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ABSTRACT

The s t r e s s  d istr ib u tio n  and f le x ib ility  of th in -w a lled  cu rved  

c ir c u la r  tu b es, w ith and without f la n g e s , su b jected  to in p lane end 

co u p les  a re  in v estig a ted . The d isse r ta tio n  d iv id es into two m ajor  

p a rts:

I A x isy m m etr ic  tu b es (no fla n g es)

a) G en eral so lu tion

b) A sym p totic  so lu tion  for la r g e  pipe p a ra m eter , p

II A sy m m etr ic  tu b es, having the shape of U, w ith h eavy  fla n g es  

at en d s.

(I) A g en era l so lu tio n  for a cu rved  c ir c u la r  tube v iew ed  a s  an 

ax i sy m m etr ic  thin sh e ll o f revo lu tion  i s  obtained . The two dependent 

v a r ia b le s  a re  expanded in  tr ig o n o m etr ic  s e r ie s  such  that they a u to ­

m a tica lly  s a t is fy  one of the two coup led  ord in ary  d iffer en tia l equations  

n am ely , the eq u ilib riu m  equation r e g a r d le s s  o f the va lu e of radius  

ra tio , \ . It i s  shown that the co m p a tib ility  equation w ould a lso  be sa t  

is f ie d  id en tica lly  if  X is  v ery  sm a ll ( X = 0)- The g en era l so lu tion  

i s  thus red u ced  to an e x ist in g  so lu tion  va lid  for v a n ish in g ly  sm a ll v a l­

u e s  of X  w hich  co rresp o n d  to n ea r ly  stra igh t tu b es. In o rd er  not to 

im p o se  any r e s tr ic t io n  on X , the to ta l co m p lem en ta ry  en ergy  is  

m in im ized  in  the m an ner o f R a y le ig h -R itz  to in su re  that the co m p a ti­

b ility  condition  is  s a t is f ie d . N u m er ica l r e s u lts  c o r r e la te  w e ll with



ex p er im en ta l data. The g en era l so lu tion  is  not only m o re  a ccu ra te , 

but a lso  m ore rap id ly  con vergen t than other e x is t in g  a n a ly tica l m ethods.

E x istin g  a sy m p to tic  so lu tion s for  a x isy m m e tr ic  tu bes a re  

r e -ex a m in e d  and m od ified  to r e f le c t  the e ffec t  o f the rad iu s ra tio . The 

d ifferen tia l equations are  in teg ra ted  n u m e r ic a lly  u sin g  the Runge-K utta  

m eth od . The m o d ified  a sy m p to tic  fo r m u la s  c o r r e la te  v e r y  w e ll with 

e x ist in g  ex p er im en ta l r e s u lt s .

{II) A so lu tion  fo r  a U -bend  tube term in a ted  by r ig id  end flan ges  

i s  p r e se n ted  fo r  the f ir s t  t im e . D isp la cem en ts  and rota tion  are  expanded  

in  tr ig o n o m etr ic  s e r ie s ,  thus in su rin g  sa tis fa c tio n  of co m p a tib ility  co n ­

d itio n s . E q uilibrium  is  guaranteed  by m in im iz in g  the to ta l potentia l 

en erg y  in the m anner of R a y le ig h -R itz . N u m erica l r e s u lts  are  c o m ­

p ared  with ex p er im en ta l r e s u lts .



CH APTER 1

INTRODUCTION

A cu rved  tube o f c ir c u la r  c r o s s  sec tio n  is  m ore  flex ib le  in  

bending than a stra ig h t tube b eca u se  the c r o s s  se c tio n  ten d s to o v a liz e .  

Due to o v a liza tio n , not only is  the m axim um  lon gitu d in al s t r e s s  h igh er  

than that p red icted  by the e lem en ta ry  th eory , but it  i s  accom p an ied  

by a m er id io n a l s t r e s s  o f even  h igh er m agnitude.

The a n a ly tica l study of a x isy m m e tr ic  cu rved  tubes has c la im e d

e ffo r ts  o f m any in v e s t ig a to r s . H ow ever, ex cep t for  the s tu d ies  by
(1) (2) (3) (4)

Tueda , Sym ond and Pardue , T urner and F ord  , and Jon es ,

m o st  a re  va lid  only for the r e s tr ic te d  c a se  in  w hich the rad iu s o f the

tube is  sm a ll in  re la tio n  to the rad iu s o f cu rvatu re o f i t s  c e n te r lin e .

B a se d  on the c la s s ic a l  th eo ry  of th in -sh e lls ,  Tueda obtained  

two coupled  ord in ary  d ifferen tia l equations with v a r ia b le  c o e ff ic ie n ts ,  

w hich w ere  in teg ra ted  by m ean s of a pow er s e r ie s  o f tr ig o n o m etr ic  

fu n ctio n s. N u m erica l r e su lts  w ere obtained for f le x ib ility  and s t r e s s  

in ten s if ic a tio n  fa c to r s  (ratio o f s t r e s s  in a cu rved  tube to that in  a 

stra ig h t tube) for tu bes having rad iu s ra tio s , X  , a s  la r g e  a s  o n e-  

fifth . It w as c la im e d  that adequate r e s u lts  should  be obtainable fo r  

v a lu es  o f X up to but l e s s  than o n e -h a lf . But poor co n v erg en ce  

w as found by th is  w r iter  for  X about o n e -th ird  and p .  about 30.



(2) (4)
Symond and P ardue , and r e c e n tly  Jones , m ade an a ssu m p ­

tion  im p o sin g  the in ex te n s ib ility  of the m idd le su r fa ce  in  the m er id io n a l 

d irec tio n  and obtained  so lu tio n s for tubes having any rad iu s ratio  by 

m in im iz in g  the to ta l p oten tia l en erg y . A lthough th is a ssu m p tio n  w as

ab le  to s im p lify  the m a th em a tics  in vo lved , it n e v e r th e le s s  in trod u ced
(5)(6)

a s t r e s s  d istr ib u tion  that u n d erestim a ted  the m axim um  s tr e s s

J on es in d icated  that for so m e va lu es o f p ipe p a ra m eter , jx » even  a

te n -te r m  exp an sion  was inadequate to in su r e  p roper co n v erg en ce  of
(3)

s t r e s s e s  in  the m er id io n a l d irec tio n . T urner and F ord  u sed  a 

m e c h a n ic s -o f-m a te r ia ls  approach, and by expanding four p ertin en t p a r a ­

m e te r s  in s e r ie s  form , obtained  a so lu tio n  by so lv in g  4n+5 s im u lta n eo u s  

eq u ation s, w h ere (n+1) r e p r e se n ts  the num ber of te r m s  in  each  s e r ie s  

ex p a n sio n . T h is m ethod freq u en tly  r e q u ire s  the so lu tion  o f la rg e  

s y s te m s  of s im u ltan eou s a lg eb ra ic  eq u ation s, fo r ty -n in e  (49) or m o re  

a re  not uncom m on to obtain rea so n a b ly  con vergen t r e s u lt s  for m od erate  

X  and jx  .

C urved tu b es of r e la t iv e ly  la r g e  A  have a lso  b een  e x te n s iv e ly
(5) (6 )

s tu d ied  ex p er im en ta lly  by G ro ss  and F o rd  , P ardue and V ig n ess  ,
(7)

and V is  sat and D el Buono

In m o st c a s e s ,  the m axim u m  s t r e s s  m agnitude, i f  not the lo ca tio n , 

has b een  found to be in good a g reem en t w ith the e x is t in g  a n a ly tica l 

r e s u lt s .  But the c o r re la tio n  b eco m es  in c r e a s in g ly  m o re  d ifficu lt a s  X 

in c r e a s e s  to about o n e -h a lf  and u b e c o m e s  la r g e . It i s  not su r p r is in g
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b eca u se  the ex istin g  so lu tio n s, in  addition to draw backs a lrea d y

m en tion ed , b ecom e l e s s  con vergen t when A and p  get la r g e .

T h ere  has b een  no work p u b lish ed  for cu rved  tubes term in ated

by h eavy fla n g es  w h ich  a re  com m on  o c c u r r e n c e s  in en g in eerin g  a p p li-
( 6 )

cations although ex p er im en ta l r e s u lt s  have long e x is te d  . This 

d isse r ta tio n  is  su b -d iv id ed  into two m ajor p a r ts . In p art one, a 

g en era l so lu tion  is  g iven  for a cu rv ed  tube w ithout end fla n g es  su b ­

jected  to in  plane end co u p les. The p rob lem  is  fo rm u la ted  b ased

on the th eo ry  of a x isy m m e tr ic  th in  sh e lls  o f rev o lu tio n . The so lu tion
(8 )

in c lu d es  that p ro p o sed  by C lark  and R e is sn e r  a s  a p a r tic u la r  c a se

in w hich A is  se t  to z e ro . F o r  la rg e  p ipe p a r a m e te r s , the asyrap -
(8 )

totic so lu tio n  g iven  by C lark and R e is sn e r  i s  m od ified  to r e f le c t  

the in flu en ce  of A . Both g e n e ra l and a sy m p to tic  so lu tio n s  a re  

com p ared  with e x is t in g  ex p er im en ta l r e s u lt s .  In part two, a so lu tion  

is  g iven  for  a cu rved  tube (U -bend) term in a ted  by heavy f la n g e s . The 

d isp la cem en ts  a re  d escr ib e d  by a double tr ig o n o m etr ic  exp an sion  in 

both the m er id io n a l and longitud inal co o rd in a tes  and the angular  

rotation  by a s in g le  exp an sion . The tota l p o ten tia l en erg y  i s  m in i­

m ized  to in su re  eq u ilib r iu m  co n d itio n s . The r e s u lts  a r e  com pared  

with the p u b lish ed  t e s t  r e s u lt s .
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CH APTER 2

FORM ULATION O F PR O BLEM

2. 1 G eom etry  of Tube

F ig u r e  1 show s a cu rved  tube o f c ir c u la r  c r o s s  se c t io n  and u n i­

form  w a ll th ic k n e ss , h . C on sid er  th is  tube a s  b ein g  g en era ted  by 

rotating about an a x is ,  a c ir c u la r  ring w hose rad ius to the m id d le s u r ­

face  is  "b". The h o r izo n ta l d ista n ce  fro m  the a x is  o f rotation  to the 

cen ter  o f the annulus is  denoted by "a” .

T he p r in c ip a l c u r v il in e a r  co o rd in a tes  m e a su r ed  along the 

m iddle su r fa c e  o f the sh e ll a re: - coord in ate  in  the m er id io n a l d ir e c ­

tion  and © - coord in ate  in the lon gitu d in al d irec tio n . The th ird  p r in ­

cip al co o rd in a te , , is  d ir e c ted  n orm al to the m iddle su r fa c e . The 

h o rizo n ta l d ista n ce  fro m  the a x is  o f ro tation  to a point on the m id d le  

su rfa ce  o f  the tube i s  denoted by "r". Thus

T he v e r t ic a l  d ista n ce  fro m  the cen ter  o f the tube to a point on  

the m id d le su r fa ce  i s  denoted by "z".

T he p r in c ip a l rad ii o f cu rvatu re in  the m er id io n a l and lo n g i­

tudinal d ir e c t io n s  a r e , r e sp e c tiv e ly :

r = a + b sin {2 - 1 )

z = -b  c o s  <|> (2 - 2 )

-b
(2-3)



2. 2 S tr a in -D isp la c em e n t R elaJ ons

. L et the d isp la cem en t o f a point on the m id d le su rfa ce  o f the  

tube in  the (  ̂ , © , 3  d ire c tio n s  be denoted  by ur<j, , UJ@ 3 ur-j } 

r e s p e c t iv e ly .

The su cceed in g  d eriva tion  fo r  th in -w a lled  tu bes w ill be b a sed  

on the K irchoff h y p o th eses , nam ely:

a) Straight f ib e r s  w hich a re  p erp en d icu lar  to the m iddle surfacebe&tre 

deform ation , rem a in  so  a fter  d eform ation  and do not change th e ir  length .

b) The n o rm a l s t r e s s e s  actin g  on p lan es p a r a lle l to the m id d le  

su r fa ce  a r e  n eg lig ib le  in co m p a riso n  with o th er s t r e s s e s .

F u rth er , the d er iva tion  and ap p lica tion  w ill be r e s tr ic te d  to p ro b lem s  

in  w hich  the d isp la c em e n ts  are  s m a ll in  co m p a r iso n  to the th ick n ess  

o f the tube.

A s a co n seq u en ce  of the K irch off a ssu m p tio n s  and r e s tr ic t in g  

atten tion  to a lin e a r  th eo ry , the d isp la c em en ts  o f  points on p a r a lle l  

su r fa c e s  ur^ , « Hr  ̂ , m ay be w ritten  a s  :

UT p  — u r<p

u f ©  =. lit © +  o< ^  (2 -4 )

w h ere p  and o<. r e p r e sen t the p ro jec tio n s  of the d eform ed  unit n o r ­

m a l to the m id d le su r fa c e , ^ , on the d ir ec tio n s  and £©  ,



(2 -5 )

8

r e s p e c t iv e ly . The unit v e c to r s  fo rm  a r igh t-h an d

s y s te m . S ince sm a ll d isp la cem en ts  are  a ssu m ed , th e se  p ro jectio n s  

a re  equal to the a n g le s  by w hich , during d eform ation , the n orm al to 

the m idd le su r fa ce  ro ta tes  about the a x es  and © 9  , r e s p e c ­

t iv e ly .

T h ese  ro ta tion s a s  w e ll a s  m iddle su r fa ce  s tr a in s  m ay be
( 1 1 )

w ritten  in te r m s  o f d isp la cem en ts  :

P -

c x  =

^ © o  t“ 3 ©  b f"  3<|> R e
V

w h ere €.<|)0 > € - e 0 r e p r e se n t ex ten sio n a l s tr a in s  at p o in ts on the 

m id d le su r fa ce  in  the m er id io n a l and longitud inal d irec tio n s ,-  r e s p e c ­

t iv e ly .

Im posing the b a s ic  a ssu m p tio n s p re v io u sly  sta ted  to the p a r ­

a l le l  su r fa ce s  o f the tube.one obtains:

”  y  I  x  [ f  $0
R»(ji

(2-6)

 L

3 UT*
b 3 <£ + ur<j>

3 UT-5
r a e + ULTe

Re
■sur<t> 1 ur-s

bB<t> T R 4»
"Bure 
r  3 © + ur* . s r  

b r  3 <|>

© ©  —
1 ’ R e



9

w here

(2-7)

JU -  SC*  4- 1 3 r  Q”  r 3© b r  34> *

The te r m s  -K^ and m ay be in ter p r e ted  g e o m e tr ic a lly  as  

ch an ges in  cu rvatu re o f the m id d le su r fa ce  o f the tube a s  it  d eform s  

(p ositive  v a lu es  in d ica te  d e c r e a se d  cu rvatu re).

S ince our a tten tion  i s  r e s tr ic te d  to th in -w a lled  tu b es, i . e .  

> » i I -  , the s tra in  e x p r e s s io n s  m ay be s im p lif ie d  to:
K

=  (=*>0 +  t  K<b
T T °  V (2 -8 )

e©e — e© 0 -t* 3 X o
L et the end m o m en ts  be ap p lied  in  the p lan e  of sy m m etry .

In the a x isy m m e tr ic  c a s e , the c r o s s  se c tio n a l o v a liza tio n  and d is ­

p la cem en t a re  independent o f  © . A ssu m in g  p lan e se c tio n s  rem ain  

plane, one w r ites:

UlTq — A r B  (2 -9 )

w here

= con stan t (2 - 10)

and A . i s  the ro tation  of a p lane c r o s s  sec tio n . in  (2 -7 ) m ay  

be w ritten:
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<2-U)

with

o< = -A  s m  (j)

It shou ld  be noted  that the secon d  te r m  in  (2 -1 1 ) d oes not
(8 )

appear in C lark  and R e is s n e r 1 s d er iv a tio n . This te r m  would d i s ­

appear for co m p le te  to ro id a l s h e lls ;  h o w ev er , for in co m p lete  to r o id s  

it  should be co n s id er e d .

It w ill  be m ore con ven ien t to an a lyze the a x isy m m e tr ic  p ro b ­

lem  in te r m s  o f the h o r izo n ta l and v e r t ic a l d isp la c e m e n ts , u and uj"j 

r e sp e c tiv e ly :

(2- 12)

T hus, the m id d le su rfa ce  s tra in s  and rotation  b ecom e:

e  <t>° *  b  c o i i  [ & -  "

I 3 U

(2 -13 )

v/here:

£  =  b" [ w  +  i f 1 ” 5 * ]
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2. 3 E q u ilib r iu m  E quations

L et ( T ^  , CTe© i r e p r e se n t  the norm al and sh ea r  s t r e s s e s

actin g  on an e lem en t of the tube. C on sid er a s ta tic a lly  eq u iva len t fo rc e  

sy s te m  denoted  by s t r e s s  re su lta n ts  and s t r e s s  coup les:

N ©  =  

A =

M  © — 

=

[»+ ] dl

, [ '  +  R +  3 d ̂

[1+ ib ^

[j +  "R*3 ^ 

cr«  [> +  - R i ]

(2 -14)

w h ere the l im it s  o f in teg ra tio n  a r e  fro m  -h / 2  to + h /2 .

F ig u re  1 show s an e lem en t sep a ra ted  from  a tube by four cu ts  

p erp en d icu la r  to the m idd le su r fa c e . The n orm al and sh e a r  s tr e s s  

r e su lta n ts  a s  w e ll as s t r e s s  c o u p le s , in  the m erid io n a l and lo n g itu ­

d inal d ir e c t io n s , a re  show n acting  on th is  e lem en t. It shou ld  be noted

that due to a x isy m m etry , ^  zz  — Q  e  ~  0
"3 © 3  © *

The s t r e s s  re su lta n ts  m ay be r ep la ce d  by an eq u ivalen t resu lta n t fo r c e  

sy s te m , V and H, in the v e r t ic a l and h orizon ta l d ir ec tio n s  r e s p e c t iv e ly .
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T h ese  two eq u iva len t force  s y s te m s  a re  r e la te d  by:

V  =  — H  sin <b —■ G} & cos  <b
(2 -15 )

H  —  cos<̂ > — Qcj> stn

If no p r e s su r e  or o th e r  su rface lo a d in g  e x ists , then, from  

F ig u re  1, it i s  c le a r  that the fo rce  eq u ilib r iu m  in the rad ia l and a x ia l  

d ire c tio n s  req u ire  that;

.d.(rVl _ .  0  (2. 16)
d  <p

-  bN ©  = 0  (2-1?)

The m om en t eq u ilib r iu m  equations reduce to re so lv in g  the  

m om en ts about the coord in ate , s in c e ,  the m o m en t about the

n orm al coord in ate is  a u to m a tica lly  s a t is f ie d  while a x isy m m e tr y  

in su r e s  m om ent eq u ilib riu m  about the coord in ate a x is .  Thus:

d ^ A4>')----------------------------"  Q +  b r = 0  (2 -1 8 )

It is  c le a r  from  (2 -1 6 )  that s in c e  V va n ish es  

at <̂  =  1 it  van ish es ev er y w h e re . T he s tr e s s  resu lta n ts  (2 -1 5 ),

thus b ecom e:

N  =  H  COS $
Q<£> =  —■ H <$>

(2 - 1 9 )



The resu lta n t in ter n a l r e s is t in g  m om ent at any c r o s s  sec tio n

m u st be independent of © , a con stan t, and eq u al to the ex tern a lly  

ap p lied  end m om ent, m:

2. 4 C on stitu tive R ela tion s

The equations and so lu tion s p resen ted  in  th is  d isse r ta tio n  w ill 

be confined to h om ogen eou s, iso tr o p ic , lin e a r ly  e la s t ic  m a te r ia ls .

The so lu tion s w ill  fu rth er be r e s tr ic te d  to th in -w a lled  tu b e s . Under 

th is  r e s tr ic t io n , it  is  rea so n a b le  to n e g le c t  the n orm al s t r e s s  through  

the th ick n ess  o f  the tube in  co m p a riso n  with the rem ain ing  s t r e s s e s .  

T hus, H ooke's law  b e c o m e s

(2 - 20)

a-© ©  — (2 - 2 1 )

— 2 ( 1 *  V )

w here:

j O"©© j r e p r e se n ts  s t r e s s e s  on p a r a lle l  su rface

E. M odulus of E la s t ic ity

P o is so n 's  Ratio



It w ill be m o re  con ven ien t to w rite  the co n stitu tiv e  re la tio n s  

not only in  te r m s  of s tr e s s  resu lta n ts  but a ls o  in te r m s  o f m iddle  

su rfa ce  s tr a in s  and ro ta tio n s. In tegrating  through the th ick n ess  o f  

the tube, one obtains:

N $  — C

N © — C ^=*0 o

M $  = D [ * ♦

M e  = D

• ]

w here:

n  — E h
L  =  A - V a )

E h 3
D  s

(2 - 2 2 )

(2 -2 3 )

2. 5 D ifferen tia l Equations

In th is se c tio n , the d ifferen tia l equations w hich  govern  the  

b eh av ior of the tube w ill be d erived , f ir s t ,  in i ts  g en era l form ; 

secon d , in s im p lif ie d  form ; and third, fo r  the p a rticu la r  c a s e  o f  

van ish in g ly  sm a ll radius r a tio .



2. 5 . 1 G eneral

The g en era l fo rm  of the govern in g  d ifferen tia l equations fo r  

a x isy m m e tr ic  tubes i s  d er iv ed  in  th is  s e c tio n . Substituting (2 — 19)» 

(2 -2 2 ), into (2 -18 ) and u sin g  (2 -7 ) & (2 -11 ), the equation of eq u i­

lib r iu m  can be w ritten  as:

, A CQS<t> di ft _  
l + Asin<(> d<}>

/A c o sd A 2 . i?A sin<b~l q
|l+Asin4>J T+Xsin ĵ P

+  ^  7 ^ ^  ^ = ~ n V \ C3 1o ^ l ^ s i n ^ ' l J ( l + X s ' n ^ ]

X — b / a

*  =  r HE h 1 1 n  <2“25)

/ I  -  V I 2 0 - V * ) '

E lim in a tin g  ^  fro m  (2 -13 ) the fo llow in g  co m p a tib ility  eq u a­

tion  is  obtained:

d ( r e e o )  _  j r  o d z . A  d r
d < f  £ +>od<t> Pd<|>  d<J> ' ’

Substitu ting (2 -22 ) into (2 -2 6 ) and u sin g  (2 -17 ), (2 -19) & (2-25)  

the co m p a tib ility  equation b eco m es:

d^tf A c o s AA _ [7A cos4> \2 -\JA«5in<b~|v  
n 4 )  d«|> [i_l+As\n4>y \ + A s i n < ^ id  ^  1 + A s i  i

(2-27)

_  ,| încfc . n _  M 4 cos<fr
M  l +  A s in < ^  r / 1+ A ^ tn
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T he coupled d iffer en tia l equations w h ich  govern  the p rob lem ,
( 1 )

(2-24) and  (2-27) w er e  f ir s t  ob tained  by T ueda . T h ese  equations  

w ere in teg r a te d  by m ea n s o f a  pow er s e r ie s  o f tr ig o n o m etr ic  functions  

and, e x te n s iv e  n u m e r ica l tabulation  of r e s u lt s  g iven  fo r  v a lu es  o f X 

as la r g e  a s  1 /5 . Tueda c la im e d  that adequate r e su lts  should  be o b ta in ­

able fo r  v a lu es  of rad iu s ra tio  l e s s  than 1 / 2 , h ow ever, th is  w r iter  

found p o o r  co n v erg en ce  for  \  about o n e -th ird  and jX  about 30. 

D iverge

fe r e n tia l equations w ith  the ex cep tio n  that the right hand sid e of (2 -2 4 )  

was z e r o .  H ow ever, for an in co m p lete  to r u s , th is te r m  would not, in  

gen era l, va n ish .

fe a s ib le  to  d isreg a rd , b a sed  on cer ta in  p h y s ic a l a rg u m en ts, c er ta in  

seco n d a ry  ter m s so  a s  to s im p lify  the p ro b lem . To th is  end, one m ay  

o b serv e  fro m  (2-7) & (2-11) that for thin tu b e s  “K ^ i s  a lw ays p r e ­

dom inant a s  com p ared  to q  ; h en ce, the th ird  term  in  (2-24) is  

v a n ish in g ly  sm a ll co m p a red  w ith  the f ir s t  two te r m s . T hus, m aking  

th is s im p lif ic a t io n  lea d s  to the fo llow in g  eq u ilib r iu m  equation:

2 . 5 t 2 S im p lified  ( X ^ O  )

In ord er  to k eep  ^  a s  a p a ra m eter , it is  both d es ira b le  and
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S im ila r ly , one m ay o b serv e  that in  (2 -22) is  a lw a y s p r e ­

dom inant com p ared  with , and the th ird  ter m  in  (2-27) i s  n e g li­

g ib le  w ith  r e s p e c t  to the f ir s t  two te r m s . The co m p a tib ility  equation  

i s  thus s im p lif ie d  to:

i A cos 4 %  . . S>to4> p COS4

d<£>z  |+Asin<^ <A4> i t+Xsm4> r  ~ 1+Xs\n^> (2 -2 9 )

2 .5 .3  S im p lified  ( \== O )

The coup led  ord in ary  d ifferen tia l equations (2 -28) and (2-29)
(8 )

w ere  f ir s t  g iv en  by C lark and R e is sn e r  b ased  on a d ifferen t argu ­

m ent. They fu rth er  s im p lif ie d  the p ro b lem , by a ssu m in g  A = Oi 

and p r esen ted  a so lu tion  to the fo llo w in g  coupled ord in ary  d ifferen tia l  

equations:

- g - ^ 7  +  /A X  =  O

,2 y  (2 -3 0 )
^ “  JU sirxjs p — c o s  <̂>

C lea r ly  a so lu tion  to  th is se t  o f  equations i s  v a lid  for  s lig h tly  

cu rv ed  tubes o f van ish in g ly  sm a ll ra d iu s ratio  o n ly .



2. 6 S tra in  E n ergy

The g en era l form u la  fo r  s tra in  en erg y  is :

u = 4 -
<2- 31 )

w h ere the in teg ra tio n  extends o v er  the en tire  vo lu m e o f the body.

The K irch off h y p o th eses  a re  eq u iva len t to n eg lec tin g  the 

s tr e s s  in  co m p a r iso n  w ith  the rem ain in g  s t r e s s e s  and the

stra in s  in  co m p a r iso n  with the rem ain in g  s tr a in s .

Thus it  fo llo w s  from  th e se  h yp oth eses:

u =
I

+  C T oe^ ee +  *

'  [h" rJ  [l + R ;]b r d ‘t>

(2-32)

The in tegrand  m ay be 'w ritten  e x p lic it ly  in te r m s  of stra in , 

and in  p a r tic u la r  the s tr a in s  r e la te d  to the m id d le  su r fa ce  o f the tube 

In teg ra tin g  through the th ick n ess  o f the tube and su b stitu tin g  (2 -8 )  

and (2 -21) into (2 -32) and n eg lec tin g  the e f fe c t  o f shear:

U  -   ̂ ^=:f0 +  ci<|>cje

+  _2 ‘ \ ^ \  + 2 V K $ >K e ] b r

(2-33)

w h ere the l im it s  o f in teg ra tio n  extend  o v e r  the en tire  m id d le  su rfa ce  

o f the tube.
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The co m p lem en ta ry  s tra in  en erg y  for a tube m ay be obtained by 

in teg ra tin g  through  the th ick n ess  o f the tube. N eg lec tin g  the con trib u ­

tio n  of sh ea r , one, gets:

+

— __L
ZEh

6
Eh-

[j\l  ̂+ Me " 2.V N^N© J b  T d4> d© 

|Mc^ +  M e  - 2 V M 4 > M e ] b r  d<̂ > d ©

(2-34)



CH APTER 3

GENERAL SOLUTION FOR AXIS YMMETRIC CASE

(8 )
C lark  and R e is sn e r  p resen ted  a so lu tion  to the p a ir  of d if fe r ­

e n tia l equations (2 -3 0 ). S in ce, th ese  equations a re  not e x p lic it ly  a 

function  o f X j the so lu tion  i s  th e o re tica lly  va lid  for va n ish in g ly  

sm a ll v a lu es  o f X on ly . H ow ever, fo r  a la rg e  c la s s  o f p r a c t ic a l  

p r o b le m s, the rad ius ra tio  l i e s  betw een  1 /3  and 1 /2 , and o c c a s io n a lly  

it g o es  a s  h igh as 0 . 8 .

The so lu tion  h e re in  p resen ted  i s  a g en era liza tio n  o f the C lark  

( 8 >and R e is sn e r  so lu tion , and . red u ces  to th e ir s  for  X “ 0.

3. 1 S e r ie s  E xpansion

S ince the c o e ff ic ie n ts  o f the govern in g  coupled  d ifferen tia l 

equations appear a s  tig o n o m etr ic  fu n ction s, it i s  rea so n a b le  to

and , in  the fo rm  of t r ig o ­

n o m etr ic  s e r ie s .

Let the so lu tio n  to (2 -28 ) and (2 -29 ) be:

cl 4 (l+ X sin 4 > )

2(n-f)4> c o s  < 
-I') 2 n

an<ta

(3 -1 )



w h ere I^n ~ r e p r e se n ts  c o e ff ic ie n ts  y et to be d eterm in ed .

Substituting equations (2 -3 0 ) into (2 -2 8 ), it  i s  e a s ily  v e r if ie d  

that the so lu tio n  p resen ted  s a t is f ie s  the eq u ilib r iu m  equation  a u to m a ti­

c a lly  for a ll v a lu es  o f A . H ow ever, the equation o f com p a tib ility

(2 -29 ) i s  not a u to m a tica lly  s a t is f ie d  for a l l  X .

A lso  it m ay be o b se rv ed  that in the s im p le  c a s e  w here A = 0 ,

both equations (2-28) and (2-29) a r e  sa tis fie d ;  i .  e, the p r e se n t  so lu tio n

(8 )e s s e n t ia lly  red u ces  to that g iven  by C lark and R e is sn e r . .

3. 2 A p p lication  of T h eorem  of M inim um  C om p lem en tary  E nergy

S in ce the equations of eq u ilib r iu m  are  s a t is f ie d  by the p r o ­

p o sed  so lu tion , the sa tis fa c tio n  o f the com p a tib ility  con d ition  w ill be
(1 2 )

in su red  by m in im iz in g  the tota l co m p lem en ta ry  energy:

r v c = f ( u - w )  = o  <3-2>

w h ere U i s  the s tra in  en ergy  w ritten  in  te r m s  of the s t r e s s e s  and W,

the p oten tia l en ergy  o f the end m o m en ts.

In a thin tube, the contribution  o f  and N«J> to the

s tr a in  en erg y  m ay be n eg lec ted , and •'K© m ay be n eg lec ted  in c o m ­

p a r iso n  to h en ce u sin g  (2 -2 2 ), (2 -33) b eco m es:
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.w here the double in teg r a l extends o v e r  the e n tire  m iddle su r fa ce  of the 

tube.

U sin g  (2 -7 ), (2 -1 9 ), (2 -2 2 ) and (2 -2 5 ), we m ay w r ite  (3 -3 ) as

zrr
P. I. . i n . rTl

dc|> d 0  (3 -4 )u -  * •  f n n u r n

<9 o O 
" 2

w h ere Q o  r e p r e se n ts  the cen tra l an gle  o f the bent tube. 

The p oten tia l en erg y  of the end m om en ts is :

W  =  2 . m  A

o r

W =  m - k © „  <3- 5>

w h ere  m  is  th e-ap p lied  m o m e n t . I t 'is  obvious J"W =  0  •

Thus

■TVc = f  u  = o (3 -6 )

The m in im um  co m p lem en tary  en erg y  can thus be co n v en ­

ie n tly  obtained in  the R a y le ig h -R itz  m anner by le ttin g

  =  - § ¥ ------  =  O  (3 -7 )

w hich  y ie ld s  a sy s te m  of N s im u lta n eo u s, lin e a r , a lg eb r a ic  eq u a ­

tio n s in  N  unknowns, B g n -l i w h ere Kj = n - 1 r e p r e se n ts  the 

num ber of a r b itr a ry  c o e ff ic ie n ts .
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3. 3 S tr e s s  In ten sifica tio n  and R ig id ity  F a c to rs

The s t r e s s  in ten s ifica tio n  fa c to r  m ay be d efined  a s  the ratio  

of the s t r e s s  in a cu rved  tube to that in  an " eq u iva len t"  stra igh t tube.

An eq u iv a len t tube i s  one having the sa m e  m om ent of in e r t ia , rad ius  

o f c r o s s  sec tio n , and applied  end m om ent a s  the cu rv ed  tube. Thus, 

the s t r e s s  in ten s ifica tio n  fa c to r s  in the m er id io n a l and longitud inal d ir e c ­

tion s b ecom e:

“  m b / i
-  x F n» +

tn b  |_ h h s  J

— E l h ________ f~y c o s cfe -v- <5L r bVlzo-v̂ 'd̂ FJ
Q -  _  I  f  N e + 6  M e ~ |

~  rn b /x  m b  L h  FT2  J
_  "E. T h [~dy 4- 6  V dg ~|

VTlb>Y|2(l-V*)'‘ [bd<^) b V l Z ( l — J
w h ere the p o sit iv e  s ig n  p er ta in s  to the in n er  su r fa ce  o f the tube.

In ord er  to s a t is fy  eq u ilib r iu m  at any c r o s s  sec tio n , (2 -20)  

m u st b e sa tis f ie d . F or th in -w a lled  tu b es, the seco n d  term  of the 

in tegran d  m ay be n eg le c ted  in  co m p a riso n  w ith the f ir s t  term ; hen ce:

(3 -8 )

m  —

2ir

N© b r

A pplying (2 -17) and (2-25):
„2TT

E n

Since:

d ( r ^ s ' )  i i    _
°  ' a < f  =  o
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the above equation m ay be w ritten  in  the form :

m  =  — Eh'
27T
0

(3 -9 )
Y T z f F v 5?  vj

o
Substitu ting (3 -1 ) into (3 -9 ) and in tegratin g , one g e ts:

m  =
E h 2  b

V lZ O -V * )

=  3 E I  4 -

(3 -1 0 )

w h ere X r e p r e se n ts  the m om ent o f in er tia  o f the tube, A  / a  

r e p r e s e n ts  the change in  cu rvatu re o f  the tube c e n te r lin e , ^ E X  

i s  s im p ly  the e ffe c t iv e  r ig id ity  o f the tube, and ^ m ay be c a lle d  

the r ig id ity  fa cto r .

It i s  noted  that the w ork  done by the end m om en ts i s  1 /2  W, 

w hich  m u st be s to r e d  in the tube as s tra in  en ergy:

u  = 4 - w (3 -1 1 )

The s tr a in  en ergy  e x p r e s s io n  (3 -4 ) m ay be w r itten  in  the 

fo llo w in g  con d en sed  form :

U  =  4 f s a /A 1 i . z S 2 T T i
lo2 aZ. (3 -1 2 )

w h ere

~/ d * \ 2 
\d<±> )s.d4 >) (,d<£

d<$> (3 -13)



25

S u bstitu ting  (3 -5 ), (3 -10) and (3 -1 2 ) into (3 -11):

o r , a fter  s im p lifica tio n :

(3 -14)

s in c e  ^ i s  the r ig id ity  fa c to r , its  in v e r s e ,  m ay be ca lled

the f le x ib ility  fa c to r .

3, 4 E valu ation  o f In teg ra ls

A. B in o m ia l E xp an sion

In applying the T h eo rem  of M inim um  C om p lem en tary  E n ergy , 

in te g r a ls  o f the fo llow in g  type a r is e  w hich req u ire  eva lu ation  b efo re  

the sy s te m  o f  a lg eb ra ic  equations can be so lv ed :

in teg r a l i s  to expand the denom inator u sin g  the b in o m ia l exp an sion . 

T h is is  p e r m is s ib le ,  s in c e  A is  a lw ays l e s s  than u n ity . Thus:

‘ZTT
0

(3 -1 5 )
0
D

One ap p rox im ate m ethod of d eterm in in g  the va lu e o f th is

H- X « ,fn  c|>
—  \ - X s m < ^  +  Xz  - (3 -16)
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A pplying (3 - l l )» th e r e  y ie ld s  for  n -  Z: 

+  2 4 - B 7 + -  =  l +  - § ^

and if  n = 3, th ere  re su lts :

r » . 7 x z i p  r 4 p o  . i s  . i 9 x ^ i r|_ 4 -  T  i 4 - j e > 3  +  i" 3(£> +■ 7 2  J  B s

-  [ + +

and so on. The u n d eterm in ed  co e ffic ie n t can then be so lv ed  in  te r m s  

o f jJ\ and X  •

The f le x ib ility  fa cto r  b eco m es:

* -  n - i t — £ b .

[ ( 2 n ' l)i *  u H l W  +

, ,2.
-  V  R  R  - L

n= 2  ''

+  j j  ”  "S’ B s  +  “V B e

+  r S  B2n‘‘ ^  +  tn-O* + “n (n -o )

X_ Bzrwi + n(n+|) + n2- )
n - a

X  Ban-I Bfcn+3 n ( 0 + l ) J " ^
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B . E xact In tegra l

In stead  of.expandi.ng the in tegran d  in (3-15) u sin g  the 

b in om ia l exp an sion , the g en era l so lu tio n  can be im p ro v ed  by u sin g  

the c lo se d -fo r m  so lu tion  fo r  the d efin ite  in te g r a ls . One notes:
(fir  zm

0 0 3  n(fr deb =  Ro
i + A s i n 4 > T

*i.n$

1 + A sin ^ s

w here
(Lp<4>

-  2.
n

t +  A s i n ^  =
. . x(za-0
’ +  2 c 2

The above in te g r a l m ay be rew ritten  a s:

a  JL z n d z .

w ith p o le s  at poin ts:

It i s  noted  that d is  o u tsid e  of the unit c ir c le ,  and the in teg ra l i s  

sim p ly:

e ln* d» _ Do ,.  _ 4ttL cn 
1+  <|> 2 . T T l R e s ( 0 -  ^

=  £TT .Cn/ v i ^ X23



It fo llo w s  then: 
2TT

A

U
-  o

n e v e n  (3 - i 7 )a 

n  o d d

H X ^  a *  -  2 i r c n/ v i - x r ' « n o d d  (3-17)b

=  o n even
F or th is c a s e , in  (3 -14) tak es the form :

§  =  l B | n- ,(z n -0 % -j^ r Z  B*n-I <5n-i nn

^  2 1  B a n - i  £>2.m -i Q n m l
n —t n a i n 4 - i  —*n=i m»n+i

In the above equation, Bj i s  taken to be unity, but the  

rem ain in g  c o e ff ic ie n ts  B gn-j a r e  Ye t t°  ke d eterm in ed . The fu n c­

tion s <qnm a re  defined as fo llo w s:

cos£(m-Ginm — -jj 

Qi , m — j f

Q»,« ”  j f

[cos2n«t> _  co s  2(n-04>~| [cos2m4> cosgfrn-
n n “ ' J |_  m m -i

, fcos 2m 4> cos2(nn-i)flad4>
C o s  24*|^ m J f *

(3 -1 8 )
c o s ^ E ^

d<*>1 +  Xsm<$>

By u sin g  tr ig o n o m etr ic  id e n tit ie s , the in te g r a ls  in  (3 -18 )  

can be d ecom p osed  into s e v e r a l in te g r a ls  for  w hich c lo se d -fo r m  

so lu tio n s  a r e  given  ab ove. The m in im iza tio n  o f the com p lem en tary  

en erg y  w ill r e su lt  in a se t  o f  s im u ltan eou s equations in  te r m s  o f A 

and yU from  w hich the u n d eterm in ed  c o e ff ic ie n ts  a re  obtained .



3. 5 D isc u ss io n  o f  R e su lts

To ev a lu a te  the a n a ly tica l m ethods, pub lished  ex p er im en ta l

r e s u lts  a re  p re se n te d  in  F igu re 2 fo r  ^ , and F ig u res  3 -6  for

s t r e s s  d istr ib u tio n . The a n a ly tica l r e su lts  a re  obtained by using the

b in o m ia l exp an sion  to ord er  of X^". In F ig u re  2, the ex p er im en ta l data

(5)obta ined  by G ross and Ford co n firm  v ery  w e ll the th e o r e tic a l p r e -
(7)

d ic tio n . On the o th er  hand, data points obtained  by V i s s a t  and D elBuono  

a r e  c o n s is te n tly  h ig h er  than the th eory  p r e d ic ts . T hese h igh  e x p e r i­

m en ta l v a lu es  a re  b e lie v e d  to be due e s se n t ia lly  to end r e s tr a in ts  a tten d ­

ant to load  ap p lica tion  on a short rad ius bend.

In F ig u r es  3 and 4, the th e o r e tica l s t r e s s  d istr ib u tio n s a s  

p red ic te d  by the g en era l so lu tion  u sin g  the b in o m ia l exp an sion  a re  

p lo tted  a g a in st the ex p er im en ta l data for X around o n e -th ird  obtained
( S )

by G ro ss  and F ord  . S im ila r ly , in  F ig u res  5 and 6, the th e o r e tic a l

s t r e s s  d is tr ib u tio n s  a r e  p r e s e n te d  w ith  the e x p e r im e n ta l data fo r  X
(7)

around o n e -h a lf  ob tained  by Vi s s a t  and D el Buono . T he th e o r e tica l 

p red ic tio n s  se e m  to be con firm ed  w e ll by ex p er im en ta l r e s u lt s .

In com puting the r ig id ity  and the s t r e s s  in te n s ifica tio n  fa cto r  

u sin g  e ith er  the b in o m ia l exp an sion  or the c lo se d -fo r m  fo r  the in te ­

g r a ls , the so lu tio n  i s  fpund to be a lw ays rap id ly  co n v erg en t. D epend­

ing on the m agnitude of JU and a lso  to a l e s s e r  exten t on that o f X > 

taking four to s ix  te r m s  in the s e r ie s  so lu tion  is  a lw ays adequate.
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T he rig id ity  fa c to r , , a s  com puted u sin g  the b in o m ia l

expansion  and the c lo se d  fo rm  in teg ra l so lu tion  a re  g iven  in  F ig u r es

2 a n d 2 ,̂ r e s p e c t iv e ly . T hey a re  p r ese n ted  a s  a function  of and

A  . The fa ct that the cu rv es  d ev ia te  from  each  o th er at la r g e

pipe p a ra m eter  in d ica te s  that ^ i s  s e n s it iv e  to the tru n cation  of

h igher o rd er  te r m s  in  the b inom ial exp an sion  at la r g e  va lu es  o f  JA- .

On the o th er  hand, the s t r e s s  d istr ib u tion  and the p eak  value o f

s tr e s s  i s  ra th er  in se n s it iv e  to such tru n cation . A s a re su lt , both

ap p roach es g iv e  a lm o st id en tica l peak;atre.ss and only a s lig h t change in

s tr e s s  d istr ib u tio n .

It i s  noted in  F ig u re  2A that the e ffec t o f  A on the

rig id ity  fa c to r , ^ } i s  m inor and d im in ish es  with in c r e a s in g  L̂A .

In fact at iU beyond 100, none of the th ree  c u r v e s  i s  d istin g u ish a b le
( 8>

from  the a sy m p to tic  fo rm u la  . Thus, a s  far a s the r ig id ity  fa cto r

is  co n cern ed , the p r e se n t  r e su lts  co n firm  what has b een  found by other  
(4 >(8 )

in v e s t ig a to r s

The e ffec t o f JU and A on the m er id io n a l s t r e s s  in te n s i­

f ica tio n  fa c to r  can be s e e n  in  F ig u res  7 and 8 for  Â. = 100 and 16. 5,

r e s p e c t iv e ly . It should  be noted that A  not only a ffe c ts  the peak  

s tr e s s ,  but it  a lso  in flu en ces  su b sta n tia lly  the s t r e s s  d istr ib u tio n  in  

the inner h a lf  o f the tube. F u rth er, at la r g e  yU , the peak m er id io n a l 

s tr e s s  a lw a y s  o ccu rs  a t -  0; b u t, a t m od erate  LA , in c r e a s in g
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A tends to sh ift the lo ca tio n  o f m axim um  s tr e s s  tow ard the in tra d o s . 

S im ila r  f ig u r e s  w ere  obtained for  the lon gitu d in al s t r e s s  in te n s if ic a ­

tio n  fa c to r , but the peak  va lu e is  a lw ays sm a lle r  than that in  the 

m erid io n a l d irec tio n , and hence a re  not p resen ted .

U su a lly  one is  l e s s  in te r e s te d  in  the s tr e s s  d istr ib u tion  : . 

around the p ipe b ore, than in  the peak s t r e s s  in ten sifica tio n  fa c to r , 

w hich a lw a y s o ccu rs  at the in n er  su r fa c e . The peak s t r e s s  i s  p r e ­

sen ted  in  F ig u re  9. A ll the c u r v e s  a re  term in a ted  at the lo w er  lim it

o f LK a t w hich the thin s h e ll  a ssu m p tio n  is  s t il l  co n s id e re d  va lid .
(B)(9)

A lso  show n, in  dotted lin e , areth e  a sy m p to tic  so lu tion s w hich  are  

v a lid  for A = 0 and la rg e  jX  • A s ex p ected , the a sym p totic  so lution  

c o in c id es  w ith  the cu rve  for A = 1/10 at la rg e  A*- , and d ev ia te s

fro m  the r e s u lts  o f  the g e n er a l so lu tion  at the low er range o f JX  .

But the e f fe c t  o f A  on the peak  s t r e s s  in ten sifica tio n  fa c to r , p a r ­

t ic u la r ly  in  the range of p r a c t ic a l in te r e s t ,  i s  by no m ean s n e g lig ib le .
(B)(9)

H ence for A d ifferen t from  aero , the ex istin g  a sy m p to tic  fo rm u la s  

m u st be r e -e x a m in e d . T his i s  c a r r ie d  out in  C hapter 4,

The a n a ly tica l r e s u lts  o f the g en era l so lu tion  a re  rap d ily  co n ­

v erg en t. The req u ired  num ber o f  te r m s in  the s e r ie s  exp an sion  se e m s  

to depend la r g e ly  on the value o f JX  . F o r  the m erid io n a l s t r e s s ,  

w hich is  the le a s t  con vergen t o f a l l  the q u an tities o f in te r e s t , on ly  four
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te r m s  a re  req u ired  fo r  yjl around 20, and s ix  te r m s  are  su ffic ien t for  

yjL a s  la rg e  a s  100. In the la tte r  c a s e , only a 6x 6 m a tr ix  i s  req u ired . 

The c o e ff ic ie n ts  o f B z n - l  1 d e c r e a se  at le a s t  th ree  o rd ers  o f m a g ­

nitude in  th e se  c a s e s .

To illu s tr a te  the advantage of the p r e se n t m ethod o v er  e x is t ­

ing o n es , it  should be p ertin en t to m ake so m e co m p a riso n . The

p r esen t m ethod  req u ires  so lv in g  a 4x4 m a tr ix  for  Lt =  4 6  . T ueda's  
< ■ * >

m ethod req u ires  co m p lica ted  n u m er ic a l com putations and so lv in g  a

20x 20 m a tr ix  for A  = 3 7 . No con v erg in g  r e su lts  can be obtained  by

so lv in g  even  a  m uch la r g e r  m a tr ix  for Û- == 46. In fact, h is  r e su lts  a re

not con vergen t at X — ^  for  any value of IX . The m ethod of 
(3)

T urner and Ford in v o lv es  stra igh tforw ard  n u m er ica l com p u tation s,

but it  r e q u ir e s  a so lu tio n  o f a 25x25 m a tr ix  in  the c a se  o f A  =  37 and

of a 49x49  m a tr ix  in  the c a se  o f JJL =  46 . The c o s in e  s e r ie s  so lu tion
(4)

p rop osed  by Jon es req u ires  a 10x10 m a tr ix  for JLL =  46 w h ereas
( 2 )

the m ethod p rop osed  by Sym onds and P ardue r e q u ir e s  only  a s ix - te r m

ex p a n sio n . H ow ever, lik e  J o n e s , they m ade the a ssu m p tio n  that the

m er id io n a l m idd le su r fa ce  is  in e x te n s ib le . A s a co n seq u en ce , the

m er id io n a l s t r e s s e s  in the inner and ou ter su r fa c e s  o f the tube a re

a lw ays equal and o p p o site . T h is w as found to be u n r e a lis t ic  and to
(5)

e r r  on the u n co n serv a tiv e  s id e .
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CH A PTER  4

A SY M PTO TIC  SOLUTION FOR AXISYM M ETRI C CASE

F o r la r g e  a so lu tio n  for ithe a k isy m m etr ic  ca se*  by

a sy m p to tica lly  in teg ra tin g  the govern in g  d ifferen tia l equation^ b eco m es  

v er y  a ttr a c t iv e . The form u las fo r  the r ig id ity  and m axim um  s t r e s s  

in te n s ifica tio n  fa c to r s , in th is  upper range of JJi , red u ce to r e la t iv e ly  

s im p le  and c o n c ise  e x p r e s s io n s  thus m aking them  ex cep tio n a lly  u se fu l.

A s it  w as pointed out in  the p rev io u s  chap ter th e  e ffe c t  

of X  on the peak  s tr e s s  in te n s ific a tio n  fa cto r , p a r tic u la r ly  in  the 

range of p r a c t ic a l in te r e s t , i s  by no m ean s n e g lig ib le . So far, a sy m p ­

to tic  so lu tio n  e x is t s  only for the c a se  X  ~ 0 o r  v a n ish in g ly  s m a ll X •

I f  A  i s  s u b s ta n t ia lly  d if fe r e n t fr o m  z e r o ,  the e x is t in g  a sy m p to t ic  
( 8 )

fo rm u la s  m u st b e  m odified  to r e f le c t  i t s  e ffec t.

4 . 1 T h eory  and Solution

Combining; {2-28) & (2 -2 9 ) and w riting  th e se  in  co m p lex  form :

d z i l  , Acos4> dZ. sir>4>
c l M  \+Astn<f> ^l+Asin<t> (4 -1 )

w here

2 _ - = £ >  +  L *  (4-2)
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It i s  noted that for  th in  tu b es, X JJ- • F or v ery  la rg e  va lu e of jX  

(4 -1 ) m ay be s im p lif ie d  to:

sin 4>  ; j*jfl, <^Qs<fr
l+X sm <t> 21 I + A s \n 4> (4“ 3)

F o r  la r g e  JLL , the g en era l so lu tion , d isc u s se d  p r e v io u s ly ,  

in d ica tes  that the peak s tr e s s  a lw ays o c c u r s  in the m er id io n a l d irectio n  

and near = 0 . In the neighborhood o f = 0 , (4 -3 ) red u ces  to:

(4 -4 )

U sin g  the fo llow in g  tra n sfo rm a tio n  to s tr e tc h  the v a r ia b le s:

x — t / 3 4>
r -  t  (4 - 5 )

T lx 1) ■=

The d iffer e n tia l equation (4 -4 ) red u ces  to the form :

- I X T  =  I <4' 6)

w h ere

T (x}  =  T r (x} +  L T L0 0 (4 -7 )
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The su b sc r ip ts  r and i stan d  fo r  re a l and im a g in a ry , r e sp e c t iv e ly .

Substituting (4 -5 ) and (4-7) into (4-2):

,1/3

(4 -8 )

and the in it ia l con d ition s w hich  a r e  obtained fro m  the g en era l 

so lu tio n  for la r g e  :

p> (o') =  O (4-9)

a re  sa t is f ie d  if:

T t ( o )  =  0

j - r  / v <4’ 10>dTr(O) _  n
ax “  °

The in it ia l con d ition s in  (4 -9 ) a re  o b v iou sly  ju stified  by the

r e s u lt s  obtained fro m  the g en era l so lu tion  as d is c u s se d  e a r lie r . : . .
(8 )

A so lu tio n  to (4 -6 ) w as g iv en  by C lark  and R e is sn e r  in te r m s  of 

L om m el fu nction s for the c a s e  o f X  = 0 .

A ltern a tiv e ly , the d ifferen tia l equation m ay be so lv ed  by  

n u m e r ic a l in teg ra tio n  tech n iq u es, such  a s  R unga-K utta, provid ed  the 

ad d ition al con d ition s are  sp ec ified :

T r t o }  = - 1 . 2 8 7 5
(4 - 11)

^ Co) -  0 . 5 3  S 3



36
(10)

T h ese  con d ition s a re  obtained from  the L om m el function  at x  = 0

The m axim um  s t r e s s e s  a re  known to o ccu r  near ^  ssO.

Thus, u sin g  the approxim ation  and C O S,^ =  1 , one obtains

fro m  (3-8), u sin g  (4-8):

S4>- 2. |_T^ ‘mFv* dx J
o  -  . i J ^ R T r  -  > E K D  d T t  1
S ©  ~  z  j_ax +  v i / p v r  J

(4 -12 )

and

r* - / U ^ F a  x  _ d T r  -  / 3 (I-V)' d T i lS e  - p - \ ^ 7S T r 4 - ^ y -  g ^ - j2
in  w hich the top sig n  r e fe r s  to the in n er su rfa ce  o f the tube.

4 . 2 D isc u ss io n  o f R esu lts

In (4 -1 2 ), the m axim u m  ab so lu te  v a lu es  fo r  T (x ) and dTjOQ 
r d X

happen to be th e ir  in itia l v a lu e s . H ence, S 4> i s  m axim um  a t <(> = 0 

and its  m agnitude i s  dependent on both JU and X  . In the p r a c ­

t ic a l range o f JX and X » the contribution  o f the d irect s t r e s s  (first  

term ) is  not n e c e s s a r ily  n e g lig ib le  a s  se en  in F ig u re  9. The cu rv es  

rep resen tin g  the g en era l so lu tio n  m erg e  with the a sy m p to tic  so lu tion  

at la rg e  L̂A, ; but th ese  c u rv es  a r e  s t i l l  d istin c t for  d ifferen t X . It 

i s  found that ex cep t for  v e r y  s m a ll v a lu es  of JX and ^  , i s  a lw ays  

m o re  c r it ic a l than S e  or S ^ -  s ©  and hence the la tter  tw o e x p r e s ­

s io n s  are not p lo tted . T h ere fo re , fo r  = 0. 3, a com p act e x p r e ss io n
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fo r  the peak  s t r e s s  in  a tube i s  ob ta ined  fro m  (4 -12) a s  fo llo w s:

I — O .Q & P *  |o .7 5 -^ 7 5 -  +■ i 1
- 1 (4-13)

C om paring with the r e su lts  show n in  F igu re 9, (4-13) t r a c e s  ex a ctly  

the c u rv e s  obtained by the g en e r a l so lu tion  fo r  each  \  , ex cep t for  

^  = 0. 1 at v a lu es  o f JX  b elow , say 10. O bviously the a sy m p ­

to tic  form u la  should  no lon ger  b e v a lid  for  su ch  sm a ll v a lu es  o f 1JL.
(9)

C lark  poin ted  out that the a sy m p to tic  so lu tio n s given  in  

R eferen ce  8 r e p r e se n t  only the lead in g  te r m s  o f the a sy m p to tic  

ex p a n sio n s . By reta in in g  the n ext h igher o r d er  term , he obtained the  

fo llow in g  peak s t r e s s  in ten s ific a tio n  factor:

I 2 /3
S<*>|m ax. = 0 . 8 & >  jA  - 0 . 2 . 7 8  (4-14)

It i s  noted  that X  i s  ab sen t fr o m  (4-14), h en ce  it  is  v a lid  only for  

/ \  = 0. By p lotting  (4-14) on F ig u re  9, an e x c e lle n t  a g reem en t w ith  

the r e s u lt s  for ^ = 0 .1  ob ta in ed  by the g en er a l so lu tio n  is  seen , 

a s  long a s  jX  i s  not too sm a ll.

E x p er im en ta l r e s u lts  a r e  p re se n te d  along w ith  the a sy m p ­

to tic  so lu tio n s  in F ig u re  10. E x cep t for the r e su lts  rep o rted  by G r o ss
(5)

and F ord  , m o st o f the a v a ila b le  data a re  obtained  by u sin g  s tra in
(6){7)

gages only  on the ou ter  su r fa ce  . , It i s  noted that the r e su lts
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( 6 )

by P ardue and V ig n e ss  a re  e x c e lle n t , w h ile  the r e s u lt s  o f V is sa t  and 
{7) (5)

D el Buono are c o n s is te n tly  lo w . The r e s u lt s  by G r o ss  and F ord

are  a ls o  v e r y  good. The d ifferen ce  b etw een  the a b so lu te  value o f the

s tr e s s  on the in n er and outer su r fa c e s  in d ica te s  the con tribu tion  o f the

m er id io n a l m em b ran e s t r e s s .

It should  b e pointed  out that m o st  o f the data rep orted  by
(7 )

V issa t  and Del Buono are obta ined  from  tu bes with the th ick n ess  - 

radius ra tio  su b stan tia lly  in e x c e s s  of 1 / 1 0  which m ea n s r e la t iv e ly  

th ick  tu b e s . On the other hand, it  i s  in te r e st in g  to s e e  that the data for  

X  = 1 / 2  is  a lso  c o n s is te n tly  low er than th o se  for X  = 1 /3  w hich con ­

form s to the trend  o f the th e o r e tic a l p red ictio n .



CHAPTER 5 

ASYMMETRIC CASE

A pparently , th ere  has been  no so lu tio n  p u b lish ed  for  the in -p la n e  

bending o f  a th in -w a lled  tube having r ig id  end f la n g e s . B ec a u se  o f the  

f la n g e s , the so lu tion  w ill no lo n g er  be independent o f the longitud inal 

coord in ate , © , a s  w as th e c a se  for  the a x isy m m e tr ic  so lu tion s p r e ­

sen ted  in  C hapters 3 and 4 . T h eo re tica l in v estig a tio n s , to date, have  

been  s o le ly  co n cern ed  w ith the r e la t iv e ly  s im p le  c a s e  o f a x isy m m e tr ic  

b en d in g  although so m e ex p er im en ta l d a t a ^  i s  a v a ila b le  fo r  tubes  

with f la n g e s .

The end f la n g es  have the e ffe c t  o f reducing the o v a liza tio n  of 

c r o s s  se c tio n s  in  the v ic in ity  o f the en d s. T his d e c r e a se  in  o v a liza tio n  

w ill ten d  to red u ce the f le x ib ility  and p eak  m erid io n a l s t r e s s .  The 

peak lon gitu d in al s t r e s s  i s  ex p ected  to  in c r e a s e  as c r o s s  se c tio n a l  

d isto r tio n  is  red u ced .

Of c o u r se , the ex ten t o f d isto r tio n  w ill  depend p r im a r ily  on 

two p a r a m e te r s , © 0 and yU • A s © e d e c r e a s e s , the e ffec t  o f the 

f la n g es  w ill  be fe lt  o v e r  an in c r e a s in g ly  la r g e r  p rop ortion  o f the tube, 

and, th e  e ffec t o f  sh ea r  should  sta r t to be o f com p arab le  m agnitude  

to the bending and n orm al s t r e s s e s .  The in c lu sio n  o f  a l l  the above  

e ffe c ts  would m ake the p ro b lem  quite co m p lica ted . F u rth er , the e x i s t ­

ing ex p er im en ta l d a t a ^  fo r  © „ l e s s  than 180° i s  e r r a t ic .
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In th is  ch ap ter , a so lu tion  w ill  be p r ese n te d  fo r  a  U -bend  

( 0 0 =  TT ) fo r  w hich rea so n a b le  ex p er im en ta l data a r e  a v a ila b le .

In what fo llo w s , a so lu tio n  w ill be p ro p o sed  in  w hich  the d isp la c e ­

m en ts a re  expanded in  tr ig o n o m etr ic  s e r ie s  in  such  a m anner that 

w ould sa tis fy  the co m p a tib ility  co n d itio n s, and the to ta l p oten tia l 

en erg y  w ill be m in im ized  in  the R a y le ig h -R itz  m anner to in su r e  

sa tis fa c tio n  of the eq u ilib r iu m  eq u ation s.

In the form u la tion  o f the p rob lem , the u su a l a ssu m p tio n s  

w ill be m ad e, n am ely:

a) P la n e  se c tio n s  rem a in  plane

b) In ex ten sib le  m er id io n a l c en te r lin e

c) S hear con tribu tion  n eg lig ib le

The assu m p tio n  im p o sin g  the in e x te n s ib ility  o f the m er id io n a l 

c en te r lin e  i s  not s tr ic t ly  tru e ex cep t in  the v ic in ity  o f the end  

f la n g e s . H ow ever, the g en era l th eo ry  for an a x isy m m e tr ic  tube 

in d ica tes  that th is  a ssu m p tio n  d oes not s e r io u s ly  a ffec t the a x isy m ­

m etr ic  r e s u lts  and should  a ffect to an even  sm a lle r  ex ten t the r e su lts  

for  the a sy m m e tr ic  c a s e  s in ce  the fla n g es  h inder o v a liz a tio n .

The a ssu m p tio n  w hich n e g le c ts  the contribution  o f the sh ear  

stra in  in  co m p a r iso n  w ith the bending s tra in  is  c o n s id e r e d  ju stifia b le
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fo r  a U -b en d , s in c e , the e f fe c t  o f the r ig id  fla n g es  i s  ex p ected  to decay  

rapd ily  aw ay fro m  the en d s.

5 .1  D isp la cem en ts

F o llo w in g  the a ssu m p tio n  of the in e x te n s ib ility  o f the m id d le  

su r fa ce  in  the m er id io n a l d irec tio n , i . e . ,  S<^0 = 0 , one obtains:

^  =  - - ^ 1 ^  (5- 1»

It should  be n o ticed  that th is  a ssu m p tio n  red u ces  the num ber of d is ­

p la cem en ts  w hich m u st be expanded in  s e r ie s  fo rm .

F u rth er , fro m  the assu m p tio n  that plane c r o s s  se c tio n s  

rem a in  p lan e, one m ay w rite:

ur© =  <3.+(bsin4>)A (5_2)

w h ere q r e p r e se n ts  the ex ten sio n  o f  the cen te r lin e  o f the tube, and 

A  the rotation  of the c r o s s - s e c t io n .  O bviously , in  th is  a s y m ­

m etr ic  c a s e ,  A  should  be a function  of ©  .

To sa tis fy  the sy m m etry  con d ition s for  UT̂ , and UT-̂  , the 

d isp la cem en t in  the m er id io n a l d irec tio n  m ay be expanded in  the 

form :
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ur<b ■=• 51 ^  urt s c©s*t4>
T S a \ l3L*t*l,a  ”  . ^

do r  oo

(5-3)

S im ila r ly , fro m  sy m m etry  co n d itio n s, A  m ay be expanded  

a s  an odd function  in  ©  , n am ely:

5 . 2 A p p lication  o f T h eo rem  of M inim um  P o te n tia l E nergy

The e x p r e s s io n  for the to ta l p o ten tia l en erg y , n eg lec tin g  the 

sh e a r  strain ,, i s  g iv en  by (2 -3 3 ) . C on sid er in g  the m anner in  w hich  

the tube o v a liz e s , one would ex p ect the change in  cu rvatu re in  the  

m erid io n a l d irec tio n  to be m u ch  g rea ter .th a n  the cu rvatu re change  

in  the longitud inal d ire c tio n . T h is should  be tru e o v e r  a m ajor  

p o rtio n  o f the tube, ex cep t in  the im m ed ia te  v ic in ity  o f the end  

fla n g e s  w h ere v a n ish e s . In con form ity  with th e a b o v e ,a ssu m p ­

tio n , a s  w e ll  a s  th e  in e x te n s ib ility  o f  the m er id io n a l c en te r lin e ,  

(2 -33 ) s im p lif ie s  to the fo llo w in g  form:

oo
A  “  b(-, jrjyj- S i n

mre
©o

(5-4)

ft ft

-V* D  b  r  d © (5-5)

u
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S ubstitu ting  (2 -5 ) and (2 -7 ) in to  (5 -5 ), one obtains:

T J = - § - ' O f f ’ + l&Tbrd+Je

w here i s  g iven  by (5 -1 ).

The p o ten tia l en erg y  o f  the ap p lied  end m om en ts is :

W  - Z m  A
© =

(5-7 )

To in su r e  that the eq u ilib r iu m  con d ition s a r e  s a t is f ie d , the

*

to ta l p o ten tia l en erg y  w ill be m in im iz ed  in  the m anner o f  R a y le ig h -  

R itz a s  fo llo w s:

= o (5 -8 )

w h ere

= u - w
and

a
=  -  - i f *
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The se t  o f  equations ch a r a c te r iz e d  by (5-8) m ay be w ritten  

in  the fo llow in g  form :

^ V p   —  n  w hich  g iv es:

o j j  OcU |  • — ---

X + la A y  ^sPt 9
even odd <—________ v D 2. —.

+  i £  z z ^ t s  1 ) ^ 3-  k sp

— b 0 o t a i n % L P — 2 Z b n o w in ^  K np — 7 “ % L P =  O

F or q odd
odd odd _  ___  . _  2.

even odd

+ 5  ^ « > * i [ p t H

b o ^ s i n ^ L p  - ^ l b n f>sin^ K n p - i r ? ^ L p =  0

F or q even

— "  Q  w hich g ives:
© b>0

odd odd   even odd  „

~ r̂~ ^ c o * .  06din̂ . Ls ^s'n-fc L s

_i_ l. T Q° u_ 'S-  L T I 4- O T ®° —T- bo ± 2 2  ■+■ oZ- b n l z  l_n ■+• y  1,  £  -  2 £ X
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I sOZe — w h ich  g iv es:
3  b p  g

odd odd. _______
— ^  cot s  06A.int  E p s

even odd
COt s  t p s

+  b .  X ,  Lp +  z :  b n T *  Knp + f  I ,  Lp =  " » * > & •* *  s m I * L

9 V p  _ n w h ich  g iv es:
3  ^  u

odd odd
(X^ L g

even odd
^ t S  !

+- b0 i ,  f*- +  z :  b„ i ,  Ln f>  =  oQ o  __

w here

5 T T -  — / x - 5 < S -d ± ___

U
)

~ — Q —  _  /N <X» f it  d4> 
< * % p t ”  n - X s i n f

^  l+ X s m ^ )

®,/2

«-n  =
    OTT 0  mCOS  d©<S>o

l o  = < *

<=*«*>
l + A s m ^

<d$
1+  Xsm <^

T« =  <!► s i n ^  <*4* 
l a  ^  t + X s m $

© •A *

Kps — c o s £ H ®
©o c o s a ^ H d e<3)o
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and:

ck± =  cos- t4>  cos4> + t  s in t4> stn<̂ > 

= .  s i n  4:4* cos<js —-fc cos-fc^ sin<^

I t *X+Q. “  K ron eck er d elta

5. 3 D is c u s s io n  of R esu lts

The c o e f f ic ie n ts  o f th e  s e r ie s  (5 -3 )(5 -4 )  w e r e  o b se rv ed  to con ­

v e r g e  at a m o d era te  r a te . F or r e la t iv e ly  sm a ll v a lu e s  of J X  (8 . 3), 

the UTt-3  c o e f f ic ie n ts  d e c r e a s e  tw o -o r d e r s  in m agn itu d e in  the  

seco n d  su b sc r ip t  ( © - d irec tio n ) in  15 te r m s , and, f iv e -o r d e r s  in  

m agnitude in  the f ir s t  su b sc r ip t  ( -  d irectio n ) in  8- te r m s . F or

r e la t iv e ly  la r g e  v a lu e s  o f JX (82, 6 ), th e  U7^s  c o e f f ic ie n ts  d e c r e a se  

th r e e -o r d e r s  in  m agn itu d e in  the & - d ire c tio n  in  1 5 -te r m s  but only  

one and o n e -h a lf  o r d e r s  in  m agnitude in  the - d ir e c t io n  in  8 te r m s .  

T hus, the UT^S  s e r ie s  i s  h igh ly  s e n s it iv e  to tru n ca tio n  in  the 4>

- d ir e c t io n  and l e s s  s e n s it iv e  in  the © - d ir e c t io n  at la r g e  v a lu es  

of yu..

F or a ll  yii, the b^ c o e ff ic ie n ts  d e c r e a s e  m o n o to n ica lly  one and 

o n e -h a lf  o r d e r s  in m agnitude in  15 - te r m s  w h ile  a ltern a tin g  in  sign .
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A lthough  the s e r ie s  o f c o e f f ic ie n ts  i s  s lo w ly  co n v erg en t, the s e r ie s  

d efin in g  the angular ro ta tio n , A  , c o n v e r g e s  so  w e ll that four te r m s  

w as found adequate. F o r  a ll v a lu e s  of jX. , the fourth  through  

fifteen th  te r m s  in the s e r ie s  a ffec ted  the to ta l angular ro ta tio n  of 

the ends of the tube by only  5%. The la r g e s t  m a tr ix  so lv ed  w as  

135 x 135.

T he f le x ib ility  fa c to r  w as found to  b e the le a s t  s e n s it iv e  to  

tru n ca tio n  of the s e r i e s .  The p lo t of f le x ib il i ty  fa c to r , , v s .  

pipe p a ra m ete r , jX , F ig u r e  11, show s that th e th eo ry  h e r e in  p r e ­

sen ted  a p p ea rs  to be an  upper bound on the ex p e r im e n ta l data.

To ex p la in  the ex p er im e n ta l data p lo tted  on F ig u re  11, one  

m ay quote the a u th o rs, P ardu e and V ig n ess^ ?  MThe ran ge of f le x i ­

b il ity  fa c to r s ,  m e a su r e d  for a g iv en  bend len g th  and end co n stra in t  

w as found to be a p p ro x im a te ly  the sa m e  fo r  in -p la n e  and o u t-o f-  

plane bending. T h e r e fo r e , data for the th r ee  m o m en ts  have b een  

a v er a g ed  fo r  each  bend  len gth  and end co n stra in t, and p lo tted  in  

F ig u re  11. M axim um  and m in im u m  v a lu es  a r e  show n b y  the  

e x tr e m it ie s  of-the v e r t ic a l  lin e . T hus, the len g th  of the lin e  r e p r e ­

se n ts  the ran ge of f le x ib il i ty  fa c to r s  ca u sed  b y  d ifferen t ty p es  of 

lo a d s  fo r  one com b in ation  of bend len gth  and end co n stra in t ".
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Of the two s t r e s s  in te n s if ic a t io n  fa c to r s , and S e  , is  

se e n  a lw ays to be the g r e a te r , both  ex p e r im e n ta lly  and a s  p red ic ted  

b y  the p r e se n t  th eo ry  (See F iguV es 12 and 13). A s se e n  in  F ig u r e  12, 

the p r e se n t th eo ry  is  co n firm ed  v e r y  w e ll by the ex p er im en ta l data  

fo r  the m er id io n a l s t r e s s  in te n s ific a t io n  fa c to r  at la r g e  v a lu e s  of j j ^.

It fu rth er ap p ears to b e an upper bound on the ex p er im en ta l r e s u lt s  

fo r  th is  c r it ic a l  s tr e s s ., S<|>. On the other hand, the e x p er im en ta l  

data for S o  co n fir m s ra th er  w e ll  the a n a ly tica l r e s u lts . '

A s exp la in ed  p re v io u s ly , a tten tion  w as r e s tr ic te d  to U shaped  

tu b es of m o d era te  to la r g e  v a lu e s  o f JX, s in c e  the sh ea r  e f fe c t  for  

th e se  tubes could  be c o n s id e r e d  n e g lig ib le  or at m o s t  it s  e f fe c t  

lim ite d  to a s m a ll p ortion  of the tube n ear the end f la n g e s . F o r  tubes  

having a c e n tr a l an gle  o f 9 0 ° or l e s s ,  the sh ear  e f fe c t  should  be  

in c r e a s in g ly  m o r e  pronounced  and s ig n if ic a n t. But, due to e x p e r i­

m en ta l d iff ic u lt ie s , the a v a ila b le  ex p er im e n ta l data s e e m s  quite e r r a t ic  

fo r  bends of 9 0 ° or l e s s  contain ing end f la n g e s .

In su m m a ry , the a n a ly tica l r e s u lt s  for a U -b en d  w ith  r ig id  end 

f la n g es  s e e m  to be rea so n a b ly  co n firm ed  by e x p e r im e n ts . The a ssu m p ­

t io n s  u sed  s e e m  to b e  ju st if ia b le . F u rth er  r e fin e m e n t m ay b e p o s s ib le  

w hen la r g e r  m a tr ic e s  a r e  u se d  in  con ju nction  w ith  th e d e le tio n  o f som e  

o f the r e s tr ic t io n s  im p o sed .
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a s  C orresp on d in g  S e c r e ta r y , e le c te d  to Chi E p s ilo n  F r a te r n ity  and 

s e r v e d  in  the U n ited  S ta tes  N aval A ir  R e s e r v e . In June o f 1956, he 

r e c e iv e d  the B a c h e lo r  o f C iv il E n g in eer in g  d eg re e  Cum L aude.

A fter  grad u ation , M r. T h a iler  w ork ed  fo r  the P o r t  o f N ew

Y ork A u th ority , a c c e p te d  a  c o m m is s io n  in  r e s e r v e  co rp s  o f  the U .S ,

P u b lic  H ealth  S e r v ic e ,  su b seq u en tly  w as em p lo y e d  by Y ork  and

S a w y er , and The P u b lic  H ea lth  R e se a r c h  In stitu te  o f The C ity  of N ew

Y ork, Inc . He atten d ed  The C ity  C o lleg e  on a p a r t -t im e  b a s is  fro m
«

S ep tem b er  of 1961 u n til he r e c e iv e d  the M a ste r  of E n g in e er in g  

d e g r e e  in  June of 1964.

In S ep tem b er  of 1964, M r. T h a iler  a c c e p te d  the p o s it io n  a s  

fu l l - t im e  L e c tu r e r  in  the D ep a rtm en t o f C iv il E n g in eer in g  a t  The C ity  

C o lle g e  and b egan  p a r t - t im e  study toward-., a  Ph. D. d e g r e e . C om m en cin g  

S ep tem b er of 1965, u n til th e  S pring s e m e s te r ' of 1969, .he con tin u ed  a s  a  

p a r t- t im e  L e c tu r e r . ' '



C om m en cin g  in  the Sum m er of 1965 and ending in  the Sum m er  

of 1966, h e  u n dertook  r e s e a r c h  on th e s t r e s s  d is tr ib u tio n  in an 

e la s t ic  body in  the v ic in ity  of a c r a c k , under th e d ir ec tio n  of P r o ­

f e s s o r  L eon  Y. B ahar, sp o n so red  b y  the N ation a l S c ien ce  Foundation . 

He co -a u th o red  a tech n ic a l re p o r t en titled  " S tr e ss  D istr ib u tio n  in  

Bonded D is s im ila r  M a ter ia ls  C ontaining an E x tern a l C ircu m fere n ­

t ia l C rack  on Its In terface" .

He w as the r e c ip ie n t  of a G raduate S ch o la r sh ip  aw ard p r e ­

sen ted  by The E n g in eer in g  A lu m ni of The C ity C o lleg e  and obtained  

h is  P r o fe s s io n a l E n g in e er 's  l ic e n s e  in  N ew  Y ork  S tate in  1966.


