e l ta  

fu n c tio n s  5(pp -pp)  ,

i , e * Z(fy-Pp) f(P %  *) ~ f ( ‘ .



To be s p e c i f ic  d u rin g  th e  co u rse  o f  t h i s  t h e s i s ,  by r e s c a t te r in g  

term s we mean th e  fo llo w in g  l i s t  o f  te rm s. T ogether w ith  (3 .4 .5 )  

th ey  form th e  e n t i r e  c o n tr ib u t io n  o f ( 3 . 1 . 8 ) in  6 0{JQo •

Ao = ( ' ^ J  to C4?)

c'l = TjL%̂  Roto[-TjIf) n„(i*) -rA(i*)] a.(1) x

x [  -  TA(i> ft. Li) ~G(vJ Rji*)

3>00 — •ĉ >- I« & J R*(%*) R.Li) _2u £  — (i) KoL*> 'T/sty

-  TjlCi) R.fy XL(ir)J R.d)

£„" = ^  7̂ a K. - 7S ̂  R> (**) - rA (**) fL (t*) Tot ft*)J *
/  fL(4) Rod) [ ~ ^  T^fvJ fi.fr*)

t*
»*• =  L T ^ V  /?.&> 75 &*) &  <£*.& > /"JL Tfifa] Ro(*+)

- F , .
(3 .4 .5 )

To f a c i l i t a t e  th e  c a lc u la t io n  we have e x p l i c i t l y  s ta te d  

th a t  we w i l l  on ly  work w ith  th e  im aginary  p a r t  o f  ( 3 . 1 . 8 ) 

s in c e  we have shown th a t  i t  i s  pure  im ag inary . T his i s  on ly  

one o f the  many im p o rtan t s te p s  ‘•■we have tak en  to  sh o rte n  th e  

o th erw ise  la b o r io u s  d e r iv a t io n .  We l i s t  h e re  a l l  th e  m eaningful

g e n e ra liz e d  fu n c tio n s  th a t  we s h a l l  u se  and some s h o r t  hand

n o ta t io n s .

(a) 7T - such th a t  rrS^d) -  it SLx)
X2-

(b) 4 r  = ' V P  • suo11 t h a t  j? Z *  v 1  = y r  ^
p r in c ip l^ O a lu e  fu n c t io n .

f o



and------- !------= * T fo.. = h -  + iirS^x) ,
A * '>■ ^  A

( c)  7T Sj,.M = ttJLS^) =

frH ^  _  — 2— J*'’ s= — 3 ^  ^
A1- 3* * ^  ~ lc^ >  (.?'’*■ s*>T

and  ----- '------  = J h x  ± ZirSfifx)
(x±i^y- y.'- ^

(e) 7r £ ( * )  = t t ?  S t y  = -g^- (3xX
^  DP O r S - X ) 3

D efine

f i d  == X * C f * , f u ,  ?<)

$(P4-% )  -  C p t \ / x  i & R j v M t y U j v i p ' e }

— J ^ P d  IT  § U .(  £* ~ X )  S C f i  -  foi. )  ( f lu / f f - j .  S X -  i/U  - p f i )

* &(r+ "A  ) £ d ( fx, > &> A -*■',<*■ - pu )?A ^ ^
-  J  ( f i  - p i  ) J 7T J/* ( fy + f f i  - A J yfcj (§* , p .  t y - ' f i  - P*)

x h

'd<* =  -4d ( ft*, fit, A +-'ty -pfi)

S im ila r ly , we a s s o c ia te  A^ f o r  th e  e lem ents o f 7*

Au and A* w i l l  e v e n tu a lly  y ie ld  th e  same r e s u l t .  At t h i s  

s ta g e  o f  th e  c a lc u la t io n  one should  keep in  mind th e  d if fe re n c e  

in  th e  o rd e r in g  o f  th e  o p e ra to rs  / a. 7j(t*) K fa  Hotf) X  Txty and

M % (i*) .
In  t h i s  new n o ta t io n  we a re  a b le  to  p roceed  w ith  the

c a lc u la t io n .  We pay most a t t e n t io n  to  th eb eh av io u r o f th e  

r e s o lv e n ts .

/C =  ^  hfi h , h  a<> R ji)T-<(:i)R“(i> V * )

7/



= J™. h A { /r  ~P* ) ^ ( l / .>  f«, J-f-’/ u -A )
fr  9> *o •’A. js^-a-v41-

x— \  , £ (& -$ ')   '■----
Eo - A - i s * -  E t - A + i / * .

-  ^  SfA M p . p . ^ - n )

>  *?$/>■% ■*■**& ) - X T ^ Z

=  ^  j L  JacLrJi  - A  a* & 7rj (̂z-A)- - - - ' - - - -
^  e° <?A- r  %,-A-Cm-

=  J t ' + (3 .4 .6 )
where

v^, = Jk~ § /  o i t d -rrfrU-x) _ t

- $¥  - k  M ( & * ■ % ) / - ! ) & ( * - * )  (3 _4 _7)

s in c e  7J~&«.fe-A) ^u- = _ x ^»'A)— -  A _
4,-a m ; v  Ce.-A^X [ ( 'e - ^ v j 2 ’

= -JL Sj Ĉ -A)
(Z ,

A  = ^  ** **4* 7rfr.CB.-A) j.7rfr(e>-*)

_  Z ^  JL J j L f d ^  (a $1*. fcp) J  7T* Sj*.(Et>-A) §u. (,4"A)

-  Z  J‘L  o it (-**)$fyS>A.e.  J

-  A i  * ^ . .  ,( 3 .4 .8 )

w ith  -* u  -  ^  '*“ A A ^  r < *f t ’U ,r^ * ^ 3 . 4 . 9 )

-*.,* ’ (3_4 _io)

7 *



In  e v a lu a tin g  X ,^  we used th e  f a c t

— ■* 5 (ki-A ) .v A.

I’rom now on th e  s ta n d a rd  s te p  o f in te g r a t in g  th e  d e l ta  fu n c tio n s  

w i l l  be done im p l i c i t ly .  S e p a ra tio n  o f  r e a l  and im aginary  

p a r t s  would a lso  be a s ta n d a rd  s te p  f o r  most te rm s. We now 

go on w ith  th e  r e s t  o f th e  te rm s.
_ U H

In  bo th  C4B and JP. 0 , th e  A d e r iv a t iv e  a c ts  on a p ro d u ct 

o f th re e  o p e ra to r s .  Each w i l l  c o n tr ib u te  th re e  te rm s, each 

w ith  a d i f f e r e n t  o p e ra to r  d e r iv a t iv e  by u s in g  the ch a in  r u l e .

( 3 . 4 . 1 1 )

„ i t h  A " ^  h ,  /Ui> <**> [  w *  T“ll)

-  ft) "E (A)J ^  Ci*} [  Ta (A) Xo (A) fa 2-Tfi (*)J (*)

= ^ k A t f *  (-V) *  t A  ( 3 . 4 . 1 2 )

P a .  ~  R e f a  T A i * )  t f e & T / s f e i J  f a )  !  • / ( * ) % »  f a )

I Jr~i I=- J1*- j£. J /r  ^  4 c   r  ---------
A 9* 4 -a+<a. A'/i-A-A

irA A -A  ( 3 . 4 . 1 3 )

p  = t ' f o n t f  *•(*>[-%(**)&(%x.(*) f.b(f)

= AA Z fdjZ £t£(-"Ala  i----
e- %-*'£+. ( 3 . 4 . 1 4 )

We n o te  t h a t  p ,  and £ 3 a re  th e  same except f o r  th e  d if f e r e n c e  

between /\j and ^  .



N ext,

where

w ith

w ith

Pop ~ A  * * ^ 3  ( 3 . 4 . 1 5 )

eS, =  xk*. Ta,& Z-y I Rob) [t< &*)&(**') fob) 3^ 7it*jJ A*c*) Tfte) &>(?)

Tub*) H*b*) ftd*) T/tCi) fL(t)J

=* ^  u*fi ( 4 , , + j t ) -----L__ ^r v, / r

(3 .4 .1 6 )
^  = ,&«. Ta.-H»x%. I lot*) T*l?) &,(?)**(*) 7Z{*) K'ttr) Tfito fLl**)

-hRjV X (?) Rjf) R> (i) Tfl(v H?(i) Xiii) R.(?)J

~ ^  ifys'i'ff Sir &**-Ad ty

=" *&*,, + ^*,fc (3 .4 .1 7 )

^ 1  ~ BT & (£,' A) <^£u ^ ^ " ^ ( 3 . 4 . 1 8 )

=■ ^  Jdfd£ Str 5̂ (£v~A) (-J.Ti)SjL(io'A) &. tg,

( 3 . 4 . 1 9 )

fiPj = r U  7 ^  - V -  I  X°¥ T< (?) *. (?) M v T /v ]  M*) (-fr T/sfc)) R> (?)

U *) T* (?) fL (?) * * (* )(£  Tfifo ) K> (*) t*l (*’ **&) j

4.-A-<A dA

=* ' ci /  + e&j'i (3 .4 .2 0 )

=  d t  8 r r 4«.(s>-'1) A

~  ^  87r

~ 7r&fio-A) X .X j  J -4 v ~ ta
F (3 .4 .2 1 )3A

•h a  *• J  *  ? A .  ^  (3 .4 .2 2 )

-?Y



Here we see  t h a t  *̂ 3,/ has th e  same g e n e ra liz e d  fu n c tio n  as 

and i s  r e g u la r  w h ile  behaves a s  j f z which has th e  i r r e g u la r

g e n e ra liz e d  fu n c tio n  The la t te r  must be combined w ith

o th e r  term s l a t e r .

N ex t,

C  -  T<& + Tftf) (L&T<(l*)]uS)*
% p

Uli)  ̂ JL_ 4rj J fUi) kj?)

=■ ^  ^  ^  - f a  f f a )

(3 .4 .2 3 )

C  = ^  T~ * y  k p

-  ^  hfi u[rr^ - ^ i j

( 3 . 4 . 2 4 )

In  th e  second stage  o f r e g u la r iz a t io n ,  we re a rra n g e  and 

regroup  a l l  th e se  v a rio u s  term s to  come up w ith  m eaningful 

g e n e ra liz e d  fu n c t io n s .

F i r s t ,  we want to  show two groups to  be v a n ish in g .

-  o
We have used the  f a c t

5 /  ’  kfi Lh **"**)

75-



-  o

Next we g a th er  a l l  the  term s w ith  th e  c o e f f ic ie n t  

“4 ? 7 * Ai ” [*7r (£<-*) +

+ J?*  £<a & n * J j  i  T T tL , ( £ , , - J  )1
fe-A J

The g e n e ra liz e d  fu n c tio n  can he s im p li f ie d .

27T S (̂-x) £ar -t irS^t*)

— _  £yCtL   X'1- ^   ̂ su-

_  M  ZXX-  9s*X -+ 7(Ẑ )

_  ^  ( 3-x1 -sM')
(■Ic'-tyS) 3

= f  ttSJLC*) (5 .4 .2 7 )

Henc e ,

+ A. = ^  r  Zu U-X)  (3 .4 .2 8 )

Add /&3il to  th e  above.

*&*.> + A  4 'ffit.i = 3r+p Je0 [** rr$?Ci.x) JkXjs

-  Va TT^J($->■) &*■** JL

%



- iP/t H~$m dr«X« dr*XjiJ

= oliyt ê„ ^  r̂3*’ } ~2\ ^  dy^^u dr* ftp J
, (3 .4 .2 9 )

Add •&, to  th e  above.

A /  f k  + a >  + a ,  -  ^

•f (-.«_) 2-̂  77 " 4̂,-Aj  ̂/t*^ /2t^5 — <h*X]f d**/fe)J

=  ~ 'i' -2- ^7r£u. C$a-A.y ( fUX*. fi&Xji -t-dr*X«

(3 .4 .3 0 )

The rem ain ing  term s a l l  c o n ta in  /d, o r A  .

joj + fc3 + /$, + £oo 

~  ^  S i .  f. dUp<it$ - u j d r *  ( 4  +JA )  1- - -  V- £ «  (J/i+X/>) 7T §,(£■>-A)
“V % ( S' P P ~ J T - ^ '

+ ( j)p +Xp )  tt $m. 44 ~A> I
4  - A  •* '/*■ J

•= C-«J [(SfiVfi)[  tu t*  ( ^ f } l ± L  t  )  -

+ d ^ X .J  ' + 1  JT^(£.-A) _  jTT^(k-X)  )~j]
( £ , - S \ ) ^ - C a X -  4 - J  -  C m * 4 -  /* ■ f'C X - J

(3 .4 .3 1 )
We can s im p lify  th e  groups o f g s ie r a l iz e d  fu n c t io n s .

7 T $ > f c - * ) ( ---  # •  1 )

-  7r U-A)—2 ^  .
A -A

*■ -■*•£.'te -A j (3 .4 .3 2 )
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' + X r^(£y-A ) _ I t  I* (a,-*)
i£o-}Cf+/X £t,-A-'^«- Bt'?. +y~-

J—  (  
o V  *•

I + is*. - a A

( to -A )^  ( e . - » u+~'

(Eo'X)l +s«X -/*>
[ll-A J! > ' j ‘

(3 -4 ' 33)
S u b s t i tu t in g  e q u a tio n s  52 and 53 to  51 > we a r r iv e  a t

fc, + fi3 + 'Q/ + Boo

-  ^  h n  (4 f i+ fy )[  t u ^ ( r  ir)\l(e»-A) + —2 ± _  ]

(3 .4 .3 4 )

Even though th e  p a r t i c u l a r  form o f eq u a tio n  54 i s  q u i te  a r b i ­

t r a r y  we p r e f e r  to  ex p ress  i t  in te rm s o f two body tim e d e la y . 

We do so in  two s te p s .  F i r s t  we exp ress th e  term  in  square  

b ra c k e ts  in  tim e d e lay  and th en  we exp ress +/^ ) in

term s o f tim e d e lay  a ls o .

■I -  I R*£tt( r r ) &((•-*■) t  '$*'£<* • ^  , ]^  u « (ft,-*/ j

= [  -7 r/" ^  ^  [f“' P  I

+ $y*. X# ( p / f * ,  /i 'A1 --------1

Uf a  X ,  t j p ^ p ,  x - fr+ ^ j

18



&, 4r*x* Ao ( x - $ + , j i )  /i, ( X- f f +y*)
k3 .4 .35 )

R e c a ll th e  two body s p e c t r a l  p ro p e rty  ( I I . 2 .31 ) 

jL &  [fl-Cz+'o) -A>Cfi *•/'<>)J

and th e  i d e n t i ty

-  A o ( ^ ' O )  •= - A o ( t + r i ) j t ( e .* - ib )  / ld ( i -h '<>)

We have

IX*. -£ =• -  -L Jx fa (A -f t)
/*-><>+

^  ' i  S d f< S( * ' V  (3 .4 .3 6 )

For n o ta t io n a l  convenience l a t e r ,  £  i s  expressed  in  th e

second form in  eq u a tio n  36. S u b s t i tu t in g  back in to  (3 .4 .3 4 ) ,

+ *0, + £«

= <§**. J  JcLfyj Sfa~Eo) 3 Ĉ p.  ̂dp) ■£'%($*)
Bt

-  + ? ,)]? (% )  (3 .4 .3 7 )

We now tak e  th e  second s te p  and express in  term s o f  j(e-)

^  = 'Ofitifi' ffi, A+’> '? a )

} (u > ^ J p  ^  &■ r/>(ft* %  , f ) -*>; y-'>9

Add to  t h i s  th e  i d e n t i ty  ( I I . 2 .21)

O — ju $7*1* e - ‘o) z  Li ,4, b*i'o)

7 ?



=  7T 4m £  -tpCfp , f ) , fp - io) £  Tp f f f , , fp + ; 0 )

S im ila r ly ,

yUî  J Jfp j ( p )  y(fji)

E xpress th e  above in  term s o f tim e d e lay  th rough  ( I I . 2 .30)

% Y %') -  -  <3 7 r  A  - i -  &*■ r ( * 'A .* + > o )  ■*- & r r ) t  A  4U T ^ ' J jL  t ( a .  a ,  

Hence,
X̂ H*. J  tlfA j  (f}) Ĉ *i Cfy+Jfi) -j f p )

-  t r * f r W  -  % .% + “ •>

S u b s t i tu t in g  back in to  ( 3 .4 .3 7 ) ,

% + Aj + Eto +

= h f  3Cx- ^  & p < p

(3 .4 .3 8 )

We have now accounted  f o r  a l l  th e  r e s c a t te r in g  te rm s.

In  summary, th e  e n t i r e  c o n tr ib u t io n  from 6. U K  i s

= (3 .4 .4 )  + (3 .4 .3 0 )  + (3 .4 .3 8 )  .

/00



17)
I t  has been argued [ Dashen e t  a l  ] th a t  th e  r e s c a t te r in g  

term s w i l l  p rov ide  f o r  an e x c e lle n t  approx im ation  f o r  th e  e n t i r e  

Cayley tra n s fo rm . S ince i t  i s  so "c lo se "  to  be ing  s in g u la r ,  

when i t  i s  re g u la r iz e d  i t  must g iv e  "b ig" c o n tr ib u t io n s .  Our 

f in d in g s  canno t suppo rt such arguem ent. They may be good 

approxim ation  only  because they a re  th e  f i r s t  term s in  th e  

s e r i e s .  I t  remains to  be seen  w hether num erica l c a lc u la t io n s  

would b e a r  t h i s  o u t.
4 * 3 )

Using la n d a u 's  eq u a tio n  Grossman a r r iv e s  a t  an approx im ation
/ \ *0 hav ing  on ly  p a r t  o f  ( 3 .4 .3 0 ) .  Baum gartl d e r iv e s  the  same r e s u l t s

u s in g  approxim ation  to  the second o rd e r  of . B uslaev
it)

and M erkuriev have a ls o  d e riv e d  th e  r e g u la r iz a t io n  o f the  

Cayley tra n s fo rm . However, we f in d  t h e i r  s o lu t io n  to  be unnec­

e s s a r i l y  c o n fu s in g . Our r e s u l t s  a re  com plete and s im p le . In  

t h i s  se n se , th e  above a u th o r s 1 v a rio u s  r e s u l t s  are  co n sid ered  

in s u f f  ic  i e n t .



V .3 .5  C o n tr ib u tio n  from 0U[) Qp ( "V > ° )

We s t a r t  a g a in  to  c a lc u la te  the  e n t i r e  eq u a tio n  ( 3 .1 . 8 )

3
2 a, ~ = A i C + 'D-*E - -* - p

in  th e  neighbourhood 6* f o r  A and dj (J &p f o r  C , J> , E «*• F .
There i s  no r e s c a t te r in g  c o n tr ib u t io n  h e re  s in c e  th e  f r e e

re s o lv e n t  R0 i s  f i n i t e  in  ttese neighbourhoods.

/** My.-e.j r "  ^  A+y-fc'.

(3 .5 .1 )
-  n ' 2 -Since and ( a +'/m- ^ )  a re  bo th  w e ll d e fin ed  and f i n i t e

g e n e ra liz e d  fu n c t io n s , in  th e  l im i t  v a n ish es

l i n e a r l y  as / a- . Hence, th e  l i n e a r  term  A only  have

c o n tr ib u t io n  in  n o t 0*

=  Tn-dji ^  R°(i> w(?) &.(*>*•(£)(*_

-  Lu °-p) [(£ -£ })* + /* ']« up

* \  h  f  £  %ac%',7T',K''^>
) ' r  •*->-£, L p  p

* h s H<*v(t* } % 5 A - 1 ■f'
y *fi J



+  f  **B (H 7 Pa > >"/*■) + hu (?*' Pf > * - '> > ]__

+ ^ # o  a )  t f (z p  ) x
>- y* - Zjl ^ -'/*-Ep )

X } L ( f t ' s  U '>**">) + J tf ltL  JL \  z . & C?p ) H > ^ )
I r Pii-yu-Efi ML V p  r

Hpr Lf/i»%■, *+y*) ^  ^ r \  1 + JL, [  Z  <=r^ ( f t ' ; % 3 P j * )  
A+-.!<- J L y

+ Z
V pel

V- - M i L  f a (% ,$ ,.*+ > *)  — }
ZK+yM-Ep A+yu-E  ̂ J

■h c.' (3 .5 .2 )

where ^  c o n ta in s  d e r iv a t iv e s  of CA+p-h)  and (M^-Ep)  1 .

Cup = ■*/*'’ jg ^ P  jfijJ'P' [(£t>-Ej f + p l '\ [ (*0 ~ ifi) 1 + / * X]  X

*\AJ(ft'7P'i'' , *- •» +-I CA+'/i'fy.) L

•■=■1 r  ' n+yu-e ,̂ J u r

f  $  — I k iP  H ru C fc , T*. ----
J (AtyH-Ej)1,

(3 .5 .3 )

w i l l  be t r e a te d  w ith  the  developm ent o f  the  u n i t a r i t y  

e q u a tio n  l a t e r .

To e v a lu a te  <2^  -  C'  ̂ we must c a r e f u l ly  stu d y  i t s  te rm s ’

103



behav iou r as /a -» 0* . A ll term s w ith  ^  v a n ish  as ^  .

They only  c o n ta in  f i n i t e  w e ll d e fin ed  re s o lv e n ts  (A 

o r  o r (*±yA-%) ( K*) / * - .  Many o th e r  term s w ith

th e se  re s o lv e n ts  only  a ls o  v a n ish  as y f  . Terms w ith  

e i th e r  / t + = 5 7 ^ )

o r  S'* (*'>«-&) ’ -  7r

bu t n o t b o th , w i l l  v an ish  l in e a r l y  as . Only tie term s 

bo th  f a c to r s  su rv iv e .

'_ _ _ _ _ _ _ _ _ _ _ 1_________ T r * 5 ( * - H )  S C x -^ / i )
/* ■ * * *  ( A ' A / * - t j . ) (A+j*-£) CK-'/a -Bp ( to i* - E j)

Hence,

c *& -  = U p H  L  l P'  H '  CHJT)* : c * - z  ) ( A - f y ( e * -  K ) ' x  ( £  - p j ) ' x
r  "r  h  j

% (ft )Hy( ft. % , A-<"°; <%> Hfii tfp.fr.** >°) (%*)

~  J Jtfy (w?  ) fCa-*, ) A-’6) HJ}« (ffi‘ % > *+r°)

= (W)1 Xcta ( * ' *• *-'*) ( *’A'
P (3 .5 .4 )

We have used th e  f a c t  th a t

f t f  , % ( U  tirfa ^  (d.i, % & )  ( P 4 * * 1 =  1

The l a s t  form o f (3*5 .4 ) i s  in  reduced space n o ta t io n .  I t  

i s  in ten d ed  f o r  co n v ersio n  in to  time d e lay  fo rm at.

/o  v-



Do/p

w here X>

f LP'iip'% } *-y+) A j I  fy(p'V}K',i+te -b
X+J.'Ttp J ( V

n l Y  p p  V5te<

+ h lr ¥ r L,y ^P a -W/a-b̂ . J

+- - V - ^ j , \^( ip .% ,k+y*)  - J * ® >  . 
?'+>**-■ ^ +y*~h.

+ ^  (3 .5 .5 )
/  - /

^3 c o n ta in s  d e r iv a t iv e s  of ('*.+'/*-£*') and ( A t ^ - r ^  .

^  = 4 /* ’ J^P 4$, [(£>'& * /* ]  [ ( ^  -■P/l)l+ ^ ]

% ~ *jU ) T ________* £  Zt ( H',p'%» I - - f c f f i  . /*£ ^  ; K > a+AOL (.*■&. t'fL ro/

5*^
+ z  HAr ( % A , w J ¥ z > . l  + f zfiryU-ZyJ L

+ z - j t i »  j *  ]
^  J  (My-.'lj)1 }

(3 .5 .6 )
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Dtp w i l l  be t r e a te d  l a t e r  in  th e  same way as in  th e  

development o f  th e  u n i t a r i t y  e q u a tio n .

The same arguem ent used in  e v a lu a tin g  can be used

h e re  f o r  Drtp . Almost a l l  term s v a n ish  e i th e r  a s  /<- o r  / - 1 , 

The on ly  p o s s ib le  c o n tr ib u tio n  comes i f  u = p  , i . e .  dn

u  e£.

IVd ~ Prfaf = 4/ ' 1 Jqj d-P ^  ^ '  £* f t / * 1]

h *■</*- i-i

(3 .5 .7 )

The momentum d e l ta  fu n c tio n  fo rc e s  , th u s  making a l l

th re e  re s o lv e n ts  on th e  same energy s h e l l .  T his i s  th e  e f f e c t  

o f d isco n n ec ted n ess  in  th e  two b o d y -lik e  channe ls  t h a t  we r e f ­

e rre d  to  e a r l i e r  in  s e c t io n  V.3.1 .

j>, _ d ' , = [  f i d ------------ (-Pci, P*, i+y*)

(3 .5 .8 )

A ll th e  bound s t a t e  wave fu n c tio n s  have been in te g r a te d .

In  th e  fo llo w in g  i d e n t i ty ,
•L

Z iu l* y r  ~ ('X-iM)( -̂h.-/u.) i-r ■>->/»?(*-'/*.) (‘X''M.)('X+iMjl

th e  f i r s t  term  on the l e f t  v a n ish es  as , w h ile  th e  second 

becomes a d e l t a  fu n c t io n  - pvt SI*) a s  /*-> o*  .

H aice ,

P̂ciu ^  J ~ dTTx UjyC pu! Pj.t  ̂+ 'O’)
/*-?<> +

10 fo 'e( (  A , A , A i-'~0) ( 3 . 5 . 9 )

/ 0(,



The term  £ cannot c o n tr ib u te  in  BdU&fi f o r  ^ y?

£  =  ^  7a -  / U * ;  u / f t ' j  A f t " ;  ^

I f  V i s  n o t equal to  e i t h e r  o r  js , th e  only  p o le  in

6c< U i s  in  W(t) which a re  w e ll d e fin ed  and f i n i t e .

Hence th e  term  v a n ish es  as . I f  V = °( o r  p  , th e

momentum d e l t a  fu n c tio n  in  T i  i s  in c o n s is te n t  w ith

th e  c o n d itio n  A = £* = ^  . The term  does no t e x is t  in  

8  ̂ U Oj3 • Hence E ^  = 0 f o r  ^  ^ .

In  ^  ,

Eat< -  ^  ^

f A-/>-£,*)*

= 4 u l  d p d £  V \ 7  " / / * . ' A X  j  *

— <(̂ }— (%  A  (% + 4 .  H*p(r«.fy,*-/*) —

\ r  I r r * 1 f l - t / t - i jL

+ U t r M  f a  , % > *  +  Z  _ M * 2 _  Hm  ' # '  *  w )
\ P  ** p H  * - ! > * - ?  J

+ W (%s) Hots ( h  , p j , * - < / - )  ~) x

/. S f a - A l )  fy(u) %(&)  (3 .5 .1 0 )

A ll non-po le  term s a re  dropped, w i l l  be t r e a te d  in  l a t e r

s e c t io n  on u n i t a r i t y  i d e n t i ty .

In  any neighbourhood £ i s  a r e s c a t te r in g  term . I t  should  

be t r e a te d  as a l i n e a r  term  s in c e  th e  in te r n a l  in te g r a t io n  i s

f o i



t r i v i a l l y  done by th e  two momentum d e l ta  fu n c t io n s .

F* = f  -W  U * toK) %blV) ( j iT j tu j  fi.fr*)

(3.5.11)
Since o( ^  p , th e  prim ary  p o le s  o f  ^  and w i l l  n ev er

be th e  same. Hence in  9  ̂ , each term  o f FJ c o n ta in s  only  

one o f  (m '̂ u-Eh) o r  each o f  which a re  f i n i t e  and w e ll

d e fin ed  as /<■-;> o ^ . Hence F v an ish es  as ^  .

We have accounted  f o r  a l l  c o n tr ib u tio n s  in  0 .

1 0 3



V.3.6 Contributions from Get U B„ and 9 e U 9 p

In  view  o f  what we have a lre a d y  le a rn e d  about th e  c a lc u l ­

a t io n s  w ith  r e s o lv e n ts  in  a l l  th e  o th e r  neighbourhoods, th e se  

rem aining c o n tr ib u t io n s  a re  p a r t i c u l a r ly  s im p le . In  U 0'a 

we form th e  sim ple d e l ta  fu n c tio n s  and $(*-£■!)

There i s  no s p e c ia l  term s a t  a l l .  The same goes f o r  9 0 (J •

We h e re  o u t l in e  th e  c o n tr ib u tio n s  indexed to  show th e  ne ighbour­

hoods where th ey  come from . There a re  no l in e a r  term  p o s s ib le

and hence f\ and F a re  a b s e n t. We a ls o  s im p lify  th e  expre­

s s io n s  by w r i t in g  on ly  th o se  w ith  th e  s in g u la r  r e s o lv e n ts .

-I
(~o10 = d-p’ [(fa-Ej.) ^/*l J [(z,-ft)

to 5^6 ( fa; p'% ; ^  B0tl (P%'> fa '> My*)

(3 .6 .1 )
where

-  Z  trd r ( fo r V i> - i* )  + W P * .  fr, >-•>*) -
h - t / A -  Ey

and c-'oio = ! a U i  L  4 ' ^ Vt). —■*

« —^  sMjM) ■***>
ft - >/*■* 'E-S

(3 .6 .2 )

A ^ o+. CdD -  C'0 = JdjSM S t f d ?  d")'- sU^-ft) 5 (£-X)

* P ' t ; fa ; ft-h'o)

=  j b j  (b^oCft-ft.ft-Po) $ 0b/ (ft , \ ,  A+ro)
(3 .6 .3 )

/ o  1



S im ila r ly ,

Cap =■ (?tt')z (ih0p O ' lk,K-t'o) + c'0p

(3 .6 .4 )

c op -  4 *1 i ê p H  / Y v ' ^ v x ]

*■-'/*) X---- % ^ L  (.-> 8fio(pJ,j}4j %+</*)

L (3 .6 .5 )
t f

Of co u rse  Cdt and C0/% a re  to  be t r e a te d  in  th e  u n i t a r i t y  eq u a tio n  

l a t e r .

J) = 4*v«l J tip et£ JtLp d<̂' +sttiJ £C£*-A I +/1* J
Sat Sj

2<r /  —i _i , /% ' i . i s •*'•** -*■ i  # >4^ hrC Pi- 5 Z5'^ ; l/v (/> $. ; />■£, j A-'2*0
(3 . 6 . 6 )

I f  y  ji «( , a l l  term s v a n ish  as /t-1 s in c e  on ly  (fl+yt*-£■*) ' and

(**■</*-£+) 1 e x is t  in  VJ(p'fc) P i ; . For X = o< , th e  d e l ta

fu n c tio n  f(pj-p*) fo rc e s  ^  = £j" which im p lie s  t h a t  t h i s  term  

does n o t e x is t  in  &atU b'v . The c o n d itio n  ( A - and A- b4> ) 

i s  in co m p atib le  w ith  ( ^  ) .  Hence £>«0 = o . S im ila r ly ,

J>00i a lso  v a n ish e s . For e x a c tly  th e  same reaso n  BUb and £â  

a lso  v a n ish .

This com pletes th e  c o n tr ib u tio n s  o f (5 .1 .8 )  i n  a l l  the 

neighbourhoods. I t  on ly  rem ains to  d e riv e  th e  n e ce ssa ry  u n i t ­

a r i t y  eq u a tio n  in  th e  nex t s e c t io n .



V.3.7 Unitarity Identity

As in  th e  case  o f  th e  two body Cayley tra n s fo rm , th e  

f i n a l  r e s u l t s  must be complimented by a u n i t a r i t y  i d e n t i ty ,  

l i k e  (V .2 .1 9 ). In  th e  two body c a se , i t  p ro v id es  fo r  th e  o th e r  

two p a r t i a l  d e r iv a t iv e s  to  form a t o t a l  d e r iv a t iv e  ( i . e .

t: ( x , a , a.+>0)  =  z ( X ,  A . f t + ' ' o )  +  z t x , *  A + ’ o)
a.A. _____________ -—

.)
In  th e  th re e  body c a se , th e  u n i t a r i t y  i d e n t i ty  f u l f i l s  f i r s t l y  

t h i s  fu n c tio n  and i t  a lso  c o n ta in s  th e  double p o le s  te rn s
-D

(x+A'Ed)  n e c e ssa ry  to  c an ce l th o se  p re s e n t  in  th e  Cayley t r a n -  

form . I n d iv id u a l ly ,  each double p o le  term  ( d e riv e d  from 

d e r iv a t iv e s  o f  th e  o r ig in a l  sim ple prim ary p o le )  i s  s in g u la r  

as a g e n e ra liz e d  fu n c tio n . The u n i t a r i t y  i d e n t i t y ,  th u s a ls o  

re g u la r iz e  th e  th re e  body Cayley tran s fo rm .

To e v a lu a te  th e  t r a c e  o f  th e  th re e  body u n i t a r i t y  eq u a tio n  

we adopt the same method used f o r  th e  th re e  body Cayley t r a n s ­

form i t s e l f .  We dev ide  the s ix  d im ensional volume o f in te g r a ­

t io n  in to  f iv e  reg io n s  © , 0*, 0, ,<9* ^  f o r  the  t r a c e ,  and

f iv e  reg io n s  © , 0. , Q\ , i  6̂  f o r  th e  in te r n a l  s t a te  

in te g r a t io n .  © and © c o n tib u te  n o th in g . In  U 60 we 

have to  r e g u la r iz e  th e  r e s c a t te r in g  te rm s. In  a l l  the  o th e r  

neighbourhoods, th e  f r e e  re s o lv e n ts  and prim ary  p o le s  form 

sim ple d e l ta  fu n c tio n s  in  energy . The u n i t a r i t y  equation  

appears  to  have q u a d ra tic  term s o n ly . However, s p e c ia l  a t t e n ­

t io n  must be p a id  to  the d isco n n ec ted  po le  term

T his s p e c ia l  s t r u c tu r e  produces the  l i n e a r  term s in  .

/  n



To adopt the u n i t a r i t y  method to  th e  th r e e  body u n i t a r i t y  

e q u a tio n , one must do a  p re lim in a ry  s te p .  One must f i r s t  sub­

t r a c t  a l l  d isco n n ec ted  te rm s. The connected  u n i t a r i t y  eq u a tio n  

i s :
| _ ]A/(?) = -5i>- |  2 ^  %(i) M*) T}(?)  +

+ £  [ - % ( * )  f L t o l t f )  VJ(S) + W fo*. to*/**) T * f t ]

+ W(i) (LI*) KM*) W(i*) j

(3 .7 .1 )

C o n trib u tio n s  in  0o U 04

The n ex t s te p  i s  to  re a rra n g e  th e  r ig h t  hand s id e  o f  (3 .7 .1 )  

so th a t  i t  would be re g u la r  in  6 0 U 0o' . In  any o th e r  n e ig h ­

bourhood such a s te p  i s  n o t n e c e ssa ry .

We s t a r t  w ith  th e  f i r s t  th re e  term s in  th e  s e r i e s .

/\ = L  -a<> fi) Kit)  Tfi (?)

-  -a**- Txfa) Tfl (*)

= Z. -ami [  Re.1 j( t)  Su(Ha -A ) RjlT/i ( i )  -h §u.(H*'*) < h u .V  (* )\

+ (*) ^ - ' V  + 4 ^  Ttk) ^  (Ho-A) Re. Tp(l) J

(3 .7 .2 )
B = Z- Tt(t) (i) Rtb*)[-U (?) Rb (?) Tp (?) j

=  ^  -  A i ,  R o ( ? )  T p ( ?

=  l . ^  t?  to  [ [ u T p i v
Ho “A

“  ^  - * r  R,TA{t ) -  * J - V * '

n x .



" 2 1  fT̂vtA.~Q (*) 6k. P/.'Q(i) H Ŷ̂ T̂ ii) TT§t*. (He-A.) ŷ*\. "Tj&Ot)
Ho -A

(3 .7 .3 )  

C =  Ljfep + *'/*■ [~QCi) Hefi) lp(i)J K(t) to Cl*) Tpii*)

-  Z. -  3X TZ (i) P-o Ot) Avx,~Ta(i)
A*p r

= Z * H Xtk)  -IT^iHo'X) 4y^T/)(i) + 3. (i) ■
*tp Ho-x

— o?X Ra-~Q(Z)----—— I a fe) ~H 3X ŷvx ~Q(i) 7rZu.(Ho-X') Svi*. 'Ta ft")
Ha-*> , >

(3 .7 .4 )

Add them to g e th e r ,
f\ -f- 3 +■ C — Z  — 5tnX /?a7~d.(t) Ŝ CHd'*.) ke-lfifa) + 3~n̂  &n7^(z) &̂ (Ht-\) th '̂T/ilz)

-  21 XJo>d) _ Z ± _ R a  Tp,ft) -  Ai ^
Ho-AH„-A

= £  - ai ^ W ^ f w  *.ft> 7 ?& )
^  '  (3 .7 .5 )

The n ex t th re e  term s a ls o  need to  be re a rra n g e d .

p  = +3i/t T*(%) Ro d) R0d*) [ Tpb*) K (i*) 72 (& ]

-  Z.
dtfi

-  Z.

<5 77V) Rod*)j Tjfy*)

Xtk)[  3TTZ S^iHo-l) ft̂ TA(i) _ J ~  3TTX,Su(y0̂ ) b*Tpb)Tr$JHr§

Ho'X

(3 .7 .6 )

E =■ Rod) ip (i)]  Pod) Rod*) TAt*)

= z. <2tt> Tud) Rjt) Tpit) 6̂(hD'V rj(ty
/ / j



= £. a*  fet RjlTaI*) -  a a-ttL(Ho-x') JW'fcft) (h<>-X)L ft-A P S "  s~

-  <2 U  XajiCt) -  2 ir§jH,-X) &. Tpfr) 7 Tub*)
H0 — A.

(3 .7 .7 )

F = -  ^  ft; /eo ft; ft;J Re Or) f t ft*; [  7£ft*; ft ft*) 71 ft*; j

=  '%&[ R‘(Q 31 XCfrb) f t f t * J  X (X

= 21 ~n fe){ jlz t j  f t ;__ ^ —  f  a7 7 r l  ft.-a) Xw “ft ftj 7r
JL f t - a  Hfc-x

f 1—̂ —  Sŷ Tpb) TtZ J h,-\) -  5 7r^(H0-X) Xsififa ] X  ft*J
ft-A  /ft-A

(3 .7 .8 )

Adding,
j) + £ + F =  ^  ;U ^  JU^(V ^ 1 -  -  frTrfatH.-*) &«7A(t) T̂ CW

+~ £ a  7T^U (Ho - X )  7 g  f t ) __^  -f  -3 A ^  &  7 ^ f e )  77" f t  ( f t - f t ) " ]  7 1  f t  )

f t 'A  f t . - A

= Z. ^  Xft; [ J™-(ftb) 7/?ft; ftft)J ] 7̂ ft*;
^  (3 .7 .9 )

P u tt in g  t h i s  back in to  the  u n i t a r i t y  eq u a tio n  we have a connected 

and re g u la r iz e d  e q u a tio n .

1/'/(A+<A) — W(X-</a) = [j~ ^  C ~Fl fo) f t ft* 7* ̂ )

-h 9. X X ft*) JW  ^ f t  ft) 7 !ft) f t  ftjj X & J  J  

 ̂ I *fl> (-3nlSs. lH.-M)*

//£



i i  T.ftVj f y , )  + fo)J
J jt y , (*£$

+ C & C W  + [ |  TitoJ
o( £ IT, Of S

(3 .7 .1 0 )

For n o ta t io n a l  co n v in ien ce  we d e fin e  th e  fo llo w in g :

X V  & ^  -3 1  4n*[ TdU) M*) Tfif*)] (3 .7 .1 1 )

Y(«) 3 5/1 J™.£/to(tJ Tpfe) Re(tjJ Tj fo ) (3.7.12)

These r e s c a t te r in g  term s w i l l  be se p a ra te d  ou t w h ile  we d e a l 

w ith  th e  "norm al" term s f i r s t .  They w i l l  v a n ish  and no t 

c o n tr ib u te  to  the  u n i t a r i t y  i d e n t i t y .  T his we prove l a t e r .

To proceed we must p u t (3 .7 .1 0 )  in to  reduced form .

V Y  A) -  '  X L ^ , ^ , i r )  -  y ( e . ' , £ * , t )

= (-2™) -a )  jY  Lp (£j, £„' 4. y T ( ^ , A>", i*)J X

x[ L g <ZyS (tv", , z ) +■ to, *)J 

+ I  % ( * : , * ; , * * )  * \ h X ' ( * '* * • * )  + & & ' * * - * ) ]
* L r * S *S J U ^ r i 0 l ^S

* r » s x w + * f  ^  ^  ^ 5
j

(3 .7 .1 3)

/ / S

+•
d *  s  , p t r



Next we fo llo w  th e  procedure  used in  d e r iv in g  (V .2 .19) to  

e s ta b l i s h  our u n i t a r i t y  i d e n t i ty  in  60 (J Q' . f o r  c l a r i t y  and 

com parison we l i s t  h e re  a l l  th e  n e ce ssa ry  s te p s :

[1 ] D i f f e r e n t ia te  w ith  re s p e c t  to  E.0 , %£o .

[ 2 ] Set on d ia g o n a l, i . e .  £„ =

[ 3 ] M u ltip ly  by Zv S^Cev-A)

[4 ] I n te g r a te  in  th e  neighbourhood &aU 0o f &o *
[ 5 ] Repeat s te p s  [1] to  [4 ] w ith  an a l t e r n a t iv e  form o f 

(3 .7 .1 3 ) .

[6] Add bo th  r e s u l t s  and ta k e  th e  r e a l  p a r t .

The f i r s t  fo u r  s te p s  can be done to g e th e r  r a th e r  t r i v i a l l y .  

The n o ta t io n  has been designed  to  make such s te p s  sim p le .

d-£-t <2. v (E-ot £t>, A“
60

-  % (e», L , * + y )  -  y  (£v , L ,

=  ( dEv t n r f  jCe, ' -■*) *
\  V

^ 1 
ŷ I g yj  ̂̂  ^ <fa (̂A) , A+’/ 4-)/

ol4-V, c/4$

’h [ x } s £ r / £v' £“jA~>“) 4 f a  *~y*)J 5- >*+/*>

(3 .7 .1 4 )
/ / £



The n ex t n a tu r a l  s te p  i s  to  ta k e  th e  l im i t  0+ , and

a ls o  in te g r a te  the r e s u l t in g  energy d e l ta  fu n c t io n s .  The r e s u l t  

assumes the  sim ple form o f  reduced space o p e ra to r  t r a c e .

SLrr / k ,0 £  * W (  ^ \  A +*’*>) —  A, x —a o )  — ? C (  %.+<<>) —

j  [ h f i  ^ ( K ^ - a o )  + W  ( x , X  , ' k - X o ' ) J

x f  \t~i6') +  ‘U ' ( x , " x , z-fyo) 1
i y n  r!  -I ^ 5  , /S «

+  Z, 3k ( K W - i o ) [ z 4£ <C  ) + & (> ,* ,*
ctfr,

■h f  z .  ^  (l,A A, "I Zf ^  f-A, A, %-tio)

(3 .7 .1 5 )

In  o rd e r  to  c a r ry  ou t s te p  [ 5 ] we must w r ite  down th e  

a l t e r n a t e  u n i t a r i t y  eq u a tio n  to  r e p la c e ( 3 .7 .13).

y r u , ^ , * )  -  ,i*)

=  _[ t (-3rrj.) (eJ'~a.) j  [  2L ^ , i )  + *Uf ( So, e." £)1
[ Y4S

« [ h f  (e>"> *•', **> * w-c v , * ' ; J  ^ ^

+• h ,  £.* *) [  Z. & ( ej' 4 ', **) + t ejt £*J 1
* L *S *S U * S , 4 4 V

*  [ h = s  4 Eo , £ ) J  ^  (£*' •£o' * ^

(3 .7 .1 6 )

m



w here Y i s  th e  new r e s c a t t e r i n g  te rm  g iv e n  by

Y(i) & ^  ) £>«. [Mto TA(i) Xof-tjJ r^Ci)

The r e s u l t s  o f s te p  [ 5 ] c lo s e ly  resem ble (3 .7 .1 5 )

(3 .7 .1 7 )

= - 4 ttxU

- WCk , A - . A - ^ , M - i o )  J

f

h s ° ^ / ^ - A' * +'0) + I*7 ( i ,  *,*+;&)[

/>• r  w (0 • -■v*
JE (X^.T^+t'o) |  Vcr(X,X,X-'o)

ei £■ S1 d-41 X

* f y i s  °̂ rx ^  + j l  ^  7
£>i 4= ■£, */ £ "2f J

(3 .7 .1 8 )

Adding eq u a tio n s  15 and 18 to g e th e r ,  th e  r e a l  p a r t  w i l l  g ive  

th e  re q u ire d  u n i t a r i t y  i d e n t i ty .

0-<hn$X0 [ [ Z j  ^^.A .A -Zo) + V(A,A,x-'o)J

+ £  a>.A+'*o; + U(X,X,\+<'0)\

+ [ f b s K t t * ^ - ' 0) + & ( a a  (x,A,*t>'o) |
d( ir f ,  dA'~* J

( 3 . 7 . 1 9 )

I t  rem ains to  be shown th a t  th e  l e f t  hand s id e  i s  z e ro .

//*



The f i r s t  two term s o f th e  l e f t  hand s id e  i s  e x p l i c i t ly  

im aginary  so t h a t  i t s  r e a l  p a r t  i s  z e ro . The same i s  t r u e  o f 

th e  t h i r d  term .

L.H.5. = 3.rrA'B[ u ( x iXl +̂io) — l&CA ^ °) ~ Y  ^ ° )

/ v /
I f  Y  and Y a re  e q u a l, th e  l a s t  two term s w i l l  be pure 

im aginary  a ls o .



V.3.8 Contributions in 9 „ U  Bp and Qp U B'0

In  any neighbourhood o th e r  th an  @0 U Q0 , th e re  i s  no 

r e s c a t te r in g  s i n g u l a r i t i e s .  The u n i t a r i t y  eq u a tio n  (3 .7 .1 )  

must be developed to  show prim ary  s i n g u l a r i t i e s  r a th e r  th an  

rea rran g e d  a s  in  ( 3 .7 .1 0 ) .  We must s im p lify  (3 .7 .1 )  by i n t r o ­

ducing  th e  s u b s c r ip t  n o ta t io n  o f "co n n ec ted n ess" .

lA/(*)-lAl(i*) = -  Xy*. [wfe) &(*)*•(& MffiJ
'C

( 3 . 8 . 1 )

where th e  r i g h t  hand s id e  deno tes th e  same as in  ( 3 .7 .1 ) .  In  

k e rn e l  form we h a v e :

lA/(?'£')?£ ;Z) — W (P%'; i *?)

(4 - A )  +/*■  C

( 3 . 8 . 2 )

I t  i s  n o t n e ce ssa ry  to  expand th e  f u l l  p rim ary  p o le  s t r u c tu r e  

o f  M(e) . I t  s u f f ic e s  to  w r ite  down only  th e  c o e f f ic ie n t s  o f 

th e  p a r t i c u l a r  p o le  th a t  i s  s in g u la r  in  th e  neighbourhood 

in v o lv ed . For c o n tr ib u tio n s  in  Q0 (J 0  ̂ , = 1 ,2 ,3*  we w r ite

(3 .8 .2 )  a s :

W i r e ; H / £ )  -  W ( p ' t

-  L  -v> t v +« v ?* ■’  v 1 *7(** ~£p) +/*■

F C (3.8.3)

+ rem ainder

/X,o



The rem ainder c o n ta in s  no p o le s  in  Op , i . e .  no c o e f f ic ie n t  

o f ( a ±i/«. - e '̂j * . The d isco n n ec ted  p o le  term  cannot c o n tr ib u te  

because SC P p-p /)  would re q u ire  E-p = £p which i s  in c o n s is te n t  

w ith  A. = £»' = in  Qo (J Bp . We re w r ite  (3*8 .3 ) in

reduced space n o ta t io n  a f t e r  some s im p l i f ic a t io n .

*l/J' (£v , Ee , ) — "Uy ( Et , E-O ,

= <*4 [ J dtp j (^ -a) ©oyJ c £:; £/,

x (£4  , £» j A J  + rem ainder (3*8 .4 )

Follow ing s te p s  [1] to  [4 ] a s  in  s e c t io n  V .3 .7  we have

%

and th e  rem a in d e r  v a n is h e s .

z-rr % o [ w ( * X m °) -  * -+ * ) ]

=  _ 4-7r^ (E ty i* -,* -, X -* 0 )  (Bp,, ( i ; i ,  A + i o )

( 3 *8 . 6 )

The a l t e r n a t i v e  u n i t a r i t y  e q u a tio n  would y i e ld

/&!



a i r

(3 .8 .7 )

The r e a l  p a r t  o f thesum o f (3*8 .6 ) and (3 .8 .7 )  g iv es

o  = 4>*. A 0 0>Op  ( a ,  x , k - * o) (Bpoi ^ + + 6)

+  J y ^ ^ i 0 <&0/a( * , * , *+*<>) (&po{% ,x ,* + a o )

(3 .8 .8 )

We should  n o te  h e re  t h a t  th e  two term s on th e  r ig h t  belong  to  

d i f f e r e n t  channe ls  s in c e

fco  ^ A ^

=*• A - ao)  d^cji ( \ , \ , %  + io)

(3 .8 .9 )
Henc e ,

0 = (3 ^  ( , A, A o ) <Bfi0 ( A, A, + x 0)

-/- ^ > n .  (  A ,  , A  "V* 0  _) ^ < y 3  ( ^  ^  0 )

(3 .8 .1 0 )
In  0 ^ 1 / 0 . ,  3̂ = 1 ,2 ,3  we w r i te  (3 .8 .2 ) as

0  = L  ^ " 4 " -  ^  _ _ f c  ^  5  ( % •,

x 3,̂ 3 %. j fy ; + rem ainder

(3 . 8 . 11)
/AX,



The rem ainder c o n ta in s  a l l  non -po le  q u a d ra tic  term s a s  w e ll

as \_wU) -W(t*)] which c o n ta in s  on ly  sim ple w e ll d e fin e d  p o le s .

The reduced space u n i t a r i t y  eq u a tio n  i s  now:

0 =   ( oLl’o -  awji C8

'  + rema^ der  (3 .8 .1 2 )

¥e fo llo w  th e  same p rocedure  as b e fo re  excep t %£* i s  rep la ce d

by %Ep and * 7r s/^  (£» 'A) in  &/i i s  j u s t  2/^j ( t v - e - p ' f .

I n te g r a te  in  0/j U e j  i s  J ^ £/s JcLfy Jd , ^  .

o = [ J di/i j  I  j  ^  - * «  M * -
(A) f ^  ^

x <B>f i0 (Ep, K , (S>ofi ( e .[, ifi , * .+ /> ;

+ f ^ ^ --------------  f ,
^  (*'V*-£A)[fi.+iu-£/l) L %

+ rem ainder ( 3 . 8 . 1 3 )

S im p lify in g  and ta k in g  the  l im i t  ja.-^ o+ we have th e  u su a l 

p a r t i a l  d e r iv a t iv e  term  p lu s  th e  double p o le  term  th a t  we need 

to  c an c e l th o se  in  th e  Cayley tran fo rm  (C f. £ ^ i n  3 .6 .2 )

o  -  u n ^  (bpo ( a . a . a - a c )  @>oji ( a , k , \ + A 0 )

+ i w .  r d.-p&______ *-/*-_______j  —

h / & ( f y &**/*■) (3 .8 .1 4)



The a l t e r n a t iv e  u n i t a r i t y  eq u a tio n  would p ro v id e  an o th e r 

s im i la r  e x p re ss io n .

o  = U r r 2- <E>p0 ( + (& 0p  ( A, A, % ' / ■ * )

■h J  ^   A*  [ d f t y  --------
M.^0 P (Myu.-Bff **eo C £*' ~X-) */u'L

&0p (? '£ }  P f ; $jio ( P/s;p'£')

=  U 7T Z Q>' (  A , P i ,  T i - X o )  <3 ( k ,  A ,  A  + i o )

HyU.*  ^ T ' +  f  ------—------- f < $ < * ■ £ —
(*-+/*•&)  ( H f r - E f t  \  {_Eo~P- ) Z +

r (3 .8 .1 5 )

The double p o le  term  i s  th e  same a s  ^  o f ( 3 .6 .5 ) .  T ogether 

w ith  (3 .8 .1 4 )  we form the n e ce ssa ry  p a r t i a l  d e r iv a t iv e s  and 

double p o le  te rm s.

0 =  h74 f r .e A

^  (  c ' + c '  )
*  + * f  *  (3 .8 .1 6 )



V.3.9 Contributions in Od U 9^

In  dd U 0ya , ( <*,/J -  1 i-A-J ) th e  d isco n n ec ted  p o le  term  

w i l l  n o t c o n tr ib u te  i f  a. ^ p  . The c o n d it io n  A = = t-'fi

i s  in c o n s is te n t  w ith  . We s h a l l  d e a l w ith  ®<* U 9^

l a t e r .  ( 3 .8 .2 )  i s  now w r i t te n  as

o  =  L . i p j f r  ^ 3 ^ -----  IH i p ?

+ rem ainder ( 3 . 9 . 0

where

rem ainder =  ( „ dCp"d4*  {  c f  -r- / -±^>. ^ ^
H  ^  (E ,"-epl  + X  I  V  L ’ P *  ’ ^

*1v(p%*>Pt'tM-+/*) + w C p V i p X ~ Q ( p*€5^;a+P)

+ n o n -c o n tr ib u tin g  te rm sJ

(3 .9 .2 )

The K ronecker d e l t a  in d ic a te s  th a t  th e  term s in  square  b ra c k e ts

w i l l  c o n tr ib u te  on ly  i f  d. = f2

Since we a n t ic ip a te  th e  fo rm ation  o f  double p o le  te rm s,
.  .  -i

we must e x h ib i t  a l l  c o e f f ic ie n t s  o f + .

0  = J  „ dp"di' -W( p ( i  r t i  A - w  «■

x (') tp & >P* > A*!/*) D’* ■--- ; - + rem ainder
A*y*

(3 .9 .3 )

[N ote: A c tu a lly  on ly  th e  c o e f f ic ie n t  o f (A - J ' in  > *■'*/*■)
w i l l  c o n tr ib u te .  The r e s t  w i l l  n o t y ie ld  any s in g u la r

/JLJ"



fu n c tio n  even when m u lt ip l ie d  by a double p o le  (X-iX'-Z*) . 
We l e f t  them in  fo r  easy  com parison w ith  c ^  in  (3 .5 * 5 )]

The jac o b ia n s  a re  p u t in  to  make su re  th a t  th e  f i n a l  r e s u l t  

would have th e  p ro p er reduced space o p e ra to r  form . We now 

fo llo w  th e  s te p s  s im ila r  to  th o se  used p re v io u s ly .

[1 ] D i f f e r e n t ia te  w ith  re s p e c t  to

[2] Set on d ia g o n a l,

[3] M u ltip ly  by I  Lh-^f ■>-/*>

[4] I n te g ra te  in  U , i . e .  J^,

0 =  L ^ K U u  ^ --------------

X p ( ^ )  I A j ( f i > P ' i ' ; A - A / a. )  f  ( - )  3 aol ( p % ‘;  %  ; f i + y * )  ̂  ( Mjl) ---
L (*+!/*-£*)

+ £  (<-> s»<r<s % ,• *.+y-) ^
t-u (3 .9 .4 )

The double p o le  term  corresponds to  p a r t  o f  in  (3 .5 * 3 ) .

In  th e  rem ain ing  p a r t i a l  d e r iv a t iv e  term , we must reg co n ize  

th a t  on ly  c o e f f i c i e n t s  o f  — 7- can su rv iv e .

A ll o th e rs  w i l l  v a n ish  as /<- o r ^  in  9  ̂ U .

( cLEj f cLp'di' __
m + o* »* &a (£o-%)*+y t e - f y ' + s -

W(}q, \ ; 'A-X/a.) _ i . ((_, (pfy - f t  ^  ...
^  \ J

=  ( die. f  jL i ,  f  , d f i ' d t '  —  A

/ i i



x 3X< ( / i f j ;  V ^ / ' ? 'f̂ l ~

A ~ ,  /" /< « , '&#■> * ft&  ] \  u t  W >  i f f f r )  1
k-fc)1- +/ ^  -I L ^ ffiT-e;^ i  ->W M  J L ' + X

* X  ^  f f a '  - M X  & (e' - I )
*u j B' ^ ^  pp

*  f i - c *  ( t * .  ^  , A --yO

=S -A 7T^ < & y(* ,? i .A - io )  'M£ei ( X . i A + ,'o)

(3 .9 .5 )

How, s u b s i tu t in g  back to  (3 .9 .3 )  we have

<? -  t tw ,  ( d.tda f . dp do' 3-/**- "  ^•'l-/M- „
^ 0 +  ■>,< r I \  U - * ; w  '

x IV(pi; P V i  A -^ )  <-) &od ( f t ) n > *.+ •/*)
(*+y*-H)

r  ( 3 .9 .6 ;

S im ila r ly , th e  a l t e r n a t iv e  u n i t a r i t y  eq u a tio n  must y ie ld :

o = JU~~  ̂ \ ctpJl L  4 'd -i' — — -------------" p<t> -  ,
y t - > o *  0M eA ( b o - M ' + S  + /S-

* L-) fr'to ( pa > p'Z 5 M '/*) W( f 'i' >Pt~ / ^

— fbTT1̂  -̂oCfi ( ^ /fl) ' ^3«' ( -A, A , A' ^



F o r convenience in  comparing w ith  o th e r  r e s u l t s ,  we tu rn  (3 .9 .7 )  

" in s id e  ou t"  and r e la b e l  *■ and p

0 = L  d f ' d f  L  ------ — ---------------- — A -----  x

x  ^..jAL (-> IaJ C H i P'?
(*+</* o x

- 6-rrli j L p V f y  ( * , * , * - to) X f y C k . A . k + i i )

= /mov ( , etp'dl' f d p  oil ^ _____________ZALdl------
(td-Z-p? +s*> (£*'£*)'

 ̂ — ty(}P]__. (_} B3o(p£; }%] M^u) WCPt > pt'  5 A-x>j

^  (3 .9 .8 )

Add (3*9 .8) to  (3 .9*5) and compare w ith  in  (3 .5 .3 )

0 — Js(syvL. d̂jS, + f a d  (ft .Z. fi ' tD) I'lfict (P. , i ,  X+ I o)/U-

f o r  d
(3 .9 .9 )

F in a l ly ,  we have to  d e a l w ith  Bu U &u where we know th e  

d isco n n ec ted  p o le  term  w i l l  c o n tr ib u te .  We expect to  have th e  

same c o n tr ib u t io n  as (3 .9 .9 )  f o r  th e  s p e c ia l  case  o f u = fi 

p lu s  e x tra  term s from th e  d isco n n ec ted  p o le s .  In  f a c t  i f  we 

rev iew  from (3*9 .1 ) to  (3 .9*9 ) we f in d  n o th in g  th a t  would 

exclude th e  case  d  = p  . The prim ed and unprimed system  

a re  d i s j o i n t .  Whether o r  n o t <K = p  i s  i r r e l e v a n t  to  th e  

c a lc u la t io n .  Only when we d e a l w ith  d isco n n ec ted  p o le  term s 

th e n  th e  d e l ta  fu n c tio n  connec ts  th e  prim ed and umprimed

/K.S



system s. I t  s u f f i c e s  fo r  u s  to  d e a l w ith  th e  square  b rac k e t 

term s w ith  th e  K ronecker d e l ta  in  (3*9 .3 ) when °< = a .

x  -  j , a " #  , r  x n T v i p t w ( n
e<* t£o-U)  +/* L

+" ]M( P%') }%"> A ' £»  Tj (?'% 3 P't)  A -+ ^)J
(3*9*10)

In  Qj U on ly  p a r t s  o f o r  IA/ has th e  s in g u la r  p o le .

We can drop th e  non -po le  p a r t s .  Because of th e  com plex ity  o f 

W f we d iv id e  X in to  fo u r  p a r t s

I  = 1̂  + I^  + 1^ + rem ainder (3*9*11)

The rem ainder o f  co u rse  i s  n o t c o n tr ib u t in g .

x,  = ( „  V f f )  r* (& ) x

« f  ^  > n  i *+*>) + s ,  ^
I %+y*-Zl 1 /* V ^

i - k f y l r ?

(3*9*12)
r  _ f A tv * ' ~g>> U f J i - p i ) % ( f a W b  
* 61 (EJ'-B'J )x fX 1 ^

■ % > *+>/*) - ±̂ ^*.2—

(3 .9*13)

[N ote: I ? b ea rs  th e  same s t i jc tu re  a s  in  (3 .5*7) and needs 
s p e c ia l  a t t e n t i o n . ]

/*?



* v * ’* '  * * > )  - r H -  "A. - //A - £

+ a r e )  H w  ?.
AW>-*< *-*/*'** J A+/*>-e^

( 3 .9 .H )

Now we want to  develop 1  ̂ , I^  and 1^ in d iv id u a l ly  in  accordance 

w ith  s te p s  [1 ] to  [4 ] .  One must b e a r in  mind th a t  £* w i l l  

e v e n tu a lly  become ^  because o f  SCp* - M  . In  s te p  .[3 ] 

we m u ltip ly  1̂  by /c  so t h a t  1  ̂ i s  o f  o rd e r  y ?  . T herefore 

c o e f f i c i e n t  o f (A »->>1 -£„i) w i l l  v a n ish  l i n e a r l y  as A  .

Only th e  double po le  term  may c o n tr ib u te .  1  ̂ becomes 1^ .

4  = 1  ^  4 ,  I  ,  7 ^ - rL^'h) +A (.to-H) +/* pt.-x/4-PJ

(3 .9 .1 5 )

I 2 w i l l  develop a double p o le  term  s im ila r  to  1̂  and a lso  

c o n tr ib u te  a p a r t i a l  d e r iv a t iv e  in  becomes I£ .

K  = 1  ^  1 . — — ---------- ^

/J<s>



u (n> a •  ̂ ^ & )  j. T*
* ------------- ^el* )/V/A"*vO / \% oL

(3.9.16)
where

" 4 / ^  A * J < ,  1 , *%< (J f k ~
- z±/x

^  -K • ^  -  *-n (K-^y-+y-

* S(h-n') %(&$($&) % (fa) J d ^  ( £ j, id; *-^>;

(3 .9 .1 7 )

In  changing in to  reduced space n o ta t io n ,  bo th  jac o b ia n s  =

= fa tc*) fa (hi) &°©s "to .

Z /  •== -4U  X  A t  —----------- , 34m *+;/*) x

r x , %!&)$<(*) i r ( ,-v ^
* l U u  W * X  J  fv -faV ^ X  -

(3 .9 .1 8 )

R e c a ll th e  i d e n t i ty  used  in  ( 3 .5 .9 ) .

  _ - 3  ir̂ i 8  (x)
f t - i o *  (V-x>J ( X td fa)Z

Hence,

TT̂  _ — s~rr J  de^ S C ^ - A )  4<, A + io)
/u^ot  0"t

We

,  (3.9.19)

can now c o l l e c t  th e  double p o le  term s to g e th e r  in  I j  and

1^ and w rite  t h e i r  sum as

/3!



- 2 IpL X
^  '"  J,i  “ a - w ' < s  v - t i ? * s

' S G ' - K i W # *
*■-'/* -t-,L (A+PyU'fy)

olTT ^ ^  , ‘̂ ~ 1 )
(3 .9 .2 0 )

From th e  a l t e r n a t iv e  u n i t a r i t y  eq u a tio n  we w i l l  o b ta in  th e  

fo llo w in g :

u ~  4  4  <*■ _ ^ _ r

^  $4;ju ( i  'A-t-io)
(3 .9 .2 1 )

N ext, we must compare th e se  double po le  term s to  th o se  

in  th e  Cayley tra n s fo rm , in  p a r t i c u l a r  D̂ yj in  ( 3 .5 .6 ) .  In  

, o f  th e  th re e  in  Z! one o f them has no

po le  in  e i t h e r  Bj o r  dp . The rem aining  two: 'Q Cpt 3 p % '*-?/*■)

and ( p € ’> p i  > T-'CpL) have d e l ta  fu n c tio n  SCfj-fri) o r  S(pp~fp) . 

T his momentum c o n d itio n  i s  in c o n s is te n t  w ith  \  =■ H ^  f o r  

&j U Bp u n le s s  d = p  . Hence, th e  n on -van ish ing  elem ent 

i s  a l o t  l e s s  th an  th a t  shown in  ( 5 .5 .6 ) .

/3K.



=  ^  is :*  4 ,  0 - « v j  "

* ~Q ( f t  > P % > P ’hA) j  W u )  t> fttfc CfJ ; f t ) %+ **•) -t~ 

L~) Boe< (P* 5 f< 3 K+A) -

-i

(*+*>-<*/ J (3 .9 .2 2 )

Hence,

( X/ +■ J-£ + I t + J~ n 'j
/if/A~>6

^->0+ . * * * > >  j (3 .9 .2 3 )

by s u b s i tu t in g  in to  (3 .9 .2 0 )  and (3 .9 .2 1 ) .

I t  rem ains to  develop  1^ in to  th e  on ly  double p o le  term  

l e f t  in  th e  Cayley tra n s fo im , £ . S ince iCpjPpj) - Zfptf*)

th e  d i f f e r e n t i a t i o n  in  s te p  [1] on 1^ would have an e f f e c t  

on th e  d e l ta  fu n c tio n  , as  w ell a s  th e  p rim ary  po le

( K+ i-A - £■*) ' • reduced space form o f 1^ has th e  e x tra

jac o b ia n s  fat**) which tu rn s  S(ft'-fd) in to  S(h -zf) $(?•»-P*')

■$*((■*) SC fa-ft  ) = j-tCEji) S(pt - f t )  - ) S ( f t - A )
(3 .9 .2 4 )

A fte r  s te p s  [1] to  [4 ] , 1^ becomes 1^ .

/ J 3



X   J  , +

+  £  C P ' k . ' f ’f i , * ' 1/ * )   ■■ )  +■ (  £  5 / i c t .  (  P %  > %  J  * - i / * )  ^

flfci / ^ ^-V “'5r '  v

t  Z  V f r > H„ ( ] . , $ , * - < « ) )  K 9 >  ■*- _ j ^ l _  *
l®W /*-<•>(- £k

x  %,*-;*■) ^ r } a . f

(3 .9 .2 5 )
Since JL f Sfa-tji) %(%-pl)

■Jjr s ( ? * - t i ) \ J ( M L L  +-
3Eoi J (P  ̂+‘yu ~ £bi)i'

i t  fo llo w s th a t
(3 .9 .2 6 )

r  ' -  £ , -f /  J , ctzldp* d%( r(fa p(^) 'U(Za) X«r« fti ow

x  ________"  ĝ >  I /_2_ £ ^  - //)  ) Z(%'Pd )
*7 (■t*~£li)LtyK'L *• J ^  ^  i / i - .

(Pd'Pu.
l&'tnf+y L J '*** / a.+ i/i-t.jL

(3 .9 .2 7 )

The s u b s t i tu t io n  o f comes from (3 .5 .1 0 )  and th e  c o n te n ts

o f th e  curve b ra c k e t i s  th e  same a s  th o se  in  ( 3 . 9 . 2 5 ) .

In  develop ing  the a l t e r n a t iv e  form o f  Xj from th e  o th e r  

u n i t a r i t y  e q u a tio n , we have to  tak e  s p e c ia l  c a re  to  o b ta in  th e  

c o r r e c t  r e s u l t .

/ J*



-̂ 3 " d'P'* B̂j d-Ej dfol oLq.* df,* fa(£/)-----------  — X

Z*Z£  3. r SCe* -ti) j(& -pj)~9̂   r sfo-ei)sg,
& -£ i) l+/u‘l ^E<* L X + L/A'B-jL/A'B-J

[ t'zk  ( '  ^ <Kin;*"i /0  +  f c *  H j f  i r i ' P f ' % ' > A )  )

t . W & l   H ^ r f i  , fa , * - > )  ^

(3 .9 .2 8 )

Since S’ - £*<) _ —£^   ̂ we a re  f re e  -t0 ohoose th e
/*■ * V*' £«< •* + f/4"  £x

most c o n v in ie n t form . We use  th e  f i r s t  form fo r  I i  and th e
3

l a t e r  f o r  I i  .3
In te rc h a n g in g  th e  prim ed and unprimed system  in  (3 .9 .2 8 )  

we have J j  in  a form th a t  i s  a lm ost th e  same a s  ( 

excep t f o r  ( ^  in  l'3 v e rsu s  I fa ) j  in  l '  .

However, we know th a t

( ■ h s « * - ‘l> ) -  - £ / ( * - < )

th e re fo re  £ '  t  X 3 = -x  £

(3 .9 .3 0 )

c-dd
(3 .9 .3 1 )

The d e r iv a t iv e s  on th e  energy d e l ta  fu n c tio n  c a n c e l each o th e r . 

In  c o n c lu s io n  from (3 .9 * 9 ) , (3 .9*23) and (3 .9 .3 1 )  we

/ 3 S'



V.3.10 Gonclusion

In  t h i s  f i n a l  s e c t io n  we g a th e r  a l l  th e  p rev io u s  r e s u l t s  

o f Cayley tran sfo rm  and u n i t a r i t y  i d e n t i ty  and r e l a t e  them to  

tim e d e la y . In  r e t r o s p e c t ,  we have developed (3 .1 .8 )  in  d i f f ' 

e re n t neighbourhoods. The l e f t  hand s id e  i s  

3Li '&.[*(*)-&.(*) -ZjtJV-Kok))]

We s h a l l  g a th e r  th e  r ig h t  hand s id e  to g e th e r  w ith  u n i t a r i t y  

i d e n t i ty  to  show th a t  i t  i s  r e la te d  to  tim e d e la y . We d iv id e  

th e  r ig h t  hand s id e  in to  two p a r t s : th e  f r e e  channel and th e

th re e  bound s t a t e  ch an n e ls .

W ithout th e  r e s c a t te r in g  te rm s, th e  th re e  bound s t a t e  

channels r e s u l t  i s  p a r t i c u l a r ly  sim p le . G ather to g e th e r
3

(3 -5 .4 ) ,  ( 3 .5 .9 ) ,  ( 3 . 5 . 1 0 ) and ( 3 . 9 . 3 2 ) fo r  L  % U $  with*>op" I
and we have th e  c o l le c t iv e  r e s u l t .

-2VX M'u •*'*A'0) (3 .1 0 .1 )

The double p o le  term  , Vm  and E^ has been c a n c e l le d .

Now add to  J* r e s u l t s  in  &d U Q'0 from ( 3 .6 .3 ) ,  ( 3 . 8 Jo) and 

( 3 .8 .1 6 ) ,

Odi = b * . (&*<>(* <&o*( k . Z A + i o )
( 3 . 10 . 2 )

The double p o le  term  Ĉ 0 i s  c a n c e lle d . We n o te  h e re  th a t  

th e  u n i t a r i t y  i d e n t i ty  ( 3 . 8 .I0) r e q u ire s  th e  e x p l i c i t  n o ta t io n  

o f  " " to  s ig n i f y  th a t  we only  c o n s id e r  th e  pure  im aginary

p a r t  o f th e  r ig h t  hand s id e  o f  (3 * 8 .1 ) . The l e f t  hand s id e

/ u



have established in U 6̂ for d, [3 >0 the collective
result

O -  Z.j
? > ’ [  i t *  ( ^ +

+ U 7TZ /£y  <0) (&, &,*■+; o)

(3 .9 .3 2 )

13 7



i s  a lre a d y  e x p l i c i t ly  pure  imaginary. T ogether (3 .1 0 .1 )  and 

(3 .1 0 .2 )  g iv e  us the e n t i r e  « -ch an n e l c o n tr ib u t io n .
3

3o( * -3U = 2 1  A* A a* (*■) d. (x)
f i = 0  r  ^  r

= - i U * U'tC*) ( 3 . 1 0 . 3 )

where A>fiel(x) = ~ *** t y *  (x.x,x+*o) f o r  # > 0

and /»«<»■> = - * * * ■  ( 3 . 1 0 . 4 )
Gd. i s  th e  reduced space i d e n t i ty  o p e ra to r .  I t s  k e rn e l i s

The f r e e  channel c o n tr ib u tio n  i s  a l i t t l e  more com plica ted  

because of th e  r e s c a t te r in g  term . However, fo r  convenience 

we propose to  w r ite  th e  r e s u l t  in  th e  same form as ( 3 .1 0 .3 ) .  

From ( 3 .6 .4 ) ,  (3 .8 .I0) and (3 .8 .1 6 )  we g a th e r  a l l  th e  r e s u l t s  

in  X 60 U as

o
ZTe = *-rrz £ o Z.f (B>a/t(A,X.*'i t)  ,X,A+Co)

^  3
=  Jy .̂ jL- Afi0(x)

(3 .1 0 .5 )
— I

The double p o le  term  i s  c a n c e lle d .

From (3 .4 .4 )  and * ^ ( 3 . 7 . 1 9 )  we have a l l  th e  th re e

p a r t i a l  d e r iv a t iv e s  to  form th e  t o t a l  d e r iv a t iv e  o f  a l l  th e  

n o n - re s c a t te r in g  te r m s .(3 .4 .3 0 )  and (3 .4 .3 8 )  c o n ta in s  a l l  th e  

r e g u la r iz e d  r e s c a t te r in g  tezm s. We propose to  w r ite  a l l  th e se  

r e s u l t s  as

ZT0' = JW £ 0 [ a /0 m

&>K (3 . 10. 6 )
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where A > . 0 . ^
d t o W  eo ~ 577 L E~a /Wtd)

(3 .1 0 .7 )

The s u b s c r ip t  c deno tes connectedness and th e  s u b s c r ip t  * 

deno tes r e g u la r iz a t io n .  ( 3 . 1 0 . 6 ) i s  only  a conven ien t sh o r t  

n a ta t io n  o f th e  complex r e s u l t s  co n ta in ed  in  ( 3 . 4 . 4 ) .  ( 3 . 7 . 1 9 ) ,  

( 3 . 4 . 3 0 ) and ( 3 . 4 . 3 8 ) .  We b e lie v e  t h a t  i t  i s  s e n s ib le  to  use  

such sim ple n o ta t io n  f o r  th e  same reaso n  th a t  we u se  — /-----? ±<o
to  denote  1 v  S (%) . The g e n e ra liz e d  fu n c tio n  th a t  one

g e ts  by s u b s t i tu t in g  (3 .1 0 .7 )  in to  (3 .1 0 .6 )  would have to  be 

in te r p r e te d  a s  ( 3 .4 .4 ) ,  (3 .7 .1 9 ) ,  (3 .4 .3 0 )  and (3*4 .38) f o r  

th e  same reaso n  th a t  ■ '±-\ o i s  in te r p r e te d  as J1  f  i v  S (x) .
%3  ,

Wow, th e  f r e e  channel c o n tr ib u tio n  from ZL 9a U 6& i s/3=0 ^
c le a r ly

^  + ^  k  [ K  W  £  i f . (* > ]c ,t

— — i  0̂0 ^ )

(3 .1 0 .8 )

Hence, th e  grand r e u l t  from (3 .1 0 .8 )  and (3*10.3) i s  

H  JU T/i U (*) -  K lV  ~ Z- ( KJfr -  K0 fa) I
©O o  /  J

3

~ 'ĉ '  fi-o< defjjfa) (A)

3

c (3 .1 0 .9 )

We r e c a l l  th a t  th e  S -m atrix  form o f  in  (3 .1 0 .3 )  has

been e s ta b l is h e d  b u t t h a t  o f  ?<„(*) has n o t .  However, s in c e  we 

have a lre a d y  e s ta b l is h e d  (3 .1 0 .9 )  in  c h a p te r  IV, we can in f e r  

from h e re  t h a t  (3 .1 0 .8 )  can s e rv e  as  a p ro o f o f th e  S -m atrix  

form o f  q l\) .
A 00> 0 0



L e t  us s u m m a r i z e  o u r  c o n c l u s i o n s .  S t a r t i n g  f r o m t h e  

s i m p l e  t w o - b o d y  t i m e  d e l a y  t h e o r y  we h a v e  e x t e n d e d  t h e s e  

r e s u l t s  t o  a r r i v e  a t  a c o m p a r a b l e  t h r e e - b o d y  t h e o r y  o f  t i m e  

d e l a y .  We h a v e  f o u n d  an i m p o r t a n t  a p p l i c a t i o n  o f  t i m e  d e l a y  

i n  d e t e r m i n i n g  a s o l u t i o n  o f  t h e  v i r i a l  c o e f f i c i e n t  p r o b l e m .  

H e n c e ,  we h a v e  i l l u s t r a t e d  t h e  p o s s i b i l i t y  o f  s t u d y i n g  s t a t ­

i s t i c a l  m e c h a n i c s  e n t i r e l y  i n  t e r m s  o f  t i m e  d e l a y .

W h i l e  t h e  m a t h e m a t i c a l  p r o b l e m  o f  d i s c o n n e c t e d n e s s  h a s  

b e e n  t r e a t e d  a c c u r a t e l y  t h e  l i t e r a t u r e ,  t h e  o t h e r  t e c h n i c a l  

d i f f i c u l t y  o f  r e g u l a r i z a t i o n  h a s  n o t .  We h a v e  f o u n d  a s i m p l e  

and c o m p l e t e  s o l u t i o n  f o r  r e g u l a r i z a t i o n .  T h i s  s e r v e s  as  an 

i l l u s t r a t i o n  o f  t h e  c o m p l e x i t y  i n v o l v e d  i n  t h e  t r e a t m e n t  o f  

N - b o d y  t i m e  d e l a y .  I t  i s  h o p e d  t h a t  t h i s  r e g u l a r i z a t i o n  

me t h o d  may p r o v i d e  new i n s i g h t  i n t o  t h e  n u m e r i c a l  c a l c u l a t i o n s  

o f  v i r i a l  c o e f f i c i e n t s .

The  d i f f e r e n t  m e t h o d o l o g i e s  e m p l o y e d  i n  C h a p t e r s  IV and  

V b r i n g s  f o r t h  t h e  r i c h n e s s  and f e r t i l i t y  o f  t h e  t h r e e - b o d y  

t h e o r y  p i o n e e r e d  by F a d d e e v .  W h i l e  t h e  o p e r a t o r  me t h o d  o f  

C h a p t e r  IV b r i n g s  us t o  t h e  s i m p l e  e x p r e s s i o n  o f  v i r i a l  c o e ­

f f i c i e n t  t e r m s  o f  t i m e  d e l a y ,  i t  d o e s  n o t  i n v e s t i g a t e  t h e  

a c t u a l  s t r u c t u r e  o f  t i m e  d e l a y .  I n  C h a p t e r  V we h a v e  t o  s o l v e  

t h e  p r o b l e m  o f  r e g u l a r i z a t i o n  t o  f i n d  an e x p r e s s i o n  o f  t h r e e -  

b o d y  t i m e  d e l a y  i n  t e r m s  o f  t wo  b o d y  t - m a t r i x  and t h r e e  b o dy  

a mp l i  t u d e s .

jH-o



One o r i g i n a l  a i m wa s  t o  s ho w t h a t  t h e  t r a c e  o f  t h e  t i m e  

d e l a y  o p e r a t o r  c a n  p l a y  t h e  r o l e  o f  p h a s e  s h i f t s  i n  t h e  t h r e e  

b o d y  p r o b l e m .  T h i s  g o a l  i s  a c h i e v e d  i n  t h e  f o r m u l a  o b t a i n e d  

f o r  t h e  t h i r d  v i r i a l  c o e f f i c i e n t .  Suc h  a d e v e l o p m e n t  i s  i n  

f a c t  n e c e s s a r y  s i n c e  t h e  s c a t t e r i n g  a m p l i t u d e s  t h a t  c h a r a c t e r i z e  

t h e  t h r e e - b o d y  p r o b l e m s  do n o t  a d m i t  a n y  known p h a s e  s h i f t  

p a r a m e t e r i z a t i o n .  Our f o r m u l a  f o r  t h e  s e c o n d  and t h i r d  v i r i a l  

c o e f f i c i e n t s  a l s o  d e m o n s t r a t e  t h a t  t h e  o n l y  e f f e c t  o f  t h e  

s c a t t e r i n g  p r o c e s s  e q u i l i b r i u m  s t a t i s t i c a l  m e c h a n i c s  i s  s e n s i t i v e  

t o  i s  t h e  t i m e  d e l a y  o f  t h e  c o l l i s i o n  e v e n t .



Appendix A

In  t h i s  appendix  we g ive  p ro o fs  o f a number o f  t r a c e  

r e la te d  f a c t s  used in  our d e r iv a t io n  o f  th e  two body s p e c t r a l  

p ro p e r ty . In  o rd e r  to  sp e c ify  our n o ta t io n ,  we recoun t th e  

s a l i e n t  f e a tu r e s  o f th e  t r a c e  and o f H ilb e r t  Schmidt o p e ra to r s .  

A bounded o p e ra to r  £> a c t in g  in  some H ilb e r t  space i s  Schmidt 

c la s s  ( n o ta t io n a l ly  b 2 ) i f  th e  sum

<r(&) = ( Z l & K I I 2 ) *
'  ( A . 1 )

i s  f i n i t e .  The norm above i s  t h a t  g en e ra ted  by th e  H ilb e r t

space in n e r  p ro d u c t. T his sum i s  independen t o f th e  b a s is

s e t  ■{ . The c la s s  o f o p e ra to rs  t h a t  s a t i s f y  eq u a tio n

(IV .2 .1 4 ) i s  c a l le d  the  t r a c e  c la s s  and w i l l  be denoted by

T C. . B asic f a c t s  about th e  t r a c e  we s h a l l  need a re :

(1 ) A t-C i f  ani  only  i f  i t  can be w r i t te n  as th e

p ro d u ct A = bC  where B z. crC  and C s o~C .

(2) I f  B £ c-C th en  B+ & <TC

(3) I f  B t  tC . and A i s  bounded th en  &A zZC  and

A B £ ' t C  •

(4 ) I f  B £ 0"C. and C t  vC, th en  T r BC. = ~Vi C B .

The p ro o f o f a l l  th e se  s ta te m e n ts  can be found in  S c h a tte n .

F i r s t  l e t  us e s t a b l i s h  th e  uniform  convergence p ro p e r ty  

o f Tn. P(&) A . Here A t ^  and P (R) i s  th e  p r o je c to r  d e fin e d  

in  s e c t io n  IV .2. Using p ro p e r t ie s  (1) and (4 ) o f th e  t r a c e  

we have
T „  PO O  a  =  W  B C f  =  V .  C f P W b

/<a



=  I  ( c  ? c , Pfc) 3 f t )  =  £  ( p W  , P(*) 6 %)
( A . 2 )

The second form o f  th e  sum has u l t i l i z e d  th e  p ro je c t io n  o p e ra to r  

f e a tu r e s  o f PC*) . We now w i l l  m ajo rize  each term  in  th e  sum 

by a form independen t o f R, , v iz .

i i(iPWBfij* + imccf,j
i  (A .3)

Here th e  f i r s t  in e q u a l i ty  fo llo w s from th e  d e f in i t i o n  o f th e

in n e r  p ro d u c t. The f i n a l  s te p  u se s  ///W /// ^  ||f|( which i s  v a l id

f o r  any f  in  our H i lb e r t  sp ace . The sums over i  o f |  B&jf 
%

and If C. fall a re  f i n i t e  s in c e  3 £ and C £ ^ 6  .- Thus

th e  sum d e f in in g  1a- PW  A i s  un ifo rm ly  convergen t where 

i s  t r a c e  c la s s .

Our d e r iv a t io n  o f th e  s p e c t r a l  p ro p e rty  o f  tim e d e lay  

r e q u ire s  t h a t  we use  th e  d iag o n a l foim o f  th e  t r a c e ,

A  =  j A t M ) ^  ( A > 4 )

where i s  th e  ii" k e rn e l  a s s o c ia te d  w ith  th e  t r a c e  c la s s

o p e ra to r  A . The above form ula i s  n o t g e n e ra l ly  t r u e  f o r

a l l  t r a c e  c la s s  o p e ra to r s .  However, when A = -BC an^ bo th  

g s <Tt and C £■ VC th e n  eq u a tio n  4 i s  v a l id  w ith  th e  d ia g ­

o n a l elem ent d e fin e d  a s

= J & ( h x ) c ( -x ‘ S )  < *-* (A.5)
l e t  u s b r i e f l y  in d ic a te  th e  p ro o f o f  t h i s  r e s u l t .  We f i r s t  

r e c a l l  t h a t  th e  Schmidt norm can be exp ressed  ( c f .  Theorem 

I I . 4 , S c h a tten  3f )



*~(5 ) Z = J / l 3 ^  I ( a . 6 )

Prom th e  g e n e ra l i d e n t i t y ,

<*■*>• \ m  * m A.7)
one can s t a t e  th e  t r a c e  in  term s of CT -norm s. In  f a c t

~Ia  A =  BC =  Z  ( h \  , C ^ J

^ ■ <r($+c)x - cT(e>r- c f  + *cr(Bi*a6.) J
(A .8)

where we have employed eq u a tio n  7 and th e  d e f in i t io n  (A.1 ) o f 

th e  <T -norm . I n s e r t in g  (A .6) in to  th e  r ig h t  hand s id e  of 

(A .8) le a d s  to

Tfi. A -  I &(*,}) C(>.}) d t d y  (A_9)

The f i n a l  c o n c lu s io n , e q u a tio n s  5 and 6 i s  a consequence of

changing th e  o rd e r  o f  in te g r a t io n  in  th e  double i n t e g r a l  o f

(A .9 ) .  T his i s  j u s t i f i e d  because b o th  and a re

in te g ra b le  w ith  re s p e c t  to  <L# , so we know th e  in te g ra n d

o f (A .9) i s  a b s o lu te ly  in te g r a b le .  We remark th a t  every  use  

o f th e  form ula  (A .4) in  th e  main t e x t  occurs under th e  circum ­

s ta n c e  t h a t  A i s  th e  p roduct o f two Schmidt o p e ra to r s .

The nex t f a c t  we e s ta b l i s h  i s  t h a t  i f  i r  s a t i s f i e s  

c o n d itio n  ( IV .2 .4 )  th en  / i +-iyl) i s  t r a c e  c la s s  when 

vj_ > o . To beg in  we d efin e

-v(*) = 1AJ(i) VJA(*)
1 (A .10)

Wh.6X*6
to/, (?) = (W * )/*  , WA(*) - 1v , (x ) Af ~ i r (* )  (A .11)



Since V- z (_! > th en  W, and lA/a £ L?* . So W, and

a re  bounded m u l t ip l ic a t io n  o p e ra to r s .  We f i r s t  observe th a t  

AtCy+ft.) and W^AoCf+1^) £ 0"C . This fo llo w s from th e

i n te g r a l  r e p re s e n ta t io n  o f n0 t f+*X) W, . The square  o f th e  

Schmidt norm can be expressed  as ( c f .  A .6)

i ............................t  , r1. A

ct* cLx'+ ( W z (!T++>i)* /flf-x'
I * - * '/

=  ( £ f f { v & ) l d x
d.$ cL I (A. 12)

In  (A .12) we have used th e  s ta n d a rd  c o o rd in a te  space form of 

th e  f r e e  re s o lv e n t  A0(J+A'nj • A change o f v a r ia b le s  p. = #-%'  

le a d s  to  th e  l a s t  form o f th e  i n t e g r a l .  For >£>o th e  ^  

i n te g r a l  converges. Because v s . i l  th e  £  in te g r a t io n  i s  

f i n i t e .  Thus A,(i) W, £ <TC . The same trea tm en t shows

Wa A„U) £ v C  
C onsider now

A-tCt) v  h i* ) — A-M) W, W9. A.[*} (A .13)

Thus A0(iz) ■v-Ao(i) £ 'l(L t s in c e  i t  i s  th e  p ro d u ct o f  two 

Schmidt c la s s  o p e ra to r s .  F in a lly  weemploy th e s e  f a c t s  to  show 

th a t  / i(i)  - Aoii) i s  t r a c e  c la s s .  The d e f in i t io n s  o f th e  

re s o lv e n ts  imply

At*) -  Aot*) -  - A M  ^ A ( t )  = - a ( i ) v A j i ) [ e

For >1 = ^  th e  o p e ra to r  in  th e  square  b ra c k e t i s  bounded.

F i r s t  n o te  fo r  £  no t p a r t  o f th e  spectrum  o f  & th a t
£

Ua(z)/I < 00 • Second, i r i L  means V  i s  a bounded o p e ra to r .



Thus >(*) i s  th e  p roduct o f  a bounded o p e ra to r  tim es a

t r a c e  c la s s  o p e ra to r .  P ro p e r t ie s  (1) and (3) im ply th a t  such 

an o p e ra to r  i s  t r a c e  c la s s .  So ou r p ro o f i s  com plete .

We conclude t h i s  appendix by dem onstra ting  th a t  th e  o p e ra to rs  

p60[Ao (t) -A:C*)]P(*) and p(n)^/l(t) - / i ^ ) j  a re  t r a c e  c la s s

f o r  J y y i t t O  and f i n i t e  ^  . To prove t h i s  fo r  th e  f i r s t

m entioned o f  th e  above o p e ra to rs  u se  th e  H i lb e r t  i d e n t i ty  to  

w r ite
T t

?(*)[*•&) - A & ]  FCK) -  W * o to M * ) ?(R)  (A. 1 5)

The argum ent g iv en  in  eq u a tio n  10 to  show AtC*) Wt £ T t  can 

e a s i ly  be m odified  to  show P(*) AU*) 2. 0 , £ < °* .

Thus th e  o p e ra to r  on th e  l e f t  o f  eq u a tio n  15 i s  t r a c e  c la s s  

by v i r tu e  o f (1) and (2 ) .  Turning to  ou r second o p e ra to r , 

we n o te  t h a t  e q u a tio n  1 3  s t i l l  a p p lie s  w ith  rep la c e d  by

/ l ( i :) . Thus we only  need prove P(r) n(±) e <rc . But t h i s

i s  easy s in c e

P(A) At*) =* pU) Ao(±) [ e  -  VA(i)J
(A.16)

As no ted  b e fo re  th e  o p e ra to r  in  th e  square  b rac k e t i s  bounded.

Thus p ro p e rty  (3) t e l l s  us f(R) a (z) e . How a p p ea lin g

to  p ro p e r ty  (1) t e l l s  u s t h a t  P(R)jji(*) ~A(*)J PCR) i s  t r a c e

c la s s .



Appendix B

T his appendix  c o l l e c t s  to g e th e r  th e  te c h n ic a l  d e t a i l s  

concern ing  th e  t r a c e  o f th e  th ree -b o d y  r e s o lv e n ts .  The p ro o f 

g iven  in  s e c t io n  IV .3 r e s t s  on th e  f a c t  t h a t  th e  o p e ra to rs  

/\(2-) d e fin e d  by (IV .3 .59 ) a re  t r a c e  c la s s  f o r  ^ 2. 7Tg . F a r­

th e r  1a A(i) must be an a n a ly t ic  fu n c tio n  in  fl^  t h a t  i s  th e  

sum o f  a u n ifo rm ly  convergen t s e r ie s  o f  a n a ly t ic  fu n c tio n s  on 

71̂  . We s t a t e  th e  c ircu m stan ces under whcih th e se  r e s u l t s

a re  known. We s h a l l  r e ly  on th e  p ro o f g iven  by B uslaev and 

M erkuriev . A lthough t h e i r  p ro o f i s  r a th e r  lo n g  we have n o t 

been a b le  to  f in d  a more d i r e c t  one.

The fundam ental s t r u c tu r e s  eq u a tio n s  ( IV .3.11 -  19) were 

e s ta b l is h e d  by Faddeev^for in te r a c t io n s  whose momentum space 

p o te n t i a l s  s a t i s f y  the  two r e s t r i c t i o n s ,

< c (n-lfl) 0+8> _ (B-1)

I V-tf) - v ( f t i f )  I < C l ^ f l  + l f l f 0 ^  (b.2)

f o r  < I and /jl>0  . P h y s ic a lly ,  th e  v a r ia b le  ^  i s  th e

momentum t r a n s f e r .  The f i r s t  p ro p e r ty  ensu res us t h a t  i n te g r a l s  

over momentum a re  co n v erg en t. The second i s  n e c e ssa ry  to make 

su re  th e  o p e ra to r  ir i s  w e ll d e fin e d  in  a s u i ta b le

Banach space a s  v ^ o l .  An a d d it io n  r e s t r i c t i o n  i s  needed f o r

B uslaev  and M erkuriev !s a n a ly s is ,  l e t  ■̂*ie

C a r te s ia n  components o f th e  v e c to r  . Then v 'C'f) must 

s a t i s f y

/H-7



A  I
-J— v ( f ) l  -  C ( l + l f l )

v ^ >  (B-3)

where h  = -n. + »«.->■£. . In  a l l  th re e  o f th e  r e s t r i c t i o n s

above C i s  a c o n s ta n t dependent on ly  on ' v  . We s h a l l  

l e t  "E denote  th e  t r a c e  norm on th e  space . I t s  d e f in ­

i t i o n  in  term s o f  th e  t r a c e  i s

% ID  -  r , W  (B>4)

where B i s  any t r a c e - c la s s  o p e ra to r  a c t in g  on ‘H- . Under 

assum ptions (B.1 -3 )  B uslaev and M erkuriev e s t a b l i s h  (second 

re fe re n c e  in  n )  , Theorem 2 .1 )  th a t

t ( A («) < C (B .5)

where ^  i s  a p o s i t iv e  number. The o p e ra to r  Ait) i s  g iven  

by eq u a tio n  (IV .3*59).

I t  fo llo w s from (B .5) and g e n e ra l f e a tu re s  of th e  r e s o l ­

v en t t h a t  Ta, At*-) i s  a un ifo rm ly  convergen t s e r i e s  o f a n a ly t ic  

fu n c tio n s  in  J 4- . l e t  us prove t h i s .  Suppose ■j'fcj i s  a

com plete orthonorm al s e t  in  M  th a t  i s  used to  d e f in e  th e

t r a c e .  Then

(B .6)

c le a r ly  d e f in e s  an a n a ly t ic  fu n c tio n  f o r  every  ^  ^  ,

and £ z TTs . The same h o ld s  w ith  fC(i) re p la c e d  by

o r  (%) . Thus each term  ( ,  A (l) ) i s  a n a ly t i c .  We

need on ly  show th e  s e r i e s  d e f in in g  7a /)(*) i s  un ifo rm ly  

c o n v erg en t. Choose P  to  be any f i n i t e  reg io n  in  771 •

l e t  M  be

J¥S



C. ( i + Hi) = y\ < c*>
i .ZP

(B .7)
3 )̂I t  fo llo w s from th e  g e n e ra l p ro p e r t ie s  o f the  t r a c e  th a t

±  z (* to )  < n  , (B>8)

t h i s ,  o f  c o u rse , t e l l s  us th a t

<X>
Ta b(t) = I  ( j>c , $ L) (B>g)

i s  p o in tw ise  convergen t fo r  each £ . In e q u a l i ty  (B .8 )

a ls o  im p lie s

I I  ( & ,A(t) <Pc ) j  <  M  ,  ( B b 1 q )

We r e c a l l  from a n a ly t ic  fu n c tio n  th eo ry  V i t a l i ' s  theorem  

(Titchmarsh.3̂ , Theorem 5 .2 1 ) . Under h y p o th es is  (B .10) and 

(B .9) th en  th e  convergen t s e r i e s  (B .9) must be un ifo rm ly  

convergen t in  any re g io n  i n t e r i o r  to  J> . S ince Jp was

chosen a r b i t r a r i l y  we have th a t  (B .9 ) i s  u n ifo rm ly  convergen t 

in  any compact domain o f .

The to p ic  t h a t  rem ains f o r  t h i s  appendix  i s  to  d isc u ss

th e  Schmidt c h a r a c te r  o f o p e ra to rs  l i k e  (P(f) &&(*■) . We 

s h a l l  in v e s t ig a te  a more g e n e ra l c la s s  o f  o p e ra to r s .  S p e c ia l

examples o f  t h i s  c la s s  w i l l  tu rn  ou t to  be th o se  we need in  

th e  main t e x t .  L et Z  deno te  an a r b i t r a r y  compact s e t  o f 

p o in ts  in  th e  * , sp ace . Denote by V (l-) th e  f i n i t e  

volume o f  t h i s  s e t .  In  th e  main t e x t ,  Z  was alw ays a sphere

w ith  p o s s ib le  d i f f e r e n t  r a d i i  p  . D efine by 0 ( •  ) any
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con tinuous r e a l  fu n c tio n  w ith  argum ents from th e  p o s i t iv e  

r e a l  l i n e .  We s h a l l  study  th e  Schmidt c h a ra c te r  o f (P(z )4(H0). 

The symbol (Vfc) d eno tes th e  p ro je c t io n  onto th e  s e t  Z.

The Schmidt norm, when d e fin ed  in  momentum space i s  

( c f .  A .6)

cr(<P(z) 4 (H .) ) * = / / I <p. i m  W I K >  *  V

(B .11 )

and th e  k e rn e l <f»J (P(X) i s  g iven  by

£  <d A , N

where / z „ • Note th a t  i f  we in te g r a te  jf^(po)| over 

a l l  p„ th en  i t s  d e f in i t io n  (B .12) le a d s  to

Fz ( f J | ^  ( B J 3 )

Thus i f  we u se  th e  f a c t  t h a t  i s  d iag o n a l in  f 0 and

change th e  v a r ia b le s  o f  in te g r a t io n  in  (B .11) from dp, d.p' to  

th e n ,

<r((P(z) -  V ( L) ( |  ctp,
/ o-7r ̂  J7 ^ 7  J 1 1 (b .1 4 )

The m easure dp, can be re p re se n te d  as P, dp, dp , -  th e  app ro ­

p r i a t e  s ix  d im ensional s p h e r ic a l  c o o rd in a te s .

C onsider now, s e v e ra l  ch o ices  fa r ^  . I f  4  (H°) = 

th en  th e  i n t e g r a l  in  (B .14) i s  i n f i n i t e .  So (?(l) i s  no t

Schmidt c l a s s .  Try n ex t 4  (U<) = P t ( i )  . Now th e  denom inator
? 5*v a n ish es  a s  p0 and th e  m easure rem ains p0 dp,  . Thus th e
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i n te g r a l  converges and ( p f c has f i n i t e  Schmidt norm. The 

same c o n c lu sio n  a ls o  a p p lie s  to  <f>(H*)= .

Our d e r iv a t io n s  in  s e c t io n  IV .3 a ls o  re q u ire  t h a t  (Pfe) 

and (P $  a re  Schmidt c la s s .  Examine th e  l a s t  o p e ra to r .

Take th e  square  o f th e  u su a l  re s o lv e n t  r e l a t i o n  betw een Kl*) 

and 9*b(i) and m u ltip ly  from th e  l e f t  by C1>( 2-) • T his g iv e s  one

L °<=l J (B .15)

The o p e ra to r  in  th e  square  b ra c k e t i s  bounded and m u lt ip l ie d  

by a Schmidt c la s s  o p e ra to r . Thus (?(£■)%*(*) i s  Schmidt c la s s .  

The same argument a p p lie s  to  (P ([%-) •
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