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ABSTRACT

Thermal turbulent discharges are investigated. Numerical
solutions are presented for two-dimensional time dependent jets.

The governing equations are developed for a general three-dimensional,
time dependent case. Equations of continuity, momentum, energy and
turbulent intensity torother with expressions evaluating eddy viscosity
and mean square turbulent vorticity are formulated. Turbulent flow
expressions are derived from an analysis of turbulent energy spectrum
in the wave number space and with assumption of isotropic turbuience.
Boussinesq approximation for the buoyancy force is applied. The equa-
tions are written in the finite difference form and the solutions are
ocbtained through an explicit inteqgration scheme with successive over-
relaxation iteration method for the snlution of the Poisson equation
for the potential function on each time step, Free surface problems
are investiqated, although the solution may alsc be applied to open
space problems. Temperature and velocity distributions are obtained
for discharqes to stationary or flowing ambients. Comparison of tur-
bulent and laminar approximation of the flow is made,

Experiments were performed and data on velocity and temperature
on vertical deep and shallow discharqes were accumulated. A temperature
compensated hot film probe and a special light technique were applied
to nather the data. In order to test the accuracy of resultina solutions
detailed comparisons were made with the experimental results. Very good

agreement was achieved,
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NOMENCLATURE

cp specific heat at constant pressure
E three-dimensional enerqy-spectrum function
F{k,t) three-dimensional transfer-spectrum function
F densimetric Froude number
a; i-component of qravitational acceleration
K thermal conductivity
Kk diffusion by inhomogeneity
k wave number
p pressure
p' fluctuating pressure component
p mean pressure component
[ pressure variations
absolute temperature
T fluctuating temperature component
T mean temperature component
Tr ambient temperature
T temperature variations
t time
u, velocity component 1n i-direction
u% fluctuating velocity component in i-direction
61 mean velocity component in i-direction
U,u veloci1ty component in x-divection
V,v velocity component 1in y-direction
Nk transfer function
X i-coordinate

X, ¥ horizontal and vertical coordinates respectively
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0§ thermal diffusivity k/pc)

ﬂ volumetric coefficient of thermal expansion
X', X, ¥" dimensionless constants

di .3 Kronecker operator

dt, dt time step

d x, dx space step in x-direction

dy, dy space step in y-direction

E total dissipation

€ 1k alternating tensor

€m.€h eddy diffusivity (momentum, thermal)

ﬁ mean vorticity

r]‘ fluctuating vorticity

21.22.23 dimensionless constants

ML absolute viscosity

vV kinematic viscosity

P density

Pr‘ reservoir density

;5 density varfations

&) ratio of eddy diffusivities (thermal to momentum)
P ratio of pressure to {constant) density pA>
P production function

%..%,.3,. % numerical constants
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Subscripts and Superscripts

i, 3, n correspondingly: space, space, time indexes in the finite

difference equations

iy J, k, 1 index of coordinate axis, Einstein (tensor) notation
Abbreviations
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I.

INTRODUCTION AND LITERATURE REVIEW

The mathematical representation of the physical process of
a thermal discharge is a complex one. Turbulence and interaction of
inertia and buoyancy forces are the major factors in the structure of
the flow. In addition to the velocity and temnerature 1t is necessary
to evaluate a number of correlations of turbulent quantities., This
entatls the analysis of the theory of turbulence and the closure problem,
The governing equations are highly nonlinear and theoretical analysis
is hardly possibie., The earlier research in this area concentrated
on approximated integral techniques to solve certain problems., The
solutions were often applicable to a 1imited case only (e.g. simple
jet, simple plume) barring a wider range of applications. Also, many
terms were neglected as a necessity to simplify the governing equations.

The investigation of turbulent thermal discharges presented
here resulted in the numerical solution of turbulent, time dependent
buoyant jet. Equations of momentum, energy, turbulent intensity and
other necessary expressions for turbulent flow were derived and solwed.
The solution covers the jet area, as well as, the far field of the
thermal spread. This provides a solution for transient, or the steady
flow of a discharge into a uniform or density stratified reservoir,
Stationary environment, as well as, a cross flow for cases of vertical
jets were investigated, Although the numerical procedure was developed
for a two-dimensional case it may be extended to three dimensions,

since the theory covers three-dimensional soace.



The full impact of turbulence was taken under consideration
for the case of isotropic turbulence. Thus, in addition to the velocity
and temperature distribution, the turbulence intensity, eddy viscosity
and turbulent vorticity were calculated for the entire field.

An approximated laminar flow case was also developed and a
comparison between laminar and turbulent approach was made.

To assure correct numerical modeling and to test the accuracy
of the resulting solutions, the parallel experimental investigation
was performed. It provided data for the steady, two-dimensional flow
of a vertical thermal discharge into water. Velocity and temperature
distributions were obtained for a large variety of rates of flow and
of discharge temperatures. The jet area and also the far field were
investigated. The comrarison of numerical results with the experiments
was done for the near field and the far field. Good agreement with

experimental data was found.



The typical field of a thermal discharge, that is already de~
veloped, can be divided into three major regions, each with its particu-
lar features. First is the region of a flow establishment with a poten-
tial flow core and a very large velocity and temperature gradients near
the jet boundaries. The second 15 a region of an established flow where
the velocity and temperature profiles of a jet cross-section could be
roughly approximated by a Gaussian distribution curve, and the third is
2 region of thermal spread, The first two regions are usually turbulent;
the region of thermal spread is rather laminar, although with a turbulent
head 1n the initial stages of 1ts development.

The trajectory of the jet axis and the size of the thermal dis-
charge field are often characterized by the entrainment coeffiéient and
densimetric Froude number.

The densimetric Froude number is particularly important in a
case of horizontal, inclined jets, Its value reflects interaction be-
tween momentum and buoyancy forces, and is directly related to the
shape of the jet axis.

The jet widens away from the discharge nozzle. This {s due to
a decreasing velocity of the jet and the entrainment of an ambient fluid.
Rate of entrainment depends on velocity gradient and intensity of tur-
bulence on jet borders, and, in a case of discharge to a stream, entrain-
ment is due to a turbulence generated by the jet and the stream motion,
In the initial stage of flow development, head entrainment is an additio-
nal source of entratinment,

The structure of the thermal jet is presented on the next page.



r— Head Entrainment
AV4
| ' =

Thermal Spread Zone

Turbulent Head

Zone of Established Flow

—f

Zone of Flow Establishment

\Discharge Nozzle

Entrainment
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Ue - entrance velocity
91 - density of a discharge
In terms of the parameters shown above, the densimetric Froude
number can be presented in a following form:
u 2
F = £
Dg Pr - ;j
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The theoretical and experimental work on a simple jet by
Albertson, Dai, Jensen and Rouse (3) is the foundation of research in
this area. The authors introduced the concept of zone of flow estab-
Tishment and zone of established flow followed later by many writers,
From theoretical investigation, it was found that velocity profiles are
similar and follow a Gaussian distribution in the zone of established
flow, They show also that there is a linear expansion of jet boundary,
that center line Tongitudinal velocity is inversely proportional to the
distance from the nozzle, and that volume flux over a cross~section
increases linearly with the distance,

Albertson and others investigated simple steady jet without a
any buoyancy impact. Morton, Taylor, and Turner (35) investigated in
turn simple plumes in the environment with linear density stratification.
In this case the flow field was developed through the impact of the
buoyancy force alone with the absence of the initial momentum, They
used the integral method for setting up the equations of volume, momentum,
and density deficiency conservation. The main aspect of physical phe-
nomenon in this case is that the plume, in a stably stratified environ-
ment, will not rise indefinitely, but only up to a certain level at which
it will start to spread horizontally, It is due to a buoyancy force
which will be decreasing with height until the point where it becomes
s1ightly negative., With the entrainment coefficient assumed constant,
the maximum height reached by the plume was predicted. Exact solution

was obtained for the case of an instantaneous plume Source.



In his further investigation, Morton {33) expanded his work on
the turbulent, forced plumes which were generated by a steady release
of mass, momentum, and buoyancy force from a source located in a uniform
or stably stratified fluid. For the uniform environment, the plume
was assumed to have a Gaussian profile of mean vertical velocity.

By an integral method ODE's were developed for mass, momentum, and
density deficiency. For a stably stratified environment, a "top hat"
profile was assumed for mean vertical velocity, and integral technique
was applied in the solution, The concept of a pointsource for genera-
tion of momentum and buoyancy was used. As the solution plume radius,
vertical velocity, temperature excess, and in the case of stratified en-
vironment, height of rise were presented as functions of the vertical
distance from the nozzle and density distribution in the ambient.

Experimental investigations of the buoyant air jets are pre-
sented in references (19), (25), (37) and (39)}. They were concerned
with impact of the wind on the trajectory, effects of stratification
and buoyancy.

Purely theoretical approach utilizing potential flow theory for
a simple jet was presented by von J, FOrste (16).

Probiem of entrainment was extensively investigated by Morton,
ref. (34). He proposes development of entrainment models for laminar
axisymmetric flow in viscous jets, plumes, and wakes, and an application
is made to the ascent of laminar plumes in a stably stratified environ-
ment. The entrainment flux scale is obtained using order of magnitude
arguments, and in each case it is shown to be proportional to the kine-
matic viscosity 1V with exception of thermal plumes at Prandt] numbers

less than unity.



Further investigation of entrainment was carried out by other
authors and is described in references (14), (15) and (37).

Horfzontal buoyant jets form an important group of discharges.
The magnitude of a densimetric Froude number and an interaction between
momentum and buoyancy forces have impact on the shape of the jet trajec-
tory. In this area Abraham (1) presents an analytical work and experi-
mental results. His theory is set u; in such a way that the solution
matches the limits of either a simple plume or a simple jet. The result-
ing set of ordinary differential equations for mass, concentration, and
momentum equations is solved numerically. In setting up the equations,
Gaussian profiles for velocity and concentration distribution were as-
sumed. From the experimental point of view, the investigation is rest-
ricted to measurements of concentration distribution of a tracer.

Similar approach is taken by Anwar (4) who extends investigation
to discharge with angle of inclination of 30°, and evaluates distribu-
tion of centerline dilution for various densimetric Froude numbers.
Effect of thermal discharge on temperature distribution in river and
also investigation of a radial, horizontal surface discharge were pre-
sented by Lawler, leporati and Lawler in references (28) and (29) res-
pectively,

The buoyant discharge concept is applied to analysis of turbu-
lent diffusion of a sewage field in an ocean current by Brooks (7).
Two-dimensional PDE for diffusion with the assumptions of steady flow,
and negligible vertical and horizontal mixing, describes the field of

concentration.



A transformation is applied to reduce the governing equation to a form
analogical to the heat conduction equation and an exact solution is
obtained. The results show the dependence of concentration (decrease)
on the distance from the jet nozzle,

Majority of earlier described papers dealt with the flow field
of the jet 1tself. Sharp (40) extends investigation to the thermal
spread. He works out an introduction for analytical investigation of
the following physical process: when a jet of fresh water is discharged
at depth into saline water, it rises to the surface and then spreads
laterally as a horizontal current at the surface. The writer suggests
the use of the method of synthesis and describes studies intended to
provide a diagram solution method for the rate of spread. The concept
of geometric and dynamic similarity is being used to set up the basic
expressions. Experiments that were carried out provided data for
relations between the nozzle diameter, volume of discharge, density dif-
ferences versus the speed of spreading,

Effect of stratification was accounted in an experimental work
by Fan (15). In his doctoral thesis Fan investigates a round buoyant
jJet in both uniform and stratified environments, The investigations,
mostly experimental, are paralleled by analytical work based on integral
method with assumption for similar Gaussian type profiles for velocity
and concentration. In the experimental part the measurement of con-
centration of salt over the jet cross-section is taken for various
nozzle diameters, angles of Jet inclination, concentration,and initial

velocity.



Tulin and Schwartz (44) presented a paper on investigations of
hot discharge into a moving stratified environment, The first part is
the case of hot gases from the chimney, entering a stratified atmosphere
with uniform cross wind, The set of coupled ODE's describing the flow
field is developed and solved exactly gliving the plume trajectory and
concentration distribution as a result. In the second part the authors
investigate a hot discharge from the bottom of a stream. Conservation
equations for excess mass, momentum balance, and turbulence decay are
set up and the simitarity concept is introduced.

Later Hirst (23) analyses round, turbulent, buoyant jets dis-
charged to flowing stratified ambients, He applies the integral method
which is based on an integration of the differential equations written
in a "natural" system of coordinates, The paper includes extensive
comparison of theoretical results with experiments,

Mahajan and John (30) present an experimental paper on a shal-
low, heated water jet discharged horizontally. Jet trajectories were
recorded as functions of temperature and entrance velocity, and empiri-
cal correlations were obtained which yielded the locus of the point of
maximum jet velocity as the jet moved toward the surface,

The papers reviewed provide an overview of the jet,or buoyant
Jjet research. Several additional papers included into the references
provide some variations or more detailed analysis of the problems dis-
cussed above, The references include also publications on theory of
turbulence, and those, that were needed for a numerical investigation

of the equations as well as the development of the computer code.



Applications

The solution presented in this dissertation has numerous ap-
plications. It may be used to handle a variety of thermal pollution
problems or be extended to chemical, or sewage discharges,

Thermal pollution poses a serious environmental problem to
the country's fresh waters and coastal sea areas. Its magnitude is
directly related to increasing numbers of conventional and nuclear power
plants, It is estimated that by 1980, one-sixth of the United States'
fresh runoff will be used for cooling; one-third by the end of the
century,

The efficiency of power plants varies from 30 to 40 percent,
which means that for every three units of energy supplied, one unit
produces electricity and approximately two units are discharged as waste.
Etghty to one hundred percent of the waste energy is sent into the cool-
ing water. In order to pick up an appropriate location and to assure
the safe and efficient operation of a power plant, the detailed knowledge
of the physical phenomena is necessary.

[t should be mentioned that thermal pollution, when properly
handled may even have beneficial, and not harmful effects.

The field of a thermal discharge may be subject to various
external conditions. In addition to the parameters of discharge like
rate of flow, temperature, size and orientation of the nozzle, the
factors deciding the development of the flow include density stratifi-
cation, current effects and the depth of the discharge. Density stra-
tification depends either on a salt distribution, or on a temperature

distribution in the reservoir, but in many cases on a combination of both.
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In the case of a nonstratified reservoir a submerged thermal
discharge reaches the surface and spreads horizontally; whereas, in the
stratified case the discharge mixed with ambient reaches only a certain
level and starts spreading in the lateral direction, often unable to
reach the surface at all. This phenomenon is of serious importance in
the operation of a sea or near-sea located power plant.

When discharging hot water to a river, large lake, or even to
the ocean, current effects play the important role of introducing an
extra velocity, changing the mixing pattern and significantly alterinag
the motion of the fluid and its temperature distribution.

The flow and mixing pattern depend also on a design of dis-
charge outlets, their location, depth of submersion, and orientation
with respect to the stream or reservoir.

Major types of the flow fields are illustrated on the next page.

11



Simple jet Hot jet

Buoyancy Effect

Uniform density reservoir Density stratified reservoir
@y = const ?r = O (depth)
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Us' 0 Us= 0

Current Effects

Fig. 2. JET BEHAVIOR IN VARIOUS EXTERNAL CONDITIONS
f?j - entrance density of a discharge
Pr - reservoir density
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Summary

In brief, a summary of the thermal discharge research showed
a larqge portion of prior theoretical investigation to be based on appro-
ximate integral techniques.

There was a limited amount of work done which would incorporate
the impact of turbulence into the governing equations. Greater emphasis
was put on the jet structure than on the analysis of the thermal spread.

On the experimental side there is large quantity of data on
thermal plumes, that is, thermal discharges in air, In comparison much
less work was performed on thermal water jets. [In many cases the prima-
ry object of gatherinag data was the determination of the jet trajectories,
jet boundaries, and concentration distribution., Little data is available
on the velocity and temperature distribution of thermal water discharges,
Again, investigations were most often limited to the jet area and there
is not too much data available on the thermal layer. A significant
contribution to the investigation of turbulent flows (not thermal) was
made over the last few years by the Los Alamos aroup (Ref, (20)).

Some concepts on turbulence introduced by that aqroup were used in the

development of the present investigation,

13



The contribution of the present work is that it synthesizes all
the major aspects of the flow including the impact of the buoyancy force
and turbulence. In the development of the governing equations no terms
were neglected and thus the solution provides an accurate picture of ther-
mal discharges and is thus applicable to a wide variety of problems,

Expressions relating eddy viscosity, turbulence intensity
and mean square turbulent vorticity which were derived through the ana-
1ysis of turbulent enerqy spectrum in the wave number space, introduce
a new way of modeling turbulent viscosity. This significantly simplifies
calculations and the evaluation of the turbulent quantities and vet close-
ly satisfies the physical reality.

Experimental data that were gathered implement and also verify

the theoretical results.
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I1.MATHEMATICAL FORMULATIGN

1. DEVELOPMENT OF ANALYTICAL SOLUTION

The analytical formulation was developed for an unsteady,
three-dimensional flow of the thermal discharge.

It consists of two major parts. First, a simplified case
where the flow is assumed laminar. Second, where the flow is consi-
dered to be turbulent,

This two-step development will permit a comparison of lami-
nar and turbulent flow solutions with the experimental results,

Equations describing the flow field were formulated and then
transformed to a form which i< suitable for numerical integration.

Initial and boundary conditions which were applied are
described Tater in this chapter.

Cartesian tensor, or subscript notation, with its principles,

was used in the analytical part.
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A. LAMINAR FLOW
Let us start with the formulation of the governing equations. De-
scribing the flow field the following assumptions have been made:

a. Fluid flow is Taminar.

b. Viscous dissipation terms in the energy equation are
neglected.

¢. Molecular viscosity and thermal diffusivity coefficients are
assumed to be constant.

d. Fluld is everywhere incompressible with respect to pressure,
but density is a function of temperature in buoyancy, which
is known as the Boussinesq assumption.

Rayleiah dissipation, i.e. frictional heating, is neglected in the
energy equation for the laminar flow since its effects are negligible at
a small Eckert number,

Therefore, the equations will be in the following form:

Continuity equation:

Momentum equation:

auy S S le Jil,
— t = - = =+ U= (2)
< cz'x,( a ‘) A X CJ)X,\

Energy equation:




It can be proved that if the fluid velocity is small compared with
the velocity of sound the pressure variations occurring as a result of
the density changes are so small that they can be neglected. The relation
between density and temperature of water can be assumed Tinear, with suf-
ficient degree of accuracy in the investiqated temperature region, and
this justifies dropping the pressure term from the enerqy equation.

To incorporate the buoyancy effects into the momentum equation,

the variable temperature T(x],t) is written in the following form:
T(xi,t) = Tr + T(Xi 9t) (4a)

where T. 15 a constant ambient temperature from which the variation T(x].t)
is computed.
The fluid density is a function of temperature and can be expressed

in a similar form:

where ¢ is a constant reference density and Q(T) represents density
changes due to temperature variations.

Density variations are given by the following expression:

J(M = -g.5T (4c)

| o ,
Here}j= - - ;LJis the thermal expansion coefficient of the fluid.

ST

For the temperature range that we are concerned with density changes lin-

early with temperature and value of P can be assumed constant.

17



To represent pressure in the fiuid we write:
P=P.*P {4d)

P is not a constant, it varies with height according to hydro-

static equation and therefore:

P, = Y, g-x + const. (4e)

where x represents depth and g gravity.
With the expressions for pressure and density defined above we can
now transform the pressure term from the momentum equation. Using (4b)

and {4d) we get:

| L 0

([ +2) (af)

L4

Let us expand (Qr+3)'l by binomial expansion and neglect second

and higher order terms on the right hand side of (4f). We have:
- . (') .,_.) ‘ﬁ‘a . ._h:\ ’) e
—‘—ﬂ—(Jb =—.l'hh-+—'~ﬁ)'b B Bhdn (4g)
VX v N X
By definition:
-
l S
- —'—E[— —_ (4h)
N Q)/L
and
(. l\r T
ol 1 (81)




Substitution of (4h) and (41) into (4g) gives us an expression for

the pressure term:

Jb L9 ]jT (5)

Since ¥ is constant except in the buoyancy, we can also write:

Loy _ ;_*(_E) _ I (6)
CoOX. Ox o ve b T OXx,
The concept introduced by (41) thru (6) is known as Boussinesq assumption.
In a case of a temperature stratified reservoir ambient temperature
{and density) will be a function of depth. Therefore, for that particular
set of problems we assume: T = T(x), where x represents depth.
Including the developed pressure gradient term into the momentum
equation, the following set of equations is presented:

Continuity equation:

SIN

UL N D Jy T Jol, 20
Lu_—- - — __r"‘['] -+ : “ a
I X X - O X
Enerqgy equation:
?T +L1¥J-I:f‘f9T, (32)
JT "X, J X
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The equations (1a) through (3a) form a closed set of five
equations (in expanded form) with five unknowns. The solutions will
be worked out together with various sets of initial and boundary con-

ditions that will be described later in this chapter.
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B. TURBULENT FLOW

From the experimental observation it is known that the field of
the thermal discharge, or at least its initial portion, is turbulent.
Consequently, in the next stage we shall develop the investigation which
will more closely resemble the actual ophysical process rather than the
laminar approximation.

To describe the physical phenomena the equations of continuity,
momentum and enerqy for the unsteady, nonhomogeneous turbulent flow will
be developed. In addition to that, two equations, namely, the equation
for transport of the turbulent energy and the equation for turbulent vis-
cosity will be derived.

The experimental research has been carried out parallel to the
theoretical investigation and the phenomenoiogical theory of turbulence
will be used to evaluate the correlations of fluctuating quantities and
the closure problem. This was done in order to assure close interrelation
between the theoretical structure of the mode! and the experimental
results.

A simplifying assumption of isotropic turbulence was applied. Jus-
tification for it comes from the fact that it is known from experimental
evidence that the fine structure of most nonisotropic flows is nearly iso-
tropic, and that the differences between the actual experimental results
and the isotropic assumptions are negligibly small and may even be smaller
than the spread in the experimental data.

We again start with basic equations (la), (2a) and {3a) for conti-
nuity, momentum and energy conservation, with the addition that viscous

dissipation terms are included into the energy equation.
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Introducing mean and fluctuating parts of turbulent flow we

write:
VAL TR VY (7a)
P =+ (7%)
T =7 + 71 (7c)

where bars denote an average and primes, a fluctuating quantity. By defi-
nitfon:
w; =0, @=0, and T-=
The substitution of the expressions (7a), (7b} and {7c} into
the continuity, momentum and energy equations will yield after time av-
eraging and simplifications the following set of equations:

Continutty:

JU; _ (8)
OXi O

Momentum equation for the mean flow:

3¢ +adx, —#aT - 5%+ S Pa -0

Momentum equation for the fluctuating flow:

E)L11 S [U T ) L I, T ;)(I)

37 tUagy o tUay =BGl - 5
(10)
O (LOU =
t axu(”axn+u‘u*)
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Energy equation:

OT T 4
:‘)T LK:)X

T o1 0 ﬂm?T) ))Han 5

+ Ll'k + + -
. DXH DXK 2Cp ka DXL

S

ILL Du'h)i
am

% T Ox

The frictional heating terms are included this time in the ener-

|

gy equation, for the reason that the magnitude of the velocity qradients is
larger and therefore we can expect a greater amount of heat to be generated

in the turbulent flow,

For an incompressible fluyid:

DT D —=
= =—uT
iy X X,

therefore the energy equation will have the form:

o,
~

L JT J ( o7 Tﬁﬁ)+ hR Han“+37ﬁ
4 "I x. | OXl Ox. o NOX. DX
IS; UL
+ (,‘ L4 2 (MNa)
I X, X

Equations (8), (9), (10) and {(11a) fully describe the turbu-
lent process. There are however , the time averaged correlations of fluc-
tuating quantities which must be evaluated in terms of easier to handle
relations.

As a next step, we shall develop an equation for the Reynolds
stress transport. To achieve this let us multiply the equation for fluc-

tuating flow by u}. time average it, and then make appropriate simplifi-

cations.
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The result is:

QU] | — UL =9l  —— I
L L by

gt T Ukgx, Uity FUgR Y
U UL,

P
DX B (u‘ % +uiaxk)+ v (u g_J +UJD—)

T —'l_""'n'
—BlguiT +guwT) (2)
Equation (12) developed by Reynolds is known as Reynolds stress equation

Where the Reynolds stress:

RLJ:—QU.JUl (13)

For future convenience let us transform some terms of the

Reynolds stress equation. As a result we have:

JTT, _ oUW, —— U T,
T-'_uka +UuT+UUKaXK+ .
124
LU, U cp ;P cp o, U
S =l ot PR e
JTu 9T OU, - —
o [2T5 23 2 T
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The equation of Reynolds stress, as well as all other equa-
tions involve several unknown correlations of fluctuating quantities.
For isotropic turbulence we can express the Reynolds stress in terms of

mean flow quantities in a following way:

—— 2 T, Ol

WU, =<£q§d.-€ ~ + 5 (14)
/ 3 q ‘4 m DXJ X-L'

where q is the mean kinetic energy of turbulent fluctuations:

q-_-= —‘Z-m (15)

and €m is the eddy viscosity.
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Reynolds stress i1s thus expressed by two functions q and €
For 1 = j mean flow velocity gradients in the expression (14) vanmish and
Reynolds stress is reduced to the turbulent energy carried by the flow.

In that case, substitution of {14) into (12a} yields:

-'-\_—

qﬁ €55 + kr

O
@I

O
H.
L)

ey Ty

The above equation was obtained with the assumption that for

f = j we have:

L,
X

Q_,’

=0

U

Equation (16), which is the turbulent kinetic energy transport
equation includes several terms containing correlations of fluctuating
quantittes that need to be evaluated.

In the first step we shall evaluate trinle velocity correla-
tion and pressure-velocity correlation.

The diffusion of turbulent energy q , which is a scalar quan-

tity, can be approximated by the flux (Ref.(20),(21)):

I oy
IX. D% \ (e“‘ax ) ar

similarly:
':)u'_\|' _ J (E.. ;;-\4;) (18)
X, f )X, o Xu
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where }ﬁ and ‘?2 are dimensionless constants. Values of ;lﬁ and IE were
found to be close to unity.
The temperature-velocity correlation can be expressed by the

eddy diffusivity concept:

T =—¢ 2l (19)
t \ é) X
where €h is the thermal eddy diffusivity.
To evaluate €, we will introduce the experimental results
obtained by Fage and Falkner (12). They conclude, that the turbulent me-
chanism for momentum transfer and for heat transfer, although similar,

are not identical. It was found that heat diffuses faster than momentum

and the conclusion of their results is presented below:

€.=0¢, Vexperiment - 2.0
thus: (See also page 147)
-li‘.TI: Ggrn (]ga)

e —

2]

Let us start with an expression for a fluctuating vorticity:

JU,
LRLDXK

The last term that we need to evaluate is: (

M, = ¢ (20)
where 1] is the fluctuating vorticity.

El1j is a third order tensor defined by the condition that
if any two values of 1,i,] are equal, then the corresponding component

1s zero.
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11, i, j are all unequal and in cyclic order the component

is +1 and if the order of 1, 1, j is not cyclic the component is -1.611..

J
is called the alternating tensor.
Let us square and average both sides of expression (20).That
results in:
S— - U Duts
'll r,..I| — blkl €p L ' ’\ ¥ (2])
e OXe Xy
or:
—_ - - r a|_|l :)'l ]'p
l, -nr«;l — |, . —_— Y . CJ i (2‘13)
l'\ it - Ly i 1' Lo

e (i—,)xlﬂ gx’t

Performing multiplications gives us:

F]'_f_' — i)u' ?U BRI (21b)
: ! DX e )Xk Q)X:K IX

Thus, we get:

(22)

TR Tt SIS I
5 ) ([ ) * IXe DX,

Applying the continuity equation for an incompressiblie fluid

we can prove that:

I UL ST (23)

J X« é))<i o E)XQ E)X;n
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Substitute expression {14) for correlation uiui

Therefore:

I O, Sh 2 — I I,
- _____,[:quh €. ( 4 ” (23a)

X DX, X, DX MNXx X,
Finally:
JuN T 294 ok [ U, am}}
(axx) =t 3 '5“_ K OX, €”‘(D><K+OXL)
(24)

Gathering together expressions {17), (18), (19) and (20) and
substituting them into equation (16a) gives us the final form of the tur-

bulent, kinetic transport equation:

]q —’)q“E(QU Jlﬁ)i—_ e OT
ot MoK IR “"\"OXL
) Jg - . il I,
- “}" n%; R Jij)xier-'(a; * 3): )]
A 2w
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The energy equation (11a) can be presented in an expanded form:

a7 G _i: (;XK( OT J—.)

) ¥ JGL SJD,\Z
— U, - (X — JT - (, =
ot X, DX, U NeX e Uk
\ J K K r ".2
4+ ("U‘\ + 2 i it.‘l“ '__.._")u‘“] ] (11b)
fad “/ :‘\XK L (SXL;

In the temperature range that we are dealina with we can assume
thermal diffusion coefficient ¢ to be a constant., Term uiT' and the
last three terms on the right hand side of equation (11b) are already

evaluated by expressions (18), (22), and (23).

Thus, the final form of an energy equation will be as follows:

Y
4
o
e
_{
[
2
—{

_*
-
x

Z 1 & ;)UI (‘ /1 .
_Er e (“ 4 } (1¢)
Cr X Dxi )
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To derive expressions for the eddy viscosity and the mean
square turbulent vorticity, it will be necessary to transfer the deri-
vation from the physical space into the wave number space. Thus, the
new set of variables will be introduced that will apply to the wave

number space:

k - wave number
k - wave number at waich the energy-spectrum

function Lt {k,t) has its maximum

E(k,t) - three-dimensional energy-spectrum function
averaged over a spherical surface in the
wave number space

Flk,t) - three-dimensional transfer-spectrum function
averaged over a spherical surface in the wav
wave number space

Hk - transfer function

i - production function

Kk - diffusion by inhomogeneity

oxT - numerical constants

S SRR numerical constants

First, the turbulent energy spectrum function will be analyzed

and the eddy viscosity, Eim. will be evaluated.
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As indicated, the turbulent energy of the eddies is distributed
over various wave number k ranges depending on their character, And
thus, in the lowest range there are the largest eddies of permanent
character, then a range of energy containing eddies and a range of uni-
versal equilibrium, The last one with an inertial subrange and viscous
dissipation range, The energy of the eddies is balanced in a sense that
the source of energy must be equal to the dissipation.

A characteristic feature of the large eddies in the lower
range is that the diffusive action of turbulence is determined mainly
by the large eddies. Von Karman and Lin (45), therefore, assumed that
the eddy viscosity E;m ma’ be regarded as a parameter determining the

character of the turbulence in the lower wave number range. That is:

ECkt) guer © Q_,E,;k (26a)

wave numpar
range

where 7  is a constant,

Turbulence energy gets dissipated with the passage of time and
different periods of decay may be distinguished i.e., an initial period,
transition period and final period. This consideration was taken with

respect to time, but for turbulence in the jet problem it applies to

consecutive regions away from the jet nozzle,
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In the initial period {or, close to the jet nozzle) the decay
is determined predominantly by the decay of the energy-containing eddies.
Far away from the nozzle the viscous effects predominate over the
inertial effects, The turbulent enerqy spectra for various distances

from the jet nozzle are illustrated on Fig.{ 4). Ref. (21).

1 x - distance from jet nozzle

Xp 2 X3 > X > X

Fig. 4. <Change of the Enerqgy Spectrum in Space

First the turbulent energy spectrum and expression (26a) were
investigated. The turbulent viscosity fgm could have been evaluated
from (26a)} provided E(k,t) and the corresponding values of k were
specified as 1limits in the lower wave number range where there is a

straight line relation between E{k,t} and k.
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[t is proposed here that the value of turbulent viscosity Efm
be derived from the range of the permanent eddies, that is, the straight
line part of the spectrum. The method is described below and it is
illustrated on Fig. ( 5).

Although the discussed portion of the spectrum is represented
by a straight line, its precise limits are not defined, This makes it
difficult to use equation (26a) directly to find €m

Instead, let the turbulent energy spectrum over the entire
lower wave number range be approximated by a straight line. This 1s
done only for the purpose of specifying two points on E,k-plane so
that the equation of the straight line could be written, and not to
change the actual E(k,t} profile. To define that line precisely the
origin of the system and the maximum value of E(k,t) are connected.

This process is illustrated on Fig. ( 5).

ke

Fig. 5. Turbulent Enerqy Spectrum - Straight Line Relations
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Now it is possible to write the equation of the straight line
and to evaluate the angle of its inclination. The new line will be

represented by the following:

Bk, t) = 2 €7 x (26b)

where C  is a constant,

Thus, equations (26a) and (26b) both representing a straight
1ine can be related to each other by a certain constant. Ffrom the com-
bination of {26a) and (26b), Eim can be evaluated. The expression for
E(ke,t) will now be determined. Following Hinze (pp.198,199) where

the value of E(ke.t) is found, the following can be written:

E(kgot) = 0.2 a/k, (26¢)

It remains now to find the value of ke , that is, the wave
number at which E(k,t) has its maximum, That is again discussed in

Hinze in chapter 3 on “"The Decay of Isotropic Turbulence" (pp. 204-19).

The maximum value of E{k,t) 1is obtained at k21:t =1, or:

N (26d)

Yore

Further:
vl V)Y = (26e)

where - 15 a constant,
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Equation (26e) is the decay law.

Expressions (26d) and (26e) combined together yield:
-5 5
q (ke) = k}

or

-t
kg = ()P (26f)
Now, all the necessary expressions have been derived and (26c)

can be substituted into (26b}):
0.2 a/k, = 7, Enk, (269)
Then, transforming and substituting (26f) into (26g}:

- st
€; — Q_Z_(__L*_ ,rf i (27a)

Constants on the right hand side can be combined into one and

thus, the expression for E:m is as follows:

€ =T, g0 (27b)
m

The constant ‘tq can be evaluated experimentally or investigated
numerically, It will be assumed that the transformation from the
straight line described by equation (26e) and the straight line described

by equation (26b) is reflected in the value of this constant.
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Application of the just proposed theorv on the evaluation of
eddy viscosity is of serious importance, It has the advantage over the
Prandtl mixing length theory since it is applicable also in the regions
where the mean flow velocity gradient is negligible, or equal to zero.
Its simplicity is also important. Various sophisticated methods of
evaluation of eddy viscosity involve complex eguations and many uni-
versal constants while this expression is extremely simple. This cuts
down the computation time and also eliminates the necessity of evaluation

cf saveral universal constants.
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To close the system of equations a relation between the mean

square turbulent vorticity and the other variables is necessary., In

the development of this relationship we shall use Tchen's work which

investigated the interaction between the vorticity of a mean motion

and the turbulent vorticity.

See ref,(42) and (43),

First, the possible cases with respect to their application to

the jet problem will be examined.

place:

1. high
2. high
3. low
4 1ow

oL,
DX,
20,

Altogether, four relations may take

high le

low FL

Without gotng into a detailed analysis (which can be found in

references (42) and (43)) the total dissipation will be expressed by the

following relation:

€ -2 vJHk - E (K] (20

9]
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Case (2) and {3) will be of a principal interest since from
the physical reality point of view relations (1) and (4) will have 1lit-
tle, if any, impact on the jet structure. The only possibility where
case (1) could take place would be in the flow area immediate to the
jet nozzle. Here, however, the high velocity gradient results in the
development of high turbulent vorticity almost instantly.

It is also reasonable to assume that in the far field where
mean flow vorticity is low, the turbulent vorticity is also of a rather
small magnitude. At any rate these assumptions should not be too far
off from the actual physical process.

In his papers on the spectrum of energy in turbulent shear

flow Tchen (Ref. (42) and (43)) considers two cases:

1). Vorticity é%iiL of the main motion is small compared
with the vorticity of the turbulence in the wave num-
ber range under consideration (no resonance).

2). The vorticity of the main motion is comparable to the
vorticity of the turbulence in the wave number under
consideration (strong interaction between vortices and
the resonance may occur), and then the sauare vorticity
of the mean motion is replaced with a product of mean
flow vorticity and turbulent vorticity.

In accordance with our earlier analysis we shall use case (2)

to develop the desired relationship.
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Now we can expand total dissipation into several terms and

analyze its structure:

" : . , o
£ =2 yo[dkk E(K ) + kadk

—-J,It'[k')d "

O
> [ -k 1Ve
with: W = s e '
i g 2 dn K E (K]
- O — yTésonance
X' (aul)z
IX,
where: K % . B
zidk Kk Elk) = r’I'L“ (30)
O)

The last expression is the mean square turbulent vorticity.

The first term in equation {28} represents viscous dissipation
of turbulence in the wave number range from 0 to k, the second term rep-
resents the production of turbulence in the range from k to o0, the
third term represents transfer of turbulent enerqgy in the range 0 to k
to turbulence of higher wave numbers, and the fourth term represents

diffusion by inhomogeneity of the field.
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Using the variables that were already introduced we can present

total dissipation as:

€ = 2 VAR KE () Wik ] + [k oo+ oo
0

(29a)

Applying Heisenberg's assumption (Ref. {21) eq.(3-121)} to the

transfer spectrum function we can present Nk as:

wﬁﬁkHM=fb£WF—aHEF@dwwaw
0 n W k 0

(31)

Relation (31) above is valid for an isotropic flow,
From Heisenberg's concept:
/(_-,\:) E(kl)
€.fk) =1 Jdk e (32)
K
For the case with a resonance between the two vorticities and
introducing equations (30), (31) and (32) into Eqn.(29) we may write

expression for total dissipation as folilows:

am)T”

T =2 Bkwtw}+e m(

O~

LR 4 O SN
+2€ronkk E(l\) + -Z-)—)'(i[ejrhj)l(—z(—z“th)] (29b)
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For the investigated case, that is, a resonance between vorti-

—

AL
AX,

cfty of the turbulent motion and the mean motion, if ( )15 large and

wave number k is sufficiently small, we have:

" bl ; DLT :
2[dk KElK) << (2L (33

Thus, the production function is predominant, and all other functions
become negligible.

Therefore:
v = P, (34)

Total dissipation for a steady state can be written as:

—— Ul
— <= (35)
& = 3%

The production of turbulence in the range k to &0, or the dis-
sipation by turbulence of the main motion in this range (Eqn. (34) and

Egn. (35}) may be presented as:

ar:

{36)
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Qh'and root mean square turbulent vorticity are the scalar
expressions on the right hand side of the equation. To balance that

on the left hand side, we may present this equality in the form:

~ = Dl-_ll :,? Ql-l-l

or, simply:

L. =€, (37)

where ~I3 is a numerical constant,

This final relation aqrees with that of Saffman (38) who came
to his expression by dimensional considerations.

The constant .Ié may vary between 0 and 2, or defining it more
closely, it should be greater than 0 and smaller than 2. A value of 1.0

was found to satisfy most closely the numerical solution. See also Saf-

fman (38}.
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The last expression closes the system and thus, we can present the

final set of equations:

Continuity Equation:

E)Ll"‘,_“':.:() (38)
X,
Momentum Equation:
S T N B NS 2 Q
—' 4+ 1_—‘:-;5(3} B _% 1
+a l)>+€ )(D“l Q_l“)] (39)
X, T OX, IX,
Energy Equation:
OT Oll I, )

OT 3T O { ) J (
5t T Ox T OOk [+ X 2Cp ox, T DX,
(40)

o4y Jq 0 2y O {6 (Du Ou”

cF’ lﬁ_BCp OX: Co IX XL "VOX X
Turbulent Enerqgy Transport Equation:
D e Rl e S 55
- 30 vl tses 56
Skl aklese)



Eddy Viscosity:

310

.= .9 (42)

Mean Square Turbulent Vorticity:
(43)

The equations (38) to {43) form a closed set with the addition
of the desired boundary conditions., The quations can now be written in
a finite difference form and solved numerically. The numerical solution
will provide us with initial jet development, as well as, with a steady
case when enough time for a flow field formation is allowed,

Equations (38) and (39} are in a standard form assumed for
incompressible turbulent flow with the inclusion of Boussinesq assump-
tion for buoyancy. The development of equations (40) and (41) to the
present form includes the contribution of several authors to the theory
of turbulence. The last two expressions (42) and {43) represent the
contribution of the present work to the theory of the thermal turbulent

flows.
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C. INITIAL AND BOUNDARY CONDITIONS

The equations for the flow field developed earlier were solved to-
gether with initial and boundary conditions that are described in this
section.

A variety of problems were investigated. Conditions describing
them are divided into two major groups of vertical and horizontal jets.
Flow field is assumed two dimensional.

a). Vertical Jets

The drawing below illustrates boundary dimensions that will be

used in the specification of the boundary conditions in the x-v coordinate

system for a vertical jet. ?y
d L
-0 + %
2a
‘ | discharge nozzle x
A A S S S P A A S A A A -j;;-i—#a//?" I VY o & Ve Sl

F1g.6. Two-dimensional cross-section of the flow field
where: d - depth Vertical Jet

2a - size of the jet entrance

We should note here that although the drawing shows the region
spreading from -~ to +29, cases with vertical jet and stationary reser-
voir were solved for a region (0,+79), since the left hand side would be a
mirror image of the right hand side. Savings on computer time were con-
siderable. The analytical concept of infinity cannot be applied on the
computer since the evaluated field must be finite in size. Thus, by sym-

bols -, or + » we mean the left-most, or right-most boundary,

respectively.
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Let us describe the initial and boundary conditions for the
investigated problems, noting that they will apply equally for either
taminar, or turbulent cases with the exclusion of turbulent terms for
laminar flows.

1. Vertical Jet, Stationary Reservoir, no Temperature Variations.
Initial Conditions:

I.C.(1a). uf-oc<x<+v0, 0<y<d) =

I.C.(1b), v(-a<x<+a, 0} = Ventrance
I1.C.{1c) v(-0c0o<x<+20, 0«y<d) =

Turbulent variables are equal to zero everywhere.

Boundary Conditions:

B.C.(1a). égxu(o.y) =0
B.C.(1b). égxlv(o,y) = 0
J i
B.C.(1c). 5% {0,y) =0
I
.C. . . =0
B.C.(1d) X 11{0,y)
B.C.(1e). Dx€£0q)=0
J
B.C.{(1f}. —q(h, = {)
(1f) 3% q(N,y)
B.C.(1qg). u{-><x<+o0, 0) = 0 velocity at the bottom
B.C.{1h}. v(i-oo<x< -a, 0} = 0 and v{+a<x<+00,0) =0
B.C.(1i)}. v{-a« x<+a, 0) = Ventrance
B.C.(14)}. vix,d) = 0 surface condition

Note, that B.C's (1d), (le), (1f) apply to turbulent flow only.
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For the output boundary we assume no gradient for any of the

investigated variables and therefore:

B.C. (k). Uis172,5 7 Yi+172,5
B.C.(11). Vicryze,i T Viss2,;
B.C.(1m). Pi-172,3 “Finrs2,]
B.C.(In). "i-172,3 " ia/2,3
B.C.{10). € =€
"i-1/2,3  TMi4172,3
B.C.(p). Yo172,5 7 Yier/2,3
B.C.OYW). Ty 2.9 Tier/2,9

Finite difference notation was used here for convenience and
the temperature condition was listed to specify all output boundary con-
ditions at one place.

Note: The conditions for the output boundary will apply to all problems.

2. Heated Vertical Jet Enters Reservoir of Uniform Temperature.
Initial Conditions:

A1l Initial Conditions from problem no.1. apply here, namely,
IC(1a), IC(1b), IC(1c); with the following additions:

1.c.(24d). T(-oo<x <+ x, 0<y<<d) =7 (constant)

reservoir
[.C.{2%). T(-a<x<+a, 0) = Tentrance

We assume that afr temperature above the water surface is close
to the water temperature and thus no heat loss to the atmosphere is taken
under consideration. In the case of a large difference 0f temperatures
between air and water, terms evaluating heat loss (or gain) due to radi-

ation, convection, or evaporation can be added to the program without any

difficulty.
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Boundary Concitions:
A1l the Boundary Conditions from problem no.1. i.e.(BC(1a)

through BC(1q)) apply here, with the following additions:

B.C.(2r) T{O,y) = 0 symmetry condition
B.C.(2s) JT(-wo<x<+x,d) =0 no heat exchange with
:;q [atmosphere
B.C.(2t) é%l(-h‘ «x<+x,0) =0 no heat exchange with
H

[the bottom

3. Heated Jet Enters Temperature {(and therefore density) Stratified
Reservoir,
Initial Conditions:
A1l Initial Conditions (1C(1a) through IC(le}) apply here,
with an exception of IC(2d) which will be replaced by:
I.C.{2f) T(->x<x<+>, 0<y<d) = T(y)Ir,\‘:_.sermir

where T(y) is specified.

reservoir
Boundary Conditions:
A11 Boundary Conditions developed ealier (i.e. BC{1la) through

BC(2m)) apply here.

4. Heated Jet Enters Stream of Uniform Temperature.
Initial Conditions:
1.C.(4a) u{- < <x<+ 0, 0~y<d) = Uly) where U{y) is

[specified stream velocity
I.C.{4b) v(-ac<x<+a, 0) = V¥

entrance
1.C.(ac) V(- ox<+.x, 0<y<d) = 0
1.C.(4d) T(-x <x <4 -, 0cy<d) = T 0
1.C.(4e) T{-a<x<+a, 0) = Tentrance
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Boundary Conditions:

B.C.(4a). u{-00 cx<+00, 0) = 0

B.C.{4b)}. v{-><x<-a, 0) =0 and v{a<x<g+x,0})=0
B.C.{4c). vi-a <x<+a, 0) = ventrdnce

B.C.(4d). v{- v oxe+>, d) =0

B.C.(4e). u(- »ocx-+.->, y) = Uly) where U(y) is speci-

[fied
The case of a temperature stratified stream was not considered.
It is unlikely to expect significant change of temperature across stream

depth,

b). Horizontal Jets

The dimensions describing flow field boundaries are shown below.
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Fig. 7. Two-dimensional cross-section of the flow field
Horizontal Jet

We will not go into a detailed Tisting of initial and boundary
conditions since they are in nature identical with those for the vertical
jet.

Investigated cases of a horizontal jet included:
1. Horizontal jet entering a stationary reservoir with no temperature
variations.
2. Horizontal heated jet is discharged to a reservoir of uniform

temperature,

3. Heated jet is discharged to a temperature stratified reservoir.
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4. Heated jet entering a co-flowing, or counter-flowing stream.

For the cases listed above it was necessary to specify ais-
charge nozzle size and its location, depth of a reservoir, initial velo-
city, and temperature of the jet, and a reservoir temperature,

A1l these conditions have been incorporated into the computer

program in conjunction with the equations of the flow.
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2. FINITE DIFFERENCE EQUATIONS AND NUMERICAL STABILITY ANALYSIS

The equations developed in the previous section will now be pre-
sented in a finite difference scheme.

As previously, we will develop a two stage system. First, we
shall write equations for a Taminar flow and then expand them further into
turbulent case.

As we mentioned already the numerical analysis will be developed
for a two-dimensional flow, and so all analytical equations that were ori-
ginally written in a shorthand subscript notation will now have to be ex-

panded for both x and y directions of flow.

A, LAMINAR FLOW
We now rewrite equations (1a), (2a) and (3a) in the x-y coordinate
sys tem.

Continuity Equation:

J IV
3*-;:——*'5?:0 (101)
Momentum Equation x-direction:
il o duv JY Jd'U . Ju
Yk Yoy~ Tox 09! + V{5 Du)
Momentum Equation y-direction: (]02)
AV, Juv. VP 9w IV IV
St TS5t og — oy P9 +"(ax—+aq)
(103)
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Energy Equation:

oT oT AT

O'T

I'T

:y;f"+'Ll zjgr‘+— \Y Ej;;':: X

oxt T I

(104)

Using a Taylor series expansion for each term we will write the

above equations in finite difference form using the explicit scheme which

will be explained in detail below.

Continuity:
n+l ~ n+l Vn+l Vn+1
i+k,3 i-%, 3 i,3+% i,9-%
+ == 0 (]05)
dx dy
Momentum x-direction:
n+1l n
. . . . U, . U. . u. .U, .
i+%,3 i+, i+k,3 Ti-%,3 i+k, 3 Ti+k, 5
= +
dt

Uik, 3-% Visk, j-%

U . V. .
i+k,34% Ti+d, g+

dy

Pi,3 ~ Pi+r.;

+ +& g (T, - T )
dx " x 1.3
Uik, 3 7 Yion, s 7 Yisx,
+ U/ 3
(dx}
(106)
Ulek, 341 Uik, -1 Yisk,
+ 2
(dy)
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Momentum y-direction:

n+l n

. - . U, . vV, , - U, . V. )
Vi.3+% V1.3+% i=-%,9+% “i-%,3+% i+k, 9+% i+, g4k
dt dx
v, . v, | - v, vV, .
i,j+% i.3-% i,3+% i,3+%
+
dy
Pis " Pin
+ J‘{y + !"J gY(Tl,]-Tr)
\Y . + V. . -2 v, .
i+1, J4+k i-1,3+% i,j+%
+ U
2
(dx)
v, | + V., -2 v, .
i,3+% i,)-% 1,J+%]
+ 5 (107)
(dy}
Enerqgy:
n+l
- T . - T, .
i, Ti,] i-1,3 i+l, ]
= (U + U, .
T
i,j-1 i,3+1
+ (V + L)
- L+
i,i-% i,j+X% 2dy
- +
[Ti+1,j 2T | Ti 1.3
+ O
2
1 {dx)
- + T,
i,3+1 i,3 i,j-1

(108)



Superscript n refers to a time step (in all places where
not shown it is assumed to be n}.
Subscripts i and j refer to x and y direction steps, res-

pectively. The finite aifference scheme is explicit since e.g. if all

the Vinj are known at any time level tn , any one of the above finite
]
difference equations enables v1n31 to be calculated directly at the

time level toe

The differencing is set up in such a way that the quantity
that is to be fluxed is located at the same mesh position as the flux-
ing velocity.

Exampies below illustrate differencing technique:

. . = 0.5 (U, JF, . +U, .F. .
(UF)1+%.3 ( i+1,3 1,3 U1.3F1+1.J)

(U, .) = Ui—*‘i,jui'ﬁi,j {dx - step)

It will be shown later that an application of the above
scheme for finite difference equations will give us truncation errors
connected with diffusion-like terms dependent on time step Jt only

and free from space step terms.
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Fig. 8, below defines dependent variables for an individual

cell,
CELL (i, i)

—& —j+X
vi.j+’-s
.5 TiLs
U, . ® L_
1‘%'3‘ 6m N Uj
J—lj ilJ i+&'j
v, |
| 2 -3
1
i-X i i+

FIG, 8. THE LOCATION OF CELL VARIABLES

Since the partial differential equations, we are dealing with,
are nontinear, the Fourier method for investigation of stability cannot
be applied,

Instead we shall try to examine the truncation errors and from

that analysis come out with stability conditions,

57



A leading point used in the investigation is the fact that viscous
terms should be of the same order of magnitude as inertia terms. This
prevents an exponential blow up of the equations. The major cause of in-
stability comes from the approximation of PDEs by terms from the Taylor
expansion where only the lowest order terms are retained and those of
higher order are dropped.

We shall start with analyzing the higher order terms of the Taylor
expansion which were neglected when writing the simpliified difference

equations.
Expanding each term of the difference equations in a Taylor series

and dropping all nondiffusionlike terms leaves us with the following equa-

tion of momentum:

Il gt Ju : AL U
357 +—2—5—;—:+0[(d’f)]+u % Vm =

{(109)

Y AT D'l Ju
~5x “PAT A 1)(Z)x"‘ +E)Lf)

Equation for y-direction has the same structure.

Ju

Evaluation of‘zi?zafter dropping a1l nondiffusionlike terms leaves

us with:

gT” = g; + v%—dﬁ- + o[(dt)l] (10)
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If we substitute this result to equation (109) we have:

I Il i I
zjtf—* —F'lhl'zjsz"+' E)l~] = — 2372—- ——-EB(];T-‘f

(111)

[ B %T“H +o[(dt)ﬂgxu +[ “%iv +oljd) Hg‘kﬂj

By analogy the momentum equation in the y-direction:

OV IV AV IP
St UK Y Vo T oy —RaTH

(12)

V- %—u +0[(df)JB: +{V”%V+°[dt)l]3u

It is apparent that negative coefficients of viscous terms could

cause instability. The necessary conditions that must be met are:

oG]0 o - Gvfso

It is of importance that there are no diffusionlike truncation er-
rors involving powers of space steps x or .

Stabi11ty condittons are then satisfied ifu>%l u- and; >g—t4 vz
s0 by keeping the dt sufficiently small we can keep the solution stable.

As another possibility, we can introduce such an expression into
the computer scheme that would exactly balance and nullify the effect of

2

dt/2 US ordt/o Vz. A finite difference approximation accurate to second

order indt could also be develoned.
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B. TURBULENT FLOW
Similarly to the procedure applied to the laminar set of equations

we shall rewr{te equations (38) through (43) in the x-y coordinate system.

- Continuity:

ﬂl IV (138)
X T g =0

Momentum x-directfon:

E)u Ou JUV E)q)_2§_)q 8o T
toxt oy T 3 X P9

Momentum y-direction:

OV IV IUv JP 299G pNF
ot *37 T X P91
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Energy:

OT+Z)uT OvT 9 [
Idt  IX Y X

2v€)u Ou IV Ov

+g—g[(oz+6€m)a—T—] ag+ax 2
-2 [+ S+ 53 4 Slen5e)

-433@[6 55+ 5 43555l

Turbulent Kinetic Energy:

%%*g;lq*"g;q =26€0(Sx] +En (5— 5]

Il T
+2€,.,,(€> T+BGq€max +B Gq,€ mgg

3 5%““'& “”{?’Tt—z—[ )

“ZaxOg[e 2y +57)]-25 [e ]}

{142}

<[5 ) o B3]

continued on the next page
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Turbulent Kinetic Energy {continued from previocus page):

- x[3em 52+ 55 58+ el5Re 5] o

Eddy Viscosity:

3/0

€

|
VY
N

(143)

Mean Square Turbulent Vorticity:

r? — gga_eo'_ (144)

Subsequently equations (138) through (144} will be written

in finite difference form using the explicit scheme.
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Continuity Equation:

+1 n+l n+l +1
lyl;'.'kij B Ui-;’cj Virj'.'}i - v‘j-l'j_l’
+ = 0 “45)

+ R o L O o I S F b
Un = u? + dt< +
i“&aj i_klj dx dY
\
Fi-1,3 7 Tig
+ - - ﬁgx(Ti.j-T )
2

i-1,13
1 i-d, 341 i-d, 3
+ — U+ € )
dy i-%, 3+ dy
h
Vi, ek ~ Vi—l.j+5 Ui-k.j Uiy, 51
+ — - Y+ €
ax M-k, 5% dy
v, . -V, o]
i,j-% i-1,3-% (186)
+ dx
N
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Momentum Equation y-direction:

2 2
" Vig-1) "WV, 9t 0 OV o T V) a5y
v? i =='v2 . + a +
3= ' 3= dy dx
Ficj'l - Flvj
+ - T. . ~-T
dy ﬁgy( i,J r)
? €
- (U + ) (U - U )
dx dy m i+k, 3 i-%.3

- (V# emi,j-l) Wivg, -1 " ”i-h.j-l’]

Ui+haj - Ui+50j-l

1
+ — S (V+ € )
- ) - U
Viel,5-% ~ Vi,9-% Ui,y " Yiok, 31
+ - (U+ € )
dx ] i‘ﬁcj'ﬁ dY
v - v ]
ilj-k i"’lrj—a
+ (147)
dx
where
Fi,j = pl' + 2/3 qi,j
Enerqgy Equation:
N1 i, (UT)i”H.j - (UT)i+H'j (VT)i‘j_H - (VT)i;j+H
T = T | + A4t +
1.3 1.3 dx dy

contfnued on the next page.
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Energy Equation (continued from previous page):

1l
+ — (x+ G € ) (T, . =T,
dx2 mi+5-j 11,3 ted
- (x+ 3 )T T Ty )
1_;5:3 ’ ’
1 i
+ — (XX+ G & } . - )
2
dy L mi,3+5 1!]+l lJJ
K
- (x+ T E (T -T. . )
ml'j_% 1, l'J_l,
u. .~ U, . -
2V Ti+k, 3 i-%, 5 i,Jj+% i,3-%
+ — +
c dx d
p Y
, -V v o, -V, . <
i+k, 3 i-%,3 i, )+% i,j-%
+ +
dx dy
- +
v Ti+1,9 ~ 91,5 7 Yi-1,5
+ — N . + >
c 143 (dx)
P
-2 o+ U, , U, .
q1'1+1 ql—!J qltj_l 4 ! 1+:’!J l+¥,]
|
+ > 5 Cm
(dy) dx” i+1,3 dx
U . - U, , = U
i+%, 5 i-%,3 i-%, 3 i-%,3
-2 € €
mi,] dx rn1—1,j dx

continued on the next page.
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Energy Equation (continued from previous page):

’ . ~- U, .
1 /Ui+%,j+1 i+, 3
dxdy 1+1,3+1 dy
v . - V., | U - U, .
i+l, j+% i,j+k i-3, j+1 i-%,9
+ - €
m. .
dx i-1,3+1 ay
-V, . U. . - U, .
vlc:]+L¢rl l'l,j"'%\l - 1+L§JJ 1+Lirj—1
+ I- “m
dx i+l,3-1 dy
- U, .~ U, .
i+l,3-% 1.j~%\ R i-%, 3 i-k,3-1
+ + =
ax / Mi-1,5-1 dy
v \Y \Y - V. |
i.i-% i-l,j—%] 4 I K i,3+% i,j+k
+ - 3 ‘ c
dx dy | 1.J+l\ dy
- V. -V, .
/ 1-:]+Li 1:]"'% 1:]"';5 1:]";5
- 2 | + E
i, 0\ dy Mi,j-1 dy
(148)
where: _
1 2
N, . = I
i,3 L. .
i, 3
Turbulent Kinetic Energvy Transnort Equation:
uq) . - (Uq) . :
n+l n ( q)l*hfj q)l"'%rj
g. . = q. . + 4dt « + (149)
1,7 1, ] dx

continued on the next page.
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Turbulent Kinetic Energy Transport Equation (continued from previous

page):
vg) . . - (vgq). . U, . - U ¥
Vady jon = VA gay i+, 7 Uk,
+ + 2
dy mi,j ax
V. -V, ., u . - u, |
-~ [ i,3+k 1.]-%\ coi, 54k i,3-%
+2C -+ ‘
1.3\ dy ; 1.3\ dy
v, -V < T. .-
it+k, i-%,3 ik, i-%,3
+ + < g ©
. B 9, m; o
i'j+% - i']-%
+ '3 g -
R A T dy
. .- 2 . + . . - + '
Vv /q1+l,] ql,j q1-1._] q1,j+1 qi,j ql.]—l
+ 5 - + >
3 dx dy
1| Yivn, 3 T Vi,
- PD¢0.5 N, -2 5 | =
e dx Mi+1, 3 dx
. U 164 . — U, B
- 1+;§:J 1‘5:3 l—%!J 1'%0]
- 2 = + e |
m. . m, . !
i,3 dx i-1,) dx :
r .
1 -l ‘ l+;§uJ+1 1+;5'J
= 1
2dxdy [_ i+1, j+1}Y dy
i+1, j+% i, j+%) i-%, 341 i-%,)
+ I - —
Ax / i1, 3+1 dy
continued on the next nage. (149)

67



Turbulent Kinetic Energy Transport Equation {continued from previous

-

page):
- X . u. . -
Vi,j+1'5 V1—1.3+3 1+5,j Ui+1§,j—1
- €
dx m1+l.j—]_ dy
A% -V, . U. . = U, .
i+1,3-% i,j-% i-%, 3 i-%, -1
+ €
dx ml—l,]—l dy
Viog-x T Vi-1,5-%) 0 2 i,94% Vi, i+
- 2 S o
dx dy i,j+1 dy
_ \Y S
i:j*‘% 1;3_;5 . 1!]";5 l:)‘!i
2 ¢ t e,
*
—= € a,.,, ;+ -4a, .3 -€ (@, . - 4q, , .)
dx2 mi+%,j i+1,3 i, mi-%,j i, i-1,73
‘t
—L ! € (a, .., - 9. .) - € (. . - 4
dy2 mi,j+% i,J+1 i.J ml,]—% i, i,71-1
X €
== (P.., . -¢. .y -€ (P, . -~ F, . )
dxz ml+li,j 1+1lj 1—!] ml_%'] llJ 1 1"]J
-
.1_- €
— (3. . - ) - € ( - P, .
ay? | ™i, i+ i,3+% i, ] Mgk ied i,] 1J
(149)
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Eddy Viscosity:

- r 3/10
€m. . o4 94,4
1.,

Mean Square Turbulent Vorticity:

I
P
el

\/T Ly, ./ €

i,

(150}

{151)

1,7

The description of the computer program developed to solve

the equations (145) through (151) is presented i

this chapter,
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Variable Mesh Size

The technique of finite differences can be further refined by application
of a variable mesh size for problems where differentiation between the
areas of principal interest and secondary interest is of significant
importance.

Mesh can be made very fine in the area of large velocity and tem-
perature gradients and increased in size within the region where changes
of investigated variables are small with respect to the mesh dimensions.

This is 1llustrated on figure (9 ) below.

4.y

| I
2ky
'
-
Y

—

—n —i - -
X X 4 x

Fig.9 . Variable mesH size

The advantage of an application of this method is apparent. A
very large area of the flow field can be covered with only a small in-
crease in the amount of computations and computer storage. What is also
important, is that this can be done without decreasing the accuracy of the
results.

A serious difficulty arises, however, when it is necessary to
match two regions of different mesh size, An {llustration below 1s self-
explanatory and presents the technique that was used to match the vari-

ables on the mesh boundaries.
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d x 2 dx

1y
2 dﬁy
e B
1
[ 4
Fig. 10 . Transition between the fine and the coarse net.

Detailed explanation of the technique applied above can be found
in reference (17) by Forsythe and Wasow.

Only introductory work was done in the area of variable mesh size
because of the problems posed by the solution of Poisson's equation (which
is part of the computational cycle). Nevertheless, the results are quite
promising and additional effort may be spent in the future in order to
finalize this numerical procedure.

The numerical stability analysis for a variable mesh size is no
different from the one developed for a constant mesh size, since each of

the regions of a variable size net has an individually constant mesh size.
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C. COMPUTER PROGRAM

Equations (I4%) through (I51) have been programmed for solution by
a computer. In this section we shall briefly discuss computational proce-
dure, program options and computation time requirements.

Computational Procedure

The computer program is written in FORTRAN IV and consists of a
main program and several subroutines.

Solution is time dependent, and an explicit scheme is used to
evaluate the variables as functions of time and space coordinates. Al-
though the solution is time dependent, steady state results can also be
obtained by performing the computations until an equilibrium is reached,
and the dependent variables stop changing, even if we proceed with
calculations.

The calculational cycle is separated into two major parts. In
sunmary the procedure of computation 15 as follows:

1. A temporary field of advanced time velocities is calculated
from the Navier-Stokes equations, with a pressure boundary condition at
the free surface satisfying the normal stress condition. Correct velocity
boundary conditions assurc that this temporary velocity field contains the
correct vorticity at every interior point in the fluid. The temporary
velocity field does not, however, satisfy the continuity equation i.e.
Ju
331,7=0'

2. In the second step the temporary velocities are adjusted to
their final values so as to preserve the vorticity at every point. A po-
tential function, and a Poisson's equation is employed., The potential is
determined by the requirement that the final velocity field satisfies the
continuity equation everywhere i.e.é)ui = 0. With tinal velocities

%y
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determined, the temperature field and all turbulent variables are calcu-
lated and then the program proceeds to the next cycle in time incremented
by the appropriate t.

Poisson's equation can be solved either by the iteration proce~
dure, or by a direct method. Application of either method depends on the
type of problem to be solved. Iteration procedure requires small amount
of computer storage space but it (an become very costly in computer time.
A direct method, in turn, results in great savings of computer time, but
then requires a large amount of computer storage.

Program Optidns

A major option is a choice for a flow to be assumed either laminar
or turbulent and then, for either of them there are the following
possibilities:

a) Vertical jet in either stationary reservoir, or a cross-stream
with no temperature variations.

b) The same as above, with an addition that the jet and ambient
temperatures are specified. There is also a choice of a reservoir having
uni form temperature throughout, or being temperature (density) stratified.

¢) Horizontal jet in either stationary reservoir, or a cross-
stream with no temperature variations.

d) The same conditions as in (¢), with the addition that jet and
ambient temperatures are specified. The reservoir may be of uniform tem-
perature, or temperature (density) stratified.

For any of the options it is possible to investigate effects of
buoyancy and stratification, intensity of turbulence in the flow field
with turbulent viscosity distribution, in addition to getting velocity,
pressure and temperature distributions.

These options were developed for a regular rectangular, or square
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computational net. We can apply all the options over the variable mesh
s1ze mentioned earlier. The advantage of this net was already described.

Computation Time Requiremeat

The amount of computer time necessary to reach steady state de-
pends on two factors, namely, character of the flow i.e. laminar or turbu-
lent, and the method that was used to solve Poisson's equation (i.e. iter-
ations, or a direct technique). As mentioned, the direct method should be
applied whenever possible (provided that the storage required is not too
large) as computation time may be cut down very seriously in comparison
with the iteration technique.

When the iteration technique was used, it was found that turbulent
flows required less computer time than laminar ones. Although the turbu-
lent flow equations are far more complicated than those for the laminar
flow, the number of iterations is cut down, due to a larger dissipation
of energy by turbulent motion. The actual amount of time necessary to
reach steady state for a particular flow depends on the type of computer
used and may vary from a few hours time on IBM 360, to only several min-

utes on IBM 370.
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IT1. EXPERIMENTAL FACILITY

The experimental system was designed with the objective of

modeling the two dimensional flow field of a thermal discharge in the

initfal stage of its development, as well as, in a steady state process.

The major equipment of the system consisted of:

1.

A test tank in which experiments were conducted. Main
dimensions: 3.66m, length, 0.20m. width, 0,.50m depth.

The discharge nozzle centered across the tank was 0.001m.
wide.

Hot water tank with dimensions: 0.25m.x 0.38m.x 0.50m. It
provided a supply of hot water with desired temperature

and pressure head.

The measurements of velocity and temperature were taken by the

following instruments:

1.

Velocity was me;sured by a temperature compensated probe
of a hot film element, gold plated quartz with temperature
compensating coil. A constant temperature anemometer (DISA
type 55A01) coupnled with another anemometer (DISA type
55D05) were used for these measurements. Minimum velocity
limit for the probe was 0.01m/sec.

Temperature measurements were taken by an array of copper-
constantan thermocouples. The magnitude of temperature was
read on an electronic thermometer (Comark 1200 series).

Estimated accuracy of measurements was 0.05°C,
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The jet structure was also recorded photographically. Two dif-

ferent methods of observation were applied:

1. A projector, and a specially designed screen with slides
were used to observe the development and intensity of the
temperature field as well as the motion of the fluid.

2. Green dye was added to the hot water supply to trace the
Jet boundaries.

A Graflex camera and black and white film were used to record

the trajectories of the jets.

Experimental Cycle: Thermal Discharge to a Still, Infinitely Long Reser-

voir of Uniform Temperature.

Modeling of the flow in the initial stage of its development
poses no serious desian problem. To accomplish the task of accumulating
data for a steady state process the following operational cycle was de-
vised:

Hot water enters the tank through the discharge nozzle, mixes
with the cold water and then, due to momentum and buoyancy forces, reach-
es the surface and spreads out horizontally.

Eventually the head of the thermal layer reaches the end of
the tank and is discharged through a filter which regulates the rate of
outflow and keeps system in balance.

Cold water is supplied to the tank through the entire tank
floor to assure that its velocity is negligibly small, {(Velocity at the
floor is of order of 0.00Im/sec.} The cold water lost in the mixing proc-

ess is thus replaced.
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This operational cycle can be carried on for a long interval

of time.

The serious
periments was posed by
Air accumulated on the
very adverse effect on
cessfully solved by an

ply systems,

problem that was encountered while conducting ex-
an enormous quantity of very small air bubbles.
surface of velocity and temperature probes had a
the accuracy of the readings. The problem was suc-

application of air traps on hot and cold water sup-

The experimental system and its components are illustrated on

the following pages.
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Iv.

EXPERIMENTAL RESULTS

In this chapter, the experimental results are presented. The
discharqges, according to the structure of the flow field will be clas-
sified as being deep, or shallow, depending on the flow pattern and
size of the thermal layer.

The shallow discharges are defined as such where the entire
region (from top to bottom) is affected by turbulent mixina. There is
no thermal layer since all the space is filled by the discharge water
and the temperature on the vertical cross-section is either uniform,
or varies slightly.

The flow pattern of a deep discharge is significantiy different.
The thermal layer is formed on the water surface (when the eauilibrium
state is reached) and the lower (cold water) region is not affected
by the mixing.

As far as various parameters are concerned, the size of the
discharge nozzle and the reservoir depth are most descriptive in
characterizing the discharge.

In this investigation, shallow discharges had 1:5 nozzle
to depth ratio, a border case, 1:16 ratio and deep discharaes, 1:500
ratio. The qradual transition from shallow to deep water discharges
illustrated by change of temperature and velocity pattern is shown

on Fig.(12) and Fig.(15).
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Additional information on the flow pattern of various dis-
charges and other details, is given in this chapter (pp.108,109).
The first two sections discuss deep discharges and shallow discharges,
In the third section of this chapter, an investigation of the free
surface is presented. The shane of the free surface and its dependence
on several flow parameters are evaluated experimentally and numerically.

The experimental data were taken, as stated, for the two-
dimensional flow. To make sure that the flow is truly two-dimensional
and that the impact of the tank walls did not affect the results, the
horizontal velocity was measured across the tank from wall to wall at
several different cross-sections. The accumulated data are presented
on the next page. It may be noticed that the nresence of the walls had

a negligible impact on the velocity profile.
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1. EXPERIMENTAL RESULTS = DEEP DISCHARGES

The experimental set-up described in the ealier chapter was
used to gather the data for a steady, two-dimensional flow. The word
“steady" applies to the mean velocity and temperature values, since
turbylent fluctuations were present in the large portion of the flow
field. Accumulated sets of data covered the temperature and velocity
distributions as functions of distance from the jet nozzie, as well as,
temperature and velocity distributions as functions of depth and dis-
tance from the jet axis in the far field.

The measurements were taken for several different rates of
flow, 1.e., 0.18925 liters/minute, 0.37850 liters/minute, 0.56775 1i-
ters/minute and 0.75700 11ters/minute per centimeter of nozzle length.

To develop a relation between the structure of velocity and
temperature fields for each discharge rate of hot water, several jets
of different hot water temperatures were investigated. Hot water was
suppTied at 15°C, 20°c, 30°C, 40°C, 50°C and 60°C. The temperature
of the cold water in the reservoir varied between 15°C and 16°C.

The results are presented in graphs on the following pages.
These graphs illustrate temperature and velocity distributions over
the investigated field. The curves were obtained by applying poly-
nomial regression analysis of the data points for the larger spreads
of data, or simply by drawing the line, interpolating between the
points, if the spread was negligible. The small deviation of each
of the experimental points is due to the fact that an arithmetic
average of the experimental values was taken for each point shown
on the graph. The measurements were repeated three to six times at

each point to obtain, as accurate, as possible results.
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Experimental Results - Notes; Fig. El. through E13,

To prevent the experimental araphs from beina overcrowded with
notes, which are common to many of them, the pertinent comments are
summarized on this page.

The metric system of units is used to present all the experi-
mental data. This conversion resulted in fractions and uneven numbers
when some values were changed from British to metric system,

Distance is expressed in centimeters (CM).

Velocity in centimeters per second (CM/SEC},

Temperature in degrees Centigrade (OC).

Rate of flow in liters per minute (L/Min.), taken per centi-

meter of nozzle lenath.

Rates of flow of 0.189:5 L/Min,, 0.37850 L/Min,, 0.56775 L/Min,
and 0.75700 L/Min. correspond to rates of hot water flow supplied to jet
nozzle of 1 GPM, 2 GPM, 3 GPM and 4 GPM respectively,

For the axial distribution of temperature and velocity the
number in the upper right hand corner of each box represents the dis-
tance of the cross-section, at which the temperature, or velocity were
taken, from the jet nozzle (Fig, EV1., E2., E5., E6.).

The vertical axis represents velocity, or temperature, while
the horizontal one gives the distance from jet axis.

Note: H - the distance from the jet nozzle is defined on Fig.l.

Only one-half of the profile for velocity and temperature

is shown,
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The analysis of the experimental data can be summarized as fol-
lows. The entire flow area can be divided into two regions, each with
di fferent characteristic features. The vertical flow covers the vici-
nity of the jet axis and the horizontal flow spreads over the far field.

A1l investigated jets at any rate of flow and any temperature
at the nozzle were strongly turbulent. The turbulent field covered the
entire vertical jet region and the initial part of the horizontal
spread.

With no large temperature, or velocity gradients to generate
turbulence in the horizontal spread, the gradual decay of its intensity
was observed. Thus, with an excention of the initial region adjacent
to the jet axis, the far field was laminar.

The intensity of turbulence and the size of the turbulent por-
tion were related to the temperature of the discharge and the rate of
flow.

Let us proceed with a detailed evaluation of the data in the

two regions, starting with the area adjacent to the jet axis,
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Near Field - Vertical Jet Region

The jet boundaries determined by the velocity and temperature
profiles coincided closely in the initial part of the jet area. This
was due to the high velocity of the flow, and neqgligible conduction in
comparison with convection. Farther away, however, from the jet nozzle,
the thermal region was significantly greater than the velocity region.
This resulted from the fact that conduction and local mixing were of a
comparatively large magnitude while the velocity was small,

From the investigation of velocity nrofiles for various rates
of flow it was concluded that the length of the zone of flow estabiish-
ment was in proportion to the rate of flow,

Analyzing the velocity distribution in the vertical jet
(Fig, EV1, €3) we can evaluate the impact of the rate of flow on velocity
at constant discharge temperature. When the rate of flow 15 kept con-
stant, jet velocity 1s a function of temperature difference. [t is ap-
parent that the impact of buoyan:y force on jet velocity is of the same
order of magnitude as inertia force (compare Fig. El. and ES.).

An 1nteresting phenomenon takes nlace in the close vicinity
of the jet nozzle along tle axis when axial velocity drops for various
temperatures are compared (Fig. E7}). The jets of a higher initial velo-
city (and entrance temperature} experience a faster velocity drop ini-
t1ally. Later their velocity drop is slower than those of lower initial
velocity {and temperature). Tnis results in the double intersection of
velocity distribution profiles on the axis 1n some cases as illustrated
on Fig. E7. Apparently this develooment is due to a very high entrain-

ment 2f cold water from the ambient.
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The high entrainment results from a large velocity gradient. The grad-
ual impact of the buoyancy force slows down the axial velocity drop.

A change of temperature for any entering jet (when rate of
flow is kept constant)} results in another interesting phenomenon. Jet
velocity atthe nozzle increases as the hot water temperature 1s raised
(Fig. €5, E6). Since the amount of hot water supplied to the nozzle
does not change, the increase in velocity is possible only by the con-
traction of the area of the jet flow. This process is 11lustrated

below.
HIGH ENTRANCE TEMPERATURE

LOW ENTRANCE TEMPERATURE

Fig. 17 .Jet Cross-section at the Nozzle vs Temperature Change

The sum of inertia and buoyancy forces will be greater as the
temperature is increased (the inertia force is kept constant, Since
there is constant rate of flow). And so, to accommodate greater veloci-
ty and satisfy continuity of the flow there is an apparent narrowing of
the jet cross-section.

The temperature profiles are tied with the velocity profiles
although not in the way that is assumed by many theoretical investiga-
tors. The velocity and temperature profiles are not similar. As it
can be seen on Fig. E2 and Fig. E6. the temperature profiles chanae

shapes and get flattened out faster than the velocity profiles.
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That {is apparently due to thermal conductivity, which increases heat
dissipation, and local mixing. Very rapid temperature drop on the axis
over a very short distance from the nozzle was observed (Fig. E4 and

EB). This is a result of very large entrainment of the cold water from

the ambient.
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Far Field

The structure of the steady, two-dimensional flow was investi-
gated over the entire cross-section of the tank that is, from the bot-
tom to the water surface.

As mentioned ealier, the horizontal flow field was laminar
with some turbulence mostly in the region close to the jet axis.

Of particular interest is an interaction bpetween the velocity layer and
thermal layer. The velocity layer is also interacting with the flow of
ambient water that is entering the jet.

The velocity layer grows in depth as the distance from the
jet area increases (Fi1q. E9 and E11). The growth of layer thickness
gradually levels off, as the initial momentum is dissipated and the
entrainment of the ambient water into the layer becomes smaller. The
thickness of the layer depends on temperature. With the increase of the
temperature of the entering jet (at a constant rate of flow) tne velo-
city layer thickness decreases. This fact simultaneously results in
in the increase of the magnitude of velocity in the layer since the
discharge rate does not change.

The large entrainment of ambient water into the jet results
in a development of a negatfve velocity field in tne lower region of
the flow. Again, the higher jet temperature (at the same rate of flow)
results in a higher entrainment rate and subsequently in a larger mag-
nitude of velocity in the lower {negative) velocity region. Although
it is not obvious from the graphs of the veloctty profiles, the region
separating the positive velocity field from the negative velocity field
is very unstable with large fluctuations of velocity magnitude and di-

rection.
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Following the shapes of the velocity profiles it is possible
to determine the approximate boundaries of the velocity layer for vari-
ous temperatures of an entering jet, or for various rates of flow, as
it is shown on Fig. t9, and Fig. EI1.

It is not possible to wake a direct comparison of the effect
of the rate of flow, versus that of the temperature of the entering jet,
on the velocity laver thickness. But it can be observed quantitatively
that increasing the temperature of the entering jet by e.q, 10°C has a
similar impact on the chanae in the velocity layer thickness as does dou-
bling the rite of flow (Fig. E11. and E12.). The fact that the temper-
ature changes make such a strong effect on the formation of a velocity
layer shows the importance of the buoyancy force on the structure of a
thermal layer.

Temperature profiles in the far field (Fia, E10. and E12,) are
very different from the velocity profiles {Fig, E9, and £11.).

As mentioned earlier the thermal layer is far qreater in depth
than the corresponding velocity layer, Its thickness is directly pro-
portional to the rate of flow, although this relationship is not linear,

The fact that the thernal layer is greater in depth than the
velocity layer (compare Fig, E10 and E12, with E9 and £11) 1s of signi-
ficant importance because the thermal laver overlaps the lower (nega-
tive) velocity reaion. This means, subsequentlv, that the entraining
fluid will not entirely be a cold ambient water, but will be a mixed
water of higher temperature {(than the ambient) particularly in the up-
per portion of the jet. This results in an additional increase of tem-

perature in the thermal laver unti]l an equilibrium is reached.
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The thermal layer is stable at a sufficiently far distance from
the jet area. There is, however, an apparent instability in the area
that is close to the jet axis. Investigating the temperature profile
at the cross-section which is closest to the jet axis we can see (Fiq.
E10 and E12) that the temperature at the surface is actually lower than
the temperature below, which seems to contradict the influence of the
buoyancy force and introduces instability to the flow. This phenomenon
can be explained by a visual observation of the jet and is illustrated

below.

Fig, 18. FLUID MOTION IN THE INITIAL REGION OF
HORIZONTAL SPREAD

The excess of velocity on the jet axis at the surface results
in a vortex motion and because of that the fluid with highest temper-
ature {(and velocitv) is turned downward. As we move away from the jet
axis, stability is reached by a combination of mixing and buoyancy
force.

The temperature drop alona the water surface measured from the
jet axis was rather small. The largest portion of the drop takes nlace

over the initial section of the thermal layer.
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Changes farther away from jet area were very insignificant,
This can be explained by the fact that the initial drop 1s most Tikely a
result of high mixing and convection in that region. In the distant
area of the flow temperature decreases only through conduction and rad-
iation. The changes amounted to a few tentns of a degree Centigrade at
the most. The distance was too short, and the temperature variation too

small, to obtain a meaningful evaluation of the recorded data.
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For deep discharges the process of flow development is rather
simple. Hot water leaves the nozzle, then mixes with the cold ambient
and reaches the surface (due to the combination of inertia and buoyancy
force). Then, it spreads in the lateral direction. The vertical velo-
city component at the surface is usually small due to viscous and tur-
bulent dissipation over a long distance, The excess vertical velocity
at the surface produces a rather insignificant downward motion, There
is a limited vortex motion as well as limited mixing process. The
thermal laver is formed on the reservoir surface and its thickness de-
pends on the earlier mentioned flow parameters,

The case of shallow discharges introduces more posstbilities,
In one instance, with rather small discharne velocities, the process
is similar to the deep discharge case. If, however, the initial velo-
city of the jet is of a large magnitude, the flow field may be quite
different, A free surface reaion may be analyzed from a conservation
of energy point of view, The excess vertical velocity at the surface
gets converted into potential energy of elevation which creates a "hump"
above the water surface. Then, in turn, due to the gravity force, the
mass of flow is directed downward and sideways, creating a very large
vortex motion, The higher the "hump", the stronager the vortex,

In some instances of a larae enocugh entrance velocity, {(and small depth
of reservoir} the vortex motion is able to reach the bottom,

The diagrams picturina the velocity fields are presented

together, for comparison of the extreme cas:s, on the next page.
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Fig. 20, FLOW PATTERN - SHALLOW DISCHARGE

The more detailed analysis of the free surface structure will be dis-

cussed in the next section of this chapter,
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2. SHALLOW AND BORDER CASE DISCHARGES

Shallow discharges are investigated in this section. Experi-
mental data accumulated for various flow conditions and numerical
solutions are presented, The linht technique described earlier was
applied and the photographs provided information on the jet boundaries,
as well as, the shape and size of the thermal Taver,

A< it was pointed out already, the flow pattern and the tem-
perature distribution for the thermal jets {in a stationary, not stra-
tified environment) depends on three parameters, namely, the velocity
of the discharqge, the depth of the reservoir and the size of the dis-
charge nozzle. Depending on the temperature difference between the
jet and the environment, the buoyancy force may also be of certain
importance.

The detailed analysis of the jet flow and formation of the
thermal laver was thoroughly discussed in the section on deep dis-
chargqes. On the following pages, the differences in the flow struc-
ture and additional characteristics of the thermal discharges will be
pointed out. There is no point in repeating the material which per-

tains eaually to all kinds of jets.
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At first, a thermal discharge with the ratio of depth to nozzle
size, 5:1 was considered. Discharges with two different velocities
were investigated and the photographs of various stages of flow devel-
opment presented. In both cases it could be observed that the thermal
layer increases in its thickness so far that after a certain interval
of time, it will spread from top to bottom. With the passage of time,
the temperature becomes uniform (equal to the discharge temperature)
since all the cold water gets gradually replaced by hot. Then, since
there is no temperature change in the entire field, the velocity dis-
tribution is the same 2s that of a simple jet (there i5s no buoyancy
force) for a steady flow case.

Therefore, only the data on the velocity distribution were
accumulated. The numerical solution likewise provides a velocity dis-
tribution for a steady case since temperature becomes uniform through-
out. The photographs o the next few pages show the development of
thermal region and the nraphs provide velocity profiles for the same

flow conditions.
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After 3 min,

Fig. P1. JET AND THERMAL LAYER FORMATION - AS A FUNCTION OF TIME

Rate of Flow 0.56775 L/Min. Ambient Temperature 15°¢C
Depth of Reservoir 10 cm, fntering Jet Temperature 30°¢
Nozzle Size 1.9 cm.

Time measurement is from the moment the discharge nozzle was open,



After 3 min.

Fig. P2. JET AND THERMAL LAYER FORMATION - AS A FUNCTION OF TIME

Rate of Flow 0.75700 L/Min. Ambient Temperature 159¢
Depth of Reservoir 10 cm. Entering Jet Temperature 30°¢
Nozzle Size 1.9 ¢cm,

Time measurement is from the moment the discharge nozzle was open,
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In the next case, the nozzle size was reduced by half to 0.31cem,
where the rate of flow and the depth were kept the same. This resulted
in the entrance velocity being two times higher than previousliy. The
flow pattern changed considerably as can be noticed on the photographs
on the next page. Visual observation of the flow structure proved to
be difficult in this case but the computer investigation provided addi-
tional details about the temperature and the flow development. The ex-
cess vertical velocity at the surface was turned downward {some of it
sideways) which brought hot water from the surface to the bottom.
Complete mixing resulted and then this warm water started to spread in
the lateral direction. The photographs presented on the next page show
the temperature field development at a few time intervals., For the
reason mentioned above there are no visible boundaries between the hot
and cold regions. There is also no visible difference with the passage
of time due to a very thorough mixing which results in a very gradual
temperature change.

There is no point in presenting either the experimental data
on velocity and temperature distributions or a numerical solution for
a steady case. The temperature is uniform since all the cold water
gets gradually replaced by hot water. Then, since there is no tempere-
ture change in the entire field, the velocity distribution is the same

as that of a cold jet in a cold environment (for a steady case).
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After 3 min,

Fig. P3. JET AND THERMAL LAYER FCRMATION - AS A FUNCTION OF TIML

Rate of Flow 0.75700 L/Min, Ambient Temperature 15%
Depth of Reservoir 10 cm, Entering Jet Temperature 30°¢C
hozzle Size 0.31 cm.

Time measurement is from the momont the discharne nozzle was open.



Proceeding to another ranqge of discharges, the ratio of depth
to nozzle size is 16:1. The rate of flow is kept the same as in the
previous instances for shallow discharges. The flow Sstructure here
1S now more simitar to the deep discharges. The thermal layer is formed
near the water surface The cold reqion below the thermal layer is the
source of entrainment of ambient water to the jet and therefore it has
a direction toward the jet axis,

The photographs of the thermal field nresented here are of the
same discharae rate hut of different depth of reservoir and they are

shown on Fiq.{(E15) throuah (£22).
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Depth of Reservoir 20 cm,

AN

Depth of Reservoir 30 cm.

Fig. P4. JET AND THERMAL LAYER FORMATION - STEADY FLOW PATTERN

Rate of Flow 0.75700 L/Min. Ambient Temperature 15%¢
Nozzle Size 1.25 cm. Entering Jet Temperature 30°C
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Let us start with an analysis of the velocity and temperature
at the jet axis. Both experimentaliy and numerically, it can be obser-
ved that velocity of the thermal jet is due anparently to the impact
of the buoyancy force, The velocity and temperature decrease is much
smaller here than in the deep discharge case. The fact that the tur-
bulence is of much lower magnitude results in smaller mixing and dif-
fusion and consequently in slower dissipatinon of energy and thermal
energy,

When the velccity is investigated along the jet axis for shal-
Tow discharges we can rotice that there is a very slow velocity decrease
in the area close to the jet nozzle and then a much faster velocity
drop farther away from the nozzle. For comparison, in case of a deep
jet a rapid velocity drop is immediate. This phenomenon is explained
by the existance of a potential core {corresponding to the earlier
described region of flow development). The potential core is quite sig-
nificant in the case of shallow discharges and preserves the entrance
velocity from the impact of mixing and entrainment fluid. Since the
nozzle for deep discharges was 1mm. in size and the flow was very tur-
bulent it was difficult to observe the presence of the potential core

and its impact on the flow characteristics.
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3. FREE SURFACE FORMATION

In addition to the experimental data about the velocity and
temperature fields, the formation of the shape of water surface direct-
1y above the discharge nozzle was investigated.

Depending on the relation between the three parameters, that
is, velocity of the discharge, size of the ischarge nozzle and the
depth of reservoir, the free surface may form a "hump" in the place
of discharge. This "hump” is of no concern for deep water discharges,
The turbulent and viscous dissipation is sufficient to reduce the verti-
cal velocity component to a neqgligible value., For shallow discharges,
however, the “hump" formed on the water surface may be of considerable
height,

The elevation of the surface was measured for various ratios
of nozzle size to depth. As was mentioned earlier, the presence of
the "hump'" has a very serious impact on the flow pattern, In the fol-
lowing pages experimental and numerical results are presented. The rate
of discharge {(or entrance velocity) was kept constant to define the
dependence of elevation of water surface on discharge velocity and depth,
The shape of the free surface, as it was evaluated on the computer, is

superimposed on the photographs of the free surface.
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Fig. P5. FREE JET

Rate of Flow 0.75700 L/Min,
Nozzle Size 1.25 cm.

Grid Size 5cm. X% 5cm.
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Fig. P6A. FRLE SURFACE FORMATION - AS A FUNCTION OF DEPTH

Rate of Flow 0.6625%0 L/Min.
Nozzle Size 1.25 cm,
Grid Size 5cm. x bom,
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Fig, P6B. FREE SURFACE FORMATION - AS A FUNCTIUN OF DEPTH

(Continuation of P6A.)
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Fig . P7A. FREE SURFACE FORMATION - AS A FUNCTION OF DEPTH

Rate of Flow 0.75700 L/Min.
Nozzle Size 1.25 cm,
Grid Size bem., X Scm,
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Fig, P78B. FREE SURFACE FORMATION - AS A FUNCTION NF DEPTH

{Continuaticn of P7A.)
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Fig. P7C. FREE SURFACE FORMATION - AS A FUNCTION GF DEPTH

(Continuation of P7B.)
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Fig. P7D. FREE SURFACE FORMATION - AS A FUNCTION OF DEPTH

(Continuation of P7C.)
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As expected, the elevation of free surface is in inverse pro-
portion to the tank depth, although, it should be pointed out that this

relation is not 1inear,

There is a gradual decrease of the elevation of the free sur-
face and when the ratio of the jet nozzle to the tank depth is 1:10

or less, the water surface becomes almost flat.
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Summary

There is a very rapid drop of temperature and velocity along
the jet axis in the area immediate to the jet nozzle. This is the result
of a high turbulence level and a large entrainment of the ambient fluid.
With the increase of the entrance velocity or temnerature, there is an
increase of velocity and temperature gradients along the jet axis.

The investigation of the relationship between the jet tempera-
ture and 1nitial momentum shows that buoyancv force is a significant
factor in the magnitude of velocity value. Its impact is stronger for
the flows with low entrance velocities (rate of flow 0.18925 L/Min.)
where an increase of temperature. by 359¢C yielded up to a 20% rise in
velocfty. The same temperature difference for a higher rate of flow
(0.75700 L/Min.) increased velocity by about 8%.

The observation of the far field shows that the thickness of
the thermal layer depends on the temperature of the discharge (higher
temperature results in a thinner thermal layer). The temperature of the
thermal layer is related to the discharge velocity (mixing) where an
increase of velocity results in the lowering of the temmerature of the

thermal layer,
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In contrast, the buoyancy force is far less significant for
shallow discharges where the impact of momentum prevails. Mixing, vor-
tex motion and also the thermal Tayer take much Targer portion of the
field. In extreme cases it may result in the elimination of entrain-
ment of any ambient fluid into the jet., In certain conditions, tempera-
ture may become uniform from top to bottom without any apprectable gradi-
ent. The drop in velocity, or temperature, on the jet axis is much
smaller than for the deep discharqges. This apparently resulted because
of the size of the notential core which is proportionally much larger
in the shallow discharges,

The elevation of the free surface depends on the jet entrance
velocity and also the depth of reservoir ond the size of the discharae
nozzle. This elevation may be of considerable magnitude 1f the dis-
charge is very shallow and then it will have a strong impact on the
structure of the flow (vortex motion}, With an increase in depth, re-

lative elevation of the free surface aqradually becomes negligible.
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. NUMERICAL RESULTS AND THEIR COMPARISON WITH EXPERIMENTS

In this chapter numerical results are discussed, The earlier
developed finite difference equations with appropriate initial and bound-
ary conditions were solved on the computer for a variety of flows.

In the first part, the numerical results are compared with the
experiments. The qraphs representing numerical solutions are shown on
the background of experimental data to check their validity and accura-
cy. The comparison was made for the vertical, hot and cold water dis-
charges where the ratios of nozzle to reservoir depth were taken as 1:5
and 1:16, It is necessary to point out that a vast majority of indus-
trial applications lie in this similar range.

The shallow and medium range discharges were applicable to
testing of the numerical results. The computational grid necessary to
cover the field to yield an accurate enough solution does not in these
cases, require excessive computer storage. Whereas, the computations
of the deep discharges require a much larger amount of computer stor-
age and computer time. Later in this chapter some additional numeri-

cal results will be presented.
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The numerical solutions are plotted as curves on Fig.{E] 4)

through (E22) while the dots represent the experimental data.

First the axial flow will be considered. The velocity profiles

Fig.{E15) and (E16) at the jet axis closely resemble experimental results
near the axis, but they are off some distance away. The discrepan-

cy between numerical and experimental results can be explained by the
fact that apparently the hot film probe responded to a cross fiow in

the area of the vicinity to jet borders, That resulted in excesSive
readings in that region, Numerical evaluation of velocity along the
axis Fig (E17) and (E18) coincides very closely with experimental results.
The same comment may be made about temperature distributions where nume-
rical solutions are very close to the experimental data Fig. (E19},
(E20) and (E21).

For very shallow discharges, the gathering of the experimental
data encounters serious difficulties. As illustrated on Fig. (20) there
is high mixing and turbulence and so it is hard to determine the mag-
nitude and particularly the direction of the velocity in this region
with a strong vortex motion, Unless the velocity magnitude is large
enough that one can observe visually the direction of the flow, it is
difficult and sometimes impossible to find the direction of the flow.
Anemeter readings of the hot film probe become meaningless when the
direction of the flow is not known, For this reason, the numerical
solution is of very significant importance. The computer solution
lends itself also to a graphic presentation (that is a streamline pat-
tern and a vectorially pictured velocity field), provided a plotter

with a microfilm printer is available,
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In the far field, (Fiq. (E21) and (E22)) numerical results
are in agreement with the experimental data with respect to velocity
as well as to the temperature protiles.

Again, the computer results provide clearer information for
certain regions of the flow field than could be obtained experimentally,
This particularly applies to the lower part of the thermal layer where
unstable conditions develop. This process was described earlier; it is
also apparent fron an analysis of the velocity profiles in the far field.
In the surface layer the warm water spreads horizontally and the velo-
city vector is directed away from the jet centerline. In the lTower
region, the cold water moves toward the jet, being used as as entraining
fluid. In the region of contact between the two layers (the surface
layer and the lower layer), there is considerable shear and vortex
motion with fluctuations of velocity. It becomes very difficult to
measure either the magnitude or the direction of the velocity and,
thus, to establish the border of the surface layer. From the numerical
solution, the velocity profile is obtained and the thickness of the
surface layer may be accurately determined,

The shape of the free surface was evaluated numerically through
the application of the principle of the conservation of energy. The en-
erqgy of vertical velocity at the free surface was converted into the
energy of elevation. At the free surface, the dissipation of energy
may be considered negligible, The relative height of the free sur-
face can be calculated from the H = V2/2g relation using free sur-
face at infinity as the base. The results were plotted against the
background of the photograph showing the cross-section of the free

surface,
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The numerical solution may also be used to evaluate the entrain-
ment. Experimentally, the entrainment is usually estimated indirectly
by measuring the jet cross-section and relating the coefficient of en-
trainment to the velocity gradient., The computer program permits a
direct computation of the amount of ambient water entering the jet.

The interaction of the jet with a current is demonstrated on
the next pane, The trajectories of the two jets are shown: one, where
the jet velocity to the current velocity ratio is 1:2, and the second
where the ritio is 1:4. Both,the jet and the ambient were of the same

temperature.
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Summary
The numerical solutions presented here covered the area of

the shallow discharges for the near and far field velocity and tempera-
ture distributions, The problem of a discharge with a cross-flow and
the formation of a free surface were also investigated.

A1l the flows investigated experimentally were turbulent and
therefore for comparison between the experimental data and the numerical
resutts it was necessary to apply the turbulent version of the computer
proqgram,

In the far field, as well as, in the far field, there is good
agreement between the experimental data and the numerical results.

The numerical solution offers large flexibility in application and
allows the accurate evaluation of the regions that are difficult for

experimental investigations.
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VI. GRAPHS - EXPERIMENTAL AND NUMERICAL RESULTS

The numerical and experimental results are presented in the
following pages. The numerical solutions are presented as curves on
the background of dots representing the experimental data,

for greater flexibility the results were shown in the dimen-
sionless form, Vertical distance is a percentage of the total length
between the discharge nozzle ard the free surface. The horizontal
distance is a ratio of length 1o the size of the discharge nozzle.

The dimensionless velocity is a ratio of the Tocal velocity to the
velocity of the entrance. Dimensionless temperature is a ratio of the
difference between the local and ambient temperatures to the difference
of the entrance and ambient temperatures.

For the axial distribution of temperature and velocity the
number in the upper right hand corner of each box represents the dis-
tance of the cross-section,at which the temperature, or velocity were
taken, from the jet nozzle

It is important to mention that since the discharges were
symmetriccl, only one-half of the profile for the velocity or tempera-

ture is shown.
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FIG. E14. NONDIMENSIONALIZED VELOCITY DISTRIBUTION

ALON«; JET AXIS - SIMPLE JFET

Rate of Flow 0.56775 L/Min.

Depth of Reservoir 10cm.

Nozzle Size 1.9cm,
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Measurements were taken at 5 vertical locations
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FIG. E.15. NONDIMENSIONALIZED VELOCITY AT JET AXIS

THERMAL JET
H - Distance from Jet Nozzle/Depth of Reservoir
Rate of Flow 0.56775 L/Min. Ambient Temperature 15°C
Depth of Reservoir 30cm. Entering Jet Temperature 30 C
Nozzle Size 1.9 om.
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Measurements were taken at 5 vertical locations
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FIG. E.l6. NONDIMENSIONALIZED VELOCITY AT JET AXIS
SIMPLE JET
H - Distance from Jet Nozzle/Depth of Reservoir
Rate of Flow ©0.%6775 L/Min. Nozzle Size 1.9 cm.

Depth of Reservoir 30 cm.
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ALONG JET AXIS - SIMPLE JET
Rate of Flow 0.56775 L/Min.

Depth of Reservoir 30 cm,
Nozzle Size 1.9 cm.
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FIG. E18. NONDIMENSIONALIZED VELOCITY DISTRIBUTION
ALONG JET AXIS - THERMAIL JET

Rate of Flow 0.56775 L/Min.
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Entering Jet Temperature 30 ¢
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Rate of Flow 0.56775 L/Min.
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Ambient Temperature 15 C o
Entering Jet Temperature 30 C
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vII, DISCUSSIONS AND CONCLUSION

In this chapter, a brief summary of this research will be given.
The discussion on numerical and experimental results, applicability of
used methods and assumptions, limitations and other comments will be
presented,

The primary result of this dissertation was the development of
theoretical background and numerical solution of a thermal jet problem.
The computer pragram is general enough to include major types of two-
dimensional, time dependent flows. The turbulent energy spectrum in
the wave number k space was analyzed on the way to an evaluation of
the physical phenomena and certain expressions in turbulence. This
provided a closure for a system of turbulent flow equations.

Not only can the velocity, temperature and pressure distri-
bution in the flow field be obtained but also the turbulence intensity,
eddy viscosity and mean square vorticity as well. The types of flow
that may be investigated include horizontal and vertical discharges
with stationary, or flowing ambient, where the reservoir may be stra-
tified or of a uniform temperature distribution. Depending on the number
of flow parameters and external conditions, discharges may be of lami-
nar or turbulent character, To accommodate this fact, there are two
versions of the solution developed {.e., the laminar and the turbulent
one. The applicability of either one is discussed later in this chapter.

The physica) modeling of the flow was also a part of this dis-
sertation., The vertical Jets of various discharge rates and temperatures
were investigated. The depth of the reservoir and the discharge nozzle

size were varied also.
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Thus, flow patterns in both deep and shallow discharges were examined.
Experimental data on velocity and temperature distributions were gath-
ered and a comparison of numerical and experimental results was made.
The numerical evaluation of turbulent flows is of very sig-
nificant importance. There are very few limiting cases where some ana-
tysis is applicable to a problem. Otherwise, numerical methods are
necessary to obtain solutions. The equations of transport are strongly
coupled, nontinear partial differential equations. Even with the as-
sumption of the isotropic turbulence, the eguations for turbulent flow
are extremely complicated and, therefore, the application nf finite
difference methods to them is not trivial. It is not possible, at
present, to perform numerical calculations of turbulent flows unless
the turbulence is presented by some appropriate model. The turbu-
lent flow expressions developed here permit, in a relatively simple
way, an evaluation of the impact of turbulence on the flow.
Many numerical solutions of turbulent flow problems include
a large number of universal constants which were introduced during the
evaluation of correlations of various turbulent quantities. Although it
is not obvious from the immediate inspection, in most cases only a very
restricted range of a numerical value of a certain constant will lead to
satisfactory results., Although it was not possible to eliminate them
{universal constants), there are very few of these constants present in
this solution. Their magnitude is based on experiments, or was evaluated
and tested by previous investigators and in the present work. It is
necessary to mention that the values of 1.6 and 1.8 for G were also ap-
plied in the program. It was found that the numerical solution was not
sensitive to the changes of G in this range due apparently to the very

large magnitude of other terms.
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Applicability of Laminar and Turbulent Solutions

The taminar approximation of the flow has a computational
advantage over a turbulent one because it is a lot simpler., Thus,
it would be reasonable to use the laminar flow assumption wherever
possible, The applicability of either assumption will now be discus-
sed,

For the flows with a very low velocity, laminar approximation
is sufficient, since the viscous dissipation is of primary importance
and turbulence is nonexistant, or of a very small intensity. The
inertia forces in the flow field are balanced by the viscous forces and
the laminar solution jis in good agreement with reality.

For higher magnitudes of velocity, however, the laminar so-
lution does not work. The inertia furces, which now have a considerable
magnitude cannot be satisfactorily balanced by the viscous forces alone
and tne numerical solution blows up. This is very well justified by
the physical process. In the case of a turbulent flow assumption,
large velocities and veloc "ty gradients generate turbulence of a high
intensity and subsequently, the turbulent dissipating mechanism.

To an increase of velocity corresponds an increase of turbulence inten-
sity. Then, turbulent viscosity increases as well as the turbulent
dissipation and, thus, the system balances itself,

It should be added here that similar situations develop if
instead of a large velocity, there is a large temperature gradient.

An unstable situation may develop if the buoyancy force is not bal=-

anced. The reasaon is the same as the one described above,
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The restrictions discussed earlier apply to the jet problems
where there is a continuous supply of momentum. If the momentum is not
supplied to the flow continuously, bulonce or, sporadically, at some
time intervals, the earlier restriction about the laminar flow mau be
seriously relaxed. The danger of the solution blowing up is much
smaller because viscous forces will eventually dissipate supplied
energy. Holding the solution stable may require very small time step
dt in some cases., Its magnitude (dt) being in some inverse proportion
to the momentum that is supplied. This has to be investigated very

carefully.
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Limitations of the Numerical Solution

The main problem is the size of the computer storage. The mesh
size, at least in the region immediate to the jet nozzle, must be no
larger than the nozzle itself. That presents no problem for the shal-
Tow or medium discharges but when the ratio of the depth to the nozzle
size becomes 50:1, 100:1 or even larger, the demand of computer stor-
age becomes too high. Variable mesh size offers - »e flexibility which
permits an extension of the ranage of solutions. Thac is also restricted,
ho~ever, because the ratio of dx to dy in any particular region should
be within certain 1imits, otherwise, distorted results are obtained, or
instability develops.

The table presented here gives an estimate about storage re-
quirements for various sizes of computational grids for laminar and

turbulent flows:

Size Variables Variables Total Total Storace Storage
laminar turbulent lam, turb. laminar turb.
10 x 20 10 14 2000 2800 8000 11200
20 x 20 10 14 4000 5600 16000 22400
40 x 40 10 14 16000 22400 64000 89600

Together with the increase of the grid size the amount of com-

puter time necessary to reach steady state also increases.
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In addition to a large number of variables, the turbulent flow
calculations are much more complicated because of the complex character
of turbulent flows. It is, however, not the complexity of expressions
that is a major factor in the required computer time, but it is the
evaluation of the potential function {(that is, solution of the Poisson's
equation) by iterations, on each time step that is so time consuming.
Size of the time step dt which is dependent on the magnitude of entrance
velocityand temperature difference is also very important, The iarger
the velocity (or temperature difference), the smaller the time step,
and subseguently a longer time for computations is necessary to reach
a Steady state.

The range of magnitude of entrance velocity is larce and is
quite sufficient to cover cases of industrial applications for thermai

discharges, The absolute limit is not specified, since it would depend
on a number of flow parameters particular to a gqiven situation,
Temperature may be defined more closely. It must be higher than
freezing and may extenc to the region below the boiling point. Near
the boiling point the Boussinesq assumption on incompressibility would
not hold up. Temperature range is also quite sufficient for industrial

applications.
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Accuracy of Experimental Measurements

The measurement of velocity becomes a complex problem when
there 1s a temperature change in the flow field. Hot film probe read-
ings are in some proportion to the heat transfer from the probe by con-
vection. There is no difficulity in velocity measurement in the fluids
of uniform temperature, but if the temperature 15 not constant it is
necessary to compensate for its changes. For that reason, the tempe-
rature compensated probe was used. The reaction of the anemometer scale
to the velocity changes is almost instantaneous. The reaction for the
temperature compensation is somewhat slower (of the order of a few
seconds), so there is a possibility of some error being introduced into
the readings. Since, however, the data were gathered for a steady flow,
the error would be averaged out and the obtained readings were accurate
enough,

Another difficulty that may distort the data in certain
circrumstances is because of the fact that the anemometer readings
may be affected by a cross-flow. In other words, the probe would
respond not only to the velocity component parallel to itsaxis, but also
to some extent to the velocity in the other directions, In the regions
of the flow where the direction of the velocity is rather well defined,
the readings would be accurate enough, In the area of high mixing
and vortex motfon, however, the results may become serifously distorted.
To obtain most accurate data, hot film results were verified by the
Pitot tube readings whenever possible,

The measurement of temperature posed no difficulties for the

accumulation of steady flow data.
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