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D=10, N=1 Supergravity and Second Order String Corrections

By Dermot O’Reilly

Advisor: Professor Sultan M. Catto

Abstract

In Part I we study the theory of string corrected D=10, N=1 Supergravity to
second order in the string slope parameter. We establish a procedure for solving the
Bianchi identities to second order and we propose a candidate for the so called X
tensor predicted to be necessary for finding the solution. We show that this X tensor
in conjunction with this procedure succeeds in solving the long standing problem
of closure in the H sector and Torsion sector Bianchi Identities. In part II we find
the effective action for a scalar field on curved spacetime and the accompanying

renormalization group equations.
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1 Introduction

It is established tradition that theories of extended objects have eclipsed supergravity as a
focus of attention in the search for a consistent theory of all known interactions. However
in the past common ground for both theories was found, (see references [1] through [5], and
references therein. It is believed that D=10, N=1 Supergravity is in fact the low energy
limit to string theory, [1]. The first order or minimal Lorentz Chern-Simmons Form
string modifications or deformations to D=10, N=1 Supergravity, that was manifestly
supersymmetric, was first completed in [4]. That is, the authors succeeded in closing
the related Bianchi identities to first order in the string slope parameter, obtaining the
minimal string corrections. The completion of the task at second order or in the non-
minimal case has remained unsolved until now. It was not known how to close the Bianchi
identities at second order. Also the relevance of such a lengthy task was not fully realized
until recently when the first order case was revisited. The results of [4] have recently been
strongly vindicated, ([2] and references therein). Hence there has been a more renewed
focus of interest in the non-minimal case, [2].

In view of this new interest in string corrected D=10, N=1 Supergravity, we therefore
revisit an outstanding problem concerning the case at second order in the perturbative
expansion. Some years ago a program to incorporate string corrections into the super-
gravity equations of motion which succeeded in maintaining manifest supersymmetry was
developed, [1], [2], [3], [4]. Recently the bosonic equations of motion for D=10, N=1

supergravity fields at superspace and component levels have been derived and have been



shown to be derivable from a lagrangian, [2]. This was done to first order perturbatively
in the string slope parameter. A major problem continued to be that of obtaining the
solution of the Bianchi identities at second order. It was suggested, [4], that the second
order case would contain many interesting results, and that it would follow by merely
obtaining perturbative expansions of the super tensors, Hupe, Lape, Aape- However obtain-
ing the second order result did not come so easily. (Some authors maintained a different
approach to that in [2], see for example [5]).

Closing the Bianchi identities at second order first ground to a halt upon encountering
a non-solvable term in the H sector Bianchi identities. Many approaches such as null
spaces and other ideas were tried in order to overcoming this problem.

It was suggested that one aspect of finding a second order solution would require the
so called X tensor, [1], [7]. Finding the X tensor would form part of the solution, and
finding it through direct calculations proved difficult. However this author was aware for
a long time that a particular Ansatz did in fact allow for closure in the H sector,(equation
(69)). However it was required to find a consistent set of torsions and curvatures also.
Eventually, an equation was derived which allowed for a solution up to a curvature,
equation (39). The remaining curvature looked intractable until yet a further relation
was found, (equation (124)). Finally a condition to be imposed on the curvature Rgp,”
(equation 129), which was not evident in referenc[4], was implemented, (129).

Hence in this work we propose a candidate for the X tensor and show that it allows
for a solution in the H sector. Furthermore we solve the related torsion identities. We

also find R® 540, R® spge. We find R .2 and note that it appears to be set to zero in



2] and [4]. Finally we find A® ., the super current super tensor at second order.

The perturbative approach of Gates and collaborators is well documented and dis-
cussed in the literature, and we will not recount it here. For a recent review and for an up
to date commentary see [2], and references therein. For a discussion of Bianchi identities
in general see [6]. The crucial role of the Chern-Simmons form is discussed in [8] and
[4]. Our starting point will be the Bianchi identities as listed in [4]. The sigma matrix
identities and symmetries are recorded in [3].

These geometrical methods nowadays are known as deformations, [2], and the con-
straints have sometimes been referred to in the past as Beta Function Favored constraints.

(BFF constraints)



2 The Bianchi Identities

Bianchi Identites in the presence of constraints can give information about dynamics.
Perhaps the best known example in physics is the case of the Einstein Field Equations.
It is well known that these field equations can be derived from an action, the Einstein
Hilbert action. However, as is also well known, the standard route towards their derivation
is through the contraction of the Bianchi identities in classical Riemannian space. An
example of a physical constraint is that of the conservation of the energy momentum
tensor. Hence although the Bianchi identities are in fact just identities, if a constraint is
imposed on one or more fields, this in turn will generate constraints on other fields related
through these identities.

In our case we consider in a slightly analogous way, those Bianchi identities derivable
in superspace in conjunction with a set of constraints. For details of the early work on
this see for example [1] and references therein. Following the notation of [6] we define

torsions T45¢ and curvatures R5°P as follows

1
[Va,Vp}=Tap" + ERABdeMed (1)

The Bianchi identities are given by

V4, VB} Vel =0 (2)

For further details see appendix [II]. Firstly we consider set of Q and G Bianchi
identities is listed in ref. [4]. Qapp is the Super Lorentz Chern Simmons Form. G 4pp is
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the supergravity field strength for D=10, N=1 Supergravity. H4gp will be the modified
supergravity field strength for D=10, N=1.

The Bianchi identities satisfied by the Lorentz Chern Simmons form, Q4pp, are [4]

1 1 1 .

V@@ = 7T Qi) = 7Reasier Brs)” (3)
1 1 E 1 E ef
SV@lQpna = Valasy = 5T @ema + STaa Crign = Riaples Rna (4)

VilQped + ViegQuas — Top"Qrea — Tea" Qrapg — Tiall" QEjap) =

= [2RaperRea™ + Riafie)™ Rias)er] (5)

1 1 1
VaQped — §V[b|Qa|\Cd] — T " Qridja + =Tive) " QEldja = Rapp|™ Ricdjer

2 2
(6)
1 1 1 . 1
+6v[a\Q|bcd} — Zﬂalﬂ QElda + 5 Tbe QE|cd) = ZR[ab| Ricqes (7)
Those satisfied by the supertensor, G 4p¢, are, [4],
1 .
6 V@Gise) = JTlas” Gepe =0 (8)
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1 1 1
5V Giona = VaGagy = 5Tan" Gema + 5Tuw " Grigy = 0 (9)

VialGared + ViGlaas — Tap"Grea — Ted"Grap — Tiae"Gras =0

(10)

1 1 1
VaGpea — §V[b|Gchd] — §Ta[b\EGE\d]a t3 e "G Ejga =0

(11)

1 1 1
+6V[a|G\bcd] ~1 b " GEla + 5 el "Gl = 0 (12)

The @ and G tensors are related the modified field strength tensor, the H tensor, in

superspace as follows

Gapc = Hapa + 7Qapc + BYapa (13)

Yape is the Yang Mills Superform, and ~ is proportional to the string slope parameter.
That is, the action for massless fields of heterotic or type I superstrings may be expanded,

with [ set to zero as follows, [1],

1 B n=oo .
Sesf = 5 / dze DLy + D (V)" L) (14)
n=1



Thus we can arrive at the low energy string corrected effective action. Previously we
found the effective action for a non supersymmetrical charged scalar field on ordinary
curved Riemanian space with constant curvature,[9]. This was done in order to arrive
at a solution to the cosmological constant problem, [10]. See also appendix (VI). The
discrepancy between the observed result of A = 107*7(GeV)* and the value estimated
from quantum field theory of A = (72GeV)? gives a difference of 120 orders of magnitude,
and so this continues to be a problem for physics. String Theory and in particular the
low energy limit of string theory may give clues as to its ultimate solution.

We now consider the Bianchi identities satisfied by the tensor H,pc which are as

followes

1 1 0 .
6 VialH|s0) — ;lT(amEHEws) = (=) Basles B ! (15)

1 1 1 )
5 ViaHisi = VaHopy = 5Tap" Hema + 5Tue "Heipy = (=7 Riapies Bpa™ (16)

VilHged + VigHgos — Tog"Hpea — Tea"Hpop — Tl Helglp =

— Y[2RaperRea™ + Riafi™ Riayser)  (17)

1 1 1
VaHyea — év[b\Hchd] ~3 wibl” Heja + 3 el Hejgo = —VRap|” Rieder



1 1 1 1
gv[a\Hﬂacd] — ZT[ab\EHEM]a + §T[bc|EHE|cd] = —Z’YR[ab\ T Rycrer (19)

+

Within the framework of the Bianchi identities we have a perturbative prescription that
will allow us to incorporate string corrections into the theory, and maintain it manifestly
supersymmetric. We first solve the identities satisfied by the H tensor. To find them we
use the Bianchi identities as satisfied by the GG tensor and the Lorentz Chern Simmons

form as listed in [4]. We then combine them to get the H sector Bianchi Identities. We

also have the torsions

T T = Ttap'Tiyg” — Vi Tpp? = 0 (20)
1
) ) ) )
T Tin’ = Tiap*Thyg” — ViaTiay' — ZRm/@\dead m =0 (21)
And we also have the following curvature
Tiap Riyrde — Tiap’Rivygde — VialRoyae = 0 (22)

There are many other identities but these are the principle ones needed for this work.
In fact we only need to solve the first three H sector identities to find a full solution for
the H sector tensors in terms of curvatures and torsions.

The first order solutions were first given in [4]. They were recently recalculated [2].
Using conventional constraints as input, Bellucci, Gates and Depireux derived the first

8



order results, as given in [4]. The conventional constraints, (where here we use a slightly

different convention) are, [2],

10, Tog” = 1660 ,io,*P Ty =0

Z.O-al)cdeaﬁj—l)zﬁe = 0, Ta[de] =0
1 7
Thep = gadeaﬁTﬂba — 1_6Ra,6 de

(23)

An important input at first order is what is taken to be the supercurrent supertensor
Aabc-

The choice with 3 set to zero of

Aabc = _i’ya—abceTTkp€Tka (24)

was made to put the theory on shell, [2].

In this work we also find Ag. at second order. We will list the main results at first
order found in [2] and [4]. This is because we continually refer to them. We also wish to
establish out notation, and because we need these results in terms of the H tensor, not
the G tensor as given in [4]. We list only those which we require, and we set 8 = 0. (ie
we include no matter fields). We will note however that we will later have to modify the

constraint on 7,47.



We have at first order

?

Hopy =0 Hapa =+

Odap + 4ivo9agH, T Hy!

Heps = +2iv[—0ppjapTes Gla™ — 20capTi" Gla]

Tozﬁg = iaaﬁg7 T’ = 0, Tope = _2LabC7
Top” = ~[0(a"018)° + 0%a50y ™ Ixs

1
Ty = @o'ba ¢gpqr¢7 quT

) 1
Raﬁde = _2lagaﬁngde + ﬂapqrefaﬁquT

Ropae = —ia[d|a¢Tb\e]f + 1Y0d|a ¢Tkl¢Rkllde}

Where

e e 1 e
10,ef = [0 ef _ §A<1>g f

8
Lape = Hape + 7[(Ref|ab} + R\ab]Ef - ngEf[a|de|b])H|C]5f]

1
VaLlpea = ZU[blaﬁ[T\cd]ﬁ + 49T " RM g

10
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(26)

(27)

(28)

(29)



1
V»YT(O)efé - [—Z(Tmn»y(sRmnef + T(O)ef)\T(O)’y/\é]

1
+ [2H, 1409, °0™ 4* — 01y ? 0™ 3"V 1] Adra (30)

Many avenues such as null spaces were tried in order to solve the problem of finding
a solution at second order, but without success. However it was suggested that a gen-
eralization of the torsion 7,39 would be necessary in order to proceed to second order,
2],[7]. The job at hand therefore is to find the form of this generalization, known as the
X tensor. However there were still many obstacles to be overcome in order to obtain a
complete and consistent set of solutions.

In this paper we propose a candidate for the X tensor. We show that this candidate
solves the problem of closure in the H sector Bianchi Identities. It also solves the second
order torsion. We therefore find the second order torsions T(Q)agg , T (z)aﬁA, T® 49 and
T® 7 and also the curvatures R® 4., and R® ,54.. In order to do this we required
several insights and key results which are derived in appendices.

We check our results by showing mutual consistency. At this stage we will draw
attention to our simple second order notation. The superscript in brackets refers to the

second order quantities. Hence we have as follows for example

Raﬁde = R(O)aﬁde + R(l)aﬁde + R(z)aﬁde + ... (31>

Where R(O)agde and R(l)aﬁde are listed in equations (27). To begin with, Hg.s is set to
zero as in [2] and [4]. We have not seen that it is required to be other than zero to close
the Bianchi identities. We have seen that if it is non zero the H sector Bianchi Identities

11



fail to close.
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3 The X Tensor

In reference [4] the conventional constraint 79,5 = 09,3 was imposed to all orders. This
led to failure to close the Bianchi identities at second order. In this case that constraint
is modified. From the conventional constraints listed in [2] the most general form of the

zero dimensional torsion is
Top” = i0%p + 0™ apXpgres” (32)

Here we absorb the coefficient % used in ref. [2] into the X tensor.

Earlier because of the existence of an apparently intractable term which arose in the
H sector Bianchi identities, closure could not be obtained with T;,39 = i09,3. At the time
the problem term could not be incorporated into the torsion T(2)a[3>\, which would have
allowed for a solution. In the following we see that the X tensor must contribute to second
order. Consider the Bianchi identity at dimension one half, equation (20). If X is zero,

then using the constraints in [4], reduces this equation to
2) A d 2) d
T® s opn? = 0ap”T g (33)

Therefore T ,5* must have a similar sigma matrix structure to the RHS of (33). We

know from the H sector Bianchi identities that H® gva Satisfies an equation of the form

o apH gya =

ol Mol + %@ TP 1ga = a@nTPis” = 87°0c(aic0 @ OamoT " i T TTOS?

13

(34)



Looking at equation (34) we see that we will encounter an intractable term in the H sector
unless we can absorb it into the T 5. * term, that is the fourth term on the RHS of (34).
Let us call it the T term. There is no known sigma matrix identity that will allow this
term to be written in the form necessary to solve for Hy,q. We see that the 7% term has
the same sigma matrix structure as the 7 5, term. We consider the option of equating
the T 5, term with the 7% term. This is possible only when X is non zero, and it will

constitute one of the many necessary components of the solution.

14



4 Results Necessary For Solution

In order to see relationships and recognize cancelations we retain on our simplified index
notation, for example 7 57’\, and keep in mind that quantities can be written in several
ways which make them recognizable. We employ the following results which are crucial

5

to obtaining a solution. We will require the zeroth order spinor derivative of T(O)ef ,

available from (30),

1
V'YT(O)efé - [_Zamn»Y(SRmnef + T(O)ef)\T(O)'yz\é]

(35)
We refer to its x part and its curvature part using a suitable subscript as in (36).
We have the following results, the derivations of which are lengthy and are included
in appendices.

)\’l"}/ re Z’Y re
T (ag " HoaAW e HO oy — =077 (g [H 4oV 1) AV 0] )

6
= + 1005 H Y 4es Vi) AW ger ) (36)
We also require, (See appendix IV.)
W jparef - 17(0) e Y et O ) cgmn 7RO kp
+ 50 @ H  aer Vi A par ) = 150" (g H defOparer T kp 0™ 1) R

2
’-y € __mn T e € €
= 50w Ogerer T Va0 1) RO P H O 1+ 16920 0p100) TV 1 RO 17 H !

(37)

15



And for later transparency we have the very important and convenient observation that,

using the identity 09g/04y)x = 0, this can be written as

Z’Y re
Eam f(aﬁ\ H(O)defvh)A(l)pqr | (R)

= — 170 (ap [V iy AW gell iy H O + 4iy07 (o RY yge H 4 (38)

Combining the results (36) and (38) we get the very simple reduction,

ny A re vy re
T 0" p Ay H O e = 0™ (g H O e V1) AW gy

= +i70% (ap) [V i) AW gt | HO 47 — 4iyo o5 R g H O 47 (39)

This will be a key part of the solution. Along with the sigma matrix identities given

in [3], we also require the important result that

" (o) Tely)e = — " 1 0ejap) (40)
The latter allows us to write
Z'Y re ’7 re
Eapq f(amA(l)pqu(O)w)def = + gUg(aﬁlapq g\w)¢A(1)pqu(0)de¢ (41)

Hence we transform it to a solvable term. It is the above system of derived identities
and observations, coupled with an Anzatz for the X tensor that will facilitate our solution

up to a curvature. Solving the final curvature will involve other technical difficulties.

16



5 The H Sector Solution

To second order in perturbation theory we have, using our exponent notation, for H® Brd

1 1 1 1
sV Hipn T =TT  H sy = T g H gy = 1T (0p”H )
J A rr(2 g A rr(l J— A7 (0 Y p 0) e
- ZT( Das HPsne) — ZT( Dap H Ve — ;LT( 0o H Oy = —§R( (aples B o)t
(42)
For H® 3gd We have
1 H Ordery? H Ordery? 1 (0) )\H(2) 1 (1) )\H(l)
3 ViaHsd — VaHapy — 37 s Ad = 5T ) A)d

1 . | 1 1
= 5T H s = 5T H g0 = 5T H g = 5T ap?H gpa

L@ 0 La 1 Lo 2
+ §T( )d(agH( )glﬁv) + §T( )d(agH( )g\ﬂv) + §T( )d(agH( )glﬁv)

+ VIR @per BV ppa + B apiep R i’ =0

(43)

We need to solve (42) and (43). We do so using the constraints of reference [4].
It is a straightforward to solve for H® 5. To do so we use the constraints in ref. [4]
and substitute them into equation (42). We extract a sigma matrix coefficient from each

term as below. After some care with the algebra we obtain.

. 1
e HY gy = 0% ap [V H g f Ry = ST i) (44)

Which solves with the correct symmetries to simply

17



1
H? g5 = [~4yH RO 57 — §T(2)976] (45)

Which we can also write as

H(2)daﬁ _ Ua,ag[&VH(O)defL(l)gef _ WH(O)defA(l)gef]

il L
+ qu faﬂ[TH(o)defA(l)qu - équTEfd] (46)

For the next Bianchi Identity we will require considerably more ingenuity. The result
will also have to be extracted using a symmetrization operator, equation (135). Applying

the constraints of ref. [4] reduces (43) to

Order~y? L Arr(0 Lo Arr(2 Lo 2

5V Hana” " = ST H 0 = ST H e = 5T @p” H g
1 € e

+ 5T H %3+ VR @pes RV a4+ RO aper RY)pa?] =0

(47)

We now substitute the constraints known from ref. [4] into (47) as before. After some

long calculations and we obtain

+i 2 1 Ordery? i 2 A
5 0% P gina = SV Hipna”™ ™ = S0aenT? ag)

+ 0% [—270 " X6 H ey RV Ay

|
= 598 X TPirm] - = 47X H " aes RV )

1

_§X(aT(2)d|ﬁv) +

Zla(gamT(2)dlv)g_227‘79(a6|H(0)gefR(1)Iv)d !
N € e /1/7 T €
+ 0% (ap[=i 20T T RO a4 210" e plag RO ya AD gy (48)

18



Equation (48) contains a proliferation of non solvable non linear terms. Hence we follow
our first route. We consider the spinor derivative of ngdo’”demz. Since we do not yet
know what the X tensor is we will first employ a torsion and a curvature to eliminate
x and X tensor terms. We retain our compact superscript notation for terms which will
later cancel and so we will not write them out in full unless required. We must also
remember to include the second order derivative contributions which come from the first

order result. In [4] it was found to first order,
1 .
Hpa = 5045y + 147073 Hgor H ey (49)

Taking the spinor derivative of this first order term will generate second order contribu-
tions. Hence we include this contribution. However we do not list the terms explicitly.
The contribution due to this term is simply a lengthy expression with the correct sigma
matrix structure needed to extract the solution. The explicit result will be written in full
in a later paper. The method of solution for this Bianchi identity involves extracting a
sigma matrix similar to the coefficient of the term which we seek. Namely we seek to

solve for H® gva in an expression of the form

0% (apH P gya = 0% s M® 4004 (50)

Finally we extract the correct expression for H?) gva With an appropriate symmetrization

operator, (section (12)). We have from first order, which we leave as is,

1 raer 2 - [ raer
5V H a7 = ol g (20 Vo) [H o HO 4/ 0rer ) (51)

19



We then have, taking the derivative of (45)

1 raer 2 (& 1
5Vl H P 50d ) = =29V @(Haes R 15y )] = 1V TP ajay) (52)
. 1
= (Veal[=27H aes ) RD 5y = 29H O s [V RV15)] = V(o TP a1 (53)

. e Z,}/ re
= 0l V(Y (o H e TV = 50 g AW e [V ) H O ]

1 e
= VTPasy) = 20H aef Vi B 15y (54)

We need to evaluate V(Q‘T(z)cq 3y) and V(Q|R(1)‘ gy)ef- We will later calculate the deriva-
tive directly but firstly we use an indirect approach. To do this we use a first order cur-
vature and the dimension one half torsion at second order. This will eliminate the chi
terms as well as the X tensor terms. However it also will isolate the torsion T(Z)a/g)\, and
allow us to identify a candidate for this torsion. This candidate in turn will be shown to
satisfy the dimension one half torsion, (20).

For the curvature we solve the Bianchi Identity

0 A 1 A 0 0
VB = TO%g *BYner + T *BO1rer — T g “BY yger

- T(l)(aﬁ\ gR(O)h)gef (55)
Using the first order constraints of Ref [4] we obtain

~29H 4V @ B j5)er = 0% (ag[2705" X6 RV jrer H O a
+ 2i7R(1)|7)gefH(0)d6f] + 4’YX(a\R(1)|,B'y)efH(O)d6f (56)

20



Similarly for the Torsion we have at second order, using equation (20),

—1 2) d 1 2 d i 2 A 1 A 2 d
T VT %) = x@TPi)" = 70aenT® i)™ + 0% e 705 T

l
+ 4T, = 0 67)

Substituting these results into the derivative V4 H, 57)d0”le”2 gives the complete expres-

sion which in turn will cancel the remaining non linear terms in (48) exactly. We have

1
5 Vel Higna® "™ = 00,5207V (H Qe HO )02 4 4iy V1) HO go T 1]

(ocﬂl

VY pare 1
= 57" Vi (Hacp)] A+ Sx(@ T3
i 1 i

- ng(aMT@)\ﬁv)A + Uf’am[(;l)%wxqﬁT(g)W)Ad + ZT(Q)W)gd]

+ 0%p[270 X6 R pyres HO 4+ 2iyHO 4o R ) 7]

+ 4yHO g px (o RY |57 (58)

After substitution if the derivative term (58) into (48) we find many cancelations and

arrive at a considerably reduced y free

50 aH gy = 05 [+ 207V (HO 4 HO ) = 2iyRD ) HO gy
= 20T RO ey — 2V HO ]

+ ﬁ quref

517" @ A par (R ey = 2V H ]

i . i
= 04Ty + ap Ty (59)

We write the expression this way for some transparency. Now we consider the sigma
five part. Although we do not do it now, we note that the term with R(O)Vdef allows it to

21



be written as a solvable term because the identity,

" (apOems = = — Y 410¢ap) (60)
Hence we have using the constraints in [4],
Y paref, 40 [RO) ov O, ] V gparef A1) T
+ 17 (@8 A par [R 19)aey — 2V def] = + Y (@81 A" pgrTaieTes® (61)

After a long calculation (see appendix V) we can show that

’}/ re
+ 57" ! gAY pgr s Tep®

’y € . € T (&4
== 5 0% AT O Tes® + 47 0e(alc0 1) Tat)o Tep T T (62)

It was the second term in RHS of the above expression, (62), that caused the problem
of closure. It is not in a solvable form, and it cannot be written as such. We could avoid
the problem by absorbing the second term of the above equation into the torsion 7* -
The terms in (62) all have a similar 04,4 coefficient and also similar to that of T(3*g,.
It remains to be considered as to what combination should be absorbed into T®*5,. We

could have

Z’ N € &
0aen T oy =+ 407" 0c(a1c018)60 apa Tip T T (63)

However we have evidence from the dimension one half torsion, (20), that we should in

fact choose the whole quantity with that particular sigma matrix structure as follows

. A Y pare
io4apn T pp = + 37 7 gt AY pr [RO 1 yaer — 2V HO gy
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1Y pgre
T(2)aﬂ>\ - _ EUzoq faﬁA(l)pquef¢

This scenario will give for H®,. 4,

Z’ . e . (&
5@ H Vgma = 0% ap [+ 207V o (Haes HO ) = 20y ROy H O

= 2y [ R ey — 2V)) HO ey

i
+ 0% (o1 T dpg

This is written in terms of the as yet unknown torsion 7T’ (Q)dvg.
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6 Closure using the X tensor

We now propose an Anzatz for the X tensor and show that in conjunction with the results
(64), and (39), that we can indeed close the H sector by a different route. We later show
that these results close the dimension one half torsion.

We have, using the dimension one half torsion (20),
— Louan T + 0% TP,

2 2

1 1
= 5T TP = SV T (67)

The last two terms in equation (59) also appear as in this combination.

We now say let
T 5" = " 15| Xparesa + Yogresd] (68)

We find that Y,,.rq = 0 is sufficient to close the H sector and torsion sector identities.

Hence we choose the Ansatz

VY pgre
T(2)aﬁd - _ Egpq faﬁH(O)defA(l)pqr (69)
Therefore
) ) i
- gad(a\ATwwA + Ug(aﬁ|§T(2)dlv)g
1 YY pgre 1 VY pgre
= 5T % = o™ H D aef Ay = SV a[= 0" 1oy H e Ayg] (70)
1 VY pore 1 VY pore
- QT(O)(%@\A[_ gapq flv)/\H(O)defA(l)pqr] - 5[_ gapq flﬁv)H(O)def[v(a\A(l)pqu
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1 VY pore
- 5[— gﬁpq o [V (@ H D 4ef] A ] (T1)

We now use equation (39) of our recipe to get

l A\ i iy .
= g0 T o™ & oy Ty = =5 0% Vi Al H O

N e 27 Te
+2i70 (0p R y)ges HOa + [0 (03[ Vo) HO deg] A ] (72)
Incorporating the result (72) into (59) gives
i 2 . 0 0) e . 1 e 0
§Ug(aﬁ|H( )g\v)d = OE]am[ + QWVIV)(H( )defH( )g 7y - 2R )Iv)[d| Tat )|g]ef

= 29[ RO ey — 2V HO ey

W pgre
i ﬂapq f(aﬁ\A(l)pqr[R(o)lv)def]

iy e . e
= 50" Vin A ger H O + 2170 05 RO e H !

(73)

Furthermore using equation (41) we have

Y pgre b re
Eapq f(amA(l)pqu(o)'y)def: —l-gag(aﬁlgpq g\v)¢A(1)pqu(0)de¢ (74)

Hence we finally obtain a filly solvable form as follows

50 s H P gya = 00,5 [ + 207 Vi) (H ao f HO g ) = 2iy ROy T HO
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=20 [T RO s — 2V HO o]
+lag pare L AM TO) g Lo (V AWM ) ef
12 (@Bl0" glv)¢ par de B 07 (aBI\Vy) gef- d

(75)

Hence we have overcome the first recognized old problem. Also the residual terms in (75),
should be those obtained in the solution to the dimension one half torsion. In fact in
the next section we find that that is just so, hence adding good support to our Ansatz
for 7 3,9 and result for the torsion T® 5,". We show that this is true in this scenario,
and we also show that it is true in the case where we take the direct derivative H (2)a5d

without using the curvature or torsion to eliminate non-linear terms.
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7 Dimension One Half Torsion

We now look at the dimension one half torsion, (equation (20)). At second order since all

relevant first order quantities are zero this becomes
T TP + TP TV = T T " — VT 5" = 0 (76)

We have the candidate for the X tensor, equation (69). We also had the candidate for the
complete term , iog(q| ,\T(2)|m))‘, (64). Hence substitution of these results into the torsion

(76) gives

A re Z’}/ 7”7 re
T 50"y AW e HO g [ =]+ 50" (051 AV pgr ROy

Y pgr Y _pgr
= 5" @ AV Vg H ey + 20" (g A V1) H ey

R Y pgre
- gapq f(aﬁlH(O)defvlv)A(l)pqr e+ Eam f(aBIH(O)defvlv)A(l)pqr |r
0% @p) T py)ga = 0 (77)

Again using (39) and (41) gives many cancelations of terms which otherwise would be

intractable. Hence we obtain the very short result,

+ 0090 TP yga = ~ 1707 (apl[Viy AV ger ] H O 4

. g re
4iy09 (05 R 1) ger H gy + 57" (aplo™ oA per T 3.? (78)

This is in agreement with comparing (59) to (75).
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8 Direct Derivative Check

We now look at an extremely interesting check on our work. It will be based on a
previously unnoticed observation. We began by calculating H® 3vd- We found this quite
easily. It contained the X tensor. We needed the spinor derivative of H® 4 4 to find
H (Z)ng. Since we did not know the form or the X tensor we eliminated it as well as all
x terms by using the dimension one half torsion and also a curvature to replace those
terms. Hence we did not calculate this derivative directly. We found a solution for H (2)abg
which contained T ;9 as an unknown. In the process we also identified 7 g,y)‘. We
then proposed a candidate for the X tensor and showed that it could successfully close
the second H sector Bianchi Identities and the dimension one half torsion. This candidate
also closed the dimension one half torsion, and produced a result for 7?9 . We also
found the exact same result for T® ;9 by comparing the two results for H® ,,.

In the following we show agreement and consistency with the results of the solution
to the dimension one half torsion, and our results in the H sector, while taking the direct
derivative of H® ,3,.

We make the very convenient observation that the following quantities are interchange-
able. We find the following useful result which allows us to make a a comparison between
the direct method and the method used in part (5) that employed a torsion and curvature

to eliminate non linear terms. We note conveniently that

Vol W e = Yol T O’ R 5 (79)
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Using the result 09430412 = 0 along with the R(l)wbc as given in [4], we can write

V'yL(l)abc = R(l)'yabc (8())

This is a crucial observation which will have other roles. We note here that the result
for the same derivative in [2] will fail to work in the following closure, whereas that in [4]
will indeed work, and so the coefficient in [4] seems to be correct.

We found the H sector solution, equation (59). We can write it as follows

Z’ . e . e
§Ug(aﬁlH(2)gh)d: Ufaﬁl[""QWVIW)(H(O)defH(O)g T) = 2iyRW 0 THO o

+ 207RW ) TH gy — 29T T RO o s + diy LD IV HO g

vy . 1
— S AN IV H e+ 0% ap 5T g (81)
Also we found
Loo @ Y e g A (O ef
+ 50T g = = 5 0@V A ges | H
. e 7 re
+ 2090 (ap R 1yges HO ™+ 1507 0010™ 1316 AW por T a? (82)

Hence we have

50 @ H gpya = 00,5 [+ 207 V) (H ao HO 1)
— 20yRW g THO oy + 4R, T H O 4o
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. e iy e e
. e 4 e
+4Z’}/[4(1)g fVH)H(O)def — gA(l)g fV‘fy)H(O)def

il ¢ 7 pare
_EVIW)A(l)gefH(O)d T+ Eapq g|7)¢A(1)pqu(O)de¢] (83)

In terms of the X tensor we obtained

i (2) A i 1 A 'l"}/ re
_ ng(o“)‘T‘ﬁV) + O-g(amZT(Q)dh)g - ZT(O)(aﬁ\ [— Egpq f\w)AH(O)defA(l)pqr]
1 O pare
= Vel 50" oy Haes AV, ] - (84)

Working out (47) term by term by substituting in the first order constraints as before

and recalling that 09,504/4)¢ = 0 eliminates one term we find after a lengthy calculation

that
+ (2) 1 Ordery? l 2 A i 2
5 % @slgna = SViaena T — Zad(aIAT( Do)+ ;lg(gamT( ny
0 . iy 1 : c
+ T((a;ﬁapq efAl+ EH(O)defA(l)pqr + Zqurefd] + gg(am[_2@7H<0>g€f3(1)md f

N € Z/y T €
_2WH(1)gefR(0)\v)d T+ ﬂ(qu ef(ocﬁIR(o) Iv)d fA(l)pqr

We need 5V (o H, Bv)do’"dé’”?. We take the derivative of (46) directly. The derivative is

1 ) T T
§v(a\H|ﬁv)dorder2 = Ufam[QZvvw)(H(O)def]-](o)gef)o der(2))
) e 1 re Z'Y
+ 47V [H(O)defn(l)g f] T §qu f(ocﬁlvh)[(_EH(O)def)A(l)pqr
1
+ 5 Xpare] (36)
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The whole thing becomes

+1 7 A
S 0% s = = J0uapTPag™ +

T(2)
4

v g
1%(pt Ay

+ 0 5207V 1) (H g HO Ot @ 4ig V) [HO) g 1O 7]

1 e i 1
+§qu f(a,@\vh)[<_€H(O)def)14(l)pqr + §quT€f]
0 re Z’Y 1 ‘ ¢
+ T((aZﬂ/\qu fh))\[_i_ EH(O)defA(l)pqr + Zqurefd] + og(am[—QZ’yH(O)gefR(l)md !
. ny T €
_2271—[(1)9#]_2(0) d ] + —ghe, B\R(O)Iw)d fA(l)qu (87)
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Substituting in for the X tensor and gives

+1 1 VY are
5 0% H P gma = 3T p = L™ pa H ep A
1 Z’Y re . ef\Order
= Veell= G g Haes Apyr] 07,5209V ) (H ge HO o)

€ Te /L’y
+ 4WV|»Y [ defH( ) f] + oPt f(aﬁ\vh)[<_ﬂH(0)def)A(l)pqr]

o
+ Ty o™ s+ % HO ;AW 0]+ 0% (ap (=200 HO 4o RV g

, ol e
—QWH(l)gefR(o) 1+ ﬂapq 6f(aﬁ\R(0)lv)d fA(l)pqr (88)

Terms neatly cancel to get
+Z raer
709((15\]{( )glv) - 4+ 0( ﬁ|[2wvlv (H defH( ) ef)O der(2)
+ 4V [H© eI 7] — 22'V—F—,(O)gef]:‘d)(l)Iv)d !
7y .
=2y g RO )] + 247 et (@8 RO 1a? AW (89)
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Using

Opqref Jpqref

(@B|Tcly)p = = — (v16Telag) (90)

Gives the soluble form

+Z (2) ef\Order
2 (aﬁngmd = to0 ( [QZ’YVW)( de(O) f) s

+ 4y Vi) [H e T T] — 20y H o f RO

’y re
—2iyIIW o RO 0] + 137" a7 glgo TV ae! AV g, (91)

—"_Z € raer e
= 0% H gia =+ 00207V o) (H ey HO YO 4 iV [HO g T <7
+ 4y H 4o Vi) [T ] — 20y HO ot RO |4 =207 TT o RO ¥

v \
+ Eag(aﬁlam egv)qu(O)ded)A(l)pqr (92)

The two results (66) and (92) at first sight do not seem to coincide. We need to
work out the II derivative in equation (92) to enable a comparison. For this our crucial

observation is given in (80). We have therefore

. e . e 1 e
40707 ) H W aeg Vi) [TV ] = i (o H aep V1) [LD T = 2 AW e]]
i
= +4i70%ap HO s RO ygep = 0% aa Ha V) AW

(93)

+/L e raer - e
= 50 @ H Y gma =+ 00,207V (HO g f HO ) 4 iy (T1) HO e )T
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- e Z e
+4iyH 4T RY ger — %H O IV 1) A o]

N € N € 7 &
= 2iyH e RY |0 =20y T o RO )] + Eag(aﬂ\am o7 Vae? AV,

(94)

= U?a,@\["’_2i7v\v)(H(0)defH(0)gef) - 2i7R(1)Iv)[d\ efH(O)Iglef
— 2[R — 2V HO ]
el

7 re e
+157" @™ oAV p TO 6 — Eagmmvlv)A(l)gefH(o)df (95)

Hence we find exact agreement with between (66) and (95), using also (78).
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9 Torsion for 7@,/ at Dimension One

This is based on the constraints listed in [2]. We have the Bianchi identity at dimension

one as follows,

1
A ) ) ) de §
Ttas ™ Tiyx" = Ttas"Tlg” = VialTlsn” = 7Raslae0™ )" = 0 (96)

At second order it becomes

) ) )

TO o TP 0" + TP 0a T 103° = 0% @a TP )e” = VTP sy
1

= VTV — 2RO 500%)° = 0

(97)

We must take care not to neglect second order contributions from the derivative
5
VT @40,

We have
— V(T3 O = 1260,°015 + 09 (0517," ]V} X (98)

Using the form of the derivative V,xs as quoted in reference [4] and the result that

2600101 + 09 (@106 Tb1)5 = O (99)
Gives

) )
V@ T® 5" = 260’015 + 0% (08104 IV x5 =
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= 50%@a10™" ) (LD gn + A ] (100)

We now have as before which we re-list for convenience,

T, = — Lgparef AW

0
12 pque(f)A (10]‘>

Hence the torsion becomes

A Y 5 "y A 5 5
T o (=™ p Ay TOf’] = 0™ (@ ANy T T )30 — 0% 05 T,

vy re ) Z’}/ re ) 1 de &

+ 50" 708 (V1) AV ) TO 0 + o T gAY yqr (V1) TO) %) — ZR(Z)mﬁweU )
g mn 817 (2) e

— 50730 )" (L gmn + 7 A g

2 4
=0
(102)
Using (39) and (41) again gives gives
y ¢ : ¢
=5 0% @a[Vin AV INT O + 2070 (@ RO )T 0
Y pgr 5 5
= 7" @ Ay TO e TO )" = 0% @a T
Y pgref A Lo R T Ap(0) 5 1R(2) de &
+ 120" @A par[= 0™ ) Banney + T T3] = 7R (apjaeo ™y
1 mn 1
_§UQ(QBIU IW)J[L(Q)gm"+ZA(2)gmn]:O (103)

The use of the derivative (35) allows a cancelation of what would otherwise have been

an insolvable term. We find
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vy e . e )
=5 0ol V i AT + 2070 (0p RO )T T s

. 7‘7 re 1 mn 0 1 2 mn 0
=i0%a T py" + 50" (0 AV pr[= 0™ ) Rennes] = 7R (apmn0 ™)
i . 1
_Eag(ama i 1L g + ZA(Q)gmn] =0 (104)

From which we read

T(2)796 = _%[VVA(I)gef]T(O)efé + 2R(1)vgefT(o)ef6 (105>
And
? . 1
R(2)a5d6 - - %O—pqrefaﬁA(l)pquefde - 22(79&5 [L(z)gde + ZA(Q)gde] (106)
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10 Curvature for R? Agde

We need to solve the curvature that will give R® Agde- We have the curvature Bianchi

identity which we need to solve at second order as follows

Tias Biyrde — Tap’Riyygie — Via|Ropae = 0 (107)

Here we must consider second order contributions from the spinor derivative V (4 R|3+)de-

We write the full curvature to second order for clarity

: i T i ra
Rﬁ'yde = - QZUgaBH/gde + ﬁapq dea,@A(l)pqr - T;qu baﬂA(l)pqudeab (108>

Where II" is the modified II, but is any case is of the solvable form.

1
4

1

H/ = [L(O)gde + L(l)gde + L(2)9d6 ZA(Q)gde] (109)

A(l)gde +

With hindsight and in order to eliminate an apparently intractable term we begin
by making the following observations. In equation (65) we found T 5", hence we also

encountered the quantity

7y .
oyapT@og® = — 3™ o AD e T (110)

Using the torsion, equation (20) we can write
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@x _ 2
Oaaplipy” = — Ug(aBIT( )dlv)g

+ T 0 T 0" — iV (T (111)

Using the second order torsion results which we found, (65) and (105), then gives

2) A
+0d(aMT\§3v> =+ 0% T 4)g

’Y re ’Y re
+ 5T " aH O 4 A pgr] — <07 (05 H 4o [V 1) AV ]

,7 re
— —o™ f(aﬂ\[V\W)H(O)def]A(l)pqr

6
(112)
Now applying our key equation, (39) to (112) gives
Fgap TN =+ 0905 T®
d(a|A4|8) (af] dly)g
+ 707 gl [V i) AW e H 4 — dyo9 g B e f HO !
(113)

We now substitute in our result for 09,51 gp)g, (78), into (113) to obtain cancela-

tions and the simple result

2) A sl
@) = = =0

quregI’Y)ch(l)pqu(O)deqs

27 re 0)x
= — 3™ o AN T

(114)
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From which we extract the following result.

quref(am0d|'y)\¢A(l)qu‘Mfﬁf¢ — 20—9(045‘O—pqregh)(z)A(l)quMded)

(115)

From this we deduce a hitherto unknown identity, albeit indirectly, where Mgz® is anti-

symmetric in ’d’ and ’e’. Using our second order torsion and curvature results, (65), (69),

and (106), the full curvature at second order becomes

2’7 ra Z’Y Ta
T = o™ n AV RO wac] + (= 750" (@5 AV e T R ) e

, (-
— 0% (g R 1y gae + e 2w H 9 A 0, IRO) ) e

Z’}/ ra Z’)/ Ta
+ 50" wal Vi A par R aie + 507" (0p1 AV pgr [V o) R ]
. ia-pq"”

510" detoal[Vin AV par] + 270% 0 [V i) I gac] = 0

Using (39) again gives two more solvable terms

_ D

A _pgr
aBl O
12 (af]

a Z,}/ Ta
ablv)/\A(l)pqu(O) bde + Eapq b(aﬁlR(O)abdevlv)A(l)qu

i . a
- +§09<a5\[VmA“)gab]R(O’“”de — 20709 (0 R 1) RO e

This reduces (116) to

i .
- gag(amVmA(I)gabR(O)abde + 2070 (g B ) gab B abe
Y pgra
= 55" s AW par T B e
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: Z’)/ rab
- wg(ocﬁlR@)Iv)gde + gapq (aﬁIH(O)gabA(l)quR(o)\v)gde

Y pgra
+ Eam b(aﬁlA(l)pqr[vlv)R(O)abde]

- de(ap| [V A par] + 20709 (0 [Vi) I gac) = 0

(118)

We now list the sigma five terms separately.

VY pgra
+ﬁ0-pq b(aﬁ|A(1)pq7‘[_T(O)abAR(O))\h)de + 2H(0)abgR(0)\'y)gde + Vh)R(O)abde] (]-19>

Y _pgra
:+E‘7pq *@at Ay [T O B3 yae — TP R g0 + Vi) R%a]  (120)

We have the Bianchi Identity

VaoRapde — Ta[a|XRX|b}de - abXRXade + v[a|R|b]cwle =0 (121>

The second term on the LHS of (121) is zero at zeroth order. Hence we have as follows,

VY _para
= +E0pq b(aﬁlA(l)pqr[VIV)R(O)abde] -

VY _pgra
+ 150" @ A HT O RO pae = TOw RO pygae — 2VaR %] (122)

Substituting (122) into (118) gives
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vy a .
- ?UQ(QM[VW)A(I)QGLI?]R(O) bde + 2@709(045\R(l)h)gabR(O)abde

. Y pgrab (0)g 15(0)
— 1070 B 1) gae + s @AY pgr [Va RO s + 2Hyy) R ]

= 550" de0pl ViAW par] + 20907 (g1 [Vie) T gac] = 0 (123)

Now consider the sigma five terms in (123). Using our new result result (115) allows

for solving these terms, and we obtain

Y rab 1 0 © !
+ go.pq (aﬁlA( )pqr[vaR( )|’Y)bd€ +2H,, gRl’Y)Qde]

7 Ta 0 C
=57 @81 AV o (01101 IV T Q! + 2HG T %]

’y ra 0 C
= 307 (@s10" g ALy (Vi T e + 2H g T 1% (124)
Hence we obtain
. 1y “ .
109 (05 R |y gae = —ggg(am[VmA(l)gab]R(O) *se + 20707 (05 BV 1) gad B abae

Y ra 0) ¢
+ 50710 oo A par (Vi T g + 2H T )]

_ b

510" de@pl[ ViAW par] + 20907 (ag1 Vi) gae] = 0 (125)
We now look at the remaining unsolved term — ia”q’“de(am[VW)A(l)qu].This term

looks as though it will pose a serious problem. This term cannot be manipulated into a

solvable term because of the placement of the free indices. Using the results found in [4]

we have

- ﬁamde(aﬁ\ [V\V)A(l)pqr] =
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Y r € mnsoT
+—qu de(,B’y\o'pqreTT(O) klO ¢ [H(O)klgo.g\a)gbA(l)mns

(12)(24)
=)o (ViA ns)] (126)
Using the sigma matrix identities as given in ref. [3], it can be shown that these
two terms cannot be written in the solvable form, that is with the same structure as
o9 (QB‘R@)W) gde- Hence we look at the origin of these terms. For the derivative of T};” we

have the following Bianchi identity.

VoTu" = Ty Tn” + DTy + T D" + T Ty = Vi Tiy” — Ry (127)

At first order this reduces to

valeOrder(l) _ T(l)’y[k’|>\T(0))\|l}T . V[kﬂ-v'lhTOTder(l) . R(l)klvT (128)

In references [2] and [4] it appears that R, ™ was set to zero. With the form of the
curvature R,p4. and this choice of super current supertensor A,;. we will always be led to
the term iawde(amVMA(l)pqr(o”d”Z) because of the the spinor derivative in the Bianchi

identity (107) as given in (112). This term is not reducible as we require so it must be

incorporated into this curvature. Hence we identify the following curvature at first order.

1
R(l)klvT = @[QH(O)klgag%apquA(l)pqr - U[k\w\apqu(vll}A(l)pqr)] (129)

This result was not arrived at in [2] and [4] and will have consequences for the appli-
cation of even the first order results.
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The second order form of this curvature is already solved in the Bianchi identity (127).
All the quantities in this Bianchi identity are known. Hence it can be written in full in
a later review. It is the role of this paper simply to arrive at the second order solution,

and to overcome obstacles to obtaining this solution.
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11 The Super-Current

At first the author believed that finding the supercurrent tensor A® ., would result
in closing the curvature identity (107). However that was before equation (115) was
constructed and the before the significance of the (128) was realized. Thence finding the
supercurrent A ;. is nothing more than applying a condition which is fully realized in
reference [2]. The starting point in references [2] and [4] were the conventional constraints

as listed in [2]. Among these constraints we have

1
Top’ = —0pard?"™ A

= (130)

The choice of

Apgr = — 170 pgrer T T (131)

was made for on shell conditions, [2]. However this is a conventional constraint and
therefore it can be imposed to all orders. Hence we can use this result. We have found
T, and it is given in in equation (105). Hence we can solve for A, .. No modification
to this super-current was required to close the identities other than this. Hence we use a

suitable inverting operator along with our results (105) and (80) to obtain

1
AP gep = = 55gepn0” T 7 (132)
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_ org (240
200-gef’y)\o' [V¢>(1A bmn_2L(l)bmn)]ir(o)ﬂm’y (133)
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12 Conclusions

We have solved the non-minimal case of string corrected supergravity, for D=10, N=1.
This theory is believed to be the low energy realization of string theory. We found a
procedure for solving the Bianchi identities to this order and thus maintained manifest
supersymmetry to that order. Our solution required the intricate derivation of equation
(39), which we used in conjunction with several other results and observations. In par-
ticular we had to form an Ansatz for the so called X tensor which would be consistent
within all sectors of the Bianchi identities. The Ansatz that we found achieved this result.
Hence we found a mechanism which allows for closure of the H sector Bianchi identities
and solved a problem that had existed for many years. We also solved the Bianchi identi-
ties in the torsion and curvature sectors at each dimension, showing consistency of our set
of results. To achieve this in full, progress was held up as it was necessary to derive yet
another identity, (115), which facilitated the elimination of otherwise unsolvable terms.
Furthermore we also had to observe that, in contradiction to the results reported in ref.
2] and [4], we had to show that the curvature R ;% was not in fact zero. These observa-
tions were not at all immediately transparent. We found I%(l),llw‘S to be given by equation
(133). We noted that the second order contribution R®),,°, can be found already form
the Bianchi identity (127) by direct substitution of our already found results at second
order. It would simply be a long expression.

We saw how the X tensor was necessary for achieving consistent closure of the Bianchi

identities and our candidate for this tensor, which succeeds in doing this, did not require
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the contribution of a second possible part, Y,4rqc. Such a contribution would appear in
fact to result in failure to close in the H sector. Hence we feel that out choice is in fact

the unique result.

With H® 45 set to zero we obtained

y (& y € Z re
H® s = 0ag[8iyHO o LV, — iy HO® g A o] — %qu ! og[H® 4o AV, ]

(134)

H (Z)ng must be extracted from (66). We use the following operator, O, to obtain the

symmetrized H®?

~

1 1 1
— (25,95 g5a6 _ dg aaﬁ 5a(d 9)B 135
O =[50 % 51" Taba” + 570 one”] (135)

After a very long calculation we obtain the result

H® oy = 2[ValH HO ) = 000 Vo(H Oy H))

+ 2170 ajap T TIW ™ — 2iy0 440 T grg T p TIH9

g A e Y A17(1) e
= 507l OpoTer T — 209100 0o T I

_ 47R(1)a[a|ef]__](0)|b]ef + T(Q)aab (136)

where T@_,, is given in equation (142). In the case of H (2)abc, the Bianchi identity

has already given us the result. From the term T,3% Hg.4 in equation (5) we isolate an

expression of the form

T(O)aﬁgH(2)gcd - io—a,@gHQ)gcd - Maﬁcd
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(137)

The right hand side contains now known torsions and curvatures. However they need only

be substituted into (137) generating a long expression. We then use the fact that
Oaapo’®® = — 166°, (138)

and solve for H® ..

We obtained the full set or torsions and and curvatures,

iy

T(Q)ozBA - _ Eo-pqrefaﬁA(l)pquefd) (139)

7@ d _ _ Q pgref pr(@d (1) 140

ap’ == w0 g H U e A gy (140)

T(2)wg6 = _%[VVA(I)gef]T(O)efé + 2R(1)vgefT(0)ef6 (141>

(2

Extracting the symmetrized torsion T, 4 from (78) gives

gl e ef _ ¥ pgr
T = =S [V AW e ] H Oy + 29RO paiep HO T = 20 Ty A,
i
Yo W¢[+1V_2(v JAD ) HOsef | % RMy o HOsef %qureg AL TO X
gl eof 7 e
01 [ 5 (Vo AV e ) HO T — (Vg AW o) HO !
gl ef _ 0 e
_ER(1)¢ \b}efH(O)g f_ ER(l)d) gefH(0)|b] f
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1’)’ re re
A+ A (077 on TV e + 077y o3 TO ]

144
(142)
where
1
v'yA(l)gef = Y0 gef ETT(O)kpe[ZT(O)kp)‘T(O)%\T _ §Umn7TR(0)mnkp]
(143)
1 . 1
R(z)aﬂde = - Tzo_pqrefaﬁA(l)pquefde - 2zago¢ﬂ[L(2)gde + ZA(Q)gde] (144>

We also find the adjusted curvature Ry,". For R(2)a5de we have reduced it to solvable
form. After imposing conditions (133) and (115) on (110) we obtain
. v a .
Zo-g(amR@)h)gde = _Ug(aﬁ| [%[V\V)A(l)gab]R(O) bde + 2Z7R(1)|’y)gabR(O)abde
,y ra C -
+ 5010 A por {Via TV uie® + 2HQ T O} + 29V ) Wga] =0 (145)

ldla

R(Q)aﬁde can be extracted from the above result.

Finally we have found the supercurrent A,

1
- ;_OagefWAObA¢[v¢(ZA(l)bmn — 2[/(1)bﬂm)]T(O)wm7 (146)
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13 Appendix I: Conventions

13.1 Fields

It has been shown that the Lorentz Chern-Simmons Form, Q) apc, can be defined in

superspace for the various dimensionalities as follows, [1],

1, L,
Qapy = 5l leﬁ'y)gf — 3W(al fwlﬂ\gewlv)ef

3
Qape = Wal Rigjees + we Rageer — wia)” W)’ cwegs
Qabc = w(a\ebecef + WCEfR|c]aef - W[a\efwk]gewagf

1 e 1 €
Qabe = 5@l I Ripeger — Wl T ewigr (147)

D=10, N=1 appears in many formalisms, possibly related by a Weyl Transforma-
tion,[1]. For a review of this theory at zeroth order see [3]. Hence we require from
D=10, N=1 Supergravity the field strength G4p¢c, (see references [1], and many refer-

ences therein).

1
Gapc = 53[3\3\30) (148)

or it can be coupled to a Yang Mills Supermultiplet, [1]
In this paper we work with the modified field strength, H apc, as defined in equation
equation (13) as opposed to Gapc in reference [2]. We also have the supercurrent su-

pertensor A pc as defined in equation (24) for on shell conditions, and later modified to
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second order in equation (133). This modification includes the string tension parameter
a. This correction was first given in [1].

In this paper we use v where.
v = const.« (149)

The field strength L 4p¢ is simply given by
Hapc = —2Lagc (150)

Finally we have the curvatures and torsions T4z, and R pcp for their various dimen-
sionalities. For example R.,," has dimensionality in obvious notation as follows

Ry aq1 2 = dimension (2). We also encounter the super field field ¢ which will
correspond to the dilaton. In superspace we also have the dilatino, refered to simply as y

in this work, and is given by

1
Xa = _§Va¢ (151)

13.2 The Sigma Matrix Algebra

A considerable array of sigma matrix identities can be found in ref. [3]. For this work
we require to know only those listed here. Details of all conventions are given in [3]. To
make our work self contained however we start form first principles as follows. Spinors in
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D=10 space-time dimensions are sixteen component objects. Let dotted indices be right
handed components and un-dotted indices left handed. Let let space-time indices be in
small Roman script and spinor indices be Greek letters. We deal only with purely left
handed (chiral supergravity) spinors so no dotted indices appear.

The local ten dimensional metric 74, has signature [+, —, —....]. The sigma matrices are
therefore 16 by 16 matrices which satisfy the usual Dirac algebra with anti-commutator

as follows

O-Gwzﬁo-bﬂ7 + O-baﬁo-aﬁA/ = _27](1120-047 (152)
Hence we have
Taapb”! = —0pap0a”’ — 200007 (153)
Or we have
Uaa,Bo-bﬂ’Y - _O-abapy - TICLbO-oz7 (154>

This defines the object 04p,”. Similarly

1
O—aaﬁabC'yﬁ = —Oabcary — ina[b|0—|c]a'y (155>

And so on as we can build up related products. Hence all the sigma matrices are anti-
symmetric in their vector indices. Sigma matrices with odd numbers of vector indices
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are anti-symmetric in their spinor indices. Symmetrization and anti-symmetrization is

defined as follows.

A(a|A|b) = A Ay + AyA, (156)

A A = AaAy — A4, (157)

The only identities from [3] which we use in this paper are listed below. The remaining
ones that we use are derived in the appendix. We have the following identities which we

used once or more

Taapo™®? = =6, (158)

Tasa" 05" = 010Gl (159)
Oabeapo ™™ = =6, %0,°07 (160)
Tabeapd™’ = —8.3L.01a7615° (161)
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be

Uabcag(fa ~5 = —2.3!.5aa[7|0a|5]5

Uaaﬁ0a67 = —106]

Finally we have the important result

[p ]

O-PqT

|
" crap = [N7enfo s = S0era’ TP 4]

To complete the set we require also equation (40).

o4

(162)

(163)

(164)



14 Appendix II

Using the notation of [6] we define torsions and curvatures as follows,

1
[Va,Vg}=Tap® + §RABd6Med (165)

With the following commutators,

1

[Maba Xa} = iaabQBXﬂ (166>

1
§RAB Vo = —RapVy

or = —Rap.*V, (167)
1

Rap," = Z—lﬁ’/xf_aaueaim (168)
1

Rap® = —gz%ABﬂaglf7 (169)

Substitution of these results gives,

1
0=1[[Via,Vs}, Vel = [Tlap "V + §R[AB|7 Via} =

T [VE. Viey} + (—1)F1C] [Tias", Voy} Ve

1 1

+5RiapVeo) = 5 (= 1)V, Rap)a} M (170)
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Finally getting,
D E 1 e d
=Tia"Ipjc)y " VE + QRD\C)d M,
1 1
—[Via, Tpe)"}VE + ER[AB)VC) - §[V[A7 Rpcyd Y M4 =0

(171)

Hence we have for specific indices as follows. For the lowest dimension we have for

example

[ABC] = [af3] (172)

1
0= Tiop” (T "V + 5 Rppmd M) = Vi Tisy " Ve
) 1 e d

~Rapm)’ Vs = 5 Vil BlsyaMe (173)

Equating expressions on similar projections each independently to zero so we obtain

the following results (listing only those of chiral supergravity)

1 €
Tan Ty’ = Ty’ = ViaTisn” = 7R @oiaer™y)’ = 0 (174)
Tias T = Tiap®Tiyg" — ViaTan? = 0 (175)
Tias Biyrde — Tap’Biyygie — Via|Ropae = 0 (176)
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VoRapae = a[a\EREH)]de + TabEREade - V[(1|R|b]ade (177>
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15 Appendix III

In order to cancel the x terms in the torsions, we use the result that led to equations (15)
in [2] or (2.5d) in [4].

Obtained in [2] and [4] is the spinor derivative of Lg. at first order.

Vol Wped = iv0pjasTO RO 4 (178)

This term originated from a a torsion containing x terms in the same combinations as we

require. To get this result it is required to solve the following curvature at first order,

TOws* B nte = T s ’BY 1ygae = Vo BY 59)de (179)

Let us consider only the x terms which eventually cancel to get (158)

Z’ '8
+ ﬁapq de\v)/\A(l)pqr]

— T(O)(a,@|/\[_qurde\'y)laA(l)pqr] (180)

The first two terms vanish because of equation (109), and the definition of T 3.

The only other term with y contributions is the derivative term and we do not need to

explicitly solve it. The A derivative has an R contribution and a x contribution which we
separate. Hence we have

o8



9
VBV spde g = —gag(am[vw‘l(”gde] I

—

21 de(af| [VIW)A(l)pqr] |(X)

Since all y terms have to vanish the we can say

T(O)(aﬁﬁ[ﬂam delA A pgr] — Zagmm[vwﬁmgde o))

L

24 d@(aﬁl[vlv)A(l)pqr] |(x) =0

or what we need in the form,

VY pgre
T(O)(aﬁﬁg‘fm on AW e HO e

Y _pare ' ¢
~ 57" 0ol H Vacs Vi AV o=+ 170%@p HO 4 Vi AV ges |

We will use this result along with others to close in all sectors.
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16 Appendix I'V: Calculation of Equation (37)

We require the R contribution to the spinor derivative of Ag,.. We need to extract a 094

factor from the equation below.

We have
D pparel O g AWM
+ EU (B def Vly) par ’(R)
2
- %Jpqref(aﬁlH(O)defgpqreTT(O)kpeamnlv)TR(O)mnkp (184)
We have
T r 1 T
o o pas = [MP0iolly — §Uef<a|¢<7pq 19)6)
(185)

Hence we have

quTef(amH(O)defaquGTT(O)kpeo-mn|')/)TH(O)defR(O)mnkp
= 6ag(aﬁlUQEfETT(O)kpeamnIV)TR(O)mnka(O)def
— (F1)0es(al* 0" 15190 geser T Onp o™ ) TH O (T RO, 1P

= A+ A (186)

o 3y Ogefer = — 120%514 0y (187)
So

Ao =+ 1200 °07|)e0grg H O g TO 0™ ) TR 7
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_ 12gef(a|¢Ug|,B)TUg€¢H(O)d6fT(O) kpeo_mnh)TR(O)mnkp

= o4 + Ao

Aoa = +12[—Ug(a‘(bag|g)606f7¢0mn|,y)7—

— 20(7((al601e)3)r 0 ™" 1) T T Oy  HO T RO b

1
Moa = 4 12[50%ap0g9c0es -0 )

+ 407010 ™ 18201 T V1 HO 4 f RO 57

1 n T
Ao = +12[=50%as0gesr 0™ )

1 mn T n m € e
=501t e ™" 1)+ 40 elale0" 5 011 T Ok H VT RO

Nop = = 12[=005(a* 0?1570 4es) ™" 1) TH D s TOhp RO
= Xap = —12[=205(0) 0" 00" o) | H Ve T gy R 7
= \op = — 12[—a€’a|¢09‘5)T06f€¢

— 207f/(ale0a)5)r )0y 1T Vg HO T RO, Fp
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(189)

(190)

(191)

(192)

(193)

(194)



1 mn T
= MAp = — 12[+§U?aﬁ|ag€f6‘ra )

1 mn_ T m n € e k;
=5 el@BI O fer ™ o)+ A01s1(01e0™ 3 01" T O sy H O RO (195)
1 g mn T
= \op = +12[_§0(a6|09€f570 1)
1 mn T m n € e
+ 501117 10" 1) = A0elale0 ™ 193) 01y 1T ke H VT RO (196)

Hence adding

M A+ doa + dop = GUg(amUgefeTT(O)kpeamnh)rR(O)mnka(O)d|ef

+ 1920 (a)c0% 5 T V5, RO 5P HO) 1o (197)

and we need }—; times this, to get

ny Te
+ 50" @ H aesViy A porl
2
Y re . i .
- EO—PQ f(Oé5|H(0)def0'pqre7—T(O)kp "™y R(O)mn ’pH(O)d f
2
N %Ug(aﬁl"gefﬂT(O)kaUm"|v>TR(O)mn’“pH(O)def + 167209 0Ty T RO 1,0 HHO) of

(198)
And for later transparency we use
VY _pare
+ 50" s H O aer Vi) AW parl )
= =170 (apl [Vin AW e ()l H P dT + 4070 o BV ) HO 47 (199)
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17 Appendix V: Calculation of Equation (62)

We have the term

417y
—0

o P 08 Ay [RO gy — 2V 1) H o]

Y o .
= 51 " @ AV [0 TP ay — 2

i

1 0ame T es]

N 1
= (=055 0" o A 20T % + 5200 TO%; = 4067)s T )]

— ﬂ gparef

0
1 (@8 AN pr 0TV

Consider

re T 1 r
o) o504y T O p? AV g =[PP 77?%] - gaef(a\%pq )6l AW pgr 0 T

efA

1
= [GUgﬁA(l)gerdva(o)ef/\ - §Uef(a\¢qur\5)¢]A(1)pqradw)\T(0)e”

=M + A
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(201)

(202)

(203)
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Using the definition of AW, ; gives

1 . e ¢ 0
Ay = = §Uef(a|¢apquﬂ)¢[_WquTET]wa)\T(O) PATOy, TOk

Using ref. [3] and the appropriate sigma matrix result, gives

]_ . e € T
=+ 5%’ [-12i0% g0 rigloan TS T, TO

With the anti symmetry in € and 7 gives a factor of 2,

= (=120)y0¢f(0)°0?19)c0grs0an TOTAT O TOT

We also have the basic result that

Uefa¢UgT¢ = 7 TNgleFflar — Ogefar

Similarly,

UefT¢Uga¢> = = NgleOflar — Ogefra

(206)

(207)

(208)

(209)

(210)

Now add the above two equations and use the anti-symmetry in the spinor indices of

Ogefra 1O get

Uefa¢agT¢ = - 27]g[eo-f]cw - O'ede)O'gaqﬁ

Hence Ay becomes
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Xo = (—120)70% g =2010 )~ Tefr Tgiarsloan T OIAT O IO

Noting also the antisymmetry in e and f, we get

= 4 48’é’}/17960f(a|T0-9Iﬂ)GO-d’YAT(O)ef)\T(O)kpeT(O)ka

+ 12i706fT¢gg(a|¢ggIﬂ)egdw\T(O)efAT(O)kpeT(o)ka

We have the result,

Og(al60’|8)e = — 0Ogap0’es

We can also show that can [09s0csirjs] = — 20gefer

Hence

)\2 = 4+ 482'70.6((1'60.]0'6)7_0.(”)\77(0)€f)\T(0)kpﬁT(O)ka

N 1 e € T
- 12W<Tgaﬂ[§Ug[e\¢><7ef|ﬂ¢>0dwT(0) IO, Ok

= + 48Z.’yo-e(a|eo-f|,8)7—0'dfy)\T(0)ef)‘T(O)kaT(O)ka

+ 12i’yaiﬂagefwad|7))\T(0) efA

So using this and also the definition of A gef we finally get
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(213)

(214)

(215)
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—120% AW 1o g TV (217)
This was the second term in equation (117). Adding to A gives

Al + A = + 48(i)70’6(a\60-f|ﬁ)7—0'd7)\T(0)6f)\T(0)kaT(O)ka

+ (6 = 12)095AW gejou ) TO (218)

Hence introducing the symmetries over «, 3, we get the final result,

T pgre
517" @p A b (R pyaes = 2V1) H O gef]

79

= 10 lag AN gesOapn T

+ 4i7°OealcO f(arOan T O IAT O, T Ok (219)
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18 Appendix VI: The Effective Action For A Charged
Scalar Field on Curved Space and the Renormal-

ization Group Equations

The calculation of the effective action at the time this calculation was first completed was
motivated by the Cosmological Constant Problem, [9]. As was pointed out earlier, the
discrepancy between the observed result of A = 107%7(GeV)* and the value estimated
from quantum field theory of A = (72GeV)? gives a difference of 120 orders of magnitude,
and so this continues to be a problem for physics. String theory and in particular the low
energy limit of string theory may give clues as to its solution.

A possible solution to this puzzling discrepancy was suggested by Coleman [10]. This
solution is based on the hypothesis that quantum gravity can be treated in Euclidean
space. It was thought that separate universes could be connected by small-scale worm-
holes, with a size of the order of the inverse of the Planck mass. Such universes could
provide the largest contribution to the functional integral of quantum gravity. In this case
a vanishing value of A corresponds to the minimum of the effective action.

Wormbholes are topology-changing configurations resulting in a multiply connected
spacetime. The space that corresponds to the maximum probability of having a vanishing
cosmological constant is S* (forA > 0). The vacuum to vacuum transition probability
is proportional to a double exponential. For a detailed discussion see [10] and [9]. Here

we just outline the results of [9].
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In the work, we took up the calculation of the radiative corrections to scalar electrody-
namics, in the presence of large-scale wormholes, taking into account O(R?) corrections.
We derived the effective action in two different gauges for the vector field. In the case of a
self-interacting scalar field, we carried out the calculation of the higher-order corrections,
up to the fourth power of the Riemann tensor. These corrections modified the ranges for
the physical constants of the low-energy theory. More recently advancements have been
made to this work in terms of improving the interpretation of gauge conditions. This

work has been carried out by Toms and Balakrishnan, [11].

18.1 Adiabatic Expansion

We begin with the classical action for scalar electrodynamics on Euclidean curved space.

If we specialize to a unitary gauge this may be written in the following form

Splo(x), A ()] = / d%@(%ldﬂqﬁ + U@R + V(6)

1
+ §AA[—DgM + Ry, +€%¢%gn, + VAVu]AY) (220)

We may expand the action about ¢(z) = ¢,(x) ,and the background value A4, = 0.
Here ¢, () is the solution to the equation of motion for the charged scalar. We retain only
terms of second order in ¢(x) — ¢,(z). Following [12], ¢,(z) can be taken as a constant
on the Euclidean four sphere which is relevant to the wormhole case. Define the operator

. 52

FO)(z—y) = 50(2)50(y) (221)

Hence the effective action is given in the usual way by
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Lif(z), Au(x)] = Sglgo(x)] + %(ﬁ)TTLnFA(D) + (R)TrLnF,(D) (222)

In the present case we have the operators

Fy(O) =-0 4+U"(¢po)R+V"(do) (223)

Fa(Q) = —Ogay + Rop€®d?ogpn + ViV, (224)

In general for quantum corrections of the form AWTrLnE(V), A = 1 for vector fields
and for real scalar fields, and A = _71 for fermionic fields. In Euclidean Space we have

the following Schwinger-DeWitt expansion

Al'(x) = —ARTr /OO %exp(—sF(V)) + constant, (225)
Where
con(—sFVI — ) = A e~ 25 ;w,x')sﬂ‘ (226)

Here A(z,2’) is the VanVleck-Morette determinant, which is unity in the coincidence
limit, z = 2’. The quantity o(x, ') is half of the geodesic distance from x to x’ , and this
is zero in the limit x = 2’. The coefficients g;(x, z) are the HaMiDew coefficients which
are to be determined for the operator —[1+ X. For an operator of the form —[J+ X, the

first three coefficients have been determined by Gilkey, They have been conveniently listed
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by Jack and Parker [13]. Only the traces of these coefficients in the coincidence limit will
be required. We denote the trace of g;(x,2’) as g. These traces will be calculated on S,

where

1

R;wpo ﬁ [g,upgua - g,uogup] (227)

1o is the radius of the four sphere. We choose to re-express the coefficients g;(x, ') in
terms of alternative coefficients, a;(x, x), given by the expansion,

Z gi(x, 2 )’ = exp(—sX) Yy aj(x,2')s (228)

=0 j=0

In this case X may have an R dependence, and there will be a logarithmic expansion
of the curvature in the effective action which may easily be evaluated on S*. Hence the
contribution to the effective action for an operator of the minimal form —[J + X is

Jj=o00 o]
AT = ﬁﬂi / d'2\/g / dss’ Y eap(—sX)as(x)  (229)
J=0 0

Here the coefficients a;(x, 2") have to be determined for the operator in question using
Gilkey’s results. We then need their coincident limits. For dimension d = 2w , and letting
€ = 2 — w as is standard in dimensional regularization, we find the general expression

—Ah

X' 2w 21
A" = WTT; ;/d z\/ga;(x) X" T(j —2 —¢€) (230)

Here a;(x) are the coincident limits of the HaMiDew coefficients.

The divergent part is therefore
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(231)

. AR 1 1
Al—\dw = _Tr 2\/5[__ % + 5[?1(47T)][CL0X2 — 241 X + 2(12]
€

167

Here v is the Euler’s constant. The finite contribution to the effective action is there-

fore
: b 3 1 X
fin  __ 4 2
AT = —Tr167r2/d z\/glapX (Z — ElnE)
X X
+ e X(=1 + In—) — asln—; + a3 X1+ Y] (232)
Y M
where
j=o0 '
Y = anQ’JF(j —2) (233)
j=4
We have
golz) =1 (234)
R
gi(z) = El - X (235)
where 1 is the trace of the identity matrix.
1R 1
= —[—=1 — X)? ——R,, R"
1 OR 1 1
R Voo Hv po —_ 1 —DX —W o_wpa 236
TRy R S T UL (236)
Wpa - [Vpuvcr] (237)
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We take for the vector field (W, )", = R,.”, We use a Euclidean translation of the

conventions by Jack and Parker. The coefficient g3 has forty three terms and we choose

not to list them. Converting these coefficients to the a;(z) coefficients and specializing to

spaces with constant Riemann tensor, such as S*, yields

ap(z) = 1
aj(z) = gl
1 2 uv Uy po 1 po
CLQ(CC) == %[51’? - QRHVR + R“Vpo'R ]1 + EWpUW

We find also

1

RapysWW°
60" 7"

1
as(z) = P(R3)1 + %Waﬂwﬂﬂwpa +
1

1
R, WHYW™ ., — RWePWeB
90" * + 72

The polynomial P(R?) is a lengthy expression which gives on S* gives

174

PR} = ——

(£ 7563

Hence

h 3 J R VA
AF — —T 4 n2e< g0
r—167r2/d z\/g[V (4 anMZ)
2", 1 % 1 29 V"
- )1 —In— —(244U" — 72U — Z)in—
+ 2 (U 6)( ln/ﬂ) + 703( U 72U 15)lnu2

72

(238)

(239)

(240)

(241)

(242)



+ ir6(144U”2 _ ogsprs — HOp + o

s ) (243)

Next we introduce the B-coefficients in the expansion of the effective action in powers

of the Riemann tensor

B B B
AT = — /d”‘x\/g[Bo + S =+ = (244)
To To To

Hence for U” = £ the O(rf) contribution is

h 74
By = ————[144&% — 288¢° — 11 — 24
Had we defined F(V) = —0 + X + m? we would also find B? to be the above

using the coefficient gs.

Next we consider the vector contribution,

1 , 1 ) 1 )
§TanFA(V) = §TanF0(V) —§TanFX(V) (246)
where
(V) = —0O + 242 (247)
and
Fy(V) = [-Ogne + Bau +€*6°gn (248)
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2 4 2 12 2
AT, = —Tr /d”‘g:\/_[ “¢(3 — 2In %) 62%(1 — 2In %)
32 o 1
2
22 4 71 41
I ST 249
15r3 e tagslesg T 5 T (@)

Here we split the O(ry®) contribution to the effective action into three terms. The
first term represents the contribution of the expression P(R?) in eq. (25). The second
term is produced by the part of ag(z) that vanishes when.W,, = 0. The third term

: : . V" 4+ (12/r)U"
comes from the power series expansion of the logarithm ln[T] We must add

to the effective action (28) the contribution due to the compensating scalar field, x

_ h 4 44,73 1 62415(2) 262% 2¢0
AT, = TT327T2/CZ z\/gle” pp( 1 + 2[n 5 ) + 2 (1 — In e )
e? 74 1
+ O _ T L g5

n
15rd p? 63 e23rs
A peculiar artifact of dimensional regularization which contributes to the finite part
of the action is what we call the dimensional anomaly and it has not been included here.

The full contribution of the matter (scalar plus vector) fields to the effective action is

therefore
B B B
AT = — /d“m\/ﬁ[Bo TRt e ) (251)
7o To To
Where here,
h \od 1. m? + Ixg?
B — 4 7o 2)\ 2112 —l 2 0
0 3%2([ T TGl — gin e ]
9 3. eXg?
4 .4 0
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h 1 1 m? + I3
By = — —][m? AL - In———22 10
3 62¢2
4 44 0
+ 6e [l — §ln_,u2 1)
h 58 e2¢? 11, e*¢?
By, = —144€% 4+ 48¢ — —Jin—2 + —In—2"
h 116 74 2
By = —9288¢3 2 S e —
1= g S S 5€+63]m2+%>\¢% "
118 1
115 e2¢?

From this we obtain the renormalization group equations

dé

1
Wi = W[”\(f— 8)+62]

A h

— = A+ 36¢*
'ud,u 32m? (6 +36¢]
dm? h
— = 2Am’
a du 327r2[ m]

In an alternative gauge we found

h

74 1
m([—28853 + 144€% — 11656 + —

63 lm? + AR
n 1 ] N 16 1
m2 + %)\gbg + 2} 315 23

B =

)
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(253)

(254)

(255)

(256)

(257)

(258)

(259)



The solutions of the renormalization group equations for pure scalars are readily found

() — 5P 1

o — 0~ 1= o (12h)In(E) (260)
Alp) 1
Mo 1 — a(120)Ln(L) (261)
mt ! 262
mé 1 — = (12)0) Ln(L) (262)

Here we indicate by &, A\g, mg as being the initial values at the Planck scale.
We also found the fourth order contributions to the finite part. This was the result of

extremely lengthy calculations. We obtained

h

696 296 149
32m2V"(¢)

B, = 2——
4 =7+ 55 & 315

[864&* — 57663 + —] (263)

What we chose to call the Dimensional Anomaly results in a modification as follows. If
we retain the dimensional dependence of terms of the form R, R?, R, R, and R, ,, R""°
contained in X, a;(z) and ag(z). Then in so doing we obtain extra finite contributions

As was mentioned, the divergent contribution

AF(%) = 3;732/65%\/‘ Trlag(x )%2 — ai1(z)r + ax(x)) (264)

This splits up into a finite part and a divergent part when dimensional regularization

is used on the S; manifold. We denote these
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ATy = ardyPv 4 ardyev (265)

€ € €

Here AF(%FIN is what we term the dimensional anomaly. On S;we have the following

results in 2w dimensions, where e = 2 — w:
2 1
R="0(w—1)=—[1 — e + ()] (266)
o 7o
vpo 1 2
Rupe R = —[24 — 28 + (€7)] (267)
To

When e = 0 the above reduce to the usual results for d = 4.
Hence we obtain the full extra finite contribution to the effective action. This does not
affect the wormhole contribution, nor does it affect the renormalization group equations.

The resulting new flat limit becomes

ATIS(R —0) = — / d*2/9Bo
i ¢4 3 m? + Iagd
= T35 / d'z\/g[m’ m%ﬁﬁ][— - MTQ]
2y
+ 4t [— - —ln Mgo] (268)

This result is obtained in the unitary gauge.
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