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A bstract

RENORMALIZATION, RIGIDITY, AND UNIVERSALITY 
IN BIFURCATION THEORY

by 

Jun Hu

Adviser: Professor Dennis P. Sullivan

We aim to give a possible explanation why smooth one-param eter families 

of threadlike mappings, which pass from simple dynamical systems to chaotic 

dynamical systems, generically exhibit the asym ptotic geometric rigidity in 

period-doubling bifurcation: there are infinite sequences {/«„} of param eter 

values such tha t at {/tn} there is a loss of a stable periodic trajectory  of 

period 2n and a rise of a stable periodic trajectory of period 2n+1, and the 

ratios of adjacent param eter changes tend to a constant 4.6692- • We show 

th a t this statem ent is true in the space of smooth one-dimensional maps with 

finitely many critical points.

We also show tha t in the space of real-coefficient one-variable polynomials 

of degree d > 1, the set of the maps at the accumulations of period-doubling 

bifurcations forms the boundary of chaos, where the chaos is the set of the 

maps with positive topological entropy.
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Introduction

In the study of how dynam ical systems depending on a param eter pass 

from a stable type of motion (called laminar) to an unstable type th a t appears 

turbulent, one finds an appearance of an infinite sequence {^n} of param eter 

values such tha t at /in there is a loss of a stable periodic trajectory  of period 

2” and a rise of a stable periodic trajectory of period 2n+1, and a more 

remarkable phenomenon where the bifurcation param eters tend to a critical 

value with an asym ptotic constant ratio of adjacent param eter changes and 

after the critical value the turbulence appears. We refer to this phenomenon 

as the asym ptotic geometric rigidity in period-doubling bifurcation. This 

discovery ([F], [CT]) lies on the boundary of m athem atics and physics in 

the sense th a t the statem ent is rather m athem atical but the approach to 

its solution is m otivated by the renormalization-group m ethod in theoretical 

physics. In this thesis we offer a possible explanation of this phenomenon by 

using the ideas of threadlike mappings and renormalization (see Conjecture 

and Main Theorem 1). Part of the techniques provide a m ethod to investigate 

the microscopic structures of the dynamical systems at the accumulations of 

the period-doubling bifurcations (see theorem 0.6), and also give a way to 

describe the boundary of chaos in the space of smooth one-dimensional maps 

with finitely many critical points (see Main Theorem 2).

A threadlike mappings is a smooth endomorphism of R n (n >  1) which 

coherently curls, in an arbitrary  way, and folds, finitely many times, lines in 

one direction, sufficiently compresses the other n — 1 transversal directions, 

and puts the images near one line in the preferred direction (for the precise 

definition, see section 1.2). For instance, one-dimensional smooth maps with



finitely many critical points are threadlike mappings where the dimension 

n — 1.

A dynamical system /  is simple if all points except countably many lower 

dimensional manifolds converge to an attracting  periodic orbit of period 2" 

for some n. A dynam ical system /  is chaotic if some iterate of /  has a full 

horseshoe.

C o n je c tu re  The asymptotic geometric rigidity in period-doubling bifurcation 

with constant ratio 4.6692 • • • generically exists in the fam ilies o f uniformly 

sufficiently compressed threadlike mappings which pass from, simple dynamical 

system s to chaotic dynamical systems.

We presume tha t an approach to  the conjecture requires an apriori verifi­

cation and two main steps. The appriori verification is the generic existence 

of the period-doubling bifurcations in such families. The first main step is to 

reduce the proof of the conjecture to a special version (namely Main Theo­

rem 1) which is to study the families of smooth one-dimensional maps with 

finitely m any critical points. The second main step is to prove the Main 

Theorem  1.

We first give ideas in chapter 1 to explain why it is possible to  carry out 

the first main step. Then we begin to prove the Main Theorem 1.

T h e o re m  0.1 (M a in  T h e o re m  1) The asymptotic geometric rigidity in 

period-doubling bifurcation with constant ratio 4.6692 • • • generically exists 

in the fam ilies o f smooth multimodal maps with finitely many critical points 

tohich pass from  simple dynamical systems to chaotic dynamical systems.
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Ideas and techniques, developed by Sullivan [Si], are adopted to prove 

this theorem. And it is a long way to get to the end of the proof. It contains 

the work from chapter 2 to chapter 5.

In chapter 2 we show so-called real bound’s properties for the renorm al­

izations of smooth m ultim odal maps.

Let I  be an interval. A m ap /  : I  —> I  is called renormalizable if there 

exists a proper subinterval J  of I  and an integer k such th a t (1) =

0,1, • • •, k — 1, have no intersection pairwisely except at endpoints, and (2) 

f h{J)  C J.  Then f k \j : J  —> J  is a renormalization of / .  The perm utation 

induced by /  on the set { / ’(J)  : i — 0,1, • • •, 1} is called the combinatorial

type of the renormalization. Usually we take J  to be the m axim al subinterval 

satisfying (1) and (2) and denote R ( f ) =  f k\j. A m ultim odal m ap /  is a 

smooth polynomial-like map bounded by B  if

f  = P o h : I - * I ,

where P  is a real-coefficient polynomial and h is bounded by B ,  i.e., h is a 

diffeomorphism with (j) =  log li satisfying

-  <t>{-y ^ ) |  <  B \x  -  ?/|, \(j)(x) -  <j){y)\2 <  B \x  -  y\

for any x ,y  in I .

T h e o re m  0 .2  (R e a l b o u n d ’s p ro p e r t ie s )

Let f  be a smooth polynomial-like map bounded by B  and infinitely renor­

malizable. Suppose { In : n G N }  is the sequence o f renormalization intervals. 

Then
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( V  Y li= o k^ ^  fc(") 1 | / ‘ (-^n)| decreases  g e o m e tr ica l ly  fa s t .

(2) The Lebesgue measure o f the Cantor set

n ~ , u £ f (2)"■*<")-’ f (/„)

is 0, and its Hausdorff dimension is greater than 0 and less than 1 i f  k(n) is 

bounded.

(3) ( “beau” property) All renormalizations R n( f ) ,  n =  1, 2, • • •, are smooth 

polynomial-like maps with a bound only depending on B . A fter a number 

o f renormalizations (depending on B )  further renormalizations are bounded 

universally.

(4) A ny C° lim it o f {/„ =  R n{f )  '■ n G N } i s  a map o f the fo rm  h o Q 

where Q is a polynomial and h~r has a complex analytic injective extension 

to the complex plane minus the complement o f a universal neighborhood o f I  

in the real line (such a map is said to be o f Epstein class,).

In chapter 3, we show so-called complex bound’s property.

T h e o re m  0 .3  (C o m p le x  b o u n d ’s p ro p e r ty )

Let f  =  h o P  : I  —> I  be an infinitely renormalizable map of Epstein 

class and k(n) < T .  Then there exists n(T)  G N  and m ( T)  >  0 such that fo r  

any n > n(T) ,  the n th renormalization g — R n( f )  has a complex extension 

G to some neighborhood U in the complex plane so that G : U —> G{U ) is a 

polynomial-like mapping and the modulus o f G(U) \  U is greater than m( T) .

The theory of polynomial-like mappings is also applied in this part. In­

ternal classes and external classes are used to label the maps in the unstable
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manifold and the stable manifold of the renorm alizaton operator a t the fixed 

point. Therefore we know the codimensions of the stable manifolds, which 

are related to  the num ber of the critical points (counted with m ultiplicity) in­

volved in the renormalizations. For infinitely renormalizable unim odal maps 

one gets a  codimension-1 stable manifold associated with it. For infinitely 

renormalizable bim odal maps one gets codimension-2 stable manifold, and 

so on.

Chapter 4 contains an introduction of the Teichmiiller contraction prin­

ciple [Si] of the renormalization operator acting on the stable manifolds.

T h e o re m  0 .4  (T e ic h m iille r  C o n tra c tio n  P r in c ip le )  [SI]

Assume F  and G are two infinitely renormalizable maps o f Epstein class, 

have the same bounded combinatorial types, and the closures o f cirtical orbits 

o f F  and G are respectively same. Then

D ( R n(F) ,  R n(G))  —> 0

as n —y oo.

In chapter 5, we show the Main Theorem 1. We also study the set of 

smooth m ultim odal maps /  whose set of periods

P ( / )  =  { 2 " : n e M  =  { l , 2 , 3 , . . , 2 " , . . } .

We first show

L e m m a  0.1 [H T ] All C 2 smooth maps f  o f an interval, with finitely many 

critical points and with set o f periods P ( f ) =  {2" : n  €  Z+j,  are infinitely 

renormalizable.
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In the space C r( I , I ) , r  > 1, we define nonchaos as the set of maps with 

only finite many periods (equivalent to simple m aps), and chaos as the set 

of maps which has a periodic point of period not a power of 2 (equivalent to 

chaotic m aps), and the boundary of the chaos is defined as the complement 

of these two sets. The second m ain result is

T h e o re m  0 .5  (M a in  T h e o re m  2) In the space o f real-coefficient polyno­

mials o f degree d, the boundary o f chaos has no interior point, i.e., nonchaos 

and chaos share the same boundary.

We also prove the following theorem.

T h e o re m  0 .6  (C o u lle t-T re s se r  r ig id ity )  All infinitely renormalizable maps, 

o f Epstein class and same bounded combinatorial types, have corresponding 

critical orbital Cantor sets o f same asymptotic scaling functions.
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C hapter 1 

Threadlike M appings

This chapter aims to study a type of high-dimensional maps (called 

threadlike mappings) whose dynamics strongly contract under iterations to 

one-dimensional maps. More precisely, threadlike mappings have lines in 

one im portant direction coherently curled and folded, (n-1) transversal di­

rections sufficiently compressed, and the image lines lied near one of the 

preferred direction. We presume th a t smooth one-param eter families of such 

mappings generically exhibit the asym ptotic constant ratios of adjacent pa­

ram eter changes among period-doubling bifurcations and asym ptotic rigid 

Cantor-set a ttracto rs for the dynam ical systems a t the accumulations of the 

period-doubling bifurcations (see Theorem 0.6 in the introduction).

In the context renormalization means replacing one dynam ical system 

defined by /  by the new dynam ical system defined by the first return  m ap of 

/  restricted on a proper subdom ain, and followed by a rescaling conjugacy. 

In this chapter we are going to see under the iterates of renormalization 

operator, a one-param eter family of threadlike mappings gets “closer” and 

“closer” to a  family of singular endomorphisms of R n which m ap a line in
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one direction to itself and m ap all parallel lines into the same line. There is 

evidence [YA] (also see [Ro] and [Fr]) for tha t period-boubling bifurcations 

generically exist in the families of threadlike m appings passing from simple 

to chaotic dynam ical systems. The work of [CEK], which generalizes the 

structure of the renorm alization operator near the fixed point [La] from the 

space of one-dimensional maps to the space of high dimensional maps, gives 

us the hint th a t the proof of the conjecture possibly reduces to show a special 

version (see Main Theorem 1 in the introduction).

1.1 R en o r m a liz a tio n  from  th e  V ie w p o in t o f  
F u n ctio n a l A n a ly s is

Let us have a quick short trip  in the theory of renormalization of maps 

from the viewpoint of functional analysis.

I. One-dimensional theory.

Let M  be the space of real-analytic function g : [—1,1] —> [—1,1], 

equipped with the supremum norm, satisfying

(1) g has a unique critical point a t 0, and increases on [—1,0) and de­

creases on (0,1],

(2) 0 (0 ) =  1 and #"(0) ±  0,

(3) 0(1) <  0.

In M  we define a functional operator 1Z by

ftteXaO = tfU)-1# 0 9{g(i)x).

The m ap g —► 7Z(g) is called the renorm alization operator for period 

doubling. The first main result of this theory is (for a nice review, see [CE]):

8



T h e o re m  A [La] The functional operator V, has a fixed point <f> €  M  satis­

fying:

1. (j) is an analytic function defined in a neighborhood of [—1,1],

2. <j> is a sym m etric function, i.e., <p(x) =  h(x2), where h is an analytic 

homeomorphism,

3. The linearized operator D1Z$ is a compact operator with one eigen­

value 8 of modulus >  1 and the remainder of the spectra being inside 

the open unit disk.

From the theory of invariant manifolds, there exists a local stable manifold 

W C octt) °f codimension 1 in a  neighborhood of <j> in M . Then all maps 

in Wioc(<j)) belong to the domain of all iterates of TZ. This implies tha t 

they m ust have the same topological dynamics, in other words, they have a 

periodic orbit of period 2n for each n, a single invariant Cantor set on which 

the dynamics is well understood, and nothing else in the nonwandering set. 

Since maps in W taoc((f>) converge to the fixed point (j) under the iteration 

of H , it follows tha t the geom etry of the invariant Cantor set is unique, 

i.e., for any m ap in Wioc{<j>), we will observe asym ptotically the same ratios 

when comparing successive scales of the invariant Cantor set. W 30C((j)) is the 

accum ulation set of a sequence of local manifolds W 2”c{<f>) which corresponds 

to  the bifurcation where a 2” cycle gets unstable and a 2”+1 stable cycle is 

created.

T h e o re m  A ’ [La] If a family t i-s- f t is transverse to Wioc((j)), then

9



(1) The family t \-+ f t  has infinitely many bifurcation points which 

correspond to successive bifurcations from a stable period 2" to a  stable 

period 2n+1.

(2) If {U} igjv is the sequence of the bifurcation values in (1) then

t n    £
71—►OO /    f  hl n  6n - l

where 6 =  4.669... does not depend on f t .

So far, we have described the local dynamics of the period-doubling renor­

m alization operator in a neighborhood of the fixed point <j>. A global picture, 

which is deep, is given by Sullivan [SI]. Here we just mention a simple version 

of his result.

T h e o re m  [Si] Any map in M ,  which possesses the topological dynamics 

of the accumulation of period doubling, converges to the map 4> under 

iteration of the renorm alization operator. In particular, the orbit of 

the m ap x  —> 1 — 0 2 °° x 2, which is a t the accumulation of the period- 

doubling bifurcations of the quadratic family f a(x) =  1 — a x 2, under 

the action of renorm alization, converges to the fixed point <f>.

Consequently, all maps in M  have the same asym ptotical ratios for the 

invariant Cantor set. In another word, topology implies geometry.

II. n-dimensional theory (n > 2).

For A >  0, we define

D (A) =  {(21 , 22) £ C n : 3 xq G [—1,1] s.t. \\z\ — a-o|| +  H22II <  A}

10



and

R {A) =  D (A) n R n,

where C n denotes the product of n complex planes and R n denotes the prod­

uct of n real planes.

Let H ( A )  be the set of analytic functions from D {A) to C n m appim ng 

the reals into the reals and let M* be the subset of H { A ) of maps of the 

form:

( x , y )  - » (f f (x ) , o ) ,

where g is a m ap in M,  we are going to consider the set E t^  of maps of H(  A) 

th a t are e — close, in the C° topology, to a m ap in M* and whose restriction 

to R (  A) is an embedding of R(  A) into R 2.

The following property gives a nice bridge between the renormalizations 

of one-dimensional and n-dimensional maps.

P ro p .  1.1 I f  an unimodal map f ( x )  — h(x2) is fixed point o f the renormal­

ization operator

K ( f )  = \ - 1 o f o f o \ ,

where X(x)  =  Xx , then Fs (x , y )  = (h(x2 — a  ■ y),  0) is a fixed point o f the 

renormalization operator

I Z ( F s )  =  A-1 o F s o F s o A

fo r  any a,  where A(x,y)  =  (Aa;, A2y).

Proof:

Tl{Fs ){x, y) =  A "1 o Fa ° Fs (Xx, X2)y 

11



=  A 1 o Fs(h(X2x 2 — A2 a  ■ y ), 0)

= A“1(^([A(AV -  A2a • y)]2), 0)

= (ifc(I^V-S-!0)]J),0)
=  (h(x2 — a • y),  0 )

since

TlU)(x)  = A - '/ o / ( A x )  =  A - '/(* (A 2x2))

= i/.([A(AV)J2)

=  f ( x ) = h(x2) .0

Remark: If the exponent of /  at the turning point is 2n, n £ N,  then the 

rescaling factor for the second coordinate is A2".

T h o e re m  B  [CEK] For e small, there is a map $  £ E t,a , and a local sub­

manifold (of codimension 1) such tha t

(1) If a continuously differentiable one-param eter family t i—> Ft in Et, A 

crosses transversally through W*oc then near $  Ft has infinitely many 

bifurcations fi’om a stable eriod 2n to a stable period 2n+1.

(2) If {<,} ,-gjv is the sequence of the bifurcation values in (1) then 

lim tn+1 ~  tn = 8
n —+oo / ___ /  -l n Ln —1

where 8 = 4.669... does not depend the family Ft.

We will see in section 1.3 th a t under the iterates of renormalization op­

erator, a family of threadlike mapping (see section 1.2) gets “closer” and 

“closer” to  a family of maps in E ĉ .
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1 .2  T h rea d lik e  m a p p in g s

We first give the definition for a  threadlike m apping on a n-dimensional 

space, n >  1.

D e fin itio n  1.1 A differentiable endomorphism F  : R n —> R n is a (b, a ,S )- 

threadlike mapping, where n > \ ,  i f  it satisfies:

(1) There exists a straight line in R n such that

f ( F )  =  P fi(A) o : f?(A) -> i?(A)

is a smooth map with finitely m any critical points, where Pr(a) is the projec­

tion to the line R^A\-

(2) There exists a box, B  — [—1, l]71 around the line R ^  such that

F ( B )  C B,  where  [-1 ,1 ]  x {0} C R {A);

(3) Denote R n = R^Al ®  jR̂ x^ then

F  : R <A> 0  R ^  -> R <A> 0  R W  : (x, y) ~  (u(x,  y), v ( x , y))

satisfies fo r  any x \ , x 2 € [—1,1],

-  v{x2,y)\ < b\xi -  x 2\,

where 0 <  b < 1;

(4) For each critical point o f f ( F )  there exists 0 <  6 < 1 such that fo r  

any cylinder Ri — [—/,/] x D n- \ ,  where the radius o f the disk Dn- j is lk, 

where k is the exponent o f f ( F )  at the critical point, F(Ri )  is contained in
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a cylinder with length <  |(-Pr(a))([—U I] x {0})I(1 +  6) an<1 radius o f the

disk <  6(2/);

(5) There exist infinite cylinders Sit =  [—/,-, /,] x R n~l , i = 1,2, • • •, m  and 

m  is the number o f the critical points o f f ( F ) ,  such that F  compresses in the 

disk direction any horizontal cylinder outside by a factor  0 <  a <  1.

Remark 1: If a m ap F  only satisfies the conditions (l)-(4), We still call F  

a (6, a, S) threadlike mapping in the sense th a t U ^ S ) , D B  =  [—l , l ] n hence 

\  B  = 0. In another word, the condition (5) autom atically holds for 

any F . We put it in the definitions just for the brevity of language in later 

discussion.

Remark 2: In the definition, 6, a and 5 are invariant under conjugation 

by translations and linear maps with same scaling factor in every direction. 

In general, they are not invariant for affine conjugation. It seems to be 

reasonable for a nonlinear transform ation defined on a n -dimensional space 

with n > 1.

Remark 3: The condition (4) in the definition is very technical, but it 

is invariant under renormalization, hence it is convenient in later discussion. 

The rectangle R\ is defined so because of the quadratic turning of the map 

p {A) o F |fi(A> at 0, the condition (4) also helps to control the horizontal size 

of renormalization box.

Examples of threadlike mappings:

0. All one-dimensional sm ooth maps with finitely many critical points 

are threadlike mappings.

1. F  : R  x R n~l —» R  x R n~l : (x, y) i—> (f ( x ) +  a • y, 0)
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where a  is a vector in R n 1 with norm ||a | |  <  1 and /  is a smooth map 

with finitely many critical points.

2. F  : R  x R ”- 1 -» R  x R n~l : (x, y) i-> ( / (x  +  a  ■ y), 0)

where a  and /  are the same as above.

3. F  : R  x R n~l —> R  x i?n_1 : (x ,y ) i—> (f ( x ) , b x )

where 6 is a vector in /?n_1 with norm ||6|| <  1 and /  is an unim odal map 

with quadratic turning.

4. F  : R  x R n~l —> R  x i?11-1 : (x, y) i—> ( /(x )  +  a  • y , bx)

where a  and b are two vectors in i?n_1 with norms <  1 and /  is an 

unim odal m ap wtih quadratic turning.

5. Modified Henon map

H  : R  x R  —> /£ x R  : (x, y) i—> (1 — /<x2 +  ay, bx) 

where |/z| < 2, |a | <  1 and |6| <  1.

1.3  R e n o rm a liz a tio n  o f  th rea d lik e  m ap p in g s

Intuitively, threadlike mappings are thickenings of one-dimensional maps 

embedded into high dimensional space. Their dynamics are naturally re­

lated to the dynamics of one-dimensional systems, especially in finite time. 

Threadlike mappings become renormalizable if it is close to a renormaliz- 

abl one-dimensional system. The interesting thing is tha t renormalizations 

of renormalizable threadlike mappings are more threadlike, in another word, 

they get closer to one-dimensional systems. We are going to trea t the thread­

like mappings F  with one critical point for f ( F ) .  The results are also valid

15



Figure 1.1

for the threadlike mappings F  w ith finitely many critical points for f ( F ) .  

Their proofs are finitely many compositions of the following steps.

In section 1.1, for e sufficiently small, there exists in E Cta  a ball B^> 

surrounding the m ap <f>* : (x , y ) —► (< (̂.t ) , 0 ) in which the real dynamics is as 

follows:

Any map G in B $•> possesses a unique fixed point Pq which is hyper­

bolic and of saddle type. Let W ( be the connected component of the stable 

manifold of G  a t Pq in R (A). There exists another component of the stable 

manifold on the left of W* such tha t W .f 's m apped into Wf .

Consider now the rectangle i?i, containing the fixed point Pq on its 

boundary, whose vertical sides are included in 1T2S and W f  and whose hori­

zontal sides are determ ined by the image of the boundary of R (A). The ball 

B^o is chosen so tha t G o G(R\ )  C Ri ,  and consequently we can define a 

renorm alization operator

AT : B ^  -> H ( A) : G ■-> (G) =  A” 1 o G o G o A, 

where A is an affine map sending the boundary of R ( A) to the boundary of

16



R l

D efinition 1.2 A threadlike mapping F  is renormalizable i f  there exists a 

box R  and an integer n such that

(1) F 3(R ), j  =  0 ,1,2, • • • , n — I, are disjoint except boundaries,

(2) F n(R ) C R .

D efinition 1.3 Let f  be a renormalizable smooth quadratic-like one-dimensional 

map and I is the domain o f the renormalization o f f .  A (6, a, 5)-threadlike 

mapping matches with f  i f

(1) PR(a) o F | f i ( A )  =  f ,  and

(2) in the condition (5) o f the definition o f a threadlike mapping, the 

interval [—/o,/o]» which is the projection o f Si0 to R^A\  at most contains I  

but contains no other iterates o f I  under f  before the first return.

Lem m a 1.1 Let T  > 0 and B  > 0. There exists b, a and 8 > 0 (only 

depending on T  and B )  such that fo r  any 0 < b < b, 0 < a < a and 

0 <  8 < 8, a (6, a, 8)-threadlike mapping F  is renormalizable i f  it matches 

with a smooth quadratic-like map f  bounded by B  (defined in Chapter 2) with 

period o f renormalization bounded by T .

Proof: Clearly /  has the Real Bound’s properties shown in C hapter 2. Let 

Ao be the upper bound for the ratio of the scales of the renormalization 

domain I  and the domain [—1,1] of / .

The renorm alization cylinder for F  is I  x D , where the radius of D  is the 

square of the radius of I .

17



Let us modify a little  bit the renormalization domain I  of /  (compared to 

w hat we do in Chapter 2). We used to have one of the end points of I  fixed 

by 7Z (f ) ,  which is also a hyperbolic fixed point of 1 1 ( f ) . Now we shrink I  

sym m etrically by a definite factor from both sides. Still denote it by I .  Then 

1Z(f) maps I  into I  and leaves at least <50-proportional gaps on both sides. 

Then F  maps I  x  D  into a cylinder with size of | -Pr (a > o F ) ( I  x  {0}) | ( 1  +  8) 

cross a disk D \  of radius <  b^  < b \o .

Let n  be the period of the renormalization of / .

Since the composition of / ’s, after the iterate till the first return , has 

bounded nonlinearity (only depending on B  and T ), there exists a constant 

M  (only depending on B  and T ) such tha t F n~x maps F ( I  x D )  into a 

cylinder with size | / n( / ) |( l  +  M 8 )  X D n, where D n has a very small radius 

because of the strong compression in the disk direction, in fact the radius of 

D n is less than an~xbX.

Let a =  a0Ao and b =  boX0, where 0 <  ao <  Ao and 0 <  6o <  Ao- Then

a n 1bX0 = (aoAo)n 1^oAoAo =  Oq 16oAq+1 ^  uo^oAq

since n > 2.

Let 8 be small enough such tha t M 8  < So, then

F n( I  x D ) c I x D . D

Corollary 1.1 When param eters  have very sm all  n orm s, all examples o f  

threadlike m appings given in the section 1 .2  are renormalizable i f  related  

one-dim ensional sys tem s  are renormalizable.
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Theorem  1.1 The renormalization 71(F) o f a threadlike mapping in Lemma  

1.1 becomes more threadlike in the sense that the contraction factors b and a 

fo r  the renormalization are smaller. But the factor 6 fo r  the renormalization 

usually gets larger. A fter rescaling by A (x ,y )  — ( \ x , \ 2y), where A =  

the factors b and a fo r  A-1 o 7Z(F) o A are still smaller than the factors 

b and a fo r  f ,  and the factor 6 fo r  A-1 o 7Z(F) o A remains the same as 

fo r  71(F). Furthermore the smaller are a and b, the more threadlike is the 

renormalization 7Z(F) (or 6 fo r  A-1 o 71(F) o A).

Proof: From the proof of Lemma 1.1,

b(7l(F)) «  an~l b \, = an~l X <  1.
b

Denote a =  a 0Ao and b — b0\o • Then

b ( n ( F ) ) ^ a n0- l b0 A”+1.

Hence

b(A - 1 o 71(F) o A) «  «  a ^ H o K -
Ao

Then
( . ( A - > o K ( ^ ) o A ) .  « r 'M 5

6 ° ° <

since n > 2.

If the factor a exists for 7Z(F), then

a(7l(F )) = an, =  a"” 1 <  1

since n > 2 and 0 <  a < 1. After rescaling,

a(A~1 o TZ ( F) o A)  _  a2/ \ 2 
a a
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_  a _  aoXo __ ao  ̂ 1
=  a p ^ t -  ^ <

since ao <  A0. Clearly

<5(A_1 o 7Z{ F)  o A) =  6(7Z(F)) <  M S. □

Remark: For the renormalization of a threadlike m apping F ,  the condi­

tion (5) in the definition can be weakened. Because of this reason, further 

renorm alization can be carried on for the renormalization 7Z(F)  of F  even 

though TZ(F)  doesn’t satisfy all conditions in Lemma 1.1. For instance, ex­

am ple 1, 2 and 3 in the section 1.2 are infinitely renormalizable if a  and b 

have small norms and /  is infinitely renormalizable.

Lem m a 1.2 Under iterates o f  renorm alization  operator ( i f  it can be done 

over and over), the fa c to r  S, induced fo r  the renorm alizations o f  a threadlike 

mappings F ,  converges to a constant which is less than 1.

Proof: Let /  be the one-dimensional map m atched with F .  from one of the 

Real B ound’s Properties of the renormalization of one-dimensional maps, 

under iterates of renormalization operator, the nonlinearity (i.e., logarithm 

of the ratio of derivatives at two points) of the composition, after the first 

iterate  till the first return, under the m ap /  becomes smaller and smaller, 

hence the proportions of the gaps at both sides of the modified dynamical 

intervals remains almost same in deep renormalizations. □

Remark: Theorem 1.1 and Lemma 1.2 have shown partially why the 

renormalizations of a map in IT/oc^) converges to the singular map $  of the 

form described in Lemma 1.1.

From Theorem 1.1 and Lemma 1.2, we get
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Theorem  1.2 There exists b, a and 8 such that i f  a (b, a ,8 ) -threadlike map­

ping F , where 0 < b < b, 0 < a < a and 0 < 8 < 8, is infinitely renor­

malizable and its matched one-dimensional maps only have period-doubling 

periodic orbits, then the sequence o f renormalizations 7Zn(F)  converges to a 

map Fa o f the form

Fa{x, y) = (h{x2 -  a  ■ y), 0),

where f ( x )  =  h( x2) is the fixed point o f the renormalization operator on the 

space o f unimodal maps and a  is a (n — 1) vector.

1 .4  E x is te n c e  o f  P e r io d -D o u b lin g  B ifu rc a tio n

W hen a horseshoe is created in a natural m anner (see [YA]) as a pa­

ram eter is varied, the process involves the appearance of attracting  periodic 

orbits of period 2n for all n E N , hence there exists a param eter value which 

is a t the accumulation of period-doubling bifurcations. This statem ent is 

proved to be true for any continuous family of smooth one-dimensional maps 

no m atter how the horseshoe is created [BH]. One expects this property for 

some family of threadlike mappings. So we make the following conjecture.

Conjecture 1 Continuous one-parameter fam ilies o f uniformly controlled 

threadlike mappings, which possess two parameter values where the dynamics 

are respectively simple (all points converge to an attracting fixed point) and 

chaotic (it has a homoclinic point), generically exhibit a cascade o f period- 

doubling bifurcations as the parameter is varied from  simple to chaotic dy­

namics.
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Theorem  1.3 Under the iterates o f  renorm alization  operator, a continuous  

one-param eter  fam ilies  o f  uniformly controlled threadlike mappings, which 

possesses two param eter  values where the dynam ics  are respectively s im ple  

and chaotic, gives rises o f  new fam ilies  o f  more and m ore threadlike m a p ­

pings, which also exhibit sim ple and chaotic dynamics.

If one can show tha t Theorem A (or A’) ([La]) is the generic structure 

picture for the renorm alization operator on the space M  of smooth one­

dimensional maps with finitely many critical points. Then it is natural to 

see th a t Theorem B ([CEK]) is the generic structure picture for the renorm al­

ization operator on the space of high dimensional maps which are close 

to the one-dimensional maps in M .  This idea and Theorem 1.3 reduce the 

proof of the main conjecture in the introduction to study the renormalization 

on the space M .  It is set up in the following four chapters.

A consequence of Conjecture 1 and Theorem 1.1 and 1.2 is as follows:

There exist b, a and 6 > 0 such th a t any smooth one-param eter fam­

ily of (6, a , (^)-threadlike mappings, where 0 <  b <  b, 0 <  a <  a and 

0 <  8 < 6, which possesses simple and chaotic dynamics, has a cascade 

of period-doubling bifurcations with asym ptotic constant ratio of two suc­

cessive changes of param eters among the bifurcations, which is the same as 

w hat happens to the quadratic family f a — 1 — a x 2, 0 <  a <  2.

Henon family is a simple model of a family of two-dimensional diffeo- 

morphisms with very rich and complicated dynamics. Although one cannot 

apply the results of this chapter to the Henon family directly, we believe, as 

a m atter of fact, th a t the techniques are useful in the study of this family.
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In the following, we are going to make another conjecture with a  slightly 

different family, which is relatively simpler than  the Henon family from the 

viewpoint of renormalization, given by the formular

Hp,a,b(x, y) — (1 — y x 2 +  ay, bx).

From Conjecture 1, there exists a > 0 and b > 0 such th a t for any 

0 <  a <  a0 and 0 <  b < bo there exists y such tha t H ^ ^ ^ x ^ y )  has 

and only has all period-doubling periodic orbits, and / / Moo,0,6 is an infinitely 

renormalizable threadlike mapping. Hence another consequence of Conjec­

ture 1 is the existence of Kupka-Smale phenomenon, i.e., there exists a C°°- 

diffeomorphism from sphere S 2 into itself with neither sinks nor sources and 

all periodic orbits are hyperbolic points are transversal.

We also know from [La] and [SI] tha t when a = b = 0, there is one and 

only one y ^  such th a t i / /loo,0,6 has and only has all period-doubling periodic 

orbits.

Conjecture 2 There exists a > 0 and b > 0 such that f o r  any  0 <  a <  a 0 

and 0 <  b <  bo there exists one and only one y <*, such that / fMooia,& has and  

only has all period-doubling periodic orbits.

The study of threadlike mappings may give a possible way to attack this 

conjecture.
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C hapter 2 

R eal B ound’s P roperties

The original idea of renorm alization was introduced into one-dimensional 

dynamics independently by Feigenbaum [F] and Coullet-Tresser [CT] to ex­

plain some quantitative and universal phenom ena appearing in the bifurca­

tions of one-param eter families of unimodal maps. Recently new techniques 

developed by Dennis Sullivan [SI] are very helpful in studying the subject. 

In this chapter we will adopt the techniques of [SI] to find real bound’s 

properties of renormalizations of smooth m ultim odal maps.

2.1 In tr o d u ctio n

Beginning with a folding mapping /  of an interval /  (figure la ), if there 

exists a smaller interval Ii  C I  about the turning point of /  such tha t 

f n{h)  C h  for some natural num ber n, then the restriction of f n on I\  is 

again a folding m apping of the interval I\ .  After rescaling, we get a new 

folding m apping of the interval / ,  denoted by / i  =  R f  (figure lb ). This 

procedure defines a renorm alization operator from the space of renormaliz-
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Figure 2.1

able folding mappings into the space of the folding mappings. A map /  is 

infinitely renormalizable if the renormalization operator can be used on /  

and its image forever.

Let the length of interval I  be the scale of the renormalization, the first 

fact about the infinitely renormalizable unimodel map is th a t the scales of 

the renormalizations decrease geometrically fast. We will first show this 

property is also true for smooth m ultim oda 1 maps, denoted by T, which will 

be precisely defined as follows.

D e fin it io n  2.1 Let I  be a closed interval o f R 1. A continuous map h : I  —> 

R} is o f bounded Zygmund variation i f  there exists B  > 0 such that

sup J 2  \ Hx i) + h (x i+1) -  2/ i ) | <  B ,
{x’O.Xl , = Q “

where {a,’0, a-'i, • • •, £„} is a partition o f the interval I .

D e fin itio n  2.2 Let I  be a closed interval o f R 1. A contimious map h : I  —> 

R 1 is o f bounded quadratic variation i f  there exists B  > 0 such that
71— 1

sup ^ 2 (h (x i+1) -  h { x i ) f  < B,
{xOi®ir” >xn } , —o

where {xo, * i, • ■ •, *n} is a partition o f the interval I .
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D e fin itio n  2.3  We say a map f  G C 1+b'z 'v+b‘v'v i f  f  is C 1 smooth and the 

logarithm o f its derivative, log f  has bounded Zygmund variation and bounded 

quadratic variation.

D e fin itio n  2.4 A map f  : I  —* I  belongs to the class T i f

a) f  is C 1+b-z -v+b-<}-v away from  turning points;

b) Let K f  be the set o f the turnig points o f f .  For every To G K j ,  there 

exists a  >  1, a neighborhood U (x0) o f  To and a C 1+bZ'v+b,q'v-diffeomorphism  

(f> : U( x0) —> (—1,1) such that <f>(xo) =  0 and

f ( x )  =  /(.To) ±  1/ ( 2: ) r ,  Vt G U{T o ) .

Clearly, /  has only finite many turning points.

The renorm alization of a m ultim odel m ap is given by the following.

D e fin itio n  2.5 Let I  be an interval. A map f  : I  —> I  is renormalizable i f  

there exists a proper subinterval J  o f I  and an integer p such that

(1) f l ( J ) , i  =  0,1, • • • , p — 1, have no pairwise interior intersection,

( 2 )  f ”(J) C  J.

Then f p\j : J  —> J  is called a renormalization o f f  and p is called the 

period o f the renormalization. The permutation induced by f  on the set 

{ / '( J )  : i — 0,1, • • • ,p  — 1} is called the combinatorial type o f the renormal­

ization.

Usually we take J  to be the m axim al proper subinterval satisfying (1) 

and (2), and denote R ( f )  — f p \j-
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D e fin itio n  2.6  Let I  be an interval. A map f  : I  —> I  is infinitely renor­

malizable i f  there exists an infinite sequence {/„ : n  G TV} o f nested renor­

malization intervals and an infinite sequence (p(n) : n  G TV} o f periods o f 

the renormalizations such that

n “ , uf iV”' 21' f ( / n)

is a Cantor set.

Remark: The existence of C 2-smooth infinitely renormalizable m ulti­

modal maps is proved in [FIT] (also see section 5.3).

T h e o re m  2.1 Let f  G T be infinitely renormalizable. Then

p ( l )p (2 )—p ( n ) - l

£  IC ( /J I
;=o

decreases geometrically fast as n —> oo.

T h e o re m  2.2 Let f  G T be infinitely renormalizable. Then the Lebesgue 

measure o f the Cantor set

n“ i uS'M2'''* ”!-1 / ‘(/„)

is 0, and its Hausdorff dimension is greater than 0 and less than 1 i f  p(n) is 

bounded.

D e fin itio n  2 .7  A continuous function <f> : R 1 —> R 1 satisfies Zygmund (resp. 

zygmund) condition if

2 2 
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is a big O (resp. a little o) of \ y  — x\, where x and y are two points in the real 

line. The best constant corresponding to the big O will be called the Zygmund  

norm o f (j).

D efinition 2.8 A multimodal map f  is called a Zygmund-smooth (resp. zygmund- 

smooth) polynomial-like map i f

f  = P  o h : I  -» / ,

where P  is a real-coefficient polynomial and h is a Cn diffeomorphism with 

log h' satisfying Zygmund (resp. zygmund) condition.

The following theorem  is proved by Dennis P Sullivan for unim odal maps, 

the general cases are proved in this paper.

Theorem  2.3 ( “beau” property) Let f  be a Zygmund-smooth polynomial­

like map and infinitely renormalizable. Then all renormalizations R n( f ) ,  

n — 1,2, • • ■, are Zygmund-smooth polynomial-like maps with Zygmund norms 

which have a boiind only depending on the Zygmund norm B  o f log h '. A f­

ter a number o f renormalizations (depending on B )  further renormalizations 

have a universal Zygmund bound.

T heorem  2.4 Let f  be a Zygmund-smooth polynomial-like map and infinitely 

renormalizable with { p ^ )} ^ -!  bounded. Then any C° limit o f {/„ =  R n( f )  : 

n G Â } is a map f  o f the form

Ilm  O Pm o ■ ■ ■ O H 2 o P 2 O Hi o Pi O A

satisfying
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1) m  <  2d — 1, where d is the modality o f f ,

2) Pi =  a f x  — bi)2di +  C{ fo r  an integer d; and three reals a,-, 6; and Ci,

where i =  1, 2, • • • , m ,

3) H f*  has a complex analytic injective extension to the complex plane 

minus the complement o f a definitely scaled neighborhood o f an interval, which 

contains a critical value o f the map, in the real line, where i — 1,2, • • •, m .

D efinition 2.9 A ny map f  o f the form

II m o Pm o • • • o  H 2 o P2 o  H i o  Px o A

satisfying the conditions in the Theorem 2 .f  will be said to belong to Epstein 

Class.

All theorems will be proved after the following “G ap” Lemma is set up.

Lem m a 2.1 ( “G ap” Lem m a) There exists e > 0 such that fo r  any f  £ T,

f ( d l ) C d l , there exists 6 > 0, such that Vn G N , i f  Io ,i = 0 ,1 ,2 , ■ ■ • ,n  — I,

satisfy

(1) U =  =  1,2, ■ • • ,n  — 1, and f n(I0) C I 0,

(2) m ax"^1 { | /; |} <  8, and

(3) at least one critical point is in the interior o f UJLTq1/;, 

then
a s , 1 iai ,  i

i/ i - i  +  e ’
where e is independent o f f  and n.

Remark: Actually, replacing each critical interval by the smallest sym­

m etric interval around the critical point containing the critical interval, the 

above inequality is still true.
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The main tool used to obtain the “Gap” Lem ma is the Macroscopic Koebe 

Principle which has been studied by J. Guckenheimer [G3], W. de Melo and 

S. J. van Strien [MvS], M. M artens [Ma], A. M. Blokh and M. Yu. Lyubich 

[BloLy] and etc..

Remark: The condition f ( d l )  C d l  can be om itted in the theorem  since 

we can apply the technique used in the proof of the “G ap” Lem ma directly 

into the proof of the theorem.

2.2  M a cro sco p ic  K o e b e  D is to r t io n  P r in c ip le

First we introduce cross-ratio distortion and some results related to bounded 

cross-ratio distortions.

D e fin itio n  2 .10 Let T  be a bounded closed interval, M  be a subinterval o fT  

and T \ M  consists o f nont.ri.val intervals L and R , the cross ratio o f intervals 

L , M , R  and T  is defined as

where | / |  denotes the length o f an interval I.

I f  f  : T  —s- R  is continuous and monotone, the cross-ratio distortion o f f  

on the intervals L, M , R  and T  is defined as

D ( f ( M ) , f ( T ) )
B ( f , M , T ) -  D ( M T )  .

If / : / —> /  is continuous, M c T a s  above and f n \t  is monotone, then 

B { f \  M, T)  -  i f  B ( f , f ( M ) ,  f ( T ) ) .
i = 0
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P ro p .  2.1 A ny Mobius transformation preserves the cross ratio.

D efinition 2.11 The Schwarzian derivative o f a C 3-map f  : I  —» R 1 is 

defined as
* =  f ' "(x)  3 f " ( x )  2

f ' ( x )  2 Kr ( x ) ’ '

where

f i x )  1  0 .

Prop. 2.2 The schxuarzian derivative o f f  : I  —> R 1 is identically equal to 

zero i f  and only i f  f  is the restriction o f a Mobius transformation on I.

Prop. 2.3 I f  f  and g are composable C 3-diffeomorphisms, then

S(g  o / )  =  S(g) o f  i f f  +  S i f )  .

Prop. 2.4 I f f  : I  —*■ R} has negative (resp. positive) Schwarzian derivative, 

(j> and tp arc Mobius transformations, then f  o<f> and ‘f  o /  also have negative 

(resp. positive) Schwarzian derivatives.

Prop. 2.5 (S inger’s lem m a) I f  f  : I  —> R 1 is C 3-monotone and S ( f )  < 0, 

then \ f  | can not have a positive m inim um  in the interior o f I.

Proof: If f  > 0, and f "  =  0 , then S ( f )  <  0 implies f "  < 0. This 

contradicts with the minimum property.

Corollary 2.1 I f  f  : I  —> R 1 is C 3-monotone and S ( f )  <  0 but not identi­

cally equals to zero on I, then | / (| has m inim um  at the end point o f interval 

I.
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P ro p . 2 .6  / / / : / —> R 1 is a C z-diffeo with negative Schwarzian deirvative, 

then

B ( f , M , T ) >  1

fo r  all intervals M  C  T  C  / .

P ro o f: Let T  = [xo, x \ ] , M =  [j/o,2/i]• Let (j) be a Mobius transform ation 

such tha t (j)of fixes the endpoints of T  and go- We claim tha t (<j>of)(yi) > yx. 

In fact, suppose th a t {(f> o f ) ( y i )  < y\, by mean value theorem, there exists 

z0 6 [a-'o,yo],z\ G [yo,2/i] and 22 € [2/1,* 1] such tha t

(</> 0 f ) ' { z  0) =  1, (<!> ° f ) ' {z i )  < I and (<j) o f ) ' { z 2) > 1.

They contradict with the Singer’s lemma. Hence (<j> o f ) {y \ )  >  2/1, thus

B{<f>of , M,T)  > 1.

So

B { f , M , T )  = B(<j) o f , M , T )  > 1.

By Corollary 2.1 and Prop. 2.6, the following is also true.

Corollary 2.2 I f  f  : /  -> R 1 is C 3-diffeo with non-positive Schwarzian 

derivative, then

B ( f , M , T ) >  1

f or  any M  C  T  C  R 1 ■

Notice th a t if /  has nonpositive Schwarzian derivative, then | / ’| has the 

minimum at the end points of the interval and its cross-ratio distortion is
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bounded from below. W hat kind of property does | / (| have if /  is only C 1- 

diffeomorphism and the cross-ratio distortion is bounded from below? It is 

the M inimum Principle. Furtherm ore if a C 1-diffeomorphism of an interval 

has its cross-ratio distortion bounded from below (resp. from above) by a 

positive constant, then its inverse (resp. it) behaves regularly in some sense, 

i.e., the ratio of the derivatives at two points in a proper subinterval will 

be bounded from below and from up. The complete statem ent is the Koebe 

Principle. In the following content the notation D f  means the derivative of

f ,  i-e-, / '•

T h e o re m  2.5 (M in im u m  P r in c ip le )  Let f  : I  — [a, b] —> R 1 be a C 1-

diffeomophism, i f

B ( f , M , T ) > c >  0

fo r  any M  C T  C I , then

\Df (x) \  > c3mi n { \ Df ( a ) \ , \ Df { b )\} 

f or  any x E I  — [a, b].

Proof: See page 275 of [MvS].

Remark: If B ( f , M , T ) has a bound from above, then \ D f ~ l (x)\ has the 

similar low bound, hence \Df (x) \  has a upper bound.

For maps with negative Schwarzian derivative, one version of the next 

principle was first used and proved by S. J. van Strien [St] and later re­

discovered by S. Johnson and J. Guckenheimer [JG]. This principle states 

th a t the maps having bounds on the cross-ratio distortions have bounded 

non-linearity in a proper subdomain.
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Theorem  2.6 (Real K oebe Principle I) For each c > 0, r > 0, there 

exists K ( c , t )  <  oo with the following property: Let f  : I  —» R 1 be C 1- 

diffeomorphism satisfying

B { f , M * ,  T*) > c

fo r  any intervals M* C  T* C  I , then fo r  any intervals M  C  T  C  I , let L and 

R be the components o f T  \  M , i f  j >  t and  >  t  then

‘  < J £ M < ^ ( c , t )
A '(c ,r) -  \Df (y) \

fo r  any x , y £ M.  Moreover K (c, t )  tends to 1 as c —> 1 and r  —> oo.

Proof: See page 277 of [MvS].

Till now we have seen th a t some good nonlinearity estim ates appear if 

bounds on the cross-ratio distortion are known. Roughly speaking to  control 

a dynamical system is equivalent to control the nonlinearity under the iterate 

of the system. Hence it is very im portant to control cross ratio distortion of 

high iterates of a smooth map.

Next in this paper we will control cross ratio distortion for standard 4- 

tuples in term s of Zygmund variation and quadratic variation. The descrip­

tion may be very analytic, but involved ideas are extremely geometric. We 

will also give a simple proof of a version of the Real Koebe Principle.

Let a , 6, c, d G R 1 and a < b < c < d.

Another cross ratio [a,b, c, d] =  je~6)(rf-aj can comPutecl by

dxdylo,j[a,b,cA = f

34



where S  is {(x, y) : a <  x < b, c < y < d}.

The cross ratio (a ,b ,c ,d ), which we consider in the above, is 

and, obviously,

[a,b,c,d\ =  1 +
(a, b, c, d)

Given a homeomorphism h, the distortion of the first cross ratio under h

is
(ha, hb, he, hd)

(a, b, c, d)
In this paper, by the cross ratio distortion we mean the distortion of the 

first cross ratio.

We call a 4-tuple a < b < c < d standard \ i b ~ a  — c — b = d —c. The cross 

ratio distortion under h of a standard 4-tuple is bounded away from zero and 

from above if and only if (ha,  hb, he, hd) is also. If h is C 1 diffeomorphism, 

then

l°9[1 + (ha,hbMM)] = l0S[ka' hK hC'hA = I  Is(h X h)y'
where /i is the measure

Clearly the cross ratio distortion under /  of a standard 4-tuple is bounded 

away from zero and from above if and only if log[ha, hb, he, hd] is also. Cal­

culating the integrand, we get

h 'xh 'y  1 h'xh 'y
(hx -  hy)2 (x -  y)2 [h']2xy ’

where [h']xy is the average of h' over the interval [x,y].

Since b — a = c — b — d — c, f f s  - 0 ^  =  log([a, b, c, d\) =  log \. Thus

a bound on h,^ ll2 y yields a bound on the cross ratio distortions for standard
I/1 \ x y

4-tuples.
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We say h satisfies the bounded Koebe condition if one of the following 

equivalent conditions hold:

1 h 'xh 'y  „ , ,
1) -T7 <  Tr;™"' -  M  f or som e M  > 0,

M  [h \ Xy

2) |log r.,12^1 ^  M ' fo r  som e M ' > 0.
L Jxy

The following proposition is trivial.

Prop. 2.7 I f  h satisfies the bounded Koebe condition then the cross ratio 

distortion under h o f a standard 4-tuple is bounded away from  zero and from  

above.

In order to estim ate the log in 2), i.e.,

logh'x +  logh'y — 2log[h']xy, 

let us consider the following two terms:

a) logh'x +  logh'y — 2[logh')xy

and

b) log[h']xy -  [logh')xy .

Remark: If both a) and b) are bounded, then 1) and 2) hold.

Expression a) can be controlled by the Zygmund variation of logh' on the 

interval [x, y] because of the following proposition.

Prop. 2.8 Let <f> be a continuous function from  R 1 to R 1. Then

\ f {x)  +  <f>(y) -  2[<f>]sy\

is no more than the Zygmund variation o f (j> over \x,y],  ZV((f>|[XlJ/]).
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Remark: Conversely the Zygmund variation is no more than  twice of the 

average Zygmund variation. Hence the above two conditions are actually 

equivalent.

Proof: W ithout loss of generality, assume [a;,i/] =  [0,1]. Then

[<t>]01 =  /  4>dx. 
Jo

The integral can be expressed as a lim it of Riemann sums in the following 

way,

Since

Jo cj>(x)dx = lim  ^ - [ 0 ( 0 )  +  2  g  0 ( ^ )  + </>(!)} .

+ ^(1) “ 2 f  <f>(x)dx 
Jo

+2-M W 0) + f l i )  -  2*(i)] + [<S(i) + #(1) -  2#(j)]}

+  +

+ 2 { « 0 )  +  « ^ )  -  2 ^ ^  )) +  ••• +  +  « D  -

+ u m  +  -  2<P(y J ]  +  W ^ )  +  -  2 * ( | ) ]
9T1—1   1 o n  _ 1

j. 
2 r1 ^ ( 0 )  +  0 ( 1 )  — 2[^>]oi | <  x ^ [ 2 "  1 +  2 71 2 +  • • • +  2  +  l ] Z l ' / ( 0 | [ o , i ] )

<  ZV(ct>| [o ,i]) .

Next we estim ate the expression b) in term s of the quadratic variation.
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Lem m a 2.2 I f  e >  8 > — I, assume

log( 1 +  e) =  e -  —A(e), 

then there exists B(6)  > 0 depending on 8 such that A(e) <  B(8) .

Proof: Since
M l  +  e) -  6 

'  ' £2/ 2

the proof is an elementary calculation.

Prop. 2.9 Suppose the derivative h' satisfies 1 /M  <  h' <  M  fo r  some M  >

0. Then the expression b) is equal to the big O o f the quadratic variation of 

logh' over the interval [.x',f/].

Proof: Let h' (x) = a. The expression b) is unchanged if we multiply h'x  by 

1/a. W rite (1 /a )h ' on J  — [.t,?/] as 1 +  e where e is a function of (t — x ) , t  G J . 

Expand the two term s of b)

By Cauchy’s inequality, ( |j |  f j  e)2 <  | j |  f j e 2. Since 1/ C < h' < C  for some 

C > 0, there exists 8(C) > —1 such tha t e =  — 1 > 8  for any t €  J,

J  = [*,$/]. Hence jjj f j  e >  8. By Lemma 1, there exists B(8)  > 0 such tha t
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|A (e)| <  B(6).  Hence |A ( | j | / j e ) |  <  B{8).  Furtherm ore, we can get tha t 

e =  ^  — 1 is a big O of log — logh't — logh'x. So the expression b) is a 

big 0  of the quadratic variation of logh' over J .

The following proposition estim ates the cross ratio distortion of a stan­

dard 4-tuple under high iterates of a diffeomorphism / .

P ro p .  2 .10  Suppose h : I  —> R 1 is a C 1 diffeomorphism with h' >  0, and 

logh' has bounded Zygmund variation and bounded quadratic variation over

I .  Assum,e J 0 C  I  and J0 J\ — h(J0), • • •, J n — hn(Jo) are pairwise disjoint. 

Then the cross ratio distortion under hn o f a standard 4-tuple in the interval 

Jo is the big O o f the summation o f the bounds o f Zygmund variation and 

quadratic variation o f h on U-l_0J;.

P ro o f: From the expression 2) above the Prop. 2.7, we want to estim ate

, ( / . " ) ' ( * ) (  h " ) \y )
I o 9 ~ i w ................. '

By the chain rule of calculating the derivative of hn,

(hn) \ x ) ( h n) \ y )  h' (h' (x) ) l i (h' (y) )

9 i m i l y  t o  9 [*']&(,)*(,) '

Each sum m and can be decomposed into the expression a) and expression

b), by Prop. 2.8 and Prop. 2.9, each sum m and is a big O of the sum of 

the Zygmund variation and the quadratic variation of logh’ over the interval 

[h'(x),  /i'(y)], where i = 0 ,1 ,2 , • • • , n — 1. So the cross ratio distortion under 

hn of a standard 4-tuple in Jo is a big O of the sum of the Zygmund variation 

and the quadratic variation of logh! on Û Tq1 J,-.
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T heorem  2.7 (R eal K oebe Principle II) I f  h : I  —► R 1 does not in­

crease the cross ratio distortions fo r  standard 4~tuples too much then the 

quasisymmetric distortions fo r  standard interior triples are controlled. More 

precisely, i f  x , y 6 /  satisfy \x — y \ is as small as the distance to the boundary 

d l  o f I  and z =  (x  +  2/)/2, then

^  <  |h(x) -  h(z) \ / \h(z)  -  h(y)\  < C ,

where C only depends on the bound o f the cross ratio distortions fo r  standard 

4-tuples.

Proof: See §2 of [SI]. The idea to prove this lemma is to use the four interval 

argum ent. Let J , L, M , R  be four contiguous equal lenth intervals. Suppose 

the lenth of h(L)  is much smaller than  h(M) .  Since the cross ratio distortion 

on L , M , R  is greater than the ratio distortion no bound

of ratio  distortions implies no bound of cross ratio distortions.

It is easy to use the Real Koebe Principle II to get the following Macro­

scopic Koebe Distortion Principle.

D efinition 2.12 Let M  and T  be two intervals with M  C  T , and L and R  

be components o f T \  M . I f  e >  0 we say T  is an e-scaled neighborhood o f M

'f  W > e o „ ( i M > £ .
\M \ ~ \M\

T h e o re m  2.8  (M a c ro sc o p ic  K o e b e  D is to r t io n  P r in c ip le )  Given any 

B  > 0, e >  0, thei'e exists 6 > 0 only depending on B  and e such that, fo r  

any homeomorphism f ,  any subintervals M  C T  and any n > 0, i f  the cross
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ratio distortion under f n o f any standard 4-tuple in T  is bounded by B  and 

f n( T ) contains an e-scaled neighborhood o f f n( M)  then T  contains a 8-scaled 

neighborhood o f M .

P ro o f : Let T  \  M  — L  U R. W ithout loss of generality, we only need to 

prove ^  cannot be very large. Suppose is large, we cut M  into pieces Li 

from left to right with lengths 21_1 \L\, i = 1 ,2 ,3 , - - -. We also denote L 0 = L. 

From the Real Koebe Principle, there exists a constant C  only depending on 

B  such tha t
\ f n(Li)\ >

U}=o f n{Lj)\ ~  C'

where i — 1 ,2 ,3 , - - •. Hence

u ;= 0 f n(Li)\ i
U '= o /n(L j)| ~

where * =  1 ,2 ,3 ,- So

where i — 1 ,2 ,3 , ■

l/" (^ o ) | 

This means

I U}., / ”(i,)l
l/”(io)l

where i =  1 ,2 ,3 , • • •.

Clearly i cannot be very large, otherwise f n( T ) cannot be an e-scaled 

neighborhood of f n(M) .  Hence we can find a bound of i only depending on 

B  and e, which means there exists 6 > 0 only depending on B  and e such 

th a t T  contains a ^-scaled neighborhood of M.
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D e fin itio n  2 .13  The intersection multiplicity o f a collection o f sets X a&\  is 

the maximal cardinality o f a subcollection with non-empty intersection.

C o ro lla ry  2.3  Let f  G F, m be a positive interger, there exist So, eo, Bo such 

that fo r  any intervals M  C T ,  any n >  0 and any 0 < e < e0, i f  the following 

conditions hold

a) max-L0{ | / , (7’)|} < S0;

b) / " | t  is monotone ;

c)  f n{T) contains a e-scaled neighborhood o f f n(M)\  and

d) the intersection multiplicity o f {T , f ( T ) ,  • • ■, f n(T)}  is at most m,

then T  is a Bo • e-scaled neighborhood o f M.

Remark: Compared to the work in [MvS], the smooth condition used here 

is weaker (See [HS] for details).

D e fin itio n  2 .14 A continuously injective map / : / ? ' —> /?.' is quasisym- 

metric i f  there exists M  > 0 such that

1 \ f ( x + h) — f ( x ) .
HI -  SUP ----- 77-------n  -M  XiheRi f { x )  -  f ( x  -  h)

Clearly, if a C '-diffeomorphism has cross-ratio distortions bounded from 

below, then it is quasisymmetric when restricted on a proper subdomain.

Let

f ( x )  = sign(x)  ■ |* |",q: > 0, 

then /  is a quasisymm etric map.
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Figure 2.2

2 .3  P r o o f  o f  th e  “G ap ” L em m a

The picture is drawn according to the dynamical order. “|” represents 

the critical point and denotes the critical value.

Proof: Let 8 =  <!>o/6, where So is what we have selected in the Macroscopic 

Koebe Principle, and <5q <  inf{d(.T,y) : x , y  € C ( f ) U V ( f ) U d I }, where C( f )  

and V( f )  denote the set of critical points and critical values respectively, d l  

denotes the boundary points of the interval I .  Now each /,• contains a t most 

one element of C ( f ) U V ( f ) U d l .  Furtherm ore, if V{ is a 2-scaled neighborhood 

of /,-, then a t most one of adjacent components of Vi \  /, contains one critical 

value.

Assume I q contains one critical point and it is sym m etric about the critical 

point. Pick up /,•„ with the smallest length among {/,■ : 0 <  i < n — 1}. The 

proof can be divided into two cases.

Case 1 (Figure 2.3): Suppose is between the other two elts. of {/,- : 

i /  20}, denote them  by and I~.

Let V  be 1-scaled neighborhood of then each component of V  \  Ii0 

intersects at most one of {/,• : i ^  z’o}. Let U be the component of / -1 (V) 

containing / ,0_i.
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Figure 2.3

V

Figure 2.4

Subcase 1 (Figure 2.4): If U contains a critical point and the critical 

value a t this critical point is in the right component of V  \  then U is 

ex — scaled  neighborhood of / ,0_i. Precisely by the quasisym m etricity and 

the sym m etricity of /  around the critical point, at least one of U \  / i0_i will 

be in the gap. In another word, at least one side of i contains a gap 

whose length is a definite proportion of the length of the interval / ,0_i.

Subcase 2 (Figure 2.5): Suppose U contains a critical point and the crit­

ical value a t this critical point is in the left component of V  \  U0.

By the same reason of subcase 1, again U is ej — scaled  neighborhood of 

and at least one side of / ,0_i contains a gap whose length is a definite 

proportion of the length of the interval
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Subcase 3: U contains no critical point, then this case will be eventually 

reduced to  one of the above subcases. Precisely, take the component of 

f - ' i V )  containing /;0_i, if U contains no critical point, do the pullback 

again untill U contains a critical point. It is guaranteed since at least one of 

{/i : 0 < i < n — 1} contains a  critical point. The multiplicity of m axim al 

monotone pullbacks in the consideration is bounded. By the Macroscopic 

Koebe Principle, the quasisymm etricity and the sym m etricity around the 

critical point in the last step, U will be a ej-scaled neighborhood of some 

element of {/,• : 0 <  i < n — 1}, le t’s still denote it by / ,0_i, then at least one 

componenet of U \  i is in the gap. T hat means at least one side of 7,0_i 

contains a gap whose length is a definite proportion of the length of 7,-0_i.

Now we restrict our consideration on U, go through the procedure of 

subcase 1, subcase 2 and subcase 3. Repeat this kind of consideration. Since 

/  has only finite many critical points and finite critical values, except finite 

m any cases, all considerations belong to  subcase 3. Applying the Macroscopic
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Figure 2.6

Koebe Principle, there exists to >  0, which is independent of n, such tha t

of the components of U\ \  I{ is in the gap, the proportion is eo, compared to

Let £ =  ^ ,  we finished the proof for this case.

Case 2 : 7t0 is on the left (or right) hand side of anyone else in {/,• : 0 <  

i < n — 1}. We will find a definite scaled neighborhood V  of some 7; such 

th a t each component of V \ U  intersects at most one of {/,• : i f0}. Then the 

rest of proof goes back to the case 1. W ithout loss of generality, we assume 

the image I\ =  /( /o )  of Io is on the right hand side of 70. There are two 

more situations we need to consider.

Subcase 1 (Figure 2.6): The left end point of 7i is the critical value.

By the assum ption on 6, the length of / i  is less than one half of the 

distance between this critical value and the right end point of I ,  if there is 

no elem ent of {/j : 0 <  i < n — 1 } on the right hand side of /*, then take 

1-scaled half neighborhood of 7i on the right and one step of pullback will

for each 7,- there is a  e0 — scaled neighborhood 7/, of 7,- such th a t at least one

the length of 7,-. This implies th a t the sum m ation of gaps in 7 \  U"_017,- >  

So
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Figure 2.7

give us needed neighborhood V  of Iq. Now suppose there are several elements 

of {Ii : 0 <  i < n — 1} between the I\ and the right end point of 7. Denote 

them  by J i ,  J 2, • • • ,  J i  from left to right and denote 7 i  by J o -  Let K q be 

Jo, K {  be the interval from the right end point of J,_ i to the right point 

of J,-, j  — 1, 2 , - -* , /  let K i +i be the space left if there is. Claim: there is 

j  E {0 ,1 , • • • , / , / +  1} such th a t ^ 7̂  >  Otherwise the sum m ation of the 

lengths of all K j  will be strictly less than the distance between the left end 

point of Ii and the right end point of I.  This is a contradiction. Now let j  be 

the smallest such j .  If j  — 0, then one step of pullpack gives the V. Suppose 

j  > 0, let T  be the interval between the m idpoints of K j - \  and A'j+i and L ,  

M  be the left and right components of T  \  J j .  Hence

l^jl l ^ j l  ^ | J j |  |A j |

Let V  =  T ,  we finished the construction of V .

Subcase 2 (Figure 2.7): The right end point of I i  is the critical value.

Clearly if there are no other dynamical intervals between I 0 and I i , then 

take 1-scaled half neighborhood of / j  on the left and one step of pullback will 

give the V.  If there are several dynamical intervals between 70 and 7i, then 

we can use the same argum ent used in the subcase 1 of this case, again we 

can find V.
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(1)
{ I i  : i= l ,  2 .........q ( l ) )

(2)
I I i  : i= 1 .2 ........q ( 2 ) )

(n)
- -  d i  • i = l , 2  q ( n ) }

Figure 2.8

We finish the  proof of the “G ap” Lemma.

Remark: (1) The proof of the lemma looks like a programming for a com­

puter to check.

(2) Since /  has finite critical points and finite critical values, in deep 

renormalization, the conditions in the “Gap” Lemma will be au tom at­

ically satisfied.

2 .4  R e a l B o u n d ’s P r o p e r tie s

P roof o f Theorem  2.1: Let q(n) = p{l)p(2) ■ ■ ■ p(n), where p(i) is the 

peried of the i th renormalization i = 1,2, • • •, n. Let I ^ \  l[n\  • • •, be

the whole dynamical intervals in the first n ’s renormalizations of / ,  where 

l \ n) =  / ' ( 4 n))1* =  1,2, -•• ,<?(«) -  1. See figure 2.8.

Since /  is infinitely renormalizable, at least one of {/,'(n)
> • <1 -----: % 0 , ! , • • • ,q(n)-

1} contains a critical point. Otherwise, the m ap f qM will be a monotone 

map from Iq ^ into itself, it cannot be renormalizable any more. Let /q7̂  con­

tain a  critical point and it is sym m etric around the critical point. Assume we
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have replaced each critical interval by the smallest sym m etric interval around 

the critical point containing the critical interval. Clearly after replacing, the 

dynam ical intervals are still disjoint. Let

p ( n )  _  A n )  . . A n)  , . . . j (n)1 — J0 U i j  U

where each l j n  ̂ is called an interval of generation n. Each component of 

p ( n - i )  \ F n is called a gap of generation n.

Now let us go through the argum ents again in the proof of the “G ap” 

Lemma, by the quasisym m etricity and sym m etricity around each critical 

point, there exist a definite gap of generation n a t one side of Iq 1̂ compared 

to the length of /q"*. Once this gap appears, use the pullback argument 

again and again, by the finiteness of critical points and the Macroscopic 

Koebe Principle, there exists a t least a definite gap of generation n at one 

side of each l j n  ̂ compared to the length of l \ n\  Let e be the same in the 

“G ap” Lemma, then
\ 4 n)l ,  i 

| 4 n-1)| “  ! +  e

and
E g ' 1 |/jn|l ,  1

a i r 1’-1 _ > + £'
This implies th a t the scales of the renormalizations decrease geometrically 

fast and the sum m ation of the lengths of all dynamical intervals in the n th 

renorm alization also decreases geometrically fast when n —> oo. □

P roof o f Theorem  2.2: Let C  — where F n is defined in the proof

of the above theorem. It is an im m ediate corollary th a t the Lebesgue measure 

of the Canter set C is zero. We will prove th a t if p — m a p(i) < oo then
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the HausdorfF dimension of the Cantor set C  is strictly  less than  1 . The proof 

for the HausdorfF dimension of the Cantor set C  greater than 0 is similar. 

By the proof of the theorem,

/(n)^ j(n“l)

where i — 0,1, • • •, q(n) — 1, and j  — 0,1, • • ■, q(n — 1) — 1. Hence

V  1 1 !■■■ <
/(n)c /(n-l) |/ j"  1]\ ! + C

We can show the following element fact by contradiction. There exists a  G 

(0 , 1) such tha t

X > < p < i  = >  E < < i
t=i t=i

where x  G [0,1], i =  1,2, • • •, p and p G (0,1) is fixed. So

(n)|£» I 7-(n-l)|o 
1)« J

Consequently,
(/(n)-l 9(n -l)-l
E  l4"’r  < E  irf '1’!"-
i=0 i=0

So p a (C) < oo, where p a denotes the a-dim ensinal HausdorfF measure. Thus

dim C  < a  < 1.

□
Remark: M. M arten’s thesis proved the following result: For /  G T, there 

exists no and p > 0 such tha t for every periodic point x  of /  with period 

n > no one has

\ D f n( x ) \ > l + p .
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Hence every point in the attracting  orbital Cantor Set is an accumulation 

point of repelling periodic orbits.

Bounds on Zygmund variation and quadratic variation of the logarithm  

of the derivative of the m ap give a bound on the cross-ratio distortion of the 

monotone iterates restricted on an interval whenever the m ultiplicity of the 

orbit of the interval is bounded, and hence implies the bounded geometry of 

renormalization scales and attracting  orbital Cantor sets. It is quite natural 

th a t stronger local regularities of maps will induce better asym ptotical be­

haviours of the renormalizations and the a ttracting  orbital Cantor sets. The 

Zygmund condition will be employed. A continuous m ap <j> : I  —> R 1 satisfies 

Zygmund condition if there exists B  > 0 such tha t

for any x , y  6  I. Clearly f  has bounded Zygmund variation if it satisfies 

Zygmund condition. Furtherm ore, the Zygmund condition implies a-Holder 

continuous for any 0 < a  <  1. The 1/2-Holder continuity implies bounded 

quadratic variation.

L e m m a  2.3  (See[H S]or[M vS ]) I f  <j) : I  —> R 1 satisfies the Zygmund condi­

tion: there exists B  > 0 such that

{(j){x + t) + 4>{x -  t) -  2 f {x )  { 
sup |-------------------  1 <  B ,

X, t  t

then (j> is a-Holder continuous fo r  any 0 <  a  < \, i.e., there exists a constant 

M  > 0 such that

IvK-'1-) -  My)I < M\x - y\a\-
In fact the norm o f  a-Holder continuity goes to zero as |.t — y \ —> 0.
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Remark: The norm of a-H older continuity goes up as a  tends to  1 and 

goes down as the Zygmund norm decreases for any fixed 0 < a  < 1.

Corollary 2.4 I f  f  is a Zygmund-smooth polynomial-like mapping then f  

belongs to I \

A very useful fact is th a t the logarithm  of cross-ratio distortion is a big 

O of the scale of the interval if and only if the logarithm  of the derivative 

satisfies the Zygmund condition. More precisely:

Lem m a 2.4 (See §1 o f SI or page 294 of M vS) Assume that h : (0,1) —>

R  is a C 1 -diffeomorphism. Then

\ B ( h , J , T ) - l \ < 0 ( \ T \ )

for  any pairs J  C T  C (0,1) i f  and only i f  log h' satisfies the Zygmund  

condition.

L e m m a  2.5 Let [ito^Uo"^] ^ ie domain of the n t>l renormalization without 

rescaling. Asssume  / 'd ”) is monotone on an subinterval [zchJ/o] ° f  [uon\  uo^]• 

Denote =  f t ([uQl\  ^ n)]) and [a.-.t/i] =  f %([x0, y0]) where i =  0 , 1 , 2 , - - - ,

q(n ) — 1. Then there exists a contant M  > 0 such that

q(n)~ 1

~Vi\  ^  M\X(n)x0 -  A(n)j/0|
i=0

where X(n) is the scaling factor o f the n th renormalization compared to the 

original dynamical interval. In fact M  tends to zero as n —> oo.
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P ro o f : It is a direct corollary of the Real Koebe Principle. We outline it as 

follows. Since
£ ; i o )_1 \x i ~  y . ' L .  r (  l®o -  2/ok

E i i o )_1 | u , - u t | V o - V ’

|r   I 9(n)—i

is  g
K  I * .  -  i t e lA(n )  _

|z<0 -  n0 |A(n) fr f

»  0 (|A(n)x0 -  A(n)to |5 S _ ! _ ^ L Z ^ i ! )
|u0 — w0|A(ra)

«  O(|A(n).T0 -  A(n)y0|).

The idea in the proof of Lem ma 2.5 also proves the following corollary.

C o ro lla ry  2.5 With the same assumption in Lemma 2.5, i f  f  € r  is in­

finitely renormalizable o f bounded types then there exists 0 < a( f )  <  1 (which 

is the Hausdorff dimension o f the attracting orbital Cantor set) such that for  

any a ( f )  < a  <  1

i=o l«o  -  « o | “

fo r  some constant M  > 0 independent o f n and a.

L e m m a  2.6 I f  <j>{x) =  log a-, 0 <  x < y and y — x < M x 2 for  some constant 

M , then
A x ) + <t>{y) A, x  + y ^ ^ M f ^
I 2------------^ T “ 'l -  T  — '■

P ro o f:
<t>ix ) + (!>{y) _  , , x  +  y ,

2 n  2 ’
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where x < i) <  </ <  y.

P roof o f Theorem  2.3: Suppose /  =  P  o h where P  is a polynomial and 

h is a diffoemorphism satisfying the conditions in the theorem. Decompose 

R n( f )  as

R n( f )  = A - ' o f W ^ o A

=  A-1 o H m o Pm o ■ ■ ■ o H 2 o P2 o Hi  o ? i  o /i o A,

where P /s  are the restrictions of the original polynomial in the small neigh­

borhoods around critical points which are involved in renormalizations, H\ s  

are monotone compositions of h's and the branches of P , and A is the rescal­

ing map.

Let Hi — Hi  o A and P, =  A-1  o P, where i = 1,2, • • ■, m.  Then 

R n( f )  = A~1 o f >M\ I no A

— A-1  o H m o P m o - - - o H 2 o P 2 o H i o P i o h o A .

The logarithm  of the derivative of Pi  around each critical point is equal 

to logo: up to a constant, and the logarithm of the derivative of Hi ,  log Hi  , 

consists of two parts, one is the sum of log P ‘ over corresponding dynamical 

intervals and the other is the sum of log t i  over the corresponding dynamical



intervals. By the rem ark after Prop. 2.8 and Lemmas 2.5 and 2.6, log Hi 

satisfies Zygmund condition, i =  1,2, • • • , m.

Since the kneading da ta  of polynomials with real coefficients are complete, 

there exists a polynomial P ^  and a homeomorphism hM such tha t

R n( f )  = A - 1 o f l % n o \

=  A-1  o H m o Pm o - - . o H 2 o P 2 o H l o P l o h o \

=  P<n) o h (n).

In fact Ahd =  o /£ "(/), where ( p (” ) )_1 denotes one branch of the

inverse m ap of P^n\  It is easy to see tha t h ^  is smooth piecewise and the 

logarithm  of its derivative satisfies Zygmund condition piecewise except in the 

small neighborhoods around the turning points of R n( f ) .  We will see tha t 

log(/?fn)y satisfies Zygmund condition in the small neighborhoods around 

turning points by using the chain rule as follows. Suppose h o Q = P  o hx 

where h is a diffeomorphism, Q, P  are quadratic polynomials and h\ is a 

homeomorphism. Let c be the critical point of Q. Then

h' (Q(c- ) )Q' (c- )  = P ,(h1(c-))h'1(c-)

and

*>'M(<’+)W V ) = Jy(Mc+))A'1(c+)

where c~ and c+ denote the points near c from left and right respectively. 

Hence

lim h 1(c~) — lim h1(c+).
c ~  —*c c + —►C
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Furtherm ore log h\ satisfies Zygmund condition in a small neighborhood 

around the critical point c because the Zygmund norms of log Q' and log P' 

almost cancel in the small neighborhood since they have the same quadratic 

turnings around the critical points. From the above argum ent one can see 

l o g s a t i s f i e s  the zygmund condition globally.

Check through the proof of the Lemma 2.5, one can see the constant M  in 

this lem m a tends to zero as n tends to the infinity. This shows after a number 

of renormalizations (in fact only depending on B )  further renormalizations 

have a universal bound on the Zygmund norm of log Ii for the h's in the 

decompostions. □

P r o o f  o f  th e  T h e o re m  2.4: Assume /  =  P o h be a Zygmund-smooth 

polynomial-like map. As the same as we did in the proof of the Theorem 2.3, 

we write

R n{f )  = A - 1 o f « % n o A

= A-1  o H m o P m o - - - o H 2 o P 2 o H 1 o P 1 o h o A ,

where PJs are the restrictions of the original polynomial in the small neigh­

borhoods around critical points which are involved in renormalizations, H[s 

are monotone compositions of h's and the branches of P,  and A is the rescal­

ing map.

We know tha t log Ii is a-Holder continuous for any 0 <  a  <  1 and log P'  

is a Lipschitz function. For each i G {1,2, •• • , m ), let [u,u] be the maximal 

domain for the monotone composition H{ and let x , y  G [u,u]. Through the 

chain rule of calculating the derivative and by applying Corollary 2.5, one
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can get for any a ( f ) <  a  < 1 ,

i i o g ^ M - i o g i ^ s o i ^ o a ^ n

where <*(/) is the same as in the Corollary 2.5. This means

\HA X). _  l |  «  0 ( \ x r .l \<*)
H'i(y)  1 n — u

By rescaling, one gets

|ff;w-ff|(»)|a0(|x - y n
Let Hi = Hi  o A and Pi = A-1 o P, where i = 1,2, • ■ •, m.  Then

I P ( f )  =  A" 1 o / 9(n)|/n o A

=  A-1  o H m o Pm o ■ ■ ■ o H 2 o  P2 o  Hi  ° Px o h o A.

The above arguem ent shows i — 1 , 2 are C 1+a smooth for any 

a( f )  < a  < 1.
From the “G ap” Lemma, there exists r  > 0 and r-scaled neighborhood 

i f  > of l \ n) such th a t / ( i f )  C i f  I, * =  1,2, ■ • ■, g ( n ) - 1, and / ( i f )  = i f  

if / L(n) is monotone. Let
J  i

9i ~  / | j ’(n) — P  O

If gi is monotone, then denote by hi the affine m ap form i f  onto / & ( l f ) 

and let

gi =  P  o hi |Ti».

Denote

Hk =  gi+j o • • • o gi+1 o g{
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and

Hk = 9i+j o  ■ • • o g i+1 o

where 1 < k < m  and 1 <  i < i +  j  <  q(n)  — 1 .

For the same reasons, Hi is C 1+a smooth as Hi after rescaling, where 

i =  1,2, • • •, m  and a ( f ) <  a  <  1. In the following context Hi and Hi denote 

the corresponding rescaled maps, i = 1,2, • • • , m.  The im portant thing is tha t 

the C 1+° distance between Hi and Hi goes to zero as the renormalization 

level n  goes to oo, i.e.,

UHlix) -  H'{(y)} -  [%( x) -  Hl ( y )]| «  0 { \x  -  r /H

where x , y  £ 1% for some 1 <  k < q(n) — 1 .

Since each Hi is a composition of the monotone branches of the poly­

nomial P  and affine maps, Hi is holomorphic and its inverse is defined a 

slit complex plane containing a  definitely scaled interval neighborhood of the 

corresponding dynamical interval. By M ontel’s theorem, the lim it of any 

convergent subsequence of will we an univalent function with its

inverse defined on a  slit complex plane containing a definitely scaled in ter­

val neighborhood of the corresponding dynamical interval. Since Hi is C 1+a 

close to Hi, the limit of any subconvergent sequence of will have

the same properties. □
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C hapter 3 

C om plex B ou nd ’s P roperty

In this chapter, we first introduce the sector lem m a (due to Dennis Sulli­

van), which has been applied to  get a complex bound for the renormalizations 

of sym m etric cpiadratic-like mappings [Si]. We will also use this lem m a to 

find a complex bound of the renormalizations of infinitely renormalizable 

m ultim odal maps of Epstein class.

3.1 S ecto r  L em m a

Let I  =  [a, b] be an interval on the real axis. Let S  = S (a , b) be the set of 

holomorphic injections (Schlicht mappings) defined o n C \  (—0 0 , a] U [6 , + 0 0 ) 

which are homeomorphisms of [a, 6] to itself and preserve the two half planes.

Clearly S( a , b ) contains left and right square roots, branches of y/z pre 

and post composed by affine maps defined on a slit domain.

T h e o re m  3.1 Suppose a composition o f elements o f S(a,b)  o f the form

A nB n ■ ■ • A2BnA \B \

satisfying:
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Figure 3.1

1) A i, A 2 , •, A n are left square roots and B \, B 2 , • ■ ■ , B n are general ele­

ments o f S(a,  b).

2) A\ has the singularity at a (i.e. the slit for  A\ is (—0 0 , a)),  and the 

singularity a,- of A{ moves to —00  exponentially fast, i.e., i f  |a — 6 | =  1,

k <  . la'~al <  K  for  i — 2,3, ■ • • , n, where 1 < k < K  < 0 0 .

3) Let L  denote the maximal open interval on which B{ extends to a 

diffeomorphism into reals, then Bi(Ij) contains Moreover Ii contains

B ~ 1( (a i , a ) )  and a X-proportional space on both sides.

Then there exists 0 only depending on (k , K , \ ) so that the image o f C \  

(—0 0 , a] U [6, 0 0 ) under the composition is contained in the sector

—(it — 0) < arg (z — a) < -k — 0 

fo r  any z in the image.

P ro o f : 1) Since any element or composition from S  preserves the two half 

planes, it is enough to show th a t the image of the upper half plane by the

composition A nB n • ■ • A 2 B 2 A 1 B 1 is contained in the sector 0 <  arg(z — a) <

7r — 9 for any 2 in the image.
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  b-------- 1----- 1--------
B } ( ., )  •  b

Figure 3.2

2) Let Ji =  B ~ 1((ai,  a)), J t- =  J, plus A-proportional space on both sides, 

then j[  C  Since B{ is a Schlicht map on C \  {real x not in  / , } ,  by Koebe 

distortion lemma, B , maps a bounded shape neighborhood Ui of Ji in the 

upper plane to a bounded shape neighborhood Vi of (a,-, a).

Since Bi fixes the two points a and b, it only distorts the Euclidean m etric 

on the neighborhood by a bounded factor.

Now we begin to prove the sector lemma. The statem ent is obvious for 

n =  1, so assume n  >  2. S tart with any point Pi in the upper half plane and 

define P1+i =  AiBi(Pi), i =  1, ■ • •, n — 1. F irst note tha t P2 lies to the right 

of the vertical line at a. There are two cases.

Case (1) Pi is away from (a, b) relative to the singularity a,- of Ai. Precisely 

Pi does not belong to Ui.

Then P;+j is not in AiBi{Ui) =  Ai (V) .  Now Ai (V)  contains a rectangle 

resting on (Aj(a,-), a) with height a definite fraction of |A ,(at) — a\. Since Pi+ 1 

lies to the right of the vertical line at Ai(ai) and outside of the rectangle, the 

angle of P,+i as viewed from a is larger than a constant determ ined by the 

ratio  of the two sides of the rectangle.

Before we get into the Case (2), we need to make the following observa­

tions.

Observation 1 . The domains of the upper half plane bounded by circles 

passing through a and b are hyperbolic (Poincare m etric) neighborhood of

61



B j(a j) a b

A:
i+1

ba

Figure 3.3

the geodesics (a, b) in C \  (—0 0 , a] U [6, + 0 0 ). By Schwarzian lem m a they are 

m apped into themselves by any element or any composition from S.

Observation 2. Any Schlicht map defined on C \  (—0 0 , a] U [6, + 0 0 ) has 

bounded distortion on any bouned region Ro as the following.

The distortion depends on the geometry of P 0- Also it has exponentially 

small nonlinearity on a region such as R n which is exponentially small.

Case (2) Suppose there is a first i such th a t P, 6  Ui. We may assume tha t 

the angle of P, as viewed from a is large because P,_ 1 does not belong to Ui- 1
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Figure 3.4

and the reason is used in the Case (1). Now we apply a fixed num ber I of 

the factors A{B{, / l 1+iB 1+i , • • • , A,-+/5,-+/ until a,+f is much further away from 

a than P,+i. This happens because of the assumption 2) and observation 

1. By observation 2, the angle as viewed from a is only bounded distorted 

during these I itrates and after tha t the subsequent factors Aj Bj  for j  > i +I  

only cause a sequence of distortions which are exponentially small and decay 

geometrically slow. Thus the angles of P2 ,Pz , - - -  as viewed from a remain 

large in all cases.

3 .2  S ecto r  In eq u a lity

For the proof of the complex bound’s property, we need the following 

sector inequality.

Suppose a < a' < b' < b < c are reals and F  is a Schlicht m ap of a 

hemidisk D  of radius R  and center b' into a sector with angles 0 , t v / 2  resting 

on a', b' in the upper half plane H.  Let N  be the Poincare neighborhood of
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Figure 3.5

(a,  c ) in the upper half place H  corresponding to the Euclidean disk of radius 

R  whose boundary passes through a and c. Assume 0 is fixed, all non-zero 

distances between { a ,  b, c, a', b \  c'}  are of order 1, and F  carries {a, 6 , c} to 

{ a \  b', c'} in order.

T h e o re m  3 .2  (S e c to r  In e q u a l ity )  For R  sufficiently large and R / R  suf­

ficiently large compared to R ,  N  contains F ( N )  plus all points o f the upper 

half plane within a definite Euclidean distance to F ( N) .

P ro o f: 1) Let if be the Riemann mapping of the upper half plane to the 

sector carrying o o ,a ,c  to oo ,a ', c' in order. Let U(R)  denote i f (D(R) )  where 

D(R)  is the hemidisk of radius R  centered at b'.

2 ) Suppose U is a simply connected domain with an arc 7  on its boundary 

and F  is a complex analytic m ap of U —> U which continuously extends to
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Figure 3.6

7  and preserves 7 . Let U, F  denote the double of U and F  along 7 . Then 

7  is a geodesic in the Poincare m etric of U preserved by F.  By Schwartz’s 

lem m a F  preserves the neighborhoods of 7  of Poincare distance <  c for all 

c >  0. Clearly F  preserves the restrictions of these neighborhoods to U. We 

go on calling them  Poincare geodesic neighborhoods of 7  in U.

3) The Riemann map ip, outside a fixed neighborhood of the corner 

(a, b , c ), is a composition of the fractional power z a of 2 and a m apping of 

uniformly bounded distortion of the Euclidean m etric, where a  = 1/2 — 0 / tt. 

When R  is large enough U(R)  is almost the intersection of the sector with 

the hemidisk of radius R a centered at b'.

4) Now outside D(R)  when R  is large enough, F  is the composition of the 

above power m ap and some Schlicht map G of U(R)  into the sector region S  

which fixes a1 and c'.

5) Let 7  be the arc of the boundary of the sector from a' to c'. By the 

arguem ent of 2) G  takes the Poincare geodesic neighgorhoods of 7  in U(R)  

into the poincare neighborhoods of 7  in the sector region S  preserving or 

decreasing the distance to 7 .
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F(N)

a* b*
Piguie 3.7

ba c

6 ) The boundary of S  and the boundary of U(R)  only differ a very little 

at the Euclidean distance R a from 7 . Thus the geodesics much closer to 7 

than  R a are about the same for U(R)  and for S.  So G  doesn’t move these 

neighborhoods too much.

Now 3), 4) and 6 ) give the proof of the theorem.

Replace the hemidisk D  of raduis R  centered at b' in the previous theorem 

by the largest “Poincare neighborhood” M  of (c,a)  in the upper half plane 

contained in D  (it is defined in 2) of the above proof. Suppose F  is a Schlicht 

m ap of M  into the sector which continuously extends to the boundary arc 

(a, c) and carries a, 6, c to  a', b', d  in order. Let N  be the same as the above, 

which is the Poincare neighborhood of (a, c) of Euclidean diam eter R.

T h e o re m  3.3 (M o d ified  S e c to r  In e q u a l ity )  For R  large and R / R  suf­

ficiently large compared to R, N  contains F ( N )  plus all points o f the upper 

half plane within a definite Euclidean distance to F ( N) .

The following corollary will be used in the proof of the complex bound’s 

property of renormalizations of bimodal maps.

Suppose a < a' < o < b' and c < b < O are real. Actually a and c
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F(N)

Figure 3.8

are at the same place on the real line. Let D  be a slit disk D  of radius R  

and center o. Let S  be a sector with angles 9, 7t / 2  resting at a', b' in the 

upper plane H.  Let N  be the Poincare neighborhood aoc in the slit plane 

C \  (—0 0 , 0] corresponding the Euclidean disk of radius R  whose boundary 

through a and c. Let M  be the largest Poincare neighborhood of aoc in the 

slit plane C \  (—0 0 , 0] contained in D. Assume 9 is fixed and all non-zero 

distances between {a ,a ’,o, c'} are of order 1 .

C o ro lla ry  3.1 Suppose F  is a Schlicht map from the slit plane C \  (—0 0 , 0] 

into the sector S  and carries {a,o,b,c}  to {a \o ,b ' ,c '}  in order. For R  large 

and R / R  sufficiently large compared to R , N  (or M )  contains F ( N ) (or 

F ( M ) )  plus all points o f the slit plane C \  (—0 0 , o] within a definite Euclidean 

distance to F ( N ) (or F ( M) ) .
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3 .3  C o m p lex  B o u n d ’s P r o p e r ty

Let us s ta rt with a review of the complex bound’s property of renorm al­

izations of unim odal maps.

D e fin it io n  3.1 An unimodal map f  belongs to the Epstein class i f  f  =  hoQ,  

where Q is a quadi'atic polynomial, h is a homeomorphism and there exists a 

neighborhood J  o f I  such that h ~l has a complex analytic injective extension 

to the region C \  {x : x is real but not in J } .  We wirte f  G E ( J ) .

In [SI] Sullivan proves the following theorem.

T h e o re m  3.4 For any integer T  > 0, there exist N ( T ) >  0 and m ( T )  > 0 

such that fo r  any infinitely renormalizable unimodal map f  = h o Q : 1 I  

o f  combinatorial types bounded by T  o f the Epstein class E ( J ) ,  I  C J,  and 

fo r  any integer n > N ( T )  the n th renormalization g =  R n f  has a complex 

analytic extension G to some disk D  C C so that G  : D  —> G(D) is a degree 

2 polynomial-like mapping and G(D) \  D has conformal modulus > m( T) .

The purpose of this section is to prove the complex bound’s property 

for renormalizations of infinitely renormalizable m ultim odal maps of Epstein 

class. This section will be set in this way: Details will be given to get a 

complex bound of renormalizations of maps with two turning points and the 

theorem  will will be stated in a general case (the proof is ju st a modification).

D e fin itio n  3.2  An infinitely renormalizable bimodal map f  : I  —> I  is o f  

the Epstein class i f  there exist neighborhoods Ui and Vi o f critical points C{, 

i — 1,2, and hi : L/i —> h2 : U2 —* V\ such that f  — hi o Qi fo r  x  G Ui,
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Figure 3.9

f  = hi o Q 2 for  x  € U2 and hi has a complex injective analytic extension in 

C \  {a? : x is real but not in Vi}, i — 1 , 2 .

We will give all the details to prove the following thoerem.

T h e o re m  3.5  For any integer T  > 0 there exist an integer N ( T )  > 0 and 

m ( T )  >  0 such that fo r  any infinitely renormalizable bimodal map f  : I  —> I  

of combinatorial types bounded by T  of the Epstein class and fo r  any n > 

N ( T )  the n th renormalization g = R nf  has a complex analytic extension G to 

some disk D  C C so that G : D  —> G(D) is a symmetric complex quartic-like 

mappings and G(D) \  D has conformal modulus > m ( T) .
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Here numbers denote Ihc order o f  the dynamical intervals under iterates

Figure 3.10

In order to prove the above complex bound’s property, the first step is 

to factor the pullbacks into the composition satisfying the conditions of the 

Sector Lemma.

Consider an infinitely renormalizable bimodal map /  : I  —► I  of combi­

natorial types bounded by T  w ith critical points c\, c2 and critical values Vi, 

v2 respectively. Let Ti, r 2, • • ■, Tn, • • • be interval collections at each level of 

renormalizations. Let /„ (c i), In{c2) and In(vi),  in{v2) denote the intervals of 

r „  containing the critical points ci, c2 and critical values v\, v2 respectively.

Assume /  also belongs to the Epstein class. The following figure 3.10 and 

3.12 will illustrate the epoch decompositions which will be defined im m edi­

ately, and figure 3.11 and 3.13 (at the end of this chapter) will illustrate the 

proof of Prop. 3.3.

70



5  1 7  3 4  8 6  2

5 13 1 9 7 15 11 3 4 12 16 8 6 14 10 2

The numbers denote the order of the dynamical intervals under iterates.

Figure 3.12

W ithout loss of generality, we select the first interval in Tn around the 

critical point c\. Consider the backwards composition f ( n )  from In(ci) to 

„(ui) passing through each n th level interval in Tn. Define the scale of a factor 

/ -1  of f ( n ) to be the largest s so th a t its domain a t leval n belongs to  I s(yi). 

Note th a t f ( n )  is monotonic if it is restricted on the interval R n( f ) ( I n(ci)).

Divide the composition f ( n )  into epochs by: epoch (n — 1) is from the 

beginning of the composition up to and including the last factor of scale n — 1 , 

epoch (n — 2 ) is from there up to and including the last factor of scale n  — 2 , 

etc.

Among the pullbacks of R n( f ) ( I n(c\)) along the pullback composition 

/ ( n ) ,  a pullback is called left (right) if it is dynam ically related to In(vi)  by 

an orientation reversing (preserving) map. The interval of Fn containing a 

left (right) pullback is called a left (right) interval.

D e fin it io n  3 .3  The backwards composition from R s( f ) ( I s(ci)) to I s(vi) at 

level s restricted to an n th level interval in I n{ci) is called a basic map at 

level s, where s <  n.
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P ro p .  3.1 The last visit during epoch (j) to an n th level interval in I j (v i) 

lands on a left interval.

Proof: Assume /  is an increasing, decreasing then increasing bimodal map. 

Consider the case when the composition f ( j )  from R J( f ) ( I j (c i ) )  to I j (v j) is 

an orientation preserving map. Now FT is an increasing, decreasing, increas­

ing then decreasing trim odal map. If we consider i?J ( / )  as a map from I j (v i) 

into itself then it maps In(v i) to  the interval Jn furthest to the left in I j (v i) 

by an orientation reversing map. Thus Jn is a left interval and the backwards 

composition of / ( n )  in the epoch (j) is the composition of inverse branches 

of f f l ( f )  running through all the intervals of Tn in I n(v i) arriving last at Jn.

A left (right) root is the part of the factor / -1  starting at a left (right) 

interval corresponding to Q f 1 in the factoring f  = hi o Q{,i — 1.2. In epoch 

(j)  m ark all the left intervals of scale j .  Let B a denote the part of basic 

composition between two marked left roots.

The following proposition is trivial.

P ro p .  3 .2  Suppose the marked left root just after some composition B a has 

scale j .  Then B a is a finite composition o f basic maps at level j ,  right roots 

and restrictions o f h f 1 , i  =  1,2. The number o f each is bounded in terms of 

the bound T  o f the combinatorial types.

Consider renormalizable increasing-decreasing-increasing bimodal maps. 

Let ci, c2 and v \ , V2 be critical points and corresponding critical values. 

Assume uj >  c\ and u2 < c\. W ithout loss of generality, we assume in the 

second renorm alization, / ( / 2(ci)) does not contain c2. Now let Ai be the
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marked left square root a t scale (n — 1) furthest to In(v i) in 7„_i(ui), which 

is also the last visit in the backwards pullbacks during epoch (n — 1). Let 

A2, ^ 3, • • •, A n- 1 be the subsequent marked left square roots. Then we can 

decompose f ( n )  as follow

f ( n )  = A nB nA n—\B n—\ • • ■ A \B \,

where i = 1,2, • • •, 11, are Schlicht maps, i = 1,2, • • • , n  — 1, are left 

square roots and A n is a right square root related to the singular point v^.

P ro p .  3 .3  Assume f  is an infinitely renormalizable increasing-decreasing- 

increasing bimodal map o f combinatorial types bounded by T  o f the Epstein  

class. Then the composition

A n—\B n—\ • • • A \B \

in the above f {n )  satisfies the hypothesis 1), 2) and 3) o f the Sector Lemma.

Remark: The dependence of the constants k , K ,  A on /  and n are “beau” 

as the same in the real bound’s property.

P ro o f : 1) is true by the construction. 2) follows from the real bound’s 

property. The proof of 3) needs some explanation.

We express two copies of complex planes in the polar coordinate system

by

2C{0] = {(p , 0) : p >  0, - 3 t t  <  6 < tt}

where 0 is the origin in the polar coordinate system. We could select any 

point in the complex plane as this origin. We also consider it as the one-to- 

one image of a complex plane under a quadratic polynomial. The image of
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Figure 3.14

2C{o} under the square root from I n(v2) to /„ (c 2) will be a complex plane. 

Here we take v2 as the origin 0 in 2C{o}- After certain pullbacks it will meet 

the second square root from In(v 1) to I n(ci). This maps a complex plane to 

C{Ul} into a half plane. In the subsequent pullbacks the real bound’s property 

makes 3) satisfied (Figure 2.11 and Figure 2.13 illustrate the proof).

Now we can begin to prove the main theorem of this section, i.e., the 

complex bound’s property of renormalizations of infinitely renormalizable 

bimodal maps of com binatorial types bounded by T  of Epstein class.

P ro o f: Let f ( n )  denote the backwards pullbacks going from the critical 

interval I n(c\) <E Tn to the critical value interval 7„(ui) € Tn. By the Prop. 

2.3,

f ( n )  = A.nB nA.n—\B n—\ • • • A \B \ ,

where A;, i = 1 , 2 , • • ■ , n — 1 are left square roots related to the critical value 

Vi, B {,i = 1,2, are Schlicht maps, and A„ is the right square root

related to the critical value v2.

We denote

f ( n  — 1) =  A n- \ B n- \  • • •, A \B \.

Let aoc denote the m axim al interval where f { n ) is a “homeomorphism” 

into reals and let (a ,c) =  f ( n  — l)(aoc). By the Sector Lemma the im-
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n ->

a v, c

Figure 3.1 5

age under f ( n  — 1) of the slit plane C \  (—0 0 , 0] is contained in the sector 

Si : 0 <  arg(z — a) < tt — 0(T).  Now we apply A nB n to the sector S \. By 

the real bound’s property ac is an interval small enough containing the point 

f ( v  1) in the deep renormalizations. B n is well-defined on a large Poincare 

neighborhood U of ac in the upper half plane H  corresponding to an Eu­

clidean disk of radius R. So B n ju st reduces the angle of the sector by a 

definite am ount in Poincare neighborhood U' of ac inthe upper half plane H  

corresponding to an Euclidean disk of radius R /2 . Since the singularity V2 of 

A n is also far away from cic compared to the length of ac in the deep renor­

malizations, A n ju st reduces the angle of the sector by a definite amount. 

Hence A nB n maps the sector 5 i into a sector S 2 : 0'{T) < arg(^ — a) <  tt.

Now apply two branches of / -1  around v\ to the sector S 2 , we get the 

following figure.

There are several points to make.

(1) It is simple tha t r/^1(M ) in the above figure lies in a sector 7r / 2  < 

(z — b') <  ttOi because we have only applied a bounded distortion map h~l to 

the sector S 2 and then a right square root related to iq. Here g^} =  / ^ / ( n ) .

(2) The rem ark (1) applies to gZ1 = f l 1 f {n )  and gZ1{M).

(3) The distance ab' is a definite factor greater than the distance a'b' and 

a'o , where 6', o and — o are three critical points of g — R n( f ) .
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g. (M)

Figure 3.16

(4) If n (T ) is big enough then M  can be taken sufficiently large compared 

to N  in the Sector Inequality for some N  C M  with N  large relative to aoc. 

This yields the following final figure.

The proof of the following theorem is ju st a modification of this section.

D e fin itio n  3.4 A map f  : I  —> I  is called to be o f Epstein class i f  it is o f the 

form  h o P , where P  is a real-coefficient polynomial and / i _1  has a complex 

analytic injective extension to the complex plane minus the complement o f a 

definite neighborhood o f I  in the real line.

T h e o re m  3 .6  (C o m p le x  B o u n d ’s P r o p e r ty )  Let f  = h o P  : I —* 1  be

infinitely renormalizable o f Epstein class and k (n ) <  T . Then there exists 

n ( T ) € N  a n d m ( T )  > 0 such that for. any n  > n(T) ,  the n th renormalization 

g = R n( f )  has a complex extension G to some neighborhood U in the complex
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R. (N)

Figure 3.17

plane so that G : U —> G(U) is a polynomial-like mapping and the modulus 

o f G(U) \  U is greater than m( T) .

3 .4  P o ly n o m ia l-lik e  M a p p in g s

The bridge between the complex bound of renormalizations and a Te- 

ichmiiller theory of the space of infinitely renormalizable maps with the same 

com binatorial types is Douady-Hubbard’s theory of polynomial-like m ap­

pings. A polynomial-like m apping is defined as follows.

D e fin itio n  3.5  A polynomial-like mapping o f degree d is a triple (U , U ' , f ) 

where U and U' are open subsets o f the complex plane C holomorphically 

homeomorphic to disks with U‘ relatively compact in U , and f  : U' —> U an 

analytic and proper mapping o f degree d.
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Let P  : C —> C be a polynomial of degree d and let U = D r be the disk 

of radius r. If r  is large enough, then U =  P ~ l (U) is relatively com pact in 

U and homeomorphic to a disk, and P  : U —► U is annlytic and proper of 

degree d. Hence (U, U' , P)  is a  polynomial-like mapping.

D efinition 3.6 Let f  : U' —*■ U be a polynomial-like mapping o f degree d. 

The set

I<J =  n n>0r n(t/ ') ,

consisting o f all z £ U' such that f n{z) is defined and belongs to U' f o r n  > 0, 

is called the filled-in Julia set o f f .  The Julia set J j  o f f  is the boundary o f

Kf .

The filled-in Julia set is a compact subset of U '. As a dynam ical system, 

/  is mainly interesting near K f .  The following statem ents are standard for 

polynomials and they are also valid for polynomial-like mappings.

P ro p .  3 .4  Every attractive cycle has at least one critical point in its im m e­

diate basin.

P ro p .  3 .5  The filled-in Julia set K /  is connected i f  and only i f  all critical 

orbits o f f  belong to K f .  I f  none o f critical points belongs to K j  then K j  is 

a Cantor set.

Let f  : U' —+ U and g : V ’ —> V  be two polynomial-like mappings. We will 

say tha t /  and g are topologically equivalent (denoted by /  ~ t0p. <7) if there is 

a homeomorphism (j> from a neighborhood of K j  onto a neighborhood of K g 

such tha t <f> o f  = g o <f near K f .  If <j> is quasiconformal (resp. holomorphic)
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then we will say /  and g are quasiconformal (resp. holomorphic) equivalent 

(denoted by /  ~ 9C g and /  g). We will say th a t /  and g are hybrid

equivalent (denoted by /  g) if they are quasiconformally equivalent and 

(j) almost has no complex dilatation, i.e., d<j> =  0 almost everywhere on K j.  

We see tha t

/  9 =>• /  ~w> g

= *  f  ~ q c  9 =>• /  ~top. <7- 

If J f  is of measure 0 (as said in [DH], no example is known for which this does 

not hold), the condition d<j> =  0 a.e. on K j  just mean th a t j) is analytic on 

interior of K j .  The following theorem  give the relation between polynomial­

like mappings and polynomials.

T heorem  3.7 (T he Straightening Theorem ) [DH]

1) Every -polynomial-like mapping f  : U' —> U o f degree d is hybrid equiv­

alent to a polynomial P  o f degree d.

2) I f  K j  is connected, P is unique up to conjugation by an affine map.

Remark: By this theorem, Sullivan’s nonwandering domain theorem  and 

classification theorem of Fatou components are also valid for Fatou compo­

nents inside K /  for any polynomial-like m apping / .

The hybrid-equivalent classes of polynomial-like mappings are called in­

ternal classes. The following is going to classify the polynomial-like mappings 

in the same internal class. We are only concerned with the cases in which 

the filled-in Julia sets are connected.

D efinition 3.7 Let f  : U' —* U and g : V ' —> V be two polynomial-like 

mappings, with K f  and I \g connected, f  and g are externally equivalent
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(denoted by f  ~ ex(. g) */ there exist connected open sets U\, U[, V\ and V( 

such that

I<j C  U[ C  f/i C  U, f - \ U x) = U{,

Kg c v;  C V X C V ,  g - \ V x) = K',

and a complex-analytic isomorphism

<f>:UX\  K j  -> K  \

such that

(f>° f  = g o  <j>.

Any degree d polynomial-like m ap /  : U' —► U with connected filled-in 

Ju lia  set can be associated with a real analytic degree d expanding circle

m ap h j : S 1 —> S 1 which is unique up to conjugation by a rotation [DH].

h j is called the external map of / .  Since we are only interested in the case 

in which the filled-in Julia set is connected, the construction of h j is very 

simple.

Let a  be an isomorphism of U \  K j  onto W + = {z : 1 <  \z\ < R }  (log R  

is the modulus of U \  K j)  such tha t |a ( 2 )| —> 1 when d ( z , K j )  —> 0 . Set 

— a(U ' \  K j)  and h+ =  a  o f  o a -1  : W'+ —> W+. Let r  : z —* |  be the 

reflection with respect to the unit circle, and set W - = r(VL+ ), W'_ =  t (W'+), 

W  =  W+ U  5 1 U  W -  and W ' = W'+ U  5 1 U  W'_. By the Schwartz reflection 

principle, h+ extends to an analytic m ap h : W ' —> W , the restriction of h 

to  S 1 is h j. The m apping is strongly expanding for degree d > 2.

Prop. 3.6 Let f  : U' —* U and g : V ' —> V  be two polynomial-like mappings 

with connected filled-in Julia set K j  and K g, h j and hg be their external
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maps. Then f  and g are externally equivalent i f  and only i f  h j and hg are 

conjugated by a real analytic circle map.

P ro o f : =£>) It is straight forward.

4 = )  h f, hg and <j> are real analytic and <j> o h f = hg o <f> on the unit 

circle, h f, hg and <j> can extend to complex analytic maps in a small annulus 

neighborhooh of the unit circle and the above identity  can also extend to 

the above neighborhood by the property of complex analytic maps. After 

conjugation by a  constructed as the above, a ~ l o <f> o a  conjugate /  to g in 

a annulus neighborhood of K j  (outside). This proves they are externally 

equivalent.

P ro p .  3 .7  Let f  : U' —> U be a polynomial-like mapping o f degree d with 

connected filled-in Julia set and h : S'1 —> S 1 be an expanding analytic map of 

the same degree d. Then there exists a polynomial-like mapping g : V ' —» V  

with connected filled-in Julia set which is hybrid equivalent to f  and it is in 

the same external class o f h.

P ro o f: Suppose a  is constructed as the above which maps U \  K j  onto an 

annulus domain whose inner boundary is the unit circle. We still denote by 

h the extension of h to an annulus domain outside the unit disk. It suffices 

to  construct a quasiconformal m ap (f> defined on a neighborhood of K j  with 

no complex dilatation almost everywhere in K /  and such tha t

f  o f  = a -1  o h o a  o (j) 

holds on W  \  K j ,  where W  is a neighborhood of I ( f .
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Let denote h = a -1  o  h o  a . We can construct (j> as follows. W ithout loss 

of generality, we assume U C W . Pick up any elliptic vector field p  on U \ U \  

where 11/̂ ||o o  < I- Pull back the elliptic vector by / ,  i.e., p(z)  = p ( f { z ) ) ^ r f \ ,
J \ z )

we get an elliptic vector field on U \ K f .  Let p = 0 on K j ,  by the measurable 

Riemann m apping theorem , we will get <f> with dj)/dj)  =  p,  which is unique 

up to pre or post composion with a Mobius transform ation.

Since p is invariant under / ,  <j> o  /  o  <j)~l is analytic on Indeed it is

a polynomial-like m apping of degree d which is hybrid equivalent to /  and it 

is in the same external class of h.

D efinition 3.8 The Mandelbrot set o f the quadratic fam ily f c(z) = z 2 +  c, 

c G C, is defined as

M c — {c G C : the critical orbit o f  f c is bounded}

=  {c G C : the Ju lia  set J ( f c) is connected).

From the Straightening Theorem and the Props. 2.6 and 2.7, it is easy to 

get the following theorem.

T heorem  3.8 (D H ) 1) Every hybrid equivalent class cuts the Mandelbrot 

set once and only once.

2) Each hybrid equivalent class is bijectively equivalent to the set o f real 

analytic degree 2 expanding maps o f S 1 up to real analytic conjugation.

Related to the renorm alizations of infinitely renormalizable bimodal maps, 

we need to  consider a special family of quartic maps.
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D efinition 3.9 A sym m etric complex quartic-like mapping is a degree 4 

polynomial-like mapping f  which is sym m etric with respect to one o f its criti­

cal points, i.e., there exists a critical point c o f f  such that f ( z  — c) = f ( c  — z ) 

fo r  any z in the domain.

Prop. 3.8 A ny sym m etric complex quartic-like mapping f  has one critical 

point as a middle point o f the other two critical points where f  has the same 

critical values.

Prop. 3.9 For a complex quartic polynomial f , i f  one o f critical point is the 

middle point o f the other two critical points then f  is a complex symmetric 

polynomial. Furthermore any complex sym m etric quartic polynomial f  is 

conjugate to a polynomial o f the form  o f

z4 + p z2 + q

by an affine map, where p ,q  € C.

Proof: Up to conjugation by a  translation, we assume —c, 0 and c are three 

critical points of / .  Then f ' { z )  =  a(z  +  c)z(z  — c). So

r /  \  ^ 4  2
/(* )  =  i z ~  ~y z + r -

Clearly we can conjugate /  to a polynomial of the form

z4 + pz2 + q

by a linear map, where p, q G C.
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We define the  M andelbrot set of the quartic family f p,q{z) = zA + p z2 +  q 

as the following.

M p<q =  {(p, q) e C x C - .  J ( f p,q) is connected}

=  {(p, q) € C x C  : critical orbits o f  / P)? are bounded).

And let the intersection of M p>q with the real plane be

M P ,g  =  {(P>?) G ^  X 7Z : J { f P,q) is connected)

-  {{p,q)  g ^  x 1Z : critical orbits o f  f p<q are bounded).

Related to the renormalizations of infinitely renormalizable bimodal maps, 

we are interested in the sym m etric quartic polynomials f P}lj — z4 +  p z2 +  q 

with p <  0 and q €  1Z. Before we give the theorem to see how the internal 

classes of complex sym m etric quartic-like mappings cut MPi9 (or M p,g), we 

need the following modified Douady-Hubbard straightening theorem.

Theorem  3.9 1) Every complex sym m etric quartic-like mapping f  is hybrid 

equivalent to a complex sym metric quartic polynomial P .

2)I f  K ( f )  is connected then P  is unique up to conjugation by an affine 

map.

We also need the following modification of the Prop. 3.7.

T heorem  3.10 Let f  be a complex sym metric quartic-like mapping and h : 

S l —> S' 1 be an expanding analytic map o f degree 4. Then there exists a 

complex sym m etric quartic-like mapping g which is hybrid equivalent to f  

and is in the same external class o f h.
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Now we have the following result.

T h e o re m  3.11 1) Every hybrid equivalent class o f complex sym m etric quartic- 

like mappings cuts M p,q once and only once, but it cuts M p<q three times.

2) Each hybrid equivalent class o f complex sym m etric quartic-like map­

pings is bijectively equivalent to the set o f real analytic degree 4 expanding 

maps o f S 1 up to real analytic equivalence.

We will refer to the various “submanifolds” of sym m etric complex quartic- 

like mappings with constant internal classes as the prestable manifolds of the 

renorm alization operator on infinitely renormalizable bimodal maps. Any 

C-analytic family fixing the internal class defines a C-analytic submanifold 

[DH]. Therefore in the context of sym m etric complex quartic-like mappings, 

the stable manifolds of the renorm alization operator have at least a real 

analytic structure.

3 .5  Q u asicon form al C o n ju g a cy

In this section we prove all infinitely renormalizable Epstein-class maps 

with the same bounded combinatorics are actually hybrid equivalent.

F irst we introduce Thurston equivalences and the pullback conjugacy. 

Given two polynomial-like mappings F  : U —> F ( U ) and G : V  —> G(V)  

with connected filled-in Julia sets. Assume X f  and X q  are contractible 

regions containing the post critical orbits Cf and Cg respectively for F  and

G.

Consider isotopic classes of pairs



which send the critical orbits Cf  to  the critical orbits Cg in order. S tart 

w ith such an isotopic class Ho and lift it to Hi  through the branched covers 

so th a t the critical points of F  go to the critical points of G in order.

( U, CF) ( V , C G)

( F ( U ) , C f ) ( G ( V ) , C g ).

Now we have defined a map H0 —► Hi  on isotopic classes which is called the 

Thurston map. A Thurston equivalence is an isotopic class which is fixed by 

the  Thurston map.

For the pullback conjugacy theorem we start with a representative of 

a Thurston equivalence H 0 : F(U)  —> G(V)  which a) is also a conjugacy 

between the maps F  : dU  —> dF(U)  and G : d V  —> dG(V)  and b) is a 

quasiconformal homeomorphism.

Then Ho : F(U)  —> G(V)  and the pullback Hi : U —> V  restrict to 

maps dHj : dU  —> d V  satisfying G o dHi  =  dHo o F, i — 0,1. So either 

dHo =  dHi  or dHo — dH\  o r  where r  is the involution of the degree d-cover 

F  : dU  —»• dG(U).  Since Ho and Hi  have the same isotopic class relative 

to  C f  and Cg,  dHo =  dHi  : dU —> dV.  Thus we may add to Hi  the 

restriction of Ho to the outer annulus F ( U ) \  U to get an extension of Hi  

to a homeomorphism between F(U)  and G{V).  This homeomorphism called 

Hi  : F(U)  —> G ( V ) will be quasiconformal if we make the assumption tha t 

d U  in F(U)  is a quasicircle. Its maximal complex dilatation will be the same 

as th a t of Ho because it is the union of Ho on F ( U ) \ U  and a “complex 

analytic conjugacy” of Ho. We iterate the process to construct an infinite 

sequence of A'-quasiconformal homeomorphisms with Cg  carried to Cg  in
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order and not changing on the outer rings F ( U ) \  U, U \  i 7’_1(C/) and etc. 

By a theorem  of quasiconformal homeomorphisms, we can get convergent 

subsequences on whole F(U).  The lim it actually exists on the union of these 

rings. So if the union is dense, all lim its over subsequences are equal and are 

equal to  the continuous extension of what is on the rings.

The union of the outer rings is dense in F(U)  if the filled-in Ju lia  set 

has no interior point. In this case, the conformal distortion of the limiting 

conjugacy depends on the conformal distortion of H0 on the fundam ental 

domain F(U)  \  U and the conformal distortion of H q on the Ju lia  set. The 

la tte r will be zero if there is no “measurable invariant Beltram i line bundle 

on the Ju lia  set” . Now we sum m rize the above discussion into the following 

theorem.

T h e o re m  3 .12  Suppose F  and G are polynomial-like mappings which are 

Thurston equivalent (along their post critical orbits) via a quasiconformal 

homeomorphism. I f  dU  C F(U) and d V  C G(V)  are quasicircles then there 

exists a quasiconformal conjugacy I I  : F (U ) —> G(V)  between F  and G. The 

conformal distortion o f H  only depends on the pail's (F(U)  \  U , F \ qu) and 

(G^R) \  V, G\ov) i f  the filled-in Julia set has no interior and the Julia set has 

no “measurable invariant Beltrami line bundle”.

P ro o f : We can deform and extend a quasiconformal homeomorphism, rep­

resenting a Thurston equivalence, by an isotopy to make it satisfy a) and b). 

the above discussion am ounts the proof.

Remark: In the case of infinitely renormalizable sym m etric quadratic-like 

mappings, C urt McMullen proves tha t the Julia set cannot carry a “m easur­
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able invariant Beltrami line bundle” in [Me]. I believe the strategy there 

can also used to prove the Ju lia  set of infinitly renormalizable sym m etric 

quartic-like mappings (or bimodal maps) cannot carry a “measurable invari­

ant Beltram i line bundle” . The classification theorem of Fatou components 

[S3] tells us the filled-in Julia set cannot have interior if the polynomial-like 

m apping is infinitely renormalizable. So in the context of infinitely renorm al­

izable quadratic-like or quartic-like mappings, the assumptions in the above 

theorem  are autom atically satisfied.

In the next part the conformal distortions of the quasiconformal conju­

g a te s  between two external classes will be studied.

Let m(x)  denote the suprem um  of the conformal modulus of F ( N )  \  N  

for some representative F  of x,  where F  : N  —» F ( N )  is a degree m  holomor- 

phic mapping defined in a neighborhood N  of {z : \z\ =  1} in {z  : \z\ >  1} 

and x  denotes the complex analytic equivalence class of the germ F.  For 

example, if F  is given by ~ —► z m then m(x)  is infinity. Let dis tance(x,y)  

denote the infimum of the m axim al conformal dilatations of the quasiconfor­

mal con jugates between representatives of x  and y on some neighborhoods 

of {z  : \z\ =  1} in {z : \z\ > 1}.

T h e o re m  3 .13  For any e >  0, there exists 0 <  d(e) <  oo such that i f  x  and 

y satisfies m(x )  > e and m(y)  >  e then di s tance(x,y)  < d(e).

P ro o f: Let F  : F _1(N)  —» N  and G : G~1(N)  —* N  be representatives 

for x  and y. Since the conformal modulus of F ~ 1(N)  \  F ~ 2(N)  is half of 

the modulus of N  \  F ~ X(N) ,  there exists 0 <  d(e) < oo such th a t we can 

take suitable N\  and N 2 for F  and G  so th a t the ratio  of the moduli of
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Ni  \ F ~ i (Ni)  and N 2 \  F ~ 2(N2) is between 1 /d(e)  and d(e). After coordinate 

changes we can assume Ni = N 2 = N .  Now start with the idnetity  m ap on 

the outer boundary of N , pull it back through F  and G, we get a  m ap h 

which carries the outer boundary of i 7’_1(7V) to the out boundary of G~1(N).  

There exists a  quasieconformal map H  from N  \  F ~ 1(N)  onto N  \  G~1(N)  

such tha t the restriction of H  to  the boundary equals to the idntity  m ap on 

the outer boundary and h on the inner boundary. The maximal conformal 

d ilatation of H  is controlled by the ratio of the moduli of N  \  F ~ 1(N)  and 

N  \ G ~ 1(M).  The pull back technique gives us a quasiconformal m apping H  

between F  and G, and the maximal conformal dilatations of H  and H  are 

equal. We finish the proof.

The following theorem says tha t in the cases of bounded types the com­

binatorial types of infinitely renormalizable sym m etric quadratic-like m ap­

pings, quartic-like mappings or bimodal maps of the Epstein class uniquely 

determ ine their internal classes. We state  the theorem in the case of bimodal 

maps.

T h e o re m  3.14  I f  two infinitely renormalizable multimodal maps F  and G 

o f the Epstein class have the same bounded combinatorial type (fj0, crj, cr2, ■ ■ •) 

then they are in the same internal class.

Proof: All the renormalizations are bounded smooth quartic-like maps by 

the real bound’s property. The critical orbital Cantor sets can be expressed 

as the intersection of the interval collections at all levels corresponding to F  

and G respectively. Futherm ore, we can present the critical orbital Cantor 

sets as an intersection of the sym m etric pictures with respect to the real axis
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Figure 3.18

in plane of disks within disks as the following pictures.

The geometry of interm ediate “pairs of pants” are bounded and eventu­

ally uniformly bounded because of the real and complex’s properties. This 

leads us to construct a quasiconformal homeomorphism between two disks 

containing the critical orbital Cantor sets by choosing the standard sym­

m etric rigid maps between corresponding circles and extending them  to a 

diffeomorphism between interm ediate “pairs of pants” regions with bounded 

maxim al conformal dilatation. Use the pullback conjugacy technique to  get 

a sym m etric quasiconformal conjugacy between F  and G.

Suppose tha t the above conjugacy between F  and G  has conformal d ilata­

tion on the Julia set of F . Let the complex polynomial P (z ) =  z3 +  pz +  q (p 

and q are two reals) be hybrid equivalent to F. Then P  adm its a sym m etric 

invariant conformal structure on its Ju lia  set. This conclusion is valid for 

all the polynomials z —» z 3 + pz +  q with this kneading invariants. There 

is a closed line segment of such polynomials in the param eter space R 2 if
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theorem is false (restrict the consideration on a  curve of sym m etric Beltrami 

coefficients if necessary). Apply this statem ent about conformal structures 

to an end point of this line segment. Construct a quasiconformal deforma­

tion of the endpoint, which represents a cubic polynomial, to see it is not the 

endpoint. Contradiction.

Remark: In the context of quadratic polynomials, since Yoccoz proves a 

quadratic polynomial which carries an invariant line bundle on its Ju lia set 

is infinitely renormalizable, the above result implies the Julia set of a real 

quadratic polynomial carries no invariant line bundle. From the A-lemma of 

[MSS], one obtains tha t every component of the interior of the M andelbrot 

set meeting the real axis is hyperbolic. These conclusions are stated  in the 

work of C urt McMullen in [Me].
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Monotone pullback

Twice-wrapped complex plane with a slit.
Square

Monotone pullback

Monotone Pullback

Suqarc root

i
Add in one more slit.

Figure 3.11
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This figure continues the Figure 2.11.

Monotone pullback

Monotone pulback

Square root

\

Monotone pullback

Square root

Figure 3.13
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C hapter 4

C ontraction o f  
R enorm alization  in 
Teichm uller M etric

Laminations are somehow like foliations. The inverse lim it space of a self 

m ap of a set is the space of backwards orbits. If the self m ap is a covering 

m ap of a manifold, then the inverse lim it space can be viewed as a folliation 

with “sheets” are manifolds and fibres are Cantor sets. W hat we will be 

concerned with are the inverse lim it spaces of expanding circle maps and 

analytic covering maps between two plane annuli. The space of the orbits 

of the natural extension m ap on an inverse lim it space is called a dynamical 

lam ination. A Teichmuller theory can be introduced to the laminations with 

sheets (will be called leaves) are hyperbolic Riemann surfaces. The space of 

conformal structures on dynam ical lam ination can be used to  describe the 

space of dynam ical systems. In fact, the Teichmuller theory on dynamical 

lam inations and the complex bound’s property of renormalizations lead to 

the contraction property of the renormalizations of quadratic-like mappings,
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due to  Dennis P. Sullivan. W ithout any difficulty, we will see the same 

Teichmuller theory on the set of the external classes in a same internal class 

with connected Julia  sets of any degree. The contraction property is also 

valid for renormalizations of m ultim odal maps of Epstein class since they 

also have a complex bound’s property.

4.1  In v erse  L im it S p a ces as L a m in a tio n s

D efinition 4.1 For any set X , any self map f  o f X , the inverse limit space 

X f  is defined as follows:

X j  — {.T — ( ^ . . . , Xn , . . . , X \ , X q  ̂ . t/*(*En) — , 72 £  - ^ }  *

Furthermore, let tcj : X j  —> X  be defined by 7T/((..., x n, ..., aq, xq)) = .x-o, and 

f  : X j  - *  X } be defined by f  x n, . . . , xu x 0)) =  (..., x „ _ i , ..., aq, x 0, f ( x 0)).

P ro p .  4.1 I f  X  is a topological space, f  is a continuous self surjection o f X ,  

then f  is a homeomorphism on X f  with the weak product topology.

Remark: If X  is a topological space, /  is a homeomorphism of X , then 

7Tf conjugates /  : X f  —» X f  with /  : X  —> X .

If X  is good enough, /  : X  —> X  is a regular covering map, then we can

define a leaf equivalent relation on the points of X f .  Every leaf equivalent 

class will be called a leaf.

D efinition 4.2 Let X  be a connected manifold, f  : X  —> X  be a regu­

lar covering map, two points ( . . . , xn, . . . , x i , x0) and y\, yo) are leaf

equivalent i f  there exists a cur've 70 in X  between x 0 and y0 such that the
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lifting o f 7 ,-1  with the initial point at £,- will end at the point j/,-, i (E N . 

Every leaf equivalent class is called a leaf.

P ro p . 4 .2  I f  X  and f  : X  —> X  are the same as the above, then every leaf 

is dense in X f .

Every leaf is actually a manifold. We will give the definition of a manifold 

lamination and put the manifold lam ination structure on the above inverse 

lim it space.

D efinition 4.3 Let C be a Hausdorff topological space. A n-dim ensional 

manifold lamination atlas on C is a collection o f open homeomorphisms: 

<j>i : Ui —> R n x A (each o f ivhich is called a local coordinate chart or a flow  

box), where A is a topological space and {U,} is an open cover o f C, satisfying  

that the overlap maps <j>ij =  cf>j o f f 1 are o f the form

(.t,A) 1 > ((f>ij(x, A), Ajj(A)).

A n-dimensional manifold lamination structure on C is an equivalent class 

o f n-dimensional manifold lamination atlases on C, where two atlases are 

equivalent i f  their union is again an atlas. We call <j)~l (R n x {A}) a local 

sheet. Furthermore we say x and y o f C are equivalent i f  there exists a chain 

£0 =  x , X i, ..., x n =  y such that Xi and £,•+1 belong to the same local sheet. 

An equivalent class L  o f this equivalent relation in C is called a leaf.

Clearly, the leaf defined in a  n-dimensional manifold lam ination is a m an­

ifold. If an inverse lim it space X f  has a n-dimensional manifold structure, 

then the above two leaf equivalent classes are same in X f .
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Suppose X  is a connected n-dimensional manifold, /  : X  —> X  is a proper 

covering m ap with degree m . For any point x 0 of X ,  xo has m  preimages. 

The set of backward orbits of xq is a m -nary Cantor set. We say xq allow a 

thick Cantor set of backward orbits if there exists a neighborhood U of x 0 

such th a t f ~ n(U) has m n disjoint components for any n G N .  Clearly /  maps 

any component of f ~ n(U) homeomorphically onto one of the component of 

f ~ n+1(U). Hence

n j \ U )  = U x  Z™ = U x  * j \ x o),

where 717 : X j  —» X  : (..., x n, ..., aq, .t0) > a;o.

We will take <f>i : t tJ1(U) —> U x as local coordinate charts, where 

A is a m -nary Cantor set. If i r j 1^ )  fl 7r J 1(V) ^  0, then U fl V  ^  0. The 

overlap m ap restricted to a leaf is the overlap m ap between U and V.  The 

collection of all thick Cantor sets gives a manifold lam ination structure atlas. 

An equivalent class of the atlases gives a manifold lam ination structure on 

the inverse lim it set X j .

T heorem  4.1 Let X  be a connected n-dimensional manifold and f  be a self 

covering map o f X  with degree m . Suppose every point x  €  X  allows a 

thick Cantor set o f backward orbits. Then the inverse limit space X f  is a 

n-dim ensional lamination. And every leaf o f this lamination is a covering 

space o f X .

Proof: The first statem ent comes from the above discussion. One can eas­

ily see the second statem ent is true from the first defination of a leaf in a 

lam ination.
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Corollary 4.1 Let Y  be an open subset o f X  and f  : Y  —> X  be a surjective 

covering map. I f  there is a thick Cantor set at each point o f X ,  the inverse 

lim it space is also a manifold lamination.

Remark: 1) If /  : X  —> X  is an expanding covering m ap or a Markov 

covering m ap, then every point of X  allows a thick Cantor set of backward 

orbits.

2) In the most cases we trea t, every leaf of X j  is a universal covering space 

of X .  Hence the lamination X j  is sometimes called the quantized universal 

covering space of f  : X  —> X .

For x 0 G X ,  ttJ 1(xo) is called the fibre of ttj : X j  —> X  over Xo■ Let 

x = (...., x n, ..., Xi, x 0) G 7rf1(xo), for any element g of the funderm ental 

group 7ri(X, So) of X  with the base at the point Xo, we have

7rJ 1(xo) n  the l e a f  passing through x

=  {</(*) : 9  € 7Ti(X,.T0)},

where g(x)  = . . . , y t , y0), yn are end points of the lifts of gn with initial

points at xn, n € N ,  g0 = g.

T heorem  4.2 Let X  and f  be the same as in the above Theorem 3.1 and f  

be the natural extension map o f f  to the space X j .  The orbital space X j j f  

is a maifold lamination.

In the following context, what we will be concerned with are 1-dimensional 

manifold lam inations (called solenoids) and 2-dimensional manifold lam ina­

tions with each leaf is a Riemann Surface and overlap maps are holomor-
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phisms in leaf directions (called Riemann surface lam inations or solenoidal 

Riemann surfaces).

Exam ple 1 : Let /  : S l —> S 1 be a C 1+a expanding map of degree m . The 

inverse lim it space

S /  =  { (...,x n, . . . , xu x 0) : f ( x n) = x n- ! ,n  £ N }

with the weak product topology has a one-dimensional manifold lamination 

structure. It is a solenoid.

The natural extension

f  . S j  ^ S j  . ( . . . ,  . r n , . . . ,  Xo) 1 ^ ( • • • > ^ n —i i •••!  X q , y (a ’o))

is a homeomorphism. Its inverse is a shift m ap, and /  covers / ,  i.e., ttj o  f  — 

f  o 7r/, where ttj : S j  —» .S'1 : ( .. .,xn,...,Xi,Xo)  i—> a’o- Indeed, nj  is a 

locally trivial fibration whose fibres are m -nary Cantor sets. Each orbit of 

the adding-one machine in the m-nary Cantor set is dense in Z “ . All 

points in a same orbit of the adding-one machine are in a same leaf. Each 

leaf is dense in S /. Each leaf of S j  is homeomorphic to R 1. Through the 

local homeomorphism irj it naturally inherits a C 1 smooth structure. In fact, 

because /  6  C 1+", S j  carries a natural affine structure. More precisely, one 

can make overlaps between local coordinates to be C 1+“ in the leaf direction 

and such th a t /  becomes affine under those local coordinate charts.

A periodic leaf L  of period k under /  contains a unique periodic point x  

of /  which is m apped by ttj to a periodic point x  of /  with the same period 

k. The m ultiplication factor of f k a t x  is equal to the eigeinvalue of f k at 

the periodec point x.
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A Riem ann surface lam ination can be defined as follows.

Let C j =  { ( £ , v )  : x  G S j , v  G TXLX}, where Lx denotes the leaf of S j  

through x and TXLX its tangent line through x.  One can give a Riemann 

surface lam ination structure on Cj  by covering it by two flow boxes. Let p 

be the fixed point of /  and f ( p )  = f ( p ), p p ■ Let x G S j \ i r J 1(p). Let x_ 

and £+ be the only two points on the leaf Lx such th a t the interval (£_ ,£+ ) 

of Lx containing x  is mapped homeomorphically onto by 717. Select

the affine structure on Sj .  Let hx : Lx ^  R be the C 1+a diffeomorphism 

which maps (£_ ,£+ ) to (0,1). We define : Cj  \  {{y,v)  : y G 7rj ' ( p ) , v  G 

TyLy} — > x (0,1) x R to be

$ (x ,u )  =  (p{x) , hx( x ) , ± \ D h x {x) ■ n |),

where p is the labeling function of sheets in the local coordinate chart, we 

take the “+ ” sign if Dit j{x)  ■ v is a positively orientated vector in S 1 and the 

if otherwise. We get the other flow box by the same construction, just 

using p instead of p.

The lam ination Cj  is defined as

Cj  — {(.£, v) G Cj  : Dn f ( x )  ■ v > 0}

with local coordinate charts are the restrictions of the above local coordinate 

charts on it.

Let F  : Cj  —y Cj  be the m ap

F ( x , v )  =  ( f ( x ) , D f ( x )  ■ v),

where D f ( x ) is the derivative of /  to the leaf through x.  In term s of the 

local coordinate chart $  , the expansion of F  is an affine m ap on each leaf.
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Clearly F  is an expansion of /  and hence is holomorphic in the leaf direction. 

So L f  is a Riemann surface lamination.

The orbital space C j / F  is a compact Riemann surface lam ination. Each 

leaf of C j / F  is the quotient of a leaf of Cj  under F.  A leaf of C j / F  is a 

cylinder if its preimage in C;  is periodic under F.  Furtherm ore the conformal 

modulus of each cylindrical leaf corresponds to the eigeinvalue of /  at the 

corresponding periodic point. For the brevity of notations, we will still denote 

C j / F  by Cj.

Exam ple 2: Let U be a simply connected domain in the complex plane 

and F  : U —> F( U)  D U  be a polynomial-like m apping of degree m  whose 

filled Julia set J ( F)  is connected. As before we consider the inverse space

CF - { z  = ( .. . ,z n, . . . , z u z0) : z0 E F ( U ) \ J ( F )  : F ( z n) =  zn- i , n  € N} ,

the fibration 7Tp  : C f  —» F ( U ) \ J ( F )  is defined by t v f ( z ) =  zo and the natural 

extension F  is defined from t t^ 1(U \J (F ))  to tip .

The quotient of the backward orbital space Cp  =  Cf / F  is a Riemann 

surface lam ination, actually it is holomorphically equivalent to Cj  in the 

example 1 .

Indeed the lam ination Cp  only depends on the germ of F  near the Julia 

set. If W  C Uis a smaller neighborhood of J ( F)  with F ( W )  D W,  then 

Cf \w is the backward orbital space of F  restricted on F ( W )  \  J ( F )  and it is 

clearly equivalent to the backward orbital space of F  on Cp.

D efinition 4.4 : Two polynomial-like mappings Fi : U, —> F{(U,) D U i,i = 

1,2, with connected filled-in Julia sets are external (or exterior) equivalent if
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there exist V{ C U{,i =  1,2 and a conformal map h : Vi —> V2 such that h 

conjugates F\ : V\ —» Fi(Vi) to F2 : V2 —> F2(V2).

By Doudy and Hubbard, the external equivalent classes are represented 

by analytic expanding circle maps up to analytic conjugations.

Fix an expanding analytic circle m ap / 0, suppose another such m ap /  

is quasiconformally conjugate to fo (on a  neighborhood of the circle), then 

there exists a quasiconformal homeomorphism hj0j  which sends C j0 to  Cf.  

We say th a t two Riemann surface laminations Cf x and C j2 are conformally 

equivalent if /*/„,/, o hjoj i is isotopic to a  homeomorphism between £ /, and 

Cj2 which sends leaves to leaves and which is conformal on each leaf.

If two polynomial-like mappings Fi and F2 are external equivalent, then 

the Riemann surface laminations C ^  and Cp2 are conformally equivalent. 

The following theorem says the converse is also true.

T h e o re m  4 .3  Two analytic expanding circle maps f \  and f 2 are analytically 

conjugate i f  and only i f  the corresponding Riemann surface laminations C j1 

and C f2 are conformally equivalent.

P ro o f: W ithout loss of generality, we assume the degrees of f \  and f 2 are 

bigger th a t 1. The analytic conjugation between /1  and f 2 can be lifted 

to a homeomorphism between C and C j2 which is conformal on each leaf. 

Conversely if two Riemann surface laminations C and C / 2 are conformally 

equivalent then the equivalence sends a leaf associated to  a periodic orbit 

of f i  to a leaf associated to the corresponding periodic orbit of f 2. Since 

these leaves are cylinders and they are conformal equivalent, the moduli of
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these cylinders are equal. It follows th a t the eigenvalues of the corresponding 

periodic orbits of / i  and f 2 are equal. The paper [SS] implies th a t f \  and f 2 

are analytically conjugate.

4 .2  A  T eich m u ller  T h eo ry  o n  L a m in a tio n s

The renormalization on complex quadratic-like mappings with the same 

com binatorial types can be interpreted as an operator on the spaces of exter­

nal classes, namely the spaces of expanding analytic maps of the unit circle 

up to analytic conjugacy. A m etric will be introduced to these spaces via a 

m etric on the spaces of quasiconformal Riemann surface lam inations C j up to 

conformal equivalence. Till now it is quite natural to think of a Teichmuller 

theory on the space of the quasiconformal Riemann surface laminations.

One can describe the classical Teichmuller theory of Riemann surfaces in 

term s of Beltram i coefficients and holomorphic quadratic differentials [Gar­

diner, Lehto]. A similar Teichmiiller theory on Riemann surface laminations 

related to dynam ical systems in the renorm alization theory has been studied 

by Sullivan [SI, S2], de Melo and van Strien [MvS] and etc.. The completion 

of the Teichmuller space of external classes of expanding analytic circle maps 

was explicitly studied by Gardiner and Sullivan in [GS].

In the following, we give the definitions of concepts and the statem ents 

of theorems, the details of their proofs can be found in the above references.

The following special vector fields V  on Riemann surface laminations will 

be used.

A continuous vector field V  on a Riemann surface is expressed by con­
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tinuous functions V  : z f Ui )  —> C on local coordinate charts z,- : £/,• —> C 

satisfying the transform ation rule

Qz '
Vj{Zj) = i i Vi{Zi)

where is the derivative of the overlapping map Zj o z~ l . The transform a­

tion rule is indicated by V -^ .

A vector field on a  Riemann surface lam ination C associates to each flow 

box Z{ : Ui —» T> x A a function Vi : V  x A —> C such tha t the transform ation 

in the overlapping boxes z,- and Zj satisfies

d z ’
Vj (zitj( z , \ ) )  = - ^ V i ( ( z 1 A))

where ztij(z , A) =  zj o z~1(z,  A) for (z, A) €  Zi{Ui D Uj).

In particular, restricted to each leaf it is a vector field on the leaf. V  is

continuous if it is continuous in each flow box.

A Beltram i vector p on a Riemann surface S  is expressed by measurable

functions /<; : z,-(f/,-) —> C on local coordinate charts with the transform ation

rule _______
t  ̂ , \ dz i / dz j

n{Zj) ~ ^ d z i / d z j

where I s - is the derivative of z; o z ” 1.a z j  1 3

The transform ation rule is denoted by p f f . We define

IMloo =  ess  •swPpes|/i(p)|

=  i n f  {At : the Lebesgue m easure o f  {p : |^(p)| > k} =  0 } .

A Beltram i vectro is called a Beltram i coefficient if 1111oo <  1- The space of 

all Beltram i coefficients is denoted by ZJ°(5).
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Let h ( wi , w2) denote the Poincare distance between two points u>i and w2 

in the unit disk. Given two Beltram i coefficients p i and p 2, the hyperbolic 

distance h ( p i , p 2) between p\  and p 2 is defined as the essential suprem um  of 

If lpflp),  p 2(p)), where p  G S.

The Beltram i coefficient of a quasiconformal m ap /  in the plane is given

by
/ \ _  d f ( z )

N{ Z)  d f ( z ) '
The Beltram i coefficient of the composition of two quasiconformal maps /  

and g in the plane is expressed by the following formular:

/.a  Pg(z ) + P f ( 9 ( z ) ) - dg( z ) / dg ( z )

S°9 1 + Pf{9(z ))Pg(z )dg(z) /dg{z)

The m axim al d ilatation K j  of a quasiconformal m ap /  is equal to

t,  , \ 1 +  Pf ( z )ess s up - h j [ z )  — ess supz--------- — .
] - f t f ( z )

It is easy to check

Kfog-'  = exp( h ( p f , ng)).

D efinition 4.5 A Beltrami vector p on a Riem ann surface lamination C is 

expressed by measurable functions m  : z f Ui )  —> C on flow  boxes Z{ : Ui —> 

D x  A with the transformation rule

PAZi A) =  0 zi

fo r  all (z, X) G Z j ( U i  D  U j ) ,  and p is weakly transversally continuous, i.e., 

in each flow box p is weakly continuous in the leaf direction, in other wards, 

Xn —> A implies

fim J  P i { z ,  Xn)(j)dzdz =  J  p flz , X)(j)dzdz 
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fo r  each </> G L l ( D) = {<j> ' f  \<j>\dzdz <  oo}.

Let L°°(C ) denote the space of Beltram i vectors on C with the essential 

supremum norm. If V  is a continuous vector field, d V  is a well defined 

L°°-function in the sense of distribution in each leaf, then d V  G L°°(C). A 

Beltram i vector which can be w ritten in the form d V  is called a infinitesimally 

trivial Beltram i vector.

A quadratic differential is holomorphic (meromorphic) if all its local ex­

pressions are holomorphic (meromorphic) functions. If a quadratic differen­

tial </> is holomorphic and non-zero in a neighborhood of a point, then there 

exists a chart in the neighborhood such tha t <j> = dz2. In such a local co­

ordinate chart the m etric is the euclidean m etric and its geodesics are 

straight lines. A param etrized curve 7  is called a horizontal (vertical) trajac- 

tory of <f> if <f>{,y { t) ) j ( t)2 > 0 (respectively <  0 ) in the local coordinate charts. 

The horizontal and vertical trajactories define two transversal foliations in 

the complement of the zeros of At a zero of (j> of order m , there are m  +  2 

horizontal and m  +  2 vertical trajactories em anating from this point.

Let

L 1(5 ) =  { f  : <j> is a quadratic d i f f e r en t i a l  w ith  ||(/>|| =  J  |</>| < 0 0 }.

The quadratic differentials in L l ( S ) are called integrable.

For a holomorphic covering map from a Riemann surface S'  to another 

Riem ann surface S , the pullbacks of Beltrami coefficients and quadratic dif­

ferentials on S  are Beltrami coefficients and quadratic differentials on S'  

which are invariant under deck transformations.
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The pairing

L°°(S) x T 1(5) —> C : (/i, <£) f  fuf,
J s

gives a duality between L°° and L l . This duality plays a funderm ental role 

in characterizing the infinitesimally trivial Beltram i vectors.

D e fin it io n  4 .6  A Riemann surface lamination C has a quadratic differential 

i f  there exist a transversally invariant measure class [m,] and measurable 

functions f i  : zfiUi) —> C defined on flow boxes Z{ : Ui —> D  x A and depending 

on the choice o f measures in [m,] such that

1) the function

Aij ■ (A, H )  —> (A, K ] )

induced by

Z j O z f \ z , \ )  =  (zij(z,  A), A(A))

is absolutely continuous fo r  any two overlapping flow boxes z ,■ and zj,

2) given a measure m ,■ in the measure class [m,], f i  satisfies the following 

transformation rule on any two overlapping flow  boxes Z{ and zj

* ( 2, A) =  h ( z i , ( z ,  A), A,j(A))(f e ' ^ ’ ^ f  • Ja c (A0 )(A) 

where Jac(Ai j )  is the Jacobian o f A ,-j with respect to the measure m i and m j. 

Let

£>(£) =  {4, :  quadratic differentials s a tis fy in g  j  W z t z d m  < oo}.

Any element of L l {C) is called a integrable quadratic differential on C. <j> is 

called holomorphic if <j> is holomporphic on almost all leaves (with respect
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to the measure class). The quadratic differentials (even holomorphic) does 

not have the continuity in the  transversal direction. The existence of the 

holomorphic quadratic differentials on C can be found in [MvS].

The pairing

L°°(C) x L}{C) —> C : (fi, <j>) J  fifidzdzdm

defines a bilinear map. It is not known w hether L°°(C) is the dual space 

of L l (C).  But the space does seperate the points in L°°(C) through the 

above pairing. This is enough to characterize infinitesimally trivial Beltrami 

vectors.

The classical Teichmuller theory of Riemann surfaces studies conformal 

structures on Riemann surfaces via quasiconformal mappings, Beltram i co­

efficients and quadratic differentials.

By the measurable Riemann m apping theorem, each Beltrami coefficient 

/.i of a Riemann surface S  defines a conformal structure on S. Topologi­

cally Sf,, is equal to  S . The identity map g \ S  —* is quasiconformal with 

respect to  the initial and the new conformal structures on S. Clearly pi is 

the pullback of the Beltrami coefficient 0 on S i.,e., /t =  </*(0). Since the 

isotopic class of a homeomorphism between two Riemann surfaces contains 

a quasiconformal mapping, we see th a t a conformal structure on S  is a new 

Riemann surface S\ with a quasiconformal map F\ : S  —> .S 'i. Two conformal 

structures F{ : S  —> Si, i = 1,2, are equivalent in the sense of Teichmuller if 

there exists a  conformal m ap F  : S \ —* S 2 such tha t F oF \ is homotopic to F2. 

The Teichmuller space T ( S )  of S  is the set of equivalent classes of conformal 

structures on S.  Two Beltram i coefficients /* i and on S  are equivalent if
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there exists a quasiconformal homeomorphism g : S  —> S  homotopic to the 

identity  such th a t g*(H2 ) = Hi, where

g*(p) = V9 + H ° 9 - dg{z ) / dg{z )
1+H o 9 ■ ■ dg{z) /dg(z)

The Teichmuller space T ( S )  of S  is isomophic to the space of quasiconformal

self-mappings of S  quotient by the space of the maps which are homotopic to

the  identity, and it is also isomorphic to the quotient space of L f ’(S)  under

the  above equivalent relation. T he quotient map projects a Beltram i path  of

T^°(5) to  a curve in the Teichmuller space T( S) ,  we still call it a Beltrami

path. A Beltram i coefficient /iis called trivial if it is equivalent to 0, i.e., there

exists g such th a t g is homotopic to the identity and p(g) = p.  A Beltrami

path  does not deform a conformal structure in the sense of Teichmuller if all

its Beltram i coefficients are trivial.

Let g : 5  —*■ S  be a quasiconformal homeomorphism. The conformal dis­

tortion (the m axim al dilatation) of g with respect to the conformal structures 

Hi and H2 is defined to be

K g = ess supzK g(z)

where K g(z) — exp(h(Hi(z),  </*(/<2)(2 ))) and h is the poincae m etric of the 

unit disk.

The Teichmuller distance between two points [//i] and [p2 ] is defined as 

the infimum of log K g over all quasiconformal homeomorphisms g : S  —+ S  

which is homotopic to the identity. This defines a complete m etric on T(S) .  

It is true th a t if a  Beltram i path is a geodesics betwweem two points of T ( S ) 

then it remains a geodesics between any other two points on this path. A
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quasiconformal homeomorphism g between two Riemann surfaces is extrem al 

if its m axim al dilatation is the smallest in its homotopy class. Furtherm ore 

an extrem al m apping /  of a Riemann surface S  is either conformal or its 

complex dilatation is of the form k -^ ,  where 0 <  k < 1 and <j> is a  holomorphic 

quadratic differential of S.

Let f  : S  —* S ' be an extrem al mapping determ ined by a  pair (</>, k), i.e., 

<p is a holomorphic quadratic differential on .S', 0 <  k <  1 and ftj = k -^ . 

Then there exists a unique holomorphic quadratic differential ip on S ' with 

the  following properties: 1) if <f> has a zero of order m >  0 at p, then ip has 

a zero of the same order a t /(p ) ; 2 ) if z  is the natural local coordinate of (j> 

a t a regular point p , then the mapping /  has the representation

. z  + kz
“, o /  =  T T T

in a neighborhood of p  in term s of a natural coordinate w of ip a t /(p ) . In 

another word, in a neighborhood of a regular point of <j>, the extrem al m ap­

ping is a conformal transform ation followed by a stretching in the direction 

of the horizontal trajectories and another conformal transform ation.

We can define a  stretching function for any quasiconformal m apping g 

between S  and S ' (S ' is determ ined by (<f>, k)).  Let z  and w  be the natural 

local coordinates of <j> and ip (as the above) at the regular points p of p  and 

its image f (p) .  Then in a neighborhood of p, g is expressed as

w -  g(z)  = g(x  +  i y ).

The stretching m ap D(p)  is defined as |mr |, generally it is expressed by
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Let K ( p ) denote the conformal dilatation of g. Let J(g)  be the Jacobian of 

g between two m etrics. Then

| J  D{p)d<j)\ < j  y / i W y / m W  < y/J  K d ^ j  Jd<}>

where D (p ) <  yJl< (p)^\J(p)\. Since \$  D(p)d(j>\ >  |S '|,

J  \K(p)\d4> > IS*|

where the area 15'/1 of S' is equal to /

We need to generalize some of the above properties to Riemann surface 

laminations. Given a quadratic differentials $  on a Riemann surface lami­

nation £ , doesn’t have to be a Beltram i vector on £ , indeed it may be 

neither defined on each leaf nor continuous transversally in the weak topol­

ogy. But it does transform like a Beltram i vector when we change the local 

coordinates and hence it defines a Beltram i vector on almost every leaves 

of C with respect to the transversal measure class. So $  still defines a Bel­

tram i path  t —> p t starting a t p with Beltram i vector on almost all 

leaves (with respect to transversal measure class corresponding to $ ). Let 

g a quasiconformal m apping between the Riemann surface lam ination C[p] 

and the stretched Riemann surface lam ination C'  determ ined by (k,  jf(p)f)- 

The stretching function D(p)  is defined as the above for almost all points of 

£'  (with respect to the measure |$ |) . Let K(p)  be the conformal dilatation 

of g and J(p)  be the Jacobian of g. Then we get the same inequality as 

the above on D(p),  K{p)  and J(p).  We summarize them  into the following 

proposition.
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P ro p .  4 .3  Let g be a quasiconformal homeomorphism o f a Riemann surface 

or a Riemann surface lamination S  which is isotopoic to the identity and let 

<f> be a holomorphic quadratic differential on S . Let |<̂ | be the measure on 

almost all leaves induced by <f>. The stretching function

D(p) = J ^ H t

is defined almost everywhere, where v is tangent to the horizontal trajectories 

o f (j). Then

J  D{p)d<f>dm > | |«S| |

where ||<S|| =  f  \(j>\dzdzdm.

Now we are ready to give the statem ents of some other parallel results on 

Riemann surfaces and on Riemann surface laminations. A Riemann surface 

lam ination is called hyperbolic if every leaf is a hyperbolic Riemann surface.

T h e o re m  4.4  Let S  be a compact Riemann surface or a compact Riemann  

surface lamination. Then

1) The set o f infinitesimally trivial Beltrami vectors is closed in L°°(S) 

with the weak topology (this means pn —» p when f  p n(j) —> /  p,(j> fo r  all 

quadratic differentials in L 1(S)) .

2) Two Beltrami vectors p and u differ by a trivial deformation, i.e., 

p —u =  d V  fo r  some continuous vector field V  o n S ,  i f  and only i f  f  p(j> =  f  v<j) 

fo r  all holomorphic quadratic differentials <f> £ L 1(S).

2 ) is true because of the following equality

inf |/i +  dV\ — sup / p<j)
W=i-/
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where the infimum runs over all continuous vector fields V  on S  and the 

suprem um  runs over all holomorphic quadratic differentials <j> on <Swith L 1- 

norm 1.

B ut the above suprem um  may not be realizable. This gives the rise to 

e-efficient Beltram i vector.

D efinition 4.7 The infinitesimal Teichmuller norm o f a Beltrami vector u 

is defined by

\l>\IT = sup I / U(j)\
101=1 J

where the supremum runs over all holomorphic quadratic differentials <f with 

L 1-norm  1.

A Beltrami vector u is called e-efficient i f

M i t  >  ( i  -  O I M I o o .

We say a Beltram i vector v  is efficient if it is O-efficient, i.e.,

M  IT  — IMIoo-

T heorem  4.5 1) Suppose S  is a Riemann surface. Then given a Beltrami 

vector g, there exists a Beltrami vector i/ such that fi — u is infinitesimally 

trivial and such that

IMIoo =  sup | /  fl<f>\
w J

where the supremum runs over all holomorphic quadratic differentials with 

respect to a given conformal structure.

2) Let C be a compact hyperbolic Riemann surface lamination. Given a 

Beltrami vector f i  and any e >  0, there exists a Beltrami vector v  such that
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p — v is infinitesimally trivial and

(1 -  e) • IMloo <  sup | /  p<j>|
|*|=i Jc

where the supremum runs over all holomorphic quadratic differentials with 

respect to a given complex structure.

Now we can state  the first version of Almost Geodesic Principle.

T h e o re m  4 .6  Given e ,l > 0, there exists 8 > 0 such that i f  v is 8-efficient 

Beltrami vector at a Beltrami coefficient po on a Riem ann surface or on a 

compact Riem ann surface lamination S  andgt,0 <  t <  1 , is a quasiconformal 

isotopy between [/zo] and [/q], where pi is the Beltrami coefficient which is 

obtained from  po by stretching a Poincare distance in the direction o f u in 

the unit disk, then the maximal dilatation K  o f g\ satisfies

Before we give the Almost Geodesic Characterization which includes the 

Almost Geodesic Principle and its converse, Let us see some difference be­

tween the space of L f ‘(C) of the Beltrami coefficients on a Riemann surface 

lam ination C and the space of conformal structures on C. By a quasiconfor­

m al m ap between two Riemann surface laminations C and C' we mean there 

exists a homeomorphism g between C and C! which is quasiconformal on ev­

ery leaf and locally uniformly convergent in transversal directions. Hence the 

B eltram i coefficient p of g is locally continuous in L°° topology in transversal 

directions. The space of conformal structures on C can be represented by 

the space of such kinds of p's. As we difined, a Beltrami coefficient on C is
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weakly transversally continuous, but it is not necessory to be locally contin­

uous in L°° topology in transversal directions. So the space L ^ ( C )  is bigger 

than the space of conformal structures on £ .

Fix a  Riemann surface lam ination £ , a conformal structure on £  is a 

new Riem ann surface lam ination C\ and a quasiconformal map g\ : £  —> £ j . 

Two conformal structures <?,- : £ —►£,-,* =  1,2, are equivalent in the sence of 

Teichmiiller if there exists a conformal m ap g : £1  —»• £ 2  such th a t g o gi is 

homotopic to  <72- The Teichmiiller space T (£ ) of £  is the equivalent classes 

of conformal structures on £ . The Teichmiiller m etric is defined exactly as 

the same as before.

D efinition 4.8 A Beltrami coefficient g on a R iem ann surface lamination  £  

is e-extremal i f  it represents a conformal structure on £  and the Teichmiiller 

distance from  £  to [g] (expressed by log satisfies

\ g \ r  >  (1 -  OHHIoo-  

We say a Beltrami coefficient g is extremal i f  it is O-extremal, i.e., \g\r —

l l^l loo-

Theorem  4.7 (Almost Geodesic Characterization)

Let e, 6 > 0, 0 < / <  1. Then there are universal functions e — e'(6,l) 

and 6' = 6(e, I) such that

1) I f  v represents a conformal structure on £  and is S'-efficient then the

Beltrami coefficients g t = to  fo r  all 0 <  t <  n^j-  are e-extremal.

2) I f  v represents a conformal structure on £  and the Beltrami coefficient

g t — to  is e -extremal fo r  some 0 < t <  then o is S-efficient.

115



In fact fo r  a fixed I e —♦ 0 as 8 —> 0 and 6' 0 as e —> 0.

Let dp denote the Poincare m etric on the unit disk and dp denote the Te- 

ichmuller m etric on T(C) .  We can im mediately get the following Teichmiiller 

Contraction Principle.

T h e o re m  4 .8  Assum e  0 < / o < l , 0 < A o < l .  Then there exists a 0 <  A <  

1 only depending on lo and A0 such that

dx(0, lp)  <  Xdp(0,1)

fo r  all 0  <  I <  lo whenever this inequality holds fo r  some 0 <  / <  lo and 

some p with | | / i | | oo  =  1-

Roughly speaking, the Teichmiiller Contraction Principle says th a t if the 

m ap t i—► [tp], as a m ap from the unit disk with the Poincare m etric into 

the Teichmiiller space with the Teichmiiller metric, is strictly contracting at 

two given points then it is strictly contracting on all pairs of points in the 

same Beltram i disk and within a specified distance from the two given points. 

Moreover the contracting factor is independent of p.

4 .3  C o n tr a c tio n  o f  R en o rm a liz a tio n  in  Te- 
ich m iiller  M etr ic

As the last part of this chapter, we will construct some Beltram i vectors 

according to  the dynamics which define the Riemann surface lam inations of 

Exam ple 2. The corresponding Beltrami paths define not only the paths of 

lam inations but also the paths of dynamical systems.
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Let F  : U  —► V  be a polynomial-like mapping with connected Ju lia  set. 

Let £  be the Riemann surface lam ination of the germ [F], i.e., £  is the orbital 

space of the inverse natural extension F -1  : £  —» £  of F _1 to  the inverse 

lim it space of £  of

F : U \  J { F )  - *  V  \  J { F ) .

A Beltram i vector fi on £  can be pulled back to a Beltram i vector p on 

£ , which is invariant under F , i.e., F*p = p. Conversely any F-invariant 

Beltram i vector p gives rise to a Beltram i vector fj, on £.  Similarity the 

Beltram i paths in £  correspond to F-invariant Beltram i paths in £.

The dynam ical vector on £  is defined as follow: Taking a representative F  

of the germ [F] which defines £ ,  starting with any measurable and essentially 

bounded function f i  from a funderm ental domain V \ U  =  F ( U ) \ U  to C ,  then 

pulling it back to V \ J ( F ) by F , we get a L ° ° -function p : V \ J ( F )  —> C  which 

is invariant under F , i.e., p(z)  =  p ( F ( z ) ) j p ^ .  Now we take the pullback of 

p to £  via the natural projection, it follows an F-invariant Beltram i vector 

p on £  and hence a Beltram i vector \i on £.

It is easy to get the following properties about the dynam ical Beltrami 

coefficients on £.

1. Notice th a t £  can be covered by flow boxes such th a t the expression 

of p in each of these flow boxes is independent of the transversal coordinate. 

The dynam ical Beltram i coefficients give rise to transversally locally constant 

conformal structures on £  and hence on £.

2. In contrast to general Beltram i vectors on a Riemann surface lami­

nation, a Beltram i path generated by a dynamical Beltram i coefficient can
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be “integrated” and give rise to a one-param eter family of Riemann surface 

lam inations £ t , 0 <  t < 1, which are quasiconformally equivalent to C. And 

£t i  0 <  t < 1 , define a path  of dynamical systems.

3. Given two dynamical Beltram i coefficients fio and /ti, there exists a 

dynamical Beltram i path  f i t , 0 <  t < 1, between them.

4. The integral of the product of a dynamical Beltram i vector and a 

quadratic differential can be intepreted in the dynamical plane. An integrable 

quadratic differential <j> on C can be pulled back to a quadratic differential 

<̂> on £ ,  which is invariant under F.  But <fi is not integrable over all C.  We 

define a push-forward map

7T» : L l (C) — >• L } { V  \  U )

by taking to be the average of (j) on the fibre tc~x(z ) with respect to

the transversal measure of the quadratic differential. More precisely, let W  

be a small disk around z  £ V  \  U  such tha t F ~ n ( W )  fl W  — 0 for all n  £ N .  

Then there exists a flow box Z{ : —> W  x {0,1}^ tha t maps each

fiber 7rp l ( z )  onto { z }  x {0,1}^. Let the quadratic differential <̂> in this flow 

box is represented by 4>(z,  A) and let m be a measure on A =  {0 ,1 } N  in the 

measure class of the quadratic differential. Then

(7r„</>)(z) =  /  <j>(z , \ )dm(\) .
J A

Let f i  be a dynamical Beltram i vector constructed from f i  as before, where 

f i '  is a L°°-function defined on V  \  U .  Then
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Remark: The set of dynam ical Beltram i vectors is dense in L°°(C) with 

respect to weak topology (see page 44, [MoS]).

We finish this chapter with the proof of contration property of renorm al­

ization operator in Teichmiiller metric. W ith this theorem, one can label the 

points in the infinitely image under the renorm alization operator by using 

internal classes (or kneading data) and external classes. Furtherm ore we can 

describe the stable manifolds and unstable sets of the renormalization oper­

ator, each stable manifold consists of all external classes in a same internal 

class and the unstable set consists of all internal classes (or kneading data).

T h e o re m  4 .9  (Contraction o f Renormalization)

I f  [F1] and [F1] are germs o f two infinitely renormalizable maps o f Epstein 

class and with the same bounded combinatorial types, then there exists 0 < 

A <  1 and n ( T ) depending on [F1], [F1] and the bound o f the combinatorics 

such that

dT([R2n(F)),  [R2n(F)}) < dT([Rn(F)},  [Rn(F)]) 

f or  any n > n(T) .

Proof: By the complex bound, there exists n( T)  only depending on the the 

bound of the combinatorics such tha t, for any n > n ( T ), G — R n(F)  : 

D  —> G ( D ) and G — R n(G) : D  —> G(D)  are two polynomial-like maps 

with the conformal moduli of G(D)  \  D  and G(D)  \  D  greater than m(t )  > 

0. Through the pullback arguem ent, one can construct a quasiconformal 

conjugacy g between G  and G  with the maximal dilatation bounded by a 

num ber R' (T)  depending on [F1], [F1] and the bound of the combinatorics.
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So dj([G ], [G]) <  log I<(T). The “5 ” gives rise to a dynam ical Beltram i 

coefficient with L°°-norm <  j . Assume dr([G],[G]) 7  ̂ 0. We take

a quasiconformal conjugacy which almost realizes the Teichmiiller distance 

between G and G. The corresponding Beltram i coefficient p gives an almost 

geodesic path  t p , 0  <  t <  1, between [G] and [G]. Let / =  ^-|rjio+i • Then

t/j.,0 < t < j|-|j , is a path  between [0] and By the complex bound

of the renormalization again, R n contracts two points of the Beltram i path 

tu , 0 < t <  71—fi—, such that

£  logA' ( r )  =

By the Teichmiiller Contraction Principle, there exists 0 <  A < 1 only de­

pending on / and K ( T )  such tha t

dT( Rn([t ip]) ,Rn([t2p ])) < =  XdP(txp , t 2p)

for any 0 <  h  < t 2 <

In particular,

dT( R r m ) , R n([tA))< Arfp(o,/0 .

Take dP(0,p)  close to dx([G],  [G]) enough, we finish the proof.

C o ro lla ry  4 .2  I f  [F] and [F] are germs o f two infinitely renormalizable 

maps o f Epstein class and with the same bounded combinatorial types then

dT( Rn([F]) ,Rn([F}))-> 0

as n  — 1 00 .
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C hapter 5 

Sm ooth  Transition from  
nonchaos to  chaos

In this chapter, it first includes an brief introduction of topological en­

tropy and m athem atical understanding of chaos. Then a criterion for infinite 

renorm alizability of smooth m ultim odal maps is developed. We show tha t 

all smooth m ultim odal maps are infinitely renormalizable if they are on the 

boundary of chaos (the set of maps with positive topological entropy) or on 

the boundary of nonchaos (the interior of the set of maps with zero topo­

logical entropy). In the last part all the results in the above three chapters 

are employed to prove two main results in this thesis. In the space of real- 

coefficient polynomials of degree d, the Feigenbaum-Coullet-Tresser period- 

doubling bifurcations generically exist in the smooth transition from non­

chaos into chaos, and the chaos and nonchaos share the exact same bound­

ary. The second m ain result solves a folklore conjecture, in the space of 

real coefficient polynomials, the com binatorial description of the boundary 

of chaos (or nonchaos) is equivalent to its topological description, i.e., any
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real polynomial /  with set of periods

P ( f )  =  {2*‘ : i  G Z+)  = {2*: i  = 1 ,2 ,4 , • •■ ,2 V --}

can approxim ated by polynomials with positive entropy and by polynomials 

with only finitely many periods.

5.1 P e r io d ic  O rb it, T op o log ica l E n tro p y  an d  
C h aos

In the section, we summarize some combinatorial properties of dynamics 

of continuous maps from an interval into itself, such as Sarkovskii’s theorem, 

characteristic theorem  of periods and periodic orbits of a topological entropy- 

zero endomorphism of an interval, and a brief history about m athem atical 

definitions of chaos.

In 1964, Sarkovskii showed for endomorphisms of an interval, the exis­

tence of some periodic points implies the existence of many others.

D e fin itio n  5.1 The Sarkovskii’s order on the set o f natural numbers is de­

fined as follows:

3 >  5 >  7 fc> • • • >  2n -f 1 >  • • • > 6  > 1 0  > 1 4  > • • •  >  2(2n +  1) >

• • • >  2m x 3 >  2m x 5 >  • • • >  2m x (2n +  1) >

• •• >  ••• > 2 ” >  ••• >  22 > 1 .

A point a: is a periodic point of period n of a map /  if f ' ( x )  ^  p f r ) ,0  <

i < j  < n , and f n( x ) =  x.  If n — 1, x  is called a f i x e d  point.
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T h e o re m  5.1 [5ar] Let f  : [0,1] —► [0,1] be a continuous map. I f  f  has a 

periodic point o f period n, then f  has a periodic point o f period m  fo r  any 

n t> m  in the Sarkovskii’s order.

Remark: Replace [0,1] by the real line, theorem 5.1 still holds.

Topological entropy is an quantity  describing the complexity of dynamics 

of a continuous self-map on a  compact space or a m etric space. It first

appeared in [AKM] in 1965. There are three definitions for the topological

entropy. One is used for continuous self-maps of compact spaces, the other 

two are used for continuous self-maps of m etric spaces. They coincide with 

each other for the continuous self-maps of compact m etric spaces [HI]. For 

a continuous piecewise monotone map of an interval, Misurewicz and Szlenk 

(1980) and Young (1981) showed th a t the topological entropy is equal to the 

growth of the “lap num ber” of the intervals of the map, i.e., the num ber of 

m axim al intervals of the monotonicity of the iterate.

Let M  be a com pact m etric sapce and /  : M  —> M  be a continuous 

self-map of M .

D e fin itio n  5.2  Let a, (3 be open covers o f M , denote

q  V f i  =  { A C \ B  : A e  a} ,

f - xa  = {f - \ A ) : A  E a},

N ( a ) =  m in{C ard ina lity  o f  7  : 7  C a, M  C LUe7 v4}

and

h ( f , a )  = J im  ilogA f(V "=1/ - i+1a).
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The topological entropy h ( f ) is defined as

K f )  =  SUP h( f , a ) ,
a

where the supremum is taken with respect to all open covers o f M .

D efinition 5.3  A subset E  o f M  is called (n ,e) — separate fo r  f  i f  fo r  any 

x ,y  G E  with x  ^  y,

max d{ f J( x ) , f J(y)) >  e.
0 < J < 7 1

Denote

s(n,  e) =  m ax{C a rd in a lity  o f  E  : E  is (n,e) — separate fo r  /} .

The topological entropy h ( f )  is defined as

h( f )  =  lim lim  sup — log s(n,  e).
e —^ 0  n —►oo Tl

D efinition 5.4 A subset F  o f M  is said to be (n, e) — span fo r  f  i f  fo r  any 

x  6  M , there exists y G F  such that

max d { f ’{ x ) J ' { y ) )  < e.
0<i<n

Denote

r(n,  e) =  m in{C ard ina lity  o f  F  : F  is  (n, e) — span fo r  /} .

The topological entropy h ( f )  is defined as

h ( f )  =  lim lim  sup log r(n , e).
C- ‘•O 71—►CO
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Prop. 5.1 [HI] The above three definitions o f topological entropy coincide 

with each other fo r  any continuous self-map o f a compact metric space.

Prop. 5.2 [BF] The topological entropy o f a map f  is invariant under topo­

logical conjugacies.

D efinition 5.5 Let f  : I  —> I  be a continuous piecewise monotone map. 

The lap number o f f , denoted by 1(f),  is the number o f maximal intervals 

on which f  is monotone. In other words, 1(f) — 1 is the number o f turning 

points o f f .

T heorem  5.2 [MS] Let f  : I  —> I  be a continuous piecewise monotone map. 

Then

h( f )  = lim -  log l ( P ) .
n —+• oo Jl

In particular, i f  f  is I — modal then h ( f )  <  I.

Prop. 5.3 [MS] Let f  : I  —> I  be a continuous monotone map. Denote the 

variation o f f  by V a r ( f ) . Then

h( f )  =  lim — log V a r ( f n).
n —*oo i i

The lower bounds for the topological entropy were studied by A. N. 

Sarkovskii, L. Jonker, D. A. Rand, J. Milnor, P. Stefan, L. BLock, J. Guck- 

enheimer, L. S. Young, W. Szlenk and etc.. The main object is to study 

the relation between periodic orbits and lower bounds of the topological en­

tropy. One of the famous results is the characteristic preperty of a m ap with 

topological entropy zero. It is the following.
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Theorem  5.3 ([i?.F], [M l]) Suppose f  is a continuous self-map o f an inter­

val I .  Then h ( f )  — 0 i f  and only i f  f  has no periodic orbit o f a period which 

is not a power o f 2.

Furtherm ore, L. Bloch found tha t the perm m utations induced by a topo­

logical entropy-zero m ap on its periodic orbits have to  be simple. And he 

also proved th a t entropy-zero maps have no homoclinic points.

D e fin it io n  5.6  Let P  be a periodic oi'bit o f f  G C°( I , 1)  o f period m , where 

m  is a power o f 2 and m  > 2. We say P  is simple i f  the following is 

satisfied: fo r  any subset {<7j, • • •, qn} o f P  where n divides m  and n > 2, and 

any positive interger I which divides m , i f  {<71, •••,</„} is a periodic orbit o f 

f l with q\ < </2 <  • • • <  (In, then

/ ' ( { < 7 l , - - - 5 <7n/ 2})  =  { ( I n / 2 + 1 , -  ■■ , ( l n } .

D efinition 5.7 Let I  be an interval, f  G C °(/, I )  and p be a fixed point o f 

f .  A point x  o f I  belongs to the unstable manifold W u( p , f )  o f p i f  fo r  every 

neighborhood o f V  o f p, x  G f n(V)  fo r  some positive interger n . A point 

x  G I  is a homoclinic point o f f  i f  there is a periodic point p o f f  o f period 

n such that x  ^  p, x  G W u{ p , f n) and f mn(x ) =  p fo r  some m  G N .

Theorem  5.4 ([Bll],[Bl2]) A map f  G C° ( I , I )  has positive topological en­

tropy i f  and only i f  it has a homoclinic point, and i f  and only i f  it has a 

periodic point which is not simple.

In 1975, the first m athem atical definition of chaos was given by T. Y. Li 

and J. A. Yorke. They proved the following theorem.
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T h e o re m  5.5 [LY] Assume that f  G C° ( I , I )  and f  has a -periodic orbit o f 

period 3. Then f  has the following properties:

(1) The set o f periods o f f  is N ;

(2) There exists an uncountable subset S  in the complement o f the set o f 

periodic orbits P P ( f ) o f f  such that

(a) V®,y G S , x  ±  y, l i m s u p ^ ^  |f n(x) -  f n{y)\ >  0,

(b) V.t, y  G S,  x ±  y, lim inf„ _ 00 |f n{x) -  f n(y) | =  0,

(c) V® E S ,\/y  E P P ( f ) ,  l im s u p , ,^  |/"(® ) -  f n{y)\ > 0 .

Usually, we say /  is chaotic in the sense of Li-Yorke if /  satisfies the 

second property of the above theorem.

Nathanson [Na] proved th a t /  is chaotic in the sense of Li-Yorke if /  has 

a period 5 or 7. Oono [O] proved th a t /  is chaotic in the sense of Li-Yorke if 

/  has a period not a power of 2. But a continuous self-map of an interval is 

chaotic in the sense of Li-Yorke is not equivalent to its topological entropy is 

equal to zero since Chu and Xiong [CX] constructed an example which is of 

topological entropy zero but it is chaotic in the sense of Li-Yorke. Because 

of this reason, Zhou [Zh] modified the definition of chaos.

D e fin it io n  5.8  [Zh] Let f  G C °(7 ,1). Let Ll(f)  be the nonwandering set 

o f f  and P P ( f )  be the set o f periodic orbits o f f .  An uncountable subset o f 

Ll(f) \  P P ( f )  is called chaotic under f  i f

(a) \ / x , y < E S , x ^  y,  l i m s u p ^ ^  |/"(a;) -  f n(y)\ > 0 ,

(b) \ /x ,y  G S , x  ^  y, lim in f„ _ 00 | / n(.-r) -  f n(y)\ =  0,

(c) \ fx G S,Vy <E P P { f ) ,  l i m s u p ^ ^  | / n(a;) -  f n(y)\ > 0.
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We say f  is chaotic in the sense o f Zhou i f  there exists a chaotic subset 

S  under f .

T h e o re m  5.6  [Zh] Let  f  £ C° ( I , I ) .  f  is chaotic in the sense o f Zhou if  

and only i f  h ( f )  > 0 .

In this paper, we select the definition of chaos given by Coppel.

D e fin itio n  5 .9  Let  f  £ C° ( I , J ) .  f  is chaotic i f  f  has a period not a power 

of 2, i.e., h ( f )  > 0 .

5.2  P e r io d -d o u b lin g , B o u n d a ry  o f  C h aos an d  
S a w to o th  F am ily

In this section we trea t the maps /  whose set of periods

P ( f )  =  {!) 2 ,4 , • ■ •, 2” , • ■ =  {2‘ : i £ Z +).

T h e o re m  5 .7  ([BIH] or [M3]) In the space C k( I , I ) ,  k >  1 , o f C k endo-
tf

morphisms o f an interval I ,  i f  a map f  is on the boundary o f positive entropy 

then the set P ( f )  o f its periods is {2n : n £ Z+j .  The same is true fo r  f  on 

the boundary o f the interior o f the set o f zero entropy.

The converse is the following folklore conjecture (see also [OT]): 

C o n je c tu re  A  All maps f  £ C k( I , I ) ,  k > 1 , with set o f periods (o f its 

periodic orbits)

P ( f )  = {2n : n £ Z +}

are on the boundary o f the set o f positive entropy and on the boundary o f the 

interior o f the set o f zero entropy.
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A nother conjecture related to the Conjecture A is the following. 

C o n je c tu re  B A polynomial map f  with set o f periods (o f its periodic orbits)

P ( f )  =  {112,4, • • • , 2n,- • •} =  {2 ‘ : i G Z +}

can be C k approximated (k  >  1) by polynomials with positive entropy and by 

polynomials with finitely m any periods.

Conjecture B has been established for quadratic polynomials (as a conse­

quence of [SI] or [La]) and will be set up for high degree polynomials in the 

next two sections.

We first show in this section th a t any stunted sawtooth map, whose set of 

periods is the set of all nonnegative integer powers of 2 , can be approxim ated 

by stunted sawtooth maps with positive entropy and stunted sawtooth maps 

with only finitely many periodic orbits. In another word, in C° topology, 

the boundary of positive entropy consists of all members with set of periods 

{2' : i E Z +j , and the same is true for the boundary of the interior of the set 

of zero entropy.

By the sawtooth map of shape S1S2 • • • -Sd+i, s,- G { + ,—}, s,+i =  —s,-, 

we mean the unique m ap Sd ■ I  —> /  which is piecewise linear with slope 

s \d ,S 2 d, ■ ■ • Sd+id (d +  1 alternate values). This is a d-modal m ap for which 

topological entropy takes the largest possible value for c/-mo dal maps, which 

is log(d +  1). Given any critical value vector w  =  (ivi,iU2 , • • •, Wd) satisfying 

the usual inequalities (wj — Wj+\)s ig n (j  +  1) >  0,u;j G I , j  =  1,2, • • •, d, we 

obtain the stunted sawtooth map Sd,w from Sd by cutting off the tops and 

bottom s of the graph at heights Wj , j  = 1,2, • • • ,d. When we do not insist 

on a value of d, we denote Sd,w by S w.
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Theorem  5.8 Suppose S w is a stunted sawtooth map with the set o f periods

P (S W) = {2i : i e Z +}.

Then fo r  any e >  0, there exist w and w" such that

i '  i i "  i|w — < e, |iy — tu| < e,

h(Sw') > 0 and Sw» has only finitely many periods.

We will prove this theorem  after a few lemmas. Let us first sta te  a 

corollary.

Corollary 5.1 In the parameter space, the set {u> : P ( S W) =  {2n : n 6  N } }  

has no interior point, i.e, the combinatorial description o f boundary o f chaos 

coincides with its topological description. This set form s the boundary o f 

chaos and the boundary o f the set o f zero entropy.

Remark: Theorem 5.8 (or Corollary 5.1) solves the symbolic version of of 

the conjectures in the sense th a t stunted sawtooth maps carry all kneading 

invariants of m ultim odal maps (see section 5.4).

Lem m a 5.1 I f  f  : I  —> I  is a continuous map with isolated turning places 

(points or plateaus) and P ( f )  = {2l : i € Z +j,  let f1(f) be the set o f accu­

mulating points o f period-doubling periodic points o f f .  Then each point in 

11(f) is not periodic, hence 0, (f )  is not finite.

Proof: Let p € f l( /)  be a periodic point of period 2n. Denote g = f 2". 

Then p  is a fixed of g. Look a t the map g around p. Because /  hence g 

has isolated turning places (points or plateaus), there are only three types of
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local behaviors for g. 1 . is monotone in a small neighborhood of p (if g is 

monotone reversing then g2 is monotone preserving in a small neighborhood 

of p). 2. p is in the interior or at the end of one of the plateaus of g. 3. p is 

a turning point of g. Look at three iterates of g or g2 at one point very near 

p , one can easily see tha t neither g nor g2 has simple periodic points with 

higher periods in a small neighborhood of p. This contradicts with th a t p is 

an accum ulating point of period-doubling periodic points of / .  □

Remark: Lemma 5.1 is false if the turning places of /  are not isolated.

/  G C°(I ,  I )  and the set of periods P ( f )  =  {2n : n G N +}. Suppose tha t 

K  is a  closed invariant set under / ,  f\i< is topologically transitive and K  is 

not finite. It is shown in [M2] tha t / \k  is semiconjugate to the adding-one 

machine on dyadics. More precisely, let — n i° { 0 ,1} be the product space 

of countable many copies of the space {0 , 1} with weak product topology. 

The adding-one machine cr is defined as

& ( ( x i , x 2 i • • • )  x m  • • • ) )  =  ( x i  +  M 2 ,  £ 3 ,

which is exactly the same as one does addition in dyadic num ber system. For 

instance cr((l, 0 , 1 , •••)) — (0 , 1 , 1 , • • •).

Theorem  5.9 [M2] There exists a continuous map h : K  —* such that

h o f  = a o h.

Furthermore h~1(s ) contains at most two points fo r  any point s G J2-

In fact in the proof of Theorem 5.9, K  can be expressed as a disjoint 

union K  =  Ko U K \ , where the  supporting intervals of K q and K \ have no
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interior intersection and f ( K i ) =  where i =  0,1. Hence Ko and K \  are

invariant under f 2. K q and K \  have the same bisections for f 2 and so on.

We usually call K  a period-doubling Cantor set of / .  The types of sym ­

bolic renormalizations indicate how the map /  : K  —> K  goes to f 2 : Ko —> 

Ko ([GLOT], [OT]).

One can express K  as disjoint unions

I< =  U ^ A f 0

for n 6  N.  Therefore a t least one point of each fiber h~1(s ), s G Z), is 

recurrent (not periodic) to itself.

Lem m a 5.2 Suppose that Sw is a stunted sawtooth map with set o f periods

P ( S W) =  {2‘ : i G z+j .

Let Ll(Sw) be the set o f accumulating points o f period-doubling periodic points 

o f Sw and Ti(Sw) be the set o f the endpoints o f the interval I  and the closures 

o f turning places o f Sw. Then the intersection o f Ll(Sw) and I^(SW) is not 

empty.

P ro o f : Suppose tha t the intersection of Ll{Sw) and H (SW) is empty. Then 

there exists a positive distance e between these two closed sets. Let K  be a 

closed invariant subset of Cl(Sw) which is not finite and 5„,|/c is topologically 

transitive K . Clearly the distance between K  and S(S'tu) is greater or equal to 

e. Suppose th a t x  G K  and its orbit is dense in K . There exists I — 2k, k  > 1, 

(from Theorem 5.9) such tha t \ f l(x) — x\ < |e .  Again by Theorem  5.9, one 

can assume th a t f l(x) > x.  Let V  be the largest neighborhood of x  on which
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f l is monotone. The slope of f l on V  is dl and clearly V  D (x — e / d ^ x  + e/d1). 

We seperate our considerations in two cases. Case 1, Assume th a t f l is 

monotone preserving on U. Since f l(x) > x  and f l(x — ^e / dl) =  f l(x) — ^e < 

x  +  |e  — |e  =  x  — |e  < x  — e/dl, there exists a point p £ (x — | e/ dl, x ) 

such th a t f l(p) =  p. The unstable manifold U ( f l, p ) of f l a t p contains 

(p , f l( x ) +  e). We know th a t f l( f l(x)) < f l(x)  from Theorem 5.9. Let 

W  be the largest neighborhood of f l(x)  on which f 1 is monotone. Then 

W  D ( f l(x) — e/dl, f l(x)  +  e/d1). No m atte r whether f 1 is preserving or 

reversing, f l{ f l{x) — t / d l) (or f l( f l(x) + e/d1)) is equal to f l{ f l{x)) — e, which 

is less than  f l(x) — e < x  +  |e  — e = x — < p. This implies th a t there

exists y  €  (x , f l( x )) C U ( f l,p)  such tha t y 7  ̂ p and f ‘(y) =  p, which is 

a homoclinic point, a contradiction. Case 2. Assume tha t f l is monotone 

reversing on V.  Use the same argum ent in case 1, one can see tha t there 

exists a point p 6  (x , f l( x )) fixed by f 1. By the assum ption and Theorem

5.9, f l(x)  is recurent (non-periodic) to itself under iterates by f l. There 

exists n — 2m, m  > 0 , such th a t \ ( f l)n( x ) — / ((a-')l <  l e- similar estim ates 

as we do in case 1 , one can find a point y in the unstable manifold of f l at 

the fixed point p such th a t y 7  ̂ p and f nl(y) =  p, which is a homoclinical 

point, a contradiction again. □

For any stunted sawtooth map, since the endpoints of the interval /  are 

eventually fixed by S w, from Lemma 5.1, they cannot be accum ulating points 

of simple perioidc points. Because Sw is constant on each plateau, any interior 

point of every plateau cannot be an accumulating point of periodic points. 

Hence one has the following corollary.
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C o ro lla ry  5.2 Suppose S w, Ll{Sw) and J2{SW) are the same as in Lemma  

5.2. Let E ( S W) be the set o f the endpoints o f turning places o f Sw. Then 

Ll(Sw) has no intersection with the interior o fY l(Sw ) and the intersection o f 

Q(SW) and E ( S W) is not empty.

P r o o f  o f T h e o re m  5.8: All turning places, of S w, which reduce to turnings 

points, are eventually fixed by S w, from Lemma 5.1, they are not in 0(5,,,). 

Let A =  E ( S W) H Lt(Sw). For any e >  0, we push the concave horizontal 

plateaus up a little  bit and the convex horizontal plateaus down a little  bit, 

if one of their end points belongs to A, to get another stunted sawtooth 

map Sw> with |rn — w \ < e. If a periodic orbit of S w has no point in the 

interior of any plateau of Sw then it is also a periodic orbit of Sw>. Thus the 

accum ulating set of periodic points of S w is contained in the accumulating 

set of periodic points of Sw> of periods 2n,n  G Z +. The argum ents in the 

proof of Lemma 5.2 show tha t S w> has a homoclinic point, which means Sw> 

has positive topological entropy.

We next push all concave horizontal plateaus down a little bit and all 

convex horizontal up a little  bit to get another stunted sawtooth map S w" 

w ith |tu — m”| <  e. Suppose th a t P (S W») =  {2" : n €  Z+j.  Then by the 

proof of Lemma 5.2, S w has positive topological entropy, a contradiction. □

5 .3  R en o rm a liz a b ility  o f  M u ltim o d a l M ap s

This a preparation for the next section.

D e fin it io n  5 .10  Let L be an interval. A map f  : I  —> I  is called renor- 

malizable i f  there exists a proper subinterval J  o f L and an integer p such
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that

(1) = 0 , 1 , • • • ,p  — 1 , have no pairwise interior intersection,

(2) f ”(J)  C J.

Then f p\j : J  —» J  is called a renorm aliza tion  o f f  and p is called 

the period o f the renormalization. The permutation induced by f  on the set 

{ / ‘( J )  : i =  0 ,1 , • • • ,p  — 1} is called the combinatorial type o f the renormal­

ization.

D efinition 5.11 A map f  : I  —* I  is infinitely renormalizable i f  there exist 

an infinitely sequence o f nested intervals and an infinitely sequence

{u(n ) } ^ =1 o f integers such that / “^ | / „  are renormalizations o f f

and the length o f I n tends to zero as n —» oo.

In this section we are going to prove tha t maps /  with P ( f )  = {2! : i 6  

Z +j ,  which satisfy some smooth conditions, are infinitely renormalizable.

D efinition 5.12 Let I  C R  be an interval and {a;o,a;i, • • • , x n} be a partition 

o f I .  A continuous map f  : I  —> R  is

-  o f bounded Zygmund variation i f  there exists B  > 0 such that

sup £  i/(*.•)+/(*.•+1) -  wC' +9a,i+1)i < b ,
-  o f bounded quadratic variation i f  there exists B  > 0 such that

SUP S (/(*«■+1) -  / ( * » ) ) 2 <  B.
{xo,xi £=0

D efinition 5.13 A homeomorphism f  : I  —► R 1 is said to be C  1+b-z -v+b-<i-v i f

f  is C 1 smooth and the logarithm o f the derivative f  has bounded Zygmund

variation and bounded quadratic variation.
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D efinition 5.14 Let K j  be the set o f the turning points o f a map f  : I  —> I . 

We say that f  belongs to F(A) fo r  A € {2,1 +  b.Z.v. +  b.q.v.} i f

a) f  is C x away from  the turning points;

b) For every xo G K f,  there exists a  > 1, a neighborhood U (xo) o f  xq 

and a C x-diffeomorphism (f> : U (xo) —> (—1,1) such that <f>{xo) =  0 and

f ( x )  = f ( x 0) ±\<j)(x)\a, \ / x e U { x 0).

Notice tha t T(2) C T(1 +  b.Z.v  +  b.q.v) (see [HS]). Using nonwandering 

interval theorem ([MMS], [HS]) and finiteness of attractors [Ma], one has

T heorem  5.10 Let f  be a d-m.odal map with P ( f )  — {2" : n 6 Z +j.  Then 

i f  d =  1 and f  G T(1 +  b.Z.v. -J- b.q.v) or d > 1 and f  G T(2), /  is infinitely 

renormalizable.

In fact it will be shown tha t for any unimodal map in T (l + b .Z .v+ b.q.v) or 

any m ultim odal map in T(2) the supporting intervals of K \n\ i  =  1 , 2, • • • , 2" 

(see section 5.2) can be taken as dynamical intervals in renormalization when 

n is large enough. In fact it is sufficient to prove tha t the semiconjugacy in 

the Theorem 5.9 can be improved to be a conjugacy if /  satisfies the smooth 

conditions.

/  G C ° ( / , / ) ,  a periodic orbit {a;,- : i =  0,1, • • • , n — 1} is called an 

attracting cycle (resp. an one-side attracting cycle) if there exists a neigh­

borhood (resp. an one-side neighborhood) U of x 0 such th a t for any x  G U, 

f nl( x ) —> Xo as I —* oo. An interval J  C /  is called a homoterval if f n \j 

is monotone for any n G N.  An open interval J  C I  is called a wandering 

interval of /  if 1) f n( J ) fl f m{J)  — 0 for any n ^  m ,n ,m  G N  and 2) f n(J)  

does not converge to a periodic orbit.
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Theorem  5.11 ( [Ma] , [MMS] , [MvS] , [HS] )

(1) I f f  G r ( l  +  b.Z.v  +  b.q.v) then f  has no wandering intervals.

(2) (Finiteness o f Attractors) For any f  G T(2) there exist no and p > 0 

such that fo r  any periodic point x o f f  o f period n > no one has

\ ( n i( x ) \ > i  + P.

L e m m a  5.3  Suppose f  G C° ( I , I)  has no attracting cycles and the set o f its 

period P ( f )  = {2n : n  G iV+ }. Let K  be the same as in Theorem 4-9, and 

A  — Ko U K \ with f ( K{ )  — AT-,, i =  0,1 . Assume that sup {a; : x  G A'0} < 

infja: : x  G A i}. Let [A',-] denote the smallest closed interval containing 

•Ki , i  =  0,1 . Then fo r  i — 0 , 1 there exists a periodic point q o f f  with period 

n =  1 or 2 in the gap between [Ao] and [K\\ such that the unstable manifold 

U ( f n, q ) of f 2 at q contains [A,].

P ro o f: By Theorem 5.9, there exists a fixed point p of /  in the gap between 

[AT] and [AT]. Clearly the unstable manifold U( f , p )  is connected and is 

invariant under / .  For i = 1, let s = inf{.T : x  G A'i}, consider the map 

f 2 on the interval [p, s]. p is fixed by f 2. Let q be the largest fixed point 

of f 2 in [p, s]. Because of Lem ma 5.1, q ^  s and then f 2{y) > y for any 

y G (q,s).  Clearly f 2(I(i)  C Ki  and f 2(s) > s. Therefore s, hence [Ai], is 

in the unstable manifold U ( f 2,q)  of f 2 a t q. Similar argument applies to the 

case when i = 0 . □.

From Theorem 5.9 and Lemma 5.3, one has

Corollary 5.3 Suppose f  G C ° ( I , I ) has no attracting cycles and the set o f 

its period P ( f )  =  {2n : n G A + }. Let K  be the same as in Theorem 5.9, and
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k  =  u ? :i K t  n G N . Then fo r  any n G N  there exists a periodic point 

p o f period m , where m  = 2n or 2n+1, satisfying that the orbit { / ‘(p) : i =  

0 , 1 , 2 , • • ■, m  — 1} is contained in the set (J?=i n ]̂ \  U ^i* and the

unstable manifold U ( f m, p) contains some K jn+l\  where 1 <  i < 2n+1.

T h e o re m  5 .12 A continuous map f  : I  —> I  with set o f periods P ( f )  =  

{2n : n G Z +j has no homotervals, no plateaus, only finitely m any turning  

points and finitely m any periodic attractors. K  is the same as in Theorem

5.9. Then the semiconjugacy h in Theorem 5.9 is actually a conjugacy be­

tween f  : K  —y K  and a  : YL y YL-

P ro o f : Suppose th a t semiconjugacy is not a conjugacy. Then there exists 

a point s £ such tha t h~1(s) =  {x , y} ,  x y. We claim tha t h~1(an(s)) 

eventually contains a  single point when n is large enough. Let /„  denote the 

supporting interval of h~1(an(s)),  n > 0. Since there are only finitely many 

turning points and I n, n > 0 , are pairwise disjoint, there exists m  > 0 such 

th a t /„  contains no turning points for any n > m.  If the claim is not true, 

then Im is a homoterval, a contradiction. Therefore one can assume tha t 

/ ( * )  =  f ( y ), where x , y  G K  and x  ^  y.  We separate our considerations into 

two cases.

Case 1. Suppose tha t /  is monotone preserving in some neighborhoods 

of x  and y (the proof is same when /  is monotone reversing around x  and y).  

From Corollary 5.3, there exists a periodic point p of /  of period n, n — 2k, 

k > 0, such th a t the unstable manifold U ( f n,p) of f n a t p contains the 

interval [x,y\,  p is not in [a;, j/] and p is very near x  or y. From the continuity 

of / ,  when p is near x  (or q) enough, f ( p)  is very near f ( x )  =  f ( y ) .  By the
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interm ediate value theorem , there are a t least two points a, b £ (x , y)  such 

th a t / ( a )  =  f {b ) =  f (p)-  Then /" ( a )  =  f n(p) — p. Hence a is a homoclinic 

point, a contradiction.

Case 2. Suppose th a t /  is monotone preserving in a neighborhood of x  

and monotone reserving in a neighborhood of y (the proof is same when the 

situation is reversed). Denote x t = f l(x)  =  f l(y), t £ N.  Let { c , } , € q  denote 

the set of turning points of / ,  where a  is a finite set. Clearly there exists 

to >  0 such th a t ( x t , cf) f | K  ^  0 for any t >  to, denoted by In the

interval (x , y)  we select v and w  near x  and y respectively with f ( v )  = f ( w) .  

Because of the nonexistence of homotervals, the itineraries of f ( p )  = f (q)  

and f ( v ) =  f ( w ) under /  are eventually different. Let vt = t £  N.

Then there exists t > t0 such th a t there is at least one c,- 6  (x t, v t). Clearly 

I<(t,i) C  (x t, v t) and /*((,x, v) )  = f l {{w,y))  D (x t,v t). From Theorem 5.9 and 

Corollary 5.3, there exists a periodic point p of period n = 2k , k > 0, where 

p is not in [x,?/], such tha t p is very near x  (or y), f t (p )  is in the supporting 

interval and the unstable manifold U ( f n,p)  D [x,y]. Clearly there

exists a  point u G (x,  v) (or u £ (w , y )) such tha t f l(u) = f J(p). Hence 

u £ U ( f n,p),  u 7  ̂p and f nt(u) =  f n{f^{p)) = P- So u is a homoclinic point, 

a contradiction.

Case 3. There are other cases besides Case 1 and Case 2, in which at 

least one of x  and y is a turning point. The proofs for these cases are ju st 

slight modifications of Case 1 or Case 2. □

T h e o re m  5.13  A continuous map f  : I  —> I  with set o f periods P ( f )  =  

{2n : n £ Z+} has no homotervals, no plateaus, only finitely many turning

139



points and finitely many periodic attractors. Then f  is infinitely renormaliz- 

able.

P ro o f : Let K  be the same as in Theorem 5.9. From Theorem 5.12, /  : K  —> 

K  is conjugate to  a  : —•► 2  by h. Separate the turning points of /  into

two parts. Let Si (resp. S 2 ) denote the turning points of /  contained (resp. 

not conatined) in K .  Denote K  =  U ^ A 'fn\ n  £ N.  There exists n0 £ N  

such tha t for any n >  no, S 2 D U?"[/r,-n ]̂ =  0. It is sufficient to prove for any 

x  £ S 2 there exists no such th a t for any n >  no, x  is not in U?"[A’,^ ] .  Suppose 

not, there exists an infinite sequence of nested intervals [A't̂ ]  containing x. 

Hence x £  H ng/vfA ^]. Since the  end points of n ng^[Art̂ j ]  are in the same 

fiber of h, which has to be a point, hence x  is in A , a contradiction. Now 

let n >  no. Then /  maps each [A;n ]̂ onto another [A'j”'] in the same level. 

Therefore /  is infinitely renormalizable. □

P ro o f  o f T h e o re m  5.10: Suppose /  is an unim odal m ap in T(1 +  b.Z.v. +  

b.q.v). From the proof of Theorem 5.12, it is enough to show the conjugacy 

h (as the same as in Theorem 5.9) is a homeomorphism. Suppose not, then 

there exists a  point s £ ^  such tha t h~1(s) — {p,q},  p 7  ̂ q. h~1(an(s)) 

cannot contain two points for all n >  0. Otherwise let 7n be the supporting 

intervals of h~1(<rn(s)), n > 0. Since /„ , n >  0 are pairwise disjoint, only one 

m em ber of {/„ : n >  0} can contain the turning point. Hence there exists 

m  > 0 such th a t none of { /m+,- : * >  0} contains the turning point. So Im is a 

homoterval which give rise to a  wandering interval, it contradicts with (1 ) of 

Theorem 5.11. Therefore we can assume th a t f ( p)  = f ( q)  and p < q. Clearly 

(p,q)  D K  = 0. Let c be the turning point of / .  Then c £  (p , q ). Compare
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the itenaries of f ( p)  and /(c ) , if they are same then produce a homoterval, 

hence a wandering interval, if they are not same then either /  has positive 

topological entropy or /  has only finite many periodic orbits because of the 

m onotonicity of kneading da ta  of unim odal maps (see [MiT], [MaT]). We 

have shown th a t h is a homeomorphism.

Suppose /  is a m ultim odal map in T(2). (1) and (2) of Theorem 5.11 tell 

us th a t /  satisfies the conditions in Theorem 5.12. From Theorem 5.12 we 

finish the proof. □

The techniques of [SI], [BloLy] and [H2] (or see chapter 2) show the 

following geometric property of period-doubling Cantor sets.

T h e o re m  5 .14 Suppose that f  is an unimodal map in T (l + b.Z.v + b.q.v) or 

a multimodal map in T(2) with set o f its periods P ( f ) =  {2n : n  €  Â + }, and 

a closed invariant set K  is not finite and J \ k  '■ K  —> K  is topologically tran­

sitive. Then the Lebesgue measure o f K  is zero and the Hausdorff dimension  

o f K  is greater than 0 and less than 1.

5 .4  R ig id ity  R e su lts

An interesting question, from the point of view of m athem atics and 

physics, is how a dynamical system, depending on param eters, make a transi­

tion from simple to  complicated behaviour, according to w hether the system 

is in the interior of zero entropy or it has positive entropy.

For any one-param eter family of smooth unim odal maps, for example, 

the quadratic family

f a =  a x ( l -  x), G [0,4],
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there exists a special map /oo which is on the boundary of chaos and is an 

accummulation of period-doubling bifurcations. A lot of other properties 

have been stated in the introduction (or see chapter 2). /<*, is infinitely 

renormalizable.

Kneading theory [MiT] provides a way to  classify piecewise monotone 

maps from the viewpoint of the combinatorics of the iterates of turning 

points. It can also be used to characterize the combinatorical types of the 

maps on the boundary of chaos in the space of maps with finitely many 

turning points.

Let I  = [Co,Crf+i] be an interval and / : / —> /  be a d-modal map, 

i.e., a piecewise monotone continuous map with d > 1 turning points C\ < 

C 2 <  • • • <  Cj, seperating I  into d -f 1 intervals Jo, <A, • • •, .7̂  in order, on 

which /  alternates between increasing and decreasing. A d-modal m ap is 

called m ultim odal if d > 1 and unim odal if d =  1. To each point x G I  

one can associate the itinerary  I ( x ), defined to be the sequence of symbols 

In G {Jo, C i, J i ,  • • •, Cd, Jd\, n  £ Z+ such tha t f n( x ) G I n• The kneading  

sequence kj are defined to be the itineraries of f ( C j ) , j  G {0,1, • • • , d +  1}, 

and the kneading invarian t of a map /  to be the (d +  2 )-tuple K ( f )  = 

(k0, fcj, • • •, kd+1). The kneading invariant is preserved under orientation pre­

serving topological conjugacy. For most purposes, the itineraries of the end 

points are not im portant, so only k \ ( f ) ,  • • •, kd( f ) are required.

Kneading theory provides a partition of the space of piecewise monotone 

maps with finite num ber of turning points into monotone equivalent classes 

[G3]. As is known, maps on the boundary of chaos with only one turning 

point ( “unimodal m aps”) all belong to a single monotone eqivalent class [CE].
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The kneading invariant k ( f co) is

A (oo) =  k{ f )  =  R L R R R L R L R L R R R L R R  • • •.

X ^00) can be w ritten down inductively. Let

^ ( ° ° )  _  X i X 2  . . .  X n  . . .  ^

then X\ — R , X2 = L, the symbols from a^fc+i t°  ^ 2*+]- i  is the copy of 

the symbols from Xj to .T2fc_i and .t2m-i is the opposite of a:2*, where k =  

1,2 ,3 , -

There is a partial order on the space of the kneading sequences of maps 

with the same num ber of turning point. The paper [MiT] (see also [MaT]) 

gives a complete description of the boundary of topological entropy-zero maps 

in the space of C p unim odal maps, p > 1 , in term s of kneading datas.

T h e o re m  5 .15 Let f  be an increasing-decreasing unimodal map o f an in­

terval to itself. Then

(1) f  has positive topological entropy <£=> k ( f )  >

(2) f  is on the boundary o f chaos in C p, p >  1 = >  k ( f )  =

(3) k ( f )  < Al°°) = >  /  is in the interior o f the set o f topological-entropy- 

zero maps in C p, p > 1.

Different from the case of unim odal maps, for m ultim odal maps, for in­

stance bimodal maps, the boundary of chaos intersects uncountably many 

monotone equivalent classes: [MaT] gives a com binatorial description of the 

set of monotone equivalent classes of bimodal maps /  whose set of periods 

P ( f )  =  {2n : n £ Z+j .  An analogue of the above theorem  is also given in 

[MaT], but it is very com plicated, we would rather not sta te  here.
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Let us finish the introduction of kneading theory with the following the­

orem.

T h e o re m  5 .16 [D G M T  1,2] For any integer d, the stunted sawtooth fam ily  

Sd,w Is complete in the sense that fo r  any d-modal map f , there is a canonical 

stunted sawtooth map Sd,w which has exactly the same kneading invariant as

I-

Remark: By this theorem , we say tha t in some sense Theorem 5.8 (or 

Corollary 5.1) solves the symbolic version of the Conjecture A and B (see 

section 5.2).

If a system goes along a smooth curve which connects nonchaos with chaos 

in C k(I,  I) ,  k >  1 , how does the dynamics of the system changes? Roughly 

thinking, any continuous curve from nonchaos into chaos has hit a point at 

the accumulation of an infinite sequence of period-doubling bifurcations. The 

paper [B1H] studies how the set of periods of a map changes as the map goes 

through a continuous arc in C 1( I , I )  in term s of the Sarkovskii’s ordering.

Let F ( n ) denote the set of maps in C 1( I , I )  which have a periodic point 

of period n. Let <1 denote the Sarkovskii’s ordering on nature numbers. Let 

G( n ) denote those /  £ F( n)  such tha t /  is not contained in f ( m )  if m  t> n. 

We may include the symbol oo by defining k <1 oo if k =  2! for some integer 

i > 0, and oo <1 k otherwise. Those maps in F(oo), but not in F ( m )  for 

any m  with m  t> oo, will be denoted by G (oo). Block and Hart proved the 

following interm ediate value result for continuous arcs in C 1 (1 ,1 ), in term s 

of the Sarkovskii’s ordering.

T h e o re m  5 .17  [BIH] Let f t be a continuous arc in C 1( / , / ) ,  0 <  t < I,

144



with fo  € G{n) and f \  6  G(m) .  Then fo r  any k such that n <\ k <\ m , there 

exists to such that f t0 £ G(k).

It follows th a t any continuous arc f t in C 1( I , / ) ,  0 <  t <  1, with h( f 0) — 0 

and /i( /i) , m ust pass through a point in G(oo). In other words, any contin­

uous arc in C P(I,  I ) , p  >  1, from nonchaos to chaos m ust contains a map 

whose P ( f ) =  {2* : i > 0}.

Theorem 5.17 tells us tha t in the space C k( I , I ) ,  k > 1 , of C k endomor- 

phisms of an interval / ,  if a m ap /  is on the boundary of positive entropy 

then the set P( f )  of its periods is {2" : n £ Z+ }, and the same is true for /  

on the boundary of the interior of the set of zero entropy. The converse of 

this theorem is stated  as Conjecture A (see section 5.2).

It is studied in [Be], [GLOT] and [OT] how period-doubling periodic orbits 

evolve as a  system walks along a curve from nonchaos into chaos, w hat we 

mainly concern are the asym ptotic ratios of successive changes among param ­

eters corresponding to the period-doubling bifurcations, and the structure of 

the set of maps P( f )  with set of period {2! : i £ Z+}. So far we cannot give 

definite answers in general to these questions, bu t we are able to solve them  

in the space of real polynomials. The techniques of geometric analysis will 

be applied.

The renormalization idea naturally  appeared in the study of the dynam ­

ics of maps in G (oo). A self-map of an interval is called renormalizable if 

there exists some subinterval which will be m apped into itself under certain 

iterates. The infinite renorm alizability of smooth maps with finitely critical 

points is given in section 5.2.
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For a  real polynomial /  G G(oo), by Theorem 5.10, we know th a t it is 

infinitely renormalizable. Its renormalizations are of bounded types. The 

real bound’s properties (see chapter 2 ) and the complex bound’s property 

(see chapter 3) follow. Before we prove several rigidity results stated  in the 

introduction, let us review a little  bit in polynomial-like m apping theory.

In the space of polynomial-like mappings of degree d with filled-in Julia 

sets, an internal class consists of those th a t are quasiconformally conjugate 

in the neighborhoods of filled-in Julia sets and the conjugacies have no com­

plex dilatations in the filled-in Julia sets. Two polynomial-like mappings are 

externally equivalent if they are conjugated by an analytic map in an annulus 

neighborhood along the filled-in Julia set.

The following theorem is a corollary of the Straightening Theorem [DH] 

(see section 3.4).

T h e o re m  5.18  1) The real-coefficient polynomials with connected filled-in 

Julia sets cut each internal class at most once.

2) The external classes o f an internal class are bijectively equivalent to 

the set o f real analytic expanding maps o f the unit circle S 1 up to real analytic 

conjugacy.

A Beltram i coefficient y  (see chapter 4) is an invariant Beltrami line 

bundle for a complex analytic map F  is

M*) =

for almost all 2 in the domain.

The following theorem is a general version of the main theorem  in [Me].
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L e m m a  5.4 [Me] Assume P  is an infinitely renormalizable real polynomial 

and the closures o f critical orbits are the same. Then there is no invariant 

Beltrami line bundle lying on the filled-in Julia set o f P .

T h e o re m  5 .19 I f  two real polrjnomials P , Q € G(oo) have the same knead­

ing invariants, and the closures o f critical orbits o f P  (respectively Q) are 

the same, then P  and Q are conjugate by an affine map.

P ro o f: It is a consequence of Theorem 5.10, 3.10 and the Straightening 

Theorem. □

Let us repeat the main theorem of chapter 4.

T h e o re m  5.20  (T e ic h m iille r  C o n tra c tio n  P r in c ip le )  [51]

Let F  and G be two infinitely renormalizable maps o f Epstein class and 

with the same bounded combinatorial types. Then

D ( R n(F),  R n(G))  —> 0

as n —* oo.

An im m ediate consequence of this theorem is

T h e o re m  5.21 (C o u lle t-T re s se r  R ig id ity )  All infinitely renormalizable 

maps, o f Epstein class and the same bounded combinatorial types, have corre­

sponding critical orbital Cantor sets o f the same asymptotically scaling ratios.

Theorem 3.10, the Straightening Theorem and Teichmiiller Contraction 

Principle of the renormalization operator give a rise to the following theorem.
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T h e o re m  5.22  The codimension o f stable manifold, associated with each 

point F  in the image o f all iterates o f renormalization operator, is the number 

o f critical points o f F  (counted with multiplicity). I f  F  is a unimodal map 

one gets a codimension 1 stable manifold associated with it. I f  F  is a bimodal 

map one gets a codimension 2 stable manifold.

In another word, we can use internal classes to  label the points in the 

unstable set of the renormalization operator and external classes to label the 

points in the stable manifolds.

Now the following two rigidity results are naturally  of the consequences 

of Thoerem  5.19 and 5.22.

T h e o re m  5.23  The Feigenbaum-Coullet-Tresser period-doubling bifurcations 

generically exist in the smooth transition from  nonchaos into chaos in the 

space o f real-coefficient polynomials o f degree d.

T h e o re m  5.24 In the space o f real-coefficient polynomials o f degree d, non­

chaos and chaos share the same boundary.
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