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Abstract

p-POTENTIAL THEORY ON GRAPHS
p~-PARABOLICITY AND p-HYPERBOLICITY

by

Lucio M-G Prado

Adviser: Professor Edgar A. Feldman

The aim of this thesis is to present results in nonlinear potential the-
ory mainly on infinite graphs with or without boundary. These objects are
similar in many ways to Riemannian manifolds. To this end, we introduce
a fundamental notion of p-capacity which allows us to classify finite graphs
without boundary as p-parabolic and finite/infinite graphs with boundary
as p-hyperbolic, to extend the divergence theorem and its consequences to
p-Dirichlet spaces, to prove important analogues to the smooth case such
as the Kelvin-Nevanlinna-Royden criterion for p-hyperbolicity, and the cri-
teria of existence/non-existence of solutions to the p-Poisson Equation oh

p-hyperbolic and p-parabolic graphs.

v
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Preface

In this dissertation, we intend to generalize several results of potential the-
ory on infinite graphs and Riemann manifolds to p-potential theory on fi-

nite/infinite graphs with bounded geometry.

We begin in  Chapter 1 , geometrically, by introducing basic graph theo-
retic terms and a new concept of graph with boundary. Analytically, by defin-
ing the discrete p-Laplacian with its associated concepts as p-harmonicity,
p-superharmonicity, etc on graphs with or without boundary. We also define
the sbace of classes of functions of finite p-energy, that is, the p-Dirichlet

spaces which perform a key role in this thesis.
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In Chapter 2 we extend the fundamental concepts of p-potential theory
such as min/max principle, p-Harnack inequality, comparison principle to the
categories of locally-finite infinite graphs with or without boundary. Also the

solvability of p-Dirichlet problem for finite graphs with boundary is presented.

In Chapter 3 we define p-capacity on graphs and examine their basic
properties. We then define the notions of p-hyperbolicity and p-parabolicity
of a graph in terms of p-capacity and proceed to give important examples of
p-hyperbolic and p-parabolic graphs by given an explicit formulas to compute
their capacities. Also a notion of isomorphism is developed which allows to

have a natural notion of equivalence in this category.

In Chapter 4 we show that the variational p-capacity can be represented
through a unique p-superharmonic function with special properties which is
called p-capacitory function. Importantly, we classify all finite graphs with-
out boundary as p-parabolic and all graphs (finite or infinite) with boundary
as p-hyperbolic. Finally, stronger versions of theorems like Green’s theorems

to p-Dirichlet spaces are proved.

in Chapter 5 we give several characterizations of p-hyperbolic graphs.
A key theorem, the Kelvin-Nevanlinna-Royden criterion is proved and some
of its applications are given. Also, it is shown the existence of classes with
bounded functions and finite p-Dirichlet energy on p-hyperbolic graphs that

do not satisfy the divergence formula.

vi
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In Chapter 6 we give a characterization of p-parabolic graphs in terms of
non-existence of positive p-superharmonic functions and prove that positive
or with finite p-energy p-harmonic functions must be constant.

In Chapter 7 we prove that a p-Poisson equation with finite support
source function on p-hyperbolic graph has solution, and it is unique. Also,
we prove criteria that establish equivalences between the ambient conditions
and existence/non-existence of solutions of p-Poisson equation with source of
finite support.

Finally, in the appendix, we extend the divergence formula and its conse-
quences, namely, convergence theorem and analogues of first, second Green’s
formulas which play a prominent role in this thesis. For the last, we generalize

the Gauss’ formula for graphs.

vii
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INTRODUCTION

In this thesis our main interest lies in the geometric-analysis on infinite
graphs, using the machinery prbvided by functional analysis on L, spaces
and on p-Dirichlet spaces, all, of course, adapted to graphs. As main tools,
we used p-capacity and p-Laplacian combined with p-energy formulas to clas-
sify the graphs and to examine their geometric-analytic properties. We seek
to transfer concepts and notations from potential theory on Riemannian man-
ifolds to graphs in such a way that we can easily make appropriate analogies.

Now, we proceed to give a brief historic view of the development of the
subject.

As written in P. Soardi [17]:

“ While there is a large body of mathematical literature devoted to finite
electrical networks, infinite networks have received growing attention only in
the last two decades. The reason for this attention is probably the increasing
interest for the discrete methods in all branches of mathematics. Actually,
there is strong indication that, at least from the point of view of potential

theory, infinite networks are discrete model of noncompact Riemann mani-

folds”.
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Introduction

The discrete Laplacian on square lattice has been studied by many au-
thors. It was a source of motivation for the study of similar operators on arbi-
trary graphs. For the discrete Laplacian on graphs many properties of smooth
Laplacian still hold, e.g., maximum (minimum) principle, Harnack inéqual~
ity, Cheeger lower bound for the first eigenvalue, etc. Moreover, the discrete
Laplacian governs random walks like smooth Laplacian governs Brownian
motion. Thus, there is a natural interplay between discrete stochastic pro-
cesses (Markov chains, martingales, recurrence/transience phenomena) and
the properties of discrete Laplacian, (for example, existence of non-constant

bounded (positive) harmonic functions with finite Dirichlet sum).

On the other hand, the study of “type problem” on noncompact Riemann
surfaces makes use of graphs to answer questions about the existence of
certain kinds of functions with prescribed properties (e.g., bounded harmonic

functions with finite energy).

It is worth pointing out that Kanai [11] also gave a different way to
associate a combinatorial structure (e-nets) to Riemannian manifolds with
bounded geométry; whose connection between the structures is established
through a map called rough isometry which preserves the large scale geometry

but not the local geometry or topology.

We remark that the theory of discrete Laplacians remains a very active
field of study and a substantial part of it has already appeared in Soardi’s
book [17].
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Introduction

We also mention the earlier works of authors as Yamasaki [16],[21],[22]
and Maeda [14] that address some similar problems, in network context,
with different notations, hypotheses, definitions, techniques and proofs that
are presented here.

Regarding Kelvin-Nevanlinna-Royden criterion, it is worth mentioning
the earlier work of D.DeBaun [2] who proved, for p = 2, several similar re-
sults on triangulated surfaces by using cohomological methods. Later on D.
Sullivan and T. Lyons mentioned the same criterion for noncompact mani-
folds, still for p = 2, on [13]. By the way, Sullivan and Lyons were the first
to use the reference term Kelvin-Nevanlinna-Royden to name the criterion.

More recently, progress on the nonlinear potential theory (p # 2) has been
made generalizing results from Euclidean spaces and compact manifolds to
the setting of noncompact Riemann manifolds. In particular, Troyanov &
Gold’shtein in [7] proved the Kelvin-Nevanlinna-Royden criterion for Rie-
mannian manifolds. Also Troyanov [19] proved the existence of solutions of
the p-Poisson equation on p-hyperbolic manifolds. An extensive account of

p-parabolicity and p-hyperbolicity on Riemannian manifolds is given in [18].
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Chapter 1

PRELIMINARIES

In this chapter, we present definitions, terminology, and collect facts that we
will need in the sequel. A few constructions will be introduced later when
appropriate. Some terminology, definitions, and theorems are new in the

context of graph theory.

1.1 Basic graph-theoretic terms

Definition: A simple graph G = (V, E) consists of a (nonempty) set V,
whose elements are called vertices (or points, or nodes) and a (nonempty)

set E of unordered pairs of distinct elements of V' denoted by zy called edges
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1. Preliminaries 1.1 Basic graph-theoretic terms 5

or links with endpoints z and y. Thus, V is the vertex set and E the edge
set of G.

A graph with vertex set V is said to be a graph on V.

Remark: For sake of completeness, a empty graph is one with no edges.

We shall not always distinguish strictly between a graph and its vertex or
edge set. For example, we may speak of a vertex z € G (rather than z € V),
an edge e € G, and so on.

Some terminology shall be used frequently. The endpoints z and y or
simply ends of an edge are said to be incident with the edge, write z ~ y,
and vice versa. Two vertices which are incident with a common edge are

adjacent, as are two edges which are incident with a common vertex.
Definition: The degree or valence m(x) of a vertex ¢ in G is the number of
edges of G incident with z.

Definition: If m(z) < oo for all z € V, then G is called locally finite.

Assumption: We shall always assume tacitly that G is countable, simple

(no loops and multiple edges), and locally finite, unless state otherwise.

Definitions:

e The union of graphs GUG = (VUV' EUE").

e The intersection of graphs GNG' := (VNV',ENE').
In this case, V N V' must be nonempty.

G and G’ are disjoint if they have no vertex in common.
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1. Preliminaries 1.1 Basic graph-theoretic terms 6

Definitions: A subgraph of G = (V, E) given by U is a graph G' = (U, E')
such that U C V and E' C E which will sometimes be abbreviated as G' C G.
A spanning subgraph of G is a subgraph G' with U = V.
A subgraph G’ C G is called induced by U if every edge zy in F whose

endpoints belong to U is in E’ and we write G[U] or, sometimes, simply F.

Definition: An ezhaustion of G is a sequence of finite subgraphs

G, = V4, E,) (n = 1,2,3,...) such that G, C Gn41 and G = U2, G,.

Definition: G — U is the induced subgraph G[V \ U], where U is any set
of vertices (usually of G). In other words, G — U is obtained by deleting all
vertices in U NV and their incident édges.

In particular, when U is the set of vertices of a subgraph of G’ instead of

G — U we simply write G — G'.

Definitions: A walk in G is a finite non-null sequence W = z¢e1z1€225...€x Tk
whose terms are alternately vertices and edges, such that, for 1 < ¢ < k, the
ends of e; are z;_; and z;.

If the edges ey, eq, ..., er of a walk W are distinct, W is called a trail. If,
in addition, the vertices x, z1, ..., T are distinct, W is called a path. The

length of this is k.

A closed trail whose the origin and internal vertices are distinct is a cycle.
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1. Preliminaries 1.1 Basic graph-theoretic terms 7

Remark: The above definitions can be generalized in the way to include

infinite walk, trail and path.

Definition: The graph G is said to be connected if any two vertices are

joined by a path.
Now, we introduce a important class of graphs called Trees.

Tree An acyclic connected graph, one not containing any cycle, is called a
tree which we denote by T'. Vertices of degree 1 in a tree are its leaves. A
special kind of tree is the homogenous tree which has all vertices have the

same degree, say d. We denote it by Ty.

We now introduce the notion of a graph with boundary. We preferred
to make more descriptive definitions to avoid technicalities of the standard

graph notations.
Suppose that G = (V, E) is a proper subgraph of a graph H, then the set
of vertices of H that are adjacent to vertices of G but are not in G is called

exterior boundary 0°V; the set of vertices in G adjacent to the vertices of

0°V is called interior boundary O'V .

Incidently, in this context a special nomenclature for V' is used, namely,

interior.

In the following, we define the boundary graph 0G as well as its compo-

nents, namely, the tangent boundary 0rG and the normal boundary OnG.
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1. Preliminaries 1.1 Basic graph-theoretic terms 8

Definitions: Let G = (V, E) be a subgraph of a graph H. Then,

e the boundary graph OG or simply the boundary is the spanning sub-
graph obtained from H[9'V U 8°V] by deleting those edges with both

endpoints in OV

e the normal boundary graph OnG or simply normal boundary is the
bipartite subgraph of G induced by the partition (8'V,5°V), that is,
dG[(8'V,8°V)).

e the tangent boundary graph OrG or simply tangent boundary is

0G - &'V.

So 8G = 0rG U OnG.

Remark: Notice that, eventually, the tangent boundary is an empty graph.

Definition: The graph with boundary is the graph given by G U G.

Definition: A subgraph with boundary G' U 8G’' is a graph with boundary
obtained from either G or G U 8G. In particular, one can have G' C G and

dG' C 0G.

Now, we introduce the concept of directed edges which will allow us first
to define the geometric concept of orientation of a graph and hence, to draw
a representative of a flow [1.2.3]; or, analytically, to write and simplify many

of our formulas.
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1. Preliminaries 1.2 p-Laplacian 9

Definition: Let G = (V, F) be a graph. For each edge zy € E, we define
two directed oriented edges [z,y] and [y, z], respectively, from z to y and from
y to . The vertex z is the initial point or tail and the vertex y the terminal

point or head of [z,y].
Definition: E is the set of all directed oriented edges [z, y] obtained from
E such that [z,y] € E if and only if [y, z] € E.
Definition: A subset X of E such that, forall z,y € V z # y, [z,y] € X if
and only if [y, z] ¢ X is called an orientation of G.

The notation E(z) means the set of all oriented edges [z,y] emanating
from & which are in E.
Definitions: An orientation of a graph with boundary GUOG will be always
understood as G with orientation X given above; 0G with orientation X,
namely, 0X = 8TX: UdnX ; where AnX is the outer orientation of OnG and

drX is an orientation of orG.

Definition: A graph (perhaps without boundary) with a particular orienta-

tion will be called oriented graph.

1.2 p-Laplacian on Graphs

In this section, we define certain real vector spaces (some of them are Banach
spaces) as well as linear and nonlinear operators on them which will play

important roles in the development of the theory.
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1. Preliminaries 1.2 p-Laplacian 10

Definition: Let G = (V, E) be a graph. We denote by C°(V') the real vector

space of all real-valued 0-cochains, i.e., real-valued functions u on vertices of

G u:V—R
For p € [1,00),
V)={ue CV): |lulfp = ;IU(x)I” < oo} (1.2.1)
For p = oo,
L*(V)={u e C°(V) : [lufleo = 2ggIU(w)l < oo} (1.2.2)

Remark: For p € [1,00). Let Co(V) be the vector subspace of C°(V)
consisting of functions on vertices of G with finite support. It is a standard

result in the theory of real variables that Cy(V) is dense in LP(V).
Another important real normed space is the space of flows in G

Definitions: Let G = (V, E) be a graph . Then the space of flows in G is
@(E):{j :E—R [z, v)) =—2([y, z]),V [z, 9] € E} (1.2.3)

®(E) contains the subspaces LP(E) called spaces of the p-flows, namely, for

p € [1,00)

(B ={c8(B): blg=53 3 hF <o},  (124)

2€V ecF(z)
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1. Preliminaries 1.2 p-Laplacian 11

and for p = oo

L(E)={y€ ®(E) : Pl = 225( S‘;E}?)U(e)l) < 00}. (1.2.5)

Remarks:

e For p € [1,00], observe that the definition of the norm on LP(E) is
independent of the choice of the representative determined by an ori-
entation. Actually, if we would have chosen an orientation X for G, we

would avoid % on the definition of the norm.

e For p € [1,00], the spaces LP(V) and LP(E) are Banach Spaces by

Riesz-Fisher Theorem.

o f GUOG = (UUJQU, E U JE) is a graph with boundary, then we write
B
LP(UUOU) and I2(E U 8E).

Definition: The divergence operator div of a flow j is the linear operator
given by

div: ®(E) — C°(V)

div(g)(z) = > 1(e). (1.2.6)

ecE(z)
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1. Preliminaries 1.2 p-Laplacian 12

Some terminology. If div(y) = 0, then 7 is divergence free. A flow has
source o and sink yo when div(s)(z) = 0 for z # zg,yo, and div(y)(zo) >

0 > div(3)(vo)-

We now recall the definition of the coboundary operator.

Definition: The coboundary operator d is the linear operator given by
d:C%(V)— ®(E)

du([z, y]) =u(y) — u(z)- (1.2.7)

We now introduce the gradient as an important notation in this context
to carry out the analogy with p-Laplacian on a Riemannian manifold.
The gradient V is the linear operator that coincide with d, namely, for
every u € C%(V)
Vu(e)=du(e), ecE.

Actually, Vu can be interpreted geometrically (or physically) as special
flow on G generated by wu.

We briefly review the definition of the p-Laplacian on a Riemannian man-
ifold.

Let (M, <,>) be a non-compact oriented n-dimensional (n > 2) Rieman-
nian manifold of class C*.

The p-Laplacian Apu of a C? function u : M — R is given by

Ayu = div(|[Vul?Vu), 1<p<oo.
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1. Preliminaries 1.2 p-Laplacian 13

Actually, A, is the Euler-Lagrange operator associated with the functional

ur— [ ldulP.

Remark: The book [8] is a good reference for p-Laplacian and related sub-
jects in the continuous setting.

Along similar lines of the continuous settings, one can define the p-Laplacian
on GUOG.

Definition: Let GUOG be a graph with boundary, and let u : UUOU — R
be a function. For each p € [1,00) the discrete p-Laplacian of u is the real

function
Apu(e) = |div(|VuP V)| (2), VoeU. (1.2.8)
We now derive an explicit formula for Aju.
For each z € U and p > 2,
Apu(z) = div(|VulP2Vu)(z)
= ) (Va7 Vu)(z,v))

[z,y]€E (z)

= > IVulz, ol Vu(ls, )
[zy]€E (z)

= Y luw) - u(@)P(uly) - u(z).
[z.y]€E (z)

That is,
A= D ) - u@)P2(uly) - u@). (129

[z,9]€E (z)
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1. Preliminaries 1.3 p-Harmonic Functions 14

For each z € U and 1 < p < 2, we can deduce the same formula above
Bpu() = Y [u(y) - w(@) (uly) - u(z); (1.2.10)

[:c,y]EE" (=)

where, we interpret |u(y) — u(z)[P~2 (u(y) — u(:c)) as equal to zero when

u(y) = u(z).
E(z) denote all directed edges of G U G emanating from z € U with end-

points in U U 9U.

Remarks:

e If £ € U is an isolated point, then we define the p-Laplacian at z as

zZero.

e We observe that the discrete p-Laplacian can be extended, naturally,

to graphs without boundary G = (V, E) with obvious adaptations.

1.3 p-Harmonic Functions on Graphs

For p-Laplacian, as in the continuous setting, we have automatically the fun-
damental concepts of p-harmonicity, p-superharmonicity, and p-subharmonicity

on graphs.
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1. Preliminaries 1.4 p-Dirichlet Spaces 15

Definition: Let p € [1,00), and let GUOG be a graph with boundary. Then
u:UUOU — Ris p-harmonic function on G (or on U) if for every z € U

Apu(e) = D July) - w(@)P (u(y) - u(z)) = 0.

[z.y]€E! ()

E'(z) denote all directed edges of G U G emanating from = € U with end-
points in U U 9U.

In particular, for graphs without boundary G = (V, E), u is simply called
p-harmo;nic.
Definition: Let p € [1, 00), and let GUJG be a graph with boundary. Then
u:UUOU — R is p-superharmonic(respectively, p-subharmonic)function
on G (or on U) if for every z € U

Apuz) = Y July) - u(@)P (wly) - u(@)) <O (respectively > 0);

[z.y]€E ()

E’ (z) denote all directed edges of G U &G emanating from = € U with end-
points in U U aU.
In particular, for graphs without boundary G = (V, F), u is simply called

p-superharmonic (respectively, p-subharmonic) function.

1.4 p-Dirichlet Spaces on Graphs

We now introduce a very important class of Banach spaces £1P(U U0U) and
LP(UUU) called p-Dirichlet spaces which shall be used largely throughout

the thesis.
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1. Preliminaries 1.4 p-Dirichlet Spaces 16

Definition: Let for p € [1,00], and let G U dG be a graph with boundary.
Then the p-Dirichlet energy density at © € U U U induced by a function
v:UU0U — Ris

Dyu(z)= > |Vu(lz,y])l; (1.4.1)

[z:,y]GE'"(x)

in particular, for p = oo

Do) = sup |Vulz,3)),
[z,y]€E' (x)

where E'(z) denotes all directed edges of GUOG emanating from z € U UBU

with endpoints on U U §'U.

Definition: Let for p € [1,00], and let = GUAG be a graph with boundary.

Then the p-Dirichlet energyof w: UUOU — Ron Q (or on UUIV) is

1
I(u, ) = 3 Z Dyu(z) < o0; (1.4.2)
zeUudU

in particular, for p = co

Io(u,Q) = sup Dyu(z) < .
T€UUU

Remarks: For p € [1, oo

¢ Sometimes, we denote I,(u, ) by I,(u) and call it “energy functional”.
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1. Preliminaries 1.4 p-Dirichlet Spaces 17

e When I,(u) < oo, we also say simply that u has finite p-energy or finite

finite p-Dirichlet energy. Sometimes, u is called p-Dirichlet function.

e For graph without boundary the definitions of p-Dirichlet energy can be

made on similar way.

In the following, without loss of generality, all graphs are considered con-

nected.

Proposition 1.4.3 Forp € [1,00], let @ = GUIG be a graph with boundary.
Then,
PUUVAU) ={ue COUUA): |lu|, < oo}, (1.4.4)

where for p € [1,00), |lull1p = Ip(u,Q)Il’ and for p = 00, ||ull1,c0 = Too(u, )

are seminormed vector spaces.

Proof. It is enough to observe that ||.||1, = ||.|| © V where V is one linear
operator and ||.||, is a seminorm. m

Observe that ||u||;,, = 0 if and only if u =constant, consequently, to make

Il @ norm, we define, the equivalence relation in £4?(U U 8U) by
u~wv ifandonlyif u — v = constant on U U 9U.

It is trivial to verify that ~ is an equivalence relation, which is compatible
with the operations of addition, and multiplication by real numbers. Con-
sequently, by denoting the equivalence classes by [u], we have the following

definition.
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Definition: Let p € [1,00], and let @ = G U 8G be a graph with bound-
ary. The p-Dirichlet spaces on Q (or U U 9U) are the real normed spaces of

equivalence classes
LYP(UUU) = »(UUU)/R

whose norms are ||[u]]]1, = ||ull1,-

Remarks:

o If v € [u], then u — v = c on UUJU. Hence I,(u) = I,(c + v) = I,(v),
and, therefore, the norm is independent of the choice of representative.

As usual, we omit the class notation [ . | and write ||u|l,, for ||[u]]1p.

e Strictly, the elements of the spaces L1*(UUU) or L3P (UUHU) are not
functions but classes of functions such that in each nontrivial class any
two functions differ by a constant. Since any two functions have the
same norm, and the same energy over each subgraph, the distinction is

not important for many purposes.

e Sometimes, we will write u € LY"?(U U 8U) or Ly®(U U 8U) as an
abbreviation for: u is function on the vertices contained in U U U

with finite p-energy norm.

We now introduce the notion of uniformly rotund spaces which was first

established by James Clarkson.
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1. Preliminaries 1.4 p-Dirichlet Spaces 19

Definition: A normed space X is uniformly rotund, if for every € > 0 there

exists a § > 0 such that if u, v € Sx and ||u—v|| > ¢, then || (u+v)|| < 1-04.

One very important class of uniformly rotund Banach spaces is that of the
spaces L?(Q, X, u), where u is a positive measure on the o-algebra ¥ of subsets
of a set {2 and p € (1,00). For a proof see theorem in [15] [5.2.11]. With
adequate adaptations, it follows that for p € (1, 00) the spaces L”(Fj UBE) are
uniformly rotund Banach spaces. Incidently, it follows from Milman-Pettis

theorem in [15][5.2.15] that LP(E U 8E) are also reflexive spaces.

Theorem 1.4.5 Suppose p € (1,4+00). Then (LY?(U U dU),||.|l1p) is a

uniformly rotund Banach space.

Proof. Consider
LYP(UVaU) -y [P(E U OE).
Then V is an isometric isomorphism between (LYP(U U 8U),||.|l1p) and a

closed subspace of L?(E U 8E). So
a) (L%?(U U 8U) is a Banach space.

b) Since subspace of a uniformly rotund space is uniformly rotund, see

[15] [5.2.21] and uniformly rotundity is preserved under isometric isomor-
phism [15] {5.2.21], it follows that £L"?(UUAU) is a uniformly rotund Banach

space. m
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1. Preliminaries . 1.5 Euler-Lagrange Operator 20

A very important subspace of L1?(UUAU) to be considered in this context
are E(l,”’ (UL AU), namely, the closure in £P-norm of the equivalence classes
of Co(U U dU) in LYP(U U 8V).

Thus, by [15] [5.2.21] Ly®(U U 8U) are uniformly rotund Banach spaces
and reflexives.

The next theorem has more general scope. However, we have adapted it

to our context.

Theorem 1.4.6 For p € (1,+00), let A be a nonempty convex subset of
LYP(UUBY) (or LP(UUAY)). Then,

1. there exists a unique element of A (closure of A in the LYP-norm) with

least norm;

2. any sequence {Ui}z‘21 in A that minimizes the least norm is Cauchy.

Proof. 1.) follows from [15] [5.2.17] and 2.) follows from [15] [5.3.20]. =

1.5 Euler-Lagrange Operator of I,(-)

Proposition 1.5.1 Letp € [1,00), and let GUOG be a graph with boundary.
Then the p-Laplacians A, are the Euler-Lagrange operators for the “energy

Junctionals” I,(-).
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1. Preliminaries 1.5 Euler-Lagrange Operator 21

Proof. Let u be a real-valued function on UUU satisfying I,(u) < oo, and
Zp be an arbitrary point of U. Consider the Dirac measure concentrated at
x = xy, that is,

a0 () = 0 otherwise.

For each zy € U, we define a function u,,(z,t) = u(x) + tdz(z) on
U X (—¢,¢€).

1 ifz=ux

As I(u) < 0o and Ip{ug(.,t)) < oo differ only in a finite number of terms
corresponding to zo and its neighbours, then I,(ug,(.,t)) < 00, t € (—¢,€),
that is, Jp(ug,(.,t)) is absolutely convergent on (—¢,€). So we can rearrange

its terms corresponding to xo and its neighbours first, and then apply a‘-i;.

Indeed,
d 1d ,
a(lp(uzo(x,t)) lt=0 = 2% Z Zlumo Y, t) — ugy(z, t) P+
z€V(2o) [2,y]
3 Dhunlent) vl =
z€V\V(zo) [z

-z Z%l(u(y%u(x))+t(6zo(y)—5zo(:v))l”) emo

(BGV((Do) [m)y]

=23 ) - ua) o) — u(e)) ) - 5ule))

z€V (o) [z,y]
=—p Y |u(y) - u(zo)P2(u(y) - u(zo))
[z0,y]

= —pApu(zy).
Therefore,

& (Bnle) ) oo = ~p3u(z0)

As zy was taken arbitrary in U, so the result holds for G U 8G. =

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2

p-SUPERHARMONIC
FUNCTIONS

2.1 Min/ Max Principles

In this chapter, we present maximum and minimum principles (local and

global), the p-Harnack inequality and some consequences.

In the following, p € [1,00) and G U JG is a graph with boundary unless

stated otherwise.

Proposition 2.1.1 (Local Minimum Principle) Supposeu € C*(UUU)
18 p-superharmonic at x € U. If for every neighbouring vertez y, y ~ =z,

u(y) > u(z), then u(y) = u(z) for ally, y ~ z.

22
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2. p-Superharmonic Functions 2.1 Min/Max Principles 23

Proof. Suppose that v has a minimum at = and u(y,) # u(z) for yo ~ z.
Then u(yo) > u(x) so that
0 < [u(yo) — u(@)P*(u(yo) — u(®)) < Y |uly) — u(@)P~*(u(y) — u(z)) < 0.
Yy~

This is a contradiction and, therefore u(y) = u(z) forally ~z. =m

Remark: Similarly a Local Maximum Principle holds for all p-subharmonic

functions u € C°(U U dU).

Theorem 2.1.2 (Global Minimum Principle) Let GUOG be a connected
graph with boundary, and let u € C°(U U 8U) be a p-superharmonic on U.

If u takes its minimum at a point of U, then u is a constant function.

Proof. Suppose that there exists a point € U such that u(z) = m is the
minimum of v on U. By Proposition [2.1.1] u(y) = m for all neighbours y
of . Take an arbitrary vertex z € 9U, then by connectedness of G U G
there exists a path with vertices zg = z, 21, ..., 2 = z, of vertices on U U OU
such that z; ~ z;4,, 7 =0,1,..,n -1, and z; isin U for 0 < j < n. Then

m = u(zo) = u(z1) = ... = u(zy,). =

Remarks:

e The Global Minimum Principle holds, with same proof given above, for

a connected graph without boundary.
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e It is immediate to check that the Global Maximum Principle holds for

p-subharmonic functions on graphs with or without boundaries.

Corollary 2.1.3 If G s finite graph without boundary, then every

p-superharmonic (p-subharmonic) function on G is constant.

Proof. Combine the first remark above with the fact that the functions

assume minimum in G. =

Theorem 2.1.4 Let G U G be a connected graph. If u € CO(UUAU) is
p-harmonic and nonconstant on U, then u attains its mazimum and mini-

mum on OU.

Proof. The proof follows, immediately, from the global minimum and the

global maximum principles. m

2.2 p-Harnack Inequality

We open this section by proving an important theorem for graphs which

generalizes the linear case in [4, p.789].

Theorem 2.2.1 (p-Harnack Inequality) Suppose that p € (1,0), z~y,
and ue C(UUA) is nonnegative function.
If u is p-superharmonic at both vertices x and y, then

1

T ulz) <u Smxr_lf 1u(z).
" S U S (@ +
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2. p-Superharmonic Functions 2.2 p-Harnack Inequality 25

Proof. 1) If u(z) = 0 (or u(y) = 0), then by the minimum principle u(y) = 0
(or u(z) = 0) for every y (or z), y ~ z, the Harnack inequality is trivially
true.

2) If u(z) > 0, then

Apu(z) = Y Ju(y)—u(@) P2 (u(y)—u(z)) = Y sgn(u(y)—u(z))luly)—u() P

y~z y~z

We rewrite the sum above as

Yo () —u@) - Y (ul) - @) <o,

y~z y~T
u(y)>u(z) u(y)<u(z)
Thus
> (uly) - u(@)”” Z (u(z) — uly))”™
u(y)>u(z) u(y)<u(z)

Dividing by u(z) > 0, we obtain

u(y)>u(z) u(y)<u(z)

Now, we have two cases to consider to complete the proof.

(i) For u(y) > u(z) we have from (2.2.2) above

"

WY
) < (@7 +1)

e

or

u(y) < (m(w)z’%l + 1)u(z).
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2. p-Superharmonic Functions 2.2 p-Harnack Inequality 26

Therefore, for u(y) > u(z)
u(z) < u(y) < (m(z)71 + 1)u(z). (2.2.3)
(ii) For u(y) < u(z), we consider

Apu(y) =) sgn(u(z) — u(y))lu(z) — u(y)PP~* < 0.

zy

Since u(y) > 0, we have

Yo @@ -u@) < Y (uly) —u(@x)

zZevy zevy
u(z)>u(y) u(z)<u(y)
u(z) )p_l ( MZ))H
> (i > (i) =mw
u(z)>u(y) u(z)<u{y)
SO
u(2)
_— 1 < m p—1
u(y) )
or

Put z = z, which gives

u(z) < (m(y)™ + u(y)

1
T u(z) < uly).
T <)
Therefore, for u(y) < u(z),
1
T ulz) <u < ul{z). 224
T S < o) (224)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2. p-Superharmonic Functions 2.2 p-Harnack Inequality 27

1
Since <1 and 1< (m(:c)ﬁ +1),

(m(y)iﬂ+1 +1)
(2.2.3) and (2.2.4) imply

4 u(z) < uly) < (m(m)l’%l +1)u(z). =

In what follows, we establish Theorem [2.2.5] as an application of our
p-Harnack inequality. We note that this is the graph version of a Harnack

Principle in the continuous setting.

Theorem 2.2.5 Suppose that p € (1,00) and {v;};>1 is a monotonically in-
creasing (decreasing) sequence of p-harmonic functions on a connected graph
GU0G.

The function v(z) = limj_,o vj () (pointwise sense) is either p-harmonic on

U or identically +oo (resp.—o0).

Proof. If v; < v; < w3 < ..v; < .., then for every j, u; = v; — vy > 0.
Suppose that there exists a vertex £ € U such that lim;_u;(z)=u(z)<oo.
Take an arbitrary y € U U 0U. Since G U 9G is connected, there is a (z, y)-
path connecting z and y, i.e., x = 23 ~ 23 ~ ... ~ 2z = y. Then, by repeated
application of the p-Harnack inequality along the (z, y)-path, each u; satisfies

k—1
u;(y) < (H (m(z)7 + 1)) u;(z)

=1
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so that

lim u;(y) = u(y) is finite.

j—00
As y is arbitrary, it follows that u is finite on all of U U 9U.

Finally, u is p-harmonic on U. In fact, since each u; is p-harmonic on U,
so, for any y € U, 0 = Ayu;(y) — Ayu(y) as j — oo or Apu(y) = 0, that is,
u is p-harmonic at all y € U.

For a decreasing sequence {v;};>1, it is enough to consider the sequence

{—v;};>1 and, then, apply the result above. m

Remarks:

o If we consider either a monotone sequence of p-superharmonic or
p-subharmonic functions, then the conclusion is similar, that is, the
limit function is either infinite or, p-superharmonic or p-subharmonic,

respectively.

e We point out that the results above hold for graphs without boundaries.

Proposition 2.2.6 Let (G; = (U;, E;))i>1 be sequence of finite connected
graphs such that Gy C Go C ... C G;... C...G' = U;G;. Let {u;}i>1 be a
sequence of functions such that u(x) = lim;_,o, ui(z) exists for every z € G'.

If {u;}i>1 is a sequence of p-harmonic (p-suharmonic, p-superharmonic)

functions in G;, then u is p-harmonic (resp., p-subharmonic, p-superharmonic)

mn G'.
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2. p-Superharmonic Functions 2.3 Comparison Principle 29

Proof. We give the proof for p-harmonic functions. For p-subharmonic and
p-superharmonic functions, the proofs are similar.

Take z € U := UU;, then there exists ig such that for all ¢, ¢ > iy, z € U;;
but the w;’s are p-harmonics on Uj, consequently,

Apuy(z) = Z |ui(y) — us(@) P2 (wi(y) — wi(z)) = 0
[z,y]€E;

for all ¢ > 1,.

Letting ¢ — oo, we conclude that A,u(z) = 0; but z is arbitrary, therefore

. . 1
u is p-harmonicon G'. m

2.3 Comparison Principle

Definition: The real vector space of positive test functions is given by
Df(U)={w e Co(UuUdU):w>00nU and w=0ondU}.

Lemma 2.3.1 Let G U 0G be a oriented connected graph with boundary.

Then, u : U U OU — R is p-superharmonic (respectively, p-subharmonic) on

U if and only if

Z Z (VwVu)|VulP~2 > 0 (resp., < 0), for allw € DF (U).

€V [z,y]eX
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Proof. By Theorem [A.1.1] in Appendix A, we have for all w € DF (U)

>3 (VoVu)|VuP? = =) " w(z)Ayu(z).

zelU [w,y]EX zeU

Take an arbitrary z € U and the Dirac measure w = §,; then, it is immediate
that

Apu(z) <0, (respectively, Ayu(z) > 0),

that is, u is p-superharmonic at . However, z is arbitrary, so u is p-superharmonic
on all of 2.
Conversely, suppose u is p-superharmonic (respectively, p-subharmonic),

that is A u(z) < 0 on Q (respectively, Ayu(z) > 0). Then, for allw € DF (U)

Z Z (VwVu)|Vuff~2 = — Zw(m)Apu(m) >0 (respectively, <0). m

2€U [g,y]eX zelU

Theorem 2.3.2 (Comparison Principle) Let GUOG be a connected graph
with boundary (non-necessarily finite), w € C°(U U 0U) p-subharmonic, and
v € CYU U AU) p-superharmonic.

Ifu<vondU, thenu <v on UUOU.

Proof. We consider the following notations
A= {z € U/u(z) < v(z)}
B = {z € U/u(z) > v(z)} and
A, ={yeUudU/y ~ z and u(y) < v(y)}

B, ={y € UUdU/y ~ z and u(y) > v(y)}.
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Let w be an auxiliary function on UUQU defined by w = max(0, u —v). Then,
w e Df(U).

Let W be an arbitrary finite subset of U which induces a connected sub-
graph of Q. Let w! = wyy be a restriction of w to W, so w* € D§ (U). By
taking a suitable orientation, it follows from the previous lemma that for the
p-subharmonic function «

Yo Y Ve(VulVupP?)([z,y)) < 0;
zcU [z,y]e}?

and for the p-superharmonic function v that

3 3 Ve (Vo VoP ) (fe,4]) 2 0

2€U [ e X
Thus,
Z WH(Vu|VuP~? — Vo|VoP~2)([z, y])
€U (z,y]eX
=Y Y V(Vu|Vulf~? — Vo|VuP2)([z,y]) (51)
;eefﬁ [w,y]ef
HE X Vel ValTul? - Volvol ) (z,)
wGA [:z:,y]EX
+ Z Z Vw”(VuquP’_z — Vo |VuP?)([z, y])) (S2)
Zfee_‘ﬁ [zyleX
+ 2 20 Ve VulVupP — Vol VoP?) [z, v)) (Ss).
”‘GB 0 [oy)eX

For every vertices ¢ € W, we have the cases:
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S; = O since if z € A and y € A,, then wi(z) = w¥(y) = 0.

We next consider Ss. If z € B and y € B,, then w!(z) = (v — v)(z) and
w!(y) = (u—1v)(y) so that Vw! = Vu — Vv. But the identity |a|P~2a(a —b) >

|b]P~2b(a — b) for all real a, b implies immediately that
(IVulP~2Vu)(Vu — Vo) > (|Vu[P"2Vo)(Vu — V) at [z,9].

and we conclude that S; > 0.

We claim that if there were at least one edge [z, y] such that either z € A
and y € B,orxz € Band y € A, then S; > 0. |

We prove this claim for z € B and y € A, for £ € A and y € B, the
proof is similar.

Indeed, suppose x € W N B and y € A,. Then,

Vuwlz,y] <0 since

Vullz,y] = wh(y) — w!(e) = —(u(z) - v(2)) = v(e) — u(z) < 0.

Vu < Vv since
v(z) —u(z) < 0 <v(y) —u(y).
- To simplify, we omit [z, y].

1) Suppose Vv > 0,

if Vu > 0, then
(|VufP™t — |VolP ) Vut > 0; (2.3.3)
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if Vu <0, then

(=|Vulf! = |[VoP ) V! > 0. (2.3.4)
2) Suppose Vv < 0, then Vu < Vv < 0 which by its turn implies

V| > [Vol (2.3.5)

(=IVuf™t + |Vol )Vt > 0. (2.3.6)

So, by (2.3.3), (2.3.4) and (2.3.6), it follows that Sy > 0.

Finally, suppose, by contradiction, B # (), then, eventually, by consider-
ing a path leading to the boundary U, we would find zy € B and y, € A,
which would yield S; > 0, hence, 0 > S; + 53 + S3 > 0, a contradiction.

Therefore, B = () and the proof is finished. m

Essentially, the argument we have used is the same as in [9, p.100]. The

main point is that we extend the proof to infinite graphs with boundary.

Corollary 2.3.7 Let G U 0G be a connected graph with boundary (non-
necessarily finite), and let u,v € C°(U U 8U) be p-harmonics on U such
that u = v on OU. Then

u=v on UUJU.

Proof. Apply the comparison theorem twice. m
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2.4 p-Dirichlet Problem

Now, we will consider the solution of Dirichlet problems in the context of

p-Dirichlet spaces.

Theorem 2.4.1 Suppose that p € [1,00) and G UG = (U U dU,E U JE)
finite graph with boundary. Let u be a function defined on 8U. Then there

ezists a unique p-harmonic function h on U with h = u on OU.

Proof. Let’s prove first the existence.

If G U OG has n vertices, then £LY?(U U 9U) is n-dimensional real vector
space, so there exists an isomorphism ¢ from £1?(U U dU) to R™.

Defining in R” a norm ||z|| = ||¢™*(z)||1p, then ¢ turns out an isometric
isomorphism and, consequently, the space LYP(U U QU) is isometrically iso-
morphic to R™.

Consider
A={ve LU UI): u(zm) < v(z) < u(zy),dlz € Uandv = uwondU}

where x,, and xps are the vertices in U that u assumes, respectively, the
minimum and the maximum.

It is easy to verify that A is non-empty, closed, and bounded in
LY?(U U 8U). Now, by the isometric isomorphism ¢(A) non-empty, closed,
and bounded in R™, so by Heine-Borel property ¢(A) must be a compact set.

By using now ¢, it follows that A is also a compact set.
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On the other hand, I,(.) = ||.||7, is a continuous nonlinear functional on
L1P(U U 8U), consequently, when restricted to A must attain a minimum
u* € A. Then, by standard variational arguments like in [1.5.1], it follows
that v* is p-harmonic on U.

Secondly, the uniqueness is immediate consequence of the Corollary [2.3.7].

Finally, to complete the proof, denote u* by h. m

Remark: Notice, we can guarantee that the solution of a Dirichlet Problem
exists only if U is finite. For the infinite case, that is, U is infinite, we need

extra conditions to solve it.
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Chapter 3
p-CAPACITY ON GRAPHS

In this chapter, we construct a basic tool of p-potential theory for graphs
with or without boundaries, namely, p-capacities. Important properties of
the p-capacities are established as well as the definitions of p-hyperbolic
and p-parabolic graphs. As examples, we determine the p-parabolicity and
p-hyperbolicity of Z" and T; through formulas that allow us to evaluate,
precisely, their p-capacities.

Also, the concept of morphisms between graphs with and without bound-
aries is presented. This concept leads, naturally, to the notion of isomorphism
and, consequently, what equivalence means in this category.

Finally, we estimate p-capacities of subgraphs and graphs with or without
boundaries through the operations of cutting and shorting.

Many definitions and proofs are new in the context of graphs.

36
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3.1 Basic Definitions

It is well known that capacity is a natural measure in the context of linear
and nonlinear potential theory on Riemannian manifolds. But, it is not really
a measure; in fact it is not even finitely additive on disjoint sets. However,
many problems can be given a complete solution in terms of capacity, and
this makes it a powerful tool.

In this section, our aim is to define a similar notion of capacity for graphs,
namely, p-capacity; and with that, to create a potential theory on graphs

similar to that (linear or non-linear) on Riemannian manifolds.

Definitions:

1. Let G = (V, E) be a graph (without boundary), and let K be finite sub-
set of V. Then the set of admissible functions to measure the capacity

of K relative to V is

MK, V)={ueCy(V):u>1onK}.

2. Let G U 0G be a graph with boundary, and let K be finite subset of
U. Then the set of admissible functions to measure the capacity of K

relative U is

M(K,UU8U)={u€e CUUdl):u>1onK,u=00ndU}.
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Definitions:
1. Let G = (V,E) be a graph and K a finite subset of V. Then, for
p € [1,00],
Cap,(K,G) = inf{I,(u) : v € M(K,V)} (3.1.1)
is called p-capacity of the condenser (K,G), or simply, p-capacity of
K.

2. Let 2 = GUOG be a graph with boundary and K a finite subset of U.

Then, for p € [1, 00,
Cap,(K,Q) = inf{I(u,Q) : v € M(K,U U dU)} (3.1.2)

is called p-capacity of the condenser (K, ), or simply, p-capacity of K

relative to Q.

We do the definitions, the statements and the proofs for condensers
(K, 2); however, it is very simple matter to adapt them to condensers without
boundaries like (K, G).

Now, we w‘ant to extend the definition of p-capacity to infinite subsets D

of U.

Definition: Let D be any subset of U either finite or infinite . Then, the

(inner) p-capacity of the condenser (D, {2) is given by

,Cap, (D, Q) =sup{Cap, (K, ) : K C D, K finite}. (3.1.3)
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Proposition 3.1.4 Cap, is an extension of Cap, for K finite.

Proof. This is obvious. =

Also the (inner) p-capacity allows us to define the (outer) p-capacity.

Definition: Let A be an arbitrary subset of U. Then the (outer) p-capacity

of the condenser (A, () is given by

*Ca,pp(A, Q) = inf{*Capp(D, Q) : D 2 A, D arbitrary}.

Proposition 3.1.5 If A an arbitrary subset of U either finite or infinite ,
then *Capp(A, Q) = Cap, (4, Q)
In particular, for finite K, Cap,(K,)="Cap,(K,Q)= Cap,(K,Q).

Proof. It is immediate that
*Cap,(4,92) < Cap,(4,9). (3.1.6)

On the other hand, take arbitrary € > 0. Then there exists D D A such
that Cap,(D,Q) < *Cap,(4,Q) +e¢. But as for all K C D Cap,(K, Q) <
,Cap, (D, Q), in pafticular, the inequality holds for all K C A so by taking the
sup over all finite K, we have Cap,(4,0) < Cap,(D,Q). Consequently,
*Capp(A, Q) < *Capp(A, Q) + €.
Since € was chosen arbitrarily, we have

,Cap,(4,Q) <*Cap,(4,9). (3.1.7)

From [3.1.6] and [3.1.7], the result follows. m
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As consequence of the above propositions, we define p-capacity as (inner)
p-capacity, and omit the star in the notation, that is, we write Capp(A,Q).

When the context is clear, we simply write Cap, (A)

3.2 Capacity as Outer Measure

Finally, as we have mentioned, for each fixed p € [1, oo} Cap, is not measure

but we can prove that Cap, is an exterior measure on subsets of U.

Proposition 3.2.1 Let p € [1,00], and let @ = G U 0G be a graph with
boundary. Then,
Cap,, : P(U) — [0, 00]
D — Cap,(D, )
(i) : Cap,(0) = 0;
(i1): (Monotonicity relative to a set being measured) If Dy, D, € P(U),
D, C D,, then Cap, (Dl, Q) < Cap, (_Dz, Q)
(46i) : (0- subaditivity) Let D; € P(U), i = 1,2, ..., and D = J;2, D;, then
Cap,(D,9) < Y Cap,(D;,Q);

i=1
Proof. (i) is obvious.
(12) For the proof, we consider the cases:

a) If Dy, D, are finite subsets of U, then the proof follows easily from
M(D,,UU8U) C M(D,,UUdU).
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b) If D, is finite and D, infinite, then it is enough to use the definition of
capacity for D,.
¢) If both Dy and D, are infinity, then for every finite K C D; C D, C U

we have
{Cap,(K,Q) : K C Dy, K finite } C {Cap,(K,Q) : K C D, K finite}.

Hence, Cap,(D1,Q) < Cap, (D2, ).

(#31) To prove we divide in cases:

a) If 3°;° Cap,(D;) = oo the result is obvious.

b) If 3 7° Cap,(D;) < o0

b1l) Suppose we have finite number of D; € P(U),7 =1,...,k and each D; is
a finite set. Let ¢ > 0. Then, by definition, there exist functions u; € Cy,

u; > 1on D;, i =1,.. k such that

I(w;) < Cap,(Di) + -, i=1,2,..,k. (3.2.2)

x|

For £ € V define the function
u(z) = sup{u;(z) : 1 < i < k}.

Obviously, by construction, the function u has finite support since each u;

has, and u > 1 on U, D;. Also

Ip(u) < ZIp(ui)
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so, we have

k

k k
I(w) € D5 L(ws) < 3 Capy(D) + 3 ¢

=1

thus,

k
I(u) < Z Cap,(D;) +e.
i=1

Since € is arbitrary, so, by definition of p-capacity, we have

k k
Ca'pp(U Dl) < Z Ca'pp(Di)'
i=1 i=1

b2) Suppose we have infinitely many D; € P(U),: = 1,2, ... where every D;
is finite. Let’s call D = |J;2, D;. Then, by definition, given ¢ > 0 there exists
K finite K C D such that

Cap,(D) — € < Cap,(K).

Now, since K is finite, there exist D;,i = 1,2, ...m such that K C U, D;

so, by monotonicity and part bl) above, we have

Capp(K) < Ca,pp(U D;) < Z Cap,(D;) < Z Cap,(D;).

i=1 i=1 i=1

Therefore,

Cap,(D) — € < Cap,(K) < i Cap,(D;).

=1
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Since € is arbitrary, we have
o0
Cap,(D) < Y _Cap,(D).
i=1

b3) Suppose now that D; € P(D),i = 1,2, ... but not necessarily all D; finite.
As before, consider D = |J;=, D;. Then, by definition, for any € > 0 there

exists K finite such that
Cap,(D) — € < Cap,(K).

Evidently, we have K = |J;2,(K N D;) where each K N D; is finite
so by part b2) it follows that

Cap,(D) — € < Cap,(K) = Cap,(| J(K N D;) < > Cap,(K N D).
=1 i=1

Finally, since K N D; C D; by monotonicity

Cap,(D) — ¢ < Z Cap,(K N D;) < Z Cap,(D;)

i=1 i=1

but € is arbitrary, so we have

Cap,(D) < 3 Cap,(Dy).
i=1
From a) and b), the result follows. m
We have just proved that the Cap,(., Q) satisfies properties i),ii), and iii),

ie., Cap,(.,f) is an outer measure.

Corollary 3.2.3 If a set K C U has zero p-capacity, then any of its subsets

also has zero p-capacity.

Proof. It follows immediately from monotonicity property. m
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3.3 Simple Properties

We alert that the following proposition is valid only for induced subgraphs
with induced boundaries, that is, Ay = G[Us] U G[(8°U}, 0°Ux)] C G . We

might say that they are analogues of open sets in topology.

Proposition 3.3.1 Let p € [1,00], and let G be a graph. Then p-capacities
~ satisfy the following properties:

(1) If Ay and Ay are induéed subgraphs with induced boundaries of G and

D c U, CU,, then

Cap, (D, Ay) > Cap, (D, Az);
(W) fDC A CAyC...CUZ, Ai = A, then

Cap, (D, A) = lim Cap,(D, A;). (3.3.2)

1—00

Prbof.

(1) Two cases to consider.
a) Let D C U, be finite and take an arbitrary € > 0. Then, there exists
u € M(D,U,U0Uy) such that I(u) < Cap, (D, Al) +e¢. Define 1, the natural
extension of u to Ay, by assigning zeros for the new vertices. It follows that
@ € M(D,U; U3U,) and I(@) = Ip(u).

Hence, Cap, (D, A2) < L(a) < Cap, (D,Al) + ¢. But € is arbitrary, so it
follows Cap, (D, A;) > Cap, (D, A,).
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b) Let D be infinite. For each ¢ > 0 and arbitrary there exists finite, K C D
such that Cap,(D,Az) — ¢ < Cap,(K,A;). By part a) Cap,(K, 4;) <
Cap, (K , Al) so that by the definition of capacity in Ay, it follows Cap, (K , Al) <
Cap, (D, A;). Combining the steps with arbitrariness of ¢, we get Cap, (D, Al) >

Cap, (D, Az), and the proof of i) is complete.

To prove (i) we again consider two steps:

Step 1) For all j € N,, by (i), we have
Capp(D,Al) > > Capp(D,Aj) > ... > Capp(D, A);
SO

lim Cap, (D, A;) > Cap,(D, A). (3.3.3)

100

Step 2) a) Let D be finite and ¢ > 0 and arbitrary. Then, there exists
u € M(D,U U dU) such that

I(u) < Cap,(D, A) + ¢
but for some jo € N*, supp u C A;, , that is, u is admissible for (D, 4;,), so
Cap, (D, 4;,) < Iy(u) < Cap,(D, A) +¢;

since € is arbitrary

Cap, (D, 4;,) < Cap, (D, A);

by (i), for j > jo
Cap, (D, 4;) < Cap,(D, A). (3.3.4)
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Taking the limit of (3.3.4), which exists by step 1, it follows that
i ) < . .9.
Jlg(r)lo Cap, (D, 4;) < Cap,(D, A) (3.3.5)
b) Let D be infinite and € > 0 and arbitrary. Then, for all j € Nx, there

exists K; C D finite such that

Cap, (D, 4;) — € < Cap,(Kj, 4;)

but by step 1,
Capp (Kj, AJ) < Ca.pp (Kj, A)

Cap, (D, 4;) — € < Cap, (K, A). (3.3.6)

Now, by déﬁnition of p-capacity of D
Cap, (K;, A) < Cap,(D, A)
which combined with (3.3.6) leads to
Capp(D, Aj) —e< Capp(D,A);
but € is arbitrary, so for all j € N,
Cap, (D, 4;) < Cap,(D, A). (3.3.7)
Taking the limit of (3.3.7) , since it exists by step 1, it follows that

lim Capp(D,A]-) < Capp(D,A). (3.3.8)

j—oo
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The proof of (ii) follows from (3.3.3),(3.3.5), and (3.3.8). =
Remark: The example of homogeneous trees Ty, in the coming section,

shows that we cannot replace > by = on the item 1. In fact, if Dg, — Dpg,,
then Cap,(D,, Dg,) > Cap,(D,, Dg,) for Ry < Rj.

The next proposition shows, without loss of generality, that we may restrict
ourselves to the conditions 0 <u<landu=1on K.

First, for finite K, we define new set of admissible functions

M(K,UU0U)={u € Co(UUAU): 0<u<1,u=1lon K andu=0on U}

To simplify, we only consider finite K C U in the following.

Proposition 3.3.9 Let p € [1,00], 2 = GUIG a graph with boundary and
K be a finite set on U. Then

Cap, (K, Q) = inf{I,(u, Q) : v € M(K,UU )}
Proof. a) It is immediate M(K, Uudl) D M(K,UudU), so
Cap, (K, Q) < inf{l,(u,Q): u € M(K,UUU)}. (3.3.10)
b) Take € > 0 and arbitrary. Then, fhere exists u € M(K,UUQdU) such that
I(u) < Cap, (K, Q) +e.
Consider a truncation of u, that is,

% = max(0, min(1, u))
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so, it is easy to see that @ € M(K,U U 9U), and, by dividing in cases, to

show that I,(%) < I,(u). Hence,
inf{I,(u) : v e M(K,UUIU)} S (@) < I(u) < Cap, (K, ) +e.
But by arbitrariness of €, we conclude that
inf{Z,(u) : u € M(K,U UU)} < Cap, (K, ).
Then, from the inequality above and (3.3.10), the claim follows . m

Corollary 3.3.11 Let p € [1,00], 2 = GU IG a graph with boundary and
K UOK be a finite set on U. Then

Cap, (KUOK, ) = Cap, (9K, ).

Proof. We prove it in two steps.

a) By Monotonicity, we have
Cap, (0K, Q) < Cap,(K U 0K, Q).

b) For the opposite inequality, let € be positive and arbitrary. Then, by

previous proposition, there exists u € M(9K,U U 9U)

I (u) < Cap, (0K, Q) +e.

u on (U\K)udU
1 onK.

Define an extension of u, namely, u* = { which is admis-

sible for K U 0K, so

Cap, (KUK, Q) < I,(uv*) < I(u) < Cap, (0K, Q) +¢;
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but, by arbitrariness of ¢, we have
Cap, (KUOK, Q) < Cap, (0K, Q).

Combining a) and b), yields the proof of the corollary. m

Now, we use p-capacity to produce definitions that play important roles
in the classification of finite/infinite graphs, and which allow us to deduce

their potential theoretic properties.

Definitions: For p € [1,00]; a graph G is called p-parabolic if Cap,(K) =0
for all finite subsets K C V and p-ﬁyperboh’c otherwise.

In the following, we extend the previous definitions to graphs with bound-
aries.
Definitions: For p € [1, 00|, and let = G UG be a graph with boundary.
Then, (2 is called p-parabolic if Cap,(K,2) = 0 for all finite subsets K C U

and p-hyperbolic otherwise.

Remark: Actually, we will see latter on, as a consequence of Proposition
[4.1.9], that for a p-hyperbolic graph Cap,(K) > 0 for all finite subsets
K C U (respectively V).
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3.4 The n-dimensional Lattices - Z"

This section has as goal to show nontrivial examples of p-hyperbolic and
p-parabolic graphs. For that purpose an ezplicit formula for evaluating
p-capacities on Z" is determined.

To view Z" as graph, as usual, for every pair of integers points at unit
distance ( Manhattan distance) is connected by an edge parallel to the coor-
dinates axes. |

Let {e1, e2,...,e,} the canonical basis of the module Z*. Then for n > 1

the set of vertices S"~1) = {(—1)j ei} is called radial n-sphere in Z".

=0,
i=1,2,...,n

Obviously, the radial n-sphere has volume 2n and it determines 2n (3, 7)
directions, namely, n i-directions each with two j-senses.

Example: SO = {(—1)je,'} = {(1,0); (=1,0); (0,1); (0, —1)} is the

5=0,1
i=1,2

1-sphere in Z? with volume 4 and 4 directions.
To compute the p-capacities, we shall split Z" in 2n sectors, namely, the

radial (3, j)-sectors.

Definition: An edge of Z" that is incident with the vertices that are at the
same distance from the origin (0) is called transversal edge and radial edge

otherwise.

Definition: The radial subgraph Z" , is the graph obtained by deleting all

rad

transversal edges from Z".

In the following, we describe the radial (3, j)-sectors of radius r and the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3. p-Capacity on Graphs 3.4 n-dimensional Lattices 51

disk of radius 7.
First, we define auxiliary sets.
Fort=0,1,2,...,let A, = {zx € Z/ —t < z < t} be a family of sets on Z.

Then, for each 1 = 1,2, ..., n define a family of sets on Z" by
Bl = Ayx Agx ... x Ay x {0} x Ay x ... X A,

= {$ = (xl, Z2,...,T;1, 0, Lit1y ey SL'n) =t <z < t, k= 1, 2, ey ’2, cory n}
which satisfies the following properties:

e BbCBiCcB,C---CBiC---.

o #(B!) = H%;% #(Ay) = (2t + 1)1 since #(A;) = 2t + 1.

Secondly, the set of vertices in the (%, j)-sector at distance ¢ from the

origin is describe by

Vt(i,j) - Bz‘ +t(—1)e;

= {mgia’) =z +t(-1Ye; € Z": x = (z1, 22, ..., Ti_1, 0, Tiy1, ..., Tn) € Bi}.

Definition: For i =1,2,..,n, = 0,1 and r € N, the radial (1, j)-sector of

radius 7, is the induced subgraph of Z? , given by

rad

S =z [ui_ V).

rad
whose set of radial edges [mgi’j ),xgi’;)] on the stage t is denoted by E{"7.
By the way, when the context is clear, we use instead the full notation for a

vertex z{"?) its shortened variant z;.
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Figure 3.1 : The sector Sél’o) of Z2

rad

Definition: The disk of Z™ centered at origin and radius r is the induced

subgraph

1
D, = YUzl

i=14j=0

Also note that {z € Z" : d(0,z) < r}, where d is the Manhattan distance,

is the set of vertices of D,.

In the following, we need a kind of averaging function on Z". Also, observe

that the referred distance on the definition is the Manhattan distance.
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Definition: The set of vertices at distance ¢ from the origin (0) is called

t-layer of vertices of either Z7 , or Z", that is,

n 1
L= y),
i=1j=0

Notice that #(L;) = (2t + 1)» — Y021 4(L,).

r=0
Definition: Let u € C?(Z"). The transversal average of u on Z" is the func-
tion & € C°(Z"™) that assigns to the vertices of each layer Ly, t = 0,1, 2, ....,

: 2zer, ¥(®)
respectively, the value _—;&L':)——

Proposition 3.4.1 Let Z",n > 1, be n-dimensional lattice. Then, for p > 1
and 0 <r < R < o0,

Cap,(D;, Dr) =Vol(S™) (i(% + 1)) - (3.4.2)

t=r
Proof. First we prove that <.
To simplify the notation, we define the function ¢(¢) to denote the number

of radial edges on each (%, j)-sector on the stage ¢, #(Et(i’j ) ), that is,
$(t) = (2t + 1)"1.

Now, we define a new function on Z" that is admissible for D, by assigning

its values on each t-layer. Namely, for all¢,r, Re Nand 0 <r < R < o0

1 if0<t<r,
Uy p(z:) = 1—%,3(221, ¢(p)ﬁ) ifr+1<t<R+1,
0 ift> R+ 1.
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Ly -1
e = (£, 6075)
We have

1. For0<t<r-1: Vur,R([:vt,xtH]) = 0.

2. Fort=randt=r+1:

Vur,R([xrawr-{hl]) =
= ur,R(xr—H) - ur,R(xr)
=1—yp¢(r) 7 — 1

1
= —Yr,ré(r) 7.
3. Forr+1<t<R:

vur,R([mt; $t+1]) =

= U p(Ts41) — Upr(T:)

= —YR [Zi: $(p) ™ ~ S ¢(p)i%5]

p=r
1
-~ '—'71',R¢(t) 1-p,

4. Fort> R+ 1:

Vu, r ([mt, xt+1]) = 0.

Thus,

'Vur,R([ivt,xtﬂ])' = {gr,R({b(t)l—i; iﬁ;s t <R,
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We sum up over the whole region to get:

Z XR: Z IVUr,R([mt, a:t+1]) lp =

(1)%%; =0 [24,2041)€ BT

R
=22 X e

1<i<n t=r

0<5<1 [2¢,2e41)€ BT
R
= Vol(S(""l))yf,Rz(ﬁ(t)qs(t)ﬁ_p
t=r
R

= Vol(S™ D)2 (Z 8()77)

= Vol (S )P7.
As u, g is an admissible function for D, relative to Dg,sofor 0 <r < R < oo

CapP(Dr’ Dg) < Ip(ur,R) =

R
1-n 1-
= Vol(S™ Vg = Vol(s®V) (3 (2t + 1))
t=r
(34.3)

We now prove the reverse inequality.

Let u be an arbitrary admissible function for D,, that is, v = 1 in D, and

0 <u < 1in Dg. Let U be the transversal average of u on Dg. Then, select
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a (7, j)-sector, we have

R R
1< Y Va0, 0] < Y _|Va[0y, 0|

R - t=r
= (Vo Oull2e+ 1) 5 (26 + 1))
< (ZIVQ[Ot, 011 P (2t + 1)(n—1)) ; (Z(% N 1)%> =

After raising to p and since #(B}) = (2t + 1)1, we get

(Z Z |Va[z, i1 I”) (ZR:(Zt + 1)%1—'}1)(’”"1) >1

t=r xtEB'

consequently,

S 3 Valeozenlp > (3 + 5F)

t=r Tt EB; t=r

Now, we sum up over all radial (¢, j)-sectors to get

2. Z > IVl 2P = vol(st 1))(2(2”1 1 )u -5

1<i<n t=r g, GB‘ t=r
0<5<1

or

L(@) > Vol(S™-D) (XR:(% + 1)%—1%1) v,

t=r

As averaging transversally a function can only decrease its p-energy,

namely, I,(u) > I,(@). Then,

L(u) > L(g) > Vol(S™1) (XR:(% + 1)‘%1)(1_”) .

t=r
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But u is an arbitrary admissible function of the condenser (D,, Dg), so

R
1-n (1—)
Capy(Dy, Dr) > Vol(5™) (3 (2t + 1)%—3) " (3.4.4)
t=r

From [3.4.3 and 3.4.4], it follows the proof. m

Corollary 3.4. 5 Forn > 1 and p > 1, the lattice Z™ is p-parabolic if and
only if Z

Proof. Combining the Proposition [3.4.1] and (3.3.2), we have

(2t+1 2t +1)3

(1-p)

WK

Capy(0, Z") = Vol($™D) (3 (2t + 1))

1 (1-p)
(2t + 1)(27‘%)> '

o
i
(=}

[~]8

= Vol(S™Y) (

t

il
=)

Now it is immediate the proof. w

Proposition 3.4.6 Forp=1andn > 1. Let Z" be lattice. Then, Capi(D,,Dg) >

1, forallr,R,0<r <R < o0.

Proof. Let u be an arbitrary admissible function for 1-capacity. Fix a path

on a direction y, then, by “telescoping ”, we have

Li(u) > i'vu ([xt, $t+1]) l
2 S5 u(leu i) -

so, we conclude that Cap;(D,,Dg) > 1,for 0 <r<R<o00. m
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Corollary 3.4.7 Forp=1 andn > 1, Z" is 1-hyperbolic.

Proof. The proof follows immediately from the above Proposition and

Proposition [3.3.1]. =
Proposition 3.4.8 For p =00 and n > 1. Z" is co-parabolic.

Proof. Consider a condenser (D,, Dg), 0 < r < R < 0o. Define

1 ifo0<t<r,
() =<1 - (R—7)"Yt—r) ifr <t <R,
0 ift > R,

u, g is an admissible function for (D,, Dg).

It is easy to verify that
(R—7)"1 ift=r
Ivur,R([xt,xtﬂ])‘ =S (R—7r)'r ifr+1<t<R-1.
0 else

1 r . .. .
55 7o)+ But u, g is an admissible function, thus

hence, I (4, g) = max{
Capeo(D,, Dg) < Io(uy,g).
By Proposition [3.3.1- (2)]
Capeo(D,,Z") = }%grgo Capoo(D,, D) = 0.

Take an arbitrary finite X' C Z" so, there exists some D, such that K C D

ro”

Then, by monotonicity of co-capacity, it follows that
Capeo(K,Z") < Capoo(Dr,y, Z™) = 0.

Thus, Z™ is co-parabolic. m
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Theorem 3.4.9
1. Forn > 2, Z" is p-parabolic if and only if n < p < c0.

2. For n =1, Z 1s p-parabolic if and only if n =1 < p < o0.

Proof.
1.Forn > 2 Ifp>n,thena =23 <1 As toy 7 diverges for
a < 1, then by limit comparison test > .-, (27}17; also diverges. Then,

by Corollary [3.4.5], it follows that Z" is p-parabolic.

Conversely, we suppose, by contradiction, that p < n, then

o= ZT‘i >1. As Y2, L converges, then by limit comparison test

o
> i1 Grpmje also converges which is in contradiction with Corollary

[3.4.5] since by hypothesis Z" is p-parabolic.
Therefore, p-parabolicity of Z"™ implies p > n.
2. If p > n =1, then, by Corollary [3.4.5], it follows that Z is p-parabolic.

Conversely, suppose, by contradiction, that 1 <p <n =1, that is,p =
n = 1. Then, by Corollary [3.4.7] Z is 1-hyperbolic which contradicts

the hypothesis.

Therefore, p-parabolicity of Z implies p > n = 1.

3. For p = oco. It is the Proposition [3.4.8] above. m
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Corollary 3.4.10

1. Forn>2, Z" is p-hyperbolic if and only if 1< p<n.

2. Forn =1, Z 1is p-hyperbolic if and only if n=p = 1.

Proof. The proofs are contrapositive of those given on the previous theo-

rem. m

In the article [14, p.148-152], it was proved the Theorem [3.4.9] and Corollary
[3.4.10]. It is worth to mention that our proofs are completely different of

those given by Maeda and, additionally, cover some omitted cases.

3.5 Homogeneous Tree - T
The purpose of this section is to determine a formula for evaluating p-capacities

of homogeneous trees Ty. This formulas allows to determine whether T are

p-parabolic or p-hyperbolic.
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Figure 3.2 Homogenous tree of degree 3

Let Ty be a homogeneous tree of degree d > 3 with no vertices of degree
1 (without terminals). Then Ty has d branches (copies) with respect a fixed
point a called root.
For each branch k = 1,2,...,d, the set of vertices in the generation ¢,
t=1,2,.)is
Ve = {af € Tu/d(a, of) = t}.

where d(a, z¥) represents the geodesic distance from the root a to the vertex
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z*. Throughout a proof, when the context is clear, we drop out k of z¥.

Definition: The disk of center a and radius r is the induced subgraph

T

p.-UnlUw]

Remark:
In each branch &, the number of edges that come out from the vertices of

the generation ¢ to generation ¢t + 1 is f(¢)=(d — 1)*.

Proposition 3.5.1 Forp>1and 0 <r < R < oo, let Ty be a homogenous

tree of degree d > 3. Then
Cap,(D;, Dr)= (Z(d N ) . (3.5.2)

Proof.

We define an admissible function for (D,, Dg) by

1 ifo<t<r,
upp(zy) = 4 1 —er(Zp_, f(p)™* ) ifr+1<t<R+1,
0 ift > R+2,

R 1\t
Where f}IT,R = (Zp:r f(p) 1-—p)
It is easy to verify that

v t = ifr <t<R.
'VUTR([SBt,xtH])l {g af () ;l;__ B
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By the fact that (#V;).(#E(z;)) = (d — 1)1 (d - 1) = f(2),

Ip(ur,R) = Z Z Z Z ivur,R<[mt, »’Ct+1]) }P

k=1 t=r g,eV} [2t,2e+1]€E(xt)
R d

=335 3 et

t=r k=1 g,cV} [zt,2t11]€E(z¢)

R
=dg Y fO)f ()

{l
=W

vf,R(i FO™) = g

t=r

But u, g is an admissible function for (D,, Dg) so,

Capp(Dy, Dr) < Ip(urr) =
R
_ 1 \1-»p (3.5.3)
=a2s = s0™)
t=r
We now prove the reverse inequality. -

Throughout the proof k& shall be removed from all notations.

Let (D,, Dg) be a condenser, and let 22,22, ,,...,2% ; an arbitrary path

on a k branch.
Let u be an arbitrary admissible function on (D,, Dg), that is, v = 1 on
D, and v = 0 on 0Dpg. Consider u the transversal average of u on Dy with

similar definition given for the Z" case. Then, for p > 1,

B CEHE i(m([xamsﬂ]) ym)%) (10%)
< (olva(etiatal) 0) (L s0r%) 7
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Thus,

ilvﬁ([w?’ wal)| 1) 2 (i foms)

Since (#V;).(#E(z;)) = (d — 1)*"Y(d — 1) = f(t), it follows

R R R L \1-p

XYY ()| 2 (Lros)
t=r z:.€V; [.'l!t,.’L'g+1]€E(.’l:t) t=r

We now sum up over the whole Dp, precisely

=YY % |V (o0, el |

k=1 t=r z:€V; [z4,2¢41]EF(xs)
R

2 a(s0)
t=r

As averaging transversally can only decreases the p-energy, so

1-p
L(u) > Lz >d(Zf(t)1—p) .
t=r
But v is an arbitrary admissible function, so by definition of p-capacity,
R N1
Capy(Dy, Dr) > 43 £(H)77) (3.5.4)

t=r

Therefore, from (3.5.4) and (3.5.3), it follows the proof. =

Proposition 3.5.5 Ford > 3 and p = 1, let Ty be a homogenous tree then
Capi(D,,Dg) > 1, forallr,R, 0 <7 < R < o0.
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Proof. Let v be an arbitrary admissible function for 1-capacity. We take a

branch of the tree and a path in it from generation r to generation R, then

Ii(u) > i‘V’u([xt_l, a:t]) I

> li Vu ([xt_l, xt]>

so, that Cap;(D,,Dg) > 1,for1<r<R<oo m

=1,

Corollary 3.5.6 Ford > 3 and p =1, Ty are 1-hyperbolic.

Proof. It is immediately consequence of the above Proposition and Propo-

sition [3.3.1]. m

Proposition 3.5.7 For p=o0. If T; (d > 2 ) is a homogenous tree, then

T, is co-parabolic.

Proof. Consider a condenser (D,, Dg), 0 <r < R < co. Define

1 ifo<t<r,
urp(T) = ¢ 1— (R—r)fl(t—r) ifr <t <R,
0 if t > R,

u, g is an admissible function for (D,, Dg).
It is easy to verify that

(R—7r)t ift=r
lvur,R([xt;xt+1])l =<(R—r)ytr ifr+1<t<R-1.
0 else
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Rl_r, 7} But u, g is an admissible function, thus

hence, Ioo(ur ) = max{
Capoo(Dr, Dg) < Io(trr).
By Proposition [3.3.1- (ii)]
Capoo(Dy, Ty) = }%gr;o Capoo(D;, Dg) = 0.

Take an arbitrary finite K C Ty so, there exists some D,, such that K C D,,.

Then, by monotonicity of p-capacity, it follows that
Capoo(K,Ty) < Capoo(Dy,y, Tg) = 0.
Thus, T, is co-parabolic. =
Theorem 3.5.8 If T; homogenous tree of degree d > 3, then
. de 1s p-hyperbolic for 1 < p < 0.

e Ty is oo-parabolic.

Proof. It is enough to combine (3.3.2) with above Propositions [3.5.1],
[3.5.5], and [3.5.7]. m

Next proposition shows a pathological example of tree.
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Proposition 3.5.9 For d = 2, T; satisfies
1. if p=1 s I-hyperbolic.

2. if 1 < p < o0 is p-parabolic.

Proof. It is enough to observe that a homogenous tree of degree 2 coincides

with the lattice Z. m

3.6 p-Capacity and Graphs’ Morphisms

We first define the concept of graphs’ morphisms to establish a geometric
relationship between graphs.

Secondly, having a morphism between two graphs, we can deduce a re-
lationship of their p-capacities. They will provide us with very useful tools
to compare the p-potential of the graphs. For example, to determine the
p-hyperbolicity of certain types of non-homogeneous trees by comparing their
capacities with capacities of the homogeneous tree T3.

Finally, we can formulate the concept of isomorphism, from which we will
get a natural notion of equivalence on the p-potential graph structures. In

the following, p € [1, 0o} unless state otherwise.

Definitions: Let G = (W4, F;) and H = (Va, F5) be graphs without bound-

aries. A map ¢ : V), — V; preserves adjacency if * ~ y implies
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o(z) ~ p(y). Naturally, ¢ induces a map ® = ¢ x ¢ : By — E,, defined by

‘CI)({:B’ y]) = [(,0(1}), So(y)]'

The pair (p, ®) is called a morphism from G to H and the subgraph
o(G) = (p(V1), ®(E1)) C H is called image of G in H.
Definition: A morphism (¢, ®) is a monomorphism if ¢ and ® are one-to-
one. In particular, a monomorphism onto is called an isomorphism.
Remarks:
o If ¢ is an monomorphism if ¢ is one-to-one map that preserves ad-
jacency, then mg(z) < mg(p(z)), for all z € G. In particular, a

monomorphism onto is called an isomorphism if mg(z) = mH(go(x)),

forallz € G.
¢ Sometimes, we will write ¢ as abbreviation for a morphism (¢, ®).

e The type problem is the problem of determining whether a graph is
p-parabolic or p-hyperbolic. Incidently, we adopted this terminology

from similar one used on random walks.

Theorem 3.6.1 Let G and H be graphs without boundaries. If ¢ is an

1somorphism from G to H, then G and H have the same type.

Proof. Let a be an arbitrary vertex at G. Consider an arbitrary ¢ > 0.

Then, there exists an admissible function for ¢(a) such that

I(u) < Cap,(¢(a), H) +¢.
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Define % = u o ¢~ !. It is easy to verify that % is admissible for G and

I,(i) = I,(u). Hence,
Ip(@) = Ip(u) < Cap, (o(a), H).
By definition of p-capacity on G and arbitrariness of ¢, we have
| Cap,(a, G) < Cap,(¢(a), H).
Similarly, by symmetry,
Cap, ((p(a), H) < Cap, (a, G).
Together, the two inequalities give
Cap, (tp(a), H) = Cap, (a, G).

Now, it is easy to complete the proof. m

Definition: Let G and H be graphs without boundaries. A monomorphism
¢ is called an embedding from G to H if ¢(G) is taken without boundary
induced by H, that is, dp(G) = 0.

Proposition 3.6.2 Let G and H be graphs. If ¢ is an embedding, then for

some arbitrary a € G

Cap,(a, G) = Cap,(p(a), p(@)) < Cap,(¢(a), H).
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Proof. Since ¢ is one-to-one, obviously, ¢ is isomorphism over its image so,

by the previous theorem,
Cap,(a,G) = Cap,(»(a), p(G)). (3.6.3)
Take € > 0 and argitrary. Then, there exists u € M(p(a), V2) such that
I(u) < Cap,(p(a), H) +¢.

Evidently, u |,(v;) is admissible for (¢(a), (G)), i.e., u |, € M(p(a), o(V1))

and
L(u |pm)) < L(u) < Capp(‘ro(a)a H) + €.

Thus, by definition of Cap,(¢(a), ¢(G)) and arbitrariness of ¢,

Cap,(¢(a), p(@)) < Cap,(y(a), H).

By combining (3.6.3) and the above inequality the proof follows. w

In the following, the example shows that the embedding ¢ in this case

may be named cut.

- Example: Let G* be an arbitrary subgraph of G. Consider the inclusion s

in place of ¢ on the previous proposition. Then,
Capp(a,G") < Cap,(x(a),G). (3.6.4)

In this case, one says that G’ is cut from G. Notice that cutting can only

decreases (or does not affect) the p-capacity.
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Corollary 3.6.5 Let G be a p-hyperbolic graph.
If G can be embedding by ¢ on H, then H 1is p-hyperbolic.

Proof. It is enough to apply the Proposition [3.6.2] for . m

Theorem 3.6.6 Let p € [1,00). If T is a tree without terminals with

d = minger m(z) > 3, then T is p-hyperbolic.

Proof. By Theorem [3.5.8] T3 is p-hyperbolic for p € [1,00). As T3 can be

embedded in 7', it follows from the corollary above that T is p-hyperbolic. =

Corollary 3.6.7 If a graph G is p-parabolic, then G has no homogeneous

trees of degree d > 3 embedded in it.

Proof. Obvious. m

Definition: Let G = (V, E) be graph and U C V. If ¢ is a morphism from
G to G defined by ¢(z) = z on U and there exists b € 8'U such that ¢(z) = b
for all z ¢ U, then ¢ induces a morphism from G to G = ¢(G) = (V', E"),
a multisubgraph without boundary, where V' = (V) = U and E' consists of
all edges zy where z and y are neighbours in U, all edges zb where z € 06U,

and the self-loop bb. This ¢ we called a shorting morphism.

Proposition 3.6.8 Let G = (V, E) be a graph and U C V. If p is a shorting

morphism, then for some arbitrary a € U

Cap, (a, G) < Cap,(p(a), ¢(G))
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Proof. Let a € U and ¢(a) € V'. For ¢ > 0 and arbitrary there exists

u' € M(yp(a),U U {b}) such that, I,(uv') < Cap,(p(a), p(G)) +e.

u'(p(z)) €U

u'(b) € V\U.

Now u € M(a,V). Indeed, u(a) = v'(¢(a)) = 1; since u' has finite

Define u(z) =

support, automatically, u has finite support.

We have
e if z,y € U, then Vu[z,y] = Vu'[z,y].

e if z € &U and y € 8°U, then Vu|z,y] = u(y) — u(z) = v'(b) — v/(z) =
Vu'lz, b].

o if z,y € V\U, then Vu[z,y] = u(y) — u(z) = +/(b) — u'(b) = 0.

Consequently,
I(u) = I(v') < Cap,(p(a), o(G)) +e,

and, then, by definition of p-capacity and arbitrariness of ¢ we get

Cap,(a,G) < Cap,(p(a), p(G)). =

Remark: Notice that we have used multiple edges on the previous proposi-

tion.

Finally, to complete the section, we need to deal with graphs with bound-

aries.
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Definition: Let 2 = GUIG and Qg = HUOJH be graphs with boundaries.
A morphism of graphs with boundaries is a map between (¢ and Qg
that preserves adjacency and boundary, that is, p(0G) C dH. In particular,

one-to-one morphism is called monomorphism of graphs with boundaries.

Definition: An embedding ¢ between graphs with boundaries is an monomor-

phism of graphs with boundaries where dp(G) = ¢(9G).

Proposition 3.6.9 Let ¢ be an embedding from Qg to Qgy. Then, for some

a € Q¢
Cap,(a, Q) = Cap,(p(a), p(26)) < Cap,(¢(a), ).

Proof. The proof is exactly the same that is given on Proposition [3.6.2]. m
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Chapter 4
VARIATIONAL p-CAPACITY

In this chapter, it shall be showed that each p-capacity can be represented
in terms of a unique positive p-superharmonic function called p-capacitory
function (Theorem [4.1.1]).

Additionally, from the existence of p-capacitory functions, classifications
of graphs relative to p-parabolicity and p-hyperbolicity shall be obtained. As
an application of that classification, we present a much stronger version of
the convergence theorem as well as of its corollaries that were originally given

in the appendix.

4.1 Variational p-Capacity

We obtain below a different characterization of p-capacity in terms of a unique

function called the p-capacitory function.

74
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Theorem 4.1.1 (Variational Capacity) Forp € (1,00), let G be a graph
(verhaps with boundary). Then for every finite K C V there erists a unique

function u*, called p-capacitory function, that satisfies the following proper-

ties:

1. u* € LP(V);

2. vt=1o0onK;

30w <l1onV;

4. Apu*=00nV\K;

5. Cap,(K) = I,(u*).
Proof. Let G be a graph (perhaps with boundary), and let K C V finite
arbitrary set of vertices. Consider an exhaustion (G;);>; of G of finite induced
subgraphs with induced boundaries induced by G such that K C G;. Solving

the Dirichlet problem [2.4.1] on each G; under the conditions 4} = 1 on K,
uf =0 on 9V, and for ¢ > 2, u} = u} , on §'V;_;, we have
1. uf € Cy(V; U dV;) by construction.

2. u} =1 on K also by construction.

3. Apu; =0on V;\ K
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4. 0 < uf <1 by Max/Min principle. since u} is solution of the Dirichlet

problem.
5. Ca,pp(K, G, U BG,) = Ip(u;‘, G, U 8G,)

5.) requires some argument. Indeed, in one hand 2.) and 4.) imply that
u; is an admissible function for p-capacity of (K, G;), hence, by definition of
p-capacity

Cap,(K,G; U 0G;) < I(u;,G; U 0G;). (4.1.2)
On the other hand, for an arbitrary € > 0, there exists u € M(K,V; U 9V})

such that

Ip(u, G; U 8G,) < Capp(K, G; U an) + € (413)

We claim that Ip(uf) < Iy(u). In fact, from 3.) u} is p-harmonic on V; \ K

and from 2.) uf =1 on K, so
I(u;, Gi U 0G;) < I(u, G; U IG;). (4.1.4)
Now, taking in account the arbitrariness of ¢, from (4.1.3) and (4.1.4)
I(u;, G; U 0G;) < Cap,(K,G; U 3G;) (4.1.5)

Together (4.1.2) and (4.1.5) complete the proof of the claim and the first step

of the proof.
In the second step, it is the limit case, that is, the p-capacity of the
condenser (K, G).
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First, we extend the functions u;, still denoted by u], to G by assigning
zeros to the vertices on V' \ V.

Secondly, we observe that, by construction, the sequence {u}};>; on
Co(V) is increasing and bounded, consequently, converges pointwisely on
V to a function u*.

Thus, from 2.) v* =1 on K, from4.) 0 < v* <1on V and from 3.)
combined with Harnack principle [2.2.6] Aju* =0o0n V' \ K.

Remained to prove 1.) and 5.)

In fact, by Proposition [3.3.1-ii]
Cap,(K,G) = zllglo Cap,(K,G; U 9G;) = }l,‘i‘o I,(u}),

that is, {{u}]}i>1 is & minimizing sequence for the p-capacity of (K,G) on
LiP(V). Now, first we observe that the £'P-norm and I, have the same
minimizers, so {[u}]}i>1 is also a minimizing sequence for the L£!P-norm.
Since p € (1,00), hence, by Theorem [1.4.6-2] the sequence is a Cauchy
sequence in LP(V) . However, L¥(V) are Banach spaces, so there exists

[w!] € £5P(V) such that [u}] — [u!] in £YP-norm. So
Capp(K, G) = lim I,(u}) = Ip(u“)
100
Now, by Fatou’s Lemma

IP(U*) < lim Ip(UI) = Ip(u”)
1—r0o0
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which implies that u* € M(K,V) ( closure in £y7(V) of the admissible
functions of K).

Hence, by definition of p-capacity, it follows
Ip(u”) = Capp(K, G) < L(u*) < Ip(u"),

that is,
IP(U*) = Ip(u”)-

So u* = u! by Theorem [1.4.6-1].
Incidently, in the case of a graph with boundary an extra property is

obtained, namely, 6) u* =0 on 6U. m

Remark: For G finite (perhaps with boundary), the case p = 1 is included
in the first part of the above proof, that is, for every K C V, there exists
a unique l-capacitory function satisfying all properties above mentioned,
inclusively, Cap, (K, G) = I (u*).

The following proposition generalize the concept of capacity as it was first

defined by Wiener [20] for compact sets in R®, (n > 3 case).

Proposition 4.1.6 For p € (1,00), let G be a graph (verhaps with bound-
ary). Then for every finite K CV

Cap,(K) = — Z Dy pu*(y), (4.1.7)

yEoK

where u* is the p-capacitory function for the condenser (K, G).
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Proof. a) First graphs without boundary.

Foru* € LyP(V), U = V\&K and 0U = 'K, it follows that (Dy pu*)t =0
on 9U and (A,u*)t =0 on U, so we can apply the Corollary [A.1.14], that
is,

Cap,(K)= Y Dypu'(y)=— Y _ Dyyu'(y). =

yeF K yeEOK

b) Secondly, graphs with boundary.
The proof is exactly the same as a); but we must apply the Corollary

[A.1.14] with »* = 0 on the vertices of the exterior boundary.

Proposition 4.1.8 Forp € (1,0).
If G is a connected p-parabolic graph and K a finite set of vertices of G, then

the capacitory function u* for K isu* =1 on G.

Proof. G is p-parabolic, then for every finite K C V Cap,(K) = 0. On the
other hand, by the variational theorem, there exists a unique p-capacitory
function u* such that I,(u*) = Cap,(K).

Thus, I,(u*) = 0, that is, u* is constant. However, u* = 1 on K, conse-

quently, v* =1on G. m

Proposition 4.1.9 For p € (1,00), let G = (V,E) be a graph. If there
exists a finite subset of vertices of G = (V, E) with p-capacity zero, then the

p-capacity is zero for every finite subset of vertices.
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Proof. Let K be a such finite subset of vertices of G = (V,FE) with
Cap,(K) = 0. Take one vertex z of K. By monotonicity of p-capacity
Cap,({z}) = 0. By the variational theorem [4.1.1] of p-capacity, there exists
the p-capacitory function u* which satisfies ,(u*) = Capy({z}) = 0 and,
consequently, u* = 1. But we have shown before on the variational caf)acity
theorem that u* = 1 is limit of a Cauchy’s sequence {u;}i>1 on LY*(V)-norm,
such that u; — 1 pointwise on G and I,(u;) — 0 as i — oo.

Let L be any other finite subset of vertices of G . Consider minger(u;(z)) =
ai, 1 € IN,, as L is finite we can get a well defined sequence {a;};>1 such that
a;,—1last— o0

Now construct a new sequence {v;};>; where v; = a; lu;. Clearly, v; > 1
on L, and I,(v;) = a;I,(u;) — 0 when ¢ — co. On the other hand, from
definition of p-capacity we obtain Cap,(L) < I,(v;), i € N* which combined

with the previous paragraph result gives Cap,(L) =0. m

For the corollary below let p € (1, 00).
Corollary 4.1.10
1. If G is p-hyperbolic, then for every finite K C V' Cap,(K) > 0.

2. If GUOG is p-hyperbolic, then for every finite K C U Cap,(K) > 0.

Proof. 1) G is p-hyperbolic, so there exists a finite Ky C V such that
Capp(Ko) > 0.
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Suppose to the contrary that there exists finite X C V such that
Cap,(K) =0. Then, by the proposition above Cap,(Ky) = 0; a contra-
diction.

Therefore, for every finite K C V, Cap,(K) > 0.

2) Suppose to the contrary that there exists a finite X' C U such that
Cap,(K) = 0. Then I,(u*) = 0, where u* is the p-capacitory function. Hence,
u* is constant; a contradiction however, since v* = 0 on U and v* =1 on

K.

Therefore, every finite K C U, Cap,(K) > 0. m

Remark: The meaning of the results above is that the existence/non-
existence of a finite set of vertices with positive p-capacity is a property

of the graph not of the set.

Proposition 4.1.11 For p € (1, 00).

1) If G is a connected p-hyperbolic graph without boundary and K a finite set
of vertices of G, then the capacitory function u* satisfies 0 < u*(z) < 1 for
all x in at least one unbounded connected component C of G — K.

2) If GUOG 1is a connected p-hyperbolic graph with boundary and K a finite
set of vertices of G, then the capacitory function u* satisfies 0 < u*(z) < 1
for all z at least one connected component C of (G— K)UIG whose boundary

0C contains vertices of OU.
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Proof. 1.) will be proved in two steps.
a) Let K C V be finite set of vertices. By variational theorem there exists a

unique p-capacitory function u* such that
Cap,(K) = Ip(u*).

On the other hand, G is p-hyperbolic, so by Corollary [4.1.10] Cap,(K) > 0.

Thus, I,(u*) > 0.

Now consider the components C determined by &' K. First, suppose that
C' is a bounded component, hence finite. We claim that v = 1 on C. Indeed,
as 0C C 0'K and u* is p-harmonic on C, then necessarily © = 1 on C by
Theorem [2.4.1].

Secondly, if also u* were identically 1 on every unbounded component,
then u* would be identically 1 on the whole graph. That does not happen
however, since I,(u*) > 0.

Thus, there exists at least an unbounded component C' and a point zg
such that u*(zy) < 1. But u* is p-harmonic on C, so the Maximum Principle
[2.1.4] combined with the fact that 0C C 'K imply that u*(z) < 1 for all
in C.

b) Let C be an arbitrary unbounded component determined by 8*K. Suppose
that there were 2o € C such that u(zy) = 0, then, z5 would be a minimum

point of u*. However, u* is p-harmonic on C, so by Minimum Principle u*
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would be identically zero on C U 0C'; this is a contradiction however, since
0C C 'K and u* |gig= 1.

Thus, u*(z) > 0 for all z € C.

By combining a) and b), it follows that there exists at least one unbounded
connected component where 0 < u*(z) < 1 for all z in C.

2) By using the same arguments given on 1.), it follows that I,(u*) > 0.
As before, consider all connected components determined by §'K, then there
exists at least a component C' whose boundary dC contains vertices of U and
0'K. Hence, u* assumes only 0 and 1 at that boundary, but «* is p-harmonic
on C however, so, necessarily, by Max/Min principle 0 < u*(z) < 1 for all =

mC.m

Remark: Notice that in both cases, the proposition above shows more,

namely, u*(z) > 0 for all z in G.

4.2 Classification

Proposition 4.2.1 Suppose that p € [1,00) and G a finite connected graph

without boundary. Then G is p-parabolic.

Proof. Let K C V be an arbitrary set of vertices. Then, by the variational
theorem and the remark that follows it, there exists the p-capacitory function

u* such that Cap,(K,G) = I,(u*). However, u* is p-superharmonic, so by
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the Corollary [2.2.2] u* is constant. Hence, Cap,(K,G) = 0, that is, G is

p-parabolic. m

Proposition 4.2.2 Suppose that p = co and G (non-necessarily finite)connected

graph without boundary. Then G is co-parabolic.

Proof. a) Suppose G is infinite. Choose a reference vertex o as origin
and, similarly, as it was done for Z" consider the condenser (D,, Dg) with

0 <r < R<o00. Define

1 fo<t<r
upp(z) =¢1—(R—7r)"Ht—7) ifr+1<t<R
0 ift>R

It is easy to see that u, g is an admissible function for (D,, Dg) and

(R—7)"t ift=r
|Vup gleg, o] =S (R—7)"Ir ifr+1<t<R-1
0 otherwise

Thus,
1 T
R—r’R—r}'

Capy,(Dy, Dr) < Io(upr) = max{

Let K C V be an arbitrary finite set of vertices, then there exists ry such -
that K C D,,. Now by monotonicity of the p-capacity, it follows that , for

all R > 7o,

To

Capeo(K, D) < Caben(Dyey Dr) < max{ 5 1 ).

—TO’R—TO
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Letting R — oo, it follows that
Cap(K,G)=0

that is, G is oo-parabolic.
b) G is finite. Obviously, G can be embedding into a infinite graph
without boundary G. »

Consider K an arbitrary set of vertices on G. Then by Proposition [3.6.2]
Cap,,(K, G) < Cap,, (K, G).
Now by part a) Cap,(K,G) = 0, that is, G is co-parabolic. m

Theorem 4.2.3 (Classification I) Suppose p € [1, c0].

If G is a finite graph without boundary, then G is p-parabolic.

Proof. It follows from the Propositions [4.2.1] and [4.2.2]. =

It is a beautiful consequence of the theory of p-capacity combined with
energy formula that any graph with boundary is, necessarily, a p-hyperbolic

graph. We now begin to prove that.

Proposition 4.2.4 Suppose that p € (1, c0).
If GU OG (non-necessarily finite) graph with boundary, then G U 0G is

p-hyperbolic.
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Proof. Let a € U be an arbitrary vertex. By the variational theorem there
exists a unique p-capacitory function u*, that is, p-harmonic on G —a, u* =0
on 9U, and u*(a) = 1. Then, by Max/Min principle on G U dG, it follows
that 0 < u*(z) < 1 on G — a. Now, by applying the Proposition [4.1.6], it is

easy to verify that

Cap,(a,GUG) = — > Dn,u*(y) > 0.

yeV(a)
Thus, by definition, G U @G is p-hyperbolic. m

Proposition 4.2.5 Suppose that p=1.
G U 3G (non-necessarily finite) a graph with boundary, then G U 0G is

1-hyperbolic.

Proof. a) Suppose that @ = G U 9G is finite. Let a € U, and let u be
an arbitrary admissible function for 1-capacity for a. Fixing a (a-b)-path

a = y.x1...2, = b where b € 0U, by cancelling out, we have

L(u) 2 ZIW[wt,wm]l 2 IZ Valzy, zea)] = 1,
t=0 t=0
Cap,(a, GUIG) > 1.

Thus, by definition, G U 0G is 1-hyperbolic.

~b) Suppose that 2 = G U 0@ is infinite. By [3.6.4] “cutting” € finite
with boundary from € such that 89" C 8G, we have

Cap, (a, Qb) < Cap,(a, )
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but by part a) Cap,(a,*) > 0. Thus, by definition, {2 is 1-hyperbolic. m

Proposition 4.2.6 Suppose that p = co.
If GU OG( non-necessarily finite) is a graph with boundary, then G U 0G is

oo-hyperbolic.

Proof. a) Suppose that G U dG is finite and by contradiction that G U 8G
were oo-parabolic. Take an arbitrary @ € U and € > 0. Then, there exists

ue € M(a,U U QU) such that
Io(ue) < e

consequently, |Vu.| < € for all edges on G U JG.

Now

L) =33 3 Vul < (Y m@)e

2€U [3,y] B (2) UuaU
By definition of capacity
Cap,(a,GUIG) < () m(z))e
UuoU
which combined with arbitrariness of e implies that Cap,(a, GU0G) = 0.
Let K C U finite and arbitrary. Then, by using subadditivity, we con-
clude that Cap,(K,GUOG) = 0. Hence, GU G would be 1-parabolic which

is a contradiction with Proposition [4.2.5]. Hence, Cap.,(K,G UJG) > 0.
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b) Suppose that Q@ = GUAG is infinite with boundary. By [3.6.4] “cutting”

¥ finite with boundary from Q such that 8Q° C G , we have for a € Q°
Cap,,(a, Q) < Cap,(a, Q)
but by part a) Cap.,(a, ") > 0, so
Capoo(q, Q) >0,

so by definition, 2 is oo-hyperbolic. m

Theorem 4.2.7 (Classification II) Suppose that p € [1, ).
If GUJG (non-necessarily finite) graph with. boundary, then G U 0G is

p-hyperbolic.

Proof. It follows from the Propositions [4.2.4], [4.2.5], and [4.2.6]. =

4.3 Application

In this section, as consequence that all graphs with boundary are p-hyperbolic
a much stronger versions of the convergence formula and its corollaries shall

be get by removing certain hypotheses of the original ones in the appendix.
Corollary 4.3.1 (Convergence Formula) Let GUOG a graph with bound-

ary (finite or infinite) with orientation (Xu OnX), where Oy X is the outer

orientation of the boundary. Then, for any v = [v] € LyP(U U dU), and
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7 € LY(E U 8E) such that vdiv(j) € L*(U) and vconv(y) € L*(8U) the fol-
lowing formula holds

Y (Vo) (o)) = - S v(@)divi)(@) + 3 v(y)eonv(s)(y).

z€U [z yle(XUon X) zeU yeoau
(4.3.2)
Proof. By the Theorem [4.2.7) GUOG is p-hyperbolic, consequently, by The-
orem [5.1.7] each equivalence class of £5P(U U U) reduces to only one rep-
resentative. Hence, the extra hypotheses that were needed in the p-parabolic
case can be removed. See [A.1.10]. m
Now, from the corollary above, we can deduce the analogue of Green’s

Identity for graphs.

Theorem 4.3.3 GUOG a graph with boundary with orientation (X UdyX)
where OyX is the outer orientation of the boundary. Then, for any

u € [u] € LY2(UUU) and v = [v] € LP(U UAU) such that vAyu € L (U)
and vDy yu € L}(8U) the following formula holds

Z Z (Vv.Vu)|Vu|p’2([$,y]) =— Zv(x)APu(m)—i-Z v(y) D pu(y).
2€U [z y]e(XUdy X) z€U yedU

Proof. The proof is the same of [A.1.13], however, we apply the Convergence

Formula above. m

Corollary 4.3.4 GUJIG a graph with boundary with orientation ()—f Uy X )

where OnX is the outer orientation of the boundary. Then, for any
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u = [u] € LeP(U UAU) such that with uA,u € L*(U) and uDyyu € L}(AU)
the following formula holds

Z Z |Vu[z, y]|P = — Zu(m)APu(x) + Z u(y) Dy pu(y).

z€U [gy]e(Xudy X) z€U yedU

Proof. Put v = ¢ in the formula on the above theorem. m

Corollary 4.3.5 GUOG a graph with boundary with orientation (X1 UdyX )
where Oy X is the outer orientation of the boundary.

Let u = [u],v = [v] € LyP(U U dU) such that vApu,ulw € LY(U) and
vDypu, uDyyv € L(8U). Then

> (w@)dp(@) —v(@)Au(@) =D > (Vu.V)[[VuP? ~ (Vo]

el €U [z,y)e(XUdy X)

+ 3 (u(y) Dy gu() - v(y) Dnpu)).

yeoU

Proof. It is enough to apply twice the previous corollary. m
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Chapter 5

p-HYPERBOLIC GRAPHS

In this Chapter, it shall be presented characterizations of p-hyperbolic graphs
in terms of existence of non-constant positive p-superharmonic functions.
Estimates that allow to show that nonzero constants do not belong to the
p-Dirichlet spaces Lg”(V) . Also, it shall be proved an important necessary
and sufficient condition for a graph to be p-hyperbolic (Kelvin-Nevanlinna-
Royden criterion) in terms of existence of a flow with certain special proper-
ties (Theorem [5.2.8]). Finally, in the last section, examples of application of
the Kelvin-Nevanlinna-Royden criterion shall be given. Namely, the homoge-

nous trees of degree d > 3 are p-hyperbolic, and finite Cartesian product of

p-hyperbolic graphs is a p-hyperbolic graph (Theorem [5.4.1]).

91
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5.1 Characterizations of p-Hyperbolic Graphs

In the following, p € (1, c0) unless state otherwise.

Theorem 5.1.1 Let G = (V, E) be (connected) p-hyperbolic graph (perhaps

with boundary). Then, there exists a function v:V — R such that
1. v € LP(V);
2. v is nonconstant (strictly) positive p-superharmonic function;

3. Apv has finite support.

Proof. The proof is applicable for both: graphs with boundary or without
boundary.

Let a be an arbitrary vertex in V. Then, by the variational theorem
[4.1.1], there exists a unique capacitory function u*. Denoting u* by v, we

shall proved that v has all the required properties, precisely,
1. v € L§P(V) from the variational theorem.
2. v is nonconstant, since by Prop.osition [4.1.10] I,(v) = Cap,(a) > 0.
3. v is strictly positive by the remark that follows the Proposition [4.1.11].

4. By the variational theorem, v is p-harmonic on G — a. It remains to

show that Apv(a) < 0.
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Indeed, by Proposition [4.1.11]

App(a) = Y |o(y) = v(@) P~ (v(y) - v(a))

[a,y)€E(a)

= > b -1 (uy) - 1) <0

[a,y]€E(a)

Thus, v is p-superharmonic on V.

5. Evidently, the support of A,v is {a}, hence, finite. m

Theorem 5.1.2 A graph G = (V, E) is p-hyperbolic if and only if G carries
a non-constant positive p-superharmonic function u with finite p-Dirichlet

energy.

Proof. The necessity is a consequence of Theorem [5.1.1].

The sufficiency follows, by contradiction, from Theorem [6.1.1]. w

Theorem 5.1.3 All GU GG carry a nonconstant positive p-superharmonic

function with finite p-Dirichlet energy.

Proof. In fact, by the classification theorem [4.2.7] G U G is p-hyperbolic,
consequently, by the Variational Theorem [4.1.1] there exists a positive

p-superharmonic function with finite p-energy. m

Remark: Notice that also for GUOG finite and p = 1 the result above holds.
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The goal now is to obtain, in the context of infinite graphs, results analo-
gous to those on Sobolev Spaces, namely, the Poincaré inequality and Rellich

theorem.

Theorem 5.1.4 For a graph G to be p-hyperbolic it is necessary and suf-
ficient that for every finite set of vertices K C V there exists a constant

C(K,p) such that

z|u )| < C(K,p)||lullip, for allu € LyP(V) (5.1.5)
zeK

Proof. To prove sufficiency, suppose on the contrary that G is p-parabolic
and (5.1.5) holds. By parabolicity, there exists K C V finite such that
Cap,(K) = 0. But by the definition of p-capacity there exists a sequence of

functions {u;};>; on V with the following properties: for all ¢ € IV,
a) u; > 1on K;

b) u; € Co(V);

c) I(w) < 3.

We now apply the inequality (5.1.5) to this sequence to get

1<) Jui(z)| < C(K,p)lluillyp foralli,i € IV,
zeK

but then by c), and the fact that ||ul:, = Ip(ui)zl’ we have

1
1 < C(K,p)Ip(u;) < C(K,p)t, i€ N,.
1P
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Now, by taking the limit as i — oo we get a contradiction. Therefore, the
condition above is sufficient for p-hyperbolicity.

We prove necessity in two steps.

It is enough to show the inequality holds for every K with single ver-
tex. In fact, if the inequality holds for every K with single vertex, consider
K= {z1, s, ..., Tm } an arbitrary set of vertices of G. By denoting K; = {z;}

and the constant C(K;,p) such that, for all u € LyP(V)
lu(z:)| < C(K, p)|lull1,.
Adding the inequalities above, we have
m
> lu(=)] < C(EY, p)lullv-
i=1
which shows the claim.
Now, let’s show that the inequality holds for every K with single ver-

tex. Suppose on the contrary that the inequality is false, i.e., there exists

K = {zo} such that for every k € IN, there exists uz, € Lg*(V):
1 = |ug(zo)| > kljurll1p- (5.1.6)

We observe that {u;} is a sequence on M (K, V) (the closure in £5*(V) of
the admissible functions of K}, so that if u* is the capacitory function of K
it follows that

1 x
E > ”uklll,p 2 ”u ”1717'
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Taking the limit, we get ||u*||;, = 0, consequently, u* is constant. As u* =1
on K, necessarily u* is identically 1 on V so that G is p-parabolic which is a
contradiction.

Therefore, as K is an arbitrary finite set of vertices of G, the proof of the

necessary condition follows. m

Theorem 5.1.7 The following conditions are equivalent
1. G is p-hyperbolic;

2. For every finite K there exists a constant C(K,p) such that for all
u € LP(V)

llullzeey < CK, pllullp; (5.1.8)
3. 1¢ LyP(V).

Proof. Notice that we are using Vol(K) to denote the numbers of vertices
of K.
First 1.) implies 2.).
We have
lullogze) = Y _lu(@)P < (suplu(z)?) Vol(K).
e seK

Taking the p**-root gives

lullzo) < (suplu(z)])Vol(K)>.
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Since sup,c g |u(z)| < 3k |u(z)], it follows that

el ey < (ZIU(x)l)(Vol(K))Il_’.

zeK
As G is p-hyperbolic Theorem [5.1.4] yields a constant denoted by C’(K ,D)

such that for all u € LyP(V),

> Ju(@)| < C(X, p)llullsp-

z€K
Thus, for all u € L*(V),

lullzrizy < (K, p)Vol(K)7|lufl,
and to complete the proof, we denote C(K,p)Vol(K )xl’ by C(K,p).
2.) implies 3.)
Suppose on contrary 1 € £3?(V), then inequality (5.1.8) is false.
3.) implies 1.)
Suppose on contrary that G is p-parabolic then there exists K finite C V'

such that Cap,(K) = 0. Now, for every ¢ > 0 there exists u, € Co(V) ,

ue = 1 on K such that I,(u.) < e. Consequently, we have
llue — U, = Ip(ue — 1) = I(u) <€, foralle>0.

Thus, |lue — 1], — 0 as € — 0; that is, 1 € £”(V) which contradicts the
hypothesis.
Therefore, if 1 ¢ L;*(V) then G is p-hyperbolic. m

Remark: It follows, from the theorem above, that if G is p-parabolic, then

for all c € R, [c] € Ly?(V), consequently, (5.1.5) does not hold.
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5.2 Kelvin-Nevanlinna-Royden Criterion

Lemma 5.2.1 Forp € (1,00).

If G is p-hyperbolic (perhaps with boundary), then there exists a q-flow 3 on
G such that

a) g€ LI(E) where( +%—1),

b) div(y) > 0 and div(y) #

¢) div(y) has finite support.

Proof. G is p-hyperbolic, then there exists v : V — R that satisfies the
properties 1),2), and 3) of the Theorem [5.1.1].

Set y = —|Vv[P~2Vv. Then, we have div(y) = div(—|VvP~2Vv) = —A,v.
So by 2) div(y) = —Apv > 0 and by 3) div(y) has nonempty finite support.

Finally, to show that 3 € L7 (E), we have to apply 1).
317 = [IVop=290jt = Vo[t~ = [Vup.

S0, by the definition of the norm
121§ = Z > blie) = }: Y IVoPe) = I(v) < oo
:ceV ech(z) ZGV ecE(z)

,sthat is, 3 € LQ(E). n

Lemma 5.2.2 (flow-capacity estimate) Suppose that p € [1,00], and let
G be a connected graph ( perhaps with boundary).
If 7 is a q-flow that satisfies
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1. j€ Lq(E) ( where % + % =1),
2. (div(y)) € LY (V) where (div(s)) = min{0,div(s)};
3. 0< ) epdiv(g)(z) < oo,

then there ezists a finite K C supp (div(y)) and a constant C(K), 0<C(K)<1
such that

0< C(K) mKi,n(div(J))vol(K) < Capp(K)%Hqu. (5.2.3)

Proof. For p € [1,00). First some notations would help the manipu-
lations of the formulas. Consider A = div(y), h* = max{0,div(y)}, and
h~=min{0, div(y)}, so that, h=h* + h™.

a) We claim that there exists a finite subgraph K C V such that
v = ming{ h} > 0 and

S b (2)

zeV

Z h(z) >

zeK

. (5.2.4)

Indeed, by the assumptions

> i (2)

zeV

0<

= ——Zh”(w) < Zh+(m),

zeV z€V

which implies, easily, that there exists a finite set of vertices K C V such

that h(z) = h*(z) > 0z € K, and

> ()

z€V

<> h(z).

e K

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5. p-Hyperbolics Graphs 5.2 K-N-R Criterion 100

b) Since the inequality in a) is strict, there exists a c€ R, 0 <c¢ <1 such

that

0>) h™>-c) h>-) h (5.2.5)

¢) Take an arbitrary € > 0, from the definition of p-capacity of K, there

exists an admissible function v with finite support such that
(i)o<v<1;
(ii) v=1on K,
(iii) I,(v) < Cap,(K) +e.
d) By (i) and (5.2.5)
0> th‘ > Zh“ > —th = —chh;
v v K K
o
(1- C)Z’Uh < th-i— th_
K K %
< th—l— Z’uh_ + th+ = th.
K v V\K v
e) Hence, it follows from (1 —¢) Y, vh < Y, vh that

(1= ¢)(min h)Vol(K) < 3" vh. (5.2.6)
Vv

f) On the other hand, Vv € LP(E"), since v has finite support, and 5 €

LQ(E) by hypothesis, so it follows from Hoélder inequality that for p € (1, 00)

> 31wl < (3 ZIWI")’% (> ZW)% = IVollllol:  (5:27)
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Notice that for p = 1 the result follows the same way, except that the g-root
is replace by sup.

Then, by (5.2.6), (5.2.7), and the divergence formula:

(1—c¢) mm(dlv ))vol(K) < Z z)div(y

zeV
[Azll]w—z Z Vv] v y
4 [z,y]€E
1
52 > (Volah)z, 9] < *HVUHpHJ“m
V' [syleE

From c), it follows that ||Vv||, < (Cap,(K) + e)P which combined with
the inequality above, and taking into account the arbitrariness of ¢, yields

the following estimate
0 < C(K) min(div(7)) Vol(K) < |slls(Cap,(K))?,

where C(K) denotes (1 — c¢).

Finally, for p = oo the procedure is practically the same. m

Remark: Notice that we have here a kind of dual of flow-capacity estimate,
namely, the same hypothesis about G and with 1) 3 € LQ(E),
2) (div(y))" € LY(V), and 3) —c0 < 33
K C supp(div(y)) such that

- div()(z) < 0, then there exists

0 < (¢~ 1) min(div(s)")Vol(K) < [sllo(Cap,(K))?.
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Theorem 5.2.8 (Kelvin-Nevanlinna-Royden Criterion) Letp € (1, 00)
and let be q its conjugate. Then, the graph G = (V, E) is p-hyperbolic if and

only if there exists a g-flow 3 on G satisfying the following conditions:
1. g€ LY(E) (where L +1=1);
2. (div(y)) € L (V) where (div(y)) "= min{0, div(s)};

8. 0< Y ey div(y)(z) < oo.

Proof. The necessity of the condition is exactly the Lemma [5.2.1].
The sufficiency is direct application of the flow-capacity estimate [5.2.2].

Indeed, because of the hypotheses, it follows that
0 < C(K) min(div())vol(K) < Cap,(K)5 |l

which implies that Cap,(K) > 0 and, consequently, that G is p-hyperbolic. m

Proposition 5.2.9 Lei G be a graph (perhaps with boundary).
If there exists a flow j that satisfies

a) 7€ LNE) (or y€ L*(E));

b) div(y) € LY(V);

¢) Y pev div(y) # 0.

Then, G 1is oo-hyperbolic ( resp. 1-hyperbolic).
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Proof. For both cases, it is enough to use the flow-capacity estimate [5.2.2]
and proceed on the same way it was done for the sufficient condition of

Kelvin-Nevanlinna-Royden criterion. =

Remark: We can get a stronger proposition than above by considering on
b) and c), respectively, either div(7)~ € L(V) and 0 < 3~ ., div(y) < oo or

their “duals”.

The following theorem shows that on a p-hyperbolic graph can be assigned
a unitary ¢g-flow with a prescribed finite support. The theorem already ap-
peared in [21, p.142] for infinite graphs without boundary. Here, however, it

is presented with a new proof which also extends to graphs with boundary.

Theorem 5.2.10 Suppose that p € (1,00), and G be a graph(perhaps with
boundary).

The following conditions are equivalents.

a) G is p-hyperbolic.

b) For every K C V non-empty finite, there exists a flow jx such that
1. jx € LY(E).
2. supp{div(y«)} = K.

3. div(yx) =1 on K.
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Proof. First a) implies b). In fact, let K = {a} C G be an arbitrary
vertex. As G is p-hyperbolic, then, exactly as on the proof of Theorem
[5.1.1], there exists u* the p-capacitory function for K that allows to define
the flow 3 = |Vu*|P~2Vu* which satisfies 1), 2), and, after multiplying 7 by
an adequate constant, a new flow 7, can be defined that satisfies 1), 2), and

also 3), that is, div(y,)(a) = 1.

In general, if K = {aj,as,...,ax} is an arbitrary set of vertices of G,
then, from above part, there exist g-flows jg4,, Ja,, -, Jo, that satisfy all the
properties given on b).

Now, defining a new flow by superposition

JK = Ja]_ +.7a2 + +.7ak;

it is easy to verify, that it has all the required properties on b).

Conversely, to show that b) implies a), it is enough to apply the sufficient

condition of the Kelvin-Nevanlinna-Royden criterion [5.2.8]. m

5.3 g¢-flows

In this section, the divergence theorem [A.1.5] is restated to emphasize that

we need less hypotheses on the hyperbolic case.
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Theorem 5.3.1 If G is p-hyperbolic, then Yu = [u] € LLP(V), ¥y € LI(E)

such that udiv(y) € L*(V') imply

3 S (Vug) (o el) = - 3 ule)div()(a),

zeV [z y EX eV

where X is an orientation of G.

Proof. It is enough to follow the same argument used to prove the divergence
theorem see [A.1.5] and noting that the above hypotheses are enough to

complete the proof. m

The following theorem shows that on a p-hyperbolic graph we can already
find out functions in the class of bounded functions with finite p-energy

BLY?(V) that do not satisfy the divergence formula.

Theorem 5.3.2 G is p-hyperbolic if and only if Ju € [u] €BLYP (V) \ BLyP(V),
35 € LY(E) such that div(y) € L}(V) imply

DY (Ve [z ) # - ul@)div(s)(z),

zeV [, y]eX zeV

S
where X 1s an orientation of G.

Proof. It is the contrapositive of Theorem [6.3.4] combined with theorem

above. m
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5.4 Examples

In this section, we shall give some examples of the criterion of Kelvin-

Nevanlinna-Royden in the context of graphs. We are assuming p € (1, 00).

The first application of the Kelvin-Nevanlinna-Royden critefion is to show
that the homogenous trees Ty of degree d are p-hyperbolic.
For ease of notation, we prove the claim for T3.
Let t be the geodesic distance from a vertex to the root a. We define a
representative of the flow ; as it is shown on the figure below.
It is easy to see that for a # b,
div(y)(e) = 1;
div(y)(b) = 0.
Thus, the flow satisfies, trivially, hypotheses 2) and 3) of the Kelvin-Nevanlinna-
Royden criterion. It remains to prove 1), that is, 7 € LY(E), q € (1, 00).
Indeed,
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l
1
1 1
]

Figure 5.1 An oriented flow in a homogenous tree of degree 3

that is, ) € L9(E). Therefore, by the Kelvin-Nevanlinna-Royden criterion,

T3 must be p-hyperbolic.

Remark: For the general case, it is enough to replace 3 by d and 2 by d — 1

to get the proof.

The second application of the Kelvin-Nevanlinna-Royden criterion is to

the Cartesian product of p-hyperbolic graphs.
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Definition: Let G, = (V4, E1) and G; = (Va, Fs) be graphs. We define the
Cartesian product of G; and G, denoted by G1xG; as
e vertices : V(G1xG3) = VixV, and

ee edges : (71,22) ~ (¥1,12) < {T1y1 € B1}and {z2 =y}

or

{z1=w} and {zy; € E»}.

Theorem 5.4.1 For p € (1,00), let Gy = (V1, E1) and G, = (V3, E,) be
p-hyperbolic graphs and G = G1x G4 their Cartesian product. Then G is

p-hyperbolic.

Proof. To simplify the notations, we shall omit the summation symbols on
the vertices of each graph involved, that is, ZV(G) etc...

Since by hypothesis G; and G, are p-hyperbolic graphs there exist a
p-flow 5 for Gy and a p-flow j; for G, which satisfy the conditions of the
Kelvin-Nevanlinna-Royden criterion.

Now, we define a flow in G as following.
J:E(G) —R

€= [(xlr x2)) (yl) y2)] ""‘)J(e) - .71([551, yl]) + ]2([51"2, yZ])'
where j;([z:, 43]) = 0 if z; = y.
Then J satisfies all three properties of of the Kelvin-Nevanlinna-Royden

criterion. Indeed,
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(i) J is a flow in G;

I (I, 22), (91, 2)]) =1(ls, ) + o, wa))
=~ (1w @1]) + 2(lyz, 22)))
= — 7 (1(n1,2), (21, 22)]).
(ii) J € LY(E(Q));

Let €= [(x1, x2), (y1,y2)] be an edge of G, then

115 =5 32 e
écE(@)
:_;. Z l7:([z1, 9]) + 22([22, vo])|

[(21,91),(22,y2)]€E(G)

1

(X s X bawr)

[z1,y1)€E(G1) , [22.42]€E(Ga)
=217 + ll22[I7 < 0.

Thus, J € L9 (E(G)).
(iii)
div(J) ((z1,25)) = > J([(z1, 22), (41, 92)])

[(21 ’22))(y1 7y2)]€E((m1 ,(82))

= > nlen ) + (e )

Y1~y
Yarvia

= div(y1)(z1) + div(sz)(z2).
Thus, div(J) ((z1, z2)) = div(s1)(z1) + div(s2)(z2) for every vertex (z;, z2) in
V(G).
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We also have

Yo v (@e)l = Y min{div(J) ((z1,22)),0}|

(ml,zz)EVp(Vz (:vl,:cz)EleVg
< Y min{div(s1)(21), 0} + Y |min{div(sz)(z2), 0}|
z1€WVY z2€V2

= [ldiv{) [l + |ldiv(z2) " flx < oo.

Thus, (div(J))™ € LYV(G)).

(iv)
Yo dv()((e,m) = D, div(n)(e) + div()(z,)
(z1,22)€V(G) (z1,22)EV(G)
= Y div(p)(@) + Y div(z2)(ez) > 0.

Hence J satisfies the hypotheses of the Kelvin-Nevanlinna-Royden criterion

[6.2.8], and we conclude that the graph G=G;x G, is p-hyperbolic. m

Remarks:

o It follows, inductively, that the finite Cartesian product G=G; X G2 X

... XGy of p-hyperbolic graphs is also a p-hyperbolic graph.

e Note that p-parabolicity is not preserved by Cartesian products. For

example, Z? is parabolic. However, Z2 x Z? is hyperbolic.
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Chapter 6
p-PARABOLIC GRAPHS

6.1 A Characterization of p-Parabolic Graphs

The proofs of the Theorems [6.1.1] and [6.1.3] below are modelled, respec-
tively, on the proofs of Theorems 5.2 and 5.7 in [10]. We assume that

p € (1,00) unless stated otherwise.

Theorem 6.1.1 A graph G = (V, E) is p-parabolic if and only if every pos-

wive p-superharmonic function on G is constant.

Proof. First of all the sufficiency. Suppose that every positive p-superharmonic

function is constant.
Let K be an arbitrary finite subset of vertices on V. Then, by the vari-

ational capacity theorem [4.1.1], there exists a unique p—capacitory function

111
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u* that is p-superharmonic and
Cap,(K) = I(u"),

However, by hypothesis u* must be constant, consequently, Cap,(K) = 0,

that is, G is p-parabolic.

Conversely, if G is p-parabolic graph, we prove that every positive
p-superharmonic function is constant.

Suppose to the contrary that there were a mnonconstant positive
p-superharmonic function v on G. Let xy be an arbitrary vertex in V' such
that u(zg) < co. Choose an arbitrary € > 0 and an exhaustion G = (G;)>1 of
G by finite induced subgraphs with induced boundary such that {z¢} C Gy,
Gi C Giy1. Then, by induction and Theorem [2.4.1], there exists a unique
p-harmonic function h; which is equal to u(zq) —e at zo, hdoiv,_, = Ri-iloivi_,,
hig-c, =0 (h; € Co(V)), and h; is p-harmonic on G; — {ze}.

Now, define the sequence {u;}i>1 = {&Tz_’;%:?}i21' It has the following

properties:
1. u; € Co(V),
2. ui(zo) =1,

3.0 y;;<1onV,;

4. u;=0o0n G - Gj;
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5. {u;}i>1 is an increasing sequence on V, by Min/Max principle;
6. Each u; is p-harmonic on G; — {zo}.

Restricting each u; to G;, we note that u; satisfies all properties of the

p-capacitory function for (K, G;), so by uniqueness
Capp(K, G,) = Ip(ui)

On the other hand, the sequence {u;};>1 is an increasing and bounded
sequence, so there exists & € C%(V) defined by @ = lim; . u; (pointwise

convergence on V), which has the following properties:

3. @ is p-harmonic on V' \ {z,}, e.g., by Harnack principle [2.2.5].

However, to conclude that i is the p-capacitory function of the condenser
(K, G) it remains to prove that @ € Ly*(V).
For, we use the same argument used in the variational capacity Theorem

[4.1.1]. In fact, by Proposition [3.3.1-(ii)]
Capp(K7 G) = }l)ngo Ca'pp(K’ Gz) = 11_52) Ip(ui))

In other words, the sequence {[u;]}i>1 is a minimizing sequence of p-capacity
for the condenser (K, G). The sequence is Cauchy by Theorem [1.4.6-2] and

hence the sequence converges to [uf] by completeness of L;*(V).
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— 1 N = i
Cap,(K,G) = zli)rg L(w;) = I(u*)

Now by using the same arguments in the variational theorem [4.1.1], we have
Cap, (K, G) = I,(u") = I(@)
Thus, 4 satisfies

1 ae Ly (V);

3.0<u<lonV;
4. 4 is p-harmonic on V' \ {z}
5. Cap,(K,G) = lim;_,, Cap, (K, G;) = lim;_,e0 Ip(us) = I, ()

But since only the p-capacitory function satisfies the above five proper-
ties, then, necessarily, & must be the p-capacitory function of the condenser
(K,G).

Since by hypothesis G is p-parabolic, it follows by Corollary [4.1.8-1)] that
@ =1on V, that is, lim; ,o hi(z) = u(zp) — ¢, for all z € V. On the other
hand, © > h; on the boundary of G;, so by the comparison principle [2.3.2]
u > h; on G; \ {zo} and, hence, u > h; on V, for all . Taking the limit, it

- follows that u > u(xy) — € on V and, consequently, by the arbitrariness of €
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that u > u(zo) on V. However, it was supposed that ru were not constant, so
there exists z; € V such that u(z;) > u(zo).

Repeating the same argument given above, but now with z; € V in
the place of xp, we obtain u > u(z;) on V, which would be, evidently, a
contradiction. |

Therefore, if G is p-parabolic, then any positive p-superharmonic function

is constant. m

Corollary 6.1.2 If G 1is a p-parabolic graph, then every bounded

p-superharmonic function on G is constant.

Proof. Suppose that u is bounded, that is, there exists a constant M > 0
such that |u| < M. Then, it is enough to apply the Theorem above to
u+M>0 =

We now prove a Liouville type property which we call p-Liouville property.

Theorem 6.1.3 If G is a p-parabolic graph, then:

1. every positive p-harmonic function on G is constant.
2. if u is p-harmonic function on G and either bounded above or bounded

below, then u is constant.

Proof. 1.) Suppose that u is a positive p-harmonic function on G, then u
is, trivially, a positive p-superharmonic function on G, which by Theorem

[6.1.1] is constant.
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2.) Since —u is p-harmonic if v is p-harmonic, we can assume that u
is bounded below. As sum of a p-harmonic function and a constant A is
p-harmonic, we have u+ A > 0 for some A and, hence, by part 1) u + A and,

consequently, u are constant. m

6.2 Harmonic Functions with p-Energy

In this section, we present a new proof that a p-harmonic function with finite

p-energy on p-parabolic graph must be constant.

Theorem 6.2.1 The following conditions are equivalent:

1. G is p-parabolic.

2. 1€ LP(V).

3. LY2(V) = LP(V).
Proof. 1) is equivalent to 2) follows, directly, by contradiction from the
Theorem [5.1.7].

3) implies 2) trivial.

2) implies 3) is proved in [21, p.139]. m

The theorem above is well known [21, p.139].

The following theorem also holds for Riemannian manifolds [10]. How-

ever, the proof below is new even for Riemannian manifolds.
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A warning here is necessary about abused language. Instead functions

with finite p-energy, actually, we are dealing with their classes on £5*(V).

Theorem 6.2.2 If G is p-parabolic graph, then every p-harmonic function

(class) in L3P(V) is constant.

Proof. Let u € [u] € £5”(V) be a p-harmonic representative, then, trivially,
Apu, ul\pyu € LY(V). Now, by Corollary [A.1.14] with 8U = 0, it follows that
L(u) = =) u(z)Apu(z) =0,

zeV
which implies that » must be constant, consequently, its class is the class of

the constants. m

6.3 g-flows

In this section, it shall be given some consequences of the Kelvin-Nevanlinna-

Royden criterion for p-parabolic graphs.

Theorem 6.3.1 Let p € (1,00), q its conjugate, and let G be a p-parabolic
graph . |
If 3 € LY(E) such that either div(s)~ or div(s)* € L}(V), then >y div(y) =0.
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Proof. It follows immediately from Kelvin-Nevanlinna-Royden criterion

[5.2.8] by contraposition. m

The next theorem is inspired on a theorem of Gaffney for manifolds [6].
“If X is a vector field on a complete Riemannian manifold M such that

X € ! and div(X) € I, then [, div(X) =0".

Theorem 6.3.2 Let G be a oo-parabolic graph.
If 3 € L'(E) such that either div(s)~ or div(s)* € L(V), then ¥, div(y) = 0.

Proof. It is enough to argue by contradiction, that is, suppose that there
were a flow 5 € LY(E) such that div(s)~ or div(s)* € L'(V) such that
Y v div(y) # 0. Then, by Proposition [5.2.9], G would be co-hyperbolic, a

contradiction. m

The next theorem it is a kind of dual of the above theorem.

Theorem 6.3.3 Let G be a 1-parabolic graph.
Ify € L®(E) such that either div(y)~ or div(s)* € LX(V), then 3, div(y) = 0.

Proof. It is enough to argue by contradiction, that is, suppose that there
were a flow 3 € L®(E) such that div(y)~ or div(j)* € L'(V) such that
Y v div(s) # 0. Then, by Proposition [5.2.9], G would be 1-hyperbolic, a

contradiction. m
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The following theorem gives a condition in terms of divergence (dissipa-

tion energy) formula [A.1.5] for a graph to be p-parabolic.

Theorem 6.3.4 G 1is p-parabolic if and only if Vu € [u] € BLYWP(V),
Vy € LY(E) such that div(y) € L}(V) imply

3o 3 (Vug) (2 9]) = - Y ul)div(s) (=), (6.3.5)

zeV [w,y}eff z€V

where X is an orientation of G.

Proof. Suppose that G is p-parabolic, then BLY?(V) = BLy?(V) by The-
orem [6.2.1]. From u € [u] € Bﬁ(l)”"(V) and div(y) € L'(V) result that
udiv(y) € L'(V). Hence, by applying [A.1.5], it follows the proof of the

claim.

Conversely, suppose, by contradiction, that G were p-hyperbolic, then
by Theorem [5.2.10], with a slight modification, there exists a q-flow 7 such
that supp{div()} = K is nonempty finite, and ), div(s) = 1. On the
other hand, by substituting u = 1 € [c] € BL'?(V) and the above g-flow
into the formula (6.3.5), it follows that >, div(s) = 0, which would be a
contradiction.

Therefore, G is p-parabolic. m
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6.4 Examples
The following theorem indicates that the existence of nonconstant p-harmonic
functions with a certain property depends essentially on p.

Theorem 6.4.1 Forp > n > 2.
1) Every bounded p-harmonic function on Z" is constant.

2) Every p-harmonic function on Z" with finite p-energy is constant.

Proof. In fact, Z" is p-parabolic for these p-values by [3.4.9], so 1) follows
from Theorem [6.1.3], and 2) from Theorem [6.2.2]. =
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Chapter 7
p-POISSON EQUATIONS

In this Chapter, it shall be proved that on a p-hyperbolic graph a p-Poisson
equation with source of finite support has unique solution in £;?(V). In con-
trast, on a p-parabolic graph a p-Poisson equation with unbalance source of
finite support, has no solution in L'(l,’p (V). Their proofs except the uniqueness
are modelled on the cases for manifolds that appeared, respectively, in [19]
and [7].

In the last section of this Chapter which is called Criteria, it shall be
pfoved a new criterion for a graph to be p-hyperbolic in terms of solution in
LP(V) of p-Poisson equations with sources of finite support. Similarly, its

counterpart for p-parabolic graph shall be established.

121
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In the same token another point of view can be obtained, namely, what is
the condition the ambient must satisfy for which a p-Poisson equation with
source of finite support either has solution or not. All these criteria are new

even for manifolds.

7.1 Existence and Uniqueness

In this section, it shall be proved that on p-hyperbolic graphs a p-Poisson
equation with source of finite support h has a solution in £5P(V), and it is

unique.

Theorem 7.1.1 Forp € (1,00). Suppose that G is a p-hyperbolic graph and
h € Co(V). Then, Ayu+h =0 has a solution u € Ly*(V).

Proof. We begin by choosing a finite set of vertices K C V such that
supph C K.

We define a functional
T:L°(V) —R
u — Z(u)
where

T(u) = %uuni’,p =3 (b ().

eV
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As @G is p-hyperbolic we have, for all u € £5"(V)

I(u) 2 Sl - [ (hu)(e)

z€V

[a—y

2 =[lulliy = Whllzeellullzx)

— 3

> =[ulli , — C(K, PPl oo llulp -

S

Since the function f(z) = |z|P — az of real variable z is bounded below, we
conclude that the functional Z is bounded below on Ly*(V).
Consider m = inf{Z(u) : u € Ly"(V)} and the minimizing sequence

{ui}i>1 for T (that is, Z(u;) — m). Then, for all 7 € Nx,
1
Z(us) > Elluzﬁ”'{,p — C(K, p)||h]| Lo l|will1,p
1 _
= ;Huil’f,pl — C(K,p)||hllze | usllip

now taking the limsup, it follows that {u;}>; is a bounded sequence in
LP(V).

We have seen that for each p € (1, 00) L5”(V) is a reflexive Banach space,
hence there exists a weakly convergent subsequence, still denoted by {u;},

which converges weakly to u* in £5?(V). Moreover,
lu*]l1p < liminf ||u; |, (7.1.2)

From (5.1.5) one has ||.||z:(x) < ¢|.||1,, which implies that £¢(V)) < L*(X),

consequently, the sequence u; |x converges to u* |k in L!'(K), in particﬁlar,

Z hu; — Z hu*. (7.1.3)
K K
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From (7.1.2) and (7.1.3), we have
* 1 *||P * : _
I(u*) = ;Hu I, — Zv:hu < ilirglof(ui) =m.

Therefore, Z(u*) = m.
We can now consider small perturbations of the minimizer u* and, then,

derive the Euler-Lagrange equation A,u* = —h. =

The above theorem is proved in {22, p.7] by using the technique of flows.

Theorem 7.1.4 (Uniqueness of the Solutions on £;*(V))
Let p € (1,00) and suppose that G is a p-hyperbolic graph.

Ifu € Ly®(V) is a solution of a Poisson Equation [7.1.1], then u is unique.

Proof. Suppose the equation has two solutions u* and # both on C(l)’?’ (V).
Then, as Apu* and A,é have finite support, we can apply the analog of

Green’s identity [A.1.13] with U = 0 to get

- Z (u* — @) Apu* = Z Z V(u* — @) Vu*|Vu*[P—2

supphCK z€V [yl X
and
- > (W)=Y > V(U — @)V Vil
supp hCK zEV [zyle X
SO

33 IVeP + | VaP — (VurVa)(|Vu' P2 + | VaP?) = 0. (7.1.5)

o€V [z,yle X
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Now, as g(z,y) = |z + |y|’ — zy(|z|P> + |y|P~*) > 0 and g(z,y) = 0 if, only

if z = y; we conclude from {7 15] that

which implies
U =1u+c,
that is, the solutions «* and u are in the same equivalence class. m

The above theorem is also proved in [22, p.7], but here we present a new

proof.

Note that the following theorem holds for both p-parabolic and p-hyperbolic
graphs. In this case, we may say that the source h is balance and with finite

support.

Theorem 7.1.6 Let p € (1,00) and G = (V, E) a graph.

If h € Co(V) satisfies 3,y h(z) = 0. Then Ayu+h = 0 has a unique

solution in Ly*(V).

Proof. It is proved in [22, p.8]. m
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7.2 Non-Existence

Theorem 7.2.1 Let G = (V, E) be a p-parabolic graph and h a function
such that h=e LY(V) (or kY€ LY (V) 3,y h(z) > 0 (resp. Y,y h(z) < 0).

Then the Poisson equation Apu + h = 0 has no solution u € [u] € Ly (V).

Proof. Assume that a solution u exists and, then, define the flow
7= —|Vulp2Vu.

We shall check now that ; satisfies the following conditions:

1. g€ LY(E);
> lae) =D I Vul P vu)t = | Vupee
ecl ecl ecE
= Z|Vu|(p"1)q = Zqul” < 00.
ecE ecE

2. div(y) = div(=|Vup2Vu) = —Ayu = h with div(s)™ = b~ € LY(V)
(resp. div(y)* = ht € L}(V)).

3. D eev div(y(z)) = >,y () > 0. (resp. < 0).

Thus, 7 satisfies the hypotheses of the Kelvin-Nevanlinna-Royden crite-

rion, consequently, G is p-hyperbolic which contradicts the hypothesis. m
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7.3 Criteria

The theorems below give a complete answer whether or not a p-Poisson equa-
tion has solution in terms of the type of graph (ambient) and source function

with finite support.

Theorem 7.3.1 (Criterion)
A graph G (perhaps with boundary) is p-hyperbolic graph if and only if
the Poisson equation Ayu -+ h = 0 has unique solution in LyP(V) for all

h € Co(V).

Proof. For necessity of the p-hyperbolicity, suppose that G is p-hyperbolic,
then from the Theorems [7.1.1] and [7.1.4] follow that for each h € Cy(V)
the Poisson Equation has a unique solution.

For sufficiency of the p-hyperbolicity, it is enough to argue by contradic-
tion. In fact, suppose that G were p-parabolic, then from Theorem [7.2.1],

we would get a contradiction with the hypotheses above. m

Theorem 7.3.2 (Criterion)
A graph G is p-parabolic if and only if the p-Poisson equation Ayu+h =0
has no solution in LgP(V') for all (sources) h € Co(V) such that 3", .., h(z) # 0.

Proof. The condition is necessary for the p-parabolicity of G. Indeed, it is
Theorem [7.2.1] since, trivially, h € L*(V).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7. p- Poisson Equations ' 7.3 Criteria 128

To prove that the condition is sufficient for p-parabolicity, it is enough to

argue by contradiction on the Theorem [7.3.1] above . u

Remark: Note that Theorem [7.1.6] shows that we cannot extend the above
Theorem to include the cases of balanced sources with finite support.

A Physics interpretation of Theorem [7.3.2] together with Theorem [7.1.6]
is that on a p-parabolic graph/manifold have a g-flow 7 with sources and/or

sinks and div(y) with finite support, only if the conservation of energy law

holds, namely, ", div(y) = 0.
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Appendix A

THE DIVERGENCE
FORMULA

A.1 Divergence and Green type formulas

In this appendix, it is presented some fundamental theorems of the p-potential
theory. They related the dissipation of energy on the vertices (nodes) with

dissipation of the energy on the edges (branches) of a graph (network).

The first theorem is a extension of a version of the principle of conserva-
tion of energy in [5, p.61-62]. It is based on a generalization of the concept
of flows and number of poles. By the way, we could also say that the formula

is the discrete analog of the divergence formula in the integral case.

129
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Theorem A.1.1 Let G = (V, E) be a graph with a orientation X.
Let v € Co(V) or 3 € ®(E) with finite support. Then, supp(vdiv(j)) =
{a1,...,ar} is finite and the following formula holds

k

S (Vo) ([z,y]) = =D vla)div(s)(as). (A.1.2)

TEV [z,y)e X =1

Proof. It is enough to write explicitly the definition of the gradient on the
left hand side and use the fact that summation shall be of finite number of
terms, hence they can be reordered (parts) under the light of the orientation

to get the right hand side. m

Remark: Notice that the condition supp(vdiv(j)) = {a, ..., ax} be finite is
not enough to guarantee that the theorem above holds.

In fact, consider v = ¢ and 7 from Theorem [5.2.10] on a p-hyperbolic
graph. It is easy to see that supp(vdiv(j)) = {a1,...,ax} is finite, however

the principle of conservation of energy above does not hold.

In the following, we consider p € [1,00) unless state otherwise.

Lemma A.1.3 Let G be a connected graph. For every x € V, for every
[u] € LYP(V) there exist a constant M(z) > 0 and a representative of [u],

still denoted by u, such that

|u(2)] < M(z)ljullp
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Proof. Fix z,. Without loss of generality, we may assume that u(zq) = 0.

By assumption, for every edge [z, y]
[Valz, g’ < I(u) < oo,

from which it follows that

[Vul < lull1p-

Then, if d(zo, z) = k, consider a path zy ~ z;... ~ T} = z, so that
lu(z)] < kmax|Vu| < klfully,

where we denote M(z) =k. m

Lemma A.1.4 Let G = (V, E) be a graph.
For every v € [v] € LP(V), there exists a representative v and a sequence

{vi}i>1 with the following properties:
1. v; € Co(V), |ui| < |v] on V;

2. {vi}i>1 converges pointwisely and in the norm to v.

Proof.

1) First, suppose that G is p-hyperbolic. Let v = [v] be an arbitrary class
in £L3P(V). Then, by definition, there exists a sequence {ui}i>1 on Co(V)
that converges to v in the norm and by Theorem [5.1.4] also pointwise.

2) Secondly, suppose that G is p-parabolic. Let [v] be an arbitrary class

in £5®(V). Then, by Lemma [A.1.3] and the definition of [v], there exists a
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representative v and a sequence {u;};>; on Cy(V) that converges to v in the
norm and pointwise.

To obtain the desired sequence for both cases, it is enough to truncate
{ui}i>1 by v, precisely,

oy Jul@) i @) < (@)
vl {v<x> if Jui(2)] > Jo(a)].

Now, it is easy to see that {v;};>1 has all the required properties.
Indeed, by construction, it follows that |v;| < |v] on V and v; — v
pointwisely. To show that {v;}i>; converges in the norm to v, it is enough to
note that on V
v — ofP < Ju; — o,
thus,

0< I(vi—v) <I(ui—v) >0asi—oco. m

Theorem A.1.5 (Divergence) Let G = (V, E) be an oriented graph with

an orientation X. For v € [v] € LYP(V) and flow y€ L(E) such that either

div(y)™ or div(y)*t € LY(V) and vdiv(y) € L*(V) the following formula holds
>. 2 (Vea)(lzy) = - D v(a)divi)(e). (A.16)
2€V [gyleX zeV

Proof. For p € (1,00). Let [v] be an arbitrary class in £3?(V). Then, by

the previous Lemma [A.1.4], there exists a representative, still denoted by v,

and a sequence {v;};>1 in Co(V') such that
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L |vu] < |v]on V.
2. {vi}i>1 converges to v in the norm and pointwise.

Thus, we have,

IZ Z (Vv.g) — Z (Vvig)| = |Z Z (Vv — V)|

eV [w,y]E)z z€V [m,y]ef zcV [m,y]ef
1 1
<> Y o= ulll < (30 3 i) (X D 19e-vul)’ o
2€V [z yle X 2€V (zyle X 2€V [g,yle X

when ¢ — oo,

that is,

> 2 (Vwy)=lm>y 3" (Vuy). - (ALY

€V [zyleX 2€V [z,y]eX

Since v; has finite support, we sum by parts, obtaining

33T (Voig) == widiv(y),

z€V [z yle X zeV

which combined with (A.1.7) yields

S0 D (Veg) = - lim Y wdiv(y). (A1)

€V [gyleX z€V

As {v;}i>1 satisfies |v;| < |v] on V, we have
lvidiv(y)| < |vdiv(y)] € LY(V).

and, consequently,

il_iﬂ,Zv,'div(]) = Zvdiv(j). (A.1.9)

€V zeV
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From (A.1.8) and (A.1.9), it follows
Z Z (Vug) = - Zvdiv(y).
€V g y]eX zeV
For p = 1 and ¢ = oo the same proof holds with slit change, namely,
rather g-root the sup should be used on the inequalities like above.
Finally, we need to show that, for both cases, the divergence formula does
not depend on a particular representative.
In fact, if G is p-hyperbolic, then nothing to prove, since from [5.1.7] its
classes are trivial, that is, v = [v].
For p € [1, 00}, if G is p-parabolic, then by applying Theorems [6.3.1] and
[6.3.3] we have Y, div(y) = 0. Now, we take an arbitrary 9 € [v], precisely,

t=v—c¢c€eR

SN (Vi) =Y Y (Vo) ()

TV [zy]eX z€V [z,y]eX
== v(@)divy)(z) = - > v(e)div(s) + ¢ Y div(y)(x)
€V z€V €V

=0

== o(x)div(y),

eV

that is, the divergence formula does not depend on a particular representa-

tive. m

We now define the analogue of outer normal derivative for manifolds.
In the following, we denote by U the sets of vertices of the graph G, and
by 8°U U 8U the set of vertices of the boundary graph 8G.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix Divergence Formula 135

Definition: Let G U 0G be an oriented graph with boundary (finite or
infinite). For u € C°(U U dU),

1. the normal p-derivative of u at y € 9U is

o forp>2

Dyyu(y) = Y lu(y) - u(@)P*(u(y) - u(=)),
z€d'U
[:c,y]Ec’)N)_f
e for 1 < p < 2, the same formula that is on the previous item with

the interpretation that when u(y) — u(z) = 0 the corresponding

terms in the summation are zeros;
2. the tangential p-derivative of u at y € OU is

o forp>2

Dryu(y)= Y lu(z) - u@)P*(u(z) - u(y)).
zedlU |
[zry]EaTX
e for 1 < p < 2, the same formula that is on the previous item with

the interpretation that when u(z) — u{y) = 0 the corresponding

terms in the summation are zeros.

Remark: The idea of normal p-derivative already appear in [12, p.58] for
P = 2 on finite subnetworks but with a restriction that the boundary vertices

are grounded.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix Divergence Formula 136

Definition: Let 0G be a boundary graph. The convergence operator is the
linear operator given by

conv : ¢(8E) — C°(8U)

9 +— conv(y)
such that for each y € OU

conv(y)(y) := Z (e,

ecdX v

where X [y] represents the set of oriented edges of X that have the terminal

vertex (head) at y.

Corollary A.1.10 (Convergence Formula) Let G U G be an oriented
graph with boundary (finite or infinite) with orientation ()? U 8x ),
0X = orX U OnX where OnX is outer orientation. Then, for any
v e v] € LyP(UUBD), and 3 € LYE U DE) such that div(s)~ € L'(U),
( or div(s)* € L'(U)), conv(y)~ € L*(dU) ( resp. conv(y)t € LY8U)),
vdiv(y) € LY(U) and veconv(y) € L}(OU) the following formulas hold

1.

Yo Y (Veg)(l=yl) = =D v(@)div(s)(@)+ ) v(y)conv(sn)(y)-

zelU [m,y]e(fU&Nf) zelU yedU
(A.1.11)

> 2 (Vo)) == D vwdivin@). (AL

2€dU [z yleor X yeau

where jr = jlope = and Jy = Jloyc-
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Proof.

1) It is enough to apply the divergence formula [A.1.5] to graph GUING
which turns out to be considered a graph without boundary. Indeed, from
the hypotheses it follows that vdiv(y) € L*(UUOU) and also either div(y)~ €
LY U U dU) (or resp. div(y)* € LY (U U AU)). Thus, we can write, since the

boundary has outer orientation,

oy @)= Y Y (Ve (=)

z€U [¢ yle(Xudy X) €UV 1 y1c(Xuay X)
=— Y o(@)divi)(z) = - ) _v(e)div(s)(z) + > v(y)conv(sy)(y)-
T€UUSU zelU yedU

2) The proof is totally similar to 1). m

Now, from the corollary above, we can deduce the analogue of Green’s

Identity for graphs.

Theorem A.1.13 G U 0G a graph with boundary with orientation
(X" Udn X ) where Oy X is the outer orientation of the boundary. Then, for any
u € [u] € LYP(UUAU) andv € [v] € LP(UUAU) such that (Ayu)~ € LY(U),
(or (Apu)* € LMU)), (Dnpu)~ € LY(8U) (resp. (Dnpu)t € L*(8U)),
vApu € L} (U) and vDyyu € L (OU) the following formula holds

Z Z (Vv.Vu)|Vulp~?([z,y]) =— Z v(z) Apu(z)+ Z v(y) D pu(y).

zelU [x,y]e(fuanf) zclU yeoU

Proof. The proof is a consequence of the convergence formula. Define the

flow 3 = |Vu|P~?Vu. Then all hypotheses of the convergence theorem hold.
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In fact, v € [u] € LU VAU, [l = Sy Sy Tl = ], < oo,
that is, 7 € LY(E U OE), Yylvdiv(g)] = TylvAm| < oo,
that is, vdiv(y) € LY(U), and, finally, Y, |vconv(s)|= 34y [vDnpul < oo,
that is, vconv(y) € L'(9U). m

The next two corollaries are analogues of the 1°¢ and 2™¢ Green’s formula,
on manifolds, respectively. For finite graphs without boundary and p = 2, in

the same spirit of the below 1% corollary, see [4, p.789)].

Corollary A.1.14 G U 0G a graph with boundary with orientation
(X U dxX) where dyX is the outer orientation of the boundary. Then,
u € [u] € LgP(U U AU) such that (Au)~ € LY(U) (or (Au)*t € LY(U)),
(Dnpu)™ € LYOU) ( resp. (Dnpu)t € LY(OU)), ulpu € LY(U) and
uDpypu € L (OU) the followinj formula holds

Z Z IVulz,y]|P = — Zu(x)Apu(x) + Z u(y) Dy pu(y).

2€U [z yle(Xuon X) zelU yeou
Proof. Put v = u in the formula on the above theorem. m

To simplify, we state the next corollary with hypotheses stronger than

those on the previous theorems and corollaries.
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Corollary A.1.15 GUOG a graph with boundary with orientation ()2 UdyX )
where Oy X is the outer orientation of the boundary.

Let u € [u],v € [v] € LyP(U UAU) such that Apu, Ayv, vApu, ubyv € LHU)
and Dy, Dy yv,vDypu, uDy v € L1(QU). Then

> (w@)Ap(e) —v(@)dpu(z) =D D (Vu.Vo)[|Vuf~? - |Vof~?]

zelU zeU [m,y]G(X'UBN)?)

+ 3 (u(y) Do (y) — v(y) Dupu(y)).
yedlU

Proof. It is enough to apply twice the previous corollary. m

Example Let p = 2. Then, we get a formula similar to classical integral

formula, namely,

S (u(@)Av(@) - v(@)du(e)) = 3 (u(y) Daoly) — v(y) Dyu(y)).

zelU yedlU

A.2 Application

The following theorem is analogous to Gauss’ integral theorem for a ball in

R™ with p = 2.

Theorem A.2.1 Let GU OG a graph with boundary (finite or infinite). If
u € [u] € LP(U UBU), p-harmonic on U, and Dy yu € LY(0U), then

Z Dy pu(y) = 0.

yedUu
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Proof. Let (G,UOG,)n>1 be an arbitrary exhaustion of finite subgraphs with
boundary, that is, G, C Gpy1 and 9G, C Gpy1. Explicitly,
G, = (Un, E,) and 8G,, = ((6'U,,0U,),0E,). Define v, = 1 on U, U dU,,
50 v, € Co(U, U AUL,).

Applying the Theorem [A.1.13] with orientation X, UdyX,, we get

SN (Ve V)V (z,y]) =~ Y val2)Apu(z)

z€Un [x;y]E(fnuaan) z€Uy

+ Z 'vn(y)DN,pu(y)'

yedU,
But v, =1 and u is p-harmonic, so
Z Dy pu(y) = 0.
yE@Un

Since the sequence {) cay, Dnpu(y)}nz1 is the zero sequence and the ex-

haustion is arbitrary, it follows that

Z Dy,u(y)=0. =

yedU

Remarks: Under the same hypotheses of the Theorem [A.2.1].

o Ifuisa p-superharmonic function with Apu € L*(U) and Dy pu € L*(8U),

then

Z Dy pu(y) <0.

yeadlu
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e If uis a p-subharmonic function with A,u € LY(U) and Dy yu € L'(9U),

then

oToToToToTols
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