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Abstract
PRESENTATIONS AND ISOPERIMETRIC FUNCTIONS OF FINITELY
GENERATED METABELIAN GROUPS
by

Ching-Fen Fuh

Advisor: Distinguished Professor Gilbert Baumslag

This work is motivated by Philip Hall’s result in 1954 that finitely generated
metabelian groups satisfy maximal condition for normal subgroups. It turns out that
they have finite metabelian presentations. We investigate metabelian presentations
for a varied collection of finitely generated metabelian groups and the relative isoperi-
metric functions associated with these presentations. The most general result in this
thesis is that the isoperimetric function of the wreath product of a finitely generated
abelian group by another is bounded above by a polynomial which depends only on
the rank of the second group. We also introduce the notion of the isoperimetric func-
tion for a finitely generated module over a polynomial ring in finitely many variables.
We do not have enough knowledge finding lower bounds for groups having been dealt
with in this research but the relative centralized isoperimetric functions are discussed

in general.
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1 Introduction

1.1 Free metabelian groups

This thesis is concerned with the presentations and isoperimetric functions of finitely
generated metabelian groups. We recall that a group G is termed metabelian if its
commutator subgroup is abelian (see §2.1 for details). The class of all metabelian
groups forms a variety, in the sense of B.H. Neumann [N1] (see also H. Neumann
[N2] for a general reference to this subject), that is it is closed under subgroups,
epimorphic images and unrestricted direct products. There are, in each variety of
groups, the so-called free groups. In particular, in the variety of metabelian groups,
these “free groups” are termed free metabelian groups. More precisely, a metabelian
group F is termed free metabelian if it comes equipped with a map 6 from a set X
into F such that for every metabelian group G and every set map o : X — G there

exists a unique homorphism ¢ : F — G such that the following diagram commutes:

0

X F

G

It turns out that @ is monic and so we can identify X with a subset of F. We
sometimes say that X freely generates F or that F is free on X. It is important to
note that we have here omitted the word “metabelian”. Indeed we will be concerned

only with metabelian groups, unless otherwise stated.
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These free metabelian groups can be easily identified. In fact, if now E is an absolutely
free group; i.e., free on X in the above sense, in the variety of all groups, then E/E" is
a free metabelian group, free on X; here E” denotes the second commutator subgroup

of E (see §2.1 for the definition). Moreover, every free metabelian group takes this

form.

1.2 Finitely generated metabelian groups

A group G is said to satisfy the mazimal condition Maz if every properly ascending
chain of subgroups of G is finite. We shall be interested here in an analogous condition
Maz—n, introduced by P. Hall [H], the mazimal condition for normal subgroups. More
precisely, a group G satisfies Maz — n if every properly ascending chain of normal
subgroups of G is finite. Equivalently, G € Maz — n if and only if every normal
subgroup N of G is the normal closure of a finite set Y, say. We denote the normal

closure N of Y in G by gpg(Y) - so
gpa(Y) = gp(9~'yglg € G,y €Y).
(see §2.1 for a discussion of this and other notation used here).

In 1954 P. Hall [H] proved, in particular, that finitely generated metabelian groups
satisfy Maz — n. This theorem will be central to my thesis. Observe, that if G is a

finitely generated metabelian group, then
G=FIN (1.1)

where F is a finitely generated free metabelian group free on X = {z,,...,z,} and
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N is a normal subgroup of F. Since F is a finitely generated metabelian group, N
is the normal closure of a finite set R. Here R = {ry,...,r,} is simply a finite set
of elements r; of F; i.e., a set of products of elements of X and their inverses. We

express this isomorphism (1.1) by writing
G =<< Ty Tpi Ly oo ey Tg > (1.2)
or
G=<< X;R>>.

This notation should be compared with the usual presentation notation (see §2.1) in
which the symbols z,,...,%,,7y,...,7, are enclosed by single brackets. We emphasis
that the notation (1.2) expresses the fact that there is a given homomorphism from
the free metabelian group F on {z,,...,z,} onto G with kernel gpr(ry,...,r,). We

will refer to (1.2) as a metabelian presentation of G. Thus
F =<< Z[,...,Zp >>
is, as above, the free metabelian group on {z,,...,z,}.

Notice that this discussion reveals that every finitely generated metabelian group G
has a finite metabelian presentation. Henceforth, we shall simply say that G has a

“finite presentation” since we will work only in the variety of metabelian groups.

1.3 Presenting metabelian groups

As we have seen every finitely generated metabelian group has a finite presentation.

Our first result concerning such presentations is the following:
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Theorem A Let A and T be finitely generated abelian groups, say
A=<ay,...,0m0ms1;-- -, Omeri@h ;=1 (1<i<T),
6,0 =1 1<i<jSm+r)>
and
T=<ty,...;taytngts oo bngaitnyj =1 (1S5 <),
ti,t]] =1 1<i<j<n+38)>
(see §2.2 for notation). Then the wreath product
wW=A1T
can be presented in the form:
<< By Omtrs bl et O =1 (1Si<7), ;=1 (1<j<s),
0,05l =1 1Si<jSm+7), lut]=1 1Si<jSn+s),
(@i, 8] =[ai,t;) 1<i,k<m+r, 1<j<n+3s)
(6, ;] =[ap,ta]¥™ 1<is<m+r, 1<j#k<Sn+8)>>
(see §4.1 for the details).
Since we shall be concerned also with groups of the form
Bmn =<< a,t;(a™) =a" >>,
we remark only that these groups are simply the quotients of the usual B-S-groups
<a,t;(@a™)=a">

by their second derived groups. We shall say more about this later on.
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1.4 Isoperimetric functions for metabelian groups

| Let G be a metabelian group presented as (1.2). We will need to separate the right-

hand-side of presentations of the form (1.2) (see §1.2 for notation) from the group G

‘ itself. We will denote such presentation symbols simply by

<L zl,...,zp;rl,o--,rq >> .

Let F be the free metabelian group free on X = {zy,...,z,}. Then (1.2) gives rise
to an isomorphism

G = F/N,

where

N = gpe(ri, ..17o)-

If a “word” w = w(zy,...,Zp) € F, then w can be written in the form
w=zf -z (i € X, ¢ € £1). (1.3)
We define the length of w, which we denote by
{(w) or €x(w),

to be the minimum of all integers n satisfying (1.3). Notice that we sometimes call
this function

¢:F>2Z2°

the length function on F and denote it by £r. If u and v are X-words, then we write

=gV

‘\ 3
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if u and v are equal in G. We shall make use of this notation throughout, irrespective

of the variety of groups that we are concerned with.

We term a word w = w(zy,...,Zp) € F a relator for G if w =g 1; i.e., w takes the

value 1 in G, or, equivalently w € N. Thus

k
w= Hf,-“rf;’ fi (ri; €{r1,-..,1g}, & = £1). (1.4)
i=l

Let

P=<< Ty TpiTLy e ey Tg D>

We define the ares Ap(w) of w to be the least k for which (1.4) holds. This allows

| us to formulate the following:

4 Definition 1.5 Let G be a finitely generated metabelian group with presentation

P=<<Z1,...,TpiT1y... Tq >>;

i.e.,

| G =<< Ty, ) TpiTly.oeyTg D>

We define

®p(n) = max{Ap(w)|f(w) < n,w=¢ 1}.
It is easy to see that ®p(n) is an increasing function; i.e.,
if n<m then ®p(n) < &p(m).

Notice that ®p(n) clearly depends on the given presentation P of G; in fact, it is, in

a sense, “independent” of P. In order to explain this, consider the collection C of all

“ .
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functions

f: N R2°,

We introduce a relation < on C as follows: if f,, fo € C, then we define

hgh
if there exist positive constants k), kg, k3 such that
fi(n) < kafa(kin) +ksn VneN.
Then we define

hefhif igxfh&figh.

“~" ig an equivalence relation on C. Then it is not too hard to prove the following

Theorem B1 Let P and Q be finite presentations of the finitely generated metabelian
group G. Then

&p ~ @Q.

So these functions, termed isoperimetric functions, are independent, in the above
sense, of the given presentations. Henceforth, we choose any one of the functions in

the equivalence class of p(n) and denote it by &g or ®¢(n).

The proof of Theorem Bl follows that of the corresponding theorem for the usual
presentations in the variety of all groups (cf. e.g. [BMS]). We shall give a complete

proof of this theorem in §3.1.
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It is, in general, difficult to compute upper bounds for $; and even harder to compute

lower bounds. Here we will prove the following

Theorem B2 Let W be the wreath product of the groups A and T, as described in

Theorem A. Then

&w(N) N ifr=5=0,
w <

NEF" otherwise

(see §4.2 for a complete proof).

1.5 Lower bounds for isoperimetric functions

Let G be a metabelian group and let
G = F/N,

where F is a free metabelian group. Then we define

[F,FInN
[F, N]

(see §2.1 for notation). This group is independent (up to isomorphism) of the choices

H\(G,Z2)=G/G'=F/F'N and H3(G,2) =

of F and N above, depending only on G. We can, as in [BMS), define what we term, a
centralized isoperimetric function. The definition closely follows that of ®p discussed

in §1.4. In more detail, suppose that
P=<<Zy,...,Tp;T1y.- ., Tqg >>
is a presentation of the finitely generated metabelian group G:

G =K< Ty, TpiThy ooy Tg D>

i
)
|
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Then, as before, G & F/N. If w = w(z\,...,Zp) =¢ 1, then w € N. Then

k
w= H f,-"r:;’ fi modulo [F, N}, (1.6)
=l

where r;; € {ry,...,75}, &;==%1, & f; € F.

We define the centralized area A$™(w) of w to be the least k for which (1.6) holds.
Notice that modulo [F, N]
fJ_—lr:;j fi= ,.‘f;:'
Then we have the following
Definition 1.7 As in Definition 1.5, we define

5™ (n) = max{AF™(w)|€(w) < n,w =g 1}.

Then %™ (n) is independent of the presentation P of G in the sense of the equivalence
relation discussed in §1.4. We then denote any one of the functions in the relevant

equivalence class by ®%"™ or %™ (n).
Here our main observation is
Theorem C ®%™(n) = n if Hy(G, Z) is finite.

Theorem C is the analogous result to one proved in [BMS)]. The main point of such

centralized isoperimetric function is the obvious observation
Qg"‘ < ®g.

So ®E™ provides us with a lower bound for ®g.
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10

1.6 Isoperimetric functions for extensions

Suppose that G is a finitely generated metabelian group. Then G is the middle of a

short exact sequence
19A9GaT—1, (1.8)

where A and T are abelian groups. We can choose A = G’ and T = G/A. But there
are sometimes other choices available. The main point here is that given such a short
exact sequence, we can view A as a module over the integral group ring ZT of T. To
see how this comes about, we identify A with a normal subgroup of G and T with

G/A. Now if t € T, then t = gA, for some g € G. We define an action of T on A by
aet=g 'ag (a€ A, g €G).

Philip Hall has pointed out that this turns A into a finitely generated ZT-module.
We now think of A as a module over a polynomial ring A = Z[z,,...,Zp,¥1,...,¥p] in
twice as many variables as the number of generators as T (see §3.3 for more details).
Observe that, by Hilbert’s Basis Theorem, A can be expressed as a quotient of a
finitely generated free A-module F by a finitely generated submodule N:

AXF/N

By mimicking the discussion above, we can now introduce the notion of an isoperi-
metric function for A denoted by ®4 or ¥4(n). The details closely resemble those

discussed in §1.4 and will be left to §3.3. Qur result in §3.3 is the following:
Theorem D Assuming the notation above, if A=G' and T = G/G’, then

®g(n) < @4(nt).
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Notice that if the short exact sequence (1.8) “splits” and T is free abelian, then we

can prove somewhat more, namely that
®(n) < max{n? - 3", &,(n?)}.

Indeed more is true, namely
Theorem E Let T be a finitely generated free abelian group and let M be a finitely

generated ZT-module. Form the semidirect product

G=MnxT.

Then,

®g(n) < max{n? - 3", ®p(n?)}.

Theorem E will be proved in §7.1.

2 Preliminaries

2.1 Notations and definitions

We express the fact that H is a subgroup of a group G by writing H < G;if Hisa
normal subgroup we write H < G. Let Y be a subset of G. We denote the normal
closure of Y in G by

9p6(Y);
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thus
9pc(Y) = gp(9”'yglg € G,y € Y);
in other words, the normal subgroup of G generated by a set Y is simply gpg(Y). We
write
G=<X;R>

if G has a presentation < X; R >; i.e., X comes equipped with a set map o : X —
G such that the extension of o to a homomorphism from the free group E freely
generated by X is onto G and has kernel, the normal closure N = gpg(R) of R in E.

So, as usual, we have

F=E/N.

If X ={zi,...,2,} and R= {ry,...,r,} then we simply write
G=<Ty,...,ZpiT1,..,Tg >

The map o described above, is usually given implicitly. As noted in the introduction
we sometimes refer to E (above) as the absolutely free group on X or the free group

freely generated by X.

If now G is any group and z,y € G, we denote z~'y~'zy by [z,y] and z~'yz by 3*.

If H and K are non-empty subsets of G, we define
[H, K] = gp(lo, bla € H,b € K).

Then the commutator subgroup G’ of G is defined by G' = [G, G]. The commutator

subgroup of a group G is sometimes termed the derived group of G. We define
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the second derived group of G or second commutator subgroup, to be (G')’ which
we denote by G". A group is termed metabelian if [G,G] is abelian or G" =1 or

equivalently G is the middle of a short exact sequence
19A9G-HT -], (2.1)

where A and T are abelian. We will usually identify A with a normal subgroup of G

and T with the quotient G/A. So (2.1) is essentially the sequence
AG—»T, (2.2)

We denote the integral group ring of a group T by ZT. Then A (in (2.2)) can be
turned into a ZT-module by defining

ae (Xm:n.-g.-A) = ﬁ (a")m. (2.3)

i=1 =1

We will sometimes resort to additive notation under these circumstances and then

(2.3) becomes

m

ae (f: n.-g.-A) = Z m(a") . (2.4)

=1 i=1l

and (2.1) is replaced by

09AG->T-1. (2.5)

A metabelian group F is termed free metabelian if it comes equipped with a map
0 from a set X into F such that for every metabelian group G and every set map
o : X — G there exists a unique homomorphism ¢ : F — G such that the following

diagram commutes:
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G

We say that F' is a free metabelian group free on X or freely generated by X. It is
not hard to show that if F' is free metabelian on X and if E is the absolutely free
group on X, then

F=E/E".
If now G is any metabelian group then we write
G=<<X;R>>

if X comes equipped with a map o into G such that the extension of ¢ to a homomor-
phism from the free metabelian group F on X has kernel gpp(R). If X = (z,,...,z,}

and R= {r\,...,r,} we simply write
G =<<Ty,...,TpjT1y...,Tqg >>

and term

<K TyyeeoyTpiTrye oo, Tg 2>

a metabelian presentation of G.

2.2 Maz and Maz — n

A group G is said to satisfy the maximal condition if every properly ascending chain

of subgroups is finite or equivalently every subgroup is finitely generated. We then
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write G € Maz. Similarly, a group G is said to satisfy the maximal condition for
normal subgroups if every properly ascending chain of normal subgroups is finite
or equivalently every normal subgroup is finitely generated as a normal subgroup;
i.e., every normal subgroup is the normal closure of a finite set. We then write
G € Maz — n. The condition Maz — n was introduced by P. Hall in [H], where he

proved, in particular, the following
Theorem 2.6 (P. Hall) A finitely generated metabelian group satisfies Maz-n.
It follows immediately that

Corollary 2.7 If G is a finitely generated metabelian group then G has a metabelian

presentation of the form
G =<< Tyy..., TpiTLy.-,T¢ >>  (Pg < 0).

We will make use of this corollary throughout this thesis.

2.3 Wreath products
A group G is said to be a product of its subgroup A and T if
G=gp(AUT).
If W is a product of A and T we say that W is the wreath product of A and T if
B = gpw(A) = HA‘;
€T
i.e., B is the restricted direct product of the conjugates of A by the elements t € T.

We then write

W=A1T.
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Notice that

W=BxT,

where here we use the notation W = B x T to express the fact W is the semidirect

product of B and T i.e., that
BAW, W=BT and BNT=1.

Notice that if A and T are finitely generated then so too is A?T. Moreover if A and
T are abelian, then AT is metabelian. We will be concerned with such metabelian

groups in the sequel. In fact, many of the groups that we will work on take the form
BxT,

where B and T are abelian.

2.4 Word length in groups and modules

Suppose G is a group generated by a set X = {zy,...,z,}. If g € G, then g can be
written in the form
g=1zi ---xi* (6 ==1, z;€X).

1

We define the length of g
{(g) =min{n | g=125'---zf", ;= +1, z; € X}.

" n

Notice that the definition is clearly dependent on the set X of generators. We then

denote £(g) also by £x(g) in order to avoid confusion. Notice that

£1) =o.
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If E is the absolutely free group on X and if g € E, then £(g) is as usual the length

of the unique freely reduced word equal to g.

Now let A be a commutative unitary ring generated by the finiteset Y = {y1,...,ym}

As usual, we term a product of the form

¥ eeytm (e20,...,e5 20)

a monomial. Then the unit element 1 is the trivial monomial in which the exponents
of y; are all zero. Every element A € A can be expressed as a sum of integral multiples

of monomials in y),...,Ym:

A= Co + Z Cei,.cem y:l o 'yver? (2’8)
(e1,e-vem)#(0,0,+,0)

where cg, Ce,,...em € &, €1,...,6m 2 0. Define the length of A

&N =min { o+ D [Cermenl (€1 +em)}
(e1,e-v8m)#(0,0,-+,0)

where the sums involved range over all possible representations of A in the form (2.8).

Notice that if A is actually the usual polynomial ring in the variables y,,. .., ym; i.e.,

A= Z[yl,...,ym]

then A has a unique expression of the kind given by (2.8). Under these circumstances

we define the width w()) of A by

W) =lel+ Y lCercem;

(e1,--.em)#(0,0,-+,0)

i.e., the number of monomials involved in the unique representation of A in the form

(2.8). For instance,

w(yiys — 2y2ys + 5) =8.
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The “width” of a module word will be used in defining the isoperimetric function of

a module (see §2.5).

If M is a right A-module then we denote the submodule of M generated by the subset
Zof M by

mdu(Z).

If £ ={&,...,&] then every element £ € mdy(Z) can be written in the form

§=&f1+ -+ e (2.9)

where f; € A. If every £ € md(Z) has a unique expression of the form (2.9), we call
mdpm(Z) a free right A-module free on E. We shall say more about this in the next

section.
We define the length £(£) of the module word £ by

k
2(€) = £e(¢) = min{)_ & ()}

i=1

where the minimum here is taken over all possible expressions for £ of the form (2.9).

2.5 Presentations and isoperimetric functions for modules

As usual, we can also use the universal mapping property to define what is meant
by a free module. Let A be a commutative unitary ring. A right A-module F is
termed a free module if it comes equipped with a map 6 from a set = into F such
that for every right A-module M and every set map o : = — M there exists a unique

homomorphism ¢ : F — M such that the following diagram commutes:
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n

M

Given any finitely generated right A-module M, there exists a finitely generated free
right A-module F' such that M can be expressed as a quotient F//N of F for some
submodule N of F); i.e.,

M F/N,

where F is free on = and N = mdp('). Adopting the terminology that we have
introduced above, we find then that we can express this isomorphism in presentation
form as follows:

M=<ZET>.
Now A = Z[y,, .. ., Ym) is & polynomial ring in finitely many variables and F is finitely
generated. Hence, by Hilbert’s Basis Theorem [AM], F is Noetherian. Consequently
N is finitely generated. It follows that I can be chosen finite. If now Z = {§,...,&}

and ' = {7,,...,m} say, then we obtain a presentation P of M as a right A-module

which takes the form

P=<&, vy m>;
ie.,

M=<&,....&m...xm>.

We now are in the position to define what is meant by the isoperimetric function ®p

for this presentation P. With this in mind we put Y = {y;,...,ym}. Let wbea
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word of length at most n in M and suppose that w =y 0; i.e., w evaluated in M is

0. Thus w has an expression of the form

k
w=Lf+--+&fi with feAl Efv(fi) <n (2.10)

i=1

®p(n) is the “minimal number” of defining relators needed to deduce that w =y 0
for all such w of length at most n. More precisely, let w =p 0, where w is written in
the form (2.10). Then, viewing w as an element of M, we can also express it in the

form

w=mgq+:-+ng, with g €A (2.11)

i
& Y w(g) < @p(n).
j=1
We define the area of a module word w, denoted by Ap(w), to be the least value of

;.=lw(g_,-) for which (2.11) holds.

Definition 2.12 The isoperimetric function ®p is defined by
®p(n) = max {Ap(w)|€/(w) <nand w=p0}.

Assuming that A is fixed once and for all, $p(n) turns out to be independent of the
presentation of M in the same sense as that elaborated on in §1.4. We then denote
any one of the functions in the equivalence class of ®p(nr) by ®as or &p(n). We shall
give a complete proof of the invariance of ®,s(n) in §3.2. It depends on the analogue
for modules of the notion of a retract in groups, which amounts to nothing more than

a direct summand.

Definition 2.13 A submodule L of a right A-module M is called a retract of M if

there exists a submodule A of M such that M is the direct sum of L and A.
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3 Basic Structure

3.1 The invariance of ®¢;
In this section, we show that the isoperimetric function of a metabelian group is an
invariant.

Let now F be a free metabelian group with a given set of free generators.

Lemma 3.1 If u and v are two words in F then {(uv) < €(u) + £(v).

Proof. The proof is obvious and is omitted.

Definition 3.2 A subgroup H of a group G is called a retract of G if there ezists a

normal subgroup A of G such that G = AH and ANH =1.

We will, throughout this section, assume that
F=<<ay,...,ax >>, N=gpp(r,...,7)

and

K =<<by,...,bp >>, P =gpk(sy,...,3)

Lemma 3.3 Suppose that G is a finitely generated metabelian group and H is a
subgroup of G. If H is a retract of G and G = F/N and H = K/P where F
and K are free metabelian groups and N and P are normal subgroups of F and K,
respectively, then there are homomorphisms ¢ : K — F and ¢ : F — K which induce
¢:K/P = FIN and § : F/N — K/P, respectively, such that o : K/P — K/P

is the identity.
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Proof. Let

G2 F/N =<<ay,...,Gk;T1,...,T1 >>

and let

H=K[P=<<by,...,bp;81,...,8>>.

Since H is a retract of G, there are homomorphisms ¢ : H = G and ¥ : G — H such
that Yo = idy. Now, identify H with K/P and G with F/N and choose words v; in
F and u; in E such that ;N = ¢(,P), i=1,...,pand u;P = 9(a;N), j=1,...,k.
Then, we define homomorphisms ¢ : K & Fby b; = v;, i=1,...,pand¢: F 2 K

by @; = u;, j=1,...,k This completes the proof. O

Lemma 3.4 Suppose that G is a finitely generated metabelian group and that H
is a retract of G. If P and Py are finite metabelian presentations of G and H,
respectively, then there are positive integer constants ky, ka, k3 such that the following
inequality holds:

®p, (n) < ka®pg(kin) + kan ¥V n €N;
i.e., ¥p, <X Pp,.
Proof. We adopt here the notation used in the proof of Lemma 3.3.

Now let

Pe =<<G1,...,0k;T1y...,T1 >>

and let

Py =<< bl,...,b,;sl,...,sq >>.

‘\
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Observe that b *‘)(é(b;))* € P, &; = +1 for all 1 < i < p and that y(r;) € P for all
1 < j < l. Let ér be the length function on F and let {x be the length function on

K. Then, we define three integer constants k,, kg, k3 :

ki = max {£r(é(%)) |1 <i<p},
ks = max {Ap, (¥(r)) | 1<i< i}
ks = max {Ap, (b7%P(@(B:))%) | 1 <i<p, & =+1}.
Clearly, k;, k3, k3 > 1. Given any n, let w be any word in K with
m
w=¢ [[&7, (3.5)
=1
where e; = +1 and £x(w) = m < n. Moreover, if w € P, then ¢(w) € N. Therefore,
#(w) has the following expression:

N
d(w) =r Hu;‘r:;’ u; (&;; = £1), (3.6)
j=1

such that
N= APG(¢(w))'

We claim that the following inequalities hold:

i) Apy(w Y(d(w))™") < ksl (w);
ii) VN < ®p, (kilx(w));
iii) Ap, (¥(d(w))) < kaN.
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To prove i),

@)t = (T by ) $ TR, b5)
= B B B(B(Bin)) (B (b))
= b,-fl . b%-lbh¢(¢(b.m))-emb-¢m-l N -ey,

im—t Vim i1 it
bit - by b (BB ) Ol T BT
BB (B(0) b B Y(B(b1)
= [lava'02%%(#(ba))" va,
where the product ranges over all of the b7°1(¢(b,))* involved in the expression for

wy(d(w))~! and there are exactly £x(w) = m conjugates in the product. Hence,

Ay (w $($(w))™") < kslie(w).

To prove ii), by (3.5), we have
d(w) =x [] 6(5:,).
Jj=t
Hence,

tr(¢(w)) < Em:epw(bi,)) < kim = ki (w).

j=1

On the other hand, N < ®p, (k1lx(w)), since N = Apg (d(w)).
To prove (iii), by (3.6), we have

N
$9(w)) =x [[¥(ug) im0 (us).
j=1

Hence,

Dpy (¥(6(w))) < kN
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Finally, if w =5 1 and w = w ¢(¢(w)) ™" - ¥(¢(w)), then

Dpy(w) £ Apy (Y($(w))) + Apy (w Y(d(w))™")
< kN + ksli(w) (by i) & iii) )
< k2®p,(kilk(w)) + kalk(w) (by ii))

Since, by definition, ®p, is an increasing function and ki, k2, k3 are positive, we have
Ap, (w) < k2®Ppg(kin) + ksn ¥V w with {(w) < n.
Then,
®p, (n) < kadp, (kin) + kan V n;
ie., ®p, <X Pp, O
Theorem B1 Let P and Q be finite presentations of the finitely generated metabelian

group G. Then

$p ~ (DQ.

Proof. Since every group can be viewed as a retract of the group itself, we have

®p < $o and $g < Pp. This completes the proof of the theorem. O

Combining Lemma 3.4 and Theorem B1 we have the following:

Corollary 3.7 If H is a retract of G, then &y < ¥¢.

We complete this section by showing how to compute an upper bound for the isoperi-
metric function of the wreath product of one infinite cyclic group by another. The
methods involved in this computation are typical of some of the more elaborate ones

that we shall develop in the sequel.
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Theorem 3.8 Let G be the wreath product of the infinite cyclic group on a by the
infinite cyclic group on t:

G=<a>1<t>.

Then ®g(n) < nd.

A key step in the proof of Theorem 3.8 is the following:

Lemma 3.9 Let

G=<a>1<t>,

the wreath product of one infinite cyclic group by another. Then
i) G is a one-relator group with presentation P =<< a,t;[a,a’| = 1 >>;

ii) Ap([e,a""]) <n YneN.

Proof. It is easy to see, and well-known, that G =< a > ! <t > can be presented as
follows:

G=<a,t;[a,a“]=1 (i=12...)>.

It follows then (see Theorem 2.6 & Corollary 2.7), that G has a finite metabelian
presentation. Indeed our objective is to prove i). In the course of proving i) we shall
keep track of the number of uses of the given relator, which will give rise to the proof

of ii).

Let

H =<<a,t[a,a*] =1>>.
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Then

H = F/N,
where F is the free metabelian group free on {a,t} and
N = gpr([e, a’]).
In proving G = H, it suffices to prove that
[0,0] € N =gpr(fe,af)) Vi €N;

i.e., all relations [a,a*] = 1 can be deduced from [a,a?] = 1.

To see this, we first make use of the following identities:
[:L'y, Z] = [z,z]"[y, z]:

[z,y2] = [z, 2][z, y]*.

It is then easy to verify that
| if [z,y]=1 then [,y =1 Ve ==I, ==L
Hence,
if [a,a'] =1 then [6®,a**]=1 Ve =1, ea=%1 (3.10)

Next, we claim, by induction, that Vn e N

if [a,at] =1 then [g,a"]=1; (3.11)

there are n uses of the defining relation needed to make this deduction.

|
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If n = 2, observe that aa* = at~'a~'t = [a~,t] € F’ and a'a~* = (aa™!)t =
[a~1,t]* € F'. Since F is metabelian, aa~* and a‘a~** commute; i.e., [aa~t,ata"*"] = 1.

Then,
1 = [aa™ ata~?)

= ata~'a" a~tag”‘a’ a~t

cance!

= ata~! g’a"t aa~t (1)

commute
t,-1,-t 3 _—¢3
= @a'a"'a"'a" aa 2
commute

a-lataa—t

= [a: a-ﬂ]
Notice that (1) needs the defining relator once since it is the conjugate of a‘a™' by
t and a* commutes with ' by (3.10). Moreover, (2) needs it once as well. Hence,

(3.11) holds when n = 2.

Now suppose that (3.11) holds for n = k. If n = k + 1, then

1 = |ea"‘, a“'a“""+l |

eEF e F
= a"'a“a"'“a“‘ae"‘a" gt
cancel
= a'a'g""'a " aat*" (3)
commute
= a e“a“" at** aa—t**' (4)
commute
= a_la‘h-bl aa_gi-ﬂ
= [a,a~"").

In (3), since [a*,a~!] = 1 and a***'a~*" is the conjugate of ata~! by t* we have

[a‘"", a""] =1; i.e., they commute. Here we use the defining relator only once. In
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(4), since [a,a%'] = 1 we have [a~!,a~*] = 1, by (3.10). Moreover, by the inductive
hypothesis, there are k uses of the defining relator needed. Hence, the total number

of uses is k + 1. This completes the proof of (3.11)and hence also that of i) and ii). O

Lemma 3.12 Let F be the free metabelian group on {a,t} and let w be a word in F
with {(w) < n; i.e,
i i
w=a%t...q%t with }: |di| + z les] < n.
i=1 i=l

Then w can be re-erpressed in the form
aglad! - - agrtt Y (g <i <. <%, k20, o; €2Z)
where a; = a*', i € Z with the aid of at most n® uses of the relator [a,a*].

Proof. Observe that
w = alitagdager...qdite

= qf t‘l afit—e gerteagdsges | qdiger

att e a"t'ﬂ fl-fczadat-(eﬁﬂ - fl+"'+¢(-ladl t—(el‘i'""f'el-lltel'{'“’-fc(

"N

di d .
ag'a® a®, .. ca¥ et (*)

Let

1 _ did2 ds veeg®
W = 09'07 8, 1ep) " O ey bbery)”

We shall count the number of uses of the relator [a,a*] in rewriting v’ in ascending
order. Before the counting process, we observe that there are at most [i — j| uses

in switching a; with a;. This follows readily on invoking part ii) of Lemma 3.9 and
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will left to the reader. It is not hard to see that we can assume, without any loss of

generality, that d; > 0, Vi. Notice that the worst case is
0> —e > —(81+82) D> -(el +'--+e¢_1)

since in this case the a;'s will travel the most places from right to left. We shall move
eVery G_(e,+.+¢_,) t0 the left most place across w', involving the d; occurrences of
Ge(er4ter_y)- NEXt We MOVE VEry G_(e, 4.-+e_;) tO the place between a‘i‘(ﬂ bobeio)

and a' and so on. In this way we are able to transform w' to a word in ascending

order, as detailed below:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



dy da ds . .ndt
aola‘ﬂa-(et +ea) """ B(er+terny)

dy da _ds T T d—1
ao‘a-gla_(ﬂﬂ,) G _ () - ter_g)B—(e1++e1_1)B—(er+-ter_2)B_(e) 4uteyy)

(need |e;—;| uses)

— i, -2 di-y d;—1
= 00 Qg O (ot _g) F-(ertte_ )P (e 4otey ) Bm(er +ter-)

(accumulatively, need |di_||e;—1| uses)

dy d3 di-s di—y di-t

(accumulatively, need |di_i||e;—1| + |di-a|l€1-1 + €1-2| uses)

dy d2 . di—y di—-1
- a-(en+---+¢;-l)ao A e, a-(Gl+"°+¢l-z)a-(¢l+°"+¢(-|)

(accumulatively, need |di—,||le;—1| + |di-alle1-1 +e€1-a] +---

+|dy||€1-y + - +ea+ e S |dicin+ |dia|n + - + |di|n < n? uses)

di di dz .. di—y
a-(ex-l--mf-ex-l)a‘) G—e, G_(e1+-ter-2)

(accumulatively, need < |dj|n® uses)

d di—1 dy da .. a“l

= ¥ . -2
= O (o1 tterr) (1 +terg) 20 G-er ~(er+--+ei-3)

(accumulatively, need < |di|n? + |di-1|n? uses)

d di-1 P
B (e +-ter1)B—(e1++er-g) """ F-e1 00

(totally, need < (|di| +---+ |di[)n? < n® uses) O

|
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di-3 f]
Qg G 'O (e) pntey_ ) Bler+ b 1)B (e urterg) B—(e1+ter-a) B (er+t+er_1)
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Proof of Theorem 3.8. By part i) of Lemma 3.9, we have a presentation
<< a,t;[g,a]=1>>

for G =< a > 1 <t >. Since here G is the semidirect product of the base group B
and T =<t >;i.e,

G=BxT with B=H<a>°,
teT

any element g € G has a normal form as follows:
g=aal - af*t? (ip<iy<--<ig, k20, o, BEZ).

Hence g =1ifand onlyifag =y =+ =ay = =0. Let w =¢ 1 with {(w) < n;

ie.,
i {
w=a®te ...q"t% with Z |ds +Z leif <
i=1 =1

(see Lemma 3.12). Rewriting w in the form () described in the proof of Lemma 3.12,

we find that

— 1 o d d =
w'= aol a-zelaia(elﬂz) e a-l(e;+-°'+e¢-1) =¢ 1 (3'13)

and
gatte =1 (3.14)

Notice that no relators are needed to prove (3.14), since €, +- - -+ ¢€; must be 0. Hence
only the number of uses of the defining relator for (3.13) counts. By Lemma 3.12, the
cost of rewriting w’ in normal form is at most n3. Furthermore, the exponent sum of
each g; in the normal form for w’ must be zero. Thus the number of uses of the given

defining relator for G needed to prove that w =g 1 is at most n3. O
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3.2 The invariance of &

Let

A=2Z[y,...,Yym]

be the polynomial ring over the integers in the variables y,...,ym. Then, as we
mentioned in §2.4, every element A € A can be written uniquely in the form (2.8);
ie.,

A=c+ D Cepen VY
(et y.--em)#(0,0,-,0)

where cg, Ce,,...en €2, €1,...,6m 2 0. Let Y = {y1,...,ym}. Then the length of A

L) = by (N) = |eo| + Y |Cer,.em] (€14 -+ + €m) (3.15)
(e10006m }#(0,0,-+ ,0)

Recall the definition of the width w()) of A

w(A) = |co| + > |Ceryomem (3.16)

(e1,....em)#(0,0,-,0)

thus w()) is the number of monomials involved in the unique representation of A in

the form (2.8).
Lemma 3.17 For any A and p in A, £\ + p) < €(N) + €(p).
Proof. For any A and 4 in A, there exists an integer k large enough such that

A=t D Cepenm B
(‘l ,-...Gm)eD

and

p=do+ Z eyyrem Y1 ***Ynns
(e1,..em)ED
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where ¢, cel,..;,e...: dg, det,...,c,,. € Z and

D={(el,---,€m)|0$eu---,em5k & (31,...,8";)#(0,0,"‘,0)}.

Then
N =leol+ D lCerenl @1+ +Em) -
(el..-..em)GD
and
Lp)=Idol + D) |des,eml (€14 +em).
(e1,..nem)€ED
Hence,
Atp=cotdot . (Coppem T+ eren) ¥ YT
(e1,..nem)ED
and

e(’\ + ”) = lco + dol + Z(el ,...,em)eD Icelvm:e'll + d‘lv"-:eﬂll(el +-- + em)
< leol + Xpey,....en)eD [Cetrmeml(€r + -+ +€m) +
Idol + E(c;,....em)eD ldchmgcml(el + *tt + e"')

= M) +¢(p). O

We define the degree of a monomial to be the sum of its exponents. Then, as usual,
the degree of a polynomial is defined to be the degree of a monomial in the above
representation of the highest degree. Moreover, the lowest term of a polynomial is

the sum of the monomials of the lowest degree. In general

E(Au) < LA)p)

does not always hold. For instance, if A = y; and u = 3, then, {(A) = €(u) =1
and ¢(Ap) = niya) = 2 > &A)€(u). However, given the right conditions, £(Au) <

EA)(p):
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Lemma 3.18 If the lowest terms of A and u are of degree > 2 then &(Au) < £(A)(u).

Proof. Following the procedure adopted before in Lernma 3.17, observe that if A and

s of degree > 2, there exists an integer k sufficiently large such that

A= Z Cetyentm Y1 *** Y
(Gl ,".,Gm)eD

and

B Y deyen ¥
(el'm‘em)ED

where ¢, .. ¢, de,,...em € Z and

D={(er,....m) |0<e1,....em<k & €1+ +en 22}

Then
(A= Y eyl (e1+ - +em)
(e1,....em)€D
and
)= Y el (14 +m).
(er,.-nem)ED
Moreover,
=Y Y Coney YTyt
(e1)e-vem)ED (¢} ,....0)ED
Hence,
¢(Ap)
<

Z(e; yoibm)ED Z(c'l.....e'm)eo Icen.---.emde‘,,-—-.e:.. |((er +€}) + -+ (em +€p))

= Yo, tm)ED 2o(€rme)ED [Ce1meme, . [((€1 4+ - + em) + () +--- +ep))

TAY

3 (et rem)ED E(c’l,...,cg.)eD [Cer,rntm ety (€1 + -+ + €m)(€) + - - +€p)
(since ey +:--+eq &€ +---+6€p, >2)

= {(\)¢(p). O
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We shall also need the following two lemmas. Their proofs are straightforward and

hence are omitted.

Lemma 3.19 For any A and p in A, w()) < €A), w(A + u) < w(A) + w(p) and

w(Ap) < wA)w(p).
Lemma 3.20 If 4 i3 a monomial then

€M) =€) + d(p)w(A) = le(A)],
where d(u) is the degree of u and c()) is the constant term of A.

Lemma 3.21 For any A; in A,

k k

¢(TTx) <3 [Tew).
i=1 i=1
Proof. Let = = Afy]; i.e., = Z[y,, ..., Ym, ¥}, and let y; = A\;y? Vi. Since the lowest
term of each y; is of degree > 2, we have the following inequality:
k k
o(TTm) < I w).
i=1 i=i

Now
k

(1) <e( 1% =¢(I1)

i=1 i=l i=l

Moreover, by Lemma 3.20,

EAn) = &) + d(p)w(A) = c(A)] < &) + d(u)w(A).

Putting these observations together, we find that

z(f[,\.-) < f[ () +2000) < 3'=f[¢(,\.»). o
i=1 i=1 i=l
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We will, throughout this section, assume that F, K are free right A-modules and that

N, P are submodules of F, K, respectively where

E={§l,'-',£k}l F=<E>’ r‘={71!"‘77‘}’ N=mdA(r)’
O={m,...,m;}, K=<>, A={d,...,6}, P=mdr(A).

We adopt this notation in the following lemma.

Lemma 3.22 Suppose that M is a finitely generated A-module and that L is a sub-
module of M. If L is a retract of M, if M 2 F/N and if L 2 K/P, then there are
homomorphisms ¢ : K — F and ¢ : F = K which induce ¢ : K/P — F/N and

¥ : F/N = K/P such that y o ¢ : K/P — K/P is the identity.

,,Proof. Let

M2 FIN =<§,...,6i7,.- N>

and let

LgK/P =<7r1,---,1rp;6l,.-.,50 > .

Since L is a retract of M, there are homomorphisms ¢ : L + M and ¥ : M = L
such that ¥ o ¢ = id.. Now, identify L with K/P and M with F/N and choose
words v; in F and u; in K such that s + N = ¢(m; + P), i = 1,...,p and let
u,-+P=$(E,—+N), j=1,...,k Then we define the homomorphism ¢ : K - F
by ¢:m— v, i=1,...,pand the homomorphismy : F - Kby ¢ :§j—u;, j=

1,...,k. Then ¢ and ¥ have the desired properties. O

Proposition 3.23 Suppose that M is a finitely generated A-module and L is a retract

of M. If Py and P are finite module presentations of M and L, respectively, then
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there are integer constants k,, k3, k3 such that the inequality
®p, (n) < ka®p,, (kin) + k3n

holds for all n; i.e., ®p, < Pp,,.

Proof. First of all, let

pM =<§1:-":€k;719'"17l >

let F be free on £ = {£,...,&} and let N = mdp(yy,...,). Furthermore let
PL =<1|'1,...,7l'p;61,...,6q>

let K be free on I = {m,,...,n,} and let P = mdg(é,,...,d;). By Lemma 3.22 ,
there are homomorphisms ¢ : K = F and ¥ : F — K such that —m; + ¥(é(m)) € P
foralli=1,...,p. Let & = the length function on F and let £;; = the length function

on K. Then define the four constants ki, &}, k3, k3 :

ki = 9K,

ki = max {&(é(m)),i=1,...,p}h
ka max {APL(¢(7i)))i =1,..., l}:

ks = max {A'PL(—WI’ + ¢(¢(1rl'))ti = 11 oo ,P}-

Given any n, let w be any word in K with

P P
w= Zm'fi, fi€eA, Giw)= zf(fi) <n
i=1 i=1

Moreover, if w € P, then ¢(w) € N. We then have

{
¢(w) = %gi for some g; € A
=1
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such that
l

Y w(g) = Apy (B(w)).

=1

Then

{
| Y " w(g) = Apy ($(w)) < By (E(d(w))).

i=1

We claim that the following three inequalities hold:

i) Ap,(—w +P($(w))) < ksly(w);
i) Yioy w(g) < Bpy (kb (w));

ili) A‘PL (1/)((]5(11)))) s k2 Z:’:l w(g.-).

To prove i), notice that

|

|

| 3 y

‘ -w +9P(d(w)) = - me" +¢(¢(z_;7r'f'))

=1

P

==Y mfi+ Y (dm)fi = Y (=i + b((m)) f

i=1 i=l i=1
Let
q
~m + (B(m)) = ) _ 8igis
i=t

for some g;; € A such that

Dy (~mi + P((m)) = Y w(gij)

j=1
and so
q

Y wigiz) < ks.

i=1
Moreover,

p q q P
—w+ () =) (25:'%) =226 sish

i=l  j=1 =1 =l
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P
O, (—w +9($w) <Y w ( > gi.jfi)

j=1 i=1
P q

i Y wlgiw(f) =) ( 3 w(gia')) w(fi)

Jj=1 i=1 =l j=1
p

< kazw(f.) < ks Y Ufi) = ksl (w).

{ =1 i=1

This proves i).

To prove ii), recall that

» P
w=Y mfi, fw)=) &fi)<n.

; Then,
$(w) = Z‘ﬁ(ﬂ'ﬁ)fi-
Let
k
#(m) = Z:Ejhi.i, hij € A
Then,
k
£e(o(m)) = ) tlhy) S K.
Jj=1
So
p k k P
bw) =Y (o ems)fi=D & hits
=l j=1 j=1 =l
Hence,
k P kE »p
(o) =2 (Y mah) <D hisfd
j=1 =l i=l i=1
k
<O Uh ) =93 (T ana)ecs)
J=1 i=1 i=l j=1
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< 9K \ie( ) = kuly(w).

So we have -
}l::lw(y-') < 5, (6=(4(w))) < Pp, (krln(w))-
This proves ii). )
| To prove iii), recall
ky = max {Ap, (¥(1:)),i=1,...,1}
-
#(w) =§%-9.--
Y(d(w)) = 'z:; Y(%)gi.
Let
¥m) = Zi;@m, pij €A
| such that i
Ap, (Y(m)) = Zi;w(l’u)-
So,
Zq;w(pi.j) <k, Vi
Then, ,
Y(d(w)) = '2:; (il 5:'?-'.;’) %= ,z: & :-ZIPi.igi-
Hence, J
Do, (W(B(w) < gw(gmﬁ) < ggwma

| ,
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<D wima)(s) Ew(s«)(zw@..,)) < kazw(y.)

j=1 i=l i=1 j=1 i=1

This proves iii).

‘ Now if w =, 0 and w = ¥(d(w)) + (w — ¥($(w))), then

Ap, (w) < Ap,(Y(d(w))) + A, (w - P(d(w)))
< k Z.-L w(g;) + kaép(w) (byi) & iii) )
< ka®p, (kily(w)) + ksbiy(w) (by ii) )

Hence, by the same argument as in the proof of Lemma 3.3, we have
®p, (n) < k2®p,, (k1n) + k3n V n;
i. €., @pb ‘I’p“

Theorem 3.24 If P and Q are two presentations of the finitely generated A-module
M, then

Q‘p = QQ.

Proof. The module M can be thought of a retract of itself. Then, by Proposition

3.23 &p < Pg and g < $p. Then, ¥p =~ Bg. This proves the theorem. O

As before we term any one of the functions in the equivalence class of, say ®g, the

isoperimetric function of M and denote it simply by ®,,.
Combining Proposition 3.23 and Theorem 3.24, we obtain the following corollary:

Corollary 3.25 If L is a retract of M, then ®; < Oy

‘\
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3.3 Connections between the isoperimetric function of a finitely
metabelian group and that of the underlying module

Suppose that G is a finitely generated metabelian group generated by a,,...,a,. Let

A=G'and T =G/G'. Then G is the middle of a short exact sequence
A9G-»T (3.26)

and A can be viewed as a module over the integral group ring ZT of T, where the

action of T on A is defined as follows:
aet=g"'ag (a € A g€ G,t=gA).

Throughout this section, we will denote a @ t by a* and write elements in the module

A multiplicatively (see (2.3) in §2.1). It is easy then to prove the following lemma.
Lemma 3.27 G', viewed as a ZT-module, is generated by the elements §; ;, where
Bij=laiaj], 1<i<j<m.

Notice that ZT is a finitely generated commutative ring and hence is isomorphic to a
quotient of a polynomial ring in finitely many variables. For instance, suppose that
T=< tly--'atrmtm-#h“'stm-f-l;t:‘u-(»i =1 (1 <i< 3): [tjatk] =1 (1 SJak < m+3) >.

Let ¥ = ZT and let

A= z[zll ooy TmtasYly-eny ym+l]°

TA/mdp(ziyi—1(1<j<m+s), 2 ;-1(1<i<3)).
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In other words, given any finitely generated abelian group T, its group ring ZT can be
lifted to a polynomial ring A; i.e., there is 8 homomorphism ¢ from A onto ZT. Hence
any ZT-module can be viewed as a A-module, for example by defining an action of
A on G' by

aef=a* Vaed,

So by Lemma 3.27, G’ is generated as a A-module by the §;;. Consequently (see

§2.5), G' is a finitely presented A-module.

In order to study the connection between ¥ and g, we will compare the length
function £ on the free metabelian group << a,...,a, >> and the length function

¢ on the free A-module < §;; (1 < i < j < m) >, where, as above,
A=Z[z,....Tm\%1,-- -+ Ym)-
Let t; = a;G'. Then, ifz € G,
Pimh=m g Wi=2 =2% Vij.
Now if w = w(ay,...,6y) is a word in the given generators of G and if w € G', then
w can be re-expressed as a “module word” w’ = w'(B.3,...,Pm-1,m) in the generators
Bij (1 < i <j < m) of the A-module G'. Notice that if w =g 1, then v’ =¢ 1. We

compare the module length & (w') of w’ with £(w). We will adopt this notation in the

proposition that follows.

Proposition 3.28 Let G be a finitely generated metabelian group, generated by the

elements a,,...an and let w be a word in the generators of G of lengthn. Ifw € G,
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then w can be rewritien as a A-module word w' in the §;; with
f(uw') < O(nt).
To prove Proposition 3.28, we need the following:

Lemma 3.29 Suppose that p and g are any two positive integers. Then
i) [af, a?] = ﬂi,j Eiost 21;;:;;

i) (a7, af] = f; e d T,
i#i) [a?, ;%) = B - Il Tiad],

iv) [0, 07%) = By o ¥ T,
Proof. Recall:

[ab, ¢] = [a, c]'[b, cl,

@, be] = [a, c][a, b]°.
First of all, we claim that

(&% a5) = B, T= vpeN.
It is easy to see
[0}, a;] = [ai, 0;[as, a5] = B; ;% By = Bij

Suppose that

-1
[af, 0] = B;; Zi=  for some p.

Then,

[agﬂ, a;] = [a},a;]%[ai, 0] = (ﬂ".i 2!:54')“ Bis = iy zz..,ze.
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So, by induction, the claim holds.
Similarly, we have
-1
[o,0f] = B, D= VgeN.
Hence,
] = [ay,of] Theat = g, TS gy geN,
Secondly, we claim that
[a:%,8] = B R VpeN.
Since
- H -l -—
1 = [aia; laa.i] = [a,a5]% [o; l’aj]a
we have
- _p=t _
67, 05] = (i, 0] = B;; ™" =B
Similarly, since
- -a -
1= [a?ai 21“1'] = [a'?,a,»]"‘ (a; 2sa:i]

and z;y; acts as the identity, we have
- -2 -y - -
[at'-z’a.‘i] = [a?,aj] % =By #itl) V= Bij vl

Suppose that

- (3
67, 85] = B;; “Z** for some p.

Then
[a,- ’_11 a:'] = [a: ’ ai].‘-‘ [ai- la ai] = ('Bi.:‘ -8:,.133) v‘ﬂ‘-"-v‘

-SSP +1 _ sl
= (B St )ﬂi.i-" =B, E.-wf-
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So the claim follows by induction.

Then, for all p,q € N,
[ai-P, ag] = [ai-r’ aj] i — (ﬁi,j - ) Tios — ﬂia' S T z}

This completes the proofs of i) and ii). The proofs of iii) and iv) are similar and are

consequently omitted. O

Next, we calculate the module length of these typical commutators.
Lemma 3.30
£(laf,af) =1+l (p+q-2)
£(lo;",af) = Elip+9)
£(la},a;) = Bp+ )
¢(lo;?,0;) = Blip+ 9 +2)
Proof. According to Lemma 3.29, we first find that
£(af,af) = (it T 7))

Q1+ + 22+ + 27" + Uz + iz + 275 + - + 22 7'))

oo e(z;—l + z,-z}'l + z?z}"l +or 4+ If-lzg’-l)

1+1+4+2+---+(p-1)+(1+2+---+p)

+oot(@-1)+g++(Pp+a-2)
R s A o

1+8[(p-1)+(@+1)+- +(p+29 - 3)]

1+8(2p+2¢9-4)

1+8(p+q-2)
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Next,

e(la?al)) = &0 X

Ly +ui + -+ o) + &uizj + iz + - + o)

R o/ (72 Y.L P SRR Y -y
= 1+2+-+p+(2+3+:-+(p+1))

+o+ g+ (g+1l) +-+(p+q-1)
= ) ded) . et

= ?(p-{'-Q).

Similar calculation for the other two cases. O

Lemma 3.31 Let G be a finitely generated metabelian group, generated by the ele-
ments a,, . ..y and let w be a word in the generators of G of lengthn. Then w can

be rewritten in the form
ad ...admy,

where w' € G’ is expressible as a A-module word with
f(w') <O(n').
Proof. Let w be a word in the generators of G of length n.
w=a;'e - -a::"
where i; #ij4 forall 1 <j < k-—1and |e;, |+ |e,|+---+ e, | =n.
Notice that w can be rewritten in the form:

aftag---apr [[;'Vius or alial---air [TV,
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where d; are integers, V; are commutators and u; are words in << ay,...,a, >>.

We now rewrite w in the form above, keeping track of the least number of com-
mutators that arise in the process. Compare i, with #;_;,%k-2,...,%;. Notice that
the case which gives rise to the greatest number of commutators is that in which
ik < dg—1,%k-2,- .-, 41, since in this case each a;, will need to be moved to the most
places from right to left. So a::" has to be moved to the front by adding one appro-

priate commutator at a time; i.e.,

v = a::l ot “a:':“::‘“z" 1.[ ::t'l ’au
- o e e )
- G A
=t eeagttantant ety o] 0 et (6t ot i [o5y" a5
= al el e e o e
o2, o [ )
e 20%3.,..0 -1

= Ok %1 % St ‘t"i 1a;a
= 65,0 a;’ - at ["ﬁa ;] e

Cin-3 ¢( _ 0; -1 [aSih-2 Ci 0‘ Cip—1
[alg..a ’au ] A=3 Tk l [alg_z ! l k= ‘ [ lh_x ’alg
Let
o a0, ~agt=t Cir-3 Gy Pl M
W [a“ % | R is 1 Gi, ] -2 Ta- .
oo
Cig2 Cig~1 _Cq
[al]..z ’alg “ l [ai -1 ’al ]

Now compare ix—) with i3, %x-3,... etc. Again suppose that, the worst case, #;_) <

ig_z, ig_s, ooy il. Then

oiy %
iy ..o k-2
a_ ceegh-2 ““‘]"z %y “%ya

Cig—1 ef‘
-2 aﬁ ’a'i-l

e,
w = a“ a“_‘

Cip - iy iy €y Cig
[a,.':“,a‘ . l].“ -3 .‘.-z [ :.;"al':.g‘].‘h -2 [ l:.:’ai:_g‘]wk’

Reproduced with permission of the copyright owner. Further reproduction prohibited without bermiés-io.ﬁ.



50

Let

Sig-3 %ix-3

[

..[a.""‘ e"""]“‘h s Yikoa .
th—-d ' SRh—1

*ig-3

_ Cig-1 0« 01’ ~8g
Wiy = au N P ] 3 iy k-2 .
Cig-s "n 10‘ b ‘h—
[al.-g ) lg 1] k- 2 [au_z ) lg- ]

Continue the process and suppose the worst case all the time. We find

e‘k e‘h_ C‘l
w= in Qiy_y 6 Wy~ Wg
where
iy -1 ®i.z Si-g
Gi, C‘ G‘ G‘ v “_3 a‘ 0‘ .
w [a“, "] 2 Sy %o [alt-a’ u] (-2 V-1

]" = [a;‘l- ' &y ]2

uz"l 1

forall2<(<k. Let w' = [I,=2 w;. Then

k
¢(w) <) (w).

1=2

Finally, let’s compute &(w;), | =2,...,k. By Lemma 3.30, we get
e(eaf) < Bl + ol +2) Vpg e 2.

By Lemma 3.29, [af,a]] = ﬂ,{,- for some f € A with w(f) = [pg|. Furthermore,
(fg) < &f) + d(g)w(f) for any monomial g € A, by Lemma 3.20. We then obtain

£(e?,a1%) < B 1p) + Ig] +2) + (o) Ipal. (332)
So,

£w) < (Hleaieallen +lexl +2)) +
(Sleicaullesal + lex] +2) +leqseal learil) +
(Sle-sulleil + lei| +2) + lesseal (leacal + leai)) +

+ (HeseulClen] + leal +2) + leweul (en] +--++ lesi]))-
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Then, we have

k
YLw)< T lened+y 3o leileid

=2 1<s<t<k 1<a<t<k

1
+3 Yo ledlel+ Yo leieiel.

1<s<t<k 1<r<a<t<k

Notice that

E lei,eq| < Z lei, |lex, | + -+ + lea]) < n?; (3.33)

1<s<t<k 1<s<k

Y. lealleal < D leallenl +-+leal) < Y lealn<n’y  (3.34)

1<s<t<k 1<s<k 1<s<k

Y leeal< Y ledl Y lenel < Y leiln® <nt. (3.35)

1<r<a<t<k 1<r<k r<s<t<k 1<r<k

Hence

k 4 4
<Y UL L ‘
?(w') < ‘=2£'(w;)$n tg g ~ O(n'). O

Proof of Proposition 3.28. By the hypothesis, w € G’ with {(w) = n. We let
w = b{'b3 - - - b,

where b; € {a1,82,...,6m}, 0 # ¢ € Z, and 2:-‘:1 leij = n and the exponent
sum of each b; must be zero. Use the same stratege in Lemma 3.31, all & will
cancel out after adding appropriate commutators; i.e., we can express w as w’, a
product of commutators §; ; and their conjugates and keep track of the least number

of commutors arising in the following procedure:
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First of all, we begin with b;. Suppose that b;,, b;,, ..., b; are letters which occur in

w and are actually the letter bx. We then view w as

€4 €4 4§ e
w=1ug b ' u b ua---b' w b,

where
= hElLRe2 ... pEi1—1
Ug - bl b2 bil-l '
_ pEa+ipli 42 peia-1
Uy bil-H bi|+2 ig—1 1
_ Cig 141,86 +2 € -1
U1 = bl'(-l-(—l bl"_1+2 e .bt'g—l H
— St G2 gey
w = bi;..,l-H bi‘+;+2 b

Move bg* to the right hand side of b::‘ across u; by adding the commutor [u;, bg*]. If
lei, + ex] = 0, work on the previous b in the same way. If not, then move b:“”" to
the right hand side of b::‘_-. ' across u;_; by adding the commutor [u;_, 55" "], and so

on. Therefore, without any loss of generality, w can be rewritten as

—_ U2 Y| rerll) Ui~ 8 Y,
Wy = Ugtiy vyt M 0 3 T ),

where

Vi) = [u,-_hb:"i“‘ﬂ'l"”’"‘"“t*‘i] G=2...,0) & vy =[u,b]

Now let

Pj = {ijaij-(-l)"-:ihk};

RS
[

{aeN|ij<a<k&aisnotin P};
pi = EaeP, leal;

dj = ZOED’ ICOI’
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Next, we shall see how v;?{***"* being presented as a module word. Clearly, ujuj,- -4

is just a monomial with degree < d;. Moreover, let p=3_,cp, €a. Then

- [+l l+’ b‘tj-l b ‘j+c‘j+l+ “fe(""eb]
Uj..[ - [l,'...[-H. (7 142 ° tj—l!

g — b -
[ tj 13:11 *e le,'j 2’) F‘] ‘j-l [b:j 1le]

_ [ e(,-,'n c-,-a b, _;251‘ [ e¢ -2 ‘!“ [ e‘ -1 ]
- ij-141 11—3’k ﬂ’k ij—-11"k

tj—1+2

.
€ 1+1 b b 3 ‘j" b‘ —l ;-1
lj,.1+l :b’] f-142 T l ) l -2 7b:] i [blj-l ’b’k,]

As we did in Lemma 3.31 (see (3.32)),

G

IA

%let'j-1+l”pl(|et'j-|+ll + Ipl + 2) + |et'5-1+l”p|(leij-l+2| i Iei;—ll + dJ)
+3ei;_1+2]Pl(lei;_1+2] + 1P| +2) + |ei;-, +2lIpI(leis- 43| + -+ - + lei;—1| +dj)

++++ ey 1 |lpl(les;—1| + o] + 2) + lei;— |lpldy)

Ip|(Jes;oi+t] + -+ + leg—1]) + 51pl(l€ss 141 + - -+ + |eg-1]?)
+11p2(les; 41l + -+ - + leg;-1]) + Ipldsi(les; - 41] + -+ + |€q;-1])

+Ipl Za,ﬁEDj-l-Dj & a<B |3a“eﬂ|

IA

pillei_ 1| + -+ + lei-1]) + §pi(lessou w1 ? + -+ + lesy-1[?)
+503(leiy_ 41| + -+ + leg—i]) + pidjles_ 41| + - + leij-)

+pj Za,aen,-.-D, & a<f lealles]

pi(lei_ 1| + -+ + lei;—1]) + 3pi(leso 1 2 + - - + i1 ]?)
+% 216?! le‘ylz([efj—rl'll +--F leij-ll)
+ 2, 8eP; & 1<6 leves(les;_o+1] + - - - + lei;-1])

ﬂjdj(le‘i-l‘{’ll +eet 'e‘.i"ll) +p1 EMED;-[-D,’ & a<f leﬂlleﬁl'

‘\
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We see that & (v;7}*'"™) is bounded above by a number which is pretty much dealing

with D;_, — Dj. It is then not too hard to check that

U Uy, Uy TR Rans TR T}
€ (v ey Y v)

does not exceed n' + n3 + n? (see (3.33), (3.34), (3.35) in Lemma 3.31). Now, let
Wa = UgUy ** Y.

We again begin with the very end letter and find the occurrences of the same letter
across wq just as we did to w,. Clearly, all b, no longer occur in w; and so e, (v € P;)
will not happen in the calculation. Hence, accumulatively, the module length so far
is still bounded by n* + n® + n2. Continue the process and use the same argument,

we have £ (w') < O(nt). O
Theorem D will then follow almost immediately.
Theorem D Assuming the notation above, if A=G' and T =G/G', then

B(n) < Ba(n).

Proof. There exists a “preferred presentation” of the metabelian group G which is
obtained from the modul presentation of G’ and the group presentation of G/G’ (see
[BCM] for details). Since G is finitely generated, we should have a finite metabelian
presentation by dropping lots of relations in the preferred presentation. By Proposi-
tion 3.28, we get

®¢(n) < e (n'). O
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4 Isoperimetric functions for wreath products

4.1 Preferred metabelian presentations

In this section, we shall show, by examples on wreath products, how one can obtain
a “preferred metabelian presentation” of a finitely generated metabelian group by
using the idea first introduced in [BCM], so-called preferred presentation. First of all,

we list all the examples we will be focusing on:
o Let W), be the wreath product < a > ! < t > of the infinitely cyclic groups on
a and ¢, respectively. It will be presented as:

Wi =<< a,t; [a., t]a = [a, t] >>.

e Let W), be the wreath product < a > 1 T, where < a > is the infinitely cyclic

group on a and T is the free abelian group on ¢; and ¢,. It will be presented as:
Wi =<<a, t, ta; [tl.,t?] =1, [av tl]‘ = [a’tl]’
[a,ta]® = [a, ta), [, 1] = [a, ta]" ! >> .

o Let W3, be the wreath product A ! <t >, where A is the free abelian group on
a, and a3, and < t > is the infinitely cyclic group on ¢. It’s presentation will
be:

Wy =<<a),a3,¢; [al: a?] =1, ["lat]“l = [al.atlv

[ala t]“3 = [al.s t]a [a2’ t]m = [021 t]a [02; t].’ = [02: t] >>.
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o Let Wy be the wreath product AlT, where A and T are the free abelian groups

on a, and a3, and ¢; and {; respectively. It has a presentation as follows:
W =<< ay,a2,t,t; [al,agl =1, [tl,tql =1,
[al.,tl]‘ll = [alytl]’ [alatl.]cz = [ahtl]a [alrtﬁlm = [altt2]1 [alatﬁ]” = [ah t2]!

[M,tl]al = [a21t1]1 [a’btl.]ﬂ2 = [Oa,tll, [a'ﬁa t2]¢l = [0.2, t?]s [a21t2]“ = [02: t?])

[01,t1]¢2—l = [al,ta]tl—l, [aa,tlltz-l = [a:,t:]“-l >> .

e Let Wy, be the wreath product of A!T, where A and T are free abelian groups
of rank m and n, respectively. Then, W, has a metabelian presentation with
generators:

ah“')ampth”'atm

and with defining relations:
[ai,a] =1 1<i<j<m),

[tutil =1 (1<i<j<n),
[ai, t5]™* = [ai, ] (1< i,k <m, 1<j<n),

[ai £t = [ai,ta]™" (1<i<m, 1<j#k<n).
o Let W be the wreath product of Al T, where

A=< 01:---,%»%-&1:---,%#;03“=1 (1Si Sr)s

(0] =1 (1<i<jSm+r)>
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and

T =< tls'")tnrtn+l’-~-:tn+l;t:j+j=1 (15153)9
[t.',tj]=1 (1$i<j$n+s)>.

Then, W has a preferred metabelian presentation with generators:

[ PPN TS TP PN
and with defining relations:

aPi

+|'=1 (ISIST), tg:.ﬂ':l: (ISJSS),

[@,8] =1 (1Si<j<m+r),
totd=1 (1<i<j<n+s),
(@i, tj]™ =[as,t5] 1<ik<m+r, 1<j<n+3s),
[0t =[aut]¥™ (1Si<m+r, 1<j#ERSn+s).

Secondly, we introduce what is meant by a preferred metabelian presentation. Let G

be a finitely generated metabelian group. Choose a finite set of generators

91292)"'!gp:ul,uz,-..,uq

in such a way that gy, g3, . . ., gp generate G modulo its derived group G', uy,u, ..., Y%,
are contained in G' and their normal closure in G is G'; i.e., G' is generated by the

conjugates

!
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where i ranges from 1 to ¢ and w ranges over all products of the form
w=gi'gy" gy

where the exponents 7,7, . .., 7, are integers. Since G' is a finitely generated Z(G/G')-
module and so, by Hilbert’s Basis Theorem, is finitely related. Each of the relators,

written multiplicatively, can be written as products of the form
(uf')® - - (ug?)™,

where the n; are integers and w; are words of the form taken by w. This means that

we can present G, as a metabelain group, as follows:

<< glag2a"°:gpauth""auq; RlaR’hRf’ >>, (41)

where

i) R, consists of the relations that express the fact that G/G’ is a finitely presented
abelian group; i.e., take all of the commutators of all of the generators gy, g,...,9
with each other and express them as products of conjugates of the module generators
Uy, U, . .., U

ii) R, consists of the relations which define the fact that G/G" is finitely presented as

an abelian group. So these take the form
w = a product of conjugates of u,,us,...,u,

iii) R consists of the defining relators for G' as a finitely presented Z(G/G')-module.

The presentation of (4.1) is called a prifenvd metabelian presentation of G.
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We now try this out with the wreath product W), =< a > ! < ¢t > of the infinite

cyclic groups on a and ¢, respectively. Notice that W,,/W/, is a free abelian group

on a and ¢, modulo W{, and W{,, viewed as a Z(W,,/W},)-module, is generated by

( u; = [a,t] and defined by the single relation
uf = u.
| The procedure above then gives us the following metabelian presentation for W),:
<<yt up;a,t] = v, ut = U >> .

Notice that since W), /W], is free abelian, we do not have any relations to add to the
“abelian presentation” for W,,/W}, - we need only the first type of relation, ensuring
that Wy, /W], is abelian. And we need only one Z(W,, /W{,)-module relation. So, by
a Tietze transformation, we can throw out the generator u, and the relation [a,t] = u,

‘ yielding the presentation
P =<< a,t;[a,t]* = [a,t] >> .
To see that P,; is really a presentation of W;;, with the result
Wy =<<a,t;[a,a'] =1>>
in part i) of Lemma 3.9, we claim that

<< a,t;[a,t]* = [a,t] >>H<< q,t;[a,a"] =1>>.
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It suffices to show that [a,t]%[a, ]! is a conjugate of [a, a‘]:

[6,0°la,t] " = e 'a't'ate-t'a"'ta

= a7 g, t"'a"'t]a
= a~'[a,a7a

= ¢ 'a,a*%"a

]_al—l

[a,at
On the other hand, we present W], as a finitely presented Z(W,,/W},)-module in the
following way:

L =<uul =y >.

Next, we try

Wi =<a > 1< t),ty; [tl,tz] =1>.

Then W)y/W}, is free abelian on the cosets of a,t;,t; and W}, is the normal closure

of uy = (@, 1], uz = [, ;) presented as a Z(Wi3/W{;)-module as follows:

t3—-1

1 v y® — - — ti=l
Wi, =< uy, ug; uf = 1,43 = Uz, 47 =ug" >.

Then we find a metabelian presentation for W);:

<< a,t,1t3, Uy, U3; [aa tl] = Uy, [av t?] = Uy, [tl, t?] =1,

ta—1

| W =u,ul = upul  =ul T S>>

By using two Tietze transformations, it can be re-written as
P =<<a,ty,t;; [tlrt?] =1, [a) tl]. = [a) tl]:

[a,23)* = [a, 23], [a, 1] " = [a, 23]~ >>.

i , ,
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To see that P, is a presentation of W),, we observe that
Wi = <a>l<t1,t2;[tl,t2]=1>
= <a,t;,ts; [tl,tQ] = 1,[0,0‘{‘%] =1 (Vi,JGZ) >

= <<a,t,ta[t,ta) =1,[a,a"] =1,[a,a"] =1>>.

This observation is not difficult to prove and so is omitted. The thing we shall prove
is that
P2 << a, by, bg; [t 8a] = 1,[8,a%] = 1,[g,a®]| =1 >>.
Clearly, [a,t;]*! and [a,t3]°"! are conjugates of [a,a®] and [a,a"], respectively.
Hence, it suffices to show that [a,?,]*"[a,3]'™ is a conjugate of [t;,%5] which is
obtained by the reasoning below:
[a,t1]~ o, t2]' " = [a, t:1][a, 1] "(a, ta][a, o] ™

= t7la 't atity - e e - o g aty - 7 i P et

a~'t7taty - t7'a e at ty - £ 7 " gaty - £ e

a7t atyty - 87 5 la " Hgtha

a7l et 87 o gt a

a7 T ettt o ey tat T Hatha

a—l [tl—l, t;l]a"h 62 aa—lt;lt; ltzt[a

[tfl: t;l]a-'c| m[t,, t1]"

[tlr tg]tl-l‘;l“-l‘l"G[tg, tl]o

= [thtz]t,'lt;‘a"‘tltao[thta]—a

o a5 0 e,

Similarly, in the case of

Wa =< a1,a3;[a1,82] =1 > 1<t >,
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again Wy, /W), is free abelian on the cosets of a,, ag, t. Let v, = [a,, ] and ug = [ay,t].

W}, is the normal closure of 4, and u; and has a Z(W3, /W;,)-module presentation
Wy, =< u1, ug; ul! = up,ug' = ug, up? =u;,u =ug >.
Wa, is then presented by
<< ay,a,t, U, Ug; [@1,82) = 1,u; = [a), 1], u2 = [aa,t]

a a a
uf' = u,ug' =ug,u? = U, u =ug > .

By using two Tietze transformations, we obtain
P?l =<<ay,a,t; [alvaﬂl = 1) [al.at]ml = [al;t]r

[a"bt]al = [aﬂitlr [G]_,t]“ = [al:tlr [Gg,t]“ = [a21t] >>.

Now we need to indicate the following two remarks:
Remark 4.2 Given a group G,

[0, = [b,at]*'" Va,bteg.

The proof is straightforward and so is omitted.

Remark 4.3 When G is metabelian, for any a,b,t € G, if [a,b] =1 and [a,}}] =1

then [a,b¥] =1VieN.

The proof can be done by induction and is omitted.
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Observing, by the remarks above,

Wa = <apagfe,a)=1>1<t>

= <a,0yt; [01,02] =1, [01, ai‘] =1, [aﬁyag] =1, [al,ag] =1(Vie z) >

<< a,,03,t;[a1,89) = 1, a1, 8] = 1,[az,af] = 1,[ay,0}} = 1,[az,0a8] =1 >>

one has the isomorphism
Pa << a1, a2, 8 [a1,67) = 1,[a1,a}] =1, [az,0}) = 1,[a1,08] = 1,[az,a}] =1 >>

by showing

[61,6f] = ai'az'aia}

ar't'ay 'ta t " agt

ar'taz'ta ap07 't agt

[tah (12] [aﬁy t]

= [tr aﬂ]m [alr 02] [az, t]

[al: 02][04, t]l-al .

In this way, one can try Wy, as well as all torsion free cases; i.e., Wy Ym,n € N. In

Theorem A, we will work on the most general case.
Theorem A Let A and T be finitely generated abelian groups, say

A=<ay,...,0;m,0mi1r-- 1 0miriOmes =1 (1Si<T),

[ei,05] =1 Q1Si<j<m+7)>

and

T =< th'"1tn:tn+la---1tn+l;t=j+j= 1 (1 Sj < 3)!
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tt]=1 1<i<j<n+s)>.
Then the wreath product

W=A1T
can be presented in the form:
<< Bpyee oy Omtrsblye e tngs; Gy =1 (1<), tH =1, (1£5<39),
[ai,a5] =1 1<i<j<m+r), [titj]l=1 (1Si<j<n+s),
(@i, t]* = [ai,t;] 1<i,k<m+r, 1<j<n+3s),

[, ti]* " =fapta)™t 1Si<Sm+r 1<j#EkSn+38)>>.

Proof. By the procedure in presenting W in the form of (4.1) we let
uj=[a,t] (1<i<m+r, 1<j<n+s).
Then the generators are
g;(1<ism+r), t;(1<j<n+8),u;(1<i<m+r, 1<j<n+3).
Clearly, R, consistis of
gij=[atl1<i<m+r,1<j<n+3s).
Since W/W' is an abelian group generated by the cosets of
6 (1<i<m+r)t; (1<j<n+s),
where a;W’' (1 < i < m),t;W’ (1 < j < n) are of infinite order and

am4iW' is of order p; (1 <i <),
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and
tn+;W' is of order g; (1 < j < 8),
eventually, R, only consists of
[aa]=1(1<i<m+r), [tiyt]=1(1<j<n+s)
e =1(1<i<r) and t,;=1(1<j<s).

Now while viewing W’ as a Z(W/W')-module, we have the relations in R; as follows:

W =1 (1<i<r 1<j<n+s) (1)
U Rt (1 cigrn 1< <n+s) (@)
Upgir i toRd Ry (1gign 1€ S0t (3)
Uy B L (1gigman 1S5 <) @
ui'“+3;$!-l)+‘:gj T gl 1 =1 (1<i<m+r 1<j<s) (5)
Ut = uy (1<ik<m+r, 1<j<n+s) (6)
uy ' = ul (1Sism+n 1<j#kSnts) (7)

The relations in (1) are easy to obtain by the following

Remark 4.4 Given any group G, for anya,t € G, if [a,a*) =1 and a® =1 for some

p €N, then [a,t]P =1.

The relations in (2), (3), (4), (5) are given from the following

Remark 4.5 Given any metabelian group G, for any a,t € G, p € N, one has the

two identities below:
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(i) [a?t] =]a, t]c’"+n"’+m+a+l,.

() [P, t]*'"" = [a,f]o" 07+ b 4L
Moreover, if a® = 1 then the right hand sides in both (i) and (ii) are actually equal to

the identity.

The relations in (6) and (7) are as the same as those we did in W); and W3, respec-

tively.

Finally, putting everything together and using a few Tietze transformations we have

the presentation as required. O

It is worth to point out here that the commutator subgroup W’ of W can be viewed

as a A-module, by lifting Z(W/W’) to A, where
A=2Z[z1, ..., TmirsY1s- - Ymars s oo Entas Ty o o Tt
with the homomorphism ¢ from A onto Z(W/W'), by
Timr e, Yirra, §rtjand it (1Sism+r 1<j<n+s),
and has the following module presentation with generators:
ij 1<is<m+r 1<j<n+s)

and with defining relations:
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wi=1 (1<ig<n1<j<n+s) (1)
umﬁ?" el (1<i<r 1<j<n+s) @
g R 2 ) (1<igr, 1S5S0 a) (3
ui,n§+3l+di3z+"*‘"+’+‘ =1 (1<i<m+r, 1<j<s) (4)
ui’u":-';?;l+n:’;~;2+--—+nu+;+l =1 (1<i<m+r,1<j<s) (5)"
upt = uyj (1<i,k<m+r,1<j<n+s) (6)
ult =u (1<i,k<m+r,1<j<n+s) (6)"
ufs-“:uf:’,'l (1<ism+r, 1<j#l<n+s) (7)
uiy™ = u (1<i<m+r 1<j#l<n+s) (7"
ugd = ug; (1<i,k<m+r,1<j<n+s) (8)
uf® = i (1<ism+rn 1<ji<n+s) (9

Natice that (1)’ is exactly (1) in the proof of Theorem A; (2)’ through (7)’ are related
to (2) through (7), respectively; (6)” and (7)" can be obtained from (6)' and (7)’,
respectively; (8) and (9) indicate that z,y, and &m act as the identity, respectively.
This presentation will be used in the next section and more detail will be provided

there.

4.2 A polynomial upper bound

It is very interesting that the isoperimetric function of the wreath product of a finitely

generated abelian group by another is bounded above by a polynomial. More precisely,

Theorem B2 Let W be the wreath product of A by T, as described in Theorem A.
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N ifr=5=0,
dw(N) =

anbe-t .
N0 otherwise.

In order to see the main idea in proving Theorem B2, we start with the following
example:
Let G be W),, the wreath product < @ > T, where < a > is the infinitely cyclic
group on q, and T is the free abelian group on ¢, and ¢;. G has a preferred metabelian
presentation as follows:
G =<< a,ty, by [t1, ta) = 1,[a,4,]° = [a, t1], [a, £2]® = [a, 2], [@, 81] ! = [a, ta)0* ' >> .
Notice that G/G' is free abelian on aG',t,G',t;G' and that G’ is finitely presented as
a Z(G/G')-module. Moreover, by lifting Z(G/G’) to the commutative ring

A= Z[zl, Eli &, %,M, Th],

G’ has a module presentation over A as follows:
G =< up, Ug; U = up, uf' = ug,uP ! =,
W =y(i=1,2),ud% =y (i=1,2& j =1,2),
u!! = uy, ! =y, u{-vn = ugﬂ-l)m’u;-m - u(lfz-l)m S .
Here, one can view u, as [a,)), u; a8 [a,4), z, as aG', €, as 1,G', & as $,G', y, as
a~'G', m as t7'G' and 1, as t7'G’. Since z,y,, &7 (5 = 1,2) act on the module as

the identity, the following relations should be added to the module presentation:

uiz"‘ = u,(i =1, 2), u?'" = u;(l =1,2 & Jj= 1!2)'
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Furthermore, for our convenience, we add
W =yl = ug,u{_m = (t'x-l)m,u;-m = u(lfz—l)m
which are deduced from previous relations.
For given any word w =g 1 with {(w) = N, w can be viewed as a module word
w =g 1 with &(w) = L, where £ < O(N*), by Proposition 3.28. Suppose that
w=ulud,
where f; € A and {(f,) + £(f2) = L. By using relations:
W = g0 =1,2),ud" =y(i=1,2& j = 1,2),
uf' = u,u =up, Ul =y, uf =uy
w is reduced to
' = uf'uf
where g; € Z[£1, &2, m, ) and §; and 7; do not occur simultaneously at every involving

monomial in the expression of g;. We call all such g; reduced polynomials. Here, there

are at most £ uses of defining relations needed to reduce w to w'.

Clearly, #(w’) < L£. Since v’ =@ 1 we have ui' = u;%. So, g, is in the ideal

mda(&2 — 1,1 — m). Suppose that

S =£;'pn+f¥"p»-1+---+€3pz+£ap1 + po,

where n is a positive integer, pq is a reduced polynomial in Z[§,,m,m] and p;, i =

1,...,n, are reduced polynomials in Z[§,,m]. Then

a=E—-1h+n,
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where
"N =pPan+Pa-1+ - +p+Do
and
n-1 . n
M=) &) P
i=0  j=i+l
since

G-Dh=g-r=E-pn+ (& = 1)pa_r +---+ (&2 - 1)p,

=G-1D)(E& "+ +a+ )+ (G + -+ + D+ + G+ )+ 1)
=& - 1) P+ & On+Dac1) + -+ Ea(Pat+ o +P2) + (D + - + 1))

Observing the expression of k) above, we see that h, is in Z[£;, £z, m]. Since g; is in

mda(&; — 1,1 — 13), we have
= (1 - m)hﬂ,
where h; is in Z[§,,m,]. Hence

91 = (&~ 1)hy + (1 = m)ha.

Notice that

() <3 ) < o) < £
i=1
and, by Lemma 3.20,
i{(hy) = ie( A Z ) SZe( Z p,) +Zzw( Z )
J=i+l i=0 J=i+l J=i+l
| <nl+ "(”2’ Ve= "("2* Vee %c*(a +1).
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In this way, we also obtain

tfha) < 5EHE+1).

Similarly, there exist k, € Z[¢,,&;, 7] and k3 € Z[£3, m, 7] such that

g2 = (& = D)k + (1 — m)ka,

where for each 1,

k) < 5EX(L+1).
Hence, w’ has the following expression:

w = u{t’z—l)hw(l-m)hz u.gfx =1)k14(1-m)ka

Notice that, by using the defining relations:

&1—

ui"l =uf -m (i-1)m glE-m

1 1 - l-m __
U T = Ug U T =Y

one can rewrite w' as a cyclic module word on either u, or u;. So, suppose that, the

second case, it can be rewritten as
"_ u&&-l)hﬁ(&-1)m'lz+(€x-l)h+(l-'n)kz'

w

Here, there are w(h;) + w(hy) < L£?(L + 1) uses of the defining relations needed to

transform w’ to w”. Let

g= (& = Dhy + (6 ~ )mbha + (& — 1)k + (1 — m)ka.

Then, by Lemma 3.20,

&(q) < (& — 1)hy) + €((6) — 1)mha) :'t((fx = ki + (1 = m)ka)
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< U&1hy) + U(hy) + E(Eimaha) + €(maha) + €((§ — L)k + (1 — m)k3)

< 3¢(hy) + 5€(ha) + €(g2) < ALY (L+ 1)+ L=4L3+ 4L + L.

| Since w"” =g 1, q can be reduced to 0, by the given relations
™ =y (i=1,2)

and the obvious cancellation among monomials in the polynomial g, and hence there

will be at most 4£3 + 4L2 + £ uses of the defining relations needed. Therefore, it

| costs at most

L +L(L+1)+4L% +4L2 + L=5L%+5L7 + 2L ~ O(L?)
wto w v t:w" w”v:o 1

uses of the defining relations to prove that, as a module word, w =¢ 1. Recall:
L < O(N*). Totally, there are at most O(N'?) uses of defining relations to prove

that w =g 1.

Next, we try the example G = W,,,. Recall that W,,, is the wreath product AT,

where A and T are free abelian groups of rank m and n, respectively. Then, Wy, has

a metabelian presentation with generators:
G1y-.-38myt1,..., 00
and with defining relations:
[6i,05]=1 (1<i<j<m)
tat]=1 1<i<j<n),

[a" tj]“ = [ai’t.f] (1<4k<m,1<5< ﬂ),
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(6,851 =[a;, 8] 1<i<m, 1<j#k<n).

G’ can be viewed as a A-module, where

A=z[zl)'-'azm:yls'-’1y7m£1:“-:Emnla'“:”n];

by::,-r—)a;,y.-t—»a,-",f,—r—}t,-,a.ndn,-o—-)t,-“forlSism,lstn,andhasthe

following module presentation with generators:
u; 1<i<m, 1<j<n)

and with defining relations:

D=y, wil = u(1< ik <m, 1< 5,1 <n),

U
z‘_uiqs g,j-ut.,) (1<7'1k<m, 1<J<n)

il =uf (1<i<m, 1<j#1<n),

u" =y (1<ism 1<j#1<n)

For given any word w =g 1 with £(w) = N, as usual, w can be viewed as a module

word w =¢ 1 with #(w) = £, where £ < O(N*). Suppose that

w=TT1T

i=1 j=1

where fi; € A and 31, o0, U(fi;) = L. By using relations:

Thlk

uB =iy, ufF =u(1<ik<m, 1<j5,0<n),

f‘;:um:u;,j-uig (1<i,k<m, ISan)a
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w can be reduced to
m n
o =[TTTu,
i=l j=1
where g; ; are reduced in Z[§,,...,&, M, - .-, 7w); i€, & and n; do not occur simulta-

neously at every involving monomial in the expression of g; ;. Here, there are at most

L uses of the defining relations needed to reduce w to w’. According to the defining

relations:
u&rl:ug—l (1<i<m,1<j#l<n),
uj"=u " (1<i<m, 1<j#1<n),
for each i,

n

%j _
H"iag =¢' 1
i=1

since w' =g 1. Hence, it suffices to count the aid of uses of the defining relations for

the subword

n
r 9ij
w; = Hu.»'j .

i=1

Since w§ =¢ 1,

n
%1 _ ~9i.j
uly = [Juid".

j=2
Hence, g;, is in the ideal md(§ — 1,1 - (2 <! < n)). Let

gir=(E—-1ha+r

for some hy € Z[&1,....&n M, T3y ---,7h) 80d T3 € Z[£1,&,...,&n Ty .- 1 7). So,

ra is in the ideal mdp(& — 13 < k < n),1 —n (2 < | € n)). Same as before
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(k) < O(U(si)?) < O(L?) and &(rs) < O(E(g;y)) < O(L). Then let
T2 = (1 — )k + 5

for some k; € Z[£,&3,...,6n,M,...,7m) and 83 € Z[£1,&,..., 60, Ty By - - -, Th]. So,
89 is in the ideal mda(& —1 (3 < k < n),1 —n (3 £ ! £ n)). Moreover {(k;) <
0(£(r2)%) < O(L?) and £(s3) < O(é(r2)) < O(L). In this way, after finitely many

steps, we can express g;, as follows:

i1 = Z(& -Dh+ Z(l m)k,

=2 =2

where

hi € Z[€1, &y - -2 Ens My Mt 1 - - - Tha]
and

ki € Z[E1,Etrry- -1 Eny M Ty -+ - 5 Tha)

and €(h;), £(k;) < O(L3). Observe that

n n
u'_,l}:?.z(fx-l)h4+2‘.z(l—m)kz = ( H u'(’e‘;-t)m) ( H u'g?-l)mkc)
=2 =2

then there are at most Y 1., w(hi) + Y jaw(ki) < O(L?) uses of the defining relations
needed. Hence w; becomes
n
w! =uf [ 2 ults = (gu(ex-t)ha) (‘I'!u(ﬁ-l)mkx) (1—!" )
i= = = i=

- ﬁ u(fl'-l)hﬁ(ﬁ =L)mki+9:
= i .
=2
Notice that

£uf) € 3046 - Db+ (€ - Dk + 50).

=2
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Moreover,
(& = 1)hy) < E(&uhy) + €(hy) < E(Ry) + w(hy) + €(hy) < 3€(Ry) < O(LY),

(& — Vmky) < UEmkr) + Emky) < €(ky) +2w(kr) + €(ke) + w(ki) < 88(ky) < O(L?),
and

bgis) <L
So,
twi <30 0 = 0(cY

=2
since n is fixed. Let

n

w:! = I'I uﬁu

=2

So, £(3ig) < O(L?). Since w' =¢ 1, again we have

ys 2 H u"‘-ii 3

=3

Therefore, §;3 € mdx(§—1,1-m(3 <! < n)). As we did before, §;; can be expressed

as
n n
Gia= Y (&= Dhi+Y_(1—m)k,
=3 =3
where
i'l € z[fl) 621 Eh see 1Em MMy M+1se -+ 'ln]
and

El € z[fl: 52: El+la sen rem MMM nn]

and £(hy), &(k;) < O(£(5:2)%) < O(L). Then,

2..,(:.-1)m+):,.,(1—mm ( H u(ez-t)h) ( H u cz-l)vnh)
=3

|
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Hence, w}’ becomes

n n n
w'@) = ( I'I ugﬁ:-l)’u) (II us:—l)m&t) (H u?,i‘.l) .
=3 =3 =3

Same as before, there are at most O(L®) uses of defining relations needed and

¢(w) < 2":(8((& — 1)) + €((& — V)mk) + €(&) < O(LY).

=3

Repeating the process, at j-th step, there are at most

oc¥™)

uses of the defining relations needed where j runs from 1 to n — 1. Therefore, the

number of uses of the defining relations for each w; (1 < i < m) is bounded above by
oL ™).

Since £ < O(N*), the total cost is at most
ON**")

in proving w =¢ 1.

/ Now before giving a complete proof of Theorem B2, we need the following

Lemma 4.6 Let

} A=12[&,....6m]

and let f be a polynomial over A with £(f) = L. For given any integer p, 2<p< L,

there ezist h, r € A such that

f=E"+& 2+ +E+1Dh+r
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with w(h) < O(L?), &(h) < O(L3), £(r) < O(L) and de(r) < p ~ 2, where de(r) is the

degree of r when viewed as a polynomial of £ over Z[§,. .., &)

Proof. Let
f=Pg +P_ &'+ -+ PE+ Py,
where Py, Piy,...,Pi,Py € Z[a,...,&n]. By hypothesis, we have k < £ and
tol(P) S L Let g=(£-1)f;ie,
9=PR*" + (Pt - P)E + -+ (A= P)E + (P - P)¢ - Ry

Then, there exist h,r € Z[¢,&,,. .., &n] such that

g=(P-1Dh+(€-1)r.

We claim that & and r have the desired property if they are chosen by the following
procedure:

Let Qk+l=Pk1Qk =‘Pk—l—Pk,'“1Ql =P0—P11Q0=-P0; i-e-s

k+1

9= Q"
i=0
By using long division algorithm, dividing g by £” — 1, we have the quotient
h=T & P+ TP+ + T €+ T,
and the remainder
E-Dr=T, P +T, 1672+ ...+ Ti6+ Ty

with

r=Tp 182+ (Tpa + T )3+ (Tps + Tpa + Tp )P4 +- -+

|
|
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(G+Ti+ -+ )8+ (G+G+ -+ T )+ (N + T+ + Tpoy),
where
Tj=Qj+Qitp+ Qiszp + -+ Qijip
with 0 < j < k+1 and [ depends on i such that k —p+2 < j + Ip < k + 1. Notice

that each P; occurs at most once in every Tj. We then have

k
UT;) = 4(Q; + Qjsp+ Qiszmp+ -+ + Qjsip) S Y_UPR) S L.

=0
By Lemma 3.20,
p-1 p-1 -1 p~-1
or) = e(z_:;r,.e’-*) < Ee(e-l ZT)
<3 () +6-14(E 7))
i=1 J=i J=i
< zle(le,) < Lpz-fz(p - 1)
i=1 pi-lt iy =l
= L(pZi - Zi’) < 0(L)
i=l =1

since p is a constant. Similarly,

k+1 k+1

o) = (Ers-v) < Ze(re'-') < 52(1 —p+1)

=L (k+3—p)(k+2_l’) 5O(£3)

2
and
k+1 k+1
wh) =Y w@) <) UT) < (k+2-pL< L
i=p i=p
since k < £ 0.
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Proof of Theorem B2. Same as usual, for any word w =y 1 with {(w) = N
by Proposition 3.28, #(w) < O(N*) when viewed as a module word in W’. Let

L = ¢(w). We have
m+r n+s

w= H Hu"" for some f;; € A

i=l j=1
with

m-+r n+s

Y Y uss)=c

i=l j=1

(see §4.1 for the given module presentation). Using relations (6)', (6)", (8), and (9),

at a cost of O(L), w is transformed to

m+rn+ts

v=TiTj«

i=l j=1
with g; ; reduced and &(w') < L. According to the given relations, there is no can-
cellations between u;; and u;; when i # k. Hence we can break w' into m +r

subwords:
n+s

—Hu"" 1<i<m+r.
=1

Obviously, w} =w 1 Vi. When 1 < i < m, as usual, working on w] from left to right.
Since

n+e

~%
ul,l = Hu J:

j=2

gi,1 is in the ideal mda(§; —1 (j #1), 1 —m (k # 1)). Use the same procedure as for
Wina, We are able to transform uf;' to a word over u;; (j # 1), by using (7)', (7)".
Then, at a cost of O(L?), w! becomes

n+s

/= I]ui
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with #(w!) < O(L3). Continue the process, at n-th step, at a cost of

oL*),
w} is transformed to
W) = ﬁ oy
n us h.j
j=n+l

with

(™M) <0(L™).
Now we shall apply (4),(5) to uf‘,,'fl‘ before the next step. By Lemma 4.6, the
length does not increase, since £(r) is linear, and the cost does not affect to the order

of numbers when the (n + 1)-step is done, since w(h) is quadratic. That is, at a cost

of O(L*™"), wi™" is transformed to a word, say w{™*?, with
£@w™?) <0(L™).

Therefore, as we did for Wi, continue the process until the (n + s — 1)-step. At a
cost of

0(£3n+l—l),

w} is transformed to

(n+e~1)
9
= u: (KT )

w§n+.) i,n+s

with
ew™) < o™ ™.

If the word w{™**) is not obviously equal to the identity, we might still need (4)', (5)'.

Again, by Lemma 4.6, we should raise the order to the second power while applying
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(4)', (5)'; i.e., the number of uses of the defining relations is at most
0 ( £2.3n+-—l )

By Proposition 3.28, the aid of the number of uses is at most
O(Ns'3"+‘-l),

Finally, we discuss w] when m+1 <i < m+r. The procedure is almost the same as
before but using additional relations in (1), (2)', (3)’" at each step. Notice that when
use relations in (1)’ it costs linear time and does not increase the length. Moreover,
when use relations in (2)’, (3)' is exactly the same discussion as in (4)', (5). Therefore,
the totality is still at most

ow**" ™. o

5 Lower bounds

5.1 The second homology groups

In order to prove some facts in this section, we will deal with absolutely free groups
pretty much and so for our convenience we use E for an absolutely free group and F'

for the metabelianization of E; i.e.,

FeE[E".

Every metabelian group G can be observed as a factor group of a free metabelian

group F'; i.e., there exists a normal subgroup N of F such that

G = F/N.
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Recall: the second homology group Hy(G, Z) of G is defined by

[F,FInN

(6.2 ==

Remark 5.1 H3(G,Z) is an invariant.
Hint. If we express the finitely generated metabelian group G in the form
G F/N or G2 K/P,

where F & K are finitely generated free metabelian groups, then

FnN_KnNP
[F,N] — [K,P)

This can be proved by using Tietze transformations and we then term either

FON K0P
[F,N] — [K,P]

the second homology group of G, which we denoted by H,(G, Z).

5.2 Centralized isoperimetric functions

Given any finitely generated metabelian group G with the following presentation:
P=<<ay,...,0p;T1,...,Tg >>

and G = F/N, where F =<< ga,,...,6p >> and N = gpp(ry,...,7,), one can

analyze isoperimetric behaviour by using the quotient N/[F, N] (see §1.5).

Remark 5.2 ®5™(n) < $p(n) VneN.
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Remark 5.3 When G fized, 8™ is independent of the choices of P and hence de-

noted by E"t.

In order to prove the principal Proposition 5.5, we need the following lemma which
is proved by Mostowski in an old paper and is not easy to obtain. However, refer to

another one (see [M]), we reorganize the proof as follows:

Lemma 5.4 Let X = {zy,...,2,} and let E =< X >, the free group of rank p with
basis X. Suppose that z\, ...,z are X-words such that {z\F',...,2,E'} forms a basis
of the free abelian group E/E'. Then, there ezist X-words y1,...,yp such that E is
freely generated by y,...,Yp; i.6., E =< y,...,¥p >, with y; = z (mod E'), 1 <

1<p

Proof. By the hypothesis, {z,E',...,z,E'} is also a basis of E/E’. We then have

z = "1™ 15" (mod E),
n = I3’ 2p” (mod E'),

B = oiMadte o (mod EY)
where ¢;; € Z, 1 <1i,j < p. Notice that the p x p matrix
A = [€i5]pxp

must be invertible and so the determinant of A is +1. Therefore, any two distinct e;x
and e;; on the same colmn are co-prime. This enables us to diagonalize the matrix A.

In other words, by using finitely many elementary row operations on integer-valued
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matrices, A can be transformed to the identity matrix Z, where

1 ifi=j,
I = [bijloxpr i =
0 otherwise;

i.e., there are finitely many matrices £,,...,&; of thev following types:

a) P;; : the matrix after permuting i-th row with j-th row in T

b) V; : the matrix after changing the sign of i-th row in 7

¢) W;; : the matrix after replacing i-th row by its sum with j-th row in T

such that - - - E1.A = I. Hence, A =E'E;" - - £ . Moreover,

zl x:l.l - t;l” 1
Aocp | = P, (written multiplicatively).
zp z:"l ves z;"l
e - ,’xl - < pXp

Notice that each elementary row operation corresponds to an elememtary Nielsen
transformation (see [MSK]). Let N3, be the Nielsen transformation corresponds to &;,
where §;, i = 1,...,k, are the automorphisms of E induced by a free substitution.

Let
B=F;to bty 0BTt
Then,

Ns ='Arﬂ"'Afp;l "'Afﬁ:x =,N'ﬂ';1Np‘zl. "-A/p-,l-
Let (yl:-.-,y’) =Afp($1,...,z,). Then, E =< yl’“.,y’ >S. we now d&im that

Y=z (mod E'), 1<i<p.
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When we are dealing with free abelian groups, every elementary Nielsen transforma-

tion can be represented by a matrix of types a), b), or c). Recall:

o - o - - -
™ z5'® z; z,
— R R | -1
=A| : | =&t
Ep,1 €p.p
z T T T
e L | 7P ] | P

and

s s Up) = Np(@1, -0 Zp) = NG Nyl (@, o, 3)-

We then see that y; = z;"' -+ 25" = 2z (mod E'), 1 <i<p. O
1 3

Proposition 5.5 Let G be a finitely generated metabelian group such that Hy(G,Z)

is finite. Then ®E™ is linear; i.e., BE™(n) ~n.
Proof. Suppose that G has a finite metabelian presentation:
G = <<ay,...,8piT1,...,Tq >>,

where r; = r;(ay,...,ap) are words in {ay,...,ap} with 1 < 5 < q. Then, G can
be viewed as a factor group of a free metabelian group. More precisely, let E be
the absolutely free group freely generated by X = {zi,...,z,} and let F be the

metabelization of E; i.e., F = E/E". So, G % F/N, where
F=gp(\E",...,z,E") % << @ay,...,6p >>
by z;E”" — a;, i=1,...,pand

N = gpg/pe(ri(z1,.. ., Zp)E", ..., Tg(Z1, .. ., Zp) E").
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Moreover, there is a canonical map
¢:E/E' — F[F'
defined by
Z;'E' Lo 4 a.-F’ = (:tiE”)Fv.

Obviously, ¢ gives the isomorphism E/E' = F/F'. Let HG = H,(G,Z) and let

H,G = Hy(G, Z). Now, consider the following 5 terms exact sequence (see [R]):

HF =2 H,G —~+ N/[FFN] — HF — HG — 0

| I I [ I
0 — FnN/[F,N] — N/[F,N] — F/F" — F/F'N — A,
where

v:r[F,N]—» r[FFN,VYre FFNN

and

a:r[F,N|»rF', YreN.

By the exactness of the sequence, H2G = Im(i) = Ker(a). Since H, F is free abelian
of rank p, Im(a) is also free abelian of rank k for some k < p. Hence, N/[F, N] splits
as the direct sum |

N/[F,N| 2 H,G ® Z*.

There exist words v,...,% in F N N such that

aoyp!: G[F,N] - y[E, E|
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where #; = %i(a1,...,8y), % = %E" and v; € E are representatives obtained by
Y% = %i(Z1,...,2p), 1 £ < k. Notice that {v;[E, E]|1l < i < k} generate the free

abelian group Im(a o ¢~!). It is illustrated by the following diagram:

N/|[F, Nl——— F/[F,F| > Im(c) = Z*
Qo™ ‘p-l
E/[E,E] 2 Im(acyp™') = ZF
&{F, N|——— &[F, F] € Im(a)
aop” ‘p-l

v[E, E] € Im(ao¢™!).

Recall that E/E' is free abelian freely genertated by {z, F', ..., z,E'} and Im(aocp™!)
is a subgroup of E/E', freely generated by {v E',...,uE'}. One can find a new basis
{z.E',...,%E'} for E/E', where z;,1 < i < p are words in E for which there exist
d; > 0,1 < i < ksuch that{z" E', ..., 2{* E'} freely generate the subgroup Im(aop™")
(see [K]). Let u; = z%,1 < i < k. Then, &[F, F] € Im(a) and &[F, N] € N/[F, N].
By Lemma 5.4, there exist y; € zE',1 < i < p such that {y;,...,y,} forms a basis

of the free group E; i.e., E =< zy,...,Zp >=<y1,..., ¥ >.

Before we carry out the connection between HG and ®&™(n), there are some obser-

vations to notice:
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1. There are two bases for E. Let Y = {y,...,3,}. We can observe E as
<Tyy..yZp > Or <Ypy...,Yp>jie, E=< X >=<Y >.
2. E/E' has two bases {z\F',...,z,E'} and {y\F',...,5E'}.

3. E/E" has two bases {z,E",...,z,E"} and {\E",...,y,E"}.

Let b; = y;E", Vi. Then,

E[/E" << ay,...,0p >D> << by,...,bp >>.
4. Suppose N is a Nielsen transformation of rank p such that
Na(z1, .- 3 Zp) = (Y15 - -, Yp)s
‘w where y; = i(zy,...,2p) Vi. Moreover,
N5ty s ¥p) = (Z1y -1 Zp),

where z; = 0;(y1,...,¥p) Vi. Let py be the rewriting process from X-words to
Y-words and let px be the rewriting process from Y-words to X-words. Recall

G has the presentation:
P=<<ay, ,8pTy, 0 ,Tg DD,
where r; = rj(a;, -, ap) Vj. Let
8; (Y1, - - - ¥p) = pr(ri(z1y...,2p)) Vi.
Since b; = y;E", we then find another presentation:
Q=<<by,...,bp; 81, ,8>>

for G, where 8; = s;(by,...,b) Vj.
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5. Observe E as < y;,...,¥p > and let

P= 9PE/E" (31(y11 ree syp)E”) seey 3q(yh seey yp)E")'

Then, N = P. They are not just isomorphic but exactly “the same” subgroup
of E/E". Hence, we can rewrite the five terms exact sequence in the following

way:

HBF 2> HG - P/FPl % HF — HG — 0

| | Il | |
0 — F'NP/[F,Pl — P|[F,P)] — F[F — F/F'P — 0,
where

¢:8[F,P|— s[F,P], Vse FNP

and

a:s[F,P)— F'P,Vs€P.

6. Im(a) stays the same and so does Im(a o ¢™!).

Now, we are able to use presentation @ of G in item 4 and the exact sequence in item
5 to work out the centralized isoperimetric function of G, since ®E™ is independent

of the choices of presentations. Suppose that
D = 6B,

where

— €10 €3 . . . s
W=

/ A
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and ¢; = 0, 1 such that @ =g 1 with £(0) < n. Let (@) = the length of W when
abelianized. Clearly, £4(®@) < (1) < n. Recall:

ui=2% and z; = y; (mod F'), 1 <i<k.
If u; is viewed as py(u;), then
ui=y* (mod E'), 1 <i<k.

Moreover, let
% = (py(u)) (b, .. ., bp).

Since @ = wE" € P and P/[F, P| = H,G & Z*, we see

L

v=u Hzi,-“ (mod [F, P)),

i=1

where

k
w'[F,P| € G, [[a~F.PleZ*, ecZ, Vi

i=1

Hence,

U= fI L% (mod [F, F)).

Since F/F' = E/E', we find

w= qu,?‘ (mod [E, E)),

and so
k
w = [[ 5 (mod [E, E))
and then
k
b= Hb““ (mod [F, F)).
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Therefore,

k k
Z les| < Z |diei| = €as(1D) < m.

i=1 i=1

Since w' € HyG = F' N P/[F, P},

]
w'= H sfj" (mod [F, P]), €; = 1.

J=1
We define the homological area of w', denoted by Ag’ (w'), to be the least value of !
for which there is such a representation of w'. By the hypothesis, H,G is a finite set
consisting of 1 and products of finintely many s;[F, P]. Hence, Ag' (w') is bounded

above by a constant, say c,. Since 4; € S,

my
W= Hsﬁ;" (mod [F, P)), €5 ==+1, 1<i<k.
i=1

Let
c2 = max{m;|1 <i < k}.

Notice that u;,1 < i < k are chosen independently on w. We then have

AF™(@)

IA

ag (k&) + A% )

2::1 "“Ie'l +a

IA

IN

&) 2.21 levl +c¢

I

C-n+c.

Thus, $%™(n) ~n. O
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6 Baumslag-Solitar groups made metabelian

6.1 Presentations

Using ordinary group presentation, lots of B-S groups (see [BGSS] & [G]) have ex-
ponential isoperimetric functions. However, in the variety of metabelian groups, it

turns out that more have a polynomial upper bound. Let
B(n,m) =<<a,t;(@a")=a™>> Vm,nezZ.
Notice that we denote a*, a conjugated by ¢; i.e.,
at =t"lat.

It is not easy to find preferred metabelian presentations for these groups except the
case when n = 1 and m = 2. However, we have found another way to get upper
bounds in some of these groups. In fact, B(1,2) is a linear case (see §6.2) and
B(n,n + 1) (n > 2) has a cubic upper bound (see §6.3). Surely, for these special
cases, we no longer need preferred metabelian presentations since they are already
better than O(NV*) according to the result in §4.2. It will be interesting to know
the upper bounds and, perhaps, the preferred metabelian presentations of those B-S

groups being left out in this thesis which is one part of my future study.

6.2 A linear case

Theorem 6.1 Let

G =B(1,2) =<< a,t;a* =a® >>.

Then, @G(N) ~N.
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In order to prove this theorem, we first show a few lemmas:

Lemma 6.2 Suppose that a, are two positive numbers such that a = 2/ and f >
j+1 for some nonnegative integer j. Let w be a word in << a,t >> withw = tPa®t 4.
Then, there are 27 — 1 uses of the defining relation at = a? needed in proving that

w =g tA-Iat=8+,
Proof. By hypothesis, we have
tPact? =g tPa¥t’
= (o) M)
=g (tﬁ-—lat—ﬁﬂ)a”" (2)
— (tp-lazt-ﬂﬂ)a’"‘ 3)

=g (t? R ol (4)

=g PGPl (25 -1)
=g tP-dat~P+i, (25)
So, there are 27! uses from (1) to (2), 2-2 from (3) to (4), ..., and 1 from (2j — 1)

to (2;). Totally, the number of uses of the defining relation needed here is equal to
-l 424 ... 4241=2-1.0
A trick in proving the theorem is to write a word w €<< a,t >> of the form
w = t?a%*
in binary notation, where a,8 > 1 (a, 8 € Z); i.e., if

a=¢2+c_ 12"+ +c2+0,
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with ¢;, ¢i-1,...,¢1,¢0 =0, 1, then we express w as follows:

0.00"'00{0{_[ v+ +C1Cp
N— ——
i digits
B digits

-

Actually,

w =P igGp— Bt | pB-itlgtio1y=Bri=l | 48—l ery—B+l 4B acoy—B

Lemma 6.3 Let i,5,k,l > 0 and let | < k. Suppose that u,v are two words in

<< a,t >> with

FN LT - “lt. -
u = thg? ¥ ARk v = thg? ¥ 2L

Then, the number of uses of the defining relation in writing vu in binary notation can

be described in the following three cases:

1. Ifi <k -1, then there are at most 2i+! + 29+! — 4 — § — j uges.
2. Ifk—=1<i<j+k—1, then there are at most 2+ + 293 yges.

3. Ifi> j +k —1, then there are at most 2+ uses.

Proof.

Case 1:
u = tkg¥+¥ 21—k

= kgt k. tkgT 'tk .. .thgk

- tb-iat—kﬂ' . ph—i+l at—k-l-l'-l - tkat-k;
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i.e., u can be written in binary notation as follows:

u=0.00--.000---000-.-0!1.--1
§ digits i digits

I digits

>

k digits

By Lemma 6.2, there are
-1+ -1+ +2-)=(2+2" +.. - +2) —i=2H -2
uses needed. Similarly, to write

v= t‘-jat-‘+j . t‘-j+1at—l+j~1 Ve t‘at—‘;

ie.,
v=0.00---011.--100---000---0
J digits i digits
i digits B
k digits

there are 2/+! — 2 — j uses needed. Since i < k — [, the nonzero digits of u do not

meet those of v when written in binary notation; i.e.,

vu=0.00---011---100---011---1
j digits i digits

| digits
k digits

v

and so totally there are 211! + 27+ — 4 — j — j uses needed.
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Case 2: Let d =k —[. Then,
u = thg?+¥ I+ 4241~k
= kg +T NPk | ka2 2 b 241 -k
— tk-—daz""-i—z"‘“‘+m+2+1t-k+d,
gh-d4lgp—ktd—1  pk—d+2pp—k+d=-2 . pk—Llop—k+1 . kos—k

¢ a"-"*z"l-‘*"'*’“t'i .
(1)
ﬁlat""l . tl+2at-l—2 v tk—lat—k-f'l . t"at'f;

@

i.e., express u from k-th place to (I + 1)-th place backwords as part (2) and leave the

rest as part (1) with v. So far, by lemma 6.2 and its proof, there are

(21427204 4 270) 4 (272 4+ 2073 4L 4 2000
oo (24290400 41)

= 2914+ 24 4 1) 4 272+ 2 4l 1)
+oe (2142972400 41)

= (2442714 $241)( 2+ 2424 +1)

= (2i-d+l_1)(2d_1)

= i+l _gi-d+l _od 4

uses needed for (1) and

@1 -1)+ (22 -1+ +(2-1)
= 20-1424-24...42-(d-1)
= (21 +2424+...+2+1)-d

2-1-d
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uses needed for (2). So, 2¢+! — 2¢-4+1 _d for (1) and (2). Next we combine (1) with

v; i.e.,

tlaz‘-‘+2‘-"‘+m+2+1t—l P HY T 2
= t‘a(""“‘""‘*"*”"“"”*”"+"’+’+‘)t".
In this case, j > i —d. So, when we re-express (2 94+2-1-9+...4+24+1)+ (2 +29- 1+
+-*+ 2 +1) as the sum of some distinct powers of 2 in descending order, the leading
term will have power < j + 1. Again, by using Lemma 6.2, there are at most 272
uses of the defining relation needed. So, totally, the number of uses of the defining

relation is

< i+l _ 2i-d+l —d+ 2.1'+2 < gi+1 + 2j+2.

Case 3: Notice that‘ j <i-(k-1)=1i-d Mostly the discussion remains the same
as case 2 except the final step; i.e., when we re-express (29 +2i-1-44...+2+1) +
(29 +29-1 4..-+2+1) as the sum of distinct powers of 2, the exponent of the leading
term turns out to be < i —d + 1. Same argument, we find that the total number of

uses of the defining relation is
< 2l'+l - 2i—d+l -d + 2i-d+2 < 2‘+l + 2('—d+2 < 2!’-}-2' 0

Lemma 6.4 Suppose that a;, 5; (1 < i < k) are positive integers such that

Z’fa.— <SNand B, < By << Py Let w be a word in << a,t >> with
w=tgt A . thrgmgha. . hrgoni—he

Then, the number of uses of the defining relation in writing w in binary notation is

less than AN.
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Proof. Let 2% > 0 (1 < i < k) be the leading term of o; when written as the sum of
some distinct powers of 2 in descending order; i.e.,

a = W4 P b 224

ay 27 4+ ¢, -l o C22 -2 ...

ar = Pt P4 024
where ¢; j = 0,1 Vi, j and let d; = Sx—is1 — Pr—i > 0 (1 < i < k—1). First of all, let’s
re-express t9+q%¢=% from S -th place to Si-1 -th place in the following way:

Prqant—br = (PagPrrea 2 4 2 PPh" 24—y

= Pttt i,
(1) (2)

where

0 = 2P 4y 2% o P52 4ot Chpu-dy 29

—_ - -2
A = Crpp-di+l 201 4 Chpa-di4a 202 -

Notice that (1) will be rewritten as
tBu-109 ¢—Ba-1 ,
where
=244 Pl L 0T -y
and (2) will be rewritten as
tAr1+lgp=Ba1=1  4ha12gs—Pa1-2 | 4P at‘ﬂb’
where, depending on c; j, there might be some missing terms. According to the proof
of Lemma 6.3, there are at most

gﬁ'l - 2‘1 - 2’k“l+l +£+gl -1~ dL < 2p5+l
for (1) for (2)
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uses needed. Noting that 27 < a;.
Secondly, we combine (1) with t%-1go%-1¢~--t, Recall:

Qg1 = -t 4y 2Pa-1-1 Ck-12 2Pu-1-2 ...
¢ = Wshpg Wl W2ty

Since # < 2-%qy, the sum
ar + 0 <27%a; + oy

Let 25 be the leading term of ax-; + § when written as the sum of some distinct

powers of 2 in descending order. Clearly,
25 < 27%ay + agy.

Now we re-express the new combination from f,.;-th place to S;_a-th place by break-
ing it into part (1) and part (2) as before. Since 2*! is the leading term in the exponent

of a, there are at most 2€'*! uses needed as we discuss before.

Similarly, combining the updated (1) with tf-2qs-2¢~%s-2, The exponent of a in the

resulting expression is
<2%(ap_ +0) +ap_a S 2742 Mg+ ap) +ap-g =27 P+ 2%y + 043
Let 2% be the leading term of the exponent of a. We then have

oK g 9~dh-dag, 4 9N, | 4y g,

Then, re-express the updated combination from S,._a-th place to fS;_s-th place as

before. Same discussion, there are at most 2°2*! uses needed. Continue the process
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until the whole word w are rewritten in binary notation. Hence, there are at most

2Ptl . ofitt g gkatl 4oLy 2Kt (6.5)

uses needed. Furthermore,

i » < (1)
| k1 < 2%y 4y (2)
K1 < 2“""0* + 2%, + gy (3)

9Kk-1 < 2-dl"d2—""dk-lak + Q—da—dy—-—dy—, Qp_y +-*

+2—d:.-z-dk-las + 2"‘"‘&2 + a. (k)

Since d; 2 1 (1 < i £ k), we see that

} the right hand side of (1) < o (1)
the right hand side of (2) < 27lay +ay-, 2y
‘ the right hand side of (3) < 27%ax +27'ap—; + a2 (3)
ﬂ

the right hand side of (k) < 2~¢*-Ya, +2- ¢y, + -

+22a3 + 27lag + ay. (kY
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Hence, the sum of the right hand sides from (1) to (k)’ is equal to
Q+27 4+ 427N + (1 +27 +- -+ 27"y, + .-
+(1+21'+2 a3+ (1 + 2 Naa+

(2-2"(-D)ay + (22" _; +---

+2-2"a3+ (2-2"Yaz + (2- )y
< 2(ak+ag-l+---+ag+al)
< V.

Therefore, by (6.5), there are at most 4\ uses of the defining relation needed. O

Proof of Theorem 6.1 Suppose that w is a word in << a,t >> such that w =¢ 1

with £(w) = N. Then,
k k
w=t™aMe™g" .. ™™, with Y lmi|+ ) || =N,
1 1
where my,ny,...,mg,nx € 2.
Observe that t~'at = a®. We see that [a,t] = a and so a € G'. Hence,
' €G Viel

and then

[6,a¥]=1 VieZ,

since G is metabelian. Let’s rewrite w as follows:

w = tMghitMagha, . . (Ma-1gfe-1§MkaqRk

= {MigMiMmigha, ., (M1, E""kaﬂh-ltmb g™k

= tmit-tms t—(mz+»+mt)aﬂ1 t""*"“"""‘, co o Magha-14Me Ry

iy
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Since w =g 1, t™+*™ =1 and so Z'fm.- = 0. Hence,

w= t—(ma+m+m,) a'llt"l!'*‘"""g - Em; a"""tmi a™,

Since a* € G' Vi € Z, we need at most N uses of the defining relation to re-express
w as follows:

w =g t e - £ - TN,
where, > >-->n, 5| <N, Vie({l,...,l}, and Y lasl S N
Without any loss of generality, we suppose that 7, > 0. Now conjugate w by t™™:

wl =Nyt N =g . tﬂ-naozt—ﬂm e t‘”“‘"‘a"‘t"‘*”‘.
Put 8 =0, fi=—-71 + 7, 2 <i<Il. We then have
w =Pt . thagaagFa .. thigauig—h

for which w' =g 1, {w’) <3N, 0=81 < B < - < B, B SN, X} a| S WN.
Since

thgag=h  phagarg—ha . hrqut—h = 1,

we can move t%a%t=5 to the right hand side for all a; < 0. Then,

tnalign ... .grglt=Tr = Mghig=m ... ghegheg=te (6.6)
where
6i>01 1<i<r, 71<72<"’<7l'52~’:
i >0, 1<j<s, mM<m<---<n 2N,

and Y&+ iu <N
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Now let’s rewrite both sides of (6.6) in binary notation. Suppose that g is the positive

integer such that 2¢9 < N < 29+! and that
G =ig2 +cig1277" + 0+ 0ia2 + 62 + g,
where ¢;; =0,1 (1 <i<r i <j<q). Hence,

Wi i g =N e 4V Gl e T 3=Ni , . $Y 0222 =N | $Wi nCID =N | $Ti 004N
tha®t™ = t"a t tha t | 4Ad7 ilet 4 tha™0t™n,

Then, there are three possible cases in expressing t™a%¢~%.

When ¥; > ¢+ 1, we write t%a%t~% as:

0.00:--0ciq Cig-1""Ci2 Ci1 Cio (6.7)
v digits

When v = q + 1, we write t%a%¢~"% as:

0. Ciq Gig-1""'Giz2 G, G0 (6.8)
% F!“l

When ; < ¢+ 1, we write t%a%¢~7% as:

Giq Gg-1' "Gy Giw-1 " GL Go (6.9)
g+l %

Notice that Y"1 §; < N. According to Lemma 6.4, we need at most 4\ uses of the
defining relation in rewriting the left hand side of (6.6) in binary notation. Similarly,
there are at most "4\ uses for the right hand side of (6.6). Hence, dg(N) < N i.e.,

dsN)=N. O

6.3 A case with a cubic upper bound

Theorem 6.10 Let

G = B(n,m) =<<a,t;(@a")'=a™>> (m>2, m=n+1).
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Then, ®g(N) < N3

In order to prove the theorem above, there are a few lemmas needed to be proved

first:

Lemma 6.11 [fm,neN & 1 <n <m, then
a) there ezists p € N such that nP*! < mP;
b)nttl<mi Vgq2p;

¢)ntl—n<mi-1 VYqg2p.

Proof. Since lim; oo n'*F =nand n < m, there exists p € N such that
1+1 1
n'e <n+§(m—n) Yq > p.

So,

1
nite < E(m+n) <m Yq2>p.

Hence,

n'v <m Vg 2 p.

When taking the ¢g-th power of both sides, the inequality above becomes
n*l<m? Vg2 p.
Hence, we have a) and b). Then, obviously we have
ntl-n<mi-1VYg>p

Hence, we have ¢). O

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



106

Lemma 6.12 Assuming m and n as indicated in Theorem 6.10 and p as in Lemma
6.11. If there are ¢, steps needed to rewrite t’a™ t~? in m-nary notation. Then, there

will be at most gm? + ¢, steps needed to rewrite t?a™ 't~ in m-nary notation for all

q>p.

Proof. For given any q > p,

tha™'t? = (tF-la™t~P+)™™"  (m9-! steps needed)

= (tP-3a"t~P+2)"m""  (nmi-2 steps needed)

(tP-9ant~#+9)"~"  (n9-! steps needed)

1 = th-egn't-B+e,

Hence, from t#a™'t=? to tP~9a"'t~#+9, we need m?~' +nm9~2+-...+n?"! steps. Simi-
larly, from t8a™" "' t-P to tP-9+1g"""" t-P+4-1 we need m9—2 +nm? 3+ .- +n9"? steps.
Continue the process, there are m? + nm?~! + ... + nP steps needed from tha™t't-8
to t9-P-1g"*'t-B+p+1, Since n¥ < m¥~L, n¥"! < M2, n-2 < M3, Pt < P,

to write t’a™¢t~? in m-nary notation, the number of steps needed is bounded above

Reproduced with permission of the copyright owner. Further reproduction prohibited without permiésion.



107

(mQ"l + an'z drrerrietetiitiiiiennns + nq-zm + n@‘l)
+ (7n7‘2 + an‘s drerciecnieen + nq"'am + nQ",)

+ M3 +amtt+ .+ n7m 4+ n07?)

+ (mP+nmPt4+..-+nP)+c

< gm¥ '+ (g-1)m 2+ + (p+1)mP + ¢,
< gm ' 4+m*24-E=mP) 4o

< qm?'-1)+c

< gmi+c.
Hence, there are at most qm? + ¢, steps needed. O

Lemma 6.13 Assuming m,n,p as indicated in Lemma 6.12. If there are c; steps
needed to rewrite t?a™ ~'t~# in m-nary notation. Then, there will be at most gm?+c;

steps needed to rewrite tPa™~'t=% in m-nary notation for all ¢ > p.

Proof. Since m? —1 = m(m?~' —1) + (m — 1), there are m%~! — 1 steps needed from
tham* —1¢-B to tP-tgMme ! -1)g=A+1 , tBgm-14-B  Since n(mI~! — 1) =m(nm*?-1) +
(m — n), there are nm9~2 — 1 steps needed from t#~1a™™*~'~D¢-A+1 to
th-2gn(m*=2-1)4~B+42 . gf-1gm-14-f+1 Continue the process, we see that from
{8-a+1gn(n=2m=1)-B+4-1 4 $p-agqn(nt=!-1)4—B+e, A +1gm-n;—B+e-1 there are n?~! —1
steps needed since n(n¥-?m—1) = m(n?~! —1)+(m—n). So, totally, from t?a™'~1¢t-#

to

tﬂ—qau' -nt-ﬂ+q . tﬂ—ﬁ»l am-nt-ﬂ+q-l . tﬂ—q+ﬁam-nt-—ﬂ+q-2 ces tﬁ-l am-nt-ﬁ-ﬂ . tﬂ am—-lt-ﬂ,
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there are (m?%! + nm92 + ... 4+ n?!) — q steps needed. Same argument, from

tPa™ "' -1t to
- L T - - —ny—B4+g— - -y .
th-a+ignt= ony—fig-1  4B-q+2 m-ny=B+g=2  4B-l m-ny—B+1 4B m-14 ﬂ,

there are (m9~2 + nm?3 +... 4+ n??) — (¢ — 1) steps needed. Continue the process,

from tPa™*' -1¢-5 to
th-p-1 an"‘“—nt—ﬂ+p+l L gB-pgm-ny=Btp 4B-l m-ny—f+l 48 am—lt-ﬂ,
there are (m? + nm?~! + ...+ n?) — (p + 1) steps needed. Now same as we did in

Lemma 6.12, since n? =n<m¥ ' = 1,0l —n<m®?~-1,... 'l —n<mf -1,

to write ta™ ~'t~9 in m-nary notation, the number of uses of the defining relator is

bounded above by
(mQ"l + an‘z drrretesntsiisiiiasnes + nQ'zm + nq-l — q)
+ (nrnﬂ"2 + an‘s doosrecnnens + n“am + n1-2 - (q — 1))

+ (MP+rmP 4o P lm+n? — (p+1))
+ Q.
Same calculation as we did in Lemma 6.12, there are at most gm? + c; uses of the

defining relation needed. O

Lemma 6.14 Let 1,j,k,l > 0 and let | < k. Assume that m,n,p as indicated in
Lemma 6.12 and c3 as in Lemma 6.13 and that u,v are two words in << a,t >>
with

u=tka™1t*  y=ta™ 14,
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Let ¢ = max {j,1,p} and let b=max {d m*',i m’' +c;}. Then, the number of uses

of the defining relation in writing vu in binary notation is bounded above by

b+ (g +1)m™ +c,.

Proof. Let d = k — (. Then view d as

r
k-1 ifk-l<iori<p

: k—1>i&i-h>p+1&h2>0
d={i+(i-1)+--+({F-h)+e if

&Ze=0ori-h-1<e<i-h

‘i+(i-—1)+---+(p+1)+e’ ifk-1>i&e>0.
. Case 1: If i < p then the number of uses of the defining relation to write tfa™~1t—*
in m-nary notation from k-th place to I-th place is clearly < c;, by the hypothesis in
Lemma 6.13. The thing left in the [-th place, say 0 is clearly < m’ — 1. Combining
mi — 1 with 8, we have
m—-1+0<(m -1)+(m -1)=m? +m' - 2.
Let ¢ m* (0 < ¢ < m) be the leading term in the expression of m’ — 1 + 6 when
written in m-nary notation. Then
mF<mi—14+0<mr —1; (i)
mf<mi +m' -2 (i3)
Again, by Lemma 6.13, to write #a™ ~*%¢~! in m-nary notation we need at most
(K + 1)m®+! + ¢, uses by (i).

If j < p, then K < p by (ii). So, there are at most

K+1)m* +a<(p+1)m* + ¢
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uses needed to write !a™ ~1+%~! in m-nary notation.

If j > p, then K < j. There are at most
(K+1)m '+ < G+ 1)mt +¢
uses needed. Let g; = max{j,p}. Totally, the number of uses is bounded above by

(g + 1)m®*! + 2¢,. (6.15)

Case 2: If i > p with d written as the second expression, then as we did in Lemma

6.13, from k-th place to (k — 7)-th place, there are
mtam 4 -
uses needed. From (k — i)-th place to (k — ¢ — (i — 1))-th place, there are
m2+am S 4.+ 0l - (i~ 1)

uses needed. Similarly, from (k —i— (i~ 1) —--. — (i — h + 1))-th place to

(k—1i—(i=1) — .- = (i — h))-th place, there are
Y A e ()

uses needed. Finally, from (k—i— (i —1) — .-+ — (i - h))-th place to

(k—-1i—-(i—=1) = --- = (i — h) — e)-th place, there are

mt-h—? + nms‘-h-a RN ne-lml-h-l-e —-e
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uses needed. Add all of them together,

(m“l + nmi—2 R R R R R + n~tm 4 ni-l - 3)

+ (M2 nami +n7%m 40t~ (i-1))

+ (Ml +amih2 . iRl — (i = R))
+ (ml'—h-z + nmi—h—s 4ot ne—lmi—h—l—e - e)
< im~t 4+ (= 1)mi2 4+ .-+ (i = h)miPt 4 emih-2
< (i+@F-1)+---+({i-h)+em"!
= dm-!L,
Moreover, the thing left in the I-th place, say ¢ is < m~»-? — 1. Combining m’ — 1

with & we have
m —1+6 < (M — 1)+ (m P2 - 1) =m/ +mh2 -2,

Let ¢ m* (0 < ¢ < m) be the leading term of m’ — 1 + ¢ when written in m-nary

notation. Then

mc <mi-1+¢ <mF+ —-1; (i)

mK <mi +mih-2 -9, (iv)
By (iii), to write t'a™ ~1*¥¢~! in m-nary notation, we need at most (X' +1)m~+! +¢,
uses. Let g = max{j,i — h — 2}. So, by (iv), there are at most (g2 + 1)m®*! + ¢

uses needed. Hence, the total number of uses is bounded above by

dm'™! + (@ + 1)m®*! + . (6.16)

Case 3: If i > p with d written as the third expression, we use the same procedure

until the (k—i— (i —1) = --- = (p+1))-th place. By Lamma 6.13, there are at most
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im’ + ¢, uses needed. The thing left in the I-th place, say #” is < m? — 1. Combining

¢" with m’ ~ 1 we have
m-14+0"<(m -1)+(mP—1)=m/ +mP - 2.
Same discussion as before, let ¢"m~" (0 < ¢’ < m) be the leading term of m’ — 1+ 6"
when written in m-nary notation. Then
mc' <mi-146"<mE"'*1 -1; (v)
mK' <mi+mP-2. (vi)
Same discussion, to write t!a™ ~'+#"t—! in m-nary notation, there are at most

(K" +1)m~"+! 4+ ¢; uses needed. Moreover, K" < q; and so there are at most

(g1 + 1)m%+! + ¢, uses needed. Totally, the number of uses is bounded above by
im' + (g + 1)m®*! + 2. (6.17)

Recall: ¢ = max{j,,p} and b = max{d m*~!,i m‘ + c;}. According to (6.15), (6.16),

(6.17), the upper bound b + (g + 1)m?*! + ¢, fits all cases. O

Observation. The item b in Lemma 6.14 is an upper bound of the number of uses
when written from k-th place to l-th place and will play an important role in proving

the Theorem 6.10.

Proof of Theorem 6.10. Since m =n+1, we get a =a~"t"'a"t € G'. So,a" €G'

since G' is normal in G. Hence, a commutes with a*, Vi € Z; i.e.,
[a,a"] = 1.

Same as theorem 6.1, we suppose that w is a word in << a,t >> such that w =g 1

with {(w) = N. Then, same argument, with at most N uses of the defining relation,
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w can be re-expressed as:

w =g t™"a™t" -t a® " .. . tTgNE,
where iy, > 1 > - > 7, || < N, Vie({l,...,l}, and Z‘l loi| < N. Same
arrangement, we obtain a new word w' €<< a,t >>, such that

w' = tha®t A . thr gL g

for which w' =g 1, £(w') <3N, 0=B, <o <+ < By, B S 2N, T\ la| S V.

Again, since

thrgay-hr . tﬂaaazt-ﬁz e thigoig—h = 1,

we can move tfa®t=5 to the right hand side for all a; < 0. Then,

malig=m .. .pradrt—rr = mgmem ... theghet=me, (6.18)
where
6i>07 1$‘ST, 71<72<"'<'Yr.<.w1
i >0, 1<j<s, MmM<m<-<n <2V,

and Y&+ <N,

After both sides of (6.18) being written in m-nary notation their expressions must be
exactly the same. In doing that, we begin with some observations as follows:
Let di = Ypoip1 = Y-i >0 (1 i <r—1)and let c;om* > 0 (1 < i < r) be the
leading term of 4; when written in m-nary notation,; i.e.,

6 = cmP +c, M+ amhl 4

& = czomm +0, mh -1 +c2 mP24...

b = CromP +oy Mty mir g,
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where c;; € {0,1,...,m — 1} & cjp # 0 Vi, j. Then, we have
h<mhtl—1 f<mPtt—1,..., 5 <mPrtt -1

Notice that 3°7_, 6; < V. Let K, be the least number such that A" < m*t —1. Then,

=1

we have

dohsmt—-1. (6.19)

i=l

Similarly, let K; be the least number such that

.
Y s<mM -1 (2<5<) (6.20)

i=j
Clearly, K, < K,_; < +-- < K3 < K,. We now write t"a®1t~" .. .t"a%¢~" in m-nary
notation by the following procedure:
First we write t™a%t~" in m-nary notation from ~,-th place to 4,-,-th place. By

Lemma 6.14, the number of uses is bounded above by
max {d, m* !, K,m*" +c3}.
The thing left in the +,_,-th place, say 8, is clearly < é,. Then, by (6.20),
Op—1+ 0 <Bp_y +0 SMS-1 - 1.

Then we write t*-'a’-1+1¢~%-1 in m-nary notation from +,_,-th place to y,_z-th

place. Again, by Lemma 6.14, the number of uses is bounded above by
max {d; m "1, KC,_,m~ 1 + g}
The thing left in the 7,_z-th place, say 6; is clearly < ,_, +6,. Then, again by (6.20),

J Or2+602 <83+ 06_1+06 Smﬁ-z =1L
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Then, to write t™-3a’-2t%¢~%-2 in m-nary notation from ~,_s-th place to v,_3-th

place we need at most
max {dy m™-*"1, K,_am*-* + 3}

uses of the given relation. Continue the process, from v,-th place to 7;-th place, there
are at most

max {d,-; m**~!, Kam®™ + ¢}

uses needed. Finally, the thing left in the «,-th place, say 8,_, is certainly < Y°7_, &; <
m~ — 1 by (6.19). Moreover, by Lemma 6.13, there are at most K;m* + ¢; steps

needed to write t"a?-'t~" in m-nary notation from 7,-th place. Notice that

id‘.mxv-n-;-l < (rz-fd‘,)mxz-l < IN'mKa-1 < W;

i=1 i=l

i(&m” +6) < (r = 1)(Kam®™ +¢3) SNWV? + c3).

Therefore, there are at most O(N3) uses to write both sides of (6.18) in m-nary

notation; i.e., Dg(N) x N°. O

7 Further study

7.1 A split extension .

Theorem E Let T be a finitely generated abelian group and let M be a finitely

generated ZT-module. Form the semidirect product

G=M~xT.
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Then,
®g(n) < max {n®-3", @y (n?)}.
Proof. Let
T =< tl:tﬁa'“atm; [tf’t}'] =1 (1 S 3,] S m) >,

and let
i
‘ M=<ay,...,00 M, % >

where

P
% = Ha{"", Sy € ZT (written multiplicatively).
=1

Then G = M x T has presentations as follows:
G = < tiyeeeslmry. .., Qp; [t",tj] =1 (1 <t,j< m),

P =1(1<k<qg), [of,af'] =1 (& v €2T) >

\ = <<ty tman, ..., Qp [tis tj] =1, [aka al] =1, n}':[ a{." =1,

[0?,0(] =1’ (IS‘:JSm, 1 Skrl Sp) >>.

Notice that the finite metabelian presentation above is easy to obtain by the fact that
G is metabelian. More precisely, all relations of the form
[a¥,0f'l =1 (1 < k,l <p, &,v; €2ZT)
are deducible from
tits] =1, [amay] =1 & [of,a] =1, 1<4,j<m, 1<k,I<p),

by induction. We omit the proof here. Moreover, as we did in §3.3, by lifting ZT to

A=Z[31,---,3mayh---,ym]a
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M is viewed as a A-module and has the following presentation;

p
M=<ay,...,05[Joi™ 1<k<q), af* = (1Si<m, 1<I<p)>,
=1

where hy is an expression of fi; by substituting z; for ¢; and y; for ¢;'.
If w =¢ 1 with {(w) = n, then
w = ui(t)vi(@)ua(t)va(@) - - - us(t)s(a),

u;(t) and v;(c) are subwords involved letters only in {t,,...,tn} and {ay,...,ap},

respectively, such that

S () + 3 tn(a) = n &

i=l i=1
Observing that
- -1 -1 -1, -t
w= vl(g)m(,s) ‘vz(g)uz(ﬁ) w(e)™! .v‘(g)u.(_ﬁ) Loy (t) ul(z)uﬁ(z) .. '“'(ﬁ)
we can only focus on the subword

- =t -t -1, -t
v =vl(g)'l|(,£) vz(g)uz(ﬁ) ui(t) .”v.(g)m(‘{) 6 (t)

since u;(t)ua(t) - - u,(t) must have value 1 and it costs at most

u(Bult) w0 < (3 tw(®)’ <

i=1
uses to prove it. Similarly, each v.-(g), at a cost of order
l(”i(g))z < "2!

can be rewitten as

P P
w(@) =[[of with 3 les| < elui()). (7.2)

j=1 i=1
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Then w' becomes

-1 -1.=1 -1 =1
Y U U Uy et
e, e 1 X e 2 Cap) * 1
(al‘ .. ~a,"’) (a:“ . -a,"’) e (af"‘ ceap ')

-1 -1 -1, =1 -1 -1
e1.18 €1,pU e u €2 pU, U
4 (all'x | S .ap‘-’ 1 ) (alﬁnl"z 1 ... ap"’ 2 1 ) .

Cq,1Ug '"ul Ca,pUy -"ul
(al vt ap ) 9

"

where u; is the abbreviation of ""(f) Vi =1,2,...,5. We have to write w” as a
module word by commuting ;. More precisely, move each a; within the second pair
of parentheses to the left of all ay in the first pair and then move a, within the third
pair of parentheses to the left of all a; in the first pair and so on. Then move every
a3 across the word to the the left of all & in the first pair. Continue the process until

w” is transformed to

L4 ] =1 q=-!
w® = Hakth Cik U U

k=1

There are two things need to know:
(i) How many uses are needed to transform w' to w®?
(i) What is &(w®)?
Clearly,
ew®) = L U5 ein uit e urt)
< YR Xici llein ut - -urt)

= Yhoi T leialf(uit - ut")

< Yot Xt leinln (by (7.1))
= "2&1(22:; Ies‘.kl)

< n3 ula)) (by (7.2)
< n (by (7.1))

To answer (i), we shall apply the following
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Lemma 7.3 Let u(t) be any word in <<ty,...,t,; >>. Then, at a cost of at most
9. ) _ |

uses of the defining relations, one can deduce

u(t)
[ah o~ ] =1

(The proof is provided later on.)

Recall:

~l -] -] =1 % S §
ey, e;,pt €3,18; U e3,pUy U
w' = (al“ ---a,,"‘)(o:l12 Veeeap®t ! )

-l =1 -l =1
o 1Uy U Ca plis ‘U
(“l"‘ S et )

Each az'l“-l"‘-l within the second pair of parentheses has to be moved to the left of

-1
€1,26,

Q, in the first pair of parentheses. Notice that
[a:'-l,a'f;l"‘-l] = [on, oz'f’-l]"l-l Vk=2,...,p.
Each of such commutators costs at most
9.3Ms")
uses of the defining relations by Lemma 7.3. Hence there are at most

e |(lera] ++ - + lerp])313) < 2legy|n - 3" (by (7.1) & (7.2))

1,,—1

Uy

uses needed to move all crz'l"-l"‘.l to the desired place. Similarly, to move all a'{‘-l"'_

to the left of aS**"1 there are at most

esa(legal +-- -+ lea,)305") + 2lens[(leral + -+ + [e1])315 ) < egy|n - 3
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uses needed. Continue the process until every , is moved to the desired place. The

number of uses so far is bounded above by
2(leas| + [eaa| + -+ + les ) - 3"

We then follow the same procedure for a; and the number of uses is, as we expect,
bounded by

2(le22| + les 2| + -+ + |es2[)n - 3.

Similarly, for a,_,, the number is bounded above by
2(le2p-1| + leap-1] + -+ + |esp-1[)n - 3"

Totally, there are at most

333 leigl =303 (5 g <2030 3 ) < 0 3%,

j=1 i=2 =2 j=1 =2
by (7.1) & (7.2).
All in all, we find that the number of uses of the defining relations to convert v’ to
the expression w® as a module word is less than O(n? - 3") and its length &(w®) is

less than n3. Therefore,
Qa(n) < max {n’ 3 QM(n’)}. O
Proof of Lemma 7.3. We prove this lemma by induction on £(u(t)). Clearly, when

£(u(t)) = 1 there is only one relation needed. Let C, be the number of uses when

l(u(z)) =r. SoC, = 1. When l(u(z)) = 2, Without any loss of generality, say
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u( E) = t;t;. Notice that we are working on groups in the variety of finitely generated
metabelian groups. Hence
1 = (oo 00 0q]
= afogla ™ :::/ ooy Q‘:” af (1)
= \a;/ orte oy &:,", o (2)
= a;'a; “Yaopt
= [on, 2]

In (1), af’ should move across axa;” to cancel out with a; /. Observing that each
of [af,a] = 1 and [0, ;%] = 1 need one relation. In (2), a;! should move
across aj'a; “ay to cancel out with a;". Observing that each of [af 0] = 1
[af,a%] = 1 and [a},04] = 1 need one relation. So, we have C; = 5 and

C; = 3C, + 2. Now assuming that there are at most C,_, uses of the defining re-

lations needed to deduce
u(t)
[0y ] =1 ¥V £(u(t)) =r-1,
and C,_; =3C,2+2. If l(u(ﬁ)) =r, say

u(t) = t2),

where ¢; is the letter in the very beginning of u(ﬁ) and v(ﬁ) is the remaining segment.

So, £(v(t)) = r — 1. Let u and v be the abbreviation of u(%) and v(¢), respectively.
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Observing that, again since G is metabelian,
1 = [mo;”,07"]]
= aloilo™ of apa;® ot of 1)’
kG & G GGy Oy ( )
= af of'a o o’ af (2)
kO X )
= a;'o“aaf
= [ak: a? ]1
there are at most C,_; + 1 uses needed in (1)’ and at most 2C,_; + 1 uses needed in

(2)'; i.e., Cr = 3C,-1 + 2. By induction,
C.=3C,_1+2 VreN.

Furthermore, C, =2:3 -1 ¥YreN. O
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