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A bstract

p-POTENTIAL THEORY ON GRAPHS 

p-PARABOLICITY AND p-HYPERBOLICITY

by

Lucio M -G P rado

Adviser: Professor E dgar A. Feldm an

The aim of this thesis is to present results in nonlinear potential the­

ory mainly on infinite graphs with or without boundary. These objects are 

similar in many ways to Riemannian manifolds. To this end, we introduce 

a fundamental notion of p-capacity which allows us to classify finite graphs 

without boundary as p-parabolic and finite/infinite graphs with boundary 

as p-hyperbolic, to extend the divergence theorem and its consequences to 

p-Dirichlet spaces, to prove important analogues to the smooth case such 

as the Kelvin-Nevanlinna-Royden criterion for p-hyperbolicity, and the cri­

teria of existence/non-existence of solutions to the p-Poisson Equation on 

p-hyperbolic and p-parabolic graphs.

iv
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Preface

In this dissertation, we intend to generalize several results of potential the­

ory on infinite graphs and Riemann manifolds to p-potential theory on fi­

nite/infinite graphs with bounded geometry.

We begin in C hap ter 1 , geometrically, by introducing basic graph theo­

retic terms and a new concept of graph with boundary. Analytically, by defin­

ing the discrete p-Laplacian with its associated concepts as p-harmonicity, 

p-superharmonicity, etc on graphs with or without boundary We also define 

the space of classes of functions of finite p-energy, that is, the p-Dirichlet 

spaces which perform a key role in this thesis.

V
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In C hap ter 2 we extend the fundamental concepts of p-potential theory 

such as min/max principle, p-Harnack inequality, comparison principle to the 

categories of locally-finite infinite graphs with or without boundary. Also the 

solvability of p-Dirichlet problem for finite graphs with boundary is presented.

In C hap ter 3 we define p-capacity on graphs and examine their basic 

properties. We then define the notions of p-hyperbolicity and p-parabolicity 

of a graph in terms of p-capacity and proceed to give important examples of 

p-hyperbolic and p-parabolic graphs by given an explicit formulas to compute 

their capacities. Also a notion of isomorphism is developed which allows to 

have a natural notion of equivalence in this category.

In C hap te r 4 we show that the variational p-capacity can be represented 

through a unique p-superharmonic function with special properties which is 

called p-capacitory function. Importantly, we classify all finite graphs with­

out boundary as p-parabolic and all graphs (finite or infinite) with boundary 

as p-hyperbolic. Finally, stronger versions of theorems like Green’s theorems 

to p-Dirichlet spaces are proved.

In C hap te r 5 we give several characterizations of p-hyperbolic graphs. 

A key theorem, the Kelvin-Nevanlinna-Royden criterion is proved and some 

of its applications are given. Also, it is shown the existence of classes with 

bounded functions and finite p-Dirichlet energy on p-hyperbolic graphs that 

do not satisfy the divergence formula.

vi
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In C hap ter 6 we give a characterization of p-parabolic graphs in terms of 

non-existence of positive p-superharmonic functions and prove that positive 

or with finite p-energy p-harmonic functions must be constant.

In C hap ter 7 we prove that a p-Poisson equation with finite support 

source function on p-hyperbolic graph has solution, and it is unique. Also, 

we prove criteria that establish equivalences between the ambient conditions 

and existence/non-existence of solutions of p-Poisson equation with source of 

finite support.

Finally, in the appendix, we extend the divergence formula and its conse­

quences, namely, convergence theorem and analogues of first, second Green’s 

formulas which play a prominent role in this thesis. For the last, we generalize 

the Gauss’ formula for graphs.

Vll
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INTRODUCTION

In this thesis our main interest lies in the geometric-analysis on infinite 

graphs, using the machinery provided by functional analysis on Lp spaces 

and on p-Dirichlet spaces, all, of course, adapted to graphs. As main tools, 

we used p-capacity and p-Laplacian combined with p-energy formulas to clas­

sify the graphs and to examine their geometric-analytic properties. We seek 

to transfer concepts and notations from potential theory on Riemannian man­

ifolds to graphs in such a way that we can easily make appropriate analogies.

Now, we proceed to give a brief historic view of the development of the 

subject.

As written in R  Soardi [17];

“ While there is a large body of mathematical literature devoted to finite 

electrical networks, infinite networks have received growing attention only in 

the last two decades. The reason for this attention is probably the increasing 

interest for the discrete methods in all branches of mathematics. Actually, 

there is strong indication that, at least from the point of view of potential 

theory, infinite networks are discrete model of noncompact Riemann mani­

folds”.

1
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Introduction

The discrete Laplacian on square lattice has been studied by many au­

thors. It was a source of motivation for the study of similar operators on arbi­

trary graphs. For the discrete Laplacian on graphs many properties of smooth 

Laplacian still hold, e.g., maximum (minimum) principle, Harnack inequal­

ity, Cheeger lower bound for the first eigenvalue, etc. Moreover, the discrete 

Laplacian governs random walks like smooth Laplacian governs Brownian 

motion. Thus, there is a natural interplay between discrete stochastic pro­

cesses (Markov chains, martingales, recurrence/transience phenomena) and 

the properties of discrete Laplacian, (for example, existence of non-constant 

bounded (positive) harmonic functions with finite Dirichlet sum).

On the other hand, the study of “type problem” on noncompact Riemann 

surfaces makes use of graphs to answer questions about the existence of 

certain kinds of functions with prescribed properties (e.g., bounded harmonic 

functions with finite energy).

It is worth pointing out that Kanai [11] also gave a diflferent way to 

associate a combinatorial structure (e-nets) to Riemannian manifolds with 

bounded geometry; whose connection between the structures is established 

through a map called rough isometry which preserves the large scale geometry 

but not the local geometry or topology.

We remark that the theory of discrete Laplacians remains a very active 

field of study and a substantial part of it has already appeared in Soardi’s 

book [17].
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Introduction

We also mention the earlier works of authors as Yamasaki [16],[21],[22] 

and Maeda [14] that address some similar problems, in network context, 

with different notations, hypotheses, definitions, techniques and proofs that 

are presented here.

Regarding Kelvin-Nevanlinna-Royden criterion, it is worth mentioning 

the earlier work of D.DeBaun [2] who proved, for p = 2, several similar re­

sults on triangulated surfaces by using cohomological methods. Later on D. 

Sullivan and T. Lyons mentioned the same criterion for noncompact mani­

folds, still for p = 2, on [13]. By the way, Sullivan and Lyons were the first 

to use the reference term Kelvin-Nevanlinna-Royden to name the criterion.

More recently, progress on the nonlinear potential theory (p ^  2) has been 

made generalizing results from Euclidean spaces and compact manifolds to 

the setting of noncompact Riemann manifolds. In particular, Troyanov & 

Gold’shtein in [7] proved the Kelvin-Nevanlinna-Royden criterion for Rie­

mannian manifolds. Also Troyanov [19] proved the existence of solutions of 

the p-Poisson equation on p-hyperbolic manifolds. An extensive account of 

p-parabolicity and p-hyperbolicity on Riemannian manifolds is given in [18].
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Chapter 1 

PRELIMINARIES

In this chapter, we present definitions, terminology, and collect facts that we 

will need in the sequel. A few constructions will be introduced later when 

appropriate. Some terminology, definitions, and theorems are new in the 

context of graph theory.

1.1 Basic graph-theoretic terms

Definition: A simple graph G = (V, E) consists of a (nonempty) set V, 

whose elements are called vertices (or points, or nodes) and a (nonempty) 

set E  of unordered pairs of distinct elements of V  denoted by xy called edges
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1. Preliminaries 1.1 Basic graph-theoretic terms 5

or links with endpoints x and y. Thus, V  is the vertex set and E  the edge 

set of G.

A graph with vertex set V  is said to be a graph on V.

Rem ark: For sake of completeness, a empty graph is one with no edges.

We shall not always distinguish strictly between a graph and its vertex or 

edge set. For example, we may speak of a vertex x (rather than x € T̂ ), 

an edge e G G, and so on.

Some terminology shall be used frequently. The endpoints x and y or 

simply ends of an edge are said to be incident with the edge, write x ~  y, 

and vice versa. Two vertices which are incident with a common edge are 

adjacent, as are two edges which are incident with a common vertex.

Definition: The degree or valence m{x) of a vertex x in G is the number of 

edges of G incident with x.

Definition: If m(x) < oo for all x e V, then G is called locally finite.

A ssum ption: We shall always assume tacitly that G is countable, simple 

(no loops and multiple edges), and locally finite, unless state otherwise.

Definitions:

• The union of graphs G U G' := (V U V ,  E  U E').

• The intersection of graphs G C\ G' ■.= {V C\V', E  C\ E') .

In this case, V G V  must be nonempty.

G and G' are disjoint if they have no vertex in common.
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1. Preliminaries 1.1 Basic graph-theoretic terms 6

Definitions: A subgraph of G = {V, E) given by C/ is a graph O' =  (17, E') 

such that U C V  and E' C E  which will sometimes be abbreviated as O' C G.

A spanning subgraph of G is a subgraph G' with U — V .

A subgraph G' C G is called induced by U if every edge xy in E  whose 

endpoints belong to U is in E' and we write G[U] or, sometimes, simply F.

Definition: An exhaustion of G is a sequence of finite subgraphs

Gn = {Vn,En) {u = 1 ,2 ,3 ,...) such that G„ C G„+i and G =  U ^iG „.

Definition: G — 17 is the induced subgraph G[V \  U], where U is any set 

of vertices (usually of G). In other words, G — U is obtained by deleting all 

vertices in 17 n P  and their incident edges.

In particular, when U is the set of vertices of a subgraph of G' instead of 

G — U we simply write G — G'.

Definitions: A walk in G is a finite non-null sequence W  =  XoeiXie2 X2 ...ekXk 

whose terms are alternately vertices and edges, such that, for 1 < i < k, the 

ends of Cj are Xi-% and Xi.

If the edges ei,e2, ...,efc of a walk W  are distinct, W  is called a trail. If, 

in addition, the vertices Xo,Xi, ...,Xk are distinct, W  is called a path. The 

length of this is k.

A closed trail whose the origin and internal vertices are distinct is a cycle.
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1. Preliminaries 1.1 Basic graph-theoretic terms 7

R em ark: The above definitions can be generalized in the way to include 

infinite walk, trail and path.

Definition: The graph G is said to be connected if any two vertices are 

joined by a path.

Now, we introduce a important class of graphs called Trees.

Tree An acyclic connected graph, one not containing any cycle, is called a 

tree which we denote by T. Vertices of degree 1 in a tree are its leaves. A 

special kind of tree is the homogenous tree which has all vertices have the 

same degree, say d. We denote it by T .̂

We now introduce the notion of a graph with boundary. We preferred 

to make more descriptive definitions to avoid technicalities of the standard 

graph notations.

Suppose that G — (V, E) is a proper subgraph of a graph H, then the set 

of vertices of H  that are adjacent to vertices of G but are not in G is called 

exterior boundary d^V] the set of vertices in G adjacent to the vertices of 

d^V is called interior boundary d^V.

Incidently, in this context a special nomenclature for V  is used, namely, 

interior.

In the following, we define the boundary graph dG as well as its compo­

nents, namely, the tangent boundary d^G and the normal boundary d^G.
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1. Preliminaries 1.1 Basic graph-theoretic terms 8

Definitions: Let G =  (V, E) be a subgraph of a graph H. Then,

• the boundary graph dC or simply the boundary is the spanning sub­

graph obtained from H[dW U d^V] by deleting those edges with both 

endpoints in d'^V.

•  the normal boundary graph d^G  or simply normal boundary is the 

bipartite subgraph of dG induced by the partition {d'‘V,d^V), that is, 

dG[{d%d^V)].

• the tangent boundary graph dxG or simply tangent boundary is 

dG -  d^V.

So dG — dxG U dj\fG.

R em ark: Notice that, eventually, the tangent boundary is an empty graph.

Definition: The graph with boundary is the graph given by C? U dG.

Definition: A subgraph with boundary G' U dG' is a graph with boundary 

obtained from either G or G U dG. In particular, one can have G' C G and 

dG' C dG.

Now, we introduce the concept of directed edges which will allow us first 

to define the geometric concept of orientation of a graph and hence, to draw 

a representative of a flow [1.2.3]; or, analytically, to write and simplify many 

of our formulas.
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1. Preliminaries 1.2 p-Laplacian 9

D efinition: Let G =  {V, E) be a graph. For each edge xy € E, we define 

two directed oriented edges [x, y\ and [p, a;], respectively, from x to y  and from 

y to X.  The vertex x is the initial point or tail and the vertex y the terminal 

point or head of [x^y\.

Definition: E  is the set of all directed oriented edges [x, y] obtained from 

E  such that [x, y] e E  if and only if [y, x] G E.

Definition: A subset X  of E  such that, for all x ,y  e V  x ^  y, [x, y] E X  if 

and only if [y, x] ^  X  is called an orientation of G.

The notation E{x) means the set of all oriented edges [x,y] emanating 

from X which are in E.

Definitions: An orientation of a graph with boundary GUdG will be always 

understood as G with orientation X  given above; dG with orientation dX,  

namely, d X  = d rX  U d^X;  where d ^ X  is the outer orientation of d^qG and 

drX  is an orientation of drG.

Definition: A graph (perhaps without boundary) with a particular orienta­

tion will be called oriented graph.

1.2 ^-Laplacian on Graphs

In this section, we define certain real vector spaces (some of them are Banach 

spaces) as well as linear and nonlinear operators on them which will play 

important roles in the development of the theory.
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1. Preliminaries 1.2 p-Laplacian 10

Definition: Let G — {V, E) be a graph. We denote by the real vector

space of all real-valued 0-cochains, i.e., real-valued functions u on vertices of 

G , u : V  —

For p e [1, oo),

i / ( y )= { u  e C“(y) : ||«||^ = < oo}. (1.2 .1)
xev

For p =  oo.

L°°(y) — {u E C^{V) : ||«||oo =  sup|u(a;)| < oo}. (1-2-2)
x £ V

R em ark: For p G [l,oo). Let C'o(V) be the vector subspace of C^{V) 

consisting of functions on vertices of G with finite support. It is a standard 

result in the theory of real variables that C'o(V’) is dense in D’{V).

Another important real normed space is the space of flows in G

Definitions: Let G — (V,E) be a graph . Then the space of flows in G is

H E )  = {j:  E  —  ̂R : j{[x, y]) = -j{[y, a:]), V [x, y] G E}. (1.2.3)

^{E)  contains the subspaces U’{E) called spaces of the p-flows, namely, for 

p G [l,oo)

= Y i W'=)l’’ < oo} ,  (1.2.4)
xeV ceE{x)
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1. Preliminaries 1.2 p-LapIacian 11

and for p =  oo

L°°{E )^{ j  e : IIjIIoo =  sup( sup |j(e)|) < oo}. (1.2.5)
e e E ( x )

Remarks:

• For p e [l,oo], observe that the definition of the norm on LP{E) is 

independent of the choice of the representative determined by an ori­

entation. Actually, if we would have chosen an orientation X  for G, we 

would avoid |  on the definition of the norm.

• For p G [l,oo], the spaces E^iy)  and LP[E) are Banach Spaces by 

Riesz-Fisher Theorem.

• If (? U dG = {U U dU, E  UjdE) is a graph with boundary, then we write
E'

LP{UGdU) and U>{EiJdE).

Definition: The divergence operator div of a flow j  is the linear operator 

given by

div;$(.F)^C'“(y)

div(j)(a:)= ^  j{e). (1.2.6)
e&E{x)
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1. Preliminaries 1.2 p-Laplacian 12

Some terminology. If div(j) =  0, then j  is divergence free. A flow has 

source xq and sink po when div(j)(2) =  0 for z 7̂  xo,yo, and div(j)(a:o) > 

0 > divO)(po).

We now recall the definition of the coboundary operator.

Definition: The coboundary operator d is the linear operator given by

d : C ° ( F ) ^ $ ( E )

du{[x,y]) = u{y) -  u{x). (1-2.7)

We now introduce the gradient as an important notation in this context 

to carry out the analogy with p-Laplacian on a Riemannian manifold.

The gradient V is the linear operator that coincide with d, namely, for 

every u £ C'^{V)

Vu(e)=dw(e), e £ E .

Actually, Vu can be interpreted geometrically (or physically) as special 

flow on G generated by u.

We briefly review the definition of the p-Laplacian on a Riemannian man­

ifold.

Let (M, <, >) be a non-compact oriented n-dimensional (n > 2) Rieman­

nian manifold of class C7°°.

The p-Laplacian ApU of a function u : M  — > E is given by 

ApU == div(|Vn|^“^Vn), 1 < p < 00.
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1. Preliminaries 1.2 p-LapIacian 13

Actually, Ap is the Euler-Lagrange operator associated with the functional

Rem ark: The book [8] is a good reference for p-Laplacian and related sub­

jects in the continuous setting.

Along similar lines of the continuous settings, one can define the p-Laplacian 

on G U dG.

Definition: Let GVJdG be a graph with boundary, and let u : UUdU — > M

be a function. For each p € [1, oo) the discrete p-Laplacian of u is the real

function

Apu{x) =  j^div(|Vu|^“^V«) (a:), \/x G U. (1.2.8)

We now derive an explicit formula for ApU.

For each x e U  and p > 2 ,

Apu{x) — div(|Vu|^'“^Vu)(a:)

[a:,v]ei5'(*)

[x ,y ]e# (x )

=  H y )  - ■
[x,y]eE'{x)

That is,

Ap«(a:) == ^  \u{y) -  u{x)\P~‘̂ (u{y) -  u{x)y  (1.2.9)
[x,y]e#(a:)
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1. Preliminaries 1.3 p-Harmonic Functions 14

For each x E U and 1 < p < 2, we can deduce the same formula above 

Apu(x)= \u{y)-u{x)\P~^(u{y)-u{x)y,  (1.2.10)
[x,y]eE'(x)

where, we interpret \u{y) — u{x)\^~'^(u{y) — u{x)^ as equal to zero when 

u{y) =  u{x).

E'{x) denote all directed edges of G U dG emanating from x ^  U with end­

points in U U dU.

Remarks:

• If X € 17 is an isolated point, then we define the p-Laplacian at x as 

zero.

• We observe that the discrete p-Laplacian can be extended, naturally, 

to graphs without boundary G = (V, E) with obvious adaptations.

1.3 p-Harmonic Functions on Graphs

For p-Laplacian, as in the continuous setting, we have automatically the fun­

damental concepts ofp-harmonicity, p-superharmonicity, and p-subharmonicity 

on graphs.
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1. Preliminaries 1.4 p-Dirichlet Spaces 15

Definition: Let p € [1, oo), and let G u5G  be a graph with boundary. Then 

u :UU dU — > E is p-harmonic function on G (or on U) if for every x E U

Apu{x) = \u{y) -  (u{y) -  u(o;)) = 0.
[x,y]eE'(x)

E'{x) denote all directed edges of G U dG emanating from x E U  with end­

points in 17 U dU.

In particular, for graphs without boundary G = {V,E),u  is simply called 

p-harmonic.

Definition: Let p G [1, oo), and let GUdG be a graph with boundary. Then 

u : U U dU — > E  is p-swper/iormomc(respectively, p-subharmonic)iunction 

on G (or on U) if for every x E U

Apu{x) = — u{x)\^~^(u{y) — u{xfj < 0 (respectively > 0);
[s,y]6#(x)

E'{x) denote all directed edges of G U dG emanating from x E U with end­

points in 17 U dU.

In particular, for graphs without boundary G = (V,E), u is simply called 

p-superharmonic (respectively, p-subharmonic) function.

1.4 p-Dirichlet Spaces on Graphs

We now introduce a very important claiss of Banach spaces jC^'^{UUdU) and 

C]f{U \JdU) called p-Dirichlet spaces which shall be used largely throughout 

the thesis.
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1. Preliminaries 1.4 p-Dirichlet Spaces 16

Definition: Let for p € [1, oo], and let G U dG be a graph with boundary. 

Then the p-Dirichlet energy density at x G 17 U dU induced by a function 

u iU U d U  R is

Dpu{x)= ^  |Vn([a;,y])|^; (1.4.1)

in particular, for p = oo

Doou{x)^ sup |Vn([a;,y])l,
[a;,y]e#(a:)

where E ’{x) denotes all directed edges of GiJdG emanating from x G UUdU 

with endpoints on 17 U d^U.

Definition: Let for p G [1, oo], and let Q, =  GUdG be a graph with boundary. 

Then the p-Dirichlet energy of m ; 17 U dU — )■ R on (or on 1/ U dU) is

Ip{u,D) = ^  ^  Dpu{x)<oo] (1-4.2)

in particular, for p =  oo

2 xeuudu

7oo(m,0) =  sup D oqU { x ) < oo. 
xeuudu

Rem arks: For p G [1, oo].

• Sometimes, we denote Ip{u, 12) by Ip{u) and call it “energy functional”.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1. Preliminaries 1.4 p-Dirichlet Spaces 17

• When Ip{u) < oo, we also say simply that u has finite p-energy or finite 

finite p-Dirichlet energy. Sometimes, u is called p-Dirichlet function.

• For graph without boundary the definitions of p-Dirichlet energy can be 

made on similar way.

In the following, without loss of generality, all graphs are considered con­

nected.

P roposition  1.4.3 Forp G [1, oo], let — GUdG be a graph with boundary. 

Then,

£^’P{U U dU) =  G C \ U  U dU) : ||m||i,p < oo}, (1.4.4)

where for p G [1, oo), ||u||i,p =  Ip{u, CI)p and for p -  oo, ||u||i,oo =  I<x>{u, D) 

are seminormed vector spaces.

Proof. It is enough to observe that l|.||i,p =  ||.||p o V where V is one linear 

operator and ||.||p is a seminorm. ■

Observe that ||m||i,p =  0 if and only if u =constant, consequently, to make 

jj.jlî p a norm, we define, the equivalence relation in U dU) by

w ~  u if and only if u — v = constant on C7 U dU.

It is trivial to verify that ~  is an equivalence relation, which is compatible 

with the operations of addition, and multiplication by real numbers. Con­

sequently, by denoting the equivalence classes by [«], we have the following 

definition.
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Definition: Let p 6 [l,oo], and let =  G U dG be a graph with bound­

ary. The p-Dirichlet spaces on Cl {or U U dU) are the real normed spaces of 

equivalence classes

C '̂P{U U dU) = U ai7)/E

whose norms are ||[«]||i,p =  ||^i||i,p'

Rem arks:

• If u G [m], then u — v = c o n U i^  dU. Hence Ip{u) — Ip{c -I- v) =Ip{v), 

and, therefore, the norm is independent of the choice of representative. 

As usual, we omit the class notation [ . ] and write ||u||i,p for ||[«]||i,p.

• Strictly, the elements of the spaces C^’̂ {UUdU) or Cl’̂ {UUdU) are not 

functions but classes of functions such that in each nontrivial class any 

two functions differ by a constant. Since any two functions have the 

same norm, and the same energy over each subgraph, the distinction is 

not important for many purposes.

• Sometimes, we will write u G £}'^{U U dU) or C\'^{U U dU) as an 

abbreviation for: u is function on the vertices contained in C/ U dU 

with finite p-energy norm.

We now introduce the notion of uniformly rotund spaces which was first 

established by James Clarkson.
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Definition: A normed space X  is uniformly rotund, if for every e > 0 there 

exists a (5 > 0 such that iiu, v E Sx  and ||n —ti|| > e, then |||(«  +  t')|| < 1  — 5.

One very important class of uniformly rotund Banach spaces is that of the 

spaces S, p), where /i is a positive measure on the a-algebra S of subsets 

of a set D and p G (l,oo). For a proof see theorem in [15] [5.2.11]. With 

adequate adaptations, it follows that forp G (1, oo) the spaces LP{E\JdE) are 

uniformly rotund Banach spaces. Incidently, it follows from Milman-Pettis 

theorem in [15][5.2.15] that LP{EU dE) are also reflexive spaces.

Theorem  1.4.5 Suppose p G (1,-t-oo). Then U dU), | | . ||i,p) is a

uniformly rotund Banach space.

Proof. Consider

C '̂P{U U dU) I / { E  u  dE).

Then V is an isometric isomorphism between {C '̂P{U U dU), | | . ||i_p) and a 

closed subspace oi LP[E\J dE). So

a) U dU) is a Banach space.

b) Since subspace of a uniformly rotund space is uniformly rotund, see 

[15] [5.2.21] and uniformly rotundity is preserved under isometric isomor­

phism [15] [5.2.21], it follows that C^'^{UUdU) is a uniformly rotund Banach 

space. ■
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A very important subspace of C^’̂ {UUdU) to be considered in this context 

are UdU), namely, the closure in £^’̂ -norm of the equivalence classes

of Co{U U dU) in £bP([/ y  dU).

Thus, by [15] [5.2.21] C\^{U U dU) are uniformly rotund Banach spaces 

and reflexives.

The next theorem has more general scope. However, we have adapted it 

to our context.

Theorem  1,4.6 For p G (l,+oo), let A be a nonempty convex subset of 

jĈ 'P{U U dU) (or CY{U  U dU)). Then,

1. there exists a unique element of A (closure of A in the C^’̂ -norm) with 

least norm;

2. any sequence in A that minimizes the least norm is Cauchy. 

P roof. 1.) follows from [15] [5.2.17] and 2.) follows from [15] [5.3.20]. ■

1.5 Euler-Lagrange Operator of /p( )

P roposition  1.5.1 Let p  G [1, oo), and let GUdG be a graph with boundary. 

Then the p-Laplacians Ap are the Euler-Lagrange operators for the “energy 

functionals” Ip{-).
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Proof. Let n be a real-valued function on U \JdU satisfying Ip{u) < oo, and 

o:o be an arbitrary point of U. Consider the Dirac measure concentrated at 

X  x q , that is,
. J 1 if a: =  o;o 

| 0  otherwise.
For each xq G U, we define a function UxQ{x,t) =  u{x) + t6xo{x) on 

U x { - e ,e ) .

As Ip{u) < oo and Ip{uxo(.,t)) < oo differ only in a finite number of terms 

corresponding to a;o and its neighbours, then Ip{uxo{.,t)) < oo, t G 

that is, Ip{uxo{.,t)) is absolutely convergent on (—e, e). So we can rearrange 

its terms corresponding to xq and its neighbours first, and then apply

Indeed,

x e V ( x o )  [x,y]

x e V \V (a :o )  [x,y]

- « ( ^ ) ) - < ^ x o ( a ; ) ) r ] | t =0
r<»» «»1 ^x e V { x o )  [a:,y]

P2\Y^  ^ ( « ( 2 / ) - « ( ® ) ) ( < ^ x o ( y ) - < 5 * o ( ^ ) )
x e V { x o )  [a!,y]

= - p Y  -  n(xo))
[xo,!/]

=  -pApu{xo).
Therefore,

^  |i=o =  -pAp«(xo).

As xo was taken arbitrary in U, so the result holds for G U dG. u

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 2

p-SUPERHARMONIC 
FUNCTIONS

2.1 M in / M ax Principles

In this chapter, we present maximum and minimum principles (local and 

global), the p-Harnack inequality and some consequences.

In the following, p G [1, oo) and G U dG is a graph with boundary unless 

stated otherwise.

P roposition  2 .1.1 (Local M inim um  Principle) Suppose u G G°{UUdU) 

is p-superharmonic at x £ U. I f  for every neighbouring vertex y, y x, 

u{y) > u{x), then u{y) = u{x) for all y, y x.

22
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2. p-Superharmonic Functions 2.1 Min/Max Principles 23

Proof. Suppose that u has a minimum at x and u{yo) 7  ̂u{x) for yo ~  x. 

Then u(yo) > u{x) so that

0 < l'u(yo) -  u{x)\^^‘̂{u{yo) -  u{x)) < \u{y) -  u{x)\P^‘̂ {u{y) -  u{x)) < 0 .
yr̂ x

This is a contradiction and, therefore u{y) =  u{x) for all y ^  x. u

R em ark: Similarly a Local Maximum Principle holds for all p-subharmonic 

functions u E C'^{U U dU).

T heorem  2 .1.2  (G lobal M inim um  Principle) LetGUdG be a connected 

graph with boundary, and let u E C^{U U dU) be a p-superharmonic on U.

I f  u takes its minimum at a point of U, then u is a constant function.

Proof. Suppose that there exists a point x E U such that u{x) — m is the 

minimum of u on U. By Proposition [2.1.1] u{y) — m for all neighbours y 

of X.  Take an arbitrary vertex z E dU, then by connectedness of G U dG 

there exists a path with vertices xq = x , x i , z  = x„ of vertices on [/ U dU 

such that Xj ~  j  =  0,1, . ..,n — 1, and Xj is in C/ for 0 < j  < n. Then 

m = u(xo) =  u(xi) = ... =  u(Xfi). ■

R em arks:

• The Global Minimum Principle holds, with same proof given above, for 

a connected graph without boundary.
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• It is immediate to check that the Global Maximum Principle holds for 

p-subharmonic functions on graphs with or without boundaries.

Corollary 2.1.3 7/ G is finite graph without boundary, then every 

p-superharmonic (p-subharmonic) function on G is constant.

Proof. Combine the first remark above with the fact that the functions 

assume minimum in G. ■

T heorem  2.1.4 Let G U dG be a connected graph. If u ^  G^{UUdU) is 

p-harmonic and nonconstant on U, then u attains its maximum and mini­

mum on dU.

Proof. The proof follows, immediately, from the global minimum and the 

global maximum principles. ■

2.2 p-Harnack Inequality

We open this section by proving an important theorem for graphs which 

generalizes the linear case in [4, p.789].

T heorem  2 .2.1 (p-Harnack Inequality) Suppose that p € (l,oo), X'^y, 

andu^C\UiJdlJ) is nonnegative function.

I f  u is p-superharmonic at both vertices x and y, then 

1

(m(p)p-i +  l)
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Proof. 1) If u{x) =  0 (or u{y) =  0), then by the minimum principle u{y) — 0 

(or u[x) =  0) for every y (or x), p ~  the Harnack inequality is trivially 

true.

2) If u{x) > 0, then

Apu{x) =  ^ |n (p )- 'u (a :) |P  ^{u{y)-u{x)) = ^  sgn(u(y)-«(a;)) |«(y)-n(a:)pIP - iD&xx U/\«X/y
yr̂ X

We rewrite the sum above as

^  (u{y) -  u{x)Y  ̂ (“ (^) -   ̂ ^  0-
yr̂ x y>̂x

u( y) >u {x)  u{ y)<u(x)

Thus

Hy) -
yr̂ x yr̂ x

u( y )>u {x )  u ( y) <u( x)

Dividing by u(x) > 0, we obtain

u{ y) >u{ x)  u{ y) <u( x)

Now, we have two cases to consider to complete the proof.

(i) For u{y) > u{x) we have from (2.2.2) above

u{y)
u{x)

or

u{y) < (m(a:)p-i +  l)M(a:).
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2. p-Superharmonic Functions 2.2 p-Harnack Inequality 26

Therefore, for u{y) > u{x)

u[x) < u{y) < (m(a;)p^ 4- l)w(a:). (2.2.3)

(ii) For u{y) < u{x), we consider

Apu{y) = '^ sg n {u {z)  -  u{y))\u{z) -  u{y)\P~'  ̂ < 0.

Since u(y) > 0, we have

zr̂ y z^y
5)>«(y) u(z)<u(y)

s ( S ' T s  £  ( - s r  »-'«>■z^y \ / z~y
u(z)>u{y)  u(z)<u(y)

SO

u(y)
1 < m{y)p-^

or

u{z) < {m{y)p-^ -h l)M(y).

Put z  — X,  which gives

u{x) < { m { y ) ^  -I- l)u{y) 
1

(m(y)p-i -1- 1) 

Therefore, for u{y) < u{x),

1

u{x) < u{y).

[m{y)p-^ + l)
u{x) < u{y) < u{x). (2.2.4)
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Since ------------------< 1 1 < {m{x)p-^ 1),
(m(?/)p-i + l)

(2.2.3) and (2.2.4) imply

 ny u{x) < u{y) < ( m { x ) ^  -t- l)u(a:). ■
(m(p)p-i -I-1)

In what follows, we establish Theorem [2.2.5] as an application of our 

p-Harnack inequality. We note that this is the graph version of a Harnack 

Principle in the continuous setting.

Theorem 2.2.5 Suppose thatp € (l,oo) and is a monotonically in­

creasing (decreasing) sequence of p-harmonic functions on a connected graph 

GUdG.

The function v(x) =  linij^oo 'i’j(x) (pointwise sense) is either p-harmonic on 

U or identically+ 0 0  (resp.—oo).

Proof. If ui < V2 < vz < ...Vj < ..., then for every j ,  Uj — Vj — vi > 0. 

Suppose that there exists a vertex x e U  such that limj_>.ooWj(a;)=«(a;)<oo. 

Take an arbitrary y E UU dU. Since G U dG is connected, there is a (a;, y)- 

path connecting x and y, i.e., x — zi Z2 ^  Zk — y. Then, by repeated 

application of the p-Harnack inequality along the (x, p)-path, each uj satisfies

Uj{y) < +  l)
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so that

lim Uj{y) =  u{y) is finite.j^OO

As y is arbitrary, it follows that u is finite on all of 17 U dU.

Finally, u is p-harmonic on U. In fact, since each Uj is p-harmonic on U, 

so, for any y E U, 0 — ApUj{y) —> Apu{y) as j  ^  oo or Apu{y) — 0, that is, 

u is p-harmonic at all y ^ U.

For a decreasing sequence {vj}jyi, it is enough to consider the sequence 

{— and,  then, apply the result above. ■

Remarks:

•  If we consider either a monotone sequence of p-superharmonic or 

p-subharmonic functions, then the conclusion is similar, that is, the 

limit function is either infinite or, p-superharmonic or p-subharmonic, 

respectively.

•  We point out that the results above hold for graphs without boundaries.

Proposition 2.2.6 Let {Gi =  {Ui, Ei))i>i be sequence of finite connected 

graphs such that Gi C G2 C . . .  C  G i . . .  C . . .  G' = UjGj. Let be a

sequence of functions such that u(x) = limj^oo Uj(or) exists for every x € G'.

7f is a sequence of p-harmonic (p-suharmonic, p-superharmonic)

functions in Gi, then u is p-harmonic (resp., p-subharmonic, p-superharmonic) 

in G'.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



2. p-Superharmonic Functions 2.3 Comparison Principle 29

Proof. We give the proof for p-harmonic functions. For p-subharmonic and 

p-superharmonic functions, the proofs are similar.

Take x E U UUi, then there exists io such that for all i, i > io, x G Ui\ 

but the Uj’s are p-harmonics on Ui, consequently,

ApU.{x) = \ui{y) -  Ui{x)\P~^{ui{y) -  Ui{x)) =  0
[x,y]&Ei

for all i > io.

Letting i -> oo, we conclude that Apu{x) — 0; but x is arbitrary, therefore 

u is p-harmonic on G' . ■

2.3 Comparison Principle

Definition: The real vector space of positive test functions is given by 

V q{U) =  {w G Co{U U dU) : CO > 0 onU  and ry =  0 on dU}.

Lem m a 2.3.1 Let G U dG be a oriented connected graph with boundary. 

Then, u : U Li dU ^  R is p-superharmonic (respectively, p-subharmonic) on 

U if and only if

(VcuVm)|Vm|^“  ̂ > 0 (resp., < 0), for all co G V q{U).
[ x , y ] e x
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Proof. By Theorem [A.1.1] in Appendix A, we have for all uj G T>q{U)

— — y ~ ^ c c > (x )A p t t (a ; ) .

[a:,i/]G.X x^U

Take an arbitrary x e U and the Dirac measure co — Sx', then, it is immediate 

that

Apu{x) < 0 , (respectively, Apu{x) > 0),

that is, u is p-superharmonic at x. However, x is arbitrary, so u is p-superharmonic 

on all of Q,.

Conversely, suppose u is p-superharmonic (respectively, p-subharmonic), 

that is Apu{x) <  0 on (respectively, Apu(x) > 0). Then, for all u  G Vq{U)

(Vo;Vti)|Vw|^“  ̂=  —'^^(jo(x)Apu{x) > 0 (respectively, < 0). ■
[x,j/]6X x e u

Theorem 2.3.2 (Comparison Principle) Let GUdG be a connected graph 

with boundary (non-necessarily finite), u eC°{U  UdU) p-subharmonic, and 

V  G C^{U U dU) p-superharmonic.

If  u < v  on dU, then u < v  on UUdU.

Proof. We consider the following notations 

A =  {x e  U/u{x) <  n ( a ; ) }

B = {x E U/u{x) > v(x)} and

Ax = {y ^  UUdU/y ~  X and u{y) < v{y)}

Bx = {y ^  UUdU/y ~  X  and u{y) > v{y)}.
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Let oj be an auxiliary function on UUdU defined by cu = max(0, u — v). Then, 

w € V+{U).

Let W  be an arbitrary finite subset of U which induces a connected sub­

graph of fl. Let w* =  u)Xw be a restriction of u  to W, so G 'D^[U). By

taking a suitable orientation, it follows from the previous lemma that for the

p-subharmonic function u

Y ,  E  Vw '(V ..|V«r2){[rc,!,])<0i 

and for the p-superharmonic function v that

[ x , y]eX

Thus,

0 > Y  Vw''(Vu|Vti|P-2-Vn|Vn|P-2)([a:,p])
»er/ [x,j,]ex

=  E  E  V o;» (V « |V «r2 -V ^ |V t;r2 )([x ,y ]) (S^)

yfj5, [*,y]GX

+  E  E  v j ( v « i v « r 2 - v H v ^ r 2 ) ( [ x ,p ] ) )  (^2)

y i l
+ Y  V caH V u|V «r^-V n|V z;r")([a:,y]) {S3 ),

y i l

For every vertices a; G IT, we have the cases:
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= 0 since if x G A and y € A .̂, then ui' (̂x) — uj' {̂y) — 0.

We next consider S3 . If x G B  and y G Ex, then uj^{x) = (u — v)(x) and

so that Vw'* =  Vu — Vv.  But the identity |o|P“^ a ( a - 6) > 

\b\P~%{a — b) for all real a, b implies immediately that

(I Va)(Va — Vn) > (| Vv|^“^Vr;)(V« — Vn) at [x, y].

and we conclude that 5'3 > 0 .

We claim that if there were at least one edge [x, y] such that either x G A 

and y G Ex or X  G B  and y G Ax, then S 2 > 0.

We prove this claim for x G B and y G Ax, for x G A and y G Ex the

proof is similar.

Indeed, suppose x g W  f \ E  and y G Ax- Then,

Vo;'*[x,y]<0 since 

Vo;^[x,y] =  u^{y) — o;*’(x) = —(w(x) — x(x)) =  v(x) — u{x) < 0.

Vm < Vu since 

v{x) — m ( x )  <  0 < v{y) — u{y).

To simplify, we omit [x,y\.

1) Suppose Vu > 0,

if Vw > 0, then

(|V«|P-^ -  |Vx|P-i)Va;“ > 0; (2.3.3)
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if Vn < 0, then

(-|Vn|P-^ -  |Vu|P-^)Vo;^ > 0. (2.3.4)

2 ) Suppose Vv < 0, then Vu < Vv < 0 which by its turn implies

\Vu\ > |Vt;| (2.3.5)

(-|Vw|^“  ̂+  |V nr^)V o;“ > 0. (2.3.6)

So, by (2.3.3), (2.3.4) and (2.3.6), it follows that S2 > 0.

Finally, suppose, by contradiction, 5  7̂  0, then, eventually, by consider­

ing a path leading to the boundary dU, we would find xq G B  and yo G 

which would yield S 2 > 0, hence, 0 > -I- -f S'3 > 0, a contradiction.

Therefore, 5  =  0 and the proof is finished. ■

Essentially, the argument we have used is the same as in [9, p. 100]. The

main point is that we extend the proof to infinite graphs with boundary.

Corollary 2.3.7 Let G U dG be a connected graph with boundary (non- 

necessarily finite), and let u ,v E C°{U U dU) be p-harmonics on U such 

that u — V on dU. Then

u = V  on U U dU.

Proof. Apply the comparison theorem twice. ■
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2.4 p-Dirichlet Problem

Now, we will consider the solution of Dirichlet problems in the context of 

p-Dirichlet spaces.

T heorem  2.4.1 Suppose that p e [1, oo) and G U dG — {U U dU, E  U dE) 

finite graph with boundary. Let u be a function defined on dU. Then there 

exists a unique p-harmonic function h on U with h = u on dU.

Proof. Let’s prove first the existence.

If G U dG has n vertices, then C '̂P{U U dU) is n-dimensional real vector 

space, so there exists an isomorphism (j) from £.^’̂ {11U dU) to E".

Defining in E" a norm ||a:|| =  ||^“ (̂a:)||i_p, then (f) turns out an isometric 

isomorphism and, consequently, the space U dU) is isometrically iso­

morphic to E”.

Consider

A — {v E C^’̂ {U U dU) : u{xm) < v{x) < u{x m ) ,a llx  E Uandv = nondU}

where Xm and xm are the vertices in dU that u assumes, respectively, the 

minimum and the maximum.

It is easy to verify that A  is non-empty, closed, and bounded in 

C '̂P{U UdU). Now, by the isometric isomorphism (f>{A) non-empty, closed, 

and bounded in E", so by Heine-Borel property (f>{A) must be a compact set. 

By using now it follows that A  is also a compact set.
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On the other hand, Ip{.) = ||.||f_p is a continuous nonlinear functional on 

U dU), consequently, when restricted to A  must attain a minimum 

u* e  A. Then, by standard variational arguments like in [1.5.1], it follows 

that u* is p-harmonic on U.

Secondly, the uniqueness is immediate consequence of the Corollary [2.3.7]. 

Finally, to complete the proof, denote u* by h. m

R em ark: Notice, we can guarantee that the solution of a Dirichlet Problem 

exists only if U is finite. For the infinite case, that is, U is infinite, we need 

extra conditions to solve it.
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Chapter 3

p-CAPACITY ON GRAPHS

In this chapter, we construct a basic tool of p-potential theory for graphs 

with or without boundaries, namely, p-capacities. Important properties of 

the p-capacities are established as well as the definitions of p-hyperbolic 

and p-parabolic graphs. As examples, we determine the p-parabolicity and 

p-hyperbolicity of Z" and through formulas that allow us to evaluate, 

precisely, their p-capacities.

Also, the concept of morphisms between graphs with and without bound­

aries is presented. This concept leads, naturally, to the notion of isomorphism 

and, consequently, what equivalence means in this category.

Finally, we estimate p-capacities of subgraphs and graphs with or without 

boundaries through the operations of cutting and shorting.

Many definitions and proofs are new in the context of graphs.

36
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3.1 Basic Definitions

It is well known that capacity is a natural measure in the context of linear 

and nonlinear potential theory on Riemannian manifolds. But, it is not really 

a measure; in fact it is not even finitely additive on disjoint sets. However, 

many problems can be given a complete solution in terms of capacity, and 

this makes it a powerful tool.

In this section, our aim is to define a similar notion of capacity for graphs, 

namely, p-capacity\ and with that, to create a potential theory on graphs 

similar to that (linear or non-linear) on Riemannian manifolds.

Definitions:

1. Let G =  {V, E) be a graph (without boundary), and let K  be finite sub­

set of V. Then the set of admissible functions to measure the capacity 

of K  relative to V  is

M {K,V)  -  e  Co{V) : u > l o n K } .

2. Let G U dG be a graph with boundary, and let K  be finite subset of 

U. Then the set of admissible functions to measure the capacity of K  

relative U is

M {K,U  U dU) == {« € Go{U UdU) : u > l o n K , u  = OondU}.
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Definitions:

1. Let G — (V, E) be a graph and K  a finite subset of V. Then, for 

P e  [l,oo],

Capp(ir, G) = inf{Ip{u) : u e M{K,  7)} (3.1.1)

is called p-capacity of the condenser (K,G),  or simply, p-capacity of 

K.

2. Let D =  G U dG be a graph with boundary and K  a finite subset of U. 

Then, for p € [1, oo],

Capp(K, D) =  inf{Ip{u, n) ; u 6  M{K,  U U dU)} (3.1.2)

is called p-capacity of the condenser {K, Cl), or simply, p-capacity of K  

relative to Cl.

We do the definitions, the statements and the proofs for condensers 

(K, D); however, it is very simple matter to adapt them to condensers without 

boundaries like {K, G).

Now, we want to extend the definition of p-capacity to infinite subsets D 

ofU.

Definition: Let D be any subset of U either finite or infinite . Then, the 

(inner) p-capacity of the condenser {D, D) is given by

^Capp(D, D) =sup{Capp(iiT,D) : K  C D, K  finite}. (3.1.3)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3. p-Capacity on Graphs 3.1 Basic Definitions 39

P roposition  3.1.4 ^Capp is an extension o/Capp for K  finite.

Proof. This is obvious. ■

Also the (inner) p-capacity allows us to define the (outer) p-capacity. 

Definition: Let A  be an arbitrary subset of U. Then the (outer) p-capacity 

of the condenser (A, 0) is given by

*Capp(A, D) =  inf{^Capp(D, Cfj : D D A, D arbitrary}.

P roposition  3.1.5 If A an arbitrary subset of U either finite or infinite , 

then *Capp(A,D) =  ^Capp(A,f2).

In particular, for finite K , Capp {K, D) =  *Capp {K, D) =  ̂ Capp(A', D).

Proof. It is immediate that

•C ap ,(A n) < ,C a p ,( / l ,n ) .  (3.1.6)

On the other hand, take arbitrary e > 0. Then there exists D D A  such 

that ^Capp(D,fi) < *Capp(A,D) +  e. But as for all AT C D Capp(AT,D) <

^Capp(D, Cl), in particular, the inequality holds for all AT C A so by taking the

sup over all finite K, we have ^Capp(A, D) < ^Capp(D,D). Consequently, 

^Capp(A, fl) < *Capp(A, D) -f e.

Since e was chosen arbitrarily, we have

^Capp(A,D) <*Capp(A,D). (3.1.7)

Prom [3.1.6] and [3.1.7], the result follows. ■
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As consequence of the above propositions, we define p-capacity as (inner) 

p-capacity, and omit the star in the notation, that is, we write Capp(A,n). 

When the context is clear, we simply write Capp(A).

3.2 Capacity as Outer Measure

Finally, as we have mentioned, for each fixed p € [1, oo] Capp is not measure 

but we can prove that Capp is an exterior measure on subsets of U.

Proposition 3.2.1 Let p € [l,oo], and let fl = G U dC be a graph with 

boundary. Then,

Capp : V{U) — > [0, oo]

D I— y Capp(I>, fi)

{i) : Capp(0) =  0;

{ii): (Monotonicity relative to a set being measured) If D\, D2 G V{U), 

D 1 Q D 2 , then Capp(jDi,0) < Capp(D2,f^).

(Hi) : (a- subaditivity) Let Di G V(U), i — 1,2,..., and D  =  Di, then

00

Cap„(0,fi) < ^ C a p ,(A ,S i);
i =l

Proof, (i) is obvious.

(ii) For the proof, we consider the cases:

a) If £>1, D 2 are finite subsets of Lf, then the proof, follows easily from 

M{D2, U U d U )C  M{Di, U U dU).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3. p-Capacity on Graphs 3.2 Capacity as Outer Measure 41

b) If Di is finite and D2 infinite, then it is enough to use the definition of 

capacity for D2 .

c) If both D i  and D2 are infinity, then for every finite K  C D i  C D2 C U 

we have

{Capp(iC, : K  C Di, K  finite  } C {Capp(ii', Q,) : K  C D2 , K  finite  }.

Hence, Capp(Di,Q) < Capp(D2,f^)- 

(Hi) To prove we divide in cases:

a) If Capp(£>i) =  00 the result is obvious.

b) If Capp(A) < 00

bl) Suppose we have finite number of Di G V{U),i =  1,..., k and each Di is 

a finite set. Let e > 0. Then, by definition, there exist functions Ui G Cq, 

rxj > 1 on Di, i = 1,..., k such that

/p(«i) < Capp(A) +  p  i = l,2 ,...,k .  (3.2.2)

For X define the function

u { x )  = sup{«j(a:) : 1 < i < k}.

Obviously, by construction, the function u  has finite support since each Ui 

has, and « > 1 on Di. Also

k

I p { u )  <  I p { u i )

i =l
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so, we have

k k k

ip{u) < ^
i = l  i = l  1=1

thus,

k

Ip{u) < ^  Capp(A) +  e.
i=\

Since e is arbitrary, so, by definition of p-capacity, we have

k k

C appd j A ) < J^C app(A ).
i = l  1=1

b2) Suppose we have infinitely many Di G V{U),i =  1,2,... where every Di 

is finite. Let’s call D — A - Then, by definition, given e > 0 there exists 

K  finite K  C  D such that

CaPpCD) -  e < Capp(ii:).

Now, since K  is finite, there exist A >  * =  1 )  2, ...m such that K  C  A  

so, by monotonicity and part b l) above, we have

m m  oo

Capp(JT) < C appdJ A )  < J^C app (A ) < ^ C a p p (A )-
i = l  i=l i = l

Therefore,

00

Cap„(D) -  e < Cap„(Ji-) < ^ C a p ,(A ) .
iz=l
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Since e is arbitrary, we have
OO

Cap,(D) < 5^Cap„(A).

b3) Suppose now that D, 6 V{D), i =  1,2,... but not necessarily all Di finite. 

As before, consider D  =  Then, by definition, for any e > 0 there

exists K  finite such that

Cap„(H) -  6 < Cap,(*:).

Evidently, we have K  =  O Di) where each AT fl Dj is finite

so by part b2) it follows that
OO OO

Cap„(I?) -  € < Cap„(if) =  Cap,(tJ(Js: nDi )  n  D,).
t= i  i = l

Finally, since AT PI A  C  A' by monotonicity
00 00

Capp(fl) CaPp(A: n A )  < ^  Cap„(A)
i = l  t = l

but e is arbitrary, so we have
OO

C appp) < ^ C a p p (A )-
1 = 1

Prom a) and b), the result follows. ■

We have just proved that the Capp(., 11) satisfies properties i),ii), and iii),

i.e., Capp(.,0) is an outer measure.

Corollary 3.2.3 I f  a set K  C U  has zero p-capacity, then any of its subsets 

also has zero p-capacity.

Proof. It follows immediately from monotonicity property. ■
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3.3 Simple Properties

We alert that the following proposition is valid only for induced subgraphs 

with induced boundaries, that is, Ak = G[Uk] U G[{d'^Uk,d^Uk)] C G . We 

might say that they are analogues of open sets in topology.

Proposition 3.3.1 Let p € [l,oo], and let G be a graph. Then p-capacities 

satisfy the following properties:

(i) If Ai and A 2 are induced subgraphs with induced boundaries of G and 

D C  Ui C U2 , then

Ca.pp(D,Ai) > Ga-pp{D,A2)]

(ii) I f  D C Ai C A 2 C . . .  C A i  =  A, then

CapJD ,A) = lim Cap (D,i4i). (3.3.2)
^ i-^o o  ^  '

Proof.

(i) Two cases to consider,

a) Let D C Ui he finite and take an arbitrary e > 0. Then, there exists 

u G M(D, UiUdUi) such that Ip(u) < Capp(D, v4i) +e. Define u, the natural 

extension of u to A 2 , by assigning zeros for the new vertices. It follows that 

u € M(D, U2 U dl/2 ) and Ip(u) — Ip(u).

Hence, Gapp(D,A2 ) < Ip(u) < Capp(D,Ai) +e. But e is arbitrary, so it 

follows Capp(D,v4i) > Capp(D,A2).
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b) Let D be infinite. For each e > 0 and arbitrary there exists finite, K  C D 

such that Ca.Pp[D,A2 ) -  e < Capp(Ff, A2). By part a) Capp(ii', A2) < 

Capp [K, ^ 1) so that by the definition of capacity in A i , it follows Capp [K, Ai) < 

Capp (D, A i). Combining the steps with arbitrariness of e, we get Capp (D, Ai) > 

Capp(D, A2), and the proof of i) is complete.

To prove (u) we again consider two steps:

Step 1) For all j  6 N*, by (i), we have

Capp(D, Ai) >  . . .  >  Capp(D, Aj) >  . . .  >  Capp(T>, A);

so

lim Cap (£>, A,) > Cap„(£>, A). (3.3.3)

Step 2) a) Let D be finite and e > 0 and arbitrary. Then, there exists 

u G M{D, U U dU) such that

Ip{u) < Capp(D, A) +  e

but for some Jq G N*, supp u C Aj^ , that is, u is admissible for (D, Aj„), so

Capp(D,Ayo) < Ip{u) < Ca.pp{D,A) +e;

since e is arbitrary

Capp(D,Aj„) < Capp(D,A);

by (i), for j  > jo

Capp(T>,Aj) < Capp(T>,A). (3.3.4)
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Taking the limit of (3.3.4), which exists by step 1, it follows that

lim Capp(D,^j) < Capp(T),^). (3.3.5)

b) Let D be infinite and e > 0 and arbitrary. Then, for all j  G N*, there 

exists Kj C  D  finite such that

Capp(T>, Aj) -  e < Gapp{Kj, Aj)

but by step 1,

Capp {Kj , Aj) < Capp {Kj, A)

Capp(D, Aj) — € < Capp{Kj, A ) . (3.3.6)

Now, by definition of p-capacity of D

Capp(if,,.4) <C ap^(D ,/l)

which combined with (3.3.6) leads to

Capp(£>, Aj) -  e <  C app(D , A)\

but e is arbitrary, so for all j  G N*

Capp{D,Aj) <Capp{D,A). (3.3.7)

Taking the limit of (3.3.7) , since it exists by step 1, it follows that

lim Capp{D,Aj) < Capp{D,A). (3.3.8)
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The proof of (ii) follows from (3.3.3),(3.3.5), and (3.3.8). ■

Remark: The example of homogeneous trees Td, in the coming section, 

shows that we cannot replace > by = on the item 1. In fact, if Dr^ > Dr^, 

then Capp(Dr,T>i?i) > CsLPp{Dr,DR^) for Ri < R 2 .

The next proposition shows, without loss of generality, that we may restrict 

ourselves to the conditions 0 < u < 1 and u = 1 on K.

First, for finite K, we define new set of admissible functions

A4(K, UUdU) = {u € Co(UUdU) : 0 < u < 1 , u ~  \ on K  and u ^  0 on dU).

To simplify, we only consider finite K  C U in the following.

Proposition 3.3.9 Let p E [1,00], Q =  G U dG a graph with boundary and 

K  be a finite set on U. Then

Cnpp{K, n)  =  inf{7p(u, Q) : u E M {K ,U  U dU)}.

Proof, a) It is immediate M{K, U U dU) D M.{K, U U dU), so

Capp{K,n) < M {Ip{u,n)  : u E M {K ,U U dU )}.  (3.3.10)

b) Take e > 0 and arbitrary. Then, there exists u E M{K, U UdU) such that

Ip{u) < Capp[K, ft) + e.

Consider a truncation of u, that is,

u =  max(G, min(l,M))
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so, it is easy to see that u E M {K ,U  U dU), and, by dividing in cases, to

show that Ip{u) < Ip{u). Hence,

inf{/p(M) : u E M { K , U U d U ) }  < Ip{u) < Ip{u) < Capp(K, Q) + e.

But by arbitrariness of e, we conclude that

inf {Ip{u) : u e  M{ K, UUd U) }  < GsiPp(K, Q).

Then, from the inequality above and (3.3.10), the claim follows . ■

Corollary 3.3.11 Let p E [l,oo], 0  = G U dG a graph with boundary and 

K  U dK  be a finite set on U. Then

Gnpp{KudK,n) =  Gapp{dK,n).

Proof. We prove it in two steps.

a) By Monotonicity, we have

Capp (dK, Q) < Capp (K  U dK, Q).

b) For the opposite inequality, let e be positive and arbitrary. Then, by 

previous proposition, there exists u E M.{dK, U U dU)

Ip(u) < Gnpp(dK, fi) +  e.

Define an extension of u, namely, u* =  < ^ {U \K )udU
11 on

sible for K  U dK, so

Ga,pp(KUdK,Q) < Ip{u*) < Ip{u) < Ga.i>p(dK,Q,) +  e;
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but, by arbitrariness of e, we have

G&Pp{KUdK,n) < C&Pp{dK,n).

Combining a) and b), yields the proof of the corollary. ■

Now, we use p-capacity to produce definitions that play important roles 

in the classification of finite/infinite graphs, and which allow us to deduce 

their potential theoretic properties.

Definitions: For p e  [1, oo], a graph G is called p-parabolic if Capp(K’) = 0

for all finite subsets K  C V  and p-hyperbolic otherwise.

In the following, we extend the previous definitions to graphs with bound­

aries.

Definitions: For p G [1, oo], and let fi =  G U dG be a graph with boundary. 

Then, G, is called p-parabolic if Capp(iT, fl) =  0 for all finite subsets K  C U 

and p-hyperbolic otherwise.

R em ark: Actually, we will see latter on, as a consequence of Proposition

[4.1.9], that for a p-hyperbolic graph Capp(JsT) > 0 for all finite subsets 

K  C U (respectively V).
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3.4 The n-dimensional Lattices - Z”

This section has as goal to show nontrivial examples of p-hyperbolic and 

p-parabolic graphs. For that purpose an explicit form ula  for evaluating 

p-capacities on Z” is determined.

To view Z” as graph, as usual, for every pair of integers points at unit 

distance ( Manhattan distance) is connected by an edge parallel to the coor­

dinates axes.

Let {ei, 62, . . . ,  e„} the canonical basis of the module Z". Then for n > 1 

the set of vertices =  < (—l)-̂ 6j [•  ̂ is called radial n-sphere in Z”.

Obviously, the radial n-sphere has volume 2n and it determines 2n ( i , j )  

directions, namely, n i-directions each with two j-senses.

Example: {(1,0); (-1 ,0); (0,1); (0 ,-1)}  is the

1-sphere in Z^ with volume 4 and 4 directions.

To compute the p-capacities, we shall split Z" in 2n sectors, namely, the 

radial ( i , j ) - se c to rs .

Definition: An edge of Z” that is incident with the vertices that are at the 

same distance from the origin (0) is called transversal edge and radial edge 

otherwise.

Definition: The radial subgraph Z"„  ̂ is the graph obtained by deleting all 

transversal edges from Z".

In the following, we describe the radial (?, j)-sectors of radius r  and the
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disk of radius r.

First, we define auxiliary sets.

For t =  0,1, 2,...., let At = {x E Ii/ — t < X < t} he a, family of sets on Z. 

Then, for each i — 1,2, ...,n define a family of sets on Z" by 

Bl = A txA ty .  . . .  x A t X { 0} xAt X  . . .  xA t

=  {a; =  (â i, X2 , 0, Xi^i, ..., x„) : - t  < Xk < t ,k  = 1,2,..., i , ..., n}

which satisfies the following properties:

•  S j  C  C  C  • • • C  C  ■ • • .

• # (^ t)  =  nfc=i # (A )  =  (2t +  since # ( ^ )  =  2t +  1.k^i

Secondly, the set of vertices in the (i, j)-sector at distance t from the 

origin is describe by

=  {ij'''* =  X +  t ( - l ) ’ei € Z" : X =  € -B,*}.

Definition: For i — 1,2,..., n, j  — 0,1 and r e N, the radial (i,j)-sector of 

radius r, is the induced subgraph of Z"^  ̂ given by

whose set of radial edges [x^t'^\^^t+x\ stage t is denoted by

By the way, when the context is clear, we use instead the full notation for a 

vertex x̂ t'^̂  its shortened variant Xt-
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Figure 3.1 : The sector of rad

Definition: The disk of Z" centered at origin and radius r is the induced 

subgraph
n 1

i = l  j= 0

Also note that {x G Z” : d{0,x) < r}, where d is the Manhattan distance, 

is the set of vertices of D^.

In the following, we need a kind of averaging function on Z". Also, observe 

that the referred distance on the definition is the Manhattan distance.
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Definition: The set of vertices at distance t from the origin (0) is called 

t-layer of vertices of either or Z", that is,

n 1

i - l j = 0

Notice that #(L*) =  {2t + 1)” -  # (^ r).

Definition: Let u G (7°(Z”). The transversal average of u on Z" is the func­

tion u G ^^(Z") that assigns to the vertices of each layer Lt, t =  0,1,2,
53 u(x)respectively, the value — •

P roposition  3.4.1 Let Z",n > 1, be n-dimensional lattice. Then, forp > 1 

and 0 < r < R  < oo,

^ 1- 
CaPp(D„DB) =  ro ((S < -‘' ) ( j ] ( 2 i + l ) ^ )  (3.4.2)

t~r
Proof. First we prove that <.

To simplify the notation, we define the function 0(t) to denote the number 

of radial edges on each (i, j)-sector on the stage t, that is,

<l>{t) = (2t - t - l ) " - \

Now, we define a new function on Z" that is admissible for Dr by assigning

its values on each t-layer. Namely, for all t, r, i? G N and 0 < r < i? < oo

1 if 0 < t < r,

Ur,R{xt)=̂ î  l-7 r ,n (E p = t 0 ( p ) ^ )  i f r 4 - l < t < i ? - t - l ,
if t 5* i? -j- 1.
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where 7 ,̂  ̂=  ) •

We have

1. For 0 < t < r — 1; Vn 0 .

2. For t =  r  and t = r + l\

3. For r  4- 1 <  t

t
=  - 7 r , R  [ X !

t-l

p= r p= r

4. For t > R  + l:

Thus,

Vn. lr,R(i>it) i-p if r  < t < R,
else
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We sum up over the whole region to get:

R

R

= Y Y  Y
J i l l

R

t=r

t= r

As Ur̂ R is an admissible function for D r  relative to D r , so for 0 < r < i? <  oo

C a P p i^ D r ,  D r  ̂ ^  I p ( R r ,R )  '—

=  = Koi(5<”- ') ) ( j ] ( 2 i  +  1 ) S )
R  ,

- n \ 1 - P

t= r
(3.4.3)

We now prove the reverse inequality.

Let u  be an arbitrary admissible function for Dr, that is, u =  1 in Dr and 

0 < u < 1 in D r . Let u  be the transversal average of u  on D r . Then, select
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a (i, j)-sector, we have

R R

1 < ix;v«[0„0,+ill < 5]|V«i[0„0,+il|
t=:r t= r

R

= ^^(|Vn[Ot, 0f4-i]|(2t +  1) p ) ((2t-f 1) ~p )
t= r

< (5 3 |v s lo „  0,+,]|>’(2t + 1)(”- » ) '  ( J ] ( 2 t  +
t—r t= r

After raising to p and since #{Bl) = {2t + 1)"“ ,̂ we get

{ t  y : iv»[x„x«]r) { Y ( 2 t + i ) ^ f  > 1
i=r xteB't i=P

consequently,

t=P xtGB* t= r

Now, we sum up over all radial (z, j)-sectors to get

R  R
( l - n ) \  ( l - p )

l< i< n  t= r  x tG B i t= r
0 < j< l  '

or
R

( l -n )  \  (1-p)
Ij,{u) > Vol{S^^-^^) ( J ] ( 2 t  +  1 ) ^ )

t —r

As averaging transversally a function can only decrease its p-energy, 

namely, Ip{u) > Ip{u). Then,

R

Ip{u) > Ip{u) > Vol(S("-^^)('^(2t +  l ) ^ ) ^ '
t= r
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But u  is an arbitrary admissible function of the condenser D r ) ,  so

R  ( l - p )
CappiDr, D r ) > +  1) ^ )  ^  (3.4.4)

t= r

From [3.4.3 and 3.4.4], it follows the proof. ■

Corollary 3.4.5 For n > 1 and p > 1, the lattice IP is p-parabolic if and
00 i

OO.
1

only if ^ ------- -
<=0 (2t d- l)p 1

Proof. Combining the Proposition [3.4.1] and (3.3.2), we have
00 /« \ 

Capp{0, IP) = y o / ( 5 ( ” - i ) )  ( X l ( 2 t  - f - 1 ) ^ ^ ) )
t=o

oo .  \  (1 -P )

Now it is immediate the proof. ■

Proposition  3.4.6 Forp — 1 andn > 1. LetlP be lattice. Then, Capi{Dr, D r ) >  

1, for all r, R, 0 < r < R < oo.

Proof. Let u be an arbitrary admissible function for 1-capacity. Fix a path 

on a direction p., then, by “telescoping ” , we have

R

h(u) > ^|Vu(^[a;t,a:f+i]) 
t —r 

R

t= r

so, we conclude that Capi{Dj., D r ) > 1, for 0 < r < i? < oo.
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Corollary 3.4.7 For p =  1 and n > 1, Z” is 1-hyperbolic.

Proof. The proof follows immediately from the above Proposition and 

Proposition [3.3.1]. ■

Proposition 3.4.8 For p =  oo and n > 1. Z” is oo-parabolic.

Proof. Consider a condenser { D r ,  D r ) ,  0 <  r  <  R <  oo .  Define

{1 if 0 < t < r,
1 -  {R -  r)~'  ̂{t -  r) i ( r < t < R ,

0 i i t > R ,

Ur,R is an admissible function for { D r ,  D r ).

It is easy to verify that

{ {R — r)~^ if t — r 
{ R - r ) ~ ^ r  i f r - l - l < t < i 2 - l .

0 else

hence, Ioo{ur,R) =  m ax { ;^ , But Ur,R is an admissible function, thus

CflPoo(-flr) fljl) ^  foo(^r,ij)- 

By Proposition [3.3.1- (2)]

Capoo{Dr,'IF) -  lim Capoo{Dr,DR) = 0 .
R -^o o

Take an arbitrary finite K  C so, there exists some such that K  C Dr^.

Then, by monotonicity of oo-capacity, it follows that

C a p o o { K , Z ^ )  <  C a p ^ { D r „ Z ' ^ )  =  0 .

Thus, Z” is oo-parabolic. ■
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Theorem 3.4.9

1. For n > 2, Z” is p-parabolic if and only if n < p < oo.

2. For n = 1, Z is p-parabolic if and only if n = 1 < p < oo.

Proof.

1. For n > 2. If p > n, then a = ^  < 1. As ^  diverges for 

a  < 1, then by limit comparison test diverges. Then, 

by Corollary [3.4.5], it follows that Z” is p-parabolic.

Conversely, we suppose, by contradiction, that p < n, then 

a  =  ^ > l .  As ^  converges, then by limit comparison test 

(2<+i)° converges which is in contradiction with Corollary

[3.4.5] since by hypothesis Z” is p-parabolic.

Therefore, p-parabolicity of Z" implies p > n.

2. If p > n =  1, then, by Corollary [3.4.5], it follows that Z is p-parabolic.

Conversely, suppose, by contradiction, that 1 < p < n =  1, that is, p =  

n = 1. Then, by Corollary [3.4.7] Z is 1-hyperbolic which contradicts 

the hypothesis.

Therefore, p-parabolicity of Z implies p > n =  1.

3. For p =  oo. It is the Proposition [3.4.8] above. ■
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Corollary 3.4.10

1. For n>2, Z" is p-hyperbolic if and only i f l < p < n .

2. For n = 1, Z is p-hyperbolic if and only i fn  = p =  1.

Proof. The proofs are contrapositive of those given on the previous theo­

rem. ■

In the article [14, p.148-152], it was proved the Theorem [3.4.9] and Corollary

[3.4.10]. It is worth to mention that our proofs are completely different of 

those given by Maeda and, additionally, cover some omitted cases.

3.5 Homogeneous Tree - d

The purpose of this section is to determine a formula for evaluating p-capacities 

of homogeneous trees T .̂ This formulas allows to determine whether are 

p-parabolic or p-hyperbolic.
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Figure 3.2 Homogenous tree of degree 3

Let Trf be a homogeneous tree of degree d > 3 with no vertices of degree 

1 {without terminals). Then Td has d branches (copies) with respect a fixed 

point a called root.

For each branch k =  1, 2, ...,d, the set of vertices in the generation t, 

(i = 1, 2 ,...) is

V,  ̂= {x'leTd/d{a,x^,)=^t}. 

where d(a, x^) represents the geodesic distance from the root a to the vertex
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x^. Throughout a proof, when the context is clear, we drop out k of . 

Definition: The disk of center a and radius r is the induced subgraph

d r
D.. = U r 4 U '" . ‘

fe=l t = l

Rem ark:

In each branch k, the number of edges that come out from the vertices of 

the generation t to generation t +  1 is f (t) = {d — 1)^

Proposition  3.5.1 For p > 1 and 0 < r < R < oo, let be a homogenous 

tree of degree d >3. Then

R

C^p^{D,,Dn) = d { ^ { d - l ) ^ )
t—r

l - p
(3.5.2)

Proof.

We define an admissible function for (Dr, Dr ) by

1 if 0 < t < r,

1 -  l r , R  (Ep=1 i i r  + l < t < R + l ,
0 ii t > R  + 2,

where 'jr,R = f (p ) ) •

It is easy to verify that

Vu 7r,n/(t)'-p i f r < t < R .
0 else
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By the fact that =  (d -  1)* ^{d -  1) =  f{t),
d R p

Ip{Rr,R) =  ^
fc=l <=r x t e v f  [xt ,xt+i]eE(xt)

t= r k = l  xt£Vt>‘ [xt ,x t+i]^E(xt)  

t—r

= < h( E / w * )  =  <*<h -
t=r

But Ur̂ R is an admissible function for (Dr, Dr ) so,

C<iPp(Dr, Dr ) ^ Ip(Rr,R.) ~
^  1-P (3.5.3)

dl/ ,̂R = d ( j 2 f ( t ) ^ - ’')
t=r

We now prove the reverse inequality.

Throughout the proof k shall be removed frorn all notations.

Let (Dr, Dr ) be a condenser, and let a;°,a;°_̂ ;̂ , ...,a;5j+i an arbitrary path 

on a branch.

Let u be an arbitrary admissible function on (Dr, Dr ), that is, w =  1 on

Dr and n =  0 on 8Dr . Consider u the transversal average of u on Dr with

similar definition given for the Z" case. Then, for p > 1,
R R

t=r t= r \

-  ’ ®?+iO f/w) { Y
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Thus,

i-p

t= r t= r

Since (#!/<).(#£^(rct)) -  {d -  -  1) =  f{t),  it follows

R R

t= r xt&Vt [a:t,a;<+i]6£;(xi)

1 - p

t=r

We now sum up over the whole Dr , precisely

d R

k = l t= r x t^ V t [xt,xt+ i]£E {xt)

Vu

, 1-p

t= r

As averaging transversally can only decreases the p-energy, so

R  ,1-p
lp(u) > I p ( u )  > d f { t )  1-p)

t - r

But u is an arbitrary admissible function, so by definition of p-capacity,

R

Capp{Dr , DR) >d( ^ ^ f { t ) ^ p )
t~ r

Therefore, from (3.5.4) and (3.5.3), it follows the proof.

(3.5.4)

P roposition  3.5.5 For d > Z and p =  1, let be a homogenous tree then 

Capi{Dr, Dr ) > 1, for all r, R, 0 < r < R < oo.
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Proof. Let u be an arbitrary admissible function for 1-capacity. We take a 

branch of the tree and a path in it from generation r  to generation R, then

R

h { u )  >
t=r 

R

frrr

so, that Capi{Dj., Dr) > 1, for 1 < r < i? < oo ■

Corollary 3.5.6 For d > 3 and p =  1, Tj are 1-hyperholic.

Proof. It is immediately consequence of the above Proposition and Propo­

sition [3.3.1]. ■

P roposition  3.5.7 For p =  oo. If Td ( d > 2 ) is a homogenous tree, then 

Td is oo-parabolic.

Proof. Consider a condenser (Dr, Dr ), 0 < r < R < oo. Define

{1 if 0 < t < r,
1 -  (R -  r)~''-(t -  r) i f r < t < R ,

0 if t > i?,

Ur̂ R is an admissible function for (Dr, Dr).

It is easy to verify that

{ (R — r)~^ if t =  r
( R - r ) ~ ^ r  i i r  + l < t < R - l .

0 else

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3. p-Capacity on Graphs 3.5 Homogeneous Trees 66

hence, /oo(«r,i?) =  But Ur,n is an admissible function, thus

GoPoo(T r̂) Dji) ^  f̂ oo(̂ r,J?)'

By Proposition [3.3.1- (ii)]

Capoo{Dr,Td) == lim Capoo{Dr,DR) = 0.
R-^oo

Take an arbitrary finite K  c T ^  so, there exists some Dr^ such that K  C  Dr^. 

Then, by monotonicity of p-capacity, it follows that

C a p o o { K , T a )  <  C a p ^ { D r ^ , T d )  =  0 .

Thus, Td is oo-parabolic. ■

Theorem  3.5.8 IfTd homogenous tree of degree d > 3 ,  then

• Td is p-hyperholic for 1 < p < oo.

• Td is oo-parabolic.

Proof. It is enough to combine (3.3.2) with above Propositions [3.5.1],

[3.5.5], and [3.5.7]. ■

Next proposition shows a pathological example of tree.
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Proposition  3.5.9 For d = 2, T2 satisfies

1 . i f p = l i s  1 -hyperbolic.

2 . i f l < p < o o i s  p-parabolic.

Proof. It is enough to observe that a homogenous tree of degree 2 coincides 

with the lattice Z. ■

3.6 p-Capacity and Graphs’ Morphisms

We first define the concept of graphs’ morphisms to establish a geometric 

relationship between graphs.

Secondly, having a morphism between two graphs, we can deduce a re­

lationship of their p-capacities. They will provide us with very useful tools 

to compare the p-potential of the graphs. For example, to determine the 

p-hyperbolicity of certain types of non-homogeneous trees by comparing their 

capacities with capacities of the homogeneous tree T^.

Finally, we can formulate the concept of isomorphism, from which we will 

get a natural notion of equivalence on the p-potential graph structures. In 

the following, p e  [1, 00] unless state otherwise.

Definitions: Let G =  and H  =  (14, 15̂2) be graphs without bound­

aries. A map ip : V\ — > V2 preserves adjacency if a: ~  y implies
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^p{x) ~  ^{y)- Naturally, (p induces a map ^  = p x p : Ei E 2 , defined by

The pair {p, $) is called a morphism from G to H  and the subgraph 

p{G) = {p{Vi),^{Ei)) C H is called image of G in H.

Definition: A morphism {p, $) is a monomorphism if p  and $ are one-to- 

one. In particular, a monomorphism onto is called an isomorphism.

Rem arks:

• If y? is an monomorphism if p  is one-to-one map that preserves ad­

jacency, then maix) < muipix)),  for all x e G. In particular, a 

monomorphism onto is called an isomorphism if mc{x) =  mnipix)), 

for all x E G.

• Sometimes, we will write p  as abbreviation for a morphism {p, $).

• The type problem is the problem of determining whether a graph is 

p-parabolic or p-hyperbolic. Incidently, we adopted this terminology 

from similar one used on random walks.

Theorem  3.6.1 Let G and H be graphs without boundaries. I f  p  is an

isomorphism from G to H , then G and H  have the same type.

Proof. Let a be an arbitrary vertex at G. Consider an arbitrary e > 0.

Then, there exists an admissible function for p{a) such that

Ip{u) < Capp{p{a),H) -be.
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Define u = u o cp It is easy to verify that u is admissible for G and 

Ip{u) = Ip{u). Hence,

I p { u )  =  I p { u )  <  C a p p { ( p { a ) , H ) .

By definition of p-capacity on G and arbitrariness of e, we have

Capp(a,G) < Capp(p(a),F).

Similarly, by symmetry,

Capp(p(a),H') < Capp(a,G).

Together, the two inequalities give

Capp((p{a),H) = Capp(a,G).

Now, it is easy to complete the proof. ■

Definition: Let G and H  be graphs without boundaries. A monomorphism 

(p is called an embedding from G to i f  if (p{G) is taken without boundary 

induced by H, that is, d(p{G) = 0.

P roposition  3.6.2 Let G and H  be graphs. I f  p is an embedding, then for 

some arbitrary a E G

Capp(a,G) =  Capp(p(o),(p(G)) < Capp{p{a), H).
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Proof. Since (p is one-to-one, obviously, p  is isomorphism over its image so, 

by the previous theorem,

Capp(a, G) = Capp(¥)(a), p{G)). (3.6.3)

Take e > 0 and arbitrary. Then, there exists u £ M{(p{a), V2 ) such that

Ip{u) < Capp{(p{a),H) +  e.

Evidently, u is admissible for (^(a), p{G)), i.e., u l(̂ (vi)G M{(p{a), <p{Vi)) 

and

l̂ (Vi)} < Ip{u) < Ca.pp{ip{a),H) +  e.

Thus, by definition of Capp(^(a), (f{G)) and arbitrariness of e,

Capp(p{a),(p{G)) < Capp(93(a),77).

By combining (3.6.3) and the above inequality the proof follows. ■

In the following, the example shows that the embedding i in this case 

may be named cut.

Exam ple: Let G  ̂ be an arbitrary subgraph of G. Consider the inclusion i 

in place of on the previous proposition. Then,

Capp(a,G') <Capp(*(a),G). (3.6.4)

In this case, one says that Ĝ  is cut from G. Notice that cutting can only 

decreases (or does not affect) the p-capacity.
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Corollary 3.6.5 Let G be a p-hyperbolic graph.

I f  G can be embedding by on H, then H  is p-hyperbolic.

Proof. It is enough to apply the Proposition [3.6.2] for ip. ■

Theorem 3.6.6 Let p € [l,oo). If T  is a tree without terminals with 

d = mina;^^ m(x) > 3, then T  is p-hyperbolic.

Proof. By Theorem [3.5.8] is p-hyperbolic for p G [l,oo). As can be 

embedded in T, it follows from the corollary above that T is p-hyperbolic. ■

Corollary 3.6.7 I f  a graph G is p-parabolic, then G has no homogeneous 

trees of degree d>  3 embedded in it.

Proof. Obvious. ■

Definition: Let G — {V, E) be graph and U C V. If (p is a morphism from 

G to G defined by (p{x) = x onU  and there exists b G d^U such that <p{x) = b 

for all X ^  U, then (p induces a morphism from G to G =  <p(G) =  

a multisubgraph without boundary, where V  = <p(P) = U and &  consists of 

all edges xy  where x and y are neighbours in U, all edges xb where x  G d^U, 

and the self-loop bb. This <p we called a shorting morphism.

Proposition 3.6.8 Let G =  (V, E) be a graph and U C V .  If(p is a shorting 

morphism, then for some arbitrary a E U

Capp(a,G) < Capp(^(a),y?(G))
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Proof. Let a E U and (p{a) G V .  For e > 0 and arbitrary there exists

u' G M{(p{a), U U {6}) such that, Ip{u') < Capp(^(a), (p{G)) +  e.
^   ̂ . iu'iipix)) ,x E U
Define u(x) = <

 ̂  ̂ \ u ’{b) ,x E V \ U .
Now u E M(a,V). Indeed, u{a) — u'{(p{a)) =  1; since u' has finite 

support, automatically, u has finite support.

We have

• if x ,y  e U, then Vu[x, y] =  Vu'[x, y].

• if X G d^U and y E d^U, then Vu[x, y] = u{y) — u{x) =  u'{h) — u'{x) =  

Vu'[x,6].

• if x ,y  e V \  U, then Vu[x,y] — u{y) — u{x) =  u'[h) — u'{b) =  0. 

Consequently,

Ip{u) = Ipiv!) < Capp(^(a), (p{G)) +  e, 

and, then, by definition of p-capacity and arbitrariness of e we get

Capp(a,G) < Capp(y3(a),¥?(G)). ■

R em ark: Notice that we have used multiple edges on the previous proposi­

tion.

Finally, to complete the section, we need to deal with graphs with bound­

aries.
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Definition: Let =  GUdG and Q,h =  HUdH  be graphs with boundaries.

A morphism of graphs with boundaries is a map between Q,a and Q,h 

that preserves adjacency and boundary, that is, <p{dG) C  dH. In particular, 

one-to-one morphism is called monomorphism of graphs with boundaries.

Definition: An embedding between graphs with boundaries is an monomor­

phism of graphs with boundaries where dg){G) =  (p{dG).

Proposition  3.6.9 Let (p be an embedding from fig to ^Ih - Then, for some 

a G

Capp(a,OG) = Capp(y?(a),9?(flG)) < Capp(9?(a),fin).

Proof. The proof is exactly the same that is given on Proposition [3.6.2]. ■
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Chapter 4

VARIATIONAL p-CAPACITY

In this chapter, it shall be showed that each p-capacity can be represented 

in terms of a unique positive p-superharmonic function called p-capacitory 

function (Theorem [4.1.1]).

Additionally, from the existence of p-capacitory functions, classifications 

of graphs relative to p-parabolicity and p-hyperbolicity shall be obtained. As 

an application of that classification, we present a much stronger version of 

the convergence theorem as well as of its corollaries that were originally given 

in the appendix.

4.1 Variational p-Capacity

We obtain below a different characterization of p-capacity in terms of a unique 

function called the p-capacitory function.

74
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Theorem 4.1.1 (Variational Capacity) Forp € (l,oo), let G be a graph 

(perhaps with boundary). Then for every finite K  C V  there exists a unique 

function u*, called p-capacitory function, that satisfies the following proper­

ties:

1. U' € c Y (V ):

2. u* = 1 on K;

3. 0 < u* < 1 on V;

I  Apu* = 0 on V \ K ;

5. Capp(i^) =  Ip{u*).

Proof. Let G be a graph (perhaps with boundary), and let K  C V  finite 

arbitrary set of vertices. Consider an exhaustion (Gj)j>i of G of finite induced 

subgraphs with induced boundaries induced by G such that K  C Gi- Solving 

the Dirichlet problem [2.4.1] on each Gi under the conditions n | =  1 on JsT, 

n* =  0 on dVi, and for i > 2 , u* = u*_i on dWi-i, we have

1. u* G GaiVi U  dVi) by construction.

2. u^ = 1 on K  also by construction.

3. ApU* = 0 on V i \ K
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4. 0 < u* < 1 by Max/Min principle, since u* is solution of the Dirichlet 

problem.

5. CaVp{K, Gi U dGi) =  J p « ,  Gi U dGi).

5.) requires some argument. Indeed, in one hand 2.) and 4.) imply that 

ut is an admissible function for p-capacity of {K, Gi), hence, by definition of 

p-capacity

Capp(if,Gi U dGi) < Ip{u*i,Gi U OGi). (4.1.2)

On the other hand, for an arbitrary e > 0, there exists u G M.{K, Vi U dVi)

such that

Ip{u, Gi U dGi) < Capp(ir, Gi U dGi) + e (4.1.3)

We claim that Ip{u*) < Ip{u). In fact, from 3.) u* is p-harmonic on Vj \  iiT 

and from 2.) u* =  1 on K, so

J p « ,  Gi U dGi) < Ip{u, Gi U dGi). (4.1.4)

Now, taking in account the arbitrariness of e, from (4.1.3) and (4.1.4)

Ip{u*, Gi U dGi) < Capp(ii:, Gi U dGi) (4.1.5)

Together (4.1.2) and (4.1.5) complete the proof of the claim and the first step

of the proof.

In the second step, it is the limit case, that is, the p-capacity of the 

condenser [K,G).
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First, we extend the functions u*, still denoted by u*, to G by assigning 

zeros to the vertices on V \  Vi.

Secondly, we observe that, by construction, the sequence on

Cq{V) is increasing and bounded, consequently, converges pointwisely on 

V to a function u*.

Thus, from 2.) «* =  1 on K, from 4.) 0 < u* < 1 on V and from 3.) 

combined with Harnack principle [2.2.6] ApU* =  0 on F  \  Tf.

Remained to prove 1.) and 5.)

In fact, by Proposition [3.3.1-ii]

Cap (RT, G) — lim Cap„{K, Gi U dGi) — hm L{ul),
^  i —>oo ^  i-^oo

that is, is a minimizing sequence for the p-capacity of {K, G) on

£o^(F). Now, first we observe that the £^’̂ -norm and Ip have the same 

minimizers, so {[n*]}j>i is also a minimizing sequence for the £^’̂ -norm. 

Since p G (l,oo), hence, by Theorem [1.4.6-2] the sequence is a Cauchy 

sequence in £o^(F) . However, are Banach spaces, so there exists

[û \ G £o^(F) such that [Mj-] [«**] in £^’̂ -norm. So

Capp{K, G) =  lim Ip{u*) =  Ip{u^) ̂ i-¥oo

Now, by Fatou’s Lemma

Ip{u*) < lim Ip{u*) = Ip{u^)
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which implies that u* G M {K ,V )  ( closure in £q^(V) of the admissible 

functions of K).

Hence, by definition of p-capacity, it follows

Ip{u^) = Capp(ir,G) < Ip{u*) < /p(u“),

that is,

So u* = by Theorem [1.4.6-1].

Incidently, in the case of a graph with boundary an extra property is 

obtained, namely, 6 ) u* = 0 on dU. u

R em ark: For G finite (perhaps with boundary), the case p =  1 is included 

in the first part of the above proof, that is, for every K  C V, there exists 

a unique 1-capacitory function satisfying all properties above mentioned, 

inclusively, Ga,pi{K,G) = h{u*).

The following proposition generalize the concept of capacity as it was first 

defined by Wiener [20] for compact sets in R", (n > 3 case).

P roposition  4.1.6 For p G (l,oo), let G be a graph (perhaps with bound­

ary). Then for every finite K  C V

Capp(ii-) D N .X(y). (4.1.7)
y € d K

where u* is the p-capacitory function for the condenser (K, G).
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Proof, a) First graphs without boundary.

For u* 6 U =  V\d^K  and dU =  d^K, it follows that (Dn ,pU*)+ =  0

on dU and (ApU*)+ =  0 on [/, so we can apply the Corollary [A. 1.14], that 

is,

Capp(Ar) =  DN,pU*{y) ^  DN,pU*{y). ■
yed*K  y e d K

b) Secondly, graphs with boundary.

The proof is exactly the same as a); but we must apply the Corollary 

[A. 1.14] with u* =  0 on the vertices of the exterior boundary.

Proposition 4.1.8 Forp G (l,oo).

I fG  is a connected p-parabolic graph and K  a finite set of vertices of G, then 

the capacitory function u* for K  is u* ^  1 on G.

Proof. G is p-parabolic, then for every finite K  C V  Capp(AT) =  0. On the 

other hand, by the variational theorem, there exists a unique p-capacitory 

function u* such that Ip{u*) — Capp(iir).

Thus, Ip{u*) =  0, that is, u* is constant. However, tt* =  1 on A', conse­

quently, M* =  1 on G. ■

Proposition  4.1.9 For p € (l,oo), let G — (V, £') be a graph. I f  there 

exists a finite subset of vertices of G = {V, E) with p-capacity zero, then the 

p-capacity is zero for every finite subset of vertices.
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Proof. Let i f  be a such finite subset of vertices oi G = (V, E) with 

Capp{K) — 0. Take one vertex x of K. By monotonicity of p-capacity 

Capp{{x}) =  0. By the variational theorem [4.1.1] of p-capacity, there exists 

the p-capacitory function u* which satisfies Ip{u*) — Capp({a;}) = 0 and, 

consequently, u* = 1. But we have shown before on the variational capacity 

theorem that u* =  1 is limit of a Cauchy’s sequence on £^’̂ (V)-norm,

such that Ui ^  1 pointwise on G and /p(«j) -> 0 as z —)■ oo.

Let L be any other finite subset of vertices of G . Consider minj,gi(ui(a;)) = 

a i , i£  JN̂ , as L is finite we can get a well defined sequence such that

Oi ^  1 as z —> oo

Now construct a new sequence where Vi =  aJ^Ui. Clearly, u, > 1

on L, and Ip{vi) — aj^lp{ui) 0 when z -> oo. On the other hand, from 

definition of p-capacity we obtain Capp[L) < Ip{vi), i G N* which combined 

with the previous paragraph result gives Capp{L) =  0. ■

For the corollary below let p G (1, oo).

Corollary 4.1.10

1. I f  G is p-hyperbolic, then for every finite K  C V  Capp(JV) > 0.

2. If  GC dG is p-hyperbolic, then for every finite K  C U  Capp(if) > 0.

Proof. 1) G is p-hyperbolic, so there exists a finite Kq C V  such that 

Capp{Ko) > 0.
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Suppose to the contrary that there exists finite K  C V  such that 

Gapp(K) =  0. Then, by the proposition above Capp(Ko) =  0; a contra­

diction.

Therefore, for every finite K  C V ,  Capp(iC) > 0.

2) Suppose to the contrary that there exists a finite K  C U such that 

Capp(if’) =  0. Then Ip{u*) =  0, where u* is the p-capacitory function. Hence, 

u* is constant; a contradiction however, since u* =  0 on dU and u* =  1 on 

K.

Therefore, every finite K  CU , Capp{K) > 0. ■

Remark: The meaning of the results above is that the existence/non­

existence of a finite set of vertices with positive p-capacity is a property 

of the graph not of the set.

Proposition 4.1.11 Forp G (l,oo).

1) I f  G is a connected p-hyperbolic graph without boundary and K  a finite set 

of vertices of G, then the capacitory function u* satisfies 0 < u*(a;) < 1 for 

all X  in at least one unbounded connected component C of G — K.

2) I f  GU dG is a connected p-hyperbolic graph with boundary and K  a finite 

set o f vertices o f G, then the capacitory function u* satisfies 0 < u*(x) < 1 

for all X at least one connected component G of{G — K)UdG whose boundary 

dG contains vertices of dU.
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Proof. 1.) will be proved in two steps.

a) Let K  C V  he finite set of vertices. By variational theorem there exists a 

unique p-capacitory function u* such that

Capp(if) =

On the other hand, G is p-hyperbolic, so by Corollary [4.1.10] Capp(if) > 0. 

Thus, Ip{u*) > 0.

Now consider the components C determined by d^K. First, suppose that 

(7 is a bounded component, hence finite. We claim that u =  1 on (7. Indeed, 

as dC C d^K and u* is p-harmonic on C, then necessarily m =  1 on (7 by 

Theorem [2.4.1].

Secondly, if also u* were identically 1 on every unbounded component, 

then u* would be identically 1 on the whole graph. That does not happen 

however, since Ip{u*) > 0.

Thus, there exists at least an unbounded component (7 and a point xq 

such that u*(a:o) < 1. But u* is p-harmonic on (7, so the Maximum Principle 

[2.1.4] combined with the fact that dC C d'^K imply that u*{x) < 1 for all x 

in C.

b) Let C be an arbitrary unbounded component determined by d^K. Suppose 

that there were Xq C C such that u(xq) = 0, then, Xq would be a minimum 

point of u*. However, u* is p-harmonic on (7, so by Minimum Principle u*
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would be identically zero on C U dC] this is a contradiction however, since 

dC C d'^K and u* \giK^ 1-

Thus, u*{x) > 0 for all x £ C.

By combining a) and b), it follows that there exists at least one unbounded 

connected component where 0 < < 1 for all x \nC.

2) By using the same arguments given on 1.), it follows that Ip{u*) > 0. 

As before, consider all connected components determined by 5*AT, then there 

exists at least a component C whose boundary dC contains vertices of dU and 

d^K. Hence, u* assumes only 0 and 1 at that boundary, but u* is p-harmonic 

on C however, so, necessarily, by Max/Min principle 0 < «*(a;) < 1 for all x 

in C. u

Rem ark: Notice that in both cases, the proposition above shows more, 

namely, u*(x) > 0 for all x  in G.

4.2 Classification

Proposition  4.2.1 Suppose that p 6 [l,oo) and G a finite connected graph 

without boundary. Then G is p-parabolic.

Proof. Let Af C V be an arbitrary set of vertices. Then, by the variational 

theorem and the remark that follows it, there exists the p-capacitory function 

u* such that Capp(AT, G) =  Ip(u*). However, u* is p-superharmonic, so by
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the Corollary [2.2.2] u* is constant. Hence, Ca,pp(K, G) = 0, that is, G is 

p-parabolic. ■

P roposition  4.2.2 Suppose thatp =  oo andG (non-necessarily finite)connected 

graph without boundary. Then G is oo-parabolic.

Proof, a) Suppose G is infinite. Choose a reference vertex o as origin 

and, similarly, as it was done for IT  consider the condenser {Dr,Dn) with 

0 < r < R  < oo. Define

{1 if 0 < t < r
1 -  {R -  r)~^{t -  r) i f r  +  l < i < i ?

0 if t > R

It is easy to see that is an admissible function for (Dr, Dr ) and

{ (R — r)~^ i f t  — r 
(R -r )~ ^ r  i f r - M < t < i ? - l  
0 otherwise

Thus,
1 V

C a P o o ( D r ,D i j )  <  Io o (u r ,R )  ^  m a x { - ^ ^ ,

Let JV C V be an arbitrary finite set of vertices, then there exists ro such 

that K  C D^q. Now by monotonicity of the p-capacity, it follows that , for 

all R > ro,

Ca,p^(K,DR) < Cap^(Dro,DR) < max{— }•
K — ro K — ro
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Letting R  — y oo, it follows that

C a p „( i ir ,G )= 0

that is, G is oo-parabolic.

b) G is finite. Obviously, G can be embedding into a infinite graph 

without boundary G.

Consider K  an arbitrary set of vertices on G. Then by Proposition [3.6.2]

C ap^(iT ,G )< C ap^(ir,G ).

Now by part a) Ca,p^{K,G) = 0, that is, G is oo-parabolic. ■

T heorem  4.2.3 (Classification I) Suppose p G [l,ooj.

I f  G is a finite graph without boundary, then G is p-parabolic.

Proof. It follows from the Propositions [4.2.1] and [4.2.2]. ■

It is a beautiful consequence of the theory of p-capacity combined with 

energy formula that any graph with boundary is, necessarily, a p-hyperbolic 

graph. We now begin to prove that.

Proposition 4.2.4 Suppose th a tp  G (l,oo).

I f  G \J dG (non-necessarily finite) graph with boundary, then G U dG is 

p-hyperbolic.
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Proof. Let a € C/ be an arbitrary vertex. By the variational theorem there 

exists a unique p-capacitory function u*, that is, p-harmonic on —a, a* =  0 

on dU, and u*{a) = 1. Then, by Max/Min principle on G U dG, it follows 

that 0 < < 1 on G — a. Now, by applying the Proposition [4.1.6], it is

easy to verify that

Capp(a, G U dO) — -  ^  DN,pU*{y) > 0.
y £ V { a )

Thus, by definition, G U dG is p-hyperbolic. ■

Proposition  4.2.5 Suppose that p =  1.

G U dG (non-necessarily finite) a graph with boundary, then G U dG is 

1 -hyperbolic.

Proof, a) Suppose that =  G U dG is finite. Let a £ U, and let u be 

an arbitrary admissible function for 1-capacity for a. Fixing a (a-b)-path 

a =  XQ.xi...Xn =  b where b 6 dU, by cancelling out, we have
n  n

h { u )  >  ^ |V a [a ;t,a r f+ i] | >  Va[a:t,Xt+i]| =  1,
(-0 <=0

Capi(o, Gu ^ G )  > 1.

Thus, by definition, G U dG is 1-hyperbolic.

b) Suppose that =  G U dG is infinite. By [3.6.4] “cutting” Li'’ finite 

with boundary from G, such that dO!’ C  dG, we have

Capi(a,Q'’) < Capi(a,f2)
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but by part a) Capi(a,fl'’) > 0. Thus, by definition, fl is 1-hyperbolic. ■ 

Proposition  4.2.6 Suppose that p — oo.

If G U dO( non-necessarily finite) is a graph with boundary, then G U dG is 

oo-hyperbolic.

Proof, a) Suppose that G U dG is finite and by contradiction that G U dG 

were oo-parabolic. Take an arbitrary a ^  U and e > 0. Then, there exists 

Ug G M {a,U  U dU) such that

looid f̂) ^  ^

consequently, |Vue| <  ̂ for all edges on G U dG.

Now

By definition of capacity

Capi(a, G U dG) < ( m{x))e
UUdU

which combined with arbitrariness of e implies that Capi(a, G U dG) =  0.

Let K  C U  finite and arbitrary. Then, by using subadditivity, we con­

clude that Capi (if, G U 5G) =  0. Hence, GUdG  would be 1-parabolic which 

is a contradiction with Proposition [4.2.5]. Hence, Cap^{K,GGdG) > 0.
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b) Suppose that Q = GUdG is infinite with boundary. By [3.6.4] “cutting” 

n'’ finite with boundary from such that dQ'’ C dG , we have for a e

Cap,^(a,f2 ) < Cap^(a,Q) 

but by part a) Capoo(a,f2'’) > 0, so

Cap^(a,fi) > 0, 

so by definition, Q is oo-hyperbolic. ■

T heorem  4.2.7 (Classification II) Suppose that p e [l,oo].

I f  G U dG (non-necessarily finite) graph with boundary, then G U dG is 

p-hyperbolic.

Proof. It follows from the Propositions [4.2.4], [4.2.5], and [4.2.6]. ■

4.3 Application

In this section, as consequence that all graphs with boundary are p-hyperbolic 

a much stronger versions of the convergence formula and its corollaries shall 

be get by removing certain hypotheses of the original ones in the appendix.

Corollary 4.3.1 (Convergence Form ula) LetGUdG a graph with bound­

ary (finite or infinite) with orientation {X  U dj^X), where diqX is the outer 

orientation of the boundary. Then, for any u = [u] G C]f^{U U dU), and
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j  € U [E  \J dE) such that t'div(j) G L^{U) and t»conv(j) G L^(dU) the fol­

lowing formula holds

([^>^0 =  -  v{y)conv{j){y).
[®,y]€(XU3iv-?)

(4.3,2)

Proof. By the Theorem [4.2.7] GUdG is p-hyperbolic, consequently, by The­

orem [5.1.7] each equivalence class of C]f^{U U dU) reduces to only one rep­

resentative. Hence, the extra hypotheses that were needed in the p-parabolic 

case can be removed. See [A. 1.10]. ■

Now, from the corollary above, we can deduce the analogue of Green’s 

Identity for graphs.

Theorem  4.3.3 G\JdG a graph with boundary with orientation {X yjd^X)  

where d ^ X  is the outer orientation of the boundary. Then, for any 

« G [m] G U dU) and r; =  [v] G U dU) such that vApit G L^{U)

and vDn ,pU G L^{dU) the following formula holds

S  (Vv.V«) I ( [ a ; ,  p]) =  -  ^  u(a;)Apu(x)-b ^  v{y)DN,pu{y).
[ x , y ] e ( X Ud NX )  y e d U

Proof. The proof is the same of [A. 1.13], however, we apply the Convergence 

Formula above. ■

Corollary 4.3.4 GUdG a graph with boundary with orientation { X d On X )  

where d ^ X  is the outer orientation of the boundary. Then, for any
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M =  [n] e Cl’̂ (U U dU) such that with uApU e  L^{U) and uDm,pU G L^{dU) 

the following formula holds

= ~ ^ u { x ) A p u { x )  +  u{y)DN,pu{y). 
[ x , y ] e { xudNX)  y e d u

Proof. Put V — u in the formula on the above theorem. ■

Corollary 4.3.5 GUdG a graph with boundary with orientation { X U^ivV) 

where d ^ X  is the outer orientation of the boundary.

Let u = [u],v = [v] Ei U 517) such that vApU,uApV G L}{U) and

vDpf^pU,uDpf^pV E L^{dU). Then

'y^{u{x)Apv{x) — v{x)Apu{x)) = ^  ^  (Vu.V'y) [|Vu|^“  ̂—
[x, y]e{XUdNX)

+ {'^(y)^N,pv{y) -  v{y)DN,pu(y)).
y e d u

Proof. It is enough to apply twice the previous corollary. ■
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Chapter 5 

P-HYPERBOLIC GRAPHS

In this Chapter, it shall be presented characterizations of p-hyperbolic graphs 

in terms of existence of non-constant positive p-superharmonic functions. 

Estimates that allow to show that nonzero constants do not belong to the 

p-Dirichlet spaces . Also, it shall be proved an important necessary

and sufficient condition for a graph to be p-hyperbolic (Kelvin-Nevanlinna- 

Royden criterion) in terms of existence of a flow with certain special proper­

ties (Theorem [5.2.8]). Finally, in the last section, examples of application of 

the Kelvin-Nevanlinna-Royden criterion shall be given. Namely, the homoge­

nous trees of degree d > 3 are p-hyperbolic, and finite Cartesian product of 

p-hyperbolic graphs is a p-hyperbolic graph (Theorem [5.4.1]).

91
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5.1 Characterizations of p-Hyperbolic Graphs

In the following, p G (l,oo) unless state otherwise.

Theorem 5.1.1 Let G — (V,E) be (connected) p-hyperbolic graph (perhaps 

with boundary). Then, there exists a function v ; V  — y R such that

1. V e  CY{V);

2. V is nonconstant (strictly) positive p-superharmonic function;

S. ApV has finite support.

Proof. The proof is applicable for both: graphs with boundary or without 

boundary.

Let a be an arbitrary vertex in V. Then, by the variational theorem

[4.1.1], there exists a unique capacitory function u*. Denoting u* hy v, we 

shall proved that v has all the required properties, precisely,

1. u e C]f’̂ (y)  from the variational theorem.

2. V is nonconstanf, since by Proposition [4.1.10] Ip{v) =  Capp(a) > 0.

3. V is strictly positive by the remark that follows the Proposition [4.1.11],

4. By the variational theorem, v is p-harmonic on G — a. It remains to 

show that ApV {a) < 0.
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Indeed, by Proposition [4.1.11]

Apv(a) = \v{y) -  v{a)\P-^(v{y) -  'y(a))
[a,j/]6.B(o)

= 1 ]  k(y) -  i r ”^(^(y) - 1 )  < 0.
[a,y\eE{a)

Thus, V is p-superharmonic on V .

5. Evidently, the support of ApV is {a}, hence, finite. ■

T heorem  5.1.2 A graph G = (V, E) is p-hyperbolic if and only if 0  carries 

a non-constant positive p-superharmonic function u with finite p-Dirichlet 

energy.

Proof. The necessity is a consequence of Theorem [5.1.1].

The sufficiency follows, by contradiction, from Theorem [6.1.1]. ■

T heorem  5.1.3 All G U dG carry a nonconstant positive p-superharmonic 

function with finite p-Dirichlet energy.

Proof. In fact, by the classification theorem [4.2.7] G U dG is p-hyperbolic, 

consequently, by the Variational Theorem [4.1.1] there exists a positive 

p-superharmonic function with finite p-energy. ■

R em ark: Notice that also for GiJdG finite and p =  1 the result above holds.
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The goal now is to obtain, in the context of infinite graphs, results analo­

gous to those on Sobolev Spaces, namely, the Poincare inequality and Rellich 

theorem.

Theorem 5.1.4 For a graph G to be p-hyperbolic it is necessary and suf­

ficient that for every finite set of vertices K  C V there exists a constant 

C{K,p) such that

^ |n ( a ; ) | < C{K,p)\\u\\i^p, for all u 6 (5.1.5)
x € K

Proof. To prove sufficiency, suppose on the contrary that G is p-parabolic 

and (5.1.5) holds. By parabolicity, there exists K  C V  finite such that 

Gapp{K) =  0. But by the definition of p-capacity there exists a sequence of 

functions {«,},■>! on V  with the following properties: for all i G iV*

a) Uj > 1  on K]

b) Ui G Go{vy,

c) Ip{uf)  <C - 7 .

We now apply the inequality (5.1.5) to this sequence to get

1 < ^ |M j(a;)| < G{K,p)\\ui\\i^p for all i, i G IV*
x e K

but then by c), and the fact that l|«i||i,p =  Ip{ui)p we have

1 < G{K,p)Ip(ui) < G {K ,p )^ ,  i G W*.
ip
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Now, by taking the limit as i —)■ co we get a contradiction. Therefore, the 

condition above is sufficient for p-hyperbolicity.

We prove necessity in two steps.

It is enough to show the inequality holds for every K  with single ver­

tex. In fact, if the inequality holds for every K  with single vertex, consider 

K'  ̂= {xi, X2 , ..., Xto} an arbitrary set of vertices of G. By denoting Ki =  

and the constant C{Ki,p) such that, for all u e Cl’̂ {V)

|«(a;j)| < C{Ki,p)\\u\\i^p.

Adding the inequalities above, we have

m
^ |u ( r r i ) | < C(K^,p)\\u\\i,p.
i-l

which shows the claim.

Now, let’s show that the inequality holds for every K  with single ver­

tex. Suppose on the contrary that the inequality is false, i.e., there exists 

K  = {aro} such that for every k e IN  ̂ there exists Uk €

1 =  |«A;(a;o)| > (5.1.6)

We observe that {uk} is a sequence on M(K, V) (the closure in C\'^{V) of 

the admissible functions of AT), so that if u* is the capacitory function of K  

it follows that
^  ^  11'?̂  ||i ,p -
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Taking the limit, we get ||w*||i,p = 0, consequently, u* is constant. As u* = 1 

on K, necessarily u* is identically 1 on 1/ so that G is p-parabolic which is a 

contradiction.

Therefore, as K  is an arbitrary finite set of vertices of G, the proof of the 

necessary condition follows. ■

Theorem  5.1.7 The following conditions are equivalent

1. G is p-hyperbolic;

2. For every finite K  there exists a constant G{K,p) such that for all 

u G CY{V)

\\u \\l p {k ) < C{K,p)\\u\\i^p] (5.1.8)

3. 1 ^ 4 ’̂ (F).

Proof. Notice that we are using Vol{K) to denote the numbers of vertices 

of K.

First 1.) implies 2.).

We have

h \ \ l p ( K )  =  -  ( su p |u (a :) |P )F o /( /r ) .

Taking the p‘*-root gives

||«IUp(iC) < (sup|tt(a;)|)yoi(FC)p.
x C K
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Since sup^g^|«(x)| < Xlxeicl^(^)l) follows that

I|h ||l p w <
x e K

As G is p-hyperbolic Theorem [5.1.4] yields a constant denoted by C{K,p) 

such that for all u G

^ |u ( a ; ) | < C{K,p)\\u\\i^p. 
x e K

Thus, for all u G CY{V),

\\u\\L.iK) <C{K,p)Vol{K)^\uh,p

and to complete the proof, we denote C{K,p)Vol{K)p by C{K,p).

2.) implies 3.)

Suppose on contrary 1 G then inequality (5.1.8) is false.

3.) implies 1.)

Suppose on contrary that 0  is p-parabolic then there exists K  finite C  V  

such that Capp{K) — 0. Now, for every e > 0 there exists G CoiV) , 

Mg = 1 on AT such that Ip{Uf) < e. Consequently, we have

Ike ~ 1 lll,p == -fp(We -  1) =  -fp(Me) < fOT all e > 0.

Thus, ||Mg — l||i_p — 0 as e —> 0; that is, 1 G which contradicts the

hypothesis.

Therefore, if 1 ^ Cl’̂ {V) then G is p-hyperbolic. ■

Remark: It follows, from the theorem above, that if G is p-parabolic, then 

for all c G M, [c] G £o^(17), consequently, (5.1.5) does not hold.
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5.2 Kelvin-Nevanlinna-Royden Criterion

Lemma 5.2.1 For p 6 (l,oo).

I f G is p-hyperbolic (perhaps with boundary), then there exists a q-flow j  on 

G such that

a) jG  Ll(E) where (J + J ^  1);

b) div(j) > 0 and div(j) ^  0;

c) div(j) has finite support.

Proof. G is p-hyperbolic, then there exists v : V  — > K that satisfies the 

properties 1),2), and 3) of the Theorem [5.1.1].

Set j  = — Then, we have div(j) =  di v(— =  —ApV.

So by 2) div(j) =  —ApV > 0 and by 3) div(j) has nonempty finite support. 

Finally, to show that j  G L'^{E), we have to apply 1).

\j\9 =  IjVur^Vul® =

So, by the definition of the norm

ibii; = 5 E  E  = 5 E  E  = w  <
x e v  e e E { x )  e e E ( x )

,that is, J G L^{E). ■

Lemma 5.2.2 (flow-capacity estimate) Suppose that p G [l,oo], and let 

G be a connected graph ( perhaps with boundary).

If J is a q-flow that satisfies
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1. j e  L^{E) ( where - -f - = 1 );

2. (div(j)) eL^(y) t(;/iere (div(j)) =  mm{0, div(j)};

3. 0 <oo,

then there exists a finite K  C swpp (div(j)) and a constant C (K), 0<C{K)<1  

such that

0 < C{K)mm{div{j))vol{K) < Capp(R')p ||j||g. (5.2.3)

Proof. For p G [l,oo). First some notations would help the manipu­

lations of the formulas. Consider h =  div(j), h~̂  = max{0, div(j)}, and 

h'“ =  min{0,div(j)}, so that, h = h~̂  +  h~.

a) We claim that there exists a finite subgraph K  C V  such that 

7  = mini<:{ h} > 0 and

Y ^h {x )  > ^ h  (x)
xeK

Indeed, by the assumptions

xev
(5.2.4)

0 < ^ h  (x) = - ~ Y ^ h  (a;) < ^ h + (a ;) .
xev xev xev

which implies, easily, that there exists a finite set of vertices K  C V  such 

that h(x) — h'^{x) > 0 x E K, and

xev
J2h (a:) < Y2h{x).

xeK
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b) Since the inequality in a) is strict, there exists acGM,  0 < c < l  such 

that

O y ' ^ h - > - c ^ h > (5.2.5)
V  K  K

c) Take an arbitrary e > 0, from the definition of p-capacity of K, there 

exists an admissible function v with finite support such that

(i) 0 < u < 1 ;

(ii) V =  1 on K]

(iii) Ip{v) <  Capp(K') -f e.

d) By (i) and (5.2.5)

0 > '^^vh~  > > —c'Y ^h  — —c ^ ^ v h ]
V  K  K

so

(1 — c) ^  vh < ^  vh -T ^  vh
K  K  V

< vh - 1-  vh~ + vh'^ = vh.
K  V V \ K  V

e) Hence, it follows from (1 -  c) vh < Y v

(1 — c)(min/i)Vol(K') < ^ ^ v h .  (5.2.6)
V

f) On the other hand, Vv  G LP{E), since v has finite support, and j  G 

L^{E) by hypothesis, so it follows from Holder inequality that for p G (1, oo)

E  < (E Ei^*!')' (E Ebi’) ’ = IIv«iipiwi,- (5.2.7)
v s  V  R v s .
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Notice that for p = 1 the result follows the same way, except that the ^-root 

is replace by sup.

Then, by (5.2.6), (5.2.7), and the divergence formula:

(1 — c) min{div{j))vol{K) < v{x)div{j){x)
K xev

s^^E E  (Iv̂ lbDKj/lshlvHUWI,.2

Prom c), it follows that ||Vu||p < (Capp(Rr) -f e)p which combined with 

the inequality above, and taking into account the arbitrariness of e, yields 

the following estimate

0 < C{K) min(divO))Vol(A:) < |b||,(Cap„(if ))P,

where C{K) denotes (1 — c).

Finally, for p =  co the procedure is practically the same. ■

Rem ark: Notice that we have here a kind of dual of flow-capacity estimate, 

namely, the same hypothesis about G and with 1) j  € L^{E),

2) (div(j))^G L^(K), and 3) —oo < div(j)(x) < 0, then there exists

K  C s«pp(div(j)) such that

0 < ( c -  l)inin(div(^)“ )Vol(R:) < ||j||,(Capp(R '))i
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T heorem  5.2.8 (K elvin-N evanlinna-Royden C riterion) LetpE  (l,oo) 

and let be q its conjugate. Then, the graph G = {V, E) is p-hyperbolic if and 

only if there exists a q-flow j  on G satisfying the following conditions:

1. j e  L%E) ( where 1 +  1 =  1);

2. (div(;/)) GL^{V) where = mm{Q, div(j)};

0 < Exevdiv(j)(a;) < oo.

Proof. The necessity of the condition is exactly the Lemma [5.2.1].

The sufficiency is direct application of the flow-capacity estimate [5.2.2]. 

Indeed, because of the hypotheses, it follows that

0 < C{K)min{div{j))vol{K) < Capp(K)p ||j||,.

which implies that Capp(iL) > 0 and, consequently, that G is p-hyperbolic. ■

P roposition  5.2.9 Let G be a graph (perhaps with boundary).

I f  there exists a flow j  that satisfies

a) j e L \ E )  ( or 3  e L ^ { E ) )  ;

b) div(j) e  L^{V);

c) ExGvdiv(j) ^ 0 .

Then, G is oo-hyperbolic ( resp. 1-hyperbolic).
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Proof. For both cases, it is enough to use the flow-capacity estimate [5.2.2] 

and proceed on the same way it was done for the sufficient condition of 

Kelvin-Nevanlinna-Royden criterion. ■

R em ark: We can get a stronger proposition than above by considering on

b) and c), respectively, either div(j)“ G L^{V) and 0 < or

their “duals” .

The following theorem shows that on a p-hyperbolic graph can be assigned 

a unitary g-flow with a prescribed flnite support. The theorem already ap­

peared in [2 1 , p.142] for infinite graphs without boundary. Here, however, it 

is presented with a new proof which also extends to graphs with boundary.

T heorem  5.2.10 Suppose that p G (l,oo), and G be a graph(perhaps with 

boundary).

The following conditions are equivalents.

a) G is p-hyperbolic.

b) For every K  C V  non-empty finite, there exists a flow Jk such that

1. G U{E).

2. supp{div(jK)} =  K.

3. div(jjf) — l o n K .
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Proof. First a) implies b). In fact, let K  =  {a} C  G be an arbitrary 

vertex. As G is p-hyperbolic, then, exactly as on the proof of Theorem

[5.1.1], there exists u* the p-capacitory function for K  that allows to define 

the flow J =  |Vn*|^“^Vu* which satisfies 1), 2), and, after multiplying j  by 

an adequate constant, a new flow j a  can be defined that satisfies 1), 2), and 

also 3), that is, div(ja)(o) =  1.

In general, K  — {oi, 02, •••, Qfc} is an arbitrary set of vertices of G, 

then, from above part, there exist ^-flows Jai, ■■■■! Jak f^at satisfy all the 

properties given on b).

Now, defining a new flow by superposition

3 k  —  J a i  +  3a2 +  ••• +  3ak  )

it is easy to verify, that it has all the required properties on b).

Conversely, to show that b) implies a), it is enough to apply the sufficient 

condition of the Kelvin-Nevanlinna-Royden criterion [5.2.8]. ■

5.3 g-flows

In this section, the divergence theorem [A.1.5] is restated to emphasize that 

we need less hypotheses on the hyperbolic case.
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Theorem  5.3.1 I f  G is p-hyperbolic, then \/u = [«] G G L‘̂ {E)

such that 'udiv(_;) G L^{V) imply

(V«.j)([a;,2/]) = -^« (a ;)d ivO )(a ;),
[x,y]^x

where X  is an orientation of G.

Proof. It is enough to follow the same argument used to prove the divergence 

theorem see [A. 1.5] and noting that the above hypotheses are enough to 

complete the proof. ■

The following theorem shows that on a p-hyperbolic graph we can already 

find out functions in the class of bounded functions with finite p-energy 

BC^’P(y) that do not satisfy the divergence formula.

Theorem  5.3.2 G is p-hyperbolic if and only if3uG[u] GBC^’PfV) \  BjCq’̂ (V), 

G L^(E) such that div(j) G L^{V) imply

where X  is an orientation of G.

Proof. It is the contrapositive of Theorem [6.3.4] combined with theorem 

above. ■
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5.4 Examples

In this section, we shall give some examples of the criterion of Kelvin- 

Nevanlinna-Royden in the context of graphs. We are assuming p G (l,oo).

The first application of the Kelvin-Nevanlinna-Royden criterion is to show 

that the homogenous trees of degree d are p-hyperbolic.

For ease of notation, we prove the claim for T3.

Let t be the geodesic distance from a vertex to the root o. We define a

representative of the flow j  as it is shown on the figure below.

It is easy to see that for a ^ b ,
div(y)(a) =  1;

divO)(6) =  0.

Thus, the flow satisfies, trivially, hypotheses 2) and 3) of the Kelvin-Nevanlinna- 

Royden criterion. It remains to prove 1), that is, j  G L’’{E), q G (l,oo). 

Indeed,
*1 00 -i s  -t^ r / l \

t=i
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Figure 5.1 An oriented flow in a homogenous tree of degree 3

that is, J G L^{E). Therefore, by the Kelvin-Nevanlinna-Royden criterion, 

T3 must be p-hyperbolic.

Rem ark: For the general case, it is enough to replace 3 by d and 2 by d — 1 

to get the proof.

The second application of the Kelvin-Nevanlinna-Royden criterion is to 

the Cartesian product of p-hyperbolic graphs.
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Definition: Let G\ — (Vi,Ei) and G2 =  {V2 ,E 2 ) be graphs. We define the 

Cartesian product of Gi and G2 denoted by GiX G2 as 

• vertices : V{GixG 2 ) = V1 XV2 and

• • edges : {xi,X2 ) ~  (^1, 2/2) {xiyi € £̂ 1} and {x 2 ^  ^2}

or

{xi = 2/1} and {X2V2 e  £ 2}-

T heorem  5.4.1 £or p E (l,oo), let G\ = (Vi,Ei) and G2 =  (L2, £ 2) be 

p-hyperbolic graphs and G =  Gi x G2 their Cartesian product. Then G is 

p-hyperbolic.

Proof. To simplify the notations, we shall omit the summation symbols on 

the vertices of each graph involved, that is,

Since by hypothesis Gi and G2 are p-hyperbolic graphs there exist a 

p-flow ji  for Gi and a p-flow j 2 for G2 which satisfy the conditions of the 

Kelvin-Nevanlinna-Royden criterion.

Now, we define a flow in G as following.

J  : £(G)

e =  [{xi,X2 ),{yi,y 2 )] '— >J{e) = ji{[xi,yi]) 3 2 {[x2 ,y 2 ])- 

where ji{[xi, pj]) =  0 if a:* =  y*.

Then J  satisfies all three properties of of the Kelvin-Nevanlinna-Royden 

criterion. Indeed,
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(i) J  is a flow in G;

■/([(a^i,a;2) , ( 2/i,Z/2)]) =  3i { [xi , yi ] )  +  J2{[x2, y 2])

=  -  (;i([yi,a;i]) +  J2([y2,a:2])) 

=  -  j{[{.yi,y2),{xi,x2)^.

(ii) J  G L‘'(^(G));

Let e =  [(xi,X2 ), (yi, 2/2)] be an edge of G, then

E
seS(G)

= \  Y l  \ji{[xi,yi]) + j2{[x2,y2\W
[{xi,yi),{x2,y2)]^E{G)

I ]  \ j i{ [xu y iW +  Y l  b2{[x2,y2\w)
[a!i,!/i]e.B(Gi) [x2,y2]&E{G2)

=  \ \ j l \ \ l + \ \ j 2 \ \ l  <  0 0 .

Thus, J  G ( e (G)) .

(iii)

div(J)((a;i,a;2)) =  Y  </([(«!, 2:2), (^1,^2)])
[(a:i,a:2),(yi ,!/2)]e.E((a;i,X2))

= X I •^i([^i’^iJ)+'^2([a;2,y2])
y i~ x i
V2'^X2

= div(ji)(a^i) +  div(^2)(a^2)- 

Thus, div(J) ((a;i, a;2)) =  div(ji)(xi) 4-div(^2)(â 2) for every vertex (xi,X 2 ) in 

V( G) .
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We also have

Yl l(div(J))“ ((a;i,2:2))| = Y  |min{div(J) ((a:i,0:2) ) ,0}|
(xi,X2)eVixV2 {xi,X2)eV^V2

< ^  |min{div(ji)(xi),0}| ■+• |min{div02)(a;2), 0}|
xiGVi X26V2

=  I|div0i ) “ ||i -I- ||div(;2)“ ||i < 00.

Thus, (div(J))- e  L^{V{G)).

(iv)

Y  div(J)((a:i,a;2)) = Y  div(ji)(a:i) + div02)(a;2)
(x i ,X2)£V'(G) (* i ,X 2)eV (G )

=  Y  divOi)(a;i) + Y ^HJ2){x2) > 0.
xjGVi X2€V2

Hence J  satisfies the hypotheses of the Kelvin-Nevanlinna-Royden criterion

[5.2.8], and we conclude that the graph G — G ixG i  is p-hyperbolic. ■

Remarks:

• It follows, inductively, that the finite Cartesian product G =  Gi x G2 x 

... xG„ of p-hyperbolic graphs is also a p-hyperbolic graph.

• Note that p-parabolicity is not preserved by Cartesian products. For 

example. I?  is parabolic. However, x 1? is hyperbolic.
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Chapter 6 

P-PARABOLIC GRAPHS

6.1 A Characterization of p-Parabolic Graphs

The proofs of the Theorems [6.1.1] and [6.1.3] below are modelled, respec­

tively, on the proofs of Theorems 5.2 and 5.7 in [10]. We assume that 

p G  (l,oo) unless stated otherwise.

T heorem  6.1.1 A graph G — {V,E) is p-parabolic if and only if every pos­

itive p-superharmonic function on G is constant.

Proof. First of all the sufficiency. Suppose that every positive p-superharmonic 

function is constant.

Let K  be an arbitrary finite subset of vertices on V. Then, by the vari­

ational capacity theorem [4.1.1], there exists a unique p-capacitory function

111
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u* that is p-superharmonic and

Capp(K) -

However, by hypothesis u* must be constant, consequently, Capp(AT) — 0, 

that is, G is p-parabolic.

Conversely, if G is p-parabolic graph, we prove that every positive 

p-superharmonic function is constant.

Suppose to the contrary that there were a nonconstant positive 

p-superharmonic function u on G. Let xq be an arbitrary vertex in V  such 

that u(a:o) < oo. Choose an arbitrary e > 0 and an exhaustion G =  (Gj)i>i of 

G by finite induced subgraphs with induced boundary such that {â o} C  Gi, 

Gi C  G j + i .  Then, by induction and Theorem [2.4.1], there exists a unique 

p-harmonic function hi which is equal to u{xo) — e at Xq, j

hj^a-Gi = 0 (hi G Go(y)), and hi is p-harmonic on Gi — {a:o}-

Now, define the sequence {ui}i>i =  { }̂ >̂ . It has the following 

properties:

1. Ui e  Go{Vy,

2. ttj(xo) =  1;

3. 0 < Uj < 1 on

4. Mj =  0 on G — Gj;
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5. is an increasing sequence on V, by Min/Max principle;

6. Each Ui is p-harmonic on Gj — {iCo}-

Restricting each Ui to Gi, we note that Ui satisfies all properties of the 

p-capacitory function for (AT, Gj), so by uniqueness

Capp(K,Gi) =  Jp(ui)

On the other hand, the sequence is an increasing and bounded

sequence, so there exists u G C^iy)  defined by u =  (pointwise

convergence on F), which has the following properties:

1. u{xo) — 1;

2. 0 < w < 1 on y

3. ti is p-harmonic on y  \  {â o}, e.g., by Harnack principle [2.2.5].

However, to conclude that u is the p-capacitory function of the condenser 

{K, G) it remains to prove that u € jCq^{V).

For, we use the same argument used in the variational capacity Theorem

[4.1.1]. In fact, by Proposition [3.3.1-(ii)]

Cap (A',G) =  lim Cap (AT, Gi) =  lim Ip{ui),
i->oo i -^oo

In other words, the sequence {[uj]}i>i is a minimizing sequence of p-capacity 

for the condenser (AT, G). The sequence is Cauchy by Theorem [1.4.6-2] and 

hence the sequence converges to [u**] by completeness of £ j ’̂ (y).
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Cap (AT, G) =  lim Ip{ui) -  /p(n“)i—>oo

Now by using the same arguments in the variational theorem [4.1.1], we have

Cap„(A:,G) =  /p (« ')= ip (fi)

Thus, u satisfies

1 . u e

2. u{xo) -  1;

3. 0 < u < 1 on F;

4. u is p-harmonic on V \  {a;o}

5. C a p p { K ,  G)  =  limj_>oo Capp(AT, Gi )  =  limj_>oo Ip{ui)  =  Ip{u)

But since only the p-capacitory function satisfies the above five proper­

ties, then, necessarily, u must be the p-capacitory function of the condenser 

{K,G).

Since by hypothesis G is p-parabolic, it follows by Corollary [4.1.8-1)] that 

=  1 on y , that is, limj^oo hi{x) =  u{xo) — e, for all x e V .  On the other 

hand, u > hi on the boundary of Gj, so by the comparison principle [2.3.2] 

u > hi on Gj \  {a;o} and, hence, u > hi on V, for all i. Taking the limit, it 

follows that u > u(xo) — e on V and, consequently, by the arbitrariness of e

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



6. p-Parabolic Graphs 6.1 A Characterization 115

that u > u { x q )  on V . However, it was supposed that u were not constant, so 

there exists x \ E V  such that u{xi) > u{xo).

Repeating the same argument given above, but now with a;i G P  in 

the place of a;o, we obtain u > u{xi) on V, which would be, evidently, a 

contradiction.

Therefore, if G is p-parabolic, then any positive p-superharmonic function 

is constant. ■

Corollary 6.1.2 If  G is a p-parabolic graph, then every bounded 

p-superharmonic function on G is constant.

Proof. Suppose that u is bounded, that is, there exists a constant M  > 0 

such that |m| < M. Then, it is enough to apply the Theorem above to 

u-\- M  > 0. m

We now prove a Liouville type property which we call p-Liouville property.

T heorem  6.1.3 I f  G is a p-parabolic graph, then:

1. every positive p-harmonic function on G is constant.

2. if  u is p-harmonic function on G and either bounded above or bounded 

below, then u is constant.

Proof. 1.) Suppose that « is a positive p-harmonic function on G, then u 

is, trivially, a positive p-superharmonic function on G, which by Theorem

[6.1.1] is constant.
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2.) Since —u is p-harmonic if « is p-harmonic, we can assume that u 

is bounded below. As sum of a p-harmonic function and a constant A is 

p-harmonic, we have n +  A > 0 for some A and, hence, by part 1) u + X and, 

consequently, u are constant. ■

6.2 Harmonic Functions with p-Energy

In this section, we present a new proof that a p-harmonic function with finite 

p-energy on p-parabolic graph must be constant.

Theorem  6.2.1 The following conditions are equivalent:

1. G is p-parabolic.

2. 1 G

3. = c Y [ v ) .

Proof. 1) is equivalent to 2) follows, directly, by contradiction from the 

Theorem [5.1.7].

3) implies 2) trivial.

2) implies 3) is proved in [21, p.139]. ■

The theorem above is well known [21, p.139].

The following theorem also holds for Riemannian manifolds [10]. How­

ever, the proof below is new even for Riemannian manifolds.
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A warning here is necessary about abused language. Instead functions 

with finite p-energy, actually, we are dealing with their classes on

T heorem  6.2.2 If G is p-parabolic graph, then every p-harmonic function 

(class) in C\'^(y) is constant.

Proof. Let u e  [u] 6 C]f^{y) be a p-harmonic representative, then, trivially, 

ApU, uApU G L^iy)- Now, by Corollary [A.1.14] with dU =  0, it follows that

Ip{u) =  — ^^u{x)Apu{x)  =  0, 
xev

which implies that u must be constant, consequently, its class is the class of 

the constants. ■

6.3 g-flows

In this section, it shall be given some consequences of the Kelvin-Nevanlinna- 

Royden criterion for p-parabolic graphs.

Theorem 6.3.1 Let p  € (l,oo), q its  conjugate, and let G  he a p-parabolic  

graph .

I f  3 € L‘̂ {E) such that either diy{j)~ or div(j)+ G L^{V), then =  0.
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Proof. It follows immediately from Kelvin-Nevanlinna-Royden criterion

[5.2.8] by contraposition. ■

The next theorem is inspired on a theorem of Gaffney for manifolds [6].

“If X is a vector field on a complete Riemannian manifold M  such that 

X  e P  and div(X) G L^, then div(X) =  0”.

Theorem  6.3.2 Let G be a oo-parabolic graph.

I f j E  L^{E) such that either div(j)“ or div(j)“'' G L^{V), then div(j) =  0.

Proof. It is enough to argue by contradiction, that is, suppose that there 

were a flow j  G L}{E) such that div{j)~ or div(^)+ G L^{V) such that 

X]ydiv(j) 7̂  0. Then, by Proposition [5.2.9], G would be oo-hyperbolic, a 

contradiction. ■

The next theorem it is a kind of dual of the above theorem.

Theorem  6.3.3 Let G be a 1-parabolic graph.

I f j  G L°°{E) such that either div(j)" or div(j)“*' G L^{V), then ~  0-

Proof. It is enough to argue by contradiction, that is, suppose that there 

were a flow j  G L°°{E) such that div(j)“ or div(j)'*' G L^{V) such that 

X)i^div(j) 7̂  0. Then, by Proposition [5.2.9], G would be 1-hyperbolic, a 

contradiction. ■
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The following theorem gives a condition in terms of divergence (dissipa­

tion energy) formula [A. 1.5] for a graph to be p-parabolic.

T heorem  6.3.4 G is p-parabolic if and only if Vu G [«] G 

Vj G L^{E) such that div(j) G L^{V) imply

\x,y\C:X x ^ V

where X  is an orientation of G.

Proof. Suppose that G is p-parabolic, then BC^'^iy) =  B£q’̂ (V) by The­

orem [6.2.1]. Prom u G [u] G BC]f^{V) and div(j) G L^iV) result that 

«div(^) G L}{y)- Hence, by applying [A.1.5], it follows the proof of the 

claim.

Conversely, suppose, by contradiction, that G were p-hyperbolic, then 

by Theorem [5.2.10], with a slight modification, there exists a ^-flow j  such 

that supp{div(j)} =  AT is nonempty finite, and YlKdLiv{j) =  1. On the 

other hand, by substituting w =  1 G [c] G BC^’P{V) and the above g-flow 

into the formula (6.3.5), it follows that X^^div(j) = 0, which would be a 

contradiction.

Therefore, G is p-parabolic. ■
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6.4 Examples

The following theorem indicates that the existence of nonconstant p-harmonic 

functions with a certain property depends essentially on p.

T heorem  6.4.1 For p > n > 2.

1) Every hounded p-harmonic function on Z" is constant.

2) Every p-harmonic function on Z" with finite p-energy is constant.

Proof. In fact, Z” is p-parabolic for these p-values by [3.4.9], so 1) follows 

from Theorem [6.1.3], and 2) from Theorem [6.2.2]. ■
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Chapter 7

p-POISSON EQUATIONS

In this Chapter, it shall be proved that on a p-hyperbolic graph a p-Poisson 

equation with source of finite support has unique solution in In con­

trast, on a p-parabolic graph a p-Poisson equation with unbalance source of 

finite support, has no solution in Their proofs except the uniqueness

are modelled on the cases for manifolds that appeared, respectively, in [19] 

and [7].

In the last section of this Chapter which is called Criteria, it shall be 

proved a new criterion for a graph to be p-hyperbolic in terms of solution in 

£o^(y) of p-Poisson equations with sources of finite support. Similarly, its 

counterpart for p-parabolic graph shall be established.

121
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In the same token another point of view can be obtained, namely, what is 

the condition the ambient must satisfy for which a p-Poisson equation with 

source of finite support either has solution or not. All these criteria are new 

even for manifolds.

7.1 Existence and Uniqueness

In this section, it shall be proved that on p-hyperbolic graphs a p-Poisson 

equation with source of finite support h has a solution in and it is

unique.

Theorem  7.1.1 Forp E (l,oo). Suppose that G is a p-hyperbolic graph and 

h G C'o(U). Then, ApU h = 0 has a solution u G jCI’̂ {V).

Proof. We begin by choosing a finite set of vertices K  C V  such that 

supp h C K.

We define a functional

1 : 4 ’̂ (U) — > R 

u — > T{u)

where

P .ev
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As G is p-hyperbolic we have, for all u 6

I(m) > |5 ]](hu)(x)l
^  x e v

-  pll“lllp " IÎ IU“(v')IWIUHJf) 

> i||« ||f ,,-c '(j(:,p ) ||/.|U « (v )||B |kp .

Since the function f(x )  = |a:|  ̂— ax of real variable x is bounded below, we 

conclude that the functional I  is bounded below on

Consider m — inf{I(u) : u G £ j ’̂ (U)} and the minimizing sequence 

{wj}i>i for X (that is, X{ui) m). Then, for all f G N*,

now taking the lim sup, it follows that {uj}>i is a bounded sequence in

We have seen that for each p G (1, oo) Cl’̂ {V) is a reflexive Banach space, 

hence there exists a weakly convergent subsequence, still denoted by {ui}, 

which converges weakly to u* in C]^^(y). Moreover,

|lu*||i,p < liminf ||ui||i,p (7.1.2)

Prom (5.1.5) one has ll.Hiqii:) < c||.||i^p which implies that £o^(V’) ^  V-{K), 

consequently, the sequence Ui \k  converges to u*  \k  in L ^ { K ) ,  in particular,

hui - t  hu*. (7.1.3)
K  K
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Prom (7.1.2) and (7.1.3), we have

X(m*) =  -||m*||i„ — hu* < lim X(«i) =  m.
V  i —>oo
^  V

Therefore, T(u*) = m.

We can now consider small perturbations of the minimizer u* and, then, 

derive the Euler-Lagrange equation ApU* = —h. m

The above theorem is proved in [22, p.7] by using the technique of flows.

Theorem 7.1.4 (Uniqueness of the Solutions on C \'^ {y ))

Let p G (1, oo) and suppose that G is a p-hyperbolic graph.

I f  u E is a solution of a Poisson Equation [7.1.1], then u is unique.

Proof. Suppose the equation has two solutions u* and u both on Xq̂ (U). 

Then, as ApU* and ApU have finite support, we can apply the analog of 

Green’s identity [A.I.13] with dU =  0 to get

-  {u* -u)ApU* = Y y  V(u*-m)Vu*|Vm"|p-"
s u p p h c K  x & r  [i.yjeX

and

-  {u* -u)ApU  = Y  Y  V(n* -  M )V « |V «r^
supphCK x e v  [x,y]eX

so

Y  Y  |VM*|'’ + |V tt|P-(V u*V«)(lV«*|P -2 +  |V f l r 2) =  0 . (7.1.5)
[x,y]eX
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Now, as g{x, y) = \x\^ -f- \y\^ — xy{\x\^  ̂-f \y\^ )̂ > 0 and g{x, y) = 0 if, only 

if a: =  y; we conclude from [7.1.5] that

Vrt* = Vu

which implies

u* = u + c,

that is, the solutions u* and u are in the same equivalence class. ■

The above theorem is also proved in [2 2 , p.7], but here we present a new 

proof.

Note that the following theorem holds for both p-parabolic and p-hyperbolic 

graphs. In this case, we may say that the source h is balance and with finite 

support.

T heorem  7.1.6 Let p 6  (1, oo) and G = (U, E) a graph.

I f  h E Cq[V) satisfies ~  Then ApU + h — 0 has a unique

solution in

Proof. It is proved in [22 , p.8]. ■
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7.2 Non-Existence

Theorem  7.2.1 Let G =  {V, E) be a p-parabolic graph and h a function 

such that h~eL^{V) (or h'^eL^{V)) J2xevH ^) > ^ (resp. J2xevK ^)  < 0)- 

Then the Poisson equation ApU h = 0 has no solution « G [u] G C]f^{y).

Proof. Assume that a solution u exists and, then, define the flow 

J =  —|Vu|^~^Vu.

We shall check now that j  satisfies the following conditions:

e e E  e e E  e e E

= < oo-
e e E  e e E

2. div(j) =  div(—|Vu|^ ^V«) =  —ApU — h with div(j) = h G L^{V) 

(resp. div(j)+ =  G L^{V)).

3 .  E x e v  d i v ( j ( a : ) )  =  J 2 x e v H ^ )  >  0 -  (^ ^ e s p . <  0 ) .

Thus, J satisfies the hypotheses of the Kelvin-Nevanlinna-Royden crite­

rion, consequently, G is p-hyperbolic which contradicts the hypothesis. ■
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7.3 Criteria

The theorems below give a complete answer whether or not a p-Poisson equa­

tion has solution in terms of the type of graph (ambient) and source function 

with finite support.

Theorem  7.3.1 (C riterion)

A graph G (perhaps with boundary) is p-hyperbolic graph if and only if 

the Poisson equation ApU h — 0 has unique solution in C\'^{V) for all

h G Co(P).

Proof. For necessity of the p-hyperbolicity, suppose that G is p-hyperbolic, 

then from the Theorems [7.1.1] and [7.1.4] follow that for each h G Co{V) 

the Poisson Equation has a unique solution.

For sufficiency of the p-hyperbolicity, it is enough to argue by contradic­

tion. In fact, suppose that G were p-parabolic, then from Theorem [7.2.1], 

we would get a contradiction with the hypotheses above. ■

T heorem  7.3.2 (C riterion)

A graph G is p-parabolic if and only if the p-Poisson equation ApU -\- h — 0 

has no solution in jCl’̂ {V) for all (sources) h G Gq{V) such that J^xev 7̂  0-

Proof. The condition is necessary for the p-parabolicity of G. Indeed, it is 

Theorem [7.2.1] since, trivially, h G L^{V).
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To prove that the condition is sufficient for p-parabolicity, it is enough to 

argue by contradiction on the Theorem [7.3.1] above . ■

Rem ark: Note that Theorem [7.1.6] shows that we cannot extend the above 

Theorem to include the cases of balanced sources with finite support.

A Physics interpretation of Theorem [7.3.2] together with Theorem [7.1.6] 

is that on a p-parabolic graph/manifold have a q-flow j  with sources and/or 

sinks and div(j) with finite support, only if the conservation of energy law 

holds, namely, J2v div(j) =  0.
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Appendix A 

THE DIVERGENCE 
FORMULA

A .l Divergence and Green type formulas

In this appendix, it is presented some fundamental theorems of the p-potential 

theory. They related the dissipation of energy on the vertices (nodes) with 

dissipation of the energy on the edges (branches) of a graph (network).

The first theorem is a extension of a version of the principle of conserva­

tion of energy in [5, p.61-62]. It is based on a generalization of the concept 

of flows and number of poles. By the way, we could also say that the formula 

is the discrete analog of the divergence formula in the integral case.

129
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Theorem  A .1.1 Let G =  (V, E) be a graph with a orientation X .

Let V € Cq{V) or j  & ^{E ) with finite support. Then, supp(udiv(j)) = 

{oi, ...,ak} is finite and the following formula holds

-  -  J^u(ai)div(j)(ai). (A.I.2)

Proof. It is enough to write explicitly the definition of the gradient on the 

left hand side and use the fact that summation shall be of finite number of 

terms, hence they can be reordered (parts) under the light of the orientation 

to get the right hand side. ■

Rem ark: Notice that the condition supp(udiv(j)) =  {ai, ...,0^} be finite is 

not enough to guarantee that the theorem above holds.

In fact, consider v = c and j  from Theorem [5.2.10] on a p-hyperbolic 

graph. It is easy to see that supp(udiv(ji)) =  {ai,...,afe} is finite, however 

the principle of conservation of energy above does not hold.

In the following, we consider p G [l,oo) unless state otherwise.

Lem m a A .1.3 Let G be a connected graph. For every x E V, for every 

[u] G there exist a constant M (x) > 0 and a representative of [«],

still denoted by u, such that

| « ( x ) |  <  M ( a ; ) | | u | | i , p .
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Proof. Fix a:o- Without loss of generality, we may assume that u{xq) =  0. 

By assumption, for every edge [x,y]

|V«[a;,y]|^ < 7p(u) < oo,

from which it follows that

|Vu| < ||M||i,p.

Then, if d(xo, x) =  k, consider a path xq xi... x^ x, so that

|u(a;)| < A;max|Vu| < A:||u||i,p 

where we denote M (x) = k. u

Lem m a A .1.4 Let G =  (V, E) be a graph.

For every € [u] G there exists a representative v and a sequence

with the following properties:

1. Vi e  Co(V), |ui| <  |t»| on V;

converges pointwisely and in the norm to v.

Proof.

1) First, suppose that G is p-hyperbolic. Let v — [v] be an arbitrary class 

in Then, by definition, there exists a sequence on Co{V)

that converges to v in the norm and by Theorem [5.1.4] also pointwise.

2) Secondly, suppose that G is p-parabolic. Let [t;] be an arbitrary class 

in Then, by Lemma [A.1.3] and the definition of [t;], there exists a
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representative v and a sequence on Cq{V) that converges to v in the

norm and pointwise.

To obtain the desired sequence for both cases, it is enough to truncate 

by V ,  precisely,

_  \ui{x) if |«i(x)| < |r;(x)|
\v {x )  if |«j(x)| > |r;(a:)|.

Now, it is easy to see that has all the required properties.

Indeed, by construction, it follows that \vi\ < |u| on V  and Vi ^  v

pointwisely. To show that converges in the norm to u, it is enough to

note that on V

\Vi  -  v \ ^  <  \Ui -  v f ,

thus,

0 <  Ip{vi — v) < Ip{ui — u) —> 0 as i ^  oo. ■

T heorem  A .1.5 (Divergence) Let G = {Y,E) be an oriented graph with 

an orientation X . For v G [u] G and flow jEL^{E) such that either

div(^)~ or div(j)+ G L^{V) and udiv(j) G L^{y) the following formula holds

(Vw.j)([a:,y]) = -^ u (a ;)d iv (;)(a ;). (A.1.6)
[x,s/]e.f

Proof. For p G (l,oo). Let [u] be an arbitrary class in Then, by

the previous Lemma [A.1.4], there exists a representative, still denoted by v, 

and a sequence in Co{V) such that
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1. |i>i| < |t»| on V.

2- converges to v in the norm and pointwise.

Thus, we have,

C  E  (̂ »’-^)-E E  (̂ ''<-̂ )i = E  E  (V"-v«i)ji
[a:,t/]ex [x,y]eX [a:,y]eX

<E Ej^”-' »̂<iĤ (E E_W’)'(E E  iv«-v«,i»)’ -»o
[ai.yJeX [a:,y]eX [x,j/]eX

when i oo, 

that is,

[a!,y]ex ® ev  [x ,y ]ex

Since Vi has finite support, we sum by parts, obtaining

Y 1  Y 1  = -X ^^»div(j),
[x,y]cJ? xGV

which combined with (A.1.7) yields

X ! (Vv.j) =  -  lim ^r;,d iv(:/). (A.1.8)x—/  ̂ ' i~>oo
[s,y]ex ®ev

As satisfies |i>,| < |n| on V, we have

kidiv(j)| < bdivO)| e L^(V).

and, consequently,

lim ^ ti jd iv ( j)  =  ^ r ;d iv ( j) .  (A.1.9)
x€V xev
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Prom (A.1.8) and (A.1.9), it follows

1 2  (Vu.j) =  -  J]u d iv (j) .
[ x , y \ e x

For p = 1 and q = oo the same proof holds with slit change, namely, 

rather 5-root the sup should be used on the inequalities like above.

Finally, we need to show that, for both cases, the divergence formula does 

not depend on a particular representative.

In fact, if G is p-hyperbolic, then nothing to prove, since from [5.1.7] its 

classes are trivial, that is, u =  [uj.

For p e [1, 00], if G is p-parabolic, then by applying Theorems [6.3.1] and 

[6.3.3] we have X)vdiv(y) =  0. Now, we take an arbitrary v £ [u], precisely, 

u =  u — c, cG K

S  1 2  ([̂ > 2/]) = S  1 2
[x,y]^X [®,y]ex

^ ~ 1 2  ̂ ^(a^)div(j)(a;) =  -  ^  u(a;)div(;) +  c ^  cliv(y)(a:)
x&v xev

=0
= - 1 2  v{x)di\{j), 

xev
that is, the divergence formula does not depend on a particular representa­

tive. ■

We now define the analogue of outer normal derivative for manifolds.

In the following, we denote by U the sets of vertices of the graph G, and 

by 5*17 U dU the set of vertices of the boundary graph dG.
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Definition: Let G U dO be an oriented graph with boundary (finite or

infinite). For u e  C°([/ U dU),

1. the normal p-derivative of u at y G dU is

• for p > 2

DN,pu{y) ^  ^  \u(y) -  u{x)\^~^(u{y) -  u(x)),
x £ d 'U  ^

[x,y]edNX

• for 1 < p < 2, the same formula that is on the previous item with 

the interpretation that when u{y) — u[x) = 0 the corresponding 

terms in the summation are zeros;

2. the tangential p-derivative of m at y G dU is

• for p > 2

DT,pu{y) =  ^  |u(a;) -  u{y)\^~^(u{x) -  u{y)).
x e a u  ^

[x , y] edT^

•  for 1 < p < 2 , the same formula that is on the previous item with 

the interpretation that when u{x) — u{y) =  0 the corresponding 

terms in the summation are zeros.

Rem ark: The idea of normal p-derivative already appear in [12, p.58] for 

p = 2 on finite subnetworks but with a restriction that the boundary vertices 

are grounded.
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Definition: Let dG be a boundary graph. The convergence operator is the 

linear operator given by

conv : <l){dE) —> C \d U )

3  I— conv(j)
such that for each y G dU

conv(;)(?/) := ^  j{e),
eC.dX[y]

where dX[y] represents the set of oriented edges of dX  that have the terminal 

vertex (head) at y.

Corollary A. 1.10 (Convergence Form ula) Let G U dG be an oriented 

graph with boundary (finite or infinite) with orientation {X  U dX ), 

dX  = dxX  U d ^ X  where d ^ X  is outer orientation. Then, for any 

f  e  [r;] G C}q^{U U dU), and j  G L'^{E U dE) such that div(j)~ G L^{U),

( or div(7)"*" G L^{U)), com{j)~ G L^(dU) ( resp. conv(_7)+ G L^[dU)), 

vdiv{j) G L^(U) and vcon\{j) G L^(dU) the following formulas hold

1 .

([̂ > 2/]) =  “  X I ^^(^)div(j)(2;)+ ^  v{y)conY{j^){y).
[a:,y]e(XuajvX) a:e{7 yGdU

(A.1.11)

X X (A .l.12)
[x,y]edTX year/

where jj. = j \q.̂ g =  and
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Proof.

1) It is enough to apply the divergence formula [A.1.5] to graph

which turns out to be considered a graph without boundary. Indeed, from 

the hypotheses it follows that udiv(j) € L^{U\JdU) and also either div(j)“ G 

L^{U U  dU) (or resp. div(j)"*" e L^{U U dU)). Thus, we can write, since the 

boundary has outer orientation,

Y. Y  = Y Y
[s,y]e(xua7v^) x e u u d u  [x,y]e(xu0jv^)

==- Y  t^(a;)div(j)(a;) =  -  u(a;)div(j)(a;) +  ^  u(y)conv(j^)(y).
x ^ U D d U  x ^ U  y ^ d U

2) The proof is totally similar to 1). ■

Now, from the corollary above, we can deduce the analogue of Green’s 

Identity for graphs.

T heorem  A. 1.13 G U  dG a graph with boundary with orientation 

( X U ^ i v A )  where d ^ X  is the outer orientation of the boundary. Then, for any 

u G H  G C^’P{UUdU) andv G [v] G Cl’̂ {UUdU) such that (Apu)- G L \U ),  

(or {Apu)+ G L \U )) , { D n ,p u ) -  G L \d U ) (resp. { D n ,p u ) +  G L \d U )), 

vApU G L^{U) and v D n p̂ U  G L}{dU) the following formula holds

[x,!/]e(xua;v )̂ y€an

Proof. The proof is a consequence of the convergence formula. Define the 

flow J =  |Vu|^~^Vu. Then all hypotheses of the convergence theorem hold.
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In fact, G H  G Cl’’̂ {UUdU), ||j||9 =  =  1|m|I1p < oo,

that is, j  e L^{E U dE), Ec/l^div(j)l =  Ejyb^P^I < °°>

that is, r;div(j) G L^{U), and, finally, Eaf/k-^JV,P^I <

that is, vconv(j) G L^{dU). m

The next two corollaries are analogues of the D* and 2"̂  ̂Green’s formula 

on manifolds, respectively. For finite graphs without boundary and p =  2, in 

the same spirit of the below 1** corollary, see [4, p.789].

Corollary A .1.14 G U dG a graph with boundary with orientation 

(X  U d ^X ) where dj^X is the outer orientation of the boundary. Then, 

M G [u] G U dU) such that {Apu)~ G L^{U) (or (Apu)+ G L^{U)),

{Dn^pu)~ G L^{dU) ( resp. (Djv.pw)'*' E L^{dU)), uApU G L^{U) and 

uD^^pU G Lf{dU) the following formula holds

XI X = -'^u{x)Apu{x) + X u{y)DN,pu{y)-
[x,s/]e(xuaArJ?) yedu

Proof. Put u =  « in the formula on the above theorem. ■

To simplify, we state the next corollary with hypotheses stronger than 

those on the previous theorems and corollaries.
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Corollary A. 1.15 GyJdG a graph with boundary with orientation {X  U d^X ) 

where d ^ X  is the outer orientation of the boundary.

Let u G [̂ ]̂, V € [t<] € U dU) such that ApU, ApV,vApU, uApV G L^{U)

and Dn,pU, D^^pV, vD^^pU, uDn,pV G L^{dU). Then

'Y^{u{x)Apv{x) — v{x)Apu{x)) '^2  (Vii.Vf)
x eu [x,y]^(xudf,x)

+ Y 2  ('^(y)^N,pviy) -  v{y)DN,pu{y)).
y&dU

Proof. It is enough to apply twice the previous corollary. ■

Exam ple Let p = 2. Then, we get a formula similar to classical integral 

formula, namely,

'^ {u {x )A v{x ) -  v{x)Au{x)) =  ^  (u{y)DNv{y) -  v{y)DNu{y)).
xCV y&dU

A .2 Application

The following theorem is analogous to Gauss’ integral theorem for a ball in 

E" with p = 2.

T heorem  A .2.1 Let G U dG a graph with boundary (finite or infinite). If 

u G [u] G U dU), p-harmonic on U, and D̂ p̂U G L^{dU), then

^N,pu{y) = 0-
ye d U
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Proof. Let (G„U9G„)„>i be an arbitrary exhaustion of finite subgraphs with 

boundary, that is, C G„+i and C Gn+i- Explicitly,

Gn =  (Un,En) and dG^ =  {{d^Un,dUn),dE„). Define =  1 on U dUn, 

so Vn e Co{Un U 5C/„).

Applying the Theorem [A. 1.13] with orientation X„ U d^Xn, we get

^  Vn{x)Apu{x)
[x.y]G(x;uajvXn)

+ Y  Vn{y)DN,pu{y). 
yedUn

But =  1 and u is p-harmonic, so

Y  DN,pu{y) =  0.
y^dUn

Since the sequence {YlyedUn ^N,pu(y)}n>i is the zero sequence and the ex­

haustion is arbitrary, it follows that

Y  DN,pu{y) =  0. ■
ye d U

Rem arks: Under the same hypotheses of the Theorem [A.2.1].

• If « is a p-superharmonic function with ApU E L^{U) and D^^pU E L^{dU), 

then

Y  DN,pu{y) < 0.
y e d U
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If u is a p-subharmonic function with ApU € L^{U) and D^^pU G V-{dU), 

then

^  DN,pu{y) > 0. 
ye d U
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