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Chapter I: Introduction

Since the  developm ent of the m olecular beam  epitaxy crystal growth m ethod, 

m any new sem iconductor devices have been  m ade in the p a s t few years. O ne exam ­

ple is a  superiattice m ade  by sandwiching two different kinds of thin crystals (the thick­

n e ss  of a  crystal layer is from 10 to a  few hundred A) alternately with G aA s and 

Al^-Ga! _ xAs. This ultra-thin multilayer heterostructure sem iconductor device h a s  many 

characteristics such  a s  an  ultra-high mobility (above 2 0 0 , 0 0 0  cm 2 /v - s e c ) 1 in the direc­

tion parallel to the layers (transverse  direction) and a  high sensitivity Gunn-effect in the 

layer’s direction. For this reason , superlattices have attracted  wide attention am ong 

physicists and  electronic engineers.

The band  g ap  of AI^Ga! _ xAs (if x  = .3) is approxim ately 0.4 ev  g rea te r than 

that of GaAs. Experim ents show  that 85%  of this difference is asso c ia ted  with the 

conduction b an d 2. The conduction band in the G aA s layer is 0 .34 ev lower than that 

in the AI^Gai _ xAs layer. If ionized donors are  p resent, conduction e lectrons will be 

available to occupy the  lower conduction band in the GaA s layer. A similar effect 

holds if ionized accep tors are  p resen t. Either one of th e se  will c a u se  strong band 

bending. Therefore, using a  simple s ine  o r cosine w ave function, single sq u are  well 

w ave function or Kronig-Penney w ave function 3  to calculate the transport coefficient of 

the superiattice is not adequate .

W hen G aA s or AI^Ga! _^As is heavily doped  (doping > 10 1 7 /cm 3), the m ean



separation  betw een carriers, r 0 [ r 0 = (3/4jrp)1/3] is com parable to the solid s ta te  Bohr 

radius a H = £iH2 /m *e2. For this reason , m any-body effects of carrier-carrier interaction 

should be important and calculation for the transport coefficients m ust include sc reen ­

ing effects. However, b ecau se  the r s ( r s = r 0/aH) is not m uch sm aller than 1, the 

Random  P h a se  Approximation (R. P. A.) screening theory will not be  ad eq u ate  to 

solve the problem . This m eans that exchange and  correlation effects in the periodic 

medium have to be  taken into consideration.

S tudies of superiattice properties have been  m ade in the p as t few years. How­

ever, very few of the investigators considered the periodic medium screening  effect. 

Som e of them  used  a  highly simplified w ave function for the superiattice, while som e 

used  the two dimension electron g a s  to explain the phenom enon of the superiattice 

(see  the detailed discussion in chapter V). But if the Ga^Ah _^As layer is thin, the 

electron w ave in the superiattice is far different from the single well particle w ave 

(p lease refer to chapter V). If the G aA s layer is a  few hundred A thick and/or the 

G a^A h-^A s layer is thin (like 25 A) the electrons in the superiattice do not actually 

have a  two dimensional behavior. Treating the electron in the superiattice a s  a  two 

dim ensional electron g a s  will not be  ad eq u a te  for all superiattice crystals. The pur­

p o se  of this thesis is to derive a  m ethod to  solve for superiattice screening which 

includes exchange and correlation effects. A com puterized self-consistent m ethod is 

proposed. This will be  described in the following two sections.

A ): Since the ben t band potential is symmetrical, for k = 0 or k = k /L  ( L is the width 

of GaAs layer plus the width of A I ^ G a ^ A s  layer) the wave function will be 

either symmetrical or antisymmetrical. The eigenenergy and eigenfunction can 

be easily obtained by Num erov's 4  m ethod (to be described later). Som e



app roaches to get the e igenenergy of k ±  0  and  tc/L eigenfunction equation 

will be  p resen ted . Hill's procedure 5  is a  good m ethod for finding the  k value at 

o ther energ ies. The k  is then given by

kzL = ( - | )  sin - 1 n
En(k = 0  ) - E

n2
sin*

K ,

kzL = (■£) sin " 1

■ f i n K f - E
2m v '

1
nL 2m * 2 »
2 I S 2 J

.

for E >  0

1
nL 2m* 2
2 I K2

_

for E < 0

in term s of the energ ies E„{k = 0) a t the zone center. Here K  = 2k /l .

W e also  want to obtain the numerical value of the matrix elem ent

< i I e i qzz
j>  in order to calculate the polarization n. W e need  to find the

eigenfunctions. It is difficult to u se  Hill's procedure to obtain the eigenfunctions 

in a  superiattice. The tight binding approximation is one of the m ethods that 

can be used  to find eigenfunctions and th ese  eigenfunctions can be used  to 

calculate the numerical values of the matrix e lem ent < i  I e ‘qzZ I j> con ­

veniently. Com parisons betw een the m om entum  obtained by the tight binding 

approximation and  Kronig-Penney equations for different e igenenerg ies in a  

periodic square  well potential will be d iscussed  in chapter V. The com parisons 

will show  that the tight binding approximation often applies well in a  superiat­

tice.

B ): There are  two restrictions in solving for the screening effect. First, b ecau se  of 

potential change (the carrier distribution will c a u se  the conduction band bend­

ing), the analytical result is not easy  to obtain. U se of a  numerical self­



consistency  m ethod to solve the problem is therefore n e e d ed  (p lease  refer to 

chap ter II). S econd, th e  exchange and correlation effects in screening  m ust be 

considered  (p lease refer to chap ter II). In this thesis , a  solution by a  self- 

consisten t com puter calculation is adopted . The H artree w ave function is 

replaced by the  Hartree-Fock w ave function in the G reen ’s  function. This 

G reen’s  function is u sed  to get the zeroth o rder perturbation polarization func­

tion n° and  one of the  first order perturbation functions n/1 (the exchange 

polarization term). By this m ethod, m any higher order polarization term s will be 

autom atically included in th ese  low order polarization term s. Also, the 

exchange potential in the  Hartree-Fock w ave equation n e e d s  to be  modified by 

th ese  polarizations. The above m entioned p rocedure will be  d iscussed  in detail 

later (part of this idea evolved from the p a p e r of D. J. W. G eldart and Roger 

Taylor6. For references, s e e  the historical su rvey  in chap ter II).

W e believe, by using the  above approach , the screen ing  coefficients can  b e  obtained

by an iterative self-consistent num erical calculation.

The s tep s  are a s  follows:

A ): The starting point of each  iteration is to obtain the  single sq u a re  well potential’s 

e igenenergy and eigenfunction for each  sub -band . In the  first iteration, the 

potential is a  square  well potential. The e igenenergy  and  eigenfunction can be 

solved easily. For later iterations, the N um erov-m ethod is u sed  to obtain the 

eigenfunction and  eigenenergy for single potential well for each  sub-band. As 

d iscussed  above, the w ave function is a  H artree-Fock w ave function. Thus the 

potential u sed  in the Num erov-m ethod h a s  to b e  ad justed  for exchange and 

correlation effects (p lease  refer to Section 111.4).



B ): Equations of a  h igher o rder tight binding approxim ation m ethod a re  u se d  to ge t 

e igenenerg ies £„(k), for the  w ave function which have  different w ave vector k 

and different su b -b an d s  n.

C ): From the £„(k), the  doping concentration, and  the two dim ensional Fermi distribu­

tion equation, the  Fermi level Ef  of the  superiattice is obtained.

D ): The equations of the higher order tight binding approxim ation m ethod and the  

d a ta  obtained above (eigenfunction, En(k ), Ef , etc.) a re  u sed  to g e t the real 

sp a ce  carrier distribution function (assum ing a  therm al equilibrium).

E ): The real s p a c e  carrier distribution function is applied to P o isso n 's  equations to 

obtain the  potential (band  bending). If th e  potential ch a n g e  is below a  certain 

limit, the com puter calculation is term inated.

From the final com puter calculation, a  s e t  of d a ta  describing the  polarization 

functions n °  and  IT 1 (from s te p  F) can  be  obtained. T h ese  will b e  self- 

consisten t da ta .

F ): Acquisition of the  polarization functions n°, IT\ can  be u se d  in determ ining the  

screening  effect. Also, the  ex ch an g e  potential h a s  to be  obtained  (p lease  refer 

to Eq. (3.4.6)). This s e t  of d a ta  is n e e d ed  in s te p  A ) H artree-Fock w ave e q u a ­

tion. After s te p  F ), s te p  A) will be  applied again  for the next iteration.

I have previously calculated  the conducting band  bending with th e  su b ­

conductor band  shift b a se d  on the  one  electron w ave function and  the electron po ten­

tial h a s  been  ad justed  for the effect of non-uniform carrier concentration (a self- 

consisten t m ethod, similar m ethod to tha t u sed  in this p ap er excep t for the  om ission of 

screen ing). The results a re  show n in C hap ter V. T h e se  results prove tha t not only is



the band  bending appreciable but a lso  the shift of the  su b -b an d s is different for dif­

ferent su b -bands. An obvious effect is that the transform ation coefficients a re  d ep en ­

den t on the energy  difference betw een the sub -bands. Therefore the transform ation 

coefficients a re  heavily d ep en d en t on the difference of the  sub-band shifts. In a  

heavily dop ed  superiattice the screening effect is strong and  the  potential well is d eep  

and  periodically varying. Therefore a  sim ple w ave function is not ad eq u ate  for study­

ing the  superiattice characteristics. For the sa m e  reason , the hom ogeneous medium 

screening  function is not suitable for this kind of medium. An accura te  screening  

theory and  eigenfunction of a  superiattice will en ab le  m uch better transport coefficients 

to be  obtained.

In ch ap te r II, I will describe som e important s tud ies in screen ing  theory. Most 

of them  involve the study of the hom ogeneous m edium . S om e im portant stud ies on 

superla ttices in recen t years  and the conceptual difference will a lso  be  d iscu ssed  in 

that chapter. In C hapter III, theories for this screen ing  calculation will be  p resen ted . 

T h ese  include: The Fourier transform ation of a  two point variable function in a  periodic 

medium; the relationship betw een the sc re e n e d  electric potential and the external elec­

tric potential a t the superiattice; the reason  for using the H artree-Fock w ave function 

instead  of the  Hartree w ave function in the G reen ’s  function and  the polarization func­

tion which autom atically includes the higher order term s; the polarization function of 

the superiattice; the two-dimensional Fermi-Dirac distribution and  high order tight bind­

ing theory.

In C hap ter IV, program ming p rocedures a re  d iscussed . T h ese  include the  for­

mulation of Num erov’s  m ethod, the treatm ent of singularities by our program , the appli­

cation of the  effective m ass  concept to simplify the calculation, the approximation of



the n A result by u se  of n ° ’s  d a ta  and  o ther n e c essa ry  form ulas for this calculation. 

Lastly in C hap ter V, so m e  num erical resu lts  will be p resen ted . T h ese  results a re  

obtained by my m ethod in a  sq u a re  well potential or a  hom ogeneous m edium. Also, I 

have applied my m ethod to calculate the sc reen ing  effect in hom ogeneous m edia to 

com pare the resu lts with that of o ther people . My resu lts com pare well with o thers. 

The reason  for presenting  th ese  results is to  prove tha t my p roposed  m ethod to solve 

the screening  effect in a  superiattice is an  effective one.



Chapter II Historical Survey

In this chapter, som e of the contributions of the screening effect will be  

described. I will a lso  show  that the m ethod used  in this thesis to determ ine the 

screening effect in a  superiattice is an effective one. At p resen t there are  just a  few 

papers about the effect of screening on the periodic potential7'8 9 . Before moving to 

d iscuss my m ethod of solving the screening problem in a  superiattice, I will describe, 

in the first section, som e important stud ies of the screening effect in a  hom ogeneous 

medium with a  uniform and  a  non-uniform background potential. In the second  s e c ­

tion, I will d iscuss the  reasons why the foregoing studies can not be applied to a  

superiattice. Explanation a s  to why my m ethod is a  proper one is given (the detailed 

derivation of the equations of the screening in a  superiattice will ap p ear in chapter III). 

In addition, I will show  the com parison betw een my m ethod and other screening 

theories a s  applied to a  hom ogeneous medium.



Section II.l Screening Theory for a Homogeneous Medium10 .

The first im portant theory  of screening  m ay be  the localized resp o n se  theory 

(the Thom as-Ferm i Approximation ) 1 1  for a  static external field. The starting point of 

the theory is tha t the  Fermi-level is uniform over the whole m edium . A non-screened

potential of an impurity charge  pex t (x ) = -  I e I S(x) is V ext(x) =  in real sp a ce
£oX

4K62and  V'gxtfq) = ----- 5 - in m om entum  sp a c e . Here eo is the background dielectric con-
£o<r

stant. The potential a lready  interacts with the background m edium  and  the screening

calculated is an  additional dielectric resp o n se . The Thom as-Ferm i sc re e n e d  potential

-  e 2 e~XjF x - 4 n e 2
•s v Sc(x) = ---------------------a n d  V,sc(q) =  —5 — - 5 — in real s p a c e  and  m om entum  sp a ce

x q* + A,fp

respectively; A,TF is the Thom as-Ferm i screen ing  length and  is independen t of q,

6nnoe

Ef  a H

here Ef  is the Fermi level , n 0 is the electron concentration and  a n  is the solid state  

Bohr radius.

The screening dielectric function can  b e  defined by the  relation betw een  an 

external potential Vext and  a  sc re e n e d  potential Vsc:

Vext(x) =  l dx  ,£sc(x. X ') V sc(x ') (2.1.2)

For a  hom ogeneous m edium  the screen ing  dielectric equation becom es

Vext(x) =  \  dx  'eSo(x -  X ') Vsc(x ') (2.1.3)

in real sp a ce  and



- 10 -

eso(q) =
V W q )
V'sc(q)

(2.1.4)

in m om entum  sp a c e . The dielectric function for the  T hom as-Ferm i approxim ation is 

simply

A,tf
esc(q) = 1 + (2.1.5)

W e can  define som e notation h e re 12. An external distribution function pext(x) (with 

units of volum e-  1) will g e n e ra te  an induced ch arg e  distribution e PinduW a n d  th e  total 

charge  distribution function

e plot(x) = e PsC(x) = Pext(x) +  e pindu(x) (2 . 1.6)

In a  hom o g en eo u s m edium  the polarization function n (q )  and  the p roper polarization 

function n * (q )  a re  defined  by

Pindu(q) = n * (q ) 1/ sc(q) =  n(q)\Zext(q) (2.1.7)

T h ese  polarization functions differ from the  term  polarization used  in e lectrosta tics. 

S om e books or p a p e rs  u se  the  opposite  sign  convention: p indu =  -  n v .

The L indhard 1 3  polarization function ( se e  a lso  B a rd een 14) obtained  by com bin­

ing the linear e lectrom agnetic  resp o n se  an d  the  Boltzm ann transport equation  is:

Re n LH(q, (D) = -
m*kf

nfi2
1 1

4 q 1 - (
tp-<r v 2

2  q
Y In Q) -  2q  4- q ‘ 

(0 - 2  q -  q ‘

4q 1 - (
( 0  +  <7 \ 2  

2  q >
In (ti + 2q + q 2 

co -  2 q + q 2
(2 . 1 .8 a)



- 1 1  -

m*kf  o) 
4iH q

co < I 2q -  q 2 I

l m n LH(q ,co )=
4 n q

I 2 q - q z \ < < a < 2 q + q 2 (2 .1 .8 b)

0 co > 2q  + q 2

Ef
here  q is the w ave vector in units of qf , co is in units of - r  , w here qf  and Ef  a re  the

n

Fermi Momentum and Fermi Energy.

The sa m e  results can be  obtained by using pertur­

bation theory of one particle Q uantum  M echanics or by 

calculating to the lowest order polarization function in 

m any body theory. W e know that in a  hom ogeneous 

m edium the potential in m om entum  sp ace  can  be 

ex p ressed  by

m om entum  sp a ce  density  function. From Eq. (2.1.4), (2.1.6) and  (2.1.7) we can get

Eq. (2.1.7) and (2.1.10) can  b e  interpreted by 1 5 ' 1 6 , 1 7  

Pindu(q) = n*(q)V sc(q) =  n* (q )[ VeM(q) + Vindu(q) ]

V(q) = 4>(q) p(q) (2.1.9)

4tc c ̂
h ere O(q) = — —  is the Coulom b potential in m om entum  s p a c e  and p(q) is the

esc(q) = 1  -  n* (q ) O(q) (2 .1.10)

esc(q) =
1  + n(q) O(q)

(2 .1. 11)



- 12 -

= n *(q)[ ^ext + <I>(q)pindu(q) ] (2 .1 . 12 )

which can b e  so lv ed  iteratively. The R.P.A. (R andom  P h a se  Approximation) sc reen ing  

equation 1 5 , 1 6 , 1 7  is to  u s e  n LH(q) in stead  of the  n* (q ) in Eq. (2.1.12). T he  R.P.A. m ay 

be the  m ost a c cu ra te  screen ing  equation if the  e x ch an g e  and  correlation interaction 

can  b e  om itted. Also, w hen  co = 0 an d  I q I < < 1 the  R.P.A. sc reen ing  equation  is 

an approxim ation to the  Thom as-Ferm i approxim ation . 1 3

Adler7  u s e s  e lectrom agnetic  re sp o n se  and  the  single particle Louville equation 

to solve th e  sc reen in g  problem  in a  periodic m edium . M. H. C ohen  and  his co ­

worker8 , 9  so lve th e  m any-body problem  for a  self-consisten t H artree crystal potential. 

If we omit ex c h an g e  an d  correlation in teractions an d  apply a  su itab le  superla ttice ’s  

e igenenerg ies an d  eigenfunctions to  the  equa tions in th o se  p a p e rs , the  sc reen ing  

problem  can  b e  reso lved . T he equations which I will derive in ch ap te r III have  similar 

characteristics. In addition, I hav e  considered  higher order perturbation term , but only 

for static external potential.

H ubbard 1 9  w a s  the  first one to consider the e x ch an g e  contribution to screen ing . 

His Feynm an d iagram  of polarization function is

« *

and  h e  m ad e  an  approxim ation that the  m ajor contribution of the  e x ch an g e  interaction 

occurs for m om entum  eq u a l to  k  +  q f (here  k  is the  m om entum  of th e  polarization



- 13 -

function and  qf is the Fermi m om entum  of electron). He got the  relation betw een the  

polarization function with the exchange interaction and  the polarization function without 

the exchange interaction is

n Hu(*) = ------- --------------------------------- (2-1-13)
1  + \  - r — 2 f&(k) n °(* )

2 k* + qf

(se e  Appendix A, which show s how Hubbard derived this equation and why this e q u a ­

tion can not b e  applied to a  superiattice medium). For this reason , w e can, without 

approxim ation, express the polarization function that includes exchange and correla­

tion in term s of the one that omits exchange and  correlation in the form:

n  /  \  ^ n o ,  xc ( q>  ® )  . . . .

xc(q,(o)"  1 + G ( q ) 0 (q)n no, xc(q, to) ( - ’ ]

w here G(q ) is to be  found. The G(q) of H ubbard’s  exchange term is simply

 1  i l
2  q 2 + qj

Singwi2 0  d iscovered that G(q ) is related to the  two point distribution function. 

The real sp a c e  two particle distribution function f(r-\, r2) can be  approxim ated as

/ ( r i> r2) = / ( r 1) / ( r 2 )g (r 1 - r 2) (2.1.16)

here  / ( r) is a  one  particle distribution function. The Fourier transform ation of g(r) -  1

is —  [S(q ) -  1] , where S(q) is dynam ic form factor and  n0 is the electron density in
«o

the a b sen c e  of an  external potential. Moreover, S(q ) is related to exc(q , to) by a  sum  

rule (see  D. P ine 1 5  p129-131)



- 1 4 -

2 2 ° °

S (q )  =  ~  ~ i — i n l m [ £xc(q . w ) ]“ 1 d a  
4 rce':Mo 0

(2.1.17)

Singwi2 0  derived  the  following relation b e tw een  G (q) an d  S(q):

G(q) =  -  —  J [5 (q  -  q ') -  1 ] ~ 1 d 3q'  
no q

(2.1.18)

within the  approxim ation Eq. (2.1.16). The dielectric function which takes  into accoun t 

exchange  an d  correlation interaction can  be  e x p re s se d  (se e  Eq.(2.1.10)) by

Eq.s (2,1,14), (2,1,17), (2.1.18) and  (2.1.19) h av e  to be  solved sim ultaneously to 

satisfy self-consistency .

From the  abo v e  d iscussion , w e know th a t th e  functions exc(q, to), g( r) and  G(q) 

a re  related  to e a ch  other. S ince g(r) h a s  definite limiting va lues  (g( 0 ) =  0  and  

g(oo) =  1), w e can  determ ine w hether an  exc(q, co) is good  or not from G(q) (g(r )) or 

obtain exc(q, co) from G(q) (g(r)). Singwi and  his co-w orkers 2 0  and  S h aw 2 1  have 

show n that g(r) derived  from H ubbard’s G(q) or m odified H ubbard’s  G(q) (modified by 

S ham 22) is negative  w hen qf r is < 1 with r s > 2, w h e re  qf  is Fermi m om entum , r s hav ­

ing been  d escrib ed  in c h ap te r I. This is d u e  to an  overestim ation of the  short range 

correlations be tw een  particles. S haw 21, Toigo an d  W oodruff23, Singwi and  his co- 

w orkers 2 0 , 2 4 , 2 5  an d  B rosens, Lem m ens and  D eV reese 2 6 - 2 8  have tried different 

m ethods to im prove th e  value of G(q). M ost of them  h av e  the  value of g (r)  still slightly 

negative w hen r qf ~ 0  an d  r s is large.

£xc(q. f>) =  1 -  n xc(q , co)<D(q) (2.1.19)
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Geldart and Vosko 3 0  and Geldart 

and Taylor6  obtained the polarization func­

tion by including polarization term s of the 

lowest exchange, the lowest Hartree-Fock 

and an approximation (lowest figure in 

the left, Geldart and Toylar call it nc). 

Singwi and his co-worker3 1  show ed that 

their “two particle distribution function” can 

be com parable with those of Geldart and 

Taylor6  and Brosens, Lemmens and 

D eV reese’s 2 6 - 2 8  G(q, w).

'8



- 16 -

Section II.2 Reasons for Using the Self-Consistency Method To Solve 

the Screening Effect in a Superiattice

The m ajor problem in obtaining the screening  effect in a  superiattice is that the 

lattice width (thickness of the layers) is of the s a m e  order or sm aller than the  Thom as- 

Fermi screening length and the  reciprocal of the Fermi m om entum  (In m ost c a se s  the 

thickness of the GaAs or AI^Ga! _ *As layer is from 25 A to 250 A; w hen the doping is 

10 17 then 1/A,t f  = 8 8 A ; 1/fy- = 69.6 A; r s = r 0/ a H = 1-22; w hen the doping is 1019 

then 1 / Xj f  = 34  A; 1 /Ay = 1 5  A; r s =  0.26 ), and the potential well is d eep  (.3 ev ).

Kohn and  Sham 32' 3 3  have derived the screening  equations for a  slowly varying 

potential. However, they a re  not suitable when applied to a  periodically rapidly varying 

potential like that in a  superiattice. S tern and Howard 3 4  have  derived the screening  at 

an inversion layer. It is inadequate  to simplify the superiattice potential to tha t of a  sin­

gle well potential.

The potential in a  superiattice is periodically varying and  r s is not much 

sm aller than 1. The effects of exchange  and correlation in screening  of the periodic 

potential m ust also be considered. W e should u se  a  m ethod similar to that of Singwi, 

e t al, to obtain a  polarization function which includes the exchange and  correlation 

interaction. We have to obtain a  good value of G ( q ) , then substitu te it into Eq. (2.1.12) 

to adjust the polarization function w hen the  exchange  and correlation interaction has 

not been  considered. Problem s arise  w hen this m ethod is u sed  to solve the screening 

effect in a  superiattice. Since the convolution theorem  for the Fourier transform ation is 

not applicable to a  non-uniform m edium , all equations which a re  required in this 

m ethod (especially Eq. (2.1.12), s e e  Appendix.A) have to be modified, and  these  

modifications are  not simple.
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Since the electron potential is changed  by the carrier distribution, analytical 

results can not b e  easily obtained (example: the eigenfunction and  Fermi level, etc.). 

Therefore, com puter calculations m ust be  used. In such  calculations, it is a s  easy  to 

u se  the Hartree-Fock w ave function a s  the H artree w ave function in the polarization 

function calculation. The Hartree-Fock w ave function instead of the Hartree w ave func­

tion is used  in calculating the zeroth order polarization function n°. This n° will 

automatically include the Hartree-Fock polarization function (p lease refer to chapter III. 

Geldart and Taylor6  has only the lowest order Hartree-Fock polarization function). In 

other words, our n °  automatically includes som e of the exchange and correlation 

effects.

On the o ther hand, if we u se  G{q) to adjust a  no exchange and correlation 

polarization function to obtain a  polarization function which includes the exchange and 

correlation interaction, the lowest order polarization function m ust still be  calculated. 

Yet the G in a  non-hom ogeneous periodic medium (no longer a  function of just q) is 

not a s  e a sy  to obtain. From the above discussion, we know that using 

Singwi’s 2 0 , 2 1 ' 2 4 - 2 9  m ethod of handling the screening problem is not convenient in a  

superiattice. This is the major reason why a  new  self-consistency m ethod is required. 

The Hartree-Fock w ave function is u sed  to calculate the exchange polarization function 

n B (the IT1, nB, nc, a s  defined by G eldart and  Taylor6). Our nB will automatically 

include a  lot of H artree-Fock polarization functions and exchange polarization functions
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(som e of those  Feynm an diagram s are:

etc). In this thesis, the Geldert and Taylor's6  nc polarization function is not calcu­

lated. Instead, I include many higher order H artree-Fock polarization functions and 

use the interaction potential to calculate the ex ch an g e  polarization function which is 

the sc reened  potential (instead of the bare  electron-electron interacting potential or the 

Thom as-Ferm i potential, a s  used  in m ost calculations). I feel confident that my 

screening theory is be tter than that of Geldart and  Taylor6. Many investigators u sed  

the two particle distribution function G(q) ( ^ ( r ) ) to determ ine whether the screening  

equation has involved a  proper exchange and correction adjustm ent or not. Here I 

use  my m ethod (which will be  used  to find the screen ing  effect in a  superiattice) to cal­

culate the screening  effect in the hom ogeneous m edium . Comparing my G(q) with the 

G(q) of other screening  theories (Singwi and  his co-worker31, Geldart and Taylor6  and 

Brosens, Lem m ens and  D eV reese’s 26"28) in hom ogeneous medium a s  shown in 

chapter V, Figure 5-9, my G(q) com pares well with o thers 2 8  (my curve is betw een 

"Hubbard" and "Toigo and Woodruff"). This proves that my proposed m ethod involves 

the exchange and  correlation effects and has a lso  considered  periodicity characteris-
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tics.
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Chapter III The Equations of Screening Theory and 

The Tight Binding Approximation in a Superlattice

Section III.l Fourier Representation of Superlattice Properties 

In order to find the relationship betw een  the  Fourier com ponent of the sc reen ed  

electric potential an d  the Fourier com ponent of the  external electric potential in a 

superlattice, I will try first to obtain the Fourier transform ation of a  two point function 

(two position variable) in a  medium which is h o m ogeneous in two dim ensions and 

periodic in the third d im ension.

An arbitrary two point function / ( x 1t x2) in any medium h as  a  Fourier com ­

ponen t A (k1t k2) which is given by

k2) = jd x i  x2 ) e _<kl X1 e k 2  X 2

Xi + x2
Let y-, = — - — , y 2  =  x 1 -  x2, then

A(ki, k2) = j d y 1d y 2 f ( y u  y2) e _tyi  ( l t 1  k2)e
-  ‘ Y  n  ■ (kl + k2 )

(3.1.2)

W here th e  Jacobin  J  y i ’ y 2  = 1, can  b e  omitted.
* 1 . x 2

If a  su b s ta n c e  is h o m ogeneous in x sp a ce , translation invariance requires 

/ ( y i , yz)  to be  independen t of y^, so  that
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A(k1( k2) = (2tc)3/2 8 (k1 - k 2)Jrfy2 / ( y 2) e~ ‘ 2 y2' (kl+k2) (3.-J.3)

r dk2
Multiplying both sides by j , the Fourier transfer of f ( \ i  -  x2) is d e p e n ­

dent only upon k ^

B( k i )  =  1 -  k a )  =  f  rfx2 / ( x , , x2) <T ‘  k1 ' (X1 "  X2) (3.1.4)
(2jl)

This is a  formula commonly found in m ost text books. On the o ther hand, we 

know that the Fourier com ponent in a  periodic medium exists only w hen kj -  k 2  = 

/n,k, + rrijkj + mkk* = K, w here (k,-, k; , k*) are, respectively, unit vectors of a  periodic 

structure.

M t  i \ / t l  \  -  > v ,  k  Y y2 ‘ (k i + k i + K )-A(ki, k2) = Jdyi dy z f i y i ,  y2) e e

= J dxi  rfx2/ ( Xl, x2) e ~ 1 k 1  ' X1 e 1' ( k 1  + K)' X 2  (3.1.5)

For a  superlattice which h a s  periodic structure in the /. direction and is hom o­

g en eo u s in the x and y directions (it is a ssu m ed  throughout this thesis that the layer’s  

direction is the z direction), we have

/t(k-|, ki + m  z) =  Jd x i dx2/(x - |, x2) e _<kl *1 e L * 2 (3.1.6)
Li

w here L is the width of GaAs layer plus the width of AI^Ga! _*As layer; z is a  unit v ec ­

tor in z. direction.



- 2 2 -

Section III.2  The Equation of Electrostatics for a Superlattice 

In this section , I would like to d iscu ss  the  relationship betw een  th e  external 

electric potential an d  the sc re e n e d  electric potential in a  superla ttice . The electric field 

E(x) can  b e  e x p re s se d  by

The external ch a rg e  density  <?pext(x) is the electron distribution function a n d  P ( x ') is 

the polarization vecto r of electrosta tics. dpext(x) is a lso  called the free charge  density  

or te s t ch a rg e  density . Here w e define the  induced charge  density  a s  

^Pindu(x) = -  V '  • P(x ')• (O thers call pjndu the polarization charge  density). After 

integration by p a rts  Eq. (3.2.1) b e c o m e s : 3 5

The integration region is very large. The su rface  only locates a t the position

here  pt0t(x) = p sc(x) = pext(x) +  pindu(x). The d isp lacem en t field D(x) is defined by

In a  non-hom ogeneous m edium  the  relation betw een  D(x) an d  E(x) in a  superlattice

E(x) = -  V j d x '
e Pext(x)

(3.2.1)

epeXt(x ') + epindu(x ')
(3.2.2.)

which I x -  x '  I is very large. The integration J *  ■■ , is m uch larger than the
I x — x I

integration J  j , y  , the  last term can be  om itted. Eq. (3.2.2.) can  be  simplified

to:

(3.2.3a)

ePext(x )
(3.2.3b)
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should be ex p ressed  by

D(x) = J d x ' e (x, x ')  • E (x ') (3.2.4)

rather than by D(x) = e • E(x), as used  in hom ogeneous su b s tan ces . Therefore, the

dyadic e (x, x ') is not just a  function of the difference x -  x '. Here we restrict our­

selves to consider the linear response  in the screening effect. It is convenient to cal­

culate the screening  effect on the electric potential, since the potential is a  scalar. It is 

better to replace Eq. (3.2.4.) by a  scalar relation

where rj(x, x ') is an inverse potential response  function, Osc(x) is the  sc reen ed  electric 

potential E(x) = -  V 3>sc(x) and  Oext(x) is the external electric potential 

D(x) = -V  4>ext(x). The corresponding equation in w ave-vector sp a ce  can  be written a s

The reciprocal of this equation can exist if w e can find a  function of X(k', k) such that

^extW  = j d x  T|(x, x ')<&sc(x ') (3.2.5)

f fj\t?
®ext(k) =  J -jg ^ -T l(k , k > xc(k') (3.2.6)

where r|(k, k') =  J r|(x, x') e ’dx d x '. The relationship betw een e and r\ is

(3.2.7)

in real sp ace , and

(3.2.8)

in momentum  sp ace . W e define the direct response  function X(k', k) by

®«c(k)= J 7 ^ r X ( k ,  k > e « ( k )  (2rt) (3.2.9)
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l d k '
-j— g  rtfk ', k ') X(k', k) = (27c)35(k -  k ') (3.2.10)
(2k)

For a  superlattice

r|(k , k ') = (2jc)3 ii(k1I kz; k / ,  k2 ') ■ 5 (kx -  kx') 5 (kz -  kz' +  nK)  (3.2.11)

w h ere  K = 2 k IL, kx =  kxx  + ky y  an d  z is th e  layer’s  direction.

r r i k '
<&ext(kx, y  =  J - ^ 3 - Tl(k, k') O xc( k / ,  kz’)

{2k )

= I  Tl(ki, kz ; kx, kz + nK) O sc(kx , k z +  nK) (3.2.12)
N

Let kz = kz +  mK, \kz I < K / 2  = k / L  a n d  m + n = m '  Then

<*>ext(kx. kz"  + mK) = £  r |(kx, kz"  + mK-  kx, kz"  + m' K)  O sc(kx, kz"  + m' K)  (3.2.13)
m'

Let <D (kx, kz) be  a  column vector, with m th e lem en t <&(kx, kz + mK)  and  A(kx, kz) a  

matrix, and  its e lem ent is ri(kx, kz + mK;  kx, kz + m '  K).  Then Eq. (3 .2 .12) can  

b e  e x p re s se d  a s

^ ext(kx. kz) = A (kx, kz) <t>sc(kx, kz) (3.2.14)

Similarly, w e can define matrix a  X(kx, kz) in such  a  w ay that Z (kx, kz) = [A(k±, kz)}~ 1.

T hen  the  sc re e n e d  potential vector is 4>sc(kx, >fcz) =  X(kx, kz) Oext (kx, kz).

An exam ple of an  application of the ab o v e  equa tions follows:

Exam ple: l / f o ,  x2) is the interaction e n e rg y  for two e lec trons a t x  ̂ an d  x2. v{x^,  x2) 

is equal to tha t of an  electric ch arg e  -  I e I located  a t x-\ interacting with a  potential 

which is g e n e ra te d  by an  electric ch a rg e  -  I e I located  a t  x2. <&Sc(kx, K. +  mK)  is the
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Fourier com ponent of the sc reen ed  potential which is genera ted  by electric charge 

located a t  x2. And we know that the Fourier com ponent of the  non-screened  potential

which is g e n e ra te d  by the electric charge located a t x2  is - 0- ~ 4- -  -  ■— T then
k 2 + (kz + m'K)2

K
i i f  ^ ^ 1  r L dkzV (xi, x2) =  -  I e I J -— g- J — -  £  <Dsc(kI( kz + mK)  exp[ i (k± ■ p! + (kz + mK) ■ z t ) ]

(2 rc) _ j l  m
L

K_
f dk . ,* ^ dkz 4ks>2

= W 1 . i . ^  5  5  k ,+ m K ' k i ' *■+ m 'K)

x exp[z (ki-p! + (kz + mk)  • z , ) ]  exp[ -  i (kx • p 2  +  (kz + m'K)  • z 2 ) ] (3.2.15)

This can b e  rewritten a s  a  "Fourier Series"

71
f d k .  f L dkz

^ (* 1 . * 2 ) = J - — 2 ) I  exPt / ( kx • P 1  + (kz + m K ) - z i ) ]
(2 rt) _ £. (27C)

L

x V ^ ,  kz +  m/ST; kx, + m'K) ■ exp [ -  / ( kx • p 2  +  (kz + m'K)  • z2) ] (3.2.16)

Eq. (3.2.15) an d  (3.2.16) will b e  used  in the later section.
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III.3 The Linear Response Theory

In this section  m any-body theory will b e  u se d  to d escrib e  the  polarization func­

tion of a  superla ttice . Explanation will a lso  b e  provided of the  u se  of the  H artree-Fock 

w ave function in stead  of the  H artree w ave in G reen ’s  function an d  of th e  application of 

this G re e n 's  function m ethod to eva lua te  the  low o rder perturbation polarization func­

tion. This low order perturbation polarization function will autom atically  include som e 

of th e  h igher o rder perturbation polarization corrections.

Before deriving the  relevant equations to explain the  polarization function for a 

superlattice, I would like to explain the  d ifference betw een  th e  "potential" u se d  in the  

electric field an d  that u se d  in the Schrodinger equation. In an  electric field the  po ten ­

tial refers to  how m uch energy  a  ch arg ed  particle will have , the  dim ension is 

energy /(charge  unit). In the  S chrodinger equation, the  potential m ea n s  how m uch 

energy  a  particle p o s s e s s e s  so  it h as  the dim ension of energy . The calculations in this 

th es is  d ea l with e lec trons. For this rea so n , U{\ )  will b e  u se d  to d en o te  th e  S ch rod ­

inger potential, s ince  U(x) = - \  e |4>(x). Also, for the conven ience  of later calculations, 

p(x) is the  electron distribution function which d o e s  not have a  ch a rg e  unit. The po ten ­

tial functions are

w here the  se lf-consisten t potential is the sum  of external and  induced potential since 

psc(x) = peXt(x) +  pindu(x)- T he polarization function n (x , x ' )  and  p roper polarization

(3.3.1a)

(3.3.1b)

^ex tW  = Jrfx 'rj(x, x ' )Usc(x) (3.3.1c)



function n*(x , x ') a re  defined by

Pindu(x) = j  d x  'n * (x , x ' )US c(x ') = J d x  'n (x , x ') t f ext(x ') (3.3.2)

In a  Feynm an diagram  presentation, the proper polarization n * (x , x ') only includes

linked and no repetition (no iteration) diagram s. From Eq. (3.3.1c) and  (3.3.2) we get

Tl(x, x ' )  = 5 ( x - x ' ) - J  dx "  (3.3.3)

In the three dim ensional hom ogeneous case , the Fourier represen tation  of this eq u a ­

tion is

ri(k, k ') = (2k)3 5k, k<( 1 -  ^ f l n * ( k , k ' ) ) (3.3.4)

For a  superlattice, we have

r|(kx, kz + mK;  k±, kz + m'K)  =

A-ttp ̂
5(m, m')  -  — i—  ------- —j -  ■ n * (k x, kz +mK;  kx, kz + m'K)  (3.3.5)

[kl + (kz + mK)*]

From linear resp o n se  theory an  arbitrary operator 0  (t) can be defined a s  

(p lease refer to Fetter and W alecka12, where linear response  is d iscu ssed  in Section 

13 and  linked diagram s in Section 9):

< 0(t)> = < Mis (r) | 0( t )  I 4 * 5  (r)>|inked diag =  < Vh(3) I 0( t )  I Y|/h(0 )> +

i r 1 < vyH(0) 11 dt'[ HHeX(r). 0  H(r)] I >|/H (0)>|inked diag + ...........  (3.3.6)
'o

w here l vPs(r)> is a  Schrodinger picture eigenfunction after the perturbation (external) 

Hamiltonian H e* is turned on (at tim e t 0). I \j/H (0)> is the H eisenberg  picture eigen­
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function. If w e only tak e  the first (linear) term then

8< 0( t )>  =  <  0 ({)>ext -  < 0( t )>  —

. f  ^  ,  A  0 ) ^  /N .

i f l~ J d t  <  H^h(O) I [ / / h  (* )> O h W ]  1 'KH(0)> linked diag (3.3.7)
l0

To calculate the screening effect, the perturbation Hamiltonian can b e  ex p ressed  by

a pvt r A
H h (r) = Jd x  p H(x, t )Uext{x t ') (3.3.8)

w here t 0 is the time when the perturbation is turned on, and  r0 is taken to be  -  oo. 

The change of electron density  (sam e  a s  induced electron density) is

8 < p (x , t)> = i r ' l ‘ d t ' S  d x ' U ex t( x ',  t ' )  < \|/h(0) l [p H (x 'r ' ) ,  pH(x, 0 ] Iv h (0 )>  (3.3.9)
If)

Let « h (x ,0  = Ph(x, t) -  < pH(x, r)> . T he retarded  polarization function (p lease  refer to 

Fetter and W alecka12, Section 14)

» .. < ‘t'o I [^h(Xi r). « h (x \  t ')] I ¥q>
( D * ( x , / ; * ' » ' )  =  9 ( 1 - 0 - - - - - - -  ( 3 - 3 - 1 0 >

is defined so  that the induced charge  density  equation is

5< p(x, t)> =  r 1 J °°dt ' j d 3x ' Dr (x, t \ x ' , t ') U ext(x ', t ') (3.3.11)

w here D R{x, t ; x ' ,  t ') is the re tarded  function of the polarization function 

D(x,  t \ x ’, t ' ) .  T he latter polarization function is defined by

^ « « v > .  «). » h(» % o i  i ^
< 4* 0  I TQ>

Taking the Fourier transform ation of its time coordinate
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D(\ ,  x G)) =

< H'o I pH(x) I Y 0'> < Y 0' 1 pH(x ') 1 4 V  | < 1 p H(x) 1 *P0">  < V p "  1 pH(x ') I V 0>
0‘“ Vo © - ( £ '  - E ) / n  + i ri + <n + ( E "  - E ) / K  + i i \

(3.3.13)

The Fourier transform ation of the retarded  polarization function is

d r (x , x co) =

< 4 ^ 0  I pH(x) I 4V >  < HV I Ph(x ') I Vf/o> < H'o I Ph(x) I V >  < *P0 " I pH(x ') I V 0> 
0 -“ vp0  co -  ( E'  -  E) /n  + i n + co + ( E "  — E) /E  -  i r|

(3.3.14)

S ince t\ = 0 then

— —  = P( 1 / co ) + i k 8 (co) 
co + i T\

we ge t Re D R = Re D and  Im D R = j Im D.  Considering only the static  perturba­

tion potential from Eq.(3.3.13), we will obtain Im D(x, x c o  =  0) =  0. The polarization 

function

n(x , t; x  t ') = TT1 D(x, ')

The induced charge density  distribution

5< p(x,r) > =  J dt  J d 3x  Tl(x, t ; x ' ,  t )Ue^ x  t ') (3.3.15)

Subsection: Green’s Function and The Hartree-Fock Equation in a Superlattice 

the perturbation theory m ethod is used to determ ine the expectation value in 

m any-body theory by calculating G reen’s  functions. T he G reen’s  function is defined
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(3 .3 .16,
< *ro I xo>

H ere T  is the  tim e ordering operator, a  and  (3 a re  spin indices, 14'0> is the H eisenberg  

picture ground s ta te  w ave function (with e - e  interaction) and  ^H a(x . 0  is a  H eisen ­

berg  opera to r an d  is equal to iH'n . H ere \{ra (x) is a  field operator defined

by Va(x) = 'Z'Vk (x )Ck w here CK is the creation o p era to r (when EK > Ef ) or annihilation
K

opera to r (when EK < Ef ), \\rK(x) is a  sing le particle w ave function and  K  is the  e ig en ­

s ta te  label for th e  single particle w ave equation . Thus we know that G reen ’s  function 

is rela ted  to the  single particle w ave functions. T he expectation value is rela ted  to a  

G re e n ’s  function, therefore the expectation value is rela ted  to the single particle w ave 

function. W e claim th a t any theory of th e  m any-body problem  in a  hom ogeneous 

m edium  can  b e  ex tended  to the c a se  of a  superla ttice . In real s p a c e  this requires only 

the u se  of superla ttice’s  single particle function in stead  of the  hom ogeneous m edium  

single particle w ave function. In m om entum  sp a c e , b e c a u s e  the  m edium  is not hom o­

g e n e o u s , the equation  n e e d s  to b e  modified.
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The G reen ’s  function can be interpreted a s  

a  function that c rea te s  a  particle (or hole if t < t ') 

at ( x t ') , travels to (x, t) then annihilates. It 

can be exp ressed  by a  Feynm an diagram  (a thick 

line). Let G°(x, t\ x t ') be a non-interacting 

G reen’s  function. This m eans that Hamiltonians 

will not include the interacting term s such as direct 

or exchange electron-electron coupling. The 

G°(x. t: x t ') is ex p ressed  by the Feynman 

diagram  (a thin line). From Eq. (3.3.16) the time 

coordinate Fourier com ponent of the non-interacting G reen’s  function can be 

expressed  as

0 (e° -  e°) 0 (e° -  e;°)G°(x, x co) = £  \)i°{\ ) \|/°*(x ')
j (I) -  / r 1 e° + ir\ to -  /T 1 £ / -  j'n

Here n -» 0+. £/ is the Fermi level of the non-interacting ground sta te . is the elec 

tron energy and  the Heaviside step  function Q(x) defined a s

(3.3.17)

0(0 =

1
0

if x > 0
if x <Q (3.3.18)

enforces the Fermi distribution. The \y°(x) are  the eigenfunctions of the Hartree wave 

equation

2y7 2- T V
2m*

+ U(x) V;-(x) = eJ v >(*) (3.3.19)

Here U(x) is the  superlattice potential.

Let £ ( x i ,  r t ; x - i r / )  be the self energy operator. The relationship betw een
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G(x, t; x t) and  G°(x, r; x t ') can  be ex p ressed  by the equation (p lease  refer to 

R eference 9, Section 9)

G (x, r; x t ') = G°(x, r; x t ’) +

Jjx, (i!,G°(x, z;x 1f /,) £(X1) ri; x/, r,')G(x,'. r,' ; x t ') (3.3.20)

or by the Feynm an diagram

i *, tJM / t  J K*>t)

r t ' t 1) c t-t'i i * X )

The rep resen ts the self energy. The first few term s of the latter can  be

expressed  by

If the self energy includes only the first two term s (direct and  exchange  electron 

interaction) the G reen’s  function can be written (p lease refer to Fetter and  W alecka12, 

Section 8 )
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G(x, x co) = £ i |/ ; (x)\|fj*(x ')
j

0  (£, - £ / )  + 9 (e/ -  ey- )
(3.3.21)

_ o ) - r 1 e;- + i'ri a) -  / r 1 ey -  ct|

here e; , v|/y(x) is the  e igenenergy  and  eigenfunction of the  H artree-Fock w ave equation

2m*
e, \|!j{\) =

J dx 2 [  V'fx, -  x2) «(x2) -  -  x2) £  Vi(x 1 ) ¥«*(x2) 0( e / -  e.) J ¥y(x2 ) (3.3.22)
i

Here «(x2) is the  electron concentration a t  x 2  and  -  x2) is the electron-electron 

interaction energy.

The polarization function n(x , /; x t ' )=D(x, t; x t)lfi, is defined by Eq.

(3.3.12)

n (x , r , x ' , t ' ) = : - ^  
Ti

< ¥ 0  I T[ \j>H «(X, t) vjcH a(x,  t) \j/H p(x t ') m>h p(x t ' )  | ¥ 0> -  < p(x,  t)> < p(x  t ')>
' linked diag

- p <  ^ 0  I I
f t  v = 0

-  i
1  T-— - T

H v !
|  dt,

x H,{ t ^ )H, { t 2) ...................................... \ ^ u{x, r )¥ / a (x, r)V/ p(x t ')¥ /[j(x  r ') O o > -

<  p(x ,  t) > < P(x , t  ) > linked diag (3.3.23)

Here I <D0> is the  ground s ta te  of the non-interacting system , a (x, t) is an interac­

tion opera to r and  is equal to e ‘Ho/ff\j/a (x )< r‘H°m w here  H = H 0 + H{. The interaction
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Hamiltonian

=  -5- Jc /x ,-  citi \ d X j  (it, 5  ( t, -  I.) £  * ' ( x i- xj h -  V. V. v'
A. . A. , V. V

x ¥ / x(x) V/ x(x ) ¥ /  v(x ') ¥ /  v(x ') (3 .3 .24)

The Xj)\t v, v. v' is the electron-electron

interaction potential. It can also  be e x p ressed  by 

the Feynm an diagram  on the left. Here a,  a' ,  v, v' 

are  spin indices. B ecause  the electron-electron 

interaction d o es  not change the spin direction, X 

m ust be equal to X' and v m ust be equal to v'. 

Usually w e u se  a  thick wavy line to e x p re ss  the 

sc re e n e d  interaction V(x,, Xj)-K ^  v v- and  a  thin 

w ave line to ex p ress  the bare  electric interaction

(Xu Xj)\ )/ v v'.

The relationship betw een  V{x,, x,yK v v- and  l ' 0  {x,, v .  v. v  can  be ex p re sse d  by 

equation

V(Xii X,)’K v. v' =  ̂0 (•'■< 1 X,)\  >■ v v' +

] d x {  ilty' Jc/X! dt^VQ{Xi, Xy)x V. a .  a 1 nCX! f , ;  X,'. t / )  V(x^', Xj)fa ()', v, v' (3.3.25)  

or by the Feynm an diagram
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T he p ro p o sed  m ethod  in this thesis  is to  u s e  th e  H artree-F ock  w av e  function to  obtain 

the  polarization function. For this reason , th e  e x c h an g e  term  in th e  H artree-F ock  e q u a ­

tion an d  th e  potential u se d  to  calcu late th e  e x c h an g e  en e rg y  in this H artree-Fock  

equation (Eq. (3.3.6)) u s e  th e  sc re e n e d  electron-electron  interaction potential in stead  

of the  b a re  in teraction potential. For this reason , th e  e x c h a n g e  term  in this H artree- 

Fock equation  no t only ca lcu la tes the  e x ch an g e  en erg y  but a lso  involves th e  co rre la­

tion energy . For th e  e x ch an g e  polarization function, this th es is  u s e  th e  H artree-Fock  

w ave function a n d  the  sc re e n e d  potential in stead  of th e  H artree  w ave  function an d  th e  

ba re  e lectron-electron  interaction potential. M any high o rd er perturbation  polarization 

functions a re  th en  included autom atically. A further d iscussion  follows in th e  next s u b ­

section .
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Subsection: A Discussion of The Polarization Function n (x , r; x t') 

The unperturbed polarization function n(x, t\ x t') is

n°(x, t; X  0  = ~ Y <  <D0 I 7"[ t) vj//a(x, r) V/p(x'' c ' ^ \ *(*'< '  H  °o>

-  < p(x, r)>< p (x \ (')> (3.3.26)

here T is the time ordering operator and / and  a ,  p have b een  described  under Eq. 

(3.3.24). Let N be the normal ordering operator and let A B denote the contractor 

(please refer to Fetter and W alecka 1 2  section 8 ).

A B = T[A /?] -  ;V[4 fi] (3.3.27)

B ecause

N[A B C D] = A B N [C D] , (3.3.28)

V/«x(x. t) vj//+p(x t’) = iy/re(x, r) \J//p(x t') = 0

(3.3.29)

and < <h0  I v /„(x , t) y /(l(x, t) I <P0> = < p(x, r)>.

From Wick's Theorem 3 6

T[A B C D ) = N[A B C D  ] + N[A B C D  ] + N[A B C D ] + N[A B C D ] +

N[A B C D ] + N[A B C D ) + N[A B C D ] + N[A B C D  ] + N[A B C D ]

(3.3.30)

the n°(x, r; x t ’) b ecom es

n°(x , t; x 0 = y ( -  1) x  2 x i G °(x r'; x, t) i G°(x,  r, x t') (3.3.31)

here  2 indicates the spin eigen sta te . The Feynm an diagram  of n °(x , r; x t') is
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show n on the las t page .

To find th e  perturbation corrections to n (x , t; x ', t') and to simplify the  p rocess, 

w e u se  the  following argum ents:

A ) O ne higher o rder m eans adding one  m ore particle-particle interaction potential and 

four particle fields (in a  Feynm an d iagram  add  a  two particle p ropaga to r line) into the

time order b racke ts  and then multiplication by (

B ) The Feynm an diagram  m ust b e  linked.

C ) B ecause  the  variable of the interaction potential is neither (x, r) nor ( x t'), the 

Feynm an d iagram  m ust be  linked and  norm al ordering term s with contraction 

V /a(x* 0 V /a (x* 0  or V /p(x> 0V/+p (Xt wi,‘ not b e  Prese n t- The possib le  Feynm an 

d iag ram s for th e  polarization function fls  with first o rder perturbation a re

Derivation of a  form ula for any one of th e se  d iagram s is com plicated (se e  the  

next section). M oreover, the  single particle w ave function for a  superla ttice  is not a n a ­

lytic and  the ex ch an g e  and  correlation effects of screen ing  a re  a lso  n e e d ed . To solve 

the screen ing  problem , the following m ethod is u sed . Instead of the H artree single 

w ave function (non-interacting ground s ta te  single particle w ave function), the  Hartree- 

Fock single w ave function is used . This w ave function will b e  in serted  into
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n°(x , r; x t ’) and  the  first Feynm an diagram  of the first o rd er perturbation term s of

the n (x , t; x t ') (let u s  call it IT '(x, t ; x ' ,  t ' ) ) .

The Feynm an diagram  of the  G reen 's  function (in which the H artree-Fock s in ­

gle w ave function is u sed ; p lea se  s e e  d iscussion  in Eq. (3.3.21) ) is

4 - 4-

+ <»>»i

- h 4- +

+ 4-
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If this G reen ’s  function rep laces  the non-interacting ground s ta te  G reen 's  function in 

the polarization function of n° , the Feynm an diagram  of the  polarization function will 

be
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\  V v
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Section II1.4 Hartree-Fock Equation and Polarization Function in a Superlattice 

In this section, the equation of a  single particle w ave Hartree-Fock equation, 

the polarization function n°(x , r; x ', t') and the polarization function rr '(x , r; x ', t') of 

the superlattice will be  derived.

The H artree-Fock w ave equation obeys:

Here the "dir" subscript m eans the function d o e s  not include the exchange and  correc­

tion interactions betw een electrons, r  = p + z z, U{z) is the potential of the superlattice 

(the potential is independent of x  and  y direction), V(r2, n )  is the electron-electron 

interaction potential, /o (£ ,)  is the finite tem pera tu re  Fermi-Dirac distribution function 

and e <|>dir(z) is the potential genera ted  by a  non-uniform charge distribution. Since the  

charge distribution is uniform in the * an d  y directions, (j>dir d ep en d s  on 2  only. If the  

screening adjustm ent is omitted, e <S>dir(z) obeys P o isson ’s equation.

If the medium is hom ogeneous in x  and y, the single particle w ave function can  

be ex p ressed  a s

w here «,• is the sub-band index. Multiplying both sides of Eq. (3.4.1) by

J</r2 V(r2, n )  £ /o (£ ,;^ y /." .) 'y ,‘(r 2 )v|/;(r2) = E /\|f;(ri) (3.4.1)

(3.4.2)

( 2  — \ d 2p \ e  1 ki‘ P 1  , Eq. (3.4.1) becom es

^
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2m* dz f  2m* m) + U(z-\) + e <S>dir(r 1)K'n,-, kv  ( z i )

+  e x ch an g e  term  = E(kh kZi, ku )Fnu *I;(Z1) (3.4.3)

T he e x ch an g e  term  is

-  S  | d 3r 2  / 0 (E ,> ‘' (kj‘ ■ k* } p2 F„, ^  ^(z 2 )Fn. ^  (z2)

X ] 2 u jr ^ P ie ' (Ky k,i) ^ r i * r <3 -4 -4 )

w here

r2) =  2  Z  E  m2 )e ‘' k i ' p1+£' (*z + ,"1̂ ) z i e_ , ^ ' p2_‘' fe+m2/f)22
/ « 1  mg Ai,

(3.4.5)

T he eigenenergy  contributed by the  exchange  term  is

E m (ki, kZi, k1;) = - £ / 0(F,) £  < njt kZj I + | nh kz;>
j  m , m '

x  < nit kZi I e '  ‘ {kli “ W  ±K) + mK) zz | nj> kzj> v{kzi _  kzj{ ± K)t _  k i _. mt (3 .4 .6 )

w here k2i -  k2.{ + K)  m ea n s  tha t if kZi -  kZj < - K l 2  or kZi - k Z j> K / 2  a  value of 

K  =  2 k / l  will b e  ad d ed  or su b trac ted  su ch  th a t kZi -  k2j will b e  within first Brillouin zone  

and  I nt, kZi> is the  e igen v ec to r for the one  dim ensional single particle w ave function. 

The e igenenergy  can  b e  s e p a ra te d  into two parts.

E dir {ki i kZi, k1;) + E xc{ki, kZi, k^.) (3.4.7)

The E  dir {ki, kZi, ka .) is a  d irect part and  equals



- 4 3  -

(3.4.8)

The E xc(ki, kZi, k1(.) the exchange and  correlation part w as given by Eq.(3.4.6) and 

v (kZi -  kzj( ± K),  kA. -  kiy; m, m') m ust consider the screening effect (p lease  refer to 

Eq. (3.3.25) and  (3.4.5)).

The wave_ to be u s e d  to calculate the screen ing  effect in a  superlattice m ust 

have the characteristics of periodic potential well. The tight binding approximation 

w ave function is p roposed  in this thesis. The tight binding w ave function is con­

structed  using a  single potential well w ave function. If the single well H artree-Fock 

w ave function is applied to the tight binding approxim ation equation (to be  developed 

in the next section), this w ave function will have the  characteristics of a  periodic poten­

tial with exchange  and  correlation effects.

The polarization functions n °  and  IT1 will b e  derived in the following m anner. 

Here only the zero  tem perature  c a se  and the Fermi-Dirac distribution function will be  

considered  (the reason  for using the Fermi-Dirac distribution is d iscu ssed  in Appendix 

C). Any single w ave function in this section will b e  a  H artree-Fock w ave function. For 

exam ple, the equation u sed  to derive the zeroth order perturbation function 

n °(x , r; x ', t') u se s  the H artree-Fock single particle w ave function.

(3.4.9)

w here the G reen 's  function G°(x, r; x ', t') is equal to

-  i X  V«(x)V« (x ') e [ 0(f -  0  (1 - M E i ) ) -  W  -  t) f Q (£,•) ] (3.4.10)



H ere £,• is the  e igenenergy  an d  at zero tem pera tu re  the 

Fermi-Dirac distribution function /o (£ ,)  =  1 -  6 (£ f-£y), Ef  

is the  Fermi level. The time coordinate Fourier com ­

ponent of this G reen 's  function

G°(x, x ' ,  <o) =  \d{t  -  t') G °(x , r;x =

2 > /(x ) y f (x ') I
L to -  —  +  / n  co — - - i n

n n
E ‘ .  i  ' - - - i n  J

From Eq. (3.4.9) and by using the convolution theorem  of Fourier transform a­

tion

n°(x , x to) =  f ^ - G ° ( x ,  x '.co') G °(x  ', x,co -  co') = 
n J 2k

- 2  i
n

Z  Z  Vi(x)Vi*(x ')\|/y(x ')Vy*(x) J
‘ J

(i(£t
2 k

0(£, -  Ef ) Q(Ef  -  £ ,) 0(£, -  Ef ) Q(Ef  -  £,)

£  E E E
- ( CO' -  +  I Ti ) ( 0) -  co' -  - r -  -  / n  ) ( CO' -  -  I T \ )  ( CO -  co' -  - r  +  / n )  -

n n n n

W hen co = 0, the  result is

n°(x , x ', co = 0)= 2 2  2  Vi(x)V,-*(x ')\|/y(x > y*(x) 9(£/ £;)- (3.4.12)
; j  Z j

The polarization function in m om entum  sp a c e  is
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n°(k,, k2) =  2  2 2 < i  . 1  e '* 2 ' 1' I j x j  I e ~ , k ' ’ ’  I i> 9 (E-r f l) ^  £'’
i j  E'i &j

(3.4.13)

B ecause  only the static  electric field is considered , the  notation of w = 0  will be omitted 

in this thesis. In a  superlattice the Fourier com ponent of n(k1) k2) can  exist only if 

kXl =k12 an d  kz, = k Z 2 +NK.  Let & Z 1  =  £z +  m \ K ,  \ kz \ < K / 2  = k / L  and 

m ^ + N  = m z -  B ecause

2 = - ^ 3-1 Z J< (2 rc) _ j l
£

Eq. (3.4.13) becom es

JL

n 0(kx, kz \ m 1t m 2 ) = — £  j  rf2^ .  J dkZi
(2rc) _ JL

1 L

fo(E(kj ,  k2i, k j  -  E(njt kZj = kz; -  (+ K), k ±J = ku  -  kx) )

Ei ~ Ej

x < kn kZi, k I; I c l{m2K + U  ' 2 | njl kZj =  kz. -  (± K),  k ±J = k1(. -  k j  > 

x < y I +*»)■* | / >  (3 A 1 4 )

here f 0(E) = 1 w hen E  > 0 otherw ise f 0{E) =  0, kz. -  ( + K)  h a s  been  explained under 

Eq. (3.4.6).
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From the Feynm an diagram , w e Know that th e  low est exchange polarization term

J

8a', x Sx, v  5v, p Sp, p- 5p', p. 5Mi ^  8^, a 5„,

x 8  (r, -  r ^ G ^ x ,  t; x1f r,)G v. p(x1f z , ; x ', 0

(3.4.15)

< « X )

where the notation IT' is defined by G eldart and  Taylor6, a ,  a ',  X, X' ,  |i, |x' ,  (3, (3' a re

m  -  Ef ) m  -  Ef )
the spin indices. Let f t{co) = then

to -  E,!H + i r) 0 ) -  EjIK — i T| 

fl^X, x ' ,  ( 0 = 0 )  =  T 2 \ d i X ^ d t i \ d i X\ 'c l tS  h ( t y  -  t \ ' ) V ( X \ ,  t \ ' ,X \  t \ ' )

x  £  £  £  £  Vi(x) V/*(x i) Vy(*i) Vy*(x ') V*(x ') V**(xi ') \|//(xi ') V/*(x)
i j  k l

x j  e - i ^ (a)t) J  - O  J,

x  f ^ <° 3 e -« “3(»'-»l')
J 2 tc

2 tc

A M  J //(©4) (3.4.16)

The time part of this equation becom es

e(Ej -  E f )  Q(Ef  -  E k ) Q(Ek -  E f )  Q(Ef  -  E j)

E k -  E j  + i x \ E k -  E j  -  i r\
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r d<a 1 

X *
Q(Ei  -  Ef ) 9 (Ef  -  E , )  Q(Ei ~  Ef ) 8 (Ef  -  E£)

£/ -  £; +  i T| E, -  Ei -  i r\
(3.4.17)

T he  polarization function in m om entum  s p a c e  is then

UA(kz, k ^ m u  m 2) = j  d 3x j  d 3x f e~ i (k  ̂ p + {k‘ +m' K) z) n A(x; x') (k l 'p' + ( * I + , " 2 i e ) 0

(3.4 .18)

From  Eq. (3.4.2) w e can  g e t

2>.M = z J  Jni ni \c-K) jẑ
L

(3 .4 .19)

w h ere  Fm.^ .(z )  is th e  one d im ensional single particle w ave function of a  superla ttice . 

T he electron-electron interaction potential is

V'fci, x-)' )  =  £  J d 2k ±'  J ^ ( k / ,  kz \ m-1 , m 2)
m 1 , m2

x e* (ki' pi +(v+*r*)*i) ‘ (k/pr+(*z+»>2̂ )̂ i') (3.4 .20)

Substituting Eq. (3.4.16), (3.4.19) and  (3.4.20) into Eq. (3.4.18) an d  after so m e  a lg e ­

braic m anipulations, Eq. (3.4.18) b eco m e s

K Tt

TlA(kz , k L; m 1f m 2 ) =  i l I S S l  ^ dkZi J * d ^ . J  d 2 * 1(. J d %
( Z K )  nj nk n t -  J L  -  JL

X I  V(AfJ -  **,. ku  -  kA.; m / ,  m 2')  < nh kZi I e (m''K + k« | kZj >
/w 1 m2'
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X <  nk , kZk =  kz. — kz ( ± K  ) | e ~ ‘ (m2' + *“' “ V * 1' I n„ kz, = kZi - k z { ± K ) >

i (m2K + kz) 2

w Q ( E j - E f )d(Ef - E k) Q(Ek - E f )Q(Ef - E j )
X '   —

E k -  Ej  + i x \  E k - E j - i x \

9(£, -  Ef)Q(Ef  -  E,) 9(E, -  Ef )Q(Ef  -  £,)
Ei  -  Ei  +  / t | Ei -  Ei  -  i X]

(3.4.21)

here k Zi -  ( + K)  h as  been  explained under Eq. (3.4.6). The s tep  function h as  been 

defined in Eq. (3.3.17) and the zero tem perature Fermi function is f o { x ) =  1 -0 (* ) .  

Substituting f 0 (x)  into Eq. (3.4.21) and considering that at £, = £ /  , e(E, -£ f)  

Q(Ej-E[) = 0, the *'r| in the denom inator can be omitted, we can obtain the polarization 

function

YlA {kz , k±; m 1( m 2) =

n
f o ( E k = E (  nk , kZk = kZ i - k z ( ± K ) ) ) ~ f p ( E j )  

E k -  E;

x 11 J j L dkZi
f o { E i )  - f o ( E i  =  E ( m ,  kZl =  k Zi ~ k z ( ± K ) ) )  

Ei -  Ei

x £  v (kxi ~ kZj * k^. -  kiy; m, ' ,  m 2’) < nh kZi I e
i {mi’K +kzj -  kZj) z
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x  <  nk, kZk =  k2i -  k2 (  ±K ) |  e ~ i {m2' + ^  ^  * 1 '  I nh kz, = k2i -  kz (  ±  K)  >  

x < n lt kz l = k Zi - k z ( ± K )  | nh kZi>

x < nj, kZj I e l {m2lc +kl)z | nk, kZk = kZi -  kz ( ±K ) > (3.4.22)

This is a  ra ther com plicated form ula. U se of this form ula in a  com puter num erical cal­

culation will b e  d escribed  in the  next chap ter.
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Section III.5 The Tight Binding Approximation for a Superlattice 

From  Eq. (3 .4 .14), (3.4.23), (3.4.6) an d  (3.6.16), w e know  th a t  to obtain the  

polarization function, the  ex c h an g e  e ig en en erg y  an d  b a n d  bend ing , a  com plete  s e t  of 

e n e rg ie s  and  e igenfunctions is required . N um erov’s  algorithm  is u s e d  to  obtain  an  

e n e rg y  an d  eigenfunction with m om entum  kz =  0  or k / l  (to b e  d isc u s s e d  in chap te r 

IV). The o ther e ig e n e n e rg ie s  an d  eigen functions will be  o b ta in ed  b a s e d  on th e se  

eq u a tio n s  derived in th e  su b sec tio n s  th a t follow. In applying num erical m ethods to 

so lve th e s e  eq u a tio n s , a  large num ber of sum m ation  a n d  multiplication s te p s  m ay b e  

involved. T he error accu m u la ted  by th e se  calculation s te p s  a re  d e te rm in ed  by the

num ber of calculation s te p s  an d  th e  relative erro r ( -e-rror v~lu^ ) of the  item s which
e x ac t value

involved in num erical calcu lation37. For this rea so n , in o rder to obtain  a  proper result, 

e a c h  item which involves num erical calculation m ust b e  a s  a c c u ra te  a s  possib le . In 

m o st com puters, a  doub le  precision variable provides 15 significant digits. T h e se  fac­

to rs  m ust b e  tak en  into consideration  in deriving the  tight binding approxim ation equa-

tions. For exam ple, if L  =  75A  then  e®2 L = 10 " 2  (here  p 2  = ^ j T > o  - e 2 ) . E  2
r

is th e  se co n d  su b -b an d  e ig en en erg y  (p lease  refer to equa tions  below ). If a  w ave 

in te rac ts  with a n o th e r  w ave which be lo n g s to a  potential well four  w ells aw ay, the  pro­

portional part value g e n e ra te d  by this two w ave  interaction is == 1 (T9 . This exam ple 

sh o w s  tha t the eq u a tio n s  in th e  following su b sec tio n s  m ay  look c u m b erso m e  but a re  

n e v e rth e le ss  n e c essa ry .

T he tight binding approxim ation w ave  function tak e s  the  form of an  LCAO 

(linear com bination of atom ic orbitals):
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w here N(n,  kz) is the  normalization factor, n is th e  sub -band  index, is the single 

potential well w ave  function, and  m  is the  potential well indicator. Separa ting  2  into
m

2  . the contribution from the right hand side  potential wells, 2  > the  left hand  side
m >  0 m  <  0

wells and  m = 0, the  central well. Eq. (3.5.1) b eco m e s

F* k‘ {:)  =  7 v 7 ~ 1i TTTTz ( +  Z  t--‘ k ! 'n L 6>n (z -  m  L )  +  2  </' % ( z  -  m  L )  )
[ N ( n ,  k z )] m > 0 in < 0

(3.5.2)

Let <j>„(z) = e ^nLl Z~^n fz > a t z > L i 2  a n d  §„{z) = ( -1 ) 71 + 1 e^ u 2 ~ ^  lz  1 a t z < - L / 2

be the  w ave  function outside the  single potential regions. T he
1/2

, v0  is the energy  d ifference be tw een  th e  conduction band  of
2m* . _ ,

_2 (^O &n )
n *

AI*Ga{ 1 - X)As, a n d  the  conduction band  of G aA s, En is the  e igenenergy  of the single 

potential well w ave function.
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. 1  1

The equation can  b e  rewritten as

Fn.k, ( z ) =  -.... \  .j2 ( U : ) +  S  ( - 1 )" + 1 c P"z <T( l "
l/v(rt, kz)J m > o

(3.5.3)



Sub-Section : The Normalization Factor for Tight Binding Approximation 

The tight binding approximation w ave function equation then becom es

F n ' *‘ (Z) = [ N ( n  A,)]1/2 [ (t,"(z) + ^  *<n(A*) + ^ ]  (3-5>4)

— i k z  L  — pnlJ 2

w here p(A*) =  and <n(Az) s  ( -1 )" + 1 p*(Az). Define
1  -  e 2

3 n L
0 (1 , k2) s  p.* (A*) p(Az) = co*(kz) co(Az) = - ^ - r  e- ----------------- g -p  (3.5.5a)

e z v„L + 1 _  2 cos(kz L) e*nL

D{2, kz) s  p.* (A*) + \i{kz) = 2 £>(1, kz) gp- i / 2 [cos(Az L) -  e ~ KL] (3.5.5b)

0 (3 , A*) = co (A*) p*(Az) +  co*(kz) p(A*) =

(-1)'! + 1 2 e Pni [0 (1 , kz) f  [cos(2 kzL) - 2 e ' p" Lcos (kz L) + e~ 2 PnL] (3.5.5c)

As

L_

J L d z  F n t k i * { z ) F n t k l ( z ) =  1 
_ 7

and the normalization factor

N{n kz) = intg 1 + intg2 • 0 (1 , Az) + intg3 ■ 0 ( 2, A*) +  0 (3 , Az) (3.5.6)

where

L_
. 2

//tfg 1 =  J £fe$n(z)<Mz) (3.5.7a)
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intg2. = J  dz [e~ P r t  Z < t ) „ ( z )  +  ( - 1  )n + 1 ePn Z ^ ( z ) ]  (3.5.7b)

intg 3 s  J  dz [e2 Pfl z + e~ 2 Pn z] (3.5.7c)

If the potential is a  periodic sq u a re  potential, the analytic result for th e se  integrations 

can be  obtained

e 2 P„(i2 - a 2) j  2  + + 1 sin( g ^  fl»)_

inrg 1 = ^ - [ e 2  Pn (*z ~ flz) -  1 ] + ------------------   -=---------------------     (3.5.8a)P« 1 +  ( - 1 ) “ + 1 c o s ( 2 a „ a z) '

here  az is halif the width of the G aA s layer, bz = L /2  is az plus half the width of 

AlzGa(i _^)As layer, a„ = [-̂ p -  En ]1/2.

Intg2 = - j - [ e Z Mz -  <T2  M z] (3.5.8b)
P/I

For the odd sub-band  (n is odd)

,Pn (*z — ai)
Intg 3 = e [bz -  az] H---------

2  Pn
e- 2 pn a z _ e - 2 pnt2j  +  ej_

cos(a„ or) ( a 2  + p2)

e Pn z( -  P„ cos(a„  z )  + a„ sin(a„ z ) (3 .5 .8c1)

For the  even  sub-band

Intg 3 =  -  e P̂ [ 6 z -  az] + [  e -  2 P" -  e ~ 2 M ‘]  -
2 P„ L J sin(a„ az) (<x2  + p 2)



(3.5.8c2)
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Sub-Section: The Energy Shift in the Tight Binding Approximation 

From earlier in this section, w e e x p re sse d  the e igenenergy  in term s of its direct 

and exchange  parts:

E(ti, kz, kjJ — Ed\r{n, kz , k^) +  E xc(n, kz, k^) 

and w e approxim ated the direct part by an  effective m ass:

E a t(n, kz, k±) = £ dir(«, kz, k± = 0) + =  Edir(«. **) +
2 m * '

The one-dim ensional e igenenergy  can be obtained  using

F n, k , ( z )Edir(n,kz) = j  ^ dz F*n% ki (z) 

~ T

V f  + V(z)
2m

If Fni k (z) is the tight binding w ave function, then

Fn , k A z )  =
W n ,  kz )]

1 T7rS e ‘ki m L^n(z -  mL)

(3.5.9)

(3.5.10)

(3.5.11)

(3.5.12)

here  N(n, kz) is the normalization factor and  <|>„(z) is the  single potential well eigenfunc­

tion. The potential

V{z) = J)/{z -  mL) (3.5.13)

here  the v(z) is the  single well potential. The single well potential w ave equation is

Entyn{z ~ mL) =
2m*

V* + v(z -  mL) <Mz -  mL) (3.5.14)

Then, using the LCAO expression, Eq. (3.5.1)
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£dir(», kz)Fni kz(z) =  -  ^  Vz2 + V(z) F„, *,(z)

(3.5.15)

From the  above  w e ca n  obtain th e  energy  shift equation

L

— — u

-  ik r  U L  Je dz

2

x 1 v(z -  .v L)  <t>„(z -  t L) e ‘k‘ 1 L (3.5.16)

To obtain the  energy  shift, w e have  to sum  up the  term s with different indices

s ,  u ,  t  # s  . How ever, accord ing  to the  tight binding approxim ation, the  single well

w ave function pn will not dev ia te  very m uch from the  com pleted  w ave-function. For 

this rea so n , only th e  following c a s e s  are  considered .

A )  u =  s  for all t  ex cep t t  -  s  ; this m ea n s  th a t <|)n* will be  interacting with the

potential, v(z -v  L)  it b e longs to, and  a lso  with <J>„, which b e lo n g s to ano ther

potential well a t v(z -  t L).

B  ) t  —  u  for all s  ex cep t s  =  t  +  u  . This m e a n s  th a t §n* an d  <|>„ belong to the 

sa m e  potential well an d  both of them  are  interacting with o ther potential wells 

than  the  o n e  to which they  belong.

C  ) t  =  s  ±  m ,  « =  s  +  m \  this m ea n s  tha t the  potential well to which <)>„* belongs 

an d  the potential well to which (j>„ be longs a re  a t  opposite  s id e s  of the potential 

well which th ey  a re  interacting with an d  at the  sa m e  d istance.
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D )  [m = s -  2, t = s  — 1 ], [u = s  -  1, t =  s  -  2  ], [u =  s  + 2, t  = s  +  1 ], and 

[k =  s +  1, t = s  + 2 \  ; This m ea n s  that the  potential well 0 „* belongs to or the 

potential which belongs to is next an d  seco n d  next to the  potential well they 

are  interacting with. Also, they a re  on the sa m e  side of the potential.

E  ) [ u  = s  -  2,  t = s  + 1 ], [ u  = s  -  1, t = s  +  2  ], \ u  =  s  +  2,  t = s  — 1 ], and 

[ u  = ,v +  1, t = s  -  2  ] . This is the  s a m e  a s  c a se  D ) excep t that §n an d  <(>„* are  

on different s id es  of the potential they a re  interacting with.

Equation (3.5.16) in c a se  A ) is 

1A EA(n, k2) =
N(n, kz)

X Z Z J  $n* { s - u  L ) e ~ iulhL\ / { z - u  L)tyn( z - t  L )e i t k *Ldz (3.5.17)
U t ± u  -  —

A ssum ing that a  superlattice h a s  M  layers an d  M > > 1 then 

A **<"• *■>'

* 2  2  J" K , U - * L ) e - i ' t-L v { z - u L ) $ , [ z - t L ) e i ' t' Ldz
u I *  u

* (* . kz ) t > 0
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x (-1)" + 1 e 1 v(z) (J)n*(z) e ^ d z  + e~ ‘ ‘ k*L j  tyn*iz )e IV dz (3.5.18)

Since v ( z )  is symmetrical, < t > „ ( z )  will be symmetrical for odd sub-bands and anti- 

symmetrical for even sub-bands (the first sub-band is called band 1). B ecause

L_
2

( _ 1 ) «  +  1  J  v ( z )  < S > „ * ( z )  e linZdz = J v ( z )  ( S > „ * ( z ) e  ?nZdz,
L i Li

(3.5.19)

the energy shift equation becom es

A EA(n, kz) = £  e- M " ~ 1)L~ P"L/2f  * *n* v ( z ) e ~ t o d z
rn> o N (n< kz) - L

2

(3.5.20)

If the potential is the square  well potential, the energy shift equation simplifies to 

A EA(n, kz) = £  e~ ~ 1)L " ^ c o s  ( mkz L )- 2
m  > 0 N{n, kz) v0

,Pn( ^ 2  — az) 1
COsa„az a l  + p*

for an odd sub-band, and

e ,inZ(ans in a nz -  p„cos ( a„z)
z =  az

(3.5.21a)

A EA(n, kz) =  £  <? Pn(,n “ 1)L "  P"i/2 C0S ( m kzL ) —t l— -v0
m > 0 N{n, kz)

,,P/:(k/ 2  — flj) 1
sin(a„az) cc)| + pĵ

c _ f̂lZ(Pn sin ( a „ z )  + a„cos ( a „ z ) )
z = -  a2

(3.5.21b)

for an even sub-band. Here a„v 0  and p„ have been  defined in Eq. (3.5.13) and 

(3.5.8a).
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The equation for the energy shift contributed in c a se  B ) defined after Eq.

(3.5.16) is

A£fl(n, kz) = _J>**(Z) <M Z) ty (z) ~  v(z)5 dz =

3 y
J   f 2 „ 2 P „ t / 2  yj- 2 p ,
, b \ JN(n, k z ) L_

2
' [

v(.v -  L) dz

2  • e
N(n, k 2) _  l_

2

J  e 2pnZv(z) dz

1 -  e - 2 P „ z

If the potential is the square  well potential, then

AEd =
N(n, k2) 1 - e- 2P^

' v0
[e 2 P»fli _  e -  2 P»a*] 

2  Pn

(3.5.22)

(3.5.23)

here v0  and az have been  defined in Eq. (3.5.1) and (3.5.8a). The equation for the 

energy shift contributed by c a se  C) is

L_

A£c(n, k2) = £  7777-7 T  J , §»*(z + mL) <MZ “  mL) v(z)e ‘
m  > 0  v ' z /  -  —

2

= ^-y  ̂ 2 co s ( 2 k2 m L)e^ 2m + ^ nLj  v(z)dz.
n(n, k2) m>Q _ L_

(3.5.24)

For the square  well potential J  v(z)dz = -  2v0«z, a z has been  defined under Eq.
_  L_

2

(3.5.8a). The energy shift equation contributed by c a se  D) is
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x $n*(z +  L)§n(z + 2L )e‘' ^  + <5>„*(z -  L)$n(z -  2L)e~l kzL +

<S>„*(z + 2L)§n(z + L)e  1 kzL + <j>„*(z -  2L)$„(z -  L)e kzL

L_

4  , 2
COS( kzL) ■ e~ 2 |U j  v(z) e~ ® n*dz (3.5.25)

n(n, kz)
2

If the potential is th e  sq u a re  well potential, then

J v(z)c~ 2^"zdz = — e~ 2^naz — e~ ^"*zj  (3.5.26)

Similarly,

L_

^ n ' **> =  2  c o s ( ("1)n + 1 e ~ ^ \  \  v ^ dz (3 -5 -27 ) m > 0 ‘y \n ’ K*> -  -L
2

The total energy  shift

A£dir(«. kz) = AEA(n, kz) + A E ^ n ,  kz) + AEc {n, kz ) +  AED(n, kz) + AEE(n, kz) (3.5.28)

Here, all im portant interacting term s have b een  included. This is a  highly accu ra te  

tight binding approxim ation energy  shift equation.

Next the  derivation of the matrix e lem ent < n1( ykz 1  \ e ‘ qzZ In 2, kZ2> will be  d is­

c u sse d . This matrix e lem ent is im portant in m any calculations such  a s  the ex change  

potential, polarization function an d  transport coefficients. O n e  rea so n  for using the
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tight binding approxim ation is tha t th e  tight binding w ave function can  lead  to a  fairly 

accu ra te  evaluation  of the  matrix e lem ent:

< « !, fc21 \ e iqtZ \ n 2, kZ2> = [ N { n u  kz . )  N{n2, kZ2) ]~ 1/2

L_

X J , ' L e 1 k*' m' *(z -  L)  E  e iklZ m2L$n2*(z -  rn2 L ) e ‘ 1,1 Zdz
■ T " ’

m  2

x  2  1
m2

J dz §n,*(z' ) e ‘ qzZ <\>n2(z' - m 2'L) e

2 k  ,[ N ( n u  kz : ) N ( n 2, kZ2) ] 112 5{qz + kZ2 -  &Z1 (+— ) )

x  S  I J  d z ' <5>«i * (z/) ^ 2 (z'  “  e  **2'" 2 L
m 2

(3.5.29)

Here, it h a s  b een  a s su m e d  that the  num ber of layers of a  superla ttice  is m uch larger 

2 k
than 1, (±— ) h a s  b een  explained  u n d er Eq. (3.4.6), z =  z ' - m i  L and  m 2 = m 2 -  m -|.

Li

W e can  write the  integration a s  :

J dz ty„,*(z') e qi 2 e k*2 m2 L^„2{z -  m 2 L)  = IL + IR + I a + I  p + L,  (3.5.30)

here , lL is in tegrated  from -  oo to -  L i 2  w hen m 2 > 0 or from - «  to 

( -  I m 2 I -  M 2 )  L  w hen m 2 < 0  , IR is in tegrated  from LI 2  to oo w hen m 2 < 0 or 

from ( m 2 + 1 /2) L  to  oo w hen m 2 > 0 , l a is in tegrated  from - L I  2  to L / 2  w hen
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> 0 or from ( -  | m 2' I -  1 /2) L to ( -  I m 2 I + 1 / 2 ) L w hen m 2' < 0 , /p is 

in tegrated  from L i 2 to ( m 2' -  1 /2) L w hen  m 2' > 0 or from ( -  I m 2' I +  1 /2) L to 

- L / 2 w hen w 2' < 0  no /p for m 2' = 0 and  I m 2  1 = 1 ,  / Y is in tegrated  from 

( /w2' -  1 /2 ) L to {m2 + 1 /2)L w hen w 2' > 0 , or from -  L /2  to L /2  w hen m 2' < 0  no 

/ y for m 2 =  0  .

W hen m 2' - 0

/^ = ( - i r , + n 2

-  1 qrL!2
(3.5.31a)

Pn 1 +  P n2 ^

/  _    ---------------
P«1 P/i2 — * tfz

(3.5.31b)

(3.5.31c)

2

W hen m 2 > 0

OT2'(| *z2 L -  p„2Z.)

Pni +  P n2 +  /
(3.5.32a)

P/11 Pn 2 *
g' ____  ^m2'(i + 1 kl2 L-fin^L)

(3.5.32b)

L

j     ̂ ,| /̂i 1 + 1 ^Pn2^ ^  + /n2 (/ kz2L — Pn2 J*
(3.5.32C1)

2

/p  =  ( - 1 ) n2 + 1 1

[Pn2  -  P«1 +  ‘ <h I (m 2 < “  y )  iP n 2  "  P n l +  ‘ <fc 1 y-  e 2  (P /11 +  P n2 ) +  m 2 '  (‘ k z 2 ^  -  P"2 ^  >

Pn2 P /11 i Qz
e

(3.5.32C2)
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L_ 
2

P n 1 L / 2  +  / n 2 ' (  < * z 2 + i  <7z “  P m  ) L  f  ‘ ? z Z - P n 1 z  .  .
/ 7  =  e  J  e  t yn 2 { z ) d z (3.5.32C3)

W hen m 2'  < 0

» /  ^  \ / i - j  4- « 2  ^  i m2 I (  * <7z ^  * ^ z 2 ^  ^ n 1 ^- )
‘L =  ( - 1 ) „— — 5 — — — e

P/11 P/i 2 * *7z
(3.5.33a)

e ‘ I m2 ' | (- ; ^ 2L -  Pn2i')
/ / ?  =  t ;   -------------   e

R  P n ,  +  P /1 2  "  * d z
(3.5.33b)

L_
2 ; ,

/ a  =  H ) " 1 + 1^ ' ,lZ'/2+ ' '"2< ' ( _ P ' ' 1 + (3.5.33C1)

/ p  =  H )

“ I P/ 11  -  P / 1 2  +  ‘ t f z l  ( l m 2 '  I “  1 / 2 ) i '  —I P / j i  -  P / 1 2  +  ‘ <Iz\LI2
« 1  + 1 £________  —C ___

P/11 P/12 i  d z

x  e
( P « 1  +  P / 1 2 )  ' - T  _  I m 2 '  I ( ‘ * z 2 ^  +  P n l ) T

(3.5.33C2)

L_

1 ^ % ZU 2 + U 2' I ( - . * 2 2 - p n2 )Z.J 2  g i ^ z ^ ^ ^ g - P - 2 *c/z (3.5.33C3)

Let u s define

-  i k2o 2  L -  1 z/z/L/2
T  _  g __________

P/11 — P/12 * d z

P/i2 ^ - P / i 1 ^  -  > <7z*-

1 _  g «' P/12̂  1 _  g
(3.5.34)

kZ2L — p/)2 ^z/ 2

^  = ^ ^ - ^ - p . 3 ,  (3-5-35)
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1 (*z2 + ~ Pn 1 ^ - / 2

-j _  * ( ^ 2  + ~ Pnl^ (3.5.36)

T 4 =
e ‘ thL,2 ( i ^ 2 + P „ 2 )L ( i +  »' <?z -  pn 1 ) L

(3.5.37)

/  1 =  J  e ‘ qz* § n ^ { z ) § n z (z)llz (3.5.38)

L_

h  = S L e “ hZ e Pn1 *<i>n2 (z) ^ (3.5.39)

2  .

/ 3 =  J  e " /zZ <!>„,*(z)e  P,,2Zi/z (3.5.40)

Then

< « ,. * Z 1  l e i& * l « 2, ^ 2> = / i  + ( - i ) " 1 + " 2  r ;  + t 4 + ( -  1 ) ” 2  + 1 r ;  + H ) , , 1 + 1  r 1

+ T 2 / 3  + H P  + " 2  / 2  *Ta + r 3  / 2  + ( - 1 ) 'l 1 " n2 T2  / 3
/i 1 + rc g t ’* (3.5.41)

here A* is the  com plex conjugate of A. This is an  accu ra te  but com plicated formula. 

Since calculations of the  coefficients such  a s  polarization function n 4  include the su m ­

mation of a  huge num ber of matrix e lem ents, accu ra te  matrix e lem en ts a re  necessa ry .
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Section III.6  Electron Distribution And Poisson’s Equation In a Superlattice 

The first equation to be derived in this section is the equation for obtaining the 

Fermi-level of a  superlattice. This is similar to the derivation of the electron distribution 

function a s  well a s  the s ta te  density  function of the superlattice.

The eigenenergy of a  superlattice is

H2
£(«, kz, kx) = £ dir(n, kz, k±) + £ xc(n, kz , k j  = £ dir(n, kz, kx = 0 ) + T ^ r ^ x  + E xc(«. **. k±)

(3.6.1)

here m* is the electron effective m ass  of the hom ogeneous medium. W e have approxi­

m ated

here m*n can be defined as an effective m ass of the ntll sub-band of a  superlattice. 

This approximation will simplify som e of the important calculations to be  d iscussed  in 

the next chapter. The eigenfunction h a s  been  defined as

Let N  be the average electron carrier density, / 0(£) be  the electron distribution func­

tion, then

(3.6.2)

(3.6.3)

The normalization requirem ent is

L

\  L K , k z {z)Fn,kM)dz  = 1 (3.6.4)

2
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N -Q  = 2  £  2 j d r
it k , , kz £1

Vn, jtj, k L(z ) / 0 (E(n, £z, kx)) (3.6.5)

here  the value 2 is for spin and i1 = Lx Ly L . T he Lx and Ly a re  crystal widths in x 

and  y directions, L  is the width of the superlattice cell.

fo(E)  is the Fermi-Dirac distribution function

/o (  E{n, kz> kx)) = 1

1 + exp
(£(«. k J - E f )

kT

(3.6.6)

here k is Kelvin constan t and T is tem perature. Then

n ki kz

1

1 + exp
E(n,  k2, kx) -  Ef  

kT

(3.6.7)

w here £ =  -g- \dkx \dky, £  = J dkz with E (n ,  kz, k±) = E{n, kz, I kx I ) and

E(n,  kz, kx) = E{n,  - k z, kx). Thus

2 k  w k_
L

d  I kx

(2 rt)

x 1

1  +  exp
U k j 2 m n + E(n, kz, kx = 0 )—Ef  

It

(3.6.8)

r L 4mnkT  ,

? V S 2 (2 tc) 2

1 + exp
E f  -  E ( n , kz, kx = 0)

kT
(3.6.9)

4 m nk,T
here  2 in Eq (3.6.8) arises from spin. From this equation we can define — 5  r- a s

M K  { 2 k )
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the state density function for a superlattice and In 1 +  exp
E f  — E(n ,  kz, kx =  0)

kT
a s

th e  e lectron  distribution function of a  superla ttice . A lso, if w e know the a v e ra g e  e le c ­

tron carrier d ensity  an d  e ig en en erg y  E(n ,  k z , kx = 0), w e can  easily  g e t the  Ferm i-level 

from this equa tion  by applying a  se lf-consisten t com pu ter calculation (to b e  d isc u sse d

Er — E( n ,  k  , k = 0 )
in the  next chap ter). For low tem p era tu res , exp  ( — --------------- — ----------] te n d s  to oo.

kT

By this re a so n , if E(n ,  k z , kx = 0) < Ef

In
 ̂ E f -  E{n ,  k-z, k x = 0) 1 Ef -  E ( n ,  kz , kx = 0 )

+ exp  —  J —

and  if E(n ,  kz, kx =  0) > E f

E f  -  E{n,  kz , kx =  0)
In 1  +  exp

kT
=  0

(3 .6 .10a)

(3.6.10b)

Eq. (3.6.9) b e c o m e s

Ar =  £ f  dk..
4 m r

z nd(2n)‘
Q(Ef - E ( n , kz , kx = 0)) (3.6.11)

In this p a p e r  only the  ze ro  tem p era tu re  sc reen ing  effect will be  de te rm ined . Eq. 

(3.6 .11) will b e  u se d  to obtain the  Fermi level.

T he e lectron  density  function can  b e  written a s

2
P(z) =  1 1  \ d x \ d y  <!>„, ^  ki(z)

n k z , kj
ME) ■ 2 (3.6 .12)

Using the  s a m e  p ro ced u re  a s  above , th e  electron  density  function then b e c o m e s
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1  + exp
Ef-E(n, kz , kx =  0)

kT P  n, k M )

From the last section using Eq. (3.5.2) we obtain

F n, k , [ z ) = N(n, kz) 1 D (3, kz) + <$>*n(z)$n(z) +

§n{z)[e^nl + (-1)" + 1 e Pn2 ] D(2, kz) +  [e2pnZ + e~2?nZ] D( 1, kz)

Let

intg 1 = 1  f 4

intg 2 = ' Z \ d k 2

intg4 s £  I n d^T7T~

0 ( 1 , kz) 4 m*nkT
N(n, kz) H2(2k)2

0 (2 , kz) 4 mn*kT
N(n, kz) E2(2k)2

0 (3 , kz ) 4  mn*kT
N(n, k z ) H2( 2%f

1 4mn*kT

In 1 + exp

In 1  +  exp

In 1 + exp

In 1  +  exp

Ef — E («, kz,

oIIHJA

kT

Ef -  E(n, kz,

oII—i 
,

kT
-

Ef -  E{n, kz,

oII

kT

Ef  -  E(n, kz, kx = 0 )'
?  J o " "z N(n, kz) ft2{2n)2 

The final electron density  function is

P(z) = intg 4  + [ <?2PnZ + <f 2p"z ] intg 1

kT

(3.6.13)

(3.6.14)

(3.6.15a)

(3.6.15b)

(3.6.15c)

(3 .6 .15d)

+  <Mz) [ <fPnZ +  (-1 )n + 1 e ^ z ] intg2 +  intg3 (3.6.16)

B ecause  all the in tg l, intg2, intg3, and  intg4 are independen t of z , the com puter time
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required to obtain the  electron density  will be  short.

Band bending is a  very im portant phenom enon  in a  superlattice. This 

phenom enon  is g en e ra ted  by the non-uniform charge  distribution an d  this electric 

potential ch an g e  obeys P o isso n ’s  equation . O ne of the  im portant rea so n s  for using 

the tight binding approxim ation is tha t w e n eed  to have  an accu ra te  electron charge 

density  function to be used  in P o isso n ’s  equation in order to obtain the electron po ten­

tial change.

In a  superlattice the charge  distribution is uniform in the jc and  >■ directions; both 

the electric potential and  the  charge  distribution a re  d e p en d en t on z only. The 

P o isso n ’s  equation can  be written as

v  2<t,(z) = [ pe(z) + 9d{ z ) } (3.6.17)

here  pd is the charge  density  g e n e ra te d  by the impurity doping and  pc is the  charge  

density  g e n e ra te d  by the electron carrier, pe(z) =  -  I e I p(z) , p(z) is the  electron d e n ­

sity function tha t can  b e  obtained  by Eq. (3.5.15). T he m ethod to  solve Eq. (3.6.17) 

will be d iscu ssed  in the  next chapter.



Chapter IV Numerical Methods

All the  theories and  equations n ecessa ry  to obtain the screening  effect of a  

superlattice have  been  developed in the previous chapter. T here rem ains the problem  

of solving th e se  equations by com puter m ethods. In this chapter, I will d iscu ss  first 

som e techn iques which have been  used  in this program  other than  the technique 

which has b een  applied to solve for the polarization functions n0(kj_, k2\ m 1( m 2) and 

n/'(k1, k2\ m u  m 2).

If Eq. (3.4.16) is applied directly to calculate i r 'f k ^  k2; m u  m 2) a  huge C.P.U. 

time will be required. It is therefore n ecessa ry  to u se  som e approximation to reduce 

the com putation time. Both the e igenenergy and  the reciprocal of electric potential a re  

approxim ated a s  a  quadratic function of m om entum . I will then d iscuss in detail how 

to apply th e se  approxim ations and w hat ad v an tag es  w e will get from the calculation of 

the polarization function. Special techniques described  here include how to treat a  

singularity in calculating the polarization function n 0^ ,  kz\ m u  m 2) and how to m ake 

the calculation of the polarization function IT' faster using the sm oo thness  of som e 

functions.
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Section IV .l Numerov’s Method to Solve the Eigen Equation in a Superlattice and Others 

In th is section  I will d iscu ss  so m e techn iques which have  b e e n  u sed  in this pro­

gram  but which a re  not related  to the polarization function. T h ese  techn iques include 

the m ethod to obtain the  e igenenergy  and  eigenfunction for a  single well potential 

(Num erov’s  m ethod), the m ethod to obtain the Fermi level and the m ethod to solve 

P o isson ’s  equation.

In the low est approxim ation, the potential is a  sq u a re  well potential. The 

e igenenergy  of the  single sq u a re  potential m ust obey  the  equation

tron. The eigenfunction is a  sim ple cosine w ave (even w ave function) or sine w ave 

(odd w ave function) in the well and  d e c ay s  exponentially outside the potential well. 

W hen the potential is slightly changed , the e igenenergy  will be  shifted an am ount 

approxim ately equal to the av erag e  potential change. Num erov’s algorithm 4  provides 

an  efficient calculation of the energy  an d  eigenfunction. The formula of Num erov’s  

algorithm can  be  derived a s  follows:

A one  dim ensional Schrodinger equation can b e  written by

(e2  -  e ' 2 ) 1 / 2  = e tan e (4.1.1)

for even  w ave functions and

(e2  -  e ' 2 ) 1 / 2  =  -  e  cot e (4.1.2)

for odd w ave functions. Here e' , v0  is the height of the potential well

o I
and a is the width of the  well, e =  - 2  - an d  E  is the  e igenenergy  of the elec-
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■^■ + C [ E - V { z ) ]  L = 0  (4.1.3)

here C = lf the energy changes to E + AE, the w ave function y  will also be

changed  to y  + Ay, Eq. (4.1.3) becom es

+ C [ E  + & E - V ( z ) ]  N  y  + Ay [ = 0 (4.1.4)
d2

[ dz

Subtracting (4.1.4) from (4.1.3) we get

d 2
dz

Y  + C [ E + A E -  V(z)UA\|f = - C  A£ y  (4.1.5)

After multiplying Eq. (4.1.5) by \}/ (here \(/ is real), and  subtracting Eq. (4.1.5) multiply­

ing to Avj/, omitting the high order derivative term s and integrating the equation, we get 

an equation for the shift in energy A E:

d . A , \ir 
w —  Aw -  Aw d~r~ 

dz dz = - A  E c f  I \}/ I 2 dz (4.1.6)

Let b e  the w ave function outside the well (refer to the figures below), ^  will decay 

exponentially for I z I > LI2 = b2 and choosing its absolute value equals 1 at 

I z I = bz. Let vy2  be the wave function inside the well. It will be  equal to ^  at 

I z I = a2 ( az is the width of the w e ll). At z = 0 the w ave function will be  zero for the 

odd wave function. Its derivative will be zero for the even w ave function.
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I

r

Since, at z = 0 either ¥ 2  = 0 (even w ave function) or v|/2'  = 0  (odd w ave function) the 

[ y 2  • Av|/2' -  A y 2  • \|f2'] will be zero a t z = 0. The Eq. (4 .1 .6 ) for \ ) / 2  b ecom es

o
J I \|/2 I 2 AE C dz = ¥2 • A¥2' -  A¥2 ■ ¥ 2 '

z =  -d z
(4.1.7)

here  ¥" is the  derivative of y , is the w ave function in GaA s layer and xj/ 2  is the 

w ave function in AI^Gai -*A s. Also, ¥ 1  is 1 a t z =  -  bz we get
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-  J I ^  I 2  AE C  dz =
~bz

y i  • A y / -  A y t ■ y / -  y i  • A y /
z = - b ,

(4.1.8)

Subtract Eq. (4.1.8) from Eq. (4.1.7) then

A f i C - f  I y  \ 2 dz = AE C
-bz

/> 2 r ”
J + 1  I y  i 2 dz

-bz -Oz

y 2 • A y /  -  Ay2 • y / ¥! • A y /  - A y i  • y / + ¥1 1 A y /
z =

(4.1.9)

The w ave function and its derivative should be continuous a t z = - a z. W e can  adjust 

y 2  by multiplying a  constan t to m ake y 2  equal to y i  a t z = - a z.

[ ¥2 ' A y /  -  Ay2 • y 2' ] -  [ y i  - A y /  -  Ay! • y /  ]

= Vi [ A y /  -  A y /  ] - Ay2 • y 2' -  Ay, • y / ] (4.1.10)

In order to  m ake y ’s  derivative continuous at z = - a z, we need  to find a  AE to m ake 

A y ! '  -  A y /  equal to - (  y /  -  y / ), then

[ ¥2 ‘ A y /  -  A y2 • y /  ] -  [ y i  • A y /  -  Ay, ■ y /  ]

= ¥1 l ¥ /  -  ¥ 2 ' ] -  [ A¥2 • ¥2 ' -  Ayi • y /  ] (4.1.11)

y 2  alw ays requires to be adjusted to be  equal to y i  a t z - ~ a z, a s  explained under 

Eq. (4.1.9). This m eans that Ay 2  should  be equal to Ay! a t z = - a z. Since the 

e igenenergy  E change  to E + AE, m ay c a u se  a  ch an g e  in the "constant" which is used  

to adjust y 2  to be equal to y i  a t z = - a z. Here w e have  m ade an  approxim ation that
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om itted this "constant" change. Applied xyj = x| / 2  and  Ax^ = Axy2  to Eq. (4.1.11) we 

get

[ V2  • A\|/2'  -  Ax|f2  • x|/2' ] -  [ Vi • AX|// -  Axj/! • x|f/ ] =  [x^'-xy2'] [Vi + Ax^] (4.1.12)

Eq. (4.1.9) b eco m es

AE C • \  I X)/ | 2 dz = \ [\|/i'-x(/2'] [x| / 1 +  Axj + Vi ‘ AV i'
z = - b ,

(4.1.13)

As the Axj/ is not e a sy  to apply to com puter num erical calculation, we need  som e 

modification a s  following. The xy decays exponentially a t b < - b z. W e have s e t  the 

boundary condition that I xj/ I = 1 at b < -  b2. T he w ave function a t b < -  bz can  be

written by e PnZ,in\  By this reason  x j r /= (3„epnfczePn 2 with A y = AE, and
oE

d _  d 
dE 3(3„ dE

, a t z < - b z

AE
(4.1.14)

At - a z > z > = - b z V(z) ~ 0, the w ave function is approxim ately equal to $ne^nbze^nZ 

then

Ax|/i = -  AE  y !
(bz u2 ) 
2{ V -  E )

(4.1.15)

Substituting Eq. (4.1.14) and  (4.1.15) into Eq. (4.1.13) w e get

Vi • (V i7 - V 2 7 )
AE =

2 =  - a z

c  C  1 v  |2<fe+ n i h ) 1 + Vi ( Vi' -  ¥ 2') ( bz -  az )
(4.1.16)

z = - a z

W e can  apply this equation to obtain the shift in e igenenergy  and eigenfunction of the
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single well potential quickly by the  following s te p s .

First, an energy  £  is c h o sen  (as  c lo se  to the  exact e igenenergy  a s  possib le, 

su ch  a s  adding the  a v e ra g e  of potential shifting). Using num erical m ethod (by im pos­

ing proper boundary  condition) w e can find th e  w ave  functions ^  and  \|r2 . S econd ,

r o
after num erical evaluation of J I y  12dz, \ y i ( - a z), ^  ' ( - b z) and  \|/2 b2) and

inserting into Eq. (4.1.16) AE  can  be obtained. After readjusting the  value of £ , the 

s a m e  p rocedure is rep ea ted . T he  value of E  shou ld  converge  rapidly to the single 

potential well e igenenergy . The eigenfunction can  a lso  b e  ob tained  at the  s a m e  time.

Obviously, Eq. (3.6.11) is e a sy  to  apply su ch  tha t given a  value of the  Fermi 

level Ef, the corresponding  a v e ra g e  electron carrier density  N  c an  be  easily  com puted. 

On the o ther hand , if the p ro c e ss  is rev ersed  with N  given in o rder to find the  Ef  , the 

following is a  m ethod to b e  u se d . First, two v a lu es  of Ef  1 and  £ / 2  a re  chosen  and 

substitu ted  into Eq. (3.6.11). Two corresponding  AM a n d  N 2 a re  obtained . If neither 

AM nor N 2  eq u a ls  the ex p ec ted  N, then £ / 2  is ch a n g ed  to

^ „ ( N -  AM) * (Ef  1 - £ / 2) _
Ef* = En + ----------  (4-1-17)

and  £ / !  rep laces  the  old e / 2 . R epeating  the p rocedure  with Eq. (3.6.11) an d  (4.1.17), 

£yi and  E f 2, after each  iteration, will be  c lo ser to the  Fermi level and  AM and N 2 will 

be  nearer to the  value of N.

B ecause  the  FFT (fast Fourier transform ation subroutine, supported  by Bell 

Laboratory 's Port Library ) is very  efficient, w e apply it to so lve P o isso n ’s  equation. 

From  Eq. (3.6.16) w e  can obtain the Fourier's com ponen t Po isson  equation.
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^(^z) =  ~ y [  Pe(^z) + Pd(^z)] (4.1.18)
e k f

To solve P o isson’s  equation, the Fourier’s  com ponents of [pe(z) + p(<(z)] is obtained

_47T
first, each  Fourier com ponent is then multiplied by — p- Fourier com ponent and  finally

e kz

Fourier transform ation is applied back to real sp a c e  to obtain <|)(z).

I
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Section IV.2 Q uadratic Approximation 

In this section I will d iscuss why both the reciprocal of electron-electron interact­

ing potential and the energy of a  superlattice w ave function can be approxim ated by a  

quadratic equation of its momentum . I will a lso  d iscuss how the approximation is 

m ade.

The reciprocal of the Thom as-Fermi sc reened  electron-electron interacting 

potential is

1  = k 2 + X2 = k 2 + C .  (4.2.1)
V(k)

Here 4rce2  h as  been  se t equal to one and the Thom as-Ferm i screening length X is 

independent of k. An equation for the reciprocal sc reen ed  electron-electron interacting 

potential (of a  hom ogeneous medium) which includes exchange and correlation effects 

can be exp ressed  a s

^ = A ' £ 2  + C'(*) (4.2.2)

here C'  is dependen t on k and A'  is nearly equal to 1. In a  calculation involving this 

kind of potential Eq. (4.2.2) can be approxim ated by

= A k 2 + C (4.2.3)
V(k)

when k is in a  suitable region. Eq. (4.2.3) is similar to Eq. (4.2.1). For a  superlattice 

the electron-electron interacting potential can be exp ressed  a s  (this potential h as  been  

d iscussed  in section lli.2 )

1 -  ■ • » >i2 Iw* _ if _i_ u \ 2 \= A'{kz , kj_; m 1( m 2) • {kf + {m2 K  + kz)2) + C'{kz, kx; m t . m 2)
V{kz, kx; m-\, m 2)

(4.2.4)
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w here K = —  and  can b e  approxim ated by
L i

V{kz, kx; m 1t m 2)
~ CoefA '{kz , kx; m i, m 2, k \ )  + CoefB'(£z, kx; rn-i, m 2, k \ )  k \

(4.2.5)

= C oefA (w i, m 2) + CoefB(wz-|, m 2) k\ (4.2.6)

The m ethod to obtain the coefficients is similar to using a  quadratic equation 

y = Ax2 + B to fit a  s e t  of points (x,, y,). In order to minimize the deviation, the 

coefficient m ust obey the equation

If we know the values of n°(£z, k j / m ,  tn2) and ITl (£z, k±;A«i. m 2), for dif­

ferent values of kz, kx, m^ and m 2, we can  use  Eq. (3.3.5) to obtain 

h(kx, kz + mk; kx, kz + m' k). Also from the relationship X(kx, kz) = [A{k±, /tz ) ] " 1 and

4 kc^V(kx, kz + mK; kx, kz + m'K)  = —p ------------------ =  x X(kx, k2 +  trtK; kx, kz + m'K),  w e can
kL + (kz + m k)

obtain V(kx, kz +  mK; kx, kz + m'K)  for different values of kz , kx, m  and m'  and 

(r|(kx, kz + mk; kx, kz + m' k) is the e lem ent of matrix A). Applying Eq. (4.2.7) and 

(4.2.8), we can  obtain CoefA '{kz, kx; m 2) and CoefB'(£z, kx; m ^  m 2). After further 

apply the slow er vary approximation m ethod (p lease refer to section IV) to those  two 

coefficients. The CoefA'(&z, kx; m 2) and CoefB'(jfcz, kx; m u  m 2) becom e

< y,-> -  A < xf> - 5  =  0 (4.2.7)

and

< y,xf> -  A< xf> -  B< xf> = 0 (4.2.8)
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C o e f A ^ ,  m 2) an d  C o e f B ^ ,  m 2). This approxim ation e n a b le s  m uch fas te r com ­

pu ter calculation of the  polarization functions n° (kz, k±; , m 2) and

n /l(&z, kx; m i, m 2). F urther d iscussion  will follow in section  IV.4.

It h a s  b een  m entioned  in section  lil.4 that the  e ig en en erg y  of the  superlattice 

w ave function can  be  approx im ated  by a  quadratic  function of its m om entum . The 

eigenenergy  E(n, kz, kx) includes the  direct energy  E$„{n, kz, kx = 0) and  n2 k2 l2m* 

and  the  ex ch an g e  correlation energy  E xc(n, kz, kx). The direct en e rg y  can  b e  obtained 

from N um erov’s  algorithm  calculation and  the  tight binding approxim ation theory, while 

the e x ch an g e  correlation energy  can  be  obtained from Eq. (3.4.6). O nce w e know 

E(n, kz, kx), w e can  u se  the  s a m e  m ethod a s  in the  reciprocal electron-electron 

interacting potential to  obtain a  quadra tic  expression  of the  e igenenergy

r? 2

E(n, kz, kx) = E(n, kz , k L = 0) + k2 (4.2.9)
2  mn

here , mn* is the electron effect m a ss  at n lh sub-band  in a  superla ttice , which h as  con­

sidered  the  effect of the  e x ch an g e  and  correlation interaction.

T he equation  for n°(fcz, k x; m-\, m 2) is

n°(/:z, kj.; m-i ,  w 2 ) =  — =-3- £  J d k u  J J k Zi
{‘-R) nj

L

n(Ei )  -  n (  E ( n Jt kZj = kz - q z ( ±K), kx. = kx; -  qx) )
x ---------------------------------------------   - ---------------------------------

Ei  -  Ej

< n t , kZi I e l (m2 ^ + Vz) 2 | n .t ^  ( +^) >< n .t ^  _  qz ( +%) \ e ~l^ K + <h)2  |

(4.2.10)
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H ere (+ K)  h a s  been  explained under Eq. (3.4.6). Substituting Eq. (4.2.9) into Eq.

(4.2.10), the perpendicular m om entum  integration becom es

1
W m * i,- A 1 + B t COS0,

(4.2.11)

here

A , = FAn„ K,: , = 0) -  E(„j. = *„ -  q, ( ± K), k1; = 0) + - - t f ,

tl2
and  S t = 2 - — -  k ±i q ±. Determining the integration region is a  difficult task. This will

Cmfflj '

be  d iscussed  in detail in the next section. Note that the definite integral 

-2,c d& 2k

^ O , 4 + S C O S 0  (A2 -  B 2)V2 

and the indefinite integral is given by :

if I A I > I B  I (4.2.12)

J ilQ
A + B CO S0 (A2 + B2)U2

tan'
(A2 -  S2)1/2tan|- 

A + B

for I A I > | B I and 0 * + k

J dQ
A + B  COS0 {A2 + B2)T ? r log

(A2 - f i 2 ) 1 /2 t a n |-  + A + B

(A2 -  B2)v 2 ter\% -  A - B

(4.2.13)

for I A I < | B I and I 0  I <  k (4.2.14)

Applying the eigenenergy approximation in Eq. (4.2.9) to Eq. (4.2.10), the integration 

in n°(£z, k±; m i , m 2) can be reduced by one dimension and the com puter time is only
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one  ten th  of th e  original one. For the  n /'(£z> kx; m u  m 2) calculation, it is n e c e ssa ry  

tha t the  e ig en en erg y  approxim ation b e  applied  to  the  n°(jfc2, m 2) calculation

first. The reciprocal potential approxim ation can  then  also  be applied  to reduce  com ­

putation time.
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Section IV.3 Domain o f Integration  

In th is section  I will d isc u ss  in detail th e  integration region and  how to trea t the  

singularities of the  calculation for the  polarization function U°{kz, kx; , m 2).

The m ajor term  in determ ining the  integration region is

N ( E i ) - N ( E j )

Ei -  Ej
(4 .3 .1)

here  £, = £(/*,-, k Z i , k1;), £ , = E { n j t  k Z j , k ly) and  k Z j  m ust be  equal to k Z i  -  q ,  ( ± K  ) .  

Also kly m ust b e  equal to k1(. -  q±. The electron distribution function is

N ( E ) = f 0 ( E )  =

1
0

when E < Ef  
w h e n  E  >  E f

(4 .3 .2)

in the  d e g e n e ra te  limit. For the i th electron

N & )  =

w h e n  I k±. I < r

w h e n  I kj_(. I >

2 m ?

H2

( E f - E ( m ,  k Z i ,  k u  =  0) )

2m,
-  (E f - E ( n h  k z ; ,  k M  =  0) ) (4 .3 .3)

o r  E ( n h  k Z i ,  k u  = 0 )  > E f

For the j ,h electron

N ( E j )

1 w h e n

w h e n

k1(. -  q L  I < 

K  -  ? i  l >

h ‘

2 m

r

- ( E f - E ( n j , k Z i - c h { ± K ) , k l j = 0 ) )

2 m -  (  E f  -  E { n j ,  k Z i  -  q z {  ±  K ) ,  k ± j  =  0) ) 

o r  £ (  t i j ,  k Z i  -  q z {  ±  K ) ,  k X j  =  0 ) > E f
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(4.3.4)

Eq. (4.3.1) is non-zero  only in condition that N (£,) =  1 and  N ( E j )  = 0 or /V(£,) =  0 and 

N{Ej )  = 1. In o rder to m ake coding e a s ie r  for program  calculation, w e will u se  six c a se s  

to rep resen t different situations abou t the perpend icu lar m om entum  integration region 

(refer to Fig. 4-3  through Fig. 4-8 w here the  shadow  region is the  integration region).
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c a s e  1: - E ( n j t  kZj, k ±J = 0) > £ / t h e  integration region is I k^. I < k Mt max

c a s e  2 :

ku  -  qjL I < k Xi>

E(rii, kZi, k±i = 0 ) > Ef  the  in tegration region is

max

From  c a s e  3 to c a s e  6  both E( n j ,  kZj, k Lj = 0) an d  E ( n t , kZi, k M = 0) a re  > Ef  

c a s e  3: q x + k ±jt max < k±i_ max

c a s e  4: ~k±i, max >  ~ k ± j ,  max ~  C1 1

c a s e  5: k±i ,  max <  k ±j ,  max +  <7±

c a s e  6 : th e  m om entum  s p h e re s  in te rsec t e a c h  o th er

here  w e  define k 1Jt max =
2m ’

(Ef  -  E(njt kZi -  qz( ± K), k Xj. = 0) )
1 / 2

and  k x.: max

f r

2  trij*
-  ( E f -  E ( m ,  kZi, k±i = 0 )  )

1/2

In c a s e  6 , th e  in tersection  po in ts of the  two m om entum  s p h e re s  a re  singularity 

points, which m e a n s  tha t £ (« ,, kZi, k x.) will be  equal to E( n Jt kZj, kx.). At th e s e  points 

Eq. (4.3.1) will sa tisfy  the  condition

N ( E j ) - N ( E j )  _ d f0 
Ei -  Ej  dE = m - E j )

l i  =  Ei = Ej -  E f J
(4.3.5)

The perpend icu lar m om entum  part of integration of the  polarization function in Eq.

(4.2.10) a t th e s e  po in ts will be  (refer to Fig 4.9)
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J  J  ^  M e ,  W ) - « ( * ; )  1 =  j  j  K M m - El)
1 J in small range E  -E-.  J J 11 11 ' v ‘ J/

=  J J d k M k M dQi
-5(6, - 0O)

d(Ei  -  £ ; )/r)0,

r r — 5(0; — 0 o )
J J k M dku  dQ—   -------- --

k  in  ~ k MM2

n zZ k ^ q  .s in© ;------
1,11 2m j*

r
2m j*

q± s in 0 o

(4.3.6)

H ere 0O is the  position of 0 coordinate w h ere  the  singularity point is located. The 

region belonging to this singularity trea tm en t in k L direction is from k U2 to k U2.
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Section IV.4 Evaluation of the Polarization Function

UA(kz , kA; /» i, m 2)

In Eq. (3.4.23) the portion of the integration which includes the variables of the 

m om entum  angu lar 0 , and 0 ; can  b e  ex p re sse d  a s

J dQt jdQj A +  B 1  cos ^  ,42  + 5 2  co s  0y A 3 +- 5  3 cos (0, -  0; ) (4.4.1)

here

2 2 
A 1 = E(m, kZi, kx. = 0) + -  E(n„ kzl =  k2i -  ch ( ± K), k x, =  0) -  ( k% + q \)

(4 A 1 a )

A Z  =E(nj ,  k,r  k1( = 0 )  + ~ k l  -  E(nk, kZk =  t ,  -  qA  ± K),  kJt =  0) -  ( k \ t + q l )

n2
B 2  = - 2  k±. q,  (4.4.1b)

2mt* ±' HX

A 3 =  CoefA (kZi -  kZj(+K ); m i m 2 ) +  CoefB (m \ m 2") (k^  + kzXj)

and

5  3 =  C o e f B ^ / ,  m 2') ■ 2 k u  • /fcXy (4.4.1c)

Also define « 3 (8 „  8 ,-) = ^  +  B 3  ^  ^  ^  . ft 2 (8 ,)=  - - .  and

5 1 (0 ,)=  — —  --------— . Here CoefA, CoefB have  been  defined in Eq. (4.2.6).
'  A 1 + 5  1 COS 0,-
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CoefA (kZi -  kZj.( +K); m y ,  m 2') is com parable  to  or larger than  CoefB ( m / ,  m 2") 

(k.% +  k±j). Also k 2t +  k2. > 2  k u k±j. Therefore R3(d it 0y) can  b e  tre a te d  a s  a  slowly 

varying function and  defined  by 5(0,-, 0; ). W hen E(nt, kZi, kx.) is equal to E{nh kzl, k1;), 

y?1(0,) will b e  a  d e lta  function. Similarly, if E(njt kZJ, k ±j) is equal to E{nk, kZk, k l t ). 

R2(9j)  will b e  a  de lta  function. For this reaso n , the ft 1(0;) and  R2(9j)  can  be  trea ted  

a s  rapidly varying functions. S ince  co s  (a) =  c o s  ( -a ) ,  v?1(0<) = /? 1 (— 0 ,),

R 2(9j) = R 2 (-0 ,)  an d  5(0,, 0y) = S ( - 9 h -0 ,) ;  letting R 1 (0) =  R 11 (0) +  R 12(0) and

[ /? 1 (0) when 0 > 0
« " « » = {  0 when 6 < 0  <4 A 2 >

f 0  when 0  >  0

* 12(0) = |  r  1 (0 ) when 0 < 0 (4.4.3)

Similarly, let /? 2(0) = /?21(0) +  R22(9),  Eq. (4.4.1) b e c o m e s

J I [ /? 1 1 (0 1 )y? 2 1  (0 2) + R 1 2 (0 ! )R 21 (0 2) + R 1 1  (0 ! )R 22(02) + R 12 (0 ! )R 2 2 (0 2) ]

x 5 (0 i , 02) d9 \d 9 z  (4.4.4)

Eq. (4.4.4) can  be  rew ritten a s

J J d 0 irf 0 2  [ /?  1 1 ( 0 1 )/? 21(0 2 )5(0 i, 0 2) +  /? 1 2 ( - 0 i )/? 2 1  (0 2 ) S ( - 0 !, 0 2) +
0 1  > 0  0 ! > 0

R 11 (01 )R 22(0 2 )S(0i , -  02) + /? 12 ( -  01)/? 2 2 ( -  0 2 )S (-  01, -  02) ] (4.4.5)

With the  sym m etrical characteristic  of r t1 (0 i) , K 2(02) and  5 (0 i, 02), Eq. (4.4.5) 

beco m es
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2 -  J  |  * M 0 2 [ * 1 ( 0 i ) * 2 ( 0 2 ) ] [ 5 ( 0 i f 0 2 ) + S ( 0 , , - 0 2 ) ]
0 1  5 0  0 ! S 0

(4.4.6)

5 (0 1 , 0 2) is a  slowly varying function

5(0!, 02) = S (0 ! , 02) +  (0! - 0 ! )
95(01. 0 2 ) 

9a | 01 = 0 1
(4.4.7)

also

~ 5(0-| , 02) +  (0 2  — 02)
95(01> 0 2 ) 

90? 0 2  = 0 2

(4.4.8)

The m ean value approxim ation consists in taking 0 1  =

J 4 0 2  02 * 2 ( 0 2 )
— 0p > 0
0 2  = —  --------------------- . Then

j 402 *  2(02)
0 2  > 0

J  J  * 1 ( 0 1 ) ^ 2 ( 0 2 )  5 ( 0 1 .  0 2 )  =
0 1  > 0  0 2  > 0

I  4 0 ,  01 /?  1 ( 0 1 )  
01 > 0

J * 0 1 * 1 ( 0 0
01 > 0

and

J * 1 ( 0 0  401
01 > o

J 4025 (0 i, 0 2 ) * 2 (0 2) 
0 2  > 0

~  5 ( 0 1 ,  0 2 ) J  * 1 ( 0 1 ) 4 0 1  J  * 2 ( 0 2 ) 9 0 2  
01 > 0  02 >  0

(4.4.9)

Substituting Eq. (4.4.9) into Eq. (3.4.23) and changing the order of sum m ation, the 

polarization function becom es

=  £  J : k M1  j  d k ^. i ± /£
\  n l  » i, ni n j, nk k2i k2j
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m-i', m2' I [ A 3 (ffl1', m 2 , k2i, k2j, k M, k ±j ) + B 3 ( m^ ' ,  m 2 , k u , k Lj)COS (0,- -  0y)

________________________ J____________________ }
i4 3(m 1, I m 2 , k2i, k2j, k u , k Xj) + B 3 {m ^ ,  m 2 , k u , k Xj)cos (0 ,- + 0 y) J

x  - I  • $dQiR-\{ni, tii, k2i, q2, k M, q L\ 0 ,) J dQjR2{njt «*, k2j, qz, k ljt q x , 0 y)

x A term  with four m atrices multiplied together (m 1t m 2, m ^ ,  m 2 , ny, nk, nh k2i, k2J, q2)

(4.4.10)

Since B 3  is independen t of k2i, k2J and A 3 ch an g es slowly a s  /:z;, kZj change

(p lease  refer to Eq. (4.2.4), (4.2.6) and (4.4.1c)), the above approximation can  be a

£  J d Q i B i R U ^ B i )  _ I  J  dBj BjR2(kZj, 0y)
s te p  further by taking 0 , = ■**'   and 0 y = *Zy

£  J  d B i R \ { k 2i, Bi) 1 £  J  dB jR 2 ( k Zj,Bj)
kz, 0, > 0 kzj  Qj > 0

Then

1

I  J rf9y ---------------------- = ---------- * 2 ( *  0y)
Ay 0y > 0  A3 + 5 3 co s(0 ,, 0 y)

2  J  K 1 & ,.,  0 f) rf©/ =
> 0

 1  = = £  I  *1  (**,-, 0/M0. I  J R2(kZJ, Bj)dBj (4.4.11)
A 3  +  B 3C O S(0 ; ,  0y) kn 0< > 0 kzj 0;  > 0

Eq. (4.4.10) then becom es
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HA(qz, q ±: m u  m 2) ~ — I  £  J dku  k M J dkXj k ±j
nif nf n.f nft

A3(m-\', m 2 , kZi, kZj, k ±i, k Lj) + B 3(m / ,  m 2 , k u , fc1;.)COS(0,- -  Qj)

A3(m i ' ,  m 2 , kZi, kZj, k u , k ±j) + B3{m^,  m 2 , k M, k Lj) C0S(9,• +  Qj)

x • |  ^  J dQ{R 1  (w,', it), kz., qz , k Xi, q^ ,  0 ,-) r j ^ jdQjR2{nj , nk, kz qz, k±j, q±, Qj)
kzi kij

x A term  with four m atrices multiplied together (mi ,  m 2, m / ,  m 2 , nit nj, nk, nh kZi, kZj, qz)

(4 .4 .1 2 )

The integration value of £  J d$R{n\ ,  n 2 , kz, qz, q ±; 0 ) can  b e  obtained from the cal-

culation of n ° (^ 2, q x , m 2) and m atrices a re  independen t of k u  e tc. T he com puta­

tion tim e of the  integration of UA(qz, qx, m ^,  m 2) is m uch shorter when (4 .4 .1 2 ) is used  

in stead  of (3 .4 .2 3 ) , proving that this m ethod is a  practical choice.
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Chapter V Conclusion and Homogeneous Result

The purpose of this thesis  is to derive a  m ethod for solving the screening prob­

lem in a  superlattice. This m ethod starts  by using the Numerov m ethod to solve for 

the Hartree-Fock w ave functions in a single potential well including band bending 

effects. T hese w ave functions determ ine the eigenfunction at the  bottom of a  superlat­

tice sub-band. The tight binding approximation is then used (with the single potential 

w ave functions) to obtain the e igenenerg ies and eigenfunctions for different kz. T hese 

eigenfunctions are then used to obtain the (screening) polarization functions in a  

superlattice. T hese  eigenfunctions are  self-consistent in the conduction band bending 

and  the exchange potential H artree-Fock equation should be adjusted  by the polariza­

tion functions (p lease refer to chapter 1 for a  detailed discussion). As we can se e  

from the previous chapters, this m ethod involves many numerical techniques and com ­

plicated equations. O ne might question w hether it is necessary  to incur all such  trou­

bles in using the tight binding approximation wave function instead of another simple 

w ave function, w hether the result has periodic characteristics and w hether the result 

involves the exchange and correlation interaction.

Every equation in this thesis has been  developed using a  periodic basis. There 

is no doubt that the results derived by this m ethod p o ssess  the appropriate periodicity. 

In section I, the w ave function of the superlattice will be d iscussed . Som e of the 

results of the one particle w ave function calculation will b e  shown first, giving a  first
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insight into the  tight binding approximation. T hose included conduction band bending, 

electron distribution and  wave function in a  superlattice. In the sa m e  section, com ­

parison will also be m ade betw een E(k) curves for the tight binding approximation and 

the Kronig-Penny equation in a  non-doped superlattice (The Kronig-Penny 3  equation 

only applies to a  periodic square  well potential). This is to establish that the tight bind­

ing works well in a  superlattice. The sub-band energy level and its shift a re  also  

show n. This is one of the major argum ents that a  simple w ave function can not be 

applied to a  superlattice. Som e of the matrix < i I e ikz I j  > values are  also  listed in 

this section. This produces another proof that the simple w ave function is not a  good 

application for a  superlattice study and show s the periodicity characteristic of the pro­

posed  m ethod. Two calculated results, obtained by applying the proposed  m ethod to 

a  hom ogeneous medium, will be  shown in section II. This provides proof that the pro­

posed  m ethod in this thesis has considered the exchange and correlation effect and 

that this m ethod is an  adequate  one.
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Section V .l Tight binding Approximation M ethod 

Using a  sim ple w ave function to study the  screening problem m akes the whole 

p ro cess  easier. Yet the chosen function should include the characteristics of a  su p er­

lattice. Until now, only a  few investigators have u sed  this kind of w ave function to 

study the superlattice. X. L. Lei and  his co lleagues have published severa l p ap e rs  on 

superlattice transport properties 38-48. Most of th ese  papers use  the sine/cosine w ave 

function and a ssu m e the electron only occupies the lowest sub-band  of the superla t­

tice. S . L. Chuang and K H ess 4 9  u se  the sine/cosine wave to study the electron distri­

bution under an  electric field and  M. H. Degani and  O. Hipolito5 0  similarly use  this 

w ave to study the polaron in a  superlattice. The sine/cosine w ave is not ad eq u ate  for 

a  superlattice study. This will be d iscussed  later in this section. Two of Lei’s  

p ap e rs 4 0 , 4 3  used  the Fang-Howard-Stern variational w ave function, a  very successfu l 

w ave function in the inversion layer study, which considered the screening  effect and 

the w ave penetration through the potential barrier. The inversion layer’s potential is 

different from the superlattice’s  potential. Moreover, the inversion layer w ave function 

is not alw ays adequate  to be applied to a  superlattice especially when the  AI^Ga! _*As 

layer is thin. The Kronig-Penny w ave function h a s  been  used by J . F. Palm ier and  his 

co lleagues 5 1  and I. Dharssi and P. N. Butcher5 2  to study superlattice properties. The 

Kronig-Penny w ave function is only ad eq u ate  for a  low doping superlattice and som e 

of the equations in these  two p ap ers  w ere still derived using the sine/cosine w ave 

function. D. Aitelhabti and P. Vasilopoulos5 3 , 5 4  have used  the transfer matrix m ethod 

to study superlattices. The transfer matrix m ethod is an  innovative m ethod. But these  

two papers did not consider band bending or screening and only the first sub-band  

w as considered.

Figures 5-1 a, 5-1 b and 5-1 c show  the  w ave functions of the first, seco n d  and
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third su b -b a n d s  in a  superla ttice . T he width in bo th  th e  G aA s and  AI^Gai _ * As layer is 

100 A a n d  th e  doping  is uniform in both lay ers  with concen tra tion  1 0 18. Each figure 

con ta in s  the  tight binding w a v e s  with kz = 0 a n d  kz =  n / L  (L h a s  been  defined in 

ch a p te r  I), th e  sing le  potential well w ave  function and  th e  s in e /co sin e  w ave function. 

F igures 5-2a, 5-2b  a n d  5-2c a re  sim ilar to th e  figure 5-1 se rie s  ex c ep t that th e  width of 

AI*Gai - jA s  layer is 50  A and th e  width of AI^Gai _ xAs layers in figure 5-3a, 5-3b  and  

5-3c is 150 A.

From  th e  figure 5-1 se rie s  a n d  5-2 se rie s , w e know th a t the  tight binding 

approxim ation w av e  is not qu ite  like th a t of th e  sing le potential w av es  o r the  

s in e /co sin e  w av es. The m ajor rea so n  is d u e  to o n e  of th e  superla ttice  characteristics: 

the  w ave  will p e n e tra te  to a d jacen t potential wells. T he penetration  can  be om itted 

only w hen  th e  AI^Gai _ xAs layer is very thick (p le a se  refer to figure 5-3 se rie s) . Not 

only the  w av e  function will p e n e tra te  but a lso  the  top  su b -b an d  w ave function is 

c h a n g e d  d u e  to th e  doping concen tra tion  c h a n g e  (p le a se  refer to figures 5-4 se rie s , 

s a m e  like 5-1 s e r ie s  ex cep t the doping  concen tra tion  is 5 x 1018). The w ave function 

is a  b a s ic  e lem en t of our study of th e  p ro p ertie s  of a  superla ttice . A ccurate calculation 

resu lts  call for an  a c cu ra te  w ave  function.

Figure 5-5 se rie s , 5-6 se r ie s  an d  5-7  se r ie s  p re se n t the  electron distribution in 

a  superla ttice . T h o se  g rap h s show  how  the  s h a p e  of the  electron distribution function 

varies, d e p e n d s  on the  th ickness of th e  layers a n d  the  doping concentration . S om e of 

the  superla ttice  charac te ris tics  d e p e n d  on th e s e  s h a p e s 55. Figure 5-8 se rie s  and 

figure 5-9 se r ie s  show  th e  conduction b an d  bend ing  in a  superla ttice . This conduction 

band  bending is not linearly proportional to the  doping concentration . T he banding 

bending  effect can  be ignored for the  low doping, b u t not for the  high doping.
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O ne of the m ajor rea so n s  for choosing an accu ra te  w ave function is that the 

sim ple w ave function d o e s  not offer an  accu ra te  sub -band  eigenenergy . Not only is 

the e igenenergy different but also the band width of the sub -band  obtained by tight 

binding approxim ation is not zero. T he band width will determ ine so m e superlattice 

characteristics56. The electron transport properties a re  determ ined by electron sca tter­

ing. O ne of the m ajor factors in determining electron scattering is the electron distribu­

tion function (p lease  refer to Eq. (5.5) and  (5.7)). T he electron distribution function is 

determ ined by the sub -band  eigenenergy sensitively (p lease refer to Eq (3.6.9)). A 

slight deviation in sub -band  energy level will c a u se  a  v as t difference in transport 

coefficients. From the discussion above, we know that the  transportation coefficients 

will be vastly different w hen different w ave functions are  used , especially at low tem ­

pera tu res (p lease refer to Eq (3.6.9)).

Som e investigators may think that the shift of the sub-band  eigenenergy  level 

will approxim ate to the average  of the conduction band  change (band bending) nam ely

_1 _
L

ML

J v(z) iiz -  2 vo az
- M L

(5.1)

here v(z) is the potential of the bent band  and v0 and  az a re  defined under Eq. (3.5.1) 

and (3.5.6). T hose investigators su g g est that band  bending d o es  not effect the calcu­

lated result. The num erical values of the  last paragraph  show  that the shift of the 

sub-band e igenenergy  are different for different sub -bands and  th ese  differences are  

not negligible. This shift is strong for the high doped  superlattice (for exam ple, the Fig 

5-4 's superlattice, the  average  of conduction band ch ange  is 0.05491 ev. The eigenen- 

erg ies shifting of the low and  the top of the first sub-band  a re  0.09479 and  0.09475ev. 

The e igenenerg ies after shifting are  0 .12935ev and  0.12940ev. For the second  sub-
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band and the third sub-band the  shifting are  0 .07856ev; 0 .07851ev and  0.04871ev; 

0 .06805ev respectively. The e igenenerg ies after shifting are  0 .21294ev; 0.21241 ev 

and 0.31758ev; 0.34848ev.) The e igenenergy  of the sub -bands is very im portant for 

studying superlattices. The eigenenergy  values a re  d ep en d en t on which of the wave 

function approximation is used , in order to obtain accu ra te  results, a  good  w ave func­

tion will have to be chosen  for superlattice studies.

The previous parag raphs show  that choosing a  good w ave function is very 

important for superlattice studies. Can the  tight binding approxim ation w ave function 

m eet this requirem ent? Figure 5-10 show s the tight binding approxim ation w ave func­

tion and  the exact w ave function (solved by Kram er’s m ethod57) in a  superlattice. 

T h ese  curves, which show  the two different types w ave functions, a re  very similar. 

The Kronig-Penny 3  equation is an E(k) function for a  periodic sq u a re  well potential 

with no approximation applied. Figures 5-11, 5-12, 5-13 show  that except for the top 

sub-band which h a s  a  slight discrepancy, the E(k) curve for those  two m ethods are

exactly m atched. But, a t low tem perature, the top band  is only occupied by very few
/

electrons. For this reason , the u se  of the tight binding approxim ation in studying the 

characteristics of a  superlattice can yield good results. Table 5-2 contains som e 

values of < / I e ikz I j  > which p resen t the periodic characteristics of tight binding 

approximation w ave function. T h ese  values can not be  obtained by som e sim ple wave 

function. From chapter III we know that the tight binding approxim ation w ave function 

can be applied to m ost superlattice stud ies, if com puter num erical m ethods are  used. 

This is the reason  why the tight binding approxim ation is chosen  in this thesis.
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Section V.2 Polarization Function n  

From the d iscussion  in chap ter II, w e know that the screening  effect is very 

im portant in a  superlattice study. Lax, Cai and  his co lleagues have published a  se ries  

of significant p ap ers  on superlattice s tud ies  58-69. S om e later p a p e rs 6 4 - 6 8  u se  an 

equation derived by the transfer matrix which is m ore concerned  with screening. 

T h e se  p ap e rs  have better m atched  experim ental resu lts. In recen t years  a  few  p apers 

rela ted  to screen ing  in a  superlattice have b een  published. Only a  few of th ese  

p a p e rs  have been  com pleted taking into consideration the superiattice characteristics: 

periodicity, m ulti-subband, conduction band bending, w ave function penetration to 

ad jacen t wells with consideration of exchange  and  correction. Som e of th e se  impor­

tan t works a re  described  below. M ost of X. L. Lei and  his co lleague’s  work have 

derived screen ing  theory in a  superiattice. T h o se  theories a re  b a sed  on applying the 

sine/cosine w ave function to R.P.A. screen ing  theory  with P. J. Price’s 7 0  G(q) (p lease 

refer to Eq. (2.1.14)). M. Aniya and  M. K obayashi7 1  and  A. M. B elyantser and  A. V. 

Okomrl’kov 7 2  have u sed  electrom agnetic theory with a  very sim ple charge distribution 

function and  the  background dielectric co n stan t change betw een  layers to so lve for the 

screen ing  in a  superiattice. This charge  distribution function did not p o s s e s s  the 

superiattice characteristics nor did it consider band  bending. L. W endler and R. 

P e c h s te d t 7 3  u se  m any-body theory to study  the  two dim ension electron g a s  problem s. 

That p ap er considered  exchange and o ther high o rder perturbation term s. If a  suitable 

superla ttice’s  eigenfunction and  eigenenergy  a re  applied  to the form ulas in th a t paper, 

a  significant calculation result would be obtained. N. J. K. Horing, G. F iorenza and H. 

L. Cui7 4  h a s  derived the screen ing  in multi (periodic) two dim ension electron gas . R.D. 

King-Smith and  J.C . Inkson 7 5  have u sed  tight binding approxim ation without consider­

ing the  w ave function overlap betw een  wells to study the dielectric properties of a
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n on -doped  superia ttice . G . G um bs 7 6  h a s  u se d  s in e /c o s in e  w ave function a n d  P. 

Haw erylak, J .W . W u an d  J .J .  Q uinn 7 7  take  the  a ssu m p tio n  EnkI=En + H2k 2 /2m  (h ere  n 

is su b -b a n d  index a n d  / is potential well index) to derive low est o rder polarization func­

tion.

W e conc lu d ed  in the  last section  tha t the  eigenfunction , e ig en en e rg y  a n d  co n ­

duction b an d  b end ing  can  not be  oversim plified a n d  th a t the  tight binding approx im a­

tion w av e  function m ee ts  the  requ irem en ts for a  s tudy  on a  superia ttice . T here  

rem ains the  q u estio n  of w h e th er applying th e  tight binding approxim ation w ave func­

tion to th e  m eth o d  s u g g e s te d  in this th es is  can  yield a  solution to the  sc reen in g  p rob­

lem in a  sup eria ttice .

T he  sc reen in g  theory  in a  h o m o g en eo u s  m edium  h a s  b een  s tu d ied  for severa l 

d e c a d e s . T he sc re e n in g  theory  for a  superia ttice  ca n  b e  te s te d  by applying it to a  

h o m o g en e o u s  m edium  an d  com paring the  resu lts  with p rev ious h o m o g en eo u s  m edium  

sc reen in g  th eo ries . T he m ethod  to te s t  the  n o n -h o m o g en eo u s  m edium ’s  polarization 

function n° is d e sc rib ed  in Appendix B. My num erical calculation resu lt of n° p a s s e d  

this tes t.

T he e x c h a n g e  and  correlation polarization function is an  im portant term  in the  

study  of a  superia ttice . Fig. 5-14 illustrates the  IT ' cu rve  ob tained  by G eldart and  T ay ­

lor5 6  (IT' is the  m ajor c h a n g e  term  an d  th e  m ost contribution beyond th e  zero  pertu r­

bation term , a s  d isc u sse d  in C hap ter III) and  th e  i r 1 cu rve  in a  h o m o g en e o u s  m edium  

ob tained  by th e  first ite rated  num erical result of m y su g g e s te d  m ethod . T h e se  two 

curves p ro d u ce  sim ilar v a lues, although the  curve  derived  from my su g g e s te d  m ethod 

is not a s  sm oo th , owing to big integration s te p s . This resu lt can  b e  p roved  by the  d is­

cussion  in S ec tion  II 1.3, th e  IT' ob tained  by the  H artree-Fock  w ave function is the
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sam e  a s  the rr‘ obtained by Hartree w ave function plus high o rder perturbation term s.

Since the  dielectric function e(q) and the two particle distribution function G (q) 

correlate with each  other (refer to C hapter II) and the real sp a c e  two particle distribu­

tion function g{r) h a s  very defined limits, (g(r) m ust b e  positive, g(0 )  = 0 ,  and # (o o )= 1 ) ,  

many investigators 2 0 2 1 , 2 3 ~ 2 8 ' 6 , 3 1  use  G(q) to determ ine w hether the screening  theory 

h as  considered the exchange and correlation effects. I h av e  added  the G(q) curve 

using my su g g e s te d  m ethod a s  applied to a  hom ogeneous medium to the graph 

shown in reference 24 in Fig. 5-15. (That graph h a s  a  few G(q) curves obtained by 

different workers). My curve lies betw een "Hubbard" and "Toigo and Woodruff". The 

result leads m e to conclude th a t my m ethod is a  valid one, especially  a s  the  exchange 

and correlation effects have been  taken into account.

Screening has a  m ajor effect on superiattice properties. It m ust be studied. A 

heavily doped  superla ttice’s  m ean separation  betw een  carriers, the Bohr radius and 

the screening length are all the  sam e  order. It should b e  trea ted  like a  m etal, includ­

ing exchange and  correlation effects. T he potential is periodic with strong variations. 

A sim ple w ave function can  not be used  to study this kind of medium. Finding an 

appropriate m ethod to solve for the screening effect in a  superiattice which incor­

porates all the  above characteristics requires sophisticated  procedures. While the 

m ethod su g g ested  in this thesis  may seem  com plicated, the  resultant calculation, 

unlike those which can only be applied to a  certain type of screening, can be applied 

to a  superiattice in general.
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Section V.3 Electron T ranspo rt 

A com m on w ay to s tudy  the  electronic tran spo rt is to s ta rt from the  Boltzm ann 

equation.

&
dt

=  M .
drift dt coll.

(5.2)

m ea n s  th e  e lectron  distribution function c h a n g e s  c a u se d  by the  drift p ro c e ss  is equal 

to the c h a n g e s  c a u se d  by the  collision p ro ce sse s . The collision part can  b e  e x p re sse d  

by

M.
dt

=  &
coii. Dr e - e  ot e - i  dt e -L O  dt e -A L  dt e -A T

(5.3)

T he label e - e  ind icates the  contribution of the  electron distribution c h a n g e s  c a u se d  by 

electron electron  collision. Similarly, the  label of e - i ,  e -L O , e -A L  a n d  e -A T  indicate 

the  electron impurity, e lectron longitudinal optical phonon, e lectron  longitudinal a c o u s ­

tic phonon an d  electron tra n sv e rse  acoustic  phonon62. In a  sim ple c a se  the  drift part 

can  also b e  e x p re sse d  by

d f
dt

F 1= - 7 ' V k / - 7 Vk£ - V r /  
drift n n (5.4)

This equation  can  only be  applied  to a  h o m ogeneous m edium  with low external fields 

and  in a  spatial uniform c a s e  the  se co n d  term  can b e  om itted. In a  superiattice the 

electron energy  is not equal to A + B • k 2 . T he first term  is not a d e q u a te  in genera l 

superia ttice  c a se s . B ecau se  th e  e lectron is not uniformly distributed in the z direction, 

in m icroscopic view the seco n d  term  can  not be  om itted even  in equilibrium c a se s . Eq.

(5.4) can  not be  straightly applied  to a  superia ttice . A new  transport equation is
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required. For exam ple, Cai used  the Liouville equation to derive a  Boltzmann like 

equation 5 8 , 6 2  to study quantum  well properties. Also, Cai6 2  changed  the right hand 

side of Eq. (5.4) to d M \ e/d t {M is the total electron m ass and Ve is the average  elec­

tron velocity). This change m akes the equation exhibit more physical m eaning.

This thesis  p roposes using the high order Tight Binding Approximation wave 

function and  considering m ulti-subband and screening effect to study superiattice pro­

perty. Many investigators have already done significant s tud ies for superiattice. If the 

proposed  w ave function, electron distribution function and/or the screening  equation 

w ere applied to som e of th ese  studies, a  better result should be obtained or som e of 

th ese  stud ies becom e suitable for general superiattice ca ses . For exam ple, Cai5 8  has 

derived an  equation for electron longitudinal optical phonon scattering (Eq. (2.16) in 

reference 20). If we want to apply those proposals, this equation should be modified 

a s  follows:

k should be changed  to kx + (MK + kz) ez, here kz is in the first superiattice Brillouin 

zone and I kz I < 1 I2K, K = k /L  and  L has been  defined in chap ter I. The electron 

distribution function and electron energy should be  changed  to /„ ik * 2 and £(«, kif kz). 

T hese  two functions have been  d iscussed  in detail in chapter III. 8 k-, k + q should be 

changed  to 8 k,', k, + ■ 8 *^ ^  + qi t K, the + h as  been  explained under Eq. (3.4.6). Cai’s

equation then becom es

dfn, kL, A*(0
dt

2a?
- 2 k  £ ^n, n'(q±> qz)_ e -L O  HA n- k±>' ^  q _ M Vz

x ( ( fn', */, v W t -* “  *l. ^ i 1)] Sk,', k± +qj. &kz', kz + qz *K 5(£n', k/ ~ En, kL, kz ~  L)
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-  fn ,  * iP * j ( 0 [ 1  -  f n ' ,  k t \  k ^ i f ) ]  8 k / ,  kx -  ^  8**', kz - q z * K  H E n, k L, kz ~  E n ’, k L’, V  - K ® l ) }

X [ 1  +  W « J

"*■ { f n ’, k ±‘, i 2' ( 0 [ 1  — f n ,  k L, A2 ( 0 ]  8 k / ,  k x -  q± 8 £ / ,  kz -  qz ± K &{E n ’, k L', kz ~  E n, k L, kz ~  E ^ l )

~  fn ,  k L, *2 ( 0 H  — fn ' ,  A / , A /W l  ^k^ '. k L + q L 8 * /  kz + qz + K &{E n, k._, kz ~  E n', A / ,  k z" ~  fi(&L.) )

x /VWJ  (5.5)

h e re  N WL is phonon  distribution function and  is equa l to [eRmuKBT -  1 ]~1, a  is Frohlich 

electron-LO -phonon coupling constan t and  A is th e  superia ttice  layer a re a . The e q u a ­

tion for G„ „ '(tii, M, qz) is determ ined  by the e lectron  phonon  interaction. The phonon 

can  b e  trea ted  a s  external potential. From Eq. (3.2 .13) w e know that an external 

potential not only g e n e ra te s  a  s c re e n e d  potential with the  sa m e  m om entum , but a lso  

the sc re e n e d  poten tia ls with m om entum  having M K  d ifference. With Eq. (3.3.5) the 

Gn, n'(q±> M, qz) shou ld  be  ch a n g ed  to

J f dkz r d k f  { Vn,kz ( .z)eliq* + M' K)y n%ki.{.z)
S  J  ~ F ~  j  " o T  j  ^  d z  ( 5 -6 )Q E  2 j c  2 k  e(qx, qz\ M 1p M)

here  Q is the  s c a la r  length of vecto r (qx, qz +  MK),  v|/* iz(z) a s  F*niki(z) h a s  been  

defined in Eq. (3.5.2) and  e(q±, qz\ M u  M 2) = 1 -  n * (q x, qz\ M ^ , M 2) and

n * (q x, qt ; M u  M 2) =  n ° (q x, qz\ M 1t M 2) + n ^ ,  qz\ M^,  M 2), n ° ( q x, qz\ M u  M 2) 

h a s  b een  defined  in Eq. (3.4.14) and  rT '(qx, qz, M \ ,  M 2) h a s  b een  defined in Eq. 

(3.4.23). T he tight binding approxim ation matrix e lem en t Jvy* i k i ( z )  e l + Wl/!:)v}V, jtz*(z) 

h a s  b een  given in Eq. (3.5.39).
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Referring to  re fe re n c e  24, the  equa tion  of e lec tron  impurity scattering  in a  

superia ttice  sh o u ld  b e

ft a I  I  2  kj. -  q_L kz - q z ± K S (£ n, k L, kz ~  En', kL‘, k^)
qx M , q z n ’, * / ,  kz >

X fn ,  *x, *^(0[1 “  f n ' ,  * /, v ( 0 ]  I Mn. «'(Qx. M, qz) I 2  (5.7)

H ere M„ „ '(qx, M, qz) is th e  sca ttering  matrix. T he equation  of th e  potential which is

g e n e ra te d  by a  sing le  e lectron  and  single impurity interaction is negative of Eq.

(3.2.15). With

r dx dy i(k/  + q,-k.) • (x + y) c I R Q,
( 2 jc ) 2  ~  L ’ k| - q i

the  scattering  matrix b e c o m e s

_  -  47CC2  1

m <71 + (<7z +  M K )2 e(qi» qz] M x, M)

x  jdz 'pi (z ' )  ex p  [ -  i  ( q z  + MK) z ' ] J dz  \ jv  *z(z) exp[ i  { q z  + M^ K)  z ]  \|V, v (z) (5.9)

H ere p,(z/) is  the  impurity distribution an d  e(qx, qz \ M^ ,  M)

1 l X (k x , k z  + m K ; kx , k 2 +  m'K).  O n e  of th e  m ajor fac to rs  which c a u s e s  a  high mobility 

in m odulatd dop ing  superia ttice  is th a t the  electron impurity sca ttering  is w eak . T he 

electron  spatial distribution function is o n e  of the  m ajor e le m en ts  in determ ining the  

electron impurity sca ttering  an d  th e  electric potential h a s  to b e  ad ju s ted  for sc reen in g . 

As the  d iscu ssio n  in th e  p rev ious section  show s, an  a c cu ra te  spatia l electron  distribu­

tion function a n d  sc reen in g  theo ry  can  b e  ob tained  by th e  m ethod  p ro p o sed  in th is 

th es is . By using  th is m ethod  to s tudy  electron impurity scattering , a  b e tte r  result 

shou ld  b e  ob tained .
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From the d iscussion  in the previous sec tions  w e know that th e  screen ing  theory 

obtained  by the  p roposed  m ethod can  b e  applied to genera l superia ttice  c a se . Not 

only for electron impurity scattering, the  screen ing  theory and  the  high order tight bind­

ing approxim ation w ave function can  a lso  yield a  be tte r result for m any electron tran­

sport stud ies. As the dev ices for m olecular beam  epitaxy crystal growth begin to 

develop , my su g g e s te d  m ethod can  b e  modified and  applied to th e s e  dev ices. It is 

hoped  that the m ethod su g g ested  in this thesis  will have  broad application with respec t 

to th e se  kinds of dev ices. I have  found my study a  m eaningful p iece  of research .
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first sub-band se c o n d  sub-band third sub -band

sine/cosine  w ave 0.056967ev 0 .22787ev

0.5127ev 

not exist

single isolated potential 

w ave (non-doped superiattice) 0 .034605ev 0 .13404ev 0.27363ev

single isolated potential w ave 

Fig 5 -1’s (doped superiattice) 0 .065286ev 0.15891 ev 0.27073ev

tight binding app. w ave 

Fig 5 -1 ’s superiattice K  = 0 0 .06528ev 0 .15897ev 0.2911 le v

tight binding app. w ave 

Fig 5-1 ’s superiattice K  = k /L 0 .06529ev 0 .15885ev 0.29620ev

single isolated potential w ave 

Fig 5 -2 ’s (doped  superiattice) 0 .04667ev 0.14275ev 0.29159ev

tight binding app. w ave 

Fig 5 -2 ’s superiattice K = 0 0 .04657ev 0.14331 ev 0.280040ev

tight binding app. w ave 

Fig 5 -2 ’s superiattice K = n lL 0 .04678ev 0 .122219ev 0 .29048ev

Table 5 - 1

The Fig 5-1’s  superiattice is the  superiattice which width in both the  GaA s and 

AlxGa! _ *As layer is 100 A a n d  the  doping is uniform in both layers with concentration 

1 018. The Fig. 5 -2 ’s superiattice is similar to  Fig. 5-1’s  superiattice excep t th a t the  

AlxG a! _ xAs layer width is 50 A. The e ig en en erg ies  for sine/cosine w ave and  non­

doped  single isolated potential w ave a re  d ep e n d en t on the  GaAs layer only.
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q= 0  M=0 n, = 1

CO 
'

"Jc

rea l p t im ag pt m tr valu real p t im ag pt m tr valu rea l pt im ag pt m tr valu

k, 2=0 
i , 2=0 
k, 2=0

n2=1
n2=2
rt2=3

1.00000
0.00000
0.00268

0.00000
0.00000
0.00000

1.00000
0.00000
0.00268

0.00000
1.00000
0.00000

0.00000
0.00000
0.00000

0.00000
1.00000
0.00000

0.00270
0.00000
1.00000

0.00000
0.00000
0.00000

0.00270
0.00000
1.00000

k ,z=n/8L
^ 2=jt/8Z,
A,2=7C/8L

n 2=1 
/1£—2 
rt2-=3

1.00000
0.00000
0.00265

0.00000
0.00000
0.00000

1.00000
0.00000
0.00265

0.00000
1.00000

0.00000

0.00000
0.00000

-0.00011

0.00000 
1.00000 
0.00011

0.00267
0.00000
1.00000

0.00000 
-0.00011 
-0.00001

0.00267
0.00011
1.00000

k^i^nlAL
k ,2=*K/4L
k,2=nlAL

«2=1
«2=2
«2=3

1.00000
0.00000

0.00257

0.00000
0.00000
-0.00001

1.00000
0.00000
0.00257

0.00000
1.00000

0.00000

0.00000
0.00000

-0.00021

0.00000
1.00000
0.00021

0.00258
0.00000
1.00000

-0.00001
-0.00021
-0.00003

0.00258
0.00021
1.00000

^ 2=3}t/8£, «2=1 
k,2=3n/8L n2=2 
k,2=3n/QL n2=3

1.00000
0.00000

0.00245

0.00000
0.00000

-0.00001

1.00000
0.00000
0.00245

0.00000
1.00000

0.00000

0.00000
0.00000

-0.00027

0.00000
1.00000
0.00027

0.00245
0.00000
1.00000

-0.00001
-0.00027
-0.00001

0.00245
0.00027
1.00000

A^2=Jt/2L
k ,2=K/2L
k,2=Kl2L

n2=1
n2=2
n2=3

1.00000 
0.00000 

0.00230

0.00000
0.00000

-0.00001

1.00000
0.00000
0.00230

0.00000
1.00000

0.00000

0.00000
0.00000

-0.00029

0.00000
1.00000
0.00029

0.00230
0.00000
1.00000

-0.00001
-0.00029
-0.00004

0.00230
0.00029
1.00000

Table 5  - 2 a

q ,= rJ  8 L 0 /i, = 1 „ , = 2 «, = 3

r e a l  p t i m a g  p t m t r  v a l u r e a l  p t i m a g  p t m t r  v a l u r e a l  p t i m a g  p t m t r  v a l u

k ,2=0 «2=1 0.99721 -0.04142 0.99807 -0.00339 -0.03375 0.03392 -0.00067 -0.00471 0.00476
k ,  2=0

CMIICMt! -0.00339 -0.03375 0.03392 0.99381 -0.04432 0.99480 -0.00902 -0.04240 0.04335
fc,2=0 n2=3 -0.00069 -0.00470 0.00475 -0.00902-0.04239 0.04334 0.98191 -0.09491 0.98649

k , ^ x . ! 8 L n2=1 0.99721 -0.04142 0.99807 -0.00339 -0.03375 0.03392 -0.00070 -0.00471 0.00476
A,2=it/8L n2=2 -0.00339 -0.03375 0.03392 0.99381 -0.04432 0.99480 -0.00902 -0.04252 0.04347
k ,2 = x /8 L n2=3 -0.00072 -0.00471 0.00476 -0.00902 -0.04252 0.04346 0.98207 -0.09495 0.98665

k,2= K /A L «2=1 0.99721 -0.04142 0.99807 -0.00339 -0.03375 0.03392 -0.00079 -0.00472 0.00478
k ,2 = x /4 L n 2= 2 -0.00339 -0.03375 0.03392 0.99381 -0.04432 0.99480 -0.00901 -0.04263 0.04357

n2==3 -0.00081 -0.00471 0.00478 -0.00903 -0.04263 0.04357 0.98218 -0.09503 0.98677

k}2~3 r r / 8 L »  n 2 —1 0.99721 -0.04142 0.99807 -0.00339 -0.03375 0.03392 -0.00092 -0.00472 0.00480
^ 2 = 3 r r / 8 L  n2=2 -0.00339 -0.03375 0.03392 0.99381 -0.04432 0.99480 -0.00901 -0.04270 0.04364
^ 2 = 3 r r / 8 L n a = 3 -0.00094 -0.00471 0.00481 -0.00903 -0.04271 0.04366 0.98224 -0.09512 0.98683

< i 2 = n / 2 L n  2 = 1 0.99721 -0.04142 0.99807 -0.00339 -0.03375 0.03392 -0.00107 -0.00471 0.00484
k ,2 = R l2 L n2=2 -0.00339 -0.03375 0.03392 0.99381 -0.04432 0.99480 -0.00902 -0.04274 0.04368
k, 2 = l t / 2 L n 2= 3 -0.00108 -0.00471 0.00484 -0.00903 -0.04274 0.04369 0.98186 -0.09517 0.98646

T able 5 - 2b
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q t= K /4 L A/=0 n, = 1 n ,=  2 n, = 3

real pt imag pt mtr valu real pt Imag pt mtr valu real pt imag pt m t r  v a l u

*,2=0 n2=1 0.98909 -0.08148 0.99244 -0.01303 -0.06511 0.06640 •0.01003 -0.00604 0.01171
*,2=0 n2=2 -0.01303 -0.06511 0.06640 0.97634 -0.08374 0.97992 -0.03435 -0.07707 0.08438
*,2=0 n2=3 -0.01002 -0.00602 0.01169 -0.03436 -0.07707 0.08438 0.93066 -0.17565 0.94709

k ,z = K l8 L /12=1 0.98909 -0.08148 0.99244 -0.01303 -0.06511 0.06640 -0.01003 -0.00604 0.01171
*V2=ji/8L n2=2 -0.01303 -0.06511 0.06640 0 97634 -0.08374 0.97992 -0.03434 -0.07720 0.08449
k ,2 = K l8 L n2=3 -0.01005 -0.00603 0.01172 -0.03437 -0.07721 0.08452 0.93091 -0.17574 0.94736

k ,2 = n /A L /ij=1 0.98909 -0.08148 0.99244 -0 01303 -0.06511 0.06640 -0.01011 -0.00604 0.01178
k ,2 = M 4 L «j=2 -0.01303 -0.06511 0.06640 0.97634 -0.08374 0.97992 -0.03434 -0.07731 0.08459
k ,2 = x i4 L /i -0.01015 -0.00603 0.01181 -0.03439 -0.07734 0.08464 0.93108 -0.17588 0.94754

*,2=3re/8L n2=1 0.98909 -0.08148 0.99244 -0.01303 -0.06511 0.06640 -0.01025 -0.00604 0.01189
*,2=3ji/8L n 2=2 -0.01303 -0.06511 0.06640 0.97634 -0.08374 0.97992 -0.03435 -0.07740 0.08468

/i2=3 -0.01028 -0.00604 0.01192 -0.03439 -0.07742 0.08471 0.93076 -0.17597 0.94725

* ,2 = J C / 2 L a 3 = 1 I 0.98909 -0.08148 0.99244 -0.01303 -0.06511 0.06640 -0.01040 -0.00604 0.01203
* , 2 = 7 1 / 2 / . /12=2 -0.01303 -0.06511 0.06640 0.97634 -0.08374 0.97992 -0.03436 -0.07745 0.08473
k ,2 = K l2 L /i2=3 -0.01042 -0.00603 0.01204 -0.03437 -0.07742 0.08471 0.9300: -0.17601 0.94653

T able  5  • 2c

q,=0 M=JllL = 1 a, = 2 n, = 3

rea l p t  im ag p t m tr valu real p t im ag p t m tr valu real p t im ag  pt m tr valu

*,2=0 n2=1 
*^2^0 n2=2 
*,2=0 n2=3

0.88165 -0.25918 0.91895 
-0.09801 -0.15697 0.18505 
-0.03388 0.11282 0.11780

-0.09801 -0.15697 0.18505 
0.85285 -0.12749 0.86232 
-0.18082 0.02089 0.18202

-0.03387 0.11279 0.11776 
-0.18082 0.02083 0.18201 
0,54819 -0.06406 0.55192

q,=n/8L M=k/L n, = 1 «, = 2 n, = 3

*,2=0 n2=1 
*,2= 0  n2=2 
*,2=0 n 2=3

0.86148 -0.28114 0.90620 
-0.10287 -0.16586 0.19517 
-0.01182 0.13646 0.13697

-0.10287 -0.16586 0.19517 
0.85809 -0.12418 0.86703 
-0.15678 0.05390 0.16579

-0.01181 0.13642 0 13693 
-0.15677 0.05384 0.16576 
0.56387 0.00032 0.56387

q,=M4L M=kIL n, = 1 n, = 2 n, = 3

k. 2 = 0  n2= i
*, 2=0 rt2=2 
kj 2 = 0  n 2=3

0.84077 -0.30279 0.89363 
-0.10565 -0.17779 0.20681 

0.01661 0.15287 0.15377

-0.10565 -0.17779 0.20681 
0.86944 -0.12855 0.87889 
-0.12016 0.07409 0.14116

0.01661 0.15279 0.15369 
-0.12012 0.07401 0.14109 
0.60394 0.04691 0.60576

q,=3lt/8L M=ML n, = 1 n , = 2 n, = 3

*,2 = 0  n2=1 
*, 2=0 n 2=2 

2=0 n2=3

0.81874 -0.32440 0.88067 
-0.10830 -0.19366 0.22188 

0.04818 0.16026 0.16735

-0.10830 -0.19366 0.22188 
0.88265 -0.14271 0.89411 
-0.07751 0.07752 0.10962

0.04816 0.16012 0.16721 
-0.07746 0.07740 0.10951 
0.65818 0.06759 0.66164

T ab le  5  - 2d
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q,=Kl4L M=2k/L /i, = 1 n , = 2 n, = 3

rea l p t im ag  p t m tr va lu rea l p t im ag p t m tr valu rea l p t im ag  p t m tr valu

^2=It/4L
k,2=Jtl4L
k,2=nlAL

«2=1 
n2=2 
n 2s—3

0.62957
-0.20860
0.14719

-0.41994
-0.31405
0.08410

0.75677
0.37702
0.16952

-0.20860
0.80694

-0.02219

-0.31405
-0.32161
-0.11115

0.37702
0.86867
0.11334

0.14718
-0.02214
0.69883

0.08402
-0.11124
-0.19480

0.16948
0.11342
0.72547

q,=K/4L M=3k/L n , = 1 a ,  = 2 «! = 3

k,2=K/4L
Â 2=ic/4Z,
k,2=Kl4L

«2=1
n2=2
rt2=3

0.38690
-0.36218
0.22590

-0.33734 
-0.28711 
0.06842

0.51331
0.46217
0.23604

-0.36218
0.66352

-0.04316

-0.28711
-0.26945
-0.02291

0.46217
0.71615
0.04886

0.22586
-0.04310
0.46733

0.06836
-0.02302
0.04769

0.23597
0.04886
0.46976

q,^Kt4L M=4k/L n, = 1 n, = 2 n , = 3

k,2=Kl4L
k,2=nl4L
k,2=M4L

n 2=1
/l2=2
/12 =3

0.24820
-0.50173
0.21346

-0.17241
-0.26757
-0.12371

0.30221
0.56862
0.24672

-0.50173
0.50465

-0.07514

-0.26757
-0.33054
-0.21235

0.56862
0.60326
0.22525

0.21341
-0.07507
0.42369

-0.12370
-0.21243
-0.04586

0.24667
0.22530
0.42617

T ab le  5  - 2 e

T h e  m atrix v a lu e  of th e  su p e ria ttice  w hich  width o f G aA s lay er is 100 A a n d  th e  w id ths o f A I .G a ,_ „As lay e rs  

is 2 0 0  A. Doping is uniform  in tw o la y e rs  a n d  co n cen tra tio n  is 3  x  1 0 '7.
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2 -

- 2 -

5025 100■7 0 7-100 -25-50

Fig. 5.1a. z, unit is A*.

2 -

second sub-band

wave function

- 2 -

10025•7 0 7-100 -50 -25
Fig. 5.1b, z, unit is A ' .

2 -

third sub-band

- 2 -

100-100 7 0 7 25 50-50 -25

potential

well

potential

well

potential

well

Fig. 5.1c. z, unit is A".

The widths of both GaAs and A^Ga, _,As layers are 100 A.

Doping is uniform in two layers and concentration is 1018.

Dotted-line is tight binding wave with k: = 0, solid line is tight binding wave wiil< »  n J L ,

square line is sine/cosine wave and delta line is single potential well wave.
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2 -

first sub-band

- 2 -

75-75 50-50 -25 0 25
Fig. 5.2a, z, unit is A \

2 -

second sub-band

- 2 -

-75 75-50 50-25 250

fig . 5.2b, z, unit is A '.

2 -

tbird sub-band

wave function

- 2 -

-75 75-50 -25 500 25
Fig. 5.2c, z, unit is A

The width of GaAs layer is 50 A and the widths of AlxGa, _xAs layers is 100 A.

Doping is uniform in two layers and concentration is 10t8.

Dotted line is tight binding wave with k z = 0, solid line is tight binding wave with Jfc, = n /L ,  

square line is sine/cosine wave and delta line is single potential well wave.

potential

well

potential

well

potential

well
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2 -

first sub-band

wave function

- 2 -

50-100 -50 100 150-150 0

Fig. 5.3a. z, unit is A

2  -

second sub-band

■■aaaam
•><b° , , o d 0wave function

- 2 -

-50 50-150 -100 0 100 150
Fig. 5.3b, z, unit is A

2 -

tbird sub-band

- 2 -

50-150 -100 -50 1500 100
Fig. 5.3c. z, unit is A  °.

The width of GaAs is 100 A and the width of AlxGa, _xAs layer is 200 A.

Doping is uniform in two layers and concentration is 1017.

Dotted line is tight binding wave with k z =  0, solid line is tight binding wave with fc. = n / L ,  

square line is sine/cosine wave and delta line is single potential well wave.

potential

well

potential

well

potential

well
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first sub-band 

wave function

2 -

- 2 -

-100 -75 -50 -25 25 50 750 100
Fig. 5.4a, z, unit is A  °.

second sub-band 

wave function

- 2 -

-100 -75 -50 -25 75 100
Fig. 5.4b, z, unit is A  *.

2 -

0  — AliidAUilUUtUlUlAdl
wave function

- 2 -

-100 -75 -50 -25 0 25 50 75 100
Fig. 5.4c, z, unit is A °.

The widths of both GaAs and Al^Ga, _xAs layers are 100 A.

Doping is uniform in two layers and concentration is 5 x 1018.

Dotted line is tight binding wave with kz = 0, solid line is tight binding wave with k, = tz/L, 

square line is sine/cosine wave and delta line is single potential well wave.

potential

well

potential

well

potential

well
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electron

distribution

function

3 x 1018

1 X 10'

25 75-75 50 100-100 -50 -25 0

Fig. 5.5, in z  direction unit is A

Width of both GaAs and AljGa, _xAs layers are 100 A 

Doping is uniform in the two layers and the concentration is 1018

1.5 x  10'

1 x  10'
electron

distribution

function

75-100 -75 -50 50-25 0 25 100
Fig. 5.6, in z direction unit is A

Width of both GaAs and AlxGat _ ,  As layers are 100 A 

Doping is uniform in two layers and the concentration is 5 x 1018

potential 

well 

0.3 ev

potential

well

0.3 ev
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3 x 1017 

2 x 1017 -
electron

distribution

function
1 x 1017 -

-150 -100 -50 0 50 100 150
Fig. 5.7, in z  direction unit is A  ’

Width of GaAs layer is 100 A " Width of AlIGal _ _,As layers is 200 A "

Doping is uniformly in two lays and the concentration is 1017

potential 

well 

0.3 e v
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beaded

potential

potential
0.3 e v

well

I I I
-50 -25 0 25 50

Fig. 5.8. in z  direction unit is A *

The width of both Al^Gat _xAs layer and GaAs layers are 100 A  *. Doping is uniform in two layers 

Dotted line for doping concentration 5 x 1017 

Solid line for doping concentration 10>8 

Delta point for doping concentration 5 x 1018

1

bended

potential

-150 -100 -50 0  50
Fig. 5.9, in z direction unit is A '

potential 
0.3 e v  

well

The width of AlxGat _ xAs layer is 200 A * and the GaAs layer is 100 A ". Doping is uniform in two layers. 

Dotted line for doping concentration 1017. Solid line for doping concentration 5 x 1017 

Delta point for doping concentration 1018
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wave

function

2 -

- 2 -

50 100-100 -50 0

potential

well

Fig. 5.10a, in j  direction unit is A A

wave

function

2 -

0 -

- 2 -

-100 -50 50 1000

potential

well

Fig. 5.10b, in z direction unit is A A

Wave function of second sub-band in superlattice, in Fig 5.10a its k z =  0 and Fig. 5.10b its k t  = n / L  Solid line 

is Tight Binding Approximation wave and Dotted line is exactly wave obtained by Kramer’s method.

Width of both GaAs and Al^Ga, _xAs layers are 100 A 

Doping is uniformly in two lays and the concentration is 2 x 1018 

Square line is bent conduction band
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wave

function

-150

2 -

0 -

-2  -

-100 -50 0 50 100

potential

well

150
Fig. 5.10c, in z  direction unit is A  A

wave

function

2 -

-2 -

-50-100 0 50 100

potential

well

Fig. 5.10J. in z  direction unit is A A

Wave function of third sub-band in superlattice, in Fig 5.10c its k . = 0 and Fig. 5.10d its k z = n / L  Solid line is 

Tight Binding Approximation wave and Dotted line is exactly wave obtained by Kramer’s method.

Width of both GaAs and AlxGa! _xAs layers are 100 A 

Doping is uniformly in two lays and the concentration is 2 x 1018 

Square line is bent conduction band
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0.285 ev

electron

energy

0.255 ev

0 7t

third

subband

Fig. 5.11a, Momentum

0.135 e v - ,

electron

energy

0.1335 ev

0 n
Fig. 5.11b, Momentum

0.34. ev

electron

energy

0.03456 ev

0 JT

second

subband

first 

subband

Fig. 5.11c. Momentum

The widths of both GaAs and AljGa, _ xAs layers are 100 A. Dot point obtain from Kronig-Penny equation. 

Solid line obtain from tight binding approximation wave function.
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0.306 ev

electron

energy

0.255 ev

0 7t

Fig. 5.12a, Momentum

Fig. 5.12b, Momentum

0.141 ev

electron

energy

0.1275 ev

0 Jt

0.36 ev —

electron

energy

0.0336 ev

0 n

third

subband

second

subband

first

subband

Fig. 5.12c, Momentum

The width of GaAs layer is 100 A. The width of AlJG ai_JtAs layer is 50 A. Dot point obtain from Kronig- 

Penny equation. Solid line obtain from tight binding approximation wave function.
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0.294 ev —

electron

energy

0.2655 e v

0 7t
Fig. 5.13a, Momentum

Fig. 5.13b, Momentum

0.1356 e v

electron

energy

0.132 e v

0 n

0.348 ev

electron

energy

0.03435 ev

0 Tt

third

subband

second

subband

first

subband

Fig. 5.13c, Momentum

The width of GaAs layer is 100 A. The width of AlxGa] _ xAs layer is 80 A. Dot point obtain from Kronig- 

Penny equation. Solid line obtain from tight binding approximation wave function.
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APPENDIX A

For convenience, I would like to ch an g e  som e of the  notation for describing 

how H ubbard derived his correlation function. Let C(q) instead of G(q) be the correla­

tion function u se d  in chap ter III and  let G °(q) b e  the ground s ta te  G reen ’s  function. 

The zeroth o rder polarization function 1 2 1 9  is

n°(ifc) =  ( - 1 ) 2  J i  G°(q) i G°(q + k)dAq  (Appendix.A.1)

Its Feynm an d iagram  is show n in Fig. Appendix.A.1. H ere w e a ssu m e  i H = i',q an d  k 

is a  four dim ensional vector; ( - )  = ( - i ) n _ 1  m ean s that the particle h a s  gone 

through n com pleted  cycles (in Feynm an diagram ); 2 indicates that i G°(q)  h a s  two dif­

ferent spins; and  / G°(q + k) m ust have  th e  sa m e  sp ins a s  iG°{q). T he equation for 

the first o rder exchange  polarization function (Fig Appendix.A.1) is 1 8

n,!c(* )=  Jdk'V( k') S ( q ' - q  + k')x

( - 1 ) 2  J d Aq d Aq ’ i G°(q) i G°{q + k) i G°(q') i G°(q'  + k) (Appendix.A.2)

Hubbard h a s  m ade an  approxim ation that the  m ajor contribution for the  integration of 

k'  is a t the k'  equal to k + qf  (where qf  is Fermi m om entum  of electron) an d  Eq. 

(Appendix.A.2) b eco m es

n lc , Hu(fc) = ( -  1) 2 \ d Aq d Aq' i G°{q) i G°{q +  k) i G°{q') i G°{q' + k ) V { k  + qf )
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= -  ^-n°(Jfe) V( k +  q/ )n°(A:) (Appendix.A.3)

This is the s a m e  equation  a s  in Fig. (Appendix.A.2) excep t th a t V{k) is changed  to 

V(k + q{). Similarly, the  se co n d  o rder exchange  polarization function (Fig. Appendix.3) 

can  be e x p re sse d  b y 1 8

nxc, HU(k) = J  n°(/:)  V(k + qf )U°(k) V(k + qf )n°(k)  =

n°(£ ) ( -  J  V( k + qy) n°(/t) ) 2  (Appendix.A.4)

H ubbard’s  polarization function h a s  sum m ed up this kind of e x ch an g e  polarization 

function, and  ob tains

n HU(k) = n°(k)  £  [ - l i / ( k + q/) n °(k)]n =
n  = 0  ^

   U° {k)------------ = ------------------ ------------------------  (Appendix.A.5)
1 + - V ( k  + qf ) n °{k)  1 + 1  k <D(k) n°(A:)

^  <?- k + q f

4 k c 2  1 A 2w here <h(k) = — Thi s  is w here  H ubbard 's correlation function C(k) = — —r 1— -
A 2  a + in­

c o m e s  from. From d isc u ss io n s  in chap te r III we know that in a  periodic m edium  the 

m om entum  of the interaction potential is not necessarily  equal to the d ifference of the 

m om entum  in the  two G re e n ’s  functions. It can possibly be equal to that difference 

plus a  vector of the  reciprocal of lattice. In o ther w ords, the  m om entum  relation can 

be applied to Fig. (Appendix.A .1), w here the delta  function 5(q -  q ' + k) in Eq. 

(Appendix.A.2) h a s  to be  c h a n g ed  to ]£5(q -  q ' + k + K) ( K is the reciprocal lattice
K

vectors). As it is very difficult to e x p re ss  the Feynm an d iagram  in periodic m edium  like
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that exp ressed  in Fig. (Appendix.A.2 ), it follows that H ubbard’s  relationship is also 

difficult to derive in a  periodic medium.
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APPENDIX B

Debugging a  large sca le  com plicated com puter program is no e a sy  task . The 

program s of the screening problem have an additional difficulty in that we do not know 

the expected result, that is, the program can create errors and  not be detected  by its 

result. We therefore divide the program  into a  few sub-program s such  that the error of 

som e of these  sub-program s can be detec ted  by their expected results, a s  described 

below.

A ) To tes t the subroutine related to Numerov’s  method, w e a ssu m e  that the 

electron potential is a  square  well potential. First, a  value different from the eigenen- 

ergy is assigned  to its energy variable. The subroutine is then run, with the value of 

energy variable being changed  in each  iteration. If the value of the energy  variable 

converges to the  eigenenergy (refer to Eq. (Appendix.B.1) when =  0), then the su b ­

routine is possibly a  correct one.

B ) To tes t the subroutines related to the tight binding approximation theory 

such as  energy shift and normalization factor, we assum e that the potential is a  

square  well potential. If the result of the function E(n, kz) is the sam e  as  the Kronig- 

Penney equation

R2 — Q£2
c o s (k  a) =  2 ^"p—sinh(P 6 ) sin(a(a - b ) ) +  cosh(P 6 )cos(a(a - b ) ) (Appendix.B.1) 

here a is the width of the GaA % layer, b is the width of the AlxGa ^ - x)A s layer,
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2

( i=  — ~ - { y - E { k z)) and V is the potential difference betw een  AlxGa n . x)A s layer
H

and  GaA s layer, then the subroutine is a  correct one . The normalization factor is com ­

bined with the  energy shift equation. W e can not g e t the  correct energy  shift without a  

correct normalization factor.

C ) To tes t the subroutines which are  to obtain the Fermi-level and  the electron 

carrier density distribution function pe(z), we require the  distribution function to obey

here  N  is the average  of the doping concentration.

D ) Refering to the subroutines related  to the  polarization function 

n°(<7 z, q L, m  1 , m 2), if we se t the eigenenergy E ( n ,  k z ,  k ± )  equal to e igenenergy  for the

L

(Appendix.B.2)

2

electron in the  hom ogeneous medium

n , K  +  k Z i  = t t j K  +  k Z j  + m 1 + q z  and < n t ,  k Z i  + q ^  ' z  \ n j ,  k Z j >  = 1, the result should 

be  equal to the  random  p h ase  approximation polarization function.

L ( q l 2 K f ) (Appendix.B.3)

(Appendix.B.4)

here  q  = ( q z  +  m ^ K )  z  +
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