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ABSTRACT

The stress distribution and flexibility of thin-walled curved
circular tubes, with and without flanges, subjected to in plane end
couples are investigated. The dissertation divides into two major
parts:

I Axisymmetric tubes (no flanges)

a} (General solution
b) Asymptotic solution for large pipe parameter, »
II Asymmetric tubes, having the shape of U, with heavy flanges

at ends.

(I} A general solution for a curved circular tube viewed as an
axisymmetric thin shell of revolution is obtained. The two dependent
variables are expanded in trigonnmetric series such that they auto-
matically satisfy one of the two coupled ordinary differential equations,
namely, the equilibrium equation regardless of the value of radius
ratio, A . It is shown that the compatibility equation would also be sat-
isfied identically if X\ is very small {( X = 0). The general solution
is thus reduced to an existing solution valid for vanishingly small val-
ues of A\ which correspond to nearly straight tubes. In order not to
impose any restriction on X , the total complementary energy is
minimized in the manner of Rayleigh-Ritz to insure that the compati-

bility condition is satisfied. Numerical results correlate well with



experimental data. The general solution is not only more accurate,
but also more rapidly .convergent than other existing analytical methods.
Existing asymptotic solutions for axisymmetric tubes aré

re-examined and modified to reflect the effect of the radius ratio. The
differential equations are integrated numerically using the Runge-Kutta
method. The modified asymptotic formulas correlate very well with
existing experimental re éults.

{II}) A solution for a U-bend tube terminated by rigid end flanges
is presented for the first time. Displacements and rotation are expanded
in trigonometric series, thus insuring satisfaction of compatibility con-
ditions. Equilibrium is guaranteed by minimizing the total potential
energy in the manner of Rayleigh-Ritz, Numerical results are com-

pared with experimental results.



CHAPTER 1

INTRODUCTION

A curved tube of circular cross section is more flexible in
bending than a straight tube because the cross section tends to ovalize.
Due to ovalization, not only is the maximum longitudinal stress higher
than that predicted by the elementary theory, but it is accompanied
by a meridional stress of even higher magnitude.

The analytical study of axisymmetric curved tubes has claimed
efforts of many investigators. However, except for the studies by

(1) (2) (3) (4)
Tueda , Symond and Pardue , Turner and Ford , and Jones ,
most are valid only for the restricted case in w-hich the radius of the
tube is small in relation to the radius of curvature of its centerline.

Based on the classical theory of thin-shells, Tueda obtained
two coupled ordinary differential equations with variable coefficients,
which were integrated by means of a power series of trigonometric
functions. Numerical results were obtained for flexibility and stress
intensification factors (ratio of stressin a curved tube to that in a
straight tube) for tubes having radius ratios, )\ , as large as one-
fifth. It was claimed that adequate results should be obtainable for

values of A up to but less than one-half. But poor convergence

was found by this writer for A\ about one-third and J* about 30.



(2) (4}

Symond and Pardue , and recently Jones , made an assump-
tion imposing the inextensibility of the middle surface in the meridional
direction and obtained solutions for tubes having any radius ratio by
minimizing the total potential energy. Although this assumption was
able to simplify the mathematics involved, it nevertheless introduced

. (5)(6)
a stress distribution that underestimated the maximum stress .
Jones indicated that for some values of pipe parameter, P ‘even a
ten-term expansion was inadequate to insure proper convergence of
(3}
stresses in the meridional direction. Turner and Ford used a
mechanics-of-materials approach, and by expanding four pertinent para-
meters in series form, obtained a sclution by solving 4n+5 simultaneocus
equations, where (ntl) represents the number of terms in each series
expansion. This method frequently requires the solution of large
systems of simultaneocus algebraic equations, forty-nine (4%) or more
are not uncommon to obtain reasonably convergent results for moderate
A and }J .
Curved tubes of relatively large A have also been extensively
(5) (6)
studied experimentally by Gross and Ford , Pardue and Vigness ,
(7)
and Vissat and Del Buono .,

In most cases, the maximum stress magnitude, if not the location,

has been found to be in good agreement with the existing analytical

results. But the correlation becomes increasingly more difficult as A

increases to about one~half and » becomes large. It is not surprising



because the existing solutions, in addition to drawbacks already
mentioned, become less convergent when A and }J get large.
There has been no work published for curved tubes terminated
by heavy flanges which are common occurrences in engineering appli-
cations although experimental results have long existed(6). This
dissertation is sub-divided into two major éarts. In part one, a
generai solution is given :fqr a curved tube without end flanges sub-
jected to in plane end couples. The problem is formulated based
on the theory of axisymmetric thin shells of revolution. The solution
includes that proposed by Clark and Reissner(s) as a particular case
in which A is set to zero; For large pipe parameters, the asymp-
totic solution given by Clark and Reissner(e)is modified to reflect
the influence of A . Both general and asymptotic solutions are
compa?ed with existing experimental results. In part two, a solution
is given for a curved tube (U-bend) terminated by heavy flanges. The
displacements are described by a ;iouble trigonometric expansion in
both the meridional and longitudinal coordinates and the angular
rotation by a single expansion. The total potential energy ’173 mini=

mized to insure equilibrium conditions. The results are compared

with the published test results.



CHAPTER 2

FORMULATION OF PROBLEM

2.1 Geometry of Tube

Figure 1 shows a curved tube of circular cross section and uni-
form wall thickness, h. Consider this tube as being generated by
rotating about an axis, a circular ring whose radius to the middle sur-
face is '""b''. The horizontal distance from the axis of rotation to the
center of the annulus is denoted by '"a''.

The principal curvilinear coordinates measured along the
middle surface of the shell are: q) - coordinate in the meridional direc-
tion and © - coordinate in the longitudinal direction. The third prin-
cipal coordinate, \ , is directed normal to the iniddle surface, The

horizontal distance from the axis of rotation to a point on the middle

surface of the tube is denoted by ''r''. Thus

r=a.+bsin¢ (2-1)
The vertical distance from the center of the tube to a point on
the middle surface is denoted By AN
z = -b cos ¢ - (2-2)
The principal radii of curvature in the meridional and longi-

tudinal directions are, respectively:

R = b
? (2-3)

I
Re = sincl)



2.2 Strain-Displacement Rela’ ons

. Let the displacement of a point on the middle surface of the
tube in the & , © , § directions be denoted by Wa, Wg , Wy ,
respectively.
The succeeding derivation for thin-walled tubes will be based
on the Kirchoff hypotheses, namely:
a) Straight fibers which are perpendicular to the middle surface hefore
deformation, remain so after deformation and-do not change their length,
b} The normal stresses acting on planes parallel to the middle
surface are negligible in comparison with other stresses.
Further, the derivation and application will be restricted to problems
in which the displacements are small in comparison to the thickness
of the tube.
As a consequence of the Kirchoff assumptions and restricting
attention to a linear theory, the displacements of points on parallel

surfaces "u_rq’ y We o w'-:s , may be written as:

u_rq, = We + %'S
We = wWe +X 3 C (2-4)
W =W

where F» and o4 represent the projections of the deformed unit nor-

mal to the middle surface, és , on the directions eq) and ¢ .



respectively. The unit vectors &3, &¢, €¢ form a right-hand
system. Since small displacements are assumed, these projections
are equal to the angles by which, during deformation, the normal to
the middle surface rotates about the axes eq; and €¢g , respec-
tively.

These rotations as well as middle surface strains may be

(11)
written in terms of displacements

P:__a_w_-'ﬁ. + _‘;U-i

559 T Re
3 Ure We
xX= rse + Re
(2-5)
QUJ ur<
e%" b3$ + RL’?
_ Bwe we . 3r urs,
€ec = Fo6 T Br ET) * Re
whgre e.e‘;o » €pg represent extensional strains at points on the

middle surface in the meridional and longitudinal directions,- respec-
tively.
Imposing the basic assumptions previously stated to the par-

allel surfaces of the tube,one obtains:

€ ¢ = |l_§_ [6%“'“31‘4»:]
&

(2-0)

\
CEpon = |+_3— [690"('% 1’(9:|
Re



where

3
Ke ba%
(2-7)
¢ L ar

Ke=rFoe T ©r a¢$

The terms 'Kq, and {5 may be interpreted gebmetrically as
changes in curvature of the middle surface of the tube as it deforms

(positive values indicate decreased curvature).

Since our attention is restricted to thin-walled tubes, i.e.

\ »%— ,» the strain expressions may be simplified to:

¢ = €4 +3 Ky

(2-8)
€ge = €g, + A Ko '

Let the end moments be applied in the plane of symmetry.

In the axisymmetric case, the cross sectional ovalization and dis-

placefnent are independent of ® . Assuming plane sections remain

plane, one writes:

we = Are (2-9)

where

‘B\ = -g%— = constant (2-10)

and A

is the rotation of a plane cross section. ‘Ke in {2-7) may
be written:



Ko = _co_r_s-._fb_ B — ’k_s‘;_rwi 2-11)

with
< =—A siné

It ahould‘be noted that the second term in (2-.11) does not
appear in Clark and Reissner'ls(s)derivation. This term would dis-
appear for complete toroidal shells; however, for incomplete toroids
it should be considered.

It will be more convenient to analyze the axisymmetric prob-

lermn in terms of the horizontal and vertical displacements, u and W,

respectively:

U= weg cosc‘; - wy sINd
(2-12)
W = —urg Sin b — wg cosd

Thus, the middle surface strains and rotation become:

- | '
€¢e = Bcose a‘ai - b&‘-"‘"{l
+ & (2=13)

€, —Lré-

where:

10



11
2.3 FEquilibrium Equations

Let G'{‘“P » Tee 0"4;-3 represent the normal and shear stresses
acting on an element of the tube. Consider a statically equivalent force

system denoted by stress resultants and stress couples:

— —

Né= fr¢¢ A d3

-

Nez jU‘ee Ll+_§; Cl%
Mo= | agp |1+ 75 |3 as (214

-
Me= | Toe |1+ = |% d%

Q= |apg |1+ %__ 43

\
where the limits of integration are from -h/2 to +h/2.

Figure 1 shows an element separated from a tube by four cuts
perpendicular to the middle Qurface. The normal and shear stress
resultants as well as stress éouples, in the meridional and longitu-

dinal directions, are shown acting on this element. It should be noted

that due to axisymmetry, gl\ée = g’ge = Qe = O

The stress resultants may be replaced by an equivalent resultant force

system, V and H, in the vertical and horizontal directions respectively.



These two equivalent force systems are related by:

V=—-—Ngsind —~Qq cos §
H=

(2-15)

Né cosd — Q¢ sind
If no pressure or other surface loading exists, then from

Figure 1, it is clear that the force equilibrium in the radial and axial

directions require that:

0
)
E

p = O

ng — bNe =0

©

(2-16)

(2-17)

The moment equilibrium equations reduce to resolving the

moments about the ee coordinate, since, the moment about the

normal coordinate is automatically satisfied while axisymmetry

insures moment equilibrium about the eq, coordinate axis, Thus:

dir M d

It is clear from (2~16) that since V vanishes

(2-18)

at 4>= —%, it vanishes everywhere. The stress resultants (2-15),

thus become:

Né =H cosd
Q¢

(2-19)

—Hennd



13
. The resultant internal resisting moment at any cross section

must be independent of © , a constant, and equal to the externally

applied end moment, m:
m = § [Ne r —Me sin q:):] b dqb (2-20)

2.4 Constitutive Relations

The equations and solutions preéented in this dissertation will
be confined to homogeneous, isotropic, linearly elastic materials.
The solutions will further be restricted to thin-walled tubes. Under
this restriction, ‘it is reasonable to neglect the normal stress through
the thickness of the tube in comparison with the remaining stresses.

Thus, Hooke's law becomes

T = ﬁ:%z)' [Eq:q>+'\)eee:l

Toe = (\_-%_ZY [e.ee +1)e.q><\>:| (2-21)

— E
Tee = Zrwy S¢e

where:

U‘?q” o0, o'q,e represents stresses on parallel aur‘facéa
E Modulus of Elasticity

W Poisson's Ratio



It will be more convenient to write the constitutive relations
not only in terms of stress resultants but also in terms of middle
surface strains and rotations. Integrating through the thickness of

the tube, one obtains:

Nq, = C Lquo +‘l)€9°_

pr— adaf

C Le-eo +'\)€Q°—-

Z
(0
I

Z (2-22)
M¢= D [e +7%e |
Mo= D [ke +7V %4 |
where!
c= _Eh
= =47y |
(2-23)

= 20-v

2.5 Differential Equations

In this section, the differential equations which govern the
behavior of the tube will be derived, first, in its general form;
second, in simplified form; and third, for the particular case of

vanishingly small radius ratio.

14
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2.5.1 General

The general form of the governing differential equations for
axisymmetric tubes is derived in this section. Substituting (2-19),
(2-22), into {(2-18) and using (2-7} & (2-11), the equation of equi-

librium can be written as:

zﬁ + ACosd dB _ )\COSCb -Q)\smd)
d$* I+Asing ddé HAsIng H-)\smq: E’

}A ﬁ% -—-—(ii+)‘xc:‘z:)z[>\$|ﬂ¢—-\)(H.As"‘ﬂ (2-24)

where:

= b/a

E=WrH

)U. =12V 5

(2-25)

Eliminating |A from (2-13) the following compatibility equa-

tion is obtained:

d!f’Eeo)
ad .95 ~PIE

(2-26)

Substituting (2-22) into (2-26) and using {2-17), (2-19) & (2-25)

the compatibility equation becomes:

%% Acosd 48 _ifAcesdN\2_ JAsind
d4% T1Hasnd dé  [Urksnd) T TxxNsng

B i R

(2-27)




.16
The coupled differential elquations which govern the problem,
(2-24) and (2-27) were first obtained byf—Tueda.(l). These equations
were integrated by means of a power series of trigonometric functions
and, extensive munerical tabulation of result.s given for values of A
as large as 1/5. Tueda claimed that adequate results should be obtain-
able for values of radius ratio less than 1/2, however, this writer
found poor convergence for A | about one-third and [A about 30.
- Divergent results were found for )\ = 1/2 regardless of the value of ﬁ,\
Clark and Reissner(a) obtained a similar pair of governing dif-
ferential equations with the exception that the right hand side of (2-24)

was zero. However, for an incomplete torus, this term would not, in

general, vanish.

2.5.2 Simplified (A£O)

In order to keep )\ as a parameter, it is both desirable and
feasible to disregard, based on certain physical arguments, certain
secondary terms so as to simplify the problem. To this end, one may
observe from (2-7) & (2-11) that for thin tubes ‘K¢ is always pre-
dominant as compared to K g ; hence, the third term in (2-24) is
vanishingly small compared with the first two terms. Thus, making

this simplification leads to the following equilibrium equation:

4B Acos$ dB Sin _ -
36z T ifasmd db ““HH.,\%M,X-—O (2-28)



Similarly, one may observe that in (2-22) Ng is always pre-
dominant compared with Ng » and the third term in (2-27)} is negli-
gible with respect to the first two terms. The compatibility equation

is thus simplified to:

2

P +)\cosc\> 4% Sind E'ch.osc\’
¢

I+Asing d¢ _H\+)\smq> B= ¥ Asnd  (2-29)

2.5.3 Simplified (A=0)

The coupled ordinary differential equations (2-28) and (2-29)
(8)
were first given by Clark and Reissner  based on a different argu-
ment, They further simplified the problem, by assuming A = 0,

and presented a solution to the following coupled oi'dinary differential

equations:
2
%fz— T Msing ¥ =0

Fri -*)LL qubﬁ -—-)M%coscf)

17

Clearly a solution to this set of equations is valid for slightly _

curved tubes of vanishingly small radius ratio only.



2.6 Strain Energy

The general formula for strain energy is:

=% [oyeyor(rR)iR)desns  wa

where the integration extends over the entire volume of the body.
The Kirchoff hypotheses are equivalent to neglecting the
stress Oy in comparison with the remaining stresses and the

strains €¢4¢, Egg in comparison with the remaining strains.

Thus it follows from these hypotheses:
U= "f j Eﬁ?q:. €4¢ + Tee€ee + T éqe:]’
h+3 3
[+ 3, [+ 5 ]prdé deas

The integrand may be ‘written explicitly in terms of strain,

(2-32)

and in particular the strains related to the middle surface of the tube.

Integrating through the thickness of the tube and substituting (2-8}

and (2-21) into (2-32) and neglecting the effect of shear:
\

2 2
€s. T Es, +2Veq Eo,|br dbde
\[q’o S, wEe q) (2-33)

\
+2 |[K5 + % +27 Ky Ko |br dede

\

where the limits of integration extend over the entire middle surface

of the tube.

18
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The complementary strain energy for a tube may be obtained by

integrating through the thickness of the tube,

tion of shear, one gets:

N
-— \
U_ 2Ehnh |
. I
+ ==
Eh J

N3 +N% 2NN |

iM§>+ Mé -2vMs Me-

brdéde

br dé de

Neglecting the contribu-

(2-34)



CHAPTER 3

GENERAL SOLUTION FORAXISYMMETRIC CASE

(8)
Clark and Reissner presented a solution to the pair of differ-

ential equations (2-30). Sincé, these equations are not explicitly a
function of A , the solution is theoretically valid for vanishingly
small values of A only:. However, for a large class of practical
problems, the radius ratio lies between 1/3 and 1/2, and occasionally
it goes as high as 0. 8.

The solution herein presented is a generalization of the Clark

)
and Reissnez(- solution, and : reduces to theirs for AN= 0.

3.1 Series Expansion

Since the coefficients of the governing coupled differential
eqﬁations appear as tigonometric functions, it is reasonable to
assume the dependent variables, ? and ¥ , in the form of trigo-
nometric series.

Let the solution to (2-28) and {2-29) be:
00
¥ = -*)A*?& 3 [cosqa +n§z Ban-i cos(Zn-ch:l

a8 _ MRS _ (3-1)
a6~ Aisreng) | o=

)
cos2(in-dd _ cosand
* 3y 2B (5555 )

20
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where Bm__--1 represents coefficients yet to be determined.

Substituting equations (2-30} into (2-28), it is easily verified
that the solution presented satisfies the equilibrium equation automati=-
cally for all values of )X\ . However, the equation of compatibility
(2-29) is not automatically satisfied for all X .

Also it may be observed that 'm the simple case where A=0,
both. equations (2-28) and (2-29) are satisfied; i. e, the present solution

(8)

essentially reduces to that given by Clark and Reissner

3.2 Application of Theorem of Minimum Complementary Energy

Since the equations of equilibrium are satisfied by the pro-
posed solution, the satisfaction of the compatibility condition will be

(12)
insured by minimizing the total complementary energy:

SVe = §(U-W) =0 (3-2)

where U is the strain energy written in terms of the stresses and W,
the potential energy of the end moments.

In a thin tube, the contribution of de and Ng¢ to the
strain energy may be neglected, and g may be neglected in com-

parison to K¢, hence using (2-22), (2-33) becomes:

2

" Na (3-3)
u=*% [f‘\‘% + MR ]r:ﬁ»de
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where the double integral extends over the entire middle surface of the

tube.

Using (2-7), (2-19), (2-22) and (2-25), we may write (3-3) as

2 o |
- D /BN 14BN\
U= ¢ 'r[(dq» +(‘%d ):,dqmle (3-4)
.8 O
2
where @, represents the central angle of the bent tube.

The potential energy of the end moments is:

W =2mA

Bo

e=2

or
W= m 'g\ @o (3-5)
where..m is the-applied moment. It is.obvious JdW =0 .

Thus

§V.=§U =0 G-6)

The minimum. complementary energy can thus be conven-

iently obtained in the Rayleigh-Ritz manner by letting

’aVc — aU
——— X = -7
By — 9Bg, O -7

which yields a system of N simultaneous, linear, algebraic equa-
tions in N unknowns, Bpn.; where N =n -1 represents the

number of arbitrary coefficients.
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3.3 Stress Intensification and Rigidity Factors

The stress intensification factor may be defined as the ratio
of the stress in a curved tube to that in an '"'equivalent ' straight tube.
An equivalent tube is one having the same moment of inertia, radius
of cross section, and applied end moment as the curved tube. Thus,
the stress intensification factors in the meridional and longitudinal direc-

tions become:

Se = _ I [(Ne =+ 6M¢]

rnb/:l:‘mb h = h*

E‘Fﬁa‘ﬁ [8 ks bﬂi‘(\—w—&

S -— G—B —_ NG + GMO_J
@ “mb/1I ~ TThE

13-8)

— _EIh d‘ef +

d
mMbYZiv)" [bdd bwz%]

where the positive sign pertains to the inner surface of the tube.

In order to satisfy equilibrium at any cross section, (2-20)
must be satisfied. For thin-walled tubes, the second term of the

integrand may be neglected in comparison with the first term; hence:

2m
m= | Nebrdd
o
Applying (2-17) and (2-25):
21T
Eh”

M= Jepe | M6 4%
[o}
Since:
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the above equation may be written in the form:

2 2r
_ (3-9)
m '{"tzi'\" =V b
Substituting (3-1} into (3-9) and integrating, one gets:
_ _EWb
M= Yza-v phsT

(3-10)
=SET &
where Y represents the moment of inertia of the tube, ‘?{ /a
represents the change in curvature of the tube centerline, SET
is simply the effective rigidity of the tube, and § may be called
the rigidity factor. |
" It is noted that the work done by the end moments is 1/2 W,

which must be stored in the tube as strain energy:

U =_£—W (3-11)

The strain energy expression (3-4) may be written in the

following condensed form:
U= 3o opkis* e (3-12)

where

2

o= m f‘”[ aq> )Z:I‘M’ (3-13)
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Substituting (3-5}, (3-10) and (3-12) into (3~11):
Do » 20202k _ | @,
> Op RS TE = 5 SET =5

or, after simplification:

d = —é— (3-14)

since g is the rigidity factor, its inverse, @ may be called

the flexibility factor.

3.4 Evaluation of Inte g_ra.ls

A. Binomial Expansion

In applying the Theorem of Minimum Complementary Energy,
integrals of the following type arise which require evaluation before

the system of algebraic equations can be solved:

yAll

cosnd

I+Asind CICP (3-15)
o]

One approximate method of determining the value of this
integral is to expand the denominator using the binomial expansion.

This is permissible, since A is alwéys less than unity. Thus:

i
I+ Asin ¢

= \-Asing+ X sin®b - .- (3-16)
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-‘Applying (3~11),there yields for n = 2:

and if n = 3, there results:

rA
L Ho e+ 24 ]as
_|a 17 )2 = —
[9 + 144}57 =15

and so on. The undetermined coefficient can then be solved in terms

of }A ‘and A

The flexibility factor becomes:

§ _P__ JiL Bs
+Z BZn- [(zn A (nz + s ,)z):]
n=2
rA
- % ZZBZ'\-I Bzns rl1
+ gé [_l - Bz + —4— Bs
v 2 (] | \
+n=Zz Ban- ("ﬁi M h(n-l))
o
- | | 2
:;ZB”‘“ B"‘“*‘((n—l)n OGS )

+ [ Bza Bzasa m]*‘ 8()\4)

n=2



B. Exact Integral

Instead of .expanding the integrand in (3-15) using the

binomial expansion, the general solution can be improved by using

—

the closed-form solution for the definite integrals. One notes:

cos nd 4 de = R;I an’dfb 2" d=
+A T+ Z| |4 AZED
sing Asing L [+ e
where
ei.nct: = 7N
d
d¢ = F£-
2_
Hasing =1+ B

The above integral may be rewritten as:

2. 2" dz2
A (Z-C)z-4)

with poles at points:

c=%(TiI ), d=-f(vixt)
It is noted that d is outside of the unit circle, and the integral is
simply:
eln® dd _ . 4L . c” -
I+ Asind 2L Res(@) = =3 (c-d)

=2 ‘c“/v—‘n—x-

27
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It follows then:

v
SSR0Er db = YR 0 even G
g =0 ‘N odd
et ) |
mte—dd = 2WC"VFRT tn odd  B-1TB
Y =0 ‘n even

For this case, § in {3~14) takes the form:
oo 2 2 2 [eo

¢= Z BZn-1 (2n-1) +'|l%[;| Bzn-i Qnn
+ 2 Z Z Bl:nd Bzm-l Gnm]

=l mM=an+|

In the above egquation, B, is taken to be unity, but the

rermaining coefficients an—\ are yet to be determined. The func-

tions G, are defined as follows:

N
[c oS 2nd c:os Z(n l)dp:l [:.os.?md: cos Z(m-n)ﬂodt#
N -1 r

Ginm

-~

r‘<_-_c>5 2& cos Zm& cos2{m-1) ¢]QA¢

m-i " (3-18)

If

_
s
G‘rm -TLF'

o 2.
o cos“2¢
G = 'I'(‘t i+Asm$ dé¢

By using trigonometric identities, the integrals in (3-18)
can be decomposed into several integrals for which closed-form

solutions are given above. The minimization of the complementary

energy will result in a set of simultaneous equations in terms of A

and /J from which the undetermined coefficients are obtained.
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3.5 Discussion of Results

To evaluate the analytical methods, published experimental
results are presented in Figure 2 for ? » and Figures 3-6 for
stress distribution. The analytical results are obtained by using the -
binomial expansion to order of )\4 . In Figure 2, the experimental data

(5)

obtained by Gross and Ford confirm very well the theoretical pre-
diction. On the other hand, data points obtained by _Vi;ssat and DelBuono(7)
are consistently higher than the theory predicts. These high experi-
met;.;ai vé.lues are believed to be due essentially to end restraints attend-
ant to load application on a short radius bend.

In Figures 3 and 4, the theoretical stress distributions as
predicted by the general solution using the binomial expansion are
plotted against the experimental data for A\ around one -.third obtained
by Gross and Ford(S). Similai-ly, in Figures 5 and 6, the theoretical
stress distributions are presented with the experimental data for A
around one-half obtained by Vi asat and Del Buono(7). The theoretical
predictions seem to be confirmed well by experimental results.

In computing the rigidity and the stress intensification factor
using either the binomial expansion or the closed-form for the inte-
grals, the solution is Ipund to be always rapidly convergent, Depend-

ing on the magnitude of A and also to a lesser extent on that of A

taking four to six terms in the series solution is always adequate.
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The rigidity factor, § , as computed using the binomial
expansion and ti:e closed form integral solution are given in Figures
2 and?-l}. respectively., They are presented as a function of /U and
A . The fact that the ﬁurves deviate from each other at large
pipe parameter indicates that § is sensitive to the truncation of
higher order terms in the binomial expansion at large values of /J.
On the other hand, the stress distribution and the peak value of
stress is rather insensitive to such truncation. As a result, both
approaches givealmost identical peak:stress and only a slight change in
stress distribution.
It is noted in Figure 2A that the effect of A on the
rigidity factor, §, is minor and diminishes with increasing J .
In fact at }A beyond 10.0, none of the three curves is distinguishable
from the asymptotic formula(sy. Thus, as far as the rigidity factor
is concerned, the present results confirm what has been forund by other

(4)(8)

investigators .

The effect of }J and A on the meridional stress intensi-
fication factor can be seen in Figures 7 and 8 for )LL = 100 and 16. 5,
respectively. It should be noted that )X not only affects the peak
stress, but it also influences -s'ubstantia.lly the stress distribution in
the inner half of the tube. Further, at large M , the peak meridional

stress always occurs at qD = 0; but, at moderate }u , increasing
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. .,\ tends to shift the location of maximum stress toward the intrados.
Similar figures were obtained for the longitudinal stress intensifica-
tion factor, but the peak value is always smaller than that in the
meridional direction, and hence are not presented.

Usually one is less interested in the stress distribution :.
around the pipe bore, than in the peak stress intensification factor,
which always occurs at the inner surface. The peak stress is pre-
sented in Figure 9, Ail the curves are terminated at the lower limit
of }.k at which the thin shell assumption is still considered valid.

(8}(9)

Also shown, in dotted line, arethe asymptotic solutions which are
valid for A = 0 and large }A . As expected, the asymptotic solution
coincides with the curve for A =1/10 at large Mo and deviates
from the results of the general solution at the lower range of fA .
But the effect of X on the peak stress intensification factor, par-
ticularly in the range of practical interest, is by no means negligible.

- (8)(9)
Hence for X different from zero, the existing asymptotic formulas
must be re-examined. This is carried out in Chapter 4.

The analytical results of the general solution are rapdily con-
vergent. The required number of terms in the series expansion seems

to ciepend largely on the value of jJ. . For the meridional stress,

which is the least convergent of all the quantities of interest, only four
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terms are required for }J. around 20, and six terms are sufficient for
},L as large as 100, In the latter case, only a 6x6 matrix is required.

The coefficients of By, , decrease at least three orders of mag-
nifude in these cases.

To illustrate the advantage of the present method over exist-
ing ones, it should be pertinent to make some comparison. The
present method requires solving a 4x4 matrix for U=46G . Tueda's
method(-v requires complicated numerical computations and solving a
20x20 matrix for M =37. No converging results can be obtained by
‘solving even a much larger‘métrix for /U. == 46. In fact, his results are
not convergent at A= % for any value of /.L . The method of
Turner and Ford(S) involves straightforward numerical computations,
but it requires a solution of a 25x25 matrix in the case of }/L =37 and
of a 49%x49 matrix in the case of /.L = 46. The cosine series solution
propaosed by Jones(4)requires a 10x10 matrix for /LL = 46 whereas
the method proposed by Symonds and Pa-rdu(GZ)requires only a six-term
expansion. However, like Jones, they made the assumption that thé
meridional middle surface is inextensible. As a consequence, the
meridional stresses in the inner and outer surfaces of the tube are
always equal and opposite, This was found to be unrealistic and to

(5)

err on the unconservative side.
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CHAPTER 4

ASYMPTOTIC SOLUTION FOR AXISYMMETRI C CASE

For large - )U-.., a solution.for.the axisymmetric case, by
asymptotically integrating the governing differential equationg becomes
very attractive. The formulas for the rigidity and maximum stress
intensification factors, in this upper range of }A , reduce to relatively
simple and concise expressions thus making them exceptionally useful.

As it was pointed out in the previous chapter the effect .. ::
of A\ on the peak stress intensification factor, particularly in the
range of practical interest, is by no means negligible. So far, asymp-
totic solution exists only for the case A = 0 or vanishingly small A.
If X is substantially different from zero, the existing asymptotic

(8)

formulas must be modified to reflect its effect.

4,1 Theory and Solution

T Combining: {2-28) & (2-29) and writing these in complex form:
2
£ Ncosd dZ ;. sind . _:i,Rcos
62 Y TFaangde ~HUiersng 2= M Exang (4-1)
where

z=B+1y (4-2)
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It is noted that for thin tubes, X\ ((}}. . For very large value of }}. ,

(4-1) may be simplified to:

d% = s sin $ — cosd '
- d Pt LA I+ Asing z = [+Asind (4-3)

For large }1. , the general solution, discussed previously,
indicates that the peak stress always occurs in the meridional direction

and near 4‘) = 0. In the neighborhood of qb = 0, {4-3) reduces to:

%%f — i pudZE = pk (4-4)

Using the following transformation to stretch the variables:

s
X=K"¢ (4-5)

T = T_‘&%7§

The differential equation (4~4) reduces to the form:

z
‘jx-'; —iXT =1 (4-6)

where

TOO = T ) +L Ty X) S 4T



The subscripts r and 1 stand for real and imaginary, respectively.

Substituting (4-5) and {4-7) into (4-2):

% = )L’E’& Te (x)

&

and the initial conditions which are obtained from the general

(4-8)

"'}JLVB ‘Q\TL ()

solution for large )J.
%(0) =0 (4-9)

ddz'(o) =0

are satisfied if:

T;(0)=0
dTr(O! =0
d X -

(4-10)

The initial conditions in (4-9) are obviously justified by the
results obtained from the general solution as discuesed earlier,’ ..
A solution to {4-6) was given by Clark and Reissner(a)in terms of
Lommel functions for the case of X = 0.

Alternatively, the differential equation may be solved by
numerical integration techniques, such as Runga=Kutta, provided the
additional conditions are specified:

(4-11)

S = o.9389

35
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(10)
These conditions are obtained from the Lommel function at x = 0 .

The maximumn stresses are known to occur near 4: =0.
Thus, using the approximation S$IN$#$ and cosd=1| , one obtains

from (3-8), using (4-8):

A -2 dTi i
‘_ﬂ_—l; + = h=)
I:;L 3 1-v® dX _: (4-12)
dTr' — dTl.
ax T Y97 dX

and

2z
- — M A _dTr = [E0-N"dTe
S¢~Se =7 EA”" Tr=gx v ax ]

in which the top sign refers to the inner surface of the tube.

4.2 Discussion of Results

In (4-12), the maximum absolute values for Tr(x) and %;—r(-ﬁ(—x)-
happen to be their initial va.lués. Hence, Scp is maximum at q: =0
and its magnitude is dependent on both M and A . Inthe prac-
tical range of }A and ) , the contribution of the direct stress (first
term) is not necessarily negligible as seen in Figure 9. The curves
representing the general solution merge with the asymptotic solution
at large lLA ; but these curves are still distinct for different N\ . It
is found that except for very small values of M and A+ Sé is always
more critical than Se or Sg-Se and hence the latter two expres-

gsions are not plotted., Therefore, for v =0.3 a compact expression
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for the peak stress in a tube is obtained from (4-12) as follows:

| 3¢ |0 =086M o.75—}}.,g+|]

{4-13)
Comparing with the results shown in Figure 9, (4-13) traces exactly
the curves obtained by the general solution for each A\, except for
A = 0.1 at values of /lA below, say 10. Obviously the asymp-
totic formula Bho(l;.ld no longer be valid for such small values of IJ.
Clark( )pointed out that the asymptotic solutions given in
Reference B8 represent only the leading terms of the asymptotic

expansions. By retaihing the next higher order term, he obtained the

following peak stress intensification factor:

l Sr.b |mox. =0.86 IUZIB -0.278 (4-14)
It is noted that A is absent from (4-14), hence it is va-a.lid only for
A=0, By plotting (4~14) on Figure 9, an excellent agreement with
the result-s for A = 0.1 obtained by the general golution is seen,
as long as ).k is not too small.
Experimental results are presented along with the asymp-
totic soiutions in Figure 10. Except for the results reported by Gross

(5)

and Ford , most of the available data are obtained by using strain

(6)(7) '

gages only on the outer surface . . It is noted that the results
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(6)
by Pardue and Vigness are excellent, while the results of Vissat and
{7) (5)
Del Buono are consistently low. The results by Gross and Ford
are also very good. The difference between the absolute value of the

stress on the inner and outer surfaces indicates the contribution of the

meridional membrane stress.

It should be pointed out that most of the data reported by
Vigsat and Del B\iono(?)a.re obtained from tubes with the thickness-
radius ratio substantially in excess of 1/10 which means relatively
thick tubes. On the other hand. it is interesting to see i;,hat the data for

A = 1/2 is also consistently lower than those for )\ = 1/3 which con-

forms to the trend of the theoretical prediction.
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CHAPTER 5
ASYMMETRIC CASE

Apparently, there has been no solution published for the in-plane
bending of a thin=walled tube having rigid end flanges. Because of the
flanges, the solution will no longer be independent of the longitudinal
coordinate, © , as was the case for the axisymmetric solutions pre-
sented in Chapters 3 and 4. Theoretical investigations, to date, have
been solely concerned with the relatively simple case of axisymmetric
bending} although some experimental da.ta.(6) is available for tubes
with flanges.

The end flanges have the effect of reducing the ovalization of
cross sections in the vicinity of the ends. This decrease in ovaliza.tioﬁ
will tend to reduce the flexibility and peak meridional stress. The
peaklongitudinal stress is expected to increase as cross sectional
distortion is reduced.

Of course, thé extent of distortion will depend primarily on
two parameters, ®,and },{ . As @, decreases, the effect of the
flanges will be felt over an increasingly larger proportion of the tube,
and, the effect of shear should start to be of comparable magnitude
to the bending and normal stresses. The inclusion of all the above
effects would make the problem quite complicated. ZFurther, the exist-
(6)

ing experimental data' ' for ®, less than 180° is erratic.
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In this chapter, a solution will be presented for a U--bend
(®g=TT ) for which reaaoné.ble experimental data are available.
In what follows, a solution will be proposed in which the displace~
ments are expanded in trigonometric series in such a manner that
would satisfy the compatibility conditions, and the total potential
energy will be minimized in the Rayleigh-Ritz manner to insure
satisfaction of the equilibrium equations.
In the forrmnulation of the problem, the usual aésurnpt:ions
will be made, namelhyz
a) Plane sections remain plane
b) Inextensible meridional centerline

c) Shear contribution negligible

The assumption imposing the inextensibility of the meridional
centerline is not strictly true except in the vicinity of the end
flanges. HHowever, the general theory for an axisymmetric tube
indicates that this assumption does not seriously affect the axisym-
metric results and should affect to an even smaller extent the results
for the asymmetric case since the flanges hinder ovalization.

The assumption which neglects the contribution of the shear

strain in comparison with the bending strain is considered justifiable
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for a U-bend, since, the effect of the rigid flanges is expected to decay

rapdily away from the ends.

5.1 Displacements

Following the assumption of the inextensibility of the middle

surface in the meridional direction, i.e., €¢o= 0, one obtains:

— .. R& U
W = - sf (5-1)

It should be noticed that this assumption reduces the number of dis-
placements which must be expanded in series form,
Further, from the assumption that plane cross sections

remain plane, one may write:

wo= g +(bsmnd)A (5-2)

where q represents the extension of the centerline of the tube, and
PaN the rotation of the cross-section. Obviously, in this asym-
metric case, A should be a function of & .
To satisfy the symmetry conditions for W$ and wry the
displacement in the meridional direction may be expanded in the

forms:
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LU- 'LU— c t

3 swe 53
+ _tgz' Wes S0 -l::.'p] cos Zz= (5-3)

Similarly, from symmetry conditions, A -may be expanded b

as an odd function in © , namely:

bn o sInTGE- 54

M8

A=bsO + |

5.2 Application of Theorem of Minimum Potential Enezrgy

The expression for the total potential energy, neglecting the
shear strain, is given by (2-33). Considering the manner in which
the tube ovalizes, one would expect the change in curvature in the
meridional direction to be much greater.than the curvature change
in the longitudinal direction. This should be true over a major
portion of the tube, except in the immediate vicinity of the end
flanges where ‘Kq; vanishes. In conformity with the above.assump-
tion, as well as the inextensibility 6f the n}eridional centerline,

(2-33) simplifies to the following form:

U=+4||[ces, +DK}]brdésde (5-5)
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Substituting (2-5) and (2-7) into (5-5), one obtains:

YO -
— _C IWs wy ]2
U= —z—L + 58 +Ee5F + rs| brtde
N S ) 2 (5-6)
D 1 | ) oOUT
+‘2‘IL F(—-g—ﬁﬁé'a +-F_5; )_ br‘d¢d9

where w4 is given by {(5-1).
The potential energy of the applied end moments is:

w-—-?.mAl (5<7)

- o
-

To insure that the equilibrium conditions are satisfied, the

total potential enérgy will be minimized in the manner of Rayleigh~-

Ritz as follows:

2Ve . 2Ve _ . Ve _ -

aw%P—O J abp —'O J -a? —O (5 8)
where

Ve = U~-W

and
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The set of equations characterized by (5-8) may be written

in the following form:

3_\7_5__ =0 which gives:
S Wep

add odd

: 2
% %wts E’(’to(q_ + % (.tB_.t)(%3_ %)‘“- J.’t%-:[ K sp

even odd

5 Swaliy @ - Deyks

- bo &_am% Lp - ;bnddln% Knp —"76(_-% LF’= )

For q odd
odd odd 2
> 2wy [iBy — M (HE- DOy Kee

even odd

3 S walFy T O T s,

— b, Being Lp — 2 b, Poing Ko -?(s—,‘ L,=0

For q even

Ve _
b, = O

odd odd even odd — e
-—Z gw-&s oaing Lg — ; %w’ts F’S‘”t Lg

which gives:

o o Qo ATT(1- V2
+bo I, G + S b, T, L, + 71,52 ="N2eAME)
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ave which gives:
Sbp_ ©

odd odd even odd

+ e T,Lp + 3 by T,Kee +pL LP—"lEQ—'iﬂgﬁsmE—

AV =0 which gives:
27

odd odd - even odd . __
"'%: % Wes X Lg — ; gwts Pels

+ b, I, 2= + > b I, L, +91. 92 =0

where . '
—— _ A\ Ry b
¥ T Y itAsne !+)\smq>
— Xy Be d¢ -
g ?t "% I+xsin _% T+ Asme ksmq
sind dd —
% I+)\5mq> _f}; +A51n¢
® /2 Bo/ 2
mre we sne
j‘ I s&1=2 cos224p
© o

Ceg = §sm t¢ cos%cb snddé
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and:

Xy = CostP cos$ '+t sintd s
By = st cosd —t costd sing

J-t%_ = Kronecker delta

5.3 Discussion of Results

The coeffiéients of the series (5-3)(5-4) were observed to con-
verge at a moderate rate. For relativelyl- small values of M (8. 3),
the Wig cbefficients decr-ea.se two-orders in magnitude in the
second subscript ( € - direction) in 15 terms, and, five-orders in
magnitude in the first subscript ( & - direction) in 8-terms. For
relatively large valueé of }A (B2, 6), the Wig coefficients decrease
three-orders in magnitude in the © - direction in 15-terms but only
one and one-half orders in magnitude in the q: - direction in 8 terms.
Thus, the wrie serie;sniis highly sensitive to truncation in the q')

- direction and less sensitive in the & - direction at large values
of 2
For all Mo the bn coefficients decrease monotonically one and

one-half orders in magnitude in 15-terms while alternating in sign.



47

Altﬁough the series of Eoefﬁcients is slowly convergent, the series
defining the angular rotation, A , converges so well that four terms
was found adequate, For all values of }L , the fpurth through
fifteenth terms in the series affected the total angular rotation of
the ends of the tube by only 5%. The largest matrix solved was
135x 135,

The flexibility factor was found to be the least sensitive to
truncation of the series. The plot of flexibility factor, § , V8.
pipe_parameter, /.k , Figure 11, shows that the theory herein pre-
sented appears to be an upper bound on the experimental data,

To explain the experimental data plotted on Figure 11, one
may quote the authors, Pardue and Vigneaa(ég ""The range of flexi~
bility factors, measured for a given bend length and end constraint
was found to be approximately the same for in-plane and out-of-
plane bending, Therefore, data for the three moments have been
averaged for each bend length and end constraint, and plotted in
Figure 11, Maximum and minimum values are shown by the
extremities of -the vertical line. Thus, the length of the line repre-
sents the range of flex_ibility- factors caused by different types of

loads for one combination of bend length and end constraint !,
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Of the two stress intensification factors, Sq, and e, S is
seen always to be the greater, both experimentally and as predicted
by the present theory (See Figures 12 and 13). As seen in Figure 12,
the present theory is confirmed very well by the experimental data
for the meridional stress intensification factor at large values of /_A .
It further appears to be an upper bound on the experimental results
for this critical stress, S¢. On the other hand, the experimental

data for D@ confirms rather well the analytical results, '

As explained previously, attention wa.é restricted to U shaped
tubes of moderate to large values of }J, since the shear effect for
these tubes could be considered negligible or at most its effect
lirnited to a small portion of the tube near the end flanges., For tubes
having a central angle of 90° or less, the shear effect should be
increasingly more pronounced and significant., But, due to experi-
mental difficulties, the available experimental data seems quite erratic
for bends of 90° or less containing end flanges.

In summary, the analytical results for a U-bend with rigid end
flanges seem to be reasonably confirmed by experiments. The agsump-
tions used seem to be justifiable. Further refinement may be possaible
when larger matrices are used in conjunction with the deletion of some

of the restrictions imposed.
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