
INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI 

films the text directly from the original or copy submitted. Thus, some 

thesis and dissertation copies are in typewriter face, while others may be 

from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the 

copy submitted. Broken or indistinct print, colored or poor quality 

illustrations and photographs, print bleedthrough, substandard margins, 

and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete 

manuscript and there are missing pages, these will be noted. Also, if 

unauthorized copyright material had to be removed, a note will indicate 

the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by 

sectioning the original, beginning at the upper left-hand comer and 

continuing from left to right in equal sections with small overlaps. Each 

original is also photographed in one exposure and is included in reduced 

form at the back o f the book.

Photographs included in the original manuscript have been reproduced 

xerographically in this copy. Higher quality 6” x 9” black and white 

photographic prints are available for any photographs or illustrations 

appearing in this copy for an additional charge. Contact UMI directly to 

order.

UMI
A Bell & Howell Information Company 

300 North Zeeb Road, Ann Arbor MI 48106-1346 USA 
313/761-4700 800/521-0600

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



/ }

DAWSON’S CHESS, SNORT ON GRAPHS AND 

GRAPH INVOLUTIONS 

by

EDWARD ARROYO

A dissertation submitted to the Graduate Faculty in Mathematics in partial 
fulfillment o f the requirements for the degree of Doctor of 
Philosophy, The City University of New York

1998

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: 9820508

Copyright 1998 by Arroyo, Edward
All rights reserved.

UMI Microform 9820508 
Copyright 1998, by UMI Company. All rights reserved.

This microform edition is protected against unauthorized 
copying under Title 17, United States Code.

UMI
300 North Zeeb Road 
Ann Arbor, MI 48103

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



COPYRIGHT

1998

EDWARD ARROYO 

All Rights Reserved

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



lli

This manuscript has been read and accepted for the Graduate Faculty in Math­

ematics in satisfaction of the dissertation requirement for the degree of Doctor of 

Philosophy.

/ / ' V  f t
Date

i / 1W
Date

Chairman of Examining C^^rnittpp 

/^ExeciJtire Officer "

Professor Janos Pach

Professor Alphonse Vasauez

Supervisory Committee

The City University of New York

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Abstract

DAWSON’S CHESS. SNORT ON GRAPHS AND 

GRAPH INVOLUTIONS 

by

Edward Arroyo

Adviser: Professor Michael Anshel

We show that many 2-person graph vertex coloring games are equivalent 

to Achievement, a vertex coloring game introduced by Frank Harary and Zsolt 

Tuza. We then study classes of graphs that satisfy certain graph involutions 

and show that these involutions can be used to develop winning strategies 

for these games. Many classes of graphs possess such involutions including 

Cayley graphs and generalized Kneser graphs. We also study misere versions 

of these games for special classes of graphs.
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Introduction
1

In [6] Frank Harary and Zsolt Tuza introduce two graph-coloring games. Start­

ing with a finite graph G , players A and B take turns assigning colors from a set 

{ I , . . .  ,m} to the vertices of G with the proviso that adjacent vertices are to receive 

different colors. Player A goes first and the game ends when no legal moves are pos­

sible. The game of A chievem ent (respectively A voidance) is won (respectively 

lost) by the player who makes the last move. Since we are dealing with finite graphs 

it is clear that in either of the games either player A or B has a winning strategy. 

We denote the player with the winning strategy in Achievement (respectively Avoid­

ance) played on the graph G with color set { 1 , . . - .  m } by W  (G,m) (respectively 

W ' ( G ,  m)). Note that the Avoidance game is what is usually referred to as the 

mis^re version of the Achievement game.

In [14], Thomas J. Schaefer shows that the problem of determining whether 

there is a winning strategy for the first player in one color achievement, which he 

refers to as (NODE) KAYLES, is PSPACE-complete. (The existence of a polynomial­

time algorithm for deciding a PSPACE-complete game would imply the existence 

of polynomial-time algorithms for deciding all other PSPACE-complete games as 

well as all NP-complete problems.) Hans L. Bodlaender observes in [2] that, by 

transformation, the problem of determining whether there is a winning strategy for 

the first player in two color Achievement (which he calls the COLORING GAME
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Introduction 2

with two colors) is PSPACE-complete as well. He also points out, however, that for 

more than two colors the complexity of the COLORING GAME is open.

H. L. Bodlaender also introduces a variant of Achievement which he calls the 

SEQUENTIAL COLORING GAME. Here the vertices are ordered and players must 

alternately color the lowest numbered uncolored vertex. Bodlaender shows in [2] 

that for more than two colors the complexity of this game is PSPACE-complete, but 

that for two colors it is solvable in polynomial time. As a variant of this we can 

consider ordering the set of colors instead. In fact, some of our results involving 

graph involutions apply equally well to this game.

Contrary to Harary and Tuza’s assertion in [6, p. 149], the analysis of one color 

Achievement played on paths has already been undertaken. Dawson’s Chess [1] is 

played on a chessboard consisting of 3 rows and n columns with n white pawns 

occupying the first row and n black pawns occupying the last row. The game is 

played like regular chess except that capturing is mandatory. As usual, if you can’t 

move you lose. A moment’s thought reveals that this game is equivalent to one color 

Achievement played on a path of length n.

In Winning Ways v .l [1], Berlekamp, Conway and Guy work out the nim se­

quence of Dawson’s Chess showing that it has a periodicity of 34. The nim  sequence 

in  this case is a function u : N* — ► N , where N  is the set of nonnegative integers 

and N* is the set of positive integers. Player A wins Dawson’s Chess played on a 3 

by n chessboard if and only if v (n) >  0. In fact, player B wins if n =  14, n =  34 

and, if n >  34, for n =  4 (mod 34), n =  8 (mod 34), n =  20 (mod 34) or n =  28
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Introduction 3

(mod 34). We should also observe that the corresponding nim sequence for Achieve­

ment played on cycles with one color is immediately obtained from the sequence for 

Dawson’s Chess since player A wins one color Achievement on a cycle with t  vertices, 

t  >  4, if and only if player B wins one color Achievement on a path with t  — 3 ver­

tices. However, as far as I know, one color Avoidance for paths and cycles has not 

been analyzed. By the observation just made, the analysis of this game on cycles 

reduces to that on paths, the latter being equivalent to misdre Dawson’s Chess.

Harary and Tuza are more successful on paths and cycles if the number of colors 

is at least two. The following results for path and cycles appear in [6].

Theorem : (Theorem 2 , p. 146) Let Pt be the path with t vertices. Then 

W iPt,2) =  W(P„2)  =  { £  £ £ £

Theorem : (Theorem 3 , p. 148) If Ct is the cycle with t vertices, t  > 2, then 

W  (Ct , 2) =  B and W ' (Ct, 2) =  A.

(We will prove analogous results for Ws(Pty 2), Ws{Ct , 2), Wg(Pty 2) and Wg(Ct, 2), 

where W${G, m) and Wg(G, m) for a graph G and positive integers m  will be defined 

on page 8 below.)

On the other hand, if m >  2, then

W{Pt,m) =  W (Ct,m) = (  £  f v t  odd’ v ' v ’ [ B for t even.
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Introduction 4

and

W'(P.,™.)=W\Ct,m) = {l £1̂
This follows form the simple observation of Harary and Tuza [6] that if m > 

A (G ), where A (G ) denotes the maximum degree of G, then no vertex can be rendered 

uncolorable during the course of the game and consequently the winner is determined 

solely by the parity of \V (G ) | , the number of vertices of G. If G is any tree then we 

may obtain the same conclusion by requiring that m >  3, while for planar graphs we 

need to require that m > 32.

This follows from the work of U. Faigle and W. Kem who prove that the game 

chromatic number of a tree is at most four [4], and that of H. A Kierstead and W. 

T. Trotter, who prove that the game chromatic number of a planar graph is at most 

thirty-three [10]. (The latter result makes use of the four color theorem. The game 

chromatic number is defined below.) The subject of these articles is a two person 

game played on the vertices of a graph G with m  colors. Players alternatively assign 

colors to vertices with the proviso that adjacent vertices receive different colors. The 

first player’s goal is to color all the vertices, the second player’s goal is to render at 

least one vertex uncolorable. (Bodlaender calls this the COLORING CONSTRUC­

TION GAME in [2] and states that its complexity is an open problem. He is, however, 

able to determine the complexity of the SEQUENTIAL COLORING CONSTRUC­

TION GAME, a version of the game where the vertices are ordered and players must 

alternately color the lowest numbered uncolored vertex.)
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Introduction 5

For \V ((?)| odd, it is clear that a first player win in the COLORING CON­

STRUCTION GAME produces a first player win in m —color Achievement. The 

game chromatic number xg (G) of G is defined (in [2]) to be the smallest m for which 

the first player has a winning strategy in the COLORING CONSTRUCTION GAME. 

Hence if the number of colors m >  xg (G ) , then the first player has a winning strategy 

in m —color Achievement if \V (G)| is an odd number.

In order to be able to make the analogous statement when \V (<7)| is even, 

we need to defined the game and game chromatic number slightly differently. More 

specifically, the game is played like before except that it is now the second player’s 

goal to color ail the vertices, and the first player’s goal to prevent this from happening. 

The game chromatic number x!g (G) of a graph G is then defined to be smallest m  for 

which the second player has a winning strategy. In particular if the number of colors 

m > x'g (G) then the second player has a winning strategy in m—color Achievement 

if \V ((7)| is even.

If one can show that the bounds of [4] and [10] hold equally well for xg (G) (and 

we do this for G a tree), then one would have shown that for m >  3 and G a tree or 

for m >  32 and G a planar graph, the winner of the m —achievement game on G  is 

determined by the parity of G .

Implicit in the proof of the first theorem above of Harary and Tuza (and to 

some extent in the proof of the second) is the use of “graph involutions” in describing 

the winning strategies. We will make this explicit thereby allowing us to extend the 

techniques in the proof to other classes of graphs, for example Cayley graphs. (In
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Introduction 6

fact our general results involving “graph involutions” extend easily to hypergraphs. 

But we don’t pursue such generalizations in this paper.)

In [6], the second theorem above appears as a corollary to the first. We give 

a simple independent proof which allows us to generalize the result, via Cartesian 

products, to other classes of graphs such “web” graphs and “cube-like” graphs. (The 

C artesian product G 12 H  of two graphs G and H  is the graph with vertex set 

V  (G) x V  (H ) such that (u, v) {v!, v') e  E(G$$H)  if and only if either u =  v! and 

vvf € E  (H) or v =  v' and uvl £  E (G).) Cartesian products also allow us to reduce 

m —color Achievement (respectively Avoidance) to 1—color Achievement. In fact, 

W{G,m)  =  W ( G E K m , l )  and W '  (G,m)  =  W ' ( G E K m,l) .

In addition to paths and cycles, F. Harary and Z. Tuza also study the Petersen 

graph P.  There is a well known representation of the Petersen graph as L (K5), the 

complement of the line graph of the complete graph on five vertices. They introduce 

what they refer to as r —MIC’s (maximal intersection colorings with r colors) in order 

to study this representation and determine W  (P , m) and W '  (P, m) for m =  1,2,3. 

We determine W  (Kn), and W' (jL (Kn), rnj for n >  3 and m =  1,2,3.

More generally, we have L (Kn) =  K  (n, 2,1), where K (n, k, t) is the general 

K neser graph with integer parameters n > k > t > 0. For positive integers i, j  and 

k with j , k > i we have an isomorphism

K  ( k + j ,  k, k - i )  =  K  (k +  j , j ,  j - i ) .

In particular,

K  {k +  2, Jb, k — 1) “  K  (k +  2, 2,1).
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Introduction 7

So we will in fact be determining W  (K  (n , k, k — 1), 2) for all values of n > k. We 

also show, using graph involution techniques, that

W ( K ( n , k , t ) , m )  =  B

for odd integers k and even integers m and n and that

W ( K ( k + j , k , k - i ) , 2 )  =  B

for j , k  >  2i +  1. In addition, we study Avoidance and various other graph coloring 

games on Kneser graphs. We introduce these games next.

The “graph involution” techniques also apply, to varying degrees, to other vari­

ations of Harary and Tuza's Achievement and Avoidance games. For linguistic conve­

nience we will refer to these two games as the D ifferent Colors V ertex C oloring  

G am e (DC -V CG ) and the M isere D ifferent Colors V ertex C oloring G am e 

(M isdre D C -V C G ). We can also consider partisan versions of the games by fixing 

the color that each player is allowed to use (the two colors being different.) We de­

note these games by PD C -V C G  and M isere PD C -V C G , respectively. The player 

with the winning strategy for these games played on a graph G will be denoted by 

W P (G) and W p ( G ) ,  respectively. These games reduce to partisan versions of one 

color Achievement and Avoidance, respectively, played on G ^  K 2 with half of the 

vertices reserved for one player and half for the other player. More specifically, if we 

denote the two vertices of K 2 by 1 and 2, then player A can only choose vertices of 

GHK 2 having second coordinate 1, while player B can only choose vertices of G B K 2 

having second coordinate 2.
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Introduction 8

Another variation results if we change the proviso that adjacent vertices must 

receive different colors to the proviso that adjacent vertices must receive the same 

color. This will be referred to as the Same Color V ertex C oloring Gam e (SC- 

V C G ). The partisan version, denoted by PSC -V C G , is what is referred to in [14] 

as SN O R T O N G R A PH S. (The usual game of SNORT is a face coloring game 

on planar graphs. However, the game can be construed by dualization as a vertex 

coloring game on planar graphs.) In [14] Thomas J. Schaefer shows that the problem 

of recognizing winning positions in SNORT ON GRAPHS is complete in PSPACE. 

The player with the winning strategy for SC-VCG (respectively PSC-VCG) played 

on a graph G  with m colors will be denoted by W s (G, m ) (respectively W PS (G)). 

If we let G' denote the graph obtained from G by adding a loop at every vertex, then 

we have that Ws (G, m) =  W  {G' x Km, 1), where “x ” denotes the direct product. 

(The purpose of the loops is to insure that (v,i) and (v, j )  be adjacent in G' x Km 

for any vertex v 6  V  (G1) =  V (G) and any two “colors” i and j .  This guarantees 

that at most one color be assigned to any particular vertex of G in the corresponding 

m —color game on G. In other words, one color Achievement on G  x Km (as opposed 

to G' x Km) corresponds to the game on G which is played just like the Same Color 

Vertex Coloring Game except that vertices may be assigned more than one color.) 

Similarly, PSC-VCG reduces to the partisan version of one color Achievement which 

we considered in the last paragraph. [It may be worthwhile to investigate one color 

Achievement on G x Lm, where Lm consists of m  loops on m vertices. This game
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Introduction 9

is equivalent to a vertex coloring game on G played just like m —color Achievement 

except that vertices may be assigned more than one color.]

Finally, we can also consider the Mis6re versions of these two games, M is­

ere SC-VCG and M isere PSC -V C G , respectively. Let Wg (G, m) (respectively 

W pS (G)) denote the player with the winning strategy for Misere SC-VCG (respec­

tively Mis6re PSC-VCG) played on a graph G with m  (respectively 2) colors. By the 

usual trick, these games reduce to unbiased and partisan Avoidance games, respec­

tively.

More generally, one color Achievement or (Avoidance) on G K H  can be thought 

of either as a coloring game played on the vertices of G using the vertices of H  as 

colors or as a coloring game played on the vertices of H  using the vertices of G as 

colors. In the first case, a player may assign (new) colors to previously colored vertices 

of G with the provisos that adjacent vertices can only receive different colors (that is, 

vertices of H) and that the set of all colors assigned to any vertex form an independent 

set (of vertices) in H.  It may be worth noting that other products (direct products, 

wreath products, etc.) will result in other such classes of games which reduce to one 

color Achievement or variants thereof.

Another alternative is to define an i f —coloring game on a graph G as a game 

where again players assign vertices of H  to vertices of G only this time a vertex of G 

may be assigned at most one “color” and adjacent vertices of G may only be assigned 

adjacent vertices of H.  The special case H  =K m results in m —color Achievement and 

Avoidance (DC-VCG and misere DC-VCG with m colors), while letting H  consist
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Introduction 10

exclusively of loops on m  vertices results in SC-VCG and misere DC-SCG on m 

colors. However, this game can also be described in terms of one color Achievement 

(and Avoidance). More precisely, playing the i f —coloring game on the graph G is 

equivalent to playing one color Achievement (or Avoidance). More precisely, playing 

the H —coloring game on the graph G is equivalent to playing one color Achievement 

(or Avoidance) on the “product” G * H  defined by

V ( G * H )  =  V{G) x V ( H )  = V { G )  x V(H)

with

{ {g ,h ) , {g ' ,h ' ) ) zE{ G*H )  

if and only if g =  g' and h ^  hi or (g.g') € E (G) and (h, h') G E (H) (that is (h, h') 

is not an edge in H ) , where H  is the complement of H.
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Chapter 1 
Graphs w ith Involutions

Denote the set of vertices of a graph G by V (G ) , the set of edges of G by E  (G) 

and the distance between vertices v and w by D (v, w).  An involution is a graph 

automorphism : G — ► G with p 1 =  1. We will require that the involution be either 

fixed-point free (when \V (G)| is even) or possess exactly one fixed point v0 G V  (G) 

(when \V (G)| is odd).

We will be considering two additional properties of involutions, the second of 

which only applies to involutions ip : G — ► G having exactly one fixed point vQ G

V( G) .

1.1 D efinitions o f the Properties (P :) and (Qi)

The property (P t) says that if v G V  (G) , then v(p(v) £ E  (G) and the property 

(Qi) says that if v v q  £ E  (G ) , then v<p (v) £ E  (G).

Observe that if an involution <p with a unique fixed point v0 G V (G) satisfies 

(Pi)  then it satisfies property (Qi) as well. Moreover, if v =  v q , then (Qi) reduces 

to a tautology. (So in checking condition (Qi) we will always assume v j^v0.)

1.2 Theorem
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Chapter 1 Graphs with Involutions 12

(a) Let G be a graph with \ V  (G)| even. If there exists a fixed-point free involution 

p  : G  — ► G , then Ws (G,m ) =  B for all integers m >  1,

W  (G, m)  =  B  for all even integers m >  2 and Wp  (G) =  B.

If the involution satisfies property (Pi)  as well, then W  (G, m) =  B  for all 

integers m >  1 and Wps (G) =  B.

(b) Let G be graph with \V (G)| odd. Suppose there exists an involution p  : G — ► G 

with unique fixed point vo € V (G). Then Ws  (G, m) =  A for all integers m >  1. 

If, in addition, the involution satisfies property (Qi), then W  (G,m) =  A for all 

odd integers m  >  1 and Wps (G) =  A.

If we replace property (Qi) by (Pi)  in the hypothesis, we then get W (G, m) =  A  

for all integers m >  1.

P roof, (a) If SC-VCG is the game in question (in which case adjacent vertices must 

be assigned the same color) and player A assigns the color i to the vertex v, then 

player B should assign the same color i to the vertex p  (v). Since p  is a fixed-point 

free involution, player B’s move is legal if and only if player A’s move is.

Now assume the number of colors is even. Denote the set of colors by C and 

choose a fixed-point free involution k : C — ► C. (Here C is to be thought of as the 

trivial graph with |C| vertices.) Suppose we are dealing with either the DC-VCG 

(that is the Achievement game) or the PDC-VCG (in which case each player has his 

own fixed color, say 1 for player A and 2 for player B, and adjacent vertices must 

be colored differently). If player A assigns the color i to the vertex v, then player B
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1.2 Theorem 13

should assign the color k (i) to the vertex <p (v). Once again since ip is a fixed-point 

free involution, player B’s move is legal if and only if player A’s move is.

Now assume further that the involution satisfies property (Pi).  In the DC-VCG 

(that is Achievement game), if player A assigns the color i to the vertex v, then player 

B should respond by assigning the same color i to the vertex <p (v). Once again since 

(p is a fixed-point free involution, player B’s move is legal if and only if player A’s 

move is.

In the PSC-VCG, if player A assigns the color 1 to v. then player B should 

respond by assigning the color 2 to <p (v). (The vertices v  and <p (v ) cannot be adjacent 

since the involution satisfies property (Pi).)

(b) In the SC-VCG, player A should assign any color to the vertex vQ Then if 

player B assigns the color i to any other vertex v, then player A should respond by 

assigning the same color i to the vertex <p (v). Since p> is an involution with unique 

fixed point vQ, player B’s move is legal if and only if player A’s move is.

Now we assume that ip satisfies property (Qi) and that the number of colors 

is odd. Hence we can choose an involution k : C — ► C on the set of colors having 

precisely one fixed point, say I. First we consider the DC-VCG. Player A should 

begin by assigning the color I to vQ. If in any subsequent move player B assigns the 

color i to a vertex v, then player A should assign the color k (i) to the vertex tp (v). 

Thus player A’s choice of color will be different from B’s when i ^  1 and the same 

as B ’s when i =  1. Since cp is an involution with unique fixed point v0 and satisfies 

property (Qi), player A’s move is legal if and only if player B’s move is.
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Chapter 1 Graphs with Involutions 14

In the PSC-VCG, we assume that p  satisfies property (Qx) and player A starts 

off by assigning the color 1 to v0. If in any subsequent move player B assigns the 

color 2 to some vertex v, then player A responds by assigning the color 1 to p  (v). 

Once again player A’s move is legal if and only if player B’s move is.

Finally, assume that the number of colors is even and p  satisfies property (Pi) .  

In the DC-VCG player A once more should begin by assigning the color 1 to v0. If 

in any subsequent move player B assigns the color i to a vertex v, then player A 

should respond by assigning the same color i to the vertex p  (v ). This time the fact 

that p  is an involution with unique fixed point vQ and satisfies property ( P x) (in the 

Achievement game) guarantees that player A’s move is legal if and only if player B’s 

move is. (We need the stronger condition ( P x) for i ^  1; when i =  1 property (Qx) 

suffices as was noted above.) ■

Let us now consider the H —coloring game mentioned in the introduction. Recall 

that the H —coloring game on a graph G is the game where players assign vertices 

of a graph H  to vertices of a graph G with adjacent vertices of G receiving adjacent 

vertices of H.

1.3 Corollary

Let p  : G — * G and ip : H  — ► H  be graph involutions. (Denote by ip : H  — ► H  

the involution induced by p  on the complement H  of H  .)
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1.3 C orollary 15

(a) If at least one of the numbers |V(G)\  and \V (H)\ is even, and (p is fixed-point 

free and satisfies property (Pi) ,  then player B wins the H —coloring game.

(b) If \V (G)| and \V (H) | are both odd, both ip and xjj have exactly one fixed point, 

denoted by go and ho, respectively, and both satisfy property (Qx), then player 

A wins the H —coloring game.

P roof. We pointed out in the introduction that playing the i f —coloring game on 

a graph G is equivalent to playing one color Achievement on the “product” G * H, 

where V ( G * H )  =  V  (G) x V (H ) =  V  (G) x V  (H ) with (g, h) and (g h ! )  adjacent 

in G * H  if and only if g =  g1 and h ^  h! or {g, g1) €  E  (G) and (h, h') € E  (7F) (that 

is {h.h') is not an edge in H ).

(a) Observe first that \V (G*H)  \ =  \V (G)| \V ( ff ) |  is even. Define $  =  : 

G * H — <■ G *  H  by

${g ,h)  =  { v { g ) , ^ W ) .

Since ip and ib are involutions, it follows from the definition oi G *  H  that $  is 

also an involution. Clearly $  is fixed-point free since <p is. Moreover, satisfies 

(Pi)  : the vertices (g,h) and (<p (g) ,ip(h)) are not adjacent in G * H  since 

g <p(g) and, because <p satisfies property (Pi) ,  g and ip (g) cannot be adjacent 

in G either. The desired result now follows from Theorem 1.2(a).

(b) This time \V (G ★ £T)| is odd. Define $  =  (<p, xb) : G ★ H  — ► G *  H as above. 

Clearly ^  has exactly one fixed point, namely (go, ho). We will show that if
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Chapter 1 Graphs with Involutions 16

(g, h) is not adjacent to (go, ho) in G *  H  then (g, h) cannot be adjacent to 

(<P(9) ^ ( h)) either.

The vertices (g, h) and (<p (g ), ip (h)) are adjacent in G * H  if either g =  ip(g) 

and h ^  ip (h) or g is adjacent to <p (g) in G and h is adjacent to ip (h) in H.  If 

the first is the case, then g =  go and h ^  ho. But that implies that (g,h) and 

(go hQ) are adjacent in G * H  which is a contradiction. If the second is the case, 

then jo and h ^  ho- Moreover, since both <p and ip are assumed to satisfy 

property (Qi), we must also have that g and go are adjacent in G and h and ho 

are adjacent in H.  But this implies that (g, h) and (go ho) are adjacent in G * H, 

again a contradiction. ■

We can now restate the proof and statement of Theorem 2 of [6] in terms of 

graph involutions. First let Pt be the path with t  vertices.

1.4 Corollary

For t  even, W  (Pt, 2) =  B. For t  odd, we have W (Pt, m) =  A for m =  1,2.

P roof. Let V (Pt) =  { 0 ,1 , . . . ,  t — 1} and

E (Pt) =  {{*,* +  1} 10 < * <  t -  2 }.

Define the involution <p : Pt — ► Pt by tp (i) =  t  — i — 1 for 0 < i <  t  — 1. It is 

fixed-point free for t  even and has exactly one fixed point, namely for t odd. The 

involution ip does not satisfy property ( P x) for even t. However it does satisfy it for
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odd t  since in this case

= 2 D  ^

for all 0 <  i <  t — 1, i ^  ■

In fact we have proved more.

1.5 Corollary

For t  even.

Ws  (Pt , 1) =  Ws (Pt,2) =  (Pt) =  5 .

For t  odd,

Ws (Pt, 1) =  Ws (Pt, 2) =  WPS (Pt) =  A.

We also have the following analogues of Theorem 2 and Theorem 3 in [6].

1.6 Theorem

Let Pt be the path with t  > 4 vertices. Then

s(P>, 2) = {W I P  2\  =  l  A  f o r t o d d '  

5 ' u ' I B  for t even.
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Chapter 1 Graphs with Involutions 18

1.7 Theorem

If Ct is a cycle with t  >  1 vertices then

w ; ( c „ 2 ) =  j  £

In order to prove these results we need 

2 -color SC-VCG.

1.8 Lem m a

Let Pt be the path with t  vertices and assume that its endpoints (and only its end­

points) are colored. If the endpoints have distinct (respectively the same) colors, then 

each player can force an odd (respectively even) number of uncolored vertices in Pt. 

P roof. First observe that if player A colors a vertex next to one of the colored 

endpoints, we end up with a shorter uncolored path with the “same” colors on the 

endpoints as the original path. Hence player A can force the conclusion of the lemma 

on path with t  vertices if player B can force the conclusion of the lemma on path with 

on t  — 1 vertices. So it suffices to show that player B can force the conclusion of the 

lemma on any path consisting of at least two vertices.

The proof is by induction on t  with the lemma clearly holding for t  <  5. Assume 

that t >  5  and that the lemma holds for any path having less than t vertices. We 

need to show that it holds for a path having t  vertices.

Let us consider a path having t  vertices. Every internal node x has a neighbor 

y whose other neighbor z is not an endpoint. If player A assigns the color i to x,

for t  even, 
for t  odd.

an analogue of Lemma 1  in [6 ] for the
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1.8 Lemma 19

then player B should assign the color i to y. This results in two uncolored subpaths. 

There are essentially three different cases to look at, as shown in Figure 1 .1 .

1 1 1  1
EVEN EVEN

1 2 2 1
ODD ODD

1 1 1 2
EVEN ODD

Figure 1.1.

In each case we have indicated the parity of the number of uncolored vertices in 

each subpath that player B can force using the inductive hypothesis. The inductive 

step is now easily verified to complete the proof. ■

P ro o f o f Theorem  1 .6 . Suppose that t  >  4. Set V  (Pt) =  {uo> vi, ■ • • > ^t-i} • 

L =  {-uo,ui} and R =  {t/t_2 ,u t-i}- If £ is odd, then player A should start by 

assigning the same color 1 to v t - i . Then whenever player B assigns color i to ur, 

player A should assign the same color i to vt- r- i ,  as long as vr £ L u  R. If i  is 

even, then whenever player A assigns same the color i to vr player B should assign 

the same color i to vt- r-i-

Since the proof for t  even and t odd are almost identical, from this point on we 

will only consider the case where t  is even. If at some point player A assigns the color
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Chapter 1 Graphs with Involutions 20

i to a vertex tv  € L U R, then player B should assign the color 3 — i to the vertex 

vt-r>-i, if possible.

1 2 2 1 1 2 2 2
Vi ODD ' EVEN ' ODD ' EVEN ODD EVEN ' EVEN Vt.2 VM

Figure 1.2.

Each uncolored subpath in Figure 1.2 is labeled with the parity of the number 

of uncolored vertices player B can force. Observe that the parities of the subpaths to 

the right and left of the “middle” subpath are in one-to-one correspondence except 

for the “outermost” subpaths which have opposite parity. Since the parity of the 

“middle” subpath is even, then by applying the previous lemma to each uncolored 

subpath we conclude that player B can force an odd number of uncolored vertices on 

the whole path. Since the path is assumed to have an even number of vertices, this 

is equivalent to saying that player B can force an odd number of colored vertices. (A 

sim ilar argument holds for paths of odd length. The only difference is that we no 

longer have a “middle” subpath.)

The only time player B won’t be able to respond in the above fashion is when 

v-i and ut - 3  are already colored and player A colors V\ or vt-i- For argument’s sake, 

assume that player A has assigned the color 2 to v\ (and vi and vt~z have been 

assigned the color 2 in previous steps). See Figure 1.3. Player B cannot assign the 

color 1  to vt- 2 ’, however he can assign the color 1  to vt-i-
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2 2 2 1 1 2 2 1
Vb vi V2  EVEN ' ODD * EVEN ’ ODD EVEN vt.3 VM

Figure 1.3.

This renders ut _ 2  uncolorable. Once again player B forces an odd number of 

uncolored vertices which translates into a win in Avoidance. The situation for odd t 

is analogous. Consequently, we have provided a winning strategy for Avoidance for 

player A (respectively B) for odd (respectively even) values of t. ■

P roof, of T heorem  1.7. Assume first that t  is an odd number and player A assigns 

a color to a vertex v of Ct. Then player B should assign the same color to an adjacent 

vertex w. The path from v to w has an odd number of vertices and its endpoints have 

been assigned the same color. By Lemma 1 .8 , player B can force an even number of 

uncolored vertices in Ct- Equivalently, he can force an odd number of colored vertices 

and so he wins the Avoidance game.

Now assume that t  is an even number. Let us say that players A and B have 

colored the vertices v and w, respectively. If v and w are adjacent then they must have 

been assigned the same color. By Lemma 1.8, player A can force an even number of 

uncolored vertices in Ct. Since the path from v to w has an even number of vertices, 

that results in an even number of colored vertices as well and so this time player A 

wins the Avoidance game.

If, on the other hand, vertices v and w are not adjacent, then there are two paths 

from v to w. The lengths of the two paths have the same parity. By Lemma 1.8,
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Chapter 1 Graphs with Involutions 22

the number of uncolored vertices player A can force in one path has the same parity 

as the number of uncolored vertices he can force in the other path. Consequently, 

the number of colored vertices in one path will have the same parity as the number 

of colored vertices. Altogether there will be an even number colored vertices and so 

player A wins the Avoidance game. ■
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Chapter 2 
Involutions on Cayley Graphs

Let S  be a set of generators for a finite group T  which satisfies the following 

two conditions:

(a) The identity element e £  S.

(b) If s 6  S , then s - 1  E S.

The C ayley graph G =  G {T, S) is defined by

V { G ) = T  and E(G)  =  { { g ,h } \ g ~ lh E 5 } .

2.1 Theorem

Suppose T  is a finite group of even order and S  is a set of generators as above. Then 

W  (G {T, S) ,m) =  B for all even integers m >  2. If, furthermore, there exists an 

element a of order two with a £ gSg - 1  for any g G T,  then W  (G (E, S ) , m) =  B for 

all integers m >  1 .

P roof. For each element a e f ,  there is a bijection of sets <pa : T  — ► F  defined by 

left translation: cpa (g) =  ag for all g G T .  Observe that {g, h} E E (G) if and only 

if {ag, ah} E E{G)  since (ag)~l {ah) =  g~lh. Consequently the bijection <pa induces 

an automorphism <pa : G — *• G of the Cayley graph.
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Chapter 2 Involutions on Cayley Graphs 24

If a €. T  is an element of order two, then <pa is a fixed-point free involution. 

There is a theorem due to Cauchy which states that every group of even order has 

an element of order two. If we let a be any such element then the first part of our 

theorem follows from the first part of Theorem 1.2(a).

The involution satisfies property (P i) if for all g €  T  we have g<pa (g) £  E  (G). 

But g and <pa (g) =  ag are adjacent precisely when g~lag 6  S. Consequently, the 

involution (pa satisfies property (P i) if and only if a £  gSg-1 for any g €  E  .

The last part of our theorem then follows from the last part of Theorem 1.2(a).

■

2.2 Corollary

Suppose T  is finite abelian group of even order. Then

=  Z*i  ©  Z * 2 ©  • • • ©  Z  ‘kP l P2 Pfc

for some positive integer k, where Pi, 1  <  i <  k, are (not necessarily distinct) 

prim e num bers and Sj, 1  <  i <  k, are positive integers. Let S  consist of the set 

of k generators of E  which correspond under the isomorphism to the standard basis 

{ x l ,x2, . .  . , r fc} of

Zpn  ©  Z p*2 ©  • • • ©  Z p »fc.

If either

(a) for some 1  <  i <  k we have pi =  2  and Si >  2 , or
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(b) for some 1  < i <  k, i ^  j , p* =  Pj =  2 , 

then W  {G (F, S) ,m) =  B  for all integers m >  1 .

P roof. Observe that since T  is abelian a £ gSg- 1  for any g © T  if and only if

a £  S. The corollary will follow from the last part of Theorem 2.1 once we show that 

condition (a) or (b) guarantees the existence of an element a © F  \  S  of order two.

If the group satisfies condition (a) then let a © T  be the element which corre­

sponds to x2 *’ - 1  under the isomorphism

T  =  Zp*i © Zp *2 © • • • © .

Clearly the element a has order two. Since st > 2 , then xf'~l ̂  Xi and x~“'~l ^ x ~ l .

Consequently a £ S. If, on the other hand, the group satisfies condition (b), then let 

a © F  be the element which corresponds to XiXj under the isomorphism

T  =  Zpji © 2 © • • • © Zp*fc.

Since (xtx . , ) 2 =  x2 x2  =  e, then a has order two. Moreover, a £ S. ■

The dihedral group D n is the group of order 2n generated by elements a and 

b subject to the relations an — 1 , b2 =  1 and ba =  a_16 .

2.3 Corollary

Let S — {a ,a 2fc_1 , 6 }. Then W  (G (D 2jfe,*S) ,m) =  B for all positive integers k and 

m.
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Proof. Since

(ab)2 =  abab =  aa~lbb — b2 =  e,

the elements ab has order two. The second part of Theorem 2 . 1  will apply once 

we show that for all g 6  D 2k9 ~1 (ab) we have g S. Note that g =  a1̂ 7, where 

0  <  i <  2k — 1  and 0  <  j  <  1 .

Assume first that j  =  0, that is that g =  al with 0 < i <  2k — 1 . Then

g~l (ab) g =  a~z (ab) a1 =  a1- , 6 at =  a1- 2t6 .

But al~2ib 6  S  if and only if 2k\ ( 1  — 2 i ) , which is impossible.

If, on the other hand, j  =  1, that is if g =  alb, 0 <  i <  2k — 1, then

g~l (ab) g =  (axb) 1 (ab) (alb) =  ba~labalb =  ba1~tbatb =  a2l~lb.

But once again a2i~lb G S  if and only if 2k \ ( 1  — 2i ) , which is impossible.

Since we have shown that g~l (ab) g £  S, for all g E D 2*, we are done. ■

2.4 Rem ark on Sym m etric Groups

Let S„ be the sym m etric group on n letters. The group Sn has order n! which 

is even if n >  2. Let x — (123• • • n — In ) and y  =  ( I n n  — 1 • • • 43). Then Sn is 

generated by x and y  with (yx)2 =  e.
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2.5 Corollary

Let S =  {x, x-1 , y, y-1} and that n > 4. Then W  (G (S*. S) ,m) — B for all positive 

integers m.

P roof. Let a =  yx =  (12). Then a2 =  e. In fact, g~lag =  (y - 1  ( 1 ) ,y - 1  (2)) has 

order two for any g 6  S„. But x has order n and y has order n — 1 . Since we are 

assuming that n > 4, g~lag S  for all g 6  S„. The corollary then follows from the 

second part of Theorem 2.1. ■

2.6 Exam ple

Figure 2.4 shows the graph of G (S4, S). The “rule” for labelling the vertices is as 

follows: as you proceed around a triangular region you multiply vertices by y and as 

you proceed around the “darkened” rectangular regions you multiply vertices by x. 

Then for any element y £ S4 the involution maps the elements y and ag to each other 

where a =  (12) =  yx =  x3 y2. For example, e <— - yx =  x3 y2, y *— ► x3, y2 <— ► x 3 y, 

x «— ► yx2 and x2  *— *• yx3.

2.7 Theorem

Suppose ^  is a finite abelian group of odd order and S  is a set of generators as in 

Theorem 2.1. If y2 £ S  for all elements y ^ 5, then W (G [T, 5 ) , m) =  A for all odd 

integers m >  1 .
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yx

Figure 2.4.

P roof. For any abelian group F  we have a group automorphism ip : F  — ► F  defined 

by ip (g) =  g~l for all g €  F.  Then for any set S  as described above, xp induces a 

graph involution ip on the Cayley graph G (F, S) with unique fixed point e, the unit 

element of F.

We are assuming that the group F  has odd order. It follows by a theorem of 

Lagrange that PF has no element of order two. Consequently, ip satisfies property 

(Q i) if  whenever {g, e} £ E  (G) then [g,g l ) £  E  (G). This is equivalent to saying 

that if g £ S  then g2 $ S. The theorem now follows from the first part of Theorem 

1 .2 (b). ■

If PF is a finite abelian group of odd order, then

F  =  Zpn © Zp‘2 © • • • 0  Zp‘k
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for some positive integer k, where pt, 1 <  i <  fc, are odd primes and st, 1  <  i < k, 

are positive integers. Suppose that {a1;. . .  , afc} is the set of generators of T  that 

corresponds to the standard basis of

Z *i © Z ‘i © • • • © Z *kP\ P2 Pic

under the isomorphism.

2.8 Corollary

Suppose that T  is a finite abelian group of odd order 

as above and let

o f  2 d*1—1 2 P?2 —1 ° p'k~5 =  |a i ,a i , . . . , a pi \  a2, a£,. . . ,  a?  , . . .  ,ak,ak, . . .  ,afcfc j .

Then W  (G (F, S ) , m) =  A for all odd integers m >  1 .

Proof. We just need to show that g2 £ S  for all elements g E F \  S. Let

g =  a^a!? ■■•arlck

where 0  < rt < p*' for all 1  <  i <  k. Assume g £  S. So there exist i and j, i j,

such that r{ ^  0 and r7 ^  0. Since pt and Pj are odd primes, 2 r» ^  0 (mod pt) and

2Tj 7  ̂0 (mod pj). Consequently,

g2 =  a2ria2** ■■■(£“ $ S . W
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Chapter 3 
Graph Constructions

In this chapter we will study how the involutions introduced in the first section 

behave with respect to several graph operations.

The power d of a graph G, denoted by Gd, is the graph obtained from G by 

adding edges between nonadjacent vertices that are distance d or less apart. (Observe 

that we can generalize the game of Achievement by strengthening the notion of a legal 

move: vertices that are distance d or less apart cannot be assigned the same color. 

Then playing this more general game of Achievement on the vertices of a graph G is 

tantamount to playing the usual game of Achievement on the vertices of Gd.)

Clearly this operation is “functoriaT with respect to graph homomorphisms. 

Consequently an involution <p : G — ► G  induces an involution <pd : Gd — ► Gd 

for all integers d >  1. It is obvious that all these involutions have the same set of 

fixed points. Moreover, <pd satisfies property (P i) or (Q i) if and only if p  satisfies 

properties (P^) or (Qd), respectively, where (Pd) and (Qd) are as follows:

(P d) D{<p{v),v) > d ,  for ah v e V  (G)

(v 7  ̂vq if <p has a unique fixed point z;0), 

and

(Qd) If D (v, v0) > d, then D (tp ( v ) , v) >  d.
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(For future reference observe that any involution with at most one fixed point 

satisfies properties (P 0) or (Qo)-)

As a consequence of these observations we have the following immediate corol­

lary of Theorem 1.2.

3.1 Theorem

(a) Let G be a graph with \V (G)| even. If there exists a fixed-point free involution

(p : G — ► G, then W  (Gd, m) =  B  for all integers d >  1  and all even integers

m >  2 .

If in addition, <p satisfies property (Pd) for some integer d >  1 , then 

W  (Gd, m) =  B for all integers m >  1 .

(b) Let G be a graph with |V (G)| odd. Suppose that there exists an involution

ip : G — ► G with unique fixed point vq E V (G). If the involution satisfies

property (Qd) for some integer d >  1 , then W  (Gd,m ) =  A for all odd integers 

m >  1.

If we replace property (Qd) by (Pd) in the hypothesis, we then get W  (Gd, m) =  

A for all integers m >  1 .

3.2 Corollary
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(a) If t is an. even integer, then W  (Pf, m) =  B  for all integers d >  I and all even 

integers m > 2 .

(b) If t  is an odd integer, then W  (P f , m) =  A  for all integers d >  1 and all odd

integers m >  1  as well as for d =  1 and all even integers m >  2.

P roof. Let the involution <p : Pt — ► Pt be defined as in Corollary 1.4.

(a) For even t, ip\s fixed-point free and so the first part of Theorem 3.1(a) applies.

(b) For odd t  we have already checked that ip satisfies property (P i). In doing so

we used that fact that D  (i , ip (i )) =  2D (i, for all 0 <  i <  t  — 1 . i ^

But this fact also implies that if D  (i, > d then D (i , ip (i )) > 2d, for

0 < i <  t  — 1. Hence, for odd t, p  also satisfies property (Q^) for all integers 

d >  1. Thus the first part of Theorem 3.1(b) applies for all d >  1 , while the 

second part applies only for d = \ .  ■

»

3.3 C artesian Product o f Graphs

The C artesian product G S  H  of two graphs G and H  is the graph with vertex 

set V  (G ) x V  (H ) such that (u,v) (u’,v ') € E  {G K H) if and only if either u =  u' 

and vv' e  E (H) or v =  v' and uu' 6  E{G).  Similarly, if we are given graphs Gi, 

1  <  i <  r, we can define their Cartesian product Gi K Gi S  • • • S  Gr inductively.
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Cleaxly the Cartesian product is a bifunctor and so given involutions ipt : Gi — ► 

Gt, 1 < i <  r, their product

(Pi S  cp2 S  • • • El <pr Gi 3  G2 E! • •• 13 Gr — ► G\ El G2 S  • E3 Gr

is also an involution.

Observe that

is fixed-point free unless each (pt has fixed points. In this case, the number of fixed

points of <p equals n w h e r e  n* equals the number of fixed points of p l. I < i  < r .  
1=1

respectively. In particular, if each (p{ has a fixed point ut, then vQ =  (vt , t>2.  vr)

is the unique fixed point of (p.

ip =  cpx El (p2 S  • • • 3  <pr

r

3.4 Theorem

Let ip : G — ► G  be a fixed-point free involution and H  any graph. Then

for all integers d >  1  and all even integers m >  2 .

If 1b satisfies (P^) for some integer d >  1, then

for all integers m >  1 .

Proof. Clearly ip induces another fixed-point free involution

1P' =  iP ® lH : G ® H  — >GMH.
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Therefore the first part of Theorem 3.1 (a) applies. The second part will also apply 

once we show that ip' satisfies property (Pd). But

D  ((u, v) ip' (u, v)) =  Dc  (u, ip (u))

for all (u. v ) €  V (G E H ) , where D  is the distance function on G E H  and Dq is 

the distance function on G. Consequently ip’ satisfies property (Pd) if and only if ip 

does. ■

3.5 Lemma

Let : Gi — ► Gi, 1 <  i < r, be involutions. If each <fi, I < i <  r, has a unique fixed 

point and satisfies property (Qd) for all d >  0 , then ip has a unique fixed point and 

satisfies property (Qd) for all d >  0 .

P roof. We have already observed that <p has a unique fixed point if each ^  has one 

and this is tantamount to saying that <p satisfies property (Qo) if each satisfies it. 

Let vq =  (vi, v2, . . . ,  vr) be the unique fixed point of p.

If

U =  (til, li2, • • • . Ur) £ V (Gi 12 G2 12 • • • 12 Gr) ,

then

D{u,v)  =  £  Di {uj,Vj) - 
j= 1

where D is the distance function on G\ 2  G2 S3 • • • 2  Gr, Dj is the distance function 

on Gj, j  € J, and

Vq =  (v\, v2, ■ • •, vr) 6  V {G\ 2  G2 2  • • • 2  Gr)
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is the unique fixed point of p. Since each p { satisfies property (Qd) for all d > 0 , 

Dj (ujtVj (uj)) >  Dj (■Uj,Vj) for all 1  < j < r .  Hence,

D  (a, p  (u)) =  Y , Di M )  ^ £  Dj (u3, vj) =  & «)
j=i j=i

for all u G. V  (Gi ED G2 13 • • • 13 Gr)- It follows from this that p  satisfies property (Qd) 

for all d >  0 . ■

3.6 T heorem

(a) Let P i : Gi  — ► Gi,  1 <  i <  r, be involutions, at least one of which is fixed-point

free. Then W  ^(Gi ISI Go IS • • • G3 Gr)d , rnj =  B for all integers d >  1  and all

even integers m > 2 .

Let J  =  { j  | pj  is fixed-point free} and say that in addition pj, j  €  J, satisfies 

property (Pd) for some dj > 0. If

d' =  £  dj +  | J| >  1 ,

then

W  ((G x HG 2 B • • • H Gr)d ,m j  =  B 

for all integers 1 < d < d' and all integers m  > 1 .

(b) Let Pi : Gi — ► Gi, 1 <  i <  r, be involutions each of which has a unique fixed

point and satisfies property (Qd) for all integers d >  1 . Then

W  ((G i H G2 B B Gr)d ,m ) =  A
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for all integers d >  1  and for all odd integers m >  1 .

If instead each involution ipi: 1 < i < r, satisfies property (Pd;) for some d* > 1,

then

W  ((G i H H H Gr)d , rnj =  A

for all integers 1  <  d <  d' and all integers m >  1 , where d' =  min {d* 1 1  <  i <  r }. 

P roof.

(a) (a) We have already noted that tp is fixed-point free and so the first part of 

Theorem 3.1 (a) applies. In order to apply the second part, we need to show 

that <p satisfies property (P d) for 1  < d < d'  =  ^2 dj +  \J \ , assuming each <Pj 

satisfies property (Pdj)- But if

u =  (u \ , U2,. . . ,  Ur) £  v  (Gi ia Gi  a  • • • a  Gr) ,

then

D  (u, ip (u)) = D (Ui, ^  (Ui)) > J2 Di (v-nVj (ui))
t=i j€J

— ^2 (dj +  I) =  ^  dj +  \J\ =  d' > d.
je J  j€J

(b) We have already observed that tp has a unique fixed point. Each ipt satisfies 

property (Qd) for all integers d >  1 and so by Lemma 3.5 so does <p. Now we 

can apply the first part of Theorem 3.1(b). Let

U =  (til, Uiy . . . , Ur) G V {G\ IS C? 2  IS • • • 13 Gr)
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with u ~^vq, the fixed point. Then for some 1 < i <  r we have il, 7  ̂vt. So

D  (zz, ip (it)) > Di (it,, (itj)) > di >  d' > d,

since each involution 1 <  i <  r, satisfies property (P dj). So the hypothesis of 

the second part of Theorem 3.1(b) is satisfied and the desired conclusion follows.
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Chapter 4 
Examples: Grids, Web Graphs and 

Cube-Like Graphs

Let

G — Ph 23 Pt2 ^  ■ ■ * G3 Ptr,

the Cartesian product of r paths of possible different lengths. Also let e =  |{i | is even }|, 

the number of even length paths.

4.1 Theorem

(a) If e >  1 , then W  (Gd, m) =  B for all integers d > 1  and all even integers m  > 2 .

If e > 1. then W  (Gd, m) =  B for all integers 1 < d < e and all integers m >  1.

(b) If £• =  0, then W  (Gd,m ) =  A for all integers d > l and all odd integers m  > 1  

or for d =  1  and all integers m >  1 .

Proof.

(a) Define the involutions : Ptt — ► P£i, 1  < 2 <  r, as in the proof of Corollary 1.4. 

Recall that they are fixed-point free for U even and have exactly one fixed point 

for U odd. So if £ >  1 , then (p is fixed-point free and the first part of Theorem

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.2 Grids 39

3.6(a) applies. For any £*, ^  satisfies property (Po) so if e > 1  then the second 

part of Theorem 3.6(a) (with d' =  e) applies as well.

(b) As we observed in the proof of Corollary 3.2, if U is odd then satisfies property 

(Qd) for all integers d >  1 . Therefore we can now apply the first part of Theorem 

3.6(b). We have already observed that for odd £t-, ip{ satisfies property (Pi) .  

Consequently the second part of Theorem 3.6(b) also applies. ■

4.2 Grids

The special case Ps K Pt is the s x t  grid. It is the graph with vertex set

{(*,j)  1 1 <  * <  s, 1 < ; ' < £ }

and edge set

{(*» j )  (i7. f )  I i  =  i ' 311(1 IJ ~  f  I = 1 or j  =  /  ^  I * -  A  = !}•

4.3 Corollary

(a) For all integers d >  1  and s • t  even, we have W  ^(Ps H Pt)d , rnj =  B  for even 

integers m. If in addition, both s and t  are even, then W  (Ps H Pt, m) =  B for 

all integers m >  I.
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(b) For all integers d >  1  and s • t  odd, we have W  ^(Ps 13 Pt)d ,rnj =  A for odd 

integers m. Moreover, W  (Ps 3  Pt,m) =  A for all integers m >  1 .

In the examples shown in Figure 4.5, Figure 4.6 and Figure 4.7, the vertices i 

and i' are identified by the involution. The last example involves a fixed point which 

is circled.

4? y  2* 1*
r 8*

11* 10*

10 11

0 7

1 2  3 4

P4°P6

Figure 4.5.

4.4  (r, s) —W eb Graph

The (r, s) —web graph G  is the graph with vertex set

V(G) =  { ( i , j )  1 0  < i < r — 1 , 0 < j < s  — 1 }

and edge set
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5. 4? 3* T  V

r r r

14? 13* 12*

12 13 14

7 8 9

1 2 3 4  5

P5 apt

Figure 4.6.

E (G) =  { ( i J ) ( i , j  +  l ) \ 0 < i < r - l , 0 < j < s - 2 }

U {{i, s — 1) (z, 0) 10 <  2 < r  —1}

U { ( i , j)  (i +  1, j )  10 < i <  r — 2, 0 < j  < s — 1} .

Observe that (r, s ) —web graph is isomorphic to Pr K Cs.

4.5 Corollary

Let G be an (r, s) —web graph.

(a) If r is even and s is odd, then W  (Gd, rnj =  B for all integers d >  1  and all

integers m >  2 .
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r  s* y  v  r  r  v

r

15*

14

1 2 3 4 5 5 7

P 7 n P5 -

Figure 4.7.

(b) If t  is odd and s is even, then W  (Gd, m) =  B  for all integers d >  1

integers m >  2  or for all integers 1  <  d <  § and all integers m >  1 .

(c) If r and s are both even, then W  [Gd, m) =  B  for all integers d >  1

integers m >  2  or for all integers 1 < d <  |  and all integers m >  1 .

P roof. Let the involution ipr : Pr — ► Pr be defined as in the proof of Corollary

1.4. For s even, we can define an involution <ps : Cs — *• Cs by setting <ps (i ) =  i +  §,

0 <  i <  s — 1 . Let : G — ► G be defined as follows.

If r is even and s is odd, let <p =  <prffiid. If r is odd and s is even, let <p =  idffl<ps. 

Finally, if r and s are both even, let cp =  <pr K <p3. Parts (a) and (b) now follow from 

Theorem 3.4 while part (c) follows from Theorem3.6(a). ■

Observe that for r and s both odd, we don’t have a clear cut pattern. For 

example, if G is the (3,3) —web graph shown in Figure 4.8, then W  (G, 1) =  A.

and all even

and all even

13* 12* 11‘ 10* 9*

15 17 (
17* 16*

9 10 11 12 13

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



4.6 Theorem 43

Figure 4.8.

Every game ends with precisely three vertices chosen, one from each triangle. 

On the other hand, if G is a (3,5) —web graph, then W  (G , 1) =  B. Figure 4.9 

and Figure 4.10 indicate (with black dots) the two essentially different first moves 

for player A together with player B’s responses. (Vertices rendered uncolorable by 

players A and B’s first moves are “crossed out”.)

i  i

Figure 4.9.
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Figure 4.10.

4.6 Theorem

Let Cs be the cycle with s vertices and Ks the complete graph on s vertices, s >  2 . 

If H  is any graph and G =  H & Cs or G =  H M  Ka, then W  (Gd, 2) =  B  for all 

integers d >  1 .

Proof. Label the vertices of K s with integers mod s (as we did with Cs). Player 

B’s strategy is as follows. Whenever player A assigns the color 1 (respectively the 

color 2 ) to some vertex (v, i) of G, player B should assign the color 2  (respectively the 

color 1 ) to the vertex (v, i 4 - 1 ) (respectively (v, i — 1 )). Here addition in the second 

coordinate is modulo s.

Assume this strategy does not work. Say player A has assigned the color 1 to 

the vertex (v, i ) , but player B cannot assign the color 2 to (v, i +  1 ). (The other case 

is treated analogously.) Further assume that this is the first instance in the game in 

which player B cannot respond. We can assume that the vertex (v, i +  1 ) is uncolored. 

(If (v, i -f 1 ) had been assigned the color 2  in a previous move, then, in accordance 

with player B’s strategy, (v, i) would have been assigned the color 1  in some previous
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move.) For (v, i +  1 ) to be uncolorable there must exist a vertex (v', i' +  1 ) which has 

been assigned the color 2  with

D  ((v, i +  1) (t/, i' +  1)) <  d.

Since we are assuming that up to this point player B has been able to follow his 

strategy, the vertex must have been assigned the color 1 . However,

D ((u, i) (v’, 0 )  =  D  ((v , i +  1) (u', i! +  1 )) < d,

which means that player A cannot assign the color 1  to the vertex (v. i ) , a contradic­

tion. ■

4.7  Corollary

If G is any (r,s) —web graph, then W  (Gd, 2) =  B for all integers d >  1 .

4.8 Corollary

W  (Cd, 2) =  B for all integers d >  1 and all integers s >  2.

4.9 N ote

For d =  1 , which is Theorem 3 of [6 ], it makes no difference what moves players A and 

B make. Player B always wins, which is to say all games end after an even number of 

moves. In showing this we will thus be providing an independent proof of Theorem 3 

of [6 ].
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Suppose that a subset of the vertices of any cycle Cs have been assigned the 

colors 1 and 2 and that no more legal moves are possible. Let i be any vertex which 

has been assigned a color, say 1. Then either i  +  1 has been assigned the color 2 or 

it is an uncolorable vertex. The latter can only occur if the vertex i +  2 has been 

assigned the color 2. Either way, we have shown that if we start with any colored 

vertex and proceed around the cycle clockwise then the colors alternate. Therefore 

we must have an even number of colored vertices. (In fact the number of vertices 

colored I equals the number of vertices colored 2.)

4.10 N ote

As a trivial corollary of Theorem 4.6, we have that W  (Ks,2) =  B  for all integers 

s >  2. More generally, if d >  diam (G ), the diameter of G, then Gd =  Kn, where 

n =  \V (G)|. Consequently

W { G d,m) =  W  (K„, m)

is determined by the parity of m when m <  \V (G) \ and by the parity of \V (G ) | when 

m > \ V ( G ) \ .

There is another sim ilar observation to be made, namely that if m > A  ( G ) , the 

maximum degree of G, then again W  (G,m) is determined by the parity of \V (G)[.

If the maximal degree A (G) > 2, then the analogous statement for Gd is obtain 

by letting

m > A (G)
( A ( G ) - i r - i  

A (G) -  2
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since

=  A (G) +  A (G) (A (G) -  1) +  • • • +  A (G) (A (G) -  l ) d _ 1

gives an upper bound on the number of vertices whose distance from a fixed 

vertex is d or less, that is on A (Gd). If A (G) =  2, then

So in this case the analogous statement is obtained by letting m >  2d.

If we restrict our attention to trees T, then we can in fact replace m >  A (T) by 

m > 3 in the above observation.

where t  is the number of vertices in T.

P roof. We elaborate on the rather terse proof of U. Faigle, W. Kern, H. Kierstead 

and W. T. Trotter [4], noting that, in fact, their strategy can be applied by either 

player to completely color the tree T.  Assume first that player A is the one who 

wants to force the coloring of all the vertices of T. He starts by assigning some color

A (G) +  A (G) (A (G) — 1) H 1- A (G) (A (G) -  l )d~l =  2d.

4.11 Theorem

If the number of colors m >  3, then

for t odd, 
for t even.
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to some vertex vo of T . Let To =  {uo}- We expand the tree To after each move in such 

a way as to include all the vertices colored so far. In fact, we will prove inductively 

that after each move all the uncolored vertices of To will have at most three colored 

neighbors in To- Since we are assuming that m  >  4, all these vertices are colorable. 

Moreover, since any vertex v of T  \  T0  has at most one neighbor in To, any vertex 

outside of To is colorable as well. Thus eventually we must end up with T =  Tq with 

all of its vertices colored and that is how player A wins.

Suppose player B colors a vertex v of T. Let P  be the unique shortest path from 

v  to the tree To- In other words, P  is a path from v to w,  where w is the only vertex 

on the path that lies in To- We “connect the branch” P  to To at the “juncture” w 

obtaining a larger tree. This tree will be our new To- (if v  is a vertex of To, then we 

have v = w  and we do not need to expand To.)

By induction, all the uncolored vertices of the new tree, except possibly w, will 

have at most two colored neighbors. So if w is uncolored player A can color it. (Again 

we assume that m > 4.) That way the new tree will satisfy the inductive hypothesis.

If w has already been colored, then player A can color any other vertex of the 

tree To. (Clearly the inductive hypothesis will still hold.) If all of the vertices of the 

tree have already been colored, then player A can color any vertex adjacent to the 

tree To. Join this new vertex of the tree to produce a new T0. (As in the original 

tree, all of the vertices of To axe colored.) If there are no vertices adjacent to To then 

T  =  T0 with all of its vertices colored and player A has won.
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We have shown inductively that player A can always respond to player B’s move 

in such a way that no uncolored vertex of To, in fact of T, will have more than two 

colored neighbors in T. Hence since T has a finite number of vertices, eventually we 

must end up with T =  To and all of its vertices colored.

If it were player B’s rather than player A’s objective to force a complete colored 

tree, then he should proceed in a similar fashion. Say player A starts by assigning 

some color to some vertex v0 of T. Then player B can color any adjacent vertex v\ 

of T. Set To =  {^o, fi}- The inductive hypothesis is satisfied and we can proceed as 

before. So no matter who starts either player can force the coloring of all the vertices 

and the winner of the Achievement game is determined by the parity of the number 

of vertices of the tree T. ■

4.12 N ote

Zsolt Tuza has informed me that he and Hal Kierstead found the following more 

general result a couple of years ago. (The result is still unpublished and the paper in 

which it is to appear is in process of being refereed).

If G has treewidth at most t, then the game chromatic number of G is at most 

6 £ — 2. Moreover, their winning strategy for trees (£ =  1) is simpler (and different) 

than the strategy above. However for t  > 1 their strategy is more complicated. Tuza 

postulates the following open problem: determine the smallest c such that a graph 

of treewidth t  has game chromatic number at most ct 4 - o(t) as t  tends to infinity. 

Kierstead and Tuza have determined that 1 < c <  6 .
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Suppose that I, n and q are positive integers with 1 <  I <  n and q >  2. Let

the cube-like graph Q? (q) be the graph whose vertices are n—tuples on a set of

q—elements, say

{(xltx 2 ....,Xn) I 0 <  Xi <  q — 1, 1 <  i <  n}  .

Two vertices {x\ ,  X2, . . .xn ) ^  (yi, 2/2 Un) are adjacent if and only if they differ in at

most I coordinates. (See p.157 of [9].) Thus

Q? (?) =  (Q? (?))' •

In particular, Q" (2) is the graph of the n—dimensional cube and so Q[  (2) can 

be described as the graph obtained from the graph of the n—cube by joining all pairs 

of vertices that are at most distance I apart.

Observe that

Q n ( q ) =  k 9»,

the complete graph on qn vertices. So in the sequel we assume that 1 < I <  n. Also 

observe that

Q i  (?) =  K ? E  • • • E  Kg

(n copies of Kq).

The graphs of

Ql  (2 ) =  K 2 B  K 2 B K2

and

Q l  (3) =  k :3 B IC 3

are given in Figure 4.11 and Figure 4.12.
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910 911

Figure 4.11.Qf (2 )

4.13 Corollary

For q even and n >  2,

W ( Q ? ( q ) , m ) = B  

for all integers m  > 1. For q odd,

W ( Q ? ( q ) , m ) = A

for all odd integers m >  1 .

P roof. Label the vertices of K , with the elements {0 ,1 , . . . , < 7  — 1}. Define an 

involution <p : K , — ► K ? by ip (i) =  q — i — 1, 0 <  i <  q — 1. It is fixed-point free for 

even integers q and has exactly one fixed point for odd integers q. Since

Qi  (?) =  K? K • • • G3 K?

(n copies of K 9), p  induces an involution

<p®<p%---®<p:Q?(q)  — - Q" (q) .
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M

Figure 4.12.Qf (3)

Observe that for q even the involution <p satisfies the property (Po)- Since n >  2 , 

the hypotheses of the second part of Theorem 3.6(a) is satisfied (with d! =  n and 

d =  I) and we get the desired result for even q. (Recall that we are assuming that 

1 <  I <  n.) For odd q, ip (vacuously) satisfies property (Qd) for all d >  1 . In fact, 

for i ±

So the hypothesis of the first part of Theorem 3.6(b) is satisfied and we get the desired 

result for odd q as well. ■

The following is another consequence of Theorem 4.6.

4.14 Corollary

W  {Qi (q) ,2) =  B 

for all integers q >  2 and I <  I < n .
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4.15 Cube-Like Graphs

Let S be a set of n elements and 3 C 2 s a family  of subsets of S. The “cube-like” 

graph Qs (3) is the graph with vertex set 25, where two vertices x,y C 5  are adjacent 

if and only if their symmetric difference

x A  y =  (x \  y) U {y \  x)

belongs to S . (See p. 156 of [9].)

For example, take 1 <  I <  n and let 3* denote the fam ily  of subsets of 5  of size 

at most I. Then Qs (3) =  Q™ (2 ).

4.16 N ote

An involution if : 2s  — ► 25. where 2s  is to be thought of as the trivial graph with 

2 n vertices, induces an involution

,p : Qs (3) — > Qs (3)

if and only if the following property is satisfied.

(S) If x,y Q S  and x A  y 6  3 , then ip (x) A  ip (y) £ 3 .

And if this is the case then the first part of Theorem 3.1(a) implies that

K '((« s (3 ))‘‘ ,m ) = B  

for all integers d >  1  and all even integers m >  2 .
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4.17 Theorem

for all integers d >  1 and all even integers m >  2.

Proof. Let <p : 2s  — ► 2s  be the map that sends a set to its complement. It is easy 

to see that this map is a fixed-point free involution. (In fact, the map corresponds 

to the involution on Q" (2) we defined above.) For any x,y C S, we have

<p (x) A  <p (y) =  <p (x) \  if (y) U <p (y) \  <p (x) =  (y \  x) A  (x \  y) =  x A  y.

Thus property (S) is satisfied and the first part of Theorem 3.1(a) applies. ■
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Chapter 5 
Generalized Petersen and 

Perm utation Graphs

Start with graphs G and H  together with a partial map a  : V  (G ) — ► V (H ) , 

that is a map cr : X  — ► V  (H ) for some X  C V  (G). The graph P& (G, H ) consists of 

G  and H  along with edges obtained by joining each v € X  with (v) €  V (H).  In 

particular for X  =  0 there is a unique map 0 : 0 — ► V (H) and P® (G, H)  =  GuH,  the 

disjoint union of G and H. We also have the following special cases of the definition.

5.1 Sigm a and Cycle Perm utation  Graphs

Let G be a graph with n vertices. Suppose

K(G) =  {0 , l , . . . , n - l }

(n >  4). Choose a  6  Sn> where Sn is the group of permutations of V  (G). The graph

P.  (G ) =  P.  (G , G)

is referred to as the cr—perm utation graph o f G. If the original graph G  is an 

n—cycle, then Pa (G) is called a cycle perm utation graph and we denote it by 

C  (n,cr). (See pages 316 and 317 of [8 ].)

As an example take C  (6 ,cr), where a  =  (012) (345). See Figure 5.13.
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o 1

5

34

Figure 5.13.

5.2 Corollary

Let G, H  and a  : V (G) — ► V  (H ) be as above. Suppose that <pG : G — ► G and

<pH : H  — ► H  are fixed-point free involutions. If t̂ G(X) =  X  and

a o ipG =  ipff o a  : V (G) — ► V  (H ) ,

then

W (Pi  (G. H ) , m) =  W  (Gd, m) =  (Hd, m) =  B

for all integers d > 1 and all even integers m > 2 , where P i  (G, H) is the d th power 

c£P„(G,H).

If we furthermore assume that cr is injective and that (pG and tpH satisfy prop­

erties (Pdc ) and (P<iH), respectively, where do and dH are positive integers, then

W  (Pi  (G, H) ,m) =  W  (Gd, m) =  W  (Hd, m) =  B 

for 1  <  d <  min {dc , dH, 3} and all integers m > 1 .
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P roof. Since V

(PAG,H))  =  V ( G ) U V ( H ) ,

we can define

by letting <p =  <pG U <pH. Clearly <p is fixed-point free because <pG and <pH are both 

fixed-point free and <p2 =  1 because <pG =  1  and ip\  — 1 .

To complete the proof that <p is an involution, we need to show that vw  6 

E (Pa (G. H )) if and only if

tp (VW) =ip(v)ip  (W) €  E (Per (G, H )).

If

v w e E ( G )  C  E(P*{G,H))

or

v w e E { H ) d E { P a {G,H)),

then this follows from the fact that both <pG and ipH are graph automorphisms, so 

we assume that

v e V ( G ) c V ( P r (G,H))

and

w =  <r (v) e  V  (H) C  V (Pa (G, H ) ) .

Then

<p (vw) =  <p (v) p  (w) = (p (v) (p (a (v )) =  p  (v) a (p (v )) 6  E (Pa (G, H ) ) .
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On the other hand, if

ip (vw)  = i f ( v ) i f  (w ) e  E  (Pa (G , H ) ) ,

then

VW =  ip2 ( vw)  =  i f  (ip (vw) )  €  E  (Per (G , H)) .

It now follows from the first part of Theorem 3.1(a), that

for all integers d >  1  and all even integers m > 2. In order to show that W  (P£ (G, H ) , m)

B  for 1  <  d <  min {dG, dff, 3}.

Let

v e V ( G ) c V ( P A G , H ) )

(respectively v 6  V (H) C V (Pa (G, H ))). Then D (v, ip (v)) <  Dg (v , ip (v)) (respec­

tively D (v, ip (v)) <  Dh (v, ip (v))), where Dg  (respectively Dfj) is the distance func­

tion on G (respectively H) and D is the distance function Pa (G, H). Any path from v 

to ip (v) of length shorter than Dq (v, ip (v)) >  dG (respectively Dh (v, p  (v)) >  dn)  

would have to travel through H  C Pa (G, H) (respectively G C Pa (G, H)).  Since 

p(v)  e  V (G) C V (Pa (G,H))  (respectively p(v)  €  V (H) C V (Pa (G,H))),  such 

a path would have to have length at least 4. Therefore, <p satisfies (P^) for all 

1  <  d <  min {dG> dn,  3}. We can apply the second part of Theorem 3.1(a) and that 

completes the proof. ■
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5.3 Corollary

Let Pa {G) be the cr—permutation graph of a graph G. Assume that there exists a 

fixed-point free involution ip : G — ► G. Assume further that a  a <p =  (p o a. Then

W(Pa {G),m)  =  W ( G d,m) =  B

for all integers d >  1  and all even integers m >  2 .

If tp also satisfies property (P ^ ) for some do >  1, then

W  (P?(G) ,m)  = W  i & . m )  =  B

for any 1 <  d <  min {do? 3} and all integers m >  1.

5.4 Corollary

Let C  (n, a) be a cycle permutation graph for some <j  £  S„ with n a positive even 

integer. If

a (Z + = a ® + ̂ modn̂
for all 0  <  i <  n — 1 , then

W  (Cd (n,cr) ,m)  = B  

for all integers d >  1  and all even integers m > 2  or for 1  <  d <  min { |  — 1,3} and 

all integers m >  1 .

P roof. Let the involution on the n—cycle G identify “diametrically opposed” 

vertices. More precisely, if V  (G) =  {0 ,1 , . . . ,  n — 1 } and

£(G)  =  { i ( i  +  l) | 0 < i < n  —1} ,
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then we define the involution <pG by

/ - v  • n

<Pg ( V = 1 +  2

for all 0 <  i <  n — 1 . Clearly, (pG is an involution. Since

0 - ( i + | ) = < r ( i )  +  2

(mod n) for all 0 <  i <  n — 1 , then a  o ip =  ip o a. Moreover, cpG satisfies property 

(P d) for any 1  <  d <  We can now apply Corollary 5.3. I

As an example refer to the graph of C  (6 , a ) , where a  =  (012) (345), above. In 

that diagram a (i) is denoted by i'.

5.5 Generalized Petersen Graph

The generalized P etersen  graph P  (n, k) is defined by the letting

V  (P  (n, k)) = (tii, Vi | 0 < z < n  — 1}

be the set of vertices and

E {P (n, k)) =  t, UiVi | 0 < z < n - l }

be the set of edges where addition in the subscripts is modulo n and 1  < k <  (See 

page 45- of [8 ] for example.

In particular, P  (5,2) =  P, the Petersen graph shown in Figure 5.14.

Observe that any generalized Petersen graph P  (n, k) is isomorphic to Pa (G , H) 

for G an n—cycle and H  a disjoint union of (one or more) cycles of equal length with
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Uq

Figure 5.14.

\V (H)| =  \V (G)|. More precisely, define G by setting V  (G) =  {no,.. - ,Un-i} and

E  (GO =  {utW»+i 10  <  i <  n — 1 }

(ttn =  uq) . the graph H  will consist of one cycle (of length n) if (k, n) =  1 or of k cycles 

(of length n / k ) if (fc, n) ^  1 . Let V  (H ) =  {u0, . . . ,  t/n- i}  , with and Vj belonging to 

the same cycle if and only if |i — j\  = 0  (mod k). Finally, define a  : V (G) — ► V  (H ) 

by a(ui) =  Vi, for 0  <  i <  n — 1 .

5.6 Corollary

Let n be an even integer. Then

W ( P d (n,k)Jm)  =  B

for all integers d >  1  and even integers m > 2  or for d =  1  and all integers m >  1 .

If (k, n) =  1 , then W  (/^ (n , k) ,m ) =  B  for all integers 1  <  d <  |  and all 

integers m > 1 .
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P roof. Let G and H  and a  be defined as in the remarks preceding the corollary. 

Define <pG and (pH by

<Pc («i) =

and

<Ph  (w0 =  ’
respectively, for all 0 <  i  <  n — 1 . Observe that since k <  both <pG and <pH satisfy 

property (Pi).  Moreover, if (k,n) =  1 , both <pG and <pH satisfy property (P d) for 

any integer 1  <  d <  | .

Our results will now follow from the relevant parts of Corollary 4.8 once we 

check that the condition a  o ipG =  ipH o a  holds. However, for 0 <  i <  n — 1  we 

have

(a o (pG) (m ) =  a  (ui+a) =  ui+a =  <pH (Vi)

=  (tpff o cr) (iii) , 0  <  i <  n — 1 .

5.7 N ote

Observe that P  (10,2 ) is isomorphic to the graph of the dodecahedron and the involu­

tion on P  (10,2) induces one on the dodecahedron which identifies antipodal points. 

See Figure 5.15. (This identification results in the Petersen graph as is pointed out 

on pages 280 and 318 of [8 ]).
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Figure 5.15.
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Chapter 6 
Com plete K -Partite Graphs

Let Kni,n2,...,nk be the complete partite graph with parts X t of size n*, 1  <  

i <  k. Let

e =  |{t^ | rii even}|

and

o =  |{nt | rij od d }|.

Observe that if a vertex of X t is assigned the color c then in any subsequent 

move only the remaining vertices of X l: if any, can be assigned the color c, that is in 

any subsequent move another vertex can be assigned the c if and only if that vertex 

belongs to Xi. Consequently, once a vertex of X t is assigned a color all the vertices 

of Xi will be assigned colors by the end of the game. However, they need not all be 

assigned the same color.

Suppose that one of the players wanted to color to all the vertices of each X t 

for which n, is an odd number. By the previous remarks, he would simply have to 

assign a color to one vertex from each of these Xi's. To do so he would need o colors. 

However, the other player need not cooperate-he may color vertices of Xi s for which 

rii is an even number. In this case, all the colors would have been assigned in m 

moves, where m  is the number of colors, with player A having assigned [y ] colors 

and player B having assigned |_yj colors. Therefore, if we assume that [y ] >  o, then 

neither player can prevent the other from coloring all the vertices of all the Xi for
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which rii is odd, in which case the player with the winning strategy is determined by 

the parity of o. Hence,

{ b f o ™ .

6.1 Theorem

(a) If o >  m, then

. . .  /Tr > /  A form odd,
^ ^ K n i -n 2  “  \  B for m even.

(b) If o < m , then

I V ( K . , „  nilm) =  (  £  for xn, 0  odd, 
v  nfc’ ' y B form, o even.

Proof. Choose an involution k : C — ► C that is fixed-point free for even m  and 

with exactly one fixed point, say 1 , for odd m. (Here C is the set of colors.)

We will prove parts (a) and (b) simultaneously. For odd m and either o >  m  or 

o odd, player A starts off by assigning the color 1  to any vertex of any Xi with n* odd, 

say X \.  From this point on, player A’s strategy is identical to player B’s strategy (for 

m  even and either o >  m  or o even) described below but with the roles of A and B 

reversed. So we will assume m  is even and proceed to describe player B’s winning 

strategy.
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Whenever player A assigns the color c to a vertex v €  X i with rii even, player 

B should respond by assigning the color «(c) to any other vertex of X t. (Player B 

can always do this since rii is even.)

Whenever player A assigns the color c to a vertex v 6  Xi with n, odd and this 

is the first time a vertex of Xi has been assigned a color (and consequently the first 

time the color c has been assigned), player B should respond by assigning the color 

k (c) to any vertex of any X j , i  ^  j ,  with rij odd and satisfying the condition that up 

to this point no vertex of Xj  has been assigned any color. (Since either o is even or 

o >  m, player B can always respond in this fashion.)

Finally, assume player A assigns a color c to a vertex v €E Xi with n, odd and 

this is not the first time a vertex of Xi  has been assigned a color. Say the first vertex 

of Xi  to have been assigned a color was assigned the color cq.

If c =  Co, then a vertex of Xj,  for some j ^  i with nj odd, must have been 

assigned the color k(cq)  in a previous move. In this case, player B responds by 

assigning the same color c q  to any other vertex of X,.

If c Co, then player B responds by assigning the color k ( c )  to any other vertex 

of Xi.  (Since n, is odd, player B can always respond in this fashion). ■

6.2 Corollary

If k >  m, then

for m odd, 
for m  even.

P roof. Let ti* =  1 , for all I <  i <  k. Then o =  k. ■
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6.3 Corollary

W (K„
( A  for o > 1 , 
\  B for o =  0.
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Chapter 7 
The General Kneser Graphs

For integers n >  k > t >  0, the general K neser graph K  (n, k, t) is defined 

as the graph with the set of all k—subsets of N  =  {1 ,2 , . . . ,  n} as vertex set and two 

such sets X  and Y  and joined by an edge if and only if \X fl Y\ < t. (For example, 

see p.161 of [8 ] or p.296 of [9].)

Note that K  (n, 2 ,1 ) =  L (K„), the complement of the line graph of the complete 

graph Kn. I fn  =  5 then we obtain the Petersen graph P  =  L (K5) shown in Figure 

7.16

25

24

Figure 7.16.

The following two theorems are corollaries of Theorem 1 .2 .
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7.1 Theorem

If n is even and k is odd, then W  (K  (n , k,t) , m) =  B for any even integer m >  2. 

Moreover, Ws (K  (n, k , t ) , m) =  B for any integer m >  1 and Wp (K  (n, fc, t)) =  B. 

P roof. Let AT =  {1 ,2 , . . . ,  n}. Define a bijection 0 : N  — ► iV by 9 (i) = n  — i +  1 , 

i  E. N.  Since n is assumed even, 0 has no fixed points.

The map 6 induces a bijection 6 : V (K  (n ,k , t )) — ► V  (K  (n , k , t )) defined 

by 9 (X ) =  {9 (i) \ i €  X }  , X  €  V ( K  (n,k,t)). Clearly 9 preserves intersections, 

that is 9 (Xi  n  X 2) =  B {Xx) n  9 (X 2) for all X ltX 2 e  V ( K  (n , k, t)). Since X xX 2 €  

E  (K  (n , k, t)) if and only if \Xx D X 2\ < t — 1 , this implies that 9 induces a graph 

automorphism of K  (n, k, t). Moreover, Q2 =  id because 92 =  id. Consequently, 9 is 

an involution.

We now intend to apply the first part of Theorem 1.2(a). In order to do so we 

must show that 9 is fixed-point free.

Assume that 9 has a fixed point X q G V (K  (n , k , t ) ) . Then

*o= U
t€X0

Since 9 has no fixed points, \{i,9 (i)}| =  2 for all i 6  X q. But this implies that 

k — |Xo| must also be even, which is a contradiction. Therefore, 9 must be fixed- 

point free and Theorem 1.2(a) applies. ■
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7.2 Theorem

Let j ,  k > 2i +  1 . Then

W ( K { k  +  j , k , k - i ) , 2 ) = B .

P roof. Suppose player A assigns color 1 , say, to the k—subset of X  of N. Without 

loss of generality, we may assume X  =  { 1 , 2 , . . . ,  k}.  Let the bijection 9 : N  — ► N  

be defined as in the last proof. As noted there 9 induces an involution

9 : K  (n, k, t) — ► K  (n, k , t ) ,

where n =  k +  j  and t =  k — i. Now unless n is even and k is odd, 9 will not be 

fixed-point free. However, if player B responds to player A’s move by assigning color 

2 to Y  =  9 (AT) =  {n — k -+- 1 , n — k +  2 , . . . ,  n} , then all the fixed points of 9 will 

be rendered uncolorable and we will be able to once again apply the first part of 

Theorem 1.2(a).

If Z  €  V ( K  (n, k, £)) is a fixed point of 9, we will show that Z  is a neighbor of 

both X  and Y, and is therefore uncolorable. Consequently, the rest of the game is 

played out on the vertices of the graph of K  (n, k, t) \  W, where W  C V ( K  (n, k, £)) 

is the set of fixed points of 9. But by restriction 9 : K  (n, k, t) — ► K  (n , k, t) induces 

a fixed-point free involution 9 : K  ( n , k , t ) \ W  — ► K  (n, k, t) \  W. We can then apply 

Theorem 1.2(a).

Observe that ifn  — k +  l  <  k, that is if n <  2k — 1 , then \X PI Y\ = 2  k — n. On 

the other hand, if n > 2k, X  fl Y  =  0. Moreover since 9 preserves intersections then
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for any fixed point Z  of 6,

\ z n x \  = \ 0 ( z n x ) \  = \ e ( Z ) n e ( X ) \  = \ z n Y \ .

If n >  2k, that is if X  fl Y  =  0, then

\ z n x \  = \ z n Y \  < ^ < t .

Consequently, Z X  and Z Y  axe edges of K  (n, k,t).  In other words, Z  is a neighbor 

of both X  and Y.

Finally, assume that n < 2k — 1 . In this case \X  D Y\  =  2k—n and Z  C  X u Y  =  

N.  Therefore,

k =  \z\ =  \ z n x \  +  \ z n Y \ - \ z n x n Y \ = 2 \ z n x \ - \ z n x n Y \

>  2 \ Z n X \ - 2 k  +  n > 2 \ Z n X \ - k  +  2i.

(The last inequality was obtained by substituting k +  j  for n and using the fact 

that j  > 2i -f 1 .) Once again we get

\ z n x \  = \ z n Y \  < k - i  = t,

that is that Z  is a neighbor of both X  and Y.  ■

7.3 N ote

If j  <  i, then K  (k +  j , k , k  — i) is a discrete graph since for any two k—subsets X  

and Y  we have

\ X n Y \  =  \X\ +  \ Y \ - \ X u Y \ > 2 k - { k + j )  > k - j > k - i .
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Consequently W  ( K  (k 4 - j ,  k, k — i ) , 2) is determined by the parity of 

| V  (K  (k +  j, k,k — z'))|. So in light of Theorem 7.2 we have determined 

W  ( K  (k +  j, k,k — i ) , 2) for k >  2 i -F 1 and all values of j  > 0  except for those in 

the range i +  1 <  j  <  2i. For i — 2 and k >  5, for example, that leaves j  =  3 

and j  =  4, that is W  ( K (k +  3, k, k — 2 ), 2) and W  ( K (k +  4, k, k — 2 ), 2) to deter­

mine. The following lemma tells us that these are equal to W  ( K (k +  3 ,3 ,1) ,  2) and 

W  ( K  (k +  4,4,2), 2), respectively.

7.4 Lemma

Let i, j  >  1 and j  > i. There is a graph isomorphism

K ( k  + j ,  k , k - i )  = K ( k +  j , j , j  -  i ) .

P roof. We define a map

*  : K  (k  +  j ,  k, k -  i) — * K  (k +  j , j , j  -  i)

by complementation, that is we let

* ( X ) = X ' =  { 1 , 2 , . . . , n } \ X f

or any A:—subset X .  Suppose that X  and Y  are A;—subsets with \ X  fl Y\  < k — i. 

Then

\ X ' n Y ' \  =  \ ( X u Y ) ' \ = k + j - \ X u Y \

=  k + j - { \ X \  + \ Y \ - \ X n Y \ )

= k + j - 2 k  + \ X H Y \
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< k +  j - 2 k Jr k  — i

=  j - i -

Since X "  =  X,  this shows that ^ is an isomorphism of graphs. ■

7.5 D iscussion

Using r—MIC’s (maximal intersection colorings with r colors), Hararv and Tuza [6 ] 

computed W  (P , 2) =  W  ( K  (5,2,1), m ) , where P  =  K { 5,2,1) =  L (K5) is the 

Petersen graph and m =  1,2,3. We extend their results to K  (n ,2 , 1 ) =  L (Kn). 

In fact, by the lemma, we will actually be computing W  (K  (k +  2, k, k — 1 ), m) for 

k > 1  and m =  1 , 2 ,3 .

Recall that in a proper coloring of the vertices of a graph each color class forms 

an independent set of vertices, that is no two vertices in the set are joined by an edge. 

Observe that a set of distinct A:—subsets {X,} of {1 ,2 , . . . ,  n}  forms an independent 

set of vertices in K  (n, k, k — 1) if and only if |Xn n  X t21 =  A: — 1 for any two A:—subsets 

X n and X i2 in the set.

The game of Achievement played with r colors on the vertices of a finite graph 

G ends with a proper r —coloring of a subset of vertices of G such that each color 

class Ci, 1 < i <  r, so produced is maximally independent with respect to uncolored 

vertices. By this we mean that if for any color class there exists an independent 

set D with C ^ C D  and

( Z A c y n  u  ^  =  0 ,
i¥*o
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then D =  .

A collection of r such maximally independent sets is referred to as an r—M IC  

by F. Harary and Z. Tuza.

Observe that a 1 —MIC is nothing but a maxima] independent set of vertices. 

More generally, an r—MIC is a maximal r—partite graph.

Let S  be a (k — 1 ) —subset of {1 ,2 , . . . ,  n}  and

T C { 1 , 2 ........ n } \ 5

an m —subset. (Hence 1 <  m < n —k+1.)  The set {S  U {£} 11 €  T}  is an independent 

set of vertices in K  (n, k, k — 1 ) and will be referred to as an m —star. We denote 

m —stars by Sm.

A subset of a star is a star. More precisely, if Sm is an m—star and X  C Sm, 

then X  =  Sm> for some 1 <  m' < m.  (In fact, ml  =  |X|.)

Let R be a (k +  1) —subset of {1 ,2 , . . . ,  n}. The set of k—subsets of R is also an 

independent set of vertices in K  (n, k, k — 1 ) and will be referred to as a &—sim plex. 

We denote k—simplices by A* or A*. We note that |Afc| =  k +  1 .

If X  C Afc, then X  is an independent set with 1 < |A | < k +  1. Denote X  by 

A*, where i =  |X |. Note that A £ + 1  =  Afc and Si =  A lk for i =  1 , 2 .

7.6 Lemma

Let K  be a 1—MIC in K  (n, fc, k — 1 ). If n =  k +  1, then K  =  Afc. If n >  k +  2, then 

K  =  Afc or K  =  Sn-k+1-
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P roof. If n =  k +  1 , then clearly

K  =  V( K( n ,  k , k -  1 )) =  A fc.

So assume that n >  k +  2. Let X , Y  E K  be distinct A;—subsets in a 1—MIC K.  

Then \X fl Y\ =  k — 1. Without lose of generality, assume that X  =  {1 ,2 , . . . ,  k}  and 

Y  =  { 2 ,3 , . . . ,  k -f-1 }. Let Z  E K \  {X,  Y} .  Then either

Z  C X  U Y  =  { 1 ,2 , . . . ,  A: +  1}

or Z £  X  U Y.  In the first case we claim that

K  =  Ak =  {k — subsets of { 1 , . . . ,  k -i- 1 }} ;

in the second case that

K  =  Sn-k+i =  { {2 , . . . ,  A:} U {£} | t =  1  or t >  k +  1 } .

Suppose that Z  C X  U Y.  Then \X fl Y  fl Z\ =  k — 2. Given Z' € K \  {X,  Y, Z}  we 

need to show that Z' C X  U Y . If not then there exists z! E Z' \  ( X  U Y)  with

Z' \  {z'} =  Z ' n z  =  Z' n x  =  Z' n Y

(since all these sets must have cardinality k — 1 .) But this implies that \X fl Y  fl Z\ =  

k — 1, a contradiction. Therefore, Z' C X  U Y  for any Z' E K  \  {X,  Y  Z}  , which is 

to say K  =  A*.

Finally suppose that Z <£. X  U Y.  Then there exists z E Z  \  ( X  U Y)  with

z  \  { z }  =  z  n x  =  z  n Y  =  {2 , 3 , . . . ,  k } .
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Thus Z  =  {2 ,3 , . . . ,  k}  U {z} and {X,  Y, Z}  is a 3—star. If Z' € K  \  {X , Y Z }  , then 

Z' £  XUY.  Else we would have Z 'nZ  =  Z \ { z }  =  { 2 ,3 , . . . ,  k}.  But this would imply 

that Z'  =  X  or Z' =  Y,  a contradiction. Consequently, there exists z7 G Z' \  ( X  fl Y)  

with Z' \  {z7} =  Z' fl X  =  Z' f l  Y.  In other words, Z' =  { 2 ,3 , . . . ,  fc} U  {z7}. This 

shows that K  =  Sn-k+i- ®

7.7 N ote

As a corollary of the proof of the above lemma, we have that for n >  k +  2 the winner 

of the Achievement game is determined as soon as player A makes his second move. 

(If n =  k +  1 , then the winner is determined from the very beginning.)

7.8 Theorem

. . . ,  r, , , , . . ,. f  B if n is even and k is odd,
=  otherwjse

In particular,

w ( l ( K J , l )  = W ( K ( n , 2 , l ) , l )  =  A

for any n >  3.

P roof. If n =  k +  1  then every 1—MIC is a k—simplex. Thus player A wins if k is 

even whixc player B wins if k is odd. If n >  k +  2, player A determines in his second 

move whether the 1—MIC is going to be a k—simplex or an (n — k +  1 ) —star. For
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player A to lose (that is for player B to win), n — k + l  and k - f 1  must both be even. 

But this occurs precisely when n is even and k is odd. ■

7.9 Theorem

If n =  k +  1, then

W ' ( K ( n , k , k - l ) , l )  =  \  £  ^ ! Sodd’ v v ’ ’ > ' [  B iffc is even.

If n > A: +  2, then

tj ni Ts i  i i  i\  f B if n and k are both even,W  ( K { n , k , k -  1),1) =  |  A otherwise

P roof. Since player A determines whether the 1 —MIC is going to be Ak+i or Sn-k-ri, 

if either f c + l o r n  — fc +  l i s  even, then W ' (K  (n, k, k — 1 ), 1 ) =  A. Equivalently,

W ’ (K  (n, k, k — 1 ) , 1 ) =  B  if and only if both k +  1  and n — k +  l  are odd, that is if

both n and k are even. ■

7.10 Lemma

A 2—MIC K  U L in K  (n, 2,1) takes one of the following forms:

(1 ) A 2 U 5„_i (n >  4)

(2 ) A 2 U A 2 (n >  5)

(3) 1 c 1 to (n >  5)

(4) A 2 U Sn- 3 (n > 6 )
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(5) Sm U Sm' (m, m! >  3, m +  m' =  n — 1 >  6 ).

N o te  In the isomorphism K  (n, 2 ,1 ) =  L (K^). vertices of K  (n, 2 ,1 ) correspond 

to edges of K„ and two vertices of K  (n, 2 ,1 ) are nonadjacent if and only if the 

corresponding edges of K„ have a common vertex. Therefore, a 2—simplex A 2 in 

K  (n, 2 ,1 ) corresponds to a triangle in K*, while an m—star in K  (n, 2,1) corre­

sponds to a set of m edges in Kn having exactly one vertex in common.

P roof. Let K  U  L be a 2—MIC in K  (n , 2 ,1 ) where n >  4. Then K  =  A 2 or K  =  Sm 

for some 3 <  m < n — 1 , and s imilarly for Z.. This follows from the fact K  and Z 

are independent sets and therefore contained in maximally independent sets. But the 

latter, the 1 —MIC’s, are of the forms A 2 or Sn- i  by Lemma 7.6. Since n >  4, we 

must have m >  3.

Let K  =  A 2, the 2—subsets of some 3—subset R of N. Then either Z is A2, the 

2—subsets of some (different) 3—subset R of N, or Z is a star. We show that both 

these possibilities do arise and the result is either case (1), (2) or (4).

If n >  5, then \N \  i?| =  n — \R\ =  n — 3 > 2 . This allows us to choose R 

such that \R n i2| <  1 , in which case A 2 fl A 2 =  0. Thus Z =  A 2 is a possibility. 

Conversely if we have L =  A2 then, since

A 2 n A 2 =  0, <  1.

So L =  A 2 can only occur if

n >  Ifi U R\ =  |i?| -I- \R\ -  Ifl D R\ >  3 +  3 -  1 =  5.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7.10 Lemma 79

This gives us case (2).

If L is an m —star, then

L =  {{so,t} 11 E T }

for some so € N  and T  C N \ { s 0} with \T\ =  m. We need to determine the values 

of m  (if any) for which this can occur. Either sq £  R  or s0  ^ R.

If s0  E R,  then for any t  E R \  So we have {s0, £} E A 2 because {s0, t } C R. 

Moreover, {so, t }  £  L since we must have L fl A 2  =  0. Therefore, T  C N \ R .  Since 

L is required to be maximally independent with respect to uncolored vertices and 

{so, 0  ^ A 2 for all t  E N  \  R, we must have T  =  N  \  R.

Consequently we could set L =  { { s o ,  t }  11 E T  } as long as |T| > 3. Since \T\ =  

n — 3, \T\ >  3 if and only if n >  6 . Hence, for n >  6 , we may have K\J L =  A 2 U  Sn- 3 - 

This is case (4).

If so £ R-j then {so,t} $ £ i ? f o r a l l f E T  =  ./V \  {so}. As in the last case, we 

could set L =  {{s0, £} 11 E T }  as long as |T| >  3. Since \T\ = n  — 1 , [T*! >  3 if and 

only if n >  4. Hence, for n >  4, we may have K  U  L =  A 2 U Sn_i. This is case (1).

We now only need to consider the cases where both K  and L are stars of 

cardinality at least three. We need to show that there are exactly two of these, 

namely (3) and (5). Let AT be an m —star, m >  3. In the above language, K  =  

{{so,£} \ t  E T } , where T  is a subset of N  with |T| =  m.  Either m =  n — 1 =

| N \  {s0} | , in which case T =  N  \  {so} (and so K  =  5n- i) , or m < n — 1 , in which 

case T  ^  N \  {so}.
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Assume first that m  <  n — 1 . Since K  is maximally independent with re­

spect to uncolored vertices, then L =  {{sq, f} 11 £ T  } , where T  =  N \ { T  U  {sq}).

So for n > 7 we have the 2—MIC K  U L =  Sm U  Sm', with m +  mf =  n — 1 . This is 

case (5).

Suppose that m =  n — 1 , in which case n >  4 since we're requiring that m >  3.

where so €. N  such that so Sq and T  C  jV \  {so}. Since K H L  =  0, T  =  N \  {so.so}- 

Note that |T | >  3 if and only if n >  5. Hence for n >  5 we have the 2—MIC 

K  U  L =  Sn- i  U  Sn- 2 - This takes care of the remaining case and so we are done. ■

7.11 Theorem

For n >  3,

In particular, W  (P, 2) — A  for the Petersen graph P  =  L (Kn).

P roof. It follows from Theorem 7.8 that for n even player B has a winning strategy 

for Achievement if and only if he can force at least one monochromatic A 2 . He does 

this as follows.
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Suppose that player A assigns color 1 , say, to the vertex { 1 , 2 }. Since we are 

assuming that n >  4, then there exists at least one vertex {3,4} which is nonadjacent 

to { 1 ,2}. Let player B assign color 2 to {3,4}. Without loss of generality we suppose 

that player A then assigns color 1 to vertex {1, z} , for some i G N  \  {1}. Player 

B wins by assigning color 1  to {2, i } .  (This results in the monochromatic A 2 =  

{ { 1 . 2 M M M 2  ,*}}.)

Assume that n is odd. By Lemma 7.10, player A has a winning strategy for 

Achievement if he can force at least one monochromatic Sn-\-  (Here we axe assuming 

n >  5. However, player A can win any game if n =  3 since K  (3,2,1) is the discrete 

graph on 3 vertices.) He does this as follows. Let player A assign the color 1 to the 

vertex { 1 , 2 }.

If player B assigns the color 1  to an adjacent vertex, say { 1 ,3} ,  then player A 

should assign the color 2 to {2,3}. The unique 2—simplex containing {1,2} and 

{2,3},  namely A 2 =  { { 1 ,2 } , { 1 ,3} , {2,3}} , is now bichromatic. Consequently, 

the 1—MIC induced by color 1 will be star. We claim that is the star Sn - 1 =  

{ { 1 , i}  | i € N  \  {1} }. The vertices { 1 ,2} and {2,3} have already been assigned the 

color 1, while for i G N  \  {2,3},  { l , i }  is adjacent to {2,3} and so it can not be 

assigned the color 2. Consequently all the vertices of SW-i =  {{1, £} | i G N \  {1} } 

must be assigned the color 1 .

If player B assigns the color 2 to a nonadjacent vertex, say {3,4} , then player 

A should assign the color 1  to {1,3}. Player B must then assign the color 2 to 

{1,4} in order to prevent a monochromatic Sn_i =  { { 1 , z} | i G N  \  {1} }. But then
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player A can assign the color 2 to {2.4} and this results in a monochromatic Sn- i  =

Since player A can force at least one A2, then W ' (K  (n, 2 ,1 ) ,2) =  A for even n. 

Since player B can force at least one Sn- 1 , then W ' (K  (n, 2 ,1 ) , 2) =  B  for odd n. 

Proof. The result follows at once from the fact that

As an added bonus, we would like to determine W  (K  (n, 2 ,1 ) , 3) =  W  \JL (Kn), 3 

for any n >  3, the case n =  5 having already been settled in [1].

T.14 Lem m a

A 3—MIC K  U L U M  in K  (n, 2,1) takes one of the following forms:

(1) A 2 U A 2 U A 2

(2) A 2 U A 2 U 5n_!

7.12 Corollary

K  (k +  2, k, k — l) =  K  (k +  2,2,1) ■

7.13 Corollary
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(3) A 2 U A 2 u Sn—3

(4) A 2 U A 2 U Sn—5

(5) A 2 U Sn-1 U Sn—2

(6 ) A 2 U Sn_ 1 U Sn- 4

(7) A 2 U iSn- 2  U Sn- 3

(8 ) A 2 U Sn- 3 U Sn—3

(9) A 2 U Sm U Sn_m_ 1 (m, n — m — 3 > 1)

(1 0 ) A 2 U Sm U S n -m -3 (m, n — m — 3 > 3)

(1 1 ) Sn- l  U Sn—2 U Sn- 3

(1 2 ) Sn—2 U Sn- 2 U Sn- 2

(13) Sn—2 U Sm U Sn—m— 1 (m, n — m — 3 > 1, m, n — m — 3 ^ 1 )

(14) Sn— 1 U Sm U Sn—m—2 (m, n — m — 3 > 3)

(15) Sm U Sm' U Sm" (m, m'm" > 3, m +  m' +  m" =  n — 1 )

P roof. Each color class is an independent set and as such is contained in a maximal 

independent set. But the latter, the 1 —MIC’s, for 2 —simplices and stars according 

to Lemma 7.6 (with n =  k +  1 ). Hence, each color class forms either a 2 —simplex or 

a star. Case (1 ) is the situation where ail three are simplices. Assume next that we
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have precisely two 2 —simplices (and one star). In K  (n, 2 ,1 ) , a 2 —simplex consists 

of all the 2—subsets of some 3—subset of N  =  {1 , . . . ,  n}  and the set 2—subsets can 

be construed as edges of a triangle in K n- Denotes these two 3—subsets by R and 

R'. Then R  fl R! is either empty or contains exactly one point (this point thought of 

as a vertex in Kn.) The star consists of edges sharing a single vertex, the basepoint. 

If this vertex is in R fl R! ^  0, then the star has cardinality n — 5 (case (4)). If the 

vertex is an element of R \  R' or R' \  R, then the star has cardinality n — 3 (case (3)). 

Finally, if the vertex is an element of N \  (R U R' ) , then the star has cardinality n — I 

(case (2 )).

Assume next that there are two stars and one simplex. Suppose that the simplex 

consists of the 2—subsets of the 3—subset R  of N.  If the two stars share the same 

basepoint and this basepoint is an element of R, then the sum of the cardinality of 

the two stars must be n — 3 (case (10)). If they share the same basepoint and this 

basepoint is not an element of R, then the sum of the cardinality of the two stars must 

be 71 — 1  (case (9)). If the basepoints are distinct and neither one is an element of R, 

then one star must have cardinality n — 1  and the other star cardinality n — 2  (case

(5)). (The star with cardinality n — 1  is the one that contains the edge connecting 

the two basepoints.) If the basepoints are distinct and precisely one of them is an 

element of R,  then the star with basepoint in R has cardinality n — 3 (if it contains 

the edge between basepoints) or n — 4 (if it doesn’t). This forces the other star to 

have cardinality n — 2 and n — 1, respectively. That takes care of cases (6 ) and (7).
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Last but not least, if the basepoints are distinct and both are elements of R,  then 

both stars have cardinality n — 3 (case (8 )).

Now suppose that the 3—MIC consists of three stars. We need to show that this 

results in cases (11) through (15). If the three basepoints are distinct, then the edges

or trichromatic, that is its three edges will be colored with exactly two or three colors.

triangle leads to case (1 1 ), a trichromatic triangle to case (1 2 ).

Suppose next that exactly two of the stars share the same basepoint. Thus

contained in one of the two stars sharing a basepoint or in the third star. That leads 

to cases (13) and (14), respectively. Finally, we have the case where all three stars 

share the same basepoint. This is case (15). ■

The diagrams below illustrate the fifteen cases of the lemma. (Red edges are 

denoted by dotted line, blue edges by dashed lines and black edges by solid lines.)

between pairs of basepoints form a triangle. This triangle will either be bichromatic

(It cannot be monochromatic since the 3—MIC consists of three stars.) A bichromatic

there are two distinct basepoints. The edge between these two basepoints is either

(1)
i

(2) (3) (4)

(5) (6) (7) (8)
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(9) (10) (11) (12)

(13) (14) (1 5 )

7.15 Theorem

W  (I(KJ.3) = W ( K ( n , 2 , l )  ,3) =  B

for all n >  4. In particular, W (P, 3) =  B  for the Petersen graph P  = L (K5 ).

P roof. We should point out first that not all cases in Lemma 7.14 can occur unless 

n >  10. We ignored such restrictions in the lemma because we won’t be needing them 

here. Though obviously some of player A’s moves considered below will require that 

n be large enough, player B’s response in each of these cases will not require that n 

be any larger as long as n >  5. Hence player B’s strategy as outlined below will be 

valid for all values of n >  5. Player B has a forced win for n =  4 since in this case all 

the vertices of K  (4,2,1) must be colored. (In fact, K  (4,2,1) = =  P2 U Pi  U P2 , the 

disjoint union of three paths of length one.)
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First we may assume that n >  4 is even. Then the fifteen cases from Lemma 

7.14 divide into two groups.

(1 ) A 2  U A 2 U A 2 (5 ) A 2  U Sn_i U Sn—2
(2) A sU A aU S,^ !  (6 ) A 2  U Sn- i  U Sn _ 4

(3) A 2 U A 2 u 5 n _ 3  (7) A 2  U 5 n_2 U 5 „ _ 3
(4) A 2 U A 2 U.Sn_s (9) A 2  U 5m U
(8 ) A 2  U Sn-3 U Sn- 3 (10) A 2 U 5m U 5 „ _ m _ 3

(13) Sn _ 2 U Sm U  5„_m_i (1 1 ) 5n_ 1 u 5 n. 2 u 5 n _ 3

(14) Sn—i U Sm U  5 n _ m _ 2 (12) Sn _ 2 U  Sn _ 2 U Sn- 2
(15) Sm U  Sm' U Sm"

The cases in the first column are wins for player A, the ones in the second column 

wins for player B. In order to win, player B must force either three stars with three 

distinct basepoints or one simplex and two stars. Furthermore, the two stars must 

either share a basepoint on the simplex or have distinct basepoints at least one of 

which is not on the simplex. He achieves this goal as follows.

Whichever edge player A colors, player B responds by coloring an adjacent edge 

with a different color.

A  
/  \

/
/

/

Player A now has seven essentially different ways to respond to player B’s move.

(1) (2) (3) (4)
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A

/ ________ a

(5) (6 )

1 X

(7)

In both case (3) and (5), player B responds to player A’s move by forming the 

following configuration.

In cases (1), (2), (6 ) and (7), player B responds in such a way as to construct 

the following equivalent configurations, respectively.

/ \

i
For case (4), player B should respond as follows.

Hence, it now suffices to consider the following three configurations.

(a) (b) (c)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7.15 Theorem 89

Given case (a), player A must make one of the following seven moves.

1 x '  \i d  _  _  1 ' .

(1) (2) (3) (4)
' X  ' X  /  ✓ Xx . a   N

/
(6) (7)

A _______ i.

(5)

Player B responds, respectively, as follows:

L i \

(1) (2) 

* -------------

(3) (4)
/  \  /  \  /  \

'  X  '  '  X----------- \  ^ _______ l  4 ______\

1 ^ .  ^
(5) (6) (7)

In each case it is clear that if there are going to be three stars then they must 

all have different basepoints. Moreover, in all but the first case it is also clear that at 

most one simplex will be constructed and if so at least one of the two star’s basepoints 

won’t be on it. In the first case, there is still the possibility of two simplices form ing. 

However, player B can easily prevent this in his next move (if player A doesn’t do this 

first) by forming a bichromatic simplex. (In a bichromatic simplex, the intersection
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of the two edges having the same color will turn out to be the basepoint of a star in 

that color.)

Player A can respond to case (b) in one of the following nine ways.

FT" 
I '

(1 )

\

(2)

A .✓ \

(3) (4)

M

(5)
't*

'  I ' x  ✓ I '
.   t—
\  1

✓  v

(6) (7) (8) (9)

Player B’s response in each of these cases is as follows.

- t x  / \  ' t x  ^ x  ^ x
/  i \  '  ' '  y  i '  N> /  < X

V  r " /  r  C i >  — 7  ^ — \—z7
s i /  I ^ X /  X> j /

(1) (2) (3) (4) (5)
>*x - t x  ^ x  ^ x

/  » v  '  W  '  ' '  '  N'/  1 \  /  ! \  /  \  /  v

v f7  ^ 7  r \ 7
(6 ) (7) (8 ) (9)

Cases (1 ) and (3) which are identical, will lead to a blue simplex and red star 

(since there is a bichromatic simplex with two red edges), since the red star’s base­

point won’t be on the blue simplex, all player B needs to do to win is force a black 

star. Suppose player A colors an edge black. Since n is even and consequently n >  6 ,
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there exists an edge which shares a vertex with the two black edges. Player B can 

color this edge black insuring that a black star results. Suppose instead player A 

colored an edge red.

✓ 1 V
^ ---- 1----^

'  i ' '  !

Then player B could again force a black star by making the following move.

'  I v'✓ 1 V

Cases (2) and (8 ) are identical and lead to black and blue stars with different 

basepoints. If we had a red simplex to boot, then player B would win since the blue 

star’s basepoint would not be on it. The only way that player A could win would be 

by forcing a red star having the same basepoint as the black one.

If player A colored an edge black or blue, then player B would respond by 

form ing a bichromatic simplex consisting of two red edges and one black edge. This 

would result in a red star with basepoint distinct from the black star’s So to prevent 

this from happening, player A must assign the color red to an edge that intersects 

the red and black edges. Since this cannot result in a bichromatic simplex with two 

red edges, player B can complete a red simplex and thus wins the game.

Cases (4) and (9) are identical as well. They axe also a bit tricky. The bichro­

matic simplex with the two black edges guarantees that there will be a black star.
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If player A colored an edge black and a black star is not completed, then player B 

would also color an edge black. Observe that since n is even, player B could not pos­

sibly have completed the star. If player A colored an edge black and that completed 

the star, then it would also force a blue simplex. At this point, player B can force a 

red star and since this star’s base would not be on the blue simplex he would win. If 

short of the completion of the black star, player A colored an edge blue or red forming 

a star (respectively a simplex), then player B would respond by coloring an edge red 

or blue, respectively, and forming a simplex (respectively a star). Since the basepoint 

of the star that is formed is not on the simplex, player B will win the game.

The identical cases (5) and (7) lead to Sn _ 2 U Sn- 2 U Sn_2, which is a win for 

player B. That only leaves case (6 ) to consider. Player A cannot force both a blue 

and red simplex. (If player A forces a simplex in blue, say, in his next move, then 

player B will force a star in red.) So we will end up with either three stars with 

distinct bases or one simplex and two stars with at least one of the stars’ bases off 

the simplex. Again player B wins.

It only remains to consider case (c). In this case, player A must make one of 

the following nine moves.

✓ / ✓ rv

(1) (2)

' T ' ' '

(3)
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(6 )

s
/

s  J

(7) (8) (9)

Player B’s response to these nine cases, respectively, is as follows.

*  
*  /  

'  /

N  A s

7  7
\

7

/
s

s
V ----

V
\

X
X

X

7

>
s

s
X.----

V
\

X
X

X

7 I Nr

(1 )  (2 ) (3) (4) (5)
s \ \/  I \

s
s

KV
X

A
S N \

«
Sy

t
X

X
X* 1 * 

^ V/ / . _____
X

7
s %

X

7

X

7
(6) (7) (8) (9)

Cases (3) and (7) are identical and both give rise to Sn- 2 U Sn- 2 U 5„_2. The 

remaining cases each gives rise either to three stars with three distinct bases or a 

simplex and two stars, both whose basepoints are distinct and “off the simplex” 

(A 2 U  S-n—i U Sn_2). that takes care of the first half of the theorem.

Last but not least, we assume that n is odd with n >  5. The fifteen cases then

split up as follows.
(I) A2 U A2 U A2 (2) A2 U A 2 U Sn_i
(8 ) A2 U Sn - 3  U Sn - 3 (3) A 2 U A 2 U S n - 3

(9) A2 U 5 mU Sn-m -1 (4) A 2 U A 2 U Sn - 5

(10) A2 U  Sm U Sn—m—3 (5 ) A 2 U Sn-l U  Sn-2
( I I ) Sn-l U Sn-2 U Sn- 3 (6 ) A 2 U Sn - 1 U  S„-4
(12) Sn-2 U Sn-2 U Sn-2 (J) U Sn- 2 U  S n - 3

(13) Sn-2 U Sm U Sn—m—l (15) S  m U Sm' U 5 m-
(14) Sn-l USm U Sn-m-2
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Again, the cases in the first column are wins for player A, the ones in the second 

column wins for player B. In order to win, player B must force three stars with a 

com m on basepoint, one simplex and two stars with distinct basepoints not both of 

whose basepoints are on the simplex, or precisely two simplices. He achieves this goal 

as follows.

Whichever edge player A colors player B responds by coloring a nonadjacent 

edge (with a different color).

I 
I 
I

Player A now has five essentially different ways to respond to player B’s move. 

The first row of diagrams below illustrate player A’s possible responses; the second 

row how player B counters each of these moves.

I I

I

I I 
I
I i

\
I I

(1) (2 ) (3) (4) (5)

Since cases (1 ), (2), (4) and (5) are equivalent, there are in fact only two essen­

tially different cases to deal with.

f

(a) (b)
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Player A may respond to case (a) in any one of 17 different ways:

/  /  /  /  /  A  /
/ '  A ✓ /  ✓ \  S

r /  . « i-------------1 r  • • r \ ;  r n  ii/___ I i nJ i_____! i_____ ! i _:>J i___ sj  i___^
(1) (2) (3) (4) (5) (6 ) (7)
/  A /v   ̂\  /  A /✓ /  /  \  /  \  / /  /  ✓

r f 1 r i i i i /  i f  r /  .
! i I i I i I L 1 I i^_ 1

(8 ) (9) (10) (11) (12) (13) (14)

' '  A  ' '
L A  L A i

(15) (16) (17)

Player B responds to each of these as follows.

✓ ✓ ✓ ✓ /V  '

t  I I I

/  A /  A \ \  Arf  ! r * " ?  i----- 1 r= ̂  « r \; r
» ^  J  i / 7  ^  i_____ si ___i____ ii

(1) (2) (3) (4) (5) (6 ) (7)

, f  , <  ✓ ' v ,  A  ' *
f /  r f - — i f \ xi i \ i  f /  \ .  f  /  r - v '  •

! £  I 1_____ 2 I Jl £  ^  l/ ^ J
(8 ) (9) (10) (11) (12) (13) (14)

lL j  '/S  LAi
(15) (16) (17)

Cases (1 ), (6 ) through (13), (15), (16) and (17) already have one colored simplex. 

In his next move, player A can force at most one more. So all that player B needs 

to do is force a star and this he can do. (He may be required to do this in one move 

by forming a bichromatic simplex.) In all these cases except perhaps (15) it is clear 

that if exactly one simplex is formed, the two stars will not share a basepoint and
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least one of their base points will not be on the simplex. In case (15), player B must 

take care that the game doesn’t end with a black and red star sharing a basepoint 

(A 2 U  5m U  Sn-m-1 )- The black edges will form a star; however player A c a n n o t  force 

a red star having the same basepoint. (If he starts to do so, player B would force a 

red simplex and this would lead to A2  U  A 2 U  Sn-m - 1 which is a win for player B.)

Cases (5) and (14) are identical. In his next move, player A can force at most 

two stars and at most one simplex. (He can simultaneously force a blue and red star 

by forming a triangle with one blue side and two red sides.) If player A forces a star, 

player B forces simplex and vice versa. This results in one or two simplices. In the 

event that there is only one simplex at least one of the two stars’ basepoint won’t be 

on it. Moreover, the two stars will have distinct basepoints.

Cases (2) and (3) are identicad and are treated as follows. If player A colors an 

edge blue, then player B colors an edge blue. Since n is assumed odd, player A will 

lose this “waiting game”, that is player B will color the last blue edge if player A 

persist in coloring edges blue. So eventually, player A will either choose or be forced 

to color an edge red or black. Player A can force a red or black star in his next move 

by forming a bichromatic simplex in black and red.

If player A forms such a bichromatic simplex, then player B responds by coloring 

another edge with the same color, the color of the star thus formed. For argument’s 

sake let us say it is red. Again, since n is odd, player A cannot win the “waiting 

game” on red either, so player A must eventually color an edge black. However, 

he cannot form another bichromatic simplex involving black. So whatever edge he
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colors black, player B responds by completing the black simplex. Since the blue 

star’s basepoint (which is distinct from the red star’s) does not lie on the simplex, 

the resulting configuration is a win for player B.

If player A instead colored an edge red or black but doesn’t form a bichromatic 

simplex (in red and black), then player B can follow suit with the same color forming 

a simplex in that color. Once again this leads to a win for player B.

This same strategy can be applied to case (4). However, this time it is possible 

to form two bichromatic simplices, one consisting of one blue and two red edges and 

the other consisting of one red and two black edges. This would result in three stars 

which player B does not want. But player A cannot force both of these at the same 

tim e-they involve coloring different edges and each of these may be assigned more 

than one color. More precisely, if player A formed a red and black simplex, then 

player B can form a simplex consisting of one and two blue edges by coloring the 

r e m a in in g  edge blue (assuming it hasn’t already been colored blue). This prevents 

player A from forcing a red star. If instead player A formed a red and blue simplex, 

then player B can form a simplex consisting of one black and two red sides by coloring 

the remaining edge red (assuming it hasn’t already been colored red), this prevents 

player A from forcing a black star.

It only remains to consider case (b). If player A makes a blue simplex, player 

B will respond as follows.
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i i i i i 
/

/
/

/
§

Similarly, if player A forms a red and black path of length three, then player B 

would form a blue simplex. All player B has to do now is force a red or black star 

(or both which would necessarily have different basepoints.) It is easy to see that he 

can achieve this.

If instead player A  formed a blue star, then player B would respond by coloring 

another edge blue as well. If the edge colored blue by player A  is nonadjacent to the 

red (respectively black) edge, then player B can also choose an edge nonadjacent to 

the red (respectively black) edge to color blue. If the edge colored blue by player 

A is adjacent to the red (respectively black) edge, then player B can also choose 

an edge adjacent to the red (respectively black) edge to color blue. This prevents 

player A  from form ing either a bichromatic simplex consisting of one blue and two 

red edges or a bichromatic simplex consisting of one blue and two black edges. If 

player A  continued to color edges blue, then so would player B by following the 

above prescription. Since n is odd, player B can always respond in this fashion. So 

eventually player A  must assign the color red or black to an edge at which point 

player B .can complete a simplex in that color. The blue star’s basepoint won’t be 

one it and so this is a win for player B.

Finally, suppose player A assigns the color red (respectively black) to an edge 

and this edge is not adjacent to a black (respectively red) edge. Then player B may
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assign the color blank (respectively red) to an edge which is not adjacent to a red 

(respectively black) edge. Depending on the configuration at this point, player A 

may force at most two stars. If he does so, then player B can force a simplex in a 

remaining color. Conversely, if player A forms a simplex in one color, player B can 

force a star in another. The usual arguments convince us that at this point player B 

will win. ■

7.16 T heorem

W  (K  (n, 2 , 1 ) , 3) =  W  ( Z ( K j , 3) =  A

for all n >  4. In particular, W' (P. 3) =  A  for the Petersen graph P  =  L (K 5). 

P roof. Assume first that n is even. As noted in the proof of theorem 44, the case 

n =  4 is a forces win for player B in Achievement (and hence a forced win for player 

A in Avoidance). So we may as well assume n > 6 . We also observed in the proof 

of theorem 44 that player B wins Achievement if he can force either three stars with 

three distinct basepoints or one simplex and two stars, at least one whose basepoints 

is not on the simplex. We show that for even n player A can do the same and hence 

win Avoidance.

Player A begins by coloring an edge blue. If player B then colors an adjacent 

edge blue (respectively red), then player a forms a bichromatic triangle-coloring its 

third edge red (respectively blue).
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A 
/  \

/  \
/  \

I ________ \

At this point, player B has five possible moves.

/ \
✓ s  
 *

(a)

/ l \
*  I N■___!__ j

I
I

(b)

✓ 
z ___

(C) (d)

✓ N 
/  \

(e)

Player A responds to each of these moves as follows.

<-

(a') (b') (cO (d')

/N  
✓ N 

I6 ----------*

(e')

In cases (c7) and (d7), it is clear that at most one triangle will be formed and 

that if precisely one triangle is formed then the two stars’ basepoints will be distinct 

and at least one won’t he on the triangle. So it remains to consider cases (a7), (b7) 

and (e7).

Player B can respond to case (a7) in one of eleven ways. We list them below 

together with player A’s countermoves.

y  n
I

✓ N.
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(1) (2) (3) (4) (5)

(6 ) (7) (8 ) (9) (10) (11)

We consider case (1 ) first. If any subsequent move player B colors an edge 

nonadjacent to the black one blue, then player A colors any other edge nonadjacent 

to the black one blue. The fact that n is even guarantees that player A can always 

do this. Eventually, player B must either color an edge adjacent to the black one 

blue or color an edge (adjacent to the black one) black. In the first case, player A 

forms a triangle with two blacks sides and one blue side. This forces a black star. 

In the second case, player A can also force a black star by coloring an edge black. 

The configuration that results is A 2 U S„_i U Sn- 2 , a win for player A. Cases (2) and

(9) will result in three stars with three distinct basepoints, again a win for player 

A. In the remaining cases, three stars would also be a win for player A since they 

must automatically have distinct basepoints. However, in these cases there is the 

additional possibility that precisely one (black) triangle will be formed. But since the
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edge connecting the basepoints of the red and blue stars is already colored, both of 

these basepoints cannot lie on the triangle.

Next we consider player B’s responses to case (b') above. There are nine of 

them. We list them below together with player A’s next move.

(1) (2) (3) (4) (5)

(6 ) (7) (8 ) (9)

In all cases it is clear that for there to be three stars there must be three distinct 

basepoints. In all cases except (4) it is also evident that (at least) two stars will result 

and that they will have distinct basepoints. (In each case the edge connecting these 

basepoints is already colored and so if a triangle is also formed, at least one of these 

basepoints won’t lie on it). It remains to consider case (4).

If in any subsequent move player B colors an edge nonadjacent to the black one 

blue, then player A colors any other edge nonadjacent to the black one blue. The fact
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that n is even guarantees that player A can always do this. Eventually, player B must 

either color an edge adjacent to the black one blue or color an edge red or black. In 

the first case, player A forms a triangle with two black sides and one blue side. This 

forces a black star. On the other hand, if player B colors an edge red (respectively 

black) then player A forces a red (respectively black) star by coloring another edge 

red (respectively black). The analysis now proceeds as in the other cases. That takes 

care of case (b'). Finally, we consider case (e;)

Player B must respond to (e') in one of thirteen ways.

x v  / \  / \  / \  A  A
/  \  X V  X \  ' / V  X ' V  X V

f ---------7^-  x A 1̂ 7------   r*------- ---------------------- ^J , X  I i — I, I \  I
I !__________  £ ________  1_________ X I___________

(X) (2) (3) (4) (5) (6 )
X V  A  ' ' v  ^ v  x A  / s .

x v  /  \ \  ✓ v  '  v  x /  N .  x  n n
I4  V 1 --------- > 1̂ --------- - ----------I I \  I I /  I /  I

I \  1____ A !_____ I I____ /  l /

(7) (8 ) (9) (10) (11) (12)

x x .i

(13)

In all cases it is clear that for there to be three stars they must all have distinct 

basepoints. By forming a star in his next move if he has to, player A can prevent 

more than one triangle from forming. Moreover, if precisely one triangle results, then 

the two stars’ basepoints won’t both lie on it.
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Now we consider the case where player B responds to player A’s initial move by 

coloring a nonadjacent edge (with a different color of course.) Since we are assuming 

n >  6 , there exists a third edge nonadjacent to the first. Let player A color this edge 

(with the third color).

i i
I !
i S

Player B must respond in one of essentially two ways.

In the first case, player A can force the configuration in case (a') above. In the 

second case, player A responds with

I
I

I will now show that starting with this configuration, player A can force three 

stars with three distinct basepoints. If player B colors an edge blue in any subsequent 

move, then player A responds by coloring another edge blue. Player A can always 

respond tin this fashion because n is assumed to be even. Eventually, player B must 

color an edge a different color, say red. Player A then forces a red star. If in any 

subsequent move player B colors an edge red or blue, then player A colors an edge red 

or blue. The players cannot continue coloring edges red and blue indefinitely. In fact
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they must stop once the red and blue stars are complete. But their total cardinality 

is 2 n — 1 . So player B cannot force player A to color a second black edge: player B 

must do that himself and at that point player A forces the third (black) star. Since 

the three stars will have distinct basepoints, player A wins once again.

We now assume that n is an odd number. In order to win Avoidance, player 

A must force three stars with a common basepoint, one simplex and two stars with 

distinct basepoints not both of whose basepoints are on the simplex, or precisely two 

simplices.

If player B responds to player A’s initial move by coloring an adjacent edge a 

different color, then player A colors the mutually edge adjacent to both with the third 

color.
K

/  \
/  \

/
L________1

Player B has essentially only one possible response.

Player A then completes the red triangle.

( * )

Player B must then respond in one of essentially three ways.
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/  V  !✓ V
\ i__V

/ \

In each case player A then proceeds as follows.

I ~ ”  
I /

“TIii

The first c o n f ig u r a t io n  leads to either A 2 U  A 2 U  Sn- 3 or A 2 U  5 n _ 2 U  Sn- 3 , both 

of which are wins for player A. The second and third configurations are identical and 

Player B responds to them by coloring an edge black. Player A then forces a black 

star to win the game.

If instead player B responds to player A’s initial move by coloring an adjacent 

edge the same color, say blue, then player A completes the triangle in that color.

/  \
/  \

/  \

Player B now has essentially two possible moves.

Player A responds to each as follows.
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The first configurations is equivalent to (£ ) above and we have already shown 

that player A has a winning strategy with this configuration. Thus we only need to 

consider the second configuration. Player B must respond in one of essentially nine

ways. We list them below together with player A’s countermove.
/N  / \

'  s  /  S  /  \
------------------ >   V  {

I I /  I II I I I ^i______ ur____________  u^r_  wr

/« -  V ^  - *   ^
! J

( i ) (2) (3)

i
3

* c - - '

(4) (5)

J

(6) (7)

XV 
/  N

^  V
I : : - „ y

(8)

I! s ' >k

(9)
Cases (6 ) and (7) are identical and lead to A 2 U 5„_ 1 U Sn- 2 which is a win 

for player A. In cases ( 1 ), (4), (5), (8 ) and (9), player B must color an edge black 

in his next move. Player A then forces a black star. If player B colors an edge red 

in response to case (2) or (3), then player A can color a black edge so as to form a
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triangle with two black sides and one blue one. This results in a black star. If instead 

player B colors a black edge then player A can still force a black star.

It only remains to consider the scenario where player B starts off by coloring an

edge nonadjacent to the one player A colored.

I i
i !
i !
i S

Assume first that n > 7. Then player A responds as follows.

I i
I s
i s

Player B must make essentially one of two moves.

I 
I 
I

I
I
I

In either case, player A completes the blue triangle.

In either case, whatever color player B next assigns, player A forces a star in 

that color. This insures that three triangles won’t arise. Moreover, if exactly one 

(blue) simplex results, then at least one of the two (red and black) stars’ basepoints 

won’t he on it.
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It only remains to describe player A’s strategy when n =  5 for the case where 

player B responds to player A’s initial move by coloring a nonadjacent edge. In this 

case, player A moves as follows.

I 
I

Player B must then make one of essentially seven moves.

( i ) (2)

(5) (6) (7)

Player A then responds to each of these possibilities as follows.

(S') (6 ') (70
Three simplices can only arise when n > 6 . So player A only needs to insure

that at least one simplex arises and if precisely one does then the two stars have

distinct basepoints at least one of which is not on the simplex. In cases (30, (50 and

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Chapter 7 The General Kneser Graphs 110

(7'), a simplex has already formed while in case (1'), (2f), (4') and (6 ') it is clear that 

at least one simplex is forced due to the fact that n =  5. (This is the reason this 

strategy is not valid for n > 6 .) Moreover, player A can insure in one move, in the 

cases involving two stars, that at least one of the two star’s distinct basepoints won’t 

he on the simplex. Thus we’ve show that player A has a winning strategy for n =  5 

and that completes the proof of the theorem. ■

7.17 N o te

The m —color SC-VCG played on the vertices of K  (n, 2 ,1 ) =  L (Kn) corresponds to 

an m —color coloring game played on the edges of K„: players A and B take turns 

assigning any one of m  colors to the edges of K„ with the proviso that nonadjacent 

edges must be assigned the same colors. (Equivalently, the proviso states that every 

colored edge just intersect all the edges that have been assigned a different color.)

7.18 T heorem

Ws  (K (n ,2 ,1 ) , m) =  Ws  ( l ( K J ,  m ) =  A

if and only if n =  3 (mod4), where m and n  axe integers with m >  2 and n >  4. In 

particular, for all m >  2, Ws (P, m) =  B  for the Petersen graph P  =  L (K5).

P roof. Assume firs that m  is odd. We will show that player A has the winning 

strategy as long as n =  4k +  3, for some positive integer k. Suppose player A assigns 

the color blue to some edge and player B responds by assigning either the same (blue)
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color or a different color, say red, to an adjacent edge. In either case, player A can 

form a bichromatic simplex (in red and blue).

V '''

Since there are no edge adjacent to both the red and blue edge, no edge can be 

assigned a third color. Moreover, the only edges that can be colored blue are those 

adjacent to the red edges. Since n is odd, there exists an even number of these. If 

player B colors one of them blue, then player A can color another blue as well.

Observe that at this point neither player can color an edge red since there are 

no uncolored edges adjacent to all the blue edges Consequently, the players must 

continue coloring edges blue and since there are an even number of edges that can be 

so colored player A wins the game.

Suppose instead that player B added a red edge to the bichromatic simplex.

Since n is odd, player A can respond as follows
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No uncolored edge is adjacent to all the red edges, so no uncolored edge can be 

colored blue. However all edges adjacent to the one blue edge can and will be colored 

by the end of the game. This results in two red (n — 2)—stars (with basepoints the 

endpoints of the blue edge.) All together there will be an odd number of colored 

edges and that is a winning situation for player A.

Consequently, the only feasible response player B has to player A ’s initial move

is to color a nonadjacent edge (with the same color).

I I
I I
I I

Player A can either respond with the same color or with a different color. If 

player a chooses to assign a different color, say red

r i
i i
i i

then player B should assign red as well

r i
i i
L____ 1

Player A must then color one of the two “diagonal” edges; player B wins by 

coloring the other. Thus player A’s only good move is to assign the same color to 

another edge. There are basically two ways of doing this.
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I I
I I  I I
I I  I I

If n =  Ak 4-1, then (£) is an even number. In this case, player B can assign the 

color blue to one more edge of Kn insuring that all the edge be colored blue. This is 

a win for player B. However if n =  Ak +  3, then (”) is an odd number. In this case, 

player A should form the configuration

I I
I I

Player B must then assign a different color, say red.

I I
I I

Else, a monochromatic K„ would result, a win for player A for n =  Ak +  3.) 

Player A responds as follows.

Since no edge is adjacent to all the blue edges only the color blue can be assigned 

from this point on. Since the only edges that can be so colored are those adjacent to 

the two red ones, this will result in a blue (n—3)— star. Together with the bichromatic 

simplex, that gives n colored edges, a win for player A.
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Finally, assume n is even. We wish to show that player B has the winning 

strategy. He responds to player A’s initial move by assigning an adjacent edge a 

different color.

*  \
/  \

Player A has essentially five responses.

, \ Z'v
,  \  /  \  /  \  ; 

/  \  /  /  \ 1 
L  1 . ✓ \  /  N

(1) (2) (3)

A
V  I

A  
/  \

/

(4) (5)
Player B responds to each of these as follows:

/%
/  \

L  \  U

( i )

A
\ 1

✓ v
/  \ ^  l

/  \  I
\  z _________

(2)

/  \

(3)
r  \

/  \
\  /  
-A  Z—

(4) (5)
Here we have essentially two different configurations.

 7 \
/  \

/  \
/  \

In the first case, player A can either color an edge blue
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1! /  \
or color an edge red

k l  A

 ? \ ----
/  \

/  \
/ __________ v

If player A colors an edge blue, then player B colors the remaining “diagonal” 

edge blue and wins

!' \L --------A

If player A colors an edge red, then that leads to a red (n — 3)—star which, 

together with the bichromatic simplex, yields a total of n colored edges. Since n is 

assumed to be an even number, player B wins once again.

Finally, we need to consider the second case above.

/ \
/

L   v*

Player A has essentially two responses.

“ 7 \

In the first case, player B wins the game with his very next move

j V  '  \I \
I / s  \
1 /  X \
I I______ ilk

In the second case, player B must assign the color black to any one of the edges 

adjacent to both the red and blue one. In fact, from this point on both players must
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take turns coloring these edges black until the edges are exhausted. In the end there 

will be a total of n colored edges and since n is assumed to be even that means player 

B will once again win. ■

7.19 Theorem

W's (K  (n, 2 ,1 ) , m) =  W's (lO K J , m ) =  B

if and only if n =  3 (mod 4), where m  and n are integers with m > 2  and n >  3. In 

particular, for all m > 2, Wg (P , m) =  A for the Petersen graph P  =  L (K5).

Proof. For any n >  3, if player B follows player A’s first move by coloring an adjacent 

edge, then player A wins by forming a bichromatic triangle.

/ \
More precisely, player B can respond in essentially one of two ways.

KI 'III , itf-

and in both cases player A can force the configuration

K AI V  *  \ 
V  |J XV I X V ILc— — -.M

Player B loses since he then has to make the last move of the game
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1C----------- 91
I "V ✓  |
' N ^  I ^  V I \ *  N. II*— — . t t

So regardless of whether n is odd or even player B should respond to player A's 

initial move by coloring an adjacent edge (with the same color).

I I
I i
I I

Now assume that n is even. If player A colors an edge red

I I
I I
I I

then player B can respond in one of essentially five ways.

In the first and last cases, player A can force the following configuration

I \  I 
I N

which consists of a bichromatic simplex and a star with basepoint on it. Alto­

gether there axe n colored edges and since n is assumed even this is a win for player 

A.

In the second and fourth cases, player A can respond as follows.
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r s- - |
I s  I 
L___

As before, player B would then make the last move of the game and lose. The 

third case is treated similarly. So for n even we have shown that player A has the 

winning strategy.

If, on the other hand, n is odd and player A colors an edge red

I I
I I
I I

Then player B wins the game by forming the following configuration

since this leads to

I'x I
I \  I
i N

- r “ “  i
i \ i  
I N

So for n odd player A avoids losing only if he colors an edge blue. There are 

three possibilities.

--------------  x '  I  1
i i  f  i I I
I I  I I  I I
I I  I I  I I

In the first case all the edge of Kn can and must be colored blue. Since (£) is 

odd precisely when n =  3 (mod 4), player A wins for values of n =  I (mod 4) while 

player B wins for values of n =  3 (mod 4).

In the second case, player B can color an edge red
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This leads either to

which is a win for player B since n is odd, or to

T " 'T  
I \  *
I N

which is a win for player B for any n.

It only remains to consider the third case. If player B colored an edge red

then player A would win the game by completing the “blue square”.

IT---------- }

'  \ 1
1 \  1
1____

Similar events would ensue if player B formed a “blue square” instead. So player 

B has essentially only two ways out:

1 ^ ----------I \  1 I I
I Nl I I
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In the first case all the edge of can and must be colored blue. Since (£) is 

odd precisely when n =  3 (mod 4), player A wins for values of n =  1  (mod 4 ) while 

player B wins for values of n =  3 (mod 4).

To prevent all the edges from being colored blue in the second case, player A 

would have to color an edge red:

✓✓

But this would lead to
_ — -

\  /
V

which is a win for player B for any n. Consequently, player A must color an 

edge blue. Then all the edges must be colored (blue) and, since n is odd, player B 

wins if and only if n =  3 (mod 4). ■
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