
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI 
films the text directly from the original or copy submitted. Thus, some 
thesis and dissertation copies are in typewriter face, while others may 
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the 
copy submitted. Broken or indistinct print, colored or poor quality 
illustrations and photographs, print bleedthrough, substandard margins, 
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete 
manuscript and there are missing pages, these will be noted. Also, if 
unauthorized copyright material had to be removed, a note will indicate 
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 
sectioning the original, beginning at the upper left-hand corner and 
continuing from left to right in equal sections with small overlaps. Each 
original is also photographed in one exposure and is included in 
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced 
xerographically in this copy. Higher quality 6" x 9" black and white 
photographic prints are available for any photographs or illustrations 
appearing in this copy for an additional charge. Contact UMI directly 
to order.

Uni ve r s i ty  Mi crof i lms  Internat ional  
A Bel l  & H ow e l l  Informat ion C o m p a n y  

3 0 0  North Z e e b  R o a d ,  A n n  Arbor.  Ml 4 8 1 0 6 - 1 3 4 6  U S A  

3 1 3 , 7 6 1 - 4 7 0 0  8 0 0 , 5 2 1 - 0 6 0 0





Order Number 9130348

C ircuits in bounded arithm etic

Mantzivis, Georgios Spyridon, Ph.D. 

City University of New York, 1991

Copyright © 1991 by M antzivis, Georgios Spyridon. All rights reserved.

U M I
300 N. ZeebRd.
Ann Arbor, MI 48106





/ /
/ '

CIRCUITS IN BO UNDED ARITHM ETIC
by

Georgios Spyridon Mantzivis

A dissertation subm itted 

to the G raduate Faculty in M athem atics 

in partial fulfillment of the requirements 

for the degree of Doctor of Philosophy, 

The City University of New York.

1991



@ 1991

GEORGIOS SPYRIDON MANTZIVIS 

All Rights Reserved



This manuscript has been read and accepted for the G raduate Faculty in M athem atics in 

satisfaction of the requirement for the degree of Doctor of Philosophy.

° i .  i ° i ° i i
D a te  '

/ft <\v , f ?V(
D ate

______ A ttila  Mate

K enneth M cAloon  

 Rohit Parikh
Supervisory Comm ittee

A ttila Mate
Chair of Examining Commitee

P'f' ff  M artin Moskovitz
— ~r~ /

Executive Officer

The City University Of New York



A ck now ledgem en ts

I wish to thank Professor Nek. Phillips for teaching me m athem atical logic in 1977, my 

adviser, Professor A ttila M ate, for reading this dissertation and pointing out errors, P ro­

fessors R. Parikh and K. McAloon for being on my dissertation com mittee, Professors G. 

Takeuti and P. Clote for endorsing parts of this work for publication, and my father, Nek. 

Mantzivis, for his financial assistance.



C on ten ts

A ck n ow led gem en ts iv

1 In trod u ction , o u tlin e  and prelim inaries 1

Fundam ental lemma for bounded circuits .......................................................................  6

2 P A R IT Y  is not S B ^  definab le 11

Sharp tru th  le m m a ...................................................................................................................  17

3 T h e set o f  prim es is not definable 19

4 P A R IT Y  is not S B ?  ( BIT)  definable 22

Wide lemma .............................................................................................................................. 25

5 IN D E X P A R IT Y  is not S B ? { B I T ,  C A R D ) definab le 37

M ulticircuit-Odd-Even le m m a ...............................................................................................  39

6 P A R IT Y  is not «5>f?^(trunc) definable 44

Cut-and-paste cluster l e m m a ...............................................................................................  50

7 IN D E X P A R IT Y  is not <S£?^(trunc, C A R D ) definab le 66

G-lemma .............................................................   71

The Cluster Shift A rg u m en t................................................................................................... 74

8 P A R IT Y  is not ^ ^ ^ (tru n c , flip) definable 86

R eferen ces 101

v



C hapter 1

In trod u ction , ou tlin e  and  

prelim inaries

Introduction

We shall be working in the area of theoretical com puter science known as complexity theory 

and the area of logic known as bounded arithm etic.

One of the concerns in complexity theory is finding lower bounds for the com putation 

of certain functions. The reason for this is the successful application of lower bounds for 

P A R IT Y  to obtain separation results for the relativized Meyer-Stockmeyer polynomial­

time hierarchy, [Sto77, FSS84], Finer separation results were then obtained, first in [Yao85] 

and subsequently in [Has86]. At this point interest was generated in obtaining lower bounds 

for other functions, [Raz87, Smo87].

In the last twenty or so years the area of bounded arithm etic -  the natu ra l offspring 

of Peano Arithm etic -  has become a full fledged branch of logic, with R. Parikh [Par71] 

who for the first time introduced and studied bounded arithm etic. T hat system is now 

known as I A 0. A variety of aspects of I Ao have been researched as is clear from work in 

[Ajt88, DG82, DP82, PW 87, W008I]. One of the earliest studies, however, of Ao sets can 

be found in [Ben62].

A fruitfull variation on I  Ao was introduced by S. Buss in [Bus86], with the purpose in 

mind to study “logical” aspects of the P  =  N P  problem. His work is mainly proof-theoretic

1



C H A P T E R  1. INTRO DU CTION ,  OUTLINE A N D  PRELIMINARIES 2

and he relates polynomial-time com putability with provability. Since then contributions to 

Buss’s system include [CT86, Tak90, Fer88, PW W 88, KPT].

By working in the intersection of the above areas one hopes to successfully combine 

the uniformity of formulae, elem entary combinatorial techniques, and the results about 

non-uniform circuits in order to tackle questions concerning polynomial-time predicates. 

Examples of such work can be found in [Imm87, Ruz81].

Some fundam ental questions about the Meyer-Stockmeyer hierarchy, / A 0, and Buss’s 

system still remain unanswered:

1. Do any of the respective hierachies of sets (languages), i.e. the polynomial-time hi- 

rarchy, the Ao-hierarchy or Buss’s-hierarchy, collapse?

2. Is any of I  Ao or Buss’s system finitely axiomatizable?

3. Does any of I  Ao or Buss’s system logically collapse?

Outline

We are interested in classifying sets(languages) definable by sharply bounded formulae in­

troduced by Samuel R. Buss in [Bus86]. These clearly define polynomial-time predicates. 

We express formulae as circuits with binary input and then use a blend of college algebra 

and probabilistic restrictions. Restrictions and probabilistic restrictions were introduced in 

[FSS84]. Cylinders, as found in [Ajt83] are the same objects as restrictions.

In this chapter we give a definition of sharply bounded closures, i.e. <50^, <S#^(B IT ), 

<SR^(BIT, C A R D ), <SR^(trunc), <S£?^(trunc, C A R D ), and <SB^(trunc,flip). For com­

pleteness then, we sta te  and prove a close variant of the main result about constant depth 

and polynomial size circuits, as found in [FSS84].

In chapter 2 we prove tha t P A R IT Y  is not in <5$^ by showing th a t is contained 

in A C °, the class of all relations and functions definable by bounded depth and polynomial 

size circuitry, and then applying [FSS84].

In chapter 3, via an easy application of the prime number theorem, we show tha t the 

set of primes is not <5#^.

All of the subsequent results are proved by showing th a t there are non-trivial domains
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(cylinders or G-cylinders) in which the predicates at hand are oblivious, i.e. take on only 

one tru th  value.

In chapter 4 we prove th a t P A R IT Y  is not in ( ^ ^ ( B I T ) .  A problem appears: unlike in 

the case of here we have knowledge of the individual bits of our terms; and our terms

involve multiplication, which as a function is not A C 0 (it is unknown whether the relation x • 

y = z is A C 0 !). This is overcome by the wide lemma which is used in all subsequent chapters 

and which provides with domains in which the function  of multiplication becomes A C 0. In 

chapter 5 we prove tha t IN D E X P A R IT Y  is not in S B ^ ( B I T ,  C A R D ). This follows 

from the fact th a t the predicates B IT  and C A R D  do not interact. IN D E X P A R IT Y  is 

the P A R IT Y  taken over the set of odd bits of the input.

In each of the following chapters we show by induction on the complexity of the terms 

tha t these term s have a certain “bit-finite” property. This property then enables us to 

convert the predicate at hand into a feasible circuit, in the appropriate non-trivial domain. 

So, in chapters 6 and 8 we prove th a t P A R IT Y  is not in 5£?^(trunc) and <SB^(trunc, flip), 

respectively.

In chapter 7 we prove th a t IN D E X P A R IT Y  is not in «SI?^(trunc, C A R D ). This is 

done in a way similar to chapter 8. However, it was necessary to introduce restrictions 

(cylinders) over groups of perm utations, rather than  restrictions over the bits of the input.

In view of the “slow” enhancements of the basic set of term s and predicates of bounded 

arithm etic, it is noteworthy tha t we are obliged to  use a bounded quantifier should we decide 

to  express the predicate B IT (a :,2/), the r/-th bit in the binary expansion of x, as a formula 

of bounded arithm etic, [Bus86, page 41, (g)]. Indeed, if we pass to  the class of unary E^ 

predicates, i.e. formulae which adm it bounded existential quantifiers, then we have formulae 

defining each polynomial time com putable predicate, and perhaps more.

The point, however, is not th a t P A R IT Y  or IN D E X P A R IT Y  are not definable by 

respective sharply bounded formulae. It is rather the reduction to bounded depth circuits 

within appropriate, nontrivial domains of the respective classes th a t we are labouring for. 

In chapter 7 one realizes th a t appropriate domains can mean quite different things, and 

indeed should: cardinality is never constant in a non-trivial classical restriction(cylinder).

We formulate the following general question then: with Q a polynomial time computable 

predicate, and V  a property on subsets of {0, 1} ,̂ £ positive integer, we write Q j'P € A C 0,
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if there are:

1. C =  {Ci}  circuit family of constant depth and polynomial size, and

2. D =  {D i}  domains with Di C {0,1}* and V (D i)

such th a t for each I  we have th a t V® 6 D i [ Q i ( x )  <S> C i ( x )  = 1]; with C a class of polynomial 

time computable predicates and V  a property of domains, we write C / V  C A C 0 if for every 

predicate Q E C we have th a t Q / V  £ A C 0 ; given a class C of polynomial time computable 

predicates now, we ask whether there exists a non-trivial property V  such tha t C/'P C A C 0 . 

The candidates we have in mind for C are, of course, sharply bounded closures of finitely 

many polynomial time computable functions or predicates.

Preliminaries

Here we introduce some notation and, for completeness, give a proof of the fundamental 

result in [FSS84].

N otation

The following notation and definitions are to be noted for the rest of the sequel:

1 a. The language in [Bus86] consists of the usual function and relation symbols of Peano 

Arithm etic plus the following function symbols:

1. |®|, to  be interpreted as the length of the binary expansion o f x ,  i.e. |®| = 

flog2(a +  l) ] ,

2. [®/2j ,  to  be interpreted as shift right, and

3. x j fy ,  to be interpreted as 2 ^ ' ^ .

Terms in this enhanced language will be called terms of bounded arithmetic.

1 b. <I>(® ) is sharply bounded if $  is a formula of bounded arithm etic and all quantifiers in 

$  are of the form Vz < |t(® )| and 3z < |f(® )|, where t is a term  of bounded arithm etic.

It is convenient to  regard sharply bounded formulae in prenex form. It is easy to see 

th a t any sharply bounded formula is logically equivalent to  a sharply bounded formula 

in prenex form.
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1 c. Often we shall enhance the language of bounded arithm etic by additional predicates 

and function symbols. The class of sharply bounded formulae in the language of 

bounded arithm etic is denoted by Given new predicates P \ , . . . , P n and new

function symbols / i ,. ■ ., / m we denote by

the class of sharply bounded formulae in the language of bounded arithm etic enhanced 

by F i, .  , . , P n and

The rest of this section is devoted to notation to be used in the proof of the fundamental 

circuit lemma.

1 d. [71] = { 0 ,1 , . . . ,  71 — 1}, n a positive integer.

1 e. Let X  =  { x i , . . ., xi} ,  I  a positive integer. A circuit in X  over the boolean base 

{0, 1, V> A) ~1} is a hnite, directed, labeled tree satisfying the following:

1. All nodes of the tree are of at most single fanout and of arb itrary  fanin.

2. Each of the leaves (inputs) of the tree are labeled by 0, 1, x  or -*x for x E X , 

while all other nodes are labeled by \/  or A-

Unless otherwise stated  all circuits are over the boolean base. Let C  be a circuit in 

X .  Provided th a t C  is non-empty, the unique node with no fanout is the root of C . 

C  evaluates (in the obvious way) to  0 or 1, when all x, x E X ,  are replaced by 0 or 1. 

Thus C  defines a boolean function / c : { 0 , l } *  — > {0,1}. For z  E {0,1}*  we write 

C (z)  for f c (z). Let Y  C {0 ,1}* . We then write C \Y  =  D \Y  if f c \Y  =  f D\Y, for 

C, D circuits on X .  If C  and D are indexed sets of circuits on X  (such objects are 

called multicircuits), we write C |Y  =  D |F  if { f c \ Y  | C  E C} =  { /d \Y  | D  E D }. If 

Y  — {0, 1}* we drop all reference to it in the previous notation.

1 f. Given d, s positive integers, we say th a t a circuit C\

i. has depth d > 0 if d is the number of edges in the longest path  of C, and

ii. has size < s if the number of nodes of C  does not exceed 5.
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Given a circuit C  the d-children of C  are the subcircuits of C  of depth d. If d is the 

depth of C  then we call the (d -  l)-children of C  simply the children of C .

1 g. A circuitry, C  = {C'/}§°, has depth < d and size < p if for each I, Ci is a circuit of 

depth < d and size < p{£)-

1 h. Let p  be a positive integer and q a polynomial:

i. a p-short multicircuit o f  size < q is a sequence of indexed sets, one set to each I,

of < q(£) circuits of depth 2 with all children having < p  inputs, and

ii. a p-finite multicircuit o f  size < q is a sequence of sets, one set to  each I, of < q(£)

circuits with < p  inputs.

Given C — {C^j-g0 a yu-short(finite) multicircuit of size q and Cl a member of C , we 

shall again say th a t Ci is a /U-short(finite) multicircuit of size < q.

1 i. Let A be a positive integer and X  the set of A inputs, p £ { 0 ,I ,* } -* will be called 

a restriction on X .  We denote by free(p) the set p -1 (*) and by unfree(p) the set 

p _1(0) U p _1( l) .  We identify a restriction p on X  with the set of a  £ { 0 ,1}A such 

th a t p(x)  = cr(x), for x £ unfree(p). Under this identification restrictions are partially 

ordered by C.

1 j. Let A be a positive integer, X  the set of A inputs and e £ (0,1]. We shall denote by 

R estre(X ) the set of restrictions p on X  such th a t |free(p)| > Ae. We write R estre(A) 

or R estre(f!) whenever the set X  is understood or whenever the inputs are identified 

with the set [A] or [£}.

1 k. We shall abuse the notation and use p to  denote both  the restriction on X (£)  of A(^) 

inputs and the (infinite) sequence of restrictions, one per X(£).

1 1. If C  is a circuit in X , the set of inputs, and p a restriction on X  then by C\p  we 

understand the circuit tha t arises from C  by relabeling in C  every label x(-ix)  by 

p(a:)(l —p(a:))for x £ unfree(p) C X ,  and pruning C  in the obvious way. If C = {Ci}™ 

is a circuitry and p — {p^}S° a sequence of restrictions on appropriate sets of inputs, 

then C\p  =  {C t\pi}^>. Whenever the context allows we shall drop the subscripts and 

write C\p  for Ci\pi-
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T he fundam ental lem m a for bounded circuits

We first show how to convert a /r-short multicircuit of polynomial size to  a ^-finite m ulti­

circuit of polynomial size.

C o n v e rs io n  L e m m a  l . l .  Let p  be a positive integer and q a polynomial in one variable. 

Then,

Ve G (0,1]; 3 v positive integer, 6 G (0, e},£0;

V p-short C  multicircuit o f  size q, t  > Io!

Vp G R estre(£) 3 p ' G R e s t r ^ ) ,  p ' C p

C i\p ' = C'i a v-finite multicircuit o f size q.

Proof. We proceed by induction on p. To get the right restriction we use probability. 

Given A we consider p a probabilistic restriction, i.e. a sequence of A independent trials with 

outcomes * ,1,0 and their respective probabilities of success p*, p i, and po:

i. p* =  l/V'A, and

h- Pi  =  Po =  | ( 1 -  f y -

Using the multinomial distribution with param eters A ,po,pi, and p*, we show th a t desired 

properties on a probabilistic restriction, p, have non-zero probability. This renders the sub­

set of the sample space with those desired properties, nonempty. So, pick such a restriction. 

p  =  1. Given is a 1-short multicircuit of size q. W ith e and p G R estre(£) reset C = C\p, 

X  =  free(p) and A =  |free(p)|. We say th a t C  G Ct is wide if C  has more than  c ■ log A 

children, otherwise C  is called narrow. Note th a t here the children are literals because 

p — 1. We now see tha t:

1. For wide C  and A > 4,

P ro b (C |p  is not constant) < [1 — |( 1  -  ^ ) ] clogA

< (3/ 4)c-logA =  ^ - c'los(4/3)

2. For narrow C , sufficiently large A and 7 =  number of distinct inputs of C,

P ro b (C |p  has at least v *-ed inputs) < ^  ^7^ • ( ^ j ) J ' (1 ~
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<

because 7 < c • log A and because

3. By Chebychev’s inequality applied to  a 2 = y/X — 1 and p, = y / \ ,  where p  is the mean 

fo r  this calculation and should not be confused with the pi of the induction,

P ro b (|free(p )| < ^ • y / \ )  <

The above are the probabilities tha t something goes wrong. So the probability of everything 

being right is

a t =  1 -  4 =  -  9 (0  ' (A-c 'log(4//3) +  A - ^ - 1)). 
vA

Choose c and v  so th a t at  > 0 for I > 10 (possible, since q has finite degree and A > P).  

Clearly now, we can choose p '  C p such th a t p '  G Restre/ 4(£) and such th a t C \p '  is ^-finite. 

The size is at most q. Note tha t u only depends on degr(g) and e.

pi > 1. Again with q, e and p G Restre(t?) fixed we reset C  =  C\p, X  — free(p) and 

A =  |free(p)| ( > £e). We say C  G C^ is wide if there are > c • log A children of C  with 

m utually disjoint sets of inputs, otherwise we say C  is narrow. For wide C  and A > 4 we 

have th a t
1 1 ic-logA

P ro b (C |p  is not constant) < 1 — • (1 —

< [1 -  ( | ) M]c'logA =

where /3 =  log[l -  (^ )M]_1 > 0. For narrow C  we let H (C )  be a  maximally disjoint family 

of sets of inputs chosen from the sets of inputs to the children of C. | U H (C )\ < p - c -  log A. 

We have tha t

ProbflU J ( C ) n f r e e ( p ) | > ✓) < ( ^

by an analogous calculation to th a t concerning narrow circuits in the base case of this 

induction. So again we get p '  C p, p '  G Restre/ 4(£) such th a t wide circuits are constants, 

thus with no inputs. To see what happened to the narrow circuits of Ci, let C  be narrow 

and let h (C ) be the set *-ed inputs in U # ( C ) .  By the choice of p ',  ^ (C )!  < v ' . For 

<r G { 0 , let:
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{ x, if a ( x ) =  1;

-ix, n  c (x )  = 0 .

2. ff(h(C)) = Axeh(C)v(x )> and

3. p ' U a be the finer restriction resulting from uniting the functions p '|^Y \  h(C)  and a, 

which is possible since dom(cr) =  h(C)  C free(p ').

Clearly then,

C \p '=  V  \p (h (C ) )h { C \p 'U p ) \ .
o6{0,1}MC]

We now collect the circuits D  =  C \p ' l i  a for narrow C  E Ct and a E {0, l} 7* ^ ,  into a new 

m ulticircuit. This new multicircuit is (p -  l)-short because the circuits have depth < 2, 

because h(C)  intersects the inputs of every child in C , and because all of h(C)  are fixed by 

p '  U <x. It has size < q' =  2U< ■ q. Apply the induction hypothesis to  p, -  1 with e/4 and p '  

and get v " , 8 and p "  C p ', p "  E Restr5(^) so th a t D \p"  =  D"  a //"-finite multicircuit of 

size < q'. Set u — v' + v " . C \p "  =  C"  a //-finite multicircuit of size < q. □

Next, the fundam ental lemma. The proof of this lemma uses the conversion lemma. Of

course, if we want wider cylinders wre would have to  use H astad’s switching lemma [Has86].

F u n d a m e n ta l  L em m a 1.2. (F u rs t-S a x e -S ip se r)  Let d be a positive integer, q a poly­

nomial in one variable. Then,

V e E (0,1]; 3 v positive integer, 8 E (0, e], £oi

V C  circuitry of depth d and size q, I > Io;

Vp E Restre(f!) 3 p ' E R estr^ f!),p '  C p

Ct \p ' = C't a circuit o f  depth d — 1 and size < 2 v • q.

Proof. Collect all 1-children of C  into a m ulticircuit, D. D =  D ' a 1-short multicircuit 

of size < q. Apply, therefore, the conversion lemma with e fixed to  get p  such th a t given 

p E Restre(£) we can find p '  C p, p '  E Restr£/ 4(^) which renders D '\p '  =  D"  a //-finite 

multicircuit of size < q. Next, collect the 2-children of C \p '  into a m ulticircuit, E . E  = E '  

a //-short multicircuit of size < q because the circuits of D"  are circuits of depth 1 and have 

a t most p  inputs. Apply, therefore, the conversion lemma with p  q, e/4 and p '  E R estrc/ 4(f?)

to  get // and £q such tha t for any £ > £o there is p " C p ', p " E R estrj(£), which renders
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E \p "  =  E "  a. ^-finite multicircuit of size < q. Clearly now, C \p "  = C"  a circuit the 2- 

children of which are circuits of no more than v inputs. Express each of them  in disjunctive 

or conjunctive normal form getting C'", with C'" = C". Evidently C'"  has depth d ~ l ,  size 

< 2v -q and C \p "  = C'" . □

It is a trivial corrolary of the fundam ental lemma, th a t P A R IT Y  cannot be calculated by 

bounded circuitry of polynomial size.



C hapter 2

P A R IT Y  is not <SB  ̂ definable

In [Bus86] it was quickly mentioned th a t sharply bounded formulas in one variable (i.e. sets) 

using atomic relations not involving multiplication, could not define P A R IT Y . However, 

here it is shown tha t ,

T h e o re m . P A R IT Y  is not sharply bounded definable.

Of course, by sharply bounded we mean in the full language of bounded arithm etic.

The proof of the restricted result in [Bus86] uses the weak lower bounds for P A R IT Y  

found in [Ajt83] and [FSS84], These bounds as well as the optim al bound found in [Has86] 

are calculated for nonuniform  circuits. Note th a t by a circuit we mean a sequence of boolean 

circuits, one for each binary length.(For more see [FSS84])

In [Bus86] the resulting circuits are not only of constant depth and polynomial size but 

also uniform, in the sense th a t there is one formula which prescribes the circuit at each 

length, a formula which involves particularly simple algebraic operations.

Here, the circuits result from formulas involving multiplication, which is not of constant 

depth. Their uniformity, however, forces them to  be of constant depth and more than  tha t, 

these circuits are of a particularly simple nature, as can be seen from the sharp tru th  lemma.

Notation and Conventions

The following are to be noted:

11
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{1, if the binary expansion of x has odd #  of l ’s;

0 , otherwise.

2b. Let A ( x , . ..) be a property of x , possibly with param eters. Given a set P,  we say A 

is oblivious in P  if,

V x , y e P [ A ( x , . . . ) * + A ( y , . . . ) ] .

2c. Throughout, by a sharply bounded formula in x , say 0 (x ) , we shall mean a formula 

of the form,

Q1 zW  < |a |m . .. Qn < |x |m V(x,  z )  ,

where, Qi =  V or 3, for i = l , . . . , n  in an alternating fashion, f  is a boolean 

combination of atomic statem ents in the language of bounded arithm etic and z = 

z i 1) U • • • U z ( n) . An arb itrary  sharply bounded formula is logically equivalent to a 

formula of the above form.

2d. Let t(x,  z )  be an arbitrary  but fixed term  of bounded arithm etic, where z =  z \ , . . . ,  z^ 

are k distinct variables different from x. Recall th a t the language of bounded arith ­

metic is the same as the language of Peano arithm etic enhanced by three new function 

symbols:

1. \_x/2\ , the integer part o f x / 2,

2. | x | , the length of the binary expansion of x,  and

3. x # y  , interpreted as 2 ^ ' ^  .

2e. Let /  be a function / :  A  — * B  and C C A .  We then set,

f ( C )  =  { /(* )  I * e  c } ,

e.g. f ( x )  = [®/2j , and then [C/2J =  { \ x / 2 \  \ x £ C}  .

2f .  [2^,2^+ 1 ) n N  =  { x  £  N | 2 ^  <  x  <  2^+ 1 }  .

2g. v(t) — maximum depth of nested occurrences of |_ _/2  J in t ( x , z )  which contain oc­

currences of x.
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2h. We say |s| maximally occurs in t, if |s| is a subterm  of t or s # r  is a subterm  of t, for 

some other term  r, and both |s| and s # r  can only occur in t within the scope of x , 

+ and [ _ / 2 j .  Now, set K \t)  =  {s : |sj occurs maximally in t}.

2i. W ith a < 2", v a positive integer we let [cr]u — { i  G N | x  =  a  (mod 2")} .

2j. By z < x we mean th a t all members of the sequence z  are less than  x.

2k. Let P  and Q be two partitions of a set A; by the superimposition of or superimposing 

the two partitions P  and Q, we mean the creation of a new partition  of A, namely

P  f \  Q = {A" Q Y \ X  G P  and Y  G Q}- If P  and Q happen to be collections of

intervals then an easy argum ent shows tha t: \P / \  Q\ < \p \ + \Q\-

The lemmata

This lemma states th a t the length of a term  is constant in each of finitely many intervals,

L e n g th  L e m m a  2.1. Let m  be a fixed positive, nonzero integer and t ( x , z )  a term as 

above. There are positive integers It and Kt such that,

V£ > £t , Vc < £m ,

3'P , a partition of [2f , 2(+1) f |  N , into at most Kt many intervals,

VP  G V  , |t (x,  c ) | is constant in P.

Proof. First observe th a t for term s r  and s:

(1) a G [2*,2*+1) r ) N  =k |o| = 1 + 1,

(2) |r  +  s| =  emax( r ,s )  • |r | +  (1 -  emox( r ,s ) )  • \s\ +  e+ ( r , s ) ,

(3) |r  • s\ = \r\ + |s| -  ex ( r , s ) ,

(4) \r# s \  = |r | ■ |a| +  1 , and

(5) | L r / 2 j |  = | r | - l ,

where emax) ex an<i are 0 or 1, depending on their arguments.

Fix c, c < l m . Apply (2), (3), (4) and (5) above to  |f(a:,c)|. We get a polynomial expression 

in | a: | with coefficients in the lengths of the binary expansions of members of c, and in e.



C H A P T E R  2. P A R IT Y  IS N O T  S B jf* DEFINABLE 14

Let t(|cc|,c, e) be th a t expression. Note th a t the length A of the vector e only depends on

the syntactic structure of the term  t.

We have:

(1)' Vft £ [2^ ,2*+1) PIN, 3 ? <  2a |<(o, c)| = t(£ + 1 , c, e) , by (1), and

(2)' |i(cc,c)| is increasing in x, because t ( x , c )  is increasing in x.

We conclude by (1)' tha t there are 2A possible values for |f ( a ,c ) |,  a £ [2 ,̂ 2^+1) p| N . By (2)' 

now, the inverse of each point in the range of |f(a:,c)| in [2*, 2*+1) f -) N  must be an interval. 

Set Kt = 2a .Q

This is the first of the “oblivious” lem m ata and states th a t atomic statem ents are oblivious 

in each of polynomially many intervals,

A to m ic  T ru th  L em m a 2.2. Let t ( x , z )  and s ( x , z )  be two arbitrary but fixed terms of 

bounded arithmetic. Let k be the length of the vector z. Let n be a fixed non-zero positive 

integer and m  = n ■ k.

With v > m ax{i/(t), J'(s)} there are positive integers Kt<3 and £t,s such that,

Vct < 2", W > t t,s,

3PCT, a partition of  [2^ ,2 +̂1) f |[a ]„ into at most KtlS ■ £m many intervals,

VP £ P<r, Vc < £m, s ( x , c ) < t (x,  c),  s ( x , c ) =  t (x,  c)  and s ( x , c ) > t ( x , c )  are oblivious in 

P.

Proof. Fix a, o < 2". Until further notice, fix c , c < £m . Apply the length lemma 

to  each r  £ K \t{x ,c]) 'J ," '/s ' x , c )) to  find a partition of [2^,2^+1) p |N  into not more than 

nr intervals, in each of which r is constant. Superimpose these partitions and let Qg be 

the resulting partition of [2*,2*+1)p |N -  Let =  {Q 1 I Q' £ ^ c }  and until further 

notice, fix Q, Q £ Qz}0-- Notice now, th a t with,

K = H2 {Krl r e Al;( (̂m, c ) ) |jA . '( s ( a : ,c ) ) | ,

we have th a t |<2 |̂ < k and hence also \Qzt<T\ < k . Again, k only depends on the syntactic 

structure of  the term s s and t. Since Q — Q ' f o r  some Q' £ Qz, we have tha t 

|r(a ;,c )| is constant in Q, for any r £ K'(t(x, c )) ( J K'.(s(x, c)).  Next, replace in t ( x , c ) and 

s ( x , c )  all subterm s by their (unique) value achieved in Q' (and hence in Q) and call the

78
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resulting expression in x, t q ^ ( x )  and s q ^ ( x )  respectively. Obviously, t ( a , c ) -  t q ^ ( a )  and 

s ( a , c ) =  s q^ ( a ) ,  for all a G Q.  We get the polynomials, t q ^ ( x )  and s q ^ t<T(x) as follows: 

Observe first tha t t q ^ ( x )  only involves multiplication, addition and _/ 2 J , unless it has 

become a constant. Define the following operation on term s of the above type,

<(e)(x)  =  t (2x  +  e) where e =  1 or 0,

where it is understood tha t [(2 • s + r ) / 2j is replaced by s +  [ r / 2j and if a is a binary 

sequence of length v > 0 then,

t ^ \ x )  =  t(ff(° ))-M ^ -1))(a:).

C la im  1: For e =  0 or 1 we have that u(t^e\ x)) < v( t (x))  and i f  v( t (x) )  > 0, and

v(t(e\ x ) )  =  0 i f  v( t (x))  =  0 .

Proof o f claim 1. The second statem ent of the claim is obvious, and the first is proved by 

induction on u(t(x)).  It suffices to show th a t if i/(t(x)) — 1 then i/(t^e\ x ) )  =  0; but this is 

obvious too.Q

We let t q ^ <(T(x) = t*q\(x)- The length of a  is i>, so th a t applying claim 1, v  times we see 

th a t v { t q ^ ( x ) )  =  0, i.e. t q ^ i(T{x)  is a polynomial expression in a: with non-negative integer 

coefficients.

C la im  2 : t (a, c)  = tQAcr([a /2 l' \) ,  for  a e  Q-

Proof of claim 2. First observe that:

(1) t ( x ) ^ t { 2 [ x / 2 \ + x ( 0 ) )  = t ^ ° ) \ [ x / 2 \ ) ,

(2) [ [ x[ 2u \ / 2  J =  [a :/2I/+1 J , and

(3) a £ Q => a = a (mod 2") and t ( a , c )  =  t q ts(a)  .

So for a G Q,

tQ,sAYal 2V\ )  =  4 ?ff,?(La / 2"J)> by definition;

=  <g,c(a).by (1) and (2);

=  <(a,c), by (3).
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□
Similarly for s q ^ <(T( x ) .  Consider now, h(x)  = tq igia.(x) -  s q tg<(T(x).  Now, h  is a polynomial 

in x  with integer coefficients; let d be the degree of h. Therefore, there are at most 2d + 1 

subintervals of [2l ~1' , 2i ~u+1) P |N  in which h is either all zero or all negative or all positive.

As a set, Q =  2" • \Q / 2"J +  <r, and L<3/2I'J is a subinterval of [2l ~u , 2l ~w+1) f) N ; so [_(?/2"J

breaks up into at most 2d + 1 intervals, in each of which h is either all zero or all positive 

or all negative.

Recalling th a t for a G Q, h( [a/ 2u\ )  = t (a, c)  -  s (a, c) ,  we conclude th a t Q splits in at 

most 2d +  1 intervals in each of which t (a, c)  — s (a, c)  is either all zero or all positive or all 

negative. For each Q, Q £ Qc,o-> collect all of their new pieces and form a new partition, 

Pc,<t ■
Note th a t d < dmax = maximum degree of x  in t and s. and so for each c, c < l m , we have

tha t |'PC>| < (2dmax + 1) • k .

Let Per be the superimposition of all the Tgt<r , c < £m.

Clearly now:

( 1) [Po-1 < « 5,t • , where K,it =  (2dmax +  1) • k, and

(2) for any c , c < l m, and any P, P  E Per, A ( x , c ) is oblivious in P,

where A( x , c )  is either t ( x , c )  <  s(a:,c) or t ( x , c )  =  s ( x , c )

or t (x,  c)  > s(x,  c ) .

□
The next lemma tells us th a t a boolean combination of atomic wff’s is oblivious in each of 

polynomially many intervals,

B o o lean  T ru th  L em m a 2.3. Let x , z  ) be a boolean combination o f atomic statements  

in bounded arithmetic in x and z , n a positive integer and k the length of the vector z.

With v > m ax{i/(t)|f a term  in 1F} and m  — n • k, there are positive integers k $ and iq,

such that,

V<7 < 2", W  > £*,

3V& a partition of [2 ,̂ 2 +̂1) f)[cr]^ into at most k$ • £m many intervals,

VP G ’P(t, Vc < £m, ^ ( x j c )  is oblivious in P.
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Proof. Fix cr, a  < 2U . We apply the atomic tru th  lemma to  every positive atomic 

subformula of t y(x , z ) .  For each such subformula, say A ( x , z ) ,  we obtain partition V^^a 

such that:

(1) \P*,a \ < ka -t™,  and

(2) for any c , c < £m , A ( x , c )  is oblivious in any P , P  G V CfA ■

Let Per be the superimposition of all the V ^ a , for A  a positive atomic in \H, and,

Kip =  a positive atomic in '$'} .

Then clearly:

(1) \PV\ < Kip • i m , and

(2) for any c, c < £m , ^r( x , c ) is oblivious in any P , P  G P<r •

□
This last lemma tells us th a t sharply bounded predicates are oblivious in each of polyno- 

mially many intervals,

Sharp T ruth L em m a 2.4. Let 0 ( x )  be a sharply bounded formula in x. With v > 

m ax{v( t ) \ t  is a term  in 0} , there are positive integers m g ,  Kg and lg  such that,

Vct < 2V, > £g,

3Po- a partition of [2l ,2l+1)f][o]u into at most Kg ■ £m0 many intervals,

VP G P<r; 0(a:) is oblivious in P.

Proof. Fix o, o < 2V . Let ng  be the power in the sharp bounds of the quantifiers of 0

and k the maximum length of the vectors appearing in the sharp quatifiers of 0 .  Let $  (x, z )

be the quantifier-free m atrix of 0 .  Apply the boolean tru th  lemma to  ’F with n =  ng.  Put 

Kg = Kip and consider Va , the partition  obtained for Then:

( 1) 1^1 < Kg ■ £m® where m g  =  k ■ n g ,  and

(2) 0 (x )  is oblivious in any P , P  6 P „ .

□
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Proof of the theorem

Note th a t for any integer x,

P A R IT Y (2  • x)  =  1 -  P A R IT Y (2  • x + 1 ). (*)

Let &(x)  be a sharply bounded formula in x.  Fix a < 2 " , apply the sharp tru th  lemma 

to 0 ( x )  and get the partition Pa . Since \P&\ < kq ■ £m& , we can find P  £ P c with 

|P | > 2 l ~v / (k® ■ ). Consider Q — \_Pj2v\ , which is a subinterval of [2i ~v , 2^-t/+1) P) N  .

Let Q 1 = [a, 6], with a =least even number in Q, and 6 =largest odd number in Q. Then 

K?l ^  ^  (IQ! ~ 2), and Q1 C Q . It is now an easy calculation using (*) to show tha t

P A R IT Y  is satisfied by exactly half of Q ’ ’s elements and hence P A R IT Y  is satisfied by 

exactly half of P' ’s elements, where P' — 2V • Q' + a . \P'\ > 2i ~u~1 / kq • l m& . But 0  

is oblivious in P, and P '  C P. It follows tha t 0  is oblivious in P 1, and hence cannot be 

P A R IT Y . |



C hapter 3

T h e set o f  prim es is not <SH]p 

definable

Gaisi Takeuti asked whether the set of prime numbers is sharply bounded definable. Here 

it is shown th a t

T h e o re m . The set of primes is not sharply bounded definable.

The proof uses the prime number theorem, namely th a t: 7r(a:) ss x / \ n x .  The rest depends 

on the fact th a t the number of “graded” intervals in which a sharply bounded formula of one 

free variable is oblivious, is no more than  £m , where I  is the length of the current argum ents 

to the formula, and m  depends entirely on the syntax of the formula.

Proof o f the theorem

Let 0(a:) be a sharply bounded formula in x. Recall the statem ent of the sharp tru th  

lemma, and apply it to 0 (a:) to  get th a t with

v  > m ax{i/(t) |t a term  in 0 }

there are positive integers m g, k©, and £q such th a t,

Vcr < 2", W > £©;

3'Pc a partition of [2*,2*+1) p|[cr]i/ into at most kq ■ £me many intervals;

VP <= V a ,

19
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0(a:) is oblivious in P.

For all large I  the interval [2*, 2*+1) P)N contains at least 2*/(2 • i)  primes: we prove this 

with the help of the prime number theorem  which states th a t,

Ve > 03£eV£ > £e,
tt(2 1)-£  1

< ~ 2 t  k 2  <  6

or equivalently,

G n - H ^ G n  + 'H-
with ir(x) — number of primes < x. In general if A  is a set of numbers we put it(A )  =  number 

of primes 6 A.

We work with fixed e, to be determined later. Consider £ > £e. Then,

it  /  1 \  2l

and

Now,

tt([2^, 2/+1)) =  7r(2/+1)-7 r(2 ^ )
/  1 \  2 t + 1  / I  \  2 '

> \In~2 ~ 7  ’ £ +  1 “  \ ln  2 +  7  ’ I
2l
l 2' 7TT' (ih ~ ‘) ~ (ih + £)

1.4 < j^2 < 1.5. For e < 0.1 and £ > 5 we have th a t,

2 'rfr'(nr2 ~e)~(et2 +e) 51 2 rh L 3 ~ L6

=  2-6 ' ( 1 - ? t t ) - 1'6

_ 2 6  I  
£ +  1 > 2 '

This finishes the first stage of the proof.

Pick an I  > £q with the previous property. Then there are X > 2l ~ u ~ 1 / ( k q  ■ £m©+1) 

primes in some interval P , P  £ T,? some cr < 2V. We claim th a t if three numbers in P  are
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consecutive then one of them  is divisible by 3: if x £ P  then x  =  a mod 2U; take n.{,

а.nd Tii-1-2 consecutive in P. We then have tha t,

n t =  /  • 2" +  a  ;

fti+i = ( /  +  1) • 2" +  <7 =  n{ +  2 U ;

n i+ 2  =  ( /  +  2) • 2 U + cr = rii -f- 2 U + 1  ;

let e„ =  (2V mod 3); observe th a t,

{1, if v is even;

2, if v is odd.

let 6  =  (rii mod 3); it follows now tha t,

rii = 6  mod 3 ;

=  6  -f e„ mod 3 ; 

n.j-t-2 =  ^ "b £v+i mod 3 ;

б , <5 +  e„, and +  are distinct mod 3, because ev and eu+i are distinct, < 3, and nonzero; 

but then one of S, S +  e„, S +  eu + 1  is 0 mod 3, which in tu rn  implies th a t one of ri{, n ^ i ,  

71^2 is divisible by 3.

We conclude, thus, th a t P  contains composites as well as the A primes. This then implies 

th a t since 0  is oblivious in P , 0  cannot possibly define the set of primes. ■



C hapter 4

P A R IT Y  is not S B ^ ( B IT )  

definable

The main result in this chapter is ,

M ic h a e l’s T h e o re m . P A R IT Y  is not bit sharply bounded definable.

Now, for some comments on the issue: in [FSS84] it is quickly mentioned th a t P A R IT Y  

is reducible to bit-extraction with multiplication. (Although, in circuit theory bit-extraction 

is never mentioned because it is “build-in” .) However, in [FSS84] the reduction is to  £-log2£, 

where £ is the length o f the current binary expansion. In [Weg87] it is mentioned tha t 

the reduction to a linear multiple of the length is still not proved. Here it is established 

th a t under uniform  conditions the location at which the ex tra  I  • log2 £ bits are needed to 

define P A R IT Y  is within the performance of multiplication and not after: we first need to 

“expand” x , then apply multiplication and finally bit-extraction. It is the limited iteration 

involved in the “expansion” th a t bit sharply bounded predicates cannot handle:
t

expansion(x) =  :(j) • 2^ loS2*l.
3 = 0

The key lemma here is the wide lemma, which gives us a cylinder in which multiplication 

as a function and multiplication as a relation reduces to  a polynomial size constant depth 

circuit.

It it worth mentioning, however, th a t at this point in time 1 it is not known whether the 

’ C onference and  w orkshop on P ro o f  T heory , A rith m e tic , and  C om plex ity  in  U .C .S .D , 28 Ju n e  1990

22
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graph of multiplication is a polynomial size, constant depth circuit in general, i.e. without 

any restriction on the domains of input.

Notation and Conventions

In addition to the notation and conventions of the previous p a rt, the following are to be 

noted:

4a. W hen it is clear from the context th a t X  is a set, |X | will denote the cardinality of 

the set X .

4b. We enhance the language of bounded arithm etic by one binary predicate symbol, 

B IT (a:,y ). The interpretation of B IT(:c, y) is:

B IT (a:,y ) is true <=> x mod 2V > 2y _ 1

“the y-tb. digit in the binary 

expansion of a: is 1” .

The new class of sharply bounded well formed formulae thus arising, will be called bit 

sharply bounded formulae.

4c. Let t ( x , z )  and s ( x , z ) be term s of bounded arithm etic. We say th a t, B IT (t(a :,z ) , 

s(x,  z ) )  is a bit-extractor or just an extractor w ith argument t(x,  z )  and bit s(x,  z ) .

4d. For integers x and i we let x(i)  denote the z-th digit in the binary expansion of x. 

Now let x  and y be two positive integers. We say x  does not interfere with y or there 

is no interference between the blocks x and y  ju st in case,

(x + y)(i )  = x(i)  V y(i),

for all i.

4e. Let A  C [A], A a positive integer, and and x < 2X. We say, x C A  if x =  ]£ag_A x (a) ' 2a- 

The set of x such th a t x C A  is denoted by 2A and is called a cylinder (with base A).

4f. W ith k > 1, let j i , . . .  , jk,  j \  > • • • > jki  be nonzero positive integers, and x \ , . . .  ,Xk 

be variables. The multiplicity group of j \  • x \ +  • • • 4- jk  • x k is the subgroup G  jk
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of the symmetric group S k which fixes the expression jx • X\ -f • • • -f jk  ■ x k , under the 

action:

n(jx ' ®i + • • ■ +  jk ■ x k ) = jx ■ z,r(i) + ■ • • + jk ■ x ^ k )  for * e Gn  j k .

4g. The multiplicity number, p(jx,  • ■ • , jk),  of j i - ® i  + ----- \-jk ■ x k is \G ju .,.jk \.

4h. Given ai , .  . . , ak  a vector of pairwise distinct positive integers (or anything pairwise 

distinct for tha t m atter), by the multiplicity class of a x , . . . ,  ak with respect to jx ■ x \  + 

• • ■ + jk  • x k, we mean the orbit of a i , .. ., a* by G jlt,„jk under the action:

7r(a l> • • • ) ®fc) — ®7r(l)i • • • ) ®7T(fc) •

Clearly the cardinality of the multiplicity class is p( j i ,  ■ ■ ■ , jk)-  Also note th a t if 

a \ , . . . , a k  and b \ , . . . , b k  are two vectors in each of which the entries are pairwise 

distinct and they belong to the same multiplicity class with respect t o j i - x i  + - ■ -+jk'x k, 

then j x - a x A  b j k ■ ak =  j i  • h  +  b jk • K-

4i. Let X  be a set of pairwise distinct variables, r  =  YLxeXr (x ) ' and j  a positive

nonzero integer. It is not hard to  see th a t,

t 3 = ] T  K j u - - - J k ) - r ( x 1 ) - - - T ( x k ) - - r j ^ L^ - 2 3l'Xi+-"+3k'Xk
fc=i i i> -> ifc 3i- ' --3k-

ji +—+ jk-j 
....

pairwise distinct

where the • over the second sum m ation symbol signifies th a t we are summing over 

one representative of the multiplicity classes with respect to  j \  • ®i +  • • • +  jk  • The 

factor f i(j i ,  ■ • •, jk)  compensates for the missing summands.

4j. Let j  be a nonzero positive integer. If 0 < k < j  we let,

H( j ,  k : x x , . . . ,  x k) = { j i  ■ xx + ■ ■ ■ + j k> ■ x k> \ j \  > • • • > jk'  > 0,

j i  +  b j y  -  j  and 0 < k'  < k };

otherwise we let,

H ( j , k  : x x, . . . , a :fc) =  H ( j , j  : a 

Finally let H ( j  : x lt ■. . , xj)  =  H ( j , j  : x 1}.
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4k. For arbitrary  positive nonzero integers d and k let
d

H{d , k  : x 1 , . . . , x k) = ( J  H ( j , k  : ®x,.. . , x k )
3 =  1

and
d

H(d : x i , .  . . , x d) = [ J  H ( d , k  : cct ,.  . . , x k ).
k~ 1

41. Let A be a set of positive integers with |A| > d. We say A  is wide for d, if whenever 

a x ,. . . ,  and 61?. . . ,  bv are vectors each of which has pairwise distinct entries from 

A  and j 1 ■ x x +  f ■ x^  , i\  • x^ +  f- iu ■ x v 6 ‘H (d : x t , . . . ,  x d),

j i  -ai  +  h jy. ■ ^  ii ■ bt + ■ ■ ■ +  iv ■ b„,

unless ji — v, ji  =  ii for / =  1, . . . ,  /x, and a i , . . . ,  and b \ , . . . ,  b„ belong to the same 

multiplicity class with respect to j \  ■ X\ +  • • • +  j M ■ x^.  If |A| =  k  < d then the same 

definition holds except th a t the length of the vectors are adjusted to  k  and H(d  : . . . )  

is replaced by 'H(d, k : x i , . .  ., x k ).

The lemmata

This is the central lemma which renders parts of the graph of multiplication constant depth 

and polynomial size.

W id e  L e m m a  4.1. Let d be a fixed positive nonzero integer. There is positive nonzero 

integer p(d) such that, fo r  all integers \  > 0 there is a set A  o f positive integers such that:

(Al) A is wide for d;

(A2) \A\ = A, and

(A3) Va G A a < \ 2 d ■ p(d) .

Proof. Set p(d)  = |H(d : x i , .. . , x d ) \ 2 • (2 • d +  d2). We shall proceed by induction on A. 

W h e n  A =  1: set A\  = {1}. Certainly all of (Al), (A2) and (A3) hold.

In d u c tio n  s te p  a t  A: here, the existence of A \ , (Al), (A2) and (A3) are assumed to hold. 

Let x i , . . . ,  x d and y i , . . .  , yd be pairwise distinct variables and define the sets of expressions,

U x =  7f(d,min{A + 1 ,d}  : x u  . .  •, xmin{A+1|d} )
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and

H y -  H{d,  min{A + l , d } : y i , . . . ,  2/min{A+itrf} )•

Now form the set, £Xiy, of all possible linear equations from H x and 'Hy , namely all equations 

of the form,

j i • cci + ----- (- j y ■ Xy. -  n  ■ yx + • • • +  iv ■ yu ,

where p, v  < min{A + 1, d} and j \  -f • • • + j^ ,  i\ +  • - • +  iv < d. Let z  be a new variable and

form a new set of equations, , which we get from £x>y by:

• In each member of £XiV, substitute 2 for at least one and at most two variables.

• If we substitu te two variables then one of them is an z-variable and the other is a

y-variable.

• If \ < d  and if an equation involves A +  l  many x or y-variables, then we are obliged to 

decrease the number of x or y-variables to A by the appropriate substitution(s).

The members of £ z have at most min{A,d} many x or ^-variables. We now substitute 

pairwise distinct numbers from A \  for the z-variables in the equations of do the same

for the y-variables and call the set of these new linear equations in z, S ZA .

Linear equations in one variable can have a unique solution, infinitely many solutions or 

no solution at all. Next we calculate an upper bound for the number of solutions resulting

from members of £A which have at most one solution. Note th a t,

l x̂.yl < (2 ‘ d  +  d 2 )  ‘ \n ( d  ’■ ®li- ".Zd)!2 = P i d )

and th a t an upper bound for the number of substitutions is X2 d . We conclude th a t the 

number of unique solutions is < p(d) ■ \ 2 d and th a t there is a < p(d) • (A +  l ) 2-d which is 

not a unique solution. Pick the least such a and let =  A ^lJ{a}. T hat ((A+i)2) and

((A+i)3) hold is obvious. We now show th a t ((A-f-i)i) holds as well.

Assume tha t,

j i  ' a i  +  - ' ' +  Jk  ' a k +  j  ’ °  +  j k + i  ' a k+1 +  ‘ ' ‘ +  j / i  ’ ~

= i\ ■ b\ i y  ■ by -\- i • a -\- ifc'+i - ^fc'+i +  ‘ * ‘ T (^ a )  >

with j i  ■ ai +  h j k ■ ak + j  ■ z + j k + 1  ■ ak + 1  +  h =  ii ■ h  +  h ik< ■ by + i ■ z +

ik'+i ■ bfc'+i + • • • +  iu ■ bu G £Ax . We need to show tha t:
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(i) p. = v\

(ii) the two sequences of numbers, j i ,. .. , jk,  j ,  jk \-\, ■ • •, .7,< and i t ,. . ., i y ,  i, i y ,. . . ,  i„ 

are identical, and

(iii) the two vectors, « i , .. ., a*,, a, ayi-i, ■ ■ •, a,t and b \ b y ,  a, l>k'-\ i >•••> are in the

same multiplicity class with respect to the expression j \  • ®i d---- |- jk • I j  ■ x y {.1 I

jk  I-1 ' :cfc+2 + 1 ' • + jfi • f l •

A number of claims will prove the above. But first observe tha t if j  = i -  0 then by (Al) we 

get the desired conclusions (i), (ii), and (iii). So we assume tha t either j  ■/- 0 or tha t i f- 0, 

but actually,

C la irn 1: In  E„, both j  ^  0 and i /  0.

Proof of claim 1. If exactly one of j  or i is 0, then a would be the unique solution to an

equation in , contra,dieting our choice of «.□

C la im  2: The equation E -, which results from  E„ by replacing in  E a the number a by the

variable z, is true for any z.

Proof o f claim 2. Again, if not then a would be the unique solution to an equation in , 

contradicting the choice of a .a

C la im  3: j  — i, and

j i  ■ fll + • ■ ■ + jk  • ak + Jk + 1 • a k+ 1 + • • • + jfi • =

=  • b \  - ( - • • •  - f  i y  • b y  - f  i k '+1  • ^ f c ' + i  T  • ■ • 4r iv  ' bv •

Proof o f claim 3. Obvious from claim 2.q

By the induction hypothesis now, we have th a t fi — u, ji ~  ii for I = 1 , . . . , / /  and the

vectors a^ and b \ , . . . , b fl belong to the same multipliciy class with respect to the

expression j \  • xi +  1 j , t ■ x,L.

C la im  4: The two sequences o f numbers,

j l  7 ■ • • 7 jk7 j  7 j k - 1-1 > 1 • • 7 j ) i  (I'ad i \7  • • • 7 ik ' 7 -(• 1

are identical.
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Proof o f claim 4■ Recall th a t j \  >  • • ■ > j  > ■ ■ • > and i\  > ■ ■ • > i > ■ ■ • > zM. We have 

tha t,

j  > jk+i = h+ i > ik+ 2  =  jk + 2  > ■ ■ ■ > 3k' -  iy  > i-

But j  =  i, so tha t j  = jk +1 =  ik+i = • • ■ =  jk' — iy  = i- The induction hypothesis takes

care of the rest.o

C la im  5: The two vectors,

®i i • • ■ > 1 j • • • > o,Tid b\ , . . . ,  ifc', a, bk'-i-i, t bp

are in the same multiplicity class with respect to the expression

j \  ■ Xi T "  - "f jk  ' %k "t" j  ' ®fc+l T Jfc+1 ' a'fe+2 d" ' ' ' T jfj. &IJ.+1 •

Proof o f claim 5. Let k0 be the least and ki the largest, such th a t j  = jk 0 — jk0+i — ■ ■ • =

jk L, if such two indices exist. By the remark preceding claim 4 then there is a perm utation 

from {afc0, .. .,afci} to {bk0, .. . ,bkx}. Rearrange and extend this perm utation to the index 

of a, which is possible since a is new.o

So (iii) is claim 5, (ii) is claim 4, and (i) follows from the remark preceding claim 4.Q

This is a corrolary to the wide lemma, and it is the central argument for the proof of the 

circuit lemma.

B it L e m m a  4.2. Assume that:

(1) \  is large, and

(2) t ( x ) =  X) 9i(®)' 2Pi where:
i=1

(a) qi are polynomials in x  with non-negative coefficients o f size at most 2^°82A1 

fo r some fixed m , and

(b) with d the degree o f x in  t(x),  we have that,

Pi+i ~ Pi > {d + 1) • A .

Then:

(T) There are A and B such that:
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(a) A =  [log2 Alm+1 B;

(b) B is wide fo r d;

(c) \B\ = 2 d fi A]m+l (d) ' Ŵ iere P(d) is as given in the wide lemma, and

(d) b £ B =$■ b < A/ |log2 A]m+1

(2') I f  y <  |^(2a ) | then there are a \ , . . .  , 6 A, fi < d, and  r y ( v ,  w \ , . . . ,  w s u c h  that,

V x C A  [B IT(i(a:), y) <=> Ty( x , a i , . . . ,  )],

where r y(u, W\ , .. ., w^,) is one of:

(a) false,  or

(b) B IT (u , w\)  A • ■ • A B I T ( v ,  w^).

Proof. (l') follows by an application of the wide lemma, with d , ■p(d)
, and

, rioftAr+A
B  in the roles of d, A, and A  respectively. Let A  = [log2 A] m+1 B  . Clearly, a £ A => a < A . 

Call condition (2) of this lemma t is in block form  with spread (d + 1) • A and height 2^°6a ^  . 

Call the binary expansion of qi ( x )  • 2P* the i-th  block o f t .  Now fix y < |f(2A)|. Certainly, 

there is i such th a t the y-th  bit of t (x)  belongs to the i-th  block of t (x),  irrespective of x. It 

follows from (2a) and (2b) th a t for x = x(a ) ‘ 2“ there is no block interference, because

the bits of a block of t (x)  do not overflow into the next block of t (x).  Hence the y-th  bit 

only depends on the binary expansion of qi (x) .  Suppressing the subscript i for simplicity, 

let
d

q ( x )  =  qi{ x )  =  ] T a P - ipj
i = o

where <pj < 2 l̂og2 . Now according to  4i, however,Pi
j  •

*' = £  E
fc=i

j i + - - + j k = j  

pairwise d istinct

m(Ji, • ••, Jfc) • ®(ai) ■ • -x(ak)
j i! • • • jfc!

. 2̂ 1 H hJA -a*

and therefore,

j'-

1 < j < d  j i > - > j k  
1 <fe<j j H  h] k —j

oti."iOfcG4, 
pairwise d istinct

Jl '■■■•jk'-
. 2 î '“i +"‘+ik'Ok
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recalling th a t the • means summation over only one member of the multiplicity class of 

ffli,. . . ,  afc with respect to the expression jy ■ xy +  • • ■ +  jk  • Xk- 

For j  = 1, ,d  call the binary expansion of

the (j i  • a\ + • • • +  jk  ‘ ak) block of q or ju st a q-block. The (jy ■ ay + ■ ■ ■ + jk  ' Gfc) block of q 

is called relevant if ^  0 .

C la im  : There is no bit-interference between relevant q-blocks o f different multiplicity

classes out o f A.

Proof o f claim . Recall that:

(1) A  =  \\og2 A]m+1 • B , and

(2) B  is wide for d.

By (2) and (l) A is also wide for d. Hence, again by (1) the difference between any two 

numbers jy ■ ay + ■ ■ ■ + j^  ■ aM and iy ■ by + ■ • • +  i„ ■ 6„, with jy ■ xy +  • • • + j^  • x ^., iy ■ 

yi + ■ ■ ■ + iv ■ yu £ 'H{d : x y , . . . ,  xj ) ,  is a t least [log2 A]m+1 , unless p  = v, ji = ii for 

I = 1, . .  . , p ,  and both ay , .. . , a M and &i,..  . , 6^ belong to  the same multiplicity class with 

respect to  jy ■ xy +  • • • + j ^  ■ x^,  in which case the difference of the abovementioned numbers 

is 0. By assumption (2a) in the statem ent, the length of the binary expansion of

which only depend on d. Noticing tha t

a small calculation gives the claim.□ By the range of the jy ■ ay +  • • ■ +  jk  • afc-th block of q 

we shall mean the interval,

Ji ! • • • Ii.!

is a t most [log2 A]m +  M j, where M j  is the length of the binary expansion of the largest 

amongst the coefficients,

j i  • ay + ■ • ■ + jk  ' ak - nog 2 * r +'
2
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So, it is clear from the claim th a t there is at most one q-block such th a t y — pi is in its range. 

Now, there are two possibilities: either such a block exists (call it then the relevant block 

for y ) or such a block does not exist. In the la tte r case we are done because the y -th bit of

t (x)  is 0 irrespective of a:; we therefore set Ty(. . .) =  0. In the former case, we consider the 

relevant p-block for y, say the j \  ■ a\ + ■ • ■ +  jk • afc-th block of q. We set,

B IT (p (x ),r/ -  pi) is obviously oblivious in both  1Z and 7v+ ; so let b i t + (y) and b it_ (y ) 

denote the respective values of B IT(g(a:), y — pi) on the sets and 7v+ . We set,

VP € V  and for x varying in P

t ( x , c ) is in block form  with spread I  -  [log2 fT|mt and height 2^og2^ m<.

Proof. Fix c < i m and a < 2V. By the length lemma we get a partition  P of [2*, 2i+1) f)[a]v 

with the properties mentioned there. For P  £ V  then as in the proof of the atomic tru th  

lemma we get the expression tp t£i(r(x)  which, over P , can be expressed as

and

fal se ,  if b i t+ (y) is false-,

B IT (v , Wi) A  ■ • • A  BIT(w , Wfj), if b it+ (i/) is tru e ;

□
This lemma critically uses the length lemma. It will serve to  fulfill the assumptions of the 

bit lemma so th a t it can be used in proving the forthcoming circuit lemma.

B lock  L e m m a  4.3. Let t(x,  z )  be a term o f bounded arithmetic and m  a positive nonzero 

integer. Then there are positive nonzero integers m t, Kt and it , such that with v  >  v(t),

Vct < W i  > it  Vc < l m ,

3'P a partition o f [2l ,2 i+1 )f)[cr}u into at m ost Kt m any intervals,

d
-7 i ( x , c )  ,

where:

(1) x can only occur in the 7 i within the scope of ‘| _(’ or and
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(2) 7 i ( x , c )  — ^  0) with the r i j ’s products of length and smash terms

on the one hand and members of c on the other, possibly together with divisions by 

2, 22, . . ., 2".

To show th a t fp,a> ( x ) is *n block form with spread £ — [log2 lf]mt and height 2 l̂og2^ ' where 

m t -  1 is the largest number of nested smash applications in t(x,  z ), we need the following 

claim which depends on the proof of the length lemma,

C laim  : Let r = r{j  and s =  for some i , i '  < d and j , j '  < n. Then, one of the

following holds:

(cl) -  \\og2 C\mt < |r | -  |*s| < [log2£]mt ;

(c2) |r | -  |s| > t  -  \\og2€ \mt ; or

(c3) |r | -  |s| < - I  + [log2£]mt.

Proof o f claim . We work in P. The procedure in the proof of the length lemma of

gives f(£  + 1, c, er ) =  |r(a:, c)| and s(£ +  1, c, ) =  |s(a:, c ) |. Now, both  f  and s are constant

because the vector c is fixed and because we are in P. Choose er , such th a t the polynomials 

f ( l  + 1, c, eT ) and s(£ + 1, c, ) evaluate to |r(m, c)| and |s(x , c ) |. Consider r -  s as function 

of I. This is a polynomial expression in I  of some fixed degree depending entirely on the 

syntactic structure of the term s r ( x , z ) and s ( x , z ) ,  and with coefficients of size at most 

[log2£]m t. Let j  be the highest power of I  in t — s w ith non-zero coefficient, then we 

conclude tha t:

(*1) if i  > 0 then the absolute value of r — s, is a t least £ — [log2^ |m t, and

(£2 ) if j  =  0 then the absolute value of f  — s, is a t most [log2^]m‘ .

□By the claim, then, we can define an equivalence relation and classes among the Ir^jl’s: 

put two of them  in the same class just in case the absolute value of the difference of the 

lengths of their respective binary expansions is a t most [log2fT]mt. It now follows tha t,

tP,c,ct{x ) =  ^  2 P'(X,S) • f i (x ,  c)  , 
i=l
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where 2 P'(X,C) is the minimum power of 2 amongst the powers of 2 th a t occur in the i —th 

equivalence class and the fi  are polynomial expressions in x  w ith non-negative coefficients 

of size at most 2 l̂og2^  *.□

This lemma is the obvious main step to the reduction of bit sharply bounded formulae to 

constant depth and polynomial size circuits.

C ircuit L em m a 4.4. Let 0(a:) be a bit sharply bounded formula. There are positive 

nonzero integers r, 8 , £q, k, m  and d depending on the syntactic structure o f Q [x) such 

that with k = (number o f quantified variables in 0 (x)),  n = m  ■ k, a = 2  • k  • £n and

i•/ > max nit)  .
t a  term  of 0

we have that,

Vct < 2U, W > £& ,

3A, with \A\ > z d+\/£  and A  C [0, (£ -  v  -  [log2 OL~\)/{d +  2 ))P |N  ,

3/3 < a3C® , a circuit o f depth 6  and size at m ost £r ,

V i C A  [0 (cT + 2f + /3 - 2*-Li°82«J + 2" • x) 4= ^  Cf(&) .

Proof. Fix o < 2V. Let ^ { x , z )  be the quantfier-free m atrix  of 0 ( i ) .  From the start 

let us replace by false all bit-extractors of which the bit, s { x , z ) ,  depends on occurrences 

of x which are not within the scope of ‘| _ |’ or this is justfied because for all large

lengths £, with | i |  =  £ +  1, and any term s t{x,  z )  and s ( i ,  z ) ,  w ith s of the above kind, we 

have tha t

l*(*>c)| <  s ( x , c )  ,

for any c < £m.

Superimposing the partitions given by the block lemma and the length lemma, we pass 

to an subinterval, say P,  of [2*, 2*+1) ° f  size least 2i ~u/ ( k • £m), and find positive 

integer M,  with M,  n , k and m  depending solely on the syntactic structure of \f,(a:,z) and 

its term s, such th a t for any c < £n :

(1) all positive atomic statem ents of ^ (a :,? )  which are not extractors, are oblivious in P;

(2) the bits of the bit-extractors in ^ { x , c )  are constant in P,  and

(3) the arguments of the bit-extractors in ^ (a ;,c )  are in block form with spread £ and 

height 2rioB2̂ M in P.
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From the above it follows tha t in P  and for any c < £n , is reduced to  a boolean

combination of certain bit-extractors. The strategy now, is clear: first transform  the domain, 

P,  of the term s, and then apply the bit lemma simultaneously to all arguments of the bit- 

extractors. Now the details.

Fix a set Q such that:

(1) a + 2U ■ Q C P , and

(2) Q =  2A + £ • 2A, 2a + ■ 2a) n  N , where a  =  2 • k • Am and f3 < a.

Now,

Q =  f ( 2 J +/ 3  ^ )  + [0,2A/ a ) j n N -

It follows th a t,

^(2a -f (3 • 2A~flos2 “1) -f- [0, 2A- °̂®2 “J)) P | N  C Q.

P ut Q' =  [o,2A-Llo^ aJ) O N .

Consider an extractor of ^ ( x ,z )  with argument t ( x , z )  and bit By (2) above we

can write sp (c )  for the (unique) value of s ( x , c ) in P.  Define next,

t,3 ( x , z )  =  t(<r +  2A+" + fi • 2A+1V— L1oS2 “ I -p 2" • x,  z )

=  t(u  +  2*-F/3-2*-Ll0<fc“-l + 2 * '■ » ,* ),

and carry out the obvious extension to  i$ p ( x , z )  and Op(x).  It easy to see th a t t p ( x , c )  is 

in block form with spread I  and height 2 l̂og2 A1M+ . Let

d =  max {degree of * in t}.
t  a  term  of 0

We apply the bit lemma simultaneously to  all t p (x , c ) ,  c < £n and t ( x , z ) an argument of 

an extractor in 'k (x , z  ), with

# _  I  - v -  [log2 a] _  A -  flog2 a] 
d + 2 d + 2

We get a set A  such that:

(>ll) \A\ > 2 'd+Vt]

(A2 ) a £ A =$• a < A', and
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(.43) for any c < £n , and any extractor in ^ ( x , z )  with argum ent t ( x , z )  and bit s ( x , z )  

there are /i (s ,c )  < d and ap(c) a i , . . .  ,Sp ĉ^a#i(Sic) G A  such th a t,

Vx  C A B l T ( t p ( x ,  c ) , s P(c))  <=> T 3p(c) (®,sp^ a i ,  • ..  ,sp^ a M(i,p(c'))) »

where the r sp(£) one of (2'a) or (2'b), as found in the statem ent of the bit lemma.

We have transformed the domain of 0(a;) and produced the cylinder 2A via the obvious 

extension of the bit lemma to several terms simultaneously . In 2A the extractors are 

boolean combinations of certain bits of x.  Next, we indicate the construction of the circuit. 

As remarked earlier on, in P  and for any c < l n ,

*(®,C) <=^ fboCol (B IT ( t(z , c ), s(x,  <?)) : ranging over extractors in ’F) ,

where is a boolean combination. It follows th a t, Va; C A,

■9p(x,c) <=> /£ oc, ( r sp(?)(x ,s-p(?)a1, . . . , ap^ ) a p(sp(f))) : 5 is a bit in .

For c < £n collect all relevant points for all the sp(c) ,  s ( x , z )  a bit in ’®r(a:,2 ), say 

ca i , . . .,caM(c)) where f i ( c ) < (d x the number of extractors in ’F (x ,z ) ) .  Then for c < £n ,

V x C A  ^ 0 ( x , c )  g ^ [ ^ B I T ( x , ca1 ) , . . . , B I T ( x , ca/Ĵ  .

Finally, in 0 ^ , turning the 3 ’s to V ’s and the V’s to  / \ ’s we obtain the circuit C®.D

Proof of the theorem

Assume th a t 0 ( i )  is a bit formula which defines P A R IT Y . Apply the circuit lemma to 

0 (x),  getting constant depth, polynomial size circuitry  ̂ , numbers and

sets {A i} ^ 0 , such th a t for any I  > l& :

(1) a G A i ==> a < I  ;

(2) \Ai\ > 2d+V i  , and

(3) x C A i | 0 /3̂ (®) 4==> C®(a;)
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Because 0  defines P A R IT Y  it follows th a t 0 ^  defines one of P A R IT Y  or - iP A R IT Y  

over 2 A l. Consider I' =  £2'd+1. Certainly then, by fixing appropriately a few bits in Ap  and 

hence passing to a subset Be of A ?, with \Bi\ =  I, and a new circuit C f  we ascertain,

Vx C B e [C f  (®) <=> P A R IT Y (a i) .

It is now clear th a t the circuitry  ̂ defines P A R IT Y  and is constant depth

polynomial size. This contradicts the well known results in [Ajt83] and [FSS84]. ■



C hapter 5

IN D E X P A R IT Y  is not  

(BIT, C A R D ) definable

The main result in this chapter is

T h e o re m . IN D E X P A R IT Y  is not bit symmetric sharply bounded definable.

We enhance the language of the previous chapter by a binary predicate C A R D (a:, y), to 

be able to talk about the “cardinality” of term s of bounded arithm etic. The resulting sharply 

bounded formulae are then called bit symmetric sharply bounded. The name suggests tha t 

a variety of “sym m etric” predicates are definable now. Indeed, symmetric predicates such 

as P A R IT Y  and M A J O R IT Y  are now definable. It is shown, however, th a t IN D E X ­

P A R IT Y , a polynomial time computable predicate is not bit symmetric sharply bounded 

definable. This is a partial answer to  the question of the power of nonuniform symmetric 

circuits, i.e. circuits which use gates which calculate symmetric predicates.

N otation and conventions

Previous notation and conventions apply, unless locally changed. Additionally, note the 

following:

5a. Odd* =  odd num bers< £, Even* =  even num bers< I.

5b. card(cc) = number of l 's  in the binary expansion of x.

37
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5c. We add a new binary predicate symbol to the language of chapter 3, C A R D (a :,y ), 

to be interpreted as follows,

C A R D (i ,! / )  is true <=> card(cc) =  y .

The new sharply bounded formulae are now called bit sym metric sharply bounded.

5d. We define IN D E X P A R IT Y  as follows,

IN D E X P A R IT Y (a ;)  is true «  J  i mod 2 =  1 .
V*. ®(*)=i /

5e. A ^  = {x  C A  | c a rd (3:) = A} .

5f. We say C = { C ^ } ^  is a multicircuit o f constant depth and polynomial size if there 

is 6 , a positive integer, and two polynomials p3ize and pwidth such th a t for each t.

(1) C t =  {Ci, j}j<Pwidth(t), and

(2) the boolean circuits Ciyj  are of constant depth, 6 , and size, at most p 3ize{l).

Given 6 , a positive integer, p 3ize and pwidth polynomials, we shall say C is a multicircuit 

o f depth 6 , size p 3ize, and width pwidthi if (1) an<f (2) above hold.

5g. Recall the relevant notation and definitions concerning restrictions and probabilistic 

restrictions from chapter 1. Furtherm ore, the notation x  £ p, with p a restriction, say 

on X  and x £ { 0 ,1}"Y, makes sense since restrictions are both sets of sequences and 

functions.

Probabilistic lemmata

This is the first and key lemma which guarantees th a t each time a random restriction is 

applied to the circuits, there are *—ed odd indices and *—ed even indices.

T w o  S e t L e m m a  5.1. Let e be a non-zero positive real number less than 1. Then there 

is positive integer l e such that,

W > l e VA C {1, . . . ,£ }  with |A| > e ■ I

P r o b  ^|free(p) P | A| < ^  • y / t j  = o(^-1 ^2).
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Proof. Let A =  |A|. Note tha t with p = p* =  ^  and q — po +  Pi = 1 -  p we have th a t,

P ro b  ^|free(p) f) A\ < § • y / l j  =  Y  ( . I • pJ • qX j .
j=o W

We consider the A Bernoulli trials with param eters p , q.  The number of successes, S , has 

then Binomial distribution with param eters p, q and A. Then,

f  -Vt , N
Y  ( ) • p 3 • =  P r o b  (5  < f  • ^ )  < P ro b  (l5  -  p • Ai > I  • v ^ )
J=0 V'7 /

because

S  -  p ■ A < |  • v/£ — p ■ A < § • ^  • e • •£ =  — § • VS.

By Chebychev’s inequality we have tha t

< P ro b  (\S  -  p  • A| > f  • Vt) < < 4. . j_ .

This finishes the proof. □

The following lemma concerning mlticircuits will also be referred to  as the M u ltic irc u it 

L e m m a  which has the same statem ent and proof as the lemma below but w ithout the 

additional requirement on the nature of free(p).

M u ltic irc u it-O d d -E v e n  L e m m a  5.2. Let C  =  { C ^ } ^  be a multicircuit o f depth d, 

size psiZe and width pwidth- Then there are nonzero reals eo and €\ less than 1, positive 

integers £q and k , and a polynomial r such that,

'i t  > lo3p  e  Restreo(t!)

|f ree (p )f |O d d /|, |free(p)f|E ven /| > • t eo,

Ci\p = C't a n-finite multicircuit o f size < r.

Proof. By induction on d. For d — 0, C / is a set of literals and so C t is 1-finite. By 

the two set lemma we get the appropriate restriction p. Assume the statem ent for d, d > 0. 

Let C be a multicircuit of depth d + 1. Collect all d-children of C t into a new multicircuit 

D f and apply the induction hypothesis on D. We get k ',€'0,€\ and polynomial r' such tha t 

for large I  there is p '  6 R estre/ (I) with
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1. |free(p ') p| Odd^|, |free(p ') P| Even/| > e'x • £e'°, and

2. T)i\p ' =  D't a /P-finite multicircuit of size < r1.

Evidently, Ci \p '  = C[ a w'-short multicircuit of size r ' . Proceed exactly as in the proof of 

the conversion lemma, incorporating the fact tha t

P ro b  ^|free(p) P | Odd^|, |free(/j) P |Even^| < • £€°^2 ĵ = o(£~e°^2).

We get n,€o,ei  and a polynomial r such th a t for large £ there is a restriction p C p ' , p  £ 

Restre(£) with

1. |free(p) P |O dd/|, |free(/o) P|Even^| > ei -£e°, and

2. C'i\p = C'f a «;-finite multicircuit of size < r.

It is clear tha t C / |p = C'f which finishes the induction.□

Non-probabilistic lemmata

The analogue of the bit lemma is stated  and proved here.

C a rd in a lity  L e m m a  5.3. Let m  be a nonzero positive integer, £ be large, and assume

that t{x) be in block form  with spread (d +  1) ■ £ and height 2^log2^ m. Then there is a set

A  C {0,. . . , £ -  1} with |A| > 2 d+\/£  such that,

VA < |A| c a rd (t(x ))  is constant in  .

Proof. We proceed exactly as in the proof of the bit lemma. We get a set A  such tha t

there is no bit-interference between relevant g-blocks of different multiplicity classes out of 

A. Recall th a t t (x)  =  Y a =i <li(x ) ' 2PS qi(x) =  Y?j=ox  ̂ ' W j  f°r »,1 <  * < and tha t 

according to 4i,

= Mil. • - - J k )  • x (ai )  • • -g(gfe) • - 2J1'ai+"+Jfc,°fc,
f c=r  h > — > j k  

J  I H \Tk  =3
“ i i. . .i

pairwise d istinct
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recalling tha t the • means sum m ation over only one member of the multiplicity class of 

a i , . . . ,ak with respect to the expression j \  ■ x\  +  • • • + jk  •

The fact now, tha t the tpij > 0 implies tha t for x C A,

n

c a rd (f(x ))  = ^ c a r d ( y > t,0)+

* S 5  , 5 ,  ( • " ' ' • ’)  a r b i      ■
Ji + '"+Jfc-J

where, ■ ■ ■, jk) = Vi,j • n U u  ■ ■ •. jk)  ■ So th a t for 1 ^  A, card(f(® )) is a
polynomial of ca rd (x ), with degree and coefficients depending only on the degree and the 

cardinality of the coefficients of t (x).  For further reference, call the polynomial pcard,t-D

The relationship between the cardinality lemma and this lemma resembles closely the rela­

tionship between the bit lemma and the circuit lemma.

S y m m e tr ic  M u ltic irc u it  L em m a  5.4. Let O(x)  be a bit sym m etric sharply bounded 

formula. There are positive nonzero integers r, 6 , £&, n, m  and d depending on the syntactic 

structure o f 0 (x) such that with k = (number of quantified variables in 0 (x)J, n  =  m  • k, 

a  = 2 • k  • £n and

v  >  max iAt)
t a  term  of 0

we have that,

Vct < 2" W > £q ,

3 A with |A| > 2 'd+y/£ and AC. [0, (£ — v — [log2 a] ) / (d  + 2)) f")N ,

3/3 < a  3C® , a multicircuit o f depth 6  size at m ost £T and width exactly |A |(<  £),

VA < |A| Vx e A W  [©(a + 2l +  0  • 2l ~ ^ “J +  2" • x) CfiX(x)\  .

Proof. Once more, we proceed exactly as in the proof of the circuit lemma. In addition to 

applying the bit lemma to arguments of bit-extractors, here we apply the cardinality lemma 

simultaneously to terms t/3 ( x , c )  for c < £n , which occur as the argum ents to instances of 

C A R D getting  polynomials ^icard , t p  such th a t for x C 4  and c < £n ,

C A R D (t0 ( x , c ) , s p ( c ) )  <=>cP ca rd , t0 ( ca rd (x ))  =  sP (c) .

^ ( x , z )  again, being the quantifier free m atrix of 0 ( x , z ) ,  we conclude th a t for x C A  and
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c < In ,

$ /j (e ,c )  <==>■ 9booi (B IT (® lca i ) ) . . .B I T ( s , ca/t(g));

%ard,tp (card(x))  =  sP(c)  : C A R D (< ,s) occurring in

C A R D (iig ( i ,c ) ,s p ( c ) )  is oblivious in so th a t for x G A ^  and c < i n ,

Vpix ,  c)  <=>W g L i  ( B I T ( x f a i ) , . . . ,  B IT(® ,caM(c- ))) ,

where the boolean function ^hbool comes from g%ool after all literals “ iVCa.Td.,tp{^) — sp (c ) ” 

have been replaced by their tru th  value in g£oo[. We obtain the multicircuit C 0 as follows:

(1) For A < |A| we obtain circuit C 0  ̂ by converting 3 ’s to  V ’s, V’s to  / \ ’s in 0 ^ , and 

appending to each branch created by c < l n ,

W9booi (b IT (jb ,?o1 ) , . . .  B IT(® ,sa„(e))) ; and

(2) we let C f  = { C f J xA! 0  .

□

Proof of the theorem

Let 0 (z )  be a bit symmetric sharply bounded formula in x.  Let d be the highest degree of 

x in the term s occurring in 0 ,  m  be the highest number of nested applications of smash in 

the term s of 0 ,  and v > d + m +  1 +  max{i/(<) | t a term  in 0 } . P u t a  =  2d +  2d+m. a < 2". 

By the symmetric multicircuit lemma then, and in its notation,

VA < \A\ Vz G [©(a +  2 l +  0  • 2/ "Llo* aJ +  2" • x)  <=> C ^ ( z ) ]  ,

with I  large.

Remark. A can be chosen in such a way tha t min A  is even, and if a < b, a, b G A  and b is 

the next number after a in A, then one of a or b is even, and then the other is odd.

W ith = |A| = [ 2 d+V l \  the multicircuit C 0 can be thought of as a multicircuit on I  a 

by replacing elements of A with elements of [I a ] in a fixed enum eration of A  which sends 

even numbers to even and odd to  odd. So we can apply the multicircuit-Odd-Even lemma 

to C 0 and get eo and ei, a restriction p G R estreo(£,4) and a positive integer k , such that:
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(1) C f A\p — D  a K-finite multicircuit;

(2) |f re e (p )n O d d ^ |,  |free(p) D E v en ^  | > d  ■ £*% .

Identify p with the restriction it defines on A  via the fixed enum eration and then extend it 

to [£] by setting p(z)  =  0 for z $ A.  We see tha t x G p => x C A.  So, for A < |A| there are 

k(X) < k bits Aao, • • ■ a«.(A) E A  such tha t for any x £ p

0 { a +  2l + f 3 + 2 U-x)  *=> C f / { x )

4— <*0)1 • ■ ■> ®( an(X))) •

Take A =  2 + k + card(pjunfree(/9)). W ith 0  denoting the exclusive “or” , we have tha t for 

i C y 1,

IN D E X P A R IT Y (c t +  2l + /? • 2*-li°ga“J + 2U ■ x ) <̂ =>

<=» IN D E X P A R IT Y (a :)  0 I N D E X P A R I T Y ( a  + 2l +  (3 • 2^Llo82“J).

Now, the tru th  of IN D E X P A R IT Y (c r  +  2l + f3 ■ 2l  l.Io52“J) is fixed because it does 

not involve x.  Consider the bits Aa o ,. .. aK(A)- Certain of these bits may be members 

of unfree(/j). Extend p to  p' by letting p'(a) =  1 for a £ free(p) and a amongst the 

AflO) • ■ • °«(A)- So, f \  is constant in A ^ f \ p '  and by the choice of A, A ^ ^ p '  7̂  0. We

conclude tha t 0(<r +  21 + 0  • 2*~Llo62“J -f 2" • a:) is oblivious in A.(a) fl p'. Since k ( A) < k,  

however, we have at least one extra bit in free(p/) which must be set to 1, so th a t x has 

cardinality A. The ex tra  bits, now, in free(p') can be chosen to  be even or odd, while still 

remaining in A ^ f V ,  so th a t IN D E X P A R IT Y  (a  +  21 + f3 ■ 2*-LloS2«J +  2V • x)  is not 

oblivious in A(A) fl p '. ■



C hapter 6

P A R IT Y  is not su f^ tr u n c )

definable

In this chapter the main result is ,

T h e o re m . P A R IT Y  is not cut-and-paste sharply bounded definable.

We are adding one new term, the trunc. In [Fer88] the trunc  term  is considered via “part

be found in [FSS84]; we understand restrictions as cylinders, found in [Ajt83], of narrow 

enough base.

Notation and conventions

Unless changed, all previous notation and conventions apply. Furtherm ore:

6 a. The interpretation of the trunc(a:: y, z) is,

of” quantification, and there the proof theoretic strength of a subsystem involving “part 

of” quantification is considered. The system Ferreira is considering consists of some basic 

axioms together with induction over sharply bounded formulae in his language enhanced 

by the binary relation “x is part of y” . A word on the strategy for the proof of the main 

result: we employ the m ethod of probabilistic restriction, the introduction of which can

0, otherwise.

44



C H A P T E R  6. P A R IT Y  IS N O T  5 ^ ( T R U N C )  DEFINABLE 45

We often shall use

trunc(a:: oo ,y) = trunc(ai: \x\ ,y) — [a:/2yJ .

The sharply bounded formulae resulting from adjoining the function of truncation to 

the language of bounded arithm etic are called, cut-and-paste sharply bounded formu­

lae. Note tha t the term [ t /2  J will be eliminated, because it is a special case of trunc. 

The B IT  predicate is not in the language. However, we shall make use of it because 

it too is definable from truncation.

6 b. For sequences of terms or integers w, v we shall denote by w « v the dot product 

E i <Kwi

6c. Let / ,  g, <p, and ip such tha t / and (p, and g and ip have the same lengths, respectively. 

We agree then th a t,

<P~ $  * 9 =  f  + J  • 9 ,

where is concatenation of sequences.

6d. Let A be a set of positive integers. Then,

{ m in{a! -  a | a' > a, a, a' G A }, if \A\ > 1; 

oo , else.

6e. Recall the definition of H{d\ x \ , . . . ,  x j) , for suitable integer d. Let d be an integer 

> 0, and A  a set of positive integers. We then let,

'H(d: A)  = ( J  H ( d : a i , . . . , a d )  .
a i  ,...iad€j4 

pairwise d istinct

Note: 71{d: A ) -f 'H(d': A)  C TC(d + d': A) and 7i.(d: A) C TC(d': A ), for d < d'.

6f. supp(a, 6, . . . )  = rng a U rng 6 U . . . ,  f o r a  =  z'«a, fe =  j » 6 , . . . E  ‘H(d: A),  where rng a 

is the set of entries in the sequence a.

6g. For x a positive integer, we let:

1. a:[a] = (x(ao), • • ., x ( a for a = ao . . .  H a positive integer, and

2. A i[F] = I la e r  x (a) f°r Y  a se  ̂ ° f bits .
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6h. Let x = xq .. . 2:^-1 be a sequence of p  objects, p  a positive integer, and g a unary 

function. We then let g ( x ) = (g(xo),. ■ ■ ,g (x ^ - i)) .

6i. For a,b two finite sequences, we define

6j. We say f  is a boolean function in p  variables if / :  {0, 1}M — > {0,1}. It is clear tha t 

with iu fixed, a boolean function /  in p  variables, eo ,. . ., i , can be w ritten as the 

sum of products of e;’s or 1 -  e j’s, with i , j  < p  (disjunctive norm al form). W ith 

p  a positive integer, we let BOOLM =all boolean functions in at most fi  variables. 

Likewise BOOL£, for k > 0 an integer, will denote the set of sequences of length < «, 

with entries in BOOLM.

6k. Let K ,p  be positive nonzero integers. For /  G BOOL* we say th a t /  is a partition

if for any sequence e0, . . . , e p_i of 0’s and l ’s there is at most one member /  € /
—* —>

such tha t / ( e o  • • - i ^ )  — 1- We say /  is a partition o f unity  if /  is a partition and

W ith  $  a statem ent we set

f 1, if $  is true;
M  =  I n( 0, if 41 is false. 

6m. Let t ( x , z )  be a cut-and-paste term . We then set:

1.

a U b = a 6_a

where 6_a comes from b by deleting those entries from 6 th a t are in rng a.

v/e// = 1-
61. The unabbreviated form of quantification

Bool(<3)

if t is a  variable or a  standard  constant; 

if t =  [s / 2 \ or t =  |s|;

d(t) — m ax{d(s), d(r)},  ii t = r + s or t = r #s ;

m ax{d(s), d(l), d(r)} , if t = trunc(s: I, r);

„ e(s) +  e (r), if t = r ■ s.if t — r  • s.
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2 .

e( t ) = <

' 2 ,

e(.s),

m ax{e(j),e (r)} ,

if t is a variable or a standard  constant; 

if f = Ls /2 j or t — |-s|; 

if t = r +  5;

m ax{e(s), e(r)} + 1, if t — s ■ r;

m ax{e(s), e(/), e(r)} , if t = trunc(s: I, r);

„ e(s) +  e(r ) + 1, if f = s # r .

3. ||t ||/)m = m ax{|f trunc(x , c )| | 0 < ® < 2 * - l , c <  £m}, where £ ,m  are positive

6n. Let d, e, u, and £ be positive integers. We then let:

1- Ad.,e,v,l — ri°S2 ^]e ‘ B , where B  is the set of positive integers wide for d obtained 

by applying the wide lemma to d and 2 'd+y/ £ / ( 2  • v ■ [log2 ^]e), and

2. R estre(d, e, v, £) = {p \ p a restriction on £, w ith |free(p)| > and x G p ==> 

X  C A d te,i/,l}  •

Restrictions are sets, and hence partially ordered by “C” . A d fiyv ,l is wide for d and 

spread(i4d|e ,^ )  > 2 • v  • [log2 f ] e.

6o. Let t (x,  z )  be a cut-and-paste term , m  a positive integer. We then say t(x,  z )  has the 

bit-finite property at m  if,

Vd > d(t), e: 0 < e < 1 /(2  - <£ +  2);

3 n, v0 , 6 :0 < 6  < e;

W  >  t'o.e > e(t )3£0 V£ > £q\

Vp  G R estre(d ,e ,i / ,£)3p '  G R estrs{d,e, t / ,£) ,p'  C p\

Vc <  £m ;

V 2 < ||t ||^m 3 d (c,zi a sequence of no more than  p  bits < £, fgiV G BOOLM;

Va: G p ',

integers, and t trunc comes from t by replacing occurrences of tru n c(s: l , r)  in t 

with s.

t ( x , c ) =  J 2  2» ■ * > [« (= •» )])

or equivalently,



C H A P T E R  6. P A R IT Y  IS N O T  5 ^ ( T R U N C )  DEFINAB LE 48

6p. Let t(x , z )  be a cut-and-paste term , m  a positive integer and Z the set of all integers. 

We then say t(x, z ) is in cluster form  at m  if,

V d > d(t), e: 0 < e <  1/(2 • d + 2);

3 p, v0, 6: 0 < 6 < e;

V is > vo, e > e(t)3 I qMt  > I q\

Vp E R estre(d, e, u, £)3 p '  E R e s te d ,  e, v , l ) , p '  C p;

Vc < t m \

3 d (c) sequence of no more than p. bits;

3 / ^ )  E BOOL;?;

Vj  < i/0;

3 a dj  E Z , positive integer;

3 A) C H{d(t)-. A d^ V}l)\

\/ b e A c-3 ipzj'b positive integer; 

such that:

1- \i>c,i ■ Vc,i,b\ < fl°g2£\e^ \  and

2. V r E p ',

*(®|C) =  2° e'j - • A®[supp(a)] • 2a .
JO o

6q. The following two conventions are used throughout:

1. A sum taken over the empty set will always equal to  1, contrary to  the common 

practice of putting  such a sum equal to  0.

2. 0 +  A  =  A, for A  a set of numbers.

The lemmata

This lemma shows why we want to  prove the cluster lemma. It is used in the proofs of the 

cluster length and cluster smash sublem m ata, and the boolean cut-and-paste lemma.

C lu s te r - to - f in ite  L em m a 6.1. Let m  be a positive integer. Then, any cut-and-paste 

term t ( x , z )  in cluster form at m  has the bit-finite property at m.
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Proof. Fix e with 0 < e < 1 /(2  • d + 2), d > d(t). Get v0, fi, 6 w ith 0 < 6 < e. Fix 

v > i/o, e > e(t), get to, and fix £ > to, p 6 R estre(d, e, v, I) and get p '  £ R estrg (d ,e ,v ,t) ,  

p '  Q P such tha.t for each c < t m and x  £ p ' we have tha t

t { x ,c )  = ]T  ' V'c.j • / j(® [a (c)]) ' ^ j , a  ■ A®[supp(a)] • 2“ . 
o a £ A j

We now define “cluster” . Consider G =  Uj<I/0(a ^ j +  A ’j)  x {j}. The following order defined 

on G is a strict linear order: for (a -f a g j,  j ) ,  (a' + agj/, j ' )  £ G, (a + a g j , j )  -< (a1 +  a g j i , j ' )  

if a +  ag < a' + agji or j  < j 1. Call an -X-interval of G, g — (go,. . 1), narrow if for

i < v' -  2 we have tha t d(gi+i ,g i ) < 2 • [log2^]e , where d(g,g')  =  |a +  ag j — (a' +  a c,j')l) 

g = (a - \ -a g j , j ), g' = (a1 + ctgji,j ')  some j , j '  < v0- An -X-interval of G, g, is called precluster 

if g is a maximal narrow -X-interval. Preclusters are linearly ordered in the obvious way. 

Finally, we call the sum,

l 9  ( x ) =  J 2  2a+a?-t • ipg j  • / / ( ® [ a (c)]) • <pg^a • A z [su p p (a )]
(a+ac-j ,j)eg

the cluster based on g with g a precluster. Clearly,

t ( x , Z ) =  tgi*)-
g  a  precluster

Let g = be a precluster in G. We want to  show th a t v' <  vo. Assume th a t

v' > vo- Recall th a t g consists of pairs. We claim th a t the first vo members in <7 have distinct 

second entries: since g is a precluster, it follows th a t d(gVo-x,go)  < 2 • (v0 -  1) • [log2£]e; if 

i < i' < vo, gi = (a + a g j , j ) and gg = (a1 + a Sj , j )  then a + a g j  < a' + agtj  because gi -< gg; 

but then,

spread(A j) < a' -  a = a' + ag j  -  (a + otgj) < <%„0-i,5 o )  < 2 • (v0 -  1) • [log2 A|e ,

a contradiction. If v'Q > v0 then gVQ =  (a + a g j ^ j ' ) ,  where the j '  appears earlier in the 

precluster because there are at most vo sets Aj. Again, d(gUo,go) < 2 ■ vq • [log2If]e. The 

same argum ent as above leads to a  contradiction. It is now clear th a t distinct clusters have 

no bit-interference. Let g be a precluster. Denote by g J'~ the next precluster after g, if it 

exists. The range of the cluster based on g is the interval [ao +  ctgj, a j  + a t ^  ) |") N , where 

g0 = (ao + a g j , j )  and g£  =  (a,} +  a t ^ +, j +) for some j , j + < vq- When g is the leftmost
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precluster the range is the interval [a0 +  a ^ j ,  oo) f ]N . Fix y < ||t||*lTn. Clearly, there is a 

unique cluster with range tha t contains y. Let

2a+a^  ■ ip?tj • //(® [a^ )])  • tpStjia ■ A®[supp(a)]
(a+a^j,j)eg

be tha t (unique) cluster of which the range contains y. Let a (c,y) =  U a (C|J,a) and

note th a t a^c,v  ̂ has at most vq ■ p. entries. We say x is (t: £)-good for £ E { 0 ,1}"('°, Vt,o =  vo 

iff

i = I A K(i) = //W«(c‘)I)])-
j<vt, o

It is now easy to see th a t,

B l T { t ( x , c ) , y )  <t=S> \ /  [(x is (t:£)-good) A
iefo.iF'.o

A B IT ( J 2  2a+ac'J - • £ ( j ) ' <Pe,j,a ■ A*([supp(a)]), y)].
(“+“ ?,j .i)G9

□
C u t-a n d -p a s te  C lu s te r  L e m m a  6.2. Let m  be a positive integer. Then, all cut-and- 

paste terms t ( x , z ) are in cluster form  at m.

Proof. By induction on the complexity of the cut-and-paste term  t(x ,  z). All cases are 

trea ted  by the sublem m ata below:

B ase  C ases  S u b le m m a . Let m  be a positive integer. I f t ( x , z )  = Zi, i = 

t ( x , z ) = c a constant, or t ( x , z ) =  x then t ( x , z ) is in cluster form  at m .

Proof. In all of the above cases d(t) =  1 and e(t) — 2. So, fix d > 1, e with 0 < e <

l / ( d + 1). Set p  =  0,uo =  1 ,6  =  e. Fix e, v  >  1. Find £q >  0 such th a t [log2 C\2 >  m- [log2 tf]

for any I  > I q. Fix I  > I q and p E R estre(d ,e , v,I) .  Set p '  — p. For c < £m we set:

1. = 0 and f ^  =  (I);

' ct , if t(x, z )  =  zp,

2. c*5t o = 0 and Vc,o = if t(x , z )  =  c; ;

.1 , if t(x , z )  — x.
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( 0, if t(x , z ) =  Z{ or t(x , z ) =  c;
^ and ipSio,a =  1 for any a E

^cf.e,«/,<» i H ( ® , z )  =  ®.

After the appropriate substitutions and observing the convention ^  0 =  1 we see tha t for 

any x E p ',

t { x , c ) = 2“ *° • V’c.o • /o(®[«(c)D ' J 2  ^-,o,a ' Aai[supp(a)] • 2a .

Finally, for any b E Ag, | ^ )0 ■ p>s,o,b\ < m  • [log2£] < [log2£]eW, by the choice of £0.D

C lu s te r  L e n g th  S u b le m m a . Let m  be a positive integer, and t ( x , z )  a cut-and-paste 

term. I f t ( x , z  ) is in cluster form at m  then,

V d > d(t),  e: 0 < e < 1/(2 • d + 2) ;

3 p, o0, 6: 0 < 6 < e ;

W  > vo,e > e(t)3£oV£ > £o;

\jp 6 Restre(d, e, v, £)^p ' E Restr^(d, e, v ,£ ) ,p '  C p;

Vc < l m;

3/*(c) E BOOL^0, partition of unity;

3a a sequence of no more than p bits < I;

3 ^ )  sequence of no more than k positive integers < ||t ||/)m;

v® e p',

i t ( M ) i  = v (?) • / <f)(* [s (f)]) = £  4  ■ h w « (i)])'
jOo

Hence i f t ( x , z ) is in cluster form  at m, then |t(® ,c)| is in cluster form  at m .

Proof. Since t ( x , z )  is in cluster form at m ,  it has the bit-finite property a t m.  Fix e 

w ith 0 < e < 1/(2 • d +  2), d > d(t). Get o0, p, 6 with 0 < 6 < e. Fix v  > u0, e > e(t),  get 

£o, fix £ > £oj P E R estre(d, e, v, I) and get p '  E R estr^ d , e ,u , £), p '  C p such th a t for each

c < £m and y < ||<||/im, B IT(t(® , c ), y) is equivalent to  a circuit of at most p  inputs. For

each c < £m and y  < ||t||/,m define,

boolean(|t(® ,c)| =  y + 1) = B IT(t(® , c ) ,t/)  • f \  -iB IT(t(® , c ), y').

v<v'
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We identify the predicate boolean(|t(x , c )| = y +  1) with the circuit th a t calculates its tru th  

value. Clearly then,

\t{x ^ ) \  = ( y + l) - [b o o le a n ( |* ( s ,c ) | =  y + 1 )J .
y<||f|U,m

For c < l m the family {boolean(|t(a:, c )| — y + I) \ y < is a partition of unity.

Consider the multicircuit C consisting of,

Ct  = {boolean(|t(x, c)| = y  + 1) | c < £m , y < ||t||*,m} ■

C has constant depth, polynomial size and width. By an easy variant of the multicircuit- 

Odd-Even lemma there are £\, p ' , and S' w ith 0 < 61 < 6 such th a t for £ > l \ ,

Vr E R estr^d , e, v, £)3t ' E R estrj/(d , e, u ,£ ) ,r '  C r  ;

Vc < £m , y  < \\t\\itm ;

3 f l  E BOO v  ;

3 a (c,y) a sequence of no more than  p' bits E free(r ') ;

V i E t ' ,

b o o le a n ( |t( i,c ) | = y  + 1) =  /y ( i[a (c,y)]).

Using the above get a  restriction p "  E R estrs>(d,e, v,£), with p "  C p ',  ffj E BOOL^/, and 

sequences a^c’v  ̂ of < p' bits < £ such th a t for any c < £m and any x E p",

boo lean (|i(i, c)| =  y  + 1) =  /y(® [^C,̂ D  .

p! depends on m , d , p ,  and S, i.e. the param eters for the size of the multicircuit, and the 

depth of the multicircuit which is < 5. Fix c < l m and consider the set of functions,

F s =  { f y  | V < IMkm and £  0} .

We claim two things:

1. tha t has at most 2^  members, and

2. tha t a ( c) = U a(c'y) has at most p ' ■ 2^' bits.
y- f^Fg

First we prove (l). Fix f  = fy € Fe, where a =  a^c,v  ̂are the bits on which /  is applied.

We identify /  with the set {x E p "  | / ( i [ a ] )  =  1}. As a boolean function /  =  Vi<7/ fi
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(disjunctive normal form) and as a set f  — Ui<7/ /i> where 7y < 2**' and the f i  are pairwise 

disjoint cylinders with a base of size a t most p ' . Now,

p" = U U ^ andl̂ Hi= S i/*i
/e F ;  ><7/ /g F c- i<u

the second equality following from the fact tha t is a partition of unity. \p"\ =  2A, where 

A = |free(p")|. For /  £ F c-, |/ ; | > 2X~>1' for i < So, 2A =  \p"\ > £ / gf c-7 /  • 2A_^' from 

which it follows th a t 2^' > Yl f eFgl f -  Clealry, now (l) is established. (2) is trivial, except 

tha t the known lower bound to me is bound(p') > 1 +  2 • bound(p' -  1), and clearly this is 

disappointingly exponential, though it hardly m atters here. In the statement of this lemma 

now, replace the p  by p  = p' ■ 2^  and is0 by v0 =  2*1' . For c < £m then and x 6 p "  we have 

that

l*(®>c)| = <̂(c) • / (c),
where — (y \ £ F^) and / ( c ) =  (fy  | £ Fg). Note tha t both  v0 and p  only depend

on p, Vo from the induction hypothesis on t, e, and d , but not on e nor on v, because they

do not influence the size of free(p ').D

C lu ster  Sm ash  Sublem m a. Let m  be a positive integer, and s ( x , z ) ,  t ( x , z ) two 

cut-and-paste terms in cluster form  at m . Then,

' i d  > d( t #s ) ,  e: 0 < e < 1/(2  • d + 2);

3 p,  vo, 6: 0 < 6 <  e ;

i  v > Vo, e> e( t #s ) 3  £oi  I > £q;

i p  £ R estre(d, e, v, £)3p ' £ R es tr^ d , e, v, I),  p 1 C p;

i c <  £m ;

3 / ( c) £ BOOLJj0, partition of unity;

3a a sequence of no more than p  bits < £;

3 ^ )  sequence of no more than n positive integers < ||t||*iTn;

i x  £ p 1,

s(X, z ) # t ( x ,  c ) =  / (c)(a:[a(c)]) • 2 ^ °  .

Hence i f  s ( x , z )  and t ( x , z  ) are in cluster form  at m, then r ( x , z ) =  s(x,  z ) # t ( x ,  z )  is in 

cluster form  at m.
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Proof. The param eters to follow are from the cluster length lemma applied to s and t. 

Fix e with 0 < e < 1/(2 • d + 2), d > max{d(f), d(.s)}. Get vt, o, p-t, S with.O < S < e such tha t 

the property after the first V3 in the statem ent of the cluster length sublemma, on t holds. 

Now, with 6 in place of e in the first V3 of the statem ent of the cluster length sublemma 

for s , get v3io, p s , and S', 0 < S' < 6 so tha t the property after the first holds V3 for s. 

Fix v > m ax{t'tio, t'a.o}) e > m ax{e(t), e(s)}, get lo for t, l \  for s and fix I  > m a x { ^ ^ i} ,  

p E R estr£(d, e, v, I). First get p ' E R estr^ d , e, v, I), p ' C p such th a t for c < l m and x G p ' 

we have th a t

|t ( z ,c ) |

and then get p "  G Restr £i (d, e, v, l ) ,  p "  C p '  such tha t for c < l m and x E / ' w e  have tha t

|a(® ,c)| =  # s) « / (c>) .

Both of the above equations hold for c < l m and x E p " ■ So,

l<(®> c )| • |s (z , c)| =  V<lj> ■ = $-c) • / (c) .
» O , , 0  
j<vt,  0

where and for * < ^ .o  and j  < i/fi0. Furthermore:

1. / ( c ) G B O O L f f ^ ^ '0, because boolean functions are closed under multiplication, and

2. / ( c ) is a partition of unity in a(c ) =  a ĉ,a) U a^c,t\  because the superimposition of

partitions is again a partition  and because the superim position of coverings is again 

a covering.

By (1) and (2) above, we conclude th a t • / ( c). Finally, pu t vq = Vt,o • v8iq,

and p  =  p 3 +  p t .U

C luster  + Sublem m a. Let m  be a positive integer, and s ( x , z ) ,  t ( x , z ) two cut-and- 

paste terms in cluster form  at m . Then, r ( x , z )  =  s(a:,2 ) +  t ( x , z )  is also in cluster form  

at m.

Proof. Whenever we have two or more cut-and-paste term s we shall resort to the first

4 lines of definitions such as bit-finite and cluster form at m ,  in order to get a suitable 

restriction in which the term s have the claimed properties simultaneously. It is for this
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reason tha t the mentioned definitions are headed by these four lines. W hat follows is 

typical of the situa.tion when two terms are involved. It will sei've a,s a blueprint for all 

the later cases. Fix c with 0 < e < 1/(2 • d + 2), d > d(t -f s). Get p,t and <5 with 

0 < 6 < e such tha t the property after the first V3 in the statem ent of cluster form at m  

holds for t. Now, with 8 in place of e in the first V3 of the statem ent of cluster form at m, 

for s , get za^o, p 3 and 8', 0 < 8' < 8 so th a t the property after the first alternation holds 

for s. Fix v > max{zz(io, J's.o}) e > e(t + s), get Iq for t, i \  for s and fix £ > m ax{foifi}, 

p G Restr£(d, e, v, £). F irst get p '  G R estr^ d , e, is, I), p '  C p such th a t for c < £m we have 

tha t

3 a ( s,c) sequence of no more than p 3 bits;

3 f l ^ c )  e B O O L £’0; 

V j < za,,o;

3 a sAj  G Z , ips<ej  positive integer;

3 A f  C H(d(sy. A diBiUtly,

V b G 3 <ps,c,j,b positive integer; 

such that:

1- ' Va.S.j.bl < ri°g2^ le(i), and

2. V x G p

s (x > c ) =  • / / ,C(*[tt(*,c)]) • £  'PsAj.a ■ Ax[supp(a)] • 2“
aeAf*

and then get p "  G R e s t r ^ d ,e ,v, p ' such th a t for c < l m we have tha t

3 a ( t,c) sequence of no more than  /xj bits;

3 G BOOL^t'0;

Vj < vt,o;
3 a tAj  G Z , positive integer;

3 A lf  C H{d(t): A die<v<l)\

Vb G A lj C 3 <Pt,c,j,b positive integer; 

such that:

1- IV’e.c’.j • <Pt,s,j,b\ < flog2 £]e(4), and

2. V i G p ",
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4(®. c ) =  Y  • ^ ,c , j  • f j ’c ( x [ a {t ,c)]) • Y  <Pt,e,j,a • A®[supp(a)] • 2°.
3 < v t f i  agA‘'f

Since both of the above hold in the finer restriction p " we have th a t

a(®, c ) +  t (x,  c ) = ] T  2“ «'« ■ ipsAj ■ f j ' c( x[a^ ' s)]) ■ Y  <Pa,c,j,a ■ Aa:[supp(a)] • 2a+ 
3<v‘,o aCA’/

+  2“ *.« • A , c , j  ■ / j ’C( z [ a (f,c)]) • m  ¥’t,c-,i,a • A a[supp(a)]  • 2a

holds for c < I m and x G p". Pu t v0 =  vs,a +  vt,o> P — m ax{^s, / i (}. It is now clear th a t for 

c < l m and x £ p "  we have tha t

r ( x , c )  = Y  2“f,i • V’c.j ' f j ( x [a{&)}) • Y  <Ps,j,a • Aa:[supp(a)] • 2a 
j< "0 a£i4j

with:

1. running, with possible repetitions, over all A cf 3, j  < v0t3 and A cf l , j  < vQ<t, 

and

2. a°-,j < i/0 running through all of a f 3,3 < v0,s and a cf \ j  < vo,t-

□

C luster  x Su blem m a. Let m  be a positive integer, and s ( x , z ) ,  t ( x , z )  two cut-and- 

paste terms in cluster form at m . Then, r(x,  z )  =  s(x,  z )  • t (x,  z )  is also in cluster form  at 

m.

Proof. Recall th a t e{t ■ 5) =  m ax{e(t), e(s)} +  1 and d(t ■ s ) =  d(t)  + d(s).  Proceed as 

in the blueprint of the cluster +  sublemma. We get appropriate param eters, restriction p" ,  

and expressions for s and t so th a t for c < l m and x  G p ",

t ( x , c ) - s ( x , c ) =  Y  2“ <*.J> - ‘ Y  ^ j V 20.
(‘dlei'f.o Xl'j.o agA<t|J-)

where (recalling the convention 0 +  A = A)\

1. =  A \,c +  A 3f c , a  =  a U a ( s'c" ) , ,j ;

2. <P(i,3 ),a =  EWt,c,7i,b ■ <Ps,e,j,a I b G A\'c , b' G A 3'c ,a  = b + b1}, and
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3. f ( i j )  = $ * • ! ?  ■

We now claim th a t,

»{,,»■ vn,,),.\ < riog2i r “ ('<‘w , » + i.

It suffices to show tha t the bound on the cardinality of

a = {(6, br) | b e  A\'c , b1 G A s-C , a =  b + b1}

depends only on d(r) (= d(s)  +  d(t)).  Now,

A\'c +  A*'0 C ‘H{d(s)  +  d(t):

So, if (6,6') G a then supp(6,6') =  supp(a). |supp(a)| < d(r)  and the coeficients in b sum to 

< d(t),  and the coefficients in 6' sum to < d(s).  The claim on the bound of the cardinality
O

of the set a is now evident.□

C lu s te r  T ru n c a te  S u b le m m a . Let m  be a positive integer, and t ( x , z ) ,  l ( x , z ) ,

r ( x , z ) three cut-and-paste terms. Suppose t ( x , z ) is in cluster form  at m . Then,

s ( x , z )  =  trunc ( t ( x , z ) : l ( x , z ) , r ( x , z )

is also in cluster form at m.

Proof. We are going to split the proof into two cases: trunc(t: s, 0) and trunc(t: oo, s) = 

trunc(t: ||t ||m^ ,s ) . We need some preliminary work and notation before we tackle the cases 

separately. Proceed as in the blueprint of the cluster +  sublemma and use the cluster length 

sublem ma to get appropriate param eters and a restriction p " such th a t for c < l m we have 

th a t

3 a ( s,c) sequence of no more than  p 3 bits;

3 / W )  g BOOL^3; 0;

V j < ^5,0;

3 a s<Stj G Z , V's.c-.j positive integer;

3 A f c H ( d ( Sy . Adte<Uil);

V b G A j’c 3 ipg>c,j,b positive integer; 

such that:
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1- • <Pa,c,j,b\ < Rog2 £]e(a), and

2. V i g / ' ,

a(®, c ) =  X  2“ 3’c~'j - - / i ’C(®[“ • I ]  • A z [su p p (a )]  • 2“
a e A ’.A 3  ,C

and

|s(:e, c )| =  x<c) • ^ c^(a;[a^s’̂ ]) from the cluster length sublemma,

and

3 a ( t,c) sequence of no more than pt bits;

3 f t , S )  G B O O L ^ t'°;

V ; < vt ,o;

3 a tiS,j G Z , V’i.c.i positive integer;

3 A tf c n ( d { t y . A dietUily,

V b £ ^4j’c 3 iPttc,j,b positive integer; 

such that:

1- IV't.c-j • W-J.fcl ^  ri o S 2  ^]e(0, and 

2. V£ G p",

< ( * , c ) =  X I  2 “ t,c‘ J' ■ V’t . c . i  • / J , c ( ® [ 2 ( t , c ) ] )  • X  V’t .S i i . a  ; A ® [su p p (a ) ] -2 ° .
3 < v t,0 a € A ^

Recall th a t there is m t such th a t ||i||/,m < &mt for all large I. Since clusters are involved, re­

call all definitions in the proof of the cluster-to-finite lemma, regarding clusters, preclusters, 

-< and d(g,g' ).  We now let,

small(®) =  X  hi(x[d fa»c)]).
«, with Xf<me .Rogj

small(a:) is boolean because is a partition (cf. cluster length sublemma), so tha t the

sum coincides with disjunction. P u t large(a:) =  1 -  small(a:).

C la im  : Let gs be the first precluster in s ( x , c ) .  Then,

s(x, c)  =  s(a:, c ) • large(a:) +  small(a:)-

X 2a + a ‘- «  • ips A j  • f j ’c ( x [ a ( s , s )}) • v?SiC-iii0 • A x ([su p p (a )] ) .
(“+“ », i,j ,j)€gs
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Proof o f claim. . By definition, a new precluster begins only when

d((a + a 3Aj , j ) , ( a '  + a sAj , , j ' ) , j ' ) )  > 2 - [log2f | e.

Therefore the second precluster (if it exists) starts no earlier than  2 • [log2 T\e. We conclude 

tha t for x G p "  with small(a;) =  1, we have th a t |s(ie ,c)| < m t • [log2ff| <  [log2 ff| 2 < 

flog2^]e(s) < [log2^]e. This, certainly shows tha t the binary expansion of s ( x , c ) stops well 

before the second cluster begins.□

Let v = (t3, £s, r t , ( t), where r a,£s 6 { 0 ,1}1"3'0 and r t ,£ f £ {0,1}^-°. These quadruples will 

be called relevant. For relevant v we let:

L s (v ) = £  2a+“ a'='J • V’s.c.j • f s{j) ■ <Ps,c,j,a ■ Ts(j),  the value of the first cluster
(“+“ 3,c,j>j)eg3

of s relative to  v;

2. g ( v )  = the (unique) precluster of t the range of which contains s(v);

3- tg(v)(v) = £  2a+at's’j ■ ■ f t { j )  ■ <Pt,c,j,a ■ Tt(j),  the value of the critical
(a+at ,c-,j,j)eg(v)

cluster of t relative to v;

4. left(a:, v) = £  t g ( x ) ' 2~s(v \  the sum of all clusters strictly to the right
g a precluster of t 

g^g(v)
of the critical cluster of t relative to v;

5. right(a:,v) =  £  t$(x) ,  the sum of all clusters strictly to  the left of the
g a precluster of t 

9^ 9 (v)
critical cluster of t relative to  v;

the tru th  values of the properties below are necessary to  offset the convention £ 0 =  1 when 

what is needed is th a t £ 0 =  0; these properties only depend on the sets A*’c,y < i/^o, the 

order -<, and the critical cluster ff(v ), which in turn  depends on v , c and p "  all of which 

are fixed:

6. Not-first(v) =  [<f(v) is not the -(-minimum precluster in ij;

7. N ot-last(v) =  [<f(v) is not the -(-maximum precluster in <J;

8. Not-first(v, j )  = [there is a £ A *-’c such tha t (a +  a t<Sj , j )  -< #(v)]j, for j  <
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9. N ot-last(v ,.7) = [[there is a £ A *’c such th a t (a + ctt,c,j,j) 9 (V)J> f°r j  < vtp- 

W ith x £ p" ,  say th a t x is v-good if the following hold:

1. x is both ( t,£ ()-good and (s,£.,)-good (cf. cluster-to-finite lemma);

2. 1 = A Ir s(j)  =  Az[supp(<z)]l , and
( a + a , j , j ) e g 3

3. 1 = A In  ( j )  = Aa:[supp(a)]J .
( a + a t j , j ) € g ( v )

[® is v-goodj is a partition  of unity. Given a relevant v, for any v-good x £ p "  we have 

tha t

trunc(t(a:, c ): oo, s(x,  c )) =  small(a:) ■ [a: is v-good] •

• [N ot-last(v) • left(cc, v ) +  -ftrunc(t^(v)(v): oo, .s(v))] (R )

and

trunc(f(a:, c ): s(x,  c ), 0) =  large(a:) • [a: is v-good] • t (x,  c)  +

+ small(a:) • [cc is v-good] • [Not-first(v) • right(a:, v) +  trunc(t^(V)(v): s(v ), 0)]. (L)

For fixed relevant v  we shall need to partition the critical cluster of t. To this end we set 

for j  < vt$,

^  _  /  a +  if a G A T  and (a  + e 5 (v ) ;
[ undefined, if a £ A lf  =>• (a +  a ^ j J )  £ g ( v ) .  

and call ( j )  r}-defined\I r](j) is defined. Next, we order the ( j ) , j  < i't,a as follows:

( j )  -< ( j ')  if both  ( j ) ,  (j ') are //-defined and rj(j) < rf(j ' ) or else if j  < j ' .

T](j) and -< are well defined because there is a t most one a £ A?-c with (a  +  £ g ( v )

since spread(7f(d: Ad,e,v,l)) > 2 • i/^o • [log2 ^]e. For ( j )  //-defined we set ( j ) + the //-defined 

-<-successor of (j),  and if ( j )  is the //-defined ^-m axim um  then (j ) + is undefined but we let 

v{ j ) + — n {77( i ) +  floga * |e(t),a (v )} . We now distinguish the cases as promised for a fixed

relevant v:

C ase : R . P u t,

tv =  trunc(tgf(v)(v): oo ,s(v))

= trunc( 2a+OLt'i • & (j) • V't.j • • n( j ) :  oo, s(v)).

e s(v)
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Clearly,

| 2a+<Xt'j ' &(•?) ‘ ■ <Pt,j,a • Tt(j)\  < 2 • i/ti0 • [log2 + flog2 i/tiol
(a + atj , j )

es(v)

but because • < t̂,jia| < flog2 we actually have tha t

| ] T  2a+“ ‘-»' • 6 ( j ) ' i>t,j ■ <Pt,j,a ' r t ( i) | < 2 • utfl • (log2 ^ le(f)-
(a+at,j,j)

€ff(v)

It follows th a t with

rj(j) — m ax{i(v ), for ( j )  77-defined, and

_  j  tTunc(tv : r](j)+,fj(j)),  if ( j )  is //-defined 
tv,j — 1

( 0, if ( j)  in not 7/-defined.

we have tha t

=  X ] v̂>f’
j 'O t .o

We now give the param eters for the cluster form at m. For j  <  i/t|o, the part responsible 

for the correct expansion of left(a;,v) in R:

! •  A c,y,j =  A T  \  ( «  I ( a  +  a t,cJ’j )  £  9  w ith  p ^  £ ( v ) }  , a - v j . =  a , - . , .  -  s { v )  , 

TpC'Vj = A,c,j ’ (Ps,v,j,a = <Pt,cj,a for a ^ A -V|J. , and

2- fc,v,j =  small(a:) • N o t-la s t(v ,j)  • |® is v-good] • f j ,c 

for i/t,o < j  < 2 • I't.o, the part responsible for the correct expansion of t v :

A c ,V , j  ~  a c , v , j  — =  t V)( j  m o d  I't.o) > ^Pc,V,j,a =  ^ > an < i

4- fc,v,j -  small(a:) • fx  is v-good], 

and finally for 2 • i/ti0 < j  < 3 ■ vt,o (which are really reserved for the next case):
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It is a m atter of unraveling the settings and observing the convention Y  ® =  1 to see tha t 

for any x £ p",

trunc(f(a:, c ): oo, s(x,  c)) =

=  / L  ]C  2“ C',V'J' ' V-c.v.j ' /c ,v ,j(® [« ( 0 ]) -  S  V̂ c.v.j'.a ' A®[supp(a)] • 2a .
V r e l e v a n t  j < 2 - u t fo a £ A . v  .

This finishes the “right” subcase.

C ase : L. Pu t,

t v = trunc(*£(V)(v ) :s (v ) ,0 )

= trunc( J 2  2a+at,j ■^t{j)-tpt , j -<Pt, j ,a-rt(j):s(v),  0).
(a+at,j,j)

eg(v)

Here, with

fi(j) =  m in {7 /(j)+ , s ( v ) }  for ( j )  77-defined and  

 ̂ _  (  tTunc(tv :fi(j),r](j)),  if ( j )  is 77-defined;

\  0, if ( j )  is not 77-defined.

we have that

*v =  ^ 2  tv,j-
j<vt,0

We now fix the param eters for the cluster form at m. For j  < i>t,0, the part responsible for 

the correct expansion of right(x, v ) in L:

!• A S,v,j = A T  \  {“ I (a +  a t A p j )  G 9 with g > g{w)}  , a Sv j  = a t<ej , ̂  ,

Vc , v , j , a  =  f° r 0 6 V,i > and

2- /c,Vj =  N ot-firs t(v ,j)  • \x  is v-good] • /^ ’c,

for vtfi < j  < 2 • 1̂ 0, the part responsible for the correct expansion of t v :

3 - A c , v , j  =  W >  V’c.v.j.a =  1 for U  m od ^ ,0 ) 77-defined w ith  (a +  at,c,(jmod„t,0)> ( j  mod  

Vt,0)) £ <7(v), and A c , \ , j  -  0 f ° r U  m od v t ,o) not 77-defined,

4- V’c-,v,J =  <v,(imodVtlo). a c,v,j =  «i,c-,(J modvlio)1 fe,v,j = sm all(a) • \x  is v-good],

and finally for 2 • v ti0 <  j  <  3 • v t ,o> this part being intended for x £  p "  w ith  large(a:) =  1:
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5 '  ^ c , V , j  — ^ ( j  m o d  v t f i ) ’ a c , v , j  — a f , c , ( i m o d i / | i0) i

^ c ,V , j  =  ^ f , c , ( i m o d i / l i0 ) i  ^ c . V ,  j , a  =  T t , c , ( j  m o d  v t ,o) ,“  ^ ° r  a  ^  a n ( ^

7. fgiVj = large(®) • \x  is v-good] • f £ modvtfl),

It is a m atte r of unraveling the settings and observing the convention ^  0 =  1 to see tha t 

for any x  £ p ",

trunc(t(a:, c ) :s (a : ,c ) ,0 )  =

= 1 2  1 2  2“ ?,v,i • ^c-,VlJ ’ f c , v A x [S iS )V  - 1 2  ^c,v,j,o A®[supp(o)] 2°.
V r e l e v a n t  j < 2 - v t ,o a ^ ^ c V j

This finishes the “left” subcase.

We can now give the first param eters in the definition of cluster form at m. F irst we 

determine ry-.o- We set

vrJo =  max{3 • vt,o ■ 2K, vs<0} 

where /c is such th a t 2K is a bound for the number of relevant v ’s. In fact,

k =  4 • (vt ,o + Vs,a)

will do. Next, p r . It suffices to find an upper bound to the number of bits th a t are needed 

to determine the tru th  value

[® is v-good] ■ small(a:).

Clearly, the following is such an upper bound

Pt +  ps +  d • {vt,o +  vs,o)‘

□
The induction on the complexity of a cut-and-paste term  is now complete. □

B oolean  C ut-an d -p aste  Circuit L em m a 6.3. Let m  and n be nonzero positive inte­

gers, t i ( x , z ) ,  i < n, cut-and-paste terms and ^  a boolean combination o f predicates in the 

terms U, i < n . Then,

3^, mo, d, £o, b: 0 < 6 < 1;

Vi >  t o !
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G R estr^ d , e, v, £);

Vc < £m ;

^ C f - p a circuit of size < £mo and depth < 6/

V® G p,

M x  , d) j  = c?Ap(x).

Proof. Create a new cut-and-paste term  s ( x , z ) by concatenating the term s o f $  at 

appropriate distances so that th ey  do not have any bit-interference, i.e . w ith  f_ i  =  0 put

s(x,  z )  =  ^ 2  ti{x > z )  ‘
i < n

s has the bit-finite property at m.  Also note th a t there is no bit-interference between the 

terms ti. The bits of a term  ti are bits of s. The boolean combination $  can be expressed as 

a circuit of depth 2 and constant size in the atomic relations *=’ and ‘< ’ (disjunctive normal 

form). Each of the relations ti < tj  and ti =  tj  can be expressed as a  circuit of depth 2 in 

the bits of its size is evidently polynomial in the lengths of U,t j .  And finally, the bits 

of each ti are boolean functions of no more than  p. bits of the input x,  x  G p '  where p'  is the 

restriction we get from the bit-finite property at m  applied to s. These boolean functions 

w ritten in disjunctive normal form, again have depth 2 and size < 2^. So for x E p '  we 

have th a t [ ^ ( 0:, c ) | = C f ~ p,{x) a circuit of depth at most 6 and size polynomial in ja;|. □

Sharp C ut-and-p aste  Circuit L em m a 6.4. Let 0(cc) he a cut-and-paste sharply 

bounded formula. Then,

3 N, m 0, v, d,£0, 6: 0 < 6 < 1;

V£  >  £0;

3p G R estra(d, e, v, £ ) ;

3C f p a circuit o f size < £m° and depth < N  + 6;

Vi G p,

[0(x)l = C,® (*).

Proof. 0 ( i )  is logically equivalent to
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for some nonzero positive integers N  and m,  where Qi are quantifiers, for i < N ,  z  = 

zo .. . zp i-i,  and a quantifier free cut-and-paste formula $(a ' . ,z).  Apply the boolean cut- 

and-paste circuit lemma to m and ^ (a : , z) .  Get v,  mo, d, £q, and 6 with 0 < 6 < 1. For 

 ̂ > ^0) get a restriction p £ Restrs(d,e, i / ,£)  such tha t 

Vc < l m

^ C f g p a circuit of size < £m° and depth < 6;

Va: £ p,

[* (* ,0 ) ]  =  C ^ ( x ) .

Let

Cf tP(X) =  Bool(Qo) • ■■Boo\(QN _l ) C l 5iP{x ,c )
C0 < l m  C W _ l < / m

with c substituted for z. For x £ p,

[©(*)] =  C f p{x).

□

Proof of the theorem

Let 0(a:) be a cut-and-paste sharply bounded formula in a:, defining P A R IT Y (a :). Apply 

the sharp cut-and-paste circuit lemma to  0 .  Get N ,m o,i/ ,d ,£o ,6 :0  < 6 < 1. Consider 

A = I 1!6 > £0. Find p £ R es tr^ d , e, v, A) and a circuit C®A of size Am° and depth < N  -f  6, 

such tha t

I0 (* )]  =  C f ^ x )

holds for any a: £ p. But |free(p)| > Xs = £. By (possibly) fixing a  many bits in free(p) so 

tha t |free(p)| -  a  = £ we get a new circuit C f  from C®A and a new restriction p 1 such th a t 

for x £ p 1 we have tha t

[P A R IT Y (s )J  = C f {  x).

But this is impossible because the depth of C f  is bounded by N  +  6 and its size is bounded

by £m°/s . |



C hapter 7

IN D E X P A R IT Y  is not 

«S^^(trunc, C A R D ) definable

The main result in this chapter

T h e o re m . IN D E X P A R IT Y  is not symmetric cut-and-paste sharply bounded defin­

able.

An analogous result was proved back in chapter 5. There we could build a feasible 

multicircuit because we had to  deal only with the cardinality of x. The present situation, 

however, forces us to  consider cardinalities of polynomially many intervals of the binary 

expansion of cut-and-paste term s in x. Therefore, we introduce cylinders of symmetries  

and their volume, i.e. the set of binary words belonging to  the orbit of a fixed binary word, 

where the orbit is taken with respect to the action of a cylinder on binary words.

Notation, conventions, and remarks

For items without local definition consult their most recent definition in previous chapters, 

unless the reference for their definition is explicit:

7a. We add to  the cut-and-paste language the binary predicate symbol C A R D (a:, y) which 

is the same predicate symbol with the same in terpretation as in chapter 5. The new 

sharply bounded formulae are called symmetric cut-and-paste sharply bounded.

66
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7b. Fix I  £ N ,£  > 0 and consider S*, the group of perm utations on £ elements. Let G* 

be the subgroup of S* consisting of two elements the identity id  and a  the product 

of all transpositions of the form (a ,a - |-  1), for even a < £, i.e. a £ Even*, with the 

convention tha t if £ is odd we take [I — \ ,£  — 1) instead of (£ -  1,£).  We now say,

1. 7r is a Gt-word if 7r: Even* — > G t , and

2. p is a Gi-restriction (G*-cylinder) if p: Even* — > G/LK*} and both free(p) and 

unfree(p) are defined as before.

Convention. We shall drop the subscript £ from Gt since for £ > 2 these groups are 

isomorphic and have order 2. W ith X  a set of numbers G"Y is the set of all functions 

from X  into G. For a £ Even* and 7r a G-word, we shall write 7ra (pa) for the element 

in G which is assigned to a by 7r (p).

Remark. The set of G-words forms a group with respect to  the operation

7T • 7r' =  (7ra ■ 7T̂ I a £ Even*),

where the *•’ appearing in the righthand expression is the group operation of S*. A 

G-restriction (cylinder) does not necessarily form a group in the above sense.

7c. Given p, a G-restriction, the cylinder based on p is the set

{7r | 7r a G-word such th a t Va £ unfree(p) 7ra =  pa} .

The cylinder based on p will also be denoted by p.

7d. Let d,£ > 0, be integers and AC. [£]. We need refinements of the definition of “wide 

for d” , because we have to  deal with perm uted clusters. We say A is A (G)-wide for  

d if A  is wide for d and whenever:

1. « ! , . . . ,  (=  a), a [ , . . . , a ltl, (=  a'), bx, . . . , b u (=  6), and b[ , . . .  ,b'ul (=  6') are 

sequences each with distinct entries out of A , with p,,p ! ,v ,v ' < d, and

2. i i -aj iH Yin-Xfj. ( =  i * x ) ,  i [ - x x -\ Y i ' ^ - x ^  ( =  i ' » x  ) ,  j \ - x \ - Y  Y j v - x u ( =  f » x ) ,

j[ - x x + ■■■ + ?„, - x vi (= f  » x )  e n { d : x 1, . . . , x d)

then

i • a — ? 9 b ^  i '  •  a '  — j '  • b '
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unless
—t -♦ 7* —♦/ —* I -*! 7* I
t • a_ a “  J •  &-a =  * • a - a  “  J • h - a  , 

for some a E supp(a, 6, a', 6') where i »  a_ a results from i » x  by substituting into i » x  

the numbers in a except th a t instead of a  we substitu te 0.

7e. Let d, e, i>, and I  be positive nonzero integers, and let Adie,i/,i C Even/ the A(G)-wide 

set for d of width > 2 ■ u ■ [log2 C\e (the existence of which follows from the A(G)-wide 

lemma below). We then set:

f 1) if <z E Adie,v,l\
1- ^ d ,e ,w ,t{a J =  S ._ , . i

( 0 ,  i f  a  ^  A d te,u,i

2. vol(p) = vo\dfiiV%t{p) = {n{(Td,e,v,t) I ^  G p}, for p a G-restriction, and

3. as in chapter 6 and for e G (0,1],

G -Restre(d, e, u, I) — {p \ p a G-restriction with |free(p) p ) AdtetV>i\ > £e}.

7f. Given is a G-word, 7r. We now describe the actions of 7r on various objects:

1. the action on x < 2  ̂ is described by setting,

y =  t (x ) < = > V a < £ ,  y ( a) =  z(7ra_(amod2)(a));

2. the action on a < £ with distinct entries:

TTd 7Tai  _ (ai  m od2)(®l  ) • • • — (ofcmod2)(®fc)

where a -  a mod 2 is needed since G-words are only defined on Even/, and finally

3. the action on a =  ? •  a E H(d: Adte,v,i)'

7rz • a =  x • 7ra.

Remark. The above action is well defined because, as it is easily seen, for a = 

a,b — f » b  with a, b E H(d: Adte>Uii) we have tha t

a — b =£> 7ra ~  7rb.

In general, however, if rn g a , rng& are not chosen from a set which is wide or 

A(G)-wide for d then
—*

i% d =  j*• b 7rz • a = 7rJ*• b

and the action is not well defined.
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7g. Let t ( x , z )  be a cut-and-paste term  and m  a positive integer. We say t ( x , z ) is in 

sym m et r i c  clus ter  fo rm  at m  if,

Vd > d(t),  e: 0 < e < 1/(2 • d + 2);

3 p, Vo, 8: 0 < 6 < e; 

V i /  >  i / o ,  e  >  e (f)3 ^ o V ^

Vp £ G -Restre(d, e, i/, ^)3 p 1 £ G-Restr,5(d, e, i/, ^ ) ,p ' C p;

Vc < £m;

3 a (c) sequence of no more than  p  bits;

3 /**) E BOOLJ^0;

V j  < i/0;

3 E Z , positive integer;

3 C H{d(ty. Adi<w*);

V 6 £ A ̂  3 <Pc,j,6 positive integer; 

such that:

1- IV'c.j • Pe.j.bl < fl°g2^ f\  and

2. Va: £ vol(p ')

t(*. *) = E 2“'/ • • //(“[ŝ ]) • E *>«*. •2™.
jo o  ae/i?

where a: =  n(Td,e,u,l,Tr £ p ' .

7h. Let t ( x , z )  be a cut-and-paste term  and m  a positive integer. We say t ( x , z )  has the 

symmetric bit-finite property at m  if,

Vd > d(t),e:  0 < e < 1/(2  • d 3- 2);

3 p, i/o, 6: 0 < 6 < e;

V i/ > i/o, e > e(<)3 l o i  t >  I  o!

Vp £ G-Restre(d, e, i/,I )3 p ' £ G -R estr^d , e , i / , l ) , p 'C p ;

Vc < £"*;

Vy < ||t||/,m 3 a (c,y) a sequence of no more than  p  bits < t ,  fg>y £ BOOL^;

V a: £ vol(p '),

t ( x , c ) =  £
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7i. A random  G-restriction, p, is a vector of A =  [£ /2 j, independent random  variables,

one for each pair (a, a + 1) with a £ Even*. So,

P = (-'Y(a,a+i): a £ Even*) .

These random variables are trials with three outcomes: the members of G and *, with

p* =  1 / \/A, pa = plci = 1/2 • (1 -  p*).

Probabilistic lemmata

The purpose of these lem m ata is to establish an almost exact analogy between classical 

random restrictions and polynomial size constant, depth circuits as found in [FSS84] on the 

one hand and G-restrictions and polynomial size, constant depth circuits. In what follows 

d, e, and v  are fixed nonzero positive integers.

G -L em m a 7.1. Let C be a polynomial size, constant depth circuit. Then,

V e, 0 < e < 1; 

3 £q, 6: 0 < 6 < e; . ^

V £ >  to;

Vp £ G-Restr€(d, e, u, 1)3 p ' £ G-Restrs(d , e, i / , £) ,p'  C p,

C  is constant in vol(p ').

Proof. Define the function,

l: G-words

by setting

i (tt) = y <==> V a < £, y(a) = Ttadi<,iVil{a) • ad<e<v<l{a)
0, if a ^  A die<Uii',

<=> Va < £,y(a)  =  ( 1, if a £ A dfitV<i and 7ra =  id] .

0, if a £ A dfitV>i and 7ra = a

Let C f  be the circuit obtained from G* by altering the bits of input in two stages:

i. first change a +  1 to -ia for a £ A dfi)Vti to obtain an interm ediate circuit, and then
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ii. in the interm idiate circuit from (i) change a to  0 (-ia to  1) for a AdfitVlt to obtain 

C f .

Clearly now,

Vtt, a G-word, C f  (t(7r)) = Ct (ir(crd,e,v,i)) .

We now argue on C f  as in [FSS84] to  produce a cylinder (restriction), p C 2Ad'e'''<t , such tha t 

C f  is constant in p. Set p = i~l (p). p is a G-cylinder (restriction) with |free(p) C\Adie,u,l\ = 

|free(p)|. Finally, let x  £ vol(p) and let tt £ p be the G-word such th a t x = i^{(Td,e,v,i)i a nd 

put y = t(7r). Then y £ p and

Cl(x)  =  C l{jK̂ <Jd%e,u,l))

= C?{ t ( r ) )

= C?(y) .

It follows th a t Ci is constant in vol(p).D

M u ltic irc u it  G -L em m a 7.2. Let C =  {C^}Jf.0 be a polynomial size and width,

constant depth multicircuit. Then,

Ve, 0 < e < 1; 

3 p , £ 0, h :  0 <  S <  e;

V i  > io;

Vp  £ G-Restr£(d ,e , i / , i )3  p 1 £ G -R e s tr s (d ,e ,v , i ) ,p '  C p;

V  A <  P w i d t h ( i ) >

3 fx  £ BOOLM,a ( A) of < p, bits;

Vx £ vol(/o;),

C l,aM  = A(*[S(i)]) •

Proof. We apply the multicircuit lemma of chapter 5 to the multicircuit C G which is 

obtained from C  by replacing the circuits G/,a with the circuits C f Xi f°r ^ < Pwidth-C3

Refinements and corrolaries of the wide lemma

A (G )-w id e  L e m m a  7.3. Fix d £ Z, d > 0. There is a positive integer p(d) such that 

for every positive integer A there is a set of positive integers A  such that,
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Al. \A\ =  A;

A2. a £ A ==> a < p(d ) • X4'd, and 

A3. A is A (G)-wide for d .

Proof. Given d consider arb itrary  A. By the wide lemma applied to 2 • d we get a set A 

which is wide for 2 • d, has A elements, and a £ A  = >  a < p (2 ■ d) ■ X4’d, where p{2 • d) is as

in the wide lemma. If we only want even or only odd numbers then we consider 2 • p[2 ■ d)

as the upper bound for max A. Suppose now th a t an equation, E, of the form

?' • a '  -  ?  • b' = i "  •  a "  -  j "  •  b"  (E)

holds, with 53 i 1, ^  ^ an(i the sequences a',b ',a",  and b", each have

distinct entries from A. Certainly then i » a =  i '  o a '  +  f "  • b" and j  • b =  i "  •  a," + f  • b ' 
—>

for some i»  a, j » b £  H{2 ■ d: A).  Equation E  is equivalent to

i 0 a =  f  • b .

Now, since A  is wide for 2 • d we get th a t i — j  and the sequences a ,b belong to the same 

multiplicity class. In particular we have th a t rag a =  rag 6. Choose any a  £ rag a. We 

conclude tha t

l  9 a _ a  =  J  « 6 - a

and hence

1 # a _ a - J  • b _ a = i • a _ a - j  • o _ a .

□
A cluster is created by an integer shift. Roughly speaking, the corrolary below tells us tha t 

G-words which fix a prescribed set, S,  will move clusters w ithout changing their binary 

expansion and hence in particular their cardinality.

F in ite  S u p p o r t  C o ro lla ry . Fix d £ N , d >  0, and A  a A(G)-wide set for d. Then,

V r > 0 V a, b, a', b' £ H(d: A)  3 ar , br , a!T,b'T, r(a,  b),r(a', b') £ H(d: A)

r = a -  b = a' -  b' ==> a = aT + r(a,  b), b =  bT + r(a , b), a' = a'r + r(a', b'),b' =  b'r +  r(a', b')
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and

supp(ar ,6r ) =  s u p p (a ',h ')  .

Proof. Denote by Ar the set of pairs (a, 6) in H(d: A)  w ith a — b = r.  By a sub-expression 

of a =  i • a we mean the resriction of i • x to a certain subsequence of a. For every pair 

(a, b) £ A r let r(a,b)  be the maximal sub-expression (if it exists, otherwise set r(a,b)  =  0) 

of both a and b, such th a t for some ar ,bT £ 'H(d: A)  (J{0} we have th a t

a = aT +  r(a,  b), b = bT + r(a,  b).

Certainly then ar -  bT =  a -  b = r,  so th a t (a r ,6r ) £ A r . Let A~ be the set of (a r ,6r ), 

(a, 6) € A r , and j r =  min^a;y êA-  |supp(a;, y)|. Note th a t for any r, 7r < 2 • d. We now 

prove the statem ent

V r > 0V(a' . , y) , (z ,w)  £ A “ su p p (i,j/)  =  supp(z,u;)

by induction .on j r .

Fix arb itrary  r > 0 and assume th a t A “ ^  0. Clearly then, 1 < 7r < 2 • d.

W h e n  7r =  1: Consider arb itrary  (aT, br ), ( a ' , b'T) £ A “ such th a t |supp(ar )| =  1. Since A  

is A(G)-wide for d, we can find a  £ supp(ar , bT, a'T, b'T) such th a t

( a r ) _ a  — ( ^ r ) - a  — ( a r ) - a  — ( ^ r ) - a  •

We claim tha t

a £  supp(ar ,6r ) n  s u p p (a ',6 ')  .

For if a  £ supp(a',6(.) \  supp(ar ,6r ) then

flr br — (dr )_a (6r ) -a

=  (® r)-a — (^ r)-a

=  < - K

and so the coefficient of a  in a'T — b'r is 0. But a  has nonzero coefficient in at least one of a'T

and b'T. So we can nontrivially extend r(a',b'), contradicting its maximality. We conclude

th a t a  £ supp(ar , br). Actually, a  £ supp(ar ) fl supp(6r ) because

1 < |supp(ar )|, |supp(6r )| < |supp(ar , 6r )| =  1 .
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Hence, 0 = (ar )_ a -  (br)-a = (a'r)-a ~ (K)-a which gives th a t ( a ') _ a =  (b'r)_a . Again 

because A is wide for d, if it were the case th a t 0 /  (a'r)-a =  (b'r)-a, then we could 

nontrivially extend r(a',b'), contradicting its maximality. So, finally, 0 =  (a(.)-a =  (K)-a 
which implies th a t {a} = s u p p (a ') = supp(6(.) and we are done.

W h e n  7r > 1: Here we assume th a t for any r1 such th a t 1 < 7r ' < 7r we have tha t

V(®, y), (z, w) £ A", supp(x, y) =  supp(z, w) .

We choose (aT,bT),(a'r,b'T) 6 A “ such th a t |supp(ar ,6r )| =  j r . Since A  is A(G)-wide for d, 

we can find a  £ supp(ar , br , a'T, b'T) be such tha t

( ® r )—a  — (br)- a  =  ( a r ) - a  “  ( ^ r ) - a  •

As before we have th a t a  £ supp(ar , 6r )flsupp(aJ., b'T). Set r1 = (ar )_a — (6r )_a , ar — (a r )_a , 

br -  (br)- a ,  K  =  ( a ' ) _ a ,  and b'r =  (b'T) - a . Clearly now,

1. (dr,br),(d'T, ~b'T) £ A “,, and

2. 1 <  7 r '  <  7 r  -  1 <  7 r  •

So by the induction hypothesis applied to 7 r /,  it follows tha t

supp(ar ,6r ) =  supp(ar , br) U {a}

=  supp(a;,6j.)U  {a}

=  supp(<4,&').

The induction is complete and the lemma follows.□

T h e  C lu s te r  S h ift A rg u m e n t.

We describe an argum ent and its notation. We agree to  invoke this argum ent by saying 

“by the cluster shift argum ent” and then use its notation and its conclusions whenever 

we invoke the argument: let m  be a positive integer. Assume th a t t ( x , z )  is a cut-and- 

paste term  in symmetric cluster form at m.  The procedure below will be called quantifier 

tracing and will be used whenever we have a term  in symmetric cluster form at m  or 

whenever we want to use a statem ent about the term  which involves many quantifiers. Fix 

d > d(t),  e: 0 < e <  1/(2 ■ d +  2). Get uq, 6:0 < 6 < e. Fix v > v0, e > e(t) and get I q. Fix
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^ , p E G- Restre(d, e, v, t )  and get p '  G G -Restis(d,e, p '  C p. Fix c < l m and get

a ^  a sequence of no more than  p  bits, G BOOL^0. For each j  < Uq get a ^ j  G Z, 

a positive integer, and A'j C Adie,v,l) and for each b G A ’j  get <Pc,j,b a positive integer

such that:

1- IV’c.j ' <Pc,j,b\ < and

2. Va: G vol(p ')

t ( x , c )  =  £  2“ ' J ■ • J 2  m .  ■2"
JOo afEAj

where x = n(ad,e,v,i)-

Notice tha t in the case above we traced the quantifiers to  the end. Occasionally, however, 

we only trace up to a certain quantifier. If such is the case we shall trace quantifiers as 

we did in the above, stop at the required quantifier and then write down the rest of the 

property with its quantification intact. We indicate the depth of the trace by saying tha t we 

trace quantifiers upto z, where z is the variable(s) after which we preserve quantification. 

Next, we let:

A — Ad,e,v,t/ ( 2 • v ■ [log2^]e), which is the A(G)-wide set for d obtained from the 

A(G)-wide lemma;

R  =  { |a t -  OLj\ |i , j  <  j/0}, and

R  =  { [ r / ( 2 • v  • riog2^ ) j  + ( 3 \ r  <= R,  0  = 0 , 1 }  .

By the finite support corrolary and noting th a t |i2| < 2 • |iZ| < 2 • (vo)2, we can find a 

set S  C A  with |5 | < 2 ■ d ■ 2 • (vq)2 such th a t if a, b G H(d: A)  and a — b = r G R  then 

supp(ar ,6r ) C S.  Note further tha t:

‘H(d: A d,e,u,t) -  2 • v • [log2 f \ e ■ H(d: A),  and

supp(a) -  2 • v  ■ flog2 / l “ • supp(a/(2  • v • [log2£ |e)), for a G H(d: A d^ i )  .

P u t S  = 2 • v ■ [log2 £\e • S  C Ad<e,u,t- We call S  the critical set for t, the various param eters 

being understood. Call x G vol(p;) (t:r,£)-good , with £ G {0,1}1'0 and r  G G s , iff
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i- i  = and

2. T{o'd,e,u,l) C l .

For r  G G s let p ' \ t  =  {7r G p ' | r  C 7r}. Then call 7r € /|'r, (t: r ,  £)-good  if s  =

is (t: r ,  £)-good. Recall the action og G-words on members of H(d: Ad<e<v%i).  We show 

tha t for a ,b  £ H(d: Ad,e,i>,t) if 7ra + a j  — (71 b + d j )  <  2 • [log2tf|e for som e % G p ' \ r  then 

7ra — 7r6 =  7r'a — ir'b for any  other 7r; G p '\t . Choose 7r G p ' \ r  with the property of the 

assumption, if possible. Note tha t

7r a + a.i — (irb +  ay) < 2 • [log2 ^]e 

7ra  — 7t 6 | -  |a{ -  otj \  <  2 • [log2 £ ]e 

a — 6| — — Qj| < d +  2 • |"log2 t~\e

a -  6| -  (r1 + 77) < \ / v  +  d/(2  ■ v ■ flog2 G]e)

where 0 < 77 < 1, r' =  [ |a t -  a j\ /{2  ■ v  • [log2G|e)J, r' +  77 =  |a , -  a j | / ( 2  • v  • [log2f | e), 

a =  a /(2  • v • [log2 ^]e), and b = 6 /(2  • v ■ [log2 £\e)- It follows tha t

( r 1 +  77) -  { l / v  + d / { 2 • v  • flog2^]e)) < |d -  b\ <  ( r 1 + 77) + ( l / v  + d / ( 2  • 1/ • [log2£ |e))

so

t' — \  < la — 61 < r' -f- 1 +  -  .2 - 1  1 -  T 2

We conclude th a t because r =  |a  — 6| is an integer, r G R. So supp(dr ,6r ) C S. Recall 

th a t a, =  aT + r(a ,b ) and 6 =  br + r(a,b), so th a t with r(a,b) = 2 ■ v  • [log2^]e • r(a,b), 

aT =  2 v -  [log2 £]e -ar and bT = 2 - v • [log2 l~\e -bT we have th a t a =  ar + r(a, b), b = br + r(a, 6), 

and supp(ar ,6r ) =  2 - v  - [log2£]e -supp(ar ,6r ) C S  =  dom (r) C unfree(p ;|r ) . Finally, let 7r' 

be any other G-word, 7r; G p ' \ t .

7r 'a — n'b = ir'ar — ir'bT = r a r — rbr = 7rar — irbr =  7r a — 7rh.

W ith 7T a G-word and g a sequence of pairs (a -(- we denote by irg the sequence

obtained by replacing in g the pair (a + o t j , j ) by the pair (ira -f c tj ,j ) .  W rite t^  for 

^ ( c r ^ e ^ ) ,  c ), 7r a G-word. P u t precl(7r) =  {g | i\g is a precluster in tn} and =

H (a+aj ,j)eg(PLa ' ' Z ti)  ‘ 27ra+a7. The following are the conclusions of the argum ent for

(^: r )0 "6 ood G-words 7r, 7r; G p'\
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l( r iO- is a precluster of tn^  if and only if ir'g is a  precluster of tvitf,

2(r, £). there are positive integers (3 and (3' such th a t =  tn>tg • 2^ , and

3(-r, £). precl(7r) =  precl(7r') .

Set p rec l(t:r , £) =  precl(7r) for some ( t:r ,  £)-good G-word in p '.  By (3 (r, £)), p rec l(t:r , £) is 

well defined for any r  G G s W and £ G {0, l} 1'0. Call precl(t: r ,  £) the cluster set for t, with 

the param eters understood. Clearly then

4 (r,0 - K  = E  U,g
gGprecl(t:r,£)

for any (t : r ,  £)-good n G p '.

Structural lemmata

The lemma below should constitute the two corresponding cases in the induction taking 

place in the symmetric cut-and-paste cluster lemma. However, it is proved here because 

it will be used in the forthcoming symmetric cut-and-paste cardinality lemma. The proof 

uses the symmetric cluster-to-finite and G-multicircuit lemmata.

S y m m e tr ic  c u t-a n d -p a s te  le n g th & s m a sh  c lu s te r  L e m m a  7.4. Let m  be a positive 

integer and t ( x , z ) ,  s ( x , z )  two cut-and-paste term, in symmetric cluster form  at m . Then, 

Vd > d(t#s),e-.0  < e < 1/(2  ■ d +  2);

3 p, vo, 6:0  < 6 < e;

W  > t'o.e > e { t f f s ) 3 l o i I  > I q;

Vp G G-Restre(d , e, v , £) 3 p '  G R estrj(d , e, u, I)

Vc < l m

3 £ (* ) ,/ (* )  G B O O L ?;

3 a ( c) < I, of < p  bits;

3 < ||t||*,ro;

V i G vol(p '),

|t(a :,c)| =  ^ c) • (jJf'l • / j c)( s [2 (^ ] )
i<vo

and

t ( x , c ) # s ( x , c )  = J ]  2*li ] -5jc)(* [a (c)]) •
j<vo
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Proof. Apply the symmetric cluster-to-finite lemma (which is proved below amongst the 

circuit lem m ata) to t and s simultaneously. Now, the proof proceeds in exactly the same 

way as the cluster length and smash sublem m ata of the cut-and-paste cluster lemma of the 

previous chapter. The only difference is th a t here we use the multicircuit G-lemma in place 

of the multicircuit lemma. □

Here is the analog of the cluster lemma of chapter 6. It gives the cut-and-paste terms their 

desired form.

S ym m etr ic  C ut-and-p aste  C luster  L em m a 7.5. Let m  be a positive integer. Then, 

all cut-and-paste terms, t ( x , z ) ,  are in symmetric cluster form  at m .

Proof. The proof proceeds by induction on the complexity of the cut-and-paste term  

r ( x, z ) .

C ase : x , Z i , c .  In all of these cases d ( t )  =  1 and e { t )  =  2. So, fix d  > 1 , e with 0 <  e < 

l / ( d + l ) .  Set p  =  0, vq =  1,6  =  e. Fix e, u > 1. Find £q > 0 such th a t [log2 £]2 > m- [log2 L] 

for any £ > £q. Fix £ >  £q and p G G -R estred,e , v , £. Set p '  — p. For c < £m we set:

1. a(c) = 0 and f (c) =  (1);

{ Ci, if t ( x , z )  = zp,

c , if t( x,  z )  =  c; and =  0;

1, if t (x,  z )  = x.

( 0, if t (x,  z )  =  Z{ or t( x,  z )  = c;
3. A c0 = < , and <pSfiia = 1 for any a G A c0.

( A d ,e ,v ,t i  i f  t \ X ,  Z ) — X.

After the appropriate substitutions and observing the convention 0 =  1 we see th a t for 

any x  G vol(p '),

t(x,  c)  = 2“ ?.° • ips>0 ■ f £ { x [ a * P c , o , a  ■ 2^“ ,
a^Ao

where x = ^ o dt&yV%t, tt G p '■ Finally, for any b G A (V’c.o • ^c,o,6l < ™ ■ flog2 < [log2 

by the choice of £q.

Case: \ t ( x , z ) \ .  cf. symmetric cut-and-paste length&smash lemma.

C ase : t (x,  z ) # s ( x ,  z ) .  cf. symmetric cut-and-paste length&smash lemma.

C ase : t ( x , z ) + s ( x , z ) .  Proceed exactly as in the cluster +  sublemma.



C H A P T E R  7. IN D E X P A R IT Y  IS N O T  5B{*(TEU N C, C A R D ) DEFIN AB L E  79

C ase: t ( x , z )  ■ s ( x , z ) .  Proceed exactly as in the cluster x sublemma. Then,

t (x , c)  ■ s( x,  c ) =  2a{i,i) ‘ Vfrj),* ’ 2™>
Xî 3lo a€A(ij)

where:

T =  A t,C +  ^ i ’C> =  V’t.c.i ' Vv .j - o =  U

2- V»<«ti>,o =  Z i P t ^ b  ■ <Ps,cj,a I b e . b' e  C > a =  6 +  6'}> and

o f  _  f^c f a.c.3. -  u  ■ Jj , •

We now claim th a t,

l¥ > M ,J  <  [lo g 2 < l'( ‘)+>(*)+i.

It suffices to show th a t the bound on the cardinality of

a =  {(6, b') | b e  A*’5 ,b' e A 3/ , a  = b +  b'}

depends only on d(r) (= d(s ) -f d(t)).  Now,

At,S + A .,S g  +  Ad e u i y

So, if (6,6 ') e a then supp(6,6') =  supp(a). |supp(a)| < d(r)  and the coeficients in b sum to 

< d(t),  and the coefficients in b' sum to < d(s).  The claim on the bound of the cardinality 

of the set a is now evident. Finally, by the definition of the action of G-words and the fact 

th a t b +  b' — a implies th a t supp(6, b' ) =  supp(a) we conclude th a t

7ra = 7r6 +  7rb1.

C ase : trunc(f(a:, z ): l(x,  z ) ,  r(x,  z ) ) .  We proceed as in the cluster truncate  sublemma. 

Here, however, in order to partition  the critical cluster we need to condition x E vol (p")  

further. This arises because clusters shift as 7r varies in p".  We redefine the local notions 

of relevance and v -goodness, for quadruples v. Let:

1. S  =  (J supp(a) ;
(<*+<*,,c,jJ)£9a

2 . t s  e  G s , E  { 0 , 1}"*." ;
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3. r t G G x , X  a set of no more than fit ■ vtto bits, G {0, l } Vt<° ;

4 .  v  =

5 -  s ( v )  =  E  <pa,c,j,a ■ ’ & ( j )  ’ 2 T « a + a « . * . t  ;

(a+a,:Sj,j)eg,

6. g ( v )  = the (unique) precluster of t, g, of which the range contains s(v ) if such a 

precluster exists, and any precluster of t otherwise, and

7. T  =  (J supp(a) .
(“+“J,C, (v)

Call quadruple v = (rs , £s, r t , £f) relevant if:

1- 6  e {0, l} "5'0, 6  e {0, I}"*'0 , r ,  G G 5 , r t G G r  , and

2. r s U rt G G 5 U t ) i.e. the two functions are compatible.

Call x  G vol(p ") v-good if x is both  (s: r s, £s)-good and (t : Tt, £t)-good. To verify v-goodness 

requires

K  — P-t - (1  +  V t f i )  +  P-s • ( 1  +  v s f i )  

bits, call them  a,(c,v\  so th a t the verification of all properties requires

fl = k ■ 2K

bits; this is because the number of relevant v ’s is a t most 2K.

The generating cases have now been considered and the induction is complete. □

Circuit lemmata

The lemma below is the analogue of the cluster-to-finite lemma of chapter 6.

S y m m e tr ic  C lu s te r - to - f in ite  L e m m a  7.6. Let m  be a positive integer. Every cut- 

and-paste term t ( x , z ) in symmetric cluster form  at m  has the symmetric bit-finite property 

at 77i.

Proof. Let m be a  positive integer and t ( x , z )  be a cut-and-paste term  in symmetric 

cluster form at m.  Trace the quantifiers in the definition of symmetric cluster form at m  so
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tha t with fixed c < £m we have th a t for any x £ vol(p '),

< < *.n  -  £  * * «  • • E  m .  •
J«'o a 6-4=

where ® =  'K&d,e,v,t- Let precl(t) be the set of preclusters in t{crd,e,v,l, c ). Preclusters will shift 

with x £ vo l(p )' but not far enough to cause bit interference amongst adjacent preclusters. 

We then have tha t for (<:£)-good (cf. cluster-to-finite lemma) a; £ vol(p),

t ( x , c )  = ] T  <pj<a ■ ipj • £ ( j ) • 2m+ai
g € p r e c l  (t )

(a+Qj ,j)eg

= X / <7r'9
g G p re c l ( i )

with x =  7r(<7d,e,i>,t) and the t non-interfering, at a distance > 2 • [log2tf]e -  2 • d from 

each other. Furtherm ore, with supp(£) = U(a+ajlj ) suPP(a )» T e G s , £ £ {0, l} 1'0, and

( t : r ,0 - g ° o d  ® e vol(/°)

b i t ^ . s O  <*=> b i t (  £  ' Pj , *- ' l >r t U) -2ra+ai ,y)-
(a+aj,j)eg

We conclude tha t

B IT (< (i, c ), y) <=>

< = >  \ /  [ ( *  i s  ( t:  t , 0 - g o o d )  A  B IT ( ] T  Vi,*  ' V ’i  • £ ( > )  • 2 T a + a '  ,  y ) ] .

g € p r e c l ( ( )  ( o + a j , j ) € g
TeG.supp(J)
€6{0,1}^

Since the ipj<a and -ipj are fixed independently of x  £ vol(p '), the circuit on the righthand 

side of the last equivalence has depth < 4 and size < ||^||/>m.□

The analogue for terms of bounded arithm etic was proved in chapter 5. It is for the proof 

of this lemma tha t we established the cluster shift argument.

C u t-a n d -p a s te  C a rd in a lity  L em m a 7.7. Let m  be a fixed positive integer. I f  two 

cut-and-paste terms t ( x , z ) and s ( x , z ) are in symmetric cluster form  at m  then,

V d > d(t a ),e :0  < e < 1/(2 • d +  2);

3 p, i/o, <5: 0 < 6 < e;

V v > vq, e > e(t + 5)3 OV £ > £q;



C H A P T E R  7. IN D E X P A R IT Y  IS N O T  S t f f^ T R U N C , C A R D ) D EFINABLE  82

V p € G-Restre(d, e, v, 1)3 p '  € G-Restrg(d, e, i/t £) ,p'  C p,

Vc < £m;

3 a ( c) a sequence of < p  bits in Ad<e,v,li 

3 /(*) e BOOL„;

Va: G vol(p '),

[C A R D (f(s ,c ) ,  s(x,  c))] = f ^ ( x [ a W } )  .

Proof. Following the blueprint for two terms (cf. cluster +  sublemma) and using the 

symmetric cut-and-paste length&smash lemma find p "  G G-Restrfi<(d, e, v, I)  such th a t for 

c < l m it is true th a t

3 a ( t,c), a ( s,c), sequences of no more than  pt and p t bits, respectively;

3 6 BOOLj?t’° and € B O O L?;0 ;

V j < Vt,o , j '  < va, o; 

3 Olt,C,j ) &3,C,j' ^

3 V’t.c.i , V’s.c.j' positive integers;

3 A f  C H (d(t): A ,,e,^ ) ,  C W(d(a): Ad,e,^ ) ;

V 6 G A ^ ,  b' £ A 3-f\

3 <Pt,c,j,b , positive integers;

such that:

1- I A s j  • v ’t.cr.i.bl <  rio S 2 ^ 1 e (f ) ;

2- | V w  • Vj 5,c,j ' , 6'I <  f l o g ^ - t ' ) ,  a n d

3. V  x  6 vo l( p " ) ,

< (x ,c )=  e  e
•7<Vf,0 a6^ ‘,?

and

» ( * .* )=  E  E  V . A i V  2” '

where a: =  ‘Kad,e,v,i,n G p "

and

l5(®> c)| =  x (c) • / i (c)(x[6(c^]),
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where has no more than v„to members < ||s ||/ |m and G BOOL^’’0 is a partition of 

unity. Set:

1. sm all(s) =  VXi<riog2||()U,ml ^f(®[&(?)]);

2. g3 the first precluster of s ( x , c );

3. S ( s ) =  |J  supp(a), and
(“+a3,c,j

4. s (t3,£3) = £  ^,c,j,a 'V ’a,c ,j-6 ( j) -2 Taa+“ 3'^' ,fo r ts G G 5(fl) and £, G { 0 ,1}"*'0
(a+altSj,j)€g,

s ( x , c )  = s (t3,£3) holds for any (s: r s , £s)-good(cf. cluster shift argum ent) x  G vol{p")  such 

tha t small(x) is true. It is now clear th a t for x G vo^p"),

C A R D (f(a:, c ), s(:c, c )) <=>

<==> \ J  small(a:) A (a: is (a: r a, £s)-good) A C A R D (f(a:, c ), s (t3, £„)).
T„eGs(3>

^<{011}1/3’0

Next we reduce C A R D ( t( i ,  c ), s ( ra, £,,)) to boolean function of a bounded number of bits 

of x, given th a t x is (s: r3, £a)-good. P u t uq — ut>o, A j  =  A^t,c\  ctj = cttis j ,  a = a (t,c\
( t  c )f j  — f j  ' , ipjiCl =  <Pt,c,j,a> Tpj = V’t.c.j for j  < vq. N o w  use the cluster shift argument on t 

with 5 (f) the critical set for t. By conclusions (l(r, £)), (2(r, £)), and (3(r, £)) of the cluster 

shift argument the following hold for (f:r,£ )-good  7r,7r' G p " ’-

 ̂ ît ĵgGprecl(7r) îr,gi

2'. card(fTî ) = card(fu/^ ), and

3'. card(t^) =  card(fw<) .

So, given t  G G s ((),£ G {0, l} 1'0 it now makes sense to  talk about c (r , £) = th e  cardinality 

of tn , for ( f :r ,  £)-good 7r G p ' ■ So for x  G vol(p") we have,

C A R D ( f ( i ,c ) ,s ( T „ ( s) ) ^ -  \ J  [(s is (f :r ,f)-g o o d ) A ( c ( r , f )  =  a(ff,f,))].
t£Gs(‘)

fdo .ip o

Clearly now the lemma follows.□
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This final lemma is the key for establishing the theorem. The proof uses the symmetric 

cut-and-paste cluster, cluster-to-finite, and cut-and-paste cardinality lemmata.

S y m m e tr ic  C u t-a n d -p a s te  C irc u it  L e m m a  7.8. Let 0 (x )  be a symmetric cut-and- 

paste sharply bounded formula. Then,

3 N, mo, v, d, £q, 6: 0 < 6 < 1;

W  > to;

3p 6 G-Restrs(d,e,u,£);

3 C f p a circuit o f size < £m° and depth < N  +  6;

Va: 6 vol(p),

[©(*)]  =  Cf iP(x).

Proof. 0(a:) is logically equivalent to

Qoz0 < |m|m ..  . Q m - x z n - i  < \x\m ^ ( x , z )

for some nonzero positive integers N  and m, where Qi are quantifiers, for i < N ,  z = 

z0 ■ ■ ■ z n - i j and ^ ( x , z )  a quantifier free symmetric cut-and-paste formula. By the sym­

metric cut-and-paste cluster lemma, all term s in $  are in symmetric cluster form at m.  We 

therefore can proceed exactly as in the proof of the boolean cut-and-paste circuit lemma. 

By the cut-and-paste cardinality lemma all occurrences of C A R D  have the property in 

the cut-and-paste cardinality lemma. By the properties of the first five quantifiers in the 

definition of the symmetric bit-finite property and in the property of the cut-and-paste 

cardinality lemma we get th a t,

3v, 7n0, d,£0,6: 0 < 6 < 1;

W > £0 \

3p  € G -R estr£ (d , e, v, £)\

V c<  £m

3C f Sp a circuit of size < £m° and depth < 6;

Va: 6 vol(p),

I $ ( a , c ) ]  =  C?A p (x).

So get the appropriate 6 and G -restriction p so tha t

Vc < £m
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3 a circuit of size < £mo and depth < 6;

Vz E vol(p),

[*(*,<?)] =

Let

Cf <p(x)  =  B00l(Q o )---B 00l ( g JV_1)C'?e>p(a!,? )
c o < i m cN _ i <l™

with c substitu ted  for z. For x  E vol(p),

[©(*)] =  C-Jp(«).

□

Proof of the theorem

Assume tha t 0 ( x )  is a symmetric cut-and-paste symmetric cut-and-paste. Apply the sym­

metric cut-and-paste circuit lemma to 0 ( x )  to get a G-cylinder, p E G-Restr$(d, e, v, I)  and 

a circuit C f  such th a t for any x E vol(p),

[0 (x)i = c f w .

Apply the G-lemma to {C® }^ and get 6', 0 < 8' < 6, and a finer G-cylinder, p '  C p, 

p '  E G -R e s tr^ d , e, v , l )  such th a t 0(a:) is oblivious in vol(p '). IN D E X P A R IT Y  is not  

oblivious in vol(p '). So 0  does not define IN D E X P A R IT Y . ■



C hap ter 8

P A R IT Y  is not S # ^ (tru n c , flip) 

definable

In this chapter the main result is

T h e o re m . P A R IT Y  is not ring sharply bounded definable.

To the cut-and-paste language we add the flip. This new term  now enables subtraction 

of terms.

N otation and convention

For items w ithout local definition consult their most recent definition:

8a. To the cut-and-paste language we add the term  flip(a;, 3/). The in terpretation of the 

la tte r is
j  2M - 1 - y ,  if |x| > |2/|; 

f l i p p y )  =  <
1. 0, otherwise.

The new sharply bounded formulae are now called ring sharply bounded.

8b. Integer subtraction is definable: let x and y be positive integers. Then

y -  x = flip(2/,flip(2/,T/) +  x).

8c. We extend the definitions of e(t ) ,d( t )  to include the new function symbol flip(x,y): 

d(flip(r, 5)) =  max{cf(r), d(s)} and e(flip(r, 5)) = m ax{e(r), e(s)}.

86
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8d. Let m  be a positive integer and t ( x , z )  a ring term . We then say th a t t is in ring 

cluster form  at m  iff 

V d >  d(t),e: 0 <  e < 1/(2 • d + 2);

3 p,  î o, 6\ 0 < 6 < e;

V v > 2 • uo, e > e ( t ) 3 l o i £ > £o\

\f p G R estre(d, e, v,£)3 p '  G R estr^ d , e , u, £) , p '  C p;

Vc < £m )

3 a(c,+\  a.(c,~} sequences of < p  bits;
3 jtc ,+ )>jtc ,-) e BOOL"0;

V j < v0\

3 a t j ,  aZj  G Z , Tptj, TpZj positive integers;

3 A f +, A f ~  C H ( d { t ) : A dietVtt)i

V 6 G A j'+ , b' G 3 positive integers;

such that:

h  I • v h ,b \ ’ I ^  riog2 ^1e(4);

2. V i G p ' , t ( x , c )  = T+ — T_ > 0, where

r + = E
3 < u° a € A f +

and

T_ =  2“ ?,j ‘ - / J-’“ (®[®(ei“ )]) • S  ‘ 2a • Ax[supp(a)].
f O 'o  a € A j ' ~

Remark. Quantifier tracing is as in the cluster shift argum ent and the blueprint 

for two term s in ring cluster form at m  is as in the cluster 3- sublemma, with the 

understanding tha t both procedures are applied to  the definition of ring cluster form 

at m.

The lemm ata

The strategy is the same as in chapters 6 and 7: we prove a bit-finite lemma, a cluster 

lemma, and then the corresponding circuit lemma will follow. The definition of bit-finiteness 

at m , m  a positive integer, is the same as in chapter 6. We thus have,

2“ «  • • / Jc,+(x [d ^+ )]) • ] T  (pi- • 2“ • Ax[supp(a)j
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R in g  C lu s te r -T o -F in ite  L e m m a  8.1. Let m  be a positive integer and t ( x , z ) a ring 

term. I f t ( x , z )  is in ring cluster form  then t ( x , z ) has the bit-finite property at m .

Proof. Since t ( x , z )  is in ring cluster form we trace the quantifiers in the definition of 

ring cluster form at m  to the end. Recall the definitions of cluster, as they appear cluster- 

to-finite of chapter 6. Here the clusters (when evaluated) can be negative or zero, while 

all other relationships hold, as in the cluster-to-finite lemma of chapter 6. Also preclusters 

may have up to 2 ■ v§ entries. For fixed c < l m and y < ||i||*,m we

1. g( y )  be the (unique) precluster of t ( x , c )  the range of which (cf. cluster-to-finite 

lemma) contains y\

2. g +(y) be the precluster to the left of g(y) \

3. a  =  min l a  -f a t ,■}, and
( a + a ^ le s  + lv r

4. 3  = min l a  + at
( a + a t l W ) e * ( y ) '

Recall th a t given a precluster g of t, the cluster based on g is

tgi*) = 2a+a' ^  ■ i>tA j  • / j ' c(a;[a(f'c )]) • iptAjta • Aa:[supp(a)].
(a+«t,c,j ,j)eg

Call pairs of the form v  =  ( t,£ ) ,  t ,  £ G { 0 ,l} 2 l' i'0 relevant. For a  precluster g of t and a 

relevant pair v we let

1- t g  ( v )  =  £  2“+“ (4 • £(y) • ipt t j  ■ <pi iha . T{j );
j)

eg

2. VT  =  {v | v  relevant, tg (v ) < 0};

3. Vg =  {v | v  relevant, tg (v) =  0}, and

4. V~ =  {v | v  relevant, tg (v) > 0} .

For x, g a precluster and v  relevant we say tha t x is (g : v)-goodiI

1. x is (t:£)-good, and

2. 1 = [ A {r( j )  =  A®[supp(o)])J .
(a+at,c,j)eg
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Clearly [a: is (g : v)-good] can be calculated by a circuit of constant depth and size, inde­

pendently of x . Next wc calculate some tru th  values:

1. \ tg{x)  > 01 =  [3 v  G V f ( x  is {g: v)-good)J

2. I^(as) = 0] =  [3 v  G V9(x  is (g: v)-good)], and

3. lt§ (x)  < 0] =  |3 v  G V f ( x  is (g: v)-good)] .

Again the above tru th  values and their negations can be calculated by circuits of constant 

depth and size, independently of x.  Before we express B IT (t(ai, c ), y)  as a constant depth, 

polynomial size circuit we need to define three auxilliary properties:

1. Q~i (x ,  y) = 3 g ■< g(y) (Vg' :g{y)  >- g '  y  g) {tg{x) < 0A ts >(x) =  0);

2. Q - ( v ,  y) =  <2_i — > B IT (2 “ + % (y) (v) -  20 ,y) ,  and

3. Q + (v, y) = -.(?_i — > B IT (2 “ + % (y) (v ), y) .

It is evident tha t the tru th  values of the above properties can be calculated by circuits of 

constant depth and size polynomial in I. Q_\  tests whether there is a carry from previous 

subtractions. Now, for any x E p ’, y < ||i|j/,m» and c < £m we have th a t the tru th  value 

of B I T ( t ( i ,  c), y) can be calculated by a circuit of constant depth and size polynomial in I  

because

B IT ( t(x ,c ) ,y )  \ j  [{x is (g: v)-good) A Q - ( v , y )  A Q + (v ,y )].
V relevant

Finally, identifying B I T ( t ( i ,  c),  y)  with the circuit th a t calculates its tru th  value we con­

sider the multicircuit

C = {BIT(<(®, c), y) | y < ||t||,,m , c < l m} .

Applying the multicircuit lemma we get p "  C p' ,  p 1, a ĉ,v) with no more than  p! bits, and 

fc,y G BOOLm, such tha t

V Z < r V y <  IKIk™ V® G p "  [BIT(i(® , <?),?) = f SlV( x [ d ^ } )  .

□
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The central lemma of the chapter which, together with the previous lemma, is the key to 

the proof of the ring circuit lemma.

R in g  C lu s te r  L em m a 8.2. Let m  be a positive integer. Every ring term, t ( x , z ) ,  is in 

ring cluster form at m.

Proof. We proceed by induction on the complexity of the ring term  r(x,  z) .

C ase : x,Zi ,c.  We proceed exactly as in the base cases sublemma of the cut-and-paste 

cluster lemma. In addition we require tha t T_ =  0. This is done by setting f ^ ~  =  0, for 

c < l m .

C ase : |t(s , z )|, t(x,  z ) # s ( x ,  z ). Since both t ( x , z )  and s(a :,z ) are in ring cluster form at 

m  they have the bit-finite property at m,  by the ring cluster-to-finite lemma above. The 

rest of the proof now proceeds exactly as the proof of the cluster length and cluster smash 

sublemmata. of the cut-and-paste cluster lemma and the conclusions are the same.

C ase : t{x,  z )  +  s(a:, z ). We have th a t,

t (x,  c) = r t+ - r t_ > 0

and

s ( i , c )  =  r ;  -  r i  >  0.

Clearly now,

*(», s )  +  t (x,  c ) =  ( r ;  + r*+ ) -  ( r i  +  r ‘_ ) .

C ase : t ( x , z )  ■ s ( x , z ) .  As above, only here we get th a t,

s ( x , c ) ■ t ( x , c )  =  (r+ • r f+  +  r i  • r i . )  -  (r; • r i  +  n  • rf+).

The new param eters are obtained exactly as in the proof of the cluster X sublemma of the 

cut-and-paste cluster lemma.

C ase : flip(f(a:, z ), s(x,  z )). We use the blueprint for two term s (cf. cluster + sublemma) 

and the conclusion of the cluster length sublemma (which holds as remarked earlier) to get 

a restriction p "  such tha t for x & p "  we have th a t,

|s(®, c)| =  x (s,c) •  h^s'c^
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and

\ t (x,c)\  =  x (f,c) • h (t,c>

with both and h ( t,c) partitions of unity on p".  For i < vSyo and j  < vt,o, we say x is

( i , j ) -good iff

h f ( x [ a ^ ] )  = h f { x [ a ^ ) } )  = 1.

For (2,y)-good x £ p "  we have th a t,

|s(a:,c)| =  x - ’c and \ t (x,c)\  =  x f  ■

Set

o k a y ( i ,i , j )  =  [ x Y  > x Y  and x is (i,j')-good]

for i < i/3yo, j  < ist,oj and x £ p" .  Certainly then,

flip(.s(a:, c) , t ( x ,  c )) = °kay{ x , i , j )
i<v,,o 
j O t . o

3 ,c f

2 Xi —  1  —  t ( x ,  c )

Y  okay(a;, i , j )  • 2X* -  Y  okay(x, i, j )  ■ (t (x,  c ) +  1).

jOt.o
» O j,o  
j 'O t ,  o

Substituting — TL in the last of the above equalities and setting,

r'+ = Y  okay (a:, i , j )  • (r4_ + 2XY )
* O j,o
j O t . o

and

we conclude th a t,

r'_ = Y  0kay(a,i,i)-(r+ + l)
*O«,0 
i O t ,  o

flip(.s(:E, c ), t (x,  c )) =  -  r'_.

The definition of the boolean function okay(cc,i , j )  and the fact th a t ( i , y)-goodness is a 

partition of unity forces th a t,

r'+ -  r'_ > 0 .

C ase : trunc(<(a:, z ): l(x,  z ) ,  r(x,  z ) ) .
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We are going to split the proof into two cases: trunc(Z: s, 0) and trunc(t: oo, 5). But first we 

need some preparation. Following the blueprint for handling two term s simultaneously (cf. 

cluster +  sublemma) and using the conclusion of the cluster length sublemma. we all the 

appropriate param eters and a cylinder p "  such th a t for c < £m and x £ p "  we have that:

1. s(x,  c)  = T % -  T i

2. |s(a:, c )| =  • h(c)(a :[a^ ]) , and

3. t (x,  c ) =  — r(_.

Recall th a t there is m t such th a t < (■mt for all large I. Since clusters are involved,

recall all local definitions in the proof of the cluster-to-finite lemma regarding clusters, 

preclusters, and Recall the definition of small(ai) and large(a:) from the cluster truncate 

sublemma. Since the conclusions of the cluster length sublemma also hold for term s in ring

cluster form at m , we freely make use of the claim proved in the cluster truncate  sublemma,

i.e.

C la im  : Let g3 be the first precluster in s ( x , c ) .  Then,

s(x , c) = s(x,  c ) • large(a:) + small(x)-

2a+a‘<s'j • V's.c.j • / / ,c(®[2(' ,c)]) • a • A®[supp(a)].
(a+atl3)ega

The proof is the same as th a t in the cluster truncate  sublemma. Let

v  =  (r3,£S4Tt ,£ t) ,

where t3,£3 £ { 0 ,1}2-"”’0 and rt ,£t € {0, l} 2’"^0. These quadruples will be called relevant. 

For relevant v =  {T3,£3,Tt,£t) > we set:

1. *s(v) =  Z  2“+“ • £s( j )  ■ <p3lS,j,a ' r ,{ j ) \

2. g ( v ) =  the (unique) precluster of t the range of which contains s(v );

3- % (v)(v) = E  2°+“ *. '̂ • ■ £t ( j ) ■ <Pt,c,j,a • r t( j ) ,  the value of the critical
(a+at tj , j)eg(v)

cluster of t relative to v;
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4. 5 + (v )  be the -^-successor precluster o f <f(v);

5. / ( v )  =  { a  +  a + s>j, a  +  a ~ A j  | (a  +  a + S j , j ) ,  (a  +  a ~ S t j7j )  G g  (v )} ;

6. J + (v )  =  { a  +  a + g t j , a  +  a - Sij | (a  +  a+A j , j ) ,  (a  +  a ~ g t j , j ) G 5 + (v )} ;

7. /3(v )  =  min J (v ) ,  7 ( v )  =  [log2 2 • +  flog2 ^ |e(t) +  m ax / ( v ) ,

{m in / + (v ) ,  if g  (v )  is not -<-maximum;

m a x { s (v ) ,  7 ( v ) } ,  otherwise.

8. N o t-la st(v ) and N o t-first(v ) are as in the cluster truncate sublem m a;

9. N o t-f ir s t(v ,; ,  + )  =  [th ere  is a  G A ^  - such that (a  +  <  g  (v )J , for j  <  v t<0)

10. N ot-first(v , j , - )  =  [th ere  is a  G A ~ - j  such that ( a  +  9 ( v ) l ,  for j  <  vt,o\

11. N o t-la st(v , j ,  + )  =  [th ere  is a  G A + - j  such that (a  +  y  <f(v)], for j  <  vtJ0.

12. N o t-la st(v , j ,  - )  =  [th ere  is a  G such that (a  +  a ~ Sj , j )  y  <7(v)J, for j  <  i/t)0;

7 ( v )  -  1 is the last bit we record in the binary expansion o f t within  the range o f p (v ) .

W ith  x  G p " ,  say that x  i s  v - g o o d  if the following hold:

1. x  is both  (<:£t)-good and ( s :£ s )-good (cf. cluster-to-finite lem m a);

2. 1 =  [ A ( T „ ( j )  =  A s[supp(a)])J , and
( a + a , j , j ) € g ,

3. 1 =  [ A ( T t ( j )  = Aa;[supp(o)])].
(a+at,jj')Gg(v)

We have to  take into account th e carry from possible previous subtractions. Recall the  

definition o f Q - i ( x , y )  in the ring cluster-to-finite lem m a. Let C - i ( x , s ( v ) )  be the circuit 

th at calculates the truth value for Q - i ( x ,  s ( v ) ) .  N ote that c and the cylinder p "  are fixed. 

T he value o f C - i ( x ,  s ( v ) )  depends on the fixed param eters and x .  In particular this value 

depends on c  and v . Form the m ulticircuit

C =  { C ~ \ ( x ,  .s(v)) | c <  I m , v  relevant}

and apply the m ulticircuit lem m a to  obtain  a finer cylinder p C p " , P c ,  a ( t,c,v) for c  <  £m  

and relevant v , and c ^ v  € B O O L ^  such that:
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1. a ^ ,c,v) has no more than  p c bits, and

2. Vc < f!m V v, relevant Vo; G p ' " , v-good

(7_i(a:,s(v)) = c t £ V(a:[o<*'s ;v )] ) .

Now, we can proceed. Fix c < £m for the rest of the considerations. Let v  be relevant. Set:

le f t (x ,v )=  X) t g (x ) ' 2_s(v)
g  a p rec lus te r  o f  t 

9^s(v)

r ig h t(a :,v )=  £  lg ( x )
g  a  p rec lus te r  of t

r _ ( x,  v) =  trunc(2“ (v ) + t g ( v ) { v ) ~ a (v ) , s(v ))

r+(®, v) =  trunc(2“ (v) + ^ (v)(v): a (v ) , s(v)) 

l - ( x ,  v) =  trunc(2“ (v) + %(v )(v) -  2^(v); s(v ),/3 (v))

/+(£, v ) =  trunc(2“ (v) + %(V)(v): s(v ),/? (v )).

Given then a relevant v and v-good x  G p we have tha t

trunc(t(a:, c ): oo, s(®, c )) =  small(a:) • |® is v-good]] • [Not-last(v) • left(a:, v )]+

+ Ct 1c , v ( ^ [ a (<’c ,v ) ]) • r_(®, v ) +  (1 -  c t |*tV( ® [ o ( <,c,v>])) • r+ (s ,  v ) (R )

and

tru n c ( t( i ,  c ): s(x,  c),  0) =  large(a:) • t(x,  c )+

+  [a is v-goodj • ci|C- v (a:[a(<-c-v)]) • Z_(a, v )+

+ (1 -  Ct,c,v(z[a(e,c,v)])) • l+(x,  v ) + [Not-first(v) • right (sc, v)]] . (L)

For fixed relevant v we shall need to partition the critical cluster of t into 2 • vt,o pieces. To 

this end we set for j  < vt,o,

( ■ ) = ! a + i { a e  A *«j  and ( a + G  ^ (v);
V 3 \  undefined, if a G A + y  = *  (a +  a + g ^ j )  £  g (v).
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vU)

for utfl < j  < 2 ■ vt<0,

a  ^ t , c , ( j  mod ut,o ) ’ i f  ® £  yi i , c , ( j m o d i ' t ro) a n d

(a +  “ *“«?,(; mod «,(l0)’ U  mod i/t,0)) e  g (v); 
undefined, if for a <= (j mod „t0} = >

= >  (a +  a t>,(imodI,t,o)>0' mod M )  t  g i y ) .

and call ( j )  Tj-deftnedii r](j) is defined. Next, we order the (j ) , j  < 2 • vt<o as follows:

( j )  -< (j ' )  if both  (j ) ,  (j ' )  are 77-defined and r](j) <  y ( j ' )  or else if  j  <  j 1.

T ) ( j ) and ■< are well defined because there is at m ost one a 6 A t -  • , A~-,  • , * w itht ,c, ( j  m o d 1̂ ,0)

(a + a t,e,j>ri G 9 { ^ ) o v { a + a ~ - {jmodvt o), { j  mod i/t,0)) G g ( v )  since spread(W(d: A d,e,v,i)) > 

4 • ut<o ■ [log2 f ] e. For ( j)  77-defined we set (j ) + the 77-defined -(-successor of (j ) ,  and if ( j )  is 

the 77-defined -(-maximum then ( j ) + is undefined but we let 77( j ) + =  7 (v). We enum erate 

the critical precluster g ( v ) of t as (a +  a ti^ j , j )  for j  < 2 • i/t,o, i.e. we drop the distinction 

between ‘-f ’ and ! — We now distinguish the cases as promised for a fixed relevant v: 

S u b case : R . For j  < 2 ■ vt,o we set

f){j) =  m a x {77( j ) , s ( v ) }  for ( j )  77-defined,

f trunc(7’+ (a:, v ): rj(j)+ if ( j )  is 77-defined;
tv.i —

if ( j )  in not 77-defined.

t ! _  /  trunc(r - ( x > v ) :r/ 0 ) + >^0))> U ) 1S ^-defined;
V,J \  0, if ( j )  in not 77-defined.

W e now give the param eters for 1% and T_ in the ring cluster form at m .  For j  <  1/^0, the  

part responsible for the correct expansion o f le ft(x , v )  in R:

!■ A t , v , j  =  I ( a + a ? d , i> 3 )  G 9  w i t h  9  * 9 ( v ) h  A l v , j  =  A i > , j \ { a  I ( a + a t , c , j ’ i )  G

g  w ith g  <  g { v ) }  ;

2- -  s (v )> a c>,i =  -  5(v ) ;

3- 'Pt.vj.a =  V’tc-J.a- ^ V ,i,a  =  ^ c j . a  for ^ A Sy,j J

4- = < c , i .  ^ V , i  =  ^,C,J ’

5 - f e , v , j  =  N o t- la s t (v ,i7, + )  • sm all(x ) • fx is v -good ] • / + - J.,
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6- fc .v j  ~  N ot-last(v, j ,  - )  • small(a:) • [a: is v-good] • f t A j .

For utt0 < j  < 5 • ut,o'.

4 v,i =  «. “ 5 v.i =  0 . “ d =  1 .

For Vtto < j  < 3 • t^o, the part responsible for getting the correct expansion for r + (cc,v), 

i.e. when there is no carry from previous subtractions:

c , \ , j  ~  ^ V , ( j m o d 2 ' i / [ ,o )  ) a n ( ^

9- fs,v,j ~  small(a:) • [a: is v-good] ■ (1 -  cti<?iV).

For 3 ■ utfl < j  < 5 • vt,o, the part responsible for getting the correct expansion for r_(a:, v), 

i.e. when there is carry from previous subtractions:

i0 - ,(j mod 2-î t,o) ’ and
n - f i v j  = smal^a:) • l x is v-good] • ct^ y .

Now, we concern ourselves with the case when tg(v)(v ) < 0> or when t^(v )(v) =  0 and there 

is a carry from previous subtractions, or when tg(v)(v ) < 0 an(i s (v ) goes past the end 

of the cluster but lies before a (v ) . This only adds one more sum m and in T_, namely at 

j  = vtfl. So for j  = vtJ0 we set:

1 2 -  , V , j  ~  V3c , V , j , a  ~  V ’c - v . j  — 1 >

13' fg,y,j = smaU(a:) • |® is v-good] • ([%(V)(v) < 0] +  [ ^ ( V)(v) =  0] • c t|C-iV), and

14> a s,v,j =  m ax{s (v )>7 (v)} -  a(v),

while for i>t o < j  < 5 • ut o we set if)Z . — 0. For h - U t o < j < Q - i > t o  (which are intended* I C, V, J » » \

for the next subcase) we only set ■ = / r y . =  0.

The last param eter is the sequence of bits which determine all of the above properties for 

x £ p'". For the v at hand we set:

a (C|V) =  a ( s,ci U a ( i|Ci U a  ^ |C’vi U ( J  supp(a) U |^J supp(a).
(a+“ t,j)£s» (a+a t,i)6g(v)
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a ( f>c>v) determines the carry from previous subtractions, and the last two unions determine 

v-goodness, provided tha t x £ p"'. So, the final sequence is

a-(c) =  | | 5 (c,v))U
V relevant

The bound on its size clearly depends only on ds, dt , Ut,o, Vs,o, He, Vs, and p t . We set,

r+ = E ' E ^ v , j ,a  ' As[supp(a)] • 2a
j< 6 0 agvl+ .C, V

and

r -  = E ^ c lVj  • /c-,v,i(a:[“ (' )]) • E V’c-.v.i.a • A®[supp(a)] • 2a .
= ,V,J

It is m atter of unraveling the settings to see th a t indeed for x  £ p "

tru n c(t(s , c): oo, s ( x , c ) )  =  ^  r ^ - T ^ .
v relevant

This finishes “right” subcase.

S u b case : L. Here, we set for j  < 2 ■ ut<o:

f){j) =  m in{77(j')+ ,s(v )} ,

J  trunc(Z+(®, v): f}(j), r](j)), if ( j )  is 77-defined;

[ 0 , if ( j)  is not 77-defined.

f  trunc(/_(a:, v): 77(7 ), T](j)), if ( j )  is 77-defined;

V’'7 \  0 , if ( j )  is not 77-defined.

Next, the param eters for the ring cluster form at m. For j  < vt>o, the part responsible for 

the correct expansion of right(a:, v ) in L:

!• A tv , j  = A t ,e ,M a I (a + a t,s,j>j) e  9 g y  g (v )} , A ^ j  = A ^ Stj\ { a  | { a + a ' ^ J )  £
g w ith g y  g ( v ) }  ;

2 ' a c ,V , j  =  a f,c,j> a c , v , j  =  a t ,c , j  i

3 * <Pt v , j , a  =  ' P t . S j . a t  Pe,V,j,a =  P t , c , j , a  f o r  “  ^  A g ^ j  J 

4- -  <c-d. ^ Vij =  ,
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5* /c> ,j =  N o t-firs t(v ,y ,+ ) • small (a:) • [a: is v-goodl • f+s i ,

6- fe,v,j = N ot-first(v, j ,  - )  • small(a:) • [a: is v-good] • f~A j . .

For vt,o < j  < 5 ■ vt,o

7- A 5,v,j =  ‘ta >̂ “ { v j  =  mod2^ t,o, ^ v , j ,a  =  for ^-defined (j  mod 2 • ut,o) with

(a F  &t,j mod2-i/(io ) S <7 (v),

8 - A t v j  =  =  °> for U  m°d  2 • i/t|0) not 77-defined.

For i^o < j  < 3 • ^(to, the part responsible for getting the correct expansion of l+(x,  v ), i.e.

when there is no carry from previous subtractions:

V’c1v,j — ^v,j mod 2’i/|lo i and

10- f i v j  = (!  -  Ct,c,y) • sm all(x) • [x is v-good].

For 3 • vt<o < j  < 5 • vtyo, the part responsible for getting the correct expansion for l - ( x ,  v), 

i.e. when there is carry from previous subtractions:

^ c,V,j ~  ^v,j mod 2-iyt,o » an(^

12- f i v j  = <V,v • small(aj) • {x is v-good].

For j  = 5 • v>t,o we eliminate the ex tra  carry from the expansion of right(a:, v ) because the

expansion of l _ ( x , v )  has already been formed with a carry:

— a c,v,j — /^(v )> fc,v,j = <V,v-

Now, we concern ourselves with the case when %(v)(v ) < 0) or when %(v)(v ) =  0 and there 

is a carry from previous subtractions, or when t^(v )(v ) < 0 and s(v ) goes past the end of 

the cluster but lies before a (v ) . However, as before, when s(v ) > 7 (v) we have no control 

over s(v ) -  7 (v). Thus, it would be a mistake to  simply add 2S(V) -  27(v). We create the 

la tte r by putting appropriate summands to both T+ and T_ at j  = 5 • vt$  +  1- So for 

j  =  5 • f t ,o + 1 we set:

14, A c , \ , j  A c , v , j  T c , v , j , a  ^c,v,i — V’c.v.i.o ~~ ^c.v.j —

15- a i v tJ = s(v )> a e , v , j  = 7(v), and
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16* f i r j  = 4 v , j  = (I% (v)(v ) < 0 1  +  I% (v)(v) =  01 • ctieiV) • [s(v ) > 7 (v)J • smaU(®) ■ 

[a: is v-good],

while for vt,o < j  < 5 • utto and j  — 5 • vt,o + 1  we set ipZv . =  0. We now give the param eters

when x 6 p " is “large” . So for 5 • vt<o + 1 < j  < 6 • Vt,o + 1 we put:

^ c , \ , j  ~  ‘\ c , ( j  m o d i /^ o ) ’ — ^ t , c , ( j  m od I't.o)’

a c ,V , j  — a t ,c , ( j  m od ut , o ) ’ a c , v , j  ~  a t ,c , ( j  m od v t ,o) ’

1 9 .  T s , x , j , a  ~  ^ f , c , ( jm o d i / t|o ) ,a ’ 'Pc , v , j , a  ~  ^ ( .C p f jm o d ^ .o J .o  ^ ° r  a  ^

20 . i f r g 'V j  — m o d l ' t ,o ) ’ ^ C , y , j  ~  ^ , c , ( j m o d v t , o )  >

21' f e , v j =  large(®) • I® is v-good] • t f A(jmodutfi),

22' f i x , j  =  large(®) • {x is v-good] ■ / t+ (j modl,t o)-

The bits a ( c) remain as in subcase R . We set,

r + =  X ) 2^ V'j ’ ' fe,x,j(x i3{e)}) ■ £  A®[supp(u)] ■ 2“
J<6-w,° °ej4?,v,j

and

r -  =  £  2“ *’v,j - ^ v j  ■/c >v ,i ( ;E[“ (?)]) • £  • A®[supp(a)] • 2°

j<6-*.o a£Alx,j

It is m atte r of unraveling the settings to  see th a t indeed,

trunc(<(®, c): s(x,  c), 0) =  ^  T + — T^.
v relevant

This finishes the “left” subcase. In both subcases it will suffice to  set

i/r,o =  max{(6 • vt,o +  1) • 2K, 2A,)0}

, where k  =  8 • (i^ o  +  vs,o). An upper bound on the num ber of bits in a is

P c  +  Ma +  p t  +  d  ' (2  • I'sp +  2 • z't.o)-

□
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We omit the boolean ring circuit lemma because its statem ent and proof are exactly the 

same as those of the boolean cut-and-paste circuit lemma of chapter 6. However, as a 

m atter of reference we do state  the local sharp version, which again is the same as the sharp 

version of chapter 6.

S h a rp  R in g  C irc u it L e m m a  8.3. Let 0 ( i )  be a ring sharply bounded formula. Then, 

3 N,  m 0, v, d , I Q,S: 0 < 6 < 1;

w  > to;

3p G Restr$(d, e, u, I);

3C f  a circuit o f size < l m° and depth < N  + 6;

v® e p,

(©W) = c f j x ) .

Proof. □

Proof of the theorem

If P A R IT Y  were ring sharply bounded definable then by the sharp ring cluster lemma 

we would be able to  calculate [P A R IT Y ( i) ]  with a circuit of constant depth and size 

polynomial in the length of x, which is not possible. ■
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