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Chapter I: Introduction

Since the development of the molecular beam epitaxy crystal growth method,
many new semiconductor devices have been made in the past few years. One exam-
ple is a superlattice made by sandwiching two different kinds of thin crystals (the thick-
ness of a crystal layer is from 10 to a few hundred /f\) alternately with GaAs and
Al,Ga, - ,As. This ultra-thin multilayer heterostructure semiconductor device has many
characteristics such as an ultra-high mobility (above 200,000 cm?/v-sec)’ in the direc-
tion parallel to the layers (transverse direction) and a high sensitivity Gunn-effect in the
layer’s direction. For this reason, superlattices have attracted wide attention among

physicists and electronic engineers.

The band gap of Al,Ga,_,As (if x =.3) is approximately 0.4 ev greater than
that of GaAs. Experiments show that 85% of this difference is associated with fhe
conduction band?. The conduction band in the GaAs layer is 0.34 ev lower than that
in the Al,Ga, _,As layer. If ionized donors are present, conduction electrons will be
available to occupy the lower conduction band in the GaAs layer. A similar effect
holds if ionized acceptors are present. Either one of these will cause strong band
bending. Therefore, using a simple sine or cosine wave function, single square well
wave function or Kronig-Penney wave function® to calculate the transport coefficient of

the superlattice is not adequate.

When GaAs or Al,Ga, _,As is heavily doped (doping > 10'7/cm®), the mean



separation between carriers, ro [ ro = (3/4np)/?] is comparable to the solid state Bohr
radius ay = e,/i%/m*e2. For this reason, many-body effects of carrier-carrier interaction
should be important and calculation for the transport coefficients must include screen-
ing effects. However, because the rg (rs = ro/ay) is not much smaller than 1, the
Random Phase Approximation (R. P. A.) screening theory will not be adequate to
solve the problem. This means that exchange and correlation effects in the periodic

medium have to be taken into consideration.

Studies of superlattice properties have been made in the past few years. How-
ever, very few of the investigators considered the periodic medium screening effect.
Some of them used a highly simplified wave function for the superlattice, while some
used the two dimension electron gas to explain the phenomenon of the superlattice
(see the detailed discussion in chapter V). But if the Ga,Al; - ,As layer is thin, the
electron wave in the superlattice is far different from the single well particle wave
(please refer to chapter V). If the GaAs layer is a few hundred A thick and/or the
Ga,Al; _ ,As layer is thin (like 25 A) the electrons in the superlattice do not actuaily
have a two dimensional behavior. Treating the electron in the superlattice as a two
dimensional electron gas will not be adequate for all superlattice crystais. The pur-
pose of this thesis is to derive a method to solve for superlattice screening which
includes exchange and correlation effects. A computerized self-consistent method is

proposed. This will be described in the following two sections.

A ): Since the bent band potential is symmetrical, for k=0 or £ = n/L ( L is the width
of GaAs layer plus the width of Al,Ga,_,As layer) the wave function will be
either symmetrical or antisymmetrical. The eigenenergy and eigenfunction can

be easily obtained by Numerov's* method (to be described later). Some
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approaches to get the eigenenergy of £ # 0 and =/L eigenfunction equation
will be presented. Hill's procedure® is a good method for finding the  value at

other energies. The k is then given by
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in terms of the energies E,(k = 0) at the zone center. Here K = 2n/L.

We also want to obtain the numerical value of the matrix element
<i e | Jj> in order to calculate the polarization I1. We need to find the
eigenfunctions. |t is difficult to use Hill's procedure to obtain the eigenfunctions
in a superlattice. The tight binding approximation is one of the methods that
can be used to find eigenfunctions and these eigenfunctions can be used to
calculate the numerical values of the matrix element <i | ¢'%* | j> con-
veniently. Comparisons between the momentum abtained by the tight binding
approximation and Kronig-Penney equations for different eigenenergies in a
periodic square well potential will be discussed in chapter V. The comparisons
will show that the tight binding approximation often applies well in a superlat-

tice.

B ): There are two restrictions in solving for the screening effect. First, because of

potential change (the carrier distribution will cause the conduction band bend-

ing), the analytical result is not easy to obtain. Use of a numerical self-



consistency method to solve the problem is therefore needed (please refer to
chapter Il). Second, the exchange and correlation effects in screening must be
considered (please refer to chapter II). In this thesis, a solution by a self-
consistent computer calculation is adopted. The Hartree wave function is
replaced by the Hartree-Fock wave function in the Green's function. This
Green’s function is used to get the zeroth order perturbation polarization func-
tion ° and one of the first order perturbation functions T# (the exchange
polarization term). By this method, many higher order polarization terms will be
automatically included in these low order polarization terms. Also, the
exchange potential in the Hartree-Fock wave equation needs to be modified by
these polarizations. The above mentioned procedure will be discussed in detail
later (part of this idea evolved from the paper of D. J. W. Geldart and Roger

Taylor®. For references, see the historical survey in chapter Ii).

We believe, by using the above approach, the screening coefficients can be obtained

by an iterative self-consistent numerical calculation.

The steps are as follows:

A'): The starting point of each iteration is to obtain the single square well potential’s
eigenenergy and eigenfunction for each sub-band. In the first iteration, the
potential is a square well potential. The eigenenergy and eigenfunction can be
solved easily. For later iterations, the Numerov-method is used to obtain the
eigenfunction and eigenenergy for single potential well for each sub-band. As
discussed above, the wave function is a Hartree-Fock wave function. Thus the
potential used in the Numerov-method has to be adjusted for exchange and

correlation effects (please refer to Section i11.4).



B ): Equations of a higher order tight binding approximation method are used to get
eigenenergies E,(k), for the wave function which have different wave vector k

and different sub-bands n.

C ): From the E,(k), the doping concentration, and the two dimensional Fermi distribu-

tion equation, the Fermi level E; of the superlattice is obtained.

D ): The equations of the higher order tight binding approximation method and the
data obtained above (eigenfunction, E,(k ), Ef, etc.) are used to get the real

space carrier distribution function (assuming a thermal equilibrium).

E ): The real space carrier distribution function is applied to Poisson’s equations to
obtain the potential (band bending). If the potential change is below a certain
limit, the computer calculation is terminated.

From the final computer calculation, a set of data describing the polarization
functions M° and IT* (from step F) can be obtained. These will be self-

consistent data.

F ): Acquisition of the polarization functions IT°, IT4, can be used in determining the
screening effect. Also, the exchange potential has to be obtained (please refer
to Eq. (3.4.6)). This set of data is needed in step A ) Hartree-Fock wave equa-

tion. After step F ), step A) will be applied again for the next iteration.

| have previously calculated the conducting band bending with the sub-
conductor band shift based on the one electron wave function and the electron poten-
tial has been adjusted for the effect of non-uniform carrier concentration (a self-
consistent method, similar method to that used in this paper except for the omission of

screening). The results are shown in Chapter V. These results prove that not only is



the band bending appreciable but also the shift of the sub-bands is different for dif-
ferent sub-bands. An obvious effect is that the transformation coefficients are depen-
dent on the energy difference between the sub-bands. Therefore the transformation
coefficients are heavily dependent on the difference of the sub-band shifts. In a
heavily doped superlattice the screening effect is strong and the potential well is deep
and periodically varying. Therefore a simple wave function is not adequate for study-
ing the superlattice characteristics. For the same reason, the homogeneous medium
screening function is not suitable for this kind of medium. An accurate screening
theory and eigenfunction of a superlattice will enable much better transport coefficients

to be obtained.

In chapter I, | will describe some important studies in screening theory. Most
of them involve the study of the homogeneous medium. Some important studies on
superlattices in recent years and the conceptual difference will also be discussed in
that chapter. In Chapter Iil, theories for this screening calculation will be presented.
These include: The Fourier transformation of a two point variable function in a periodic
medium; the relationship between the screened electric potential and the external elec-
tric potential at the superlattice; the reason for using the Hartree-Fock wave function
instead of the Hartree wave function in the Green's function and the polarization func-
tion which automatically includes the higher order terms; the polarization function of
the superiattice; the two-dimensional Fermi-Dirac distribution and high order tight bind-

ing theory.

In Chapter IV, programming procedures are discussed. These include the for-
mulation of Numerov's method, the treatment of singularities by our program, the appli-

cation of the effective mass concept to simplify the calculation, the approximation of



the I resuit by use of I1%s data and other necessary formulas for this calculation.
Lastly in Chapter V, some numerical results will be presented. These results are
obtained by my method in a square well potential or a homogeneous medium. Also, |
have applied my method to calculate the screening effect in homogeneous media to
compare the results with that of other people. My results compare well with others.
The reason for presenting these resuits is to prove that my proposed method to solve

the screening effect in a superlattice is an effective one.



Chapter II Historical Survey

in this chapter, some of the contributions of the screening eftect will be
described. | will also show that the method used in this thesis to determine the
screening effect in a superlattice is an effective one. At present there are just a few
papers about the effect of screening on the periodic potential”-®°. Before moving to
discuss my method of solving the screening problem in a superlattice, | will describe,
in the first section, some important studies of the screening effect in a homogeneous
medium with a uniform and a non-uniform background potential. in the second sec-
tion, | will discuss the reasons why the foregoing studies can not be applied to a
superlattice. Explanation as to why my method is a proper one is given (the detailed
derivation of the equations of the screening in a superlattice will appear in chapter Ili).
In addition, | will show the comparison between my method and other screening

theories as applied to a homogeneous medium.



Section II.1 Screening Theory for a Homogeneous Medium'© .

The first important theory of screening may be the localized response theory
(the Thomas-Fermi Approximation)'' for a static external field. The starting point of

the theory is that the Fermi-level is uniform over the whole medium. A non-screened
2
potential of an impurity charge pex(x)=— | ¢ | 8(x) is Vey(x) =— % in real space

2

4
and Veu(q) = —-
&

5~ in momentum space. Here €& is the background dielectric con-
q

stant. The potential already interacts with the background medium and the screening

calculated is an additional dielectric response. The Thomas-Fermi screened potential

2 ~MFx 47 €2

iS Veo(x) = ——b and Vsc(q) = q_—z;%ép— in real space and momentum space

respectively; Ay is the Thomas-Fermi screening length and is independent of q,

1
3,07

ka - 6nn0e2 — 4(75 nO) (21 1)

TF E . 1.

here E; is the Fermi level , ng is the electron concentration and ay is the solid state

Bohr radius.

The screening dielectric function can be defined by the relation between an

external potential Vox and a screened potential V:

Vext(X) = [ dx ‘ggo(%, X 7) Vo(x*) 2.1.2)
For a homogeneous medium the screening dielectric equation becomes

Veut(X) = [dx esc(x — X ) Vee(x /) (2.1.3)

in real space and
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esolq) = ~2240) (2.1.4)

Vselq)
in momentum space. The dielectric function for the Thomas-Fermi approximation is

simply

}\’2
Esolq) = 1 + —qTZ—F (2.1.5)

We can define some notation here'?. An external distribution function pex(x) (with
units of volume™ ') will generate an induced charge distribution e pinq,(x) and the total
charge distribution function

e Prot(X) = € Psc(X) = € Pext(x) + € Pindu(x) (2.1.6)

In a homogeneous medium the polarization function Il(q) and the proper polarization

function IT*(q) are defined by

Pindu(q) = TT*(q)V sc(q) = TI(q)V ext(q) (2.1.7)

These polarization functions differ from the term polarization used in electrostatics.

Some books or papers use the opposite sign convention: pj,qu = — [IV.

The Lindhard'® polarization function (see also Bardeen'4) obtained by combin-

ing the linear electromagnetic response and the Boltzmann transport equation is:

m¥*kg 1 1 (o—q2 2 0)"24‘*“12
Re I1 , ) =— Xy —+ — | 1 =(———)¥{In | ——""_ |+
1 ®+q2 @+ 29 + g2
— | 1- In 2.1.8a
4q { 2 )] ® - 2g +¢° ( )
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|

E
here q is the wave vector in units of g,  is in units of % , where ¢ and E; are the

Fermi Momentum and Fermi Energy.

The same resuits can be obtained by using pertur-
bation theory of one particle Quantum Mechanics or by
calculating to the lowest order polarization function in
many body theory. We know that in a homogeneous
medium the potential in momentum space can be

expressed by

V(q) = @(q) p(q) (2.1.9)

e2

here ®(q) = 41r2 is the Coulomb potential in momentum space and p(q) is the
q

momentum space density function. From Eq. (2.1.4), (2.1.6) and (2.1.7) we can get

Esc(q) = 1 - [1*(q) ®(q) (2.1.10)

1

- .11
T+ () 9@ @1.11)

€sc(q) =
Eq. (2.1.7) and (2.1.10) can be interpreted by'® 1617

Pindu(@) = [T*(q)V o (q) = TT*(Q)[ Vexe(q) + Vinau(a) ]
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= [1*(q)[ Vext + ©(q)Pindu(q) ] (2.1.12)

which can be solved iteratively. The R.P.A. (Random Phase Approximation) screening
equation 51617 is to use I y(q) instead of the IT*(q) in Eq. (2.1.12). The R.P.A. may
be the most accurate screening equation if the exchange and correlation interaction
can be omitted. Also, when w=0and | ¢ | << 1 the R.P.A. screening equation is

an approximation to the Thomas-Fermi approximation. '8

Adler” uses electromagnetic response and the single particle Louville equation
to solve the screening problem in a periodic medium. M. H. Cohen and his co-
worker®? solve the many-body problem for a self-consistent Hartree crystal potential.
If we omit exchange and correlation interactions and apply a suitable superlattice's
eigenenergies and eigenfunctions to the equations in thos_e papers, the screening
problem can be resolved. The equations which | will derive in chapter Il have similar
characteristics. In addition, | have considered higher order perturbation term, but only

for static external potential.

Hubbard'® was the first one to consider the exchange contribution to screening.

His Feynman diagram of polarization function is

u

Ha
and he made an approximation that the major contribution of the exchange interaction

occurs for momentum equal to k + q; (here k is the momentum of the polarization
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function and g is the Fermi momentum of electron). He got the relation between the
polarization function with the exchange interaction and the polarization function without
the exchange interaction is

(k)

18
2 k2 +q)2r

My (k) = (2.1.13)

d(k) M°(k)

(see Appendix A, which shows how Hubbard derived this equation and why this equa-
tion can not be applied to a superlattice medium). For this reason, we can, without
approximation, expfess the polarization function that includes exchange and correla-

tion in terms of the one that omits exchange and correlation in the form:

Mo, xc(q, ®)
Mye(q,®) = ' 2.1.14
<(49)= 759 © (@M ola, @) (21.14)
where G(q) is to be found. The G(q) of Hubbard's exchange term is simply
1 q°
Ghulq) = = (2.1.15)
TET2 g2 g

Singwi® discovered that G(q) is related to the two point distribution function.

The real space two particle distribution function f(r;, r2) can be approximated as

flrq, r2) = fleg) flra) glry = o) (2.1.186)

here f(r) is a one particle distribution function. The Fourier transformation of g(r) — 1

is nl [S(q) — 1] , where S(q) is dynamic form factor and ng is the electron density in
0

the absence of an external potential. Moreover, S(q) is related to &,.(q, ®) by a sum

rule (see D. Pine'® p129-131)
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S@)=-—3—] m[eclq o) do 2.1.17)
4me“ng " 0
Singwi?® derived the following relation between G{q) and $(q):
1 : g 7 - ’
Gl@)=- -] - BSla-a)-171"d% (2.1.18)

within the approximation Eq. (2.1.16). The dielectric function which takes into account

exchange and correlation interaction can be expressed (see Eq.(2.1.10)) by
gxc(@, ®) =1 - My (q, W)P(q) (2.1.19)

Eq.s (2,1,14), (2,1,17), (2.1.18) and (2.1.19) have to be solved simuitaneously to

satisfy self-consistency.

From the above discussion, we know that the functions ¢,.(q. @), g(r) and G(q)
are related to each other. Since g(r) has definite limiting values (g(0)=0 and
g(e) = 1), we can determine whether an g.(q, ®) is good or not from G(q) (g(r)) or
obtain &,(q, ®) from G(q) (g(r)). Singwi and his co-workers®® and Shaw?' have
shown that g(r) derived from Hubbard's G(q) or modified Hubbard's G(q) (modified by
Sham??) is negative when g;r is < 1 with r¢ > 2, where ¢, is Fermi momentum, r hav-
ing been described in chapter |. This is due to an overestimation of the short range
correlations between particles. Shaw?®', Toigo and Woodruff23, Singwi and his co-
workers?%242 and Brosens, Lemmens and DeVreese?®%® have tried different
methods to improve the value of G(q). Most of them have the value of g(r) still slightly

negative when r g = 0 and r; is large.
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Geldart and Vosko®® and Geldart
and Taylor® obtained the polarization func-
tion by including polarization terms of the
lowest exchange, the lowest Hartree-Fock
and an approximation [1. (lowest figure in
the left, Geldart and Toylar call it IT¢).
Singwi and his co-worker®! showed that
their “two particle distribution function™ can
be comparable with those of Geldart and
Taylor®* and Brosens, Lemmens and

DeVreese's®~% G(q, w).

mﬂg
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Section IL2 Reasons for Using the Self-Consistency Method To Solve
the Screening Effect in a Superlattice
The major problem in obtaining the screening effect in a superlattice is that the
lattice width (thickness of the layers) is of the same order or smaller than the Thomas-
Fermi screening length and the reciprocal of the Fermi momentum (In most cases the
thickness of the GaAs or Al,Ga, - ,As layer is from 25 A to 250 A; when the doping is
10'7 then 1/Ar =88 A; 1/k;=69.6 A; rg = ro/ay = 1.22; when the doping is 10'°

then 1/Ate = 34 A; 1/k; =15 A; rs = 0.26 ), and the potential well is deep (.3 ev ).

Kohn and Sham32 33 have derived the screening equations for a slowly varying
potential. However, they are not suitable when applied to a periodically rapidly varying
potential like that in a superlattice. Stern and Howard® have derived the screening at
an inversion layer. It is inadequate to simplify the superlattice potential to that of a sin-

gle well potential.

The potential in a superlattice is periodically varying and rg is not much
smaller than 1. The effects of exchange and correlation in screening of the periodic
potential must also be considered. We should use a method similar to that of Singwi,
et al, to obtain a polarization function which includes the exchange and correlation
interaction. We have to obtain a good value of G(q) , then substitute it into Eqg. (2.1.12)
to adjust the polarization function when the exchange and correlation interaction has
not been considered. Problems arise when this method is used to solve the screening
effect in a superlattice. Since the convolution theorem for the Fourier transformation is
not applicable to a non-uniform medium, all equations which are required in this
method (especially Eq. (2.1.12), see Appendix.A) have to be modified, and these

modifications are not simple.
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Since the electron potential is changed by the carrier distribution, analytical
results can not be easily obtained (example: the eigenfunction and Fermi level, etc.).
Therefore, computer calculations must be used. In such calculations, it is as easy to
use the Hartree-Fock wave function as the Hartree wave function in the polarization
function calculation. The Hartree-Fock wave function instead of the Hartree wave func-
tion is used in calculating the zeroth order polarization function T°. This IT° will
automatically include the Hartree-Fock polarization function (please refer to chapter lil.
Geldart and Taylor® has only the lowest order Hartree-Fock polarization function). In
other words, our M° automatically includes some of the exchange and correlation

effects.

On the other hand, if we use G(q) to adjust a no exchange and correlation
polarization function to obtain a polarization function which includes the exchange and
correlation interaction, the lowest order polarization function must still be calculated.
Yet the G in a non-homogeneous periodic medium (no longer a function of just q) is
not as easy to obtain. From the above discussion, we know that using
Singwi's?%21:24-2% method of handling the screening problem is not convenient in a
superlattice. This is the major reason why a new self-consistency method is required.
The Hartree-Fock wave function is used to calculate the exchange polarization function
M8 (the I, 12, N°, as defined by Geldart and Taylor®). Our I1? will automatically

include a lot of Hartree-Fock polarization functions and exchange polarization functions
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(some of those Feynman diagrams are:

etc). In this thesis, the Geldert and Taylor's® [1¢ polarization function is not calcu-
lated. Instead, | include many higher order Hartree-Fock polarization functions and
use the interaction potential to calculate the exchange polarization function which is
the screened potential (instead of the bare electron-electron interacting potential or the
Thomas-Fermi potential, as used in most calculations). 1 feel confident that my
screening theory is better than that of Geldart and Taylor®. Many investigators used
the two particle distribution function G(q) ( &(r) ) to determine whether the screening
equation has involved a proper exchange and correction adjustment or not. Here |
use my method (which will be used to find the screening effect in a superlattice) to cal-
culate the screening effect in the homogeneous medium. Comparing my G (q) with the
G(q) of other screening thearies (Singwi and his co-worker®!, Geldart and Taylor® and
Brosens, Lemmens and DeVreese's®2%) in homogeneous medium as shown in
chapter V, Figure 5-9, my G(q) compares well with others® (my curve is between
"Hubbard" and "Toigo and Woodruff"). This proves that my proposed method involves

the exchange and correlation effects and has also considered periodicity characteris-



tics.
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Chapter III The Equations of Screening Theory and
The Tight Binding Approximation in a Superlattice

Section IIL.1 Fourier Representation of Superlattice Properties
In order to find the relationship between the Fourier component of the screened
electric potential and the Fourier component of the external electric potential in a
superlattice, | will try first to obtain the Fourier transformation of a two point function
(two position variable) in a medium which is homogeneous in two dimensions and

periodic in the third dimension.

An arbitrary two point function f(xy x,) in any medium has a Fourier com-

ponent A(k¢ kz) which is given by

Alky, ko) = [dx; [dxaf(x;, xp) e ¥ Mgt ke X (3.1.1)

X4 +X2

Lety, = 5

y Y2 =Xy — X, then

.1
tgyz'(kwrkz)

Ay, ko) = [dyidys fly1, yo) e "'V M1kl (3.1.2)

Y, Yo
X1, X2

Where the Jacobin J { ] = 1, can be omitted.

If a substance is homogeneous in x space, translation invariance requires

f(y1, y2) to be independent of y,, so that
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—i-;—yz'(k1+k2)

Alky, ko) = (22 8(ky — ko) [dya f(y2) € (3.1.3)

dk
Multiplying both sides by f(—z-—)ga— the Fourier transfer of f(xy — x») is depen-
T
dent only upon k;.

dko i ke (X =
B(k‘l) = _[zz—n)a_f‘(kh ko) = J.dXQ f(.‘(1, Xg) e ki (x1 - x2) (314)
This is a formula commonly found in most text books. On the other hand, we
know that the Fourier component in a periodic medium exists only when ky — ks =

mk; + mk; + mk, = K, where (k;, k;, ki) are, respectively, unit vectors of a periodic

structure.

1
N i Ly (ky +ky +K)
A(k1:k2)=.[d3'1 dyaflyr, ya) e~V ¥ e 2 2

= [dxy dxaf(xy, xg) ¢ 1K1 ¥l 1+ K x2 (3.1.5)

For a superlattice which has periodic structure in the z direction and is homo-
geneous in the x and y directions (it is assumed throughout this thesis that the layer's

direction is the z direction), we have

i (kq +m—2£—2)‘x2

Alky, Ky +m 25 2) = [dxydxaf(es, xa) e M (3.1.6)

where L is the width of GaAs layer plus the width of Al,Ga, _ ,As layer; z is a unit vec-

tor in z direction.
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Section III.2 The Equation of Electrostatics for a Superlattice
In this section, | would like to discuss the relationship between the external
electric potential and the screened electric potential in a superlattice. The electric field

E(x) can be expressed by
Ew ==V [dx’ | P py. v o1 (3.2.1)
Ix—x'] X—-x'

The external charge density epex(x) is the electron distribution function and P(x ’) is
the polarization vector of electrostatics. epeyx(x) is also called the free charge density
or test charge density. Here we define the induced charge density as
ePinqu(x) =—V - P(x’). (Others call pj,qu the polarization charge density). After

integration by parts Eq. (3.2.1) becomes:3°

, €Pext(X ) + €Pinau (X ') [ds IP(X) P } (3.2.2.)

[x — x| x—x |

E(x)=-V { [ax

The integration region is very large. The surface only locates at the position

’

which [x—x’| is very large. The integration I—I—;‘i"—x—,—l— is much larger than the

integration j—l—;i—sx—,—l— , the last term can be omitted. Egq. (3.2.2.) can be simplified
to:

epror(x ')

E(X) =~V jdx —m (3238)
here piot(X) = psc(X) = Pext(X) + Pindu(x). The displacement field D(x) is defined by

ePext(x ’)

D(x)=-V [dx T T (3.2.3b)

in a non-homogeneous medium the relation between D(x) and E(x) in a superlattice
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should be expressed by
D(x) = jdx " E(x, x’)  E(x’) (3.2.4)

rather than by D(x) = £ - E(x), as used in homogeneous substances. Therefore, the

dyadic € (x, x *) is not just a function of the difference x —x ’. Here we restrict our-
selves to consider the linear response in the screening effect. It is convenient to cal-
culate the screening effect on the electric potential, since the potential is a scalar. ltis

better to replace Eq. (3.2.4.) by a scalar relation
Get(x) = [dx n(x, X )Peo(x *) (3.2.5)

where n(x, x’) is an inverse potential response function, ®4.(x) is the screened electric
potential E(x) = - Vdg(x) and @gu(x) is the external electric potential

D(x) = -V ®g,(x). The corresponding equation in wave-vector space can be written as

dk’ , / )
Do(k) = —=MN(k, K')@ (k') (3.2.6)
(2m)
where n(k, k') = [n(x, x’) e =¥ %¢i¥ '*’gx dx ", The relationship between £ andn is
" dx o 9 ., .n 1
e ¥)= 2 I et 3 57 S ) o (3.2.7)
in real space, and
’ kl ) k’j r
nK, k) =¥ ——¢ (k' k) (3.2.8)
i (K
in momentum space. We define the direct response function X(k’, k) by
Dgolk) = [ 25 Xk, K)Pox(k) (3.2.9)
(2r)

The reciprocal of this equation can exist if we can find a function of X(k’, k) such that
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[ax’

(2m)®

n(K, k) X(K, k) = @n)*8(k - k') (3.2.10)

For a superlattice
n(k, k) = n)®n(k,, k; k' & *) - 8 (k, — k') & (k, - k,’ + nK) (3.2.11)

where K =2n /L, k;, = kX + k, y and z is the layer's direction.

dk, ? ’ 4
Deyr(ky, k)= .[ @n)? n(k, k) Ok, £;')
=Y vk, & k), k, + nK) Oge(k,, k, + nK) (3.2.12)
N

Letk, =k’ +mK, |k’ <KI/2=n/Landm+n=m’ Then

Doyi(ky, &7 +mK) =Y n(k,, k" +mK; k,, k,” + m’K) Oge(k,, k,” + m’K) (3.2.13)
oo

Let @ (k,, k,) be a column vector, with m™ element Ok, k&, + mK) and X(kl, k) a
matrix, and its element A,, - is n(k,, &, + mK; k,, k, + m’ K). Then Eq. (3.2.12) can
be expressed as

(Dext(kj.v k)=A (ku k) (Dsc(ku kz) (3.2.14)

Similarly, we can define matrix a X (k,, &,) in such a way that X(k,, &,) = [A(k,, )]~ .

Then the screened potential vector is ®ge(k,, £,) = X(k,, &) Pext Ky, &;).
An example of an application of the above equations follows:

Example: V(x1, x2) is the interaction energy for two electrons at x4 and xa. V(x4, Xp)
is equal to that of an electric charge — | e | located at xqinteracting with a potential

which is generated by an electric charge — | e | located at x». Do (k,, &, + mK) is the
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Fourier component of the screened potential which is generated by electric charge

located at x,. And we know that the Fourier component of the non-screened potential
—4n |e |

which is generated by the electric charge located at x» is then
9 y 9 2 e + mK)
Vixi xa) == le | -2 (ZE % J (Qn y 2 Puolk, ke + mK) expLi (ky w Py + (b +mK) " 21) ]
I
dk, L dk, 4re?®
= P Xk, k, +mK; k,, k, + m'K
J ey oz TE e e X et i ke K)
L
x expli (ky'p1 + (k, + mk) - z¢)l exp[ — i (k, - p2 + (k, + m'K) * z2) ] (3.2.15)
This can be rewritten as a "Fourier Series"
x
dk, L
Vst %) = [ oo f_1 o ).};gexph Ky - Pt + (ke + mK) - 21) ]
L
XViky, k, +mK; Ky, ky + m’K) -exp [—i (k, *po+ (k, + m'K) * z5) ] (3.2.16)

Eg. (3.2.15) and (3.2.16) will be used in the later section.
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.3 The Linear Response Theory
In this section many-body theory will be used to describe the polarization func-
tion of a superlattice. Explanation will also be provided of the use of the Hartree-Fock
wave function instead of the Hartree wave in Green's function and of the application of
this Green’'s function method to evaluate the low order perturbation polarization func-
tion. This low order perturbation polarization function will automatically include some

of the higher order perturbation polarization corrections.

Before deriving the relevant equations to explain the polarization function for a
superlattice, | would like to explain the difference between the "potential” used in the
electric field and that used in the Schrodinger equation. In an electric field the poten-
tial refers to how much energy a charged particle will have, the dimension is
energy/(charge unit). In the Schrodinger equation, the potential means how much
energy a particle possesses so it has the dimension of energy. The calculations in this
thesis deal with electrons. For this reason, U(x) will be used to denote the Schrod-
inger potential, since U(x) = — | e |®(x). Also, for the convenience of later calculations,
p(x) is the electron distribution function which does notA have a charge unit. The poten-

tial functions are

2 ’
U ext(x) = de ' pt_aj(tix, )I (3.3.1a)
, ezpsc(x ")
Uge(x) = [dx T T (3.3.1b)
Uext(®) = [dx M(x, X YWo(%) (33.1c)

where the self-consistent potential is the sum of external and induced potential since

Psc(X) = Pext(X) + pPinau(x). The polarization function II(x, x’) and proper polarization
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function IT*(x, x ’) are defined by
Pincu(x) = [ dx TI*(x, x Wso(x ") = [dx TI(x, x ) eu(x") (3.3.2)

In a Feynman diagram presentation, the proper polarization IT*(x, x ’) only includes

linked and no repetition (no iteration) diagrams. From Egq. (3.3.1¢) and (3.3.2) we get

J e H*(x ", x’

n(x, =0(x—-x’ d ” (8.3.3)

In the three dimensional homogeneous case, the Fourier representation of this equa-
tion is

4ne

n(k, k) = (2n)® & (1 - IT*(k,k’) ) (3.3.4)

For a superlattice, we have
nk,, k&, + mK; k,, k, + m'K) =

4me?

k2 + (k, + mK)?]

o(m, m’) - ¥k, k, + mK; ky, k, + m'K) (8.3.5)

From linear response theory an arbitrary operator 5(:) can be defined as
(please refer to Fetter and Walecka'?, where linear response is discussed in Section

13 and linked diagrams in Section 9):

< 0(t)> = < Wy (1) 1 0(t) | W ()>tnked diag = < Wr(0) 10(¢) | wiy(0)> +

I ~ ~
i< iy (0) | I‘Odt'[ H® (2) O ()] | WH(O)>tinked diag + -+« + -+ - - - - (3.3.6)

where |W.(s)> is a Schrodinger picture eigenfunction after the perturbation (external)

Hamiltonian H®* is turned on (at time o). |wy(0)> is the Heisenberg picture eigen-

........
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function. If we only take the first (linear) term then

< 6(t)> =< 5(t)>ext -< 5(t)> =

t ~ ext -
i ] de < wu(0) 1A (7). On(e)] | W(O)inked diag (3.3.7)
To calculate the screening effect, the perturbation Hamiltonian can be expressed by
~ext A ’ s )
Hy (6)= [dx Pu(x, )Uen(x", 1) (3.3.8)

where tq is the time when the perturbation is turned on, and ¢ is taken to be — .

The change of electron density (same as induced electron density) is
{
8<p(x, > =i [ dt’[ dx’ Unlx ', 1) < wn(0) IBuix "t ), Bulx, ) (0> (33.9)

Let ny(x,t) = Pr(x, t) — < puix, 1)> . The retarded polarization function (please refer to

Fetter and Walecka'?, Section 14)

< Wo | [in(x, ), An(x’s ¢ )] [ o>

R Y P I .

iDU(x, t;x't )=0(t ~1t") <o [Yos (3.3.10)
is defined so that the induced charge density equation is

S<p(x, >=1"] dt'[d®x 'DR(x, 1;x", 1) Uentlx " ) (3.3.11)

where DR(x, r;x’,t’) is the retarded function of the polarization function
D(x, t;x’, t’). The latter polarization function is defined by

<o IT [ry(x, 2), An(x’, t )] | Wo>

Dx, 1%t = < ¥o | ¥o>

(3.3.12)

Taking the Fourier transformation of its time coordinate
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D(x, x’, ®)=

<o |pu(x) |'Wo'> < o' IPu(x’) [ o> LS Yo |pu(x) | Wo> < Wo” | pr(x /) | ¥o>
Wo' 2 o o-(E -E)i+in o+ (E”"-E)Yhi+in

(3.3.13)
The Fourier transformation of the retarded polarization function is

DR(x, x’, 0=

<Wo |pu(x) [Wo> < Wo' Ipu(x ) |'Wo> o <o IBu(x) [Wo™> < ¥o” | pu(x ) | o>
Wo' # Wo w—(E’—E)/ﬁ'*'ln (D+(E,’—E)/ﬁ—in

(3.3.14)
Since n = 0 then

1
®w*in

=P(1/®)7inrdw)

we get Re DX = Re D and Im DR = —2_im D. Considering only the static perturba-
9 ToT 9 only P

tion potential from Eq.(3.3.13), we will obtain Im D(x, x’, ®=0) = 0. The polarization

function
Mx, e;x", t)Y=0" D(x, t;x’, ")

The induced charge density distribution
S<px,)>=[ di [ d®x T(x, 1; %7, £ Weryx ', t %) (3.3.15)
Subsection: Green’s Function and The Hartree-Fock Equation in a Superlattice

the perturbation theory method is used to determine the expectation value in

many-body theory by calculating Green’s functions. The Green's function is defined
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~+
. , o <ol Tlipalx £) Phplx’, £ 9] [¥o>
i Gaplx, 15x7, ¢7) = : Z(‘I’o I ~p3>

(3.3.16)

Here T is the time ordering operator, o. and B are spin indices, |‘¥o> is the Heisenberg
picture ground state wave function (with e — e interaction) and Y «(x, ¢) is a Heisen-
berg operator and is equal to e’H"",(x)e™ M. Here Y (x) is a field operator defined

by Wa(x) = YWk (x)Cx Where Cy is the creation operator (when Ex > E; ) or annihilation
K

operator (when Ex < E; ), yk(x) is a single particle wave function and X is the eigen-
state label for the single particle wave equation. Thus we know that Green’s function
is related to the single particle wave functions. The expectation value is related to a
Green’s function, therefore the expectation value is related to the single particle wave
function. We claim that any theory of the many-body problem in a homogeneous
medium can be extended to the case of a superlattice. In real space this requires only
the use of superlattice’s single particle function instead of the homogeneous medium
single particle wave function. In momentum space, because the medium is not homo-

geneous, the equation needs to be modified.
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The Green's function can be interpreted as #.)
a function that creates a particle (or hole if t < ¢ )
at (x’,t’), travels to (x, ¢) then annihilates. it
can be expressed by a Feynman diagram (a thick
line). Let G%x, t;x’, ') be a non-interacting « .t)

Green's function. This means that Hamiltonians

will not include the interacting terms such as direct ‘i‘i t")
or exchange electron-electron coupling. The
GOx. t:x’.t’) is expressed by the Feynman
diagram (a thin line). From Eq. (3.3.16) the time (5 ')

coordinate Fourier component of the non-interacting Green's function can be

expressed as

8 (e - ¢ . 0 (e? - €7)
o-r'ed+in o-r' e,—sz

Gox, x, 0) = X wO(x) w9 (x ) (3.3.17)
J

Here n — 0*, s? is the Fermi level of the non-interacting ground state. e? is the elec:

tron energy and the Heaviside step function 6(x) defined as
1 if x>0
B(x) = 0 it (<0 (3.3.18)

enforces the Fermi distribution. The \y?(x) are the eigenfunctions of the Hartree wave

equation

2y 2 ,
{ ’émv +U(x)] WO(x) = €20 (x) (3.3.19)

Here U(x) is the superiattice potential.

Let Y(x1, 71; x¢, £1’) be the self energy operator. The relationship between
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G(x,t;x’, ) and G%x, r;x’, ¢ ’) can be expressed by the equation (please refer to

Reference 9, Section 9)

G(x, 1;x ", t)=GOx, t;x", ¢t ) +

jd!ﬁ’ dt1, _[dx1 1111(;0(.‘(. [, X1, 1) 2(11, 1y x¢', I1I)G(X1'. t1’ VXt ’) (3320)

or by the Feynman diagram

(%,%) (%,t) (Xt
= +
i (Zit) X% (%,t)

The @ represents the self energy. The first few terms of the latter can be

expressed by

| L RO O
~wl ) We

If the self energy includes only the first two terms (direct and exchange electron
interaction) the Green’s function can be written (please refer to Fetter and Walecka'?,

Section 8)
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9(8j'~8f) + B(ef—ej)
o-rle+in o-rlg-in

Gx, x’, 0) = 3y;(x)w;*(x ) { (3.3.21)
J

here ¢;, y;(x) is the eigenenergy and eigenfunction of the Hartree-Fock wave equation

-1V §
2m*

g W(x) = [ + U(M)] Wi(xq) +

| axs [V(-‘H = Xa) n(xz) = V(xy = x2) T, Wilx1) vi*(xa) 6(e/ - &) ] yi(x2) (3.3.22)

Here n(x,) is the electron concentration at x, and V(x; — x») is the electron-electron

interaction energy.

The polarization function TI(x, ¢; x’, ¢t ')=D(x, ¢; x ', t)/f, is defined by Eg.

(3.3.12)

M(x, t;x’,t')=_71l

x {< Wo | TG al® O Walx, ) Brplx’s £7) Fupx s 1) [Wo> — < plx, 1> < flx ", z'>>}

linked diag
N PO .V i co oo s
= _Tzl< @, I\Eo[ :;;—i ol U_wdn _[_thg .......... :Ldt\,
X Hi(tq) Hi(ta) ..o oL H(t,) ﬁjfu(x, W (X, t)\I;;rB(x LN p(x 7t ’)] | dg> —
<p(x, t) > < p(x’, ') > jinked diag (3.3.23)

Here |®y> is the ground state of the non-interacting system, ; (x, ¢) is an interac-

tion operator and is equal to e'10/"j, (x)e ™ "Ho’"

where H = PIO + fl,. The interaction
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Hamiltonian

~

HI(’:’) = Jz—J’dX; dt; Jtl.‘(/ ‘1’/ d ( [, — I,') Z V(kﬁ[, x/)?&. ALovw

AOAL vV

X 7 (x) B a00) B o x 7) Wu(x ) (3.3.24)

The V(x, x)i ». v v is the electron-electron

N interaction potential. It can also be expressed by

\X,\ the Feynman diagram on the left. Here a, A", v, V'

are spin indices. Because the electron-electron

interaction does not change the spin direction, A

must be equal to A" and v must be equal to v'.

Usually we use a thick wavy line to express the

screened interaction V(x, x )i ». v v and a thin

r wave line to express the bare electric interaction
id > Vo (ki &), w v v

The relationship between V(x,, x,). - v v and Vo (x;, X, » v v can be expressed by

equation

V(X,‘, t[)A Movw = Vo (xiv -t_/)l wow v T

Jaxy dey” Jdxy desVole ¥ i w o TUY 013 %0 1) V(EY', 5)p v v (3.3.25)

or by the Feynman diagram



-35 -

|l

-
(x;

The proposed method in this thesis is to use the Hartree-Fock wave function to obtain
the polarization function. For this reason, the exchange term in the Hartree-Fock equa-
tion and the potential used to calculate the exchange energy in this Hartree-Fock
equation (Eq. (3.3.6)) use the screened electron-electron interaction potential instead
of the bare interaction potential. For this reason, the exchange term in this Hartree-
Fock equation not only calcuiates the exchange energy but also involves the correla-
tion energy. For the exchange polarization function, this thesis use the Hartree-Fock
wave function and the screened potential instead of the Hartree wave function and the
bare electron-electron interaction potential. Many high order perturbation polarization
functions are then included automatically. A further discussion follows in the next sub-

section.
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Subsection: A Discussion of The Polarization Function [1(x, ¢; x ', ')

The unperturbed polarization function Ii{x, ¢; x’, ) is

M, 1% 1) = < o | T [l 1) Wrale, 0) Yp(x' ¢ Vp(x's ¢ )] | o>

=< Plx, )< p(x, ) (3.3.26)

here T is the time ordering operator and / and o, B have been described under Eq.
(3.3.24). Let N be the normal ordering operator and let A B denote the contractor

{please refer to Fetter and Walecka'? section 8).

-

o o o (%, t)
A B =T[A B] - N[A B] (3.3.27)
Because
N[A' B CD]=A B NIC D], (3.3.28)
Wral 1) Wrp (X" 1) = Yralx, 0) Yrp(x ", £) =0
(3.3.29) s

and <y l \Vlu X, 1) W/u X, ) |¢0>._.< P(\' £)>.

From Wick's Theorem®®

-~

T[A B C D | = N[

-

D]+

- ~

B CD]+N[A BC D]+N[A BCD |+N[AB

>
Yy

~ . AL AL A

ABC D |+N[A B C D |+NA B C D 1+NA

Z
&>

N[AB CD |+ ¢ D'
(3.3.3

0)

the N°(x, r; x’, ') becomes
o, r;x’, )=—(- )x2x i GOx’, 1y x, 1) i GOx, 1;x7, 1) (3.3.31)

here 2 indicates the spin eigen state. The Feynman diagram of MM%(x, z; x’, ') is
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shown on the last page.

To find the perturbation corrections to [(x, ¢; x’, ¢) and to simplify the process,
we use the following arguments:
A ') One higher order means adding one more particle-particle interaction potential and
four particle fields (in a Feynman diagram add a two particle propagator line) into the

time order brackets and then muitiplication by ( :ﬁ—i).

B ) The Feynman diagram must be linked.

C ) Because the variable of the interaction potential is neither (x, ¢) nor (x’, t’), the
Feynman diagram must be linked and normal ordering terms with contraction
Wra (X, 1)i7q (X, 1) OF Wyp (%, ) (x. ) will not be present. The possible Feynman

diagrams for the polarization function Is with first order perturbation are

VU0

Derivation of a formula for any one of these diagrams is complicated (see the
next section). Moreover, the single particle wave function for a superiattice is not ana-
lytic and the exchange and correlation effects of screening are also needed. To soive
the screening problem, the following method is used. Instead of the Hartree single
wave function (non-interacting ground state single particle wave function), the Hartree-

Fock single wave function is used. This wave function will be inserted into
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M°(x, r; x’, ') and the first Feynman diagram of the first order perturbation terms of

the I(x, ¢; x’, ¢') (let us call it TT*(x, #; x’, ) ).

The Feynman diagram of the Green's function (in which the Hartree-Fock sin-

gle wave function is used; please see discussion in Eq. (3.3.21) ) is

i

[}
4
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If this Green's function replaces the non-interacting ground state Green's function in
the polarization function of 1° , the Feynman diagram of the polarization function will

be

.
V

N\

\

TN

i + . s

~——
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Similarly, the diagram of the polarization function " (x, r; x ’, ")

R
NERY

\\ /
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Section II1.4 Hartree-Fock Equation and Polarization Function in a Superlattice
In this section, the equation of a single particle wave Hartree-Fock equation,
the polarization function M%(x, ¢; x’, ') and the polarization function I (x, ¢;x’, r) of

the superlattice will be derived.

The Hartree-Fock wave equation obeys:

2
- 2 V Bilr) + UEWHF) + € 0ar(z)¥ilry) -
m
f‘frz V(ra, 1) 3 folENWi(r )y (ra)wira) = Eppi(ry) , (3.4.1)

J

Here the "dir" subscript means the function does not include the exchange and correc-
tion interactions between electrons, r=p +z z, U(z) is the potential of the superlattice
(the potential is independent of x and y direction), V(rp, ry) is the electron-electron
interaction potential, fo(E;) is the finite temperature Fermi-Dirac distribution function
and e dgir(z) is the potential generated by a non-uniform charge distribution. Since the
charge distribution is uniform in the x and y directions, ¢4; depends on z only. If the

screening adjustment is omitted, ¢ ¢4;(z) Obeys Poisson’s equation.

If the medium is homogeneous in x and y, the single particle wave function can

be expressed as

ik pi

yir)=e Fp;, 1y (2) (3.4.2)

where »n; is the sub-band index. Multiplying both sides of Eq. (3.4.1) by

—i kl[ .
(2n) fdzpw’ . , Eq. (3.4.1) becomes
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2 2 2
{ ‘j I a i % (kli)z] + U(Z]) +e ¢dir(z1)}Fn", kz‘- (Z 1)

B 2m* az$ + 2m

+ exchange term = E(k;, &y, ki )Fo, ¢, (21) (3.4.3)
The exchange term is

] (k_'i -ky)-
> Jd®rz folEDe’ 7P E, by *(22)Fn;, 1 (22)
J

1
(2n)?

% i(kl_,--kx,-)'m

Jdpae Fay, 1 *(21) V(r1, T2) (3.4.4)

where

V(l‘1, rz) - Z Z Z V(kz, k_L; my, mz)eikl-m +£(kz+m1K)21e-iki-pg—i(kz +moK) z2
my mg k, K,

(3.4.5)

The eigenenergy contributed by the exchange term is

iky — ke { + K)Y+mK) -
Exclkis ks Ky) == S folE)) X < myy ky | @ T lyleKIvmkd ey,
J

m, m’

iy kz,->

il (s K) e k) x|

x<n, b |e jo k> Viky ~ ky( £ K), ky; ~kyim, m’)  (3.4.6)

where &, - k;(+ K) means that if &, - ky <—K/2 or k; — k; >K/2 a value of
K =2r/L will be added or subtracted such that &, - k;; will be within first Brillouin zone
and | n;, k> is the eigenvector for the one dimensional single particle wave function.

The eigenenergy can be separated into two parts.
E ir (K, kz,'! k_L,') + Exclki, kz,-r kJ_‘) (3.4.7)

The Egr(k;, k;, k,;) is a direct part and equals
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ﬁ2

E gie (k;, kz,'f k.L,' =0) + om*

k2, (3.4.8)

The Ey(ki, k;, k;;) the exchange and correlation part was given by Eq.(3.4.6) and
Vi, ~ k,j( * K), ky, ~ ky;; m, m’) must consider the screening effect (please refer to

Eq. (3.3.25) and (3.4.5)).

The wave to be used to calculate the screening effect in a superlattice must
have the characteristics of periodic potential well. The tight binding approximation
wave function is proposed in this thesis. The tight binding wave function is con-
structed using a single potential well wave function. [f the single well Hartree-Fock
wave function is applied to the tight binding approximation equation (to be developed
in the next section), this wave function will have the characteristics of a periodic poten-

tial with exchange and correlation effects.

The polarization functions IM° and " will be derived in the following manner.
Here only the zero temperature case and the Fermi-Dirac distribution function will be
considered (the reason for using the Fermi-Dirac distribution is discussed in Appendix
C). Any single wave function in this section will be a Hartree-Fock wave function. For
example, the equation used to derive the zeroth order perturbation function

MO(x, ; x ', ) uses the Hartree-Fock single particle wave function.

Mo, £:x7, ') = T1r? —2i GO, £:x", )i GOx, £ %, ) (3.4.9)

where the Green's function G%(x, r; x*, ') is equal to

£

Si v e T 8- (1= folB)) =8 =) fo ()] (34.10)
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Here E; is the eigenenergy and at zero temperature the
(x', t)
Fermi-Dirac distribution function fo(E;) =1 - O(E;~E)), Ef

is the Fermi level. The time coordinate Fourier com-

ponent of this Green's function

GOx, x*, @)= Jd(t = ') GOfx, 1ix’, 1) '@ =1) =

O(E, - E)) 0(E; - E;) ]
+ i
El . Ei . J
- — —_— —
(&) T ' n ) i tn

Swi(x) wi(x ) ( (4,2) (34.11)

From Eq. (3.4.9) and by using the convolution theorem of Fourier transforma-
tion

do

o GO%x, x " 0) G%x ", x,0 - ) =

M, ", o) = 2L |

W 2 3wl (e D0 D= 2

y 0(E; — E)) B(E; - E}) . 0(E, - E/) B(E, — E;)

, E; o , ; . , E; ) , E,+_ )
— —— — — ——— — — —— - — — [
(w H-Hn)(m 0 P in) (W T in)(w-w & n

When ®» = 0, the result is

O(E, - E;) - B(E - E,)

Mo(x, x’, © = 0)= 25 wilx)we* (x )wj(x Jy;*(x) — % (3.4.12)
t g t

J

The polarization function in momentum space is
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O(E~E;) — 6(Ef - E;)

Ei - E

Mok, kp) =23 T <i | ™" |jocj ™™™ |i>
ij

(3.4.13)

Because only the static electric field is considered, the notation of o = 0 will be omitted

in this thesis. In a superlattice the Fourier component of IT(ky, ks) can exist only if

k, =k, and k,=k,+NK. Let Kk, =k+mK |k |<K/2=r/L and

my +N =my . Because

it

1 L
Z (275)3 j dzkli Z .[ dkzi

ng -

~|a

Eq. (3.4.13) becomes

T

2 s an,] " a,

I'lok,lc;m , Mo) =
(1 2 1 2) (21t)3 e

-
L

9 fO(E(kir kz,'r kJ.,') - E(nj' ij = kz,' - (i' K), ij = k.L,' - kj.) )

E - E

X < iy kg by [ "R g =k~ (2 K), K =k, k) >

—i{my +k;

x<j |e E s (3.4.14)

here fo(E) =1 when E 2 0 otherwise fo(E) =0, k,, — ( + K) has been explained under

Eq. (3.4.6).
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From the Feynman diagram, we know that the lowest exchange polarization term

_i g,
M 6x, =)= ()f T ¥ ¥ % T
" o o KA W B B
(gl\-&l)
e, 2 O, & On, B 5B. p’ 513'. i 511, Ty 5#'. o Oa, o
’ 11 "[ R ’ ’
X f dxy dtydxq ' dty CEE A Vixy, t43 %17y £1)
(%' &°
%8 (ty = 11)GY A (x, 11Xy, 11)GY (X1, 113X 7, 1)) .t )
. GO VR ’ ne0 ’ ’.
% Iy.“(x y Py Xy 0 )(’p,',rl'(x1 1 X t) (;"t'}

(3.4.15)

where the notation " is defined by Geldart and Taylor®, o, o/, A, X, i, W', B, B’ are
;= O(E; — E
OE-E) & / } then

the spin indices. Let f;(w) = { @ E/R+in o E/fi—in

HA(X, x', 0= 0) = h—'zjdalﬁdh JldSX1’dt1' 5([1 —t1’) V(X1. L1, Xq ’ t1')

X 22 X X wilx) Wi (xe) wilxe) wir () we(x ) wet (31 ) wilxy ) wir*(x)
i j k|

dw, it -11) , dop _; (th =) ¢
Xj‘ﬁ'e B (1) f o ¢ C2lt = f(wg)

d03  _ o -1y dOs i wgey’ 1"
x ] 2: e B0 fi(wg) | 27:8 =1 flag) (3.4.16)

The time part of this equation becomes

j d(!)g 9(E,~ - Ef) B(Ef - Ek) _ Q(Ek - Ef) G(Ef— Ej) }

f,((ﬂz)f/c(wa) [ Ek—Ej+iT\ Ek—Ej—iﬂ
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doy O(E; — E;) O(E; — E))  B(E, - E}) 8(E; ~ E)
x [ - ﬁ(m)f:(m){ E—E+in ~  E-EiT } (3.4.17)

The polarization function in momentum space is then

HA(/CZ, k.Lr my, m2) = j deJ' ds,\/e—i (ky p+ (kg +m1K) 2) HA(X; X’) ei (ky p'+ {kz + maK) 2')

(3.4.18)
From Eq. (3.4.2) we can get
z
dz kl«' L ik, p
Syilx) =3[ o [ dke R, () (3.4.19)
ng n; - l .
L

where F,, e (z) is the one dimensional single particle wave function of a superlattice.
The electron-electron interaction potential is

T

T
Vi, x)= % [ a2, [ vk, &' mq, ma)

; Tt
mq’, mo’ -
L

x gt (6 P1+ k" +myK) ze) i (k) opr’+ (ke + mK) 217)

(3.4.20)
Substituting Eq. (3.4.16), (3.4.19) and (3.4.20) into Eq. (3.4.18) and after some alge-
braic manipulations, Eq. (3.4.18) becomes

[ r

Mk, ky3my, ma) = — zzzzjf dky, | ’
Zy B 4 (27!:)6 Zi

nonpomeonp ~

dky, | a2k, [ %k,

-r
L

=

. P (m1'K + ky — k) 2
XX Vi = kyy ky —kyimy’, ma') <niky | e O nj kg >
my’, m2’
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~i(m' +ky ~ky:) 21
X< My by =k —k, (2K ) | e w

I nlv kz,=kz;—kz(rK)>

X < m, k21=kz‘- —k, (+K) I e—-i(m1+kz)z I ", kz.'>

X < n, ij l ol (m2K +k)z lnk, kzk=kz‘-—/€z(i‘K)>

o | BB —EQOE - E) _ B(Ek - ENO(E, - E)
Ek—Ej-f-iT\ Ek-Ej—in

(3.4.21)

y O(E; — E)O(E; — E}) _ B(E - EfB(E, - Ei)
Ej-E +in Ej—-E -in

here k, —( + K) has been explained under Eq. (3.4.6). The step function has been

defined in Eqg. (3.3.17) and the zero temperature Fermi function is fo(x) = 1 — 0(x).
Substituting fo(x) into Eq. (3.4.21) and considering that at E;=E; , O(E; -Ey)
O(E~£;) = 0, the in in the denominator can be omitted, we can obtain the polarization

function
MAk,, k,; my, mp) =

T

1 2 L fO(Ek = E( n, kzk = kzi -k, (i'K ) ) ) _fO(Ej)
aop ) eyl by E - L,
L
T JolE:) — folEr = E(my, ky =kyy =k (2 K)))
2 ! i
x%nzljdklij-ldkzi E, - E
L

i{m 'K+k-—-k.)z
X Z V(kZ; - ij! kl( - klj; m1', mz') < ﬂ",kz‘, I ( 1 Zi 2j l

nj, ij >
m". 'n2l
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— i (m2 + ky; ‘/‘zj)z1'

x<nkrkzk=kz,-—kz(fK)‘e Inl'k21=kz,-—kz(iK)>

X < ny, k21=kzi_kz(i‘K) Ie—i(m1+kz)z Ini, kzi>

i (moK +k

X<n, ky |e VN gy ky =k — ey (2K ) > (3.4.22)

This is a rather complicated formula. Use of this formula in a computer numerical cal-

culation will be described in the next chapter.
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Section III.5 The Tight Binding Approximation for a Superlattice

me, Eq. (3.4.14), (3.4.23), (3.4.6) and (3.6.16), we know that to obtain the
polarization function, the exchange eigenenergy and band bending, a complete set of
energies and eigenfunctions is required. Numerov's algorithm is used to obtain an
energy and eigenfunction with momentum &, =0 or n/L (to be discussed in chapter
IV). The other eigenenergies and eigenfunctions will be obtained based on these
equations derived in the subsections that follow. In applying numerical methods to
solve these equations, a large number of summation and multiplication steps may be

involved. The error accumulated by these calculation steps are determined by the

error value

number of calculation steps and the relative error (—————
exact value

) of the items which

involved in numerical calculation®”. For this reason, in order to obtain a proper result,
each item which involves numerical calculation must be as accurate as possible. In
most computers, a double precision variable provides 15 significant digits. These fac-
tors must be taken into consideration in deriving the tight binding approximation equa-

. 12
tions. For example, if L = 75A then P2+ = 102 (here B, = {27;_’;” (vo— E» )} , Ep

is the second sub-band eigenenergy (please refer to équations below). If a wave
interacts with another wave which belongs to a potential well four wells away, the pro-
portional part value generated by this two wave interaction is = 107°. This example
shows that the equations in the following subsections may look cumbersome but are

nevertheless necessary.

The tight binding approximation wave function takes the form of an LCAO

(linear combination of atomic orbitals):
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ik, mL

Fp i (2)= Ou(z —m L) (3.5.1)

1
N )72 2°

where N(n, k) is the normalization factor, n is the sub-band index, ¢, is the single

potential well wave function, and m is the potential well indicator. Separating ¥ into

m

2., the contribution from the right hand side potential wells, Y , the left hand side

m>0 m<0

wells and m = 0, the central well. Eq. (3.5.1) becomes

1 1k, m L Lk, m L
For (@)= ———(0,)+ S ¢ """z ~mL)+ T 0z - m L
k-( ) [N(n' /"z)]h2 ( ( ) m:‘OL ( ' ) m%OL ( ) )

(3.5.2)

Letq>,x(z)=e"""’2"‘" bz atz> L2 and 9,(z) = (<1)**' P Li2=Bn fz | atz < — L/2

be the wave function outside the single potential regions. The

172
B = {2’:_';* (vo — En )} , Vo is the energy difference between the conduction band of

Al,Ga( - ;)As, and the conduction band of GaAs, E, is the eigenenergy of the single

potential well wave function.

Y P
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11

Tt

The equation can be rewritten as

__._.1 1 Baz ~(lm | =NBaL PBali2 i kunl

Fa i (2) = (Ou(z)+ T (F1)Fe™ e e ¢

’ Nin &)1V WS

_ C—B,,z e'( [ m i -1)BaL e;snle eik,mf,) (35.3)

"m<0
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Sub-Section : The Normalization Factor for Tight Binding Approximation

The tight binding approximation wave function equation then becomes

Fa i (2) = W [(D,,(z) +eM ok, + e“‘“u(kz)}

(3.5.4)
i kel ~Bali2 . '
where u(k,) = _TTRL R and ak;) = (-1)** 1 ' (k,). Define
Bl
D{1, k) = w'(k,) uk,) = o' (k,) olk,) = (8.5.5a)
)= W) i) = 0"k 0) = gD
D, k) =1 (k) + uk) = 2 D(1, k) e™“"®[cos(k, L) — e~ P4 (3.5.5b)
D(3, k;) = 0k,) W' (k;) + " (k;) pik;) =
1+t 26" L DA, k)P [cos(2 kL) - 2 ¢~ P lcos(k, L) + e 2Pt (3.5.5¢)
As
L
3
|| d P k@) 4 (2) =1
)
and the normalization factor
N(n k,) = intg1 +imtg2 - D(1, k,) + imtg3 - D(2, k,) + D3, &,) (3.5.6)

where

o~

intg1= | | 4z 0:(2) 0a(2) : (3.5.7a)
"7
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L

7
intg2= | | dz [P 20,2) + (<) + 1 ePr 7g2(2)] (3.5.7b)
-7

L

z
intg3= | | dz [e2Pr2 4 g7 2Py (3.5.7¢)
-7

If the potential is a periodic square potential, the analytic result for these integrations

can be obtained

sin(2 o, a,) }

cQBn(bz"az){2a2+(_1)n+1 5
n

i_[ezﬂn (bz —az) _ 1 ]+

Br

intg1 = (3.5.8a)

14 (=1)"*" cos(2 o, a,)
here a, is half the width of the GaAs layer, b, =L/2 is a, plus half the width of

£
AL,Gay - nAs layer, o, = [37’7"2—15" 12,
(]

Intg2 = -[51—[e2 Bube _ o2 Babi) (3.5.8b)

n

For the odd sub-band (n is odd)

eBn (b — a;)

,Babz
Intgszeﬁnbz[bz_az]"' ¢ re—QB,,az _e—zﬂﬂbl}_*-

26, L

cos(at, a,) (a2 + B3)

" } (3.5.8¢1)

—-a,

X { [e“ a2 _ B cos(oy, z) + o, sin(o, z)]

For the even sub-band

oPnt:
2B,

eBn {b; - az)

lntg3=—eB"b’[bz - a,] + [e'zﬁ"“’ _e“zﬂnbz:l -

sin(o., @) (0Z + B3)
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X { [e- Ba “(Ba sin(e, z) + o, cos(o, z):l -a, } (3.5.8¢2)
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Sub-Section: The Energy Shift in the Tight Binding Approximation
From earlier in this section, we expressed the eigenenergy in terms of its direct

and exchange parts:
E(nv ks, kl) = Edir(nv ks, kJ.) + EXC("! ks, k.L) (359)

and we approximated the direct part by an effective mass:

i ?
Eqir(t ey K1) = Eair(n, ke, Ky = 0) + 5 —k§ = Earln, k) + 5ok (35.10)
The one-dimensional eigenenergy can be obtained using
L
2 N ﬁz 5
Egrln, k) = | L4 @) =5 VE+ V() |Fu k(o) (3.5.11)
T2
If F, 4, (z) is the tight binding wave function, then
Fo (@) = ————5 &*"™q, (2 — mL) (35.12)
[N (n, kz)]V' '

here N(n, k,) is the normalization factor and ¢,(z) is the single potential well eigenfunc-

tion. The potential

V(z) = YV(z - mL) (35.13)

here the v(z) is the single well potential. The single well potential wave equation is

E. d,(z —mL) = I:— 2’:* i v(z - mL)]q),,(z —mlL) (3.5.14)

Then, using the LCAO expression, Eq. (3.5.1)
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2
E gir(n, kz)Fn, kz(z) = {:— 2’;* sz + V(Z)]Fn, lc,(z)

=W Z{[En+ SV(z =m L)] ¢,z - jL) e”"“} (3.5.15)

mj

From the above we can obtain the energy shift equation

L
. 1¢2 N —ikul
AEgrln k) = Egirln, k) =En=—] T oz —uL)e” ™ ez
—-—2- "
Xy { S Wz —s L) dulz — ¢ L) e""=‘L} (3.5.16)
t s FL

To obtain the energy shift, we have to sum up the terms with different indices
s, u, t #s . However, according to the tight binding approximation, the single well
wave function ¢, will not deviate very much from the completed wave-function. For
this reason, only the following cases are considered.
A) u=y for all r except t =y ; this means that ¢,* will be interacting with the
potential, v(z —s L) it belongs to, and also with ¢,, which belongs to another

potential well at v(z — ¢ L).

B)t=ufor all s except s =¢+u . This means that ¢,* and ¢, belong to the
same potential well and both of them are interacting with other potential wells

than the one to which they belong.

C)t=s5 +m, u=s 7 m, this means that the potential well to which ¢,* belongs
and the potential well to which ¢, belongs are at opposite sides of the potantial

well which they are interacting with and at the same distance.
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D) u=s-2,t=5s-1), u=s-1,t=5s-2), [u=s+2,t=s5+1)], and
[u=s+1,t=5+2]; This means that the potential well &,* belongs to or the
potential which ¢, belongs to is next and second next to the potential well they

are interacting with. Also, they are on the same side of the potential.

E) [u=s-2,t=s5s+1],[u=5s—-1,t=5s+2}, u=5s+2,t=5s-1], and
[u=s5s+1,1t=5-2]. Thisis the same as case D ) except that ¢, and ¢,* are

on different sides of the potential they are interacting with.

Equation (3.5.16) in case A ) is

1

A EA(n, kz) = m
y Rz
L
2 . .
xTX ] s —uL)e” B —u L)gu(z — 1 L)e' B (3.5.17)
Wl #u - —
2

Assuming that a superlattice has M layers and M > > 1 then

1
N(n, k)

A EA(H, kz) =

XX % Jm On*(s—uL) e "Ml viz—u L) oulz —t Lye' Bl

u t#gu ~°

1 —Balt = 1L ~ BaLi2
e
n(n’ kz) 12:0
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ls.
[\

| AP ] ) g M e R | g M

. (3.5.18)
-7

L
2

Since v(z) is symmetrical, ¢,(z) will be symmetrical for odd sub-bands and anti-

symmetrical for even sub-bands (the first sub-band is called band 1). Because

n|~

"”J V() 0% (z) e™dz = [ viz) % (z)e P

dz, (3.5.19)
L L
-5 -5

the energy shift equation becomes

2cos( mk,L )
AEyn, k)= ¥ ————

e-Bn(m—UL BnLIZI
m>0 N(nr kz)

Lq) *v(z) e Pdz  (3.5.20)
)

If the potential is the square well potential, the energy shift equation simplifies to

= Balm = 1)L = BaLr2 2
A Es(n, k) = e cos (mk, L }————v
A( ) mgo ( ¢4 )N(n, kz) 0
eB,,(L/2—a,) 1 f [ Bz jl z=ay 3501
» (@, Sino,z — B,C0S8 (0,2 2.21a
c0S0,a, o2 + P2 1 ¢ (0asine P () z=-a { )
for an odd sub-band, and
“PBalm = 1)L — B,Li2 2
E4(n, = L
A Ej(n, k;) mz>oe cos (m k, )N(n, kz)vo
eBn(le —ap) 1 [ B ] z=a,
“F(8, sin + @,,cos ( o, 3.5.21b
Siniona) @+ 2 e (P (onz) + 0, ( 0p2)) N ( )

for an even sub-band. Here o,vo and B, have been defined in Eq. (3.5.13) and
(8.5.8a).



-60 -

The equation for the energy shift contributed in case B ) defined after Eq.

(3.5.16) is

AEa(n, &) = =] 0,@) 8ule) V) - vie)] di =
1 T 2BaLi2 - 2B 2Bl | - 4Bal
N(n, kz)I_L—e nlE T P [1+e e T4 ]v(s—L)dz
2
L =
=?Nkri—27f_le—2ﬂ"z“<z’?_:ff—zw - @s2)
2

if the potential is the square well potential, then

-2 . e BaL . [ezﬂnaz _ e“‘ aBnaz]
N(”l kz) 1-¢ 2Bal. 0 2 Bn

AEp = (3.5.23)

here vo and a, have been defined in Eqg. (3.5.1) and (3.5.8a). The equation for the

energy shift contributed by case C) is

L
AEc(n, k)= Y ————1———f : O (z + mL) ¢z(z — mL) v(z)e' kel g
’ m>ON(n' kl) __L;n "
2
L
_ et (- 2m + 1oL
= §>;o 2c0s(2k, m L)e j_A 2)dz. (3.5.24)
2
L
2
For the square well potential _[ v(z)dz = - 2vpa,, a, has been defined under Eq.
L
)

(8.5.8a). The energy shift equation contributed by case D) is



-61 -

L
AEp(n, k)= ¥ ——— ] * &

m>0N(n’ kZ) __!2‘_

" { 0n%(z + L)0a(z + 2L)e " +0,%(z = L)ulz —2L)e ™ ™ +

— ikl

dn*(z + 2L)9,(z + L)e +&p*(z — 2L)a(z — L)eik’L }

L
4 —opLf 2 - 9Bz
= L il " ) " .5.2
TP cos( kL) - e ] v(z) e dz (3.5.25)

-L
2

If the potential is the square well potential, then

[v(z)e” vz = — EVBL [e" 2Baaz _ o= Bn”z] (3.5.26)
Similarly,
L
AEp(n, k)= Y 4 cos( kL) (1) *1 ¢ Pl | : v(z)dz (3.5.27)
) i m>ON(n' kz) ’ _-%

The total energy shift
AEdir("’ kz) = AEA(”v kz) + AEB(”: kz) + AEC(”: kz) + AED(n: kz) + AEE(nv kz) (35'28)
Here, all important interacting terms have been included. This is a highly accurate

tight binding approximation energy shift equation.

Next the derivation of the matrix element <ny, &, le'%* |na, k,,> will be dis-
cussed. This matrix element is important in many calculations such as the exchange

potential, polarization function and transport coefficients. One reason for using the
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tight binding approximation is that the tight binding wave function can lead to a fairly

accurate evaluation of the matrix element:

<ngq, kz1 le“hz l/lg, k22> =[N(”1’ kz1)N(n2’ kzg) ]—1/2

MY

~ikgq mqyL i ko moL

Onp*(z — ma L)e' *7dz =

xj de

¢n1*(z_m1 L) Z €
__lé‘_m1 my

[N(ny, k) Nng, k) T V2

my

Je‘i[kzg‘kz1 +qz] my L}

L

—2— . ’ i k lL
Xy _[ Ldz &ny *(2) e“”zq),,g(z’—mg’L)e‘ z2 M2 =
ma’ - =

2

- 2
[ N1, k) Nino, kp) T2 80, + ko = kg (+55))

X3 { | _:dz' O, #(2) € 90, (7 — mo'L) &' 9272 E } (3.5.29)
m2

Here, it has been assumed that the number of layers of a superlattice is much larger
than 1, (_t—ZLE) has been explained under Eq. (3.4.6),z=2z"-m¢{ Land mys’ =mg — mj.

We can write the integration as :

[dz a5y e ¥ e 2™ o (@ —ma L) =iy + Iy Uy + g + 1 (3.5.30)
here, I, is integrated from - to —-L/2 when my" 20 or from -« {0
(—= | my | —1/2) L when my’ <0 , I is integrated from L/2 t0 .o when my’ <0 or

from (my" +1/2) L t0 « when mp >0 , I, is integrated from - L/2 to L/2 when
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ma’ 20 or from (- | my’ | =1/2)L to (= | mp” | +1/2) L when my’ <0 , Iy is
integrated from L/2 to (mo’ —1/2) L when mo’ >0 or from (- | mo’ | +1/2) L to
—L/2 when my' <0 no Iy for mpy’=0 and | my | =1, 1, is integrated from
(m2" =1/2) Lto (my’ +1/2)L when my’ >0, or from —L/2 to L/2 when m,’ <0 no

Iyformy’=0.

When mo’ =0
I, =(-1)"""2 e M7 (3.5.31a)
Bm, + Bng +igq,
ciq,L/2
In = - 3.5.31b
g Bay +Bnp — i 4, ( )
= f €50, % (20, )z (3.5.31c)
T2
When my’ >0
- iq,LI2 e
ne +n 4 mo'(i ko L — Ppol)
Ip=(=1)"""2 < e (3.5.32a)
¢ By +Bnp +iq,
tq.Lli2 . .
¢ m'({ gL + i kyp L ~Bpql)

Ip = - e 3.5.32b
R Bn1 + E’ng -l q, ( )
L
[a — ( 1)111 +1 anL/2+m2 (i kzoL — Bao L)j L le z+Pag z¢n1 *(z)dz (3532C1)
)

[an _Bn1 +iq; ] (mo’ - ";“)L [an “Bn1 +iq ) %‘
b 4

Bng "BM +iq,

L .
Bny +Bno) 5 +m2" (i kol — Byl )
[ﬁ=(_1)n2+1 4 ¢ 1 2!73 2 2

(3.5.32¢2)
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L
Bayli2+ma (ikep +iqu—Pay )L [ 2 iqrz—Bnqz
Iy=e _[ e Ony(z ) dz
2
When m,’ < 0
—iq,Li2 , R .
I = (1)t L lma" | (=i qul =i kipl = BuyL)
Bn1 +Bn2+iqz
{ /
ethL 2 . | mo’ { (—ik«z2L—Bn2L)

1R= ;
Bm +Bn2 -t q,

P
Ia - (_1)111 + 1eBn1L/2+ I mp ' ( Bn1 lk12 lqz)LJ Lelqu+B,,1Z¢"2(Z)dz
T2

Bny = Bns +iqa( Ima| - ”2)L—€ ~[Bny — Bnp +iq)Li2

1 e
[ — (_1)n1 + :
P Bm - Bng +1q;
L —
(Bn1+Bn2)'?" f ma |(“‘12L+B"1)'l2;
e
L
BagLi2+ | ma' | (=iksg=Bagl [ 2 gz, .= Pngz
Iy=e _[ ¢ op, H(z)e T dz
"2
Let us define
e—-ik222L—iqu/2 e_B"ZL e—BML—iqu
eikZQL_iqu—a”“L

BM _an +iq, 1_e_ik22L_B"2L B 1 —

ei kzpL = PnoL,/2

To= -
2 _ kzpL —BryL

(3.5.32¢3)

(3.5.33a)

(3.5.33b)

(3.5.33ct)

(3.5.33¢2)

(3.5.33¢3)

(3.5.34)

(3.5.35)
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ez (kp + gL = BpyLi2

T3 = § _ g Wag v 4L = Byl (3.5.36)
eiqu/2 e"(“‘zz +BaplL e(ik22+iqz-[3,,1)L
T4 B Bn1 + Bng - q; i~ (f—(i k22+Bﬂ2)L - 1 - eik12L+(i g: = Bny )L (3537)
L
2 i qz2 ;
o= ] el g0 (200, (a)az (3.5.38)
T2
? iqzz "B,”Z
Ip= | Le e T Bapla)de (3.5.39)
T2
L
2 i ¢,z - Bnsz
la=] e oy % (2)e 2z (3.5.40)
P

Then

<ny kyy 1 % Ing, kyy> =10 + (=1 "2 T4 # Ty + (<127 1) 4 (1) ' Ty

+Tolg+ (1) "2 1, "T3 + Ty Iy + (—1)"1 72T, Ig (3.5.41)

here A™ is the complex conjugate of A. This is an accurate but complicated formuia.
Since calculations of the coefficients such as polarization function 14 include the sum-

mation of a huge number of matrix elements, accurate matrix elements are necessary.
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Section I11.6 Electron Distribution And Poisson’s Equation In a Superlattice
The first equation to be derived in this section is the equation for obtaining the
Fermi-level of a superlattice. This is similar to the derivation of the electron distribution

function as well as the state density function of the superlattice.

The eigenenergy of a superlattice is

h—2
E(Il, ks, k_\.) = Edir(nv Kz, k.L) + Exc(n, ke kl) = Edir(’ly kzs kJ_ = 0) + E;{;ki + Exc(nv kz, k.!_)

(3.6.1)
here m* is the electron effective mass of the homogeneous medium. We have approxi-

mated

ﬁz
E(n, k,, k,) = Egir(n, k,, k, = 0) + ka (3.6.2)

n

here m*, can be defined as an effective mass of the n, sub-band of a superiattice.
This approximation will simplify some of the important calculations to be discussed in

the next chapter. The eigenfunction has been defined as
Vi, b i, (2) = € PF, L (2) (3.6.3)

The normalization requirement is

L

J 2LF;, 1 \2)Fy 4, (2)dz = 1 (3.6.4)

2

Let N be the average electron carrier density, fo(E) be the electron distribution func-

tion, then
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? folE(m, ke ) (3.6.5)

N-Q=3 ¥ 2]ar

nkok Q

W, &, k (2

here the value 2 is for spin and Q=1L, L, L . The L, and L, are crystal widths in x

and y directions, L is the width of the superlattice cell.

fo(E) is the Fermi-Dirac distribution function

. . — 1 -
fol E(n, &, kl)) (’ { (E(Il, k., kl) _ Ef) JJ, (366)
1+ exp o

here & is Kelvin constant and 7 is temperature. Then

=M

1
N = 2 ‘ 36.7
E:% { E(n, k;, k,) - Ef J 3.6.7)
1 +exp
kT

b1
where 3= —— [dk, [dk, ¥ = = | " dky With E(n, k k)= E(n, ks |k, 1) and
o (2m)? . 2m _nx ” ]
L
E(n, k,, k,) = E(n, —k,, k,). Thus

2

N = .y jdl1? =d l k,
(2n) 0
i3
L
x | ) (3.6.8)
0 { +ex Rk 12m, + E(n, k;, k; = 0)—E;
exp kT
ki
L 4mukT E;— E(n, &, k, =0)
— 1 6.9
zjo Fre ln[ +exp = (3.6.9)
4mnkT

here 2 in Eq (3.6.8) arises from spin. From this equation we can define %—2(—2—)—2- a
T
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Efr—E(n k,, k, =0
= En kyy K, )}as

the state density function for a superlattice and In {1 + exp T

the electron distribution function of a superlattice. Also, if we know the average elec-
tron carrier density and eigenenergy E(n, &,, k, = 0), we can easily get the Fermi-level

from this equation by applying a self-consistent computer calculation (to be discussed

E;— E(n, ky, k, =0)

in the next chapter). For low temperatures, exp [ T ] tends to .
By this reason, if E(n, k;, k, =0) < E;
Ef—E(n kyy k, =0) | E;~E(n &, k, =0)
In {1 + exp e = T (3.6.10a)
and if E(n, k,, k, =0) > E,
E;—E(n, k,, k, =0
In {1 +oxp L Eln 1=9 } = (3.6.10b)
kT
Eqg. (3.6.9) becomes
r
L *
N = zf ¥ —(27 O(E; - E(n, k,, k, = 0)) (3.6.11)

In this paper only the zero tempefature screening effect will be determined. Eq.

(3.6.11) will be used to obtain the Fermi level.

The electron density function can be written as

pE@) =3 % Jaxfay | on s, x.(2)

nk;, k

2f‘o(E) 2 (3.6.12)

Using the same procedure as above, the electron density function then becomes
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T
4m. kT L E~E(n, k;, k, = 0) l 2
=3 | 8.
p(z) %‘, 22n? odk’ n {1 + exp T F o, 1(2) (3.6.13)
From the last section using Eq. (3.5.2) we obtain
2 *
Fy i(2) | =N(n k) {0(3, k) + 0n(2)ha(z) +
Ou(2)le ™™ + (=1)* 1 P 1 D2, k) + (2 + ¢ D1, &) } (3.6.14)
Let
x
L D(1, k) dmik E;—E(n, k, k, = 0)
j = | 6.
intg 1 % j odkz N k) @n? n {1 + exp T (3.6.15a)
x
. _ L D(2 k) 4m,*kT Ef— E(n, k;, k, =0)
intg2 = Z | T o in [1 + exp = (3.6.15b)
n
g dek D(3, k;) 4m,*T n E;—E(n, k,, k, =0) 3615
s =§ o " N(n k) m2(2m)? nptree kT (3.6.15¢)
I
miga=y | gt T e BT E B K =0 g
intg —§; o° “Nm k) 2@ n exp T (3.6.154d)
The final electron density function is
p(z) = 0(2)0,(2) intgd + [ e + ¢ | jntg 1
+0u(2) [P+ (1)1 P Jing 2 + ingg 3 (3.6.16)

Because all the intg1, intg2, intg3, and intg4 are independent of z, the computer time
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required to obtain the electron density will be short.

Band bending is a very important phenomenon in a superlattice. This
phenomenon is generated by the non-uniform charge distribution and this electric
potential change obeys Poisson.'s equation. One of the important reasons for using
the tight binding approximation is that we need to have an accurate electron charge
density function to be used in Poisson’'s equation in order to obtain the electron poten-

tial change.

In a superlattice the charge distribution is uniform in the x and y directions; both
the electric potential and the charge distribution are dependent on :z only. The

Poisson’s equation can be written as
4
V £0e) = = [ pelz) +pale) ] (3.6.17)

here p, is the charge density generated by the~ impurity doping and p, is the charge
density generated by the electron carrier, p.(z) =— | e | p(z) , p(z) is the electron den-
sity function that can be obtained by Eq. (3.5.15). The method to solve Eq. (3.6.17)

will be discussed in the next chapter.
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Chapter IV Numerical Methods

All the theories and equations necessary to obtain the screening effect of a
superlattice have been developed in the previous chapter. There remains the probiem
of solving these equations by computer methods. In this chapter, | will discuss first
some techniques which have been used in this program other than the technique
which has been applied to solve for the polarization functions IM°(k,, &,; m1, ms) and

MA(k,, k3 mq, ma).

If Eq. (3.4.16) is applied directly to calculate IT*(k,, &,; m1, m») a huge C.P.U.
time will be required. 1t is therefore necessary to use some approximation to reduce
the computation time. Both the eigenenergy and the reciprocal of electric potential are
approximated as a quadratic function of momentum. ! will then discuss in detail how
to apply these approximations and what advantages we will get from the calculation of
the polarization function. Special techniques described here include how to treat a
singularity in calculating the polarization function I°(k,, k,; m1, m») and how to make
the calculation of the polarization function 4 faster using the smoothness of some

functions.
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Section IV.1 Numerov’s Method to Solve the Eigen Equation in a Superlattice and Others

In this section | will discuss some techniques which have been used in this pro-
gram but which are not related to the polarization function. These techniques include
the method to obtain the eigenenergy and eigenfunction for a single well potential
(Numerov's method), the method to obtain the Fermi level and the method to solve

Poisson’s equation.
In the lowest approximation, the potential is a square well potential. The
eigenenergy of the single square potential must obey the equation
(2 -¢?)2 =¢gtan g (4.1.1)
for even wave functions and
2 g2 =_¢core (4.1.2)

(e
) , m*vg a?
for odd wave functions. Hereg' = | ——————

172
o ] , Vo is the height of the potential well

wp.2 1172
and q is the width of the well, e = [ m2§g ] and E is the eigenenergy of the elec-

tron. The eigenfunction is a simple cosine wave (even wave function) or sine wave
(odd wave function) in the well and decays exponentially outside the potential well.
When the potential is slightly changed, the eigenenergy will be shifted an amount
approximately equal to the average potential change. Numerov's algorithm* provides
an efficient calculation of the energy and eigenfunction. The formula of Numerov's

algorithm can be derived as follows:

A one dimensional Schrodinger equation can be written by
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d2
L+ CIE-V@) y=0 - (8.13)

"
here C = %— If the energy changes to £ + AE, the wave function y will also be
[]

changed to v + Ay, Eq. (4.1.3) becomes
d2
-C-i—2+C[E+AE—V(z)] Y+ Ay r=0 (4.1.4)
Z
Subtracting (4.1.4) from (4.1.3) we get

{—52—22+C[E+AE—-V(Z)]}A\V=—CAE\V (4.1.5)

After multiplying Eq. (4.1.5) by v (here y is real), and subtracting Eq. (4.1.5) multiply-
ing to Ay, omitting the high order derivative terms and integrating the equation, we get
an equation for the shift in energy A E:

i _ i p~_ B 2
{\v ly Awddz] 'a~ Acha |y 12 dz (4.1.6)

Let y; be the wave function outside the well (refer to the figures below), v, will decay
exponentially for | z | >L/2=5, and choosing its absolute value equals 1 at
| z | =b,. Let y, be the wave function inside the well. It will be equal to vy, at
| z | =a, (a,is the width of the well ). At z = 0 the wave function will be zero for the

odd wave function. Its derivative will be zero for the even wave function.
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Since, at z = 0 either y, = 0 (even wave function) or y," = 0 (odd wave function) the

[ wa - Ay’ — Ay, - wo'] will be zero at z =0. The Eq. (4.1.6) for y, becomes

0
J. Twe 12aECd= [wz-Awg’—sz-WZ'“ (4.1.7)

-a, 2= -a,

here v is the derivative of y, y; is the wave function in GaAs layer and v, is the

wave function in Al,Ga; _,As. Also, y, is 1 at z =- b, we get
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—f_b |y 12AECdz= [% © Ay’ - Ay -W] T WAy (418)
Subtract Eq. (4.1.8) from Eq. (4.1.7) then
0 —ay 0
sEC- ]y |Paz=nEcC J,+1_ Twi?a=
{ [Wa'A‘Uz'-AWz : \Uz'}- [uu CAyy - Ay -W]Lw + Ay’ z=—b}

(4.1.9)

The wave function and its derivative should be continuous at z = -a,. We can adjust

W, by multiplying a constant to make y, equal to vy, at z = —a,.

[w2 - Ay’ — Ayp - o' [ = [y - Ayy” = Ayy - gy ]

z =—a,

=y 1wy~ o' 1= | Ay vy —awy ]| (4.1.10)

In order to make y's derivative continuous at z = —g,, we need to find a AE to make

Ay’ — Ayy’ equal to —( v — yo ), then

(w2 - Ay" — Ay - yo' ] = [y - Ay’ - Ay, '\IH']L

=-a,

=y [y’ = w2’ 1- [ Avz - wo' ~ Ay -y’ ] (4.1.11)

z=-ay

o always requires to be adjusted to be equal to y; at z = - q,, as explained under
Eq. (4.1.9). This means that Ay, should be equal to Ay; at z =— ¢, Since the
eigenenergy E change to £ + AE, may cause a change in the "constant" which is used

to adjust y, to be equal to y; at z =—a,. Here we have made an approximation that
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omitted this "constant” change. Applied yy = yo and Ay = Ay, to Eq. (4.1.11) we

get

[w2 - Aya" — Ayo - o' [ = [y - Ayy" — Ay - wy’ ] = [y =w2] [y + Ayy]  (4.1.12)

Eq. (4.1.9) becomes

0
agc-[ v |2dz={ [wi'-wo'l lys + Al |+ - Ay’ z=—-b} (4.1.13)

Y2

As the Ay is not easy to apply to computer numerical calculation, we need some

modification as following. The w decays exponentially at » < - b,. We have set the

boundary condition that | w | =1 at b <—b,. The wave function at 4 < — b, can be
written by ¢Pr Babz By this reason wy' = B,,eB""‘eB" ‘owith Ay = %\EE AE, and
d 3 9Pn
L = 7 < —
3E = B, ()E,atz_ b,.
AE
. = _ = 4.1.14
‘V1 A\V1 z=—bz Bn 2 ( v _ E ) ( )

At —a, 2z >=-h, V(z) =0, the wave function is approximately equal to ﬁncﬁ"b’eﬁ“’

then

A = _AE (b, — a, ) 4.1.15

z=\|i1a~— \WBn 2(V""E) ( )
Substituting Eq. (4.1.14) and (4.1.15) into Eq. (4.1.13) we get

(I (W1'—W2')Iz=_a
AE = 5 5 : (4.1.16)
2 n ’_ ’ -
e, 1wt + g [ 1w (wr-w) (b-a ||

We can apply this equation to obtain the shift in eigenenergy and eigenfunction of the
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single well potential quickly by the following steps.

First, an energy E is chosen (as close to the exact eigenenergy as possible,
such as adding the average of potential shifting). Using numerical method (by impos-

ing proper boundary condition) we can find the wave functions y; and wy,. Second,
0
after numerical evaluation of fb | v |2dz, wi(-a,), wi’(=b;) and wo'(-b,) and

inserting into Eq. (4.1.16) AE can be obtained. After readjusting the value of E, the
same procedure is repeated. The value of E should converge rapidly to the single

potential well eigenenergy. The eigenfunction can also be obtained at the same time.

Obviously, Eq. (3.6.11) is easy to apply such that given a value of the Fermi
level Ey, the corresponding average electron carrier density N can be easily computed.
On the other hand, if the process is reversed with N given in order to find the E, , the
following is a method to be used. First, two values of £,y and E,;, are chosen and
substituted into Eq. (3.6.11). Two corresponding N1 and N2 are obtained. If neither
N1 nor N2 equals the expected N, then E;, is changed to

(N - N1)* (Ef1~Ef3)
N2 -N1

Ep = Efy+ (4.1.17)

and E; 4 replaces the old E;,. Repeating the procedure with Eqg. (3.6.11) and (4.1.17),
E;y and E;,, after each iteration, will be closer to the Fermi level and N1 and N2 will

be nearer to the value of N.

Because the FFT (fast Fourier transformation subroutine, supported by Bell
Laboratory's Port Library ) is very efficient, we apply it to solve Poisson’'s equation.

From Eq. (3.6.16) we can obtain the Fourier's component Poisson equation.
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o(k,) =—f;"5[ 0e(ks) + Palky)] (4.1.18)

To solve Poisson’s equation, the Fourier's components of [p.(z) + pa(z)] is obtained

—4r

€ k2

first, each Fourier component is then multiplied by

Fourier component and finally

Fourier transformation is applied back to real space to obtain ¢(z).
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Section IV.2 Quadratic Approximation
In this section | will discuss why both the reciprocal of electron-electron interact-
ing potential and the energy of a superlattice wave function can be approximated by a

quadratic equation of its momentum. | will also discuss how the approximation is

made.
The reciprocal of the Thomas-Fermi screened electron-electron interacting
potential is
1 2,32 _ ;2
—— =k =k ) 4.2.1
) + A +C ( )

Here 4me? has been set equal to one and the Thomas-Fermi screening length A is
independent of £. An equation for the reciprocal screened electron-electron interacting
potential (of a homogeneous medium) which includes exchange and correlation effects

can be expressed as

1

— A2 ’
W_Ak + C'(k) (4.2.2)

here C’ is dependent on k and A’ is nearly equal to 1. In a calculation involving this

kind of potential Eq. (4.2.2) can be approximated by

LY
T Ak C (4.2.3)

when £ is in a suitable region. Eqg. (4.2.3) is similar to Eq. (4.2.1). For a superlattice
the electron-electron interacting potential can be expressed as (this potential has been

discussed in section i1.2)

1 , . ’ .
Vik, k. ms, ma) =A (kz’ k;my, ma) - (kf + (m2 K +kz)2) +C (kzr ky;myq, ma)

(4.2.4)
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where K = 2T1c and can be approximated by~

1

~ ’ . 3 ’ . 2 2
T ke CoefA’(k,, k,; my, ma, k2) + CoefB'(k,, k; mq, ma, k2) k%

(4.2.5)

= CoefA(my, my) + CoefB(my, my) k2 (4.2.6)

The method to obtain the coefficients is similar to using a quadratic equation
v=Ax? + B to fit a set of points (x, y;). In order to minimize the deviation, the

coefficient must obey the equation
<y>-A<x?>-B=0 (4.2.7)

and

<yix?> -~ A<xt>-B<x?>=0 (4.2.8)
Xi

N
here < ;> =3 N

If we know the values of T°(k,, k,; my, mp) and I (k,, k,; my, my), for dif-
ferent values of &, k,, m;y and m,, we can use Eq. (3.3.5) to obtain
n(k,, k, + mk; k,, k, + m’ k). Also from the relationship ()?(kl, k,) = [‘X’(kl, k)]~ and

4re?

K2+ (k, +m'k)?

Vk,, k, + mK; k,, k, + m'K) = x X(k,, k, + mK; k,, k, + m’K), we can

obtain V(k,, k, + mK; k,, k, + ®'K) for different values of &,, k,, m and m’ and
(n(k,, k, + mk; k,, k, + m” k) is the element of matrix A). Applying Eq. (4.2.7) and
(4.2.8), we can obtain CoefA’(k,, k,; m4, my) and CoefB’(k,, k,; my, my). After further
apply the slower vary approximation method (please refer to section IV) to those two

coefficients. The CoefA’(k,, k,; my, mp) and CoefB’(k,, k,; my, m) become
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CoefA(m,, mz) and CoefB(m,, m,). This approximation enables much faster com-
puter calculation of the polarization functions TI°(k,, k,; m1, my) and

M(k,, k,; my, my). Further discussion will follow in section 1V.4.

It has been mentioned in section l.4 that the eigenenergy of the superiattice
wave function can be approximated by a quadratic function of its momentum. The
gigenenergy E(n, k,, k,) includes the direct energy Egi(n, k,, k, =0) and F? kf 12m*
and the exchange correlation energy E,.(n, k,, k,). The direct energy can be obtained
from Numerov's algorithm calculation and the tight binding approximation theory, while
the exchange correlation energy can be obtained from Eqg. (3.4.6). Once we know
E(n, k,, k,), we can use the same method as in the reciprocal electron-electron

interacting potential to obtain a quadratic expression of the eigenenergy

2
E(n, ky, K,) = E(n, k;, k, = 0) + ;f-,—kf (4.2.9)

n

here, m,* is the electron effect mass at n** sub-band in a superlattice, which has con-

sidered the effect of the exchange and correlation interaction.

The equation for T1°(k,, k,; mq, ma) is

T

2 L
(215)3 ni,an J. dkl‘- j _Ldkzi
L

M%(k,, ky; my, ma) =

n(Ei) - n( E(njv kz/- = kz,""qz ( *K), k.Lj = kl,' - qJ.) )
E; — Ej

X

2K | gy by~ (2K) ><njy ky — g (#K) | KT g s

(4.2.10)

X < n, ks | e
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Here (+ K) has been explained under Eq. (3.4.6). Substituting Eq. (4.2.9) into Eq.

(4.2.10), the perpendicular momentum integration becomes

1
[ae; [k, dk,, T T oos0, (4.2.11)

here

52
2mj g

=k,

1

Ay = E(ng, Ky, ky, = 0) = E(nj, & - (£ K), k, =0)+

" 2
2 k3 - ‘2—,;1‘?[ K +ai ]

i ,
and By =2 -Z—r%; k,; q,. Determining the integration region is a difficult task. This will

be discussed in detail in the next section. Note that the definite integral

2n
a9 2n )
J.o A +Bcos® (A2 — B2)172 it lAl>1B1] (4212

and the indefinite integral is given by :

2 _p2y12y., 0
j 46 _ 5 - (A€ - B°) tan2
A +Bcos® (A% + B3)!”2 A+B
for A |l2]B 1] and 8#2n (4.2.13)
" 5 (A2 —82)1’2tan—g—+A +B
'[A T BCOS® (A2 +BP)12 log 0
(A2 —Bz)”ztan—z——A -B
for A l<|B | and |0 ]<nr (4.2.14)

Applying the eigenenergy approximation in Eq. (4.2.9) to Eqg. (4.2.10), the integration

in TI°(,, k,; my, m2) can be reduced by one dimension and the computer time is only
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one tenth of the original one. For the I*(k,, k,; mq, m,) calculation, it is necessary
that the eigenenergy approximation be applied to the I°(k,, k,; my, m,) calculation
first. The reciprocal potential approximation can then also be applied to reduce com-

putation time.
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Section IV.3 Domain of Integration
In this section | will discuss in detail the integration region and how to treat the

singularities of the calculation for the polarization function [1°(k,, k,; m1, m»).

The major term in determining the integration region is

N(Ei) - N(E})

) (4.3.1)

here E; = E(n;, ky, ky;), E; = E(nj, k;;, ki) and k; must be equal to k; —q, (2K).
Also k;; must be equal to k;; — q,. The electron distribution function is

. 1 when E<E
N(E) = fo(E) = { 0 hon B> E§ (4.3.2)

in the degenerate limit. For the i* electron

,

1
n B
1 when | ky, | < {Qm,-* (Ef — En, ky ky, = 0) )}
| 1
n? 2
NE)=3 O when |k, | > o (Er = Elmiy ey ki =0)) - (4.33)
or  E(n, ky, ky, =0) > E;

For the j** electron

( 11
12 B
1 when |k, —q, | < —~ (Ef— E(njy ky; —q,( + K), k;;, =0))
' 2m;* i j |
1
2 B
N(E) =1 0 when | k), —q, | > o (Ef— Enj, ky; = q.( £ K), ky; =0))
or E( nj, ky; — q.( £ K), ky,=0) >E
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(4.3.4)

Eqg. (4.3.1) is non-zero only in condition that N(E;) =1 and N(E;}) =0 or N(E;) =0 and
N(E;) = 1. In order to make coding easier for program calculation, we will use six cases
to represent different situations about the perpendicular momentum integration region

(refer to Fig. 4-3 through Fig. 4-8 where the shadow region is the integration region).
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case 1: - E(nj, ks ki =0) > Ef the integration region is | ky, | < ky;, max

case 2: E(n;, ky, k,; =0)>E; the integration region is

l ky, —q, | < ;. max

From case 3 to case 6 both E(n;, ky, ky; = 0) and E(n;, k;;, k,;, =0)are > Ef

case 3: g, + ki, max < ky;, max
case 4: _kli. max = —k.Lj. max ~ 4
case 5: ky; max < =Ky, max + 4,
case 6: the momentum spheres intersect each other
,72 1/2
here we define k. max = o (Ef— E(njy ky; —q,( £ K), ky; =0)) and ky; max =
m .
J

2 172

73

{Qm.* (Ef" E(n;, kyy k) = 0) )}
'

In case 6, the intersection points of the two momentum spheres are singularity
points, which means that E(n;, &, k) will be equal to E(n;, ky, ki;). At these points

Eq. (4.3.1) will satisfy the condition

N(E:) - N(Ej) _ ofo
E,'—Ej oE E=i=Li=Ef

= S(E~E;) (4.3.5)

The perpendicular momentum part of integration of the polarization function in Eg.

(4.2.10) at these points will be (refer to Fig 4.9)
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dk; k,,d®; [ n(E;) —
[ ] :

in small range E~E;

n(Ej)] - J‘ j dk_u kl‘,de,'s(Ei_Ej)

-0(6; — 6p)

= [ ] dky, &, Oi3E ~Ee; -

- 8(6; - 6g) = | ki ~kuz l
.[ .[ ky dky; d8;— r = '
. ~ | 2k,.q sine-ia— 1 q, sindy
HTLTE 2m 2m*

(4.3.6)

Here 0p is the position of 6 coordinate where the singularity point is located. The

region belonging to this singularity treatment in &, direction is from £, to &
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Section IV.4 Evaluation of the Polarization Function
nA(kzv k_l_; miy, m2)

In Eq. (3.4.23) the portion of the integration which includes the variables of the

momentum angular 6; and 6; can be expressed as

jdeijdej Al +B11 cos 6; A2 +B12 cos 0 " A3+B3 c1os (6; - 6)) (44.1)
here
A1 =E(n;, by, ky, =0) + 2”2*/&. ~ E(ny, ky = ky; — q.( + K), ky, =0) - 52_ (K2 +4%)
m;* 2my*
B1=-2 2’;21* ki, q, (4.4.1a)
P

fia

R
2mj

A2 =E(nj, ky;, ky; =0) + K2, — E(ng, ky = kg — q,( £ K), ky, =0) - 7 ( K, +q2)

ES

fip
32=—2—2E-;kli q, (441b)

A3 =CoefA (k; — k(K ); my’, mp’) + CoefB (my, mp”) (k5 + k2,)
and

BS:CoefB(m1’, MQ’) : 2/(1‘. “k,

]

(4.4.10)

Also define R3(9;, ej) = ! R2(9j) = A2 + 312 cos 0,
J

~ A3+B3cos (6; - 6))’ and

1
A1+B1cos9;’

R1(6;) = Here CoefA, CoefB have been defined in Eq. (4.2.6).
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CoefA (k,, — k,j( *K); my, mp’) is comparable to or larger than CoefB (m4’, my”)
(k2 +42). Also k2 + k3, 22k, k. Therefore R3(8;, 8;) can be treated as a slowly
varying function and defined by S(6;, 6;). When E(n;, &, k,;) is equal to E(ny, &, k),
R1(8;) will be a delta function. Similarly, if E(n;, ke klj) is equal to E(n, &, k,,).
R2(0;) will be a delta function. For this reason, the R 1(6;) and R2(6;) can be treated
as rapidly wvarying functions. Since cos (a)=cos (—o), R1(6;)=R1(-6;),

R2(9;) = R2(-8,) and $(8;, ;) = S(-6;, —;); letting R1(8) = R 11(8) + R 12(6) and

R1(0) when 6>0

R11(0) =\ 4 when 6 <0 (4.4.2)
0 when 620

R12@)=1 r1(e) when 6 <0 (4.4.3)

Similarly, let R2(0) = R21(8) + R22(0), Eq. (4.4.1) becomes

J T 1R11(81)R21(82) + R12(8;)R 21(62) + R 11(8;)R 22(8,) + R 12(8;)R 22(63) ]

xS(0¢, 0,) d61d6; (4.4.4)
Eq. (4.4.4) can be rewritten as

[ | d81a8; [R11(81)R21(82)S(8;, 82) + R 12(— 6;)R21(6,)S(— 64, 62) +
812006920

R11(01)R 22(82)S(61, — 82) + R12(— 01)R 22(— 82)S(~ 81, — 65) | (4.4.5)

With the symmetrical characteristic of R1(84), R2(62) and S(64, 02), Eq. (4.4.5)

becomes
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2 [ [ d01d0,[ R1(8:)R2(62)1[S(81, 02) +S(81, — 02) ] (4.4.6) -
81200120

S(04, 65) is a slowly varying function

_ _ 3S(61, 05)
$(81, B2) = S@1, 02) + (84 — 1) {—‘—2 _ (4.4.7)
ae‘l 01 =04
also
_ _ | asey, 0
= 5(01, B2) + (6, ~ 82) [—(—ﬂ] ] (4.4.8)
00 6p =8
[ de, 6,R1(8y)
Th . . , . . = 81>0
e mean value approximation consists in taking 6, = and
[ a8, R1(8))
8y >0
| de, 0,R2(6,)
B, = 220 . Then
[ do, R2(6,)
62 >0
[ | R1(61)R2(8,) S(81, 62) =
612086220

| R1(61)d61(: J d925(81, 02)R2(62) | = S(By, B2) | R1(84)d0; | R2(8,)d0,
64 >0 62 >0 0y >0 8 >0

(4.4.9)

Substituting Eq. (4.4.9) into Eq. (3.4.23) and changing the order of summation, the

polarization function becomes

M(q,, q,; my, mp) =

2
> ¥ ]k, > [ ak,, >

6
(27':) ni, np nj, ng g
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1
: |
my’, my’ A3( m1’, m?_" kz,-' kzj’ k.Li’ kl.j )+B3( m1” mz" kJ_‘., klj)COS (6; —Oj)

1
A3(my’s my!, kyy ks iy, k) + B3(my’, my',s k. k,y;)c0s (6; +6)) }
1
X "2— ' ,[deiR.‘(ni: n, kz;v gz kJ.ir q. ei) Ideij(nj! ny, kz,'v 4z, k.Ljr qi; ej)

x A term with four matrices multiplied together (m 1, ma, m+’, ma’, n;, nj, ne, w, kg, kzjy qz)
(4.4.10)

Since B3 is independent of k,, ky; and A3 changes slowly as &, k;; change

(please refer to Eq. (4.2.4), (4.2.6) and (4.4.1c)), the above approximation can be a

> | a6, 0:R1(k,, 6;) > | d8;0,R2(k;,, 0))
. = k; 6;>0 = kzj9j>0
step further by taking 6; = and 9; = .
Y | a6, R1(k,, ;) Y [ a0; R2(k,;, 6))
ky; 6;>0 kyj 6 >0
Then
1
RA(k;,, 6;) R2(k;, 6 ~
kZEeJo ejfzo e ) R2Ukss2 93) 3 Bacos(en, 6)
{z de, L R2(, 0) [ | Rk, 0 d0; =
kzj 8; >0 A3 + BSCOS(G[, 61) ky 6;>0
L 5 [ Rik. 0048 5 [ R2(k,, 0, (4.4.11)
A3 + B3cos(0;, 0;) 4; 6:>0 kz; ;>0

Eg. (4.4.10) then becomes
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2
dk,. k,. | dk, k,,
(2r) "E’l ni%‘ J dky; ks ] 1j K

M*(q,, q,: mq, ma) =

) 1 "

mq’, ma’ A3(m+’, my, kz‘., kzj, kl‘., k_Lj) +B3(m1’, ma’, kLi' kJ_j)COS(a' - gj)

1

AB(my’, ma', ks oy kg k) + B3(my’, ma’, ky, ky) cOS(B; + 6))

1
X ) : {Z JdeiR1(”iv ny, kz,-' qz» k_L;r q.; 9[)} { Zjdeij(njr Ny, kzp qzs k_l.j' g1 ej)}
kz; kej

x A term with four matrices muitiplied together (m 1, ma, m¢’, m2’, ny, nj, ne, ny, ks, ks 4z)

(4.4.12)

The integration value of ¥ f dOR(n1, n2, k,, q,, q,; 6) can be obtained from the cal-
ky

culation of I1%(4q,, q,, mq, mgz and matrices are independent of k,, etc. The computa-

tion time of the integration of I1(q,, q,, my, mg) is much shorter when (4.4.12) is used

instead of (3.4.23), proving that this method is a practical choice.
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Chapter V Conclusion and Homogeneous Result

The purpose of this thesis is to derive a method for solving the screening prob-
lem in a superlattice. This method starts by using the Numerov method to solve for
the Hartree-Fock wave functions in a single potential well including band bending
effects. These wave functions determine the eigenfunction at the bottom of a superiat-
tice sub-band. The tight binding approximation is then used (with the single potential
wave functions) to obtain the eigenenergies and eigenfunctions for different £,. These
eigenfunctions are then used to obtain the (screening) polarization functions in a
superlattice. These eigenfunctions are self-consistent in the conduction band bending
and the exchange potential Hartree-Fock equation should be adjusted by the polariza-
tion functions (please refer to chapter 1 for a detailed discussion). As we can see
from the previous chapters, this method involves many numerical techniques and com-
plicated equations. One might question whether it is necessary to incur all such trou-
bles in using the tight binding approximation wave function instead of another simple
wave function, whether the result has periodic characteristics and whether the result

involves the exchange and correlation interaction.

Every equation in this thesis has been developed using a periodic basis. There
is no doubt that the results derived by this method possess the appropriate periodicity.
In section |, the wave function of the superlattice will be discussed. Some of the

results of the one particle wave function calculation will be shown first, giving a first
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insight into the tight binding approximation. Those included conduction band bending,
electron distribution and wave function in a superlattice. In the same section, com-
parison will also be made between E(k) curves for the tight binding approximation and
the Kronig-Penny equation in a non-doped superlattice (The Kronig-Penny® equation
only applies to a periodic square well potential). This is to establish that the tight bind-
ing works well in a superlattice. The sub-band energy level and its shift are also
shown. This is one of the major arguments that a simple wave function can not be
applied to a superlattice. Some of the matrix < i | ¢® | j > values are also listed in
this section. This produces another proof that the simple wave function is not a good
application for a superlattice study and shows the periodicity characteristic of the pro-
posed method. Two calculated results, obtained by applying the proposed method to
a homogeneous medium, will be shown in section il. This provides proof that the pro-
posed method in this thesis has considered the exchange and correlation effect and

that this method is an adequate one.
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Section V.1 Tight binding Approximation Method

Using a simple wave function to study the screening problem makes the whole
process easier. Yet the chosen function should include the characteristics of a super-
lattice. Until now, only a few investigators have used this kind of wave function to
study the superlattice. X. L. Lei and his colleagues have published several papers on
superlattice transport properties 3-8, Most of these papers use the sine/cosine wave
function and assume the electron only occupies the lowest sub-band of the superlat-
tice. S.L.Chuang and K Hess*® use the sine/cosine wave to study the electron distri-
bution under an electric field and M. H. Degani and O. Hipolito®® similarly use this
wave to study the polaron in a superlattice. The sine/cosine wave is not adequate for
a superlattice study. This will be discussed later in this section. Two of Lei's

papers40.43

used the Fang-Howard-Stern variational wave function, a very successful
wave function in the inversion layer study, which considered the screening effect and
the wave penetration through the potential barrier. The inversion layer’s potential is
different from the superlattice’s potential. Moreover, the inversion layer wave function
is not always adequate to be applied to a superlattice especially when the Al,Gay _ ,As
layer is thin. The Kronig-Penny wave function has been used by J. F. Paimier and his
colleagues®' and |. Dharssi and P. N. Butcher5? to study superlattice properties. The
Kronig-Penny wave function is only adequate for a low doping superlattice and some
of the equations in these two papers were still derived using the. sine/cosine wave
function. D. Aitelhabti and P. Vasilopoulos®%* have used the transfer matrix method
to study superlattices. The transfer matrix method is an innovative method. But these

two papers did not consider band bending or screening and only the first sub-band

was considered.

Figures 5-1a, 5-1b and 5-1¢ show the wave functions of the first, second and
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third sub-bands in a superlattice. The width in both the GaAs and Al,Ga, _ ,As layer is
100 A and the doping is uniform in both layers with concentration 10'®. Each figure
contains the tight binding waves with £, =0 and k&, =n/L (L has been defined in
chapter 1), the single potential well wave function and the sine/cosine wave function.
Figures 5-2a, 5-2b and 5-2c are similar to the figure 5-1 series except that the width of
Al,Gay _ ,As layer is 50 A and the width of Al,Ga, _ ,As layers in figure 5-3a, 5-3b and
5-3c is 150 A.

From the figure 5-1 series and 5-2 series, we know that the tight binding
approximation wave is not quite like that of the single potential waves or the
sine/cosine waves. The major reason is due to one of the superlattice characteristics:
the wave will penetrate to adjacent potential wells. The penetration can be omitted
only when the Al,Ga, _As layer is very thick (please refer to figure 5-3 series). Not
only the wave function will penetrate but also the top sub-band wave function is
changed due to the doping concentration change (please refer to figures 5-4 series,
same like 5-1 series except the doping concentration is 5 x 10'8). The wave function
is a basic element of our study of the properties of a superlattice. Accurate calculation

results call for an accurate wave function.

Figure 5-5 series, 5-6 series and 5-7 series present the electron distribution in
a superlattice. Those graphs show how the shape of the electron distribution function
varies, depends on the thickness of the layers and the doping concentration. Some of
the superlattice characteristics depend on these shapes®. Figure 5-8 series and
figure 5-9 series show the conduction band bending in a superlattice. This conduction
band bending is not linearly proportional to the doping concentration. The banding

bending effect can be ignored for the low doping, but nct for the high doping.
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One of the major reasons for choosing an accurate wave function is that the
simple wave function does not offer an accurate sub-band eigenenergy. Not only is
the eigenenergy different but also the band width of the sub-band obtained by tight
binding approximation is not zero. The band width will determine some superiattice
characteristics®®. The electron transport properties are determined by electron scatter-
ing. One of the major factors in determining electron scattering is the electron distribu-
tion function (please refer to Eq. (5.5) and (5.7)). The electron distribution function is
determined by the sub-band eigenenergy sensitively (please refer to Eq (3.6.9)). A
slight deviation in sub-band energy level will cause a vast difference in transport
coefficients. From the discussion above, we know that the transportation coefficients
will be vastly different when different wave functions are used, especially at low tem-

peratures (please refer to Eq (3.6.9)).

Some investigators may think that the shift of the sub-band eigenenergy level
will approximate to the average of the conduction band change (band bending) namely

g [
- { j v(z) dz - 2 vg az} (5.1)

L |40

here v(z) is the potential of the bent band and vy and a, are defined under Eq. (3.5.1)
and (3.5.6). Those investigators suggest that band bending does not effect the calcu-
lated result. The numerical values of the last paragraph show that the shift of the
sub-band eigenenergy are different for different sub-bands and these differences are
not negligible. This shift is strong for the high doped superlattice (for example, the Fig
5-4's superlattice, the average of conduction band change is 0.05491ev. The eigenen-
ergies shifting of the low and the top of the first sub-band are 0.09479 and 0.09475ev.

The eigenenergies after shifting are 0.12935ev and 0.12940ev. For the second sub-
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band and the third sub-band the shifting are 0.07856ev; 0.07851ev and 0.04871ev;.
0.06805ev respectively. The eigenenergies after shifting are 0.21294ev; 0.21241ev
and 0.31758ev; 0.34848ev.) The eigenenergy of the sub-bands is very important for
studying superlattices. The eigenenergy values are dependent on which of the wave
function approximation is used. In order to obtain accurate results, a good wave func-

tion will have to be chosen for superlattice studies.

The previous paragraphs show that choosing a good wave function is very
important for superlattice studies. Can the tight binding approximation wave function
meet this requirement? Figure 5-10 shows the tight binding approximation wave func-
tion and the exact wave function (solved by Kramer's method®’) in a superlattice.
These curves, which show the two different types wave functions, are very similar.
The Kronig-Penny® equation is an E(k) function for a periodic square well potential
with no approximation applied. Figures 5-11, 5-12, 5-13 show that except for the top
sub-band which has a slight discrepancy, the E(k) curve for those two methods are
exactly matched. But, at low temperature, the top band is oniy occupied by very few
electrons. For this reas/on, the use of the ﬁght binding approximation in studying the
characteristics of a superlattice can yield good results. Table 5-2 contains some
values of <i | ¢* | j > which present the periodic characteristics of tight binding
approximation wave function. These values can not be obtained by some simple wave
function. From chapter |l we know that the tight binding approximation wave function

can be applied to most superlattice studies, if computer numerical methods are used.

This is the reason why the tight binding approximation is chosen in this thesis.
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Section V.2 Polarization Function I1

From the discussion in chapter |l, we know that the screening effect is very
important in a superlattice study. Lax, Cai and his colleagues have published a series
of significant papers on superlattice studies 58-%°. Some later papers®%® use an
equation derived by the transfer matrix which is more concerned with screening.
These papers have better matched experimental resuits. In recent years a few papers
related to screening in a superlattice have been published. Only a few of these
papers have been ‘completed taking into consideration the superlattice characteristics:
periodicity, multi-subband, conduction band bending, wave function penetration to
adjacent wells with consideration of exchange and correction. Some of these impor-
tant works are described below. Most of X. L. Lei and his colleague’s work have
derived screening theory in a superlattice. Those theories are based on applying the
sine/cosine wave function to R.P.A. screening theory with P. J. Price’s’® G(q) (please
refer to Eqg. (2.1.14)). M. Aniya and M. Kobayashi’' and A. M. Belyantser and A. V.
Okomrl'kov 72 have used electromagnetic theory with a very simple charge distribution
function and the background dielectric constant change between layers to solve for the
screening in a superlattice. This charge distribution function did not possess the
supertattice characteristics nor did it consider band bending. L. Wendler and R
Pechstedt”® use many-body theory to study the two dimension electron gas problems.
That paper considered exchange and other high order perturbation terms. If a suitable
superlattice’s eigenfunction and eigenenergy are applied to the formulas in that paper,
a significant calculation result would be obtained. N. J. K. Horing, G. Fiorenza and H.
L. Cui’ has derived the screening in multi (periodic) two dimension electron gas. R.D.
King-Smith and J.C. Inkson”® have used tight binding approximation without consider-

ing the wave function overlap between wells to study the dielectric properties of a
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non-doped superlattice. G. Gumbs’® has used sine/cosine wave function and P.
Hawerylak, J.W. Wu and J.J. Quinn?’ take the assumption E,y=E, + i%k?/2m (here n
is sub-band index and [ is potential well index) to derive lowest order polarization func-

tion.

We concluded in the last section that the eigenfunction, eigenenergy and con-
duction band bending can not be oversimplified and that the tight binding approxima-
tion wave function meets the requirements for a study on a superlattice. There
remains the question of whether applying the tight binding approximation wave func-
tion to the method suggested in this thesis can yield a solution to the screening prob-

lem in a superlattice.

The screening theory in a homogeneous medium has been studied for several
decades. The screening theory for a superlattice can be tested by applying it to a
homogeneous medium and comparing the results with previous homogeneous medium
screening theories. The method to test the non-homogeneous medium’s polarization
function I° is described in Appendix B. My numerical calculation result of T1° passed

this test.

The exchange and correlation polarization function is an important term in the
study of a superlaitice. Fig. 5-14 illustrates the T1* curve obtained by Geldart and Tay-
lor®® (IT" is the major change term and the most contribution beyond the zero pertur-
bation term, as discussed in Chapter Ill} and the 4 curve in a homogeneous medium
obtained by the first iterated numerical result of my suggested method. These two
curves produce similar values, although the curve derived from my suggested method
is not as smooth, owing to big integration steps. This result can be proved by the dis-

cussion in Section 111.3, the I* obtained by the Hartree-Fock wave function is the
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same as the IT" obtained by Hartree wave function plus high order perturbation terms.

Since the dielectric function g(q) and the two particle distribution function G{(q)
correlate with each other (refer to Chapter Il) and the real space two particle distribu-
tion function g(r) has very defined limits, (g(r) must be positive, g(0) =0, and g(w)=1),
many investigators20.21.23-28.631 ;56 GG(q) to determine whether the screening theory
has considered the exchange and correlation effects. | have added the G(q) curve
using my suggested method as applied to a homogeneous medium to the graph
shown in reference 24 in Fig. 5-15. (That graph has a few G(q) curves obtained by
different workers). My curve lies between "Hubbard" and "Toigo and Woodruff'. The
result leads me to conclude that my method is a valid one, especially as the exchange

and correlation effects have been taken into account.

Screening has a major effect on superiattice properties. It must be studied. A
heavily doped superiattice’s mean separation between carriers, the Bohr radius and
the screening length are all the same order. It should be treated like a metal, includ-
ing exchange and correlation effects. The potential is periodic with strong variations.
A simple wave function can not be used to study this kind of medium. Finding an
appropriate method to solve for the screening effect in a superlattice which incor-
porates all the above characteristics requires sophisticated procedures. While the
method suggested in this thesis may seem complicated, the resultant calculation,
unlike those which can only be applied to a certain type of screening, can be applied

to a superlattice in general.
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Section V.3 Electron Transport

A common way to study the electronic transport is to start from the Boltzmann

equation.
ofl  _of
ot | drift 9t | coll (5.2)

means the electron distribution function changes caused by the drift process is equal

to the changes caused by the collision processes. The collision part can be expressed

by
| _u| Lw| La| Lwl Ll L
Ot |{col. Ot lee Ot|ei Ot|elO 0Ot)|e-AL Ot | e-AT

(5.3)

The label e—e indicates the contribution of the electron distribution changes caused by
electron electron collision. Similarly, the label of e-i, e-LO, e-AL and e-AT indicate
the electron impurity, electron longitudinal optical phonon, electron longitudinal acous-
tic phonon and electron transverse acoustic phonon®2. In a simple case the drift part

can also be expressed by

1

of __¥ _1
T Vi f A

ot | arif VkE - Ve f (54)

This equation can only be applied to a homogeneous medium with low external fields
and in a spatial uniform case the second term can be omitted. In a superlattice the
electron energy is not equal to A + B - k2. The first term is not adequate in general
superlattice cases. Because the electron is not uniformly distributed in the z direction,
in microscopic view the second term can not be omitted even in equilibrium cases. Eq.

(5.4) can not be straightly applied to a superlattice. A new transport equation is
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required. For example, Cai used the Liouville equation to derive a Boltzmann like
equation®®®2 to study quantum well properties. Also, Cai®? changed the right hand
side of Eq. (5.4) to d MV,/0 ¢ (M is the total electron mass and V, is the average elec-

tron velocity). This change makes the equation exhibit more physical meaning.

This thesis proposes using the high order Tight Binding Approximation wave
function and considering multi-subband and screening effect to study superiattice pro-
perty. Many investigators have already done significant studies for superiattice. If the
proposed wave function, electron distribution function and/or the screening equation
were applied to some of these studies, a better result should be obtained or some of
these studies become suitable for general superlattice cases. For example, Cai®® has
derived an equation for electron longitudinal optical phonon scattering (Eq. (2.16) in
reference 20). If we want to apply those proposals, this equation should be modified

as follows:

k should be changed to k, + (MK +k,) ¢,, here k, is in the first superlattice Brillouin
zone and | , | <1/2K, K =n/L and L has been defined in chapter I. The electron
distribution function and electron energy should be changed to f, x , and E(n, k,, k).
These two functions have been discussed in detail in chapter lll. & k. should be
changed t0 &, k, +q, * Ok, 4, +4, « k» the + has been explained under Eq. (3.4.6). Cai's

equation then becomes

ofa, k., & (2) 202 ‘ 2
[ ot e-l0 A 2nn" E' k' ‘h-%- ‘" Gy, w4 M, q;)

XA Sk O = o, (O] Ok, +q, Oty gz 2 & NEw, k7, k7 = En, &, 1, — TEOL)
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= Fo ke kO =St ki (O] Bk, —q, Okt ky g, e &k HEn &y &, = Ew, k', &7 —HOL)  }

x[1+ NwL]
Skl kO = fo k(8 Ok i, —q, Ok, ky =g, + & OEn, &, k' — En, &, &, — FOOL)
—fn. k,, kz(t)“ _f;l'. k.’ kz'(t)] SKL', k, +q, 8kz', ky +q, + K 8(En, k., ky — En', k' &k — h-wL) }

X Ny ) (5.5)

ou/KsT _ 411, « is Frohtich

here N, is phonon distribution function and is equal to [e
electron-LO-phonon coupling constant and A is the superlattice layer area. The equa-
tion for G, .-(q., M, q,) is determined by the electron phonon interaction. The phonon
can be treated as external potential. From Egq. (3.2.13) we know that an external
potential not only generates a screened potential with the same momentum, but aiso
the screened potentials with momentum having MK difference. With Eq. (3.3.5) the
Gn, w(q., M, q,) should be changed to

i(q, + M1K)

1 i dk, | dk,’ | Y, 1, (2) Va1, (2)

dz 5.6
QL " 2x 7 2n e(qy, ¢.; My, M) (56)

here Q is the scalar length of vector (q,, ¢, + MK), w,, w(2) as Fy, 4, (z) has been

2
defined in Eq. (3.5.2) and e(q,, ¢,; M1, M3)= 1-T*(q,, q,; M1, M>) 432 and

n*(q.u 4 M1’ MZ) = no(q.L' q2 M1, M2) + nA(q.l.r gz, M1! Mg), no(q.l.' qz3 M1s M2)

has been defined in Eq. (3.4.14) and I1(q,, g9,; M1, M) has been defined in Eq.

i(qg; +M1K)

(3.4.28). The tight binding approximation matrix element _[ \yf,, K (2) e W, 1,+(2)

has been given in Eq. (3.5.39).
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Referring to reference 24, the equation of electron impurity scattering in a

superlattice should be

Z Z Z 8"1_'- ki —q, Sk—z'- kz—q;+ K S(En’ ky, kg ™ E"l- k' kz')
‘h M g, n’ k'K

X fo ko ke O = Fov e, /0] I Mo (@, M, q2) |2 (5.7)

Here M, .-(q,, M, q,) is the scattering matrix. The equation of the potential which is
generated by a single electron and single impurity interaction is negative of Eq.

(3.2.15). With

dx dy l(k.’+q-—k.)'(x+y) 5
Sk 8. 5.8
G re T >

the scattering matrix becomes

5 — 4me? 1
¥ a2 +(q. +MK)? elq ¢ My, M)

x [d'piz’y exp [~ i (g, + MK) 2’ ] [dz s, k(z) expli (g, + M1K) z ] yu i (z)  (5.9)

Here pi(z) is the impurity distribution and e(qy, g2 M4, M) =
1/X(k,, k&, + mK; k,, k, + m’K). One of the major factors which causes a high mobility
in modulatd doping superlattice is that the electron impurity scattering is weak. The
electron spatial distribution function is one of the major elements in determining the
electron impurity scattering and the electric potential has to be adjusted for screening.
As the discussion in the previous section shows, an accurate spatial electron distribu-
tion function and screening theory can be obtained by the method proposed in this
thesis. By using this method to study electron impurity scattering, a better result

shouid be obtained.
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From the discussion in the previous sections we know that the screening theory = .

obtained by the proposed method can be applied to general superlattice case. Not
only for electron impurity scattering, the screening theory and the high order tight bind-
ing approximation wave function can also yield a better result for many electron tran-
sport studies. As the devices for molecular beam epitaxy crystal growth begin to
develop, my suggested method can be modified and applied to these devices. It is
hoped that the method suggested in this thesis will have broad application with respect

to these kinds of devices. | have found my study a meaningful piece of research.
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first sub-band | second sub-band | third sub-band
0.5127ev

sine/cosine wave 0.056967ev 0.22787ev not exist
single isolated potential
wave (non-doped superlattice) 0.034605ev 0.13404ev 0.27363ev
single isolated potential wave
Fig 5-1's (doped superlattice) 0.065286ev 0.15891ev 0.27073ev
tight binding app. wave
Fig 5-1's superiattice K =0 0.06528ev 0.15897ev 0.29111ev
tight binding app. wave
Fig 5-1's superlattice K = /L 0.0652%ev 0.15885¢ev 0.29620ev
single isolated potential wave
Fig 5-2's (doped superlattice) 0.04667ev 0.14275ev 0.2915%v
tight binding app. wave
Fig 5-2's superlattice K =0 0.04657ev 0.14331ev 0.280040ev
tight binding app. wave
Fig 5-2's superlattice K = /L 0.04678ev 0.122219%ev 0.29048ev

Table 5 - 1

The Fig 5-1's superlattice is the superiattice which width in both the GaAs and
Al,Ga, - ,As layer is 100 A and the doping is uniform in both layers with concentration
10'®. The Fig. 5-2's superlattice is similar to #ig. 5-1's superlattice except that the
Al,Ga, _ ,As layer width is 50 A. The eigenenergies for sine/cosine wave and non-

doped single isolated potential wave are dependent on the GaAs layer only.
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g,=0 M=0 =1 ny=2 ny=3

realpt imagpt mtrvalu | realpt imagpt mirvalu realpt imagpt mtrvaiu
k,,=0 na=1 1.00000 0.00000 1.00000 0.00000 0.00000 0.00000 0.00270 0.00000 0.00270
k,2=0 na= 0.00000 0.00000 0.00000 1.00000 0.00000 1.00000 0.00000 0.00000 0.00000
k=0 ny=3 0.00268 0.00000 0.00268 0.00000 0.00000 0.00000 1.00000 0.00000 1.00000
ko=n/8L np=1 || 100000 0.00000 1.00000 0.00000 0.00000 0.00000 0.00267 0.00000 0.00267
ko=mt/8L np=2 {| 0.00000 0.00000 0.00000 1.00000 0.00000 1.00009 | 0.00000 -0.00011 0.00011
ko=m/8L n,=3 || 0.00265 0.00000 0.00265 | 0.00000 -0.00011 0.00011 | 1.00000 -0.00001 1.00000
k,=nt/4L no=1 || 1.00000 0.00000 1.00000 0.00000 0.00000 0.00000 | 0.00258 -0.00001 0.00258
ko=rc/dL n,=2 [ 0.00000 0.00000 0.00000 1.00000 0.00000 1.00000 | 0.00000 -0.00021 0.00021
ko=nt!4L n,=3 || 0.00257 -0.00001 0.00257 | 0.00000 -0.00021 0.00021 1.00000 -0.00003 1.00000
k,2=31/8L ny=1 1.00000 0.00000 1.00000 0.00000 0.00000 0.00000 | 0.00245 -0.00001 0.00245
k,=31/8L n,=2 || 0.00000 0.00000 0.00000 1.00000 0.00000 1.00000 | 0.00000 -0.00027 0.00027
k,,=37/8L n,=3 || 0.00245 -0.00001 0.00245 | 0.00000 -0.00027 0.00027 | 1.00000 -0.00001 1.00000
ko=mti2L np=1 1.00000 0.00000 1.00000 0.00000 0.00000 0.00000 0.00230 -0.00001 0.00230
ko=r/2L n,=2 || 0.00000 0.0000C 0.00000 1.00000 0.00000 1.00000 | 0.00000 -0.00029 0.00029
ko=mt/2L np=3 || 0.00230 -0.00001 0.00230 | 0.00000 -0.00029 0.00029 1.00000 -0.00004 1.00000

Table 5 - 2a

g,=r/8L M=0 ny =1 ny =2 ny=3

realpt imagpt mirvalu real pt imagpt mtrvalu realpt imagpt mtrvalu
k2=0 ny= 0.99721 -0.04142 0.99807 | -0.00339 -0.03375 0.03392 | -0.00067 -0.00471 0.00476
k=0 np=2 I -0.00339 -0.03375 0.03392 0.99381 -0.04432 0.99480 | -0.00902 -0.04240 0.04335
k,2=0 n,=3 |i -0.00069 -0.00470 0.00475 -0.00902-0.04239 0.04334 098191 -0.09491 0.98649
ko=m/8L np=1 || 099721 -0.04142 099807 | -0.00339 -0.03375 0.03392 | -0.00070 -0.00471 0.00476
ko=n/8L ny,=2 || -0.00339 -0.03375 0.03392 0.99381 -0.04432 0.99480 | -0.00902 -0.04252 0.04347
ko=r/8L n,=3 || -0.00072 -0.00471 0.00476 | -0.00902 -0.04252 0.04346 0.98207 -0.09495 0.98665
ko=m/4L np= 0.99721 -0.04142 099807 | -0.00339 -0.03375 0.03392 | -0.00079 -0.00472 0.00478
ka=n/4L n,=2 || -0.00339 -0.03375 0.03392 0.99381 -0.04432 0.99480 | -0.00901 -0.04263 0.04357
ko=n/4L n,=3 |l -0.00081 -0.00471 0.00478 | -0.00903 -0.04263 0.04357 0.98218 -0.08503 0.98677
k,2=3m/8L n=1 099721 -0.04142 0.99807 | -0.00332 -0.03375 0.03392 | -0.00092 -0.00472 0.00480
ko=37/8L n,=2 || -0.00339 -0.03375 0.03392 | 0.99381 -0.04432 0.99480 | -0.00901 -0.04270 0.04364
ko=31/8L n,=3 || -0.00094 -0.00471 0.00481 | -0.00803 -0.04271 0.04366 0.98224 -0.09512 0.98683
ko=n/2L ny=1 | 099721 -0.04142 099807 | -0.00339 -0.03375 0.03392 | -0.00107 -0.00471 0.00484
ko=n/2L ny=2 || 0.00339 -0.03375 0.03392 0.99381 -0.04432 0.99480 | -0.00902 -0.04274 0.04368
ko=ni2L n,=3 i -0.00108 -0.00471 0.00484 | -0.00903 -0.04274 0.04369 0.98186 -0.09517 0.98646

Table § - 2b
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q=r/i4L M=0 ny =1 n,=2 ny=3
realpt imag pt mtrvalu real pt imagpt mitrvalu real pt imag pt mir valu
k2=0 ny=1 0.98909 -0.08148 0.99244 | -0.01303 -0.06511 0.06640 | -0.01003 -0.00604 0.01171
k,,=0 np,=2 | -0.01303 -0.06511 0.06640 0.97634 -0.08374 0.97992 | -0.03435 -0.07707 0.08438 |
ky2=0 na=3 -0.01002 -0.00602 0.01169 -0.03436 -0.07707 0.08438 0.93066 -0.17565 0.94709!
kyo=nt/BL ny=1 0.98909 -0.08148 0.99244 : -0.01303 -0.06511 0.06640 -0.01003 -0.00604 0.01171
ko=nt/8L n,= -0.01303 -0.06511 0.06640 ° 097634 -0.08374 0.97992 | -0.03434 -0.07720 0.08449
ko=n/8L n,=3 || -0.01005 -0.00603 0.01172 | -0.03437 -0.07721 0.08452 0.93091 -0.17574 0‘94736.
ko=nt/4L  n,=1 0.98909 -0.08148 0.99244 -0 01303 -0.06511 0.06640 -0.01011 -0.00604 0.01178'
ko=nt/i4L n,=2 | -0.01303 -0.06511 0.06640 097634 -0.08374 0.97992 | -0.03434 -0.07731 0.08459
k.=n/4L n,=3 || -0.01015 -0.00603 0.01181 -0.03439 -0.07734 0.08464 0.93108 -0.17588 0.94754
k ,=31/8L ny=1 0.98909 -0.08148 0.99244 -0.01303 -0.06511 0.06640 -0.01025 -0.00604 0.01189
k ,=3m/8L ny=2 || -0.01303 -0.06511 0.06640 0.97634 -0.08374 097992 | -0.03435 -0.07740 0.08468
k ,=3r/8L n,=3 || -0.01028 -0.00804 0.01192 -0.03439 -0.07742 0.08471 0.93076 -0.17587 0.94725
| ko=mt1 2L  na=t |l 0.98909 -0.08148 0.99244 -0.01303 -0.06511 0.06640 -0.01040 -0.00604 0.01203 !
ka=n12L n,=2 (| -0.01303 -0.06511 0.06640 0.97634 -0.08374 0.97992 -0.034356 -0.07745 0.08473
ko=nt/2L n,=3 || -0.01042 -0.00603 0.01204 -0.03437 -0.07742 0.08471 0.9300. -0.17601 0.94653
Table 5 - 2¢
7,=0 M=m/L ny=1 ny=2 ny=3
realpt magpt mtrvalu realpt imag pt mtrvaiu real pt imag pt mtr valu
ka=0 n,=1 0.88165 -0.25918 091895 | -0.09801 -0.15697 0.18505 | -0.03387 0.11279 0.11776
k=0 n,=2 -0.09801 -0.15697 0.18505 0.85285 -0.12749 0.86232 | -0.18082 0.02083 0.18201
k=0 n,=3 -0.03388 0.11282 0.11780 -0.18082 0.02089 0.18202 054819 -0.06406 0'55192.
q,=n/8L M=miL ny=1 ny =2 n, =3
i k2=0 ny=1 0.86148 -0.28114 0.90620 -0.10287 -0.16586 0.19517 -0.01181 0.13642 013693;
| ko=0 na,=2 ;-0.10287 -0.16586 0.19517 0.85809 -0.12418 0.86703 -0.15677 0.05384 0.16576 |
ko=0 n,=3 -0.01182 0.13646 0.13697 -0.15678 0.05390 0.16579 0.56387 0.00032 0.56387
g=rn/dL. M=rIL ny=1 ny =2 ny =3
k=0 n,=i 0.84077 -0.30279 0.89363 | -0.10565 -0.17779 0.20681 0.01661 0.15279 0.15369
k=0 n,=2 -0.10565 -0.17779 0.20681 0.86944 -0.12855 0.87889 | -0.12012 0.07401 0.14109
k=0 n,=3 0.01661 0.15287 0.15377 -0.12016 0.07409 0.14116 0.60324 0.04691 0.60576
q,=3r/8L M=m/L ny=1 ny=2 n, =3
k=0 n,= 0.81874 -0.32440 0.88067 | -0.10830 -0.19366 0.22188 0.04816 0.16012 0.16721
k=0 n,=2 -0.10830 -0.19366 0.22188 0.88265 -0.14271 0.89411 -0.07746 0.07740 0.10951
ko=0 n,=3 0.04818 0.16026 0.16735 -0.07751 0.07752 0.10862 0.65818 0.06759 0.66164

Table 5 - 2d



-113-

q=n/4L  M=2n/L ny =1 ny =2 ny=3
realpt imagpt mtrvalu real pt imagpt mtrvalu realpt imagpt mirvalu

ka=mt/4L n,=1 0.62057 -0.41994 0.75677 | -0.20860 -0.31405 0.37702 0.14718 0.08402 0.16948
ko=nt/4L  ny=2 -0.20860 -0.31405 0.37702 0.80694 -0.32161 0.86867 | -0.02214 -0.11124 0.11342
ko=n/dL n,=3 0.14719 0.08410 0.16952 | -0.02219 -0.11115 0.11334 0.69883 -0.19480 0.72547
q'=7r/4L M=3n/L ny=1 ny = 2 ny =3

ko=n/4L n,=1 0.38690 -0.33734 051331 -0.36218 -0.28711 0.46217 0.22586 0.06836 0.23597
ko=m/dL n,=2 -0.36218 -0.28711 0.46217 0.66352 -0.26945 071615 | -0.04310 -0.02302 0.04886
ko=nt/4L, n,=3 0.22590 0.06842 0.23604 | -0.04316 -0.02291 0.04886 0.46733 0.04769 0.46976
q,=n/4L M=4n/L ny=1 ny=2 ny=3

ko=n/4L ny=1 0.24820 -0.17241 0.30221 -0.50173 -0.26757 0.56862 0.21341 -0.12370 0.24667
ko=mi4L n,=2 -0.50173 -0.26757 0.56862 0.50465 -0.33054 0.60326 | -0.07507 -0.21243 0.22530
ko=rt/4L. n,=3 0.21346 -0.12371 0.24672 -0.07514 -0.21235 0.22525 0.42369 -0.04586 0.42617

Table § - 2¢

The matrix value of the superiattice which width of GaAs layer is 100 A and the widths of Al,Ga, _,As layers
is 200 A. Doping is uniform in two layers and concentration is 3 x 10'7.
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Dotted line is tight binding wave with k, = 0, solid line is tight binding wave with k, = /L,

square line is sine/cosine wave and delta line is single potential well wave.
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Dotted line is tight binding wave with k, = 0, solid line is tight binding wave with k, = nt/L,

square line is sine/cosine wave and delta line is single potential well wave.



- 118 -

3 x 108 =
2 x10%
electron
potential
distribution
well
function
1 x10"® 0.3 ev
[ 1 i | | | [
-100 -75 -50 -5 0 25 50 75 100
Fig. 5.5, in  direction unit is A
Width of both GaAs and Al,Ga, _,As layers are 100 A
Doping is uniform in the two layers and the concentration is 10'®
1.5 x 10" —
1 % 10Y -
electron
potential
distribution
well
function
5% 108 r— 03 ev
| { | | 1 | |
-100 -75 -50 -25 0 25 50 75 100

Fig. 5.6, in Z direction unit is A
Width of both GaAs and ALGa, _,As layers are 100 A

Doping is uniform in two layers and the concentration is 5 x 10'8



- 119 -

3 x 10"
2 x 1017
electron
potential
distribution
. well
function
1 x 107 | 0.3 ev
Bl 1D | ] i
-150 -100 -50 0 50 100 150
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Doping is uniformly in two lays and the concentration is 10
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The width of Al,Ga, _,As layer is 200 A and the GaAs layer is 100 A . Doping is uniform in two layers.
Dotted line for doping concentration 10'7. Solid line for doping concentration 5 x 10'7

Delta point for doping concentration 10'®
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Wave function of second sub-band in superlattice, in Fig 5.10a its k, = O and Fig. 5.10b its k, = n/L Solid line
is Tight Binding Approximation wave and Dotted line is exactly wave obtained by Kramer's method.

Width of both GaAs and Al Ga, _,As layers are 100 A

Doping is uniformly in two lays and the concentration is 2 X 10

Square line is bent conduction band
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Solid line obtain from tight binding approximation wave function.
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0.306 ev —
electron third
energy subband
0.255 ev I
0 n
Fig. 5.12a, Momentum
0.141 ev —
electron second
energy subband
0.1275 ev I
0 n
Fig. 5.12b, Momentum
0.36 ev —
electron first
energy subband
0.0336 ev I

Fig. 5.12c, Momentum

The width of GaAs layer is 100 A. The width of Al Ga, _,As layer is 50 A. Dot point obtain from Kronig-

Penny equation. Solid line obtain from tight binding approximation wave function.
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The width of GaAs layer is 100 A. The width of AlLGa, _,As layer is 80 A. Dot point obtain from Kronig-

Penny equation. Solid line obtain from tight binding approximation wave function.
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APPENDIX A

For convenience, | would like to change some of the notation for describing
how Hubbard derived his correlation function. Let C(q) instead of G(q) be the correla-
tion function used in chapter ill and let G%(q) be the ground state Green's function.

The zeroth order polarization function'2'? is
k) = (- 1) 2 [i G%g) i G%g + k)d*q (Appendix.A.1)

its Feynman diagram is shown in Fig. Appendix.A.1. Here we assume i i=i; g and k
is a four dimensional vector; (—-)=(-1)""' means that the particle has gone
through n completed cycles (in Feynman diagram); 2 indicates that i G%(g) has two dif-
ferent spins; and i G%(q + k) must have the same spins as iG%(¢q). The equation for

the first order exchange polarization function (Fig Appendix.A.1) is'®

Mek) = [dk'V(K) (g - q + k) x

(-1 2 [d*qd*q’ i G%4q) i GOg + k) i GO(g") i GOq’ + k) (Appendix.A.2)

Hubbard has made an approximation that the major contribution for the integration of
k' is at the £" equal to k + gy (where gy is Fermi momentum of electron) and Egq.

(Appendix.A.2) becomes

I, wulk) = (= 1) 2 [d%q d%q" i GOq) i GOlg + k) i GOg") i GOg’ + k) V(k + q,)
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- _;_n°(k) V(k + q) () (Appendix.A.3)

This is the same equation as in Fig. (Appendix.A.2) except that V(k) is changed to
V(k + q;). Similarly, the second order exchange polarization function (Fig. Appendix.3)

can be expressed by'®

12 k) = 7 TOK) V(k + g)T0() Vik + g)T0(k) =

Mo(k) ( - % V(k + qp) MO(k) )2 (Appendix.A.4)

Hubbard's polarization function has summed up this kind of exchange polarization

function, and obtains

M) =1P°0) 3 (=5 Vik+a) M) I =

0/, 0
1 I (k) -— [2' (k) (Appendix.A.5)
—vV Ok . : 0
1+ Vi +qp) (k) 1+2k2+q} B(k) MO (k)
4re? - . . , 1 k2
where ®d(k) = 2 This is where Hubbard's correlation function C(k) = 5 Az———-
: S+ g

comes from. From discussions in chapter Il we know that in a periodic medium the
momentum of the interaction potential is not necessarily equal to the difference of the
momentum in the two Green's functions. It can possibly be equal to that difference
plus a vector of the reciprocal of lattice. In other words, the momentum relation can
be applied to Fig. (Appendix.A.1), where the delta function d(q—q + k) in Eg.

(Appendix.A.2) has to be changed to }0(q - q’ + k + K) ( K is the reciprocal lattice
K

vectors). As it is very difficult to express the Feynman diagram in periodic medium like
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that expressed in Fig. (Appendix.A.2), it follows that Hubbard's relationship is also

difficult to derive in a periodic medium.
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APPENDIX B

Debugging a large scale complicated computer program is no easy task. The
programs of the screening problem have an additional difficuity in that we do not know
the expected result, that is, the program can create errors and not be detected by its
result. We therefore divide the program into a few sub-programs such that the error of
some of these sub-programs can be detected by their expected results, as described

below.

A ) To test the subroutine related to Numerov's method, we assume that the
electron potential is a square well potential. First, a value different from the eigenen-
ergy is assigned to its energy variable. The subroutine is then run, with the value of
energy variable being changed in each iteration. If the value of the energy variable
converges to the eigenenergy (refer to Eq. (Appendix.B.1) when k, = 0), then the sub-

routine is possibly a correct one.

B ) To test the subroutines related to the tight binding approximation theory
such as energy shift and normalization factor, we assume that the potentiai is a
square well potential. If the result of the function E(n, ;) is the same as the Kronig-
Penney equation

BZ_(XZ
2af

cos(k, a) = sinh(Bb) sin(a(a — b) ) + cosh(fb)cos(afa — b) ) (Appendix.B.1)

here a is the width of the G,A; layer, b is the width of the ALG, 1_As layer,
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. 2
B= {2};’; (v —E(k,))] and V is the potential difference between AlLG, (1 _ A, layer

and G,A¢ layer, then the subroutine is a correct one. The normalization factor is com-
bined with the energy shift equation. We can not get the correct energy shift without a

correct normalization factor.

C ) To test the subroutines which are to obtain the Fermi-level and the electron

carrier density distribution function p,(z), we require the distribution function to obey

pz)dz=NL (Appendix.B.2)

"’IEL o[

here N is the average of the doping concentration.
D ) Refering to the subroutines related to the polarization function
°(q,, q,, my, m2), if we set the eigenenergy E(n, &,, k ,) equal to eigenenergy for the
2
electron in the homogeneous medium 2?1‘_ k% +((n = 1) K + k,)?] and let mq = m,
m

WK +ky = mK + ky +my + g, and <m, k le' "9 g g > =1, the result should

be equal to the random phase approximation polarization function.

k .
M°(q) = mL(qQKI) (Appendix.B.3)
2
L{g) = % —% 1 ) 1 . (Appendix.B.4)

here q=(q, + miK) z +q,
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