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Chapter T Introduction to scattering theory

In this introduction we describe the background material
necessary in the study of the time delay aspect of scattering
theory. Its ultimate application in statistical mechanics
would be dealt with in later chapters. Following Faddeev'sj)
three body theory, we restrict our study to the quantum non-
relativistic scattering of three particles interacting through
two body forces only. Unless stated otherwise, the mathematical
assumptions used in this thesis are those stated in Faddeev's
book.

We shall discuss all scattering in the center of mass
system. In the two body case, we have the interacting Hamilton-
ian Rz & +7 where A, is the free Hamiltonian and v the two
body potential. We define the resolvents /1('2)=-(ﬁ':"'~€’-)—l and

ﬂ$ﬂ)=(ﬂ@—23yﬁ where € 1is the identity and 2 a complex number.

The usual Moeller operator is defined as

. -ikt L pt % (1.1
%‘;:ooe e = {1 1)

The scattering S-matrix is defined as
t+)+ ) (=. ,Z,)
S=0 " n

The usual results of scattering theory can be summarized in

three simple theorems:

w' ) . s
(1) 072" N =L (conservation of probability)
+
(29 j?fﬂ (1“) = e —P (asymptotic completeness)
(3) P(£) N = 0P e(R,) (conservation of energy)



F, is the projection operator into the bound state and ¢ is a
function. We also use the T-matrix in our derivations.
T
t=v —vav (=3)

= 072 v-/‘-ot (I-‘I")

The unitarity equation can be stated as

) - tB) = (2a-) ) A (E) Ae(r) tR) - (F:5)
We use only the above results to derive all the two body time-
delay properties.

The equivalent set of scattering theory results that we - -
need for three body time delay is considerably more extensive.
The three body problem is the simplest non-trivial example of
many body interaction. It comprises many fundamental N-body
properties: break-up, rescattering, rearrangement, off-ghell
matrix elements, etc. that are noticeably absent in two body
scattering. We here outline the Faddeev results to be used in
the following chapters.

If z, ’ %:, {, are the momentum vectors of the three particles
then E==%+Z,+;3 is the independent momentum variable of the

center of mass. The remaining six momentum coordinates can be

expre§§ed in three equivalent sets of Jacobian variables.

- —t

- -
= m (R, +%k;) - (m,+m;) % _ z
1’/ 1Lk, 3) (™, 1) &, , ?_, = MaR, "‘m?_k.l
M,+m‘+m3

m, + 1y

or z i + % % > pA 7

) ﬁb = my (R +R;) — (7—n3+m,)1’e,_ , 3’7- = ™ k.') - vk,
My 4 g my+om,

- - -~ a - -

or 7 = my( Ry +ky) — (m,+m )Ry 2, = m,k, - m, R, (£.6)

> m,+m
! 2

m,+mq_+m3

- -t
K and % are conjugate momenta to the spatial coordinates
2( and gL respectively. 5; is the spatial separation of particle

Z



A from the center of mass of the remaining pair @ and ¥ , to-~
gether called the « cluster. % gives the spatial separation
of the o« cluster itself, i.e. between particles B and ¥ .

In these coordinates the free Hamiltonian is simply expres-

2 1

Iy 2 T r
sed as H,(P.%) = Zn ¥ + £5,A = Zg, b + 5P = am, B+, P
where g, = g My , Ma= Mal(Ma+my) g oo,p v £(43,3),

For convenience we define special coordinates f’:( and 3‘{,( s, such
2 2 ~2 = 2
that ’?;‘ = Z’.(/Z/’;( 5 I = fo(/.? ny

Hence, Ho (P %) = %—: + A , 4 =1,2,3. (z.7)

To discuss the three body S-matrix, Moeller operators and
their related fundamental theorems, we must firstly describe the
Hilbert space structure in which these operators act. Here lies
the channel property that characterizes the three body problem.

The complete Hamiltonian is obtained by adding all the
possible two body interactions to the free Hamiltonian Ho

H=Ho+§:,\& (z.9)

Vx  is the potential of the &« cluster. Both H and H, act
in qu which is a six dimensional Hilbert space of square int-
egrable functions, denoted as Lf'(?"-i:) . The inner product re-
lated to X is (, ) and the identity operator on M is E .
Acting in Job , H ana H., are both self-adjoint operators.

The channel structure is a manifestation of the possible
asymptotic behaviour. There are one channel ( & =0 ) with all
three particles free and three channels ( «=1,2,3 ) with the

o particle free while the « cluster is bounded. Hence



the sca‘bterin%/system can come in four different channels and
can also go out in four different channels. A system in any
cluster channel ( #=!,2,3 ) must be described by a wave function
of the form }(ﬁ) €44 where §4J) is the normalized bound state
wave function of the &« cluster. f(ﬁ«) describe the free
particle and must be in Wd , 2 three dimensional Hilbert space
of square integrable function, [ ¥R . The Hilbert space rel-
ated to the free channel ( «=0 ) isg JqLo which is a six dimensi-
onal Hilbert space of square integrable functions L*(P.%) and is
mathematically identical with ML .

To describe together all these possible asymptotic motion
of the three body system, we introduce a single Hilbert space

A

PaY
Ji =K, .74-,@#,_@% . A function # in \71 necessarily has

four components, i.e. -% = 7‘3.,@) :rf, ® #z, @ :rfa .
It is clear that ML is different from H .
3 7
(.99, = &, (FoH (z.9)

To complete the description of these Hilbert spaces, we

introduce the operators Pi and I« . For FeH ’

At = Fa s W — J (£.10)

Lt = & y M —> Jd, (£.11)
where ‘Y is the « bound state wave function and

BB = A PR Fa) H(4) (z.12)

For illustration we list here all the Hamiltonians that are

associated with each of the spaces discussed above.

I N, i) eM, HEGRL) = (R+8)TRL)  a=123
In N , A% € A, Ha B(R) WBa) = (BT -2) Tl (e

Mo.



~ - o ~L ~L . -
In ﬂo ? 'ﬁ,(ﬁ-‘i) & ‘#o H, #O(P.‘?,) = (f’ +q) #o(/"%)

In M, , R(R) sM. , P R = (B - Z) Fa (PO

The Hamiltonians with the tilda (H», f, F, and Hz ) are called
channel Hamiltonians. Of course ﬁo and H, are mathematically
identitical.

A
In terms of these Hilbert spaces, ﬂa , X, y \7¢z, S and X we

can now describe the S-matrix and Moeller operators.

) . -tHt (Hgt _t
Uo( _ m'm et N o I,{ D ey~ B (I./3)
+ -

Spw = Uf) (J«“ 0 K Jdﬁ (z.14)
If we write [SJ = Sﬁd , the S-matrix would now act
. 4 ’\p;a( -\ Fa) A
in ¥, e.g. F=8F : W >H
Unitarity in N is simply &7S5 -85" < E while in J¥

3 T
1’t j.S yZ_ SX"( 53-/3 = Eﬁ SO(P ™

=0
The three fundamental theorems runs parallel to those of

the two body case.

T —_—>
(1) Uf) Uﬁ&) = 5«/3 Eg I Iy
3 +
(2) Z, Uf) Uf) = E-Ps = H~—HN
(3) H Ux&) = U(:J T, : He—>H

(*)
The singularity structure of U, has been well studied by

s s @) " Y
Faddeev. For «&=1,2,3 , <l Ug i) = YGa) (PR -

<Pidal K7D

- 4 2.3 (¥) S ~1
where L Piu] KS”N) = <Py B 1 P5> | B B +34 (r.15)
E, -E ) ' P Py
@ P %O B = K-
o] Bog | Piy = Bou(Puu 5 P 5 Eq1i0)
3

= -Z (G’vd(ﬁyigila-Z;ﬁ:‘i[o)

¥=t

- Bl Hm(ﬁﬁflc’sf,;iL’O))
£, ~E, 210

(z.16)



S A~ ~ L -
The vertex function qbv(w) is given by ¢Y(2,)=(7,er"+7€y)‘4’,(%),

For the 3-3 channel, we have the following,

273

s s o, . a o (D
A uo(t)l P> = S(P-F) §(-34) — <P 3 |Ko |PE>

- a,a >a ( 2127
where <Pz[/<:*)/p’q,'> = <Py T ;)IF v

E, -E. 210

3 - 2,3, ’ .
BEITYIFE) = 2 Map(FLsPE e210)

s aten A
Mdp(?iSﬁ'J'jt) = gxp J(?d—?\,f)[M + t4 (12.%4, % Fal)}

Z-Ey
b P (FLspasz) + W) & (R:PE52)
A 2-5, P

* .,
+ Gy (FT5 Fas %) % (B4

i—E,G
3 - =S * o2
* R p, (RoEG ) S (3p) (2.17)
R -Ey Z-Ef ]

) (4) %)
We should note here that B, , Hy and 7~ are the
physical scattering amplitudes of the o« to O channel, £

42
to o channel and O to O channel respectively.



Chapter II Spectral property of time delay

This chapter discusses the spectral property of time
delay. If one considers the scattering by a potential vV ,
then the spectral property is the statement that the trace of
the time-delay operator is proportional to the change in
state density produced by the interaction Vv . We give a new

and elementary proof of this result.

IT.1 Introduction
As a preface to our discussion of the spectral property
of time delay, we shall describe the known results for two-~
body time delay. The general abstract definition of time

delay first proposed by Goldberger and Watson?gs
¢, af) = Lim [ Mpen, PE) - ($0, PRGN A (0p 4y

Here W(t) is the exact time-dependent wave function which
asymptotically behaves as the freely evolving wave packet Pct)
and PAR) is a spatial projection operator Which is one inside
the sphere of radius A& . The function f specifies the

initial scattering state through

—-iHot
P(t) = e 5 (II.1.2)
and Wt is given by the usual formula
-iHt
y =e " n“f (I1.1.3)

It is obvious from eguation (II.1.1) that before the limit



R->= is taken that the right hand side represents the time
difference that the exact wave W(t) and the free wave <}5(t)
spend inside the sphere of radius R . Then (f;Qf) is the
time difference computed over all space. The problem is then
one of evaluating (f,Q&f) . Jauch and Marchandj)solved this
problem. Their result may be stated through the following
equations. Associate with (£#@F) the momentum space kernel
CPlalP),
£QF) = JHP <Plalpy ) AP AP/ (I1.1.4)

then (L conserves energy and may be written

s1a13n = O(EE)  a1g0e) P (I1.1.5)
Blalpy = S5 <Pla®@IFy

where we may think of 2(5) as an operator on a two-dimensional
Hilbert space [*() . The quantity }/9\ is of course the
unit verctor in the direction of i—" . The energies are £ =
P’/z/‘- and E_'=P’7'/2/A for reduced mass & . We associate with
the momentum space S-matrix elements a similar reduced oper-

ator 4(€) defined by

> (E E—) <PI'4(E) ’) (II.1.6)

Then the solution of this problem is given by the operator

relation on Lz(ﬁ) :
g(E) = -i4(e) L A(e) | (II.1.7)
de
The unitarity of 4(€) implies that the ¢(6) is hermitian on

[_.2 (,3) for each £ .

In the following section we prove that the time delay



has another physical meaning, besides the one given by its
definition equation (II.1.4). This result was first obtained
in an elaborate paper by Jauch, Sinha and Misra? The purpose
of the next section is to show that the statement of the _ -
spectral property may be obtained by a simple argument utili-
zing only a few elementary identites in scattering theory.
Jauch, Sinha and Misra take great care in analyzing the most
general case, where there may exist bound states in the scat-
tering continuum. We take the physicist's view that such
states will not occur in any reasonable physical scattering
problem. So we explicitly prohibit by assumption bound states

in the continuum.

II.2 The derivation
In this section we give an elementary proof of the spec-
tral property of two~body time delay. The proof rests on
two - well-known general features of scattering theory, viz.:
A2) = p@) = po ) T Nal2) (IT.2.1)
L) - () = Go-2) 1(2) pol#) N (20 ER,) (IT.2.2)
Bach of these statements is associated with a physical feature
of scattering theory: (II.2.1) is the definition of the T-ma-
trix operator; (II.2.2) is the operator form of off-shell
unitarity. Our proof also employs the weak restriction that
the off-skll T-matrix is differentiable in [p| and |7/ .
The Hemiltonians % and % +that appear in the resolvents
No(¥) and A(Z) are naturally assumed to be hermitian, having

a continuous spectrum devoid of discrete eigenvalues.



Our task is to compute the imaginary part of the trace
of the resolvent difference AR - ff) ., We first rewrite
this expression, L , as

I = 24 e B [A-A@)]) = B[ 20 - 2(E) = putnr + 2,080 ]

= LAl @) AR = 2L £(2)]
(II.2.4)
In the above equation, we have used Ao(i*)=)‘:/i'J and the
trace property to rearrange the order of operators. Equation

(II.2.4) is equivalent to

I=% ﬁ{[n,?(%*‘) R[4 + £ (2] +[n 2@ + M(D][AE) -1 /*)J_?, (II.2.5)
Now we observe that the definition of the resolvent (% =({,—Z)_l
implies

2‘%[ (Z-2) (), ()] = p22H —pl(z) (II.2.6)
where we set 2 = A+i¢ ,
This last identity permits us to write I as the sum of

three terms,

T =I,+I, +I =TI +ai OQ"‘IL (II.2.7)
where
I- é;a{j‘i[(itz)/z,(tm‘,(t*)]j[f(if)* th] (II.2.8)
1 = & 7 pda) [ £@D -l
= % ) [ ] (II.2.9)
L = 7 hn(o[ -4 )] ~ (II.2.10)

If one takes the complex conjugate of Z then we see that it
is the negative of I, . BSo as the last form of equation

(II.2.7) indicates it suffices to compute 'I/ and Hhn I, .

/0



The next step is to introduce the reduced representation
of all the operators. The operator T(££'52) will be that
associated with #(#) . The kernel of 7Z(g&52) gives its

precise definition. Specifically

CplTleeiz)|By = FEIGIABP)F(E) (II.2.11)
~ where the jacobian factor is

}'(5) = (auE)F , E= P o (II.2.12)
The reduced operators act on the two-dimensional Hilbert
space of L*7) . On this space we denote the trace by j% .
For future reference we note that the matrix element of T
is zero when either E=¢ or e'=o0 .

First we evaluate I/jn.the limit # - +0 . From

equation (II.2.8) we have
1, = B [de[d (ami) Sen)] Re T(EE5A=E0) (11.2.13)

This expression becomes after one integrates by parts and

observes that the surface term vanishes

I = ,gm-ﬁjagra T(EE 5 A-i0) /E:A ' (IT.2.14)
Turning to lﬁ'we introduce the off-dell unitarity relation
(IT.2.2) two times to obtain,
4 B 22 () (R-2%) £ (F) no(2H 2o (2) A2)
+ B () (15 2() 2,6) pul) x

x[£GH + (2h2) tle) rle M £(E)] (I1.2.15)

I,

i

1

Off-shell unitarity also implies
2%% AR = - ) rimAB) (IT.2.16)

Thus.quay be stated

/1l



I, = 4 £ & AE) ate) ) at)

A,
tL A fg,f ) (2% &) 2l 2l®) (%) (21 2) ol n0(2H)

(IT1.2.17)
In the limit m->+© this becomes in the reduced language
oo
A ; . 0( B .
A~ 2 ) ] 2 , .
g A foe [ [ 3 0]
X(-WL')ZJ[E’—A) (£, & ;;Lv'-/'o)a(s—)\)}

(IT.2.18)
Take the imaginary part of this,
2idm I, = -ami F Ae 2 T(E,F—,fk—fv)}[_;;\
+1( zvn',)z,{:‘, Do [;32 1‘(5,5,-:\—-[02] z(X, A/w/o) '
E =) (IT.2.19)
Bquation (II.2.19) may be also expressed as
24 I T, = g o e s T E AT 4
#i o) R | [Fr7lo2270)] T3 7o)
(IT.2.20)

Here the change in the second term is the result of the iden-
tity
A 2 . N
o = e ("“ "(5/5)‘1"0)/ - )t()";\'/lhoj .
% 2£ E=A (II.2.21)
This equation can be obtained from the unitarity equation in
the reduced space language.

.[d’f” 7(e,£5%) EE )

(657, ) - 2(552,) = R k) i ’
' ¥/ (E-%)) (£'-2,) (IT1.2.22)

Let 2,2t , EF27A-h /‘"01— and take the trace.

/L



” A n N oy o
(”*9“)/’{5/5 T(EE A ) T(ESE Au )

A . _ . . .
Lzl e5Av0) - I-(E.E;l-'O)) = e,
M (E"-2)* 4t

= -a7< //t\._ 'C(E,K;?\,-ffo)'E(/’L,E’;;\“lb)

(II.2.23)

Take partial derivatives with respect to £’ .
2 z(a,&r-10)

- .
,;‘:\1, (;3-,'&(6,6.';1+-'o) __9;."5(5,5:'71—-[0)) = (-amAi) fu T(e,A;A+0) 3¢
& JE (IT.2.24)

Similarly, we can obtain another expression starting with

o6 [}
(& E57,) - T(E,E122) = (% -2,) fo(zs” Tle 552 ) T(EIES 7))
) (E" %) (e"- %) (II.2.25)

and let #,=A-pw, #,=2a+% and P o .
3 ;ZE— (’E(E, EsA-io) — -1:(6,5’,7\4-"0))

. A . ,
= A7 o LT8R 2-70) T(A B, A+i0) (IT.2.26)

Now set both £ and £  equal to A for both equations
(IT.2.24 and 26), and then subtract one from the other.
A . .
2 f?g T(EEja+i0) —T(E,EIX"O))E:A
_ - 2 T2 T/(e, &5 A~rb) (XA A47O (IZ.2.27)
= -7 yEyA-10 TN .
Since ,-(:+(t) :-){;(;f") , the left hand side is an imaginary number.
Hence, the real part of thg’right hand side must vanish. This
produces equation: (II.2.21).
Let us return to the basic argument. Combining equations

(IT.2.20, 14 and 7) we obtain

A

2i I B [R(340) = p (AF0)] = -ami fe ﬁ‘iﬁa (X, A352-10)

+ < (2m) L, [dt(z,ﬂm-io) 7:(/1/1‘2-#/'0);
ar T (B1.2.28)

/3



The right hand side of (II.2.28) is related to the time delay
by noting that ¢ =20 , so £ 2(A) A Red) Using
the S-matrix representation of 2(*) and the representation of
A(X) in terms of the T-matrix,
A(2) = | — 274 T{X. A34+00) (11.2.29)
we have

e q(r) = _amA 2 Re T(AA;A-0)

a
AN _
—(;’.77')2/%:, oﬂm[ OLT(;;'L/;‘)Z”D)] t(x,A5A+0)

(I1.2.30)
Version (II.2.30) of ’E\i/l) together with equation (II.2.4)

allows us to conclude that
. A
2 g i [ A(2tio) = p,(ati0)] = i 3(F) (II.2.31)

This is the spectral property of time delay.

IT.3  The physical interpretation
It is appropriate to give an explicit physical interpre-
tation to the spectral property found above. Following Birman
and Kreins)we introduce the spectral shift function Alr)
The exact and free Hamiltonians have a spectral representationé)
given by
L= [adetr), % - Ja den
(II.3.1)
Here e(A) and 6€,(n) denote the spectral projection operators
for 1 and ﬁo « In the continuum, i.e. A>0 we define

A(A)  as
AR = i [e) - )] (11.3.2)

/4



The spectral shift has a simple physical interpretation.

Suppose for purposes of discussion that we were considering
a quantum problem with box normalization and boundary conditions.
In these circumstances the continuum is absent and v 8(%) is
a finite positive intrger that is equal to the number of eig-
enstates with energy less than A . Here ,Z:[e(a)—ec(;\)] is
the excess number of eigenstates created when the perturbation

=4 -%, is turned on. So, A(X) is a definition of this
excess number of states and the definition remains meaningful
even when we remove the box normalization and the continuous
spectrum is present. For the continuous spectrum case, of
course T €.,{1) and K e(A) are both infinite. Thus if we
form the derivative g%LAT@ it has the meaning of the change of
state density at energy A due to the interaction 4 . For

the resolvents A® and A (2) equation (II.3.1) allows the

representation

pe) = [(-2)" dek) , it #o (II.3.3)

‘_ ~! !

re) = [(A-2)"der), .z #o (I1.3.4)
For any state gé in the L) Hilbert space one has
(B, I [nlrtipe) —p(atip)] &)

= [fof—Lt— ] AP, [e) -] B) ,x
f [A"‘ ' Ry (1I.3.5)

Taking n-0", give us

(&, dm[r(Ati0) = p,(avio)] §) = ﬂfli (#,Let)-em]P). (11.3.6)

/5



2,5
Suppose now {5@; is a complete orthonormal set in L (P), then

if we sum equation (II.3.6) over n for each %m we have

y V!LM[/L(M“O) —-/10(A+:’o)] =71 %A/)\) (I1.3.7)
Thus, from (II.2.31) we deduce
Boqr) = zm L (I1.3.8)

From a physical perspective this means that Zziﬁl)is a remar-
kable object. As indicated in the opening discussion it is
known that <p/2()If) gives the physical time delay for an
incident plane wave. Equation (II.3.8) shows us that 2(2) has
a second, very different, physical meaning ~ namely the change
of state density due to the perturbation. For example, it is
because of the state density of 2(A) meaning that it enters

the theory of statistical mechanics and the computation of
virial coefficients for dilute gases.

From the spectral property of gﬁgjj is a short step to
the time delay version of Levinson's theorem. For a spheri-
cally symmetrical potential, we can project %2/A) onto a angu-
lar momentum subspace as 94(R) . The spectral property in

this subspace bears the same form as (II.2.31)
2 I B [aA+0) ~Ro(A+A], = g/ () (II.3.9)
The function JZ[n[zw%)—Adg+49J} is an analytic function of
Z in the cut plane excluding the positive real axis. This
function has simple poles at the bound state energies of 4 .
We apply Cauchy's theorem to a contour which is a circle of
radius R centered about the origin of £ and running along

the real axis so as to exclude the branch cut lying along the

/6



positive real axis. The contour has separate small circles

about each simple pole of 4 [a(z '/M%)JA « Then

,t[/).(t)—/lo(?:)]/e A% =

e (2) (IT1.3.10)
It is easy to show that
/2] /ﬁ[/l_(%)‘/za(%)l&/——?o (IT.%.11)

uniformly as [z2/-»e . So when R->% the contour at infin-

ity vanishes, thus (II.3.10) gives us

(Tai dn b [2(240) - p (n+i0)] d A+ amiNg =0 (I1.3.12)

where N, is the number of bound states of angular momentum-
AL , including degeneracy.

By applying the spectral property (II.3.9) one then has

ﬁmzﬂ{l) dr = - 27Ny (II.3.13)
This is the time-delay variant of Levinson's theorem. A sub-
stitution of Zg(A) = zl_%’f) in terms of the phase shift g (&)
one recovers the familiar form of Levinson's theorem.

Jol6) = S (200 = AT (II.3.14)

An attractive aspect of this statement of Levinson's
theorem is that we may understand the theorem as a relation
between two observable quantities - time delay on one hand and
the number of bound states on the other. Note also that equ-
ation (IT.3.13) predicts some striking general results concer-
ning time delay. Consider the case when at some energy £ = E
there is a long lived resonance. In the energy region around

Es s 340 is very large and positive. In order for (II.3.13)
to remain valid, what must happen is that in other energy

regions away from él there will be an increased time advance.
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In the situation where the potential has only a finite
number of partial waves, one could sum over all the angular
momentum states and arrive at a Levinson's theorem for the
entire space,

J; Zo §A) AR =2 TN (II.3.15)

M
where N = 15:, N and M is finite.
(73}
For a general potential however, the Levinson's theorem

must be modified.
"Iz R AA = TN
f;[ﬁ@m + 2 (%) 7;:’} = -2 (I1.3.16)

where - = [d¥ vi(%) . Mathematically, the difficulty
lies in the vanishing of (II.3.11) as [z e ., An infinite

sum of partial waves would not vanish, i.e.

N 12/ 1%( /,t.[/l(i') —Ao(-z)]/,_[

[2[20
= P Lo [ [f[a® -2@],| = O

B e /'u 1{ (IT.3.17)

However,

s (6 - ol
I%A:oo ,€2=:/ /z[/,t,[/ta M%LI

75 :{ Lo /g///{:[/l(*)—'ﬁo(?-)]}/

A=t [#-=

(I1.3.18)

and hence, would not vanish. This necessitate the modification

in (II.3.16).
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Chapter ITITI U and W functions and binary kernels

In this chapter we give a summary of the methods employed
by Kahn and Uhlenbeckqgn investigating the quantum virial
coefficients. This will serve as an historical background to
illustrate the character of our derivation in the coming chap-
ters. Since the bulk of this thesis is concerned with the
three body problem, one must necessarily project onto the N-
body problem (N >3) from the three body solution. The method
of Kahn and Uhlenbeck provides a proper basis for such a pro-
jeetion. In particular, one can perceive why the problem of
disconnectedness is absent in the two body case but present in
the three body case, and also how it can be handled for N >3
cases.

Even though the Kahn and Uhlenbeck method are exact, they
are not very useful for actual numerical calculations. Many
workers seek approximatians from the theory in order to calcu-
late even the third virial coefficient. The binary kernel
method by Lee and Yané? which we shall illustrate, is a well
known systematic method of approximation. Otherwise, the theory
of virial coefficients has not progressed much and are gener-
ally taken as complete.

In terms of time delay, we have found a new theory for
virial coefficients. We shall establish in chapter IV, on a
rigorous operator level, the simple functional dependence of
virial coefficients upon time delay. In the next chapter,

through the Cayley transform method we verify the calculation
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using kernels and integrations. We illustrate the internal
structure of these virial coefficients from which we hope, one
can make new, and may be better, approximations.

To be consistent with the rest of the thesis, we only
illustrate the simple case of Boltzmann statistics. Bose or
Fermi statistics can be treated} accordingly but the complication
only tend to confound rather than to illuminate the physics of
time delay.

We follow the standard treatment and introduce the W, and

U, operator functions.
W, = zxp. -pHy (Z. 1)

where Hsx is the full N particle Hamiltonian. The partition
function is simply Q, = 7 Wy . To obtain the/logarithm of
the grand partition function 5?_, in a simple form, we follow

a procedure first introduced by UI'sell(r and by Mayezfofor classi-
cal statistical -mechanics and by Kahn and Uhlenbeck for quantum
statistical mechanics.

One defines U, functions by

Krfwify = Ll
G| walney = < lUDY Ul + izl Ul ney
n2is | w2,y = julD <RIz ZIUIL
EADREEIEA DL
RV RV R
+ (3| U, |3) <nr| Uz
+ (1%, 3'| UJJI,Z,3> (. 2)

es e e‘bc.
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The numbers 1,2,3... in the bra and ket vectors denote the
complete set of coordinates of particle number 1 and of particle
number 2, etc. The subscript N in W, and U, denotes the

total number of particles involved. We can already see the
significant difference between W, and U, . UN is the part

of W, which is not (a) contributed by the free Hamiltonian

alone, l.e. <|\ &J'> <Z'}U1R> R <N'l U, I N>

N \n;‘"\o
which is {52 N'| Wyl 2, N> if the potential vanishes and

H., = H, ; (b) disconnected by having one group of particles
N N

interacting within the group only, e.g. <!'|U [ty (2:3"|U,]2 3)
where particle number 1 never interact with 2 or 3. Following

standard treatment, one arrives at
l N
/&n 92/ = /&» o NI QN?
0 lad A
- 2 _ r
= & 0 & £ 2!

Mg

where the virial coefficients lg,_ is expressed directly in terms
of U,t .

We pause here to state that we have not dealt with the
theorems of Lee and Yang concerning the volume dependence of kc'
Our studies involve macroscopic finite volume large enough for
the cluster integrals to be essentially the same as those com-
puted at V —> e ., Specifically, any macroscopic A will
make P(R) close enough to unity for our calculations in the
following chapter.

To further our discussion, we introduce the diagrammatic

method of Lee and Yang and their binary kernel expansion.

=y



The operator function WN = Aop. -3 HN , H,,, = H:;"‘ VN can be
expanded in terms of W, = 4xp.-gHy and Vi .
W, (B = W (B + ff Wy (p-p') (=Viy) Wi (87 4’
- _/6,60('/6/ ja/e;(/@// W;(ﬁ'ﬁl) (- VN) W,;(/-%I—ﬂ”) (_ VN) WN (ﬁ”)
+ . .. (ﬂ.{l-)

We represent the first few W, (/5) in figure III-1, diagrammati-
cally. The horizontal lines represent (-Vi) and each vertical
line represent one particle. The length along the vertical
lines represent A and the integration variables ﬁ’, /8”, 38"
..oetC.

In these diagrams, the contribution from the free Hamilto-
nian are the diagrams without horizontal lines (i.e. no -Vy ).
Disconnectedness is rather self-explanatory. It describes
diagrams where at least two groups of vertical lines are not
joint to each otherby any horizontal line. e.g. the 2nd, 3rd,
4th and 5th diagram of W;(B)., In terms of these potential
diagrams, the UN'éf have a simple meaning. Uy is the sum of
all "connected diagrams" with N vertical lines each of length

A .+ We can now introduce the binary kernel as a particular

way of summing these connected diagrams.

’ ' ’

"z 4 ' / 2

1

5(/5;/.2,) =

/ 2 i z ! Z / 2

A new set of binary kernel diagrams can be drawn to represent
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W, () =

"

-~

VVZ. (/B) = Vel T R
| |7l
' ¥
A
', zl 3 " 3 ’
W3 (ﬁ) = + |—‘
/ 2 3 2 3
M2 g FAR N
+ +
/ 2 3 3
Figlire IIT-1 Potential diagrams
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L}N as in figure III-2.
We can also define the binary kernel as
Bla; h2) = ~Vige Wa(B) = -V, aap -pH,
The binary kernel A(@;1.2) could be solved from the two body
problem and will therefore, provide a way of approximating all

virial coefficients in powers of [ . For example,
U, (B) = Jﬁd/s’ W, (p=a’s 1) W (B-£"52) BLA s 122 (I.5)
2 o

LJ,(B) = Jﬁot/a’ fpd,e" W, (pa"51) W, (p=p'52) W (p-p'53)~
3 ’ ) I
B(a-p"s2,3) B(p"31,2) W (B 53)

pl ’ ’, N n X
+ J?aﬁﬂl dg" W, (g-8"51) W, (p-B32) W (B-p"53)
Bla-s"51,2) B(B';2,3) W, (B3 1)

+ four other terms of order B8°

+ terms of higher orders in 5 . (m-6)

In concluding this chapter, we must state explicitly the
couple of physical aspects that this theory does not provide
for. While it deals adequately with the obvious problem of
spectator particle (disconnectedness), it cannot allow for the
possibility of bound states and hence, channel structure in the
various virial coefficients. It also bypasses the problem of
rescattering singularity. Both of these problems are solved
in the time delay theory of wvirial coefficients in the follow-~

ing chapters.
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Figure III-2 Binary Kernel diagrams




Chapter IV Quantum theory of virial coefficients

This chapter presents a general quantum theory of the
higher virial coefficients. The objective is to derive from
first principles the equilibrium statistical behaviour of an
interacting N-particle quantum gas. A brief summary and phy-
sical picture of our problem is helpful. We shall not impose
any restrictions on the strength of the interactions, if
attractive enough, are free to form two, three or n-particle
bound states. The formation of these stable clusters is the
creation by the interaction of species types in the gas. The
equation of state for such a system is one such that there
are collisions between elementary constituents and clusters.
These scatterings will involve pickup, rearrangement, breakup
and elastic scattering. For equilibrium these various possi-
ble outcome of the scattering process occur at rates such
that the fractional amounts of thevarious species types remain
constant.

The system we consider is N (2'1023) distinguishable
particles having identical mass m. We restrict the statistical
character of this system to that of Boltzmann statistics.
Consequently effects arising from the symmetry of the N-part-
icle wave function, such as exchange phenomena, are omitted
from this analysis. While we believe this restriction to
Boltzmann statistics can be relaxed, we impose it because our
bagsic aim is to find which aspects of the physical scattering

process control the thermodynamic behavior of the system.
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Our study employs modern few-particle scattering theory.
This theory does not yet exist for long-range Coulomb forces.
For this reason we must confine our treatment to forces that
fall off faster than the Coulomb force. Aside from this one
physical restriction, our interaction may be quite general.
For example, the theory remains valid for interactions that
do no obey time reversal invariance or conserve angular mome-—

ntum.

Iv.1 Introcuction
Let us outline the basic investigatory tools we will
utilize. Assume that \ is the volume and | the temper—-
ature of our system. For /3=;ﬁL the grand partition funct-~

ion is defined in terms of the fugacity £ Dby

(-]

N -phH
2(Vre) =5 A e ™ (IV.1.1)

y=1t NI
where Hnx is the exact Hamiltonian for a N-particle system.
The trace is taken over the entire N-particle Hilbert space
without the imposition of any symmetry restrictions. It is
the absence of symmetry requirements that identifies this
system as one governed by Boltzmann statistics. Of course,
R is the Boltzmann constant.

Urselfodeveloped a cluster expansion for this system
which leads to a second form for the grand partition function
given by o .

20070 =aep VE 0R!]

L=t (IV.1.2)

The key quantity in this representation is the coefficients
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by ~ the A+th cluster integral. . If one expands both forms
of éL and equates the coefficients of the different powers
of z then simple trace definitions of QL results. For exam-

ple,
—A3H -3
b,=-’\;77meﬁ‘ = A (IV.1.3)

oda
where A = (KZJF7%1&774. The quantity A is the thermal
wavelength of the particle mass m. We shall be especially
interested in the cluster integral for two and three particle

systems. Equations (IV.1.1 and 2) imply

3) -, -

In this formula the center-of-mass motion has been extracted
leading to the factor of Zf%‘ﬂ: . So the trace ranges over
just the relative motion degrees of freedom of this system.
If we denote the interaction by v then R, is the free two
particle Hamiltonian and h is the fully interacting Hamilt-
onian R=%,+V . The temperature dependence of b, will not

be exhibited. The formula for third cluster integral is also

found from equations (IV.1.1 and 2). We have

B 3 _aH _RH,
133-—-_-_3_372[6’/3H_QFH°, Z(eﬂ"‘—e P >}(1v.1.5)

31X A=l
The quantities H , Hq and I4° in this formula are three-
body Hamiltonians.

In this formalism, once we have an explicit form for the
cluster integral bz then the grand partition function and the
other thermodynamic properties of the system are determined.
For example the equation of state ;s

!

PV = NAT L ap (I7.1.6)
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where A is the particle space density ’V/V’ and the @ 's

are the virial coefficients which are determined in a known
-2

way by the cluster integrals, i.e. &, =1 , az==~bzb, ,

-J
a; = 4a, -2b b , etc. A systematic feature of these Ursell

cluster representations is that the nth

nJGh virial coefficient involves only n and fewer particle .

cluster integral or

effects.

A1l studies of higher virial coefficients begin with
these Ursell formulae. The task confronting successful theory
is to evaluate these cluster integrals l& , in terms of scat-
tering quantities, The analysis given here relies on the time
dependent form of few particle scattering theory found in
Faddeev'g work. More specificially, we shall base our solution
on the properties of the theory of few particle time delay.
The key feature of time delay phenomena will turn out to be
the spectral property of time delaf? T1llustrative of a succ-
essful determination of the quantum virial coefficients is
the solution for the second cluster integral found in 1936 by
Beth and Uhlenbecﬁnand independently by Groppef? These authors
find a closed form expression for this virial coefficient: in
terms of the phase shifts for two body scattering. Our goal
in this paper is to find closed form expressions for the higher
cluster integrals.

There exists a large literature on this problem and the
approach outlined above has its antecedents. First Smitﬁ?and
later Bedeaui”have used the time delay approach to attempt to

solve the virial coefficient problem. The reason the work of
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these authors must be considered incomplete is that they do
not treat the few~ body problem realistically. Not considered
by these authors are the new physical phenomena occuring in
the three and N particle scattering problem that have no para-—
lell in two-particle scattering. These phenomena are - the
existence of stable subeclusters, disconnected scattering pro-
cesses, pickup, rearrangement, and breakup collisions, and
rescattering singularities in the on-shell three~to-three S-
matrix. Only the modern scattering formulism of the type
developed by Faddeev treats these features adequately.

A parallet to this one is also developed in the literature.
A direct attempt to evaluate the virial coefficients in terms
of n-particle phase-~shifts or S-matrices has been carried out
by Dashen and collaboratoré? by Larsen and Mascheronf? and by
Buslaev and Merkuriev?) Where appropriate we discuss where
these two separate approaches coalesce. We should also point
out several other prior attempts to introduce Faddeev's equa-
tions into the problem of determining the higher virial coef-
ficients. A beginning in this direction was attempted by
Reinef? Baumgartfoand Gibsons) None of these authors had the
theory of few particle time delay available to them, and partly

for this reason theilr results are largely inconclusive.

Iv.2 Second virial coefficient
This section gives a determination of the second virial
coefficient. Although the physics of this case is well under~-

stood it is nevertheless constructive to present our approach



for this limited problem first. Here one can clearly see the
pattern of the derivation in a context simpler than for the
n-particle case, Here it is easy to identify the sensitive
mathematical features of the derivation. Finally, it is inst-
ructive to compare the two~ and few-body solutions. We shall
show that knowledge of the spectral property of time delay at
once leads o an evaluation of the second cluster integral.
Thus the central result of this section is a direct proof of
the spectral property. In contrast to the method used in
chapter 1I, the'calculation here offers a generalization to
the three body problem.

Through out this and the next section, we shall adapt the
scattering theory notation used by Faddeev. We shall need
more details than appeared in chapter II. The Moeller wave
operators, Ljﬁa represent the exact solutions of the Lippmann-
Schwinger equation. The wave operators are isometries on the
Hilbert space Lf(mf). The coordinate occuring in the square
integrable functions of this space is the interparticle sepa-
ration vector. The identity on L[2(R’) we denote as & .

Then the Moeller wave operators and their adjoints satisfy

the three fundamental identities:

U(:‘:)+ U® = e (IV.241)

U&.) Uct) + P =—e (IV.2.2)
£

hUu® = U”ho (IV.2.3)

The (=) superscript demotes the solution with outgoing

radiation boundary condition satisfied. The (+) indicates
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an incoming wave condition. The first statement implies wave-
function probability is conserved in the scattering process.
The next statement provides that either L)H)or (JGO are a
complete set of scattering states. The last statement tell
us that the exact scattered wave L}H has the same energy as
the incident plane wave., The validity of these three identi-
ties has been studied for a wide variety of assumptions on the
two body potentia{? We shall not be interested in studying
the broadest possible class of potential for which our results
remain valid, On the other hand we want ‘o establish the spec-
tral property for a class of potentials that are not felt to
exclude any physically interesting cases, To this end we
asgume the potential
ve LR N LR (IV.2.4)

With this assumption then Katgvproved equations (IV,2.1=3).
It is at this.point that Coulomb potentials are excluded from
our study. The physical limitations that condition (IV.2.4)
imposes on the potential are that local and infinity behavior
are controlleds Thus v &L requires that V(%) vanishes
faster than lil—a_a at infinity, for some &>0 . The mem—~
bership of v in L* confines the local singularity to be like

[2!ﬂ§+8 e The form in which we state two~body scattering
theory also presumes that the constituent aprticles are spin-
less, Including spin involves only an extension of our nota=-
tion. We have chosen to impose this restriction in order
that the presentation of the analysis be simplified. Finally,

we note that we will not assume that our interaction v sati-
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sfy either time reversal invariance nor that it conserves an-
gular momentum, Of course it is necessary that " be herm-
itian,

Now let us recall the definition of time delay. We con-
gsider the time evolution of two related states of the system,
Associated with each F&L'(R)) we have a 'freely' evolving
system given by &%) =exp.(-iht)f ., This state @(t) does not
feel the effect of the interaction ¥ Dbetween the particles.
Related to ¢(f) is ‘P(f)=e_j'htUHJc e The state W®) is the
exact scattering state that coincides with @(t) for times

long before the scattering, vize.

Livg, W0 -F) | =0 (IV.2.5)

Next one introduces a projection operator P(R) that is related
to the spatial separation of the two particles., Choosing x
to denote the vector separation of the two particles then
PR) £(%) is equal to zero if %] >K and equal () otherwise.
Thus P(R) defines +the projection onto a sphere of radius R
centered about the center-of-mass vector for the two particle
system., For each of our evolving states t) ang Y&) there is
a quantum mechanical transit time, The probability of having
Y(t) inside the sphere is (Y& , PR) Hu(t)) e Thus the transit
time of Y{) is JZ“P&), PR) Y#) At , The corresponding transit
time of the free wave is 5:(95(“-), PR)$et)) dt | mme aifference
of these two real numbers is the definition of time delay for
the incident state specified by the function f .

This time delay is in principle an observable feature of
the scattering process. The remaining task of pur definition
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is to specify the hermitian operator that must be associated
with this observable, This task is traight forward, As given
above, the time delay for sphere R and wave packet #F is

given by the expression

B - P(R) P)] dt
J_E(\P(t),P(R)LP(t) (P, PR)PE)] d (17.2.6)

If the intertwining property (IV.2.3) is used,then all the time
dependence in imner products may be written in terms of e'Lh°t .

Thus expression (IV,2.,6) can also be stated as
T ihotp oF - -ihot
(f, QR F) =I(J",e [U? PRU™ -PR)] e " F) dt (IVe2.7)

where QR) is the operator whose diagonal matrix elements
gives the value of the observed time delay. By doing the time
integration we obtain a delta function in energy. Thus we are

led to a useful kernel representation of Q(R) ,
(f,0R)f) = Jf*(ﬁ/)i(,%%_)—@lli(s'&)lﬁ) flp)apdp’ (1V.2.8)

where ¢ (ER) 1is an operator acting on [*(f) and is determ—
ined by .

(?Zq(ﬁ,ﬂ)[ﬁ} = 2TMP<I3[U(-) P(R)U(—)—F(R)l?'> (IV.249)
In both of the equations above, energy and momenta are restricted
by the on-shell condition £ = FZ/,Z}’- e The symbol M stands
for the reduced mass of the systems. Eventually we shall need
the time delay for all of space.s This is obtained from equation
(IV.2.8) by letting R->° . We shall denote the kernel
associated with this limit by <P/ 4®)|[P> . It is given by

Lo (£00)¢) = [#5)S
R>

,f.',f L <p[gl)py FIP 4B ¥ (IV.2.10)
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For most of our purposes we shall only need the definitions
stated in equations (IV.2.7-10) More extensive discussion of
time delay in the two-particle case are found in references
as -30
With these scattering theory preliminaries complete let
us return to the basic problem of evaluating the second cluster
integral. We need to compute ﬁ(e’ph~ e_ﬂh") . Both Hamil-
tonians h and h, define resolvents for complex energies £
by  Nz) =(%-%)" and Jo(2) =(‘ﬁo—i)—l o The resolvent /i(z)
is comnected to the statistical operator e"etL by the Watson
'bransfonhg')which tells us that,

e Fh = P e P p) dz (IV.2411)
where ( is any positively oriented contour in the complex
plane that encircles the spectrum of £ . An identical form-
ula holds for %, and M) o The spectrum of R is restricted
to the real axis of the % plane consisting of all the positive
values and isolated negative values where f has eigenfunct-

ions. The spectrum of L, includes the positive real axise.

Thus the cluster integral has the form

2 -R%
= _ 2% i 2) - N ) dz
If we let the contour approach the real axis the integrand

becomes [ JmT/L{/z(Hfo) —/zo(E+«’0)) o So the determination of
this later quantity becomes equivalent to the solution of
cluster integral problem,

The spectral property of two-~body time~delay theory is

the statement that
35



’ ) A
2 dae To [A(e4i0) = pre+io)] = Figle) (IVe241%)

for positive E o+ The trace of ¢(E) is that appropriate for
the Hilbert space ¢(t) acts on, namely L*(P) . It is easy
to show that the left hand side of this equation has the inter-
pretation as the change of state density in the scattering
system produced by the interaction v =R-%, , Thus equation
13 tells us that this state density change at energy E equals
the total time delay for that same energy. Clearly, establish-
ing the spectral property is equivalent to solving the cluster
integral problem., Several proofs of equation 13 exis%ﬂfé;{aich
employ the S-matrix. Here we intend to establish 13 directly
without reference to the S-matrix and in such a manner that
the analysis- is also successful for the few body spectral
property. We shall assume only that the hermitian potential
vV obey condition 4. The demonstration of equation 13 will
rest on the scattering theory structure, equations 1-3, and
on elementary properties of the trace and the continuity of
of +the projection operator PR) in the variable R
To begin we note the definition of the trace of an oper—

atorgr) Let g@_}‘lm be any complete orthonormal set. Then a

bounded operator A is trace class if and only if the sum

z (B, 1Al &) < oo ' (IVe2414)

Here [Al is the absolute value operator related to A by
)
A= (AT A )/2‘ o« When A is trace class the trace is defined
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by
A =2(85.A8) (IVe2.15)
The sums in both equations 14 and 15 are independent of the
choice of the set {54} .
Consider the operator PR) used in the definition of
time delay. This operator is a projection which means
P(r) = P2(R) = P'(R) (IV.2.16)
This operator converges strongly to the identity €& as
R—> o0 o+ We establish in Appendis A that it is a general
feature of any trace class operator A that the trace Ta PR)A
is uniformly convergent in R  so that it is justified to
write

_ , = fes P(R) A
TA = Ta ki, POA = Lo T (1V.2.17)

We shall use the right member of the above equation to calculate
the trace of our resolvent difference.

Let us find the trace of the resolvent difference occur—
ing in left hand part of equation 13. Appendix A shows us
that when YV satisfies condition (IV.2.4) then the operator

C  defined by
¢ = a2 -2@) —n® + NG (IV.2.18)
is trace class, Thus we may employ equation 17 to calculate
‘che/‘brace of ¢ . In particular we note that P(R) (2, '/l:ﬁ))
and P(R)[/l[i) —-/éf(t}_} are both trace class for R<e and
dmZ2 >0 o This fact is also established in Appendix A,

So we may write
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T PR C = Ta PRt -ple)] + Th PR [ -]
(IVe2019)

Consider the trace on the right hand side of the above equation,
using the Hilbert identity
.r
) - AT = (2-2) AR (IV42,20)

we may write this trace (without the factor Z-2 )

Ta PR [ MR]PR) = Tn A'R) AR)A(2) (IV.2.21)

The last form has utiiized the cyclical invariance property
of the trace and the idempotent property of PRR) . Now insert
the form of the identity e that appears in the asymptotic
completeness statement equation 2

o T
T 2y PRy = TA[U°U + P [ ') PIROAE) (IV.2,22)

. L
T U U amP@ae) = Ta pd@ UCPRU o) (IV.2,23)

-
Equation 23 relies on the intertwining feature of U . me
remaining term containing the projection operator P,  can be
explicitly computed, The general foxrm of this bound state

projection operator is
N, x
po= 2z S ACIR (IV.2.24)
,‘:
where {4@} are the N, bound-state eigenfunctions of . with

¢
eigenvalue —%X; , viz.

A (IVe2425)
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Consequently,

Moo, PR) W)

7;‘- Pb /?-T(i') P(R)/’-(t) = LZ:" I%Ll ‘f‘i,L

(IV.2026)

Collecting the results of equations 18, 19,23and 26 leads us to
24 ImTn (/L{t‘:)'-/?-,,(t)) = 24 P 2 % (1% 2]%) K
b fom T 2wz Inals] [USPR)US - PRI
R (IV.2.27)
where [/Lo(i)li= rEerz) .

The diagonal integral form for the trace may now be intro=-
ducedo This form of the trace is allowed since the two operators
in the right member of equation 27 are both of the form ATA
where A is a Schmidt operator (see equation A.4 of +the
Appendix). Specifically A is either PR  or PRIUT A
As discussed in the Appendix it is easy to show the first of
this operators is Schmidt-class., That the second shares this
property is the consequence of P(r) U(—)/zb(%) = P(RON(E) UH. Again

PRy ~2) is Schmidt-~class and the isometry UH is by define
ition a bounded operatore. Thus (cf. property iv in Appendix)
we have that P(R)U7A®  is Schmidt-class. So for the last

term on the right of equation 27 we may write

7 : o - a s
%:“:;, faqf;%)zmt B lUCPRYT - PR)| P> AP
= dowm (2R L Foo(elR)dE
R-200 f., (f -EN*an* AT (17.2.28)

Here we have set 2 = f +4% o A change of variables with

g = ?'%/ca.nd the use of representation (IV.2.,9) for the time
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delay operator in sphere R gives 28, The definition of

in equation 10 permits us to express equation 27 in the form
24w TR [Rle+in) —p(e+in) ]

Na . - .
= LA v (2 L fgE) de IV.2.2
L= l?‘,;‘f'E-I-,i'r”" { (E‘E’)z‘f?’lL o ﬁi ( 9)

The last step is to take the limit n—=>¢ . In this case
the first term on the right hand side vanishes for E > O
and the Y dependent part of the E' integrand becomes a
delta function giving us equation 13. This completes the
demonstration of the spectral property.

As claimed we have proved the spectral property without
reference to the S-matrix, The derivation above only employs
the fundamental scattering theory structure, equation 1=3 and
the definition of time delay stated in equations 7-10. The
spectral property is seen to require neither angular momentum
conservation nor time reversal invariance for its validitye.
Now that equation 13 is eatablished we may combine it with
expression 12 to give us the time-delay form of the second

cluster integral
Ow

1% N ﬂl% -BE A
2 PIFE Ze *3”;—{6 /t“(‘l(E)AE

L=

(IV.2.30)

This formula manisfestly tells us that the scattering contii-
bution to the second virial coefficient is entirely dependent
on the timedelay. All other independent information about the
two particle collision process does not affect bz ‘o

The above formula also provides us with a precise under—
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standing of the physics of the virial representation of the
equation of state, Following an argument of Bar-Gadda, we
write the virial equation of state (neglecting the boundstate

terms for the moment )
PV = NﬁT‘{: - (&= e“ﬁ‘:’ﬁi(f)dﬁ) AP+ ; (IV.2.31)

Assume that VV and T are held fixed. ZEquation 31 tells
us if jlz(ﬂ;n: then the pressure is decreased relative to the
ideal gas law. This makes good physical sense since ,ELi(Q >0
describes the situation where the two particles scattering at
energy E may stay together longer than could free particles
of the same incident energy. Thus the interaction is effect-
ively creating extra space for the particles to exist in rela-
tion to free~particle dynamics. Stated another way, we can
say that an increase in time delay will result in a decreased
flux of particles striking the container wall, thus decreasing
the pressure. This interpretation is valid independent of
whether the underlying dynamics are classical or gquantum mech-
anicse In fact, by studying time delay in a classical collision
Bar-Gaddéﬁwas able to find the classical approximation to
equation 30,

Consider now the role of the S-matrix in this problem,
Tt is well know " "%mat 9(8) may be expressed in terms of
the on-shell S-matrix 4(¢) . The energy dependent operators

A(e) act on the seme [(f) Hilbert space as ¢(€) and are defined

by

F|81p) = —‘S—S—i_’—;i)— (P AC) | B | (IV.2.32)
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»
where S = UH) UH (IV.2433)
Capital zS is the standard energy independent S-matrix.
Equation 32 defines in terms of S the kernels (F'|4@Ip> .
This in turn defines the operators 4(¢) . The S-matiix
expression for 4() is

= -4 2L
26 = i &) 2 40e) (T7.2.50)

We can, at this point, insert representation (IV.2.34) into
form (IV.2,30) for the second cluster integral and obtain an
expression which employs the on-shell S-matrixe This form of
the cluster integral representation is the one sought by Dashen
and collaboratoré? There the point of view is taken that the
S-matrix contains all of the physically available information
about the collision process, and counsequently the second and
higher virial coefficients must have representations containing
only the S-matrix., The time delay solution is, of course,
consistent with this requirement. However, this time delay
solution has the added advantage of explaining the physical
mechanism of how the non-ideal gas law behavior occurs. From
the point of view of convenience we concede that at the present
time the easiest way to compute is to use the S-matrix
forme In fact if we impose rotational invariance on the inter—
action VvV then () acquires the familiar partial-wave

form
’ :z,éét(f)

' A T at+ 2%

where §(f) is the 4™  vpartial wave phase shift. This then
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implies that

2 = a2l iy 45
A 7% A=0 2 % (IVe2436)

A

The phase-shift representation of f?(E) may be inserted in

3
equation 30, This gives us the Beth-Uhlenbecﬁ)solution,

Noo pog T _gE
bL=-J%zZ_e ‘+—7'?fe"'8§(u+l)0£§1f£_)ats
N o[ A=l o AE
(IV.2.37)

One feature of our solution equation 30 is that it remains
defined even when angular momentum is not conserved and the
phase shift is indefined. This later feature becomes import—
ant in the third cluster integral where for three-body breakup

amplitudes no phase shift representation is known to exist.

IV.3, Third cluster integral

The aim of this section is to explicitly evaluaté the
third cluster integral in terms of the three~body time delay,
The central result and idéa of the previous section that the
two=body time delay controls the second virial coefficient
entirely is of limited use in statistical mechanics unless this
idea has a wvalid extension for all the higher virial coeffic-
ients. The difficulties in finding a solution for the third
and higher cluster integral are substantially larger than for
the two-particle case because the problem of the few-particle
collision has a richer physical structure. In particular, the
full multi-channel structure of composite scattering processes
is now present., We have pickup, rearrangement, breakup and

elastic scatterings. New technical features also arise such

¢3



as disconnected processes, off-shell T-matrix and the rescat-
tering.singularity. A valid analysis must acknowledge and
cope with all these features.

The solution we give here parallels that presented in
section IV.2s, The central device is the statement and proof
of the three—=body spectral property. As in the two-body case
we define here a three-body time delay ﬁalid for multichannel
scatterings In a broad sense the trace of this time delay
equals the change of state density produced by all the non-
asymptotic interactions. We shall presume that each two=body
interaction is such that it produces only one bound states
This assumption is trivial to relax but affords us considerable
notational simplification,

The first preliminary is to recount those features of
time dependent three~body scattering theory that our proof
utilizes., By in large our notation, except formomenta, exactly
follows Faddeev? We shall use Jacobi variables 5a ’ 3; to
describe the spatial coordinates of the three-particle system.
These six degrees of freedom completely specify the orientation
of the three particles relative to the three body center of
mass position. The variable &4 is the vector separation of
particle o« from the center of mass of the ( 8 , ¥ ) cluster,
The remaining independent coordinate variable g} gives the
vector separation of the constituents of the « cluster = namely
the spatial separation of particles e and ¥ o The canonically
conjugate momenta related %o ;\/-,,( and ga are denoted by ,—D:(

and éd « The momenta }i specifies the relative motion of
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particle o and cluster of o Let MMy be the masses of our

three particles, then n, ='md01d”%%ém*ﬂﬂ@)represents the reduced

mass of particle o« and cluster & o Thus the kinetic energy

of this relative motion is P /27 , The internal momentum

of the fragments of cluster « is just é& o Cluster « has

reduced mass /Q:=”%mqﬁy+m1 and a kinetic energy given by
1:/@M¢ o With this notation the free three particle kinetic

energy Hamiltonian is

I3 4 T ?
S R 7S /AR UL
H° T " 2y Am, T am, Iy (IV.301)

Clearly H, is an invariant independent of which of the
three Jacobi systems we choose to express it in. Associated

with H, is a coordinate space metric invariant /L given by

2 2 2 _ (2 L X
S = '—,‘,'30(3"4 g+ i fn) = 31,70(2’":/‘/ Eanh 20N, ) (IVe3.2)

where ~, , A, and 2, are the individual position vectors
of particles 1, 2 and 3 in the center of mass system, and
My = (Mt 4 mv+m,)J£,
The motion of the three particle state is governed by the
various Hamiltonians the admits. Let V& represent the

potential acting between particles B and ¥ . So, in coor-

dinate space we have

Vil %, 5a) = xlif) (IVe3.3)
Thus we may define the Hamiltonians
He = Ho + Vu o, a=1,2,3, (IV.3.4)
3
H= H o+ Z W (17.3.5)

We denote by J¢ the space of square integrable functions over
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the six coordinate degrees of freedom -~ either —f;,,( ’ %o( or
?c\,( y 9\* o The identity on J will be E . The L*

gpace over 7—2& we denote by Jfﬁd o 1ts associated identity
is given by £, . Likewise the L space over g,( is
indicated by %, and its identity by &4 . So in this nota-
tion E=6,® E;, , ®=1,2.3

Contained within the three particle problem are three
distinet two particle problems. We have stated above that
each two body interaction is capable of supporting only one

bound state. We shall represent this state as Y (%) . It is
the eigfnfunction that satisfies

(aufam + va) Yy = —%«Z o, o=1,23. (IV.3.6)
where Y, is unit normalized in ﬁo( « Free channel motion
is characterized by a function like £0%%(5) . since Yy is
known, the non-trival wave packet information is given by
-f,,( £ 34'0( . The total energy available for asymptotic motion

in chamnel o is determined by H, . Related to Hy is Ha
Hy 50 Y0 = RGO Hyaf | a0 (I7.3.7)

This equation defines a channel Hamiltonian acting on the

space jd;( given by

ﬁd = (P;/&n.l "‘7(':) go = Ho (IV0308)

?

Frequently one must extract from a function in J its channel

component in jcfo( . This is accomplished by the operator Iy

\)La(:la(f-;_’cajd' rfd&‘)ql'o(' oA >0

" £ S -
Fu(® = f% (G § () 3. (IV.3.9)



The adjoint of Io( is elearly an injection operator specified
by
+ *
= ® 3 QL

I fu = % @4, J (IV.3.10)
The exact scattering solutions for this system are obtained

from knowledge of the multichannel Moeller operators defined

by D(t) e eLHt e-LHat P
£ Antew (IV.3.11)
O(ﬁ) Y eth e_LHOt
0 Ao (IVe3412)

.’-
where Py = I, I,,(. The operator Pd is a projection operator
on A associated with the subspace of « channel motion and

has a kernel representation given by

B o 1 B3D> = WiGo Waw 8 GrRl) (IVe3413)
Faddeev's analys:.s expresses Um Uj) in terms of a closely
related set Uo ’ U o which may in turn be uniquely const-
ructed from the time independent Fredholm integral equation
that Faddeev discovered. Basically the place wave matrix
elements <ﬁq,l ® l“’"} and <P ] J f"¢'> are the exact wave
function solutions to the Schroedinger equations with the (=)
indicating the outgoing solution, (+) indicating the incoming

solution, Thus

(t ~ (3) 5]
) U , Uo( = Ud Iol ' 70, (IVe3e14)
These Moeller operators obey the fundamental equations
(1) UG
Ua( U{g = 5"‘/3 Eﬂ jd'ﬁ ~ ﬂo‘ (IVe3,15)

~ @ SRV Y
U™ Us = S Pe (IV.3.15")
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(ii) 3 (%) (€3]
é—D Uo( Ug( + 50 = F_ (IV.3.16)
3 ~m ~pl
ff:o U U, + 8B, = E (IV,3,167)
(iid) (2) @ ~
H Uy = U Ha @ Fu—= A (IVe317)
~ (&) ~ (t)
H Uy = Ux Ha = 4= o (IVe3.17")
~ ()

The two versions of these results depend on whether we use o
or Uf e The definition in equation 14 lets one obtein the
primed version from ﬁhqhnprimed version of these equations,.

We shall use both forms in our derivation. The operator E%
denotes the projection onto the bound state subspace of JiL

spanned by the 1\T3 eigenfunctions Q}L of Jd— s lece

H D, = ‘Ki EP.L , =12, N, (IV.3.18)
N3 —
b, = & w0 (17.3.19)
Of course statement (i) is channel orthogonality; (ii) is asy-
mptotic completeness; (iii) is the intertwining property.

The results above reflect the contemorary two Hilbert space
treatment of the multi-channel scattering problem. In this
treatment the structure above has a generalization for the
N-particle scattering probleﬁ? In the three body case, these
equations were first given a proof by Faddee€)under some what
different assumptions than condition (IV.2.4)s Recently,
Thomagvhas provided new proofs valid when the potential does
obey (IV.2.4).

To the scattering theory given above, we must add the
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description of the three body system which evolves exclusively
by l4¢ e Such a system is really a two body system with a
third parﬁicle that is a non-interacting spectator. Thus we
must restate the content of equations (IV.2.1=3), but now set

in the space of J¢ « To do this,define

Wo(f) = &y ® U((Z)) (IVe3420)
and

B = E«® RO (IVe3.21)

e = e ® (IV.5.22)

The projection operator Eb‘ is the sub-space in jdf spanned

by all moving bound clusters W .« We have three of these

systems o =1,2,3 and each satisfies
T
® (1)
(1) Wa Wy = E (IV.3.23)
-t.
(2) ® _
(ii) Wa Wa = E 7 Bx (IV.3.24)
(£) (+)
(1ii) Hy Wa = = Wa H, (IV.3.25)

We now have in place the necessary scattering theory to
solve our problem. Our first task is to define the multi-
channel time delay valid in a three body collision. Consider
any of the channels with a stable cluster as a target, i.c.

A>0 o The incident state is completely determined by a wave
packet f;a'mﬁo The time dependent non-interacting asymptotic

state is p
_Hat Lt t i Hd
3 = e Lfo=Te R
(IVe3426)

Associated with this "freely" evolving state is an exact state
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{Qd(t) evolving by the full Hamiltonian H o This exact wave
packet is defined by the boundary condition
e | Tyt - 00 = 0
f,{:”im (IV.3.27)

and given in terms of the Moeller operator by

; g - CHE
D, () = C—LHt U:))& - Ul A (IV.3.28)
The intertwining property is used to obtain the last form on
the right from the previous member,

As in the two body case, we need a sphere that will define
quantum transit timese. This sphere is centered about the total
three body center of mass coordinate. We denote the projection
operator in qu associated with this sphere by OD (/0) y Vize

Plp) F2.9) = £(3.4) 45 p<p

= 0 otherwise. (1V.3.29)

{}

where (), 1s that given in equation 2. The integrals

J_m( L), P Bw) di (IV.3.31)

are the "free" and exact transit times for the state specified
by fo( e This difference in transit times we shall denote as
(7(,,( 5 @do( (f)ﬁ). By employing equation 15 = 17, an hermitian

operator form of QOM is given by the expression,

s LAt T 2 _iHat
(e, Qup ) = [ (PR U - Rl 8 ety

In thisintegrand @(,D) is now a new operator given by

S0



+
- . —
By = I, Plp) I, Ko —> Ky (17.5.53)

This is obviously a restriction of 0’3(/0) to the single channel
space ';79[5,( e In .?9%( ’ @(/ﬂ) is a multiplication operator given by
- ) N N
Rlo,3) = [1wiiol” Blp-p(Eui) ) 43,
o
’ 47 (IV.3.34)
where @ is the theta function and {4 is given in equation 6.
Carrying out the time -integration leads us to the time

independent form of our defifition. We have

(fa, QP i) = jfj () é;frf) FlewCP PO 4By drdbi  (1v,3.35)

Here the energy arguments of the delta function E/ and E

2 I3 F A
are l;%; _x: and 3&‘;11— -% respectively. The kernel in the in-~
tegrand of equation 35 defines a reduced operator acting on

L'p) by the expression,

K| aEp|pey = :m&&éiu‘jfm(,o)Uf ~RPIRY  (17.3.36)
The momenta appearing in the right of the above equation are
restricted to be the on-shell momenta specified by energy £ .
One obtains from equation 35 and 36 a time delay independent
of the sphere by taking the limit L ->°° in equation 35,

This process defines 9,(e) , viz.

L (Fa,Qua(p) fx)

P> oo

= [l 352 B lgutalpey fulh AR
d (IV.3.37)

For the most part, our derivations will employ only this def-

inition of multichamnel +time delay. Extended discussion of
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the properties and physics of this concept may be found in
references /¢ and &8

There remains one case of time delay we have not discussed.
This case is three to three scattering. Here both the initial
and final state are composed of three asymptotically free
particles. The initial wave packet can be any function f%z.)do
= ["2%) « The freely evolving state is

— ~LHot
B, = e " (IVe3438)

We shall indicate by U,() the exact state. It is determined
by the boundary condition (IV.3.27) with o« =0 , The result-

ing form for Y@ in terms of the Moeller operator Ljf) is
~AHE ¢
Pw = ¢ U, % (IVe3.39)

The physics of the definition and coment of the current :ase
is not entirely amalogous to the cases with 4>0 . Here, for
example, in J¢, there exist £ that are wave packets descri-
bing a remote spectator particle that remains unaltered as the
remaining two particles collide., This is not a true three—
particle collision. By way of contrast for «>0 all the coll-
isions possible for any :ﬁzejdu involve the collision of all
three particles. Thus our definition of three to three time
delay must remove the effects of these spurious two-particle
collisions that sit in the three particle Hilbert space. This
is easy to accomplishe. From the difference
0 —
_U (B0, Be) - (B0, P BW®)] o (17.5.40)

we must subtract the difference
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(=]

> S [( o), Plp) L'w) - (), Pl éo(t))] dt

#20 cen (IVe3.41)
where SQ: () is defined by
Lim |20 -3@| =o0 (IV.3.42)
r->—°

Clearly gg;‘ () is the exact solution that evolves according. to
Hy » from $,(t) . So

_iHt @
P = e Wy ¥, (IVe3443)

and W,i—] is the Moeller operator given in equation 20, Com=
bined, expressions 40 and 41, provide us with a connected three

to three time delaye.

oo i Ht Ni -
(f,. QP f,) = LS:‘ e {[Uo()d‘)(,o) Ua) ~ @(p)}

(IVe3.44)

As in the d>o situation we carry out the time integration.

ot . _iH,t
-2 [Wo( Ppywy - Pplie £,
o 20

This introduces the delta function in energy in the integral
representation of Q,.(P)e Thus we define an energy dependent

reduced operator %.(,p) given by
A A A i .-
<P ztP|fy = amm o B[ () - P -

e & a2
_oéo[Wao@(,o) W;’—@(F)J B> (IVe3445)

The momentum representation used here is appropriate to the

six dimensional space [A(Pw:%x) « In detail one defines

F3
2mM, 294 Ay (IVe3446)

The vector J, specifies the six dimensional point ( Pur Za)
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and ( P, s ﬁ, ) is the spherical coordinate description of F,
where 7, is the six dimensional unit vector in the direction

of —}5, « The energy dependence enters the right hand side of
2 2
equation 43 by the on-shell requirement that E = {im_ = '—;";

Finally a time delay that is independent of Vi is given by

o G aute) = [£130 358 19,5155 £G) i 47

(IV.3.47)
With equation 47 we have completed the account of the scatter—
ing theory structures and the time delay formula that the en-
suing derivation requires.

We turn our attention at this point to the evaluation of
the third cluster integral. We must compute the trace appear-
ing in equation (IV.1.5)s The first step is to use the Watson ™
transform for the statistical operator e'ﬁFJ « For an
appropriate contour this transform is

-gH A -B%
e = ‘;1?5{2 € R dz (IV.3.48)

The suitable contour € is illustrated in Figure IV-1, It
encircles the entire spectrum of H . With this same contour
equation 46 remains valid when the pair of operators H , R(2)
are replaced by the pairs Hy , Ry®) and H,, R.(2)., Here the
three body resolvents are defined by R(2) = 04‘2)-4 y Ra(R) =

( Ha —i)ﬂi and R.(z) = (Ho'ifq. The problem of finding b

is by equation 48 and its companions turned into evaluating,

2
= 3% ) —'Bi—
b, B o e T, R.(2) 4% (17.5.49)
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where RCQ) denotes the connected resolvent structure

3
Ro(2) = R[E - Ry — 0‘2;' (R,((é) - Kbm) (IV.3.50)

Since the contour ( is symmetric about the real axis and
R.(E) = R:(f) we must know
. +
Zi o Th Re(®) = T (Rl - R2w)
(IV.3451)
as ¢mR->0 « The three body version of the spectral property

of time delay provides us with the identity

3 A

2 du Th Re(e4io) = Z Jooy Tua (¢) (IV.3.52)
The four traces on the right of this formula are those appro-
priate for the Hilbert spaces that the time-delay operators
act one For all « , le is the trace on L’(A). Thus for
A=0 jla acts on a five dimensional space. For o >0 , it
acts on a two dimensional space. The physical content of this
equation is analogous to that in the two body case. The left
side is the generalized change of state density at energy E
produced by the interactions Vy . The right hand side is the
sum over the total time delay at energy E of each possible
asymptotic chamnel, Clearly, knowing equation 52 effects the
solution of the third cluster integrale.

The three body spectral property not only provides us
with a solution of the third cluster integral ba but has the
virtue that each side of the equality in equation 52 has its
own distinct physical interpretation. As briefly alluded to
in the outset of this section the term dJm T Re(§+i0) is pro-
portional to the change of state density at energy ; effected
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by the scattering - which is here of a composite multichannel
character.s We pause to give a brief demonstration of this
important facte Suppose FE(§) is the family of spectral
projection operators related to H acting on J% . Then E)
is the projection onto all states of the three body system
with energy less than ? « The spectral representation of H
is

H = j}’ds(;) (IV.3.53)
In this notation the associated resolvent R(z) has the form,

Ry = [ =L aeqp)

-z (IV.3.54)

If Eu(§) is the spectral family generated by H; then it is
obvious that equations 53 and 54 are fulfilled by each of the
sets {H,{ R B Ed(‘g)} .

For the purposes of this discussion let (L be the Pro-
jection onto an arbitrary finite demensional subspace of Jd
We note that 771&5(5) is the number of eigenstates (discrete and
continuous) of energy less than g in the subspace QI , Like-
wise TaQE(f), «=0423 is the number of states of Hy with energy
less than ? in @M, Define now the connected spectral

operator’
E.(§) = E() -E(¥) - ,{:,D(E* (5 -#:(5) (IV.3.55)

Tr &[Ec(fz) - Ea(f:)} is the composite excess or deficit of

states in QK due to all the interactions between the energies

§,and ¥, ¥ > ¥, . Consequently %R&EJV has the

meaning of the change of state density at energy in the subspace
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QX produced by all the scatterings.

The relationship of +these observations to the connected
resolvent diffgerence R,.(z) is easily established from equation
54, From g(# subtract R'(H s, btake the inner product of this
sum with respect to any & Q¥ . One has at once
Taking N—>+0 , and summing over aﬁorthogonal set of I's
that span Q Jd gives

T Q[R(}+i0) - R(§+i0)] = Nrﬁ% Th QL E(%)

(IVe3457)

Naturally this relation is also valid for the replacements of

[H,R(z},f(?)} by {H«,Rd&),ed(;’)}, o« =0,1,2,3 o Thus we

may sum these statements with the relative signs given by

equation 55 to find

2i Jm T QRe(§4i0) = Q‘T%?T’LQEC(E)

(IV.3.58)

Since QH is an arbitrary subspace of Jd » equation 58 is

the statement that 7 'duTr R.(§+0) is proportional to the change

of three body state density.

We shall now give a proof of the spectral property. Our
proof will allow us to establish the property directly, and
without any reference to the S-matrix., We employ in the proof
only the scattering theory structure outlined above and certain
convenient mathematical properties of the trace. We shall
specifically rely on the assumptions used by Faddeev plus one

additional technical restriction, equation (Bo3)s As noted
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in the two particle case this means the spectral property is
established even when time reversal invariance and angular
momentum are not respected in the three body problem.

The form of the proof to be given depends on the general
idea of the analysis presented in the two body case, The
structure of the derivation is modified by the multichannel
character of the scattering and by technical features peculiar
to the three body problem. One technical fact relevant to our
proof is that the operator R.(?) is not by itself trace-class,

However, it can be shown (cf. Appendix B) that

(IV.3459)

is trace-class for all 2 not on the spectrum of H e Llet

3
Alz) = ARl _ R -Ri@ - £ (ﬂf(w - RJ(*J)
dz .

TT; denote all points in the £ plane that are a diétance 550
or greater from the spectrum of H . Then ToAR) is an analytic
function which is a uniformly convergent series of analytic
functions in any bounded sector of the set Ils « The distance

5 may be as small as we desire. Thus, in 'ﬂ} the operations
of complex integration or differentiation may be passed through
the traces A consequence of this is that if one integrates

Tr A(2) from 2, to %, , and notes ﬁ%ﬂ(i)= Rz(%), eteco it
follows that ’%[Rc(i»)~ Kc(’?‘/)J is trace-class,.

The second technical feature, relevant for us, is that
the products (Plp) R.(2) , Plp) Rult) ang P(p) R(2)  are not
Schmidt-class in J¢ . This result is in contrast to that
f or the two body problem and comes about for a simple reason.

2
The change of dimension of the L. space from three to six
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degrees of freedom alters the relation between the immer
product measure and energye. In the two particle case the mea-
sure in momentum space is proportional to E%dﬁ o But for
the three particle six dimensional space the [* measure becomes

E*de . However, in both situations the resolvents are pro-
portional to £~ . So the Schmidt norm of PRI is Ffinite,
but that for (Pp)R.?) is unbounded, What one can prove is
that Plp) R , ) Ri(®  ana Ojff)Rz('z) are all Schmidt class
for p<~ and In 20, (cf. Appendix B)., For these reasons we
shall not prove the spectral property directly, but rather
will prove that the second derivative with respect to energy
of the relation is valid. Then integrating twice will recover
equation 52 for us,.

We begin by expressing the trace of %L_;Kc(fﬂﬂ):in terms

of the limit p-»>° ,
Re 0§ -40)
ﬂ;,-:-_;l[kc(gﬂn) —RC(F_’MJ = ’},’:; 7710)(’0) jT;z [Rc(E“"’() ) C(;V.S.J60)
An essential observation is that Gj(/o)o%}iz[&(rﬂ’z)—&(f—in) may be

written as the sum of five separate trace-class operators,
vize ) )
! . . - ad ;
@(f)%};z[ﬂ(f-*l"()—l((l’—m)_]@(/o) = 2 Tp) Zs [REssi0)] Pp)
(IVe3.61)

X X 1
Pp) L [RulFeon) - Ro(1-0] P = 347 P 40 |Ralsn| Tlp)

(IVe3.62)

where o=0,1,2.3 4 The equations above depend on the Hilbert
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identity (IV.2.20) which all the resolvents satisfy. Because
the right hand side always involves the product of four resol-
vents after the derivative is taken it is the product of tw
Schmidt operators. Thus the left hand sides are individually
trace class. Comsider first the Jd —trace of the operator

in equation 61
)

~ ~_1— 1
71 s’w){ Pp) = [MU U( + B | R(prin) | @)

3 A A .
= 2 o2 (\"“’UJ U @(/’)U + T Ay BOIK(‘Y"’”U[ Pep)

A=6- d

- N o) Noo 2 (20,07 YE)
= b A | RS US PR U+ I T Ty

(IVe3463)

The first form of the trace uses the cyelical invariance pro- -

perty of the trace and the idempotency of OWf); the second
employs the asymptotic completeness relations equation 16';
the third relies on the intertwining property, equation 17';
the last equation is a consequence of the definition o Jand
the relation equation 14. We have introduced 7ﬁu as the
trace on the space ‘70& o« The resolvent lz,,‘(i)=( ﬁx—i)-l also
acts on this same space.

Focus now on the second set of operators given by equation 62
with o0, We successively modify the trace of the first form

in a manner parallel to that just carried out

Th &‘%Imhw{ e = T g W+ Bto] eyl o)

= Tp & o ]R (j’ml)} G’(f) Wx + Tr OL IRa(Y*“"I 03((:'[?7 3e62)
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Above we have relied on the elementary properties of the
spectator scatteriné system stated in equations 20 - 25, Now
combine equation 63 and 64 together with the trace equation 62

for A=0, to obtain
dt (8, P L)

N3
d’ in) —R.(C-im)] = ai <,
—T/_z —2—3-1 @(Iﬁ)[kc(r’" 7) Rc<? )7‘)] 2 Y’ 4:2;" 0(3; Izj + T b 7 l7.

t t Gt - 3 .t :
+ iy Th g [Rl5ein) {Uo PPl @) - I [Wj’da(,»w;’—@(,a)]j
.- At . L c_,’r “
+ 3"20‘% Ty Ay IK.‘(TWl)I {U,( @?)Ud - Oz(,o)}

(IVe3.65)

Throughout the traces of equation 65 appear the operators that
define the various three body time delayse. The individual
operators found in Tr and Tr, are always in the form of products
of Schmidt operators. So we may evaluate them in the diagonal
form (cfe Appendix A)

Take the variable P ->> on both sides of equation 65.
Property (IV.3.60) guarantees that the limit exists and is

equal to the trace we seek

ﬂg—l—l[kc(\fn*Zth(‘f-m] = iy Z ’X - ain|
J 247 <P.,l%,,(&”2'"o)1f’o> A B
AS* (5= PTams)* 2 m ¥
2in <Pi| Zaw (BSang A | ) 5
* o%a'(ri%"(ﬁ’ Rfang)" + 27 N Ry *
(IVe3466)

The last step in our proof is to take the limit w-»>o0 . If we
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do this and carry out the change of variables dPpy = NuPsdp, de’
and dp] = moﬂ4¢iﬁldﬁl s then the integrals in equation 66
become 5
_-:if—;,_ ﬂ[ﬁc(fﬂ'a) - Rc('f“lo)] = A il;;z %Dﬁ,( T (5)
(IVe3467)
Of course the operators i“(p are zero unless the energy f is
greater than one of the channel thresholds, @>")2f“ xf .

A
Let f < —)ﬂ:d %y ‘then

e = 4 [+i0) ~ Ro(E —i0)
Jy,%sﬁﬁ[&(s"uo)—ﬁc(t’-wﬂ” g Lok (IJT.3.68)

There is no contribution from the lower limit since the point
%a is to the left of the continuous spectrum and can be
assumed not to be an isolated spectral point. In this region
of energy R.() has no discontinuity across the real axis. A
second integration, like that in equation 68, gives us the

spectral property of equation 52, This completes our proof.

IV Conclusion

In this section we continue our analysis and write out
the forms of the third cluster integral and give the physical
interpretation of our solution in the context of the equation
of state. Also we contrast our result with several others
reported in the literature.

The time delay form for the third virial coefficient is
found by substituting the spectral property (IV.3.52) into
the Watson transform (IV.3.49)
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-% Njy ?’ ,_EB/\
b = 3 5.53/3& + _%”J e/-” O(Z-;‘ﬁ’«?“*(s)dﬁ}
ol T =

(IVeg01)
The lower 1imit of the integral is the negative energy value
at which the scattering continuum first appears. This reduc-
tion to quadrature of the third cluster integral tells us again
that the only aspect of the three particle scattering that
affects the cluster integral is the time delay., Of course,
the specific form of our solution indicates its validity when
stable two particle clusters are present in the gas. The terms
exp.ﬁiif are three body clusters that will take ﬁart in the
four body scattering processes. The general pattern of our
solution reveals why it is successful. MNost constructs in
statistical mechanics are based on sums over the allowed
quantum states of a system. Here the quantity needed is the
difference of the number of states in the scattering continuum
between a free and an interacting system, The spectral prop-
erty in both the two and three body problem provide us with
the needed difference in terms of traces over the various
channel time delayse. Nevertheless, we pause to note there is
even a more econimical way to obtain equation 1 than that is
presented in section IV.3. The trace defining b; in equation
IVe1e45 is known to be trace clas§?

B that the operators epr°O%?), efﬁHd(PQQ ang o " Plp)

Further we show in Appendix

are Schmidt class. So one could start from the expression for

b, in (IV.1.5) and use the techniques for restructuring the
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trace found in equations (IVe3.60 - 66), The result is again
equation 1, one does not have to use the Watson transform or
make any reference to resolvents and their analytic properties,
The reason we have presented the form of the proof we have is
because we believe the spectral property of time delay is phy-—
gically interesting in its own fight. For example, it may be
used as a starting point for deriving multichamnel Levinson's
theorems.

It is instructive to see what the solution above tells
us about the equation of state. For purposes of providing this
interpretation we shall assume that there are no  three body

bound states. The third virial coefficient is

2 -3
A = 4a, - 2 b,b,

2 (.% a -BE > 2 () 4
= 4a - X3 e Z Ay G E
om 74 ol=¢

(Iv.4,2)

Thus the three body contribution to the equation of state is

¢ _ > 3 A

PV = N&T § P+ -(%?&e‘ﬁﬁgamk(wda)ﬁu...} (T7.0.3)
As in the two body case, an increase in any of the ;ad G (&)
while the other variables V, N, T and the two body virial
coefficient remain constant leads to a decrease in pressure.
This decrease is proportional to the density squared. Again
the dynamical interaction of the colliding particles at energy

E  is effectively creating extra space for the particles,
thus reducing the pressuree. In this description of the effect

of scattering on the statistical system, we have chosen to
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highlight the equation of state. It is trivial ‘Yo extend our

results to give analogous formwlae for the internal energy,
the specific heat,entropy,etc. Each of these thermodynamic
quantities may be stated as functions of two and few body time
delay.

As in the two body problem it is interesting to give the
S-matrix forms of the solution. In the cases where the three
body scattering has a two body bound cluster in the initial
or final chamnel the relation between time delay and the S-ma-
trix is knowﬁ? One may state the comnection in the following

way. Let éi% be the chamnel S-matrix Faddeev defines, i.e.

Ur+> (—; : \7°/'o( — ‘74,‘6
(IVeded)
We shall require the kernels for the reduced energy-dependent
S-matrices,
,S (.x .7_‘/ = 5(5—5’) yAl (E A,
p R B @&%%ﬁ<&hw Wig> (IVe445)
SIS =—5—(E—Q—: <POIA,/9(E>[ A
(™, p, Na pa)# (IVe446)

Thus the energy dependent family of operators,%pﬁ) are defined,
They are all free of the energy delta function occuring in S%p'
With these operators it is proved in /¥ that

Qe (E) = —2: /JW (-s) AW(E) 4o (IV.447)
For this reason ﬁhe ol >0 channel portions of time delay in

equation 1 are,
3

2 Fual) = =i 5;0 é‘f’“(ﬁ)_‘/jf"‘ ®) (IVe4.8)
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The formulae for the three to three connected time delay have
not yet been worked out. Analogy with equation 7 suggests
what the answer is likely to be. Define the disconnected

spectator S-matrix by

.’.
-+ a

'So( = Wo( Wo( ’ &4 >0

(IV.4.9)
Both 5,,,, and S,,( generate reduced S-matrices:

S, (3B =SCEB) _ (p,) 4,08 | P
oo™ %7 (o ps" ms Pl )2 ° ? ~ (IV.4.10)

(o3 1) =2 LEE)_ <P au(e) | B
So‘ P P ) (mo}’. MuPo’ )2. [ 8 > (IV.4-¢11)

Thus the expected form for 9g,,(¢) is

3
Zoo(ﬁ) = -i [.,4:: [s),ad_vE_/d%(s) — 0{3: Aj(s)ﬁ%/ﬂd(&)]

3t
hZ Ay, ) fz 4,0
(IVe4e12)
We note that this the S-matrix form that Dashen et alw)and
Smltﬂs)believe to be valid.

If one assumes the interaction is not strong enough to
form stable two particle clusters then only the square bracket
term in equation 12 remains in formula (IV.4,1) for the third
cluster integral., For this restricted problem all the channel
structure is absent and only three to three scattering is
possible. If one further assumes that angular momentum is
conserved then the situation is précisely that studied in
detail by Larsenlf) Using a hyperspherical method Larsen
describes this scattering in terms of a phase shift, and

13
obtains a solution paralleling that of Uhlenbeck and Be‘bh.)
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At this point we have demonstrated that the second and
third cluster integral are explicitly determined by time delay.
We are confident that this analysis can be extended to four
or more particle colliisions, Observe that our argument rests
on just a few general facts of three particle scattering.
Specifically, we required the existence of the Moeller wave
operators in order to define the concept of time delay. Sec-—
ondly, we used the energy conserving (intertwining) and comp-
leteness properties of these wave operators. These features
must exist for any physically reasonable few body scattering
theory.

In closing we remark that in collisions like breakup,
where the initial and final state differ by three continous
degrees of freedom no phase shift description of scattering
existse. By comparing the two particle solution with that for
the three body problem we can perceive a general trend. What
is happening in our formalism is that the trace of the time
delay is replacing the phase shift as the universal descriptor

of the scattering process.
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Chapter V Cayley Transform method

In this chapter, we verify the results of chapter IV by
a different method: Cayley Transform. This method has parti-
cular merits in the three body case. It focuses not only on
"connectedness" and "channel structure" as in chapter IV, but
also bring to light "rescattering singularities". We show
how to treat these singularities which has been generally

ignored by workers in this area.

Ve Introduction
An alternative method of expressing the change of state
density in terms of time delay is possible through the devel-
opment of Cayley transform. The time delay here takes the
form of the logarithmic derivative of the familiar scattering
S-matrix instead of the original Goldberger and Watson?form
using the range projector.
g(E) = -4 Ah}i’t’é’d(ﬁ)
= -4 d
i (V.1.1)
The equivalence of the two forms of time delay was proven in
the two body case by Jauch and Marchand? Osborn and Bolle'”
established the relationship in the two-bodylike channels of
the three body problem, «=/,2,3 . They propose the operator

form of time delay to be

3
Jule) = <i @ d Mg, uio,ras (V.2)
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The Cayley transform method differs from the previous
chapter in that it deals, not with the dperators themselves,
but rather with the kernels of the operators, especially their
traces in the form of integrals. The outcome on the two-body-
like channels effectively verifies what one would have expected
using the results of the previous chapter and thecalculations
of Osborn and Bolle. In the three-to~three channel («=0),
the Cayley transform method reveals a much more complex stru-
cture to the trace of three body time delay than one would have
proposed from equation 2 above.

Specifically, we have shown here that, even in the absence
of two body bound states, the trace of time delay

i 2.(8) = ,ﬁ [Aat (ﬁ)a”lc—ﬂao(ﬁ)]c
cannot be obtained by direct substitution of the known form

of the kernel A,.(¢) ,
A .
oo (ﬁ, E, ?elb, Etie) = 5(//"0 -70‘.,') - QWL 3:/9 'r/lg(/g (Foﬁ, fi e, E (—/0)

The subseript ¢ denotes "connected", meaning that terms with
over all delta function in momentum are removed. The diagonal
elements of "disconnected" terms are singular as 8(s) . Such

substitution only leads to meaningless infinities in-the trace
of time delay which we have already shown to be finite. While
the operator form may well be expressed as in equation 2, the

generalized functions in the kernels of the trace must be pro-
perly treated, a process known as regulariation in the theory

generalized functionsfv Schematically, the regularized result

has the form
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W RCIE A PMCEYNC SaB] + A EH (v.1.3)
where the trace of the function in square brackets no longer
has any of the rescattering singularities. The term £ Z (¢
contains only two body T-matrices.

This mathematical problem, generally known as rescattering
singudlrity, has received little treatment from authors working

)

in this area (Dashen’ Larseﬁ? etec. ) We are aware of a similar
calculation reported by Buslaev and Merkuriev{” However, due

to incomplete translation of Russian literature, we are not

able to compare with their results. Moreover, their calculations

appears to involve findings in mathematical analysis much beyond

the scope of this thesis.
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V.2 Two body Cayley transform

We would like first to define Cayley transforms and then
relate them to resolvent differences. TFor each Hamiltonian
4 we associate the function b&(@==(ﬂ”tﬂ/(%'2) as its
Cayley transform. Z is a complex number, Z = A+ iz ,
A and m are both real. b—&,(’z) = (ﬂa-t*)/(i, -z) 1s the
Cayley transform of the free Hamiltonian %, . All Cayley

transforms are unitary by definition.

+ A -2 b2 blﬂb+&)
2 = . = £ =
by () by ) Z-2%  Z-z 2 # (V.2.1)

Cayley transforms can also be expressed in terms of resolvents,

niz) = (4-%)71,

£ - 2% A-z+2-2" _ e+ aipnld)
b z = = =
'gr{) ,& - £ "A"i (V-2.2)
and,

We also define a new unitary operator, as a product of

Cayley transforms,

+
a__&/&o(f) = b_k(i‘) bﬂo(i) (V.2.4-)

This operator can be expressed in terms of resolvents also.
aprp (¥ = (e+ 2ipnm) (e - aiw n(¥))
. ’5 .2 li*
= e + Rimhld) - 2ipro(d) — (2" N(z) M)

e+ ap [ At = Ro® AR 2alt)] - 2ipe 2ol

i

= (2k) 2 [Pa &) = Po(®) 28 A (R)] P, (3
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/ - Xy~ Am 2o (2) 2o (£
appd = e + age [ 2,08 = Aol#) = agu (D ]

—Ar W E DR B+ R () A [P -2 (2] ]

= £ - 2,}4,«,/]_0{2:) i(%) /)-o(%*)
(V.2.5)

where we have used the standard unitarity condition and
definition of the T-matrix.

n(z) - p(z Zipe hix) n(z)
Alz) = AelZ) = = fo(%) AE@) pylz)

u

Now we want to express the resolvent difference vvm[ﬂ(t) —ﬂo{%)]

in terms of these Cayley tranforms. Since Az = 327-; L (-L-i.)'l

it follows that

£-z* _btm o b
- 2 L 2 by (%) = by () L b, (3)
Alx) - A) = 3 or o = S e A (v.2.6)

+
Pold) = M(ZY = bp,(0) L by () (V.2.7)
To form the difference of the above two equations, we write

b, (%) as Qg %) 5,40(%) and substitute into equation 6.

.1-
A - /L(-Z*) = b;(*‘) ;?1‘ b"_[i) = [a,g,/i.[%) b_ﬁofi)] 32-}—\ [“{/ﬁo (%) b,g‘('?)]

N

; 4 2 b
b %y 0] (2 %, ®) b0 + Ry, (B9 % 2.]

* # T2
= b ook 2w ) bio + BEFEYP (y 5.0)

Now it is clear what the resolvent difference is.

2: I [2l1)-2e(B)]

\

RlE) -2 (F) = o) + 2(2)

)

lg»: /%)( @.’}ﬂft) 2 A (0] b B
(V.2.9)

Because of unitarity, this equation has an alternative form.
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alr) - -rm + pnd® = - b—;{,{*'/ “ﬂ/a("%x“i/ﬂ(*’)%’*) (V.2.9')
The change of state density is related to the trace of the

operator on the left. The trace is a pure imaginary number

which can be evaluated in terms of the free resolvent and

the T-matrix through the right hand side of the above equation.
L_ = s Fn (/l(i’) —ﬂa(‘f))

= i BB (e Z ap®) b

L}

. f

= idn fi e+ dipnz) AEH 20D ]

xi[e VYN WAL /Lo(%*')_] (V.2.10)
This can be further developed as a sum of two terms, a linear
term L, and a quandrgtic term L, . L =L, +L,

- ~ I 2 %)
[__I - A K& ﬁ "/“‘ ax(/zolf) I[t) /l°(t )) (V.2.11)

= LI (20 @ 2 = ( Jal) £ (2) 2ol2h
L, P FANGIC ) (V.2.12)

We specifically develop the energy dependence of the +trace

operation, i.e.

& Al2) = f,”‘E g AR 10 (V.2.13)

where ;ﬁ is the reduced trace in the reduced space, ;iz(s)

= nfang is the Jacobian and  7T(£e %) = 0’1'(5) A (g6, 2) f(e)
as the reduced T-matrix. The notation here is the same as
in chapter II.

! L
/

A

In this reduced space notation we can calculate L
= 2 (g, £, A+
: - 4 T (E, E, +¢ -
A&jgd& J/u.,;?\‘ E—-A—a/'u- /tv M Ent it
. Kl o _ T
TR RSy PN

7%

L,
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o 2 hoT(E e At
(-myT4pt 22
E=00 oo
L/ R L 72: T (g€ Avtin) + _/—4— o X
(E-X) e R o AE (g p) Hut
=0

" ’_';‘Z(E AN 4 f‘u (&.- ,\)b, v ;xﬁr(é'ﬁ A+/)}

(V.2.14)
In the limit pm-» of , 2p 5 am§(6-2) . The surface
(E _)\)z*/uﬁ
term vanishes because of the structure of T(&E Atpm) Hence,
Aom L = 4 Re -om 2 £ T(2a,2+4i0)
ma0" I (V.2.15)
Next, we want to develop L, .
L, = 4 du £ (@) o £E) nue) 2 [t 22 /z.(z*)]
*
= A Fw 2o 4a? fo () £ (28 R @N,(2)[2 Jt(%ﬂ My + R
)7 B ! (V.2.16)
where

R= it o[ 40 n0y ) potds 20> Al 2, (2

R O N IC WAV NC /z,‘(i*)J

i /tv[ dui (-apu AE) N2 p(2) /t[%.*)) YN, Jal2)

—

+ & (= 25 £(2¥) Pal2®) po () AC2) ) 2 (2) po ()]
i Jm o aui (A(® -/t(i*)) (reth pd (e + 2 (29 ﬂv(*))

= 0 (V.2.17)
since the above trace 1s expllcltly a real number. Hence,
Lo Ly = i de u#/awfda S(e-3 26,6 2010) 506%) 2 (el Foie)
p20t

\y

£ b vt £t (M2, A~io) T(A N ?H-"O)

(Ve2.18)
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where we introduce the notation

T (e &, Atio) = _gxt(a,a,fuio)

Next we want to show the following unitarity identity:

0 = dw B tlanrsio) T(A,A2T0) (y,5.49)
such that
A . .
i S o TAAA-0) AT (A A, AF0)
by = 27 A (V.2.20)

The unitarity equation in reduced space takes the following
forms,
’E(L‘,E)’/'\‘;b) - :(E,E,'?lh'o) = —anA Z(E/A'A"’\o) 7:(;\' E,'7‘+'.o) (V.2.21)
= -ari T(5 A,A%0) T(A, £, A-i0) (V.2.211)
We then take energy derivatives %&’ with respect to equation
21 and %5 with respect to 21'. Next we put £ = ' = A
in both equations. Taking the trace of both resulting equations

and add, we obtain:

» . A ’ N g .
ﬁ(t(?\,/’\.,}l-—l'o) _ Z’(A')"')\"LID)) + ,tt,(f(/\,;\,ﬂ—ao) - 'E[A,ﬂ.,?\+10))

= —,;zmc(,% T(AA, A-/D) T(A,i,%*«b) + }; T A, A, Ati0) ‘C(}\,)\,;\-,{o))
(V.2.22)
A . . PR R
Or, )31, (Z()\,A,A—,{o} - ‘C(/’I,A,)L+/o))
A D AN - ¢ .
= —ani(p T(2,2,A-00) T (A A, A+10) + o z{X A, A-i0) f//\,ﬁ,?\ho))
= —am ET(a,a,A-l0) (1,4, A¥i0)
(V.2.23)
Since the left side is explicitly pure imaginary, the real

part of right side must be zero. Hence, we obtain equation

(Vv.2.19).
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Gathering all the results in equations 15 and 20, we

have
ﬁ(;;:* L = -ami RL% A (A, A A4 0)
+(om)' i P F T(AAAT0O) ;—‘f;\ T(A,A,A+70)
= i A A) 2 0(2)
= A-,amm%m) (V.2.24)
where we have used 4(A)= ¢ _ a7l T(AA,AHD) .
Using the form of time delay in (V.1.1) we recovers (II.2.3%1).
2 I /ﬁ[/z(?\*fo) -—/La(x«'-«'o)_] = ;z\v q(a)
We have arrived at the spectral property of time delay for
the two body problem using Cayley transform.
We note here the prominent features of this derivation.
They will appear again in the three body case together with

many other new features. Firstly, we note the mathematical

procedure involved in forming the energy conserving delta

“
(-2t +ur

conserving delta function must be present for the formation

functions, i.e. > 73(e-») as m0* .+ The energy
of time delay which is fully on-shell., Secondly, we want to
note the necessity of the unitarity equation (V.2.19) in forming
the total derivative in L,. This is not needed in L, »

which is a total derivative. It is useful to bear these points
in mind when studying the next section on three body Cayley
Transform. This will help to identify the new features as

one goes from two body to three body problem.
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V.3 Three body Cayley transform

Because of the length of this section, we would introduce
subsections to help clarify the material. All equations in
this section will be labelled without reference to the chapter.
"Disconnectedness" is treated in the context of Cayley transform
in the first subsection. To develop the chamnel structure,
the resulting Cayley transform is evaluated by dividing the
volume of integration in the trace and internal states into
five disjoint subsets. In the three to three channel, we
encounter a new mathematical problem of regularization in the
rescattering terms. The two-bodylike channels are treated in
about the same fashion as the last section with the two body
problem. The double poles that develop here are cancelled by
similar poles in the unitarity equation in the following sub-
section. The three body unitarity equation also containg the
same channel structure as the Cayley transform itself. It is

also evaluated in five disjoint subsets.
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V.3.1. Connectedness

In generalizing the Cayley transform method to the three
body problem, the first noticeable difference we encounter is
the existence of disconnected terms in the scattering amplitude.
This type of singularity exists even in the absence of two body
bound state channels. It is an inherent three body scattering
characteristic. Of course, disconnectedness persists in all
N-body scattering for N 2 3,

Ore first come across with this singularity when examining
the structure of the three body scattering amplitude Mys(%2) .

The mathematical signiture of disconnectedness is the presence
of a delta function in the momentum vector. The delta function
is singular in the forward scattering direction, i.e. with zero
momentum transfer. Faddeev determined that /W#(ﬂ = &y'ﬁda + N¢h)
where lM#(ﬂ is free of delta functions. The kernel of this
equation is

My(Rgor B §pi2) = Sy WP D + Wa(AgaEE2)  (5.1.1)
The first term is disconnected.

Tulp3 P35 2) = SCPa-i) AylsuiBes 2-7) (3.1.2)

The energy of the o ~pair is 2 -7 , 1e e. less by the
amount of kinetic energy of the spectator particle .

In this representation, it is easy to interpret the physics
of disconnectedness. It describe the possible scattering where
particles B and ¥ (i.e. o pair) scatters whils the o part-
icle does not interact with either one of them. It acts merely
as a spectator whose presence makes the otherwise two body

scattering into a three body event.

79



Before we derive the Cayley tranform results, we want to
point out that while discomnectedness exists in the absence of
two body bound states, it is not separable from the bound state
channels., That is, it is present in all four channels, o=0,/,1,3,
In the presence of two body bound state the T4 (¥ we have just

examined takes on a more complicated kernel,

Ta(Ffibg #) = 5(7*'7")[_3&%3)?/{'—-—2) r Aalfui 2 B L
-fu)- idt—xj') ol e

where i&filﬁﬁfiy)is a smooth function. The first term has both
delta function and channel singularity. We shall see that this
particular structure plays a significant role in the following
derivation. It provides for the linear term for the «-1, 2, 3.
channels from the quadratic term. The linear term from the
three body Cayley transform, as we shall see, provides for only
the o« =0 channel.

Now we shall start deriving the three body Cayley transform.
If one repeats the two body derivation of equation (V.2.9) using
three body operators instead, one arrives at similar results.
The only input in the making of (V.2.9) are the definitions of
resolvents and Cayley transform and the unitarity equation
which are basic to both two and three body scattering theory.
Specifically, if one use R(2) , R.(2) and T(& instead of A(®,

N, (¥) and A (2) respectively, one arrives at

+ +
- - = 2
[Re» - @] [Ret2) - £ (] = By [AH/H_(*) 35 ‘(e)] 8,[%)
(3.1.4)
where By®) = E + a i Ro(®)

AH/H‘(%) = E - 2 Ro(%) T(2) Ro (’3*)

so



If one uses Ry , R(» and T,(¥ instead of ) , fy(» and £(x)

respectively, one arrives at

f
i ] - i) = sl ot

where AH“/H.,(%) = E -aim R Tl RGY)

Both R, and & conserve 6-momentum ( B;, 3, ) so that Bu,(2)
also conserves (P ,2 ). Txf conserves only the momentum of the
X particle P and hence AHJ/H.(%) conserves P« . Bach of

the kernel of the four operators on the right of (3.1.5)
conserves ,—0:,( , 50 that equation 5 has a overall delta function
S(f -%) and hence is disconnected.

(3.1.4) also contains some disconnected terms since T(2)

contains Ta(¥ . However, if we substract (3.1.5)from (3.1.4)

we can arrive at an equation free of disconnectedness.

[R[%) -R(a*)] - [Ru(%) - Ro(é)] - oi{ f[ﬁd(e) - &le’)] - {_—R.(e; - R, (a’j]}

* 3
= BH‘,(%)[ A:*/u,,(*’ 3% AH/H!%) - 3‘;, A%(a 39; AH,,/H@J By, (%)
(3.1.6)

To develop further, one must put in the vailue of the A 's

in terms of resolvents and T-matrices.

t 3
(Ao oAyl = &, Ayl 35 Ay ]

o=
=[E-amR® TR ,z,,(é]f_a. [- 2w Ro(2) T@ Roa*)]

3

Z_/ [ E - awRim TA(»R, (&*)] [ 20 Ry (B Tyl® Ro (2 )]
= 2 [-amrm(T0 -z dw)ﬂ.(%)j

+ (2t Role) (W(H + Z Ta f%’)) R (£) 2. [R.m( W() *fi 7;(%)) RJ-‘:*‘)J

3
- o(z_’ (2 R(B) Ty(zh &(e) [R,(e) T (#) Ro[e’)]

g/



= —2im L +
2 2 Rolty W) Ro(2)
b (o)t Rl W Reld) 2 p, 20 W0 Ru(2)
3
+ (au) R &, TWE) R 2 Re(m WD R.(2)
3
r o (T RE®WEY RGH 2 R L Taln RGY
X -

2 + +
a Ro® T @) R (2% 2. .
+ 0%;8 (Bm) o NED) Ty Riley Tale) Rul?)

(3.1.7)
where we have used T(2) = é'&(*) W, W=y W@,

All of the terms are connected. Now we are able to sum over
all the diagonal elements of the operator equation above. An
inspection of the trace of the left hand side of equation 7
shows that it is explicitly a pure imaginary number. Hence,
the real part of the right hand side must vanish. To evaluate
the resulting Cayley transform we rearrange the terms as follows:

2idm T[R®-R@) L (ut-Rw)| < A +B+ C4 D+F
(3.1.8)
where A = Ta % -3 Rolty Wi R(E)

B = 7 { 4ut Ru(5) WEIR, G [%x.(a) W R + &, (2w g;x.(a’)]
+ 4’ Ry oy T RES][ (XR. () WRIR, () + Rolyy Wiz z 2,2
+ 4R, () WY x,(z*)[(%\x.(a)ér,,(z) Rl + R0 2 Tuth) Fke 2% ]

+ fi/ Y R Tl RE) [(BR(2) TR + ) Ty (e))_l;\;z,(e‘)]]
C = Ta4u* Roln (@) R(D R (a)é,v; W) R

D = To 4u® R (g: 71(%*)) Rol®) Ro(2) (;% W(%)) R.(@Y

E = Ta 4 Rl WY RGH Rl (55 Tl) K@)
F = Ta Mdz;p Ro(®) Tul®) R(¥) R(2) T3 (0) R (2%
N
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Ve3.2 Channel singularities

There are two different types of resolvents in Cayley
transform. KR.#) and its complex conjugate Ro(?) signify the
free O-channel. k\;[t) = (ﬁ,(—z)" and /'{,(/%*) denotes the presence
of the two body-like channels 1, 2 and 3. R,(¥) are found
explicitly in the definition of Cayley tranform and also in the
kernel of W(¥ , E,l(%) is found only in the kernel of T;(?) and
WE&) . In the limit um—>o" these resolvents may be singular
if A=€¢, or A= E («=1,2,3)

In the linear term A , there is a six dimensional inte-
gration fat'ﬁo@ from the trace. For a fixed A , the volume of
integration does contain the points A = E, , &, E,, £3 .

We define arbitrarily small neighbourhoods 6, , 8 , 6, and Z;
around the points A =£, , E, , E and £&; respectively. We

call the remaining volume of integration ® y 1e€e

®UB U6 U 6 Us, = vetume of M(3.2'.1)

In ® all resolvents are finite and well defined. In the limit
mw->o0" 5 A venishes in ® linearly as # . In 4, , only
R, may contribute. Ed is finite in 6, and can be ignored.
Similarly, in B, , only ﬁ:( may contribute.

In a quadratic term, there are two six-dimensional integr-
ations: fd/‘a di for the trace and fatﬁ’plqj from the integration
ovef the internal states. For these terms we have two sets of
neighbourhoods % , 6 , 8, , 8 and 0. , 6, 6, , 6 . In
either (# or @/ y the quadratic terms vanish quadratically
as mi-oot .

F3



To evaluate the Cayley transform one only need to find
contributions from the neighbourhoods 6, , 6, , 0. and 6, in the
linear term A and d)':ﬁ 6, U 9/2 (a, g =1,2,3 ) in the quad-
ratic terms. We choose to evaluate 6, and 8,U6, contribution
first. They contain the only contribution if two body bound
states do not exist. Moreover, they are richer in structure.
They contain rescattering structure which needs special atten-

tion.
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V.3.3 Term B
Before we begin we would like to eliminate the term B .
It is similar to the remainder R in (V.2,17) in the two body
case. It is a real number though a close scrutiny of B does
show that the operators are in the wrong order. We shall
simplify B so that it would be explicitly real.
To begin, we start with the connected unitarity equation.
() - T#) - d.% (Tly - 7 (a*))
= (Z-2) é TG R () R, (2) T() — }i Talz) Ro(E) Re(2) 7‘-"(#)}
(3.3.1)
Pre~-multiply by giﬁiﬂ and post-multiply by (). Then we

rearrange in terms of Tu/? and w(*) only.
(k) (Wl - wiey ) R
= ({—f)(gik.(%)){ W RERGWEY + 2, Tal RLORG Tulrh

FWE) R R T Tuleh + ‘é_ﬁ Ta () Ra () R (o) 7,;&’9}

(3.3.2)
The trace of the right hand side is equal to one half of B

after three cyclic permutations.
Ta Ra(2) (%LR,&)) (w(a - Wf+*))

= (i-%) Ta { R.(» WY R.(2H ({7\ R.(t)) Wly R(#H +

# Role) £ TR (5 Kot | W) KD - Rolr WD R (R 6) 3 Tals R ()

4

* G Rs (&) Ty (#%) R () (—:’XR"(%’) Ta Ru(2)

(3.3.3)
To arrive at the other half of B , one must start with the
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other form of the unitarity equation, where the order of 7(#)

and T(*) is interchanged in the quadratic term.
- + -
TR -TEY - z[ Tl - % (%‘)J

= (1) { T R Ry (1) T(e) - > Tu &) Ro (2R, (@ 71(%)}
(3.3.4)
Pre-multiply by R.(» and post-multiply by g%.R.G?D . Then
we following the preceeding procedure to arrive at

(% R,,(%*)) Ro (e)( W - wa*))

= (£-2) m{ Rolt) WY R Ruly Wt 2 Rl

+ Ro(2) 5 Tald) ro(x9 Ro(B) WD 517\ R + R WE RGEYHRG Z Taly) ;; R, Y

+ Z . # . + . 2 £
55 Ro(®) Ty (T) Ro (¥) Rel®) Th (3 ;AR"(“} 5.5.5)

Combining equation 3 and 5, we have the entire term B on the

right hand side.
T (2%) (R Rtw) (WO - wiz) = B

(3.3.6)

Now we have a compact form of B which is explicitly real.
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V.3.4 Contribution from O, U 6,

In the neighbourhoods 9,[J @: ,» we expect to find all
the three-~to-three channel contributions. As we have noted
many times before, this particular channel provides the most
mathematical challenge to investigate. First of all, it does
contain the "normal" contributions one would come to expect
as a projection from the two body case. The resolvents do in
some terms form simple energy conserving delta functions.
However, in the rescattering terms otheq&esolvents get on the
same energy shell as those forming the delta function. Together
they form generalized functions that are no longer simple
delta functions. The seeking of meaningful generalized func-
tions from these new resolvent groups is called regularization.

Before we start to diverge to thqﬁengthy process of regu-
larization, we should calculate the contributions from the
"normal" terms first. The reason why these are consider normal
while others are to be regularized will be clear later when we
define rescattering. We here now list and calculate the terms
in (V.3.1.8) in the neighbourhood O, U O, , less all rescat—
tering terms. The subscript 0o denotes the neighbourhood and

primed letters denote +the absence of rescattering terms.

Introduce the notation ﬁd&) used by Faddeev,

W@ = L, Qu® + WG (3.4.1)

1]

where
=~ Tulw Ry Tp(2)
f (3.4.2)

5
5
]
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Ry = Ta 2 (-a0u) Rol) W (2) R (%)
IA
Co = Th tu ﬂo(a[”ﬁ s+ B R R
X _921[3:” CQ”(%) + l;\v/(-t)] R, (2

with the stipulation that either o#§ or g# ¥ .
D,, = Ta kal L, Ry T REIRE) -—[Z— Q, (*)+W(*)]f<f*)

with & # ¥ and o#£4§ .

n )
(i.e. for T,(z") we have only Q“(’c) and Q;;(-Z) )
[ED] A~ ¥ 2 *

E' = Th 4 & (e)[ a)r;” st () + w(i)} Re(t) R, (%) [37{2;(%)] R. (%)

with B #7% and A #35 again. (3.4.3)

The term B is already shown to vanish and F is a rescattering

term.

The limit m->0" can now be taken trivially turning pR.(@) R. (%)

into mEMH.-A) .

- pd 2. -ami ) WCBE 383 sario
A = fd,pdq,.é_?: ami 3 (2 -A) )

]

—are 3. ;; 7,{_)’(7\27\.-1-,0)
2
ll) Yy .
c,, = fﬂéf’f&; fd-f’ g’ 47* J(ED'A)[QAQ,(’G( §: P38 5A-10) +

o= 20, . )] I ;
(P2;Fa s?\-w)} x a(s;-a)[yzﬂ Qug (P4 sPYyAtie) +

R

V(P BE s 7'\+io)J
= wr* B, B aaavie) + W " neio)]
; w AA, Atlo
X [%; ”zzra (A7, Ati0) + ( )}

with o #34 or AFEY

&8



Do = {P“'L fdP ) 4mt J(e-2) L Ty (PL3P'd) A0
I 1] st e » iy aa .
* 3(8A) [{;J Qs (BL 3945 Awio) + W(FE 5535 Ario)]
# v ,
= 477'1/{'}\1,0 Z;.( -\,/:1 (/1,/'\,1-}*1-0)[)%—5 o?,ré.(/\,/'l,l-h‘o) +
+ ?;}(X,A.iw‘o)]
with « # and o #3§ .

E = 47" ,u [3” (J\/’\7\+/o) + W()\/\A‘/”"’)]
*x Z, T (A A, A+00)

with * £#7 and o #3 . (3e4.4)
For notational convenience the momentum delta functioms o (/5:1‘?:/)

in Ty (Fg;PEmijor Jy(A,»,A+°) have been left unintegrated.

Having dispose of the "normal" terms, we can now work on
the rescattering terms. By rescattering we mean terms with only
one T, and one Tﬁ and a number of resolvents in between and

around them. Because of the unitarity condition,

i Ty(2) = Told) - Tald) = (22) Tald) Rl R (* T, (2

two Ty ts appearing as on the right may act as only one Ty .
The diagonal element of a rescattering term has all its resolvents
on the same energy shell. The integration over internal states
between 7Ty and Ty is done trivially by the momentum delta

functions J(a-pi) 3(fa-ps) ,

i.e. fd Apds! S - f“)‘g(&’ﬁa))ﬁ(’oz"‘”’”“ /f(/"ZJ >-1-)
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To be specific during the course of this thesis, by rescattering
terms we mean the following list of terms. Together with (3.4.3)
they form the entire contribution of (3.1.8) in B,(J6. .

"

Ao

i

P dZ*ﬁ 7/1“391 (-20k) Rolt) [-Taty Re® Ta®] R, (£

n

Co = Im 5 T " Rl [~ T2 R i (29] poti?) Ru(2) x

"

« [ - Tale Rolo) 7;@] Ro(2%)

Do = I By T e &al® Tald) R Ry 2 [ - Tl rlo By

— Tale) Rato Telt)] RelD)

i

By = I Fp Taghet Ro| = Ta(#) R oD — To(¥) R Tu (35 |
* Relf) Re(t) [ 35 Tplw] R(E)

n

F e = > T > 2 +
o U‘M«. c(z#'/d 7;)‘0‘4/4. Rb&) 7:[ (—E*) kb ({') Ko(’é) [ﬁ 7%_/%)-7 Ro(‘t)

(3.4.5)
To facilitate the calculation we have explicitly stated

that we will only work with the imaginary part of (3.1.8)

since we have ghown that it is pure imaginary. This is only
one of the many important steps:we have taken to shorten the
otherwise laborious derivation. We 1list here all the meaningful

generalized functions that we shall use and some short hand

notations.
(x) _ &~ ' S — (%
(a) Téu®= —Z—  , such that /ﬁ‘;‘:f 8.3 = )
(b) _B‘ﬁ = z 2 such that ,[/t/vvv _f’__“'_ = ._P__ the
A “”7“' ? /u-'>o+ x ;{‘

principl?&alue function.

q0



and ! = XTI E‘;' FAamdulx)

2% 3+ l-/(/(. - 17. +,0(-7'

Salx) = 7.2 - (2%
(e) 7 du 755 Sl (2" ™)
(d) ,__——-P/“' = ",9,- f":- = — 2 x = _L—/u-i

A" o 7% Xt (* )

/ . P . /
and (XE S = ;:_’ + £ '/7‘9"/20
2 T_ LS
X (x*+ pt)3
Define

Ai = A (§usFa, Fin-)
4 - B ~ Y * 1
S(a-P) Au%,8 Atu~p) = <Pl m T2 R"[%’M%);jxw)l'% D
= Jdpi dg! 7 ul8 ) S L) Ty (G F s A i)
A ] =y S -, - Al
x L S(=Ph ) (5 ) G, Atin ~ ) )
= I -pA) Jé{iz 7 (Pi+ ;.'('l—/’k) /Z;/(g:x,ju”, A-gu~fi )

>

= . L
x —527\ Ay lgs Fx o Atipa)

A = I ((Fa, Fu, ArgaFD)

Similarly, we associate J4, for the elements of //-(‘g—,‘—T“)R,R: 7:{,
4, and 4, will eventually yield the same result. At this
stage of the calculation one should keep in mind the difference
in the ordering of the operators u Ta(?h R.(2 k.,(a“)jliﬁ(’c) and

w(Z o) Ror TE)
In this new notation we are able to proceed with the
calculation. We pay most attention to thebehaviour of the

resolvents.

Al = Z, Thg 2 3m Ro(® T () Ro(2) Ta (2) R, (2)

9/



]

o By R R iy SRPONGT i)

x—  §(%-A) ;/tg(;ga o, Atguffp) 1
B -A-suw Ey=At

= P T JdpPAZ 2 2k

2 o P ]
B TSR G e XA

X

/ 4 9 7
aae HGn ferrets)

Es- Atia
= I By Y p 2l Ry mhala)
= At A (5.4.6)

where

Vd, = h Z A 3a /dfdi 2 /td%d T Ju (a-A) _Tw
f‘,—/’\
- 2, & f,z,oaaL 2 (Re badp) F)3L (-4 )

(3.4.7)
since Tdu(&-X)_L - M y _(5-1) . a(B-A)
b-A EBr) S (oW Hu™ [ Wript ] :
= - ¢ -A
=z Ju (B-2)

’

M, = I F, 2 [fp o 2i ity WIulaA) i TG (8H)

= ,LZ/‘ plfﬂ‘Z 24 (Aé‘n/t,t/),«W i (6-4) S (&-2)

72
) 1
= %/’ '?X (/0‘ a(z (—'44) d‘m/td /?A/;Z [77-&/‘“(50 ‘/\27

4+ A
.7.,’ ,?,1 (3.4-.8)
with Y21 = 5, GF AL 39 It Rty TIGANTEEA 5 4 g)
2
_ IR a2
A T 575 f/’dz criy [ T3 Aﬂ aa(Jmﬂt"l&&). (3.4.10)

92



In evaluating 4,6 we used the fact

2 ;
a—i‘éu(fo’/\) = -3(&-A) .

From now on the standard step of integrating the delta functions
will be done implicitly. Separation of real and imaginary
parts would also be a standard step for most terms. We now
go on with the rest of the terms.
In both C., and P.» , the A derivative acts on a product
of three operators. Fach will contribute three terms, each
with a different operator derivative by using the chain rule.
C,,” = + t+
° ;I ;1 EJ (3.4.1 1 )
A # A N R (o2 T(t)]ﬂo(’c) Tulz) Rold)
with ;/ = e Ta, 4t 0{;/0 Ro (&) Tu(¥) Ro (%) [7}:(*) R.(®) K«Z):ﬁ 4 )

= J—MT,L’“%«‘,(Z,/ [D(%)xc(é‘jxo(r)‘a(e*)_]&a*}[7;,(%*9&(%7&&/;17,(%) Ro (2)

= du & Jdpd] () ety 4 '
dﬂd‘{f{fdt ) o Eo"\*"/‘u- A E=A-s (3-4.12)

£ e T Zgs el Tuli) RS T55 2.6 £, @ &) R (0) Tu(®) R &

= I I Jlpdy 4 ety L Pty
% b~ At (523"

= s L - ____.i____
By Japdp wi Iuudets TEleN s (5.4.05)

f = e Tag 'y Relo Bl 2 o[ ) REB R To)] R (o[ ZH0) 1o ()

= e I, [, L ety L
a(‘p/ 8, Q—A'f'/'“- B ~A-La (3-4014‘)

We note that f:, and ;3 are the same except for the difference

between A4, and 4, .
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Next, Do = A ¢ o + s (3.4.15)

= % o (0 Talz) Ro(#*
where o8&, = dm T/Le‘-—ll-,uldza‘_/a {ﬂ.&; [7:[%)&(%)&&) 7:/%)]18 T8l% )

+ R (v Ty&h Ro(2h Rl Ta(2) xo(f)(_)l; Tz (+)> Ko(%’ﬁ}

*

i-"/a -.C’/;df 4 Tk (E""{) (dd”',d.()

e TH
(3.4.16)
By = e T, = 4 5/ { Ro() Ty (£) Rold) Ao (3) Ta () R Tp Gy RAF

+R (D T () RelF) Rl Tplo) RH(0) Tl R12) |

= . & JA,#oI.»; BT Su(ba-) I iy

Al (Eo-2~w) &
= 0‘9‘;'/ 4 dzz’z’ (3-4017)
with A, = Idm 57 Gu(b-8) Pty _&_&_)_ 4B (5.0.18)

Ay = I Jidp w5 S (eA) Iy (im)File-n) et

27

N

(3.4.19)
o = e Tyt B, { R Tl 16 R0 0] Relly (3 To(®) Ko

+ Rl ) R 2 (;"7\ 7,;@) R T, ﬂo(%’jf

= I Z S U 57 Gulsn) Ity 22
, &- 1-/- A
= 4, + B, (3.4.20)
vith &y = e I 4 a7 4(s-2) Il o £ 5
= f*ﬁfof‘fdi'(?—%i) m8ilh-A) Fnty L vﬂwl;a (5.4.21)
Bo = BB G i [rolon) ba LRty
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Here we see that "93,/ has the same generalized function as \,4,
and is regular while &, behaves as 4, which has the irregular
generalized function [ﬂ‘a;,,.(s.-,\)_]z'. The ldfter must be combined with
other terms later.

Next,

Eoo = Jm Ta, 3;5-4,&[ T R(D) Talthy + Tplt) R Tdi’?] £a () x
Rl [ Z-T8) ) ReD rcor

S g * —_—
o 2, \.(;‘dfaolq/ C#) TInla-2) ’t"_E‘./TF,; @ * )

I

(3.4.23)

X - I TA%‘//wl dz*/l oD R (v T2 R.(E’?X.fé)y%y[ﬂ

= bl g 5, #frsuina] A 2%
fi,a Lodf»‘ali‘w[vg;/f,—,\z]l[&,tp( 52;:4&758 -~ %I,,;E;ﬂe,g,]
(3.4.24)
In the second stage of regularization, we rearrange and
regroup all these various terms to come up with meaningful
generalized functions.

First, we want to show two groups to be vanishing.

vdd,z t Fo + Ay = O (3.4.25)

HApe + Fuo t Ly, = 5374 faoa(ﬁdf 4i [vd;«(s‘.-/\)]Lx {‘37;(4"'/*0« Reds) +

bty - 2 2.

= 0

We have used the fact

— 2
Bip ety = L (F IR Re
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For + Poa =0 (5.4.26)
"d.e,/ * "('oz,,z = ,,(,4,/4 J“Pﬂ Fi Ay Rehy T (6-2) T & (6s-R)

+ 3 AR 8 Ity M) (o) ey T (e
=0
Next we gather all the terms with the coefficient Jw}{,;ﬂm}k.

B o+ L= M/ jolpa’i i [RT 8pu (8 -7) dou 1,

o,/ t

( ﬁu—ﬂ)‘

W g(e-A
(E-A )t e " ouch )J

The generalized function can be simplified.

+ $u ty JLm/()

Jul) La + 7s.l®
At 7C+/u

— £y xl_./“'l.

AL
+
Xt (xMut )t (x*ut)*

M(th_ ’/“'L_* 9‘,‘1.4‘/'“1_)

(x*4u¥)?
= (32 -4
(wteu?)?
= £ 7yl (3.4.27)
Hence,
oy # by = By S iy 2w 5 (o) I ity (3.4.28)

Add A4, to the above.

Aai * be + By = Z, Jo, 4843 [20 w5 (6-2) it o g
~ w6 (G-2) Huty 2. j/z;]
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- % _gd;"d,;‘[—ﬂ,i,u (a-2) 3 Chte Intp)
-4 (392 T {4,4\)) N J»«A};j

= 5/ J, APy (-:;)313[792’(4,—/1) Ity Ity |

Add A, to the above. (5.4.29)

By, t Lot By v A, = #ﬂf d,odi{é'.uj 2IG/CaA) Iy Ity
+ (-z)f;\ 7& (6-2) (et Ry — e ,4,‘,3‘,)]

- 578 ja‘dﬁ/z‘ - J_:;:[ﬂ'&f(fo-/\)(ﬂe,a Rety + I ox,“,gﬁ)]

(3.4.30)

The remaining terms all contain 4, or du« .

;} + ﬁs + I&/ + Eol;
= I 5, ), AP —#{J’n Zy (44 +)

* Ay (954305 ) T & (E0-2)

A2
(&7 u? LAz

+ /t,( (,d/,,wﬁ) 773w (5-2)
EH-AR 4w

= I Bl €0 [Cueip) [ Rety (Zhetsr)  TE0) )

fomdmm £ -2t
* J"‘Io({-;_ + L7 (B-A) 7w di(&-A) )]
CEYR7 God-im T B At
(3.4.31)

We can simplify the groups of generalized functions.

T8 lf-2) (— ‘ !
e £-A 45

= 7 Gulh-r) 2w
A-A

R T CEY (3.4.32)
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f o AT(E-r) I S (&)
(oA P Ep = A -1 &R 4y~

= / ( !+ l‘/ﬂ- - /‘./“ )
E-A-an E-Atpm

_ ! (-} 4™ + i (BoAt20) = e (b= Apun)
(fo—/\)L'!"/“L (f‘,’/\)‘-'}"u‘t

N R A s
[fe-2)? 40 ]*

- Pa
&-»*
Substituting equations %2 and 33 to 31, we arrive at

(3.4.33)

£t bt B+ by

= Gy g €0 (agif)| Rty € MEN)  douy (:3)“1

(3.4.34)
Even though the particular form of equation 34 is quite arbi-
trary we prefer to express it interms of two body time delay.
We do so in two steps. First we express the term in square
brackets in time delay and then we express (A% +); ) in

terms of time delay also.

-
n

J4g [Ret 8l (a-ay + J,uz,,(;&;—f]

Sz, [ =T G (Fur ) Re it (Fu G, A=A 45

H

+ J’M-/-tg((ia(/ :, ﬂ’ﬁlz’*}.lﬂ—)___}:‘.*‘—_
} /3\:_(}_?:‘1) ]

= J"ix JPw f

v, A (G Fa, AP 40
(;z’(x_ﬁ(;)_l/“‘)z Lo L B0 Jas AmPu +14)
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1)

L e (AT ton) A (A=Fltse)

/t* #"‘14 /lo(ﬂ—’,b:-«‘//a) /td(/l'ﬁ:-*;a) /l,(k-ﬁ;t-f-r/‘“)

(3.4.35)
Recall the two body spectral property (II.2.31)
Iy gle) = & due i [N+ — RoCe+ie) ]
and the identity
A(E+) = Po(E+i0) = = (E+ie) L(E+ib) o (£+70)
We have
Low I = =4 &g (aw)
papot
= -4 [a§i §(-4) Fog () (3.4.36)

For notational convenience later, I is expressed in the

second form in equation 36. Substituting back into (3.4.34),

;'+;3+’&/+E°:

n

Ju* o(%ﬂ fd%% fd%f S(A-Ea) a?(/’/_;f',a/_;) /g‘bid(f:‘i)
Bolagpag soosy Fgef [l S0 in [3E)  (5.4.5m)

We now take the second step and express /%+)% in terms of 3(5).

]

Y = 0 (Fa, Fu, Atiu)

Jazg

]

S (Bt FiA) g (Fa, 52, AmiutB® Ly (35, 5, 203 )

2 e - ~ a Py '
Jtia i jgB = T I B GGG e BB F
Add to this the identity (II.2.21)

o = /af '<97‘1- L(£E E-0) Z(ﬁ',ﬁ', E+i0)
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hive, Sy 75 Sty 45D

M>0
N ~L o o ~v . ot ol et .
= T dm e TalFs, s Fp-io) 0—% Talip Gns Jo tie)
Similarly,

A [ 435 30> I Zy G

Mot

~t
“
Express the above in terms of time delay through (II.2.30)

- T B [d G ] BB B

% ga) = -ar £ 3% Re T(A, A, A4i0) + (am)* A Jth/\./\.;\—fo)ﬁ%r(A.A. A+:0)
Hence, X
/x:;;\f Jd2s 72> I Cont i) 4(57)

= A 0 R g kB(GE F)

Substituting back into (3.4.37),

):,+;:J+f,,”,,+4ﬂ,

= Z, Jagi dfs 508 Gg oy [£A g + zﬁ%&rﬁzfl,,gﬁ,;ﬁ@]

(3.4.38)

We have now accounted for all the rescattering terms.

In summary, the entire contribution from 6, 6, is

= (3.4.4) + (3.4.30) + (5.4.38) .
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17)
It has been argued [ Dashen et al ] that the rescattering

terms will provide for an excellent approximation for the entire
Cayley transform. Since it is so "close" to being singular,
when it is regularized it must give "big" contributions. Our
findings cannot support such arguement. They may be good
approximation only because they are the first terms in the
series. It remains to be seen whether numerical calculations
would bear this out.

Using Landau's equation Grossmaﬁgérrives at an approximation
having only part of (3.4.30). Baumgartfoderives the same results
using approximation to thesecond order of R i, . Buslaev
and Merkurie%ﬂhave also derived the regularization of the
Cayley transform. However, we find their solution to be unnec-
essarily confusing. Our results are complete and simple. In
this sense, the above authors' various results are considered

insufficient.
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V.3.5 Contribution from 6,(J 6;( “f >0)

We start again to calculate the entire equation (3.1.8)

3
24 I T [RGB R -2 R -R(®)] = A4 C+D+ E +F

in the neighbourhood O for A and 64 U8 for C,3,E ¢ F,
There is no rescattering contribution here since the free

resolvent R, 1is finite in tlese neighbourhoods.

A, = dpdy 2 (-2 J R 5 G (RaEs A
% je,{ PaL 55 M) (Eu—ﬁd)1+f‘1'[ gty P70 F oA
*(ft) &3, N
z 353 Aty — + B 5 Ari) (b0
S Gou (P2530; At) oA ) Hog P35 Ar i) PYEw

*6—\
+ = ( ?""{“ H,‘/g(f.c Bp, Atu) ;?;:z'; +7‘¢/fo/‘; H/aaz(/’ Fa, Aoe) ;f"‘@‘: )J
- FEYEs 4—/‘_

(3.5.1)
) . -2
Since (atiu-g) and (Atu-£) are both well defined and finite

generalized functions, in the limit #2207 Ay  vanishes

linearly as s~ . Hence, the linear term A only have

contribution in &, not 8, .

= T T Rc(i' w ° R s
Cup Py y WY R, (4‘)(% w(e)) Ru(2)

-J -
- st S iy [ (e ept] [(ep ]

¥ { P Fd,q(-l'f“t} i;li’i?\’%) * &[2 é’:lﬁ(}’-uil‘zl) A-im)

o A=k,
I X oo
+ yZ; Hoyy (P27 Bp 3 A Yr(2y) -
s A-fu -5

/0%



. > -, . *J/
+ [ 5y Gup (P35 B0 5 A0 + Gy Al Hyg (e, 75 5 ""/‘)] _ 0%
A= By A-lu-Eg

+ _ fale Hug (Bu i, hm20) (7/’) x
A g - By A-u-5

-

PRI ISR ("’ PO '
x{z Fag (FZ/5 783 Avm) + (38> 2 b (Fg > P3;74m)

~
p Atpu-Ep A 6797’

*
( X Cf (zy) J -2;[ ( A, 2—}‘
* Zo oy e By M) 7\:/“— ;. + 2 Gy, (795 Pa 3 245)

2 _ ) (B, /’d);\-;-/a)] WGy
VIR Adiu-gy A¥pu- Ey

Ao
+ *M de(Pﬂ F,(,’\'f'/bt) _M.
At -E] At -E

Gy (3.5.2)

, . -1 , ~
where C,()g contains derivatives of (A+:#-£) and (Atgu-Eq) !
a2 2 -1 2 -1
C:(/; = 4/‘LJ9°(¢P‘{$ J@;‘d‘/" A [(EO'EJ) "/“IJ [(E‘:“ E/’,) * /“1] X

2 2,4, . (f(i;)) ~ "’.""-) y +
‘W“’”””’”"""“);m%%z[ £ BBy 7o)

3 @ () ‘ (P'T sPas Arm) +
oS HE ] [ w0

>, o N . Xy
¢ é l/’y‘(jr)’ Hy (P 74, 7\“/4)\] ‘Puk(?n() _
Absu-E (A+m-E;)
(3.5.3)
C&F will be treated with the development of the unitarity

equation later.

To evaluate c,,/, -—C:(F we must carefully study its terms'
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behaviour as mu —» o* . All terms with Fuﬁ vanish as ,V-z' .

They only contain finite well defined resolvents (A .tLu-—Lj,()-l
. /o1 - , , =)
or (Arim-Eg) or (azju-§) (AZiu-£). Many other terms with
these resolvents only also vanish as /,4," . Terms with
either (A=) (Atin-5y) = 78 (A=)
. ! . o - ’
or M (R=gu-B) (R+gu-£ ) = 7 5 (A-Ef)

but not both, will vanish linearly as 4 . Only tke terms with

both factors survive.

o / / = TRI(E) T(A-5)
M8 (Adipa-,) (At 5u-E)) (R0 & ) (At u - )
Hence,
- A -y - / - r N —1
C,(/rC;p = _&d,oo(q, '[?a' dp A3 @7) J(2-£) (A-Egp) (Ep-E,) 1(59_;:71)

SN o -, P N TN L
Gx (G HapCPur s, 2mio) 45550 o () Moy Ll Fi A4 70) a(3<)
~ S AP Sap (377 S(r-5) T-5) Ky T 3, 1-70) Haw (3 P A )

= (0777')1 j‘vﬁt \Z/—dﬁ (7.4, 71-:‘0) \7¢/gp( (A,A,ﬂ..’f'l‘o)

(3.5.4)
We have used the fact that
70 B 2 WGy (Grial)
{dg, %ln Yalin - fd.g,, a(54) 5(5e) (qu7 %) - 1
E-8)" (Fr+8s - pi+ 23)"

The last form of (3.5.4) is in reduced space notation. It

is intended for conversion into time delay formst.

Dap = i, het Rl § @) Rll) Ret (fi Wzt

/0%



Dug = 4t |, 4PH L,; Ay [(at)rpa] [ (B rut]

x{ §(pa- f«)[iﬂo_f‘&@ - ;”t.,/(zt,é;',;\—;u-’f’f)]
Acsm-E,

+ J(}/’G fﬁ)[ﬂ)ﬁ/’) + 2}3(%:4'3}’, ﬂ";“‘i’,‘b]
o

+ mna;ﬁezf,-»-w}, { N Y AR

FEL, Ttp 4,p
¥
¥5(35) Lo (2 aeir G
— Z Gy >7,)~+)+—Z- av (B , Py Atym) _1000)
7 A+ip-Eg :m[ v (a3 PR3 At P P
[Zér (B Pusatim) + 2 _H(7) HYol(Pdevﬂ'f"/A)] ¥ (7m)
9 kL] p) 5 ﬁ ﬂ.h Er AJ-/‘ Ev(

*ra
+ _Lf;f'_(ﬁw_ H/ad (s Pay At i) _—M
A +u- ,5 Adou-Ey

(3.5.5)

where D";ﬁ contains derivatives of (a+'/'u~5u)_l and (A+u-55)7".
; 13 1 - I ’L 3 -
Dy = ™ [dPd Ly opdy [Gaoso'sp]  [(5-g)40]
by ~ - D N
P T FaBes iy 4 B[ 2 G (5535 anm
C (e 517

( D —
+ Z Hﬁr(}j& /’x./’l+/~)__(fL§_Y).] + [ z é‘V"((P'%'3P«;7u~/'u)
Ariu-Ey 4

+ ; l/;j(ivl) Hnd%%ﬁ;,ﬂ%)] %y (5a)
Atsu-E/ (/’\@‘«-AJ)"

(3.5.6)
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R@ will be treated later in the same way as Cu in the
development of the unitarity equation.
The same arguement used in evaluating Cas can be used
here for Dd¢s . Almost all terms vanish either as 4 or w' .
The only possible contribution comes if o« =5 , i.e.:dn

6, U 6,

-1 -1
Dud = Dy = 4 feﬂ‘ﬁ"“i féu a7y [(ea-egiipr] [(B-50 7440 ]
¥
- 2 g, ‘f (A’ (-., S = Ty
x 8P -Pa) L %(‘> %) ¥ %.( i‘)/ Ho(,( (Pa(;ﬂllﬁf-&u) _‘P"{ (_24)
A-pu-Ey Atyp- £ Nfu- By
(3.5.7)

The momentum delta function forces E = E; , thus making all
three resolvents on the same energy shell. This is the effect
of disconnectedness in the two body-like channels that we ref-

erred to earlier in section V.3.1.

- 2 R P i
- D, = d‘ﬁ( 4M H,,(,( CPD(/P“,2+W)
I&“ " LZ (A= gu-EL) (A+p-E)*
(3.5.8)

All the bound state wave functions have been integrated.

In the following identity,

T

Qi Aui o ami (A -gn) “

(x+im)*  (Hme)(xHim) (T (R r) (-go) (xF5m)*

the first term on the left vanishes as 4 , while the second
becomes a delta function - am /%) as um=>of .

Hence,

Lowm  Dus = Dia = JaBy -omi ar-t0) Hig(BuiBa,i#i0)
/uao

\

oy —ami Jyo (2,3, Arr0) (3.5.9)
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The term F cannot contribute in 6.U8 for o« #4 .

E o= gt Ta Rely W) RG) Ruln (B 3, Tolb) Al

If ¥ is not equal to either # or £ , the only pole in

64 U 9'8’ is in W(#) which are well defined and finite.
Hence the term vanishes as s#'. If ¥ = o or £ » the
momentum delta function §(fu-P4) in T+ 1is inconsistent with
the condition A = kx = £, . The term does not exist in

9,(U0/§. Hence E,(p=0for A#E B .

In 6. U le, |

Eay = Aut fﬁoz dp 4, fa,', dp s [(n-totsp] ’ [(s-e)ept]

cW(pL; '35 a-its) 5%—?‘4)[(@?‘.(& +,7i,<(¢-« Zu, Atpa-fa ):I
A== ﬁak)

> > Sr, =, ~ -
= 4/_47' fep{ ¢f dz ‘{0:( dpj¢2 [(Q—E‘)Z'F/»LJ [‘(ﬁ"/—&;‘/)&—{_/alj x

- x‘/
e (Z Gy uFEs nge) + 5, Hoplia T, %-,«)__(’AQL)

2"5&1—5'( ,@ ﬁ-}'(A'E/‘;.

#[2 6 (P By 2oge) + Z MLH/K@,FI,A% 1%
e pre A-tu-gy A-ju -

+ YJ ['i") Ho(,,( (;-( ’ ;.(/, }"'/‘4*) ___ﬁ(‘_(gi?__ X
A-fu—Fy A-pu-£)

S -, - A 2/
x S(P<-P) YaGa) Yalia) (3.5.10)
(A+}a—£,()1

A1l non-pole terms are dropped. £,4 will be treated in later

section on unitarity identity.
In any neighbourhood F is a rescattering term. It should

be treated as a linear term since the internal integration is
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trivially done by the two momentum delta functions.

Fa

“Z*ﬁ 4t o, Rolt) Tu(2") Ro(2 Ry (%) (—37 7/’5(%)) Ro (—z*)

b S g -2 7, v - Y N PV
47“ 05;4 -f(g.( ﬂLp/$ [(E"Et‘)lj“l] /to([i“ ey /1‘?4'4“)/1‘/ (Z/él Z/s; ﬂ"/:ﬂ —H/a)
(3.5.11)
Since o # A » the primary poles of L« and As will never

1

be the same. Hence in By , each term of F+¢ contains only
-1 -
one of (2t im-£)or (Atiu-£) ", each of which are finite and well

defined as m-o'. Hence F vanishes as " .

We have accounted for all contributions in &« U 9/’1 .
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V.3.6 Contributions from 6«U0, and 6,U &

In view of what we have already learned about the calcul-
ations with resolvents in all the other neighbourhoods, these
remaining contributions are particularly simple. In ©aU 6,
we form the simple delta functions §(»-&) and J§(2-&") .,
There is no special terms at all. The same goes for 6, U 6;3 .
We here outline the contributions indexed to show the neighbour-
hoods where they come from. There are no linear term possible
and hence A and F are absent. We also simplify the expre-

ssions by writing only those with the singular resolvents.

- g Aoy, 2 =1 ’ 1 -
Colo = 4.,4,11 je,( dp a[@ Jga, GLF D(q, [(ED’E.L) 7"/41'] [(Eo"?\) +/A1J
Pl S Ay, N thy 2 . . ¥,
(_ WED 6 B, (R PE A @ B,, (P55 By Aty G
A"/.“’E.( Atpm—-E,
+ Co'(a
(3.6.1)
where s . N o, . . (3
OB (R P&, apm) = L G (R385 05 + Py (P, B 2-e) %)

A-pm-ES

and e, =l fe apdg f,, ap g [n-80 0] T [Caarear ]
i o

2 P ‘a’ - 7 — ¥ ';
xM 5.(0(/’.(5/641, 5 A-oun) Baa(()’%';‘ﬁ(s)-{-/;u) 9‘,((;)
Ao gmrBe (Ar+pa ‘E,()L
(3.6.2)
e Cup = Oy = Jpe Japags @m* Sle-2) SR Buy(hi B 5 2-i0)
* ﬂod (/'5&7; F-( 3 ?.4‘"0)
= )/t\v,.; (9777'_)7' @d‘,(l.i,)-lb) 600] (A,A,?.\'ffo)
(3.6.3)
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Similarly,

Cop = /Z:a em’® @ap (2 AA-i0) By, (A A A+i0) + Co’/’.
(3-6-4’)
C/

- 4 -
p = ftpay [ [nenrt o] [lagton]

- -, ¥ 37 (_‘/
"’5‘,/3(%5 [R5 A-gm) %(7/’), x % 5 .
Ampu-By  (Atim-Ep)

@ Byo (s P25 Atim)
(34645)

Of course C;o and C:p are to be treated in the unitarity equation
later.

-] -1
Do = bt a5y L4 [ on] [N ]
% A

-3 - Pt \ a7 - L4 s
Z, Ty (PesPo; A WP 5 pa5 Atgw)

(3.646)
s all terms vanish as ,u—z since only {(A+pu -E,()—Iand

‘v -1 . . g, - M
(A+ou-EB) “exist in WI(PHE ;3 pe; Atsw) . For ¥ = o

If ¥ # «

, the delta
function J(P-P4) forces E, = E{ which implies that this term
does not exist in 64U 6;. The condition ( A:=g and A= £ )

is incompatible with ( E/= £ )e Hence Dy,=0 . Similarly,
Dow also vanishes. For exactly the same reason £, and £,,
also vanish.

This completes the contributions of (3.1.8) in all the

neighbourhoods. It only remains to derive the necessary unit-

arity equation in the next section.
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V.3.7 Unitarity Identity

As in the case of the two body Cayley transform, the
final results must be complimented by a unitarity identity,
like (V.2.19). In the two body case, it provides for the other

two partial derivatives to form a total derivative (i.e.

20_%, 'E(A,?\,;\—h'g) = ’E().\'/’.l,)l+fo) + 3(/'\,?\,7.l+r'o)

.)
In the three body case, the unitarity identity fulfils firstly
this function and it also contains the double poles terms
(x+5a—5&51necessary to cancel those present in the Cayley tran-—
form. Individually, each double pole term ( derived from
derivatives of the original simple primary pole) is singular
as a generalized function. The unitarity identity, thus also
regularize the three body Cayley transform.

To evaluate the trace of the three body unitarity equation
we adopt the same method used for the three body Cayley trans-
form itself. We devide the six dimensional volume of integra-—
tion into five regions (#), 6.,9, 02 + b, for the trace, and
five regions (@: 0., 6,6, 4 6, for the intermal state
integration. ® and ® contibute nothing. In 6,U 6, we
have to regularize the rescattering terms. In all the other
neighbourhoods, the free resolvents and primary poles form
simple delta functions in energy. The unitarity equation

appears to have quadratic terms only. However, special atten-
3 Ml Wi

tion must be paid to the disconnected pole term &(P« _
At —EOL

This special structure produces the linear terms in z{Q .
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To adopt the unitarity method to the three body unitarity
equation, one must do a preliminary step. One must first sub-
tract all disconnected terms. The connected unitarity equation
is:

W(z) - WED = -2 { 2y Talz) Ri®) Ro(25 Ta(2) =+
”% [ @ R (B RH W + W) R, ) R, (%) 7:(1")]

+ W@ R.(® R W(t*);

(3.7.1)
Contributions in 90 U 9;

The next step is to rearrange the right hand side of (3.7.1)
so that it would be regular in 6,U6, . In any other neigh-
bourhood such a step is not necessary.

We start with the first three terms in the series.

_ i Ta(2) R R Ta(zh
A = ﬁp 2ipm Tulz) () Ts
.
= 3;,5 —amp Tu(2) S (Ho-2) T5 ()
= X —:nrx’-[KaU(%) Su(Ho-A) ReTp®) + P Talt) ulHe-3) ‘9""‘7:‘{%)]
ey
+‘;>7r[--gJl T @) 8ulto-A) @ + Ji Tal2) S (Ho-)) Re 7%1*)]
(3.7.2)
B = L 4+ Tu(#) R(2) R [ T2 R T(29]

d#f

= Z  -2i duk@® Ro(¥) Ta(zh

dip
e r g e T@[ e T S o) [ R i B Ton)]
“Hp Ho -2
P $n Ty (¥
= ‘,(Z;ﬁ -om InTalt) Sulo-r) ReTplr) — 2 Jmﬁ/ﬂ_ﬁ_ :

Iy



—2i ST be R # 2 I Tale) T (HoR) I T l2)
Ho-2

(3.7.3)

= N A
c o(ZaEﬁ +aim [Tz Ru(®) @] Rl R(Z) Tp(e)

1

I o—a2i Tilm Rl HTp(y
A7p

= 7 2 RTu® 7dulH-2) ImTilr) + ,2<9m7:<{%)—}?"’“—<9‘“7f—*(%)

vl#‘ﬂ Ho_}"
~2i ReTalty P JnTple) + i I Tyl w8 (HoX) Prn Tal)
H, -~
’ (3.7.4)

Add them together,
A+ B+C = oép -1k ReTg @ Sulto-2) Re Tplr) + a7 ImT® 8 (Hi-2) S Ta(2)

-2 PuTu® _Fre Re T® — 24 ReTal) —-H—}}‘T Fn Tpl2)
Ho-A or

Z o —2i dm(Tm RO T
¥ ) ) (3.7.5)

The next three terms also need to be rearranged.

D

I

I rau Ta@®Re® R [TEEY RIE) T ]
.

It

X ame T [5,.,_(%-7\) 7%(1‘5 Ro(%*)J Tu (7

S
X

1M
1\1

B 7::(%)[ ami &, (Ho-2) ReTa(2) P - 7% SulH,A) &M’l/;(%) T S (Ho-4)

0 -

Pee
27 G (HeA) Re Tpl®) 7 g (Ho-2)  + 28 lHed) I Ti2) e Jn(i’b

(3.7.6)
E = 5, +aim[ Tty R) T] R K1) Tule)

.'.
= ﬁp ami T R Tile) §ulHe-2) T (4
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= '&(%)[&» v kT T ) T&(HA) — 24T (Ho-2) I Ta®) T (Hs2)

d*ﬁ Hy-2
-2 b Gl ) - 2 TG (Hen) Re Tate) T 8u(Ho-2)| Ta ta
(3.7.7)
F = —aju Z AEp [ TR (2)7;(%)] R, (x) R, @ [T(%) R, () Ta(%)]

= ’7:‘(%)[!2,,(%) ai ‘9,%7%(2—) RD(-Z")J yMES

A#8
=& 7:1(%)[‘“——— Tl P 0iTE (o) P Tpley A
dL /j A Ho’)\
e S o) - ) et ] Tl

(3.7.8)

Adding,

D+E + F = %ﬁ E[e)[.u - :mré“(m—)t)&(fﬁ(a) NG

+ 22 TqHo- ) K Ts (Y ’5“«?\ Y H&/\ &ﬂ(&)rr;&(uo—;\)]v(#

= g%@ 24 ﬂ/%)[#vw(&(%) &) K.,[%)):{ @)
(3.7.9)
Putting this back into the unitarity equation we have a connected
and regularized equation.

Wat+im) — Wp-u) = 0(2#-/4[—2}' cgm(ﬁ(é) Ro{%)?/%))

+ Aa 7:((-?,:\‘) I (R,,[%) 712[-2) K,(i')) 7;[.})]

) ~
* [a%,e Q- + W(’ﬁ] (-a1mi §ulHe-2) ) X

0w~
* [‘;:a‘as R (M"“)*W(%)_] dAES, p#Y
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+ [Z.; T (%*)J (—anz&(Hb—}\)) [ %E : Q(:a (r) + W(%)]
dEY , A FS

+[ ;‘;_LJ Q:,; () + W/(J)J (-;m&.(rao-z)) [ z 7;(4:)]
dEY, AFS
(3.7.10)

For notational convinience we define the following:

Xt) = I -ai Soa[ Taty) £62) Ti(2)] (3.7.11)

Y = o(%p 24 Ta(@ a"-m[/{u(%) Ts(2) Ra(%)] Ta (%) (3.7.12)

These rescattering terms will be separated out while we deal
with the "normal" terms first. They will vanish and not
contribute to the unitarity identity. This we prove later.

To proceed we must put (3.7.10) into reduced form.

W(e e, 2) — Wk, g2") - A& t,z) — (s 6,2)

= jd,ef(—zﬂi)g/«(é -A) {[ Z 02_:; (&, &, z'*) + 'ij‘(ﬁ.’, £ g*)] X
6

<Ep

J 2.

¥E§ ¥d

(0 0) = (st )] .

o(#&,/g;ﬁ)’

d) ~
-+ ; 0:((5‘"&/:, i*) X [Z_ OZXJ(A/’,%,%) + w(gl,l£°'£{]

t£2)

<[5

x5

CE Ry 4 T ’,E.”,z”] I (e g, %
(ED,ED,Z)‘}'Z(}’(E' ) X o J-L( ’ )oé:#b‘,o(-#b'

(3.7.13)
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Next we follow the procedure used in deriving (V.2.19) to
establish our unitarity identity in 6,(J 8, . For clarity and

comparison we list here all the necessary steps:

[1] Differentiate with respect to E, , Z3g,

[2] Set on diagonal, i.e. E, = E/

[3] Multiply by a7 S.(&-2)

[4] Integrate in the neighbourhood 0,U 6. , J;dﬁuf%'

[5] Repeat steps [1] to [4] with an alternative form of
(3.7.13),

[6] Add both results and take the real part.

The first four steps can be done together rather trivially.

The notation has been designed to make such steps simple.

5 de. 21 8, (B-2) /aa[’l,(/(ﬁ.,,ﬂ',,;\w;a) - W(Es, By, A-yi)
90

- X(ED,E,,Ah/'a) - y (f.‘,,,é,JﬁW)J
= f dEy a?vréu(a,—z)f A8 =aEu (E-2) «
6, 8/

x,ﬁ, {[uu,e (£°r£ol.7\'§u) + Wk 5, J\—)«)] X

[Z‘ Oz-yg(Ev £p Atiu) _;-W(Ev Ea /\”/A)J

5%s €5, AT,

+ 2T (6, &, 2 /A)[Y“l (8,4, , Aru) + ZJ(E., E }\h,u]
AET, o #8

(/) ’ \ - ! . - .
[ S X (5 ) + T (50, 8] a-:,a)] b2 ‘Z‘(E"’A’M/‘)x;er, 0(#6'}
(3.7.14)
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The next natural step is to take the limit s> o", and
also integrate the resulting energy delta functions. The result

assumes the simple form of reduced space operator trace.

an 2»0[,2&/'(2,71,9\-#,{0) WA A A=) — X(AAA+i0) — 76{(1'7"/1*‘-")]

=475 G, { [d%.f ,,'LZ;M,;\,%A‘O) + W(,\.A,a—;.‘o)]

) . . A R .
X [%5 o’lﬂ(«\.x,mo) + ’w‘(x,;\,m«o)]

d#s , pRY
m . . A . .
+Z J((A,/‘\,A—fa)[%s Lps (A2, 2F10) 4 WO A A o)}
LY, 475

/l) ~o . -
+ o) + (A A -0 p (A, A, A+io
[‘o%bﬂz”ﬁ(l';\’a o) + W 2 'o)] 7 % )air,ozvbé}

(3.7.15)
In order to carry out step [5] we must write down the

alternate unitarity equation to replace(3.7.13).
W, e, 2) — Wi, e ) — A (55,2) - Yl &%)
[43] ~
= [ d&l ami) 8.6 2) I [ £ Lglasiz) + W(a, 8, 2)]
_Lo,, s ’ { [ws s (o5 2) (&, &)

h
x > az (fa“, & * 5 ‘e 2*
[“-#IB dlg )z)"L W(Eb,ﬁw'i)Ja(i“s )/3¥X

o " [ ~ " '
L0t £, 2 (a8 2 4 2CH]
« od#5, &3y

d] " A A v o_t ’
+ [é;%a(fmﬂ,f) + w(ﬁo;tmé)‘] %'“z((e"ﬁ"' 2*) d#&,d:ﬁb’}
(3.7.16)
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AS

where Y is the new rescattering term given by

?(&) = DZ(_%A AL T;(('?. ) #},L[Izo(ﬁ) T/g(%) Ro(‘HJ 7—;((‘27() (3.7.17)

The results of step [5] closely resemble (3.7.15)

an ;ﬁlﬂ[ WHA AN i) = WA, AA-40) = X(A 2, A+0) — y(ﬁf"'ﬂﬂb)]
=475 b [ > 27 %

=—47 % n, ﬁ,;&, (A, A, A+i0) + W(A,2, ;\+zo)]

) ~ .
[#/oi (A A, A=l0) + Zu(},ﬁ,?\-fo)]

X435, pr

4—% I (A, A, A+ 0) [?ZHZ,{ (A2, A-10) ﬁ(l‘k‘a_;p)}

A£5, o3 Y

z ("\,a,m,;o) + ??J(} A, ,\4;0)} s J, (M22-0) }
V#S . 5
AxE JEY

(3.7.18)
Adding equations 15 and 18 together, the real part will give

the required unitarity identity.

f [z ;L‘” (32, 3-i0) + WA A :o)]

tt .- . . e .
x[%s Lys (XA, A%0) W("'A'M”)]w:s, BEY

uy o ¢ . e v » .
Z J,((A A A1) [y#sg'b'é (A,2 ,At0) + ‘LO(;\,;\,A-;—::;)]

35, oFY

7] L .
+ [%;OZ ! (x2.2-0) + ‘DI(,\A A—,o)J ),;J,L (X,A,AtD) }
oL xS, oLFY

(3.7.19)

It remains to be shown that the left hand side is zero.
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The first two terms of the left hand side is explicitly
imaginary so that its real part is zero. The same is true of

the third term.

L.H.5 = Rw/aa[W(i,f\,ah'o) _ w(;i,;i,?\—/o) _ X(i,ﬁ,AW‘"O)
- y(ﬂri,ﬂ“”) - ?(z\',ﬁ,m/o)’]
If Y and /? are equal, the last two terms will be pure

imaginary also.

/19



V.3.8  Contributions in 6,U& and §,U6]

In any neighbourhood other than O, U6, , there is no
rescattering singularities. The unitarity equation (3.7.1)
must be developed to show primary singularities rather than
rearranged as in (3.7.10). We must simplify (3.7.1) by intro-

ducing the subscript notation of "connectedness".

W) -w(E) = ~am[M KJMJ%*)M(&’?]C

(3.8.1)
where the right hand side denotes the same as in (3.7.1). In

kernel form we have:

-t

WI(F§;P2;z) — WI(PZ,;pd ;")

= Jopdg e MG £) M 2)]
(& z) .
(3.8.2)

It is not necessary to expand the full primary pole structure
of M() . It suffices to write down only the coefficients of
the particular pole that is singular in the neighbourhood

involved. For contributions in GOU 6/ y B = 1,2,3, we write

(3.8.2) as:

>

W&z i piiz) - W(PE Pz %)

‘-n

= f, dﬁ"al{'—l'z—*7“— 5(Fa-Ba) lgn + 0 B (F'i’;}'";z")]

6 (2 £, "y ut [ [ op fa
‘é’s(z}i)%(w

(ﬂ/“ W 24 gn-£5)

S(P"— Ps) . (7, +c—)50(F+3F7—iii)J
[ = Ip) B pot P o (3.8.3)

+ remainder
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The remainder contains no poles in 9;/: s 1ee. no coefficient

of (atin -E,f’)_' « The disconnected pole term cannot contribute

because §(Ps~Fs) would require Es = E5  vwhich is inconsistent
7

with A= &' =£ in 6,| 9/_: . We rewrite (3.8.3) in

reduced space notation after some simplification.

WH(E e, A+in) — W(E, B, A-im)

= de [jdg;; %% c,;,*(z‘,;)} ~ami §(53-2) By (E,84 ) Aoipe)
% (£"-Eg )+ p

x o(ﬁ;;,ﬁo,/"*}“) + remainder (3.8.4)
Following steps [1] to [4] as in section V.3.7 we have
§ de, am su(a-a) By [ Wla,boarim) — W(E £, 27k
6,

4 X, 3,
= J dE, ZWA;“(E.-Z)_I , dE,dl — 274 J}\,(fﬁ’_/’\.) [_{45/; %G4) 95 (30) ]
00 aﬁ (E,'—E/é)z .’-/‘41.

X;aa @op(ﬁa,ﬁj,ﬂmﬂ) @o(fl,éo,’\*ﬁ“) + remainder
(3.8.5)

- * 4
We take the limit M -> 0© | so that [fd-i‘,g—t,ef’/if):fp@f) - |
(Bgs ) 4+

and the remainder vanishes.

2 B [ W(rAavio) — W(A,A,A%0)] Lane,;
= —~am% %, d&oﬁ(a,z,x—zo) By, (A,A, Atio)
(3.8.6)

The alternative unitarity equation would yield
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2 A i0) — WI(A,A,x-40)
ar %, [ W (A, A,Ati0) (2 J 0,08,

= —amrp B, By (AR A%i0) Bpo( 22, 2mk0)
(3.8.7)
The real part of thesum of (3.8.6) and (3.8.7) gives

Fa)

0= dun i, 65%(/\,71,,1—,60) @ﬁo(ﬂ,x,x-m‘o)

+ P o, Bop (A, 2,2+40) Bgo (2.2, 2+ 40)
(3.8.8)

We should note here that the two terms on the right belong to

different channels since

£, B, (3, 2,a%i0) Bgol 2. 2.2 ko)

= /\ﬁ Fo(ﬂ,?l.?l-—,io) @oﬁ (5‘-/)*/2'4'/0)
(3.8.9)
Hence,
0 = dn b, By (AAA~0) Byol(AA Ati0)
+ <9‘VM. /ttfg @/go (7‘/2,1"/20) @olo (}.‘"A' AtA0)
(3.8.10)
In 9,3U 6:, p=1,2,5 we write (3.8.2) as
s, S (g % (34) s
0o = v Ap'dg" - ami S (E/-2) B p o (Pas P25 A-iu)
0, A-2 £ A A
-l
* Byp (P8 525 Avin) _M + remainder
Atim=ty (3.8.11)
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The remainder contains all non-pole guadratic terms as well
as [W(%) - W(t")] which contains only simple well defined poles.

The reduced space unitarity equation is now:

X 7 ' ;
0 = B BY | ag _an s.(6-2) @, (5, 5, Aiu)
X-pm-bg  AtpucEg 7,

x @aﬁ(g/s") E/s,/'\*A)“) + remainder (3.8.12)

We follow the same procedure as before except 25, is replaced
by %Eﬁ and am 3w (8-A) in 6 is just 2/4-/(5,-;5/,)"4—/«2 .

Integrate in Bs U 6, is j%dﬁ,s //ﬁ/@ Jd,f/ ja’ AE]

- > 95 By / : '
0 = [ d7, B0 %y ] AE, 278 (A-£,) | A& - ami 8, (A-E)
f /; (bD—E/s)l +/14?' Jep ﬂ Vadd A)Lo'

X /a;a @ﬁo(ﬁ , B A-iw) @‘,ﬁ ( ., éﬁ L AtAw)

+j5 A : A N L, de) - ami §.(r-E)
7 (A-du-£s) ( Acts ) %

P
* Ay @Ao(%s, By, A-ane) @op (£, &g, /xu}u)}
+ remainder (3.8.13)

Simplifying and taking the limit m ->o" we have the usual
partial derivative term plus the double pole term that we need

to cancel those in the Cayley tranform (Gf. £, in 3.6.2)

O= 4r* fup By (AAAG0) By (r,h,At40)

+ Lim, | dp 2 { apg: i
Mot G e ) (Atim B O (& -2) >+t
ap-Eg)(Atip -Ly) ) A
Bpo (Bas B/, a-i) Bog(PZ') o, Atipa) (3.8.14)
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The alternative unitarity equation would provide another

similar expression.

0 = A4xt %\'}6 @ﬂo(i\,?\,a-rio) @o/,(/’\,ﬁ,?\—jo)
e PR gror
#2076 L Dmguty) Atgug 0% (& -2 u

50/3(13"7‘;; P} 3 A-sw) 5/5,, (ﬁpiﬁfi’} A+su)

= ar k., By(AAA=k0) By, (2,2, A+ho)

+ ) B 2 J = 13 2
e L e |
6 (A-apn by ) [ x40 0)" 7, (-2)% + g

Bys (PL 3 F3 A=) By, (Bii Pa A+ iu)

* (3.8.15)

The double pole term is the same as Céla of (3.6.5). Together
with (3.8.14) we form the necessary partial derivatives and

double pole terms.

0o = 4nt ,%\,,a @op(n,a,ﬂ-jo) @ﬂo(ﬁ,a,z+£o)

+ 4”‘2»/3 Bpo( 2,2 A~40) Byy (2 A, A+i0)
£ flme (G 4y, )

m=>ot

(3.8.16)
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: 7
V.3.9 Contributions in 6.4 U6

/
In 64U86 ,(«p=1,22) the disconnected pole term
will not contribute if & # p . The condition A = &g = £js
is inconsistent with &(P«-A), We shall deal with O« U &,

later. (3.8.2) is now written as

2/ 2y, —_— ; , _.,,—, Nty =S .
J@" apdyr — - ’;’“ W(RE s B85 a-ju) WIFE's P25 Atin)
A (ﬁu -£p) +/,«7'

+ remainder (3.9.1)

where

i = 27 /,_____L_ Atdr gy .
remainder -ge" Ap'dg (e EI) + 80(/} [7&(/’% iP s Aim)
WGB3 im) + WFLPE A0 T (FE55E52050)]
+ non-contributing terms
(3.9.2)
The Kronecker delta indicates that the terms in square brackets
will contribute only if o =p .
Since we anticipate the formation of double pole terms,

: -1
we must exhibit all coefficients of (A +4+u-£,).

= Sy # ot WD WE PR i) s
5,”-5/1) t
-l D . My (f*‘(i:{)
X 6 By (P2 3P4 5 Aty ) Fu(2) 7\-1-;4 ) + remainder

(3.9.3)

[Note: Actually only the coefficient of (A-ta-£&) in W(PE5p%sA-54)
will contribute. The rest will not yield any singular
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. -2
functinon even when multiplied by a double pole (A-m-Ea)
We left them in for easy comparison with cjs in (3.5.5)]
The jacobians are put in to make sure that the final result
would have the proper reduced space operator form. We now
follow the steps similar to those used previously.
[1] Differentiate with respect to £, , 2/35,,(
[2] Set on diagonal, P.3 = P.%’
[3] Multiply by 2u/(a-af+n?
- A PR 7
[4] 1Integrate in 6. Ub; , i.e. ,(gdd%( iy fdid fg}g Ap' Az

o = -(e deg Foy [dgy Jpy Btz 2 T
'of IA (ED'LJ.)Z’IB/{A‘Z (ﬁp”"'ﬁ/;)l*/u."

. D0 =y, - - - M G
« Zu(60) W(PZ3P% i/’\'»‘/ﬂ-)[f“) B (FY'5 Bas Atiu) g (£) —M—z
(A+u-£)

2 357 ; 0 Go
+ 35 ( & By (P25 Pu 5 AFoum) aldfﬁ,()) LA
Atpu- By (3.9.4)

The double pole term corresponds to part of C,'(/g in (3.5.3).

In the remaining partial derivative term, we must regconize

that only coefficients of -’7{:' — 7 - "7’:' — can survive.
(= 2)* (Eg-A)"+m

A1l others will vanish as m or wm® in 64 U 9/; .

Lin j AE, ,1/:\‘,{ fo{‘;,'d j, Ap'dz’ 2 - i
PEVAERLY 95 (B-£) +4?  [E-ep)* #*
. (E (a.x . ..>l_,,‘ S 2l = . ; ?,(*(Zd)
Fulbe) Wlpai PE'; A-an) 2 [0 By (PY s Pui atym) Fu(Br) ) 14222
2Ey At -y

|

. A - o, J — *
= b, f(, dog by [ 43, |, 4341 “ aip
« A (B-£)? 4> (£ -£g)* e
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. N R oy ;F(—‘I
Juto) 2 Hapg (Pus g a=uum) /4 %)
A= am-Ey A=im-Eg

x 2 ( A7)

*a
Pi T s At P (92
QB Anu-E Haw (P '3 At i) 701/&)) LS

A+u-Eg

/L,:?,‘;+ [fﬁ% ,,(/:;.‘)%(%) ] [fd" Lal7p) lg,(g,/;) ] )
-~ T (& -E3)* 4 "

X Je,(ﬁ"‘ amr cj; (;-2) je, ”tié — 274 &, {15;,—1)
X /%“or ‘7¢0(78 (£, E/;,A—,o;al) ﬂ/gu/ ('Eﬁ/ , ,;-o(/ﬁ-l—/:/u)

= —ATl Z, Iup (22, 2-10) Ry (%, A, 2t70)

(3.9.5)
Now, subsituting back to (3.9.3) we have
0 = j Pd) f d-'/o(-’/ 2t /9'1/4_./«_
?/ ’ ad i X
/AW % (Bt Hpm® (LB 4p®
Y Y} . DIy el - Lpic(é;)
x WP PE 5 a-50) () Boy (39 545 atjuy 15
(A+ju-Ea)"
A . g
— AT . AA=i0) Mgy (XA, A#10)
A P Ry (2 o) S ’ (3.9.6)

Similarly, the alternative unitarity equation must yield:

' P A, g ‘;’A‘/U-
= Lo | & , dp'd3 i
pro” L’d P jﬁ" e (Bo-B) tp* (E-Eg)-4u"

x WG B, (BB Ak W(FE 5P A-im)
(A+pu-Eg)"

— AT /7‘,10( .ﬂo(/, A, A, A+/o)\7ﬂd (A, A A-40) (5.9.7)
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For convenience in comparing with other resul'fs, we turn (3.9.7)

"inside out" and relabel &« and B

0= fum fazdﬁ'di f dpdy —— 22 el
M0 (B-80)" 4u®  (B-Eg)"

« ) B, (B PE s akm) WP BE X -iu)
(A+u £

— 4y ;",“‘,/A Udd (AJ\,)-{'D) ﬂq’,a (/'.\,ﬂ,)\+fa)

iy Sy 4, 2 _2in

M (&5 it (E-E) T

—?ﬁ—(”’é— (- Bao (B3 P35 Abu) W(P% 5 BT 3 Amdipe)
(ﬁ""/l t/g)

— hmh By Mg (AT By (R 2072)
(3.9.8)
Add (3.9.8) 1o (3.9.5) and compare with c:,/; in (3.5.3)
0 = /f:’;; C;/_,, + A7t ,/#‘»o( «7%‘5 (A,2,2-1p) 70554(/'3,7\',/“50)
for o #A
(3.9.9)
Finally, we have to deal with &, U 9:4 where we know the
disconnected pole term will contribute. We expect to have the
same contribution as (3.9.9) for the special case of « =g
plus extra terms from the disconnected poles. In fact if we
review from (3.9.1) to (3.9.9) we find nothing that would
exclude the case o« = 4 . The primed and unprimed system
are disjoint. Whether or not « = g 1is irrelevant to the
calculation. Only when we deal with disconnected pole terms
then the delta function J(P«-pi) connects the primed and umprimed
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systems., It suffices for us to deal with the square bracket
terms with the Kronecker delta in (3%.9.3) when « =/;

— ~py >, —-ﬂ/‘./u- JFUIFY YN FUP A
= §, APzt [ peipe) W(FY 5 P35 2 50)
I jeo( p M (E,,"—El)"-f-/az (P % 7P% ) / /4.)

F WOFE P Aciw) Ta (P55 L) 2]
(5.9.10)

In 6,U 9,: only parts of Ty or W has the singular pole.
We can drop the non-pole parts. Because of the complexity of

W , we divide I into four parts

I = I,+ 12 + 13 + remainder (3.9.11)

The remainder of course is not contributing.

. = e/ A/ * U4
j ” d—\lr 1 -2A/‘4— S(ﬁ(—ﬂ»() LF,,(/Q,() (P"((Zj() X
()£l 2pt A-cu-E

25 ~ Y U J 2
x{ ‘Fd(_""‘)_.._( Z G, (P3P pgm) + 2 Hd/; (Bl 5Bs; i) _8%5p) )
Avu-gf VPP «p A+gu-Ey

+(%€§sd(ﬁ"i";ﬁ<;a+l/‘u)+z TR (3 p,()%/u)) %z/m

A+yn-Es At -%<
(3.9.12)
Sy A 2y ;I"_.”
j A3z —;i,,;u SCP-PA) B (92) Bel3d)
¥ (&L ) pa A-ip- B
X ‘f,{(m' Hyy ('ﬁ[;ﬁ,(; Atien) ; ‘(fbc)
At - By A By
(3.9.13)

[Note: I, bears the same styeture as Da« in (3.5.7) and needs
sPecial attention. ]
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I = -fe” dpdz? ~ Al { (pd(illl) ( 5 27:1,6 (”;";f;‘"i" 3 ;\__‘;a,) -+
o (E.”— £4L")1+/“1 Z,‘A/“‘Ez A

a7

—-/.—Ul_ ",4: (f*(i) 213, 24
+pz;“—‘d-Hdp(Fd,P” sA-ap) P EPY > + (% C’%Q‘(P‘L;‘

Nt 3 A- . +
K’A}w—fi" A-spt)
-y *
+ 3 Y88 s o -
A p- e Hoa (Bi5 B 5 i) —_A%if* .
Y

o - ¥ o
- >, ( Ry 14
Haa Fi s Ty nesp) — 2 } S(5pr) B4

Aeip- & A-du-ty Arip gy

(3.9.14)
Now we want to develop I1, 12 and 13 individually in accordance
with steps [1] to [4]. One must bear in mind that £ will
eventually become £ because of §(P< ~P+) . In step [3]
we multiply I1 by s so that I1 is of order /Az. Therefore
coefficient of (hné“—%)d(l*éﬁ‘fafJWill vanish linearly as 4« .

Only the double pole term may contribute. I1 becomes I] .

! - - 7, -a4 sy, - Xt
1 = [ apd, |, 4P B TEA sy R,
& b (Bo-£) *+u® (BB 4m A-sm-£)

2, - . lf (‘3’) - . (ﬁ(* (id)
X(ZG-(pi\m~ﬂ+ » B H (P;ﬁ‘ﬂﬂ#y——~—————
AR s v LA (At e 1)

(3.9.15)

I, will develop a double pole term similar to 11 and also

contribute a partial derivative in Hax . I2 becomes I.}

2 ®
' 4 2 - 2. 2 = gy WG
1 = [ apaz [, dpaz A §(R-R) T
a [2) 9' 1 2z 2 PN ] 7 .
g d (o-ea) tp®  (&'-Ef)'tm A-Lm- By
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., ¥
?A[%d} H - . zlad{Q“) + I/’
X ———7\.4’[/4 'é(’ o (PA VPa; 7\""/“) (A-f-i/u-é()i
(3.9.16)

where -
7" A 3 ey 2, K -2+
I,z = jﬁd J’E-( ’t;'o( Jd%e( [991{ df‘" dz'(

(En-f.())"ba." (&'-£( )F Am*

S o .-l _ -+ g 7 he N /)
x SR-PRY Yal3e) ¥ (32) Pa(92)  Jo, (5, By, Atam) _(_fd__@_
Ay At A b= By
(3.9.17)

In changing into reduced space notation, both jacobians ;.,f‘ (e0) =
= gale)#a(2) €0es o Hay

d 2 A ” R
I‘zl = —4Hc f 45,( - £ - 2 /t’vo( J¢n{ﬁ( (&4 ) B )+/‘/"‘) X
b4 (A-Su-ty ) (Abou-£,)

AR M7 o GGl (R
"[fofi‘d W ARMP) J(f/-‘w A (24) o :‘

(£s E1)* +ua™ (&'-F,ll)l '/'/(AL
(3.9.18)
Recall the identity used in (3.5.9).
Lo apm” _ —ami §(x)
20t (%) (Xtam)*
Hence,
Linn I;;I = —"0777'j dey, §(63-2) /%‘l’o/ -70/1/,((501, f:,(, Atéo)
ot 0ol
_ %, N W
= Qrﬁq ‘7de1 (}"Z'/ﬂ"'“’) (3.9.19)

We can now collect the double pole terms together in I1' and

Ié and write their sum as
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Lvm- (1 +I,) = A3 , 2.4 -2
pdy | dp X
e /A—Wf / Y (b-5) = (&6 40"
S (A7) 0 Gy 21 s, @F(50)
x & (P-F2) By l5a) bl G0 (,B /"i»)f)")’”/“) —,
A= LBy (Atium-£y)
— X7 /%‘p{ #dd (Alila-fio)
(3.9.20)

From the alternative unitarity equation we will obtain the

following:
. ~ o~y — 24
[ Mo A 44
(—>+(1’4I“)= +f [ 2O
M0 A0 bt (5'-5’()7'—}-/(41 (L'-o’bvi) T

P A/ LS
(e;( e Y ) N - o
) 2B, (iP5 pviu) SR BB Sugn)
(A*"/‘A-LX) 2."/1-\/0\-5"(

- ar 4, Mo (X, 2, A+i0)
(3.9.21)
Next, we must compare these double pole terms to those
in the Cayley transform, in particular D:(ﬁ in (3.5.6). 1In
D;/a , of the three in Z Tu(P%;P%'52-ip) one of them has no
pole in either 64 or 63 . The remaining two: T2 (7% 3 pg 5 A-i)

Sl

and T3 (7574’5 2-ix) have delta function S(P-P)  or 5(ha-7) o

This momentum condition is inconsistent with X =& = E/; for
6. U 9; unless o« =p o+ Hence, the non-vanishing element

is a lot less than that shown in (3.5.6).

/Lt/rw Do(/s = Lo 50{/0944 =

Mot m->07
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= g Lo, wu fa,( Ap 4 fo,z apty [(oestut] ™ [ (a2 +,«2]—'x

m-c,«){ Bl 0 By (Bl 5 P25 2ie) +
(At iu-£5)"

tar = . ¥, -
O By (P55 35 abin) __Ta42) j

(A +im-4)" (3.9.22)
Hence,
Lo (2/+ 1] +F +Z;)
m-> ot
A -4 Dy 27 B T (hoa Ak
= - o - . 2 A, ATL0
reri - P ) (3.9.23)

by subsituting into (3.9.20) and (3.9.21).

It remains to develop 13 into the only double pole term

left in the Cayley transform,

the differentiation in step [1] on 13 would have an effect

on the delta function & (& 'E-:) ,» as well as the primary pole
(9\+£,u.-£,‘)-' . The reduced space form of 13 has the extra
jacobians j;(@‘) which turns Sfﬁ(*ﬁd")into s(e-8]) §(P -ﬁ‘") .

-7

Julte) SCR-F0) = Fulte) Ju (&) SOh-F1) = Stersl) S(Fu-A)

(3.9.24)
After steps [1] to [4], 13 becomes I% .
I, = 59 dey P, je.’( dey dp  AGu AL G(E.) Fa (6D 2/‘:
% (G-t tu™
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X Blliains { u () (z Gup (RSPE 5 A-im)  +
(&'-EY +a™ A A

+ 2 Hqﬁ(ﬁd /"A,a %)M) + (%&ﬁd(ﬁi\5;4’32.—l;bt)+
AFd

- L/(A 5'!
¥(5 G
+ 2 /1'/ ) H/s.,( (}’p [ ;\—L/Q)) Va l44) ___——-——t’o”“ Gl X
fﬂ’r‘/’( A- '-/" 2__,_'/4_50’( A-tu- Ey

¥ Hag (7o, Biamine) ___f(ﬂ_} 2 [ S(ea-6L)SC-P) ]

A-tu-g ) AR A+t by
(3.9.25)
Since 2 [ S (& -£l) SC@-?V)
JE.L ;{4[/“_5‘*

= (& 8Cra-an) SR+ 5t 2i) S )
* Aty (i - &)
(%3.9.26)
it follows that

Il = -AE f AEs t(pdf oled dpy di-( ?.L(E.l) 75((&) X
3 o«

X L ‘?/-‘/:- 1 { ’:'\'L} 5(51 _ﬁ’{)) J(/’A’Po()
(b-t )2+ (B-E])"tu Atid- By
(3.9.27)

The substitution of £, , comes from (3.5.10) and the contents
of the curve bracket is the same as those in (3.9.25).

In developing the alternative form of I; from the other
unitarity equation, we have to take special care to obtain the

correct result.
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i - J A ’ Ay - YN ' A
13 = & dﬁ,{ APy jgp; dEy ﬂl/’g( Adqx Agy ?*(51) ?A[ﬁ,{)

(o -Ey )z fm 2

X

x 22 i_[ Smfnfmuﬁ)]x
(6-Ei)'+ > PEu Atim- £}

Y (20) )

lf{-/) ~ ) ) -, S ‘.
{___.fi‘(_— ( % &JA(PD(_;P%)‘)'—L/‘) + Z— Hp(ﬁ(}’p('/ola})' l/(d-) A_—L;M»E/o

A- g p#L

¥ -
a2 s (53) 3 B A va (94)
Jf(%* o (PE5 s 2repe) * A-ipu-k; Fia a0 M) A u-Ey

-y - . ) ¥ >
+ (fd(id) Hdp((’o"/( A , A-im) Y (@d) }

A opu-y A-ip-By
(3.9.28)
Since S(E“_'E“) = S(E“_"E“) , we are free to choose the
AHCu-g Atiu-EL

most convinient form. We use the first form for I% and the

later for ,f% .
Interchanging the primed and unprimed system in (3.9.28)
we have T, in a form that is almost the same as ( Tj +CEL, )

except for (-57‘; 5(5,('5.«')) in f_; versus (—2";‘-(5(&—15,{)) in 1] .

However, we know that

1 4 - -2
(:’E S(EJ-EJ)) T T s (3.9.30)
therefore I, + fal = i By
(3.9.31)

The derivatives on the energy delta function cancel each other.

In conclusion from (3.9.9), (3.9.23) and (3.9.31) we
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V.3.10 Conclusion

In this final section we gather all the previous results
of Cayley transform and unitarity identity and relate them to
time delay. In retrospect, we have developed (3.1.8) in diff-
erent neighbourhoods. The left hand side is

2: o B[RO -R®) - £ (Rl - Rolt) ]
We shall gather the right hand side together with unitarity
identity to show that it is related to time delay. We divide
the right hand side into two parts: +the free channel and the
three bound state channels.

Without the rescattering terms, the three bound state
channels result is particularly simple. Gather together
(3.5.4), (3.5.9), (3.5.10) and (3.9.32) for /é/ U g withayo

and we have the collective result.

Tz = %N 4t ,ﬁ,( Jcld/; (x,a,x-i0) jOl'go((i,i,K‘-fio)

— ATA jid Hoa (3,2, A%40) (3.10.1)

The double pole term C;/, , Dix and E, has been cancelled.
Now add to Jy results in e,,ue; from (3.6.3), (3.8.0) and
(3.8.16),
Ti = b By 47 By (AA2-00) Bou (A3 A Hi0)
(3.10.2)
The double pole term C%o is cancelled. We note here that
the unitarity identity (3.8.10) requires the explicit notation

of " I " o signify that we only consider the pure imaginary
part of the right hand side of (3.8.1). The left hand side
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have established in o%p 6, U 9,;/ for 4,8 >0  the collective

result:-

0= az,/;s>a[ MM-;M(C:‘F + D,',/; + Eyy) #
+ At /?vo( 79(,,\(/6 (?\,}\,7\—50) 794.(/5 (7;.,7‘\,/‘\—#{0)

- ami oy M (i,a’,f\+£6)}
(3.9.32)
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is already explicitly pure imaginaxy. Together (3.10.1) and

(3.10.2) give us the entire & -channel contribution.

3
J;( + J;(/ = ﬂéa /t"o( Ao(/a (1) /olgo( (1)
= "i/t‘fo( iald(l) (3010-3)
where Ao (1) = Eapa = AT4 Jgy (5. 2,2%40) for g>o
and Rpo (¥) = = aTA By (22 x410) (3.10.4)

€x is the reduced space identity operator. Its kernel is

S(ha-%) .
The free channel contribution is a little more complicated
because of the rescattering term. However, for convenience
we propose to write the result in the same form as (3.10.3).
From (3.6.4), (3.8.0) and (3.8.1¢) we gather all the results
in }3: 6, UQAI as
p=l

T, = $n 4772/-/&0 ,525/ @D/G(A,A,h—e'a) B o(i,f\,}\-rio)

W

= ,ﬁo p,/,o,,ﬁ (;\) xJ,,,,(a)
(3.10.5)

The double pole term C;p is cancelled.

From om (3.4.4) and 4 7°(3.7.19) we have all the three
partial derivatives to form the total derivative of all the
non-rescattering terms.(3.4.30) and (3.4.38) contains all the
regularized rescattering terms. We propose to write all these

results as

/

_ A + a
:;o = J)ﬂ. ,a.o [Aoo (r) ;‘7 Apalﬁ)Jc,K
(3.10.6)
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where Ao,(2) = €, - adezl‘.P M“ﬁ(""""m)
: (3.10.7)

The subscript ¢ denotes connectedness and the subscript R

denotes regularization. (3.10.6) is only a convenient short

natation of the complex results contained in (3.4.4). (3.7.19),

(3.4.30) and (3.4.38). We believe that it is sensible to use

such simple notation for the same reason that we use —7—(—;7
to denote —gg FAm&(x) . The generalized function that one
gets by substituting (3.10.7) into (3.10.6) would have to be

interpreted as (3.4.4), (3.7.19), (3.4.30) and (3.4.38) for

the same reason that is interpreted as ’7PT F imésx) .

!
X +Lo

3
Now, the free channel contribution from /{:o 6, U B/: is
clearly 3
+
o= d
T, + Ts I A, 'gl:o [Aop (“);z/’/*o(“’}c,&
oA
= -1 i, 900 A)
(3.10.8)

Hence, the grand reult from (3.10.8) and (3.10.3) is

2i do Ta[RE) - Role) — £ (Ralt) =R, (a)}
3
= Z— 7 * o
=0 I By Aor/; (2) = Dpg (A) IC,K

3
=ik, A i"“"[’”,c (3.10.9)

We recall that the S-matrix form of ¢,,Win (3.10.3) has
been established but that of ¢,(3) has not. However, since we
have already established (3.10.9) in chapter IV, we can infer
from here that (3.10.8) can serve as a proof of the S-matrix
form of 100(:\) .
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Let us summarize our conclusions. Starting from the
simple two-body time delay theory we have extended these
results to arrive at a comparable three-body theory of time
delay. We have found an important application of time delay
in determining a solution of the virial coefficient problem.
Hence, we have illustrated the possibility of studying stat-
istical mechanics entirely in terms of time delay.

While the mathematical problem of disconnectedness has
been treated accurately the literature, the other technical
difficulty of regularization has not. We have found a simple
and complete solution for regularization. This serves as an
illustration of the complexity involved in the treatment of
N-body time delay. It is hoped that this regularization
method may provide new insight into the numerical calculations
of virial coefficients.

The different methodologies employed in Chapters IV and
V brings forth the richness and fertility of the three-body
theory pioneered by Faddeev. While the operator method of
Chapter IV brings us to the simple expression of virial coe-
fficient terms of time delay, it does not investigate the
actual structure of time delay. 1In Chapter V we have to solve
the problem of regularization to find an expression of three-
body time delay in terms of two body t-matrix and three body

amplitudes.
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One original aim was to show that the trace of the time
delay operator can play the role of phase shifts in the three
body problem. This goal is achieved in the formula obtained
for the third virial coefficient. Such a development is in
fact necessary since the scattering amplitudes that characterize
the three—body problems do not admit any known phase shift
parameterization. Our formula for the second and third virial
coefficients also demonstrate that the only effect of the
scattering process equilibrium statistical mechanics is sensitive

to is the time delay of the collision event.
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Appendix A

In this appendix we give proofs of a number of trace
related facts used in our derivation of the two body spectral
property. In order to specify our notation, we recount the
salient features of the trace and of Hilbert Schmidt operators.
A bounded operator P acting in some Hilbert space is Schmidt
class (notationally B& ¢C ) if the sum

o0 L
a(B) = ({: //5%//2)2
(A.1)
is finite. The norm above is that generated by the Hilbert
space inner product. This sum is dindependent of the basis
set ‘“’4} « The class of operators that satisfy equation
(IV.2.14) is called the trace class and will be denoted by
TC . Basic facts about the trace we shall need are:
(1) Azl if and only if it can be written as the
product A =BC where B e ogC and (s oC .
(2) If BzgC +them B & TC
(3) If RBegrc and A is bounded then BA £ZIC ang
AB g TC
(4) If BeoC and C £ TC then ToBC = TaCB |
The proof of all these statements can be found in Schattenj.y

First let us establish the uniform convergence property
of TaPR)A ., Here A¢TC and P(R) is the projector defined
in section IV.2. Using properties (1) and (4) of the trace

we have

T PR A = Ta PR)BCT = Ta CPR)B
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=Z(ct, PRBS) = Z (PR C#. , P(R)B %)
(4.2)
The second form of the sum has ultilized the projection operator
features of P@Q . We now will majorize each term in the sum

by a form independent of R , viz.
[ (PRC P, PR)B F:)| 4 ( !P(K)B‘PL + | P(&)C%II>

< (18R + fewl’) (4.3)
Here the first inequality follows from the definition of the

inner product. The final step uses [PR)f [ < |#[ which is valid

for any f in our Hilbert space. The sums over i of ﬂ3¢t”2
and HCQ%ﬂz are finite since BE Y9C and Cc ¢ 9¢ . Thus
the sum defining Ta PR A  is uniformly convergent where
is trace class.

Our derivation of the spectral property of time delay

requires that we use the diagonal fom of the trace,

JA(E" 4) 44 (4.4)

where A(xy) is the |* kernel associated with the trace class

operator A . The above formula is not generally true for

all trace class operators. However, when A=BC and both
BEUCL and C & 9JC then equation 4 is valid with the diag-

onal elenment defined as

Alg.y) = JB(Z‘»")C("'W dx (4.5)

Let us briefly indicate the proof of this result. We first
recall that the Schmidt norm can be expressed (cf. Theoram

IT.4, Schatten 3¢ )
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) <
T(g)" = j/l”"'}), Ax dy (4.6)

From the general identity,
CRT R ET R L R e T .

one can state the trace in terms of U -norms. In fact
+
A = T80 = X (b, Cq)
2
— 2 2 . t .
/ﬂo*(a’w) ~q(8-¢) + ir(8ic) —ia(e-ic)
(A.8)
where we have employed equation 7 and the definition (A.1) of
the T~ ~-norm. Inserting (A.6) into the right hand side of
(A.8) leads to

T e freacing) 4 4

The final conclusion, equations 5 and 6 is a consequence of
changing the order of integration in the double integral of
(A.9). This is justified because both ,Bhg)/i and [C(%})/iare
integrable with respect to dﬂ'dg » 50 we know the integrand
of (A.9) is absolutely integrable. We remark that every use
of the formula (A.4) in the main text occurs under the circum-
stance that A is the product of two Schmidt operators.

The next fact we establish is that if v satisfies
condition (IV.2.4) then a(f+iq) -R.(f+in) is trace class when

>0 . To begin we define

v(x) = W% W) (2.10)

where N . s )
W, (x) = | (X)] * , Wylx) = WI(X),O—?/W'U'(X) (A.11)
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Since vsl' |, then W, and W, ¢ Lz " So W, and W
are bounded multiplication operators. We first observe that
M(§+in) W and Wya,(§+4in) &£ ©C . This follows from the
integral representation of 5n,(§+%1) W, . The square of the

Schmidt norm can be expressed as (cf. A.6)
“ }<a?[ﬂo(f+i>z)(f’>w(i')

. 2
Jf J »(9/4) (j’-mn)’-loc x W, (3 A7 Az

~3]
<,m) IW Je"”"’/‘)‘v‘wwwf

In (A.12) we have used the standard coordinate space form of

A R N
Cdudx’

1|

il

,;L,g al/g/ (A.12)

the free resolvent /za()" +m) . A change of variables ﬁ - A-%
leads to the last form of the integral. For 720 +the ;u;
integral converges. Because vsL’ the X integration is
finite. Thus A,#/W, & ¢C . The same treatment shows

WX )lu (’E) & U‘C .

Consider now

No(2) o Mel2) = 22) W, Wy Aa(2) (A.13)
Thus A, (x) v~ h(2) ¢ TC » Since it is the product of two
Schmidt class operators. Finally weemploy these facts to show
that SA(z) - A (%) is trace class. The definitions of the

resolvents imply

A(2) - rlE) = - p@) vA(E) = —/lo(*)ff/lo[*)ie“v/l(*)] (A.14)

For %= dmz £0 the operator in the square bracket is bounded.
First note for Z not part of the spectrum of 1 that

2
|2(®] <> . Second, Vil means v is a bounded operator.
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Thus R(?)-p(? is the product of a bounded operator times a
trace class operator. Properties (1) and (3) imply that such
an operator is trace class. 8o our proof is complete.
We conclude this appendix by demonstrating that the operators
P(R)[/to (&) -A; (%)JP(R) and P(R)[/l(i“) —/l?ﬂj P(R)  are trace class
for dJdm 2+#0 and finite R . To prove this for the first
mentioned of the above operators use the Hilbert identity to
wfi‘be
P(R)[Rul2) -na@)] P(R) = -2i Imz PRI e P (4.15)
The argument given in equation 10 to show A w, & TC can
easily be modified to show PRIAE) Z ¢ , InFo , R<o ,
Thus the operator on the left of equation 15 is trace class
by virtue of (1) and (2). Turning to our second operator,
we note that equation 13 still applies with ,,(z) replaced by
n(x) .« Thus we only need prove P[R)nfz) ¢ ¢ . But this
is easy since
P(R) A} = P(R) nofd) [E - v A
(A.16)
As noted before the operator in the square bracket is bounded.
Thus property (3) tells us PR)r(z) & TC . Now appealing
to property (1) tells us that P(R)[/L(i') «/Lf(%)] P(R) is trace

class.
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Appendix B

This appendix collects together the technical details
concerning the trace of the three-body resolvents. The proof
given in section IV.3 rests on the fact that the operators

A@) defined by (IV.3.59) are trace class for Z:z[ls . Pur-
ther Tr Al® must be an analytic function in Tls that is the
sum of a uniformly convergent series of analytic functions on

'ﬂ; o We state the circumstances under wheih these resulits
are known. We shall rely on the proof given by Buslaev and
Merkuriev. Although their proof is rather long we have not
been able to find a more direct one.

The fundamental structures equations (IV.3.11 ~ 19) were
established by Faddeevufor interactions whose momentum space

potentials satisfy the two restrictions,

) L\ —(14B)
(] < ¢ (1+131) b>% (Bu1)

’

| vi(§) - v(§+a§)| < C{A«;{’L(H/@})—Uw (B.2)
for [AZ|<| and w>0 . Physically, the variable ? is the
momentum transfer. The first property ensures us that integrals
over momentum are convergent. The second is necessary to make
sure the operator 'U/%(f*iq)is well defined in a suitable
Banach space as W->0... An addition restriction is needed for
Buslaev and Merkuriev's analysis. Let {%1»%;;%v} be the
Cartesian components of the vector % . Then VT?) must

satisfy
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& —(1+8)
= V(3| = C(1+131) k25 B>
‘;‘}: Q%l 3%

(B.3)
where %k=mn+m+L . In all three of the restrictions
above C is a constant dependent only on <~ . We shall
let T denote the trace norm on the space JY . Its defin-

ition in terms of the trace is

7(B) = TalB] (5.4)

where B is any trace-class operator acting on . Wder
assumptions (B.1 -3) Buslaev and Merkuriev establish (second

reference in !9) , Theorem 2.1) that

’Z:(A(&)) £ ¢ (l+lzl)a_ , 2 el (B.5)
where 4 is a positive number. The operator A(# is given
by equation (IV.3.59).

It follows from (B.5) and general features of the resol-
vent that Ta A(®) is a uniformly convergent series of analytic
functions in J% . Tet us prove this. Suppose %43.} is a
complete orthonormal set in Jd that is used to define the
trace. Then

(¢, K@ e) =J(7-z)“zd{¢;,ﬁ(f)¢x) :

(B.6)
clearly defines an analytic function for every 4’;: e M ’
and %2 Ts . The same holds with Rz replaced by Ru(®
or R;(%) . Thus each term (¢ ,A(2) ¢:) is analytic. We
need only show the series defining 7r A(2) is uniformly
convergent. Choose D +to be any finite region in s .

et M be
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¢ (1+12) . M < e
2:cD
(B.7)

It follows from the general properties of the tracegﬂthat

E;](Q-,A(t)%)] < T(tw) ¢ M, yzeD (B.8)

this, of course, tells us that

Ta AR = L (4,40 ) (B.9)

is pointwise convergent for each 2 ¢D . Inequality (B.8)

also implies

I%(ﬁﬁc,"(*’ b) = M b, V222 (B.10)

!

We recall from analytic function theory Vitali's theorem
(Titchmarshx% Theorem 5.21). Under hypothesis (B.10) and
(B.9) then the convergent series (B.9) must be uniformly
convergent in any region interior to D . Since D was
chosen arbitrarily we have that (B.9) is uniformly convergent
in any compact domain of T

The topic that remains for this appendix is to discuss
the Schmidt character of operators like CF%/) Ri(?) . We
shall investigate a more general class of operators. Special
examples of this class will turn out to be those we need in
the main text. Let Z  denote an arbitrary compact set of
points in the % ’ g space. Denote by'V(Z) the finite
volume of this set. In the main text, /2 was always a sphere

with possible different radii 0 . Define by P (-) any
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continuous real function with arguments from the positive

real line, We shall study the Schmidt character of @(2)95(“,).

The symbol @(i) denotes the projection onto the set 2 .
The Schmidt norm, when defined in momentum space is

(ef. A.6)

(06 d))* = [[[<BIRE) SHIRS] 4h 4

(B.11)
and the kernel <F-’:,CD(Z)'F$> is given by

- ~ =) P» J A:(P.—PJ) ’ /L" P9
<Po]@(2)//>°> = FZ(Po~pp) = Ze An, (B-12)
where Ea-'-(”?a,gx) . Note that if we integrate }FZ(F.,) : over

all P, then its definition (B.12) leads to
24
F(‘n) GI'P" = V(Z)
JI 2(72)| Tan)* (B.13)

Thus if we use the fact that ¢(Ho) is diagonal in _}3‘, and
change the variables of integration in (B.11) from dp. 4P +o

A (p-p. ) AP/ then,

2 2

a(@E) b)) = V(%) J (P*/am.)| P,
(Pe) B(k,)) oF | $(r/am| (B.14)

-3 g dnl\
The measure dpP. can be represented as P, dp AP — the appro-
priate six dimensional spherical coordinates.

Consider now, several choices far ¢, If ¢ (H) = Rn(i‘-)

then the integral in (B.14) is infinite. So Z)R.(# is not

Schmidt class. Try next 4’(”») = Rgz( 2) . Now the denominator

8
vanishes as f, and the measure remains Pos dp, . Thus the
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integral converges and (P(Z)R. (1 has finite Schmidt norm. The
same conclusion also applies to ¢(H°)= e"'BH" .

Our derivations in section IV.3 also require that Pz K:(*)
ana P(» Rl(*) are Schmidt class. Examine the last operator.
Take the square of the usual resolvent relation between R(%)
and Re(?) and multiply from the left by (P(%). This gives one

PR = Q)L [E = £ Va k)]

! (B.15)
The operator in the square bracket is bounded and multiplied
by a Schmidt class operator. Thus @(L)Rzﬁ) is Schmidt class.

The seme argument applies to (P(2) R: (z) .
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