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Chapter 1

Introduction, outline and

preliminaries

Introduction

We shall be working in the area of theoretical computer science known as complexity theory
and the area of logic known as bounded arithmetic.

One of the concerns in complexity theory is finding lower bounds for the computation
of certain functions. The reason for this is the successful application of lower bounds for
PARITY to obtain separation results for the relativized Meyer-Stockmeyer polynomial-
time hierarchy, [Sto77, FSS84|. Finer separation results were then obtained, first in [Yao85]
and subsequently in [Has86]. At this point interest was generated in obtaining lower bounds
for other functions, [Raz87, Smo87].

In the last twenty or so years the area of bounded arithmetic — the natural offspring
of Peano Arithmetic — has become a full fledged branch of logic, with R. Parikh [Par71]
who for the first time introduced and studied bounded arithmetic. That system is now
known as TAg. A variety of aspects of IAy have been researched as is clear from work in
[Ajt88, DG82, DP82, PW87, Woo81|. One of the earliest studies, however, of Ag sets can
be found in [Ben62].

A fruitfull variation on IAy was introduced by S. Buss in [Bus86], with the purpose in

mind to study “logical” aspects of the P = N P problem. His work is mainly proof-theoretic
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and he relates polynomial-time computability with provability. Since then contributions to
Buss’s system include [CT86, Tak90, Fer88, PWW88, KPT].

By working in the intersection of the above areas one hopes to successfully combine
the uniformity of formulae, elementary combinatorial techniques, and the results about
non-uniform circuits in order to tackle questions concerning polynomial-time predicates.
Examples of such work can be found in [Imm87, Ruz81]. |

Some fundamental questions about the Meyer-Stockmeyer hierarchy, 1Ay, and Buss’s

system still remain unanswered:

1. Do any of the respective hierachies of sets (languages), i.e. the polynomial-time hi-

rarchy, the Ap-hierarchy or Buss’s-hierarchy, collapse?
2. Is any of 1A or Buss’s system finitely axiomatizable?

3. Does any of IAp or Buss’s system logically collapse?

Outline

We are interested in classifying sets(languages) definable by sharply bounded formulae in-
troduced by Samuel R. Buss in [Bus86]. These clearly define polynomial-time predicates.
We express formulae as circuits with binary input and then use a blend of college algebra
and probabilistic restrictions. Restrictions and probabilistic restrictions were introduced in
[FSS84]. Cylinders, as found in [Ajt83] are the same objects as restrictions.

In this chapter we give a definition of sharply bounded closures, i.e. SBN, SBN(BIT),
SBN(BIT, CARD), SBN(trunc), SBN(trunc, CARD), and SBY (trunc, flip). For com-
pleteness then, we state and prove a close variant of the main result about constant depth
and polynomial size circuits, as found in [FS$S84].

In chapter 2 we prove that PARITY is not in ‘S’B%\I by showing that SB{\I is contained
in AC®, the class of all relations and functions definable by bounded depth and polynomial
size circuitry, and then applying [FSS84].

In chapter 3, via an easy application of the prime number theorem, we show that the
set of primes is not SBP.

All of the subsequent results are proved by showing that there are non-trivial domains
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(cylinders or G-cylinders) in which the predicates at hand are oblivious, i.e. take on only
one truth value. )

In chapter 4 we prove that PARITY is not in SB%\I(BIT). A problem appears: unlike in
the case of SBF, here we have knowledge of the individual bits of our terms; and our terms
involve multiplication, which as a function is not AC® (it is unknown whether the relation z-
y = zis AC?!). This is overcome by the wide lemma which is used in all subsequent chapters
and which provides with domains in which the function of multiplication becomes AC?. In
chapter 5 we prove that INDEXPARITY is not in SBP(BIT,CARD). This follows
from the fact that the predicates BIT and CARD do not interact. INDEXPARITY is
the PARITY taken over the set of odd bits of the input.

In each of the following chapters we show by induction on the complexity of the terms
that these terms have a certain “bit-finite” property. This property then enables us to
convert the predicate at hand into a feasible circuit, in the appropriate non-trivial domain.
So, in chapters 6 and 8 we prove that PARITY is not in SBN (trunc) and SBY (trunc, flip),
respectively.

In chapter 7 we prove that INDEXPARITY is not in SB%\I(trunc, CARD). This is
done in a way similar to chapter 6. However, it was necessary to introduce restrictions
(cylinders) over groups of permutations, rather than restrictions over the bits of the input.

In view of the “slow” enhancements of the basic set of terms and predicates of bounded
arithmetic, it is noteworthy that we are obliged to use a bounded quantifier should we decide
to express the predicate BIT(z,y), the y-th bit in the binary expansion of z, as a formula
of bounded arithmetic, [Bus86, page 41, (g)]. Indeed, if we pass to the class of unary Xb
predicates, i.e. formulae which admit bounded existential quantifiers, then we have formulae
defining each polynomial time computable predicate, and perhaps more.

The point, however, is not that PARITY or INDEXPARITY are not definable by
respective sharply bounded formulae. It is rather the reduction to bounded depth circuits
within appropriate, nontrivial domains of the respective classes that we are labouring for.
In chapter 7 one realizes that appropriate domains can mean quite different things, and
indeed should: cardinality is never constant in a non-trivial classical restriction(cylinder).

We formulate the following general question then: with @ a polynomial time computable

predicate, and P a property on subsets of {0, 1}¢, £ positive integer, we write Q/P € AC®,
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if there are:

1. C = {C}} circuit family of constant depth and polynomial size, and
2. D = {D,} domains with D, C {0,1}¢ and P(D,)

such that for each £ we have that Vo € Dy[Qy(z) & Cy(z) = 1]; with C a class of polynomial
time computable predicates and P a property of domains, we write C/P C AC? if for every
predicate @ € C we have that @/P € ACP; given a class C of polynomial time computable
predicates now, we ask whether there exists a non-trivial property P such that C/P C AC®°.
The candidates we have in mind for C are, of course, sharply bounded closures of finitely

many polynomial time computable functions or predicates.

Preliminaries

Here we introduce some notation and, for completeness, give a proof of the fundamental

result in [FSS84].

Notation

The following notation and definitions are to be noted for the rest of the sequel:

1 a. The language in [Bus86] consists of the usual function and relation symbols of Peano

Arithmetic plus the following function symbols:

1. |z|, to be interpreted as the length of the binary ezpansion of z, ie. |z| =

“082("’ + 1)17
2. |z/2], to be interpreted as shift right, and

3. z#y, to be interpreted as 2/=l'lvl.
Terms in this enhanced language will be called terms of bounded arithmetic.
1b. (&) is sharply bounded if ® is a formula of bounded arithmetic and all quantifiers in
® are of the form Vz < |¢(Z )| and 3z < |¢(Z )|, where ¢ is a term of bounded arithmetic.

It is convenient to regard sharply bounded formulae in prenex form. It is easy to see
that any sharply bounded formula is logically equivalent to a sharply bounded formula

in prenex form.
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1 c. Often we shall enhance the language of bounded arithmetic by additional predicates
and function symbols. The class of sharply bounded formulae in the language of
bounded arithmetic is denoted by SB{\I. Given new predicates Py,..., P, and new

function symbols fi,..., fmm we denote by
SBN(fiy. o s Pryeeoy Pr)

the class of sharply bounded formulae in the language of bounded arithmetic enhanced

by Py,..., P, and fi,..., fm.

The rest of this section is devoted to notation to be used in the proof of the fundamental

circuit lemma.
1d. [n] ={0,1,...,n — 1}, n a positive integer.

le. Let X = {z1,...,2¢}, £ a positive integer. A circuit in X over the boolean base

{0,1,V, A\, 0} is a finite, directed, labeled tree satisfying the following:

1. All nodes of the tree are of at most single fanout and of arbitrary fanin.

2. Each of the leaves (inputs) of the tree are labeled by 0, 1, z or =z for z € X,
while all other nodes are labeled by \/ or A.

Unless otherwise stated all circuits are over the boolean base. Let C be a circuit in
X. Provided that C is non-empty, the unique node with no fanout is the root of C.
C evaluates (in the obvious way) to 0 or 1, when all z, ¢ € X, are replaced by 0 or 1.
Thus C defines a boolean function f¢:{0,1}* — {0,1}. For z € {0,1}¥ we write
C(z) for fo(z). Let Y C {0,1}*. We then write C|Y = D|Y if fo|Y = fp|Y, for
C, D circuits on X. If C and D are indezed sets of circuits on X (such objects are
called multicircuits), we write C|Y = D|Y if {f¢|Y |C € C} = {fp|Y | D e D}. If

Y = {0,1}* we drop all reference to it in the previous notation.
1 1. Given d, s positive integers, we say that a circuit C':

1. has depth d > 0 if d is the number of edges in the longest path of C, and

ii. has size < s if the number of nodes of C' does not exceed s.
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1g.

1 h.

1i.

1;j.

1k.

11

Given a circuit C the d-children of C are the subcircuits of C' of depth d. If d is the
depth of C then we call the (d — 1)-children of C simply the children of C.

A circuitry, C = {C¢}&, has depth < d and size < p if for each £, Cy is a circuit of
depth < d and size < p(£).

Let p be a positive integer and ¢ a polynomial:

i. a p-short multicircuit of size < q is a sequence of indezed sets, one set to each £,

of < ¢(£) circuits of depth 2 with all children having < u inputs, and

ii. a p-finite multicircuit of size < g is a sequence of sets, one set to each £, of < ¢(£)

circuits with < p inputs.

Given C = {C¢}&° a p-short(finite) multicircuit of size ¢ and Cy a member of C, we

shall again say that Cy is a p-short(finite) multicircuit of size < gq.

Let X be a positive integer and X the set of A inputs. p € {0,1,+}¥ will be called
a restriction on X. We denote by free(p) the set p~!(x) and by unfree(p) the set
p~1(0) U p~1(1). We identify a restriction p on X with the set of ¢ € {0,1}¥ such
that p(z) = o(z), for ¢ € unfree(p). Under this identification restrictions are partially

ordered by C.

Let A be a positive integer, X the set of A inputs and € € (0,1]. We shall denote by
Restre(XX) the set of restrictions p on X such that |free(p)| > A°. We write Restre())
or Restre(£) whenever the set X is understood or whenever the inputs are identified

with the set [A] or [£].

We shall abuse the notation and use p to denote both the restriction on X (£) of A(£)

inputs and the (infinite) sequence of restrictions, one per X (£).

If C is a circuit in X, the set of inputs, and p a restriction on X then by C|p we
understand the circuit that arises from C by relabeling in C every label z(-z) by
p(z)(1—p(z))for z € unfree(p) C X, and pruning C in the obvious way. If C = {C(}§°
is a circuitry and p = {p¢}° a sequence of restrictions on appropriate sets of inputs,
then Clp = {C¢|pe}°. Whenever the context allows we shall drop the subscripts and
write C|p for Cy|pq.
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The fundamental lemmma for bounded circuits

We first show how to convert a u-short multicircuit of polynomial size to a v-finite multi-

circuit of polynomial size.

Conversion Lemma 1.1.  Let u be a positive integer and q a polynomial in one variable.
Then,

Ve € (0,1]; I v positive integer, § € (0, €], £o;

YV u-short C multicircuit of size q, £ > Lo,

Vp € Restre(£) 3p’ € Restrg(£),p' Cp

Cilp' = C} a v-finite multicircuit of size q.

Proof. We proceed by induction on p. To get the right restriction we use probability.
Given A we consider p a probabilistic restriction, i.e. a sequence of X independent trials with

outcomes *, 1,0 and their respective probabilities of success p4, p1, and po:
i. pe = 1/v/}, and

i, pr=po = 3(1- J5).
Using the multinomial distribution with parameters A, po, p1, and p., we show that desired
properties on a probabilistic restriction, g, have non-zero probability. This renders the sub-
set of the sample space with those desired properties, nonempty. So, pick such a restriction.
¢ = 1. Given is a l-short multicircuit of size . With € and p € Restr(£) reset C = C|p,
X = free(p) and X = |free(p)]. We say that C € Cy is wide if C has more than c - log A
children, otherwise C is called narrow. Note that here the children are literals because

¢ = 1. We now see that:
1. For wide C and X > 4,
Prob(C|p is not constant) < [1— (1 - Vl-x)]c'bg’\

< (3/4)0105)\ - )‘—c~log(4/3).

2. For narrow C, sufficiently large A and v = number of distinct inputs of C,

.,
Prob(C|p has at least v *-ed inputs) < Z (3’) (.L,\_)J (1- \_/I_A)v—j

J=v
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< (Q.p%y<x4%ﬂ

v

because v < ¢ -log A and because

(2.)=C)-(57)

3. By Chebychev’s inequality applied to 02 = /X =1 and u = /), where p is the mean

for this calculation and should not be confused with the p of the induction,

Prob(|free(p)| < % V) < %

The above are the probabilities that something goes wrong. So the probability of everything
being right is
4

2= 1 e gl8) () A=),

Choose ¢ and v so that a; > 0 for £ > £, (possible, since g has finite degree and A > £°).
Clearly now, we can choose p' C p such that p' € Restr./4(£) and such that C|p’ is v-finite.
The size is at most ¢. Note that v only depends on degr(g) and e.

g > 1. Again with ¢, € and p € Restr({) fixed we reset C = Clp, X = free(p) and
A = |free(p)| (= £¢). We say C € C; is wide if there are > c-log A children of C with
mutually disjoint sets of inputs, otherwise we say C is narrow. For wide C and A > 4 we

have that

] cllog A

Prob(C|p is not constant) < |1 (1= )¢
VA

-1}
< L= (GHtosr = aef

where § = log[1 — (%)“]‘1 > 0. For narrow C we let H(C) be a maximally disjoint family
of sets of inputs chosen from the sets of inputs to the children of C. ||JH(C)| < p-c-logA.
We have that

Prob(|UH(C)I"|free(ﬁ)| > ') < ([;L-c~,logAJ> .(ﬁ)"' < A-(5-1)

v
by an analogous calculation to that concerning narrow circuits in the base case of this
induction. So again we get p’ C p, p’ € Restr./4(£) such that wide circuits are constants,
thus with no inputs. To see what happened to the narrow circuits of Cy, let C' be narrow
and let &(C) be the set *-ed inputs in {JH(C). By the choice of p', |[h(C)| < v'. For
o € {0,1}ME) let:
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1. for z € h(C), 6(z) = {

2. 5(M(C)) = Asen(c) d(z), and

3. p’Uo be the finer restriction resulting from uniting the functions p’|X \ A(C) and o,
which is possible since dom(c) = h(C) C free(p’).

Clearly then,

Clo'= \/  [6((C)) A (Clp' U o).
o€{0,1}1(C)

We now collect the circuits D = C|p’U o for narrow C € Cy and o € {0,1}€), into a new
multicircuit. This new multicircuit is (¢ — 1)-short because the circuits have depth < 2,
because h(C') intersects the inputs of every child in C, and because all of A(C') are fixed by
p'Uo. It has size < ¢’ = 2¥' - q. Apply the induction hypothesis to o — 1 with ¢/4 and p’
and get v”, 6 and p” C p’, p” € Restrs({) so that D|p” = D" a v"-finite multicircuit of

size < ¢'. Set v = v' +v". Clp"” = C" a v-finite multicircuit of size < g. O

Next, the fundamental lemma. The proof of this lemma uses the conversion lemma. Of

course, if we want wider cylinders we would have to use Hastad’s switching lemma [Has86].

Fundamental Lemma 1.2. (Furst-Saxe-Sipser) Let d be a positive integer, ¢ a poly-
nomial in one variable. Then,

Ve € (0,1]; 3 v positive integer, 6 € (0, €, £o,

Y C circuttry of depth d and size q, £ > {y;

Vp € Restre(£) Ip’ € Restrg(£),p' C p

Cilp' = C} a circuit of depth d — 1 and size < 2¥ - q.

Proof. Collect all 1-children of C into a multicircuit, D. D = D’ a 1-short multicircuit
of size < q. Apply, therefore, the conversion lemma with ¢ fixed to get u such that given
p € Restre({£) we can find p’ C p, p’ € Restr./4(€) which renders D'|p’ = D" a p-finite
multicircuit of size < ¢. Next, collect the 2-children of C|p’ into a multicircuit, E. E = E’
a p-short multicircuit of size < g because the circuits of D" are circuits of depth 1 and have
at most u inputs. Apply, therefore, the conversion lemma with x ¢, €¢/4 and p' € Restr€/4(1f)
to get v and {o such that for any £ > £y there is p” C p’, p” € Restrs(£), which renders
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E|lp" = E" a v-finite multicircuit of size < g. Clearly now, Clp"” = C" a circuit the 2-
children of which are circuits of no more than v inputs. Express each of them in disjunctive
or conjunctive normal form getting C"”', with C" = C". Evidently C" has depth d — 1, size
<2”.gand Clp"=C" . 0O

It is a trivial corrolary of the fundamental lemma, that PARITY cannot be calculated by

bounded circuitry of polynomial size.



Chapter 2

PARITY is not s8N definable

In [Bus86] it was quickly mentioned that sharply bounded formulas in one variable (i.e. sets)
using atomic relations not involving multiplication, could not define PARITY. However,

here it is shown that ,
Theorem. PARITY is not sharply bounded definable.

Of course, by sharply bounded we mean in the full language of bounded arithmetic.

The proof of the restricted result in [Bus86| uses the weak lower bounds for PARITY
found in [Ajt83] and [FFSS84]. These bounds as well as the optimal bound found in [Has86]
are calculated for nonuniform circuits. Note that by a circuit we mean a sequence of boolean
circuits, one for each binary length.(For more see [FSS84])

In [Bus86] the resulting circuits are not only of constant depth and polynomial size but
also uniform, in the sense that there is one formula which prescribes the circuit at each
length, a formula which involves particularly simple algebraic operations.

Here, the circuits result from formulas involving multiplication, which is not of constant
depth. Their uniformity, however, forces them to be of constant depth and more than that,

these circuits are of a particularly simple nature, as can be seen from the sharp truth lemma.

Notation and Conventions

The following are to be noted:

11
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2a.

2b.

2c.

2d.

2e.

21,

2g.

1, if the binary expansion of  has odd # of 1’s;
PARITY (z) =

0, otherwise.
Let A(z,...) be a property of x, possibly with parameters. Given a set P, we say A
is oblivious in P if,

Vz,y€ P [A(z,...) <« A(y,...)] .

Throughout, by a sharply bounded formula in z, say ©(z), we shall mean a formula

of the form,
Q1 71 lz|™...Qn 7(n) lz|™ ¥(z,?),

where, @; = V or 1, for i = 1,...,n in an alternating fashion, ¥ is a boolean

combination of atomic statements in the language of bounded arithmetic and z =

ZMWy...uzZ( . An arbitrary sharply bounded formula is logically equivalent to a
Py g Yy eq

formula of the above form.

Let ¢(z, Z') be an arbitrary but fixed term of bounded arithmetic, where 2’ = z1,..., 2
are k distinct variables different from z. Recall that the language of bounded arith-
metic is the same as the language of Peano arithmetic enhanced by three new function

symbols:

1. |z/2], the integer part of z/2,
2. |z |, the length of the binary ezpansion of z, and

3. z#ty, interpreted as 2=/l
Let f be a function f: A — B and C C A. We then set,
f(C)={f(=)|zeC},
e.g. f(z) = |z/2|,and then |C/2| = {|z/2| |z € C}.
24,24 ) NN = {z e Nj2¢ <z < 2041},

v(t) = maximum depth of nested occurrences of | _/2] in ¢(z, Z) which contain oc-

currences of .
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2h. We say |s| mazimally occurs in t, if |s| is a subterm of ¢ or s#r is a subterm of ¢, for
some other term r, and both |s| and s#r can only occur in ¢ within the scope of X,

+ and | -/2]. Now, set K(t) = {s : |s] occurs maximally in t}.
2i. With o < 2¥, v a positive integer we let [¢], = {z € N| ¢ = ¢ (mod 2")}.
2j. By Z < ¢ we mean that all members of the sequence 2" are less than z.

2k. Let P and @ be two partitions of a set A; by the superimposition of or superimposing
the two partitions P and @, we mean the creation of a new partition of A, namely
PANQ ={XNY|X € Pand Y € Q}. If P and @ happen to be collections of
intervals then an easy argument shows that: [P A Q| < |P|+ Q] .

The lemmata

This lemma states that the length of a term is constant in each of finitely many intervals,

Length Lemma 2.1. Let m be a fized positive, nonzero integer and t(z,z) a term as
above. There are positive integers £; and k; such that,

Ve >4, Vo< ™,

3P, a partition of [2¢,27*) NN, into at most k; many intervals,

VP e P, |t(z, )| ts constant in P.

Proof. First observe that for terms r and s:
(1) a€242%)NN = |a] =£+1,
(2) Ir+ s = emax(,5) - 7| + (1 — €max(7, 5)) - |s| + €4(r, 9),
(3) Ir- sl =Ir[ +[s] — ex(r,s),
(4) Irdtsl=|r|-|s| + 1, and
(&) Ilr/2} =l -1,

where €nax, €x and €, are 0 or 1, depending on their arguments.
Fix ¢, ¢ < £™. Apply (2), (3), (4) and (5) above to |t(z,¢)|. We get a polynomial expression

in |z| with coefficients in the lengths of the binary expansions of members of ¢, and in €.
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Let #(|z|, ¢, €) be that expression. Note that the length A of the vector € only depends on
the syntactic structure of the term t.

We have:
(1) Va € [24, 24NN, F&€< 2* |t(a,€)| = {(£+ 1,8, €) , by (1), and
(2)" |t(z,<)| is increasing in z, because t(z, ) is increasing in .

We conclude by (1)’ that there are 2* possible values for |t(a, )|, @ € [2¢,2¢41 ) N. By (2)'
now, the inverse of each point in the range of |t(z, )| in [2¢,2¢"1) N must be an interval.

Set k; = 2*.[0

This is the first of the “oblivious” lemmata and states that atomic statements are oblivious

in each of polynomially many intervals,

Atomic Truth Lemma 2.2. Let t(z,Z) and s(z,Z) be two arbitrary but fized terms of
bounded arithmetic. Let k be the length of the vector Z. Let n be a fized non-zero positive
integer and m =n - k.

With v > max{v(t), v(s)} there are positive integers K¢, and £ s such that,

Yo < 2¥, VI > 4, 4,

IP,, a partition of [2%, 2441 ) N[o], into at most Ky s - £™ many intervals,

VP € P,, Ve < £™, s(z,c) < H(z,¢), s(z,€) = t(z,C) and s(z,c) > t(z,C) are oblivious in
P.

Proof. Fix o, 0 < 2Y. Until further notice, fix ¢, ¢ < £™. Apply the length lemma
to each 7 € K(t(z,€)) UK(s(z, €)) to find a partition of [2¢,2¢+1) N into not more than
K, intervals, in each of which r is constant. Superimpose these partitions and let Qg be
the resulting partition of [2{, 2 )N. Let Qz, = {@'N[c]. | @' € Q=} and until further
notice, fix @, @ € Qz,. Notice now, that with,

k=3 {rl r € K(t(z,8) UK (s(2,8))} ,

we have that |Qz] < k and hence also |Qz,| < k. Again, x only depends on the syntactic
structure of the terms s and {. Since @ = Q'([o],, for some Q' € Qz, we have that
|r(z, )| is constant in @, for any r € K(¢(z,¢)) UK (s(z,)). Next, replace in #(z,¢) and

s(z,c) all subterms by their (unique) value achieved in @' (and hence in @) and call the
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resulting expression in z, tg z(z) and sg ¢ () respectively. Obviously, t(a,¢) = tg z(a) and
s(a,c) = sg(a), for all @ € Q. We get the polynomials, tg z,(z) and sg z.(z) as follows:
Observe first that tg z(z) only involves multiplication, addition and | -/2 ], unless it has

become a constant. Define the following operation on terms of the above type,
t)(z) = t(2z + ¢) where e = 1 or 0,

where it is understood that |(2-s + r)/2] is replaced by s + |r/2] and if o is a binary
sequence of length v > 0 then,

25(0)(,,,) - t(v(O))---(v(v—l))(m).

Claim 1: For e = 0 or 1 we have that v(t)(z)) < v(t(z)) and if v(t(z)) > 0, and
v(t{)(z)) = 0 if v(t(z)) = 0.

Proof of claim 1. The second statement of the claim is obvious, and the first is proved by
induction on v(t(z)). It suffices to show that if v(t(z)) = 1 then »(#{?)(z)) = 0; but this is
obvious too.g

We let tgzo(z) = tg')a.(w) The length of o is v, so that applying claim 1, v times we see
that v(tg zo(x)) = 0,1.e. g z0(x) is a polynomial expression in z with non-negative integer

coeflicients.
Claim 2: (a,&) = tgz.(|a/2"]), fora € Q.
Proof of claim 2. First observe that:

(1) t(z) = 42| 2/2] + 2(0)) = t=O)(| z/2}),

(2) Llz/2°] /2] = |2/2"*1] ,and

(3) a€ Q = a=o0 (mod 2¥) and #(a,&) = tgz(a) .
So for a € Q,

tozo(la/2)) = t5%(la/2"]), by definition;

= tgz(a),by (1) and (2);
= t(a76)7 by (3)
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0

Similarly for sg z(z). Consider now, h(z) = tg z¢(z) — 5g,z0(z). Now, h is a polynomial
in z with integer coeflicients; let d be the degree of h. Therefore, there are at most 2d + 1
subintervals of [2¢-¥,2¢-¥+1) N in which A is either all zero or all negative or all positive.
As aset, @ =2Y-|Q/2%] + o, and |Q/2¥] is a subinterval of [2¢¥,2¢-+*1)N; s0 |Q /2]
breaks up into at most 2d + 1 intervals, in each of which h is either all zero or all positive
or all negative.

Recalling that for a € @, h(|a/2¥]) = t(a,C) — s(a,¢), we conclude that @ splits in at
most 2d + 1 intervals in each of which t(a,c) — s(a, ) is either all zero or all positive or all
negative. For each @, Q@ € Qz,, collect all of their new pieces and form a new partition,
Peo

Note that d < dpax = maximum degree of z in ¢t and s. and so for each ¢, ¢ < £™, we have
that |Pzo| < (2dmax + 1) - K.

Let Py be the superimposition of all the Pz, , ¢ < £™.

Clearly now:
(1) |Po| < Ky - €™, where K,¢ = (2dmax + 1) - K, and

(2) for any ¢, €< £™, and any P, P € P,, A(z,C) is oblivious in P,
where A(z, ) is either t(z,¢) < s(z,¢) or ¢(z,C) = s(z,¢)

or t(x,c) > s(z,C).

O

The next lemima tells us that a boolean combination of atomic wif’s is oblivious in each of

polynomially many intervals,

Boolean Truth Lemma 2.3. Let ¥(z,2) be a boolean combination of atomic statements
in bounded arithmetic in z and Z, n a positive integer and k the length of the vector 7.
With v > max{v(t)|t a term in ¥} and m = n -k, there are positive integers Ky and Ly
such that,

Vo < 2%, VL > Ly,

AP, a partition of [2¢,241)N[o], into at most kg - £™ many intervals,

VP € Py, V&< ™, ¥(z,C) is oblivious in P.
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Proof. Fix 0, 0 < 2¥. We apply the atomic truth lemma to every positive atomic
subformula of ¥(z,Z). For each such subformula, say A(z,Z’), we obtain partition P, 4

such that:
(1) |Py,al < £a - L™, and
(2) for any ¢, ¢ < {™, A(z,C) is oblivious in any P, P € P, 4 .
Let P, be the superimposition of all the P, 4, for A a positive atomic in ¥, and,
Ky = Z{K,AlA a positive atomic in ¥} .
Then clearly:
(1) |Py| < kg - £™ , and
(2) for any ¢, € < £™, ¥(z,C) is oblivious in any P, P € P, .

(]

This last lemma tells us that sharply bounded predicates are oblivious in each of polyno-

mially many intervals,

Sharp Truth Lemma 2.4. Let O(z) be a sharply bounded formula in z. With v >
max {v(t)|t is a term in O}, there are positive integers me, ko and £g such that,

Vo < 2¥, VL > Lo,

3P, a partition of [2¢,2441) N[o], into at most ke - £™° many intervals,

VP € P,, O(z) is oblivious in P.

Proof. Fix 0,0 < 2Y. Let ng be the power in the sharp bounds of the quantifiers of ®
and k the maximum length of the vectors appearing in the sharp quatifiers of ©. Let ¥(z, Z')
be the quantifier-free matrix of @. Apply the boolean truth lemma to ¥ with n = ne. Put

Ko = kg and consider P, , the partition obtained for ¥. Then:
(1) |Ps| < ko - €™e where me = k - ne, and
(2) O(z) is oblivious in any P, P € P, .

a
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Proof of the theorem
Note that for any integer z,
PARITY(2 -z)=1- PARITY(2 z + 1). (%)

Let ©(z) be a sharply bounded formula in z. Fix ¢ < 2¥, apply the sharp truth lemma
to O(z) and get the partition P,. Since |P,| < ko - €™, we can find P € P, with
|P| > 2t /(Ko - £™°). Consider @ = | P/2¥], which is a subinterval of [2¢-¥,2¢-¥+1) N,
Let @' = [a,b], with @ =least even number in @, and b =largest odd number in @. Then
Q| > 1Q'] > (|Q] —2), and @' C Q. It is now an easy calculation using (%) to show that
PARITY is satisfied by exactly half of @'’s elements and hence PARITY is satisfied by
exactly half of P'’s elements, where P/ = 2¥. Q' + . |P'| > 2V 1/ke - £™° . But ©
is oblivious in P, and P’ C P. It follows that © is oblivious in P’, and hence cannot be

PARITY. H



Chapter 3

The set of primes is not Sb’ll\I
definable

Gaisi Takeuti asked whether the set of prime numbers is sharply bounded definable. Here

it is shown that
Theorem. The set of primes is not sharply bounded definable.

The proof uses the prime number theorem, namely that: m(z) ~ z/Inz. The rest depends
on the fact that the number of “graded” intervals in which a sharply bounded formula of one
free variable is oblivious, is no more than ™, where £ is the length of the current arguments

to the formula, and m depends entirely on the syntax of the formula.

Proof of the theorem

Let ©(z) be a sharply bounded formula in z. Recall the statement of the sharp truth
lemma, and apply it to ©(z) to get that with

v > max {v(t)|t a term in O}

there are positive integers me, ko, and £g such that,
Yo < 2Y, Vi > lo;
IP, a partition of [2¢,2¢41)N[o], into at most ke - £™° many intervals;

VP e P,,

19
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O(z) is oblivious in P. i
For all large £ the interval [2¢,2¢1) (N contains at least 2¢/(2 - £) primes: we prove this
with the help of the prime number theorem which states that,

Ve > 036.VE > £,

w296 1

9 no <€

1 2¢ ‘ 1 2¢
(E—G)'7<ﬂ'(2)<(m+€>'7,

with 7(z) = number of primes < z. In general if A is a set of numbers we put 7(A) = number

—e <

or equivalently,

of primes € A.
We work with fixed ¢, to be determined later. Consider £ > £.. Then,

1 2! ‘ 1 2t
(m‘6)7<”(2><(m+6>7

1 2l+1 ‘ 1 2l+1
— — €] 9t+1 (__ ) .
<1n2 6) 71 <@ <\ te)

and

Now,
m([24,25Y) = x(2) - x(29
1 2l+1 1 2[
> (m—z‘f>'e+1—(m+f)'7
2! V) 1 1
= 7'[2'm'(iﬁ“>“<m—z+f)}'
1.4<1—I}—2<1.5. For € < 0.1 and £ > 5 we have that,
P T S Y
n £

1
- 1.6
)

It
IH

26-11-

.6
+1

I

—

i
‘w/'\‘F
\V4 &
t\?lr—l+

(3N

This finishes the first stage of the proof.
Pick an £ > fo with the previous property. Then there are ) > 2{¥-1/(kg . fmo+1)

primes in some interval P, P € P, some o < 2”. We claim that if three numbers in P are
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consecutive then one of them is divisible by 3: if £ € P then z = ¢ mod 2¥; take n;, n;41,

and n;42 consecutive in P. We then have that,

f-2"+o;

nip1 = (f+1)-2"40=mn;+2";
niyz = (f+2)-2"+0=n;+ 2"

Il

n;

let €, = (2¥ mod 3); observe that,
1, if v is even;
€, =
2, if v is odd.

let § = (n; mod 3); it follows now that,

n; = 6 mod3;
niy1 = 6+ € mod3;

N2 = 6 + €u+1 mod 3,

6,0+¢€,,and 6+¢€,41 are distinct mod 3, because ¢, and €,41 are distinct, < 3, and nonzero;
but then one of §, § + €, § + €41 is 0 mod 3, which in turn implies that one of n;, n;41,
N4+ is divisible by 3.

We conclude, thus, that P contains composites as well as the A primes. This then implies

that since © is oblivious in P, ® cannot possibly define the set of primes.



Chapter 4

PARITY is not s8N (BIT)
definable

The main result in this chapter is
Michael’s Theorem. PARITY is not bit sharply bounded definable.

Now, for some comments on the issue: in [F$S84] it is quickly mentioned that PARITY
is reducible to bit-extraction with multiplication. (Although, in circuit theory bit-extraction
is never mentioned because it is “build-in”.) However, in [FSS84] the reduction is to £-log, ¢,
where £ is the length of the current binary expansion. In [Weg87] it is mentioned that
the reduction to a linear multiple of the length is still not proved. Here it is established
that under uniform conditions the location at which the extra £ - log, £ bits are needed to
define PARITY is within the performance of multiplication and not after: we first need to
“expand” z, then apply multiplication and finally bit-extraction. It is the limited iteration

involved in the “expansion” that bit sharply bounded predicates cannot handle:

t
ezpansion(z) = Z z(j) - 9J-[logz £]
Jj=0

The key lemma here is the wide lemma, which gives us a cylinder in which multiplication
as a function and multiplication as a relation reduces to a polynomial size constant depth
circuit.

It it worth mentioning, however, that at this point in time ! it is not known whether the

! Conference and workshop on Proof Theory, Arithmetic, and Complexity in U.C.S.D, 28 June 1990

22
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graph of multiplication is a polynomial size, constant depth circuit in general, i.e. without

any restriction on the domains of input.

Notation and Conventions

In addition to the notation and conventions of the previous part, the following are to be

noted:

4a.

4b.

4c.

4d.

4e.

41.

When it is clear from the context that X is a set, |X| will denote the cardinality of

the set X.

We enhance the language of bounded arithmetic by one binary predicate symbol,

BIT(z,y). The interpretation of BIT(z,y) is:

BIT(z,y) is true <=  mod 2¥ > 2¥7!
< “the y-th digit in the binary
expansion of ¢ is 17 .

The new class of sharply bounded well formed formulae thus arising, will be called b:t

sharply bounded formulae.

Let ¢(z,Z) and s(z,Z) be terms of bounded arithmetic. We say that, BIT(t(z, Z'),

s(z,Z)) is a bit-extractor or just an extractor with argument {(z,z') and bit s(z, 2').

For integers ¢ and ¢ we let z(¢) denote the i-th digit in the binary expansion of z.
Now let = and y be two positive integers. We say z does not inlerfere with y or there

s no itnterference between the blocks ¢ and y just in case,
(z +)(5) = =(3) v y(2),
for all 7.

Let A C [A], A a positive integer, and and z < 2*. We say,z C Aifz = Y .4 z(a)-2%
The set of z such that z C A is denoted by 24 and is called a cylinder (with base A).

With & > 1, let 51,...,7%, J1 = -+ > Jjk, be nonzero positive integers, and z;,...,zg

be variables. The multiplicity group of j; - 1 + -+ - + jk - Tk is the subgroup Gj, ... ;.
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4h.

4i.

4.

of the symmetric group S which fixes the expression j; - 21 + -+ + J& * Tk, under the

action:

T(J1 21+ F Tk k) =T Ty F ot Tk Tagr) Tor T E Gy

. The multiplicity number, u(j1,...,jk), of J1 - &1 + -+ + k- T 15 |Gy, el

Given aq,...,a; a vector of pairwise distinct positive integers (or anything pairwise
distinct for that matter), by the multiplicity class of a1, ..., ar with respect to j1-z1 +

-+ + Jk - Tk, we mean the orbit of ay,...,ax by Gj, ... ; under the action:
(@1, -y Q) = Qp(1)s- -+ Cn(k) -

Clearly the cardinality of the multiplicity class is p(ji,...,7k). Also note that if
ai,...,a and by,...,b; are two vectors in each of which the entries are pairwise
distinct and they belong to the same multiplicity class with respect to j;-z1+- - -+ Jji Tk,

then jy -y + -+ Jk -k = J1 byt k- b

Let X be a set of pairwise distinct variables, 7 = Y cx 7(z) - 2 and j a positive

nonzero integer. It is not hard to see that,

) J . 1l . .
7 = Z Z ﬂv(jl,---,jk)'T($1)"‘T($k)' 3_1'_‘7__ . givwyte i T

|
k=1 51225 Jk:
St r IR =g
Ty, €X
pairwise distinct

where the e over the second summation symbol signifies that we are summing over
one representative of the multiplicity classes with respect to jy -y + -+ jx - ©x. The

factor u(j1,...,Jk) compensates for the missing summands.
Let j be a nonzero positive integer. If 0 < k£ < j we let,

H(j,k:zy,...,zp)={n1-z1+ - +jpw-zw|ih > 2j >0,
Ji4 - +jw=7and 0 < k' < k};

otherwise we let,

H(j,k:zq,...,z6) = H(j,J: T1,...,2;5).

Finally let H(j: z1,...,2;) = H(J,j: z1,...,2; ).
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4k. For arbitrary positive nonzero integers d and k let
d
H(d,k:zq1,...,2,) = U H(j,k:zq,...,2)
J=1
and

d
H(d 2 z1,...,2q) = | H{d,k:21,...,28).
k=1

41. Let A be a set of positive integers with |A| > d. We say A is wide for d, if whenever
ai,...,a, and bq,...,b, are vectors each of which has pairwise distinct entries from
Aand jy -2+ +Ju Ty, 11+ -+ 4z € H(d:21,...,249),

Ji-e1+ "'+,7.p.'au?éz.l br 4+ iy by,

unless p = v, =4 forl =1,...,u, and a4,...,a, and by,...,b, belong to the same
multiplicity class with respect to ji - @y + -+ + j, - 2. If |A] = k < d then the same
definition holds except that the length of the vectors are adjusted to k and H(d :...)
is replaced by H(d,k : z1,...,2k).

The lemmata
This is the central lemma which renders parts of the graph of multiplication constant depth
and polynomial size.

Wide Lemma 4.1. Let d be a fized positive nonzero integer. There is positive nonzero

integer p(d) such that, for all integers X > 0 there is a set A of positive integers such that:
(A1) A is wide for d;

(x2) |A| = A, and

(A3) Va € Aa < 22 p(d) .

Proof.  Set p(d) = |H(d: z1,...,z4)|? - (2-d + d?). We shall proceed by induction on A.
When X = 1: set A; = {1}. Certainly all of (A1), (A2) and (A3) hold.

Induction step at A: here, the existence of 4j, (A1), (A2) and (A3) are assumed to hold.

Let zq,...,zq and yy,...,yq be pairwise distinct variables and define the sets of expressions,

Hz = H(d, mln{)\ 4 1, d} c L, .. .,mmin{A+1,d} )
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and
Hy = H(d, min{\A + 1,d} : Y1, . . ., Ymin{A+1,d} )-
Now form the set, &, of all possible linear equations from H; and H,, namely all equations
of the form,
STt T =0yt b Y,
where y,v < min{A+ 1,d} and j1 + - - -+ ju, 41+ - - -+ ¢, < d. Let z be a new variable and

form a new set of equations, &7 ,, which we get from &z, by:

e In each member of & ,, substitute z for at least one and at most two variables.

o If we substitute fwo variables then one of them is an z-variable and the other is a

y-variable.

e If A< d and if an equation involves A+1 many z or y-variables, then we are obliged to

decrease the number of = or y-variables to A by the appropriate substitution(s).

The members of &7, have at most min{},d} many z or y-variables. We now substitute
pairwise distinct numbers from A, for the z-variables in the equations of £ ; do the same
for the y-variables and call the set of these new linear equations in z, 3, .

Linear equations in one variable can have a unique solution, infinitely many solutions or
no solution at all. Next we calculate an upper bound for the number of solutions resulting

from members of £ .fh which have at most one solution. Note that,
lg;,y‘ S (2 . d+ dz) . IH(d L1y ..,:L'd)|2 = p(d)

and that an upper bound for the number of substitutions is 224 | We conclude that the
number of unique solutions is < p(d) - A*¢ and that there is @ < p(d) - (X + 1)%¢ which is
not a unique solution. Pick the least such a and let Ay.; = Ax{J{a}. That ((r+1)2) and
((x+1)3) hold is obvious. We now show that ((A+1)1) holds as well.

Assume that,

Jirart -t Jkcakt7at Jepr Gk oy g =
iy by in o bp b i@t g e o B by (Ed),

with ji-a1+ -+ k@ +7 2+ Jrgr g1+ Fipap=dr-bit i by +ioz 4
Ghig1 - bprgr oo A dy - by € 63, We need to show that:
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(@) 1=
(i) the two sequences of numbers, J1,..., 7k, 7, Jka 1y oy Jp @A Gy 0 0 U, 4 Ty oy
are identical, and
(iii) the two vectors, ay,...,ak, @, @y, ..., @ and by, ..., berya,brryy, ..., b, are in the
same multiplicity class with respect to the expression jy-@y 4+ | Jp - Tp 17 Tpyr -+
jk~{~l T IE EERE ]u RITERE
A number of claims will prove the above. But first observe that if 7 = ¢ = 0 then by (A1) we

get the desired conclusions (i), (ii), and (iii). So we assume that either j # 0 or that i £ 0,

but actually,
Claim 1: In E,, both j # 0 and ¢ # 0.

Proof of claim 1.  1f exactly one of j or ¢ is 0, then ¢ would be the unique solution to an

equation in tff‘\, contradicting our choice of a.3

Claim 2: The equation E;, which results from E, by replacing in E, the number a by the

variable z, ts true for any z.

Proof of claim 2. Again, if not then a would be the unique solution to an equation in &,

contradicting the choice of a.;y
Claim 3: j =1, and

Jurart bk ekt kit Gpr o e =

:il'bl'f'""*‘ik"bk’+ik’+1'bk'+1+"'+iu'bu-

Proof of clatm 8. Obvious from claim 2.
By the induction hypothesis now, we have that p = v, 5y = ¢ for [ = 1,...,1 and the
vectors ay,...,a, and by,...,b, belong to the same multipliciy class with respect to the

expression jy -y + -4 Ju o Ty

Claim 4: The two sequences of numbers
q )
j],...,jk,],jk,"l,...,j“ (md 7:1,...,ikl,’i,ikl_;.l,...,?:“

are identical.
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Proof of claim 4. Recallthatj3 >--->j>--->j,andiy > -+ 212> -+ >4, We have
that,

72 Jk41 = kb1 2 kg2 = Jht2 200 2 Jit = U 2 0
But 7 = 7, so that 7 = Jgk41 = tk+1 = -+ = Jir = tr = 2. The induction hypothesis takes

care of the rest.;g

Claim 5: The two vectors,
A1y oy Qhey @y Qge1y -y Gy @R by, o bty @, bprgg, .0 by
are in the same multiplicity class with respect to the expression

Jrezit o+ gk T+ J Tht1r t Ikt1  Thi2 ot Ju o Tpgr

Proof of claim 5. Let kg be the least and k; the largest, such that j = jg, = Jro41 = -+ =
Ik, , if such two indices exist. By the remark preceding claim 4 then there is a permutation
from {@g,,...,ak, } t0 {bky,--., 0k, }. Rearrange and extend this permutation to the index
of a, which is possible since a is new.p

So (iii) is claim 5, (ii) is claim 4, and (i) follows from the remark preceding claim 4.0J

This is a corrolary to the wide lemma, and it is the central argument for the proof of the

circuit lemma.

Bit Lemma 4.2. Assume that:
(1) A is large, and
n
(2) t(z) = ¥ qi(z) - 2P where:
i=1
(a) ¢; are polynomials in = with non-negative coefficients of size at most 2flogz AT™

for some fized m, and

(b) with d the degree of z in t(z), we have that,
Pit1 —pi > (d+1)-A.
Then:

(1) There are A and B such that:
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(2) A= [logy \]™* . B;
(b) B 1s wide for d;

(c) |B] = [w mj , where p(d) is as given in the wide lemma, and
Ogn ‘

(d) b€ B = b< ) [log, A]™H].
(2" Ify < [t(27)] then there are ay,...,a, € A, p < d, and Ty(v,wy,...,w,) such that,
Vz C A[BIT(¢(z),y) < [y(z,a1,...,a,)],
where Ty(v, wy,...,wy) is one of:

(a) false, or

(b) BIT(v,wq)A--- A BIT(v, w,).

Proof. (1') follows by an application of the wide lemma, with d, [ 2d MJ , and
B in the roles of d, A, and A respectively. Let A = [log, A| m+1.B. Clearly,a € A= a < \.
Call condition (2) of this lemma ¢ ¢s in block form with spread (d+1)-) and height oflogy A™
Call the binary expansion of g;(z)- 2P the i-th block of t. Now fix y < [¢(2%)]. Certainly,
there is ¢ such that the y-th bit of ¢(z) belongs to the i-th block of ¢(z), irrespective of z. It
follows from (2a) and (2b) that for ¢ = 3¢ 4 (a) - 2% there is no block interference, because
the bits of a block of ¢{(z) do not overflow into the next block of ¢(x). Hence the y-th bit
only depends on the binary expansion of g;(z). Suppressing the subscript 7 for simplicity,

let

q(z) = gi(z) = Zw’ @;

3=0

where ¢; < 2Me8: 1™ | Now according to 4i, however,

J [ | . .
- Z Z ll’(jl"")jk) 'w(a1)"-:1:(ak) . ——'-—J-—-—' . 9J1-a1te ety
k=1 1> >.7k Ji- Jk:
St I=]
al» |ak€A

pairwise distinct

and therefore,

1 , .
q(m) = (PO + Z Z ‘P] P’(Jl, . ,jk) . (E(al) . -m(ak) . m N 2]1 ‘ay b Jrag
j Ji et Ie=s
all 1akeA
pairwise distinct
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recalling that the e means summation over only one member of the multiplicity class of

ai,...,ar with respect to the expression j; - ¢y + -+ -+ jg - Tk.
For j = 1,...,d call the binary expansion of
@5 11y - Jk) - I it
S RN

the (j1 - a1 + -+ + jk - ax) block of q or just a g-block. The (j1 a1 + -+ ji - ax) block of ¢
is called relevant if ¢; # 0.

Claim : There is no bit-interference between relevant q-blocks of different multiplicity

classes out of A.

Proof of claim . Recall that:
(1) A = [log, \]™*! - B, and
(2) B is wide for d.

By (2) and (1) A is also wide for d. Hence, again by (1) the difference between any two
numbers jy a1 + -+ ju-ay and ¢ by + o4 3y o by, with Jycxy + o g T, U
Y4+ o+ iy € H(d @ z1,...,24), is at least [log, A1 unless u = v, j; = 4, for
l=1,...,u, and both ay,...,a, and by,...,b, belong to the same multiplicity class with
respect to jy -1 + -+ + ju - T, in which case the difference of the abovementioned numbers

is 0. By assumption (2a) in the statement, the length of the binary expansion of
. . g!
wj - 1lJ1,- - Jk) - A
is at most [logy A]™ + Mg, where My is the length of the binary expansion of the largest

amongst the coefficients,
. . 7!
(Tt Jk) - 31—,'—]‘;, )

which only depend on d. Noticing that

[log, A mH

a small calculation gives the claim.nBy the range of the 73 - a3 + -+ - + jk - ag-th block of q

we shall mean the interval,

[log, Mmﬂ

[log, )‘]mﬂ
4 [loga A1} A\,

yJrear 4 oo+ gk - ak + 5

jl'a1+"'+jk'ak_
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So, it is clear from the claim that there is at most one g-block such that y —p; is in its range.
Now, there are two possibilities: either such a block exists (call it then the relevant block
for y) or such a block does not exist. In the latter case we are done because the y-th bit of
t(z) is 0 irrespective of z; we therefore set I'y(...) = 0. In the former case, we consider the

relevant ¢-block for y, say the ji - a; + -+ - + jk - ap-th block of g. We set,
Rt = {m €24 | z(ar) - -z(ag) = 1}

and
R~ = {a: €24 z(ay) - -z(ag) = 0} .
BIT(g(z),y — p;) is obviously oblivious in both R~ and R*; so let bit;(y) and bit_(y)
denote the respective values of BIT(g(z),y — p;) on the sets R~ and R*. We set,
I (v, false, if bity(y) is false;
v, = . .
v BIT(v,wy) A -+ ABIT(v,w,), if bity(y)is true;
O

This lemma critically uses the length lemma. It will serve to fulfill the assumptions of the

bit lemma so that it can be used in proving the forthcoming circuit lemma.

Block Lemma 4.3. Lett(z,Z) be a term of bounded arithmetic and m a positive nonzero
integer. Then there are posilive nonzero integers my, k¢ and &, such that with v > v(t),
Vo < 2VVE > L,VE < ™,

3P a partition of [2¢, 241 N[o], into at most k; many intervals,

VP € P and for ¢ varying in P

t(z,c) is in block form with spread £ — [logy £]™ and height 2l& 1™

Proof. Fix &< {™and o < 2. By the length lemma we get a partition P of [2¢, 2¢+1) N[0],,
with the properties mentioned there. For P € P then as in the proof of the atomic truth

lemma we get the expression ¢pz,(z) which, over P, can be expressed as
d .
Zz’ -vi(z,¢),
=0

where:

(1)  can only occur in the ; within the scope of ‘| .|’ or ‘_# _’, and
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(2) vi(z,€) = 3% rij(z,€) > 0, with the 7r;;’s products of length and smash terms
on the one hand and members of ¢ on the other, possibly together with divisions by

9,22, ...,2".

To show that tpz,(z) is in block form with spread £ — [log, £]™* and height 2M108> £1™ where
my — 1 is the largest number of nested smash applications in ¢(z, Z'), we need the following

claim which depends on the proof of the length lemma,

Claim : Letr = 7,; and s = vy j for some i,i < d and j,j' < n. Then, one of the

following holds:
(c1) — [logy £]™ < |r| — |s| < [logy £]™ ;
(c2) |r] —|s| > £~ [loga £]™ ; or

(c3) |rl = |s| < —£+ [logy £]™".

Proof of claim . We work in P. The procedure in the proof of the length lemma of
gives #{{+1,¢, & ) = |r(z,€)| and §(£+1,¢, €, ) = |s(z,€)|. Now, both 7 and 3 are constant
because the vector Cis fixed and because we are in P. Choose €;, €, such that the polynomials
#(£+1,¢ 6 ) and §(£+ 1,¢, €, ) evaluate to |r(z, )| and |s(z,c)|. Consider 7 — § as function
of £. This is a polynomial expression in £ of some fixed degree depending entirely on the
syntactic structure of the terms r(z,Z) and s(z,?2’), and with coefficients of size at most
[log, £]™¢. Let j be the highest power of £ in # — § with non-zero coefficient, then we

conclude that:
(£1) if 7 > O then the absolute value of # — §, is at least £ — [log, £]™*, and
(£2) if j = 0 then the absolute value of # — §, is at most [log, £]™* .

oBy the claim, then, we can define an equivalence relation and classes among the |r; ;|’s:
put two of them in the same class just in case the absolute value of the difference of the

lengths of their respective binary expansions is at most [log, £]™¢. It now follows that,

l
tP,E,a(z) = Zzp;(z,c) : f,(:L',E) ’
i=1
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where 2Pi(=:€) {5 the minimum power of 2 amongst the powers of 2 that occur in the i—th
equivalence class and the f; are polynomial expressions in ¢ with non-negative coefficients

.0

of size at most 2108241

This lemma is the obvious main step to the reduction of bit sharply bounded formulae to

constant depth and polynomial size circuits.

lircuit Lemma 4.4.  Let O(z) be a bit sharply bounded formula. There are positive
nonzero integers r, 6, Lo, £, m and d depending on the syntactic structure of ©(z) such

that with k = (number of quantified variables in ©(z)), n=m -k, a =2 -k -L" and

v> max v(t).

~ t atermof ©
we have that,
Vo <2¥, VL > {o,
3A, with |A| > V€ and AC[0,(£ - v - [log, a])/(d+2))NN,
16 < ozEIClO , a circuit of depth § and size at most £7 ,
VzC A [@(a poty g.ot-losal 4 ov. ) = c?(m)] .
Proof. Fix ¢ < 2. Let ¥(z, Z) be the quantfier-free matrix of ©(z). From the start
let us replace by false all bit-extractors of which the bit, s(z, Z), depends on occurrences
of £ which are not within the scope of ‘| |’ or ‘ _# _’: this is justfied because for all large
lengths ¢, with |z| = £ + 1, and any terms t(z, Z') and s(z, Z), with s of the above kind, we
have that

#(2,8)] < s(2,2),
for any € < £™.
Superimposing the partitions given by the block lemma and the length lemma, we pass
to an subinterval, say P, of [2¢,2t1) o], of size at least 2¢7¥/(k - £™), and find positive
integer M, with M, v, kx and m depending solely on the syntactic structure of ¥(z,2") and

its terms, such that for any ¢ < £™:

(1) all positive atomic statements of ¥(z,¢) which are not extractors, are oblivious in P;
(2) the bits of the bit-extractors in ¥(z, ¢) are constant in P, and

(3) the arguments of the bit-extractors in ¥(z,c) are in block form with spread £ and

height 2M°82 21" i p.
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From the above it follows that in P and for any & < £*, ¥(z,¢) is reduced to a boolean
combination of certain bit-extractors. The strategy now, is clear: firsttransform the domain,
P, of the terms, and then apply the bit lemma simultaneously to all arguments of the bit-
extractors. Now the details.

Fix a set @ such that:
(1) o4+ 2¥-Q C P, and
(2) Q= 2’\+5'2’\,2’\4—%-2’\)0N,wherea:2-fc-k"‘andﬂ<a.
Now,
A 2* A
Q=1|(2 +ﬂ-;)+[0,2/a) (N.

It follows that,
(@ +p-22-MoweT) 4 [0,22Lw))) AN C Q.

Put Q' = [0,2)~lesza) N,
Consider an extractor of ¥(z,Z) with argument ¢(z,Z) and bit s(z,2’). By (2) above we

can write sp(¢’) for the (unique) value of s(z, &) in P. Define next,

tg(z,2) = t(o+2 4. 2 v-llosal Lov g 7y

(o +2t+ -2 ogal L ov g 2y,

I

and carry out the obvious extension to ¥g(z, Z) and Opg(z). It easy to see that tg(z,c) is

in block form with spread £ and height 2/1°6 AMHE Let

d= max degree of = in t}.
tatermofO{ & }

We apply the bit lemma simultaneously to all tg(z,¢), ¢ < £* and t(z, Z) an argument of

an extractor in ¥(z, Z'), with

) = £ — v — [log, o] _ A — flogy a]
d+2 d+2

We get a set A such that:
(41) |A] > "V

(42) a€ A= a < ), and
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—

A3) for any ¢ < £", and any extractor in ¥(z, ) with argument ¢(z,Z) and bit s(z,?
) g

there are u(s,c) < d and 5p(Eg,y ... ,”’(E)a“(E,E) € A such that,
Vz C A BIT(t(z,¢),sp(€)) <= Tspey (.’B,“’(E)al, ce ,’P(E)au(sp(g))) ,

where the I' y one of (2'a) or (2'b), as found in the statement of the bit lemma.

sp(c

We have transformed the domain of ®@(z) and produced the cylinder 24 via the obvious
extension of the bit lemma to several terms simultaneously . In 24 the extractors are
boolean combinations of certain bits of z. Next, we indicate the construction of the circuit.

As remarked earlier on, in P and for any ¢ < £,

¥(z,l) <= fbifl (BIT(t(z,C),s(z,c)) : ranging over extractors in ¥) ,
where f;;fl is a boolean combination. It follows that, Vo C A,

¥g(z,C) < ff,’oal (I'sp(g)(m,ap(a)al, . ..,’P(E)a“(ap(g))) : s1is a bit in ‘I’) .

For & < £™ collect all relevant points for all the sp(c), s(z,Z) a bit in ¥(z,7), say

%y,...,5a,u(z), where (") < (d X the number of extractors in ¥(z,Z’)). Then for & < £7,
VzCA [\Ilﬁ(m,E) = glf:f, (BIT(m,Eal), . ..,BIT(m,Ea”(E))] .

Finally, in ©g, turning the 3’ to \/’s and the ¥’s to A’s we obtain the circuit C$.01

Proof of the theorem

Assume that O(z) is a bit formula which defines PARITY. Apply the circuit lemma to

O(z), getting constant depth, polynomial size circuitry {C?}:ol , numbers {f,};2, , and
=le

sets {A¢}y2, , such that for any £ > fe :

(1)a€e A= a<{;
(2) |Af > **W¢, and

(3) @ C A [Og,(z) &= CP(v)] .
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Because © defines PARITY it follows that ©g, defines one of PARITY or -PARITY
over 24t, Consider ¢ = ¢24+1, Certainly then, by fixing appropriately a few bits in A, and

hence passing to a subset By of A, with | By = £, and a new circuit él@ we ascertain,

Vz C By [Cf(z) <= PARITY(z)] .

[oe]

It is now clear that the circuitry {é‘@}t . defines PARITY and is constant depth
, large

polynomial size. This contradicts the well known results in [Ajt83] and [FSS84]. W



Chapter 5

INDEXPARITY is not
sBN(BIT,CARD) definable

The main result in this chapter is
Theorem. INDEXPARITY is not bit symmetric sharply bounded definable.

We enhance the language of the previous chapter by a binary predicate CARD(z, y), to
be able to talk about the “cardinality” of terms of bounded arithmetic. The resulting sharply
bounded formulae are then called bit symmetric sharply bounded. The name suggests that
a variety of “symmetric” predicates are definable now. Indeed, symmetric predicates such
as PARITY and MAJORITY are now definable. It is shown, however, that INDEX-
PARITY, a polynomial time computable predicate is not bit symmetric sharply bounded
definable. This is a partial answer to the question of the power of nonuniform symmetric

circuits, i.e. circuits which use gates which calculate symmetric predicates.

Notation and conventions

Previous notation and conventions apply, unless locally changed. Additionally, note the

following:
5a. Odd; = odd numbers< £, Even, = even numbers< £.

5b. card(z) = number of 1's in the binary expansion of z.

37
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He.

5d.

Be

5f

5g.

We add a new binary predicate symbol to the language of chapter 3, CARD(z,y),

to be interpreted as follows,
CARD(z,y) is true <= card(z)=y.
The new sharply bounded formulae are now called bit symmetric sharply bounded.

We define INDEXPARITY as follows,

INDEXPARITY(z) is true <= ( > z) mod 2=1.

AP = {z C A| card(z) = A} .

We say C = {C,}32, is a multicircuit of constant depth and polynomial size if there

is 8, a positive integer, and two polynomials p,;;e and pyiges such that for each £:

(1) C; = {Cz,j}jgpw;dm(l)’ and

(2) the boolean circuits Cy ; are of constant depth, §, and size, at most pyize(£).

Given 4, a positive integer, p;,-ze and pyiden polynomials, we shall say C is a multicircuzt

of depth b, size pg;ze, and width pyign, if (1) and (2) above hold.

Recall the relevant notation and definitions concerning restrictions and probabilistic
restrictions from chapter 1. Furthermore, the notation = € p, with p a restriction, say
on X and z € {0,1}¥, makes sense since restrictions are both sets of sequences and

functions.

Probabilistic lemmata

This is the first and key lemma which guarantees that each time a random restriction is

applied to the circuits, there are x—ed odd indices and *—ed even indices.

Two Set Lemma 5.1.  Let € be a non-zero positive real number less than 1. Then there

s positive integer £ such that,

VE> L VAC{L,... 0} with |[A] > €- ¢

Prob <|free(/3) Al < % \/Z) = o(£71/?),
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Proof. Let A = [A|. Note that with p = p, = 712 and ¢ = po + p1 = 1 — p we have that,

sV
Prob (|free(p)nA1 < £ -ﬂ) = > (;) pl g

3=0
We consider the A Bernoulli trials with parameters p, g. The number of successes, S, has
then Binomial distribution with parameters p, ¢ and A. Then,

sVE
3 <,>-p7-q’\‘j:Prob(S<§-\/Z>SProb(lS~p-)\l>§-\/z)

7=0 J

because

S

S-pA<gVIi-pA<s VE-Z e l=—5-

By Chebychev’s inequality we have that

. 4.,\.%.(1——1—.) 4 1
SPI‘Ob(|S—p~)\l>§-\/Z)S 2.4 S_zx_/_l

€

This finishes the proof.(J

The following lemma concerning mlticircuits will also be referred to as the Multicircuit
Lemma which has the same statement and proof as the lemma below but without the

additional requirement on the nature of free(p).

Multicircuit-Odd-Even Lemma 5.2. Let C = {C;}32, be a multicircuit of depth d,
512€ Dgize and width py;qn. Then there are nonzero reals ¢o and €, less than 1, positive
integers £y and K, and a polynomial v such that,

VL > £o3p € Restre,(£)

[free(p) N Odd,|, |free(p) N Eveny| > € - £,

Clp = C} a k-finite multicircuit of size < r.

Proof. By induction on d. For d = 0, Cy is a set of literals and so C; is 1-finite. By
the two set lemma we get the appropriate restriction p. Assume the statement for d, d > 0.
Let C be a multicircuit of depth d + 1. Collect all d-children of C; into a new multicircuit
D, and apply the induction hypothesis on D. We get ', €, €| and polynomial 7' such that
for large £ there is p’ € Restre (£) with
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1. |free(p’) (N Oddy], |free(p’) (N Eveny| > € - £%0, and
2. D¢|p’ = D} a «/-finite multicircuit of size < 7'.

Evidently, C4|p’ = C} a x’-short multicircuit of size 7'. Proceed exactly as in the proof of

the conversion lemma, incorporating the fact that
!
Prob ( |free(p) [ | Oddy|, |free Eveny| < L gel2) = o(emo/?),
P 2

We get &, €0,€; and a polynomial r such that for large £ there is a restriction p C p’,p €

Restre(£) with
1. |free(p) N Oddy|, [free(p) N Even,| > €1 - £%°, and
2. Cjlp = C} a x-finite multicircuit of size < .

It is clear that Cy|p = C} which finishes the induction.(3

Non-probabilistic lemmata

The analogue of the bit lemma is stated and proved here.

Cardinality Lemma 5.3. Let m be a nonzero positive integer, £ be large, and assume
that t(z) be in block form with spread (d + 1) - £ and height 2182 8™ Then there is a set
ACH{0,...,£— 1} with |A| > "/ such that,

VA < |A| card(t(z)) is constant in AP

Proof. We proceed exactly as in the proof of the bit lemma. We get a set A such that
there is no bit-interference between relevant g-blocks of different multiplicity classes out of
A. Recall that t(z) = Yiu; qi(z) - 27, qi(z) = Z‘;:O zd - ;5 for i,1 < i < n, and that
according to 4i,

7 °

: ! e et i
2 =3 > ﬂ(jl,---,jk)'z(al)"'w(ak)'ﬁ%ﬁ'2" SRR

k=1 51225k "k
ntetae=y
ay,...,ay€A
pairwise distinct
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recalling that the e means summation over only one member of the multiplicity class of
ai,...,ar with respect to the expression j3 -1+ -+ 4 Ji * Tk

The fact now, that the ¢; ; > 0 implies that for z C A,

card(t(z)) = ) _ card(p;0)+
1=1

+i ZJ: Z (card(m)) k! rd (£05(j )

oyt ca 1, 3\J1s - -y Tk s
j=lk=1 122k k w31y -+ Jk) ’

Ji4 =g

where, & i(J1,- -, 0k) = @ij - #{J1s -2 Jk) - ;171']? So that for z C A, card(#(z)) is a
polynomial of card(z), with degree and coeflicients depending only on the degree and the

cardinality of the coefficients of ¢(z). For further reference, call the polynomial pcqra,:.C]

The relationship between the cardinality lemma and this lemma resembles closely the rela-

tionship between the bit lemma and the circuit lemma.

Symmetric Multicircuit Lemma 5.4.  Let O(z) be a bit symmetric sharply bounded
formula. There are positive nonzero integersr, §, Lo, K, m and d depending on the syntactic
structure of ©(z) such that with k =(number of quantified variables in ©(z)), n = m - k,
a=2-k-f" and

v> max _v(t)

~ t atermof ®
we have that,
Vo < 2¥VE > Lo,
A with |A| > ¥ and A C[0,(£— v — [logy a])/(d + 2))NN,
I8 < @ 3CP , a multicircuit of depth & size at most {7 and width ezactly |A|(< £),
VA < [A| Yz € AX) [@(a +2t 482t llogra) oV g) Cg’,\(m)] .

Proof. Once more, we proceed exactly as in the proof of the circuit lemma. In addition to
applying the bit lemma to arguments of bit-extractors, here we apply the cardinality lemma
stmultaneously to terms tg(z,¢) for € < £*, which occur as the arguments to instances of

CARDgetting polynomials '%)m,.d,tﬁ such that for z C A and ¢ < £,
CARD(t5(z,¢), sp()) <= Peard,es(card(z)) = sp(&) .

¥(z,7) again, being the quantifier free matrix of ©(z, Z), we conclude that for z C A and
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&<,

Up(2,8) <= gt (BIT(2,501), ... BIT(2,“a,z) );
‘?pm,dltﬁ(card(m)) = sp(¢) : CARD(t, s) occurring in \I')

CARD(tg(z,¢),sp(&)) is oblivious in AP, so that for z € AP and & < £7,

Vg(z, &) —=Mgf | (BIT(z,Eal), » .,BIT(a:,Eau(g))> ,

where the boolean function (’\)ggoo, comes from ggool after all literals aj)mrd,,;ﬁ(/\) =sp(C)”

have been replaced by their truth value in ggoo[. We obtain the multicircuit C® as follows:

(1) For A < |A| we obtain circuit C?A by converting 3’s to \/’s, V's to A’s in Og, and
appending to each branch created by ¢ < £,

Mg (BIT(w,Eal), . .BIT(m,Ea“(a))) ;and

(2) welet CP = {C?,,\ ',\ﬂo .

(|

Proof of the theorem

Let ©(z) be a bit symmetric sharply bounded formula in z. Let d be the highest degree of
z in the terms occurring in ©, m be the highest number of nested applications of smash in
the terms of ©, and v > d+m+ 14+ max{v(t) | t a term in O}. Put ¢ = 244 24™ 5 < 2V,

By the symmetric multicircuit lemma then, and in its notation,
VA < |A| Yz € AP [®(a 2t 4 -2t lesal ov . g) c;?x(m)] ,

with £ large.

Remark. A can be chosen in such a way that min A is even, and if a < b, ¢,b € A and b is
the next number after @ in A, then one of a or b is even, and then the other is odd.

With €4 = |A| = | “**/¢] the multicircuit C® can be thought of as a multicircuit on £4
by replacing elements of A with elements of [£4] in a fixed enumeration of A which sends
even numbers to even and odd to odd. So we can apply the multicircuit-Odd-Even lemma

to C® and get € and ¢, a restriction p € Restre,(£4) and a positive integer &, such that:
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(1) C?A|p = D a k-finite multicircuit;
(2) |free(p) N Oddy,|, {free(p) NEveny,| > € - £3 .

Identify p with the restriction it defines on A via the fixed enumeration and then extend it
to [£] by setting p(z) = 0 for 2 ¢ A. We see that ¢ € p => z C A. So, for A < |A| there are
k(A) < & bits *ag,. .., a(r) € A such that for any z € p

O(o + 2t + 4 20wl LoV z) = O (2)

= Alz(Pa), ..., z(Pagy))) -

Take A = 2+ k + card(p|unfree(p)). With @ denoting the exclusive “or”, we have that for
z C A,

INDEXPARITY (0 + 2t + 8. 207 lee22) 4 ov . ) =
<= INDEXPARITY(z) D INDEXPARITY (0 + 2¢ + 3 - 2¢~[le2 2y,

Now, the truth of INDEXPARITY (0 + 2¢ + 3 - 2¢-lls2=l) is fixed because it does
not involve z. Consider the bits *ag,...,} ax(r)- Certain of these bits may be members
of unfree(p). Extend p to p' by letting p'(a) = 1 for a € free(p) and a amongst the
rag, ... ax(r)- S0, fa is constant in AP N p' and by the choice of X, AN NP’ £ 0. We
conclude that @(o + 2¢ + 8- 2¢-Ueg2] | 9v . 1) is oblivious in A N p’. Since k()) < &,
however, we have at least one extra bit in free(p’) which must be set to 1, so that = has
cardinality A. The extra bits, now, in free(p’) can be chosen to be even or odd, while still
remaining in Ay, so that INDEXPARITY (0 + 2¢ + § - 2¢llog22) 4 9¥ . 3) is not
oblivious in AMNp'. B



Chapter 6

PARITY is not SB%\T(trunc)
definable

In this chapter the main result is ,
Theorem. PARITY :s not cut-and-paste sharply bounded definable.

We are adding one new term, the trunc. In [Fer88] the trunc term is considered via “part
of” quantification, and there the proof theoretic strength of a subsystem involving “part
of” quantification is considered. The system Ferreira is considering consists of some basic
axioms together with induction over sharply bounded formulae in his language enhanced
by the binary relation “z is part of y”. A word on the strategy for the proof of the main
result: we employ the method of probabilistic restriction, the introduction of which can
be found in [FSS84]; we understand restrictions as cylinders, found in [Ajt83], of narrow

enough base.

Notation and conventions
Unless changed, all previous notation and conventions apply. Furthermore:

6a. The interpretation of the trunc(z:y, 2) is,

{ |z/27) —2v=% - |z/2¥], ify> 2

trunc(z:y, z) =
’ 0, otherwise.

44
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6b.

6d.

Ge.

6f.

Gg.

We often shall use
trunc(z: 00, y) = trunc(z: |z}, y) = [z/2Y].

The sharply bounded formulae resulting from adjoining the function of truncation to
the language of bounded arithmetic are called, cut-and-paste sharply bounded formu-
lae. Note that the term | ¢/2 | will be eliminated, because it is a special case of trunc.
The BIT predicate is not in the language. However, we shall make use of it because

it too is definable from truncation.

For sequences of terms or integers w,7 we shall denote by w e ¢ the dot product

Ei(n Wy - V;.

. Let f, g, @, and 1,5 such that fand @, and ¢ and Jhave the same lengths, respectively.

We agree then that,
G YefTg=Ceft+YPeg,
where 7 is concatenation of sequences.
Let A be a set of positive integers. Then,
min{a' —ala > a, a,a’ € A}, if |[A] > 1;
s - {212 e A 1A

o0, else.

Recall the definition of H(d:z1,...,zq), for suitable integer d. Let d be an integer
> 0, and A a set of positive integers. We then let,

H(d: A) = U H(d:ay,...,aq) .
Q1 ey @gEA
pairwise distinct

Note: H(d: A) + H(d': A) C H(d + d': A) and H(d: A) C H(d': A), for d < d'.

supp(a,b,...) =rngaUrngbu..., fora:i‘od‘,b:j’og,...E’H(d,:A), where rng @

is the set of entries in the sequence d.
For 2 a positive integer, we let:

1. z[d] = (z(ao),...,z(au)) for @ = ap...a,, p 2 positive integer, and

2. Az[Y] = [[aey z(a) for Y a set of bits .
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6h.

6i.

6k.

61.

6m.

Let £ = zg...z,-1 be a sequence of p objects, u a positive integer, and g a unary

function. We then let ¢(Z) = (g(z0),. .., 9(zu-1)).
For d, b two finite sequences, we define
dub=a"b_,

where b_, comes from b by deleting those entries from b that are in rng d.

i. We say f is a boolean function in u variables if f:{0,1}# — {0,1}. It is clear that

with u fixed, a boolean function f in p variables, €g,...,€,_1, can be written as the
sum of products of €’s or 1 — ¢;’s, with 4,5 < p (disjunctive normal form). With
i a positive integer, we let BOOL, =all boolean functions in at most p variables.
Likewise BOOLJ, for £ > 0 an integer, will denote the set of sequences of length < x,

with entries in BOOL,,.

Let k,p be positive nonzero integers. For fE BOOL;, we say that fis a partilion
if for any sequence €g,...,€,-1 of 0’s and 1’s there is at most one member f € f

such that f(eg,...,€,) = 1. We say fis a partition of unity if fis a partition and
erff = 1.
The unabbreviated form of quantification,
, if@=3;
Bool(Q) = Vo i@ =3;
A HfQ=V.

With ¥ a statement we set

1, if ¥is true;
[¥]= I
0, if ¥ is false.

Let t(z, Z') be a cut-and-paste term. We then set:

( 1, if t is a variable or a standard constant;
d(s), ift=[s/2| ort=|s|;
d(t) = ¢ max{d(s), d(r)}, ift=r+4sort=rfs;

max{d(s),d(l),d(r)}, ift= trunc(s:l,7);
L e(s) + e(r), ift=r-s.
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( 2, if ¢ is a variable or a standard constant;
e(s), ift =|s/2} ort=|s;

max{e(s), e(r)}, ift=r+s

max{e(s),e(r)}+1, ift=s5-7

max{e(s), e(l),e(r)}, if ¢ =trunc(s:{,r);

Le(s) +e(r)+1, if t = s#tr.

3. [|tllem = max{[t~t¥"(2,&)| | 0 < = < 28 — 1,& < ™}, where £, m are positive
integers, and {7¢"*"¢ comes from ¢ by replacing occurrences of trunc(s:{,7) in ¢

with s.
6n. Let d, e, v, and £ be positive integers. We then let:

1. Adept = [logy £]¢- B, where B is the set of positive integers wide for d obtained
by applying the wide lemma to d and 2%+{/£/(2 - v - [log, £]¢), and

2. Restrc(d,e,v,£) = {p | p a restriction on ¢, with |free(p)| > £ andz € p =
T C Ad,e,u,l} .

Restrictions are sets, and hence partially ordered by “C”. Age¢ is wide for d and

spread(Agept) > 2 v - [log, £]°.

60. Let {(z, Z) be a cut-and-paste term, m a positive integer. We then say t(z, z') has the
bit-finite property at m if,
Vd>d(t),e0<e<1/(2-d+2);
Jp,v,6:0< 6 <€
Yv>vg,e>e(t)ILVL > Lo
Vp € Restre(d,e,v,£)3 p' € Restrs(d,e,v,£),p' C p;
Ve<m,
Yz < ||tlem 3d(42) a sequence of no more than p bits < £, fz, € BOOL,;
Vzep',
fo,8)= Y. 2V fay(al@®))

y<lltlle,m

or equivalently,

[BIT((z,&),v)] = fz,(z[@CE¥)]) .
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6p. Let t(z,Z') be a cut-and-paste term, m a positive integer and Z the set of all integers.
We then say t(x, 2') is in cluster form at m if,
Vd>d(t),e0<e<1/(2 d+2)
Jp,vg,6:0< 6 < ¢
Vv > v, e>e(t)ILloVeE> Ly,
Vp € Restre(d, e,v,£)3 p’ € Restrs(d, e, v, £),p' C p;
AR A
3@(%) sequence of no more than p bits;
3 f1%) € BOOLY;
VJj < wo;
dog; € Z,vs; positive integer;
3 A5 C H(d(t): Agen,e);
Vbe A?B (pz j» Positive integer;
such that:

1. |’1,[)5’]' . ‘PE,j,b| S [lng [Ie(t)’ and

2. Vz € p’,

t(z,@) = Y 228 g fE(2[@®)]) - Y @ a - Az[supp(a)] - 2%

Jj<vo ac Af
6q. The following two conventions are used throughout:

1. A sum taken over the empty set will always equal to 1, contrary to the common

practice of putting such a sum equal to 0.

2. 04+ A = A, for A a set of numbers.

The lemmata

This lemma shows why we want to prove the cluster lemma. It is used in the proofs of the

cluster length and cluster smash sublemmata, and the boolean cut-and-paste lemma.

Cluster-to-finite Lemma 6.1. Let m be a positive integer. Then, any cut-and-paste

term t(x, Z) in cluster form at m has the bit-finite property at m.
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Proof. Fix e with 0 < € < 1/(2-d+ 2),d > d(t). Get vy, p, 6§ with 0 < 6§ < €. Fix
v > vo, e > e(t), get Lo, and fix £ > fo, p € Restre(d,e,v,£) and get p’ € Restrg(d, e, v, ),
p' C p such that for each ¢ < £™ and = € p’ we have that

tz, &)= S 2%8 ;- fi(2[d@)]) Y wgja- Aslsupp(a)] - 27 .
J<wvo aeA;‘
We now define “cluster”. Consider G = Ujcy,(0z; + Af) x {7}. The following order defined
on G is a strict linear order: for (e +az;,7), (@' +ag;,5') € G, (a+ag;j,7) < (' + agy, j')
if a+ oz < @'+ agj or j < j'. Call an <-interval of G, § = (go, ..., 9u—1), narrow if for
i < V' — 2 we have that d(g;11,9;) < 2 [log, £]¢, where d(g,¢') = |a + az; — (@' + ag )|,
g=(a+az;,7),9' = (d'+ag;,j") some j,j' < vo. An <-interval of G, g, is called precluster
if § is a maximal narrow <-interval. Preclusters are linearly ordered in the obvious way.

Finally, we call the sum,

ty(z)= ) 2%Feaiqg; FE(21@©)) - ¢z 50 - Az[supp(a)]
(atas;,d)Ed

the cluster based on § with g a precluster. Clearly,

t(z,¢) = Z tz(z).

§ a precluster

Let § = go...g,_1 be a precluster in G. We want to show that v/ < vg. Assume that
v' > vg. Recall that § consists of pairs. We claim that the first »y members in § have distinct
second entries: since § is a precluster, it follows that d(gu,-1,90) < 2 (vo — 1) - [log, £]€; if
i< <w,gi=(a+ag;,j)and gir = (a' +0gj,7) then a+az; < a’ + oz ; because g; < gir;
but then,

spread(4%) < @' — a = o' + ag; - (a+ az;) < d(gro-1,90) < 2 (vo — 1) - [log, £]° ,

a contradiction. If ¥§ > vo then g, = (a + ag;r,7’), where the j' appears earlier in the
precluster because there are at most vo sets AS. Again, d(gu,,go) < 2 vo - [log, £]°. The
same argument as above leads to a contradiction. It is now clear that distinct clusters have
no bit-interference. Let § be a precluster. Denote by §* the next precluster after g, if it
exists. The range of the cluster based on § is the interval [ag + cz;, af + a:;’ﬁ YN, where

go = (a0 + az;,j) and gf = (af + afj+,j+) for some j,jt < vop. When g is the leftmost

c,
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precluster the range is the interval [ao + az;,00) N. Fix y < ||t||gm. Clearly, there is a

unique cluster with range that contains y. Let

S0 2 g fi(o@ ) - pgja - Aclsupp(a)]

(a+aé‘,j vj)eg

be that (unique) cluster of which the range contains y. Let @(%¥) = (a+aEJ ')ead(aj’“) and
note that @(%¥) has at most v - entries. We say z is (¢: £)-good for £ € {BJ,,Jl}'Z'O, Vio = Vo
iff
1= A [G) = f(=l@®N]].
<0

It is now easy to see that,

BIT(t(z,8),y) <= \/ [(zis (t:€)-good) A
¢e{0,1}00

ABIT( ) 2098 9z, - £(5) - ¢aja - Ae([supp(a)]), ¥)]-
(a+a€.jlj)€§

O

Cut-and-paste Cluster Lemma 6.2.  Let m be a positive integer. Then, all cut-and-

paste terms t(z,Z) are in cluster form at m.

Proof. By induction on the complexity of the cut-and-paste term t(z, Z). All cases are

treated by the sublemmata below:
Base Cases Sublemma. Let m be a positive integer. If t(z,Z) = 2z;, 1 = 1,...,k,
t(z,Z) = c a constant, or t(z,Z) = = then t(z,Z) is in cluster form at m.

Proof. In all of the above cases d(t) = 1 and e(t) = 2. So,fix d > 1, e with 0 < € <
1/(d+1). Set p = 0,v0 = 1,6 = €. Fixe,v > 1. Find £, > 0 such that [log, £]2 > m-[log, £]
for any £ > £y. Fix £ > £y and p € Restr(d, e,v,£). Set p’ = p. For ¢ < £™ we set:

1. 8@) = g and f&) = (1);

2. azo=0and Yz0 =< ¢, ift(z,2)=c¢;;



CHAPTER 6. PARITY IS NOT SBN(TRUNC) DEFINABLE 51

3. A " and Pz0,e = 1 forany a € AS.

ooy

{0, if t(z,Z) = 2z ort(z,2) = c;
Ad,e,u,l: if t(:n, Z) = .
After the appropriate substitutions and observing the convention 3 @ = 1 we see that for

any = € p’,

t(z,8) = 2%% 4z - f5(2[@]) - D pzo,a - Az[supp(a)] - 2%
aEAg

Finally, for any b € AS, [0 - pzop| < m - [log, £] < [log, £]5®), by the choice of £,.0]

Cluster Length Sublemma. Let m be a positive integer, and t(z, Z') a cut-and-paste
term. If t(z, ') is in cluster form at m then,
Vd > d(t),e0<e<1/(2-d+2);
Ap,v0,6:0< 6 <€
Yv >wvg,e>e(t)ILoVE > Ly
Vp € Restr(d, e,v,£)3p’ € Restrs(d,e,v,£),p' C p;
Ve < ™y ‘
3)?(5) € BOOL,?, partition of unity;
32 (¢) a sequence of no more than p bits < {;
3@(€) sequence of no more than k positive integers < ||t||g.m;
Vz € p’,
tz,¢)| = §© o FO(a@)) = Y 5 - fH((a).

Jj<wo

Hence if §(z,Z) is in cluster form at m, then |t(z,T)| is in cluster form at m.

Proof. Since t(z, Z) is in cluster form at m, it has the bit-finite property at m. Fix e
with 0 < e <1/(2-d+2),d > d(t). Get vo, s, 6§ with 0 < § < €. Fix v > v, e > e(t), get
Ly, fix £ > Ly, p € Restre(d,e,v,£) and get p' € Restrs(d,e,v,£), p' C p such that for each
¢ < €™ and y < ||t|lgm, BIT(¢(z, ), y) is equivalent to a circuit of at most y inputs. For
each ¢ < ™ and y < [[t||¢m define,

boolean(|t(z,&)| = y + 1) = BIT((z,&),y)- /A -BIT({(z,2),y").

y'<|jelle,m
y<y'
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We identify the predicate boolean(|t(z,c)| = y+ 1) with the circuit that calculates its truth
value. Clearly then,
i, &) = Y (v+1)-[boolean(|t(s,&)| = y + 1],
y<[ltlle,m

For ¢ < (™ the family {boolean(|t(z,¢)| = y+ 1) | ¥ < [|t|lem} is a partition of unity.

Consider the multicircuit C consisting of,
C¢ = {boolean(|t(z, &) =y + 1) | < €™,y < ||t|lem} -

C has constant depth, polynomial size and width. By an easy variant of the multicircuit-
Odd-Even lemma there are £y, u’, and §' with 0 < §' < § such that for £ > {5,
V7 € Restrs(d, e, v,£)37" € Restrg(d,e,v, ), 7' C 7 ;
ve <™,y < |itllem 5
3f; € BOOL, ;
33 (%¥) a sequence of no more than ' bits € free(r’) ;
Ve e 7',
boolean(|t(z, €)| = y + 1) = fE(z[aE¥)]).
Using the above get a restriction p" € Restrg/(d, e, v,£), with p” C p', f € BOOL,, and
sequences @ (“¥) of < u' bits < £ such that for any & < £™ and any z € p",

boolean(|t(z,C)| =y + 1) = fj(m[d(a’y)]) .

u' depends on m,d, u, and 8, i.e. the parameters for the size of the multicircuit, and the

depth of the multicircuit which is < 5. Fix & < £™ and consider the set of functions,

Fe={f{ |y < lltllm and f; # 0} .

We claim two things:
1. that Fz has at most or members, and

2. that @€) = U @) has at most ' - 2# bits.
y:ffeFe

First we prove (1). Fix f = ny € Fg, where @ = @(%¥) are the bits on which f is applied.
We identify f with the set {z € p" | f(z[d]) = 1}. As a boolean function f = V,.,, fi
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disjunctive normal form) and as a set f = J,.~, fi, where v+ < 2# and the fi are pairwise
1<y f p

disjoint cylinders with a base of size at most u'. Now,

"= U U handlp" = ¥ Y IA

felF s i<y feFz i<y

the second equality following from the fact that Fz is a partition of unity. |[p”| = 2*, where
A = |free(p™)|. For f € Fe, |f;] > 22 for i < v¢. So, 2} = |p"| > Y feF. 7V .22~ from
which it follows that 2¢° > > feF.7s- Clealry, now (1) is established. (2) is trivial, except
that the known lower bound to me is bound(u') > 1+ 2 - bound(y’ — 1), and clearly this is
disappointingly exponential, though it hardly matters here. In the statement of this lemma
now, replace the p by 2 = p'- 2% and vg by Jp = 2#'. For & < ™ then and z € p" we have
that
lt(z, &) = ¢©) o 1O,

where @€) = (y | fS € F2) and f©) = (f¢| f% ¢ Fz). Note that both ¥ and / only depend
on p, vy from the induction hypothesis on ¢, ¢, and d, but not on e nor on v, because they

do not influence the size of free(p’).0

Cluster Smash Sublemma. Let m be a positive integer, and s(z,?), t(z,Z) two
cut-and-paste terms in cluster form at m. Then,
Vd > d(t#s),e0<e<1/(2-d+2);
dp,vp,6:0< 8 <€
Vv > uvg,e > e(t#s)I LoV L > Ly,
Vp € Restre(d,e,v,£)3p’ € Restrg(d,e,v,£),p' C p;
Ve < imy
Hf(a) € BOOL?, partition of unity;
3 (€) a sequence of no more than p bits < £;
33E) sequence of no more than k positive integers < [t)le,m ;s
Vz € p/,
s(z, 2)#t(z, &) = FE(z[@@)]) e 287

Hence if s(z,Z) and t(z, Z) are in cluster form at m, then r(z,z) = s(z, Z)#t(z,?) is in

cluster form at m.
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Proof. The parameters to follow are from the cluster length lemma applied to s and ¢.
Fix e with 0 < € < 1/(2-d+2), d > max{d(t),d(s)}. Get v, pte, 6 with.0 < § < e such that
the property after the first V3 in the statement of the cluster length sublemma on ¢ holds.
Now, with § in place of € in the first V3 of the statement of the cluster length sublemma
for s, get vy0, ps, and §', 0 < §' < § so that the property after the first holds V3 for s.
Fix v > max{vt0,Vs0}, € > max{e(t),e(s)}, get {o for ¢, £, for s and fix £ > max{fo, {1},
p € Restre(d,e, v, £). First get p’ € Restrg(d, e, v, £), p’ C p such that for ¢ < {™ and ¢ € p’
we have that
1(z, )| = @ED o FE0
and then get p" € Restrs(d,e,v,£), p” C p' such that for €< £™ and z € p" we have that
|s(z, &)} = ¢(&) o f1&2)

Both of the above equations hold for ¢ < £™ and z € p”. So,

iz, &) - Is(z, &) = S o G = gD e FO,
1<vy,
j<w,g

where cp(<6i)‘j> = (pga’s) ~<p§.6't) and f(fi')j) = fi(E’a) -f](.g’t), for i < v 0 and j < vy 0. Furthermore:

1. f(f) € BOOL:Z'i':i'O, because boolean functions are closed under multiplication, and

2. f) is a partition of unity in @) = (@2 Uy @), because the superimposition of
partitions is again a partition and because the superimposition of coverings is again

a covering.

By (1) and (2) above, we conclude that g #ef1E) _ 9dl®) o F©). Finally, put vo = V0 * Vs,0,

and @ = ps + pe.0

Cluster + Sublemma. Let m be a positive integer, and s(z,?), t(z,Z) two cut-and-
paste terms in cluster form at m. Then, r(z,2) = s(z,2) + t(z, Z') is also in cluster form

at m.

Proof. Whenever we have two or more cut-and-paste terms we shall resort to the first
4 lines of definitions such as bit-finite and cluster form at m, in order to get a suitable

restriction in which the terms have the claimed properties simultaneously. It is for this
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reason that the mentioned definitions are headed by these four lines. What follows is
typical of the situation when two terms are involved. It will serve as a blueprint for all
the later cases. Fix ¢ with 0 < ¢ < 1/(2-d+2),d > d(t + s). Get vy, t¢ and § with
0 < & < e such that the property after the first V3 in the statement of cluster form at m
holds for t. Now, with é in place of ¢ in the first V3 of the statement of cluster form at m
for s, get vy, pts and ', 0 < ¢’ < 6 so that the property after the first alternation holds
for s. Fix v > max{v0,vs0}, € > e(t + s), get £y for t, £y for s and fix £ > max{{y, {1},
p € Restre(d,e,v,£). First get p’ € Restrs(d,e,v,£), p' C p such that for € < {™ we have
that
3@ (%) sequence of no more than p, bits;
3 fl€) ¢ BOOLY®;
Vi <vs0;
do,z; € 2,1, ; positive integer;
JAYE C H(d(s): Adyenne);
Vb e AY 3@,z positive integer;
such that:
L 5+ Psipl < [logy £]<%), and
2. Vz €p’,
s(z, &)= D 2%08i ez f;’a(m[fi("a)])' Y ¢sz5a - Az[supp(a)] - 2°
J<vso nEA;"'
and then get p” € Restrg(d, e,v,£), p” C p’ such that for & < £™ we have that
33 (8€) sequence of no more than pu, bits;
3 flté) ¢ BOOLY:®;
Vi< uo;
Jayz; € Z,, ¢; positive integer;
3 A C H(d(): Adewe);
Vbe A;'EH ©t,z5b Positive integer;
such that:

L %25 - Przgel < [logg £1°1), and

2. Vz e p”,
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Do 2% g i (a[@)]) 2. ¥taia- Aelsupp(a)] -2

J<vto aEAJ

Since both of the above hold in the finer restriction p” we have that

s(z, @)+ t(z,&) = Y 2% gy f[@E)). S oz Aeloupp(a)] 2%+
.7<V50 aEA
+ 20 2 g @@ YN) - 3D praia Aolsupp(a)] - 2°
j<Vt,0 a,EAJ

holds for € < €™ and z € p". Put vg = vs0 + V40, p = max{p,, e }. It is now clear that for

<™ and z € p"” we have that

r(2,&) = Y 2%% gy - f(al@®)]) - 3" pzja - Az[supp(a)] -2
J<wo aEA;
with:
1. Af,j < vp running, with possible repetitions, over all A?",j < vp,s and A?’t,j < Vo,
and

2. a],] < vp running through all of aJ *,j < vo,s and af’t,j < vt

O

Cluster X Sublemma. Let m be a positive integer, and s(z, 2), t(z,Z) two cut-and-

—

paste terms in cluster form at m. Then, r(z,Z) = s(z, %) t(z, Z) is also in cluster form at

m.

Proof. Recall that e(t - s) = max{e(t),e(s)} + 1 and d(¢ - s) = d(t) + d(s). Proceed as
in the blueprint of the cluster + sublemma. We get appropriate parameters, restriction p”,

and expressions for s and t so that for €< {™ and z € p”,

t(m,E’) 'S(:L‘,E) = Z 2%(i4) "d’;]) f(l,] :L‘[(Z]) Z <P<l,.1)u

(ilj)eyt|0 XVs,0 CIGA(‘ )

where (recalling the convention § + A = A):
Lo Aggy = AP+ AP, @ = a0 a0, Yy = duai Vs ;

2. Phive = SOz Pacial b€ AV b € A2 Ja=b+b'}, and
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3. f(l,]) = fit'a- f;'a .

We now claim that,
[%iidy * Pligyal < [logy f]mex{e(the(a}+1,

It suffices to show that the bound on the cardinality of
&={(b,t')| be A b € A% ,a=b+ b}
depends only on d(r) (= d(s) + d(t)). Now,
AP+ ATE CH(d(s) + d(2): Adepe):

So, if (b, ') € @ then supp(b,d') = supp(a). |supp(a)| < d(r) and the coeficients in b sum to
< d(t), and the coefficients in b’ sum to < d(s). The claim on the bound of the cardinality

of the set @ is now evident.(O

Cluster Truncate Sublemma. Let m be a positive integer, and t(z,Z), l(z,Z),

r(z, Z) three cut-and-paste terms. Suppose t(z,Z) ts in cluster form at m. Then,
s(z, Z) = trunc(t(z, 2): l(z, 2), r(z, Z)

s also in cluster form at m.

Proof. We are going to split the proof into two cases: trunc(t: s,0) and trunc(¢: oo, s) =
trunc(t: [|t||m,e, s). We need some preliminary work and notation before we tackle the cases
separately. Proceed as in the blueprint of the cluster + sublemma and use the cluster length
sublemma to get appropriate parameters and a restriction p” such that for ¢ < £™ we have
that

33 (2) sequence of no more than pu, bits;

3 fl=8) ¢ BOOL}2®;

V7 < vs0;

Joa,e; € Z,%,¢; positive integer;

3 A C H(d(s): Agept);

Vbe A;'EE 0s,z,b POsitive integer;

such that:
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L |thag - Pazibl < [log £]%), and
2.Vzep,
s(z,8)= D 29083 e,z f;’E(m[t‘i("a)]) : Z P24 - Ne[supp(a)] - 2°
j<Vs,O aGA;'E

and
|s(z,2)| = % o }—i(a)(z[&'(”a]) from the cluster length sublemma,

and

3@(t%) sequence of no more than y; bits;
3 f16) € BOOL;

Vi <wto;

dagz; € Z v, ¢; positive integer;

FAY C H(d(t): Adenit);

Vbe A;'EH pe,5b Positive integer;

such that:

L [Yees - @rziel < Mogy €154, and
2. Vzep”,

Hz,&) = Y. 228 qhy g fr2[@]) . Y @rgja - Azlsupp(a)] - 22,
J<veo aeA:,-é'
Recall that there is m; such that ||t]|s, < €™t for all large £. Since clusters are involved, re-
call all definitions in the proof of the cluster-to-finite lemma, regarding clusters, preclusters,
< and d(g,¢’). We now let,
small(z) = 3 hE(z[@ ().
i, with x{<m,-[log, £]
small(z) is boolean because A(¥) is a partition (cf. cluster length sublemma), so that the

sum coincides with disjunction. Put large(z) = 1 — small(z).
Claim :  Let §, be the first precluster in s(z,c). Then,

s(z,c) = s(z, ) - large(x) + small(z)-
SO 2 e f5(el@)) - gy - Ao([supp(a)]).

(a+aa,8,j '])Eg.s
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Proof of claim . By definition, a new precluster begins only when
d((a+ osz;,7),(a"+ agz;,7"),5")) > 2- [log, £]°.

Therefore the second precluster (if it exists) starts no earlier than 2- [log, £]¢. We conclude
that for z € p” with small(z) = 1, we have that |s(z, )| < my - [log, ¢] < [log, £]? <
[log, £]6(*) < [log, £]¢. This, certainly shows that the binary expansion of s(z, &) stops well
before the second cluster begins.q
Let v = (7,,&s, 7t, &), where 75,& € {0,1}*° and 7, & € {0,1}*°. These quadruples will
be called relevant. For relevant v we let:

1os(v) = 3 20t xsei qhy 2o €4(F) - Ps,zga - Ts(F), the value of the first cluster

(ates,zs;,7)€ds
of s relative to v;

2. §(v) = the (unique) precluster of ¢ the range of which contains s(v);

3. ty(v)(v) = 3 20F e ahy 2o €(F) - przja - Te(d), the value of the critical
(ataee;7)eg(v)
cluster of t relative to v;

4. left(z,v) = > t7(z) - 27°(Y), the sum of all clusters strictly to the right
g a precluster of ¢
g-g(v)
of the critical cluster of ¢ relative to v;

5. right(z,v) = > tg(z), the sum of all clusters strictly to the left of the
g a precluster of ¢
g=g(v)
critical cluster of ¢ relative to v;
the truth values of the properties below are necessary to offset the convention Yy = 1 when
what is needed is that } 4 = 0; these properties only depend on the sets A;'E,j < V4,0, the
order <, and the critical cluster §(v), which in turn depends on v, & and p" all of which

are fixed:
6. Not-first(v) = [§(v) is not the <-minimum precluster in ¢];
7. Not-last(v) = [§(v) is not the <-maximum precluster in ¢];

8. Not-first(v,j) = [thereis a € A;‘E such that (a + oy z;,7) < §(v)], for j < ve;
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9. Not-last(v,j) = [thereis a € A;’E such that (a 4+ ayz;,7) > §(Vv)], for j < v .
With z € p”, say that z is v-good if the following hold:

1. z is both (¢,&;)-good and (s, &,s)-good (cf. cluster-to-finite lemma);

21= A [n() = Aslupp(a)]] , and
(a+a,,;,7)€EGs
3. 1= A [7:(s) = Az[supp(a)]] .

(ate,j,7)€5(V)
[z is v-good] is a partition of unity. Given a relevant v, for any v-good z € p' we have

that
trunc(i(z,C): 00, 8(z,€)) = small(z) - [z is v-good] -
- [Not-last(v) - left(z, v) + +trunc(tz(v)(v): 00, 5(v))] (R)
and
trunc(t(z,c): s(z,c),0) = large(z) - [z is v-good] - ¢(z,c) +
+ small(z) - [z is v-good] - [Not-first(v) - right(z, v) + trunc(tz(v)(v): s(v),0)]. (L)

For fixed relevant v we shall need to partition the critical cluster of £. To this end we set
for j < v4,0,

L et ags, ifa€ A;’E and (a + o z4,7) € G(v);
) = { undefined, if a € A;’E = (a+ arzj,7) € (V).

and call (j) n-defined if 7(7) is defined. Next, we order the (j),j < vt as follows:
(7) < (5') if both (7), (j') are 5-defined and 7(j) < n(j') or else if 7 < 7.

7(j) and < are well defined because there is at most one a € A;’E with (a + a¢gj,7) € §(v)
since spread(H(d: Agent)) > 2 - veo - [log, £]°. For (j) n-defined we set (7)* the 7n-defined
<-successor of (j), and if (5) is the n-defined <-maximum then ()" is undefined but we let
n(i)t = min{n(5) + [log, £]¢®), s(v)}. We now distinguish the cases as promised for a fixed
relevant v:

Case: R. Put,

ty trunc(tz(vy(v): 0o, s(v))

trunc( Z 29%0i - 64(5) - Y - e - Te(F): 00, 8(V)).
(atat,;,9)
€7 (v)

Il

Il
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Clearly,

| D 27 6(5) Y prja e(5)] € 2 v - [logy €] + [log, vi,o]
(a+at,j1j)
€g(v)
but because |1t ;- ¥t 0] < [log, £] e(t) we actually have that
| D2 2% 6(5) Y P ()] S 2 weo - [logy £1°).
(atat,;,7)

eg(v)

It follows that with

7(7) = max{s(v),n(5)}, for (5) n-defined, and

. {trunc(tv:n(j)+,f](j)), if (7) is n-defined
Y7o, if () in not n-defined.

we have that

ty = Z lyv,j-

1<vt0
We now give the parameters for the cluster form at m. For j < 149, the part responsible

for the correct expansion of left(z,v) in R:

L Az = A;’C \{a | (a+ o, =:7) € § with § <X §(v)}, Qzyi = Qzi— s(v) ,

Vavi = Vegir Pevia = Prija T A€ Ay, and
2. fzy,; = small(z) - Not-last(v,j) - [z is v-good] - f;’a
for v40 < J < 2140, the part responsible for the correct expansion of ty:
3. Aeyi=0,0zy =0, Yy o =ty (jmodwro) » Pav ja = 1, and
4. fgy ; = small(z) - [z is v-good],
and finally for 21,0 < j < 3-140 (which are really reserved for the next case):

5. fE,V,j == 0.
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It is a matter of unraveling the settings and observing the convention .0 = 1 to see that

for any z € p”,

trunc(t(z, ¢): 00, 5(z,C)) =

= 2ac‘,V,j ' ld)avv] c \’,J(m Z 90‘: \Vadha m[suPp(a)] ' 20.
Vv relevant j<2:40 “GA&‘V i

This finishes the “right” subcase.
Case: L. Put,

ty = trunc(tzv)(v):s(v),0)
= tI‘llIlC( Z 20+eti 'Et(]) ' d)t,j *Pt,4a Tt(j): S(V), O)
(atc,;,7)
€g(v)

Here, with

(7)) = min{n(i)*, s(v)} for (j) n-defined and

. trunc(tv:7(3),n(7)), if () is n-defined;
Y7 o, if (7) is not n-defined.

we have that

iy = Z tv .

J<veo
We now fix the parameters for the cluster form at m. For j < v, the part responsible for

the correct expansion of right(z,v) in L:

t,

Lo Ay = Af \{al(a+aq j1J) € g with Gl agy;i=0zis Yay i = Yoz
Pavija = Preja for @ € Az ;, and

2. foy; = Not-first(v, j) - [z is v-good] - f; ,

for vyp < j < 2140, the part responsible for the correct expansion of ¢y:

3. Aé’.v,j = {a}, Py ja = 1 for (j mod v;0) n-defined with (a + at,é’,(jmodug.oﬁ(j mod
Vo)) € G(v),and A., . = 0 for (j mod v;0) not n-defined,

é\Vv,J7

4. T/’E,v,j =ty (jmodue) Xzv,j = Q.3 (jmoduyo)s fE,v,j = small(z) - [z is v-good],

and finally for 21,0 < j < 3 - 140, this part being intended for z € p" with large(z) = 1:



CHAPTER 6. PARITY IS NOT SBN(TRUNC) DEFINABLE 63

. AbC _ .
5. Aé‘,v,j - A(] mod Vt,O), aé‘,v,j - at,C,(] mOdlIt'o)j
6. wav,]’ = Tpt,é',(j modvg o) Pev,ja — PtE(imodrgg)e for a € A,‘;‘,v,]" and

7. fzy ; = large(z) - [z is v-good] - fhE

(7modut)?

It is a matter of unraveling the settings and observing the convention >0 = 1 to see that

foranyz € p”,

trunc(t(z,c): s(z,€),0) =
= > S 2%V Yy oy (@@]) Y @aya - Azlsupp(a)] - 2%

Vv relevant j<2-v¢0 aGAEVj

This finishes the “left” subcase.
We can now give the first parameters in the definition of cluster form at m. First we
determine v, o. We set

K
Vro = max{3 - vg0 - 2%, Vs0}

where k is such that 2 is a bound for the number of relevant v’s. In fact,
Kk =4-(vo+ Vsp)

will do. Next, u,. It suffices to find an upper bound to the number of bits that are needed

to determine the truth value

[z is v-good] - small(z).

Clearly, the following is such an upper bound
e+ ps + d- (Vt,O + Va,O)-

O
The induction on the complexity of a cut-and-paste term is now complete.[]

Boolean Cut-and-paste Circuit Lemma 6.3. Let m and n be nonzero positive inte-
gers, t;(z,2), i < n, cut-and-paste terms and ¥ a boolean combination of predicates in the
terms t;, 1 < n . Then,

Jv, mo,d, £y, 6:0< 6 < 1,

Ve > Lo,
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Jp € Restrs(d, e, v, £);
Ve < fm;
ElCEI,’ap a circuit of size < £™ and depth < 6;
Ve € p,
[¥(z, )] = Cpz,(a).

Proof. Create a new cut-and-paste term s(z,2) by concatenating the terms of ¥ at

appropriate distances so that they do not have any bit-interference, i.e. with t_; = 0 put

s(z,2) =) ti(z, 7)- 92 —1zjci IHti(@)
i<n
s has the bit-finite property at m. Also note that there is no bit-interference between the
terms ¢;. The bits of a term ¢; are bits of 5. The boolean combination ¥ can be expressed as
a circuit of depth 2 and constant size in the atomic relations ‘=" and ‘<’ (disjunctive normal
form). Each of the relations ¢; < ¢; and t; = t; can be expressed as a circuit of depth 2 in
the bits of ¢;,¢;; its size is evidently polynomial in the lengths of ¢;,%;. And finally, the bits
of each t; are boolean functions of no more than p bits of the input z, z € p’ where p' is the
restriction we get from the bit-finite property at m applied to s. These boolean functions
written in disjunctive normal form, again have depth 2 and size < 2*. So for z € p’ we

have that [¥(z,¢)] = C;I,'E'p,(m) a circuit of depth at most 6 and size polynomial in |z|.[]"

Sharp Cut-and-paste Circuit Lemma 6.4. Let O(z) be a cut-and-paste sharply
bounded formula. Then,
AN, mg,v,d,£,6:0< 6 < 1;
Ve > Lo,
Jp € Restrg(d, e, v, £);
HCSP a circuit of size < £™° and depth < N + 6;
Vz € p,
[0(2)] = G2,(a).

Proof. O(z) is logically equivalent to

Qo2 < |z|™...QN-12N-1 < |z|"¥(z, Z)
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for some nonzero positive integers N and m, where @; are quantifiers, for ¢ < N, Z =
zo...zN—-1, and a quantifier free cut-and-paste formula ¥(z,Z). Apply the boolean cut-
and-paste circuit lemma to m and ¥(z,2). Get v, mo, d, £y, and § with 0 < § < 1. For
£ > £y, get a restriction p € Restrs(d, e, v, £) such that
Vo< m
HCEI"ap a circuit of size < £™° and depth < 6;
Vz € p,
[¥(s,2)] = Gl (o).

Let

Cp,(z) = Bool(Qo) - -Bool(Qn_1) Cfz (2, )

co<f™ cn—1 <dm

with ¢ substituted for 2. For z € p,
[9(2)] = CE,(2).

a

Proof of the theorem

Let ©(z) be a cut-and-paste sharply bounded formula in z, defining PARITY (z). Apply
the sharp cut-and-paste circuit lemma to ©. Get N,mqg,v,d, £, 6:0 < § < 1. Consider
A =18 > f,. Find p € Restrs(d,e,v, ) and a circuit C'g,\ of size A™® and depth < N + 6,
such that

[0(z)] = C2(2)

holds for any z € p. But |free(p)| > A® = £. By (possibly) fixing o many bits in free(p) so
that |free(p)| — a = £ we get a new circuit Cp from CS,\ and a new restriction p’ such that

for z € p’ we have that
[PARITY (z)] = CP(z).

But this is impossible because the depth of Cte is bounded by N + 6 and its size is bounded
by ¢me/é. 1



Chapter 7

INDEXPARITY is not
SBll\I(trunc, CARD) definable

The main result in this chapter

Theorem. INDEXPARITY s not symmetric cut-and-paste sharply bounded defin-
able.

An analogous result was proved back in chapter 5. There we could build a feasible
multicircuit because we had to deal only with the cardinality of z. The present situation,
however, forces us to consider cardinalities of polynomially many intervals of the binary
expansion of cut-and-paste terms in z. Therefore, we introduce cylinders of symmetries
and their volume, i.e. the set of binary words belonging to the orbit of a fixed binary word,

where the orbit is taken with respect to the action of a cylinder on binary words.

Notation, conventions, and remarks

For items without local definition consult their most recent definition in previous chapters,

unless the reference for their definition is explicit:

Ta. We add to the cut-and-paste language the binary predicate symbol CARD(z, y) which
is the same predicate symbol with the same interpretation as in chapter 5. The new

sharply bounded formulae are called symmetric cut-and-paste sharply bounded.

66
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7b. Fix £ € N,£ > 0 and consider Sy, the group of permutations on £ elements. Let G,
be the subgroup of S; consisting of two elements the identity id and o the product
of all transpositions of the form (a,a + 1), for even a < £, i.e. a € Eveny, with the

convention that if £ is odd we take (£ — 1,£ — 1) instead of (£ — 1,£). We now say,

1. ™ is a Gy-word if 7: Eveny — Gy, and

2. p is a Gy-restriction (G¢-cylinder) if p: Eveny — G¢|J{*} and both free(p) and

unfree(p) are defined as before.

Convention. We shall drop the subscript £ from Gy since for £ > 2 these groups are
isomorphic and have order 2. With X a set of numbers G< is the set of all functions
from X into G. For a € Even; and 7 a G-word, we shall write 7, (p,) for the element
in G which is assigned to a by 7 (p).

Remark. The set of G-words forms a group with respect to the operation
77w = (mq -7, | @ € Eveny),

where the -’ appearing in the righthand expression is the group operation of S,. A

G-restriction (cylinder) does not necessarily form a group in the above sense.
Tc. Given p, a G-restriction, the cylinder based on p is the set
{m | ® a G-word such that Va € unfree(p) 7, = pa} .
The cylinder based on p will also be denoted by p.

7d. Let d,£ > 0, be integers and A C [£]. We need refinements of the definition of “wide
for d”, because we have to deal with permuted clusters. We say A is A(G)-wide for

dif A is wide for d and whenever:

—

1 ai,...,au (= @), ay,...,a, (= @), br,...,b, (= b), and b,...,b), (= b') are
sequences each with distinct entries out of A, with u, u',v,v’ < d, and
2. 41T+ iz, (= 708 ), 1)1+ - -+iL,-a:“: (=7'eZ), jr-z1+ - +7v-Ty (= joT ),

e+t iz (=7 e8) e H(dizy, ..., 24q)

then

=y
[ ]
al
!
Sy
[ ]
oy
Y
3
[ ]
8
|
L
[ ]
<o
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unless

-

_j"ob'_a ,

— — - T — —1!
7005 —Jeb_a=790a_,

for some a € supp(a, b,a’,b’') where 7'e @_a results from 7’e & by substituting into 7e

the numbers in @ ezcept that instead of a we substitute 0.

Te. Let d, e, v, and £ be positive nonzero integers, and let Age,,¢ C Even, the A(G)-wide
set for d of width > 2.v - [log, £1¢ (the existence of which follows from the A(G)-wide
lemma below). We then set:

17 ifac Ad,e,u,l;

1. o evild) = . y
dv ) ll( ) {0’ lf a g Ad,e’V,Z
2. vol(p) = volgepe(p) = {m(0gent) | ™ € p}, for p a G-restriction, and

3. as in chapter 6 and for € € (0, 1],
G-Restre(d,e,v,£) = {p| p a G-restriction with |free(p) ﬂAd'e,,,'ll > (€},
7f. Given is a G-word, 7. We now describe the actions of # on various objects:
1. the action on z < 2¢is described by setting,
y=m(z) <= Va <l y(a) = o(Ta_(amodz)(@));
2. the action on @ < £ with distinct entries:
T& = Mg, _(a;mod2)(@1) - - - Tay —(a,mod2)( k)

where a — a mod 2 is needed since G-words are only defined on Eveny, and finally

3. the action on a =7e d € H(d: Ad,e,u,l):
n7ed = 7o Td.

Remark. The above action is well defined because, as it is easily seen, for a =

70d,b=7Je b with a,b € H(d: Agen,) we have that
a=b—=— mwa = 7b.

In general, however, if rng @, rngb are not chosen from a set which is wide or

A(G)-wide for d then
Ted =jeb#> tTed=njeb

and the action is not well defined.
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Tg. Let t(z,Z) be a cut-and-paste term and m a positive integer. We say t(z,7) is in
symmetric cluster form ai m if,
Vd>d(t),e0<e<1/(2-d+ 2);

Jpu,v0,6:0< 6 < ¢

Vv > wvg,e>e(t)ILoVE > Lo

V p € G-Restrc(d,e,v,£)Ip' € G-Restrs(d,e,v,£),p’ C p;
Ve m;

3@ () sequence of no more than g bits;
3 f1&) € BOOLY;

Vi < vo;

Jag; € 7,z ; positive integer;

3 AS C H(d(t): Adpep,e);

Vb € AS 3z p positive integer;

such that:

L. |9z; - paz0l < [logy £]°%Y, and

2. Yz € vol(p’)

t(:l:,a) = Z 2945 . "/’cy fc m[a(c)] Z (pc,J.a .27ra,

j<V0 QGAC
where ¢ = Tog e, ™ € p'.

Th. Let t(z,Z) be a cut-and-paste term and m a positive integer. We say t(z, 2') has the
symmelric bit-finite property at m if,
Vd>d(t),e0<e<1/(2-d+2);
Jp,v0,6:0< 6 <¢
Yv 2> vg,e>e(t)IloVeE > Lo;
YV p € G-Restrc(d,e,v,£)A p’' € G-Restrg(d,e,v,£),p' C p;
Ve im,
Vy < ||t]lem 3@E¥) a sequence of no more than p bits < £, fz, € BOOL,;
Vz € vol(p’),
Ho,8)= Y OV firy(ald®))

y<lltllem
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Ti. A random G-restriction, p, is a vector of A = |£/2], independent random variables,

one for each pair (a,a + 1) with a € Eveny. So,
p= (JY(a,a+1): ac Evenl) .

These random variables are trials with three outcomes: the members of G and *, with

Pe = 1/V\, Pa = pia = 1/2- (1 = p.).

Probabilistic lemmata

The purpose of these lemmata is to establish an almost exact analogy between classical
random restrictions and polynomial size constant, depth circuits as found in [FSS84] on the
one hand and G-restrictions and polynomial size, constant depth circuits. In what follows

d, e, and v are fixed nonzero positive integers.

G-Lemma 7.1. Let C be a polynomial size, constant depth circuit. Then,
Ye,0 <e<1;

c34g,8:0< 6 <€

V2> Ly,

Vp € G-Restr(d,e,v,£)3p' € G-Restrs(d,e,v,£),p' C p,

C' 1is constant in vol(p').

Proof. Define the function,

1 G-words 28 244,e,m.¢
by setting

(r)=y <= Va<l{, y(a) =7104e,4(a) 0gep(a)
O’ if a g Ad,e,u,l;

< Va<{yla)=<(1, ifaec Age, ¢ and ma = id; .

0, ifa€ Ageyy and mp = &
Let C’lG be the circuit obtained from Cy by altering the bits of input in two stages:

i. first change a + 1 to —a for a € Age, ¢ to obtain an intermediate circuit, and then
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ii. in the intermidiate circuit from (i) change a to 0 (—a to 1) for a ¢ Ay, to obtain
cs.
Clearly now,
V7, a G-word, CF (7)) = Co(m(Taemt)) -
We now argue on C§ as in [FSS84] to produce a cylinder (restriction), § C 244emt, such that
C€ is constant in §. Set p = 1™(5). p is a G-cylinder (restriction) with |free(p) N Agers| =
l Lt Ll |

|[free($)|. Finally, let z € vol(p) and let 7 € p be the G-word such that z = 7(04e,,), and
put y = ¢(r). Then y € § and

Cl((l!) = Cl(w(ad,e,u,l))
(

= CEum)
= C7(y).
It follows that Cy is constant in vol(p).O
Multicircuit G-Lemma 7.2. Let C = {C,}2, be a polynomial size and width,

constant depth multicircuit. Then,
Ve, 0 <e <1y
Jp,fo,6:0< 6 <€
Ve > by,
Vp € G-Restr(d,e,v,£)A p' € G-Restrs(d,e,v,£),p' C p;
VA < puwiden(£);
3fy € BOOL,,d@™ of < u bits;
Vz € vol(p'),
Cea(z) = fr(zl@™)) .

Proof. We apply the multicircuit lemma of chapter 5 to the multicircuit C¢ which is

obtained from C by replacing the circuits Cyx with the circuits Clc":\, for A < pyiden.

Refinements and corrolaries of the wide lemma

A(G)-wide Lemma 7.3. Fizd € Z, d > 0. There is a positive integer p(d) such that

for every positive integer A\ there is a set of positive integers A such that,
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AL A = ),
X2. a € A = a < p(d) -\ and

A3. A is A(G)-wide for d .

Proof. Given d consider arbitrary A. By the wide lemma applied to 2 - d we get a set A
which is wide for 2 - d, has ) elements, and a € A = a < p(2-d) - A\*?, where p(2- d) is as
in the wide lemma. If we only want even or only odd numbers then we consider 2 - p(2 - d)

as the upper bound for max A. Suppose now that an equation, E, of the form
?1.61_]—‘/.5/:iw.(—i//_]—w.l’)‘/r (E)

holds, with 327/, 327/, 327", 37" < d and the sequences &, b,a", and 4", each have

distinct entries from A. Certainly then 7o & =7'0d’'+ 7" 05" and 7o b =17"eg" + 7" b’

- o

for some 7o @, 7o be H(2-d: A). Equation E is equivalent to
7ed =7Je b.

Now, since A is wide for 2 - d we get that 7 = 7 and the sequences E,gbelong to the same
multiplicity class. In particular we have that rngd = rng b. Choose any a € rnga. We

conclude that

— - - 7
Ted_g=7Job_4
and hence
- -
i"o(i'_a——]'"ob'_a=i‘"oii'_[a—j’"ob'_fa .
O

A cluster is created by an integer shift. Roughly speaking, the corrolary below tells us that
G-words which fix a prescribed set, §, will move clusters without changing their binary

expansion and hence in particular their cardinality.

Finite Support Corollary. Fizd e N, d > 0, and A a A(G)-wide set for d. Then,
Vr>0Va,b,d,b € H(d: A)Iar, by, al,bl,r(a,b),7(a’,b') € H(d: A)

r=a-b=d-b = a=aqa, +r(a,b),b= b, +r(a,b),d = a, + r(a,),b = b. +r(d,b")
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and

supp(ar, b;) = supp(a,.,b..) .

Proof. Denote by A, the set of pairs (a,b) in H(d: A) with a—b = r. By a sub-ezpression
of a = 7e d we mean the resriction of e T to a certain subsequence of @ For every pair
(a,b) € A, let 7(a,b) be the maximal sub-expression (if it exists, otherwise set 7(a,b) = 0)

of both a and b, such that for some a,,b, € H(d: A)|J{0} we have that
a = a, + r(a,b), b = b, + 7(a,b).

Certainly then a, — b, = a — b = 7, so that (a,,b.) € A;. Let A; be the set of (a,b;),
(a,b) € Ay, and v, = min(m,y)eA: |[supp(z,y)|. Note that for any r, 7, < 2-d. We now

prove the statement
Vr>0Y(z,y),(z,w) € A supp(z,y) = supp(z, w)

by induction on ;.

Fix arbitrary r > 0 and assume that A # (. Clearly then, 1 < v, < 2-d.

When v, = 1: Consider arbitrary (a.,b;), (al,b.) € A such that |supp(a,)| = 1. Since A
is A(G)-wide for d, we can find a € supp(a,, b, a,,b.) such that

(ar)-a = (br)-a = (a7)-a — (b7)-a -

We claim that
a € supp(ar, b,) N supp(al,b.) .
For if a € supp(a;.,b) \ supp(ar, b,) then
a, — b, = (ar)—a - (br)—a
= (a7)-a — (b})-a
— (1,’ _ bl

and so the coeflicient of a in @, — b is 0. But a has nonzero coefficient in at least one of a/.
and b]. So we can nontrivially extend r(a’,b’), contradicting its maximality. We conclude

that a € supp(ar,b,). Actually, a € supp(a,) N supp(b,) because

1 < |supp(ar )|, |supp(bs)| < [supp(ar,b;)[ =1 .
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Hence, 0 = (ar)-a — (b;)-a = (al.)-a — (b.)-a which gives that (al)-a = (b.)-a. Again
because A is wide for d, if it were the case that 0 # (a.)-a = (b.)-a, then we could
nontrivially extend r(a’,b’), contradicting its maximality. So, finally, 0 = (al)_a = (b})-a
which implies that {a} = supp(al) = supp(b.) and we are done.

When 7, > 1: Here we assume that for any 7’ such that 1 < v, < 4, we have that
Y(z,y),(2,w) € A supp(z,y) = supp(z,w) .

We choose (a,,b;),(al,b.) € A7 such that |supp(a,,b,)| = vr. Since A is A(G)-wide for d,

T YT

we can find a € supp(ar, b, ay., b.) be such that

(ar)-a = (bs)-a = (a,)-a - (b;)—a :
As before we have that a € supp(a,, b, )Nsupp(al,b.). Set ' = (a;)-a—(b;)-a, & = (ar)-a,
b, = (b;)-a, d. = (a’)_a, and b’ = (b.)_a. Clearly now,

1. (@,b.),(a.,b.) € AL, and

vy Vr
2. 1<y <y =1 <.

So by the induction hypothesis applied to 4, it follows that

supp(a,,b,) = supp(d,.,i)r)u{a}
— supp(al,5,) U {a}

= supp(ay,b).

The induction is complete and the lemma follows.[J

The Cluster Shift Argument.

We describe an argument and its notation. We agree to invoke this argument by saying
“by the cluster shift argument” and then use its notation and its conclusions whenever
we invoke the argument: let m be a positive integer. Assume that {(z,2') is a cut-and-
paste term in symmetric cluster form at m. The procedure below will be called quantifier
tracing and will be used whenever we have a term in symmetric cluster form at m or
whenever we want to use a statement about the term which involves many quantifiers. Fix

d>d(t),e0<e<1/(2-d+2). Get p,v0,6:0< 6 <e. Fixv >upp,e>e(t) and get £p. Fix
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£ > £y, p € G-Restre(d,e,v,£) and get p’' € G-Restrg(d, e,v,£),p’ C p. Fix & < {™ and get
@ (%) a sequence of no more than p bits, &) e BOOL;?. For each j < vo get ag; € Z, ¥z,
a positive integer, and Af C ‘H(d(t): Ad,e,¢) and for each b € A? get @z ;p a positive integer
such that:

1. |z; - @zibl < [log, £]°(t), and

2. Va € vol(p')

t(e,¢) = Z 2%%5 g - 5 (@[@@)]) - Y paja- 2™,
Jj<w acAf
where ¢ = T(0d,et)-
Notice that in the case above we traced the quantifiers to the end. Occasionally, however,
we only trace up to a certain quantifier. If such is the case we shall trace quantifiers as
we did in the above, stop at the required quantifier and then write down the rest of the
property with its quantification intact. We indicate the depth of the trace by saying that we
trace quantifiers upto z, where z is the variable(s) after which we preserve quantification.

Next, we let:

A= Agept/(2-v - [log, £]1%), which is the A(G)-wide set for d obtained from the
A(G)-wide lemma;

R = {|ai — aj| [¢,5 < w0}, and
R= {|r/(2-v-[log,£]¢)| +B|r€R, B=0,1}.

By the finite support corrolary and noting that |R| < 2-|R| < 2 (v)?, we can find a
set § C A with |§} < 2-d-2-(v0)? such that if a,b € H(d: A) and @ — b = 7 € R then
supp(ar, b.) C S. Note further that:

H(d: Agept) =2 v-[logy €] - H(d: A), and
supp(a) = 2 - v - [log, £]¢ - supp(a/(2- v - [log, £]¢)), for @ € H(d: Agepr) -

Put § =2 v-[log, £]°-§ C Agene. We call S the critical set for t, the various parameters
being understood. Call z € vol(p’) (t: 7, £)-good, with £ € {0,1}* and 7 € G®, iff
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L 1= [Aje, [€(5) = fi(z[@])]], and
2. T(0dewt) C T .

Forr € G5 let p'|r ={m € p'| 7 C w}. Then call 7 € p'|r, (t:7,£)-good if z = 7(0ge, )
is (t:7,£)-good. Recall the action og G-words on members of H(d: Age,,). We show
that for a,b € H(d: Agepe) if Ta + a; — (7b+ ;) < 2- [log, £]¢ for some © € p'|T then
wa — b = w'a — w'b for any other 7' € p’|r. Choose 7 € p'|r with the property of the

assumption, if possible. Note that

Ta+ a; — (7b+ a;) < 2 [log, £]°
= |Ira— 7b| - |oi — ]| < 2 [log, £]°
== \|a-b|—|a,-—aj|§gd+2-[1og2e1e
= |la—bl— (' +m)| < 1/v+d/(2 v logy £]°)

where 0 < 7 < 1, 7' = |Jas ~ a3l/(2- v - [logy £1°)], 7' + 1 = lai — as]/(2 v - [logy £1°),
i=a/(2 v-[logy£]%),and b =b/(2 v - [log, £]¢). It follows that

(r' +m) = (1/v +d/(2-v - [loga £]°)) < |@ = bl < (' + 1) + (L/v + /(2 v - [log, £]°))

SO

!

' — _<_|&—l~;|§7"+1+—;-.

N =

We conclude that because r = |a — b| is an integer, r € R. So supp(@,,b,) C §. Recall
that @ = &, + 7(&,b) and b = b, 4 7(d,b), so that with (a,b) = 2 - v - [log, £]° - 7(&,b),
ar = 2-v-[logy £]°-&, and b, = 2-v-[log, £]°-b, we have that a = a, +r(a,b), b = b, +r(a,b),

and supp(a,, b;) = 2-v - [log, £]® - supp(é,, b,) C § = dom(7) C unfree(p’|r). Finally, let =’
be any other G-word, 7’ € p'|T.

! ! !
w'a - 7'b = n'a, — 7'b, = Tra, - 7b, = wa, — wb, = Ta — wh.

With 7 a G-word and § a sequence of pairs (a + «;,7), we denote by 7§ the sequence
obtained by replacing in § the pair (a + aj,5) by the pair (ra + «;,j). Write ¢, for
t(m(04ewe),€)y ™ a G-word. Put precl(w) = {§ | 7§ is a precluster in t,} and t, 53 =
Y(ata;i)eq Pia - ¥i - €(7) 27+ The following are the conclusions of the argument for

(t:7,€)-good G-words w, 7' € p”:
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1(r,€). 7g is a precluster of t, g if and only if 7' is a precluster of 1,/ g;

2(r, £). there are positive integers § and B’ such that ¢, ;- 28 = bt g 23', and

3(r, €). precl(w) = prezi(n’) .
Set precl(¢: 7, &) = precl(r) for some (t: 7, £)-good G-word in p'. By (3(7,€)), precl(¢: 7, £) is
well defined for any 7 € G5®) and & € {0,1}*. Call precl(t: ,£) the cluster set for t, with
the parameters understood. Clearly then
4(7',5)' ty = E tvr,g‘

geprecl(t:7,¢)

for any (t:7,&)-good 7 € p'.

Structural lemmata

The lemma below should constitute the two corresponding cases in the induction taking
place in the symmetric cut-and-paste cluster lemma. However, it is proved here because
it will be used in the forthcoming symmetric cut-and-paste cardinality lemma. The proof

uses the symmetric cluster-to-finite and G-multicircuit lemmata.

Symmetric cut-and-paste length&smash cluster Lemma 7.4. Let m be a positive
integer and t(z,Z), s(z,2) two cut-and-paste term in symmetric cluster form at m. Then,
Vd > d(t#s),e0<e<1/(2-d+2);
Jp,v0,6:0< 6 < ¢
Vv > vg,e > e(t#s)FLVE > Ly,
V p € G-Restr.(d,e,v,£) I p' € Restrs(d, e,v,{)
V< m
3§, 7€) € BOOLY;
33 < ¢, of < p bits;
3D, PO < |ltllems
Yz € vol(p'),

[t(z,8)] = § o fE = 3 ¢ £(a]a ()

I<vo

and

Hz,E)#s(z,8) = 3 2% g (a@@)]) .

i<w
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Proof. Apply the symmetric cluster-to-finite lemma (which is proved below amongst the
circuit lemmata) to ¢ and s simultaneously. Now, the proof proceeds in exactly the same
way as the cluster length and smash sublemmata of the cut-and-paste cluster lemma of the
previous chapter. The only difference is that here we use the multicircuit G-lemma. in place

of the multicircuit lemma.J

Here is the analog of the cluster lemma of chapter 6. It gives the cut-and-paste terms their

desired form.

Symmetric Cut-and-paste Cluster Lemma 7.5. Let m be a positive integer. Then,

all cut-and-paste terms, t(z, Z), are in symmetric cluster form at m.

Proof. The proof proceeds by induction on the complexity of the cut-and-paste term
r(z, 2).

Case: z,2;,c. In all of these cases d(t) = 1 and e(t) = 2. So, fix d > 1, € with 0 < € <
1/(d+1). Set p = 0,9 = 1,6 = €. Fixe,v > 1. Find £; > 0 such that [log, £]2 > m-[log, £]
for any £ > £y. Fix £ > £y and p € G-Restred,e,v,£. Set p’' = p. For ¢ < £™ we set:

1. @) = g and f) = (1);
¢, ift(z,?)=z;
2. Yeo=4c¢, ift(z,Z)=c; and azg=0;
1, ift(z,2) =z
{(0, if t(z,2) = z or t(z, Z) = ¢

Agevt, ift(z,Z)=rz. , and @zo, = 1 for any a € A§.

3. A

ony

After the appropriate substitutions and observing the convention .0 = 1 we see that for
any z € vol(p'), '

t(e,&) = 275 gz - f(a[@®)])) - Y papa- 2™,

a€AS

where = 104, ™ € p'. Finally, for any b € AS, [¥z0- pz04| < m- [log, £] < [log, 2],
by the choice of {g.
Case: [t(z,Z)]. cf. symmetric cut-and-paste length&smash lemma.
Case: t(z, 2 )#s(z,2). cf. symmetric cut-and-paste length&smash lemma.

Case: t(z,Z) + s(z, 7). Proceed exactly as in the cluster + sublemma.
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Case: t(z,Z) s(z,Z). Proceed exactly as in the cluster X sublemma. Then,

t(z,c) - s(z,8) = Z 2%6d) - p; v+ frazy(2ld@)) - Z Gy 2™

(£,5)Eve,0 Xvs,0 a€A,j)

whe;e:
Lo Aggy = AP+ A gy = Yoz Yoy, @= @G ua);
2. Plighe = LAPLEib Pocial bE ATV € A a=b+ b}, and
3. Sy = F5- 115

We now claim that,
e(t)+e(s)+1.

[©6,5),al < [log, £]
It suffices to show that the bound on the cardinality of
a={(bb)] be AX°,b' € A3, a=b+b')
depends only on d(r) (= d(s) + d(¢)). Now,

A:,E + A;’E C H(d(S) + d(t): Ad,e,u,t)'

So, if (b, ') € a then supp(b,b’) = supp(a). |supp(a)| < d(r) and the coeficients in b sum to

79

< d(t), and the coeflicients in b’ sum to < d(s). The claim on the bound of the cardinality

of the set @ is now evident. Finally, by the definition of the action of G-words and the fact

that b+ b’ = a implies that supp(b,d’') = supp(a) we conclude that

wa = wb+ b’ .

Case: trunc(t(z,?'):{(z,2),r(z,Z)). We proceed as in the cluster truncate sublemma.

Here, however, in order to partition the critical cluster we need to condition z € vol(p")

further. This arises because clusters shift as 7 varies in p”. We redefine the local notions

of relevance and v-goodness, for quadruples v. Let:

1. §= U supp(a) ;

(a+as,c',j .j)Eg'J',

2. 1, € GS; fs € {Oa 1}%,0 )
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3. 7 € G¥, X a set of no more than y; - v bits, & € {0, 1} ;

4. v = (74,€s, T, &)

5. S(V) - Z (IOS,E,j,a . 11/)8,5,]' . £s(]) . 27-’“'1'0‘3.5,1' ;
(a+a_,'5,j,j)€§,

6. §(v) = the (unique) precluster of ¢, §, of which the range contains s(v) if such a

precluster exists, and any precluster of ¢ otherwise, and

7. 7= U supp(a) .
(atey g;,7)€F (V)

Call quadruple v = (74, €5, 7, &) relevant if:
1. & €{0,1}0, & € {0,1}*° , 7, € G° , 7, € GT , and
2. TsUT € GSUT, i.e. the two functions are compatible.

Call z € vol(p") v-good if z is both (s: 7, £s)-good and (¢: 7¢, &)-good. To verify v-goodness
requires

K=py (14 ve0)+ pts - (14 vs0)

bits, call them &@(%V), so that the verification of all properties requires
Bw=rK-2"

bits; this is because the number of relevant v’s is at most 2%,

The generating cases have now been considered and the induction is complete.[J

Circuit lemmata

The lemma below is the analogue of the cluster-to-finite lemma of chapter 6.

Symmetric Cluster-to-finite Lemma 7.6.  Let m be a positive integer. Every cut-
and-paste term t(z,2') in symmetric cluster form at m has the symmetric bit-finite property

at m.

Proof. Let m be a positive integer and ¢(z,Z') be a cut-and-paste term in symmetric

cluster form at m. Trace the quantifiers in the definition of symmetric cluster form at m so
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that with fixed & < £™ we have that for any z € vol(p’),

= Z 2944 . d’c?,j [(L (C)] Z ¥éj,a 7
i<wm acAg
2
where £ = T0ge,.,¢. Let precl(t) be the set of preclusters in ¢(0g,e,,¢, ¢). Preclusters will shift
with z € vol(p)’ but not far enough to cause bit interference amongst adjacent preclusters.

We then have that for (¢: £)-good (cf. cluster-to-finite lemma) z € vol(p),

z,&) = D pia- ¥ €(7) 27
geprecl(t)
(a+aj,j)€§

> lng

geprecl(t)

i

with = 7(0geu,¢) and the ¢, ; non-interfering, at a distance > 2 - [log, £]® — 2 - d from
each other. Furthermore, with supp( 7) = Ua+ta,,j) supp(a), 7 € GS, ¢ € {0,1}*, and
(t: 7, €)-good z € vol(p)
BIT(tvr,g') y) A BIT( Z Pja - 1)[}] ' 6(]) : 2Ta+aj ay)
(ataj,j)€d

We conclude that

BIT(t(z,¢),y) <
<\ [(zis (t:7,£)-good) ABIT( Y @ja- i £(3) 27 ,y)].

ge€precl(t) (ataj,j)ed
reGeupp(d)
¢efo,1}*o
Since the ¢;q, and 1; are fixed independently of z € vol(p’), the circuit on the righthand

side of the last equivalence has depth < 4 and size < ||¢||¢m.0O

The analogue for terms of bounded arithmetic was proved in chapter 5. It is for the proof

of this lemma that we established the cluster shift argument.

Cut-and-paste Cardinality Lemma 7.7. Let m be a fized positive integer. If two
cut-and-paste terms t(z,z) and s(z,Z) are in symmetric cluster form at m then,
Vd2>d(t+s),e0<e<1/(2-d+2),

Ju,vp,6:0< 6 <¢

Vv >wg,e>e(t+ s)3LVE> Ly,



CHAPTER 7. INDEXPARITY IS NOT SBF(TRUNC, CARD) DEFINABLE 82

Vp € G-Restr.(d,e,v, )3 p' € G-Restrs(d,e,v,£),p' C p,
Ve tm;
3@ g sequence of < p bits in Age e,
3 f€) € BOOL,;
Yz € vol(p'),
[CARD(K(z, ), s(z,&))] = FC)(ala®)) .

Proof. Following the blueprint for two terms (cf. cluster 4+ sublemma) and using the
symmetric cut-and-paste length&smash lemma find p” € G-Restrs/(d, e, v, £) such that for
¢ < £™ it is true that

3@ (8€) g(5€) | sequences of no more than p and p, bits, respectively;

3 f1t€) € BOOL® and f1*9) ¢ BOOL}:® ;

Vi< uo,i' < vso;

Jopej, Qe € Z;

I z;, %25 positive integers;

3 AL C H(d(t): Adiene), AZF C H(d(s): Adept);

Vb e AY, b e AL

301b1Psc5 b POsitive integers;

such that:
L |z - Pezisl < [logy £154;
2. |tz Pozjel < [logy £]%(*), and

3. Vz e vol(p”),

H,€) = 35 2% i f79d) Y0 peaje -2

j<Vt,0 GGA;-'E

and

s(z,8) = D0 2% g (@) 3T pugga 2

§'<vso a’eA;;a
"
where = Tog e, T € p

and

|s(z, &) = %) o A E)([5E),
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where ¥ () has no more than v,9 members < ||s|s» and hE) e BOOL,>° is a partition of

unity. Set:
L. small(z) = Vx;<[losgllt||z,m] hf(m[b(a)]);
2. gy the first precluster of s(z, ¢);

3. S(s) = U supp(a), and

(a+as,€,j 1j)€§a

. 3(7'.9’ ga) = Z Sos,E,j,a°1/}a,€,j'£s(j) -2Teat s j » for Ts € Gs(g) and 65 € {07 1}%'0
(ata,,ej.7)€EGs

1>

s(z,€) = s(7s,&s) holds for any (s: 7s,&,)-good(cf. cluster shift argument) z € vol(p”) such

that small(z) is true. It is now clear that for z € vol(p”),

CARD(t(z,c),s(z,C)) <

= \/ small(z) A (z is (s:7s,&s)-good) A CARD(¢(z,<), $(7s,&s))-
r,€G5(2)

£5<{0,1}"2.0
Next we reduce CARD(t(z, <), 5(7s,€5)) to boolean function of a bounded number of bits
of z, given that z is (s:7,,&,)-good. Put vy = 19, 4; = Agt’a), o = gz, @ = @69),
fi = fJ(t’E), Pja = Prijar Wi = ie; for 3 < vo. Now use the cluster shift argument on ¢
with S(¢) the critical set for t. By conclusions (1(r,¢)), (2(r,€)), and (3(r,£€)) of the cluster
shift argument the following hold for (¢:7,¢)-good 7,7’ € p'"

Uty = zg’ePrcc](w) t7|'v§;
2'. card(tyg) = card(t, g), and
3. card(ty) = card(ty) .

So, given 7 € G5() ¢ € {0,1}* it now makes sense to talk about c(7,£) =the cardinality
of ty, for (t:7,)-good 7 € p'. So for z € vol(p") we have,

CARD(t(z,¢), s(7s,&5)) <= \/ [((z is (¢t:7,€)-good) A (c(T,&) = s(0,&,))].

reGS(t)
¢<qo,1}0

Clearly now the lemma follows.[J
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This final lemma is the key for establishing the theorem. The proof uses the symmetric

cut-and-paste cluster, cluster-to-finite, and cut-and-paste cardinality lemmata.

Symmetric Cut-and-paste Circuit Lemma 7.8. Let O(z) be a symmetric cut-and-
paste sharply bounded formula. Then,
AN, mo,v,d,ly,6:0< 6 <1,
Ve > Lo
Jp € G-Restrg(d, e, v, ),
Ele?p a circuit of size < L™ and depth < N + 6,
Yz € vol(p),
[0(2)] = CE,(2).

Proaof. O(z) is logically equivalent to
Qozo < |z|™...QN_12n-1 < |z|"¥(2, Z)

for some nonzero positive integers N and m, where @; are quantifiers, for ¢ < N, 2 =
29...2N-1, and ¥(z,Z) a quantifier free symmetric cut-and-paste formula. By the sym-
metric cut-and-paste cluster lemma, all terms in ¥ are in symmetric cluster form at m. We
therefore can proceed exactly as in the proof of the boolean cut-and-paste circuit lemma.
By the cut-and-paste cardinality lemma all occurrences of CARD have the property in
the cut-and-paste cardinality lemma. By the properties of the first five quantifiers in the
definition of the symmetric bit-finite property and in the property of the cut-and-paste
cardinality lemma we get that,

v, mo,d, £y, 6:0 < § < 1;

Ve > Lo;

Jp € G-Restrg(d, e, v, £);

Vo< fm

ECZ’C.'p a circuit of size < £™° and depth < 6;
Vz € vol(p),

. [¥(z,c)] = C)f’ap(m).

So get the appropriate § and G-restriction p so that
Ve < gm
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ElCl‘I"E’p a circuit of size < £™° and depth < 6;
Ve € vol(p),
[¥(z,2)] = Cpz,(a).
Let
C,G"p(m) = Bool(Qo) - - -Bool(QN_1)CZI"5‘p(m,E')

co<It™ ey <Im

with ¢ substituted for 2. For z € vol(p),
[0(2)] = C7,(2).

O

Proof of the theorem

Assume that ©(z) is a symmetric cut-and-paste symmetric cut-and-paste. Apply the sym-
metric cut-and-paste circuit lemma to ©(z) to get a G-cylinder, p € G-Restrs(d, e, v, £) and

a circuit Cp such that for any z € vol(p),
[0(2)] = CP(=).

"Apply the G-lemma to {Cte};’;’ and get 6’, 0 < ¢’ < §, and a finer G-cylinder, p' C p,
p' € G-Restrg(d, e, v, £) such that ©(z) is oblivious in vol(p’). INDEXPARITY is not
oblivious in vol(p’). So © does not define INDEXPARITY. B



Chapter 8

PARITY is not SB%\T(trunc,ﬂip)
definable

In this chapter the main result is
Theorem. PARITY is not ring sharply bounded definable.

To the cut-and-paste language we add the flip. This new term now enables subtraction

of terms.

Notation and convention

For items without local definition consult their most recent definition:

8a. To the cut-and-paste language we add the term flip(z,y). The interpretation of the
latter is
olel — 1y, if|z| > |y|;

ﬂip(:l:,’y) = {

The new sharply bounded formulae are now called ring sharply bounded.

0, otherwise.

8b. Integer subtraction is definable: let z and y be positive integers. Then
y = = = flip(y, flip(y, y) + ).

8c. We extend the definitions of e(t),d(t) to include the new function symbol flip(z,y):
d(flip(r, s)) = max{d(r), d(s)} and e(flip(r, s)) = max{e(r),e(s)}.

86
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8d. Let m be a positive integer and t(z,Z) a ring term. We then say that t is in ring
cluster form at m iff
Vd>d(t),e0<e<1/(2-d+2);
Ap,vp,6:0 <6 < ¢
Yv>2 vg,e>e(t)TloVE> Lo
V p € Restre(d,e,v,£)I p’ € Restrs(d,e,v,£),p' C p;
V< im,
3gE+) G(E-) sequences of < p bits;
3 fled), fla-) € BOOLY;
Vi <o
BaEJ, oz € Z ’Tﬁg]‘al&g—,j positive integers;
FAGH, A5 CH((): Adene);
Vbe A§’+, b e A?’" 3 (p;f,j,b, ¢z, Positive integers;
such that:

1. |¢§f, ' wéfj,bl, |’¢'5—,J ‘ ng,b:| < [log, E]e(t);
2. Vz e p', i(z,¢) = I1+ —T_ >0, where
F+ = Z 2 j ¢+:] fc -+ m[a (S +) Z (pc'J’ 9a /\.'D[Sllpp(a)]
g<ve aEAf'*'
and
Z 2‘18_7 ¢_, . G, (m[a(a—)]) . Z (‘oc:,j,a .9%. /\m[supp(a)],
<Vo aeAj‘r—

Remark. Quantifier tracing is as in the cluster shift argument and the blueprint
for two terms in ring cluster form at m is as in the cluster + sublemma, with the
understanding that both procedures are applied to the definition of ring cluster form

at m.

The lemmata

The strategy is the same as in chapters 6 and 7: we prove a bit-finite lemma, a cluster
lemma, and then the corresponding circuit lemma will follow. The definition of bit-finiteness

at m, m a positive integer, is the same as in chapter 6. We thus have,
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Ring Cluster-To-Finite Lemma 8.1.  Let m be a positive integer and t(z,Z) a ring
term. If t(z, Z') is in ring cluster form then t(z,Z) has the bit-finite property at m.

Proof. Since t(z,Z') is in ring cluster form we trace the quantifiers in the definition of
ring cluster form at m to the end. Recall the definitions of cluster, as they appear cluster-
to-finite of chapter 6. Here the clusters (when evaluated) can be negative or zero, while
all other relationships hold, as in the cluster-to-finite lemma of chapter 6. Also preclusters

may have up to 2 vy entries. For fixed ¢ < ™ and y < ([t]|¢m we let:

1. g(y) be the (unique) precluster of ¢(z,c) the range of which (cf. cluster-to-finite

lemma) contains y;
2. §1(y) be the precluster to the left of g(y);

3. a= min {a + oy ;}, and
(atarz;)€d+ (v) b

4, § = i + -},
s (a+a£i~l)le§(y){a o}

Recall that given a precluster § of ¢, the cluster based on g is

tg(z) = > 2etendi qp o f;'a(l‘[ff(t'g)]) “Ptz5a - Nz[supp(a)].
(atoe,zj.d)EF

Call pairs of the form v = (7,¢), 7,¢ € {0,1}2*° relevant. For a precluster § of ¢ and a

relevant pair v we let

Ltg(v)= % 297 ) s e T(I);
(a+a,5,5)
€g

2. Vi ={v| v relevant,t3(v) < 0}
3. V@ = {v | v relevant, ¢5(v) = 0}, and
4. ng’ = {v | v relevant, tz (v) > 0} .
For z, § a precluster and v relevant we say that = ¢s (g: v)-good if
1. z is (¢:€)-good, and

21=] A (r(j) = rslsupp(a)])] -

-

(atae,z;)€T
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Clearly [z is (g: v)-good] can be calculated by a circuit of constant depth and size, inde-

pendently of z. Next we calculate some truth values:
L [tz(z)>0)=[3ve ng'(:c is (§: v)-good)]
2. [tg(z)=0]=[3Ive V;(m is (g: v)-good)], and
3. [tg(z) < 0] =[3v € V; (z is (g: v)-good)] .

Again the above truth values and their negations can be calculated by circuits of constant
depth and size, independently of z. Before we express BIT(¢(z, ), y) as a constant depth,

polynomial size circuit we need to define three auxilliary properties:
L Q-1(z,y) =37 < g(y)(Vg" 7(y) > §' > 7) (t3(z) < OAtz:(z) = 0);
2. Q-(v,y) = Q-1 — BIT(2* + t5(,) (v) - 2°,y), and
3. Q4(v,y) = 2Q-1 — BIT(2% + t5(,) (v),¥) -

It is evident that the truth values of the above properties can be calculated by circuits of
constant depth and size polynomial in £. @)_; tests whether there is a carry from previous
subtractions. Now, for any ¢ € p’, y < ||t|lg;m, and ¢ < €™ we have that the truth value
of BIT(¢(z, ¢),y) can be calculated by a circuit of constant depth and size polynomial in £
because

BIT(i(z,¢),y) <=\ [(zis (§:v)-good) A Q-(v,¥) A Q+(v,¥)]-

Vv relevant

Finally, identifying BIT(¢(z,¢),y) with the circuit that calculates its truth value we con-

sider the multicircuit
C = {BIT((2,2),9) | ¥ < ltllem &< £™}.

Applying the multicircuit lemma we get p” C p’, u', @%¥) with no more than u' bits, and

fzy € BOOL,, such that

VE< LYy < |[tllgm Vo € p" [BIT((a,8),9) = fry(al@])] .
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The central lemma of the chapter which, together with the previous lemma, is the key to

the proof of the ring circuit lemma.

Ring Cluster Lemma 8.2.  Let m be a positive integer. Every ring term, t(z,Z), is in

ring cluster form at m.

Proof. We proceed by induction on the complexity of the ring term r(z, ).

Case: z,2z,c. We proceed exactly as in the base cases sublemma of the cut-and-paste
cluster lemma. In addition we require that I'_ = 0. This is done by setting fg'“ = 0, for
c<m.

Case: |i(z,?)|,t(z,Z)#s(z,Z). Since both t(z,Z) and s(z, Z) are in ring cluster form at
m they have the bit-finite property at m, by the ring cluster-to-finite lemma above. The
rest of the proof now proceeds exactly as the proof of the cluster length and cluster smash
sublemmata of the cut-and-paste cluster lemma and the conclusions are the same.

Case: t(z,?) + s(z, Z'). We have that,
H(z,8)=T% -TL >0

and

s(z,¢)=T% -T2 >0.

Clearly now,
s(z,&) + t(z,&) = (T + %) — (T2 +T%).

Case: t(z,2)- s(z,Z). As above, only here we get that,
s(z, &) t(z,&) = (T -T% + T2 .T%)— (D% -TL + T2 -T%).

The new parameters are obtained exactly as in the proof of the cluster x sublemma of the
cut-and-paste cluster lemma.

Case: flip((z,7), s(z,Z)). We use the blueprint for two terms (cf. cluster + sublemma)
and the conclusion of the cluster length sublemma (which holds as remarked earlier) to get

a restriction p” such that for z € p" we have that,

|s(z, )| = %) o f(0)
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and

(2, &) = ¥ o k(45
with both ) and () partitions of unity on p”. For i < vs0 and j < vt,0, we say T is
(iaj)-good iff

-

R (2(@)]) = h(el@®]) = 1.
For (3, 7)-good ¢ € p" we have that,
(2, &) = x{"* and |¢(z,&)| = x}°.

Set
okay(z,,7) = [ X:,a > X;’E and z is (¢, 7)-good]

for i < vy0, J < Vi, and z € p”. Certainly then,

flip(s(z, ), t(z,¢)) = Z okay(z,t,7) - [2";'6 -1~ t(.'z;,é')]
i<Vs,
J’<w,g
= Z okay(m,i,j)-2x:'a-— Z okay(z,?,7)- (¢(z,C) + 1).
1<V;,0 1<¥y,0
Jj<vio J<weo

Substituting T% — I'" in the last of the above equalities and setting,

I, = Z okay(z,4,7) - (Tt + 2";'3)
i<Va,0
I<vto

and

I = Z okay(z,i,7)- (T4 + 1)
'l.v<Vs,0
J<v0

we conclude that,
flip(s(z,¢),t(z,C)) =T, - T_.
The definition of the boolean function okay(z,?,7) and the fact that (¢, j)-goodness is a

partition of unity forces that,
I, — ' >0,

Case: trunc(t(z, 2): l(z, 2), r(z, Z)).
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We are going to split the proof into two cases: trunc(¢: s,0) and trunc(¢: oo, s). But first we
need some preparation. Following the blueprint for handling two terms simultaneously (cf.
cluster + sublemma) and using the conclusion of the cluster length sublemma we all the

appropriate parameters and a cylinder p” such that for ¢ < £™ and = € p'" we have that:
1. s(z,c)=T4 -T2
2. |s(z, )| = %) 0 BE)(2[@D]) , and
3. t(z,&) =T, —Tt.

Recall that there is m; such that ||t|[,» < €™ for all large £. Since clusters are involved,
recall all local definitions in the proof of the cluster-to-finite lemma regarding clusters,
preclusters, and <. Recall the definition of small(z) and large(z) from the cluster truncate
sublemma. Since the conclusions of the cluster length sublemma also hold for terms in ring
cluster form at m, we freely make use of the claim proved in the cluster truncate sublemma,

i.e.

Claim :  Let g, be the first precluster in s(z,c). Then,

s(z,c) = s(z,C) - large(z) + small(z)-
D 2t g f15(2[@(]) - 0y g - Ax[supp(a)].

(atae,;)€d,

The proof is the same as that in the cluster truncate sublemma. Let

v = (Ta,€£4 Th&);

where T,,£, € {0,1}2%2° and Ty, & € {0,1}2"t°. These quadruples will be called relevant.
For relevant v = (7,,&,, 7, &) , we set:
1. S(V) = Z 20tesa; . 'd)s,f:',j ' 68(]) *Pséja Ts(j);
(a+as,é‘,j|j)€§s
2. §(v) = the (unique) precluster of ¢ the range of which contains s(v);
3. tgv)(v) = 3 20tatas s ahy =i - €4(7) - Pezsa - Te(7), the value of the critical

(atay,e;,9)€5(V)
cluster of t relative to v;
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4. §*(v) be the <-successor precluster of g(v);

5. I(v)={a+afzat oz [ (atals;, i), (atep,;,7) € F(V)H

6. I*(v)={a+efato ;| (atafs;,h),(at ;7)€ dt(v)h

7. B(v) = min I(v), 7(v) = [log; 2 - n,0] + [log, £]°¢*) + max I(v),
min I*(v), if §(v) is not <-maximum;
V)=
max{s(v),y(v)}, otherwise.

8. Not-last(v) and Not-first(v) are as in the cluster truncate sublemma;

9. Not-first(v,j,+) = [thereis a € Ai&j such that (a + oz:,'aj,j) < g(v)], for j < v 05

10. Not-first(v,j,~) = [there is a € A such that (a+a;z:7) < g(V)], for j < w05

11. Not-last(v,j,+) = [thereis a € A;',’C_'J. such that (a + a::aj,j) = g(v)], for j < vep.

12. Not-last(v,j, —) = [ there is a € A, . such that (a + o £;,7) > §(v)], for j < vt

y(v) — 1 is the last bit we record in the binary expansion of ¢ within the range of §(v).

With z € p”, say that ¢ is v-good if the following hold:

1. = is both (¢: &)-good and (s: &;)-good (cf. cluster-to-finite lemma);

2.1=] A (7s(j) = Az[supp(a)])] , and
(a+as,;,7)EFs

3.1=[ A (n(j) = Az[supp(a)])].
(atee,;i)€F(V)

We have to take into account the carry from possible previous subtractions. Recall the
definition of Q_1(z,y) in the ring cluster-to-finite lemma. Let C_1(z,s(v)) be the circuit
that calculates the truth value for @_1(z,s(v)). Note that ¢ and the cylinder p" are fixed.
The value of C_q(z, s(v)) depends on the fixed parameters and z. In particular this value

depends on ¢ and v. Form the multicircuit
C = {C-1(z,s(v))| €< £™,v relevant}

and apply the multicircuit lemma to obtain a finer cylinder p" C p", pic, @45V for & < £™

and relevant v, and ¢; ¢y € BOOL, such that:
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1. @(t%V) has no more than pe bits, and

2. V< ™V v, relevantVz € p'', v-good
Co1(z,5(v)) = cpgv(e[@av]).

Now, we can proceed. Fix ¢ < £™ for the rest of the considerations. Let v be relevant. Set:

left(z,v) = 3 tz () 9-5(v)

g a precluster of ¢
g-g(v)
right(z,v) = > tg (z)
g a precluster of ¢
g=g ()

r_(z,v) = trunc(22V) + tg(v)(v) — 28(Y): a(v), s(v))
r(z,v) = trunc(2%V) + t5v)(v): a(v), s(v))
I_(z,v) = trunc(2*(¥) + tgvy(v) — 28(V): 5(v), B(V))
Ly(z,v) = trunc(22(V) + tg(v)(v):s(v), B(v)).

Given then a relevant v and v-good z € p"’ we have that

trunc(t(z, €): 00, s(z,c)) = small(z) - [z is v-good] - [[Not-last(v) left(z, v)]+
ez (@@ ) v (2,v) + (1 - ergn(2@E)) -y (2, v)) (R)

and
trunc(t(z, ¢): s(z, ), 0) = large(z) - t(z, )+
+[z is v-good] - [ey gy (2@ ®EV]) - (2, v)+
+(1 - eray(@[@“EV)) - Ly (2, v) + [Not-first(v) - ight(z, v)]] . (L)

For fixed relevant v we shall need to partition the critical cluster of ¢t into 21, o pieces. To

this end we set for 7 < vy,

g(v
undefined, if a € Al (a+at”,j) g(v).

. a,+at - o 1fa€At+c’Jand(a+atC],j) v);
n(7) =
t,C,J
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for Vt0 S ] < 2- Vt,0y

a4+ at—,c_'(j modwro)? ifac At_,é',(j mod vt o) and

(a+ a;é‘,(jmodut,o)’ (7 mod vi0)) € §(Vv);
undefined, ifforae A,

t,¢,(7mod ;o)

= (a + at_,é‘,(jmodug,o)’(j mod vp)) € §(V).

n(j) =

and call (7) n-defined if n(7) is defined. Next, we order the (j),7 < 2140 as follows:
(7) < (§") if both (5), (j') are n-defined and 7(5) < n(j") or else if j < j5'.

n(j) and < are well defined because there is at most one a € AZE,j’At—E'(jmodveo) with

(a-}—a;tc_’j,j) € g(v)or (a—}-at",a(jmodw,o), (7 mod w0)) € §(v)since spread(H(d: Agep,e)) >
4-vy0- [logy £]°. For (j) n-defined we set (j)* the n-defined <-successor of (j), and if (j) is
the 77-defined <-maximum then (j)* is undefined but we let n(5)* = 7(v). We enumerate
the critical precluster §(v) of ¢ as (a + a;z;,7) for j < 210, i.e. we drop the distinction
between ‘+’ and ‘~’. We now distinguish the cases as promised for a fixed relevant v:

Subcase: R. For j < 21,9 we set

7)(7) = max{n(7), s(v)} for (j) n-defined,

t {trunc(r+(:1:,v):n(j)+,7")(j)), if () is n-defined;
v, =

(
0, if (7) in not n-defined.
. {trunc(r_(:c,v):n(j)*,ﬁ(j)), if (7) is n-defined;
v, if (7) in not n-defined.

We now give the parameters for 'y and I'_ in the ring cluster form at m. For j < v, the
part responsible for the correct expansion of left(z,v) in R:
L. Aé}';v,]‘ = A:;E,j\{a‘ | (a+a::{;‘,jaj) € gwith g X g(v)}, A;_-_"v,j = A;,E,j\{a‘ | (a+at—'5‘,]‘1j) €
g with g < g(v)};

o+ - - )
2. Qpy = Qg s(v), Qv = Xz~ s(v);

+ = o .
3. (pE,V,j,(l - (Ptcevjla’ goauvvjya - (pt,aj,a for a 6 AE'V'J !
+ ot -
4 Yav; = Vrap Vv, = Yoz

5. fCJ’LV,]- = Not-last(v, 7,+) - small(z) - [z is v-good] - ftTE,]-,
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6. fry;= Not-last(v, 7, —) - small(z) - [z is v-good] - fozi
For Uto S ] <5 Ut o-
7. A;"V’J =, a;r . =0, and 90.: via = L

For 119 < j < 3140, the part responsible for getting the correct expansion for ri(z,v),
i.e. when there is no carry from previous subtractions:
8. 1’ch g ,(jmodZ-Vg,o) ’ and
9. £, ; = small(z) - [z is v-good] - (1 — ¢t v).
For 3-10 < j < 5- 140, the part responsible for getting the correct expansion for r_(z,v),
i.e. when there is carry from previous subtractions:
10. wc v = V (Fmod 2w 0)? and
11. f, ; = small(z) - [z is v-good] - c¢zv.

Now, we concern ourselves with the case when ¢(vy(v) < 0, or when ¢3(yv)(v) = 0 and there
is a carry from previous subtractions, or when tg(v)(v) < 0 and s(v) goes past the end
of the cluster but lies before a(v). This only adds one more summand in I'_, namely at

J = Vto. So for 7 = v o we set:
12 A7, =0,07,., =19z, . =1;
13. fc:,v,j = small(z) - [z is v-good] - ([tg(v)(v) < 0]+ [[tg-(v)(v) =0] - ceev), and
14, g, ; = max{s(v),7(v)} - o(v),

while for v;p < j < 5- 140 we set P2, ;= 0. For 5- 140 < j < 6140 (which are intended
for the next subcase) we only set fclfv,j = f&‘_,v,j = 0.
The last parameter is the sequence of bits which determine all of the above properties for

z € p"'. For the v at hand we set:

g@v) = gled) ygte) ygtavly U supp(a)u U supp(a).
(atoe,j)€d, (atoxe,;)€5(V)



CHAPTER 8. PARITY IS NOT SBN(TRUNC, FLIP) DEFINABLE 97

@ (t%Y) determines the carry from previous subtractions, and the last two unions determine

v-goodness, provided that £ € p’’. So, the final sequence is

9= |y a,

Vv relevant

The bound on its size clearly dei)ends only on dy,ds, V40, Vs,0, e, s, and pg. We set,

Iy = Y 2%ve.yt, - fE (2@®)) Y @i, Aelsupp(a)] - 2°

J<6:1t,0 aGA:“vJ

and

Y = Z 2%V j Yzyj fgvj(w[a(c)] Z Crvia’ Az[supp(a)] - 2°.

J<6ve0 QGAC—VJ

It is matter of unraveling the settings to see that indeed for z € p"”
trunc(¢(z, ¢): 00, s(z,C)) = Z ry -rv.
Vv relevant

This finishes “right” subcase.

Subcase: L. Here, we set for j < 2 14:

7(3) = min{n(5)*, s(v)},
s = { trunc({y(z,v): 7(7), n(5)), ’if (7) is n-defined;
' 0, if () is not n-defined.
. {trunc(l_(:z:,v): 7(7),m(5)), if (7)is n-defined;
0, if (7) is not n-defined.
Next, the parameters for the ring cluster form at m. For j < v g, the part responsible for

the correct expansion of right(z,v) in L:

1. Ajv’] = A:”C]\{a | (a+a::5'j,j) € gwithg > g(v)}, Az v = Az \{a| (ata;;. 7)€
g with § > g(v)};

+ ot - - .
3. (Pé‘lv)jla - (ptlajya’ SDE’V,]',G - (Ptvé‘yjua for a E AC'V'J !

ot o
YLy = e Yav = Yezs
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5. f, ; = Not-first(v, ,+) - small(z) - [ is v-good] - ;% .,
6. fzy ; = Not-first(v, j, ~) - small(z) - [z is v-good] - £, ..
For Vio S _7 < 5- Vo

7. A:VJ {a}, & CV] = Qf,jmod 211,05 (p:_r,v’j,a = 1, for n-defined (5 mod 2-v;0) with
(a + Qg g modz-w,o) €9 (V);

8. At = (), at

&,V,J c\V,7

=0, for (7 mod 2:1;0) not 7-defined.

For vy < 7 < 3- 14,0, the part responsible for getting the correct expansion of I, (z,v), i.e.

when there is no carry from previous subtractions:

9. z/}c v,7 tV,j mod 2:v 0 » and
10. f~v,, = (1 - ctevy)-small(z) - [z is v-good].

For 3140 < j < b vy, the part responsible for getting the correct expansion for I_(z, v),

i.e. when there is carry from previous subtractions:

11. ll/}CV] ,]mod2u¢0 ?a‘nd

For j = 5 - 140 we eliminate the extra carry from the expansion of right(z, v) because the

expansion of [_(z,v) has already been formed with a carry:

13. AEVJ_0’¢C:;V,].: ) c: —ﬂ(V) cv']_ctcv

Now, we concern ourselves with the case when #5(v)(v) < 0, or when #3(v)(v) = 0 and there
is a carry from previous subtractions, or when t3(v)(v) < 0 and s(v) goes past the end of
the cluster but lies before a(v). However, as before, when s(v) > vy(v) we have no control
over s(v) — y(v). Thus, it would be a mistake to simply add 2°(V) — 27(V), We create the
latter by putting appropriate summands to both T'y and T'_ at 7 = 510+ 1. So for
J =5 1,0+ 1 we set:

+ — — —_ — - o= — 1.
14. ACVJ AE'VJ 0, ‘pcV,J. ch,J 1, (pE.V,j,a_T'/)é',V,j_ L

15. aav,] =s(v), az, ;= 7(v), and
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16. [y ;= fav; = (Itgwy(v) < 01+ [tgwy(v) = O] - eev) - [s(v) > 7(v)] - small(z) -
[z is v-good],

while for v g < j < 5-ygpand j =5 -y 0+ 1 we set 1/}6"‘,,]. = 0. We now give the parameters

when z € p" is “large”. Sofor 5 v+ 1< j <6 10+ 1 we put:

+ o pt - _
17' AE,V 1j - 'At,E,(j mod Vt,O), AE,V,j - At,E,(] mod Vt,O),
18. at, . =at.

&V, t,&(7 modwe,0)? aE.V,j - at,E,(j mod u¢,0) ?

E(jmodueg),a? (iDE',V,j,a = (pt,é',(jmod Ve ,0),a for a € AE»V,j’

. + _

19. ¥zvja = ¥
+ ot R

20. ¢€V,j - wt,&',(j mod ¥ ,0)? wE.V.j - wt,&',(j mod v o) ?
+ . +

21 fi, .= large(z) - [z is v-good] - ft,é‘,(jmod Veo)?

22. f;, ; = large(z) - [z is v-good] - ftj&‘,(j mod v0)"

The bits @(€) remain as in subcase R. We set,

+ e
My = D0 2%aviyd, oo i, =@ 30 @iy ja- Aalsupp(a)] - 2°
jSG'W.O aeAé—t,V,j

and

IY = Y 2%V gz, fry (2@ 37 @7y ;.- Aalsupp(a)] - 2°.

7<8we0 a€Azy ;

It is matter of unraveling the settings to see that indeed,

trunc(i(z,€): s(z,&),0)= Y Ty -TY.

V relevant
This finishes the “left” subcase. In both subcases it will suffice to set
vro = max{(6-veo+ 1) 2% ve0}

, where K = 8 (V4,0 + ¥5,0). An upper bound on the number of bits in a(€) s

Po+ ps+pe+d-(2-v50+2140).
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We omit the boolean ring circuit lemma because its statement and proof are exactly the
same as those of the boolean cut-and-paste circuit lemma of chapter 6. However, as a
matter of reference we do state the local sharp version, which again is the same as the sharp

version of chapter 6.

Sharp Ring Circuit Lemma 8.3.  Let O(z) be a ring sharply bounded formula. Then,
AN, mg,v,d,£y,6:0< 6§ < 1;
Ve > Lo,
Jp € Restrs(d, e, v, £);
HClG')p a circuzt of size < L™ and depth < N + 6;
Vz € p,
[9(2)] = Cpy(a).

Proof. [1

Proof of the theorem

If PARITY were ring sharply bounded definable then by the sharp ring cluster lemma
we would be able to calculate [PARITY(z)] with a circuit of constant depth and size

polynomial in the length of z, which is not possible. M
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