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1

INTRODUCTION

A characterization of ideals of operators on sepa­
rable Hilbert space was first given by J. W. Calkin [l] . 
Subsequently, R. Schatten introduced the notion of a norm 
ideal of operators on Hilbert space [llj, and succeeded in 
characterizing the precise class of minimal norm ideals 
(cross-spaces). The methods of both authors cannot be 
carried over to arbitrary Banach spaces, since they make 
use of the inner product, and the polar decomposition of 
an operator.

Thus, other methods must be found to discuss ideals of 
operators on arbitrary Banach spaces. There, certain well- 
known ideals may always be defined: The ideal of operators 
of finite rank, the ideal of completely continuous operators, 
and, of course, the trivial ideal of all bounded operators. 
Each of these may be described as the precise class of 
operators which map the unit ball of the space in question 
into a member of a prescribed saturated (sature, gesattigt) 
class of bounded sets; the class of bounded finite-dimensio­
nal sets, the class of pre-compact sets, and the class of 
all bounded sets respectively. Also, each of these ideals 
may be viewed as a left exact functor of two variables from 
the category of Banach spaces into the category of complex 
linear spaces, contravariant in the first, and covariant in 
the second variable. These properties may be used to define



the concept of a universal ideal \ A , a procedure (functor) 
which, to every given pair of Banach spaces, E and F, 
associates a definite ideal 2/l(E,F) of operators from E 
into F, called a realization of IL • A universal ideal XL 
of completely continuous operators is completely deter­
mined (characterized) by its realization *U(14,1°°). These 
realizations are precisely the ideals each of which consists
of all those operators which map the unit ball of 1 into a

00prescribed saturated class of pre-compact sets in 1 .

It is gratifying to observe that every two-sided ideal 
of completely continuous operators on a Hilbert space is a 
realization of a universal ideal. In particular, this means 
the following: There is a construction Wg which associates 
with any pair of Banach spaces a well-defined ideal of 
operators, and whose realization for a Hilbert space H  
furnishes the Hilbert-Schmidt class of operators.
Similarly, for some universal ideal XL-^t its realization 
2^l(X,H) represents the trace class. A similar remark 
applies to every two-sided ideal of completely continuous 
operators on a Hilbert space.



3
NOTATION AND TERMINOLOGY

We shall assume a familiarity with the basic theory 
of bounded operators on Banach spaces. In this connection, 
chapters II, IV and V of [33 will serve as a reference.
The elementary properties of locally convex linear spaces 
may be found in [5} and [6l • For the theory of ideals of 
completely continuous operators on a Hilbert space the 
reader is referred to [a].

This paper will deal exclusively with Banach spaces 
over the field C of complex numbers. The space of continu­
ous linear functionals on a Banach space E will be denoted 
by E*, and will be assumed to have the strong (bound) to­
pology, unless otherwise indicated. If A is a bounded oper­
ator, we denote the adjoint of A by A*. The space of 
bounded linear operators from E to F will be denoted by 
-8 (E,F), and will always be assumed to have the uniform 
topology. We shall write <2(E) instead of t3(E,E).

A linear operator A from E to F is said to be compact 
or completely continuous if it maps the closed unit ball 

of E into a set whose closure A(B^) is compact in the 
norm topology of F. If A(B^) is compact in the weak to­
pology of F, then A is afiid to be weakly compact. We shall 
denote the classes of compact and weakly compact operators 
from E to F by C(E,F) and 2<f(E,F) respectively. The class 
of operators of finite rank from E to F is denoted by -ft(ÊF).



A set M in a Banach space E is called absolutely 
convex if x,yeM, a,be G, and |al+lbl&l implies that 
ax+byeM. A set is absolutely convex if and only if it 
is convex and circled. The absolutely convex hull of a 
set M will be denoted by r(M), and we define 
r(Mi) " PlMi.Mj Mn) - n & M i ) .

nThe symbol ©E will represent the direct sum of E 
with itself taken n times. The topology of ̂ E  is givenn
by the norm |l(xi,x2, »xn)U 3 ̂ -llxill •

We shall make frequent use of the natural embedding 
of E in E**. It is defined by Jg(x)(f)= f(x) for all 

fe E*. We note that Jg is an isometry, and that is
the identity operator on E*. It should be emphasized that 
Jg** does not coincide with Jg** unless E is reflexive.
( See [2].).

The topological tensor product of two Banach spaces 
E and F will be denoted by E^F. It is the completion of 
the algebraic tensor product EOF of E and F with respect 
to the greatest cross-norm y defined in [10, p.36]• We 
note that Efî F coincides with the completed projective 
tensor product E®F, and the completed inductive tensor 
product EOF, defined for locally convex linear spaces in

With [lo], we may view an element 2j.fi® of E*OF 
as an operator of finite rank from E into F by setting 
(|. f^® y^) (x) = 2Lfi(x)yi for all xeE. Conversely, every



operator of finite rank from E to F may be represented 
in this way.

For 0 < p<oo we shall denote by lj£ the space of
complex-valued functions <p on the set K for which the
family {|cp (k)l is summable. The space of bounded

00complex-valued functions on K will be denoted by 1̂ . With 
the customary norms, the spaces 1^ are Banach spaces for 
1 £ p £ oo, if K is the set of natural numbers, the spaces 
lP are just the sequence spaces lP.

Prop. III.6 will refer to Proposition 6 in Section III. 
Throughout Section III, however, this proposition is simply 
referred to as Prop. 6.



I. IDEALS AND STRONG IDEALS OF OPERATORS

This section will be devoted to defining the notion 
of an ideal of operators from one Banach space into 
another, and to a discussion of some not commonly known 
properties of spaces of the form 3 (e ,F’!c). In particular, 
we define the concept of a strong ideal, which plays an 
important role in our subsequtnt work. Unless otherwise 
expressly stated, the Banach spaces under consideration 
will be assumed to be perfectly general.

DEFINITION 1: If E and F are Banach spaces, a linear sub­
space 3 of *3 (E,F) is called a left (right) ideal if 
A€ 3 , s c -3(F) (Te £  (E)) implies SA€3 (AT € O’ ). If 7 
is both a left and a right ideal, it is called a two- 
sided ideal, or simply an ideal.^

It should be noted that each of the spaces *̂ (E,F), 
2<J(E,F), £ (E,F), and -̂(E,F) is a two-sided ideal in 
-3 (E,F)• A simple example of a left ideal is provided by 
the set of operators in ^(EjF) which annihilate a fixed 
closed subspace G of E. The set of operators in ^(E,F) 
which map E into a fixed subspace H of F is a right ideal 
in 3 (e,F).

NOTATION: If X- is an arbitrary subset of ^(E,F), we shall

 ̂The use of the term ideal in this context is not new. See 
for example [10, p.6l] and \_12, p.6731.



denote by (resp. X ^ y 3£®) the left (resp. right,
two-sided) ideal in JJ(E,F) generated by X  . For example,
L *X  consists of all finite sums of the form with

S^6^(F), A^€ X for i = .1,2,... ,n.

If E and F are reflexive spaces, the mapping A —*A* 

is an isometric isomorphism from -2(E,F) onto & (F*,E*). 
Since, in addition, (SAT)* = T*A*S* for S€>3(F), Tt^(E), 
A^A(E,F), this mapping establishes a one-to-one corre­
spondence between the left (right) ideals in $(E,F), and 
the right (left) ideals in i$(F*,E*). Such symmetry is 
absent if E and F are non-reflexive. We shall now show how 
a modified adjoint operation may be used to establish a 
similar symmetry for spaces of the form <-8(E,F*), where E 
and F are non-reflexive.

It is shown in [lO, pi.47] that sS(E,F*) is isometric- 
ally isomorphic to the space (E<8£F)*. By symmetry, the 
latter space is also isometrically isomorphic to «^(F,E*). 
This implies that there exists a norm-preserving iso­
morphism from ^(E,F*) onto °8 (F,E*). We shall denote this 
isomorphism by 1, and we shall use the same notation for 
the corresponding isomorphism from ^(F,E*) onto ^(E,F*). 
For T€$(E,F*), T’ is the unique operator in »8(F,E*) with 
the property that Tx(y) ° T’y(x) for all x € E, yc F.̂ " This 
may also be expressed by saying that, if Jp’.F — > F** is the

T* is the dual of T with respect to the dual pairs ̂ E,E*> 
and <F*,F> in the sense of [5, p.l99j.



natural embedding, then T*= T*Jp. It then follows at once 
that (T»)* = (T*JF)« = Jp*T**JE * T, since T** is an ex­
tension of T [3, p.4791•

If G is a third Banach space, we can use the iso­
morphism 1 to define a multiplication of operators 
A € i3(E,F*) by operators T* with T€v8(E*,G*) as follows:

A°T* = (TA»)’.
Clearly, A°T*€v8(G,F*), and we show in the following lemma 
that o extends the customary multiplication of operators 
to pairs of operators for which composition is undefined.

LEMMA 2: With A,B^(EtF*)t R,S€-8(E*,G*), T€ -3(G*,H*), 
a,be C, and ° defined as above, we have

1) (aA•* bB)oR* » a(AoR*) +b(B®R*)
2) A«(aR*+bS*)* a(A®R*)+ b(AoS*)
3) (A°R*)oT* = A o( )
4) 1|A«R*|U l\Al\\lRll
5) If U£ *B(G,E), then AoU** = AU, where the multi­

plication on the right is composition of operators.

PROOF: 1) and 2) are obvious.
3): (A°R*)°T*= (T(A«>R*)t)ta (TRA ’ )f = A® (TR)* » A®(R*T*).
4): Since ’ is an isometry, we have

H a °  r *  l{ *  H r a ’ II 6  I | r 1IIIa ’ II = II A l l  H r  I I .

5): For U e£(G,E),
= (U*A»)’ “ (U*A*Jp)» = Jp*A**U**JG

- «JF* (AU) ** Jq = AU, since



9
(AU)** is an extension of AU to G**.

RMARK: We observe that, in general, for Sc>5(F*,H*), 
T<=£(E*,G*), A<^(E,F*), we have (SA)oT* 4 S (A«T*). To 
construct an example of this, let E be a non-reflexive 
Banach space, and A the identity operator on E*. It is 
shown in [2^ that E***= JE*(E*)® E1, where 
E1 B {f £ E***: f(JEx)= 0 for all x « e ). Let f € E*, f 4 0 ,  

ge Ex, g 4 0 ,  and choose z € E** so that z(f) = 1. If 
T= g® z e<8(E**), then T*(JE5!<f) = (z®g) (f) = z(f )g= g. Since 
g 4 0 ,  there is a w e E** such that g(w) 4  0» Let he E*, • 
h 4 0 ,  and take S= w®he«3(E*). Then a simple computation 
shows that S**(g) = g(w)Jg^h. Thus,,
( (SA)oT*)(f)= (T(SA)' ) M f ) = (TA*S*Jg) * (f)

= JE*S**A**T*JE*(f)
= J *S**A**(g)E
= JE*S**(g)
=JE*(g(w)JE>>h) = g(w)h 4  0.

On the other hand,
S(A«T*)(f)= S(TA»)Mf)- S(TA*Jg)»(f) = S (JE*A**T*JE*) (f)

= SJg*(g)= 0 ,  since g«Ex. 
This kind of pathology cannot occur if A is a weakly 
compact operator:

PROPOSITION 3: If Ae^^F*) is weakly compact, then 
S(A°T*)« (SA)oT* for all S € «3(F*,H*), Te«3(E*,G*).

PROOF: We note that Ae^(E,F*) is weakly compact if and
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only if A**(E**) C JF*(F*) [3, p.4$2]. Now,
S(AoT*)= S(TA»)fa S(TA*Jp)'= SJp*A**T*JG, while 
(SA)°T* = (T(SA)1 ) ’ = (TA*S*JH)»=; Jh*S**A**T*Jg

= jh*s*»jf,;jf*a**t*jg.
The last equality holds because A**(E**) c Jp^fF*), and 
on (F̂ c), JpjjcJjj.* is just the identity transformation.
Thus the result follows at once from the fact that S** 
is an extension of S, so that S.

REMARK; If F is a reflexive space, then every operator 
A € -SfEjF*) is weakly compact, so that in this case we... 
always have S(AoT*) =■ (SA)oT*. In this situation, and when­
ever A is known to be weakly compact, we shall omit the 
parentheses, and simply write SAoT*.

The preceding discussion suggests that one consider 
subspaces of 43(E,F*) which are not only right ideals in 
$(E,F*), but are closed under the extended right multi­
plication by operators T* with T€w8(E*):

DEFINITION 4? A linear subspace 3 of 4)(E,F*) will be 
called a strong right ideal if A 6 3 , Tc<5(E*) implies 
A®T* e 3 • A strong ideal in 'StEjF*) is a subspace of 
-8(E,F*) which is both a strong right ideal and a left 
ideal in «$(E,F*).

We note that each of the spaces «3(E,F*), V*(E,F*),
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C(E,F*)i and (E, F*) is a strong ideal in ^(E,F*).l
Also, it is clear that if E is a reflexive space, then 
every right ideal in J0(E,F*) is a strong right ideal. The 
following example shows that this is not the case if E is 
non-reflexive: Let 3 be the right ideal in v8 (E,E**) 
generated by JE, and choose xcE, y€ E*#, y 4- JE (E), with 
x,y 4 0. Then there exists fcE* such that f(x)= 1. Define 
Tc3(E*) by T= y ® f. Then T*JE(x)= f®y(x) = f(x)y=y. Now, 
Jg«> T* = (TJĝ Jĝ ) T’= T*Jg. But this means that 
Jg°T*(x) 4 2̂^ ^ ’ Ac 7 implies A(x)e Jg(E). Hence,
0 is not a strong right ideal.

The isomorphism T now provides a one-to-one corre­
spondence between the left ideals in 8̂(E,F*) and the 
strong right ideals in <̂ (F,E*): The equality (AoT^J’sTA’ 
shows that a subspace CJ of ~3(F,E*) is a strong right 
ideal in «3(F,E*) if and only if is a left ideal in 
*S(E,F*), where 3 » {A* c JS (E,F*) : A c .

NOTATION: If X is an arbitrary subset of ^(EjF*), we 
shall denote by Cresp. the strong right ideal
(resp. strong ideal) in «-3(E,F*) generated by .

REMARKS: 1) X** consists of all finite sums of the form 
^rAi°si*» Aj_c X  , S^€^(E*), i= l,2,...,n. In general,

cannot be described in such a simple way, in view of

In the case of 2tf(E,F*) (resp. C(E,F*)) the proof of 
this statement requires the use of Gantmacher’s (resp.
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the remark following Lemma 2. However, Prop. 3 shows that 
if X  consists of weakly compact operators, then 
( and the latter then consists of
all finite sums of the form Z. with T^e <8(F*),
A±€ X , S^^fE*), is 1,2.....

2) From the properties of the isomorphism ’ it 
is clear that (X » =  (X^)f.

Of particular interest in our later discussion will 
be the case where E= F. In this case ’ is an isomorphism 
of ^(EjE*) onto itself, and we shall frequently consider 
subsets of «-8(E,E*) which are invariant under this iso­
morphism.

DEFINITION 5: A subset X  of ^(E,E^) will be said to be 
symmetric if = X .A symmetric set which is also a 
two-sided ideal in ^(EjE*) will be called a symmetric 
ideal.

PROPOSITION 6: If X  is a symmetric set in v8(E,E*), then 
X® is a symmetric ideal in ^(E.E*).

PROOF: This is immediate from the above remarks if X con­
sists of weakly compact operators. If not, we observe that 
X will, in any case, consist of. all finite sums of 
finite products of the following four types:

Schauder's) Theorem that an operator A is weakly compact 
(resp. compact) if and only if A* is weakly compact (resp. 
compact). See, for instance, [3, p.4$5j •
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Tn(Tn.1( (TxUoSj*) )oS2*).....)°Sn*)
(Tn-1(.... (T1(AoS1*))«S2*)....... )°Sn*
Tn(Tn_x( (T2( (TjAJoSj*) )°S2*)..... )0Sn.!*)
(Tn(Tn.i(... (T2((TXA)o s ))oS2*)..... )o;Sn - 1*) )oSn*, where
in each case A £ , and S^T^e-^E*), i=l,2,....n. By-
induction on the number of factors in such products, one 
sees easily that the set consisting of all such finite 
products is symmetric, and it follows that the set of all 
finite sums of such products is svmmetric.

Finally, let us observe that each of the spaces 
3(E,E*), ltX{E,E*), t  (E,E*), and (E,E*) is symmetric.



II. FULL IDEALS ,
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By analogy with the ideals -8(E,F), 2tf(E,F), C(E,F), 
and ^(E,F), we now define the class of full (right)
ideals, and we derive some of its elementary properties. We
then consider full ideals in spaces of the form ^(E,F*). 
There, the full ideals of weakly compact operators turn 
out to be strong right ideals, and we obtain-a character­
ization of these in terms of the left ideals in <$(F,E*) 
to which they correspond under the isomorphism T.

An examination of the four ideals mentioned above 
shows that each of these may be described as the set of 
all operators in $(E,F) which map the unit.ball of E into 
a prescribed class of bounded sets in F. The corresponding 
classes of bounded sets share a number of properties, some 
of which are enumerated in the following definition:

DEFINITION 1: A class 7*1 of bounded sets in a Banach space 
E is said to be saturated ̂ if it satisfies the following 
conditions: a) M t T r i , NcM implies NcH.

b) acC implies aMe*^.
c) M,N € ̂  implies P (M,N) e W  .

One can readily verify that the class of all bounded 
sets, the class of subsets of weakly compact absolutely
1 The term saturated class is normally used with respect 
to a dual pair of linear spaces [6, p.257]. In this sense, 
our definition refers to the pair <E*,E>.



convex sets, the class of pre-compact sets, and the class 
of all bounded finite-dimensionaLsets in E are saturated 
classes.

PROPOSITION 2: If 7U is a saturated class of bounded sets 
in F, and the closed unit ball in E, then the set 
0L(E,F;'»2.) = {a c £(E,F): A(Bi)«»l] is a right ideal in
-8(e,f) .

PROOF: It is clear that (X(E,F;^) is closed under multi­
plication by scalars. Also, if A,B« 0t(E,F; , then
A(B1),B(B1)€’>n , so that (A+ B) (B^ - £(2A+ 2B) (Bx) by 
conditions (a) and (c) of Def. 1. Thus Ah- B e Ot(E,F;?>£). 
Finally, if Ae^(E,F;^), T€*8(E), then AT € Ot(E,F; m  ), 
since AT(B!)=: A (T (Bx)) - II Til A ( Bt|_ )) C H Til A (Bx).

Each of the ideals *8(E,F), 2J*(E,F), C(E,F), and 
v̂ (E,F) is of the form 0£(E,F;#t), where ^  is the class 
of all bounded sets, the class of subsets of weakly 
compact absolutely convex sets, the class of pre-compact 
sets, and the class of bounded finite-dimensional sets in 
F respectively. If 7K is the class of all bounded sets in 
a fixed closed subspace H of F, then 0£-(E,F;W) is the 
right ideal of all operators in *S(E,F) which map E into H.

REMARK: If 'ftlQ is a class of bounded sets in a Banach space 
E, the intersection Wt of all saturated classes of bounded 
sets in E containing is called the saturated class
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generated by In most cases which will interest us,
the class 7% already satisfies condition (b) of Def. 1, 
and VK has then a particularly simple form:

LEMMA 3' If Wo is a class of bounded sets in E satisfying 
condition (b) of Def. 1, then the saturated class 7H. gene­
rated by consists precisely of all subsets of sets of 
the form n .... ,Mn j with for i = 1,2,... ,n.

PROOF: The class specified in the lemma clearly contains 
ytiQ and is contained in IK . Hence, it suffices to show 
that it is a saturated class. It certainly satisfies 
conditions (a) and (b) of Def. 1. To show that it satis­
fies (c), let Me r(M1,M2,...,Mn), Nc T(NX,N2,...,Nk).
Then MoHc P (M-̂ ,... ,Mn,N-j_,..., N ), and since P (M,N) 
is the smallest closed, absolutely convex set in E con­
taining MuN, this implies P (M,N) c r (M^,.. jM̂ N-̂ , .. ,Nk), 
and this completes the proof.

NOTATION: if X  is any set of operators in -3(E,F), we 
shall denote by 7*1% the saturated class of bounded sets 
in F generated by the class {A(B^): A €X], where is 
again the closed unit ball in E.

DEFINITION 4: We shall say that a right ideal ^ in «-8(E,F) 
is a full ideal if Cl » 0t(E,F; >#3).

The following lemma shows that each of the examples 
given above is a full ideal:
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LEMMA 5' If is a saturated class of bounded sets in 
F, then is a full ideal in 3̂(E,F).

PROOF: Let 01 (EjFjW ) » 7 . Then, clearly 'WlyC.Vtl f so 
that ^(EjFj^y ) c 3 .On the other hand, if A £ 3 , then 
A(BX) € ̂  , so that A € C*(E,F; ), i.e. 3 C 01 (E,F;-*tj),
and this completes the proof.

It will be shown in the next section that not every 
right ideal of operators is a full ideal. In particular, 
if X is any set of operators in v3(E,F), then is not, 
in general, a full ideal. We shall call the smallest full 
ideal containing X the full ideal generated by X  . It 
must clearly coincide with the ideal Ot(E, F; ) • The
following proposition shows that 0£(E,F; '>*1%) may also be 
viewed as the intersection of all full ideals containing X :

PROPOSITION 6: If { ±i ieI is a family of full ideals in 
7J(E,F), then 7 = ± is a full ideal in 8̂(E,F).

PROOF: Let Wl ̂ = and W? = We show that
7= Ot^F;'*#), and this will complete the proof, in view 
of Lemma 5. If A £ 7 , then A(Bi)£  ̂for each i, so that 
A(B^)£ # Hence 7 C CX(E,F;^). On the other hand, if
Afc Ct(E,F;'W ), then A(Bj_) € 7*1 ̂  for each i, so that A € 3 ̂  
for each i, and Ac 3 . Thus, #.(E,F;»L) c 3 and we have 
equality as claimed.

Proposition 6 also allows us to show that full ideals
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can arise in yet another manner. We shall need the 
following lemma:

LEMMA J: If M and N are bounded sets in E, and T€ «#(E,F),
then T( I"* (M,N)) C r (T(M) ,T(N) ).

PROOF: Let xj_,X2,... ,xn€ M N, a^,a2 ,an € C, with
gLIajUl. Then T { t & iX±) ^ ^ a - T U ^ e  P (T(M) ,T(N)).
Thus, T(r(M,N)) C r(T(M),T(N)), and since T is contin­
uous, this implies the desired result.

PROPOSITION 8: If 3 is a full ideal in J8(E,G), and X  

an arbitrary set of operators in v3(F,G), then the set 
01(3 , X )  = [A e -8 (E,F): SA e 3 for all S * X ]  is a full 
ideal in <8 (E,F).

PROOF: In view of Prop. 6, it suffices to consider the 
case where for it is clear that, in general,
0i( 3 ,X ) = 01(3 , (S }). Now, let ’Wl be the class of ~
all bounded sets M in F such that S(M) € W j  . It follows 
from Lemma 7 that ^  is a saturated class. Also, we have 
A € 01(3 , is J ) if and only if A( .  Hence
01(3 , JS } ) - OC(E,F;n), so that 0t(3 , {S} ) is a full
ideal by Lemma 5.

If 3 “ -f 0], then <X( 3 , X  ) = { A € JJ(E,F): SA = 0 for all 
S c X ) is just the space of all operators A€^(E,F) which 
map E into the closed subspace S"^(0) of F. Ideals of 
this type are discussed by Yood in [123.



We next turn our attention again to spaces of the 
form JS(E,F*). Here the isomorphism 1 can be used to 
facilitate the discussion of full ideals. We shall need 
some further notation:

If X is a subset of *0(E,F), we shall denote by <7̂ 
the weakest locally convex topology on E such that all the 
operators in X  are continuous from E with the topology 
3̂6 to F with the norm topology. The topology is

generated by the set of seminorms {pgt S £ , where
Pg(x) = IlSxll for all x^E. In other words, for xcE, the 
sets N(x;SlfS2,...,Sk,$) = £ye-E: PSi(x-y)<$» i=l,...,k} 
form a fundamental system of neighborhoods of x for the 
topology • If ^ is any locally convex topology on E, 
we shall denote by <X(E,F;^ ) the set of operators A€“8(E$ 
such that A is continuous from E with the topology 3* to F 
with the norm topology. One sees at once that 0t(E,F;7~) 
is a left ideal in &̂(E,F). We note that for 3Cc*3(e,F), 
we always have X  C0£(E,F; )• We shall see later that
the opposite inclusion may fail to hold even if X  is a 
left ideal in 8̂(E,F).

PROPOSITION 9: If 3  is a left ideal in ^(EjF*) such that 
of = 0£(E,F*; ), then 3* is a full ideal in ^(F^*).

PROOF: We first note that if M is any bounded set in E*, 
and xe E, then sup{|f(x)l : fe m} = sup{|f(x)l : fcT^MT}: 
Let fen(M). Then there exist f1,f2,... ,fk€ M, and
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al»a2» • * * >ak€ ®» with SLlâ J 6 1, such that f-jLa.jf.̂ .
But then |f(x)| = |̂ l ajf^x)! ± lail |f^xjl ̂  m|tx \f*i(x)| - 
Hence, sup{jf(x)| : £ c P(M)^ 6 sup {|f (x)| : f€M}, and 
since x is a continuous linear functional on E*, this 
implies sup[|f(x)l : f€ P (M) j  ̂sup{|f(x)| : f« Mj, and the 
opposite inequality is obvious.

Now let A € 0£(F,E*; )  • Then, by Lemma 3 , there 
exist A]_,A2,... ,An  ̂3 such that A(B^)c ^  (A^f (B^)), 
where B-̂ is the unit ball of F. Then, for xeE, we have 
IIA’xll = sup{|A’x(y)l : y € B̂ i » sup{| Ay(x)l : y £

= sup{ If (x}| : f € A(B1)}
£ sup{|f(x)l : f t "j?J(Ai* )}
= sup{|f(x)|: ft p((A^’ (B^))}
* m^x sup{ \f (x)| : fcA, MB-,)}11 1 X ^
= max sup{lAi*y(x)| : y« B^
-max sup f \Aj x( y) |: y € B,}• tcih x x

maxllA^xll * max P a .(x )ttftn 1 Ai
This inequality implies that A’ is continuous from E with 
the topology to F with the norm topology. Thus,
A’ c 3 = 07(E,F*; ), so that A a A" £ , and this
completes the proof.

The converse of Proposition 9 does not always hold, 
as may be seen by considering the full ideal D in 
$(E,E**) generated by the natural embedding JF:E —»E**, 
where E is a non-reflexive space. The remarks following 
Def. 1.4 show that J  is not a strong right ideal, so that
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3 1 is not a left ideal, and hence CM £  <ft(E*,E*; Xj ,). 
The converse of Proposition 9 does hold, however, for 
ideals of weakly compact operators:

PROPOSITION 10: If 7 is a full ideal of weakly compact 
operators in «3(E,F*), then 7 ’- 0£(F,E*; Tlj t).

PROOF: Let Ae 0T(F,E*; 7^ t). Then there exist operators 
At ,Ao,.. •. ,An € 7 such that |\Axll £ maxllA.'xfl for all x£F. 
By the proof of Prop. 9, this inequality is equivalent to 
sup{|f(x)\ : fcAMB^) £ sup{|f(x)| : f € )}. Now
let us assume that A’(B̂ ) £  J). We note that
Lr,(Ai(Bi)) C tr ( Ai(B1) ) C (A^(B^) ), and that the abso­
lutely convex hull of a finite family of absolutely convex 
compact sets in a locally convex space is compact [6,p.2441• 
This implies that TTA^TbJTT = £( AJTbJT ), and that this 
is a weakly compact set, since A^(B^) is weakly compact by 
assumption. Hence, (jMA^(B^)) is also w*-compact (since 
the w* topology on F* is weaker than the weak topology), 
and hence w*-closed. Let x c B-, such that A’x 4 t  (Aj (B, )). 
Then, by the Separation Theorem [3, p.417], -there exists 
y €F, and a real number c, such that 
sup {Re f (y) : f € £ ( )  ))^c<Re A*x(y)

£ sup{|f (y)| : f € Ar .
But, since (A^(B^ ) ) is a circled set, we have
sup { Re f(y): fc T T ^ T ^ J l }  = sup{|f(y)| : f c i8- (A. (B, )) },\n X X J
and this clearly contradicts our original inequality. Thus,
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we must have A’ (Bn) c (A,* (Bn ) ) , which means that A’e J ,x 1*1 x x
since 3 is a full ideal. Hence, A= A’’ « tj T, which 
proves that 3 ’= Ol(F,E*; 3^ ,).

COROLLARY 11: Every full ideal of weakly compact operators 
in ^(EjF*) is a strong right ideal.

If E and F are reflexive spaces, Propositions 9 and 
10 take the following form:

COROLLARY 12: If S and F are reflexive spaces, a right 
ideal 3 in &{E, F) is a full ideal if and only if 
3* = 0l(F*,E*; cT^*).

As an application, we record the following occasion­
ally useful criterion for complete continuity:

COROLLARY 13: Let E and F be reflexive Banach spaces, and 
k c  »£(E,F). If there exists a finite set A^,A2,...,An of 
completely continuous operators in 03(E,F) such that 
|\Axll 6 maxllA.xll for all.xeE, then A is completely con-

U i  i h  1
tinuous.

PROOF: The assertion of the corollary is clearly equi­
valent to the statement that if t  is the ideal of 
completely continuous operators in «$(E,F), then 
£ = Ol(E,F; ). But, by Schauder’s Theorem [3, p.
£* is just the ideal of completely continuous operators 
in ' S{F*,E*), and thus a full ideal. Hence, our result 
follows from Corollary 12.
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In the preceding section we saw that every full ideal 
of weakly compact operators in v3(E,F*) is a strong right 
ideal. An example at the end of this section will show 
that, in general, the converse of this assertion is false. 
However, we will see that, if E satisfies cerain special 
conditions, then every strong right ideal in 3̂(E,F*) is 
a full ideal. In particular, this is the case if E=l^, 
and this fact will permit us to obtain another character­
ization of the class of full ideals of weakly compact 
operators in $(E,F*) for arbitrary E and F.

Proposition II.9 enables us to use a construction due 
to E. Michael [7l to obtain the following result:

PROPOSITION 1: Let E be a Banach space with the property 
that, for every natural number n, every bounded operator 
from a closed subspace G of © E* to E* has a continuous 
extension to all of ©E* with range in E*. Then every 
strong right ideal in -3(E,F*) is a full ideal (F an 
arbitrary Banach space).

Proof: By Prop. II.9, it suffices to show that if 0 is a 
left ideal in ${ F ,E*), then tJ - Ol(F,E*; 3̂ ). We now use 
Michael’s argument: Let At 0£(F,E*; ^  ). Then there exist 
Ai,A£, • • • ,An6 ̂  such that IIAx 11 * m̂ xllÂ xll for all X€ F. 
For each i, i=l,2,...,n, let Ij, be the natural embedding
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of E* in the i-th factor of ©E*, and let J:F — > © E* 
be defined by J^^Ll^A^. Next, for x c F, let S(Jx)̂ = Ax.
We claim that S is a well-defined bounded linear operator 
from J(F) into E*. To show that S is well-defined, we 
note that if Jx* Jy, then J(x-y)*.0, so that A^(x-y)a 0, 
i»l,2,..,n, and hence A(x-y)» 0. Thus Ax=Ay, so that 
S(Jx)= S(Jy). One sees easily that S is linear, and that it 
is bounded follows from the inequality 
ltS(Jx)ll = ||Ax 11 * maxl|An-x||  ̂ZJlA.xIl *\|Jx\l. Thus S has a 
continuous linear extension S to J(F) with range in E^, 
and by hypothesis 3 has a continuous linear extension S to 
all of © E* with range in E*. But then, A - SJ 
Thus, since for each i, Sl^e *23(E*), and 3 is a left 
ideal in &(F,E*), we have At 7, and this completes the 
proof.

COROLLARY 2: If X  is a Hilbert space, and F an arbitrary 
Banach space, then every right ideal in # ( X,F*) is a 
full ideal.

PROOF: Since © X *  is topologically isomorphic to a 
Hilbert space, it is clear that X satisfies the condition 
of Prop. 1. Hence, it suffices to recall that every right 
ideal in ^(X,F*) is a strong right ideal.

COROLLARY 3: If F is an arbitrary Banach space, then
every strong right ideal in ^d^F*) is a full ideal.
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PROOF: It is shown in [9] that every bounded operator 
from a closed subspace G of a Banach space S into 1* has 
a continuous linear extension to all of E with range in 1*. 
Thus, since (1^)*»1^, it is clear that 1̂- satisfies the 
condition of Prop. 1.

This corollary leads to a particularly simple proof 
of the following known result (see, for instance (4, p. 16$ 
Corollaire, and p.1$5 Prop. U]):

COROLLARY 4: If F is an arbitrary Banach space, then every 
completely continuous operator in >£(1̂ ,F*) is the limit, 
in the norm of #(1*,F*), of operators of finite rank.

PROOF: Let be the closure in <#(1k,F*) of (1̂ ,F*). It 
follows from Lemma 1.2(4) that C0 is a strong right ideal, 
and hence a full ideal in >3 (Ijr, F*). We show that Wl is 
precisely the class of pre-compact sets in F*, and this 
will clearly imply that C0 = £(1k ,F*) as claimed. Since 
& 0C t(l^,F*), we know that every set in is pre­
compact. On the other hand, let M be a pre-compact set in 
F*. Then M is contained in the closed, absolutely convex 
hull of a sequence [xn] of elements of F*, with xn—*0 as 
n__>oo [6, p.250l. Thus, M = {^a^Xi : Z  la^ 6 l) [5, p.250]. 
Now let ki,k2,«».. be a sequence of elements of K, and
define ^kj6 1°̂ by ^kj.^" 1 h = ki» and ?ki(h)~ 0

/ *h f k̂ . Then the operators of finite rank x̂  converge00 j
in norm to the operator T = 21 ‘fki® xi € > and we
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see that T(B^) = : ^la^l - l] ^ M .  Hence M  € ^ £ o >
and this completes the proof.

Corollary 3 also leads to a new characterization of 
the full ideals of weakly compact operators:

We recall that every Banach space E may be viewed 
as a quotient space of 1^ for some appropriate set K. In 
particular, there exists an operator P:lft— > E which maps 
the unit ball of 1̂- onto that of E [6, p.2$3j , so that 
P*:E* — * 1̂- is an isometry. If P]_:1F— 7 E and Pg1̂ — y ̂  
are two such operators (K may be chosen so that both E and 
F are quotient spaces of lĵ ), then the map 
A: *8 (E, F*) — ■> ^(lpl*) defined by A(A) = is an
isometric embeddine of $(E,F*) in ^(l^l^). Similarly, 
*8(F,E*) may be embedded in v8(l̂ -,l̂ ) by means of the map 
A f defined by A ’(A)= P-^APg. It should be noted that the 
operators P̂  and ?2 are i*1 no waV canonical. However, we 
shall see that most of our considerations are independent 
of their choice, and for the moment, we shall assume that 
Pi, P2 , and thus A and A T, are fixed. We note that A 
and A ’ are related by AT (AT) = ( A(A)) ’, for we have 
A T (A» ) = Px*A’P2= P1̂ A*JfP2=: P1*A*?2**Jtfr= (P2*AP1)»

- ( A (A))’.

PROPOSITION 5? A set 3 of weakly compact operators in 
3(E,F*) is a full ideal in »2(E,F*) if and only if 

A( 0 ) = A(»8(E,F*))r\( A (3 ))5 .
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PROOF: a) Assume 3 is a full ideal. The strong right ideal 
( A  ( 3 ) )̂  is a full ideal in (̂1̂ ,1*̂ ) by Cor. 3» Since 
A ( 3  ) consists of weakly coihpact operators, the full ideal 
Ol(lK,l̂.; p j) generated by A (3 ) is a strong right 
ideal in <6(1̂ ,1*̂ ) by Cor. 11.11, and this implies that it 
must coincide with ( A  ( 3 ) )̂ . Also, it is clear that 
^"A(3 ) = { P2*(M): M € Now let S be an element of
A(«S(E,F*))A (A( 3 ))**. Then S = A(A) = ?2*A?1 for some 
A € 3  (E,F*), and S ^ )  € W ^  3 ). Thus,
APi(Bi) = (Pg91')“ *̂(S(B̂ )) . But, since P^ maps the unit
ball of Ij£ Onto that of E, this implies that A(B̂ ) € 'Ttyj , 
where Bj_ is now the unit ball of E. Thus A *3 , since 3 
is a full ideal, and this implies that 
A ( v8 ( E , F * ) ) A ( A ( 3 ) ) ^ C  A  ( 3  ), and the opposite in­
clusion holds in any case.

b) Assume that 3 satisfies the equality of the 
Proposition, and let A f 0£(E,F*; ̂ 3). As in (a), we have 
^ A ( 3  ) = anc* this implies that A(A)

Amaps the unit ball of 1̂- into an element of y  Thus,
A (A) € 01 (1̂ ,1̂ ; *^^(3 )). The latter is contained in 
(A(3))^, since (A (3 ) )̂  is a full ideal by Cor. 3. Hence 
A  (A) € (A (3 ))H} ani this implies, by assumption that 
A(A)€ A(3 ), so that A* 3 , and 3 is a full ideal.

The second part of the foregoing proof did not require 
the assumption that 3 consisted of weakly compact operator^ 
so that we immediately have the following corollary:
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COROLLARY 6: If •£ is a strong right ideal in 
then ) is a full ideal in &(F,t F*).

proof: A(#(e,f*))A (A( A -1** )).)® C A( JB(E ,F*)) n  £
=  A( A ”1 ! £  )), and 

since the opposite inclusion holds in any case, the 
corollary follows from Prop. 5.

COROLLARY 7: If X is any set of weakly compact operators
in J&(E,F*), then 01 (E,F*; n t x  ) = A  (X )&).

PROOF: If 0 is any full ideal of weakly compact operators 
in <8(E,F*) containing 3£ , then 3= A “^-(A(0 )**) by 
Prop. 5, and clearly A -1( A  ( 3 )R) Z? A -1( A  (X )R), Since 
the last is a full ideal by Cor. 6, this completes the proof

Finally, it is easy to see that Proposition 5 may 
also be expressed as follows:

COROLLARY 3: A set CJ of weakly compact operators in 
v3(E,F*) is a full ideal in ^(EjF*) if and only if 

A T( 0 ') = A ’ ( 3 ( F , E * ) ) n (  A ' (  D  ’) )L .

We have seen in Cor. 2 that every right ideal of
operators on a Hilbert space is a full ideal. We now
show that this is not the case for arbitrary reflexive 
spaces. Since every right ideal of operators on a reflexive 
space is a strong right ideal, this will show that, in 
general, not every strong right ideal in ^(EjF*) is a



full ideal. We shall need the following lemma:

LEMMA 9: Let F be a closed subspace of I*5, 1^ p< 60 . Then 
there exists an operator T:lP— > F such that T(lP) is 
dense in F.

PROOF: Since 1̂  is separable, so is F. Thus, there is a 
countable set |x^,x2, } which is dense in the unit
ball of F. For i = 1,2,...., define <jPi€ » — + — = 1, by

r 60 -5 P ^^iU) = ij* Then T - Z. (|) x̂  defines a bounded linesr
operator from lp into F, and T(lp) is dense in F.

PROPOSITION 10: There exists a reflexive Banach space E, 
and a right ideal 3 in ‘S(E) such that 3 is not a full 
ideal.

PROOF: Let p ̂  2, l<p<o° . Then there is a closed sub­
space F of lP such that the identity operator Ip on F 
has no continuous linear extension to all- of IP with range 
in F. (Murray has shown that there exists a closed sub­
space F of lP such that there is no continuous projection 
of lP onto F [Si. An extension of Ip to all of 1^ with 
range in E would be a projection of lP onto F.) Now let 
E*- F ® I*5 (F®lP is a reflexive space), and let T:l^— > F 
be an operator such that T(lP) is dense in F. Next, define 
an operator A:F@lP— * F®lP by /Ip 0\

\0 T /, where T is 
now considered as an operator from lp into lp. Then it is
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clear that A(F®1P) is dense in the subspace F©F of
F©lp. Now let 3 We .claim that 3 * does not
coincide with 0I(E*,E*; which would imply that
3 is not a full ideal by Cor. 11.12. Note that 7 *-Ia}L.
We define an operator S:F©F — * F®lp by /0 Ip\

S ’ u  q ),
where J:F—>1P is the inclusion map. It is obvious that 
||SII - 1, so that, if we let B = SA, we have IIBx 1| ̂ II Axil for 
all x€ E*. Thus B € 0l(E*,E*; If B = CA, with C * >3(E*),
then SA - CA = (S - C)A = 0, so that S - C annihilates
the dense linear manifold A(P©1P) of F©F. Thus, S and C 
must agree on all of F®F, which means that C is an ex­
tension of S to all of F©lp. Now, let p̂  be the natural 
projection of F®lp onto F, i2 the natural embedding of I*5 
in F®lp, and j*2 natural embedding of F in the second 
factor of F® F. Then p-̂ Ci2J 55 p Ŝ jg * Ip, and this means 
that PiCi2 is an extension of Ip to all of 1P with range 
in F, contrary to the choice of F. Hence 3 * ̂  0£(E*,E*; 
and this completes the proof.

%
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IV. INVARIANT AND MINIMAL SATURATED CLASSES

In this section we examine some further aspects 
of the relationship between saturated classes and full 
ideals. In particular, we consider saturated classes 
which give rise to two-sided ideals, and we show that 
the correspondence between saturated classes of pre­
compact sets in a Banach space E and the full ideals of 
completely continuous operators in ~3(1̂ .,E) is a lattice 
isomorphism. This will imply that, for any infinite set 
K, the lattice of strong ideals of completely continuous

•L 00operators in -8(1̂ ,1̂ ) is isomorphic to the lattice of 
strong ideals of completely continuous operators in
3(1", 1°°).

Each of the ideals $(E,F), l̂ (E,F), C(E,F), and 
»X(E,F) is a two-sided ideal. The saturated classes of 
bounded sets in F which give rise to these ideals share 
the following property:

DEFINITION 1: We shall say that a class ^  of subsets of 
a Banach space E is invariant if T€ 'S(E) implies
that T(M)e W  .

LEMMA 2: If VH0 is an invariant class of bounded sets in E, 
then the saturated class Wl generated by is invariant.

PROOF: We note that if “ttt is invariant, then it is closedo '
under multiplication by scalars. Thus, the result follows



directly from Lemmas II.3 and II.7.

PROPOSITION 3: If D is a left ideal in *8 (E,F), then
is an invariant saturated class of bounded sets in F. 

On the other hand, if is an invariant saturated class 
of bounded sets in F, then ,F ;V t) is a two-sided 
ideal in »3(E,F).

PROOF: It is clear that if J is a left ideal in ^3(E,F), 
then the class £a(B]_) : A_€ CJ} , is invariant. Thus the 
first part of the proposition follows from Lemma 2, and 
the second part is obvious.

COROLLARY 4: If 3 is a left ideal in >3(E,F), then the 
full ideal 0l(E,F;???j) generated by C7 is a two-sided 
ideal in (E,F).

It should be noted that,in order for 0?(E,F;?*O to 
be a two-sided ideal in >3 (E,F), it is not necessary that 
TVL be invariant, for the correspondence between saturated 
classes of bounded sets in F and full ideals in v3(E,F) is, 
in general, not one-to-one. As a simple example of the 
latter assertion one might consider the case where E is 
a finite-dimensional space, F is infinite-dimensional, WL 

is the class of all bounded sets in F, and 72 the class of 
all bounded finite-dimensional sets in F. Then W2 and >Z 
are clearly distinct, while 01 {E,F{?^) - 0?(E,F;?? ) = ̂ (E,F). 
We note, however, that if 0 is a full ideal in *2>(E,F),
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then there always exists a smallest saturated class V*l- 

of bounded sets in F such that 3 = Ol{E,F;?>i), namely 
Wl = • This suggests the following definition:

DEFINITION $: A saturated class "M of bounded sets in F 
will be called E-minimal if »1. = E F •?£.)*

The following simple lemma will be useful in the 
sequel:

LEKMA 6: If X is any set of operators in *S(E,F), then 
the saturated class of bounded sets in F is E-minimal.

PROOF: Clearly X  c Ol(E,F; ), so that we have
■**<*(£,F;r»,x )• On the other hand, A€ 0l(E,F; )

implies A(Bq_) € , so that ) c > and
this proves the assertion.

COROLLARY 7: There is a one-to-one correspondence between 
the full ideals in *3(E,F) and the E-minimal saturated 
classes of bounded sets in F.

PROOF:, The one-to-one correspondence is clearly given 
by 3 <--*^3 •

PROPOSITION S: If E is an arbitrary Banach space, then 
every saturated class of pre-compact sets in E is 
1^-minimal for every infinite set K.

PROOF: If VA, is a saturated class of pre-compact sets in
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E, then the class of all closed, absolutely convex
sets in Til generates Wl • Now, let Me7?t0. Since M is
compact, there exists a countable set £xi,X2,.... } which
is dense in M. Let...... ....a sequence of elements
of K, and define <Pki€ 1^ by ^ki *̂1)3 1 if h = k̂ , and
fki(h)= 0 if h 4  k±. If we define T:l^— > E by •0
T - x̂ , it is easy to see that T is a bounded
linear operator, and that T(B]_) * M. This shows that 
m  =Tnx , where X  = {t € <8 (l^E'): TTbJT* , so that 
nt is l^-minimal by Lemma 6.

COROLLARY 9: If E is any Banach space, there exists a
one-to-one correspondence between the strong right ideals

_ ^of completely continuous operators in >0 (1̂-,E*) and the 
saturated classes of pre-compact sets in E*.

PROOF: This follows directly from Cor. III.3, Cor. 7, and 
Prop. S.

COROLLARY 10: A saturated class Wl of pre-compact sets in 
a Banach space E is invariant if and only if Ol{ l^EjW) 
is a two-sided ideal in <8(14,E).

In the next section, the strong ideals of completely 
continuous operators in $( 1̂ ,1̂ ) will play a key role. 
Proposition £ implies that, for our purposes, the study of 
these ideals can be reduced to the study of strong ideals 
of completely continuous operators in •&(!1,1°°). To



demonstrate this, we shall use the following lemma, which, 
as we shall see later, implies Schauder’s Theorem, that a 
bounded operator A is completely continuous if and only if 
A* is completely continuous.

LEMMA 11: If K, K1 are arbitrary sets, an operator A in 
•2 (1̂ ,1̂ ,) is completely continuous if and only if A’ is 
completely continuous.

PROOF:It is easy to see that an operator R€ ̂ 8 ( ,  1*̂ f ) 
is of finite rank if and only if R’ is of finite rank. 
Since ’ is an isometry, the lemma now follows directly 
from Cor. III.4.

We remark that if E and F are any two Banach spaces, 
then the strong ideals of completely continuous operators 
in ^(EjF*) form a complete lattice with respect to the 
operations A and V  defined by = C\ f an(j

= respectively, and it follows from
Lemma 11 that the mapping 3 — > 3 » is an isomorphism 
from the lattice of strong ideals of completely continuous 
operators in (E,F*) onto the lattice of strong ideals 
of completely continuous operators in -8(F,E*). We also 
observe that the invariant saturated classes of pre­
compact sets in a" Banach space E form a complete lattice 
with respect to the operations A  and V  defined by

= f } r , and s the saturated class generated
. Moreover, it follows from Prop. II.6 that the
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completely continuous operators in «8(1̂ ,E*) and invariant 
saturated classes of pre-compact sets in E* is a lattice 
isomorphism. We can now assert the following:

PROPOSITION 12: If K is an arbitrary infinite set,.then
there exists an isomorphism from the lattice of strong
ideals of completely continuous operators in vB(l4,l*°)
onto the lattice of strong ideals of completely contin-

— 1 00uous operators in -o(l̂ ,l̂ ).

PROOF: If H is a countable subset of K, then 1^ is topo-
i 4-logically isomorphic to 1 © so that there exists a

t. i iprojection P:lj(— > 1 mapping the unit ball of 1̂  onto 
that of l1 . If E is an arbitrary Banach space, and we let 
X = [TP: Te 0l(l4 ,E*;'W.)J, where ̂  is a saturated class 
of pre-compact sets in E*, then it is easily seen that 
0l(lj£,E*;tt2) = X . This, together with our above remarks 
concerning the map D  — >  CJ 1 , shows that the mapping
3 --> ( TMP)^ is an isomorphism from the lattice of
strong ideals of completely continuous operators in 
*3 (l1 , 1*°) onto the lattice of strong ideals of completely 
continuous operators in ^(l^l00). Repeating this argument, 
we see that the desired isomorphism is given by the map
3 — > ((( 3 ’P)^)’P)^ = (P*D P)B.

NOTATION: If "Wl is an invariant saturated class of pre­
compact sets in 1°°, we shall denote by £(1̂ ,1̂ ;^.) the
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ideal corresponding to 01 (I4, ,l#d;'̂ ) under the isomorphism 
defined in the preceding proposition. (Then, of course,
£(1*- ' f W ) *

REMARKS; 1) We can give a relatively simple description 
of t  .(1k,-1k»w ) : Let 3 = a d ^ j f  ;»t). Then 
t  (lft,l^Wt) * (PO P)B consists of finite sums of 
elements of the form SP*AP<>T*, with S,T f <8(1̂ ), A e 3 ,
and P as in the proof of Prop. 12. Such an element may
also be written as QA°R*, with Q,R e >3 (1*°, 1̂ ). Thus, the

±00 ^elements of £(1̂ ,1̂ ;'ty) are of the form Q^A^oR^*, with
6 $(i°°, 1̂ ), A±e 0 . Now,'1°° is topologically iso-

<n 00 eo "oomorphic to © 1 . Let 1^:1 --> © 1 be the embedding in
the i-th factor, and P^:@l°°— > £“ the projection on the 
i-th factor. Then we can write
iQiAi-Ri*= (|iQipi)(t|liAi°Iis!<)e(|.RiPi)s!', where
Q = Qj_P-j_ and p ”f[7PiPi are ̂(l00, 1̂ ), and
A= 21 I-sA.!0 I.:* € 3 . On the other hand, if T is of the form« i -L X X 7
T= QA°R*, with Q,Re»8 (l00,^), A €3 f then we can write
T® Now, Q(P )̂-1 and R(P*)-1 are

00defined on a closed subspace of 1̂ , and have continuous
r>* *+* Q0extensions Q and R respectively to all of 1̂- with range 

in lj£. Thus, Ts QP*AP*R* e £(1^,1* ;»t). Thus, we have 
shown that T€ t(l^,l^;W) if and only if there exist 
Q, R € $  (1°°, 1̂ ), A £ 01 (1* , 1°° ; ) such that T " QA« R*.

2) If W. is an invariant saturated class of pre-

4



3 $

compact sets in 1°°, and we let > where
D 5 OT (l1 ,1* ;?W), then it follows from the preceding 
remark that ( £ (l^l^jW ))» = C (1̂ ,1* ; ).

Finally, it will be convenient to make the following 
definition:

DEFINITION 13: We shall say that a saturated class of 
pre-compact sets in 1°° is symmetric if 'WL - WV in the 
notation of the preceding remark.

REMARKS: 1) If 7% is symmetric, then it is clearly in­
variant.

2) The class of all pre-compact sets in l06 is 
symmetric, in view of Lemma 11. Also, the class of all 
bounded finite-dimensional sets in 1°° is symmetric. We 
shall see other examples of symmetric classes in the next 
section.



V. UNIVERSAL IDEALS OF OPERATORS
39

To this point, we have dealt with ideals of operators
in n8 (E,F), with E and F fixed. The ideals t8(E,F),

E,F), fc(E,F), and <X(E,F), however, are defined for
every pair of Banach spaces E and F, and they may, ifi
fact, be interpreted as left exact functors of two
variables from the category of Banach spaces into the
category of complex linear spaces, contravariant in the
first, and covariant in the second variable. Based on this
observation, we now introduce the concept of a universal
ideal of operators. We then restrict our attention to
universal ideals of completely continuous operators, and
we sliow that these are completely determined by the in-

00variant saturated classes of pre-compact sets in 1 . We 
also show that every two-sided ideal of completely con­
tinuous operators on a Hilbert space arises from a uni­
versal ideal of operators.

To symmetrize the discussion, we again deal with 
ideals in spaces of the form »>8(.E,F*).

DEFINITION 1: Suppose that, for every pair of Banach 
spaces E and F, a strong ideal W(E,F*) in wSfEjF*) is 
given, and that the following condition is satisfied:

U) If J]_ is a topological linear embedding of G* in E*, 
and ^2 a t0P°l°gical linear embedding of H* in F*, 
where G and H are Banach spaces, then an operator
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A€c5(E,H*) is in U { E,H*) if and only if
JgA fc 2/(E,F*), and an operator B «. (G, P5̂) is in
ZMG,F*) if and only if lU(E,F*),

We then say that U is a universal ideal of operators, 
and that 2̂ (E,F*), for fixed E and F, is a realization 
of U  .

One can show without difficulty that the ideals 
c3(E,F*), 2«T(E,F*), t(E,F*), and **(E,F*) satisfy 
condition (U), so that , C , 'UT, and ^ are universal 
ideals. An example of a strong ideal in ^8(E,F*), which is 
defined for every pair of Banach spaces E and F, but which 
does not satisfy condition (U) is provided by the trace 
class. (The trace class is the set of operators in _
g8(E,F*) which are images of elements of E*®tfF* under the 
natural mapping E*®yF* — >c0(E,F*)« See £4, p.SO and p.SSl.)

We observe that if W is a universal ideal of oper­
ators, then condition (U) implies that 
U(E,F*)« {A€*8(E,F*): Jf*A € W(E,F***)} . Thus, we are 
justified in adopting the following

NOTATION: If K  is a universal ideal of operators, we 
denote by W(E,F) the space of operators A €$(E,F) such 
that JpA c W(E ,F**).

We remark that if W  is a universal ideal of operators, 
then S,F) is a two-sided ideal in v&(E,F). For if



S 6 -8(E), A'cU(E,F), then JpAS € U (E,F**), since the 
latter is a two-sided ideal in <<8(E,F**). Also, if 
T€A(F), then JpTA = T**JpA, so that TAcU(S,F).

DEFINITION 2: If XL is a universal ideal of operators, 
we define U ' by U ' (E,F*) = {A £ JB(E,F*): A»€ U(F,E*)} .
The universal ideal XL is called symmetric if
l((E,F*) = XV (E,F*) for every pair of Banach spaces E and F.

We note that it follows directly from Def. 1 that, 
if U  is a universal ideal, then XC' is a universal ideal.

PROPOSITION 3: If U  is a symmetric universal ideal, and 
A eJ8(E,F), then AfiW(E,F) if and only if A*€ U(F*,E*).

PROOF: If XX is symmetric, then AeT^(E,F) if and only if 
JFA€tt(E,F**) if and only if (JpA)»= A*Jp*JF*€ ft(F*,E*), 
and this completes the proof, since JF‘Jp# is the identity 
operator on F*.

We now turn to an explicit construction of the uni­
versal ideals of completely continuous operators, that is, 
universal ideals ft such that ft(E,F*) C. C(E,F*) for every 
pair of Banach spaces E-.arid F.

If E and F are arbitrary Banach spaces, we may view 
both as quotient spaces of 1^ for an appropriate K, as in 
Section III. In particular, we have operators P^sl^— * S,

i ^and P2:̂ K— *** maPPinS the unit ball of lp onto that of E
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and F respectively, and we again define the operator 
A:-8(E,F»)--->v9(1k,i“ ) by A(A)=P2*AP̂ .

DEFINITION 4: If 'Wfl is an invariant saturated class of 
pre-compact sets in I**, we shall say that an operator 
A € «8(E,F*) is of type*#? if A(A) C £ (1^,1^;"^). We denote 
the set of operators of type 'H in «8(E,F*) by £ (E,F*;??z)

We must, of course, check that Def. 4 is independent 
of the choices o^ K and A . This can best be done by use 
of the following result:

PROPOSITION 5; With K and A  as above, and Ac.3(E,F*), 
we have A(A)€ £(l̂ ,l” jW?) if and only if TA°S* is in 
£(1^1^;^) for all T€J5(F*,1*), S*J5(E*,1^).

PROOF: It is clear that, if the condition of the propo­
sition is satisfied, then A (A) e £(1^,1* ; W ). On the other 
hand, if A  (A) € £ (1̂ ,1” ;”l), and T£ «8(F*, 1*), S€J8(E*,1*),
then T(P2,1<)”1 and S(P^*)“‘L are operators mapping closed 

00 oosubspaces of into and hence have continuous ex- 
tensions Te<#(l*) and Scv8(l*̂) respectively. Then 
TA«S* - ^H^AP-joS*. Since, by assumption, P̂ '̂AP̂  is in
^  a 00 o  4 00C(l^,lK;>U), and the latter is a strong ideal in (o(l̂ ,l̂ ), 
it follows that TA^S* € £( l̂ -,!*;'**?) as claimed.

It is immediate from Prop. 5 that the definition of 
£ (E,F*;^1) ip independent of the choice of A if K is 
fixed. We next show that it is also independent of the



choice of K. Thus, let KT be another infinite set such 
that E and F are quotient spaces of l^t, and let us
assume that card K’£ card K. Then there exists a pro-

± 4 -  1jection P: 1^— > lg-f mapping the unit ball of 1^ onto that
of 1̂ .,. Now assume that AC«8(E,F*) is of type W  with 
respect to K, and let T€<£ (F*,l^t), S4*0(E*,1*,). Then, 
by Prop. 5> P*TAo(P*S )* 6 C(l̂ -,l";‘W ) , and in view of our 
earlier description of the latter ideal, this means that
there are operators Q (lw ,l^), R€ «#(1°* ,1̂ ), and
BcOld1 \Vn) such that P*TA«(P*S)* = QB®R*. Now let £

\ “1 60 00be an extension of (P*) to all of 1̂  with range in 1̂ ,.
Then TA®S* = PP*TA* (P*S )**P* = PQBoR*®?* €. £(1̂ , ,1*1 5 »  
and this shows that A is of type Wt with respect to K', A 
similar argument shows the converse.

Before discussing th« relationship between the uni­
versal ideals of completely continuous operators and the 
classes C (EjF*;^), we derive some of the elementary 
properties of the latter.

PROPOSITION 6: If 1% is the class of all pre-compact sets 
in 1°°, then C(E,F*;^) = C(E,F*). Also, if is
any family of invariant saturated classes of pre-compact 
sets in 1°°, then £ (E,F*; VK^) ® •

PROOF: It is clear from Prop. IV.12 and the definition of 
t (lj£, 1̂ )  that, if ̂  is the class of all pre-compact 
sets in 1°°, then t  (I^Ik*^ ) ” (l^dK) • Also, with K and
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A as in Def. 4, the properties of P-̂ and P2 imply at 
once that A€«3(E,F*) is compact if and only if A (A) is 
compact, and this yields the first part of the propo­
sition. The second part follows directly from the defi­
nitions and Prop. IV.12.

PROPOSITION 7: A€J&(E,F*) is of type m  if and only if 
A’ is of type '7% 1. In particular, if 7>t is symmetric, 
then A is of type Wl if and only if A’ is of type .

PROOF: Note that for A€&U,F*), S€J3(E*,l"), T€<8(F*,1^), 
we have SA’oT*= (TA°S*)’- Thus, the proposition follows 
from Prop. 5, and our earlier observation that 
( Cd^igjm))' = C(i‘K,iJi•>».).

As a corollary, we have Schauder’s Theorem:

COROLLARY S: An operator A€«^(e ,F) is compact if and only 
if A* is compact.

PROOF: Clearly, A€<$(E,F) is compact if and only if 
JpA €«£)(E,F**) is compact. Thus, by the same argument as 
in the proof of Prop. 3, the result follows from Propo­
sitions 6 and 7, and our observation at the end of Section

60IV that the class of all pre-compact sets in 1 is symmetric.

PROPOSITION 9: If A€^(E,F*) is of type and Q*45(E*,G*), 
R € . (F*,H*), where G and H are arbitrary Banach spaces, 
then RA°Q*£*8(G,H*) is of type WL . Thus, in particular, 
C(E,F*;Wt) is a strong ideal in o8(E,F*).



PROOF: Choose the set K so that each of the spaces E,F,
G, and H may be viewed as quotient spaces of l4̂. Then, 
if S €J8(H*,1*), Tc«8(G*-,l̂ ), we have by Prop. 5 that 
SRA°Q*oT** (SR)A«(TQ)*c since SR € ̂ (F*,]^),
and TQ €>3(E*,1^). Thus, RA°Q* is of type'ty by Prop. 5.

REMARK: Cor. III.6 implies that t (EjF*;'#!) is not only 
a strong ideal in <-8(E,F*), but, in fact, a full ideal.

COROLLARY 10: If A««8(E,F*) is of type TOt , and 
B€>&(F*,H*) is of type 71 , then BA is of type 771/171 . 

Similarly, if C«J9(E*,G*) is of type Vi , then A»C* is 
of type 11’ .

PROOF: This follows easily from Propositions 6 and 9.

We are now ready to give the following characteri­
zation of the universal ideals of completely continuous 
operators:

THEOREM 11: If 7% is an invariant saturated class of pre­
compact sets in 1**, and we define ILyyi by 
2/^(3,F*) = £ (E,F*; » i), then is a universal ideal of
completely continuous operators. Conversely, if W  is a 
universal ideal of completely continuous operators, then 
there exists a unique invariaht saturated class of pre­
compact sets in 1°° such that 21 (E,F*) * £(E,F*;?*2) for 
every pair of Banach spaces E and F.

PROOF: We have already seen that the £(E,F*;^2) are
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strong ideals in JB(E,F*)« Thus, to prove the first part 
of the theorem it only remains to be shown that, if l i n n .  

is defined as in the theorem, then it satisfies condition 
(U). Let J^:G*— > E* and J2:H*— * F* be as in Def. 1. It 
is clear from Prop. 9 that, if A £ V 4  E,H*), then 
J2A £ V 4 E  ,F*), and if B €’l6»t(G,F*), then (E,F*).
Now choose K so that E,F,G, and H are quotient spaces of
1 4 1lj£ by means of projections P̂ rl̂ --* E, B2:̂ K—

4 4Ql:lK— *>G, and — * H respectively. By definition,
J2A€M*( E,F*) means that P2*J2AP]_* ). Now,
P2»J2Api= P2*J2(Q2*)“1Q2*AP1. Let S = (P2*J2(Q2*)-1)-1.

CO COS maps a closed subspace of 1^ into 1̂ , and hence has an
a , 00 ,extension Seo(l^.). Then it is clear that 

^AP-l” SP2*J2(Q2*)“1Q2̂ AP1€ Thus, we have
shown that, if J2A € E,F*), then A € E,H*). The
symmetric argument shows that if B®J^* c U^(E-,F*), then

, F*)> so that “Uttl satisfies condition (U), and is 
a universal ideal as claimed.

To prove the second half of the theorem, we note 
that, if XL is a universal ideal of completely continuous 
operators, then is a strong ideal of completely
continuous operators in ^(1 ,1 ). We have seen that this 
means that there is a unique invariant saturated class of 
pre-compact sets in 1** such that 11 {l4 ,£°) = C (i1 ,1* ;^). 
Condition (U), and the definition of t(E,F*j'Wt) then 
imply at once that &(E,F*) = C(E,F*;W) for every pair of 
Banach spaces E and F, and this completes the proof.
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REMARK: Theorem 11 shows, in particular, that the uni­
versal ideals of completely continuous operators form 
a set. Moreover, this set is a complete lattice with 
respect to the operations A and V  defined by 
(i?I^i)(E,F*) = £\^i(E,F*) and
icl^i= : ̂ (EjF*) C l/(E,F*) for all id and every

pair of Banach spaces E and fJ.
Proposition 6 shows that this lattice is isomorphic to
the lattice of invariant saturated classes of pre-compact 

00sets in 1 . We also note that the operation T is a lattice 
isomorphism.

NOTATION: In accordance with the convention already 
adopted for universal ideals, we denote by £(E,F;W) 
the ideal {A€J&(E,F): JfA€<?(E,F**;%)>, and we say that 
an operator A€«8(E,F) is of type W  i f  AC £(E,F;')>i).

Analogs of Propositions 6 and 9 and Cor. 10 may be 
proven for the ideals C(E,F;'̂ ?). In particular, we note 
that if A£&(E,F) is of type Wi , and Se3(F,H), T€«3(G,E), 
then SAT€$(G,H) is of type Oft . This follows directly 
from Prop. 9, and the equality J^SAT» S**JpA®T**.

To conclude our discussion, we now show that every 
two-sided ideal of completely continuous operators on a 
Hilbert space is a realization of a symmetric universal 
ideal of operators. It is useful to begin with the 
following simple lemma:
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LEMMA 12: Let E and F be arbitrary Banach spaces, and 
& : v8(E,F*) — ( 1̂ ,1̂ ) as in Def. 4* Then a set 3 of 
completely continuous operators in *3(E,F*) is a reali­
zation of a universal ideal of completely continuous 
operators if and only if

4 ( 3  ) = 4 ( £ ( E , F * ) ) A ( 4 ( 3  ))®.

PROOF: We note that".(4(CJ ) is a strong ideal in 
•«o(l̂ ,l̂ ), and hence of the form C(l^,l^;“Wf) for some

Thus, it is clear that, if 3 satisfies the equality 
of the lemma, then 3 = C(E,F*;^), on the other hand, if 
Cl is a realization of a universal idaal *U of completely 
continuous operators, then Cl- , and this
implies the equality of the lemma as in the proof of 
Cor. III.6.

We now let W be a Hilbert space of arbitrary di­
mension. If A ), we shall denote the Banach space 
adjoint of A by A', to distinguish it from the Hilbert 
space adjoint A* of A.

THEOREM 13: Every two-sided ideal of completely continuous 
operators in •*<*) is a realization of a universal ideal 
of completely continuous operators.

PROOF: Let P]_:1k— anĉ ^2’̂ K— * be projections 
mapping the unit ball of 1̂  onto the unit ball of VI and

respectively, and let A:<#(M)-- > (1̂ ,1̂ ) be
defined as usual. We must show that if 3 is a two-sided
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ideal of completely continuous operators in «-8(H), then 
J satisfies the equality of Lemma 12, Let X be the set 
consisting of all finite sums of the form , with
A^C 3 , €  v6 ( 1* ) . It is clear that X  is a right ideal in

(>{*,l*j£), and hence X  is a full ideal by Cor. III.2 ,  so 
that X  = (X{ H*,1k» ̂ je). Let £ =* {SP2: S c X j  ,and 
observe that • Thus, Also,
£ = A 1 ( CJ ’ )L, so that £& = (A ' ( 3'))®. Now, let 
be such that A { A ) G (^(3 ))B. Then we have 
4'(A’ )- P]*A»P2 € ( ( t3» ))̂  *<*(1^,1^; But this
clearly implies that P^A1 maps the unit ball of X * into 
an element of W-g. , so that P^A’ € X  , and this means that 
A ’ (A’ ) € £ . Since £ “ ( ^ ,( 3 t))̂ J, and 3 is a full ideal, 
this implies that A’€ 3 T by Cor. III.S. Thus k €  3 , and 
we have shown that ^($(W))/r\(A(3))B and since
the opposite inclusion holds in any case, the proof is 
complete.

While we cannot assert that there is a unique uni­
versal ideal u  such that , it is clear
that there is a smallest such universal ideal (with respect 
to the above mentioned lattice structure on the set of 
universal ideals of completely continuous operators), 
namely, the unique universal ideal M. such that 
2̂ (1k»Lk) = (3 ))®. It is possible to give quite a
complete description of these universal ideals. We shall 
use the following definition due to R. Schatten |ll,p.26].:
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DEFINITION 14: A set 2  of -non-increasing sequences of 
non-negative real numbers is called a characteristic set , 
if i) {an\ € 2! implies an— * 0 as n — > 00 .

ii) {a^ag, • • • •] € 2  implies {a1,a1,a2,a2, -j € 2  •
iii) {aj ,{bnJ ̂ 2 implies [an+ bn } .
iv) { a ^ e ^  , an»b n, bnV bn+1, n*l,2,... implies

If A is a completely continuous operator on the 
Hilbert space M  , then the characteristic sequence of A 
is defined to be the sequence of eigenvalues of (A*A)̂  
arranged in non-increasing order of magnitude [ll, p25].
The characteristic sequence of a completely continuous 
operator A€.Q(H) is always a sequence of non-negative 
real numbers converging to zero. If 2  is a characteristic 
set, we define C%(V< ) to be the set of completely con­
tinuous operators on )4 whose characteristic sequences lie 
in 2* . It is shown in [ i j  that ) is a two-sided
ideal in $04), and that, if VI is infinite-dimensional, 
the map Z!  establishes a one-to-one corre­
spondence between the characteristic sets, and the two- 
sided ideals of completely continuous operators in -8(M). 
This correspondence is, in fact, a lattice isomorphism.
(See also [il>

Now, let "H be an infinite-dimensional Hilbert space, 
and let the notation be as in Theorem 13.
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DEFINITION 15: If £  is a characteristic set, we define 

to be the (unique) universal ideal of completely 
continuous operators such that (l1̂,]̂ ) * (A ( (H  )))®.
If 2? is the set of all non-increasing sequences oi* non­
negative real numbers in 1̂ , with 0 < p < (resp. all non­
increasing sequences of non-negative real numbers con­
verging to zero), we write (resp. £00 ) instead of .

The following lemma shows that the definition of 
is independent of the (infinite) dimension of W :

LEMMA 16: Let )-|0 be separable Hilbert space. Then 
ejjUK.lK^CsAT: Se,3( M 0,l"), A«6g(H0), T*,3 (4, U 0 )] .

PROOF: Using the polar representation of compact operators, 
it may easily be seen that if the equality of the lemma 
holds with Wo replaced by M  , then it holds for V(0.
Now, Prop. 5 shows that if Sf«3.(M,l^), AetfgfM), and 
T€ 3 (1 , M ), then SAT* (1̂ ,1̂ ) • We next observe that, if 
Q,R€v3(1k)> then for A € tg ( H ) we have
RP2*AP1«Q*«- (RP2*) A °(QP-̂ *)* = (RP2*)A(P1**Q*J1*) = SAT, where 
s-rp2*« -8 ( M  , l“ ), and T» €-8(1k, W). Thus,
t£(lK,lK)= <<M Cjj(H)))® consists of all finite sums of 
the form j^SiAjTi, with Si€ ̂  ( H , 1*k), Ai £ ( M ), and

4- HTi^(lKi X). Now, W  is topologically isomorphic to ®  H . 
Let Ij_:Vl— ^ © H  be the injection in the i-th factor, and 
P^:®H— * )ri the projection on the i-th factor. Then 
||SiAiTi= (jbSiPptllljAiPpiIjliTi)" SAT, where



o- Diri><M n ; > A £-( -LiAiri * ;»
T.-i. i ^ t a  (l^.w ), and this yields the desired result.

Finally, we have the following

THEOREM 17: a) The universal ideals are symmetric.
b) If X  and £ f are arbitrary characteristic 

sets, and A c Cg (E,F), B € (F,G), then BAc C ( E , G ) .
More particularly, if O^p^jr^e0 , l/p 4 l/q » l/r, and 
AC £ (E,F), BC ? q (F,G), then BA c C r(E,G).

PROOF: One can readily see that if A is a completely con­
tinuous operator on H , then there are linear operators 
U:H* — * H , and V : H — * M *, such that A’= VA*U. Thus, 
part (a) of the theorem follows easily from Lemiha 16, and 
the fact that Ac C^j(H) if and only if A* e (M). To 
prove part (b), we begin by noting that the first part of 
the proof of Theorem 13 shows that if Q € (H,lp), then
Q has the form ÊlR̂ D̂ , with R^c-SfW ,1r), ^2 ( ̂ ) • Now
let A and B be as in the theorem, and choose K so that

i. \there are appropriate projections P2:̂ K— *
and P̂ :lj( — * G*. Consider the operator 
P3*JgBAP-l= P3*JgB(P2*Jf)"1P2*JfAP1. By definition of 
d^(E,F) and Lemma 16, P2*JpAP]_= SCT for some Sc>3 ( )-/,lK), 
C'c Cjj ( H ), Tc^(lF, W), and by a simple argument, we may 
assume that the range of S is contained in Pg^JpfF). Thus, 
we may write P^JqBAP^ P3*JGB(P2:>!cJp)-'*'SCT. The assumption 
that B c Cj.,(F,G) implies that P^jQBfPgfrJpJ-is* £ ,



so that, by our earlier remark, this operator has the 
form 2! RiDj_, with R^£i3( H ,1̂ ), Hence, we111 w
have P^JqBAP^* Z. R^D^CT. Since (W ) and Cg«(H) are 
two-sided ideals in v5(H), it follows that the D^C are 
elements of Thus, the definition of

and Lemma 16 imply that BA « ^£n£»(E,G). 
Finally, if A€tp(E,F), B£tq(F,G), then the are in 
£q( H ), and C £ ep(vi), and it is shown in [3, p.10931 
that this implies that the D^C are elements of Cr(M). 
Thus, by the definition of £*r(E,G) and Lemma 16, we have 
BA6 rr(E,G) as claimed, and the proof is complete.



BIBLIOGRAPGY 54

1. J

2. J

3. N

4 .  A

5. J

6. G

7. E 

$. F

9. R

10.

11.

12.

. W. Calkin
Two-sided Ideals and Congruences in the Ring of 
Bounded Operators in HllbeitSpace.
Annals of Math., vol. 42 (1941) ppi $39-373

• DixmierSur Un Theorem De Banach
Duke Math. J., vol. 15 (194$) pp.1057-1071

• Dunford and J. T. Schwartz
Linear Operators, Parts I and II 
Interscience, New York 195$ and 1963

• Grothendieck
Produits Tensoriels Topologiques Et Espaces Nucleaires 
Memoirs Amer. Math. Soc. no. 16 (1955)

• L. Kelley and I. Namioka
Linear Topological Spaces
D. van Nostrand Co. , New York 1963

• Kothe
Topologische Lineare R'Aume, Part I, Second Edition 
Springer Verlag, Berlin, 1966

• Michael
Transformations from a Linear Space with Weak Topology 
Pro. Amer. Math. Soc. 3 (1952) pp.671-676

. J. Murray
On Complementary Manifolds and Projections in Spaces 
Ln and lp.
Trans. Amer. Math. Soc. 41 (1937) pp. 13$-152

•S. Phillips
On Linear Transformations
Trans. Amer. Math. Soc. 4$ (1940) pp. 516-541

R. Schatten
A Theory of Cross-Spaces
Annals of Math. Studies 26 (1950), Princeton Univ. Press, 
Princeton.

R. Schatten
Norm Ideals of Completely Continuous Operators 
Ergebnisse der Math., Neue Folge 27 (I960), Springer 
Verlag, Berlin.

B. Yood
Additive Groups and Linear Manifolds of Transformations
Between Banach Spaces
Amer. J. Math. 71 (1949) 663-677.



AUTOBIOGRAPHICAL STATEMENT

Peter Falley was born in Brandenburg, Germany, on 
January 30, 1936. He immigrated to the United States in 
1953* Ajfter completing his secondary education in New York 
City, he entered Columbia University, where he received 
the Bachelor of Science and Master of Arts degrees in 
Mathematics in I960 and 1962 respectively. He pursued 
further graduate study at Columbia University until 1964. 
He was employed in the insurance industry from 1953 until 
1961, when he was appointed Lecturer of Mathematics at 
The City College of New York. He continued in this capaci­
ty until 1966. Since 1965 he has been a student in the 
Department of Mathematics of The City University of New 
York.


