
IN F O R M A T IO N  TO  USERS

This was produced from  a copy o f a document sent to us for microfilming. While the 
most advanced technological means to photograph and reproduce this document 
have been used, the quality is heavily dependent upon the quality o f the material 
submitted.

The follow ing explanation of techniques is provided to help you understand 
markings or notations which may appear on this reproduction.

1. The sign or “ target” fo r pages apparently lacking from  the document 
photographed is “ Missing Pagets)’\  I f  it was possible to obtain the missing 
pagets) or section, they are spliced into the film  along with adjacent pages. 
This may have necessitated cutting through an image and duplicating  
adjacent pages to assure you of complete continuity.

2. When an image on the film  is obliterated w ith a round black mark it is an 
indication that the film  inspector noticed either blurred copy because o f 
movement during exposure, or duplicate copy. Unless we meant to delete 
copyrighted materials that should not have been film ed, you w ill find a 
good image o f the page in the adjacent frame.

3. When a map. drawing or chart, etc., is part o f the material being photo­
graphed the photographer has followed a definite m ethod in “ sectioning” 
the material. It  is customary to begin film ing at the upper left hand corner 
of a large sheet and to continue from  left to right in e< ..at sections with 
small overlaps. I f  necessary, sectioning is continued again-beginning  
below the first row and continuing on until complete.

4. For any illustrations that cannot be reproduced 'satisfactorily by 
xerography, photographic prints can be purchased at additional cost and 
tipped into your xerographic copy. Requests can be made to our 
Dissertations Customer Services Department.

5. Some pages ir. -my document may have indistinct print. In all cases we 
have film ed the best available copy.

University
Mkircxilms

International
SI h • ■ „  , ' 1 1  M i  . ' M l  I . \ N \  I M  \ 1 |  \r ' I I t  •

i h i  ; :.i . . h i  ' i ' -  ' ' / /  i '■ i i i '  u  = i f ;• i . \



8023603

AULICI NO, DANIEL JOSEPH

UNITS, ADMISSIBLE ORIENTED PARALLELOPIPEDS AND BASES 

City University of New York PH.D. 1980

University
Microfilms

International 300 N. Zeeb Road, Ann Arbor, M l 48106 18 Bedford Row, London WC1R 4EJ, England

Copyright 1980 
by

AIILICINO, [)ANII:L JOStPlI

All Rights Reserved



UNITS, ADMISSIBLE ORIENTED PARALELLOP IPE DS  AND BASES

by

DANIEL AliLl CI NO

A dissertation submitted to the Graduate 
Faculty in Mathematics in partial fulfillment 
of the requirements for the degree of Doctor 
of Philosophy, The City University of New York.

1980



COP YRIGHT BY 

DANIEL AU LI CI NO



This m a n u s c ri p t  has been read and ac ce p t ed  for the Gra d ua t e  F a c u l ty  
in M a t h e ma t i cs  in sat is fa c t io n of the d i s s e r t a t i o n  requir eme nt  for the 
degree of Doct or  of Philosophy.

■ H -date Cha irman of E x a m i ni n g  Commi t tee

V 1- "

date

> 1

"Executive Off ic er

\

i f 77
S u p e r v i s o r y  Comm itt ee

The City U n i v e r s i t y  of Ne w  York

i 1 i



ABSTRACT

UNITS, ADMISSIB LE  ORIENTED P A R A L E L L O P 1PEDS AND BASES

by

DANIEL AU LI C1N O

Adviser: Professor Harvey Cohn

1. The Lheory of unit c a I c u 1 at i on as developed by Mi nkowsk i

and Voronoii is presented in a unified manner.

2. The geometry and neighboring processes of admissible oriented 

para 1 l e 1 opipeds is developed in origin symmetric discrete

a rrays , a more gene ra 1 setting than an i rreduci b 1e 1 a11 i c e .

i. A new type of adm i ss i b 1e or ienled pa ra1 IeI op i p e d , the

edge-face admissible oriented p a r a 1 le 1 o p i p e d , is presented.

Its geometry and neighboring process is developed.

4. The concept of rank matrix is introduced to aid in the proofs 

and un derstanding of the above theory. It is shown that in

n - d i m e n s i o n s , there are p(n) types of n - d i m e n s i o n a 1 admissible 

oriented p a r a 11eopipeds , where p(n) is the partition function.

5. Some new proofs are given of Voronoii's theorems.

6. The basis approach to calculating units is de scribed and 

placed in a genera 1 se11 i n g .

7. Cohn's basis approach is describee). A minor flaw is located: 

one of his theorems is invalid. Some new proofs of his 

theorems are given. Also, a clearer connection is e s t a ­

blished between MAOF and Cohn bases. Finally, a connection 

is shown between VAOP and Cohn bases. As a result of these 

connections a new proof that Cohn bases will generate units 

results. A possible new way of calcula ti ng  fundamental units 

by Cohn bases results and also a possible way of calculating 

units in higher dimensions is suggested.
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INTRODUCTION

Part I: Classical Survey. In this part, I have attempted to unify 

the Minkowski and Voronoii general theory of the calculation of 

units in an irreducible m u l t p 1 icative lattice of dimension three 

with identity. The algebraic integers of the cubic field Q(0), 

whose monic irreducible equation has real roots is an example 

oi such a lattice. To accomplish this unification, in Chapter I,

I have introduced the more general setting of an origin symmetric 

discrete array satisfying two postulates. In this structure 1 have 

developed the geometry of the Voronoii and Minkowski admissible 

oriented parallelopipeds and of their neighboring processes. It 

is shown that there exists a third such admissible oriented 

p a r a 11e 1 o p i p e d : the edge-face for which I develop the geometry 

of it and its neighboring process. To develop these theories 

mo re clearly, in Chap t e r II, 1 have i nt roduced the coiice pt of 

rank matrix, which enables a clearer presentation of the theory 

of the Voronoii, Minkowski and Edge-face neighboring processes 

in Chapter III. Also rank matrices are used to show that there 

are p(n) types of n - d i m e n s i o n a 1 oriented parallelopipeds in an 

n - d i m e n s i o n a 1 origin symmetric discrete array, where p(n) is 

the partition function. In Chapter IV, an irreducible 

lattice is shown to he an origin symmetric di screte 

array. Finally, in this chapter it is shown that the algebraic 

integers of the cubic field Q(0), whose monic irreducible equation

1
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has real roots is an example of an irreducihle mul ti plicative 

lattice of dimension three with identity. In Chapter V, 

the actual techniques that are used to calculate units, 

independent units and fundamental units are described and 

proven. Many of the proofs relating to V o r o n o i i's work are 

my own. Finally, in Chapter VI, the actual algorithms are 

briefly described and used to calculate units.

Fart II: Basis Approach. We explore* a basis approach to 

calculating units. The* concept of basis is linked to admissible 

oriented parallelopipeds and diagrams for three oriented 

parallelopipeds determined by three origin symmetric vectors 

are presented in Chapter VII. These enable a deeper 

understanding of the interrelationship of bases and 

admissible oriented parallelopipeds. In Chapter VIII, the 

basis approach is explained and Professor Harvey Cohn's work 

is presented. A flaw is pointed out in one of the proofs of 

a theorem. At the present, this the orem cannot be salvaged.

In Chapter IX, I show a clearer connection than existed between 

Minkowski admissible oriented parallelepiped and the Cohn bases. 

Also, 1 establish a connection between Cohn bases and Voronoii 

admissible orienLed parallelopipeds. These connections allow 

for a different way of est ablishing that Cohn bases can be used 

to calculate units. Also, an approach to calculating fundamental 

units by Cohn bases is discussed. Finally, a possible way of 

calculating units in higher dimensions is presented.



PART I. A CL ASSICAL SURVEY



CHAPTER 1

DISCRETE ARRAYS, OR IE NT ED PARALLELOPIPEDS 

AND NEIGHBORING PROCESSES IN THREE SPACE

In an origin symmetric discrete array, a more general setting 

than an irreducible lattice, we present the fundamental 

structures and neighboring processes of the Voronoii and 

Minkowski geometric approach to calculating units.

1.1. Discrete Arrays 

Def ini t ion 1.1.1. A centered rectangle is a rectangle in 

coordinated three space such that: 1) A coordinate axis is

per pen di cu lar  to the rectangle at its center, 2) The p r o ­

jection of the rectangle onto the plane of the remaining 

axes will have each of its parallel edges parallel to one of 

the remaining axes.

D ef ini t i on 1.1.2. A u n i f o rmly discrete array or di screte a r­

ray is a set of uniformly discrete points in three space such 

that coordinate axes can be centered at a point (origin) of 

the set so that: 1) Any centered rectangle whose center i s

the origin and which is translated away from the origin will 

encounter another point of the set. (Existence Property);

2) Any plane coincident or para 1 lei to the coordinate plane 

will contain at most one point of the set. (Uniqueness P r o ­

perty) .

4
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Lemma 1_. 1 . 3^ The coordinate axes contain only the origin in

We shall now present those pertinent fundamental s t r u c ­

tures of discrete arrays. We begin by pre se n ti ng  altered 

definitions of the parts of a p a r a 11e l o p i p e d .

Definit ion  1.2.1. The edge of a p a r a 1lelopiped is the open 

edge, that is, the edge without iLs boundary: vertices.

D e f i n i t i o n 1 .2.2. The face of a p a r a 1 lelopiped is the open 

face, that is, the face without its boundary: edges and vertices. 

Definition 1.2.3. The side of a p a r a 1 lelopiped is the closed face 

of the pa r a 1lelop i p e d .

Definit ion  _1 .2.4^ An or iented pa r a 1 1e 1 opiped or OP i s a 

p a r a 1lelopiped whose sides are centered rectangles and 

whose sides each contain a point of the discrete array.

P ropos i tion 1.2.5. An OP can be desc r ibed by a pa i rwi se 

permut ati on  of the following three ways only:

(1) A point at one of its vertices.

(2) A point on one face of each pair of opposite faces.

(3) A point on an edge and a point on a face p e r p e n d i ­

cular to that edge. □

P r o po s i t ion 1 . 2 .6. In any disc rete array, an OP of Propo-

a discrete array.

1.2. Oriented Pa ra 1 lelopides in

D _is ere te A r rays

sition 1.2.5. exists, though perhaps not all types exist.

1.3. R a i sing and L ow ering of Centered Rectangles and 

Admi ss ible O r i e n t ed Pa ra 1 lelopides

in D i s c rete Arrays
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Definition 1.3.1. To "raise a cen tered rectangle along the p o s ­

itive x axis" means to translate a centered rectangle 

(whose center is on the positive x axis) a long the pos i - 

tive x axis away from the origin. Similar definitions 

exist for raising centered rectangles along the negative x, 

positive y, negative y, positive z and negative z 

axes .

Def ini tion 1. 3.2 . To " l o w e r a centered rectangle a long the 

positive x axis" means to translate a centered rectangle 

(whose center is on the positive x axis) along the p o s i ­

tive x axis Lowards the origin. Similar definitions exist 

for lowering centered rectangles along the negative x, p o s ­

itive y, negative y, positive z and negative z axes,

Propos it ion K  3.3. If in the process of ra is i ng a centered 

rectangle R a long t he pos i t ive x axis , where R is 

originally centered at the origin, the centered rectangle 

R encounte rs a po i nt A of t he d i serete a rray on its v e r ­

tex or e d g e , then by furthe r rais ing R a long the pos i t i ve x 

axis, R will encounter an infinite number of points 

of the discrete array. Of these infinite points, there is 

a first point B encoun ter ed  by R.

Proof: Consider a centered rectangle R' whose length is

strictly less than the length of R and whose widt h is 

strictly less than the width of R. By the e xi st en ce  p r o ­

perty of a discrete array, R* will en counter a point C 

w hen  it is raised along the positive x axis away from 

the origin. Furthermore, it is clear that A /  C. We can
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create an infinite set of rectangles R and an infinite

sequence of points that will be encountered by R when

it is raised along the positive x axis. Hence, the first 

part of the proposi t ion is p r o v e d . For the second part of 

the proposition, we note that the x coordinate of C will 

be greater than the x coordinate of A. Consider the

pa rallelepiped AHIJKL MN defined by R at C and R at A.

(Refer to Diagram 1.3.6. Vertex I is not indicated, but

clearly understood.) This pa ra llelepiped is a closed and 

hounded set, and hence, can contain only a finite set F of 

points of the uniformly discrete array. Let B be the first 

point of F encountered by R when it is raised from A along

the positive x axis. Similar propositions exist for the 

negative x, positive, y, negative y, positive z and 

negative z directions. □

De f ini t i on 1^3.4^ An admi ss ib 1 e o n ented ga ra 11 e lopiped or 
AOP is an OP such that its interior contains no points 

of the discrete array except the origin.

Propos i t ion 1.3.5. In any discrete array, an AOP exists. □

1.4. Symmetr i c Ori ented Pa ra ̂ l e 1op ip ed^ in Or igin 

S y m m e tric Discrete A r rays and 

Thei r T h r ee Su b d i v i sions 

D e f i n i tion 1.4.1. An or i gi n symmetric d i s c rete a r ray or 

O SDA is a discrete array whose points are symmetric with 

respect to the origin.

D e f i n i tion 1 . 4 .2. A symnietrie o r iented para 1 le l o p i p e d or SOP 

is an OP whose opposite faces are symmetric with respect to



6
Diagram 1.3.6. Raising of a Centered Rectangle Along the x Axis

s

7
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the coordinate plane they pa r a 11e 1.

D e f i n ition 1.4.3. A V o r o n o i i oriented p a r a 1lelopiped or 

VOP or a vertex oriented p a r a llelopiped is an OP that is 

completely determined by two vertex points.

Definition 1,4.4. A M i n k ow s ki o r iented para 1 lelopiped or 

MO P or a face-face-face oriented para 1 1e 1 opiped is an OP 

that is complete 1y determined by two sets of three points, 

each set consisting of points on three non-opposite faces. 

D e f in i t ion 1 .4.5. A edge-face o r iented para 11e l op ip ed or 

EFOP is an OP that is completely determined by two sets 

of two points, each set consisting of a point on its face 

and a point on an edge perpendicular to that face. 

Proposition 1.4.6. In any OSDA, any SOP is either a 

VOP, MOP or EFOP. t m

P r o p o s i t ion 1.4.7. In an OSDA, an admissible oriented 

p a r a 11e 1 opiped is a symmetric oriented p a r a l l e l o p i p e d . 

Because of the previous two propositions, we make the f o l ­

lowing delinitions. □

D ef ini tion 1 . 4 . 8 . A Vo ro noi i a d m issible o r i e n ted p a r a l l e l o - 

piped or VAOP or a vertex a d m i ssible oriented pa ra 1lelo- 

piped is a VOP that is an admissible oriented parallelo- 

piped. Similar definitions exist for a MAOP and EFAOP. 

Pro p o s ition 1 L4^9. An any OSDA, a VAOP, MAOP and EF AOP 

exi st.. □

1.5. The T h ree Types of Admissible O riented Paral le lo pip ed s  

and T h e i r Re s p ec t i ve Neighb ori ng  Processes in 

O r i g in Symmetric Discrete A rrays
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A VAOP, an MAOP, or an EFAOP can be extended by a

" n e i g h b o r 1ng process" to another AOP of the same type in

an OSDA. We describe each of the three processes below.

Note that we will be making extensive use of Proposition 1.3.3.

Also note that because we are concerned with symmetric o r ­

iented par al le lopipeds in an OSDA, the Definitions 1.3.1. 

and 1.3.2. will be used without the words positive and neg- 

ative. In short, it is only necessary to look at the h al f ­

space in which the non-negative x axes lie, when we raise 

a centered rectangle along the positive x axis. S i m i ­

larly, this is true for the y and z coordinates. Throughout 

the remainder of the di sc ussion we shall refer to the centered 

rectangle of the SOP p e r p e n d i c u 1 ar to the x axis as the x-side. 

Analagous meanings will hold for the y-side and z-side.

A. Voronoii Neighbo rin g Process for a VAOP 

Raise the x-side along the x axis until a point A is 

encountered on the new x-face. Point A exists because of 

the existence property of a discrete array. Point A is on 

the x-face, that is, it cannot be on an edge or vertex of the 

new x-side because it would contradict the uniqueness 

property of a discrete array. Point A cannot be on 

the x axis because of Lemma 1.1.3. Now lower the new 

z-side along the z axis until point A is encountered.

Similarly, lower the new y-s ide a long the y ax is u n t i 1 

point A is encountered. We have now created a new VAOP.

Refer to Diagram 1.5.1. (We also could have begun the neigh-



Diagram 1.5.1 The Voronoii Neighboring Process

s

y
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boring process by ra is ing the y-s ide of the MAOP a 1ong 

the y axis or by raising the z-side of the MAOP along

the z axis.)

Note: We see that for each coordinate direction (say x), we

have only one possible path: Raise the x-side along the x

axis and lower the new z-side along the z axis and 

also lower the new v-side along the y axis.

B. MinkowskL Neighb ori ng Process for a MAOP 

Lower the x-side of the MAOP along the x axis until a point 

of the y- or z-face is e n c o u n t e r e d . Let us say B of the 

z-face is encountered. B cannot be on the z-y plane because 

of Lemma 1.1.3. Hence, raise the new z-side along the 

z axis until a point A is encountered. Point A exists 

because of the existence property of a discrete array. Point 

A must be on the z-face, that is, it cannot be on an edge or 

vertex of the new z-side because it would contradict the 

uniqueness property of a discrete array. We have now 

created a new MAOP. Refer to Diagram 1.5.2. (We also 

could have begun the neighb ori ng process by lowering the 

y-side of the M AO P along the y axis or by lowering

the z-side of the MAOP along the z axis.)

Note: We see that for each coordinate direction (say x), we 

have only one of two possible paths: Either lower the x-side

along the x axis and raise the new z-side along the z axis 

or lower the x-side along the x axis and raise the new 

y-side along the y axis.



Diagram 1,5.2 The Minkovaki Neighboring Process
13
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C. Edge-Face Neighboring Process for an EFAOP 

This nei ghboring process may begin in either of two ways 

as described below. We assume that the x-face contains a 

point A and some edge p e r p e n d i c u 1 ar to the x-face contains 

point B in the following sections. Needless to say, point 

C of the fo 1lowing section exists because of the exi stence 

and uniqueness proper ty  of a discreLe array.

1) (a) Lower the x-side along the x axis until a point

B is encountered. Now raise the new z-side along the

z axis until a point C is encountered on the z-face. We now 

have created a new EFAOP. Refer to diagram 1.5.3.

OR

1) (b) Lower the x-side along the x-axis until a point B

is encounterd. Now raise the new y-side along the y-axis 

until a point C is encoun te re d on the y-face. We now have 

created a new EFAOP.

2) (a) Raise the y-side along the y axis until

a point C is encount ere d on the y-face. Now lower the z-side 

along the z axis until either A or C is en countered  

and a new EFAOP is formed. Refer to dia gra m 1.5.4.

OR

2) (b) Raise the y-side along the y-axis until a point C is

encountered on the y-face. Now lower the x-side along the 

x-axis until either B or C is encountered and a new EFAOP

if formed.

3) (a) Raise the z-side along the z axis until

a point C is encount er ed  on the z-face. Now  lower the y-side
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Diagram 1.5.3. The Edge-Face Neighboring Process

Type I

The following diagram below depicts only the case where the z-sida

is raised to point C after the lowered x side has encountered the

point B. The case where the y-side is raised after point B is

encountered can similarly be depicted.
z



4 0

Diagram 1.5.4 The Edge-Face Neighboring Proceaa
Type II

The following diagram below depicts only the case where the

r-side is lowered to point C after y-side was raised to

point C. The case where Che x-side is lowered after point C 
is encountered can similarly be depicted.

y
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a long the y axis unt il either A or C is encoun te red  and 

a new EFAOP is formed. Refer to di agram 1.5.5.

OR

3) (b) Raise the z-side along the z-axis until a point C 

is encountered on the z-face. Now lower the x-side along 

the x-axis until either B or C is encountered and a new 

EFAOP i s f o r m e d .

4) (a) Lower the y-side along the y axis until

point A is encountered. Now raise the z-side along the z

axis until point C is encountered on the z-face and a new EFAOP

is created. Refer to diagram 1.5.6.

OR

4) (b) Lower the y-side along the y axis unitl

point A is encountered. Now raise the x-side along the x

axis until a point C is encountered on the x-face. Finally, lower

the z-side along the z axis until point B or C is

encountered and a new EFAOP is formed.

5) (a) Lower the z-side along the z axis until

point A is encountered. Now raise the y-side along the y

axis until point C is encountered on the y-face and a new EFAOP 

i s c r e a t e d .

OR

51 (b 1 Lower the z-s ide a long the z axis unt i 1

point A is encountered. Now raise the x-side along the x

axis until a point C is encountered on the x-face. Finally, lower

the y-side along the y axis until a point A or C is

encountered and a new EFAOP is formed. Refer to diagram 1.5.7.



Diagram 1.5-5. The Edge-Face Neighboring Process
Type III

18

s

I -------------------------------------------------

y

In this diagram above, we dq>rcr only the case where the 

y-side has been lowered to point A after the z-side has encountered 

the point C. The case where the x-side is lowered after point C 

is encounterd can be similarly depicted.



Diagram 1.5.6. The Edge-Face Neighboring Process

’ Type IV
z

In'the diagram above, we depict only the case where the z-side is 

raised to point C after the lowered y-side has encountered 

the point A. The case 5) (a) of raising the y-side to point C 

after the lowered z-side has encountered A can be similarly 

depicted.



Diagram 1.5.7. The Edge-Face Neighboring Process
Type V

2 0

x

In the diagram above, we depict only the case where the x-side 

has been raised to point C after the 2-side has been Lowered to 

point A. Finally the y-side is lowered to point A. The case 4) fbl 

of raising the x-side to point C after the y-side has been 

lowered to A and finally, the r-side is lowered to point A can 

be similarly depicted.
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Note: We see that we have a most ten possible paths to fol­

low to create a new EFAOP: 1) Lower the x-side along the

x axis and raise the z-side along the z axis. 2) L o w ­

er the x-side along the x axis and raise the y-side along the 

y axis. 3) Raise the y-side along the y axis and 

lower the z-side along the z axis. 4) Raise the y-side 

along the y axis and lower the x-side along the x axis.

5) Raise the z-side along the z axis and lower the

y-side along the y axis. 6) Raise the z-side along the

z axis and lower the x-side along the x axis.

7) Lower the y-side along the y axis and raise the z-side

a 1ong the z axis. 8) Lowe r the y-s i de a 1ong the y

axis, raise the x-side along the x axis and finally lower 

the z-side along the z axis. 9) Lower the z-side along 

the z axis and raise the y-side in the y direction.

10) Lower the z-side along the z axis, raise the x-side 

along the x axis and lower the y-side along the y axis.

We summarize some important features of the three p r o ­

cesses. Minkowski neighbors share two points, edge-faee 

neighbors share one point and Voronoii neighbors share no 

points. The creation of a Minkowski neighbor for an MA OP  S 

requires that two sides of S be raised or lowered. The 

creation of a Voronoii neighbor of the VAOP T requires 

that three sides of S be raised or lowered. The creation 

of an edge-face neighbor for an EFAOP  U requires that two 

or three sides of U be raised or lowered.



CHAPTER 2

PARAMETRIC NOTATION, GEOMETRIC EQUIVALENCE AND RANK MATRICES, 

DIAGRAMS OE TWO ORIENTED PA RALLELOPIPEDS IN THE SAME 

ORIGIN SYMMETRIC DISCRETE ARRAY AND n - Dl ME NS ION AL  

ORIENTED PARALLELOPIPEDS IN AN n-DIMENSIONAL  

ORIGIN SYMMETRIC DISCRETE ARRAY

Throughout the remainder of this work, we shall consider only 

origin symmetric discrete arrays and symmetric oriented parallel 

opipeds and/or symmetric admissible oriented para I l e l o p i p e d s . We 

introduce the concept of rank matr ix  to aid us in our understand 

ing of the geometric interrelationship of VAOP, MAOP and EFAOP.

2.1. Paramet ric N o t a ti on 

We will often have need to identify an OP by its parameters.

D e f inition 2.1.1. An oriented pa ral le lo pip ed shall be d e s i g ­

nated by (a,g,h) , where the positive real numbers a ,g

and h represent the respective x, y and z parameters of the 

oriented parallelopiped.

Note: It is clear that the two vertices of a VO P will a p ­

pear among the eight possible sign combinations of f±a,±g,±hj. 

In an EFOP some sign combination of two of the parameters 

will be two of the coordinates of the edge point and some 

sign combination of the third will be a face point coordinate.

In an MOP some sign combina ti on of each p ar am et er is a mem-
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her of each face point coordinates.

2.2. G e o m e t r i c Equ iv a la nc e  and 

Rank Matrices

D e f i n ition 2.2.1. Let S -  ^ ( a ^ ,gj. hj ) , (a2 ,g2 ,h2 )p

<an ’Bn •h n )p 3 and T =  I ' W V p  •(a2 ’g 2 ’h 2 )p
(a n ’ S and T are g e o m e trica 1 ly e q u i valent if there

exists a one to one mapping f : S-r-T and an axis permutation 

p : T - f T ’ so that pf:S-*-T' is order pre ser vin g in each coordinate. 

Proposition 2.2.2. Geometric equival an ce  is an equ ivalance 

r e l a t i o n .

Definition 2.2.3. The unarranged rank matrix of n

ori en t ed para 1 1 el opipeds ( a ^ g j . h j p  ,(a2 ,g2 ,h2 )p , .

(a ,e ,h ) is an nx3 matrix (a,. .1 whose entries aren n n p C i ,J )
obtained in the following manner: Arbitr ar ily  label the n

p a r a 1leIopipeds 1 through n, which  shall be the domain of

the i index of a.. ... Now label the x, y and z axis as(1 , J )
1, 2 and 3 respectively which shall be the domain of the j 

index of a ^  The order 1,2,..., at most n (in increasing

size) of the pa rameter of the j*"*1 coordinate of the i p a r a l l e l -  

opiped among all n pa ra 1 1 e 1 op ipeds 1 s j ̂  c oordinates is a ^

(These concepts can be extended to m - d i m e n s i o n a 1 oriented 

parallelepipeds in m dimensions.)

Proposition 2 . 2 .4. If the unarrang ed  rank ma tr i x  of n 

oriented pa rallelopipeds S is changed by interchanging 

rows and/or columns into the unarranged rank matrix of n 

oriented pa rallelopipeds T, then S is geometrically  

equivalent to T.
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D efinition 2^ 2.5. The rank mat rix of n o r ie n ted p a r a l ­

lelopipeds is that unarranged rank matrix of n oriented 

parallelopipeds in which a ^  ^  = 1 and whose first column

is non-dec re asi ng  and whose first row is non-decreasing.

2.3. Diagrams of Two Oriented Para I leiopipeds in 

the same Origin S ymmetric 

Discrete Array 

We now apply the above concepts to two oriented 

parallelopipeds in the same OSDA. Because two VOP can 

share no OSDA points, we consider a rank ma tr ix  for two 

VOP in wh ic h each column is a pe rmutation of 1 and 2. We 

have that there are at most two n o n - g e o m e t r i c a 11y equivalent 

sets of two VOP which have the following rank matrices:

1 1 1
and

1 1

2 2 2 2 2
See diagrams 2.3.1 and 2.3.2.

Because two EFOP can share at most one OSDA point, we 

consider additional rank matrices for two EFOP in which  

the first column entries are each one and the remaining c o ­

lumns are each permutations of 1 and 2. We now have that 

there are two more n o n - g e o m e t r i c a 1 ly equivale nt  sets of two 

EFOP which have the following rank matrices:

1 1 1 1 1 2
and

1 2 2 1 2 1

See diagrams 2.3.3 and 2.3.4

Finally, because two MOP can share at most two OSDA points, 

we consider additional rank matrices for two MOP in which
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Diagram 2 ■ J . 1. Two Oriented Parallelopipeds with Distinct
Parameters - Type I

y Rank Matrix

A Configuration For 
An AOP and Its Successor

V
No

M
No

EF
No

[

x y z

1 1 1*

2 2 2,

Number of Determining 
Points If Both Are:

Inadmiss ible
Configurat ion

M EF
2 6 4



Diagram 2,3.2 Two Oriented Parallelepipeds with Distinct
Parameters - Type II

26

7

A Configuration For An 
AOP and Its Successor
V
Yea

M
No

EF
Yes

Rank Matrix 
x y zE : 0

Number of Determining 
Points If Both Are:

Possible Admissible
Configurat ion

M EF
2 6 or 5 ^ or 3
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Diagram 2.3.3 Two Oriented Parallelopipeds with Distinct
Parameters - Type III

%
I
1

y Rank Matrix

A Configuration For 
An AOP and its Successor
V
No

M
No

EF
No

y

§ : 3
Number of Determining 
Points If Both Are:

Inadmiss ible
Configuration

M EF
X 5 3



Diagram 2.3.4. Two Oriented Parallelopipeds with Distinct
Parameters - Type IV

3

A Configuration For 
An AOP and Its Successor 
V M EF [

Rank Matrix 
x y z
1 1 2
1 2  1

No Yes Yes Possible Admiss ible 
Configuration

Number of Determining 
Points If Both Are:
V M EF
X 4 or 5 3
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the first two column entries are each one and the remaining 

column is a permutation of 1 and 2. We now have that there 

is one more n o n - g e o m e t r i c a 1ly equivalent set of two MOP 

which has the following rank matrix:

“  1 1

1 1 2 . .

See diagram 2 . 'J. S

2.4 The Number Of Types Of n-Dimens i ona 1 Parallelopipeds

I ri An n-D imens iona 1 Origin Symmetric

Discrete Array

We now use a reinLerpret ation of rank matrices to calculate the 

number of types of n - d i m e n s i o n a 1 oriented parallelopipeds in 

an n - d i m e n s i o n a 1 OSDA. In a three dimensional OSDA, there 

were three: a VOP, an MOP and an EFOP.

Proposition 2.4.1. The number of ways an n - d i m e n s i o n a 1 oriented

pa ra 1 leop i ped in art n-d imens iona 1 OS DA  may he determined by 

points on its surface is p(n), where pfn) is Lhe partition 

f uncti o n .

Prqqf_: Assume tha t k points determine the pa rameters of the 

n-d i mens i o n a 1 O P , t hen the pa ramete rs of the OP must appea r

am ong these points coordinates. We form an nxk matrix of

the k points 's n-coordinates , and label the determining 

parameter coordinates k . As in a rank m a t r i x , we consider 

two such matrices equivalent up to row and column 

interchanges. The theorem is now clear. n



Diagram 2.3.5. Two Oriented Parallelopipeds vith Distinct
Parameters - Type V

A Configuration For 
An AOP and Its Successor
V

No

M

No

EF

No

y

Rank Matrix

x
'l

y
1

z

1

Number of Determining 
Points If Both Are:

Inadmissible
Configuration

M EF
X 4 3



CHAPTER 3

GEOMETRIC THEOREMS AB OU T NEIGHBORING PROCESSES

For each neighboring process, we shall answer each of 

the three following questions which are essential to our 

understanding of the processes and their ability to 

calculate units.

1) Given any AOP, how many "immediate predecessors"

and "immediate successors" ol its type are created by the 

appropriate neighboring process?

2) Given any AOP, if its nei ghboring process were

unrestricted, wouId it be poss i ble to return to the same

AOP? If so, how can this be avoided?

3) Given any two AOP of the same type, is it possible to connect

the two by means of that t y p e ’s neighboring process?

3.1. Preliminary Definitions 

Def i ni t ion 3 . 1 .1. A V o r o n oi i p r e d e c e s s o r  A of an VAOP B 

is any VAOP such that if the Voronoii neighbo ri ng  process 

is applied to B, A will result. Analogu ou s definitions 

exist for a Voronoii successor and for Minkowski predecessors 

and successors and for EFAOP predecessors and successors.

Definiti on 3 . 1 .3. Given any VAOP P, then P, P^ , ...

is a Voronoii chain for P if P. is a Voronoii successor— ------- _----  i

of P^_^ Analoguous definitions exist for Minkowski chains

31
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and EFAOP chai n s .

3.2. The V o r o n o i i Neighbor i njj Process 

Propos i tion 3.2.1. Given any VAOP A, depending on the OSDA 

there can exist any number (zero, finite or infinite) of 

predecessors of A in any coordinate direction. However, 

there will exi st three successors of A , one in each 

coordinate direction. □

Comment ^ 2 ^  2 Given any V A O P , the random use of the 

Voronoii neighboring process can return us to A.

We may avoid the "looping" of Comment 3.2.2 by demanding 

that throughout the Voronoii neighbo ri ng  process we always 

begin by ra i s i ng a side a 1ong the same axis. The result i ng 

structure will be a needle-like sequence of VAOP which would 

have an increasing coordinate parameter while the other two 

coordinate parameters are decreasing.

It is not the case that any VAOP can be connected by 

means of a finite or infinite Voronoii chain to any other 

VAOP. The following theorem gives Voronoii's best answer to 

this question. First we give the definit ion  of a Voronoii 

coordinate c h a i n .

De f inition 3. 2_. 3 . A V o rono i i co or d i n a te cha in a long the x 

di rect ion is a Voronoii chain for a VAOP in which each s u c ­

cessor Q' of an element Q of the chain is obtained by 

applying the Voronoii neighboring process to Q along the x 

axis. We denote these chains by (Q)x = Qt Qj * Q 2 •■• 

Analogous definitions exist for chains along the z and
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y a x e s .

T h e o rem 3.2.^*^ Given any two VAOP T and S, then either 

T is in a Voronoii coordinate chain of S or S is in a

Voronoii coordinate chain of T, and if not, some Voronoii

coordinate chain of S will intersect some Voronoii c o ­

ordinate cha in of T . □

Before we prove this theorem, it is necessary to present 

various definitions and propositions.

Definition 3 . 2 . 5 : For VAOP T and VAOP S, T pierces S

along _the x a x i  means that the x pa rameter of T is

greater than the x parameter of S, the y p ar am et er of 

T is less than the y pa rameter of S, and the z parameter 

of T is less than the z parameter of S. Ana 1ogous 

definitions exist for T piercing S along the y axis

and T pierc in g S along the z axis.

Def ini ti on 3.2.6. For VAOP T and ^ *s z lesser,

Y g r e at e r  than ( S ) if the re is an S whose z pa ra-

mete r is less than the z para met er if T and whose y

pa rameter is greater than the y pa rameter of T. Analogous

definitions exist for all permutations of x, y and z.
J ”T”X I

P r op osition 3 . 2 .7. For VAOP T not in (K) t, either T is 

z lesser, y greater than or T is z greater, y

lesser than diagram 3.2.9. Analogous p r o ­

positions hold for T and anc* ^ anc* ^ ^ z  '  ̂ ^

P roposition 3 . 2 .8. If VAOP T has its x pa rameter greater

than the x parameter of each of the elements of (S) andz
T is z lesser, y greater than (S) then (S) and
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Diagram 3.2.9. A VAOP Cannot Be Both z-Crsater, y-Lesser and 

z-Lesaer, y-Greater Than Another VAOP

S.x

S.J
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(T) have a common e l e m e n t . z
P r o o f : Two VAOP S and T may be situated with respect to

each other in six different ways: T pierces S along the x

axis, T pierces S along the y axis, T pierces

S a 1ong the z axis, S pierces T along the x axis,

S p i e rces T a long the y axis, and S pierces T along

the z axis. Only two of these six possibilities

satisfy the hypothesis of the proposition: T pierces S

a 1ong the x axis and S pierces T along the z axis.

We shall only consider the first possibility for the second

is similar.

Let T pierce S along the x axis. See diagram 

3.2.10. Because T is z lesser, y greater than (S)^,

(S)^ contains an S' which is z greater, y lesser than 

T and whose x parameter is greater than the x pa rameter

of T. For if not, all the elements of whose x

parameter is less than the x par ameter of T had z p a r a ­

meter greaLer than z pa rameter of T and y parameter 

greater than y parameter of T w o u 1d imply that T wouId

helong to (S) which  contradicts the hypothesis. Let S.X 1
be the first element of such that j is pierced by T

a long the x axis. Now S ̂ p ierces T along the z a x i s .

We now show that either belongs to or is pierced by

an element of (T)z along the x axis.

Consider the elements of whose z para me ter  is

less than the z pa rameter of . If pierces each

of them along the z axis, then belongs to (T)z



Diagram 3.2.10. Different Directed Chains
of VAOP

36

i-1.

y

The lefti^o a t is not possible as the proof indicates.
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and the proo f is complete. If the (T) contains an e le men t  

that is not p i e rc e d  by along  the z axis, then

it is eit he r y greater, x lesser than or x greater,

y lesser than . But the first case is im p o ss i b le  b e ­

cause T would be the s u cc ess or  of S. , not S. . The a 1 -1 l
s eco n d  case means that T pie rces S. a l o ng  the x axis-a r  i
as was claimed.

Now  T and agai n sat isfy the hy p o th e s is  of the

theorem, but this time pi erces T al on g the z axis.

Th e same argument is repeated. The first ele m en t  T of

the chain (T) wh ich is not pi erced by S. a l o ng  the z z i

axis is shown to b e l o n g  to the chain (S.) or is zI X
lesser, y gr eater than In this latter case, we

repeat the same argument, and so on. All V A O P  in tr oduced 

by these ar gu e me n t s are bou n de d  by the x p a r a m e t e r  of T 

and the y and z pa ra m e te rs  of S. Be ca u s e we are in a 

u n i f o r m l y  di sc re te array, there are only a finite num be r of 

V AO P  wit hi n these bounds and hence must share a com-
""lmon el em en t  wi t h  (T) ._____Iz ----

Si mi l a r p r o p o s it i o ns  may be pr o ve d for an y p ai r  p e r m u ­

tation of x, y and z.

Pro p o s i t i o n  3.2.9 For any  V AOP  S and T, one of the f ol ­

lowing (S )y or (S)^ will have an el e me n t  in c o m ­

mon  w ith  one of the (T)x * (T) or (T)^.

P r o o f : We co nsi de r only one of the six cases listed in the

b e g i n n i n g  of the proof of p r o p o s i t i o n  3.2.8: T pi e r ce s  S

along the x axis. In this case, T has x p a r a m e t e r



greater than the x parameter of each of the elements of

(S) and T is z lesser, x greater than (S) . Con-z y
sider the e 1ement S. of ( S ) which has the largest xI X
pa rameter that is less than the x par ameter of T . 1f S

has y parameter greater than the y pa rameter of T and z 

p arameter greater than the z parameter of T, then T

be 1ongs to a n ^ the proof is comp 1e t e . If S has

z pa rameter greater than z pa rameter of T and y pa ra­

meter less than the y par ameter of T , then T is y 

greater , z lesser than (S)^ and by propos i t ion 3.2.8,

and (T) have a common element. If S. has z parameter z i
greater than the z parameter of T and S. has y para-

greater than y pa ramete r of T , then T is z greater,

y lesser than (S)^, and by one of the propositions

analogous to proposition 3.2.8, (S) and (T) have ay x
common element and the proof of the case T pierces S 

along the x axis is complete. All other five cases are 

ana 1o g o u s . I 1

As a direct consequence of proposi ti on  3.2.9, theorem 3.2. 

i s p r o v e d .

3.3. The M ink owski Nei ghboring Process 

P r opos it ion 3 .3.1. Given any MAOP A, there exists three 

predecessors to A and three successors of A. I ~1 

Comment 3 . 3 .2. Given any MAOP A, the random use of 

the Minkowski neighboring process can return us to A.

We note that we may avoid the "looping" of Comment 3.3.2
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by demanding that throughout the Minkowski neighboring p r o ­

cess we always begin by lowering a long the same a x i s . The

resulting structure would be MAOP's which would be flattened 

along one dimension and expand ed  along the other(s).

Lemma 3. 3 ■ 3 . G i ven any AOP  P whi ch we agree may not c o n­

tain points on its closed f a c e s , then the following is t r u e .

Let X be the x coordinate of the point encountered by

raising the x-side of P along the x axis. Let V and

Z be similarly defined. Any MAOP (a,g,h)^ which contains

P is such that a < X, g < Y, h ‘ Z. 1-----1

Theorem 3 ■3.4. Given any M A O P , one can construct a finite

Minkowski chain that will lead to any other MAOP.

Proof: Given any two M AOP  ( A tG,H)^ and ( a , g , h f) , we see

that up to geometric equivalence the two can only be geometric al ly  

interrelated as pictured in diagrams 2.3.2 and 2.3.4. Their 

correspon din g parameters in a geometrically equivalent situation 

may have the following order relationships: a > A, g < G, 

h _ H.

Diagram 3.3.5 which corresponds to a A, g < G ,  h = H, 

can be determined by four or five p o i n t s . Because of 

the uniform discreteness of an O S D A , two MAOP so 

related as in diagram 3.3.5., can be connected by the 

Minkowski neighb or ing  process in a finite number of steps if 

we begin by lowering the x-side of (a,g,h)^ along the x 

axis and raising the y-side along the y axis until 

a point is encountered. If necessary, we repeat the process
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Diagram 3.3.5. MAOP Chains Between Two Different 
MAOPs - Type I

a > A  g < C  h ■ H

(A,G,H)

y



41

on the new (a'^, g'ji h) until the process terminates with 

(A,G,h)

Di ag r a m 3.3.6. w h i c h corresponds up to geometric equivalence 

to diagram 2.3.2 has a A, g G, h H, and can be determined 

by tive or six points. We consider the six point case only and 

label these points as in di agram 3.3.6: (a,f,j) , (b,g,k) ,

(c,d,h) , (A,F,J) , ( B , G tK) and (C,D,H).

These points have been selected so that a, g, h, A, G, and 

H are positive. These two MAOP have a para 1 lelopiped inter­

section Q with x, y t and z parameters A, g, and

h respectively. Now lower the x-side of (a,g,h)p along

the x axis until a point is encountered and raise the 

y-side a 1ong the y axis or the z-side along the z axis 

in accordance with lb!'|c| or i b I i c ! • It is 

clear that diagram 3.3.3 or 3.3.6 can occur only. If dia- 

gram 3.3.5 occur we have finished by the preceedi ng  p a r a ­

graph. If diagram 3.3.6 occurs, we have a new (b, g ’ ,h) , 

such that Ig’ I H g !  if I M ' - |c| or we have a new 

(c,g,h')p such that | h ' | -■ [h| if |b[ ' |cj. In each 

case, the intersection of either new MAOP w it h (A,G,H)p 

will be a p a r a 1 lelopiped intersection which contains

Q. Morever, the volume of is greater than the volume

of Q. If we continue the process, we cannot continually 

create dia gram 3.3.6 configurations. If so, the sequence 

Q, Qj.... insure us that distinct new MAOP are being created 

by the process. Because we are in a uniformly discrete space,
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D i a g r a m  3.3.6. MA OP Chains B e t w ee n Tw o D i f f er e n t  
MAOPs - Type II

a > A 3 < G  h < H
z

(A , G , H )

(C, D,H)

vj
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the nu m b e r  of such M A O P  is finite since t he y are bou n d ed  by 

Lemma 3.3.3 if we set Q equal to P. Hence, we mu st e v e n ­

tually create the c o n f i g u r a t i o n  of d i a g r a m  3.3.5 and the 

proof is complete.

3.4. The E d g e -Face N e i g h b o r i ng Process  

Propos i t io n _3 .4 . Given  any EFAOP, there exists at m o s t  ten 

e d g e - f a c e  successo rs and at most ten e d g e - fa c e  p r ed ec es sor s. □

It is int er es t i ng  to note that some of the p r e d e ce s so r s  may 

be arr i v ed  at by using di f f e r e n t  forms of the e dg e- fa ce  

n e i g h b o r i n g  pr ocess d e p e n d i n g  on the o r ig i n  s y mm et ri c discr ete  

arra y and the EFAOP. AN A n a l o go u s  st atement is true for the 

su cce ss or s of an EFAOP.

C omm en t 3.4.2 Given any E F AOP  S, the ra nd om  use of 

the e d g e -f a c e n e i g h b o r i n g  process can return us to S.

To avoid  the "loop in g" of Co mment 3.4.2, we can dema nd  

that the e d g e -f a c e n e i g h b o r i n g  process always begi n w it h the 

l ow er in g of the side along  the same axis. The resul ti ng  

s t r u c t u r e  w o u ld  be a se qu enc e of E F AO P  w h i c h  would be f l a t ­

tened along  one d i m e n s i o n  and e x p a n de d  al ong the other(s).

P r op o s i t i o n  3 . 4 .3 G i ve n  any  MAOP, there exi s ts  three 

p o s s i b l e  E F A O P  in the MAOP, one E F A O P  for ea ch of the 

three p o s s ib l e  p a i r p e r m u t a t i o n s  of the three points of 

the MAOP. Ea c h  of these E F A OP  is a e d g e - f a c e  s u cc es so r of 

the other. I 1

T h e o r e m  3.4.4  G i v en  any EFAOP, one can c o n s tr u c t a finite 

e d g e - f a c e  chain that will lead to any o t he r  EFAOP,
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P r o o f : Th eo re m 3.4.4 is a direct consequence of theorem 3.3.4 and

proposition 3.4.3. [ |



CHAPTER 4

ADMISSIBLE ORIENTED PARALLELOPIPEDS AND UNITS IN IRREDUCIBLE 

THREE DIMENSIONAL MULTIPLICATIVE: LATTICES WITH IDENTITY

4.1. Origin Symmetri c D iscrete Arrays and I rreduc ib1e 

Three-Pimensi onal Latt ices

A. Lattices, Basic Vectors, Basic Parallelepipeds, 

Discriminants and Norms 

Definition 4.1.1. An n -dimensi_onal lattice L is any uni­

formly discrete set L of points lying in an n-d imens i o n a 1 

plane of R^ and not in any (n - 1) -dimensiona1 plane which 

is additive and subtractive.

Proposition 4.1.2. Any set I. of points in R ( n i l ) ,

with coefficients in Z, of n R-linearly i ndependent e 1e- 

ments v^ , v^ , ... , v in R^ is logically equivalent

to an n-dimens ionaI 1 a11 i c e . J |

De f i n i ti on 4. 1_.3_. The vectors , v , . . . , v of

propos i t ion 4.1.2. a re called has i c vectors of L .

Def init ion 4 .1 ._4. In L, a para 1 lei op iped determined by 

vectors v ^ , v ^ , - . . , v^ will be the paral1e 1opiped

x.v. j x. in R, 0 < x. < 1 for i = l , ... , ni l | i - i

D e finition 4 . 1.5. Let L be an n dimensional lattice 

and v^, ... , v^ be any n vectors of L. The determinant

45
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of v j, „. . ,v i s ;

V (1) v (1JV 1 2

V (2) v (2)V 1 . 2

: (»>

... v (1) n

... v (2)
- II

V Cn) J •■ n J

Promos i ton 4.1.6. Let 1. be an n dimensional lattice and let

V 1 ’ , be n vectors, then Jd|, where d is the determinant

of Vj ... , v , is the vol iime of the pa ra 1 1 e 1 op i ped

determined by , . . . , v . O

Definition 4.1._7 In an n dimensional lattice L a para L lel­

opiped determined by basic vectors , ... , v is called a

basic p a r a  1 1 e 1 opljped ot L.

Proposition 4.1,8. In an n dimensional lattice L all basic

p a r a 1le 1 opipods have the same volume. □

Def i ni t ioj^ 4 . 1 . 9 . The d i sir iminant D of an n dimensional

lattice L in R is d 2 , where d is the determinant of any set n
of basic: vectors v .......   v1 n .

Definition 4,1.10. The norm of a point v of lattice L denoted 

Nv shall be the product of the coordinates of v.

B. Minkowski's Convex Body Th e or e m  in Lattices 

Definition 4 . 1 ._1_1 . A subset S of R is said to be convex 

if, for x and y in S, the line segment joining x and 

y is contained in S.

D e f i n i t ion 4 .1.12. A subset S of is said to be bounded

if there exists an n - d i m e n s i o n a 1 sphere with center the o r i ­

gin and radius r which contains S.
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Definition 4.1 13. A subset S of R is said to be closed  . n  ----------

if every accumulation point of any sequence y^ , y^ , ...

of elements of S is in S.

D ef i nition 4. 1_. 1 4 . A subset S of is said to be symme-

tric if for every y in S, -y is in S.

Th e o rem 4 . 1 .15 (The Minkowski Convex Body Theorem) Let |d|

be the volume of the basic p a r a 1 lelopiped of a lattice L 

in , (n 1). If S is a non-empty, symmetric, convex, 

bounded and c 1osed subset of such that v o 1( S ) ' 2° j d | ,

then there exists a point of L, district 1rom the origin, 

which belongs to the interior of S. However, if vol(S)

== 2° jd|, then there is a point of L, distinct from the origin, 

which is in S, but not necessarily in the interior of S. □

C. Irreducible lattices and Orig in  Symmetric 

Discrete Arrays

Definition 4.1.16 A lattice L in R is irreducible if---------------------  n --------------
none of the coordinates of its points is zero except the o r i ­

gin which has all coordinates equal to zero.

We come to an important consequence of theorem 4.1.15.

T h e o r em 4 . 1 . 1 7 . Every irreducible, three-dimensional lattice 

L in R^ is an origin symmetric discrete a r r a y .

P r o o f : A lattice is origin symmetric be cause if w is in L,

then -lw is in L. A lattice is uniformly discrete by p r o p o ­

sition 4.1.2. An irreducible lattice is a discre te  array because

1) If any centered rectangle is translated away from the origin, it 

will encounter a lattice point by theorem 4.1.15. 2) Furthermore,
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any plane coincident with a coordinate plane will contain only 

the origin by the ir r e d u c i b i 1ity of the lattice. If a plane 

is parallel to the coordinate plane and contains more than 

one point, say v and w, then v - w will have a coordinate 

equal to zero, contradicting the ir r e d u c i b i 1 ity of the lattice.

Hence, existence - 1) and uniqueness - 2) properties of OSDA 

is established for irreducible three-dimensional lattices. L _ J

D. Volume Bounds for MAOP, VAOP and EFAOP 

The following proposition is another important consequence 

of the Minkowski Convex Body Theorem.

P r o p os i t i on 4 . 1.18 For any MAOP, EFAOP or VA OP  (a, g, h) ,

agh . | d | . m

C or r o 1 l o ry 4.1.19 For a VAOP associated with vector v,

n v  L i d |. n

Minkowski proved that the inequality of propos it io n 4.1.18 

is strict by es tab lishing in [5,p.85j the following 

propos i t i o n .

P roposi t i o n 4 .1. 20 If a convex body has volume 8 |d| in a 

three dimensional lattice, then it contains at least 14 points 

on its s u r f a c e . n

Pr op o s it i o n 4.1.21. In an irreducible three dimensional 

lattice agh <• |d|, for any MAOP, EF AO P or VAOP (a,g, h)^. I~ I

E. Sublattices of Lattices and Indices

Definit ion  4 .1.22. The index i of a sublattice L' of a

lattice L is the volume of the basic p a r a 1lelopiped of L*

divided by the volume of the basic para 11elopiped of L .
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Needless to say, i is an integer.

P roposition 4 . 1.23 The number of different n - d i m e n s l o n a 1 

sublattices of a given n-dimensional lattice of index i 

is finite. t r j

4,2. Units and Irreducible Mul tip li ca tiv e Lattices

wi th I dent i ty

A. Multip li cat ive  Lattices with Identity 

Definition 4 . 2 . 1 . A mul^t ipl k a  t i ve n -d imens i ona 1 lattice L 

is an n-dimensionaJ lattice in which the coordinatewise p r o ­

duct of any two points is a point of the lattice.

Propos i t ion 4.2.2 L is a ring. □

Definiti on 4.2.J1 If L is a ring with identity, then v is a 

unit if an only if v * is in L .

Theorem 4.2.4 The coordinates of a point w in a multipli-

cative n - d i m e n s i o n a 1 lattice L in R are all roots of some nthn
degree monic polynomial.

Proof: Consider:

w w = a .w + a ( . + ...+ a w for i=l, ...,n.1 ( i , 1) 1 ( i , 2 ) 2  ( i , n ) n ,
We derive:

0  =  a ( i  iiw i + a  t  i n w i + ... + (a., . . - w ) w .  + ... + a , .w( i , l ) l  ( i , 2 ) 2  (i , i) i ( L , n ) n

for i = 1, ... , n . The determinant of Lhe last set of

equations is the nth degree monic polymonial sought. □

P r o p o s i t ion 4 .2. 5 The norm of a point w, Nw, in a m u l t i ­

plicative lattice is an i n t e g e r . □

P ropos ition 4.2.6 The discriminant D of a mu l ti pl ic ati ve



lattice is an integer.

P r o p o s it io n 4 . 2.7. v is unit in L w i t h  identi ty  if and 

only if N v - 1.

Proof; The if direction. If v is a unit then v * is in L .

N v N v * = 1 . Be ca use  Nv is an integer we have that Nv=l,

The  only if direction. If Nv =1, we have:

v n + a vn _ 1 + ... + 1-0.n- 1

Now  v (v11 * + a -jV11 ^ + a |) ~ "1 an(J v is a unit. I |

B. Di r i c h l e t ' s  T h e o r e m  on F und ame nt al  Unit s in

Irr edu c ib l e  M u l t i p l i c a t i v e  Latti ce s  

with Identity

It is clear that the set of units A in I. is a m u l t i p l i c a t i v e  

group. D i r ich le t pr ov e d  that it is a f i n i t el y  ge n er at e d  

m u l t i p l i c a t i v e  group. He p r o v e d  the f o ll owi ng  general 

the orem (4, p p . 28-33).

T h e o r e m  4.2.8. (Dirichlet T h e o r e m  on Fundame nt al Units). The

units of an irreducible mul t i_p 1 i cat ive n- dimensional

lattice L w it h  identity, w h e r e i n  the co o r d i n a t e s  of L

co ns i s ts  of Tj real c o n j u ga t e s and 2r^ com pl ex

co n j u g a t e  coo rd i na te s  (in r^ pairs) and so n -

r + 2r wh ere n-110  can be e x p r e s s e d  as:1 ^ *
m- »rt ---,1 2  r - ̂ | le = E e 1 e„ ... e ' 1 , , w h er e  m. are in Z. I Il l  2 r + r . - l  i 1J t L

D e f i n i t i o n  4.2.9  Th e e. of T h e o r e m  4. 2.8 ar e the
_ . —  -----------------------------— -- i

f undam ent al  units of A. E. is a root of unity in A.
-------------------------------  ------------------------ „ -------------------------------------------------  j

It is these fundame nt al  units of Di r ich le t T h e o r e m  that 

we w ish  to calculate for a real i rre duc ib le three di mensional
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lattice. Hence, for these lattices we need find two 

fundamental units Pj and e^-

Inherent in the concept of fundamentality is independence.

Definiti on 4.2.10 Two units e^ and e^ are said to be

independent if there exist no integers m and n such that 
m n

Cj ~  e 2  '

It will be seen that independent units will be easier to 

calculate than fundamental units.

C . Sublattices of Multi pi i cat i ve Lattices

Pr opos i t i on 4.2.11. Given any m u lt i pl ica tiv e lattice L and

a lattice point v of L, then for the lattice point v, 

vh is a sublattice of L. (Note: vh is not necessarily 

mult i pii cat i v e .) a

4.3. An Irreduc ib 1e Mult ipli cat Tve Three-Pi m e ns i o n a1

La11ice with Id e n tity Asj>oci ated

with the Cubic Field Q(0)

Del ini tion 4 .3.1 Let Q(9) be the cubic field for
3 2a monic irreducible polynomial p(x)=x +a^x + a ^ x + a ^=0, 

where the a. , i=l,2,3, are integers and where the roots

0, O' , O' ' are real .

D e f in ition 4.3.2. Let A be a subset of Q(9) which consists
3 2of those numbers of Q(9) that satisfy q(x) = x +bjX +b^x+b^

= 0, where the b^ are in Z. We call A the al ge braic

integers of Q (6) and Z the r a t i o n a 1 i n t e g e r s .

Pr opos it ion 4 .3.3 A is an integral doma in  with identity.

D e f i n ition 4 . 3.4. Let L C  A x A ’ x A 1 ’ , where A ’
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and A'' are conjugate integral domains of A, be 

such that L = ^ ( a , a ' , a 1 ') in A x A ’x A '' J a in A ^  . 

Def ini t i on 4 . 3 . 5 . We define for the field

Q(9) (as well as for Q ( 9 ‘) and for Q(0"))

D 0

1 0 02 
1 0 '  O'2

1 0 ' '  0 ' ’2

= (0*- G ' ')2 (0-O' ')2 ( O - 0 ’ )2

Propos i t i o_n 4.5.6. For Q(0) (and also Q ( 0 r) and Q(0")), the 

cubic field for a monic irreducible polynomial with rational 

integer coefficients and real roots, D is a positive 

rational integer.

Proposition 4.3.7. Every integer of L is of the form

(aw2 + bw + c)/D-, , where w = (0,0' ,0") and a,b,r and D„ are 0 u
rational integers.

2 ^  P r o p o s i t ion 4.3.8. (1,1,1), w and w form a basis of L, where

w is as in propos i t ion 4.3.7.

Propos i t i on 4 . 3^ 9 . is the discriminant of L.
/■-

P r o p os ition 4.3.10. L of definition 4 . 3 . 4  is an irreducible 

three-dimensional m ult ipl ic at ive  lattice with identity.
2P ro of : First, note that v^ = (1,1,1), \ = w and v^ = w ,

where w is as in propos iti on  4.3.7, form a basis for L. Because 

of the basis v^, v^ and v^ and the fact that Q(0), Q ( 0 r), 

Q(0'') are field isomorphic, we have that , v^ , and v^ 

a re a basis for a three-dimens ional m u l t i p l ic a t iv e  lattice L. 

Furthermore, (d,d',d'') in L cannot have zero components 

unless (d,d',d'') = (0,0,0) because each coordinate is

irrational of degree 3, we have that L is irreducible.
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The fact that = (1,1,1) establishes that L contains the 

i dent i t y . L Z 1

We shall apply the methods that we will develop for

calculating units for irreducible mul ti pl ica tiv e real three
A

dimens i o n a 1 1 att i res to L .



CHAPTER 5

CALCULATION OF UNITS BY MEANS OF VAOP, MAOP AND  EFAOP IN 

IRREDUCIBLE THREE D IM ENS ION AL  MULTIP LIC AT IV E  

LATTICES WITH IDENTITY

5.1. Uni t Re la ted - MAOP, VAOP and EF AOP

D e f ini t i on 5 . 1 .1. Two VAOPs (or EFAOPs or M A O P s ) (a,g,h)

and (a^ ,g^ *^l^p a m u ^1 icative 3-dimensional lattice

L with identity such that w a = a , w' g = g w"h = h and1 J j 1
w w'w" = 1, where (w, w ' , w") is in L are called unit related 

VAOP (or EVAOP or MAOP).

A deeper insight into unit related AOPs is pr ov ide d by the 

f o 1 lowing propos i t i o n s .

P r o p o s ition 5 . 1.2. If in an irreducible mu l ti pl ic ati ve lattice 

L with ident i t y , two M A O P s , each determi ne d by three points v , 

v^, v^, and v'j, '''ji are u n if related by u in L, then v^ =

u v ’j, v^ = uv 2 3n<* v 3 = u v '3' a n a l°Kous pr op os i t io n holds for 

two unit related EFAOPs. For two unit related VAOPs, the d e f i ­

nition is equivalent to the analogous proposition. □

A l s o , we present the c o n v e r s e .

Propos iti on  5 - 1 . 3 . Give any unit u = (w,w',w"), where ww'w"=l, 

of an irreducible mu lti pli ca tiv e lattice L with identity and 

MA OP (a, g, h ) p , determi ne d by v Jt v ^ , v.^, then the OP B 

determined by u v ^ , u v ^ , uv^, is an MAOP and B = ( w a ,w * g ,w "h)p 

in L. Analogous propositions hold for EFAOP and VAOP. □

54
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It is clear that for each unit there exist at least a pair

of MAOP (or EFAP or VAOP) that is unit related by pr oposition

5.1.2.

If it is possible to locate unit related MAOP (or F.FAOP or 

VAOP), then it will be possible to calculate units. The 

general procedure used that succeeds at doing this is the 

f ollowing:

1) Find a method to locate an initial MAOP (or VAOP of EFAOP).

2) Find a method to move from one MAOP to another

MAOP (or VAOP or EFAOP) and within a finite number

of steps to two unit related MAOPs (or VAOPs or 

E F A O P s ).

Implicit in 2) is the need lor a test to determine if two 

unit related MAOPs (or VAOPs or EFAOPs) have been created.

As we shall see ad missibility of the OP is essential to 

do i ng 1) and 2) .

Both Minkowski and Voronoii presented entirely different

methods for 1) and 2). We shall describe Lhese methods

in chapter VI. Here we assume that 1) and 2) exist and

show the actual details of how to calculate units by Minkowski's

method and Voronoi i 's m e t h o d . The Minkowski test for uni t

related MAOP and the Voronoii test for unit related VAOP

will be described here completely. Furthermore we show

how independent units can be calculated by both Voronoii's

and M i n k o w s k i ’s method. Also we shall show how fundamental

units can be ele gantly calculated by Voronoii 's  method and

how they can be calculated by M i n k o w s k i ’s method.



At the present no s imple dev i ce such as M i n k o w s k i 's un i t 

related MAOP test or Voronoii's unit related VA OP  test exists 

for unit related EFAOP. Also, no separate a l go rit hm  exist for 

the edge face neighboring p r o c e s s .

Before beginning the presentation of Voronoii's and Minkowski' 

work on units it is important to note the f o l 1o w i n g . 

Ge ometrically it is clear that any MA OP  creates EFAOP and 

VAOP, and that if unit related MAOP are found, then unit 

reLated EFAOP and unit related VAOP are found. So that 

any procedure that did 1) to 2) for MAOP, would do the 

same for EFAOP and VAOP. Similarly, ge ometrically it is clear 

that E F AOP  creates VAOP, and that if unit related EFAOP  are 

found, Lhen unit related VAOP are found. Hence any procedure 

that did 1) to 2) for EFAOP would do the same for a VAOP.

It appears that Voronoii's work is a consequence of Minkowski' 

work. However, we shall see that this is not entirely true 

and that Voronoii's theory is a very rich and separate theory.

5.2. Voronoii A d m i s s ible Orient ed Parallel o p i p e d s ,

Uni t s , Ind e p e ndent U n i t s and 

Fundaments 1 Un its

A. Preliminary Concepts

1. S i m i l a r 1y Maps an d V AOP

We begin by pursu i ng the di rect i on of propos i L ion A .2.10.

De fi ni tio n 5.2.1. For an n - d i m e n s i o n a 1 lattice L in R ,   n
a map pi ng  f:L f (L) in that assigns to each point ( x ^ ,.



of L a point (a,x,....,a x ) of f(L) where (a,,...,a ) r l i n n  1 n
is in and a for all i is called a s i mi l ar it y map.

Proposition 5.2 . 2 . Given a similarity map f : L 4  f(L),

where L i n  R is n-dimens ional lattice, then f is a lattice n
isomorphism and hence f(L) in R^ is an n dimensional lattice. 

De fin it io n _5 - 2 . 3^ A ma pping g : L ^  L' where L and L* are 

three d imens i o n a 1 lattices, is said to preserve VAOP i f w h e n ­

ever S is a VAOP in L, g(S) is a VAOP in L' .

Def ini ton 5_._2_._4. A mapping g:L+L' where L and L' are three-

dimensional lattices is said to preserve Voronoii neighbors 

i f whenever S is a successor of S ’ in L, g(S) is a

successor of g ( S ' ) in L 1.

Proposition 5.2.5. A simi 1 arity map f : L ^ L '  , where L and

L' are three-dimensional lattices, preserves VAOP and 

Voronoi i nei ghbo r s . a

De fin it io n 5 . 2.6. An aut o m o rphi c similarity map f for a

lattice I. is a similarity map such that f(L) = L.

Note: Similari ty  maps are very special maps. Their VAOP

and Voronoii neighbors preserving properties are crucial to 

the remainder of the discussion. Even lattice automorphisms 

do not necess ar ily  have these preserv ing  properties; g L -+ L 

and g is linear such that V ] ,",V 2 , V 2 V l' an<  ̂ V 3 ’ w ^ ere

the VOP of Vj is a VAOP and the VOP of is not a VAOP.

Def ini ti on 5 .2.7. Given any VOP or lattice point in a three- 

dimensional lattice L we shall m ean  by the phrases "VOP 

similarity map," "VAOP similarity map" or "lattice point 

similarity map" the similarity map defined by the vertex



point ( a ^ a ^ a ^ J  of the VOP, VAOP or lattice point.

2. U nits fn M u l t ip 1 icat 1ve L a t t ices w i t h 1 denti_ty^ and^ VAOP

A u tomo rp hic S i mi l arity Maps

Proposition 5 . 2 .8. v is a unit of a m u lt i pl ica tiv e lattice 

L with identity if and only if the similarity map associated 

w ith  v is an automorphi c s imila ri ty m a p .

Proof: Only if direction: By p ro pos iti on  A . 2.7., v is a unit

implies that Nv = 1, which in turn implies that the s i m i l a r ­

ity map associated with v maps the basic p ar all elo pi ped  of L

to a basic p a r a 11eopiped of L. Hence, the index of the s u b ­

lattice vL in L is one. We have that vL = L and our si m il a r ­

ity map associated with v is an automorphic similarity map.

If direction: If the similarity map associated with v is an auto

morphic similarity map, then vL = L. Hence, a basic p a r a l l e l ­

epiped of vL is the same as a basic para 11e 1opiped of L and

hence, N v = l . By proposition A. 2.7., we have that v is a unit.

This pr oposition 5.2.8 is essential to our approach in f i n d ­

ing units in L. We now seek automorphic similarity maps of L .

3. Bounds^ on Indi ces fo r Sublattices As so c ia t e d with VAOP 

Proposi ti o n 5 .2.9 Let L be a mul ti p li c a ti ve  lattice with 

identity. There exists for any such L a real number M such 

that for any similarity map f associat ed  with a vertex point

of a VAOP, the index i of f(L) in L is such that i M.

P r o o f : i = (Basic Par al lelopiped of f(L))/(Basic Para 1lelopiped

of L) = Nf d by corollary A . I . 19. 1 I

We can now locate unit related V A O P 's and, hence, units.
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B. Finding Units by V o r o n o i i 1s Method - The Voronoii Test

to Determine Unit Related VAOF Within a

Finite Number of Steps

Let L be a irreducible mul ti pli cat iv e lattice with identity.

Let S, 5^, , ... be a chain of VAOP along the x axis and

for the sake of notation, we let them represent the similarity

maps assoc iated with them so that S.(L) will be wri tten as

S^L. Now we consider the sequence SL, S^L, S^L, ... of

sublattices of L. Because of pr op os i t io n 5.2.9, this

sequence of sublattices consists of only a finite number of

sublattices. Let S L=S L for some non-negative integersm n
m and n. We have that S /S , where this division ism n
c o o r d i n a t e w i s e , is a automorphic similarity map of L.

Moreover, it is not the identity automo rph is m nor the

negative identity au tom or p hi s m  of L because the x

coordinates of the S. are different. Finally, becausel J
(1,1,1,) is in our lattice L, S /S is in L. S and Sm n m n
will be uni t re lated VAOP and S /S is a unit. M o r e o v e r ,m n
the unit related VAOP have been found in a finite number 

of s t e p s .

C. Finding Independent Units by V o r o n o i i ’s Method 

If we calculate a unit (w, w', w") by a chain of VAOP along 

the x axis, we would have |w | <-1, [w' | >1 and |w" | >1. A n a l o ­

gously, if we calculate a unit by a chain of VAOP along 

the y axis, we w o u l d have |w | ̂ 1 , |w1<l and |w"t>l . Finally,

if we calculate a unit by a chain of VAOP along the z axis
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we wo uld have |w | >l,|w'| >1 and | w" | *1. It is clear that two

of thes e three units are independent.

D. F i nd i ng  F u n d am e n ta l  Units by Vo r o n o i i * s  M e t h o d

] . A Part i t i on a nd Li n ea r O r d e r ing of^ the Set of V A O P

Chains in a C o o r d i n a t e D i r e c t i o n

The materi al of this s u b s e c t i o n  can be d e v e lo p e d for 

O S D A  w h ic h we shall no w do. This ma te ri al can be d e v e l o p e d  

along any co o r d i n a t e  axis, however, here we choose the 

d e v e l o p m e n t  along the x axis.

Propos i t ion 5.2.10 If V A OP  S does not pie rc e V AOP  T 

al ong the x axis, the T is in (S)^ or T  is z lesser, 

y gr ea t e r than or T is z greater, y lesser than

P r o p o s i t i on 5 . 2 . 1 1. If VA OP T is z greater, y lesser

An an a lo gou s result is true for T z lesser, y g r e at e r  

than ( ^ x -

As a result of the pr e v io us  p r op o s it io n s,  we m a y  m a k e  the 

f o l lo w i ng  d e f i n i t i o n  even if S Pie rce s T in the x d i r ­

ection.

D e f i n i t i o n  5.2.12. (T)^ is a z g r e a ter, y lesser

than (S) if there  exists an ele m e nt  in (T) that is  x x
z greater, y lesser than (S) , de n ot e d  as (T) > (S) .

(sv n

than , then the Vorono ii  s u c c es s or  of T a l o ng  the x

axis will be z greater, y lesser than or

will be in
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(T) is z lesser, y greater than if there exists

an element in (T) that is z lesser, y greater than

(S) , denoted (T) <  (S) . If (T) and (S) are notx x x x x
related as described in the first two parts of this d e f i n i ­

tion, then we say that (T) and (S)^ b e l o n g  to each o t h e r } 

denoted as (T) ^ ^ x ‘

Pr oposition 5 . 2_. 1 3_. — is an equ ivalance relation in the

set of VAOP chains along the x axis.

Prop osition 5.2.14, J t . is a linear ordering in the set 

of VAOP chains along the x axis.

Defi n i t ion 5.2.15. We shall refer to the linear o r d e r ­

ing of proposition 4.2.27 as the Voronoii chain ordering.

Definition 5.2.16. A mapping f:L L' that preserves,

preserves the Voronoi i_ cha in ordering if for any two 

Voronoii chains a n ^ ^ (f(T)) (

when (S) > (T) ; (f(S)) (f(T)) when (S) M T )  ;X X X X X X

and (f (S J )^ (f(T))x , when ( S ) ^

P r o p o sition 5.2.17. Similari ty  maps preserves the Vornoii 

chain ordering. ■

2 . P redioc i ty and VAOP rn Ir r ed uc i b 1 e Mu 1 t ip licative Lat t i res 

We shall explore some of the directions pursued in 

chapter III for VA OP  in an O S D A , in an irreducible m u l ­

tiplicative lattice. Though a lattice is a much more 

"uniform ly symmetric" structure than an OSDA, ma ny of 

the same results of this section will carry over to an OSDA. 

Propos iti on  5. 2 . 1 8 . In a lattice, mu l ti pl ic at ive



or not, a VAOP need not necess ari ly  have a unique VAOP 

Voronoii predecessor. In fact, a VAOP may have no V o r o n o i i - 

predecessor or more than one.

Proof: For an elementary proof of this proposition see

[4, pp. 248-250]. L .  I

D e f i n i t ion 5.2.19. A Voronoii chain *-n an irreducible

lattice L of dimension 3 becomes p e r i o d i c_at m if there

exists a point e in L, where e has no coordinate zero,

and an n such that S.^ = e S . for i - m.l + n j
Proposition 5.2.20 Every Voronoii chain in a m u l t i ­

plicative lattice L with identity becomes periodic.

Proof: By the reasoning of section 5.2.2 there

exists an m and a k = m + n such that S L = S.L.m k
Now ^ /S “ e is an automorphic similarity map of L

F u r t h e r m o r e , S., = eS. for i i m , because e preservesi+n i r

i i nei g h b o r s . □Voronoi i nei ghb 

Definiti on 5.2.21 A Voronoii chain (S) in a lattice L 

of di mension 3 is pure 1y p e r iodic if it becomes periodic at 

S , that is, at m = G .

De f i n i t i o n 5 .2.22 If for a Voronoii chain (S) in a three- 

dimensional lattice L there exists an infinite set of VAOP 

S_j , , ... , such that (S is a Voronoii

chain for all -k then we call (S) a two-sided Voronoiix   -----------------
cha i n .

The following theorem is one of the most revealing theorems 

on the structure of Voronoii chains in three-dimensional ir ­

reducible multipl ica tiv e lattices with identity.
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Theorem 5.2.23. Every Voronoi i chain in an irreducible 

mul tip li ca tiv e lattice L with identity is purely periodic if 

and only if it is a two-sided Voronoii chain.

Proof: Only if: bet a Purflly periodic chain. Hence,

S . = e S , for a 11 i i 0 and n is f i x e d . Now c *S , is inl+n l n-1
L because e * is an automorphic similarity map of L and is in

L. Furthermore, because S , is a VAOP, e S , is a VAOP ' n-1 n-1
by the fact that similarity maps preserve VAOP. Finally,

because S is a Voronoii predecessor of S , en-1 r n n-1
is a Voronoii predecessor of e = S , by the fact

that similarity maps preserve Voronoii neighbors. We create

S ^ i S_j , ... ad infinitum by means of this method, and we

have finished the only if part of the proof.

If: By the reasoning of Section 5.2.2, there exists an m

and a k=m+ i such that S l.=S t L. Now S ,./S = e* is anm m+j m+j m
automorphic simmilarity map of L such that e*S^= *or

h m . Now let e be the automorphic similarity map for the

least positive integer n such that S ,+ r = eS where i > m .

At the moment, however, we cannot assume that e *S. =S’ k-1 m-1
because of propos it ion  5.2.18: a VA OP  may have two p r e d e ­

cessors. However, in fact, it will be the case thaL 

e i= ^m - ]' Consider: there exist greatest integers r and

s such that S L = S L , s = r+t , t > 0 , r < m and s < m and rr s
and s may be non-positive i n t e g e r s . Let e' - S^/S^. It is

clear that n jt , for if not t=un+v, where 0 - v < n .  Now,

e M = e */eU is an automorphic similarity map such that 

e ”S.= Sj +V f°r i>m , contradicting our choice of n.
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Hence, t-an. We now wish to show in fact that a=l , that 

is, t = n . Now there exists a p r so that e'S =S and
r  P m

q~p+n is such that e'S = S , . Now we have e=S /S and 1 q m+n p q
consequently S L=S^L , contradicting our choice of r and

s. We conclude that t-n. Because e 1S .= S .,, for i>r,J J + f
we have in particul ar  that e 1S .= S ., , and hence, e '= e .i i+n
Finally, we have that e' *S. =S ,=e ^S. , This discus-k- 1 m- 1 k - 1
sion finally implies that ^or integers i. l~ i

>s i t ioi^ . 2 . 24 . In each class A of VAOP chains, there 

exists only one VAOP chain that is a two sided Voronoii Chain, 

and it is this chain that all Voronoii chains in class A 

will intersect.. |___]

An interesting implication of proposition S . 2.24 is that if 

a VAOP possesses two VAOP Voronoii p r e d e c e s s o r s , then for at 

least one of these predecessors, any Voronoii chain that pos- 

cesses it cannot be extended infinitely backward and hence 

certain VAOP must not have prececessors as m  pr oposition 

5.2.18.

Notation; Given a Voronoii chain (A)^ , we indicate its 

two-sided Voronoii chain by (A,)' , where A is that VAOPI X 1

at which (A) becomes purely periodic. If (A) is purelyX X

periodic, then (A ) f ̂  indicates the two-sided Voronoii chain 

cf (A)x .

P r o p o s ition 5. 2 .25 If (A) (B) , there exists a V AOP  C

such that (C) =(A) A ( B )  However, if ( A ) ’ — (B)' , thenX X  X X X

there exists an i such that for any element C of (A)' ,

B.-C. □1



Because of this proposition, we now may write ( A) 1^

when (A ) 1 ( B ) 1 .x x
The following useful proposition, expressed in a new notation 

will be valuable in the next sections.

Pr o p o s ition 5.2.26. If (A)'x ? ^®^'x anf* ^ ^ ' x  ^ ^ ^  x*

then (A)' O  (C) is in ( (B ) 1 0 ( C )  ) |~ ]X Z X Z Z ---
We now come to the following important theorem.

Th eo r e m 5.2.27 Two two-sided Voronoii chains along different 

axes will intersect.

Proof: The hypothesis of proposition 3.3.6 can be shown to

be satisfied by these two two-sided Voronoii chains. □

3. A Geomet r_i_c_ Proo f of the Existence of Fundamental Uni ts 

ej and e^ in an Irreducible Multipli cat iv e Lattice of 

Dime nsi on  Three with ((1,1,1)) Purely Periodic

We begin by stating two ele mentary propositions.

Pr o p o s i t ion 5.2.28. (1,1,1), the identity, is a VAOP in a

mul tip li ca tiv e lattice with identity. □

P ro po s tion 5.^.29j If the similarity map associat ed with 

a lattice point v in a mul ti plicative lattice L with identi 

ty is automorphic, then the VOP associated with v is a VAOP. 

N o w , let L be an i rreduci ble multipli ca ti ve lattice with 

identity. The identity (1,1,1) is a VAOP by pr oposition 

5.2.28, however, ((1,1,1)) is not necess ari ly  purely p e r ­

iodic. For this section 5.2.D.3., we will assume that 

((1,1,1)) is purely periodic and give a geometric proof of 

the existence of the fundamental units and e ^ -  (In the
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following section 5.2.D.4., we will show that the proof can be 

given even if ((1,1,1)) is not purely periodic.) These 

methods will imply techniques for calculating fundamental 

units which we shall present in 5.2.D.5. □

Pro p o s it ion 5 . 2.30 ((1,1,1)) is purely periodic if and

only if *s purely periodic where e i s any automor-

phic similarity map of L. I 1

Propo s i tion 5 . 2 . 3 1. Let ej be the automorphic similarity

map for the least positive integer n such thaL

e ,S .=S . , for i 0 where (1, 1 ,1 ) = S = S , that i s ,1 i l+n 0
(S ) — (( 1 , 1 , 1 )) , then every automorphic similarity map e

such that e S . = S , . for some k must be such that e i i + k
Propos i t i on 5 . 2 .32. For any automo rph ic  similarity map e, 

the automorphic similarity map e * maps (**) to 

(S) =((1,1,1)) . Furthermore, e  ̂ maps the two-sided V o r ­

onoii chain ( e ) ’ to the two-sided Voronoii chain ( S ) 1 .x x
That is, in other words each element of the two-sided Voronoii 

chain (S)' is unit related by e to the corresponding element 

of the two sided Voronoii chain (e)' .

Proof; It is clear that e e -• S . Use induction on k in 

e * ^ and the fact that two-sided chains of each

class is u n i q u e . □

Pro po s iti on 5 . 2 .33. For any automorphic similarity m ap  e, 

the two-sided Voronoii chain contains only automorphic

similarity maps of the form ee^ n , n an integer.

P r o o f : Consider the interrelationship of ((1,1,1,))' and

(e)'^ , w h ic h  the following diagram depicts:



Any other automor ph ic  similari ty  map  e" in (e )x

would be surh that e e ^ n ...e " ...e e f o r  some n. Mapping 

(e)^ to ((1,1,1))^ by (ee^n ) 1 would create an automorphic 

similarity map (ee^n ) ^e" that would contradict the definition

of v  n

Pr opoposition 5.2.33 essent ial ly  says that each element of the 

two sided chain ( ( 1 , 1 ,1 ) ) ’ is unit related by eej for some k 

to a co rresponding element of the two s ided chain (p ) ’x , where 

e is any unit. We now consider the chain ((1,1,1)) and the 

two-sided chain (e ) ’x f ° r each automorphic simlarity map such 

that (e )'x > ( ( 1, 1 , 1) ) ' x . By pr oposition 3.2.8, anC*

((1,1,1)) share a common VAOP. This observation together 

with proposition 5.2.25 makes possible the following d e f i n ­

ition.

D e f i n i t ion 5.2.34. Let (( 1, 1, 1 )z = (Tq )z= (T) an(l le f 

N= {n [e, an automorphic si mi larity map of L, and

(e)' > ((1,1,1)) and (e ) ’ n  ((] , i , i )) = T } .
A  A  A  A  II

Define (e„ = e ) as any autom orp hic  similarity map
— i 1

in that automor ph ic similarity map e two-side chain ( e ) ’

where ( e ) ’ >((1,1,1)) and ( e ) ’ ^  (T) =T where n . isx x x z n, i
t hthe i least positive integer of N. To aid in u n d e r s t a n d ­

ing this definition, please see dia gr am  5.2.36.

Proposi tio n 5.2.35. For any automorphic similari ty  map



Diagram Unit VAOP Chains A lo ng the x Axis Which Are

z-Greater, y-Lesser Than the Periodic (1,1,1) Chain

This diagram does not depict the general relationship of

automorphic similarity maps and their chains in their

Voronoi linear ordering relationship to each other and

((1,1,1))' and ((1,1,1)) because the e may appear x z n
I k )anywhere in the chain (U )' . In the f o 11 o w i n g , we set

( ( 1 t 1 *O )'x = ( S ) 1 and ((1 , 1 , 1)) -(T) . ^  connects a VAOP to

i ts s u c c e s s o r .

n
k k

x axis
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such that (^)y ’ ((1,1>1))X t there exists a k-'O such that

< V „  ' <e ) 'x ° r ‘V *  = <->'x'
Propos ito n 5.2.37. The two-sided Voronoii chain (e,, ) ’— —  2 k x

k kcontains e„ , that is, (e )' = (e )' .
I, z k  x  Z x

P ro o f : Consider e  ̂ : L ► L . Because * is an automor-

phic similarity map, we have that (e )' is mapped to
k x

(e )' by e. * for all k > 1 , where e = (1,1,1). Ap-
*k-l x z  z 0

plying e  ̂ k times to L results in (e )' being mapped2 X -
to ((1,1,1))' and the proof is complete.

T h e o rem 5 .2 . 3 8. Eve ry similarity automorphi c map e (uni t )

of a mul ti pli cat iv e irreducible lattice of dimension three 

with ((1,1,1,)) purely periodic possesses two automorphic

similarity maps and e^ (fundamental units) such that

e = e ]m e 2n> w here m atld n are integers.

Proof: e is contained in some two-sided chain ( A ) ’^ whereby

the Voronoii chain ordering: (A)'x ((1,1,1))' ,

(A)' ■ (( 1 , 1 , 1 ) ) ’ or ( A ) ’ - ( ( 1 , 1 , 1 ) ) ’ .A X X X

If (A)* (( 1 , 1 , 1 ) ) ’ , that is, (e ) 1 - (1,1,1))*A A X X
or ( e ) ’ = (( 1 , 1 , 1 ) ) ’ ■ Let (e) = (S) . No w for some k,X X X X
S k = (1,1,1) and we have eS^ =^ k + j ■ Hy proposi t ion 5.2.31,

, . n n 0we o b t a i n : e = e ̂ ~ e l e2 ‘

If ( A ) ’ > ( ( 1 , 1 , 1 ) ) ’ that is, ( e ) ’ >((1,1,1))' .
a  X X X

Now by proposi to ns 5.2.35 and 5.2.37, ( e ) ’ = (e ^ ) ’ , forX fa X
some k. By proposti on  5.2.33, all automorphic similarity maps

of ^e 2k  ̂ x are ° f the fonn e 2 kfiin for sonie integer n. Now,

e is an automorphic similarity map of the two-sided chain
f  k \ > j k n(e^ ) ^ and so e - e^
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If ( A ) 1 <  ((1,1,1))' , that is, (e)' <  ((1,1,1))'X X  X X
Now e  ̂ maps (e )'x ((1,1,1))' and e * maps

((1,1,1))' to (e ^)' and because similarity maps preserve

the Voronoii chain ordering, we have (e *)' <  C(l»l*l))' ■

By the previous paragraph we have that e  ̂ ° r
-q -me - e v  2 1

4. A Geometric Proof of the Existence oi F u n d am e ntal Units

and ê , jn  an I r re d u c ihle Mu lt ip lic ati ve  Lattice of 

Dimens ion Three w i th ( ( 11 1 j _ 1)) Not Purely Pe r i o d i c 

We now assume that (1,1,1,) is not purely periodic in L. This

section is analogous to section 5 . 2 . 4 . C , however, it is a bit 

more difficult. We begin by noting that by propos iti on 5.2.30 

no automorphic similarity map e of I. is such that (p ) is 

purely periodic.

Notation: For any chain (T) , let i be the positive integer 

at which (T) becomes purely periodic, then in order to 

distin gui sh  between the predecessors of T in the two sided 

chain of (T.)'x and the partial chain T q ,T j ,...,T , we shall

denote the elements of the two sided chain by T ’^- 

Propos i ti oil 5 . 2  .39 Let (1 , 1 ,1 )^ = ( ^ x anc*

VAOP at w h ich  (1,1,1,) first becomes purely periodic. Let ex 1
be the automorphic similarity map for the least positive

integer n such that e ^ S V  = ^'j + n J ̂  ’ then ev er y automorphic

similarity map e* such that e * S ' . = S ' f o r  some k must beJ J+k
such that e*=e, for some m. __ (1
Pr op o si t i on 5 . 2 .40. Let (1,1,1, )^ - (S)^ and let S i be that
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VAOP at whic h (1,1,1) first becomes purely periodic. For

any automorphic similarity map e, let (e) - (T) and let

T. be that VAOP at which (e) becomes purely periodic, then j = i.
J *

Pro po sition 5.2.41. Let (S)^, (T) » i an(  ̂ e be as pr oposition

5 . 2  - 40, then e: ^  -t for o * |< ^ j an(j e: for all k .

That is, each element of the two-sided chain ((1,1,1))' is

unit related by e to each element of the two-sided chain

(T)' . d I  x
The following proposition adds insighL into the structure of 

the non-periodic chain.

Propo sit io n 5.2. k ' 2 . For the chain (T)^, where T. is the e l e ­

ment at which (T) becomes purely periodic, there exists no

T* for any k in the two sided chain (T.)' such that T' = e,K I X K

where e is an automorphic similarity map and there exixsts no

T , where 0 *  k ± i, such that T.-e, I 1k k
Proposition 5 .2 .43 For any automorphic similarity map e, let 

(e) = (T) and let T. be the VAOP at which (T) becomes purelyX X I  X

periodic. Let (1,1,1) =(S)^ and let be the V AOP  at which

(S) becomes purely periodic. Then any unit e r , an automorphic

similarity map, that unit relates an element of (S)^ to an 

element of f T ) ̂ , that is, e'S =T^ for some integers r and s, 

is such that e' = e e ^  for some integer j, where e^ is the 

automorphic similarity map of propos iti on 5.2.39.

Proof; Consider the interrelationship of (T)^ and ((1,1,1)) , 

w hi ch  the following diagram depicts:



Case I : Suppose e ' is such that for some m : e ,m e S ' . . . . e ’S 1. ...l i k
1e, S 1 in the periodic part of (T)' =(eS)' , then the map1 i x x

( e e ^ )  *e' would contradict the definition of e^. Hence, 

e'=ee for some q .

Case II: Suppose that e' is such tha for some r : e.,.e'S ...eS,r i
in the nonperiodic part of (T) =(eS) , then e ^e ’S =S , whichx x  r r
would make e ' =e , whic h is of the desired form: e 1-ee ^ . □

We now consider the chain ((1,1,1)) and the two sided chains

(U.)' where U is the VAOP at which (U) becomes purely 1 X 1  x
periodic and (U) = *or a n V automorphic similarity map

e where (e) ((1,1,1,)) . By proposition 3.2.6,, (U.)' andX X I X
((1,1,1)) share a common VAOP. This observ at ion  together with

propos iti on  5.2.25 makes possible the following definition.

Defini tio n 5 . 2 . U k  Let ((1,1,1,)) = (T„) = (T) and for an  --------------  ^ O z z

automorphic similarity map e, let (e) = (U) , and (U.)'X X I X
is the two sided chain of (e )x * Finally, let:

N= j^n |e, in automorphic similari ty  map of L and

(e) > ((1,1,1,)) and ( U .)' ^  ( (1, 1 , 1 , )) = T { x x l x  z n 1

Define e^ (e„ = e ) as the automorphic similarity map e 
1

contained in the automo rp hic  similarity map partial chain 

e = U 0 ’ U 1 ’ ‘ ‘ ' U i ’ where tll^x = CC1,1 »1 )>x an<1



(U.)' H ( (  1,1 , 1 )) = T and n. is the i^*1 least positivei x ’ ' z n 1 '
integer of N. To aid in the un der s t an d i ng  of this definition, 

please see diagram 5.2.48.

Note: All units, automorphic similarity maps, will all be

among the because I. conta ins the i denti ty .

P r o p o s i tion 5 .2 .45. For any automorphic similarity map such

that (e )x > C C 1 , 1 » 1 i ) there exists a k 0 such that

( e „ )  (e) or (e. )' = (e . )' , where e . is wher e (e)2 k x x 2 k x r x  l x
becomes pu r el y  p e r i o d i c . □

Proposition 5.2.46 In the Voronoii chain (e„ ) , we have- 2 k x
|£

that e_ = e .2k 2
P r o of : Consider ^ : L L . e^  ̂ ma ps the part ia 1 cha in

= U  to the partial chain =

II lk“]i II lk_I] it tk~ll f 1 1 l, A  i -1 I,UQ , Uj ,..., for all k. A p p l y i n g  e 2 k

times we have that the partial cha in e = U > 11, >[k] [k]
2 “0 ’ 1

I kl is mapped onto the partial chain of ( 1 ,1 ,1 ), ( 1 ,1 ,1 )

(1 ,1 ,1 ) and the proof is comp 1e t e . □

T h e o rem 5 . 2.47 E ve ry  automorphic similari ty  map e (unit) of a 

mul ti p l ic a t iv e  i rreducible 1 attice of dim ension three with 

(0 ,1 ,1 ,)) not purely period ic  possesses two aut omorphic 

similarity e^ and (fundamental units) such that e = e ̂ m e 2 n > 

where m  and n are i n t e g e r s .

P r o o f : Analogous to theorem 5.2.38. I I

5. Ca lculation of Fundamental Units e, and e„ for Irreducible- ■ ■ ■ - ■ ~ ■ —  - ■ ■ — — r--------2------------------— -
M u l t i p i i c a tive Lattice w i t h Identit y

1) We assume that ((1,1,1,) is purely periodic, then ((1,1,1
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Pi a g ram 5■2.48 Unit VAOP Chains Along the x Axis Which Are 

z-Greater, y-Lesser Than the Non -P eriodic (1,1,1) Chain

Thi s diagram does not depi ct the genera 1 relationship of 

automorphic similarity maps and their chains in their Voronoii 

linear ordering relationship to each other and ( ( 1 ,1 ,1 )) and

( ( 1 ,1 ,1 )) because the e may appear anywhere in the chain
, , z n k
f k 1(U ) . In the following, we set ((1,1,1)) =(S) andX X X

((1,1,1)) = (T) . + connects a VAOP to its successor,z z

e = U I k l OJ [k) ee =eU ,k]=U ( k *2 0 > ----- i-l 2 0 nk . k

. . -U' I k * - U ’ * k ̂ f T -U'  ̂k ̂ ... *4J * I k ̂ ►. . 4J1 ^  =eU ’ * k I-r - 2 - r - 1 n k - j i i+n l

[ 1 ]

1
mn

. . AJ1 . I 1 ^  U ’ . * 1 ̂  - . . . ► T = U ' . * 1 * ► U ’ * 1 U .  . ' * 1 ̂  = e m U ’ * 1 I.i-l i nj l + q i+t|+] l+mn i

e W s  =S0 - n {■0 = c i , i . i>=s0 > s, ... <-=^o=so ' s i

e _ 1S ’i - n S ’ . _ S' . » S ’ . , ■+ S' . .  . * S '  _  = e S ’ .i-j i-2 l-l l i+n l

x axis

-1
Hot*: (*)x < ( 1 , 1 , 1 ) ) ^  (e * >x ’ <*2 ] >x " (e2 >* ” a"d

( e 2 >* = ( e e 2 Vk z k  x
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contain the automorphic similarity map e^. Let S = =

(1,1,1,). Calculate by the Voronoii algorithm (Described

in Chapter VI) and see if S^L = L. If not, calculate by

the algorithm and see if S„L - L. Continue until S. is found ° 2 k
such that S^L = L. Let = S^. Now is such that

( ( 1 , 1 ,1 ))) ) contains (e) (( 1 ,1 ,1 )) for all e wherez z x z
(e) ((1,1,1)) . In other words if (T) = ((1,1,1)) andX z z z
if T = (e ) n  ((1,1,1)), and if (e) Cl ((1,1,1)) = T then

I) 4— A  £+ A  £  I

r >p. Now e (e ) -((1,1,1)) . Hence, e * T = S forr 2 2 x x 2 p m
some m. We have that e„ = T /S or that T L = S L. We have2 p m  p m
calculated S.L for all j 0 , because (S) is purely periodic.J —  x
Hence, to find T , we find by the algorithm and see if

T,L = S.L for all j. Repeat for T n , T _ , until T is found 1 j 2 3 p
so that T L = S L for some m. T /S is e „ .p m  p m 2

2) We assume that ((1,1,1,))^ = (S)^ is not purely periodic,

then (( 1 ,1 ,1 ,)) will contain the automo rp hic  similarity map

e^ as a quotient of an and S.. Calculate S^, by the

a 1gorithm and record S ̂ L . Calcu]ate by the algorithm

and record S L. Check if S„ L = S L, continue until an S is 2 Z 1 q
found such that S L = S.L where 0 ' i q , then e , = S /S .q l ^ ’ 1 q l
Now let (1,1,1,) = T = T. Now e is such that ((e„) n ( T )  )u 2 2 x z z
contains (e) O(T) for all e where (e) > ((1,1,1)) In otherX 2 X X
words if T = (e ) ('HT) and if (e) n ( T )  - t , then k • n. n 2 x z x z k
Now  e 1 (e ) -*■ ((1,1,1)) . Hence, e 1 T = S, , where S z z x x z n n n
is in (S) . We have that e„ = T /S, or T L = S.L, We have x 2 n h n h
calcula ted  all S L because we have calcula ted  S L for r < q r r ^
and ( S . ) ’ is purely periodic. Hence, to find T  , find T I X  fl 1



76

by the a 1 gor 1 thm and see if = ^ ^ ^or *- rl - Repeat for

T „ , T„ until T is found such that T L=S,h for some n and t.2 j n n h
T /S. - e , n h 2

5.3. Minkowski Admissible Oriented Pa ra 1 le 1 ojj ij>eds Units, 

Independent Units and Fundamental Units

A . P r e 1 imi nary Concepts

1. Minkowski Matrices for MAO P and a Partition of MAOP 
into Six Classes

Proposition 5.3.1 In an irreducihLe lattice, no two lattice

points on the surface of an MAOP lie in the same octant.

Proof: Assume v and s, two different lattice points on the

surface of a MAOP (a,g,m) , are in the same octant.

v-s = (± (v - s ), ± (v - s ), ± (v - s )) for some sien x x  y y z z
combination. Now 0 .S jv^ - s^j a , 0 ^  |v -Syl ^  R arit̂

0 ^  v - s because v ^  s and the lattice is irreducible.I 7. z 1
Therefore v-s is in (a,g,m) , which is impossible and we have

our result.

Def i n i t i on 5.3.2. Given any Minkowski admissible oriented 

pa ra 1 le 1 op iped (a,g,m) and three of its surface points p^,

^ 2  ’ ^ 3 ’ °ne ^rom t,ac^ °* *^e three origin symme t r i c point 

pairs of the MAOP. We define a Minkowski Matrix of the 

MAOP as the 3x3 matrix.

+a +b +c

+f +g +h

+j +k +m

Where a , f , j ,b ,g ,k ,c ,h ,m are positive and p^ = ( ± a , ±f, ± j ),
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= (±b, ±g, ±k) and = (±c,±h, ±m) for some sign

combination of the c o o r d i n a t e s .

P r o p o s i t ion 5.3.3 In an irreducible lattice, let MAOP (a,g,m)^ 

have six surface points p^, p ^ , p^, “P p  ~P2 * ~p 3 ’ then there 

is unique way of choosing three points q^, q ^ , q^ one from 

each of the three symmetric point pairs so that the Minkowski 

matrix of q ^ , q^, q^ has one of the following 24 sign systems:

+ + +
+  +  -
+ - +

+
+

+
+
+

- +  
+  - 
+ +

+ + + 
+  - +

10 1 1 12

+  + -
+ + +
- + +

+ - +
+ + +
- + +

+ - +
+ +  -
- + +

13 14 15 16 17 18

19 20 21 22 23 24

+  +  -
- +  +
+ + +

+ + +
- + +
+ - +

+  +  -
- +  +
+ - +

+ - +
- +  +
+ + + + + + . I J

D e f i n i t ion 5.3.4. Given any MAOP (a,g,m)p and its surface 

points Pj, p^, p p  -P p  ~ ^ 2 ’ _ P 3* t îen t îe unique Minkowski 

Matrix for appropriate q ^ , q ^ , q^ whose main diagonal elements 

are posi tive s h a 11 be c a 1 led the posi ti ve Minkowski Matrix for 

an MAOP.



= s,: 1 and let a  , .  , ,(i ,j)Propost ion 5 . 3 . 5 . Let s^ j = (“ 2 I I “ 3

be the positive Minkowski Matrix for appropriate q^, of

an MAOP (a,g,m)p the s^, s ^ , may  be selected so that

s,s„s_ = 1 and [s. s. a,. .1 2  3 1 i j (l , j )
foilowing six sign s y s t e m s :

I II III

will have one of the

IV

+ + - 
- + + 
+  - +

V

+ - +
+ +  -
- + +

VI

+  -  -  

- +  -
-  -  +

Proof: To prove this p ro pos iti on  consider the table below. The 

Arabic numbers are the same as in p rop osi ti on 5-3.3. The s^ 

following these numbers are to be set equal to -1. The Homan 

numeral is the resulting case listed above.

1) *̂2* s } > ^ I , 2)  ̂2 * III,

5) s2 » s 2 * ^ 3 *  ̂*
9) Sj, s^, I; 10) None, V;

13) s r  s2 , IV; 14) s ]( s.r  II;

1?) Kj, s^, III; 18) None, VI;

21) s^, s^, II; 22) None, IV;

3) s j , s 2 , II,

7) s2 , ^ * III,

11) s2 , s^, IV;

15) s j , s ̂ , V ;

19) Sj , s 2 , I ;

23) s r  s 2 , VI;

4) s | , s^, IV;

8 ) s j , s 3 , V I ;

12) N o n e , II;

16 ) N o n e , I ;

20) s2 , s3 , V

24) None, III

Note: It must be understood that the 6 sign systems are quite

different from the previous 24 sign systems. In the previous

case the resulting matrices had columns which were points of

the lattice. The [s.s.a. , I columns do not ne cessarily1 J (i , J ) ?
yield points for the lattice. However, determinants and 

parameters of MAOP are pre served under this classification.

Use of the six sign system makes for a simpler pre se n t at i o n of
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Minkowski's Algorithm. Hence, we create the following 

def i ni t i o n s .

Def init 1 on 5 ._3_. 6 j_ The six sign systems of propo si tio n 5.3.4 

sha 11 be ca 1 1 ed the M i n ko wski a ljjor i tluni_c__ system or the 

a Igo ri thmi c syste m .

D ef int i on 5.3.7. The partition of MAOP into the a Igor i tlimi c

system via positive Minkowski Matrices of MAOP shall be called 

the Minkowski jiartition of MAOP,

2. Pa rameL r ic Int rare lationships of an MAOP for each of the 

Six Categories of the Algori th mi c System 

Propos it ion 5.3.8. Ac cording as an MAOP in an irreducible 

lattice is Minkowski partitioned into the algorithmic system

I through VI, then a, b, c, f, g, h, j, k, m, the absolute 

value of the entries of the Minkowski matrix of the MAOP 

satisfy the conditions under the corr es po ndi ng numerals.

I II III

b + c • a f + h > g j + k > m

f ' h and/or j - k k j and/or b 1 c c ■' b and/or h f

IV V

b e and/or h j f and/or j > k c -■ b and/or f ’ h and/or k ■ j

VI

b + c = a , f  + h = g j + k = m

P r o o f : We prove VI only (all others are similar). Because the

rows of the algorithmic system VI matric es are not points of
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the 1 a t t i c e . We 1ook at each of the four Minkowski matrices  

and its unique ma pp i n g of Proposition 5.5.4. that map the 

four positive Minkowski matrices into the algorithmic system.

Hence, we have:

■—

s ls la s j s2 b S 1S 3C a -b - c

S2 S l f s„s
2 2 g s 2 S 3h — -f 8 -h

S 3 S 1> S 3S 2k s 3 S 3m 'j -k m

for appropriate s^, s^, s^, and s^s^s^ - 1 .

Let q j = ( s ^ ,  -s^f, - s 3j ) , q 2 = (-Sjb, s 2 g, -s^k) and q^

= (-SjC, -s 2 h, s^m) , which are each a row or negative of a row 

of the positive Minkowski matrix, that is transformed by 

proposition 5.3.4. into algorithmic system VI. Hence, q^ are 

points of the lattice. Consider 4 =tl j+tl2 + ̂ 3  ‘ have q^ =

-Sj(-a+b+c), q^ = - s 2 (f-g-h) and = -s^tj+k-m). Because 

a > b 0 , a c 0 ; g >  f ' 0 , g ’ h 0 ; and m > j ''0 , 

m k 0 ; we have | q^ | ‘ a, l(lyl ' 8 an<  ̂ l4 z l'm - ^e

have thaL q is in the MAOP at this matrix, and hence q=(0,0,0). 

This fact yields the result that a = b + c ,  g = f + h  and 

m = j + k. I 1

3- De t e rm i n ants of Each of the Six C a t e g o ries of J-he 

A l g o r ithmic System

a. Lattice Octahedra and Determinants

Definition 5.3.9. A lattice octahedr on  H in a three d i m e n ­

sional lattice is an oc ta hedron that is symmetric about the 

origin with lattice points at its vertices (all of which are



non-planar with the origin) and no lattice points on its 

surface or interior (except the origin).

The following propos iti on was proved by Minkowski in [8 , p. 100]. 

Proposition 5^3.10 If H is a lattice octahera where p^, p^, p^ 

are three veritices of H such that no two are origin symmetric, 

then ei t h e r :

1 ) Det

2) Det

( 1 ) p,, ( 1 ) ( 1 )
p l 2 3

(2 ) (2 )
P 1 P 2 3

(3) (3) (3)IT1 P 2 P 3

(- _

( 1 ) ( 1 )
P 1 P 2 3

(2 ) (2 ) (2 )
P 1 P 2 P 3

(3) (3) (3)
_P 1 P 2 p 3 J

= +d

or

= ± 2 d

the volume of the basic 
paraI 1 e 1 opiped of L,

in which case p - ( j + n / 2 )p +
(k +n/ 2 )p2 + ( m + n / 2 )p is in L 
for j , k , m and n i n t e g e r s .

h. Al gorithmic Systems and their Determinant 

We begin by stating the converse of Proposition 4.1.6. 

Proposition 5.3.11 If v^, v^, v , have determinant |d| , then

Vj , v , v^ is a basis of I,. □

Th eorem 5.3.12. If an MAOP of an irreducible lattice is 

Minkowski partitioned into the algorithmic system I through V, 

then the determinant of its Minkowski matrix is jd|, and if 

it is partitioned into the algorithmic system VI, then the 

determinant of its Minkowski matrix is zero.

Proof: Case VI is obvious. Since all cases are e sse nt ia ll y

the same, we consider only case 1 .
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Let N - Det = agm - ahk + fbm + fck + jbh + jgc,

a b c

-f g -h

- j -k m

Where a > b 0, a ^ c ^ O j g M ' O ,  g •> h ̂  0 and m > j ’ 0, 

m > k / 0 . Then agm f  ahk ? 0 , agm ? fbm ?0, agm ' f c k / O ,  

agm r jbh > 0, agm 7 gjc * 0, so that we have that N / 0. 

Consider the points p^, p^ and p^. Because we have N > 0 ,  p^, 

p^, p^, are non-roplanar with the origin. Togeth er  wi th  the 

facL that these points a re on an M A O P , we have that p ̂ , p ^ , 

p,j form a lattice octahedron. Upon inspection of case 2 of 

proposition 5.3.10, p=!*p j - ̂ 2 ^ 3  *n °Ur ^a t t ’r e - That is, 

by proposition 5.3.8:
P x - ‘̂ Ja-b-c |* a,

Py = S. j “ f ”g +h | - g and 

P z  = h ["j + k-m j ^ m.

Tfiis implies that p is in the MAOP which is a contradiction 

so that N - |d|.

4. The M i n kowski N ei ghboring Process _§_nd the Six Alj^orithmic 

C l asses of MAO P

Because we may think of MAOP of algorithmic Systems I through 

V as bases we have the following propositions.

P ropos it i on 5-3.13 In an irreducible lattice, let A be an 

MAOP of algorithmic system I through V, and let B be a 

successor of A such that B is an MAOP of al gorithmic system 

I through V, then there exists a matrix T with integers 

entries such that AT - B and determinant of T - 1. D
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We shall calculate this T for such A in section 6.2.

Proposition 5.3.14 In an irreducible lattice, let a be an MAOP 

of algorithmic system I through V and let B be a successor of 

A such that B is an MAOP of algorithmic system VI and there 

exists a matrix T with integer entries such that AT = B and 

determinant of T = 0. □

We shall also calculate this T for such A in section 6.2.

We now come to the following very important theorem.

T h e o rem 5 .3.15 In an irreducible lattice, let A be an

algorithmic system VI and if the MAOP B is a successor of A,

then B is of algorithmic system 1 through V.

Proof: Because axis may be interchanged without affecting the

neighboring process, we may assume without loss of generality 

that we find the successor along the x axis and that b c (See 

propops it i on 6.2.7). We have also tha t a • b , a ' c , g • f , g > h , 

m • j , m > k; b+c=a , f+h~g, j+k=m. If p^, p^ , p,̂  are the three 

lattice points of b in order of their occurence in the matrix of 

their MAOP, then the successor B in the x direction has on its 

surface the four lattice points p^, ~P 2 > P^t ~ P 3 an(  ̂ beside 

two other lattice points p ' ̂  and Because b c, the

coordinants of p'^ and ~ p '2 occupy the first column of

the matrix for the M AO P B. We have the following:

r— b -b' -c

Matrix of B -8 8 ' -h , where b = b '+ c , g 1=g+h and
m = k '+ k .

-k - k ’ m

But from the above, m = k+j . Therefore, k '=j . Since there



is only one lattice point, either or -pj for whose y 

coordinate = j, one has p'^ - ± Pji this yields a=b'=b-c, 

that is, a * b because b > c > 0 , which contradicts a > b. □  

Propos it i on 5.3.16 In an irreducible lattice, let MAOP A 

be of algorithmic system I through V and its successor MAOP 

B be of algorithmic system VI, then any MAOP C, a successor 

ol MAOP B, can be found by creating a matrix T with integer 

entries such that AT - C and determinant of T = 1 . □

We shall calculate T for such A and B in section 6.2.

No t e : It is i mpo riant, to realize that three vectors whi ch

form a basis of L need not form an MAOP, and conversely that 

three vectors wh i ch form an MAOP need not form a has i s of L . 

Hence, that any T with integer entries such that determinant 

of T-l need not preserve an MAOP. In section 6.2., we seek

out the specia 1 T that do preserve MAOP and do create

successors to an M A O P .

B. Finding Units by Minkowski's Method - The Minkowski 

Test to Locate Unit Related MAOP Within 

a Finite Number of Steps

De f i n i t i o n s 5 .3.17 Let v^, , v,̂  be three vectors of a

lattice of dimension three, tiien the v^ , v^, v^ form is 

the p o l y m o n i a 1 :

(v 1 ^ x + V j  ̂ y + V j  ̂ - >z )( v2 (- ̂ x + v 2 (2 ̂ y + v ^ ^ z : )  ( v ^  1 ̂ x + v3 ^ y + v 3 

Pr o p o s i t ion 5.3.18 Let v^, v^, v^, be three vectors of a
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mu lti plicative lattice of dimens ion t h r e e , then the v ̂ 

form has integer c o e f f i c i e n t s .

Definit ion  5 . 3 .19 An MAOP form is the v^, form, where

Vj, v v 3 are the vectors of MAOP.

Pr op o s it ion 5.3.20. An MAOP form has integers coefficients, 

which are each less than 9jd|.

Pro p o s i t i on 5.3.21. There exists at least two MAOP of

determinant + d with the same MAOP form. I I

P roposition 5 . 3 .22. Two MAOP of determinant 4 d with the 

same MAOP form in a multipl ic at ive  lattice with identity a re 

unit related by a unit (w, w ’ , w"). Furthermore, (w, w * , w") 

is i„ I . C 2

C . F i nd i ng Independent Uni ts by M inkows k i 's Method 

If we calculate a unit (w, w ’ , w") by a chain of MAOP along 

the x axis, we wouId have Iwj ‘ 1, | w '| * 1 and | w" [ ■' 1 . Analo- 

gously, if we calculate a unit by a chain of MAOP along the 

y axis, we woul d have ] w| .* 1 , j w ' | •'" 1 and |w" | * 1 . Fina 1 1 y , if 

we calculate a uni t by a cha i n of MAOP a long the z axis we 

would have [w| 1, |w ’| l and )w"] '■ 1 . It is clear that two of

these three units are independent.

D. Finding Fundamental Units by Minkowski's Method 

There is no elementary method to calculate the fundamental

units by Minkowski's method. We know that it is possible

because his neighboring algorithm allows passage between 

any two MAOP by Th eor em  3.3.4. Hence, the fundamental 

unit related MAOP are among the unit related MAOP and, there-
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tore, calculable. It is conceivable that a development for 

MAO P along one axis analogous to that which was done in 5.3.D. 

and 5.3.E. for VA OP along one axis, can be created. The fact 

that two nei ghboring MAOP share a common point and the 

f ol 1owing theorem would be essentia 1 to such a t h e o r y :

T h e o rem 5.3.23 If (a,g,m)^ is an MAOP in an irreducible 

mul tip li ca tiv e lattice L with identity, and if T is a 3 x 3 

matrix with integral entries such that T:a wa, where w is 

a unit of L, then T (a,g,m)^ = ( w a , w 'g , w " m ) ^ , an MAOP. □  

H o w e v e r , the oreat ion of the initial M AOP  for such a theory 

is not a simple mat te r  as the initial VAOP for the Voronoii 

theory, where we are given that (1,1,1) is a VAOP.



CHAPTER 6

LOCATING INITIAL AOP OF EACH TYPE AND SUCCESSOR ALGORITHMS

6 .1 . Vorc^noi i

A. An Initial VAOP 

We see that by propos iti on  5.2.28 that given any irreducible 

mu lti plicative lattice with identity, the VOP associated with

(1,1,1) is a VAOP. In such lattices, we may take this VAOP as 

our initial VAOP to which we apply the Voronoii A lg ori th m that 

we shall shortly describe. However, Voronoii's A l g ori th m will 

test whether the VOP associated with a basis vector v in any 

irreducible lattice (not necessarily mu lti pli ca tiv e and not 

necessarily containing the identity) is admissible. If the 

VOP is not admissible, it will locate a point v' in the VOP 

whose associated VOP can be tested for admissibility.

Eventual ly a VAOP will be found, and then the chain of 

this VAOP will be created.

B. The Voronoii A l g o ri t hm  for Finding If a VOP is a VAOP 

and If Not, an Interior Point; And 

If Yes, Its Successor 

We shall not prove the alg or ith m in detail, but rather give 

a brief sketch of it. We shall find the successor of the 

VAOP along the x axis.

B7
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1. La tt ice T r a n sf o rm a t io ns

In this section, we indicate how Voronoii "collapses" the 

three dimensional irreducible lattice into a two dimensional 

irreducible lattice. The known theory of such two dimensional 

irreducible lattices is then related to the problem of finding 

the interior point of a VOP or if the VOP is a VAOP, the point 

associa ted  with its succesor. Essentially, a finite set of 

points are located in the two dimensional lattice to which 

the desired point fthe successor or interior point) "belongs," 

as we shall shortly explain. Let V represent the VOP 

associated with the basis vector v of an irreducible lattice 

L. We wish to test V for admissibility. If V is admissible, 

we wish to find its Voronoii successor along the x axis. If 

not we wish to find an interior point of V.

a. Sim ila ri ty T ra n sf o r ma t i on  I

For v and some vectors v^ and v let v, v^ and v^ be a basis 

of L, whose points will be designated (x,y,z). Now (1,1,1), 

v * j= v j/v  and V 2 =V 2 ^ V defines a lattice L', whose points 

will be denoted by ( x 1, y ’ , z'), that is similar to L by 

propos iti on  5 . 2.1. Therefore, we may examine the numerically 

simpler VOP  associa ted  with (1,1,1) for inadmissibility, and 

hence, an interior point, or admissibility, and hence, a 

successor p o i n t .

b. Rotational Tr an sformation

We now rotate clockwise the lattice L' about the x' axis 45° 

and obtain a new lattice L " ' with points (x"', y " ' , z"*).



89
Accordingly, all VOPs will be rotated and hence the rotation 

transformation will preserve admissibility and the Voronoii 

neighb ori ng  process. The tr an sformation is:

1 0 0 

0 1 / 2  1 / / 2  

0 - 1/ 2 1 / ( 2

The new basis is (l,0,/"2 ), v " 1 and v'", for the new lattice L " ' .

c. Similar it y Transfo rma ti on II

So that (1,1,1) of I '  will go into (1, 0, 1) of a similar

lattice L" after tra nsformations a. and b., we divide the 

po i nts of L" ' by ( 1 , ^ 2 ) to obtain the f i na I basis v" , v’1

and v" and a lattice L " . The points of L" will be represented 

by (x'\ y" ,z" ).

2. A CoHaj>sinj>_of_L" Into A Two Dimensional Lattice 

a . Part i L i on

Definition 6.1.1 For any two points a, b of L " , we define 

a b to mean a and b lie on the line G defined by x" - z" and 

y" = 0 or on a line p a r a 11 el to G.

P ro p os i t ion 6.1.2 is an equivalanre re 1 a t i o n .

Definiti on 6.1.3 If a and b of L" and a ~ b ,  then a is

said to be adjacent to b with regard to , if there exists

no point c of L" such that c a and c is between a and b. 

P r o p o s i t ion 6 .1.A Two points a and b adjac ent  with regard 

to will have a project io n of unit length on the x"-y" 

or x M -z" p l a n e .



b. Two Dimensi on al  Lattices

P ro p o s i t i o n  6.1.5 Let G = j G is a line and G is parallel 

to the line de fined by x" = z" and y" = 0 and there is an a in 

L" such that a is on G ^  , T = | x M - y M plane of L” J G in G * ^

is a two di mensional lattice. We shall den ote  points of T* 

by ( X “ ,y~“ ,z*) or (x*,y'v ,0) or (x*,y*)- [ ~ ~ ]

Def ini t_io_n_6 _. 1 . 6 T is called the lattice o f p u n c tures 

a ss o cia ted  wi th  L" or the lattice of p u n c t u r e s .

Propos i t i on 6 . 1 . 7 A basis v‘Vj and of T can be

obtain ed from the basis (1,1,1), v 1  ̂ and v ’^ of L' or 

actu all y from v'^ and v ’^ by me ans of the tra ns f or m a ti o n  

((2 x ' - y ' - z ') / 2 , (y '-z ') / 2 , 0 ).

Proof: The pu nc t u re  (x-’, y “ , z*) = (x‘v ,y‘“ ,0) or (x’“ ,y“ ) of T*

as so c ia t e d w ith  ( x ' t y', z') in L' is ((2 x '- y '- z ')/2 , ( y '- z ')/ 2 ,0)

3. Two D i m e n s i onal La ttice Theory

Pro pos i t io n  b . 1 . 8  Given any two di men si o na l  V AOP  (rectangle), 

then the s uc ce ss or of the VA OP  (can be found) by the al go r i th m  

of c on ti nu ed fractions.

P r opos it i on 6-1.9 The lattice poi n t s of a V AO P and its 

suc ce s so r  in the x d i r e ct i on  in a two d i m e ns i o n al  lattice 

lie on oppos it e sides of the x axis. □

P r o p osi ton  6.1. 10  The vec to r  a s s o c i a t e d  w ith  a VA O P  in a 

two d ime nsi on al  lattice and the ve c t o r  with its s u c c es s o r

form a basis of the lattice • □

A. The V o r onoii A lg or ithm T h e o rem
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a. Preliminary Concepts

D e f i n ition 6.1,11 a = ( x ' , y ’ ,z') in L 1 b el ongs to a p u n c ture b*

D e f i n i tion 6.1.12 If a in L 1 belongs to puncture b* in T*, 

where a^ > b * ^ , and there exists no other point c in I/ be lo n g ­

ing to b* such that c is between a and b * , then a is the 

u p p e r p oi nt of pu nc t u re  b * . A corresponding definition holds for 

a lower point of puncture b * . We represent the unit cube in d i a ­

gram 6.1.14. ABCDEFGH will be positive x half of the transformed 

unit cube. EFGHIJKL will be adjacent spare to the transformed unit 

cube in which the vertex point of its VAOP must lie. The space 

ABCDIJKL will be called the unit prism. We restate our problem.

Wo seek a point withi n the unit prism whose distance from y " ~ z u  

plane is less than one, which will be an interior point of V O P .

If no such point exists, we seek a point closest to ABCD in 

the unit prism: the point associated with the successor VAOP.

Obviously, these points must have their punctures (x*, y*,0) 

or (x * ,y*) such that y* <  1 , and by proposit ion 6 .1.3 thei r 

upper or lower points a re the only poi nts that can be in the 

unit prism. We now categorize punctures in two sets.

D e f i n i t ion 6 . 1 .13 Category I is the set ia* | a* is a puncture

in T* if ( U x ' - y ’- z 1 )/ 2 ,( y 1- z ')/ 2 ,0) = b * .

such that the set

puncture such that

By proposi ti on 6.1.3 upper and/or lower points of category I

punctures must be in the unit prism. Also upper or lower or

no point of a puncture of Category II may  be in the prism.

b. Main T heo re m of V o r o n o i i ’s Algor it hm
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D i a g r a m  6 . 1 .1 4 . The Unit Cube and the Unit P r i s m

I
f

|kI
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T he orem 6.1.13 Let A* be the puncture of categ or y 1 w hi ch  is 

closest to the y* axis in T* so that A* h -  Let B* be the

puncture which is closest to the x* axis so that 0 *- B* <  A-v , .K X" X''
(Refer to diagram 6.1.16) The desired point, that is, an 

interior point of VOP (1,1,1) or the VAOP successor of (1,1,1)

(if (1,1,1) is a VAOP) along the x axis belongs to one of the

following punctures A*, B * , A * + B * , A *- B* or 2 A * + B “ ; moreover, 

it may belong to the last puncture only when both points b e l o n g ­

ing to the puncture A*+B"' lie outside the prism and if the puncture 

B", and hence also A*-B~' lie beyond the limits of the band j y* | < 1 . 

P r o o f: It is known that A “ and B* will form a basis for T* and

using the concepts above, please see [4 ,pp .265-269] for the 

1 engthy de r ivat ion of this t h e o r e m . C3

C. Programmatic Descrip tio n of the 

Voronoii Algorithm  

In the proof of theorem 6.1.15, it is revealed that the 

desired point can be obtained by the following procedure.

This de scription will use the same notation and diagrams 

as above. We begin by testing whether the VAOP of a vector 

v, which we shall make part of a basis v, and v^ of the 

lattice L.

1) Begin by dividi ng  the basis v, v^ and v^ of L, by v so 

that a new lattice L*, which is similar to the old lattice L, 

and a new basis (1,1,1), Vj/v=v'^, v ^ / v = v '  results. We express 

a lattice point coordinates of L by (x,y,z) and those of L* by 

( * ’ ,y’ ,Z' ).

2) Determine the coordinates (x^.y*) of the punctures for the
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D i a g r a m  6 .L .i 6 - The L a t t ic e  of Pu n c tur es,  A*, B* and 
the P r o j e c t i o n  of the Unit Cube on the Lat t i ce

of Pu nc t ur es

3*
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points v' and v'^ by the formulas:

x~ = ( 2 x '- y '- z 1 ) /2 and y * = ( y ’- z ')/ 2 .

This results 111 co mputing and v* 2 ‘

3) By means by a lg or it hm of continued fractions, find points 

A* and B* that are VAOP successors (rectangles) in the lattice 

of punctures so that: ^ 0 ; > j ^*y*| ^

|b * .v > ^ . Express these points in terms of the points v*^ 

and v* of the basis of the lattice punctures: A* -

m
1V " 1 + n 1V " 2  ’ 3 nd = m2 v* 1+ n 2V “ 2

9) Calculate the coordinates of the points A “ m iv 'l+ n 1v '2 ’ 

and B = m 2V l+ n 2V ' 2 ‘ P^ease note that A and B are in L', not 

T*.

5) Choose an integer t so that the coordinates y ' and z ' of 

the point A^ - A + t ( 1 , 1 , 1) a re less than unity in absolute 

value. It is certainly possi ble  to do this in at least one 

way, and if it is possible in two ways, then take that value 

for tj which gives the least value for the x coordinate of 

the point A + t ( 1 , 1 ,1 ).

6 ) Choose in the same way numbers t^ and t.̂  for the points B 

and A - B , respect 1v e l y . If this can be done at all, it is 

possib le in only one way.

7). If there is a suitable number t for the point B, compare 

the abscissae of the points A ^ , Bq and A - B + t ^ ( 1 ,1 ,1 ). That 

point whose abscissa is least will be in the unit cube or will 

be the point associated with the VAOP successor of (1,1,1) 

along the x' axis.

8 ) If there does not exist a suitable number t^ for B, then
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try to find in the same way a number t^ for the point A+B, 

and if such a t^ exists, compare the abs cissae of the points 

Aq , A-B+t (1,1,1) and A + B + t ^ ( 1,1,1).

9) If there does not exist a suitable number t^ for the point

A+B, and if moreover, BlV jf > 1 and (A-'+B*) < I, then chose ay *' x *'
t^ in the same way for the point 2A+B and compare the abscissae 

of the points A^ and 2 A + B + t ^ (1,1,1).

D. Sample Calculation of Fundamental Units by

Voronoi i *s Method

We shall find the fundamental units for the algebraic integers

of the real field Q ( 0 ), where 0 is given by the equation 
3x -6 x + 2 = 0 , whose roots are ail real.

1 - The In i t ia1 VAOP

We know that because Q (0) is an irreducible multip lic ati ve  

lattice with identity, (1,1,1) is a VAOP in Q(0) by pr oposition

b.2.28. We, therefore, shall begin the algorithm with this 

VAOP.

2. Fun da m ental Units Calcula ted  by Means of the Voronoii 

A1 gorithm for Su ccessor VAOP 

This lattice will have as a basis (1,1,1), (0,0',0"),

(02 ,0'2 ,0"2 ) . Because (l,l,l)-v, ( x ,y ,z ) - ( x ' , y ' ,z '), v |-v 'j 

and V 2 ~V 2 ‘ * or cons 1 r u c t i°n °t the chains of the VAOP,

it is necessary to know the approximate value of the c o ­

ordinates of the points of the basis. The approximate value of
2the roots 0, O' and 0" of x -6x+2=0 and its squares yields the
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f ol lo win g basis (1,1,1), v : = (0-3..6017, 0' =- 2. 26 1 8,  0"=.3399) 

and v 2 = (02 = 6.7688, O '2 = 5.1157, 0 " 2 = .1155). Let us

agree to pl ac e the co o rd i n at e  0 on the x-axis, 0 ' on the

y-axis and 0" on the z-axis. We will now co n s t r u c t  an x - ch a in  

st ar t in g  from (1,1,1). Using the basis of the lattice and the 

tr ansformation: x * = ( 2 x - y - z ) / 2 and y * = ( y - z ) / 2 , we co m pu t e  the

basis v* and v* 2  la *-tice °f punctures. v'v  ̂ =

(3.90, -.96) and v * 2 = (4.15,2.50) w h i c h  c o r r es p on d  to and 

v 2 respectively. We now ma ke a re du c t io n of the basis for 

the lattice of p u n c tu r es  by mean s of the a l g o r i t h m  of 

co nt i nu e d  fractions, which  it is n e c e s s a r y  to appl y to the 

coo rdi n at e s  of the p u n ct u re s  v* and v * 2 *

2v* +v* - ( 11 .96,.58) ;

3v* +v* = (15. 86,-.38).

We must take the p u n ct u r e 3 v * j + v -,f2 for the A* and the p u n c t u r e  

2 v “'j+v* 9 for the point B * . The V AO P su c ce sso r of (1,1,1) can 

o nl y  be a point b e l o n g i n g  to the p u n c t u r e s  A * -B * ,A ‘" or B*, 

since the p u n c t u r e  A ’̂ +B" is at a d i s ta n c e gre a t er  than 1 from 

A* in the x* direction. Bec a us e  belongs to the p u n c t ur e  

A*-B*' and  has lattice c oo rdi nat es  (2. 6 0 ,- 2 . 26 , - 0. 3 4 ),  we see 

that no poin t be longs to p u n ct u re  A*-B* w i th i n  the p r i s m  |y| - 1 >

|z| ^  1. B = v 2 + 2 Vj bel ongs to the p u n c t u r e  B* and has lattice 

c o o r d i na te s  (11.9 7, 0. 59, -0. 56 ). This will be a poin t b e l o n g i n g  

to B * , and in fact, the on ly  point  b e l o n g i n g  to p u n c t u r e  B * , 

lying w i th i n the p ri sm ly|i 1 , :̂| i  1 .Points c o r r e s p o n d i n g

to the pu n c t u r e  A* need not be investigated, since their
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abscissae will certainly be greater than the abscissa of B.

Hence the point B is the lattice point associated with the 

VAOP successor of (1,1,1) in the x direction. In order to 

find the next VAOP successor of B, we divide the original 

lattice by B. We now obtain a new lattice whose basis is:

( 1 ,1 ,1 ), = (0 / 2 ,0 '/ 2 ,0 "/ 2 ) = V ] / 2  and v ’2 =

( 0 ^ / 2 , 0 '̂ / 2 ,0 " ^ / 2) “ v 2 /2. Now we repeat the same process 

with this lattice, the basis of the punctures will b e : 

v* = ( 1 . 9 5 , - . 4 8 ) , v * 2 = (2.08,1.25). The reduced punctures will 

be : v*“' = A * , -v* j +v * 2 =B* . The punctures B* , B*-A* and B"+A* 

are found to be beyond the limit of the band x* 1. Thus the 

lattice point associated with the VAOP successor to (1,1,1) 

belongs to A*. Because v'^ belongs to A" and v'^ has lattice 

coordinates (1.30,-1.13,-017)), then v' +(1,1,1) will 

be the only point wit hin  the unit prism |y'j< 1 , \ z ' \ < 1

This point will be the point associa te d with the VAOP 

successor of ( 1 ,1 ,1 ) in the x' direction. Division by 

v ' j + 0 , 1 ,1 ) takes the lattice with basis (1 ,1 ,1 ), v' and v 1 

into lattice L with basis (1,1,1), and v^. Consequently,

the x cha in as it conti nues will be period i c . The uni t e =

(v2 +2v^)(Vj + (1, I,1))=2v 2+5vj + (1,1,1). For the dete rmi na tio n of 

e^, we must construct the z chain by the same algorithm. Again,

V 1 = V ' r  V 2 ~ v ' 2 ’ V 3 ~ V 3 and = Cx',y',z'). The

punctures of the basis in the corresponding lattice will be

v*j=(-.51, 2.A3), v* 2 = (-5.83,.83). The reduced basis of the

lattice of punctures will be v*^-3v*2=A*, v* j-2v*2=B*. We

must investigate points belonging to the punctures A* -B *,A *
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and B * . -v belongs to the puncture A*-B*  and its lattice 

coordinates are (- 6 .77 ,-5 . 12 t-. 12 ) . Consequently, we see 

that there exists a point bel onging to A*-B* wit hi n the 

uni t prism l — l , |y| - 1 , namely , C = v +( 6 ,6 ,6 ).

Tt is useless to invest i gate the punctures A* and B* n o w , 

si nee they a re at a distance greate r than 1 from the 

puncture A"'-B*. Hence, the lattice point associated with 

the VAOP successor of (1,1,1) along the z axis is C. Division 

by C takes the original lattice into the lattice with basis

(1,1,1), v j/2 and v^/2. Thus, C is associated with the element 

of v 2 + ^v j x chain. The unit e^ is given by

(-V2 +( 6 ,6 ,6 ))/(v^+ 2 v ^ ) = 2 v -vj + ( 1 ,1,1 ) . The pr oblem is solved.

6.2. Minkowski

A . An Ini t i t a 1 MAOP 

To locate an initial MAOP is not a simple matter. This should 

not be a surprise for it is clear that any method that would 

generate distinct MAOP would enable one to calculate units.

By means of trial and error methods and applying theorem 6.2.5 

below to a bases, we can find an initial MAOP. To prove this 

theorem we use propos iti on 6.2.4, which is a consequence of an 

important theorem of Minkowski, see |5 , p p .383-384 I .

1■ P re liminary Concepts

De finition 6 .2 . 1 f(x,y,z) is a radial distance function if it 

satisfies the following four conditions:

1 ) f(x,y,z) >  0 , when (x,y,z) 4  (0 ,0 ,0 );
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2 ) f(tx,ty,tz) - t f(x,y,z), when t> 0 ;

3) f ( x + x * , y+ y ' ,z + z ') _< f(x,y,z) + f ( x ' ty ' , z ’) and

4) f(-x,-y,-z) = f(x,y,z).

Proposition 6 , 2 For a radial distance function,

f(x,y,z) 1 defines a convex body with center the origin.

Minkowski proved a converse of this propos it ion  in [4, pp. 94-97]. n

Propositon^ 6 :j2 . 3 For any symmetric convex body with the

center of symmetry at the origin, there exists a radial 

di stance funct i o n . □

Proposition 6.2.4 If a lattice octahedron has all its vertices 

on the surface of a convex body K, which we shall assume equals 

{ (x,y,z) j f(x,y,z)_^ 1 where f is a radial distance function, 

and if these vertices are non-coplanar with the origin and are

d enoted  by >2) , a ( > 3 ) >,  ( a ( 2 ,1 ) • a ( 2 , 2 ) ' a ( 2 , 3 ) ’  and

<a(3,l)>a(3,2)’a(3.3))’ Wh<,re a (i,j) = ± d or i 2 d, then
1) if the determi nant of a . . . ,=± d, then the convex body K

V 1 » J )

contains in the interior no lattice points (x,y,z) other than

the origin, if and only if, f(x,y,z) _ M  , where x = r a ^  ^  +

S a (2,l) + l a C 3 , i r  y = r a O , 2 )  + s a (2,2)+ t a <3,2) and Z = r a(l,3) +

S a (2 3 ) + t_a(3 3  ̂ ant  ̂ assumes each of the following 22

sets of values: (0 ,1 ,± 1 ), ( 1 ,1 ,± 1 ), ( 1 ,± 1 ,0 ), ( 1 ,+ 1 ,± 1 ),

( 1 ,±],±2 ), ( 1 ,±2 ,± 1 ) and (2 ,± 1 ,± 1), where all possible sign 

comb inat ions a re cons i d e r e d .

2) If the determinant a,. .,=±2d, then the convex body K(i>j)
contains in its interior no lattice point other than the

origin, if and only if, f(x,y,z) 1 for each of the

following four sets of values of (r,s,t): where
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all poss i b 1e s i gn combinat ions are cons i d e r e d . □

2- ?la^ n Th eo r e m o n Initial M A O P

T h e o r em 6 . 2 .5 If one can find three lattice points p^ , p ^ f P-j, 

whose ma tr ix  has determi nant d , and if these po ints can be 

a r ranged (as in propos i tion 5 . 3 . b ) into a positi ve  Mi nkowsk i 

matrix of algorithmic system I through V , then p ̂ , p ^ , p^ 

determine an MAOP.

Proof: Define a primitive basis of a lattice in the following

manner. Consider a sphere of radius zero, centered at the 

origin. Let v ̂ be the first lattice point encoiinLered by 

the sphere when the radius is i n c r e a s e d . If more than two 

points are encountered by this sphere simultaneously, choose 

v^ and v^ as any po ints non-c op lan ar with v ̂ and the origin.

If not, and only two points are encountered, choose v^ as the 

point non-col inear with v^ and the origin. Now expand the sphere 

until the first v is found w hi ch is non-c opl an ar with v^ and v^ 

and the origin. If only v^ were encountered, continue expanding  

this sphere until v^ is encoun ter ed which is not colinear with 

Vj and the origin. If more than one point was enc ountered  

with , choose it as v^ if it is not coplanar with v^ and v^ 

and the origin. If no points are encountered with v^, expand 

this sphere until a v^ is found which is not coplanar wi th v^ 

and v^ and the origin. Certainly, this pr imitive basis 

determines a lattice octahedron. Let A be the matri x of the 

pr imitive basis v ^ , v^ and v ^ . The determi nan t of A is d .

Let B be the matrix of p^ , p^ and p^, whose determinant is



102

also d . There exists a matrix T with integer entries such 

that AT = B and determinant of T=l. Now  the entries of T * are 

also integers because the entr i es of T a re i n t e g r a 1 and the 

determinant of T is 1. Because T maps the lattice points of L 

into the lattice points of L, and in fact, L onto itself, 

we conclude that T maps the lattice octahedron determined by 

the pri mitive basis to a lattice octahedron determined by p^, 

p^ and p^. Consider ( a tg (mj , where a, g and m are the main 

diagonal of the positive Minkowski matrix. Because this is a 

matrix of the algorithmic system I through V , one has that 

a b, a c, g f, g h, m j and m k. This establishes Lhat 

Pj, and are in the faces of (a,g,m) , not just in the

planes containing these faces. Now, let (x,y,z) be the 

coordinates of a lattice point in L, and define:

f(x,y,z)=max ( |x / a | , |y / gj, |z / m | ) 

and

C = { (x , y , z ) j f (x,y,z)^_ 1 ) .

It is clear that f is a radial distance function and that 

C=(a,g,m)p. A pp lyi ng  case 1 of proposition 6 . 2. A, we see 

that if we substitute the 22 different values for (x,y,z) 

in f that f 1 , and hence (a,g,m)^ is an MAOP. □

To make certain that theorem 6.2.5 is not ope rating in a 

v a c u u m , we state the following t h e o r e m :

The or e m 6 . 2 . 6. Every irreducible lattice has a basis of three 

vectors that is an MAOP.

Pr o o f : We know that an MAOP exists in each lattice by



p r o p o s i t i o n  1.4.9. N o w  by th e or em  5.3.15, the de sired MAOP 

and basis exists. □

B. The Mi n ko wsk i A l g o r i t h m  For F i n d i n g  The 

S u c c es s o r of an M AO P

1 . Lattice T r a n s f orma t i oits

P r o p os i ti o n  6.2^7. Under a suitab le  r ena min g of the axes the 

su cc e ss o r  A' of an MAO P A along  the x axis, y axis or z axis 

can be vie we d as a s u c es s o r al ong Lhe x axis in such a way that 

the suces sor  A* will have as its m a t r i x  one of the types of the

a l g o r i t hm i c  system I th rough VI, in which  the inequality b' <c'

is satisfied. The following lists the va r io u s  conditions, 

the n e c e ss a r y t r a n s f or m a ti o n s to change A of type of 

a l g o r i t hm i c  syste m I th rough VI to the d e s i r e d  type A' of

a l g o r i t h m i c  syst em I thr o ug h VI.

Cond i t ion T ra n s f o r m a t  ion

The type of A ’ is in 

Col um n  Hea ded  by Type of A 

1 II III IV V VI

x-ne ighbor 
c -■ b

y - n e i g hb or  
f > h

y - n e i g hb or  
h f

z - n e i g hb or
j > k

z - n e ig h bo r
k j

x = x ' ,y ~ z ’ ,z ~ y '

x - y ' , y - x ' , v-z  '

x = z ’ , y = x ' ,z = y '

x = y ’ ,y - z 1 ,z —x '

x = z ' ,y = y ' ,z=x*

I III II V IV VI

II I III V IV VI

III I II IV V VI

II III

III II

I IV V VI

I V IV VI



104

2 . Firtding the M A O P  S u c c e s s o r

As was indicated in p r o p o s i t i o n  5.3. 13  th rough 5.3.16, we seek 

ma tr i x  T with integer ent ries of d e t e rm i n an t  1 for M AO P  A, 

whos e points will be den o te d p^, and p^, of c a t eg o ry  I 

th rough V such that AT = A ' , w h e re  A ' , whose  points will 

be denoted P ji and p 3 ’ *s sut:cessor of A. If

A' is of categor y VI, then we seek a T of d e t e r m i n a n t  1 wi th  

integer entries such that AT  = C, where C is an M A O P  su cc e s so r  

of A ' . We begin by notin g that to secure the x- n e i g h b o r  whe n  

b  ̂c , one lowers the x-face to the lattice points in the face 

y=±g (one has x=±b for these points) and s u b s e q u e n t l y  raises 

the y face to the first lattice point in ne i th e r  the x-fa ce  

nor z-face. The first p a r a m e t e r  is decreased, the second is 

increased and the third remains the same. (See d i a g r a m  6.2.8)

For the x ne i g h b o r  (a^, , m j)p °f (a tK)in)p» one has then

a =b a , gj g, and = m. Since there is at most one lattice 

points in each of the planes, x=k^ , a constant, y - k ^ , a 

constant, it follows that two of the lattice poin ts  whose 

co ord i n at e s  are in the same m a t r i x  for the n e i g h b o r  A' are

P 'l= d lP 2 ’ P 3 = d 3P 3 ’ w he re d 1= ± l,d3=+l. If A = (a,g,m)^ is 

a p a r a 1 l e 1 op i pe d  of a l g o r i t h m i c  sys tem  I thr ough V, then A has 

d e t e rm i na n t  d and can be in ter pr e te d  as a basis of a lattice.

We seek out a m at r i x  T wi th  integer en tries such that AT = A' 

and d e t e r m i n a n t  of T=l. If one de notes by q ^ ^  the c o- fa ct or  

of in A, one has I q ^ ^ l  =

From the relat ion  p ' .( 1 * = d .p .t2) , p ' . (3j = d „ p . t3)1 1 1 r 1 3 1

(i =l, 2,3), it follows that:
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Diagram 6.2.8. The Minkowski Neighboring Process: b < c

z

m)

P ' l ’d lP2

J

v  ii V  ±1
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0 

0

v.
Then 1 < K (1)P \  U )  = -d,d =±1 or 0 ac cording as the neighbor 

k = 1 k 1 J
of (a ,g ,m) is of algorithmic system I through V or of

3 3
algorithmic system VI. Set / q t ^ ^ p ,.^2 ^ = K d _ ,  1J k= 1 k r  k 2 k=i k ^ k
= Md„, } q.  ̂^ p'i = Nd , where d =-d,d„ and where K = 1 or 0 k = 1  ̂ 1 .5
according as (a ̂ ,g^,m is of algorithmic, system I through V 

or of algorithmic system V I . Then:

, (2) 
V i

. 0 ) . M (2) O )d 2 (Kpj + M p 3 +Npj ) j „ (3)
3 2

II<II< d 2 (Kp2 (1)+ M p 2 (2)+ N p 2 n ) ) V 2 <3)

V 3 - d 2 (K p 3 (1)+ M p 3 (2)+ N p 2 ( 3 ) ) d 3P 3 (3)

The integers K, M, and N are not all zero, for in this case p '

would he the origin, which is impossible. Then p ' 2 - 

d 2 (KP l + M p 2 +Np.3) and p' 2 ( U  = s 3 d^ ( K a ± M b ± N c ) , P ’2 (2) =

s2 d 2 (i K f+ Mg ± Nh ) , p ' 2 ^ ^  - s^d^(±Kj±Mk+Nm) , where the system

of signs of A' is that of algorithmic system I through V.

Due to propos it ion  4.1.18, the relation a^ = b,gj< g, = m

yield to condition g^e Jd/(bm)j. The lattice point p'2 is to 

be found among those lattice points of the form p=Kp^tMp^+Np^  

(K=±l or 0; M,N integers; [K |+ [M| + | N| >1), which satisfy 

x < | bj, y<|d/(bm)(, | z j < m , and in particul ar ± P ' 2 will be the 

two such points whi c h  make N a minimum. There are only two

)’ q l
U) , (2)

k = l
3
) ( 2 ) , (2 )

‘1 k = i ^k

>: , < 3)P\ (2)k=l
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lattice points for which y will assume this min im um value, 

otherwise y=0 would be satisfied by lattice points other 

than the origin. It is clear then, that if the simultaneous 

inequalities jusL stated can be solved for the finite number 

of solutions which they possess, then p'^ can be determed 

except for sign. The sign can be later determined to make 

A ’ a mat r ix of a Igor i thmic sys tern I through V . The lengthy 

solutions of these equations for the algorithmic system I 

through V are given in [5,p p -405-426].The results are as follows.

C . The Va ri ous T for MAOP A of Di f ferent Categor i es

1. The Matrix T Fo_r ^  of Al_gorj thmic System I Through V 

The matrix T for A of algorithmic system 1 through V is given 

in the following list. If A f = AT becomes an MA OP  of category 

VI, see section 2. below for the c a 1c u 1 ation of T for its 

nei g h b o r s .

Algori thm for the x-ne i ghbor (b ■ c )

I : 1) j  k,

T =

2 ] j  k ,

T =

0 -1 0

1 1 0

0 0 1

0 1 0

1 -1 0

0 -1 -1

+, +, +; V.

III.

The Roman numeral denotes which category of the algorithmic 

system to which A belongs; the three signs are the signs of
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the products s * . s ^ ( (i =1,2,3), the s., being those for A in 

pro positon 5.3.5 and the s ’ -i those for A ’ .

II and V:

The upper sign is for Case II; the 1 ower sign for Case V. 

M = [G / F ], N =  [± H / F ], ui a-Mb-Nc, v r ± j + H k - N m .  

Here F ,G , and H a re the si gned minors of f , g , and ±h in A .

The square brackets denote the largest integer function.

m

1 )u< c , v ■ k M- 1 N+l + 1
2)u' b -c, v ■ o, M N- 1 - 1
3 )u < b t V ” 0, but not 1) M N -1
U ) u - b, V ■ 0, but not 2) M N + 1
5) u > b t v • 0 M N+l + 1
6)u b, V <■ 0 M+l N -1

0 + s 0

T = ±s + sm 0 i + s i + s , + i ;

0 -sn 1

s = + 1 , 1; s = - 1 , IV

2]

T =

2 b

0 1 0

1 1 0

0_ -1 -1

a+c "2b

1 I

0 0 0

= -1 1 0

_ 0 -1 1

a < 2b, f < h,

, +, +; VI.
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0 -1 0

T = 1 1 0 , +, + . + ;

0 0 1
—

or f > h or j +k > m

0 0 (T

T = -1 1 0 , vi

_0 1

2. AT-C Wh ere C is a N e i g h b o r of A' Where^ A' is of A l ^ o r i t h m i c

S y s t e mVI and a N e i gh b or  of A

a. A l g o r i t h m  for the x N e i g h b o r  of the x N e i g h b o r  In III 2),

IV 2) .

The uppe r sign is for Case I I I  2), the lower for IV 2].

1 ] b - c > c :

M i l + G / F ] , N = [( ± G + H ) / F ] ;

u° * b-c, u" - e; v° - m, v (t = m-k; 

u a-Mu°-Nu", v = -j+M v"- Nv °

m n s

1) u - u", v , v" M-l N+l +1

2) u < u " ,  v" ■ v > 0  M N+l -1

3) u > u ” , v ,> 0 M N+l +1

4) u < u° , v < 0  M N +1

5) u > u° , v < 0 M+l N+l -1
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T =

0 +s 0

-1 -sm 0

+1 + s ( m - n ) ?s

2) b - c - c :

M - |t±K+L)/J],

u°- c, u" = b-c

u = a-Mu° -Nil",

0 0

0 - s sn

+ 1 is + s (m-

+ 1 , - s , + s ;

s= +1 , V; s= -1, III.

N = l±K/J] ;

v° = g+h, v" = h;

v = -f +M v” -Nv°.

+ 1 , -S, + s ;

s = +1, IV; s= -1, II.

b. Algorithm for the y Neighbor of the x Neighbo r in III 2 J, 

IV 21

When b > c , the y-ne ighbor of the x-neigh bor  is ( a , g, m)^ 

itself.

c. Al g ori th m for the z Neighbor of the x Neighb or  In I I I 2], 

IV 2]

1 ] k-' m-k:

M l-H/F], 

u° = m - k , u"= k ; 

u = j-Mu°-Nu",

0 +s 0

s +s(m-n) -1

0 ism + 1

N - [ G - H ) / F ]; 

v° - b , v 1 - b-c ; 

v = - a + M v " - N v ° .

t + s t -s, ±1;

s = + 1 , IV; s = - 1, 1 .
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2) k > m - k ;

In case III:

-1 0 0

T - -1 - 1 1 " I +; V

1 1 0

In case IV:

1) j 1 k:

1 0 (T

T - 0 1 i

1 1 0

2) j * k:

i 0
-0

- 0 -1 1

0 -1 0

D. P r o g r a mm a t ic  D e s c r i p t i o n  of the M i n k ow s k i A l g o r i t h m

1) The lattice w i 1 L have the basis v^ = (1,1,1), = (0,0',0")

and (0^ , 0' '£ , 0 " 2 ) , w h er e  0 is located a l o n g the x axis, O' is 

located al ong the y-a x i s and 0" is located al ong the z-axis.

To ca l cu lat e this basis we need c a l c ul a t e  the roots 0, 0' an d  

0" of the irred uc ibl e monic cubic polynomial w ith  real roots 

w h o se  field is Q ( 0 ) .

2) Select a T by trial and e r ro r so that for m a t r i x B of the

s„v,, s„v„ and s„v„ w h er e  s.=±l, BT is a m a t ri x  of 1 1 2  2 J J , i

a l g o r i t h m i c  syst em I th rough V, and henc e BT is an MAOP.

Com pu t e its M A O P  form.

3) C l a s si f y  BT a c c o r d i n g  to the al g o r i t h m i c  s y s t e m  to w h i c h it 

belongs, and use the above a l g o r i t h m  to c a l c ul a t e its ne i g hb o r
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B ’ . Ca l cu l a te  its form and see if it is the same form as that 

of B. If it is, the ratio of their c o r r e s p o n d i n g  paramet er s,  

if they are al gebraic integers, will be a unit. If not, 

repeat step 3 until identical forms are found.

E. Sample C al c u l a t i o n  of Units by 

M in k o w k i ' s  M e th o d  

We shall find the units for the a l g e b ra i c  integers of the 

real field Q ( 0 ) , wh ere 0  is given  by the e q u a t i o n  

x 3+ x z - 2 x - 1=1, whose roots are all real.

1. The Initial MAOP

We cal culate the roots of x 3+ x 2- 2 x - 1=0, and they have 

a p p r ox i ma t e  values 0=1.25, 0'= -.45 and ©" =-1.80, w h i c h we 

locate along Lhe x, y and z axis, respectively. These  yi el d  

the basis =  (1,1,1), v 2 = ( 1 . 25 ,-.45 , - 1.80) and 

v 3 = (1.80,.20,3.64).

we will have cre at ed

0 1 1

If we set s^ = - 1 and T - 1 0 0

0 0 -1

a ma tr ix  U of ca te g o ry  IV, wh ich  by p r o p o s i t i o n  6. 2.5 i 

MAOP.

i s an

Thi s mat rix U

1 . 25 

- .45 

1.80

1 - .55

1 . 80 and its MA OP form is

-1 2.25_

-x 3-y 3-z 3+ 2 y 2z + 2 z 2x + x y 2+ y z 2+ z x 2+ x y z .
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2. Un i ts C a I c u1 a ted by Means of the Mi nk ow s ki  A l g o r i t h m  

for S u c c e ss o r  M AOP 

We shall ca l cu lat e the x-nei gh bor , y - n e i g h b o r  and z - n e ig h bo r  

of U. We must use the rule of case IV, 2. The  resu lt ing  

ne ig h b or s  are all of c a t eg o ry  VI of the al g or i t hm ic  system.

x - n e i g h b o r  of IJ = P -

1 - .45 - . 55

-1 1 .80 -.80

-1 -1 .25 2.25

wh ose M A O P  form is x 3+y 3 + z 3- x 2y - y 2z - z 2x + 2 x y 2 and the 

d e t e r m i na n t  of p=0.

1 .25 - .55 - . 70

y - n e i g h b o r  of U = Q = 0. 45 . 80 -.35 9

-1 .80 -2. 25 4.05

wh ose M A O P  form is x 3+ y 3+ z 3- x 2y - y 2z - z 2x+2 xy z  and the de t er m i na nt  

of Q = 0 .

~ 2 .25 -1 -1.23

-.55 1 - .45

-.80 -1 1.80

z n ei g h b o r  of U = R =

w h o s e M A O P  form is x 3+ y 3+ z 3- x 2y - y 2z - z 2x+z xy z  and the 

d e t e rm i na n t  of R = 0 .

The x p a r a m e t e r  of P, Q  and R are 1, 9, 1+0 and their

quotients, al g eb rai c integers, show that P, Q and R are 

unit related by the units 0, -l/(l+6) and (-l-0)/6

To see that these units are independent, see s e c ti o n 5 . 3 . A.
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It is conceivable that a procedure may be de veloped for 

finding fundamental units by Minkowski's method, but it is 

doubtful that it would be as consistently simple as the 

Voronoii method.



PART II. A BASIS APPROACH



C H A P T E R  7

A D M I S S I B L E  OR TENTED P A R A L L E L O P I P E D S  AND  BASES

7.1. B ases

D e f i n i t i o n  7 .1.1 A V o r onoii t r i p l et is a set of three n o n ­

o r i g i n  s ym me tr ic ve ct o r s v^, such that each ve ct or

de fi n e s a VAOP.

D ef i n i t i o n  7.1.2 If a Voronoii triplet is a n o n - p l a n a r  w it h  

the origin, it is called a Voronoii basis, otherwise, it is 

ca ll e d  a d e g e n e r a t e  Voronoii basis.

De f ini t i on 7.1.3 A Minkowski triplet is a set of three 

n o n - o r i g i n  sy m me tri c vec t or s v^, v ^ , v^ w h ic h  def i n e an M A O P . 

D e f i n i tion 7 .1.A If a Mi nkowski triplet is no n - p l a n a r  wi th  the 

origin, then it is called a Mi n ko w s ki  basis, otherwise, it is 

called a de ge r a te  Min kowski basis.

De f in it ion 7^1.5. An E d g e - Face triplet is a set of three 

no n - o r i g i n  sy m me tri c vec t or s v^, v ^ , v^ such that any pair 

of the three def i n e an EFAOP.

De f i ni t i on 7.1.6 If an Edge Face triplet is no n - p l a n a r  w i t h  the 

origin, then it is an E dge Face basis, ot her wis e,  it is called a 

d e g e n er a te  Edge Face bas î s .

P r o p o s i t i o n  7 . 1 . 7 A Mi n ko wsk i triplet implies an Edge Fa ce  

tr iplet implies an Vo ro n oi i  triplet. n

P r o p o s i t i o n 7 . 1.8 A Mi nkowski basis, a Voronoii basis and 

E d g e - F a c e  basis exist in any lattice.

1 16
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Proof: Use theorem 6.2.6 and proposition 7.1.7. □

We will attempt to obtain a better geometric und erstanding of 

the above concepts by calculating up to geometric equivalence 

the ways oriented p a r a 1 lei opipeds associated w it h three n o n ­

origin symmetric vectors can he represented in the same origin 

symmetric discrete array. We wiLl provide diagrams of these 

equi v a l e n c e s .

Note: The more general question, the analagous question of

section 2 d ,  that is, the number N of Lhree oriented p a r a l l e l ­

epipeds up to geometric equivalence in the same origin 

symmetric discrete array, is a much more difficult number 

to calculate and at Lhe moment irrelevant to our discussion.

Similarly, t he genera t quest ion of the number K of n 

m - d i m e n s i o n a 1 oriented paraIle lo pip ed in the same m - d i m e n s i o n a 1 

irreducible lattice is an interesting, but very difficult 

combinatoric problem. A l the present, I have no solution.

7. 2. The N umber of Oriented Pa ra 1 1 e 1 op ipeds Determined by 

Three Non-Or i gin Symmetric Vac tors In The 

Same Origin Sym m e t ric Discrete Array 

Proposition 7.2.1 The number of MOP in the same OSDA 

determined by three non-origin symmetric points v^, , v^ is

one . n

Pr op o s i ton 7 .2.2 There exists only one way up to geometric 

equivalent by which an MAOP determined by three non-origin 

symmetric points may  exist in the same OSDA. □

Needless to say, no diagram is necessary for this special 

s i tuat i o n.
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Propos it i on 7.2 13 The number of FFOP in an irreducible lattice 

determine by three non-origin symmetric points is two. □  

Proposition 7.2.4 There exists four different ways up to 

geometric equivalence by which two F.FAOP determined by three 

non-origin symmetric points may exist in the same OSDA.

Proof: See section 2.3. □

These diagrams are illustrated in Chapiter 2.3 as diagrams 

2.3.2, 2.3.3, 2.3.4, and 2.3.5.

Proposition 7.2.5. The number of VOP in the same OSDA d e t e r ­

mined by three non-origin symmetric points v^, , v is three.

Proposi t i o_n 7 . 2 . 6 There exists ten different geometrically 

equivalent ways by which three VAOP may exist in the same OSDA 

det ermi ned by three non-o r i g i n syimetr i c po i nt s .

Proof: The following is a list of all twenty-four possible

rank matrices.

□

1 1 1 ~1 1 r ~1 1 r ~1 1 r
2 2 2 2 2 2 3 3 2 3 2 4 2 3 2

3 3 3 3 3 2 3 2 3_ _3 2 2_

1 1 2 ~1 1 2 7  1 2 1 1 2

5 2 2 1 6 2 2 3 7 2 3 1 8 2 3 3

3 3 3 _3 3 1^ 3 2 3— —4 J_3 2

1 1 3

2 2 1 

3 3 2

10

1 1 3

2 2 2 

3 3 1

11

1 1 3

2 3 2

3 2 1

12

1 1 3

2 3 1

3 2 2
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1 2 2 ~ 2  2 1  2 2 7  2 2

13 2 3 3 14 2 1 1 15 2 3 1 16 2 I 3

3 1 1 3 3 3 3 1 3 3 3 1

17

7 2 3 7 2 .3 ~\ 2 3 1 2 3

2 1 2 18 2 3 1 19 2 3 2 20 2 1 1

3 3 1 3 1 2 3 1 1 3 3 2

2 1

7 3 T r 3 3 T 3 3 1 3 3

2 1 1 22 2 2 2 23 2 1 2 24 2 2 1

3t- 2 2 3 1 1 3 2 1 3 1 2 □

U nd er  a l lo wa bl e column and row operati on s,  the following 

e q u i v a l e n c e s  hold: 1; 2 ~ 3 - 4; 5 ' 1 4 ;  6 ~ 8 ~ 20;

7; 9; 10 = 22; 11 = 1 2  ~ 13 = 19; 15 16 - 17 21 -

23 - 24 and 18.

T a k i n g  a r ep r es e n ta t i ve  from each group yields the result.

These  di agr am s are il lustrated below:

7.3. Diagrams of the Ways Three O r i e n t e d  Thre e Di mensional 

Pa r a 11e 1o p ipeds D e t e r m ined by T h r ^ e  N o n - O r i g i n  

S y m me t r ic  Points can Jje_ In ter related 

T h r e e S p a ce



Diagram 7.3.1. Three Oriented Parallelepipeds with
Distinct Parameters - Type X

120

Configuration x
1
2

3

y
l
•>

z
1*

y
Rank MatrixInadmis3 ible
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Diagram 7.3.2. Three Oriented Parallelopipeds with
Distinct Parameters - Type IX

z

Rank Matrix

f *
11 1

Inadmissible
Configuration
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Diagram 7.3.3, Three Oriented Parallelepiped* with
Distinct Parameters - Type 111

z

Rank Matrix

211

Inadmissible
Configuration



Diagra™ 7.3.4. Three Oriented Parallelopipeda with
Distinct Parameters - Type IV

123

z

_ /

Rank Matrix

Inadmissible
Configuration



Diagram 7.3,5. Three Oriented Parallelopipeda with
Distinct Parameters - Type V

z

7

Rank Matrix

loadmiss ible 
Configuration
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Diagram 7.3.6. Three Oriented ParalLelopipeds with

Distinct Parameters - Type VI

_ _ y

-  r ~

Rank Matrix

Inadraiasible
Configuration
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Diagram 7,3,7. Three Oriented Parallelopipeds with
Distinct Parameters - Type VII

Possibly
Admissible
Configuration

Rank Matrix
x
1
2

3

y
1
2 

3



Diagram 7.3.8. Three Oriented Parallelopipeds with
Distinet Parameters - Type VI7T

127

z

Rank Matrix

Possibly
Admiss ible
Configurat ion
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Diagram 7.3.9. Three Oriented Para 1lelopipeds with

Distinct Parameters - Type IX

z

y
Rank Matrix
x y z
1 2 2
2 3 1

Possibly 3 1 3
Admi s s i b 1e
Conf igurat ion



Diagram

y

129
. 3,IQ. Three Oriented Parallelopipeds with
Distinct Parameters - Type X

Rank Matrix

Possibly
Admissible
Configuration



CHAPTER 8

BASES AND UNITS

8.1 Unit Re lated B a s e s 

We now create an approach that is analogous to section !>. 1 . 

calculating units. However, this approach will use Bases 

instead of AOP. We begin with the analogous definition to 

De f i ii i t i on 5 . 1 . 2 .

D e f i n ition 8.1.1. Two bases v^, v^, v^ and v' V 2* V '"l are

said to be unit related in an multip li cat ive  lattice with

identity if there, exists a unit v such then v.=v. for i = l , 2 t3.J 1 1

It is clear that for each unit v there exists at least a

pair of unit related bases. Hence, if it is possible to

locate unit related bases, it will be possible to calculate 

units. The following procedure (analogous to the procedure 

of Chapter V section 2) that does this is:

1) Find a method to locate an initial bases of a "type".

2) Find a method to move from basis of that "type" to another

basis of that "type" and within a finite number of steps 

to two u n i t re 1 ated bases of that " t y p e " .

The concept of "type" will be explained later. Implicit in

2 ) is the need for a test to determine if two unit related 

bases of the "type" have been created. The "type" should be 

essential to doing 1 ) and 2 ).

The motivati on  for this approa ch  is quite simply the desire

130
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to avoid the lengthy and difficult calculations required by both 

Minkowski's and Voronoii's method for computing the successor 

MAOP or V A O P . Often the mu lti pl ic ati ve aspects of these 

approaches, blur the accuracy of the units. In a basis approach, 

the calculation of a successor basis for a basis, can be 

accomplished by simply "adding and su btracting vectors."

We shall now briefly describe Cohn's successful creation of 

a method us ing the basis a p p r o a c h .

8.2 Cohn

A. Cohn Bases and Cohn Neighboring Process 

1 . Cohn Bases

Definition 8.2.1. Given any three basis vectors v^, v ^ , v.̂ . 

Then we define a Cohn basis if Vj, v ^ , v.^, V ^ ~ - V ]_V2 ~ V 3 have 

a 3 x 4 matrix:

v ( U V (1)
V 1 2
v (2) v (2)
V 1 2
, (3)
V 1

—
V 1

whose s i gns a r e :

" , (1) v * < n
v  ( 2 ) v  (2>3 4

* 3 (3)

- +

_ +

It is noted that if we multiply any row by a minus, or any 

two rows by a minus, or all three rows by a minus and then 

shift appropriate columns, we would still have the same sign
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conf ig.. rat i on a b o v e . Each of these eight possible conf i gura- 

tions are to be identified with the above original 

configurati o n s .

Notation: We shall indicate a Cohn basis for v^, v^, v and v^ 

by [V , , v 2 , v 3 , V ^ l .

These type of vectors are an examp 1e of the " type" of basis 

that is discussed in 1) and 2). We shall shortly see that 

1 ) and 2 ) and the m an y analogous bases' questions to the 

geometric questions of section 3.1 will be answered by a 

Cohn basis.

Proposition 8.2.2. Any three vectors of a Cohn basis is a 

basi s . □

Proposition 8 .2.3 If two Cohn bases are unit related, then any 

three vectors of one basis will be unit related to the 

cor respond i rig vectors of the other basis. o

We now need only find unit related Cohn bases and our pro blem 

of f i nd i ng un i t re 1 ated bases , and hence , units is so 1ved .

2. Cohn Neighb or ing  P rocess

Among all the possible ne ighboring processes that may be 

cons i de red we choose the mos t elementa r y .

D e f init ion 8.2^4. Given a Cohn basis v^ , v^, v.^, v^ then a

Cohn neighbor will be v. - v., v. + v . ,  v,, v where i, i, k,i j  k j  j  m . j  » »

m, is a permutation of 1 , 2, 3, A and which is itself a Cohn 

bas i s .

Notation: We shall indicate the neighboring process for 

IVj,v^,v^,v^) by (v., v v ^ ) , which will create
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| v . +v . , v , -v . , v . , v ), where i, i, k, m is a permutat ion of
i J k j ’ j m  ’

1,2, 3,4.

We see there are 24 possible candidates for the neighbors of 

Cohn basis. The actual number that are Cohn neighbors and 

the other analogous questions of section 3.1 will be provided 

in the following section.

B. Basis Theorems about the Ne ig hb ori ng Process

1. Number of Predecessors and Successors of a Cohn B a s e s 

G iven any Cohn bas i s how m an y immed iate predecessors and 

immediate successors does it have (where pre decessor and 

successor have the analogous definitions of those for AOP)? 

Proposition^ 8.2.5 For each Cohn basis the nei ghboring process 

create 3, 4, 5 or 6 Cohn neighbors.

We shall present a slightly stronger form of this proposition, 

and indicate its proof.

Definition 8 .2 . 6  A type 1 , type 2 or type 3 ne i g h b o r i n g  pr ocess  

for a Cohn basis |P,Q,R,S] is indicated by the following table: 

Type 1 Type 2 Type 3

(QPS), (P Q R ) (P Q S ), (QPR) (PRS), (RPQ)

(RPS), (SQRJ (RQS), (SPR) ( Q R S ) , (SPQ)

(QSP), (PRQ) (PSQ1 , (QRP) (PSR), (RQP)

(RSP), (SRQ) (RSQ), (SRP) ( Q S R ) , (SQP) .

Pr op o s it i on 8.2.7. Ever y Cohn basis [P,Q,R,S] has either one 

or two Cohn neighbors of each type.

Proof: We only sketch the proof. Consid er  a subdivision



134

into cases according to relative magnitudes of each row:

, q ’ r i * s j ‘ There are twenty four different cases.

We omit the details. □

2. hooping In a Cohn Basis

Given any Cohn basis, if its neighboring process were 

unrestri cted w o u 1d it be poss i ble to return to the same Cohn 

basis? If so, how can this be avoided?

Comment 8.2.8. Given any Cohn basis S, the random use of the 

Cohn neighboring process can return us to S .

To avoid the "looping" of Comment 8.2.8., is not the simple

matter that it is in the case of A O F . However, it can be done

as will be explained in the following proposition.

Propos i t i on 8.2.9 Let h. = u . ^ ^  , for i=l,2,3, where

u . ^ ^  are the components of and 11^^ = P + S , = Q+S,
(3)U = R + S . A neighbor operation of type i decreases h., and 

h^ is positive, while it increases or leaves the same the other

two h . where i £  i .
J

Pr o o f : Because of the symmetries, we consider only the operation 

(QPS) of type i, wh ic h changes h ^ p ^  + Sj into s^ - hj, while it 

changes h ^ r ^  + s into r j + s 3 _P^ and leaves h^^q^ + s^

u n c h a n g e d . □

3. Connect ing  Cohn Ba ses

Given any two Cohn bases, is it possible to connect the two 

by means of the Cohn neigh bor ing  process.

Cohn has claimed that the answer to this question is yes:

There is a flaw in the proof as I will indicate. At the moment,
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the theorem i s consequently false. I will pro vide a poss ib 1 e 

way of circumventing the flaw. However, the suggested method 

has not been established.

T h e o r em 8 . 2 . 1 0 . (UNESTABLISHED) Any two Cohn bases can be con­

nected by a chain of Cohn neighbors. (A Cohn chain has the 

analogous definition of the AuP chains of each type.)

In order to establish this theorem, Cohn related his bases to 

MA OP and then used the fact that two MAOP may be connected by 

a chain of MAOP.

D ef i nition 8.2.11. Two sets of triple vectors or two sets of 

quadruple vectors are said to overlap if they share two or more 

v e c t o r s .

Proposition 8.2.12. Two overlapping Cohn bases can be connected 

by a chain of Cohn tie igh b o rs .

P r o o f : We only sketch the proof. Let the two Cohn bases be 

A = [P,Q,R,S] and B = [P,Q, R+aP+bQ, S-aP-bQ] for integers a 

and b. Now the Cohn basis sign conditions on B leads to three 

sign conditions on the third and fourth vector 

(- - R - ( a + 1)P - ( b + 1)Q) of B, yields:

f j (a+ 1 , b + 1 ) < 0 f (a,b) ■ 0

f2 (a+ 1 ,b+l) < 0 f2 ( a ,b) - 0

f'3 (a + l,b+l) < 0  f (a,b) -> 0 ,

w he re  f^(a,b) = r^+ap^+bq^, w h ich  are always under the sign 

restrictions of a Cohn basis. It is tedious, but elementary 

to show by representing the six inequalities graphic all y that 

if these relations hold for (a,b), then a and be are not both
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of Lhe same sign, while the inequalities hold with (a,b)

rep laced by (a,b+sgn a) or (a + sgnb, b), where sgn 0 = 0 . 

Propos ition 8 .2 . 1 2  foilows by d e s c e n t . □

T heorem 8 . 2 . 13. If v^ , , and v^ are a Minkowski basis,

then -v ji - V 2 ”V 3 ’ an approp ria te choice of signs

together with the sum of these re-signed vectors, form a

Cohn basis.

Proof: Please see section 9.1. where this important theorem

is restated and proved. □

We now give the partial converse of theorem 8.2.10.

Theorem 8.2. 14. In each chain of a Cohn basis of length n, 

there will exist an element of the chain which overlaps a 

Mi nkowsk i bas i s .

P r o o f : The lengthy proof of this theorem can be found in

Proposit ion 8 .2.15. Any two neighb or in g Minkowski bases (and

hence, overlapping) each overlap overlapping Cohn bases.

To circumvent MA OP  whose vectors form a degenerate basis, 

and hence make the connection between all MAOP whose vectors 

form non-degenerate bases Cohn stated the following theorem 

in [2 , p .907).

P roposition 8 . 2.1 6 (FALSE) Any two MAOP of algor it hmi c system 

I through V can be connected by a chain of such MAOP.

This proposition is false. A counterexample is p r ovi ded  by 

the initial MAOP used in the sample calculation of units by 

M i n k o w s k i ’s method in section 6 .2 .F. It is an MAOP, whose vectors 

form a non-degenerate basis, and each neighbor is an MAOP,

[2,pp. 908-9091. □
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whose vectors form a degnerate basis. A way to circumvent this 

flaw is to show that two given MAOP A and B , whose vectors 

form a non -d egenerate basis, and who share as a common 

neighbor an MAOP C, whose vectors form a degenerate basis, 

have Cohn bases of A and B that ran be connected by a 

chain of Cohn bases. However, this propos it ion  has not been 

fully established. The consequence of the inability to 

establish this theorem is the inability to say for certain 

that all units and, hence, fundamental units can be calculated 

by Cohn b a s e s .

C. Cohn Bases, Units, Independent Units and Fundamental Units 

We now assume that 1 ) and 2) exist fur Cohn bases. We shall 

describe these in sect ion 8 . 2 . D . b e l o w .

1 . Un i ts

Pro position 8.2.17. In an irreducible mult ip 1 icative lattice 

with identity, the number of v^, v^, v.^, forms, where v^, v^, 

v^, is any three vectors from a Cohn basis is finite.

P r o o f : With an analogous approach that Minkowski used to 

establish the analogous proposi tio n 5.3.20. for MAOP, Cohn 

proves this proposition in [1,p p .827-829].

Because of propos it ion  8.2.9, we can create an infinite number 

of Cohn bases, which by proposi tio n 8.2.17 will create a finite 

number of bases forms. Using propo si tio n 5.3.22, we have that 

the Cohn met ho d calculates units. An alternate proof to that i nd i ­

cated by proposition 8.2.17 wh ic h will es tablish that C o h n ’s method
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does create units will be presented in section 9.3.

2. Independent Units

Letting the and of propos it ion  8.2.9. "play

the role" of the x, y and z axes in the dis cussion of section 

3.3-4., we can calculate i ndependent uni ts as i ndi cated by that 

same discussion in section 5.3.4.

3. F undamental Units

Because theorem 8.2.8 cannot be established at present, we 

cannot say for certain that Cohn basis has the ability to 

calculate fundamental units, though computational evidence 

implies that it can J3 , p p . 1 6 2 - 1 6 8  ] .

D. Locating an Initial Cohn Basis and Cohn 

Bas i s Su ccessor A1gor i thm

1. Initial Co hn Basis

One way to find an initial Cohn basis would be to find an 

initial MAOP of algorithmic system I through V by thenrem 

8.2.13. By theorem 6.2.5., we can find an initial MAOP. If 

this MAOP is of algorithmic system VI, its neighbors will be 

of algorithmic system I through V by theorem 5.3.15., and we 

have located our initial Cohn basis.

2- The Cohn A l go ri th m for Finding^ the Succ es so r of a 

Cohn Basis

As was stated, the mo t i vat ion  of this basis approach is the n o n ­

mult ip 1 icative nature of calculating neighbors. We construct
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the 24 possible candidates for the Cohn basis neighbors and 

test whi ch a re Cohn bases. This algorithm requi res no 

multiplicative calculations.

3. Programmatic Description of Cohn Al go r i th m

The programmatic description of the Cohn al g ori th m can be 

found in [3 , p p . 160-165 I . Due to the severe limitations of the 

computer, only one type of the neighbor types were explored 

and not all the Cohn neighbors of this type were explored.

On the modern compuLer and using the entire body of Cohn's 

iheory, even more spectacular results should be obtained.

4. Sample Calculation of Units by Cohn's Method 

See (3, p p . 162-168].



CHAPTER 9

COHN BASIS AND INTERRELATIONSHIP WITH 

ADMISSIBLE ORIENTED PA RALLELOPIPEDS

9 . I C o h n B ase s And MAOP

Let us recall the very important theorem 8.2.11 for the sake 

of completeness of this section. We will offer a simpler proof 

than the one given by Cohn [1,p p .825-826 ] .

Theorem 8.2.11 If v^, and v,̂  are a Minkowski basis, then 

±v j , - V 2 * ~V 3 ’ an appropriate choice of signs together

with the sum of these resigned vectors, form a Cohn basis. 

Proo_f: By Proposition 5.3.5 an MAOP, whose vectors form a non-

degenerate basis are of algorithmic system I through V 

where a 1 b , a ■ c , g ■ f , g h , m k , m -■ j . The 

following shows how to change each category I through V to 

a Cohn basis.

I. Multiply column 2 and 3 by 1 and switch. Use the fact that 

b+c a by p rop osi ti on 5.3.8 for row 1 g h for row 2 m > k for 

row 3 to show the fourth vector is of sign form + + +.

II. Multiply column 1 and 3 by 1 and switch. Use the fact that

f + h 'g by proposition 5.3.8 for row 2, a c for row 1 m > j

for row 3 to show that the fourth vector has sign form + + +.

III. Multiply column 1 and 2 by 1 and switch. Use the fact

that j + k > m  by proposition 5.3.8. for row 3, a >b for



row 1 , and g: f for row 2 to show that the fourth vector has 

s i gn form + + +.

IV. Mu lti pl y all columns by -1. Move column I to column 2,

column 2 to column 3 and column 3 to column 1. Use the fact 

that a c for row 1, g ■ f for row 2, m k for row 3 to show 

the fourth vector is of sign form + + +.

V. M ul tip ly  all columns by -1. Move column 1 to column 3,

column 3 to column 2, column 2 to column 1. Use Lhe fact that

a b for row 1, g -h for row 2, m • j for row 3 to establish 

that the fourth vector is of s i gn form + + +. □

The converst* of theorem 8.2.11 is not true, the following is a 

partial converse.

Propos i t i on 9.1^1 If in a Cohn basis |v^ , v ^ ,v ^ ,v^ | we let 

the X represent the largest in absolute value of the three x 

components of v^ , v ^ , v^ with similar definitions for Y and 

Z, then the first three vectors of a Cohn basis will be an 

MAOP of caLegory I through V in accordance with the location 

of X, Y, Z in the first three columns of the Cohn basis matrix 

as the following table indicates:

I II III IV V

X - - - - - X  - - X -  - -X - - -

+ - - - Y  + _ _ Y -  + -y ± - - -Y ± - y

- -Z - -Z - - - - -Z -Z - - - -Z

Proof: Use Theorem 6.2.5. □

There are ma ny  more Cohn bases than MAOP. The following matrix 

[3, p . 160] is a Cohn basis, but no three of its vectors form 

an MAOP.
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2. 507 

-  1 . 2 2 1  

-2.285

-2.285 

2 .507 

- 1 . 2 2 1

-  1 . 2 2 1  

-2 .285 

2.507

1 .000

1 .000

1 .000

However, we note that (1,1,1) is a VAOP, which motivates the 

next section 9.2.

9.2 Cohn Bases And VAOP 

Theo rein_ 9 L2_. 1 For any Cohn basis v^, v^ , v^, and v ^ , the 

V0P associated with at least one of the v. is a VAOP.l
in order to prove this theorem, some preliminary definitions 

and propositions will be presented.

Definition 9.2.2 For any triple of different numbers a^, a^

and a.,, mid. a. - the second largest value of a, 3 i i 1 a ̂  and

a„. Min. a and max a will have their usual meaninines.3 i i l l *
os it ion 9.2.3 Given a Cohn basis v , v , v , and v. , then _  _ 1 2  3 A

the oriented para 11elopiped P defined by 
(i )

x ^  m a x . v , 
J i 3

(i)

x. s  m m .  v. k i k , x £  mill, v (i), where j, k, m is a m l m
pe rmutation of 1 , 2, 3, is an admissible oriented parallelo- 

piped, if v^ is not in P.

P r o o J : By the symmetry of the problem, we only consider j=l,
C i ) (i) .min. v_ andi 2 7. -k=2 and m-3. Let X - max. v,i 1

m i n . v ^ * ^ .  Consider an arbitrary lattice point p = av^ + bv^

+ cv , where a, b, c are integers. We examine P to see if p il s

in its interior. That is,

Inequalities I

-X^aVl(1)+bv2 (1)H'V3(1)c X
-y < a v 2 ^2 ^+bv 2 ^2 ^ c v 2 (2 )^

(3) , (3) (3)-z < a v ^  +b v _3 v 3 c  z
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Note: We do not allow equality in any of the inequalities

because the lattice is i rredue i b l e .

The following sign-zero pattern account for all sign-zero 

pattern for a,b,c. The table below lists why p for the 

sign-zero combination fails to be in P.

Sign-0 Impossible Because p Does Not Satisfy The Inequality

Pattern i(=l,2,3) Of Inequality I*s Left(L) or Right(H) Side

a b c i L or R

0 0 0 Ori gi n Exists In A VAOP

0 0 3 L

0 0 + 3 R

0 - 0  3 R

0 ] See [i| below. R

0 - + 3 R

0 + 0 0 L
0 + - 3 L

0 + + 1 See [i| below. L

0 0 3 R

0 - 2  R

0 + 3  R

0 3 R

- By hypothesis and discussion (ii) below.

+ 3 R

+ 0 2  R

+ - 2 R

+ + 1 L
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+ 0 0 3 L

+ 0 - 3 L

+ 0 + 2 L

+ - 0 2 L

+ - - 1 H

+ - + 2 L

+ + 0 3 h

+ + - 3 L

+ + + By hypo t lies i s and discussion [iij below.

[1 ) By symmetry we only consider 0 - - . We know

v s ( 1 )+ v . / 1) < 0 because we have a Cohn bas i s . We

have for b • 0 , c ‘ 0 : bv^ ̂  ̂ V c v ( 1 )
3 —

t ( 1 ) ( 1 ) — v - V2 3
v (1) • 1 bVW -V2 U ) : and bv O K  O )+ cv2 3

~v :i
( D > wh i ch yields the r e s u 1t .

[ii ] By symmetry , we consider + + + only. Thou gh  by hypothesis

one of the following i n e q u a 1 i t i es fails: vs(,s(,)-
-X or v (2>+v U ) +v 

1 2
(2 )^ -y or

However, the question remains wet he r other vectors q = 

dVj+ev^+fv^ for integers d, e, f of the + + + sign constraint 

are in the interior of F. Consider the following inequalities:

Inequa 1 i t i es II

1

2

3

-X ' dV[(l )+<‘v2* X

-y - ■ y

-z • , z

Before beg inning we introduce a trick notation: d ' e = f will 

mean d [1] e[2] f[2j. We list the possible order relations

among d,e,f.
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Order

Relat ions

Impossible Because q  Does Not Satisfy 

The Inequality i(=l,2,3) of 

Inequalities II's Left(L) or Right(R) Side

j ] e( k J f [mj i Left or

J k m

1 2 3 3 L

1 2 2 3 L

1 2 1 2 L

2 3 1 2 L

1 3 2 2 L

1 1 2 3 L

1 1 1 By hypothesis.

2 2 1 2 L

2 1 3 3 L

2 1 2 3 L

3 1 2 1 See [j ) be 1o w . L

2 1 1 1 See (j ] be 1o w . L

3 2 1 1 See (jI be 1o w . L

We consider 3
(1)e = d + h + c . dv 

* 3 m > - 2 ( U

1

1 2 for the rest are similar. Let f=d+h and

hypothes is and v

Now f
(1)

0, by the Cohn basis

0 and v 3 (1)+v2 (1)' 0 • N o w - v ^ ^ + v ^ 1 ^

< 0 , implies that ( 0 * V 3 0 ) <  _ V i ( D We have that 

. (1 )

m W ' ) ,  , v (i) We have that d v ^  ̂ + e v ^  ̂  ̂ +  fv^

2 or
(1).



v 2 (1) or dv j ̂  ̂ + e V 2  ̂̂  + ^  This (-ompletes the

proof of this proposi tio n 9.2.3. d ]

P r opos i t i on 9.2_._4_1 If the vector is in the interior of P,

where P is the same as in propos it ion  9.2.3, then the VOP K

associated with v, is a VAOP.A
Proof: Because of symmetry we consider only + + +.

Now for any vector w = d v ^ + e v 2 +fv^, where d, e, f are positive 

integers, by the previous proof, we need only show that w is 

not in K, which is equivalent to showing that one of the 

inequalities i (-1,2,3) of inequalities III below fails.

I

Ineq ua 1 i t i es III 2

3

-X «=-v ( 1 Z  dv f 1 *+ev * * * + fv ( 1 J < v  (1)c X  9 1 2  3 4
(2) . (2) (2),f (2) (2)-y^:-v^ «r d v j +ev^ 3 Y
(3) , (3) (3) t (3) (3)-z <c-v c  dv, +ev,, +fv„ v . «= z4 1 2 3 4

In an analogous proof that used inequalities 11 above, we 

recall the order relations among the d, e,,f.

Orde r 

Relat ions

d(j| e [k| f[mj

Impossible Because w Does Not Satisfy 
The Inequality i (=1,2,3) of Inequalities 
I P s  Left(L) or Right(R) Side and which 
part icular v a 1ue ( X , y ,. . .) it noes not 
sat i s f y ,

Left or Right Va 1 ue
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1 1 2 3 L -z

1 1 1 1 L

2 2 1 1 L v n
2 1 3 3 L -z

2 1 2 3 L -z

3 1 2 1 L

2 1 1 1 L v n
3 2 1 1 L

Combinin ig the facts derived from the inequalities I and II of 

the proof of proposition 9.2.3. and the facts of inequalities 

III, we have the proof of this proposi t ion 9.2.4. □  

Proposition 9 .2.3 In a Cohn basis fv j t V 2 » v gt 1 i bhe three 

vectors v^, v ^ , and v^ have rank matrices of diagrams 7.3.1 to 

7.3.8, then there exists a vector from among the four vectors 

whos e associated VOP is a VAOP.

P r o o f : We see that in each of these cases the rank matrices

imply the existence of a vector from among v^, v^, which

satisfy the constraints of propos iti on 9.2.3. □

Before proceding any further, let us reexamine the proof of

proposit ion  9.2.3 and 9.2.4, but this time with y' =
(2)mid. v^ substituted for y and see how our proof may fail.

In other words, when does P ’ , where P' is the VOP {(x,f,y",z")j 

x" | ' X, |y" | • y', |z" | ■ z } , contain a lattice point in

its interior. Only in inequality II 2 2 1 does the P* appear 

that it may have a point in its interior. Now let us reexamine 

proof of propositions 9.2.3 and 9.2.4, but this time with
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(3)z'=mid. v, substitituted for z and again see how our proof 

may  fail. In other words, wh en  does P", where P" is the VOP 

{ ( x " , y " ,z " ) | |x" | -■ X , | y" | ■ y , f z" | <■' z ' f , appear that it may have 

a point in its interior. Only in inequality II 2 1 2 does it 

appear that P" may  have a point in its interior. We now ask 

the question, ran three vectors exist so that one of the vectors 

v^ has a VOP of the type P' and another vector have a VOP of 

the type P" simultaneously. We shall construct all the possible 

rank matrices for such a set of three vectors.

It is clear that by studying the inequalities II, the 

components of must have in a rank matrix its value

l_2 1 1 1 2  2 2

order ^3 , that is, 1 or 2 or 3 o r ]  o r 2  o r 3

1 1  1 1 1 1 1 1

It is clear that by studying the inequalities II, the 

components of must have in a rank matrix its value

1 2  1 1 1 2  2 2

order 1 , that is, 1 or 1 or 1 or 1 or 1 or 1

1 3  1 2  3 1 2  3

Com bining v^ and v^ component value orderings, we have that 

only the following 8 component order relationships make sense 

for v^ and v ^ .
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1 )

1

2

1

2
1

2

2)
1

2

1

2
1

3

3)

1

3

1

2
1

2

4)

1

3

1

2
1

3

5)

2

2

1

1

1

2

6)
2

2

I

7)

2

3

1

1

1

2

8)
2

3

1

Now adding to each of these 8 pairs the component orderings of 

Vj (which will be automatically determined), the following 

matrices , followed by their equivalent rank matrices, results

”3 1 2

1 ) 3 2 1

-3 1 2_

~3 1 2

3) 2 3 1

3 1 2i_ _

”"3 2 f

3) 3 2 1

_3 1 2__

Rank Matrix 

1 1 2

2 2 1 2)

_3 3 3_j

Rank Matrix

1 1 3

2 2 1 4)

3 3 2^

Rank Matrix 

” l 1 2 ~

2 2 1 

3 3 3

6)

3 1 2

3 2 1

2 1 3

3 1 2 

2 3 1 

2 1 3

3 2 1 

3 2 1 

2 1 3

Rank Matrix 

~1 1 2

2 3 1

3 2 3

Rank Matrix

1 1 3~

2 3 1

J 2 2 _

Rank Mat rix

"l 1 3~

2 2 1

3 3 2
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Rank Matrix

7)
3 2 1
2 3 1

3 1 2

T 1 2
r»
3 2 1

2 3 1 8 ) 3 3 1

3 2 3 2 1 3

Rank Matrix

1 1 3

2 3 1

3 3 2

We observe that none of these correspond to diagrams 7.3.9 or 

7.3.10, which yields the following proposition.

Proposition 9 . 2 .6. In a Cohn basis lv j t v 2 r v ^i 1> the three 

vectors v^, v ^ , and v^ have rank matric es  of diagrams 7.3.9 to 

7-3.10, then there exists a vector from among the four vectors 

whose associated VOP is a VAOP. □

Co mbining propos it io n 9.2.5 and 9.2.6, we have theorem 9.2.1. □

9.3. I mp 1 icati ons o f the 1n t e r r e l at i unship of AOP
and Cohn Bases

It is easy to see that Cohn bases must generate units by 

theorem 9.2.1. Use the fact that we can creates an infinite 

number of VAOP by proposition 8.2.9. Voronoii's method assures 

that two are unit related. In a similar manner, we could have 

used the infinite number of MAOP generated by Cohn bases 

(proposition 8.2.9 and theorem 8.2.14) to show that Cohn bases 

can calculate units. Another implication of theorem 9.2.2 is 

that we may possibly use Cohn bases to calculate fundamental 

units via the generated VAOP. One final implication is that 

since theorem 9.2.2. is true in lower dimensions it may  very 

well be true in higher dimensions. We may, therefore, be able 

to use this analogous theorem to calculate units in higher 

d i m e n s i o n s .



CONCLUSION

This d i s s e rt a t io n has left m any  di re c ti o n s to he further pursued. 

In Part I, it w o u l d be v a l u a bl e  to create not only a m e th o d to 

Locate an initial F.FAOP, but also a test to find two unit related 

F.FAOPs withi n a finite nu m be r  of steps. It w o ul d  also be 

appr eci at ed , if a s epa rat e a l o g ri t h m for the ed ge - fa c e  

n ei g h b o r i n g  process could be developed. Finally, it wo ul d  

be* of great imp or tan ce  if any a l g o r i t h m  could be ex t e nd e d  

to hig h er  dimensions.

In Part II, It would be important to show that any two Cohn 

bases can be co n n ec t e d by Cohn bases, w h ic h  w o ul d  comple te the 

th eo r y  of Cohn's approach. It would be val u a bl e  to show if 

fundamental units can be c a l c ul a te d  by means of the VAOPs 

g e n e r a t e d  by the Cohn basis. Also, to exp l o re  the basis 

a p p ro a c h for othe r such al g or i t hm s as Cohn's w o u l d  be 

interesting. Also, it w o ul d  be e x t r e me l y  important if 

a basis ap pr oa ch could be e x t e n de d  to hig he r  dimensions.

Finally, the so lu tio n of the c o m b i na t or i c  p r o b l e m  of the 

n u m b e r  K of n m - d i m e n s m n a 1 oriental p a r a 11e 1 op ipeds in 

the same m - d i m e n s i o n a 1 irr ed u ci b l e lattice may  shed light 

on the g e o me t ry  of A O P  and n e i g h b o r i n g  p ro ce ss es in higher 

dimens i o n s .
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