
INFORMATION TO USERS

This material was produced from a microfilm copy of the original docum ent. While 
the m ost advanced technological means to  photograph and reproduce this docum ent 
have been used, the quality is heavily dependent upon the quality of the original 
subm itted.

The following explanation of techniques is provided to  help you understand 
markings or patterns which may appear on this reproduction.

1. The sign or " ta rget” for pages apparently lacking from the docum ent 
photographed is "Missing Page(s)". If it was possible to  obtain the missing 
page(s) or section, they are spliced into the film along with adjacent pages. 
This may have necessitated cutting thru  an image and duplicating adjacent 
pages to  insure you com plete continuity.

2. When an image on the film is obliterated with a large round black m ark, it 
is an indication th a t the photographer suspected th a t the copy may have 
moved during exposure and thus cause a blurred image. You will find a 
good image of the  page in the adjacent frame.

3. When a map, drawing o r chart, etc., was part of the  material being 
photographed the photographer followed a definite m ethod in 
"sectioning" the material. It is custom ary to  begin photoing a t the upper 
left hand corner of a large sheet and to  continue photoing from  left to  
right in equal sections with a small overlap. If necessary, sectioning is 
continued again — beginning below the first row and continuing on until 
complete.

4. The m ajority of users indicate th a t the textual conten t is of greatest value, 
however, a som ewhat higher quality reproduction could be made from  
"photographs" if essential to  the understanding of the dissertation. Silver 
prints of "photographs" may be ordered at additional charge by writing 
the Order D epartm ent, giving the catalog num ber, title, author and 
specific pages you wish reproduced.

5. PLEASE NOTE: Some pages may have indistinct print. Filmed as 
received.

Xerox University Microfilms
300 North Zeeb Road
Ann Arbor, M ichigan 48106



76-28,887

JACOBS, Neal Henry, 1944- DEEP BUCKLING OF A THIN OBLATE SPHEROIDAL SHELL UNDER UNIFORM NORMAL PRESSURE.
City University of New York, Ph.D., 1976 Mathematics

Xerox University Microfilms, Ann Arbor, M ichigan 48106



DEEP BUCKLING OP A THIN OBLATE SPHEROIDAL 

SHELL UNDER UNIFORM NORMAL PRESSURE

by

NEAL JACOBS

A d i s s e r t a t i o n  s u b m i t t e d  t o  t h e  G ra d u a te  
F a c u l t y  i n  M a th e m a t ic s  i n  p a r t i a l  
f u l f i l l m e n t  o f  t h e  r e q u i r e m e n t s  f o r  t h e  
d e g r e e  o f  D o c to r  o f  P h i l o s o p h y ,  The C i t y  
U n i v e r s i t y  o f  New Y o rk .

1976



T h i s  m a n u s c r i p t  h a s  b e e n  r e a d  and  a c c e p t e d  f o r  t h e  

G r a d u a te  F a c u l t y  i n  M a th e m a t ic s  i n  s a t i s f a c t i o n  o f  t h e  

d i s s e r t a t i o n  r e q u i r e m e n t  f o r  t h e  d e g r e e  o f  D o c to r  o f  

P h i l o s o p h y .

D a te  C ha irm an  o r  E x am in in g  C om m ittee

Q m^ .  £ , /< ? 7 4

D a te  E x e c u t i v e  O f f i c e r

S u p e r v i s o r y  C om m ittee

The C i t y  U n i v e r s i t y  o f  New York



A cknowledgements

T h is  r e s e a r c h  was c o n d u c te d  u n d e r  t h e  g u id a n c e  

and  w i th  t h e  i n s p i r a t i o n  o f  P r o f e s s o r  H a r r y  E .  R au ch , 

t o  whom I  owe a  d e e p  d e b t .  P a r t i a l  s u p p o r t  f o r  t h e  

r e s e a r c h  came th r o u g h  h i s  g r a n t :  A i r  F o r c e  O f f i c e  o f  

S c i e n t i f i c  R e s e a r c h ,  O f f i c e  o f  A e ro sp a c e  R e s e a r c h ,  

USAF, G ra n t  No. AFOSR 7 1 -2 0 6 5 .

V ery  s u b s t a n t i a l  s u p p o r t  f o r  t h e  r e s e a r c h  was 

p r o v i d e d  b y  The C i t y  U n i v e r s i t y  o f  New Y o rk , i n  t h e  

fo rm  o f  g e n e r o u s  a l l o c a t i o n s  f o r  t h e  u s e  o f  t h e  

U n i v e r s i t y  C om puter C e n t e r .

iii



T a b le  o f  C o n ten ts

A cknow led gem en ts  ................................................................................ i i i

L i s t  o f  T a b le s  ................................................................................ v

L i s t  o f  F i g u r e s  ..................................................................................... v i

S e c t i o n  I :  I n t r o d u c t i o n  ................................................................. 1

S e c t i o n  I I :  E s t a b l i s h m e n t  o f  E q u a t i o n s  .........................  3

S e c t i o n  I I I :  A l g e b r a i z a t i o n  o f  t h e  E q u a t io n s  . . .  12

S e c t i o n  IV : E v a l u a t i o n  o f  I n t e g r a l s .........................................16

S e c t i o n  V: P o l a k ' s  M ethod ............................................................ 19

S e c t i o n  V I:  C o n t i n u a t i o n ......................................................  21

S e c t i o n  V I I :  I n t e r p r e t a t i o n   ..............................................31

A p p e n d ix :  FORTRAN P ro g ra m s  . . . .  ..................................  39

B i b l i o g r a p h y  ............................................................................................  93

i v



L i s t  o f  T a b le s

T a b le  1 ,  S t a r t i n g - p o i n t  s o l u t i o n  .......................................  26

T a b le  2 ,  H i g h e s t - p o i n t  s o l u t i o n s :  b = .5»

h .  . 0 2 , V -  . 3   27

T a b le  3 .  I m p o r t a n t  p r e s s u r e s :  b = .5 ?

h « . 0 2 , V  -  . 3   37

v



L i s t  o f  F ig u r e s

F i g u r e  1 .  C r o s s - s e c t i o n  o f  a  p i e c e  o f  d e fo rm e d

s h e l l  i n  t h e  p l a n e  « "&Q ..............................................4

F i g u r e  2 .  P r e s s u r e  p  v e r s u s  d e f l e c t i o n  d :

b  = t 5 , h  = . 0 2 , "i/ = . 3 * m =* 20 • • • • • •  28

F i g u r e  3* P r e s s u r e  f°  v e r s u s  d e f l e c t i o n  d :

b » .5»  h  = . 0 2 , -~i) = .3»  m = 30  29

F i g u r e  4 .  P r e s s u r e  p  v e r s u s  d e f l e c t i o n  d :

b = . 5 , h  a . 0 2 ,  7 /  a . 3 ,  m a 40 • • . . . .  30

F i g u r e  5« F i v e  m e r i d i a n s :  b a  . 5 , h  = . 0 2 ,
f -r _ #4 at;  = . 3,  in = w  . . . . . . .  . . . . . . . 3 4

v i



S e c t i o n  I :  I n t r o d u c t i o n

I n  t h i s  p a p e r  E r i c  R e i s s n e r ' s  e q u a t i o n s  

f o r  a x i s y m m e t r i c a l  d e f o r m a t i o n s  o f  t h i n  s h e l l s  o f  r e v o ­

l u t i o n  a r e  s p e c i a l i z e d  t o  t h e  c a s e  o f  d e f o r m a t i o n  o f  

a  t h i n  e l l i p s o i d a l  s h e l l  u n d e r  u n i f o r m  n o rm a l  p r e s s u r e .  

The l i n k e d  p a i r  o f  n o n - l i n e a r  d i f f e r e n t i a l  e q u a t i o n s  

w h ic h  r e s u l t s  i s  s o l v e d  a p p r o x i m a t e ly  by  t h e  B ubnov- 

G a l e r k i n  m e th o d , p r o d u c in g  t h e  f i r s t  c o m p le te  d e s c r i p ­

t i o n ,  i n c l u d i n g  c o l l a p s e  and  d e e p  b u c k l i n g ,  o f  an  

e l l i p s o i d a l  s h e l l  u n d e r  p r e s s u r e .

An o b l a t o  e l l i p s o i d a l  s h e l l  i s  s t u d i e d  b e c a u s e  

d e f o r m a t i o n  o f  s u c h  a  s h e l l  i s  l i k e l y  t o  o c c u r  a x is y m -  

m e t r i c a l l y .  O b la te  s h e l l s  u n d e r  p r e s s u r e  h av e  a ro u s e d  

t h e  a t t e n t i o n  o f  C l a r k  and  R e i s s n e r  £ l^ j , who d e t e r ­

m ined  t h e  r a n g e  o f  u s e f u l n e s s  f o r  s u c h  s h e l l s  o f  a  

l i n e a r  a p p r o x im a t io n  t o  R e i s s n e r ’ s  e q u a t i o n s ,  and  o f  

D a n i e l s o n  j^2j , who u s e d  s p e c i a l  b u c k l i n g  e q u a t i o n s  

t o  d e t e r m i n e  b u c k l i n g  p r e s s u r e s  f o r  a  w ide  r a n g e  o f  

g e o m e t r i e s .  The p r e s e n t  p a p e r  e x te n d s  t h e s e  r e s u l t s  

t h r o u g h  a  u n i f i e d  and  r e f i n a b l e  d i s c u s s i o n  o f  a l l  s t a t e s  

o f  a  s i n g l e  s h e l l .  The c o m p a ra b le  n u m e r i c a l  r e s u l t s  

a r e  i n  r e a s o n a b l e  a g re e m e n t  w i t h  D a n i e l s o n ' s ,  and  a  new 

num ber i s  d e te r m in e d  —  t h e  lo w e r  c r i t i c a l  p r e s s u r e ,
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t h e  minimum p r e s s u r e  w h ic h  c an  s u s t a i n  t h e  s h e l l  i n  a  

b u c k le d  s h a p e .

T h re e  t e c h n i c a l  n o v e l t i e s  w i t h  p o s s i b l e  a p p l i c a b i l ­

i t y  t o  o t h e r  p ro b le m s  a r e  w o r th  e m p h a s i s .  I n  t h e  B ubnov- 

G a l e r k i n  m ethod  a s  im p le m e n te d  h e r e ,  s i n e  s e r i e s  r a t h e r  

t h a n  a p p r o p r i a t e  e i g e n f u n c t i o n  s e r i e s  a r e  s u b s t i t u t e d  

f o r  t h e  d e p e n d e n t  v a r i a b l e s :  i n  e f f e c t  t h e  v a n i s h i n g  o f

some i n t e g r a l s  i s  a b an d o n ed  i n  f a v o r  o f  o b t a i n i n g  a l l  

i n t e g r a l s  s i m p ly .  A p o w e r f u l  a d d i t i o n  t o  t h e  m ethod  o f  

c o n t i n u a t i o n ,  due  t o  R auch i n  u s e f u l  f o r

t a k i n g  c u r v e s  a ro u n d  c o r n e r s  an d  t h r o u g h  l o o p s ,  i s  i l l u s ­

t r a t e d  h e r e  a s  w e l l s  And P o l a k ' s  s t a b l e  Nev/ton—s e c a n t  

a l g o r i t h m  f o r  s o l v i n g  s y s te m s  o f  e q u a t i o n s  [4-^ i s  

im p le m e n te d  h e r e  and  i n  R auch  e t  a l  [ 6 ^  : t e s t e d

FORTRAN p ro g ra m s  u s e d  i n  b o t h  w orks  a r e  i n c l u d e d  i n  t h e  

a p p e n d i x .
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S e c t i o n  I I :  E s t a b l i s h m e n t  o f  E q u a t io n s

We b e g i n  w i t h  t h e  e q u a t i o n s  f o r  a x is y m m e t r ic  d e f o r ­

m a t io n s  o f  t h i n  s h e l l s  o f  r e v o l u t i o n  d e v e lo p e d  by  E r i c  

R e i s s n e r  i n  [ 7 ] and  ^ 8 ^  .

I n  t h e s e  e q u a t i o n s ,  ( r 0 ,-^0 , z 0 ) a r e  t h e  c y l i n d r i c a l  

c o o r d i n a t e s  o f  a  g e n e r i c  m a t e r i a l  p o i n t  X on t h e  c e n t r a l  

s u r f a c e  o f  an  u n d e fo rm e d  t h i n  s h e l l  o f  r e v o l u t i o n ;  i s  

t h e  a n g u l a r  d e v i a t i o n  from  t h e  h o r i z o n t a l  o f  t h e  r a d i a l  

t a n g e n t  t o  t h e  c e n t r a l  s u r f a c e  a t  X; ^ i s  a  p a r a m e t e r

up on  w h ic h  r Q and  Zq d e p e n d ,  and  w i t h  r e s p e c t  t o  w h ich
i  5

a l l  d e r i v a t i v e s  a r e  t a k e n ;  cK q = -y +

t h e  r a t i o  o f  an  i n f i n i t e s i m a l  l e n g t h  o f  m e r i d i a n  t o  an

i n f i n i t e s i m a l  ch an ge  i n  3* n e a r  X.

( r , # 0 , z )  a r e  t h e  new c o o r d i n a t e s  o f  X u n d e r  d e f o r ­

m a t io n  ( R e c a l l  t h a t  X i s  a  m a t e r i a l  p o i n t ,  c a p a b le  o f  

m o t i o n . )  , and  7^ i s  t h e  a n g u l a r  d e v i a t i o n  fro m  t h e  

h o r i z o n t a l  made by  t h e  r a d i a l  t a n g e n t  t o  t h e  d e fo rm e d  

c e n t r a l  s u r f a c e  a t  X. The v a r i a b l e s  u ,  w, an d  0  a r e  

d e f i n e d  a s  r  -  rQ ,  z -  z Q, and  To ~ ^  ’ r e s p e c t i v e l y .

E i s  Y o u n g 's  m odu lus  f o r  t h e  m a t e r i a l  o f  t h e  s h e l l ,  

t h e  r a t i o  o f  u n i a x i a l  s t r e s s  t o  t h e  e x t e n s i o n  i t  p r o d u c e s ;  

l) i s  P o i s s o n ' s  r a t i o  f o r  t h i s  m a t e r i a l ,  t h e  r a t i o  o f  

t r a n s v e r s e  c o n t r a c t i o n  t o  t h e  e x t e n s i o n  p r o d u c e d  b y  u n i -
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F i g u r e  1 .  C r o s s - s e c t i o n  o f  a  p i e c e  o f  

d e fo rm e d  s h e l l  i n  t h e  p l a n e

A
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a x i a l  s t r e s s ;  h  i s  t h e  t h i c k n e s s  o f  t h e  s h e l l ;  and  C 

and  D a r e  d e f i n e d  t o  be  Eh and  Eh^ / ( 1 2  £l-V2J ) .
pv  and  pg a r e  v e r t i c a l  and  h o r i z o n t a l  com ponen ts  

o f  t h e  p r e s s u r e  on t h e  s h e l l .

F i n a l l y ,  c o n s i d e r  s u r f a c e  t r a c t i o n s  a c r o s s  i n f i n i t e s ­

im a l  s u r f a c e s  n o rm a l  t o  t h e  r a d i a l  t a n g e n t  t o  t h e  c e n t r a l  

s u r f a c e ;  l e t  t h e s e  b e  i n t e g r a t e d  w i t h  r e s p e c t  t o  l e n g t h  

a lo n g  a  m a t e r i a l  l i n e  t h r o u g h  X and  p e r p e n d i c u l a r  t o  t h e  

c e n t r a l  s u r f a c e ;  l e t  t h e  r e s u l t a n t  v e c t o r  b e  r e s o l v e d  

i n t o  a  v e r t i c a l  com ponent V and  a  h o r i z o n t a l  com ponent H 

( R o t a t i o n a l  sym m etry  o f  s h e l l  and  d e f o r m a t i o n  a r e  

a ssu m ed , and  so  no o t h e r  com ponent i s  p r e s e n t . ) ;  t h e n  ^  

i s  d e f i n e d  t o  be  i *qH.

W ith  t h e s e  d e f i n i t i o n s  i n  m in d , we d i s c a r d  a l l  b u t  

t h e  t h r e e  m ost i m p o r t a n t  t e r m s  o f  s e c o n d  o r d e r  o r  h i g h e r  

i n  ft and  ^  from  t h e  e q u a t i o n s  ( I I I )  and  ( IV )  o f  [ 8 ^  •

We a l s o  d i s c a r d  one l i n e a r  t e rm  i n v o l v i n g  V , ^  and
p

r Q Pjj. We assum e E ,  h ,  and  V , and  h e n c e  C and  D, t o  

b e  c o n s t a n t  f o r  t h e  s h e l l ,  and  we m u l t i p l y  th r o u g h  by  

Vq/ o<o » T h i s  l e a v e s



^ s i n ? 0  ’  ( r ov )  c o s ^ 0

- f t  jtcos f0 + (rQV) sin ̂

( 2 ) 12
(0 ¥

c<
0
0

I I

r 'r 0

12
Y '

■o

-  * 0 °

z

'0

i
0_
0

v f S i l ' )' IV o j 1

sin - 1
2 ( I 2  C O S

W + l ) /!°1 V
r 2 r0 r °  y

(r0V)‘ - r̂Q2pH^ ’

V]
( r 0V)

-  ^  ( r o 2% )

Our present concern is with an ellipsoidal shell
of revolution whose central surface is given in cylin-

2 2 2 2 drical coordinates by rQ + zQ /b = a . When
b = 1 the ellipsoid is a sphere, and we desire equations
(1) and (2) to take the form of Rauch's (5a) and
(5b).

For simplicity we shall choose our unit of length
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so  t h a t  a  = 1 an d  t h e n  c h o o se  o u r  u n i t  o f  f o r c e  so  t h a t

E = 1 .  T h e n ,  w i t h  t h e  p a r a m e t e r  y  d e f i n e d  t o  b e  §

( T h i s  p a r a m e t r i z a t i o n  d i f f e r s  f rom  t h a t  u s e d  i n  . ) ,

t h e  v a r i a b l e s  a p p e a r i n g  i n  ( 1 )  and  ( 2 )  a r e  g iv e n  by

( 3 )  C -  Eh = h

( 4 )  D .   B ?  .  -------
1 2 ( 1- 2/ ) 1 2 ( 1-V )

dz0  b 2r 0
( 5 )  t a n  % = ^ j r -

(6) r,

0 z 0

s i n  £

(7) zQ

~  O  A

■/ b ^ c o s  % + s i n  %
p

- b  c o s  %
f . 2 2  ̂ £ TY b c o s  i  + s m  C

(8) r.
p

b c o s i  
(b  c o s  \  + s i n  C /

/ Q\  _ , _  b 2 s i n £ ___________
<9) 0 '  ( K 7 F T 3 ? 5

<10) °<0 *  - / ( r 0 l ) 2  + ( z 0 , ) 2  -  , h 2 „ n _2 r— ~ r 2 T T 3 7 5(.b c o s  ? + s m  < )*"

( 1 1 ) —  _ i  s i n £  ( b 2 c o s 2£ + s i n 2!" )
^ 0  b d

s i n  ^ s i n ^  f
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( 1 2 ) = c o s ^ + 5 1 1 s i n 2 f  c o s f

3? 1
( 1 3 ) - 2 -  -  c o s  ?

0

(1 4 )  ( - 2 -  I = -  s i n  f
=<0

z 1
(1 5 )  « s i n toi,

Z

0_
0

• \  *
(1 6 )  - 2 _  /  = c o s f

v*o
r ,  '

(17) ~ — 5—r0 b cos f + sin f
zA ' v-2

(1 8 )  =2 -  = - * ----- 5- ^ ----------- 5—
r0 b cos f + sin f

/,qx fo «   b2cos2 f
*0 Vr0 / sin f (b2cos^ f + sin2 f )
r~ rA 'zA '/  ̂ r\ \ 0 0 0 D cos *( 2° )  — ---------- 5—  » —*>------ g '  -------- *T““* 0  rQ b cos s + s i n T

Under uniform normal pressure ^  t pH = -/£> sin 
and Py = cos . We use the approximations
pH = - ^  sin f and p-v- = f> cos f and obtain

(21) r 2t>tt - ___
b cos $ + s m  5

c o t  X
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(22)

(2 3 )

r̂Q2pH^ ’

-Z* (3 b 2s i n 2 £ c o s 2 5“ + (1  + 2 b ^ ) s i n it' t  c o s  I- )
( b 2c o s ^  C + s in ^ l"  ) '

( r QV) "r 0 *  0%
2 >  > •  - / ’b sin f  cos £

(b^cos2 T + sin2!- )
■g  1

(2 4 ) ( r QV)

/ °
2 (1  -  b ^ ) ( b 2c o s ^ f  + s i n 2 |  )

- y ^ s i n 2 /
2 ( b c o s  £ + s i n  % )

2 (1  -  b )

The p e c u l i a r  i n t e g r a t i o n  c o n s t a n t  - 1 / ( 2 ( 1  -  b ) )  was 

i n t r o d u c e d  so  t h a t  a l l  t h e  v a r i a b l e s  i n  ( 3 )  -  ( 2 4 )  

a p p ro a c h  t h e  c o r r e s p o n d i n g  v a r i a b l e s  i n  R auch j 5 

a s  b a p p r o a c h e s  1 .

S u b s t i t u t i o n  o f  ( 3 )  -  ( 2 4 )  i n t o  ( 1 )  and  ( 2 )  p ro d u c e s

.2
~T(2 5 ) • v 1 -  b s m  f  + ------*—  s i n 5r

A
11

1 -  b2—  s i n 2 f  c o s  £
b

_________ b 2 c o s 2 l~_______
s i n  £ ( b 2c o s 2 t  + s i n ^ £  )

/* ’

+ V  s i n  £

b 2s i n $ ^

A

( F « o . 2 S + s in ^ ) 15' 2
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/ ^ b ^ s i n ^ f  c o s t  b 2 c o s t
' < & obH  + ■sT n 2 n ' ^

(26)

/ °  b 2 s i n ^ f  @>
^ b O r  + s i n 2 V ) 5 7 2

2
s i n  f  + 1 -  b ‘ 

T F

cos ? + 3

s i n ^  $ 

2

Vjy ' '

1 -  b s i n 2 T c o s  r r
b 2 c o s 2 r

s i n  f  (b  c o s  % + s i n  % )
-  V s i n  X

= h b 2s in S  $

( b W T T s l T r T 75
________ b 2 c o s  t  / 5 2
2 ( b 2 c o s ^ £  + s i n ^ f  ) ^

( b W f  V " s i A ) y
-  ■|b2 s i n 2 i* c o s t

+ b 2 (3  -  ■j|V)sin2 f' c o s^ T

+ (1  -  ^  V  + 2 b 2 ) s i n ^ f  c o s  t

I f  we l e t  b a 1 i n  e q u a t i o n s  (2 5 )  and  ( 2 6 ) ,  

d i v i d e  t h r o u g h  b y  s i n  X  , and  make t h e  s u b s t i t u t i o n  

^  a Jy /O cosf  s i n £  + ^  ♦ we o b t a i n  t h e  e q u a t i o n s  

( 5 a )  and  ( 5 b )  o f  j j? J  a s  d e s i r e d .
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R e i s s n e r ’ s  f o r m u la s  (1 0 )  and  ( 1 2 )  o f  a l l o w

t h e  d e t e r m i n a t i o n  o f  t h e  h o r i z o n t a l  and  v e r t i c a l  

d i s p l a c e m e n t s  u  and  v ,  o n c e ^ ,  and  ( r QV)

a r e  known. I n  t h e  p r e s e n t  c a s e  t h e  f o r m u la s  a r e

(2 7 )  u  = ^  ^  "  r 0 2/ 5 s i n  ^

-  7/  ( r QV ) s i n  f \
t  /

"«<n s i n  <£> f  .
j  r ^ h  + *£ c o s  <p> + ( r Q V ) s in  <p( 2 8 )  w =

r r\ o ^
2  y  _ Tq1-V jf) s i n  ^  -  <*Qs i n  ? d f

The i n t e g r a l  f o r  w i s  n o r m a l i z e d  so  t h a t  t h e  s o u t h  p o l e  

shows no v e r t i c a l  d i s p l a c e m e n t ;  t h i s  i n t e g r a l  c an  be  

a p p r o x im a te d  a d e q u a t e l y  b y  t h e  t r a p e z o i d a l  r u l e .
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S e c t i o n  I I I :  A l g e b r a i z a t i o n  o f  t h e  E q u a t io n s

We p r o c e e d  t o  f i n d  a p p r o x im a t io n s  t o  f t  and  4^

t h r o u g h  t h e  B u b n o v -G a le rk in  m ethod : we r e p l a c e  a l l

t h e  d e p e n d e n t  v a r i a b l e s  and  t h e i r  d e r i v a t i v e s  b y
m

t r u n c a t e d  s e r i e s ,  A = > B .  s i n  dT  ,
! d - i  0

m
a ' ' = 'SI C-02) B. sin df , 
P  0=1 J

m

m
u;' = SI d Pi cos d £ » 
-r d=i 0

m p
4^" - El (-d ) P. sin d  ̂ • 
1  0=1 0

T h i s  l e a v e s  u s  two e q u a t i o n s  i n v o l v i n g  o n ly  t h e  

p a r a m e t e r s  h , ^ ,  b  and  2/ , t h e  i n d e p e n d e n t  v a r i a b l e  f  ,

and  t h e  2m unknown c o n s t a n t s  B . and  P . .  We e l i m i n a t e
J  o

T b y  m u l t i p l y i n g  e a c h  e q u a t i o n  b y  s i n  i^ - and  i n t e g r a t ­

i n g  b o t h  s i d e s  f rom  0 t o  71* • I f  t h i s  i s  done f o r  i  

f ro m  1 t o  m, we a r e  l e f t  w i t h  2m a l g e b r a i c  e q u a t i o n s  

i n v o l v i n g  o n ly  t h e  2m unknowns B .  and  P . ,  t h e
<J U
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p a r a m e t e r s ,  and  a  num ber o f  e v a l u a t e d  i n t e g r a l s .  I t  

i s  t h i s  s y s te m  o f  2m e q u a t i o n s ,  r a t h e r  t h a n  ( 2 5 ) and  

( 2 6 ) ,  w h ich  we a t t e m p t  t o  s o l v e .

We w r i t e  t h i s  s y s te m  a s  e q u a t i o n s  (4 4 ^ )  an d  (4 5 ^ )  

i n  t e r m s  o f  t h e  i n t e g r a l s  Sk  and  t h e i r  c o m b in a t io n s  

Ck w h ich  we d e f i n e  b e lo w .

( 2 9 )  S ^ i , ^ ) s i n t  s i n  i ^  s i n  d £

( 3 0 )  S2 ( i , d )
0

s i n ^ |  s i n  ± t  s i n  6S

(5 1 )  S5 ( i , d )

( 3 2 )  S4 ( i , d )

(3 5 )  S5 ( i , d )

c o s  5 s i n  i $  co s  d£
0

n
s i n  % co s^  s i n  i % c o s  j ?  d ^

/O

c o s  ?
q s i n ?  (b  c o s  % + s i n  £ )

(34) s6(i,d)
0

s i n  i% s i n  d 5 d?

s i n  i ?  s i n  d |
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(35) S?( i )  =

( 5 6 )  S8 ( i , 3 , k )  .

Jo <>2
 ̂11

s
V. 0

s in 2i_ e o s S -----------  s±n i?  dr
(b2cos% ♦ ain f  ' W

(b2eos2 ? T L ' S  ) ^

(37) s9(i,d)
rii

‘'O

sin i t  sin dl sin k? df
7.

_________ s i n ^ 5 _____________

(b2cos2? + sin2? ) b / 'd

(3 8 )

(39)

(40)

®lC)(i)

S n ( i )

S i 2 ( i )

sin i? sin d? d? 

sin2S cos?
0

V0

"ip

 ̂M V Vk/ / •+ sm  5 )2

sin2? cos^ij
(b2cos2v? + sin 5 )2

sin^S cos?_ _ —  ------------------------ * — —

(b cos T + sin |  r

sin i? df

sin i %  d?

(41) 01(i,d) = - d.2 S - j .( i id )  + — ^2  8 2 ( i » d ) ^

+ d I S^(i,d) + 3 ~ * r —  S^(i,d)

b2S^(i,d) + V s 1(i,d)

(42) 02(i,d) C1( i ,d)  + 2^ S 1( i ,d)
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W )  C3( i ) = -  *5 b2 + ^2 (3  -

(1  -  \  V + 2b 2 ) S1 2 ( i )

E q u a t io n s  (2 5 )  an d  ( 2 6 )  now g i v e  r i s e  t o  

m , / 2 m_2

0=1 A u b
( 4 4 . )  X  O1 ( i , o )  B . 1 2 ( 1  -  i / 2 )V  

3

m c
+ S t -  S 6 ( i - «  P ;

“ 2  Z5

i » o )

m ~i
z :  88c i l l t k) pkJ  b3

]

m
( 4 5 . )  2 l_ C? ( i , d )  P i 

1 0 = 1  0

i, J L  )
— ^  2-3 ® g ( i» d »^0

h b1
L d -1

HL C
L_ | S 6 ( i , d )

+ / o 5 ( i )

Once t h e  Sk  and  Ck  a r e  known f o r  a  p a r t i c u l a r  p a i r  

o f  v a l u e s  o f  b and  V ,  e q u a t i o n s  (4 5 ^ )  e x p r e s s  t h e  

i n  t e r m s  o f  t h e  B ^ . T h u s ,  s o l v i n g  t h i s  s y s te m  r e d u c e s  

t o  f i n d i n g  t h e  m v a r i a b l e s  B ^. We p r o c e e d  t o  d e v e lo p  

a n  i n e x p e n s i v e  way t o  com pute t h e  and  Ck «
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S e c t i o n  IV: E v a l u a t i o n  o f  I n t e g r a l s

s .

^  E x c e p t  f o r  S ^ ,  t h e  i n t e g r a l s  Sk  a r e  a l l  o f  t h e  fo rm

( K e r n e l ) ( P r o d u c t  o f  an  odd num ber o f  s i n e s )  / K  
0  \ / ( P r o d u c t  o f  0 o r  more c o s i n e s )  d  % .

Any o f  t h e s e  may b e  e v a l u a t e d  w i t h  r e a s o n a b l e  economy

b y  a  t w o - s t e p  p r o c e s s :  ( 1 )  u s e  S im p so n ’ s  R u le  t o
rlT

e v a l u a t e  ( K e r n e l )  s i n  1 ^  d*? f o r  a  s u f f i c i e n t l y

w ide  r a n g e  o f  v a l u e s  o f  t h e  i n t e g e r  I ;  (2 )  e x p r e s s  t h e  

i n  q u e s t i o n  a s  a  s im p le  f u n c t i o n  o f  t h e  i n t e g r a l s  

so  e v a l u a t e d  t h r o u g h  u s e  o f  t h e  f o r m u la

(4 6 )

s i n  1 ^ s i n  I 2 . . .  s i n  I n  c o s  c o s  J 2 . . .  c o s  J^.

- i s d ^ y -  • . . i j t )

I n  t h i s  f o r m u la  \^ /£ \ t h e  g r e a t e s t  i n t e g e r  i n  n / 2 ;  

" t r i g "  i s  " s i n e "  i f  n  i s  o d d ,  " c o s i n e "  i f  n  i s  e v e n ;  

t h e  sum i s  t a k e n  o v e r  a l l  2n + t '“^ p o s s i b l e  c o m b in a t io n s  

o f  p l u s s e s  and  m in u s s e s  i n  t h e  a rg u m e n t  o f  t r i g ;  and  

t h e  s i g n  o f  t r i g  i s  t h e  p r o d u c t  o f  t h e  s i g n s  o f  1 ^ ,  I 2 , 

. . . I n  i n  i t s  a rg u m e n t .

F o r  e x a m p le ,  t o  e v a l u a t e  S g ( i , j , k ) ,  f i r s t  e v a l u a t e
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T ( I )  = I s i n  I f  dC / ( b 2 c o s 2 ? + s i n 2 ? ) 3 / 2  f o r

a l l  i n t e g e r s  I  from  2 -  2m t o  3m + 1 .  T hen  S g ( i , ; j , k )  = 

-  |  {  T ( i+ a + k + l )  + T ( i + j + k - l )  -  T ( i + o - k + l )  -  T ( i + o - k - l )

-  T ( i - j + k + l )  -  T ( i - j + k - l )  + T ( i - j - k + l )  + T ( i - o - k - l ) ^  . 

The economy o f  t h i s  p r o c e s s  i s  i n c r e a s e d  when t h e  

s y m m e tr ie s  and  a n t i - s y m m e t r i e s  o f  t h e  k e r n e l  f u n c t i o n s  

an d  o f  s i n  I ?  a r e  c o n s i d e r e d .  A l l  o f  t h e  k e r n e l s  and 

a l l  odd s i n e s  a r e  sy m m etr ic  a b o u t  so  f o r  I  o d d ,

S im p s o n 's  R u le  n e e d  o n ly  be  a p p l i e d  t o  h a l f  t h e  i n t e r v a l  

0  toTi* .  On t h e  o t h e r  h a n d ,  e v e n  s i n e s  a r e  a n t i ­

sy m m e tr ic  a b o u t  1 ^ /2 ,  so  t h a t  f o r  I  e v e n ,
r ? ,
i ( K e r n e l )  s i n  1% = 0 ,  and S im p s o n 's  R u le  n e e d

J 0
n o t  be  in v o k e d *  F i n a l l y ,  s i n  I f  = -  s i n  ( - 1 ) ?  so  t h a t

S im p s o n 's  R u le  n e e d  o n ly  be  u s e d  on i n t e g r a l s  o f  t h e  
r l f /2.

fo rm  ( K e r n e l )  s i n  I f  d*f w here  I  i s  a  p o s i t i v e
■Jo

odd i n t e g e r .

The p r o c e s s  d e s c r i b e d  above  f a i l s  f o r  S ^ ( i , j )  =

j c o s 2 ? s i n  i f  s i n  d f  / ( s i n ?  ( b 2 c o s 2 f + s i n 2 ? ) ) ,
'J0

s i n c e  f o r  t h i s  i n t e g r a l ,  f o r m u la  (4-6) w ould  s u g g e s t

a n  e v a l u a t i o n  o f  i n t e g r a l s  o f  t h e  fo rm
2 2 - 2  c o s  I f  d f  / ( s i n f  (b  c o s  S + s i n  f  ) )  a s  a  f i r s t

J o
s t e p .  U n f o r t u n a t e l y ,  some o f  t h e s e  i n t e g r a l s  do n o t  

c o n v e r g e ,  e . g .  b = 1 ,  1 = 1 .  So t h e  i n t e g r a l s  S^ 

a r e  e v a l u a t e d  by  S im p s o n 's  R u le  d i r e c t l y .  Time i s
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sa v e d  how ever when sym m etry  c o n s i d e r a t i o n s  l e a d  t o  th e  

o b s e r v a t i o n s :  ( 1 )  S ^ ( i , j )  = S ^ ( j , i ) ;  and  ( 2 )  when

i  + 0 i s  o d d , S ^ ( i , j )  = 0 .  I n  c o m p u tin g  t h e  i n t e g r a l s  

S ^ ,  u s e  i s  made o f  t h e  fo rm u la

giTLJX. = s in  i 1 . cos f  + cos ( i  _ i ) £
s i n ?  s i n  %
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S e c t i o n  V: P o l a k 's  M ethod

( y - - x „ )  & 0
1U IU

X

I n  t h i s  s e c t i o n ,  x  i s  a  v e c t o r  w hose com ponen ts a r e  

(x ^ ,X 2 » . . .  x m) , y  i s  a  v e c t o r  w hose com ponen ts a r e

(y1 *y2* * • • ym̂» etc#
N e w to n 's  m ethod f o r  s o l v i n g  a  sy s te m  o f  m e q u a t io n s  

i n  t h e  unknow ns x-^, X2 , . . • xm r e q u i r e s  t h a t  e a c h  

e q u a t io n  b e  p u t  i n  t h e  fo rm  f ^ ( x )  = 0 .  I f  t h e  g u e s s  x  

i s  n e a r  a n  unknown s o l u t i o n  y ,  T a y l o r 's  T heorem , 

t r u n c a t e d  t o  e x c lu d e  n o n - l i n e a r  t e r m s ,  g iv e s

I ^ f i l ( y - - x , , )  + . .  . +
1 I -  l l -  x 1X X

L e t t h i s  l i n e a r  sy s te m  b e  s o lv e d  f o r  t h e  c o r r e c t i o n ,

z = y -  x ,  an d  l e t  z  b e  ad d ed  t o  t h e  o r i g i n a l  g u e s s  x

r e s u l t i n g  i n  a  new v e c t o r  x * .  I n  many c a s e s  x* w i l l

b e  s i g n i f i c a n t l y  c l o s e r  t o  t h e  t r u e  s o l u t i o n  y t h a n  was 

x .  I f  x* i s  u s e d  a s  a  new g u e s s ,a n d  i f  t h i s  p r o c e s s  

i s  r e p e a t e d l y  a p p l i e d ,  an d  i f  t h e  o r i g i n a l  g u e s s  was 

s u f f i c i e n t l y  n e a r  t h e  t r u e  s o l u t i o n ,  c o n v e rg e n c e  t o  t h e  

t r u e  s o l u t i o n  m ig h t p o s s i b l y  o c c u r .  When c o n v e rg e n c e  

d o e s  o c c u r ,  i t  i s  u s u a l l y  r a p i d .

P o la k  u s e s  a  s e c a n t  a p p ro x im a t io n  t o  t h e

f i r s t  d e r i v a t i v e s  r e q u i r e d  b y  N e w to n 's  m e th o d , and  

h e  k e e p s  N e w to n 's  m ethod  fro m  v i o l e n t  i n s t a b i l i t y
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b y  r e q u i r i n g  t h a t  f o r  an y  new g u e s s  t h e  r e s i d u a l

f ^ x * ) 2 + f 2 ( x * ) 2 + . • . + f m( x * ) 2 b e  s m a l l e r  th a n  

t h e  c o r r e s p o n d in g  r e s i d u a l  f o r  t h e  l a s t  g u e s s ,  x  —  

e l s e  t h e  new g u e s s  i s  n o t  a c c e p te d .  To k e e p  t h e  m ethod 

from  com ing t o  a  h a l t  i n  su c h  a  c a s e ,  P o la k  t a k e s  

a d v a n ta g e  o f  r e s i d u a l s  t h a t  m ig h t a s  w e l l  b e  com puted  

i n  t h e  c o u rs e  o f  c o m p u tin g  t h e  f i r s t  d e r i v a t i v e s  

n e c e s s a r y  f o r  N e w to n 's  m eth o d : f o r  a l l  t h e  f i ' s  m ust

b e  com pu ted  a t  (x -^ X g , . . . x ^ , . . .  xm)

+ ( 0 , 0 ,  . . .  £  , . . • 0  ) f o r  e ac h  k ,

and  i t  i s  p o s s i b l e  t h a t  su c h  a  v e c t o r  m ig h t b e  an  

im provem en t o v e r  t h e  g u e s s  x .

F u r t h e r  d e t a i l s  and  a  FORTRAN p ro g ram  f o r  th e  

im p le m e n ta t io n  o f  P o l a k 's  m ethod  a r e  i n  t h e  A p p e n d ix .
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S e c t io n  VI: C o n tin u a tio n

Our sy s te m  o f  e q u a t io n s  in v o lv e s  t h e  p a ra m e te r s  

b , / ?  , h ,  V  , and  m, and  th e  v a r i a b l e s  B ^ . S uppose  

t h a t  f o r  a  p a r t i c u l a r  a s s ig n m e n t o f  v a lu e s  t o  t h e  

p a r a m e te r s ,  a  s o l u t i o n  f o r  t h e  i s  know n. T hen l e t  

u s  t a k e  t h i s  s o l u t i o n  a s  o u r  i n i t i a l  g u e s s  f o r  a  new 

p ro b le m  i n  w h ich  th e  a s s ig n m e n t o f  v a lu e s  t o  one o f  

t h e  p a r a m e te r s ,  s a y p  , i s  o n ly  s l i g h t l y  d i f f e r e n t  from  

t h e  a s s ig n m e n t i n  t h e  l a s t  p ro b le m , and  o th e r w is e  t h e  

a s s ig n m e n ts  a r e  t h e  sam e. I f  we do s o ,  and  a p p ly  P o l a k 's  

m e th o d , o u r  ch an ce  o f  f i n d i n g  a  s o l u t i o n  t o  t h e  new 

p ro b le m  i s  g o o d . We s a y  we a r e  p e r fo rm in g  a  

c o n t i n u a t i o n  o f  th e  f i r s t  t y p e ,  w i th  p  v a r y in g .

T h e re  i s  a  new and u s e f u l  c o n t i n u a t i o n  o f  a  se c o n d  

t y p e ,  i n  w h ich  one o f  t h e  v a r i a b l e s ,  s a y  B ^ , s w i tc h e s  

r o l e s  w i th  one o f  t h e  p a r a m e te r s ,  s a y  p  •  S uppose  

a g a in  t h a t  f o r  a  p a r t i c u l a r  a s s ig n m e n t o f  v a lu e s  t o  

t h e  p a r a m e te r s ,  a  s o l u t i o n  f o r  t h e  B^ i s  know n. T hen 

l e t  a  new p ro b lem  be  d e f in e d  b y  a s s i g n i n g  th e  same 

v a lu e s  t o  b ,  h ,  V , and  m, v a r y in g  th e  fo rm e r  s o l u t i o n  

f o r  B^ s l i g h t l y ,  and  th e n  dem and ing  t h a t  a  s e t  o f  v a lu e s  

f o r  p  , B £ , B ^ , .  .  .  Bm be fo u n d  t o  s a t i s f y  th e  

e q u a t io n s .
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The s e c o n d  ty p e  o f  c o n t i n u a t i o n  h a s  b e e n  e x tr e m e ly  

u s e f u l  i n  s e v e r a l  s i t u a t i o n s .  The g ra p h s  i n  F ig u r e s  

2 ,  3 ,  4  h a v e  lo n g ,  n e a r l y  h o r i z o n t a l  s t r e t c h e s  w h ich  

w ould  h av e  b e e n  e x h o r b i t a n t l y  e x p e n s iv e  t o  o b t a i n  by  

d o in g  a  c o n t i n u a t i o n  o f  t h e  f i r s t  ty p e  w i th  f> v a r y i n g .  

M o re o v e r , t h e  lo o p s  and n e a r - c u s p s  i n  t h e s e  g ra p h s  

w ould  h a v e  b e e n  im p o s s ib le  t o  d i s c o v e r  w i th o u t  s e c o n d -  

ty p e  c o n t i n u a t i o n .  A ls o ,  t r a n s i t i o n s  from  ev en  ( s o l i d -  

l i n e )  s o l u t i o n s ,  i n  w h ich  a l l  t h e  odd -n u m b ered  a r e  

z e r o ,  t o  odd ( d o t t e d - l i n e )  s o l u t i o n s ,  i n  w h ich  some o f  

th e  o d d -n u m b ered  a r e  n o t  z e r o ,  w ere  e f f e c t e d  by  

c o n t i n u a t i o n s  o f  t h e  s e c o n d  t y p e ,  w i th  an  odd -num bered  

B^ v a r y i n g .  (Odd and  e v e n  s o l u t i o n s  a r e  d i s c u s s e d  

f u r t h e r  i n  S e c t io n  V I I . )  A nd, i n  a  r e l a t e d  p ro b le m , 

when i t  was fo u n d  n e c e s s a r y  t o  i n c r e a s e  m from  a  p o i n t  

n e a r  t h e  b o tto m  o f  t h e  c u r v e ,  s e c o n d - ty p e  c o n t i n u a t i o n  

w i th  a  s m a l l  u n im p o r ta n t  B^ v a r y in g  h a r d l y  a t  a l l ,  h ad  

t o  be  com bined  w i th  f i r s t - t y p e  c o n t i n u a t i o n  w i th  m 

v a r y i n g ,  b e c a u s e  o f  t h e  s e n s i t i v i t y  o f  t h e  sy s te m  t o  

t h e  n e c e s s a r i l y  i n t e g r a l  jum ps i n  m.

F i r s t  ty p e  c o n t i n u a t i o n  was u s e f u l  i n  an  i n t e r e s t i n g  

way i n  o b t a i n i n g  one o f  t h e  tw o s t a r t i n g  p o i n t s  u s e d  f o r  

t h e  d e v e lo p m e n t o f  t h e  c u rv e s  i n  F ig u r e s  2 ,  3»

I n  £ 5 ]  and  [^6^ a t t e n t i o n  i s  f o c u s s e d  on d e fo r m a tio n s
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o f  t h i n  s p h e r i c a l  s h e l l s ,  and  v a r i a b l e s  c a l l e d  A^ p la y  

r o l e s  a n a lo g o u s  t o  t h e  r o l e s  o f  t h e  i n  t h e  p r e s e n t  

p ro b le m . We s h a l l  c a l l  t h e  m odes i n  t h e  p r e s e n t  

d i s c u s s i o n .  I t  was e x p e c te d  t h a t  i n  some s o l u t i o n s  

t o  e q u a t io n s  ( A ')  and  (B ‘ ) o f  , t h e  A^ w ould

g r a d u a l l y  i n c r e a s e  a s  i  i n c r e a s e d ,  r e a c h in g  a  maximum 

o f  A. f o r  some j ,  t h e n  g r a d u a l ly  d e c r e a s e  t o  a  minimum 

o f  A^ f o r  some k ,  t h e n  g r a d u a l ly  i n c r e a s e  a g a in  t o  a  

r e l a t i v e  maximum a t  An  f o r  some n ,  e t c . ,  w i th  [A^j 

c o n s i d e r a b ly  l a r g e r  th a n  |Ak j w h ich  i t s e l f  w ou ld  be  

c o n s id e r a b ly  l a r g e r  t h a n  jAn j , e t c .  We c a l l e d  A., 

t h e  c r i t i c a l  mode i n  t h e  s o l u t i o n ,  and  re m a rk e d  t h a t  

a s  t h e  r a t i o  o f  r a d i u s  t o  t h i c k n e s s  i n c r e a s e d ,  j  w ould  

a l s o  i n c r e a s e ,  and  m ore modes w ou ld  be  n e c e s s a r y  t o  

e s t a b l i s h  an  a c c e p ta b l e  s o l u t i o n .

I t  was fo u n d , f u r t h e r ,  t h a t  ( A ')  and  (B 1) o f  j^5^J 

c o u ld  b e  s o lv e d  e x p l i c i t l y  when th e  num ber o f  modes 

w as 2 .  H ow ever f o r  l a r g e  |* , a t t e m p t s  t o  c o n t in u e ,  

v a r y in g  th e  num ber o f  m odes from  2 up t o  and  p a s t  j » 

m et w i th  c o n s i s t e n t  f a i l u r e .  I t  seem ed t h a t  th e  

e x p l i c i t  2-m ode s o l u t i o n s  w ould  b e  u s e l e s s  f o r  p ro d u c in g  

an  a c c e p ta b l e  s o l u t i o n  t o  a  r e a s o n a b le  p ro b le m , 

in v o lv in g  l a r g e  —  t h a t  i s ,  i n v o lv in g  t h i n  s h e l l s .  

B e fo re  a b a n d o n in g  t h e  i d e a ,  h o w e v e r, we d e c id e d  t o
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a  1t r y  s t a r t i n g  w i th  an  u n p h y s i c a l ly  s m a ll  g  , f o r

w h ich  t h e  c r i t i c a l  mode was A.^, and  th e n  a l t e r n a t i n g  

f i r s t - t y p e  c o n t i n u a t i o n s ,  v a r y in g  f o r  a  w h i l e ,  

t h e n  v a r y in g  t h e  num ber o f  m odes, t h e n  v a r y in g  ^  

a g a i n ,  n e v e r  a l lo w in g  ^  t o  g e t  so  l a r g e  t h a t  i t  

r e q u i r e d  a  c r i t i c a l  mode w hose s u b s c r i p t  was l a r g e r  

t h a n  th e  c u r r e n t  num ber o f  m odes. T h is  w o rk ed , and 

i t  p ro d u c e d  t h e  s o l u t i o n  i n  t h e  f i r s t  colum n o f  T a b le  1 , 

w h ic h  i s  l i s t e d  i n  a  fo rm  t r a n s l a t e d  i n t o  t h e  te rm s  o f  

t h e  p r e s e n t  p a p e r  i n  t h e  se c o n d  co lu m n . A r e f in e m e n t  

i s  l i s t e d  i n  t h e  t h i r d  co lu m n .

The s o l u t i o n  i n  t h e  t h i r d  colum n o f  T a b le  1 was 

t h e n  f i r s t - t y p e  c o n t in u e d ,  v a r y in g  m, th e n  v a r y in g  b ,  

t h e n  v a r y in g  p  , t h e n  v a r y in g  b a g a in ,  t o  p ro d u c e  a 

2 0 -m ode s t a r t i n g - p o i n t  s o l u t i o n  f o r  an  e l l i p s o i d a l  

s h e l l  1 u n i t  i n  r a d i u s  a t  t h e  e q u a t o r ,  1 u n i t  t a l l  

fro m  p o le  t o  p o l e ,  .0 2  u n i t s  t h i c k ,  and  a t  a  

p r e s s u r e  o f  .9 E -4  u n i t s .  T h is  s t a r t i n g - p o i n t  was 

c o n t in u e d  t o  p ro d u c e  t h e  d o t t e d - l i n e  c u rv e s  i n  F ig u r e s  

2 ,  3 ,  4 .

T he s o l i d - l i n e  c u rv e s  w ere  a l l  c o n t in u e d  fro m  th e  

t r i v i a l  s o l u t i o n  * 0 f o r  a l l  i  t o  t h e  p ro b le m s 

p  = 0 , b = .5  , V  = . 3 * m » 2 0 , 5 0 , o r  4 0 .

The s o l i d - l i n e  and  d o t t e d - l i n e  c u rv e s  a l l  h av e
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common s o l u t i o n s  a t  t h e i r  h i g h e s t  p o i n t s .  T h ese  

s o l u t i o n s  a r e  l i s t e d  i n  T a b le  2 ,  and  may b e  c o n t in u e d  

t o  p ro d u c e  b o th  t h e  s o l i d - l i n e  and  t h e  d o t t e d - l i n e  

g r a p h s .

Num bers a r e  l i s t e d  i n  t h e  t a b l e s  i n  t h e  co m p u te r  

v e r s i o n  o f  s c i e n t i f i c  n o t a t i o n :  i n  t h i s  n o t a t i o n

.2 9 1 0 E -3  s t a n d s  f o r  .2 9 1 0  x i ( T 5 .

I t  s h o u ld  be  re m a rk e d  t h a t  t h e  c lo s e  a g re e m e n t 

b e tw e e n  co lum ns 2 and  3 o f  T a b le  1 i s  a  good v e r i f i c a t i o n  

o f  t h e  c o n s i s t e n c y  o f  t h e  p r e s e n t  p a p e r  w i th  and  o f

t h e  c o r r e c t n e s s  o f  t h e  co m p u te r  p ro g ra m s u s e d  i n  b o th  

p r o j e c t s .
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T ab le  1 .

S o l u t i o n  t o  ( A ')  

an d  (B *) o f  [ 5 ]

11 50

r s .6

Ai 3 .2 0 0 4 E -3

A2 3 .3 5 1 7 E -3

A3 = .5 1 9 4 E -3

A4 = .7 2 8 3 E -3

A5
3 .97-4-7E-3

A6 = • 1280E -2

A7
s • 1628E -2

A8 = .2 0 1 5 E -2

A9
3 .2 3 7 7 E -2

A10 3 •2662E -2

Ai l = .2 7 6 5 E -2

A12 = .2 6 7 2 E -2

A13
3 .2 3 9 3 E -2

A14 3 •2022E -2

A15
3 • 1624E -2

R e s id u a l  =

.7 0 7 1 E -4

S t a r t in g - p o in t  s o lu t io n

T r a n s l a t i o n  t o  R e f in e m e n t

te rm s  o f  t h e  

p r e s e n t  p a p e r

b = 1

h = J 02

e  ■■ .2 9 1 0 E -3

Bi s • 1888E -2

B2 3 .3 6 9 3 E -2

B3 = .5 7 3 1 E -2

B4 = .74-96E-2

B5
3 .9 7 1 6 E -2

B6 3 .1 1 3 8 E -1

B7
3 •1362E -1

B8 3 .1 4 8 0 E -1

B9
3 .1 6 5 1 E -1

B10 = .1 6 3 2 E -1

Bn 3 .1 6 5 5 E -1

B12 3 . 1410E -1

B13
S .1 2 7 9 E -1

b 14 3 .8 4 6 1 E -2

B15
8 .7 0 3 6 E -2

R e s id u a l  =

.1 4 0 7 E -1

b = 1

h = .102

i°  = .2 9 1 0 E -3

B1 3 .1 8 7 9 E -2

B2 3 .3 6 7 6 E -2

B3 =» .5 7 0 7 E -2

B4 3 .7 ^ 6 3 E -2

B5
3 .9 6 7 6 E -2

B6 3 •1135E -1

B r , 3 .1 3 5 7 E -1

B8 3 •1475E -1

B9 = .1 6 4 5 E -1

B10 = •1625E -1

B11 3 • 164-8E-1

B12 3 .1 4 0 4 E -1

BX3 = .1 2 7 4 E -1

B!1A 3 .8 4 2 4 E -2

B15
3 .7 0 0 8 E -2

R e s id u a l  =

•5513E-4
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T a b le  2 . H i g h e s t - p o in t  s o l u t i o n s ,  b « . 5 , h -  . 0 2 , = .3

IQ as 20 m = 30 011a
P = . 1443E -3 f> = .1 5 7 2 E -3 /°  - .1 5 2 4 E -3

B2 = .4 3 8 9 E -1 B2 » .4 3 3 2 E -1
B2 = .4 5 9 0 E -1

B4 * .2 0 7 6 E -1 b 4  « . 3203E- 1
B4 " .2 6 8 9 E -1

B6 -  .1 5 4 3 E -1 B6  » .1 9 7 8 E -1 B6  " • 1599E -1

B8 = .1 0 0 3 E -1 B8  = .5 2 9 3 E -2 B8  * .5 7 0 9 E -2

B10 = .2 9 7 3 E -2 B10  = - .4 4 7 7 E -2
B10  = - • 1614E -2

B12 = - .2 9 3 4 E -2 B12  “ —.6 8 6 6 E -2 B12  = - .4 3 3 3 E -2

B14 = - . 5904E -2 B14 = - .3 8 9 0 E -2
B14 - - .3 2 7 9 E -2

B16 = - .6 0 0 2 E -2 B16 = • 9848E -3 B16 - .3 9 5 5 E -3

B18 = - .4 2 8 7 E -2 b 18 = .5 1 2 1 E -2
B18 “ .2 5 8 7 E -2

B20 = - .1 9 5 7 E -2 B20  = .7 3 4 3 E -2 B20  = .4 6 9 9 E -2

B22 = .7 6 3 5 E -2 B22  = .5 6 7 8 E -2

B24 = .0 5 5 1 E -2 B24 “ .5 6 9 2 E -2

B26 = .4 7 7 7 E -2 B26 ’ -5075E -2

B28  = .2 8 7 0 E -2
B28 = .4 1 5 4 E -2

b 5Q = .1 1 9 5 E -2
B30 = .3 1 7 2 E -2

b32 - .2 2 7 5 E -2

B34 = .1 5 2 8 E -2

B36 = .9 4 5 1 E -3

B38 " .5 1 0 5 E -3

B40  = .1 9 9 8 E -3
Odd-num bered. B. a r e  0  and  a r e  n o t  show n.
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F ig u r e  2 .  P r e ssu r e  p v e r s u s  d e f l e c t i o n  d:

b = . 5 ,  h = .0 2 ,  V  -  . 3 ,  m -  2 0 .
160

00

80

■sr,w \
OE00

100

P r e s su r e  i s  shown i n  m i l l i o n t h s ,  d e f l e c t i o n  in  h u n d red th s. C r i s i s ,  C o l la p s e ,

O utward-snap (o d d ) , and O utward-snap (e v e n ) p o in t s  are  in d ic a t e d  by CR, CO,

0 0 , and OE r e s p e c t i v e l y .



F ig u r e  3- P r e ssu r e  p v e r s u s  d e f l e c t io n  d:

b = . 5 ,  h = .0 2 ,  V  = . 3 ,  m = 3 0 .
160 CO

CR

80-

OE

100

P r e s su r e  i s  shown in  m i l l i o n t h s ,  d e f l e c t i o n  in  h u n d red th s. C r i s i s ,  C o l la p s e ,

O utw ard-snap (o d d ) , and O utward-snap (e v e n ) p o in t s  are  in d ic a te d  by CR, CO,

0 0 ,  and OE r e s p e c t i v e l y .



F ig u r e  4 .  P r e s s u r e  p  v e r s u s  d e f l e c t i o n  d :

CO

8 C-

00 OE

7525 50 100

P r e ssu r e  i s  shown in  m i l l i o n t h s ,  d e f l e c t i o n  in  h u n d red th s. C r i s i s ,  C o l la p s e ,

O utw ard-snap (o d d ) , and O utward-snap (e v e n ) p o in t s  are  in d ic a te d  by CR, CO,

0 0 ,  and OE r e s p e c t i v e l y .



S e c t i o n  V I I :  I n t e r p r e t a t i o n

An e v e n  s o l u t i o n  t o  t h i s  sy s te m  o f  e q u a t io n s  i s
m

one i n  w h ich  B . s i n  i f  i s  a n t i - s y m m e tr ic
ITa b o u t  • T h is  s t a t e  i s  c h a r a c t e r i z e d  by  a  sy m m etric  

a l ig n m e n t  o f  t h e  s h e l l  w i th  r e s p e c t  t o  t h e  e q u a t o r i a l  

p l a n e , and  by  t h e  v a n is h in g  o f  t h e  od d -n u m b ered  B ^.

A s o l u t i o n  w h ic h  i s  n o t  e v en  i s  c a l l e d  o d d . I n  F ig u r e s  

2 ,  3» 4  t h e  odd s o l u t i o n s  a r e  i n d i c a t e d  by d o t t e d  l i n e s ,  

t h e  e v en  s o l u t i o n s  by  s o l i d  o n e s .

F o r  p h y s i c a l  r e a s o n s ,  any  odd s o l u t i o n  m ust h a v e  a  

m a tc h in g  odd s o l u t i o n  i n  w h ich  th e  d e fo rm e d  s h e l l  lo o k s  

l i k e  t h e  o r i g i n a l  d e fo rm e d  s h e l l  t u r n e d  u p s id e -d o w n . 

T h is  w ou ld  b e  e f f e c t e d  by  a  m a tc h in g  s o l u t i o n  i n  w h ich  

t h e  ev en -n u m b ere d  a r e  t h e  same a s  i n  t h e  o r i g i n a l  

s o l u t i o n ,  b u t  t h e  o d d -n u m b ered  B^ a r e  m inus w h a t th e y  

w ere  i n  t h e  o r i g i n a l  s o l u t i o n .  Any odd s o l u t i o n  and  

i t s  m ate  p ro d u c e  t h e  same d e f l e c t i o n  and  so  a r e  r e p r e ­

s e n t e d  by  t h e  same p o i n t  i n  F ig u r e  2 ,  3 ,  o r  4 .

The g ra p h  o f  t h e  odd s o l u t i o n s  may be  e x p e c te d  

t o  h a v e  an  e v e n  s o l u t i o n  a s  one e n d p o in t .  I t  i s  o f  

g r e a t  i n t e r e s t  t h a t  t h i s  e v en  s o l u t i o n  h a p p e n s  t o  be  

t h e  h i g h e s t  p o i n t  o f  t h e  f i g u r e :  s t r i n g s  o f  odd

s o l u t i o n s  h a v e  b e e n  c o n t in u e d  up  t o  su c h  p o i n t s  by
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c o n t i n u a t i o n s  o f  t h e  s e c o n d  t y p e ,  an d  h av e  b e e n  fo u n d  

t o  t r a n s f o r m  th e m s e lv e s  s m o o th ly  e i t h e r  i n t o  s t r i n g s  

o f  e v e n  s o l u t i o n s ,  o r  th r o u g h  a  s i n g l e  e v en  s o l u t i o n  

i n t o  s t r i n g s  o f  m a tc h in g  odd s o l u t i o n s  —  d e p e n d in g  

u p o n  w h e th e r  t h e  p a r t i c u l a r  v a r y in g  was e v e n -  o r  

o d d -n u m b e re d . C o n v e r s e ly ,  a  s t r i n g  o f  e v en  s o l u t i o n s  

f o r  t h e  p ro b le m  m = 2 0 , b = . 6 , = . 3 » h = .0 2  h a s

b e e n  t r a n s f o r m e d  a t  i t s  h i g h e s t  p o i n t  i n t o  a  s t r i n g  o f  

odd  s o l u t i o n s  by  v a r y in g  a n  o d d -n u m b ered  B ^.

D e f l e c t i o n ,  show n on  t h e  h o r i z o n t a l  a x i s  i n  

F ig u r e s  2 ,  3* 4 ,  i s  d e f i n e d  i n  t h i s  p a p e r  a s  t h e  

d i f f e r e n c e  b e tw e e n  t h e  l e n g t h s  o f  t h e  p o l a r  a x e s  o f  

t h e  u n d e fo rm e d  and  t h e  d e fo rm e d  s h e l l s .  S in c e  t h e  p o le s  

c a n n o t  p a s s  th ro u g h  e a c h  o t h e r ,  d e f l e c t i o n  c a n n o t  be  

g r e a t e r  th a n  t h e  l e n g t h  o f  t h e  u n d e fo rm e d  p o l a r  a x i s ,  

and  so  o u r  g ra p h s  s to p  a t  t h i s  l e n g t h .  B u t m a th e m a tic a l  

s o l u t i o n s  w i th  t h i s  u n p h y s i c a l  c h a r a c t e r i s t i c  do e x i s t :  

t h e  g ra p h s  seem  t o  c o n t in u e  t o  r i s e  t o  t h e  r i g h t  bey o n d  

t h e  r e a l i s t i c  c u t - o f f .

We h a v e  n o t  a t t e m p te d  an  e n e rg y  a n a l y s i s  o f  o u r  

s o l u t i o n s .  B u t i t  seem s p l a u s i b l e  t h a t  u n d e r  a  g iv e n  

p r e s s u r e ,  a  s h e l l  w i th  a  s u b s t a n t i a l l y  l a r g e r  d e f l e c t i o n  

p o s s e s s e s  m ore e l a s t i c  p o t e n t i a l  e n e rg y  th a n  a  s h e l l  w i th  

a  s m a l l e r  d e f l e c t i o n .  U n d er t h i s  a s s u m p t io n ,  t h e  s h e l l
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w o u ld  b e  e x p e c te d  t o  f o l lo w  t h e  l e f t m o s t  a c c e s s i b l e  b ra n c h  

o f  su c h  a  c u rv e  a s  t h e  one  i n  F ig u r e  4  when i n  an  u n s t a b l e  

s t a t e .  W ith  t h i s  t e n t a t i v e  p r i n c i p l e  i n  m ind we o f f e r  

a n  i n t e r p r e t a t i o n  o f  F ig u r e  4 .

We b e g in  a t  t h e  o r i g i n  o f  F ig u r e  4 ,  c o r r e s p o n d in g  

t o  t h e  f i r s t  m e r id ia n  o f  F ig u r e  5 .  As t h e  p r e s s u r e  i s  

r a i s e d  from  0 t o  1 2 9 * t h e  d e f l e c t i o n  i n c r e a s e s  a lm o s t  

l i n e a r l y  t o  a b o u t  5 /1 0 0  o f  an  e q u a t o r i a l  r a d i u s .  I f  

t h e  p r e s s u r e  p a s s e s  t h i s  c r i s i s  p o i n t ,  w h ich  c o r r e s p o n d s  

t o  t h e  n e a r - c u s p  i n  F ig u r e  4  and  t o  t h e  se c o n d  m e r id ia n  

o f  F ig u r e  5» t h e  l e f t m o s t  a v a i l a b l e  s o l u t i o n  w i l l  be  

on  t h e  l e f t  s i d e  o f  t h e  b r e a k in g - w a v e - l ik e  p i e c e  o f  

g ra p h  n e a r  t h e  to p  o f  t h e  f i g u r e .  I f  now t h e  p r e s s u r e  

c o n t in u e s  t o  i n c r e a s e  p a s t  1 5 2 , w h ic h  c o r r e s p o n d s  t o  

t h e  h i g h e s t  p o i n t  i n  F ig u r e  4 and  t o  t h e  t h i r d  m e r id ia n  

o f  F ig u r e  5» t h e  l e f t m o s t  a v a i l a b l e  s o l u t i o n  w i l l  b e  on 

t h e  d o t t e d - l i n e  g ra p h  f a r  t o  t h e  r i g h t  o f  w hat h a s  b e e n  

d ra w n , and  th e  s h e l l  w i l l  c o l l a p s e .

On th e  o t h e r  h a n d , i f  t h e  p r e s s u r e  p a s s e s  t h e  c r i s i s  

p o i n t  and  t h e n  i s  r e d u c e d  s lo w ly ,  t h e  s h e l l  m ig h t f i n d  

i t s e l f  on  t h e  n e a r - v e r t i c a l  s o l i d - l i n e  b e lo w  t h e  b r e a k in g  

w av e . By t h e  t im e  t h e  p r e s s u r e  h a d  d e c r e a s e d  p a s t  8 0 , 

t h e  s h e l l ’ s  p o l e s  w ou ld  be  a p p ro a c h in g  e a c h  o t h e r  v i s i b l y ,  

an d  w ou ld  a p p ro a c h  e a c h  o t h e r  v e r y  d r a m a t i c a l l y  a s  th e
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F ig u r e  5 .  F iv e  m er id ia n s: b » .5*  h = .0 2 ,  V  * . 3 ,  m = 4 0 .

The m e r id ia n s  c o r re s p o n d  t o  t h e  o r i g i n  and  t o  t h e  p o i n t s  

l a b e l l e d  CR, CO, OE, and 00  o f  F ig u r e  4 .  D e f l e c t i o n  i s  

m e a s u ra b le  from  t h e  l i n e  a t  t h e  t o p .



p r e s s u r e  d ro p p e d  fro m  40  t o  25 : t h e  d e f l e c t i o n  w ould

i n c r e a s e  from  1 4 /1 0 0  t o  4 8 /1 0 0  i n  t h a t  r a n g e .  I f  t h e  

p r e s s u r e  t h e n  d ro p p e d  b e lo w  2 5 , t h e  o n ly  a v a i l a b l e  

s o l u t i o n  w o u ld  b e  on  t h e  p a r t  o f  t h e  g ra p h  n e a r  th e  

o r i g i n  —  i n  e f f e c t ,  t h e  s h e l l  w ou ld  sn a p  o u t  fro m  

t h e  sh a p e  i n d i c a t e d  b y  t h e  f o u r t h  m e r id ia n  i n  F ig u r e  5 

t o  a  sh a p e  c lo s e  t o  t h e  u n d e fo rra ed  sh a p e  o f  t h e  f i r s t  

m e r id ia n .

I f  i n s t a b i l i t y  i s  a  f e a t u r e  o f  t h e  s o l u t i o n s  on  

t h e  s e c t i o n  o f  s o l i d - l i n e  g ra p h  we h a v e  j u s t  b e e n  

d i s c u s s i n g ,  t h e n  a t  any  d i s t u r b a n c e  t h e  s h e l l  m ig h t 

l e a v e  t h a t  s o l i d - l i n e  g r a p h ,  w i th  i t s  sy m m etric  n o r t h -  

s o u th  i n d e n t a t i o n s ,  and  s e e k  t h e  l o w e r - p o t e n t i a l  

f u r t h e r - l e f t  d o t t e d - l i n e  g ra p h  w i th  i t s  o n e -p o le  

i n d e n t a t i o n .  S u p p o se  t h a t  s o :  t h e n  a s  t h e  p r e s s u r e

i s  r e d u c e d  fro m  40  t o  2 5 , t h e  d e f l e c t i o n  w ou ld  i n c r e a s e  

from  8 /1 0 0  t o  2 6 /1 0 0  b e f o r e  s n a p p in g  o u t  from  t h e  sh a p e  

show n i n  t h e  f i f t h  m e r id ia n  o f  F ig u r e  5-

I t  i s  r e m a rk a b le  t h a t  t h e  b o tto m  h a lv e s  o f  th e  

f o u r t h  and  f i f t h  m e r id ia n s  o f  F ig u r e  5 m atch  so  w e l l ,  

an d  t h a t  i n  F ig u r e  4 t h e  ev en  g ra p h  from  ( 1 4 ,4 0 )  

r i g h tw a r d s  i s  a  h a l f - s p e e d  i m i t a t i o n  o f  t h e  odd g ra p h  

fro m  ( 8 ,4 0 )  r i g h t w a r d s .  (A s i m i l a r  comment h o ld s  f o r  

F i g u r e s  2 and  5 a s  w e l l ,  and  f o r  g ra p h s  o b ta in e d  i n
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R auch  e t  a l  [ 6J  f o r  s p h e r i c a l  s h e l l s * )  I t  i s  re m a rk ­

a b le  a l s o  t h a t  t h e  s n a p - o u t  p r e s s u r e s  on  t h e  odd and  

e v e n  g ra p h s  i n  F ig u r e  4 a g re e  t o  t h r e e  p l a c e s :  i t  seem s 

r e a s o n a b le  t o  t a k e  e i t h e r  n u m b er, a s  l i s t e d  i n  T a b le  3* 

t o  be  o u r  a p p ro x im a t io n  t o  t h e  lo w e r  c r i t i c a l  p r e s s u r e ,  

t h e  l e a s t  p r e s s u r e  w h ich  c a n  m a in t a in  a  b u c k le d  sh a p e  

o f  t h e  s h e l l .

D a n i e l s o n 's  b u c k l in g  p r e s s u r e  f o r  t h e  o b l a t e  

e l l i p s o i d a l  s h e l l  o f  o u r  w ork  i s  .1 3 7 E -3  a s  i n d i c a t e d  

i n  F ig u r e  10 o f  \2~\ • T h is  c o r r e s p o n d s  w e l l  t o  o u r  

c r i s i s  p r e s s u r e ,  .1 2 9 7 E -3 -

Our c o l l a p s e  p r e s s u r e  and  o u r  lo w e r  c r i t i c a l  

p r e s s u r e  a r e  118$ an d  19$  r e s p e c t i v e l y  o f  o u r  c r i s i s  

p r e s s u r e .  The f i r s t  o n s e t  o f  s u b s t a n t i a l  n o n - c o n v e x i ty  

o c c u r s  a s  t h e  p r e s s u r e  d e c r e a s e s  ( a f t e r  h a v in g  p a s s e d  

t h e  c r i s i s  p r e s s u r e )  i n  t h e  r a n g e  71$  -  67$  o f  t h e  

c r i s i s  p r e s s u r e .

The p ro g ra m s w h ich  p e r fo rm e d  t h e  w ork o f  t h i s  

p a p e r  w ere  r u n  on  a n  IBM 3 7 0 /1 6 8  a t  t h e  C i ty  U n i v e r s i t y  

o f  New Y o r k 's  U n i v e r s i t y  C om puter C e n te r .  The e v e n  

m = 4 0  g ra p h  was o b ta in e d  u s i n g  100K an d  50 m in u te s ;  

t h e  odd m » 40  g ra p h  r e q u i r e d  340K and  170 m in u te s .

I f  f u r t h e r  w ork show s t h a t  t h e  m o st im p o r ta n t  p r e s s u r e s  

—  t h e  c r i s i s  p r e s s u r e ,  t h e  c o l l a p s e  p r e s s u r e ,  and
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T a b le  3* I m p o r ta n t  P r e s s u r e s :

b = . 5 * b  =s . 0 2 , V  = .3

C r i s i s

C o l la p s e

O u tw a rd -sn a p  (e v e n )  

O u tw a rd -sn a p  (o d d )

m = 20  

.1 3 0 2 E -3  

.1 4 4 3 E -3  

.2 5 7 6 E -4  

• 2 4 7 0 E 4

m = 30

.1 3 0 0 E -3

.1 5 7 2 E -3

.2 4 8 5 E -4

.2 4 7 8 E -4

m = 40  

. 1297E -3  

.1 5 2 4 E -3  

•2488E -4  

.2 4 8 1 E -4

T h ese  p r e s s u r e s  a r e  g iv e n  i n  t h e  u n i t s  o f  t h e  p a p e r .

To c o n v e r t  t o  r e a l  u n i t s ,  m u l t i p l y  b y  Y o u n g 's  m odulus 

f o r  t h e  m a t e r i a l  i n  q u e s t i o n .  F o r  e x a m p le , i f  a  s h e l l  

f i t t i n g  t h e  d e s c r i p t i o n  b = . 5 , h  ** .0 2  i s  made o f  

a  m a t e r i a l  f o r  w h ich  i )  = .3  and  E = 3 0 ,0 0 0 ,0 0 0  pounds 

p e r  s q u a r e  i n c h ,  t h e n  su c h  a  s h e l l  w ou ld  c o l l a p s e  a t  

a  p r e s s u r e  n e a r  4572 p o u n d s p e r  s q u a r e  i n c h ,  and  w ould  

b e  i n c a p a b le  o f  s u s t a i n i n g  a  b u c k le d  sh a p e  a t  p r e s s u r e s  

b e lo w  7^4  p o u n d s p e r  s q u a re  i n c h .
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s n a p - o u t  p r e s s u r e  —  a l l  c o n t in u e  t o  b e  o b t a i n a b l e  

f ro m  t h e  e v e n  g ra p h s  a l o n e ,  t h e n  f u t u r e  w ork on  t h e  

q u e s t io n  o f  d e fo r m a t io n  o f  e l l i p s o i d a l  s h e l l s  may 

c o n c e n t r a t e  on  d e v e lo p in g  o n ly  t h e s e  much m ore e c o n o m ic a l 

g ra p h s *  F u tu r e  w ork  s h o u ld  a l s o  a t t e m p t  t o  in c lu d e  

m ore o f  t h e  te rm s  o f  E . R e i s s n e r 's  d i f f e r e n t i a l  

e q u a t i o n s .
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A p p e n d ix ; FORTRAN P ro g ra m s

T h is  a p p e n d ix  s e r v e s  p r i m a r i l y  a s  a  p l a c e  o f  d e p o s i t  

f o r  t h e  FORTRAN p ro g ram s w h ich  d e v e lo p e d  th e  d a t a  u s e d  

i n  t h e  p r e s e n t  p a p e r  and  i n  R auch  e t  a l  [ 6 j  • T h ese  

p ro g ra m s f a l l  i n t o  tw o c l a s s e s ;  m a jo r  p ro g ram s w hich  

u t i l i z e  a  p a r t i c u l a r  su b p ro g ra m  SECANT t o  s o lv e  sy s te m s  

o f  e q u a t io n s ;  and  s a t e l l i t e  p ro g ra m s w h ich  com pute 

n e c e s s a r y  t a b l e s  o f  i n t e g r a l s ,  o r  w h ic h  p ro d u c e  t a b l e s  

o f  p o i n t s  d e s c r i b i n g  d e fo rm e d  s h e l l s ,  o r  w h ich  t r a n s l a t e  

s o l u t i o n s  fro m  [ 6^ t o  s o l u t i o n s  t o  t h e  same p ro b le m  

a s  d e f in e d  i n  t h i s  p a p e r .

The se c o n d  p u rp o s e  o f  t h i s  a p p e n d ix  i s  t o  d e s c r i b e  

and  i l l u s t r a t e  SECANT, T h is  d e s c r i p t i o n  i s  e s p e c i a l l y  

n o n - r ig o r o u s  and  s h o u ld  b e  u n d e r s to o d  a s  a  b a g  o f  t r i c k s  

r a t h e r  t h a n  a s  s c i e n t i f i c  f a c t .

SECANT was m o d e lle d  on P o la k  Q4-3 by  R a u ch , im p le ­

m en ted  b y  M arz, and  m o d if ie d  a g a in  by  t h e  p r e s e n t  a u th o r  

i n  R auch e t  a l  ^ 6 j | . I t  i s  d e s ig n e d  t o  b e  u s e d  w i th

a  su b p ro g ra m  GAUSS, m o d e lle d  on  t h e  IBM SSP p ro g ram  SIMQ 

£ 3 ]] » w h ich  s o lv e s  s y s te m s  o f  l i n e a r  e q u a t io n s ,  and  w i th  

a  su b p ro g ra m  RESIDU w h ich  c a l c u l a t e s  t h e  g o o d n e ss  o f  a  

g u e s s e d  s o l u t i o n  to  a  sy s te m  o f  e q u a t io n s  by  s u b s t i t u t i n g  

t h e  g u e s s  i n t o  t h e  s y s te m , and  t a k i n g  t h e  s q u a r e  r o o t
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o f  t h e  sum o f  t h e  s q u a r e s  o f  t h e  d i f f e r e n c e s  b e tw e e n  

t h e  l e f t  and  r i g h t  s i d e s  o f  e a c h  e q u a t io n  i n  t h e  s y s te m . 

I f  t h i s  s q u a re  r o o t  RESID w ere  e v e r  z e r o ,  t h e  g u e s s  

w ou ld  b e  a  g e n u in e  s o l u t i o n  t o  t h e  s y s te m . I n  p r a c t i c e ,  

i t  i s  u s u a l l y  s u f f i c i e n t  f o r  RESID t o  b e  l e s s  th a n  an  

a g re e d -u p o n  s m a ll  n um ber.

The su b p ro g ra m s SECANT, GAUSS, and  RESIDU 

com m unicate  th r o u g h  a  b lo c k  o f  COMMON d a t a  and  th ro u g h  

a rg u m en t l i s t s .  I n  t h e  p ro g ram s be low  t h e  a u th o r  h a s  

r e s t r i c t e d  t h e  common d a t a  t o  i te m s  o f  REAL ty p e  and  

t h e  a rg u m en t l i s t s  t o  i te m s  o f  INTEGER t y p e .  E x c e p t 

f o r  v a r i a t i o n s  i n  t h e  COMMON b lo c k  and  i n  t h e  a rg u m en t 

l i s t s ,  and  i n  SECANT'S DIMENSION s t a t e m e n t ,  SECANT 

and  GAUSS a r e  im m u tab le  from  a p p l i c a t i o n  t o  a p p l i c a t i o n ,  

and  a r e  l i s t e d  be low  o n ly  o n c e . RESIDU, on t h e  o t h e r  

h a n d , m ust be  r e d e s ig n e d  f o r  e a c h  a p p l i c a t i o n  t o  

p ro d u c e  t h e  d i f f e r e n c e s  b e tw e e n  th e  two s i d e s  o f  e a c h  

e q u a t io n  ( s t o r e d  i n  one colum n o f  a  tw o -co lu m n  m a t r ix  

E ) and  t o  p ro d u c e  t h e  r e s i d u a l  RESID.

SECANT s t a r t s  o f f  w i th  a  c e n t r a l  g u e s s e d  s o l u t i o n  

an d  t r i e s  t o  im prove  t h a t  g u e s s  i n  tw o w ay s . F i r s t  i t  

t a k e s  a d d i t i o n a l  g u e s s e s  by  m o d ify in g  e a c h  c o o r d in a te  

o f  t h e  o r i g i n a l  g u e s s ,  one a t  a  t im e ,  b y  a  f i x e d  am ount 

EPSILO. I f  any  o f  t h e s e  new g u e s s e s  p ro d u c e s  a  s m a l l e r
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r e s i d u a l ,  t h a t  new g u e s s  becom es t h e  c e n t e r  f o r  f u r t h e r  

g u e s s in g ,  and  we s a y  we h a v e  a  l o c a l  v a r i a t i o n  im p ro v e ­

m e n t. A t t h e  same t im e  t h a t  i t  i s  t a k i n g  t h e s e  g u e s s e s ,  

h o w e v e r , SECANT i s  b u i l d i n g  u p ,  th r o u g h  t h e  m a t r ix  E , 

a  t a b l e  HBAR o f  a p p ro x im a te  f i r s t  p a r t i a l  d e r i v a t i v e s  

f o r  u s e  i n  c r e a t i n g  a  b e t t e r - a im e d  g u e s s  o f  a  N ew ton- 

m ethod  t y p e .  A f t e r  an  i n i t i a l  p e r i o d  o f  r e l y i n g  upon  

l o c a l  v a r i a t i o n  a lo n e  ( w h i le  t h e  t a b l e  o f  a p p ro x im a te  

p a r t i a l s  i s  b e in g  d e v e lo p e d ) , SECANT a l t e r n a t e s  a  

l o c a l - v a r i a t i o n  g u e s s  w i th  a  N ew ton g u e s s ,  and  d o e s  

n o t  a c c e p t  a  l o c a l - v a r i a t i o n  im p ro v em en t u n l e s s  t h e  

N ew ton g u e s s  o f  t h e  sam e i t e r a t i o n  f a l l s  t o  p ro d u c e  

a n  im p ro v e m e n t.

We n o te  t h a t  e a c h  t im e  an  im provem en t i s  a d o p te d ,  

t h e  c e n t r a l  g u e s s  i s  ch an g ed  and  t h e  t a b l e  o f  a p p ro x ­

im a te  p a r t i a l s  f o r  t h e  n e x t  Newton g u e s s  w i l l  h av e  

m o st o f  i t s  co lum ns th ro w n  s l i g h t l y  o u t  o f  a l ig n m e n t .  

T h is  p o t e n t i a l  d i f f i c u l t y ,  h o w e v e r, i s  u s u a l l y  no 

d i f f i c u l t y  a t  a l l ,  and  in d e e d ,  once  t h e  Newton g u e s s in g  

s t a r t s  p ro d u c in g  im p ro v e m e n ts , i t  u s u a l l y  c o n t in u e s  

p ro d u c in g  im p ro v e m e n ts  r a p i d l y  u n t i l  t h e  c e n t r a l  g u e s s  

i s  so  good  t h a t  t h e  o ld  EPSILO i s  to o  l a r g e  t o  p ro d u c e  

m e a n in g fu l  p a r t i a l s  an y m o re .

The k e y  t o  e f f i c i e n t  u s e  o f  SECANT i s  an  e f f i c i e n t
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su b p ro g ra m  RESIDU. I n  a p p l i c a t i o n s  o f  an y  c o m p le x i ty ,  

m ac h in e  t im e  i s  s p e n t  c h i e f l y  i n  c a l c u l a t i o n  o f  r e s i d u ­

a l s  an d  d a t a  f o r  p a r t i a l s .  I n  t h e  r e a l  p ro g ra m s w h ich  

f o l lo w  t h e  p ro g ram  i l l u s t r a t i n g  t h e  u s e  o f  SECANT, 

e v e r y  n o n - o b s c u r in g  d e v ic e  a v a i l a b l e  t o  t h e  a u th o r  

t o  s a v e  t im e  i n  RESIDU h a s  b e e n  u t i l i z e d .

I t  i s  a l s o  v i t a l  t h a t  RESIDU n o t  b e  c a l l e d  u n n e c e s ­

s a r i l y .  T h a t i s  t h e  r e a s o n  why no N ew ton g u e s s e s  a r e  

t r i e d  u n t i l  t h e  t a b l e  o f  a p p ro x im a te  p a r t i a l s  h a s  b e e n  

f i l l e d  w i th  r e a s o n a b le  d a t a ,  and  why t h e  N ew ton g u e s s  

i s  o n ly  t r i e d  once  an d  n o t  r e p e a t e d l y  c u t  down and  

r e - t r i e d  a s  P o la k  s u g g e s t s .  T h a t i s  a l s o  t h e  r e a s o n  

why DTEST, w h ich  h e lp s  c o n t r o l  t h e  s i z e  o f  EPSILO, i s  

k e p t  l a r g e ,  and  why ZTEST, w h ich  t e s t s  t h e  s i z e  o f  t h e  

r e s i d u a l ,  i s  k e p t  f l e x i b l e ,  so  t h a t  g u e s s e s  w h ich  a r e  

good  enough  s h a l l  b e  a c c e p te d  a s  s o l u t i o n s  p r o m p tly ,  

and  t h e  m ach in e  s h a l l  n o t  w a s te  i t s  t im e  i n  n e g l i g i b l e  

an d  e x p e n s iv e  im p ro v e m e n ts .

The r e a l  p ro g ram s w h ich  u s e  SECANT h a v e  b u i l t  i n t o  

t h e i r  m ain  p ro g ram s an d  t h e i r  RESIDU su b p ro g ra m s t h e  

a b i l i t y  t o  h a n d le  c o n t i n u a t i o n s  o f  b o th  t y p e s  d e s c r i b e d  

i n  S e c t i o n  ? I  a b o v e ; t h i s  f e a t u r e  h a s  p ro v e d  e c o n o m ic a l .

A f e a t u r e  t h a t  h a s  p ro v e d  w a s t e f u l  h a s  b e e n  t h e  

a b i l i t y  t o  h a n d le  b o th  odd and  e v e n  c o m p u ta t io n s  ( a s
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d e f in e d  i n  S e c t i o n  V II  a b o v e ) .  S to r a g e  r e q u i r e m e n ts  

f o r  t h e  t a b l e s  n e c e s s a r y  f o r  odd c o m p u ta t io n  a r e  

e x t r a v a g a n t  when e v e n  c o m p u ta t io n  i s  p la n n e d ;  and  

f e a t u r e s  i n  RESIDU t h a t  s a v e  t im e  f o r  odd c o m p u ta tio n  

c a n  w a s te  t im e  f o r  e v e n .

We p ro c e e d  t o  t h e  exam ple  u s e d  i n  t h e  i l l u s t r a t i v e  

p ro g ra m . I t  i s  p ro p o s e d  t o  s o lv e  t h e  sy s te m

2 2 x  -  pxy  + 3y -  2x z  « 30

2
w -  2x z  + pwyz = -2 0

2 5 _ „
pwx — 3 is + zy  ~ x  « i y

3w^ -  2xw + 7 z^  = 96

I n  t h i s  s y s te m , p i s  a  p a ra m e te r  w hose i n i t i a l  v a lu e  

i s  2 .

T h is  sy s te m  was c r e a t e d  a r t i f i c i a l l y  a ro u n d  th e  

s o l u t i o n  w = 4 ,  x  = 1 , y  = - 3 , z = 2 , b u t  we s t a r t  o f f  

i n  t h e  m ain  p ro g ram  w i th  a n  i n i t i a l  g u e s s  o f  0 , 1 , 0 ,

•5  .  ( I n  t h e  m ain  p ro g ra m , M i s  t h e  num ber o f  e q u a t io n s  

an d  v a r i a b l e s ,  ZPERM i s  a  v e c t o r  t h a t  h o ld s  t h e  g u e s s ,  

an d  PARAM i s  p . )  W hat h a p p e n s  d u r in g  th e  r u n  i s  i l l u s ­

t r a t i v e  o f  t h e  s t r e n g t h s  and  w e a k n e sse s  o f  t h e  p r o c e d u r e .  

SECANT f a i l s  t o  s o lv e  t h i s  i n i t i a l  p ro b le m , s to p p in g
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a f t e r  172 c a l l s  t o  RESIDU a t  w = 4 .3 0 ,  x  = 1 .2 7 ,  

y  = - 1 . 1 3 , z = 1 . 9 3 » w h ic h  i s  a s s o c i a t e d  w i th  t h e  l a r g e  

r e s i d u a l  33*24 .  SECANT th e n  p a s s e s  c o n t r o l  b a c k  t o  

t h e  m ain  p ro g ram  w h ich  d o e s  a  ty p e  one c o n t i n u a t i o n  

on  t h e  p a r a m e te r  PARAM. F o r  PARAM = 2 .0 1 ,  and  w i th  

w, x ,  y ,  and  z s t a r t i n g  a t  4 .3 0 ,  1 .2 7 *  - 1 .1 3 ,  and  1 .9 3 ,  

SECANT s u c c e e d s  i n  51 c a l l s  t o  RESIDU i n  o b t a i n i n g  th e  

s o l u t i o n  w = 3 *9 3 i x  = 1 . 1 1 , y  = - 2 . 9 8 , z = 2 . 0 3 , w h ich  

i s  a s s o c i a t e d  w i th  t h e  s m a l l  r e s i d u a l  .0 0 0 0 8 9 0  .  The

c o n t i n u a t i o n  now p r o c e e d s  t o  f i n d  e q u a l ly  good s o l u t i o n s  

i n  e q u a l ly  few  c a l l s  t o  RESIDU, f o r  a s  many new v a lu e s  

o f  PARAM a s  t im e  p e r m i t s .

When th e  s o l u t i o n  PARAM » 2 .0 1 ,  w = 3 * 9 3 , x  = 1 .1 1 ,  

y  = - 2 . 9 8 , z o 2 . 0 3  i s  i n s e r t e d  a s  t h e  new s t a r t i n g  

p o i n t  i n  a  l a t e r  r u n ,  and  t h e  c o n t i n u a t i o n  i s  d i r e c t e d  

b a c k w a rd s , t h e  f o l lo w in g  s o l u t i o n  i s  o b ta in e d  f o r  

PARAM » 2 .0 0  —  w « 3 * 9 6 , x  « 1 .1 0 ,  y  = - 2 .9 8 ,  z = 2 .0 2 ,

r e s i d u a l  = .0 0 0 0 4 5 8  .  We a r e  s u r p r i s e d  t o  f i n d  t h i s

d i s t i n c t  b o n a  f i d e  s o l u t i o n  i n  su c h  c lo s e  p r o x im i ty  t o  

t h e  known s o l u t i o n  w = 4 ,  x =  1 , y =  - 3 ,  z = 2  —  t h e

s o l u t i o n  we h ad  h oped  t o  f i n d .  I t  may b e  t h a t  some 

c o m b in a t io n  o f  c o n t i n u a t i o n s  o f  f i r s t  and  s e c o n d  ty p e  

c a n  t a k e  u s  fro m  t h e  s o l u t i o n  we h a v e  t o  t h e  one we 

w ish e d  t o  o b t a i n .  B u t i t  m ust be  re m a rk e d  t h a t  i n  a
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l e s s  a r t i f i c i a l  s i t u a t i o n  we m ig h t h a v e  no i d e a  t h a t  

a n o th e r  s o l u t i o n  was n e a r b y .
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I L L U S  T R A T 1 V E P K u G K A M —  USL OF THE S U B R O U T I N E  SECANT •

C iJi A 1 N R O U T I N E
T H I S  R O U T I N E  r e  a d s i n  t h l  i n i t i a l  d a t a , c a l l s  s e c a n t ,

AMU iuiAKt S  U t C l S l O N S  AHOlJT WHETHER AND HOW TO C O N T I N U E  
ONCE SECAf l T  SUCCEEDS OR F a I L S  I N  I T S  WORK.

COMMON Z T E M P ( 1 U ) » ZPER M ( 1 0  ) » DEI .  f A » RES I D  ,
C E ( 2 » I U  ) » F F ( 1 0 , 1 1 )  , D T F S T , Z T E S T , P A R A M  

I F  THE D J M t N S I O N  Of  ZPERM I S  ( M ) ,  THEN THE D I M E N S I O N S
OF ZTt _r i p,  E ,  AMD FF ARE ( M ) ,  ( 2 • M ) , AND ( N , M + 1 )
RESPECT I VELY .

C I N P U T  DATA H E R t .
N =  ‘f
ZPERM ( 1 ) =!)
? P E H M ( 2 ) =1  
l  PERM ( 6 ) =H 
Z P E R M < A ) = . S 
PARA H = 2

C COMPUTE OR REAU I N  S P E C I A L  CONST ANTS HERE
C ( T H I S  PROBLEM R L O U t RES NO S P E C I A L  CONS T ANT S . )
C THE MAI N  LOOP B E G I N S  HERE

i  Z l t S T = . l E - A  
UT ES T= . 6 E - 0 4  
DEL TA=1  
DO 1 6  1 = 1 , M

1 6  I F  ( D E L T A . L T . A D S <Z P E R M ( 1 ) ) )  BEL T A = A B S ( Z P E R M ( I ) )
CALL  S E C A N T ( M )
CALL  l < EP ORT ( M)

C A PARAMETER I S  V A R I E D  AND THE PROGRAM I S  CYCLED B ACK.  
PARAi v: = PAR AH+ . 0 1  
I F  ( P A R A h . L T .  ( 2 . 1 )  ) GO TO 1 
S TOP
END

46



n 
n 

n 
n 

n 
n 

n 
n 

n 
n 

o 
n 

n 
n 

n 
n 

~ 
n 

n 
n 

n 
n 

n 
<“.■

I L L U S T R A T I V E  PROGRAM - -  USE. OF THE S U B K U U TI  I'M E S E C A N T .

S U B R O U T I N E  S E C A m T ( | ! )
C T H I S  R O U T I N E  AT TEMPTS 10 SOLVE THE SYSTEM OF E Q U A T I O N S .  

COMMON Z T t  M P ( 1 i) ) »7 P E K M ( 1 U ) . D E L T A  » R E S I D  ,
C E ( 2 , 1U ) , F F  ( 1(1 , 1 1  ) ,1) TEST , Z T E S T  , PARAM  

HEAL NU
D I M E N S I O N  OME GA{ 1 0 )  , E T E M P < 1 0 ) , D ( 2 0 ) , D E L ( 1 0 )  . M B A H ( 1 0 , 1 0

) « R T E S T ( 1 0 )
THE D I M E N S I O N S  OF OMEGA,  E T E M P ,  AND DEL ARE ALWAYS THE  

SAME AS THAT Of  Z P E R M .  THE D I M E N S I O N  OF D I S  T WI C E
1 H A T OF Z P E R M ,  ANU THAT OF HBAR I S  T H A I  OF ZPERM
S Q U A R E D .  THE o I M l N S I O N  OF R T E S T  I S  ALWAYS 1 0 .

ME A N I N G S  OF V a R I  A B| t S .
ZPERM I s  THE VFLTOR C O N T A I N I N G  THE BEST GUESS SO FAR  

FOR THE S O L U T I O N  OF THE E Q U A T I O N S .  I T  I S  
A SSOC I  A T F L' WI T H THE R E S I D U A L  RPE RM.

Z TEMP I S  THE CURRENT GUESS V E C T O R .  I T S  R E S I D U A L  I S  
R T E M P .

OMEGA I S  A VFCTOR WHI CH C O N T A I N S  A B E T T ER GUE^ S THAN  
THE CURRENT / P E R M .  T H I S  VECTOR CAN ONLY HE FOUND  
MY A LOCAL V A R I A T I O N .  OMf GA I S  NOT A U l U M A T J C A L L Y  
S U B S T I T U T E D  F'OR Z P E R M.  SUCH A S U B S T I T U T I O N  ONLY  
OCCURS I F  r i E WI O M' S  METHOD DOES NOT ALSO PRODUCE  
I MP R OV E ME N T  I N  THE SAME I T E R A T I O N .  THE R E S I D U A L  
A S S O C I A T E D  WI T H OMEGA I S  R R T E MP .

E AND ETEMP C O N T A I N  VAL UES  OF THE L E F T - H A N U - S I U E S
of  t h e  m e q u a t i o n s  t o  b e  s o l v e d .  E d , J )  i s

A S S O C I A T E D  WI T H Z P E R M ,  E ( 2 , J )  WI T H  ? T E M P , AMD 
El ' EMP WI T H  OMEGA.

DEL AMU HHAR C O N T A I N  F I R S T  D I F F E R E N C E S  FOR USE I N
r n e w i o n ' s m e t h o d .
c
c
C F I R S T  THE PARAMETERS OF THE C OMBI NE D  L O C A L - V A R I  AT I  ON 
C - Ai MO- NEW T O N - m E t HOU ARE I N I T I A L I Z E D .  SOME OF T H I S
C I N I T I A L I Z A T I O N  I S  DONE BY THE M A I N  PROGRAM A L R E A D Y .
C THE PARAMET ERS SO PRE PARE D ARE D E L T A ,  Z T E S T
C ANU IT T E S T .

KOUN T = 0
WRI T E  < n , 1 9 )  DEl  T A , KOUN 1 

1 9  FORMAT ( 7 X ,  ' D E L T A  I S  NOW ' , E 1 1). 3 , 6 X , I  5 )
DO 2 1  1 = 1 , 1 U 

2 1  R T E S T ( I ) = 1 . UEGU 
N U = 1 U 0 0 0 U u 
F SIJ Ml = 0 
j=n
I F  L A G = 0

47



n
o

n
n

n
n

n
 

n
n

n
n

n
I L L U S T R A T I V E  PROGR a fu' - -  I US F. OF THL S U B R O U T I N E  S E C A N T .

DO 2U 1 = 1 ,  M 
LH 1 > = 1 

2 0 D ( M + 1 ) = - 1
C WE B E G I N  h r  E S T A B L I S H I N G  DATA FOR THL F I R S T  G U E S S .

1 0 0  DO 1 1 0  1 = 1 ,  M 
1 1 0  Zl 'E MR i I  ) = Z P E R E U  T >

CALL RESI UI JT  1 , M  )
K O U N T = K U U N T + l  
K p E R M r H t  S I D
MR l i t  ( b , 1 4 U 4 ) pPF KM , KOUN 1 
I F  ( R P E K D . L  I . 2  TF S T ) 0 0  TO 1 4 0 0  

C THE. I  T t  K a T 1 0 H BEG I  i\iS H E R E .  F I R S T  CODES AD AT TEMP T  TO
i m p r o v e  t h e  c u r k e m j  g u e s s  b y  v a r i a t i o n  o f  a s i n g l e  
V A R I A B L E .  i f  t h i s  s u c c e e d s , t h t  i m p r o v e m e n t  i s  
STORED T E h P O R A P l L r  I N  OMEGA AMJ I T S  A S S O C I A T E S .
AT THE SAME T I m E ,  UATA I S  BEI I vG GAT HERED FOR THF  
B E N E F I T  OF MEMt O N ’ S MET HOD.

2 0 0  I F  ( J . EC- J. 2 + M)  J =  0 
J = J+ 1

3 0  0 E P S 1 L u = A m 1 0 1  ( D E l . l  A , N U )
4 0 0  J J = J -  ( ( J - 1 >/ M ) *M 

CO HOB I  = 1 , IT 
4 0 5  I  TEMP ( I  > = Z P t K M  ( T >

2 TEMPT J J ) = Z P L W M < J J  ) 4 - f P S  I  L O * U  ( J )
CALL R E S T D U ( 2 * M )
KOUN T = K0 UNT  + 1 
R T E M H = R E S I 0
I F  ( R T E M P . G E . Z T F S T ) GO TO bOO 
ZPERM1 ( JO ) =ZTFP' ;P ( J J  )
RPERK = P 1 [ MP 
GO TO 1 4 0  0 

s o n  D O  b l O  1 =  1  . 1-i

D E L ( I ) = ( K ( 2  , I ) - F (1 * I  ) ) / E P S T L O  
5 1 0  Fid ART I , J J ) = O E t .  ( T >*Li (  J )
BOO I F  ( R T E iT P . G E . R P E K M )  GO TO 6 B0  

I F  L A6 = 1 
b 2 0  DO 6 3  0 1 = 1 » M

E T E M P ( I ) = E ( 2 , T  )
S 3 0  0 MI  GA ( 1 ) = ZTEr' iP ( £ )

HR T EMi Pr Rl  EMP 
foB 0 I F  TKOI JNT. LE. P ' 1) GO TO 1 2 0 0  

NOW N E WT O N ' S  METHOD I S  G I V E N  A CHANCE TO TRY TO I MP ROV E  
THE G U E S S .  I F  I I  S U C C E E D S ,  I I S  SUCCE S S I S  G I V E N  
PRE CE DE NCE  EVEN OVER A LARGER SUCCESS OF t h e  m e t h o d  
OF LOCAL V A R I A T I O N .  I F  I T  F A I L S ,  THE L O C A L - V A R T A T  I ON  
I MP R OV E ME N T  SToRFl J  I N  OMEGA - -  I F  THERE WAS I N D E E D  
A L O C A L - V A R I A T T O N  I MP R OV E ME N T  - -  I S  A D O P T E D .  E L S E  
(JO CHANGE TAKES PL ACE I N  Z P E R M .  I N  ANY OF T HESE
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I L L U S T R A T I V E  PROGRAI"! - USE CF THE S U B R O U T I N E  S E C A N T .

C THREE C A S E S ,  T H t  1 I E K A T I O N  r i E G I N S  A G A I N  AT L I N E  2 0 0 .
7 01) 0 0  / i d  I  = 1 . HI

DO 7 1 0  l ] = t , N
7 1 0  F F ( I  , 11 > = H B A R ( I  , 11 )

0 0  7 2 0  1 = 1 .  M 
7 2  0 F F ( 1 , 0 + 1 ) = F ( 1 . I )

CALL GAUSS ( T I . K S )
I F  ( K S . E u . T )  GO TO 1 1 9 8  

9 0  U 0 0  9 1 0  1 = 1,1")
9 1 0  £ T E i"i F ( I  ) = 2 P E R F ( J  ) -  F F ( I  , M +1  )

CALL R t  S I U  i_) ( 2 , i"l )
KOl JNT=hOl j NT + l  
RTE)"iP = R E S l f )
I F  ( K f F rip . G T .  2 T F ST ) GO TO 1 0 0 0  
DO 9 2  0 1 = 1 , l"l 

9 2 0  /  P E R F ( 1 ) -  i  T E F P ( T ) 
r p l r i " i = i <  r t  mp
GO 10 1 4  0 0 

10  00  I F  ( R T t i ' I P . G T . R P F K F D  GO TO 1 2 0 0  
1 F L A G = U 
DO 10  10 1 = 1 ,  i-i
2 P ERF  ( I  ) = 2  r t . SP l  T )

1 0 1 0  E ( 1  , I  ) = E ( 2  , 1 )
RPERF = R TE."1P
WRI T E  ( b , 1 4 0 3  ) RP E KM. KOUNT  
NU = 0
DO 10 2 0 1 = 1 . n  

1 0 2 0  MU = rJU + FF ( 1 , M +1 ) * * 2 
N U = N U * * • 9  
GO TO 2 0 0

1 1 9 8  K S U N = K S U IS +1
WR I T E  ( 8 , 1 1 9 9 )  KSU. l
I F  ( K S U H . t O . I ' ' ; ) GU TO 1 4 0 0

1 1 9 9  FOKFI AT ( V X , ‘ GAUSS H A I L E D  0 U T ' , 6 X , I S )
1 2 0 0  I F  ( J . L T . 2 * N ) GO TO 1 3 0 0  

OELTA = DEL T A / 2
i f  ( d e l t a . l t . m F S T ) GO TO 1 4 0 0  
WR 1 I E  ( o ,  1 9 )  D E l . T A . K OU MT  

1 3 0 0  I F  ( I F L A G . E d . O )  GO 10 2 0 0  
I F  LAG = 0 
DO 1 3 1 0  1 = 1 ,  ("i 
E ( 1 ,  I ) = E T E M P ( T )

1 3 1 0  / P E R F ( I ) = O N E G A ( T )
r p e k f = r k t e m p

WR I T E  ( 6 , 1 4 0 2 )  R P E R M . K O U M  
DO 1 3 3 0  1 = 1 , 9  

1 3 3  0 R T E S T ( 1 L - I ) = K T E S T < 1 0 - i )
RT E S T  ( 1  )=KPERI"I

49



n
o

n
 

no
 

o
1 LLLJ-S TR AT 1 \/L PROGRAM - -  USE OF THE S U B R O U T I N E  S E C A N T .

I F  (H TEST ( 1 ) / P T E S T  ( I f ]  ) . L E  . ( . 9 9  ) ) GO TO 2 0 0  
T HEHE ARE SE VE RAL  WAYS FOR T H I S  SUBROUT T NF TO T E R M I N A T E .

A S U C C E S S F U L  T E R M I N A T I O N  OCCURS I F  R PE RIM GETS SMALLER  
THAN Z T E S T .  U N S UCCE S S F UL  T E R M I N A T I O N S  OCCUR WHEN DEL T A  
GETS TOU S M A L L ,  OR WHEN TEN LOCAL V A R I A T I O N S  I N  A ROW 
PRODUCE L E S S  THAN A 1 PER CENT CHANGE I N  THE R E S T D U A L ,  
OR WHEN G A U S S I A N  R E D U C T I O N  F A I L S  TO PRODUCE A T E S T  

C VECTOR FOR NE WTON’ S METHOD FOR THE M - T h  T I M E .
1 A 0 0 WR I T E  ( o , l 4 U 4 )  SPERM , KuUNT
1 4 0 2  FORMAT ( b X , E 1 4 . 7 * H X , I h , f e X , ’ LOCAL V A R I A T I O N ’ )
1 4 0 3  FORMAT ( G X , E 1 4 . 7 » F X « I 5 , G X , ’ N E W T O N * )
1 0 0 4  FORMAT ( b X , E 1 4 . 7  * 6 X , l 3 )

RE TURN 
E NO
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I l L U S T K A I  1 V£ F’ KGGK A11 - -  USE OF THL S U B R O U T I N E  S E C A N T .

S U B R O U T I N E  GAtJSS ( H , K S )
C T H I S  ROU T I N E  SOLVE S SY ST EMS OF L I N E A R  E Q U A T I O N S .

COMMON /. TEMP ( 1 u ) . / ' PL UM ( 10  ) , DEL TA , RES I D  .
C E ( 2 . 1U ) . F F  ( 1 ll , 11 ) i DTE ST . / ' TEST . P AR  A Ml 

C G A U S S I A N  R E D U C T I O N .  WI T H  P I V O T I N G .
MiM = Ml + 3 
KS = 0
T u L = . l E - 1 b

C FORWARU S O L U T I O N .  WORK ON THE J - T H  COLUMN.
DO 6 fa J = l . M i  
J j - J + 1  
H I  G A = 0

C F I N D  THE Row WHOSE J - T H  C OF. F F I C I E N  T I S  L A R G E S T .
DO 3 U I = J . P
I F  ( AMS ( H i G A  ) - AMS  ( FF  ( I  , J ) ) ) 2 0 , 3 0 »<5 0

2 0 H I G  A = F F ( I » J )
I  Ml A X = I  

30 C O N T I N U E
C I F  THE H I G H E S T  J - r H  C O E F F I C I E N T  I S  TOO S M A L L .
C THEN G I V E  U P .

I F  ( AHS ( H I  GA ) -  r nL  ) 3 b . 3 b . 4 0
3 b i\ S — 1 

RE TURN
Mi 0 V E THE ROW WI T H THE B I G G E S T  J - T H  C O E F F I C I E N T  TO THE  

J-Tt - i  P O S I T I O N .  REPLACE I T  BY THE FORMER J - T H  ROW.
4 U 0  0 4 b K = 1 . U i 'I 

S A V E = F F ( J . K )
FF ( J , K ) = F F ( I M A X , K )

4 b  F F ( I M A X . R ) = S A V E  
C U I V I U L  THE J - T H  ROW UY I T S  L E A D I N G  C O E F F I C I E N T .

LiO bO K = 1. 'TM)  
bl) FF  ( J . K  ) = F F ( J . K  ) /  R I GA  

C E L I M I N A T E  THE J - T M  V A R I A B L E  FROM THE R E M A I N I N G  E Q U A T I O N S  
I F  ( j . E 0 . M > GO TO fab 
DO fa0 i = J J , U  
DO faU K = J J . IT Mi 

60  F F ( I , K ) =FF ( 1 , K ) - F F ( I , J  ) +FF ( J . K )
6 b  CON 1 I IVUE

C HALKWARU S O L U T I O N .  COMPUTE THE N - T H  VALUE I N T O  F F ( N » M + 1 )  
DO 7 0 J = 2 . M  
J J  = MI41 " J  
J J J = J - 1  
DO 7 0 I  = j . , J J J  
I  I  r  r i f l -  I

70  FF ( J J » f'i M ) = F F  ( J J  , I “,M ) - F F  ( J J  . 11 ) * F F  ( 11 .Ml Mi )
RETURN
END

51



n 
n

11 LUS T R A T I  \JL PROGRAM - -  USE OF ThL S U H R O U T I N L  S E C A N T .

S U d R O U T i N E  RES 11)11 ( NAME , F l )
t h i s  k o u t i i m e  p r e p a r e s  a r e s i d u a l  a n d  i h e  a r r a y  e  f o r

THE S U H H U U l i M K  S F C A MT .
COMMON Z TEHP<  1 u ) «7PERP1(  10  ) , UELT A . R E S I D  ,

C E <2 » 1 0  ) *F:F ( 1 0 , 1 1  ) , O T E S T , Z  T E S T *  PARAM 
W = Z T E M P ( 1 )
X = Z T E M P ( 2 »
Y = Z T E MP  ( 3 )
7 = 7 U > P  ( 4 )
E ( N A M E , i ) = X * + 2 - P A R A M * X + Y + 3 * Y * * 2 - 2 * X * Z - 3 0  
E ( N A M E , 2 ) = N - 2 * X * Z + P A R A M * W * Y + Z + * 2 + 2 U  
E ( NAPE * 3 ) = P A K A n * G * X - 3 * 7 + Z * Y * * 2 - X * * S - 1 9  
t ( N A M E , 4 ) = 3 * W * * ? - 2 * X * W + 7 * Z * * 3 - 9 6
r E S I O  = F: ( NAME , 1 » * *  2 + L ( NAME , 2 ) * * 2  + E ( NAME , 3 ) * * 2  + E ( NAME , 4 )

**?
K E S 1 U = K E S 1 U * * . H
RETURN
EMI)
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1 L L U S T R A I  i \ l t  PROGRAM - -  USE OF THE S U B R O U T I N E  S E C A N T .

S U B R O U T I N E  R E P O R T ( M )
C T H I S  ROUT I ME WR I T E S  UP THE O U I P U T .

COri t ' lCN ZTEIWP ( 1 0 ) , 7 P E R M (  10  ) . I JELTA , R E S I U  , 
C E ( 2 , 1 0  ) . F F  ( 111,  11  ) , u  TEST , Z  T ES T  , PARAM 

WR I T E  ( t o , 1 0 )  PAr AM  
1 0  FORMAT < / / , 1 0 X , ' P A R A M  = ' , E 1 4 . 7 )

0 0  2 0 1 = 1 , M
2 0  WRI T E  ( b , 2 1  ) T , 7 PERM ( I  )
2 1  FORMAT (1 O X , 1 2 , 5 X , L 1 A . 7  )

WR I T E  ( fa, 2  2 >
2 2  FORMAT ( / / , 1 X )

RETURN
ENU
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MAJOR PROGRAM - -  ODD B U C K L I N G  OF AIM E L L I P S O I U A L  S H E L L .

C MAII 'J KOUTI I ML
COMMON DEL T A . B E E  . B L L S C i » A I T C H  . KHO . G N U .  Z T E ST  . D T E S T  ,

C C l  ( 4 0 * AO ) »C2 ( 4U . AO ) , i ;3 ( 4 0 ) , S 6  ( 4 0 . 4 0 ) , S 7  ( 4 0 ) ,
C Sfj ( A 0 . A U . '4 U ) . ( A U . 4 U ) . E ( 2 . A 0 ) . F F ( A 0 . 4 1 ) .
C Z r E r ' P ( 4 0 )  , Z P E R M ( 4 u )  , P ( 4 0 )  , B ( 4 0 )  . K P E R M . R E S I D

C READ I N  D A T A .
R E a D < b . 2 7 )  X X i C R E i-IEN 
I  U T A -  A X 
READ ( b » 2 7 ) X 

2 7  FORMAT ( E 1 4 . 7 . 6 G X )
M=X
READ l b .  2 1 )  R H O . G N U . R E E . A I T C H
Z I E S T = . 7 b E - 0 4
D T E S T =  . H E - 0 4
DEL l'A = . UGU1
J F L A G = U
START = [iL|_ T A
READ ( b . 2 M )  ( R ( T ) * 1 = 1 . H )

20  FORMAT < 4 (  I X ,  F I '4.  7 )  )
1 H E E S U = H E K * * 2  

CALL R E a L) IIM ( i‘ i )
C El A 1 IM LOOP STAR I S  HpRfc .

2 DO AO 1 = 1 .  M
4 0 ZPTKM I 1 ) = « ( I  )

I F  ( l O T A . L T . l ) GO TO 41
TEi  iPUK = KHU 
R H 0 = 2 P E R M ( I O T A )
Z P E R M ( I O T A ) = 1 E M p OR

4 1  CALL  SECANT < I'l, I  OTA)
I F  I l f j T A . L T . l )  GO TO 4 2
T EMPOK= KHU
RH0 = Z P E R H ( TOT A )
Z P E R M ( 1 0 1  A ) = T F M p OP

4 2  I F  (KPKKI '  . G T .  ( . FHE- 02  ) ) STOP  
CALL G K A P H ( M » ,J F L A G » I O T A  )
J  F L A G = 1
Z T E S1  =AMAX1  ( . S* RPERf - 1 . . 7 b E - U 4  )
d e l t a = s t a r t
0 0  7 3 1 = 1 . M 

7 a I F  ( APS ( P ( I  ) ) . L T  . ( .  1 F - 3 U  ) ) B ( I  ) = U
C A PARAMETER I S  V A R I E D  AND THE PROGRAM I S  CYCL ED B ACK.

I F  ( I O T m . L T . 1 )  GO TO 2 3 0
2 3 7  H ( 101  A ) = H  ( 10  TA ) +CPEMEIM 

GO TO 2 
? 3 0  KHO = RHO + CKF' TEM 

GO TO 2 
END
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P'lrtOOR P h o g KAIT - -  OUU B U C K L I N G  OF AN L L L l P S O I u A L  S H E L L .

C
C

S U B R O U T I N E  R E m U I N  ( IT)
COMMON DEL T A , R E E , BEESU , A I T C H , WHO, G N U , 2 T E S T , UT E S T  , 

C 1 ( 4 ! ) ,  4 d ) , C 2 ( 4 0 , 4 0 ) , C 3 < 4 0 ) . SB ( 4 U t 4 0 ) , S 7 ( 4 0 ) ,
S 6 ('4 0 » A 0 1 4 u ) , s ?  < B o t 4 0 ) , E ( 2 , A 0 ) t FF ( 4 0 , 4 1  ) .

C 2 T E MP C + U  ) , 2 P E R M 4 0 )  , P < 4 0  ) . B ( 4 0  ) , KPERM , RES I D  
T H I S  R O U T I N E  READS I N  THE I N T E G R A L S .

THE LOOP L 1 H T T S  ARE S P E C I A L  TO THE CASE  
IT = 4 0  I|\J THE PPOGRAP': " I P jT E G R A L S "  WHI CH  
PRODUCES THE VALUES B E I N G  READ I N  H E R E .

DO 2 0 0  I r l . ' t U
READ ( 0 , 2 0 1 )  T , r 3 ( I ) , S 7 ( I )
FORi TAT ( 1 2 , E 1 4 . 7 » E 1 4 .  7 . 5 0 X )
UO 211)  1 = 1 , 4 0  
0 0  2 1  U 0 = 1  ,4(J
READ ( h . ? 0 ? )  J . J , C 1 ( I  , 0 > , L 2 ( I  , 0 )  , S b ( I , u ) , S 9 ( I , 0 )  
FORMAT ( 1 2 , 1 2 , E l 4 . 7 , E 1 4 . 7 , t l 4 . 7 , E 1 4 . 7 , 2 0 X )
DO 2 2 0 i\i = l t 2 b 7 U
READ ( 8 , 2 0 3 )  I I  , 0 1 , K l , \ / 1 , 1 2 , 0 2 , K 2 , V 2 , 1 3 , 0 3 , K 3 , V 3 ,  

0 4  , K ‘* . V 4  
J  i  ,  K 1 ) = si 1 
K.L ,0.1. ) = \ / l  
I x , K 1 ) = 0 1  
K 1 , 11 ) = \ / 1 
I 1 , J 1  ) = v l  
J 1  . 11 ) = \ / i  
J 2  . r \ 2  ) = \ / 2 
K 2 , 0 2  ) = \ / 2  
12 , K 2  ) = \ / 2  
K2 , 1 2  ) = \ / 2
1 2 , J 2 > =V2 
0 2 ,  12  ) = \ / 2  
J 3 , ft 3 ) = V 3 
K 3 , J 3 ) = \ /3
1 3 , K 3 ) = \ / 3  
K i  i 1 3 ) = \l 3 
T 5 , 0  5 ) = V 3  
O 3 » A 3 ) = V 3 
J 4 , K A ) = V 4 
K 4 , 0 4 ) = V4
1 4 , K 4 ) = \ / 4  
K 4 , 14 ) = \ /4 
14  , 0 4  ) = \ /4 
J 4  , 1 4 ) = V 4

CON r i l JUE
F OR M A T ( 4 ( I  2 , I  ? , T 2 , E 1 4 . 7 ) )
RE TURN 
ENU

21b

2 0 U 
2 0 1

210
2 0 2

C 14  
2 1 B  S B ( 11 

SB ( 1 1 
S B ( j  1 
SB ( J 1 
SB ( K l  
Sd ( K l  
SB ( 12  
S B ( 1 2 
S8 ( J 2  
SB ( J 2 
SB ( K2  
SB ( K 2  
SB ( 13  
Sb < 13  
SB ( J 3  
5 6 ( 0 3  
S 8 ( K 3 
S 8 ( K 3 
S B I I  4 
SB ( 14 
S 8 ( 0 4  
SB ( 0 4  
SB < K4  
S 0 ( K 4

2 2  0 
2 0  3

2 1 7

21b
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n
MAJOR PKUGHAU - -  OUU DI JCKLI NG OF AN E L L I P S O I D A L  S H E L L .

SUuKOU I 1 IJL R L S l n U ( N N N » M «  I O T A  )
COMMON D E L T A , R E E  , B E E S Q ,  A I TCH , R H O * G N U , Z T E S 1 , D T F S T «

C C 1 ( *K' * a u ) » C 2 ( 4 0 » 4 1) ) » C 3 ( 4 0 ) , S G ( 4 0 » 4 0 ) » S 7 ( 4 0 ) ,
C S f 3 ( t* 0 . 4 0 . ' I O ) , s 9 ( 4 0 a o ) « t { ? « 4 0 ) » F F ( 4 l ) , m ) .
C Z T E M P ( 4 0 ) « Z P E R M ( 4 0 ) » P ( 4 1) ) * H ( 4 0 ) , R P E R F , R E S 1 D 

T H I S  R O U T I N E  CALCUl  ATES RPERM AMU E ( 1 , J )  OR I T
C A L C U L A T E S  RTEMp AMO E ( 2 , J )  FOR THE B E N E F I T  OF S F C A N T .  
THE V A R I A B L E  K K K TURNS OUT TO FTE 1 I F  I + J  I S  ODD,
2 I F  1 + J  I S  E V E N .  WHEN THE DEEPEST  LOCP S T A R T S  FROM 
KKK A (' 0 GOES RY T H U S ,  MAIVY U S E L E S S  M U L T I P L I C A T I O N S  BY 
ZERO ARE E L I M I N A T E D ,  AMU THE SPEED OF THF S U B R O U T I N E  
I S  D OU B L E D .
I F  ( 1 0 T A . L T . 1 )  GO TO 41  
TEf i POR = R| iO 
R H O = Z T E M P ( I O T A )
Z T E MP ( 1 0 1  A ) = TFMp 0 R 

4 1  CALL P C O M P <M , I O T A )
FAC rOK = l 2 *  < l - G I \ ! l l * * 2  > * H E E S G /  ( A I T C H * * 3  )
DO 1 1 0  1 = 1 . M  
EPHEi ' i =U. U  
TRArJS = 0 . U 
UO 1 0 4  J =  1,1-1 
T E M P = U . 0
KKK = 2 - ( i  + J - (  ( I  + J ) / 2 ) * 2 )
DO 1 0 S  K = K K K , M , ?

I D S  TEMP= T EMP+ S Bl  I  , . J , K  ) * P ( K  )
TRAi \ IS = I K Ai JS + C 1 ( T , J  ) * R  { J )

I  08  EPHEM = EPHF. M- SA ( T , J ) * P  ( J ) -  ( . 5 * R H 0 * S 9  ( I  , J ) - T E M P  ) * B  ( J  )
1 1 0  E ( MUM, I ) = - T K A M S + F A C T O R * ( - . 5 * R H 0 * S 7 ( I ) + E P H E M )

RES 1 D = 0 . 0  
0 0  12 0 I = l , l “l 

1 2  0 R E S I  0 = i< E S I  D + FI ( N U N ,  I  ) *  *  2 
R E S i n = R E S l O * + . b  
I F  ( I o T A . L T . 1 )  r e t u r n  
T E i Ji P 0 R = K H 0 
RHO = Z T E M P ( I O T A )
Z T t M P ( I O T A ) = T F M P O R
HE TUKN
EMo
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MAJOR PROGRAM - -  QUO OuCKL I  IMG OF AIM E L L I P S O I D A L  S H E L L .

S U B R O U T I N E  PCOMP < M, I O T A )
COMMON UK L T A, HE E » BEE S CJ »  A I T C H ,  RHO t G I \ I U » Z T E S T , D T E S T ,

C C 1 ( 4 0 » 4 IJ > , C 2 < 4 IJ, 4 0 ) , C 3 ( 4 0 ) . Sb ( 4 I ) , 4 0 ) , S7  < 4 0 ) ,
C S«  ( 4 U  ,41)  . 4 0  ) ( 4 0 , 4 0  ) , E  ( 2 * '+0 ) . F F  ( 4 0 t 4 1 )  ,
C Z TEMP ( 4 0  ) i Z PE HI M 4 0  ) , P< 4 0  ) , H  ( 4 0  ) , RPERM , RES I D

T H I S  ROUT I  IM E COMPUTES THE P » S ,  G I V E N  THE B ’ S .  FOR THE
B E N E F I T  OF THE R O U T I N E S  R E S I D U  AI\lfJ GRAPH.  FOR 
THE M E A N I N G ANo USE OF K K K .  SEE THE COMMENT FOR 
T H l  R O U T I N E  R E S I O U .

0 0  b I = 1 , H  
5 R < I ) = Z  TEMPI  1 )

UO l u  1 = 1 ,  "I 
0 0  10  J = 1 » M  

1 0  FF I I  , J ) = C 2 ( I , J )
0 0  20  1 = 1 , M 

2 0  FF< 1 , M + 1 ) = R H 0 * C 3 < I )
DO 3U 1 = 1 , M 
E P H E M = 0 .  0 
DO 2 7 J  = 1 , M 
TEI TP=0  . 0
KKK = 2 - ( I + . J - I  < T + . ) ) / 2 ) * 2 )
DO 2 b K = K K K , M , 2 

2 b  TEMP = TEMP + S G ( I » J , K ) * R ( K )
2 7 E P H E M = E P H E M + ( S b ( I , J ) - . b * T F M P ) * B ( J )
3 0  FF  ( I  , l - i  +  l  ) = F F  ( I  , M  +  I  ) + A I T C H * B E E S Q * E P H E M  

CAL L  GAUSS ( Ml ,  KS)
DO 4 0 1 = 1 , 0  

4 0 P ( I ) = F F ( I , M + 1 )
RETURN
ENU
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MAJOR PROGRAM - -  (lUI) BUCKLI NG OF AN E L L I P S O I D A L  SHELL .

S U B R O U T I N E  GRAP h TM,  J F L A G ,  I O T A  )
COMMON OL L T A . BEE , BE ESU , A 1 TC.H , R110 i GNU * 2 TF.ST , U T E S T  t 

C C I  ( 4 D , u (j ) , c ? < u 0 , 4 n ) , (• 3 ( 4 0 ) , S 6 < 4 0 » 4 0 ) , S 7 < 4 0 ) ,
C Srt ( AO , A tJ , AIJ ) , c;y ( 4 0 , 4 0 ) »E ( ?  » AO ) i F F  ( AO , A1 ) ,
C / T E M P ( 4 U )  , Z P E r M ( 4 U )  » P ( 4 (J ) , D ( 4 0 ) , R P E R M , R E S I O  

D I M E N S I O N  X P O S ( 5 2  ) i Y P O S ( 5 2 )
C REPORT THE S O L U T I O N  AN[J SOME OF THE P A R A ME T E R S .

WR I T E  ( - j . i l )  R t f » A 1 T C H , G N U , I O T A  
1 1  FORMAT ( / / , 1 X , ' I < E E  = ♦ , E 1 4 . 7 i » ,  A I T C H  = ' . t l H J P ,

GNU = ’ i
C E 14  .  7 , • , I O T A  = » , I  3 )

WR I T E  ( 6 , 1 4 )  RPFNM
14  FORMAT < 1 X , ' R E S I D U A L  = ' , E 1 4 . 7 )

UO 15  I  = J , M
Z T t M P T  I ) = Z « t R M < I  )

1 5  B < I ) = / P E K M ( I  )
C AL L  P C O M P < H , T O T A )
WR I T E  ( b , l b )  ( H ( i ) . l = l , M )  

l b  f o r m a t  < 4 < i x , e i a . 7 ) >
C C A L C U L A T E  THE NEW P O S I T I O N S  OF F I F T Y - T H R E E  P O I N T S  ON THE  
C E L L I P S O I D .  I F  J F L A G r O ,  WHI CH I S  SO THE F I R S T  T I M E  T H I S  
C R O U T I N E  I S  C A L L E D ,  REPORT T HEM.  I N  ANY CASE REPORT  
C RHO,  H U L a R D E F L E C T I O N ,  a ND E Q U A T O R I A L  C O N T R A C T I O N .

I F  L A G = 0
FACTOR = A I 1 C H * * 3 / ( 1 2 . 0 * ( 1 . 0 - G N I J * * 2 ) )
RAT 1 0 = 1  / H L T S Q - 1  
F = 1 • /  A I  TCH 
L = 2
P I  = 3 . J . 4 l 5 y 3  
D X = P 1 / ( b P * L )
L L = b 2 * L

i n u o  */ o  a = 1)
DO l Uf l  J = 1 , L L 
X I = J + p V  
C 0 = L 0 S ( X I  )
S I = S I i \ l ( A l  >
D E N 0 K = H E E S 0 *  C 0 *  c 0 + S I  *  S I  
SOR TU = SNRT ( O E N O M )
X = S 1 / S O R T O
Y = - U E E S O » C O / S O R T U
R 0 A L P H = S 1 + R A T I 0 * S I * * 3
RP = S 1 + S L / U F . N 0 M
B E T A = O . U
P S I = 0 . 0
P S 1 P = G . 0
L)0 1 0  1 = 1 , M
CS = COS(  U X I  )
SN = S 1 N ( I * X I  )

58



MAJOR PROGRAM - -  OUU B U C K L I N G  OF AN E L L I P S O I U A L  S H E L L .

BE TA = BE 1 A + 13 ( I  ) *  sN 
P S I = P S 1 + P ( I ) * SM  
PS I P  = P S I P  + I  * P ( i  ) * C S  

1 0  C O N T I N U E
P H I = X I - H E r A  
S P = S I N ( P H I )
C P = C O S ( PH L )
K 2 L R 0 \ /  = - . b * R P I O * s I * S l / U F . N 0 l u1
T E M P = S P /  ( WOALPH + A l  TCH ) * ( X * A I I C H  + P S I * C P - * R / E R O \ / * S P - K O A L P

H * G N U * P S I P -  
C R 2 + G M U * R H 0 * S P ) - B E E S Q + S I / ( S Q R T O * * 3 )

T L HP =  TEHP+ DX  
WUA=WOA+TEMP
i p  ( j . g  r . ( j / l  ) * i . ) go  r o  i n n
XPOS ( J / L  ) = X + F + ( R 0 A L P h * P S I P - R 2 * R H 0 * S P - G I \ U * P S I * C P - G N U * K Z

E R O V + S P )
Y P O S ( J / L ) = Y + W O A - T E M P / 2

i o n  c o n t i n u e
I F  ( I F L A G . E ' J .  1 ) GO TO 1 0 8  
Ut FLF.  C = HP'E -  Y P O S ( 5 2 )
C O N T R A = l . - X P O S ( ? f c )
W R l f E  ( o . l O A )  Km O . U E F L E C ' . C O M R A  

1 0 A FOP HAT ( ] X i  * RPIQ = ' » E 1 4 . 7 , '  D E F L E C T I O N  = * , P 8 . 5 . '  CONT
KACT I ON =«

C . F t i . 5 )
I P  ( JP' l A G . M E . O )  r e t u r n  
WR I T E  ( o , n  7 )  Y P O S ( 5 2 )

1 0 7  FORMAT 1 / i l X i  • OF FORME L) S H A P E :  NORTH POLE AT •
i F 0 .  4 )

1 0 8  I F  ( I F L A G . E Q . l )  WRI T E  ( 6 . 1 0 9 )
1 0 9  FOKHAT I l X i  ’ D E T A I L  NEAR SOUTH P O L E ' )

UO 1 1 0  1 = 1 . 1 7
1 1 0  WR I T E  ( b . l l l )  X P O S ( I  ) . Y P O S ( I ) , X P O S ( 1 7  + 1 ) .  Y P O S ( 1 7  + 1 ) « XP

US < 34  + 1 ) »
C Y P C S I 3 4 + I )

1 1 1  FORMA r ( 1 X « 3 ( F 8 . A . 2 X « F 8 . 4 . 4 X )  )
WR I T E  ( G . 2 0 0 )

2 0 0  FORMAT ( / / . 2 0 X )
DX = P I / (  2 7 0 4 * L )
I F  L A G = I P L A G +1
I P  ( I P L A G . L T . 2 )  GO TO 10  00
RE TURN
END

59



MAJOR PROGRAM - -  F VEN B U C K L I N G  OF AN L L L I P S O I U A L  S H E L L  ■

C M A I N  R O U T I N E
COMMON U E L T A » R E f. »B E E S Q . A I K H . H I I O t  GNU . Z T E S T . D T E S T ,

C C l  < 2 0  * 2 0  ) »C2 ( 2 U» 2 l )  ) » C3 (  2 0  ) , S 6  < 2 0  i 2 0  ) , S 7 (  2 0  ) ,
C S 8 ( 2 0 » 2 U » 2 0 )  » G G ( 2 0 » 2 0 ) » E ( 2 * 2 0 ) i F F ( 2 0 » 21 ) *
C Z T E M P ( 2 U )  . Z P E R ! i ( 2 0 )  . P ( 2 U )  t B ( 2 0 )  * K P E R M . K E S I D

C READ I N  (JATA .
PEAU ( t ) » 2 /  ) XX, CPEf 1EM  
I U  rA = XX 
KEAU ( 5  t 2 7 )  X 

2.7 FORMAT ( E 1 4 . 7 » 6 f i X >
H = X

KEAU ( b . 2 / >  R H 0 , G N U « B E E » A I T  C H
2 I E S T = . 7 b E - U 4
U f E S  r = . t a E - 0 4
UEL TA= . 0 0 0 1
J F L A G  = n
S I A K 1= U L L 1 A
KEAU ( S . 2 8 )  ( R ( T ) « I = l i M )

2 8  FORMAT I ' M  1 X . F K + . 7 )  >
1 BEES Q = B E t; *  ♦ 2 

CALL K L AI ) 1 M ( I11. )
C MAI M LUOP S T ART S  HpRE .

2 DO 4 0 1 = 1 iM
4 0  Z P E R M ( I  ) = 0 <  I  )

I F  ( I O T A . L T . 1 )  GO TO 4 1
TEMPOK=KHO
KHO = / !PERM ( I O T A  )
Z P E R M ( I U I  A ) =  TEMPUK

4 1  CAL L  SECANT ( M .  I f l T A  )
I F  ( I O T A . L T . 1 )  GO TO 4 2
TEMPOK= KUO
K U O = Z P L K M ( I O T A )
Z Pt  KM ( 1UTA ) = T F M p OR

4 2  I F  ( K P E K M . G T . ( . s E - 0 2 ) ) STOP  
CALL G R A P H ( M * J F L A G  » 1 0 T A )
J F L  A G = 1
Z I E S I = A M A X l ( . S * p P E K M , . 7  5 E - 0 4 )
OELTA = ST ART 
DO 7 3 1 = 1 tM 

7 3  I F  ( A B S ( B ( I ) ) . L T . ( . I E - 3 0 )  ) R ( I ) =  0 
C A PARAMETER TS V A R I E D  AND THE PROGRAM I S  CYCLED B A CK ,  

I F  ( 1 0  r A . L 1 . 1 )  GO TO 2 3 8
2 3 7  B(  J 0 1 A ) = B (  l OTAJ+CKEl ' - i EN  

GO TO 2
2 3 8  KHO= RHU+ CKEMEN  

GO TO 2
END
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MAJOR PROGRAM - -  EVEN B U C K L I N G  OF AN E L L I P S O I D A L  S H E L L .

S U O R O U W N L  K E A O T N ( M )
COMMON D E L T A ,  REE , B E E S Q , A I  TCH , RHO * GNU , Z T E S T  , D T E S T  ,

C C . l ( 2  0 , 2 U ) , C 2 < 7 0 , 2 n ) , c 3 ( 2 0 ) , S 6 < 2 0 , 2  0 ) , S 7 < 2 0 ) ,
C S B ( 2 0  , 2 0  , 2 0  ) , s K 2 0  , 2 0 ) , L ( 2 , 2 0 ) , F F ( 2 0 , 2 1 )  ,
C 2 1 E M P ( 2 0 ) , Z P E R M ( 2 0 ) , P ( 2 0 ) , B ( 2 0 ) , R P E R M , R E S I U  

T H I S  R O U T I N E  READS I M THE I N T E G R A L S  , O M I T T I N G  
ALL THOSE WHI CH HAVE ANY 0 0 0  S U B S C R I P T S .
THE LOOP L I M I T S  ARE S P E C I A L  TO THE CASE M = 4U 
I N  THE PROGRAM " I N T E G R A L S ' *  WHI CH PRODUCES THE  
VAL UES B E I N G  KF AD I N  H E R E .

DO 2 0 0 1 = 1 , ‘+0
READ ( A . 2 0 1 )  J , X . X X
I F  ( ( J / 2 ) * 2 . L T . J )  GO TO 2 0 0
J = J / 2
C 3 ( J ) = X
S 7 < J ) = X X

2 0 0  C O N T I N U E
2 0 1  FORMAT ( 1 2 , E 1 A . 7 , E 1 4 . 7 , 5 0 X )

DO 2 1 U 1 = 1 , 4 0
fJO 2 1 0  0  = 1 , 4  0
READ {,5 , 2 0 2  ) y l , J J , X , X X , X X X . X X X X  
I F  ( ( J I / 2 ) + 2 . L T . I I . 0 R . ( J J / 2 ) * 2 . L T . J J ) GO TO 2 1 0  
1 1 = 1 1 / 2  
J J = J J / 2  
C l ( I I , J J ) = X  
C 2 ( 1 1 , J J )  = XX 
S 6 ( I  I  . J J ) = X X X  
S R ( I  I , J J ) = X X X X  

2 1 0  C O N T I N U E
2 0 2  FORMAT ( 1 2 , 1 2 , E 1 4 . 7 , E 1 4 . 7 , E l  4 . 7 , E 1 4 . 7 , 2 0 X >

DO 2 2 0  N = 1» 2 0 7 0
READ ( 0 , 2 0 3 )  T .1 , J l  , K 1  , \ / l  , 12  . J 2  , K 2  , V2  , 13 , J 3  , K 3  , \ / 3 ,

C I  4 » J  4 , K 4 , V 4
I F  < < r i / 2 ) * 2 . L T . I 1 . 0 R . < J l / 2 ) * 2 . L T . J i . 0 K . < K l / 2 ) * 2 . L T . K l

) GO TO 2 1 6
1 1 = 1 1 / 2  
J 1 = J 1 /  2 
K 1 = K 1 / 2
Stt< I I , J l , K 1  ) =  V 1 
S B ( 1 1 , h l , J l ) = V l  
S B ( J 1 , I 1 , K 1 ) = V 1  
S t t ( J l » K l » I l ) = V ' L  
S 8 ( K 1 » I 1 » J . 1  ) = V 1  
S O ( K 1 , J l , I 1 ) = V 1  

2 1 6  I F  < ( I 2 / 2 ) * 2 . L T . 1 2 . 0 R . ( J 2 / 2 ) * 2 . L T . J 2 . 0 R . ( K 2 / 2 ) * ? . L T . K 2
) GO TO 2 1 7

1 2 = 1 2 / 2  
J 2 = J 2 / 2
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MAJOR PROGRAM - -  E\ /EN B U C K L I N G  OF AN ELL  I P S O I U  AL S H E L L .

2 1 7

210

K2 = K 2 / 2
SQ(  1 2 , J 2 . K 2  >=\ / 2  
SO ( I 2 » K 2 » J 2 ) =  \/ 2 
S 8 < J 2 , 1 2 , K 2 ) = V 2  
S 8 < J 2 , K 2 ,  I ? . ) -  M2 
S b ( K 2 , 1 2 , J 2 ) = V 2  
S B ( K 2 . J 2 i I ? ) = \ / 2  
I F  ( < I 3 / 2 ) * 2 . L . T ,

1 5 = 1 3 / 2  
J 3 = J 3 / 2  
K3 = K 3 / 2
S 8 <  I 3 . J 5 , K 3 ) = \ / 3  
St i (  I 3 . K 5 ,  J 3 > = \ / 3  
S d < J 5 . 1 5 , K 3 ) = V 3  
S d ( j 3 , K 5 ,  J. 3 ) = V 3 
S A ( K 5 » 1 5 ,  J 3 ) = V / 3  
S 8 ( K 5 , J 5 , I  3 ) = \ / 3  
I F  ( ( I  4 / 2  ) * 2 , L T ,

1 3 . OR.  ( J 3 / 2 ) * 2 . L T  . 0 3 . U R .  ( K 3 / 2 ) * 2 . L T . K 3
) GO 1 0  2 1 8

I  A . O K . ( J 4 / 2 ) * 2 . L T  • J A . 0 R • ( K 4 / 2 ) * 2 . L T . K 4
) GO TO 2 2 0

2 2 0  
2 0 3

JA^IA/2
j 4 = J A / 2
K 4 = K A / 2
S O ( 1  A , J 4 , K 4 ) = \ /4 
SO < 1 4 , K 4 , J 4 ) = v a  
S b ( J A , I A . K A ) = V A  
S 8 ( J A . K A , 1 4 ) = V 4  
S t t < K 4 , l A ,  J 4 ) = V A  
S d ( K 4 , j 4 , I A ) = V A  
C O N T I N U E
FORMAT <4 ( I 2 , I 2 , t 2 » E 1 4 . 7 )  )
RETURN
EMU
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MAJOR PROGRAM - -  EVEN B U C K L I N G  OF AN E L L I P S O I D A L  S H E L L .

SUbKOUT I  ML KE S I DU ( l\lNN , M . I O T A  )
COMMON DEL T A , BEE » BEE SO . A I  TCH . WHO * GNU . 7. T ES T t DT E ST ,

C C l ( 2  0 » 2 U ) . C ? < ? 0 » 2 0 ) . C 3 ( 2 0 ) . S G ( 2 0 . 2 n ) , S 7 ( 2 0 ) ,
C S 8 ( 2 0 . 2 0 . 2 0 )  . S 9 ( 2 U . 2 0 )  . E ( 2 . 2 0 )  . F F ( 2 0 , 2 3  ) 1 
C 2 T E M P < 2 0 >  , ZPERM ( 2 0 )  , P ( 2 0 )  . B ( 2 0 )  , PPERE , . P E S I O  

T H I S  POUT I  ME C A L C U L A T E S  RPERM AND E ( l . J )  OP I T
C A L C U L A T E S  R T F M p  AND E ( 2 * J ) FOP THE BEl \  EF I T  OF S E C A N T .  
I F  ( I O T m . L T .  1 )  0 0  TO Ml  
TEMPOR=RHO  
R H U = 2 T E M P ( T O T A )
Z T E M P ( I O T A ) = T E M P O R  

m i  Ca l l  p c o m p ( M , i o t a )
FACTOR = i ? * ( l - O N U * * 2 ) * H E E S G J / ( A I T C H * * 3 )
DO 11U J = l t M  
E P H E M = f ) .  0 
T K AN S = 0  . (1 
DO 10 8 J  = 1 i h  
T EMP= 0  . 0 
DO 1 0 8  K = 1 , M  

1 0 8  TEMP = TEMP + S 8 ( T . J . K ) * P ( K  )
T R A N S = T K A N S + C 1 ( I . J ) * R ( J )

1 0 e E P H L M - E P H E M - S O ( I . J ) * P ( J ) - ( . 5 * P H 0 * S B ( 1 . J ) - T E M P ) * B ( J )
1 1 0  E d ' I N N ,  I  ) = - T U A M S  + F A C T 0 K * ( - . b * K H 0 * S 7 (  I  ) + E P I l E M)

P E S 1 0 = 0 . 0  
DO 12 0 1 = 1 . M 

1 2 0  RES ID = R E S I D  + E ( Nl\|N . I  ) * * 2  
H E S I D = R E S I D * * . S  
I F  ( I 0 T A . L T . 1 )  RETURN  
TEMPOP=RHO  
R H 0 = 2 T E M P ( T O T A )
2 T E M P ( I O T A ) =TEMPOR
P E I  URN
END
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MAJOR PROGRAM - -  EVEN B U C K L I N G  OF AN E L L I P S O I D A L  S H E L L  •

S U B R O U T I N E  P C O M P ( M . I O T A )
COMMON O E L T A . B E E . B E L S Q .  A I  T C H »R H O » G N U . Z T E S T . D T F S T  ,

C C l ( 2  0 . 2  0 > . C ? < ? n » 2 0 ) . C 3 ( 2 U > . S 6 ( 2 0 . 2 0 ) , S 7 < 2 0 ) ,
C s a ( 2 0 , 2 ( J , 2  0 ) , s 9 < 2 0 , 2 0 > . E < 2 . 2  0 ) . F F < 2 0 . 2 1 ) »
C 2 T E M P ( 2 0 )  * ZPERM ( 2 f ) ) , P  ( 2 0 ) , 8 (  2 0 ) . R P E R P  . R E S  I D  

T H I S  R O UT 1 NI  COMPUTES THE P ' S ,  G I V E N  THE H ' S ,  FOR T h E 
B E N E F I T  OF THE R O U T I N E S  R E S I D U  AND GRAPH.

DO b r = i , M 
b B(  I  > = Z T t M P < I )

DU 1 0  1 = 1 . M 
DO 10  J = 1 , M  

1 0  F F ( I , J ) = C 2 ( I , J )
DO 2 0  I  = 1» M 

2 0  F F ( I . M + l ) = R H O * C 3 I T )
DO 3 0  I = 1 . M  
E P H E M= 0  . 0 
DO 2 7  J = 1 . M  
T E M P = 0 • 0 
DO 2 5  K = 1 . M  

2 5  T E h P = T E M P + S a ( I , J . K ) * R ( k )
2 7  F P H E F = E P H E M + ( <*,6 ( I  . J ) -  .  b *  T E M P ) * B ( J )
3 0  FF  ( I  . M + l  ) = F F  < I , M + l  ) + A I T C H * b E F . S G * E P H E M  

CALL G A U S S ( M . K S )
DO 4 0 1 = 1 «M 

4 0  P ( I  ) = F F  ( I  . f"! +1  )
RETURN
END
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MAJOR PROGRAM - -  E V E N B U C K L I N G  OF AN E L L I P S O I D A L  S H E L L .

S U B R O U T I N E  G R A P H ( M i J F L A G , I O T A )
COMMON DEL T A . B E E . B E E S O . A I T C H  . RHO » G N U . Z T E S T »D T E S T ,

C C l ( ? n . 2 0 ) . C ? < ? n . 2  0 ) . C 3 ( 2 r ) ) . S 6 < 2 0 . ? n ) , S 7 < 2 0 ) ,
C SA ( PI) . 2 0  . 2 0  ) , s^< 2 0 . 2 0  ) . F  ( 2 * 2 0  ) . F F  ( 2 0 , 2 1  ) .
C / T E M P < 2 0 )  , Z P E r M ( 2 P )  , P ( 2 0 )  . B ( ? 0 )  . R P E R M . R E S I D  

D I M E N S I O N  X P O S ( * 2 )  , Y P O S ( 5 2 )
C REPORT THE SOI . UTTOM ANl j  SOME OF THE P A R A ME T E R S .

WR I T E  < t » , 1 1 )  H E ' t . A l T C H , G N l l .  I OT A  
11  FORMAT < / / . 1 X , * r EE = • , K 1 A . 7 . • .  A I T C h  = ’ . E 1 A . 7 . * .

GNU = • .
C E 1 A . V . • .  TOTA = • , 1 3 )

WR I T E  ( 6  , 1A ) RPFHM 
1 A FORMAT ( l x .  * R F S T U U A L  = * . E 1 A . 7 )

UO 15 1 = 1 . M 
Z T E M F ( 1 >= ZPERM ( T )

1 5  H ( I  ) = / P E R M ( i  )
CALL  PCOMP ( Ml. T OT A)
WR I T E  ( 6 , 1 6 )  ( H ( I )  . T = 1 , M )

1 6  FORMAT ( A ( I X , E 1 A . 7 ) )
C A L C U L A T E  THE NEW P O S I T I O N S  OF F I F T Y - T H R E E  P O I N T S  ON THE  
E L L I P S O I D .  I F  J P L a G = U ,  WHI CH I S  SO THE F I R S T  T I ME  T H I S  
R O U T I N E  I S  C A L L E D ,  REPORT T H I N .  I N  ANY CASE REPORT  
RHO.  POLAR I J L F L F C T t ON,  AND E O U A T O R I A L  C O N T R A C T I O N .

I  FLAG = 0
F A C T 0 R = A I  T C H * * 3 /  ( 1 2 .  0 *  ( 1 .  0 -  G NU *  *  2 ) )
RAT 1 0 = 1 / H I F S O - l  
F = 1 . / A I T C H  
L = 2
P I = 3 . 1 A l b y 3  
D X = P I / ( 5 2  * L )
L L = 5 2 * L  

1( ) 0U W 0 A = 0
UO 1 0 0  J = 1 . LL  
X I = J  » U X 
CO = C O S ( X I  )
S I  = S 1 M ( X 1 )
1)EN0M = He E S 0 * C ( ) * C 0  + S I * S I  
SQRTIJ = SOK T ( UEMOP )
X = S I / S o R T U
Y = - b E E S O * C O / S N R T U
R O A L P H = S I + R A T J U * S I * * 3
R 2 = S I * S I / U E N O M
P E T A = ( J , 0
PvSI = 0 . 0
P S 1 P = 0 . 0
00 10 I = 1 . M
C S = C O S ( I * X I )
S N = S 1 N ( 1 * X  I )
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MAJOR PROGRAM —  FI V t  I'J B U C K L I N G  OR AN E L L I P S O l U A L  S u L L L  ■

bET « ; U L  f A + H ( I  ) *  S N 
P S I = P S I + P  < I  ) * S l v  

P S I P = P S i P + V * l * P ( I ) * C S
1 0  c o n t i n u e

P H I = X I - b E T A  
S P = G 1 N ( P H 1 )
CP=COS ( P H D
R / E R U v  = -  . b * R H n * s l * - S l / E i R l \ I O M
TEMP = S P / ( K O A L P H * A l I C  H ) * ( X * A  1 T C H + P S I * C P + R Z E R O V * S P - R O A L P

H * G N L * P S I P -  
C R 2 + G N U * R H U * S P ) - B E E S Q + S I / ( S N R T 0 * * 3 )

T E M P = I E M P * O X  
WOA=wOA + Tt.  MP
I F  ( J . 61 . ( J / L  ) *1 ) GO TO 1 0 0
X P O S ( J / L ) = X + F * ( R O A L P H * P S I P - R 2 * R H O * S P - G M J * P S I * C P - G N U * R Z

L R 0 V *  S P )
Y P O S ( J / L ) = Y + W 0 A - T E M P / 2  

1 0 0  C O N T I  NOE
I F  ( 1 F L A G . F J . 1 )  GO TO 1 0 0  
D E F L F C  = D L  -  Y P O S ( 5 2 )
C U M T K A = 1 . - X P O S ( ? 6 )
WR I T E  ( 6 , 1 0 4 )  R H O . D E F L F C , CONTRA  

1 0 4  FORMAT ( I X , ' R H O  = D E 1 4 . 7 , *  D E F L E C T I O N  = » , F Q . b , »  COIMT
P A C T I O N  = ’

C , F 0 . b )
I F  ( J F L A G . N E . O )  RE I D R N  
WR I T E  ( b . i n n  yPOS ( 5 2  )

1 0 7  FORMAT ( / • 1 X , * DFFORMED S H A P E :  NORTH POLE AT *
» F f l . 4  )

1 0 0  I F  ( I F L A G . E Q . l )  WRI T E  ( 6 , 1 0 9 )
1 0 y  FORMAT ( I X , ' D E T A I L  NEAR SOUTH P O L E D  

DO 1 1 0  1 = 1 , 1 7
1 1 0  WRI TE ( b , l l l )  X P O S ( 1 )  , Y P O S ( I ) , X P O S ( 1 7 + I  ) , Y P O S ( 1 7  + 1 ) , X P

O S ( 3 4  + I  ) *
C Y E’ OS ( 3 4 + 1  )

1 1 1  FORMAT ( 1 X , 3 ( F 8 . H , 2 x , F 8 . 4  , 4 X  ) )
WR I T E  ( t i , 2 f) 0 )

2 0 0  FORMAT ( / / , 2 0 X )
D X = P I  /  ( 2 7 0 4 * 1 . )
1 F L A G = 1 F L A G + 1
I F  ( 1 F L A G . L T . 2 )  GO TO 1 0 0 0
RETURN
END
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MAJOR P R O G R m Mi - -  oUU B U C K L I N G  OF A S P H E R I C A L  S H E L L .

C M A 1 iM R O U T I N E
COMMiON RHUS , AON , GNU , ROOT , (JEL T A , Z T E S T , RPERMI , R E S I U  ,

C HCOE , E L A O H . D  TEST . T ABLE ( 3 b . 4 5  , 3 5  ) , E ( 2 , .-5b) , F F  ( 3 5  t 3 6 )  . 
C Z T E ^ P ( 5 b ) , Z P E R M ( 3 b ) , A ( 3 5 ) , B ( 3 5 )

C REAfJ IIV DATA
REAU ( 5 . 2 7 )  X . C R t M E N  
I  0  T A = X
READ l l b i ^ / )  X 
M=X
READ ( 5 , 2 7 )  R MO S , G N U » AOH
U E L T A = . I J 0 U l
K O U M 1=0
S T A R ! = D E L T A
0 T E S T = .  G E -  0 A
ZTF. Sl  = . 2 b E - U A
READ ( b . ? U l  ( A ( T ) *  1 = 1 , H )
ROO r = ( 3 . - 3 . ♦ G N U * * ? ) * *  . 5
HCOE = ( 2 .  /  ( A O H * A U H * K O O T >) *  ( 1 . + G N U / ( 2 . * A O H * R O O T ) )  
E L A 0 H = 1 .  + GNI J/  ( 2 . * A U H * R 0 0 1  )

2 7  FORMAT ( E 1 7 . 1 0 . b 3 X )
2 b FORMAT ( A ( 1 X . r" 1 A . 7 . b X ) )

C REAU Il\l TABLE
DO 1.0 1 = 1 . 3 5  
DO 1 0  J = 1 . 3 5  
IJO 10  X = 1 . 3 5  

1U TAHLE ( I  . J . K  ) =( 1 . fl 
RE W I  ATI b 
UO 2 (J L = 3 , 1 . 0650  
REAU ( 0 , 2 1 )  I  . J . K . V A L U E
I F  ( I . G T . 3 5 . 0 R . J . G T . 3 5 . 0 R . K . G T . 3 5 )  GO TO 2 0
TABLE ( I  . J . K  ) =VA| _UE
TABLE ( I . K , J ) = \ / m | .UF
T A B L E ( J ,  I  , K  ) = VA|  UE
T A B L E ( J , K , I ) = VALUE
T ABLE ( K ,  I , J ) = \ / A L U F
T A B L E ( K , J , I ) =  V A( UE

2 0  C O N T I N U E  
END F I L E  b

2 1  FORMAT ( 1 2 , 1 2 , I ? . E l A . 7 )
C THE M A I N  LOOP S T A R T S  H E R E .  SET UP ZPERM AND CALL SECANT  

I  UO Af) £ = 3. ,M 
AU ZPERM ( I  ) = A  ( I  )

I F  ( 1 0 T A . L T . 1 )  GO TO 50  
T E Mi P = R H 0 S 
R H O S = Z P E h M ( I O T A )
ZPERMi  ( I  UT A ) = 1 E MP 

5 0  CAL L  SECAN T ( M , 1 0 T A )
I F  ( I O T A . L T  . 1 )  GO TO 6 0
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MAJOR PKUGRAM - -  QUO BUCKLING OF A SPHERI CAL S H E L L .

T L MP = RHOS  
R H O S = Z P E R M ( I O T A  )
Z P ERM( 1 0 T A ) = T F M P  

6(1 CALL OUTPUT ( M . I O T A )
C R E - S E T  S E C A N T ' S  PARAMETERS  

KULINT = 0
TF ( R P E R M . G T . ( , ? S E - 0 3 > ) STOP  
2 1 T S T  = t t MAXl  < . 5 * R P E R h ,  . 2 5 E - 0 4 )
CEL TA = S I ART

C A PARAMETER I S  V A R I E D  AND THE PROGRAM I S  CT CL ED H ACK.  
I F  ( I O T A . L T . 1 )  GO 10 2 0 0  
A ( I O T A ) = A (  I O T A )  + CREMEIM 
GO TO 1 

2 0 0  R h O S = R H O S + . 0 0 3  
GO TO 1 
END
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MAJOR PROGRAM - -  nOU BUCKLING OF A SPHERI CAL S H E L L .

SUUROU 1 I  [\lL COMFH ( M . I O T A )
C 0 M M 0 N K HOS.  A O H . G N U . H O n T . [ ) L L  l A  . Z T E S T  . R P E R M . K E S 1 D ,

C N C O E . E L A O H . n T F S T . T A B L E ( 3 5 . 3 5 . 3 b ) i F ( 2 . 3 5 ) » F F ( 3 5 » 3 G )» 
C i  TEMP < 3b ) . ZPERI M 3 b )  » A ( 3 b ) » U ( 3 b )

C COMPUTE THE H ' S .  THE LOOP L I M I T S  ARE SET UP 
C 1 0  A V 0 1 f3 UNNECESSARY M U L T I P L I C A T I O N S  BY 2 E K 0 .  

K A T I 0 = A U H * R 0 0 T / ( 2 + E L A 0 H )
( JU  2 i  =

P A( 1 )=2rEMP( I )
0 0  ZOO U = l , ( “l 
T I U  = P* N + 1 
T i \ IUl  = P * N *  ( M + 3 )
T = (J
DO l Oi )  L = 1 , M  
1 A = I A P S ( L - N )
I H = J L . b + . b * < - 1  ) *  * IA 
I C = MA X 0 ( I A , I B )
1 0 = M l N 0 ( M « L + N )
oo m o  K = i c . i n , p

] 0( )  T = I + TABLE (L ,K »N ) * T N 1 * A  < L > * A <K ) / TNI Ml  
POO B { U ) — R A T 10 /  ( W *  { *>i +1 ) - 1  -  G N U i *  ( T /  2 -  A ( w ) )

RETURN
EIMU
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MAJOR PROGRAM - -  i)UU DUCKLI NG OF A SPHERI CAL S H L L L .

S U B R O U T I N E  R E S I O U  ( N N N . M . I O l A )
COMMON K HOS i  A O H , G N U , R O O T , D E L  T A , 2 I E S T , R P E R M , R E S I U ,

C RCOF: , E L a O H  . O T F S T  »T ABLE ( 3 S » 3 5 , 3 b ) » E ( 2 , 3 5 > » F F ( 3 5 , 3 b ) .  
C Z I E M P < 3 5 >  , Z P E R M ( 3 b )  , A ( 3 S )  , B ( 3 b )

C COMPUTE THE R E S I D U A L  ANL) THE VECTOR E FOR
C THE USE OF THE S U B R O U T I N E  S E C A N T .  THE LOOP

L I M I T S  ARE SET (JP SO T HAT UNNECE SSARY  
H U L U P L l C A j  i O U S  BY ZERO MAY BE A V O I D E D .

I F  ( l O T A . L T . l )  GO TO 1 
T E M P = R h 0 S 
RHOS = Z T E M P ( I O T A )
2 T E M P ( I  O T A ) =T FMP 

1 CALL  C O M P B t M , I O T A )
F 0 U R = *+ + R110 T *  E L A 0 H *  A 0 H 
MO 2 0 0  M = i , M  
T N i = 2 * N + l  
T N N l = 2 * N *  ( N + l  )
T = U
DO 1UU L = 1 , M  
I A = l A H S ( L - N )
I b = l . h + . b *  ( - 3 .  ) *  + I A  
I C = MA X A ( I A , I B )
I Q = M I N 0 ( M t L  + r-J )
Do 1 0 0  K = l C . i n , p  

1 0 0  T = I  + T A D L E ( L , K . N ) * T N 1 * A ( L ) + R ( K 1 / T N N 1  
2 0 0  E ( N N N , N ) = ( ( N * ( N + l ) - 1 + G N U ) / F O U R - R H O S )

C * A ( Id) - 2 * b  ( N ) + ? * T
K E S i  U = (J • (J 
DO 3 0 0  1 = 1 , M 

3 0 0 R E S 1 0 = R E S I D  + E ( A N N . I ) * * 2  
RESI C'  = R E S i n * * . b  
I F  ( 1 0 1 A . L T . 1 )  RETURN  
TEi"1P = RHOS 
R H 0 S = 2 T E M P ( I O T A )
Z T E M P ( I O I A ) = T E M P  
RETURN  
END
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MAJOR PROGRAM - -  OUD BUCKLING OF A SPHER I CA L  S H L L L .

S U B R O U T I N E  OUTPUT < M , I O T A )
COMMON H H U S i  A O H , G N U » R O O T , [ ) E L T A . Z l E S r , R F E R M « R E S I D ,

C RCOK i f  L A O H , D  T F S T , TABLE < 3 5 . 3 5  t 3 5 ) »E < 2 » 3 5 ) «  F F ( 3 5 »  3 6 ) t 
C Z I E M P ( 5 5 )  i 7 P E R M < 3 5 )  i A ( 3 5 >  t B ( 3 5 )

DO 10  I - l i M  
A ( I  ) = Z P E H M  ( I  )

10  ZTEMP ( L ) = Z P E RM ( I )
CALL  C 0 M P B ( M i I  0 T A )
W R l T t  ( o . l l )  R H O S t A O H t G N U

11  F OK BAT ( I X  « ' RHOS = ' i f l t . T i  ' AOH = ' i F f l . 3 i '  G N U = * i F
6 . 3 )

U N I T E  < t> i 2  1 > ( A ( 1 ) i 1 = 1 i M )
2 1  FORMAT <A ( 1 X , F 1 A . 7 i 5 X ) )

CALL U E F L L C  ( M)
RETURN
ENU
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MAJOR PROGRAM - -  OGD RUCKLING OF A SPHERI CAL SHF.LL.

SUl- iROUT 1 ML U E F L E C  (M>
C 0 llii“l0 (N. KhOS * A OH , GNU , R 0 0  T , UF.. L 1 A » I T ES T , RF EH M , R LS 10  .

C RCOE , EL<H>H»nTFST * T ABLE ( 3b » 35  » 3 5 )  i F ( 2 i 3 b ) t F F ( 3 5  t 3 6 )  »
C 2 T £ M P ( 3 b ) » 2 P F. R M ( 3 5 ) • A ( 3 5 ) » B ( 3 5 )

C COMPUTE POLAR R E F L E C T I O N .
N = 2 - HH U S * R C O E * AOH*  ( . t t * G NU *  A < 2 ) + ( 1 - G N U ) )
DO I U  L = 2 i M , 2

I I )  W = W - 2 *  ( A ( L ) -  RC0F* AUH* L5  ( L ) *  ( 1 +C5NU ) -  ( l - G N U  ) * R H O s * R C O E * A O
H * A ( L ) / 2 )

DO 2 (J k = 1 * M  
2 0 W = W - K + ( N + l .  ) * A ( M ) * * 2 / ( 2 . * N  + 1 .  )

T = l)
UO 3 0 K = 1 . M
K El 1 imU S= ( K - 1 ) - < < K - l ) / 2 ) * 2
1)0 3 0 N = 1 . M
NMI  i\'U.S= ( N - l  ) -  ( ( m - 3 ) / 2  ) * 2  
NTOP = ( N - 1 + N M I N U S ) / 2  
K T O P = ( K - l + K M I N U S ) / 2  
U = - K * N * P R 1 M N I K i M )
DO 2 *3 J  = l t N H ) P  

2 0  U = U - K  M  H * J - 2 * N M  t N U S - 1  ) + P R I N N ( K ' , 2 * J - 2 * N I v, I M U S - 1 )
O U  2 1 J  =  1  * K T O P

2 7 U = U - N *  ( ‘F * J - 2 * K M  j N U S - 1  ) *  PR I  NN ( N , 2 *  J - 2 * KM I  NUS -  1 )
LID 2G 1 = 1 i K TOP 
UO 2 6  J = 1 » N T 0 P  

2b  U = l J - ( H * l - 2 * K M I I ] | i S - l ) * ( H * J - 2 * M M l N 0 S - l ) *
C P P 1 N iJ ( 2 * I - 2 * K M I N U S - 1  « 2 * J - 2 * N M I N U S - 1  )

3 0 T = T + U * h ( K »* A ( M )
W = W + ( 1 + G N U ) * A O H * R C O E * T  
T = 0
no 0 0  K = 1 . M
UO HU l\i = l , M
NM 11J11S —( M - l ) - (  ( M - l  ) / 2  ) * 2  
N T 0 P = ( N - l + f l r i I M U S ) / 2  
U = - P R I M \ I ( K , N )  
no  3d 1 = 1 » N TOP 

3 d  IJ = U -  ( 4 *  I  -  2 * NM I i\ll ) S- 1 )  * P R  I NN ( K » 2 * I - N M I N U S - 1 >
HO T= V + IJ + B ( K ) * A ( M ) + K *  ( K + l ) * N

u = w- g n u * a o h * r c g f : * t
T =0
UO bIJ K = 1 i M 
IjO 5 0  N = 1 iM
U = - P R  I N N  ( K - l  . N + l  ) + PR I N N  ( K - l  i l ' J-1 ) +PKTMN ( K + l * N + l ) - p H  1 N N <

K + l  , N - 1 )
M P A K T r = N - ( N / 2 ) * ?
N T O P = ( N + N P A R T Y ) / 2  
DO Hu 1 = 1 « (vi I OP

H« U = U + K * ( K + l ) * ( H * I - 2 * N P A R T Y - l ) + ( - P H I N N ( K - l i 2 * I - N P A R T Y - 1 )

72



HAJOR P k Ob KAN - -  OUO H u C K L I N U  OF A S P H E R I C A L  S H E L L .

C + PK I  NN( K + l t 2 * l - N P A R T Y - 1  ) ) / ( 2 * K  + l )
bU T = r - U * A ( K  ) * A ( W ) * K * N * ( K + l ) * ( N + l ) / (  <2 * K + 1 . 0 ) * < 2 * N + 1 . 0 ) )

w = w + r h o s * a o h * r c o e * t  
T = u
DO b(J w = 3 * M 

60  T=T + ? . * N * ( N  + 1 .  ) * A ( N ) * H ( M / ( 2 . * N  + 1 .  )
N=W+RCOE* AOH* T
W 2 = 2 - W 
W
W R I T E  ( b  » /  0 ) W « w 2  » W 6 

7 0  F U k n A T  ( 1 A ,  • U T S T ANCE BETWEEN POLES =  ’ i F f c . b t  
C / . I X , ’ ICi r / \ L POLAR D EF L ECT I ON = * « F 8 . 5 .
C / 1 1 X i ' S E M I  POLAR D EF L ECT I ON = ' t F b . b )

WRI TE ( b t 0 0 )
8l) FUR l"l i\ T ( l b  < o8X » • * * * • » / )  )

RETURN
END
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m a j o r  p r o g r a m  - -  o d d  b u l k l i N b  o f  a s p h e r i c a l  s h e l l .

F U N C T I O N  HR I I M M ( K t M)
C I N N E R  H h OUI. ILT OF l t G t W U k E F U N C T I O N S  K AND N .  

P K 1 N N = 0 . 0
I F  ( N . N E . K )  RFn. l HM 
P R I N N = 2 . / ( 2 . * N + 1 . )
RETURN
EMU
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m a j o r  p h o g k /■>i1'! - -  f; v t r j  b u c k l i n g  o f  a s p h e r i c a l  s h e l l .

C M A I N  ROUT I tl
COMMON RHUS , A O H , G N U , R O O T , D E L T A , 2  T E S T , K P E R M , K E S I D ,

C E ( P.. i n  ) , F F  ( 3  0 « 31  ) « 7 TEMP ( 3 0 ) , ZPEKM < 3 0  1 , A ( 3 0  1 , F< I 3 0  1 *
C I A B L E ( 3 0  . 3 0  * 3 0  ) * U T E S T , K C O E , E L A O H  

C READ Il\l UATA
KLAU ( ! 5 * 2 7 )  X , C r EMLN  
1 0 TA = X
K E A 0 ( rj , i - 7 )  X 

Pi =  X

KEAl l  ( h * 2 / l  KUOS * GNIJ * AOH
DEL r A = .  L) u U 1
IJ T E S T = . G O E - 0 4
S T A R T r l J E L T  A
7TE ST = . 2 5 E - 0 4
READ < b * 2 6 )  ( A { T ) i 1 = 1 *M 1
R O O T = ( 3 .  -  3 .  + G N U * * ? ) * * . 5
RCOE = ( 2 .  /  ( A p H * A U H * H O O T 11 *  ( 1 . + G N U / ( 2 . + A O H + R O O T ) )  
E L A 0 H  = 1 . + G N U / ( 2 . * A 0 H * R 0 0 T  )

2 7  FURMAT (E 1 7 . I l l , * , 3X1  
2 A FORMAT < 4 ( 1 X , E 1 4 . 7 * B X 11 

C READ I N  T AP l E 
11  DU 1U I  = l , r l  

DO 10 J = l , M  
UO 10 K = 1 ,10 

10  TABLE ( I , J , K  ) = 0 . ( I  
R E M I N D  <3 
DO 2 0  L = 1 * 1 0 « P 0  
READ ( 0 , 2 1 )  1 . J , K , VALUE
I F  ( 1 . G T . 2 + M . O R . J . G T  . 2 * M . 0 K . K . G T . 2 * M )  GO TO 2 0
I F  ( ( j / 2 1* 2 . L T . r . O K . ( J / 2 1 * 2 . L T . J . O R . ( K / 2  1 * 2 . L T . K ) GO T

0 20
1 ABLE ( 1 / 2 * J / 2 , K / 2 ) = V A L U E  
T ABLE ( J / 2 » K / 2 , J / 2 ) = V A L l l E  
T A B L E ( J / 2 « I / 2 , K / 2  1 = VALUE  
T A B L E ( J / 2 . K / 2 , 1 / 2 ) = VALUE  
T A B L E ( K / 2 * 1 / 2 , J / 2 1 = VALUE  
T A B L E ( K / 2 * J / 2 , 1 / 2 ) = V A L L E

2 0  C O N T I N U E  
ENU F I L E

2 1  FORMAT ( 1 2 , 1 2 , I ? , E l M . 7 )
C THE M A I N  LUOP S T ART S H E R E .  SET UP ZPEKM AND CALL  S E C A N T .

1 DO 4 0 1 = 1 *M 
4U Z P E K M (1 1 = A ( I  1

I F  ( I O I A . L T . 1 )  GO TO 4 7
T E Mp r R H O S
RHOS = ZPERi"i  ( I O T A  )
Z P E K M ( I O T A ) = T E M P  

4 7  CAL L  S E C A N T ( M , l o T A )
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MAJOR PROGRAM f v e n  b u c k l i n g  o f  a s p h e r i c a l  s h e l l .

I F  ( I 0 1 A . L T . 1 )  GO TO 4 9
TENP = KHOS
RHOS = ZPt . RM ( I O T A )
Z P E K M ( I O T A ) = T F F P  

A9 CALL  OUT PUT  ( M . l O T A )
C R E - S E T  S E C A N T ' S  PARAMETERS

I F  ( RP L R h  . G T . { .  £>5E-  ItS ) ) STOP  
Z T E S T = A M A X 1  ( . 5 * R P E K M  , . P 5 E - 0 4  )
Li E L T A -  S T A K T

C A PARAMETER I S  VARTEO / \NU THE PROGRAM I S  CYCL ED B A CK .  
I F  ( I O T A . L T . 1 )  GO TO 51  
A ( I O T A ) = A ( I O T A ) +CREMEN  
GU 1 0  1

51  RHuS = RHUS + CREf ' . tN 
GO r o 1
END
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 n

MAJOR PROGRAM - -  EVEN B U C K L I N G  OF A S P H E R I C A L  S H L L L .

SUUKOUI J I ME COMPH ( M ,  I  0  T A )

COM iui C r«J KUOS , A Oh • GNU,  POUT . D E L T A  , 2  I EST , RPE. KM , RES 11.),
C E ( 2 , i 0 )  . F T  ( 3 0 , M l )  , Z 1 E M P < 3 0 )  . / P E R M  ( 3 0 )  « A ( 3 0 ) , B ( 3 0 )  , 
C T ABLE ( 3 0 , 3 0 , 3 0  ) t D T E S T , R C O E , ELAOH  

COMPUTE 1 HL  U * S .  THE LOOP L I M I T S  ARE SET  
UP TO A\zUJL[) UNNE CESSARY MULT I P L I C A T I O M S  BY Z E R O .

R AT 10 = A OH*  R O O T / ( 2 + E L A O H )
DO 2 1 = 1,11 

2 A ( 1 ) = /  T E11P ( I  )
UO 2 no iM = l , M  
f\l |\J = M + N 
T N I  =  2  *  i\i N +  L 
l i \ i r i l  = 2 * N N *  ( IMW+l  )
1 = 0
0 0  101) L = 1 , M
1 A = I  A H S ( L -  N )
1 C = M A X U ( I A , 1 )
1U = M 1 ( V 0 < M , L + M )
1)0 10  0 K = 1 C , I D  

1 0 0  1 = 1 +  1 ABLE ( L , K , ['J) *  I M 1 * A  (L ) * A ( K ) /  TNM1
2 0 0  B ( T! ) = RA T I U  /  ( N N *  ( IMM+l  ) - l - b K U ) * ( T / 2 - A ( N )  )

RET U K M 
END
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8 L

0 N3
n h o i : ĥ

d W J l = I V i n i  ) dW3J.Z 
( v / I DT ) r H n i Z  = SOHM 

S‘OHd = dW31  
N H n i n d  ( i v i v *  101  > h i  

s * * * ( n s ' 3 H = n i s : a M  
? * *  ( T * MI’mM ) 3 + U T S 3 d = 0 I S 3 H  0 0 2  

irj 4 x = i  0 0 2 on  
0 * 0 = d I S 3 H  

J * 2 + ( M>H * £ - ( N >V *  3
( S 0 M H -  M H 0 d /  ( f l N O + l -  ( 1 +NN ) *NN ) ) = ( M* iMIMM ) 3 00 d 

T M N 1 / ( M ) VH ( 1 ) V * T M 1 *  ( M* M‘ 3 )  3 3 b V l  + 1. = 1 UO!
J I ‘ DT=M OOT OH 
( m+ i* w> ntmi w=n i 

( T * wI  ) n x y w = o i  
( I ’- D S H V I  = V I  
W *T = 3 0 0! on 

0 = i
( T + NM ) * M M * 2  = TNI'J1 

T + 0 N * ? = ! N1
l\) + IM = M !'J

i«t * x —m no? on  
h o v * h o v 3 3  +j .oo>m t] = nno d 

( v l 01 ‘ W) hhwoo 3 3 \ / 3  og 
d'-j 3L=< V LOI  ) dW3.J 7 
t U 1 0 T ) dwnj  Z=SOHH 

SOMH = Hi -Gl
• O d i z  An sp.ioT i . v n i i d i i n n ^ 1

An \ / S S 3 3 1 I MMH OIOAW o i  dl l  J. 3R THO S i  I vJ 1 1  
d o o n  3 H 1  * 1 WVD3 S W\/Hf)UMd 3 H i  dO 3 S H  3 H 1  0

HOd 1  H 0 1 3 3 A  3 d l  CJNV 3 \ / n n i S 3 d  3 M1  l l O d W O D  3
og o i  oti  ( T * i n * v i o i )  d i  

H 0 \ / 3 3 43 0 3 H 4i S 3 l  G4 ( 0 2 * 0 2 * 0 2 )  H H V i  3 
• ( u p ) d » ( 0 £ ) V 4 ( 0  2 ) WH3d2 * ( 0  2 ) d. * ! 317*  ( t t » 0 2 > d d 4 ( 0 2 » ? ) 3  3 

* a i S 3 H * W H 3 d H ‘ l S 3 L Z ‘ t f i 3 3 n ‘ i  0 0  0 * 0l\J9 ‘ HOV » S’OHH OOWW03
( V 1 0 T  4 WMMMI'J ) n U I S GH  3I'JI m o n g o s

• 3 3 3 H S  3 V 3 I H 3 H H S  \f dO O N T l M O O n  M3A3  - -  UVWROHd HOPVW

n 
n



MAJOR PKObKAH - -  FVL H B U C K L I N G  OF A S P H t K l C A L  S H L L L .

SUbKOUr i l v j L  OUTPUT ( M , I 0 1 A )
CUMMOIV Kl l USt  AOh , C. f \ I U , ROOT , I J F _ LT A, Z T EST  , H P t R M . R L S 1 D ,

C L ( 2 « 30  > »FF ( 3 0  , 3 l  ) • Z T F M P  ( 3 0  > »ZPF.RM ( 3 0  > i A ( 3 0  ) *B ( 3(1)  »
C T m U L L ( 3 u i  3 0 . 3 0  ) t D T L S T  t R C O E . ELAOH

0 0  1U l = l i H  
A ( I  ) = / P L R M  ( L )

1 0  Z T L M P ( 1 >- Z<3LRr M I )
CALL  r u ^ P H  ( M , TOTA )
WR I T E  ( 0 , 1 1 )  MHOS I AOHf bNl J

11  FORMAT ( J X . ' R H O S  = '  i L 1 4 . 7 . '  AOH = ' , F « . 3 . '  GNU = * , F
6 . 3  )

WR I T E  ( 6 , 2 1 )  l n | I ) ( I  = l , i D  
2 1  FORMAT ( A ( 1 X , F 1 A • 7 i b X  ) )

CALL  OF F L L C  ( M )

k L TURN
Li'JL)
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MAJOR PRObKAM —  EVEN B U C K L I N G  OF A S P H E R I C A L  S H L L L

S U B R O U T I N E  i JEFLFC <M)
COMMON RHUS , A Oh , GNU , R0 0 T , ULL T A , Z TES T , R P L R M , RES I  0 ,

C E ( 2  t 4 IJ ) , I F  ( 4 0 ,  3 l  ) , Z T E M P  ( -5 0 ) , ZPERM ( 3 0 ) , A ( 3 0 ) . B(  3 0 ) .
C T A U L E ( -5 U » 4 U , ? (j ) , UT E ST , R COL . LL  A OH

i n t e g e r  s , s t l p  
C COMPUTE p o l a r  u f f i . e c t i o i m .

S = H
s u : p = 2
0 = 2 -  R H O S *  K C 0 h *  AOH*  ( . A * G U U * A ( 2 / 2  ) + ( 1 - G N L  ) )
UO 1U L = 2 , S , 2

10  w = V' - 2  + ( A ( L / 2  ) - R C 0 F * A 0 H * F J  ( L / 2  ) *  ( 1+GNl J ) -  ( 1 - G N U  ) * R H O S * R C O
E *  AOH

C * A( I /  9 ) /  2 )
UO 2 0  N = S TEP , S » S 1 F-P 

2 0 = ( !4+l  . ) * A ( m / 2  ) + * 2  /  ( 2 . *N + ) .  )
T = U
no  4 0  r  = s i [ : p » s . s t e p
K Ml I N  U S = ( K - 1  ) “ ( ( K - l ) / 2 ) * 2  
[10 4 0  n = s t f . h , s » s t e p  
N M I I N U S = ( r i - l > - (  ( M - l  > / 2 ) * 2  
N T 0 P = ( I'! -  1 + !\i i«i I  N U S ) /  2 
K T 0 P = ( K - 1 + K M U I P S  ) / 2  
U = -  K + i'J *  P R 1 M!\l ( K , M )
n o  2 0  j = i t u r o p

2 A LI = I.) -  K *  ( 4 * J - 2  + iMK t N U S - 1  ) * P R  I HR ( K , 2 * J - 2 * N M 1 N U S - 1 )
0 0  2 7  J = l , K T O P  

2 7 U = U -  N *  ( 0 *  J - P ^ K E t HUS - I .  ) * P R I N N ( N , 2 * J - 2  + K M 1 N U S - 1  )
( I D  2 6  1 =  1 ,  !<T 0 P 

L)0 2 b  J  = 1 , N TOP 
2 b  U = U -  ( 4 * I - 2 * K M T M ) S - 1  ) *  ( 4 *  J - 2  * NM I  l\l US - 1  ) *

C PR I N N  ( 2 * 1 - 2 * K M I N U S - 1  , 2 * J - 2 * M M  I I MUS- 1  )
4 0  T = f + U * H ( K / 2 ) + A <m / 2 )

W = w + ( 1 + GMJ ) *  A 0 H *  R C 0 E *  T 
T = 0
DO 4 U K = STL'P , S , S TFP 
0 0  4 0 i\i = S 1 EP , S » STEP  
MMI NI JS= ( N -  I  ) -  ( ( M - l  ) / 2  ) * 2  
N T 0 P = < N - 3  +NH1NI JS > / 2  
U = - P R I N N ( K , N )
0 0  4 0  1 = 1 , N T 0 P 

3 b  U = U -  ( 4 *  I - 2  + NK I N l j S - 1  ) + PR]  NN ( K , 2 * 1 - NMI I  N U S - 1  i 
4 0 T = r  + U * M ( K / 2 ) * A ( i \ i / ? ) * K * ( K  + l ) * N  

W = W -  G N U *  A (J H *  K C 0 F *  T 
T = 0
0 0  b 0 K = S l E P , S , s T L P  
UO bU N = S I E P , S , S T E P
U = - P R T N N ( K - l , M + 1 ) + P R I N N ( K - l , N - 1 ) + P K I N N ( K + l , N + l ) - p R I N N (

K + l  , N - 1  )
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. 0 =  1
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( ( 0
• T  + N * d ) * ( 0 * T  + M + c?> ) / ( T  + N ) * ( T  + X ) * i \ l * M * ( a / i M ) V * ( g / M ) V  + n - l  = l  0 5
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dOJ l M»t  = I  9+i on  
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d *  ( ? / N  ) - M = Ai M\ / dl J

• 3 3 9 1 9 5  3 v / 3 I H 3 H d S  V 3 0  FJNI i VOnf )  M9 A3  - -  l - mi OOMd H 0 091,1



MAJOR PROGRAM F V L N  H U C h L l N G  OF A S P H E R I C A L  S H L L L .

F U N C T I O N  P R i N N l K i N )
C COMPUTE I .MMLH PRODUCT OF L EGENDRE P O L Y N O M I A L S  K AND N .  

P R I i\JN = U . 0
I F  ( N . N E . K )  H f T l l H N  
PKI l \ I N = i ! . / ( 2 . * M  + l  .  )
RETURN
END
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2 ,v!0 i \ n c i / i s * r r T + (  1 1 ) tri = ( i i  ) * 1  o x  
t 7 H O i \ n n / i s + p P P + <  i i  ) 9 i  = i i i  > p i  
c i / j o i \ n n / i s * p i T + (  i i ) < ? i  = ( i i ) < ? i

( i x * i ) h i s = i s  
o o e - u - i

2 * l /'iWlM4 X 0 2 —I I  OX OCJ 
W 0 <W 3  ( j * P Id 0  M 3  (' = ti VM 0  f'J .90 

q * I * * W 0 l \ nn = PvJ0N3O 
2  + * ! , ' 0 N 3 0  = 2vil0rj3(J 

2  * * I \l S + ?. *  * S 3  * Cl S 3 3  o = W 0 0 9  n 
( I > > S 0 3 = S 3  
( I V ) MTS=MS  

X l l * P  = r X
( ( p . / r ) * 2 - r  ) * 2 + 2 = p p p  

f , f t t j » x = p  o r  o n
P = ( T  + o r j ? ) h l  9 
P = ( T + 0 0 2 ) P 1 
P = (  I +0  0 2 ) 21  

( 2 / ( P + l  ) I * + ( X - ) =P 
2*w'<ii ‘ X = T 9 on

0 -  ( I  ) t i l  S  

0 = ( J ) P 1
o = ( n  2 i

i«iirjw* t = i  q o n
0 0 f t l / T H  = VCJ 

f P . q T t i T , P = I H  
• f n / n  s i  p ivis u m  2 3

‘ n o o  S I  P N3HM +7 S I  r.O'lJH P m  3 9 0 VI HVA 3 Hi  3
• 3 i n H  S » l\1 0 S d nl I S  9 l \ l i s n  ‘ I 3 0  S 9 0 9 \ / A  3 0  39i\JtfH 3 0 1 0  V H03 3

( I X *  I )  'MIS * 93IMH9M 3 0  S 1M >19 31 'MI 3 1 0 3 0 ( 0  :HX <33 LS 3
( I  ) I  J. -  = ( P ) X 1 2 
T l / U * 2 = ( I > X i  

T T - 0  0 2 = P 
I I  + ( m 2  = I

2 * W til * I  = J 1 2 o n
0 * 0 = ( I  ) I  I I  

ki«MH * T =1  T Oi!
• ( I  X *  I  ) N I  S 30  S 3 V M9 3 1 0  I  Hn<3WC. i3 JVX d9. LS 3

•"I *3 + 0 (i 2 = iii iil 'ii 
T + |rl*p = |f.M 

Oft = W
P * = n M 9

3 9 d ♦ 9 9 H = 0 S 3 3 3 
S ’ = 9 3 9

( (1(7) 9 M I S *  ( Oft • Ut ) ) 5 S ‘ ( I 2 P  ) + 1» < T?P ) 91  3
* ( X 2 P ) 2 1  * ( X 2 P ) X1 ‘ ( 0 t j * 0 t j ) 6 S *  ( 0 + i * n i i * ( J t i ) w S ‘ ( O h ) / .  S' 3
* ( 0 +7 * 0 1)) 9 S * ( ( J+; ) P3*  ( 0 to ‘ 0 17) 2 3 ‘ ( 0 to * 0 to ) T 3 r m l  SMOIdTC]

n i M I i n O H  MTV'dl 3

• W 3 i q O M d  0 T 0 S d T 9 9 3  HO3 S 9 V H 9 9 1 N I  WVN90MH 9 1 T 9 9 9 I W S



1/9

t i / < ( T - p - i ) i i + ( T + r - i ) i : i + ( T - r + i ) i . j  + < T + r + i ) i i ) = p s  
e / ( ( £ - p - i ) i i + ( T - r - i ) i i * 9 - ( x + r - i ) t J > £ + ( p + p - t ) i i -  o

( £ - P + l ) T J . - l I - P + I ) T l * £  + (T + P + T ) [ l * £ - ( £  + P + T ) X i ) = P S  
t 7 / ( ( I - P - I ) I l + ( I  + P - I ) T L - ( X - P 4 - T ) l i - ( I + P + I ) I J .  ) -  = XS

0 0 2 + 1 1 = 1  
g * x = p  nr x  oo

W * T = 11 01  T n o  
• S l t f H f n i N I  dO IMOl l t f fTlVAd )M0 W0 I 1 . 3 3 S  3M L MI 3 

0 3 n i M 3 S 3 G  S M ‘ 9 3  UN W ‘ 2 3 * 1 3  S N 0 1 1 V MI ti W 0 3 > t I 3 Hi  OMV 3 
• 2 X S - 9 S  ‘ b S - XS ’ S 1 V H 9 3 L N I  3H L I J f i dWOO : 0 2  d d l S  3

( l * b X 3 *  ( X ? ‘ 21 ) 2 »xv:» IWWdOd XO
30NIJ . ! \ J03 DO 

( I » P ) q S = ( P » 1 ) CS 
1 9 9 9 9 9 9 *  * X 0 * ( P * I ) CS = < I  * P ) QS

2 * m * ] = p  oo on 
irj* x — i no on

WON 3(1/ ( P > 3 N I S * U I L V M * 0 S S 3 * M X > i + ( P » I ) C S = ( P » I ) 9 S  0 9
2 » W ‘ 1 = P  OR 0(1 

( I X * (  t - I )  ) S 0  3 + S 3 * 0 I l V H  = 0 T i V M
w * i  = t 0 9  on 

o * n = o n v > j
( 1 X * P ) N T S = ( P > 3 N T S  U9 

W‘ I  = P 0 9 Oil  
N S * N S  + O S S 3 * 0 S 3 3 H  = W0iM3n 

9 3 * 9 0 = 0 3 3 3  
( I V ) 9 0 3  = 9 3  
( I X ) N T S = M S  

(2* < 2/M) -M) +2+2=XVX
x n * \ i = ]  x 

0 6 0 * I r v t  09 on
U * 0 = ( P * T ) 9 S  Ob 
W‘ X = P Of, OG
w » i  = t otj  on 

* n i a : i  s i  m n i h o  2 ‘ non s t  v< m o o  b s i
(“1 0 1 3 0  XXX 3 1  d V 1 H V A 3M1 *1 Old S • N 0 p H ini T S' ONTSG

•A11. 31HI CI  ( P ‘ I ) 9 S  S1 VH0 1 1 MT .00 L 3J . I MMP3 H 1.1 S
( P ) b l - = ( J ) b |  91
( P ) 9  I - = ( 1 ) 9 1  
( P ) 2 i  -  = ( I ) 2 1.

I I + 0 0 2 = P
t i - o n ? = i

WH‘ T = I T 9 X OG
i n w i i M o o  ?x 
n o ? - i T = i  

1 9 9 9 9 9 9 * * x n * ( TI  ) bJ = ( I  I  ) b l
1 9 9 9 9 9 9 * * * n * ( 1 1 ) i  i =  ( 1 1 ) S 1
1 9 9 9  9 9 q * * X f j * ( T I ) 2 l  = ( l I ) ? L  

2*WWW‘ X0 2 = T I  2 X 0 0

* W3 1H0 Hd O I O S d T I I I  UOd S l t f M O I l N T  WtfHf.mHH 1 L I 1 1 3 1 t / S

n 
o 

n



S A T E L L I T E  PFUbKAi' ' !  - -  I [J7 E b H A L S FOK E L L I P S O I D  P h O u L E M .

S 4 = -  ( 1 1 ( 1  + ? + J + 1 )  + 7 1 ( T  + 2 + J - 1 ) + T l ( I  + 2 -  J + 1 )  + 71  ( I + 2 - J - 1 )
C -  2 *  ( T l  ( I  +.  I + 1 ) + 7 1 ( JL+J-1 ) + T l  ( 1 - J + l  ) + 7 1 ( l - J - 1  ) )
C + ri( I - 2 + J + l ) + 7  1 ( I  -  2 + J - 1 ) + T l ( I  -  2 -  J + 1 )  + T 1 ( 1 - 2 - J - 1 ) ) /

I F
C l  ( 11 , J ) = -  J *  * 2 + ( S 1 + ( 1 - b L E ' SQ ) /  H E E S U *  S 2 )

C + J *  ( S3  + 3 *  ( 1 - h E E S U  ) / B E E S Q + S 4  )
C - ( R E F S Q * S b ( 1 1 , J > + F N U *  S 1>

1 1 0  CP ( I 1 i J ) = C 1  ( I  r , J )  + 2 * b N U * . S l
no  12  0 i i = i , m
1 = I I + 2  0U
S l 0 = - ( 7  4 < l + 2 + 1 ) + 7  4 ( I + 2 - l > - 2 * ( 7 4 < l + l ) + 7 4 < l - l ) )

C +T' 4 (  I - 2  + D + 7 4  ( 1 - 2 - 1  ) ) / 8
S l l  = - (  1 4 ( 1 + 2  + . ?) + 3 *  < 7 4 ( J + 2 + l ) + 7 4 ( I + 2 - l  ) > + 7 4 ( 1  + 2 - 3 )

C -  2 *  ( 1 4 { 1 + 3 ) + 5 *  ( T 4 ( l + 1 ) + T 4 ( 1 - 1  ) ) + 7 *4 ( 1 - 3 )  )
C + I 0 ( T - 2  + 3 ) + 3 * < T 4 ( I - 2 + l ) + 7 4 ( I - 2 - l ) ) + T 4 ( I - 2 - 3 ) ) / 3 2

S I 2 = ( 7 4 (  1 + 4  + 1 ) + t 4 (  1 + 4 - 1  ) - 4  * (  E 4 ( 1 + 2  + 1 ) + T 4 ( 1 + 2 —1 > )
C + F + ( r 4 ( I + l ) + 7 4 ( i - i ) ) - < 4 * ( l - 4 ( i - 2  + l ) + T 4 ( I - 2 - l ) )
C + 7 4 ( 1 - 4  + 1 ) + j 4 ( 1 - 4 - 1  ) ) / 3 2

1 2 0  C 3 (  I I  ) = - . b * t l f c F S n  + S 1 0  + B K E S G + ( 3 - . 5 * G i M U ) * S i l + (  1 - .  b*GI \ l l l  + 2 *
LiEESG ) * S 1 2

HU 13  0 11 = 1 ,
1 = 1 1 + 2 0 0  
DO 13 0 J = l « i ”l 
L) 0  1 2 b  a  =  1 ,  r l

1 2 b  S 6 ( I T , J , K ) = - ( T 2 ( I + J + K + 1 ) + I 2 ( I + J + K - 1 ) - 7 2 < I + J - K + 1 ) - 7 2 < 1 +
J - K - l  )

C - 7  2 ( 1 - J  + k  + I ) — T 2 ( I - J  + K -  l ) + 7  2 ( T - J - K + l ) + 7 ? ( I  -  J -  K ~ 1
) ) / t i

S b ( 1 I  , J > = - <  7 2  < I + J + l ) - 7 ?  ( l + J - . l ) - T 2 ( I - J  + l ) + 7 2 ( I - J - 1 ) ) / 4  
S b ( I i  » J ) = ( T 3 ( T + j  + 3 ) -  3 *  7 3 ( l + J + l ) + 3 * 7  3 ( I + J - l ) - 7  3 ( I + J - 3 )

C - 7 3 ( T - j  + 3 ) + 3  * 7 3 ( I - J  + l ) - 3 *  T 3 ( I - J - l ) + 7  3 ( I - J - 3 ) )
/ I F

13 0 S7 C I I  ) = —( 7 3 (  1 + 2  + 1 ) + T 3 ( 1 + 2 - 1  ) - 2 * ( T 3 ( l + l )  + l 3 ( l - l ) )
C + 1 3 ( 1 - 2 + 1  ) + 7 3 (  1 - 2 - 1 )  ) /  6

DU 2 0 0  1 = 1 . i4 
2 0  0 W K 1 I E  ( 6 , 2 0 1 )  I  , C 3 (1 ) , S 7 ( I  )
2 0 1  FORMAT ( 1 2 , E 14 .  7 ♦ E 1 4 .  7 , b 0 X )

DU 2 1 0  1 = 1,21
DU 2 .1.0 J = 1 ,  n

2 1 0  A l h l f E  ( 6 , 2 0 2 )  I , J , C 1 ( I  , J  ) , C ? (  I  , J )  » S F ( I » J ) , S 9 ( I » J )
2 0 2  FORMA 7 ( 1 2 , 12  , E 1 4 . 7 , L 14  .  7 , E 1 4  .  7 , F. 1 4  . 7 , 2 0 X )

WH I T E  ( 6 , 2 0 3 )  ( ( ( ( 1 , J , K , S t t ( I , J , K ) ) , 1 = 1 , J ) , J = 1 , K ) , K = 1 , M
)

2 0 3 F- UPM A 7 ( 4 ( 12  , 1 2 , T 2 , E 14  .  7 ) )
STOP
END
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S a T E L L I I E  PROGRAM - I N T E G R A L S  FOR SPHERE P R O B L E M .

C M A I N  R O U U N t
I M T t b E K  H l E S T , P a R L , P A R N , S T E P , S S , S S P , S S M  
DOUBLE P w E C i S I O N  U , V , A ( ? O G )
LONEST  = Jl 
H I E S  T = 61  
S T E P = i  
M A = 2 * H I E S T  
M A p  =  H A + 1

SS = * + * H I E S T  
S S P = S S + l  
S S M = S S - 1  
A ( M A ) = 1
DU M l  I =r - i MP»SS  
J = 1 - I ' , A  
A < J ) = 0

6 0 A < 1 ) = ( 2 *  I - S S P  ) * A ( I - 1 ) / ( I - M A >
A ( M A ) = 1 
K A P P A = 0
DO 2 0 0  L = L OWES r , H 1 E S T  t STF/ P  
DO 2 0 0  h = S T E P , L , S I E p 
DO 2 0 0  i\i = S T L P  , M . S T E P  
PAHL = L - < L / 2 ) - * - 2  
L A = ( L + P A K L ) / 2
JF ( ( L + M + N)  . F T .  ( ( L+ M + l \ l ) / 2  ) * 2 )  GO TO 2 0 0  
I F  ( L . G T .  ("1 + N)  ) GO 1 0  2 0 0  
PARM = i M-  < D / 2  ) * ?
NA = ( D -  P ARi\j ) /  2 
V= 0
DO 1 b 0 I  = 1 , 1 .  A 
1 A = H + I - 1 - 2 + P A R L  
1 8 = 2 * r - l - P A R L  
1 C = M- ] .
iL)= ( I H + I C  + M ) / ?  + MA 
I E = M + 1
1 F = ( I H + I C + N ) / 2 * m A
u=o
I F  ( D A . E G . 0 ) GO TO 1 5 0  
UO 1 A 0 J = 1 , U A  
J A = 4 * J - 4 + 2 + P A R D  
J B = 2 * J - 2 + P A K N  
J C = ( 1 P + I C + J B ) / 2 + M A  
J U = ( I D + 1 E + J B ) / 2 + M A  

1 4 0  U = U + U A * 2 * ( A ( « . J C - t B ) * A ( J C - 1 C ) * A ( J C - J B ) / (  ( 2 * J C - S S M ) * A (  JC )
) -

C A ( J O - i B ) + A ( j O _ l F ) * A ( J ( J - J B ) / (  ( 2 *  J O - S S M  ) *  A ( J l > ) ) ) 
l b O  V = V + 1 A * < N * 2 * ( A ( t D - I B ) * A ( J 0 - I C ) * A < I U - I \ I > / (  ( 2 *  I U - S S M  > *  A ( I

0 )  ) -
C A < I F - I B ) * A ( l F - I E ) * A ( I F - f \ l ) / ( { 2 * I F - S S M ) * A ( l F ) ) ) + U )
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S A T L L L I T L  PROGRAM - -  I N T l GKALS FOR S P H t - K t  P K O t i L t M .

V = I -1*(M + 1 ) *\1 /  ( ? *  M +1 )
K A P P A = K A F P A + 1  
If: R I T E  ( 0 , 1 4 9 )  L « lV|»N , V 

1 9 4  FORMAT ( 1 2 ,  1 2 ,  I P  , F 1 A  . 7)
2 0 0  C O D T I N U L

WR1TK ( 6 , 201 )  kaF'PA
2 0 1  FORMAT ( 2 0 X , 1 6 * ’ RLCOUOS Ui K I T T E I m * ) 

ST OP
L N J
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S A T E L L I T E  PROGRAM - -  M L K I U l A N  FOR SPHERE PR OB L EM.

L MAI N KOUTXME
0 I  ML IMS iOl'J X P u S t l O O )  « Y P 0 S ( 1 0 0 ) , A ( b O )  , B S ( b O )
XNl LGLK S f S i L P  
REAL l\ib
DP ( IM , X ) - im*  < P *X ) -  X * P  ( A. t X ) ) /  ( ( 1 - X * X  ) * *  . b  )
DDF ( f\l , X ) = D *  ( ( - 1  - P  + I \ ) *y * x  ) * p  ( (V , X ) + X * P  ( M - l  » X ) ) /  ( X + X - l  )
READ ( 5 «1 (J) AnH, I UJ » HHOS« X. XX  
S = x
s r e p = x x
HEAD ( b . l i l )  ( A( T ) . I  = S T F P t S » S l t P )
RLAIJ ( b i l l ! )  ( PS ( 1 ) « I = S T E F  > S i  ST E P )

11) FORMA T ( E 1 7 . 1 0 * a 3X)
R 0 0 T = ( 3 - ? * N U * * 2 ) + * . b
RCOL= < 2 . /  ( AOI t t  ♦ ? * Ru OT ) ) * ( i + M J / ( 2 * A O H * H O O T ) >
F  =  K C O F  * ACi H 
P i = A . m i f r < y 3  
L = 4
DX = P I /  ( 1 1j0 * L  )
LL  = 1 (J U * L -  1
W 0 A = 0
DO 1 0 0  I  = L ♦ LL 
X i  = I * D X  
Y = C OS ( X X )
t i t  r / \ = n  
P S I S = u  
P S I S P = 0
DO 01) N = S f F P , S . STEP 
1EMP = OP < N * Y )
B E ! A = h E T A + A ( |v ) * r t M P  
P S I S  = P S I S  + PS( l \ i )  *TEMP  

0 0 P S I S P  = P S I 6 P  + dS ( M ) *UL1P(  M » Y )
X = S i L ( X X )
Y = - Y  
SXI  = X 
CX I = - Y
TEMP = - BET A * C X I -  < 1-l-JU ) / 2 * R H 0 S  * F * S X  I + F * P S I S * C X I - N U * F * P S I

S P * S X 1
C + ( l - i \ iU  ) / 2 * K M 0 s *F*BF: T A *CX T- l \ ) U* RHOS* F * P E T A * S X  I * * ? * C X I  
C -  . b ♦ U E T A * * ?  + .-5x I “ F * PS I S + BE TA + CX I  * + ? / S X l + N U * F  * P S I S P * B E

T A * C X I
C +i\IU + KHOS* F* n>ETA*  « - 2 * S X l * C X l  * * 2  + F * P S X S * B E T A * S X I  

tf m p = o x * t e m p  
WUA=WUA+1LMP
I F  ( X . 0 r . ( I / L ) +L ) Go TO 100
XPOS ( l / L  ) = X + F *  ( ( IM U -l  ) / 2 * R H 0 S * S X X + P S I S P * S X l  - r J U * P S ! S * C X I

+ RH OS * B E \ A
C * S X I * + 2 * C X I )

Y POS ( I  /  L ) = Y + WO A -  T F.I‘i P / 2
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S A T E L L I T E  P R O G R A M  - -  M E R I D I A N  FOR SPHERE. P R U b L L M .

1 0 0  C O N T I N U E .

Y P O S ( 1 U U  » = l + H O A  
A D J US T  = < 1 - Y P O S < 1 0 0 ) ) / 2  
DO l O D  1 = 1 , i n n  

1 0 5  Y P 0 S ( I )  = Y P O S < I  ) + A D J U S T  
UEFLE'C = 2 * < l - r P O R < 1 0 0 ) )
D i s r = p * Y p o s ( i n o )
WR I T E  ( *3,  1 0 0 0  ) n l S T , U E F L E C  

1 0 0 0  FORMAT ( l X . ' U I S T  = '  , E 1 4 . 7 , / , 1 X , * O E F l EC = » , E 1 4 . 7 >
s to p
END
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S A T E L L I T E  HR U G KAN - -  N F - K I U I A N  FOR SPHERE PROBL E M.

F U N C T I O N  P ( M , X >
C THE N - T H  l EGCNORF. POLYNOMI AL.  E V A L U A T E D  AT X .  

F = 1
I F  ( N . E O . l )  p = x 
I F  ( N . L T . 2 )  RFTl l KM 
S = 1
1 =x
DO 1 0  I = 2 i N  
R = S 

S = T
10  T = (  ( 2 * 1 - 1  ) *  X *  S -  ( 1 - 1 )  *  R ) / l

P = T
HETURN  
EM’)
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n 
n

S A T E L L I T E  PROGRAM - -  FROM SPHERE.  TO E L L I P S O I D .

C hA 1 U R O U T I N E
C A SOI . UT I OW FOR HE TA , E X P R E S S E D  I N  TERMS OF 

LEGt fxi OPL F U N C T I O N S ,  I S  T R AN S L A T E D  I N T O  
A S O L U T I O N  POP r E T A ,  E X P R E S S E D  I N  TERMS OF S I N E S .  
I N T E G E R  SS * STEP , SNEu  
Rt-AL NLi t LAOH  
D I M E N S I O N  7 ( 2 D ) , A ( 2 0 )
!)P ( N , X ) = N *  ( P ( N - 1  , X ) - X * P  ( N , X ) ) /  ( ( 1 - X * X  ) * *  . 5  )
DO 1 1 = 1 , 2 0

1 2 ( i ) = I) . 0
RF.AU ( S . 2 )  R H n S T , N U , A O H , S S , S I E P , S M E U

2 FOR M A T ( 5 E 1 S . 7 , . V I ?  )
READ ( b , 3 )  ( A ( I  ) , 1 = S T E P » S S , S T E P )

5 FORMA 1 ( E 1 S . 7 )
SO I = ( 5  + ( 1 - M U *  * 2  ) ) * *  . b 
LAUiH = l  + IJIJ/  ( ( 2 * A o H  ) * SO T ) 
R H U C R T = 2 * L A 0 U / ( S 0 T * A 0 H * A 0 H )
RHO= RHUST * R H O C R I  
X = S N t  W 
B L E = 1
A I T  C H = 11E F. /  A 0 11
W K 1 I L  ( N , 2 > < )  V , P H 0 , N U , R E E , A I  T C M 
D X = 5 . J 4 i b S 5 / 1 0 U  

1 fj DO 2 0  N- 1  , 0 0  
X = M*IJX 
X1=C0S( a )
DU 21' N = S T EP * SS , STEP  
Y = OP ( Iv , X 1 )
DO 2 0 1 = 1 , SHEW 
S I N E  = SI l ' i  ( I  * X  )

2 0  2 ( 1  ) = 2 ( i ) + A ( N ) *  y *  S I M E 
DO 50 1 = 1 ,  SINEW 
A ( I ) = 2 ( i ) + 2 * D X / X . l H l b B 5  
WR I T E  <S», 2A)  A l l )

2 b  FORMAT ( E l 1* .  7 )
50  c o m  I NUE  

STOP  
END
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S A T L L L l l t  PKUUK a M FROM SPHERE TO L l L I P S O I L .

FUNC I i  ON H ( Im » X )
C THF i m- I H LEUc. MURF pOL '< MOM I A L  E V A L U A T E D  AT X .  

P = J.
I F  ( K . L O . l )  P=X  
I F  ( N • L T . ^ ) r e t u r n  
S = 1 
P = X
UO 1(J I  = F? . f't 
H = S 
S = P

1 0  p =  ( ( 2 * i - 1 )  * x * s - ( i - i ) * r < ) / i
KETURfy
END
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