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Abstract

Efficient Cauchy-like Computations
by

Mohammad Abu Tabanjeh

Advisor: Professor Victor Pan

Computation with n xn dense structured matrices are highly important in sciences, communication
and engineering. The space and time complexity of the computations decreases in comparison with
the case of n x n general matrices, that is, from order of n? words of storage space and order of n'
arithmetic operations with 2.37 < 7 < 3 in the best algorithms, to O(n) words of storage space and to
O(nlog®n) (and sometimes to O(nlogn)) arithmetic operations, with small overhead constants.

The most celebrated classes of structured matrices are Toeplitz and Hankel matrices, but some
other classes of structured matrices such as Cauchy and Vandermonde are quite popular too.

We focused our study on Cauchy and Cauchy-like computations, in particular, we present a super-
fast Cauchy-like linear solver for any nonsingular Cauchy-like linear system of equations. The algorithm
also computes short displacement generator for the inverse and determinant of a nonsingular Cauchy
and Cauchy-like matrix. The algorithm is an extension of the well known divide-and-conquer (MBA)
algorithm, and its every recursive divide-and-conquer step can be reduced to Trummer’s celebrated
problem, for which we have some generalization of Fast Multipole Algorithm.

Finally, we extend our superfast algorithm to the solution of consistent but possibly singular

Cauchy-like linear system over any field of constants.
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Chapter 1

Introduction

Computations with dense structure. :aatrices are ubiquitous in sciences, communication and en-
gineering. Exploitation of structure enables dramatic acceleration of the computations and major
decrease of the memory space constraints but sometimes this also leads to numerical stability prob-
lems.

The best known and most celebrated classes of structured matrices are Toeplitz and Hankel ma-
trices, but some other classes of structured matrices, such as ones of Cauchy and Vandermonde types,
are also quite popular and are gaining more and more recognition. In particular, Cauchy and Cauchy-
like matrices appear in applications to rational interpolation [D74] and rational matrix (tangential)
interpolation [GO94], conformal mapping [T86], and numerical solution of integral equations [Rok85],

[Re90] and have special structure naturally defined in terms of the associated scaling operators.

Increased interest to Cauchy-like matrix computations is partly due also to the development origi-
nated in [P90], [GKO95] and [H95]. Namely, in [P90], it was proposed to apply some transformations
among the listed classes of structured matrices (that is, among the matrices of Toeplitz, Hankel, Cauchy
and Vandermonde types) as a general tool for improving the known algorithms for computations with
such matrices. Some sample transformations of this kind were shown in [P90]. Then [GKO95] and
(H95] showed that the transformation from Toeplitz-like to Cauchy-like matrices can be achieved by
very simple means, essentially by fast Fourier transform (FFT); this enabled substantial practical

improvement of the known Toeplitz and Toeplitz-like solvers by their reduction to Cauchy-like solvers.

Applications to solving Toeplitz and Toeplitz-like linear systems of equations and to rational in-
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CHAPTER 1. INTRODUCTION 2

terpolation give us major motivation for our main topic of designing effective algorithms for compu-
tations with Cauchy and Cauchy-like matrices, in particular, for solving linear systems of equations
with Cauchy-like coefficient matrices and recursive factorization of Cauchy-like matrices.

A known explicit formula for the inverse of a Cauchy matrix (cf. e.g. [BP94], p.131) produces
a good Cauchy solver but this is not enough in the applications to Toeplitz linear solvers. We will
show a Cauchy-like linear solver, which extends the well known divide-and-conquer MBA algorithm,
proposed in [M74], [M80], [BA80] as a Toeplitz-like linear solver. We will apply recursive factorization
to nonsingular Cauchy and Cauchy-like matrices, and hereafter we will call such a factorization CRF
(or complete recursive factorization). CRF can be obtained by applying Gauss-Jordan elimination
to 2 x 2 block matrix A and then, recursively, to some input and output blocks of half-size ([St69],
[M74], [M80], [BA80}). It turns out that every recursive divide-and-conquer step of the algorithm can
be reduced to Trummer’s celebrated problem, that is, to the problem of multiplication of a Cauchy
matrix C by a vector [PACPS98].

The entire algorithm requires small memory (of order of n rather than n2, for n x n matrices)
and can be performed very fast (by using order of nlog® n arithmetic operations versus n3 for general
matrices). Elaboration of this algorithm and its application to rational interpolation involves advanced
mathematical machinery, in particular manipulation with linear operators associated to strucured
matrices, randomization techniques and the techniques of computational linear algebra.

We will organize our presentation as follows. In the next chapter, we will recall some definitions
and basic properties of structured matrices, in particular, Toeplitz, Hankel, Cauchy and Vandermonde
matrices, and matrices having similar structure (we will call them Toeplitz-like, Hankel-like, Cauchy-
like and Vandermonde-like). In chapter 3, we will recall the techniques of CRF (complete recursive
factorization) for a general matrix and its applications to the solution of linear systems and the
computation of matrix inverse and determinant. In chapter 4, we will show how the CRF computation
is simplified dramatically in the case of Cauchy-like input matrix with immediate application to the
solution of Cauchy-like linear systems. The computations are reduced to the solution of Trummer’s
problem (that is, the problem of multiplication of an n x n Cauchy matrix C by a vector), which
is also well-known as the basis for the solution of several other important problems of scientific and
engineering computing [PACLS98]. In chapter 5, we extend the CRF approach to superefast solution

of a singular Cauchy-like linear system of equations over any field of constants and, furthermore, to
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CHAPTER 1. INTRODUCTION 3

superfast computation of the rank of a Cauchy-like matrix and a basis for its null space, by using the

randomization technique.
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Chapter 2

Structured Matrices

2.1 General and Dense Structured Matrices

Computation with dense structured matrices are widely applied in the areas of control, signal
processing, solution of PDE’s and algebraic computing. The complexity of computations with n x n
dense structured matrices, such as Toeplitz, Hankel, Vandermonde and Cauchy, dramatically decreases
in comparison with the case of n x n general matrices, that is, from the order of n? words of storage
space and n“ arithmetic operations (to which we will refer hereafter as ops) with 2.37 < w < 3 in the
best algorithms, to O(n) words of storage space and to O(n log?n) ops (and sometimes to O(n log n)
ops) (see table 1). We refer the readers to [Bun], [K87], [G84], [Rok85], [Tur], [ODR89] and [Ger] on

some of the numerous practical and theoretical applications of computations with structured matrices

and will focus hereafter on computations with Cauchy-like matrices.

Table 1

Structured matrices

General matrix

Memory O(n) O(n?)
Matrix x Vector O logn)(FFT) O(n?)
O(nlog?n)
O(nlogn)
Linear Solver O(nlog?n) O(nd)
O(nlog® n)
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CHAPTER 2. STRUCTURED MATRICES

2.2 Definitions and Basic Facts

Example 2.2.1.

Some examples of structured matrices.

Toeplitz matrix, T = [ tij ] Hankel matrix, H = [ hiyj ]
[ to toy -0 - topg . [ ho Rt hy - hay
tir  to t-g hy ha hy
ha
to t_; hooy hn han-3
IS SRR S | An-1 hn - honoz hon-2 |

Vandermonde matrix, V = [ 7t ] Cauchy matrix, C = [ 1 ]

Ti—Yj

1 z, 22 7! - :
- - 1 . o 1
Z1—yn Z1~Yn
1 z, z2 zn-t 1 1
L In—U1 In—Yn |
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CHAPTER 2. STRUCTURED MATRICES 6

Our goal is the study of Cauchy-like matrix computations, but we recall also the definitions of some
other dense structured matrices (in Example 2.2.1, Definitions 2.2.2, 2.2.3 and 2.2.5 and equations
(2.2.3)-(2.2.6) (cf. [BP94], [GO9%4a], [HI5])

Definition 2.2.1 Hereafter we will write D(%) = diag(vo,v1,---,Vn—1) for 7 = (v, v1,---,Un-1)T to
denote the diagonal matriz with the diagonal entries vg, vy, ...,vn—1. WT will denote the transpose of

a matriz or a vector W. Rank W is the rank of a matriz W.

Definition 2.2.2 (See Ezample 2.2.1) We define Toeplitz, Hankel, Vandermonde and Cauchy ma-
trices T = (t:3), H = (hig), V(&) = (i), CGEH = (ciy), respectively, where tirrjo1 = tig,
hiv1j-1 = hij. vij =, cij = 555, §=(s1), £ = (t:), £ = (x:), si # t;, for alli and j for which the

3".-!1' ’

above values are defined.

We will define some classes of matrices related to Toeplitz, Hankel, Vandermonde and Cauchy

matrices and we will call them Toeplitz-like, Hankel-like, Vandermonde-like and Cauchy-like matrices.

Definition 2.2.3 For a fized field F ( say, F = C, the field of complex numbers ) and for a pair of
n-dimensional vectors § = (q;) and t = (tj), gi #tj. 4.7 =0,...,n—1, an n X n matrix A € F**" is

a Cauchy-like matriz if

Fip@.o@(A) = D(@A - AD() = GHT, (2.2.1)

G, H € F**", and r = O(1). The pair of matrices (G, HT) of (2.2.1) is a [D(q), D(t)]-generator (or a
scaling generator) of a length (at most) r for A (s.g.r(A)). The minimum r allowing the representation

(2.2.1) is equal to rank Fip o p(51(A) and is called the [D(q), D(t)])-rank (or the scaling rank) of A.

We will next recall some known properties of Cauchy-like matrices.

Lemma 2.2.1 [GO94a]. Let A, §, t, G = [g1,---.Gr] = (12',—T):1=_01, H=1hy,....,h] = (v’;-T);;; be as
in Definition 2.2.3, such that (2.2.1) holds. Then
r B ‘l;iT’U-" n—1
A= ) diag(§m)C(q,t)diag(hm) = (——-L) , (2.2.2)
m=1 t T "1/ 5=0

where C(q, £) is a Cauchy matriz and vice versa (2.2.2) implies (2.2.1).
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CHAPTER 2. STRUCTURED MATRICES 7

\n—1
=Ty

It follows from (2.2.2) that (2.2.1) is satisfied if A is of the form (H) , where 4 and vj
* i,j=0

are r-dimensional vectors for 7,7 = 0,1,...,n — 1. A Cauchy matrix C(q,£) and a Loewner matrix

(;—‘,:—i-ll)fl'—lo are two important special cases of Cauchy-like matrices; they have [D(§), D(£)]-ranks 1
T t.j=

and 2, respectively.

Lemma 2.2.2 (see appendiz A). Given an n x n Cauchy matriz A and an n-dimensional vector U,
the product AT can be computed in O(nlog?n) ops. Consequently, if A is an n x n Cauchy-like matriz
given with an s5.g..(A), then the product A7 can be computed in O(nrlog® n) ops.

Lemma 2.2.3 Let A; € F**", i = 1,2, denote two Cauchy-like matrices, such that Fip(z),0(5 “)](A,-) =
GiHiT, Gi. Hie F*™*", 1 =1,2; q; € FrXl, j=1,23, and the vectors i and g3 share no components.
Then the matriz A = A1A; is a Cauchy-like matriz with Fip(g),p(@)(4) = GHT, G = [G1,A1G2),
H = [ATH,, H>], G, H € F*™", r = r| + ro. Furthermore, O(nrr2 log? n) ops suffice to compute G
and H.

Proof. Observe that
Fip@).0(@)(A142) = G1H] Ay + A1GoH] =GHT,

G=[G,AGy], H= [AT H}, H>|. To deduce the desired complexity bound of O(nrr2 log? n) ops for
obtaining G and H, apply Lemmas 2.2.1 and 2.2.2.

Corollary 2.2.1 Lemma 2.2.3 can be easily extended to the computation of the product of k Cauchy-

like matrices for any fized integer k > 2.
Lemma 2.2.4 [H95]. Let A denote an n x n nonsingular Cauchy-like matriz with
Fip@.p@(A) = GHT,  where G =(g1,---,;| € F**" and H = [hy,---, k] € F™".

Then A~! is also a Cauchy-like matriz such that F[D(E),D(ﬂ](A_l) = —UVT, where the matrices
U=[@, - i) € F**", V = [51,---, 7] € F™" satisfy AU =G, VTA=HT.

Corollary 2.2.2 Under assumptions of Lemma 2.2.4, rank F[D(t").D(q)l(A_l) <r.

Lemma 2.2.5 Let an n X n Cauchy-like matriz A satisfy (2.2.1) and let By s be a k x d submatrixz
of A, 1 < k,d < n. Then B is a Cauchy-like matriz with a [D(qr), D(t,)]-generator of a length at
most T, where I = [i1,...,ik], J = [j1,-- -, jal, D(q1) = diag(gs, - - - . i), D(E)) = diag(tj,;- -, t;,)-
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CHAPTER 2. STRUCTURED MATRICES 8

Proof. Deduce from (2.2.1) that

'lz;'TU-.' ik, Jd
Bry=(——7)
%= =iy g=n

and recall (2.2.2).

Lemma 2.2.6 Let A and B denote a pair of n x n Cauchy-like matrices. Let A satisfy (2.2.2) and
let
Fip@.0@(B) = D(@)B — BD() = XWT,
Ty
g —ti"; =0

Zi

B=(

where XT = [Zo,- -+, Tn-1] € F'**, WT = [y, ---,Wn-1] € F'*". Then the matrices A + B and

A — B are Cauchy-like matrices associated with a [D(§), D(£)]-generator of length at most r +r.

Proof. We have

n-1

5T —~
A-B=(2Y) |
g —ti"; =0

where 57 = (T, 1), gL = (5;7, —-E,-T), that is, 5,9; € FC+ )%l which proves the lemma for

the matrix A — B (similar proof applies to the matrix A + B).

Lemma 2.2.7 Annxn Cauchy matriz C(q, ) is well-defined and nonsingular if and only if all the 2n
components of the vectors § and t are distinct. Furthermore, every square submatriz of a nonsingular

Cauchy matriz is nonsingular.

Lemma 2.2.8 ([PACPS98]). Let T(n) ops suffice to multiply an n x n Cauchy matriz by a vector v.
Let A be an n x n Cauchy-like matriz given with an s.g.-(A). Then the product AU can be computed

in (3n + T(n))r ops.

Definition 2.2.4 Let V : F™*" s F™X" }e qn operator, let A € F™" and let G € F™*¢ and
H € F**4 denote two matrices such that V(A) = GHT. Then r = rank(V(A)), the rank of the
matriz V(A), is called the V-rank of A, and the pair of the matrices G and H is called a V-generator
of A of length r.
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CHAPTER 2. STRUCTURED MATRICES 9

Let X and Y be matrices from C**"™ and refer to the matrix
V[x'y] (A) = A— XAY (2.2.3)

as [X,Y]-displacement of the matrix A € C™**". Then let us specify displacement operators associated
to Toeplitz-type, Hankel-type and Vandermonde-type matrices as follows.

V(A) = Vg, z7)(A) = A— Z,AZT, (2.2.4)
2] 1
V(A) = Vg, z11(4) = A~ Z,AZ]. (2.2.5)
V(4) = Vp@,z7i(4) = A - D(t'f)AZg, (2.2.6)
®
where ¢ # 0 and
0 0
1 0
Z¢ =

0 1 0

Definition 2.2.5 An m x n matriz that has V-rank bounded from above by a constant independent of
m and n is called Toeplitz-like if V is the operator defined in (2.2.4), Hankel-like if V is the operator
defined in (2.2.5) and Vandermonde-like if V is the operator defined in (2.2.6).
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CHAPTER 2. STRUCTURED MATRICES 10

2.3 Structured Matrices: Correlations to Polynomial Computations

The entries of the matrices of Definition 2.2.2 are related to each other via some operators of
displacement and/or scaling (e.g. ¢;; and h; ; are invariant in their displacement along the diagonal or
antidiagonal directions, respectively). All entries of such an n x n structured matrix can be expressed
via a few parameters (from n to 2n, versus n? for a general n x n matrix). Such matrices can
be multiplied by vectors fast as this task reduces to some basic operations with polynomials. For

instance, polynomial product

(Z mzi) (Z vja:j) = Zwkm",
i F] k
Toeplitz-by-vector product Tv = w and Hankel-by-vector product Hv = w can be made equivalent
by matching properly the matrices T, H and the vector @ = (u;) (see [BP94], pp. 132-133). Likewise,
the product

Vi@)p=1v (23.1)
represents the vector ¥ = (v;) of the values of the polynomial p(z) = 3_; p;jz’ on a node set {z;}.
Consequently, known fast algorithms for the relevant operations with polynomials also apply to the
associated matrix operations and vice versa. In particular (cf. [BP94]), O(nlogn) ops suffice for
polynomial and Toeplitz(Hankel)-by-vector multiplication, and O(n log?n) ops suffice for multipoint
polynomial evaluation (p.e.) as well as for the equivalent operations with the matrix V(Z) and the
vectors p and 7 of (2.3.1), assuming the input size O(n) in all cases. Here and hereafter, “ops” stand
for “arithmetic operations™”, “p.e.” for "multipoint polynomial evaluation”. In important special case
of (2.3.1), ¥ = @ = (w})]Z, is the vector of the n-th roots of 1, w, = exp(2rv—1/n), wi = 1. In
this case, we write F = V(w)/\/n, and p.e. turns into discrete Fourier transform, takes O(nlogn)
ops (due to FFT) and allows numerically stable implementation, in sharp contrast with the case of
general V(Z). The numerical stability requirement is practically crucial and motivated the design of
fast approrimation algorithms for the p.e. [PLST93], [PZHY97], which rely on expressing V(Z) of

(2.3.1) via Cauchy matrices, e.g. as follows:

V(@) = —=disg (1 - )5 C(E, W)ding (we)iq . (2:3.2)
Here we use £ and w defined above; here and hereafter, diag (h;)’} = D(h) for h = (h:)22y denotes

the n x n diagonal matrix with diagonal entries hog, ..., An—;.
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CHAPTER 2. STRUCTURED MATRICES 11

Remark 2.3.1 (2.3.2) reduces the operations of (2.3.1) with V(Z) to ones with C(Z, W), which brings
us to Trummer’s problem (that is, the problem of multiplication of an n xn Cauchy matriz by a vector)
[PACLS98]. Its solution by Multipole Algorithm leads to a p.e. algorithm based on (2.5.2), which is
both fast in terms of ops used and (according to erperimental tests of [PZHY97]) numerically stable

even on the inputs where the known O(nlog?n) algorithms fail numerically, due to round-off errors.

In the Appendix, we will extend the results of this section to yield fast algorithms for Trummer’s

problem of multiplication of a Cauchy matrix by a vector.
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Chapter 3

Recursive Factorization (RF) of

General Matrices and Extensions

3.1 Introduction to Recursive Factorization of General Matrices

Definition 3.1.1 A matriz A is strongly nonsingular if all its leading principal submatrices are non-

singular.

Definition 3.1.2 I and O denote the identity and null matrices of appropriate sizes. det A is the

determinant of a square matriz A.

For an n x n strongly nonsingular matrix A, we have the following identities:

I (@) B O I B-lC
() 2)EmE) e
EB-! I O S (0 I

I -B-lC B! O I 0
N PR (A UL D N

(@) I o st —-EB-!

where
12
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CHAPTER 3. RECURSIVE FACTORIZATION (RF) OF GENERAL MATRICES AND EXTENSIONS13

B C
A= ( ) , S=G-EB™!C. (3.1.3)
E G

S = S(B,A) is an (n — k) x (n — k) matrix, called the Schur complement of a k x k matrix B in
A. Factorization (3.1.1) represents block Gauss-Jordan elimination applied to the 2 x 2 block matrix
A of (3.1.3). If the matrix A is strongly nonsingular, then the Schur complement matrix S can be
obtained in n — k steps of Gaussian elimination. Using the previous factorization, we would be able to
reduce the basic operations with matrix A, that is, matrix-by-vector, matrix-by-matrix multiplication

and matrix inversion, to operations with the block matrices. By expanding (3.1.2) we obtain

B-l + B-lcS-'EB-! —B-ics-1
Al = ( ) . (3.1.4)

-S-1EB-1 s-!

Lemma 3.1.1 (c¢f. [BP94]) If A is strongly nonsingular, so are B and S.

Lemma 3.1.2 (¢f. [BP94]) Let A be an n x n strongly nonsingular matriz and let S be defined by
(8.1.3). Let Ay be a leading principal submatriz of S and let S| denote the Schur complement of A;

in S. Then S~! and ST L form the respective southeastern blocks of A~1.
Lemma 3.1.3 If (3.1.1) holds, then det A = (det B)det S.

Due to Lemma 3.1.1, we may extend the factorization (3.1.1) of A to the submatrix B and to its
Schur complement S, and we may recursively continue this factorization process until we arrive at
1 x 1 matrices ([St69], [M74], [M80], [BA80]). In this process, we descend from A to the matrices B,
C, E, and S, and then we similarly descend recursively from B and S to their submatrices and Schur
complements. At these descending stages, we only identify the matrices involved in the recursion but
do not compute them. For their actual computation, we recursively proceed bottom up, that is, we first
invert the 1 x 1 leading principal submatrix A; of A, then use AI‘1 to compute the Schur complement
S1 of A; in the 2 x 2 leading principal submatrix As of A, then invert the 1 x 1 matrix S; and the
2 x 2 matrix A, in the latter case, based on its factorization of the form (3.1.2), where the inverses
Al’l and ST ! have already been computed. We recursively continue this lifting process until we arrive

at A~!. As a by-product, we compute all the matrices defined in the recursive descending process.
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CHAPTER 3. RECURSIVE FACTORIZATION (RF) OF GENERAL MATRICES AND EXTENSIONS14

The entire computation will be called the CRF ( or complete recursive factorization ) of A. Besides
the inversion of 1 x 1 matrices, the CRF only requires matrix multiplications and subtractions.

Hereafter, we will always assume balanced CRFs, that is, we will balance the factorization (3.1.1) in
its first step, such that B is the | 3] x | 3] submatrix of A, and we will maintain the similar balancing
property in all the subsequent recursive steps. The balanced CRF has depth at most d = [log, n].

Let us summarize and formalize our description in the form of a recursive algorithm.

Algorithm 3.1.1. Recursive triangular factorization and inversion of a strongly nonsingular
matriz.

Input: a strongly nonsingular n x n matrix A of (2.2.2).
Output: balanced CRF of A, including the matrix A~!.
Computations:

1. Apply Algorithm 3.1.1 to the matrix B (replacing A as its input) in order to compute the
balanced CRF of B (including B~1).

2. Compute the Schur complement S =G — EB~IC.

3. Apply Algorithm 3.1.1 to the matrix S (replacing A as its input) to compute the balanced CRF
of S (including S—1).

4. Compute A~! from (3.1.2).

Clearly, given A~! and a vector b, we may immediately compute the vector £ = A~1b. If we also
seek det A, then it suffices to add the request for computing det B, det S, and det A at stages 1, 3,
and 4, respectively.

CRF was long recognized as an effective tool for the computation of A~!, det A and the solution
£ = A~!06 to a linear system AZ = b via matrix multiplication [St69], [AHU74]. [M74], [M80] and
[BAS8O] applied CRF to numerical computation with Toeplitz-like matrices. [K95] and [PZ,a] applied
CREF to (possibly singular) Toeplitz-like matrices over any field. We refer the reader also to [PR89),
[PRY1], [PR93] and [P93] an application of CRF to the sparse matrix computations and path algebra

computations.

3.2 Control over the Precision of the Computation of the RF

Let us comment on bounding the precision of the computations where the RF is applied to the
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CHAPTER 3. RECURSIVE FACTORIZATION (RF) OF GENERAL MATRICES AND EXTENSIONS15

computation of T = A~1p, A~! and det A over the rationals. Towards this goal, we may extend to the
Cauchy-like case the algorithm of [K95], which computes RF of Toeplitz-like matrices and assumes
all arithmetic operations performed exactly with infinite precision. Such a computation, however,
is generally expensive over the rationals because it requires to increase the precision of computing
dramatically. A customary ways out of this difficulty is to compute the output modulo a large integer
K and then recover the rational output by applying the continued fraction approximation algorithm
[Wang], [WGD], [Ab] and [KR].

To recover the output fraction £ of two integers y and z, one should choose K exceeding 2|z|? and
2|y|?. An alternative is to scale the input matrix A to turn all its entries into integers. Then det A
and the entries of adjA = A~ldet A are integers, not exceeding N = ||A||” for any matrix norm, and
it is sufficient to compute ((det A) mod K) and ((adjA) mod K) for K > 2N. Then the values det A
and adjA can be recovered immediately.

We may avoid dealing with large numbers by performing computations modulo several smaller
primes and then recover all the input values modulo their product by applying the Chinese Remainder
algorithm. An alternative is to fix a single prime p, compute the output modulo p, and then lift all
inverse matrices involved into the RF and, therefore, lift the entire RF to obtain all values modulo
p%* in k Newton’s iterations for matrix inverses (cf. [BP94], Algorithm 3.1 on p.243), each of which

essentially amounts to two matrix multiplications.
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Chapter 4

Recursive Factorization of Cauchy-like

Matrices

As we recalled in chapter 2, the structure of n x n dense structured matrices (defined by O(n)
parameters) enables dramatic acceleration of computations with such matrices. For example, an n xn

Toeplitz matrix T = [t;—;] can be multiplied by a vector over any field of constants by using
Tar,(n) = O((n log n)loglogn) (4.1.1)

arithmetic operations [BP94] versus 2n2—n for general nxn matrices (hereafter, we will keep definitions
of the previous chapter, in particular, we will refer to arithmetic operations as ops). Furthermore, by
extending fast multiplication of structured matrices by a vector, one may compute the RF of structured
matrices much faster than in the case of general matrices. In the Toeplitz-like case, this was done by
extending the well known divide-and-conquer MBA algorithm, proposed in [M74], [M80] and [BA80].
The MBA algorithm rapidly computes the recursive triangular factorization of A, as well as A1, det 4,
and the solution £ = A~!b to a linear system AZ = b. The algorithm applies to the class of strongly
nonsingular Toeplitz-like matrices A and uses a total of Agr(n) = O(Aarw(n) logn) = O(nlog?n) ops,
where A, (n) = O(nlogn) is the complexity of multiplication of an n x n Toeplitz matrix A by a
vector by means of FFT. The algorithm is called superfast because it runs in almost linear time, versus
cubic time of Gaussian elimination and quadratic time of some known faster solutions. It became a
natural technical challenge to extend such an algorithm for the cited Toeplitz-like matrix computations

to other classes of dense structured matrices, in particular, to Cauchy-like matrices. While it is clear

16
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CHAPTER 4. RECURSIVE FACTORIZATION OF CAUCHY-LIKE MATRICES 17

that the superfast computation of the CRF of a Cauchy-like matrix should follow the same divide-and-
conquer scheme as in the MBA algorithm, that is, one should apply Algorithm 3.1.1 but operate with
the scaling generators rather than with matrices, the extension of the MBA algorithm to the case of
a Cauchy-like input is not straightforward due to the difference in the structure of the input matrix;
in particular, treatment of scaling operators (versus displacement operators of the MBA algorithm)
requires distinct techniques. Such an extension will be our goal in this chapter and in Chapter 5. We
will follow [PACPS98]. [OP98] and [PACP99].

4.1 Recursive Factorization of a Strongly Nonsingular Cauchy-like

Matrix: Bounds on the Scaling Ranks.

We use Crr(n) = O(Cprry(n)logn) ops, where Chary(n) denotes the complexity of Trummer’s
problem (that is, the problem of multiplication of an n x n Cauchy matrix by a vector) which can be
solved in O(nlog?n) ops [PACLS98]. Obviously, Crr(n) = O(nlog>n) ops is the complexity bound
for Cauchy-like recursive triangular factorization (CRF) and, consequently, for the related Cauchy-
like computations (including matrix inversion, linear system solving and computation of the matrix
determinant). The complexity bound is slightly inferior to the Toeplitz-like bound.

Hereafter, we will assume for simplicity that n = 22 is an integer power of 2. We write § =

L. 2

- - 1 - - — - - — —_ .
(@) §WM = (g)ie, T@ = (%')?:;1, = (&), tW = ()2, £@ = (t:)7 .2} We will start

=0 =2

with some auxiliary results.

Lemma 4.1.1 Let A be an nxn strongly nonsingular Cauchy-like matriz with Fipg. D(t)](A) =GHT,
G, He F**". Let A, B, C, E, G, satisfy (3.1.3} and S is the Schur complement. Then

rankFipg p@(A™) S rankFipgay pgay(B™H) <, (4.1.1)
rankFip; @), pE @y(S) <, (4.1.2)
rankFipi @)y, pi (2))](3-1) <r, (4.1.3)
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CHAPTER 4. RECURSIVE FACTORIZATION OF CAUCHY-LIKE MATRICES 18

rankFip- ) pE@(C) < rankFip; @) pian(E) <t (4.1.4)

Proof. Deduce (4.1.4) from Lemma 2.2.5. By applying Corollary 2.2.2, obtain (4.1.1). Now, due
to Lemmas 3.1.2 and 2.2.5, we have (4.1.3). Then we apply Corollary 2.2.2 to the matrix § = (S~1)~!
and obtain (4.1.2).

Fact 4.1.1 (cf. Proposition A.6 of [P92b], [P93a]). Given an s.g..-(A) = (G. H) and the scaling rank

r of A, T < r* < n, one can compute an s.g.-(A) by using O((r*)?n) ops.

4.2 Computational Complexity Estimates of Cauchy-like CRF

As we mentioned in the introduction to this chapter, the superfast extension of Algorithm 3.1.1
to a strongly nonsingular Cauchy-like matrix A goes simply by operating with short scaling generators
of all matrices involved, rather than with the entries of these matrices, and the only problem is to
control the length of the generators. To solve this problem, we apply Lemma 4.1.1 and Fact 4.1.1. The
next theorem supplies the computational complexity estimates of the resulting algorithm, to which we

will refer as Algorithm 4.2.1.

Theorem 4.2.1 Let A denote an n x n strongly nonsingular Cauchy-like matriz with its F'-generator
of a length r for the operator F = F[D(ci).D(f)]‘ Then the respective F-generators of all the matri-
ces encountered in the balanced CRF of A (including an s.g..(A™!)) and det A can be computed in
O(r*T(n) log n) = O(nr?log? n) ops (for T(n) of Lemma 2.2.8) and can be stored by using O(nrlog n)

words of storage space.

Proof. Let us apply the fast version of Algorithm 3.1.1 to the matrix A of Theorem 4.2.1, that
is, instead of slower computations with matrices, let us perform faster computations with their short
scaling generators. Let ¢.(n) ops be involved in computing the balanced CRF of A (including the
computation of an s.g.r(47!)). Furthermore, let o-(n) ops be used for computing an s.g.-(S) from
given s.g..(B7!), s.9.-(C), s.9.-(=FE), and s.9.-(G) (cf.(3.1.3)), and let p.(n) ops be required for
computing an s.g.-(A~!) from given s.g..(B7!), 5.9.-(C), s.g.-(E), and s.g.-(S~1) (cf.(3.1.2)). This

is summarized in table 2.
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CHAPTER 4. RECURSIVE FACTORIZATION OF CAUCHY-LIKE MATRICES 19

Table 2

Input | s.g.r(4) | s.g-+(B7'),5.9-+(C); | 5.9.+(B™1),5.9--(C),
5.g-r(—E),5.9.-(G) | 3.9.+(E),s.9(S71)
Output | CRF of A | 5.9.-(S) s.g.r(A71h)

ops ¢r(n) or(n) pr(n)

Let ¢.(k), or(k), and p-(k) denote the similar estimates where the input matrix A is replaced by
a strongly nonsingular k x k matrix W given with an s.g..(W). For simplicity, let n be even. Then in

view of Lemma 4.1.1, the examination of Algorithm 3.1.1 gives us the bound

6-(n) < 260(5) +0r(n) + pr(m). (4.2.1)

By expanding (3.1.2), we deduce that

B-l+ B-'CS-'EB-! -B-!CcS§S!
Al = ( : (4.2.2)
—-S~'EB-! §-1
Now we apply Lemmas 2.2.3, 2.2.5, 2.2.6, 4.1.1 and Fact 4.1.1 and deduce that
or(n) = O(r?T(n)), ur(n) = OF?’T(n))- (4.2.3)

Substitute (4.2.3) into (4.2.1), recursively extend (4.2.1), and deduce that
ér(n) = O(r*T(n) logn),

with T'(n) as in Lemma 2.2.8, which gives us the arithmetic time bound of Theorem 4.2.1. The storage
space bound follows similarly when we inspect Algorithm 3.1.1 applied to the matrix A and apply
Lemmas 2.2.3, 2.2.5, 2.2.6 and 4.1.1.

The computations by the algorithm supporting Theorem 4.2.1 can be a little simplified based on

the following result (this does not change the asymptotic complexity estimates of the theorem).

Proposition 4.2.1 ([G094], [OP98]). Let A be a Cauchy-like matriz of Lemma 2.2.4, partitioned
into blocks according to (8.1.1). Let (Go, Hp), (Go, Hy), (G1,Hyp), (G1.H1) and (Gs, Hs) denote
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CHAPTER 4. RECURSIVE FACTORIZATION OF CAUCHY-LIKE MATRICES 20

the induced five scaling generators of the blocks B, C, E, G of A and of the Schur complement S,
respectively. Then Gs = G, — EB~'Gy, Hg: = H{ - HfB-'C.

Remark 4.2.1 In [OP98], Proposition 4.2.1, was extended to the case of Hankel-like matrices H
associated with operators ZH — HZT, Z being a shift matriz. This enabled practical improvement of
the MBA Hankel/Toeplitz linear solver.

Remark 4.2.2 Scaling generator of a Schur complement S of (3.1.3) has simple ezxplicit expressions
via the s.g..(A~') [OP98], [PACPS98]. Using them simplifies the computation of s.g..(S™!) and sim-
ilarly at all other stages of the algorithm, though such a simplification decreases the overall asymptotic

cost of performing the algorithm only by a constant factor.

4.3 Ensuring Strong Nonsingularity of a Nonsingular Cauchy-like
Matrix by Means of Symmetrization

We have showed how to compute det A and the balanced CRF of A ( including an s.g..(A7!) ),
assuming strong nonsingularity of the matrix A. To extend this solution to the case of any nonsingular
matrix A, we will seek a strongly nonsingular n x n matrix X, such that the matrix AX is strongly
nonsingular. Then we may apply our machinery to the matrices X and AX or X A, compute (AX)~"! =
X-'A-lor (XA)™! = A~1X™!, det (AX)=det (XA), and det X, and obtain A~! = X(AX)™! =
(XA)"!X and det A = det (AX)/det X. Furthermore, if A is singular, then the same algorithm will
involve a division by 0 and thus will show us that det A = 0. In fact, we will also extend our algorithm
to computing the rank of A, in Corollary 5.4.2.

If our computation is performed in the field of real numbers (or in its subfield), then we could have
set X = AT. Indeed, the matrix XA = AT A is positive definite and consequently strongly nonsingular
provided that A is nonsingular. Moreover, in this case the condition numbers of all diagonal blocks
of the CRF do not exceed the condition number of A (cf. [GL] or [BP], Fact 2.1.4 and page 237).
As a by-product, we immediately arrive at a least-squares (normal equations) solution (ATA)~'ATH
to a Cauchy-like linear system AZ = b for a Cauchy-like m x n rectangular matrix A having full
rank n, n < m. A problem arises, however, when we apply Lemma 2.2.1 to the matrices W = AT A

and U = AAT. Indeed, if we replace A in (2.2.1) by these matrices, then we also ought to replace
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CHAPTER 4. RECURSIVE FACTORIZATION OF CAUCHY-LIKE MATRICES 21

F[ D(@).D ()] by F[D(ﬂ, D) °F Fip(§).0(q)}» respectively, and the assumption g; # ¢; of Definition 2.2.3 is
not extended. To exploit Cauchy-like structure of matrices W associated with the operator F[D(t'), D@
we may operate with W represented as the product C~!(q; £)Y, where Y = C(g,{)W and C~1(§,t)
are Cauchy-like matrices, and similarly for U.

For computations in finite fields symmetrization does not work, but in this case we will solve our
problem based on a distinct approach to defining the above matrix X, that is, by using randomization

(see section 5.4).
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Chapter 5

Superfast Computations with Singular

Structured Matrices

Algorithm 4.2.1 requires strong nonsingularity of its input matrix. The symmetrization techniques of
section 4.3 enables us to ensure this property in the case where the input matrix is nonsingular, and
the computations are over the real or complex numbers. These techniques do not work over finite
fields and for singular input, but such cases are important, e.g., in the applications to the decoding of
algebraic codes. In this chapter, we use randomization to extend the approach to the superfast solution
of a singular Cauchy-like linear system of equations over any field of constants and, furthermore, to
superfast computation of the rank of a Cauchy-like matrix and a basis for its null space. The algorithms
can be extended to similar computations with singular Hankel-like and Vandermonde-like matrices.
The applications include rational and polynomial interpolation, Padé approximation and decoding

Reed-Solomon and algebraic-geometric codes.

5.1 Introduction

In many cases, in particular in application to signal processing, Padé approximation and sparse multi-
variate polynomial interpolation, one needs to solve generally singular Toeplitz-like, Vandermonde-like
or Cauchy-like linear systems of equations over finite fields.

Kaltofen in [K95] extended the MBA approach to the solution of a singular Toeplitz-like linear
system of equations over finite fields. We will show the same thing in the Cauchy-like case. The

22
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CHAPTER 5. SUPERFAST COMPUTATIONS WITH SINGULAR STRUCTURED MATRICES 23

resulting algorithms use

Csing(n) = O(Chpy,(n) logn) (5.1.1)

ops (in the Cauchy-like case). Here,
Cit, (n) = O((nlog?n)loglogn) (5-1.2)

is the number of ops sufficient to solve Trummer’s problem of multiplication of an n x n Cauchy matrix
by a vector over any field of constants F (cf. section 4.4). If F supports FFT, then the factor loglogn
in (5.1.2) can be removed. Our algorithms sample 4n random parameters from a fixed finite set S of
cardinality |S| in the Cauchy-like case. In Toeplitz-like case, they sample 2n — 2 parameters (versus
order of nlogn in [K95]). Our algorithms may fail with a probability at most 2p(p + 1)/|S| where
p is the rank of the input matrix (versus 4np/|S| in [K95]), otherwise they produce correct output.
Besides being linear solvers, our algorithms (like one of [K95]) can be immediately applied to compute
(at the same asymptotic computational cost) the rank of a given matrix and a basis for its null-space
and to verify the correctness of the output in all cases.

Our study of Toeplitz-like and Cauchy-like computations and, in particular, our asymptotic com-
plexity estimates (5.1.1), (5.1.2) and (5.1.4) can be easily extended to the study of Hankel-like and
Vandermonde-like computations, respectively. The bound (5.1.1) is supported directly by Algorithm

4.2.1, but it can be improved to the bound

Tsing(n) + O(Var, (n)) = O((nlog? n) loglog n), (5.1.3)

Tsing(n) = O(Tt, (1) logn) (5.1.4)

(assuming that an n xn Vandermonde matrix can be multiplied by a vector in Vjy, (n) ops), by means of
some general techniques proposed in [P90] for the transformation (at the cost O(Vay, (n))) of various
computational problems for Cauchy-like and Vandermonde-like matrices to the same problems for
Toeplitz/Hankel-like matrices. (In fact, [P90] defined such transformations among all the cited classes
of structured matrices in all directions.) The difference by logarithmic factor may be not decisive in

practice, because of the role of other potential criteria (such as numerical stability and the decrease of
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" notation), so we show estimates (5.1.1) and (5.1.2)

the overhead constants hidden in the above "O
and not just (5.1.3) and (5.1.4). On various applications of Cauchy-like algorithms, see bibliography
in [OP98], [PACLS98] and note that by using the cited transition to Toeplitz/Hankel computations
we may save logarithmic factor in the complexity estimates versus ones of [OP98|].

We will recall some definitions and auxiliary facts and we will recall also the MBA algorithm
and the results of [PZ99], [PACPS98], [OP98] on its Cauchy-like extension. We apply randomization

to extend the latter results to the case of a nonsingular but not strongly nonsingular input matrix.

Finally, we cover the extension of Cauchy-like and Toeplitz-like solvers to the singular case.

5.2 Definitions and Basic Facts

We will use the definitions and basic facts of sections 2.2 and 4.1.

5.3 Recursive Factorization of a Cauchy-like Matrix

We will apply Algorithm 3.1.1 to a Cauchy-like input matrix A or, more generally, to a matrix given
by its short scaling generator, and will perform all matrix operations with short scaling generators
of the auxiliary matrices involved, thus arriving at Algorithm 4.2.1. It remains to ensure strong

nonsingularity of the input matrix A, which will be our next subject.

5.4 Ensuring strong nonsingularity

For a nonsingular real or complex matrix A, the matrices AT A and AAT are strongly nonsingular (see
section 4.3).

As we mentioned before, in the case of a singular input matrix and for computation in finite fields
symmetrization does not generally work, but in this case we will solve the problem based on distinct
approach, that is, by using randomization. Namely, having a nonsingular matrix A, we will apply
its randomized preconditioning in order to ensure strong nonsingularity of the resulting matrix. For
computations in arbitrary field F, we will obtain a desired matrix X of section 4.3 by using random

parameters always sampled from a fixed finite set S (in F or in its extension) independently of each

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 5. SUPERFAST COMPUTATIONS WITH SINGULAR STRUCTURED MATRICES 25

other and under the uniform probability distribution on S. We will keep using definitions of section
5.2 and rely on the following lemma.

Lemma 5.4.1 [DL]. Let p(x) = p(x1.Z2,---,Tm) be a nonzero m-variate polynomial of a total degree
d. Let S be a finite set in the domain of the definition of p(x). let the random values zi,--- .z}, be
sampled from S, and let T* = (1,3, --,Zy,). Then probability(p(z*) = 0) < d/|S|.

Hereafter, we will fix a sufficiently large finite set S from which we will choose all random values
that we need. We will choose them from S independently of each other and assuming the uniform
probability distribution on S, to be able to apply Lemma 5.4.1. Then application of Lemma 5.4.1 will
ensure (with a high probability) that, for an n x n nonsingular Cauchy-like matrix A given with its
F[ D(§).D(§)|-8enerator of a length r and for an n x n matrix X defined by its F[D( £),D(s )|-generator
with random entries, the matrix AX is strongly nonsingular. Namely, we will arrive at the following
result ( see an alternative approach in the next section ).

Theorem 5.4.1. Let A be an n x n nonsingular matriz satisfying equation (2.2.2). Let X be a matriz
satisfying X = YC(q,5), where
-
Y =Y D(3n)C(EqD(hs,) (5.4.1)

m=1

C(q.5) = (q,is_, :‘];10 is a fired nonsingular Cauchy matriz, § € F**1, t € F**!, 5 F**!, Fand t are
as in Lemma 2.2.4, q; # sj, si # tj for alli and j, gy, € F**1, ki, e F**!_, m=1,---,r, and the 2nr
components of the 2r latter vectors are random values from a fized finite set S. Then AX has F-rank
at most 2r+1 and, with a probability at least 1 — n(n + 1)/|S|, is a strongly nonsingular matriz.
Proof. First consider matrix Y of (5.4.1), where the random vectors g, and ﬁ,‘n are replaced
by generic vectors whose components are indeterminates. Recall that the F[D(E), D((m-rank of A”lis
at most r, due to Lemma 2.2.4. Therefore, there exists an assignment of values to the components
of the vectors §3,, hZ,, for which we have AY = I, and then the matrix AX = C(g,3) is strongly
nonsingular (cf. Lemma 2.2.7). On the other hand, the determinants of the k x k leading principal
submatrices (AX); of AX are polynomials of degrees at most 2k in the coordinates of g7, E;,. Since
AX = C(q, 5) for a particular assignment, these polynomials are not identically 0 if the components

are indeterminates. Therefore, by Lemma 5.4.1, we obtain probability(det(AX) #0,k=1,---,n) >

n 1 -2k l—-n(n+1)
k=18 = s -

Corollary 5.4.1. Let an n x n nonsingular Cauchy-like matriz A be given with its F-generator of
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length v for the operator F = F[D(tﬂ.D(ﬂ]' Then an F[D(t). D(g)]"9enerator of length at most r for A™!
can be computed by means of a randomized algorithm using 2nr random parameters (sampled from the
set S) and O(nr?log® n) ops and failing with a probability at most %—Q

Proof. Let us define X as above. By Theorem 5.4.1, the Cauchy-like matrix AX is strongly
nonsingular with a probability at least 1 —n(n+1)/|S|, and then, by Theorem 4.2.1, we may compute
the matrices (AX)~! and A~! = X(AX)™! by using a total of O(Cyy, (n)r?logn) ops. Due to Lemma
5.4.1, we also obtain the desired bounds on the number of random parameters used and on the failure
probabilities. Finally, we will decrease the length of the computed F-generator of A~! by applying
Fact 4.1.1.
Corollary 5.4.2. det A and p=rank A can be computed by using 2nr random parameters and
O(Cyr,(n)r2logn) ops for a matriz A of (2.2.1), (2.2.2). If C(t,q) is a nonsingular Cauchy ma-
triz, then (by Lemmas 2.2.7 and 5.4.1) the matriz X is strongly nonsingular, with a probability at
least 1 — n(n + 1)/|S|, and (by Theorem 4.2.1) det (AX), det X. and det A = % can be com-
puted at the randomized cost O(Cpy, (n)r?logn). Furthermore, with a probability at least p(p + 1)/|S|,
p X p is the mazrimum size of a nonsingular leading principal submatric of AX for the matriz X of

Theorem 5.4.1. Such a size is computed as a by-product of application of Algorithm 3.5.1 to AX.

5.5 Fast Cauchy-like Computations - Singular Case

Studying the solution of a singular Cauchy-like linear system, we will use the next result and definition.
Lemma 5.5.1 [K95]. Let A be an n x n matriz of rank p with entries from a fized field F and suppose

that the p x p leading principal submatriz A, is nonsingular. Then for a vector § with coordinates

A,
== *7)-s
0

is a solution to AT = b, where the vector b ' consists of the first p coordinates of b+ A7, and 0 denotes

from the field F the vector

the null vector of dimension n — p.
Definition 5.5.1. Let A; be the i x i leading principal submatriz of A, where 1 < i < n. We say that
A has generic rank profile if A; is nonsingular for all j, 1 < j < rank(A).

The next theorem extends the known results from the Toeplitz-like (cf. [BP94], p. 206, or [KS91}) to

the Cauchy-like case and can be an alternative to Theorem 5.4.1 where the input matrix is nonsingular
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(see Remark 5.5.1).
Theorem 5.5.1. For an nxn Cauchy-like matriz A of rank p represented by an s.g..(A) and satisfying
(2.2.1) and (2.2.2), consider the matriz product A = LAM, where L and M are also Cauchy-like

matrices with scaling generators of length 1. Assume the following relations:

Fip@. pan(L) =YZ7,
— T
Fio@. pey(M) = XW7,
YT = [ylr"'-vyﬂ] € an ZT = [an"'vznl € Fny

XT =[z),---,z] € F*, WT = [wy,---,wn] € F*,

[ = (yi+lzj+1 )"‘1 M= (1'{+le+1)""1 ’

Si—4qj j=0 ti—Pi ij=o

where the entries of the matrices Y, Z, X, W are random samples from a fized finite subset S of the
field F and where S does not contain 0. Let s;, q;, pr be all pairwise distinct fori,j.k=0,---.n—1.
Then

(1) L and M are strongly nonsingular matrices and

(2) A has generic rank profile with a probability at most 1 — ﬁ’—(l%ll.

Proof: Part (1) follows from (2.2.2) and Lemma 2.2.7 since S does not contain 0. Let us prove
part (2). For an n x n matrix D, denote by Dy ; the determinant of the submatrix of D formed by
removing from D all rows not contained in the set I and all columns not contained in the set J. First,

let Y.Z, X, and W be generic matrices. For I = [1,2,---,i], J = [j1,72,---.7i]. K = [k1.ko.---, ki,
i=1,2,---,p, we have from the Cauchy-Binet formula that

A=) Jz wLrsArkMk

Let us prove that
Arr#0 fori=1,2, ---,.p. (5.5.1)

Observe that, for a fixed pair of J = [j1,j2,--,ji] and K = [k1.k2,---,k;], the determinant L, ; has
the unique term
ayLy2: - YiZ4; - - 25,

where a # 0 is a constant. Likewise, Mg r has the unique term

b:x:kl s T, Wy - Wi,
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where b # 0 is a constant. Therefore, Zu # 0 provided that there exists a pair J, K such that
Ak # 0. This is true for all ¢ < p, since A has rank p, and we arrive at (5.5.1).

Now, we observe that A;; is a polynomial of degree at most 4i in the variables Ym:> Zms T

wm, m = 1,...,n. Under the random choice of their values, we apply Lemma 5.4.1 and obtain that
probability(Ar s # 0,i = 1,---,p) > [Tf_,(1 — 4i/IS]) = 1 — 2p(p + 1)/IS|. This proves part (2) of
Theorem 5.5.1.
Remark 5.5.1. If the input Cauchy-like matriz is nonsingular, we may apply Theorem 5.5.1, as an
alternative to Theorem 5.4.1. Application of Theorem 5.5.1, rather than Theorem 5.4.1, requires by
factor 2/r fewer random parameters (dn versus 2nr) and involves scaling generators of roughly half
length (r + 2 versus 2r + 1), at the small price of doubling the probability of errors (2n(n + 1)/|S|
versus n(n + 1)/]S|).

To prove Theorem 5.5.1, we devised a simple algorithm that, for an n x n Cauchy-like matrix A
of rank p given with an s.g..(A), computes a random pair s.g.;(L) and s.g.;(M), where L and M are
n X n matrices such that, with a probability at least 1 —2p(p+1)/|S|, the matrix A = LAM has generic
rank profile. Furthermore, based on Lemma 2.2.3, we computed s.g.r+2(A) by using O(r2Cyr, (1)) ops
(cf. (5.1.2)). Now, we assume that we have been already given s.g.;(L), s5.9.1(M), and s.g.r;2(A4) for
a pair of nonsingular matrices L and M and an n x n matrix A = LAM having generic rank profile
and propose the following algorithm, using O(r2Cjy, (n) logn) ops (cf. (5.1.1)).

Algorithm 5.5.1. Computation of the largest nonsingular leading principal inverse.
Input: vectors § = (¢:)ig, £ = (£;)720, @ # t;. -5 = 0.1,---,n — 1, and gi,- - Gr+2. h1. -+ . Fora2

such that the next matrix has generic rank profile:

r+2

A =YY" D(Gm)C(q )D(hm).
m=1

-

Output: An integer p < n and vectors @y, -, &, U1, - -,0 Um,0m € F**!, m = 1,2,---,

7 < r + 2, such that p = rank(A4) and

A

A, = 3 D(@m)C(E DD(m).
m=1
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B C
-E— J ——
is singular if and only if £ > p ( since A has generic rank profile ). Apply Algorithm 5.5.1 recursively

1. Represent A as A = ( ), cf. (3.1.3), where k = [5], and the k x k submatrix B of A
to the input matrix B replacing A. (Note that we are given an s.g.-(B).) If p > k, the output of this
stage is the desired output of the algorithm. Otherwise, the matrix B is nonsingular, and then we
obtain s.g..(B~ ).

2. Apply Algorithm 3.3.1 to compute an s.g..(5) for the matrix S =J —E B~ 'C.

3. Apply the algorithm recursively to the Cauchy-like input matrix S, replacing A. Qutput p =
rank(4) = k& + rank(S).

4. By using the definitions and the results of section 2.2, compute an s.g.2r+4(z;l) (see further
comments below ).

5. Apply Fact 4.1.1, to compute and output s.g.,.+2(z;l). L

Let us specify stage 4. Consider the p x p leading principal submatrix, }Tp = (g_ _Z_) , G, DT €
Fkx(e=k) R g Fle-kx(—k) Write § = R —~ D B 'G. Note that at the preceding stages we have
computed s.9.r+2(G), 5.9-r+2(D), 5-9-r+2(B "), 5.9.r+2(DB "), 5.9.r+2(B~ G, and s.g.r2($7") (cf.
Theorem 4.2.1). Represent Zp—l as follows:

-t (31.1 31.2)
g By, 54/

where Bys = -B'¢ 5, By = -5°'D B~ By = B! - B1sD B! (cf. (3.1.4)). Due to
Lemma 2.2.5 and Corollary 2.2.2, the matrices B;;, B}, Bs.1, and S7! have scaling rank at most
r+ 2, and we may apply Algorithm 3.1.1 and the results of section 2.2 to compute the respective short
scaling generators of these matrices. Let us specify the operators defining these generators. Write

7 = (a:)ize, 7@ ={@)oe, £V = ()50, £9 = (8o,
(7'(1 )

q-w>=( )a.ndt“(m:(_ )
‘7.(2) £ @

Now obtain that

— -1
Fip@m), pgoni(4e )

DEY) O \_ _, _ _ (D@ o
( o D(£?) ) O D(§?)
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_ (F[Du“m). p@ (Br)  Fipg )y, pg <2))1(Bl-2))
Fipi @), pg oy (Ba1)  Fipg @), pg @y(S™)

which gives us an s.g.ng(X;l).

To solve a singular Cauchy-like linear system AZ = b, first compute a vector 7 that satisfies
LAMG = Lb and then recover the vector £ = M7 that satisfies AT = b. Since L and M are
nonsingular, rank (A) = rank (LAM). As a by-product, the algorithm computes rank (A4), which
equals rank (A) with a probability at least I — 2p(p + 1)/|S|, by Theorem 5.5.1. By using a standard
technique (see e.g. [BP94], p.110), the algorithm can be immediately extended (at additional cost
O(rCpg,(n))) to the computation of a basis for the null space of A.

Finally, we observe that, by using O(rCys,(n)) ops, we may verify whether AT = b, that is, the
overall cost bound for the algorithm covers the cost of the verification of its correctness; furthermore,

similar property holds for the rank and null space computation by this approach.
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APPENDIX A : Computations with Cauchy Matrices

The solution of Trummer’s problem (that is, the problem of multiplication of a Cauchy matrix C
by a vector) is the basis for the solution of several important problems of scientific and engineering.
The straightforward algorithm solves Trummer’s problem in O(n2) flops. The fast algorithm uses
O(nlog? n) flops but has poor numerical stability.

Qur algorithms of the chapters 3 and 4 ultimately reduce Cauchy-like computations to multipli-
cations of Cauchy matrices by vectors (Trummer’s problem). For the computation of the solution
£ = C~Y(3.t)7 to a nonsingular Cauchy linear system C(5,t)Z = ¥, the reduction is much simplified

due to the following formula ( cf. e.g. [Gast] ):

1= ., Ts(ti) \n— ~ =g, LH8i) \n-
cC 5.8 = ~d sityn-10T (5 £)d 3 n-l Al
(5.9) mg(rt- t))=° (5.9 “‘g(ps_ (5 =0 (A.1)

where ['z(u) denote the polynomial
n—1 n—1 ]
H(u —z;)=u"+ Z riut,
i=0 i=0
for vector £ = [ zo, - - -, :z:n_l]T, and where ” ’ 7 denotes the derivative. On the other hand, we have

the following matrix equation from [GO92] :

C( 5,F) = diag(1/T; (s:))E3 V(5 )WV 4( £ )diag(Ty (t))E2, (A.2)

where V(Z) is a Vandermonde matrix.

The latter equation reduces the computation of the product C(5,¢t )T, for any vector ¥, to the
computation of the product of the Vandermonde matrix V(5) by a vector and to the solution of
a Vandermonde linear system of n equations. These two operations are equivalent to multipoint
polynomial evaluation and to polynomial interpolation, respectively. ( Note that the computation of
the values of the polynomial I';- (s;), for i = 0,---,n—1 and for a given vector of the coefficients of this
polynomial, is also the problem of multipoint polynomial evaluation.) Since the known fast algorithms
( cf. [BP94]) perform the latter operations, as well as the computation of the coefficients of I'; (z) for

a given vector £, in O((n log?n) log log n) ops over any field of constants, we arrive at Lemma 2.2.2.
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Furthermore, we immediately obtain from (A4.2) that
CTH( 5,f) = diag(1/T (&)1 V( £)V ™1 § )diag(Ts (s:))i-
Based on this formula, we may deduce the following result.

Fact A.l1 [Gast]. A nonsingular Cauchy linear system of n equations can be sz!ved over any field of

constants by using O((nlog? n)loglog n) ops.

Alternatively, we may immediately deduce Fact A.1 from the formula (A.1), which has an advantage
of reducing the solution of a Cauchy linear system to the multiplication of a Cauchy matrix by a vector
(Trummer’s problem). ( Recall that our algorithms of chapters 3 and 4 show a similar reduction of

Cauchy-like computations.)
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