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Abstract

PRESENTATIONS AND ISOPERIMETRIC FUNCTIONS OF FINITELY 

| GENERATED METABELIAN GROUPS

by

Ching-Fen Fuh

Advisor: Distinguished Professor Gilbert Baums lag

This work is motivated by Philip Hall’s result in 1954 that finitely generated 

metabelian groups satisfy maximal condition for normal subgroups. It turns out that 

they have finite metabelian presentations. We investigate metabelian presentations
|

for a varied collection of finitely generated metabelian groups and the relative isoperi-
Il

metric functions associated with these presentations. The most general result in this
j

thesis is that the isoperimetric function of the wreath product of a finitely generated 

abelian group by another is bounded above by a polynomial which depends only on 

the rank of the second group. We also introduce the notion of the isoperimetric func­

tion for a finitely generated module over a polynomial ring in finitely many variables. 

We do not have enough knowledge finding lower bounds for groups having been dealt 

with in this research but the relative centralized isoperimetric functions are discussed 

in general.
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1 Introduction

1.1 Free metabelian groups

This thesis is concerned with the presentations and isoperimetric functions of finitely 

generated metabelian groups. We recall that a group G is termed metabelian if its 

commutator subgroup is abelian (see §2 .1  for details). The class of all metabelian 

groups forms a variety, in the sense of B.H. Neumann [Nl] (see also H. Neumann 

[N2] for a general reference to this subject), that is it is closed under subgroups, 

epimorphic images and unrestricted direct products. There are, in each variety of 

groups, the so-called free groups. In particular, in the variety of metabelian groups, 

these “free groups” are termed free metabelian groups. More precisely, a metabelian 

group F  is termed free metabelian if it comes equipped with a map 9 from a set X  

into F such that for every metabelian group G and every set map a : X  -> G there 

exists a unique homorphism (f>: F G such that the following diagram commutes:
9

X

G

It turns out that 9 is monic and so we can identify X  with a subset of F. We 

sometimes say that X  freely generates F  or that F is free on X . It is important to 

note that we have here omitted the word “metabelian”. Indeed we will be concerned 

only with metabelian groups, unless otherwise stated.
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These free metabelian groups can be easily identified. In fact, if now E  is an absolutely 

free group; i.e., free on X  in the above sense, in the variety of all groups, then E/E" is 

a free metabelian group, free on X ; here E" denotes the second commutator subgroup 

of E (see §2.1 for the definition). Moreover, every free metabelian group takes this 

form.

1.2 Finitely generated metabelian groups

A group G is said to satisfy the maximal condition Max if every properly ascending 

chain of subgroups of G is finite. We shall be interested here in an analogous condition 

Max—n , introduced by P. Hall [H], the maximal condition for normal subgroups. More 

precisely, a group G satisfies Max — n if every properly ascending chain of normal 

subgroups of G is finite. Equivalently, G € Max — n if and only if every normal 

subgroup N  of G is the normal closure of a finite set V, say. We denote the normal 

closure N  of Y  in G by gpG^X) ~ 80

9Pg{Y) =  gp(g~lyg\g e G , y e  Y) .

(see §2 .1  for a discussion of this and other notation used here).

In 1954 P. Hall [H] proved, in particular, that finitely generated metabelian groups 

satisfy Max -  n. This theorem will be central to my thesis. Observe, that if G is a 

finitely generated metabelian group, then

G 2* F/N  (1.1)

where F  is a finitely generated free metabelian group free on X  — { ii , . . . ,  zp} and
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N  is a normal subgroup of F. Since F  is a finitely generated metabelian group, N  

is the normal closure of a finite set R. Here R — {ri,. . . ,  r,} is simply a finite set 

of elements r, of F; i.e., a set of products of elements of X and their inverses. We 

express this isomorphism (1 .1) by writing

G  X l ,  . . . ,  Xp\ 7*1, . .  • ,  Tq > >  ( l ^ )

or

G  - « X \ R »  .

This notation should be compared with the usual presentation notation (see §2 .1) in 

which the symbols x i,. . . ,  xp, r i , . . . ,  r, are enclosed by single brackets. We emphasis 

that the notation (1 .2 ) expresses the fact that there is a given homomorphism from 

the free metabelian group F  on {xlt . . . ,  xp} onto G with kernel gpf(rL, . . . ,  r9). We 

will refer to (1.2) as a metabelian presentation of G. Thus

F = « x i , . . . , x p »

is, as above, the free metabelian group on {x l , . . . ,  xp}.

Notice that this discussion reveals that every finitely generated metabelian group G  

has a finite metabelian presentation. Henceforth, we shall simply say that G has a 

“finite presentation” since we will work only in the variety of metabelian groups.

1.3 Presenting metabelian groups

As we have seen every finitely generated metabelian group has a finite presentation. 

Our first result concerning such presentations is the following:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Theorem X  Let A and T  be finitely generated abelian groups, say

A = <  O i l . . .  | Qmi Om+lj • • • i Gm+ri =  ^

[di, ay] =  1 (1  < i < j  < m  +  r) >

and

T  =<  t i | , tn, tn+l) • • • i tn+*i tn+j ~   ̂ (1 — J — ®)i

[t<, tj] =  1 (1  < * < j  < n + s) >

(see §2.2 for notation). Then the wreath product

W = A lT

can be presented in the form:

«  tti,. . .  | Qm+ri ̂ li • • • j ̂ n+i» ®m+i =  ̂ — * — **)> n̂+j =  ̂ (  ̂— J — ®)>

[a<,aj] =  1 (1  < i < j  < m  + r), [t,-,ty] =  1 ( 1  < * < j  < n + s),

[a,-,tj]*k = [oj|tj] (1 < i ,k  < m  + r, 1 < j < n  + s),

[o»> =  [aft y t/_i (1  < * < m -h r, l < j ^ k < n  + s ) »

(see §4.1 for the details).

Since we shall be concerned also with groups of the form

Bm,n = «  0 | t\ (<*”*)* =  fl" >>i

we remark only that these groups are simply the quotients of the usual B-S-groups

< o,t;(am)* = o " >  

by their second derived groups. We shall say more about this later on.
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1.4 Isoperimetric functions for metabelian groups

Let G be a metabelian group presented as (1.2). We will need to separate the right- 

hand-side of presentations of the form (1.2) (see §1 .2  for notation) from the group G 

itself. We will denote such presentation symbols simply by

Let F be the free metabelian group free on X  — { ii,... ,xp}. Then (1.2) gives rise 

to an isomorphism

G “  F/N,

where

N  - g p F{ru . . . , r q).

If a “word” w =  w{xi, . . . ,  xp) € F, then w can be written in the form

io =  x£ • • • x£ (ij, € X ,£j € ±1). (1.3)

We define the length of w, which we denote by

£(w) or £x(w),

to be the minimum of all integers n satisfying (1.3). Notice that we sometimes call 

this function

£ :F  -¥ Z-°

the length function on F  and denote it by £ f - If u and u are X-words, then we write

u =a v

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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if u and v are equal in G. We shall make use of this notation throughout, irrespective 

of the variety of groups that we are concerned with.

We term a word w =  iu(xi, . . . ,  xp) 6  F a relator for G if w =a 1; i-e., w takes the 

value 1 in G, or, equivalently w € N. Thus

k
^  =  11 /j"lr?  U (rh G {n , . . . ,  r,}, =  ±1). (1.4)

j=i

Let

V = «  x u . . . , xp; n  r , »  .

We define the area Ap(w) of w to be the least k for which (1.4) holds. This allows 

us to formulate the following:

Definition 1.5 Let G be a finitely generated metabelian group with presentation

^  ®1, • • *»7*1 j • • •» Tq

i.e.,

G «Ci,. . . ,  Xp, f*i , . » • , 7*̂ .

We define

$p(n) =  max{Ap(tt;)|f(tt/) < n,w — g  1 }.

It is easy to see that $p(n) is an increasing function; i.e.,

if n <  m  then $*>(n) <

Notice that $p(n) clearly depends on the given presentation V  of G; in fact, it is, in 

a sense, “independent” of V. In order to explain this, consider the collection C of all

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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/  : N -* R-°.

We introduce a relation ^  on C as follows: if fa, fa € C, then we define

fa  ^  fa

if there exist positive constants fa, fa, fa such that

/i(n) < fa fa (kin) + fan V n 6  N.

Then we define

f a  —  f a  ^  f a  ^  f a  &  f a  =$ f a -

is an equivalence relation on C. Then it is not too hard to prove the following

Theorem B 1  Let V  and Q be finite presentations of the finitely generated metabelian 

group G. Then

$ 7> 2 :

So these functions, termed isoperimetric functions, are independent, in the above 

sense, of the given presentations. Henceforth, we choose any one of the functions in 

the equivalence class of $p(n) and denote it by or 9a(n).

The proof of Theorem B1 follows that of the corresponding theorem for the usual 

presentations in the variety of all groups (cf. e.g. [BMS]). We shall give a complete 

proof of this theorem in §3.1.
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It is, in general, difficult to compute upper bounds for and even harder to compute 

lower bounds. Here we will prove the following

Theorem B2 Let W  be the wreath product of the groups A and T, as described in 

Theorem A. Then

I
jy-4-3" - 1 i / r  =  s = 0,

otherwise

(see §4.2 for a complete proof).

1.5 Lower bounds for isoperimetric functions

Let G be a metabelian group and let

G £  F/N,

where F is a free metabelian group. Then we define

Hl(G,Z) = G/G‘ = F/F'N  and tf,(G,Z) = |F[ ^ -

(see §2.1 for notation). This group is independent (up to isomorphism) of the choices 

of F  and N  above, depending only on G. We can, as in [BMS], define what we term, a 

centralized isoperimetric function. The definition closely follows that of discussed 

in §1.4. In more detail, suppose that

V - «  * i , . . . ,x p; r i , . . . , r ,  »

is a presentation of the finitely generated metabelian group G:

G = «  an,. . . ,xp;ri, . . . ,  rq » .
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Then, as before, G 9* F/N.  If w — tw(xi,. . . ,  xp) =c 1, then w € N. Then

k
—  modulo [F,N], (1.6)

3=1

where Ti} € {rl5. . . ,  r,}, eis =  ±1, & /,• € F.

We define the centralized, area Ap”*(u;) of to to be the least A; for which (1 .6 ) holds. 

Notice that modulo [F, N]

Then we have the following

Definition 1.7 As in Definition 1.5, we define

= max{Apnt(io)|^(io) < n, to =g 1}.

Then $ “n*(n) is independent of the presentation V  of G in the sense of the equivalence 

relation discussed in §1.4. We then denote any one of the functions in the relevant 

equivalence class by or $c"*(n).

Here our main observation is

Theorem C $(?**(«) a  n if H2{G, Z) is finite.

Theorem C is the analogous result to one proved in [BMS]. The main point of such 

centralized isoperimetric function is the obvious observation

So $c"* provides us with a lower bound for $<7.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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1.6 Isoperimetric functions for extensions

Suppose that G is a finitely generated metabelian group. Then G is the middle of a 

short exact sequence

1 (1.8)

where A and T  are abelian groups. We can choose A = G' and T =  G/A. But there 

are sometimes other choices available. The main point here is that given such a short 

exact sequence, we can view A as a module over the integral group ring ZT  of T. To 

see how this comes about, we identify A with a normal subgroup of G and T with 

G/A. Now if t € T, then t =  gA, for some g 6  G. We define an action of T  on A by

a • t  = g~lag (a€ A,g €G).

Philip Hall has pointed out that this turns A into a finitely generated ZT-module. 

We now think of A as a module over a polynomial ring A = Z[xi,. . . ,  xp, j/i,. . . ,  yp] in 

twice as many variables as the number of generators as T  (see §3.3 for more details). 

Observe that, by Hilbert’s Basis Theorem, A can be expressed as a quotient of a 

finitely generated free A-module F  by a finitely generated submodule N :

A *  F/N

By mimicking the discussion above, we can now introduce the notion of an isoperi­

metric function for A denoted by or $,t(n). The details closely resemble those 

discussed in §1.4 and will be left to §3.3. Our result in §3.3 is the following:

Theorem D Assuming the notation above, if A = G' and T  — G/G', then

$ c (n) ^  $x(n4).
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Notice that if the short exact sequence (1.8) “splits” and T  is free abelian, then we 

can prove somewhat more, namely that

|
^  max{n2 • 3n, $,t(n2)}.

Indeed more is true, namely

Theorem E Let T  be a finitely generated free abelian group and let M be a finitely 

generated ZT-module. Form the semidirect product

G — M a T.
i

: Then,

$ G(n) ^  max{n2 • 3", $ w(n2)}.
II

Theorem E will be proved in §7.1.

2 Preliminaries

2.1 Notations and definitions

We express the fact that H  is a subgroup of a group G by writing H <G; i lH  is a 

normal subgroup we write H < G. Let Y  be a subset of G. We denote the normal 

closure of Y  in G by

9Pg (Y)\
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thus

9Pg(Y) =  9p(g~lyg\g € G , y €  V);

in other words, the normal subgroup of G generated by a set Y  is simply gpc(Y)- We 

write

G =< X , R >

if G has a presentation < X\ R  >; i.e., X  comes equipped with a set map a : X  -> 

G such that the extension of a to a homomorphism from the free group E  freely 

generated by X  is onto G and has kernel, the normal closure N  — 9Ve{R) of R in E. 

So, as usual, we have

F S  E/N.

If X  =  {x!,. . . ,  xp} and R =  {ri,. . . ,  r,} then we simply write

G =<  Xl, . . . , Xpj 7*1, . . . , f*y > .

The map a described above, is usually given implicitly. As noted in the introduction 

we sometimes refer to E (above) as the absolutely free group on X  or the free group 

freely generated by X.

If now G is any group and x, y € G, we denote x~ly~lxy by [x, y] and x_lyx by y*. 

If H  and K  are non-empty subsets of G, we define

[H,K} = gp([a,b][aeH,b<=K).

Then the commutator subgroup G' of G is defined by G' =  [G, G]. The commutator 

subgroup of a group G is sometimes termed the derived group of G. We define
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the second derived group of G or second commutator subgroup, to be (G1)' which 

we denote by G". A group is termed metabelian if [G, G] is abelian or G" =  1 or 

equivalently G is the middle of a short exact sequence

l - > A - * G - > r - U ,  (2.1)

where A and T  are abelian. We will usually identify A with a normal subgroup of G 

and T with the quotient G/A. So (2.1) is essentially the sequence

A *-> G -* T, (2.2)

We denote the integral group ring of a group T  by ZT. Then A (in (2.2)) can be

turned into a ZT-module by defining

m h i

° •  ( i c  n<̂ A) -  n  M  • (2-3)
i=i i=i

We will sometimes resort to additive notation under these circumstances and then 

(2.3) becomes

a * ( 51TH9iA) = X ^ (a*)‘ (2-4)«'=l i=l

and (2 .1) is replaced by

0 - > A - > G - + r - H .  (2.5)

A metabelian group F  is termed free metabelian if it comes equipped with a map 

6 from a set X  into F such that for every metabelian group G and every set map 

a : X  -¥ G there exists a unique homomorphism <j>: F -+ G such that the following 

diagram commutes:
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9
X

G

We say that F  is a free metabelian group free on X  or freely generated by X. It is 

not hard to show that if F is free metabelian on X  and if E is the absolutely free 

group on X , then

F 9£ E/E".

If now G is any metabelian group then we write

G - «  X \R  »

if X  comes equipped with a map a into G such that the extension of a  to a homomor­

phism from the free metabelian group F on X  has kernel gpp(R)- If X  = {xi,. . . ,  xp} 

and R  =  {ri,. . . ,  r?} we simply write

G = «  xi, . . . ,  xp; r i , . . . ,  r, »

and term

«  Xi,...  ,xp; r i , .. .  }Tq >> 

a metabelian presentation of G.

2.2 Max and Max — n

A group G is said to satisfy the maximal condition if every properly ascending chain 

of subgroups is finite or equivalently every subgroup is finitely generated. We then
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write G € Max. Similarly, a group G is said to satisfy the maximal condition for 

normal subgroups if every properly ascending chain of normal subgroups is finite 

or equivalently every normal subgroup is finitely generated as a normal subgroup; 

i.e., every normal subgroup is the normal closure of a finite set. We then write 

G 6  Max — n. The condition Max — n was introduced by P. Hall in [H], where he 

proved, in particular, the following

Theorem 2.6 (P. Hall) A finitely generated metabelian group satisfies Max-n.

It follows immediately that

Corollary 2.7 If G is a finitely generated metabelian group then G has a metabelian 

presentation of the form

G = « x l, . . . , x p;r i , . . . , r ,  »  (p,g < oo).

We will make use of this corollary throughout this thesis.

2.3 Wreath products

A group G is said to be a product of its subgroup A and T if

G = gp(AuT).

If W  is a product of A and T  we say that W  is the wreath product of A and T  if

B  =  gpw(A) =
t€T

i.e., B  is the restricted direct product of the conjugates of A  by the elements t  € T. 

We then write

W  = A l T .
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Notice that

W  = B  x T,

where here we use the notation W = B x T  to express the fact W  is the semidirect 

product of B  and T; i.e., that

B < W , W  = BT  and fl n T = 1.

Notice that if A  and T  are finitely generated then so too is A lT .  Moreover if A and 

T  are abelian, then A l T  is metabelian. We will be concerned with such metabelian 

groups in the sequel. In fact, many of the groups that we will work on take the form

B x T ,

where B  and T are abelian.

2.4 Word length in groups and modules

Suppose G is a group generated by a set X  =  { i i , .. . ,  i p}. If g 6  G, then g can be 

written in the form

g =  • ••! '; (e,- =  ±1, Xi 6  X).

We define the length of g

l{g) -  min{n | g = xi 6  *}•

Notice that the definition is clearly dependent on the set X  of generators. We then 

denote £(g) also by £x(g) in order to avoid confusion. Notice that

£(1 ) = 0 .
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If £  is the absolutely free group on X  and if g 6  E, then £(g) is as usual the length 

of the unique freely reduced word equal to g.

Now let A be a commutative unitary ring generated by the finite set Y  =  {3/1, . . . ,  ym). 

As usual, we term a product of the form

yV'-Vm  (ei > 0 > - 0 )

a monomial. Then the unit element 1 is the trivial monomial in which the exponents 

of y,- are all zero. Every element A € A can be expressed as a sum of integral multiples 

of monomials in yi, . . . ,  ym:

A= co +  Y l  Cei •••••*» 1 * “ (2-8)

where co, ce € Z, ei, .. .  ,em > 0. Define the length of A

£v(A) =  min { |co| +  £  ta.-em I (ei +  • • • +  em)}

where the sums involved range over all possible representations of A in the form (2.8). 

Notice that if A is actually the usual polynomial ring in the variables yi,. . . , ym; i-e->

A = Z[yi ym]

then A has a unique expression of the kind given by (2.8). Under these circumstances 

we define the width w(A) of A by

w(A) =  |co|+ £
(ei ,...,em)/(0,0,— ,0)

i.e., the number of monomials involved in the unique representation of A in the form 

(2.8). For instance,

«(yiife“ 2yay3+5) = 8 .
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The “width” of a module word will be used in defining the isoperimetric function of 

a module (see §2.5).

If M  is a right A-module then we denote the submodule of M  generated by the subset 

H of M  by

mdM( E).

If E = {£1, . .  • ,£*} then every element f  6  (S) can be written in the form

f  = ------1-&A (2.9)

where /< € A. If every £ 6  mdAf(S) has a unique expression of the form (2.9), we call 

mdjif (S) a free right A-module free on E. We shall say more about this in the next 

section.

We define the length ?(£) of the module word £ by

k
n f l  =  4 ( 0  =

»=1

where the minimum here is taken over all possible expressions for £ of the form (2.9).

2.5 Presentations and isoperimetric functions for modules

As usual, we can also use the universal mapping property to define what is meant 

by a free module. Let A be a commutative unitary ring. A right A-module F  is 

termed a free module if it comes equipped with a map 6 from a set S into F  such 

that for every right A-module M  and every set map a : S - f  Af there exists a unique 

homomorphism <j> : F  M  such that the following diagram commutes:
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9
F

M

Given any finitely generated right A-module M , there exists a finitely generated free 

right A-module F  such that M  can be expressed as a quotient F /N  of F  for some 

submodule N  of F ; i.e.,

M  2  F /N ,

where F  is free on E and N  = mdp(r). Adopting the terminology that we have 

introduced above, we find then that we can express this isomorphism in presentation 

form as follows:

Af = <  S; T > .

Now A =  Z[yi,. . . ,  ym] is a polynomial ring in finitely many variables and F  is finitely 

generated. Hence, by Hilbert’s Basis Theorem [AM], F  is Noetherian. Consequently 

N  is finitely generated. It follows that T can be chosen finite. If now E =  {&,..., &} 

and T =  {7 1 , . . . ,  7 \} say, then we obtain a presentation V  of M  as a right A-module 

which takes the form

P  =<^  £ i> • • • iCfci7i» • • • 171 ^ 5

i.e.,

M  =< £1, • •., 7i> • • *»7i > •

We now are in the position to define what is meant by the isoperimetric function 

for this presentation V. With this in mind we put Y  =  {yt, . . .  ,ym}. Let w be a
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word of length at most n in M  and suppose that w =m 0; i.e., w evaluated in M  is

0. Thus u> has an expression of the form
k

u) =  f i/i  H +  KkSk with fi € A & < n. (2.10)
i=l

$p(n) is the “minimal number” of defining relators needed to deduce that w =m 0  

for all such to of length at most n. More precisely, let to =m 0, where to is written in 

the form (2.10). Then, viewing to as an element of M, we can also express it in the 

form

w -  7 i0 i + • • • + 7 /0 i, with 0y € A (2.11)

i
& £ « ( * )  ^  $T«(n).

i= i
We define the area of a module word w, denoted by Ap(w), to be the least value of 

5 Zy=i u (9j) f°r which (2 .1 1 ) holds.

Definition 2.12 The isoperimetric function is defined by

$p(n) =  max < n and w —m 0 }.

Assuming that A is fixed once and for all, $?(n) turns out to be independent of the 

presentation of M  in the same sense as that elaborated on in §1.4. We then denote 

any one of the functions in the equivalence class of $p(n) by or $m(ti). We shall 

give a complete proof of the invariance of $Ar(n) in §3.2. It depends on the analogue 

for modules of the notion of a retract in groups, which amounts to nothing more than 

a direct summand.

Definition 2.13 A submodule L of a right A-module M is called a retract of M  if 

there exists a submodule A of M  such that M  is the direct sum of L and A.
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3 Basic Structure

3.1 The invariance of $g

In this section, we show that the isoperimetric function of a metabelian group is an 

invariant.

Let now F  be a free metabelian group with a given set of free generators.

Lemma 3.1 I f u and v are two words in F  then £{uv) < £{u) +  £{v).

Proof. The proof is obvious and is omitted.

Definition 3.2 A subgroup H of a group G is called a retract of G if there exists a 

normal subgroup A of G such that G = AH and A n H  =  1 .

We will, throughout this section, assume that

F  = «  a i , . . . ,  ofc » ,  N  = gpF{ru .. . ,  n)

and

K  = «  6 i , . . . ,  6P » ,  P  =  gpfc(su • • •, sq).

Lemma 3.3 Suppose that G is a finitely generated metabelian group and H is a 

subgroup of G. If H is a retract of G and G — F /N  and H  — K /P  where F  

and K  are free metabelian groups and N  and P are normal subgroups of F  and K, 

respectively, then there are homomorphisms </> . K  F  and ip : F  K  which induce 

p  : K /P  -> F /N  and ip : F /N  - f  K /P , respectively, such that ip o <p : K /P  -+ K /P  

is the identity.
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<
Proof. Let

G S  F /N  = «  aL)... ,a* ;ri,... ,rj »

and let

H  a* K /P  = «  b\t .. .  ,bp\8i,. . .  ,sq »  .

Since H is a. retract of G, there are horaomorphisms 0  : H -4 G and ip :G H such 

that 0 o0  =  id#. Now, identify H with K /P  and G with F/N  and choose words t/,* in 

F  and Uj in E  such that V{N =  0(6jP), i =  1 , . . . ,p and UjP = ip(ajN), j  — 1 , . . . ,  k. 

Then, we define horaomorphisms 0 : K  -4 F by b{ «-4 t = 1,... ,p and ip : F K  

by Oj i- 4  Uj, j  = 1 ,..., k. This completes the proof. □

Lemma 3.4 Suppose that G is a finitely generated metabelian group and that H 

is a retract of G. If VG and Vh are finite metabelian presentations of G and H, 

respectively, then there are positive integer constants ki, ki, ft3 such that the following 

inequality holds:

$-pH(n) < bx$‘Pc{kin) +  k3n V n € N;

i.e., 4  $pc -

Proof. We adopt here the notation used in the proof of Lemma 3.3.

Now let

"Pg = «  oi a*; r i , . . . ,  rj »

and let

Pit . . . ,  bp] Si,. . .  ,Sq »  .
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Observe that bie<Tp(<f>(bi))ei € P, =  ±1 for all 1 < » < p and that 0 (r,) 6  P  for all 

I < j  < I. Let If be the length function on F and let Ik be the length function on 

K. Then, we define three integer constants kit h?, k3 :

kt = max {€̂ (<̂ (64)) | 1 < i < p},

k2 ~  max {ApH (■0 (r,-)) | 1 <» '< /},

fc3 =  max { A PH(bieitli(<f>{bi))ei) | 1 <  i <  p, =  ± 1 } .

Clearly, Â ,fcj, A:3 > 1 . Given any n, let w be any word in K  with

m

u ^ n e  (3-s)
i = i

where ey =  ± 1  and £k (w) = m < n .  Moreover, if w 6  P, then <f>(iv) 6  N. Therefore, 

0 (io) has the following expression:

M
<f>{w) =F {Eij = ±1), (3.6)

J=l

such that

=  A*>o(0 (u;)).

We claim that the following inequalities hold:

i) Ap„(w 0(0(t«))“ l) < k2eK{w)',

ii) M  < Qva{kilK(w)y,

iii) Apa (^(0 (tn))) < M f •
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To prove i),

w m w ) r i =

=  6.*‘ • • ■ b £  • • • m K ) r n

c  • • • e r c r  w t  - ^ n r *  • ■ • v  •

=  n Q ^ Q ^ a '^ W Q ) ) ^ ^ ,

where the product ranges over all of the b~eail>(<f>(ba))ea involved in the expression for 

wip(<f>(w))~l and there are exactly ljt(w) = m conjugates in the product. Hence,

Apw(u; ipM w ))'1) <

To prove ii), by (3.5), we have

m

<i>(w) - k  n * M * .
3= I

Hence,
m

fF(0 (w ) )  < < f a m  -  k i e K (w).

On the other hand, .Af < («/)), since A/* = A*>o(0(u/)).

To prove (iii), by (3.6), we have

u
tf’OKw)) =ir n ^ - w ^ ) .

i=i

Hence,

AFw(^(0 (ii;))) < M f-
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Finally, if w =# 1 and w =  w ^(^(u>))- 1  • to)), then

A r H(w ) <  +  A Vh (w  1>(4>(w ) ) - 1)

< k i f f  4* fa£/c(w)

< k2$Vc{kitK{w)) + hlfciyi)

(by i) & in )) 

(by ii))

Since, by definition, $?c is an increasing function and hi, It2 , fa are positive, we have

i.e., =$ $va D

Theorem B1 Let V and Q be finite presentations of the finitely generated metabelian 

group G. Then

Proof. Since every group can be viewed as a retract of the group itself, we have 

^  « C $e ^  This completes the proof of the theorem. □

Combining Lemma 3.4 and Theorem B1 we have the following:

Corollary 3.7 If H is a retract ofG, then $ h ^  $g-

We complete this section by showing how to compute an upper bound for the isoperi­

metric function of the wreath product of one infinite cyclic group by another. The 

methods involved in this computation are typical of some of the more elaborate ones 

that we shall develop in the sequel.

A j>h(w) < fa$va (kin) 4- fan V w with £(w) < n.

Then,

$pH(n) ^  fa$va(fan) + fan V n;
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Theorem 3.8 Let G be the wreath product of the infinite cyclic group on a by the 

infinite cyclic group on t:

G = < a > l< t> .

Then $<?(«) < n3.

A key step in the proof of Theorem 3.8 is the following:

Lemma 3.9 Let

G = < a > l< t>,

the wreath product of one infinite cyclic group by another. Then

i) G is a one-relator group with presentation V  —«  a,t; [a, a*] =  1 >>;

xi) Ap([a,ot"]) < n Vn € N.

Proof. It is easy to see, and well-known, that G =< a > K t >  can be presented as

follows:

G —< a, t\ [a, a**] =  1 (* =  1 ,2 ,...)  > .

It follows then (see Theorem 2.6 & Corollary 2.7), that G has a finite metabelian

presentation. Indeed our objective is to prove i). In the course of proving i) we shall 

keep track of the number of uses of the given relator, which will give rise to the proof 

of ii).

Let

H  —«  a ,t; [a,a*] =  1 » .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



27

Then

H a  F/N,

where F is the free metabelian group free on {a, t} and

N -  gpF{[a, a4]).

In proving G — H, it suffices to prove that

[a,a‘‘] G N  =  gpF{[a,a‘]) Vi G N;

i.e., all relations [a, a4<] =  1 can be deduced from [a, a*] = 1 .

To see this, we first make use of the following identities:

[xy,z\ =  [x,z]v[y,z\,

[x,yz] = [x,z\[x, y]z.

It is then easy to verify that

if [x,y] =  1 then [xei,y*2] — I V £i =  ±1, e2 — ±1.

Hence,

if [a,a*] =  1 then [aei,oe2*] — I V ei =  ±1, e2 ~  ±1. (3.10)

Next, we claim, by induction, that V n 6  N 

if [o, a*] =  1 then [o, a4*] =  1 ;

there are n uses of the defining relation needed to make this deduction.
(3.11)
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If n = 2, observe that aa~l =  at~la~lt  =  [a- l ,t] 6  F* and ala~^ =  (aa- 4 ) 4 = 

[a" 1,* ]4 6  F'. Since F  is metabelian, aa-4  and a4a - 42 commute; i.e., [aa- 4,a4a-4*] = 1. 

Then,

1 = [aa-4, a4a-42]

=  ata- lataa-ta ^ a ^ a -fa 
cancel

= a4 a- 1  g? a~l aa-4* (1)
commute

= a* g~la~\at2 aa~t2 (2 )
commute

= a- lat2aa-4a 

= [a, a-4’]

Notice that (1) needs the defining relator once since it is the conjugate of a4a- 1  by 

t and a4 commutes with a - 1  by (3.10). Moreover, (2) needs it once as well. Hence, 

(3.11) holds when n =  2.

Now suppose that (3.11) holds for n = k. If n = k +1, then

€  F' 6  f »

_i *e+i _#* t* _#*+i=  ar a lar a r aa a‘ a
cancel

=  a‘‘a -L.a‘* "a -‘‘,oa-‘‘*' (3)
commute

= a4* p~la~4*.a4*'>'taa~ 4*+1 (4)
commute

= a- la4*+1ao-4*+l

=  [a, «-*"].

In (3), since [a4, a-1] =  1 and a4*+1a-4* is the conjugate of a4a- 1  by tk we have

[a4*"*”1, a-4*] =  1 ; i.e., they commute. Here we use the defining relator only once. In
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(4), since [a,a**] = 1 we have [a- 1,a - **] =  1, by (3.10). Moreover, by the inductive 

hypothesis, there are k uses of the defining relator needed. Hence, the total number 

of uses is k + 1. This completes the proof of (3.11)and hence also that of i) and ii). □

Lemma 3.12 Let F be the free metabelian group on {a, t} and let w be a word in F  

with £{w) < n; i.e.,

i i
w =  adlt?' • • • ad,f l with ^  \di\ + |e,| < n.

i=l *=i

Then w can be re-expressed in the form

« '  • • • < ‘*ei+"+e' (*o < ii < ■ • • < ifc, k >  0, a, 6  Z). 

where a,- = a**, i € Z with the aid of at most n3 uses of the relator [o, a*].

Proof. Observe that

w =  adlt*lad2t*% • • •

=  adl teiadH~€l tei+eao‘*,tes * * • adtf l

= adl tetadH~ei *e‘+eja(<st~(ei+ej) • • • t*l+— tei+—*’e|

=  Oo^-eiO-tei+ea) * * ' ' W

Let

w' =  a£la* a**, , \ , " a di, , . _ ».“ 0  e t  - ( e i + e j )  - ( « i + — t - e i - i )

We shall count the number of uses of the relator [a, a‘] in rewriting w' in ascending 

order. Before the counting process, we observe that there are at most \i — j | uses 

in switching a,- with aj. This follows readily on invoking part ii) of Lemma 3.9 and
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will left to the reader. It is not hard to see that we can assume, without any loss of 

generality, that d, > 0, Vi. Notice that the worst case is

0  > — e\ > -(ei + ej) > * • • > —(ej. H 1- ej-i)

since in this case the a ’̂s will travel the most places from right to left. We shall move 

every a_(e, t o  the left most place across w1, involving the di occurrences of 

a_(ei+...+ei_l). Next we move every a_(ei+...+e(_a) to the place between 

and ajj1 and so on. In this way we are able to transform w' to a word in ascending 

order, as detailed below:
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w ' =  o j , a * l a* (e l+ea) -* * 0 -(e ,

=  Ool ° - « i0 - ( ei+ea) ' ’ ' a -(e i+ -+ e i_ a)a - ( ei+ " -+el - i ) a - (et +" -+el-»)a -(e i+ -+ e j- i)

(need |ej_i| uses)

d i d i d i-2  _ „ d l- l— a0 a_ei • • ‘U_(ei+—he;-3) (e’ +"‘+el-i ) —(ei+—f«i-a) -(«H —

(accumulatively, need |d|_i||e/_i| uses)

d i d i di- 3 „  .
— a 0 a -e i *' *a -(e i+ —+«j_4)a - ( ei+""+el - i ) a -(e t+ —hej_j) -(ei+"-+ej_a) -(e i+ -+ e i_ t)

(accumulatively, need |dj_i||ej_i| +  |dj_2 ||ej_i 4-ei_a| uses)

d \ d i d(-i f,d i—l
(ei+—+ ei-i)°0  a -« i ’ ” ®-(ei+-*“fej_a) —(eiH— hej-i)

(accumulatively, need |d|_i.||ei_i| +  |dj_2 ||ej_i +ej_2| -̂---

+|di||ei-i + -*- +  ea +  ci| < |dj-i|n +  |4i-a|n + • •• +  |di|n < n2 uses)

«*«+--«,-l)“S1°*. • •
(accumulatively, need < |dj|n2 uses)

° l\ei+...+el_l)a-(eli+-H-e«-a)aOl° -e» ' °-5+~+«i-a)

(accumulatively, need < |dj|n2 +  |di-i|n2 uses)

  „di „ ^ l- i  . . . - 4  „ d i
- ( « 1+ • • • + « < -1) —( « I + * " + « l - a )  - e l  ®

(totally, need < (|d|| +  • • • +  |di|)n2 < n3 uses) □
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Proof of Theorem 3.8. By part i) of Lemma 3.9, we have a presentation

«  a,t;[a,a*] =  1 »

for G =< a > I < t> .  Since here G is the semidirect product of the base group B 

and T =< t >; i.e.,

G = B x T  with B =  < a >*,
ter

any element g € G has a normal form as follows:

g =  a^o ? 1 • • • a“‘t* (*o < h < • * • < **, * > 0, on, P € Z).

Hence g = 1 if and only if c*o = ai = • • • = a* =  0 =  0. Let w =g 1 with £(w) < n; 

i.e.,
i i

w = adltei • • • adttei with ^  \di\ +  ̂  |e<| < n
i=l i=L

(see Lemma 3.12). Rewriting w in the form (*) described in the proof of Lemma 3.12, 

we find that

W '  =  • • * ® —( e i + • • • + « !_ ,)  = G  1  ( 3 . 1 3 )

and

tei+“‘+e‘ = G 1. (3.14)

Notice that no relators are needed to prove (3.14), since eH— +ej must be 0. Hence 

only the number of uses of the defining relator for (3.13) counts. By Lemma 3.12, the 

cost of rewriting w' in normal form is at most n3. Furthermore, the exponent sum of 

each a, in the normal form for w' must be zero. Thus the number of uses of the given 

defining relator for G needed to prove that w =© 1 is at most n3. □
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3.2 The invariance of

Let

A =  Zferi ym]

be the polynomial ring over the integers in the variables l/i, • • •, ym- Then, as we 

mentioned in §2.4, every element A € A can be written uniquely in the form (2.8); 

i.e.,

A =  CO +  £  Vl • • * Vm
(«i ,...,em)/(0,0,— ,0)

where co, cei,...,em € Z, eu . . . ,  > 0. Let Y  =  (y i,..., ym}. Then the length of A

i{A) = £y(A) = |co| +  5 3  |Cei,...,em| (^1 H + Cm) (3.15)
(ei *»)*(<>,0.-.0)

Recall the definition of the width o/(A) of A

w(A) =  M +  £  I c . , I ;  (3.16)
(ei,..nem) (̂010,-,0)

thus w(A) is the number of monomials involved in the unique representation of A in 

the form (2 .8 ).

Lemma 3.17 For any A and n in A, £{X +  /i) < £(A) + i(n).

Proof. For any A and /i in A, there exists an integer k large enough such that

A =  Co +  £  ceii„Mem y[ '1 • * • y £
(«1 r-,(m)EO

and

M =  do +  5 3  --*• ‘ * '
(*li—i*m)6D
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where Co, ctu..:>em, do, dei)...,em 6  Z and

D  — {(ei , . . . ,  Cm) | 0 £  Ci, . . . ,  Cm ^  k Si (fi\ , . . . ,  Cm) ^  (0,0, • • • , 0)}.

Then

W  =  M  + 5 ^  |ce i I  (Cl +  * * * + o

and

£(/i) = |do| + ^ 2  |dei,...,«ml («! +  ••• + em).
(®1 »*»*»®na) € 0

Hence,

\  + li = co + do+ ^  (cei,...,em + de, y ?1 • • • yST

and

£(A + /t) =  |co + dol + E (ei e™)€D lcei,...,em +  + ----- (-em)

^  M  + E(ell...,em)€D I0®! *»Kei + " ' + em) +

lrfo| +  E(et,...,«m)6 D K J  f a  + "  ' + em)

= £(A)+£&*).□

We define the degree of a monomial to be the sum of its exponents. Then, as usual, 

the degree of a polynomial is defined to be the degree of a monomial in the above 

representation of the highest degree. Moreover, the lowest term of a polynomial is 

the sum of the monomials of the lowest degree, hi general

£(A/i) < £(A)£(/i)

does not always hold. For instance, if A =  yi and /i =  ya, then, £(A) =  £(/*) = 1 

and £(Xfi) = £(yiya) =  2 > £(A)£(/x). However, given the right conditions, £(A/i) < 

*(A)£(/i):
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Lemma 3.18 I f the lowest terms o/X and p are of degree > 2 then £(Xfi) < £(X)£(fi).

Proof. Following the procedure adopted before in Lemma 3.17, observe that if A and 

/i of degree > 2, there exists an integer k sufficiently large such that

A =  53 Cet yV-"Vm
(ei ,...,em)6 0

and

/* = 5 ^  d*u...«nyi"-y%>
»***»*m)€D

where cei,„.|em, dei em € Z and

D = {(ei,...,em) | 0 < « ! , . . . , 6m < A & eiH + em >2}.

Then

W  =  5 3  (ei --------
(ei,...,em)€D

and

* 0 0  ® 5 3  irfei e"*i (ei ■*— + ^
(ei,...,em)eD

Moreover,

A / * *  5 3  5 3  y r + e , i - - * y m m + e ; *-
(ei,...)em)€D(e'l,...1e{B)eD

Hence,

 ̂ E(ei)...,*»)€0 Eft e>m) tD  l̂ i  «J((el + el) + * * * + + O)
= E(ei,...a,)6D E(e't,...te'm)€D |Cet,...em‘kt)„X, I ((el + *••+«*) + «  + **•+ <.))
£  E ( e i , . . . t« m ) € 0  E ( e ' 1, . . . ,« { .) € D  I ( d  +  * * * +  O  «  +  * * * +  e m )

(since ei H he™ & -i > 2 )

=  *(A)*(/i). □
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We shall also need the following two lemmas. Their proofs are straightforward and 

hence are omitted.

Lemma 3.19 For any X and n in A, u(A) < £(X), u(A + /*) < u(X) + uj(fi) and 

w(An) < u(X)u(fi).

Lemma 3.20 If n is a monomial then

(̂Xfj.) =  £(A) +d(/i)w(A) — |c(A)|, 

where d{fi) is the degree of p and c(A) is the constant term of X.

Lemma 3.21 For any A,- in A,

»=1 is l

Proof. Let E = A[y]; i.e., E =  Z[yi,. . . ,  ym, y], and let (ii =  A<y2 Vi. Since the lowest 

term of each / j ,-  is of degree > 2 , we have the following inequality:

i { n » )  < n « .
t'=l isi

Now

< n * )  ^ n A‘H ( n 4i=l »=l isl

Moreover, by Lemma 3.20,

£(AM) =  £(A) +d(n)w(A) -  |c(A)[ < £(X) +  A).

Putting these observations together, we find that

k k k

£ (n > )  ̂n  (<*)+ 2 w(a‘))  ̂ ni=l isl i=l
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We will, throughout this section, assume that F, K  are free right A-modules and that 

N, P  are submodules of F, K, respectively where

H =  {£i.......F = < ~ > , r  =  {7 l, . . . , 7 j}, AT =  mdA(r),

n  =  {iri,...,w,}, K = <  n > , A =  {^,...,<5,}, P  =  mdA(A).

We adopt this notation in the following lemma.

Lemma 3.22 Suppose that M is a finitely generated A-module and that L is a sub- 

module of M. I f L is a retract of M, if M ^  F/N  and if I S  K /P , then there are 

homomorphisms <j> : K  -* F  and ip : F  -> K  which induce <p : K /P  -> F/N and 

ip: F /N  -¥ K /P  such that ip o <p : K /P  -+ K /P  is the identity.

yProof. Let

and let

L Sf A /P  =<  7Ti, — , 7rp; £i, .

Since L is a retract of M , there are homomorphisms <p : L  M  and ip : M -* L 

such that ip o ip =  Now, identify L with A /P  and M  with F /N  and choose 

words Vi in F  and uy in K  such that Vi + N  = <p(ni +  P), i — 1 ,... ,p and let 

uy +  P  =  0(£y +  W), j  = Then we define the homomorphism <p : K  -* F

by <P : iti •-> Uj, i =  1 ,... ,p and the homomorphism ip : F -* K  by ip : fy »-► uy, j  = 

Then 0 and ip have the desired properties. □

Proposition 3.23 Suppose that M  is a finitely generated A-module and L isa  retract 

of M. I fV ti  and Vl are finite module presentations of M  and L, respectively, then
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there are integer constants ki, fa, fa such that the inequality

$n(n) < fa$pM(fan) + fan 

holds for all n; i.e., $-pL ^  $pu .

Proof. First of all, let

Vat £i> • • • > Cki Tii • • • > "Yi ^

let F be free on E =  {& ,..., &} and let N  — md jr (7 1 , . . . , j i). Furthermore let

"PL ^ 1 1 • • • i ̂ p> i • • • > &q ^

let K  be free on II =  {7rLl.. . ,  7rp} and let P — md* (<Ji, • • •»Sq). By Lemma 3.22 ,

there are homomorphisms <f>: K  -+ F and ip : F -+ K  such that - 7r,- + ip{<p{ni)) e P

for all * =  1 ,..., p. Let £= =  the length function on F and let t'n =  the length function 

on K. Then define the four constants fa, fa, fa, fa :

fa — 9 fa,

fa =  max {4 (^»))>»' =  1 ,• • • ,p},

fa =  max {Apt (V>(7 i)),i — l , . . . , l} ,

fa =  max { A ^ (- 7t,- +  i>(<j>(iti)),i =  1 , . . .,p}.

Given any n, let w be any word in K  with

w «  fi 6  A, fn M  = X ^(/<) -  n*
i- 1  i-l

Moreover, if u; € P, then <p(w) € N . We then have

(
<p{w) = for some gt 6  A

t=l
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such that

£ w ( S i )  =  A  v u {< f> (w )).

i-l

Then

= A Vu((f>(w)) < (4(*(«>)))-
i=l

We claim that the following three inequalities hold:

i) A Vl{ - w +  ii>(<f>{w))) < k3{!n{w)\ 

ft) El=iw(</i) < ^ v M(kien{w)y,

iii) A Pl(V»(0(tw))) < k2 El=t w(ft).

To prove i), notice that

p p

-w  +  Tr./i + ^ ( 0 ( 5 ^  7r</i) )
*=1 f=i

= - ^ 2 *1/i+^r,'i>(<t>(*i))fi= + w(*«))/ i -
»=1 i=l «=l

Let
«

-TTi +  0 (̂ («r*)) =  £
J=I

for some gij € A such that

9

(-7T< +  (*(*4))) =  ^  W(ftj) 
i=i

and so
«

<  * 3 -

i=i

Moreover,

-u , +  xp{<t>{w)) =  ^ ( 5 ^  6 j 9 t j )  /i  =  S  ̂  X )
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So,
.  p

A-pL{-w+ip{<t>{w))) <
3=1 «=1

< =  £  (^2 u (9 ijj)u (fi)
j =1 i=l »=l j=l

< < * ,£ < ( / , )  =  kzf„(w).
i=l i=l

This proves i).

To prove ii), recall that

p p

=  E  -  n-w
i=l i=l

Then,

i=l

Let

Then,

k

0(^») =  E  hij € A.
i=i

4W *i)) =  E ^ *  2
i=i

So

1=1 j=l J=1 i=l

Hence,
k v k p

4(*m ) = £ * (!> •> * )  ^/=l «=l /=! i=l

<  s E E W i )  = ^ E  ( E * ( m )<(/<)
j=l 1=1 i=l i=l
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< 9 k [ ^ / e(fi) = kiHn(w).
<=i

So we have
i

£ « < * >  < *vu (&[:'. ))) ^  ^ ( fe i4 (« ') ) -
i=l

This proves ii).

To prove iii), recall

k2  = max {A*>£(^(7 i)), i =  1 , . . . ,  /}

and
i

0 (w) =  53t.9<-
1=1

Then,
(

i=t

Let
9

' P h i ) P i J  G A
J=l
Sk

such that

Ap£(^(7.)) =  $ ^ ( p , j ) .
i=i

So,
9

5 ^w(p.j) < *2, v*.
J=1

Then,
* 9  9  *

V»(̂ (tn)) =  £  (
i=l j=l j=l «=1

Hence,
9  i  .  9  <

A ^O K ™ )) <
/=! i=l J=1 i=l
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g I I g I

< 5 3  ]C  U(Pij)U(9i) =  W(p«j)) ^  fc2 ]£"(& )•
i=l i=l *=l i=l i=l

This proves iii).

Now if w =i 0 and w =  + (w — then

A Pt(w) < Apji/>(<f>(w))) + An ( « ; - ^ ( u / ) ) )

<  k2 Z ‘=i u (9i) +  M n(«0 (by 0 & Ui) )

< k2$pM(kit!n(w)) + M'n(w) (by i i))

Hence, by the same argument as in the proof of Lemma 3.3, we have

$ p L(n) ^  * 2$ p M(kin) + fc3n V n;

i.e., $pL =4 $Vu- D

Theorem 3.24 I fP  and Q art two presentations of the finitely generated A-module 

M, then

$p  $q.

Proof. The module M  can be thought of a retract of itself. Then, by Proposition 

3.23 =$ $<2 Bud $q  $p. Then, $p  cs* This proves the theorem. □

As before we term any one of the functions in the equivalence class of, say $ q, the 

isoperimetric function of Af and denote it simply by

Combining Proposition 3.23 and Theorem 3.24, we obtain the following corollary: 

Corollary 3.25 I f  L is a retract of M, then ^
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3.3 Connections between the isoperimetric function of a finitely

metabelian group and that of the underlying module

Suppose that G is a finitely generated metabelian group generated by ai , . . . ,  am. Let 

A = G' and T =  G/G'. Then G is the middle of a short exact sequence

A ^ G - » T  (3.26)

and A can be viewed as a module over the integral group ring ZT of T, where the 

action of T on A is defined as follows:

a a t  = g~lag (a 6  A , g e G , t  = gA).

Throughout this section, we will denote a •  t by a* and write elements in the module 

A multiplicatively (see (2.3) in §2 .1). It is easy then to prove the following lemma.

Lemma 3.27 G', viewed as a ZT-module, is generated by the elements Pij, where 

(kj =  [o<, a,], 1 < » < j  < m.

Notice that ZT is a finitely generated commutative ring and hence is isomorphic to a 

quotient of a polynomial ring in finitely many variables. For instance, suppose that

T =< t i , . . . ,  tm, tm+l) • • • i tm+»i ̂ m+» — 1 (1 ^  ^  ®)> \tjt ̂ fc] =   ̂ ^ — m+s) > .

Let S =  ZT and let

A = Z[*i,. . . ,  xm+n yi, • * • > ym+i]*

Then

E S  A/md\(xjVj - 1  (1  < j  < m + s), x«+i - 1  (1  < * < s)).
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In other words, given any finitely generated abelian group T , its group ring ZT  can be 

lifted to a polynomial ring A; i.e., there is a homomorphism <p from A onto ZT. Hence 

any ZT-module can be viewed as a A-module, for example by defining an action of 

A on G' by

a « /  =  ov(/) V a e G ' ,

So by Lemma 3.27, G' is generated as a A-module by the f a .  Consequently (see 

§2.5), G' is a finitely presented A-module.

In order to study the connection between and we will compare the length 

function I on the free metabelian group «  oi , . . . ,  a*, »  and the length function 

d on the free A-module < f a  (1  < i < j  < m) >, where, as above,

A =  Z[xi, . . . ,  Xm, J/i, . . . ,  Jfe*].

Let ti = atG'. Then, if z € G',

2** = z* =  z®* k. zy* = z ^ X =  zai l Vi, j.

Now if w = w(ai, . . . ,  Om) is a word in the given generators of G and if to € G', then 

w can be re-expressed as a “module word” w' = . . . ,  in the generators

f a  (1  < * < j  < m) of the A-module G'. Notice that if w =g I, then w' =& 1. We 

compare the module length l'(w') of w' with i(w). We will adopt this notation in the 

proposition that follows.

Proposition 3.28 Let G be a finitely generated metabelian group, generated by the 

elements ai , .. .Om and let w be a word in the generators ofG of length n. Ifw  6  C ,
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then w can be rewritten as a A-module word w' in the /3,-j with

* V )  < 0 (n4).

To prove Proposition 3.28, we need the following:

Lemma 3.29 Suppose that p and q are any two positive integers. Then

ivj K p,a ; 'l  =  A j

Proof. Recall:

[ab,c] = [a, c]6[&,c],

[a, 6c] =  [a, c][a, b]c.

First of all, we claim that

K,«#]»AjSS:W VpsN.

It is easy to see

[«?.«,1 = [«h«,p‘K ,a<] =  /»,„•%  =  A ,* * 1-

Suppose that

[a?, ay] = ^ kmC** for some p.

Then,

[ a T 1, a ,]  =  [o f , «,]**[«<,«,] =  =
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So, by induction, the claim holds.

Similarly, we have

[0 j, 05] =  ftJ a - ’s v , € N .

Hence,

[ « r , a J ]  =  K a 5 ] =  V p , , e N .

Secondly, we claim that

=  V p € N . %

Since

1 = [aiorl,a,] = [a^a/]0' " ' ^ ^ ] ,

we have

[a{ l ,aj] = [at,aj]~a*1 = 0iti ~t{ =  Pif™.

Similarly, since

1 = [ofo*2,^ ] =  [aj.ayl^^ar2,^ ]  

and Xiyi acts as the identity, we have

[«ra,o ,i= w . o , ] - - = ( A / ,+Ir * =

Suppose that

[ « r P i a # ]  =  fitd  ~  E ‘ m l f o r  s o r o e  P -

Then

[ o r ' - 1, * , ]  =  =  ( A T  E “ ' * ) ■ % ' "

=  (A , = A ,
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So the claim follows by induction.

Then, for all p, q € N,

[« ,-* ,«$ ] =  [ o r ' , « ,]  =  ( f t j  E & '> i  =  A j

This completes the proofs of i) and ii). The proofs of iii) and iv) are similar and are 

consequently omitted. □

Next, we calculate the module length of these typical commutators.

Lemma 3.30

£ ' ( K ,a J l )  =  l + f ( p  +  , - 2 )

'( [ • r .o j ]  ) =  T<P + «)

< '(K .S ,]) =  y (P  + 9)

<'([..-',a-«l) =  ^ { p  + ,  +  2 )

2
m  
2

PQ 
2

Proof. According to Lemma 3.29, we first find that 

ojj) =

=  f(l +  Xi +  x? H b xf"1) + £ ( x j  +  XiXj  +  xfxj H +  x?-Ixy)

H b f  (xj“ l +  XjxJ- 1  +  xfcj- 1  H b x?_lx f l)

— (1  + 1  + 2  H b (p — 1)) + (1  +  2  -b • • • +p)

+  * • • +  ((g — l ) + 9  +  , ** +  (p +  9 — 2 )) 

a* j  -|- KP~l ) +  b(P+l) -|_____+  g fr + fr -jl

=  l-b§[(p — l) +  (p +  l) +  *'* +  (p +  2g — 3)]

=  l  + M(2p +  2 $ -4 )

=  l  +  f (p  +  « - 2 )
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Next,

^ [a r '.a j])  =  i iZ U v tZ t i* '* )

= l{Vi +  Vi +  • * • +  I/O +  +  ViXj +  • • • +  yfx,)

-I +  t(yi*j~l +  y fxJ_l H------+  !/iXj~l)

= ( 1 4- 2  H F p) + (2 +  3 + • • • + (p +1)) 

+ , '* +  (<7+(9 + l) +  *** +  (p + 9 — 1))

S  E iH iil +  EiE±?i J    p(p+2q-l)
2 2 T  2

=  %(p + q)-

Similar calculation for the other two cases. □

Lemma 3.31 Let G be a finitely generated metabelian group, generated by the ele­

ments a i , . . .  Om and let w be a word in the generators of G of length n. Then w can 

be rewritten in the form

where w' 6  G' is expressible as a A-module word with

t(w') < 0(n4).

Proof. Let w be a word in the generators of G of length n.

W  —  0 ***0 ?* * • *o?*»l 12 I*

where ij ±  ij+i for all 1 < j  < k - 1  and |e,-, | +  |®»*H------h |e,-4 1 =  n.

Notice that w can be rewritten in the form:

I I u7lvW 01 I I ^ ’
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where d, are integers, V} are commutators and Uj are words in «  oi, . . . ,  Om » .

We now rewrite w in the form above, keeping track of the least number of com­

mutators that arise in the process. Compare i* with i*—1, ik-2 , • • • > *i- Notice that 

the case which gives rise to the greatest number of commutators is that in which

I* < ifc—2, • • •, ii, since in this case each will need to be moved to the most

places from right to left. So a'** has to be moved to the front by adding one appro­

priate commutator at a time; i.e.,

I **4—2 **4 **4—If  **4—I **4lW  =  0/  •••Oi Oi fli fli .Oi*1 *4-2 *4 *4-1 I *4-1 > *4 >

tix **4-3 *<4 **4—2 r **4-2 **4l **4—I r **4—I **4l
=  0 n ‘ V ° * 4 - 2  [° i*-2 «fli4 K - !  >°<4 ]

= 0 ?“ • • • or-of**a?"-2a-<k~l[or*-, P 4-"*‘ [o ^ - '.o N*1 *4—S *4 ‘4—2 '4-1 l“ »4-2 ’ <4 * I *4-1 ’ *4 J

— n * 1 . . .  n* * -*  n * k / P 4-3 /,*'* 1 . /.***-* n?**"1 f/i?4*"3 nf** la*4-7* \n Vk~ l n <k 1
*1 *4-4 *4 *4-3 I *4-3 ’ *4 J *4-2 *4-1 L *4-2 '  *4 J I *4-1 * <4 J

(j, **4—4 **4 **4—3 **4—2 **4—1 T **4—3 **4l®it .  *i. .=  a .  • • • O i  O i* O i Oi a.- a.- , 0 i  4-3 4-1 •**11 *4-4 *4 *4-3 *4-2 *4-1 * *4-3 * *4 J

K t r . ^ r ' ^ ' K i r . C ]

=  • • •  

e<*v . C i* '*-'' t C r . d -

Let

(‘C -P -C l-
Now compare ik-i with ifc-a, 14- 3 , . . .  etc. Again suppose that, the worst case, ik-i < 

*4- 2) *4- 3) •••) *i- Then

=  • • - c r i c  . e r r * * - *  • • •w
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Let
r «fc r et. . e , * .

J I U-a 1 ifc-i  J*

Continue the process and suppose the worst case all the time. We find

w =  aikk aik l • • • oitl u>2 • * • wit

where

«* =  i c , <c p ? '' • ■ • r -  ' ■

for all 2 < 1 < k. Let w' =  []f=2 Wl- Then

1=2

Finally, let’s compute t'(wi), f =  2, By Lemma 3.30, we get

W . « 5 ] ) < !f 1(|p| +  M +2)V p,«€Z .

By Lemma 3.29, [a£,aj] =  for some /  6  A with u (f)  -  |pqr|. Furthermore, 

i{fg) < £{f) +  d(g)u(f) for any monomial g 6  A, by Lemma 3.20. We then obtain

w .   ̂x (|p|+1,1+2)+i { g )  lw|- (332)

So,

< ( 5 le,-,., % Kle,-,., | +  le,-, | +  2 )) +

^ 2 16 *!— ai  l® i |l  +  2 )  +  | e i j _ 2e i i l  l ® i | - i l )  " h

( 5 l ( l® i< - j I  l®»«I + 2 )  +  | e i , _ , e i , [  ( | e t | _ a | +  le i i _ i l ) ^

 ** +  K l + 2 ) + ---------------- ( l e i * I  *•----------+  l e f i - i l ) ) *
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Then, we have

£ < '(« '.)<  E  K * .!  + 5 E  I*.!’ !*.!
1=2 1<»<{<* l<«<t<fc

+ \ 5 2  M M 2+ 5 2  Kei& tl-
l<»<t<k l<r<i<t<k

Notice that

5 2  ke«, I < 5 2  I + - -  + K  I) ^  n2; (3.33)
l< i<t<k  I <*<Jk

E  K I JW <  E  k l J(l*,l + -  + k , l ) s  E  l*.l2n 2 n4; (3.34)
I<«<t<* l<a<k l<*<k

5 2  ieire«-.e«ti < 5 2  m  1 2  ^  5 2  ie< > 2 ^ n*- (3 -3 5 )
l<r<a<t<k 1 <r<k r< K t< k  I <r<k

Hence

?(*>') ^  52*'(wi) ^ n2 + T + T +n3w ° ( n4) - D
J=3

Proof of Proposition 3.28. By the hypothesis, w 6  G' with i{w) =  n. We let

w = b\lb?‘ --bekk,

where bi € {ai,0 2 , . . . , a m}, 0 #  e,- 6  Z, and Xa=i l '̂l =  n  the exponent 

sum of each 6,- must be zero. Use the same stratege in Lemma 3.31, all 6, will 

cancel out after adding appropriate commutators; i.e., we can express w as wf, a 

product of commutators and their conjugates and keep track of the least number 

of commutors arising in the following procedure:
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First of all, we begin with bk. Suppose that fttl, are letters which occur in

w and are actually the letter bk. We then view w as

w = tiQ b‘[l Ui ua * • • b*1 ut bekk,

where

=  W - C - Y .

». =  c ++.,e t - c - i ,

i.

u. — fce<‘+,+l Ae<1+ 1+2 •. • Ae‘- ‘
U< -  V i+ l «(+i+2

Move 6£k to the right hand side of b*1 across U( by adding the commutor [uj, &£k]. If 

|e*, +  e*| =  0, work on the previous bk in the same way. If not, then move bk‘+e* to 

the right hand side of b*̂ ~l across U(_L by adding the commutor and so

on. Therefore, without any loss of generality, w can be rewritten as

ti>i = tioui • • • uiv?‘"u‘v?" ui • • •

where

V j - i  =  [ u j - i , bk j +*<i+l + '"+e<‘+*k] ( j  =  2,. . . , /)  &  Vj =  [u( ,6fc*].

Now let

Pj = {*J» V+l> ••’)*<) ̂ }i

Dj  =  { a  6  N  | »y <  a  <  k &  a  is  n o t  in  Pj};

P i ~  H a € P /  le « l»  

di  =  HaeD/ lc<*l*
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Next, we shall see how u“i“J+l’"'<‘ being presented as a module word. Clearly, uyUy+i * * - tij 

is just a monomial with degree < dj. Moreover, let p = YlaePj e«- Then

Vj-i =

= v f c X  ■ ■ ■ C-V. v% -~ X ]

= • • • C-Y ■ tC-V. i C ' i . «

As we did in Lemma 3.31 (see (3.32)), 

e(v*tuli+r"'H)

< }l^_i+il|p|(l®»y-i+il +  \P\ + 2) + |eii_l+l||p|(|e*i_l+2 | +  • • • + l^ - i l  + dj)

+2lev-i+2HPl(le<i-»+2l + b l + 2 ) + lev-i+2||p|(|e»i_i+3| +  • ** +  |e<y-i| +dj)

+ • • • + jle^-illpKle^-il +  |p| +  2) + le ^-M d j)

=  I p K K - i+ lI  + ------ •* le « i - i l )  +  j |p |( l e» / - i+ i |2 H b l ^ i - i P )

+5lp|2(|e<y-i+il H +  K-iD  + IPldi(lev-i+il + * • * +  K - i l )

+|p| H a f c D j - i  -D j i t  a<0 \eaM

^  f lf ( l® i/- i+ i | H +  l e ^ - i l )  +  £ p j ( |e v _ i+ i |2 H---------1- l ^ - i | 2)

+ 2Pj(lety-i+l| +  b + P irfi(lety-i+il H------ +  lev - i |)

+ P i  Y la ,0 € D j-i-D j it  a<0 ka||e/j|

=  PiCK-i+il  l^z-il) + JPidfy-i+il2 H + Ify-il*)

+5 £ 7 6 /* KPd^i-t+il ---- +  K -i l )

+  5 2 i fe P j  i t  7<t I ^ K K - i + i l  +  * * * +  K - d )

+ P j ^ ( l c t J _ l + i |  +  • • • +  | e < y - i | )  + P i  E o ^ e D i - i  —Dj k  a<0  I®®
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We see that £(vj!?f+l''wi) is bounded above by a number which is pretty much dealing 

with Dj-1 — Dj. It is then not too hard to check that

does not exceed n4 + n 3 + n a (see (3.33), (3.34), (3.35) in Lemma 3.31). Now, let

twa = uoUi • • • uj.

We again begin with the very end letter and find the occurrences of the same letter 

across w? just as we did to u/L. Clearly, all bk no longer occur in wa and so ( 7  6  Pj) 

will not happen in the calculation. Hence, accumulatively, the module length so far 

is still bounded by n4 +  n3 +  n2. Continue the process and use the same argument, 

we have £'(to') <  0 (n4). □

Theorem D will then follow almost immediately.

Theorem D Assuming the notation above, if A = G' and T  =  G/G', then

$ G(n) =* <Mn4).

Proof. There exists a “preferred presentation” of the metabelian group G which is 

obtained from the modul presentation of G' and the group presentation of G/G' (see 

[BCM] for details). Since G is finitely generated, we should have a finite metabelian 

presentation by dropping lots of relations in the preferred presentation. By Proposi­

tion 3.28, we get

$c(«) <  $c'(tt4)- □
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4 Isoperimetric functions for wreath products

4.1 Preferred metabelian presentations

la this section, we shall show, by examples on wreath products, how one can obtain 

a “preferred metabelian presentation” of a finitely generated metabelian group by 

using the idea first introduced in [BCM], so-called preferred presentation. First of all, 

we list all the examples we will be focusing on:

• Let Wn be the wreath product < a > I < t > of the infinitely cyclic groups on 

a and t, respectively. It will be presented as:

W\x = «  o, t; [a, t]a = [o, t] »  .

•  Let Wn be the wreath product < a > lT ,  where < a > is the infinitely cyclic 

group on a and T  is the free abelian group on ti and t2- It will be presented as:

W12 - «  a , t i , t2\ [tl f ta] =  1 , [ M i ] a =  [a ,t i ] ,

[ a , t 2]a =  [<*> ta]» [ M i ]*2-1  =  [ M a ] t l“ l »  •

•  Let W21 be the wreath product A l < t >, where A  is the free abelian group on 

aL and 0 3 , and < t  > is the infinitely cyclic group on t. It’s presentation will 

be:

W2i = «  Oi, Oa, t\ [0 1 ,02] =  I, [fli, t]°l =  [Oi, t],

[ o i , r  =  [fli, t] ,  [0 2 ,t] ttl =  [0 2 ,t] , [0 2 ,t]aa =  [0 2 ,t]  »  •
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• Let W22 be the wreath product AlT, where A and T  are the free abelian groups 

on ai and 0 3 , and t\ and t% respectively. It has a presentation as follows:

Wn = «  0 1 ,0 3 , 61, £3; [uiifla] = 1 > [6ij£a] =  1 >

[ai,£t]ai =  [a i,£L]i [ai.t!]** =  [ai.tx], [al , i a]ai =  [aLvta]> [oi.ta]0* =  [^Ma], 

[a2,£i]ai =  [a2,<i],[02,ti]aa =  [fla,«i]>[aa,<a]01 =  [fla,*a]i [a2,*a]aa =  [aa>ta]> 

[o i.t i]**"1 =  [oi.ta]*1"1, [02.«i]‘a- 1 =  [a2,ta]*1-1 »  .

•  Let Wmn be the wreath product of AlT, where A and T  are free abelian groups 

of rank m and n, respectively. Then, Wmn has a metabelian presentation with 

generators:

« i .  * • • > a m> *li — »

and with defining relations:

[04, 0*1 =  1 ( l < * < ; < m ) ,

[ti,tj] = 1 (1  < * < ;  < n), 

[flj, tj]ak =  [04, tj\ (1  < i, A: < m, 1 < j  < n),

[««> =  [04, (1  < * < m, l < j £ k < n ) .

• Let W  be the wreath product of A lT , where

A Oi,... 1 Om>Om+l» * • • j®m+r> ®ro+i “ 1 (1 — ®

[04,0*1 = 1 ( l < i < j < m  + r)>
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and

T  —< t i , . • • j £»> ̂ n+l» • • • > ̂ n+»> ^n+j =   ̂ (1 — J — ®)>

[*<i tj] =  1 (1  < i < j  <n  + s)>  .

Then, W  has a preferred metabelian presentation with generators:

®l> • • • i Om+n ̂ lj • • •. tn+t,

and with defining relations:

<Ch = 1 ( !< » '<  r), <«.,= 1, (1 < J < a),

[dj, oy] = 1 (1  < i < j  < m  +  r),

=  l (1  < t < j  < n +  s),

[fli. tj]ak =  [«i. tj] (1  < *, < m +  r, 1 < j  < n +  s),

[at, tj]tk~l -  [a,-, (1 < i < m + r, l < j ^ k < n  + s).

Secondly, we introduce what is meant by a preferred metabelian presentation. Let G 

be a finitely generated metabelian group. Choose a finite set of generators

9 i t > 9p > fli. flj» • • • > A?

in such a way that 9 1 , 9 2 , . . . ,  9P generate G modulo its derived group G', ult 1̂ , . . . ,  u9

are contained in G' and their normal closure in G is G'; i.e., G' is generated by the

conjugates
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where i ranges from 1 to q and w ranges over all products of the form

w = 9ri 9 2 ‘" 9 rPp,

where the exponents n , r3, . . . ,  rp are integers. Since G' is a finitely generated Z(G/G')- 

module and so, by Hilbert’s Basis Theorem, is finitely related. Each of the relators, 

written multiplicatively, can be written as products of the form

where the nt- are integers and u/« are words of the form taken by w. This means that 

we can present G, as a metabelain group, as follows:

« 0 i , 0 2 , . . . , 0 p , u i , U 2 , . . . , u , ; i J l , i 2 2 , f 2 3 » ,  (4 .1 )

where

i) Ri consists of the relations that express the fact that G/G' is a finitely presented 

abelian group; i.e., take all of the commutators of all of the generators gi, g2 , -,9P 

with each other and express them as products of conjugates of the module generators

^li • • • >

ii) R2  consists of the relations which define the fact that G/G' is finitely presented as 

an abelian group. So these take the form
i

u; =  a product of conjugates of Ui,u3, . . . ,

j

iii) Ri consists of the defining relators for G' as a finitely presented Z(G/G')-module. 

The presentation of (4.1) Is called a preferred metabelian presentation of G.
!

i
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We now try this out with the wreath product Wn =< a > I < t > of the infinite 

cyclic groups on a and t, respectively. Notice that Wn/W'n is a free abelian group 

on a and t, modulo Wh and W[v  viewed as a Z(Wu /W(1)-module, is generated by 

ui =  [a, t] and defined by the single relation

u? =  Ui.

The procedure above then gives us the following metabelian presentation for Wu:

«  a, f, ui; [a, t] =  ui, u“ =  ui »  .

Notice that since Wn/W'n is free abelian, we do not have any relations to add to the 

“abelian presentation” for Wn/W'n -  we need only the first type of relation, ensuring 

that Wn/W'n is abelian. And we need only one Z(Wru /Wl'1)-module relation. So, by 

a Tietze transformation, we can throw out the generator and the relation [a, t] =  u\ 

yielding the presentation

Vn = «  a, <; [a, t]a = [a, t] »  .

To see that Vn is really a presentation of Wlu with the result

Wn =<< a, t; [a, o*] =  1 »  

in part i) of Lemma 3.9, we claim that

«  a, t\ [o, t)a =  [a, t] » S «  a, t; [o, a*] =  1 »  .
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It suffices to show that [a, £]a[a, t]~l is a conjugate of [a, a*]:

[a,t]a[a,£]“l = a~lg~l vt~*a£a 

= a- l [a,t- la- 4]o 

= a- l [a,a-t]a 

= <rl[a,a‘]“tt"‘a 

= [a,a‘]-a,“ .

On the other hand, we present W[t as a finitely presented Z(Wru/Wrl'1)-module in the 

following way:

Wn = <  >  .

Next, we try

W12 =<  a > I < tu t2; [ti, t2] =  1 > •

Then Wa/W[2 is free abelian on the cosets of a, tu t2 and W[2 is the normal closure 

of ui =  [a, ti], u2 =  [a, t2] presented as a Z^ia/W^J-module as follows:

W[2 =< t*i, «ai =  ui, =  u2, ttj2 -1  =  t41 -1  > •

Then we find a metabelian presentation for Wl2:

«  a, h , ta, «i, u2; [a, tL] =  t*i, [a, t2] =  u2, ft, fc] =  1 ,

u? =  ui, ti? — «ai «ia 1 =  u2 1 »  •

By using two Tietze transformations, it can be re-written as

Pa - «  o, tL, tg\ f t, ti] - 1 , [o, ti]a -  [a, ti], 

[o,ta]a =  [a,ta], [M i]ta-1 =  [Ma]*1" 1 »  •
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To see that V\2 is a presentation of Wi2 , we observe that

W 12 =  <  cl > i <  [ t i j t ? ]  =  1  >

=  < a,tu t2; [t|,«a] = 1 , [0 , 0 *^] =  1 ( V i , j  € Z) >

=  «  a, tu t2; [*i, <2] = 1 , [a, otl] =  1 , [a, ata] = 1 »  •

This observation is not difficult to prove and so is omitted. The thing we shall prove

is that

V X2 £ «  =  1, [a, a*1] =  l,[o,o‘2] = 1 »  .

Clearly, [a,ti]“ - 1  and [o,t2]°_l are conjugates of [a,atl] and [a, a‘2], respectively. 

Hence, it suffices to show that [Mi]ta-l[a,t2]l-tl is a conjugate of which is 

obtained by the reasoning below:

[o,tl]*a~l[a,t2]l_tl = [a,ti]‘2[a,tl]- l[o,t2][a,t2]_t‘

=  %^arH^atih  • la“4iO • a- l£Jlat2 * 1o~lt2atl 

=  a~lt2 lat2 • la~lt i latit2 • la~lt2ati • t f l o _ l t i a  

= a- l t2 lti"latit2 • t{ lt^ la~lt2tia

= a“lt j4 i  la[tjfl , tj l]a~ltit2t2 

= o"1̂ 1, t2L]tt_ltltaao“lt j 4 r It2tia

=  [«rl.<2 l]tt' ,tltaa[<a»«i]0 

=

= [ti4a]t" ^ la"ltl,ia[tl>t2]-tt 

=  [tl ,t2]tr,tato-ltl‘a0-4.

Similarly, in the case of

W 21 =< 01,02; [01,02] = 1 > I <  t  >,
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again W21/W21 is free abelian on the cosets of ait a?, t. Let ui =  [oi, t] and u? =  [0 2 , t]. 

W21 is the normal closure of ui and U2 and has a ZtWu/W^-module presentation

W21 =<  «i, u2; «i! =  «i»«al -  «2 , «?a =  «i, ti? =  u2 > .

W21 is then presented by

«  Oi, a2>t , u t,u 2; [al} a2] =  1, « i  =  [a!, t],u2 =  [a2, t]

u“l =  UI, ti!}1 — u2, «“* =  U i, U%3 =  ti2 > .

By using two Tietze transformations, we obtain

p 21 = «  ot, 0 2 ,«; [ot , a2] =  1 , [at, = [ai,t],

[0 2 ,t]°l = [aa,t],[ai,t]tta = [out],[a2 ,t]aa = [0 2 , t] »  .

Now we need to indicate the following two remarks:

Remark 4.2 Given a group G,

[a,6r l ] =  [6 ,o‘]-r,aa V a, 6 , t € G.

The proof is straightforward and so is omitted.

Remark 4.3 When G is metabelian, for any a,b,t 6  G, if [a, b] = I and [a, 6*] =  1 

then [a, 6e<] =  1 V i € N.

The proof can be done by induction and is omitted.
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Observing, by the remarks above,

W2i =  < a i ,a 2;[a1,a3] =  l > i < t >

= < oi, as, t\ [«i,a2] = 1, [oi, of] =  1, [aa, of ] =  1, [oi, of] =  1 ( V t 6  Z) >

=  «  oi, 0 2 , t\ [oi,a2] =  1, [at, a}] =  1, [a2,4 ] =  1, [ai, 4 ] =  1, [0 2 , ô ] =  1 »

one has the isomorphism

V21 au 0 2 , t; [ai, o2] = 1, [0 1 , oy = 1, [0 9 ,4 ]  = 1. [«*i, 4 ] = 1. [«a. 4 ] =  1 »

by showing

[oi,4 ] = o f1Oalolô

= 0 f lt_l0^ lt0 it- l 0 2 t 

=s o f4 _loJ1taia2aj4_l02t 

= [tOi,fl2][0 2 ,t]

= [t,02]ai[0 i ,02][0 2 st]

= [0 i ,02][0 2 ,t]l“01.

In this way, one can try W22 os well as all torsion free cases; i.e., Wmn Vm, n 6  N. In

Theorem A, we will work on the most general case.

Theorem A Let A and T  be finitely generated abelian groups, say

^  Oi,• • •, flm, Om+l, • • •, Ofn+n 4»+* 1  (!• — * — **)>

[oi,Oj] =  l  (1  < i < j < m  + r ) >

and

T  l̂» • • • 1 ̂ r»> ̂ n+li • • •» n̂+*i I’n+j ~  ^ (1 -  J ^  ®)i
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=s 1 (1 < * < j  < n + s) > .

Then the wreath product

W  = A lT

can be presented in the form:

< <  Qm+r, t i f . . . ,  tn+#> °n»+i =   ̂ (1 — * — **)> tf%+j =  (1 — J — ®)>

[a,-, flj] = 1 (1  < * < j  < m  +  r), [t<, tj\ = 1 (1 < i < j  < n  + s),

[oil tj]ak = [o<» tj] (1 < h k < m +  r, 1 < j < n  + s),

[dj, tj]tk~l =  [a,-, tk]tj~l (1 < * < m +  r, 1 < j  #  k < n +  s) »  .

Proof. By the procedure in presenting W  in the form of (4.1) we let

= [o»j ty] (1 < i < rr*. -h r, 1 < j  < n +  s).

Then the generators are

Qi {1 < i < m  + r), U (1 < j  < n + s), u,- j  (1 < * < m +  r, 1 < j < n  + s). 

Clearly, Ri consistis of

u ,j =  [a,-, tj] (1 < i < m  +  r, 1 < j  < n +  s).

Since W/W' is an abelian group generated by the cosets of

Oi (1 < i < m  + r)ttj (1 < j  < n  +  s), 

where atW  (1 <  i < m), t jW  (1 < j  < n) are of infinite order and

Om+iW' is of order p, (1 < * '< r),
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and

tn+jW' is of order qj (1 < j  <s), 

eventually, Rt only consists of

[a,-, a,] =  1 (1 < t < m +  r), [t,-, tj] =  1 (1 < j  < n +  s),

<*m+i = 1 (1 < i < r) and t*+j =  1 (1 < j  < s).

Now while viewing W' as a Z(W/PT')-module, we have the relations in i2a as follows:

ttSUw-1 ( l < < < r ,  l < i < n  + «) (1)

«m+.°i,<;<1+tt”;*?+"’+ttm+<+l =  1 ( 1  < t < r, l < j < n  + s) (2 )

um+*J* )+am*  a)+'"+0"*+<+l =  1 ( l < i < r, 1 < j  < n +  s) (3)

«.-,n+‘r W +‘"+i +"'+tn̂ +l = 1 (1  < » < m  +  r, 1 < j  < s) (4)
,-(«/—» ) ,  ..-i ,,

ui,n+jH "+i = 1  ( 1 < i < m  +  r, 1 < j  < s) (5)

uij ~  vtj (1 <», fc < m +  r, 1 < j  < n +  s) (6)

u ly 1 = u \y l (1 < i < m  + r, 1 < j  £ k < n  + s) (7)

The relations in (1) are easy to obtain by the following

Remark 4.4 Given any group G, for any a ,t€ G , if [a, a*] =  1 and ap =  1 for some

p 6  N, then [a, t]p =  1.

The relations in (2), (3), (4), (5) are given from the following

Remark 4.5 Given any metabelian group G, for any a,t eG , p € N, one has the 

two identities below:
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(*) [o', t] = [a, t]tt' - ,+a'- J+-+a+l;

(ti) [aP, = [a,

Moreover, ifaP =  1 i/ien £/te hand sides in both (i) and (ii) are actually equal to 

the identity.

The relations in (6) and (7) are as the same as those we did in W& and W2 1 , respec­

tively.

Finally, putting everything together and using a few Tietze transformations we have 

the presentation as required. □

It is worth to point out here that the commutator subgroup W' of W  can be viewed 

as a A-module, by lifting ZiyV/W') to A, where

A = Z[®i,.. .  1 ®m+r> Vl> • • •»Ifm+rj£l> • * •,£n+«> • • • i ̂ n+*]i

with the homomorphism <f> from A onto Z{W/W'), by

Xi »-> a,-, j/j *-► o f1, £,• t- 4  tj and r f j ^ t j 1 (1 < * < m +  r, 1 < j  < n + s), 

and has the following module presentation with generators:

(1  < * < w» + r, 1 < j  < n +  a)

and with defining relations:
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wRfW* 1 ( l< * '< r ,  l < i < n  +  s) (1)'

« ^ * 1̂ +’”+*",+<+I =  1 (1  <« < r, 1 < ;  < n +  *) (2 )'

umf6+*+VP™*+"+Wm+’"H = 1 (1  < i < r, 1 < j  < n +  a) (3)'

Ui,n$+J +e"+J +"“Kn+' +l = 1 (1 < * < m +  r, 1 < j  < s) (4)'

ut,nH+J +f,“+i +'"+Thl+j+l =  1 (1 < * < m + r, 1 < j  < s) (5)'

«**• =  Uij (1  < i, k < m  +  r, 1 < j  < n + s) (6 )'

uij  ~  U«J (1  < t, A < m + r, 1 < j  < n + s) (6 )M

= ti^ -1  (1 < i < m +  r, 1 < j ^ i < n  + s) (7)'

( l < » < m  +  r, l < j  ? l < n  + s) (7)"

uijVk ~  u»j (1 < *, A < m + r, 1 < j  < n + s) (8 )

u f f  = u,j (1 < i < m +  r, 1 < j, I < n +  s) (9)

Notice that (1)' is exactly (1) in the proof of Theorem A; (2)' through (7)' are related 

to (2) through (7), respectively; (6 )" and (7)" can be obtained from (6 )' and (7)', 

respectively; (8 ) and (9) indicate that z^y* and act as the identity, respectively. 

This presentation will be used in the next section and more detail will be provided 

there.

4.2 A polynomial upper bound

It is very interesting that the isoperimetric function of the wreath product of a finitely 

generated abelian group by another is bounded above by a polynomial. More precisely,

Theorem B2 Let W  be the wreath product of A  by T, as described in Theorem A.
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Then
t f * .  3 - 1 i f r  =  s  =  Qj

^ g . 3n + .-l

In order to see the main idea in proving Theorem B2, we start with the following 

example:

Let G be Wi2, the wreath product < a > IT , where < a >  is the infinitely cyclic 

group on a, and T  is the free abelian group on ti and t2. G has a preferred metabelian 

presentation as follows:

G = «  a, tu t2; [«!, t2] -  1 , [o, h}a =  [a, tL], [a, t2]a -  [o, ta]> [a. *i]ta_l =  [ < * » »  •

Notice that G/G' is free abelian on aG', tiG', t2G' and that G' is finitely presented as 

a Z(G/G')-raodule. Moreover, by lifting Z(G/G') to the commutative ring

A = Z[xu Zi,Z2,yi,rii,rhl

G' has a module presentation over A as follows:

G' = <  uL,Uj;uf =tti,uS1 =

«f>» = «,(i = 1,2), = ti,(i = 1,2 it j  = 1,2),

<  =  U i . t i?  =  >  •

Here, one can view ui as [Mi], u2 as [o,ta], Xi as a G & as t\G', £2 as t2G', y\ as 

a~lG', % as t i lG' and ifr as t^G '. Since xiyi, fifft (* =  1,2) act on the module as 

the identity, the following relations should be added to the module presentation:

«*•» = = 1 ,2),«f'* =Ui(i = l , 2 t j  = l,2).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



69

Furthermore, for our convenience, we add

<  = U ! , <  =  =  u^ " ^ 1

which are deduced from previous relations.

For given any word w =g 1 with l(w) = Af, w can be viewed as a module word 

to =g' 1 with i'(w) = C, where C < 0{A!A), by Proposition 3.28. Suppose that

w = u{‘u

where /* 6  A and i(fi) -1- £(/2) = C. By using relations:

=  Ui(i = 1, 2 ), u p ' =  = 1 , 2  & j  =  1 , 2 ),

to is reduced to

u f  =  ui, u5 l = u2, «{[* =  ut, =  u2

to' =  u f u f

where & 6  Z[fi, £2, t?i , 772] and and rjj do not occur simultaneously at every involving 

monomial in the expression of We call all such 5 , reduced polynomials. Here, there 

are at most £  uses of defining relations needed to reduce to to to'.

Clearly, d{m') < C. Since to' =& 1 we have u f = u^93. So, </i is in the ideal

md\ ( ^ 2  - 1,1 -  V2 ). Suppose that

9 i “  $ tP n  +  Q ~ lPn- 1 +  • • * +  £2Pa +  6*Pi +  Po,

where n is a positive integer, po is a reduced polynomial in and p,-, i =

1 , . . . ,  n, are reduced polynomials in Z[&, %]. Then

9i =  (£2 — l)^i +  ri>
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n  = P n + P r » - i  +  - - * + P i + P o

and
n—l n

i= 0  j '= i + l

since

( 6  “  l ) / » l  =  9l ~  r l  ~  ( f ?  “  l ) P n  +  ( ^ 2 _ l  _  l ) P n - L  H H ( 6  -  l ) P l

=  ( 6  — l ) ( ( ^ 2 _ l  H 1" 6  +  l ) P n  +  (^2 -2  H H 6  +  l ) P n - l  H ^ ( 6  +  1)P2 +  P i)

= ( 6  ”  l)(^2 _IPn +^ 2 _2(Pn +  Pr»-l) H l-6 (Pn H-I" Pa) +  (p» H--("Pi))*

Observing the expression of hi above, we see that hi is in Z[£i, £2, 771]. Since g\ is in

md\(j^ 2 -  1 , 1  -  772), we have

ri =  (1  -  T7a)/»2 ,

where h? is in Z[^i, tji, rji]. Hence

9i — ( 6  ~ l)hi +  (1 — 772)^2 .

Notice that

t(n)  < 5^£(p<) < £(pi) < C
i = l

and, by Lemma 3.20,

W  = £ * ($  i t ,  Pi) * £ * (  £  pi) + £ *  w( 12 Pi)
1=0 j = i + l  i= 0  j = f + l  <=0 j = i + l

< 7i£ + - (n ~ 1)£  =  Ŵn  +  1)£  < \ c \ c  +1).
£t «  0
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In this way, we also obtain

W  < \ c 3(c  + 1).

Similarly, there exist k\. € Z[Ci,C2>7fe] and € Z[C2 ,r?i,Tfa] such that

52 = (Ci -  l)fci + (1 -  f/l)*2,

where for each *,

Hence, w' has the following expression:

Notice that, by using the defining relations:

MCa-i _  ..i-w _  .JL—»ii _ui — ^ 2  > t*i — u2 , u2 — ut

one can rewrite it/ as a cyclic module word on either Ui or u2. So, suppose that, the 

second case, it can be rewritten as

...it _ „({i-l)fci+({i-l)»»aa+(Ci-l)fci+(l-»ii)*a w —> Ug

Here, there are u(hi) +  u fa )  < C2(C + 1) uses of the defining relations needed to 

transform w1 to w". Let

9 = (Ci — l)hi + (Ci — l)»b̂ a + (Ci — I)*i + (1 — »h)̂ a-

Then, by Lemma 3.20,

£fa) < C((Ci -  l)hi) + £((Ci -1  )V2fh) + £((Ci -  l)*i + (1 -  m)k2)
*
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^  +  ̂ (^i) +  +  tiVihv) +  ̂ ((fi — l)^i +  (1 — »7i)fca)

< 3£(hi) + 5€(/ia) ■+■ £{.9 2 ) ^  4£a(£ ■+■1) +  £  — 4£ 3 +  4£a + /I.

Since 10" = G< 1 , q can be reduced to 0, by the given relations

v§m = U2 (t =  1 , 2 )

and the obvious cancellation among monomials in the polynomial g, and hence there 

will be at most 4C3 + 4£ 2 + £  uses of the defining relations needed. Therefore, it 

costs at most

£  +  £2(£ +1) +4 £ 3 + 4£2+ £  =  5£ 3 +  5£ 2 + 2 £ ~  0(£3)
IB tO t i l ' 10* tO  IOw « "  t 0  1

uses of the defining relations to prove that, as a module word, w =& 1. Recall:

£  < 0(AfA). Totally, there are at most 0(M 12) uses of defining relations to prove

that w =g 1 .

Next, we try the example G = Wmn. Recall that Wmn is the wreath product A IT , 

where A and T  are free abelian groups of rank m and n, respectively. Then, Wmn has 

a metabelian presentation with generators:

and with defining relations:

[o,-, a*] =  1 (1  < * <  j  < m),

[*i. tj] = 1 ( 1  < i< j< n ) ,

[at. tj]*k -  [at, tj] ( 1  < i,k <  m, l < j <  n),
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*  [a. ,* * ]* '- 1  (1  < i< m ,  1 < j  # k < n).

G' can be viewed as a A-module, where

A  =  Z [ x i , . . . ,  Xm, J/i, • • • j J/mj £ lj • • • > £n> f?l> • • • > ^r»]i

by Xi ►-> cii,yi *-> a,_1,£y t-» ty, and r/y t-> t“l for 1 < * < m, 1 < j  < n, and has the 

following module presentation with generators:

Uij (1  < i < m, 1 < j  < n)

and with defining relations:

*8“  = "y* =  “ijf1 2  *, *: < m, I < j,I < n),

“ 8  =  “y . “«  =  “(j (1  <■,<: <m , 1 <  j  < n),

(1  < i < m, 1 < I < n),

«U* = (1  < • < m, 1 < J /  I < »)•

For given any word w =g 1 with £(w) = Af, as usual, w can be viewed as a module 

word w = c  1 with £(w) — C, where C < 0(Afx). Suppose that

- n i w y .
i = l  j=l

where f iti € A and J X i  Ey=i U fa) ~  0y u s i n 8  relations:

ugv‘ = ihj, ufy = u,j(l < i , k <  m, 1 < j,I < n), 

ttg = tifj, ttg = Uij (1 < i , k <  m, l < j <  n),
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w can be reduced to
m  n

^ = n n « M j ,
»=i/=i

where ftj are reduced in Z[&,. . . ,  fn> Vi, • • • > V n]\ i e., and rjj do not occur simultar 

neously at every involving monomial in the expression of f t j .  Here, there are at most 

jC uses of the defining relations needed to reduce w to wr. According to the defining 

relations:

“S ’* “  “o ' 1 t1 -  * -  m> 1 -  j  +  1 -  “)>

“! r = “S r 1)'" (1  < • < rn, 1 < j  #  / < n),

for each *,

f l “?y =<=• i
3=1

since v/ =& 1- Hence, it suffices to count the aid of uses of the defining relations for 

the subword

Since w{ —c1 1>

■8 - I W -
3=1

— TT n ~ a<Jui, 1 ~  1 1 U.J *
3=t

Hence, ft,i is in the ideal md\(£i — 1 , 1  -  ijj (2  < / < n)). Let

f t . i  — ( 6  — l)h a  +  r a

for some ha €  Z[£i, ...,£n,f7i|ffc, and ra 6  Z[£i, £3, So,

ra is in the ideal m dxfa  -1 (3  < k < n), 1  — ( 2  < I < n)). Same as before
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i{hi) < 0{£(gitl)3) < 0(C3) and £(r2) < 0(£(gitl)) < 0(C). Then let

r2 =  (1 -  V2)k3 +  s2

for some k2 6  Z[& .••,*/»»] and s2 € Z[^i, — , 6 », »|i, f|s> - - •. »»»]• So,

s2 is in the ideal mdafa — 1 (3 < k < n), 1 — r/j (3 < / < n)). Moreover i(k2) < 

0(£(t2)3) < 0(C3) and £(s2) < 0(£(r2)) < 0(C). In this way, after finitely many 

steps, we can express <7,,i as follows:

9i,i =  $ ^ ( 6  ”  1) ft| +
1=2 1=2

where

hj £ Zfci,£/, • • • ,£n,VhVl+lt • • • ĵ ln]

and

6 Zfc, £j+l) • • • 1 Vl> Vlt • * * > ffci]

and £(hi),£(ki) < 0 (£ 3). Observe that

u ' pLata-iVH+'EUQ-mV* _  ( f j  “l)fc') (  f l  " l)mk‘)
1=2 1=2

then there are at most £j*_a w(/*j)+ Ya= 2  cj (fcj) < 0 (£3) uses of the defining relations 

needed. Hence w[ becomes

■?=<ii -  (n ^ s-^ o in -s-1̂ )  (n<aO
1 = 2

= U 4 '

j=2 1=2 1=2 j=2
n

,(f i- l)A |+ (fi +ft,lt
1=2

Notice that

1 ( 0  < £ * ( ( f t  -  1)A| +  (ft -  l)w*i +«o).
1=2
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Moreover,

««fi -  i)fci) < + m  < m + “ (*i) + w  < < o (£ j ),

<((fi -  i )v ik) <  ( ( ( i n k )  + <(*lr*i) £ <(*i) + 2w(*i) + H k) +  u(ki) < S£(fc,) < 0(£5), 

and

£{9ij) 5s

So,

W ) < S O ( £ 3)~ 0 (£ 3)
1=2

since n is fixed. Let

< = n » y  •
1=2

So, £(fa) < 0(C3). Since w' =g< 1» again we have

= n v i,j-
1=3

Therefore, f a  6  < I < n)). As we did before, f a  can be expressed

as

f a  =  5^(6  -  l)*i +  £ ] ( !  ”
< = 3  ( = 3

where

h (  €  Z [ £ i ,  ^ 2 i f i t  • • • i £n» J? lj % i  Wl+lt • • • i ^?n]

and

^ 2[fi, ̂ 2) £i+lj • • • i 7̂li Vli • • •»%]

and *(hi),f(*i) < 0(*(fti)3) < 0(£*). Then,

1 = 3  1 = 3
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Hence, w" becomes

1=3 1=3 1=3

Same as before, there are at most 0(C9) uses of defining relations needed and

’) < E  (<«6 - 1)*<)+ -  i)*A)+ «*m)) < o(e).
1=3

Repeating the process, at j-th step, there are at most

0(C?~l)

uses of the defining relations needed where j  runs from 1 to n -  1. Therefore, the 

number of uses of the defining relations for each w,- (1  < i < m) is bounded above by

0 (£3"-1).

Since C < 0 (N A), the total co6t is at most

0 ( jy 4 - 3 « - ‘ )

in proving w =g 1 .

Now before giving a complete proof of Theorem B2, we need the following 

Lemma 4.6 Let

and let f  be a polynomial over A with 1(f) =  C. For given any integer p, 2 < p < C, 

there exist h, r 6  A such that

f  =  (^p_l +  +  •♦*+£ +  l)h  +  r
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iuith u(h) < 0(C2), t(h) < 0(C3), £(r) < 0(C) and d^(r) < p — 2, where d((r) is the 

degree ofr when viewed as a polynomial of £ over Z fo ,.. .  ,£m].

Proof. Let

/  =  P*?‘ + P i-. f*‘ l +  • • • +  P.? +  Po,

where P t,/ \_ l ,...,P i,P o  € Z[?2 , . . . ,? m]. By hypothesis, we have k < C and 

Ef=o«P.) < £■ Let s =  (? - 1 )/; i.e.,

9 =  Pi? ‘ +1 + (Pi-. -  Pt)e* + • • • + (P. -  Pi) ? 1 +  (Po -  P.)? -  Po-

Then, there exist h, r € Z[£, £2, • • •, £m] 8uch that

S =  ( £ ' - l ) / »  +  ( £ - l ) r .

We claim that h and r  have the desired property if they are chosen by the following 

procedure:

Let Q*+i = P*, Qk =  Pfc-i — P*> • • • i Qi — Po — Pi> Qo =  -fi>; be.,

k+1

t'=0

By using long division algorithm, dividing <7 by £* — 1 , we have the quotient 

A =  Ti+i?*+1-p + Ti?‘" ' +  • • • +  V i ?  +  T„

and the remainder

(£ -  l ) r  =  +  Tp. 2e ~2 +  * * • +  T i f  +  T0

with

r = +  (V s + V i )? '-3 + (Pp-i + r^ i + rp-, )?'-* + "• +

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



79

(T$ 4- T4 4-----+  I^_i)£a 4- (2a 4* T3 4 K Tp_i.)£ +  (7\ 4- Tj 4-----4- Tp_i),

where

Tj =  Qj 4* QJ+P 4- Qj+2p 4 b Qj+Jp

with 0 < j  < k 4-1 and I depends on i such that k —p + 2 < j  + lp < k  + l. Notice 

that each Pi occurs at most once in every Tj. We then have

k
£(Tj) =  £(Qj + Qj+p 4- Qj+ip 4----- b Qj+ip) <  ^  t{P%) < C.

i—0

By Lemma 3.20,

i=l j=i i=l j—t

p_ l  p - i  p - l

s E W E r O  + P - ^ E 1!))»=1 j=i j - i

s £ « ( E s i ) s 4 > - oi=l j=i »=l

=  £ ( p £ i - f v ) < 0 (£)
1=1 i=l

since p is a constant. Similarly,

*+1 fc+i fc+i
m  =  < ^ £ ( r ir p) < c £ ( i - p + 1 )

i=p i=p i=p

=  C ' ( h + 3 - p ) ( k  +  2 - p ) < 0(£3)
2

and
k+l k+l

u ( h )  =  <  £ < (T ,)  < ( k + 2 — p ) C  <  C 2
•=P «=P

since k < C □.
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Proof of Theorem B2. Same as usual, for any word w =w 1 with £(w) =  M, 

by Proposition 3.28, £'(w) < 0(M A) when viewed as a module word in W'. Let 

C — £{w). We have
m+rn+i

w =  J J  ufy  for some / w 6  A
i=i j=i

with
m + r n+«

E  £ * ( / « ) = £
i=l j=l

(see §4.1 for the given module presentation). Using relations (6 )', (6 )", (8 ), and (9), 

at a cost of 0(C), w is transformed to

m +r n+#

»'=nn»?
»=l j=l

with gtj reduced and £'(w') < C. According to the given relations, there is no can­

cellations between and Ukj when i ^  k. Hence we can break w' into m + r 

subwords:
n+*

w'i =  J J  u f j  1 < i < m +  r. 
i=i

Obviously, to- =w 1 Vi. When 1 < i < m, as usual, working on w- from left to right. 

Since
n+«

= n « . r .

giti is in the ideal md\(£j — 1 (j £  1), 1 — ifc (k £  1)). Use the same procedure as for 

Wmi,, we are able to transform to a word over utJ- (j £  1), by using (7)', (7)". 

Then, at a cost of 0(C3), w[ becomes

»+•
■t- i k

v  i j
j=3
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with ?(w") < 0 (£3). Continue the process, at n-th step, at a cost of

0 (£3"),

Wj is transformed to
n+* (»)= n

j=n+ 1

with

£(win+1)) < 0 (£3").

_(»)
Now we shall apply (4)', (5)' to before the next step. By Lemma 4.6, the 

length does not increase, since l(r) is linear, and the cost does not affect to the order 

of numbers when the (n +  l)-step is done, since w(/i) is quadratic. That is, at a cost 

of 0 (£3"+l), ti/,-n+I) is transformed to a word, say ti/[n+2\  with

? ( w \ n+2)) < 0 (£3"+l).

Therefore, as we did for Wmn, continue the process until the (n + s — l)-step. At a 

cost of

0 (£3"+*~l),

w[ is transformed to

wi U»,n+*

with

t(w \n+l)) < 0 (£3*+*~l).

If the word is not obviously equal to the identity, we might still need (4)', (5)'. 

Again, by Lemma 4.6, we should raise the order to the second power while applying
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(4)', (5)'; i.e., the number of uses of the defining relations is at most

0 (£a3B+*-1).

By Proposition 3.28, the aid of the number of uses is at most

0 (

Finally, we discuss w- when m + l < i < m + r. The procedure is almost the same as 

before but using additional relations in (1)', (2)', (3)' at each step. Notice that when 

use relations in (1)' it costs linear time and does not increase the length. Moreover, 

when use relations in (2)', (3)' is exactly the same discussion as in (4)', (5)'. Therefore, 

the totality is still at most

0 (Ar8.3n+. - 1) n

5 Lower bounds

5.1 The second homology groups

In order to prove some facts in this section, we will deal with absolutely free groups 

pretty much and so for our convenience we use E  for an absolutely free group and F 

for the metabelianization of E\ i.e.,

F 9* E/E".

Every metabelian group G can be observed as a factor group of a free metabelian 

group F; i.e., there exists a normal subgroup N  of F  such that

G 2  F/N.
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Recall: the second homology group H2(G, Z) of G is defined by

ffl(G'Z > - [F.iv] '

Remark 5.1 H2{G, Z) is an invariant.

Hint. If we express the finitely generated metabelian group G in the form

G S  F/N  or G *  K /P ,

where F & K  are finitely generated free metabelian groups, then

F* n N „  K' n P 
IFN] ~  [K,P]'

This can be proved by using Tietze transformations and we then term either

F 'n N  K 'n p  
[F.JV] °r [JT,P]

the second homology group of G, which we denoted by H2(G, Z).

5.2 Centralized isoperimetric functions

Given any finitely generated metabelian group G with the following presentation:

V  = «  al, . . . , a p; r l , . . . , r g »

and G 2 * F/N , where F = «  ax,...,Op »  and N  =  g p p ^ i,... ,rq), one can 

analyze isoperimetric behaviour by using the quotient N/[F, iV] (see §1.5).

Remark 5.2 ^  $?(n) V n 6  N.
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Remark 5.3 When G fixed, is independent of the choices o fV  and hence de­

noted by

In order to prove the principal Proposition 5.5, we need the following lemma which 

is proved by Mo6towski in an old paper and is not easy to obtain. However, refer to 

another one (see [M]), we reorganize the proof as follows:

Lemma 5.4 Let X  = {x i,. . -,xp} and let E =< X  >, the free group of rankp with 

basis X . Suppose that z \,. . . ,  zp are X-words such that {z\E ',. . . ,  ZpE'} forms a basis 

of the free abelian group E /E '. Then, there exist X-words yi, . . . ,  yp such that E is 

freely generated by y i,. . . , yp; i.e., E =< y i,...,y p >, with yi = Zi (mod E'), 1 < 

i <p.

Proof. By the hypothesis, {xi E ' , . . . ,  xpE'} is also a basis of E/E '. We then have

zi =  x*l,1X2 ,a • • • Xpl,p (mod E'),

Z2 s  x*2,1 Xj*’2 * • • Xpa,p (mod E%

zp s  X?'1 xe2’a • • • Xp”'p (mod E'), 

where eij € Z, 1 <  i , j  < p. Notice that the p x p matrix

=  [^jlpxp

must be invertible and so the determinant of A  is ± 1 . Therefore, any two distinct e,-,* 

and ejjk on the same colmn are co-prime. This enables us to diagonalize the matrix A. 

hi other words, by using finitely many elementary row operations on integer-valued
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matrices, A  can be transformed to the identity matrix X, where
t

1 if i — j,

0  otherwise;

i.e., there are finitely many matrices £i, ■. • ,£* of the following types:

a) Vij : the matrix after permuting i-th row with j-th row in I

b) V i: the matrix after changing the sign of i-th row in X

c) W,-j : the matrix after replacing i-th row by its sum with j-th row in X 

such that £k£k- 1  • * -£iA  =  Z. Hence, A  = £ f  l£2~L * * • ^ 1. Moreover,

»xp

Xi

p x l

xei,‘ *1 Xp'P

ep,i «p,i
x l '  “  XP

(written multiplicatively).

p x p

Notice that each elementary row operation corresponds to an elememtary Nielsen 

transformation (see [MSK]). Let be the Nielsen transformation corresponds to £i, 

where Pi, i = are the automorphisms of E induced by a free substitution.

Let

Then,

Mi =  = * * * * *  *

Let (yi,. . . ,  yp) =  Np{xi xp). Then, E —< yu .. . ,  yp >. We now claim that

Vi =  Zi (mod E1), 1 <  i < p.
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When we are dealing with free abelian groups, every elementary Nielsen transforma­

tion can be represented by a matrix of types a), b), or c). Recall:
• • * * ■

*!M ••• x;,p xl *1

: ; = A : —  1 :

Xp™

1

and

( l / l>  • • * iVp) ~  • • • > Xp) ~  ‘ ‘

We then see that y< = x*1,1 • • • Xp,p =  z, (mod E'), 1 < i < p. □

Proposition 5.5 Let G be a finitely generated metabelian group such that Hz(G, Z) 

is finite. Then is linear; i.e., $ cnt(n) a  n.

Proof. Suppose that G has a finite metabelian presentation:

G — Oil• • *,Op}

where rj =  rj(ai,...,Op) are words in {ai,...,Op} with 1 < j  < q. Then, G can 

be viewed as a factor group of a free metabelian group. More precisely, let E  be 

the absolutely free group freely generated by X  =  {x i,...,x p} and let F be the 

metabelization of E\ i.e., F  = E/E". So, G — F/N, where

F =  gpixiE",. . . , xpE") £  «  Oi,. . . , Op »

by XiE" at, i =  1 , . . .  ,p and

N  =  gpE/E"(r i(xi,...» xp)E? , . . . ,  rff(xi,. . . ,  xp)Ef).
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Moreover, there is a canonical map

<p : E /E ' —► F /F '

defined by

XiE' o,F' =  (xiF w)F'.

Obviously, <p gives the isomorphism E /E ' F /F '. Let H\G =  H\(G, Z) and let

H2G =  H2(G, Z). N o w , consider the following 5 terms exact sequence (see [R]):

H2F  H2G N/[F,N] tf tF  —► fTiG —► 0

II II II II II

0  —> F ' n N/[F, IV] — ► N/[F,N] —► F /F ' —► F/F'iV —> 0,

where

l : r[F, iV] 1-4 r[F, A/], V r e F f l iV

and

a:r[F,AT]h4rF', V r 6 IV.

By the exactness of the sequence, H2G  = /m(t) =  Ker{a).  Since H i F  is free abelian 

of rank p, /m(a) is also free abelian of rank k for some k < p. Hence, N/[F, N] splits 

as the direct sum

N/[F, N] “  H2G  ® Zk.

There exist words tTl}. . . ,  t>* in F  fl AT such that

a  o <p~l : Vi[F} N] u*[F, E\
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where t7 ,- — V f ( a i , . . . , a p ) ,  Vi = ViE" and vt 6  E  are representatives obtained by 

Vi =  Vi(xi,...,xp), 1 < i < k. Notice that {v,[F,F]|l < i < k} generate the free 

abelian group Im { a  o It is illustrated by the following diagram:

N/[F, N]  ----   F/[F, F] > Im(a) “  Zfc

E/[E, E) > Im (a  o <p~l) S  Z*

Vi[F, N] - - - - -- - - - -- - - - - ► Vi[F, F] 6  Im (a )

Vi[E, E] €  / m ( a  o  <p l ) .

Recall that E/E ' is free abelian freely genertated by {xiE1, . . . ,  xpE'} and Im(ao<p~l) 

is a subgroup of E /E 't freely generated by {uiF',. . . ,  u*F'}. One can find a new basis 

{ziE1, . . . ,  ZpE'} for F /F ', where 1 < * < p are words in F  for which there exist 

di > 0,1 < * < A: such that{zfl F ', . . . ,  z^F '} freely generate the subgroup Im(ao<p~l) 

(see [K]). Let u,- = zf*,l < i < k. Then, u<[F,F] 6  Im(a) and u»[F,N] 6  N/[F,N]. 

By Lemma 5.4, there exist jfc € z,F', 1 < i < p such that (y i,. . . , yp} forms a basis 

of the free group F; i.e., F  = <  * i,. . . ,  xp >=< y i , . . . ,y p >.

Before we carry out the connection between H2G and $£"*(«), there are some obser­

vations to notice:
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1. There are two bases for E. Let Y  =  {yi,. . . ,  yp). We can observe E as 

< x i , . . . ,  xp > or < y i,. . . ,  yp >; i.e., E =< X  >=< Y  >.

2. E/E ' has two bases {x i E . . . ,  xpE'} and {y i E . . . ,  ypE'}.

3. E/E" has two bases {xiE" ,. . . ,  xpE"} and {yiE" ,. . . ,  ypE"}.

Let bi = yiE", Vi. Then,

E/E"  3* «  au .. . ,  Op « & ! , . . . ,  ftp »  .

4. Suppose Mp is a Nielsen transformation of rank p such that

Mp{x\ , . . . ,  xp) =  (yi, • • •, Vp), 

where yi = Ti(xi , . . . , xp) Vi. Moreover,

=  (xi.-.-.Xp),

where x< = <r,(yi,. . . ,  yp) Vi. Let py be the rewriting process from X-words to 

Y-words and let px be the rewriting process from F-words to X-words. Recall 

G has the presentation:

V =  «<*!,••• .Opjn,- - ,r , » ,

where =  r^(ai, • • •, Op) Vj. Let

«i(yi, • • •»yP) =  Pv(rj(xi,. . . , xp)) Vj.

Since bi = yiE", we then find another presentation:

Q ^ « b i , . . . ,b p ; s i r ^  ,sq »

for G, where 8j =  . . . ,  ftp) Vj.
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5. Observe E  as < yi t . . , ,  yp > and let

P = 9 PB/E"(sl (yu .. . ,  yp)E" ,. . . ,  sq(yu .. . ,  yp)E").

Then, N  = P. They are not just isomorphic but exactly “the same” subgroup 

of E/E". Hence, we can rewrite the five terms exact sequence in the following 

way:

H7F  -2+ H2G P/[F,P] -2-> HiF

II II II II

o _► F' n  P/[F, P] — P/[F,P] —► F/F' 

where

l : a[F,P] •-> a[F,P], V s € F 'n  P

and

a:a[F,P]H +F'P, V a € P.

6 . /m(a) stays the same and so does Im (a  o <p-1).

Now, we are able to use presentation Q of G in item 4 and the exact sequence in item 

5 to work out the centralized isoperimetric function of G, since *  independent 

of the choices of presentations. Suppose that

where

^ -V ilV h  "V'C

HxG —> 0

F /F 'P  —► 0,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



91

and c,- =  0, ±1 such that w =g 1 with £(w) < n. Let £ab{u>) =  the length of w when 

abelianized. Clearly, £ab(u>) < £(iD) < n. Recall:

Ui = zf* and z,- =  y,- (mod F'), 1 < * < A:.

If Ui is viewed as py(u,), then

m =  y* (mod F'), 1 < i < k.

Moreover, let

Ui =  (py(Ui ) ) (bi , bp).

Since w = wE" 6  P  and P/[F, P] 2  H2G © Z*, we see

k
w =  ti' u,e< (mod [F, P]),

i = l

where
k

w'[F, P] 6  H2G, H W  P 1 6  Z‘ > ^  6  Z’ Vi-
«=t

Hence,
*

tD =  (mod [F, F]).
«=i

Since F /F ' *  F /F ', we find

tu =  F I  u• ‘ (mod [F, F]),
i = l

and so
k

w = (mod [F, E])
•=i

and then
k

=  (mod [F, F]).
»=l
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Therefore,

£  M  £  £  I*6*-! = 4*0®) ^  n-
i=l «'=l

Since w' 6  H2G = F 'n  P/[F,P],

i
w' = J J  s‘j  (mod [F, P]), £j =  ±1.

We define the homological area of w', denoted by Aga(iu'), to be the least value of I 

for which there is such a representation of w1. By the hypothesis, H2G is a finite set 

consisting of 1 and products of finintely many s,-[F,P]. Hence, Aga(uJ') is bounded 

above by a constant, say ci. Since u, 6  S,

mi
Ui= n  SV  (m°d ^  p D> c* j= ± i > 1 -  * - k-

3= 1

Let

oi =  max{mi|l < * < k}.

Notice that tXj, 1 < i < k are chosen independently on w. We then have 

A^CtD) < A ^ n S U u .* )  + A g a(iiJ/)

< 53i=im*le»l

^  M  +  cl

< ca*n + ci.

Thus, $c"*(n) ~  n. □
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6 Baumslag-Solitar groups made metabelian

6.1 Presentations

Using ordinary group presentation, lots of B-S groups (see [BGSS] & [G]) have ex­

ponential isoperimetric functions. However, in the variety of metabelian groups, it 

turns out that more have a polynomial upper bound. Let

B(n, m) = «  o, t; (an)* =  am »  V m, n 6  Z.

Notice that we denote a‘, a conjugated by £; i.e.,

o* = t~lat.

It is not easy to find preferred metabelian presentations for these groups except the 

case when n = 1 and m =  2. However, we have found another way to get upper 

bounds in some of these groups. In fact, 5(1,2) is a linear case (see §6.2) and 

B(n, n +  1) (n > 2) has a cubic upper bound (see §6.3). Surely, for these special 

cases, we no longer need preferred metabelian presentations since they are already 

better than 0 (N 4) according to the result in §4.2. It will be interesting to know 

the upper bounds and, perhaps, the preferred metabelian presentations of those B-S 

groups being left out in this thesis which is one part of my future study.

6.2 A linear case 

Theorem 6.1 Let

G —13(1,2) =<< a, t\ a* =  a* »  .

Then, $g (A 0  ss A/*.
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In order to prove this theorem, we first show a few lemmas:

Lemma 6.2 Suppose that a, (3 are two positive numbers such that a  =  2J and 0 > 

j+ 1 for some nonnegative integer j .  Let w be a word in «  a, t »  with w =  tfiaat~^. 

Then, there are 2* — 1 uses of the defining relation a‘ =  a2 needed in proving that 

w =g t^~3at~^+3.

Proof. By hypothesis, we have

—G tfia?t~*

=G (1 )

=G (2 )

—G i t ^ a H - ^ 1) ^ (3)

=G (tfi-tat-W)***'2 (4)

=G t^~3+la2t~^+3~l ( 2j -

=G t0-jat~fi+i. (2j)

So, there are 23'~l uses from (1) to (2), 2J - 2  from (3) to (4 ) ,. . . ,  and 1 from (2 j  - 1 ) 

to (2j). Totally, the number of uses of the defining relation needed here is equal to

2*“l + 2?~2 H h 2  + 1  =  2J — 1 . □

A trick in proving the theorem is to write a word w E «  a, t »  of the form

w = t?aat~fi

in binary notation, where a,P > 1 (a,0  6  Z); i.e., if

a  =  c»2* +  c»_i2i-i +  • * • +  Cj2 +  cq,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



95

with c,-, Ci_l(. . . ,  Ci, cq =  0 , 1 , then we express w as follows:

0 . 0 0  • * • 0  CjCj_L • • • Ci Co 
* digits 

0 digits

Actually,

w = t^~iaCit~0+i • t/3-,’+laCi- l£-/S+‘“l . . . t0~laClt~0+l • 1?a!*t~t.

Lemma 6.3 Let i ,j ,k ,l > 0 and let I < k. Suppose that u,v are two words in 

«  a, t »  with

u =  t*a2<+a’' l+- +a+lr fc, u =  tla2i+2i~l+"'+2+lt~l.

Then, the number of uses of the defining relation in writing vu in binary notation can 

be described in the following three cases:

1. I f i< k  - I ,  then there are at most 2 ,+l + 2J+1 -  A — i — j  uses.

2. I f k - l < i < j  + k — I, then there are at most 2 I+1 +  2J+a uses.

S. I f  i > j  + k — I, then there are at most 2,+a uses.

Proof.

Case 1:
u =  tfcoa<+a<",+- +a+lr fc

=  t*aa<t-k • tk a2*-11~'k • • * tkat~k 

=  • tk~i+lat~k+i~l • • • tkat~k\
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i.e., u can be written in binary notation as follows:

u =  0 . 0 0  • • • O^O^j^OO • •
j  digits i digits

i digits

k digits

By Lemma 6.2, there are

(2*' -  1) +  (2*~l -  1) +  • • • +  (2  -  1) =  (2*' +  2*~l +  • • • +  2) -  * =  2,+ l -  2 - 1

uses needed. Similarly, to write

i.e.,

v = 0 . 0 0  • • -QJL1 'j • 1.0 0  • • •
j digits t digits

< digitsN  -------     '
k digits

there are 2J+l - 2  — j  uses needed. Since i < k -  I, the nonzero digits of u do not 

meet those of v when written in binary notation; i.e.,

vu =  0 . 0 0  • • •O^l^j^OO • • *0 ^1^ ^  
j  digits t digits

( digitss ■- — — — /
k digits

and so totally there are 2,+l +  2J+l - 4  — i — j  uses needed.
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Case 2: Let d = k — I. Then,

u =  t*a2<+2<"l+"+2+lt~*

= <*a2<+2<-1+-+2V* • t*a2t~l+* ~ 2+"'+2+lt - k

_  ik-da2i-d+V-l-d+ - + 2 + l £ - f c + d ,

• f*-‘<+2at-*+<1-2.. .  j*-la£-*+ l. t?at~k 

=  i ia2‘-<‘+2^-U-+2+it - i ,

(i )

t,+lo r ,_l • t?+2at~l~2 ’ - • t*~lat~fc+l • tkat~kj
(3)

i.e., express u from fc-th place to (I + l)-th place backwords as part (2) and leave the 

rest as part (1) with v. So far, by lemma 6 .2  and its proof, there are

(2'~l +  2 '-2 +  • • • +  2*~d) +  (2*—2 +  2*“3 +  • • • +  2‘_<1_l)

+  • • • + (2*_l + 2*- 2  -i 1- 1)

=  2*~d(2?l~l + 2 - - 2 +  • • • + 1) + 2*~d~l (2*“ l + 2d" 2 + • • • + 1)

H h (2*- 1  + 2 44-2 H (-1)

=  (2*~d + 2*-d~l +  • • • + 2 +1) (2rf—1 +  2*"2 + • • • +1)

=  (2*“ * - 1 -  l)(2 d -  1)

=  2*+l -  2 ,-<<+I -  2* + 1

uses needed for (1 ) and

(2 rf- 1 - 1) +  (2 * - 2 — 1) H------ h (2  — 1)

=  2d~l + 2 rf-a +  • • • +  2  — (d — 1)

=  (2 1*- 1  +  2 -_a H K 2  + 1) — d

= 2*-l - d
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uses needed for (2). So, 2,+l — 2 ,-(<+1 — d for (1) and (2). Next we combine (1) with 

v; i.e.,
j J t t 2‘- * + 3 <- l - ,<+ ~ + 2 + l . f - i  .  j / a 3 > + 3 f - l + ~ + 2 + l £ - <

=  ^ a (2<-<i+ 2 <- l - ,<+ - + 2 + l ) + ( 2 ^ + 2 > - 1+ - + 2 + l ) ^ - i

In this case, j  > i —d. So, when we re-express (2,-d+2,_l-d-i----- (-2+l)+(2J+2J-l +

• • • +  2  + 1) as the sum of some distinct powers of 2  in descending order, the leading 

term will have power < j  + 1 . Again, by using Lemma 6.2, there are at most 2J+2 

uses of the defining relation needed. So, totally, the number of uses of the defining 

relation is

< 2 ,+l -  2‘-d+l -  d + 2J+a < 2<+l -I- 2*+a.

Case 3: Notice that j  < i - ( k  — l ) = i  — d. Mostly the discussion remains the same

as case 2  except the final step; i.e., when we re-express (2 ,-d +  2 ,-1-d -| h 2  + 1) +

(2J +  2J_ 1  -( + 2  +  1 ) as the sum of distinct powers of 2 , the exponent of the leading

term turns out to be < i — d + 1 . Same argument, we find that the total number of 

uses of the defining relation is

< 2 ,+l -  2 ,-d+l -  d + 2 ,-d+a < 2 <+I +  2 ,-d+a < 2 ,+a. □

Lemma 6.4 Suppose that (1 < i < k) are positive integers such that 

^  M  and 0i < A  < • • • < &. Let w be a word in «  a,t »  with

w =  t?'aait~fil • tP* • • *tPhaan~$h.

Then, the number of uses of the defining relation in writing w in binary notation is 

less than i f f .
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Proof. Let 2P1 > 0 (1 < i < k) be the leading term of a,- when written as the sum of 

some distinct powers of 2  in descending order; i.e.,

ai =  2PI +  ci,! 2PI_1 + ci^ 2 p ‘" 2 + • • •

a 2 =  2 W + Cj,! 2PI_l + 02,2 2 P l_ 2  +  • • •

Of* =  2Pfc +  Ckti 2p*“l +  Ck# 2P*“ 2 -I ,

where Cjj = 0,1 Vi, j  and let d* =  f a - i + i - f a - i  > 0 (1 < i < fc -1 ) . First of all, let’s

re-express t0 kaakt~^k from fa -th place to fa-i -th place in the following way:

t 0 k a a k f - 0 k  —  t 0 k Q V k + C k,l2pk ~ l + C k ,2 & k -2+ - £ - 0 k

= tPka9 t~hs t fikaxt ~ \
( 1) (2)

where
9 =  2P* + cfc]1 2p‘ " 1 +  c*,2 2P*- 2  + • • • + ckj)k. dl 2*,

*  =  cfcj»fc-ii+l 2 -1 -1 + c*J»fc-*+2 2-1” 2 -!-------

Notice that (1) will be rewritten as

tffk- la*t~Pi~l,

where

tf =  2p*_dl +  cM 2 p‘ - d' " 1 +  cM 2Pfc-(<l_2 +  ••• +  

and (2 ) will be rewritten as

where, depending on c,-j, there might be some missing terms. According to the proof 

of Lemma 6.3, there are at most

2p‘+l -  2*1 — 2Pk_rfl+l + 1  -(- 2 dl — 1 -  di < 2Pfc+l
for (1) for (2)
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uses needed. Noting that 2 Pk < ak.

Secondly, we combine (1) with Recall:

ak-i =  2p*~l +  ck-i,i 2P* - 1-1 +  cfc_ lt2 2 p* - ‘" 2 + • • •, 

f f  =  2 p* - d l + cfc>i 2Pk~dl~ l  +  ckt2 2Pk~d'~ 2 +  • • • + cklPt_dl.

Since 0* < 2~dlack, the sum

«fc-i + 0* < 2~dlak + a*_i.

Let 2Kl be the leading term of a:k_i + 9  when written as the sum of some distinct 

powers of 2  in descending order. Clearly,

2 *‘ < 2-dtak + ak-i.

Now we re-express the new combination from j9k_rth  place to Ak-a-th place by break­

ing it into part (1) and part (2) as before. Since 2 Kl is the leading term in the exponent 

of a, there are at most 2 Kt+l uses needed as we discuss before.

Similarly, combining the updated (1) with t^k-2 aak- 2t~^k~2. The exponent of a in the 

resulting expression is

< 2 -* (ak_l + 0 ')+ a fc_ 2 < 2 ~dl {2 ~dl a k+ a fc_ 0  +  c*k_ 2 =  2 ~dl ~dlak+ 2 ~dtc*k_L +  ak_2.

Let 2Ki be the leading term of the exponent of a. We then have

2** < 2~dl~diak +  2 "*a*_l +  a k_2.

Then, re-express the updated combination from Ak-2-th place to /9k_3-th place as 

before. Same discussion, there are at most 2Ka+1 uses needed. Continue the process
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until the whole word w are rewritten in binary notation. Hence, there are at most

2  Pfc+i +  2*‘+l + 2K j+ 1 H 1- 2k‘~,+i (6.5)

uses needed. Furthermore,

2P‘ < atk (1)

2k. < 2 - dlak + ak-i  (2 )

2k3 < 2~dl~d2atk + 2~d2atk-i +  a * - 2  (3)

2k*-i < 2~dl~d* d*-iafc 2~di~ds-d‘- lQ!fc_l H---------

+2-d*.2-dt_,a3 + 2-«*»-taa + ttl. (A:)

Since dj > 1 (1 < i < fc), we see that

the right hand side of (1) < a* (1 )'

the right hand side of (2 ) < 2 - 1a* +  a*_i (2 )'

the right hand side of (3) < 2_2a* +  2“la*_l +  a * _ 2 (3)'

•  •  

the right hand side of {k) < 2 ~(k-L)ak +  2 _(k_a)ark_i +  • * *

+ 2 “2a 3 +  2 - la 2 +  ai. (k)'
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Hence, the sum of the right hand sides from (1)' to (fc)' is equal to

(1 +  2_l H +  2-(*"l>)a* +  (1 +  2“l H +  2_(fc_2))a*-i + • * *

+ ( 1  +  2 - 1  ■+• 2 - 2 ) a 3 +  ( 1  +  2 " l ) a a  +  a t i  

= (2  -  2 -(fc- l))afc +  (2  -  2 -(*-2>)c*t_l + • • •

+(2 -  2~2)a3 +  (2 -  2 - l)a2 +  (2 -  l)c*i

<  2(atfc +  Qffc-i +  • • • +  Qtj +  Qri)

< 2N

Therefore, by (6.5), there are at most AN uses of the defining relation needed.

P roof of Theorem 6.1 Suppose that w is a word in «  a, t »  such that w 

with £(w) = N . Then,

k k
w = tmi a,ni tm 2 anj • * • tm* anh, with ^  |rr»<| + |n,-| = N ,

i i

where m i,rii,. . . , mfc,rifc 6  Z.

Observe that t~lat =  a2. We see that [a,t] =  a and so a 6  G'. Hence,

o‘‘ € G' Vi 6  Z

and then

[o,o*‘] =  l  V* 6  Z,

since G is metabelian. Let’s rewrite w as follows: 

w =  tm anitm*an* • • "*-ltn,‘on‘

= tmianitmtan2 • • • tmk- ltmh • • on»

_ —l-nifc . |-(ma+—Hi»*)0nî na+~*+n»* .. .*-*»»*
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Since w =g 1, tmi+''"Hn* =  1 and so 53* nk — 0 . Hence,

XU — . . f~mka n>-t^mfc .a wt  ̂

Since a** € G' Vi € Z, we need at most JV uses of the defining relation to re-express 

w as follows:

w  = G r n oa itTl • ^ 11oa , T̂, • • - r 71 aa,tn , 

where n  >  tj > • • • >  tj, |ts| <  Af, V i €  {1 , . . . ,  I}, and 53i la *'l ^

Without any loss of generality, we suppose that T\ > 0. Now conjugate w by £-T*:

w' =  tn wt~n =  aai • tn ~n aa3 t-n +r* • • • tTl~naattTl+ri.

Put fit =  0, f t =  - n  + Tj, 2 < i < 1. We then have

w' =  £̂ *oa i £- ^ 1 • th aait~$i • • •^<o°‘£“a

for which «/ =c 1, f(iw') < 3lV, 0  =  ft. < ft < • • • < f t, ft < 2A/\ 53i |a,j < M.  

Since

^ ‘a°lr ^ 1 • th aaH~h  • • •tAa°‘i -A = 1 , 

we can move tfiiaa*t~fii to the right hand side for all a* < 0. Then,

• * •t7ra*rf > =  £ma**lt_,?I • " t n*a!t,t~n*, (6 .6 )

where

Si > 0, 1 < * < r, 7 1  < j 2 < * * * < Tr <  W ,

fij>  0, 1 < j  < 8 , Til < Tfi < ‘--<Tlt < 2Af,

and 53i Si +  5 3 * Hj < AT.
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Now let’s rewrite both sides of (6 .6 ) in binary notation. Suppose that q is the positive 

integer such that 2* < M  < 2 ,+l and that

— Ci,,2* +  Ci>q- i2,_l H +  Cifl22 +  Cj,i2 +  c,|0,

where c,j =  0 , 1 ( 1  < * < r, i < j <  q). Hence,

t ' n • • • t'1iaCi*2i r ' 1i • r*oew2r '*  • t7iaCi-°r'T<.

Then, there are three possible cases in expressing t'1ia6it~'1i.

When 7 i > q + 1 , we write t'1iaSit~'1i as:

Q.P 0 y  O.Ci.0 Cĵ —i. • • • c,,a Citi cj)0 (6.7)
7i -g-1

7* d ig it*

When 7 * = <7 +  1 , we write f ,ia5it~'1i as:

0- fig Cj<q-i • • • c,-,2 c,-,i Ci,p (6.8)

7 i d ig it*

When 7 i < q + 1 , we write f 1iaSit~’1i as:

pi,9 d f . g - 1 • * , c .-,7<.‘ 5»‘,7 <- t  • • >C«‘,1  Ct-.O ( 6 -9 )

f l + l - 7 i  7i

Notice that ^  6 i < M. According to Lemma 6.4, we need at most 4A/* uses of the

defining relation in rewriting the left hand side of (6 .6 ) in binary notation. Similarly,

there are at most'*4A/' uses for the right hand side of (6 .6 ). Hence, $<?(Af) =$ M\ i.e., 

□

6.3 A case with a cubic upper bound 

Theorem 6.10 Let

G =  B(n, m) = < <  a, t; (on)* =  am »  (m > 2, m =  n + 1).
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Then, $ G(Af) =* M3.

In order to prove the theorem above, there are a few lemmas needed to be proved 

first:

Lemma 6.11 Ifm ,n  e  N & 1 < n < m, then

a) there exists p € N such that np+l < mp;

b) nq+l <m q V g > p;

c) nq+l — n < m q — 1 V g > p.

Proof. Since limr->oo n1+£ =  n and n < m, there exists p 6  N such that

n l+« < n + ^(m -  n) Vg > p.

So,

n l+« < ^(m + n) < m Vg > p.

Hence,
i±i ., ^n « < m Vg > p.

When taking the g-th power of both sides, the inequality above becomes

n,+l <m q Vg > p.

Hence, we have a) and b). Then, obviously we have

nq+l — n <m q — I Vq > p.

Hence, we have c). □
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Lemma 6.12 Assuming m  and n as indicated in Theorem 6 .1 0  and p as in Lemma 

6.11. If there are ci steps needed to reunite tfia"*t~* in m-nary notation. Then, there 

will he at most qmq +  Ci steps needed to rewrite tfiam9 t~fi in m-nary notation for all 

q>p.

Proof. For given any q > p,

tPam't-* = (m,_I steps needed)

=  (t/»-V r*+2)nm*~a (nmq~2 steps needed)

I •

=  (tfl-’o,lt_^+,)n*"t (nq~l steps needed)

Hence, from t^am9t~p to t^~qan9 t~ ^ q, we need m, - l +nm,“2+* * •+n,_l steps. Simi­

larly, from t^am9~it~^ to £0 -«+lan*-I£-0+«~lJ we need mq~ 2 +  nmq ~ 3 ■+■• * •+n,-a steps. 

Continue the process, there are mp + nmp~l +  • • • + np steps needed from tfiam̂ +lt~^ 

to ts~p~lan”+lt~0+p+1. Since nq < mq~l,nq~l < mq~2 ,n q ~ 2 < mq~3, . . . , n* ^ 1 < mp, 

to write t^am9 t~^ in m-nary notation, the number of steps needed is bounded above
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by

(mq~l +  nmq ~ 2 + ..................................+  nq~2m  +  nq~l)

+ (mq ~ 2 + nmq ~ 3  + ....................+ nq~3m  +  nq~2)

+ {mq ~ 3  +  nmq~A H----- h nq~4m + nq~3)

+ (mp + nmp_l H 1- np) + cj.

< qmq~l + (q — l)mq ~ 2 H-----h (p +  l)mp +  Ci

< q(mq~l +  mq ~ 2  H----- P mp) + ci

< q(mq — 1) + C\

< qmq +  ci.

Hence, there are at most qmq + ct steps needed. □

Lemma 6.13 Assuming m, n,p as indicated in Lemma 6.12. I f there are cj steps 

needed to rewrite t^amP~vt~^ in m-nary notation. Then, there will be at most qmq+C2 

steps needed to rewrite t^am9 ~lt~^ in m-nary notation for all q > p.

Proof. Since mq - 1  = m(mq~l -1 )  +  (m -1 ), there are mq~l - 1  steps needed from 

to • t^am~lt~^. Since n(m,_l — 1) = m(nmq~ 2 — 1) +

(m — n), there are nmq ~ 2  — 1 steps needed from t^~lan m̂ 9 to

• ^ - lom- lr ^ +l. Continue the process, we see that from 

0n(n»“am-l)<-̂ +«—l to j0-«fl»»(n«-l-l)£-0+g , f f i -q + la m -n t -$ + q -l^  there n,-i —1

steps needed since n(n, - 3m —1) =  l)+ (m —n). So, totally, from t^am'~lt~fi

to

iP-qan*-nt-^+q .t^-q+xam~nt~^+q~l • ̂ -«+aam_nt"^+,-a. •. t?~1am~nt~^+l-t?am~lt~P,
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there are {mq~l +  nmq~ 2 +  • • • +  nq~l) — q steps needed. Same argument, from 

to

f f i - q + lg n * -1  - n ^ —0 + q - l . ^ - f l+ 2 a m -n j-0 + f l-2  . .

there are (mq ~ 2  +  nmq~3 H-----+  n,-a) — (q - 1) steps needed. Continue the process,

from t^amP+l~Lt~^ to

i $ - p - l a nV+ l- n i -$ + p + ] .. ^ - p a m -n t -fl+p . .

there are (mp + nmp~l H F np) — (p + 1) steps needed. Now same as we did in

Lemma 6.12, since nq — n < m,_l — 1 , n,_l — n < m,_ 2  — 1 , . . . ,  np+l — n < mp -  1 , 

to write in m-nary notation, the number of uses of the defining relator is

bounded above by

(mq~ 1 +  nmq ~ 2 + ..................................+  nq~2m  + nq~l — q)

+ (mq ~ 2 +  nmq~ 3 + ................... + nq~3m + nq ~ 2 -  (q -  1))

+ (mp +nmp~l -\----- 1- np~lm + np -  (p + 1))

+  C2.

Same calculation as we did in Lemma 6.12, there are at most qmq +  c? uses of the 

defining relation needed. □

Lemma 6.14 Let i,j ,k ,l  > 0 and let I < k. Assume that m ,n,p as indicated in 

Lemma 6.12  and cj as in Lemma 6 .1 S  and that u,v are two words in «  a ,t »  

with

u =  t*am'- l t-k, v = t?ami~lt~t.
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Let q — max {j, i,p} and let b = max {d m* l , i m* +  ca}. Then, the number of uses 

of the defining relation in writing vu in binary notation is bounded above by

b + (q +  l)m ,+ 1  + Ca.

Proof. Let d = k — I. Then view d as
t

k —I if k — / < * or i < p

</ =
k —1 > i Sc i — h>  p + l  k  h > 0  

i +  (i -  1) H 1- (* -  h) +  e if <
& e = 0  or » — h — 1  < e < i  — h

i + ( i— 1) H t-(p + l )+ e ' if A: — l > i k e '  > 0.

Case 1 : If i < p then the number of uses of the defining relation to write tkam*~lt~k 

in m-nary notation from A:-th place to /-th place is clearly < ca, by the hypothesis in 

Lemma 6.13. The thing left in the /-th place, say 6  is clearly < m* -  1. Combining 

mJ — 1 with 0 , we have

m? — 1  + 9 < (m? — 1) +  (m* — 1) =  vn? + m* — 2.

Let c mK (0 < c < m) be the leading term in the expression of mi — 1 +  6  when 

written in m-nary notation. Then

mK < m? — 1  +  & < — 1 ; (t)

mK < m? +  m* — 2 . (**)

Again, by Lemma 6.13, to write in m-nary notation we need at most

(/C +  l)mc+l +  ca uses by (i).

If j  < p, then AC < p by (ii). So, there are at most

(AC +  l)m*:+l +  ca < (p +  l)mP+ l+ca
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uses needed to write in m-nary notation.

If j  > Pi th®*1 £  < j .  There are at most

(K +  l)mK+l + C2 < (J+ l)mJ+l + c%

uses needed. Let qi =  max{j, p}. Totally, the number of uses is bounded above by

(qi + l)m,l+l + 2ca. (6.15)

Case 2: If i > p with d written as the second expression, then as we did in Lemma 

6.13, from k-th place to (k — t)-th place, there are

m,_l +  nm,_s H 1- n,_I — *

uses needed. Prom (k — i)-th place to (k — i — (* — l))-th place, there are

m l ~ 2 + nm' " 3 H 1- n' “ 2 — (* — 1)

uses needed. Similarly, from (k — i -  (i — 1 )-----  — (* — h +  l))-th place to

(k - * - ( * -  1) -------- (»— h))-th place, there are

+ nm,-fc-a H----- h -  (* — h)

uses needed. Finally, from ( k - i - ( i - 1) --------- (i — h))-th place to

( k - i  -  (i - 1) -------- (i — h) — e)-th place, there are

m i-h -2  +  n m * - f c - 3  +  . . . +  n e - l m i - f c - l - e  _  g
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uses needed. Add all of them together,

(m'~l + nm* ' 2  + ................................. +  n,-2m +  n<-1 — *)

+ (m*~2 + nm1' 3 + ...................+  n,-3m + n*~ 2  — (i - 1))

+  (m*~h~l + nm* ~ h ~ 2 H------1- n*~h~l -  (i — h))

+ (m*~h ~ 2 + nm* ~ h ~ 3 H------h ne~lm*~h~l~e — e)

< im*~l + (i — l)m ' “ 2 H h (i — h)m*~h~l + em* ~ h ~ 2

< (* + (i -  1) H h (i -  h) + e)m*~l

= d m‘-1.

Moreover, the thing left in the /-th place, say ff is < m,- f c -2  — 1. Combining m? — 1 

with & we have

mJ -  1 + ^  < (mj -  1) + (m- h~ 2 -  1) = mj + m‘- ft- 2 -  2 .

Let d mK (0 < d < m) be the leading term of mJ - 1  +  ff when written in m-nary 

notation. Then
mK' < mi -  1 +  9  < mlc'+l - 1 ; (m)

mK> < m* + m*~h ~ 2  — 2 . (iv)

By (iii), to write in m-nary notation, we need at most (/C'+l)mK'+l+ca

uses. Let q2  =  max{./,t -  h - 2 }. So, by (iv), there are at most (ft + l)m*»+l +ca

uses needed. Hence, the total number of uses is bounded above by

dm*~l +  (ft + 1  )mn+l + ft. (6.16)

Case 3: If * > p with d written as the third expression, we use the same procedure 

until the (A — i — (i — 1)-------- (p+l))-th place. By Lamina 6.13, there are at most
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im* +ca uses needed. The thing left in the 1-th place, say 9" is < mp — 1 . Combining 

ff' with m? — 1 we have

m7 — 1 +  0" <  [m? -  1) +  (mp — 1) =  m? +mp — 2 .

Same discussion as before, let d'mK’" (0 < d1 < m) be the leading term of mJ — 1 + 6 " 

when written in m-nary notation. Then

mK" < m j  - 1  + 9" < mK“+l -1 ; (v) 

mK" < m? +mp -  2 . (vi)

Same discussion, to write tla ^ ~ lJrV't~l in m-nary notation, there are at most 

(JC" +1 )mAC"+l + C2 uses needed. Moreover, K!' < qi and so there are at most 

(qi +  l)m , l+ 1  +  C2 uses needed. Totally, the number of uses is bounded above by

im* + (qi + l)m,l+l + 2c2- (6-17)

Recall: q — max{j,i,p} and b =  max{d m,- l ,i  m‘ +ca}. According to (6.15), (6.16), 

(6.17), the upper bound b +  (q +  l)m,+l + C2 fits all cases. □

Observation. The item b in Lemma 6.14 ** on upper bound of the number of uses 

when written from k-th place to l-th place and will play an important role in proving 

the Theorem 6.10.

Proof of Theorem 6.10. Since m =  n+1, we get a = a~nt~lant  6  G'. So, al< 6  G' 

since G' is normal in G. Hence, a commutes with a^, V * 6  Z; i.e.,

[a,a4<] =  1 .

Same as theorem 6.1, we suppose that w is a word in «  a, t »  such that w =a 1 

with l(w) ~  Af. Then, same argument, with at most Af uses of the defining relation,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



113

w can be re-expressed as:

w =g t~n aaitn • t ^ a ^ f 2 • • • r T1a°'tn 1

where n  >  r 2 >  >  t j , | r j |  <  Af, V t  6  {1 ,. . . ,/} , and £ i  [aci[ <  A/\ Same

arrangement, we obtain a new word it/ € «  a, t » ,  such that

w' -  tPlaait~pl • tP2 aa2 t ' h  • • • t0 la°“t~ 01

for which to' —a 1, £(to') < 3A/, 0  =  A  < fa < • * * < A < 2A/*, K l < AT. 

Again, since

tfilaait~ 01 • th aa2 t~h  • • •t*aatt~ * 1 =  1 , 

we can move t^aait~^ to the right hand side for all a* < 0. Then,

47i a*  r 71 • • • t7raJrr 7r =  (6.18)

where

A > 0, 1 < t < r, 7 i < 7 a < • • • < Tr < 2A/',

Hj > 0, 1 < j  < s, r)i<V2 < “ '<*}•< 2A/\

and Yii St + £ *  Pi ^
After both sides of (6.18) being written in m-nary notation their expressions must be

exactly the same. In doing that, we begin with some observations as follows:

Let di =  7 r-i+i — 7 r-i > 0 (1  < * < r  — 1) and let Cj^m* > 0 (1  < * < r) be the

leading term of A when written in m-nary notation; i.e.,

Si =  cli0mp* + ci,i mPl~l + ci ,2 mP l ~ 2 -j----

St — oiflwP2 +  ca,i mpi~l +  ca,a mpi“a -I----

Sr =  CrfifrP* + Crti m*-1 +  Cr̂  mPr_2 H ,
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where c,j € {Of 1 ,..., m — 1} & c,,o #  0 Vi, j .  Then, we have

< mpi+l - 1 ,  6 2  < ro**+l -  1 ,..., 8 r < m *+l -  1.

Notice that Si < N . Let 1C 1 be the least number such that M  < mKx — 1. Then,

we have

r

< mKl — 1. (6.19)
i=l

Similarly, let Kj be the least number such that

r

£  $ < 7 ^ - 1  (2 < j  < r). (6.20)
•=i

Clearly, XV < XV- 1 < • • • < XV < XV- We now write t7 1atit~ 71 • • • t'rraSrt~^r in m-nary 

notation by the following procedure:

First we write tjTaSrt~'rr in m-nary notation from 7 r-th place to 7 r-i-th place. By 

Lemma 6.14, the number of uses is bounded above by

max {di mICr~l,fCrmICr +  C2}.

The thing left in the 7 r_i-th place, say 0t is clearly < Sr. Then, by (6.20),

Sr—1 + 01 < 8r—l +l5f < m fCr- i — 1.

Then we write t7r- iair- l+*lt~'Tr~l in m-nary notation from 7 r_i-th place to 7 , - 2-th 

place. Again, by Lemma 6.14, the number of uses is bounded above by

max {{fe mICr-,“ l, X V - i + e g } .

i

The thing left in the 7 r- r th  place, say 02 is clearly < <Jr-i+ 0 r. Then, again by (6.20),
!

S r - 2  +  0 2  <  S t —2  +  1 +  S r  <  m ^ - * —  1 .

|
i
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Then, to write f 1r-2aSr-2+$2t~'Tr-2 in m-nary notation from 7 r_a-th place to 7 r_3-th 

place we need at most

max {^3 mKr_J-1, Kr-imICr~2 -I- ca}

uses of the given relation. Continue the process, from 73-th place to 71-th place, there 

are at most

max { d r - i  m*'a-l,/Camx:a +ca}

uses needed. Finally, the thing left in the 71-th place, say 0r_i is certainly < Si < 

mKl — 1 by (6.19). Moreover, by Lemma 6.13, there are at most KimKl + C3 steps 

needed to write tyia8r~lt~ 71 in m-nary notation from 71-th place. Notice that

^ r f im/Cr+ ‘- ‘- 1 < ( ^ d ^ m * * - 1 < 2AfmK2~l < 2fif*\
i=l i=l
r

^ ( J C j m * *  +  ca) <  ( r  -  \ ) { K i m K2 +  ca ) <  Af(AF* +  ca ).
i=2

Therefore, there are at most OCA/"3) uses to write both sides of (6.18) in m-nary 

notation; i.e., $g ( ^ 0  ^  n

7 Further study 

7.1 A split extension *

Theorem E Let T  be a finitely generated abelian group and let M be a finitely 

generated ZT-module. Form the aemidireet product

G = M x T .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



116

Then,

$ G(n) ^  max {n2 • 3", $*f(na)}.

Proof. Let

T  = < tlj ̂ 2) • • • > tmi [t«» tj] = 1 (1 ^  *> j  — W*)

and let

M  = <  a i , . . . , O p J T ! . - - - >7* > .

where
p

7fc = i k '. /*,/ € ZT (written multiplic&tively). 
j=i

Then G — M  x T  has presentations as follows:

G — < t i , . . . , tm,a i}***»®p> [tf>fy] = 1 (1 — h j  — ^0>

rif=L «'*•* «  1 (1  < * < «), [of, a?] =  1 (Si, vs 6  ZT) >

=  [®fci®i]= «̂ n<=i = i)

[aJ,aj] =  1 , (1  < i, j  < m, 1  < k,l < p) »  .

Notice that the finite metabelian presentation above is easy to obtain by the fact that

G is metabelian. More precisely, all relations of the form

[a*<»fl =  l ( l < M < P ,  i ^ e Z T )

are dedudble from

tj) =  1 , [ofc, oj] =  1 & , ai] *  1 , ( 1  < i , j  < m, 1 <k, l< p) ,

by induction. We omit the proof here. Moreover, as we did in §3.3, by lifting ZT to

A — Z[*i,. . . ,  2m, Hit * • • > Pm],
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M  is viewed as a A-module and has the following presentation;

p
AT =< ati,. . . , orp; J J a j w (1  < A: < q), afiVi =  oj (1 < * < m, 1 < I <p) >,

i=i

where is an expression of by substituting z,- for U and y,- for tj~l .

If to = g  1 with £ (w )  =  n, then

to =  ui(t)vi(a)ua(f )vs(a) • • •« ,(*)« ,(a),
Arf

Ui(t) and Vi(a) are subwords involved letters only in { ti,. . . ,  tm} and {at,. . . ,  atp), 

respectively, such that

£<(«<(«))+ E < M e ) ) = » -  p -1)
i = l  i= 1

Observing that

^  ^  ^  ^  ^

we can only focus on the subword

to = « i  (a) ~ o2(a) ~ -  ••*t/,(a) ~

since ui(t)u2 (t) • • -u,(t) must have value 1 and it costs at most

i = l

uses to prove it. Similarly, each Uj(a), at a cost of order

f(w. ( « ) ) 2 < n2,

can be rewitten as

v.-(a) =  with ^  [e,j*| < f(v,-(a)). (7.2)
3=1 3=1
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Then w' becomes

w

=  ( a ? - 1" ' "  ■ ■ ■ a ? ' * ' " ' ' )  • • •

where u,- is the abbreviation of Ui(t) Vi = 1,2,. . . ,s .  We have to write w" as a 

module word by commuting a, . More precisely, move each ai within the second pair 

of parentheses to the left of all a2 in the first pair and then move ai within the third 

pair of parentheses to the left of all a 2 in the first pair and so on. Then move every 

a 2 across the word to the the left of all a 3 in the first pair. Continue the process until 

w" is transformed to

u»'-' =  e k
k=I

There are two things need to know:

(i) How many uses are needed to transform w1 to

(ii) What is 

Clearly,

^ V 31) =  H L i « r l - « r ‘) 

=  a , S . i W « r ‘ - « r 1)

< (by (7.1))

=  » 5 3 . , ( E L i M )

< » K .i4 « i(« ))  (by (7.2))

< n2 (by (7.1))

To answer (i), we shall apply the following

a
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Lemma 7.3 Let u(t) be any word in «  h , . . . , t m » .  Then, at a cost of at most

2 . _  i

uses of Vie defining relations, one can deduce

(The proof is provided later on.)

Recall:

f  = ( o r ,,“r ' - ( a ? " 1’ V  ■ci’* * '* ')

Each aj1* within the second pair of parentheses has to be moved to the left of 

o l̂,JUl in the first pair of parentheses. Notice that

[ a ? , o ^ '" r ‘] =  [ot , a ? Y * ' V* = 2 ,... ,p.

Each of such commutators costs at most

2 . 3 * (0  -  l

uses of the defining relations by Lemma 7.3. Hence there are at most

2 |e , , i i ( M  +  • • • +  |e i,i)3 t<“?'> <  2|«J,il" • 3“ (by (7.1) & (7.2))

uses needed to move all a ? 3 u‘ to the desired place. Similarly, to move all a f  “* “l 

to the left of there are at most

2 M ( M  +  •• • +  W J S W )  +  2|eJ.,|(|eu | +  • • • +  |e„|)3<« ,*» ) < 2 |e„ |n  • 3"
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uses needed. Continue the process until every ai is moved to the desired place. The 

number of uses so far is bounded above by

2 (|e2,i| +  |e3,i| A 1- |e,,i|)n • 3".

We then follow the same procedure for a 2 and the number of uses is, as we expect, 

bounded by

2 (|e2,2 | +  |e3,2 | -I H |e,^|)n • 31*.

Similarly, for ap_i, the number is bounded above by

2(|e2)p-i| +  |e3)P_i.| A h |e#iP_i|)n • 3".

Totally, there are at most

2" - 3" E E M  = 2 " ' 3nE ( E  k j l )  < 2 "-3 ” £ < (» ((a)) < 0 (n s -3”),
j —l i=2 i=2 j=l i=2

by (7.1) & (7.2).

All in all, we find that the number of uses of the defining relations to convert w' to 

the expression w® as a module word is less than 0(n2 • 3n) and its length ^ (u ^ )  is 

less than n2. Therefore,

$ c (n) ^  max {n2 • 3n, (n2)}. □

Proof of Lemma 7.3. We prove this lemma by induction on i(u(t)). Clearly, when 

l(u(t)) =  1 there is only one relation needed. Let Cr be the number of uses when 

l(u(t)) = r. So Ci =  1. When f(u(£)) =  2, Without any loss of generality, say
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u(t) = t(tj. Notice that we are working on groups in the variety of finitely generated 

metabelian groups. Hence

1 = [0 *0 * *y, a,- * of*]

= ^ o ^ a kaktj a ^ a r ^  (1 )

= c^jo tlla luti aka ^  a?*' (2 )

=  a ^ a ^ a t k a ^

= hk.a?*]

In (1), a /  should move across otkakts to cancel out with a (~ty. Observing that each 

of [a|y,ajk] =  1 and [o ^ o ^ ]  = 1 need one relation. In (2), akJ should move 

across o j lo,-t<tia k to cancel out with aktj. Observing that each of [ajjf,a£l] = 1 

[a*, =  1 and [ajf.a*] =  1 need one relation. So, we have C2 =  5 and

C2  — 3Ci + 2 . Now assuming that there are at most Cr- 1 uses of the defining re­

lations needed to deduce

[o*,a‘(il] =  l  V /(«(!)) =  r -  1 , 

and Cr_i = ZCr- 2  +  2. If *(u(t)) =  r, say

u{t) * tiV(t),A* ^

where tj is the letter in the very beginning of u(t) and v(t) is the remaining segment. 

So, l{v{t)) =  r  — 1 . Let u and v be the abbreviation of u(t) and v(t), respectively.
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Observing that, again since G is metabelian,

1 =  [«*«*"> a r"a “]

=  avkakla^u^ o ^a kakv (1)'

=  >£ a r la r a k a g 'a f  (2)'

=  “fclQtr tt“ *a itt 

=  [<**,<*“],

there are at most Cr- i +1  uses needed in (1)' and at most 2Cr-i + 1  uses needed in

(2)'; i.e., Cr = 3Cr-i +  2. By induction,

Cr =  3Cr_i +  2  V r €  N.

Furthermore, Cr — 2 • 3r — 1 Vr 6  N. □
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