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Abstract

POLARITON LOCAL STATES IN IMPURE CRYSTALS
by
Victor S. Podolsky

Adviser: Professor Alexander Lisyansky

We consider phonon-polariton local states in impure ionic crystals. Taking into account the
defect-induced variations of the elastic constants, we found several local states of different
symmetry. These states arise in the polariton gap for an infinitesimally small value of impurity
strength, and they are predominated by long-wavelength modes. It is caused by the singularity in
the density of the polariton states, which is generic for any isotropic dipole-active phonon mode
with a negative dispersion. The crystal anisotropy removes this singularity and sets a finite
threshold for local states. We investigate a crossover between polariton and phonon local states.
We show that, due to a disproportion between the phonon and photon group velocities in 3D
systems, the crossover takes place in a narrow spectral interval near the bottom of the gap, and
the phonon content of the local states dominates over their photon content. To eliminate this
disproportion, we place the active medium inside a narrow waveguide. We show that a coherent
interaction between the waveguide modes and the polarization waves in an atomically thin
dielectric layer (ionic 2D-crystal), gives rise to new excitations - 2D-polaritons. The features of
their spectra and the structure of the defect-induced polariton local state depend on the waveguide
width. When the width becomes comparable with the localization radius, 2D-polariton local state
transforms into localized waveguide mode. Our estimates show that, in the sub-micron

waveguides, the localized mode can be provided by a single impurity or a local structural defect.
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Introduction

The theoretical and experimental investigation of photon localization is one of the
most active areas in condensed matter physics. Originally, the search for this phenom-
enon was restricted to the strongly scattering disordered systems(l, 2, 3. 4, 5, 6, 7, 8].
The localization transition in this case must be accompanied by a drastic decrease in
the photon diffusion coefficient and is expected to occure with increasing disorder. It
can be achieved in dense systems of resonant scatterers, where the photon mean-free
path and the scatterer size become comparable to the wavelength.

The possibility of photon localization in “impure photonic crystals”, was pro-
posed in Refs.[9, 10]. The photonic crystals present the artificially manufactured
periodic dielectric systems, where propagating modes form separated bands. Inside
the bandgaps, wave propagation is blocked by destructive interference between the
Bragg-reflected waves. When the photonic crystal contains structural defects, these
give rise to local photon states inside the bandgaps. However, it was soon realized
that the 3-D photonic crystals with the gaps open in all directions are rather the ex-
ception than the rule [11|. Also, the intrinsic imperfectness of the man-made regular
structures smears the band boundaries and additionally narrows the bandgaps.

The idea of exploiting local excitations in regular polar crystals and the concept
of the polariton local states were introduced in Ref.[12]. The authors suggested that
photons could be localized by means of their resonant interaction with local excita-
tions. Considering a dipole-active impurity atom in an isotropic frequency-dispersive
medium, authors discovered photon-atom bound states. These states describe an ex-
cited atom which is coherently coupled to the medium polaritons via the interaction

with the electromagnetic field. If the intra-atom transition frequencies fall inside the
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polariton gap. the radiative relaxation of the bound states is suppressed, and the in-
duced field is localized around the impurity. The polariton-atom coupling was further
analyzed in Ref.[13]. There it was shown that the two-level impurity model can be
solved exactly by means of the Bethe-ansatz technique. The authors constructed a
complete set of the scattering and bound states and analyzed the formation of the
polariton-impurity band in a system of spatially correlated impurities.

A new development of the theory of the polariton local states was made in Ref.[14].
Considering a dipole-active medium with a point-like atomic defect (an isotope impu-
rity, an “electronically rigid” impurity ion, etc.), the authors showed that the spatial
dispersion of the medium has a surprisingly drastic effect on the local states, and dis-
covered a new class of the polariton states. Among them, there are phonon-polariton
states associated with the well-known phonon local states [15, 16]. The phonon states
and their interaction with electromagnetic waves (IR absorption, Raman scattering)
were extensively studied since the early forties following the pioneering work of I.M.
Lifshitz [17]. In these studies, electromagnetic waves were considered as an external
field which can scatter from the lattice and excite vibrational states. However, in
ionic crystals, the resonant interaction between the lattice and the internal field (the
photon-phonon crossing resonance) leads to the reconstruction of the optical phonon
modes. In the cross-resonance region, the transverse-optical phonons and photons
are coherently coupled and form new elementary excitations - polaritons. In a simple
model of a crystal with a single dipole-active phonon mode, there are two polari-
ton branches separated from each other by the spectral gap [18]. As was shown in
Ref.[14], the lattice defects give rise to new local states inside the polariton gap. How-

ever, unlike for pure phonon local states, there is no lower critical value of the defect
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strength that must be exceeded for the polariton local state to arise. It was found
that this feature is caused by a negative dispersion of the optical phonons, resulting
in non-monotonic polariton dispersion.

In this thesis, we explore the possibility of photon localization caused by the
photon-phonon coupling in ionic crystals. In Chapter 1, we study the polariton local
states in the isotropic dipole-active medium. The optical phonon excitations in this
model are represented by two transverse branches and a single longitudinal branch.
Such an approximation is appropriate when the long-wavelength dynamics of the
cubic crystals is considered. In this approach. all details of the ion displacements
within elementary cells are ignored and only resultant dipole moments of the cells are
retained. It leaves the polarization and the electromagnetic fields as the only relevant
dynamical variables.

We show that a single impurity embedded in the medium gives rise to local states
inside the polariton gap. These states are composed from optical phonons and pho-
tons localized around the impurity. The spectral interval available for the local states
is extended from the bottom of the polariton gap, Q2,,, to the bottom of the lon-
gitudinal band. These states arise at the bottom of the gap for an infinitesimally
small value of the impurity strength. Our analysis shows that the states near Q2
are predominated by the long-wavelength polaritons. The typical momentum of these
polaritons, Anax, defines the coherence length of the local states, and the separation
of the local states from the bottom of the gap, \/w? — Q2. defines their localization
radius. Despite the atomic size of a defect, both characteristic scales are macroscopic.
These features of the local polariton states are caused by the singularity of the density

of states at the bottom of the gap, p_ (w?) x (02, —w?)™"?, which is provided by
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long-wavelength polaritons.

The local states drift away from the bottom of the gap with increasing impurity
strength. This weakens the photon content of the polariton states and transforms
them into the ordinary local phonon states. The long-wavelength nature of the states
allows us to analyze this transition within the continuum approximation {19]. Our
results show that the crossover takes place in a narrow interval near the bottom of the
polariton gap. However, despite the small size of the crossover interval, the polariton
resonance affects the selection of the defects allowing local states in the entire gap.
In the case of isotopic defects, only light impurities can produce the local states in
the “narrow” gaps.

In Chapter 2 we investigate the effects of the crystal symmetry on local states
in cubic crystals. Considering a crystal with a defect which locally affects the elas-
tic constants, we found two series of local states of different parity [20]. The even
states resemble the ones considered within the dipole-active medium approximation
in Chapter 1. Their frequencies depend on both deviation of the mass and devia-
tion of the elastic constant in a defective cell. In contrast. the odd states depend
on variations of the elastic constants only. The odd states correspond to “rhombic”
and “tetragonal” oscillations localized around the stationary impurity. Among them.
the “rhombic” states have the smallest separation from the bottom of the gap, which
might indicate a dynamical structural instability of impure cubic crystals.

Local polariton states arise in the gap for an infinitesimally small value of the
impurity strength. This absence of the lower threshold is due to the singularity in
the density of the polariton states, which is generic for any isotropic parent phonon

mode with negative dispersion. Introducing weak crystal anisotropy, we show that it
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removes the singularity from the bottom of the gap, p— (w?) x (%, —w? + A)~
and sets a finite threshold for the local polariton states.

The local polariton states provide a “phonon assisted localization” of electromag-
netic waves. However, our estimate of the energy partition shows that the phonon
content of the local states greatly exceeds their photon content. It is caused by the
fact that the cross-resonance momentum, kg, is much smaller than the typical momen-
tum of the modes dominating the local states, kmyax ~ ko3 1/2, where 3 = v/c is the
ratio of the phonon velocity and the speed of light. To eliminate this disproportion.
we place the active medium inside a narrow waveguide.

In Chapter 3, we investigate polarization waves in an atomically thin dielectric
layer (ionic 2D-crystal) [21]. The layer is placed in a narrow parallel-plate waveguide.
The coherent interaction between the waveguide modes and the polarization waves
produces new excitations - 2D-polaritons. The stability of a regular 2D-crystal is
provided by a strong confining potential, which also eliminates the activationless mode
from the 2D-polariton spectrum. In such a system, the position of the maximum in
the lower polariton branch depends on the waveguide width. We show that kpax ~
ko when the waveguide width, [, is of the order of 3%/ a ~ 10%a, and kax approaches
3%3a~! for [ > 3723 a. In the later case, the frequency region of the polariton local
states is enlarged by a factor 3~!/3 ~ 10%.compared to the 3D-case. We show that,
due to the contribution from the upper polariton band, the electric field in these
states is delocalized across the 2D-crystal within a distance of the order of [ from the
defect. Upon increase of the impurity strength, the localization radius decreases, and
the contributions to the field from the lower and upper branches begin to compete

everywhere in the waveguide. When the localization length becomes comparable with
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the waveguide width. the field is no longer confined near the dielectric layer and the
polariton local state transforms into the localized waveguide mode. Our estimates
show that, in the waveguide with [ ~ 372?/3 g, localized modes can be produced by a

single impurity or a local structural defect.
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1. Impurity-induced local states in a dipole-active medium

In this chapter. we study properties of local polariton states and investigate the
crossover between the polariton and phonon states within the continuum approxima-

tion.

1.1. Local polariton states

Let us consider a dipole-active medium with an embedded impurity. Dynamical
equations of the medium can be introduced phenomenologically or derived from the
microscopic equations. In the latter case, the displacements of ions within each cell
must first be expressed wvia the dipole momentum of a cell, the displacement of its
center of mass and other similar variables, then the continuum limit of the equations
must be worked out. The resultant theory describes long-wavelength dynamics of a

crystal where the electric field effectively interacts with the optical phonons only:
. A d? a?
(w - 0?) A =—-Ex +aZP(0), (1.1)
47 |4
(w? — ¢?) B = —dm [ (w? = ) Py+w?PL | Pic. (1.2)
Here P and E g are Fourier components of the polarization and electric fields, P(0)
is the defect polarization, Q2 (k) is the dynamical matrix of the medium, Py and P
are the longitudinal and the transverse projectors in the momentum space, a is the
lattice parameter, V is the sample volume, and d? is the photon-phonon coupling
parameter.
Eq.(1.1) implies that the defect is electrically identical with the replaced host ion.

In this case the “defect strength” can be expressed as a = w'26v /v —w?Su/ 1, where

i and v are the reduced mass of the elementary cell and the elastic constant of the
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nearest-neighbor bonds, §u, dv are their impurity-induced variations, and w™ is a
characteristic frequency dependent on the properties of a defect in the crystal.

In the isotropic medium the dynamical matrix can be presented as follows:
Q2 = Qﬁls” -+ Qif’_}_, (1.3)

where Qf and QF are the frequencies of the longitudinal and the transverse-optical
phonons. We assume a negative dispersion in the phonon branches, and use the

standard long-wavelength asymptotes:
Q% (k) ~ Q5 —¢2k% (1.4)
Of (k) =~ Qf —vik?. (1.4)

where the parameters v and v set the ranges of the typical phonon velocities, and
due to isotropy of the system both branches have the same activation frequency.
Q. For the “order of magnitude” estimates we assume vy ~ vy ~ 10%m/s, and
Qo ~vfa ~d.

Solving Eqs.(1.1-1.3), one can express B, and 7, in terms of the defect polarization,
P(0), and then obtain the spectral equation:

a/anNd [ . on —1 : . d?w? -t R
1:3-(5;) ./dk[(w"’—Qﬁ—dz) +2(w2—91—m> }:al(w).
(1.5)

This equation defines spectra of all, extended and local, excitations. The extended
states form continuous bands and their dispersion relations are determined by the
poles of the integrand in Eq.(1.5). In our model there is a single longitudinal branch,

w? = Qi + d?, whereas the transverse band contains two polariton branches [Fig.1]:

Qu (k) = % [\/ (QL +ck)? +d2 /(0 — ch)? +d2} . (1.6)
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The lower branch is activationless and non-monotonic. Analysis of its “large-

momenta” asymptote,

2 2 &
Q_R-".Q_L (l—m>. (1.7)
shows that the lower branch reaches its maximum at the point
24 \ 1/ .
Kpax = ( 0) ~ /31/20—1, (18)
vic

where 3 = v/c is a small parameter. Since vkpa ~ 37?0 <€ Qo. and chpax ~
3712Q4 > Q, the maximum of Q2 (k) is located in the long-wavelength region but

far away from the cross-resonance point. Using Eqs.(1.7-1.8) one can evaluate:
Q2 =02~ A = Q2 —23d0s. (1.9)

The upper polariton branch Q2 (k) has a positive slope and a non-zero activation
frequency Q2 (0) = Q3+d?. Therefore, the polariton branches are separated by the gap
extended from Q2 toQ2+d?. However, because the longitudinal branch overlaps the
top part of the polariton gap, the true spectral gap is between Q2 and the minimum
of the longitudinal branch, Q2; = Qf +d? — A. The spectral gap is open only if the
width of the polariton gap, d® + A,, exceeds the width of the longitudinal band Ay.
Further below we assume this and consider only the local states inside the gap.

The frequency of the local state can be found from Eq.(1.5). The integral I(w?)

in this equation presents a sum of the “longitudinal” and “transverse” terms, Ij(w?
q p g1 Il

and I (w?). The transverse integral can be written in the form:

. 2 s a3 w? — 2R
IL(w?) = : (2_T> /dk(w'l Y (1.10)

When the frequency approaches Q.x, this integral diverges at the surface k? = k2_ .

Near the bottom of the gap (w 2 Qmax) the transverse term dominates in [(w?) and
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the region of & ~ kp.. gives the major contribution to I (w?). As it follows from
Eqgs.(1.6-1.9), in this region we can approximate:
0 =~ Q2 — 40} (k—Kkma)’- (1.11)
02 = O +d?- kR (1.11)

what allows us to evaluate [(w?) in Eq.(1.5) and find the frequency of the local state:

Vw? — Q‘:}mx = =2 (a"l‘7mzuc)2 ~a 3 Qo.l (1.12)

371"%)_;_

This result shows that the local polariton state arises at the bottom of the gap
for an infinitesimally small defect strength (a 2 +0). To evaluate the localization
radius of this state we need to consider the spatial distribution of the electric and the

polarization fields. Using the solution of Egs.(1.1-1.2), we obtain:

a a? ; <P
E(r) = _57‘__2'/dk exp (ikr) [uﬂ gz (w? — Q) (w? — QQ_)} P(0).

(1.13)

Near the bottom of the gap the longitudinal part is small comparing to the transverse
field. Taking into account that the region of & ~ k., gives the main contribution to
E, (r) and employing Egs.(1.11-1.12), one can evaluate:

Czizéu fax [o x (o))} Telmed P lorz) g

r kmax

E, (r) = 4x

In a similar way one can obtain:

sin (Thmax ) €xp (—r )
r kmax '

Pi(r) = {nx [n x P(0)[} (1.15)

where n is the unit radial vector, and

w? — Q2 aa 2 a
o=/ 52— (akmax)” ~ a7l 3 =5 1.16
* 4v? Grvd (@kmax)” ~ @™ 03 (1.16)
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is the inverse localization radius of the considered state.

Equations (1.14-1.15) allow us to estimate the energy partition between the phonons
and photons bound in the local state. Taking into account that the polarization and
the electric fields are concentrated within the >!-range from the defect. we can

evaluate their energies as follows:

Waeeh ~ / P(r)dr ~ P*(0) k72 7, (1.17)
2 2 Q \* -2 1 -
Whea ~ E*(r)dr ~ P<(0) T ko< . (1.17)
c mmax
It gives us the “order of the magnitude” estimate of the ratio of two energies:
Wheld Q ' L,
Woeet (ckm ~ 3 (L18)

The features of the polariton states near the bottom of the gap is caused by the
specifics of the density of states in the lower polariton band. Since Q2 (k) reaches its
maximum at the surface of a finite area inside the Brillouin zone, the density of states
in the lower polariton band diverges at the bottom of the gap. Its leading term can

be calculated with the help of Eq.(1.11):

an (@ 3 in(k) —-1~ a(akmax)2
p() = () yi—:wda[ = } ~ G (1.19)

This singularity is provided by the long-wavelength polaritons (k ~ Agax) ;Which also
dominate in the local states near the bottom of the gap. It explains the macroscopic

size of the coherence length, Iy ~ A=) , and localization radius, lj,c ~ 7. On the

‘max7
other hand, because the typical momentum of these modes is far away from the cross-
resonance point (Kmax > ko), the phonon content of the local states greatly exceeds

their photon content. The frequency range, where these states can be described by
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Egs.(1.12-1.15), is the interval where the square-root singularity dominates in the
density of states. Setting p (w?) > A~!,where A is the width of the lower polariton

band, one can be estimate:

; ; QQ;AM_X akmax 2
Vi =l < el g, (1.20)

The local polariton states appear first at the bottom of the gap for @ = +0 and

move inside the gap upon increase of the defect strength. When a <« Q2 _ the local

states lie in the immediate vicinity of Q2 _ . Further increase of o drives them away
from the bottom of the gap what weakens the photon content of the local states and

transforms them into the ordinary phonon states.

1.2. Crossover between the polariton and phonon local states

To investigate the crossover between the polariton and phonon local states we need
to analyze Eqgs.(1.1-1.2, 1.5) in the entire spectral gap. Away from the bottom of the
gap both terms of Eq.(1.5), [;j(«?) and I, (w?), become comparable and calculations
here require knowledge of the phonon dispersion relations in the entire Brillouin zone.
Such detailed information is not consistent with the approximations employed in our
model. In the short-wavelength region a crystal anisotropy cannot be neglected, and
ion displacements within elementary cells must be considered in all details. However,
assuming that the crossover takes place near the bottom of the gap., we proceed
with calculations noting that in the isotropic model it is sufficient to know only the
densities of states in the phonon bands. We use a simple approximation accounting
only for Kohn's singularities at the band boundaries:
8 2

povnl€) = 37—/ (6 = i) e =), (1.21)
phon
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where Appon is the width of the phonon band; w2, and w?_, are the band boundaries.

To calculate Ij(w?) we transform it into the integral over the longitudinal band:

W lran3 dk 1 [Fun=2 py (<) de
n_-(2 &>z o AN
) =3 (27.-) /w2 02 —da2” 3 /Q,., w—¢' (1.22)

where Q2 = Q% +d* — A|. Using here Eq.(1.21) for py(e) one can obtain:

min

1,,(w2)———(\/9m+¢\" W= [~ w ) . (1.23)

To evaluate the transverse integral we present it as a sum of two terms by sepa-

rating the Brillouin zone into two parts:

2 /a3 y 2t N7V,
L(w?) = 3(5—) /dk(wl—gj—m) =T (W) + (). (1.29)

The first term, I, (w?), involves integration over k < &}, including the cross-resonance
region, and I'|(w?) presents the integral over the remaining part of the Brillouin
zone, k > kj. The separating momentum Ag is convenient to fix by the condition
Q7 (ko) = O,y [Fig 1],

Since kj is located far away from the cross-resonance point, the product ck in

I' (w?) greatly exceeds the typical phonon frequencies and there we can set ck =

o 2 dk 2 [T pr(e)de
I (= _— == . .2
T(w?) = 3 (2“> /k>k1 P2—02 3 -/E—AJ_ 2 —¢ (1.25)

Using now Eq.(1.21) for pi(€), one can calculate the last integral:

I (?) = 3 [(25 — 1) arcsin v/&; — /8, (L= 81) + /3|1 — 8| F(wz)} . (1.26)
where
ln Y22UVAED g 2 <2 <2
F(w?) = \/6(1—6;)—\/61(1—6) (1.27)
-2 arctan,/gzg;_‘;f; for w?>Q3,
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and we denote §; = (A} —A;)/Ai,and §=(A; +w?—03%) /A,
Considering w? far away from the bottom of the gap (w? — Q2. > A;), one can

obtain:

v 2 8 . o\
N~ 577 <\/w2 AL - Q- Jur - Qg) . (1.28)
In the opposite limit. w — Qpmac, Eqs.(1.26-1.27) lead to the logarithmic singular-
ity:

16 Al? W2 — Q2.
37 AY? Ay

The second term in Eq.(1.24) includes the integration over the cross-resonance

(1.29)

I'l(W?) x

region where the polariton effect cannot be neglected. It leaves I, (w?) in the form:

2 % (W? — k) po(e) de

P2y — 2
[1(7) 3 Jaz (w? — ck?) (e — w?) +d2w?’

(1.30)

Recalling that I, (w?) presents the integral over the long-wavelength domain and using
Eq.(1.21), we can present [, (w?) as follows:

. 16A L322 (b — 2)'? da
t 2y 1
1) 3rA% Jy (z—a)(z—a) (1.31)

Here b=A, /A, is a large parameter and two poles of the integrand are given by the

equation:
1

aizﬁ

where w2 = (0% + Ay, so that w? coincides with the gap’s bottom, Q

[ 0 —o? £ (w? —w?) " (W - w2)1/2] ’ (132)

2
max

Within the range, w? < w? < w?, where a. and a_ are complex, I’ (w?) has the

form:

. 16A," 2 — 3pp2 - 1
I'(w?) = L1942 il (arcta.n’—u + arctan L U>

3w AY? 2 n 1
32 —n? (1-v)? +172}

» T (1.33)
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where the parameters v and 7 are defined by the equations:

s o 02—
I/‘2 - 'I']z = —(:)Tl' (1.34)
w? —w?)? (w2 —w2)'?
) = (w2 — ) 2A(1 ) (1.34)

One can check that, in agreement with the previously obtained results, Egs.(1.33-34)

give the square-root singularity of I (w?) at the bottom of the gap:

8A,
3A3?

I (?) < (w? —02,,)7". (1.35)

For w? > Q2% 4+ A, when a.. have real negative values, we obtain:
32712 (1 la_]*"?arctan |a.|~'/? — |a_[*/? arctan [a_|_1/2)

3/2 - .
3rAY

At the upper boundary of the gap, assuming d? — Ay > A, Eqs.(1.33-34') give us:

I () = (1.36)

la_| —la_|

) Ap\*? 32
I'( Q. V=~ [ — _— 1.37
_L( mm) (AL) 97 (dz —A”) ( {)

Eqgs.(1.23.1.26-27,1.33-34) allow us to analyze the local states in the entire gap.
Since any local state presents a superposition of all normal modes, we can qualitatively
describe its composition comparing contributions to [(w?) from different bands.

As we showed, the function /(w?) has the singularity at the bottom of the gap
caused by the long-wavelength polaritons. They also give the major contribution to
I(w?) inside the narrow interval, 02 < o? < Q2+ A,. The structure of a state
from this region shows directly that it is formed from the polaritons with k ~ Kmpax.

However, even for w? = Q3, their contribution to I(w?) is substantially weakened.

From Eqs.(1.26-27,1.33-34') we obtain:

I,(92) = 373% [1 +0 <\/§:i)

, (1.38)
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where the leading term is provided by the short-wavelength (k > kf) polaritons, which
are physically indistinguishable from the transverse-optical phonons.

Outside the intervalQ? < w? < Q2+ 2A,, function I(w?) has basically the
phonon structure. The long-wavelength polariton contribution is there weakened by
the power factors of the small ratio, A;/A . At the upper boundary of the gap,
Eqgs.(1.23.1.28,1.37) give us:

'( 2
I(Q2,) = 3iﬁ [( v Hl’_ - ﬂ) - %} +O ( %) , (1.39)

where z = A, /Ay and y =d?/Ay — 1.

I(Q2. ) determines the upper limit of the impurity strength, which allows the
local states. Its value can be positive or negative depending on the relations between
the ion plasma frequency d? and the widths of phonon bands A; and Ay. Eq.(1.39)
shows that I(Q2, ) is positive only if the width of the spectral gap does not exceed
a certain value,

&~ Ay < (Ay/8)(2-A1/A)°. (1.40)

Therefore. only in “narrow” gaps all local states are associated with impurities of the
same type. In the case of isotope defects, for instance, the local polariton states arise
only in the presence of light impurities. However, if d>— A exceeds the critical value,
the local states near the top and the bottom of the gap are associated with different
types of defects. For isotopes these are heavy and light impurities, respectively. The
frequency regions of the corresponding states are limited inside the gap. The upper
frequency for the “light” states and lower frequency for the “heavy” ones can be found

from the equations, w?I(w?) = 1 and I(w?) = 0, respectively.
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2. Local states in the cubic crystals

The analysis of the local polariton states made in the previous chapter does not take
into account the regular microscopic structure of ionic crystals. The only lattice
effects we have accounted for were a finite size of the Brillouin zone and finite widths
of the phonon bands. Since the properties of the polariton states critically depend
on the symmetry of the long-wavelength asymptotes of the phonon spectra, we can
suggest that the model of the isotropic dipole-active medium presents a “zero-order”
approximation of a cubic crystal. In this chapter we analyze the effects of the lattice

symmetry on the local polariton states in cubic crystals.

2.1. Lattice dynamics in the isotropic approximation

Let us consider a body centered cubic (BCC) crystal with two oppositely charged ions
per each elementary cell [Fig.2]. Denoting masses of the positive and negative ions
as m. and m_, respectively. and their displacements as Ux(r), where r belongs to
the positive or negative sublattice; we can write down the equations of the stationary

lattice excitations coupled with the coherent electric field E(r):

mw’U,(r) £qE(r) = —» [Z f(r.R)+> f (r, R;)} , (2.1)
s R, R/,

where g denotes an ion charge, and w is the frequency.

The right-hand side of Eq.(2.1) presents all elastic forces acting on the ion hosted
at the site r. Vectors R, and R/, denote radius-vectors of ions in the s‘*-neighboring
shells of the original and alternative sublattice, respectively. Assuming a central

interaction between ions, we present the elastic forces within one sublattice in the
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form:

(R, )
R)

and the forces between ions from different sublattices are:

f (rR.) = - 202

£(r.R,) = - T2UR (R, - [Us(r) - Us(r+R)]}. (2.2)

[Ui.(r) Us(r+R, )]} (2.2)

where the intensities of the intra- and inter-sublattice interactions, v(R) and v'(R’).
depend on the distance between ions only.

The coherent electric field induced by the ionic vibrations, E(r), invokes an addi-
tional pair of equations:

V-E(r)=—drg» [U,(1)-Vé(r—1)-U_{I)-Vsx-1)]. (2.3)

1

V x [V x E(r)] + “zf_;E(r) = 4”;“’2 Z U, @sc-n-0_({) 6(-1)|.
(2.4)
where 1 and I' =1+ b denote the lattice vectors.and b is the basis vector.
The lattice normal modes arise as simultaneous solutions of Egs.(2.1-4). Fourier
transformation of this system gives the dynamical equation in the momentum repre-
sentation:

( D) +Pk) —w?m.  Dr(k) — F(k) ) ( A_(K) )

. X X k =0.  (2.5)
D'(k) — F(k) D(k) + F(k) — w?m_ A_(k)

Here A (k) denote the Fourier amplitudes of the displacements, D(k) is the dynam-

ical matrix of the intra-sublattice interaction:

Dk =) /(R)ZR SR, [l —exp (szs)]+7ll(f2:‘)ZR;8Rs, (2.6)
3 3 R/
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and IY (k) is the dynamical matrix of the inter-sublattice interaction:

R’

Dr(k) = Z 7(R) ZR 2 R, exp (sz ) (2.6)
where R & R denotes the direct product of two vectors, and operator f‘(k) is defined
as follows:

- 7 w? N
F(k) = 73 P” + —:WP_L . (2.7)

The electric field can be expressed via the ion amplitudes:

FlA (9 - A (K]
q

E(k) = -

(2.8)

The dynamical matrices given by Eqs.(2.6-.6) are of a general type and solutions
of Eq.(2.5), in general, do not split into the longitudinal and transverse modes. This
takes place only in the isotropic approximation, which describes the long-wavelength
dynamics of the cubic crystals. The isotropic parts of the dynamical matrices are
provided by the long-range (R. R >> a) forces, as it can be seen from their structure:

Daﬂ(k)llong-mnge X Z A/(R"’)I(Ra >a) Z Rng {1’ &Xp (ZkR")} ~

H

/7 (R) 47 deR/dRR"RJ{I exp (ikR,)} x {5‘13 %i} (2.9)

Assuming that the intensity of the interaction, v (R), decreases slow enough with
the distance between ions, and considering the long-wavelength lattice excitations
in a weakly anisotropic crystal we can employ the isotropic approximation of the

dynamical matrices in the entire Brillouin zone:

D) = (&P +7.(k)Py, (2.10)
D'(k) = (k)P ++L(k)PL, (2.107)
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where the scalar functions v, (k) and 4/, (k) can be expressed in terms of the frequencies
of the longitudinal and transverse phonons.
In the crystals of the cubic symmetry, the dynamical matrices become trivial at

the center of the Brillouin zone:

Do) =00 =YY rsr =L S ym)z =y @)
3 R, 3

L]

where Z! denotes a total number of ions in the s*®-shell. Due to this condition all
7-(0) and —~/(0) are equal to the same positive constant ~.

In the isotopic approximation, all normal modes of the crystal are either longi-
tudinal or transverse, A% (k) = e, (k) A% (k), where e, (k) are the longitudinal or
transverse unit polarization vectors, ¢ is the polarization index. Egs.(2.5,2.10-10")
lead to the following relationship between the ion displacements in different sublat-

tices:

40 — Jo =g 4©) (2.12)
N Yo + fcr - wz"no_- T -

where the parameter f, depends on the polarization.
For the longitudinal modes fj = pd?, where p is the reduced mass of the ele-
mentary cell and d? = 47q?/pa® is the © ion plasma frequency”. The corresponding

dispersion equation,

2
(7,, + fi _wz) (w + Ay _w2> _ M = (® —of) (? - Qf — d%) =0,

m.. m_ m.ome_
(2.13)

defines the acoustic (wﬁ) and optical (Qﬁ) branches of the longitudinal phonons.

For the transverse modes
pd?w?

fo=——3m (2.14)
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therefore, their dispersion equation,

(—ﬂ e wz) (n +fL w‘).) G- f) (el (@ -2 (@ -0%)

m.- m_ m.m_ w? — c2k2

(2.15)
gives one acoustic (w? ) and two polariton (Q4) branches.
Neglecting the field effects and solving Eqs.(2.13-15) in the long-wavelength limit

we obtain the dispersion laws of the acoustic (w2) and optical (Q2) phonons:

To(k) +74(k)

Wik) = 2 7 SR (2.16)
Qi(k) — ”/J!S‘k) _ 270'(1‘7);;’70'(1':) ~ Q(Z) _ 'Ug k2. (2.16’)

It allows us to express v, (k) and +. (k) in terms of the conventional parameters:

To(k) = pQf+pk? (02 —v}) . (2.17)

o1 . o [ M
v (k) = —,qu + pu k2 [Ui +'u('72 (12—# - 1)} , (2.17)

where A is the total mass of the elementary cell, v, and v, are the velocities of the
acoustic and optical phonons with a given polarization, and Q3 = v/ p is the optical
activation frequency.

The physical effects of the photon-phonon interaction become substantial near
the cross-resonance point which is located in the long-wavelength region. In this case
one can show that the acoustic branches remain unaffected by the field; whereas the
interaction of the optical modes with the field leads to the uniform up-shift of the
longitudinal branch, w? = Qj(k) +d*, and splits the transverse phonons into two

polariton branches defined by the well-known equation [18]:

(@ — Q%) (* = Q) = (w? — P (WP - ) —d%?* =0. (2.18)
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The features of this approximation were analyzed in Chapter 1.1. We only mention
that the lower polariton branch Q2 (k) extends over both acoustic bands and reaches
its maximum, Q2 _ . at the point kpax = (2dQmax/viC) /2 near the center of the
Brillouin zone. The longitudinal branch, Qf(k) + d?, overlaps the top part of the
polariton gap and reaches its minimum, Q2 , at the boundary of the Brillouin zone.

The spectral gap, with no modes of any kind inside, is located between Q2 and Q2.
[Fig. 1].

2.2. Polariton local states near the bottom of the gap

If a host ion at the site r = O of the positive sublattice is replaced with an impurity
ion of the same charge, it causes local deviations of the crystal density and the elastic
constants. To account for these facts we need to add extra terms to the right hand

side of Eq.(2.1). For the positive and negative sublattices, respectively, these terms

are:
of (r) = {w25m-U_ (0) — % Z nnU_(0) —nU_ (n)]} S0 (2.19)

and
of (r) = - i—i Z n[nU. (0) —nU_ (n)] 6 n, (2.19")

where vectors n denote radius-vectors of the impurity nearest neighbors, v and év are
the elastic constant of the near-neighbor bonds and its impurity-induced variation.
and ém .. is the difference between the masses of an impurity and a host ion.

The dynamical equation (2.5) is now modified:

: (2.20)
D

D —F +F — w?m. A | N\s_
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where N is the number of ions in one sublattice, and

B. = — Y n[nU_-Uexp(~ikn)] . (2.21')

2

Here we denote U_ = U_(0), and all U_(n) appear only in the combinations U, =
nU_(n) because the ion-ion forces are central.

Let us denote the matrix in Eq.(2.20) as L. It has the matrix elements L&g

and acts on the Cartesian (a = 1,2,3) and the sublattice (¢ = £) indexes of the

amplitudes AZ. In the isotropic approximation this matrix can be decomposed,
f;:LNXPﬂ-FL_r_Z}.S_L, (2.22)

where 2 x 2-matrices L, operating on the sublattice indexes, are defined as follows:

qQ =

= 1 +fo—wm_ ~—fs
La - — Yo fd lo f ) (2‘23)
l:f la—' '7:3—_f0' Yo+ fo —wPm_

The inverse matrix,
G:LELXPH-FLIl -Xf’_L:G"XPH-{-G—_L X\PL, (2.24)
where G, have the following elements:

9o 95\ _ 1 [
9o 9o (T + fo —w?m.) (o + fo —wPm ) = (% = fo)* \ -1,

o

(2.25)

is the Green’s function of the system in the momentum representation. The poles of

its matrix elements,
gilw, k) x («? - wﬁ)—1 (w? — Qﬁ - dz)—l, (2.26)
gilw,k) x (=) (W -02) 7 (P -02)7 . (2.26')
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define the dispersion laws of the normal modes of the pure crystal.
Solving Eq.(2.20) with the help of Eqs.(2.23-2.25), one can obtain Fourier ampli-
tudes of the ion displacements, A . (k) and A_(k), and the displacements themselves:

U =% /(k) er(K) 2 es(K) (g7 B- +¢,B_) exp (ikr),  (2.27)
U = Y /(k)e”(k) 2eo(k) (,B- +9;B ) exp(ikr).  (227)

where the symbol f(k) denotes (1/N) 3", = (a/2x)® [ dk. with the wave vectors taken
from the first Brillouin zone only.

Substitution of B and B_. given by Eqs.(2.21-2.21"). into Eqs.(2.27-2.27") allows
one to express all displacements in terms of U. and U,, and then obtain a closed
system of equations for these variables. In the case of the isotope impurity, we set

dv = 0 and this system of the spectral equations reads:
U. = wzé‘m,»_Z/ 95 es (k) Zes(k) U-. (2.28)
s J(k)

This equation can be simplified with the help of the crystal symmetry. It is
known that under any point transformation Q the polarization vectors of the normal
modes transform as follows: e(Qk) = Q~'e(k). Taking into account that the eigen
frequencies remain invariant, w?(Qk) =w?(k), and the Brillouin zone maps exactly
into itself, one can show that the integrals in Eq.(2.28) present the group-invariant
tensors:

Lo w@e (@) se () =07 | [ w®e@sem]a @

(Qk) (k)
In the cubic system any group-invariant operator must be proportional to the iden-

tity operator, because the point group includes non-collinear axis of different order.
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Therefore, vector U_ in Eq.(2.28) can be chosen arbitrary, whereas the frequencies

of the excitations are defined by the equation:

| = w6m..

./(k) (glr + 2gJ‘_") =w?m_I" (u?). (2.30)

which generalizes Eq.(1.5).

All solutions of Egs.(2.28,2.30) can be divided into two classes: the extended and
local states. Since the impurity destroys the translational symmetry of the crystal, any
state now presents a superposition of all normal modes available in the first Brillouin
zone. For the extended states, corresponding to the scattering states with the well-
defined wave vectors, frequencies fall into the bands of a pure crystal. The local
states, dependent upon the value of the parameter ém . in Eq.(2.30), may arise inside
the bandsgaps. From the structure of g, (w, k) it might seem that when the frequency
is close to a particular band, the modes from it dominate in the corresponding state.
However, because contributions to /™ (w?) from the near and distant bands depends
on their densities of states, direct calculations are required here.

As we mentioned, the function Q2 (k) reaches its maximum value Q2_  at k =
Kmax, and its expansion around kn.. . given by Eq.(1.11), starts with the quadratic
term. [t immediately shows that the integral in the left-hand side of Eq.(2.30) diverges
at w = Qnax due to the contribution from the lower polaritons branch. Therefore,
considering w close to the bottom of the spectral gap, we can omit 9y from Eq.(2.30)
and rewrite f(k) g using the density of states in the lower polaritons band p_(¢):

[D(W?) = % (%) / dk = / Fk)p-(c)de (2.31)

w?—¢
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where F(k) denotes all factors of g7, other than [w? — Q2 (1;)]—1 .

2 = k) [y (k) + fo(k) — m_o?]
m._m_[w? - Q1 (k)] [? — wi (k)]

F(k) = (2.32)

The function p_(g) in Eq.(2.31) is defined on the complex e-plane, cut from 0
along the upper side of the cut (it

max

to Q2 ... The contour C runs from 0 to (2
corresponds to the integration over & < Anax), turns around its right edge and returns
along the lower side of the cut to the point Q3 — A, fixed by the bottom of the
phonon band. The density of states has the usual Kohn's form. p_(g) x /2. at the
bottom of the polariton band. and the “square-root”- singularity at its top. p_(g) x
Q2. —€)"?. In the case w? — Q2 < Q2. the leading contribution to I} (w?)
comes from the vicinity of Q2 _ . Therefore. considering w? from this region. we can
replace the exact density of states in Eq.(2.31) with its asymptote given by Eq.(1.19).

)1/-

Taking into account that & — kpax = F(Q3,, — /2v, at the upper and lower

sides of the cut. and expanding F(k) around k. in Eq.(2.31). we obtain:

/Qm (Fo — z'/2Fy/2uy + -+ -] dz /AL-AI [Fo+ 2'/?Fy/2vs +- -] dz
0 0

Ir(wz) o [ y) [A (w) + Z] z1/2 [A ((d) + Z]

(2.33)

where we denote A(w) =w? —Q2_ .and 2=0Q2_ —-=.

Rescaling the integration variable, z — z A(w), one can show that the contribu-
tionsto I I_(wz) from all terms of expansion of F(k) tend to zero in the limit w — Qpax.
except for the first two terms. Further elementary integration gives the singular part
of the considered integral:
a(akmax)? ” (w? — A2 [y (k) + Fo(k) — m_w?]

3oy \Ja? — Q2 m.m_ [w? — Q2 (k)] [w? — i (R)] |y ’

This result is asymptotically exact since all omitted terms are regular at w — Qqax.-

I7(w?) =~ (2.34)
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Recalling that akpa € 1. vikpax € Qo. Chpax > Qo and w = Qo = Qo: and
using Eqs.(2.16-17") and Eq.(1.11’). we can simplify the second factor of Eq.(2.34)

and transform the spectral equation (2.30) into the form:

2

. 2 2 L 2 2
\/m;’n:% _ a (akmay) » Q5 m_ém_ _ a (@kmax) . Q56u (2.35)

3mu, Mm_ 3wy 7

This result resembles Eq.(1.12) and demonstrates the absence of the lower threshold
for the isotope-induced local states.

In a general case of a non-isotope impurity the spectral system contains 11 vari-
ables. namely, three components of the impurity displacement U. = U _(0), and the
radial projections of its eight nearest neighbors U, = nU_(n). The system can be
further simplified with the help of the crystal symmetry. The exact point group of a
cubic crystal includes the space inversion. Therefore, all excitations can be classified
by their spatial parity.

For odd states, when U.(—r) = —Ux(r), one can sce that U_ and B_ are equal
to zero and the rank of the spectral system reduces from 11 to 4. Considering the
displacements of four negative ions at one face of the elementary cell as independent
variables [Fig.2| we obtain from Eqs.(2.24.2.24') the following system:

4 2
s; MUy = — % u,. (2.36)
where index s enumerates the chosen ions, vectors n, denote their radius-vectors,

U, = n,U_(n,), and the matrix M,y is defined by the equation:
M,y = M (n,, ny) Z / g, (esn,)(e;ny)sin(kn,) sin(kny). (2.37)

Using transformation properties of the integrand in Eq.(2.37) one can show that this

matrix is the invariant of the point-group transformations, M (Qn, Qn’) = M (n. n’).
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Therefore. the elements of the symmetric matrix M,y are equal for equivalent pairs
of ions:

M = Mgy =My = My,

Mp = Moz =My, (2-38)

Miz = My

In this case Eq.(2.36) can be rewritten in the form:

M —Mpz—A 0 0 0 U,
0 My =Mz =X 0 0 U,
M3 M, M +Mjz — A 2M 1, Us — Uy
My M 2My M +Mpz —A Us— Uz
(2.39)

which gives us three spectral equations defining the frequencies of the odd states:

2
n-

-5 = A._x;'—_Mn“l-Ml;;:I':QMIQ_, (2.-10)
200
2
n?
'—E = A() = Mu - M]_;;. (2.4.0’)

For Ai-states Eqgs.(2.39-2.40) give U; = Uy, = 0 and U; = *U,. Recalling that
we consider the antisymmetric states, one can see that, in the A\ _-state. the elemen-
tary cell inclosing a defect experiences “rhombic” deforrnations. In the A_-state, the
ion displacements are anti-phased. what leads to “tetragonal” deformations. In the
Ao-state, Us = U;/2 and U; = U,/2, whereas U; and U, are independent. This
corresponds to the combined “tetra-rhombic” deformations of the elementary cell.

Considering the states near the bottom of the gap we can evaluate the ma-

trix elements My and find the eigen frequencies. In the limit w — Quax, factor
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[w?— Q2 (k)]—lof g7 (w,k) causes a divergence of the integrals in Eq.(2.37). There-
fore, similar to the isotope impurity case. the long-wavelength regions (& ~ Agax)
of the transverse integrals give the major contributions to My, for w? — Q2 <
02 .. Retaining in Eq.(2.37) only the first terms of the expansions of sin-functions,

and using the identities:
FOERPRES = = (67067 + 677677 4 6°%6%) [ f(E)E'.  (2.41)
k) k)

( (

1
fRYKeE? = =8°° [ F(k)E2 (2.41")
x) 3 Ju
where f(k) is an arbitrary invariant function, we obtain:
,  nt+2(n,n,)? .
M,y ~ }-{(n,,ns:)z _nt2nny) } / k27, (2.42)
3 5 Jao
Substitution of this result back into Eqgs.(2.40-40') leads us to the following results:
1 . .
M o= —[nt- (1‘111'13)2] / kzgl, (2.43)
5* (k)
1 , nt , nt Y .
Ar = =< (nn3)*+ L (nyny)? — L / kg7. (2.43")
J 3 3 (k) -
Taking into account (n;n,) = —(nn3) = a?/4 and n? = 3a%/4, and evaluating the

integral in these equations in the way similar to Eqgs.(2.30-2.34), we obtain:
4 3 4
Ag=A_ = — kg7 =~ — X
° 10 J ) + W07v /w2 —-Q2,  Mm_

This provides the unique spectral equation for all “tetragonal” modes:

) y - 4
JA R~ 6~_,I'/ « Q2 (%)2 i 20 (@Kmax)” (2.45)

157wy

(2.44)

This result shows that the odd local states arise upon an infinitesimally small strength-
ening of the elastic bonds around the impurity. Similar to the isotope impurity case,

this effect is due to the singularity of the density of states in the lower polariton band.
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Eq.(2.45), compared to Eq.(2.35), has an additional small factor, (al:,,m)2 . There-
fore. for the same relative deviations, év/v and éu/u, the odd local states lie much
closer to the bottom of the gap than the states associated with the isotope impurity.
Moreover, these states are less sensitive to variations of the impurity parameters
than the isotope-induced local states. This fact reveals itself in an extreme form for
“rhombic” modes corresponding to A.. From Eq.(2.43") follows A_ = 0. what means
that. within the approximations used, the A_-states appear right at the bottom of
the gap for any value of év. Accounting for the higher-order terms in expansions of
the sin-functions in Eq.(2.37) will separate these modes from the bottom of the gap
but the separation. \/wz——im x §v (@kmac)’ , will remain the smallest among the
considered local states.

For even states, when U.(—r) = U,(r), the spectral system contains 7 indepen-
dent variables. Those are components of the impurity displacement. U_, and the ra-
dial projections of the displacements of four chosen neighboring ions, U, = n,U_(n,).
The matrix in the corresponding spectral system involves the integrals of the Green’s
function elements similar to Eq.(2.37). Considering states near the bottom of the gap.
we again can retain in these integrals only the transverse terms and use the power
expansions of non-singular factors of the integrands. Due to the dominant contribu-
tion into these integrals from the small-% regions, we have f(k) (ak)? g7 < j;k) g7
Therefore, since the local states near the bottom of the gap are “made” of the long-
wavclength polaritons, we can disregard the exponential factors in the matrix el-
ements of the spectral system [exp(+ikn) = 1] and neglect in Eqs.(2.21-2.21") the
differences between the displacements of identical ions within the elementary cell

[U_(n) = U_ =const|. These approximations lead to the following spectral system
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for even states:

U. I r w?6m_—86v/3 86v/3 U.
~ | L / / . (2.46)
U_ I, 86v/3 —86v/3 U_

~
=

The corresponding spectral equation reads:

S8é6v Suwrlévém .

- (IT+I7=2I) —w?6m_I[ +1= 3 (ITI7 -17). (2.47)

where all I-factors are straightforward to evaluate near the bottom of the gap:

Ii 2y — % / =3P max % x 9 48
e 3 Jao L 3mu Jw2 02 mom_ (2-48)
[/ (wl) — g/. '~ a‘(al“‘mm()2 x H (2 '18l)
+ 3 J ) gL 3wuiJu? -2 mom_’ )

The right-hand side of Eq.(2.47) is proportional to the determinant of the degenerate
operator, the transverse propagator, and it must be equal to zero identically. Sub-
stitution of Eqgs.(2.48-2.48') into Eq.(2.47) shows this explicitly and leads to the final

spectral equation for even states:

. Emax )
VR (B = [%5_” _ 2 %ﬂ o« @(aFmax)” (2.49)
3p

Jrvy

The ion displacements in these states satisfy the relationship of the optical type:
m*U_+ m2U_ =0. (2.50)

If we set v = 0 in Eq.(2.49) it reproduces Eq.(2.35) obtained earlier for the isotope
impurity, which has a solution only for éu < 0. In a general case the even local states

exist only if variations of the impurity parameters satisfy the inequality:

v > 2935/1 . (2.51)
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2.3. Anisotropy-induced threshold for the local states.

All local states considered in this and the previous chapters arise in the polariton gap
upon infinitesimally small variations of the impurity parameters. This is in contrast
with 3-D phonon systems where a lower threshold for the impurity strength always
exists. The general theorem regarding the existence of the threshold for local states
in bandgaps of the periodic systems was formulated in Ref.[23]. However, the proof
suggested the finite values of density of states in the entire band of pure system. In
our models the absence of the threshold is provided by the singularity of the density
of states in the lower polariton band, p_ («?) x (22, — w2)—1/ * . This singularity
is associated with the long-wavelength polaritons and is caused by the isotropy and
negative dispersion of the parent phonon branch. However, even a weak crystal
anisotropy can eliminate the singularity of the polariton density of states.

In the cubic crystals. the anisotropic terms of the phonon dispersion law appear
beyond the quadratic approximation:

02 (k) = Q2 — 2 k% 4 x Q2 (ak)' F (k) (2.52)

where x is the small parameter, and F (fc) is some anisotropic function. Due to

the anisotropic term, as one can see from Eq.(1.7), the position, &nax, and the value

of the maxima in the lower polariton branch, Q2 ., depend on the crystallographic

direction. In the case of a weak anisotropy the first effect can be neglected, what

leads to the following approximation of Q2 (k) near the surface k? = &2 _ :
02 (k) ~ Q2 [1 +x (ahma)' F (k)} — 1 (k — k). (2.53)
The small magnitude of the anisotropic term,

I F (K) (@hina)?] ~ x 87 Qe € Qe (2.54)
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allows us to evaluate the asymptote of the density of states:
p () j{ do [Vie? ()| o (R o+ A) 2. (259)
Q_(k)=w

Since the crystal anisotropy destroys the continuous degeneration of the polariton
spectrum, it removes the singularity of the density of states from the bottom of the

gap. The anisotropy-induced shift of the singularity.
A=y (akmax)* Q2 < IF (k) ! > . (2.56)

where < IF (fc) l> ~ 1 is an “average” value of the anisotropic function. defines a

finite threshold for the local polariton states:

Cmin ~ AY? 37100 ~ x'/2 Q3. (2.57)
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3. A dipole-active atomic layer

The local polariton states considered in the previous chapters provide the “phonon
assisted” localization of photons. However, the proximity of these states to the lower
polariton band causes their high relaxation rate. Moreover, our estimates show that
the field component of the local states is relativistically small. A suppression of the
photon content of the polariton states and a small width of the crossover region are
due to the fact that the typical momentum of the modes dominating in the local
states, kmax ~ 3Y2a"!, greatly exceeds the cross-resonance momentum, kg ~ 3 a~L.
This, in turns, is the result of a strong disproportion between the phonon velocity
and the speed of light.

The photon group velocity can be lowered in the medium placed in a waveguide. In
this chapter we consider an atomically thin dielectric sheet (ionic 2D-crystal ) inside

the parallel-plate waveguide. Due to a non-linear dispersion law of the waveguide

modes. wy(k) = ¢ \/(7n/21)? + k2, their group velocity is reduced in the long-
wavelength region. The coherent interaction between the waveguide modes and
the polarization waves produces new excitations - 2D-polaritons. Considering the
waveguide width, [. as an adjustable parameter. we investigate the polariton local

states and the localized waveguide modes.

3.1. Polaritons in the ionic 2D-crystal

Let us consider an atomically thin dielectric layer between two perfectly conducting
sheets [Fig.4]. The layer presents a regular ionic 2D-crystal, which is stabilized in
z = (0 plane by an external potential. A restraining potential increases the activation

energy of the off-layer lattice vibrations and shifts the corresponding phonon modes
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much higher than the modes with the in-plane polarization. A sub-micron crystal
film grown on a substrate with the lattice parameter much smaller than that of
the film can be a physical realization of this model. Assuming an infinitely strong
confining potential we eliminate the off-plane phonons from our model. Among the
remaining in-plane phonons, for the sake of simplicity, we consider only a single
transverse dipole-active mode with the isotropic spectrum and negative dispersion. In
the long-wavelength region we can use the standard approximation, Q?(k) ~ Q2—v?k2.
Since the activation frequency of this 2D-phonon mode is unaffected by the confining
potential, we take for an estimate (g ~ v/a ~ 10! =~ 108 Hz.

The optical phonon excitations in a thin layer have a high relaxation rate, unless
the induced electromagnetic radiation from its surface is compensated. In our model,
it is provided by the coherent coupling between the lattice excitations and the eigen
modes of the waveguide. In the parallel plate waveguide there are two types of prop-
agating modes [Fig 4]. TM-modes (transverse-magnetic) involve electric field across
the layer and, therefore, they cannot be activated in our model. Electric field in TE-
modes (transverse-electric) is directed along the layer and they can be excited by the
transverse-optical phonons. Introducing the surface polarization Q(z,y) associated
with these 2D-phonons and considering it together with the corresponding TE-modes
of the waveguide, we obtain the following system of equations:

c-z azEk

o+ (& = ) Bio= —4m’Qud (2), (3.1)

a 2
(@2~ 2(8) | Qu =~ L £, (0), .2)

where @ and E'y(z) are the Fourier amplitudes of the polarization and the electric

fields, k is a 2D-wave vector, d is the ion plasma frequency. For later convenience we
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use below the dimensionless variables [k — k, lw/c — w, and [Q/c — €2, so that
Q2(k) =~ Q3 — 3%k*,and Qp ~ ko ~ 1/3. where 5 = [/a is a large parameter.

The electric field in Eq.(3.1) is confined between the conducting plates and its
normal derivative at the surface of the dielectric sheet has a discontinuity caused by
the surface polarization. Solving Egs.(3.1-3.2) under these conditions, we obtain the

following dispersion equation:

Qz—wz_ tanm (3.3)
7 Vo= '

where 6 = ald?/2c¢* ~ n/3? is a small parameter.

This equation defines a series of 2D-polariton branches [Fig. 5.6] with their acti-

vation frequencies given by the equation:
w2 — 02 = —-6w, tanw,. (3.4)

Analysis of Eq.(3.4) shows that the upper (n > 1) branches have quadratic “large
momenta” asymptotes,

AR =W+ B (3.5)
therefore. their frequency bands all overlap and form a common upper polariton band.
The lower (n = 0) polariton branch is separated from the others by the polariton gap,
bottom of which is set by the maximum of this branch.

Evaluation of the group velocity at the center of the Brillouin zone,

2(1. 2 _ 2 L 2
[dw()(l")} x _ﬂz + Q0 o ( 2“‘JO _ l> ~ _/32 + % . (36)
k=0

dk? 23 sin 2wp 3

shows that the lower branch has a negative dispersion if [ < 3~2/3a ~ 10%a. In such
narrow waveguides, the photon-phonon coupling is negligible and the phonon branch,

with its maximum located at & = 0, remains practically unaffected by the field.
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As [ increases, the polariton maximum moves away from & = 0, reaching the
cross-resonance region, k ~ ko, at [ 2> 372/3a. We restrict our further consideration
to the case { > 3 %3a,only. It guarantees that the maximum of the lower branch is
located far away from kq. In this region & >> Q,w. and Eq.(3.3) can be approximated

as follows:

QLIRS ~2—f;3-w2 («® + 2k2) . (3.7)

A positively defined solution of Eq.(3.7) gives the “large momenta” asymptote of the

lower polariton branch:

. . 6

wa (k) = Q2 (1 —~ E) X (3.8)

Its dispersion curve reaches the maximum at the point

ad?2\ * .
Fax == (ﬁ) ~ 03 > 1. (3.9)
where it sets the bottom of the polariton gap:
, B faud?2\P 5 23 12

02, ~ 0} - 35 ( & 0) ~03-33 (@0) L. (310

In the immediate vicinity of kn.x, the polariton dispersion law can be presented as
follows:
S5 (k) m Qe — 387 (k — Fimax)” (3.11)
and the corresponding asymptote of the density of states has the form:
2 Emax c "7/32/3
p(w’) x , ~ = . 5-
273/ 3 (2, —w?) aQo/Q2, —w?

Restoring the natural dimensionality of the variables and comparing our results with

(3.12)

those obtained for 3D-polaritons,

Emax ~ 3Y/2a7L, Q2 ~ Q2 —23dQ,
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: 3
2
p(w®) x oS

one can see that the maximum of the polariton curve in a thin layer is located closer

to the cross-resonance point. kg ~ Ba~!, and the bottom of the gap is shifted toward
the phonon activation frequency. Also, the singularity of the density of states is
strengthened by the factor of 8713 ~ 102. Setting p(w?) ~ 1/A, where A is the width
of the polariton band, one can estimate the frequency range where the singularity

prevails:

V2, —w?~ 5 3% ~ 3%, . (3.13)

Comparing to the 3D-case, it is enlarged by the factor of 3~/*, what broadens the

region of the local states dominated by the long-wavelength modes.

3.2. The local states and localized waveguide modes

When a point-like defect is embedded in the dielectric layer, it modifies Eq.(3.2) as

follows:

2 2
(2~ ()] Quc = ~ Ly (0)+ 22 XY (3.14)

where Q(0) is the polarization of a defect and S is the total area of the layer. The
strength of the defect, «, depends on its mobility and binding energy in a crystal.
In the case of the isotope impurity, @« = —w?§m/m; for a non-isotope impurity or a
structural defect we assume that a ~ @Q%, where @ is a numerical factor.

Solving Egs.(3.1, 3.14) we obtain ( in the dimensionless variables w, k,and €):

_ad®lQ(0)  «?sinCZ 9 2 w? tan¢\ ™!
Bul(z) = 2ght x S x<w SR ) , (3.15)
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where we denote £ = [~!(l +2z) and ¢ = Vw? — k2.
Using this equation one can express Qi via the polarization of the defect, Q(0),

and obtain then the spectral equation for the local state:

2 -1
/dk(w YOI t:nc) , (3.16)

When the frequency approaches Q... the integral diverges at the “surface” k* =

-L'rc2 27'

k2. - Near Q. . using Egs.(3.7,3.11), we can approximate Eq.(3.16) as follows:

2 T kdk:
|2 (i) x/ d o (3.17)
2¢2 \2m S W= Q4+ 352 (k- k)
Retaining here only the singular part of the integral, we finally obtain:
o~ 20m) s, (3.18)

RN
Comparing to the 3D-case (\/wz——Q?n ~ Enﬁz) . the separation of the local state
from the bottom of the gap is enlarged by the factor of 3~1/3.

Equation (3.18) gives the eigen frequency of the local state near the bottom of the
gap. To find the localization radius of this state we calculate the spatial distribution
of the electric and the polarization fields. The inverse Fourier transformation of
Eq. (3.15) gives us:

_aw®a? Q) T dkk Hy(kR)sin(CZ)
T dwle? (w? —Q2)¢cos( + duw?sin(

where Hy (ER) is the Hankel function of first kind, R = ["!r

It follows from the spectral properties of the system that the denominator of the

(3.19)

integrand, considered as a function of w?, has a series of isolated simple zeroes:

F (w, k) = [(w? — Q%) Ccos¢ + 6w?sin(] ocH[w w2 (k)] (3.20)
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where the index n enumerates the polariton branches, w? (k). Since the frequency
of the local state, w. lies in the polariton gap, all k-zeroes of F (w,k) are removed
from the Re k-axis. Closing the integration contour in Eq.(3.19) through the upper
half-plane. we can calculate the integral by the method of residuals:

iaw?a? L
E(z,r) = TQ(O) X Z Res {Ho (kR)sin ((Z) [F (w, k)]™ }q \ (3.21)
2 =

where k& is the pole associated with n-th branch.

Near the bottom of the gap (w 2 Qnax) the factor of F'(w, &) presenting the lower
polariton branch, w? — wg (k), is small for k ~ Apnax. It suggests that the poles of
[F (w.k)]”" corresponding to the lower branch are located in the vicinity of Ama.
Using Eq.(3.11) one can find:

2 _ 02
w? —-Q2 .

35 = Kmax T 152. (3.22)

- .
kg = Emax £

For a weak defect x ~ @ Apax K kmax - as it follows from Eq.(3.18). Taking into

account that kmayx ~ 73%3 > Qmax ~ 7,3, one can evaluate:

~1__ P (= Amax)
Res [F (w,k)]kg, ~ m . (323)

To find zeroes of F'(w, k) corresponding to the upper branches, we first impose
the upper limitation on the width of the waveguide, so that 3 %3¢ <« [ € 37 la.
In this case the phonon band lies well below the waveguide cut-off frequency and all
high-order polariton branches are practically indistinguishable from the parent TE-
modes. Recalling then Eq.(3.5), and taking into account that w, = 7 (n — 3) > Qq,

we obtain:

EE=tiu? —w?x + dw, , (3.24)
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and the corresponding residuals:

N 1 COS Wy,

-1
Res [F (w, k)] = 52

(3.25)

Finally, using Eqs.(3.21-25), we can find the large-distance asymptote of the electric

field:
E(z.1) o R-V2 exp (—Rsz — zkpax) Z exp (—Rw,) sin (w, Z) cos wy, . (3.26)
6 325 k32 py Sw? wh®

This result presents the field as the sum of contributions from all branches. How-
ever, because w, rapidly approaches 7 (n — 3) upon increase of the branch number,
only several terms corresponding to the low-located branches can be retained in the
sum. As it is seen from Eq.(3.26), the field is localized in radial directions. whereas
its z-profile critically depends on the defect strength, @. For a weak defect, when
> K w; (localization length is much greater than [), the first term of Eq.(3.26)
dominates at R > 57! and confines the field within the k!, -wide layer around
the dielectric sheet. However. in the kernel of the local state, within the distance
R £ ! from the defect, next terms of Eq.(3.26) begin to compete with the first
one. This leads to the z-deconfinement of the field inside the kernel. Upon increase of
the defect strength, the local state moves away from Q¢ and the localization length,
s~ ! decreases. When we are reaching @ ~ wi/kmax, the first term of Eq.(3.26) is no
longer dominating in E(z,r). In this case, despite the localization of the field within
the [-range in radial directions, its z -confinement completely disappears. Such a state
can be qualified as a localized waveguide mode. In the waveguide with [ ~ 372/3q,
as we discussed in Chapter 3.1, one can achieve kyga ~ w;. In this case the localized
modes can be provided by a defect with @ ~ 1, such as an isotope impurity or a local

structural defect.
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4. Summary and Conclusions

In this thesis we investigated the impurity-induced local states in polar crystals.
We showed that, in the isotropic approximation, these states arise at the bottom
of the polariton gap for infinitesimally small values of the impurity strength. The
spectral range available for the local states is extended from the top of the lower
polariton band, Q% = Q3 — Ay, to the bottom of the longitudinal phonon band,
Q2. = Q2 +d? — Ay. Our analysis shows that the states near Q2__ are predomi-
nated by the long-wavelength polaritons. The typical momentum of these polaritons,
Kmax.defines the coherence length of the local states, .o ~ a3~'/2. The separation of
these states from the bottom of the gap, \/m ,defines their localization radius,
loe ~ aa~ Q237 /2. Despite an atomic size of a defect. both characteristic lengths are
acroscopic.

Since [, greatly exceeds ., the local states can provide different regimes of the
“in-gap” transmission, dependent on the impurity concentration, n. When n~1/3 «
lioc the probability of the tunneling of excitations from one impurity to another is
exponentially small, what corresponds to the localized regime. For lop < n™Y3 < lige
the resonant tunnelling between impurities gives rise to the diffuse propagation of the
radiation. When n~'/3 becomes comparable with l..,, the polariton-impurity band
begins to form, and the transmission regains properties of the coherent propagation.

The local states drift away from the bottom of the gap upon increase of the
impurity strength. This weakens the photon content of the polariton states and
transforms them into the ordinary phonon local states. Qur estimates of the energy
partition, Wed /Wheen ~ /3%, shows that the local states are phonon-dominated even

in the immediate vicinity of the bottom of the gap. The long-wavelength nature of
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these states allowed us to analyze the crossover between the polariton and phonon
local states within the continuum approximation. Our results demonstrate that the
crossover takes place in the narrow interval, A;~ 3 Q3, near the bottom of the gap.
However, despite the small size of the crossover interval, the polariton resonance
affects the selection of defects allowing local states in the entire gap. In the “narrow”
gaps, such that > — Ay < (A, /8) (2 - AL/ A”)2 , there must be only light impurities
in the case of the isotope defects.

We analyzed the effects of the impurity-induced variations of the elastic constants
on the polariton local states in the cubic crystals. Solving the microscopic equations
of motion in the long-wavelength limit, we found two series of the local states of the
different parity. The even states resembles the ones considered within the continuum
approximation. Their frequencies depend on both parameters, the deviation of the
mass. 6y, and deviation of the elastic constant, év. Contrary. the odd states depends
on dv only. These states correspond to the “rhombic” and “tetragonal” oscillations
localized around the stationary impurity. Among them the “rhombic” states have the
smallest separation from the bottom of the gap, what might indicate the dynamical
structural instability of impure cubic crystals.

The features of the polariton local states, in particular the absence of the lower
threshold for the impurity strength, are caused by the singularity of the density
of states in the lower polariton band, p_ («?) x (02, —w?)™"/*. This singularity
is associated with the long-wavelength polaritons and is generic for any isotropic
dipole-active phonon mode with the negative dispersion. We showed that a weak
crystal anisotropy removes the singularity from the bottom of the gap, p_ (w?) x

(2 —uw’+ A)—l/ % and sets a finite threshold for the local states, ctmin ~ x /2 032
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A small width of the crossover region and a suppression of the field component
of the local states are the results of a strong difference between the phonon velocity
and the speed of light. This disproportion can be eliminated if the active medium
is placed inside a waveguide, where the activationless modes are suppressed. We
considered an atomically thin dielectric layer ( ionic 2D-crystal ) in a narrow parallel-
plate waveguide. The coherent interaction between the waveguide modes and the
polarization waves produces new excitations - 2D-polaritons. The structural stability
of the 2D-crystal is provided by a strong confining potential. which also eliminates the
activationless mode from the 2D-polariton spectrum. In such a system the position of
the maximum in the lower polariton branch depends on the waveguide width, {. Our
analysis shows that Kma ~ ko when [ > 3723 a. and k. tends to 323 a! for [ >
3723 q. In the latter case we found that the frequency range of the local polariton
states is enlarged by the factor of 3~/* ~ 10?,comparing to the 3D-case. Also, due
to the contribution from the upper polariton band, the electromagnetic field in these
states is “delocalized” across the 2D-crystal within the distance of the order of [ from
the defect. Upon increase of the impurity strength, the localization length decreases
and the contributions to the field from the lower and upper branches begin to compete
everywhere in the waveguide. When the localization radius becomes comparable with
the waveguide width, the field is no longer confined near the dielectric layer and the
polariton local state transforms into the localized waveguide mode. Our estimates of
the critical parameter of a defect show that for [ ~ 3~%*a the localized mode can

be provided by a single impurity or a local structural defect.
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Figure 1. Phonon and polariton dispersion curves.
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Here 2. denote two polariton branches, €2, and €3y present transverse and
longitudinal phonon branches, €2 is the phonon activation frequency,

sz‘ =on —A; , A;and Ay denote the widths of the phonon bands, &j is the cross-

resonance momentum, and & g is defined by the equation Q,(k o) =Q, .
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Figure 2. The elementary cell of the body centered cubic crystal.
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In this picture @ is the lattice parameter, and vectors Iy denote basis vectors
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Figure 3. 2D-crystal in the parallel-plate waveguide.

[n this picture two horizontal solid bars present the conducting plates, the 2-D crystal is
located in the x-y plane and the mutual orientation of E, H and k in both waveguide
modes is shown. The activation frequency of the lattice excitations with the off-plane
polarization is assumed to be infinitely large. This, due to the interaction between the
lattice and the electromagnetic field, disallows propagation of TM-modes.
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Figure 4. Graphical solution of the spectral equation (3.3) for © > k:

Q*—k*-x> § tanx

k? + x° X

[n this picture the solid and dashed lines present the graphs of the functions given by the
left-hand and the right-hand sides of the spectral equation. The upper dashed line
corresponds to k=0, the middle and the lower lines correspond to k<k;and k>kj,
respectively, where k; is defined by the equation Q’=k’(1+8). The intersections
between the solid lines and the upper dashed line define the activation frequencies,

®o, ®1 , @2 ,... Of the corresponding polariton branches, wo(k), ®1(k), ®2(k) ,....
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Figure 5. Graphical solution of the spectral equation (3.3) for ® < k:

Q% —k*>+x> § tanhx

The spectral equation has a unique solution in the region Q*(k) > (1+8)k?, where
it defines the lower polariton branch @ = @o(K).
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