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INTRODUCTION

A characterization of ideals of operators on sepa-
rable Hilbert space was first given by J. W. Calkin (1.
Subsequently, R. Schatten introduced the notion of a norm-
ideal of operators on Hilbert space [li], and succeeded in
,characterizing the precise class of minimal norm idealsv
(cross-spaces). The methods of both authors cannot be
carried over to arbitrary Bahach spaces; since they make
use of the inner product; and the polar decomposition of

an operator,

Thus, other methods must be found to discuss ideals of
opérators on arbitrary Banach spaces. There, certain'wellg
known ideals may always be defined: The ideal of operators
of finite rank, the ideal of completely continuous operators,
and, of course; the trivial ideal of all bounded operators.
Each of these may be described as the precise class of
operators whigh map the unit ball of the space in question
into a mémber of a prescribed saturated (saturd, gesattigt)
class of bounded Sets; the class of bounded finite-dimensio-
nal sets, the class of pre-compact sets; and the class of
all bounded sets respectively. Also; each of these ideals
may be viewed as a left exact functor of two variables from
the category of Banach spaces into the category of complex
linear spaces, contravariant in the first; and.covariant in

the second variable. These properties may be used to define



the concept of a universal idealjli; a procedure (functor)
which, to every given pair of-Banach spacés; E and F,
associates a defihite ideal ZL(E;F) of operators from E

into F; called a realization of U . A universal ideal U .
of completely continuous operators isvcompletely deter-
mined (characterized) by its realization ?&(14;1”). These
realizations are precisely the ideals each of which consists
of all those operators which map the unit ball of 1 into a

prescribed saturated class of pre-~compact séts in 1,

It is gratifying to observe that every two-sided ideal
of completély continuous operators on a Hilbert space is a
realization of a universal ideal. In particular; this means
the following: There is a construction 212 which associates
with any pair of Banach spaces a well-defined ideal of
operators, and whose realization for a Hilbert space H |
furnishes 2(2(){;}{), the Hilbert-Schmidt class of operators.
Similarly, for some universal ideal 2¢1; its realization |
2(1()(,){) represents the trace class., A similar remark
applies to every two-sided ideal of completely‘continuous»

operators on a Hilbert space.



NOTATION AND TERMINOLOGY

We shall assume a familiarity with the basic theory
'of bounded operators on Banach spaces. In this connection;
chapters II, IV and V of [3] will serve as a reference.
The elementary properties of locally convex linear spaces
may be found in [5) and [6]. For the theory of ideals of
completely continuous operators on a Hilbert space the.

reader is referred to [11] .

This péper will deal exclusively with Banach spaces
over the field € of complex numbers..The space of continu-
ous linear functionals on a Banach space E will be denoted
by E*, and will be assumed to have the strong (bound) to-
pology, unlesé otherwise indicated. If A is a bounded oper-
atdr; we denote the adjoint of A by Ax*, The space of
bounded linear operators from E to F will be denoted by
JB(E;F); and will always be assumed to have the uniform

topology. We shall write B(E) instead of JB(E,E).

A linear operator A from E to F is said to be compact
or completely continuoué if it maps the closed unit ball
By of E into a set whose closure A{B;y] is compact in the
norm topology of F. If A(By] is compact in the weak to-
pology of F, then A is sdid to be weakly compact. We shall
denote the classes of compact and weakly compact operators
from E to F by C(EgFW and ZUYE,F) respectively. The class
of operators of finite rank from E to F is denoted by R(EF)



A set M in a Banach space E is called absolutely
convex if x,yeM, a;be C; and Jal+|bl 41 implies phat
ax+ byeM. A set is absolutely convex if and only if it
is convex and circled. The absolutely convex hull of a
set M will be denoted by P(M); and we define
C(Mg) = MM,Mp, .0, M )= T (UN,). |

is|

The symbol @F will represent the direct sum of E
with itself taken n times. The topology of BE is given
by the norm W(xy,Xp,«ee.s,x )N = Zlixsll.

We shall make frequent use of the natural embedding
Jg of E in B+, It is defined by Jy(x)(f)= £(x) for all
f e E*, We note that Jp is an 'isometry; and that JE*JE* is
the identity operator on E*. It should be emphasized that
JE** does not coincide with Jg,, unless E is reflexive.

( See [2]).

The topological tensor product of two Banach spaces
E and F will be denoted by EQF. It is the completion of
the algebraic tensor product EOF of E and F with reépect
to the greatest cross-norm y defined in [10, p.36] . We
note that E@F coincides with the completed projective
tensor product E@F, and the completed inductive tensor

product E®F, defined for locally convex linear spaces in[4]

With [10], we may view an element g.fi® y4 of EXOF
as an operator of finite rank from E into F by setting

w
(g £i®y;)(x) = LZ‘. fj(x)yy for all xe E. Conversely, every



opérétor of finite rank fro'm E to F may be represented

in this way.

For O<p<oo we shall denote by lﬁ the space of
complex-valued functions ¢ .on the set K for which the
family {l?(k)\p}sz is‘summable. The Spacgrof bounded
comp1e¥-valued funcgions on K will be denoted by f;. With
the customary normé, the épaces lﬁ are Banach spaces for
l<pgso, If K is the set of natural numbefs; the spaces

lg are just the sequence spaces 1P,

Prop. III.6 will refer to Proposition 6 in Section IIIL
Throughout Section IIT, however, this proposition is simply

referred to as Prop. 6.



I. IDEALS AND STﬁONG IDEALS OF OPERATORS

This seftion will be devoted to defiming the notion
of an ideal'of operators from one Banach space into :
another, and to a discussion of some not commonly known
properties of spaces of the form B(E, F%). In particular,
we define the concept of a strong ideal, which plays an
important role in our Subsequlat work. Unless otherWise
expressl& stated; the Banach spaces under consideration

will be assumed to'be perfectly general.

DEFINITION 1: If E and F are Banach spaces, a linear sub-

space J of B (E,F) is called a left (right) ideal if
Aed , se B(F) (Te B(E)) implies SA€J (ATeT ). If J
is both a left and a right ideal, it is called a two-

sided ideal, or simply an ideal.1

It should be noted’ that each of the spaces JB(E F),
ZJ(E F), E&(E,F), and R(E,F) is a two-sided ideal in
-3(E,F). A simple example of a left ideal is provided by
the set of operators in ~3(E.F) whlch annihilate a fixed
closed subspace G of E. The set of operators in JB(E F)
which map E into a fixed subspace H of F is a right ideal
" in B(E,F).

NOTATION: If ¥ is an arbitrary subset of B(E,F), we shall

The use of the term ideal in this context is not new. See
for example {10, p.61] and [12, p.673].



denote by xL (resp. XR, xB) the left (resp. right,
‘two-sided) ideal in B (E,F) generated by X . For example,
XL consists of all finite sums of the form %SiAi withi |
s;€3(F), A;€X for i=vl,2.,...,n.

If E and F are reflexive spaCes; the mapping A —> A%
is an isometric isomorphism from B(E,F) onto JB(F*,Ex),
Since; in addition, (SAT)* = T*A%S* for S€-8(F); T€-8(E);
Ae ﬁ(E;F), this mapping establishes a one-to-one corre-
spondence between the left (right) ideals in ~3(E,F), and
the right (left) ideals in B (F¥,E%). Such symmetry is
absent if E and F are non-reflexive. We shall now‘show how
a modified adjoint operation may be ﬁsed to establish a
similar symmetry for spaces of the form uB'(E,F*); where E

and F are non-reflexive.

It is shown in [10, pak7] that B(E,F*) is isometric-
ally isomorphic to the srace (E®F)*. By symmetry; the
latter space is also isometrically isomorphic to VQ(F;E’F‘).
This implies that there exists a norm-preserving iso-
morphism from \8(E,F*) onto ‘B(F,E*). We shall denote this
isomorphism by ', and we shall use the same notation for
the corresponding isomorphism from »3(F,E*) onto ~3(E,F*).
For T€~3(E,F*), T' is the unique operator in &B(F;E*) with
the property that Tx(y)= T'y(x) for all x€E, ye¢ F.l This

may also be expressed by saying that, if Jp:F —> F%% is the

T' is the dual of T with respect to the dual pairs <{E,Ex>
and <F*,F> in the sense of [5, p.199].



natural embedding, then T'= T*JF. It then follows at once
that (T')'= (T#Jp)' = Jp*T*kJp = T, since T¥* is an ex-
tension of T [3, p.479].

If G is a third Banach space; we can use the iso-
morphism ' to define a multiplication of operators
A€ B(E,F*) by operators T* with Te€ B(E*,G*) as follows:
AoTH = (TA')1. |
Clearly, AoT*€¢ B(G,F*), and we show in the following lemma
that ¢ extends the customary multiplication of operators

to pairs of operators for which composition is undefined.

LEMMA 2: With A,B€ 8(E,F*), R,Se€ B(E*,Gx), Te B(G*,H*),
a,be €, and o defined as above, we have

1) (aA+ bB)oR* = a(AoR%)+ b(BeR*)

2) Ao(aR*+ bS*) = a(AeR¥*)~+ b(AeS*)

3) (AoR*)oT% = Ao(R*T*)

4) lAeRrxl¢ HANNRM

5) 1f Ue B(G,E), then AeUk* = AU, whera the multi-

plication on the right is composition of operatas.

PROOF: 1) and 2) are obvious.
3): (AoR*)oTx= (T(AeR*)')' = (TRA')' = Ao(TR)* = Ao(R¥TX),
4): Since ' is an isometry, we have
NAeRrxl| = IRA'Hl = |[RINA+N =1} aAUNRN,
5): For UeB(G,E),
AoUick = (UXAT)! = (URARJp) ' = Jp*A%sUsnd g

JF*(AU)**J_G= AU, since
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(AU)** is an extension of AU to G,

RIMARK: We observe that, in general; for S eB(F%,HX),
Te B(E*,G*), A€B(E,F*), we have (SA)eT* # S(AeT*), To
construct an example of this; let E be a non-reflexive
Banach space, and A the identity operator‘on Ex, It is
shown in [2] that Ex%k = Jp,(Ex)@ E , where
= {fe Bk £(Jpx)= 0 for all xcE}. Let fe¢ B, £ 40,
ge E*, g # 0, and choose z &€ E¥* so that z(f) =1, If
T=g®z e¢B(BE*), then T*(;I'E*f) = (z®g)(f)=2z(f)g=g. Since
g # 0, there is a w € B** guch that g(w) q! 0. Let he E*; :
h # O; and take S= w®hcB8(E*). Then a simple computation
shows that S*¥(g)= g(w)JE*h. Thus,
((SA)eT*)(£)= (T(SA)')"(f) = (TA*S*Jg) ' (£)

= Jp¥SHHAIR TR by (£)

= JE*S**A**(g)

=JE*S*>:<(g) |

=J;*(g(w)dg,h) = glw)h £ 0.
On the other hand, _
S(AeT*)(f)= S(TA' ) (f)= S(TA*JE)'(f)=-S(JE*A**T*JE*)(f)

=SJp*(g) =0, since geEL,

This kind of pathology cannot occur if A is a weakly

compact operator:

PROPOSITION 3: If Ae¢B8(E,F*) is weakly compact, then
S(AoT*)= (SA)eT* for all Se B(Fx,H*), TeB(Ex, G*),

PROOF: We note that A€ B(E,F*) is weakly compact if and



only if A (E¥*) C Jg, (FX) (3, p.482]. Now,
S(AoT#) = S(TA')'= S(TA*Jp)" = SIp¥A**THJg, while
(SA)eT#= (T(SA)1)t= (TAXS*Jy)'t= Jy¥StkAksTHJg

*ay *
The last equality holds because A%*¥(Ex*) C Jp,(F*), and
on JF*(F*), JF*JF* is just the identity transformation.
Thus the result follows at once from the fact that S%*

is an extension of S, so that J *S¥kJp.= S,

H

REMARK: If F is a reflexive space, then every operator

A€ B(E,F*) is weakly compact, so that in this case we. .

10

always have S(AeT*) = (SA)eT*, In this situation, and when-

ever A is known to be weakly compact, we shall omit the

parentheses, and simply write SAoT*,

The preceding discussion suggests that one consider
subspaces of ~3(E,F#) which are not only right ideals in
B(E,F*), but are closed under the extended right multi-
plication by operators T* with TeB(E*):

DEFINITION 4: A linear subspace J of J(E,F*) will be

called a strong right ideal if A€ J, TeB(E%) implies
AoTxe J , A strong ideal in JB(E,F*) is a subspace of
JB(E;F*) which is both a strong right ideal and a left
ideal in B(E,Fx*).

We note that each of the spaces -B(E,Fx), W(E,Fx),



11
& (&,F*), and K(E,F*) is a strong ideal in B(E,F*).1
Also, it is clear that if [ is a reflexive space, then
every right ideal in Q(E;F’f) is a strong right ideal. The
following example shows that this is not the case if & is
non-féflexive: Let J be the right ideal in ~3(E;E*’ﬁ)
generated by Jp, and choose xé€ E, yemwk, y é JE.(E), with
X,y # O. Then there exists f € E* such that f(x)=1. Define
TeB(E*) by T= y®F. Then THJ,(x)= £@y(x) = £(x)y=y. Now,
Jgo T = (TJg*Jgs)ts T'= T#Jp. But this means that
JpoT*(x) & Jg(E), while AeJ implies A(x)e J5(E). Hence,

J is not a strong right ideal.

The isomorphism ' now provides a one-to-one corre-
spondence between the left ideals in B (E,F*) and tﬁe
strong right ideals in J(F,E*): The equality (AeT*)!= TA!
shows that a subspace J of B(F,E%) is a strong right
ideal in B(F,E%) if and only if J' is a left ideal in
B(E,F*), where J'={A'eB(E,F¥): A€ T},

NOTATION: If X is an arbitrary subset of B(E,Fx), we
shall denote by XR (resp. XB) the strong right ideal
(resp. strong ideal) in B(E,F*) generated by X .

REMARKS: 1) XE consists of all finite sums of the form
I )
ZA3°5;%, with A;€ X, Sie~3(E*), i=1,2,...,n. In general,

xB cannot be described in such a simple way, in view of

In the case of W(E,F*) (resp. €(%W,F*)) the proof of
this statement requires the use of Gantmacher's (resp.
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the remark following Lemma 2. However; Prop. 3 shows that
if ¥ consists of weakly compact operators, then
(BEL)Fi = (JE-R)L = XE; and the latter then consists of
all finite sums of the form lZ:'T TiAi° S4% with Tj€ B(F*),
AjeX , siea(E*); i= l,2,,n

2) From the properties of the isomorphism ' it

is clear that (I')L = (xﬁ)'.

of partiénlar interest in our later discussion will
be the case where E=F. In this case ' is an i'somorphism
of B(E,E*) onto itself, and we shall frequently consider
subsets of B(E,E*) which are invariant under this iso-

morphism.

DEFINITION 5: A subset X' of B(E,E%) will be said to be

symmetric if %'= X , A symmetric set which is also a
two-sided ideal in B(E,E*) will be called a symmetric

ideal.

PROPOSITION 6: If X is a symmetric set in B(E,E*), then

xB is a symmetric ideal in B(E,E%).

PRCOF: This is immediate from the above remarks if X con-
sists of weakly compact operators. If not, we observe that
xB will, in any case, consist .0f.'all finite sums of

finite products of the following four tvpes: - -

Schauder's) Theorem that an operator A is weakly compact
(resp. compact) if and only if A* is weakly compact (resp.
compact). See, for instance, [3, p.485].
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To(Tpap(eeveea (T (A0S %) )08%)  0u.ss)oSp¥)
(Tpog(eeeees (T (A0S %) )08 %) uusss)oS ¥
T (Tpog(eone e (To((T3A)081%))o8,%) e uuu )08, _1%)
(Tn(Tpap(eeeeo(To((T1A)08 %) )oS %) uuun)oS (%) )oS *, where
in each case A€ X, and S;,T;eB(E*), i=1,2,....n. By
induction on the number of factors in such produéts; one
sees easily that the set consisting of all such finite
products is symmetric, and it follows that the set of all

finite sums of such products is svmmetric.

Finally, let us observe that each of the spaces

B (®,E%), W(E,8x), &(E,E*), and X (E,E*) is symmetric.
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II. FULL IDEALS ,

By analogy with the ideals »3(E,F); w(E,F); C(E;F);
and R(E,F); we now define the class of full (right)
ideals, and we derive some of its elementary properties. We
then consider full ideals in spaces of the form ~3(E;F*).
There, the full ideals of weakly compact operators turn
out to be strong right ideals; and we obtain-a character-
ization of these in terms of the left ideals in »8(F;E*)

to which they correspond under the isomorphism '.

An examination of the four ideals mentioned above
~shows that each of these may be described as the set of
all operators in B (E,F) which map the unit.ball of E into
a prescribed class of bounded sets in F. The corresponding
classes of bounded sets share a number of properties; some

of which are enumerated in the following definition:

DEFINITION 1: A class ™ of bounded sets in a Banach space
1 .

E is said to be saturated ~if it satisfies the following
conditions: a) Mem , N¢M implies NeMm,
b) Me”, a¢ € implies aMe"M,

c) M,Ne ™ implies P (M,N)e™M .

One can readily verify that the class of all bounded

sets, the class of subsets of weakly compact absolutely

The term saturated class is normally used with respect
to a dual pair of linear spaces [6, p.257]. In this sense,
our definition refers to the pair <E*,E>,



15
convex sets, the class of pre-compact sets, and the class
of all bounded finite-dimensional_sets in E are saturated

classes.

PROPOSITION 2: If ™M is a saturated class of bounded sets

in F, and B; the closed unit ball in E, then the set
OU(E,F;7) = { A€ B(E,F): A(B1)em} is a right ideal in
B(E,F).

PROOF: It is clear that OX(E,F;72) is closed under multi-
plication by scalars. Also, if A;Be OZ(E;F;”L); then
A(Bl),B(Bl)e‘m; so that (A+B)(By)= 2(24+ 2B)(By)€” by
conditions (a) and (c¢) of Def. 1. Thus A+ Be Ol(E;F;m).
Finally; if Ae OK(E,F;T)z); TeB(E), then ATe Ol(E;F;M);
since AT(By)= A(T(By)) =NTNA(gzyT(By)) € NTHA(By).

Each of the ideals JB(E,F), ZJ(E;F), &€ (E,F), and
R(E,F) is of the form OUE,F;”t), where ™ is the class
of all bounded sets, the class of subsets of weakly
compact absolutely convex sets; the class of pre-compact
sets, and the class of bounded finite-dimensional sets in
F respectively. If M is the class of all bounded sets in
a fixed closed subspace H of F, then OU(E,F;”) is the
right ideal of all operators in 48(E,F) which map E into H.

REMARK: If M, is a class of bounded sets in a Banach space
E, the intersection M of all saturated classes of bounded

sets in E containing M, is called the saturated class
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generated by M. In most cases which will interest us,
the class M, already satisfies condition (b) of Def. 1,

and M has then a particularly simple form:

LEMMA 3: If M, is a class of bounded sets in E satisfying
condition (b) of Def. 1, then the saturated class M gene-

rated by 71{0 consists precisely of all subsets of sets of

the form P(Ml,Mz,oooo,Mn) With Miemo fOI‘ i=1,2,c.o’nn

PROOF: The class specified in the lemma clearly contains
M, and is contained in M . Hence, it suffices to show
that it is a saturated class. It certainly satisfies

conditions (a) and (b) of Def. 1. To show that it satis-

fieS (C), 1et MC.F'(Ml’Mz,o.o’Mn)’ NC_‘-—‘TNl’Nz’...’Nk).

Then MuNc T ({My,...,Mpy,N7,...,Ny), and since T (M,N)

is the smallest closed, absolutely convex set in E con-

taining MUN, this implies T (M,N) ¢ T My, ..M, N LN T,

and this completes the proof.

NOTATION: if X is any set of operators in B(E,F), we
shall denote by My the saturated class of bounded sets

in F generated by the class {A(B;): Ae X}, where B, is

1
again the closed unit ball in E.

DEFINITION 4: We shall say that a right ideal J in eBY(E,F)
is a full ideal if J = OU(E,F; My).

The following lemma shows that each of the examples

given above is a full ideal:
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LEMMA 5: If M is a saturated class of'boundec_l sets in
F, then OUE,F;m) is a full ideal in JB(E,F).

PROOF: Let OU(E,F;”t)=1J . Then, clearly M3 < "M | g0
that OU(E,F;5) < J . On the other hand, if A €7 , then
A(By)€ M , so that A€ R(E,F; My), i.e. J C OU(E,F;71y),

and this completes the proof.

It will be showrn in the next section that not every
right ideal of operators is a full ideal. In particular;
if X is any set of operators in B(E,F), then xR is not;
in general, a full ideal. We shall call the smallest full
ideal containing X the full ideal generated by X . It
must clearly coincide with the ideal Ol(E;F;mx ). The
following proposition shows that OU(E,F; M1x) may also be

viewed as the intersection of all full ideals containing ¥ :

PROPOSITION 6: If §J.}ic1 is a family of full ideals in
B (E,F), then 7= QI'Ji is a full ideal in B(E,F).

PROOF: Let My = mgi, and M = QImi- We show that

J = OL(E,F;M), and this will complete the proof, in view
of Lemma 5. If A€J , then A(By)e¢ M4 for each i, so that
A(By)e M . Hence J < OUE,F;”L). On the other hand, if
Ae OI(E;F;’M), then A(Bl)e'mi for each i; so that A€ J i
for each i, and A€ J . Thus; OL(E,F;m)c J and we have

equality as claimed.

Proposition 6 also allows us to show that full ideals
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can arise in yet another manner. We shall need the

following lemma:

LEMMA 7: If M and N are bounded sets in E, and T € B(E,F),
then T(T"(M,N)) € T (T(M),T(N)).

PROOF Let Xl,xz’ono,x € MUN al,az,....,ané C Wlth
;_Ia | ¢ 1. Then T(Zaix ) = Z.a 1T(xg)e T (T(M),T(N)).
Thas, T(M (M,N)) ¢ T (T(M),T(N)), and since T is contin-

uous, this implies the desired result.

PROPOSITION 8: If J is a full ideal in B (E,G), and X

an arbitrary set of operators in B (F,G), then the set
(T ,*¥) = {AE-B(E,F): SAeJ for all Séx} is a full
ideal in B(E,F).

PROOF: In view of Prop. 6, it suffices to consider the

case where X ={S}, for it is clear that; in general,

o(J ,X) = S:;OI(U , 15}). Now, let M be the class of -~
all bounded sets M in F such that S(M) € My . It follows
from Lemma 7 that ” is a saturated class. Also; we have

Ae Ol(J ,45}) if and only if A(By)€ M . Hence
ot(T,45})= OU(E,F;m), so that O¥(T ,{S}) is a full
ideal by Lemma 5.

If J=40}, then AA(J ,X ) ={AcB(E,F): SA= O for all
Se X} is just the space of all operators A € B(E,F) which
map E into the closed subspace s?x S"'l(O) of F. Ideals of
this type are discussed by Yood in [12].
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We next turn our atténtion again to spaces of the
form B(E,F*). Here the isomorphism ! can be used to
facilitate the discussion of full ideals. We shall need

some further notation:

If ¥ is a subset of ~23(E;F); we shall denote by Jx
the weakest locally convex topology on E such that all the
operators in X are’ continuous from E with the topology
:’;e to F with the norm topology. The topology 3} is
generated by the set of seminorms {pS: S € Ij, where
ps(x) = Isx|l for all x<¢E. In other words, for x e¢E, the
sets N(x;Sl,Sz,...,Sk,3)={yeE: psi(x-y)< Q, i= l,...,k}
form a fundamental system of neighborhoods of x for the
topology \335 . If T is any locally com’reia.c topology on E,
"we shall denote by OUE,F;7 ) the set of operators A€~B(EE
such that A is continuous from E with the topology J to F
with the norm topology. One sees at once that OUE,F; 7 )
is a left ideal in B(E,F). We note that for XCB(E;F),
we always have X COUE,F; Jx ). We shall see later that
the opposite inclusion may fail to hold even if X is a

left ideal in B(E,F).

PROPOSITION 9: If J is a left ideal in B(E,F*) such that
J= OYE,Fx; T3 ), then J' is a full ideal in B(F,E%).

PROOF: We first note that if M is any bounded set in E¥,
and x¢ E, then sup{|f(x)|: fe M} = sup{lf(x)\ : fcr'(NI)}:
Let fe["(M). Then there exist £13f5,000,f €M, and
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8158p;000,3ay6€ C, v:ith %lail & lu, such that f=i'_'aifi.
But then |f(x)|=|§'- aifi(x)l Z;lai\ lfi(x)\ ) m:?‘).c"\fi(x)l .
Hence, sup {\f(x)\ : fe \"'(M)ﬁ & sup{lf(x)l : feM}, and
since x is a continuous linear functional on E*, this
implies sup{lf(x)\: fe r‘!ﬁ' 5} ¢ sup{lf(x)l: fe M}, and the

opposite inequality is obvious.

in

Now let A€ OUF,E%*; M «,). Then, by Lemma 3, there

exist Aj,Ap,...,A € J such that A(Bl)c 'S:(Ai'(Blj),
where Bl is the unit ball of F. Then, for x e E, we have
AW = sup{lA'x(y)\ P ve Bl} = sup{lAy(x)l Ve Bl}
= supf If(x)|: fe A(Bl)}
¢ sup {I£(x)l : £ PFTAT(B;77}
= sup{|f(x)}: fe tL:Jl(.l\i' (B,) )}
= max sup{ \f(x)\ : feAi'(Bl)}
= max sup{lAi'y(xH T Ve Bl}
= max sup {\A;x(y)l: yeB}
= max A xll = max py, (x).
This inequality implies that A' is continuous from E with
the topology Tg to F with the norm topology. Thus;
A'¢ J= OUE,F*; U3 ), so that A=A''¢ ', and this

completes the proof.

The converse of Proposition 9 does not always hold,
as may be seen by considering the full ideal J in
3(E,E**) generated by the natural embedding JE:E —P X
where E is a non-reflexive space. The remarks following

Def. I.4 show that J is not a strong right ideal, so that
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7' is not a left ideal, and hence ' # OUE¥*,E*; :TJ,).
The converse of Proposition 9 does hold, however, for

ideals of weakly compact operators:

PROPOSITION 10: If J is a full ideal of weakly compact
operators in B (E,F*), then J'= OUF,Ex; 3—3 1)

PROOF: Let A € OUF,E*; 5777 +). Then there exist operators
Ay, A5, e000,A) €J such that NAxll ¢ {naxllAi'xﬂ for all xeF,.
Litn

By the proof of Prop. 9, this inequality is equivalent to
sup{lf(x)\ : fe A'(Bl)} £ sup{lf(x)\ : fe E‘IKiIElH}. Now
let us assume that A'(B;) & FTA;(B7)7. We note that
l=|"‘|(Ai(Bl))C‘. ‘[:( (BT )c \F:,(Ai(Bl) ), and that the abso-
lutely convex hull of a finite family of absolutely convex
compact sets in a locally convex space is compact [6-,p.2hlp].
This implies that EIKiIBJ_H = f:( A;(By7 ), and that this
is a weakly compact set, since KilBli is weakly compact by
assumption. Hence, (:*'__"(Ail'ﬁlﬂ is also w*-compact (since
the w* topology on F* is weaker than the weak topology),
and hence w¥-closed. Let x ¢ By such that A'x ¢ \F"!Kilﬁlﬂ.
Then, by the Separation Theorem [3, p.417], .there exists
y € F, and a real number c¢, such that
sup{Re f(y): fe E (“Kilﬁli )}éc< Re A'x(y)

csup{I£(y)l: fe ()],
But, since E'(Ki(ElH is a circled set, we have
sup { Re £(y): fe FIALIBLIT} = sup {I€(y)) : £FUALTETT},

and this clearly contradicts our original inequality. Thus,
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we must have A'(B{)C LF (A;(By])), which means that A'e J ,
=\ .

since J is a full ideal. Hence, A= A''¢ J', which

proves that J'= OU(F,E*; -Tg ') e

COROLLARY 1l: Every full ideal of weakly compact operators

in 3(E,F*) is a strong right ideal.

If E and F are reflexive spaces, Propositicns 9 and

10 take the following form:

COROLLARY 12: If E and F are reflexive spaces, a right

ideal J in B(E,F) is a full ideal if and only if
T% = OUF*,Bx; Toqy).

As an application, we record the following occasion-

ally useful criterion for complete continuity:

- COROLLARY 13: Let E and F be reflexive Banach spaces, and

A€ B(E,F). If there exists a finite set A1»A2:-'°:An of
completely continuous operators in B(E,F) such that
NAxll ¢ .",‘?Bf\“Aix“ for all.xe¢ E, then A is completely con-"

tinuous.

PROOF: The assertion of the corollary is clearly equi-
valent to the statement that if € is the ideal of
completely continuous operators in ﬁ(E,.F); then

€ = OUE,F; Tp ). But, by Schauder's Theorem [3, p.h85];
e* is just the ideal of completely continuous operators
in -B(F*,E*), and thus a full ideal. Hence, our result

follows from Corollary 12,
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III. SOME SPECIAL CASES AND A COUNTEREXAMPLE

In the precedipg section wé saw that every full ideal
of weakly compact operators in B(E,F*) is a strong right
ideal. An example at the end of this section will show
that; in general; the converse of this assertion is false.
However; we will see that, if E satisfies cerain special
conditions, then every strong right ideal in ~3(E,F*) is
a full ideal. In particular; this is the case if E=1),
and this fact will permit us to obtain anothef character-
ization of the class of full ideals of weakly compact

operators in MB(E,F*) for arbitrary E and F.

Proposition I1.9 enables us to use a construction due

to E. Michael [7] to obtain the following result:

PROPOSITION 1: Let E be a Banach space with the property
that, for every natural numbef n; every bounded operator
from a closed subspace G of & FE* to E* has a continuous
extension to all of ®E* with range in E*, Then every
strong right ideal in -B(E,F*) is a full ideal (F an

arbitrary Banach space).

Proof: By Prop. II1.9, it suffices to show that if J is a
left ideal in B(F,E*), then J = OUF,E%; Jy ). We now use
Michael's argument: Let A€ OUL(F,E*; Jy ). Then there exist
Al,Az,...,Ane’J ‘such that Naxl ¢ maxlA; x|\ for all xe F.

For each i, i=1,2,...,n, let I; be the natural embedding
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of E* in the i-th factor of @E*, and let J:F —> & Ex

be defined by J=§.I1Ai. Next; for xeF, let S(Jx)= Ax.

We claim that S is a well-defihed bounded linear operator
from J(F) into E%*., To show that S is well-defined; we

note thaf 1—£‘ Jx e Jy; then J(x-y)=0, so that Aj(x-y)=0,

is= l,2,..,n; and hence A(x-y)= 0. Thus Ax= Ay; so that
S(Jx)=S(Jy). One sees easily that S is linear, and that it
is bounded follows from the inequality

WS (Ix)N = Naxll < ‘rﬁtﬁ‘llAix\\ £ é!lAix“ =|lJxW. Thus S has a
continuous linear extension S to J(F) with range iq Ex*,

and by hypothesis T has a continuous linear extension 5 to
all of & E* with range in E*. But then, A=5J =f4§IiAi.
Thus, since for each i, 5I;¢ B(E*), and J is a left
jdeal in B(F,E*), we have Ae¢J, and this completes the

proof.

COROLLARY 2: If X is a Hilbert space, and F an arbitrary

Banach space, then every right ideal in B( H,Fx) is a
full ideal.

PRCOF: Since é)-(* is topologically isomorphic to a
Hilbert space, it is clear that M satisfies the condition
of Prop. 1. Hence, it suffices to recall that every right

ideal in B(X,F*) is a strong right ideal.

COROLLARY 3: If F is an arbitrary Banach space, then
every strong right ideal in 3(1;(,F*) is a full ideal.
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PROOF: It is shown in [9] that every bounded operator
from a closed subspace G of a Banach space & into l? has
a continuous linear extension to all of E with range in l;.
Thus, since (l‘K)‘*= l;, it is clear that l’;{ satisfies the

condition of Prop. 1.

This corollary leads to a particularly simple proof
of the following known result (see, for instance [4, p.168
Corollaire, and p.l85 Prop. 41]):

COROLLARY L: If F is an arbitrary Banach space, then every
completely continuous operator in ﬁ(lk,F*) is the limit,

in the norm of 3(1;'(,F*), of operators of finite rank.

PROOF: Let € be the closure in B(1g,F*) of K (1y,F*). It
follows from Lemma I.2(4) that CO is a strong right ideal,
and hence a full ideal in B(1%,F*). We show that M p i
precisely the class of pre-compact sets in F*, and this
will clearly imply that Co = t(l‘;'(,F*) as claimed. Since
&, c t(l‘f{,F*), we know that every set in 'VVZCO is pre-
compact. On the other.hand, let M be a pre-compact set in
F*. Then M is contained in the closed, absolutely convex
hull of a sequence [xn} of elements of F*, with x,— 0O as
n-—> e [6, p.250]. Thus, M = {ziaixi : 2 \ai\ € 1} [5, p.250].
Now let kj,kp,.... be a sequence of elements of K, and
define ¢y Yy by @) .(h)= 1 if h=k;, and Pyy(h)= 0 if
h # ki' Then the operators of finite rank gﬂ{ia X; converge

. & 1
in norm to the operator T= 2 Pri® x5 € B(1g,F*), and we
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see that T(Bp) = i;:_‘aixi 1 Zlayl ¢ l}DM. Hence M €'YV2&0,

and this completes the proof.

Corollary 3 also leads to a new characterization of

the full ideals of weakly compact operators:

We recall that every Banach space E may be viewed
as a quotient space of fK for some appropriate set K. In
particular, there exists an operator P:l;( —> E which maps
the unit ball of l;{ onto that of E [6, p.283]; so that
P#:Bk —> 1y is an isometry. If Py:1p— E and Pyl ~—>F
are two such operators (K may be chosen so that both E and
F are quotiént spaces of 1?{), then the map
A: B(E,F¥) —> B(1y,15) defined by A(A)= PP, is an
isometric embeddine of B(E,F*) in \3(141{,1?{). Similarly,
3(F,E*) may be embedded in dg(l?{,l;) by means of the map
A' defined by A'(A)= Pl*APZ‘ It should be noted that the
operators P, and P2 are in no wayv canonical. However, we
shall see that most of our considerations are independent
of their choice, and for the moment, we shall assume that
Py, Py, and thus O and A', are fixed. We note that A
and A' are related by A'(A')= ( A(A))', for we have
1)
=(A(A))r.

A'(AV) = Py¥A'P,= Pr#ARJ P, = Po*A%P k%1% = (P,*AP

PROPOSITION 5: A set J of weakly compact operators in
B(E,F*) is a full ideal in B(E,F*) if and only if
A(T) = A(B(E,Fx))N(A(T )R,
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PROOF: a) Assume J is a full ideal. The strong right ideal
(A(I )R is a full ideal in B(1},1%) by Cor. 3. Since
A(3J) consists of weakly coﬁpact operators, the full ideal
Ol(lK,lK; mA‘(U )) generated by A('J ) is a strong right
ideal in B(1%,1}) by Cor. II.1l, and this implies that it
must coincide with (A (J))R. Also, it is clear that
'WLA(-:, )= {Pz*(M): Me ng}, Now let S be an element of
A(8(E,F*))Nn(A(I))R, Then s = A(a) = Py#aP; for some
A€ Z(E,F*); and S5(B,) € ’V)ZA(:, )e Thus,
APl(B1)=(Pz*)-l(S(Bl))€’”23. But, since P; maps the unit
ball of 1% onto that of E, this implies that A(By) € My,
where Bj is now the unit ball of E. Thus A€J , since J
is a full ideal, and this implies that |
A(B(E,Fx))N(D (T ))-ﬁ C AT ); and the opposite in-
clusion holds in any case.

b) Assume that J satisfies the equalitv of the
Proposition, and let A € UUE,F*; Mq). As in (a), we have
Ma(y) = {Pz*(M): M e mg}, and this implies that A(A)
maps the unit ball of f% into an element éf 7nzs(j ) Thus,
A(A) e -?l(l"K,l?; mA(D )). The latter is contained in
(A(T ))R, since (A (3J ))R is a full ideal by Cor. 3. Hence
A(A)e (A (T ))R, ad this implies; by assumption that
A(A)e O(T ); so that A€ J , and J is a full ideal.

The second part of the foregoing proof did not require
the assumption that J consisted of weakly compact operators

so that we immediately have the following corollary:
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COROLLARY 6: If ¥ is a strong right ideal in B(1k,1%),
then A-1(< ) is a full ideal in B(E,Fx),

PROOF: A(B(E,F¥))N (A(A-L(X )R € A(B(E,F*))N ¥
| | = A(A-1(X)), and
since the opposite inclusion holds in any case, the

corollary follows from Prop. 5.

COROLLARY 7: If X is any set of weakly compact operators
in JB(E,F*), then OL(E,F*; Myx) = A A(X)R).

PROOF: If J is any full ideal of weakly compact operators
in B3(E,F*) containing X , then J=A~YA(J)E) by
Prop. 5, and clearly A~ (A(Y)R)2 A-1(A(x)R), Since

the last is a full ideal by Cor. 6, this completes the proaf.

Finally, it is easy to see that Proposition 5 may

also be expressed as follows:

COROLLARY 8: A set J of weakly compact operators in

B(E,F*) is a full ideal in B(E,F%) if and only if
At(J1) = AT (B(F,Ex))N (AT (T1))L,

We have seen in Cor. 2 that every right ideal of
operators on a Hilbert space is a full ideal. We now
show that this is not the case for arbitrary reflexive
spaces. Since every right ideal of operators on a reflexive
space is a strong right ideal, this will show that, in

general, not everv strong right ideal in B(E,F*) is a
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full ideal. We shall need the following lemma:

LEMMA 9: Let F be a closed subspace of lp, 1€ p<c o, Then
there exists an operator T:1P—> F such that T(1P) is

dense in F.

PROOF: Since 1P is separable; so is F. Thus, there is a
countable set {xl,xg,... ..} which is dense in the unit
ball of F. For i=1 2,....; define @ ;€ 1q, %»,%-1 by
®s5(5) = §... Then T = Z 19 ;® x; defines a bounded linear

iJ
operator from 1P into F, and T(1P) is dense in F.

PROPOSITION 10: There exists a reflexive Banach space E,

and .a right ideal J in B(E) such that J is not a full

ideal.

PROOF: Let p % 2, 1<p<©o , Then thére is a closed sub-
space F of 1P such that the identity operator IF on F

has no continuous linear extension to all of -1P with range
in F. (Murray has shown that there exists a closed sub-
space F of 1P such that there is no continuoﬁs projection

of 1P onto F [8l. An extension of I, to all of 1P with

F
range in F would be a projection of 1P onto F.) Now let
Ex= F®1P (F® 1P is a reflexive space), and let T:1°P— F
be an operator such that T(1P) is dense in F. Next, define
an operator A:F® 1P — Fra® 1P vy (IF 0

A= 0 T), where T is

now considered as an operator from 1P into 1P, Then it is
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clear that A(F®1P) is dense in the subspace F@®F of
F@ 1P, Now let J ={A*}-ﬁ. We .claim that J * does not
coincide with Ol(E>?<;E>i<:; 73 %), which would imply that
J is not a full ideal by Cor. II.12. Note that Jx*={a}l.

F
J 0

where J:F — 1P is the inclusion map. It is obvious that

We define an operator S:F@F — F@1P vy (O I \
’

Nsli= 1, so that, if we let B= SA, we have IBx|| ¢l Axll for
all xe€ E*, Thus B € OUE*, Ex; TJ «)e If B=CA, with C € B(E%),
then SA - CA = (S - C)A = 0, so that S - C annihilates

the dense linear manifold A(F®1P) of F®F. Thus, S and C
must agree on all of F@®F, which means that C is an ex-
tension of S to all of F@1P. Now; let Py be the natural
projection of F@1P onto F, i, the natural embedding of 1P
in F@1P, and j, the natural embedding of F in the second.
factor of F® F. Then pyCind = plSj2=- IF, and _this means
that p3Cis is an extension of Ip to all of 1P with range
in F, contrary to the choice of F. Hence J* # OU(E%,E%;J,

J:::)’
and this completes the proof.
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IV. INVARIANT AND MINIMAL SATURATED CLASSES

In this section we examine some further aspects
of the relationship betweeh saturated classes and full
ideals. In particular, we consider saturated classes
which give rise to two-sided ideals; and we show thét
.the correspondence between saturated classes of pre-
compact sets in a Banach space E and the full ideals of
completely continuous operators in JB(f%,E) is a lattice
isomorphism. This will imply that; for any infinite set
K, the lattice of strong ideals of completely continuous
operators in ~3(I%,i§) is isomorphic to the lattice of

strong ideals of completely continuous operators in
4 .00
B(1,17).

Each of the ideals B(E,F), W(E,F), & (E,F), and
X (E,F) is a two-sided ideal. The saturated classes of
bounded sets in F which give rise to these ideals share

the following property:

DEFINITION 1: We shall say that a class ™ of subsets of

a Banach space E is invariant if MeM™, T ¢ B(E) implies

that T(M)e ™ ,

LEMMA 2: If M, is an invariant class of bounded sets in E,

then the saturated class ™ generated by M, is invariant.

PROOF: We note that if 7nb is invariant, then it is closed

under multiplication by scalars. Thus, the result follows
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directly from Lemmas II.3 and II.7.

PROPOSITION 3: If J is a left ideal in 8 (E,F), then

- ‘Mg is an invariant saturated class of bdunded sets in F.
On the other hand, if M is an invariant saturated class
of bounded sets in F, then OUE,F;7) is a two-sided
ideal in B(E,F). |

PROOF: It is clear that if J is a left ideal in B (E,F),
then the class {A(Bl):' Ae U} » 1s invariant. Thus the
first part of the proposition follows from Lemma 2, and

the second part is obvious.

COROLLARY 4: If 3 is a left ideal in B (E,F), then the

full ideal OU(E,F; M 3) generated by J is a two-sided
ideal in B (E,F).

It should be noted that,in order for R(E,F;7) to
be a two-sided ideal in B (E,F), it is not necessary that
M be invariant, for the correspondence between saturated
classes of bounded sets in F and full ideals in B (E,F) is, .
in general, not one~to-one. As a simple example of the
latter assertion one might consider the case where E is
a finite-dimensional space, F is ’infinite—dimensiohal; ™
is the class of all bounded sets in F, and M the class of
all bounded finite-dimensional sets in F. Then ™ and W
are clearly distinct; while OU(E,F;m ) = OU(E,F;M ) =‘v8(E,F).
We note, however, that if J is a full ideal in »3(E,F);
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then there always exists a smallest saturated class M%
of bounded sets in F such that J = OUE,F;m), namely
M = My . This snggests the following definition:

DEFINITION 5: A saturated class M of bounded sets in F
will be called E-minimal if M = 'Ma

(E,F;m)°

The following simple lemma will be useful in the

sequel:

LEVMA 6: If X is any set of operators in B(E,F), then

the saturated class Wlx of bounded sets in F is E-minimal.

PROOF: Clearly X c OUE,F; ), so that we have
My < mm(E’F;mI y+ On the other hand, A€ OUE,F; Mx)

implies A(Bj) € My , so that M C M, , and

OUE,F; My )

this proves the assertion.

COROLLARY 7: There is a one-to-one correspondence between

the full ideals in B(E,F) and the E-minimal saturated

classes of bounded sets in F.

PROOF: The one-to-one correspondence is clearly given

by J(—-——)m:] R

PROPOSITION 8: If E is an arbitrary Banach space, then

every saturated class of pre-compact sets in E is

l?{-minimal for every infinite set K.

PROOF: If M is a saturated class of pre-compact sets in
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E, then the class 'WLO of all closed, absolutely convex

sets in M generates M . Now, let Me M. Since M is
compact, there exists a countable set {xl,xz,......} which
is dense in M. Let kj,k5,..... be a sequence of elements

, . - ' o
of K, and define @Qy.€ 1y by ?ki(h)= 1 if h=Xk;, and
Piy(h)= 0 if h # ky. If we define T:1x —> E by

- ,
T= g‘fkiG X;, it is easv to see that T is a bounded
linear operator, and that TlBl)-M. This shows that
M ="My, where X = {Te 8(1?{,E'): T(By)e€ 'WZO}, so that

M is l?{-minimal by Lemma 6.

COROLLARY 9: If E is any Banach space, there exists a

one-to-one correspondence between the strong right ideals
of completely continuous operators in ‘3(1?(,}3*) and the

saturated classes of pre-compact sets in E*,

PROOF: This follows directly from Cor. III.3, Cor. 7, and
Prop. 8.

COROCLLARY 10: A saturated class ™M of pre-compact sets in

a Banach space E is invariant if and only if OU(1*,E;m)

is a two-sided ideal in B(1*,E).

In the next section; the strong ideals of completely
continuous operators in B (l?'(,l;) will play a key role.
Proposition 8 implies that, for our purposes, the study of
these ideals can be reduced to the study of strong ideals

of completely continuous operators in B(1* ,lw). To
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demonstraﬁe this, we shall use the following lemma, which,
as we shall see later, implies Schauder's Theorem, that a
bounded operator A is completely continuous if and only if

A* is completely continuous.

LEMMA 1l1: If K, K'!' are arbitrary sets, an operator A in
-3(1%)l§') is completely continuous if and only if A' is

completely continuous.

Kt
is of finite rank if and only if R' is of finite rank.

PROOF:It is easy to see that an operator R.GUB(I?,IM

Since ' is an isometry, the lemma now follows directly

from Cor. III.4L.

We remark that if E and F are any two Banach spaces,
then the strong ideals of completely continuous operators

in B(E,F*) form a complete lattice with respect to the

operations A and V defined by ch 8£) 38 , and
hﬁ, (Jﬁ.da )B respectively, and it follows from

Lemma 11 that the mapping J — J ' is an isomorphism
from the lattice of strong ideals of completely continuous
operators in B (E,F*) onto the lattice of strong ideals

of completely continuous operators in JB(F,Ex). We also
observe that the invariant saturated classes of pre-
compact sets in a Banach space E form a complete lattice
with respect to the operations A and V defined by
{}pm =N My and r\e/r'/mb' = the saturated class generated

yer

by #ﬂf”u'. Moreover, it follows from Prop. II.6 that the
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one-to-one correspondence between strong ideals of
completely continuous operators in 3(»1},E*) and invariant
gaturated classes of pre-compact sets in Ex is a lattice

isomorphism. We can now assert the following:

PROPOSITION 12: If K is an arbitrarvy infinite set, then

there exists an isomorphism from the lattice of strong
ideals of completely continuous operators in B (1 ,l°°)
onto the lattice of strong ideals of completely contin-

uous operators in ﬁ(lix,l?).

PROOF: If H is a countable subset of K, then lei{ is topo--
logically isomorphic to e fK..,H» so that there exists a
projection P:l‘K — 1t mapping the unit ball of l‘K onto
that of 1'. If E is an arbitrary Banach space; and we let
X = {TP: Te 01(1' ,Ex;M)}, where ™ is a saturated class
of pre-compact sets in E%*, then it is easily seen that

R (Lg,E*;m) = Xﬁ. This, together with our above remarks
concerning the map J —> J ', shows that the mapping
J— (U'P)ﬁ is an isomorphism from the lattice of
strong ideals of completely continuous operators in

B (1 R 1" ) onto the lattice of strong ideals of completely
continuous operators in 3(1%,1“). Repeating this argument,

we see that the desired isomorphism is given by the map

T — (((3)R)yp)R= (pxyp)B,

NOTATION: If ™ is an invariant saturated class of pre-

compact sets in 17, we shall denote by C(l?{,l?;m) the



37
ideal corresponding to o1t ,1°°;’M) under the isomorphism
defined in the preceding proposition. (Then, of course,

g1, m)= (1,17 ;m).)

REMARKS: 1) We can give a relatively simple description
of C(l’k,-f{{;M): Let T = aU(1* ,l°° sM). Then

C(liK,l?{;M) = (P%J P)E consists of finite sums of
elements of the form SP*APe T*; with S,T € 8 (1?) , AeJ
and P as in the proof of Prop. 12. Such an element may
also be written as QA°R*, with Q,Re B (l.o,l?{). Thus, the
elements of C(l?{,lo;{;’ym are of the form L%r Q4A°R4*, with
Qi,R4 e’ﬁ(lw,l?), A;€ J . Now,: 1 is topologically iso-
morphic to ) 1°. Let Iizlm —> & 1 be the embedding in
the i-th factor, and Pi:é 1°— 1" the projection on the
i-th factor. Then we cén write

ZQAsoRg* = (£0:P5) (£ T3As0Ty%)e (ZR Py )%, where

n

Q=g Q;P; and R=J R;P; are in B(1°, IF), and
A=Z I;A;°T;% € J . On the other hand, if T is of the form
T= QA°R*, with Q,ReB (17,1%), A€J , then we can write
T= (Q(P%)=1)PxaPe(R(P*)=1)%. Now, Q(P*)~1 and R(P*)-1 are
defined on a closed subspace of l?, and have continuous
extensions 6 and R respectively to all of lcg with range

in 1. Thus, T= GPxAPeRix ¢ €(1},1%7;71). Thus, we have
shown that T € C(l},l‘?{;'m) if and only if there exist
Q,R € B(17,1%), Aec o (1*,1”;7) such that T= QAeRx,

2) If M is an invariant saturated class of pre-
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compact sets in f”, and we let W' = My, where
J=ot(1 ,l“;'m), then it follows from the preceding
remark that (C(l‘K,f}z;'m))' = (:(1}(,1‘;;772' ).

Finally, it will be convénient to make the following

definition:

DEFINITION 13: We shall say that a saturated class M of
pre-compact sets in 1% is symmetric if M =M' in the

notation of the preceding remark.

REMARKS: 1) If ™M is symmetric, then it is clearly in-
variant.

2) The class of all pre-compact sets in 1% is
symmetric, in view of Lemma 1l. Also, the class of all
bounded finite-dimensional sets in 1% is symmetric. We
shall see other examples of symmetric classes in the next

section.
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V. UNIVERSAL IDEALS OF OPERATORS

To this point, we have dealt with ideals of operators
in B(E,F), with E and F fixed. The ideals <B(E,F),
W(E,r), E(E,F), and JR(E,F);_however, are defined for
every pair of Banach spaces E and F, and they may, in
fact, be interpreted as left exact functors of two
variables from the category of Banach spaces into the
category of complex linear spaces; contravariant in the
first, and covariant in the second variable. Based on this
observation, we now introduce the concept of a universal
ideal of operators. We then restrict our attention to
universal ideals of completely continuous operators; and
we show that these are completely determined by the in-
variant saturated classes of pre-compact sets in 17, We
also show that every two-sided ideal of completely con-
tinuous operators on a Hilbert space arises from a uni-

versal ideal of operators.

To symmetrize the discussion, we again deal with

ideals in spaces of the form JB(E,F*).

- DEFINITION 1l: Suppose that, for every pair of Banach
spaces E and F, a strong ideal Zi(E,F*)‘in.cZ(E;F*) is
given, and that the following condition is satisfied:
U) If Jj is a topological linear embedding of G in E*,
and J, a topological linear embedding of H¥ in F*,

where G and H are Banach spaces, then an operator
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A€ B(E,H*) is in U(E,H*) if and only if
Joh € u(E;F*), and an operator Be B(G,F*) is in
U (G,F*) if and only‘if BeJ,* e U(E,F*),
We then say that W is a universal ideal of operators,

and that U(E,F*), for fixed E and F, is a realization

of U .

One can show without difficulty that the ideals
.B(E,F*); w(E;F>:<); € (E,F*), and R(E,F*) satisfy
condition (U); so that <8 , € , W, and K are universal
ideals. An example of a strong ideal in JB(E;F*), which is
defined for every pair of Banach spaces E and F, but whiéh
does not satisfy condition (U) is provided by the trace
class. (The trace class is the set of 6perators in
B(E,F*) which are images of elements of E*@JF* under the

natural mapping E*@F* —> B(E,F*). See [h, p.80 and p.88l.)

We observe that if ¥ is a universal ideal of oper-
ators, then condition (U) implies that
U(E,F*) = {4 € B(E,F¥): Jp,h € U(E,Fek)} . Thus, we are
justified in adopting the following

NOTATION: If U is a universal ideal of operators, we
denote by W(E,F) the space of operators A ¢ B(E,F) such
that JpA € U(E,Fix),

We remark that if U is a universal ideal of operators,

then W(E,F) is a two-sided ideal in B(E,F). For if
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SeB(E), AeWU(E,F), then JpAS € U(E,F*x), since the
latter is a two-sided ideal in B(E,F**), Also, if

TeB(F), then JyTA = T**JpA, so that TA € W(E,F).

DEFINITION 2: If U .is a universal ideal of operators,
we define U' by W' (E,F*) {AE@(F Fx): Ave u(F,E*)}.

The universal ideal YU is called symmetric if
U(E,F*) = W' (E,F*) for every pair of Banach spaces E and F.

We note that it follows directly from Def. 1 that,

if U is a universal ideal, then U' is a universal ideal.

PROPOSITION 3: If U is a symmetric universal ideal, and

AeB(E,F), then AeU(E,F) if and only if A*e U(F*,E%).

PROOF: If U is symmetric, then AeU(E,F) if and only if = -
Jph € U(E,P%) if and only if (JpA)'= A I T p€ U (P, B%)
and this completes the proof, since JF*JF* is the identity

operator on Fx,

We now turn to an explicit construction of the uni-
versal ideals of completely continuous operators, that is,
universal ideals U such that W(E,F*) € E(E,F*) for every

pair of Banach spaces E.and F.

If E and F are arbitrary Banach spaces, we may view
both as quotient spaces of l% for an appropriate X, as in
Section III. In particular, we have operators Pl:I}-—Q g,

1
and P2:1K~——>F mapping the unit ball of I} onto that of E
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and F respectively, and we again define the operator

A: B(E,Px) —> B (1§,15) by A(A)= Pyxapy,

DEFINITION 4: If M is an invariant éaturated.class of

pre-compact sets in l°°, we shall say that an operator
A€ B(E,F*) is of type M if O(A) et(li_{,l'{{;’»z). We denote
the set of operators of type I in B(E,F*) by &(E,F*;7)

We must, of course, check that Def. 4 is independent
of the choices of XK and A . This can best be done by use

of the following result:

PROPOSITION 5: With K and & as above, and A< B(E,F*),

we have A(A)e€ C(l},l}?;'ﬁ?) if and only if TAeS* is in
8(13,1}’;;’»") for all T€~B(F*,1°I2), Setb(E*,l‘;),

PROOF: It is clear that, if the condition of the propo-
sition is satisfied, then A(A)c€ C(l?(,l?(;.m). On the other
4 .

hand, if A(A)e€€(1y,1g;M), and Te B(P*,17),

then T(Pz*)-l and S(Pl*)":L are operators mapping closed

Se B (E%,17),

subspaces of l?{ into l?{, and hence have continuous ex~-
tensions ’T‘G«B(l‘?{) and §c~8(l°§) respectively. Then

TAoS* = TP #AP.o ¥, Since, by assumption, P #AP, is in
C(l‘K,l‘?{;m), and the latter is a strong ideal in 3(1},1‘;),

it follows that TAeS*e £(1%,13;7) as claimed.

It is immediate from Prop. 5 that the definition of
€ (E,F*;M) is independent of the choice of A if X is

fixed. We next show that it is also independent of the



43

choice of K. Thus, let K' be another infinite set such
that E and F are quotient spaces of l?(,, and let us

assume that card K'é< card K. Then there exists a pro-
jection P:l’}'{ —_ l?{, mapping the unit ball of l} onto that -
of l?{,. Now assume that A€ B(E,F*) is of type P! with

respect to K, and let TGB(F*,l;,

by Prop. 5, P>==T.l\.¢('P>°<S)=°‘et:(l’l 1°°;'m), and in view of our
KK

), SeB(E%,1},). Then,

earlier description of the latter ideal, this means that
there are operators Qelﬁ(l“,l‘;), Re‘B(lw,l?), and
BeOL(1* ,T° ;”) such that P*TA(P*S)% = QBoR*, Now let P

be an extension of (P*)-l

to all of l; with range in l?, .
Then TA®S* = PPxTAe (PxS)*ePx= PQBeR*ePr e (1Y, 1%, ;)
and this shows that A is of type M with respect to K', A

similar argument shows the converse.

Before discussing the relationship between the uni-
versal ideals of completely continuous operators and the
classes & (E,F*;7), we derive somé of the elementary

properpieé of the latter.

PROPOSITION 6: If M is the class of all pre-compact sets
in 1%, then E(E,Fx;M) = E(E,F*). Also, if M} 1 is

any family of invariant saturated classes of pre-compact
sets in 17, then {y &(E,Pr;7y) = E(,Px; M),
PROOF: It is clear from Prop. IV.12 and the definition of
C(l}{,lz;M) that, if M is the class of all pre-compact
sets in iw, then C(l‘;{,‘l‘%;m) = C(l’f{,l?;). Also, with K and
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A as in Def. 4, the properties of P, and P, imply at
once that A €B(E,F*) is compact if and only if A(A) is
compact, and this yields the first part of the propo-
si.tién; The éecond part follows directly from the defi-

nitions and Prop. 1IV.12.

PROPOSITION 7: A€RB(E,F*) is of type M if and only if
A' is of type “M'. In particular, if M is symmetric,

then A is of type M if and only if A' is of type 1.

PROOF: Note that for A€WI(E,F*), S-eB(E*,l?), Te~3(F>=<,l°;(),
we have SAte T%= (TAeS*)', Thus, the proposition follows

from Prop. 5, and our earlier observation that

(&(1%, 1M = E(1, 15 7).
As a corollary, we have Schauder's Theorem:

COROLLARY 8: An operator A€B(E,F) is compact if and only

if A* is compact.

PROOF: Clearly, A€ &(E,F) is compact if and only if

Jph €B(E,F**) is compact. Thus, by the same argument as
in the proof of Prop. 3, the result follows from Propo-
sitions 6 and 7, and our observation at the end of Section

IV that the class of all pre-compact sets in 1”is symmetric,

PROPOSITION 9: If A € B(E,F*) is of type ", and Qe B(L*,G*),
RéB(F*,H*), where G and H are arbitrary Banach spaces,
then RAeQ*e B(G,H*) is of type ML ., Thus, in particular,

& (E, ;M) is a strong ideal in B(E,Fx),
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PROOF: Choose the set K so that each of the spaces E,F,

G, and H may be viewed as quotient spaces of fK' Then,
if S G.B(H*,l?{), Te@(G*,l?{); we have by Prop. 5 that
SRA®Q*eT* = (SR)A®(TQ)%*¢ 8(1?{,1'1'{;791), since SR eB(Fx,1}),
and TQ €8 (E*,1y). Thus, RA°Q* is of type™ by Prop. 5.

REMARK: Cor. III.6 implies that & (E,F*;M) is not only
a strong ideal in B(E,F*), but, in fact, a full ideal.

COROLLARY 10: If A€ B(E,F*) is of type M1, and

Be B(F*, Hx) is of type M , then BA is of type MNN .
Similarly, if CeJB(E*,G*) is of type N , then AeCk is
of type MaM:.

PRCOF: This follows easily from Propositions 6 and 9.

We are now ready to give the following characteri-
zation of the universal ideals of completely continuous

operators:

THEOREM 11: If M is an invariant saturated class of pre-

compact sets in 1%, and we define Uy by

Ugy (E,F%) = E(E,F*;m), then Uy is a universal ideal of
completely continuous operators. Conversely, if U is a
universal ideal of completely continuous operators, then
there exists a unique invariaht saturated class of pre-
compact sets in 1* such that U(E,F*) = B(E,Fx;Mm) for

every pair of Banach spaces E and F,

PROOF: We have already seen that the E(E,F¥;M) are
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strong ideals irx;B(E,F*).vThus, to prove the first part
of the theorem it only remains to be shown that, if WU
is defined as in the theorem; then it satisfies condition
(U). Let Jy:G* —> E¥ and JtHf —> P+ be as in Def. 1. It
is clear from Prop. 9 that, if A.e Zgém H*), then
Joh € UpfE,F*), and if B € Upy(G,F*), then BeJye um(E Fx) .
Now choose K so that E,F,G, and H are quotient spaces of
lK by means of prOJectlons Py: lK - B, Pyt 1 —F,
Ql:lK'—aaG, and szlK'"* H respectively. By definition,
Joh € Upy (E,F%) means that P %J,aPp¢ €(1%,1p371). Now,

P *J APy = Po%d o (Q,%)"105%AP . Let = (Pyxd,(Q,%)=1)-1,

S maps a closed subspace of f; into f;, and hence has an
extension geAB(fz). Then it is clear that

Qo¥AP) = BP,%J,(Q%)"1Q¥AP) € E(1}, ;™). Thus, we have
shown that, if JZAGIum(E,F*)., then A€ Uy, (E,H*). The
symmetric argument shows that if BOJI*GIZ”JEBF*); then

B ellwtu},F*), so that Um satisfies condition (U), and is
a universal ideal as claimed.

To prove the second half of the theorem, we note
that, if U is a universal ideal of complet@ly continuous
operators, then 2&(11,1”) is a strong ideal of completely
continuous operators in.~8(1§,f”). We have seen that this
means that there is a unique invariaht saturated class of
pre-compact sets in 1 such that U ,1°°) =& ,l“;""l).
Condition (U), and the definition of & (E,F*;M) then
imply aﬁ once that M (E,F*)= & (E,F*;M) for every pair of

Banach spaces E and F, and this completes the proof.
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REMARK: Theorem 11 shows; in particular, that the uni-
versal ideals of completely continuous operators form
a set. Moreover, this set is a complete lattice with
respect td the operations A and V defined by
(ferUa) (m,pe) = L0 Uy (8,F%) and
1c1u A{u u ( ,F¥) € W(E,F*) for all i€l and every
pair of Banach spaces E and F}
Proposition 6 shows that this lattice is isomorphic to
the lattice of invariant saturated classes of pre-compact
sets in 1. We also note that the operation ' is a lattice

isomorphism.

NOTATION: In accordance with the convention already
adopted for universal ideals, we denote by E&(E,F;m)
the ideal §A€B(E,F): Jphe C(E;F=:=a'=;9?z)}, and we say that
an operator A€ B8(E,F) is of type M if Ac E(E,F;m).

Analegs of Propositions 6 and 9 and Cor. 10 may he
proven for the ideals E&(E,F;7). In particular, we note
that if A€B(E,F) is of type M, and SeB(F,H), Te@(’G,E);
then SATe¢B(G,H) is of type ”! . This follows directly

from Prop. 9, and the equality JHSAT‘ S TPA°T**

To conclude our discussion, we now show that every
two-sided ideal of completely continuous operators on a
Hilbert space is a realization of a symmetric universal
ideal of operators. It is usefui to begin with the

following simple lemma:
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LEMMA 12: Let E and F be arbitrary Banach spaces, and
AD: J3(E,F=:<)—§~8_(l},l.§) ‘as in Def. 4. Then a set J ‘of
completely continuous operators in JB(E,F*) is a reali-
zation of a universal ideal of completely continuous

operators if and only if

A(T) = A(B(E,F+))N(A(3))E,

PROCF: We note that~ (A (3 ))T3 is a strong ideal in
z(fx,l?{), and hence of the form C(l?{,l‘;;;”l) for some
m. Thus, it is clear that, if J satisfies the equality
of the lemma, then J = &(E,Ft;”), On the other hand; if
J ié a realization of a universal ideal U of completely
continuous operators, then '3=A41(11(1?<,1§)), and this
implies the equality of the lemma as in the prdof of

Cor. III.6.

We now let M be a Hilbert space of arbitrary di-
mension. If A€B(H ), we shall denote the Banach space
adjoint of A by A', to distinguish it from the Hilbert

space adjoint A* of A.

THROREM 13: Every two-sided ideal of completely continuous

operators in 3( H) is a realization of a universal ideal

of completely continuous operators.

PROOF: Let Py:1x—H and P,:1x — H* be projections
mapping the unit ball of 111( onto the unit ball of H and
M respectively, and let A:B(M)—> B (1%,1%) be

defined as usual. We must show that if J is a two-sided
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ideal of completely continuous operators in JB(){); then
J satisfies the equalitv of Lemma 12. Let X be the set
consisting of all finite sums of the form 2.TyPy#As' , with
As;€d , TieB(l'?{). It is clear that X is a right ideal in
A (N*,l?{), and hence X is a full ideal by Cor, III.2; S0
that X = 0((){*,11{; mx). Let & ={SP2: S Exa ;and'
. observe that Mg =Py . Thus, &R =0L(1§,1§;'ﬂ2'x$. Also,
E= A (3%, so that £F=(4a"(37))B. Now, let Ac¢B(X)
be such that A(r)e (A(D ))E. Then we have
Ar(A')= Py*AtPy € (A 31))B =0'((11K,1012; M) . But this
clearly implies that Py*A' maps the unit ball of H * into
an element of My, so that P *AT € X , and this means that
Ar(hr)e & . Since €= (A (I')L, and T is a full ideaL
this implies that A'e J ' by Cor. III.8. Thus A€ J, and
we- have shown that A(B(H))N(A (T ))B CA(:]); and since
the opposite inclusion holds in any case, the proof is

complete,

While we cannot assert that there is a unique uni-
versal ideal U such that: U(H,H)= T , it is clear
thatthere is a smallest such universal ideal (with respect
to the above mentioned lattice structure on the set of
universal ideals of completely continuous operators),
namely, the unique universal ideal U such that
ULk, 1%) = (A(T))B. It is possible to give quite a
complete description of these universal ideals. We shall

use the following definition due to R. Schatten ﬁl,p.26]:
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DEFINITION 14: A set & of .non-increasing sequences of

non-negative real numbers is éalled a characteristic set ,
if i) {anﬁ € 2 implies ap=" 0 as n—> % ,
i1) {aj,2,,....]€ 2, implies {al,al,az,az, ceees .-} €.
1i1) {a},{bo Y €5 implies fa + by} €3 .
iv) {an\ GZ y én>/ by, bp>bp,y, n=1,2,... implies

{o 32 .

If A is a completely continuous operator on the
Hilbert space )'( , then the characteristic sequence of A
is de:_f‘iged to be the se.quence of eigenvalues of (A*A)%
arranged in non-increasing order of magnitude [11'; 925-].
The characteristic sequence of a completely continuous
operator A€ B(M ) is always a sequence of non-negative
real numbers converging to zero. If Z is a characteristic
set, we define Cz(H) to be the set of completelv con-
tinuoﬁs operators on H whose characteristic sequences lie
in T . It is shown in [11] that Cs (M) is a two-sided
ideal in JB()), and that, if H is infinite-dimensional;
the map P "-'""76;_-: (H) establishes a one-to-one corre-
spondence between the characteristic sets, and the two-
s;ded ideals of completely continuous operators in -3()'\‘).
This correspondence is, in fact, a lattice isomorphism.

(See also [l].)

Now, let H be an infinite-dimensional Hilbert space,

and let the notation be as in Theorem 13,
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DEFINITION 15: If 2, is a characteristic set, we define

Cz, to be the (unique) universal ideal of completely
continuous operators such that tz (l‘K,l?) = (AV (Cz ()4)) )'ﬁ.
If Z is the set of all non-increasing sequences of non-
negative real numbers in lp; with 0< ;{<°0 (resp. all non-
inecreasing sequences of non-negative real numbers con-

verging to zero), we write Cp (resp. € ) instead of & .

The following lemma shows that the definition of tz

is independent of the (infinite) dimension of M ;

LEMMA 16: Let M, be separable Hilbert space. Then
Ez(l}{,lﬁp{sm: seB(MHy,1%), Aels( H,), Teﬂ(fx,Ho)}-

PROOF: Using the polar representatioh of compact operators,
it may easily be seen that if the equality of the lemma
holds with Ho replaced by H , then it holds for Ho’
Now, Prop. 5 shows that if 863_(H,1§), AGCz(H), and
Tea(l?{,)-& ), then SATE€ Cz(ii(,l';). We next observe that, if
Q,Re J3(l‘;2), then for A € Cz (M) we have

RPo*AP0Q* = (RPZ*)A"(QPl’i‘)*: (RPZ*)A(P]_**Q*JI?{) = SAT, where
5= RPy*eB(M,1%), and T= Pyiqrtys €4(1y, H). Thus,
Cz(l%,f;()-'-' (a (8)3()'4)))-}§ consists of all finite sums of
the form 2SiAsTi, with S;eB8(M,1%), 4; € g (), and
T1€'8(1¥{, H). Now, M is topologically isomorphic to @ M.
Let Ii:H—"’éH be the injection in the i-th factor, and
Pi:éH-—% H the projection on the i-th factor. Then
Zs3a;1i= (£ 5,P; 1 E 13a3P,) (B 1,75) « SAT, whore
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n

iTiea (lK, ), and this yields the desired result.
LX)

l“":M’ |

S=
T=

[

Finally, we have the following

THEOREM 17: a) The universal ideals Cz: are symmetric.

b) If & and 2' are arbitrary characteristic
sets, and A€ CZ(E,F), Be Cz,(F,G), ‘then BAe &gy5y (E,G).
More particularly, if O<p,q,r<o , 1/p+ 1/q = l/r; and
Ae CP(E,F), Be £ (F,6), then BAe €4(E,0).

PROOF: One can readily see that if A is a completely con-
tinuous operator on H , then there are linear operators
Us:H* — H, and V:H — H*, such that A'= VA*U. Thus,
part (a) of the theorem follows easily from Lemha 16, and
the fact that A€ &g ()t) if and only if Axe Ex (M), To
prove part (b), we begin by noting that the first part of
the proof of Theorem 13 shows that if Qe &g (H ,l‘}z); then
Q has the form ?'::,.RiDi, with Ri€J3()'l ,l‘;{), D; € CZ(H). Now
let A and B be as in the theorem, and choose K so that
there are appropriate projections Pl:l?{—é E, Pzzl;{——é P,
and P3:l¥{ —> G*, Consider the operator

PB*JGBAP1= PB*JGB(PZ*JF)'lPZ*JFAPl. By definition of |
€s (E,F) and Lemma 16, Po*JpAPy = SCT for some Se€B(MH,1,),
Ce &u (M), Teﬂ(li(,H), and by a simple argument, we may
assume that the range of S is contained in PZ*JF(‘F‘).'Thus,

-1

we may write P3*JGBAP1= Py#JoB(Po*Jp) "SCT. The assumption

that B ¢ €5\ (F,G) implies that P *JB(P*Jp)"1s¢ yi(M,15),

3



so that, by our earlier remark, this operator has the
forngiDi; with RieJB(H;l‘E), D, € Ez.(H). Hence; we
"have P3>?JGBAP1=§ R;D4CT. Since CZ‘. (M) ‘and Cz-(H) are
two-sided ideals in A (M), it follows that the D;C are
elements of C€gaxy()). Thus, the definition of
e;nvz,(E,G) and Lemma 16 imply that BA € eznz,(E;G).
Finally, if Ae Cp(E,F); Be fq(F;G); then the Dy are in
fq(H), and Ce€ t’p(H ), and it is shown in [3; p.1093]
that this implies that the DsC are elements of &.(M).
Thus; by the definition of 5}(E;G) and Lemma 16, we have

BAE tr(E,G) as claimed, and the proof is complete.
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