INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may
be from any type of computer printer.

The quality of this reproducti,n is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6" x 9" black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly
to order.

UMI
University Microfiims international
A Bell & Howell information Company
300 North Zeeb Road Ann Arbor M1 48106- 1346 USA
313 761-4700 800 521-0600






Order Number 9304748

Robust eigenstructure assignment with flight control application

Yu, Wangling, Ph.D.

City University of New York, 1992

U-M-1

300 N. Zeeb Rd.
Ann Arbor, MI 48106






ROBUST EIGENSTRUCTURE ASSIGNMENT
WITH FLIGHT CONTROL APPLICATION
8Y

WANGLING Yu

A dissertation submitted to the Graduate
Faculty in Engineering in fulfiliment
of the requirements for the degree of
Doctor of Philosophy, The City University
of New York

1992



ii

This manuscript has been read and accepted for the Graduate
Faculty in Engineering in satisfaction of the dissertation

for the degree of Doctor of Philosophy.

S 1alaa wav_ﬁﬁ_

Date Chair of Examining Committee
S{wa\iL %&&w\ “ W
\ \
Date tlve Off

Professor K.M. Sobel, Mentor

Professor W.W. Edmonson

Professor G. Kranc

Professor F.E. Thau

Dr. C.-F. Lin, American GNC Corp

Supervisory Committee

The City University of New York



Abstract

ROBUST EIGENSTRUCTURE ASSIGNMENT
WITH FLIGHT CONTROL APPLICATION
By

Wangling Yu

Adviser: Professor Kenneth M. Sobel

Robust eigenstructure assignment algorithms are developed
and applied to flight control design. The design problems
which are considered include a stability augmentation system
for the lateral dynamics of the L-1011 aircraft, the AFTI
F-16 pitch pointing/vertical translation maneuver, and an
autopilot for the lateral dynamics of the Extended Medium
Range Air to Air Technology (EMRAAT)  missile. The
application of robust eigenstructure assignment to the
EMRAAT missile is quite interesting because the lateral
dynamics does not have a well defined dutch roll mode.
Therefore, eigenstructure assignment is utilized not only
for mode decoupling, but also for creating distinctly

separate dutch roll and roll mode.

The design methods combine eigenstructure assignment with
a condition for the robust stability of a linear time

invariant system which 1is subject to linear time varying



iv

structured state space uncertainty. Robust eigenstructure
assignment design method 1 1is based upon optimizing the
robust sufficient conditlion while constraining the dominant
eigenvalues of the system to lie within chosen regions. The
robust stabllity condition is extended to a performance
robustness condition in which the closed loop eigenvalues of
the LTI system are guaranteed to lie within a chosen
damping-settling time region for all specified time

invariant structured state space uncertainty.

In collaboration with a colleague, a new sufficient
condition is proposed for the robust stability of an LTI
system subject to time varying structured state space
uncertainty. A robust controller is designed for the lateral
dynamics of the EMRAAT missile by minimizing the integrated
roll rate with constraints on the real part of the dutch
roll and roll mode eigenvalues, the aileron and rudder
deflection rates, and the new sufficient condition for
robust stability. This new robust design has an improved
transient response as compared to an eigenstructure

assignment design using an orthogonal projection.
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1. INTRODUCTION

1.1 BACKGROUND

Eigenstructure assignment is a method for incorporating
classical specifications on damping, settling time, and mode
decoupling into a modern multivariable control framework.
However, this design approach does not guarantee stability
when the plant 1Is subject to structured state space
uncertainty. In systems such as aircraft, this uncertainty
may arise from errors in the identification method which is
used to obtain the linearized models of the plant. Another
source of uncertainty is caused by errors in the dynamic
pressure computations which result in the gain schedule

choosing the wrong linearized model.

The first result of this research considers eigenstructure
assignment in which certain outputs are not fed back to
certain inputs. This 1is equivalent to constraining some
elements of the feedback gain matrix to be zero which is
called gain suppression. We have derived a new method for
determining the effect of @gain suppression on the
elgenvectors. We use the partial derivatives of the
elgenvectors with respect to the feedback gains to determine

how the feedback gain matrix should be simplified.



The second result of this research combines eigenstructure
assignment with the sufficient condition obtained by Sobel
et. al. [1] for the robust stability of a linear time
invariant(LTI) system which 1is subject to linear time
varying structured state space uncertainty. We develop a
robust eigenstructure assignment design method in which the
robust sufficient condition is optimized while constraining
the dominant eigenvalues of the nominal system to lie within
chosen regions in the complex plane. Conservatism of the
robustness conditions is reduced by introducing a similarity
transformation on the wuncertain plant into the design
procedure. One approach is to solve a nonlinear constrained
optimization problem by using the sequential unconstrained
minimization technique with an extended interior penalty
function [2]. The parameters to be optimized include both
the closed loop elgenvectors and the closed loop
eigenvalues. The use of constraints on certain eigenvector
entries and the effect of these constraints on robustness
are considered. Solutions have been obtained for 1) output
feedback, 2) dynamic compensators, and 3) constrained output
feedback. Applications to the AFTI F16 and L-1011 aircraft

are presented.

The third result of this research extends the robust
stability sufficient condition of Sobel et. al. [1] to

ensure that the closed loop eigenvalues lie within chosen



performance regions when the linear time invariant(LTI)
system Is subjected to time invariant structured state space
uncertainty. The conservatism of both the stability and
performance robustness conditlons has been reduced by
simultaneously 1introducing a similarity transformation, a
positive real diagonal weighting, and a unitary weighting

into the design procedure.

The fourth result of this research extends the sufficient
condition for robust stability of Sobel et. al. [1] to
include simultaneous time varying structured state space
uncertainty and output nonlinearities. Then, we develop an
algorithm for robust eigenstructure assignment which
utilizes a new sufficient condition for robust stability
obtained by Piou {3] for systems with both structured state
space uncertainty and unmodelled dynamics. Application of
the algorithm to the bank-to-turn missile which was used by

Lin and Lee [4] is presented.

In collaboration with Piou [3], we developed a new robust
stability condition for an LTI system which is subject to
linear time varying wuncertainty. This new sufficient
robustness result is shown to be less conservative than an
earlier result proposed by Sobel et. al. [1]. We design a
robust controller for the lateral dynamics of the Extended

Medium Range Air to Air Technology (EMRAAT) missile by using



the MATLAB" Optimization Toolbox [S] to minimize the
integrated roll rate with constraints on the real part of
the dutch roll and roll modes, the damping ratios of the
dutch roll and roll modes, the alleron and rudder deflection
rates, and the new sufficient condition for robust
stability. This new design 1is compared to an earlier
orthogonal ©projection eigenstructure assignment design
proposed by Sobel and Cloutier [6] which does not satisfy
the sufficient condition for robust stability. We conclude
that this new design satisfies the new robustrness condition

while yielding an improved transient response.

In our final result, we consider time delay systems. We
have obtained two robustness sufficient conditions for a
linear system with both time delay and structured state
space uncertainty. At this time, it 1is not clear which
condition 1is better. However, a system 1is robust if it

satisfies either condition.



1.2 HISTORICAL REVIEW

1.2.1 EIGENSTRUCTURE ASSIGNMENT FOR LINEAR SYSTEMS
Consider an LTI system described by the following equations:

x(t) = Ax(t) + Bu(t) (1)
y(t) = Cx(t) (2)

where (1) x e R", ue R", y e R;
(2) A, B, and C are real constant matrices;

(3) rank(B) = m # 0, rank(C) = r = 0.

The feedback control problem can be stated as follows:
Given a set of desired eigenvalues (A?). i=1,2,...,r and a
corresponding set of desired eigenvectors (v?), i=1,2,...,r,
find a real mxr matrix F such that the eigenvalues of A+BFC
contain (A?) as a subset, and the corresponding eigenvectors
of A+BFC are close to the respective members of the set

(vd).

i

The freedom in eigenvalue and eigenvector assignability
using constant gain output feedback 1is described by the
following theorem which was first proposed by

Srinathkumar [7].



Theorem (8]: Given the controllable and observable system
described by (1)-(2), max(m,r) closed loop eigenvalues can
be assigned and max{m,r) eigenvectors (or reciprocal vectors
by duality) can be partially assigned with min(m,r) entries
in each vector arbitrarily chosen using constant gain output

feedback.

Andry et.al. (8] Iindicate that the i-th eigenvector Vi
must be in the subspace spanned by the columns of
(Ail - A)-IB and this subspace is of dimension m which is
equal to the number of independent control variables.
Therefore, if we choose an eigenvector vy which lies
precisely in the subspace spanned by the columns of

(A1 - A)"'B, it will be achieved exactly.

In general, however, a desired eigenvector v? will not
reside in the prescribed subspace and hence cannot be
achieved. [8] describes a method for finding the "best
possible” choice for an achievable eigenvector. This best
possible eigenvector 1is the projection of v? onto the

subspace spanned by the columns of (Ail - A)-IB (in the

least square sense).

In many practical situations, complete specification of v?
is neither required nor known, but rather the designer is

interested only in certain elements of the eigenvectors.



(8] presents a technique for partial specification of

eigenvectors. It also describes how the feedback gain matrix
is computed for both constrained and unconstrained cases.
Finally, (8] discusses how to choose desired eigenvectors

and the discussion emphasizes mode decoupling. However, this
approach does not guarantee stability when the plant is
subject to structured state space uncertainty. This area has
been studied in our research and is discussed in Chapter 3

and Chapter 6.

Recently, Sobel and Cloutier [6] applied eigenstructure
assignment to the design of an autopilot for the EMRAAT
missile. An important difference between this application
and other eigenstructure assignment applications which have
appeared in the literature is that the lateral dynamics of
the EMRAAT missile does not have a well defined dutch roll
mode. Therefore, eigenstructure assignment is utilized not
only for mode decoupling, but also to create distinctly
separate dutch roll and roll modes. Sobel and Cloutier [6]
use the approach suggested by Andry et. al. [8] in which the
i-th desired eigenvector v? is chosen for mode decoupling.
Then, the i-th achievable eigenvector v? is chosen as the
projection of v? onto the so-called achievability subspace.
Sobel and Cloutier [6] show that their design achieves
improved decoupling between an initial sideslip angle and

the integrated roll rate (which is approximately equal to



the bank angle) when compared to a linear quadratic
regulator design proposed by Bossi and Langehough [9].
However, the design of Sobel and Cloutier [6] does not
consider that the missile’'s aerodynamic parameters are

uncertain.

1.2.2 GAIN SUPPRESSION

Andry et. al. [8] present a method for computing the
remaining active feedback gains once the entries of the gain
matrix which are to be suppressed to zero are chosen. This
method was used by Andry et.al. [8] to yield a simpler
controller with only a small effect on performance. However,
the choice of gains which are constrained to be zero is
determined by computer simulation of many different feedback
structures. It would be more desirable to obtain a
mathematical approach for choosing the gains which are to be

eliminated.

Calvo-Ramon [10]} chose to eliminate those gains which have
the smallest influence on the closed loop eigenvalues. This
was done by computing the partial derivatives of the
eigenvalues with respect to the gains and then computing the
expected shift in the eigenvalues if the 1j-th gain were

eliminated. However, [10] does not consider the effect of



gain suppression on the ejgenvectors. Since the eigenvectors
are important for mode decoupling, the effect of gain
suppression on the eigenvectors must be determined. As
presented in Chapter 2, our research established an improved
design method for eigenstructure assignment with gain
suppression by a priori choosing to eliminate those gains
that have the smallest influence on both the eigenvalues and

eigenvectors.

1.2.3 FEEDFORWARD CONTROL

0'Brien and Broussard [11] developed a feedforward control
technique which enables a plant to perfectly track a model
in the presence of a disturbance. [11] assumes that both the
model and the disturbance have time varying inputs which are
not known in advance and develops dynamic compensators which
have as inputs only a finite number of derivatives of the

model and disturbance inputs.

Sobel and Shapiro [12]) developed a methodology for pitch
pointing flight control systems which uses eigenstructure
assignment and command generator tracking by applying the
results ot [11] to the special case in which the command is
restricted to be a step. In [12], the feedback gains are

computed by using eigenstructure assignment. The desired
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eigenvalues are chosen to obtain the desired damping and
settling time, and the desired eigenvectors are chosen to
decouple the pitch attitude and flight path angle of an
alrcraft. Feedforward gains are computed which ensure

steady-state tracking of the pilot’s command.

1.2.4 ROBUST CONTROL FOR LINEAR SYSTEMS WITH STATE SPACE

UNCERTAINTY

Chen and Wong [13] introduced a robust linear controller
designed in the time domain for multivariable systems with
linear or nonlinear time varying uncertainties. Chen and
Wong [13] use the Gronwall lemma to derive robust stability
conditions which are based on the upper norm-bounds of the
uncertainties. The parameters of a dynamic controller are
selected to satisfy the requirements of robust stability
under plant uncertainties. The contribution of [13] consists

of two theorems.

For the first theorem, the system is described by

X = Ax + Bu + AA(x) + AB(u) (3)

Cx + Du + AC(x) + AD(u) (4)

~<
"
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where x € R' is the state vector, u € R™ is the 1input

vector,y € R' is the output vector, and A,B,C, and D are
constant matrices. AA(x), AB(u), AC(x)}, and AD(u) are
nonlinear time varying parametric uncertainties with the

following known upper norm-bonds.

aA(x) |

1A

8, x|

. 8B s B,y (). (6)

1A

lacG)| = B x| aDtuw)| s B, |u’ (7)), (8)

and the dynamic controller has the following structure:

X = Arx + Bry (9)

u=Kx +Kx (10)

nr
where xr € R

Note that this design method requires not only state
feedback but also dynamic output feedback. With some
definitions and derivations in [13], the closed loop system

with parametric uncertainties can be represented as

x = A x + BA(X) x
_ o x(0) = (11)
x + AC(x). ro

>1

<
"
(@]
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and the nominal closed loop feedback system is given by

x = A x _ X,
) x(0) = | (12)

<
il
(@1
x
—
o

Define the transition matrix ®(t) of (10) as

$(t) = exp(At) (13)

and suppose

[®(t)] = m exp(-at) (14)

for some constants m > 0, a > 0.

Theorem [13): For the system with nonlinear parametric
uncertainty described by (3)-(8), if the control parameters
of (9)-(10) are chosen such that the nominal closed loop
system (12) 1is asymptotically stable and the following

inequality 1s satisfied:

a > miB +(B+B B [)(|IK K I|)+B B |} (15)

where @ = -max Re[A‘(R)],
then the nonlinear parametric perturbed closed loop system

defined by (3)-(8) is also asymptotically stable.



13

For the second theorem the system is described by

x = Ax + Bu (16)
y = Cx + Du + Ah s u (17)
where the operator « denotes convolution. The structural

model uncertainty &h is linear time varying but bounded by

the inequality

jahcty || = 3 exp(-Bt). (18)

The second theorem of {13) states that if the nominal closed
loop system (which 1s not shown here) 1is asymptotically

stable and if

N
r

" @ (k, K 1| >0 (19)

then the system described by (16)-(17) is also

asymptotically stable.

The sufficient condition of (15) for the stability
robustness of linear systems with time varying norm bounded

state space uncertainty was extended by Sobel et. al. {1] to
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include the structure of the uncertainty. Note that, unlike
[13], Sobel et. al. [1} do not use dynamic output feedback
but use only constant gain output feedback. The result of
(1] requires that the nominal eigenvalues lie to the left of
a vertical line in the complex plane which is determined by
a norm involving the structure of the uncertainty and the
nominal closed loop eigenvector matrix. Therefore, this
robustness result is especially well suited to the design of
control systems using eigenstructure assignment. When the
uncertainty is time invariant, the norm is also an upper
bound on the incremental eigenvalue perturbations. [1] also
considers the use  of Perron weightings to reduce
conservatism and the extension of the results to discrete
time systems. The main result of [1] can be summarized as

follows:

Consider a nominal linear time invariant multi-input
multi-output system described by (1)-(2). Suppose that the
nominal system is sub ject to linear time varying
uncertainties in the entries of A and B described by AA(t)
and AB(t), respectively. Then, the system with uncertainty

is given by

x(t) = Ax(t) + Bu(t) + BA(t)x(t) + AB(t)ult) (20)

y(t) = Cx(t) (21)
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Further, suppose that bounds are available on the absolute

values of the maximum varliations in the elements of AAt)

and AB(t)». That is,

1A

ha. (t) i=l,...,n; j=1,...,n (22)
1

J

i=1,...,n; j=1,....m (23)

1A

|ab,  (t)]
1

Define OA'(t) and OB'(t) as the matrices obtained by
replacing the entries of AA(t) and AB(t) by their absolute
values. Also, define Am and Bm as the matrices with entries

{a, .) and (b, .) , tespectively. Then,
ij max ij max

{ BACL): AA‘(z)sAm) (24)
{ 8B(t): AB'(t) = B} (25)
where " = " {s applied element by element to matrices and
A € Rn‘n, B € mn;m’ where R, is the sct of non-negative
m + m + +
numbers.

Consider the constant gain output feedback control law

described by

ult) = Fy(t) (26)
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Then, the nominal closed loop system is given by
x(t) = (A + BFC)x(t) (27)

and the uncertain closed loop system is given by
x(t) = (A + BFC)x(t) + [8A(t) + AB(t)FCIx(t) (28)

Problem (1] Given o feedback gain matrix b e R™ " such that
the nominal closed loop system exhibits desirable dynamic
performance, determine if the uncertain closed loop system
is asymptotically stable for all AA(t) and AB(t) described

by (22)-(23).

Theorem [1]: Suppose that F is such that the nominal closed
loop system described by (27) is asymptotically stable with
a non-defective modal matrix. Then, the uncertain closed
loop system given by (28) is asymptotically stable for all

AA(t) and AB{t) described by (24)-(25) if

1

«> (M)A + B (FC)TIMT| (29)
m m 2

where « = -max Re[Ai(A*BFC)] and M is a modal matrix of (A
i

+ BFC).
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This theorem presents a sufficlent condition for robust
stability in terms of the eigenstructure of the nominal
closed loop system. Robust stability is ensured provided
that the nominal closed loop eigenvalues lie to the left of
a vertical line in the complex plane which is determined by
a norm involving the structure of the uncertainty and the

nominal closed loop modal matrix.

The conservatism inherent in the sufficient condition has
been reduced by Sobel et.al. [1]. (1] utilized a diagonal
weighting matrix D whose real positive entries were chosen
by wusing Perron weightings in order to reduce the
conservatism. Note that given a nominal closed loop modal
matrix M, another valid modal matrix is MD. This is because
the matrix D just serves to scale the nominal closed loop
eigenvectors. Therefore, (29) may be replaced by the

sufficient condition given by
o> D' (A + B (FO)*IM'D| (30)
m m 2

or equivalently by the D-weighted 2-norm described by

o> [ H*a + B (FO) T IM") (31)
m m 2D
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[1) uses the following lemma which gives the infimum of
the right hand side of (31} which has been attributed to

Stoer and Witzgall [14].

Lemma [14]: Define the Perron eigenvalue of the non-negative

matrix A*, denoted by n(A+), to be the real non-negative
eigenvalue A >0 such that A z |[A.|] for all
max max i
eigenvalues (i=1,...,n) of A+. Then
inf |AY]_ = n(a") (32)
0 2D

Since the matrix Iinside the norm on the right hand side of

(31) is a non-negative matrix, the sufficient condition

becomes

> inf [ 1A+ B (FOTIMT| (33)
D

or, by using the lemma
a > niM DA+ B (FO) M) (34)

By taking the infimum on the right hand side of (31), the
vertical line in complex plane has been placed as cluse to

the imaginary axis as possible with a real positive diagonal
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weighting. Recall that the sufficient condition for robust
stability requires that the nominal eigenvalues lie to the
left of this vertical line. In this sense, [1] has reduced

the conservatism of the sufficient condition.

[1) also proves that when the wuncertainty 1is time
invariant, reducing “(M-l)’[Am+Bm(FC)’]M’||2 in order to
satisfy the sufficient condition for robust stability will
also reduce an upper bound on the eigenvalue perturbation
caused by the uncertainty. In our research, the stability
robustness sufficient condition and optimal diagonal
weighting of (1] have been combined with eigenstructure
assignment to obtain a new robust eigenstructure assignment

design method.

1.2.5 Performance Robustness

An important criterion for the design of a controller for
an uncertain LTI system s performance robustness. A
sufficient condition for performance robustness has been
proposed by Juang, Hong and Wang [15] by using the Lyapunov
approach to robustness. The closed loop eigenvalues are
guaranteed to lie within chosen performance regions when the
LTI system is subjected to time invariant structured state

space uncertainty. However, this result requires the
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solution of a Lyapunov equation which contains complex
matrices. In our research, we have extended the robustness
condition of Sobel et. al. [1] to include performance
robustness. The required computations for our result include
the nominal closed loop eigenvalues/eigenvectors and a
matrix norm involving the wuncertainty structure and the

nominal closed loop modal matrix.

1.3 CONTRIBUTIONS OF THE THESIS

1. Derived a new approach for determining which elements of
the feedback gain matrix can be eliminated by using both

elgenvalue and eigenvector derivatives.

2. Developed a robust elgenstructure assignment design
method which minimizes the robustness condition of Sobel et.
al. [1] subject to eigenvalue and eigenvector constraints.
This method has been studied using (i) output feedback (ii)

constrained output feedback and (iii) dynamic compensators.

3. Applied the new robust eigenstructure assignment method
to flight control design wusing the linearized lateral
dynamics of the L-1011 aircraft and the F-16 pitch

pointing/vertical translation problem.
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4. Extended the the robust stability condition of Sobel et.
al. [1] to obtain a robust performance condition for LTI
systems with time invariant structured state space
uncertainty which guarantees that the performance robust

system has damping ¢ = (¢ and settling time ts = (t )

min s ‘max’

S. Reduced the conservatism of the sufficient conditions for
both stability and performance robustness by introducing a

new unitary weighting matrix.

6. Extended the sufficient condition for robust stability
proposed by Sobel et. at. [1] to include simultaneous time
varying structured state space uncertainty and output
nonlinearities. Developed a robust eigenstructure assignment
design method which uses a new result proposed by Piou [3]
for systems with both state space uncertainty and unmodelled
dynamics. Applied this method to the design of a controller

for a bank-to-turn missile.

7. In collaboration with Piou {3}, we developed a new robust
eigenstructure assignment design method for LTI systems with
linear time varying uncertainty by using a new sufficient
robustness condition which is less conservative than the
earlier result of Sobel et.al. [1]. We applied this method

to the design of a robust controller for the lateral
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dynamics of the EMRAAT missile. Our new design method
minimizes the integrated roll rate with the new robustness
condition as one of the constraints. This new design yields
a robust controller with an improved transient response as

compared to the design of Sobel and Cloutier [6].

8. Developed stability robustness sufficient conditions for
a linear time invariant system with both time delay and time

varying structured state space uncertainty.

1.4 OUTLINE

Chapter 2 presents a new method for eigenstructure
assignment with gain suppression. This method determines how
the feedback gain matrix should be simplified by determining
the effect of gain suppression not only on eigenvalues but

also on eigenvectors.

Chapter 3 combines eigenstructure assignment with the
sufficient condition for robust stability proposed by Sobel
et. al. [1] to develop a robust eigenstructure assignment
design method. Applications to the AFTI F16 and L-1011

aircrafts are presented.
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Chapter 4 presents a performance robustness condition for
LTI systems with structured state space uncertainty. The
conservatism of both the stability and performance

robustness conditions have been reduced.

Chapter S extends the sufficient condition for robust
stability of [1] to include simultaneous time varying
structured state space uncertainty and outputl

nonlinearities.

Chapter 6 develops an algorithm for robust eigenstructure
assignment which uses a new result proposed by Piou (3] for
systems with both state space uncertainty and unmodelled
dynamics. Application of the algorithm to the bank-to-turn

missile which was used in {4) is also presented.

Chapter 7 presents a robust eigenstructure assignment
design method, which we developed in collaboration with Piou
[3], for LTI systems with linear time varying uncertainty by
using a new robustness sufficient condition. The method is
applied to the design of a robust controller for the lateral

dynamics of the EMRAAT missile.

Chapter 8 considers time delay systems. Two robustness
sufficient conditions for a linear system with both time

delay and structured state space uncertainty are presented.
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2. GAIN SUPPRESSION

2.1 REVIEW OF EIGENSTRUCTURE ASSIGNMENTI[8]

Consider the linear time 1invariant system described by

x(t) = Ax(t) + Bu(t) (35)
y(t) = Cx(t) (36)

where x € Rn is the state vector, u € R" is the input

vector, vy € Rr is the output vector, and A, B, C are
constant matrices. We shall refer to (35)-(36) as either the
nominal plant or the design model. Also, as is usually the
case in aircraft problems, it is assumed that m < r < n. If
there are no pilot commands, the feedback control vector u

equals a matrix times the output vector y:

u(t) = Fy(t) (37)

and the nominal closed loop system is given by

x(t) = (A + BFC)x(t) (38)

The constant gain output feedback problem using

eigenstructure assignment can be stated as follows:
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Given a set of desired eigenvalues (A?). i=1,...,r and a
corresponding set of desired eigenvectors, v?, i=1,...,r,
find a real (m x r} matrix F such that the eigenvalues of
A + BFC contain A? as a subset and the corresponding

eigenvectors of A + BFC are close to the respective members

of the set (v?).

As mentioned earlier (section 1.2.1) the solution to these
problems was shown by Andry et.al. [8] and begins with the

closed loop system described by (38).

For an eigenvalue/eigenvector pair, Ai and vy

(A + BFC)v, = A v, (39)
i i'i

or

v. = (A1 - A) !BFCY, (40)
1 1 1

Define the mx1 vector mi as

m,& o= FCvi (41)

Then, (40) becomes
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v. = (A1 -A) 'Bn, (42)
i i i

In general, however, a desired eigenvector v? will not
reside in the prescribed subspace and, hence, cannot be
achieved. Instead, a ‘"best possible” choice for an
achievable elgenvector is made. It is suggested by Andry
et. al. [8] that this "best possible" eigenvector is the
projection of v? onto the subspace spanned by the columns of

1B. By using an orthogonal projection to obtain the

(AiI—A)

achievable eigenvectors v? , [8] minimizes the 2-norm error
between a desired eigenvector and its corresponding
achievable eigenvector. It 1is important to note that the

concept of stability robustness was not considered in the

design approach proposed by Andry et. al. [8].

To further complicate the situation, complete
specification of v? is neither required nor known in most
practical situations. When the designer is interested in
only certain elements of the eigenvector, [8] assumes that

the desired eigenvector has a structure given by

X, X, X, X, V.., X, %X, X, v, 1} (43)

i il’ ij in

where Vij are the designer specified components and "x" the

unspecified components. Define a reordering operator { )Ri
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as follows (see Harvey and Stein [16]):

(v?)Rl - (44)

where l? is the vector of specified components of v? and di
is the vector of unspecified components of v?. Begin the

computation of an achievable eigenvector v? by defining [8]

L= (A1 -a"'B (45)
i i

Since an achievable eigenvector must lie in the subspace

spanned by the columns of Li’ it is required that [8]

vV, = A,z (46)

where the vectors zi are the eigenvector design parameters.

Andry et. al. [8] reorder the rows of L.l to conform with
the reordered components of v?. Then, Li is partitioned as

shown below:

[t

<L1)R1 - (47)
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It is suggested by Andry et.al. {8] that the value of the
Zy be computed so that it corresponds to the orthogonal
projection onto the so-called "achievability subspace”.
Hence, z, is chosen to minimize

i

d

i (48)

d a2 2
J = ”li - 11"2 = ”l - Lizillz
Then, the i-th achievable eigenvector is given by (46). Once
all r achievable eigenvectors are computed, the output
feedback gain matrix is easily calculated, as shown in [8].
Andry et. al. [8] conclude with the remark that this

approach should yield achievable elgenvectors v? which are

closest in the 2-norm sense to the desired eigenvectors v?.

2.2 GAIN SUPPRESSION USING EIGENVECTOR DERIVATIVES

Calvo-Ramon [10] proposed a method for choosing a priori
which gains should be set to =zero based wupon the
sensitivities of the eigenvalues to changes in the feedback
gains. The first order sensitivity of the h-th eigenvalue to
changes in the ij-th entry of the matrix F is denoted by
aAh/afij. The expected shift in the eigenvalue A_  when

h

constraining feedback gain fij to zero is given by [10]
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A
Next, [10] combines all the eigenvalue shifts which are

related to the same feedback gain fij to form a decision

matrix DA =(dij). DA € Rmxr, where
n 1
at = LT h )22 (50)
ij n ij
h=1

This last equation is (19) in [10). However, note that since

may be complex, the di should really be computed by

sij
using the following:

J

n
Z(s..)(s’.’.) (51)
j i

where (+) denotes the complex conjugate of ().

The decision matrix DA is used to determine which feedback

gains fij should be set to zero. If d?j is "small", then

setting fij to zero will have a small effect on the closed

loop eigenvalues. Conversely, if dij is "large", then

setting fij to zero will have a significant effect on the
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closed loop eigenvalues. The control system designer must
determine which d?j are "small" and which are "large" for a
particular problem. In this regard, it is assumed that the
states, 1inputs, and outputs are scaled such that these

variables are expressed in the same or equivalent units.

The decision matrix DA is wused in [10] to design a
constrained output feedback controller using eigenstructure
assignment. However, the sensitivities of the eigenvectors
with respect to the gains are not considered when deciding
which feedback gains should be set to zero. Recall that the
eigenvalues determine transient response characteristics
such as overshoot and settling time, while the eigenvectors
determine mode decoupling. This mode decoupling is related,
for example, to the ]¢/B| ratio in an aircraft lateral
dynamics problem. This ratio must be small, as specified in
[{17] which implies that the closed loop aircraft should
exhibit a significant degree of decoupling between the dutch
roll mode and the roll mode. The approach of [10} may yield
a constrained controller with acceptable overshoot and
settling time, but the mode decoupling may be unacceptable.
Thus, consideration of both eigenvalue and eigenvector
sensitivities 1is 1important when choosing which feedback

gains should be constrained to be zero.

The results of [10] are now extended to include both



eigenvalue and eigenvector sensitivities to the feedback
gains. To begin the development, consider the following
result on eigenvalue and eigenvector derivatives which is

credited to Lim et.al. [18}

Theorem [18]:

Let Avh = Ahvh; h=1,...,n (52)
and WA = A wT; q=1,....,n (53)
q qq
Def ine
t = vTv ;. h=1 n (54)
n h h’ T
s =wwv.: h=l n (55)
h h h’ e
Then
dA
h 1 T, 8A
S = ) [l (56)

where p is a scalar parameter. Also, let

(57)




Then

o - 1 NT( gA )V X q’h
hg (Aq - A )sq q\ op h|’

The result given by (56) describes the derivatives
eigenvalues of the matrix A with respect to a
parameter p, whereas (57) describes the derivatives

eigenvectors of the matrix A with respect to the
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(58)

(59)

of the

scalar

of the

scalar

parameter p. The theorem will now be extended so that it

applies to the matrix A+BFC which describes the dynamics of

(35})-(36) when subjected to the feedback control law given

by (37).

Corollary 1

Let (A + BFC)vh = Ahvh; h=1,...,n
w (A + BFC) = Aw'; q=1,...,n
q q

Define

(60)

(61)

(62)
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S, = W V. ; h=1,...,n (63)

Let fi be the ij-th entry of the matrix F, bi is the i-th

J

column of the matrix B, and c} is the j-th row of the matrix
C. Then, the derivative of the h-th eigenvalue of (A + BFC)

with respect to the ij-th element of F is given by

and the derivative of the h-th eigenvector of A+BFC with

respect to the i1j-th element of F is given by

h n
3 " wZ1%ijhm'm (65)
ij
where
a N [wa clv }- q#h (66)
ijh A - A )s i“3Vn’
Jhq g M)Sq Laty
l n
%5 jhn = th):‘g‘;‘ *ijhm'n'n’ 97D (67)

Outline of Proof:

Replace w;(aA/ap)vh by w;[a(A+BFC)/6fij]vh. Note that
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6(A~I>BFC)/E3{1‘j = B(BF/afiJ)C and after some matrix

manipulations, obtain B(BF/aflJ)C = bic;. Thus,

T, 3(A+BFC) _ T, T
Wq(TU)Vh = wqbiCJVh (68)

The corollary then follows upon using (68) together with the

theorem of [18].

The eigenvalue derivatives described by (64) are
equivalent to the derivatives used by Calvo-Ramon [10].
However, the eigenvector derivatives, described by (65)-(67)
are now available. The improved approach to gain suppression
is to first calculate the eigenvalue decision matrix,
denoted by DA. by using (49), (S1) and (64). Then, the
eigenvector derivatives are computed by using (65)-(67).
These are used to compute the expected shift in eigenvector
v. when constraining feedback gain fij to be zero, which is

h
given by [compare with (49)]

(69)

Finally, all the eigenvector shifts which are related to the
same feedback gain fij are combined to form an eigenvector

decision matrix D', where [compare with (51)]
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N

g’ =1
ij ~n

n
~h s ~h
[hgl(sij) (Sij)] (70)
where (+)° denotes the complex conjugate transpose of (-).
The gains which should be set to zero are determined by

first eliminating those f corresponding to entries of D

N
which are considered to be small. Then, those entries of DY
corresponding to those fiJ which were chosen to be set to
zero based upon DA are reviewed. In this way, the designer
can determine whether some of the fij which may be set to

zero bLased upon eigenvalue considerations should not be

constrained based upon eigenvector considerations.

2.3 EXAMPLE: F-18 HARV AIRCRAFT

Consider the lateral directional dynamics of the F-18 HARV
aircraft linearized at a Mach number of 0.38, an altitude of
5000 feet, and an angle of attack of S5 degrees. The
aerodynamic model 1is augmented with first order actuators
and a yaw rate washout filter. The eight state variables are
aileron deflection (63), stabilator deflection (65), rudder
deflection (Gr). sideslip angle (B), roll rate (p), yaw rate
(r), bank angle (¢), and washout filter state (xe). The
three control wvariables are aileron command (¢6_ ),

ac

stabilator command (6SC), and rudder command (6rc). The four
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Center of
Gravity ———

z

e

Reference l.ine

Figure 1. Aircraft lLateral Angle Definitions

measurements are rwo, p, B, ¢ where rwo is the washedout yaw
rate. All units are in degrees or degrees per second. The
relationship between the angles is shown in figure 1. The
state space matrices A, B, and C which completely describe

the model are shown below

[-30.000 0 0 0 0 0 0 0]
0 -30.000 0 0 0 0 0 0
0 0 -30.000 0 0 0 0 0
A= -0.0070 -0.0140 0.0412 -0.1727 0.0873 -.9946 .076 O
15.3225 12.0601 2.2022 -11.0723 -2.1912 .7096 0 0
-0.3264 0.2041 -1.3524 2.1137 -0.0086 -.1399 O 0
0 0 0 0 1.0000 .0875 O 0
{ 0 0 0 0 0 .5000 O -.5
(71)

f30 0 0]

0 30 0

0 0 30
0 0 O .
B=| § 0 o (72)

0 0 0O

0 0 o0

L0 0 O]
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(73)

OO OO
[eNeNoNal
[N el ool
O - OO0
oo N e
OO O -
- O OO0
C OO~

An unconstrained output feedback gain matrix 1is now
computed by using eigenstructure assignment. The desired
dutch roll eigenvalues are chosen to have a damping ratio of
0.707 and a natural frequency in the vicinity of 3 rad/sec.
The roll subsidence and spiral modes are chosen to be merged
into a complex roll mode, as suggested in [8]. The desired

eigenvalues are

Dutch Roll Mode: Agr = -2t j2
Roll Mode: Ad = -3 % j2
) roll -

The desired eigenvectors are chosen to keep the quantity
|¢/B| small. Therefore, the desired dutch roll eigenvectors
will have zero entries in the rows corresponding to bank
angle and roll rate. The desired roll mode eigenvectors will
have zero entries in the rows corresponding to yaw rate,
sideslip, and x_, (which is filtered yaw rate). The desired

8

eigenvectors are
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r 1 r hl q r
X X X X 8
a
X X X X )
s
X X X e )
d d r
= + = +
Vdr 1 ) X Vroll 0 tJ 0 B
0 0 1 X p
X X 0 0 r
0 0 X X @
L X J L % L 0 J L 0 8

The achievable eigenvectors are shown in table 1 where the
underlined numbers indicate the small couplings between p, ¢
and the dutch roll mode and between f3, r, x8 and the roll

mode. Hence, the ratio |¢/B| can be expected to be small.

The feedback gain matrix is shown in table 2. The closed
loop state and control deflection responses to an initial

sideslip angle of one degree are shown in figures 2a and 2b,

Table 1. Achievable Eigenvectors

(Unconstrained Output Feedback)

Dutch Roll Mode Roll Mode
0.4642 -0.400 Ba -0.0038 0.0731 6a
0.0872 1.6341 65 0.0078 0.0754 65
0.6703 -5.4587 6r -0.0313 -0.0396 6r
0.9928 +j 0.0000 2] -0.0152 *j -0.0007 B
-0.0180 0.0219 p 0.8103 ~0.3970 p
1.8396 ~2.2402 r 0.0063 -0.0121 r
-0.0793 0.0078 ¢ -0.2484 -0.0329
-0.5792 -0.0255 X -0.0019 0.0009
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Table 2. Comparison of Control Laws

Feedback Gailn Galn and Phase Margins Max|¢|
Matrix (deg/deg) (at inputs aac'ésc'arc) Max|p|
unconstrained:
Two p B ¢
0.1518 -0.1370 0.0580 -0.4128 6a (-5.50db, 19.12db] 0.0532deg
-0.6941 -0.1088 1.6227 -0.4824 65 $52.41deg 0.2815deg/sec
2.2815 -0.0177 -4.5311 0.3890 Br
______________ e
constrained, D only
"wo P B ¢
0 -0.4472 0 -1.7004 Sa [-4.87db,12.11db] 0.2044deg
-0.3726 -0.5734 0] -2.3813 65 *44 17deg 1.1082deg/sec
2.2790 0 -4.5534 0 r
mmmmmme e §TTT g
constrained, D and D
Two P B ¢
0.1633 -0.1536 0 -0.4807 53 (-5.34db, 16.46db] 0.0546deg
-0.6941 -0.1088 1.6227 -0.4824 55 *50.28deg 0.3199deg/sec
2.2790 0 -4.5534 0 6r

respectively. Observe that the maximum absolute values of
the bank angle and roll rate are 0.056 degree and 0.278

degree/second, respectively.

The eigenvalue decision matrix DA and the eigenvector
decision matrix D" are shown in table 3. The entries of DA
which are considered to be large are underlined in table 3.

OCbserve that only seven of the twelve feedback gains are
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Table 3. Eigenvalue and Eigenvector Decision Matrices

Eigenvalue Decision Matrix DA Eigenvector Decision Matrix D

v

r P B ¢ r p B ¢

wo WO
.05390 .50540 .00398 .35896 6a .26029 .97888 .02234 .12648

. 18236 .32765 .07076 .34145 65 .94654 .63998 .49314 .11542 &

.68059 .00771 .34195 .05448 6r 1.44353 .02638 .28115 .1109%6

needed when only eigenvalue sensitivities are considered.
The constrained output feedback gain matrix DA is shown in
table 2. The state responses to an initial sideslip angle of
one degree are shown in figure 3a. Observe the significantly
increased coupling between sideslip and bank angle. The
maximum absolute values of the bank angle and roll rate are
now 0.178 degree and 1.028 degrees/second compared with
0.056 degree and 0.287 degree/second which were obtained
with the unconstrained feedback gain matrix. The increased
coupling is due to ignoring the eigenvector sensitivities
and illustrates the importance of the eigenvectors in

achieving adequate mode decoupling.

Next, consider the entries of Dv which correspond to those

fij which were chosen to be set to zero based upon the

eigenvalue decision matrix. The two largest d:j which belong

to this class are le and d;3. A new constrained output
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feedback gain matrix is computed in which fll and f23 are
not set to =zero. Thus, nine gains now need to be
unconstrained when utilizing both eigenvalue and eigenvector
information. The new feedback gain matrix is shown in table
2 and the state responses for an initial condition of one
degree sideslip angle are shown in figure 3b. Observe that
these time responses are almost identical to the responses
in figure 2a, which were obtained by wusing all twelve
feedback gains. Thus, a simpler controller is obtained with
a negligible change in the aircraft time responses. Finally,

the multivariable gain and phase margins at the inputs are

computed using the results of Lehtomaki et. al. [19].

Theorem [19]:
If there exists a bound as1 such that c¢(w)za for all w,
where o(w) 1is the minimum singular value of the return

difference matrix at any given frequency w, then

PM = +2sin” ' (a/2) (74a)

GM = 1/(1ta) (74b)

where PM and GM are the phase and gain margins,

respectively.

These margins are shown in table 2 for each of the three
feedback gain matrices. The value of these margins were
accepted in light of the conservatism inherent in singular

value based multivariable stability margin computation.
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3. ROBUST EIGENSTRUCTURE ASSIGNMENT DESIGN METHOD I

3.1 CONSTRAINED OPTIMIZATION

A sufficient condition for the robust stability of a
linear time invariant system subject to linear time varying
structured state space uncertainty has been proposed by
Sobel et. al. [1] This result, which is based upon the
Gronwall 1lemma, ensures robust stability if the nominal
eigenvalues lie to the left of a vertical line in the
complex plane. This line 1is determined by the maximum
eigenvalue of a matrix which involves the product of the
uncertainty structure, the nominal closed loop modal matrix,

and the inverse of the nominal closed loop modal matrix.

We propose a robust eigenstructure assignment design
method which optimizes the sufficient condition for
stability robustness subject to constraints on the dominant
eigenvalues. We also introduce a similarity transformation
on the uncertain plant which can reduce the conservatism of
the sufficient condition. In the first example, the
sequential unconstrained minimization technique is used to
solve the constrained optimization problem for a robust
pitch pointing/vertical translation controller for the AFTI

F-16 aircraft. The second example considers the linearized
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lateral dynamics of the L-1011 aircraft. Three different
controllers are designed which include (1) state feedback,

(2) gain suppression, and (3) dynamic compensation.

3.2 PROBLEM FORMULATION

Consider a nominal linear time 1invariant multi-input
multi-output system described by (35)-(36). Suppose that the
nominal system is subject to linear time varying structured
state space uncertainty. The linear time varying state space
uncertainty is described by uncertainties in the entries of
A and B and is denoted by AA(t) and AB(t), respectively. We
shall assume that the entries of AA(t) and AB(t) are
continuous functions of time. Then, the plant with

uncertainty is given by

%x = AX + Bu + BA(t)x + AB(t)u (75)

y = Cx (76)

We shall refer to (75)-(76) as the uncertain plant or the

true model. Further, suppose that bounds are available on

the absolute values of the maximum variations in the

elements of AA(t) and AB(t). That is,
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[pa, (t)]| = (a, .) s I=t,.. . ,n; j=1,..., n (77)
i 1j max

J

|Abi (t)| s (b i1=1,...,n; J=1,...,m (78)

J ij)max;
Define AA'(t) and 8B'(t) as the matrices obtained by

replacing the entries of A8A(t) and AB(t) by their absolute

values. Also, define Am and Bm as the matrices with entries

(aij)max and (bij)max' respectively. Then,
{8A(L): BAT(L) = A} (79)
{aB(t): AB'(t) = B ) (80)

where "=" jis applied element by element by element to

matrices and A € Rnxn. B € Rnxm where R is the set of
m + m + +

non-negative real numbers.

Consider the constant gain output feedback control law
described by (37). Then, the nominal closed loop system is

given by

x(t) = (A + BFC)x(t) (81)

and the uncertain closed loop system is given by
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x(t) = (A + BFC)x(t) + [BA(t) + AB(t)FCIx(t) (82)

Stability Robustness Problem: Given a feedback gain matrix

F e Rm)<['

such that the nominal closed loop system exhibits
desirable dynamic performance, determine if the uncertain

closed loop system is asymptotically stable for all AA(t)

and AB(t) described by (79)-(80).

3.3 REVIEW OF THE SEQUENTIAL UNCONSTRAINED MINIMIZATION

TECHNIQUE (SEE REF.2)

The constrained optimization to be considered is to find a
vector v of design variables that minimizes the function

m(v) subject to the constraints

gi(v) 2 0; i=1,...,n (83)

It is assumed that at least one of the constraints of
(83). is critical at the minimum v', that is, gi(v') = 0 for
some 1. This constrained optimization problem may be
transformed into a series of unconstrained minimization
problems by introducing a penalty function associated with

the constraints, and the transformed problem can be solved
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by the sequence of wunconstrained minimizations technique.
The resulting transformed problem is to find the minimum of

a function Plr) as r goes to zero where

n
P(r) =m(v) +r } fi(v) (84)
i=1
and fi(V) is defined by
fi(v) = l/gi(v) if gi(v) z 0 (85)

The term rfi(v) represents the penalty associated with the
i-th constraint, and is an interior penalty function in the
sense that it is defined only if v is inside the feasible
design domain. With vh denoting the point in the design
space where P(r) attains its minimum value for a given value

of r, it may be shown that as r goes to zero

min P(r) - m(v")

vl vt (86)

Next, a quadratic extended interior penalty function is
introduced to permit the use of design points that are
outside the feasible domain. The definition of the fi in

(84) for the quadratic extended penalty function is [2]



49

17g if g =z¢g
¢ - i PO e
)2

l/gol(gi/go - 3(81/80) + 3) if g, < g,

To complete the definition of the quadratic extended
penalty function, a relation that defines the transition
point g between the two constraint functions in (87) is

required. This definition is described by (2]

gy = C rPoo1/22p21/3 (88)

3.4 MATRICES D AND Q FOR REDUCING CONSERVATISM

In this section, we address the problem of the
conservatism of the sufficient condition for robustness
based upon the Gronwall lemma. Sobel et. al. [1] utilized a
diagonal weighting matrix D whose real positive entries were
chosen by using Perron weightings in order to reduce the
conservatism. Here, we introduce an additional matrix Q
which can further reduce the conservatism. Although a simple
closed form solution for the optimal matrix Q is not yet
known, we propose a choice based upon obtaining a unitary Q

from the singular value decomposition of the product of the
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nominal closed loop eigenvector matrix and the weighting
matrix D. We start with a preliminary lemma and then we
present a theorem which ensures robust stability for LTI
systems with time varying structured state space

uncertainties.

Lemma 1

Consider the system described by (75)-(82). Let

AAC(t) = AA(t) + AB(t)FC and let M be a modal matrix of AC
Then,
-1 -1+ + +
[ (MDQ) "AA (t)MDQ| = |[(MDQ) | [A_ + B (FC) }J(MDQ) [
C 2 m m 2

(89)

Proof
Use the result given by Kouvaritakis and Latchman [20]

that for any matrix A e c™ "

+
Al = 14°1, (90)

Thus,

1 1

- - +
| (MDQ) "4A_(t)(MDQ)|, = |[(MDQ) "AA (t)MDQ] I,

1

| {MDQ) ™ aA_(t)MDQ] X"

+
11,

= sup
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[4MDQ) " (8ACL) + AB(LIFCIMDQY x|

= sup :
1",
HI(MDQ)_11+[AA(L) + AB(LJFCJ+(MUQJ’X’“2
< sup
+
11,
-1+ + + 4+
| ((MDQ) "] (A + B (FC) 1(MDQ) x|,
< sup "
11,
1.+ + +
= |LMDQ) "17[A_+ B (FC) (MDQ) |, (91)

End of proof

Theorem 1

Suppose that F is such that the nominal closed loop system
described by (81) is asymptotically stable with a
non-defective modal matrix, D is real positive diagonal and
Q 1is nonsingular. Then, the closed loop system with
uncertainties given by (82) is asymptotically stable for all
AA(t) and AB(t) described by (79)-(80) if

((MDQ) ™!

+ + +
o« > Kk (Q)- 171A_+B_(FO)T1MDQ] ™| (92)

where « = -max[Re(x,))and KZ(Q)="Q-1"

Q|. is the 2-norm
i 2

2

condition number of the matrix Q.
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Proof:
The closed loop system with time varying uncertainties is
described by (82). Denote AC = A + BFC and

AAC(t) = AA(t) + AB(Y)FC, then

x = A x(t) + 8A (t)x(t) (93)
C C

Let x(t) = MDQz(t), where M and MD are both modal matrices

of A, then,
c

1 1.-1.-1

2(t) = @ o IM” A_MDQz(t) + Q D M BA_(£IMDQz(t)  (94)
which has a solution given by
2(t) = exp(Q 'AQL)Z(0)
t -1 -1,.-1,,-1
+ foexp[Q AQ(t-T)]Q 'D M AAC(T)MDQZ(T)dT (95)

where A = D-IM-IACMD is a diagonal eigenvalue matrix. Use

exp(Q_lAQt) = 0 lexp(AL)Q to obtain

z(t) = Q_lexp(At)Qz(O)

1

. fzo-lexp(A(t-r)]QQ-ID_IM- BA_(T)MDQz (1)dt (96)
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In the remainder of the proof, the subscript "2" on the
norms is omitted for notational convenience. Take norms on

both sides of (96) to obtain

Jz(t)] = Q|+ [expat) |- [Qf-|z(0)]

1,.-1

exp(At-T) 1] -]Q]JQ "D M

.

N

8A_(TIMDQ| - |z(T)dT

(97)

Use |lexp(At)| = explat) where a=-max(Re[Ai(A+BFC)]) and also

i
5y oMby ™!, Then

1 1

use KZ(Q)=”Q_ I+lQ] and Q@ D~

lz(t)] = k_(Qlexp(-at)|z(0)]

1

¢ Six (Qlexpl-a(t-T)]] (MDQ)™'8A_(T)MDQ|« [z(T) |dr

(98)
or
Jz(t)|explat) = KZ(Q)”Z(O)“
+ Six_(Q)] (MDQ) ' BA_(7IMDQ|explat) |z (1) |dt
(99)

Use the Gronwall lemma to obtain

1

J2(t) Jexplat) = KZ(Q)HZ(O)uexp[IzKZ(Q)"(MDQ)- bA_(T)MDQd

(100)

Use lemma 1 to obtain
[z(t)]exp(at)

1

s k,(Q)]2(0) |expix, (@) 1(MDQ) 17 (A +B_(FC)T)(MDQ) |t} (101)
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Thus,

Jz(0)]

< x,(Q)]z(0) Jexp{-a+x_(Q)] ((4DQ) 117 (A +B_(FC)1(MDQ) |}t

(102)

Thus, |z(t)]| » O and hence |x(t)| » O exponentially if

1

a >« (Q)1MDQ) " 17 (A_+B_(FC)"1 (MDQ) | (103)

End of proof

Now, we consider the optimal choice of the diagonal real
positive matrix D in (92) when Q is the identity matrix. We
start by stating a lemma which is attributed to Stoer and

Witzgall [14].

Lemma [14)

Define the Perron eigenvalue of the non-negati.e matrix
A+, denoted by n(A+), to be the real non-negative eigenvalue
A = 0 such that A z |A,| for all eigenvalues

max max i
(i =1,...,n) of A+. Define the right and left Perron

eigenvectors, denoted by x and y, respectively. Normalize

the Perron eigenvectors such that nx = Ax and nyT = yTA with

Ixf, = Ivl, = 1. Then, the matrix Dopt which yields the
infimum of ||D'1A"D|[2 is given by
Doy =diag{ly(1)/x(11Y2, . [y(mi/xm)1™? (100)
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which yields the infimum of

We seek D
opt

1

[t (a+ B (FO) M1 (105)

or equivalently
It h*a + B (FC)*IM"D] (106)
m m 2

The 1lemma of Stoer and Witzgall [14] applies to the

N -1+ ot +
robustness problem because the matrix (M ) [Am + Bm(PC) M
in (106) 1is non-negative. Also, (105) and (106) are
equivalent because (MD]*=M"D and [(MD)_I]+=D_1(M_1)+. These
last two equalities hold because D is a real positive
diagonal matrix. Therefore, the above lemma gives the

optimal matrix Do which yields the infimum of (106). We

pt
now propose a conjecture for the choice of the matrix Q
which will reduce the conservatism in the sufficient

condition for robust stability.

Conjecture 1
A choice for the matrix Q which will reduce the norm in

(92) is given by
Q =Uuv. (107)

where UZVT is the singular value decomposition of the matrix

D) T
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An optimal choice for the matrix Q is not yet available.
However, the choice of (107) results in KZ(Q) equal to its
minimum value of unity because U and V are unitary due to
the property of the singular value decomposition.
Furthermore, the choice of (107) solves the following

problem (see Golub and Van Loan [21]):

min [MDQ - If_ (108)

subject to QTQ=I

denotes the Frobenius norm. This provides some

where ||

F
motivation for the conjecture that the choice of Q in (107)
will reduce the value of the norm in (92).

The proposed method is to first compute Do using (104)

pt
and then compute Q using (107). Then, these matrices are

used to compute the norm in the robustness condition given

by (92).

3.5 EXAMPLE: AFTI F-16 PITCH POINTING/VERTICAL TRANSLATION

DESIGN

Consider the LTI model of the AFTI F-16 aircraft described

by
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[ ] [0 .00665 1.3411 .16897 .25183 ][« 0
q | (0 -.86939 43.223 -17.251 -1.5766 ||q 0
« |={0 .99335 -1.3411 -0.16897 -.25183||a |+|0 © Bec
3 0 0 0 -20 0 5 20 of f¢
.e e
3] [0 o 0 0 20 [[s.] [0 20

(109)

where 3=0-a is the flight path angle, 6 is pitch attitude, q
is pitch rate, a 1is angle of attack, Se is elevator
deflection, 8{ is flaperon deflection, 6ec is elevator
deflection command, and & is flaperon deflection command.

fc

The relationship betwecen the angles is shown in figure 4.

A pitch pointing/vertical translation elgenstructure
assignment controller was proposed by Sobel and Shapitro (12}

to decouple the pitch attitude and flight path responses.

Center of
Gravity

Reference
l.ine

Figure 4. Aircraft lLongitudinal Angle Definitions
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The zero entries in the short period elgenvectors are for
pitch pointing (8 command with no coupling to 7) while the
zero entry in the gamma mode eigenvector is for vertical
translation (7 command with no coupling to 6 or q). The
desired eigenvectors are shown in table 4 where we observe
the zero entries which are chosen to obtain the required
decoupling. The feedback gains described by Sobel and
Shapiro [(12] are for the outputs yT = lq, nzp. 7, 6e, Gr],
where nZp is the normal acceleration at the pilot’s station.
However, for simplicity, in this thesis, we will use full
state feedback. The full state feedback gain matrix is shown
in table S5 and it is obtained by applying a transformation
to the feedback gain matrix described in [12]. The
achievable eigenvectors are shown 1in table 6 where we
observe that the three =zero entries have been exactly
achieved. Thus, we expect excellent decoupling in both the
pitch pointing and vertical translation responses. Finally,
feedforward gains based upon Broussard's [11] command
generator tracker are computed to obtain zero steady state
error to a step command. The vertical translation and pitch
pointing step responses are shown in figures 5 and 6,
respectively. As expected, the decoupling is excellent for
both cases. However, the design of [12] does not consider

stability robustness when the aircraft is subject to linear

time varying state space uncertainty.
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Table 4. Desired Eigenvectors

Short Gamma Actuator Actuator

Period Mode Mode Mode

0 0 1 X be 7

1 X 0 X X q

X 1 X X X (13

X X X 1 X 3
e

X X X X 1 6(

Table S. Closed Loop Eigenvalues and Control Gains

Closed lLoop Feedforward Gains Feedback Gains
Eigenvalues (zc, OC)
Non-Robust Design: 7 q @ ée Gf

:}508 4.12 1.98(|-6.10 -.898 -10.02 .420 . 102

-19.5

-5.61%j4.19 [—.375 -2.87}[ 3.25 .891 7.11 -.526 .0840}

3
ec

Robust Design:
-3.63+j5.18 {-.992 -1.62J{ 2.61 .581 5.31 -.288 —.osssJ

200 10.93 -6.47||-4.47 -.0642 -1.11 -.0131 -.0204

-19.5

Robust Design with Vi Constraint:
-3.63%)5.14 [—1,11 —2.01}[ 3.12 606 S5.72 -.291 —.0543}

% 12.37 -1.83][-10.54 -.361 -5.97 .0239 -.0342

-19.5

Robust Design with Matrix Q:
-3.62%j5.18 [—.890 —1.68}[ 2.57 .552 >5.29 --.259 —.0540}

:§é48 9.90 -5.76||-4.14 .243 -.925 -.331 -.0363

-19.5
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Table 6. Closed Loop Eigenvectors (normalized |[x| =1)

Short Perliod

Gamma Mode

Actuator Mode

Actuator Mode

Non-Robust Design:

0.0 0.0 . 3089 -.0054 -.0135
.5954 -~.7679 .0001 1.0 .0343
-.1339 .0369 -.3090 -.0472 .0118
-.4502 -.2629 -.8656 .9317 -.0249
1.0 0.0 1.0 . 0081 1.0
Robust Design:
-.0434 .0301 -.2668 -.0052 -.0137
1.0 0.0 -.0038 1.0 .0631
-.0472 -.1598 .2682 -.0475 .0104
.0215 -.7004 .5802 .9316 .0029
.2153 -.0044 1.0 -.0060 1.0
Robust Design with vy Constraint:
-.0200 .0077 -.1911 -.0053 -.0137
1.0 0.0 .0010 1.0 .0599
-.0716 -.1378 .1908 -.0474 .0106
-.0685 -.7063 . 3868 .9312 -.0002
.5301 .6895 1.0 -.0018 1.0
Robust Design with Matrix Q:
-.0418 .0119 -.3711 -.0053 -.0137
1.0 0.0 .0008 1.0 . 0587
-.0486 -.1419 . 3708 -.0473 .0106
-.0177 -.6719 . 8377 .9325 -.0013
.5985 . 1743 1.0 .0018 1.0
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Next, we consider a robust eigenstructure assignment pitch
pointing/vertical translation control law. First, to reduce
the conservatism in (34), we use a constant similarity
transformation to obtain the transformed state given by

T

x(t) = (8, q, a, &, &.] (110)

e f

where 0 is the pitch attitude in degrees.

The utilization of such a transformation is valid because
the stability of a linear time varying system is preserved
when subjected to a constant similarity transtformation [22]
The wuse of such a similarity transformation to reduce
conservatism was used by Yedavalli and Liang [23] in
connection with a Lyapunov approach to robustness.

In the transformed coordinates, the equation é=q is a
physical relationship without wuncertain parameters. Thus,
the first row of Am will contain all zeros. The matrices Am

and Bm for the transformed system are chosen to be

0 0 0 0 0
0 0.0869 1.08 0.4313  0.158
A= |0 0 0.1341 0.0169  0.0252 (111)
0 0 0 0.1 0
|0 0 0 0 0.1 |
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(112)

o9}

i}
O O O o o
o O O O ©

This choice of Am and Bm is for illustrative purposes. The
Am and Bm chosen correspond to maximum uncertainty of 10% in
a_, a_, a_, a_, and a_; 2.5% in a and a_ ; and 0.5%

22 25 33 34 35 23 24

in the actu§tor parameters . a g b41' and b52

We emphasize that the transformed system is used only for
computation of (34), while the original system of (109) is
used for eigenvalue/eigenvector selection and gain
computation. For the design of Sobel and Shapiro [12], a=1.0
while the right hand side of (34) equals 4.28 which
indicates that the sufficient condition for robust stability

is not satisfied. We use a constrained optimization to solve
min [A (M H*a +B FIM'] - o (113)
max m m

while constraining some of the eigenvalues and eigenvectors.
First, we choose to assign the actuator eigenvalues and
elgenvectors to the same values as in the design presented

by Sobel and Shapiro [12]. Then, an optimization is
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performed over a subset of the short period eigenvector
parameters, short period eigenvalues, and the gamma mode
eigenvalue. This cholice of optimization parameters is chosen
by examining the gradient at the initial point corresponding
to the design of (12]. The term "eigenvector parameters” is
the vector 21' where an eigenvector vi is defined by vi=Lizi
and where the columns of L1 are a basis for the i-th
eigenvector subspace. So during the optimization, the first
entry (both real and imaginary parts) of the vector zSp for
the short period mode is allowed to change, the short period
eigenvalues are allowed to change subject to the constraints
-7.6 = Re[ASp] s -3.6, 3.2 = lmlASp] = 5.2, and the gamma
mode eigenvalue 1Is allowed to change subject to the
constraint -2.6S s A? = -0.5. Each time Ay is changed, its
eigenvector is computed as the orthogonal projection of the
desired gamma mode eigenvector onto the current achievable
gamma mode subspace. In this way, the zero entry in the
gamma mode eigenvector might be achieved in which case the

vertical translation decoupling may be nearly the same as in

the design of [12].

When the optimization is complete a = 2.65 and the right
hand side of (34) equals 2.57; thus, the sufficient
condition for robust stability is satisfied. The closed loop
eigenvectors are shown in table 6 from which we observe that

the zero entry in the gamma mode eigenvector has been
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achieved. This suggests that the vertical translation
decoupling will be the same in [12]. However, the entries in
the short period eigenvectors which were zero in [12}, are
now non-zero. This suggests that the pitch pointing
decoupling will not be as good as in [12]. The closed loop
eigenvalues and feedback gains are shown in table 5. Observe
that the short period eigenvalues have moved to the boundary
of the constraint region corresponding to the largest
settling time and smallest damping ratio. The gamma mode
eigenvalue has moved to the leftmost point in its constraint
interval which is to be expected since AW appears explicitly
in (34). Also observe that the magnitude of the feedback
gains has been reduced. The vertical translation and pitch
pointing responses are shown in figures 7 and 8,
respectively. As expected, the vertical translation
decoupling is virtually identical to the [12] design while
the pitch pointing decoupling has been degraded. Table 7
shows that the new robust eigenstructure assignment design
exhibits a significantly improved minimum singular value of
the return difference matrix at the inputs and an improved
condition number of the closed loop modal matrix as compared

to the [12] design.



Table 7. Comparison of Robustness Measures
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Cond (M)

Max|7]| Min o (1+FG)

o =1

C
Non-Robust Design 6.66x10 3 0.1983 56. 00
Robust Design 0.2171 0.5021 27.30
Robust Design with 0.0787 0.2802 36.80
vi constraint
Robust Design with 0.1617 0.4244 27.11

Matrix Q
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Next, we place a constraint on the first entry of the
complex conjugate short period eigenvectors. This will allow
us to place additional emphasis on the mode decoupling which
is required for the pitch pointing maneuver. The constraints
are chosen to be |Re(vsp)| =< 0.01 and |Im(vsp)| s 0.01 where
the eigenvectors are normalized to unit length in the 2-norm
sense. A solution could not be obtained for the eigenvalue
constraints which were wused 1in the previous design.
Therefore, the gamma mode elgenvalue constraint is relaxed
to become -3.0 = Ay <= -0.5 which will have the effect of
moving the gamma mode eigenvalue farther into the left half
of the complex plane. The new closed loop eigenvectors are
shown in table 6 where we observe that the real and
imaginary parts of the first entry of the short period
eigenvectors are significantly smaller than in the previous
design. Thus, we should expect that the pitch pointing
response will be improved. The vertical translation and
pitch pointing responses are shown in figures 9 and 10,
respectively. We observe that the coupling between ¥ and ©
has been reduced by approximately S50% as compared to the
previous design. However, we observe from table 6 that the
feedback gains are larger in magnitude. Also, from table 7
we observe that we no longer have a significant improvement
in the minimum singular value of the return difference

matrix.
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Next, we remove the additional short period eigenvector
constraints, but we introduce the unitary weighting matrix Q
in order to reduce the conservatism in the robust stability
condition. Due to the use of the matrix Q, we can tighten
the constraint on the gamma mode elgenvalue to
-2.4 = A7 < -0.5. Thus, we obtain a solution with Ay = -2.4
which is to compared with the previous solution with
A =-2.65. So we do not need to move the gamma mode
eigenvalue as far left in the complex plane as before. The
vertical translation and pitch pointing responses are shown
in figures 11 and 12, respectively. The vertical translation
response exhibits slightly less coupling than the first
robust design which did not wutilize either the wunitary
matrix Q or the explicit eigenvector constraints on

[Relv_ (1)]] and |Im[v_ (1)]].
sp sp
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3.6 EXAMPLE: L-1011 AIRCRAFT DESIGN

3.6.1 L-1011 AIRCRAFT WITH STATE FEEDBACK

Consider the linearized lateral dynamics of the L-1011

alrcraft described by

R e
¢l | o 0 10 |l¢ 0 0
ri_| o N NN N N [6r}

= ! p g+ 3 s, | J (114)
. 3
p 0] Lr Lp LB p Lér Léa t a
B L ey (V-1 Y vy v B] Y Y V]

with stability and control derivatives shown in table 8.
Where ¢ is bank angle(deg), r is yaw rate(deg/sec), p is
roll rate(degs/sec), B 1s sideslip(deg]), 6r is rudder
deflection, and éa is alleron deflection. An eigenstructure
assignment controller was designed by Sobel and Shapiro [24]
which decouples the dutch roll mode from the roll mode while

assigning the eigenvalues as shown below:

= - + 3
Agr 1.5+j1.5 (115)

= - + i
Aoy = “2-0%)1.0 (116)

The full state feedback gain matrix is given by [24]
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-.367 3.52 -.163 -3.64

F = (117)
4.35 1.28 2.63 -5.68
Table 8. Stability and Control Derivatives
for L-1011 Aircraft
Norminal Maximum of Absolute Value

Parameter Value of Uncertainty

Nr -0.154 .01925(12.5%)

Lr 0.249 .031125(12.5%)

(Yr/V)—l -0.996 .0

Np -0.0042 .0021(50%)

Lp -1.00 .125(12.5)

Yp/V -0.000295 .0001475(50%)

NB 1.54 .1155(7.5%)

LB -5.20 .26(5%)

YB/V -0.117 .0146(12.5%)

g/Vv 0.0386 .0

N6 -0.744 .093(12.5%)

N6r -0.032 .004(12.5%)

L6a 0.337 .042125(12.5%)

L6r -1.12 .084(7.5%)

Yaa/v 0.02 .01(50%)

Y r/V 0.0 .0
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We evaluate the stabillity robustness condition of (34)
where a=1.5 and the right hand side of (34) equals 1.46.
Therefore, the stability robustness sufficient condition is
satisfied. Nonetheless, we choose to optimize (113) in order
to increase the stability margin. That 1is, to guarantee
stability for larger uncertainty than that shown in table 8.
The gradient is computed at the design described by (117) to
determine which parameters should be varied during the
optimization. The chosen parameters are Re[zdr(l)].

Imlzdr(l)], Re[Adr]. Re[zroll(Z)]’ Im[zroll(Z)]. Re[Aroll]

and Im[A ]. The constraints are
roll
-1.4 = Re{Adr] < -1.9 (118)
-1.95 = RelA } = -3.0 (119)
roll
0.5 = Im[Aroll] < 1.45 (120)

The optimal solution has eigenvalues given by

Adr = -1.87+j1.5 (121)

= - +3
Aroll 1.95%j1.45 (122)

with feedback gain matrix given by



75

F = -.411 4.47 -.161 -5.07 (123)

5.16 1.57 2.54 -6.17

We find that a=1.87 while the right hand side of (34)
equals 1.50. Thus, the system is robustly stable for larger
uncertainty than that shown in table 8. Also of interest is
that the design of (117) has a closed loop modal matrix with
condition number equal to 5.83 as compared with 4.56 for the
design of (123). Thus, as we have also seen in the F-16
example, optimizing (113) seems to provide other desirable
system characteristics. The time responses to an initial
sideslip of one degree are shown for the designs of (117)
and (123) in figure 13 and 14 respectively. We observe that
the new design has a slightly larger peak in yaw rate and a

slightly faster response.
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3.6.2 L-1011 AIRCRAFT WITH GAIN SUPPRESSION

We consider computing a robust eigenstructure assignment
feedback gain matrix where certain outputs are not fed back
to certain inputs. This 1is equivalent to constraining some
elements of the feedback gain matrix to be =zero. By
suppressing certain gains to 2zero, we reduce controller
complexity and improve reliability. Mathematically, for the
control system described by (35)-(37), the output feedback
gain matrix F using eigenstructure assignment satisfies (see

Andry et.al. [8))

FQ =y (124)

where Q and ¢y depend upon the open loop system, the closed
loop eigenvalues, and the closed loop eigenvectors. As shown
by Andry et.al. [8], each row of feedback gains (fi) can be

computed independently of all other rows. That is,

f. =y.Q (125)

If we were to constrain fij to be zero, then we delete {ij
from f; and delete the j-th column of QT. We now solve the

reduced problem given by
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Q' o= w{ (126)

where ﬁT is the matrix QT with its j-th column deleted and
?; is the vector {; with its j-th element deleted. (126) may
be solved for ?i' the remaining active gains in the i-th
row, as shown by Andry et.al. [8). If more than one gain in

a row of F is to be set to zerc, then (126} should be

appropriately modified.

First, we determine which gains may be set to zero while
having the least impact on the closed loop eigenvalues and
eigenvectors. We compute the eigenvalue decision matrix DA
and the eigenvector decision matrix Dv as described in

Chapter 2. The eigenvalue decision matrix is given by

DA - .02185 .64226 .02173 .29302 (127)

.86204 .00786 1.16413 .023s8

and the eigenvector decision matrix is given by

pY = .05228 .51731 .05201 .23612 (128)

. 15345 .60016 .20723 1.23568



79

The larger entries in (127), denoted by an underline, are
the elements of F which need to be non-zero based upon
eigenvalue considerations. Thus, we could constrain fll'
f13, f22' f24 to be zero based solely upon their small
effect on the closed loop eigenvalues. However, from (128)
we observe that f22 and f24 are important for eigenvector
considerations. Therefore, we choose to constrain only fll
and f13 to be zero.

An eigenstructure assignment feedback gain matrix with
f11=f13=0 is computed using the same choice for the desired

eigenvalues and eigenvectors which were used in section

3.6.1. The closed loop eigenvalues are given by

= - +3
Ayr 1.5+j1.5 (129)

= - + i
Aroll 1.97+j0.993 (130)

and the feedback gain matrix is given by

F = 0.0 3.52 0.0 -3.46 (131)

4.45 1.28 2.63 -5.68

We evaluate the stability robustness condition of (34)
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where Am and Bm are given in table 8, a=1.50 and the right
hand side of (34) equals 1.67. Therefore, the stability
robustness sufficient condition 1is not satisfied. We
optimize (113) with the additional parameter of Im[Adr] as
compared with the full state robust design. We also include
the constraint given by 1.0 = Im[Adr] = 2.0 in addition to
the constraints which were used in the full state robust
design. However, an important difference is that now the
constraints apply only to the eigenvalues used for subspace
computation and not to the actual closed loop eigenvalues.
The optimized design has eigenvalues for subspace

computation given by

Agp = "1.74251.96 (132)

Aoy = ~2-00%j0.958 (133)

and closed loop eigenvalues given by

= - + 3
Ay = -1.77¢j1.85 (134)

Aoy = "1-77¢51.01 (135)

The robust feedback gain matrix is given by
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F = 0.0 4.62 0.0 -6.11 (136)

3.69 1.47 2.27 -6.48

We now find that «=1.77 while the right hand side of (34)
equals 1.63. Therefore, robust stability is ensured for the
uncertainty described in table 8. Also of interest is that
we have reduced the condition number of the closed loop
modal matrix from 5.78 to 4.99 which indicates that
optimizing (113) yields other desirable closed loop system
characteristics. The non-robust and robust time responses
for an initial sideslip of one degree are shown in figures
1S and 16, respectively. We observe that both designs
exhibit perfect decoupling between the dutch roll mode and

the roll mode.
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3.6.3 L-1011 AIRCRAFT WITH DYNAMIC COMPENSATION

The use of constant gain output feedback 1is desirable
because of the simplicity of the resulting control
structure. However, it may not always be possible to achieve
the dual goals of performance and robustness with a constant
gain controller using only output feedback. In fact, if the
number of outputs is too small, it may not even be possible
to achieve the performance specifications using constant

gain output feedback.

Sobel and Shapiro [25] have considered flight control
design wusing eigenstructure assignment with low order
dynamic compensators. This allows the performance
specifications to be achieved in the case of limited
measurements. Mathematically, the linear time 1invariant

dynamic controller is described by

z = Dz + Ey (137)

Fz + Gy (138)

[
n

where the controller state z is of dimension ¢, 0 = ¢ =< n-r
It is convenient to model the plant and compensator by the
composite system originally proposed by Johnson and Athans

[26]. Thus, define
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x = Ax +Bu (139)
y = C x (140)
u=Fy (141)

where

x =1 %1 (142)

2
A=A 0 (143)
0 o0
B-| 8B 01 (144)
I

c=1¢ 9. (145)
I

F=|G F (146)

For a second order dynamic compensator, the structure is

described by
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A 0
A=| x4 (147)
0 O2x2
B, . 0
g=| Ax¢ , (148)
0 l2x2
lc. o
c=| 4 (149)
1
[ 0 leZ
Ao
Am= ; (150)
0 O2x2
_ |8 o0
Bm= (151)
0 02x2

where A, B, Am, and Bm are the same as before (given in

table 8) and

—
o

{152)

—
o O
O
O O o

corresponding to yT = [r, p, ¢].
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The desired closed loop eigenvalues are (five can be chosen

because we have five outputs; 3 measurements

compensator states)

= - + i
Adr 1.5%+j1.5
= - + i
Aroll 2.0j1.0
Ao = -3.0 (compensator eigenvalue)

5

The achievable closed loop eigenvalues are

Adr = -1.5%j1.5

Aopp = "2-0%j1.0
AS - =7 0 (eompensator elgenvalue)
Aé = -3.64 (compensator eigenvalue)

The dynamic compensator is described by

[ 2.90 2.00 1.86]|" 2.13 -2.13) |z

p
3 0.26 6.18 8.02 3.51 -3.51]|z.
a ¢

plus 2

(153)

(154)

(155)

(156)

(157)

(158)

(159)

(160}
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z -2.46 -0.54 {21 0.96 1.54 3.54)|"
+

(161}

. p
z -1.50 -1.50 [22 0.00 -0.50 -0.50 o

We evaluate the stability robustness condition to find a=1.5
and the right hand side of (34) equals 13.6 which indicates

that the sufficient condition is not satisfied.

A robust design is computed by optimizing (113) over all

25 possible parameters. These include the cigenvalues
Al,...,AS and their corresponding eigenvector parameter
vectors zl""’ZS' The constraints on the eigenvalues are
- < Re[Ai] = -0.5 for i=1,...,5 which are chosen to ensure

some degree of nominal relative stability. The optimized

design has closed loop eigenvalues given by

A = -1.03%+j1.08 (162)
= - + ¢
Aroll 1.98+j1.13 (163)
AS = -6.61 (compensator eigenvalue) (164)
A = -5.01 (compensator eigenvalue) (165)

and the dynamic compensator is described by
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8] [ 1.92 .070 -.005 Tt [.405 -.0005 2

= pl+ (166)
5 -2.57 4.23 .456]| | [.083 -3.94]z,

. .
[zl -7.45 -3.71] [z, 5.12 .442 .758]|"
; - + p (167)
z | | 618 -2.87||z,| |-1.41 1.28 -5.41
2: 2 .ty

Unfortunately, we find «=1.03 while the right hand side of
(34) equals 1.97 which indicates that the sufficient
condition for robust stability is not satisfied. However,
note that the difference between the right and left hand
sides of (34) is significantly smaller than for the initial
design. We conclude that the sufficient condition cannot be
satisfied for the Am and Bm described in table 8. However,
if we let Am and Bm be replaced by Am/Z and Bm/2 then we
find that «=1.03 > 0.986 so that robust stability can be
ensured for uncertainty which equals one-half the
uncertainty shown in table 8. The time responses for the
initial and optimized design for an initial one degree
sideslip are shown in figures 17 and 18, rengctively. We

observe that both designs exhibit similar and acceptable

time responses.
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4. PERFORMANCE ROBUSTNESS FOR LTI SYSTEMS WITH STRUCTURED

STATE SPACE UNCERTAINTY

4.1 OVERVIEW

An important criterion for the design of wuncertain LTI
systems 1is performance robustness. A sufficient condition
for performance robustness has been proposed by Juang, Hong,
and Wang [15] by using a Lyapunov approach. The closed loop
eigenvalues are guaranteed to lie within chosen performance
regions when the LTI system is subjected to time invariant
structured state space uncertainty. However, this approach
requires the solution of a Lyapunov matrix equation

involving complex matrices.

In this section, we use a lemma of [15] to obtain a
sufficient condition for performance robustness by using the
Gronwall lemma approach. The closed loop eigenvalues are
guaranteed to lie within chosen performance regions when the
LT! system is subjected to time invariant structured state
space uncertainty. If the performance region is chosen as
the entire left half plane, then the new result reduces to
the stability robustness condition described by Sobel et.al.
(1]. The required computations include the nominal

eigenvalues/eigenvectors and a matrix norm involving the
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uncertainty structure and the <closed loop eigenvector

matrix.

Two examples are presented to illustrate the use of the
sufficient condition for performance robustness. The chosen
performance region corresponds to a minimum damping ratio of
0.15 and a maximum time constant of 4 seconds. These
examples also illustrate the need for the unitary matrix Q
in order to satisfy the sufficient condition for performance

robustness.

4.2 PROBLEM FORMULATION

Consider the robust eigenstructure assignment problem
described in Chapter 3. The nominal plant is described by
(35)-(36). Suppose that the nominal system is subject to
linear time invariant uncertainties in the entries of A and
B described by AA and AB, respectively. Then, the system

with uncertainty is given by

x(t) = Ax(t) + Bu(t) + AAx(t) + ABu(t) (168)

y(t) = Cx(t) (169)
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Further, suppose that bounds are available on the absolute

values of the maximum variations in the elements of AA and

AB. That 1is,
[8a. | = (a,.) ; i=1,...,n; Jj=1,...,n (170)
ij ij max
|AbiJ[ = (bij)max; i=1,...,n; j=1,...,m (171)

Define AA+ and AB' as the matrices obtained by replacing
the entries of AA and AB by their absolute values. Also,

define A and B as the matrices with entries (a, .) and
m m ij max

(b , respectively. Then,

lj)max

(aA: AA"

1A

A} (172)
m

1A

(sB: aB® =B ) (173)

where "=" 1s applied element by element by element to

matrices and A € Rnxn, B € mnxm where R is the set of
max + max + +

non-negative real numbers.

Consider the constant gain output feedback control law
described by (37). Then, the nominal closed loop system is

given by

x(t) = (A + BFC)x(t) (174)
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and the uncertain closed loop system is given by

x(t) = (A + BFC)x(t) + [AA + ABFC]x(t) (17S)

Performance Robustness Problem:

r is chosen such that all of

A feedback gain matrix F € Rmx
the eigenvalues of the nominal closed loop system are inside
a region R. Determine if all of the eigenvalues of the

uncertain closed loop system are inside the region R for all

time invariant AA and AB described by (172)-(173).

4.3 PRELIMINARY RESULTS

First, we review the following result which is attributed
to Juang, Hong, and Wang [15]): Consider a line L which
separates the complex plane 1into two open half nlanesg,
namely H and H as shown in figure 19. The line L intersects
the real axis at point "a" and makes an angle 6 with respect
to the positive imaginary axis, where 6 is assumed positive

in a counterclockwise sense and -m < 6 = n. Denote a

specific region H by H(a,0).
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(a,0)

Re(s)

Figure 19. Description of H Region

Lemma [15]

All the eigenvalues of a constant matrix E lie in the H
region if and only if the eigenvalues of the matrix

e“JO(E—aI) lie in the open left half plane.

Next we present two new definitions which relate the
so-called transformed uncertain system to the uncertain
system described by (175). Then, we propose a lemma which
shows that the transformed uncertain system is
asymptotically stable if and only if the eigenvalues of the
uncertain system of (175) are in the H region.

Note: When we refer to the uncertain system in the context
of performance robustness, we assume that the uncertainty is

time invariant.

Definition 1

The transformed uncertain system is given by
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%(t) = e %A « BFC - aD)x(t) + ¢ 9%(aA + ABFC)X(t) (176)

Definition 2

The nominal closed loop system matrix AC, the uncertainty

~

matrix AAC, the transformed closed loop system matrix AC

and the transformed uncertainty matrix Axc are defined by

A_ = A+ BFC (177)
BA_ = BA + BBFC (178)
Ao=e %0 - an (179)
C C
ph = e 1% (180)
C C

Then, the uncertain closed loop system is given by
x(t) = A x(t) + BA x(t) (181)
c c
and the transformed uncertain closed loop system is given by

x(t) = A x(t) + 0A x(t) (182)
C C

Lemma 2

The eigenvalues of (181) are in the H region for all AA,
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OB described by (172)-(173) if and only if the eigenvalues
of (182) are in open left half complex plane for all AA, AB

described by (172)-(173).

Proof

The uncertain closed loop system may be written as
x(t) = (A + BA )x(t) (183)
c c

and the transformed uncertain closed loop system may be

written as

X(t) = e %A+ A - al)x(t) (184)
C C

Then, the result follows by using the lemma of [15] with
E = A+ 8A .
c c

End of proof

Now suppose that the real matrix AC has distinct
eigenvalues. Then, the next lemma shows that the modal

~

matrix of AC will also diagonallize the complex matrix AC.

Lemma 3
Suppose that the matrix AC has distinct eigenvalues. Let M
1

be a modal matrix of AC such that A = M ACM is a diagonal

matrix with the eigenvalues of AC on the diagonal of A.
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Then, A = M_IXCM is a diagonal matrix with the eigenvalues

of Rc on the diagonal of A.

Proof
Consider the transformed uncertain closed loop system
which is described by

x(t) = A x(t) + BA x(t) (185)
C C
where

A =e %A - al) and 8A = e 9%a (186)
C C C C

~

Let Ai be the i-th eigenvalue of AC and let Ai be the

corresponding eigenvalue of Xc' Then,

det[X.1 - A ] =0 (187)
i c

det(X 1 - e"J"(AC -al)l =0 (188)

det (X1 + e %1 - e"JeACJ =0 (189)
det[e_JOI]det(eJe(Xi v e %1 - A =0 (190)
A= e+ a (191)
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'Je(Ai - a) (192)

A=e %0 - an (193)

Let A_ = MAM !

Since KC = e'Je(AC - al), it follows that

A = e P! - an)

1

e %M - anM”

M[e—jO(A - aI)lM_1

= MAM (194)
Therefore, Kc = H/A(Mn1 (195)
and A = M‘llcm (196)

End of proof

The final preliminary result (lemma 4) will establish an
upper bound on "M_IAKCan which will be required in the
proof of the main performance robustness result. We observe

that the upper bound of the norm of the complex matrix
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M_lAXCM is given by the norm of a real matrix.
Lemma 4

Let Axc be given by definition 2, M is the modal matrix of

AC, and Am, Bm are given by (172)-(173). Then,

1 1

MR M| s oA+ B (FO)TIMT (197)
(o 2 m m 2

Proof

Use the result given by Kouvaritakis and Latchman [(20]

that for any matrix A e "
+
1Al = a1, (198)
Thus,

1

-1 .~ - ~ +
M “aA M| = |[(M "aA M|,

TR
C 2

1%,

= sup

-1 _-jo + o+
(M e AACM] X "2

= sup ;
I,
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[ 'e™%1an + aBFCIMY X7

= sup S
<1,
e e " 1an + aFCI M KT
= sup S
=1,
I A+ B (FO Y IM'X|
= sup m m - 2
iy ¥
X ”2
= (o H¥ (A« B_(FO) "M (199)
m m 2

End of proof

4.4 PERFORMANCE ROBUSTNESS SUFFICIENT CONDITION

Theorem 2

Suppose that F is such that the nominal closed loop system
described by (174) has only distinct eigenvalues all of
which lie in some H(a,8) region. Let M be a modal matrix of
AC, let D be a diagonal matrix with positive entries, and
let Q be a nonsingular matrix. Then, the eigenvalues of the

uncertain closed loop system given by (175) will be in the
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H(a,8) region for all AA and AB described by (172)-(173) if

-1 .+ + + ;
« =k (Q)+] [(MDQ)" ) [A ~+ B (FC) 1[MDQ] |, (200)

where
« = -max RelA (A )]
. ic
i
= -max Re[e'JO(Ai - a)l (201)
i
and where KZ(Q) = “0—1"2° 0“2 is the 2-norm condition number

of the matrix Q.

Proof

The transformed uncertain closed loop system is described

by
x(t) = A x(t) + BA x(t) (202)
c c
Let x(t) = MDQz(t) where M and MD are both modal matrices of
A .
c

z(t) 1

Q'lo'ln’lxcmooz(t) « o p7 iy 8R _MDQz (t) (203)

Use lemma 3 to obtain
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2(t) = Q 'AQz(t) + Q_lD_lM_lAKCMDQz(t) (204)

which has a solution described by

1.-1

z(t)=exp(o‘lxot)2(0)+fgexp(o'li(t-r)o)Q'lo' MR MDQz (1)dr

(205)

Use exp(Q-let) = Q-lexp(xt)Q to obtain

1 1

z(t)=Q"exp(xt)oz(t)+f;o‘ explA(t-1)10Q 'p7IM™ 8R _MDQz (1 )dt

(206)

In the remainder of the proof, the subscript "2" on the
norms is omitted for notational convenience. Take norms on

both sides of the (206) to obtain

lz(t)| = ||Q-1 “|exp(At)|«]Q]+[z(0)]

Q

1

lexplACt-T) 1] |Q]* o !~ M'IAXCMDQ .

+ fg"Q-l z(1)|dt

(207)

Use “exp(xt)“ = exp(-at),

where o = -max {Rel[A. (A )]} = - max (Re[e_Je(A. - a)l.
1 i e 1 i
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1 -1.-1-1 -1

Also, use « (Q) = [Q]-JQ@ | and Q@ D M = (MDQ)

Then, [z(t)| = x_(Qlexp(-at)|z(0)] +

1

+ Ig KZ(Q)exp[—a(t—T)]”(MDQ)- AKCMDQ”'“Z(T)” dt

(208)

Multiply both sides by exp(at) to obtain

[z(t)|explat) = x (Q)+[z(0)] +

1

+ 57 K (Q)+](MDQ) " AR MDQ| explat)+|z(t) |dt

(209)
use the Gronwall lemma to obtain
J2(t) Jexplat) = k_(Q)-[2(0)|expl S} x,(Q)+] MDQ)™ 87 MDQ|dr)
(210)

use lemma 4 to obtain

[z(t)|explat)

1

= k,(Q)-[2(0) [ +expix_(Q)+ ((MDQ) ™ 1" (A +B_(FC)"}(MDQ]" [t}

(211)

or
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1

Jz(t) sk, (Q)[z(0) fexpi-a+ (@) 1(MDQ) ™ 1" (A +B_(FC)"](MDQ) [t}

(212)

1

Thus, fz(t)] » 0 if a > |k (Q)((MDQ) 17 (A_+B (FC)"1(MDQ] |

Then, z(t) is asymptotically stable

> x(t) is asymptotically stable

> KC+AKC has all its eigenvalues in the open left half

complex plane.

Then, by using lemma 2, it follows that AC+ AAC has all its
eigenvalues in the H region.

End of proof

Theorem 2 presents a sufficient condition for robust
performance in terms of the eigenstructure of the nominal
closed loop system. Robust performance is ensured provided
that the eigenvalues of the transformed system matrix A lie
to the left of a vertical line in the complex plane. The
phrase "robust performance", as used here, means that the
eigenvalues of the matrix AC + AAC lie inside the H(a,0)
region for all time invariant AA and AB described by

(172)-(173).
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Consider the special case where the H region is the entire
open left half complex plane which corresponds to a=8=0 and

let Q be the identity matrix. Then (200) reduces to

o > 07T YA B (FO*IM'D|. i w=-max(Re(r.)]  (213)
m m 2 i 1

which is the result shown by Sobel et.al. [1] for stability
robustness. Thus, Theorem 2 includes the earlier stability
robustness sufficient condition as a special case. However,
the stability robustness result given by (213) is applicable
to time varying uncertainty while the performance robustness
result of Theorem 2 requires that the uncertainty be time

invariant.

Corollary 2: Multiple H-regions

Let the region R be the intersection of Hk(ak,ek) for
k=1,2,...,q. Suppose F is such that the nominal closed loop
system described by (174) has distinct eigenvalues all of
which are inside R. Let M and Q be defined as in Theorem 2.
Then, the eigenvalues of the uncertain closed loop system

given by (175) will be in R for all AA and AB described by

(172)-(173) if

1

-1.+ + +
min o > & (Q)«[[(MDQ) ") [A +B (FC) ](MDQ] |, (214)

k
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_Je
where « = -max Rele (A.1 - ak)]

k i
Proof
Using Theorem 2, it follows that the eigenvalues of the

system matrix of (175) are in Hk if

((MDQ) !

+ + +
« >k (Q)e 17 (A +B (FC) ] [MDQ] |, (215)

k

The eigenvalues of the system matrix of (175) are in R if

they are simultaneously in each H k=1,2,...,q. This will

k;
be true if (214) is satisfied.

End of proof

Corollary 3: Special Case

lLet the region R be the intersection of Hl(al,O).
HZ(O,OZ), and HJ(O,-OZ) as shown in figure 20. Suppose that
the matrices F, M, and Q satisfy the conditions of
Theorem 2. Then, the eigenvalues of the uncertain closed
loop system given by (175) will be in R for all AA and AB

described by (172)-(173) if

[(MDQ) ™}

. + + +
mlnlal.azl > K2(Q)‘ ] [Am+8m(FC) ] [(MDQ] “2 (216)
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where « = -max [Re(Ai)l + a,
i
_Jez
and a = -max [Rel(e A)]
2 i i
Im(s)

Re(s)

a <o0
_::;/ 0 >0

Figure 20. Region for Special Case of Corollary

Proof

From Corollary 2 we have

[ (MDQ) !

. ) . + + +
mlnlul,az'aal > x,(Q) J'(A +B (FC) JIMDQ] | = (217)

where

..J'ek
« = -m?x(Re[e (Ai - ak)])

Thus,
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]
1t

—max(Re[e-‘jo(Ai - al)])
i

I

-max{Re(A

- al])
i

i

-max{Re(A,)} + a (218)
i i 1

Also,
-joz
o = -max{Rele (Ai - 0)1]}
i
- jo.

-max{Rele 2 Ai])
i

-max[Re(Ai)coso + Im(Ai)sinel (219)
i

and
-max{Rele ()«.l - 0)]}
i

1
1}

Je,
-max{Rele Ai])
i

—max[Re(Ai)cosO - Im(Ai)sinO] (220)
i

Since the Ai are the eigenvalues of the real matrix AC, the

Ai are either real or they occur in complex conjugate pairs.

If Ai is real, then Im(Ai) = 0 and @, = a. Consider the

complex pair A, =a_+b.,; A .. =X =a, -b,.. In this
i i J i+1 i i J

case,
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o = —max(aicose + bisine, aicoso - bisine) (221)
i

a = -max{a.cos8 - b,sinf, a,cos8 + b, ,sinb} (222)
3 i i i i i

So it follows that @, a3. In general, az and a3 are the
maximum of sets with the same members which appear in a
different order. Thus, the maximum of the two sets is equal

and a = «
2 3

End of proof

The region R in Corollary 3 ensures that a system with a
dominant pair of complex conjugate eigenvalues has a damping

ratio ¢ z ¢ and a settling time ts s (t )

min s 'max’

4.5 EXAMPLE: L-1011 AIRCRAFT

Consider the linearized lateral dynamics of the L-1011
aircraft which was described in section 3.6. However, it is
assumed here that the uncertainty is time invariant. The
feedback gain matrix F using state feedback is obtained by
minimizing (216) with constraints on the closed loop
eigenvalues. The optimization is initialized at the design

described by the feedback gain matrix in (117). This
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approach ensures that the nominal closed loop eigenvalues
are in the region R which 1is the \intersection of
Hl(—O.ZS,O), H2(0,8.63deg). and HJ(O.-8.63deg). This region
guarantees that the damping ratio of the dominant mode is
=z cmin = 0.15 and that the time constant of the dominant
mode is less than or equal to 4 seconds. First, we optimize
(216) with Q=1 (the 1identity matrix} and Dopt which is

computed using (104) and is updated during the optimization.

The final Do is given by

pt

Dopt = diag(1.9291, 1.9291, 0.4861, 0.4861) (223)
The feedback gain matrix which is obtained upon optimizing

(216) is given by

¢ r P B

F o |70.426 4.13 -0.176 -5.57 | &_ (224)

4.24 1.46 2.63 -6.32 6a

The nominal closed loop eigenvalues using the gain matrix in

(224) are given by

>
[}

-1.75 ¢ j1.75 (dutch roll mode) (225)

>
]

-2.0 ¢ jl1.0 (roll mode) (226)



Then, evaluating the performance robustness sufficient

condition of (216) according to Corollary 3, we have

@ = —max[Re(Ai)] - 0.25
i
= -max[-1.75, -2.0] - 0.25
= 1.5 (227)
a, = —max[Re(e-J8’63'n/180Ai)l
i
= —max[Re(e_JO'lSO6Ai)l

i

-max[-1.4676, -1.8273]

1.4647 (228)
Then, using Corollary 3, we require that

(M)~ Hy*

. + +
m1nla1,a2] > KZ(Q)' lAm+Bm(FC) ] [MDQ] "2 (229)

and we obtain from (227)-(229), with the Q and Dopt

described above, that

minla ,a ) = 1.4676
1’2

((MDQ) !

+ + +
<k (Q)- 17(A +B (FC)T1(MDQ]"||, = 1.5843

Therefore, the robust performance sufficient condition is

not satisfied.
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Next, we optimize (216) with the matrix Dopt obtained from

(101) and a unitary matrix Q obtained from (107). Dopt and Q

are both updated during the optimization. The final matrix Q

is given by

-.2238+j.6706 -.0025+j.0029 .6708+j.2238 .0021-j.0123
-.2238-J.6706 -.0025-j.0029 .6708-j.2238 .0021+j.0123
-.0010-j.0128  .6935+j.1382 .0018-j.0015 .1383-j.6933
-.0010+j.0128  .6935-j.1382 .0018+j.0015 .1383+j.6933

(230)

Then, (229) yields

minla ,a ] = 1.4676
1’2

1

> K, (Q) [(MDQ)

)7(A_+B_(FC)")(MDQ)"| | = 1.4572

and the performance robustness is guaranteed for the chosen
region R. That is, the eigenvalues of the uncertain closed
loop system will remain within R for all possible
combinations of the time invariant uncertainty described by
AA and AB. This 1illustrates the importance of our new
unitary matrix Q in satisfying the sufficient condition for

robustness.



4.6 EXAMPLE: AFTI F-16 AIRCRAFT

Consider the LTI model of the AFTI F-16 aircraft described
in section 3.5. Here we4assume that the uncertainty is time
invariant. We need to design a controller such that the
mcdel will satisfy the performance robustness sufficient
condition given by corollary 3. We choose a=-0.25 and 0=8.63
deg which corresponds to a region with 2 0.15 and ts = 4
second. We compute the feedback gain matrix F by optimizing
the performance robustness condition of (216} with the
optimization 1initialized at the design used by Sobel and
Shapiro [12}. We use (104) to compute Dopt and then (107) to

and Q are updated during

compute the unitary matrix Q. Dopt

the optimization. The constraint for the gamma mode
eigenvalue is chosen to be -2.7 = A? < -0.5. The feedback
gain matrix F is given by

7 q o Be éf

F = 2.69 0.557 $5.31 -0.262 -0.0529 aec (231)

-5.47 0.183 -1.23 -0.290 -0.047¢ 6fc

The nominal closed loop eigenvalues using the gain matrix in

(231) are given by
A = -3.6 t j5.2 (short period) (232)

A= =2.7 {gamma mode) (233)



-19.0 (actuator)

>
[f}

>
1}

-19.5 (actuator)

Then, according to corollary 3,

@ = -max[Re(Ai)] - 0.25
i
= -max[-3.61, -2.71, -19.0, -19.5]
= 2.46
o = —max[Re(e_J8'63.n/180A )]
2 i
i
= —max[Re(e_J0'1506Ai)]

1

= -max[-2.79, -4.35, -2.68, -18.8,

i
N

.68

We find that

min(a ,a_) = 2.46
1’72

while the right hand side of (216) equals 2.393. Thus,

114

(234)

(235)

(236)

(237)

(238)

the
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sufficient condition for performance robustness is
satisfied. The vertical translation and pitch pointing
responses are shown in figures 21 and 22, respectively. We
observe that these responses are almost identical to the
robust stability responses shown in figures 11 and 12 of
section 3.5. However, we now guarantee that the closed loop
elgenvalues remain in the performance region for all time

invariant uncertainty that satisflies the Am and Bm bounds.
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S. ROBUST STABILITY FOR SYSTEMS WITH STRUCTURED STATE SPACE

UNCERTAINTY AND OUTPUT NONLINEARITIES

We extend the robustness sufficient condition proposed by
Sobel et. al. [1] to include simultaneous time varying
structured state space uncertainty and output nonlinearities
for an LTI system with constant gain feedback. Consider a
nominal LTI multi-input multi-output plant described by
(35)-(36). Suppose that the nominal plant is subject to
linear time varying uncertainties AA(t) and AB(t), as shown
in (75). Furthermore, suppose that the output includes an
unknown nonlinear function Ah(u). Then, the uncertain plant

may be described by

%x(t) = Ax(t) + Bu(t) + BA(t)x(t) + AB(t)u(t) (239)

y(t) = Cx(t) + Ah(u) (240)

Further, suppose that |Ah(u)| is bound by

Jah(w) | = 5

ult)] (241)

Consider the constant gain output feedback control law

described by
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u(t)=Fy(t) (242)

Theorem 3

Suppose F 1is such that the nominal closed loop system

described by

x(t) = (A + BFC)x(t) (243)

is asymptotically stable with a non-defective modal matrix.

Then, the uncertain closed loop system is given by

x(t) = (A+BFC)x(t) + [BA(t)+AB(t)FCJx(t) + [B+AB(t)]F+Ah(u)
(244)

is asymptotically stable for all AA(t) and AB(t) described

by (79)-(80) and all Ah(u) described by (241) if

o > [T A «B (FO) TIMT + gl B B ). (245)
m m 2 m 2

where a = -max Re[hi(A+BFC)]
i
7 |F| - cM|
B:
1 - 7+|F}

and IF] < 177
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Proof

Combine (239), (240), and (242) to obtain

i(t)=Ax(t)*BFCx(t)+AA(t)x(t)#AB(t)FCx(t)+[B+AB(t)]F-Ah(u)
=(A+BFC)x(t)+[AA(t)+AB(t)FClx(t)+[B+AB(t) ]F<Ah(u)

=Acx(t)+AAc(t)x(t)+[B+AB(t)]F°Ah(u) (246)

where AC = A + BFC

and AAC(t) = BA(L) + AB(t)FC

Let x(t) = Mz(t)
where M is a modal matrix for AC.

Then,

1

2(t) = M'IACMz(t) ¢ MAA_(Mz(L) + ML [B+AB(t) ]F+Ah(u)

(247)
which has a solution given by

z(t)=exp(At)z(0)

. Igexp[A(t-r)](M-IAAC(t)Mz(r) + M Y {B+AB(7))FAR(u) }dt
(248)

use |lexp(At)| = exp(at) where a = -max Re[Ai(A+BFC)]
i



120

Jz(t)]=|exp(At)

2(0) |

M-l

* f;Hexp[A(t—t)] AA_(TIM|« |z(T) |dT

*f;MeXp{Au-t)] M~ (B+aB(T)IFah(u) |dt (249)

Consider the second integral in (249) which satisfies

fguexp[A(t—t)] M_1[B+AB(T)]FAh(U)"dT

< fzexp[-a(t-t)]“M—IIB#AB(t)]F

Ah(u)|dt (250)

Recall from (241) that |Ah(u)| = 7+]u(t)]
Therefore,
Jah(uw)| = y+ult)] = ¥+|F|+|y(t)] = 7+|F|+|CMz(t)+ah(u)|
= y+|F|(JcMz(t) | + [ah(w) ) (251)
(1 =~ y|F|Pjantu)| = ¥|F|-|cM]|z(t)] (252)

which yields the following bound on Ah(u)
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[ah(u)|| = B|z(t)] if 1 - g|F| >0 (253)

7|F

CM|
where B =

1 - 7|F|

Therefore, the second integral in (249) satisfies the

following:

M1 (B+aB(T)IFAh(u) |dt

fg"exp[A(t—r)]

M~ [(B+aB (1) IF

s Slexpl-a(t-t)1B- z(1) |dt (254)

Substitute (254) into (249) to obtain

Jz(t)| = exp(-at)|z(0)]

+ fgexp[—a(t-r)l(uM"AAC(r)M”+3”M'1lB+AB(r)1Fu>o

z(t)|dt

(255)

or
[z(t)|explat) s |z(0)|

+ fz("M_IAAC(T)M"+B"M-l(B+AB(T)]F”)exp(at)"Z(T)"dT

(256)
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Use the Gronwall lemma to obtain

Jz(t) fexp(at)=|z(0) fexp| St IM 'aA_(x)M|+g]M "} (B+aB(T) IF|}dt

(257)

[z(t)|exp(at)

t -1.+ +, .+ -1 .+ + +
SHZ(O)Hexp[IO("(M ) A +B (FC) IM [+B[[(M ") (B +B )t ”)dr}

-1 .+ + + -1.+ + +
SHZ(O)HeXp[(H(M )" (A +B_(FO) M +p| (41" (B 4B )F ")t}

(258)

Thus,
Jz(t)|
-1 .+ + + -1 .+ + +
s |z(0)|exp|{-a+| (M ) (A, *+B, (FC) M [+B] (M ") (B *B_)F f +t
(259)

Thus, |z(t)| goes to zero, and hence |[x(t)| goes to
zero if

a > M) A +B (FC)TIM ] (4 (B 4B )FT (260)

v |[Fll - cM) -1
where B=————— 1 7 <|F| " or |F] <1/7
1 - 7|F|

End of proof
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6. ROBUST EIGENSTRUCTURE ASSIGNMENT FOR SYSTEM WITH

STRUCTURED UNCERTAINTY AND UNMODELLED DYNAMICS

6.1 INTRODUCTION

In Chapter 3, we used elgenstructure assignment to design
a robust constant gain controller for the pitch
pointing/vertical translation maneuver of the AFTI F-16
aircraft. This design method utilized a sufficient condition
for robust stability which was proposed by Sobel et. al.
[1}. However, this sufficient condition does not consider
the problem of unmodelled dynamics and it only applies to
constant gain feedback. A new sufficient condition for
robust stability has been obtained recently by Piou [3]
which includes (1) simultaneous time varying structured
state space uncertainty and unmode] led dynamics,
(2) non-strictly proper plants, (3) structured state space
uncertainty 1in the output equation 1in addition to the
earlier uncertainty in the state equation, and (4) output
feedback using dynamic compensators. We develop an algorithm
for robust eigenstructure assignment which utilizes the new
sufficient condition for robust stability [(3). This
algorithm is applied to the design of a robust autopilot for

a bank-to-turn missile.
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6.2 PROBLEM FORMULATION

Consider the LTI plant with time varying structured state

space uncertainty and unmodelled dynamics described by
x(t) = (A+DA(t))x(t)+(B+AB(t))ult) (261)
y(t) = (C+AC(t))x(t)+(D+AD(t))ult)+AH(t)sult) (262)
where s denotes the convolution operator.
Let a dynamic compensator be described by
x (t) = A x_(t) + B y(t) (263)
ult) = chc(t) + Dcy(t) (264)
and let the unmodelled dynamics AH(t) satisfy
AAL

AH(t) = CAe BA + DAB(t) (265)

and let the time varying structured state space uncertainty

A(t), OB(t), AC(t), and AD(t) satisfy

{(BA(L): DAY (L) = A_) (266)
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{8B(t): 8B'(t) = B } (267)
{ac(t): ac’(t) s c ) (268)
{aD(t): AD"(t) = D_} (269)
where AA(t), AB(t), AC(t), and AD(t) are continuous

functions of time.

The plant and unmodelled dynamics satisfy the following

assumptions:

At

Assumption (1i): w(CAe BA) =re

Assumption (ii): E(DA) = o

Theorem [3]

Suppose (Ac' Bc' Cc' Dc) is such that the nominal closed

loop system is asymptotically stable with a non-defective
modal matrix. Then, the uncertain closed loop system
described by (261)-(262) is asymptotically stable for all
AA(t), AB(t), AC(t), and AD(t) which satisfy (266)-(269) and

AH(t) which satisfies assumptions (i)-(ii) if
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+ + + +

+(A +B (D C) +(B +B )D C B C

1 - -1.-1 m m C m' o Cc m m c
c (D1 M

)
B C 0
c’m

](MDlQ)+

oy (@B D (07D )
) (Dl M)

- + o+ + +
B*(D+#D ) ]J*o{IDC(C +Cm).Cc](MDlQ) }
C m

1 -+ D)) -GD)e(r /8 + 1)
C m C 1 0

I TN (L0 T 100 RO . )
c|(D, M ") co([D (C +C ),C 1 (MD.Q) |(r /f+r )
1 B* C m c 1 1 0
+ < <1

1 - &[D+(D*+ D)) - o(D)e(r /B + 1 )
c m c 1 0

(270)
and if
- + + -
olD (D +D )] ¢+ o(D)e(r /B +r ) <1 (271)
c m c 1 0
where
« = -max RelA, (A )]
i i cl
and
A+BD C BC
~ _ c
cl [ B C A ]
c c

and M is the modal matrix of AC
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Corollary: Constant Gain Output Feedback |[3]
For constant gain output feedback u = Dcy, the uncertain

closed loop system is asymptotically stable if
a-c(Q)

[ 1 {E[(D_IM_])+[A +B (D C)"+(B*+B )D'C ) (MD Q)+}
1 m m cC m cm 1

5[(D—1M_1)+(B++B )0t (D" +D )} E[D+(C+*C ) (MD Q)*J
1 m C m c m 1

+ PR N

1 - oD@+ D)) -cD)e(r /B +r)
C m C 1 Q

&{(D'lm‘l)*(B'+Bm)o*}&{o*(c*+c ) (MD Q)’}(r /B+r )
1 c C m 1 1 o]
* -+ 4 - T <1
1 -c[D(D+D)}) -0c(D )e(r /B +r)
C m C 1 (o]

(272)

and if

cI’(D*+D )] + oD )e(r /B +r ) < 1 (273)
C m C 1 0

where

a = -max Re[Ai(A+BDCC)]
i

and M is the modal matrix of (A+BDCC).
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6.3 ROBUST EIGENSTRUCTURE ASSIGNMENT ALGORITHM

We propose an algorithm for robust eigenstructure
assignment which utilizes the new sufficient condition for
robust stability obtained by Piou [3}. This algorithm is
applied to the design of a robust autopilot using output
feedback with dynamic compensation for a bank-to-turn
missile. This missile is characterized by uncertainty in its
aerodynamic coefficients and unmodelled high frequency
bending modes. The direct design of low order dynamic
compensators using eigenstructure assignment is an
alternative to other methods which design a high order
dynamic compensator and then wuse model order reduction

techniques to obtain a lower order compensator.

6.3.1 COMPUTATION OF THE COMPENSATOR FOR A PLANT WITH A

MATRIX D

We now show how to compute the compensator (AC, Bc' Cc'
Dc) for the plant (A, B, C, D) by using the existing
eigenstructure assignment algorithm for the strictly proper

plant (A, B, C). Consider the plant (A, B, C) with the

compensator described by (263)-(264). The output equation is
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given by

y = Cx (274)

and the input equation is given by

u=Cx_ +DCx (275)
cc C

First, we compute the compensator gains AC, BC, Cc' and DC

for the plant described by the triple (A, B, C). Then,
consider the plant described by the quadruple (A, B, C, D)
with output equation given by

y = Cx + Du (276)

and input equation given by

u=Cx +DCx
cc c

C x + D (y-Du) (277)
c'c c

Solve (277) for u(t) to obtain

1

u=(1+DD) 'cx + (1+D D) D y (278)
C Cc C C C
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Let

(1+p0 D) " 'c (279)
C C

A
I}

and let

(1+D D) 'D (280)
C C

w]
i

Then, the compensator for the plant described by (A, B, C,

D) is described by

X =AXx +By (281}

C c’c c

u = CDx + DDy (282)
c’c C

6.3.2 COMPUTATION OF THE MATRICES D1 AND Q FOR THE SPECIAL

CASE WHEN D1 AND Q ARE REAL, POSITIVE, AND DIAGONAL
Lemma [28]
Define the Perron-Frobenius eigenvalue of the non-negative
matrix A, denoted by mn(A), to be the real non-negative
eigenvalue A =0 such that a = IAil for all eigenvalues

(i=1,...,n) of A#. let R and L be real, positive, and
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diagonal matrices and let A and B be positive matrices.
Then,

inf {(¢(LAR)-a(R™1BL™Y)) = n(AB) (283)

L,R

172

L = diagly, /x, 1'% R = diaglu /v, (284)

where x and y are the right and left Perron-Frobenius
eigenvectors of AB and where u and v are the right and left

Perron-Frobenius eigenvectors of BA.

In general, the matrices D1 and Q in (270) may be
arbitrary, complex, non-singular matrices. However, for the
special case when these matrices are real, positive, and

diagonal we can easily determine a choice which yields the

infimum of the first term in (270).

Corollary 4

Let D] and Q be real, positive, diagonal matrices. Then,

1 -1 +[A,*B,(D.C)"+(B"+B )D'C B C! .
c[(Dl M) (MD,Q)
B'C 0

cm
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. Am*Bm(Dcc)*+(B’+Bm)D;cm Bmc; .

B TV . M (285)
B*C 0

cm

where n(+) denotes the Perron-Frobenius eigenvalue of (-),

Dl=L-1, and Q=D;1R.

Proof
With the substitution of D, = l,_1 and Q = D;lR, where L and

1
R are chosen by (284), the LHS of (285) becomes

. S q ofA,*B, (D C) +(B%+B )DIC B CT .

L.R[*C B'C 0

cm

+ + + +

s (1 o1 o[A*B, (0.0 +BT+B DIC B C')
=inf | ——- O{L(M ) . M RJ
L.R B'C 0
cm
(286)

Then, the proof of Corollary 4 follows from the application
of Maciejowski's lemma [28] to (286).

End of proof
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6.3.3 ALGORITHMS FOR ROBUST EIGENSTRUCTURE ASSIGNMENT

The nominal plant or design model is described by
(35)-(36) and the compensator is described by (263)-(264).
The composite system used for computing AC,BC.CC, and DC for

the plant (A,B,C) is given by (Johnson and Athans [26])

This composite system was used by Sobel and Shapiro [25] to
design eigenstructure assignment dynamic compensators. The
composite system which is wused in (270) to determine

robustness is given by

A+BD C BC
C C

cl = B C A
C C

>
I

(288)

The objective function to be minimized, which is denoted by

p, is the left hand side of (270).

Algorithm 1 (Optimal Solution)

Minimize p(M,A,Dl,Q) (289)
Ms‘As'Dl’Q

sub ject to (D (D*+D )] + ¢(D ) (r /B +r ) <1and A, € C,
c m c 1 0 i i
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where

MS is a matrix whose columns are vx; i=1,...,s

AS is a diagonal matrix with entries A i=1,...,s

1;

and Ci is a region of the complex plane.

The optimization may be over a subset of the elgenvalues and
elgenvectors of A where 55n+nC with dim(A)=n and

cl

dim(A )=n .
c c
Algorithm 2 (Suboptimal Solution)

Minimize p(M,A,D_,Q) (290)
1
M_,A
s'''s

subject to 5(D+(D++D )] + o(D )e(r /B +r)<1and A, € C
C m c 1 0 i i

where D1 and Q are both real, diagonal, and positive
matrices which are chosen from Corollary 4 to yield the
minimum of the first term in (270). We remark that the
matrices Dl and Q must be wupdated at each function

evaluation during the optimization.

Computations Required for Each Function Evaluation in

Algorithms 1 and 2

Initialization: If DC is non-zero, then set F equal to the

orthogonal projection solution using eigenstructure
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assignment (Sobel and Shapiro (25]}. If DC equals zero, then

use eigenstructure assignment with gain suppression.

For each function evaluation:
1. Obtain the composite matrices A, é, C which are defined
by (287).

2. If DC is non-zero, then use eigenstructure assignment to

obtain F.
If DC is zero, then use eigenstructure assignment with

gain suppression to compute

F=[O Cc] (291)

3. If D 1is non-zero, then compute CS and DE using
(279)-(280).

4. Obtain the composite matrix Rcl from (288).

5. Compute the eigenvalues of Kc to obtain « and compute

1

the eigenvectors of A to obtain the closed loop modal

cl

matrix M.

6. If using algorithm 2, compute D, and Q by using Corollary

1
4.

7. Evaluate p.
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The eigenvector assignment in the robust eigenstructure
assignment algorithms 1is achieved via constraints on a
subset of the entries of the eigenvectors. This approach is
different from the more conventional approach of Andry et.
al. [8] who suggest that the i-th eigenvector vi should be
chosen as the orthogonal projection of a desired eigenvector

v? onto the subspace spanned by the columns of (AiI—A)_lB.

The constrained optimization algorithms are not guaranteed
to converge to the global optimum. Thus, the designer might
consider initializing the algorithms at different points in
the parameter space and comparing the various solutions. An
alternative approach, which 1is adopted by IMSL [27]
subroutine ZXMWD, is to perform four iterations on many
(perhaps 100) points in a user specified region. Then, an
optimization to convergence is performed on the five points
which have the smallest objective function value after the
initial four iterations. However, in the problem considered
here, we believe that a good approach is to initialize the
constrained optimization at the orthogonal projection
eigenstructure assignment solution. This should keep the
performance of the robust solution from moving too far away
from the performance of the orthogonal projection design. If
the sufficient condition is not satisfied with this

initialization, then the uncertainty bounds can be reduced.
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6.4 EXAMPLE: BANK-TO-TURN MISSILE

Consider the bank-to-turn missile which was used by Lin
and Lee [4] with state vector, input vector, and output

T

vector given by x = lér.ép.r,ny.p]T. u = [é ]°, and

)
rc¢’ pc
y = [r.ny,p]T, respectively. The definitions of the states
and inputs are as follows: yaw control surface deflection
(ér), roll control surface deflection (6p). yaw rate (r),
yaw acceleration (ny), roll rate (p), yaw control command

(6rc). and roll control command (épc). The state space

matrices A, B, and C are:

-180 0 0 0 0
0 -180 0 0] 0
A= -21.23 0 -.6888 -14.07 0 (292)
256.7 0 122.6 -1.793 0
-52.33 304.7 0 36.7 -9.661
180 0
0 180
B = 0 0 (293)
256.7 0
0 0
00100
C = 00010 (294)
00001
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The open loop eigenvalues are Adr = ~1.24%j41.53,

A = -9.66, A = -180, and A = -180. The desired
roll act act

closed loop eigenvalues are chosen as A:r = -20%3;20 and

Aroll = -20 which corresponds to the three eigenvalues which

can be assigned with output feedback using three
measurements. The desired closed loop eigenvectors are

chosen as

X X X

X X b
vd R ESIEYE vd =0 (295)
dr roll

X 1 0

0 0 1

and the achievable closed loop eigenvectors obtained from

orthogonal projections onto the achievability subspaces are

given by
-. 4662 -.2201 0.0
a -.5907 -.15S83 a -.0339
Vars 1.00 t 1.5223 |; Violl = 0.0
4.2398 1.00 0.0
0.00 0.00 1.0
(296)
The feedback gain matrix for u = Fy is given by
-.121 -.0635 0.0
F = (297}

-.0673 -.104 -.0302



The uncertainty matrices Am and Bm are chosen to be

1.35 0.0 0.0 0.0 0.0
0.0 1.35 0.0 0.0 0.0
Am = 1.06 0.0 .0344 . 748 0.0 (298)
1.93 0.0 6.13 0.0 0.0
2.62 15.24 0.0 1.84 483
1.35 0.0
0.0 1.35
Bm= 0.0 0.0 (299)
1.93 0.0
0.0 0.0

This choice of Am and Bm is for illustrative purposes. The

Am and Bm chosen correspond to maximum uncertainty of 0.75%

in a , a_, a , b , b , and b ; 5 in a_ , a_, a_,
11 22 41 11 22 11 31 33 34

T T L and .- The bounds on the
unmodelled dynamics are chosen to be r0+ rl/B = 1.5. We
compute the LHS of (272) which 1is found to be equal to
6.23x107. Thus, the sufficient condition for robust
stability is not satisfied. Next, we minimize the LHS of
(272) with respect to the the dutch roll and roll subsidence
eigenvalues and the free parameters of their corresponding
eigenvectors. The real part of the dutch roll eigenvalues
and the roll subsidence eigenvalue are constrained to the

interval [-50,-7] and the imaginary part of the dutch roll

eigenvalues 1is constrained to the interval 1[(0,45]. In
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addition, the denominator in (272} 1is constrained to be
greater than 0.01 and the maximum of the real parts of all
five closed loop eigenvalues are constrained to be less than
-0.01. This nonlinear constrained optimization is performed
on a personal computer by using function "constr" from the
MATLAB™ Optimization Toolbox [5]. When the constraint on the
denominator in (272) 1is violated during the optimization
process it causes the function to become negative which
results in divergence of the algorithm. Therefore, we added
an ad hoc fix which sets the function to 10SO whenever the
denominator in (272) becomes negative. We initialize the
optimization at the orthogonal projection solution and we
obtain a minimum function value of 0.835. The optimal gains
and corresponding dutch roll and roll subsidence eigenvalues
are shown in table 9 with the designation of case #1. We
observe that the settling time is increased and the dutch
roll damping is decreased when compared with the orthogonal
projection design. The yaw rate, yaw acceleration, and roll
rate time responses are shown in figures 23, 24, and 25,
respectively, for a one g yaw acceleration initial
condition. We observe that the responses are highly
oscillatory with strong coupling to the roll rate response

and thus we conclude that this design is unsatisfactory.
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Table 9. Comparison of Constant Gain Designs

Feedback Gain Matrices Closed Loop Eigenvalues.

Initial r ny p
Design
{orthogonal -.1209 -.0635 .0000 6rc Adr = -20%320
projection) -.0673 -.1038 ~-.0302 & A = -20
pc roll

Case #1 .0002 -.0311 -.0000 Adr = -9.66%j40.6
ImA , €(0,45] .0257 -.0000 .0000 A = -9.66

dr roll
Case #2 .0012 -.0311 -.0000 Adr = -9.66%j40.7
Imr | €(0,45] -.0365 -.1073 -.0000 A = -9.66

dr roltl
eigenvector
constraints
Case #3 -.0286 -.0948 .0014 Adr = =-31.7+j25.0
Imr , €[0,25] -.1140 -.0836 ~.0497 A = -27.4

dr roll
eigenvector

constraints

L4 .
Actuator eigenvalues are not shown
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The next design, which is designated to be case #2, |is
characterized by the addition of constraints on the real and
imaginary parts of the last entry 1in the dutch roll
eigenvectors. Recall that 1in the orthogonal projection
design we desired that these entries be 2zero so that the
coupling between the roll subsidence mode and dutch roll
mode would be small. The optimized solution in design #1
caused these components to be large which explains the
strong coupling from yaw acceleration to roll rate which was
observed in the time responses for case #1. Thus, we repeat
the optimization with the constraints that the absolute
values of both Re[vdr(S)] and Im[vdr(S)] be less than 0.1
where the eigenvectors are normalized to unity one-norm
before the constraints are calculated. However, because of
the additional constraints we must reduce the uncertainty
bounds in order to obtain an optimal solution which
satisfies the robust stability condition of (272). In this
regard we choose Am and Bm to be one half the values shown
in (298)-(299) and r0+r]/3 = 0.75. Once again the
optimization is initialized with the gains from the
orthogonal projection solution. The optimal solution which
minimizes the LHS of (272} is shown in table 9. We observe
that the dutch roll and roll subsidence eigenvalues are at
the same locations as in the case #1 design. However, the

components of the dutch roll eigenvectors which are
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important for mode decoupling now satisfy the additional
constraints. We observe from figures 23 and 24 that this
design exhibits the same large overshoot and settling time
as the case #1 design. However, we observe from figure 25
that the coupling to the roll rate has been significantly
reduced with the peak roll rate being 1identical to the
orthogonal projection design. All that remains in order to
obtain an acceptable design is to reduce the overshoot and

settling time.

The final design, which is designated as case #3, |is
characterized by replacing the constraint on the imaginary
part of the dutch roll eigenvalues with the constraint that
0= Im[Adr] = 25. Otherwise, all the other constraints of
design #2 remain in effect. The uncertainty bounds for Am
and Bm are the same as in case #2, but the bound on the
unmodelled dynamics 1is reduced to r0+r1/B = 0.25. The
optimization is initialized with the optimal gain matrix
which was obtained for the case #2 design. The optimal
feedback gain matrix together with the dutch roll and roll
subsidence eigenvalues are shown in table 9. We observe that
the imaginary part of the dutch roll eigenvalues is at the
constraint boundary of 2S5 while the real part of the dutch
roll eigenvalues and the roll subsidence eigenvalues are

much farther into the left half plane than was the case in
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the earlier robust designs. We note that the damping ratio
is much improved when compared with the other two robust
designs. We observe from figures 23 and 24 that the yaw rate
and yaw acceleration responses are now well behaved and are
close to the time responses of the orthogonal projection (or
initial design). Furthermore, we observe from figure 25 that
the coupling from yaw acceleration to r10ll rate is
approximately the same as the orthogonal projection design.
Thus, we have obtained a robust design which satisfies the
sufficient condition described by (272) while simultaneously
yielding time responses which are close to the orthogonal

projection design.

Next, we consider the same missile with only two
measurements given by the output vector y = [ny, p]T. We use
eigenstructure assignment to design a second order

compensator with desired eigenvalues given by A3r=—20tj20,

d ]
roll

the four eigenvalues which may be assigned with two

A -20, and AC =-25. These eigenvalues correspond to

omp

measurements together with a second order compensator. The

desired eigenvectors are chosen as shown below:
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Dutch Roll Mode Roll Subsidence Compensator Mode

8 [ x| X ( x | x |

r |
] X X by X

p

r 1 X 0 X
n tj 1 0 X

y J

p 0 0 1 X
X1 1 X 1 ‘ 1
X, | X 1 1| | 1]
The compensator gain matrices are computed by using

eigenstructure assignment with the augmented system
described by (287). These gain matrices and the closed loop
eigenvalues are shown in table 10 where we observe that the

four desired eigenvalues are exactly achieved.

We consider computing a robust eigenstructure assignment
controller by minimizing the LHS of (270) with Am' Bm, and
ro+ rl/B chosen to be the same as In the case #3 design.
However, the computation is extremely time consuming on the
personal computer due to the higher order of the dynamic
compensator problem. Thus, we stop the optimization when the
LHS of (270) is less than or equal to 0.98 with the solution
inside the feasible set. This minimization is performed with
respect to the dutch roll, roll subsidence, and compensator
mode #1 eigenvalues and the free parameters of their

corresponding eigenvectors. The real part of the dutch roll
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Table 10. Comparison of Dynamic Compensator Designs

Feedback Gain Matrices

Closed Loop Eigenvalues

Orthogonal
Projection

(initial
design)

Robust
Design

A
c

[-40.2
|-7.86

4.77
| ~<.86

. 126
|-0701

[-.122

-.136

[-40.2
3.56

-11.0

.0025
.0082

[-.0940
|-.1180

15.2
-17.1

S.00]
S.OOJ

.126
.0701

0.00
.0302

22.3
-37.8

-2.89}

.0001]
-0200|

5

.0025
-0497 |

. 43
Ayr 20.0%j20.0
= =2
Aroll 20.0
= -25.0
comp
AS = -169.7
- _ - P
A 103.1+j21.1
= - +
Ayr 30.254§30.00
Aroll = -27.65
A = -29.91
comp
AS = -50.64
A6 = -164.57
A7 = -140.99
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eigenvalues, the roll subsidence eigenvalue, and the
compensator mode #] eigenvalue are constrained to the
interval [-50, -7] and the imaginary part of the dutch roll
eigenvalue 1is constrained to the interval [0, 30J. In
addition, we add constraints on the denominator in (270}, on
the maximum of the real part of all seven closed loop
eigenvalues, and on the absolute values of the dutch roll
eigenvector entries Relv

r(S)] and Im(v r(S)] exactly as was

d d

done in the constant gain output feedback problem. These
constraint values are denominator greater than 0.01, maximum
real part less than -0.01, and absolute eligenvector entries
less than 0.1. To prevent divergence due to the function
becoming negative during the optimization, we set the
function to 1050 if either the denominator in (270) is
negative or if the function itself becomes negative. We
initialize the optimization at the orthogonal projection
solution with initial and final function values of 5.09 and
0.957, respectively. The closed loop eigenvalues are shown
in table 10 where we observe that the dutch roll damping is
the same in both the initial and robust designs, but the
time constants are smaller for the robust design. The yaw
rate, yaw acceleration, and roll rate time responses are
shown in figure 26, 27, and 28, respectively. We observe

that the time responses for the robust design are close to

the time responses of the orthogonal projection (or initial)
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design. Thus, the robust design satisfies the sufficient
condition of (270) while simultaneously yielding acceptable

overshoot, settling time, and mode decoupling.
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7. ROBUST EIGENSTRUCTURE DESIGN METHOD II

7.1 NEW ROBUSTNESS SUFFICIENT CONDITION

In collaboration with Piou [3], we derived a new
sufficient condition for the robust stability of an LTI
system subject to linear time varying structured state space
uncertainty. This new robustness condition is a sum of terms
each of which involves the i-th right eigenvector, the i-th
left eigenvector, and the real part of the i-th eigenvalue.
We also show that this new robustness sufficient condition
is less conservative than the earlier result of Sobel et.
al. [1]. In section 7.2, we designed a robust controller for
the lateral dynamics of Extended Medium Range Air to Air
Technology (EMRAAT) missile and this new design was compared
to the earlier orthogonal projection eigenstructure
assignment design. The earlier design, which was proposed by
Sobel and Cloutier [6], does not satisfy either sufficient
condition for robust stability. The new design method uses
the MATLAB" Optimization Toolbox [S] to minimize the
integrated roll rate with constraints on the real part of
the dutch roll and roll modes, the damping ratios of the
dutch roll and roll modes, the aileron and rudder deflection
rates, and the new sufficient condition for robust

stability. This design satisfies the new robustness
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condition while also yielding an improved transient response

as compared to the design of Sobel and Cloutier [6].

The sufficient condition proposed by Sobel et. al. [1] for
the stability robustness problem is described by (34) which

is repeated below.

«> A M HYA + B (FO MY (300)
max m m

where a = —m?x(Re[Ai(A+BFC)])

and where M is a modal matrix of (A+BFC) and Amax(‘) of a
non-negative matrix denotes the real non-negative eigenvalue
Amax z 0 such that Aax = !Ai] for all eigenvalues.

The above theorem describes a sufficient condition for the
robust stability in terms of the eligenstructure of the
nominal closed loop system. Robust stability 1is ensured
provided that the nominal closed loop eigenvalues lie to the
left of a vertical line in the complex plane which |is
determined by a norm involving the structure of the

uncertainty and the nominal closed loop modal matrix.

We remark that the sufficient condition given by (300) can

be rewritten as shown below.

()t h A+ B (FOTMT) <1 (301)
03 max m m
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This alternate form of the stability robustness condition
will be wuseful later when we compare it with the new

robustness condition which is derived in this thesis.

We now present a new sufficient condition for robust
stability of a LIT system subject to linear time varying
structured state space uncertainty which is described by the
following theorem which we obtained in collaboration with

Piou [3].

Theorem 4

Suppose that F is such that the nominal closed loop system
described by (81) is asymptotically stable with a
non-defective modal matrix. Then, the uncertain closed loop
system given by (82) is asymptotically stable for all AA(t)

and AB(t) described by (79)-(80) if
n i .

A f ——— (A +B (FCO) 1} <1 (302)
- a, m m

where a = —Re[Ai(A+BFC)]

and where Ai is the i-th eigenvalue of (A+BFC) with Vi and
w' the corresponding right and left eigenvectors,

respectively; and where (-)' denotes the complex conjugate

transpose.



Proof

The uncertain closed loop plant may be written as

x(t) = A x(t) + AA (t)x(t)
c c
where
A = A + BFC
c
and

AAC(t) = AA(t) + AB(t)FC

which has a solution given by

t

x(t) = exp(A_t)x(0) + J explA (t-1)]8A (T)dt
c c c

[o]

Next, use the real, positive, diagonal transformation

x(t) = D lz(t)
and the property that

exp(DACD—lt) = Deyp(Act)D-l

n
exp(ACt) = Mexp(At)IM 1. Yy v.w,

to obtain

156

(303)

(304)

(305)

(306)

(307)
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n
z(t) =D ¥ viw; e ' 07 lz00)

t n . AT 1
‘ J DI v e aA_(1)D " z(1)dr (308)

where A is a modal matrix of AC; Ai is the i-th eigenvalue
of AC with Vi and w; the corresponding right and left
eigenvectors, respectively; A is a diagonal matrix with the
Ai on the diagonal; and («)" denotes complex conjugate

transpose.
Note that

[z(t)] - O implies that |x(t)f » O (309)
Next, apply the absolute value operator, denoted by (°)+. to

both sides of (308) where "+" and "=" are applied element by

element to vectors and matrices.

+ n -1
z (t) = |DY v w, e D z(0)| +

Ai(t—t)

t n . -1
R j DY v e 8A (1)D Yz(v)dr (310)
o i=1 ' * ¢
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Pl -

n Ai(t-T) -1 +
Y v.w e AAC(t)D z(t)| drt (311)

n .+ —ai(t—r) 1.
+ J DY (Viwi) e AD 2 (t)dt (312)

where a, = -Re(A.), A =A + B (FC)’ and where we have
i i cm m m

used the property that [exp(Ait)]* = exp(—ait).
Next, integrate both sides of (312) to obtain

n . v (2Tt -1 +
)3 (viw ) I e dt-D "z (0)

®
I z (t)dt =D

. i
0 i

1 0

o t

J

n -a, (t-1)
DY (vu)' e !
. ii
=0 i=1

g

A D ‘z'(v)drdt
cm
t=o0

(313)

Consider the double integral in (313) which may be written

as
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al(t—r) 1
11m f I D Z (v w ) Al 2 (r)dtdt|; O=tst
t=0"t=0 i=1

(314)

The order of integration in (314) may be interchanged
because all of the functions 1inside the integrals are
continuous functions of t and t (Churchill ([29]). Thus,

(314) is equal to

-ai(t—r) 1 s
11m J J D Z (v vy )" e AP 2 (T)dtdr); O=tst
t=t i=1

(315)

Now use the change of variables given by y=t-t, dy=dt, 0.

Then, (315) is equal to

—a.z _
lim I f D Z (v i ) ! AcmD 12*(T)d7dt . 0=tst,y20
Row | T=0"9=0 1i=1

(316)

—ai7 -1_+
A D "z (t)dydt|; «.>0
cm i

s lim I J D Z (v W N
R0

=0 i=1

(317)
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R n . s T -1 R .
= lim J DY (v.w,}) e A D dyj z (r)dt|; o.>0
. ii cm i
Row|Yy=0 i=1 =0
(318)
n (vlwl)* _aiR 1 ©
< lim[D Y —2 (e '-1)A_D _[z (t)dt|; a, >0 (319)
. -, cm i
Ry®| i=1 i o]

Evaluating the limit of the term outside the integral in
(319), note that T is now a dummy variable of integration,
recall that the ai's are positive, and substitute the result

into (313) to obtain

& +
© n (v,wi) 1+
Iz(t)dtSDz 2720
0 i=1 %

n (viw;)+ 1% 4

+DY —1 A p J'z(t)dt (320)
. [+ 4N cm
i=1 i 0

Take norms in (320) and rearrange to obtain

(321)

© .
||J.z (t)dt| = i
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o 00
Thus, ”J z*(t)dt” < o which implies that J "z+(t)“dt < w if
0 )

no(vow )’ -1
DY — 1t (A +B (FO)ID | <1 (322)
i=1 (li m m

Note that x(t) and z(t) are continuous because of the
linearity of the uncertain closed loop plant which together
with (322) implies that “2*(t)H > 0 as too (Hsu and Meycr
[30]). This implies that |x(t)] > 0 as t-e which proves that
the linear uncertain closed loop plant is asymptotically

stable.

Finally, Perron weightings may be used for the matrix D in
(322) in the same manner as shown by Sobel et. al. [1] for
an earlier robustness result. Thus, to reduce conservatism,

(322) may be replaced by

(A +B (FO 1} <1 (323)
m m

where Amax(.) of a non-negative matrix denotes the real
non-negative eigenvalue A 20 such that A z|A.] for all
max max i

eigenvalues Ai.

End of Proof
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We remark that the quantity ’”;V1| is defined by Golub and
Van Loan [21) to be the condition number of the 1i-th
eigenvalue. This condition number 1is a measure of the
sensitivity of the i-th eigenvalue to incremental
perturbations in the matrix A+BFC. The quantity viw;, which
appears in (302), 1is weakly related to this eigenvalue
condition number. Thus, the new stability robustness
condition  of (302) seems to  have the heuristic
interpretation that robustness can be achieved by having the
sensitive eigenvalues far into the left half complex plane
and by having the eigenvalues which are near the imaginary
axis to be insensitive. Such an interpretation was not
possible for the result of Sobel et. al. [1] because their
stability robustness condition, which is given by (301), is
in terms of the spectrum as a whole rather than the

individual eigenvalues.

The new stability robustness condition of (302) 1is less
conservative than the earlier condition of Sobel et. al.
{1}. This property is described by the following theorem

which is attributed to Piou [3].

Theorem (3]
The left hand side of (302) is less than or equal to the

left hand side of (301). Mathematically,
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n
A y 11 (a+B (FO]
max|, o, m m
i=1 i
s (2)a {(M_l)"[A +B_(FC) " IM* (324)
[14 max m m

7.2 EXAMPLE: ROBUST CONTROL DESIGN FOR THE EMRAAT MISSILE

Consider the Extended Medium Range Air to Air Technology
(EMRAAT} bank-to-turn missile which is described by Bossi
and Langehough [9]. A sixth order model of the yaw/roll
dynamics at a 10 degree angle of attack is considered with
state vector, control vector, and measurement vector given
b x=[B8,r s & 1" u=[8 & ]T and =[B,r ]T
y - ’ )pvplt r, a ’ r’ a » Y » |p-p] »
respectively. Here B is sideslip angle (deg), r is yaw rate
(deg/sec), p is roll rate (deg/sec), P, is integrated roll
rate (deg), ér is rudder deflection (deg), and 6a is aileron
deflection (deg). The state space matrices A, B, and C are

shown below.

-.5007 -.9945 . 1736 0 .109 . 00691
16.83 -.5748 .01233 0 -132.8 27.19
A = -322.7 . 3208 -2.099 0 -1620 -1240 (325)
0 0 1 0 0 0
0 0] 0] 0 -179 0]
0] 0 0 0 0 -179
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0 0
0 0
_ 0 0 (326)
B = 0 0
179 0
o} 179
1 0 0 0 0 O
c-|0 1 0 0 O 0 (327)
10 0 1 0 0 O
O 0 0O 1 ©0 O

Sobe! and Cloutier [6] applied eigenstructure assignment
to the design of an autopilot for the EMRAAT missile. An
important difference between this application and other
eigenstructure assignment applications which have appeared
in the literature is that the lateral dynamics of the EMRAAT
missile does not have a well defined dutch roll mode.
Therefore, eigenstructure assignment is utilized not only
for mode decoupling, but also for creating distinctly
separate dutch roll and roll modes. Sobel and Cloutier [6]
use eigenstructure assignment with an orthogonal projection.
The desired dutch roll and roll mode eigenvalues are
achieved exactly because four measurements are available for
feedback. The desired dutch roll eigenvectors are chosen to
yield a complex mode which is composed of sideslip angle and
yaw rate with no coupling to roll rate and integrated roll
rate. The desired roll mode eigenvectors are chosen to yield
a complex mode which is composed of roll rate and integrated

roll rate with no coupling to sideslip angle and yaw rate.



165

Then, the achievable eigenvectors are computed by using the
orthogonal projection of the i-th desired eigenvector v?
onto the subspace which 1is spanned by the columns of
(AiI—A)-lB. The closed loop eigenvalues and the feedback
gain matrix are shown in table 11. Sobel and Cloutier [6]
show that their design achlieves improved decoupling between
an initial sideslip angle and the integrated roll rate
(which 1is approximately equal to the bank angle) when
compared to a linear quadratic regulator design proposed by
Bossi and langehough [9]. However, the design of Sobel and

Cloutier (6] does not consider that the missile’s

aerodynamic parameters are uncertain.

In collaboration with Piou [3], we propose a new robust
design which minimizes the integrated roll rate (which is
approximately equal to the bank angle) sub ject to
constraints on the real part of the dutch roll and roll
modes, the damping ratios of the dutch roll and roll modes,
the aileron and rudder deflection rates, and the new
sufficient condition for robust stability. Mathematically,

the objective function to be minimized is given by

30 5
J= ¥ Ip (kT )] (328)
k=1 I 1

where T1=O.01 sec.
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Table 11. Comparison of EMRAAT Designs

-
Closed Loop Eigenvalues Feedback Gain Matrix

A, =-23.98+j17.99

Eigen- dr B r p P
structure
=— +
Assignment Aroll 10.0129.98 -4.19 .233 .00374 .731 arc
Design Aact = -132.1
of [6] 2.89 -.290 .00631 -.812 6ac
A = -161.1
act
=— + 3
Robust Adr 14.94+j16.68 o ] . ;
Design ALgy="40. 55£)92.90 .
-2.82 .162 .0127 1.18 6rc
Aact = -150.3
770 -.180 .062 3.14 aac
A = -99.93
act

L ]
Eigenvalues are computed by using feedback gains which are

rounded to three significant digits.

The values of T1 and k are chosen to include the time
interval [0,0.3] during which most of the transient response
occurs. Of course, computation of (328) requires that a
linear simulation ©be ©performed during each function
evaluation of the optimization. The constraints are shown

below where { is the damping ratio.
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Re A, € [-5G,-6] (329)
dr
Re A € [-50,-6) (330)
roll
Re A_ . = -100 (331)
Re A = -100 (332)
alleron
Cyr € {0.4,0.8] (333)
.oy € (0-4.0.8] (334)
5| s 275 deg/sec (335)
|8 | = 275 deg/sec (336)
6 (viw;)+ '
A T [A +B_(FC) }} = 0.999 (337)
max - a, m m

where for illustrative purposes we have chosen Am=0.l'A+ and
Bm=0. The actuator deflection rates are computed from the
slopes of the time responses of the deflections during the
time interval [0,0.03]. This interval is chosen because the
slopes of the deflections are largest during this time

interval. Mathematically,
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max|6r(mT2)|

5 | = ——F—— (338)
2

maxléa(mT2)|

where T2=O.001 sec and m=0,1,...,30. The maximum deflection
rates chosen for the constraints are well within the
expected 400 deg/sec limit for the advanced state of the art
electromechanical actuator described by Langehough and

Simons [31].

The parameter vector contains the quantities which may be
varied by the optimization. This twelve dimensional vector
includes Re Adr' Im Adr' Re Aroll’ Im Aroll’ Re zl(lh
Re z (2), Imz (1), Im z (2), Re z_(1), Re z_(2), Im z (1],

1 1 1 3 3 3
Im 23(2). Here, the two dimensional complex vectors Z;

contain the free eigenvector parameters. That is, the i-th

eigenvector vi may be written as

v, = Liz, (340)

where the columns of Li=(AiI-A)_1B are a basis for the
subspace in which the i-th eigenvector must reside. Thus,
the free parameters are the vectors zi rather than the

eigenvectors v
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The optimization is performed by using subroutine constr
from the MATLAB" Optimization Toolbox [5] on a 486™ 25MHz
personal computer. The optimization is initialized with the
design proposed by Sobel and Cloutier [6) which ylelds an
initial value of 5.0214 for the objective function of (328),
a value of 4.0472 for the left hand side (LHS) of the
earlier robustness condition of (301), and a value of 2.0686
for the LHS of the new robustness condition of (302). The
optimization 1is complete after 2698 function evaluations
which requires approximately one hour of computation and
yields an optimal objective function of 0.0284, a value of
2.4432 for the LHS of the earlier robustness condition of
(301), and a value of 0.999 fcr the LHS of the new
robustness condition of (302). In table 11, we observe that
the dutch roll mode is dominant in the robust design whereas
the roll mode was chosen to be dominant in the design of
Sobel and Cloutier [6]). Furthermore, the optimization has
assigned the roll mode damping to be the smallest value

which is allowed by the constraint of (334).

The time histories of sideslip angle, yaw rate, roll rate,
integrated roll rate, rudder deflection, and aileron
deflection to a one degree initial sideslip are shown in
figures 29, 30, 31, 32, 33, and 34, respectively. We observe

a significant improvement 1in the integrated roll rate



170

response (which is desired to be zero) when compared to the
earlier design of Sobel and Cloutier [6]. The earlier design
of Sobel and Cloutier [6) has a minimum px(t) of -0.646 deg
but the new design of this thesis has a minimum pl(t) of
-0.112 deg which is an improvement of approximately 80%. We
note that this Iimproved response is obtained with both
smaller aileron and rudder deflections. Furthermore, it is
interesting that the aileron in the design of Sobel and
Cloutier (6] exhibits an 1initial positive deflection of
approximately two degrees before becoming negative, whereas
this 1large positive initial aileron deflection does not

appear in the new robust design.

Next, the response to a roll rate step of S5 deg/sec is
considered. The roll rate, rudder deflection, and aileron
deflection are shown in figures 35, 36, and 37,
respectively. The new robust design exhibits a roll rate
response with a significantly smaller settling time which is
achieved by using larger aileron deflection rates.
Nevertheless, these deflection rates of approximately 25

deg/sec are well within the allowable limits.

Algorithm:
The new robust design method presented above can be

expressed by the following flow chart:
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Initialization:

Input: 1.System matrices A(nxn), B(nxm), C(rxn);
2.Maximum uncertainty matrices Am(nxn),Bm(nxm)
3.Desired eigenvalues Ai(i=1,...,r)

and desired eigenvectors.

l

Use orthogonal projection to obtaln achievable

eigenvector parameters 2.1 (i=1,...,r)

I

Set initial optimization parameters to Ai and ;-

Optimization:
30
Minimize ¥ lpl(le)]?‘ by calling MATLAB™
Ai' ! k=1 subrout ine CONSTR
subject to the constraints described by (329)-(337)

The flow chart for the function which is called by MATLAB"

subroutine CONSTR is shown below.

Use Ai and zy to obtain eigenvector vy (i=1,...,r)

l

Calculate feedback gain matrix F

I

Obtain time responses by calling MATLAB™ subroutine LSIM

I

Calculate function value by using (328)

[

Calculate constraints given by LHS of (333)-337)

|

Return function value and constraint values
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8. ROBUST EIGENSTRUCTURE ASSIGNMENT FOR TIME DELAY SYSTEMS

8.1 INTRODUCTION

In this Chapter, we present two theorems which extend the
results of (1] and Chapter 7 of this thesis to time delay
systems and give an 1illustrative example to show the

application of the second theorem.

8.2 PROBLEM FORMULATION

Consider a nominal linear time invariant system with time

delay described by
x(t) = Ax(t) + A x(t-T) + Bu(t) (341)

y(t) = Cx(t) (342)

where x € R' is the state vector, u € R" is the input

vector, y € Rr is the output vector, and A, B, C, and AO are

constant matrices.

Suppose that the nominal time delay system is subject to



linear time varying parametric uncertainty in the entries of
A, B, C, and AO described by AA(t), AB(t), AC(t), and
AAo(t), respectively. We shall assume that the entries of
AA(t), aB(t), aC(t), and AAO(t) are continuous functions of

time. Then, the uncertain time delay system is given by

x(t) = [A+AA(t) Ix(t) + (A *8A (t)]x(t-T) +[B+aB(t)]u(t)

(343)

y(t)=[C+AC(t)]x(t) (344)

Further, suppose that bounds are available on the absolute
values of the maximum variations in the elements of AA(t),

8B(t), aC(t), and AAo(t). That is,

[aa, . (t)]| = (a..) ; i=1,....n; j=1,...,n (345)
1) 1j ' max

|Abij(t)| = (bij)max‘ i=1,...,n; j=1,....,m (346)

|ac, . (t)] = (c. .) . i=1,...,r; j=1,...,n (347)
ij i) max

[aa . . (t)]| = (a .. ; i=1,...,n; j=1,...,n (348)
oij oi j ' max

Define AA'(t), aB'(t), ac’(t), and AA;(t) as the matrices
obtained by replacing the entries of AA(t), AB(t), AC(t),

and AAO(t) by their absolute values. Also, define Am' Bm'

C, and A as the matrices with entries (a, .) , (b, .) ,
m mo ij max ij max
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(Cij)max' and (aoij) , respectively. Then,
max
(BA(t): BAT(t) s A} (349)
(aB(t): 8B (t) = B_) (350)

1A

(acity: act(t) c ) (351)

(352)

1A
>

(8A (t): aAt(t)
0 0 mo

where "=" is applied element by element to matrices and

nxn nxm rx<n nxn
A €R , B €R , C €R , A € R .
m + m + m + mo +

Consider the constant gain output feedback control law
described by (37). Then, the nominal closed loop system is

given by
x(t) = (A+BFC)x(t) + A x(t-T) (353)
and the uncertain closed loop system is given by

X(£)=(A+8A)x()+ (A +8A )x(t-T)+(B+AB)F(C+AC)x (t)
=(A+BFC)x(t)+(AA+ABFC+BFAC+ABFAC)X(t)+(AO+AAO)x(t—t)
(354)
Finally, the stability robustness problem can be stated as

follows: Given a feedback gain matrix F e Rmxr such that the
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nominal closed loop system with time delay exhibits
desirable dynamic performance, determine if the uncertain
closed loop system is asymptotically stable for all AA(t)

AB(t), AC(t), and AAO(t) described by (349)-(352).

8.3 ROBUSTNESS RESULTS

We now present the first robust stability theorem which
extends the result of Sobel et. al. [1] to time delay

systems.

Theorem 5

Suppose that F is such that the nominal closed loop system
without time delay described by x(t)=(A+BFC)x(t) is
asymptotically stable with a non-defective modal matrix.
Then, the uncertain closed loop system with time delay given
by (354) 1is asymptotically stable for all AA(t), AB(t),

AC(t) and AAo(t) described by (349)-(352) if

1

«z [(MH'(a +B (FC) +(BF)'C +B F'C_IMY| +
m m m m m

+ explat) | (M) (AT+A_ M| (355)
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where

a = -max Re[Ai(A+BFC)]
i

and where M is a modal matrix of (A+BFC).

Proof

From (343), (344), and (37), we have

i(t)=(A+AA)x(tJ«(AO+AAO)x(t—r)+(B+AB)F(C+AC)x(t)

=(A+BFC)x(t)*(AA+ABFC*BFAC+ABFAC)X(t)+(AO+AA0)x(t-T)

(356)
We begin with two preliminary lemmas.
Lemma 5
HM_I(AA+ABFC+BFAC+ABFAC)M“2
< (MY A +B (FO) T+ (BF)C +B FC )} MY (357)
m m m m m
Proof: Use the result given by Kouvaritakis and Latchman
[20] that for any matrix A € ¢
+
Il = 1a"] (358)
2 2

Thus



|M™' (8A+ABFC+BFAC+ABFACIM

< | 447" (8A+BBFC+BFAC+ABFACIM) |

| {M”" (BA+BBFC+BFAC+ABFACIM) x|

sup
I,
| {M™" (AA+ABFC+BFAC+ABFACIM) *x* |
sup 7 2
i<,
| (M7") " (8A+ABFC+BFAC+ABFAC) M x|
sup s ——ﬂ—;rw«~—ﬂv~-—~*4—»wm3
=,
J M) A +B (FC) T+ (BF)TC_+B FTCc M x|
m m m m m 2
sup - <
BN
[ M)A B (FO)T+(BF)TC_+B F'C ) M"|
m m m m m
Lemma 6
IMTUA +8A M| s (M) T (ATeA M7
0] [¢) 2 0] mo 2
Proof

-1 -1 +
M (AO+AAO)M"25"(M (A +DA M} I,

End of
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(359)

(360)

(361)

(362)

(363)

(364)

proof

(365)

(366)
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[ M7 (A +aA MY ],
= sup (367)

Il

ERTRT YR TAE
= sup T (368)
EN
-1+ + o+ 0+
v A ean )M
= Sup —— -.,—-_;77~77-7 — = (369)
N
TCRS MUY S R
= sup " (370)
<1,
= T Al e M (371)

End of proof

Returning to the proof of theorem S5, we let x(t) = Mz(t)

then z(t) =M 'x(t), A =M '(A+BFC)M

z(t)=exp(At)z(0)
+ f;exp(A(t-s))M"[AA(s)+AB(s)Fc+BFAC(s)+AB(s)FAC(s)JMz(s)ds

+ f;exp(A(t-s))M"‘[AO+AAO(s)1Mz(s-r)ds

(372)

Since z(t) is causal, the second integral should start from
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z(t)=exp(At)z(0)
+ f;exp(A(t—s))M—l[AA(s)+AB(S)FC+BFAC(S)+AB(S)FAC(S)]Mz(s)ds

+ I;exp(A(t—s))M-l[AO+AA0(S)]Mz(s-t)ds

(373)
Let u=s-1, i.e. s=u+t, ds=du, then

z(t)=exp(At)z(0)
+ I;exp(A(t—S))M_l[AA(S)+AB(S)FC+BFAC(S)+AB(S)FAC(S)]Mz(s)ds
+ I;_Texp(A(t—u—r)}M—1[A0+AAO(u+r)]Mz(u)du

(374)

Take the 2-norm on both sides of the above equation to

obtain

()]

exp(At)z(0)+
f;exp(A(t-s))M_lIAA(S)+AB(S)FC+BFAC(S)+AB(S)FAC(S)]Mz(s)ds

+ S Texp{A(t-u=T)}M " [A_+8A_(u+T) IMZ(W)du] (375)

=|lexp(At)z(0)|

+[Soexp{A(t-5)}IM ' [AA(s)+AB(s)FC+BFAC(s)+AB(S)FAC(s) IMz(s)ds||
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+HIL_Texp(A(t—u—r))M-1[A +0A (u+T) Mz (u)duf (376)
0] o] o]

<]lexp(At)z(0)|
+" |exp{A(t-5) M [8A(s)+AB(s)FC+BFAC(s)+AB(s)FAC(S) IMz(s) |ds

+ft_T”exp(A(t-u—T))M-1[A +AA (U*T)]MZ(U)”du (377)
[¢] 0] [¢]

=|lexp(At)z(0)]
+"lexpiA(L-5)IM ™" [AA(s)+AB(s)FC+BFAC(s)+AB(s)FAC(s) IMz(s)|ds
+0 lexp{A(t-u-T)}M ' [A +8A_(u+T)IMz(u)]du (378)

Note that u is a dummy variable of integration. Therefore,

we may substitute s for u in (378). Therefore,

[z(t)] = [exp(At)

z(0) |+

Sillexpn(t=s)}] M [AA(s)+AB(s)FC+BFAC(s)+AB(s)FAC(s) IM|

z(s)|ds

MY

+ f;”exp(A(t—s—r))

A +BA (s+T) M|
[¢] o]

2(s)|ds (379)

Using |[exp(At)| = exp(-at), where a=-max[Ai(A+BFC)]. we

obtain
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Jz(t)] = exp(-at)«]z(0)]

+ Jlexp{-atsas)+|M '[8A(s)+0B(s)FC+BFAC(s)+0B(s)FAC(s) IM]

cfzis)|ds

M (A +AA (s+T)IM
0 0

+ f;exp(—at+as+ar)' z(s)|ds (380)

fz(t)|explat) = [z(O)
+ Jo[M AN S ) +AB(S)FCYBIAC(S ) +AB(S)FAC(s) M|

z(s)|exp(as)ds

+ Jiexplat) M7 (A +BA_(s+T)IM

z(s)]explas)ds (381)

Use the Gronwall lemma to obtain

lz(t)|explat)= |[z(0)|

»exp{ S [[M ' [8A(s)+8B(s)FC+BFAC(s)+AB(s)FAC(s) M|

+exp(at)[M 1A +bA_(s+7) M| }ds) (382)

Use lemmas S and 6 to obtain

[z(t)|expl(at) = |z(0)

.exp([“(M~l)*AcmM+”

+explar) |4 )TA_ MT|1t) (383)
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where
+ L+ +
A = A + B I(FC) + (BF) C + BFC
cm m m m
+

and A = A + A

cmo 0 mo
or
[zCt) | = [Jz(0) |

+

rexp ((H(M_l)*AcmM+”+exp(aT)”(M—l)

A M [)-a)t (384)
cmo

Thus |z(t)]j » O if

1

«z [ (M) 1A +B (FC) +(BF)'c_+B F'C M|
m m m m m

+ explat) [ (M) (A +A M| (385)

End of proof

We next present the second stability robustness theorem
which extends the result of Yu, Piou and Sobel [32] to time

delay systems.

Theorem 6

Suppose that F is such that the nominal closed loop system
without time delay described by x(t)=(A+BFC)x(t) is
asymptotically stable with a non-defective modal matrix.

Then, the uncertain closed loop system with time delay given
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by (354) is asymptotically stable for all AA(t), AB(t),

AC{(t) and AAO(L) described by (349)-(352) if

n (viwl) n (viwi) @, T
A F -t A +7 e ' A <1 (386)
max ., cm o, o, cmo
i=1 i i=1 i
where
A _=a +B(FO)' + BO)'c_ +BF'C ,
cm m m m m
+
A = A + A
cmo O mo
and ui = -Re[Ai(A+BFC)] ,

and where Ai is the i-th eigenvalue of (A+BFC) with vy and

w; the corresponding right and left eigenvectors,

respectively; and where ('). denotes the complex conjugate

transpose.

Proof

The uncertain closed loop plant may be written as

X (1)=(A+BA)x (L) + (A +8A Jx(t=T)+(B+ABIF(C+AC)xX(t)
=(A+BFC)x(t)+(AA+ABFC+BFAC+ABFAC)X(t)*(AO+AAO)x(t—r)

=A x(t)+AA x(t)+AA x(t-T) (387)
c c co

where

A = A + BFC
c
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AAC = AA(t) + AB(t)FC+BFAC(t)+AB(t)FAC(t)

AA = A + AA (t)
co 0 0

which has a solution given by

x(t) exp(ACt)x(O)

t
J explA_(t-5)18A_(s)x(s)ds
o]

+

t
I exp[AC(t—s)]AAco(s)x(s—r)ds (388)
0

+

Next, use the real, positive, diagonal transformation
x(t) = D 'z(t) (389)
and the property that

1

exp(DACD-lt) = Dexp(A_t)D (390)

and

n
exp(Act) = Mexp(/\t)M_l = Y v.w, e (391)

to obtain
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n . Alt -1
z(t) =D Y v,w e D "z(0)
i1
i=1
t n . Ai(t-s) -1
+ I DYy vw e AA (s)D "z(s)ds
i c
o i=1
t n . Ai(t-s) -1
. J DY vou' e aA (s)D 'z(s-t)as (392)
o i=1 i'i co

where M is a modal matrix of AC; Ai is the i-th eigenvalue
of AC with vi and w; the corresponding right and left
eigenvectors, respectively; A is a diagonal matrix with the
Ai on the diagonal; and (+)° denotes complex conjugate

transpose. Note that
[z(t)] » O implies that |x(t)|| » O
So it is sufficient to prove that |z(t)| -» 0.

Since z(t) is causal, the second integral in (392) should

start from 1.

n A (t-s) -1
T v.w e AA (s)D "z(s)ds
Soid c
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t n . Ai(t—s) -1
+ J DY V¥ e AACO(S)D z(s-t)ds (393)

In the second integral of (393) let u=s-1, i.e. s=u+T,

ds=du, then
n . Ait 1
z(t) =D Y v.w, e D "z(0)
i
i=1
t n . A (tes) 1
+ I DYy v.w e AA (s)D "z(s)ds
. i c
o i=1
t-T n . Ay (t-umT) -1
+ I DY vw e AA_ (u+T)D "z(u)du (394)
o o M co

Note that u is a dummy variable of integration. Therefore,

we may substitute s for u in (394).

+

[.t n . A t-s) .
+ ID F v e oA (s)D lz(s)ds
. ii c
7o 1=1
[ t-T n , A (t-s-T) 1 *
+ J DY v.w, e AA _ (s+1)D "z(s)ds (395)
i co
10 i=1
n -t



A, (t-s)

t n . i
+ J {D ¥y vi¥, e

i

t-r[ n . A (t-s-1)
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+
AAC(S)D—IZ(S)J ds

+
AACO(s+r)D-1z(s)J ds  (396)

sof (vwh)'e 'D7l2Y0)
i
i=1
t n -a, (t-s)
. -1 +
+ I DY (v.w,) e A D 'z (s)ds
. ii cm
o i=1
-, (t-s-1) 1 e
A D "z (s)ds (397)

t n .+
+ j DY (v.w. ) e
. ii
o i=1

where @ = -Re[Ai(A+BFC)].

cmo

A=A +B (FO)"
cm m m
+
A = A + A
cmo 0 mo
and where we have used the property that
[exp()\it)l+ = exp(—ait). Next, integrate both sides of

(397) to obtain
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00

Jz+(t)dt
0
n o -a,t
= DY (v w.)+ e i dt-D l2+(0)
i
i=1 o]
ot n .+ ~ai(t—s) 1+
+ j I DY (viw,) e A D "z (s)dsdt
171 cm
0”0 i=1
w.t n .+ % (t-soT) 1 e
+ I DY (viw,) e A D "z (s)dsdt (398)
. i1 cmo
00 i=1
n .+ -ait -1
= DY (v,w) e dt-D "z (0)
i=1 0

t n .+ —ai(t—s) 1+
+ lim JRI DYy (v.w. ) e A D "z (s)dsdt
P O cm

t n . s —ai(t—s-r) 1+
+ 1lim Jﬁ DY (v.w,) e A D "z (s)dsdt|;0O=s=t
. ii cmo
R®| 70" 0 i=1

(399)

The order of integration in (399) may be interchanged
because all of the functions 1inside the integrals are
continuous functions of t and s [29]. Thus, the second and

third terms of (399) become
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t n .+ (t=s) 1 s
lim Jﬁj DY (v.w,} e A D "z (s)dsdt
oo iz i cm

t n —ai(t s-T) 1+
+ lim Jﬁ DY (v Wi H? A D "z (s)dsdt|; Os=ss=t
R>o[“ 0”0 =1

R R n ~a. (t-s)
. +

= lim J J DYy (v.w,) e ! A D 'z (s)dtds
. ii cm
R 00 t=s i=1
.+ ai(t-s-t) 1.
+ lim J I (v, i ) A D "z (s)dtds
i cmo
R t=s i= 1
O=sst (400)

Now use the change of variables given by y=t-s, dy=dt, 0.

Then, (400) 1is equal to

R R-S n oy 14
lim J J DY (v Wi )T e AP 2z (s)dyds

RHw{“s=0"y=0 1i=1

+ llm f J D Z (v, Wi N Ve la D-lz*(s)dwds

s=0"y=0 i=1 )

R R -,y I
< lim J J D Z vi¥y ) e AcmD z (s)dyds
Row (Y s=0"y=0 i=1
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—a.y a, T

+ lxm J J D Z (v i ) Vel a D-lz*(s)dyds ;
cmo
=0 i=1
Oss=<t, 20 (401)
I R o,y a9 R .
= lim I D z (v, M e AcmD dyJ z (s)ds
=0 i=1 S=0

R n . . 4T T . RO,
+ lim I DY (viwi) e e A D dy[ 2 (s)ds]|; ai>0

Row | y=0 1=1 S=0

(402)
.+
n (Viwi) TR 1™
= limiD}y -~ - (e -1JA D I z (slds
. -, cm
Ro| i=1 i
.+
n (v.w,) -, R o, T ©
. ii i i -1 +
+ limiD ¥ ——— (e -1Je " A D J z (s)ds|; «,>0
- cmo i
R| =1 i
(403)

Evaluate the 1limit of the term outside the integral in
(403), note that s is now a dummy variable of integration,
recall that the @ 's are positive, and substitute the result

into (399) to obtain
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.+ .+
n (v.w,) n (viwi) @ T IR
+ Dl ¥ - A +y —— e A JD j z (t)dt
. a, cmo a cmo
i=1 i i=1 i 0
(404)
Take norms in (404) and rearrange to obtzin
n (v,w,) 1+
DY - D 'z (0)
? i=1 %
” 2 (L) = _— St o
0 ] - | no(v.w) no(viw) ar -y
D[): R RPN e b6 S ]
cm o, a, cmo
i=1 i i=1 i
(405)
®
Thus, "J z (t)dt] < o if
0
n (viw;)+ n (viw;)* a T 1
D| J —A +§7 ——e A ]D <1 (406)
i1 % em 2y cmo
Note that
® ® .
||J' 2 (1)dt] < w implies that j 25 () ]dt < @ (407)
o 0

Also note that x(t) and z(t) are continuous because of the
linearity of the wuncertain closed loup plant and the

continuity of AA(t), AB(t), AC(t), AAO(t) which together
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with (406)-(407) implies that "z+(t)” >0 as t > 0 (Hsu and
Meyer [30]). This implies that [x(t)| > 0 as t - O which
proves that the linear wuncertain closed loop plant is

asymptotically stable.

Finally, Perron weightings may be used for the matrix D in
(406) in the same manner as shown by Sobel et. al. (1] for
an earlier robustness result. Thus, to reduce conservatism,

{406) may be replaced by

.+ .+
n (viwi) n (viwi) air
A F ——A +7 —~——e A <1 (408)
- o a, cmo

where Amax(') of a non-negative matrix denotes the real

non-negative eigenvalue A 2 0 such that A 2|A. for all
max max

il
eigenvalues Ai.

End of proof

We remark that the term exp(air) appears in (406).
Therefore, it is more difficult to satisfy the sufficient
condition as the time delay Tt becomes larger. If T 5 «, the
norm in (406) goes to infinity because a is positive for a
stable system. This implies that the sufficient condition
for robust stability cannot be satisfied for a system with

infinite time delay.
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8.4 EXAMPLE

We now present an example to illustrate the result of
Theorem 6. Consider the L-1011 aircraft example which was
considered by Sobel et. al. [1] and described in section
3.6. For illustrative purposes, we assume that there is a
time delay in the sideslip angle 3, which is related to the
last column of AO. and we assume that the last column of Ao
has 10% of the value of the last column of A in (114). Thus,

we split the last column of A in (114) and to obtain

0 0 1 0
0 N N 0.9N,
A = p (409)
0 L L 0.9L
r p B
/N (Y V-1 Y sV 0.9Y /V
g - o el
and
[
0 0 1 0
0 N N 0. 1N,
A, = p (410)
0 L L 0.1L
r p B
g/V (Y /V)-1 Y /v 0.1Y /)

The input matrix B is the same as the original matrix B

which is given by (114) and table 8. The output matrix C is
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a 4-4 identity matrix. The state feedback gain matrix F is

the same as obtained by Sobel and Shapiro [24] and is shown

in (117). Bounds for uncertainties A, B, and A , are
m m mo

obtained from table 8 and (409)-(410). We assume that Cm is

zero.

Using theorem 6, we found that if the time delay constant
T is less than 0.037, then the system described by
(341)-(342) will be asymptotically stable for all

uncertainties described by (349)-(352).
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9. CONCLUDING REMARKS

9.1 CONCLUSIONS

This research has ©proposed theorems and developed
algorithms for the robust eigenstructure assignment design
of controllers for multi-input multi-output linear systems

with structured state space uncertainties.

Six robust stability theorems were presented for linear
time 1invariant systems with uncertainties. Theorem 1
presents a robustness sufficient condition which is less
conservative than an earlier one proposed by Sobel et. al.
[1}. Theorem 2 provides a performance robustness sufficient
condition which ensures that the closed loop eigenvalues lie
within chosen performance regions when the linear time
invariant system is subjected to time invariant structured
state space uncertainties. Theorem 3 extends the sufficient
condition for robust stability of Sobel et. at. [1] to
include simultaneous time varying structured state space
uncertainty and output nonlinearities. Theorem 4, which was
obtained in collaboration with Piou [3], presents a new
robust stability condition for a linear time 1invariant
system which is subject to linear time varying uncertainty.

Theorems S and 6 present robustness sufficient conditions
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for a linear system with both time delay and structured

state space uncertainty.

Four algorithms were developed and applied to aircraft and

missile flight control:

® An approach to gain suppression wusing eigenvector
derivatives was presented in Chapter 2. This approach was
applied to the design of a flight control law for the F-18
HARV aircraft. We use the partial derivatives of both the
eigenvalues and eigenvectors with respect to the feedback
galns to determine how the feedback gain matrix should be
simplified. Our result shows that, with a simpler
controller, the aircraft time responses are almost identical

to the responses without gain suppression.

e In Chapter 3, a robust eigenstructure assignment design
method was developed. Flight control laws were designed for
the F-16 pitch pointing/vertical translation maneuver and
for an L-1011 stability augmentation system. In these
designs, we optimized the robustness condition obtained by
Sobel et. al. [1] over the eigenvalues and eigenvectors with
related constraints. Therefore, we obtained feedback
controllers which not only yield acceptable time responses
but also ensure robust stability. We also applied dynamic

compensation to the design of a control law for the L-1011
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aircraft to allow the performance specifications to be

achieved in the case of limited measurements.

e In Chapter 6, we proposed an algorithm for robust
eigenstructure assignment which utilizes the new sufficient
condition for robust stability obtained by Piou [3]. This
algorithm is applied to the design of a robust autopilot for
a bank-to-turn missile. In our new robust eigenstructure
assignment algorithm, the eigenvector assignment is achieved
via constraints on a subset of the entries of the
eigenvectors. This approach 1is different from the more
conventional approach of Andry et. al. [8] who suggest that

the i-th eigenvector v, should be chosen as the orthogonal

i
projection of a desired eigenvector v? onto the subspace
spanned by the column of (AiI-A)—lB. We have obtained a
robust design which satisfies the robustness condition of

Piou {3) while simultaneously ylelding time responses which

are close to the orthogonal projection design.

e In Chapter 7, we presented a new robust design method
which was obtained in collaboration with Piou [3]. This
method is applied to the design of a robust controller for
the lateral dynamics of the Extended Medium Range Air to Air
Technology missile and the design is compared to the earlier
orthogonal projection eigenstructure assignment design which

was proposed by Sobel and Cloutier {6]. In the new design
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method, we choose to minimize the integrated roll rate with
constraints on the real part of the dutch roll and roll
modes, the damping ratios of the dutch roll and roll modes,
the aileron and rudder deflection rates, and the new
sufficient condition for robust stability. This design
satisfies the new robustness condition while also yielding
an improved transient response as compared to the design of

Sobel and Cloutier [6].

The work mentioned above is documented in the following

papers:

K.M. Sobel, W. Yu, and E.Y. Shapiro, "A Systematic Approach
to Gain Suppression Using Eigenstructure Assignment"”,
Proceedings of the 1989 American Control Conference,

Pittsburgh, PA, 6/21-23/1989

K.M. Sobel and W. Yu, "Flight Control Application of
Eigenstructure Assignment with Optimization of Robustness to
Structured state space Uncertainty", Proceedings of the 28th

IEEE Conference on Decision and Control, Tampa, FL, 12/1989

W. Yu and K.M. Sobel, "“Performance Robustness for LTI
Systems with Structured State Space Uncertainty",
Proceedings of the 1990 American Control Conference, San

Diego, CA, 5/1990
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K.M. Sobel, W. Yu, and F.J. Lallman, "FEigenstructure
Assignment with Gain Suppression Using Eigenvalue and
Eigenvector Derivatives", Journal of Guidance, Control and

Dynamics, 11-12/1990, pp. 1008-1013

K.M. Sobel, J.E. Piou, W. Yu, E.Y. Shapiro, and R.Wilson, "A
Time Domain Approach to Robustness of LTI Systems with
Structured Uncertainty and Unmodelled Dynamics", Proceedings
of the 29th I1EEE Conference on Decision and Control,

Honolulu, HI, 12/1990, pp. 432-433

W. Yu and K.M. Sobel, "Robust Eigenstructure Assignment with
Structured State Space Uncertainty", Journal of Guidance,

Control, and Dynamics, 5-6/1991, pp. 621-628

K.M. Sobel, W. Yu, J.E. Piou, J. Cloutier and R. Wilson,

"Robust Eigenstructure Assignment with Structured State
Space Uncertainty and Unmodelled Dynamics", Proceedings of
the 1991 American Control Conference, Boston, MA, 6/1991,

pp. 3137-3141; Also Int. J. of System Science, to appear

W. Yu, J.E. Piou, and K.M. Sobel, "Robust Eigenstructure
Assignment for the Extended Medium Range Air to Air
Missile"”, Proceedings of the 30th Conference on Decision and

Control, Brighton, England, 12/11-13/1991, pp. 2976-2981
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9.2 PROBLEMS AND RECOMMENDATIONS

Robustness sufficient conditions have been studied for
systems with time varying structured state space
uncertainties. Output nonlinearities are also addressed in
Chapter 5. However, nonlinear stale space uncertainties have
not been considered. A possible extension to the robustness
sufficlent condition will be to consider 1linear time

invariant systems with nonlinear state space uncertainties.

We have obtained a performance robustness sufficient
condition for linear time invariant systems with time
invariant structured state space uncertainties. Recently,
Zhu and Johnson [33] presented new spectral canonical
realizations for time varying linear systems using a unified
eigenvalue concept. They showed that the new spectral
canonical realizations are the natural time wvarying
counterparts of spectral canonical realizations
traditionally wused for time invariant linear systems.
Further research should extend the performance robustness

sufficient condition to include time varying uncertainties.

In this research, we have applied robust eigenstructure
assignment to obtain controllers for linearized models
which are valid only on specific operating conditions.

Further research should consider theorems and applications



206

for a gain scheduled controller which is valid over a wide

range of operating conditions.
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