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Abstract

Generalization of the three-term recurrence formula and its application

by

Yoon Seok Choun

Advisor: Professor Sultan Catto

In an earlier paper we showed development of a bilocal baryon-meson field from
two quark-antiquark fields. In the local approximation the hadron field was shown to
exhibit supersymmetry which was then extended to hadronic mother trajectories and to
inclusion of multiquark states. The Hamiltonian in the case of vanishing quark masses
was shown to have a very good agreement with experiments. The theory for vanishing
mass was solved using confluent hypergeometric functions. In order to solve the spin-
free Hamiltonian with light quark masses we are led to develop a totally new kind of
special function theory in mathematics that generalize all existing theories of confluent
hypergeometric types. We call it the ‘Grand Confluent Hypergeometric Function.” Our
new solution produces previously unknown extra “hidden” quantum numbers relevant
for description of supersymmetry and for generating new mass formulas.

Furthermore, we show for the first time how to solve mathematical equations

having three term recursion relations and go on producing the exact



solutions of some of the well-known special function theories that include Mathieu,
Heun, Lame and the Grand Confluent Hypergeometric Function. We hope these new
functions and their solutions will produce remarkable new range of applications not only
in supersymmetric field theories as is shown here, but in the areas of all different

classes of mathematical physics, applied mathematics and in engineering applications.
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Introduction
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1.1 Introduction

The subject of special functions has a long and varied history. At the core of spe-
cial functions lie the Gaussian hypergeometric function and its confluent forms, the
confluent hypergeometric functions. The slight modification of the confluent hyper-
geometric functions are also known as Whittaker functions.

The Gaussian hypergeometric functions includes as special cases Legendre func-
tions, the incomplete beta function, the complete elliptic functions of the first and
second kinds, and most of the classical orthogonal polynomials.

The confluent hypergeometric functions include as special cases Bessel functions,
parabolic cylinder functions, Coulomb wave functions, and incomplete gamma func-
tions. Numerous properties of confluent hypergeometric functions flow directly from a
knowledge of the Gaussian hypergeometric function, and a basic understanding of the
Gaussian and the confluent hypergeometric functions is sufficient for the derivation of
many characteristics of all the above named functions. A natural generalization of the
Gaussian hypergeometric function is the generalized hypergeometric function, which
in turn is generalized by Meijer's G-function. The theory of the generalized and the

G-function is fundamental in the applications, since they contain as special cases all
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commonly used functions of mathematical analysis, Further, these functions are the
building blocks for many other functions which do not belong to the hypergeometric
family.

Recently, taking our lead from the exact solution of a supersymmetric differential
equation [1] describing quark-antiquark potential models and their relation to the
multiquark systems, namely quark-diquark system and associated potential models
(diquark is a pair of quarks formed as a point-like particle at one end of a baryon
bag) in the description of relating the baryon masses to the meson masses, we are led
into a discovery of a new kind of special function theory that generalizes the confluent
hypergeometric series that we call Grand Confluent Hypergeometric functions, and
show generation of a class of exact solutions that may be used in many areas of physics
and mathematics and most importantly for our own purposes, the supersymmetric
particle theories.

The supersymetric theory we developed earlier [2], [3] based on supergroups of
the type SU(m/n) relates baryon masses and meson masses to each other with note-
worthy accuracy, but also predicts multiquark states that have been observed ex-
perimentally, (such as ag and fp mesons made up of diquark-antidiquark pairs) with

significant accuracy. In the process we have also developed a algebra of color[4], [5]
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based on the units of highest division algebras, that of octonions that we call "split
octonion algebra” that produces the correct color degrees of freedom for quark sys-
tems. Split octonion algebra based on the complexification of the octonionic units
is a closed Heisenberg algebra whose properties have been described in some of our
earlier papers[6], [7].

The notion of the solution having to give rise to an extra degree of a quantum
number we designate as "i** kind of hidden radial quatum number” that will be ex-
pressed below, makes the theory especially applicable to all supersymmetric theories
in nature. Indeed, it has an infinite number of eigenvalues, and each one has infi-
nite eigennumbers. For example a hydrogen like atom wave function, only has one
eigenvalue and has infinite eigennumbers. As we see in Regge trajectory plot of an-
gular momentum vs. square of mass (J vs. m?), there are many linearly increasing
lines with same slopes including bunch of eigenvalues corresponding to fermions and
bosons. It is not clear what the meaning of many eigenvalues are. With our analysis,
it will be explained below. The formalism we develop in this paper is very general in
scope, as it unifies all the special functions mentioned above in mathematical physics.
It has a remarkable range of applications in mathematics and other sciences, as well

as large range of applicability in all sorts of engineering problems.
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We also generalized three term recurrence formula in linear differential equation. It
is well known that all known special functions have only two term recursion relations.
Linear differential equations has very long history over 500 years. During this period,
mathematicians developed analytic solutions of only two term recursion relations.
They do not know how to solve the case of three term recurrence formula. From our
paper, we get exact solution of the three term one, and we can express it by integral
formalism and generating function of it. For example of three recursion relations,
We show exact solution of four special function: Mathieu, Heun, Lame and Grand
Confluent hypergeometric functions. Mathieu functions appear in physical problems
involving elliptical shapes or periodic potentials, and were first introduced by Mathieu
(1868)[8] when analyzing the motion of elliptical membranes. Unfortunately, the
analytic determination of Mathieu functions ”presents great difficulties” (Whittaker
1914[9] , Frenkel and Portugal 2001[10]), and they are difficult to employ, "mainly
because of the impossibility of analytically representing them in a simple and handy
way” (Sips 1949[11], Frenkel and Portugal 2001). But it is not hard, yet extremely
easy with our analysis.

For example, if one studies certain problems in astronomy or in general relativity,

an encounter with Heun equation is inevitable. This is a general equation whose
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special forms take names as Mathieu, Lame and Coulomb spheroidal equations. Here
the coefficients in a power series expansions do not have two term recursion relations.
We have a relation at least between three or four different coefficients. In this thesis
we will show how to get exact solution in power series, the integral formalism and
generating functions of it. For the past 500 years, we have been only using in two
term recurrence formulas. More than three term case we have been neglected because
of its complexity. However, since 1930, we do not have simple problems to solve
in theoretical particle physics and scientists and mathematicians doing research on
this field have to tackle more difficult problems, either with more difficult metrics
or in higher dimensions. Most of the difficult problems must include three term or
more. With analysis of three term recurrence formulas, we can get exact solutions
of higher term recurrence formula; four, five, --- , m'® term and indeed, an infinite
term recurrence formulas. It means that we can generalize all homogeneous and
inhomogeneous linear differential equations. Most problems in nature turns out to be
nonlinear. We usually linearize those system for simplification purposes. In linearizing
the systems by certain methods of simplification we can approach the future with a
good approximation. All physics theories (E& M, Newtonian mechanics, quantum

mechanic, QCD, supersymmetric field theories, string theories, general relativity, etc),
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always involves solutions of linear differential equations, but unfortunately, there are
no analytic solution of then in some important physical cases. We hope with the
theory we developed here, we can get analytic solution for many linear systems, and

point towards a future we can put under our control.
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Equation (GCH)
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There is the spin free hamiltonian involving only scalar potential for the ¢ — ¢

system:

P2 — 9?2

r or?

SN
Q)lQ»)

T

l(l+1) ‘ m = Imass

1
H? = 4[(m + 5br)2 + P? +

b = real positive constant

[ = angular momentum quantum number

(2.1)

\

The mass m is negligible because of its extremely small value. Eq(2.1) turns to be

1 I(1+1
H? = 4[Zb2r2 + P? + %} (2.2)

When wave function ¥(r) acts on both sides of eq(2.2), we have second order differ-

ential equation with respect to r

Py(r)  200(r)  [E* 1., I(l+1)
o e la Tdtt T e

¥(r) =0 (2.3)



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)10

Using the transformation ¢ = e=1"*r'F(r), eq(2.3) becomes

PF (200 +1) OF  [E? 2
W*( r _br)5+(f_(l+§)b>F_o 20

Let z = £br? then, Eq(2.4) becomes

0°F oF
where
3
y=1+ = (2.6)

2

e S () o

We see, eq(2.5) is equivalent to confluent hypergeometric equation. Also, cy must be
zero or a negative integer. If it doesn’t, polynomial F(z) will blows up as z and n goes
to infinity. Physically, we are not interested in this kind of situation. The function

F(z) must to be finite. Let’s set ap = 1 — ng. Then,
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ng =1,2,3,--- ;primary radial quantum number (2.9)

Then, eigenvalue is

E? = 4b {2|a0| + (l + g)} (2.10)

Also wave function is equal to
3 1 .
¥(r,0,8) = Nr'e ™3 F, (7 =l+52= §br2)Ylm (6, 9) (2.11)

where

(
|Oé(]| = Ng — 1

[ = angular momentum quantum number

(2.12)

m* = azimuthal quantum number

N = normalized constant

Floo| (7; 2) = the 15 kind of confluent hypergeometric function
\
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The wave function is normalized so that

[ 1o P er=1 (2.13)
Plug eq(2.11) in eq(2.13)

/ | 6(r,0,0) |2 d*r = N? / P2 B () P / Y (0,6) 2 dO
0

N J/

A (2.14)
=1
So,
1
N = - (2.15)
\/fom rE2es B,y (30r2) | dr
By using orthogonal relation, eq(2.15) is equal to
N \/ (2b)55 (1 + 1)1(1 + 1) 2.16)
@+ 2) [a0 [0+ a0 [ +DV7 |
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Putting eq(2.16) into eq(2.11), the normalized wave function is

B (20)'F2(1+ DI+ 3)! -
w,e,@—\/(QHQ)!MO“(H'%,ié)!ﬁre Flaol (7:2) Y™ (6,0) (2.17)

where

Now let’s define normalized wave function including the small mass m. We obtain

schrodinger equation from eq(2.1) which is

Py 200 (E* 1, om\? 1l+1))
W—F;E-F(I—Z{) (7’—0——) I =0 (2.19)

By the transformation ¢ = e~ (r+ %) rly(r)Y,;™ (0, ¢), eq(2.19) becomes

2
r@ + (=br* = 2mr +2(1 + 1)) 0

= a—‘:{ H(Qr—2m(+ 1)y =0 (2.20)
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where

B 2
Q:Z—b(lJrg) (2.21)

Now, let’s try to describe the function y(r) as Frobinous series.
y(r) = Z Cpz™ (2.22)
n=0
Plug eq(2.22) into eq(2.20), then we have

AMA 20+ DCor* + A+ 1) (A +2(1 4+ 1))Oyr* — 2m(\ + 1+ 1)Cpr?

+> {(n+ A+ D(n+ A +2(1+1)Cos1 — 2m(n + A+ 1+ 1)C,

n=1

+HQ —bn+X—1)Cp_1 32" =0 (2.23)
Indicial equation is

AMA+ 204+ DCor M+ A+ DA +2(1+ 1)Cr —2mA+ 14+ 1)Cor* =0 (2.24)
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In eq(2.24), assume that Cy # 0. Then we have two indicial roots

/\1:0 and )\2:—2l—1

and, recurrence formula for all n is

Cn
K, = G
B Kn_l - CS:LI
K,=A4,+—" n>1
Kn—l

A = 2m(n+A+i+1)
n (n+A+1)(n+A+2(1+1))

B = —Q+b(n+A—1)
T (nA+1) (n+A2(1+1))

\

Let’s investigate function y(r) as n and r go to infinity. As n > 1

2
lim A, = om lim B, =
n>1 n n>1 n
Plug eq(2.27) into eq(2.26)
2m b/n
lim K,, = — + ———
nl>r>q n * lim K,

n>1

(2.25)

(2.26)

(2.27)

(2.28)
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We see the first term of r.h.s. in eq(2.28) is negligible, since mass m is extremely

small and n is too large, respectively. Then, eq(2.28) is approximately equal to

b/n
lim K, ~ ——— 2.2
wol " T Im K, (2:29)
n>1

Let’s now simplify this relation by giving K, in terms of g—; = m instead of K, ;.

From eq(2.29)

Ky = G=m K =2
Ky=7% Ky=2
K4 - % K5 - 1'38'?)m
Ky = L Ky = 2 20
Ky = &5 Ky = 1.3?;1%7!?9771
1:3:5:7-9m 2°51b

Ky = 2551 K = 1-35:7.9-11m
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We can classify C,, to its even and odd parts from eq(2.30)

= bC)

— Ly,

1-3

135

1-3-5-7

_ 1
13579

L 30

L_piCy

b>Cy

01 = mC()

03 = ng()
2

05 = %WCO
3

07 = 22—3,77”600 (2'31>
b4

Cg = mmC()

b5
C11 = 555;mCo

We can describe y(r) as power series by using eq(2.31). For simplicity, We suggest
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Cop=1

7111>1;ri y(r) ~ Z Conr + Z Copgrr?™ !
22l (1 L\" 1/1, ,\"
= ;(271)!<§br) +mr§n:a<§br)
- (1 L\" ,
Z ( 2)1 ‘(_b,rQ) +m€§br2

1/1 " 2 2
Z—(ﬁbﬁ) +mez" = (1+ mr)ez®” (2.32)

n!

V

n

There is an important boundary condition for quantum wave function ¥(r, 0, ¢)

which must go to zero as r goes to infinity. It is unacceptable that wave function

W(r, 0, ¢) is divergent as r goes to infinity from the quantum mechanical point of

view. As r is extremely large value, the big polynomial of degree n will take a dom-

inant position. Substitute eq(2.32) into the wave function which gives ¢ (r,0,¢) =
_Q(T+2ﬂ)2 ! x . .

Ne a\""% ) rly(r)Y™ (6, ¢) ; N is normalized constant.

lim¢(r,0,¢) > ere_%(Hsz)QYlm*(G,qﬁ)limy(r)

n>1 n>1

_ 1t (r2m)? Lor2y rm*
= Nre s\""% ) (1 +mr)e2” Y™ (0, ¢)

Q

N(1+mr)rtei” Y™ (0, ¢) (2.33)
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Even if the mass m is extremely small, the wave function 1 (r, 6, ¢) will blows up as

r— co. Then it yields

1i>>rq P(r,0,¢) > lim N(1+ mr)rle%brzYlm*(Q,gb) — 00 (2.34)
n r—00
r—00

The wave function ¥(r, 6, ¢) blows up as r goes to infinity. All wave functions must
to go to zero as r goes to infinity from a quantum mechanical perspective. The first
and second term of y(r) must also be terminated to become a polynomial of degree
in this case. As we see in eq(2.32), the first term indicates even term of C,,, and the
second term of it has odd term of C,,; if y(r) is not terminated at certain value of n,
it will blow up as r goes to infinity. This is the reason why we argue that y(r) must
be terminated to become a polynomial of degree n. Now, let’s try to define the first

kind of independent solution as A\; = 0:

As )\1 = 0,
2 +l+1)m
Aeb=o = T w20 1) (2.352)
Byly=o = —@tbn—1) (2.35b)

(n+1)(n+2(1+1))

Put n=0 in eq(2.35a). We get Ay = m. From eq(2.30), we have Ky = m which is
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equal to Ag. Plug n = 1 into recurrence formula.

B, B, B,
=A —=A — =A 4+ — 2.
K 1+K0 1+A0 1—i_m (2.36)

We see from eq(2.36), A, includes the first order of m which has extremely small

value.. Then, we argue that A; < %. Eq(2.36) is approximately the same as

B
K~ = (2.37)
m

By using this process, we can simplify eq(2.26) by giving K, in terms of A, and B,
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instead of K,,_;. We define B, ;x, refering to B;B; By, B;. From eq(2.26),

KOZAO
B
KlﬁA—é

Ky ~ B%l (A()BQ + AQBl)

-~ Bis
AgBy+As B,

1
Ky~ E(AOBQA + ABy 4+ AyBy3)

- B35 238
K5 ~ ApBg a+AsB1 4+A4B1 3 ( )

1
K6 = Bl 3.5 (A0327476 + A2B174,6 + A4Bl,376 + A6B17375)

Ko~ Bi3s,7
7= AoB24¢+AsB146+A1B136+AcB135

1
Bi3s,7

(AoBoues + AaBiags + AsBi 368+ AsBi3ss + AsBi1357)

Ko~ Bi35.7,9
9= AgB2aestAsBia6stAs1B1 368+ AcB135s+AsB1 357
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and we can classify C,, to have even and odd terms from eq(2.38)

CO C’1 = C’0140
CQ - OoBl 03 == Co(AoBQ + AQBl)
Cy=CyB1 3 Cs = Co(AogBoy + AsBy g + AyBy 3)

Ce = CoBi3s Cr = Co(ApBaag + AsBrag + AsBise + AsBiss)
(2.39)

Cs = CoBi 35,7 Cy = Co(ApBaagss + AsBiass + AsBises + AsBisss + AsBissr)
Cio=CoBi13s79 Ci11=Co(AoB2assio+ AaBiassio+ AsBisesi0 + AsBi3sss.10

+AgBi 35710+ A10B1357.9)

Now y(r) can be described as a power series, by using eq(2.39).

o0 o0
y(r) = y(r)domin. + Y(T)smau = Z Conr®™ + Z C2n+17’2wrl

n=0 n=0

oo n—1
= (o {1 + Z H sz+17“2n}+ Co {AOT‘ + (AgBy + Ay By)r?

n=1 k=0

00 n—1 n—1 n—1 7j—1 n—1
+ Z {Ao H Bapio + <A2j Bopya H BQk—H) + Aoy H sz+1]7“2n+1}
p=0 j=1 p=j k=0 p=0

(2.40)
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We choose one of By, 1 to be zero, where £ = 0,1,2,3,--- in order to make a
polynomial of degree n in y(7)gomin. of €q(2.39). In other words, we might choose
Q = 2b(ng—1) where ng = 1,2,3,--- in eq(2.35b). Then By, will be zero at certain
value of k. However, since y(r)sman in €q(2.40) ;look at the odd term of C,, in eq(2.39),
it has combinations of By sand By for every each of the odd term of C),. It means
that one of each of By sand Baggyq terms must be zero at same time. In other words,
Q = 2b(np — 1)and @ = b(2n; — 1) where n; = 0,1,2,3,--- must be satisfied in
this series spontaneously. We call ng as primary radial quantum number and n; as
the first kind of hidden radial quantum number. Then y(r) will be a polynomial
degree of n. y(r) consists of two terms which are y(r)gomin. and y(r)sman in eq(2.40).
The dominant wave function y(7)gomin. Which does not include small mass m must
be terminated to become a polynomial of degree n in this case. But the y(r)gsmnau is
extremely small wave function because it includes A, |\—g = % which has

small mass m. Also eq(2.21) is equivalent to 2b(ng — 1) and b(2n; — 1) at same time.

_1
For simplicity, plugging Cy = % in eq(2.40), we obtain
oY

3 1
y(r) = QW gl el <|040| =no— L jai|=n —1L,y=1+ 5; z = 557”2)

ot | .
Floo)(v: 2) +mr H (7;2) only if |ap| < |oy]| (2.41)

o
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where,

|aol |aol
S Cyragiol £ 9= D1, ool ) &2 (Slah
AU i o ey Ty Rt oy R o

(2.42a)

H|a1| (’}/; Z) _ (’Oéo‘—i-’)/ Z ;lOéO)Ln n

(v —%))F(n+ SIC(v+n—3)(n—|ai])w b
k+n+3Tk+n+v+1)

X
I3
=
+
N [—

1 11

= 27TZB(‘CY1| i 17 %)T(s,t,p, U) <wlaw1 + 5(7 - §)>F’\ao|(77 wl)
(2.42b)

And,
1. D] + DI(1/2)

B 1,-) = 2.4
(ol +15) = =l 1 3/2) (243)
w = 2251 (2.43b)

in the above, T (s,t,p,u) is the operator which acts on

- / orva2) [ o [ e 0

T(s,t,pu)= [ dss V21 _“1+32/dtt7_32/ d fd—
(s,t,p,u) /0 ss /7 (1+s) i » p uu|a1|+1(1—u)
(2.44)
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We see in eq(2.42a), it is the first kind of confluent hypergeometric polynomial
of degree |ap| surprisingly. Eq(2.41) denoted as QW‘QO|7|QI‘<|QO| =mny— 1,|loyq| =
ni—1,y= l—l—%; z = %bﬂ) is called as the first kind of Grand confluent hypergeometric
polynomial of degree |ag| and |ay| with the first order m.

Also, we obtain two eigenvalues which are

1
B2 = 4b{l + 2ng — 5} (2.45a)
2 1

Eq(2.45a) is called as primary radial eigenvalue. And eq(2.45b) is called as the first
kind of hidden radial eigenvalue.

As we let the small mass m goes to zero in eq(2.41), we have

N y(r) = Fla|(7: 2) (2.46)

Eq(2.46) denoted as the 1% kind of confluent hypergeometric polynomial is exactly
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satisfied with eq(2.5). From eq(2.41), the wave function of it is
N 79(r+2fm)2 l 3 1 2 m*
00,0, Bt = NeTH ) 11 QW o0 (7 = 14532 = S0 17 (6,6) (247)

By using orthogonal relation, normalized constant N is

v—1 _1)leolov—3 -1

2 n r G 12 2{ (o] +7 = 5)T (1|ao|+7+ 3)
b btz I'(y—3)

|

lao| |a1]|—n (n+ %(7 _ %))F(\Ozo| + Py +n— %)( lag|)n(n — | )k H -3
FOIL(k + 1~ Jao] + 3)(7)a(n)

(2.48)

Plug eq(2.48) in eq(2.47)

v—1
W(r,0, 0, = [va I'(Jao| + DI (Jao| +7)
(—1)'%'27_5{ [ (Jao| +v = 3)T(Jaol + 7+ 3)
—m 1
bprta I'(y—3)

| lea]|—n

o 1 1 1 _1
) # 50 Iol 00+ 7= Hioubuln —lonl)e ]
2. kz% L(Y)T(k +n = lao| + 3)(7)a(n) H

)\ 2 3 *
xrle %<T+2T> QW|0¢0|7\O¢1| v=1+ 5; © 7 §bT2)ng (0’ QS) (2.49)

n=0
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where,
|Oé()| =Ny — ]_ ]
only if |ap| < |ay| (2.50)
lag] =mny — 1
Eq(2.49) is called the 1% kind of the normalized Grand confluent hypergeometric wave

function of degree || and |ay].

As the small mass m goes to zero in eq(2.49), it turns out

b
271 (|avo| + DI (Jexo] + )

T (7, 0, @)y e = \/ rle i Flog (7:2) Y™ (0, 9)
(2.51)
Eq(2.51) is exactly equivalent to eq(2.17). We see in the new special function, there
are two eigennumbers ng and n;. The first eigennumber called primary radial quan-
tum number appears in zeroth order of m term,y(7)gomin. and first order of m term
Y(7)sman- But the second eigennumber called the first kind of hidden radial quantum
number only appears in the first order of the m term. As we neglect small mass
m, the primary radial quantum number only appears in wave function. However,

when we include the small mass m, the second eigennumber, 1% kind of hidden radial

quantum number is created. When one sees any other special function, for example,
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Laguerre and Associated laguerre function, Legendre and associated Legendre func-
tion, hypergeometric function, Kummer function, etc, those functions only have one
eigennumber. This is quiet a strange function. Also, surprisingly, the story does not
end here! In the new special function, there are two terms which are 0* order of
m term, Y(7)gominan. and 1°¢ order of m term, y(r)smeu. Actually, higher order of m
terms do exist. But the mass m is extremely small. So We neglect the m terms that
are more than 2" order. We only count it up to a 1% order of m term. The full

description of function y(r) include all higher order of mass m in the following way.

y(r) = Z m’ Z Chr" = Z Chro m"+m Z Ch1 r"4m? Z Ch r4m?3 Z Chgr'+---
=0 n=0 n=0 n=0 n=0 n=0

(2.52)

If the function y(r) of eq(2.52) is infinite series, then the wave function ¢ (r, 6, ¢) will

blow up as we see in eq(2.34). So all of each of summation in eq(2.52) must be a

polynomial. Then, eq(2.52) become

00 N; No Ny N2 N3
y(r) =Y m' > Coa™ = Copr™+m Y Cog 1"+m? Y Con 1" +m* > Coz 1"+
1=0 n=0 n=0 n=0 n=0 n=0

(2.53)
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Then, all possible eigenvalues and eigennumbers of m'® order term are

m° order term;{Eg = 4b(l—i—2n0—%> ng=1,2,3,4,--- }

(2.54a)
4 )
B = 4b(1+2n0-1) no=1,2.3,4,-
m' order term; only if ng < ny4
B = ab(l42m+1) ni=1,234,
\ J
(2.54b)
4 )
E; = 4b<l+2no—%> no=123,4,---
m? order term; E? = 4b<l + 2nq + %) ny=1,2,3,4,--- }onlyifng <n; <ns
E2 = 4b<l+2n2+%> ne=1,2,3,4,--
\ J
(2.54c)
( 3\
E02 = 4b l+2n0—% n0:1’27374’...
m® order term; (2.54d)

n2:1a273747"'

n3:1a273747"'

( )

BF = ap(i4+2m+1) mi=1,2,3,4,
( )
( )
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B = 4b(l+2n0—1) no=1,2.3,4,-
EY = 4b(l+2n1+§> n =1,2,34,-
m* order term; ¢ 2 = 4b(l—|—2n2+%> ne=1,2,3,4,--- (2.54e)
B = 4b(l+2n5+3) ng=1,2.34,-
Ef = 4b(l+2n4+§> ng=1,2,34,-
\ J

where )

n; <n; where¢ < jandi,j7=0,1,2,---
E? = primary radial eigenvalue
(2.55)

E? = i'" type hidden radial eigenvalue

nog = primary radial quantum number

n; = i'" type hidden radial quantum number
\

We see from eq(2.54a) through eq(2.54e), ith term of m has (i+1) different eigenvalues.
Actually, we don’t have to think about functions of all higher order of mth term, since
these functions create extremely small vibrations and variation. So zeroth order of m
and 1st order of m terms are sufficient.

Now let’s generalize this new special function. Suppose that there is a second
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order differential equation which is

CLO)alablaCl;dl = §R

"

2y (x)Faory (z)+ (a2 +by 23412 +dy )y(z) = 0 where |
0<z <@
(2.56)

Eq(2.56) is equivalent to eq(2.19). All coefficients in the above exactly correspond in

the following way.

ag +— 2

by «— —mb
(2.57)

di «— —l(l+1)

r—>7T

Let’s say that

) 2
y(ﬁ) _ e%ﬁ(aﬂr%) I% (7(a071)i\/(a071)274d1>g(x) (258)
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Plug eq(2.58) into eq(2.56).

xg (2) + (pa® +ex +v)g (x) + (Qz + ew)g(z) = 0 (2.59)
where,
= 2iy/ay
_in
Var
v=1+/(ao— 1) — 4d, (2.60)

b2
Q:cl—4—;1+i\/a_1(2j:\/(a0—1)2—4d1)

w = %(1 + v/ (ag — 1)2 — 4d,)

Eq(2.59) is equivalent to eq(2.20). All coefficients in the above exactly correspond to
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the following;:

< —b
€ +— —2m

v+—2(l+1) Yol
2 ; (2.61)
Qe Q=" —b(1+2)

w+— (I+1)

r—7T

We first suggest that |5| = |2%| < 1. Assume that

g(z) =Y Cpa"™ (2.62)
n=0
Plug eq(2.62) into eq(2.59). Then we get two indicial roots.

AM=0 and N=1-v (2.63)
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And, recurrence formula for all n is

K, = St
— Cn
Kn—l — Cn1
K,=A,+ 5w >1 (nAtw) (2.64)
— ;n > — _ em w .
" " Kn—l An (n4+A+1)(n+A+v)
_ Q+p(n+A-1)

B, = - (n+A+1) (n+A+v)
G _ _¢
Co 2

Let’s test for the convergence of the function g(z). As n goes to infinity, recurrence

formula is approximately equal to

: —p/n
lim K, ~ ———— 2.
w1 " Tim K, (2.65)
n>1
Plug eq(2.65) into eq(2.64)
Coir ~ —C1 (2.66)
n

Now we can describe g(x) as power series by substituting eq(2.66) into eq(2.62). For
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simplicity, we suggest Cp = 1

7111>I>Ii g(z) ~ Z Conz®™ + Z Coppr 2™t
2l /1 N\ 1 171 ,\"
= S — — Zpr?
;(Qn)!( 2’”) 259’;71!(2 T)

(—3)! Lo\ 1 1
Z(n—%)! Tkt ) T e

1 1 "ol 1
> E — ( - —;wQ) - Esxe_%’MQ =(1—- 561])6_%’“2 (2.67)
Substitute eq(2.67) into eq(2.58)

i ) 2
y N (2422)" 1 (~(a0—1)%+/(ao-1)2—4d;) I
lim y(z) € Vo lim g(z)

) 2
= el ) g (e o) Lot

a3 (a1 fao1Pd) (1 _ i x) (2.68)
2\/ay

Q

(I) As a; = real positive

(a) If 2( = (ap — 1) £ y/(ap — 1)2 — 4dy) < —1,



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)36

Eq(2.68) turns to be

lim y(x) > (cos(ﬂxz) — @'sin(@ﬁ))x;((ao1)i Viao-17-4d1) (1 iby )

n>1 2 RN
(2.69)
As x— 0, it yields
1 _(qo— —1)2— 'bl
lim y(z) > ¥ (Hlao-DEVa-17=1d1) (1— : :c) — 0 2.70
i () o 2.70)

Clearly the function y(z) is divergent. Also, if x— 0o, then

vV V. / P b
lim y(z) > (cos(ﬂ:cj) —isin(ﬂxz))xé(_(ao_lﬁ (ao—1)7-11) (1 — :c) — 0
n>1 2 2 2\/aq

(2.71)

Then, the function y(z) is undetermined. We have to prove this in a different way.
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Plug the fourth term in eq(2.67) into eq(2.58).

lim y(x) _ iﬁ(w+2a1)2x%( (ag— 1)i\/M)

n>1
1 1 | N
<1+\/—e ap? \/— §,u1:2 Erf {\/—g,ux?] — 5ETe 2*””)

%( (ap—1)%+/ (ao— 1)2 4d1) (e;}ﬁal;ﬁ iby e -1 /a1a?

N
+ ()27 (ar)  Are VI [( »*%(a )1/4x]) (2.72)

12
5

As x of Exf |(i)%2(a;)Y 4x] function goes to oo, it’s imaginary part oscillates around
zero. As a; increases, its oscillation are really close to zero, and it’s real part oscillates

at around —1. Also, as a; increases, its oscillation is really close to —1. As x goes to

oo in eq(2.72)

lim y(.ﬁlﬁ) ~ x%(—(ao—l):l:\/(ao—l)2—4d1) (eéﬁﬁ _ Zbl xe_%\/a:ﬁ
n>1 2,\/aq

(0)¥/2/7(a1) Y e~ 3 V@ [( )32(q )1/44) 50 (2.73)

The solution of real and imaginary parts in eq(2.73) both goes to zero as x goes to

Q.

(b) If 1( = (ao — 1) £ /(ap — 1) — 4dy) = —1,



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)38

Eq(2.68) and eq(2.72) turn out to be

i 271 by
I Tavme (— - ) 2.74
lim y(z) > e T aye (2.74)
]_ @ 2 b i 2 @ 2

7£1>I>I% y(cc) ~ (Eeg a1z _21\/;_162\/593 +<Z~)3/2\/%(a1)1/4675\/a71 Erf [(i)3/2(a1)1/4x])
(2.75)

As x— 0 in eq(2.74), it then yields

) 1 ibl

lim y(x) > e’i\/aﬁ(— — ) — 00 2.76
27 2/ 270

As x goes to zero, the function y(x) become divergent. Also, as x— oo in eq(2.75),

we get

lim y(x) ~ =2V < - 22;3;_1 + (3)%2\/7(ay) Y/ Exf (i)3/2(a1)1/4x]) (2.77)

iby
2./a1

As suggested by [5| = | | < 1, Eq(2.77) is simply approximately

lim y(@) = ()2 /m(an) e VTt | (3)2(01) (2.78)
Tr—r00
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As x goes to 0o in eq(2.78), the function y(x) is convergent.

(c) If =1 < (= (ap— 1) £ /(ap — 1) — 4d;) <0,

As x goes to zero and oo in eq(2.68),

lim y(z) > e’%ﬁﬁx%(_(ao_l)i\/ (a0=17=4d1) (1 _ a:) — 00 (2.79)
) 2V

T—00

We see eq(2.79), the function y(x) is divergent as x— 0 and x— 0.

(d) If (= (ap — 1) £ /(ap — 1) — 4dy) =0,

Eq(2.68) and eq(2.72) turns out to be

. — i Ja1x? lbl
7111>>n} y(x) > e 2 (1 — 2\/a_1x) (2.80)
7111>r>r% y(x) ~ (62 a1x2_2i/;_1;pe2\/ax2+(2-)3/2ﬁ(a1)1/4x62\/ax2Erf [(i)3/2(a1>1/4$])
(2.81)
As x goes in eq(2.81),
lim y(z) ~ 1 (2.82)

n>1
z—0
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The function y(x) become convergent, and as x goes to oo in eq(2.80),

321112)% y(x) > oo (2.83)

The function y(x) is divergent.

(e) If (= (ap — 1) & \/(ao — 1)? — 4dy) > 0,

As x goes to 0o in eq(2.68). the function y(z) is divergent.

lim y(z) > e’%ﬁﬁx%(_(ao_l)i\/ ey (1 _ ) — 00 (2.84)

n>1

Y x
and as x goes to 0 in eq(2.72). the function y(z) is convergent.

iby
2. /a

+ (@2 () e sV B [(7;)3/2@1)1/43:})%0 (2.85)

AL
n>1
z—0

lim y(z) ~ x%(*(aofl)i (aof1)274d1) (e;\/axQ

(II) Asa; =0

Eq(2.72) simply turns to be

: o A (lao-Dtylao—n7—dr) (1 _ b
}gqy(x)_x? (1 2\/a_1x (2.86)
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We suggest that |5| = 2%| < 1. Then as a; = 0 in the second term of the bracket
in eq(2.86), 5] = |2%| — 00. The function y(x) will be divergent no matter what

the value of x is. Therefore, there are no any independent solutions at all in the case
of a; = 0.
(III) As @y = real negative

Plug a; = —|a,| into eq(2.68) and eq(2.72).

lim y(x) > e%\/|a1|$2‘r%(*(GO*l):‘:w/(aO*l)2f4d1) (1 . bl I) (287)
n>l PAVAICY

limy(z) ~ o (S0 DeyloTP=id) (eé\/‘“'ﬁ (2.88)

n>1

+\/7_T(’a1|)1/4x6%\/ |a1‘x2 Erf |:(‘O/1|)1/4x:| o bl xe% /a1x2>
2¢/las]

(a) If (= (ap — 1) & y/(ap — 1)> — 4d;) < 0,

As x goes to 0 and oo in eq(2.87), the function y(z) is divergent.

lim y(z) > e2Vlatle® 33 (-~ /lao=1)7-401) (1 _ b x) — 00 (2.89)

>t 2y/ai]

T—00
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(b) If%(—(ao—l)i\/(a0—1)2—4d1) :O,

Eq(2.88) simply turns to be

) o [ =1 lar]2? 1/4, . 1\ /lai|=? 1/4 _b_1 34/ la1|z?
ti (o) = (VI () eVt [l ] - et

(2.90)
As x goes to 0 in eq(2.90), the function y(x) become convergent.
limy(z) — 1 (2.91)

n>1
z—0

As x goes to 0o in eq(2.90), the function y(z) become divergent.

li 2.92
glj%y(w) — 00 (2.92)

() If (= (ao — 1) = \/(ao — 1)? — 4dy) > 0,
As x goes to 0 in eq(2.88), the function y(x) is convergent.
limy(z) -0 (2.93)

n>1
r—0
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As x goes to 0o in eq(2.88), the function y(x) is divergent.

;1112)% y(x) = oo (2.94)

We check all possible tests to determine if an infinite series of function y(z) converges
or diverges on the above. Now let’s test for convergence as the function y(x) as g(x)

N
is polynomial fot the case of a; =real negative. Substitute g(x) = Z C,z"™™ into
n=0

eq(2.58).
1/ b ? =
y(:v) = ¢ 2 ‘al‘(z 2\a1l) x%(—(ao—l):t (ao—1)2_4d1)z Onxn-‘r)\
n=0
N
~ 6—%\/\a1\x2x§(7(a071)i (a0*1)2*4d1) Z Cnx”+>‘ (295)
n=0
(a) If %( — (CLO — 1) + \/(CLO — 1)2 _4d1) <0,
As x goes to 0 in eq(2.95), the function y(z) is divergent.
lim y(x) — oo (2.96)

n>1
x—0
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As x goes to 0o in eq(2.95), the function y(x) is convergent.

521112)1;210 y(x) =0 (2.97)

(b) If $( = (ap — 1) £ \/(ap — 1)2 — 4d;) =0,
As x goes to 0 in eq(2.95), the function y(x) is convergent.
limy(z) — 1 (2.98)

n>1
r—0

As x goes to 0o in eq(2.95), the function y(x) is convergent.

li 2.
;1131{110 y(r) =0 (2.99)

¢) If 1(— (ap — 1) £ y/(ap — 1)> — 4dy) > 0,
As x goes to 0 and oo in eq(2.95), the function y(z) is convergent.
7111>1>1} y(z) =0 (2.100)

z—0
T—00

Now let’s try to investigate independent solutions of a function g(x) for two cases



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)45

which are polynomial and infinite series. First of all, if we choose boundary conditions
that a function g(x) goes to zero as x goes to oo, and it is convergent as x goes to
zero. Then, the function g(x) must be polynomial. The boundary condition for the

polynomial is the following;:

limg(x) — convergent
z—0

(2.101)
lim g(z) — 0
Tr—r0o0
and the necessary conditions of it is
4
a; = real negative
1(= (a0 —1) £ /(ap— 1)> — 4dy) >0 (2.102)
=72 <« 1
L Vai

After we develop independent solutions for the polynomial, we can expand them as
infinite series in simple ways. But even if this process is simple, it does not mean that
polynomial series is just the special case of the infinite series. They are independent
each other. When you try to find the solution of any differential equation, first of

all, you must consider what physical circumstance and mathematical condition make
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solutions as polynomial series and or infinite series. As we know, there are two indicial

roots which are Ay =0 and Ay =1 —v.

2.1 Finite series

2.1.1 v = non-integer

(A) As )\1 =0

From eq(2.64)

. e(n 4+ w) .
Anlr=0 s D(nt ) (2.103a)
Bylymo = — O+ pln 1) (2.103b)

= = From eq(2.64), we have

Put n=0 in eq(2.103a). We get Ay = —%c = —5 = &

Ky = g—; which is equal to Ag. Plug n = 1 into recurrence formula.

B, B, B,
Ki=A+ 2 =A+ =4 - =5 2.104
1 1 K() 1 o 1 (5/2) ( O)

As we see in eq(2.104), A, includes the first order of § in which is has an extremely

By
(e/2)°

small value. Then, we argue that |A;| < ]ﬁ—é] = Eq(2.104) is approximatively
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same as

B, By
Ky~ 1 _ 2.105
T 6 (2.105)

By using this process, we can simplify eq(2.64) by giving K, in terms of A, and B,
instead of K,,_;. It is equal to eq(2.38). Also, even and odd terms of C,, one the same

as in eq(2.39). We can describe g(z) as power series by using eq(2.39).

g(.fl?) = g(x)domin. + g(x)small = Z 02n$2n + Z 02n+1$2n+1
n=0 n=0

oo n—1
= O() {1 + Z H B2k+1l’2n}+ O(){Aol’ + (A()BQ + AzBl)l’s

n=1 k=0

e’} n—1 n
+ Z [Ao H Bopyo +

n=2 j

1 Jj—

n—1 1 n—1
<A2j H Bopyo H sz+1) + Ay, H BQpH]ﬂSQnH}
p=j

p=0 7j=1 k=0 p=0

(2.106)

By using similar process from the previous case, there are two eigennumbers which

are
Q
—g, =M~ 1 = |ap| where ng =1,2,3,--- (2.107a)
0
(Q + 1) 1= || here ny = 1,2, 3 (2.107h)
—N\=—=+z)=m—-1=]a W = .
2/,L 2 1 1 1 )

Eq(2.107a) makes Baj,1 term go to zero at certain value of k where k = 0,1,2,---.
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And eq(2.107b) makes Bay,o term go to zero at certain value of k. Eq(2.107a) and
eq(2.107b) make g(x) function a polynomial series. The g(x)gnay term is extremely
small value relatively compared to ¢()gomin. because it includes A,, term having :
First of all, let’s investigate g()4omin. how it can be described.

The first term of g(x) in eq(2.106) is

9(2) domin. = Co{l—i-iﬁszHx } (2.108)

n=1 k=0

Replaced n by 2k + 1 in eq(2.103b). Then plug it into eq(2.108).

9(E)aomin. = { i ( k+f)(<,?:;)1+y)))w2”} (2:109)

||E3\

Plug eq(2.107a) into eq(2.109).

9() domin. = 00{1 + iﬁ ( —— |a0L-_22€1>+ V)))x%} (2.110)

n=1 k=0
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Eq(2.110) simply turns to be

— (=)o) (v = 1)! Lo 5\" 1
g(x)domin. = OOZ (n')<|a0| — n)!(,yry_'_ n— 1)' ( — D HT ) where ¥ = 5(1 + l/)

n=0

(2.111)

index n terminates at || in eq(2.111). We suggest to let Cy = %

lovol
(=D"(Jao)!(y + Jao| =D/ 1 \m
9(2) domin. = Y _ ) (o] — n;(7+n = ( — ) (2.112)

n=0

Eq(2.112) is exactly equivalent eq(2.42a).

Iao‘—n()é()! Oé()—! 2\"
Hhamin, = F2) = Y g PO EIWLZ 0 22) g

The second term of g(x) in eq(2.106) plugging Cy = % is

r
g(x)small = %{AOZL’ + (A()BQ + AgBl)ZE3 (2114)

o0 n—

1 n n—1 7—1 n—1
" [Ao [ B+ S (AQj T] B[] B) ] B}}
p=0 p=j k=0 p=0

-1
n=2 j=1
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where,

o e(j+%) .
SRR RS E Ry i

- e(n+%)
B S D) R
_ =) ¢
=6 -1 (2115

e(1+9)
Ay = 0T (2.115d)
B 20(= 5 =P) o] —p) (2.115¢)

T 2p+2)2pt+14v) 20+ D +7) '
RS e
B%“__@h+m@k+1+u)_2%+JXk+7) (2.1156)
owl=gm-p) p(jen] —p)
I R T R I e e
~ pfaol

B=toe (2.115h)
B, o] (2.1151)

2050+ 5)
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Substitute eq(2.115a) through eq(2.1151) into eq(2.114)

oo = R o)
ey 6y e e e )
Sl o
! : (2(3' +€;;(j+%)7 —3) ji 2(p fg;x(11|9?;>+ D) ;130 2(Z<+|&10)’(; ?7))
+%n+§igfi—%)mdmpgngiwk%} (2.116)

L Tatel (S s(8) (DN Do)
st = e S e e e = Dl

= e+ (=1)"(y = D!(Ja])!
LS D = D G+ Dol — 7

2 - e(j+%)
‘%2; G+ HG+7- D)
(=1)"(y = D(Jao )G + DG + 7 — D] — 5)! %n
(D0 + 7 — Dlllao] — )1 + Hin+ 7 — D] — n)!

(2.117)
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where,
1
v = 5(1 +v) (2.118a)
Loy
(2.118b)

First of all,

(a) |ag| = 0 in eq(2.117)

(&) & 0y - D),
9(@)sman| =D = 1) 2 0+ Dy 1= D] — ) (2.119)
(b) |ag| =1 in eq(2.117)
_ng(fy—kl) (%)
9@smar] = TR 20 = 1)
a1 1 1
D" =DMt () 1
- §<n+é>!<v+n—%>'<|a1|—n>' S
lou | n 1 1
. (—1)"(3Y) (o] — 1)!(5‘)'(7+ 2>'1)'Zn} 2.120)
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(c) || = 2 in eq(2.117)

/(@) __mrwm){ () CUEM =D,
ot PO 260 = 3) &5 (0 0y + 0= ) (e[ — )
(1+%) @ 5 U)ol - DG+,
" B0+ DA 2 -+ Dijad] - w1
L B+ (@
20)(v+3) 2@ (v +1)
L NA (B (] = 2!+ 3)! }
S 2@ (0 + o] = ml(y +n = )]

(2.121)
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(d) || = 3 in eq(2.117)

m+3>{ () CUEM =D,
2(3)(v +

)
! %)!(7 + %)' "
|

~— |
—~
2
+
N
~—
[\]
—~
[\
~
=
—_
~—
2

B3+5) (3)!

§3+ 2) (3)!

2(9) (v +3) 2200)13) !y (v + (v +2)
(1T (jen] = 3G + ) }

2330 (n 4+ $)!(Jau| =)y +n —3)!

i
w

(2.122)

We can describe a function g(x)smay of degree |ag| and |aq| according to eq(2.119)

through eq(2.122).

(2.123)



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)55

As we see in eq(2.123), maximum value of index n is |ap|. The range of index k is
n <k < |aq|. In other words, 0 < n < |ap| < k < |ay|. Then we obtain |ag| < |ay].
If |ag| > |ay|, the function g(z) will be infinite series. Then, the function y(x) will
blow up as we plug g(x) into it no matter what the value of x is. Such solution does
not exist. When we see the second summation of eq(123), we can shift index k to
zero at the beginning of summation. Then we can replace the interval of index k by

0 <k <|ai| —n. Eq(2.123) which is simply described as

levol

(=1)"(Jao)! (a0l +7 = D!,
n!(|ao| — n)l(n+~v —1)!

g(x)small _I§

|
[©)
[
(e}

L (1) + D)= D4y = D(|aa| —n)!

X z
(k+n+ )(jou] —=n—E)(k+n+vy—2)!

lai|—n w
R 0 9+ T+ 3= sl

2.124
Tk+n+HT(k+n+v+3) ( )

k=0

|evol

We see the first summation of eq(2.124) which is FO??W‘;W)Z(;!'?S)‘T 2" it is the

n=0
first kind of confluent hypergeometric polynomial of degree |ag| which is denoted
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as Fla,|(7; 2) surprisingly. Substitute eq(2.113) and eq(2.124) into eq(2.106).

1 1
g(x) = Qw\ao|7|a1\(|a0| =ngp — 1, |051| =N — 177 = 5(1 + V>;Z = _ENZj)

Fla(7:2) = 52 1™ only if || < |a| (2.125)

\al

where,

o

3~ Do (ool +y = 1)1, Taol +9) g2 o,

< nljao —n)lny -1l T(y)

Flag|(7:2) =

n=

Dt )Nn+v—9m—kmnﬁ

(2.126D)

Eq(2.125) denoted as QW)|q,| o] <|a0| =no—1,]a1| =ni—1,7y = 1(1+v); 2 = —%,uxz)
is called as the first kind of Grand confluent hypergeometric polynomial of degree |ay|

and [ay | with the first order of .
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We also we obtain two eigenvalues from eq(2.107a) and eq(2.107b), which are
QO = —2u]ag] where | = 0,1,2,--- (2.127a)

1
Qi = —2M<|Oz1| T 5) where |C¥1| =0,1,2,--- (2127b>

As we know the first kind of confluent hypergeometric function is

& (1) (oo (ool £y — 1)), e* dlodl

Flao\(’w Z) = Z

laol+y—1,—2
Z" = z e 2.128
—~ n!(|ao| — n)l(n+~v —1)! 21 dzlao\( ) ( )

And the generating function of it is

(fi:)v =2 Jo|! Flag| () (2.129)

The Laguerre differential equation is

2L, (2)"+ (1 —2)Ln(2) +nl,(2) =0 (2.130)
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And the solution of it is

L.(2) Y Lk(n)‘ "y ﬂz”— ¢4 2"e (2.131)

The generating function of it is

—zt

(e
¢ Zt” (2.132)

The associated Laguerre differential equation is
2LE() + (k+1—2)LE(2) +nlk(z) =0 (2.133)

And the solution of it is

N (n+ k) ezt
- — (n—j)!(k:ﬂ!)(j)!z Y dzn(z e) (2.134)

The generating function of it is

—zt

e-n n 1k
e Zt LE( (2.135)
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Eq(2.126b) might be described in the following way:

|ao]

H:ZO: (viz) =D Fll(y;2) Hlnal (v;2) (2.136a)

where,

FAQOl(’y;z) _ I'(Jovo| +7) (_|a0|)nzn

) STEoN (2.136b)

H|:1| (3:2) = i (n+4)0(n+3)Cn+v—3)(n— \041|)ka

2.136¢
k=0 F(k+n+%)r(l€+n+fy+%) ( )

(a) Plug |ap| = 0 into eq(2.125),eq(2.126a), eq(2.136a), eq(2.136b) and eq(2.136¢)

QWo,ml\(V;Z) = Fo(v;Z)—ng:l(v;z)
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The beta function is

B(p,q) = Pl _ /01 dt 711 — 1)1t = /OOO dtﬁ = B(q,p) (2.138)

1 ! oe  T(5)
NSy /_ldp (1-p )k_—r(mg) (2.139)

By using eq(2.139) into the second term of eq(2.137) on r.h.s

o w 1 || _1)k _1 e |
HI ‘(7; z) = —/_ dpz( DT = 5) (% )[2(1—p2)]k (2.140)

2 )4 k=0
Replace p and q by v — % and k + 1 in eq(2.138). Substitute it into eq(2.140).

o w 1 1 , loa] oK (ai]
HL | ('Y; Z) = 5/_1dp/0 dtt’™ 2 Z%[z(l —t)(1 —p2)]k (2.141)

k=0

Replace n and z by |a;| and A = 2(1 — ¢)(1 — p?) in eq(2.131).

loa] o 1yk (leal
Ljay (A) = Z—( 1)k;( 2y

k=0

(2.142)

A=z(1-)(1—p?)
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Plug eq(2.142) into eq(2.141)

1 1
H| ! (v:2) = E/ dp/ dt t”‘%Lm”(/\) (2.143)
0 2J " Jo A=2(1-0) (1=p?)
Plug eq(2.143) into eq(2.137)
E[/w ! ! 3
QWo,|m|<7; Z) =Fo(v;2) — a5 (—)/ dp/ dt 1772 Ljay) () (2.144)
232704 Jo A=2(1-)(1-p?)

(b) Plug |ag| = 1 into eq(2.125),eq(2.126a), eq(2.136a), eq(2.136b) and eq(2.136c¢)

AW ] (7; z) = Fi(y;2) — gw{F&(% 2) Hloal| (:2) + F (7, 2) H‘fll (7; Z)}
(2.145)

The second term inside of bracket in eq(2.145) is equal to

jal N e N N (T NG
II, (o) = (H_) ,; T(k+ )0 (|on| — K)D(k+v+2) (2146)
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Replace k by k + 1 in eq(2.139), and plug it into eq(2.146)

1" () = %(1+§)/ldp(1_p2)

-1

g ~1FT(Jar )T (y + 1) -
X Z ]al\—k Tkt + DT 2y o0 PP (214D

Replace p and q by 7+ 3 and k + 1 in eq(2.138). Substitute it into eq(2.147).

Hllml(%z) = %<1+§> /lldp (1-p") /01 de 72 (2.148)

( )kr(|a1|) ,
X Z (|Cl/1| —k) (k+1)F(kj+Q) [Z(l—t)<1_p )]k

Replace n, k,j and z by |a;| — 1, 1, k and A = z(1 — ¢)(1 — p?) in eq(2.134).

lon]|—1

| _ (=D*C(Jou| + 1)
Llall—l(/\) = kz:; F(|O¢1| — k)F(/{:+ 1)F(/{5—|—2))\k

(2.149)

A=z(1-t)(1-p?)

Plug eq(2.149) into eq(2.148).

H‘lall (v;2) = ﬁ(H%) /1d19 1-p )/Oldt 72 L, (V)

A=2(1-)(1-p2)
(2.150)
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Substitute eq(2.143) and eq(2.150) into eq(2.145).

QW1,|a1| Vi< = Fl(’}/;Z)——fL’ ‘F(]l(’%Z)E
2 2 J_

A=z(1-t)(1-p?)

(2.151)

(c) Plug |ap| = 2 into eq(2.125),eq(2.126a), eq(2.136a), eq(2.136b) and eq(2.136¢)

£ |t | o |
OWijent(1:2) = Fali2) - af”{Fé(v, DL (i) + G [L (:2)
3N
0], (W)} (2.152)
The third term inside of bracket in eq(2.152) is equal to
|2 k(1 5
: L —1)*T(3)T —DI(y+2
Hl 1 (7; Z) = —§(2 + g) ( 7) (2) (|041| ) (7 2) i k (2.15?))
2 22 2 — F(k‘ + §)F(|a1| 1= k)F(k‘ NEp 5)
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Replace k by k + 2 in eq(2.139).and plug it into eq(2.153)

Hljll(v;z) = %g(2+§)/ dp (1-p*)° (2.154)

U (C)FD(ja| - DE(y + 2)

T(joq| — 1 — k)D(k + v + )T (k + 3) (1 =)

k=0

Replace p and q by v+ 2 and k + 1 in eq(2.138). Substitute it into eq(2.147).

y 2.155
—~ I(laa| =1=F)(k+1)I(k+3) ( )
Replace n, k,j and z by |a;| — 2, 2, k and A = z(1 — ¢)(1 — p?) in eq(2.134).
|ar|—2 k
—DT(loa| +1) K
- (2.156)
Liosj-a ; T(|ay| — 1 —k)D(k+ DTk +3)" |\ _.q_napm

Plug eq(2.156) into eq(2.155).

1

ot | 13 1 W 1 )
|| 0 e — ) N dp (1—p? 2/ dt t72 2 A
9 (7’2) 22|a1|(|&1|_1)< +2>/1 p( p ) 0 |a1|—2( )

(2.157)

A=z(1—t)(1—p?)
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Substitute eq(2.143), eq(2.150) and eq(2.157) into eq(2.152).

(| +1—m)

w Pn+1
L) (lea] +1)

QW2,|a1|<7;Z> = Iy(yz ——xZ{ 5)

X /O dt t7‘3+”/1dp (1—p*)" Tinn(A)}

We can describe a function QW|QO|7\Q1‘(7; z) of degree || and |a;| according to

(2.158)

A=z(1-t)(1—p?)

eq(2.144), eq(2.151) and eq(2.158).

loe |
QW gl (7; 2> = Flo| (75 2) — gx H\am (7;2) (2.159)

where,

oal | e w D(n + H(jaa] + 1= n)
H\Oéol (%Z) - Z{Fn |(%Z)(n+§) (%)F(|Oé1’+1)

n=0
1 1
< [Lareie [apae gy ’Lu_n(A)} (2.160)
0 -1 A=z(1-t)(1—p2?)
We know
F(n+3)l(ar| +1—n) B(n+%,|a1|+1—n) (2.161)

[N N:I»—A

CET(eal +1) B laa| +1)
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Substitute eq(2.136b) and eq(2.161) into eq(2.160).

H\aﬂ (7' z) _ (=D)"(Jao)!(|awo] +7v = 1)! B(n+ %, lo| +1 —n)
o] N n—l)' (lag| = n)l(n +~ — 1)! B(3, |oa| + 1)

Xl/ S/Ummrmm"mnw

% (=1 (lao])! (las| + v = D! B+ 3, |aa| +1—n)
n!([ao| = n)l(n+~ —1)! B(3,lea| + 1)

et =g 0

1

E“i__

l\.’)

+
l\"lE

n=
1

X
g &
~
=2
Nlw

(2.162)

J

Replace p and q by n+ 3 and |oy| + 1 — n into eq(2.138).

A=z(1-t)(1—p?)

1 00 n—1% 1 )
B(n+ 5, |l +1-n) —/ dS(L —/ ds s"72(1 =)l (2.163)
0 0

1+ s)'alH%
Plug eq(2.163) into eq(2.162).

o 1 ® i ol [ s [
Hlao\ (7;2) = B(%,|Oé1|+1)/o ds s 2(1+ s) (laa] )/0 dt t /_1dp
&L (1) (Jao])! (o] + 7 — 1)! TR
x 3y [ats(— P Lt (V)

— (n— D!(|ao| = n)!(n +~ = 1)! o |

a |
&L (= 1) (| ])! (o] + 7 — 1)!

i _7; n' Iaol—n I(n+~—1)! [2ts(1 —p*)]" fal_n(A)} (2.164)

A=z(1-t)(1-p?)
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Integral form of Associated Laguerre polynomial is

. 1 e T
() = 5 ]{ e (2.165)

Replace n, m and z by |a;| —n, n and A in eq(2.165). Then plug it into eq(2.164).

o | 1 & 3 ! 3
1z) = dss2(1+s (|O‘1|+2)/ dtt7™2
., 9 = 555 2,\aly+1)/ (1+s) ;

X /_1 dpj{du |a1(|3+1<11u)_ ){zst(l—p2)13u
oo

% ( ) (’a0|) (’a0| +7 1) ot 2 U n—1
D P T R ]

n=0

lvol

1 §Z<_ )" (Jao)!(levo| +v = 1)! [zts(l—p) u ]n}

— (lao] =n)i(n +~ = 1)!

(2.166)
A=z(1-1)(1-p?)

Replace z and A by wy = zts(1 — p%ﬁ and z(1 —t)(1 — p?) into eq(2.113). And

plug it into eq(2.166).

1

loa | 1 /OO 1 _ sy (! _3
) = : dss 2(1+s <'a1+z>/ dt t” / d
1_I|oz(>| (7 ) 27TZB(§,|CE1‘+1) ( ) 0 —1 P
(1-t)(1-p?)
e BitED) w
f{d“ ulr (1 — ) {wlawl * 5}

Flay| (7, wy = zts(1 — )(1 g u)> (2.167)

X

X
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Eq(2.167) can be described as various integral forms of several different special func-

tion in the following way:

joa| (Jexo])! /°° 1 (Joal+2
. _ d 3(1 (leal+3)
11, =) omriB(L Jon [+ 1) Jo (1+5)

X /01 dt 3 /_11 dpf WO'H‘(Z?{ — (2.168)
X {%&m + g}[""‘l' (wg =z(1— p2){(1 —t)+ (1tivv) })
H:Z (r2) - = (2m')21<92(|§,0||():1| +1) /0°° dosH 1+
X /0 dt =3 ]{ vlaol+lc(h1) —
du zstvu 1 5 3
x 7{ AT (T — ) { T (341, 5rws) = M (1,5 05)
+ %M(l, g, wg) }
where, w3 = (1,z_uu){ —(1—1t) — (1sivv)} (2.169)
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lou (laxo))! / s
N — d 2 1 (‘(X1|+2)
1., 0= @B, or +1) Jy P LTS
1
X /o dp (1—p 27{v|ao+11—v
due T Z5puu 1 3
_ M - 2
X %u|a1|+1(1_u){ (74_%)(1_@)(1_“) (7"}_277_"272114)
w 1 1
M~y == -
STy (v 2,7+2,w4)}
_zup s
where, = s {1 i U)} (2.170)
o] V7 (|a))! / / 7{
3 = dt t7~ d
11, (:2) @2mi)?B(L, Jag| + 1) P Ulao\-i-l o)

e w170 -p%)
X j{du u\m\ﬂ(l_u)

ztou(1l — p?) 3 w1
% { T 2(1—0u)(1- U)U<§7 —Jay| + 1, ws5) + §U(§, —|a1|,w5)}
ztuv 9
where, ws = A=) u)(l —p°) (2.171)

In the above, M(a, b, z) is the first kind of Kummer function which is

M(a,b,z) = i (a)n.z" =e*M(b—a,b,—z)

_ ( ) ! U ezuua—l —u b—a—1
B [(a)I'(b—a) /0 d (1—w)
where, Re(b) > Re(a) >0 (2.172)
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And U(a, b, ) is the second kind of Kummer function which is

Ula,b,z) = %M(a,b, z) +

2PM(a—b+1,2—-b,2)

= 27U +a—0b,2-0,2)

1 o0
= —/ dt e %71 (1 + ¢)bo ! where, Re(a) >0  (2.173)
I'(a) Jo

Integral form of the first kind of confluent hypergeometric function is

Flog(2) = (loo))! ]fdv g (2.174)

271 vlaol+1(1 — )7

Substitute eq(2.174) into eq(2.167).

|ou | (]040|) /OO 3
- — d 1 (loaf+3)
H‘a()' (% Z) (271281 L]+ 1 s s 2( +s)” 2

x /dttv / dpjfvaoﬂ e (2.175)

o j{ zstuv(1 — p?) L9 ) - )
u‘o‘1|+1(1 —uw) | (Q-w(l-v) 2

Description we gave in eq(2.168), eq(2.169), eq(2.170), eq(2.171) as integral formalism

is exactly equivalent eq(2.175).
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lox |
QW jagp oy (lool =m0 = L lan = m — 1,7 = F(U+v)iz = ~ua?) = Flag (v:2) — 52 ][ (32)

where,
|ao] |ag]
o <—1)”<\aa|)!<|ao|+v—1)!zn: I(jaol+7) X2 (<laoDa _,
Flool (2 = 2 il = m)i(n £ 7 — 1)1 T 2= ().
joal F(Iao\-i-v ) 2 (Slaohn Rt 5 )r(n+2>r(n+w~><nf\a1\>k L
I, ) = nzo () kg Th+nt H0(k+nty+ L)

o =D (-p7)
:—/ ds s~ 21+s —(leal+3 )/ dt 7~ 2/ dp]{du
2miB(3, o] + 1) ulel+1(1 — u)

{w13w1 + - }ﬂao| (% wy = 2ts(1 —p?)

(1—u)>

(leo])! / ~(jon+3 )/ / 7{
= d 3 1+ @1 dtt’ 2 d
2TI'ZB 2,|a1\+1) ss S P v|&0\+1 171}

x{%aw.y }L|a1‘<w27z(1— {(l—t tsv })

(2lao))! / ~(laa|+3 )/ _,%
— d 31+ 1 dt ¢7
@ri)2B(L, ar| + 1) ss72(1+s) |ao\+1(1,v

X%u\al\ﬂ(lfu){(1—zj)t(v1u—u)( (1 ws) = M(1, 2 w3))+ SM(1, 5 :w3)}

U stv
h = —(1—t)—
where, w3 (l—u){ 1-19) (1_1})}
(leo])! / —(Jaz|+2 )/ _ ?{ dv
= ds s™3(1 ! dp (1—p -
(@ri)?B(,loa] + 1) s 2(1+9) b el (1 — o)y
due (=) zZspou 3
X - + ) + - >, W,
fu‘aﬂ“(l—u){ G D0 w0t Ty
w 1 1 2Zup sv
—M(y— = = h = 1-
+2(7_%) (v SRR 4)} where, wy = =0 (171))}

_zu__(]_ —p2
B |a0| 777 due_(l_u)(l t)(1—p~)
= dtt dp
(2m1) 23(2,\a1|+1 v|0‘0|+1 1—v)Y ulotl+1(1 — o)

{*;ww;w(f o) S0 lealus)}

1=v)(1—-w)
ztuv
where, ws = m(l —p?)

Table 2.1: Summary of the first kind of grand confluent hypergeometric function
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We obtain the integral representation of the first kind of grand confluent hyper-

geometric function according to eq(2.174) and eq(2.175).

_ 1 Loy (Jao])! e” T jou|
QW'“""“”'@*5(1+”)’Z*7§‘“”)’ omi § W g — o 2 H|ao\

where,

e (lavo)! /°° 1 / / %
i2) = ds s72(14s)"Ualt32) [ gre=35 [ ¢
IT., 0:2) @ri2B(L | +1) Sy 7 (1+3)7 P |ao\+1 1—11)
ng du {_ ZSf“U(l(—pQ) n ;}e—(lu)(l—p o+t }

ulal+1(1 — w) 1-w(l-v)

Table 2.2: Integral representation of the first kind of grand confluent hypergeometric

function.

Now, let’s try to get the generating function of the 15 kind of grand confluent

Ly o
hypergeometric function. First of all, we multiply Z ’041\ +1, 5) 01! on both
|ov1 |=|exo]

sides of integral form of 15% kind of grand confluent hypergeometric function in Table

2.2 where |vg| < 1.

o

1 aq 1 1 g
> Bllaal+1. 5) 06" QW jagl o) (7 =50 +v)z= —§ux2) = Flag (2)1 = Sl
ot =t

(2.176)
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where,
o0 1 o
1:| %: |B(|a1|+1,§)v(|) | (2.177a)
a1 |=|ag
- 1\ | oyl
I= ) B(|a1\+1,§)vgllH|a; (7; 2) (2.177b)
o1 |=leo]

The 15 kind of hypergeometric function is

oFi(a,b,c,z) = kzzo <?i’§,fz)"“2’“ = = (b;;((?_ 5 /0 dt 711 — £)e0 (1 — 2t)
only if |z] < 1, Re(c) > Re(b) > 0 (2.178)

Substitute eq(2.178) into eq(2.177a).

[ Dllaol + 1T ()

1
oy 3 o] 1 1
vy o F1(1, |ag|+1, | |—i——,v0)—/ dt (vot)'*'(1—t)"2 (1—vpt)
F(|Oéo|—|—%> 0 1( ‘ 0’ ‘ 0 9 0 (

(2.179)

Substitute eq(2.175) into eq(2.177b).

NI

| [ ! '
I = (!040\)-/ ds 3‘5(1+s)‘g/ dtt”’_g/ dp (1—p)”
0 0

2w Jo

dv
U\ao\Jrl(l _ ’U)'Y

{ 1+s ( B 2vstpug N g) }e—ljf“(’vo {(1—t)+ fi“v} (2.180)

1"—5—1}0 (1+5—U0>(1—’U) 2
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0 |avol

Multiply Z m
lagl=0 *1 01"

with both sides of eq(2.176) where |v,] < 1.

Z Z ’061“1‘172) |a1| OIQW|a0\|a1|<7 ;(14-1/);2:—%”552)

~ (Jao)!
lovo|= 0\a1| levol

—A— 5:cB (2.181)
where,
00 U|1a0\
A=) (|a0|)'ma0|(z)1 (2.182a)
|ao|=0 '
00 U|1a0\
B = 11 2.182b
2 Tl (21520)

Plug eq(2.179) into eq(2.182a).

A_/1 dt (1—1)"2(1 — vot) ™" i Mmao\(z) (2.183)
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Replace t by tugv; in eq(2.129), and plug it into eq(2.183).

1 zvgvqt

dt (1— t)_%(l —vt) (1 — vout) Ve Tvon?

OO 1
_ Z 2“0”1 /dtt"(l—t)_
0

=0

>
I
c\

N[

(1 — ’Uot)_1<1 — Uo’Ult)_(AH—n)

3

(v +n+m—1)(—zvovy)" (vovy)™
n!m! (y+n—1)!

n,m=0

1
x/ dt (1 £)~3 (1 — vt)~! (2.184)
0

Replace a,b,cand zby 1, n+m+1, n+m + g and vy into eq(2.178).

3 L(n+m+3) ! ;
F(l, 1, . ): 2 /dtt”+m1— 2(1— vyt
2471 n+m+ n+m+2 UO F(n—i—m—{—l)r(%) 0 ( ) ( UO)
(2.185)
Substitute eq(2.185) into eq(2.184).
A i B(n+m+1,2) (v 4 n)m(—2vov1)" (vov1)™
B 0 n! m!
3
><2F1<1,n+m+1,n—|—m+§,vo>
= Bn+m+j+1,35) (v +0)m(=2)" pimti nam
= > ( w 7721)' optmynt (2.186)

n,m,j=0
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We can describe eq(2.186) in a different way. First of all, there is the 1st kind of

Appell hypergeometric function which is

Fi(o; 8,85 7; 2, y) Z @);(8);(8 )k$jyk for |[x| < 1,|y| <1 (2.187)

3,k=0 JERL () V)i+k

The function F} can be expressed by simple integral

L(a)l'(y — ) . o _ ! a—1 y—a—1 - -
~R R 6 i) = /Oduu (1= w11 — uz) (1 — uy)~?

where Re(a) >0, Re(y —a) >0 (2.188)

Puta:n—l—l,vzn—l—%,ﬁzl,Blzv—kn,a}:vo and y = vy in eq(188).

['(n+ 1)F(%)
I(n+32)

1
= / duu™(1 —u)"2(1 = uv) (1 — wvvy)~ O™ (2.189)
0

3
Fi(n+1L;1,y4+nn+ §;vo,vov1)



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)77

Substitute eq(2.189) into eq(2.184).

Fl —ZVV
2 . 1) F(n+1;1ﬁ+n;n+§;vo,vov1)

vy
n=0 2
= n+k+y+1,2)(v+n)(

B Z n! k!

n,7,k=0

) pg HRH etk (2.190)

The equation in the second line in eq(2.190) is exactly equivalent to the second line

of eq(2.186). Substitute eq(2.180) into eq(2.182b)

B =T1(s,p,t) + Ta(s,p, 1) (2.191)

where
—ZVgU1 o 1 1 ! 1
Fl(S,p,t) = m/ ds 52<1+5)2<1+3—U0)2/0 dtt' 2
~Treig {(1 —t) 412 } (2.192)

1
X / dp p(1 —p) e
0

w o0 ) 1
FQ(S,p,t) = m\/o ds 8_2(1+S)_%<1+S—’U0)_1/0 dtt72
o fonen) o

1 p—
: /dp(l—p)ée o
0
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By using the first kind of Kummer function,

! 13 2 /35
dp p(1 —p)~de® = ¢@ QM(— 2 )——M(—,—, )
/O pp(l—p) ze e { 5:5:@) ~3M(5 5@

2V tsvy
S B g b (2194
where « —|—s—v0{< )+1—v1 (2.194)
Plug eq(2.194) into eq(2.192).
Ti(s,p,t) =n(s,t) +72(s,t) (2.195)

—2zvu1 > 1 _
Tils,t) = m/o ds s2(1+ s)

1 zZv S'Ul
X /dtﬂéem%(l—lvl)t]\/[<1 AL {(1—t)+ tsuy })
0

22" 1+ s—u 11—

o)

(1+s—wp) 2 Tw (2.196)

[

220911

’YQ(S,t) = 3(1_—U1>7+1/0 dSSE(l‘FS)_

1 zZv sv
% /dtﬂ%em%(l—lﬁl)tﬂ/j(g 5 _ o {(1—t)+ 5oy })
0

22" 1+ s—u 11—

z2vQ

(145 —wp) 2 T (2.197)

N
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There are addition theorem for M (a, b,z + y).

a ’f’L

M (a, b,z +y) :nZ:O bnn' M(a+n,b+n,x) (2.198a)
oo b_ (= n
M(a,b,x +y) :eyzwﬂ/[(a,b—i—n,@ (2.198b)

Puta= 3 b= %, v =50 and y = — 20 (1 — lsj’;l>t into eq(2.198b), and plug

[\

it into eq(2.196).

() (1 . Ul)—(n—&—w-l—l)(zvo)n—&-l ) i (n+2)
m(s,t) = —2u ds sz(1+s)"2(1+s— )
nz% (y+n+3)5)n 0
3 2
1— (1 ”M( L+ 2, ——) 2.199
X (1 —wvi(1+s)) n+lntg Tp— ( )
Put a = %, b= g, =70 and y = — 20 (1 — lsj’;1>t into eq(198.b), and plug

it into eq(197).

201 (1 — vp) =7+ (g0 )nH1 /:: 1 1 (42
N E ds s2(1+ 2(1+ s — (n+2)
Tale) 3 (v+n %)(g)n 0 s % 57 s~ o)

5 2V0
1— (1 ”M( 1, —,——) 2.200
e Y (RS BRI (2.200)
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Replace s by 1 — 1 in eq(2.199) and eq(2.200).
t

oo (1 o Ul)f(n+w+1)(zvo)nﬂ(_vl)wrl
(st) = 2 (2.201)
HZ:O (7+n+ %)(%)n
1 ) 1 \n 3 ztv
dt (1—1)2(1 — t‘("+2)(1——t> M( 1 oo =0 )
< [ =03 - ) M+ 10+ 5,
2 o0 1 — n+’y+1)(2v )n+1( v )nJrl
s,t) = —=- 2.202
mlet) = 5, —
1 ) 1 n 5 t
></ dt (1 —1)2( 1—v0t)*(”+2>(1——t) M<n+1,n+—,— =% )
We know that
3 —zuot (04 D)p(—209)™ _
M( 1n+2 —> - (1 = vot)™™ 2,903
5 —zupt L (n A D) (—20p)™ -
M( 1, ) - (1 — vpt) ™ 2.203b
n -+ n—l—2 1= ot g:o (n+§)mm! ( Uo) ( )
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Plug eq(2.203a) into eq(2.201).

1 —Ul) (n+’y+1)( O)n+m+1(_vl)n+1

Y+n+ ) E)a(n+ ), m!

Y(8,1t) :22

n,m=0

1 1 1 n
X / dt 17 (1 — £)3(1 — wot)~mHm+2) (1 - —t) (2.204)
0

U1
Plug eq(2.203b) into eq(2.202).

1 . Ul) (n+7+1)( )n+m+1(_vl)n+1
(v+n+s )( Jn(n + )m m)!
1 1 1 n
X / dt t7(1 — )3 (1 — vot)~(+m+D) (1 . —t> (2.205)
0

U1

Ya(s,t) = —4 Z

an

Puta:m—i—l,ﬁ:n—l—m—l—Q,ﬁ/:—n,fy:m—l—g,x:vg andy:%ineq(188).

Then plug it into eq(2.204) and eq(2.205).

n+m+1(1 )—(n+v+1)(2v )n+m+1(vl)n+1p(%>

(v+n+3)En(n+ 5)ml(m+3)

1(s, 1) :22

n,m=0

5) 1
><F1<m+1;n+m—|—2,—n;m+5;1)0,—) (2.206)
U1
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B _1)n+m+1 (1 _ Ul)f(nJr"/Jrl) (ZUO)nerJrl (Ul)nJrlF(%)

2 —
'}/2(370 - _§ Z (7+n+%)(g)n(n+g)mf(m+g)

n,m=0

51
><F1<m+1;n—|—m+2, —n;m+§;vo,—) (2.207)
U1

Substitute eq(2.206) and eq(2.207) into eq(2.195).

o~ (D)™ +m+ D)D) (L — v1) " ()7 (vg) "+

F1<Svp7t> = Z 2

n,m=0 (v+n+HTm+3(n+m+3)
5! 1
XF1<m+13"+m+27—”%m+§;vo,—) (2.208)
U1

Replace s and p by 1 — 1 and 1 — p? in eq(2.193).

9 1 1 zZvgv tvl(lf,u)
2 — ] (1—t)+ 5
r S, 7{,’ = #/ dv 1_0—% ]._UU_I/ dtt'y—%e lvov{ (1 ”1)}
o [aperm ol
-1
¢ [ [t
= 7 _ .\ v(l—-w — V¥
(1 — Ul)'y 0 0 0
3 —zuyv vi(1 =)t
< (1,5 {1-t+2—=1) 2.209
2°1—wvv + v(l —vy) ( )
Puta=1,b=3 = “Tou and y = —1'2_”3;}1;{1 - %_:3 }t into eq(2.198a), and plug

it into eq(2.209).
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F2(87p7 t) = B Z (1 - Ul)in1<21;0)n /0 dv (1 B U)_%(l o UOU)_(n+1)<U - U1>n

B w (1 —vy) T (= 200)" T (0 + 1)
- 2 0 - D D

1 1 VA"
xt/‘dvvm(l—wﬂ2(1—1@@)("+m+n(1————> (2.210)
0

Puta:m—l—l,fy:m%—%,ﬁl =-n,B=n+m+1, =1 andy:iineq(2.188).

Then plug it into eq(2.210).

—1)" T (5) (0 A 11— v1) 70 ()7 (01)"
(v+n =3+ 3wl (m+3)

[y(s,p,t) = w Z (

n,m=0

31
><F1<m+1;n—|—m+1,—n;m+E;vo,—) (2.211)
01
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Substitute eq(2.208) and eq(2.211) into eq(2.191).

B _ i (_1)n+m+1(n+m + 1)1—\(%)1—\(%)(1 . Ul)f(n+~/+1)(Zvo)n+m+1(vl)n+1
it (y+n+3)(m+ 3T (n+m+3)
5 1
><F1<m+ Lin4+m+2,—n;m+ —;UO,—)
2 U1
+w i (=1)" T (5) (17 + 1) (1 = 01) ") (20g) ™ (01)"
s (v +n=3)G)aln+ 3wl (m+3)
3 1
><F1<m+1;n+m+1,—n;m+§;UO,U—1) (2.212)

Plug eq(2.190) and eq(2.212) into eq(2.181). Then we obtain the generating function

for 15% kind of grand confluent hypergeometric function:
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|061|+1, 1 1 1
Z Z —2) v ‘vlla("QWmo\,wll(’Y:5(1+V);Z:*§ur2>

|ao|=0 |a1|=|ao]
TG Z’Uovl)
"X Ter D
{ i (_1>n+m+1(n+m+ ) (%) (%)(1— 1

(y+n+ D0(m+ 3T (n+m+ 3)

3
Fi(n+1;1,y+mn+ i;vo,vom)

v )—(n+’y+1) (zvo)n-‘rm-‘rl (,Ul)n+1

5 1
XFl(erl'nerJrQ,fn'er5'1)0,—)
v

1
1D (L) (14 Dn(L = 1)~ (z00) ™+ (1)
+wn;0 G +n—D(E)nt D)ul(m+3)

3 1
xFl(m—l—l;n—l—m—l—l,—n;m—i—;vo,)}
2 V1
) o0

o~ B+ k+j+L3) (0 +0)e(=2)" airii ik €
Z ( - ]23 k Uo+k+3v1+k - e Z {

n,j,k n,m,j,k,s=0
(- )”+m+1(n+m+1>F( )P(%><n+v+1) (m +1)j1k(n +m+2);(=n) 2"+
SUURL (et B (m e+ D+ m o+ D+ 5
ng+m+j+1viz+sfk+1
(=)™ (5 (n 4+ 7)s(n + D (m+1)g+k(n+m+1)j(—n)k 2 n+m+jvn+s—k}
1

i SR (1= Dt DU E)nln+ )m(m + 3514 %0

Table 2.3: The generating function for the first kind of grand confluent hypergeometric

function

We can describe the generating function of it as the integral formalism by using

eq(2.184), eq(2.192) and eq(2.193).
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‘041|+1, 1 1 1
Z Z —2) v 'vlla"‘QW\aomal\(V:5(1+V);Z:*5#962)

aole0 ariao] (20D

1
— (] — _ Yo Ty _ &8 T
_/o dt (1—1)72(1 —vgt) 1 (1 — vovrt) Ve T-rou TR

1
></ du (1 —u)~ %l—vou /dtt'y /dp (1-p 7%
0

ofe et —ween ) ﬁzzg{lﬂa_””}
2 (1—wv)(1—wuw)

Table 2.4: Integral formalism of the generating function for the 18¢ kind of grand

confluent hypergeometric function

From the differential equations satisfied by QW) ja,|(2) and QW g, 5,|(2), namely,

QW oy e (2) + (12 + €2+ 1) OW 010 (2) + (Qagljan T + €0) QW gy (2) = 0

(2.213a)

2QW 501160 (2) + (1”4 22+ 1) QW g 15,1 (2) + (Qgo 1117 + w) QW31 3, (2) = 0

(2.213Db)
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where,

—2p1|axl —24| Bo|
Qiaglfon| = QoL 15| = (2.214)

—2(jas| + 1) —2u(|1] + 3)

multiplying eq(2.213a) and eq(2.213b) by OW)g5,(2) and QW) q|ja;|(2) respec-

tively and subtracting, we have

dM(z
x dé ) 4 (uz® + ex + v)M(2) = (Qgol i1 — Lol as)T QW aolJar | (2) QW 501,151 (2)
(2.215)
where

M(2) = QW aq1 a0l (2) QW 501151 (2) = QW 5411541 (2) @V g s (2) (2.216)
Multiply z”ez#**+<* on both side of eq(2.215).

d v Lix24er v tuz?tex
E{x ext M(Z)}:(Q\ﬂo|,|61|—9|ao\,|a1|)$ 2T QW g | (2) QW o) 111 (2)

(2.217)
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Integrate eq(2.217) with respect to x from 0 to oo.

oo

* v l CE2 EX 12 l $2 EXL
(Q|ﬁo|,51|—9|ao|,a1|)/0 dz 272" T QW o1 1aa) (2) QW o 10 (2) = |aVe2#TF M(Z)]

(2.218)

Substitute eq(2.216) into eq(2.218).

Q01,1811 —an,wl)/o dz 2”3 QW oy ay () QW o (2)  (2:219)

= [x”e%“x“”(QW]aol,lal\(Z)leﬂolvlﬁll(z) — QW]&)HBI‘(Z)QWMOMM‘(Z))}

0

Therefore, only if |ag| # |5o| and |y | # | 5], then
OO v 1 I2 ET
/0 dz 2"e2" T QWaqjar|(2) QW g0l 311 (2) = 0 (2.220)

Let’s think about the case in which are |ag| = |G| and || = |51]|. First of all, from

eq(2.125)

oz

QW""O"“”(’Z)T - [F'“O'(Z)]Q ~erFo () [T, () + %21:2 [ H::: (Z)r
=[] — R I () (2221)

ol
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¢ is extremely small. So anything beyond the second order of ¢ is negligible in

eq(2.221). Multiply z¥e2#**t2% in eq(2.221) and integrate them with respect to = =

[0, o0].
00 2
/O dx ZL‘Ve%Mx2+EI [QW|ao|v\a1\(z)} = Ey —¢cky (2'222)
where
> 1 2 2
Ey = / dx x¥ezhv ter [F\W(Z)} (2.223a)
0
> lon |
Ey= | dra'tle @R (2 2 2.223b
- | W I ) (2223D)
Replace t by vg in eq(2.129). Then square of both side of it
67(1251:)(()9 ad [ﬂa0|(2)}2 2] aol 2994
(1—wo)> |Z|o (laol? (2:224)
agl|=

Multiply zVe3re® T on both side of eq(2.224), and integrate them with respect to

x = [0, 00].
—2 oo v iux?yex — 220 = U(2)‘a0| OO v ipx?tex 2
= oo [Tl = 5 b [T gt o)
|ao|=0

(2.225)
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We know 11 = real negative. Plug z = 1|u|2? into the Lh.s of eq(2.225).

(1 + w)
(]_ — ’U())

2 > 1 € 2
I=(1—uvg) ele / dx $”6_§|“|U(m_W) where o = (2.226)
0

We know that ¢ is very smalll. So we can neglect any terms which include more than

52
second order of . We can say that e?lvle ~ 1, and lets say K = ﬁ Plug it into

eq(2.226).

o¢]
[~ (1- vo)_%/ dy ¥ e 2ol K)? (2.227)
0

Replaced x — K by r in eq(2.227).

e 0
[~ (1-— vo)_%{ / dr (r + K)V e zllor? +/ dr (r + K)”e_é’“”a} (2.228)
0

-K

By using binomial expansion,

(r+ K)” Z Al o r' R Kk only if v # positive integer ~ (2.229)
k:O

K includes the first order of €. Neglecting any terms which include more than the



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)91

second order of g(extremely small value). So eq(2.229) is approximately equal to

(r+K) ~r" +vKr'! (2.230)
Plug eq(2.230) into eq(2.228).
I ~ (1 —Uo)_%{/ dr rVe alulor —|—I/K/ dr v e zllor?
0 0
0 1 2 0 1 2
+ / dr r’e 2o VK/ dr v~ tezlHlor } (2.231)
-K -K
Replace r by , /ﬁ t in the first and second terms of r.h.s. in eq(2.231).
/ dr r’e 2lmlor® 4 I/K/ dr r*~Le~zlnlor?
0 0
_ ( 2 )5<””) /°° gt 2312
|ulo 0
(2.232)

+VK<—2 >2/ dt 1251t
o 0



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)92

By using integral form of gamma function, eq(2.232) is equal to

/ dr 7‘”6_%“4‘77"2 + I/K/ dr Ty—le—%|#|gr2
0 0
1< 2 )v 2 \7"3 1
)T+ (=) (1)
2\ Jufo) PO 2

1
where v = 5(1 +v), Re(v) >0 (2.233)

By using binomial expansion, the third and forth terms of rhs in eq(2.231) are

0
/ dr ezl —I—VK/ dr 7Lzl

K

Z ﬁyﬂ(’ﬂ‘) o’ K2t 4, Z j+y |N‘ K2j+y+1 (2.234)
= 2127 +v+1) 7! 232]+y ) 4!

The lowest order of K in eq(2.234) is

0 0 _
/ dr e allor® 4 I/K/ dr L= slulor? o Y (—K)“tt (2.235)
K _K 1 + v

We know that Re(v) > 0. The first order of € is only countable because of too small
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value of £. So eq(2.234) is negligible.

0 0
/ dr e zlmlor® 4 VK/ dr r' ezl & (2.236)
_K -K

Substitute eq(2.233) and eq(2.236) into eq(2.231).
1/ 2 \7 2 \73 1
~ — —2v _ — J— —
I (1 — ) { (=) F(7)+K<|MU) r(y+ 2)} (2.237)

Plug K = ;% and 0 = {9 in eq(2.237).

271

I

272 1
D)1 —0d) " + e F<7 + 5) (1—w) "5 (1+w) "8 (2.239)

M

By using binomial expansion, eq(2.238) is equivalent to

(ool | Tl
(=1)0l2=30 (Jaol +7 = )T (laol +7+ ) }

PRSNCEEY

© ,U(2)|0‘0‘ y—1
I =~ Z | = I(Jaol + DI (Jao| + )
‘Oc()|:0

(2.239)

+ €
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Eq(2.239) is equivalent to eq(2.225). Then, we obtain

oo 9 2
Ey = /0 dx z¥ertv’ter |:-F|oco\(2)]

21
= WP(‘OM + DI (Jeo| +7)
(~1) 27T (Jao] + = 1) (ool +7+ 1)
+e 1 (2.240)
\W*?F(v - %)
Replace z by |u[z? in eq(2.223D).
25 [ R o
= T2 1]
E, ] /0 dz 27" ze # Flaol(2) Hlaol (2) (2.241)
Substitute eq(2.126b) into eq(2.241).
|ao lai|—n w
B Lol +7) EO: (=leo))n 3 (n+ 5T+ )0+ = 5)(n — |oa|)
L(y) & nl(y), & T(k+n+3)0(k+n+7v+3)
277; & ote. /22
X 21 dz kg \/EFMO‘(Z) (2.242)
772 Jo

1

2z
Multiply 27+ t*=2¢ ""Viul on both side of eq(2.224). And integrate them with
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respect to z = [0, o0].

__2v
2z @ (1—vg)

I = / dz st 2
0 (1 — )7

s |G50| o0 2z
= > % _ / dz 23TV B (2) (2.243)
0

aormo 10!

The lhs of eq(2.243) is approximately equal to

(1—vq) o -1 _(A—vg)
I = (1—wvp) e = / dz 2" T (ve-72)
0

- (1-v))?
~ (1 - UO)_’Y /oo dz Zn+k+7_%e(17$0> (ﬁig :/Tftjl)
0

(2.244)

Let say M = 32" and replace z by (r + M)? in eq(2.244).

\/ﬁ

0

[e’e] 2 r2
T~ 2(1 — UO)—W{ / dr (r 4+ M)*" e T 4 / dr (r + M)2<”+k+%<lvo>}
0

-M
(2.245)
By using binomial expansion,
(r e =5 WA REDLsmibs-a g (2.246)
]:0 n—l—k+7 — !

M includes the first order of . More than the second order of ¢ is negligible because
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of too small value of it. Then eq(246) is approximately equal to
(r + M) o 2R ) 4 9y 4 o 4 ) MR (2.247)

Plug eq(2.247) into eq(2.245).

o0 T2
I = 2(1- Uo)_’y{ / dr 2R g =gy
0
o0 T2 O 7‘2
+2(n+k+ )M / dr 2R leT Ty 4 / dr 2k e T
0

-M

0 2
+2(n+k+v)M / dr r2<”+k+w—leavo>} (2.248)
—-M

By using gamma function, the first and second terms in eq(2.248) where Re(n + k +

7v) > 0 are equal to

o0 72 oo 2
2(1 - vo)_v{ / dr 2" T T 4 2(n 4k + ”Y)M/ dr 2=l T }
0 0

1
—(1- vo)”+k+%r(n Y k4t 5) FoT(n 4+ k4 + 1)M(1— o)™t (2.249)
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By using binomial expansion, the third and fourth terms of rhs in eq(2.248) are

0 -2 0 -2
/ dr r? e T 4 o(n A+ k4 )M / dr 21T Ty
—-M —-M

- . »
—2} (=D’ (.1' — V)7 e+ (2.250)
. J:

7=0

We know that Re(n + k +7) > 0. The first order of ¢ is only countable because of

too small value of €. So eq(2.250) is negligible.

0 r2 0 r2
/ dr P2 T TS 4 2(n 4 ko V)M/ dr P TT ~ 0(2:250)
-M -M

(1 — Uo)

Vol

Substitute eq(2.249) and eq(2.251) into eq(2.248), and replace M by ¢

1
M (1— vo)"+k+%r(n kAt —) 42 D(n+k -+ +1)(1 — vo) ™+ (2.252)

2

19
V2|l
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By using binomial expansion, eq(2.252) is equivalent to

I ~

S w“{«4wmﬂn+k+@Fw+k+v+a

a0 ! I(n+k—|agl +2)

+€

2 (=DlID(n+k+v+ 1)F(n+’f+2)} (2.253)

V2] I(n+k—|ao| +2)

Eq(2.253) is equivalent to eq(2.243). Then we obtain

oo
_1 —zte /22
|tV 0
0

(=Dl P(n+k+ )T (n+k+~v+13)
- L(n+k— ool +2)

2 (=D)lolD(n+k+~+1)0(n+k+2)
V2lu I'(n+k—|ao| +2)

te (2.254)

Substitute eq(2.254) into eq(2.242).

2% T(Jagl +7) 'Z (~laol). Z (n+ 9T+ H0(0 +7 = P = ||
wptz L) = al(v)a o Pk+n+3Tk+n+v+1)

x{ (D) (n+k+3)0(n+k+7+53)

Es

F(n—i—k— lag| + %)

+e

2 (=D T(n+k+v+ 1>F(n+k+2>} (2.255)

V2] L(n+k—|ag| +2)
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Substitute eq(2.240) and eq(2.255) into eq(2.222).

2

(o)
1,2
/ dx x¥ ezt ter QW|040|7|0¢1|(Z>
0

971 (—1)‘0‘0|27_%F<]oz0| + v — %>F<|a0| + v+ %)
= | |ﬂ/ F(’a0‘+1)r<|a0’+7)+5 1 1
p uf*in(y - 4)
_3 |evol - w
273 T(jlaol +7) ZO (—lao|)n 3 (n+$)T(n+ 3+~ —3)(n —|ai])
Ptz TO)

X{J—Daﬂwn+k+%ﬂ%n+k+7+%)

F(n—i—k— |Oéo‘ + %)

s 2 (=DTn4+k+y+1)I(n+k+2)
V2 L(n+k—|ag| +2)
Larger than second order of ¢ is negligible because of extremely small value of it.

Then, eq(2.256) is simply approximately equal to

2

1 1 1
971 (—1)leol2r—3 11<|Oéo| +v = §>F<|Oéo| +7+ 5)
= ——T'(Jao| + )I'(|ao| +7) + ¢ T

|l G

|evol

L(laol +7) <= (Zlagl)n S~ (2 +$)T(n+ 5)T(n +7 = 3)
T(y) HZ:O n!(Y)n ; 20(k+n+ 3 — |l

Therefore, we obtain the orthogonal relation according to eq(2.220) and eq(2.257):



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)100

° 14 1 $2 X
/O dz 22" T OW 011001 (2) QW 5,118 (2)

1 1

271 —1)leol273 T(Iao|+'y—§)F(|ao|+v+§)

=4 Z D (jaol + )0l +79) + = 2
7tz I’(’y—%)

‘010‘ |a1|—n

|l
T(Jao] +7) w= (—|ao))n (n+ 90+ DT+~ - (0 — |k
T () nz:;) nl(y)n kzo 2 2F(k:2+ n+3— |a20|) }}5|a°|’6° el 1

Table 2.5: The orthogonal relation for the 15% kind of grand confluent hypergeometric

function

If there is an analytic function ¥(x) with interval x = [0, co] which is

\IJ(ZL’) = Z Z A\a0|,|a1\QW\o¢0|,|a1\ (’}/ = 5(1 + V); Z = —§u$2) (2.258)
oo |=0 a1 |=|axo]
Multiply x”e%“””2+mQW|aO|,\a1\ (7 =11+v);z= —%uﬁ) on both sides of eq(2.258)

and integrate it with respect to x=[0, co].

/ dz /e QW 0 ol <7 = 5(1 +v)z = _§u:v2>‘1’(x)
0
S S OO v 1 IQ EXT 2
= Z Z A|a0’|a1|/0 x’ ekt [QWMOMQH(% 2)} (2_259)

|ao|=0 |e1|=|ao|
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Substitute eq(2.257) into eq(2.259).

v—1

2
WF<|%| + 1)I(Jao| +7)

> 1% l ZQ EXT
Ajagllon| = /O dx 72" QW o an| (7; 2) P ()

L (el {maa 79— P (a0l +7+3)

3 F(v—3)

|ao]

~Tllaol +7) x~ (=leoh)n
I'(7) ;0 n!(Y)n

la1|—n

(n+ 900+ DI +y = D= Jaa | ]
X Z 20(k +n+ 3 — aol) H

(2.260)

If there is an analytic function W¥(x) having first and second continuous derivatives

in [0,00] and approaching zero when 2 — oo, they can be expanded in terms of

OW gl Jon| (75 2):
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oo

V(r) = Z Z Alaol,jar| QW aol,aa | (’Y = %(1 +v)z= —%ﬂ$2>

lao|=0 |1 |=]exo]

where,
e 7—1 _1)l@olgr—3
Aaolen = [ o a4 QW (3 2)0(@) | 2T (] + DT (Jag] + ) + =22
0 |l w7tz
o Dllaol +7 = 5)0(jaol +7 + 3)
T(y—3)
[e] aq|—n —1
_Nma+w§§<kmn'5:<n+wnn+bmn+v—bm—kmn
L(y) &= e & 20(k +n+ 5 —|aol)

Table 2.6: Summary of the zero, one, two and three term of A,,’s that only makes B,

term terminated for polynomial case.

(B) As o =1—v

From eq(2.64)

en+w—v+1)
Anlcty = — 2.261
=t (n+D(n+2-v) (2.261a)
By = — 2= 0) (2.261D)

(n+ D)(n+2—1)
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We can describe g(z) as power series by plugging eq(2.39) into eq(2.62).

9(x) = 9(2)domin. + 9()sman = Z Cp 21 4 Z Cop s 2227

n=0 n=0
co n—1
= 00.271_1/ {1 + Z H ng+1$2n}+ Coilfl_y {Ao.’L’ + (A()BQ + AgBl).Tg
n=1 k=0
00 n—1 n—1 n—1 7j—1 n—1
+ Z {Ao H Bapia + Z <A2j H Bopio H sz+1) + Aoy, H BQp+1]$2n+l}
n=2 p=0 j=1 p=j k=0 p=0
(2.262)
And there are eigennumbers where v = (1 + ) which are
Q
—- - 1= where g = 1,2,3, - - (2.263)
L
Q 3
ST where ¢, = 1,2,3, - - - (2.263b)
21 2

Eq(2.263a) makes By, 1 term go to zero at certain value of k where k = 0,1,2,---.
Eq(2.263b) makes Bog o term go to zero at certain value of k. Eq(2.263a) and
eq(2.263b) make g(z) function as polynomial series. And 1 > 1)y must also be
satisfied. If it doesn’t, the function g(x) will be divergent for every x. The g(x)smau

term has extremely small value, relatively compared to g()gomin. because it includes
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A, term having 5.

The first term of g(x) in eq(2.262) is

oo n—1
ohamin = Co {1+ 3 T] B} (2264

n=1 k=0

Replace n by 2k + 1 in eq(2.261b). Then plug it into eq(2.264).

(%) domin. = Coa*~ ”{1 + iﬁ < Tk +1L fkii__g)))x?”} (2.265)

n=1 k=0

Plug eq(2.107a) into eq(2.109).

9(@) domin. = {1 + i ﬁ ( w(ok; 2) 7))gﬁ"} (2.266)

n=1 k=0

Eq(2.268) turns out to be

(@) domin. = Coa®1 Z @ _72) g/:+(1 _7>)! —(- l,ux2>n (2.267)

n=
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index n terminates at ¢ in eq(2.267). We suggest to put Cy = (D (Wot1oy)!

21=7(1—9)!
1 1
g(x)domin. - Zli’yAwO <”y = 5(1 —+ V), z = —§Mx2>
o
1) gy 1 — )l
= > CD" ol o+ 1= iy (2.268)

(o —n)l(n+1—7)!nl

n=0

The polynomial in eq(2.268) is denoted as Ay, (fy =3(1+v);z = —%,uxQ) is called

as the second kind of confluent hypergeometric polynomial surprisingly. The second

D' T (ol o

term of g(z) in eq(2.262) plugging Cy = ( T

D (o + 1 =) 5
g(x)small ( ) 2?_7(1(1507)' 7) 33'2(1 ) {AO.T + (AOBQ + AZBl)xS
00 n—1 n—1 n—1 j—1
+ [Ao H Bapio + Z (AZj H Bopyo H sz+1>
n=2 p=0 7=1 p=J k=0
n—1
+ A ] B2p+1]x2”+1} (2.269)
p=0
where,
2j+1— ©4j+1-
A%:—-4w+]f d :—-421],3/w (2.270a)
2i+1DERi+2-v)  20+3)0+35-7)
2 +1— ©in41-
Ay = —Swtntl-v) | eGEntl-n) (2.270D)

2n+1)2n+2—v) 2(n+3)(n+32—7)



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)106

e +1-9)
=T mE =)
a3 +2-1)
A = 2(3)(3 =)
., G A=) (g —p)
b pE+2k+1-v) 11(tho — k)
2k+1—_(2k+2)(2k:+3—y)_2(k+1)(k+2—7)
. (G2 E2-v) (g —p)
2p+2 2p+3)2p+4—v) 2(p+%)(p+g_7)
pibg
o
By — J20

(2.270c)

(2.270d)

(2.270e)

(2.270f)

(2.270g)

(2.270h)

(2.270i)
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Substitute eq(2.270a) through eq(2.270i) into eq(2.269)

L(o+2—7) I N ((5+1=7)
o@ona = ~—pg e ) {2(%X%-—7)

((%4'1—7) p +(%+2—’Y) oo )mz
2(DE-020) G- 2DE-122-)
X N(E+1—9) p(ih1 — p)

" Lhoe lsgipe o
—( E+1+j-7 T  wei-p)

! ;(2(j+%)(J+%—v)g2(p+§)p+%—7)
= (o — k)

% mk+uw+2—w)

P(o+2—7) 4 [ (E+1—7) (=)D = 7))
9(x)sman r2_q) °F {25%9@—7Mn+%ﬂn+%—www—nﬁ
o~ GAntl-9) (=11 =)o)
i ;2(n+ s)n+5—7) (n)(n+1-7)!(—n)

n=2j=1 37
(=1)"(1 = NWo)!G + ) + 5 — N — ) }z"
DG+ 1= — N+ Dl -+ =) — )

(2.272)
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where,
vy==(1+v) (2.273a)
z= —%/wc (2.273b)
(a) o = 0 in eq(2.272)
R YO R ) NG St D o S G I 6L el LI (D LA
g(l')small - =—€ F(Q—’}/) (%_7) HZ:O (n—i-%)'(n—i-%—’y)'(?h—n)'

(b) Yo =1 in eq(2.272)

= —exz'™7

wo=1 ['(2—-7)
(§+2-7) 1
3(% — v) 2(2 - 7)

o VI,
Xzzl D i s A } 2270

g («T)small 3

IE-[G+1-1~ UG-,
{ G Z+b !
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(c) Yo =2 in eq(2.272)

N ST D Nt Eted R W G VA COL(C DL CO L
oedomat] L, = 7€ F(2—7){ E-) §<n+é>!<n+§—v>wl—n>!
($+2-7)20 - NI (=D"EY@ - DG -,
RETER, 2— ,221 ) (n+ D —n)(n+ 5 -
L (G3-9) 2017

5(3—7) 2221 (3—7)!
P1 1

(1Y - DG -,
Z22(2)( + )W —n)l(n+ 3 —7)! }

X

(2.276)
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(d) o = 3 in eq(272)

S0 -,
! |

g(x)small Yo=3 = —Exz F(2 — 7)

($+2—=7) 31(1—9)! < (=1)"(3!
3(3-7) 221 (2—9) Z

Y
)

) 31 —)!
222011 (3 — 7)!
U1 1

(=)™ = 2)!GNGE -,

2 F@ -+ Dl il + I -7

~ 2
L Bty 30 -9)!

7(3-7) 273101 (4—)

1 L
« (= )(7!)(%—3)(5)(_ ) .

n:323(3')( )( n)l(n+ 2 —)! } (2.277)

We can describe a function g(x)gnay of degree 1y and vy according to eq(2.274)

through eq(2.277).

o
(£ +n+1—7)(n— W) (K +1—7)!
Z (n+2 =))W —n)!(n+ 1 —)!

P1 &
(D 45— —n)!
’ = 2(k+3)! k2 —)° (2.278)

g<w>small = -

As we see from eq(2.278), maximum value of index n is 1)9. And the range of index
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kisn < k <. In other words, 0 < n <y < k < ;. Then we obtain ¢y < ¢y If
1o > 11, the function g(z) will be infinite series. Then, the function y(x) will blow
up as we plug ¢g(z) into it no matter what the value of x is. Such solution does not
exist. When we see the second summation of eq(278), we can shift index k to zero at
the beginning of summation. Then replace the interval of index k by 0 < k < 41 —n.

Eq(2.278) might be described as

d) I
m@mw::—é Z: ¢Wﬂ%%:§_$z” (2.279a)
MZ” ( +n 1 =70 = 3)lnt 5 =PI = )y
- k+n+)(%— —n)l(k+n+32—7)
_ e T t2-7) (Wl
= T zgm@—vhz (2.279D)

g +n+1—7)r(n+%)r(”+%_7)(”_%)’“2%1*7
T(k+n+2)T(k+n+32—7)

k=0

o

. . e T(ot2—) (=Yo)n  n
We see in the first summation of eq(2.279b) which is FE)Q—’Y) ZO @ = wnz , there

is the second kind of confluent hypergeometric polynomial of degree v, which is
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denoted as Ay, (7; z) surprisingly. Substitute eq(2.268) and eq(2.279b) into eq(2.262).

1 o 1
g(x) = RW%,%(v—é(l%—u),z— §,ux>

- zl—’v{A% (7;2) — %x /\Z: (v; z)} only if 1y < 1)y (2.280)
where,
L) Yo
o D"l o+l =) Do +2—7) (=%o)n
Al = 2 e Tl T TR 2
(2.281a)
v,y T +2-—19) O (=o)L,

/\wo (v;2) = T2 ) nz; G (2.281D)

) wlz” (5 +n+1-Tn+ )00+ 3 - Nm v ,

k=0

Eq(2.280) denoted as RWy, 4, <7 = 1(1+v)z = —%uﬁ) is called as the second
kind of Grand confluent hypergeometric polynomial of degree vy and v, with the

first order of %
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Also, we obtain two eigenvalues from eq(2.263a) and eq(2.263b) in which are

02 = —2u(o+1—7) where 1y = 0,1,2,- - - (2.282a)
) 3
02 = 2 @1 +5- 7) where ¢, = 0,1,2, - -- (2.282b)

We know the second kind of confluent hypergeometric function is

o n . z 0
Ay (73 2) = Z (D" Yot o+ 1= e_ﬂ(zwoﬂ—ve—'?) (2.283)

— (o —n)l(n+1—7)! nl° T 21 dpo

and the generating function of it is

e(fffs) . o
S ) (2.28)

1ho=0 o

Eq(2.281b) might be described in the following way:

ANCEE SECEY WED (@250
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where,
Yol B F(wo + 2 — ’7) (_¢O>n n
AV (v 2) = -~ nl2- V)nz (2:2550)
Y1—n +n+1_7)r(n+%)l“(n+%—7)(”—¢1)k k
N O = S G G 02

(a) Plug ¥y = 0 into eq(2.280),eq(2.281a), eq(2.285a), eq(2.285b) and eq(2.285¢)

RWou (1:2) = Zl_W{AO(%Z)_%:B/\? (732)}

_ 21-7{1 B gl" /\;”1 ( z)} (2.286)

P1 w 1 3
e € (5 +1=ICEIG
= z V{1 — 51’ E s

k=0

By using eq(2.139) into the second term in bracket of eq(2.286) on r.h.s

w 1 Y1 VkET(3 _ ) (Y
/\;pl (v:2) = (§+1—7> /_1de( ?UCF%% _7)(’“)[7,(1—;92)]’“ (2.287)
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Replace p and q by 2 — v and k + 1 in eq(2.138). Substitute it into eq(2.287).
2

_ 1
/\;m( z) = +1 g /_1dp/ dt tT” (k>+(f))[ (1—t)(1—p*)]" (2.288)

Replace n and z by ¢ and A = 2(1 — ¢)(1 — p?) in eq(2.131).

(V) =) =y (2.289)
k! N
k=0 (1-t)(1-p?)
Plug eq(2.289) into eq(2.288)
Y1 w 1 1 1
/\ (v;i2) = <— +1-— 7) dp [ dtt277Ly, (N) (2.290)
0 2 -1 Jo A=2(1-)(1-p?)

Plug eq(2.290) into eq(2.286)

1 1
RWou, (7;2) = 2177 Ao(v;Z)—xi(erl—v)/ dp/ dt 277 Ly, (N)
2z -1 Jo A=2(1-1)(1-12)

(2.291)
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(b) Plug ¥y = 1 into eq(2.280),eq(2.281a), eq(2.285a), eq(2.285b) and eq(2.285¢)

RWiy, (71:2) = zl‘”{Al (752) — gl‘{Aé(v; z) /\;pl (7:2) + Al(7; 2) /\fl (v; 2) }}

(2.292)
The third term inside of bracket in eq(2.292) is equal to
A () = 1(g+2_7>¢“§ CUTOIG=IMW) o g0
TN 2\2 —~ I'(k+ Or(k+ I -~ —k)

Replace k by &k + 1 in eq(2.139).and plug it into eq(2.298)

/\Tl(v;z) = % §+2—7>/_11dp(1—p2)

P1—1 PR
(DTG =) -
’  T(k+ 5 —7)T(k+2)0(¢1 — k) [2(1=p7)]" (2.294)

Replace p and q by 2 — v and k + 1 in eq(2.138). Substitute it into eq(2.294).

1

A (o) = %(%w—v)/

P1—1 k:
<3 TErIre - ) (2209

dp (1 —p )/ dt t37
0

1
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Replace n, k,j and z by ¢; — 1, 1, k and A = 2(1 — ¢)(1 — p?) in eq(2.134).

P1—1 k
—1)T (¢ +1)
Ll (\) = ( F (2.296)
w1l % P = B)T(E+ DIk +2) [0 nap
Plug eq(2.296) into eq(2.295).
/\wl( ) = ! (“+2 )/ld (1 2)/161”3—@1 (\)
¥ = - 2 -
V! 21 1 P P 0 ot A=2(1—t)(1—p?)
(2.297)

Substitute eq(2.290) and eq(2.297) into eq(2.292).

€ w ! ! 1_
RWou (1:2) = ZlW{Alwsz)—5“’"{‘16(%2)(5*1—7) / dp / dt 127 Ly, (A)
-1 0

+ Allnz )2%( +2— 7)

x /11 dp(1—pQ)/OldttS—vL}m_l(A)}}

A=z(1—t)(1—p?)
(2.298)
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(c) Plug v = 2 into eq(2.280),eq(2.281a), eq(2.285a), eq(2.285b) and eq(2.285¢)

RWay, (1:2) = 21_7{A2(7;2)_%x{‘43(%z) A () + B N\ ()

(2.299)

T8N (:2) }}

The fourth term inside of bracket in eq(2.299) is equal to

Replace k by & + 2 in eq(2.139).and plug it into eq(2.300)

+3—7>/1 dp (1—p*)?

S D NI ) o Y

© Tk +3)0( — 1 k)I(k +

3
2

SRS

=
—
=

N

SN—
I

N | —

1—

<

(1 - p2)]* (2301)

)
2—7)

Replace p and g by % — v and k4 1 in eq(2.138). Substitute it into eq(2.301).

1 1
+3— ’y) / dp (1 — p2)2/ dt t277 (2.302)
— 0

1

(

1—

No| &

¥ 13
A (i) = 55
Y

[\

(—1)FD(¢y — 1) ) .
T F DIk 13T — 1=yt P =)

X

k=0
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Replace n, k,j and z by |ay| — 2, 2, k and A = 2(1 —)(1 — p?) in eq(2.134).

<

1—2

—D)M (41 +1)
L2 () = ( F (2.303)
Y12 = T — 1= k)C(k+ 10k +3)" [\ o
Plug eq(2.303) into eq(2.302).
A Gy = 22 (S [ [aion Lo
2 MV 2241 (¢pr — 1)\ 2 1 0 ni A=z(1—t)(1=p?)
(2.304)
Substitute eq(2.290), eq(2.297) and eq(2.304) into eq(2.299).
RWay (132) = 277 {Ag(% z)
2 1
€ w F(n+3)I'(¢1 +1—n)
— 2y A(viz)(s+1l+n—7y 2
2 ,; { <2 ) L(3)T (¢ + 1)
1 1
X / dt t§+”_7/ dp (1 —p?)" Lgl_n(A)}} (2.305)
0 ! A=2(1-)(1-p?)

We can describe a function RWy, 4, (7; z) of degree 1y and v, according to eq(2.291),

eq(2.298) and eq(2.305).

V1
RW oo (’Y; Z) = 217{A¢0(7;2) - %az‘ /\w0 (7;2)} (2.306)
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where,

Po 1 1 »
/\Zo (r:2) = Z{AZO(V;Z)(%“%HT@_V)F( +i)r(¢ +1-n)

We know
I'(n+
I'(

)T +1-n) Bn+sz,¢:14+1-n)
Wi+l Blpei+1)

(2.308)

D= N[

Substitute eq(2.285b) and eq(2.308) into eq(2.307).

wo v [ ()l ot 1-9)! Bt +1-n)
A {Z(¢o—n)!(”+1—7)! -1 Bl.uht D

n=0

1 1
< [Laed s [ ap - g 2,0
0 —

1

O\ (=) gl (Yo +1—7)! Bt 3,41+ 1—n)

w
B R DI ey e e Bl +1)

(2.309)

X
OF\
>
QL
~
~
(]

2
—
=

[N
i)
N

~
S

—_

|

=3
[V

Pt
K

h

€3
|
S
—~
>
SN—
——

A=z(1-)(1—p?)

Replace p and g by n+ % and ¢ + 1 — n into eq(2.138).

n_l

1 e s 2 ! 1
B(n+ = by +1—n) = d—:/ ds s"73(1—s)"7"  (2.310
et grr-n = f TR A 210
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Plug eq(2.310) into eq(2.309).

1 1 & 1 3 ! 1 !
2) = = dss 2(1+s _(’Z’ﬁ?)/ dt t2_7/ d
/\wo (7 ) B(%ﬂﬂl +1) /o ( ) 0 -1 b

U1
« (" ol ot 1= e,
{ZW’O—”)(er—’y) (n—l)[t(1 P Ly, (V)

o
P (o +1—7)!
+ ( 1= )Z wo—n (n+1—~)!'n!

n=

[Zts(l - p2>]nLZ1fn()‘) }

X

(2.311)

A=z(1-t)(1—p?)

Replace n, m and z by ¢¥; —n, n and X in eq(2.165). Then plug it into eq(2.311).

U1 1 & 1 3 ! 1 !
3 & = B ds s 2(1+s —(1+3) / dt tz—v/ d
/\wo <7 ) 27”3(%,1/11 +1) /0 ( ) 0 -1 P

Au
e (-9 9 U
" fd“m{”t“ i,

1
(=1)" ! (o +1 —7)! oo uw el
. Z (o —m)l(n +1 =) (n—1)! [Zts(l_p >(1 —u)}
%o
w (=1)™ ¥o! (Yo +1 —)!
! (E_Fl_ry)z(lﬁo—n) l(n+1—7)!n!
x [zts(l —p?) a - u)r} o (2.312)

Replace z and A by wy = zts(1 — p?) g5 and (1 — ¢)(1 — p?) into eq(2.281a), and
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plug it into eq(2.312).

1 1 o° 3 1 1
2) = ds s3(1+ <w1+2>/ dt 37
N, G2 = 5o G+ 1) / sei(lts) ;
e (1 u) 1 -p ) w
/_1 dp% u?r (1 — u) {w1(9w1 + (5 1= 7)}

X Ay, (7;w1 =zts(1—1p )ﬁ) (2.313)

X

Eq(2.313) can be described as various integral forms of several different special func-

tion in the following way:

Y1 wo! /oo sy (! 1_
. — d 2 1 (¢1+2) dttQ v
/\wo (7:2) 2miB (1,01 + 1) ss 2 (1+s)” 0

/ 7{ v¢0+1 1 —wv)* { ZSt(vl(l—;) )aw2 + <g 1= 7>}

Ly, (w2 =201 = p){(1 - ) + (1tivv) 3 (2.314)

X

X
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N (iz) = sl /OO ds s73(1 4 5)"(1+3) /1 dt 5
wo N (27”)23(%; Y1 +1) Jo 0
" f dv 7{ du zstou
vt (1 — )27 J w1 —w) | (1 —v)(1 —u)

o R T ) R CRR T R (R )

U stv
where, ws = = u){ —(1—1t)— - v)} (2.315)
L _ ! = -3 —(¥1+3)
/\% (r:2) = (2mi)2B(L, ¢y + 1) /0 ds 572 (14 s)" "

N

! dv
2\ —
X /0 dp (1-p7) fvwo-%l(l_v)?—v
due” T ZSpun 1 5 7
_ M(Z -~ L
* fuwlu—u){ T-00-w(E -7 (3-rzm)

Er g om)

+ S v
5-7) 2 2
zup sv
here, w, — {1 . } 2.316
where, wy = = ( )
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/\Z; (7:2) = (Qm)ﬁgoél\/zl +1) /1 dt 77 /1 dpf{ U¢o+1(1dv_ )2
2 0 1
— iy (=t)(1-p?) _
X f duzq:-y-l)(l _ u) g { o Z(Zfiﬁlil)(l €2L)U<g, _wl +1, UJS)
N ),
where, w5 = = j}ilg— m (1—p?) (2.317)

Integral form of the second kind of confluent hypergeometric function is

o e -9
Ay (2) = — dvv%“(l o (2.318)

o

Substitute eq(2.318) into eq(2.313).

(21 Yo! /oo 1 —(p1+3) /1 1 /1
1z) = . ds s 2(1+s 173 dt t277 d
/\% () (2mi)2B(5,¢1 + 1) Jo ( ) 0 1 b

el e

+ (% +1-7) }e‘@“‘p?’{“‘”*ffvv} (2.319)

X

As described by eq(2.314), eq(2.315), eq(2.316), eq(2.317) as integral formalism, it is

exactly equivalent eq(2.319).
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P
RWayo,v1 ('y = %(1 +v);z= —%u:ﬂ) = le{Awo (v;2) — 5z /\w; (’y; z)}

where,

(=D 0! o +1—9)! , w+2 (=%0)n__n
Ao (732) = Z (o — n)! (n+017 )'n'z N : ’y Zn'(Q O'y

v, %+2 7 (—%0)n n“’l +n+1—)Nn+)( S R (U OV
/\w (v:2) = Zn'(? Yn Z Fk+n+3)T(k+n+32—7)

n=0

)(1—p?)

/Ood (1+5) <w1+)/ dt t3 7/ d?{de oo
55”3 s 3 ”
T 2miB(L, g1+ 1) ¢1+1 b w1 (1 — u)

{wu’)wl + < +1-— )}Awo (% wy = zts(1 — )m)

Yo! / _1 — +§)/1 1 /1 ?{ dv
- d 2(1+ 113 dttz=" d —_—
27rzB( ,P1 + 1) ssm2( ) 0 —1 P v¥otl(1 —v)2=7

(P (1) (=0 -0+ 225)

2 o! /°° -3 ~w +§>/1 3- }[ dv
=~ =777 d 2(1 173 dttz=" ¢ ——MM
(27ri)2B(%,w1 +1) Jo ss72(l+9) 0 v¥otl(1 —v)2—7
du zstvu 1 5 3
“M(1, 2 ws) — M(1, 2w
X?{uwﬁl(l—u){(l—v)u—u)<3 (’2’w3> (’2’w3>>

+(L;+1—’Y)M(1,z,w3>} where,w3:ﬁ{_(l_t)_(lm€%m}

d dv
ds s~ 21+s (¢1+)/d 1—-p %f—
(27rz 23(2 1+ / P ( o t1(1 — )27
due (-w) zspuu 1 5 7
M(2 -~ L=
Xfwﬁwuw{ (e Tea R CRE R
(5+1-2)
2 3 5 Zup sV
A2 (2,2 s, here, wq = 1—
ey Q”z”“” wheresws = = )

__EZu__(1_ —p?
_ Yolvm / dt t3 v/ d 7{ ?{due w170 0=P)
(27” 23(27¢1+1 b U¢0+1 1—v)2—7 u?1tl(1 — v)

L) (S )+ (51 >U<éﬂ—whw5>}
where, w5 = (173%(1 -p?)

Table 2.7: Summarization of the 2"? of grand confluent hypergeometric function
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We obtain the integral representation of the second kind of grand confluent hy-

pergeometric function according to eq(2.318) and eq(2.319).

where,

Y1 1/)0' /oo 1 . 3 L 1 1 dv
. STy Y Y S
/\1”0 (3:2) (2mi)2B(3,v1+ 1) Jo ss2(1+s) 0 —1 p v¥otl(1 —v)2=y

du zstuv(1 — p?) w — s - -+ )
_ st 1— T—w) p T—v
X?{uwlﬂu—u){ (1—u)(1—v)+<2+ 1) e

Table 2.8: Integral representation of the second kind of grand confluent hypergeo-

metric function

Let’s try to get the generating function of the ond kind of grand confluent hyperge-

1
ometric function. First, multiply Z B (1/)1 +1, 5) vg’l on both sides of integral form
1=
of 284 Jind of grand confluent hypergeometric function in Table 2.8 where |vg| < 1.

> 1 1 1
Y B+, 5) 0" RW oo <7 =5 (1+v)iz= —§MI2> = Zl_v{Awo(% Z)I—gﬂﬂﬂ}
P1=10

(2.320)
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where,
= 1
I= > Br+15) (2.321a)
1=t
. 1 1
1= wa B +1,5)ut A\, (3:2) (2.321D)
1=%0

Substitute eq(2.178) into eq(2.321a).

e 1 1
F@F/}Ewt?;&)vé"“ o F1 (1,400 + 1,90 + g,vo) = / dt (vot)“0(1 — £)73 (1 — vgt)~!
2

0

(2.322)

Replace s by £ — 1 in eq(2.319) and substitute it into eq(2.321b).
)

wo / _l / — /
— —_ 2 2 2
II 271'2 0 dy (1 dt t2 dp % Uwo 1 1 U 2 ( 323)

y(1 —voy)?(1 — U) (1 — voy)
O Yo
Multiply Z ﬁ on both sides of eq(2.320) where |v] < 1.
0-
$o=0

> > w vy oy RWwwl( ;(1+V);Z=—1/w2>

|
$o=0 1=t Yo!

- le{A - ng} (2.324)
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where,
oo Udlo
A= = Ay (2)1 (2.325a)
=, Yo
o ,Uwo
B = —=l1 (2.325b)
=, o
Plug eq(2.322) into eq(2.325a).
! ) = t)vo
Ac [ @ttt S D, 2.326
%o
0 = %

Replace t by tvgvy in eq(2.284), and plug it into eq(2.326).

zvguit

1
A = / dt (1= £) (1 = vot) " (1 vgoyt) e b
0

0o m 1
- %/ dtt™(1 — t)’%(l — wot) 11 — wouyt) T
m=0 ’ 0

_ f: C(n+m+2—v)(—zvgvy) " (vovy)"
n!m!T(m+2—7)

n,m=0

1
x / dt (1 — £)7E (1 — vpt) ! (2.327)
0
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Substitute eq(2.185) into eq(2.327).

A i B(n+m+1,1)(m+2—7),(—zvov1)™ (vgv1)"

n! m!
n,m=0

3
X 2F1<1,n—|—m+1,n+m+—,vo>

2
2 Bn+m+k+1,3)(m+2—7),(—2)"
_ (n+m 21)(7;” D) ey (9.398)
e n:m!:

Putoz:m—i—l,y:m—i—%,ﬁ:l,ﬁ,:2—7+m,u:t,x:v0andy:vgv1in

eq(2.188).

I(m+1)I(3)

3
Ton o 3) Fl(m+1;1,2—7+m;m+§;vo,vov1)

1
= / dt t™(1 — )72 (1 — tvg) " (1 — twguy)~ 7™ (2.329)
0

Substitute eq(2.329) into eq(2.327).

3
Fl(m+1;1,2—'y+m;m+§;vo,vov1)

m=0 F(m + %)
= B(m+k+j+1,5)(m+2—y)p(—2)" :
. (mt k] 2?(7” D" ks (5.330)
eyl m! k!

The equation of second line in eq(2.330) is exactly equivalent to the second line of
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eq(2.328). Substitute eq(2.323) into eq(2.325Db).

B=T1(y,t,p) + T2y, t,p) (2.331)
where
—RVpV1 ! 1 _9 ! 3,
Li(y, t,p) = A0/, dy (1 —y)2(1 = voy) ; dt t>
1 __zvoy {l_t(y—vl)} 1— o
X / dp (1 —p?)e ‘7rov L vimew 4= (2.332)
-1
Doy, t,p) = 1 A= J, dy ) 2(1 —wvoy)~ i dt t2
_zvgy {1 t(y— vl)} )
X / dpe '"vov L vty (2.333)

By using the first kind of Kummer function,

! 2 3 2 5
[ = a1 3 o) - 2(1.5.)
—1

2UgY { t(y — vy) }
where n = 1—-—7< 2.334
1 1 —wy y(l - Ul) ( )




CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)131

Plug eq(2.334) into eq(2.332).
Ti(y,t,p) = ny,t) + 12y, t) (2.335)

—22090; ! (1—y)z /1 3

t) = ——m8—— dy ——— dt t277

) = o ) iy
t(

><M<1 5 _ vy {1—yy_—“1>}> (2.336)

27 1 — gy

220901 /1 (1—y)z /1 s
) = 0L gy "I gpr
200 = gm T

) t(y —
xM(1, S {1 My =w) }) (2.337)
21—y y(1— 1)
Puta=1,b=2 o =—2% and y = 2% _¥%¢ into eq(2.198a). And plug it into
2 1—voy 1—voy 1—v1
eq(2.336).
0 (—Z’Uo’Ul)n—H 1 i —(n42)
nyt) = 2 — [ dy (1—y)>(1—voy)
2 G T =0 y
n 3
x(1_£) M(n+1,n+—,— 2oy ) (2.338)
U1 2° 1 —wy
Puta=1,0b0= g, x = —% and y = %?{:—Zit into eq(2.198a). And plug it into
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eq(2.337).
2 — (—zvgvy )"t / i )
A P ey B o "
x(1_£)nM(n+1 n+— _ oy ) (2.339)
(%1 1_2]03/

We know that

o0 1 m
3 (n + ZUO) y(1—vey) ™ (2.340a)

M<n+1 n4 2 _Zvoy) '
m .

271 — vy

m=0

m

5 —zugy = (n 4 1) (—2v0) -
M( L+ 2, > — (1 — vey) ™ 2.340b
netlnd g > T y" (1 — voy) ( )

[en]

m=

Plug eq(2.340a) into eq(2.338).

_ Z + 1) (—zv0v1) " (—209)™

n,m= o ( N (E)n(n+ 2)m(1 = v1)"+3-7 m!

! m 1 —(n+m+2) Y\"
x [ dyy™(1—y)2(1 - voy) <1 - —) (2.341)
0

U1

7
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Plug eq(2.340b) into eq(2.339).

_ 2 + D (—200v1)" (= 200)™
() = ; D@l + Dl — 077 )
X/Ol dy ym(l—y)%(l—voy)‘(“m“) (1-@%)” (2.342)

eq(2.188). Then plug it into eq(2.341) and eq(2.342).

7y, t) = 2 i F(%)(n-f—l)m(—z o) Ty n+1<1_v )7(n+377)

W (n+ 3 = NT(m+ ()l + Im
) 1
><F1<m+1;n+m+2, —n;m+§;vo,—) (2.343)
U1

o f) = —2 i % )(n A4 1) (—2z00)" L (1 — U;)_(n+3_7)
3=, (n+ 3 =NTm+ 33l + 3n
5 1
xFl(m+1;n+m—|—2,—n;m—|—5;'00,—) (2.344)
U1
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Substitute eq(2.343) and eq(2.344) into eq(2.335).

Di(y,t,p) = Y

n,m=0

5) 1
X (—zv)" TR (m +Lin+m+2 —n;m-+ 530, 7)_1) (2.345)

We have

1

3 ty —

/ dp e M1=P%) = 2M(17 =, —77) where 1 = =ty {1 — M} (2.346)
1 2 1 — vy y(1 —vy)

Plug eq(2.346) into eq(2.333).

N

2(+1—7~ ! B ot ;o
Ly(y,t,p) = M/ dy (1 —y)"2(1 — voy) 1/ dt t27
0 0

(1 —wvp)?
o ) eom

Puta=1,b= %, x = —% and y = lf—fgy%t into eq(2.198a). And plug it into
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eq(2.347).

n= 0 7)(
(1 —voy)~ (n+1) (1 )nM<n+1n+§ vy )
v 2’ I — vy
N (7 4+ 1) (—2v001)" (—20p)
= 2( —|—1—fy)
1 1 Vo
/dyy (1—1y) 5(1_U0y)—(n+m+1)(1 _) (2:348)
0 o
Puta=m+1,y=m+3 B =-n, B=n+m+1, w=y, z=1vpand y = - i

eq(2.188). Then plug it into eq(2.348).

G
n+ g)mF(m + 5)

w 2 T(2)(n+ 1) m(—2v0
Loy, p.t) = 2<—+1—7> ?
2 D R TSN
3 1
xFl(m—i—l;n—i—m—l—1,—n;m+§;vo,v—> (2.349)
1
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Substitute eq(2.345) and eq(2.349) into eq(2.331).

b = 3o TNt m 100+ Dl =0 2z )
A (n+3—7)(m+3)C(n+m+3)
1
XFl(m—i—l;n—l—m—l—Z,—n;m—f—§;vo,—>
2 U1
< (D)) (n+1 (1 — )~ F2=) (o )2 Hm (g )™
+(°_‘J+1_7>Z(<2))( 3)( 1)3 ( 0)3 (1)
2 nim=0 (n+35=NTm+5l(n+m+3)
3 1
><F1<m+1;n+m—|—l,—n;m+5;1@,—) (2.350)
U1

Plug eq(2.330) and eq(2.350) into eq(2.324). Then we obtain the generating function

for 284 kind of grand confluent hypergeometric function:
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o & B¢u+L 1 1
Z Z 2) ¢1U%ORW¢O7¢1(VZ5(1+V);Z:—§u1‘2)
Po=01Y1=
e I‘l zoguy )™
— 1 Z(213((0)1)Fl(m+1;172—7+m;m+2;0071101)1)
m=0

_Em{ i T(HDE)(n+m + 1) (n + 1) (1 — v1) =377 (—zg) 4 (g )41
n,m=0 (n + % — ’Y)F(m + %)F(n +m+ %)

) 1
><F1(m+1;n+m+2,—n;m+7;1)0,*)

2 V1

o0 1

w (T(3))* (14 1) (1 — 01) =2 ()7 ()"
+(§+177) Z ) (n+ 3 —NT(m+3)Cn+m+3)

n,m=0

3 1
><F1(m+1;n+m+1,n;m+;vg,)}
2 v

:{ SRR AR ) R NCN TN {

m! k! 0 1 2 ,
m,j,k=0 n,m,j,k,s=0

L(H)TE)T(n+s+3—NT(n+m+j+2)(n+ Dm(m+1)j16(—n)y (—2)" T nbm 1 s —ke1
'jWWn+mﬂm+%—wmm+%ﬁm+3—wwn+m+%Wn+@ﬂk
CEN(E+1-)Tn+s+2—NT(n+m+j+ 1)+ Dm(m + 1) 45 (—n)y, (—2)"+m
s itk (n+m)! (n+ 3 —T(m+3)T(n+2—NTn+m+3)(m+ 3) 4k

ngerJrj n+s— k} }

_|_

Table 2.9: The generating function for the second kind of grand confluent hypergeo-

metric function

We can describe the generating function of it as the integral formalism by using

eq(2.327), eq(2.332) and eq(2.333):
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oy BlUitls) g

Bq/)+1,
ZZ T

=0¢1=

1
o ol Ry (7= 51+ 0)i 2 = —5pa?)

zvguit

1
=7 / dt (1 — t)ié(l — Uot) (1 — Uov1t) 2" Tvourt
0

X

1
)27/ dy (1 — y)i%(l - ’on)il

1—1)1

_<
2
_ _zvQy _ ty—vy) _
/ v 45— / {(W—Fl—'y) _ zvov1t(1l — y) }e %{1 y(l—vll)}(l p?)
2 (1 =v)(1 = viy)

Table 2.10: Integral formalism of the generating function for the second kind of grand

confluent hypergeometric function

From the differential equations satisfied by RWy, 4, (2) and RWg, ¢, (2), namely,

:ERW;O,% (2) + (pa® +ex+ V)RW;,WI (2) + (g T+ W) RWy 4, (2) = 0 (2.351a)

xRW;mm(z) + (pz® +ex + 1/)73)/\/;)04)1 (2) + (g0 T +ewW)RWy .6, (2) =0 (2.351b)
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where,

—2p(to +1—7) —2p(¢o +1—7)
Qmm = Q¢07¢1 = (2'352)

—2pu(Y1 + 5 =) —2pu(f1 + 5 — )
multiplying eq(2.351a) and eq(2.351b) by RWgy, 4, (2) and RWy, 4, (2) respectively
and subtracting, we have

dN(z)

dx + (/’Lx2 +EeT + V)N(Z) = (Q¢>0,¢>1 - Qwo,wl)xRWdJoﬂﬁl (Z)RW%#H <Z> (2353>

T
where

N(z) = RWy, 4, (2)RWoy6,(2) = RWy 5 (2)RWeg (2) (2.354)
Multiply 2¥e2#**t=% on both side of eq(2.353).

d v L £E2 EX v 1 1‘2 EX
{ar BTN G | = Qo — Qa2 H IR 0, () RWi 0, (2) (2:355)
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Integrate eq(2.355) with respect to x from 0 to oco.

= v, tuz4ex v Lpx?iex =
(0,61 —szo,wl)/o dx """ T RW g 4, (2)RW g 0 (2) = [l‘ ezt N(Z)]
0
(2.356)
Substitute eq(2.354) into eq(2.356).
Q0,01 = Quo,1) /0 dr 2”2 TRW gy 4, ()R Wy 0 (2)
_ [m”e%“zer” (RW 4, (2)RWgg 0 (2) — RW;,W(Z«)RW%M(Z))} (2.357)
0
Therefore, only if ¥y # ¢g and 11 # ¢;, then
/0 dz 2" e TERW, o (2)R W (2) = 0 (2.358)

Let’s think about the case in which are ¢y = ¢¢ and ¥; = ¢;. First of all, from
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eq(2.280)

[RWwowl(z)} . 2217 [A¢0(Z)] “ exz? VA (2) /\Z: (2)

€ _ ) 2
+Z:U222(1 ‘/)[/\w: (z)]

2 (
~ 20 [A¢O(z)] — eIV A (2) /\ '

Yo

() (2.359)

e is extremely small. So more than second order of € is negligible in eq(2.359).

Multiply 2e2#**+<% in eq(2.359) and integrate them with respect to z = [0, 00].
oo 5 2
/ dz z¥e2te ter [RWQZ,OM(Z)} =B —¢eBy (2.360)
0

where

B, = > d v %,LL:EQ-FE:E 2(1—7) A 2
1 = x Ve z v (%)
0

2(1—y) [°° 1,2 2
- (‘%) ! / do 2203 3ne +6x[A¢0(z)] (2.361a)
0

Yo

21—y) [ 1
By = <— g) ! / dx x2(2_7)e§“x2+5IAwo(z) /\% (2) (2.361b)
0
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Replaced t by vy in eq(2.284). Then square of both side of it:

e_<12i7;%) b U(Q)wo )
(1 _ 00)2(2—7) - 1;) (¢O!)2 [A'QZ)O(Z)} (2.362)
0=

Multiply 2~20-Dezre’+ez on hoth side of eq(2.362), and integrate them with respect

to x = [0, 00].

2zvg

U= (1w [ e gDl i
0

o0 2
U#’o

= Z (wOO')2 /0 dx .I_Q('Y_%)e%MIQ—f—SCC [Awo (Z)j|2 (2363)
%o=0 )

We know p = real negative. Plug z = 1|u|2? into the Lh.s of eq(2.363).

oo 2
I=(1- 00)2(7_2)6% dx :1:_2(7_%)6_%‘”‘(%%) where o = (1+ )
(1 -
0 vo)
(2.364)

We know that ¢ is so smalll, so we can neglect any terms which include more than

£

2
second order of . We can say that e2vle ~ 1., and lets say K = o

Plug it into
eq(2.364).

I~ (1— )20 / " 2209 = blelote—0? (2.365)
0
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Replace z — K by r in eq(2.365).

0

I~ (1 —00)2(7_2){/00 dr (r + K) 2073)¢ 5l —|—/ dr (T+K)_2(7_3)6_é#0T2}
0

-K
(2.366)
By using binomial expansion,
- —2)+k)!
(r+K)~ Z 2));_ ) pm(k20-3) g where |r| < K
2(y —
=0
(2.367)

K includes the first order of €. Neglecting any terms which include more than the

second order of ¢ (extremely small value), then eq(2.367) is approximately equal to
(r 4 K)™2072) x 2073 — (24 = 3)r 207D (2.368)

Plug eq(2.368) into eq(2.366).

0

I ~ (1-1) { dr 120 2)gmalulor? _ (2y — S)K/ dr 7=20—D g=3lulor?
0
+ / dr 7203 g3 lulor® _ (2y — 3)K/ dr r—2(7—1)e—$uor2} (2.369)
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Replace r by /ﬁ t in the first and second terms of rhs in eq(2.369).

/00 dr 720Dl (24 _3)K /OO dr 20Dz lulor?
0 0

— (—2 )2_7 / gt 201
|M|U 0

3./ 2\ 09 0 2
—2(7—5)(W> ! K/o dt 2 (2.370)

By using integral form of gamma function, eq(2.370) is equal to

/ e 20D (9 g)K / R
0 0

2\2-7 /5 5
_ 217\u]27F(2—’y)027+K<m> r(§—7)a*<rv>

DO W

where Re(y) < (2.371)

By using binomial expansion, the third and forth terms of rhs in eq(2.369) are

0 0
/ dr 20 et _ (9 3)K / dr p720 ezl (2.372)
-K

-K

(=D (lulye’ 3 (D (|ul)yo’ 2(j+2—~
{Z2j+1(j+2—7)j!+(5_7)22j+2(j+%—7)j!}[(( |

j=0 7=0
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The lowest order of K in eq(2.372) is

0 0
dr r20—2)e=alulor® _ (9~ _ 3 K/ dr 720 De=slulor? o _ T ()22
L L 7a-y ")

(2.373)
We know that Re(y) < % The first order of € is only countable because of extremely

small value of . So eq(2.373) is negligible.

0 0
/ dr 72— g=3lulor® _ (2y — 3)K/ dr r~20-Deslulor® (2.374)
K

-K

Substitute eq(2.371) and eq(2.374) into eq(2.369).

2\377 /b
I~ (1- 00)2(7_2){21_7|u|2_71j(2 —7)o? 7 + K(m) ’ F(— - 7) 0'_(3_7)} (2.375)

Plug K = == and ¢ = % in eq(2.375).

I o~ 27| ufT(2 = ) (14 00)* 77 (L= ) 2

)
+ e G0 (S ) (14 w) G- 0B (2376)
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By using binomial expansion, eq(2.376) is equivalent to

Uyt I'(2—7)B(3 -7,
I ~ Z Vo 2{21—'y|,u|2—'y ( B(’g)_ é’y’d)’;/)w())

3 EDPT (o + 5 =T (o + 5 —7)

e } (2.377)

Eq(2.377) is equivalent to eq(2.363). Then, we obtain

2(1—y) [® 2
By = (%) /0 dxxZ(%_W)e_%W'xQﬁw[Awo(zﬂ

277! T(2—7)B(3 —7,%0)

lulPr=1 B(6 — 3v,1)

2773 (=1)%I (Yo + 3 — )T (o + 5 — )
|72 INCER)

+€

(2.378)
Replace z by 3|u[z? in eq(2.361D).

2(1_ ) & 1 2 »
By = ('%') ! /0 do 2?0 i A ) T (2) (2.379)
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Substitute eq(2.281b) into eq(2.379).

2nn!(2

2_
B, — ¢0+ Z |1a|™ (

. %Z" +ntl- 'y)lu!"T(n+ DL+ 2 —)(n— )
2T(k+n+3k+n+32—7)

(1—7) 00
y (|_/2L|> /0 du $2(n+k+2—v)e—%\u\xQJrEIAwO(g) (2.380)

Replace t and z by vy and 1|u[z? in eq(2.284). Multiply a2("+h+2-me=slulz*+=r o

both side of it, and integrate them with respect to x = [0, o0].

[

oo
2
I = (1 —UO)A{_Q/ d g 2HE2=7) 3 g e
0

o0

Yo poo
= U [ dvarkredi g, () (2:381)

The lhs of eq(2.381) is approximately equal to

a(l-vg) [ 1wl (o 0=v))?
I = (1—1}0)7_268 2|ul / dx g(;n+k+2_7@ 2 (1-vg) (‘T & Tu )
0

o0 1 |w —v 2
~ (1-— U0)7—2/ dr " HF 2772 ey (I*E(lmf))) (2.382)
0
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Lets set J = Eﬁ where p = ¢ . And replace x by s + J in eq(2.382).

1
1—wp)

00 0
I~ (1 —00)7_2{ / ds (s+.J) 2027 g5 lulos® +/ ds (S+J)2("+k+2_v)€_é|#|p52}
0

—J
(2.383)
By using binomial expansion,
- +k+2—79)) o
J n+k+2 ’y TL 2(n+k+2 ’y) me 2384
(s+J) Z n+k+2 N —mim’ (2.384)

—0

J includes the first order of €. Larger than the second order of ¢ is negligible because

of too small value of it. Then eq(2.384) is approximately equal to
(54 J)2HRH270) g P20 4 9 4 | 42 — )20 (2.385)
Plug eq(2.385) into eq(2.383).

I = (1—1}0)”_2{/ ds s2HR2=1) g g lulps” +2n+k+2—7)J
0

0o 0

3_ _1 2 _ _1 2

" / ds 2 k3= o= lulps? / s g2mH42-7) ,~lulps
0 —J

0

+2(n—|—k:+2—'y)J/

ds 32("4"9‘*‘3—7)6—;“4052} (2.386)
—J
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By using gamma function, the first and second terms in eq(2.386) where Re(y) < 2
are equal to
(1-— 00)7_2{ /OO ds §2(n+k+2=7) o= 3lulps®
0
+2(n+k+2— v)J/ ds 32("+k+§_7)e_§|“|p82} (2.387)
0
1( 2 >n+k+gwr<n+k—7+§> N < 2 >n+k+27F(n+k+3—’y)
2\[yl (1 —wg)~ ¥tz | \paf (1 —vg)~(m#h+l)
By using binomial expansion, the third and fourth terms of rhs in eq(2.386) are
0 0
/ ds s2( k2= glulps® 2(n+k+2— V)J/ ds 2 Hhta=7) = glules?
- —J
i g 2'y ‘Iu|p)] J2(ntk+j+3 =)
1l
= 27 4!
1 k+2
x ___ _nrkr2og) (2.388)
2n+k+j+5-7) M+k+j+2-7)

The first order of ¢ is only countable because of very small value of . Then eq(2.388)

is negligible because of Re(n + k + 2 —v) > 0.

0

0
/ ds 22 o5 lulps? +2(n+kz+2—7)J/ ds 2R aemaliles® 0 (2.389)
—J —J
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Substitute eq(2.387) and eq(2.389) into eq(2.386).

1/ 2 \ntht3— 5 '
M~ _<_) r( k- —> 1 — ) (T 3)
2\ n+ v+ 5 (1 =)

€ ( 2 >n+k+2—'y

ol D(n+k +3 —7)(1 — )"+ (2.390)

By using binomial expansion, eq(2.390) is equivalent to

M~ iﬁ 1(3>n+k+g_w<_1)¢op(n+’f+3)F(n+’f—7+%)
%:01/)0' 2\ |l

T(n+k—o+32)
& 2\ ()" I(n+k+3 -9 F(n+k+2)
1 () Tt kT2 o) } .

Eq(2.391) is equivalent to eq(2.381). Then we obtain

0o
k42— — ||z tex

/ dx x e 2 Ay, (2)

0

A U (RYSE V(R SERS
2\|p| T(n+k—1o+3)

+i<i>n+k+27(—1)¢of‘(n +k+3—9)T(n+k+2)
IZN P(n+k+2— 1)

(2.392)
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Substitute eq(2.392) into eq(2.380).

T +2-7) Yo (—=0)n
S ey ZTL!(Q—/}/)n
h1—n . ,
(GHn+t1-N(+3)ln+5 =)0 = b
n P(n+k+ )0 +k+35—7)
« 1(3)7+§(—1)¢0F(n+k+%)F(n+k_7+g)
F(n+k_¢o+%)

e 2NV (DT (n+k+3 -yl +k+2)
#5 (r) Do+ k42— o) } (2:395)
Substitute eq(2.378) and eq(2.393) into eq(2.360).
/ " g arednattes [RWwo,wl(z)] 2
0
_ 27 TR=BE-ytn) | 27 ()T o+ 5 =) T (o +35—9)
=% B(6 = 37,v0) s L3 -1)
T +2-7) x5 (=t
['(2—-7) Z “nl(2—)n
N~ L= Dt PT(n+§ =) (0= )
e n+k+§)F(n+k+g—’y)
£ i —D)"I(n+k+3)T(n+k—v+2)
2 u D(n+k—to+3)
s 2 DYT'(n+k+3—9)(n+k+2) 5
(= 394
L0 e } (2394
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More than second order in ¢ is negligible because of extremely small value of it. Then,
eq(2.394) is simply approximately equal to
> 1 2 2
/ dx z¥ezh® ter [RW¢07¢1(Z):|
0

_ T TR =BG -y ) | (~1)%2E [T (e 45 )T (v + 5 =)
27 B(6—37,40) s L=

D +2—7) o= (—to)n
- T2-9) ;%m@—v»

¢1U%+n+1—wwn+aﬂn+%—wm—¢m}

X
T(n+k+ 3 — 1)

(2.395)

k=0

Therefore, we obtain orthogonal relation according to eq(2.358) and eq(2.395):

/ da 2" €21 TERW g,y () RW oo, (2)
0
:{m*%nwww@—%%>5vn%wv{ﬂw+§www+3w

2=y B(6 — 3v,10) ks r'(3-7)

D(o+2—19) f}: (=%0)n d}in (g+n+1_7)r(n+é)1‘(n+§—7)(n—¢1)k}}5w g0 01,0
n!(2_’y)n 0,%0 1,41

r2--7) L(n+k+ 2 — )

n=0 k=0

Table 2.11: The orthogonal relation for the ond kind of grand confluent hypergeo-

metric function
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If there is an analytic function ®(z) with interval z = [0, co] which is

®@)= > Bun RWuu (7 =5(+v)z= —5/”2) (2.396)
po=0P1=10

Multiply x”e%”ﬁ*”RWwovwl (7 =1(1+4v)z= —%,ux2> on both sides of eq(2.396)

and integrate it with respect to x=[0, co.

o 1 1 1
/ dv 2" €T TIRW (’Y = (1 +v)z = —guf)@(x)
0
o0 o0 00 L ) 2
=3 Bu [ e R 052)] (2.307)
0

Po=01=10

Substitute eq(2.395) into eq(2.397).

|u|**7T(2 = 7) B(3 — 7, %)
2177 B(6— 37, %)
(—1)¥0272 {F(% +3—9)T (Yo + 35— 1)
Mk L —1)
T +2-7) N (o)
I'(2-7) nz;; nl(2—7)n

g+l )+ Y+ - —ve|]
T(n+k+ 32 —1)

Byoy, = /0 dz ze2" TERW ) 4, (7; 2) P ()

+ée

X
k=0

(2.398)
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If there is an analytic function ®(x) having first and second continuous deriva-
tives in [0, 00] and approaching zero when z — oo, it can be expanded in terms

of RWoyoy (75 2):

O(x) = > D Buow RWyou, (W =5 +v)z= —gu;ﬁ)
ho=0P1=1o

where,

u[* 2T T2 — ) B(3 — 7, %0)
217 B(6 — 37, o)

(—1)¥o20—3 {F(% +5 -l (%o +35—7)

Bwoﬂﬁl = /0 dz xVQ%HIQJFEIRWQPO,wl (V;Z)q)(x)

+e

ks r'(3-9) 1
T 2= n (o) = (g0t 1)+ DI+ E - ||
L2 -7) ;n!(%v)n kz:% L(n+k+ 3 — o) H

Table 2.12: A complete set of orthonormal function for the ond yind of grand confluent

hypergeometric function

2.1.2 v = integer

When v is integer, one of two solution of the grand confluent hypergeometric equation
does not have any meaning, because ya () = RWy, 4, <’y =s(1+v);z= —%/w:2> can

be described as OW|aq|,jas| (’y =1(1+v);z= —%uﬂ) aslong as |\ —Xo| = v —1| =
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integer. If v = 1, the two solutions are identical. Then two solutions can be solved
by Case B) of theorem 1 in the appendix, and if v is any integer except 1, then it
can be calculated by Case C) and Case D) of theorem 1 in the appendix. Now let’s
investigate the second independent solution as v being an integer.

(i) As v = negative integer, 0, and 1

Theorem 1. P(2)2$ + Q(2)% + R(z)G = 0
Suppose 0 is a reqular singular point ;  G(x,\) = > o0 Cp(N)a™™
(1)As N\ < \y: distinct roots of the indicial equation.

Case A) If \y — Ao is not an integer, there are 2 independent Frobenius solutions

gl(‘r> = G(ZE, )‘) gQ(x) = G(l’, /\)
A=\

Case B) If \y — Ay = 0, there is a Frobenius solution

A=A2

gi(z) = G(z,\) ga(z) = 242N
A=A1

Case C) If Ay — A2 is an integer,

A=A1

g1(z) = G(x, \) g2(x) = W
A=\

(2)As \y < \i: distinct roots of the indicial equation.

A=A2

Case D) If Ay — A1 is not an integer,

gi(x) = G(a,A) ga2(x) = G(x,A)

A=A
Case E) If Ay — A1 is an integer,
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A((A=X1)G(z,\
go(z) = « 52\ (z,A)
A=Mo A=\

g(x) = G(z, )

Since v is smaller than 1, Ay = 1 — v is positive integer. So A\; = 0 is smaller
than Ao. By using the Case C) in Theorem 1, g1(z) = G(x)|x=x,=0 is equal to
QW|QO\7|O¢1|<7 = %(1 +v);z = —%,uﬁ). Also, since v is equal to 1, A\ is equal
to Ag. So by using the Case B) in Theorem 1, ¢1(z) = G(z)|x=r,=0 is equal to
OW)agl,Jou| (7 =(1+v);z= —%/L%Q). It is same as before. Only difference is that
in the previous case v was equal to 0 or negative integer, and in this case v is equal

to 1. Now, let assume that the second independent solution is
1 1,
g2(x) = u(x) QW ag),jou| (’y = 5(1 +v)z= —gHe ) (2.399)

Substitute eq(2.399) into the grand Confluent hypergeometric differential equation

1" i

o (u(@) QWiagljan|(2)) + (a® + ez + ) (w(2) QW ag o] (2))

+(Qz + ew) (w(@) QW) ag),jas)(2)) =0 (2.400)
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When we calculate and simplify eq(2.400), it becomes

AW agljonl(2)
() OWagljau| (?)

+ (pr+e+2) =0 (2.401)

By the transformation R(z) = u'(z) = “&) & R'(z) = B9 — /" (z), eq(2.401) turns

to be

1 2
B T oW @

AQWag o] (2) + (pz + € + g)d:v —0  (2402)

Integrate the Lh.s. of eq(2.402) with respect to R(z) and also integrate the r.h.s. on

it with respect to x

duw) _ ., ove(eteen
=0
dx QW\anlvlal\(Z)

R(x) = ; C1 = arbitrary constant  (2.403)

Again, integrate eq(2.403) with respect x

1,2
xflze—(yu: +ex)

QW|2ao\,|o¢1|(Z>

u(z) = C4 dx + Cy : Cy = arbitrary constant (2.404)
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Substitute eq(2.404) into eq(2.399)

:L,fue—(%uxZ-‘rax)

QW|2aO|,\a1|(Z)

gg(x) = 01 QW|O¢0|7‘O¢1|(Z) dx + Co QW|060|7\041\(Z) (2.405)

For simplicity, let say Co= 0 & Cy = 1. Then,

(r) = QW (2) o e et (2.406)
go\T) = apl,|o z s .
o] | QW\an\,|a1|(Z)

The eq(2.406) is called " The first kind integral formalism of the second independent
solution of the grand confluent hypergeometric function when v = negative integer,
0 and 1.7

(ii) Case of v = positive integer except 1

When v is greater than 1, Ay = 1 — v is negative integer. So Ay is smaller
than Ay, by using the Case E) in theorem 1, ¢1(x) = G(x)|x=r,=1-» is equal to
RW o 1 <7 = %(1 +v)z = —%uﬁ). Now, let assume that the second independent

solution is

() = u(w)u () = (@) RWy (7= S0+ 02 = —spr?) (2407
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Substitute eq(2.407) into the grand confluent hypergeometric differential equation

1" /

7 (@) RWyg0 (2)) + (ua® + ex +v) (w(z)RWag (2))

+(Qz + ew) (u(@)RWyyu,(2)) =0 (2.408)
When we calculate eq(2.408), it turns to be

u(x) {:cRW;wl (2) + (ua® + ez + V)RW,, 4, (2) + (2 + cw)RWoq (z)}

+x{u" () RWoyo i (2) + o’ (m)RW;pwl (2) }

+(pua® + ex 4 v)u (£)RWyy . (2) = 0 (2.409)

From eq(2.351a), terms in the first bracket in eq(2.409) are equal to zero. Hence it is

simply

m{uﬁ(x)RW%,wl(z) + 2u/(x)RW;p07wl(z)} + (pa® +ex + V)u/ () RW o0 (2) =0

(2.410)
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Divide eq(2.410) by = u(z) RW .4 (2)

N QRWwo,wl(z)/

@) RW o (2) + (pz +e+ ;) =0 (2.411)

By using simple algebra in eq(2.411), we obtain

x*lje—(%ﬂ]}Q-ﬁ—EI)

W= | o )

dx + Qo : Qo, Q1 = arbitrary constant
(2.412)

Substitute eq(2.412) into eq(2.407)

1,2
x*l/e—(aux +ex)

waﬁoﬂﬁl (Z)

g2(x) = Ql RWdJoﬂbl (Z) dx + QO RWdJoﬂbl <Z> (2'413>

For simplicity, let say Qo= 0 & Q1 = 1. Then,

RW R d 2.414
g2 (Z') - ’¢'07’¢’1 (Z) Rwio,zbl (Z) T ( . )

The eq(2.414) is called " The second kind integral formalism of the second independent
solution of the grand confluent hypergeometric function as v = positive integer except

1.” Eq(2.406) and eq(2.414) are inconvenient for direct calculation, as the integrand



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)161

contains [OWag| ja1|(2)] % and [RWwo,wl(z)]_Q. Now let’s investigate eq(2.406) and
eq(2.414) more precisely and see how these two analytic functions have power series.
These two functions can be described by the Frobenius method.

(A)the case of ¥ =0 or negative integer

As v is 0 or negative integer, Ay = 1 — v is a positive integer. So A; = 0 is smaller

than Ay. By using Case C) in theorem 1, the first independent solution is

1 1
91(7) = G(@)],_y,2g= DViagjou) (’V =51 +v)iz= —§M2> (2.415)
The second independent solution is

g2(z) = g1(2)lnz + 2 Z by (A2)z" (2.416)

n=0

To generate this solution, keep the recurrence formula in term of A and use it to
find to coefficients C,(n > 1) in terms of both A and Cj, where coefficient Cyy remains
arbitrary. Substitute these C,, into G(z) = z*>_>7  C,z" to obtain a function G(\, z)

which depends on the variables A & x. From the Case C) in theorem 1, the second



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)162

independent solution is

0G(\, x) - N L 0C, .y
go(r) = —— =Inz Y Cpa™*" "t (2.417)
2 A=A2 nzzo =X2  n=0 8/\ A=\2
From eq(2.262), G(x) = 9() domin. + 9(T)smay- Plug it into eq(2.417).
ag(m)domin. ag(l‘)small
=" _ 2.418
r) = | W] (2.418)

The first term of r.h.s in eq(2.418) is

ag(x)domin.
O\

= Inz Z Con (A, n) 2?2

n=0

A=1—-v

S 9Ca, (A, ) 24\
+ Z —an T

2.419a)
A=1—v

A=1—v n=0

The second term of r.h.s in eq(2.418) is

99(2) smat 0 [ 1A
T = — Con1 (A, n)z* 1+
e 103 oo
= Inx Z Cong1(\, n)a? A
A=1—-v

n=0

A=1—-v
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We know that ¢(z)gomin. a8 A = 1 — v is equal to the second kind of confluent
hypergeometric polynomial. So a solution for eq(2.419a) is similar to Remark 2 on
appendix. Replace o, A and Ay by —)g — 1 + 7, % and % in eq(2.182) on appendix.
Then differentiate it with respect to A. After that, plug A\ = 2(1 — ) instead of
(1 — ), and substitute it to see what we get in eq(2.181) on the appendix. Then we

obtain

ag (x)domin.

- = (L ()2 A (32

o
(=1)"¢o! (o +1—)!
i ; 2n!(n+1—9) (g —n)!
n—1

I 1 R S P
- EZ{%—w@ (h+2—7) <k+n}

k=0

(2.420)

The first summation of eq(2.419b) which is Z Consr (A, )2t

n=0

is equivalent
A=1—v
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to eq(2.279b). Then we have

%
= —%xlnle_w /\w: (v:2)

A=1—v

Inz Z Cong1 (X, n)a?m A

n=0
%o n
= _Exlnxr(wo 2o 7) Z ( wO)nz
x wZn (§Hnt1-7ln+)ln+5 =0 =k 4,
2 P(k+n+ 5Tk +n+3—7)

(2.421)

According to eq(2.262), we have

/

C1 = CoAp
Cg - O()(A()BQ + AQBl)

n—1 n—1 n—1 7j—1
Cont1 = Co {Ao H Bopio + ( H 2p+2 H B2k+1) + Aoy, H BQerl} ;n > 2

\ p=0 =1 p=j k=0 p=0
(2.422)

.

From eq(2.64), we get

8(”"‘)\4‘&)) . €(n+>\+w)
M+1+Nn+A+v) +1+N)n—1+2y+N) (2.423a)

A, = —
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pn—1+X)+Q pn—1+X)+Q
B, — — __ 2.423b
m+1+AN)(n+A+v) m+1+AN)(n—1+2y+X) ( )

According to eq(2.263a) and eq(2.263b), :—2u<¢0 + % — %) = —Q,u(@/)o +1- 7)

as 1 is odd in eq(2.423b). When n is even, 2 = —2p <¢1 +1-— §>:—2u (wl +32— ’y).

where,
w A
Agj = — 16(‘7A+?+2) — (2.424a)
20+3+9)U+7—3+3%)
w oA
A= ST ETS) (2.424D)
2(n+§+5)(n+7—5+§)
(5 +3)
Ag = — 2 (2.424c)
2 +3)(v—3+3%)
14w 2
Ay = — 35( A+2+12> A (2.424d)
2+3)(v+35+3)
p(2p+ ) +Q Yo—p+l—v—1%
Bopi1 = — =L (2.424e)
LT TR D AN LAt Y) 20+ 1+ ) (py+ D)
w2k + ) +Q Yo—k+1—v-3
Bopt1 = — = 2.424f
T TR )+ NCEFLAA+Y) 2k 14 D)kt +2) ( )
p2p+1+X)+0Q Yr—p+l—vy-—3
Bopi2 = — = 2.424
N N B\ [V Ea7R SV AT R By e ey
1—ny—2
= tlorg (2.424h)

21+ 3)(v+3)
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+1-7-3
V1 75 (2.4241)

BQZILL
20+ 2)(v+3+3)

Substitute eq(2.424a) through eq(2.424i) into eq(2.422).

Cl = — Co (2425&)

o — €M (4+3) Phr+1—v—3%
A
2\GHDO—5+3)26+ D0 +5+3)
(1+243) w+l-7-3%
T C (2.425Db)
B+HO+3+D20+30+3))

02n+1 -

. (5 +3) ff —pu(p—1—P1+7+3)
2(1 + — o2+ 3+ )ty +3)

+,§f( (J+5+3) TT —pp—1 =+ +3)
2+ 3+ -5 +3) 203+ DY+ +3)

i—1
: —Mk—1—¢m+v+%d
8 Ilﬂk+1+gxk+v+%

+¥+3 = —u(p—1— o+ +
+ 1 (nA P H oyt Co(2-425¢)
%n+§+gm+7—5+5 o p+1+)@+v+)

Differentiate eq(2.425a), eq(2.425b) and eq(2.425¢) with respect to A and plugging
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il = —eCy B 2 (2.426a)
9Cs S e 2(2—7)(2—2’7+W)) 24
oAy, " (3—27) 33— 27)(5 — 2v)
224 — )\ w2—2y+w)
- (1 * ) 33— 27)(5—27)

3(5—27)
24 —7)(4 - 27y +w) o
* (1‘ 35— 27) )2-3(2—7)(5—27)

3 B="v0\ pd—2y+w)
(1 = ) 5 } (2.426b)

3(2=7)(5-27)
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0C9n 11

O\

A=1-v

-1

B 1 C22-7)E2-2v+w)\ T —p(p — )
8CO{(3—27) (1 (3-27) )pl:[o?(p+§—7)(p+%)

”‘1{ 1 ( _2(2j+2—7)(2j+2—27+w)>
=2 +3 =225 +1) (27 +3—29)(2j +1)
n—1 7j—1 —/J,k ¢0)
gz(p+_— I!_[OZk—i-Q 7)( k+1)1
1 (1_2(2n+2— )(2n+2—27+w))
(2n+3—2v)2n+1)

(2n+3—-2y)2n+1)
n—1

p(p — o)
zH?(p+2 NP +1)
Q1-v+2) 0 (T4 -ulp—1—tvi+7v+3)
I |

pHE+Dpry+i+d)

n—1

G+1-v+%) 9 —p(p—1 =1 +v+3)
Zz< e

JHE-NGHDA 20+ i+ )P+ +E+D)
(k—1—do+7+3 >}
2k:+1+ )(k+v+3)

(n+1l-v+% 0 (Y7 -nup—1-t+7+3)
2(n+ 35 —y)(n+ )W{ZHO 2(p+1+3 )(p+7+%)}

k=

)\:1—1/}

(2.426¢)
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By using simple algebra,

j—1

13[ —plp—1—ti+7+3) ]
2p+5+3)p+y+5+3

—pu(k—1—=vo+7+3)
3)

)i 2k +143)(k+y+

— ) U3+ U5 +7+3)
Nn+i+ -1 +~v+3)

[\

3

d

=

-+

—_
|

N
|
=2 2 2

|

ﬂ—u(p—1—¢o+v+§>)

T2+ 143+

(2.427¢)

Differentiate eq(2.427a), eq(2.427b), eq(2.427¢) with respect to A plugging A = 1—v =
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2(1 — ) and note that 86’“ Tr=cy 81;;’“, we obtain

0 (7 _—mp—1-¢it7+3)
5{1—[2(]7*’5—’—&)(]?-{—7—1—1—12—%)} (2.428&)

A=1-v

1 1 ! !
:_§H2(p 'y+ p+%z(¢1 ( '_7)+(k+%))

e —u(p—l—w1+’y+%) Tp 1k = 1=ty +7+3)
{1:]2( )H }

pH3+ Ny +i+ 2+ 1+ 3)(k+v+3)
2 2

A=1-v
7j—1

— k)

1 (¥
- 21;[,2(p+2)(p+§— ) s 20k k+2 )

. H( L 1 Lo )
—\Wo—1) (+2-7) (+1)

(2.428D)

n—1 A
a{l‘[_”(p_l_wﬁwr (2.428¢)

a 2
O 2(p+1+5)(p+7+%)

L.

_ ¢0— 1 1
‘“H 20+ D +2-7 ZO(%— (k+2—7)+(k+1)>
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Substitute eq(2.428a), eq(2.428b) and eq(2.428¢) into eq(2.426¢).

802n+1

- (2.429a)

where,
1 C22-9)@2-2v+w)\ 77 —ulp— )
AW L (B=2) (1 (3—27) >H2(p+§—7)(p+%)
. < 1[ ( _2(2j+2—7)(2j+2—27+w))
po 2j+3—2’y)(2j+1) (2j+3-27)(2j + 1)
T o —p(k — o)
- p:]2p+-— Hzmz o1 k+1)]
N 1 (_2(2n+2—7)(2n+2—27+w))
(2n+3—-2v)2n+1) (2n+3—-2y)2n+1)

T —ulp— o)
X H X

p+2—7)(p+1)
(2.429b)
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-1

1A=y +5)7 (1 — p)
) 1_[2(

(32—~ p—v+p+3)

1 1 1
* Z((m )+(k+%—v)+<k‘+%))

(J+1—7+“) o (1 — p)
H2<p+ He+3-7)

 § ) (1 1 1
X gz(k+1)(k+2_7){l_o ((¢o—l)+(l+2_7)+(l+1>)
.\ n—1 1 N 1 . 1 )

1= (=10 (142 (+2-9)
(n+1-7+5) T (o — p)

(2.429¢)

Substitute eq(2.426a), eq(2.426b), eq(2.429a), eq(2.429b) and eq(2.429¢) into the r.h.s

of eq(2.419b) and plugging Cj W( ) i

> aCjn A:
Z %mwﬁ-l-&-)\ = Ty + Koo (2.430)

n=0 A=1-v
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where,

Po+2=7)r 1 N1 (1-w)—-B-29)2—-27+w)
o = R ()| ERE

( _2(2—7)(2—2V+w)> 2phy
3(3
1

(3—27) —27)(5 —27)
2(4 — )(4—27+w)) 1o } 3
(

.
3(5 — 29 2.32-7(5-27)]"

)
S 1 2292 -2y+w)\ T —Hp— )
i Z{(3—27)(1 3 —27) )H2(p+§—7)(p+§)

1 ( _2(2j+2—7)(2j+2—27+w))

(27 +3—=2v)(25 +1) (27 4+3—=2v)(2j+1)

j=1
n— 1
X 1 ]1_[ —p(k — o) ]
5 )
p:jZ(p+§— +35) g2k +2=)(k+1)
N 1 1_2(2n—|—2 7)(2n+2 — 2y +w)
(2n+3—-2y)2n+1) (2n+3—-2y)(2n+1)

s —p(p — o) 2n+1
g g2<p+2—v><p+1>}m }
(2.431a)
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T +2-) [ X[+ (p—t)
Ko = _?@?%_{E:{<é—> ££@+9@+§

n=1 B 7 5 7)

] 2k +2 - 1)
(wl >+«h+@@+g—vo

(n+1—7+5) T (p—)
' 2n+%)(n+%—7)£[0(p+1)(p+2—7)

" %OQwakY*%f%&i;?vQ}”

X (Al +Y) T - T (k=)
* ZZz(ng $0+3 - 11(p+ +3 - H (k+1)(k+2—7)

DN ™

3
—

(]

?r
O

x>

n=2 j=1 Fy> p= k 0
—/ 1 2(1+32 - 1)
: [Z;Qwr4> T+ DiT2- 70
— (l +2 - ‘) n | 1—v
*lq(m—z (EE: w]z}z (2A4310)

In the above of eq(2.431b), z = —1p2?. First of all,

(a) 1o = 0 in eq(2.431a)

L fee 1 T 22 =)=+
[0,1,111 = —ExF(Q — ’y) ( - 5/1@' > (1 — (% — 7) )
1 9)k—1 k k! (¢ | .
X§:<<> CAUCERN

2 k4 DIk + 3 —2)(ir — b (2.432)
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(b) 1o = 1 in eq(2.431a)

]1#)1 = —€ZL'

Y1

(2 )’“ PR W)IG -

8 ;(2k+1)(k+3 ! N
pd = 2d=72-7+%)

2(2—7)! (1 ) )

1 k—1 k 1 3
(2) 20k (P = DG =,
8 k; 21 1! (2k+ DI+ 3 — )W — k)!x k} (2.433)
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(c) o = 2 in eq(2.431a)

= g (-p) {0

1 —
O N L S L
2 (2k+ D)k +32—7)!(n — k)

k=0 (
21 u(1 — )] C24-72-1+3%)
o man (2—7)!(1 3(3 =) )
N @R (9 - DIG )y,
8 <2011 2k + 1)k + 5 —)!(¢h — DI

20 1i2(1 — ) (1_ 2(6 —v (3—7+°§))
22 (01) (21)(3 — 7)! 5(5 =)
S0 R G )G o)y

22 21 (2k + 1)I(k + 3 — 9)!(¢1 — k)!

k=2
(2.434)
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(d) 1 = 3 in eq(2.431a)

o = (o))

i ( (2)F1 ik K (wn!('% -

" k=0 2k + Dk + % — N — k:)!x
3L p(l =)' 24-E2-v+Y)
Ty - (1 3G =) )
y i (2)k—1[uk—12! k! <¢1 — 1)‘(% — fy)‘ L2k
p 2011 (2k 4+ D)k + % — N (thy — k)!
BLpP(l—y)l (| _26-9)B-7+%)
- EEeT )

¥1 k=1, k—2 5
(QF AR (= UG =)
I 2k + DIk + 2 — Ny — k)

3 (1 —)! (1_2(8_7)(4_7"‘%))
23 (01) (31)(4 — )] 7(5-7)

P1 k—1, k-3 7
- (2)F1 %61 k! wl—s)!(g—wl)‘x%}

k=2

=23 31 (2k + DI(k + 5 — (1 — k)]

(2.435)

We can describe a function Iy, 4, of degree ¢y and 1, according to eq(2.432) through
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eq(2.435).

O TWe42-9)( 1 L\ ()!(1 —7)!
]Tﬁoﬂﬂl = _51'—11(2_7) (_é,ux2) 2 n pl (¢0—n)'(n—|—1—7)'

><<1— 2(n+1—%)(n+1—7+§))
(n+3)(n+35-7)
DL Rk L (20) (g — )l (n+ L =),

X T 2.436
2ol (2 + 1w — )k + & — )] (2.436)
By using simple algebra,
22 pl (n — 1)l 22 I (k4 3)!
2n)l = (? 2) (2k + 1)l = 1( 2) (2.437)
(=3)! (=3)!
Plug eq(2.437) into eq(2.436).
—y %o
Po+2=7( 1 5\ (¢)!(1 —7)!
I = — _— R
Yot T2 ) i ; 211l (g — n)l(n + 1 — )]
( 2(n+1—%)(n+1—7+§))
x| 1— 1 3
(n+35)(n+35-7)
Y1 —k—2 k 1 1
2" — )Py —n)! 2 —7)!
) f (n = DI =) (nt 3 =) 158,

(kDW= k)(E+3 =)

We see in the second summation of eq(2.438), we can make index k start from 0.
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Change the interval of index k as 0 < k < 1y — n. Eq(2.438) is then equal to

I € F(¢0+2—7) ( l 2>n
Woi1 2T T2 ) #
(1_ n+1——)(n+1—7+ ))
2 +3)(n+3-7)
i P(n+3)0(n+ 2 —7)(n— 1) L, S
8 Pn+k:+ D(n+k+3 7)( 5”33) (2.439)

k=0

Plug eq(2.431b) and eq(2.439) into eq(2.430), and substitute it and eq(2.421) into

eq(2.419b) after that, add eq(2.420) into eq(2.418):
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g2(x) = RWioywl (’y = %(1 +v);z=—

V(1 4 In() Ay, (75 2)

/wcg)

(o +1—7 1 1 .
+Z2n!n+1—0 o—n'z{ — o) (k+2—7)(k+1)}z
e TWo+2-7) [ S8 (—to)uz" R (41— + §00n+ HM0+§ =)0 = )i
‘5”“" r@-7) {m; - 2 D(k+n+ PTG +n+5 )

Yo)n2" 1_<n+1g><n+1v+2>>¢l”r<n+;>r<n+2w(nm "
+Zn' (2 - w(? (n+3)n+3-7) kZ:O Tntk+ OO +kh+3—7)
-1

B L-7+%) T (p— 1) 1 1 1

Z{ T U a2 ((m )+(k+§v)+(k+§)>
(nt1-9+%) T () ( S SRR )}
2n+5)(n+5 -9 2 e+ D +2-7) g \(Wo—k)  (k+2-7)  (k+1)
X" 1=+ T -v) (k=)
;;2(j+%)(j+%—v)g(p+%)(p+%—v),E)(k+1)(k+2—v)

=/ 1 1 1 [ 1 1 .,
X[lg((wo—z) <Z+2—v>*<Z+1>)*;(wl—w+<z+g>+<z+g—7>)]z}}

Table 2.13: The second independent solution of grand confluent hypergeometric func-

tion as ¥ = 0 or negative integer.

We can describe 72)/\/5071#1 (7; z) more precisely in the following way.
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(1) As g =0& ¢y =0

. (j+1-7+9) T(n)(2),(2 - ), .
2 2+ DG+ 2 - DAL+ D~ 1),(DuE—
As o =0& ¢y =

221 — 7+ D)\ & )

*(1 EE );Nm%)rmg—w
-1\ (=148  (-9+H& Th-1
*(”%@—w)%@—w(g—w T D=,
i (n+1—-7+%) L. @

2+ 50+ 3 -1 T6 - D2 -3 -

0o n—1 (j_|_1_fy_|_¢5") F(n—l)(%)j(g_7>j n
+Z;ZQQ(. : D }}
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(3) As g =0 & 1py > 2

RWE oy, (7; 2)

&) — (H),I(n+2-7)
Jl(%ﬁ? i%Z (om Tt <ki>)
-3 e S e e

= GHl-a+y) Pn—e)EiG -7
i Z 2 20+ 30 +5 =13 T0 =) (G2 =75 = Vn }}

n=y1+2 j=1p1+1
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(4) Asp=1& ¢ =1

RW1 (73 2)

1 5
TLF 9

_%(2 B y)w{ln(x) Z ((—1)" (—1) (n+1—y+90(n+35)T(n+3 — ’y)zn+k

(=D /1 (nl—
+Z<2_7)n(§_ (n+

0_(4—7) (1-=7+%) B-7\ @=7+%)
+{(1 %(g—w)%(%—w(g—w*(“(2—v>>3<2— )(%—7)}
A& ey,

T T

= (n+1-v+9%) L(n—1) n

; 2(n+3)(n+32—9)L(n+1)(2 =) (2.440d)
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(5) As o = 1 & oy = 2

RW%(W z)

N S
e
L (- R

1
P
k+3)T(n+k+32—7)

+{ - gé - ?)) 3((% —_’V’;(g %—>7) " (1 " Eg - 3) 3(;2—_7;% %)7) }Z

TTCE =) (1 1 AW
FQW@—Jw§:<2—k+<k+é—w*‘@+§J

n=3 %( n(g Vn n—2 n+%)(n+%_7)r(n+l)(2_7)n
2=7+9) 1 17 1 A

3@—v>%@—vx;—w<5'%@—vf%@—vo
+Z(22—7+§) 'n—2)

= G+1-9+%)  TG=DIr-2ENG= .
_;; 20+ 3)0+35—MIE+DIG = 2)(5)n2 =) G =Y }}
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(6) As g =1& 21 >3

— 217{(1 + In(x)) Z <1:(1731f(23__77)) 2"+ g : ziz — 2(2 — ’y)x{ln(x)

" Z (=)™ Y1— +1—y+5)(n+ %)F(n—i— % —7)(n— ¢1)kzn+k
“(2—-7) T(k+n+3)T(k+n+2—7)

1 n

n " k=0

—~ ()" (1 (nFl-Dh+1-7+9%)
+;(2—7)n 2 (n+3)(n+3-7) )
1/)1—nF

(n+ 30+ 35 =)W1 =2k,
> F(n+k+%)F(n+k+%—”y)Z

+{k(1(4(§7)w1 gl—vt%))+(1+(3—’v)) (2—745#)7)}2
1

-7) %(5 —7)(5 -7

Sty e
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1 n—1 ]_|_1 ) ( )( )<%)(_ )
_22222 J+3 7t (v 1»@>«—v%@—7%”2—”

Jj—1 1
12 (o

— (1—-1) +2—
n—1

)
*Z(winﬁ9+w%—wﬂ”

;1] n—1 . . 3 5
B G+1-7+%) DTG -HE)ELE - .
ZZ2(]+ DG+ =NTE+D(—¢1);(3)n2=7);(E =)

<”_@—v+5ﬂ—>%rwn<n—¢nf
» (D = a3~ (2.4401)
2 = (+1-9+9 T —DT(n—11)(5);(53 —); Zn}
= 20 +3)0+35 = NTG+DIG = )52 = )G —Vn

n=y1+2 j=¢
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(7) As g > 2 & 1pg <9y <o + 1

RW 4, (73 2)

_ 1= — )y
=z 7{(1+1n ) Ao (75 2) +Z 2n'2_ )no

— 1 1 1 e T +2—17)
X,;{uc—wo _(k+2—7)_(k+1)}z T2 TR
Yo P1—n
(=0)nz" (nt1-y+ 500+ +35 =)0 =Y
X{m;n!(z—v)n,; T(k+n+tL(k+n+2—7)

+§ (o) 2" (1 (n+1—%)(n+1—7+5)>

n:0"!(2_7)” 2 (n+3n+3—7)

¢1_"F(n+%)1“(n+%—7)(”—%01%k 1-7+9) 2 ()
L Taant P Fai-n G- {Z<

2

P1

& (<t 1 1 AW
2 a2\ w (k+2—7)+(k+1)>
& <n+1—v+%> (~)*T( + DD~ ¥o) ,

MDD Ty ey (2= ),

_ii G+1-7+%) (vl a3 = )i(3);
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it 1 1 1 S 1 1 .
Xh%@%—w+u+mwamﬂﬂ+?;Qm—> i+ >+a+%—w”z
N f:E: J+1 v+5) DV )T (=) (=v0);(5)(3 = )i

o = TURE 3 C R B BTN Gy €SN O By M ) M

= U+1—7+@
DS Dl vr T ey
X(—l)wlr(”—%) (7 — o) (o)! (3);(3 —V)jzn
JITG = )32 =7);G =M

(2.440g)
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(8) As by > 2 & tp1 > 1ho + 2

RW 4, (73 2)

_ 1= — )y
=z 7{(1+1n ) Ao (75 2) +Z 2n'2_ )no

— 1 1 1 e T +2—17)
X,;{uc—wo _(k+2—7)_(k+1)}z T2 TR
Yo P1—n
(=0)nz" (nt1-y+ 500+ +35 =)0 =Y
X{m;n!(z—v)n,; T(k+n+tL(k+n+2—7)

+§ (o) 2" (1 (n+1—%)(n+1—7+5)>

n:0"!(2_7)” 2 (n+3n+3—7)

¢1_"F(n+%)1“(n+%—7)(”—%01%k 1-7+9) 2 ()
L Taant P Fai-n G- {Z<

2

P1

& (<t 1 1 AW
2 a2\ w (k+2—7)+(k+1)>
& <n+1—v+%> (~)*T( + DD~ ¥o) ,

MDD Ty ey (2= ),

_ii G+1-7+%) (vl a3 = )i(3);
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I 1 1 1
XE;Q%—w+wm—w+u+n>

(1 1 1 .
*};(wh—n+u+;y*a+g—w)k

P1 n—1 . .
G+1=7+%) (CD(e)n)T6 = o) = ,
+n:%+ . %ﬂ 20+3)0+5-7 3 (=132 =7);G = Vn
PP e ks NS T RO S
*;%;;; GH2-7 3 o) Bn2 = 1), —
J+1 ’Y+ %)
+n%1:+2j ;rl ] + 7)
(~1)"T(n -

wl)F(j — %0)(¥0)! (3)i (3 —); z”}} (2.440h)

(B)the case of v = positive integer except 1
As v is positive integer except 1, A\ = 1 — v is negative integer. So Ay =1 — v is

smaller than A\; = 0. By using Case E) in theorem 1, the first independent solution is

1 1
01(@) = G(@)] Ly 1= RWaan (7 = 51+ )i = —5pa?) (2.441)

The second independent solution is

g2(x) = g1 (z)nx + 22 Y by (Ay)a" (2.442)

n=0
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To generate this solution, keep the recurrence formula in term of A and use it to
find to coefficients C,,(n > 1) in terms of both A and Cjy, where coefficient Cjy remains
arbitrary. Substitute these C,, into G(z) = 2* >~>7 / C,,2™ to obtain a function G(), x)
which depends on the variables A & x. From the Case E) in theorem 1, the second

independent solution is

OG(\, x > " =90, ,
ga(x) = % = = lanC’na: A . + Z ¢ A . (2.443)
1 n=0 1 n=0 1
From eq(2.262), G(x) = 9(Z)domin. + 9(Z)sman. Plug it into eq(2.443).
ag(x)domin. ag(x)small
go(x) = ——T | 4 e (2.444)
O\ Y O\ Y
The first term of r.h.s in eq(2.444) is
ag(aj)domin. a = 2n4+\
= — Con(A, n)z™"t
O\ \—0 6>\{ ; } \—0
o o A
= lnz Z Con (A, n) 2?2 + Z %’%—(’n)m%“‘ (2.445a)
=0 =0 amo OA A=0
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The second term of r.h.s in eq(2.444) is

09() smatr 0 (< 24142
TN\ oneemt —_— O2n+1()‘7n)x S
x| m{ ; } A=0
= Inz E 02n+1()\7”)x2n+1+)\
n=0 A=0

> 302n+1(/\7”) 2n+142
+Z Tx g (2.445b)
n=0 -

We know that ¢(Z)gomin. as A = 0 is equal to the first kind of confluent hypergeometric
polynomial. So a solution for eq(2.445a) is similar to Remark 3 on appendix. Replace
a, A and Ay by —|ao|, %, % in eq(2.198) on appendix, then differentiate it with respect
to A. After that, plug A = 0, and substitute what we get into eq(2.197) on appendix.

Then we obtain

I(Jao] +7) <2 (—|ao])n © 1 1 R
r(7) Z 20! (V). Z{<k— o)) ~ (k1) (k+7)}z

(2.446)

The first summation of eq(2.445b) which is Z Coni1 (A, n)z? A

n=0

is equivalent
A=0
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to eq(2.124). Then, we obtain

|061|
= ——xln:z: | |
|a0|

Inz Z Cong1(X, n)a? 1A

n=0

|ao
el |a0|+7 Z |a0|
n—0

A=0

ot [—n

(n+ 5)T(n %)F(n+7—5)(n—|a1|)k K
2 Thtn+)(k+nty+1)

k=0
(2.447)

According to eq(2.107a) and eq(2.107b), 2 =—2u|ap| as n is odd in eq(2.423b). When
n is even, ) = —2u<|a1| + %)

where,

en+4+3)
Agp = — 2 (2.448b)
2(n—|—5+5)(n+’y—§+5)
e(5 +3)
Ay = — 22 (2.448¢)
23+ —3+3)
e(1+2+32
Ay = —— (A . f) : (2.448d)
25+5)v+3+3)



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)194

w(2p+ A +Q o —p — 2
Bopy1 = — = 2.448¢
el 2p+1)+N2p+1+X+v) “2(p+1+§)(p+7+§) ( )
w2k + X)) +Q lao| — k — 3
B — _ 2.448f
T TR )N LA+ Y) 2k 14 )kt +2) ( )
W2p+ 14\ +9Q oy —p— 2
By — — - 2.448
N N B [V Ea7R S | R TR By e ey M
(laol = 3)
| (2.448h)
2(1+3)(v+3)
(laa| = 3) :
B, 2 (2.448i)
23+ +3+3)
Substitute eq(2.448a) through eq(2.448i) into eq(2.422).
e(5+3)
Cy=— 22 Co (2.449a)
2(3 +3)(v =5+ 3)
w A
o= —Zy (5 +2) (lox] = 9)
2\G+)0-3+3)26+)0+3+3)
14942 anl — 2
+ (A 2 12) - ( OJ 2) —|Co (2.449b)
G+ +3+3)200+5)(v+3)
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A

5 p:O
”_1( G+2+3) ﬁ p(lea] —p—3)
SN0ty +3) 205Dy 5+ )
—1
TI (|| — k= 3) )
:2w+1+)w+v+ﬁ

p—3)
2p+1+3)(p+7+3)

(n+—+ p(oo| —

2(n+%+’2\)(n+7—%+%

}00(2 449c)

i

Differentiate eq(2.449a), eq(2.449b) and eq(2.449c) with respect to A and plugging

A=0.

0Cy

(2.450a)

Sy +3) 4+ (24 7)|on]
3-5(v+3)

3= 7(1—w) o w
v=3? 3(v+3) (1 —3)
4 3

Y+ (L4 A)laol @+w) \ (1
Ty 3(7+%)}(_5M)00
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OCmn1 (1=3) =W o]~ p)
- —eC
S O{QW—%V }Iﬂp+%@+v+%
L ngj+QU+v 3) — @I+7j+ - mn—>
22(j+ 120G+~ - p]2p+ Yo+ + 1)

()
8 ££%k+n%+vﬂ
(n+3)n+y—3)—2n+7)(n+%)

pllao| ~ p)
Pt Dt -1F L e+

n—1

5 0T (loal—p—3)
+2_{H pllar] —p—3 }
(=D)AL 20+ 5+ ) +7+5+3)
1

n—1

(+%) d pilon] —p —3)
+ §:%J+)U+v——ﬂﬂ{llﬂp+g+9@+v+§+g)

) ullo] = k= 3) }

2k +1+3)(k+7+3)

(n+%) 0 alad—p—2)
! _{E)z(

2(n+3)(n+v—3) 0A p+1+@@+7+9}

(2.450¢)
By using simple algebra,
r1 pllaa| =p—3) _ prloa] =N G+ (v =3 +3)!
52 +5+)pty s+ (el -n— n+5+3)! (n—
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j—1

pllaol =k = 3)
PHY+3+3) 2k +1+3)(k+y+3)
:{MWNMﬂ—j—%NU+%+%!O 14+v+3 >}
on=i ( l(n—3+~v+3)!

(o] = 3! () (3 — 1+ 3)!
X{Qj(’ao|—j—&)! (j+%)! (j_1+,y+g>!} (2.451D)

A (YR G ) LI 24510

Differentiate eq(2.451a), eq(2.451b), eq(2.451¢c) with respect to A plugging A = 0 and

note that ac" E=cy, agl/\c’“, we obtain

(2.452a)

Q{ﬁ u(lay| —p—3) }
N 5200+ 5 +3)p+y+3+3)
n—1

:_%g@(ﬁ( (p‘i17|+ ”i( (Jou| — k) (ki§)+(k+i+%)><_%u>n

k:0

A=0
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2{"1 pllan] —p —3) ii (ool = k = 3) }
N 12 2p+ 34+ 3)p+r+35+3) p 2+ 1+ (k+7+3)

p=j k=0 A=0
1T e i (—la) 1)
N 2p:j(p+%)(p+%+v),g(k+1)(k+7)( 2“)
! 1 1 1
X{hoﬁmd—w+xu4>+u+vo
+H I S )
N\l =0) 0+ U+ 5+
(2.452D)
o (Y7 oo —p—3)
Eﬁ{llmp+r+9@+v+9}kﬂ (24520

(p — |aw)) ”‘1< 1 1 1 )< 1 )
(p+1)(p+7)kzzo (laol =k) = (k+1)  (k+7) 2"
Substitute eq(2.452a), eq(2.452b) and eq(2.452c) into eq(2.450c).

80271—1—1
oA

(2.453a)

- —%CO{A()\) + B()\)}

A=0

A=0
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where,
(=Y -wr - LA
A(MA:O G g(p+%)(p+v+%)< 2”)
S+ - - +NE+D T - |l
! ;( 2(j + 320G +7—3) H(p+§)(p+v+%)
T (k= lao)) 1"
g ,H)(k+1)(k+v)>(_§u>
N (n+3)(n+v—3)—(2n+7)(n+%)
2n+3)(n+y =)
T @=la) [ 1\
X Hm( Qﬂ) (2.453b)

p=0
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% = — |aa])
'MMAﬂ —%[1p+ Jp+v+3)
L 1 1 1 1\"
X,;(uw—m T <k+v+%>)(‘§“)

_ U+35) ﬁ (p — |aul)

— 2 +3)0+7—3) -+ )+35+7)

o (k=) 1"
Xk_o<k+1><k+v><‘5“)

=1 1 1 1
X{;(w—z) i+ (l+7))

1 1
*Z((\an—o +(l+%)+(l+%+v)>}

(n+3) TI (p — |exl)

s+ 1(p+7)

+ =0
3 ((|a0|1— B <ki1> i (kiv))(_ %“)

(2.453c)

Substitute eq(2.450a), eq(2.450b), eq(2.453a), eq(2.453b) and eq(2.453¢) into the r.h.s
of eq(2.445b) and plugging Cy = ¢?V+)’Y)

Z —g—)\xZ +14+X et ['aoHa’l‘ + K|O¢()‘,|O¢1| (2454)

n=0 A=0
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where,
I _ _Exr(@DoJr’Y) Tl—-w)—3
e O
. F—vl—w) o §<2+v><2+w>—%<v+§>\a0qz
v=3)? 3(r+3) 3-5(v+3) 2
“f(y=H-wir -
i Z{ e § STy
—(G+PU+7=HD -+ N0+D T =l
" ;( 2+ 30 +7—3) g(p+%)(p+v+%)
1 (k= laol) )
(k+1)(k+7)

X
Ejum

+Hn+y—H -+ +9 T 0 |l n
2(n+3)*(n+v - 3)° H(erl)(erv)} }
(2.455a)




CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)202

_ e T+ S SRR B
Hleakienl = 3" 713) {E{W— L e ey

T (p—lao))

2(n+3)(n+v—3) H 1D+

2 (<|ao|1— 5t ;(1;%) }

n—1

7j—1

- (U +3%) (p — lon) — |ao))
ZZ(JJF 2+ - %)E(ZH p+5+7) kHO k+1 )(k+7)

1 (20+1+7)

' [ ((\040|—l)+(l+1)(l+7))

< 1 (2(k +1) +7)
, ((!all—l)+(l+%>(l+%+v))

z”} (2.455b)

In the above of eq(2.455a) and eq(2.455b), z = —3pua?. First of all,

(a) |ap] = 0 in eq(2.455a)

(2.456)
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(b) || =1 in eq(2.455a)

L e T [ st (D,
I o | I'(7) { (v — %)2 vt (%)n(’y+ %)n (2.457)
3048 - (24w () (3 3D,
i 32(y + 3)? (v +1) o ; 28 1 ($)aly+ 3)n }

e T(v+2) (v —3) —w

3y +3) - (Y +2)2+w) 2T(y)  T(la)T(y+3)
3(y+3)? 2(y + 1) T(Jaa| + D)0(y + 1)

o |

3! (—[a1])n n
25U G+ D

n=1

X

S(y+3)—(y+4Y@+w)  21T0(y)  T(lea| = DIy +3)
52(y + 3)2 2221 T(v +2) D(laa | + 1)T(y + 3)

vt
Sl (),
X z
; 2220 (3)n(v + 3)n

(2.458)
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(d) || = 3 in eq(2.455a)

| l\.’)l»—l

_ =T+ [0 2L ()
fojeat = 2" L'(y) { (v %) Z@n 2)n
N 3(vy+3)—(v+2)2+w)  3IT(y) C(loa)T(y +3)
32(y+1)2 2201 T (y + D) T(Jaa| + D0(y + 3)

i 3 ()
21 (30 + D

5(7 +3) - +49)(d+w)  3T(y)  T(a|-1I(y+3)

52(v +3)? 2211 20T (v +2) T(Jea| + I(y + 3)

Sl(—la)n  n

< TNt D

T7+3) - (y+6)6+w)  3T(y)  T(laa| =2)T(y+3)
72(y + 2)2 230131 T(y 4 3) D(Jou | + 1)I'(y + 3)

ot |

ot |

(=l
. 2 2331 (3)n(y + %)nz }

(2.459)

We can describe a function Ija|j,| of degree |ag| and , |oq| according to eq(2.456)
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through eq(2.459).

e T fla) 2 (Jag))!@n)!(y — 1)!
Toabiesl = 75" E:?wﬂwm—nwn+v—n
(nt+ H(n+y -1 —@n+ty)(n+2)

(n+ Dt — 1

et |

(=1 (len] =)D+ — 1)1,
X;;-%+5MMH— I

(2.460)

Plug eq(2.437) into eq(2.460).

e I(y +[xl) QZO' (=) (=lao)n (n+3)(n+7—3) —2n+7)(n+ %)

festint = =575 () (0 + Dt — 1P

n=

loa | k
(=D (loa| =)l — ! n+v—3)! ,
X; 2(k;+%)!(|a1|—k:).(k+7—§)- :

(2.461)

We see the second summation of eq(2.461), where we can make index k start from 0.

Change the interval of index k as 0 < k < |a;| — n. Eq(2.461) is equal to

]Iao\»|0¢1|

IWHJ%D%%@%M%<1 (n+)(n+9) )

2T & (e \2 (n+ Dty - D)

T+ T+ = 30 = o)
n+k+ H(n+k+v+1)

(2.462)
k=0
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Plug eq(2.455b) and eq(2.462) into eq(2.454), and substitute it and eq(2.447) into

eq(2.445b) after that, add it and put eq(2.446) into eq(2.444):

go(x) = QW|a0\|a1|< %(1—#1/);,2:—%;1:1:2)

= (14 10(2)) Flog (7: )

T(lao] +7) 2 (—lao])n =
FTT0) aal ,
\

{ 11 }z"
Zonl () 2\ oo R+ 1) (R+7)

eT(laol +7) [, X (—Jaol)n =" (n+ LT+ DT+ —Hn— o)k 4
2 T(y) {m n;) e kzo Th+n+ )0(k+n+y+3)
+'§<—\ao|>n 1 (+Pn+) )'“1""r<n+5>r< +7 - Y0 — i)y
Sl (Ve \2 (n+y)n+y—3)) = Tho+k+)Tn+k+y+3)

00 n—1 n—1
~ g (p— o)) 1 (2(k+1) +7)
;{(v—é)pno(p 3)(p+7+§)k:0<(!a1\—k)+(k+§)(k+7+§)>

(m+%)  Tp_(—la) (1 (2k+1+7) \\ .

+2<n+;><n+v—;>p:0<p+1><p+v>z<<\ao| PR )(k+7)>}
—iZ (j+) H (p— |oa)) Hl — Jaol)
200+ —5) o )P+ 5 +7) g (B D(E+7)

+

‘)

S 1 @1y (1 20k 1+ 1) +7)
x[§(<lao!—l>+<Z+1><Z+v>>+§<<ra1|—z> <z+§><z+;+~y>>

Table 2.14: The second independent solution of grand confluent hypergeometric func-
tion as v = positive integer except 1. We can describe QWIﬁol,\a 1|(7; z) more precisely

in the following way.
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(1) As |ap| =0 & o] =0

QW(I;O(V; z) = (1+4+In(z)) — gag{ {ﬁln(@ 4 (7(;5_)1—2%0}
o) w F(n> (TL—}- %) 1 .
: ; lQ(v B N SR § T PO § g mj
S G+ Tma+ .
+ ;;; 2(j + %)(j +v— %)j! (%)n(7 n %)n(v J } (2.463a)

F (.. _ _fx n(r 1 (=" 2"
OWEi2) = (1)~ S Py 3 et

- —we (=1 w 50+
DI e R e b

< Thh-1) (n+w) L
%)Z(%)anrl)nz +;2(n+%)(n+’y—%)n(7)n
(v +3)
n(7);

7 z"} (2.463D)
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(3) As |ag| = 0 & |aa| > 2

=100 - ool 2y
1 loa |
*}n;?éjwmo@;gﬂé%”
‘éwi%JgéégxﬁénZ;<wmikf+wigf%@+i+9)”
" 53 (”“méﬁéiﬁﬁ" mm’i*é;%n+géig—anémfn

S Clbd®0td,
+22212 + ]+'7__)](_ )j )n<'7+%)n< j
(

S S s F@—kM)@A7+9&%f}(z%&)

w2 =i 20 F )0 +7 =33 TG = lea)G)nly + 3)al
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(4) As |ao| =1 & || = 1

QW&(V Z)

=1+ ln(x))vz (@iinz" + 9 ;L i)z

N PR ViR S Gl ) (M =De
I M e e R ERE R

" :ZZ (n+ Z’g:(; i)i vl

-9 35%:_)) ST ST ) i <%§n(?v_+1%)>n "

. ; 2(n + (;)L(?t E)v - r(orz(i I)(li)n !

) ; ; 207 + ;(J; ?v -3) 22713_)5()5542]&?;? Zn} (2.463d)
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(5) As |ag| = 1 & Jan| = 2

OWY,(7; 2)

(1 Hn(xm; (@inz" . <v$%>z

_xgv{ln(x) nzl; ((—51” g (n+ é(;l(:;—é)v — D+ %;7:(7_1 i)l:y + %)kan
e
e e ipre G5
oyl Z (eoatasder,in)

) i ( i 2)>nzn] - i 2n + % ?7 .y o IO
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(6) As || =1 & |ay| > 3

=0 (V)n g
O SRR o Lt N ) (n—loale
2”@()Z;<wn DI e i R N

) (n+
+Z(—1)"("+%)("+7— 2n+7 n+ )

n— |ay|)x et w 3(v+3)+lalv+2)  (2+w) s
2 it D+ D +{w—§> 33(v+1) 32 }
o | 1
W (=lea])n 1 @k+1+7) N
2(7—%)[;(%)n(’wé)ng((laﬂ—@+(/€+%)(k+'y+%))
S (DIl + DT o) ,
n—|aZl+1 (%)n(7 + %)n }

& m+y  Te-y
2;2n+lxn+v—9rm+4an

giié D LDl - DGOt

B0+ i)n (2.463f)

RS (G+%) PG = D00 = )G (v +3);
2 2 20+ 30 +7 =) T0+ LG = leal)Gn(y + 3)n(1); }
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(7) As |ao| > 2 & || < |aa| < Jao| + 1

wa;o\ e (7:2)

\Oéo|

|Oé()| |a0| ( (2k3+'7+1) )
— (1+1In(2))F, v n
(14 (%)) Flao (3 2) ;; 2 nl(y E: Tao))  krD(kt))”

sr< ‘“(\omw
—§x { :EZ

0 n{(Y)n

lai|—n

" (n+%) (n — |oul) -
;;<”+ S+ —3) (n+ eln+7+ 5

S (— o)z (n+ D47 =1 = 2n+)(n+ %)

0

=l (Y)n 2(n+ 3)%(n+7v — 3)?
|1 |—n
(n — |oa|)w K
8 — (n+(n+v+3)
+( w  3(y+35)+ 2|2 +7) (2+W)7+!ao\(7+1))
(v—3) 3% (v + 3)? (v+1) 272
|041| n—1
W (—lo1])n 1 1 1 "
2(7—%){;(%) (7+%)nkzo((la1|—k)+(k+%) (k'+7+%))

1|°‘1‘F (05} 1FT:l—Oé1 n
_Z() (| + DI( |!)Z}

3 1
n=lay|+1 (5)71(7 T §>n

|avol n—1

B (n+3%) (—|aol)n 1 1 1 n
22n+ Sn+y—3) n! (M 2%(|Ozo|—k?) (k?+1) (k’+7)>

n=2
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- +3) (=Dl )! T(n = |aul) ,
R A e E TGP
_””"1 +9)  (SlaaDallao)); () + )

gt 2J+ ]+’V—%)ﬂ (=laa);($)n(y + 3)u(7);

A 1 20+147) — 1 (2(142) +7) .
: Z;Qma—n+a+na+w)*;q<umw4> u+@a+v+9>

'] |060|

(G+9%)

b GG

n=|a1|+1 j=1
(=1)(= Iaol) (laa)! P(n — ra1\><%> (Y +3)i »
3 (=lea));()n(y + )a(7);

= (G +%)
b2 ST hGe D
LD T e )G — ool 30+ 3
TG = TeaD @)y + D)

(2.463g)
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(8) As |ao| > 2 & |ou| > |ao| + 2

wa;o\ e (7:2)

\Oco|

—[@0)n(1)jal ( 2k +~y+1) )
= (1+1In(z))Fa + "
(1+In(@)) Fiao)(7: 2) nz; 2 nl(y Z o) k+DE+) )7

sr< ““(\dnw
—§x { xz

0 n{(Y)n

lat]—n

" (n+%) (n — |oul) -
;; (n+3)n+y—3) (n+Pln+7+ 3k

S (— o)z (n+ D47 =1 = 2n+)(n+ %)

0

2 a0 2+ Dn Ty — 1
lai]—n
O S O 1) P
1
=0 (n -+ §)k(n + Y + 5)

+( w  3(y+35)+ 2|2 +7) (2+W)7+!ao\(7+1))
(v—3) 3% (v + 3)? (v+1) 272
|a1| n—1
W (—lo1])n 1 1 1 "
2(7—%){;(%) (7+%)nkzo((la1|—k)+(k+%) (k'+v+%))

D)l (| 1F7:z—oq .
_Z(> (loa| + DI |!>Z}



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)215

|ao | n—1
+5%) |040Dn 1 1 n
_;Qn—l— J(n 4y — nzg(|ao|— (k+1)+(k+7))z
= (4 2> < D)t o = ),
+n Igo:ﬂ 2(n + l)(n +7 - _) ! (7)n
o ol 2) (—|041|)n(|04 ;i (3);(v + 3);

|8 1 (20 +1+7) 1 20+2+9) |,
[Z (<|ao| — (l+1)(l+7)> e <<\a1| " (l+§)(l+7+§)>

n=|ag|+2 j= \ozol-i-l
(=1)*l(Ja])! F(J - |a0| (| )iy + %)jzn
3t (=laa]);(Dn(y + 3)a(7);

)

0o Iaol .
(J+¢
b LD
(=1 () Do = o (oD (3,60 + s,

(o), En(r + D)

El (G+%)

+|ZZ| G+ DG +7 -1

o) D = jon UG e (0 + ),

STG = o)y + Da();

(2.463h)

(C)the case of v = 1

As v is 1, then two solution are identical: (A\; = A2). Then two solutions can be
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solved by Case B) in theorem 1, the first independent solution is

1
g1(z) = G(x)|/\:0ﬁ:1= OW\aol,|au | (7 =12 = —§Mx2> (2.464)

The second independent solution is

92(2) = g1(2)lnz + 2™ Z b (Aq)x" (2.465)

n=0

To generate this solution, keep the recurrence formula in term of A and use it to
find to coefficients C,,(n > 1) in terms of both A and Cj, where coefficient Cjy remains
arbitrary. Substitute these C,, into G(z) = 2* >~>7 / C,,2™ to obtain a function G(), x)
which depends on the variables A & x. From the Case B) in theorem 1, the second

independent solution is

A = = 0C,
go(x) = 0G(A, z) = Inz Z C,z" + gz”*’\ (2.466)
8)\ A=0,y=1 n=0 A=0,y=1 n=0 a)\ A=0,7=1
From eq(2.262), G(x) = 9(Z)domin. + 9(Z)sman. Plug it into eq(2.466).
ag<x)domin. 8g(x)small
g2(z) = + (2.467)
oA A=0,y=1 2 A=0,y=1
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The first term of r.h.s in eq(2.467) is

ag(x>domin. 8 { = 2n-+\
= = — Con(A, )zt }
oA A=0,y=1 OA nZ:O A=0,y=1
= Inx Z Con (A, n) 2?2
n=0 A=0,7=1
= A
n Z 9C3, (A, n) 220 (2.468a)
n=0 OA A=0,7=1
The second term of r.h.s in eq(2.467) is
99(x) smaii 9 { . 2n+142
O9\T )smatt = {2 oz
O\ A07=1 (2 HZ:O A=0,y=1
= Inx Z Copi1 (A, n)z? A
n=0 A=0,7=1
+3 9Cms1 A1) antra (2.468b)
n—= a>\ A=0,y=1

We know that ¢(2)gomin. as A = 0 is equal to the first kind of confluent hypergeometric
polynomial. So a solution for eq(2.468a) is similar to Remark 1 on appendix. Replace
a and A by —|ap| and % in eq(2.154) on appendix, then differentiate it with respect

to A. After that, plug A = 0 and v = 1, and substitute it into we get in eq(2.169) on
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appendix. Then we obtain

ag(ng\omm. o = In(2)Flg (v = 1; 2) (2.469)
|| n—1
(1" (Jaly IR
+n212 (n)2(Ja] — n)! kzo{(k— B (k+1)}

The first summation of eq(2.468b) which is Z Cong1 (A, n)z? A
n=0
to eq(2.124) plugging v = 1 in it. Then, we obtain

is equivalent
A=0

= ——aclnx Hlal‘ 7 =1; z

|evol

Inz Z Cons1 (A, )i+

n=0

A=0

o |

5™ (ol 5" (0 0+ 5) P ol

£
= —zlnz-I'(Jap| +1 ——Z
o1 (Jaol >HZ:0 2 Tk tntl)
(2.470)
0Co,41(A )
The second summation of eq(2.468b) which is ZMQJ%H“ is
n=0 a)\ A=0,7=1
equivalent to eq(2.454) plugging v = 1 into it.
8an 1()\ TL) n
Zg—)\ e = LjaglJen|| T Kjag|Jou] (2.471)
n=0 A=0,y=1 7=1 =1
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Plug v = 1 into eq(2.455b) and eq(2.462).

|ao] — o)), n %
| = 5ottt 35 Sl (1 00)
lat]|—n 1\\2
(D(n+ 1)2(n — Jau |
Y Tk DE .
_ e, S s (GRS VA 2
Rt - F(%H){;{ IH) (p+3) k:o<(|oz1|—k)+(k+%))
(n+%) T (- lawl) 1 2 .
* 2<n+%>2,no (p+1)? k:0(<|a0|_k)+<k+1>)}z
X () (= eal) o (k= o))
+ Z 2(]-_{_%)2 i (p—l—%)z ]!_[O (k+1)2 (2.472b)

" l0<<|aorl—l>+<zi1>)*tz_j(uanl—w*(zig))

Plug eq(2.472a) and eq(2.472b) into eq(2.471), and substitute it and eq(2.470) into

eq(2.468b) after that, add eq(2.469) into eq(2.467):
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\010‘ 1 Qa | 2 n
= ln($)F|a0‘(’y = 1;2) + Z ((n|) |040|0|— n l { |a0| (k‘ + 1)} “

n=1
: & (—Jag)n _, W2" <n+5><r<n+§>> (n— ok 4
_a:F(|ao\+1){lnxT§) ()2 z kz RCETEEE

0
|040‘ w |a1|—n 1\\2
Iao\)nz (n+%) (C(n +3))°(n — |aa )k
+Z ) (_ 2 ) 2 O TS

k=0

ya1| i 1 2
{ u k_0<<|a1—k>+<k+§>>
( +% n— 1 ‘Oé()’ n 1 ) N
Ton +§2£{0 (p+1)? kz()((!aol— )+(k+1)>}z
oo n—1 n—1
Ia1| - (k — |ao))
s G I

XL (!aol—z v >>+§<(’0‘1'1_”+(”23))12n}

Table 2.15: The second independent solution of grand confluent hypergeometric func-

tionasv =1

We can describe leio\,lmlw = 1; z) more precisely in the following way.
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(1) As |ap| =0 & o] =0

LT S hw) 1, SRRR
Z;((@W +§;2<n+ ERETRAD SO IE

2
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(3) As |ap] =0 & || > 2

”Z_f (J"+%) (—laa)n((3);

9 Lo laa)(@7 i
OM; } (2.473¢)
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(4) As |ao| =1 & || = 1

QWS (v =1;2)

il
o

+
—— 3
&

[\V]
ol ™
Py

\]
+

~
w |+
£
——
N
|
&
—
vl S
|
N Rapl
N
3

|
(]
(\&}
=

+
N
=
3
SI=
—~| 3
S
+| =
:\_/
N

3

|
(]

i
¥
<
Il
—
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QWf,Q(V =1 Z)

k=0 2 =3
_;2(n+%)2n'F(n+1)Z _(1+§ 3.532 +; 92 ((%)n)Q z

SSRGS G- 23, e

; = 2(j+ 5T + DI — 2)3! ((3)n)? } (2.473¢)
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(6) As || =1 & |ay| > 3

mathcalQWi‘al‘(y =1;z)

1

= In(z) Z <_n1!)nz” + ;z _ x% In(z) Z (_nll)n Z :"'1%)2 (”n_ |(§1|>1;Zn+k
n=0 n=0 k=0 ( + 2) (( + Q)k
(=) (n+%)—2(n+‘§) loal (n—loa)k
+nz_%( n!) ( 2(n % 3 ) £ ((n ‘%)L)f o

v EYMT(an 4 DP—faa]) ] s (n4%) Te-1)
Z| ()2 } §2<n+;>2n!r<n+n
CEE G+ (el G- D)),
Lo+ 12 (D2 (D ()2
v ) Dl — ),
Z| 2 (D)2
=% (8 TG |e)((3))*
T2 X TG TG () } (24750
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(7) As |ao| > 2 & || < |aa| < Jao| + 1

= In(2)F —1z+z |a°| ()t 5~ L2 o
ol (7 (n!)? k—laol)  (k+1)

€ — o))z ' n+%) (n—|a])k
—éxF(|ao|+1){lan( ’(n"))Q T 2( | D) 2k

ool n (ot 1) 9 4wy 1l
P 3 Claoz" (n+5) =20+ 3)

= () 2(n +3)° = ((n+ )

= 2n+3)? (n)? = \(laol — k) (k+
e w —1)laal I T(n — lor| n—1 Cw
s m+95 ) wq =l §AR2 G+3)
n=lag|+1 2(n * 5) n n=2 j=1 2(] + 5)

2 Xagiip <m Clal (P
SR U)ol T DTG = o)),
t 22 i G TG~ D ()2 }

(2.473g)
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(8) As |ao| > 2 & |ou| > |ao| + 2

Qwio\»|a1|(7 =1;2)

= 10(0) g (7 = 1) +§ i) ( e )
—=al(lao + 1){111;,,=7|j§_°:0 (—!(0;;\));2” ":Z; ((Zif)l (((nnl\g;?gzk
.\ % |a0| " (n +2§<>n—+2g3+ 4) Z: ((nn— gl))’; y
+ [2w<% + @)3) rerw!! +§|O‘° )] 2
| | <(—(|§;|)>; Z (= ot >) (2470)
_n%:H( )O”F(|a(1(|%i)12) (n—loal) .
|ovol w n—1
D= T (e Rl e
> w o @l nt o w
n naZOlH ((7;: 32 (=1) '(¢1n!!)1;(n —laa]) o ; > 2((§‘+ 252
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|a | n—1 .
(J+
PIRPY 2(j +

n=|ao|+2 j=|ao]
|

I INIES

) (=DM (ao])! TG — o) (=laa)al(3),)°
. )? (10?2 (=leal); ((3)n)?
o] |ao
(G +5) (1) (aol)(loa)! T(n — Jar((3)i)*
w3 (J+ % (102 (=laa]);((5)n)?
> 1|0| ao'Fn—al (7)) %j2n
+ZZ ) (Jevo])! T( II)(II)(())}

nlarl 2 i=fanl+1 7 G TG — oD ()2 :

n=|ay|+1 j=1

2.2 Infinite series

2.2.1 v = non-integer

In the previous section, we discussed the solutions of polynomial case. The 1%¢ inde-

pendent solution has two eigennumber which are

|| = _% =0,1,2,3,--
(2.474)
| = =3t —$=10,1,2,3,-- conly if [on| > |aol
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Also, the 2"¢ independent solution has two eigennumber which are

wﬂz_%+7_1:>07172737"'

(2.475)
1/)1:_%+7_%:>07172737"' a0n1y1f¢12¢0
These conditions make the solutions as finite series. However, if
Oa172737"' 1_’772_’773_’77
Q Q
—o 7 — o0 7 (2.476)
135 3 5 7
279595 5_775_775_77

Then, independent solutions turn to be infinite series. It means that as x goes to
infinite, the function is divergent. Physically, this is means nothing. However, math-
ematically it can be an answer. From a mathematical point of view, the finite series
is considered as the special case of infinite series. But it is totally a wrong approach.
First of all, we need get a condition what situation makes polynomial as solution,
after that, we need to expand it as infinite series. Polynomial case is totally different
from the infinite series case. Polynomial case is not the special case of infinite series,

they are independent with each other. Lets now consider the case of infinite series.

(A) As /\1 =0
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From the 1% kind of grand confluent hypergeometric polynomial, let |ag| = —%
and |oy| = —% — 1 in eq(2.125), eq(2.126a) and eq(2.126b) where |aol, o] #
0,1,2,3,---. Then the series turns to the infinite series.

1 1 D(=3;+7) /9 e
— C(14v)iz= —= 2>:+M(— )—— %) (2.477
QW<’V S(L+v)iz=—gu () o 12 2361_[(7 z) (2.477)
where,
( 7,2 )=§: (5, (2.478a)
o = nl M
I'( _a +9) & ﬂ)
2u 2/L n
jz) =
M0 = =
Oonﬂnln+’y——n++
(S S Dr = Dot £ D,
prt k+n+3Tk+n+v+1)
(2.478b)

Eq(2.478b) can be described in the following way.

(-

[I(i2) = ZM< Y5 2 )Hn (v; 2) (2.479)
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where,
Mn(%,% z) = n('%’i;n 2" (2.480a)
H 120 = %1{ kn++nl—i)—r()rLFsz7—l—_ni(z i 3) — -2 (2.480b)
(a) Plug n = 0 into eq(2.480a) and eq(2.480Db)
o0 1 _Lye 41
MO(%% A I, 02) = g;o ?(<ii<g>r<i)if@ié%)>kzk (2450

By using eq(2.139) into the r.h.s of eq(2.481)

Q Q+%)’“ 21k
wi(p) [ G2 =% [ pz RAL |1 Ths L le( ) (2482)

Replace p and q by v — £ and k + 1 in eq(2.138). Substitute it into eq(2.482).
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(b) Plug n = 1 into eq(2.480a) and eq(2.480b)

Q ()12 S (L+ )Ty +3)(5 + 3
M, (—,% z) 1T (vi2) = ==~ 2 222 27k (2.484)
2p 1 (D) & T+ 30k +v+3)
Replace k by k+1 in eq(2.139), then plug it into eq(2.484)
M, (E ol z) H (v; 2) (2.485)
2#7 Y 1 Y

1 w\ (G z ! re TOr+3)(5 + 3 2\1k
=5(1+3) (Y (11) /_fip (1=p )ko N

Replace p and q by v+ 3 and k + 1 in eq(2.138). Substitute it into eq(2.485).

Q
M=) [, (52)
1(2u ) >(%)1 z [l o S (55 + 3k i
=5(1+3) SR /_ldp(l_p )/0 dt 2§r<1<;+2>r(1<;+1)A
i(% (1+3) %3(11; / (1= 77) / dt Z—(?‘;; k'> =
;(1+ )f?)(l Z) /1 dp (1 —p2)/01dtt7—§M<%+g,2,A>
where A = z(1 —¢)(1 —

) (2.486)

(3
A
I3
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(c) Plug n = 2 into eq(2.480a) and eq(2.480b).

2,2 &2+ G+ DL + D,
MZ(%W>H2(W):<2> IO DE D,

=

M2<2&,7,z> IL, (3:2) (2.488)
B I’(g) w (%)2 22t ey I(y+ %)(% + g)k 241k
=507 4 ) oy L 1) 2 TGkt P

Replace p and q by ~ + % and k 4+ 1 in eq(2.138), substitute it into eq(2.488).

(5709 I1 (9 Q
F(g) w (5)2 2t 212 ! y+i S (ﬁ—i_g)k k
=10 2 2) B [y [t T D18
L)y, wy (G2 ! po [ i (2 )
~ gty (4 5) By [ w4 | e o
% w (%)2752 ! 2\2 ' 1
- %ié%;@*?) o [ [ (g S
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Add eq(2.483), eq(2.486) and eq(2.489) to each other.

! ! Q 1
TTAM(— 4 = =2(1— — p?
dp/o dt t 2M(2,u+2’1’/\ z2(1—1t)(1 p))

re ()12 ! L Q3
+ (2><1+§> 2’ /dp(l—pz)/ dtt”‘2M(@+§,2,A>
: 0

r'(3) (M1(1h) S

1 F(g) w (22)2 2t a2 [ T Q 5
ey (2+§) R /_1dp (1—p?) /0 dt t 2M<ﬂ+ 5,3,A)
where A = z(1 — t)(1 — p?) (2.490)

As index n goes up to infinity in eq(2.490), we obtain

X (500 2" T(n+ 4 wy [ 2yn
B nz_% (V)n(n!) F?"f! Ij(_%)) (n * 5) / dp (1= p7)

! 3 Q 1
></ dt t7_5+”M(— +n+ —,n+1,/\>
0 20 2

where A = z(1 — t)(1 — p?) (2.491)

Replace a,b, and z by % +n+ %, n+ 1 and A in eq(2.172)
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o2+ ) . s
< (2), B+ LB+,

X ; ) [2(1 — p*)tu]

where A = z(1 —t)(1 — p?) (2.493)

Replace p and q by n + % and % into eq(2.138).

1 Q !
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Plug eq(2.494) into eq(2.493).

n=0
1 1 1
= dp [ dtt7™2
WB(—%—F%,%) /—1 0
1 1
X / du M u2i2 (1-— u)—(£+§)/ ds sz (1-— 8)2‘_1
0 0
X i (%)n [2(1 — p*)tsu]” + = i (%) [2(1 — p*)tsu]”
n—>0 (7)71(” - 1)' n=0 (7)11(”)'
where A = z(1 — t)(1 — p?) (2.495)

We know

— (Vn(n—1)! (Y)n(n)!
= [2(1 — p*)tsul i (5.)- [2(1 — p*)tsu]* ™"
2 u(n—1)!
+§M(%, v,wy =z(1—p )tsu) (2.496)
= w18w1M<%,7,w1 =z2(1-p )tsu) + %M(%, v, wy = z(1 — p2)tsu>
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Differentiate M (%, v, w1> with respect w; and multiply w; on it

wla_wlM<%’% w1> =(y— 1){M<%,7 — 1,w1> — M(%,%uq)} (2.497)

Plug eq(2.497) into eq(2.496)

i o “

Q)
W (2_71
1 t n M Qt n
2.1 n—l [2( sul) —|—2§7)nn — p)tsul
= {wn + 510t (Q (1= )tsu)
W1 Oy QM,%wl—z pHtsu
Q
:(7—1)M(2—
o

,7—1,w1) + (1—7—#%)]\4(2&,%@01) (2.498)
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Substitute eq(2.498) into eq(2.495).

(=5 + 33 S o (1 — u)e
1 1 w Q 2
X [ dss 2 (1—s)2 {w18w1 —i——}M(—,’y,wl =z(1—p )tsu>
0 2 24
1 Lo L el -0
- Q 1 Q / dp dt t7 g/ du = ‘ Q 1
TB(—9; +3.2;) /1 0 0 (1—wu)zt2

Eq(2.499) can be described as various integral forms of several different special func-

tion in the following way:

ni;o M, <%, v, z) Hn (7; z)

x{( —1—2—> +(1—v)<1—7—|—§>}
xM(%, %,wg = 2(1—pH){1—t(1 - sv)}> (2.500)
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= Q
ZMH<2_777 Z) Hn (772)
n=0 H
2 /1 _1 Q _q ! _3
= ds s 2 (1—s)2m /dtt72
WB(_%+%7%)B(7_%7%> 0 0

(2.501)
- Q
nZ:; n(ﬂuvaz) Hn (’772)
]_ 1 1 1 1
= dss7z (1 —s)2 / dp
W(V_%)B(_%—i_%a%)B(ﬁy_giagi)/O‘ —1
1 %—1 1 zsvu(1—p?) %—1
X / dy —2 / du & o (2.502)
0 (1—v)* "2 Jo (1 — )22
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0 n 0
L peu(1-p?)(1—t)y, 25—
X du - (—1——)—1— 1—0(1— +—)
/0 i g 5,) tA=v)(1=7+3
1 Q 1
><M<§, % + 5 Ws = zu(l — p2)t0> (2.503)

Replace a, b and z by %, v and w; = zu(l — p?)st in eq(2.172).

0O ) 1 1 ezuv(l—pQ)st
M(—, ywp = 2(1 — tsu) = —/ dv
gy T L) B@a - h S Ea oy E

ﬁap}/_ 2

Q
where, Re(y) > Re(E) >0 (2.504)
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Substitute eq(2.504) into eq(2.499).

n=0
1 /1 . a_, 1 ,
- ds s72 (1 —s)2 / dt 1772
WB(—%—F%,%)B(%,’y_QSD 0 ;
1 1
du
X/ dp/ > 241
1 0 uz2 2“(1—’&)2# 3
1
dv w ,
X zuv(1 — p?)st + _}€ZU(1—p H{1—t(1—sv)}
/0 v (1 _U)l—wél{ (L—p)st+5

1 /1 1 Q9 ! 3
= ds sz (1 —s)2 / dt t7 2
WB(_2Q+%72&>B(%77_£) 0 0

1 d Q
X / o ° pR— {(’V -1- —) +(1— v)(l v f) }ezu(l—p2){1—t(1_sv)}
0 — ) v 2

2
(2.505)

We describe eq(2.500), eq(2.501), eq(2.502), eq(2.503) as integral formalism. It is
exactly equivalent eq(2.505). Plug eq(2.499) through eq(2.503) into eq(2.479), and

then, substitute them into eq(2.477):
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L(—55+7)
OW(y =31 +v)iz = —4pa®) = =M (8, 7,2) - 511 (:2)
where,
( )*i CHL
2 3V R 7n:0 ol (’y)nz
D(—gp +7) & (g0 & (n+ )+ I+ — 3)(n+ 57 + 5)k
[Tne) = =g 2 3 en 3 : Pt
L'ty =t o C(k+n+3)Tk+n+v+3)
(- ) 1 1 1 5575 p(1-)(1—pPu 1 o
= *;2 — / dp dtt'y_f/ du 2 — /dss—% (1—s)2 1
L(V)B(—5; + 3> ﬂ) 1 Jo 0 (1—w)zrts 0
{w18w1 *} ( Y, w1 = 2(1—p° )tsu)
]_"(_i+) W T (-t (1-pP)u 1 L a2
= o / dp/ dtt’™ 2/du T /dssif(lfs)zur
mT(V)B(=5; + 35 3,) 0 (1—u)zetz 0

Q Q
x{w - 1)M<£,7— Lwy =2(1 —p2)tsu) +(1-7+ E)M(Ew,wl =z(1 _p2)t5u)}
o
1 1 o 1 ; 1 1 o1

79/ ds 53 (1—s)2n 1/ dtt”fg/ dp deQ

wl(5:) Jo 0 -1 0 (1_1})2—W+ﬁ
X <7, 1-— ﬂ) +(1 fv)<1 -7+ E) M(ﬂ,l,wg =2(1-p2){1—t(1 7511)})

2 2 2’2

2

Q

2 1 o rt 1 o
= 3 —a / ds s~ %(1—3)2# 1/ dtt'y_%/ clvviQ
e B(—*Jra »2) 0 0 (1-v)* 2w

2p
u2“ Q w 3
d L T—o) (1= + ) SM (1,2 ws = zufl —t(1 —
/0 u a_ 2@ I { 2 + ( ’U)( v+ 2)} ( 5 s zu{ ( sv)})
(v—3 1 —1 1 T dv v"’ﬂ L du e“““(l_pz)u%t*l
= o T / dss™2 (1—s)2n / dp /
ﬂ'F(Zu)B(—*-i-g,ﬂ) 0 1 0 (1- 2 V+2M 0 (l_u)2p+2

X{( —1—§>+(1—v)<1—7+2)}M<1 ’y—i—% wg = zu(l —p )(l—sv))

1 gzu(1—p?)(1—t), 35 —1
= 3 /dttw 2/ dp/ dvi/ du
wF(—)B(7—+§,ﬁ 3) 2=v+35 Jo (1_u)2#+2

2p

X{('yli)+(1v)<1'y+2)}M<; %+1 ws =zu(l—p )tv)

Table 2.16: 1% kind of grand confluent hypergeometric function of infinite series
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Plug eq(2.505) into eq(2.479) and substitute it into eq(2.477). We obtain the

integral form of the 1% kind of grand confluent hypergeometric function of infinite

series in which is the following way:

1 ! et €
QW( =-(1+v —= x2) = / du — -z P2
=50 ) =t h Mg el
where,
1 /1 . s Lt 1 du
viz) = dss 2 (1—3s / dt tY 2/ dp/
H( ) Wr(%)B(—*+%’%) 0 ( ) 0 -1 0 u%_%(l—u)%Jr%

1
dv w
X 1-p? t+—} (1—-p*){1-t(1—sv)}
/o i (1 )1 S {ZW( p°)s 5
1 1 1
x g du
- ds ™2 ( 1—8)5*1/ dtt”*é/ dp/
7TF(2 )B 77+%’2§L / 0 -1 0 Uéi%(l—u)%*%
: /1 - {( —1- 2) +(1- U)<1 -7+ f) }ezu(l—pz){l—t(l—éu)}
0 vl_%(l )2—'y+2% v 2 ~ 5

—v

-

Table 2.17: Integral form of the 1% kind of grand confluent hypergeometric function
of infinite series

(B) As \a=1—v
From the 2"¢ kind of grand confluent hypergeometric polynomial, let vy = —% —

l4+~vand ¢y = —>* — = —I— v in eq(2.280), eq(2.281a) and eq(2.281b) where v, ¢ #
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0,1,2,3,---. Then the series turns to be the infinite series.

RW(7 — %(1 Yu)e = —%,m?)
o {er;&—:)l) (%g—ﬂ—w) _x/\(%z)} (2.506)
where,
M(% F1-y,2— 7, z) - nf% %%Q”z" (2.507a)

A (%)
P+ 1) S (41—
T T(2-7) nz:% (2 =)n
m+1—y+9Tn+Hn+2 - (L +2 —y+n) K

2p
x (2.507b)
Z Tk+n+3HT(k+n+32—7)
Eq(2.507b) can be described in the following way.
P(-2 +1
A (iz) = z M, ( —v2=m2) N\ (n2)  (2508)
n=0
where,
0 (3 +1—n
M, (== +1—~.2— 2 - Mo 2.50
(gpt1-m2-m2) = A" (2:509)
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o (n+1—fy+§)F(n+%)F(n+§— N3 -7+,
/\n(%z)_;o L(k+n+3 I(k + 3—7) ’

(2.509b)

(a) Plug n = 0 into eq(2.509a) and eq(2.509b), and multiply them with each other.

0 w WF%)F%—V)(¥+%—W
M<—+1—%2—%Z> vz)=(1—-7+ £ 2
ier A3 =023 2 G g + 5 )

(2.510)

By using eq(2.139) into the r.h.s of eq(2.510)

(1=p*)" (2511
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Replace p and q by 2 — v and k + 1 in eq(2.138), substitute it into eq(2.511).

Q
M0<ﬂ+1_772_/}/7z) /\0 (/772:)

where A = z(1 — t)(1 — p?) (2.512)

(b) Plug n = 1 into eq(2.509a) and eq(2.509b), and multiply them with each other.

Q
Ml(ﬂ—i_l_f%Q_%z) /\1 (772)
(p 1=z 2-7+9)T6

=0
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Replace k by k+1 in eq(2.139). Then plug it into eq(2.513)

Q
Ml(ﬂ+1_r>/72_772) /\1 (772)

1 w (%"‘1_7)12
=3(2-9+3) (2=7)

! o= TG =M+ 5 =k )
@[f@u—p)ggF%+2ﬁk+%_7ﬂdl—pﬂk

(2.514)

Replace p and q by g — v and k + 1 in eq(2.138), substitute it into eq(2.514).

M1<%+1—7,2—7,z> /\1 (7;2)

| A E A1z S (R
—(2- —> b dp (1 — p? / dt 15 “ N
2( Try) T e, /1p( r) ) 27

() wy(Gp 1=z 1 o [t s G T e,
rh - 3) e /dp(l_p)/o LD D T

-1 k=0

Q

o\ (e +1 =712 [t Loy QO 5

2 — — )= 1—p? TM(—+=—~.2
( 7+2) 12— ), /_1dp< p)/o et IS )

where A = z(1 —t)(1 — p?) (2.515)

T T(h)
_T()
()
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c¢) Plug n = 2 into eq(2.509a) and eq(2.509b), and multiply them with each other.

Mg(%—I—l—%Z—%z)/\ (7;2)

_( +1— 2§:3 ’y+ )F(gf(z—v)(%Jr%—v)kk

2" (2.516)

k=0

Replace k by k+2 in eq(2.139), then plug it into eq(2.516)

M2(2Q+1—7,2 v, 2 )/\2(7;2)

P(g) W (% +1—7)y 22
() (3-+ E) A (2=7),
' - %_ %+%_ 2
o T S R

(2.517)
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Replace p and g by £ — v and k + 1 in eq(2.138), substitute it into eq(2.517).

Q

5 w % —722 ne [ 5
R Rt IR
(

-1

o9 Q 7
211
21 2 k
S PP RS
2 )
_1F<%>(3_ +£><%+1—7>222
“aATH\T T T TR T a2 =),

! ! Q 7
1 — p2)2 3y et
x/_ldp( %) /0 dt t3 M<2u+2 7,3,)\>
where A = 2(1 — t)(1 — p?)

(2.518)

Add eq(2.512), eq(2.515) and eq(2.518) to each other

ZM( +1—%2—%Z>/\n(%z)
:(1—7+—)/1dp/1dtt5‘7M £+§—%1,A>
27 ) Jo

2
r L r1- z
T8, )G

r) 5 PR /_ dp (1—p )/ dtt27M<2(/i 2—7,2,)\)
5) —7)2 2 242 5_
2'FE§ ( _> 2!+(;—7y)2 /_ldp(l_p) /0 dtt>
xM(%jL 5 -,3, )\> where A = z(1 — t)(1 — p?)

(2.519)
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As index n goes up to infinity in eq(2.519), we obtain

i ( +1—7,2—7,z>/\n(7;z)

n=0

n 2" F(n+ ) w ! ! 1
= 1—y+— dp (1—p*" [ dtt"Tz77
Z o nlT() (n+ 7+2)/1p( p)/o
Q 3
xM(2M+n+§—'y,n+1)\)
where A = z(1 —t)(1 — p?) (2.520)

Replace a,b, and z by % +n+ % — 7, n+1and X in eq(2.172)

Q 3
M( +n+-—7yn+1, A)
2u 2

Fin+1)

1
= du e ——————
F(—%—%+7)F(%+n+%—7)/o (1_u>%+%ﬂ

(2.521)
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Substitute eq(2.521) into eq(2.520).

ZM( +1—7,2—7,z>/\n(7;z)

1 e?(1=p*)(1-1)
= / dp/ dt t3 7/ du —
B( +1_7a____+7 -1 U 5_2—"_7(1 u)ﬂ+§_7
> n+1—7+§)B(n+§,2 +1_7)(ﬂ+]—_’7>n
X zu(1 — pHH)t]" 2.522
2 PEEONCD eul=p)" (2522)

n=0

Replace p and q by n + 5 L and Q . +1—~into eq(2.138).

Q 1
- —+1—7):/ ds s""3 (1 — s)2 7 (2.523)
K 0

Plug eq(2.523) into eq(2.522).

ZM( —1—1—7,2—7,,2)/\”(7;2)

1 A (1=p*)(1=t)u
= dp/dtt27/du T o
B( +1 —"}/7—— — ——|— E—§+’Y(1 _u)@-i-g—v
In

! s73 ( +1—7
<, b aE { 2 et s

w > 2& - n 9
+<1 -7+ 5) nz% %[zu(l —p )st]"} (2.524)
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We know

(E+1-7), W\ = (ZE+1 =),

Z G- =1) [zu(1 — p®)st]" + (1 — v+ 5) Z W[zu(l — p?)st]"

— (Q+1_) — w
:klz@_w( jl)k (1—7+§>M<%+1—7,2—7,k1>
0

- klaklM(ﬂ

where ki = zu(1 — p*)st (2.525)
Differentiate M(% +1—7,2—7, k1> with respect k; and multiply k; on it:

Q
+1_’77 1_77 kl) _M<§+1_77 2_’77 kl) }

(2.526)

]ﬁa,ﬂ]\/[<%+1—% 2—7, k1> = (1—7){M<%

Plug eq(2.526) into eq(2.525).

> 1—7 W\ = (Z+1—7), ,
Z +( ))[zu(l—p)3t]"+<1—7+§>20%[2u(1—p)St]”

s (e D1

Q Q
—(1—7)M<ﬂ+1—%1—%k1>+ < ( M+1—%2—%k1)

where ki = zu(1 — p*)st (2.527)
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Substitute eq(2.527) into eq(2.524).

ZM( +1—7,2—7,z>/\n(7;z)

1 ! ooy
— dp/ dt tz77
mB(y, +1—%———%+7)/_1 0
1 (1-p?)(1—t)u 1 -1
x/ du —5 61 T ds i 5
o w1 -—wwt: o (1—s)
Q
{/ﬁ&kl v <1—’y+ )}M(Qu Y12 =k = zu(l — p?)s )
1 1 1 ) 1 ez(lfpz)(lft)u
= / dp/ dt t27/ du —5 5
B( _'_1_77___ +7) -1 0 0 u 2m 2+7(1—u) +7_7
! s73 Q
/ds—_Q (1—7)]\/[(——}—1—7,1—7,]{:1:zu(l—p)st)
0 (1—s)" 2 2p

(2.528)

Q
+EM(_ +1— e 2— e kl = ZU(l - p2)5t>
2 2u
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Eq(2.528) can be described as various integral forms of several different special func-

tions in the following way:

f:Mn<%+1—%2—%z> /\n (7;2)
n=0

_ B +i-n -3+ S
1 1 1
d Q
x/dtté_”’/ dp/ 5 ! 5 ——+(1—v)c—d
0 -1 0 v (1 —v) e 21 2
Q 3 )
M (5o + 5 =7 ks = 2(1 = {1 = (1 - su)t}) (2.529)
i
ZMn<_+1_772_77z>/\ ("}/,Z)
n=0

[NIES

2 /ld s~
= S——

LT & dv ! du
X dt t2 K Q Q Q_ 1 Q3
0 0 v (1 —w) T Jo g2 — )zt

x{ —2£+(1—v)f}M<1,g,k3:zu{1—(1—sv)t}) (2.530)
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2u 2p 2u ' 2p
1 1 dv 1 du 6zu(1fp2)sv
X/ dp/ o) 1+sz/ “o_1; CERE
-1 0 v 2(l—w) 2w Jo w2 2T (1 —u)227
Q 5
x{ ~ o +(1— U)%}M(l, 3~ ky = zu(l — p*)(1 — sv))

(2.531)

iMn(%—l—l—%Q—%z) /\n (7;2)

1 Q
_ B(§7Z+1_7) \/1dtt§_,y

1 1 dv 1 du ezu(lpr)(lft)
X/ dp/ o 1+ﬂ/ o 1, 9.3
-1 0 v %(l—w) 2w Jo w2 2T (1 —u)2wT 2

Q w 1 Q 3 9
x{——+(1—v)—}M<§,ﬂ—l—§—%k‘5—zu(l—p)tv)

(2.532)
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Replace a, b and z by % +1—7,2—vand k; = zu(l — p?)st in eq(2.172).

Q
M(2—+1—7,2—7,k1:zu(l—p2)st>
o

1 1 ezuv(l p?)st
T po Q / dv o D
Blg +1—=71=35)Jo v 2(1—v)2

0
where, Re(2 — 7) > Re( v1- 7) >0 (2.533)
21

Substitute eq(2.533) into eq(2.528).

ZM( +1 =727z )/\n(%z)

1 _1
B 1 /ds 572
©B(3; +1—%————+v)B(ﬂ+1—%1—%> 0 (1—s) %

1
d
/dtt27/dp/ S— QS/Q R
0 Jo wmm T E (1 —w)m Y o o m (1 — )

X {zuv(l — p?)st + <1 — v+ 5) }eZU(l —p?){1-t(1—sv)}

1 _1
= L /ds—s -
TB(3; +1—%————+v>B<ﬂ+1—%1—%) 0 (1—s) %
1
dv
2 ’Y

/dtt /1dp/ u ﬁ_f” u)gﬁgﬂ/o v_%ﬂ(l—v)%“
- } u(1-p?){1-t(1—sv)} 2534
><{ 2M+( U)2 e ( )
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Our description of describe eq(2.529), eq(2.530), eq(2.531), eq(2.532) as integral for-
malism, is exactly equivalent to eq(2.534). Plug eq(2.528) through eq(2.532) into

eq(2.508), and then, substitute them into eq(2.506):



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)258

D(=5;+1)
RW(’YZ %(1-1—1/);2: —%uch) zzl"f{r(;“wM(éL +1 —'y,2—'y,z> — g:r:/\(’y;z)}

where,

Q
M(f+l—w,2—'y,z>:2”72
2 n! (2 v)

n=0
/\(’Y.Z)ZF(_%+1)i(2u+l i n+1—7+§)r(n+%?r(n+g_q,)(QﬂJr%_,Hn)k .
FP2-7) = nl@2-n = F(k—&-n—i—%)f‘(k:—i—n—&-% )

n

B F(7%+1) 1 1 1 1 2(1—p%)(1—t)u
- Q 1 dp dt t2 du 9 1 9 .3
T2 -NB(3: +1-7 -5 -5+ J-1 Jo 0y ETY( o)t

om
1
2

-
R T RO SO
1—s)
F(—— +1) 2(1-p?)(1-t)u
= Q i Q1 / dp/ dtt%_v/ du 961 9.3
F(2—7)B(2—+1—7,—2——§+7) -1 0 0 w2 = 2. te 7

Iz u) 2p
/ ds———
(1

Q 2
+§M(ﬂ+177,27'y,k1 =zu(l—p )st)}

M\»—J

Q
{(1 —W)M(ﬂ +1 =717,k = zu(l —p2)8t)

—s) 5%

B(£+§_ _ﬂ_l_i_,y) 1 —1
= = w2 ds ’ /dttz /dp
F( +1_7)B( +1_77_7_§+'Y) 0 1_5 2“
1 dv Q w Q 3
X/ le){ —+@- )}M<+—'y,l,kzzz(l—p){1—(1—su)t}>
0 T2 (1 —v)' T2 2p 2 2p 2
2 1d 87% dtt§7 / dU
= s [
m(5E +1-B(5, + 1= —5 —5+NJo g2 Jo 0 1T (1 )t
1 du Q w 3
X —— +(1—-v)= pM|(1, =, k3 =zu{l — (1 — sv)t}
/0 u_ggi_é"r’Y(l_u)zszL"'g—’Y{ 2;1, 2 ( 2 )
(§*7)_1 / 3 / /
wl(5L +177)B( Ll - M72+'y) (1—s) 0 o7 2“(1_1})1““

1 du ezu(1— p 2)sv Q w 5
X +(1—v)= pM(1,= — v, ks = zu(l — p?)(1 — sv)
/0 W T2 (L gzt 2 2 ( 2 )

1 1, 1 1 dv
= TR a 1 dt ¢2 dp | ——o o
VT L(g; +5 —7B(5; +1*%**f§+'y) 0 -1 Jo (1 — ) o

1 du e2u(1=p?)(1=1) Q w 1 Q 3
x Q1 O : - (1-w) M(-, —+ - —v,ks = zu(l _pQ)tU
-2 14 S
0 o 2072 ’Y(l—u) 2u T2 H

Table 2.18: 2" kind of grand confluent hypergeometric function of infinite series
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Plug eq(2.534) into eq(2.508) and substitute into eq(2.506). We obtain the integral

representation of the second kind of grand confluent hypergeometric function:

1 1 1 1 2 _ _e ¢
RW(v==(14v);z=—-pz?) =277 7/ du e u2e (1 —u) 20 — —g 12
(v=350+v)z2=—5u?) {F@H_w i (1-w™ 2 —Za A\ (v:2)
where,
1
N\ (i) = / /dttz ”/ dp/ —
7"1—‘(1* )B( +1*’vaﬁ**+7) y' 3 0 2u+’7(1 )20
1 du
X _ zuv(l— )St+ 1_7_‘_7 zu(l P ){1 t(1—sv)}
/0 uf%’%ﬂ(l—u)%*%’”{ ( 2)}
1
1 -3 1 1
= /ds L / dtt%ﬂ/ dp
71']:‘(1—2 ) ( +1_'Y7_7_7+PY) (1_5)’\/ 2pn J0 —1
1 1
X/ _ du / {_7+ 1_v)ﬂ}ezu(l—pQ){lft(lfsv)}
0 U_Tﬂ_%-'»’y(lf’u) +2 Y Jo v 2, +'Y(1 +1 2

Table 2.19: Integral form of 2"¢ kind of grand confluent hypergeometric function of

infinite series

2.2.2 v = integer

When v is integer, one of two solution of the grand confluent hypergeometric equation
does not have any meaning. Because ys(x) = RW (7 = %(1 +v);z = —%,uﬁ) can
be described as QW(fy = s(14+v);z = —%uﬁ) as long as [\ — Ao = [v — 1] =
integer. If v = 1, the two solutions are identical. Then two solutions can be solved

by Case B) of theorem 1 in the appendix. And if v is any integer except 1, then it
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can be calculated by Case C) and Case D) of theorem 1 in the appendix. Now let’s
investigate the second independent solution as v an integer.

(i) As v = negative integer, 0, and 1

As v is smaller than 1, Ay = 1 — v is positive integer. So A\; = 0 is smaller than
2. By using the Case C) in Theorem 1, gi(z) = G(x)|x=x,=0 is equal to QW (’y =
%(1 +v);z = —%,ux2>. Also, as v is equal to 1, A is equal to As. So by using the Case
B) in Theorem 1, g1(z) = G(x)|x=x,=0 is equal to QW(’y = 1(1+v);z = —%pﬁ).
It is same as before. Only difference is that the previous case was v is equal to 0 or
negative integer and in this case v is equal to 1. Now, lets assume that the second

independent solution is
1 1,
g2(x) = u(:z:)QW<7 = 5(1 +v)z= —gHT ) (2.535)

Substitute eq(2.535) into the grand Confluent hypergeometric differential equation

"

z (u(x)QW(z)) + (pa*+ex +v) (u(:v)QW(z))l + (Qz + ew) (u(z)QW(z)) =0

(2.536)
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Then, we obtain

:L,fue—(%;ch-‘rax)

u(z) = C4 dx + Cy ; Co, C1 = arbitrary constant
QW|2aO|,\a1|(Z)
(2.537)
Substitute eq(2.537) into eq(2.535)
o) [T ey ow 2.538
= + :
g2(x) = Cr QW(2) oni) et G QW (z) (2.538)
For simplicity, let say Co= 0 & C} = 1. Then,
o) [T 2.539
m(w) = QW) [ G e (2:5%9)

The eq(2.539) is called "The first kind integral formalism of the second independent
solution of the grand confluent hypergeometric function as v = negative integer, 0
and 1 for the case of infinite series.”

(ii) Case of v = positive integer except 1

As v is greater than 1, Ay = 1 — v is negative integer. So A5 is smaller than A;.

By using the Case E) in theorem 1, ¢1(x) = G(x)|x=r,=1-» is equal to RW <’y =
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D=

(1+v);z=—1 ;sz). Now, let assume that the second independent solution is
1 1
g2(z) = u(z)g (x) = u(x)RW(’y = 5(1 +v)z= —gHT ) (2.540)

Substitute eq(2.540) into the grand confluent hypergeometric differential equation

"

z (u(@)RW(2)) + (pa*+ ez +v) (u(x)RW(Z))/ + (Qz + ew) (u(z)RW(2)) =0

(2.541)
Then, we obtain
e ttien b
= + ; Qo, Q1 = arbit tant
u(x) = Q1 RWQQ/,OM(Z) x + Qo Qo, Q1 = arbitrary constan
(2.542)
Substitute eq(2.542) into eq(2.540)
l»*l’e_(%/ﬁlj‘f‘fl’)
g2(z) = Q1 RW(2) dr + Qo RW(z) (2.543)

RW?(2)

For simplicity, let say Qo= 0 & @1 = 1. Then,

Rz [ TG 2.544
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The eq(2.544) is called "The second kind integral formalism of the second indepen-
dent solution of the grand confluent hypergeometric function as v = positive integer
except 1 for the case of infinite series.” Eq(2.539) and eq(2.544) are inconvenient for
direct calculation, as the integrand contains [QW(Z)}_Q and [RW(Z)}_Q Now let’s
investigate eq(2.539) and eq(2.544) more precisely how these two analytic functions
have power series. These two functions can be described by the Frobenius method.

(A)the case of v =0 or negative integer

As v is 0 or negative integer, Ay = 1 — v is positive integer. So A; = 0 is smaller
than Ay. By using Case C) in theorem 1, the first independent solution is

g1(z) = G(x)‘/\f/\ﬁo: oW (7 = %(1 +v)z= —%,uxQ) (2.545)

The second independent solution is

g2(x) = gr(@)nz + 22y " by(Ao)z" (2.546)

n=0

To generate this solution, keep the recurrence formula in term of A and use it to find

the coefficients C,,(n > 1) in terms of both A and Cj, where coefficient Cy remains
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arbitrary. Substitute these C,, into G(z) = 2* >~>7 | C,,2™ to obtain a function G(), x)
which depends on the variables A & x. From the Case C) in theorem 1, the second

independent solution is

A - — 9Cy,
go(x) = 96\ z) = Inx Z Cpaz™ - Z 8£an (2.547)
ON oy, "0 A=Az 0 oA A=)z
From eq(2.262), G(x) = 9(2)domin. + 9(T)sman- Plug it into eq(2.547).
ag(x)domin. ag(x)small
= 2.548
ale) = |y B nat) (2545)

Replace 9y and v; by —% — 1+ v and —% — % + ~ in Table 2.13, and Change the
maximum index number n from g to oo in it. Also, change maximum index number
k from 9, — n to co. Then the second independent solution of grand confluent

hypergeometric function as v = 0 or negative integer for the case of infinite series is

exactly equivalent ro eq(2.548) in the following way:
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g2(z) = RWF (v =5(l+v)z= —%ux2)

[(—5 +1) Q
F(2—7){(1 +1n(x))M(ﬂ +1 77,2ﬂ,z)

> (s +1-7)n 2 1 (2k +3— ) .
+n§::1 2nl(2 - 7) Z{(k—l—l-ﬁ-?%—'y)_(k+1)(k+2—'y)}z

k=0

= 217"/

s {m Z Rik 77)) ,i (n+1-7+ f<):inn+j;§?k+jn_+@ (5}1; o,
o RGNS T3 R

o 3 _ 0 43 _
x’;) I'(n+ 73—'—(7;1:3) (zl)(j‘;f—:_;;tn) ’V)k:zk

= 2 .

E { ) P <z() * +><p++p —7 2 ( (~2i - *1— CESVRNC +(2§>?k4+_371 7))

(n+1—7+2) ”11[1 (spl+p=17)
200+ 3)(n+ 35 —7) 5 b+ Dp+2-7)

n—1 1 (2k+3—7) n
sz_o<(_2§i_1_k;+ry)+(k—|—l)(k+2 ’Y)>}Z

,i’f G+1-v+%) "o GE+3+p- fy 1k —)
om0 +5 ) J<p+ )p+2 o k+1 (k+2-7)

j—1 1 (20+3—7)
X[Z<(__1_l+7)+(l+ )(l+2—’v)>

=0

5 1 (20 +4—7) n
+Z((—Q—Q’—Hv)+ (l+§)(l+3—v)>] }}

-1
I=j 2p

Table 2.20: 2" independent solution of grand confluent hypergeometric function as

v = 0 or negative integer for the case of infinite series.

(B)the case of v = positive integer except 1

As v is positive integer except 1, Ay = 1 — v is negative integer. So Ao =1 — v is
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smaller than A\; = 0. By using Case E) in theorem 1, the first independent solution is
1 1,
g1(z) = G(x)‘)\:)\zzl_yz RW (7 = 5(1 +v);z= —ghT > (2.549)
The second independent solution is

92(2) = g1(2)lnz + 2™ Z b (Aq)x" (2.550)

n=0

To generate this solution, keep the recurrence formula in term of A and use it to
find to coefficients C,,(n > 1) in terms of both A and Cj, where coefficient Cjy remains
arbitrary. Substitute these C,, into G(z) = 2* >~>7 / C,,2™ to obtain a function G(), x)
which depends on the variables A & x. From the Case E) in theorem 1, the second

independent solution is

G\, ) - \ — 0Cyy i
gox) = —— =Inz Y Cpa"t — "t (2.551)
ON o ;) D P —— O A=)\
From eq(2.262), G(x) = 9(Z)domin. + 9(Z)sman. Plug it into eq(2.551).
ag(m)domin. 8g(x)small
= 2.552
92() n | + =5 . (2.552)




CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)267

Replace |ap| and |ay| by —% and —% — 3 in Table 2.14, and Change the maximum

index number n from |ag| to oo in it. Also, change maximum index number k from
lay| — n to co. Then the second independent solution of grand confluent hypergeo-
metric function as v = positive integer except 1 for the case of infinite series is exactly

equivalent to eq(2.552) in the following way:

ga(x) = QWX (’y =2(1+v);z= —luxz)
=(1+4 ln(m))r(_rzéty;— gl (%77, z)

2)n = 1 (2k+149) .

,;271!( In 2){(“5;) (k+1)(k+7)}z
el(=3; +7) (Gidn s (A ST+ )0+ = 3) (5 + 3+,
CERYC) {mznl(v)nz 2 T(k+n+2)T(k+n+y+1) :

o (2 5 W\ 1 C1ye 1
e T ) P e T T

oo w  n-1 Q |1 n—1
ety 115 i)&ffi P << e R =)

w n—1 Q n—1

+2(n (5(;-2#)7— 3) oo (@ %T)Zfz ) = ((2"#1 ) + (/izfj)(lkig))}zn

o0 n-1 o 191 i1
- ;Z 30+ O)(? = 515 +2§>?pf;pl U (ﬁ‘b?}i) 7
L_ <—5,31—> <§2ﬁ>tz++7v)>)+t_j <—§;—1;—> ) }

Table 2.21: 2™ independent solution of grand confluent hypergeometric function as

v = positive integer except 1 for the case of infinite series
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(C)the case of v = 1
As v is 1, then two solution are identical: (A; = A3). Then two solutions can be

solved by Case B) in theorem 1. The first independent solution is
Lo
g1(z) = G<x)‘,\=o,7=1: QW(’y =1;z= —gHT ) (2.553)
The second independent solution is

92(7) = g1(2)Inz + 2™ Z b (Ag)x" (2.554)

n=0

To generate this solution, keep the recurrence formula in term of A and use it to
find to coefficients C,,(n > 1) in terms of both A and Cj, where coefficient Cjy remains
arbitrary. Substitute these C,, into G(z) = z*>_>7  C,z" to obtain a function G()\, z)
which depends on the variables A & x. From the Case B) in theorem 1, the second

independent solution is

G\, x — 9C,
golz) = % = (2.555)

A=0,y=1 n=0 A=0,y=1

(0.0
= Inx g C,a"
n=0

A=0,y=1
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From eq(2.262), G(x) = g(2)domin. + 9(%)smau- Plug it into eq(2.555).

_ 89($)mmun. ag(x)mndl
g2(x) = N + TN N (2.556)

A=0,y=1

Replace |ap| and |y | by —% and —% — 3 in Table 2.15, and Change the maximum
index number n from |ag| to oo in it. Also, change maximum index number k from
lay| — n to co. Then the second independent solution of grand confluent hypergeo-
metric function as v = 1 for the case of infinite series is exactly equivalent to eq(556)

in the following way:



CHAPTER 2. GRAND CONFLUENT HYPERGEOMETRIC EQUATION (GCH)270

Table 2.22: 2™ independent solution of grand confluent hypergeometric function as

v = 1 for the case of infinite series.
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Unfortunately, there is no exact solution for linear ordinary second order differ-
ential equation consisting of three term recurrence relations: some of the examples
are Lame function, the generalized Lame function, Heun’s equation, Mathieu func-
tion, grand confluent hypergeometric function, etc. The reason why these functions
are unsolved currently is that they consist of three term recurrence formulas. Two
term recurrence formula are easy to solve: some of examples are Legendre function,
hypergeometric function, Kummer function, Bessel function, etc. Let’s think about

one of the examples which is unsolved in detail.

y=20 (3.1)

Py 1( 1 1 N 1 Y\ oy ala+1)t+ 4
o2 2\t—a t—-b t—c

N * ot -t =0 -0

Eq(3.1) is Lame differential equation. If « is not positive integer, the solution of it is

called as the generalized Lame function. Replace ¢ by = + a in eq(3.1).

r z4+a—-b zxz4+a-—c

Py 1/1 1 1 oy A{ala+1)a+ B} +ala+1)x
@—Fé( )g_ dr(z+a—b)(x+a—c)

(3.2)
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Assume that
ch (t—a) ntA — cha:

Plug eq(3.3) into eq(3.2).

CnJrl:An Cn + By cpy yn > 1
Divide ¢, in eq(3.4).
B
K, = An - ;n>1
+ o n >
where,
Kn _ Cn+1
Cn
Kn—l = Cn
Cn—1

A, =

{ala+1)a+ B} —2%2a —b—c)(n+ \)?

22(a—Db)(a—c)(n+A+1)(n+A+1)

a2+ ) —1Ha—2(n+ )+ 2}
" 2(a—b)(a—c)(n+A+1)(n+ A+ 1)

273

(3.3)

(3.4)

(3.5)

(3.6a)

(3.6b)

(3.6¢)

(3.6d)

All other unsolved differential equations can be described as in eq(3.4). If we get a
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formula of eq(3.4) type, we can apply it to all other unsolved functions: Lame func-
tion, generalized Lame function, Mathieu function, Heun’s equation, grand confluent

hypergeometric function, etc.

3.1 Infinite series

Assume that

Ccl = Ag Co (37)

Eq(3.7) is a necessary boundary condition. The three term recurrence formula in all

unsolved differential equations follow eq(3.7).

H B,=1 where a; is positive integer including 0 (3.8)

n=a;

Eq(3.8) is also a necessary condition. Every unsolved differential equation is also

take satisfied with eq(3.8). In general, B, is described as Pochhammer symbol. For
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example, let

b;

Th (n+5)
HBn_ H (n+1)(n+A)

n=a; n=a;

C DnaWa e
(5)% ()\)bi+1(1>bi+l

replace b; by a; — 1 in eq(3.9).

H B = (ﬁ)ai(A)ai(l)ai -

n=a;

275

(3.9)

(3.10)
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Our definition of B; ;x,; refer to B;B;B,B;. Also, A;;r,; refer to A;A;AiA;. For

n=0,1,2,3,---, eq(3.4) gives

Co

c1 = Ao

co = (Aoq + Bi)co

cz = (Apa2 + AsB1 + Ao Ba)cy

cs = (A3 + A23Br + AozBa + Ao Bz + Bis)co

cs = (Ao234 + AszaBi + Aoz By + Ao aBs + AyBiz + Ao12By

+A9By 4+ AoBaa)co

77777

’’’’’’

+As56B814 4+ Aos6B24 + Aoi123685 + AaseBis + AoseDBas
+Ap16B35 + AsB13s + Ao1234B8s + Ao 34B16 + AosaBas + Ao14DBsg

+AyB136+ Aoa2Bis + AsBrag + AgBaag)co
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cs = (Aop234567 + AosaserBr + AosaserBe + AoiaserBs + AiserBis

+Ap12

yLy&y

56,781+ Ass 67814+ AoserBoa + Aoi236785 + Aaze7Bis
+Ap367825 + Ao167Bss + As7B13s + Aoi12347B6 + Assa7B16 + AosarBag
+Ap 147836+ As7B13e + Ao127Bas + AsrBrae + AorBoae + Ao 234587
+As345817+ AosasBar+ Ao1as5Bs7 + AssBisr + AoiosBar + AssBrar
+Aos5B247+ Aoi23Bs7 + AssBisr + AosBasr + Ao1Bs sz + Biss7)co

co = (Ao12345678+ A2345678B1 + AosasersBe+ Ao1ase78Bs + AasersBis

+A012

yLy&y

56,7881+ Ao 678814+ AosersBaa+ Ao12367885 + AazersBis
+Ao3678B25 + Aoi678B835 + As 788135 + Aoi23478B6 + A23478B16
+Ao3478B26 + Aoia78B36 + Aa78B13e + Aop278B8a6 + A278B1 46

+Ao 788246 + Ao12345887 + AssassBi7+ AosassBay
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+Ao1458B37 + AsssBi37
+Ap1258Bs7+ Ass8Brar+ AossBoar + Ao123s8Bs7 + AazsBist
+Ap38Basr+ Aoi1sBss7+ AsBisst + Aoi234568s + A2345681 8

y L4y

+Ap 3456828+ Ao1a56838 + AsseB13s + Ao1256818 + Ass6Bias

3.11
+Ap56B248 + Ao1236B858 + A236B158 + AoseBass + Aoi16B35s ( )
+AsB1358 + Ao1234B868 + Aa3aBi6s + AogaBass + Ao14Bses

+A4B1 368+ Ao12Biss + AsBiagss + AoB2aes)co

Surprisingly, as we see in eq(3.11), individual number of sequences in every ¢,’s term
are followed by Fibonacci number: 1,1,2,3,5,8,13,21,34,55,---. The sequence of each
¢n consists of combinations A, and B, in eq(3.11). First of all, let; look at the

sequence of each ¢, in which does not include A,,’s
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(1) Zero term of A,’s

Co

¢y = Bicy

Cq = B1,3CO

Ce = B1,3,500 (3-12)

g = 31,3,5,760

C10 = 31,3,5,7,900

When a function y(z), analytic at x=0, is expanded in a power series we have

y(x) = cpr" (3.13)

A is the indicial root, and put eq(3.12) in eq(3.13).

yo(z) = cox™ + ¢ Z
n=1

n—1
{ H B%H} g2t (3.14)

11=0
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By using eq(3.8), eq(3.14) becomes

= (o Z { H B211+1} A (3.15)

11=0

Now, let see the sequence of each ¢, which include one term of A,’s in eq(3.11).

(2) One term of A,’s

c1 = Aoy
o a8 (B
¢5 = {Ao( )1+ A3 (%2) By + As (822) Bus oo

Bran )14 4y (2500 ) By + Ay (5250 ) B + Ao 222 ) Brgs beo

o= {2 )1 1y (Bt ) By () B 4 g (5052 B

B2 4.6

B2,4,6,8
+A8<32’4’678>B1 3,5 7}00

B2,4,6,8,10 B2 ,4,6,8,10 B2 4,6,8,10 B2 4,6,8,10
C11 = {A()( 1 )1 + AQ <—82 )Bl + A4(—BQ4 )Bl,g + A6 <—>B1’3,5

B2.4.6

B2 4,6,8,10 B2,4.,6,8,10
+A8( )31357 + Ao <—> 31,3,5,7,9}00

B2,4,6,8,10

(3.16)
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Eq(3.16) is simply

i1—1

n—1
i [ Baissr [ ] Baisse

12=0 13=0
Con4+1 = E A221 i—1 Co
i1=0
H BQi3+2
i3=0
And
ip—1

Substitute eq(3.18) into eq(3.17).

n i1—1 n—1
Cont1 = E Agiy H Baiyt1 H Baist2 ¢ Co

11=0 i9=0 13=11

Put eq(3.19) in eq(3.13) and use eq(3.8).

o n i1—1 n—1
i) = co Z {Z {A% H Baiy 1 H BQ@'3+2}} g2
0

n= 11=0 i2=0 13=11
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(3.17)

(3.18)

(3.19)

(3.20)

Lets now see the sequence of each ¢, which includes two terms of A,’s in eq(3.11):
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(3) Two terms of A,’s

Do) Lo Aq () (Za) 1 s (%) ()

(%ar) Bt A (5

Bi35,7
> < B1’3’5 > Bl

Ba 4 Bi135,7 Bs.4.6 Bi35,7

+A4 {A5 (32,4) ( Bi135 > Bl 3 + A7 < B2 4 ) (31,3,5,7) Bl’B}
Ba4.6 Bi1,3,5,7

+A6{A7 <32,4,6> (—31’3,577 > B1,3,5} }CO
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on= {0 (B) o ) () 1o (5) (2)1
o () () 1o () () 1)
o () (52) oo () ()
(45) () oo () (3222) )
s (322) (B s+ an () (B2222) Bus
o (T ) (5:2222) Buo)
Ao Ar (Bt ) (F222) Buas + Ao (02 (2222 ) Buas
+A8{A9(g;;g;)(g;;;;g>31,3,5,7}}00

+

A

UJ|N

+
N

+
N

{
{

S

(3.21)
Eq(3.21) is simply
( ( i1—1 12—1 )
n n H B223+1 H B2”L4+2 H B225+3
i3=0 i4=0 i5=0
S SR F D D P UL R R 0 B
n=0 e H BQZ4+2 H BQZ5+3
\ \ 14=0 i5=0 ) )
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By using eq(3.18), Eq(3.22) turns out to be

n i1—1 i9—1
Con+2 — Z {A2i1 Z {AQZQHH B223+1 H B2”L4+2 H B2zo+3}} (3.23)

11=0 12=11 i3=0 14=11 i5=19

Put eq(3.23) in eq(3.13) and use eq(3.8).

i1—1 io—1
= ¢ Z {Z {A% Z {A212+1 H Boiy11 H Baiyto H B215+3} } } LA

= i1=0 12=11 i3=0 14=11 i5=19
(3.24)

Lets now see the sequence of each ¢, which includes three terms of A,,’s in eq(3.11):
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(3) Three terms of A,’s

3 = A0,1,2 Co

N—— W
o |t

+A4{A5 [AGBLS (%ﬁ
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o= {afafanm o (28) a0 @ ()

e (%) () + 1) (487) (8.

a1 () (5) (%) + Ao 1 () (32) (522)
) (o) | sl (%) (52) (52)
(%) (Ban) |+ el (2] (B222) () |}
e a3 (32) (52) (%52) + 408 (32) (52) (522)

s o () (322) () + s (32) (%) (5222

va A () (Bo2) (o) |}

Aol o (52) (322) () + oo (322) () (3222) ]
A [ Ay (B (Bea) (Bes2) ]}

eafasfaomas (B2 (32) (32) )}

_l’_
2
——
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on= {100 () (B) 400 () (39 (25)
o1 (1) (B) (P5)
P 1 (3) (Z) (o) 4 g 1 (3) (Bogre) (Brease) ]
[ Ac 1 (5 (B) (Pgee) +Ae1(3) (B2) (Pe)
A1 () () (Bmsae) 4 a1 (B (Do) (Bosn) |
5[ Ao 1 (%) (32) (P2e)
a1 () () (Beme) + w1 (B2) (B2 ()|
eae[As 1 (Bee) (R22) (B ) + a1 (B2) (22 ()|
+Ag[Asg 1 (Beseae) (Boszs) (Dusann) |1
el () (B) (Pae) + B (B) (52) (P2)
easBy () (%) (o) + A () (%52) (5ress) |
w45 [ Al (B2) (B2) (Zm) + s (B2) (522) (Bee)
Ay (Gt) (e (Grese) |
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A7 [ ABy (Zn ) (Geon) (Bgmman) g ayoBy (B ) (Gpene) (feoase) |
o [nBn (2 (22 (s ) ]

e As[AcBs (52) (Be2) () + Ashua (B2) (%22) (Be)
Ay (L) (Bapns) (Brssn)

Az AsBu (22 (Beo2) (Bgsin) 1 Ay (Bne) (Bpoze) (Gusan)]
+Ag [A1oBl,3 <B]2§;l:i’8> (2?:3) (gﬁ:ig) ] }

+A6{A7 [ASBl,3,5 (§§i§> <§§ZZ> (Béf:;())

+A10B135 (giiﬁ) (ﬁjﬁ) (ﬁjiiiﬁ)]

g [AroBras (Gt ) (Beeze) (Brese) |}

B> 46,8 B3 57,9 B4.6,8,10
+A8{A9 [AlOBl’375’7 (32,4,6,8> <33,5,7,9> <B4,6,8,10> ] } o

(3.25)



CHAPTER 3. THREE-TERM RECURRENCE FORMULA 289

Eq(3.25) is simply

Con43 = Z {A% Z {A2i2+1

i1=0 12=11
( i1—1 i2—1 i3—1 AR
i I Baivsr [ [ Baissz [ | Baioss H Byir 44
X Z A2¢3+2Z4 0 o1 =0 - 6= P =0 Co (3.26)
e H Bajs 12 H Bajg 13 H Bai, 14
L i5=0 i6=0 i7=0 J ) )

By using eq(3.18), Eq(3.26) turns out to be

n n i1—1 ia—1
Cont+3 = Z {A2i1 Z {A2i2+1 Z {A213+2 H Bzz4+1 H 321,5+2

11=0 i2=11 i3=19 i4=0 i5=11
i3—1

X H BQZ6+3 H BQI7+4 (327)
i6=12 i7=13

Put eq(3.27) in eq(3.13) and use eq(3.8).

n i1—1 i9—1
x = COZ { Z {A2i1 Z {A2i2+1 Z {A213+2H Baj, 41 H Baj 12

11=0 i2=11 13=19 14=0 i5=11

i3—1
X H Boig+3 H BQZ7+4} } } }$2n+3+>‘ (3.28)

i6=12 i7=13
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Substitute eq(3.15), eq(3.20), eq(3.24) and eq(3.28) into eq(3.13).

=3 aa™ = () + 91 (@) + (o) + ya() + -
n=0
COZ{H B211+1} 2+
n=0 \71=0
[e%s} i1—1
+co Z {AZH H Baiy11 H BQZ3+2}} g
n=0 \i;=0 i9=0 13=11
i1—1 i9—1
+CU { {AQ’“ {A222+1H 3213+1 H BQZ4+2 H BQZ5+3}}} A
i1=0 12=11 i3=0 14=11 i5=19
[e.e] 11 1 7,2 1
+Co Z { Z {A%l Z {A2i2+1 Z {A213+2H Boj, 11 H Bojs 12
n=0 i1=0 19=11 13=1i9 14=0 15="11
i3—1

X H Bajg 13 H B2,7+4} } } }x2n+3ﬂ

16=12 17=13

(3.29)



CHAPTER 3. THREE-TERM RECURRENCE FORMULA 291

Eq(3.29) is simply

[ee] n—1 ) n i1—1 n—1
y(z) = CO{ Z (H B2i1+1> "+ Z {Z {A2i1 H Bajy 41 H Bzi3+2}} Z2rHEA

n=0 \i1=0 n=0 \7;=0 12=0 13=11

00 00 N-1 n n
+ E E E Agiy 1 (k-1) E Agin 1 (N-1)

N=2 n=0 k=1 Z’k:ik,1 iN:iN—l

N-1 41 —1 n—1

2n+N+A

X Boirrpn+(141) H By 1 +(N+1) €

=0 1414+ N=1] 12N+1=IN
where, ig = 0

3.2 Polynomial which makes B, term terminated

Now, let’s look at the polynomial case of eq(3.30). Assume that B, is terminated at
certain value of n. Then, each y;(x) where i = 0,1,2,--- will be polynomial. Ex-
amples of these are Heun’s equation, Lame function, grand confluent hypergeometric
function, etc. First of all, By will be terminated at certain value of k. And we
choose eigenvalue 3y in which Bg, is terminated where 5y = 0,1,2,---. Then, we
choose Bsg,+1 = 0. And Bsjyo will be terminated at certain value of k. We choose
eigenvalue f; in which Bagg,o is terminated where 5, = 0,1,2,---. again choose

Bsg, 12 = 0. Also, Bgy43 will be terminated at certain value of k. Choosing eigenvalue

(3.30)
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B2 in which By 3 is terminated where 35 = 0,1,2,---. Then choose Byg,+3 = 0. By

repeating this process, we obtain

Bag,4(i+1) = 0 wherei =0,1,2,--- and 5, =0,1,2,--- (3.31)

In general, the two term recurrence formula for polynomial has only one eigenvalue, for
example, the Laguerre function, confluent hypergeometric function, Legendre func-
tion, etc. But the three term recurrence formula has infinite eigenvalues which are
Bi, where 1 =0,1,2,--- and 8; =0,1,2,---.

(a) As fp=0, then B;=0 in eq(3.12).

K (3.32)

(b) As =1, then B3=0 in eq(3.12).

(3.33)

Cy = 3100
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(c) As By=2, then B5=0 in eq(3.12).

Co
¢y = Bicg
Cy = 31,300

(d) As =3, then B;=0 in eq(3.12).

Co
Coy = 3160
Cy = B1,3CO

Ce = B1,3,500

Plug eq(3.32), eq(3.33), eq(3.34) and eq(3.35) into eq(3.15).

Bo -1
yo(il:) = Cy Z { H Bgiﬁ,l} .132n+/\
n=0 \7;=0

Now, let’s look at the polynomial case of one of the terms of A,’s.

293

(3.34)

(3.35)

(3.36)



CHAPTER 3. THREE-TERM RECURRENCE FORMULA
(a) As fp=0, then B;=0 in eq(3.16).

C1 = A()CO

C3 = AOB260

Cs = AoBzACo
Cr = AoBzA,GCo

Cyg = AOB2,4,6,SCO

As i=1 in eq(3.31),
Bag+2 =0 where 8, =0,1,2, - -

Substitute eq(3.37) into eq(3.13) by using eq(3.38).

B1 -1
y(lJ(x) _ COAO Z {H BQi1+2} x2n+1+)\

n=0 ;=0

294

(3.37)

(3.38)

(3.39)
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(b) As By=1, then B3=0 in eq(3.16).

c1 = Aogco
C3 = {A()BQ -1 -+ A2 . 181}60
cs = {AoBas - 14+ AyBaBi}cg
(3.40)

c7 ={AoBaae - 1+ AsBysBi}co

cg ={AoBaags -1+ AyBigsBi}co

The first term in the bracket on coefficient of each ¢, in eq(3.40) is same as eq(3.37).
Then, its solution is equal to eq(3.39). Then substitute eq(3.38) into the second term

in the bracket on coefficient of ¢, in eq(3.40), and plug eq(3.39) into eq(3.13):

b1 n—1 B1 -1
y% (l’) = Cp {Ao Z {H BQi1+2} + AgBl Z { H B2i1+2} } $2n+1+)\ (341)

n=0 \i;=0 n=1 i1=1
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(c) As By=2, then B5=0 in eq(3.16).

¢ = Apco

c3 ={ApBy- 14 Az - 1B }c

s ={AoBaa-1+ AyByB1+ Ay - 1By 3}¢

cr ={AoBaag -1+ AsByeB1 + AyBsBi 3} (3.42)
Cyg = {A032,4,6,8 -1+ A2B4,6,SBI + A4Be,831,3}00

c11 = {AoBaugss - 1+ AsBygsB1 + AsBss10B13}¢o

The polynomial of x for first and second term in the bracket on the coefficients of
each of ¢, in eq(3.42) is same as eq(3.41). Substitute eq(3.38) into the third term in

the bracket on coefficients of ¢, in eq(3.42), and then plug eq(3.41) into eq(3.13).

B n—1 1 -1
yi(a) = CO{AO Z { H BZi1+2} + A2 By Z { H BQi1+2}
n=0 \ i1=0 n=1 \ii=1

B1 -1
+A4B13 Y { 11 Bmg} }x2”+1+)‘ (3.43)
n=2

i1=2
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According to eq(3.39), eq(3.41) and eq(3.43), the general expression for all 8, of y;(z)
Is

Bo ip—1 B1 ig—1
Y1 (QZ) = Cy Z {A%o H BQ/L'1+1 Z { H BZi3+2}} x%HH‘ (344)

i9=0 i1=0 ia=t0 \i3=ip
Now, let’s look at the polynomial case of two term of A,’s.

(a) As 5o=0, then B;=0 in eq(3.21).

Co = Ao,lco

s =Ap{A;-1-Bs- 1+ A3By-1-1}c

6 =Ap{A1-1-Bss -1+ A3ByB5 -1+ A;By4-1-1}c

s = Ag{A1 - 1-Bss7-1+ A3ByBs7 -1+ AsByyBr - 14 A;Byyg-1-1}¢y  (3:45)
clo=Ao{A1-1-Bssr9 -1+ A3ByBs 79 -1+ AsBoyBry - 1

+A7Bs46By - 14+ AgBoags-1-1}co
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(i) As £1=0, then By=0 in eq(3.45).

Co = Ao,lco

cs = AgAy-1-Bs-1cg
ce = ApAi-1-Bss - leg
cg = ApA1-1-Bssr-1c

cio=A0A1-1-Bss79-1lco

As i=2 in eq(3.31),

Bag,+3 =10 where 5 =0,1,2,---

Substitute eq(3.46) into eq(3.13) by using eq(3.47).

B2 -1
yg’()(x) = COAOAl Z {H BQZ'1+3} x2n+2+)\

n=0 \2;=0
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(3.46)

(3.47)

(3.48)
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(i) As B1=1, then B,=0 in eq(3.45).

Co = AO,lcO
C4:A0{A1'1'33'1+A332'1'1}CO
Ceg — AO{AI -1- Bg’g, -1 + A3BQB5 . 1}00
(3.49)

Ccg — AO{AI -1- 33’577 -1 + AngB577 . 1}60

c10=Ao{A1-1-Bssr9-14+ A3ByBs79-1}co

The polynomial of x for first term in the bracket on coefficient of each ¢, in eq(3.49)
is the same as in eq(3.48). Substitute eq(3.47) into the second term in the bracket on

coefficient of ¢, in eq(3.49), then plug eq(3.48) into eq(3.13).

B2 n—1 B2 -1
Yo' () = coAo {Al > { 11 le-ﬁg} + A3By ) { 1T B%H} } 22 (3.50)

n=0 \i1=0 n=1 i1=1
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(iii) As $1=2, then Bs=0 in eq(3.45).

Co = AO,lcO
C4:A0{A1'1'33'1—|—A382'1'1}CO
Cg = AO{Al -1- 3375 14 AgBQBg, -1+ A5B274 -1- 1}60
(3.51)

Ccg — AO{Al -1- 337577 -1 + A332B577 -1 + A5BQ74B7 . 1}00

cio=Ao{A1-1-Bss579- 14+ AsByBs79- 14+ AsBy4Brg - 1}co

The polynomial of x for first and second term in the bracket on coefficient of each
¢n in eq(3.51) is same as eq(3.50). Substitute eq(3.47) into the third term in the
bracket on coefficient of ¢, in eq(3.51), then plug those coefficient of ¢, cs, c10, - - -

and eq(3.50) into eq(3.13):

B2 n—1 B2 -1
yg’Q(x) = COAO{AI Z { H 32i1+3} + A3DB, Z { H BQi1+3}

n=0 11=0 n=1 i1=1
B2 n—1

+A5Bys Y { 11 Bgi1+3} }m2"+2+’\ (3.52)
n=2 i1=2

According to eq(3.48), eq(3.50) and eq(3.52), the general expression for all 55 = 0 of
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y9(z), replacing the index n by i is

10=0 i1=0 12=19 \ 13=1Q

B1 io—1 B2 i9—1
ys() = codo ) {A2i0+1 I Boivo Y { I1 B2i3+3}} TR (3.53)
(b) As Bo=1, then B3=0 in eq(3.21).

Co = A0,100
Cy = {AO[A1-1-33-1+A332-1-1] +A2[A3-1-1-Bl}}co
co = {AO [Al 1+ Bss-1+ A3ByBs -1+ AsBay-1- 1}
A, [Ag, 1-BsBy + AsBy - 1- Bl] }co
cs = {AO [Al 1 Bsss-1+ A3BsBsr -1+ AsByaBr -1+ ArBayg-1-1
4 A, [Ag ‘1 Bs7By + AsBiBeBy + AyByg - 1- Bl} }co
C10 = {Ao [Al “1-Bssr9 -1+ A3BoBsr9-1+ AsByyBrg -1
+A7By 4By -1+ AgBosgs-1- 1]

+A, [Az 1 Bs79B1 + AsB4B79B1 + A7BysBygB1 + AgBygs - 1 - Bl] }Co

(3.54)
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The polynomial of x for first term in the bracket on coefficient of each ¢,, including
Ap in eq(3.54) is equal to eq(3.53). Now, let’s look at the second term in the bracket
on coefficient of each ¢, including A, in eq(3.54).

(i) As f1=1, then B4=0 in second term in the bracket on coefficient of each ¢,

including Aj in eq(3.54).

Cy = AQBl{Ag -1 1}00
Ce = AQBl{Ag -1 B5}co
cy = A2B1{A3 1 35,7}00 (3.55)

Clp = A2BI{A3 -1 B5,7,9}Co

Substitute eq(3.55) into eq(3.13) and use eq(3.47).

B2

n—1
vy (x) = coA2B1As Y { 11 Bmﬁg} g2 (3.56)

n=1 i1=1

(ii) As p1=2, then Bs=0 in second term in the bracket on coefficient of each ¢,
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including A, in eq(3.54).

Cqy — AQBl{Ag -1- 1}00
Ceg — AQBl{Ag -1- B5 + A5B4 . 1}00
cg — AQBl{Ag -1- B577 + A5B4B7}CO (357>

Cio = AgBl{Ag -1- B5,779 + ASB4B7,9}CO

The polynomial of x for first term in the bracket on coefficient of each ¢, in eq(3.57)
is same as eq(3.56). Substitute eq(3.47) into the second term in the bracket on

coefficient of ¢, in eq(3.57), then plug it into eq(3.13) and add to eq(3.56).

B2 -1 B2 —1
y;Q(fL’) = cpA2 B, {As Z { H BQi1+3} + AsBy Z {H Bgi1+3}} g2 t2A (3.58)
n=2

n=1 \i1=1 11=2

(iii) As f1=3, then Bg=0 in second term in the bracket on coefficient of each ¢,
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including A in eq(3.54).

Cy = AgBl{Ag -1 1}60
Cg = AgBl{Ag -1 B5 + A5B4 : 1}00
Cg — AgBl{A5 -1 B577 + A5B4B7 + A7B4’6 : 1}00 (359>

C10 = AZBI{AS “1-Bs79+ AsB4Brg + A7B4,6Bg}00

The polynomial of x for first and second term in the bracket on coefficient of each ¢,
in eq(3.59) is same as eq(3.58). Substitute eq(3.47) into the third term in the bracket

on coefficient of ¢, in eq(3.59), then plug it into eq(3.13) and add to eq(3.58).

Z/; 3(55) = COAQBl{ Z {h BQzl+3} + A5 B, Z {h B2u+3}

n=1 (i1=1 11=2

+A7Byg Z { 11 ngg} }ﬁ"““ (3.60)

1=3

According to eq(3.53), eq(3.56), eq(3.58) and eq(3.60), the general expression for all
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Bo = 1 of ya(z) replacing the index n by i is

B1 io—1 B2 in—1
ya(z) = CO{AO Z {AQio—H H Boi 12 Z { H B2i3+3}}

i0=0 i1=0 12=t0 \i3=1%0
B1 ip—1 B2 i9—1

+A;B Z {A2i0+1 H Bai, 12 Z { H Bgi3+3}} }x2’2+2+’\ (3.61)
i9o=1 i1=1 io=ig9 \i3=ig
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(c) As By=2, then B5=0 in eq(3.21).

Co = Ao,lco

co = {Ao- 1|41 1 Byt AsBy 1) + 4381|4511 feo

co = {AO 1 [Al -1+ Bys+ AsByBs + AsBay - 1} + AyBy [Ag 1-Bs+ AsB, - 1}
+A,B [A5 - 1] }co

g = {Ao -1 [A1 “1-Bssr+ A3BoBs7 -1+ AsBoyBr + A7Bo 46 - 1}
Y A,B, [Ag 1 Bsqy+ AsByBy + ArByg 1]
+A,B [A5 1By + A Bg - 1] }co

Clo = {Ao -1 [Al 1-Bssr9+ AsBoBs 79+ As By yBrg + A7Bg s 6By + AgBaags - 1
+AB4 [Ag 1-Bsr9+ AsByB7g+ A7BygBy + AgBygs - 1]

+A4By 3 [A5 -1-B7g+ A;BsBg + AgBg s - 1} }Co

(3.62)
The polynomial of x for first and second term in the bracket on coefficient of each ¢,
including Ap - 1 and A2 By in eq(3.62) is equal to eq(3.61). Now, let’s investigate the

third term in the bracket on coeflicient of each ¢, including A,B; 5 in eq(3.62).
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(i) As =2, then Bg=0 in third term in the bracket on coefficient of each ¢,

including A4B; 3 in eq(3.62).

Ce — A4B173{A5 -1- 1}60

cg = A4Bl,3{A5 -1 B?}Co

(3.63)
Clo = A4Bl,3{A5 -1 B7,9}Co
Substitute eq(3.63) into eq(3.13), and by using eq(3.47).
B2 -1
yg’Q(x) = COA4Bl,3A5 Z {H BQi1+3} .I'2n+2+)\ (364)
n=2 \i1=2

(ii) As 81=3, then Bg=0 in third term in the bracket on coefficient of each ¢, including
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A4B173 in eq(362)

Ce — A4B173{A5 -1 ]_}CO

Cg = A4B173{A5 -1 B7 + A7B6 : ].}C()
(3.65)

Clo = A4Bl,3{A5 1+ Brg+ A7B6B9}CO

The polynomial of x for first term in the bracket on coefficient of each ¢, in eq(3.65)
is same as eq(3.64). Substitute eq(3.47) into the second term in the bracket on

coefficient of ¢, in eq(3.65), then plug it into eq(3.13) and add to eq(3.64):

B2 -1 B2 _1
v" (¥) = codiBug {A5 Z { H B2i1+3} + A7 Bs Z { H Bm‘1+3}} g2
n=3

n=2 (i;=2 =3 Li1=3

(3.66)

(iii) As B1=4, then Bjp=0 in third term in the bracket on coefficient of each ¢,
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including A, in eq(3.62).

Cg — A4Bly3{A5 -1 1}00
Cg = A4Bly3{A5 -1- B7 + A7B(5 : 1}60
Cio — A4Bl73{A5 -1 B779 + A7B(5B9 + Ang;,g . 1}00 (367>

Clz = A4Bl,3{A5 “1-Brgn + A7B¢Bg 11 + AQBG,8BH}CO

The polynomial of x for first and second term in the bracket on coefficient of each ¢,
in eq(3.67) is same as eq(3.66). Substitute eq(3.47) into the third term in the bracket

on coefficient of ¢, in eq(3.67), then plug it into eq(3.13) and add to eq(3.66).

(@) = coAuB 3{ Z {h B2n+3} + A7 Bg Z {h Bzzl+3}

n=2 \i1=2 11=3

+A9B6 ] Z { H BQzl+3} }x2n+2+)\ (368)

11=4
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According to eq(3.53), eq(3.61), eq(3.64), eq(3.66) and eq(3.68), the general expres-

sion for all 3y = 2 of y3(x) replacing index n by i is

?Jg(l") = Co{ Z {A27,0+1 H Bai 12 Z { 1__[ B2i3+3}}

10=0 11=0 t9=19 \ 13=10

B1 io—1 ia—1
+A2B, Z {A2i0+1 H Baj, 42 Z { H B223+3}}

i0=1 11=1 12=10 13=10

B1 io—1 in—1
ALY {A I Baree S { 10 B}} } 1343360

i0=2 i1=2 io=19 \ 13=10

We obtain general expression for all Gy of ys(x) of two term of A;’s from eq(3.53),

eq(3.61) and eq(3.69).

i0—1 B1 in—1 a1
= (Cp Z {A210 H B211+1 Z {A2i2+1 H BQi3+2 Z { H BQZ5+3}}} 2i4+2+A

i10=0 11=0 i19=1Q i3=10 4=t \is=ig
(3.70)

By using similar process for the previous case of zero, one and two term of A;’s, the

general expression for all 3y of y3(x) for the case of three term of A;’s is

ig—1 51 io—1
I = COZ {AQZ() H Boii 41 Z {AQZ‘QH H BQig—i—Q

10=0 11=0 12=10 13=1(
ig—1 ig—1
2ig+3+A
X E Asiyto H Bais+3 E H Bai, 14 x”° (3.71)
14=12 i5=19 16=14 17=14
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We have a general expression of the power series of y(z) for the polynomial case in the
three term recurrence formula according to eq(3.36), eq(3.44), eq(3.70), and eq(3.71)

18

i0=0 \i1=0
Bo io—1 ig—1
2ig+14+A

+ Ay, H Bai, 11 g H Baiy12 x?

10=0 11=0 i2=19 \13=10

oo Bo ig—1
+ E Aagig H Boi 41

N=2 i0=0 i1=0

N-1 Bk dogp—1
X § : A222k+k H BQi2k+1+(k+1)

k=1 \igr=lg(k—1) 12k+1=l2(k—1)

BN ZzN 1
2igN+N+A
BziQN_HJr(NJrl) TN (3.72)
laN= ZQ(N 1) laN+1= l2(N 1)
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For infinite series, replacing fy,51,0r and Sy by oo in eq(3.72):

. 1) I2’Lo+)\
i1=0

@
I
o

<
&
I
&
—N—
[M]¢
<
=1
5
T

0

e’} i0—1 i2—1
2ia+14+A
+ g Aon H Bai, 11 E H Baiy 10 "
i0=0 i1=0 i9=t9 \i3=1g
[e'e) 00 i0—1
+ E E A?’Lo H B2i1+1
N=2 \ =0 11=0
N-1 dop—1
X E Asiere [[ Boimyurtein)
k=1 \iox=tox_1) 12k+1=02(k—1)

tonN—1
2ioN+N+A
X I[I B | ¢ ™™ (3.73)
(PINES ZQ(N 1) 2N +1= Z2(1\171)

Eq(3.73) is exactly equivalent to eq(3.30). Eq(3.73) is another general expression of

power series of y(x) for the infinite series of eq(3.30).

3.3 Polynomial which makes A, term terminated

Earlier we talked about the polynomial case as B, term terminated at certain value
of n. Now, let’s think about the polynomial case as A, term being terminated at
certain value of n. Then, some of y;(x) where i = 0,1,2,--- will be zero at specific

eigenvalues as we see eq(3.29) and eq(3.30). First of all, lets say Ay;, is zero at every
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value of 7; at certain eigenvalue. We choose this eigenvalue as ag in which Ay;, is zero
where op = 0,1,2,---. Then, we further choose Ag,, =0 = A4y = Ay = Ay = ---
As we see from eq(3.29), y;(z) = y2(x) = y3(x) = - -+ is zero which satisfies Ag;, = 0.

Then we obtain the function y(z)

00 n—1
y(r) = coz’ Z {H B%H} 2" where ag =0,1,2, - -- (3.74)
n=0

11=0

Let As;, 11 be zero at every value of i3 as a3 = 0,1,2,---. Then we choose Ay, 11 =
Ap = A3 = A; = --- = 0. We see in eq(3.29), y2(x) = y3(z) = ya(x) = - -+ is zero,

which satisfies Ay;,+1 = 0. Then we obtain the function y(z)

ylx) = cox)‘{ Z { 1:[ B%H}xzn

n=0  i1=0
00 n i1—1 n—1
+ { Z {A% H Boiy 11 H B2i3+2} }IE%H}
n=0 i1=0 i2=0 i3=11
where ay =0,1,2,--- (3.75)
Let Ag;, 1o is zero at every value of i3 as ag = 0,1,2,---. Then we choose Ay, 10 =

Ay = Ay = Ag =+ =0. Wesee eq(3.29), y3(x) = ys(x) = ys(x) = - - - is zero, which
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satisfies Ag;,+2 = 0. Then we obtain the function y(x)

Wo) = o { 3 {H B} S {Z {A T B T B}}

n=0 \i1=0 n=0 \71=0 12=0 13=11
i1—1 i9—1
D> {z {A 3 {A T Boves T Bowee I B}}} }
= 11=0 i2=11 i3=0 i4=11 i5=19
where ap =0,1,2,--- (3.76)
Let Ay, 5 is zero at every value of iy as a3 = 0,1,2,---. Again we choose Agy, 13 =
A3 = A5 = A7 = --- = 0. As we see eq(3.29), ys(x) = y5(z) = ys(x) = - -+ is zero,

which satisfies Ag;, 13 = 0. Then we obtain the function y(z)

o) = {z{n} Z{Z{AH H}}

n=0 1 0 =0 11 0 12 0 13=11
o0 n Z1 1 22 1
+ Ay A B B B pt?
201 2i9+1 2i3+1 24442 2i5+3
n=0 \71=0 i2=11 13=0 t4=11 i5=12
fe'e) n n i1—1 i2—1
+ E E Agi, g Agiyt1 E Agigto H Bai, 11 H Bajs 12
n=0 i1=0 i2=11 i3=19 i4=0 i5=11

i3—1
< |] Baigss H B%H} } }} 2”+3} where as = 0,1,2, - - - (3.77)

i6=12 i7=13
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Using the previous cases we obtain the necessary condition which is

Aseppim =0 where m =0,1,2,--+ and o, = 0,1,2,--- (3.78)

According to eq(3.74), eq(3.75), eq(3.76) and eq(3.77), the general expression of y(z)

for the polynomial which makes A,, term terminated is

y()

o) n—1
cor Z {H Bgi1+1} % where ag = 0,1,2, - --

0o 11—1 n—1
+ Z {AQZ H BQZQ_H H B213+2}} I2n+1} where o = 0, 1, 2, cee
12=0

13=11

0 0
0 n—1 e’} 11—1
{ z{ B} S {z {A T Bos I B}}
= n=0

n=0 i1=0 11=0 i2=0 i3=11
m 00 N-— n
+ E E H E Agip v (k1)
N=2 n=0 k=1 Te=1lk—1
n N—-1 i1 —1
X E: AQiN+(N—1)H H Baiv sy s n+(1+1)
IN=IN_—1 =0 U414+ N=1

n—1
12N+1 ZN

where ip =0, «,, =0,1,2,--- and m > 2 (3.79)
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By putting eq(3.78) into eq(3.73), we obtain another expression of y(x) for the poly-

nomial which makes A,, term be terminated.

10—1
y(z) = cor? Z {H B27,1+1} A where ag =0,1,2,---

10=0 \71=0
i0—1
- E H BZZ1+1
i0=0 \71=0
o) i0—1 i9—1
2z +1 _
+ AQio H BQZ‘1+1 E H Bgl3+2 2 where a1 = 0, 1, 2, ce
10=0 11=0 i9=t0 \i3=t0
00 0—1 i0—1 i9—1
A E § E 2 +1
= Cox H B211+1 2io —f- AQZO H B2“+1 H B2z3+2 ‘2
i0=0 \i1=0 10=0 i1=0 i2=i9 \i3=10
m oo io—1 N-1 00 2ok —1
+ E E Asig H B, 41 H E Adig+k H Baigy o1 +(k+1)
N=2 \ ip=0 i1=0 k=1 \igor=lzk—1) 12k+1=l2(k—1)
o0 Z'QNfl
2ioN+N
x ) I[I Bevorovey TN
igN=l(N—1) \2N4+1=l2(N—1)
where v, = 0,1,2,--- and m > 2 (3.80)

Eq(3.80) is exactly equivalent to eq(3.79).
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3.4 Polynomial which makes A, and B, terms ter-

minated

Now, let’s think about the polynomial case where A, and B, terms are terminated

at certain value of n. Put m = 0 in eq(3.78). We have
A2a020:A0:A2:A4:"' (381)

As we plug eq(3.81) into eq(3.72), we obtain y;(z) = ya(x) = ys(x) = --- = 0, and
the maximum value of ag should be equal to or greater than fy. If it doesn’t, the

analytic function y(x) can not be polynomial any more. We define this condition as
Max(ag) > By where ag, 5o = 0,1,2,--- (3.82)
Then, the function y(x) is

Bo (io—1
y(x) = oz Z {H an#} z*° where Max(ao) = fo (3.83)

10=0 \71=0
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Putting m = 1 in eq(3.78). We have
A2a1+1 =0= A1 = A3 = A5 = (384)

As we plug eq(3.84) into eq(3.72), we obtain ya(x) = ys3(z) = ya(z) = --- = 0. And
the maximum value of a; should be equal to or greater than ;. If it doesn’t the

analytic function y(z) can not be polynomial any longer. We define this condition as
Max(ay) > 1 where o, 51 =0,1,2,--- (3.85)

Then, the function y(x) is

Bo i0—1
?/(55) = Cox)‘{ Z { H B2i1+1} 20

i0=0 \i1=0
Bo ip—1 B1 ia—1
2ig+1
+ g A, H B, 11 E H Boiy 4o x°?
10=0 i1=0 i2=109 \i3=10

where Max(ay) > (3.86)
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Put m = 2 in eq(3.78). We have
A2a2+2 =0= A2 = A4 = Aﬁ = (387)

As we plug eq(3.87) into eq(3.72), we obtain ys(x) = ys(z) = ys(z) = --- = 0. And
the maximum value of as should be equal to or greater than (5. If it doesn’t the

analytic function y(z) can not be polynomial any longer. We define this condition as
Max(ag) > B2 where ag, 5o =0,1,2,--- (3.88)

Then, the function y(x) is

Bo i0—1
y(l’) = 0017)\{ Z {H B2¢1+1} 2

i0=0 \i1=0

Bo ip—1 B1 ia—1 ‘
+ Z {A%o H Bai 41 Z { H BQi3+2} } 2t

10=0 11=0 12=10 13=10

Bo io—1 B io—1
+ Z {AQio H Bai, +1 Z {A%H H Boiyia

10=0 i1=0 i9=10g 13=10

B2 ig—1
14=12 15=19

where Max (o) > o (3.89)
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Put m = 3 in eq(3.78). We have

A2ag+3 =0= Ag = A5 = A7 = (390)

As we plug eq(3.90) into eq(3.72), we obtain y4(x) = ys(z) = ys(z) = --- = 0. And
the maximum value of ag should be equal to or greater than (3. If it doesn’t, the

analytic function y(z) can not be polynomial any longer. We define this condition as

Max(ag) > 3 where ag, 53 =0,1,2,--- (3.91)
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Then, the function y(x) is

y(r) = cox {Z {i_[ Bzz1+1}

10=0 \71=0
i0—1 i9—1
21 +1
+ g Agig H Bai, 11 E H Bojy 1o 2
10=0 i1=0 io=i9 \i3=ig
i0—1 io—1 ig4—1
A B A B By; Zat2
+ 2ig 2i1+1 2in+1 2ig+2 2i5+3 x
10=0 11=0 12=10 13=10 14=12 15=19

i0—1 B1 i2—1
+ Z {A% H Boi, 11 Z Agiyi1 H Bsigt2

lo =0 11 =0 ’LQ ’io i3=i0
ia—1 ig—1
X Z {A214+2 H Byigy3 Z { H BQ@'7+4}} }}xmﬁg}
14=19 i5=19 16=tq4 \17=1l4
where Max(ag) > f3 (3.92)

By using the previous cases, we obtain the necessary condition which is

Max(a,) > B where m =0,1,2,--- and a,,, 5, =0,1,2,--- (3.93)

According to eq(3.83), eq(3.86), eq(3.89) and eq(3.92), the general expression of

y(x) for the polynomial which makes A, and B, terms terminated where a,,, 5,, =
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0,1,2, - is

10—1
y(x) = cow Z{H ng} 0 where Max(ag) > f

10=0 \71=0
i0—1
= E H B211+1
i0=0 \i1=0
’Lo 1 12—1
2i0+1
+ E Agiy | [ Bais g 1 Baisea ¢ ¢ 2™* where Max(a1) > 4
10=0 11=0 12=19 \ 13=10
10—1
- E H BQZ1+1
i0=0 \71=0
Bo i0—1 i9—1
2 +1
+ A, H Bai 41 E H Bajy 42 "2
1020 Z1 =0 12 ZO 7,3 7,0
m 10—1
+ g E Aaiy H Boj 41
N=2 10=0 11=0
N-1 Bk igg—1
X H g Atk H B2i2k+1+(k+1)
k=1 \i2k=tl2(k—1) 12k4+1=l2(k—1)

zzN 1
2ioN+N
BQi2N+1+(N+1) T
laN= Z2(N 1) laNf1= 22(1\7 1)

where Max(ay,) > B, and m > 2
The Fibonacci numbers are the numbers in the following integer sequence:

0,1,1,2,3,5,8,13,21,34,55,89, 144, - - - (3.94)
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the sequence ¢, of Fibonacci numbers is defined by the recurrence relation

Cn4l = Cp + Cp n>1

with seed values

CQ:O 61:1

The generating function of the Fibonacci sequence is the power series.

- x

n
E "' = ——
11—z —a?

n=0

We know, the three term recurrence relation is
CnJrl:An Cn+Bn Cn—1 yn > 1

with seed values

Ccl = A() Co

323

(3.95)

(3.96)

(3.97)

(3.98)

(3.99)

As we see the numbers of each of sequence of ¢, in eq(3.11) is followed by a Fibonacci

number, and if A, = B, = 1 in eq(3.99), it is exactly equivalent to the recurrence
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relation of Fibonacci numbers. Because of this reason, we call each sequence of
¢, in eq(3.11) as n'® Hyper-Fibonacci generator’. And eq(3.99) is called as the
recurrence relation of Hyper-Fibonacci generator. Also eq(3.30), eq(3.72) and eq(3.73)
correspond to eq(3.77). Because of it, we call eq(3.72) as the generating function of
Hyper-Fibonacci generator for the polynomial. Eq(3.30) and eq(3.73) are called the
generating function of Hyper-Fibonacci generators for the case of infinite series.

There ia an algebraic number series in which is

1L,1,1,1,1,1,- - (3.100)

We call eq(3.101) as the identity number, and it’s recurrence equation is

Cni1 = Cp n>0 (3.101)

with seed values

co=1 (3.102)
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The generating function of the identity sequence is a power series

= 1
D et = (3.103)

11—z

n=0

If B,,=0 in eq(3.99), then it turns to be two term recurrence relation.
Cns1 = Ancp in >0 (3.104)

Some of the examples are the Legendre function, Kummer function, hypergeometric

function, Bessel function, etc. And the number of each of sequence ¢, in eq(3.105) is
L1,1,1,1,1,- - (3.105)

Eq(3.106) is equivalent to eq(3.101). As we put A,=1 in eq(3.105), it becomes
eq(3.102). Because of this, we call eq(3.105) the recurrence relation of Hyper-Identity
I th

generator, and each sequence of ¢, in eq(3.105) as 'n'* Hyper-Identity generator’.

The power series of eq(3.105) is

y(z) = Z cnt" ™ = ¢ Z (H Ai> gt (3.106)
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And polynomial case of eq(3.86) is

(o) n—1
y(z) = ch:z:”+’\ = Z (H AZ-) gt (3.107)
n=0 \i=0

Eq(3.107) is called the generating function of Hyper-Identity generator for infinite
series. And eq(3.108) is called the generating function of Hyper-Identity generator
for polynomial.

Now, let’s think about four term recurrence relation in ordinary differential equa-

tion. The four term recurrence formula is
Cni1 = Ap cp+ By ey + Cren_so in > 2 (3.108)

with seed values

C1 = A()CO Cy = (A(]Al + Bl> Co (3109)

And the number of each of sequence ¢, in eq(3.109) is the following way:

1,1,2,4,7,13,24,44, - - - (3.110)
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Eq(3.111) is Tribonacci number. And it’s recurrence equation is

Cntl = Cp+ Cpe1 + Cpo in > 2 (3.111)

with seed values

Co = 0 Cc1 = 1 Cy = 1 (3112)

If A, = B, = C,, = 1 in eq(3.109), it’s exactly equivalent to Tribonacci number.
Then we call eq(3.109) the recurrence relation of Hyper-Tribonacci generator.

And five term recurrence formula in ordinary differential equation is

Cni1 = A, cp+ By e+ Crcng + Dycp_s in >3 (3.113)

with seed values

Ccl = AQCO Cy — (A()Al + Bl) Co C3 = (AoAlAQ + AOBQ + AgBl + 02) Co

(3.114)
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And the number of each of sequence ¢, in eq(3.114) is the following way:

1,1,2,4,8,15,29, 56, 108, 208, - - -

Eq(3.116) is Tetranacci number. And it’s recurrence equation is

Cpni1 =Cp T Cp1+Cp2tcCp3 3 > 3

with seed values

C():O 61:1 62:1 03:2

328

(3.115)

(3.116)

(3.117)

If A, = B, =C, =D, =11neq(3.114), it becomes exactly equivalent to Tetranacci

number. Then we call eq(3.114) the recurrence relation of Hyper-Tetranacci genera-

tor.
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3.5 Summary

(1) Asap =0,1,2,---that makes Ag = Ay = Ay =--- =0
oo n
A 2
y(x) = cow Z H B2i1+1 z°"
n=0 (i1=0
o (ip—1
A 24
= 3 LT a0
ig=0 i;=0
(2) As @1 =0,1,2,---that makes A] = A3 = As =---=0

Il
<]

— 3
gk

i1=0 n=0 |i1=0 ig=0 i3=17

+

i3=0 ig=11 i5=1ig

n v n i1—1 ig—1
> {AQil S {A2i2+1 3 {A273+2 I1 Bais4+1 I Ba2ig+2

ig=1i7 ig3=1ig

n—1

2n+43

Baig+3 || 3217+4}}}}I "Jr}
ig=1ig i7=ig

Mg il !

+

3

X
=

ig4=0 i5=11

-

ig=0 li1=0 ig=0 i1=0 ig=ig lig=ig

o ig—1 o in—1 ig—1
S {A T 5on 3 {A272+1 TS { I 5o s
ip=0

i1=0 ig=1iQ ig=1iq ig=ig Lig=ig

+

i

ig—1 oo in—1
{A2i0 11 B2iy+1 > {A2i2+1 11 B2ig42
0

i1=0 ig=iq ig=ig

ig—1 ig—1 S
paigie 11 Bagrn S5 4 0T sapag p 2o}
62 i5=12 ig=1q4 \i7=1g

Me 308 9

4

oo n—1 i1—1 n—1
y(m>:COI/\{ { I Bzi1+1} " 4 Z { > {A2i1 I1 B2ig+1 I1 321‘3+2}}

I2n+1}

ig—1 ig—1 oo ig—1 .
{ 11 B2i1+1}1 0+ Z {AmO 11 B2iy+1 > { 11 BZi3+2}}T212+1}
0

} 1271,+1

I

A
= cow
ig i1=0 i9g=0 i1=0 ig=1ig \iz3=ig
(3) Asag =0,1,2,---that makes Ap = Ay = Ag=---=0
o [n—1 i1—1 n—1
A
y(z) = cox { S 9 1II B2ig+a Z Z Agiy I] Baig+1 [I B2igte
n=0 (i;=0 n=0 (i;=0 ip=0 ig=iy
oo n n i1—1 ig—1 n—1 2 2
#3505 a3 Btsigin 11 B 11 Baigrn 11 Baigan | (247
n=0 {i1=0 ig=17 13 0 ig=17 i5=1g
oo ig—1 ig—1 oo ig—1
A 24 1
o { S VT Baer [0+ 5 iy T Baigsr 3o 4 I1 Bagsa | o227
ig=0 \i1=0 ip=0 i1=0 12*1'0 ig3=1iq
oo ig—1 oo in—1 ig—1
£ 5 Vs T Banr 3 Sdans 11 Baigir S 4 11 Baigss
ip=0 i1=0 ig=1iQ i3=1iQ ig=ig (ig=ig
(4) As a3 =0,1,2, - -that makes A3 = Ag = Ay =-.- =0
N oo n—1 oo n ip—1 n—1
2n
y(z) = cox { 1T B2ig41p =™+ > Aziy II Baig+1 [l B2iz+2
n=0 (i1=0 n=0 (i =0 i5=0 ig=ig

n n i1—1 ig—1 n—1
2n+42
30 {420 2 {A2ipt1 [T Baigyr IT Boigea I Baigrapgpe™
-1

o (ip—1 ) o ig—1 o ig—1 _
YRS { 9 Bwl}z"’m 5 {A T Bonir 3 { I B}}

-
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Table 3.1: The power series of y(z) for three different eigenvalues; ag, oy and ay that

only makes A, term terminated for polynomial case
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o= {11
ety

i0=0

>

n

y(x) = cox {

oo
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!

(2) Asa; =0,1,2,--

H B211+1

7,1_0
10— 1

I B2iva

i1=0

}n

1
H B, +1

{’Ll 0
{201

.
}

H B, +1

11=0

H BQzl+1

(
(

|

U1+

-1

-that makes Ag = Ay

} .,1:21(]

-that makes A;

:ASI

>

n=0

210_|_Z

’L()O

h

n=0

Z Agip+(k—1)

T =10k —
ip41—1

H BQil+1+N+(l+l)

1

N=

210+Z

T

-that makes Asq,, +m = 0 where m > 2

x2n+z

11—1

>

i1=0

)

120
n

{

)

Baiyn i +(N+1) } } }$2n+N} where, ig = 0

A211 H BZlg+1 H B223+2

A= =0
A5 — ... = 0
Zl 1
Z {Aml H B, 4+1 H 32134-2}} 2n+1}
11=0 12=0 13=1%1
ZU 1 7;271
{Amo H B, 41 Z { H 321‘34-2}}2?212“}
11=0 i2=19 \i3=t0

i3=11

ip—1 i0—1
2i5+1
Agi, H Bai,+1 E H Baig42 "
11=0 i2=19 \i3=1p
iop—1

oo
E : A2i2k+k

T2k =%2(k—1)

I

B2i2k+1+(1€+1)>

10:0 ’Ll 0 ’LO 0
m o ig—1
+ E E Agi, H Baj, +1 H
N=2 : 21 =0
oo ’LQN 1

[

12N4+1=12(N—1)

B2i2N+1+

(

2N =lia(N—1)

12k4+1=%2(k—1)

Table 3.2: General expression of power series of y(x) for Table 1
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(1) zero term of Als
10— 1
~o 3 ] s faren
Zo =0 ’Ll—O
(2) one term of A’ s
Zo 1 iz*l
= o Z {AZzo H Baiy 11 Z { H B2i3+2}}x212+1+)\
’Lo =0 ’Ll =0 22 10 i3:i0
(3) two term of Als
ig—1 B1 ia—1 ig—1
- {A T B S {A i Baee S { I Baes
10=0 11=0 i2=10 13=10 14=12 \i5=t2

(4) three term of A’s

10—1 i0—1
=co Z {Amo H B, +1 Z {A212+1 H Bajy42

0= O 11=0 =10 i3=10
iga—1 ig—1
2ig+3+A
X g Agigt2 H Bais 13 E H Bai, 14 e
14 12 ’L5 22 7/6 7,4 i7:i4

Table 3.3: Summary of the zero, one, two and three term of A,’s that only makes B,

term terminated for polynomial case.
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Bo [fio—1

{ (H B%H) oA Z
10=0 \21=0 10=0
o0 Bo io—1 N-1
+> { > {AZiO I Baini1 [
N=2 \ =0 11=0 k=1

BN ton—1

<y (T

loN=ly(N—1) \l2N+1=la(N_1)

s

{

10—1

Aai, H Bai, 41 Z

11 =0 i2=10

Z A212k +k

o= 19(k—1)

in—1
H Baiyy2
in—io
iop—1

II

B2i2

2k4+1=l2(k—1)

Bzi2N+1+(N+1)> } }$2i2N+N+A}

) } x2i2+1+)\
k+1+(k+1)>

Table 3.4: General expression of power series of y(z) for Table 3
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(1) As Max(ao) > By where aq, 5o =0,1,2,---

i0—1
= cox Z { H B2z1+1} ‘0
10=0 \i1=0
(2) As Max(ay) > 1 where aq, 51 =0, 1, 2,---
Bo i0—1 i0—1 i2—1 '
y(z) = cox? {Z {H B%H} g Z {Azm H Bai;+1 Z { H B2i3+2} x%“} }
10=0 \i1=0 i0=0 11=0 12=10 13=10

(3) As Max(ag) > (B2 where ag, 82 = 0,1,2,---

io—1 io—1 in—1
y(z) = cox { {Z {H BQzH—l} 20 4 Z {Amo H Baiy+1 Z { H Bzi3+2} x2i2+1}

10=0 \i1=0 10=0 11=0 12=1(0 13=10
5 i0—1 io—1 ia—1
A B A B By a2
2ig 2i1+1 2i9+1 2i3+2 2i5+3 xr
0=0 i1=0 12=1Q 13=10 i4=12 \ig=ig

4) As Max(a3) > (3 where as, 3 =0, 1, 2,

Bo ip—1 ig—1 io—1
= CoT { { {H Bzi1+1} Zio + Z {Amo H B211+1 Z { H B2i3+2} .7}2%2—’—1}
7

10=0 \21=0 10=0 11=0 12=1( 13=10
Bo i9—1 ig—1 ig—1
2i4+2

+> 4 A, H Baii+1 § Agiyi1 [[ Boiste E 1 Bis+s ™

10=0 1=0 ’LQ 10 i3=1ip ig=io \iz=io

,80 - i2—1
+ g A, H i1 +1 E Agiyi1 H Bajy o

10=0 1=0 9= ZO 13=10

B2 i4—1 ig—1

21643

X E Agiyto H Bais+3 E H Bir+4 e

14=19 i5=19 16=14 \i7=14

Table 3.5: The power series of y(x) for three different eigenvalues; g, a; and s that

makes A, and B, terms terminated for polynomial case.
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(1) As Max(ao) > By where aq, 5o =0,1,2,---

i0—1
= cox Z { H B2z1+1} ‘0
10=0 \i1=0
(2) As Max(ay) > 1 where aq, 51 =0, 1, 2,---
Bo i0—1 i0—1 i2—1 '
(@) = o {z {H B} s {A I B 3 { i B} } }
10=0 \i1=0 i0=0 11=0 12=10 13=10

(3) As Max(ayy) > B where agy, B = 0, 1,2,--- andm > 2

i9—1 io—1 ig—1
y(:c) = Cox {Z {H B211+1} 2o + Z {AZzo H B, +1 Z { H B2i3+2} $2i2+1}

10=0 ;=0 10=0 11=0 12=10 13=10
m i0—1 N-1 Bk igp—1
+ E E Agiy [] Baivsr [ > Avyre ] Boispsirter)
i0=0 i1=0 k=1 \igp=ig(k_1) 12k+1=02(k—1)

ﬁN ionN—1
2ioN+N
X Z H BQi2N+1+(N+1) xRN
IaN=lig(N—1) \I2N4+1=lg(N-1)

Table 3.6: General expression of power series of y(z) for Table 5
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(1) zero term of Als

i0—1
20+
W=y {H B}

10=0 \i1=0
00 n—1
— 2n+X\
=c > ] Bainr g2
n=0 \i;=0

(2) one term of Als

y —Co

—N—
Eﬁ

I ::]O
“—Z
M

i9—1
2ig+1+A
H Baiyto i1+
i2=1i0 13 10
n i1—1
2n+14X
= Co E A, H Baiyt1 H Boigpa p ™"
n=0

11=0 i2=0 i3=11

!/
nS

ip—1 in—1 is—1
= ¢ Z {AQzO H Bai, 11 Z {A212+1 H Baigi2 Z { H B2i5+3}}}x2i4+2+)\

'LQ 0 11=0 12=10 13=10 14=19 z5 12

i1—1 is—1
= Z {Z {A2i1 Z {A212+1 H BZzg+1 H B214+2 H B215+3} } } x2n+2+)\

n=0 \i1=0 i2=11 i13=0 14=11 i5=12

(3) two term of A

(4) three term of Als

i0—1 io—1
= Z {Am H B, +1 Z {A212+1 H B2

0= 0 11=0 i2=1Q 13=10
ig4—1 ig—1
2i6+3+A
x g Agigya || Baists E 11 Bairta z™*
24 12 5= 12 16=14 i7 14
i1—1 io—1
= o E g Ao, E Agjyt1 E A2z3+2H Baiy+1 H B2
n=0 \ i1=0 22 11 13=19 i4=0 i5=11
i3—1
2n-+3+\
X H Baig+3 H Bairt4 gt
16=12 i7=13

Table 3.7: Summary of the zero, one, two and three term of A,’s for infinite series
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00 i0
y(x) = co

7

o
Il

o0

Mg

=

2
||

2 \ o=

1

0

D

0

(H
0 \71

{

)

i0—1

Ao, H Boj, 11 H

11=0
ion—1

240+ + Z

10—1

{
!

11=0

>

ZQO

Agiy [ Baiva Z

log=12(k—1)

io—1

i9=10
o —1

II

12k+1=%2(k—1)

A2i2k+k’

< H Baiyy2
i—io

) } x2i2+1+)\

B2i2k+1+(k+1>>

X

>

|

[I

Baiyn i1 +(N+1)> } }$2i2N+N+)‘ }

laN=lg(N—

{x(n

(e e}

3

D

H Bai, 11

|

l2N41=%2(N-1)

N-1
(s
k=1 \ip=tp_1

)5

>

)

Agiy 4 (k-1

< U 414+N=1]

i1 —1

H B2il+1+1\1+(l+1)

n N-1
X Z A21N+(N H
IN=IN-1 =
n—1
X H BQZ2N+1+ N+1)

19N +1=IN

)

11—1

Ao, H Boi, 11 H Bois 12

i2=0 i3=11

where, ig = 0

} } $2n+1+)\

Table 3.8: General expression of power series of y(z) for Table 7
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Py 2 dy
— — 4+ (2 = 4.1
x8$2+(uas +ex+v) 8x+( T +ew)y =0 (4.1)

Eq(4.1) is called as grand confluent hypergeometric differential equation where pu, €,

v, © and w are real parameters . Assume that its solution is

y(x) = i cpr (4.2)
n=0
Plug eq(4.2) into eq(4.1).
Cni1 = An cp+ By cua in>1 (4.3)
where,
e(n+w+A)

A, =— (4.4a)

m+1+AN)(n+v+A)

B Q4+ pn—14+X)
Bn__(n+1+)\)(n+l/+)\) (4.4b)

a1 = Ao o (4.4c)

We have two indicial roots which are Ay =0 and \y =1 —v



CHAPTER 4. ANALYTIC SOLUTION FOR GCH EQUATION 339

4.0.1 Power series of polynomial in which B, term is termi-
nated:

The polynomial of x which makes B,, term terminated for zero, one, two and three
term of A,’s are

(1) Zero term of A,’s

loo|  (io—1
yo(x) = co Z { H B%H} oA (4.5a)

i0=0 \i1=0

(2) One term of A,,’s

la| io—1 o] io—1
n («13) = Cp Z A2i0 H BQilJrl Z { H Bgi3+2} $2i2+1+/\ (45b>

10=0 i1=0 12=1( 13=10

(3) Two term of A,,’s

la| io—1 o | io—1 laa| ia—1
_ 2i44+24\
yz(:c) = Co E A2i0 | | BQ¢1+1 E A2z2+1 | | B2i3+2 E | | B2i5+3 x

10=0 i1=0 12=1( 13=10 14=19 i5=19

(4.5¢)
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(4) Three term of A,’s

o] i0—1 o | ia—1
ys(x) = 0o Z {Azz‘o H B, 11 Z {A2z‘2+1 H By 1o

10=0 11=0 12=10 13=10
|2 ia—1 |as] ig—1
2i6+3+\
X g Agiyyo H Bois 13 g H Baj, 14 xe (4.5d)
14=19 i5=19 16=14 17=14

the general expression of power series of y(z) for polynomial is

‘OCO| 10—1
yle) = CO{ > (H Bzz’m) o+

i0=0 \i;=0
loxol io—1 lo1|  /ia—1
+> 4 Agig [ Bainin Y (H B2z'3+2> gt
i0=0 i1=0 i2=10 \i3=10
o0 la| io—1 N-1 || 9 —1
+) { > {A2io 11 Bawin I ( > Ay ] B2i2k+1+(k+1)>
N=2 \ ip=0 i1=0 k=1 \iop=ig(p—1) 12k+1=%2(k—1)

lan| ioN—1
- ( 1 B(N>)}}N} (1.6

laN=la(N—1) \ %L 2N+1=la(N—1)

In the above, a;is 0, —1, =2, =3, - -+ wherei = 0,1,2,3,---. Then, |a;| =0,1,2,3,---.

For a polynomial, we need a condition, which is:

B2|ai\+(i+1) =0 where 1= O, 1, 2, 3, ce (47)
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replace n by 2|ag| 4+ 1 in eq(4.4b), and it must to be equal to zero by eq(4.7).

Brjaotr1 = T 2ao] + 2+ N (2ao] + L+ v+ A) =0 (48)
We argue that
0 = —p(2lao] + A) (4.9)
replace n by 2i; + 1 and plug eq(4.9) into eq(4.4b).
Boii 11 = (—%u) i 1(113_)(’3027 ey where = %(1 +uv) (4.0
We can expand By;, ;1 in a finite product in an interval [0, iy — 1]
E Baiy1 = (—%u) ) a J;OO‘(?:E Ve (4.11)
Substitute eq(4.11) into eq(4.5a).
A & (—lawo] )i i Loy
yo(x) = cox Z 5 2 where z = —GHT (4.12)
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replace n by 2|as| 4+ 2 in eq(4.4b), and it must to be equal to zero by eq(4.7):

Q4+ p2lag| +1+X)
2ar] + 3+ N)(2lan| +2+ v+ N)

Bajay 42 = 1 =0

We argue that

Q= —p2la| +1+ )

replace n by 2i3 + 2 and plug eq(4.14) into eq(4.4b).

Bussra = (—%) ( (i — |on )

2" ) (is+3+3)(is+32+7+3)

We can expand By, .2 in a finite product in an interval [ig, 75 — 1]

i9—1 o

i_I B 9 = < 1Iu,> 2—1i0 (_|a1|)12(%+%)ZO(7+%+%)ZO
2i3+2 — | — % 2 2 : :

2 NEESY) )

13=10

replace n by 2iy in eq(4.4a).

Z()‘F%‘F%)(Zo—%—i")/‘i‘%)

342

(4.13)

(4.14)

(4.15)

(4.16)

(4.17)
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Substitute eq(4.11), eq(4.16) and eq(4.17) into eq(4.5b) and replace i5 by i on it:

1\ (io+5+%) (=leol)ig
)2,

otz +3)00—5+7+3) (1+ 2y + )i

o]
y Z (_|O‘1|)11(%+%)lo(7+%+%)iozil
i1=io (_|O‘1|)Zo(% + %)11 ('7 + % + %)11
1
where 2z = —§ua:2 (4.18)

replace n by 2|as| + 3 in eq(4.4b), and it must be equal to zero by eq(4.7).

Q4 p(2ag] + 2+ A)
Bojoulis = — =0 4.19
Zazl+3 (2]an| + 4+ A)(2]az| + 3+ v+ A) (4.19)

We argue that

Q=—u2az|+2+ M) (4.20)

replace n by 2i5 + 3 and plug eq(4.20) into eq(4.4Db).

1 (i5 — |a|)
Byivs = [ —=p ) — _ 4.21
2t ( ﬂ0<%+2+gx%+1+7+g> (4.21)
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We can expand By, .3 in a finite product in an interval [ig, 74 — 1]

T (N (Hee])i 2+ 9)i(r + 14 3)i
H B2i5+3 - _él'b By by (422>
i (=loa))iy (24 5)is(Y + 1+ 9)is
replace n by 2iy + 1 in eq(4.4a):
1 bt+3+3+%
Agipr1 = — (_8> : - N ) X (4.23)
2 ) (i2+1+35)(a+7+3)

Substitute eq(4.11), eq(4.16), eq(4.17), eq(4.22) and eq(4.23) and replaced iy and iy

by i; and i on it, to get

|ovol . A w
1 (io+5+%) (—laol)iy
yo(x) = cox (——5:1:) ‘ -

2 2; (io+5+ 30— 5 +7+3) (1+ )iy + 5)ig

|ov | . 1 A w

ut+s+5+35
D DR et
|+ 1+ 5+ +3)

3 {Coaber 14 ),
(—lazDi 2+ 3)i(v + 1+ 3)i

ig=11

replace n by 2|as| 4+ 4 in eq(4.4b), and it must be equal to zero by eq(4.7).

Q+ p(2]as) + 3+ A)
2las| + 54+ N)(2las| + 4+ v+ N)

Byjag)+4 = — =0 (4.25)
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We argue that

Q= —p2lasz| +3+ )

replace n by 2i7 + 4 and plugging eq(4.26) into eq(4.4b):

Basria = (—%@ ( (ir — |s))

i+ 24+ +3+v+3)

We can expand By;. .4 in a finite product in an interval [iy, 16 — 1]

ig—1 i6—14 5
1 (—Jas|)i (5 +

B i == — 2
i}l e < 2”) (—las])iy (3 +

replace n by 2i4 + 2 in eq(4.4a):

" __GE) (a+1+3+%)
2i4+2 2 (i4+g+%)(2’4+%+7+%)

345

(4.26)

(4.27)

(4.28)

(4.29)
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Substitute eq(4.11), eq(4.16), eq(4.17), eq(4.22), eq(4.23), eq(4.28) and eq(4.29) and

replace io, iy and ig by 71, 75 and i3 on it:

o] . A w
1 5 (lo+5+%) (—lel)i
ys(x) = cox (——51‘) , .

Z (204‘%‘1‘%)(@0_%‘{'74—%) <1+%)i0(7+%)i0

Ll Gieded) Clabalr Dalrt i

S L1+ )6+ 7+ 3) (Hlanhin G +2)u (v + 3+ 2)a
ns i+ 1+ +3) (ol Pl 1+ ),
P Zz+ + 22“‘ +v+3 )(_|a2|)z1(2+%)12(7"‘1"'%)%2
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According to eq(4.12), eq(4.18), eq(4.24) and eq(4.30), the general expression of power

series of y(z) for polynomial is

Jo) = x{i (leoli i

i0=0 (1 + %)io (7 + %)io

|a\ . w
e : (20+%+§) (—laol)i
(iO + % + %)(10 - % + Y + %) (1 + %)m(v + %)io

10=0

|eva | 3, A 1, A
(=laa])ir (5 + 5)ic (v + 5+ )i it
> {<—|a1|>m<% 2) }}

a(r+3+ 3k

[e'e) |Oé| w
n XO: 0+5+%) (=)o
— | : (lo+3+2)Go—3+7+3) 1+2)i(v+3)i
1

N-— |k | . A " .
y Z (Zk+k§+5+§) k

o1 LS, et s+ + 59— +7+5+3)
e

ak|>ik(1 + g + %)lkﬂ(g +7+ %)ik—l
(=lor)i_, (14 5+ 2)i (5 +7+ 2

lan]

3 (loanDin(+5 +8)iv (5 +7+3)in Ziv 5 VeV $(4.31)
G, (ClonDi, U+ 5+ D (5 +7+ 2
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(4.32)

Q=—p2lay| +7+A) asi=0,1,2,3,--- and |oy] =0,1,2,3,---

if i <j = og| < oyl

\
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Where A=0 and cy= % in eq(4.31),

y(x) = QWi <|%-| = —%—%ﬂz %(HV); €= —%efc; z= —%u:vz)
D+ Jaol) { §2 (Slaoli i, | -5 (o) (laol
I'(v) {iozo(l) (Vio 62{ (io + 5)(io — 5 +7) (Dio (Vo

laz]
(—|0¢1|)i1(2 )io i1
e { (oD ()i }}

[e’e) |Oéo|
(o + %) (—e
*Z{Z{w-)( ~ T+ (s <>

N=2 i0=0
N-1 || . w
y Z’“ (in+ 5 +5) (—lewl)a (X + §)ie (5 +7iny
o LS, (et g+ 5)(— 5 +v+5) (Slarl)a, (14 §)i (5 + )i
o]
u _‘aN’ ZN I+ ];)lN 1(]; +7)$’N—1 iN ~N 4
Xy N 2 5 (4.33)
IN=iN_1 _|aN|)1N 1(1 + ) (? +7>iN

Eq(4.33) is called as the 15% kind of independent solution of grand confluent hyper-
geometric polynomial as Q = —2u(|ey| + %) where |q;],4 =0,1,2, -

replace |o;| by ¢; in eq(4.31), also, put A = 1—v = 2(1—v) and ¢y = (—%u)l_y %



CHAPTER 4. ANALYTIC SOLUTION FOR GCH EQUATION 350

on it:
QO .
y(x) = RWy, (¢z -~ +vy—-1- %,7 = %(1 +v); €= —%5:10; z= —%uﬁ)
o T +2—7) N io
~7 e {Z I INCE)
(40 + 1 7+%) Ty P (=) ()i (5 = Mio s,
+€ZOZ:0 { io +3) (0 + 3 =) (Din(2 = 7)io “Z:;O { “000(aG =i
00 %o .
(o+1—7+%) (=%
+N:2 { mzo { (io + 3) (o + 5 =) (Dio(2 = Vig
NI E SIS AR £5 IR GV NCES I CEL RS I
k=1 \ ip=ip_1 (ix + % + g)(zk‘ + % -7+ g) (=¥)i o (1 + g)zk (2—7+ g)zk
YN N N
(_¢N>iN<1 + E)iN71 (2 -7 + E)Z‘Nfl iN ~N
DD e R }} } 43

Eq(4.34) is called as the ond ind of independent solution of grand confluent hyper-

geometric polynomial as Q = —2u(; + 1 — v + %) where ¢;,i =0,1,2,---

4.0.2 infinite series

Replacing the finite summation in intervals [0, |ap|], [io, |@1]], [ik-1, |a|] and [in—1, |an]]

by infinite summation with an intervals [0, o0, [ig, 00], [ix—1,00] and [iy_1,00] in
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eq(4.33), also, replacing |a;| by —% — % on it.

S
o
I

=)

o
=
I
<
(=]

+
hE
—N = —
. o1 —

X
zZ =
D

i
I

S et s+ —5+7+8) (G + 5, U+ 5§+
(

00 N N
R (135)
IN=IN_1 (% + %)iN—l(]‘ + %)ZN(% + V)iN

Eq(4.35) is called as the 18% kind of independent solution of grand confluent hyper-
geometric infinite series.
Replacing the finite summation in an intervals [0, 1], [io, ¥1], [ik—1, Y] and [in_1, ¥ N]

by infinite summation with intervals [0, co], [ig, 0], [ix—1, 00] and [iy_1, 0] in eq(4.34),
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and, replacing 1; by —% +v—-1- % on it:

(r) = RW ——%1+)-~——1 2= —ipa?
ylr) = 7—2 V), €= 2€x,z— Q,ux

1—7F(1_%) N (%4—1——7)10 i
(2 —~) {OE:O (1)ig (2 — )i, z
(i0+1—7+%) (%-f-l—wio
(20 =+ )(20 + % - 'Y) (1)Z0(2 - ’y)iO
> [ (5 +§—’7>i1(%)io(g_7)i0 i
8 Z {(2% +35 =i (5 — }}
0o (i0+1—7+§) (%—Fl—'y)io
Z{(w 2o+ 35 =7) (Va2 =g

{ > (i +1—y+2+5
_.I_

=z

.Z_ (ik+%+§)<ik+%—’}/+§)

(% _7+%)%(14—%)%71(2_7_’_%)%71
X5 - - - (4.36)
(ﬂ—i_ 1 _7_'__)1'16 1(1—'_5)%(2_7—’_ §)ik
_'_1_'7—1_ )lN(1+%)iN—1(2_7+%)iN—1 ; ~
X ~ ~ Ziv A AN
T Gl P (L D@ =+ Fiy

Eq(4.36) is called as the ond ind of independent solution of grand confluent hyper-
geometric infinite series. As we see from eq(4.33), eq(4.34), eq(4.35) and eq(4.36),
it is required that v # 0,—1,—2,--- for the first kind of independent solution of

grand confluent hypergeometric function for the polynomial and infinite series. Also
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v # 2,3,4,--- is required for the second kind of independent solution of grand con-

fluent hypergeometric function for both the polynomial and infinite series.

4.0.3 Integral formalism of polynomial which makes B, term
terminated:

Now, let’s investigate the integral formalism of eq(4.31). First of all, there is a

generalized hypergeometric function which is

|egj ]

Z (_|aj|)ij(1 + % + %)Z]—1(%+ v+ %)i]’—l Zij
(_|O{j|)ij71<]‘ + % + %)h(% +7+ %)ZJ

ij:ij_l

| j(lj—; - '|04j|)l : . (4.37)
=0 (’Lj_l +1+ 5 + §)l(lj_1 + 5 + Y + 5)1

2 B(ij1+4+3,0+1)B(ijo1 — L+ y+ 24+ 3,1+ 1)(—|ay] + z'j_l)zzl

= Zijfl : '
zzzo: (i1 +24+3) (G —1+y+ 5 +3)1 Q) U

= Zij71

By using integral form of beta function,

1 A 1 i1 J_qaA
b (ij—1+%+§’l+1> :/ dt; )T (1 - ) (4.38a)
0

] A 1 ii_1dty—2+i42
0
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Substitute eq(4.38a) and eq(4.38b) into eq(4.37), and divide (i;_1 + %+ 3) (4,1 — 1 +

v+ 1 +3) into I;.

1
(i;- 1+1+é)(ij71—1+7+%+§)

les |

- (—Jeyj])s; (1 + 2 + )Zj 1(j‘+7+g)ij,1zi]_
ij=ij-1 _‘O‘JD’J 1<1+ + ) (%+7+%)ij

! 1+3 ! 2+4+
— , - Ty
= /dt] i /du] u;
0

>0 =M1 - )1 - ) (439

=0

o[>

(#tju;)"

The first kind of confluent hypergeometric function is

! ) T 2. (—ao))n
F|a0|(7;z)=‘a“|. fdv € _ (|ozo|+v)z< [20Dn_n (4.40)

2mi vlaol+1(1 — )7 I'(vy) = (yan!
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replace |, 7, v and z by || —7;-1, 1, v; and z(1 — ¢;)(1 — ;) in eq(4.40), and

divide I'(|ay;| + 1 —4;_1) on it:

z(1=t;)(1—u; )

Floj—i, , (y=121-1;) 1 —v;)) 1 f ¢ T

. b (0
P(lag]+1—1ij-1) 2mi J e (g
lovj—ij—1
—(loy ! ij—1)):
-y ! o B ) )]
=0

_ Z( (loy] = Z{ 1))1[2(1_tj)(1—uj)1l4.41)

Substitute eq(4.41) into eq(4.39).

1
(i + 5+ —1+7+5+3)
| ] '
i: (=lel)i, (L + 5+ 5)i G+ 7+ 3)is s, (4.42)
o5 Clalon (429G 47 +3)

z(1—t;)(1—uy)

1 i 1 i (1 v;)
Io142 —oiyd 1 e s
= dtj t2 2 de U/’y 272 de (thuj‘l)j)l]_l
J J 271 loj|+1
0 0 v; (1—wv;)
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Put j =1 in eq(4.42).

|aa]|
1 Z (=l G +2)io (G +7+ 8o,
(o +3+3)0+7—5+3) 5 3+ G+

! _1a [t 3. ] e_<1—v1) 2(1=t1)(1—u1) A
= / dty t, 3t3 / duy u’ly 5t3% — dvy (Ztlulvl)zo
0 0 v _ 1)

(4.43)

Plug eq(4.43) into eq(4.18).

1 1 L 3.2 1 e_(lfilvl)z(l t1)(1—u1)
yi(z) = 0095/\5/ dty ¢ 2+2/ duy u? 2+2—.j{dv1
0 0 v

y || < 4 w 4 A) (_|a0|)io ( " )io
20 5 o 211U
2 (1 + %)io('y + %)io

o[>

1 s B 1 o 21—t (1)
= cox 5/ dty t,? 2/ duy u? 2t — ¢ duvy FRES:
0 0 2me vy (1—vy)

levol
w A Z (—[aol)i ;
X le(()wl 1 + <— + —) } 2 w?° (444)
{ N2 2/ e ()

1
where w;; =2 Htlulvl
=1
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Put j = 2 in eq(4.42).

|az|
1 22 (=la2Di@+ a7+ 5)i s,
(i +1+3) (0 +7+3) = (Slazi 2+ )il +7 + )i
—1+ e (1 vz) #(1=t2)(1-uz) )
/ dtg t2 / dUQ u2 2—% |a2\+1 ) (ZtQUQUQ)“ (445)

Plug eq(4.45) into eq(4.24).

1 N 1 N 1 —(127%2),2(1—752)(1—112)
A2 2 ity €
yo(x) = cox'é / dty t / dug u —,j{dvg =
0 * Jo ? 2mi 0‘2 2‘H(l — Vg)

|l w
3 Z{ (o +5+5) (ool

i0=0 + )(20_§+7+%) (1+ )10(/7_‘_%)%0
o | 3, A 1, A
I A (=l (5 + )i (v + 3+ 3)io
X w2728 , + ( + =+ )} w;12
{ A2 2 2 Z;) (—laaDio(3 + ) (v + 3+ 3)a

2

where  wyo =2 H tiuv, (4.46)
1=2
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replace z by ws o in eq(4.43).

1 Z (—leal)a G+ 2)ie(G +7+2)i0 4,

o+ 3+ 2o +7 -2 +2) 2 (—laal)g < +DuGHr+3n 7

1 l A 1 3.2 1 e ngz(l tl)(l ’U,l) )
= dti 272 | duyu] TP ¢ d N 4.47
/0 1l /0 U1 Uy o U1 |oz1|+1(1 —u) Wy o ( )

2
where w;o =2 Htlulvl
=1

plug eq(4.47) into eq(4.46).

1+ e (1 > )Z(l t2)(17’u,2)
yo(z) = coaé / dty t2 / dug gy ,fdw ~
2 2 270 U\Q 2|+1(1 — )
X Ows o + (1 + A + w)
W2,20, 5 9 9 9
1 _1oa L _s3
X/ dtl tl 2+2/ dU1 U’ly 2t
0 0

1 e_(lziil)vaQ(l_tl)(l_ul)
i %dvl o [+1
2t TR )
|aol

AL w (=lexol)s -
X QW1 20w, , + | = + = } E z w° (4.48)
{ e 7 <2 2> io=0 (1 + %)%(7 + %)zo e

N[>
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Put j = 3 in eq(4.42).

|os] 5 A 3 A
1 3 s+ 3G+
) ( | 3|)5(2 2)2(2 7 2)2223

e G+ u( 7+ )

3
1 1,2 1 11 o~ T 21 ts)(1-ua) .
= dtg t2+2 / dU3 ’LL’Y 212 b %dvg (w3 3)12 (449)

(g +3+3)la+7+5+3

3
where w33 =z Htlulvl
1=3

Plug eq(4.49) into eq(4.30).

1 1, 1 _1.a 1 67(17%) 2(1—t3)(1—u3)
ys(w) = COI/\&??’/ dty t§+2/ dus u} 2+2—.de3
‘ 0 Us — U3

A
X {w3733w3yg -+ (1 -+ 5 -+ %}) }
|exol A w o )
XZ{ (o+5+%) (—laol)y

i0—0 Zo+ + )(0__+'7+ )(1+%)i0(’7+%)10

|ai]
« 21: 22+ z +%+%) (_|a1|)i1(%+%)i0(7+%+%)i0
14 3)(0+ 7+ 3) (SlanDig (3 + 3)a (v + 5 + 3

12=11

|z N R
(—lo2))u 2+ 3 (v +143)i
> { (—loal)i 2+ 3)iu (v + 1+ g)hww}}} (4.50)
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replace z by ws 3 in eq(4.45).

|oz|
1 Ei(%%DM2+9nﬂ+v+%h i

Ws 3
= (loa); 2+ 2)ia(L+7+ 3)s,

(1 2 T=vg) W3, 3(1—t2)(1—u2) '
/ dt, t2/ dus u’y 1+2_f € |0;+1 1 ) w%l,g (451)
— Uy

(1 +1+3)(+v+3)

where wy3 =2 Htlum
=2

plug eq(4.51) into eq(4.50).

+2 ! _1.x 1 — oy 2(1—t3)(1—us)
yg(x) = cox € / dts t3 / dus ug 2+2_.7{d036 - ‘SH
° 0 vy (1= v3)
A w
X w3,38w3}3 + (]- + 5 + 5)
v2
1 — ooy w3,3(1—t2)(1—u2)
/ dt2t2/ dus u2 1+2—.]{d?}26 |2|+1
7TZ ,U2a2 (1 _ UQ)

1 A w

. {“’3 * (5 a7 5)}
)

+

il (io+35+% (—laol)ig
X Z 1 A) (1 4 2). Ay,
= (io + 5 + )(Zo 5t 2)( +2)%0(7+2)Z0
o |
<_’a1|)i1(% + %)io<7 + % + %)io i1 4.52
XD ST i) e (4.52)
=0 (—laal)io(5 +35)a(v + 3+ 9)a
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replace z by ws 3 in eq(4.43).

1 Z (—leal)a G+ 2)ie(G +7+2)i0 4,

o+ 3+ 2o +7 -2 +2) 2 (—laal)g < +DuGHr+n 7

1 l A 1 3.2 1 e ngg(l tl)(l ’U,l) )
= dti 272 | duyu] TP ¢ d . (4.53
/0 1l /0 U1 Uy o U1 |oz1|+1(1 — ) Wy,3 ( )

3
where w;3 =2 Htlulvl
=1

Plug eq(4.53) into eq(4.52).

+2 ! _14x 1 o~ Ty 2(1=ta)(1-us)
+
ys(x) = coaé / dis t3 /dU3 u; ? 2—.7{d03 sl
0 0 U3 (1 —w3)
A w
Lot a1 — 2 ws (1) (1-us)
x/ dt2t22/ dUZU; 1+2—,j{dv26 |2|+1
0 271 vl )
w
Qe (575+5)]
1 _14x _3.2 1 ﬁwzi’»(l*tl)(l*ul)
J
0 0 2m1 ol )

X {w13 o s + + 2)}2 (A [20])s —wi’ (4.54)

i0=0 (1 + 5)’%(7 + 5)10
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According to eq(4.12), eq(4.44), eq(4.48) and eq(4.54), the integral formalism of the

function y(z) for the polynomial is

|evol

Ja) {Z (oo s,

(1 + %)io(’y + %)io

io=0
SSE=ING Yoty [ T nmg)-2+3
+ Z H / dtn_]’ tfl_j 2 / dun_j U’n—;’ 2
n=1 { j=0 {70 0
1 e‘uiﬁﬁwn—j-kl,n(l_tn—j)(l_un—j)
X— @ dv,_; : (4.55)
2 oo ey
|vol
1 . (—laol)ig i -
X 9 Wn—jnOw,_ ;. + 5 (n —Jj—1+w+ )\> } wy’, o eE"
{ ! 2 ;) (1 + %)io (7 + %)io
where
b
z H tlulvl
Wop = I=a (4.56)

z onlyifa >0
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Let A =0 and ¢y = w in eq(4.55).

o) n—1 1
L)1 +1n-5)-2
y(@) = Flao(7:2) + Z { H {/ ot / dity,— UZ_JZ J
= | ; 0 0

Up—j

1 e v ])wn—j-!-l,n(l—tn—j)(l—un—j)
X—— ¢ dv,_;

+1
o (1 = vy)

Qi 1 1
y(@) = QW <|O‘i| T %,7 =gl +v); &= —gew; 2 = —§;w2>

_ =g
ap! e (=vo)
_ 0" j{dvo -
27TZ UO 0 (1 — fUO)'Y
) n—1 1
3 (n—j)-1 r+5(n—5)-2
—i—Z{H{/O dt,_jt2"; /0 At —j U, 7

Voyy
1 e_(1+n]3)wn j+1, n(l tn— ])(1 Un— ])

X— dUn_j (458)
‘O‘n il
Un—j (]' - U”—j)

w1 nv0
1 , |ao]! e d—w)
X W s O —(——1 ) S dd &
i =10 0) P2 v

Eq(4.58) is called as the integral formalism of the first kind of grand confluent hyper-

geometric function for polynomial as Q = —2u(|as| + %) where i, [oy] =0, 1,2, - - -
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replace |a;| by ¢; in eq(4.55) Also, put A = 1—v = 2(1—7) and ¢y = (—%,u)l_7 %

on it.

00 n—1 1 Lo o 1 F
y(z) = zl—V{Awo(%z)+Z{H{/ dt,—; tfb(_’; 7) 'y/ i UTQL(_J J)-1
0 0

n=1 7=0
o
1 e_ﬁwn—Jq,l’n(1—tn7j)(1—un7_j)
X— ¢ dv,_;
) J 1/"n—j+1
2mi Un—j (1 - Un—j)

1
X {wn—j,nawnj,n + 5 <n —J+1-=27v+ w) } Awo (7; wl,n)}}gn} (459)

The second kind of confluent hypergeometric function is

’ll)o _ 2y
. _ F(djo +2 - 7) <_¢O)n n__ wol % e (1-vg)
AwO (77 Z) N F(2 - ")/) 2 n' (2 - ")/)nz o 27‘(‘Z ,UO,UE)pO"F]-(l _ /I}O)Qi’y (460)
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Substitute eq(4.60) into eq(4.59).

Q ' 1
y(x) = RWy, | ¥ z—ﬂ—kv—l—%,y:ﬁ(l%—v);éz——sx;z:——ux2>

_zvg

! ~—vg)

= 270 2 @ dy, ¢ ’
i ¢o+1(1 — )%

2
00 n—1
(n—=3)—v (ny)l
+Z{H{/Odt”1tfzy /Odunju

Un—j

1 e T - Up— j)

n—j

Wn—j41,n(1—tn—j)(1—upn—;)

(4.61)

w1 nv0

N VA L L &
X Wy jnOw, ;.. T 5(” —J+1=2y+ w) %7{ Uovg’”l(l —19)*7 )

4.0.4 Integral formalism of infinite series

sp —3and —3 +v—1— £ ineq(4.58)

For infinite series, we replace |a;| and v; by —
and eq(4.61). Now, replace |ag| by —% in the first kind of confluent hypergeometric

function:

Flao (7 2) = Z Qg) o ”)M(%,v,z) (162)
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The integral formalism of the first kind of Kummer function is

1
M (a,b,z) = L(b) ] / dvg € va H(1—vg)"™*'  where Re(b) > Re(a) > 0
0

F(a)'(b—a
(4.63)

By using eq(4.63), eq(4.62) turns to be

1 o 9)
Fao|(7;2) = R / dvg €™ v§" 1(1—110)7_%_1 where Re (2—) > Re(y) >0
2 0 12
(4.64a)
And,
1 ' W1,V 2£_1 V—Q—l
Flog) (v w1,0) — m/ dvg ety (1 —wg)7 2k (4.64b)
21 0
Q 1 .
lay—j| =& —— — =(n —j) (4.64c¢)

2u 2
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Substitute eq(4.64a), eq(4.64b) and eq(4.64c) into eq(4.57).

O

y(z) =

1 1 1
|44 (v = 5(1 +v); = —5ET 2 = —éuf)

1 1 2
= 5 / dvg € v3* (1 — UO)V_%_l
(5 0

n=1 7=0
o
1 e—ﬁwn—jﬂ,n(1—tn—j)(1—un—j)
X— O dv,_; ,
27 e — 4 —3(n—j)+1 1
Unfj ( _Un—j)

' W1,V 2&_1 y—3t-1 ~n
X [ dvyg e vt (1 —wp)T 2 5
0

00 n—1
ST i, et [ i
, I e ; Un—j Up_j

367

(4.65)

Eq(4.65) is called the integral formalism of the first kind of grand confluent hyperge-

ometric function for infinite series.

Replace 1 by —% + v —1in eq(4.60).

T2 (Yo .
W02 = Tre—y e

1= &S +1= , TA=30) 70

T2y 2 @) r(z—wM(

2

(4.66)

—+1—’y,2—’y,z)
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By using eq(4.63), eq(4.66) turns to be

1 ! 2y _a
Ayo(732) — ) / dvg € v3* (1 — ) 2.
) Jo

P(sp+1—

Q
where Re(2—7)>Re(2—+1—7) >0
I

And,

Q

1 L 2, Q
Ay (;w10) > ———— [ dvg e vg" (1 — ) 2
i) = gy e (0w

1

Q 4
¢n—j—>—ﬂ+7—1—§(n—])

368

(4.67a)

(4.67b)

(4.67c)
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Substitute eq(4.67a), eq(4.67b) and eq(4.67c) into eq(4.59).

1 1 1
y(xr) = RW (7 = 5(1 +v); €= —5ew; 2 = —§,ux2>

2177 /1 ﬂ,,\/ Q
= — dvg € v§" (1 —wvg) 2
F(% +1=7) | Jo ’

[T/ Lnj)—y [ Ln—j)-1
+Z H /Odtnj tfl_j /Odun] Ufl_j

n=1 | j=0
1 o Ty Wit (It ) (1=un;)
X— @ dv,_;
2mi Y — 32 4y—L(n—j)
Unf;t ’ (1 - Un—j)
1 )
X {wn—j,nawnj,n + 5 <7’L —J +1- 27 + w) }

1 o R
X / dvg et pit (1 —wg) 20 p pE" (4.68)
0

Eq(4.68) is called as the integral formalism of the second kind of grand confluent

hypergeometric function for infinite series.

4.0.5 Power series of polynomial in which makes A, term
terminated

Again, let’s think about the polynomial case which makes A,, term terminated. First

of all, replace the finite summation in intervals [0, |aol], [0, |a1]], [ik—1, || and
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[in—1, |an]|] by infinite summation in intervals [0, 00|, [ig, 00], [ix—1,00] and [ix_1, 0]
in eq(4.31). Also, replaced—|«;| by % + 1+ 2 onit where i = 0,1,2,---. Then, we
obtain the infinite series of function y(x)

The infinite series of x of zero, one, two and three term of A,,’s are

(1) Zero term of A,’s

S o0
) = cox z .69a
0= 0 1+ ZO(f}/—i_ )
(2) One term of A,’s
> ; w Q A
T
o 5+ Do b+ + D+t +
(e +3+2)u(3+ 2 +3+ 2,
(ﬂ+l+é <§+A>,( _i_l_'_A) z (469b)
= ZO 21 2 2 7‘0 2 2/ fy 2 2/1
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(3) Two term of A,’s

= (1+i+3+%)
ij{@ﬁ%ﬁéxh+v+ﬁﬂz
[ Gp L+ 32+ 5)il

<
w
—~~
8
S~—
|
%)
o
8
>
(LN
oY)
(]
—N—
—~
—
—~
-~
S
+
)
+
—_ N E
+ N—
[N1peg
S
Do
NS
+
= |l
+ |5
[N1beg
SN—
s

io+i4+3)(i0—12

S~—

—~
p—
-

)
o
—

~
[y

— —~

TloPlo =

S|~ |+ T
> tlbtlb ol b=
ol bl
+ |+

~— | ~—
= .
o

| —

+|+ +|+
— | =l ol

+ 1+
DO DN ool

+]+

O[> b~

P

Xii (2 +1+3+%)

| (ia+34+3)(ia+3+7+3)
%)zs(g + %)Zé(fy + % + 2)1'22
%)lz(g + %)i:s(’y + % + %)13

~
[y
—~

——

—

——
™~
D
Ne)
£
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the general expression of power series of y(z) for polynomial is

o0

y(@) = Y ym(z) = vo(@) + yu(z) + v2(2) + ys(a) + - -
m=0
= Gt
— A 2p 2/%0 io
= CoT
{ zozo (1+ %)Zo (v + %)m
+5§: (io+5+%) (35 + 3)io
= o+ 3 +3)0G0—5+7+3) 1+ )iy + 3o
. (%—’—%—F%)il(%+%)i0(7+%+§)i0 i
XZ (ﬂ+l+é)<§+é).(7+l+é)‘z
11=10 2 2 270\ 2 2/ 2 2 /11
1Pl RUCTEE (242
= o+ 3+2)G0—5+7+3) (1+3)i(r+3)i

2
Ll

i (i +3+4+5

(ih+5+5+ 5 —5+7+5+3)

1
g—i_%)ik(l—i_%—{—%)k ( +’Y+ )lk 1}

X
T =
|
+/—/H/—/H
=
T

X
—
Tl

Gi 5+ Dua+5+2)u(G+7+3)
. i (5 + 5+ v L+ 5+ Div o (5 +7+ vy,
W Gt D U+ T+ D (5 7+ D

As %""% = _|ﬁ0| where |ﬁ0‘ = 07 17 27 o+ in eq(470)7 yl(x) = y2<l’> = y3(x)

We obtain

_'_)\
OxAZ 1+2H )

A
2" where w = —2 <|Bo| + —)
2052000+ 2

372

(4.71)
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2 T2
---=0. We obtain
= (Gt
y(x) = cox y @
{ iozz:o (1 + %)10 ('Y + %)10
00 . 9 \
+Z (i0 — (5 + 161])) (@4-5)1'0
o+ 5+ DG —5+7+3) T+ Diu(r+ 2
X i (it 3t 9)a G+ +5+3) |,
11=1p (% + % + %)m(% + %)11 (7 + % + %)11
A
e = =2 ([543 (1.72)

As £ + 1+ 23 = —|B| where |[B] = 0,1,2,- -+ in eq(4.70), y3(z) = ya(z) = ys(z) =
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.-+ = 0. We obtain

= 10— (14|52 (%—i_%)io
+Z{%+(+%(. :1)

i0=0 3 Jio—3+7+3) (1+2)i(v+ 3k
y i {(%—f—%‘i‘%)z’1<%+%)i0(7+%+%)iozil}}g
S Gt 2B+ +5+2)k
+i{ 1(i0;<1+|ﬁ12|)) X (i%Jr%)iOA
= lot+5+35)0—5+7+5) 143y +35)i
y i{ Lty — (1 +15)) (%+%+§>h<§+§>m(v
i1=ig (1 +1+35)(0+v+3) (ﬂ+§+§)i0(§+§>il(’y+
y i {(%+1+%)i2(2+§)z‘1(7+1+%)ilziQ}}}€2}
S G123+ 1+ 9)k
where w = —2 (|52|+1+%)

As 5+ % +% = —|Bs| where |B5] = 0,1,2,--- in eq(4.70), ys(x) = ys5(z)

374

Yo(r) =
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-+ = 0. We obtain

SRS (%+%>’0 io
W{Z(H% R

375

=0 5 )io 5 )io
+ i { ; 1(Zo : (% - ’€3D) A (i\% . %>ZO>\
= lo+z+9)o—5+7+3) 1+3)0r+ 3k
(gt t3)eE+H9)a(r+35+3%)a
+ i { ; 1(ZO : (% - ’€3’)) A (i% . %>i0>\
= o+3+5)o—3+7+5) (1+35)u(v+ 5
y i{ (z1+-—(g+|ﬁ3\))A (%+%+§)h<§+§)m<v+%+§>m
S a1+ )0+ +3) G+ 5+ 3G+ 2)a(r+ 5+ 9
. i {(%+1+§)Z2(2+§)“(7+1+%)ilzm }}52
G L2+ 31+ 9)s
+i{ (o= (G = |%0) (3 + 2
i0=0 (io+5+3)00—5+7+3) (1+3)i(v + 3
. i{ (it = (5 - I4D) (%+%+§)i1(§+§>io(v+%+§>m
S+ 1+5)0+7+35) 5 3+ 2 +35)a(v 3+ 9k
fﬁ{ (+1-G=18)) G +1+3a+3)ab+1+3)
iy (2 +3+3)(ia+5+7+ )(%+1‘|‘%)i1(2 2)ia (v + 1+ %),
A

— |+

)i3(g+%)l2(7+ +3 ) i3 -3
>i2<§+%>i3<v+g+g>if )

A
2
A
2
where w = —2 (|63| + 3 + é) (4.74)
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According to eq(4.71), eq(4.72), eq(4.73) and eq(4.74), the general expression of the
function y(x) for the polynomial in which makes A/ s term terminated at certain

eigenvalue is

(1) As w = —2(|Bo| + 3) where |5| =0,1,2, -

2% (4.75)

2+ Do

A 2#
—C()ZL‘

Z (T4 3oy + 3o

(2) Asw = —2(|B1| + % + 3) where |5;] =0,1,2,---

_ A = (%+%)Z0 io

> o — (4 [ NPAY
+Z{. (o — (5 + 161) (3 + )i

43 (T+9)iu(r + 2o
Ay, 14 Ay
2)1'0? +at i;m zil}}g} (4.76)

)
4+
XZ{@” S

11=10
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(3) Asw = —2(|Bm| + 2 + 3) where [3,,] =0,1,2,-- only if m > 2

A = (2u 5)i0 i
y(x) :Cox{Z(l—i—%- A‘zo
(4

(
0 — (5 +16ml)) (3 + 2o
Do =3 +7+5) (1+ )i (v + )i
2

g

)’ % i0(7+%+%)iozi1 z
)io(% + %)21 (7 + % + %)11

+
I

o

(=}
Il

o

S
=
—~

+
>
S—

.
NE

X
Mz

_|_

+
- (iO_(%+ Bm (%—'_%)io
Z{‘ | 1Bnl))

z =
Ll

i
I

X
S
mlb
+
(STE
+
ro >
~— =
=
—
—_
+
STES =
+
N>
N—
~
L
—~
(BN
+
2
+
ro >
N—

2 Tg—1
%)ik—l(l + g + %)Ug(% + v+ %)Zk }
1

~—~
£lof
_|_
N3
o +

o>

(lo—3+7+3) (142 +3)ic

)iN—l(% + v + %)iN—l in

Q

Put A =0 and ¢y = 22 in eq(4.75), eq(4.76) and eq(4.77).

(1) As w = —2|f5y| where |5y| =0,1,2,---

Qm%(waz— !
POy =500 & GGplio
o) 2 W

i0=0

VIR

2

+
2
z
(35 + 5+ 2)ineas (T 5+ 3)in (5 +7+ 3w

1(1+ ); € L
Y 9 ) Tz 2#':3
Q

377

(4.78)
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(2) Asw = —2(|f1| + %) where |5;] =0,1,2,---

T3 [& G, = (Go—G+18D) (5
I {Z Do +;{(io+%)(lo—%+7) Do
> (% + %)h(%)m(W + é)’bo i
X%{(%ﬁ»x%»l(w%»f }}} )

QWi (16l = = 0m +0),7 = 51+ )& = —gei = —
T [ & (50 o o [ i = (5 +18a]) (35 )io
B F(’Y) {102::0 (1)1'0(7)1'0 " mZ::O { (iO + %)(ZO - ; + 7) (1)10(7)1'0
> (%—i_%)h(%)%o(’y—'_ %)Zo i -

g Z { Z+ Du@a(r+ Da }}

S Go— (2 +18a) (50
+%{m§{<m +3)(i0 — 5 +7) (Di (V)i

iy (e (i + 5 — (B + 1Bml))
) i) {,k%;_l (e +i4+5@G -2 +7+5)
% (% + %)%(1 + g)qu(g + fY)l'kfl }

(

2 2 N . N
z € (4.80)
IN=iN—1 <% - %)iN—l(l + %)ZN<% + V)iN }} }
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Eq(4.78), eq(4.79) and eq(4.80) are called as 15% kind of independent solution of
grand confluent hypergeometric function for the polynomial as w = —2 (|ﬁl| + %)
where i, |3;] =0,1,2,---.
Again, put A =1 — v = 2(1 d = (—1) 77 B i oq(4.75), eq(4.76
gain, put A =1—v=2(1—-7) an Co—(—gﬂ) mmeq(. ), eq(4.76)
and eq(4.77). Also, replace |5;| by ¢; where i =0,1,2,---.

(1) Asw = —2(¢o + 1 — ) where ¢o =0,1,2,---

1 1 1
RWy, <¢o —— —149,7= 2(1 +v);E= —5Et = —§/mz)
L Ta-2) D 41-9)
= E: 1;Zm (4.81)
_ 0

(2) Asw:—Z(gbl—l—%—v) where ¢1 =0,1,2,---

RW,, ( 1= —% - ; +7,7= %(1 +v);E=——ex;z= —%uﬁ)

PO Gt g o= (G o) it ok

- I'(2-7) { mz::O (2 = 7)io(L)io i = { (io + 5 — 7)o+ 3) (2= 7io(L)ig
X (G5 =G =i, | ) -

‘& { G+ 3= Mu(3 = Na }}} 452
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(3) Asw = —2(¢p + 2 +1—7) where ¢, =0,1,2,-- only if m > 2

RW,, (¢m - —g . % — 147,y = %(1 Fu)E = —%ex;z - —%,m?)
_1H%:%{gniilgf“+§3pﬁé§$$?a%jiﬁf
S{Enir)
*i,ihﬁgﬁﬁﬁgﬁjigf

e rS e

n
> (%"‘%+1—7)i1\7<2+%_V)iN—1<1+%)iN—1 iN}}~N}
>

2
z €
R R NCIOE )RS I

(4.83)

Eq(4.81), eq(4.82) and eq(4.83) are called as 214 kind of independent solution of grand
confluent hypergeometric function for the polynomial as w = —2 (gbz + % +1-— 7)

where i, ¢; = 0,1, 2

yrt
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4.0.6 Integral formalism of polynomial in which makes A,
term terminated

Let’s see integral formalism about the polynomial case which makes A, term termi-
nated. First of all, replace the finite summation with an interval [0, |ay|] by infinite
summation with an interval [0, 00] in eq(4.44), eq(4.48), eq(4.54) and eq(4.55). Also,
replace —|o;| by % + %+ 2 on it where i = 0,1,2,---. Then, we obtain the integral
formalism of infinite series of function y(x)

The integral formalism of infinite series of x of zero, one, two and three term of
A,’s are

(1) Zero term of A,’s

0 2)in

_ A 2 10
= CcyT z 4.84a
> (ERINCEEIN (4-840)

zoO

(2) One term of A,,’s

Z(l tl)(17u1)

TN 1 3.2 1 =)
n(z) = cox 5/ dt, £, ® / duy uy 2+22 dvy f(—+l+i)+1
0 0 u v, T (1 =)

(oo + (5+3)} 2 Gt i (4.54D)
X < Wi 10y — 4+ = w )
B 2 2 (1 + %)io ('7 + %)io b

10=0
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(3) Two term of A,,’s

2

1 A [l a1 6—(13U2)z(1—t2)(1—w)
p(z) = o & dty t3 dus U; 1+2—. Vg ) x

(g5 +1+5)+1
Uy (1 —w9)

1 1.2 1 3.2 1 e (d—vp) 311;1)1”2;2(1—151)(1—%)
d 2732 d )
X tl tl Uy Uqg —_— dUl T
0 0 2mi 7(Z+§+§) 1

(%1 (]_ — Ul)
A > (3L 2y, .
- {w1’2aw1’2 * (5 N %>} D — Wiy (4.84c)

i0=0 (1+ %)io('y + %)Zo

(4) Three term of A,’s

1 Loa 1 a1 —7(12‘13),2(1—153)(1—1@)
_ A3 3+3 Tm3ts L €
ys(x) = cox’é /0 dts t3 /0 dug ug 57 ]{dvg T
A w
X {U)3738w313 + (1 -+ 5 + 5)}

Us (1 —vs)
! a [t _1ax 1 — a2y wss(1-t2)(1-u2)
- / itz 13 / duguy 2mi %vae—(Q—il—k*)-ﬂ
0 0 ) oy BV
« o 4 (1 n A n w)
Wa 30y 424
2,30ws 3 5313

1 | s.a 1 6—7(131”)wg,g(l—tl)a—ul)
d —3t3% d Y—5t3e
X 1 t1 U Uq — dvy TR—
0 0 21‘7/ (2[,1. 2 E) 1

vy (1—2vy)

X W1,304 ; <_ _> w : .
" 2 2 io=0 (1 + %)10(’7 + %)10 b3
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According to eq(4.84a), eq(4.84b), eq(4.84c) and eq(4.84d), the general expression of

power series of y(x) for infinite series is

ylo) = E:%m = yo(x) + y1(x) + v () + ys(z) + - -
= ¢ $)‘ S (%_{_%)Zo Zio
o {i;ﬂ%)io(wg)m

00 n—1 1 1
3 (n=g)~1+ y+g(n—i)=2+3
S R R R
n=1 \ j=0 0 0

o
1 6_(1+nij)wn—j+1,n(1_tn—j)(l_un—j)
—Gatigt )+

Un—j (1 - Un—j)
(ﬂ + %)io

1 = 5 : .
X wn_-,nf}’wn_.n—i——(n—j—l+w+>\>} = wi’, ¢ pE"
{ ’ " 2 mz() (1 + %)io (7 + %)io b

As we put w = —2(|8;] + £ +4) where i =0,1,2,--- in eq(4.85), we obtain

(4.85)

(1) As w = —2(|Bo| + %) where |3| =0,1,2,

35 T %) A
A i0 a
_%xgo MW+ )z (4.86a)
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(2) Asw = —2(|Bm| + 2+ 3) where |8,,| =0,1,2,--- only if m > 1

00 Q) A
=+ 5)i )
ya) — {Z Bita

i0=0 (1 + %)io(’y + %)Zo

m n—1 1 1 1 .
Z H 3(n=j)—-1+3 v+3(n—i)=243
+ { { / dtn_j tﬁ,fj 2 / dun_j unff 2
n=1 \ j=0 0 0

1 e*mwnfﬂl,n(1*tnfj)(1funfj)

X— @ dv,_;
271 "

= (% + %)io io -
- Z (1 + %)io (7 + A)io wl,n} }8 } <486b)

i0=0

P(y—5,

Put A =0 and ¢y = in eq(4.86a) and eq(4.86b).
()

(1) As w = —2|5y| where |5y| =0,1,2,--

i (10 =57 = §t o = ez =4
[y - %) i (%)10 A (y— %) < O )
i =1y Mg 4.87
r) oz=:0 (Wio (i () R (4.87)
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(2) Asw = —2(|Bn| + Z) where [3,,] =0,1,2,-- only if m > 1

1 1 1 1
QWi (19l = —m +) 7 = 1+ v)i& = ez = — )

2
[(y— 23) < Q By ! Lnejy—1 1 Fl(n—j)—2
=—F M —,7,2) + / dt, ;2" / At u) 2"
I'(7) 21 ; g 0 s 0 ’ ’
1 o Tty w41 (It ) (1=un—;)
i P Wi
/Un—j'u ’ (1 - ’U"*j)

1 Q
X {wnjmawnj,n + 5(” —J—1- m) - yﬁm‘} M (@77771}1,71) }}gn} (488)

By using eq(4.63), eq(4.87) and eq(4.88) can be described as

(1) As w = —2|6y| where || =0,1,2,---

w ]_ 5 ]_ 1
QVVLBO‘ (lﬁo, - _577 - 5(1 + l/);g = —§5$;Z = —§/LI2>
1 1 o_
= / dvg €00 (1= vg) "5 (4.89)
I'(3:) Jo

2p
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(2) Asw = —2(|Bn| + Z) where [3,,] =0,1,2,-- only if m > 1

1 1 1 1
QWi (18l = —50m+ )7 = 51+ v)E = —gais =~

1 /1 2 _e_
= dvg e¥°v3* (1 —wvy) 2 at
F(gﬁ){ 0 ’

n
, I e ; Un—j Up_j

n=1 \ j=0
1 e_(1+;ij)wn—j+l,n(l—tn—j)(l—un—j)
X— @ dv,_; —
2mi " ~(ptrgHL
Up—j ( _’Un*j)

1
X {wnjmawnj,n + 5(” - .7 —1- m) - ’ﬁm‘}

' 31 -2 g4 ~
x/ dvg et (1 —wg) 2™ 77 5 BE" (4.90)
0

Eq(4.89) and eq(4.90) are called as the integral formalism of 15¢ kind of indepen-
dent solution of grand confluent hypergeometric function for the polynomial as w =

—2 (‘ﬁz|+%) where 4, |8;| =0,1,2,---.

)=

_o
Again, put A = 1 —v = 2(1 —~) and ¢y = (—%,u)l_7 FF((1272:)) in eq(4.86a) and

eq(4.86b). Also, replace |3;| by ¢; where i =0,1,2,---.
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(1) Asw = —2(¢o + 1 — ) where ¢po =10,1,2,---

+1—7v,2—7, z) (4.91)
(2) Asw:—2(¢m+%+1—7) where ¢,, =0,1,2,--- only if m > 1

w m 1 N 1 1
RWs,, (¢m - 9 9 L+7,7= 5(1+V);€ = —55.’13;2 = —§Mx2>

r1-3) Q
= M(—+1— 2 — ,z>
F@—v){ 2p e

Zm = Ln—i)—y [ L (n—j)—1
3(n—=j)—v 3(n—=j)—
+ H / dtn_j t72l—j / dun_j Uﬁ_j
n=1 \ j=0 0 0
o Ty n=sttn(=tn—) (1=tin—)
X— @ dv,_;
271 e

(2, n=j_
nfjqu ’ ’Y)(]' - U’ﬂ—j)

1
X {wn_mﬁwn_m + §<n —7—-1- m) — gbm}

Q
o)

By using eq(4.63), eq(4.91) and eq(4.92) can be described as
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(1) Asw = —2(¢o + 1 — ) where ¢po =10,1,2,---

RWy, | ¢ Y1y _1(1+ ) €= = _ Ll
=——— =— V);€ = ——cx;2 = ——pux
bo 0 9 7Y 9 ) 9 3 2/'L

2177 0

1
=— = | dvge™ud (1 —up) 2 (4.93)
r<%+1—v>/o o 0

(2) Asw=—2(¢p + 2 +1—7) where ¢,, =0,1,2,--- only if m > 1

w m 1 1 1
RW,, (¢m= 5T o —1+7,7= §<1+V);6~: —§€x;z: —§,ux2>

1= /1 2, Q
= dvg e¥vg* (1 —wvg) 2
F(% +1=7) | Jo °

<L oNE Yoy [ Ln—i)—1
+Z H /;dtn] tﬁ—j Adunj UTQL_]-

n=1 \ j=0
o
1 e—(1+nij>wn—j+1,n(1—tn—j)(1—“n—j)
X— @ dv,_; —
270 ! —(ap+ "7 1
Up—j ( _U?’L*j)

1
X {wnj,nawnjm + §<n —j—1- m) - gbm}

1 o .
X / dvg et 0udt (1 —wg) 2 p pE" (4.94)
0

Eq(4.93) and eq(4.94) are called the integral formalism of 214 Yind of indepen-

dent solution of grand confluent hypergeometric function for the polynomial as w =
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—2(@—1—%4—1—7) where i, ¢; = 0,1,2,---.

4.0.7 Power series of polynomial in which makes A, and B,
term terminated

Finally, let’s think about the polynomial case where A, and B,, terms terminated at
certain value of n. First of all, if % + % = —|Bo| where |By] = 0,1,2,--- in eq(4.12),
eq(4.18), eq(4.24), eq(4.30) and eq(4.31), we obtain y;(x) = y2(z) = y3(x) = --- = 0.
And the maximum value of |fy| should be equal to or greater than |ag|. If it doesn’t,
the function y(x) can not be polynomial any more. We define this condition as

Max(|Bo|) > || where |agl, |Bo| = 0,1,2,---. Then, the analytic function y(z) is

|aol

)=c x’\ (—laol)ig 2 where Max > o 4.95
D T Dutr 4 (160) = laxl (4.95)

’L()O

If 5t + 5+ 5 = —[Ai| where |81 = 0,1,2,- - in eq(4.12), eq(4.18), eq(4.24), eq(4.30)

and eq(4.31), we obtain yo(z) = y3(x) = ys(x) = --- = 0. Then, the analytic function
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o]
_ A (—]aol)ig io
y(r) = cox {Z o %)i0(7+ %)ioz

|exo] : 1
S {( (o — (5 +151]) (~laol)i (4.96)

io+ 5+ 50— 3 +7+3) (1+3)i(y+ )i

al (i) (B ), 1Ay,
XZ{( 'al')flﬁii i)m““)%h}}é} where Max(|1]) > ||
2 2

)il (7 + % + %)11

If % + 1+ 3 = —|Bs| where |35 =0,1,2,--- in eq(4.12), eq(4.18), eq(4.24), eq(4.30)

and eq(4.31), we obtain y3(z) = ys(x) = ys5(x) = --- = 0. Then, the analytic function
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ool
(—=levo))ig i
o) = {30 Gl

10:0 )m('Y"‘ )

RS (io = (1+15)) (~laol)i
2 L Go+tg+3)io—5+7+3) 1+ 3)i(v+ )i
|a| 3 . A 1, A

(—laiD)a (5 + )iy + 3+ 3)io 4, :
xilz:;o{(—mmm@+%>u<v+§+%>u }}
%]

(io — (1+ |83])) (lao)iy
+z-ozzo{<i0+%+%>@o—%+v+%)<1+%)m(v+;)m
Zl{ (13— (+1BD) (=l G+ Dio(r + 1+ 2o

S G+ 1+ )+ +3) (Sleal)i (5 + 3y + 3+ 9

+
+ .
ij'{(—\azwﬂ D+ 145 >}}}

= (HlazDn 2+ 2)iu (v + 14 3)i
where Max(|fs]) > || (4.97)

If % + 242 = —|B3] where |83] =0,1,2,- -+ in eq(4.12), eq(4.18), eq(4.24), eq(4.30)

and eq(4.31), we obtain ys(z) = y5(x) = ys(x) = - -- = 0. Then, the analytic function
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y(x) is

|evol

y(x) - $>\ (_|a0|)io i0
’ i0=0 (1 + %)io(’y + %)zo
RS (io = (3 + 1)) (~lao])y
= Got+s+3)0—5+7+3) (L+2)ulr+ 3
% o (_|a1|)i1(%+%)i0(7+%+%)iozil B
= Claal G+ a0+ 5+ 3,
o] . 3
(i — (5 + 1Bsl)) (—levl)i
+iozzo{<"'0+%+%)(io—%+’v+%> (1+ 3)io(v + 3o
lov ] . 1 3 3.1 A
(i1 +3— G+18D) (—laaDan(G+ Dy +
Z{( T D+ D) G+ D0 +
s {<—|azr>i2<2+ Da(r+1+ 3 }}}
S a2+ Du(r + 1+ ),
levol . 3
(lo — (5 + 155l)) (=leo])io
+m§{<éo+%+%><m—%+v+%> 1+ Ditr+ D
[+ =GB (HlnDa G+ D+
= | (@ T4 D+ +3) (—laal)i 3+ 3)a (v +
Nn 1 G 1B (ClasDa(4 3
2 e+ 34+ D)+ 5 +7+3) (Flas)u 2+ 3l

|oes] 5 A
(lasDis G+ 5)a(r + 5+ 3)a s, -3
Xi?’z@{(_|a3|)i2(g+ )13(’7+ +%>13 }}}}8 }

where Max(|fs]) > |as]

392

(4.98)
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According to eq(4.95), eq(4.96), eq(4.97) and eq(4.98), the general expression of the
function y(x) for the polynomial in which makes A’ s and B] s terms terminated at

certain value is

(1) As w = —2(|Bo| + 3) and Max(|B|) > |ao| where |agl, |Bo] =0,1,2, -

|evol

A ’O{0| 70
) = cox z 4.99
D T DG+ D (99

200

(2) Asw=—2(|f1]+ 3 + 3) and Max(|8]) > |as| where |a|, |1 =0,1,2, -

|aol
I (loohs
A {Zm a1+ D

|evol . 1
(io — (5 + [B1])) (—]aol)i
+Z{<ZO+ + )0 =3 +7+3) (142 (7 + 2o

10=0
leal (3 Ay, 1Ay,

% Z (_|a1|)%1(§ + i)Z‘O(’y + i + i)le Pl g (4100)
i1=ig ( |a1|)10<2 + 2)21(7 + 2 + 2)’1

(3) Asw = —2(|Bm| + Z + 3) and Max(|3x]) > |oun| Where |am|, |Bn| = 0,1,2, - -
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only if m > 2

|ao Claa)s '
Ja) = W{Z Clooda i

-0 (1 + 5)1'0(7 + j)io

(io — ('3 + [Bml)) (—laol)i
+g%{wwé+ﬁxm—2+v+ 2) (1+3)i(v + 2o
oz 3 . A 142
(Sleal)an (G +9)io (v + 5+ 80 s, | {
Xilz:;(){(_’albio(g_‘_%\)Z&(’Y"i‘%"‘g\)h }}E
m \Oto\ .

(io — (%5 +|Bml)) (—laol)ig
+NZ‘2{;{(20+ +3)G0— 5 +7+3) (14 2y + 3)io
RERS i +5 — (3 + )

k=1 \ip=ij_ 1(Zk’+ + + )(Zk—%—F’}/—F%‘F%)

(* O‘k‘)ik(l + % + g\)lk 1( +v+ %)ikfl
(—lanl)i, (T+ 5+ 3 (5 +7+ 3,

s <—|aNr>iN<1+2+3>iN1<§+v+;>mIZiN}}éN}(“m)
: (_|O‘N|)iN71(1+%_’—%)ZN(%_'_’Y—F%)ZN

Put A = 0 and ¢ = 23 in eq(4.99), eq(4.100) and eq(4.101).

(1) As w = —2|5y| and Max(|5s]) > ||

Q w 1 N 1 1,
QW agl,|5| <|O‘0| = *Za Bol = —,7= 5(1 +Vv);E=——ex;z = fi,u:c )

D(lao] +7) 2 (—|aol)ig o
I'(v) = Wi (Vio - (4.102)

20
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(2) Asw = —2(|f1] + %) and Max(|31]) > |ov|

QVVICMHﬁl\ (|O‘i’ = 2(; = |81l = *1( 14+ w),y %(1 +v)E= —%556;2 = ;M$2>
_ Tool +9) [ &2 (- \ao| oo & L 1) ool
T {iozz:o (1)io ( " ZOE:O (io + — 5 +7) Wig(Mi
\al\ 3. 1y. .
> {e 5531?81231?“}}5} 9

(3) As w = —2(|Bm| + %) and Max(|B,n]) > |ouy| only if m > 2

Q i 1 1 1 1
QWia,,1m| <Iail =9, Bl = —5(m +w), v =51 +v);é=—cew;z = —ZuxQ)

:F(|a0|+7){§:( aol)i +§{ b= G+l ool

I | & Dot (io+ Dtio — T +7) Wi
|ovs | 3 m o . m
—la1)is (3)io (v + )i i UL (lo — (F + Bml))  (=laol)i
" Z{ ERENCE }} ty {Z_ZO { (io + D)o — L +7) Do
T { - (B 1D a0+ B, +m_1}
k=1 \ip=ip_; (i + % + %)(zk - % +7+ %) (—log )i, (1 + %)%(% + )i,
lan| N N
(o iy (1 + 5)in-s (5 +Vines iy | | v
x> lonDiv 0+ X (F 1)y }}6 } (4.104)

IN=IN -1
Eq(4.102), eq(4.103) and eq(4.104) are called the 15¢ kind of independent solution of

grand confluent hypergeometric function for the polynomial as Q2 = —2u (|ai\ + %)

and w = -2 (|8;] + %) where |o;|,|5;| =0,1,2,--- and ¢, =0,1,2,---
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Put A\=1—v=2(1—-7~) and ¢y = (—%/L)l_ﬂ/ % in eq(4.99), eq(4.100) and
eq(4.101). Also, replace || and |5;| by ¢; and ¢; where i = 0,1,2,--- in them.

(1) Asw = —2(¢g+ 1 —~) and Max(pg) > g

Q w 1 1 1,
BWoyo 0 (¢o=—%—1+7,¢o=—2—1+%7= L+ v)é=—gew;z = —gpa >

1 (o +2—7) 2 (—=%0)i Lo
=TT 2 s (4105)

(2) Asw = —2(¢1 + 2 —7) and Max(¢1) > ¢4

Q w 3 1 1 1
RWy,; ¢, <¢z:_”—1—2+%¢1:—2—2+%7 2(1+V)€ iex;z:—ilux

T +2— o - 0 0
e >7){Z<2(;§1)<1>i02 1

10=0

(io — (3 + ¢1)) (—0)ie o~ [ (=00)i (3 =i (D i UL
* Z { (io + 7)(i0 + %) (2- 7)i0(1)10 Z { (_wl)io(g - ')’)h(%)h )

i10=0 21=10
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(3) Asw = —2(¢p + 2 +1—7) and Max(¢,,) > 1y, only if m > 2

RW¢%(M —5~4—%+v@m —2—?—1+mv=§ﬂ+ﬂ¢=—}mz=—}wﬁ
T2 [ (o NS o= (B om) (<o
['2-7v) = (2= 7)i (1)ig = G+ S — Mo+ 1) 2—ig(1)i

N=2 L ip=0 o+ 3 o
><N71 i (ix + 5 — (5 + dm)) (=) (L4 5)in (5 +2 = Vi
k=1 \ig=ir_1 (Zk + % -7+ g)(lk + % + %) (_wk)ik—l(l + g)lk(g +t2- ’Y)ik
YN N N
CON)in A+ 5 )iv (5 2= Vives iy [ Lo 4.107
Xiz\r:;Ah1 (—¢N),‘N71(1+%)iN(%—FQ—’Y)iN : }}E } ( - )

Eq(4.105), eq(4.106) and eq(4.107) are called as o1d kind of independent solution of
grand confluent hypergeometric function for the polynomial as Q2 = —2u (wl- + % +1-— fy)

andw:—2(¢j+%+1—7) where ¢, 0; =0,1,2,--- and 7,j = 0,1,2,---.

4.0.8 Integral formalism of polynomial in which makes A,

and B, term terminated

Let’s see integral formalism about the polynomial case which makes A,, and B,, terms

terminated. First of all, as we put w = —2(|Bo| +3) and Max(|5|) > |ao| in eq(4.55),
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we obtain y;(x) = yo(z) = y3(x) = --- = 0. And the analytic function y(z) is

|evol

) |O‘0| io
Z 0 a0t e 2 (4.108)

’LoO

As we put w = —2(|f1| + 1 + 3) and Max(|31]) > |ou| in eq(4.55), we obtain ys(z) =

y3(x) = ys(x) = -+ = 0. And the analytic function y(x) is

lao|
2 = cort (=levo])io 0
yz) = a {Z<1+%>i0<v+%>io

i0=0
1 71)(1 tl)(l—ul)
+3 d y-3+3 1 du: & (1-w1)
U Uy ori P U T Jam
0 m vy (1—wvy)

N

1
te / ity £
0

1 L
X {w1,16w1,1 - (5 - !ﬁ1|> } Z CF D+ 5, wl,l} (4.109)

10=0
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As we put w = —2(|fs| + 1+ 3) and Max(|32]) > |aw| in eq(4.55), we obtain y3(z) =

ys(z) = ys(x) = --- = 0. And the analytic function y(z) is

>

|ao 1 1
Ny (Slaolie iy, 2 / ~1+3 g+
y(x) = cow 204 | dtyt duy u
o i { (1+A)io(v+ﬁ>- oy

i0=0
5 (1=t1)(1—u1)

1 e (l ’l)l
; dv;
2 o1 =)
o
X {W1,18w1,1 - 1 + ’52 } ZO ‘a0|) wll(jl
o= 0 1 + )Zo(’y—i_ §)i0

— a2y 2 (1—t2)(1~uz2)
A1 (1-v2)
+é / dt2t2/ dugy us QR .

271 U|2a2\+1(1 . 02)
X {w2 20w 5 — + |ﬁ2|>}

— el 1—t1)(1—ug)
_1. 3.2 1 e (1_U1)w2,2( 1
></ dt, t, 2+2/ duq u;’ 2+2—,7§dvl PR
0 0 21 ol (1 — )
(

1

—|avl)s i
Rt ) w'?, (4.110)

5)%(7 + 9 /10
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As we put w = —2(|f5| + 2 + 3) and Max(|35) > |as| in eq(4.55), we obtain ys(z) =

ys(z) = ys(x) = --- = 0. And the analytic function y(z) is

|exo] ‘ ‘
Ja) = COxA{Z (“laoliy iy

i0=0 (1 + %)ZO (7 + %)10

1 _1.a 1 _3.x 1 e*(lzfiull)(lftl)(lfm)
+5/ dtl tl 2+2/ dul uz 2+2,7§dvl
0 0 271

’U|1al‘+1(]_ o 'U]_)

[evol
Lot~ () 5o
1,10w; 4 3 1+ %)10(74' %)ZO Wy

\)

i0=0
o [ Al TN e——(lfiz)za—t?)u_w)
+e dtz t22 dUQ Uy 2 — dvz a1
0 0 2mi vy (1 — wg)

1 _1pa ol O WO ¢~ iy w22 (=t (1-u)
X/dt1t12 Q/dulul 2 Q.fdvl
0 0

v|1a1|+1(1 — 1)

3 (—laol)io i
X 811]1 -5+ w,
{w1,2 2 (2 |53|)} ‘Z:o (1+ %)io(’Y + %)zo e

(1—t3)(1—1,b3)

v3
1 1, a2 1 1,2 1 T v ?

3 1+3 y—1+3 e
+e / dtg t§ 2 / dU3 Ug 202 — j{dvg laa 1
0 0 Ug (1 —vs3)

1 1 2 1 142
X {w3,3aw3,3 - (5 + |B3|> } / dto t22 /0 dus ug 2
0

1 e*ﬁws,s(l%z)(l—m)
X— ¢ dvy {wz,g@ - (1 + |53|>}
2me U|2a2\+1(1 ) s 3

1 7;4}& 1 77&4}& 1 6_(13%)1)7'”273(1_151)(1_“1)
X dtl tl 272 du1 Uq 22 — dvl
0 0 211

v|1a1|+1(1 — 1)

o

3 (—lel)io i0
X {w1738w1,3 - (5 + ’Bi%‘)} Z (1+ %)io(’y + %)io w173}

i0=0

{w2,28’w272 - (1 + |53|>}

(4.111)



CHAPTER 4. ANALYTIC SOLUTION FOR GCH EQUATION 401

As we put w = —2(|Bn| + 2 + 3) and Max(|3,]) > |am| only if m > 1 in eq(4.55),

we obtain

|exo] ‘ ‘
Ja) = COxA{Z (“laoiy iy

(1 + %)io('y + %)10

10=0

m (] 1 Lpoi—142 1 Lo i)—og X
ST [ s 7708 [y

n=1 { j=0 {70 0

1 o Ty Wit (1=t ) (1=t )
X— & dv,_; (4.112)

n—j +1
211 ULO‘_j 1 (1— Unfj)
|oxol
1 . (—laol)ig i -

X w,~78n7.n+7<n—]—1—m)—|ﬁ |} wy’ g"

{ n=jnPn—jn T 9 " iozzo L+ Di(v+23)ig

Put A =0 and ¢y = Daolty) ) eq(4.108) and eq(4.112) by using eq(4.40).
I'(v)

1) As w = —2|By| and Max(|Fs]) > ||

Q w 1 N 1 1,
QVV|ao\,|BO| <|a0| = _ﬁa |/80| = _537 = 5(1 + V); = —§€I‘;Z = —i,ux )
D(Jao] +7) &2 (“laol)iy iy _ laol! 5
- ialrer j{dvo - (4.113)
I'(7) i0=0 (Dio (7)o 2mi v(\)oco|+ (1— )
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(2) Asw = —2(|Bn| + 2) and Max(|B,n|) > || only if m > 1

Q 1 1 - 1
Wi (Joil = 5% = 5.1l = ~3m-+ )7 = F(1-+ Ve = —jeriz = — o

)

|avo)! ¢ T 1 L)1 [ L (i) 2
= o f o oL +Z H ity ey

Un—j

N —
[\
N -
o
N—

Wn—j+1,n(1—tn— J)(l Un—j)

1 e (=vn—j)
X— @ dvu,_;
27 J plon—iltt A
Un—j i (1 - Un_])

wi,n Y0
1 . |Oé()‘ e (-vo) -
X w,-,ﬁnf,n—i—f(n—j—l— ) |8 |},j{dv0 £"(4.114)
oo 3 "l T § R

Eq(4.113) and eq(4.114) are called the integral formalism of 15! kind of indepen-
dent solution of grand confluent hypergeometric function for the polynomial as 2 =
—2p (Jey] + £) andw = —2 (| 85| + %) where |, |8;] = 0,1,2,--- and4,j = 0,1,2,---.

Put A\=1-v=2(1—+) and ¢y = (—%u)l_v % in eq(4.108) and eq(4.112)
by using eq(4.60). Also, replace |o;| and |5;| by ; and ¢; where i = 0,1,2,--- in

them.

(1) Asw = —2(¢o +1 — ) and Max(¢g) > o

Q w 1 - 1 1
RWy,¢0 (wo = _ﬂ —1+4+7,¢0= 3~ 14+7v,7v= 5(1 +v);é= —pErz = —2ux2>

zvQ

%o —
T(vo +2 — )i ! T
=17 (o + ) E (=)o 70 =277 wo‘ j{dUO b -&j : (4.115)
I'2-7) 0 (2 =7)io (i 2mi 0T (1 = wg) 2
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(2) Asw=—2(¢p + 2 +1—7) and Max(¢,,) > ¥y, only if m > 1

) 1 1
RW%,(bm(wi__Q_l_;‘*‘%(bm —%—%—1+’y,'y=§(1+u);é: 5x,z-—2ux>
— =20 m n—1 1
| (1—wvg) 1 .
I B E%d € / ) E("*J)*W/ s(n—j)—1
=z - Vo + dt,_;t2". dup—j u;
{27TZ U(l)llo+1(1 _ 'U())27’7 nz::l ]1;[0 n—j J n—j 7
1 e_(li:ti;ij)wn—j#»l,n(1_t'n7j)(1_un7j) 1
X dn—’ n—'naw j 7( —7—1- )_ m
57 v T ) s s 3 (nmi=1-m) —en
w1 n Vo
| =Ty
<208 L —_— an (4.116)
271, 00T (1 —wp)2 Y

Eq(4.115) and eq(4.116) are called the integral formalism of 214 kind of independent
solution of grand confluent hypergeometric function for the polynomial as
Q=-2u(hi+i+1—7)andw=—-2(¢; +%+1—7) where ¢);,¢; =0,1,2,---
and 4,5 = 0,1,2,---. The boundary condition for x in eq(4.87), eq(4.88), eq(4.91),
eq(4.92), eq(4.113), eq(4.114), eq(4.115) and eq(4.116) is that |z|,|é] < co. Because

the maximum value of index n is m. So € will terminate at certain value of m.
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4.0.9 Generating function of polynomial in which makes B,

term terminated

Now, let’s investigate the generating function of the first and second kind of grand

o] |ag| 0 00
s
confluent hypergeometric functions. Multiply E 0 0 )i H E slf‘"' on
Qo)
o |=0 n=1 \ |an|=lon-1]

eq(4.55) where |s;] <lasi=0,1,2,---.

0 ‘OCO| o0 00
s
2 (ool 1 { 2 S“%}y(“‘) (4.117)
[0]=0 “n=1 Janl=lan1|
00 Sl)a()l 00 00
= Z (’a0|)| H Z SLocnI {yo(:n) + y1(x) + yg(;g) + yg(x) 4. }
|ag|=0 "n=1 | |an|=|an_1]
We define
Sab = Sa* Sa+1 " Sa+2° " S6-2 " Sp—1 " Sb
b (4.118)
w:,b = ZS8a,00 H tiug
l=a
And, we have
b |0
levi S5
T 1 — ) 4.119
Z SZ (1 _ S,L'> ( )
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\Oéol oo
Multiply Z ' H Z slf‘”‘ on eq(4.12) by using eq(4.118) and eq(4.119).
o= 0 =1 lan|=lan—1]

oo Sl)a0| ] 00

pBwird | AR DIIE AR 2710
= (lao)! -5

oo =0 n lovn|=lon -1
[e%e} 1 0 1]040| |a0‘ _’ao‘

— ,00 )\ 0
EWMﬁgmw{ 2 T Dt + B

o0 |ag] o0 00
Multiply Z % H Z slanl 8 on eq(4.44) by using eq(4.118) and eq(4.119).

!
om0 10D ot | oS

o) 8\a0| 0o o)
Z (|§0|)! s { Z a”}yl()

‘O¢0|:0 n=1 ‘a’n‘ ‘a’n 1‘
o 1 Aoy 2(1—t)(1—u1)
1 _142 342 1 (1 on”
:wWHu>/%Vﬂ/mﬂﬁ3'mz I )
— Skoo) Jo 0 Uy — U1){V1 — S1,00
k=2 ’ 7
o
w A 1 (s000) ™ (—laol)ig i
X 3 w110, +<+>} < > wy’y

(4.121)



CHAPTER 4. ANALYTIC SOLUTION FOR GCH EQUATION 406

Let v1 = 51 in eq(4.121).

oo S\oé0| o0 o)
> ST Y e
laol=0 MOV n=1 | Jan|=lan-1|

|ao\ |vol

w A - (—|v))iy .
¥ Ow — *)° (4.122
Quiit, (343 }Z Joal 22, (17 Bufa + T )" (4122

ey (L~ Sko0)
-

) 1 1
1 _14A 3N ___Sloo  _(q_ _
- y—24 — z2(1—t1)(1—u1)
= coaé | | —— | dty t; %2 duj u; " 2e 0710
- 0 0

\a0| 00 00
Multiply Z 0 OD! ! Z slanl % on eq(4.48) by using eq(4.118) and eq(4.119).
loro|=0 n=L { lan|=lon-1]

00 S|o¢0| 00 00
S (‘aoom ! { |Z | an}yz()

1 2t —142
= coaz)‘§2 / dta t3 / dusg u2 t2
iy (1= sk00) Jo 0

z(1— tz)(l—ug)

xqu{d i) ) +(1+A+w)
2w | (L= vg)(vg — s900) | 2 22T \2 7 2 2

! Aot WP | oy wee(1-t)(1—u)

s Y5+ e

dty t, ® 2/duu ’ Q.fdu 4.123
/0 t 0 t 2mi ! v (1 — 1) ( )

|evol

[e%e] |
51,00 AW (—laol)i i
it b 3w i _ 0
X Z < > {wl,z 1,2-1-(2—1—2)}2 (1+%)i0(7+%)10w1,2

V102 :
|ev1|=|exo] i0=0
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Let vy = s9 o in eq(4.123).

9] s|a0| o) )
z|: (\;)OD! { Z an}?ﬂ( )

|lan|=lan—1]

! e -1+3
= cor & dty t2 dus u. 2
0 H 1_5k:oo/0 22/0 2

577«(1 to)(1—uz) . 1 XA w
xe (72 {wzzaw;,z + (5 a7 2)}

1 _1.x 1 3.2 1 ﬁwiz(l*tl)(lﬂu)
X / dtl tl 2t? / dU1 uY 2at?2 - fdvle (1 _1 _ (4124)
0 0 v1)(v1 — s1)

00 lowg]| lexol

A w 1 (s (—leol)io io
X{w1’28w1’2+<2+2)}a02 o () 2T Db+ B

2)io (Y + 9)io
Let v; = 51 in eq(4.124).

00 \040| 00 e’}

|Z (o \)H 2. o ()

=1 lan|=lan- 1|

—i’i— (1—t2)(1—u2) [ A
xe (179200) {w228w272+(2+2+2)}

12 1 3.2 7(1i715)“’3,2(1*t1)(1*1t1)
/ dh / duy ] (4.125)
B 0 (1—s1)

00 o |evol
A w siol (—laol)i '
w dw* 8111* + (_ + _)} E 0 § 0 w* )0
{ 1,207 , 2 "9 oyt (|evol)! = (14 2)io(v+ %)io( 1.2)




CHAPTER 4. ANALYTIC SOLUTION FOR GCH EQUATION 408

‘O‘O| [ee)

H Z slonl % on eq(4.54) by using eq(4.118) and eq(4.119).

=1 |an|:|an—1|

Multiply Z

|\o’°"

H Z shonl 5 ys ()

“n=1 | |an|=lan-1]|

= a:)‘<§3H ! /1 dts 372 /1 dus w73
= s ; \
’ L1 =skec) o~ % o 3
— B z(1—t3)(1—u3)
1 e (1-wv3) (1-t3 A\ w
27T % 03(1 — ’[}3)(/(]3 — SSQo) {w373 3,3 + _I_ 2 2
e - U2>w33(1 t2)(1—u2)
dty t2 [ duyul™ 2 ]{
/ 22/ et (1 — g
|o2]
52,00 1 AN w
it e 811; <_ A _>
X Z (021)3) {w2,3 23 T 5 + 5 + i }
=1
! 1t 3.2 1 _(137%,)102,3(1—751)(1—1;1)
></ dt, t12+2/ duy u] 2+2_-de16 I
0 0 211 vi(1 — ;)
s %
S1 A w
X Z (,U_l) {wl,Sang + <§ + 5)}

> Sl)ao‘ & (—|awol)s .
* AT (4.126)
%:0 (Jewo)! OZO 1+ 2y + 2y
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Let v3 = $3. in eq(4.126).

o ool oo >
Z 0 : H Z shonl b ys(x)
(|OZOD n=1 |047L|:|Oén71|

A

1 1 1, 1 1
= Co.CC)\ENS H ﬁ / dtg t32+2 / dU3 ’U,g 2t
_ 0 0

53,00
T e Ut 1) | AL
xe (7%, Wia0us, + (145 +5

>

w§73(17t2)(171u)

1 A 1 142 1 ei(lﬁiz) 1 A w
dta t2 | dusu, 2— ¢d ) (f A f)
></0 219 /0 U2 Uy o V2 (1= 02)(vs — 52) {wz,g e 5 + 5 + 5

v
1 1oa 1 3.0 1 — oo w2s(l-t)(1—u1)
142 -2+2 e 1
X / dtl tl 202 / dU1 uz 202 — dvl
0 0 211 v1(1—wvy)

(4.127)

lvol

5 (o) e (G4 9)} S S e,
st {3 (Joal)! 2 (15 By + 30

|ao|=0
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Let vy = s9 in eq(4.127).

o) S|a0| o) o)

0 |an|
2 Gamilly 2 sl
oo U0 s | e G

1

1 /\ 1 A

—coxen /dt3§ 2/dU3U32 2
Skoo 0 0

83, 21— —u )\
T {w;,gaw§,3 )

410

' e y—1+3 € Ta- e2)“’3,3(1—t2)(1—u2) . \ y
X dty t5 d . (_ A _)
/0 22/0 U2U2 (1 — s5) {w23 55 T 2+2+2 }

1 e—(lﬁiil)wé,g(l—tl)(l—ul)

Njw

+

N[>

1 S|
Aty 7272 | du ) 2T dd 4128
X/O 1h /0 B A G Y P (4.128)

X { Ow, 5 + ()\ + W)} 3 1 (50’1) s ool w'
w w1 = = — z :
105+ (37 3) 1 22 et U 204D+

|oo|=0
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Let v; = 51 in eq(4.128).

o) S|a0| o) o)

0 |an|
2 Gamilly 2 sl
oo U0 s | e G

A 1,2
= coué H /cizf;z,t2Jr /dU3U3 272
Skoo 0
—53’7‘”,2 _ —u
xe (-5300) (1—t3)(1-us) {w§3 s <1+ + 2)}

wi (l—tz)(l—ug)
v14de” (=R 1 A w
X/ dt; t2 / du UQ (1—82) {w23aw23+<§+§+§>}

1 3.2 e_(liilsl)wg,s(l_tl)(l—ul)
d d Y3 t3
X Uy Uy !
0 (1—s1)

loo| |l

w % (=laol)i % Yio
x {w 30ui, + + 5)} m%o 0 ;} T DG s el (4129)

o
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Substitute eq(4.120), eq(4.122), eq(4.125) and eq(4.129) into eq(4.117)

00 S|a0| ]
Oy | JO S T

|oxo|=0
0 1 o0 \Ofo| |vol _|a0|
o A 10
= Cox z
]Hl(l_skoo);o | 0|‘”LOZO %zo')/‘i‘ )
= 1 / 1 [l N34 "Loo o (1—t)(1—uy)

+& dty t,? 2/ duy uy, 2 %e (7s1.00)

,!_[1 (1 = Sk00) Jo ' 0 !

S \oz0| loxol ( |
* _a0|)i0 * \4
X QWi Oy | + ( >} (wiy)"®
{ b z|: | 0| lz::() (1 + %)%(7 + %)io
[ee) [ee) 1
2_1+2 y—24 R4S S (1 g Y (1—uy)
S{ s :
1 A
O, ( 1 )
n— —n 1—tn—i)(1—up—
J)—1+3 ! y—2+1(n—j)+3 € (1 T ]) W1 (1=tn=3)( )
dty—j U,
(1= 8n—y)

1
X / dt,—; n(]
=1 Yo 0

X 1 . w oA
X {wn_j’nﬁw;_j’n + (5(’” -] 1) + § + 5)}

\a0| o
(_|a0|>i0 *  \ig ~n
Tt Dl + 3 ) }} }

(4.130)

X
|a\0|

of)!
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Let A =0 and co = 5520 in eq(4.130).

0 loo| 00 00 '
50 slom IV U
Z (Jaol)! TH { Z }QW% <|O‘Z| = g3 €= 58 2= TG UT

2
jao|=0 =1 | Janl=lan-1] a
e’} 1 [e'¢) |a0|
= Z F|a0|(’7a z)
=) 2=, ool
0 1 1 s
. 1 -1 =3 —g=sa(1-t)(1-w) w
(1-s oo) * —
e e (viide, +5)
|ao\

X Z F|a0|(r77w )
2 gt Tl

1 1 s
21 T=2+5 — gy z(1—tn)(1~un)
+Z{H1_%QA“”%Ad%% co
1 w
x {w;;,naw;m +(500-1+%) }

n—1 1 L 1 L T Ty Wht—jn (I tn—g) (1—un—;)
z(n—j)—1 y—2+3(n—j)€ "

dtp—; t2° . Aty —; 2

’ ]Ul {/0 e /0 g (1 = sn—j)
1 & |evol
X Q Wy i O, T (g(n—]—l)—i—f Z (o D‘F|a0|(’y;win) gn
|ag|=0

1

where v = 5(1 +v) (4.131)

The generating function of the first kind of confluent hypergeometric function is

(1—t) - z;omﬂam(% z) (4.132)



CHAPTER 4. ANALYTIC SOLUTION FOR GCH EQUATION 414

Apply eq(4.132) into eq(4.131).

© S|a0‘ 00 00 o ~ . ) .
0 on N 2 s D o 2
Z (|040D' H Z Sn QVV|QZ\ <|az| = 2,& 9 g = 251:, z = 2,ux >
|O‘0‘:0 n=1 |047L|:|04n—1|
lo—o[ 1 e_(l%(f;)
a k=1 (1 - Sk,OO) (1 - 50,00)7
> 1 1 51,00
+€ 1/ dty 751_%/ duy uz_%efmz(lftl)u*“l)
w e_q(l}ilszo) = = 1 1 n_y 1 242
X 1 a * *}7 - - dt tf_ d V—4T35
{utaug, + 5} o *;{%1—%@/{) [
___Smoo _ -1
o Ty ?(=ta)(1 un>{w;;maw:mJr ((n2 )+o2J>}
n-l 1 1 . 1 1 . _%w:@Ll—j,n(l_tn—j)(l_un—j)
z(n—j)-1 y—2+1(n—j) € n—j
X dtp_i t2 . Ay, ; 2
jl_[l { /0 "t /0 Hn=d tn—j (1—sp—j)
7wiﬁ,n50
* 1 . w e (1—s0) -
ot Gos-0+ P s |
1
where v =35(1+v) (4.133)

Eq(4.133) is called the generating function of the first kind of grand confluent hyper-
geometric function as Q = —2u(|oy| + %) where 4, [a;| = 0,1,2,---.

Replace |ag|, |an—1] and |a,| by ¥o, ¥n—1 and 9, in eq(4.130), also, put A =
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l1—v=2(1-7)and ¢ = (—%,u)l_7 % on it.

) 00 1 00 Sgo
— - OOA .
S =g 2 v et
+§ﬁ : / dty 177" /1 duy uy e Ty 21—t (1-w)
1 1
hel (1= Skoo) Jo 0
§ W oo 1110
X {w1,1aw{71 + (E +1- 7)} Z o ,Awo(%uﬁ 1)
%o=0
n=2 \ k=n <1 N Sk,oo) 0 0

1 w
X Q WD +(—(n+1)+——7>
k] n,n 2 2
16_(1 snjy)w:L+l ]n(l t"l J)(l Un— j)

o i) ! Lnj)y—1e O7sn=g) 1=

j=1
* 1 . w - Swo * ~n
X {wn_jjnaw;m + (§(n —Jj+1)+ 5~ ’y)} Z ﬁA%('y; wljn)}}s }
1o=0
1
where v = 5(1 +v) (4.134)

The generating function of the second kind of confluent hypergeometric function
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18

e -9 %o
(1 _t)foy = Z w |A1/10(77 ) (4135)
Yo=0
Apply eq(4.135) into eq(4.134).
0 Yn _ -~ . _ 2
bl 5" ¢ BWy, wi———+’y—1——,€———€x,z_——ux)
woz_ tho! 1:[1 %1 v ( 21 2 2 2

250,00

= 1 e (170,00 M 1 —/1 [ 1

1—v = 277 2
— +e€ dtl t / dul u
{,El s irere i | S B AL B AL

wf,ﬁ‘o

— 2 (1—t1) (1~u1) w e (=s0)
(1—s ) * . hd _
Xe 1,00 {w171(3w1’1 + <2 +1 'y)} —(1 =

1 n n Sn
Y dt, 2 du,, ,:I”L ~Tosnae) 21—tn)(1=un)
S Mt [ [

X{w 20w ;(n+1+w)—v>}

nol 1 1 A 7mw;+lfjn(1 tn— J)(l Un — ])
XH / dtn—; n(] ) 7/ dty,—; ufbg )18 ’
=1 L Jo 0 (1—sp—j)
_wI,nSO
* 1 . e (1=s0) -
[t o st e ) = e

1
where v = 5(1 +v) (4.136)

—_

Eq(4.136) is called the generating function of the second kind of grand confluent

hypergeometric function as Q = —2u(¢; + 1 — v + %) where i,1; =0,1,2,---
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4.0.10 Generating function of polynomial in which makes A,
and B, terms terminated

Again, let’s investigate the generating functions for the case as A, and B, terms are

terminated First of all, We define that

Sij = Si Si+1 " Si+2° 1 Sj—2 Sj—1 " 5j

=s; onlyifi =7

(4.137)
wlj = thlulsl onlyif j =m
I=i
= ZSim H tiu; only if j <m
L I=i
0 |evol
Multiply Z 0 7 in eq(4.108).
|OCO|:0 (‘aO’)'
(1) Asw = -2 (]ﬁol + %) and Max(|So]) > |l
oo S|OO£0| e |OZO| o —|O[0’ ‘
— = cox 2" (4.138)
2 Qo™ = 3 G 2 {07 Dt + D
|ao\ 0
Multiply Z (ool Z 5|1a1| in eq(4.109).
Qp
|oo|=0 o1 [=]exo
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(2) Asw = —2(|f1] + % + 3) and Max(|51]) > |ov|

o] || o]
S0 o]
|eo|=0 |e1|=|exo
o0 lao| o]
1 s (—levol)s :
_ A 0,1 01/%0 70
= CoX _ zZ
{<1 ~) 2=, Toal) 2 0+ D+ B
1 ! 1At B4 Es
+& / dty t12+2/ duy u] T2 mmp(mmm) (4.139)
(1=s51) Jo 0
0o lag|  laol
1 S (—lewol)s :
T 0 010 t \io
X wl,lawT - (‘ + |5l|>} (w1,1)
{ L1 2 |0§;0 (’CY()D' ioz::() (1 + %)Zﬁ(fy + %)io
00 Sl)ao‘ 2 00
Multiply Z (|a0|)!H Z slonl 5 in eq(4.110).
|oo|=0 n=1 | |an|=lom-1]
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(3) Asw = —2(|f2| + 1 4+ %) and Max(|$s]) > |as|

oo Javo 2 o)

S (6%
>, =] D s pu)
=~ (Jevo[)! 1 -
oo |=0 n=1 | |on|=|om—1]|
2 o0 ‘Oéol ‘Oé()' —|(){0|
o A 10
= Cox z
{]:!_‘[ll—SkQ Z| |0"m20 1+§zw+ 3)io
2 1 1
1 1.2 _34x . Fl2 u
+‘gﬂ—/ dty tﬁ“/ duy u] 2 TRe Tam T
b1 (1= sk2) Jo 0

00 lag| ol
So (—[aol)i io
X {wi’law]{@ - (1 + |62|)} Z (’CYOD' Z (1 + )i()(")/ + %)io (wI,l)

|ag|=0 " ip=0

- 142 — 22 _(1_4y)(1-u 1
&2 H (1= sr) / dty t3 / dus uﬁ{ 20" sy (1 t2)(17u2) {w;ﬁw;z — (5 + ’Bz’)}

1 w2 [ y=3+3 L wf (-t (-ur) [ %
/ dt, tl A / duy uy 2 2e Gmsp 722071 ' {wl,QawIQ - <1 + ‘52|>}
0 0 ’

glool |l |
_a0| T Vo
w 4.140
laozoro\'zu o+ D “’2)} o)
e Sl)ao‘ 3 o on
Mult1ply|z|:0(|a0’)!l_[1 | |Z lgnn in eq(4.111).
ap|= n= Qn|=|Qnp—1
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(4) Asw = —2(|f3] + 2 + 3) and Max(|3s]) > |as]

> lao| 3 .
“ |ovn |
2. ey 22 sipu@
|ao|=0 n=1 | |on|=|an_1|
3 1 oo lao|  |aol _|a0|
_ A )
= CoT .
{H(l_sks)lzo’d'mzo %mV—i— )i
- 1
! 2 342 2513 .
+5H (1 )/ dtl tl / dul u; 2+2€ = 3)(1 £1)(1—u1)
— Sk,3 0 0
k=1

00 |a0\ |ovol
3 —]04 Dio -
+ 0 T\
Xswy0 ¢+ — =+ E wi ;)%
{ 1,1 wh (2 |53|)}|§0 , 1+ 10(7+ ) ( 1,1)

'z—O

/ dt t2/ dus uﬁy +2@ <1ZS32233>( —t2)(1—u2)
1 — Sk 3
)\

1.2 1 T N ST
X w;QﬁwT —(1+ 53] dt1 tl i duy u, 212 o~ w2 (-t (-w)
2,2 0

3 s (—Jol)s :
t 0 0l)i0 T 7
X Qw90 1 — <—+ \53\)} (w]5)"
{ 129%1 9 %0 (|evol)! iogo (1+ %)io(’y + %)10 ;
3 1, 2 1,2
-3 2 —5+5 =3~ 2(1—t3)(1—u3)
dt- 12" 2 d 202 (1—s3)
Te g(l—sk)/o 2 /0 st ‘
1 ! '
" {w3 381”]» <§ n |ﬂ3|>} dty t22 dusy U; 20 U593 3(1—t2)(1—u2)
) 0 0
1o [t _3
X wgg(‘? i — (1+ |5 dt1 ty o duy U’1Y 2+2e Ty els (-t (A-u)
© o Wa 3 0 0
t 3 - —|Oéo| Py
X wig0  — (_ + \530} (wy,5)" p (4.141)
{ 13%1 9 o%O !;) 1+ 2)ie(v+3)i
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According to eq(4.138), eq(4.139), eq(4.140) and eq(4.141), the general expression of

the generating functions as A,, and B,, are terminated is

(1) As w = —2(|fo| + %) and Max(|5|) > ||

|a0| |evol

= (4.142)
2 Toa"® Z| o T D 1B
(2) Asw = (|51| + + ) and Max(|S1]) > |ay|
S T
s My(z
2 Togt, 2 W@
|ao|=0 |1 |=|ao]
1 = spr & (—laol)io
_ A 10
= cox™{ ———
T 2=, Tl 2 7 B0+ I
1 ! 1,2 1 342 Y
+& / dty t12+2/ duy u] 72 map Tt mu) (4.143)
(1—s1) Jo 0
00 lag| |0l
1 s (—|aol)i :
T 0 01)io IBRY
X qw awf —<—+|ﬁ1|>} (w1 1)
i 3 2 Tl 2 T+ Do+ 2 ™
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(3) Asw = —2(|Bm| + 2+ 3) and Max(|B,n]) > |ovy| only if m > 2

o) Slao‘ o
Y. Tam Yo sl iy()
|evo|= 0 “n=1 | |an|=|on_1]
m 1 ) lao| |l _|a0|
o A 10
= Cox z
{Hu—snw?alo\'%l Dl + e
m 1 1
. 1 / —142 V=343 e (1-t) (1-w)
+e || — dty t, > 2/ duy uy, 2 %e (=s1m)
,}_[1 (1= skm) Jo ! 0 '

y {whawh B <%+ |5m|>} 3 (’3() 5 3 (;\&o’)io —(w

|ao[=0 @ol): i0=0 (1 T E)io (’Y - §)Z0

om0 1 1
Xe (1—Sn,m) (1=tn)(1—un) {wl,nawjl n + §<n - 1= m) - |6m|}

n ! Linej)—142 [* 1l (n—j)—242
2\n=J 2 Yran=j)—ary
X | | / bnj b / Aty —j U,
e 0 0

m n—1 m 1 1
1 1 "1+)\/ 7+ﬂ,2+&
dtnt2 2 d n n 2 2
3 IIu—szIu—&m»/ S
l:’I’L I 0

422

—nmd b (=t ) (1—uy .
e T el Uﬂ{wlmﬂmm+_0%ﬂ—1—m>_WM}

|a0‘ |evol
(—laol) wl Yo g"
<3 T2 T DB e 1)

Put A = 0 and ¢ = 20352 in eq(4.142), eq(4.143) and eq(4.144) by using eq(4.132).
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(1) As w = —2|5y| and Max(|5s]) > ||

levol

Z (|S 0|) Qma0| | Bol (’ 0| =5 |50| = — ,’Y,é z)
aol=

zsQ

|040|

0
N " 4145
Z; Flag|(2) = A= sy (4.145)
(2) Asw = —2(|f1] + %) and Max(|3]) > |os| where i =0, 1
X gl & Qi 1
Z S SN QWa o lul = =5 = 5, 181 = =S (1 +w), 75 2
ao))! 2% 2 2
|040|=0 lov1|=|ao]
50,1
e (1-s01) 1 1L y=3 2L _(14y)(1—
= dt- t, 2 d 2 (A-s1) 1)(1—u1)
w] 1%
i) 4146
X U) 1 wll +|/81| (1—81)(1—80)’\/ ( . )

(3) As w = =2 (|Bpn| + 2+ 3) and Max(|B]) > |ou,| where ¢ = 0,1,2,--- only if
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m > 2
[e'e) lag] m [e'S) .
80 ‘an| 0 Q 2 _ 1 .

IZO (QO)ITH{ |Z|: |5n }QWCMZ,Bm (az| _72M *53‘5m| _*§(m+w)7775yz
Qo |= = Qn|=|0n—1

ﬁ 1 6‘70?36%
B - — Skm — S0,m

Ha= S\ a=semr

-1
Sl [ [
(T=s) it (L=sim) Jo " "

n=2 \ k=1 : 0
—_Snm__, —u 1
xe (d—sn,m) (1=tn)(1-un) { IL,n wh + 5(71 —1- m) - |6m}
n ! 1 2
ot [t
=1 {70
—ee s wl (At ) (A—uny) [y 1 1 .
xe (=sn—j) moithn wnfj’nawnw + 5(71 —j—1- m) — |Bm|
w17n50
e 0 L 4.147
T ) f° e
where,
(
7=51+v)
1
F— _ ey (4.148)
2
z = ——pux’
\
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Eq(4.145), eq(4.146) and eq(4.147) are called the generating function of 15¢ kind of
independent solution of grand confluent hypergeometric function for the polynomial
as Q= =24 (|ay| + %) and w = =2 (|8;]| + 1) where ||, |8;] = 0,1,2,-- and 4,j =
0,1,2, -

Put A= 1—v =2(1—-7)and ¢ = (—3p)"” He22) i eq(4.142), eq(4.143)
and eq(4.144). Also, replace |o;| and |5;] by ¢; and ¢; where i = 0,1,2,--- in them

by using eq(4.135).

(1) As w = —=2(g + 1 — 7) and Max(¢o) =

o 1o
S w w ~
>, ﬁRWwom <¢o =—5—1+%60=—5 - 1+%’y;€;2)
Yo=0 ’
o 1/10 *(1ng>
_ 1 204 _ 1y & 4.149
D I L (1149)
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(2) As w = -2 (¢1 + % — 7) and Max(¢1) > 91 where i = 0,1

o Yy X )
S Q i w 3 ]
ST S T T (K ST SOV S
e L 2p 2 2 2
0= =0
e_(lz—ss% 1 T e
=27 7 T g/ dty tf / duy uy *e 0= 1 1
1 )
T e (-so
- %1, 73 4.150
{wm w (2 + ¢1)} (1—s1)(1— 50)2_7} ( )

(3) Asw = —2(¢m + 2 +1—7) and Max(¢y,) > b, where i = 0,1,2,--- only if
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oo
Q ? w m 5
{ Z an}RWw“‘bm(wi%lQ‘F’%?bm221+’Ya’7;5;2>

m ng’m
_ Zlf'y H 1 e (1=s0,m)
P (1= skm) (1 =50 m)2 v
m 1 1 zs
. 1 1 -1 LM () (1—ug)
+& / dt1 t? / duy u, 2e (7s1m)
H (1 - Sk’,m) 0 ! 0 !

1
_¥1.1%0
g, - (o) o
<{olidng, = (T +00)} g
m n—1 1 m 1 1 n 1 n_q
+ / dt 2_7/ duy, ug
Z{Ha—swgu—sm p Gt Jy
_ Sn,m _ _ 1
Xe (1*Sn,m)z(1 tn)(1—un) {wjl,nawln + 5(” —1- m) - ¢m}
n—1 1 1 . 1 1 .
z(n—j)—v z(n—j)—1
X H {/ dtn_j tfz—j / dun_j qu—j
e U 0

><ef“izi:ij)wi“”l’"(kt"*j)(l*u"*j) {wT ol + 1(71 —j—1- m) — ¢m}

TL—j,?’L Wn—j,n 2

'Lv;nso
e T 4.151
T ff° -

Eq(4.149), eq(4.150) and eq(4.151) are called the generating function of ond kind of
independent solution of grand confluent hypergeometric function for the polynomial
aSQ:—Qu(wi—i—%le—'y) and w = —2(@—}—%4—1—7) where ¢, 0; = 0,1,2,---

andi,j=0,1,2,--.
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As we see all cases of generating function of Grand confluent hypergeometric
equation, We only get rid of |o;| and 1); eigenvalues where i = 0,1,2,---. But if
you want, you can get rid of |3;| and ¢, eigenvalue: for where j = 0,1,2,---. First
of all, let’s think about the polynomial case which makes A, terms terminated at

certain eigenvalues. If you multiply Z thfml on eq(4.90) and Z t on eq(4.94),
‘Bm‘ZO édm=0
you will get rid of all |5,,| and ¢,, terms and obtain the generating function of it. By

same reason, if we multiply Z P11 on eq(4.146) and Z thPml on eq(4.147), we
1811=0 |Bm|=0
can get rid of |f;] and |f,,| terms of the polynomial case in which A,, and B, terms
terminated at certain eigenvalues as well. Also, as we multiply Z % on eq(4.150)
$1=0

and Z t?m on eq(4.151), we can get rid of ¢; and ¢,, terms The reason why we
¢77L:0
skip this process is that it is not relevant to physical problems. But only if you are

interested in making mathematical rigor, you can can try it that way.
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4.0.11 Asymptotic behavior of the function y(x) and the bound-
ary condition for x in the case of B, term terminated

Asn > 1, eq(4.4a) and eq(4.4b) are

limA, = A=—° (4.152a)
n>1 n

And,
limB, =B=-" (4.152b)
n>1 n

As B, term terminated at certain eigenvalue, then eq(4.3) gives

Cg1 A Ancy, (4.153)

Put eq(4.152a) in eq(4.153).

el R ——Cpy 4.154
Cn+1 nC ( )
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For n=10,1,2,---, eq(4.154) gives

_ __E
Cy = —Icl

C3 = (—1)2§01

Cqy = (—1)3£01

3!

c5 = (—1)4%01

From eq(4.155), we have

n

€
Cnil = (—1)"—‘01 wheren > 1
n!
Assume that it’s solution is
o0
y(x) = Z Cpa™
n=0

430

(4.155)

(4.156)

(4.157)

(4.158)
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For simplicity, let say ¢; = 0. Then,

—EX

lim y(x) = xe where — o0 < & < 00 (4.159)

n>1

4.0.12 Asymptotic behavior of the function y(x) and the bound-
ary condition for x in the case of A, term terminated

As B, term terminated at certain eigenvalue, then eq(4.3) gives
i1 = Boen s (4.160)

Put eq(4.152b) in eq(4.160).

Cns1 ~ — L (4.161)
n



Cy = _TMCO
(=1)%?

Cq = 1.3 Co
(=1)%®

€6 = 135 €0

CHAPTER 4. ANALYTIC SOLUTION FOR GCH EQUATION

We can classify ¢, as to even and odd terms from eq(4.161).

C3 — 701
_ —(2p?
C5; = 2,)4 C1
_ —(*p?
1= 916 @

_ =@t
€9 = 5768 &1
_ —(od
€11 = 326810¢1

Put eq(4.163) in eq(4.157)

7111>>m1 y(z) = co Z(—l)"ﬁ

1 1 \»
Coni1 = ﬁ( — —,u) c1 wheren > 1

432

(4.162)

(4.163)
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By definition, error function is

Erly) = —= / dt e (4.165)

Put ¢g = I'(3) and ¢; = 1 in eq(4.164), and By using eq(4.165) into eq(4.164), we

obtain
limy(x) =1+ ~ T 2Bt L + —gu’ here —oo <z <
lim y(2) = 5 HE \/ SH x e where — oo < x < 00

(4.166)

4.0.13 Asymptotic behavior of the function y(z) and the bound-
ary condition for x in the case of infinite series

The general expression of y(x) for infinite series of three term recurrence formula is

10—1 io—1 i1
y(x) { Z <H lel—i_l) Hor + Z {A2zo H BQZH-I Z (H B223+2> } $2i2+1+>\

10=0 \71=0 10=0 11=0 i2=19 \i3=10
00 i0—1 ) g —1
+ E A, H Bai, 11 H E Aotk H Baigy oy + (k4 1)
n=2 i1=0 ok =l2(k—1) 12k 4+1=%2(k—1)

e’} ton—1
X Z ( H B2i2n+1+(n+1)> }}$212n+n+/\} (4'167)

i2n=la(n—1) \ i2n+1=2(n_1)



CHAPTER 4. ANALYTIC SOLUTION FOR GCH EQUATION 434

By applying eq(4.152a) and eq(4.152b) into eq(4.167) and putting ¢y = 1, we obtain

. 1, 1
lim y(z) = y(z = —gHrtE = —5»3:0)
N T O B § ) P
= 20 +e ; 01 (4.168)
L m, L,
0 o0 n—1 e’}
+ ! y ol (5 + 3)ins
n=2 \ ip=1 to (%)”0 k=1 \ip=ip_1 (’f + g) (% + %)zk
a L 1 ; '
X Z %Z“‘ e" where — oo <z < 00
’l‘nfinfl <§ + 5 in

As we see in eq(4.168), the minimum value of the index i( is 1. The reason why it
starts from 1 is that if ig = 0, then % term will be divergent. Mathematically, that
has no meaning. So the index iy starts from 1, because we are interested with the

asymptotic behavior of the function y(z) as n > 1.

4.1 Summary

Summary of all independent solutions of grand confluent hypergeometric function:
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Q ' 1 1 1
y(‘r) - QVV\OM (|al| = 5 377 = —(1 + V); €= —=€x; 2= ——Mx2)

o 2 T2 ) 2
D+ aod) [ 2 (Slaoy %" o +%)  (laol
T {iozzo(l) (7)io +Eloz:0{ (i0 + 5)(i0 — 3 +7) (Dio(Vio
S [ oD B+ 3
= (=laa])io(3)i (v + 3)as
) |ao]
(0 + ) (—laol)ig
+NZ:2 { IUZO { (i0 + 3)(i0 — 5 +7) (Dio(V)io
N-1 ok k k
ik +%+5) (=law)i, (1 + 3)i (5 + V)i
: k=1 {Zkzz;; 1 (ix, + l + E)(Z’f - % +7+ %) (—lak)i,_, (1 + %)zk(é + )i }
law] N
_laN’ ZN 1 + )ZN 1(2 +7)$’N—1 ZiN ~N
2 o (s Dl 5 }} }

Table 4.1: The 15t kind of independent solution of grand confluent hypergeometric
function for polynomial as 2 = —24(|a;| + §) where 4, [og| = 0,1,2, - -
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i 1
5 2(+V%

(—=%o)iy i
\a

20
0=0 0 (2 - 'Y)io

(lo+1-7+%) (—0)iq
(io + 3) (G0 + 3 —7) (Do (2 = 7)io
- ’Y)io i1

_7)i1z }}
+ ) (io +

(e+1-v+%5+5) (=) (1+

%)z 1(2 -+ %)ik—l

(ik+l+E)(’ik+ -7+ ) —r)i,_, (1

w Jiw (L )iy 2=+ Bin s }} N
( wN)lNﬂ(l"i_ 2)1'1\7(2 '7+

E
2

-

-7+ g)lk

}

Table 4.2: The 224 kind of independent solution of grand confluent hypergeometric

function for polynomial as Q = —2u(; + 1 — v + %) where 7, 1;

=0,1,2,
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(1As w = =25

y(z) = QWigy| | [Bol = —%,’y = %(1 + )€ = —%m;z = —;/ch)
CTh-2) & R
T(7) 2 (oMo

1 1 5 1 1
y(z) = QWig,| (ﬂ!ﬁﬂ = —5(1 +w),y = 5(1 +v);é= —pEwz = —§um2

PO [ G o N Go—G+18D) (R
F('V) {z()z::() (1)2'0('7 ioz " iOZ::O (iO + %)(ZO - % + 7) (l)io (7)2'0
> (%+%)i1(%)i0(7+%)i0 i1}}~}
" g { E 1 Do@®a(+ D
(3)Asw = -2 <\5m]+%) only if m > 2
y(x) = QWg,,| ]ﬂm\——%(m—l—w),’y:%(l—i-u);é:—%53:72:—%/&2
T -5 [ G 5 X o — (24 18al) (i
() {Zozzgum *2 (io + 3)(io— 1 +7) Wis (g
= (g + 5 (3io (v + 9o }} i { > { (o — (2 +18nl)  (30)io
XZ.Z;O{(%;>ZO<;>Z-1<7+;>K 2\ 2\ Tt Dio b+ ) Walhn
= (i +5— (2 +18a)  Git8i1+35)

Table 4.3: 15 kind of independent solution of grand confluent hypergeometric func-
tion for the polynomial as w = —2 (|6Z| + %) where ¢, |3;] =0,1,2,---
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(NAsw=—-2(¢o+1—7)
w 1 - 1 1
y(z) = RWy, ¢o:—§—1+fy,’y:5(1+V);£:—§8x;z:—§u:c
- 2) & (2417,
z
2 =7) = 2=

y(z) = RWy, ¢1——g— +%7—%(1+V);5=—§6x,z=—%ux2
PA=g) [ & G +1=io 5 X[ Go-(G+o) G +1-7k
— 1= 21 22p  — 170 g 0 1 2
? F@—v){mzo(? Dio Wiy~ *é{(m Do+ 5 2~ oW,
oo 0 3 _ (D 3.
« Z {(25'*;_'7)11(?_'7)1'0(;)1‘0 21} N}
i1=io (zu + 5 7)10(2 7)11(2)21
(3)Asw:—2<¢m+%+l—’y) only if m > 2
y(m)—RW@n(d)m:—o; % 1+’y’y—;(1+u),€:—15:vz——;m:>
Fl-sH) (& (B +1-7) . & (io— (2 +ém)) (55 +1=ig
_ 1 21 2 i0 m 2
TR {%(2—7>m<1)i0z +ZO§::0{(20+ 7)(@o+ D =i (Wi

-
=
I
4
o

.X
hgk
—

+
NE

22
Il

X
Eond
+ —N— ——
Nt
=
+
|
|
I3
_|_
ASS
g

2
- = (it 35—+ 5+ 5)
X(% §+1_’Y)ik(2+%_7)ik_1( +%

~| =
[a—
+
N ~—r

ig—1
- 7)ik_1 (2 + % - V)ik )Zk }

Q N N o
) i (ﬂ + 5+ 1-— '}’)iN(Q +35 = 7)11\171(1 + 7)1'1\7*1 SN N
o+ T +1=Vin C+ 5 = Vin 1+ Fin

—~~ |
Flo
+
[IE
+
—_

IN=IN_1

Table 4.4: 224 kind of independent solution of grand confluent hypergeometric func-
tion for the polynomial as w = —2 (gbl- + % +1- 7) where 7,¢; = 0,1,2,---
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(1)As w = —2|Bp| and Max(|5o]) > |avo|

Q w 1 5 1 1,
Y(@) = QWiao|,i80| (lao =g |Bol = =57 = 5(1+v)ié = —gew;z = —gpa )
||
_ I(laol +7) Z (—[aol)ig o
(v A= Wie(io
1
(2)Asw = -2 (|51| + 2) and Max(\ﬂﬂ) > |a1| where ¢ =0,1
Q 1 1 1
y(@) = QWia, 6] (lail =5, \ﬂll 1+w S(L4v)ié=—gewz = —2/w2>
|ao|
- )io

Zo— (5 +1611))  (—|eol
Zo+ Zo—§+’)’)() (V)io

=0
ot | 3
( |a1|>n<§>m dio i
Z{( Do (), }

Daol +9) [ $2 (Hlaobs, i, , -
Ity {Zu) Z
>

(3)Asw = -2 (\Bm| + %) and Max( |5m |am| only if m > 2 where 1 =0,1,2,---

y(@) = QWia, )18, (la | = —ﬂ Iﬁml = —5 m+w),y = %(1 +v);é= —%ex;z = —;;wz?)
Dol +9) { 5% (Slaolis s, Z (io = (%2 +1Bml)) (=|ao])iy
L'(v) =0 (Wig ()i — | (io+ 2)(io — 3 +7) (1)is (Vi
[oer | 3 1 m |ao]

8 (=la1l)i (5)io (v + 3 )i i (i0 — (% +|Bm| (—|a I)
i§0{<—|a1|>i0<3>m+; }} 3 {Z{<+ é)% ~ T4 ) i
N—-1 [ag | k

(Zk+§_( +|Bm ( |ak|)lk(1+ To— +,Y Qk—1

Xk—l{ik;'k (k+%+g)(lk_7+’7+ ) ( |ak‘)1k—1(1 g +7 ik }

S CloawDis U Flis (5 47 }}N}
L ClawDiea 0 D (E )iy

Table 4.5: 15t kind of independent solution of grand confluent hypergeometric
function for the polynomial as Q@ = —2u (Joy| + %) and w = —2(|B;] + %) where
||, 18] =0,1,2,--- and 4,j =0,1,2,---
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(DAsw = —2(¢o+ 1 —7) and Max(¢pg) > 1o
y(r) = RWy,0 (1/’0 = —2% — 147,00 = —% —14+ve= —%ax;z = —;u:ﬂ)
L)
AT @0 +2-9) (=%0)io_iq
S sy D o

(2)Asw = =2 <¢>1 + g — 7> and Max(¢1) > 11 where i =0, 1

i9=0

Q ) 3 1 1
y(z) = RWy, 4, <¢z = “a —: — % + 7,61 = —% — 5 +; €= —5530;,2 = —2ux2>
Lo +2—9) )~ (- wo>m o o — (3 +¢1)) (—=%0)iq
F(Z - 'Y) 10230 (2 '7)10 o lz_o ZO + 'Y)(ZO + %) (2 - 7)i0<1)i0

( 1/11)11( )lo(g)io @'1} ~
>Z§%{<wmaz—>n@mz :
(3)Asw = —2 (qu n % F1- 7) and Max(¢m) > 4 only if m > 2 where i =0,1,2, -

y(z) = RWy, 4., (zbi = —2% -1- % + 9, O = —% - % —l4+ye= —%Ex;z = —;W)
(?/)0 + 2-9) [ &% (~¢o) m o (o~ (2 +6m))  (—vo)ig
{ZOZ:O 2 —7)io( * Z { (io + 7)@0 + %) (2 = 7)io (1ig
1 3 m
( ¢1)11( )10(2)10 i1 o (G0 — (7 + om)) (_wo)z‘o
X“zz:o{( wl)lo( )11(3) }} Z {mz:o{ 10+§_7)(i0+%) (2= 7)io(1)i
X%f{ (et (Ftom)  (90u (48, (5 +2—w%1}
i LS s — v+ 5+ 3+5) (i, 1+ 5 (b +2-7),
YN
( wN)wv( + ) IN-1 ( +2 _’Y>iN—1 SN =N
XZ-N:Z,-;V_l (=n)in_y (14 Py (5 +2 =iy }}5 }

1
where vy = 5(1 +v)

Table 4.6: 2°d kind of independent solution of grand confluent hypergeometrlc func-
tion for the polynomlal as 0 = —2u (1/)Z +45+1— ) and w = —2 (quj +5+1- 7)
where ¥;,¢; =0,1,2,--- and 4,7 =0,1,2,-
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ylx) = QW (v ==(1+v); 52—55.@, z——;ux2>
o Py = %) (%)io io | ~ - (i + (5) (%)20
['(v) { Z-OZ_O (Dio (Vio o gl-oz_o (io + %)(20 - % +7) (Dio (V)io
+ 21( )io n )i
+ )

+ _
2 ' ' Lin L LN
X z 9
; Z (Q + %)iN—l(]‘ + %)ZN(% + 7)2'N } }

Table 4.7: The 15! kind of independent solution of grand confluent hypergeometric
function for infinite series
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y(x) = RW | v = %(1+V), = ——¢ex; 2= —;,ux2>
LT [ & (5 Vio iy oxn [ (o t1-7+9) (55 +1 =iy
7r<2—v>{m§<1>m<2—v>m B0 R L7 T e N Y G R
> (%+%_’7)i1(%)10(%_7)lo 11}
g Z { I B G

n
{ (io+1—7+§) (55 +1 =i

(io+ 1o+ 3 —7) (1)ig(2 =)o
{ . (k+1-7v+5+5

> 5
5 LS, G b B = )
X(%+1_7+ )lk(1+ )%12 v+ )
(¥+1—v+ >zk_1(1+’§>zk2 v+ﬁ)
2 ¥+ Z
N-1 ZN éN
Jinoa (L+ 5 )iy (2 — )

y i (gp + 1 =7+ )iy (14 T iy (
(2M+1_7+

IN=IN—1

Table 4.8: The 224 kind of independent solution of grand confluent hypergeometric

function for infinite series.
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Qi 1 1 1,
= ) = —_—— = = = - 1 - £ = —_—— N = ——
y(l‘) QVV\OM (a2| 2 277 2( +V)a 3 251" z 2,&113 >
_ aol! fdv e T +§: Hl /1 P! /1 PO T
- 2mi Ov(|)O‘O|+1(1—U0)W a1 UjZo Lo I ey o "

Up—j

f e (1 Un— ])wnij+l’n(1_tn7j)(l_unfj) 1
don-; {wnj,nawnrn + *(n—j - 1+w>}
" 2ri Lanj ]‘H(l — Un—j) 2

! i) b
apl! e (I-vg »
X |2 | %dvo o] }}5” where wgp = thlulvl
T 0
Yo (1 - UO)’Y l=a
Wep =2 onlyif a>b

Table 4.9: Integral formalism of 18% kind of independent solution of grand confluent
hypergeometric function for polynomial as 0 = —2u(|a;|+5) where i, |;| = 0, 1,2, - - -
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Q 1 1 1 1
y(x) = RWy, (lbz 2 + 7y 57 2( +v); € 5ET; 2 e )

__*Y
_ 1y ?ﬂo!%dvo e —vg)
27 Ug)o+1(]. — 00)277

o n—1 1 1 ) 1 1 )
3(n—5)—v z(n—j)-1
+Z { H { /0 dtn_j t72z—j /0 dun_]’ UTQL—j

n=1 \ j=0

.
1 o T =1 (=t —5) (1=t )

x— ¢ dvn_;
) Yn—j+1
t v, (1= vn—j)

w1, nv0
1 . 'Lﬁo! e (1—vq)
X w.’8n.n+(n—]—|—1—2v+w)},fdvg en
{ n—71,nYwn—j, 2 271 ,U(T)/f'o-‘rl(l_,UO)Q_,7

Table 4.10: Integral formalism of ond kind of independent solution of grand confluent
hypergeometric function for polynomial as @ = —2pu(y; + 1 — v + 5) where i,1); =
0,1,2,--
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(1)As w = =25

1 1 1
y(z) = QWg,| <\50 = —%,7 = (L +v)e=—gemz = —2,ux2>
1 1 £ o
=50 / dvo €*vg" (1 —v) 2 1ﬂ
I'(5;) Jo

(2)Asw = -2 <|5m] + %) only if m > 1

1 ! 2V 2£71 — 5L —14y
= dvg €*vy" (1 —wvg) 2+
0

"
m n—1
+Z H ldt ,t%(n—j)—l ld o ytgz(n—j)-2
| y ey o Un—j Up_j

v
1 e_(1_2711].)wn—.7'+1,n(1_tn—j)(1_un—j)
— b dv,_; .
—J Q -
% —(g+7H)+1

,Unfj (1 - ’Un*j)

2
1 )
X wnfj,nawn,j,n + 5(” —J]— 1- ’I’)’L) - |Bm’

! 31 2 _14
X / dvg et st (1 —wvg)” 2w T AEN
0

y(z) = QWig,,| </Bm| = —%(m%—w),’y = %(1 +V)E=——ex;z=——ux

445

Table 4.11: Integral formalism of 15 kind of independent solution of grand con-
fluent hypergeometric function for the polynomial as w = —2(|8;] + %) where

Za‘ﬁl’ 2071727”'
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(DAsw = —2(pp+1—7)
1 .
y(z) = RW,, ¢0=—§—1+7,7=5(1+u);e=—

1—v 1 o Q
- 3 /0 dvg €*0vy" 7(1 —wg) 2

—j)—1

Up—j (1 - Un—j)

1 .
X {wn—jmawn_j,n + 5 (77, —J— 1- m) - ¢m}

1 Qi,y Q
X / dvg et Pust (1 —wg) 2 g pE™
0

T(3 +1-
(2)Asw = =2 (¢m+%+1—'y> only if m > 1
w
y(@) = RWo,, ( om = —5 = 5 = 1+77 =51 +v);
1—v 1 Q o
T I 0 7) { /0 dug **0ug" (1~ vo) "
2
m r n—1 1 1 1 l(
+Z H / dtnfj tsg; 2 'y/ dun,j uflj;
n=1 { j=0 L0 _ 0
1 67(1+:Lij)w"*j+1,n(17tn*j)(17u’ﬂ*j)
X— @ dvp_; -
omi | T (R

446

Table 4.12: Integral formalism of ond kind of independent solution of grand confluent
hypergeometric function for the polynomial as w = —2 ((/ﬁi +5+1-— 7) where 7, ¢; =

0,1’2’...
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(1)As w = —2|5|
1 - 1
y(@) = @Wiao|.i0| (|0<0 =- |50\ = - ﬁ =5l v)ie=—ger;z = _2;@2)
|ovo]! j{ e_<lzvvo>
= . d’UO
2l T
(2)Asw = =2 (|8n] + 2) and Max(|Bn]) 2 |am| only if m > 1
Q ) 1 1 1 1
y(@) = QWiai| 5,0 (|ai| o %7 1Bm| = *g(m +w),y = 5(1 +v)E= — ez = 2/M’2>
ol
|a0\!7{ e T—vo)
= d
2mi | g o
_ 1 1 L
+Z H / n j ti(’; J) 1/ d’u,n,] u:;"!—“?(n J) 2
j=0 0 0
\% e (1 ”n ])w"*jJrl’"(1_757%73')(1_“71—]')
dvy,—;
" plan—sl+1
2m v T = vp—y) o
1 . ao 67 (1L;,0) o
Z Yo (1 =)

Table 4.13: Integral formalism of 180 kind of independent solution of grand con-

fluent hypergeometric function for the polynomial as €2

w= -2 (’ﬁjl—F%) W

here |oyl, 8] =0,1,2,--- and i,

=2 (|ow] + %) and

=0,1,2,--
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(1)As w = —2 (¢ + 1 — ) and Max(¢g) > 1o

/dunjuz(nj -

Wr—jt1,n(I=tn—j)(1—un—;)

7” (n )
E{{ et

on g
1 e T=vnj)

Q w 1 1
y(z) = RWyq 60 (lbo —— —1+7,¢9 = 5~ 1+7v;6= —pETz = —2px2)
” o =)
! =0
:Zl_vi\%dvo ” +C;
2mi 05" (1 — vg)2Y
(2)Asw = -2 (rj)m + % +1- 'y) and Max(¢y,) > ¥, only if m > 1
; 1 1
y(@) = RWy, 4., <1/Ji =-5 —1- % + 9, om = —% - % Lt mE=—genz = —2uaf2)
| T =vg)
— 1= ﬁ d ¢
‘ 2mi j{ 0 081 — g)2

X=—— @ dv,_;
; T pPr—itt
o ST, .
1 . Yo! e T=vo)

X wn—',nawﬂ_'n‘i’*(n*j*l* ) ¢m} fdv

{ J —in T 9 i O,Ugﬂo-i-l(l —w

1

where v = 5(1 +v)

&

Table 4.14: Integral formalism of ond Lind of independent solution of grand confluent
hypergeometric function for the polynomial as 2 = —2u (wi +5+1-— 7) and w =

—2(¢j +§+1—7) where ¢, ¢; =0,1,2,--- and 4,5 = 0,1,2,---
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y(xr) = QW (’y = %(1 +v); €

{/ dvg €70 v
IJ/ —

i{

Un—j

1 1o,
=——€r; 2= —2
9=t ot

(1 — vo)ﬂ/iﬁil

{//

Wn—j5+1, n(l tpn— ])(1 Up— J)

2p
n—j

1 e (-vn—j)
Xi' dv —9 .
277274 I —3r—1(n—j)+1

(1 —vn—j)

449

Table 4.15: Integral formalism of 18% kind of independent solution of grand confluent

hypergeometric function for infinite series
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i) = RW (7= (14 v)s = -
1— 1 o Q
- F(QZ+1 ){/ dug e w3 (1= vp) "3
2n — LU
o) n—1 1 1 1 Lo iV1
+Z{ I1 {/ oy 12" 7/ duty—y u2"
n=1 \ j=0 {70 0
1 e_@zzi;i].)wn—j-‘rl,n(l_tn—j)(l_un—j)
X— @ dvp_;
omi ) T — 2 T))
Up—j (1- UTL*]')

1 .
X {wn—j,nawn_j,n + 5 (n —J+1l-2v+ W)}

1 377 Q
X / dvg eh 0 it (1 —wg) 2 5 pE"
0

Table 4.16: Integral formalism of ond kind of independent solution of grand confluent

hypergeometric function for infinite series
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= ] Sy Q i 1 1,
(o7 L LA R 1
Z (Jevo)! Z o Wai <|0¢1| o2u 2 €T TR 2E o >

lao[=0 “n=1 Jan|=lan-1]
> 1 ef(lzjgéo;) 0 1 1 1
= +é / dty t, 2
kl_Il (1= sk,o0) (1= 50,00)7 Pt (1= sko0) Jo !

— e () (1= un) (n-1) w
xe n,00) “ {w;7n8w¢lyn+< 9 +§)

Sp—j

e_mwiﬂ—j,n(l_tn—f)(1_“"—1’)

1 1 . 1 1 )
(n—J)—l/ y=2+1(n—j)
X dt,—; t2" . dug—j u, ; *
TT{ [ s 27 [ o -

J=1

*
W1,nS0

. 1 . wy | e U0 ~n
x{wn_j,naw;_j,n F(m—i-n+3) }@_m}}g

where s, =S4 Sat1 - Sat2 " Sp—2 " Sb—1" Sp
b
k
W p = ZSa,00 H tiug
l=a

1
and v = 5(1—%—1/)

Table 4.17: The generating function of 15% kind of grand confluent hypergeometric
function as Q = —2u(|a;| + %) where ,]a;] = 0,1,2, -
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> 1 1 1, 1 1
+ € / dtl t? / dU1 T
H (1 - 5/6700) 0 ! 0 !

’ k=1
wilso
—oLoe (1 ty)(1—uq) w e (-=s0)
( s ) * e _ -
xe (1~ 1 {wl’lawil + <2 +1 7)} (1 _ 80)2_7

e—mz(l—tn)(l—un)

_1_;'_%
+Z{ 1_Skoo/dtn n /dunun

X {w;;ﬁnaw;,n + (%(n +1+w)— fy)}

s
1 6_(1#711].)“)24.1_%71(l_tn—j)(l_un—j)

’i—f /1 L=y [ L(n—j)-
X t2 / dty—; u?’
= 0 n J ‘n— 7 : n—j3 “n—j (175717]')
_wT,nSO
N 1 . e (1-s0) -
X wn,j,naw;_m + (§(n —j+1l+w) — 7) = 5

1
and v = 5(1—#1/)

Table 4.18: The generating function of ond kind of grand confluent hypergeometric

function as @ = —2u(¢; + £ + 1 — ) where i,1; = 0,1,2, - - -
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(1)As w = —2|Bp| and Max(|Bo|) > |ao|

o |evol - lzfl?)
50 0 w 1 1 1 2) e T=s0
—__QW, ag| = ——, =——,7v=-(1+v)eé =——¢cx;2 = ——ux ==
\az\:o (|a0|)!Q leol.[Bol (| ol 2p 1Bol 27 2( ) 2 2t (1 —s0)7
ol=
1
(2)Asw = -2 (|[31| + 5) and Max(|f1]) > |a1| where ¢ =0,1
o |vol 0o .
s Q ) 1 1 - 1 1
Z (|2 D! Z ‘QWI%H[M <|a1|—***5’|51|:*5(1+W)7’Y:5(1+V);€=*5€I;Z=*§#$2)
lagl=0 1170 |a1\—\ao| o 2
m 1 _1 i 3 __=z51 _ _
= —e — ¥ +5/ dty ty 2/ duy u? 2" Tsp (1Tt)(17u1)
(1 —s1)(1 - s0,1) 0 0
wl 150

+ _ l 57W
<ol - (30 b e sow}

(3)As w = 2 (1| + %) and Max(|Bm|) > |am| only if m > 2 where i =0, 1,2,

2 ool m > ol Q i 1 1 1,
Z (la D! H Z o QWI%IWmIOO‘Z‘* ?—§,|Bm|:—5(m+w),w;é:—5ax;z:—§uz )
oo =0 ¥V n=1 | jan |=lan_1] 1

wl s0

1 -1 7t -3 hm (1 ty)(1-ug) m e (=20
= dt1 t 2/ d T2 (T=s51,m) T o _<i ) -
+€/0 vt ?fduug te w110,1 2 +1Bm| T =50y
m n—1 m 1 sn
1 1 n_ T n n
+Z{ [1 ( IT ( )/ dtn ti 1/ dup w2 Ty At (1 mun)
o , 0 0

1
X {wl,n%z LAg(n-1-m) - \Bm\}
n 1 . Sn—j
z(n—j)-1 + 3(=0)=2 —=s, T Wn—j+1,n(17tn—5)(0—tn_j)
g {/ dt"3t2—T;J /dn] ; n e (U=on—y) i+l J J
Wl oo

1 e_ (I—s0)
T T - a1 _ s ~n
X {wnfj . 5 (n ji—1 m) |,3m|} 50 }}a

where w .= ZHtlUlSl only if j =
l=1

J
= 28i,m Htlul only if j < m
=i

Table 4.19: The generating function of 18¢ kind of independent solution of grand
confluent hypergeometric function for the polynomial as ) = —2u (|Oz,-| + %) and

=2 (|ﬁj| + %) where |o;|, |5/ =0,1,2,--- and 7,57 =0,1,2,---
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(1)Asw = —2(¢pg + 1 —v) and Max(¢o) > 9o

o g¥o w w 1 1 1
0 = 2
S 0 RWyy o (0= =2 — 1400 = = Ty = (14 v)iE = —emyz = —opa
Po! ’ 2 2 2 2 2
$o=0 250
1—ry e (I=s0)

(1 —s0)2—7

(Q)AS w=-2 ((]51 + g — 'y) and Max(¢1) > 11 where ¢ =0,1

=z

= N, Q i w 3 1 N 1 1 5,
Z Z 1 BWy, ¢, wi:—ﬂ—l—i"r%(ﬁl:—5—§+’Y7’Y:5(14-1’);6:—56%2:—5;&
11100

#50,1

T =501 _1 zs] _ _
=7 - 2= +5/ dty t2 / duy uy L Ze” a—ep (1)1 7u1)
(1—s1)(1—s0,1)>"7

'wl 150

t 5 e dT—s0)
) {wl’l wly ™ (5 - d)l)} (1 —s1)(1 = s50)>77

(3)Asw:72 (¢m+ﬁ+177> and Max(¢m) > ¥m only if m > 2 where ¢ =0,1,2,---

- M Yn Q ) w m 5
Z H Z 55" 0 BWy, 60, ¢¢=*57175+%¢m=757571+% v & z
n=

=tn_1
_ Z30,m
e (1—=s0,m)
H (lfsk:m (lst'm)2 Rl
t
w] 430
+~ﬁ 1 ldt t%—”/ ld -3 _(1”3%(1 t1)(1—u1) t g (m+¢ ) e (=50
€ — Ul U e w — (= _
k=1 (1= sk,m) Jo t 0 t b le 2 " (1—s0)2=7

n—1 m 1 1 sn,m
1 1 / ﬂfv/ L1 g (1—tn ) (1—up)
dtn 2 dup u2 e (I—sn.m)
{H(lsk)ll(l YJo U o T

n-l 1 Lo — 1 1,y _n=j 4 1—t 1—
% { dtn—j tﬁi? 7) "// dun—J Uzin 7) 16 (T—s,— ,7) n J+1, n< n— ])( Up— J)
0 0

i ns0

) e T=s0)
T ; L a1 _ _— Sk
x {wn—jﬂnawnfj,n + 2 (TL J ! m) ¢m} (1 - 50)27’\/ }}6 }

Table 4.20: Generating function of ond kind of independent solution of grand con-
fluent hypergeometric function for the polynomial as Q = —2u (;Di + % +1-— 7) and

w:—2(¢j+%+1—fy) where ¢, 0; =0,1,2,--- and 7,j = 0,1,2,---
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We see from the generalization of the three-term recurrence formula in chapter 3,
we can obtain the exact solution of grand confluent hypergeometric function shown in
chapter 4, the power series of infinite and polynomial case, and their integral forms as
well as their generating functions. We have shown other examples such as the Lame,
Mathieu, and Heun functions (these are some of unsolved problems in physics and in
mathematics). But those examples are skipped otherwise thesis will reach over 900
pages. We are going to publish these examples soon, then one can clearly see how
they work extremely well analytically, our subject is also intermediately related with
number theory in mathematics. For example, a generalized continued fraction is a
generalization of regular continued fractions in canonical form in which the partial
numerators and partial denominators can assume arbitrary real or complex values. A

generalized continued fraction is an expression of the form

x=ag+ (5.1)
b

a; +
by
as +
bs
ag + ———
CL4+.
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where the b, (n > 0) are partial numerators, the a,, are the partial denominators. And

the leading term aq is called the integer part of the continued fraction. an example

of it is
S <_1>n 1 1 1
- 3— _3 B -
' ;n(n+1)(2”+1) 123 235 347
12
- o (5.2)
32
6 +
52

6+
6+
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and
7
V2T =1+ (5.3)
5
12 +
19
2+
17
36 +
31
2+
29
60 +
43
2+
41
84 +
24 .

Using eq(3.5) in chapter 3,
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Cnt1 Bn
K, = = A,
Cn * Kn—l
By,
= A, +
Bn—l
Anfl +
An73
An—2 +
Bn—4
An—4 +
By
Ay + (5.4)
B3
As +
Bs
Ag +

B,

A J—

1+ A

If n goes to infinity in eq(5.4), it exactly corresponds to eq(5.1). Index n starts from
zero on top of fraction and then goes to infinity at the bottom in eq(5.1), and index
n starts from infinity on the top of fraction and then goes to zero at the bottom in

eq(5.4). It is exactly the same story. One further note, the index n starts from zero,
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and the latter one starts from infinity. There, we argue

r = lim & (5.5)

n—oo  Cp

The r.h.s. of eq(5.5) exactly corresponds to ratio test for the convergence of a series.
Surprisingly, it means that all such numbers must equivalent to the ratio tests in any
kind of linear differential equations with three term recurrence formulas, to be exact.
Actually, we can clearly show how they correspond to the numbers related in solution
of our differential equations. Furthermore, we know irrational numbers are equivalent
to generalized continued fraction. And rational numbers are equivalent to finite gen-
eralized continued fraction in general. It means that irrational numbers correspond
to infinite series in linear differential equation, also rational numbers correspond to

polynomial in it. The summary is

irrational numbers <— infinite series in linear differential equation

rational numbers <— polynomial in linear differential equation (5.6)
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We see in all above examples, everything is connect to each other in an arrogant
way. This would entail a beautiful application of number theory into mathematical
physics realm. We hope that our small efforts may lead into a new clues for connection
between theory of numbers in mathematics and physics. This kind of analysis is just
a beginning in such hopes of producing new connections. We hope to be able to
apply such analysis to many diverse areas in engineering, architecture, quantum field

theories, SUSY theories, string theories, and so on.
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