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Section I: Introduction

In this paper Eric Reissner's equations [8]
for axisymmetrical deformations of thin shells of revo-
lution are specialized to the case of deformation of
a thin ellipsoidal shell under uniform normal pressure.
The linked pair of non-linear differential equations
which results is solved approximately by the Bubnov-
Galerkin method, producing the first complete descrip-
tion, including collapse and deep buckling; of an

ellipsoidal shell under pressure.

A
P8

3
(o)

deformation of such a shell is likely to occur axisym-
metrically. Oblate shells under pressure have aroused
the attention of Clark and Reissner [1] s, Who deter-
mined the range of usefulness for such shells of a
linear approximation to Reissner's equations, and of
Danielson [2] , Who used special buckling equations
to determine buckling pressures for a wide range of
geometries. The present paper extends these results
through a unified and refinable discussion of all states
of a single shell. The comparable numerical results
are in reasonable agreement with Danielson's, and a new

number is determined -~ the lower critical pressure,



the minimum pressure which can sustain the shell in a
buckled shape.

Three technical novelties with possible applicabil-
ity to other problems are worth emphasis. In the Bubnov-
Galerkin method as implemented here, sine series rather
than appropriate eigenfunction series are substituted
for the dependent variables: in effect the vanishing of
some integrals is abandoned in favor of obtaining all
integrals simply. A powerful addition to the method of
continuation, due to Rauch in [:6:1 and useful for
taking curves around corners and through loops, is illus-
trated here as well. And Polak's stable Newton-gecant
algorithm for solving systems of equations [41 is
implemented here and in Rauch et al [6] : tested
FORTRAN programs used in both works are included in the

appendix.



Section II: Establishment of Equations

We begin with the equations for axisymmetric defor-
mations of thin shells of revolution developed by Eric
Reissmer in [7] anda |87 .

In these equations, (ro,ﬁb,zo) are the cylindrical
coordinates of a generic material point X on the central
surface of an undeformed thin shell of revolution;<¢b is
the angular deviation from the horizontal of the radial
tangent to the central surface at X; ? is a parameter

upon which Ty and Zg depend, and with respect to which

all derivatives are taken; o fer/(rO')g + (zo')2 is

the ratio of an infinitesimal length of meridian to an
infinitesimal change in § near X.

(r,‘o,z) are the new coordinates of X under defor-
mation (Recall that X is a material point, capable of
motion.) , and ¥ is the angular deviation from the
horizontal made by the radial tangent to the deformed
central surface at X. The variables u, w, and./? are
defined as r - gy % = Zg and 76 -%', respectively.

E is Young's modulus for the material of the shell,
the ratio of uniaxial stress to the extension it produces;
7 is Poisson's ratio for this material, the ratio of

transverse contraction to the extension produced by uni-



Figure 1. Cross-section of a piece of

deformed shell in the plane T - f}o




axial stress; h is the thickness of the shell; and C
and D are defined to be Eh and En2/(12 [1-v°]).

Py and Py are vertical and horizontal components
of the pressure on the shell.

Finally, consider surface tractions across infinites-
imal surfaces normal to the radial tangent to the central
surface; let these be integrated with respect to length
along a material line through X and perpendicular to the
central surface; let the resultant vector be resolved
into a vertical component V and a horizontal component H
(Rotational symmetry of shell and deformation are
assumed, and so no other component is present.); then fk
is defined to be rOH.

With these definitions in mind, we discard all but
the three most important terms of second order or higher
in 4 and Y from the equations (III) and (IV) of [8:} .
We also discard one linear term involving v, £ and
r02pH. We assume E; h,vand-ﬂ, and hence C and D, to

be constant for the shell, and we multiply through by

roﬁxo. This leaves

0 e
u 2
by rl rll
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= () y O) ¢
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Our present concern is with an ellipsoidal shell
of revolution whose central surface is given in cylin-
drical coordinates by r02 + 202/b2 = a2. When
b =1 the ellipsoid is a sphere, and we desire equations
(1) and (2) to take the form of Rauch's [5:] (5a) and
(5b).

For simplicity we shall choose our unit of length



so that a = 1 and then choose our unit of force so that

E = 1. Then, with the parameter ¥ defined to be 550

(This parametrization differs from that used in [17 .),

the variables appearing in (1) and (2) are given by

) p = _EB . __n
12(1-Y°) 12(1-Y°)
2
dz b r
(5) tan 3 = g2 = - —0
ar, 20
(6) vy = = sin ¥
v b2cos® i + sin2§
2
(7) 2o = -b®cos 3
2 2 .2
W/b cos“ ¢ + sin“%§
2
(8) o - bcos?
0 (bacoszf + singi )5/2
2 .
b“sin$
(9) =z, =
0 (b2cos2f + sin2§' )372
2
(10) «n = _J(x"2 + (2.)2 = b
0 “/ Y v (bzcoszi + sina«,? )3/2
T
(11) 02-9 . 1—3'? sinf (b%cos® + sin®% )

2
= s8in¥ + -]'-izp— sin3§



r ' 2
- .2,
(12) —9-) = cos% + 3 i-D sin“% cos
(ﬂo b2 d
v ]
(13) 522' = cos 3
0
r-'\' _
(14) 0 = - sin$
2, ]
(15) 7= = sinj
0]
2 ' ]
(16) <o<—()—) = cos{
0
r.' 2 g
(17) __9___ - Ab cob
To b cos“{ + sin“f
z2~" 2
18) 5= = 5
0 b“cos“¢ + sin~§
1y 2
To (T _ b2cos> %
9 = \z— = = R —>
0 0 sin§ (b“cos“% + s8in“% )
r r 'z."! 2 z
(20) 0 0 "0 - b~cos
%0 ro2 b2coss + sin“g

Under uniform normal pressure o , Py = =/ sin;ZS
and p; = X cOS # . We use the approximations
Pg = -/ sin{ and py = p cos § and obtain

-0 sinBi'
cos” 5 & sin® §

(21) r02PH =



(22)  (zyfpp)' =

-/O(Bbgsine? cos®¥ + (1 + 2b2)sinq'§ coss )
(becosgi + sin2§' )2

2 .
(23) (zo7) “Fo%oby = (bacosglfn +c::1'§25 )2

(24) (rOV) =

2
b 1
’ % 2(1 - b°)(b°cos®f + sin®g ) 2(1 - bz)%
- -/’sinzf

2 ( b cos=§ + singi )

The peculiar integration constant -1/(2(1 - b2)) was
introduced so that all the variables in (3) - (24)
approach the corresponding variables in Rauch ESi}
as b approaches 1.

Substitution of (3) - (24) into (1) and (2) produces
i~ 2
i l1-0D ) L]
(25) Ls:.n%‘ + ——b—z—— sin 2'] /57
: 1-b° .2 ,

+ |coss + 3 —z- sin“§ cos$ A

0 becos>$ J si |
1 sinf(bacosgi’ + sin2§') * sin g /j

12(1 - V2) \: _ v2sini Y

h? (b°cos§ + sin“§ )7/¢

9



_ £ b°sin®} cos 3 N b2eosi B Y
2(b2c032§' + sinz'i )5/2 (bacoszi + sin°g )5/2
0 bein ﬂ ]

B 2(b200325 + sinz? )5/2

sin5 g‘)\ \ijn

T 1 - b2 2 1.
+ Lcos%' + 3 —-;2-—- sin“¥ cos § Y'

o’

g ] 2
(26) Lsin? + 1—523-’—

boeos®§
sin % (bacos2 Z o+ sin“% )

- h [ bzsing K

(b°cos®Y 4+ sin®§ )7/°

- bacosf 6 2 ]

2(b%cos”% + sin°§ )7/°

- 'T/Siné ELJ

F—

£ 1.2 . .2
(bzcoszf + 8in®%¥)° [‘_ 3b-sin $ cos§

+ b2(3 - %'V)sinaf cosai’

+ (1 - % Y+ 2b2)sin4§' cos E‘{

—"

If we let b = 1 in equations (25) and (26),
divide through by sin ¥, and make the substitution
Y = %/’ cos$ sin} + ﬂ_) , Wwe obtain the equations
(5a) and (5b) of [5] as desired.

10



Reissner's formulas (10) and (12) of [8] allow
the determination of the horizontal and vertical
displacements u and w, once ﬁ, ¢, VY, Y+, and €ND)

are known. In the present case the formulas are

%0

(27) u = % (fg Y' - roapsin;é- ﬁ&/cosqf
- Y (r V)sin7§>
(28) w = j °sm¢ { ob + Yeos &+ (xgM)sin ¢
O
- o-(-i VY' - ro’gv'/l sin ¢§ ~ “ysin ?] as
The integral for w is normalized so that the south pole

shows no vertical displacement; +this integral can be

approximated adequately by the trapezoidal rule.

11



Section III: Algebraization of the Equations

We proceed to find approximations to/g and ﬂf
through the Bubnov-Galerkin method: we replace all

the dependent varisbles and their derivatives by

P

truncated series, = » B.sin j¥,
ﬂ j=1 J

J Bj cos j& ,

[
L
.
y
LMe

&
Mo

(-3%) B, sin §f ,

£Ms

Y =

Pj sin j¥ ,

EMe

J Pj cos j&,

Y-

Vs

(-32) Pj sin j¥%.

Y" =

This leaves us two equations involving only the

o8 }
il
=

perameters h,/?, b and ¥, the independent variable % ,
and the 2m unknown constants Bj and Pj. We eliminate
¥ Dby multiplying each equation by sin if and integrat-

. If this is done for i

ing both sides from O to
from 1 to m, we are left with 2m algebraic equations

involving only the 2m unknowns B'j and Pj, the

12



parameters, and a number of evaluated integrals., It
is this system of 2m equations; rather than (25) and
(26), which we attempt to solve.

We write this system as equations (44i) and (451)

in terms of the integrals S and their combinations

k
Ck which we define below,

i

S sin% sin i§ sin j§ 4%
0

il

(29) 8,(4,3)

0
f sin®$ sin if sin 3§ &
0

(30) 8,(4,3)

N

il
) cos¥ sin i% cos j§ a4y
0

(31) 85(1,3)

-~

1
(32) 84(i,j) = jﬁ sin2§ cos$ sin i% cos j¥ 4%
0
T 25
(33) Sc(i,3) = ‘ €23
51+d J; sin?t (b2c032§ + sin2§ )
sin i% sin j& az<
0
(34) 8g(1,d) = sin

0 (b2cosai + sin2; )3/2

sin if sin j§ dg

13



N

1

.2
S (i _ sin“ ¥ cos?¥ in if 4
(35) 7(1) jo (b2cos2f N sinef )5/2 sin i a¢
i

6) Sg(i,d.k) = cos?
(36) 8(1 3ok) J; (526052? + sin2§ )3/2

gin i¥ gin j§ sin k§ 43

fl
.
Sa(i,3) - sin”%
sin i3 sin j% 4%
™N

. 2 }
. 313'3 cos’ . 5 sin i5 43
Yo (p“cos”% + gin®% )

H
N

(38)  834(1)

i . 2 3
sin“% cos”%

J; (bgcosgi + sin2§ )

N
jﬂl sin“i cos$
(b20032¥ + sinzi )

(39)  8y;(i)

> sin i3¥ 4%

(40)  8y,(3) = sin i3 43

o

o

2
= 32 le(l,a) + L_;?_b__ Se(i,a)}

il

(#1)  ©;(i,3)

+

: . 1 - b° .
J | 83z(1,4) +3 =z Sq(lsa>]

[bgss(i,j) + YV Sl<i’vj)]

(42) Ca(i’j) Cl(iaj) + 21}81(i’j)

14



2 S1o(1) + b2 (3 - 2v) 8,,(3)

(43)  Ox(1) = - 3o
(1 -3Y + 267 8,(4)

Equations (25) and (26) now give rise to

m . 12(z -vae [ 1 .
(4‘41) i Cl(l,a) Bj = h5 -3 /P 87(1)

+£’_{-S\(i')P - L 085(1,3)
5 6 \Lrd 3 '2/09 2

<
A
i

m .
- 1:1:1 Ss(i,j,k) Pk} B.

Once the Sk and Ck are known for a particular pair
of values of b and"V, equations (451) express the Pi
in terms of the Bi‘ Thus, solving this system reduces
to finding the m variables Bi' We proceed to develop

an inexpensive way to compute the Sk and Ck‘

15



Section IV: Evaluation of Integrals

™ Except for SS’ the integrals Sk are all of the form

Jf (Kernel)(Product of an odd number of sines) _><

© X (Product of O or more cosines) 4% .
Any of these may be evaluated with reasonable economy
by a two—ste§ process: (1) use Simpson's Rule to
evaluate jﬁ (Kernel) sin I3 45 for a sufficiently
wide range gf values of the integer I; (2) express the
Sk in question as a simple function of the integrals

so0 evaluated through use of tue formula
(46)

sin I; sin I, « . « sin I cos Jq cos J, o . . COS Jy
-1 /2] s e o+ e et s
= S?%E:T—— Z—trlg(Il‘Ia'o L * - In‘Jl-J2'. . ® - Jt)

In this formula i@/é} is the greatest integer in n/2;
"trig" is "sine" if n is odd, "cosine" if n is even;

the sum is taken over all 2n+t—1

possible combinations
of plusses and minusses in the argument of trig; and
the sign of trig is the product of the signs of Il’ 12’
o« o o In in its argument.

For example, to evaluate Ss(i,j,k), first evaluate

16



N

™(I) = j‘ sin I§ d4¢ /(bacoszf + sinzi )5/2 for
all integerg I from 2 - 2m to %m + 1, Then Ss(i,j,k) =
-3 %T(i+,j+k+1) + T(i++k=1) = T(i+j=k+l) - T(i+j-k-1)

- T(i=j+k+l) = T(i=j+k-1) + T(i-j-k+1) + T(i~-j=-k-1)% .

The economy of this process is increased when the
symmetries and anti-symmetries of the kernel functions
and of sin I% are considered. All of the kernels and
all odd sines are symmetric about T/2; so for I odd,
Simpson's Rule need only be applied to half the interval

O toT' . On the other hand, even sines are anti-

symmetric about 79/2, so that for I even,

’\
]

5 (Kernel) sin I§ d3j = O, and Simpson‘s Rule need
0

not be invoked., Finally, sin I% = - sin (~-I)% so that

Simpson's Rule need only be used on integrals of the

/2

form J‘ (Kernel) sin I% 4% where I is a positive
JO

odd integer.

The process described above fails for S5(i,j) =
cos®¥ sin i% sin j% as /(sin¥ (b2c032§ + siny ),

Y0
since for this integral, formula (46) would suggest

T

an,gyaluation of integrals of the form

rl' cos I¥df /(sing (b20082§ + sin2§ )) as a first
ségp. Unfortunately, some of these integrals do not
converge; €efe b = 1; I-=1. So the integrals S5

are evaluated by Simpson's Rule directly. Time is

17



saved however when symmetry considerations lead to the
observations: (1) Ss(i,j) = 85(3,1); and (2) when
i+ J is odd, Ss(i,j) = O. In computing the integrals

S5’ use is made of the formula

sin T¥ | sin (T - D% 057 4 cos (I-21¢%
sing sin ¢

18



Section V: Polak's Method

In this section, X is a vector whose components are
(xl,xz, e o o xm), ¥ is a vector whose components are

(ylgy29 e o o ym), etc.

Newton's method for solving a system of m equations

in the unknowns X9s Xpy o o o X

n requires that each

equation be put in the form fi(i) = 0, If the guess X
is near an unknown solution y, Taylor's Theorem,

truncated to exclude non-linear terms, gives

I, 3£,
f. | + 1| (y-. —X-.,) + o o o + -.:2; l (y--x...) s 0
1'i axl' 1 R .ILm ‘i m I

Q/

Let this linear system be solved for the correction
zZ =y - X, and let z be added to the original guess X
resulting in a new vector X*. In many cases x* will
be significantly closer to the true solution ¥ than was
X. If X* is used as a new guess,and if this process
is repeatedly applied, and if the original guess was
sufficiently near the true solution, convergence to the
true solution might possibly occur. When convergence
does occur, it is usually rapid.

Polak [4] uses a secant approximation to the
first derivatives required by Newton's method; and

he keeps Newton's method from violent instability

19



by requiring that for any new guess the residual

qul(E*)E + f2(§c'*)2 + o o o + fm('ic'*)2 be smaller than

the corresponding residual for the last guess, X =--
else the new guess is not accepted, To keep the method
from coming to a halt in such a case, Polak takes
advantage of residuals that might as well be computed
in the course of computing the first derivatives
necessary for Newton's method: for all the fi's must
be computed at (xl,xz, e e e Xpy oo oo oo xm)

+ (0,0, ¢ e €, ...0) for eachk,

Y

nd it is possible that such a vector might be an

Further details and a FORTRAN program for the

implementation of Polak's method are in the Appendix.

20



Section VI: Continuation

Our system of equations involves the parameters
b,/7; h, 1/, and m, and the variables Bi' Suppose
that for a particular assignment of values to the
parameters, a solution for the Bi is known. Then let
us take this solution as our initial guess for a new
problem in which the assignment of values to one of
the parameters, sayf), is only slightly different from
the assignment in the last problem, and otherwise the
assignments are the same. If we do so, and apply Polak's
method, our chance of finding a solution to the new
problem is good. We say we are performing a
continuation of the first type, with /9 varying.

There is a new and useful continuation of a second
type, in which one of the variables, say Bl’ switches
roles with one of the parameters, say /7. Suppose
again that for a particular assignment of values to
the parameters, a solution for the Bi is known. Then
let a new problem be defined by assigning the same
values to b, h, 1/, and m, varying the former solution

for B, slightly, and then demanding that a set of values

1
for /9, B2, BB’ o o o Bm be found to satisfy the

equations,

21



The second type of continuation has been extremely
useful in several situations. The graphs in Figures
2, 3, 4 have long, nearly horizontal stretches which
would have been exhorbitantly expensive to obtain by
doing a continuation of the first type with L varying.
Moreover, the loops and near-~cusps in these graphs
would have been impossible to discover without second-
type continuation. Also, transitions from even (solid-
line) solutions, in which all the odd-numbered B; are
zero, to odd (dotted-line) solutions, in which some of
the odd-numbered Bi are not zero, were effected by
continuations of the second type, with an odd-numbered
B, varying. (0dd and even solutions are discussed
further in Section VII.) And, in a related problem,
when it was found necessary to increase m from a point
near the bottom of the curve, second-type continuation
with a small unimportant Bi varying hardly at all, had
to be combined with first-type continuation with m
varying, because of the sensitivity of the system to
the necessarily integral jumps in m.

First type continuation was useful in an interesting
way in obtaining one of the two starting points used for
the development of the curves in Figures 2, 3, 4.

In [5] and [6] attention is focussed on deformations

22



of thin spherical shells, and variables called Ai play
roles analogous to the roles of the Bi in the present
problem. We shall call the A; modes in the present
discussion. It was expected that in some solutions
to equations (A') and (B') of [5] » the A, would
gradually increase as i increased, reaching a maximum
of Aj for some Jj, then gradually decrease to a minimum
of Ak for some k, then gradually increase again to a
relative maximum at A for some n, etc., with ‘Aji
congiderably larger than |Ak\ which itself would be

considerably larger than |A | , etc. We called Aj

nl
the critical mode in the solution, and remarked that
as the ratio of radius to thickness % increased, j would
also increase, and more modes would be necessary to
establish an acceptable solution.

It was found, further, that (A') and (B') of [5]
could be solved explicitly when the number of modes
was 2. However for large ﬁ, attempts to continue,
varying the number of modes from 2 up to and past j,
met with consistent failure. It seemed that the
explicit 2-mode solutions would be useless for producing
an acceptable solution to a reasonable problem,

a

involving large -~ that is, involving thin shells.
h

Before abandoning the idea, however, we decided to

25



try starting with an unphysically small % = % , for
which the critical mode was Al, and then alternating
first-type continuations, varying % for a while,
then varying the number of modes, then varying %
again, never allowing % to get so large that it
required a critical mode whose subscript was larger
than the current number of modes. This worked, and

it produced the solution in the first column of Table 1,
which is listed in a form translated into the terms of
the present paper in the second column. A refinement
is listed in the third column.

The solution in the third column of Table 1 was
then first-type continued, varying m, then varying b,
then varying f’a then varying b again, to produce a
20-mode starting-point solution for an ellipsoidal
shell 1 unit in radius at the equator, 1 unit tall
from pole to pole, .02 units thick, and at a
pressure of .9E-4 units. This starting-point was
continued to produce the dotted-line curves in Figures
2, 3, 4.

The solid-line curves were all continued from the
trivial solution Bi = 0 for all i +to the problems

p =0,b=2.5, =.3 m=20, 30, or 40.

The solid-line and dotted-line curves all have

24



common solutions at their highest points. These
solutions are listed in Teble 2, and may be continued
to produce both the solid-line and the dotted-line
graphs.

Numbers are listed in the tables in the computer
version of scientific notation: in this notation
.2910E-3 stands for .2910x1072.,

It should be remarked that the close agreement
between columns 2 and 3 of Table 1 is a good verification
of the consistency of the present paper with [6] and of
the correctness of the computer programs used in both

projects.
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Table 1. Starting-point solution

Solution to (A') Translation to Refinement
and (B') of (5] terms of the
present paper
b=1 b=1

g = 50 h = .02 h = .02
/9* = .6 f’ = .2910E-3% /0 = +2910E~3%
Al = 2004E-3% B1 = o1888E-2 B1 = o1879E-2
A2 = o,3517E-3% B2 = ¢3693E-2 B2 = o3676E-2
A3 = +5194E-3 :B3 = +2751E=-2 B3 = ,5707E-2
A4 = ,/283E-3% B4 = o7496E-2 B4 = o 7463E-2
A5 = JO7U4E-3% B5 = ,9716E-2 B5 = 9676E-2
A6 = +1280E-2 B6 = «1138E~1 B6 = ,11%3E=1
A7 =z ,1628E=2 B|7 = o1%62E-~1 B7 = «1357E-1
A8 = ,2015E~2 B8 = 1480E~1 B8 = o14775E=1
A9 = 2577E=2 B9 = o1651E~1 B9 = +1645E-1
AlO = o2662E-2 BlO = 1632E-~1 BlO = o1625E-1
All = J2765E-2 Bll = .1655E-1 Bll = L1648E-1
A12 = o2672E-2 B12 = 1410E-1 B12 = J1404E-1
A13 = o2393E-2 B15 = ,1279E-~1 Bl3 = (1274E~-1
Ay, = .2022E-2 Byy = <8461E-2 By, = .8424E-2
AIS = 1624E=-2 315 = o7036E-2 Bl5 = o7008E=-2
Residual = Residual = Residual =

' 7071E-4 « 1407E-1 «5513E-4
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Table 2. Highest-point solutions, b = .5, h = .02, = o3
m = 20 m = 30 m = 40
L0 = J1443E-3 £ = «1572E-3 £ = .1524E-3
32 = LJ4389E-1 B2 = GJU552E-1 B2 = J4590E-1
B4 = L2076E-1 34 = ,5205E-1 B4 =  J2689E~1
B6 = «1543E-1 B6 =  L1978E-1 B6 =  ¢1599E~1
B8 = o1003E-1 B8 = o5293E-2 B8 = ¢5709E~2
B10 =  o2973E-2 BlO = = 44 E-2 BlO = =o1614E~2
Bis = =.2934E-2 B,o = =.6866E-2 Bio = =.4335E~2
B14 = =,5004E-2 314 = ~=,3890E-2 B14 = =¢3279E-~2
B,g = =.6002E-2 Big = +9848E-3 Big = —«3955E-3
Big = —-4287E-2 Big = 5121E-2 Big = +2587E-2
By = —1957E-2 Bop = +7345E-2 Bog =  +4699E-2
Bss = L7635E-2 Bos = 5678E-2
B24 =  o6551E-2 B24 = 45692E-2
Bog = o4777E-2 Byog = <5075E-2
Bog = .2870E~-2 Bog =  «4154E-2
B50 = o1195E-2 BBO =  «3172E-2
B32 = J2275E-2
B34 = +1528E-2
B56 =  JO451E-3
338 = .5105E-3
Byg = +1998E-3

Odd~numbered Bi are O and are not shown,
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Figure 2. Pressure p versus deflection 4:

b = .5g h = 0029 ‘J = 059 m = 20.

d

75 100

Pressure is shown in millionths, deflection in hundredths. Crisis, Collapse,
Outward-snap (odd), and Outward-snap (even) points are indicated by CR, CO,

00, and OE respectively.
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Figure 3. Pressure 0 versus deflection d4:

b=.5 h=.2, o =.3 mn=30.

a

50 75 100

Pressure is shown in millionths, deflection in hundredths. Crisis, Collapse,
Outward-snap (odd), and Outward-snap (even) points are indicated by CR, CO,

00, and OE respectively.
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Figure 4. ©Pressure p versus deflection d:
b =5, h=.02, o/ = .3 m= 40,
co
r .
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Pressure is shown in millionths, deflection in hundredths. Crisis, Collapse,

Outward-snap (0dd), and Outward-snap (even) points sre indicated by CR, CO,

00, and OE respectively.



Section VII: Interpretation

An even solution to this system of equations is

m
one in which B = > By g8in i¥ is anti-symmetric
En) iﬂl
li

about 5 e This state is characterized by a symmetric
alignment of the shell with respect to the equatorisal
plane, and by the venishing of the odd-numbered B,

A solution which is not even is called odd. In Figures
2, 3, 4 the odd solutions are indicated by dotted lines,
the even solutions by solid ones.

For physical reasons, any odd solution must have a
matching odd solution in which the deformed shell 1o0ks
like the original deformed shell turned upside-down.
This would be effected by a matching solution in which
the even-numbered Bi are the same as in the original
solution, but the odd-numbered Bi are minus what they
were in the original solution. Any odd solution and
its mate produce the same deflection and so are repre-
sented by the same point in Figure 2, 3, or 4.

The greph of the odd solutions may be expected
to have an even solution as one endpoint. It is of
great interest that this even solution happens to be
the highest point of the figure: strings of odd

solutions have been continued up to such points by
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continuations of the second type, and have been found
to transform themselves smoothly either into strings
of even solutions, or through a single even solution
into strings of matching odd solutions -~ dJdepending
upon whether the particular Bi varying was even- or
odd-numbered. Conversely, a string of even solutions
for the problem m = 20, b = .6, Y = .3, h = .02 has
been transformed at its highest point into a string of
odd solutions by varying an odd-numbered Bi‘

Deflection, shown on the horizontal axis in
Figures 2, 3, 4, is defined in this paper as the
difference between the lengths of the polar axes of
the undeformed and the deformed shells. Since the poles
cannot pass through each other, deflection cannot be
greater than the length of the undeformed polar axis,
and so our graphs stop at this length. But mathematical
solutions with this unphysical characteristic do exist:
the graphs seem to continue to rise to the right beyond
the realistic cut-off.

We have not attempted an energy analysis of our
solutions. But it seems plausible that under a given
pressure, a shell with a substantially larger deflection
possesses more elastic potential energy than a shell with

a smaller deflection. Under this assumption, the shell
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would be expected to follow the leftmost accessible branch
of such a curve as the one in Figure 4 when in an unstable
state. With this tentative principle in mind we offer

an interpretation of Figure 4.

We begin at the origin of Figure 4, corresponding
to the first meridian of Figure 5. As the pressure is
raised from O to 129, the deflection increases almost
linearly to about 5/100 of an equatorial radius. If
the pressure passes this c¢risis point, which corresponds
to the near-cusp in Figure 4 and to the second meridian
of Figure 5, the leftmost available solution will be
on the left side of the breaking-wave~like piece of
greph near the top of the figure. If now the pressure
continues to increase past 152, which corresponds to
the highest point in Figure 4 and to the third meridian
of Figure 5, the leftmost available solution will be on
the dotted-line graph far to the right of what has been
drawn, and the shell will collapse.

On the other hand, if the pressure passes the crisis
point and then is reduced slowly, the shell might find
itself on the near-vertical solid-line below the breaking
wave. By the time the pressure had decreased past 80,
the shell's poles would be approaching each other visibly,

and would approach each other very dramatically as the
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Figure 5. TFive meridians: b = .5, h = .02, v = .3, m = 40.

207

The meridians correspond to the origin and to the points

labelled CR, CO, OE, and OO0 of Figure 4. Deflection is

measurable from the line at the top.



pressure dropped from 40 to 25: +the deflection would
increase from 14/100 to 48/100 in that range. If the
pressure then dropped below 25, the only available
solution would be on the part of the graph near the
origin -~- in effect, the shell would snap out from
the shape indicated by the fourth meridian in Figure 5
to a shape close to the undeformed shape of the first
meridian.

If instability is a feature of the solutions on
the section of solid-line graph we have Jjust been
discussing, then at any disturbance the shell might
leave that solid-line graph, with its symmetric north-
south indentations, and seek the lower-potential
further-left dotted-line graph with its one-pole
indentation. Suppose that so: +then as the pressure
is reduced from 40 to 25, the deflection would increase
from 8/100 to 26/100 before snapping out from the shape
shown in the fifth meridian of Figure 5.

It is remarkable that the bottom halves of the
fourth and fifth meridians of Figure S match so well,
and that in Figure 4 the even graph from (14,40)
rightwards is a half-speed imitation of the odd graph
from (8,40) rightwards. (A similar comment holds for

Figures 2 and 3 as well, and for graphs obtained in
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Rauch et al [6] for spherical shells.) It is remark-
able also that the snap=-out pressures on the odd and
even graphs in Figure 4 agree to three places: it seems
reasonable to take either number, as listed in Table 3,
to be our approximation to the lower critical pressure,
the least pressure which can maintain a buckled shape
of the shell,

Danielson's buckling pressure for the oblate
ellipsoidal shell of our work is .1l37E-3 a&as indicated
in Pigure 10 of [2] . This corresponds well to our
crisis pressure, .1297E-3.

Qur collepge pressure end our lower critical
pressure are 118% and 19% respectively of our crisis
pressure. The first onset of substantisl non-convexity
occurs as the pressure decreases (after hawing passed
the crisis pressure) in the range 71% - 67% of the
crisis pressure.

The programs which performed the work of this
paper were run on an IBM 370/168 at the City University
of New York's University Computer Center. The even
m = 40 graph was obtained using IOOK and 50 minutes;
the odd m = 40 graph required 34CK and 170 minutes.

If further work shows that the most important pressures

-- the crisis pressure, the collapse pressure, and
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Table 50

Important Pressures:

b =.5 h=.02 o+ =.3
m = 20 m = 30 m = 40
Crisis «1302E~3% «13500E~3% «1297E~3
Collapse «1443E~3 «1572E~% «1524E~3
Outward-snap (even) «2576E=4 «2U485E-4 «2UB88E-4
Outward-snap (odd) « 2470E-4 «248E~4 «2U481E-4

These pressures are given in the units of the paper.
To convert to real units, multiply by Young's modulus
for the material in question. For example, if a shell
fitting the description b = .5, h = .02 is made of
a material for which 7V = .3 and E = 30,000,000 pounds
per square inch, then such a shell would collapse at

a pressure near 4572 pounds per square inch, and would
be incapable of sustaining a buckled shape at pressures

below 744 pounds per square inch.
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snap-out pressure -- all continue to be obtainable
from the even graphs alone, then future work on the
question of deformation of ellipsoidal shells may
concentrate on developing only these much more economical
graphs. Future work should also attempt to include

more of the terms of E. Reissner's differential

equations.

38



Appendix: FORTRAN Programs

This appendix serves primarily as a place of deposit
for the FORTRAN programs which developed the data used
in the present paper and in Rauch et al [6] . These
programs fall into two classes: major programs which
utilize a particular subprogram SECANT to solve systems
of equations; and satellite programs which compute
necessary tables of integrals, or which produce tables
of points describing deformed shells, or which translate
gsolutions from [6] to solutions to the same problem
ag defined in this paper.

The second purpose of this appendix is to describe
and illustrate SECANT. This description is especially
non-rigorous and should be understood as a bag of tricks
rather than as scientific fact.

SECANT was modelled on Polak [#] by Rauch, imple-
mented by Marz, and modified again by the present author
in Rauch et al {6] . It is designed to be used with
a subprogram GAUSS, modelled on the IBM SSP program SIMQ
‘LB} s, Which solves systems of linear equations, and with
a subprogram RESIDU which calculates the goodness of a
guessed solution to a system of equations by substituting

the guess into the system, and taking the square root
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of the sum of the squares of the differences between
the left and right sides of each equation in the system.
If this square root RESID were ever zero, the guess
would be a genuine solution to the system. In practice,
it is usually sufficient for RESID to be less than an
agreed~-upon small number.

The subprograms SECANT, GAUSS, and RESIDU
communicate through a block of COMMON data and through
argument lists. In the programs below the author has
restricted the common data to items of REAL type and
the argument lists to items of INTEGER type. Except
and in the ar
lists, and in SECANT's DIMENSION statement, SECANT
and GAUSS are immutable from application to application,
and are listed below only once. RESIDU, on the other
hand, must be redesigned for each application to
produce the differences between the two sides of each
equation (stored in one column of a two-column matrix
E) and to produce the residual RESID.

SECANT starts off with a central guessed solution
and tries to improve that guess in two ways. PFirst it
takes additional guesses by modifying each coordinate
of the original guess, one at a time, by a fixed amount

EPSILO. If any of these new guesses produces a smaller
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residual, that new guess becomes the center for further
guessing; and we say we have a local variation improve-
ment. At the same time that it is taking these guesses,
however; SECANT is building up, through the matrix E,

8 table HBAR of approximate first partial derivatives
for use in creating a better-aimed guess of a Newton-
method type. After an initiasl period of relying upon
local variation alone (while the table of approximate
partials is being developed), SECANT alternates a
local-variation guess with a Newton guess, and does

not accept a local-variation improvement unless the
Newton gusss of the ss
an improvement.

We note that each time an improvement is adopted,
the central guess is changed and the table of approx-
imate partials for the next Newbton guess will have
most of its columns thrown slightly out of alignment.
This potential difficulty, however, is usually no
difficulty at all, and indeed, once the Newton guessing
starts producing improvements, it usually continues
producing improvements rapidly until the central guess
is so good that the old EPSILO is too large to produce
meaningful partials anymore.

The key to efficient use of SECANT is an efficient
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subprogram RESIDU. In applications of any complexity,
machine time is spent chiefly in calculation of residu-
als and data for partials. In the real programs which
follow the program illustrating the use of SECANT;
every non-obscuring device available to the author

to save time in RESIDU has been utilized.

It is also vital that RESIDU not be called unneces-
sarily. That is the reason why no Newton guesses are
tried until the table of approximate partials has been
filled with reasonable data, and why the Newton guess
is only tried once and not repeatedly cut down and
re~tried as Polak suggesis. That is also the reason
why DTEST, which helps control the size of EPSILO, is
kept large, and why ZTEST, which tests the size of the
residual, is kept flexible, so that guesses which are

good enough shall be accepted as solutions promptly,

and the machine shall not waste its time in negligible
and expensive improvements.

The real programs which use SECANT have built into
their main programs and their RESIDU subprogrems the
ability to handle continuations of both types described‘
in Section VI above; this feature has proved economical.,

A feature that has proved wasteful has been the

ability to handle both odd and even computations (as
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defined in Section VII above). Storage requirements
for the tables necessary for odd compubtation are
extravagant when even computation is planned; and
features in RESIDU that save time for odd computation
can waste time for even.

We proceed to the example used in the illustrative

program. It is proposed to solve the system

2

X~ - PXy + 332 - 2xz = 30

W - 2X2Z + pwyz2 = =20

- 2 _ .5

PWK = 32 + zy° = x7 = 19
WS - 2xw + 720 - 9%

In this system, p is a parameter whose initial value
is 2.

This system was created artificially around the
solution w=4, x=1, 5y = -3, 2z = 2, but we start off
in the main program with an initial guess of 0, 1, O,

5 . (In the main program, M is the number of equations
and variables; ZPERM is a vector that holds the guess;
and PARAM is p.) What happens during the run is illus-
trative of the strengths and weaknesses of the procedurse.

SECANT fails to solve this initisl problem, stopping
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after 172 calls to RESIDU at w = 4,30, x = 1.27,

y = -1.13, z = 1.93, which is associated with the large
residual 3%.24 . SECANT then passes control back to
the main program which does a type one continuation

on the parameter PARAM. For PARAM = 2.0l, and with

W, X, ¥, and z starting at 4.%0, 1.27, -1.13, and 1.93,
SECANT succeeds in 51 calls to RESIDU in obtaining the
solution w = 3.93, x = 1.11, y = =2.98, z = 2.0%, which
is associsted with the small residuwal .,0000890 . The
continuation now proceeds to find equally good solutions
in equally few calls to RESIDU, for as many new values
of PARAM as time permits.

When the solution PARAM = 2.0l1, w = 3.9%, x = 1l.11,
¥y = -2.98, 2 = 2,05 is inserted as the new starting
point in a later run, and the continuation is directed
backwards, the following solution is obtained for
PARAM = 2,00 == W = 3,96, x = 1.10, § = -2.98, z = 2.02,
residual = ,0000458 . We are surprised to find this
distinct bona fide solution in such close proximity to
the known solutionw = 4, x = 1, y = —5; z =2 -- the
solution we had hoped to find. It may be that some
combination of continuations of first and second type
can take us from the solution we have to the one we

wigshed to obtain. But it must be remarked that in a



less artificial situation we might have no idea that

another solution was nearby.
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ILLUSTRRATLIVE PRUGRAM == USE OF THE SUBROUTINEL SECANT,

PIALN ROUTINE
THIS ROUTINE ReanNS IN THE INITIAL UDATA, CALLS SECANT.
AN MAKES UDECISIONS AHOUT WHETHER AND HOW TO CONTI1INUE
OrjCe SECANT SUCLEEDS Ok Fallls IN ITS WORK.
COMMON ZTEMP(T10) «ZPERM(LIN) oDELTAWRESID,
C E(2elU) eFF (10 e11) oDTFSTAZTEST«PARAM
TF THE NDIMENSION OF ZPERM 18 (M) THEN THE OIMENSIONS
OF ZTeviPe e aND FF ARE (M)e (2¢M) s ANU (Fiefi41)
RESPECTLVELY.,

INPUT UOBATA HERE,
=4
LPERM(1) =0
ZPERY (2)=1
cPERM3) =0
ZPIERvi() =5
PARAM=2
COMPUTE QR REAU TN SPECIAL CONSTANTS HERE
(THIS PROHLEM REQUTRES NO SPECIAL CUONSTANTS,)
THE MAIN LUOP BLGIMS HERE
L Z21eST=elt =3
DTEST=.6E=04
LELTAZ1
DO 13 1=1+M
15 IF (DELTALLT . ABSIZPERM(I))Y)Y DELTA=ARS(ZPERM(I))
CAaLL SECAMT (M)
CALL KEPURT(M)
A PARAMETER 1S vARTED AND THE PROGRAM 1S CYCLED BACK,
PARAV.ZPARAMN+ .01
1F (PARAMSLTL(2,1)) GO TG 1
stop
£nNL
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ILLUSTRATIVE PROGKRAM == USE UF THE SUHBROUTINE SECANT.

SUHROUTLINE SECANT (M)
THIS KOUTINE ATTFLPTS 10 SOLVE THE SYSTEM OF EQUATIONS,
COMMEN ZTEMP(10)«ZFERM(LI0) DELTAWRESIIN,
C E(Z2¢10)sFFLLOW1IL)4DTESTWZTEST+PARAM
REAL NU
DIMENSLON OWVMEGA(LIO) yETEMP(10),D(20)DEL(10)HBAR(10,410
) «RTEST(10)

THE OIMENSIUONS OF oMEGA, ETEMP. AND DEL ARE ALWAYS THE
SAME AS THAT 0F ZPERM, THE UDIMENSION OF U IS TwICE
THAT OF ZPERM. AMD THAT OF HBAR IS THAT OF ZPERM
SGUAREL, THE nIMENSTON OF RTEST IS ALWAYS 10,

MEANLRGS (F varIAW S,

ZPERM TS THE vECTUR CONTALINING THE QBEST GUESS S0 FAR
Fuk THE SOpUTION OF THE £RUATLIONS,. 11 I8
ASSQCINTEL WITH THE RESIDUAL RPERM,

ZTEMP 1S THE CURRENT GUESS VECFOR. ITS RESIDUAL IS
RTEMP o

OHEGA IS A VECTOR WHICH CONTAINS A BETTER GUESS THAN
Tk CUHRKFNT ZPFRM, THIS VECTOR CAN ORLY BE FOUND
BY A LUCAL VARIATION, OMFGA IS NCT AUTIUMATTCALLY
SULSTITUTEN FOR ZpERM.  SUCH i SURSTITUTION ONLY
QCCURS 1F pEWTOM'S METHOD DOES NOT ALSU PRONDULE
IMPKOVEMFNT IN THE SaME ITERATION, THE RESTLUAL
ASSOCTATED WITH OMEGA 1S RRTEMP.,

Eoanh EFe™MP COMTALN VaLut'S OF THE LEFT-HANU-SIDES
OF ThE & taUATIONS TO BE SOLVED. E(leJd) 1S
ASSOCIATFO WITH ZPERMy E(2ed) WITH 2TEMPs AND
ETEMP WITH OMEGA.

DEL AND HHAR CONTALN FIRST DIFFERENCES FOR USE IN
NEWTUOMN®'S METHOD,

FIRST THE PARANETERS OF THE COMRBINED LOCAL-VARIATION
=~ AND=MEHTON=METHOD aARE INITIALIZED. SOME OF THIS
INITLALLZATIONE 1S DONE By THE MAIN PRCGRAM ALREAUY,
THE PARAMETERS SO PREPARED ARE DELTA. 2TEST
AND DTEST .

KOUNT=O
WRITE (6el19) N TAWKOURT
19 FURMAT (TX2*'DFLTA 1S NOW "sE10.3¢6X4195)
NO 21 1=1+10
21 RTEST(I)=1.UERU
NU=1UO0000
KSUM=0
J=0
IFLAG=Y
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1Ll

20N
Wt
100
1190

THE

200

A00
400

405

500G

510
~00

vl

30

€90
NOW

USTRATLVE PROGRaM == 1ISE OF THo SUBROUTINE SECANT,.

LQ 20 [z=14M

Btl)=1

D(M+1)==1

BEGIKN bY ESTARLISHING DATA FOR THE FIRST GUESS,

DO 110 I=1+M

CTEMP (L) =LPERF(T)

ChLl RESTIUULi4)

KOUNT=KOUNT+1

KPERM=zKHESIND

WKITE (6+14048) RPERM«KOUNT

IF (RPERMLILZTEST) O TO 1400

TTERATION BEGINS HERE, FIRST COWMES AN ATTEMPRY TO
lePPOvE THE CURKERT GUESS BY vARIATION OF A SINGLE
VARTASBLE » IF THIS SUCLEERI!Ss THE IMPRCVEMENT IS
S10rEU TEMPORARILY I OMEGA AND ITS ASSOCIATES.

AT THE SAME TlIwsbte UATA IS BEING GATHERED FOR THF
BENEFLT OF NEWTUN'S METHOD,.

IF (JJtE,2%¥M) J=0

J=J+1l

EPSILOU=AMINLIIDEL TAWNY)

Jd=d= ((d=1)/V) «bi

LU 409 1=1+W

ZTEMEFA(L)=/PERM(T)

ZTEMPAJJI=ZPERV (JIY+EPSTLOXD{U)

CALL RESTOUNI(2 )

KOUNT=KOUNT+1

RTEMP=KESIN

[F (RTEMPSGELZTEST)Y GO TC 5H00

ZPERMAJI)I=ZTEMP (JJ)

RPERM=RIEt MP

GO TQ 1400

DO 510 1=

DELCII=(E(2¢1)=F{T21))/LPSTLO

haaRCL«JdUI=dEL(TI*L(J)

IF (KTEMF «GELRPFREM) GO TO /90

IFLAG=1

DO 630 I=1eM

ETEMRE(I)ISE(2.T)

OMLGA(T)=ZTEMP ()

HRTEMP=RIEMP

IF (KROUNTSLE.M) GO TO 1200

NEWTON'S METHON TS GIVEN A CHARCE TO TRY T0 IMPROVE
THE GUESS. g IT SUCCELDSe 1TS SUCCESS 1S G1VEN
PRECEDENCE EVEN OVER A LAKGER SUCLESS OF THE METHOD
OF LOCAL VARTATION, IF IT FAILSs THE LOCAL=-VARTATION
IMPROVENENT STaRED TH OMEGA =« IF THERE WAS INDFED
A LCCAL=-VARIATTION IMPROVEMENTY -- 1S ADCOPTED. ELSE
[0 CHANGE TAKES PLACE IN ZPERM IN ANY OF THESE
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[LLUSTRATIVE PRUGKAM == USt CF THE SUBROLTINE SECANf.

THREE CASES, THE ITIERKATION BEGINS AGAIN AT LINE 200,
700 DO JLO I=Xen
CO 7106 1I=1el
710 FF(L+(I)=HBAR(I,I1)
D0 720 I=1eM
720 FFE(Lym+1)=FE(14])
CALL GAUSS(MIKS)
IF (KS.Eted) G TO 1198
90U DO 910 1=1.M
910 ZTEMF(IY=gPERKM(TI=FF (I +M+1)
CatL RESIDUCZ24M)
KOUNT=rOUNT+1
RTEMP=KESID
IF (KTEViPaGTLZTEST) GO TO 1000
NO 320 1=1+M
921 ZPERM(1)z=eTEMP(T)
RPERM=RTE MP
O 10 140U
1000 IF (RTEUP«GTJRPFRM) GO TO 1200
1FLAG=0
CU 0106 1=1 4
ZPERFA(I)I=ZTLMWP(T)
1010 E(1«T)=E(241)
REERMz=RTEMP
WRITE (6+1403) RPERKM«KOUNT
nMU=0
DU 1020 1=+
1020 NU=HNU+HFF (1 +M+1) %42
NU=WU*%.5
50 TO 200
1198 KSUM=<SUM+1]
WRITE (As1199) KSUN
ITF (KSUM.ENWM) 0 TO 1400
1199 FORMAT (IXe'0AUSKS BATLED QUT*+6Xe1I0)
1200 IF (J,LT.2%M) Go TO 1300
DELTA=DELTA/ZZ2
IF (PELTALLT.NTFST) GO TO 1400
WRITE (uel9) DELTAWKOUNT
1300 IF (1IFLAG.EW.N) GO 10 200
IFLAG=U
DO 1210 I=1.#
E(Le [)=ETEMPI(T)
1310 ZPERM(II=ZOMEGA(T)
RPERMZRRTEMP
WRITE (641402) RPERM KOUNT
DO 1330 I=1l+9
1330 RTIEST(LL=1)=RTEST(10=-1)
RTEST(1)=RPERM
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TLLUSTRATLIVE PROGRAM =-  USE OF THE SUBROUTINE SECANT,

1400
lyuz2
1403
1404

IF (RTEST(L)/RTEST(10),LE.(99)) GO TO 200

THERE AKRE SEVERAL WAYS FOR Th1S SUBROUTINE TO TERMINATE.,

A SUCCESSFUL TERMINATION UCCURS IF RPEKRM GETS SMALLER

THAN ZTEST. UNSUCCESSFUL TERMINATIONS CCCUR WHEN DELTA
GETS TOU SMALL s OR WHEN TEN LOCAL VARTATIONS IN A ROW

PRODUCE

LESS THAN A 1 PER CENT CHANGE IN THE RESTDUAL,

OR WHEN GAUSSIAMN REDULUCTION FAILS TO PRCODUCE A TEST
VECTOR FOR NEWTOR'S METHOU FOR THE M=TH TIME,.

WKL TF

FORMAT
FORMAT
FuRMAT
RE TURWN
k£ ND

(oelhU4) RPEKAWKUUNT

(X e lUaT7oAXeIhe6Xo'LOCAL VARIATION?Y)
(AX s L1U T bR IDAN'NEWTONT)
(6XsElU,796X419)
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ILLUSTRATIVE PRUGKAN == USE OF THE SUBROULTINL SECANT.

SUBROUTLINE LAUSS (HiyKS)
THIS KOUTILINE SOLVES SYSTEMS OF LINEAR EQUATIONS,
COMMON ZTEMP(IU)Y +ZPLRMIL0) yUDELTAWRESTID
C E(Z241U)2FF(1N411) e DTEST/ZTEST«PARAM
GAUSSIAN REUUCTTIOMNy WITH PIVUTING.
MMz +]
KS=0
TuL=elibE=1Y
FOkWarl SOLUTION, WORK Ow THE J=TH COLUMN,
DO 6% Jd=1eM
Jdzd+1
SIGA=D)
FINU THE ROow WHOSF J-TH COEFFICIENT IS LARGEST.
DO 33U T=dsl?
TF (ApS{kiGA)=ARSIFF(Ied))) 20430430
20 RIGA=FFr(I+d)
Iviax=1
30 ConfINUE
IF THE BPIGGLST J-TH LCOEFFICLIENT IS T00 SMALL.
THEN GlVvE Up,
IF (ABRS(H1IGAY=TAL) R3ve3h .40
35 ns=1
RE TURR
MOVE Tht ROW WITH THE BIGGEST J-TH COLFFICIENT TO THE
J=Tr POSITION, REPLACE IT RY THE FORMER J=TH ROW.
4 00 4% K=1 M
SAVE=FF{Js«K)
FRE(JsKI=FF(Lunax k)
45 FFE(IFMAXNYRI=SAVE
DIVILE THE J=-TH koW BY ITS LEAUDING CUEFFICIENT,
O 50 K=1 MM
50 FF{JWwKIZFr(J+«) /BIOA
ELIMINATE THE J=-TH VARTABLE FROM THE REMAINING fGUATIONS
IF (UER) GO0 TO 65
NO 61 1=dJdsit
DO 60 K=Jdd MM
60 FF(LeK)IZFF (Ll 4K)<=FF{T sJY*FF (JeK)
65 CONTINUE
HACKWAKL SOLUTION, COMPUTE THE Ne-TH VALUE INTO FF{N+M+1)
DO T0 J=2eM
Jd=v+1=~d
Jdd=d«1
DO 70 1I=1edJdd
II="M=1 ‘
70 FFOJJeMM)IZFF(JJ o MM) =FF(JJv TI)*FF (LTI o MM)
RETURN
EnL
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ILLUSTKATIVE PROGRAFM ==« USE OF THt SUBROUTINE SECANT,

SUdROUTINE RESINUINAME M)
C THIS RKOUTIwnE PREPARES A RESIDUAL AND FTHE ARRAY E FOR
Cc THE SUBKOUT ML SFCARNT .
COUMON LTEMP LU «ZPERMILI0O) sDELTARESID,
C E(2¢10)eFF(10411) +sOTEST«Z2TEST «PARAN
W=ZTENMP (L)
X=ZTEMP (2)
Y=ZTempP (3)
L=Z TP ()
EANAME ¢ L)X ®k42=pPARAMIX¥Y+E56Y %%k 2=2% X %2 =30
E(NAVME ¢+ 2)SW=24 X ¥ 2+PARKAM*WXY+Z2%x%x2+ 20
E(NAME s 3)SPARAM kWX X=3%7+2 %Y %% 2=X*%x5=19
EUIAME e ) =3k WA D=2¥ X kW4T 4% *3=-96
RESTOSE(MAME o 1) #3224+ (NMAME o 2) *%2+E (NAME ¢ 3) %% 2+F (NAME + 4)
* %2
RESIC=RkESIU*X* .5
RE TURN
END
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ILLUSTRAT IVE PROGRAM == ySE QF THE SUBKOUTINE SECAMT,

SUBKGUTINE REPORT (M)
THIS ROUTINE WRITES UP THE QUIPUT,
COMMCHN ZTEMP(I10)Y+ZPERM(L0) UELTAWRESTIU,
C E(2+1U)eFF(I0411) vUTEST«ZTEST«PARAM
WRITE (Ge10) PARAM
10 FURMAT (//+10Xe'FARAM =%4E14.7)
DO 20 1=1M
20 wWRITE (5921) Te7PERM(TI)
21 FORMAT (1uUXef2e3XeE14,7)
WRITE (oe2?)
22 FORMAT (//+1X)
RETUR
END
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MAJOR PrguRad =«  oUD BUCKLING OF ai ELLIPSOIUAL SHELL,

MAIN ROUTINE
COMMON UELTAWBEE vBLESG ATTCHyRHO «GNUS ZTEST«DTEST,
C CLU0v40)2C2(40940)C3(HD)1SAE(U0WH0)YSTHO) .,
C SACHD YU B Q9 (LU H0) eE(2940) eFF(40+41)
C ZTEMPU40)+ZPERMIBO)I WP(LH0) +B(Y0)Y +RPERMWRESID
READ InN GATA,
READ (Hez7) XXoCREMEN
TuTA=xX
KEAD (hHe27) X
27 FORMAT (E1lU.7466X)
M= X
BEAD (59217) RHOWOGNUWREE«AITCH
ZIEST=4 75k -0k
DTEST= . 6F =004
NELTA=.V00]
JFLAG=U
START=LELTA
READ (He28) (BRIT)el=14i)
286 FORMAT (U(IXsElteT))
1 HELCSUzRLE #*x2
CALL HERDIN((p)
MAIN LOOP STARTS HFRE .
2 DU 40 1=1 M
40 ZPFRPMLI)I=BL)
IF (1lOoTa.LT.1) GO TO 41
TenPUOR=KHU
RAQ=ZPERMITOTA)
ZPERM(IVOTAY=TEMPOR
41 CALL SECANT(M.INTA)
IF (I0TA,LLT.1) GO TO 42
TEMPORZRHU
RHO=ZZPERM(TOTA)
ZPERM(IUTIAY=TFEPOR
42 IF (HPERMGT o (aHE=02)) STOP
CALL GRAPH(M«JFLAGIOTA)
JFLAG=1
LTEST=AMAXT (D *RPERM y o THE=-0Y)
DELTA=ZSTART
ul 748 1=1eM
75 IF (ARSIHITI)I)LTele1F=30)) B(I1)=U
A PARAMETER Ts VARIEU AND THE PROGRAM IS CYCLED BACK.,
1F (LOTALLTL1) GNH TO 23¢p
#37 BUIOTA)Y=B(IOTA)+CREMEN
GO TO 2
238 RHO=®HO+CREMEN
GO TO 2
END
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Mad

c
C
C
THI

200

201

210
202

C
215

21l

2en
203

OR PryorAaM ==  oul BUCKLING OF AN ELLIPSOIUAL SHELL,

SUBRCUTING REAUTNOM)

COmMMOn VELTABELE BEESQWAITCHRHO«GRNUWZTESTDTCST
CLUOLU)CR(U0930)YeCE(U0YsSAIUUWUD)«S7(40),
SU(HUe4Us4U) oS9MU0440) sE(2980) ¢FF (40441)
ZTEMP (HU) o ZPFRMIB0)Y P (40) «B{UO) e RPERMWKESID

S ROUTINE READS IN THE INTEGRALS.

THE LUOOP LLMTTS ARE SPECIAL TO THE CASE
M=40 In THE PROGRAM WINTEGRALS!" WHICH
PRODUCES THE vaLUEs BEING READ IN HERE.

DO €00 I[=14'%0

REAID (Be2U01) T4C3(I1)87(1)

FORMAT (12eE14.7+E14,74+50X)

00 210 I=1+40

VO 210 J=1.+40

READ (1e202) ToedeCLl(Toed)al2(1eJd)sSHE(Teu)eS9(1ed)

FORMAT (12+1L2¢EM14e74E1Ue7ob18.7+E14,.7+20X%)

no 220 N=1.2870

READ (Ba203) T14J1eK1 oW1 4I24U24K24V24113¢J3+K3.V3,

I%.Jld K4y

SA(I1leulehll)=vi

SBIL1eKledl)z=vl

SA(JleTLsn1)=V]

S@(J1l+Klelt)=Vv]

S8(K1s11lsdl)=vyl

Su(Kl, Jdlei1)=Vi

SA(Llz2yd2snn2)=V2

SBLIZ2sn24d? )=V e

SB8(JP2[2K2)=V2

SHB(JE+K212)=V2

SB(K2+124J2)zV2

SBIKZ24u2s12)=v2

SB8(I3+U34nr3)=V3

SBll3+KS34J3)=VS

SB(JI LS K3)=u3

S8 (JE+wKS3e13)=v3

SB(KSvT3,43)=VS

SH(REsJSs18)=V5

SH(IU Utk )=VH

S&([“'K“"d"’:\/q

Sy [Hek )=y

SH(Ju Kt ld )z

SH((AKY s LhJdl)=vY

SH(KGsJd4 Il )=VY

CONTLINUL

FORMAT(H(12+12+72+E1U,.7))

RE TUKN

END
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MAJOR PRULRAM == oUD BUCALING OF AN ELLIFSOIUAL SHELL.

SULROUITLNE RESINUCNNN«MsIOTA)

COMMON DELTAGREE +BEESQALTCHIRHO'GNU«2TESTWDTEST,
CLEUO ) oC2(40040)0CI(HD) «SE(H0H0) «ST(H0)
SB(H0+40940) aSTIHO U)oL (2940) s FF(UUHT)
LTEMPOOO) « ZPERMIGD) o P(UO ) 240 ) +RPERM «RESLD

THIS ROUTINE CALCULL ATES RPERM AND E(1leJ) CR IT

41

108

108
110

120

CALCULATES RTFEMp ANO E(24J) FOR THE HENEFIT OF SFCANT,
THE VvARIABLE KKk TURNS OOT FO 8BE 1 IF I+d IS 0oDD.

2 IF 1+0 1S EVEne WHEN THE DEEPEST LOCP STARTS FROM
KK Al GOES BY TWUOS, MANY USELESS MULTIRLICATIONS BY
ZERO AKE ELIMINATEUD. AND THE SPEED OF THE SUBROUTINE
IS noudiicU,.

IF (LoTa,LT.1) 0 10 41

TEMPOR=H}{(O

RHO=Z/ZTEMP(TOTA)

ZTEAR(IOTA)Y=TFMDOR

CALL PCOMP(,TOTA)

FACTOR=12*(1=GN1**2)*3EESQ/ (ATTCH%*3)

DO L1060 1I=1.M

EPHEM=U U

TRANS=0.1

DO 104 J=1 i

TEYP=U .0

KKK=Z2={1l+d=((T1+1)/2)%2)

DO 109 K=rkKKMy2

TEMP=TEMP+SH (T v JeK)¥P (K)

TRANSZTHKANS+C1(TeJ)I %3 (J)
EPHEMZEPHEN=SA(T+J)*P(J)=( ,S*¥RHO*SG (T« ) =TEMPYI*B(J)
E(NNNe L) ==TRANSHFACTORX* (=« 5*¥RHO*ST7(I)+EPHEM)
RESLID=0.0

U0 120 I=1wM

RESIDN=RESINFE (Wi e I ) x%2

RESIN=KESINk& 5

IF (JUOTALLT1) RETURN

TEMPOR=RHO

KHO=ZTEMP(IOTA)

ZTEMP(IOTA)=TEMPOR

RKE TURH

END
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MAJOK PrROUGRAM == UD BUCKLING OF AN ELLIPSOLUAL SHELL,

SUBROUTIME. PCOMPIM«IOTA)

COMMOUN DFLTAWHEFE BEESQWAITCHIRHOGNUZTESTWOTEST,
CLI40«d4UY2C2(0040)sCB3(H0)eS6(UUIH0)eST7(H0),
SH(“UO““'“”)039(“0!“0)'t(2"40)'FF(“O'“IV)'
ZTENMPLGU) o+ ZPERM(40) +P(4N) +B(40) +RPERMRESID

THIS ROUTINE COMPUTES THE P*Ss GIVEN THE B*'Ss FOR THE

1v

20

2h
2t
30

40

BENEFIT OF THE ROUTINES RESINDY AND GKAPH. FOR
THE MLAMING AN USE OF KKKe SEE THE COMMENT FOR
THE ROUTINE RESIUVU,.

DU H I=1.M

BOL)=2Z2TeEMP L)

O 1u I=11

U0 10 Jd=1e#

FFII«d)=C2(T1wd)

DO 20 1=1«M

FF(1leM+1)=RHO*C3(T)

DO AU I=z=1+M

EPHEM=0.0

DU 27 J=1M

TEMP=N L0

KAK=2=(I+J=-((T+1)/2)%2)

U 29 KailkK ey 2

TEMP=TEMP+S8 (T e oK) B (K)

EPHENZEPHEM+ (SH(Ted) = S*¥TEMPY*E (J)

FF(I oM+ L)=FF (T oM+ ) +AITCHXBEESQ*EPHEM

ChLlLL GAUSS({MWKS)

DU 40 I=1eM

PIT)I=FE(Ts+1)

RE TUR

ENU
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MAJOR PROGRet == oD BUCKLING OF AN ELLIPSOLUAL SHELL,

SUBRCOUTINE GRAPH(MWJFLAGLIOTA)
TOMMON GELTAWREF +BLESN«ATTCH RO sGNUZTEST SUTEST,
C CLE4N 80 aC2(80e4D) s CE3(H0)+SHE(H0sU0)«STIHO)
C SAtU040¢80) 98918040 +E(2+40)sFF (40441
C  ZTEMF(GU) «ZPERM(H0) 4P (HU)+B(Y40) yRPERMWKESID
NDIMENSIUON XPOS(52)sYPOS(S2)
REPORT THE SOLUTIOM AND SOME OF THE PARAMETERS.
WRITE (well) RefF «ALTCHOBNUCIOTA
11 FORMAT (//«1lXe'REE = *4E1447¢", ALTCH = " +E14.74%
GNU = *, '
C E14 .7 TOTA =v,13)
WRITE (6414) RPFRM
14 FOHMAT (1X.'HESTOUAL =*,E148,7)
DO 1% =3 +M
ZTEMP (L) =ZPeERM(Y)
15 BTl )=/rtkm(])
CALL PCOMP(HMsTOTA)
WRITE (64+16) (R{l)elz=1eM)
16 FORMAT (4(1XsFEl4ye7))
CALCULATE Tht NEW pOSITIONS OF FIFTY-THREE POLNTS ON THE
ELLIPSOIN. IF JFLAG=0s WHICH IS SO THE FIRST TIME THIS
ROUTINE 1S CALLEN, REPQRT THEM, IN ANY CASE REPORT
RHOWs PULAR DEFLECTTUNY AMD EGUATORIAL CONTRACTION.
IFLAG=Y
FACTORSATICHX*3/(12.0%(1.0=-GNlJ%%x2) )
RATIO=1/HEESQ=-1
F=l./A1TCH
L=z
PI=4.141593
CX=PL/(52%L)
LL=H2 %L
1000 w0A=1)
DG 100 J=1.LL
XIzJd» X
CO=COS(XI)
SI=SIN(AT)
DENOMZHEESQ*¥CO*r0+SI*S1I
SORTU=SART (LENOM)
X=S1/SUKTL
Y==l(EESExCN/SARTD
ROALPH=SI+RATIO*SI*%3
R2=S14S1/0ENOM
BETA=0.U
PSI=0.0
FSIP=0.0
DO 10 I=t1+M
CS=COS(1%xT)
SN=SIN(I*xI)
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MAJOR PROGKAM ==  0UD BUCKLING OF AN ELLIPSOIUAL SHELL.,

BETA=HETA+B3 (1) *SN
PSI=PSI1I+P(I)*SN
PSIP=PSIE+IxP (1)y*CS
10 CONTINUE
PHI=XI=-BETA
SP=S1n(klHIL)
CP=CusPutl)
RZLROV== 4 5*RHO*SI*ST /DENOM
TEMP=SE/ (RONLPH«ATITCH) * (X* AT TCH+PSI*CP+RZEKOV*SP-ROALP
HAGNU*PSIP=-
C R2¥GHMURKHO*SP)Y=BLESQ*SI/ (SQRTD*%3)
TLMP=TENP*X
WOAZWOR+TEMP
IF (JaGT (J/ZL)%1) GO TO 100
XPOSOJ/L)=X+F ¥ (ROALPH*PSIP-R2%RHO*SP=GAU*PSI*CP-GNUXKRZ
EROV*SP)
YPOS(J/L)=Y+WOA-TEMP /2
100 CONTINUE
IF (IFLAG.EN,1) GO TO 108
CEFLEC = HFE - YPOS(52)
COMTRA=L,=XPUS(p6)
WRITE (oe1084) HHOWUEFLEC,CONTRA
104 FORMAT (I1Xe'RHO =" +bE 14,74 DEFLECTION =v'4F8,5," CONT
RACTION =°
C Ftied)
IF (JFLAGME D) RETURN
WRITE (64107) yP0OS(52)
107 FOKMAT (/41X 'DEFCRMED SHAPRE @ NORTH POLE AT '
FBaH)
108 1IF (IFLAG.EQ.1) WRITE (6¢109)
109 FORMAT (1Xe*DFTAIL NEAR SUUTH POLE?')
DO 14D Lt=Le17
110 WRITE (bell11l) XPOS(I)YeYPOS(L)eXPOS(17+1)¢YPOS(1T7+L) XP
' US(34+1)
C YPOS(34+])
111 FORMAT (1Xe3(FB 442X eFBelholdX))
WRITE (6H200)
200 FORMAT (//+20%)
DXx=F1l/7(2704%L)
IFLAG=IFILAGH+]
IF (IFLAG.LT.2) GO TO 1000
RE TURN
EN
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MAJOR PROGRANM -« FVEN BUCKLING OF AN ELLIPSOLUAL SHELL.

Malin ROUTIMNE
COMMOMN LELTAWREFE sBEESQ AITCH«RHOs6NU«ZTEST2DTEST,
C CLEZ20e2B3)0C2(2U0e20)4C3(20)4S6(20+20)4S57¢20),
C S8(20¢2U04201989(20420)E(2120)9FF(204+21)
C ZTEMPLZU0) +ZPERMA20) +P(20) «B{20) +RPERM+RESIU
REAL IN UATA.
READ (9+27) XXCREMEN
TOTA=LX
REAUD (5+27) X
27 FORMAT (El847.6A/KX)
M=X
REALD (He2/) RHOGONUWBEE « AITCH
ZTEST=.75L-0UYy
UTESTz.0E=~N4
DL TAaz . u0U1
JFLAG=D
START=ULLTIA
READ (Ye28) (R(T)eIl=1eM)
28 FORMAT (H(LXeF1l4.7))
1 BELCSO=REL*¢2
CALL REaADINCF)
MAIN LUOP STARTS HERE.
2 DU 40 JT=1eM
40 ZPERM(II=5(1)
IF ([O0TA.LT.1) GO 1O 41
TEMPUR=RKHO
RHO=ZPEM(ITIOTA)
ZRPERMIUTA)Y=TEMPOR
41 CALL SECANT(M.«INTA)
IF (1loTA.LT.1) GO TO 42
TEMPUR=KHU
RHO=ZPERMITOTA)
ZPERM(IUTA)=TEMPOR
42 IF (RHPERMGGT(485E=02)) STOP
CALL GRARH({M+JFLAGeIOTA)
JFLAG=1
ZTEST=AMAXL( JHS*RPERM, , 75E=04)
NDELTA=STAKT
DO 73 1=1+M
T3 IF (ASIB(IT)I)LTe(elE-30)) KH(I)=0
A PARAMETER TS vaplIED AND THE PROGRAM IS CYCLED BACK.,
IF (1CTA.LT.1) GO TO 238
237 B(JOTAI=KI10TA) +CREMEN '
GO Y0 2
238 RHO=RHU+CREMEN
GO TO 2
END
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MAJUR PROGRAM == EVEN BUCKLING OF AN ELLIPSUlULAL SHELL.

C
c

C

SUBROUT INL REAVINCM)

COMMUN DELTAWBEE «BEESQ,ATTCHyRHO«GNUZTESTDTEST,
CL (200201 aC2(P20e20)9C3(20)+SE6(20¢2N0)4S7(20),
S8(20120420)e89(20¢20) oL (2920)FF(20421)
ZTEMP(20) 2 ZPERM(Z20) 4P (2Z0) sB(20) ¢+ KPERMyRESID

THIS ROUTIME READS IN THE INTEGRALS o« OMITTING

200
201

2lo
202

2leé

c

ALL THOSE WHICH HAVE ANY 000 SUBSCRIPTS.,
THE LOOP 1LImITs ARE SPECIAL TO THE CASE M=4u
IN THE PROGRAM Y"INTEGRALS"™ WHICH PRODUCES THE
VALUES REING rRFEAD IN HERE .

DO 200 1=1+40

READ (84201) JeXeXX

IF ((J/72)%21.T.y) GO TO 200

J=Jd/s2

Ca(Jr=x

ST(J)=4&X

CONTINULE

FORMAT (T12ée147E14,7,50X)

DO 21u Ll=1+44

DO 210 Jz=1+40

I " A LR - 3] - (VAVAYAY]
REAU {oegti2) TloJdUe X o XX XAX « XXXX

IF ({JI/72)V%2,L T IT1e0R(JU/2)1%2,L.TedJ) GO TO 210

I1I=Ii/2

Jd=Jdd/2

Cl(Il.dJd)=X

C2(1IsdJ)=XL

S6(LLedd)=XKX

SA{ITeJJI=XXXX

CONTINUK

FORMAT (I2¢12eb14e7eE14e7obE214,7+E18,7420X)

DO 220 N=1ls287U

READ (83+¢203) TLULWKI+V1412eJ2eK24V2¢T34U384KI,V3,
T4eddeKb oyl

IF ((TL/2) %20 T,11e0Re(JL/2)1%2.LTedl0Re(K1/2)%2,LT.K1

) GO TO 216

Iiz11/2

Jlizdlrse

Klz=Kl/2

SB(11eJleK1)=V]

S8(114hledli=vl

SH(J1Iln1)=v]

S8{J1.KlsI )=Vl

S8(K1T+I1sJ1)=Vv1l

Sd({rnledlslt)z=Vl

IF ((I12/2)%2.LT,12e0R4(J2/2)%2,LT4J2.0Rs(K2/2)%2 LT .K2

) GO TO 217
12=12/2
J2=d2/2
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MAJOR PRULKAM =~ EVEN BUCKLING OF AN ELLIPSOIUAL SHELL.

Ke=h2/e
S8(I2u2K2)=V02
SH(IZ2+Krd2l=Vvea
S8(Jd2412.K2)=V2
SB(J2+K2.[2)=V2
SH(KZ2+12+d2)=Ve
SB(R2+de2412)zV2
217 IF ((13/72)%2,1.T.13e0R4(J3/2)%2 ., LT eJ3.UR(K3I/2)%2 LT .K3
) GO TO 218
13=13/2
J3=J3/¢e
Kd=K3/2
S8LI3¢J34K3)=V3
SB(I34K35,J3)=VS
S8 (JAs1S85+K3)I=V3
Sda(udsnd+13)=VvS
SO{KS«TSedAI=VS
Sa(Kéqdévf‘):Vb
218 IF ((T8/72)*% 2, LT, JUe0R(JU4/2) %2, LT eJU0Re(KE/2)%2 LT .KY
) 6O TO 220
HE S R W
Je=Jdy /2
K4=Ky /2
SB(LYsJU KU )Y
SBI4 K4y JU)=VY
SBlJU T4 KHY)=VY
S8(JYysK4ell4)=vy
S (K4 Jd,utt) =\l
SB(KG s JbG18) =Vl
220 CONTINUL
203 FORMAT(YH(I2+¢1I2+sT72¢814,7))
RETURN
END
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MAJOR PROLRAWM == FVEN BUCKLING OF AN ELLIPSOLDAL SHELL,

SUBROUTINE RESIDUINNNGM1GTA)

COMMON DELTAWBEE +BEESQU«ATITCH RHOsGNUZTESTWDTEST,
CL{20+20)9C2(20+20)4C3(20)+eSK(20¢20)487(20),
S(20020¢20)939(20420) 4t (2920)FF(20421)
ZTEMP(20)Y « ZPERMI20) P (20)+B(20) ¢RPERMRESTOD

THIS ROUTINE CALCULATES RPERM AND E(1leJ) OKH IT

41

109

108
110

120

CALCULATES RTFNMp AND E(2+.J) FOR THE BENEFIT OF SECANT,
IF (INTA.LT«1) G0 TO 41

TEMPQOGR=RHKHO

RHUSZTEMPA(TOTA)

ZTEMP(IVUTA)=TEMPCR

CALL PCOMP(MaTIOTH)
FACTOR=L12%({1-GN**2)*BEESQ/(ATITCH*%3)

UV 11y J=leM

ERPHEM=0.0

TRANS=U.0

DO 108 Jd=1.+M

TEMP=0,0

00 105 K=1,M

TEMP=TEMP+S8(TesJgeK)*P(K)
TRANSZTRANS+CTI (T «J)I*B(J)
EPHEMSEPHEM=SA(T+J)#P (J) = ( (SF¥RHO*SY (1 4Jd)=TEMP)Y*B(J)
E(MNNy L) ==TRANS+FACTOR* (= 5*%KRHOXST (1) +EPHEM)
RESIC=0.0

DU 120 Iz=1.M

RESIN=ZRESIO+E (NNNeI ) x%2

RESID=RESIN*x% .5

IF (I0TA.LTe1) RETURY

TEMPOKR=ZRHO

RHO=ZTEMPLTOTA)

ZTEMP(IOTA)=TEMPOR

KETURN

END
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MAJOR PROGRAM == EVEN BUCKLING OF AN ELL1PSOIDAL SHELL.,

SURROUTINE PCOMP(MeIOTA)
COMMON DELTAHEE +BEESQeAITCHIRHOsGNUWZTEST«DTEST,
C Cl(20¢20)2C2(20920)eC3(20)956(20020)+87(20),
C 58(?0020020)989(20020)!E(2'20)'FF(20021)v
C ZTEMP(2U) 2 ZPERM(20)+P(20) +B(20) +RPERM«RESID
THIS KOUTlivi COMPUTES THE P*'S, GIVEN THF B*Ss FOR THE
BENEFIT OF THE ROUTINFS KESIDt AND GRAPH.
DO 95 [=1.+M
b BL)Y=ZTE Mk (L)
NOU 10 1=)M
00 10 J=1.4.M
10 FF(1+J)=C2(T )
DO 20 I=1+M
20 FF(I«+M+1)=RHOXCA(T)
DO 30 I=1+W
EPHEM=G.0
DO 27 J=1eM
TEmP=0,0
DO 2% K=1.0
25 TEMP=TEMP+SH(TeJeK)*¥B(K)
27 FPHEMZEPHEM+(SE6(LeJ)=oH*TEMP)*B(J)
30 FFILIoM+L)SFRFA{T «m+1)+AITCH*BEELSQ*EPHEM
CALL GAUSS({(M«KS)
DU 40 I=31eM
40 PUII=FF(I«1+1)
RETURRN
END



eNeNel

9]

MAJOR PROLKAM == EVEN BUCKLING OF AN ELLIPSOLUAL SHELL.

SUBROUTLINE GRAPH(MsJFLAGIOTA)

COMMON DELTAWEE «BEESQeATITCHyRHOGNU«ZTESTWOTEST,
CLI20020)+C2(20420)sC3(20)aS56(20420)4ST7(20)
SA(20420+201089(20020) F(2+420) sFF(20421)
ZTEMFAA20) 3 Z2PERMIZ20) 4P (20)4B(20) +RPERMRESID

DIMENSION XPOS(S2)eYPUS(H2)

REFOKT THE SOLUTTOM AND SOME OF THE PARAMETERS.,

11

1y

15

16

WHITE (oell1) HEFALITCH«GNUCIOTA
FORMAT (//+1Xe*BLE = *2FE14e7¢%, ATTCH = " +E14e70¢%
GNU = 'y :

El4 o7t TOTA =2,13)

WRITE (64L14) RPFRM

FORMAT (1X+"RFESTOUAL =*+E14.7)

DO 1Y =] M

ZTEMP (L)Y =ZPERM(T)

HBOI)=/PERM(L)

CALL PCOMP(f1410TA)

WRITE (6416) (HB(1)sT=1eM)

FORMAT (4(1XsFlue7))

CALCULATE ThHe NWEW pPOSITIONS OF FIFTY-THREE POINTS On THE

£
S S

LIPS0IG, IF JFiat=0, WHICH IS SO THE FIRST TIME THIS

ROUTINE IS CALLEDs REPORT THEMe IN ANY CASE REPORT
RHQs PULAR DEFLFCTTONSs AND EGQUATORJAL CONTRACTION,

1000

IFLAG=0
FACTOR=AITCH®«*3/(12,0%(1.0=-GNU**2))
RATIO=1/HBFFSE-1
F=1./ALTCH

L=2

PI=3.,141593%
DX=PI/(Hh2x*L)

LL=b2+L

WOAZD

DO 100 J=1.LL

Xl=dJdepx

CO=C0S(X1)

SI=S1ImM(X1)
DENOM=HEESQ*CO*CO+SI*S]
SARTU=SWK T(DEND)
X=S1/SuRTU

Y=L FSuxCO/SURTD
ROALPH=SI+RATIU%ST %% 3
Re=ST1%SI/UENOM

BETA=Z( 40

PSI=0.9

PS1P=0,0

LU 10 I=1+M
CS=COS(I%xXT)
SN=SIN(LI%X])
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MAJOR PROGRANM == FEVEN BUCKLING OF AN ELLIPSOIUAL SHELL.

BETAzZHETA+3 (L) *xsN

PSI=PST+P(T) xSk

PSIP=pPSLIP+2%x]1xP (L) *(CS

10 CONTINUE

PHI=XT-BETA

SP=sIi(PH1)Y

CP=COS(PHL)

RZERGY== H4RHN*QL1*+ ST /DFNOM

TEMP=SP/(KOALPHXATTCH) *(X*A1TCH+PSI*CP+RZEROV*SP=ROALP

HxGNU*PSIP-

C RZ2*GRNUXRHU*SP ) =BEESQ*SI/(SURTU*%*3)

TEMP=VEMP XX

WOAZWUA+TEMP

1F (Ui (u/Zt)*t ) GO TO 100

XPOS(J/L)=XHF ¥ (ROALPH*PSIP=R2*RHO*SP~GNU*PSI*CP-GNU*RZ

EROV*SE)
YPOS(J/ZL)Y=Y+WOA-TEMP /2
100 CONTINUE

IF (1FLAG.FUW.1) GO TO 108

UEFLEC = HFE = YPOS(52)

CONTRA=L1,~-XPOS(26)

WRITE (6¢104) KHOWEFLEC+LONTRA

104 FORMATYT (1X+'HHO = 2E14 7" DFEFLECTION =v4F845,? CONT

RKACTION =°*
C WF8.H)
IF (JFLAG.MEL3) RETURN
WRITE (6,10n7) YyPOS (52)
107 FORMAT (/«1Xs"OFFORMED SHAPE: NORTH POLE AT ’
'FBQL‘)

108 IF  (IFLAGLEQWI)Y WRITF (64109)
109 FURMAT (1X«'LETAIL NEAR SOUTH POLE')
DO 11U 1=1,17
110 WRITE (bel1l) xPOSC1) s YPOS(T) e XPOS(17+1)+YPOS(17+1)XP
US(34+1)¢
C YRPOS(34+1)
111 FORMAT (1Xe3(FB492XeFBoltold4X))
WRITE (6,.200)
200 FORMAT (//+20X)
DX=PI/(2T04%L)
IFLAG=LFLAG+1
IF (1IFLAG.LT.2) GO TO 1000
RETURN
ENU
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MAJOR PRUGRAM == nbD BUCKLING UF A SPHERICAL SHELL,

MALN ROUYINME
COMMUN KHUSsAOHsONUWROOT yOELTAWZTEST REERMRELSID,
C HCOE W LILANH D IFSTyTARLE(AS 1354395 )0E(2035)FF (35436 ¢
C LTEMP(39) e ZPERNMIZS) sA(3H) +B(35)
READ IN DATA
REALD (bae2l) X«CREMEN
107A=X
READ (5+271) X
M=X
REATD (9e27) RHOS«GNUAOH
DELTA=,J0UL
KOUNT =0
START=DLELTA
DTEST=.6E =04
ZTEST=.2hE =04
READ (9+28) (A(T)el=1eM)
ROOT=S(B3e=3.%GNUK*X2 ) *%,5
KCUE = (2s / (AQH¥AUH*ROOT)) * (1.,+6NU/(2.*%¥A0H¥ROOT))
ELAOH=1.+06MNU/ (2, *A0H®R0O0T)
27 FURMAT (£E17.10463X)
26 FURMAT (G{1XeFlGe7e5%) )
REAL 1IN TablLE
DO 10 I=1435
DU 1w J=1+35
O 10 K =143%9
10 TABLE(L «JdeK)=0,0n
ReEWIND o
DO 20 L=31+10850
REAU (8+21) ToJdKeVALUD
IF (I,6Te3%40ReJe6Ta39.0RK6T,35) GO TO 20
TABLE (IedeK)=VALUE
TABLE (L eKed)=Va UF
TABLE(Je T oK)=y UE
TARLE (Jak eI ) =VALUE
TABLE (Ke Lo d)=VaALUF
TABLEL (KedJdeI)=vAy GE
20 CONTINUE
ENU FLILE &
21 FORMAEAT (TI2412410¢E14,7)
THE MAIKW LUOP STAKRTS HERE. SET UP ZPERM AND CALL SECANT
L DO 40 I=1+M
40 ZPERMII)I=AC(TL)
IF (1OTALLTL1)Y O TO 50
TEMP=RHOS
RHOS=ZPERM(IOTA)
ZPERM(IVUTAY=TEMP
50 CALLL SECANT(M«IOTA)
IF (IOTALLT.1) 0 TO 60
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MAJOR PRUbLRAM ==  oUD BUCKLING OF A SPHERICAL SHELL,

TEMP=RHOS
RHOS=ZFERM(IOTA)
ZPERM(LOTAY=TF MP

60 CALL OUTRUT (M,J0TA)
RE=SET SECANT'S PARAMETERS

KOUNT=0

TF (KPERM.GT.(.29E=-03)) STOP
ZTEST=nMAXL(+5*RPERM« 4 25E~04)
DELTA=START

A PARAMETER IS vARIED AND THE PROGRAM IS CYCLED BACK,

IF (l0TA.LT.1) O 10 200
A{IOTA)=ACIOTA)+CREMEN
GO TO 1

200 HHUS=RHOS+,003

60 TO 1
END
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MAJOR PROUGRAM == 0D BUCKLING OF A SPHERICAL SHELL,

SUBROUT INE COMPY (Me IOTA)
COMMON RHOS«AOH «GNUWRONT 4 DEL TAWZTEST «RPERM«KRESID,
C RCOEVELANHWNTFSTATABLE(354¢35435) «E(2¢35)2FF(35:¢36)
C ZTEMPUAD) v ZPERMIASI v A(3H) o3 35)
COMPUTE THE B°*'S., THE {LOOP LIMITS ARE SET UP
TO AVOI) UMNECESSARY HMULTIPLICATIONS HY ZERO.
KATIO=AURHAROOT/ (2*¥ELAOH)
DO 2 L=1+M
2 ANLY=2TEMPLT)
DO 206U =1

TN1=2*xiy+]
TARI=2%N* (N+1)
T=0

DO 2100 L=1+

1AzTARS(L=N)

IRzZLleB+a9%x (=1 )xx]A

IC=AX0{IAINR)

ID=MLINO(MsL+N)

N0 100 K=ICWIN,

+ TAHLE (L JKeN)®*TNLI+A(L)*A(K)/TNN1
RATIG/{N&{rM+LI=1-NUIA{T/2=A1N))

|
Uiy

c o
[eRten)
< -
< u

{
(t.
N

™z
T —
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MAJOR PROGIRA == 0D BUCKLING UF A SPHERICAL SHELL.

SUHROUTINE ReESINU (NNfieM4IQTA)
COMMORN RHOSYAOH¢GNUWROOT WDFLTAWZTEST +RPERM«RESID,
C RCOE«ELAOHWDTEST+TABLE(35+435:39) ¢k (2439)2FF(35:36) ¢
C ZTCHP(AD) « 2PERM(3%) e ALAS) «B(3Y)
COMPUTE THE RESIDDAL AMD THE VECTOR E FOR
THE USE OF THE SURROUTINE SECANT, THE LOOP
LIMITS AKE SET Up SO THAT URNNFCESSARY
MULTIPLICATLIONS By ZERO MAY BE AVOIUED.
IF (ToTA.LT.1) GO TO 1
TEMP=RROS
RHOS=Z2TeEMP (10T
ZTEMP(IVUTA)=TFMp
1 CALL COMPB(M«TOTA)
FOURZGW«RKOUT*ELADH®XAQH
N 200 fizieM

Th1=2%N+1
TNNI=z2%nx (M+1)
T=0

DO XUU L=1l,.#
IA=1ARS (L -N)
[B=lah+.5*% (=1 ). ]A
IC=MAXy(IasI)
IN=MINQ (Ml +N)
U 160 K=1CelNep
100 T = 1 4+ TABLE(L JKeN)Y*TINI*A(L)*R(K)/TNN]
200 EONNNGMI=C{N*(N+1)=14+6NU)Y/FOUR=RHOS)
C AR =2xH (N)+2%T
RESIU=t0
DO 300 4{=1M
300 RESIO=RESIND+E (NNNoI) k%2
RESIN=RESLIN*®% 5
IF (101ALTel) RETURN
TetP=HOS
RHOS=/ZTEMPLLOTAY
ZTEMP(IOTA)Y=TEMP
RETURN
ENLU
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MAJOR PROGKAI == UL BUCKLING OF A SPHERICAL SHELL.,

SUBROUTINE OUTPUT (M4IOTA)
COMMUN HHUSsAOH ¢GMUWROOT «DELTAWZTESTRFERMVRESID,
C RCOFWHLADHWDTIFST o TABLE(35435+39)20(2¢39)FF(35436)
C ZTEMP (AR s ZPERMISS) ¢ A(35) 4B (35)
NO 10 I[=1+v
ACT)=ZPERMUL)
10 2ZTEMP(L)I=LPERM(T)
CALL CO¥MEB((MsTOTA)
WREITE (oell) RHOS«NAOHGHU
11 FORMAT (1Xe"RHOS =" eF1l4e70" AOH =*4F8.30" GNU =%F
643)
WRITE (beel) (A(I)eIz=1 M)
21 FORWMAT (4(1X+Fltue745%))
caLl UVEFLEC (Mm)
RETUKHN
Enb
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MAJOR PROGRAM == DD BUCKLING OF A SPHERICAL SHeLL,

SUHROUTIEINE UEFLEC (M)

COrMON HHOSAAOHsGNUGROOT sDELTAGZTEST JREERM«RESTD,
RCOE «ELAOHYDTEST o TABLF (35435439)¢F{2439)FF (35436
LTEUP (AN ) 2 ZPERMESH) e A(35) 4B{39)

C COMPUTE PULAR DFFLECTION,

10

20

28

27

2¢

30

38
i)

48

W=2=HHUS*RCUE*AQHX (4 B8*GNU*A(2)+(1-6GNU))

N0 10 L=2+Me2

WW=24 (A(L)=RCOF*AOH*B (L) * (1+GNU) = (1 =6NU ) *RHOS*RCOE*AO

H+xA(L)/2)

DO 20 wn=1eM

WoWe N (N+L )R A(N)I¥R2/(24¥N+1.)

T=0

U0 30 n=1.M

KMINUSZ(h=1)=((K=1)/2)%2

VO 30 =10

NMINUSZ(H=L)=((N=1)/2) %2

NTORP= (I=1+NM[NMUS)I/2

KTOP=(K=1+KMINUK)/2

US=KANFPRINMNIK «N )

NO 29 Jdz1l«NTOP

Usli=K k(4 Je 2% NP TRUS =1 )4 PRINN (K 2% J=2%NF INUS-1)

DU 27 Jd=1.KI0P

UsU=NA (a2 KM TNUS=-1 ) *PRINN(Ny2¥J=-2*¥KMINUS=1)

DO 26 [=1.KTOP

DU 26 J=1«HTQP

USU=(421=2%KMIHNS=1)x(4*Jd=2%NMINUS=1)+
PRINHA(IZ24]1 =2 4KkMINUS=1 2% J=2*%NMINUS=-1)

T=T+UxH (K) €A (N)

Wb+ (1+6NU) *AOHKRCOE*T

1=0

DO HYu K=]1 M

LO oy =) e

NMINUS={H=1)=((N=12)/2) %2

NTOP={(N=1+0MINUS)/2

Us=PRINN(K+N)

L0 38 1=1.NTOP

Um=(4x [=2%NMTNS=L)«PRINN(K 2% =NMINUS~-1)

TEVHUAS (KR AN 4K (K41 ) *x1y

WZWw=GNU*AQHXRCGE *T

T=0

DO 90 K=14M

O HY N=14M

Us=PRINN{(K=1sN+L)+PRINN(K=1 ¢ N=1)+PRINN(K+LeN+1)=pPRINN{(

» K+lepn=1)

MPARTY=N=(N/2)%xD

NTOP=S(N+WNPARTY) /2

DO 48 I=1«NIOP

UsU+K & (K+L )X (4 T=24NPARTY=1) % (=PRINN(K=1+2*%I=NPARTY-1)
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MAJOR PkOuLrRAM == oUD BUCKLING OF A SPHERICAL SHELL,

C +PRINNIK+1 4 2% 1=NPARTY=1))/(2%K+1)
SO T=T=UxD(K)FA(N) KRMR(K+L)*(N+1)/((24K+1,0)*(2%N+1,0))
WWHRHOS*ADHRRCOE* T '
T=0
DO 00 =1 eM
60 T=T+2.40x(N+1,)kA(N)*¥BIN)/(2.%N+1.)
WZWH+RCOEXAQHXT
We=2=4%
Wd=w2/2
WRITE (6470) Wenlews

70 FUKMAT (LA« "DISTANCE BETWEEN POLES = '2F&.50
C /21X 'TOTAL POLAR DEFLECTION = *+F8450
C /el X 'SEMT POLAR DEFLECTION = '4F&45)

WRITE (6.80)

810 FORMAT (lol{oBX«'%¥x%,/))
RETURRN
Eivo
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MAJOR PRQGLRAM ~= nLDD BUCKLING OF A SPHERICAL

FUNCTION PRINN(KIN)
C INNER PrROGULICT OF LEGENORE FUNCTIONS K AND N
FRINN=0O.0
IF (N,NE LK) RETIIRM
pRINN:Z./(Zo*N+1.)
RE TURN
ENU

4

SHELL.,



MOJOR PROGRAM == FVEN BUCKLING OF A SPHERICAL SHELL.

C MALN ROUY IME
COMPMON RHUSYAOH ¢GMUGROOT yDELTA«Z2TEST +RPERM«HRESID,
C El2v40) FFLA0e31Y07ZTLMP(E0) «ZPERMIBND) «A(30)«RE3N)
C TABLE(30+30430) DTESTWRCOEELAOH
C READ IWN uATA
REAL (9B+e27) X+CREMLN
T10TA=X
READ (Be2T) X
Fi=x
REA (he27) KHOS«OGMUAOH
DELTA=,UuU1
DTEST= A0t =-Uk
START=DELTA
ZTEST=,25L=04
HREAD (5428) (A(T)al=14)
ROOT=Z(34=3 ¥LNUX*¥2 ) %%, 5
RCOE = (2¢ 7/ (AOH¥AUH*RO0T)) * (1l.+GNU/(2.*A0H*ROUT))
ELAQH=Z1.+GNU/Z (2 ,*AOH*ROOT)
27 FURMAT (EL1l7e10443X)
28 FORMAT (4(1XsFlte7e5%))
C READ 1N T1aBLE
11 DU 10 (=1
DO 10 J=1eM
DO 10 w =3 +M
10 TARBLE (T «JeK)=0,0
REWLINGD &
DO 20 L=1.10850
READ (KBe21l) TedeKeVA| UE
IF (1a6Te2%¥Ma0ORodaBTe2¥MaORJKGT2%¥M) GO TO 20
IF (C1/21 %20l T eTe0RL(J/2) %2 L TedeORL(K/2)%2,LT.K) GO T
0 20
TABLE(1/72+d/72sK/2)=VALNE
TACLE(I/ZesK/20d/7E)Y=VALUE
TAELE(JU/2e /72 K/72)=VALLUL
TABLE (J/72eK /201 /72)=VALLE
TABLE(K/2¢1/<24u/2)=VALUL
TABLE(W/2eJ7241/72)=VALLE
20 CONTINUE
END FILE »
21 FORMAT (12e1241248E14,7)
C THE MAIN (LUOP STARTS HERE. SET UP ZPERM AND CALL SECANT.
1 DO 40 1=1eM
Gu ZPEKM(I)=AC(])
IF (I0TA,LTL1) GU TO 47
TEMP=RHOS
RHOS=ZPERM(LOTA)
ZPERM(IOTAYSTEMP
47 CALL SECANT(Ms10TA)
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MAJOR PROGRANM == FVEN BUCKLINMG OF A SPHERICAL SHELL.

IF (1O0TA.LTLl) GC TO 49
TEMP=RHUS
RHOS=2PERMIOTA)
ZPERM(1IOTAY=TFMP

49 CALL QUTPUT (M,I0TA)

RE=SET SECANT®S PARAMETERS
IF (RPERM«GTo(e25E=03)) STOP
ZTEST=AMAXLI(H5*RPERM, .PSE=04)
UELTA=START

A PARAMETER 1S VYARTED ANU THL PROGRAM IS CYCLED BACK,
IF (IQTA.LTL1) »C TO H1
ACIOTA)=ACIOTA)+CREMEN
LU 10 1

51 RHUS=ZRHUS+CREMEM
60O fu 1
END)
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MAJOR PROGRAM ==  FVEN BUCKLING OF A SPHERICAL SHELL.

C C

SULRCOUTINE COMPH (MaI0TA)

COMMCH RHOS«ANHGNUsROQUT «DELTAGZIESTWRPERMWRESTD

C E(2e¢30)«FF(30+s3L)0ZTENMP(30) +ZPERM(30) A(30)eB(30).
C TABLE(S0+30030)DTESTRCNEWELAQOH
OMPUTE 1AL 'S, THL LOOP LIMITS ARE SET

C Uk TO AvUlD UNNECFSSARY MULTIPLICATIONS BY ZERU,

100
200

RATIO=AUHXROOT/ (2¥ELAOH)

po 2 [(=1,0

ACI)I=/ZTERMP (L)

DO 200 N=1 oM

NN=N+N

TNI=Z2%xNvl+ )

TMMI=Z2%NN® (NIN+1)

1=0

DU 10D L=1 e

TA=IABK(L-N)

IC=MAXUCIAL)

TusUInQ (Mme L+

DO 100 K=IC+ID

T = T + TARLE(L JReMN)XTNMI*A(L)*A(K)/TNN]
BOYZRATIU/Z (iR (NN+1 ) =1 =-GhU)I *(T/2=-A(N) )
RE TURN

END
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MAJUR PRULRAM =< FEVEN BUCKLING OF A SPHERICAL SHELL.

SUBROUTINE QUTPUT (MIOTA)
CUMMON KHUSYAOR«GMNUsROOTWODELTAWZTESTyRPERMWRESID,
C E(2¢30)Y3sFFLANa31)Y 0 2TFFPLAG) «ZPERM30) s A(30)4sB(30)
C TaBLE(SU+30¢30)+DTEST«RCUE ELAOH
DO 21U I=1eM
A(I)=zPERM(D)
10 ZTEMP L) =dPERNMN( )
CALL CUMPRIMaTOUTA)
WILTE (6411) HHOS AOH (N
11 FORMAT (1Xe*RHOS =*eb14a70? AQH = ,FB8.,3," GNUI. = ,F
©.3)
WHRITE (6421) (A(I)YeI=1em)
21 FORMAT (4(IXsFltte7ev5HX))
CALL OLFLEC (M)
RE TURY
ENL
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MAaJOK PROWKAM == FVEN BUCKLING OF A SPHERICAL SHELL.

SURROUTINE OEFLFC (M)
COMMON KHUS s 80Rs6NUWROOT yUELTASZTEST oRPERMIRESIN,
C E(2v30)+eFF(30+v3L) v 2ZTEMPA30) 2 ZPERM(30) 4B(30)eB{30)
C TABLE(SU23U«2U)2UTESTWRCOL oLLLLAQH
INTEGER SaSTER
C COMPUTE POLAR UFFLECTION.
S=w
S1EP=2
WE2=RHNSH*KCOE *A0HF ( L A*GHURA(2/2)+(1=-GNU D))
DU 10U L=2+¢8+2
10 WV =2 (a(L/2)-RCOF*AOHXB(L/2)* (146GNU)Y - (1=-GNU) *RHOS*RCO
ExAQH
C *A(L /2)/2)
DO 20N U=STER«SWSTEP
20 wzl=Na (N4l )4 A (N/2)%%2/(2xN+),)
T=y
DU 80 K=SIEP«SecITEP
KMINUS=(K=1)=((k=1)/2)%2
DO 30 N=STEP«SgTEPR
MMINUS=(P=1)=((n=1)/2)%2
MTOPZ (h=1+nMINUg) /2
KTOF=(K=-1+KMLiH'g) /2
Uzs=K¥N&PRINN(K N}
NGO 28 Jd=1«00T0OP
2R UsU=K*x (4xd=24MM TNUS=1)4PRTNN (K 2*¥J=2kNMINUS=-1)
DY 27 J=1.KTOP
27 UsU=N* (¥ J=2*%KMTANUS=1) #PRINN(N2%J=2*%KMINUS=-1)
() 26 I=1KTOP
DO 24 J=1«NTUP
26 USU= (44 [=2F¥KMINIS=L) % (U*J=2%NMINUS=1)*
C PRINN(Z*¥[=2xMTINUS=1¢2%J=2%NMINUS=-1)
30 T=l+u3{/2)4p(n/2)
WZW+ (L +ONU)Y *AOHARCOE*T
T=0
D0 40 K=STEP «S+STEP
DO 40 N=STEP«SWKSTEP
NMINUS=AN=1)=((N=1)/2)%2
NTOP=(N=1+MLIMNUg) /2
Uz=HRINN{K«N)
DO 38 I=1WNTOP
B3R UsU=(U4xL=2%kNMIN{S=1)*PRINN(K ¢ 2*¥]«NMINUS=1)
4O T=T+U*(R/2) A LN/2) 4Kk (K+1 ) xN
WW=GNU*AUH*RCOF*T
T=0 ‘
DO 50 KW=STEP+SWSTEP
PO DU N=STEP «SWSTEP
Us=PRINWIK=1eN+1)I+PRINN(K=1 o N=1)+PRINN(K+1 «N+1)=PRINN(
K+1eN=-1)
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Ia)
!\J‘Hn}]-\ﬁ

((/*akk¥a tXRC)AT) Jywdnd 0OY
(ba*a) H1THM

(G*°84%, = NOTLD31430 HYI0d 1uw3S.stxle/ 2
$G*84%s = NOTLD23T7430 HVI04 AVIOLe* XTI/ J
$G*F4% s = S3T0d NIAMLAE AINVISIALXT) Lvwdnd 04
CMePMOMN (Yl t9) A1 THM
/M=
M=2=2M

LxHOYRIDIH4+M=M
(*T+Nx*Z2)/7(2/N)H*(S/MN)Y("T+M)*kMN%x*Z2+3=L 09
dILs*sStd318S=iy 09 00
o 0=1
L«30DU*HOVRQOHM+M=M
(o
CTHN*C)I k(O T+H«C) I Z(TH+N) # (T+H) kNN (S/NIVE(S/HIY¥N=1=L 06
_ (THM¥*S) /7 ((T=ALUHVAN=T22 S T+H)NNTHA+ J
(T=ALUYAN=T 2 T=MINNTIHA=) # (T=A LMV ARk =L h ) x (T+M) *xM+N=(1 T4
AQIns [=Y w4h OO0
2/ CALHY AN4N) =d0IN
Chk(2/N)=N=ALHVAN

CATIHS IVITHIHAS Vv 40 9ONTIMING NIAZT == WUHINHG HOINVNR



c

MAJOR PROGRAM ==  FVEN BUCKLING OF A SPHERICAL SHELL.

FUNCTION PRIMNN(K«N)
COMPUTE INMER PRODUCT OF LEGENDRE POLYNOMIALS K AND N,
PRINN=U L0
1IF (NaME LK) RETHRM
PRINNZZe/(2e%M+1,)
RETURN
END

82



¢8

SANONAQZISA,P+(IT)HLI=(TIVHL OT
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G TRk ONMAN=FYONTIN
ZAXAONIN=SWOMNIN
CHANS+2¥ 2SI x0GII=RwOMNAN0
(IXx)S50D2=S8D
(IX)INTS=NS
XQ«M=JX
((2/P)xeg=r)xe+=rrr
AAREYT=r 0T 00
r={14002)H1L 9
f=(14002)¢1
Fr={(1+00ec)71
(C/(G+1) )1 Ad(T=) =
SCtuhit*1=T 9 0N
= (1)bl 9
N=(T)¢l
O=(l)el
WHW*T=1 & 00
ann1/1d=xq
CARSTHT*E=Td
*NINT ST 0 NAHM 2
000 ST M NIHM 4 ST MOY4dy PeP 3GV INVA 3HL
*ATNMH SeNOSHATIS 9NISN ¢1 40 SHOTIVA 40 Fgivd IIIm ¥ 404
(IX*I) NIS % VINHIM 40 SAVMIINT Fa0d4v10d 10T d3LS
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TY=n02=r
TI+00n2=1
SRt T=T1 ¢ 01
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G*="1449
(NH)INIS*(OhsUK)IGS(Lee ) hlr{TPE)CL 3
C(T2e1CL(TCENTL (0RO h)ES (UB DN Uh)uSP (Nh) LS D
S {Uhs0HIOS (UHIECIY(ORYOHIZI (O UA)ITD  NNTISMIALTQ
ANTLOOY NTYW
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KeT=r 06 00
Wel=T 06 0OU
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SATLIAHIA (PP IIGES STAVHOILNT 4L JLild4N0D 2ve A43LS
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(Mel=-=(INet
11+002=r
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INNTINOD 2T
npe=11=1
£L999999  xXx(TIVYh]|=(IT)hl
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SHnIELLLITE PRUGRAM «= INTEGRALS FOR ELLIPSOLU PKOBLEM,

SUz=(T1(1+P+J+1)+TL(T+2+y=1)+T1([+2=-U+1)1+T1(]1+2~-U-1)

C =2 (TI(LI4U+ 1) +TL(L4=-1) 4TI I-d+ 1) +TL1(I~J=1))
C FTL(I=2+0+4 1) +TL(T-2+d=1)+TL(I-2~-J+1)+T71(1-2-U=1))/
16
CLOLILvd)==Jx#24(S1+(1=-BEFSN) /HEESQ4S2)
C IR (SZ+3* (1-HUEFESG)/BEESQ*SU)
C ~{RBEFSA*»SH(I1sJ) + GNUXS1)

110 C2¢I1+0)=ClUITwy) + 2%GNUXSL
00 120 Lf=1eM
I=1[+20U
SLOZ=(THOL+2+1)+THLL+2-1)=-2% (T4 (1+1)+T4(1-1))
C +TH([=-2+1)+TH (1=-2-1))1/8
S11== (T4 (I+2+Z)+3F (TU(T+2+4 1) +TH(I+2-1))+TH(I42-3)
C “2x (T lL+3) 43Xk (TU(T+1)+TU(I=-1))+TU(1=-3))
C HIU(T=243)+3% (T (I=-2+41)4TUu(1=2=1))+T4(I1=-2-3})/32
S12=(TH(I+HH+ 1) +TH(L4+0=1)=U4%x( [U(]+2+1)+TH(1+2=-1))
C FAA(THLI+1)+TU(T=1) )=t (TYU(L1=2+1)+TUH(I=2~1))
C T4 (I=4+1)+T4(1=-4=1))/32
120 C3(1T1)== 0%uBEFSN4S10+BFESGH(3-.5*%6NU)*S11+(1=,H%GNU+2*
BEESE)*xS12
N0 14y LI=1.+M
I=11+200
DO 130 J=1.m
DU 12H K=,
125 SH(ITedek)I==(T2(I+J+K+LI+T12(T+Jd+Kh=1)=T2(I+J=K+1)=-T2(1+
J-K=1)
C “T2(1=U+Kk+1)=T2(I=J+K=1)1+T2(T=Jd=-K+1)}+T2(I~U=-K=1
)) /8
SE(I1ed)==(T2(14+J+1)=T2(14d=-1) -T2 (I=U+1)+T2(I=-d~1))/4
SY(liad)=(TE(T+J+3)=3%T3(1+J+1)+3*%T3(I+J=-1)=-T3(1+J=-3)

c =STI(T=-Y+3 )43,k TA(I=-J+1) =3*T3(I=-J-1)+TA(1=U=-3))
/16
130 STULI)==(TALI+241)+TA(1+42=-1)=2%(T3(1+1)+13(1-1))
C +15(1-241)+4T38(1=2=1))/8

DO 200 1=1.04
200 WHITE (8+201) I.,C3(1)4S7(1)
201 FORMAT (12.E14.7+E14,7450X%)
DO 210 1l=L1l4w¥
00 210 J=1lem
P10 ARIME (0e202) 1 43JdeCl(Tod)eC2(Tod)aSE(Ied)eSO{I )
202 FORMAT (12012 E14e7 ol 18T 3vE1U,T7eF14,7420X)
WHITE (84208) ((((loedeKoeSB(IrvJeKI)eIZ1lvd)ed=1eK)sK=1sM
)
208 FURMAT(G(L2e]12eT2E14,7))
Sfrop
EnND
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SATELLITE PROGRAM <= INTLCGRALS FOR SPHERt PRUBLEM.

MALIN ROUTINE
INTEGER HICST «PARLePARMNSTEP ¢+SS+SSH LSS
UOUHBLE PRECILISTICON UsV4A(2820)
LOWEST=4
HIEST=61
STEP=1
MA=2x4TEST
MapP=la+l
SS=4xHIEST
SSP=SS+1
SSM=88=-1
A(MA)=1
DU 60 [=rMAP WSS
J=1=1A
Atd)=u
600 ACL)I=(2+1=S3P)*A(1=-1)/(1-MA)
A(MA)z=)
KAPPAZ(D
NO 200 Lz=LOWEST HIEST,STEP
DO 200 #“=STE 4L (STEP
O 200 W=STEP M ,STEP
PARLzZL=-(LL/2) 42
LA=(L+PARL)/2
TE (CL+F+N) S GT, ((LEM+N)/Z2)%2) GO TO 200
IF (L.GT.("M+L)) 60 10 200
PARN=M=(N/2) %2
NA={iN=PARN) /2
V=g
DO 150 1=1l.l.4
JAZ4 A [=1=22PARL
IB=2%[«1=-PARIL.
I1C=M=),
IO=CI3+1ICH+M) /2+MA
TE=M+1
IF=(IB+IC+EN)/24MA
u=0
1F (MALEQ.O) GO TO 150
DO 140 Jd=1.HA
JATH A J= A+ 4P AR
JUz=2x J=Z+PARN
JC=(1IR+IC+JB) /24MA
JUS(Ih+1E+JB) Z72+MA
180 UsU+JUA* 22 (A(JC=-TBY*A(JC=1CHI*¥A(JC-JB)/Z((2%JC=-SSM) %A (JC)

. ) ~
C A(dD=18 )+ A(gU=LE)*A(JD=-JB)/( (2% J)=SSM)*A(JDN)))
150 VEVHIAXIN*¥24(A(TO=IB)*A(TOD=-TICI*A(ID=-N)/((2*ID=-SSMI*A(]
LY )=
c AMIF=IB)*A(IF-~TE)*A(IF=N)/((2*IF=-SSM)*A(IF)))+U)
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SATELLITE PRUGHAM <= [NTLGOGRALS FOR SPHERE PRUBLEM.

V=xk ([4+1 )2/ (24M+1)
KAPPAZKAFPA+]
BRITE (Qe¢199) LeMaNoV
199 FORMAT (I2«l2el24F1U4,7)
200 COMTINUE
WRITE (642N01) KaPPA
201 FORMAT (20Xs16¢v RECOKDS WRITTEN?')
STOP
Ny
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SATELLLIE PROGRAM = MERIVDIAN FOR SPHEKE PKOBLEM,

MAIN ROUTINE
OLMLENS LR XPUSE100) YPOS(100) +A(50)+BS(S0)
INTLGER SHSTEP
KEAL NU
DPINe X)X (P o X)) =X¥P{A X))/ ((1=X¥X)%%,5)
DDOP(NeA)=N*((=1=MN+NEYEX)XP (NeX)I+X*FP (N=] ¢X) )/ (X%kX=1)
READ (54¢10) AOHNUSRIHOS e X9 XX
s=X
STEP=XX
KEAD (9+10) (A(T) e I=STEFP«S«STEPR)
KEAD (H5410) (RS(1)eI=STEFP+«SsSTEP)
10 FORMAMT (£1T7410¢r3X%)
ROOT=(A3=2AFNURXZ )y 3%k 5
RCOE= (2 e/ (AQR¥ 4 2%RU0OT I * (LENU/ (2%AUH*R0OOT) )
F=RCOf »A0H
Pl=3.,181%93
L=4
DX=PI/(100%L)
LLz=100#L=-1
win=g
DO 1u0 IzleLL
xX1=T«Nyx
Y=CUS({Xx{)
e TAzO
PSIs=u
PSISP=U
DO 90 N=SIFP4SWSTEP
TEMP=ZNDP (NeY)
BETAzZHETA+A (MY «TEMP
PSIS=PSIS+AS (M) «TENMP
Y PSISP=PSISP+UES (M) *DDP(NeY)
X=SiIn(x1)
Y==Y
SKI=x
CXI==Y
TEMP=-HETAXCXTI=(1-HU)/2*%RHOS ¥ F*SXI+F*PSIS*CXI-NUxF*PST
SP*Sx1
Cc +(1=NU)/P*RHOS¥F AR TA®CXT=NUKRHOSHF ¢ RETA®SX T4 % 2%CX1I
C =~ H*UETA*K2¥SXI«F+PSIS+BETA*CXI*42/SX1+NUXFxPSTSP*BE
TA*CXI
C FNURRHOS®kF #RE TA¥X« 2% SXT % CXI ¥ 2+4F xPSIS*BETAX*SX]
TEMP=X®kTEMP
WOA=ZWOA+TLNMP
IF (1.6T.(I/7004%¢) GO TO 100
XPOS{I/L)=X+E* ((NU=1)/2*RHOS*kSXI+PSISP*Sx1~MNUxPSTS*CX]T
+RHOS*BETA
C ASXT*42%CX])
YPOS(I/ZL)IZYH+WOA=TERMP/2
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SATELLITE PRUGRAM <= MERIUDIAN FOR SPHEKE PROBLEM.

100 CONTINUL
YROS(1LUU)=1+HOA
ADJUUST=(1=-YPOS(100)) /2
DO 108 LI=1.10n0

10% YRPOS(TI)I=YPOS(T)+ADJUST
DEFLEC=2%(1=-YPUS(100))
DIST=2*xYpROS(1N0)
WRLITE (o¢1000) NISTLUEFLEC

L0000 FURMAT (1Xv*UIST S' 4 E14e79/+91Xs 'DEFLEC =" 4E24,7)
STOP
EnD
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SATELLLITE PRUBRAM <= MERIULAN FOR SPHERE PROBLEM,

FUMNCTIUN P{NyX)
C THE NeTH LEGENURE prOLYNOMIAL EVALUATED AT X.

F=1

IF (liebWel) P=X

IF (NJLTa2) RETURM

S=1

1=X

DO 10 I=2+N

i
10 T=((2KI=1)*x*S=(1=1)xK) /1
p=T
RETURN

£

90



o oOon

SATELLTITE PKRUGRAM = FROM SPHERE TO tLLIPSOLU.

10

2u

28
30

MATHN RGUT INE

SULUTIUN FOR RETAs EXPRESSED INM TERMS OF
LEGENDRE FUNCTINNSs IS TRANSLATED InNTO
A SULUTLOWN FOR RETA. EXPRESSED IN TERMS OF SINES,
IMTEGER SS«STEPGSNEW

Re AL NUSLAOH

DIMENSION Z2(20) JA020)

DPINeX)SN*F (P (N1 o X)=XkP(NsX)}/((1=XXX)4%,9)
DO 1 I=1.20

ZEL)=0.0

REAU (5e+2) KHOST NMUIAOH«SSSTEPSNEW
FORMAT (JE1D,74312)

READ (H¢3) (ALY 1ZSTEP«SS«STEPR)

FORMAT (£15.7)

SHI=(A401~NU¥*g) )Hh 5
LAUHSTHIUZ (2% L0H)ASQT )
KHUCRT=2LAON/(SUT*A0HXAOH)
RHO=RHOST*RHOCR Y

X=Sivk W

BLE=1

AITCH=EF /AOH

WRITE (F¢2R) XypPHOSNYsREE«ALTCH
NDX=3.14i%93/100

DO 20 M=) 499

X=M*i)x

X1=COS(X)

UU 20 N=STEP«SS.STEP

Y=OUP(hveX1)

DO 20 I=)«SUEW

SINE=STIN(L%xX)

ZAL)=Z2CL)+A(NYRYRSLINE

DU 30 [=1+SHEW

ACII=Z2(L)42%X/R3.141593

WRITE (94<8) ALT)

FORMAT (FE1lu,.7)

COrl INUE

S5TOP

Ene
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SATELLITE PRUGKhAM «=  FROM SPHERE TO bBLLIPSOIUL,

FUNCITLIQWN P(INeX)
C THE n=IiH LEGeNDODRE pPOLTYTNOMIAL EVALUATEU AT X.
P=1
IF (NeEWJL1) P=X
IF (NeLT42) RETURN
s=1
P=X
DU L0 I=2.0
R=S
S=p
10 P((2%1~1)*X*S=(I~-1)%R)/1
KETURN
ENY
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