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Abstract
DAWSON’S CHESS. SNORT ON GRAPHS AND
GRAPH INVOLUTIONS
by
Edward Arroyo

Adviser: Professor Michael Anshel

We show that many 2-person graph vertex coloring games are equivalent
to Achievement. a vertex coloring game introduced by Frank Harary and Zsolt
Tuza. We then study classes of graphs that satisfy certain graph involutions
and show that these involutions can be used to develop winning strategies
for these games. Many classes of graphs possess such involutions including
Cayley graphs and generalized Kneser graphs. We also study misere versions

of these games for special classes of graphs.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Acknowledgments

I would like to dedicate this paper to my parents, my wife and my daugh-
ter. Their emotional and financial support made it possible. I would like to
thank my advisor, Michael Anshel, for his guidance and constant encourage-
ment. His faith in my ideas was crucial in helping me persevere. I would
also like to thank Zsolt Tuza for reading the manuscript and making helpful
comments and suggestions. Finally, I would like to thank Jonathan Lewin for
importing this work into Scientific WorkPlace so that it could be typset with

a variation of the Harvard thesis style that comes with that product.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Contents

Introduction ........... ...
1 Graphs with Involutions ................................. ... ...
2 Involutions on Cayley Graphs.................................
3 Graph Constructions...............................L.
4 Examples of Grids, Web and Cub-Like Graphs .........
5 Generalized Petersen and Permutation Graphs .........
6 Complete K-Partite Graphs ...................................
7 The General Kneser Graphs...................................

References...........ooo

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

vi



Introduction

In [6] Frank Harary and Zsolt Tuza introduce two graph-coloring games. Start-
ing with a finite graph G, players A and B take turns assigning colors from a set
{1,...,m} to the vertices of G with the proviso that adjacent vertices are to receive
different colors. Player A goes first and the game ends when no legal moves are pos-
sible. The game of Achievement (respectively Avoidance) is won (respectively
lost) by the player who makes the last move. Since we are dealing with finite graphs
it is clear that in either of the games either player A or B has a winning strategy.
We denote the player with the winning strategy in Achievement (respectively Avoid-
ance) played on the graph G with color set {1,...,m} by W (G, m) (respectively
W'(G,m)). Note that the Avoidance game is what is usually referred to as the
misére version of the Achievement game.

In [14], Thomas J. Schaefer shows that the problem of determining whether
there is a winning strategy for the first player in one color achievement, which he
refers to as (NODE) KAYLES, is PSPACE-complete. (The existence of a polynomial-
time algorithm for deciding a PSPACE-complete game would imply the existence
of polynomial-time algorithms for deciding all other PSPACE-complete games as
well as all NP-complete problems.) Hans L. Bodlaender observes in [2] that, by
transformation, the problem of determining whether there is a winning strategy for

the first-player in two color Achievement (which he calls the COLORING GAME
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Introduction 2

with two colors) is PSPACE-complete as well. He also points out, however, that for

more than two colors the complexity of the COLORING GAME is open.

H. L. Bodlaender also introduces a variant of Achievement which he calls the
SEQUENTIAL COLORING GAME. Here the vertices are ordered and players must
alternately color the lowest numbered uncolored vertex. Bodlaender shows in (2]
that for more than two colors the complexity of this game is PSPACE-complete, but
that for two colors it is solvable in polynomial time. As a variant of this we can
consider ordering the set of colors instead. In fact, some of our results involving
graph involutions apply equally well to this game.

Contrary to Harary and Tuza's assertion in [6, p.149], the analysis of one color
Achievement played on paths has already been undertaken. Dawson’s Chess [1] is
played on a chessboard consisting of 3 rows and n columns with n white pawns
occupying the first row and n black pawns occupying the last row. The game is
played like regular chess except that capturing is mandatory. As usual, if you can’t
move you lose. A moment’s thought reveals that this game is equivalent to one color
Achievement played on a path of length n.

In Winning Ways v.1 (1], Berlekamp, Conway and Guy work out the nim se-
quence of Dawson’s Chess showing that it has a periodicity of 34. The nim sequence
in this case is a function v : N° — N, where N is the set of nonnegative integers
and N~ is the set of positive integers. Player A wins Dawson’s Chess played on a 3
by n chessboard if and only if v (n) > 0. In fact, player B wins if n = 14, n = 34

and, if n > 34, for n = 4 (mod 34), n = 8 (mod 34), n = 20 (mod 34) or n = 28
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Introduction 3

(mod 34). We should also observe that the corresponding nim sequence for Achieve-
ment played on cycles with one color is immediately obtained from the sequence for
Dawson'’s Chess since player A wins one color Achievement on a cycle with ¢ vertices,
t > 4, if and only if player B wins one color Achievement on a path with ¢ — 3 ver-
tices. However, as far as I know, one color Avoidance for paths and cycles has not
been analyzed. By the observation just made, the analysis of this game on cycles
reduces to that on paths, the latter being equivalent to misére Dawson’s Chess.
Harary and Tuza are more successful on paths and cycles if the number of colors

is at least two. The following results for path and cycles appear in [6].

Theorem: (Theorem 2, p.146) Let P, be the path with t vertices. Then

A for todd,

W(P,2) = w (P,2) = { B for teven.

Theorem: (Theorem 3, p.148) If C, is the cycle with t vertices, t > 2, then

W (C:,2)=B and W'(C,2) = A.

(We will prove analogous results for Ws(P., 2), Ws(C,2), Wg(P.,2) and Wg(Cy, 2),
where Ws(G, m) and W¢(G,m) for a graph G and positive integers m will be defined
on page 8 below.)

On the other hand, if m > 2, then

A fort odd,

W (F,m) =W (C;,m) = { B for t even.
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Introduction 4

and

B for £ odd,

W' (P,m)=W'(C,m)= { A for t even.

This follows form the simple observation of Harary and Tuza [6] that if m >
A (G) , where A (G) denotes the maximum degree of G, then no vertex can be rendered
uncolorable during the course of the game and consequently the winner is determined
solely by the parity of |V (G)|, the number of vertices of G. If G is any tree then we
may obtain the same conclusion by requiring that m > 3, while for planar graphs we
need to require that m > 32.

This follows from the work of U. Faigle and W. Kern who prove that the game
chromatic number of a tree is at most four [4], and that of H. A Kierstead and W.
T. Trotter, who prove that the game chromatic number of a planar graph is at most
thirty-three [10]. (The latter result makes use of the four color theorem. The game
chromatic number is defined below.) The subject of these articles is a two person
game played on the vertices of a graph G with m colors. Players alternatively assign
colors to vertices with the proviso that adjacent vertices receive different colors. The
first player’s goal is to color all the vertices, the second player’s goal is to render at
least one vertex uncolorable. (Bodlaender calls this the COLORING CONSTRUC-
TION GAME in [2] and states that its complexity is an open problem. He is, however.
able to determine the complexity of the SEQUENTIAL COLORING CONSTRUC-
TION GAME, a version of the game where the vertices are ordered and players must

alternately color the lowest numbered uncolored vertex.)
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Introduction 5

For |V (G)| odd, it is clear that a first plaver win in the COLORING CON-
STRUCTION GAME produces a first player win in m—color Achievement. The
game chromatic number x, (G) of G is defined (in [2]) to be the smallest m for which
the first player has a winning strategy in the COLORING CONSTRUCTION GAME.
Hence if the number of colors m > x, (G) , then the first player has a winning strategy
in m—color Achievement if |V (G)| is an odd number.

In order to be able to make the analogous statement when |V (G)| is even,
we need to defined the game and game chromatic number slightly differently. More
specifically, the game is played like before except that it is now the second player’s
goal to color all the vertices, and the first player’s goal to prevent this from happening.
The game chromatic number X (G) of a graph G is then defined to be smallest m for
which the second player has a winning strategy. In particular if the number of colors
m > X, (G) then the second player has a winning strategy in m—color Achievement
if |V (G)| is even.

If one can show that the bounds of [4] and [10] hold equally well for x; (G) (and
we do this for G a tree), then one would have shown that for m > 3 and G a tree or
for m > 32 and G a planar graph, the winner of the m—achievement game on G is
determined by the parity of G .

Implicit in the proof of the first theorem above of Harary and Tuza (and to
some extent in the proof of the second) is the use of “graph involutions” in describing
the winning strategies. We will make this explicit thereby allowing us to extend the

techniques in the proof to other classes of graphs, for example Cayley graphs. (In
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Introduction 6

fact our general results involving “graph involutions” extend easily to hypergraphs.
But we don’t pursue such generalizations in this paper.)

In [6], the second theorem above appears as a corollary to the first. We give
a simple independent proof which allows us to generalize the result, via Cartesian
products, to other classes of graphs such “web” graphs and “cube-like” graphs. (The
Cartesian product G & H of two graphs G and H is the graph with vertex set
V (G) x V (H) such that (u,v) (v/,v') € E(GX H) if and only if either u = v/ and
vv' € E(H) or v =7 and wv’ € E (G).) Cartesian products also allow us to reduce
m—color Achievement (respectively Avoidance) to 1—color Achievement. In fact,
WG m)=W(GBKn,,1) and W' (G,m) =W'(GR Kn,1).

In addition to paths and cycles, F. Harary and Z. Tuza also study the Petersen
graph P. There is a well known representation of the Petersen graph as -—(K—s), the
complement of the line graph of the complete graph on five vertices. They introduce
what they refer to as r—MIC’s (maximal intersection colorings with r colors) in order
to study this representation and determine W (P,m) and W' (P,m) for m = 1,2, 3.
We determine W (m,m) and W' (TKn),m) forn>3 and m=1,2,3.

More generally, we have L (K,) = K (n,2,1), where K (n, k, t) is the general

Kneser graph with integer parameters n > k£ > t > 0. For positive integers i, j and

k with j, k > 7 we have an isomorphism
Kk+j kk—-0)2K(k+j,7,7—1).

In particular,

K(k+2, kk-1)2Kk+2 21).
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Introduction 7

So we will in fact be determining W (K (n,k,k —1),2) for all values of n > k. We

also show, using graph involution techniques, that
W (K (n,k,t),m)=B
for odd integers k£ and even integers m and n and that
W (K (k+3j,k k—1),2)=B

for j,k > 2i + 1. In addition, we study Avoidance and various other graph coloring
games on Kneser graphs. We introduce these games next.

The “graph involution” techniques also apply, to varying degrees, to other vari-
ations of Harary and Tuza's Achievement and Avoidance games. For linguistic conve-
nience we will refer to these two games as the Different Colors Vertex Coloring
Game (DC-VCG) and the Misére Different Colors Vertex Coloring Game
(Misére DC-VCG). We can also consider partisan versions of the games by fixing
the color that each player is allowed to use (the two colors being different.) We de-
note these games by PDC-VCG and Misére PDC-VCG, respectively. The player
with the winning strategy for these games played on a graph G will be denoted by
Wp (G) and W (G), respectively. These games reduce to partisan versions of one
color Achievement and Avoidance, respectively, played on G & K, with half of the
vertices reserved for one player and half for the other player. More specifically, if we
denote the two vertices of K, by 1 and 2, then player A can only choose vertices of
G XK, having second coordinate 1, while player B can only choose vertices of GRK,

having second coordinate 2.
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Introduction 8

Another variation results if we change the proviso that adjacent vertices must
receive different colors to the proviso that adjacent vertices must receive the same
color. This will be referred to as the Same Color Vertex Coloring Game (SC-
VCG). The partisan version, denoted by PSC-VCG, is what is referred to in [14]
as SNORT ON GRAPHS. (The usual game of SNORT is a face coloring game
on planar graphs. However, the game can be construed by dualization as a vertex
coloring game on planar graphs.) In [14] Thomas J. Schaefer shows that the problem
of recognizing winning positions in SNORT ON GRAPHS is complete in PSPACE.
The player with the winning strategy for SC-VCG (respectively PSC-VCG) played
on a graph G with m colors will be denoted by Wg (G, m) (respectively Wps (G)).
If we let G’ denote the graph obtained from G by adding a loop at every vertex, then
we have that W5 (G,m) = W (G’ x K, 1), where “x” denotes the direct product.
(The purpose of the loops is to insure that (v,Z) and (v, j) be adjacent in G' x K,
for any vertex v € V (G') = V(G) and any two “colors” 7 and j. This guarantees
that at most one color be assigned to any particular vertex of G in the corresponding
m—color game on G. In other words, one color Achievement on G x K,, (as opposed
to G’ x K,,) corresponds to the game on G which is played just like the Same Color
Vertex Coloring Game except that vertices may be assigned more than one color.)
Similarly, PSC-VCG reduces to the partisan version of one color Achievement which
we considered in the last paragraph. [It may be worthwhile to investigate one color

Achievement on G x L,,, where L,, consists of m loops on m vertices. This game
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Introduction 9

is equivalent to a vertex coloring game on G played just like m—color Achievement
except that vertices may be assigned more than one color.]

Finally, we can also consider the Misére versions of these two games, Mis-
ére SC-VCG and Misére PSC-VCG, respectively. Let Wg (G, m) (respectively
Wps (G)) denote the player with the winning strategy for Misére SC-VCG (respec-
tively Misére PSC-VCG) played on a graph G with m (respectively 2) colors. By the
usual trick, these games reduce to unbiased and partisan Avoidance games, respec-
tively.

More generally, one color Achievement or (Avoidance) on G® H can be thought
of either as a coloring game played on the vertices of G using the vertices of H as
colors or as a coloring game played on the vertices of H using the vertices of G as
colors. In the first case, a player may assign (new) colors to previously colored vertices
of G with the provisos that adjacent vertices can only receive different colors (that is,
vertices of H) and that the set of all colors assigned to any vertex form an independent
set (of vertices) in H. It may be worth noting that other products (direct products,
wreath products, etc.) will result in other such classes of games which reduce to one
color Achievement or variants thereof.

Another alternative is to define an H—coloring game on a graph G as a game
where again players assign vertices of H to vertices of G only this time a vertex of G
may be assigned at most one “color” and adjacent vertices of G may only be assigned
adjacent vertices of H. The special case H =K, results in m—color Achievement and

Avoidance (DC-VCG and misére DC-VCG with m colors), while letting H consist
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Introduction 10

exclusively of loops on m vertices results in SC-VCG and misére DC-SCG on m
colors. However, this game can also be described in terms of one color Achievement
(and Avoidance). More precisely, playing the H—coloring game on the graph G is
equivalent to playing one color Achievement (or Avoidance). More precisely, playing
the H—coloring game on the graph G is equivalent to playing one color Achievement

(or Avoidance) on the “product” G » H defined by
V(G+H)=V(G)xV (H) =V (G) x V(H)
with
((9.h). (g, k) € E(G* H)

if and only if g = ¢’ and h # k' or (9,¢') € E(G) and (h.R') € E (H) (that is (h, k')

is not an edge in H), where H is the complement of H.
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Chapter 1
Graphs with Involutions

Denote the set of vertices of a graph G by V (G) , the set of edges of G by E (G)
and the distance between vertices v and w by D (v, w). An involution is a graph
automorphism ¢ : G — G with ¢? = 1. We will require that the involution be either
fixed-point free (when |V (G)| is even) or possess exactly one fixed point vg € V (G)
(when |V (G)] is odd).

We will be considering two additional properties of involutions, the second of
which only applies to involutions ¢ : G — G having exactly one fixed point vg €

V(G).

1.1 Definitions of the Properties (P;) and (Q;)

The property (P,) says that if v € V (G), then vy (v) ¢ E(G) and the property
(Q:) says that if vy € E (G), then vy (v) ¢ E(G).

Observe that if an involution ¢ with a unique fixed point vy € V (G) satisfies
(P;) then it satisfies property (Q;) as well. Moreover, if v = vg, then (Q;) reduces

to a tautology. (So in checking condition (Q;) we will always assume v # vg.)

1.2 Theorem
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Chapter 1 Graphs with Involutions 12

(a) Let G be a graph with |V (G)| even. If there exists a fixed-point free involution
¢:G— G, then Ws(G,m)=B for all integers m > 1,
W (G, m) = B for all even integers m > 2 and Wp (G) = B.
If the involution satisfies property (P;) as well, then W (G,m) = B for all

integers m > 1 and Wpgs (G) = B.

(b) Let G be graph with |V (G)| odd. Suppose there exists an involution ¢ : G — G
with unique fixed point vgp € V (G). Then W5 (G, m) = A for all integers m > 1.
If, in addition, the involution satisfies property (Q;), then W (G,m) = A for all
odd integers m > 1 and Wps (G) = A.
If we replace property (Q:) by (P;) in the hypothesis, we then get W (G,m) = A

for all integers m > 1.

Proof. (a) If SC-VCG is the game in question (in which case adjacent vertices must
be assigned the same color) and player A assigns the color i to the vertex v, then
player B should assign the same color i to the vertex ¢ (v). Since ¢ is a fixed-point
free involution, player B’s move is legal if and only if player A’s move is.

Now assume the number of colors is even. Denote the set of colors by C and
choose a fixed-point free involution « : C — C. (Here C is to be thought of as the
trivial graph with |C| vertices.) Suppose we are dealing with either the DC-VCG
(that is the Achievement game) or the PDC-VCG (in which case each player has his
own fixed color, say 1 for player A and 2 for player B, and adjacent vertices must

be colored differently). If player A assigns the color ¢ to the vertex v, then player B
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1.2 Theorem 13

should assign the color « (Z) to the vertex ¢ (v). Once again since ¢ is a fixed-point
free involution, player B’s move is legal if and only if player A’s move is.

Now assume further that the involution satisfies property (P;). In the DC-VCG
(that is Achievement game), if player A assigns the color 7 to the vertex v, then player
B should respond by assigning the same color ¢ to the vertex ¢ (v). Once again since
@ is a fixed-point free involution, player B’s move is legal if and only if player A’s
move is.

In the PSC-VCG, if player A assigns the color 1 to v, then player B should
respond by assigning the color 2 to ¢ (v). (The vertices v and ¢ (v) cannot be adjacent
since the involution satisfies property (P;).)

(b) In the SC-VCG, player A should assign any color to the vertex vg. Then if
player B assigns the color ¢ to any other vertex v, then player A should respond by
assigning the same color 7 to the vertex ¢ (v). Since ¢ is an involution with unique
fixed point vg, player B’s move is legal if and only if player A’s move is.

Now we assume that ¢ satisfies property (Q;) and that the number of colors
is odd. Hence we can choose an involution k : C — C on the set of colors having
precisely one fixed point, say 1. First we consider the DC-VCG. Player A should
begin by assigning the color 1 to vg. If in any subsequent move player B assigns the
color 7 to a vertex v, then player A should assign the color « (¢) to the vertex ¢ (v).
Thus player A’s choice of color will be different from B’s when ¢ # 1 and the same
as B’s when 7 = 1. Since ¢ is an involution with unique fixed point vy and satisfies

property (Q;), player A’s move is legal if and only if player B’s move is.
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Chapter 1 Graphs with Involutions 14

In the PSC-VCG, we assume that ¢ satisfies property (Q;) and player A starts
off by assigning the color 1 to vg. If in any subsequent move player B assigns the
color 2 to some vertex v, then player A responds by assigning the color 1 to ¢ (v).
Once again player A’s move is legal if and only if player B’s move is.

Finally, assume that the number of colors is even and ¢ satisfies property (P,)-
In the DC-VCG player A once more should begin by assigning the color 1 to vg. If
in any subsequent move player B assigns the color 7 to a vertex v, then player A
should respond by assigning the same color i to the vertex ¢ (v). This time the fact
that ¢ is an involution with unique fixed point vy and satisfies property (P;) (in the
Achievement game) guarantees that player A’s move is legal if and only if player B’s
move is. (We need the stronger condition (P,) for 7 # 1; when 7 = 1 property (Q:)
suffices as was noted above.) W

Let us now consider the H —coloring game mentioned in the introduction. Recall
that the H—coloring game on a graph G is the game where players assign vertices
of a graph H to vertices of a graph G with adjacent vertices of G receiving adjacent

vertices of H.

1.3 Corollary

Let p:G — G and ¥ : H — H be graph involutions. (Denote by ¢ : H — H

the involution induced by ¢ on the complement A of H .)
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1.3 Corollary 15

(a) If at least one of the numbers |V (G)| and [V (H)]| is even, and ¢ is fixed-point

free and satisfies property (P1), then player B wins the H —coloring game.

(b) If [V (G)| and |V (H)| are both odd, both ¢ and 1 have exactly one fixed point,
denoted by go and hg, respectively, and both satisfy property (Q;), then player

A wins the H—coloring game.

Proof. We pointed out in the introduction that playing the H —coloring game on
a graph G is equivalent to playing one color Achievement on the “product” G x H,
where V (Gx H) =V (G) x V (H) =V (G) x V (H) with (g, k) and (¢', #') adjacent
in Gx H ifandonly if g =g’ and h # I’ or (9,¢') € E(G) and (h, k') € E (H) (that

is (h,R') is not an edge in H).

(a) Observe first that |V (G« H)| = |V (G)||V (H)| is even. Define & = (¢, v) :

G«H — GxH by

®(g,h) = (¢(g), ¥ (h).

Since ¢ and 9 are involutions, it follows from the definition of G x H that & is
also an involution. Clearly & is fixed-point free since ¢ is. Moreover, ¢ satisfies
(P.): the vertices (g,k) and (¢ (g),¥ (h)) are not adjacent in G x H since

g # ¢ (g) and, because y satisfies property (P.), g and ¢ (g) cannot be adjacent

in G either. The desired result now follows from Theorem 1.2(a).

(b) This time |V (G * H)| is odd. Define ® = (¢, %) : G« H — G« H as above.

Clearly ¢ has exactly one fixed point, namely (go, hg). We will show that if
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Chapter 1 Graphs with Involutions 16

(g, k) is not adjacent to (go, ho) in G + H then (g,h) cannot be adjacent to

(¢ (9) . ¥ (h)) either.

The vertices (g, k) and (¢ (g) ,@(h)) are adjacent in G % H if either g = ¢ (g)
and h # ¥ (k) or g is adjacent to ¢ (g) in G and h is adjacent to ¥ (h) in H. If
the first is the case, then g = go and h # hg. But that implies that (g, h) and
(go,ho) are adjacent in G x H which is a contradiction. If the second is the case,
then g # go and h # hqo. Moreover, since both ¢ and % are assumed to satisfy
property (Q;), we must also have that g and gy are adjacent in G and h and hg
are adjacent in H. But this implies that (g, k) and (go ho) are adjacent in G = H,

again a contradiction. B

We can now restate the proof and statement of Theorem 2 of [6] in terms of

graph involutions. First let P, be the path with ¢ vertices.

1.4 Corollary

For t even, W (P,,2) = B. For t odd, we have W (P,,m) = A for m = 1,2.

Proof. Let V(P)={0,1,...,t—1} and
E(P)={{i,i+1} |0 <i<t-2}.

Define the involution ¢ : P, — P, by p(i) =t—i—1for0 <i <t—-1. Itis
fixed-point free for ¢ even and has exactly one fixed point, namely 5, for t odd. The

involution ¢ does not satisfy property (P;) for even t. However it does satisfy it for
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odd t since in this case

D (i, (i) = 2D (i,t; 1) > 9

forall0<i<t—-1l,i#. B

In fact we have proved more.

1.5 Corollary

For ¢ even,

Ws (P, 1) =Ws(FR,2) =Wp (F) =B.
For ¢t odd,

Ws (P, 1) = W5 (R, 2) = Wps (R) = A.

We also have the following analogues of Theorem 2 and Theorem 3 in [6].

1.6 Theorem

Let P, be the path with t > 4 vertices. Then

' A for t odd,
Ws(Po2) = { B for t even.
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Chapter 1 Graphs with Involutions 18

1.7 Theorem

If C; is a cycle with ¢ > 1 vertices then

, A for t even,
Ws (Ci.2) ‘{ B for t odd.

In order to prove these results we need an analogue of Lemma 1 in [6] for the

2—color SC-VCG.

1.8 Lemma

Let P, be the path with ¢ vertices and assume that its endpoints (and only its end-
points) are colored. If the endpoints have distinct (respectively the same) colors, then
each player can force an odd (respectively even) number of uncolored vertices in P,.
Proof. First observe that if player A colors a vertex next to one of the colored
endpoints, we end up with a shorter uncolored path with the “same” colors on the
endpoints as the original path. Hence player A can force the conclusion of the lemma
on path with ¢ vertices if player B can force the conclusion of the lemma on path with
on t — 1 vertices. So it suffices to show that player B can force the conclusion of the
lemma on any path consisting of at least two vertices.

The proof is by induction on ¢ with the lemma clearly holding for ¢ < 5. Assume
that ¢ > 5 and that the lemma holds for any path having less than ¢ vertices. We
need to show that it holds for a path having ¢ vertices.

Let us consider a path having ¢ vertices. Every internal node z has a neighbor

y whose other neighbor z is not an endpoint. If player A assigns the color 7 to z,
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1.8 Lemma 19

then player B should assign the color z to y. This results in two uncolored subpaths.

There are essentially three different cases to look at, as shown in Figure 1.1.

1 1 1 1
© EVEN EVEN
1 2 2 1
oDD oDD
1 1 1 2
"~ EVEN oDD
Figure 1.1.

In each case we have indicated the parity of the number of uncolored vertices in
each subpath that player B can force using the inductive hypothesis. The inductive

step is now easily verified to complete the proof. B

Proof of Theorem 1.6. Suppose that t > 4. Set V (P,) = {vo,v1,...,ve—1}.
L = {v,nu} and R = {vi—2,v:—1}. Iftis odd, then player A should start by
assigning the same color 1 to v et Then whenever player B assigns color i to v,
player A should assign the same color ¢ to v;_r—;, as longasv, ¢ LUR. Iftis
even, then whenever player A assigns same the color ¢ to v, player B should assign
the same color © to vi—pr—;.

Since the proof for t even and t odd are almost identical, from this point on we

will only consider the case where t is even. If at some point player A assigns the color
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Chapter 1 Graphs with Involutions 20

i to a vertex v~ € L U R, then player B should assign the color 3 — z to the vertex

V-1, if possible.

1 2 2 1 1 2 2 2
Vo Vi DD  EVEN ooD EVEN 0DD EVEN EVEN Vi, Vi1

Figure 1.2.

Each uncolored subpath in Figure 1.2 is labeled with the parity of the number
of uncolored vertices player B can force. Observe that the parities of the subpaths to
the right and left of the “middle” subpath are in one-to-one correspondence except
for the “outermost” subpaths which have opposite parity. Since the parity of the
“middle” subpath is even, then by applying the previous lemma to each uncolored
subpath we conclude that player B can force an odd number of uncolored vertices on
the whole path. Since the path is assumed to have an even number of vertices, this
is equivalent to saying that player B can force an odd number of colored vertices. (A
similar argument holds for paths of odd length. The only difference is that we no
longer have a “middle” subpath.)

The only time player B won’t be able to respond in the above fashion is when
v, and v,_3 are already colored and player A colors v; or v;_,. For argument’s sake,
assume that player A has assigned the color 2 to v, (and v2 and v;—3 have been
assigned the color 2 in previous steps). See Figure 1.3. Player B cannot assign the

color 1 to v;_s; however he can assign the color 1 to v;—;.
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22 2 1 12 2 1
Vg Wi VL,EVEN ODD EVEN "O0DD EVEN v,; Vi, Vi

Figure 1.3.

This renders v;—o uncolorable. Once again player B forces an odd number of
uncolored vertices which translates into 2 win in Avoidance. The situation for odd ¢
is analogous. Consequently, we have provided a winning strategy for Avoidance for
player A (respectively B) for odd (respectively even) values of ¢t. B
Proof. of Theorem 1.7. Assume first that ¢ is an odd number and player A assigns
a color to a vertex v of C,. Then player B should assign the same color to an adjacent
vertex w. The path from v to w has an odd number of vertices and its endpoints have
been assigned the same color. By Lemma 1.8, player B can force an even number of
uncolored vertices in C;. Equivalently, he can force an odd number of colored vertices
and so he wins the Avoidance game.

Now assume that t is an even number. Let us say that players A and B have
colored the vertices v and w, respectively. If v and w are adjacent then they must have
been assigned the same color. By Lemma 1.8, player A can force an even number of
uncolored vertices in C;. Since the path from v to w has an even number of vertices,
that resplts in an even number of colored vertices as well and so this time player A
wins the Avoidance game.

If, on the other hand, vertices v and w are not adjacent, then there are two paths

from v to w. The lengths of the two paths have the same parity. By Lemma 1.8,
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Chapter 1 Graphs with Involutions 22

the number of uncolored vertices player A can force in one path has the same parity
as the number of uncolored vertices he can force in the other path. Consequently,
the number of colored vertices in one path will have the same parity as the number

of colored vertices. Altogether there will be an even number colored vertices and so

player A wins the Avoidance game. B
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Chapter 2
Involutions on Cayley Graphs

Let S be a set of generators for a finite group F which satisfies the following

two conditions:

(a) The identity element e & S.

(b) fs€ S, thens™tes.

The Cayley graph G = G (F, S) is defined by

V(G)=F and E(G)={{g,h} |g~'h e S}.

2.1 Theorem

Suppose F is a finite group of even order and S is a set of generators as above. Then
W (G(F,S),m) = B for all even integers m > 2. If, furthermore, there exists an
element a of order two with a ¢ gSg~! for any g € F, then W (G (F,S),m) = B for
all integers m > 1.

Proof. For each element a € F, there is a bijection of sets ¢, : F — F defined by
left translation: ¢, (g) = ag for all g € F. Observe that {g,h} € E (G) if and only
if {ag,ah} € E (G) since (ag)~! (ah) = g~'h. Consequently the bijection ¢, induces

an automorphism @, : G — G of the Cayley graph.
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Chapter 2 Involutions on Cayley Graphs 24

If a € F is an element of order two, then @, is a fixed-point free involution.
There is a theorem due to Cauchy which states that every group of even order has
an element of order two. If we let a be any such element then the first part of our
theorem follows from the first part of Theorem 1.2(a).

The involution satisfies property (P,) if for all g € F we have gg, (g9) € E (G).
But g and @, (g) = ag are adjacent precisely when g~'ag € S. Consequently, the
involution @, satisfies property (P,) if and only if a ¢ gSg™' for any g € F .

The last part of our theorem then follows from the last part of Theorem 1.2(a).

2.2 Corollary

Suppose F is finite abelian group of even order. Then
F= Zp? @Zp? @"-@Zp:k

for some positive integer k, where p;, 1 < ¢ < k, are (not necessarily distinct)
prime numbers and s;, 1 < 7 < k, are positive integers. Let S consist of the set

of k generators of F which correspond under the isomorphism to the standard basis

{.’1,'1,.7:2,.. .,.’Bk} of
Zp;x D Zp;2 S---B Zp;k-

If either

(a) forsomel <i<k wehavep,=2 ands; >2,0or
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(b) forsomel<i<k,i#j, pi=p; =2,

then W (G (F,S),m) = B for all integers m > 1.

Proof. Observe that since F is abelian a ¢ gSg~! for any g € F if and only if

a € S. The corollary will follow from the last part of Theorem 2.1 once we show that

condition (a) or (b) guarantees the existence of an element a € 7\ S of order two.
If the group satisfies condition (a) then let a € F be the element which corre-

sponds to 2"~ under the isomorphism
F = Zp;1 @Zp;'z Q- @szk.

Clearly the element @ has order two. Since s; > 2, then 2" # z; and z2" ™ # ;1.
Consequently a ¢ S. If, on the other hand, the group satisfies condition (b), then let

a € F be the element which corresponds to z;z; under the isomorphism
F = ZP? @Zp;2 @-"@Zp:k.

Since (z:z;)* = 222 = e, then a has order two. Moreover, a ¢ S. B
The dihedral group D, is the group of order 2n generated by elements a and

b subject to the relations a® = 1, b2 = 1 and ba = a™'b.

2.3 Corollary

Let S = {a,a*"!,b}. Then W (G (D2, S),m) = B for all positive integers k£ and

m.
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Chapter 2 Involutions on Cayley Graphs 26

Proof. Since
(ab)? = abab = aa™'bb = b = e,

the elements ab has order two. The second part of Theorem 2.1 will apply once
we show that for all g € Dorg™! (ab) we have g ¢ S. Note that g = a*b’, where
0<i<2%-—1and 0<j<1.

Assume first that j = 0, that is that ¢ = o' with 0 <7 < 2k — 1. Then

g—l (ab) g= a™* (ab) at = al~'bat = a1‘2ib,

But a!=%b € S if and only if 2k| (1 — 27), which is impossible.

If, on the other hand, j =1, thatisif g =a%, 0 <i <2k —1, then

g_l (ab) g = (aib)_1 (abd) (aib) = ba—‘aba'b = ba'~tha'b = a¥ b,

But once again a*~!b € S if and only if 2k | (1 — 2), which is impossible.

Since we have shown that g~ (ab) g ¢ S, for all g € Dy, we are done. Ml

2.4 Remark on Symmetric Groups

Let S, be the symmetric group on n letters. The group S, has order n! which
isevenifn > 2. Letz=(123---n—1n)andy =(lnn—1---43). Then S, is

generated by r and y with (yz)’ =e.
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2.5 Corollary

Let S ={z,z7!, y, y~'} and that n > 4. Then W (G (S,..S),m) = B for all positive
integers m.

Proof. Let a = yz = (12). Then a® = e. In fact, g7'ag = (¢71(1),¢971(2)) has
order two for any g € S,,. But z has order n and y has order n — 1. Since we are
assuming that n > 4, g7'ag ¢ S for all g € S,,. The corollary then follows from the

second part of Theorem 2.1. I

2.6 Example

Figure 2.4 shows the graph of G (S4,S). The “rule” for labelling the vertices is as
follows: as you proceed around a triangular region you multiply vertices by y and as
vou proceed around the “darkened” rectangular regions you multiply vertices by z.
Then for any element g € S; the involution maps the elements g and ag to each other
where a = (12) = yz = z3y%. For example, e — yz = 3y%, y — 73, > — 2y,

T« yz? and z* — yz°.

2.7 Theorem

Suppose F is a finite abelian group of odd order and S is a set of generators as in

Theorem 2.1. If g® ¢ S for all elements g ¢ S, then W (G (F,S) ,m) = A for all odd

integers m > 1.
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e x3
y yX
x3 X2 \
y2 Y
Xy, xy
xy? 2y ~__\
X ‘2
Figure 2.4.

Proof. For any abelian group F we have a group automorphism v : ¥ — F defined
by ¥ (g) = g~! for all g € F. Then for any set S as described above, ¥ induces a
graph involution ¢ on the Cayley graph G (F, S) with unique fixed point e, the unit
element of F.

We are assuming that the group F has odd order. It follows by a theorem of
Lagrange that F has no element of order two. Consequently, ¥ satisfies property
(Q,) if whenever {g,e} ¢ E (G) then {g,97'} ¢ E (G). This is equivalent to saying
that if g ¢ S then g2 ¢ S. The theorem now follows from the first part of Theorem
1.2(b). &

If F is a finite abelian group of odd order, then

FRZn8Zp6 - @Z
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for some positive integer k, where p;, 1 < ¢ < k, are odd primes and s;, 1 < i < k,
are positive integers. Suppose that {a;,...,ax} is the set of generators of F that
corresponds to the standard basis of

Zp;1 & Zp;2 S-S Zp:k

under the isomorphism.

2.8 Corollary

Suppose that F is a finite abelian group of odd order
as above and let

S = 2 pil-1 2 P2 -1 2 pE -1
=qa,a},...,a" "y d,...,a? T, ... a4}, ...,0; )

Then W (G (F,S),m) = A for all odd integers m > 1.
Proof. We just need to show that g°> ¢ S for all elements g € F\ S. Let
g=diap o € F,
where 0 < r; < p;* forall 1 < i < k. Assume g € S. So there exist 7 and j, ¢ # J,
such that r; # 0 and r; # 0. Since p; and p; are odd primes, 2r; # 0 (mod p;) and
2r; # 0 (mod pj). Consequently,

F=a"am...ad ¢S B
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Chapter 3
Graph Constructions

In this chapter we will study how the involutions introduced in the first section
behave with respect to several graph operations.

The power d of a graph G, denoted by G, is the graph obtained from G by
adding edges between nonadjacent vertices that are distance d or less apart. (Observe
that we can generalize the game of Achievement by strengthening the notion of a legal
move: vertices that are distance d or less apart cannot be assigned the same color.
Then playing this more general game of Achievement on the vertices of a graph G is
tantamount to playing the usual game of Achievement on the vertices of G¢.)

Clearly this operation is “functorial” with respect to graph homomorphisms.
Consequently an involution ¢ : G — G induces an involution ¢; : G¢ — G¢
for all integers d > 1. It is obvious that all these involutions have the same set of
fixed points. Moreover, ¢, satisfies property (P;) or (Q;) if and only if ¢ satisfies

properties (Py) or (Q), respectively, where (P4) and (Qq) are as follows:

(Ps) D(p(v),v)>d, foral veV(G)
(v # v if v has a unique fixed point vy),

and

(Qa) If D(v,v) >d, then D (¢(v),v)>d.
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(For future reference observe that any involution with at most one fixed point
satisfies properties (Pg) or (Qo).)
As a consequence of these observations we have the following immediate corol-

lary of Theorem 1.2.

3.1 Theorem

(a) Let G be a graph with |V (G)| even. If there exists a fixed-point free involution
¢ : G — G, then W (G%,m) = B for all integers d > 1 and all even integers
m > 2.
If in addition, ¢ satisfies property (P4) for some integer d > 1, then

W (G¢,m) = B for all integers m > 1.

(b) Let G be a graph with |V (G)| odd. Suppose that there exists an involution
¢ : G — G with unique fixed point vq € V (G). If the involution satisfies
property (Qq) for some integer d > 1, then W (G, m) = A for all odd integers

m 2> 1.

If we replace property (Qq) by (P4) in the hypothesis, we then get W (G¢,m) =

A for all integers m > 1.

3.2 Corollary
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(a) Iftis an even integer, then W (P?,m) = B for all integers d > 1 and all even

integers m > 2.

(b) Iftis an odd integer, then W (PZ,m) = A for all integers d > 1 and all odd

integers m > 1 as well as for d = 1 and all even integers m > 2.
Proof. Let the involution ¢ : P, — P, be defined as in Corollary 1.4.

(2) For even t, ¢ is fixed-point free and so the first part of Theorem 3.1(a) applies.

(b) For odd t we have already checked that ¢ satisfies property (P;). In doing so
we used that fact that D (i,p (1)) = 2D (i,5*) forall0 <i <t —1.7 # S
But this fact also implies that if D (i,‘—'z'z-) > d then D(i,¢(i)) > 2d, for
0 < i <t—1. Hence, for odd t. ¢ also satisfies property (Qg) for all integers
d > 1. Thus the first part of Theorem 3.1(b) applies for all d > 1, while the

second part applies only ford =1. B

3.3 Cartesian Product of Graphs

The Cartesian product G X H of two graphs G and H is the graph with vertex
set V (G) x V (H) such that (u,v) (v,v') € E(G® H) if and only if either u = v’
and vv' € E(H) or v = ¢ and uv’ € E(G). Similarly, if we are given graphs G,

1 <i < r, we can define their Cartesian product G; K G, ® --- ¥ G, inductively.
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Clearly the Cartesian product is a bifunctor and so given involutions g, : G; —

G:, 1 <i < r, their product
R, B--- By, :GRGR---BG, — G RG,R---KG,
is also an involution.
Observe that
A \/
p=p R X---Rp,
is fixed-point free unless each ¢, has fixed points. In this case, the number of fixed

points of ¢ equals [] n:, where n; equals the number of fixed points of ¢;, 1 <i <,

=1

respectively. In particular, if each o, has a fixed point v;, then v = (v;,v9,....7,)

is the unique fixed point of ¢.

3.4 Theorem
Let 1 : G — G be a fixed-point free involution and A any graph. Then
W ((G@H)",m) =B

for all integers d > 1 and all even integers m > 2.

If v satisfies (P4) for some integer d > 1, then
W((G@H)",m) =B

for all integers m > 1.

Proof. Clearly v induces another fixed-point free involution

v EyYyR1ly:GRH —GRH.
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Therefore the first part of Theorem 3.1 (a) applies. The second part will also apply

once we show that 1’ satisfies property (Ps). But
D ((u,v) ¥' (u,v)) = D¢ (u, ¥ (u))

for all (u,v) € V(G® H), where D is the distance function on G ® H and D¢ is
the distance function on G. Consequently v’ satisfies property (P,) if and only if ¥

does. B

3.5 Lemma

Let ¢, : G; — G;, 1 <7 < r, be involutions. If each ¢;, 1 <7 < r, has a unique fixed
point and satisfies property (Qg) for all d > 0, then ¢ has a unique fixed point and
satisfies property (Qg) for all d > 0.
Proof. We have already observed that ¢ has a unique fixed point if each ¢, has one
and this is tantamount to saying that o satisfies property (Qq) if each ¢, satisfies it.
Let vp = (v;, v2,...,v,) be the unique fixed point of .
If
u=(u,u,....4) EV(GiRGK---HG,),

then

D(wv) = 53 D; (u5,%),
where D is the distance function on G, BG, X ---® G,, D, is the distance function

on Gj, j € J, and

v = (v1,02,...,0) EV(GLRG,B---RG,)
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is the unique fixed point of ¢. Since each (; satisfies property (Qg) for all d 2 0,
D; (u;.¢; (us)) = D; (uj,v;) foralll < j <r. Hence,
D(Uyﬁa(u)) = Z},D] (uj'l(pj (uJ)) 2 ZIDJ (ujvvj) = D(’U., 'U)
I= J=

foralue V(G XG,X---®G,). It follows from this that ¢ satisfies property (Qu)

foralld >0. B

3.6 Theorem

(a) Let p; : G; — G;, 1 < i <, be involutions, at least one of which is fixed-point
free. Then W((GIXIGQE---IZIG,)",m) = B for all integers d > 1 and all
even integers m > 2.

Let J = {j | ¢, is fixed-point free } and say that in addition ¢;, j € J, satisfies

property (P4) for some d; > 0. If

d'= S d;i+|J] >1,
jeJ

then
W((G1®G2®~--@G,)d,m) —B

for all integers 1 < d < d’ and all integers m > 1.

(b) Let g, : Gi — Gy, 1 < i < r, be involutions each of which has a unique fixed

point and satisfies property (Qg) for all integers d > 1. Then

W((GIEleE---&G,)d,m) = A
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for all integers d > 1 and for all odd integers m > 1.

If instead each involution ¢;, 1 < 7 < r, satisfies property (Pg,) for some d; > 1,
then
W((GIX!Gg@---@G,)d,m) '
for all integers 1 < d < d’ and all integers m > 1, whered’ =min{d; |[1<i<r}.

Proof.

(a) (a) We have already noted that ¢ is fixed-point free and so the first part of
Theorem 3.1 (a) applies. In order to apply the second part, we need to show
that ¢ satisfies property (Pg) for 1 <d <d’' = }_ d; 4+ |J|, assuming each ¢,

jedJ

satisfies property (Pgy,). But if

u=(u, U ..., %) EV(GIRG K- --KG,),

then

Do) = 3 D(ue(w)> X D;(u e, (u))

=1 1€J
> ¥ ([@+1)= T dj+J|=d'>d
i€J j€J
(b) We have already observed that ¢ has a unique fixed point. Each ¢, satisfies
property (Qq) for all integers d > 1 and so by Lemma 3.5 so does ¢. Now we

can apply the first part of Theorem 3.1(b). Let

u=(u1,u2'...,u,.)€V(G1®G2®---®G,)
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with u # vg, the fixed point. Then for some 1<i < r we have u; # v;. So
D (u,¢(u)) 2 D; (i, p; (w:)) > di > d” > d,

since each involution ¢;, 1 < i < r, satisfies property (de ). So the hypothesis of
the second part of Theorem 3.1(b) is satisfied and the desired conclusion follows.
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Chapter 4
Examples: Grids, Web Graphs and
Cube-Like Graphs

G=P,RP,R---RP,,

the Cartesian product of r paths of possible different lengths. Alsolet e = [{i [¢; is even}],

the number of even length paths.

4.1 Theorem

(a) Ife>1, then W (G?% m) = B for all integers d > 1 and all even integers m > 2.

If € > 1, then W (G% m) = B for all integers 1 < d < ¢ and all integers m > 1.

(b) If==0, then W (G?% m) = A for all integers d > 1 and all odd integers m > 1

or for d = 1 and all integers m > 1.

Proof.

(a) Define the involutions ¢, : P,, — P,, 1 <i < r, as in the proof of Corollary 1.4.
Recall that they are fixed-point free for ¢; even and have exactly one fixed point

for t; odd. So if € > 1, then ¢ is fixed-point free and the first part of Theorem
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3.6(a) applies. For any t;, y; satisfies property (Py) so if € > 1 then the second

part of Theorem 3.6(a) (with d’ = £) applies as well.

(b) As we observed in the proof of Corollary 3.2, if ¢; is odd then y; satisfies property
(Qq) for all integers d > 1. Therefore we can now apply the first part of Theorem
3.6(b). We have already observed that for odd t;, ¢, satisfies property (P;).

Consequently the second part of Theorem 3.6(b) also applies. B

4.2 Grids

The special case P,{ P, is the s xt grid. It is the graph with vertex set
{(G,7) 11<i<s, 1<j <t}
and edge set

{G. )@ )l i=iand [j—j|=1lorj=j and [i-7]| =1}

4.3 Corollary

(a) For all integers d > 1 and s -t even, we have W ((Ps X Pt)d ,m) = B for even
integers m. If in addition, both s and ¢ are even, then W (P, ® P,,m) = B for

all integers m > 1.
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(b) For all integers d > 1 and s - £ odd, we have W ((P, = Pt)d,m) = A for odd

integers m. Moreover, W (P, & P,,m) = A for all integers m > 1.

In the examples shown in Figure 4.5, Figure 4.6 and Figure 4.7, the vertices

and i’ are identified by the involution. The last example involves a fixed point which

is circled.

s r_ & s
12 1-1‘ 10°__ |8

s 10 |11 |42

5 § |7 s

4.4 (r,s)—Web Graph
The (7, s) —web graph G is the graph with vertex set

V(G) ={(7)10<i<r-1,0<j<s—1}

and edge set
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5‘

7y K]
2
=~
)

10

15 1€ 113 k2 Jare
1 42 {13 |14 |45
3 N I I

E@G) = {G, )G, j+1)]0<i<r—1,0<j<s—2}
u{(i,s—1)(,0)|0<i<r—1}

U{(i,)GE+1,5)10<i<r—2,0<j<s—1}.

Observe that (r, s) —web graph is isomorphic to P, & C;.

4.5 Corollary

Let G be an (r,s) —web graph.

(a) Ifris even and s is odd, then W (G?,m) = B for all integers d > 1 and all even

integers m > 2.
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1 13 M2 11" 10" | 8
15 116 17 & ir |16 s
8 S 10 11 42 13 |44

1 2 3 4 5 6 7

P,OP; .
Figure 4.7.

(b) Ifris odd and s is even, then W (G%,m) = B for all integers d > 1 and all even

integers m > 2 or for all integers 1 < d < § and all integers m > 1.

(c) Ifr and s are both even, then W (G%,m) = B for all integers d > 1 and all even

integers m > 2 or for all integers 1 < d < 5 and all integers m > 1.

Proof. Let the involution ¢, : P, — P, be defined as in the proof of Corollary
1.4. For s even, we can define an involution ¢, : C; — C; by setting ¢, (1) =i + 3,
0<i<s—1. Let ¢ : G — G be defined as follows.

Ifr is even and s is odd, let ¢ = ¢, ®id. If r is odd and s is even, let ¢ = idXp,.
Finally, if 7 and s are both even, let ¢ = ¢, & ¢,. Parts (a) and (b) now follow from

Theorem 3.4 while part (c) follows from Theorem3.6(a).

Observe that for r and s both odd, we don’t have a clear cut pattern. For

example, if G is the (3, 3) —web graph shown in Figure 4.8, then W (G, 1) = A.
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Figure 4.8.

Every game ends with precisely three vertices chosen, one from each triangle.
On the other hand, if G is a (3,5) —web graph, then W (G,1) = B. Figure 4.9
and Figure 4.10 indicate (with black dots) the two essentially different first moves
for player A together with player B’s responses. (Vertices rendered uncolorable by

players A and B’s first moves are “crossed out”.)

Figure 4.9.
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Figure 4.10.

4.6 Theorem

Let C, be the cycle with s vertices and K, the complete graph on s vertices, s > 2.
If H is any graph and G = HR C, or G = H R K,, then W (G%,2) = B for all
integers d > 1.

Proof. Label the vertices of K, with integers mod s (as we did with C,). Player
B’s strategy is as follows. Whenever player A assigns the color 1 (respectively the
color 2) to some vertex (v, 1) of G, player B should assign the color 2 (respectively the
color 1) to the vertex (v,7 + 1) (respectively (v,7 — 1)). Here addition in the second
coordinate is modulo s.

Assume this strategy does not work. Say player A has assigned the color 1 to
the vertex (v,1), but player B cannot assign the color 2 to (v,7 + 1). (The other case
is treated analogously.) Further assume that this is the first instance in the game in
which player B cannot respond. We can assume that the vertex (v, 7 + 1) is uncolored.
(If (v,7 + 1) had been assigned the color 2 in a previous move, then, in accordance

with player B’s strategy, (v, i) would have been assigned the color 1 in some previous
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move.) For (v, + 1) to be uncolorable there must exist a vertex (v/,7' + 1) which has

been assigned the color 2 with
D((v,i+1)(¥,7+1)) <d.

Since we are assuming that up to this point player B has been able to follow his

strategy, the vertex (v/,7') must have been assigned the color 1. However,
D ((v,7) (v',7)) = D((v,i + 1) (v',i' + 1)) < d,

which means that player A cannot assign the color 1 to the vertex (v.17), a contradic-

tion. B

4.7 Corollary

If G is any (r,s)—web graph, then W (G%,2) = B for all integers d > 1.

4.8 Corollary

W (C¢,2) = B for all integers d > 1 and all integers s > 2.

4.9 Note

For d = 1, which is Theorem 3 of [6], it makes no difference what moves players A and
B make. Player B always wins, which is to say all games end after an even number of
moves. In showing this we will thus be providing an independent proof of Theorem 3

of [6].
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Suppose that a subset of the vertices of any cycle C, have been assigned the
colors 1 and 2 and that no more legal moves are possible. Let ¢ be any vertex which
has been assigned a color, say 1. Then either ¢z + 1 has been assigned the color 2 or
it is an uncolorable vertex. The latter can only occur if the vertex 7 + 2 has been
assigned the color 2. Either way, we have shown that if we start with any colored
vertex and proceed around the cycle clockwise then the colors alternate. Therefore
we must have an even number of colored vertices. (In fact the number of vertices

colored 1 equals the number of vertices colored 2.)

4.10 Note

As a trivial corollary of Theorem 4.6, we have that W (K,,2) = B for all integers
s > 2. More generally, if d > diam (G), the diameter of G, then G¢ = K,,, where

n = |V (G)|- Consequently
W (G*,m) =W (Kn, m)

is determined by the parity of m when m < |V (G)| and by the parity of |V (G)| when
m > [V (G-
There is another similar observation to be made, namely that if m > A (G), the
maximum degree of G, then again W (G, m) is determined by the parity of [V (G)|.
If tile maximal degree A (G) > 2, then the analogous statement for G¢ is obtain

by letting

m>A(G)_[(A(G)—1)d_1]

A(G) -2
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since

(A(G) -1 -1
AG)- [ A(G) -2 ]

= AG)+AG)AG) -1 +---+A(G)(AG) —1)*!

gives an upper bound on the number of vertices whose distance from a fixed

vertex is d or less, that is on A (G?). If A (G) =2, then
A(G)+A(G)(A(G)— 1) +---+A(G)(A(G) — 1) = 24.

So in this case the analogous statement is obtained by letting m > 2d.
If we restrict our attention to trees T', then we can in fact replace m > A(T') by

m > 3 in the above observation.

4.11 Theorem

If the number of colors m > 3, then

A for t odd,
B for ¢ even,

W (T, m)= {
where ¢ is the number of vertices in T'.
Proof. We elaborate on the rather terse proof of U. Faigle, W. Kern, H. Kierstead
and W. T. Trotter [4], noting that, in fact, their strategy can be applied by either
player to completely color the tree T. Assume first that player A is the one who

wants to force the coloring of all the vertices of T'. He starts by assigning some color
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to some vertex vg of T. Let T = {vp}. We expand the tree Ty after each move in such
a way as to include all the vertices colored so far. In fact, we will prove inductively
that after each move all the uncolored vertices of 7y will have at most three colored
neighbors in Ty. Since we are assuming that m > 4, all these vertices are colorable.
Moreover, since any vertex v of T \ T has at most one neighbor in Tp, any vertex
outside of Ty is colorable as well. Thus eventually we must end up with T' = Ty with
all of its vertices colored and that is how player A wins.

Suppose player B colors a vertex v of T. Let P be the unique shortest path from
v to the tree Ty. In other words, P is a path from v to w, where w is the only vertex
on the path that lies in Ty. We “connect the branch” P to Ty at the “juncture” w
obtaining a larger tree. This tree will be our new T;. (if v is a vertex of Ty, then we
have v = w and we do not need to expand Tj.)

By induction, all the uncolored vertices of the new tree, except possibly w, will
have at most two colored neighbors. So if w is uncolored player A can color it. (Again
we assume that m > 4.) That way the new tree will satisfy the inductive hypothesis.

If w has already been colored, then player A can color any other vertex of the
tree Ty. (Clearly the inductive hypothesis will still hold.) If all of the vertices of the
tree have already been colored, then player A can color any vertex adjacent to the
tree Tp. Join this new vertex of the tree to produce a new Ty. (As in the original
tree, all of the vertices of Ty are colored.) If there are no vertices adjacent to Ty then

T = T, with all of its vertices colored and player A has won.
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We have shown inductively that player A can always respond to player B’s move
in such a way that no uncolored vertex of Tj, in fact of 7', will have more than two
colored neighbors in 7. Hence since T' has a finite number of vertices, eventually we
must end up with T = T and all of its vertices colored.

If it were player B’s rather than player A’s objective to force a complete colored
tree, then he should proceed in a similar fashion. Say player A starts by assigning
some color to some vertex vg of T. Then player B can color any adjacent vertex v,
of T. Set Ty = {vo,v1}. The inductive hypothesis is satisfied and we can proceed as
before. So no matter who starts either player can force the coloring of all the vertices
and the winner of the Achievement game is determined by the parity of the number

of vertices of the tree T. B

4.12 Note

Zsolt Tuza has informed me that he and Hal Kierstead found the following more
general result a couple of years ago. (The result is still unpublished and the paper in
which it is to appear is in process of being refereed).

If G has treewidth at most ¢, then the game chromatic number of G is at most
6t — 2. Moreover, their winning strategy for trees (¢ = 1) is simpler (and different)
than the strategy above. However for t > 1 their strategy is more complicated. Tuza
postulates the following open problem: determine the smallest ¢ such that a graph
of treewidth ¢ has game chromatic number at most ct + o(t) as ¢ tends to infinity.

Kierstead and Tuza have determined that 1 < ¢ < 6.
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Suppose that [, n and g are positive integers with 1 <[ < n and ¢ > 2. Let
the cube-like graph Q7 (q) be the graph whose vertices are n—tuples on a set of

g—elements, say

Two vertices (z;,Z2,. Tn) # (Y1,¥2,....Yn) are adjacent if and only if they differ in at

most [ coordinates. (See p.157 of [9].) Thus
QF (@) = (QF (9)"-

In particular, Q7 (2) is the graph of the n—dimensional cube and so QF (2) can
be described as the graph obtained from the graph of the n—cube by joining all pairs
of vertices that are at most distance [ apart.

Observe that

Qxn () = Kqn,
the complete graph on g™ vertices. So in the sequel we assume that 1 <! < n. Also
observe that
Qrig =K, X---KK,
(n copies of Kj).
The graphs of

Q3(2) =K, XK, RK,

Qf (3) = K3 ®Kj

are given in Figure 4.11 and Figure 4.12.
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N

Figure 4.11.Q3 (2)
4.13 Corollary

For geven and n > 2,
W(Qr (g),m) =B
for all integers m > 1. For q odd,

W(Q(g).m)=A

for all odd integers m > 1.
Proof. Label the vertices of K, with the elements {0,1,...,¢—1}. Define an
involution ¢ : K, — K, by ¢ (¢) =¢—i—1,0 < i < ¢g— 1. It is fixed-point free for

even integers ¢ and has exactly one fixed point for odd integers q. Since
Rr(@=K,B---RK,
(n copies of K,), ¢ induces an involution

eReR---Ry: Q' (q) — Qr(9)-
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Figure 4.12.Q2 (3)

Observe that for q even the involution ¢ satisfies the property (Pg). Since n > 2,
the hypotheses of the second part of Theorem 3.6(a) is satisfied (with d' = n and
d = l) and we get the desired result for even q. (Recall that we are assuming that
1<l <mn.) Foroddgq, ¢ (vacuously) satisfies property (Qq) for all & > 1. In fact,

for i # 9;—1,

D(i,q;1> =D (i, (i) = L.

So the hypothesis of the first part of Theorem 3.6(b) is satisfied and we get the desired
result for odd ¢ as well. B

The following is another consequence of Theorem 4.6.

4.14 Corollary

W(Qr(9),2)=B

for all integers g >2and 1 </ <n.
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4.15 Cube-Like Graphs

Let S be a set of n elements and S C 25 a family of subsets of S. The “cube-like”
graph Qs (3) is the graph with vertex set 25, where two vertices z,y C S are adjacent

if and only if their symmetric difference
A
zAy=(z\y)U(y\z)

belongs to &. (See p.156 of {9].)

For example, take 1 <! < n and let ; denote the family of subsets of S of size

at most . Then Qs () = QF (2).

4.16 Note

An involution ¢ : 2° — 25, where 2° is to be thought of as the trivial graph with

2" vertices, induces an involution
Qs () — Qs(S)
if and only if the following property is satisfied.
(S) IKz,yCS andzlAyeS, thenp(z) Ap(y) €S
And if this is the case then the first part of Theorem 3.1(a) implies that
W ((@Qs(@)'\m) =B

for all integers d > 1 and all even integers m > 2.
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4.17 Theorem

W ((@s (S)*,m) =B

for all integers d > 1 and all even integers m > 2.
Proof. Let ¢ : 25 — 25 be the map that sends a set to its complement. It is easy
to see that this map is a fixed-point free involution. (In fact, the map corresponds

to the involution on Q7 (2) we defined above.) For any z,y C S, we have

e@)De@=vE@\e@Ue@ \evE)=@E\z)A(z\y)=zAly.

Thus property (S) is satisfied and the first part of Theorem 3.1(a) applies. B
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Chapter 5
Generalized Petersen and
Permutation Graphs

Start with graphs G and H together with a partial map o : V (G) — V (H),
that is a map ¢ : X — V (H) for some X C V (G). The graph P, (G, H) consists of
G and H along with edges obtained by joining each v € X with ¢ (v) € V(H). In
particular for X = 0 thereis a uniquemap @ : @ — V (H) and P (G, H) = GUH, the

disjoint union of G and H. We also have the following special cases of the definition.
5.1 Sigma and Cycle Permutation Graphs
Let G be a graph with n vertices. Suppose
V(G)={0,1,...,n—1}
(n > 4). Choose o € S, where S,, is the group of permutations of V (G). The graph
P, (G) £ P. (G,G)

is referred to as the c—permutation graph of G. If the original graph G is an
n—cycle, then P, (G) is called a cycle permutation graph and we denote it by
C (n,o0). (See pages 316 and 317 of [8].)

As an example take C (6,0), where o = (012) (345). See Figure 5.13.
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5.2 Corollary

Let G, H and o : V(G) — V (H) be as above. Suppose that g5 : G — G and

o : H— H are fixed-point free involutions. If ¢5(X) = X and
copg=pgoo:V(G)— V(H),
then
W (PY(G.H),m) =W (G%m) = W (H%m) =B
for all integers d > 1 and all even integers m > 2, where P2 (G, H) is the dth power
of P, (G, H).

If we furthermore assume that o is injective and that ¢, and g satisfy prop-

erties (Pq4.) and (Pg,, ), respectively, where d¢ and dg are positive integers, then

W (P4(G, H),m) =W (G4, m) =W (H%,m) = B

for 1 £ d < min {d¢,dy, 3} and all integers m > 1.
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Proof. Since V
(F (G, H)) =V (G)UV (H),
we can define
¢:V(F (G H)) — V(F (G, H))
by letting ¢ = @5 U pg. Clearly ¢ is fixed-point free because ¢, and ¢g are both
fixed-point free and ¢? = 1 because % =1 and % = 1.
To complete the proof that ¢ is an involution, we need to show that vw €

E (P, (G, H)) if and only if

v (vw) =p(v)p(w) € E(F (G, H)).

vw € E(G) C E (P, (G, H))
or
vw€ E(H) C E(P, (G,H)),

then this follows from the fact that both ¢, and g are graph automorphisms. so

we assume that
veV(G) C V(F, (G, H))
and
w=oc(v)eV(H)CV(F (G H)).

Then

o (vw) = ¢ (V) p (W) =p )@ (o (v) =)o (p(v)) € E(F (G, H)).
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On the other hand, if
v (vw) = ¢ (v)p (w) € E(F; (G, H)),

then
vw = ¢* (vw) = ¢ (p (vw)) € E (P (G, H)).

It now follows from the first part of Theorem 3.1(a), that
W (P¢(G,H),m) =B

for all integers d > 1 and all even integers m > 2. In order to show that W (P2 (G, H) ,m) =
Bforl < d S min{dc;,dg,3}.

Let
veV(G) cV(F (G, H))

(respectively v € V (H) C V (P, (G, H))). Then D (v,¢ (v)) < Dg (v, (v)) (respec-
tively D (v, ¢ (v)) < Dy (v, (v))), where D¢ (respectively D) is the distance func-
tion on G (respectively H) and D is the distance function P, (G, H). Any path from v
to ¢ (v) of length shorter than D¢ (v, ¢ (v)) > dg (respectively Dy (v, ¢ (v)) > dg)
would have to travel through H C P, (G, H) (respectively G C P, (G, H)). Since
v (v) € V(G) c V (P, (G, H)) (respectively ¢ (v) € V(H) C V (P, (G, H))), such
a path would have to have length at least 4. Therefore, ¢ satisfies (P4) for all
1 £ d < min{dg,dy,3}. We can apply the second part of Theorem 3.1(a) and that

completes the proof. B

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5.3 Corollary 59

5.3 Corollary

Let P, (G) be the o—permutation graph of a graph G. Assume that there exists a

fixed-point free involution ¢ : G — G. Assume further that o o ¢ = p o 0. Then
W (P, (G),m)=W (G*m) =B

for all integers d > 1 and all even integers m > 2.

If  also satisfies property (P4,) for some dg > 1, then
W (P¢(G),m) =W (G*,m) =B

for any 1 < d < min {do, 3} and all integers m > 1.

5.4 Corollary

Let C(n, o) be a cycle permutation graph for some o € S, with n a positive even
integer. If

o (i + %—) =0 (i) + g(modn)
forall0 <i<n-1, then

W (C%(n,0),m) =B

for all integers d > 1 and all even integers m > 2 or for 1 < d < min {% — 1,3} and
all integers m > 1.
Proof. Let the involution on the n—cycle G identify “diametrically opposed”

vertices. More precisely, if V (G) = {0,1,...,n — 1} and

EG)={i(i+1)|0<i<n-1},
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then we define the involution ¢ by
. .on
pe (i) =1+ 3
for all 0 < i < n — 1. Clearly, ¢ is an involution. Since
. n . n
o'(z+§) —a'(z)+-2—

(mod n) forall0 <i<n-—1,thenocoy =¢poo. Moreover, ¢, satisfies property
(Pg) for any 1 < d < 3. We can now apply Corollary 5.3. B
As an example refer to the graph of C (6, 0), where o = (012) (345), above. In

that diagram o (z) is denoted by 7'.

5.5 Generalized Petersen Graph
The generalized Petersen graph P (n, k) is defined by the letting
V(P (n,k)) = {uu [0<i<n—1}
be the set of vertices and
E (P (n,k)) = {wittis1, ViVigk, wiv; |[0<i<n~1}

be the set of edges where addition in the subscripts is modulo n and 1 < k < . (See
page 45 of [8] for example.

In particular, P (5,2) = P, the Petersen graph shown in Figure 5.14.

Observe that any generalized Petersen graph P (n, k) is isomorphic to P, (G, H)

for G an n—cycle and H a disjoint union of (one or more) cycles of equal length with
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Ug
\(]
Uq Vg vy u,
u u,
Figure 5.14.

[V (H)| = |V (G)|- More precisely, define G by setting V (G) = {uo,...,un-1} and
E(G) = {wws [0<i<n—1}

(un = ug). the graph H will consist of one cycle (of length n) if (k,n) = 1 or of k cycles
(of length n/k) if (k,n) # 1. Let V (H) = {vo,...,Vn-1}, With v; and v; belonging to
the same cycle if and only if | — j| = 0 (mod k). Finally, define o : V (G) — V (H)

by o(w)) =v, for0<i<n-—1.

5.6 Corollary
Let n be an even integer. Then
W (P*(n,k),m) = B

for all integers d > 1 and even integers m > 2 or for d = 1 and all integers m > 1.
If (k,n) = 1, then W (P?(n,k),m) = B for all integers 1 < d < 3 and all

integers m > 1.
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Proof. Let G and H and o be defined as in the remarks preceding the corollary.
Define ¢ and @y by

P (W) = tivg
and

ey () = Vi+3,
respectively, for all 0 < i < n — 1. Observe that since k£ < 7, both ¢ and ¢y satisfy
property (P;). Moreover, if (k,n) = 1, both ¢ and ¢y satisfy property (Pgq) for
any integer 1 <d < 3.

Our results will now follow from the relevant parts of Corollary 4.8 once we

check that the condition oo g = @y 0o holds. However,for 0 <i<n—1 we

have

(dowe) (W) = o0 (wirz) =viez = @p (v)

= (pgoo)(w),0<i<n—1.

5.7 Note

Observe that P (10, 2) is isomorphic to the graph of the dodecahedron and the involu-
tion on P (10,2) induces one on the dodecahedron which identifies antipodal points.
See Figure 5.15. (This identification results in the Petersen graph as is pointed out

on pages 280 and 318 of [8}).
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Chapter 6
Complete K-Partite Graphs

Let K, n,,..n, be the complete k—partite graph with parts X; of size n;, 1 <

1< k. Let

£ = |{n: | n; even}|
and

o= |{n; | n; odd}|.

Observe that if a vertex of X; is assigned the color ¢ then in any subsequent
move only the remaining vertices of X, if any, can be assigned the color c, that is in
any subsequent move another vertex can be assigned the c if and only if that vertex
belongs to X;. Consequently, once a vertex of X; is assigned a color all the vertices
of X; will be assigned colors by the end of the game. However, they need not all be
assigned the same color.

Suppose that one of the players wanted to color to all the vertices of each X;
for which n; is an odd number. By the previous remarks, he would simply have to
assign a color to one vertex from each of these X;’s. To do so he would need o colors.
However, the other player need not cooperate-he may color vertices of X;’s for which
n; is an even number. In this case, all the colors would have been assigned in m
moves, where m is the number of colors, with player A having assigned [ %] colors
and player B having assigned | 2| colors. Therefore, if we assume that [ %] > o, then

neither player can prevent the other from coloring all the vertices of all the X; for
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which n; is odd, in which case the player with the winning strategy is determined by

the parity of o. Hence,

A for o odd,
B for o even.

W(Km.m ----- nk7m) = {

6.1 Theorem

(a) Ifo>m, then

A for m odd,
B for m even.

W(Km,nz ----- nk?m) = {
(b) Ifo < m, then

A for m,o0 odd,
B for m,o even.

W(Kﬂ.1,n2 ..... nkym) = {

Proof. Choose an involution « : C — C that is fixed-point free for even m and
with exactly one fixed point, say 1, for odd m. (Here C is the set of colors.)

We will prove parts (a) and (b) simultaneously. For odd m and either o > m or
o odd, player A starts off by assigning the color 1 to any vertex of any X; with n; odd,
say X;. From this point on, player A’s strategy is identical to player B’s strategy (for
m even and either o > m or o even) described below but with the roles of A and B
reversed. So we will assume m is even and proceed to describe player B’s winning

strategy.
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Whenever player A assigns the color c to a vertex v € X; with n; even, player
B should respond by assigning the color « (c) to any other vertex of X,. (Player B
can always do this since n; is even.)

Whenever player A assigns the color ¢ to a vertex v € X; with n; odd and this
is the first time a vertex of X; has been assigned a color (and consequently the first
time the color ¢ has been assigned), player B should respond by assigning the color
« (c) to any vertex of any Xj, ¢ # j, with n; odd and satisfying the condition that up
to this point no vertex of X; has been assigned any color. (Since either o is even or
o > m, player B can always respond in this fashion.)

Finally, assume player A assigns a color ¢ to a vertex v € X; with n; odd and
this is not the first time a vertex of X; has been assigned a color. Say the first vertex
of X; to have been assigned a color was assigned the color cq.

If ¢ = ¢, then a vertex of X, for some j # ¢ with n; odd, must have been
assigned the color «(cg) in a previous move. In this case, player B responds by
assigning the same color ¢y to any other vertex of X.

If ¢ # ¢y, then player B responds by assigning the color « (c) to any other vertex

of X;. (Since n; is odd, player B can always respond in this fashion). H

6.2 Corollary

If £ > m, then

A for m odd,

W (K, m) = { B for m even.

Proof. Letn;=1,forall1<i<k. Theno=k. &
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6.3 Corollary

A foro>1,
W (Knl,nz,..-.nk’ 1) = { B fOI' o ; 0.
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Chapter 7
The General Kneser Graphs

For integers n > k >t > 0, the general Kneser graph K (n, k,t) is defined
as the graph with the set of all k—subsets of N = {1,2,...,n} as vertex set and two
such sets X and Y and joined by an edge if and only if [ X NY] < t. (For example,
see p.161 of [8] or p.296 of [9].)

Note that K (n,2,1) = L (K,), the complement of the line graph of the complete

graph K,,. If n = 5 then we obtain the Petersen graph P = L (Kj5) shown in Figure

7.16
34
18
12 35 14 2
23 24
45 13
Figure 7.16.

The following two theorems are corollaries of Theorem 1.2.
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7.1 Theorem

If n is even and k is odd, then W (K (n,k,t) ,m) = B for any even integer m > 2.
Moreover, Ws (K (n, k,t) ,m) = B for any integer m > 1 and Wp (K (n,k,t)) = B.
Proof. Let N ={1,2,...,n}. Define a bijection : N — N by 6 (i) =n—i+1,
i € N. Since n is assumed even, 6 has no fixed points.

The map 6 induces a bijection 8 : V (K (n,k,t)) — V (K (n,k,t)) defined
by 6(X) = {0(i)|ie X}, X € V(K (n,k,t)). Clearly § preserves intersections,
that is (X, N X3) = 6 (X1) N (Xy) for all X;,X, € V (K (n,k,t)). Since X1 X, €
E (K (n,k,t)) if and only if |X; N X,| < t — 1, this implies that § induces a graph
automorphism of K (n, k,t). Moreover, 52 = id because §* = id. Consequently, g is
an involution.

We now intend to apply the first part of Theorem 1.2(a). In order to do so we
must show that 8 is fixed-point free.

Assume that 8 has a fixed point X3 € V (K (n,k,t)). Then

Xo= U {i,0()}-

t€Xg

Since 6§ has no fixed points, |{,0 (i)}] = 2 for all 7« € X;. But this implies that
k = | Xo| must also be even, which is a contradiction. Therefore, @ must be fixed-

point free and Theorem 1.2(a) applies. B
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7.2 Theorem

Let 5,k > 2i + 1. Then
W (K (k+j,k,k—1),2) =B.

Proof. Suppose player A assigns color 1, say, to the k—subset of X of N. Without
loss of generality, we may assume X = {1,2,...,k}. Let the bijectiond : N — N

be defined as in the last proof. As noted there 8 induces an involution
0:K(nkit) — K(n,k,t),

where n = k+ j and t = k — i. Now unless n is even and k is odd, 8 will not be
fixed-point free. However, if player B responds to player A’s move by assigning color
2t0Y =0(X) ={n—k+1,n—k+2,...,n}, then all the fixed points of 8 will
be rendered uncolorable and we will be able to once again apply the first part of
Theorem 1.2(a).

If Z € V(K (n, k,t)) is a fixed point of 8, we will show that Z is a neighbor of
both X and Y, and is therefore uncolorable. Consequently, the rest of the game is
played out on the vertices of the graph of K (n,k,t) \ W, where W C V (K (n, k, t))
is the set of fixed points of §. But by restriction 8 : K (n, k,t) — K (n, k,t) induces
a fixed-point free involution 8 : K (n, k,t)\W — K (n,k,t)\ W. We can then apply
Theorem 1.2(a).

Observe that if n—k+1 < k, thatisif n <2k —1, then | X NY|=2k—n. On

the other hand, if n > 2k, X NY = @. Moreover since 8 preserves intersections then
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for any fixed point Z of 4,
IZNX|=18(ZNX)|=16(Z2)n8(X)|=|ZNnY].
Ifn > 2k, thatisif XNY =0, then
k
|ZﬂX|=[ZﬂY|$§<t.

Consequently, ZX and ZY are edges of K (n,k,t). In other words, Z is a neighbor
of both X and Y.
Finally, assume that n < 2k—1.In thiscase | X NY|=2k—nand Z C XUY =

N. Therefore,

k = |Z|=|ZNX|+|ZnY|-|ZnXNY]|=2]|ZNX|-|ZNXNY]

> 2|1ZNX|-2+n>2|ZNX|—k+2%.

(The last inequality was obtained by substituting k£ + j for n and using the fact

that j > 2i + 1.) Once again we get
ZNX|=|ZNnY|<k-i=t,

that is that Z is a neighbor of both X and Y. B

7.3 Note

If j <14, then K (k+j,k,k —1) is a discrete graph since for any two k—subsets X

and Y we have

IXNY|=|X|+|Y]| - | XUY|>2%—(k+j) > k—j>k—i.
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Consequently W (K (k + j, k, k — 1) ,2) is determined by the parity of

|V (K (k+j,k,k—1))]. So in light of Theorem 7.2 we have determined

W (K (k+j,k,k—1),2) for £ > 2i + 1 and all values of j > 0 except for those in
the range i+ 1 < j < 2i. For i = 2 and k > 5, for example, that leaves j = 3
and j = 4, that is W(K (k+3,k,k—2),2) and W (K (k+4,k, k- 2),2) to deter-
mine. The following lemma tells us that these are equal to W (K (k + 3,3,1),2) and

W (K (k +4,4,2),2), respectively.

7.4 Lemma
Let 7,7 > 1 and j > 7. There is a graph isomorphism
Kk+j,kk—-i)=K(k+73,j5,7—1).
Proof. We define a map
U:K(k+j,kk—t)— K(k+jj,j—1)
by complementation, that is we let
U(X)=X"={1,2,...,n}\ Xf

or any k—subset X. Suppose that X and Y are k—subsets with | X NY| < k — 1.

Then

IX'NY'| = |[(XUY)|=k+j—|XUY]|
= k+j—-(X|+|Y|-|XNnY])

= k+j-2k+|XnNY]|
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< k+j-2k+k—1

= j—i.

Since X" = X, this shows that V¥ is an isomorphism of graphs. B

7.5 Discussion

Using r—MIC’s (maximal intersection colorings with r colors), Harary and Tuza [6]

computed W (P,2) = W (K (5,2,1),m), where P = K (5,2,1) = L(K;s) is the

Petersen graph and m = 1,2,3. We extend their results to K (n,2,1) = L (K,).
In fact, by the lemma, we will actually be computing W (K (k +2,k,k —1),m) for
k>1 and m=1,2,3.

Recall that in a proper coloring of the vertices of a graph each color class forms
an independent set of vertices, that is no two vertices in the set are joined by an edge.
Observe that a set of distinct k—subsets {X;} of {1,2,...,n} forms an independent
set of vertices in K (n, k, k — 1) if and only if | X;, N X,,| = k—1 for any two k—subsets
X,, and X, in the set.

The game of Achievement played with r colors on the vertices of a finite graph
G ends with a proper r—coloring of a subset of vertices of G such that each color
class C;, 1 < i < r, so produced is maximally independent with respect to uncolored
vertices. By this we mean that if for any color class C;, there exists an independent

set D with C;; € D and

(D\Cx) U C; =0,
i
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then D = Cio .
A collection of r such maximally independent sets is referred to as an r—MIC

by F. Harary and Z. Tuza.

Observe that a 1-MIC is nothing but a maximal independent set of vertices.
More generally, an r—MIC is a maximal r—partite graph.

Let S be a (k — 1) —subset of {1,2,...,n} and
Tg {1121"'117'}\5

an m—subset. (Hence 1 < m < n—k+1.) Theset {SU {t} | t € T} is an independent
set of vertices in K (n,k,k — 1) and will be referred to as an m—star. We denote
m—stars by Sp,.

A subset of a star is a star. More precisely, if S,, is an m—star and X C Sp,,
then X = S, for some 1 < m’' < m. (In fact, m’' = | X]|.)

Let R be a (k + 1) —subset of {1,2,...,n}. The set of k—subsets of R is also an
independent set of vertices in K (n, k,k — 1) and will be referred to as a k—simplex.
We denote k—simplices by A or Ax. We note that |Ax| =k + 1.

If X C A, then X is an independent set with 1 < |X| < k£ + 1. Denote X by

i where i = | X|. Note that Af*! = Ay and S; = Al fori = 1,2.

7.6 Lemma

Let K bea 1-MIC in K (n,k,k—1). fn =k +1, then K = A¢. If n > k+2, then

K=Aror K =S, gs1.
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Proof. If n = k + 1, then clearly
K=V (K(nkk-1)) = A

So assume that n > k+ 2. Let X,Y € K be distinct k—subsets in a2 1-MIC K.
Then [X NY| =k —1. Without lose of generality, assume that X = {1,2,...,k} and

Y ={2,3,...,k+1}. Let Z € K\ {X,Y}. Then either
ZCcXuY={12,....,k+1}
or ZZ X UY. In the first case we claim that
K = A¢ = {k —subsets of {1,....k+1}};
in the second case that
K=Sukn={{2,....k}u{t}|t=1ort > k+1}.

Suppose that Z C X UY. Then | XNYNZ|=k-2. Given Z' € K\ {X.,Y,Z} we

need to show that Z’ C X UY. If not then there exists 2’ € Z'\ (X UY) with
Z\{Z}=2'nZ2=2"nX=2'NnY

(since all these sets must have cardinality £k —1.) But this implies that [ X NY N Z| =
k — 1, a contradiction. Therefore, Z’ C X UY for any Z' € K \ {X,Y,Z}, which is
to say K = Ax.

Finally suppose that Z € X UY. Then there exists z € Z \ (X UY') with

Z\{z}=2ZnX=2ZNnY ={2,3,...,k}.
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Thus Z = {2,3,...,k}U{z} and {X,Y,Z} isa 3—star. If Z' € K \ {X,Y,Z}, then
Z' ¢ XUY. Else we would have Z'NZ = Z\{z} = {2,3,..., k}. But this would imply
that Z’ = X or Z' =Y, a contradiction. Consequently, there exists 2/ € Z’'\ (X NY)
with Z'\ {Z} =2'NnX = Z'NY. In other words, Z' = {2,3,...,k} U {Z'}. This

shows that K = S, _¢,;. B

7.7 Note

As a corollary of the proof of the above lemma, we have that for n > k+2 the winner
of the Achievement game is determined as soon as player A makes his second move.

(If n = k£ + 1, then the winner is determined from the very beginning.)

7.8 Theorem

B if n is even and k is odd,

W(K(n,k,k—l),1)={A gy

In particular,

W(L(Kﬂ),l) =W (K (n21),1)=4

for any n > 3.
Proof. If n = k + 1 then every 1-MIC is a k—simplex. Thus player A wins if &k is
even whue player B wins if &£ is odd. If n > & + 2, player A determines in his second

move whether the 1-MIC is going to be a k—simplex or an (n — k + 1) —star. For
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player A to lose (that is for player B to win), n— k + 1 and k£ + 1 must both be even.

But this occurs precisely when n is even and & is odd. B

7.9 Theorem

If n=k+1, then

A if kis odd,

W’(K(Tl,k,k—l)yl)={ B if k is even.

Ifn > k+2, then

B if n and k are both even,

W' (K (n,k,k—1),1) ={ A otherwise.

Proof. Since player A determines whether the 1-MIC is going to be Ax4; or Sp—k+1,
if either Kk +1 or n — k + 1 is even, then W' (K (n,k,k — 1),1) = A. Equivalently,
W' (K (n,k,k—1),1) = B if and only if both £+ 1 and n — k + 1 are odd, that is if

both n and k are even. I

7.10 Lemma

A2-MIC KUL in K (n,2,1) takes one of the following forms:
(1) A2V Say (n24)
(2) AUA, (n >5)
@) Sn1USpi2  (n25)

(4) DU S, 3 (Tl > 6)
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(5) SmUSmw (m,m' >3, m+m'=n—12>6).

Note In the isomorphism K (n,2,1) = L (K,), vertices of K (n,2,1) correspond
to edges of K, and two vertices of K (n,2,1) are nonadjacent if and only if the
corresponding edges of K, have a common vertex. Therefore, a 2—simplex A in
K (n,2,1) corresponds to a triangle in K,, while an m—star in K (n,2,1) corre-

sponds to a set of m edges in K, having exactly one vertex in common.

Proof. Let KUL bea2-MICin K (n,2,1) wheren > 4. Then K =A,or K = S,
for some 3 < m < n — 1, and similarly for L. This follows from the fact K and L
are independent sets and therefore contained in maximally independent sets. But the
latter, the 1-MIC’s, are of the forms A, or S,_; by Lemma 7.6. Since n > 4, we
must have m > 3.

Let K = A,, the 2—subsets of some 3—subset R of N. Then either L is Ay, the
2—subsets of some (different) 3—subset R of N, or L is a star. We show that both
these possibilities do arise and the result is either case (1), (2) or (4).

Ifn > 5, then [N\R| =n—|R| =n—3 > 2. This allows us to choose R
such that |[RNR| < 1, in which case A, N A; = 0. Thus L = A; is a possibility.
Conversely if we have L = A, then, since

ANA; =0, |[RNR| <1

So L = A, can only occur if

n>|RUR|=|R|+|R|-|RNR| 23+3-1=35.
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This gives us case (2).

If L is an m—star, then

L={{so.t} |t €T}

for some sp € N and T C N\ {so} with |T| = m. We need to determine the values
of m (if any) for which this can occur. Either s € R or sq ¢ R.

If so € R, then for any t € R\ Sy we have {so,t} € A, because {sg,t} C R.
Moreover, {so,t} ¢ L since we must have L N Ay = 0. Therefore, T C N \ R. Since
L is required to be maximally independent with respect to uncolored vertices and
{so0,t} & A; for all t € N\ R, we must have T = N \ R.

Consequently we could set L = {{sq,t} |t € T} as long as |T| > 3. Since |T| =
n—3, |T| > 3 if and only if n > 6. Hence, for n > 6, we may have KUL = A, US,_3.
This is case (4).

If so ¢ R, then {so,t} Z Rforallte T 2 N\ {so}. As in the last case, we
could set L = {{so,t} |t €T} as long as |[T'| > 3. Since |T|=n -1, |T| > 3 if and
only if n > 4. Hence, for n > 4, we may have K U L = A, U S,—;. This is case (1).

We now only need to consider the cases where both K and L are stars of
cardinality at least three. We need to show that there are exactly two of these,
namely (3) and (5). Let K be an m—star, m > 3. In the above language, K =
{{s0,t} |t €T}, where T is a subset of N with |T| = m. Either m = n-1 =
N\ {so}|, in which case T = N \ {so} (and so K = S,—-1), or m < n — 1, in which

case T & N\ {so}.
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Assume first that m < n — 1. Since K is maximally independent with re-
spect to uncolored vertices, then L = {{so,t} |t € T'}, where T' = N \ (T U {so})-

Furthermore, since we are assuming that both [T'| > 3 and |T'| > 3, then
n> ’{so}uTUT'l >1+3+3="T.

So for n > 7 we have the 2-MIC K UL =8,, U Sy, with m+m’'=n—1. This is
case (5).
Suppose that m = n — 1, in which case n > 4 since we're requiring that m > 3.

Then
L={{m}uft}|teT},

where 55 € N such that 55 # so and T C N\ {So}. Since KNL =0,T = N\ {5050}
Note that [T| > 3 if and only if n > 5. Hence for n > 5 we have the 2-MIC

KUL=S,_,US,_3. This takes care of the remaining case and so we are done. l

7.11 Theorem

For n > 3,

A n odd,
B n even.

14 (L (Kn),2) =W(K(n21).2)= {
In particular, W (P, 2) = A for the Petersen graph P = L (K.,).
Proof. It follows from Theorem 7.8 that for n even player B has a winning strategy

for Achievement if and only if he can force at least one monochromatic A;. He does

this as follows.
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Suppose that player A assigns color 1, say, to the vertex {1,2}. Since we are
assuming that n > 4, then there exists at least one vertex {3,4} which is nonadjacent
to {1,2}. Let player B assign color 2 to {3,4}. Without loss of generality we suppose
that player A then assigns color 1 to vertex {1,i}, for some i € N\ {1}. Player
B wins by assigning color 1 to {2,i}. (This results in the monochromatic A, =
{{1,2} .{1,4},{2,¢}})

Assume that n is odd. By Lemma 7.10, player A has a winning strategy for
Achievement if he can force at least one monochromatic S,.;. (Here we are assuming
n > 5. However, player A can win any game if n = 3 since K (3,2, 1) is the discrete
graph on 3 vertices.) He does this as follows. Let player A assign the color 1 to the
vertex {1,2}.

If player B assigns the color 1 to an adjacent vertex, say {1, 3}, then player A
should assign the color 2 to {2,3}. The unique 2—simplex containing {1,2} and
{2,3}, namely A, = {{1,2},{1,3}.{2,3}}, is now bichromatic. Consequently,
the 1-MIC induced by color 1 will be star. We claim that is the star S,_; =
{{1,i} |i € N\ {1} }. The vertices {1,2} and {2,3} have already been assigned the
color 1, while for < € N\ {2,3}, {1,i} is adjacent to {2,3} and so it can not be
assigned the color 2. Consequently all the vertices of S,—; = {{1,i} |[: € N\ {1}}
must be assigned the color 1.

If player B assigns the color 2 to a nonadjacent vertex, say {3,4}, then player
A should assign the color 1 to {1,3}. Player B must then assign the color 2 to

{1,4} in order to prevent a monochromatic S,-; = {{1,2} | € N\ {1} }. But then
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player A can assign the color 2 to {2,4} and this results in a monochromatic S,_; =

{{4,i} |ie N\ {4}}. B

7.12 Corollary

Since player A can force at least one A,, then W' (K (n,2,1),2) = A for even n.
Since player B can force at least one S,._;, then W' (K (n,2,1),2) = B for odd n.

Proof. The result follows at once from the fact that

Kk+2,kk—1)=K((k+221).

7.13 Corollary

Ak odd,

W(K(k+2,k,k—1)’2)={ B k even

As an added bonus, we would like to determine W (K (n,2,1),3) = W (L (Kn),3)

for any n > 3, the case n = 5 having already been settled in [1].

7.14 Lemma

A3-MIC KULUM in K (n,2,1) takes one of the following forms:

(1) A UAUA,

(2) AUAUS,,
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(3) AUlUSn_3

(4) AUAUS, 5

(5) AaUSn_1US,

(6) AsUS,_1USn_4

(7) A2USn—2US,_3

(8) AyUSH_3USn_3

(9) AUSnUSn_m-1 (mn-m-32>1)
(10) AsUS,USp_m-3 (m,n—-m-32>3)
(11) Sp—1USp—2US,_3
(12) S,—2USp—2USn_2
(13) Sn2USnUS,_m_1 (mn-m-3>21,mn—-m-—3#1)
(14) S,_1USmUSn_m—2 (mn-m-32>3)

(158) SpU Sp U S (m,m'm" >3, m+m'+m’'=n-1)
Proof. Each color class is an independent set and as such is contained in a maximal
independent set. But the latter, the 1—MIC’s, for 2—simplices and stars according

to Lemma. 7.6 (with n = k& + 1). Hence, each color class forms either a 2—simplex or

a star. Case (1) is the situation where all three are simplices. Assume next that we
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have precisely two 2—simplices (and one star). In K (n,2,1), a 2—simplex copsists
of all the 2—subsets of some 3—subset of N = {1,...,n} and the set 2—subsets can
be construed as edges of a triangle in K,,. Denotes these two 3—subsets by R and
R’. Then RN R’ is either empty or contains exactly one point (this point thought of
as a vertex in K,,.) The star consists of edges sharing a single vertex, the basepoint.
If this vertex is in RN R’ # 0, then the star has cardinality n — 5 (case (4)). If the
vertex is an element of R\ R’ or R'\ R, then the star has cardinality n — 3 (case (3)).
Finally, if the vertex is an element of N\ (R U R’), then the star has cardinality n—1
(case (2)).

Assume next that there are two stars and one simplex. Suppose that the simplex
consists of the 2—subsets of the 3—subset R of N. If the two stars share the same
basepoint and this basepoint is an element of R, then the sum of the cardinality of
the two stars must be n — 3 (case (10)). If they share the same basepoint and this
basepoint is not an element of R, then the sum of the cardinality of the two stars must
be n — 1 (case (9)). If the basepoints are distinct and neither one is an element of R,
then one star must have cardinality n — 1 and the other star cardinality n — 2 (case
(3)). (The star with cardinality n — 1 is the one that contains the edge connecting
the two basepoints.) If the basepoints are distinct and precisely one of them is an
element of R, then the star with basepoint in R has cardinality n — 3 (if it contains
the edgé between basepoints) or n — 4 (if it doesn’t). This forces the other star to

have cardinality n — 2 and n — 1, respectively. That takes care of cases (6) and (7).
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Last but not least, if the basepoints are distinct and both are elements of R, then
both stars have cardinality n — 3 (case (8)).

Now suppose that the 3—MIC consists of three stars. We need to show that this
results in cases (11) through (15). If the three basepoints are distinct, then the edges
between pairs of basepoints form a triangle. This triangle will either be bichromatic
or trichromatic, that is its three edges will be colored with exactly two or three colors.
(It cannot be monochromatic since the 3—MIC consists of three stars.) A bichromatic
triangle leads to case (11), a trichromatic triangle to case (12).

Suppose next that exactly two of the stars share the same basepoint. Thus
there are two distinct basepoints. The edge between these two basepoints is either
contained in one of the two stars sharing a basepoint or in the third star. That leads
to cases (13) and (14), respectively. Finally, we have the case where all three stars

share the same basepoint. This is case (15). B

The diagrams below illustrate the fifteen cases of the lemma. (Red edges are

denoted by dotted line, blue edges by dashed lines and black edges by solid lines.)

'\st ~ | —“"'
W4 VR !
‘ ~ v ~ 1
(3) (4)
A r\ “ ”
_..J__‘ ~C S 1
P | £ 230
l 5/ 71 V
() (8)
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i ey
\ / \\\‘
i\ lf../.----.‘.\ll
(9) (10) (11)

7.15 Theorem

W(L(K,.),s) =W (K (n.2,1),3) =B

for all n > 4. In particular, W (P,3) = B for the Petersen graph P = L (Kjs).

Proof. We should point out first that not all cases in Lemma 7.14 can occur unless
n > 10. We ignored such restrictions in the lemma because we won't be needing them
here. Though obviously some of player A’s moves considered below will require that
n be large enough, player B’s response in each of these cases will not require that n
be any larger as long as n > 5. Hence player B’s strategy as outlined below will be
valid for all values of n > 5. Player B has a forced win for n = 4 since in this case all
the vertices of K (4,2,1) must be colored. (In fact, K (4,2,1) == P, U P, U P,, the

disjoint union of three paths of length one.)
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First we may assume that n > 4 is even. Then the fifteen cases from Lemma

7.14 divide into two groups.

(1) Do UAU A, (5) DoUS,1US, 2
(2) A2UAU S, (6) AqUS,—1USn_4
(3) A2UA2US,_3 (7) AU Sp—2U S,_3
(4) AUAU Sn-s (9) Do USnUSn_m-1
(8) A2US,3US,—3 (10) A USLUSn_m-3
(13) Sn—2 U8 Sm USh—m-1 (11) Sp_1 U Sn_g U Sn_3
(14) Sﬂ-l U Sm U Sn-—m—-2 (12) Sn—2 U Sn—2 u Sn—2

(15) Sm U Smr U S
The cases in the first column are wins for player A, the ones in the second column
wins for player B. In order to win, player B must force either three stars with three
distinct basepoints or one simplex and two stars. Furthermore, the two stars must
either share a basepoint on the simplex or have distinct basepoints at least one of
which is not on the simplex. He achieves this goal as follows.
Whichever edge player A colors, player B responds by coloring an adjacent edge

with a different color.

N, 7 o8 7/ ‘s\ T~
// \‘\‘ -7 Sy -7 RN -7 R
/ N /
Y A Y
(1) (2) (3) (4)
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N, ”~,
/ hY 7’ ‘s\\ 7 s T\‘\\
, \\\ \/ ~. P4 N
/ \\ ~ l
2R S !
(5) (6) (7)

In both case (3) and (5), player B responds to player A’s move by forming the

following configuration.

In cases (1), (2), (6) and (7), player B responds in such a way as to construct

the following equivalent configurations, respectively.

V4 r\ V4 r\
7 \\\ 7 | \\\ /7 S V4 | N

’”~ ”~,
7z N PN 7
‘I_ - :\.; &< ‘\\ 7 s
~
~
~
(a) (b)
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Given case (a), player A must make one of the following seven moves.

- LN
I 7 S 7 S VAN : /‘\\ /‘\‘
i 4 S 7 SN
| "SR N === L e L =y r_.__.:.

(1) (2) (3) (4) (5)
/\\\ /\\\
7 ~ Ve ~
L - AR N
1 7
(6) (7)

Player B responds, respectively, as follows:

- N -
| 7 7 N S
\\ 7 ‘\ 7 N,

kﬁ__:] ﬁ<:;i < __

(1) (2) (3)

In each case it is clear that if there are going to be three stars then they must
all have different basepoints. Moreover, in all but the first case it is also clear that at
most one simplex will be constructed and if so at least one of the two star’s basepoints
won't be on it. In the first case, there is still the possibility of two simplices forming.
However, player B can easily prevent this in his next move (if player A doesn’t do this

first) by forming a bichromatic simplex. (In a bichromatic simplex, the intersection
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of the two edges having the same color will turn out to be the basepoint of a star in

that color.)

Player A can respond to case (b) in one of the following nine ways.

7z \\ / »\\ / »\\ / A\\ / Al\\
7 vy / Ny N s S il N
V\ N A Y ) A 7 < N H
N I Py \ N v’ S NSO N
(1) (2) (3) (4) (3)
~ N A, A
7\
7 '| \\\ / 7 \‘\L V4 7 \\‘; /7 7 \\\
< ! N A\ T
\ 1
(6) (7) (8) 9)

Player B’s response in each of these cases is as follows.

>

A A A
/T‘\ 7 N 70N 7N 71
/7 > / S z N 2 AN / S
N s \ N / N
WS NN N
(2) (3) (4) (5)
A P A
:s\\\ 7 \\\ 7 \\
]

> —~ 7 A

V4
K >
/ 1N / l ~
\

7 (8) (9)

(1)
A
\\ V4

7
HER
Y

A

4 /
\ H N\
(6) (

Cases (1) and (3) which are identical, will lead to a blue simplex and red star
(since there is a bichromatic simplex with two red edges). since the red star’s base-
point won’t be on the blue simplex, all player B needs to do to win is force a black

star. Suppose player A colors an edge black. Since n is even and consequently n > 6,
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there exists an edge which shares a vertex with the two black edges. Player B can
color this edge black insuring that a black star results. Suppose instead player A

colored an edge red.

Then player B could again force a black star by making the following move.

A
/7 | ~~
7 \

I':

Cases (2) and (8) are identical and lead to black and blue stars with different
basepoints. If we had a red simplex to boot, then player B would win since the blue
star’s basepoint would not be on it. The only way that player A could win would be
by forcing a red star having the same basepoint as the black one.

If player A colored an edge black or blue, then player B would respond by
forming a bichromatic simplex consisting of two red edges and one black edge. This
would result in a red star with basepoint distinct from the black star’s So to prevent
this from happening, player A must assign the color red to an edge that intersects
the red and black edges. Since this cannot result in a bichromatic simplex with two
red edges, player B can complete a red simplex and thus wins the game.

Cases (4) and (9) are identical as well. They are also a bit tricky. The bichro-

matic simplex with the two black edges guarantees that there will be a black star.
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If player A colored an edge black and a black star is not completed, then player B
would also color an edge black. Observe that since n is even, player B could not pos-
sibly have completed the star. If player A colored an edge black and that completed
the star, then it would also force a blue simplex. At this point, player B can force a
red star and since this star’s base would not be on the blue simplex he would win. If
short of the completion of the black star, player A colored an edge blue or red forming
a star (respectively a simplex), then player B would respond by coloring an edge red
or blue, respectively, and forming a simplex (respectively a star). Since the basepoint
of the star that is formed is not on the simplex, player B will win the game.

The identical cases (5) and (7) lead to S,_a U Sp—2 U S,_,, which is a win for
player B. That only leaves case (6) to consider. Player A cannot force both a blue
and red simplex. (If player A forces a simplex in blue, say, in his next move, then
player B will force a star in red.) So we will end up with either three stars with
distinct bases or one simplex and two stars with at least one of the stars’ bases off
the simplex. Again player B wins.

It only remains to consider case (c). In this case, player A must make one of

the following nine moves.
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(M (8) (9)

Player B’s response to these nine cases, respectively, is as follows.

Cases (3) and (7) are identical and both give rise to S,—2 U Sp—2 U Sp—2. The
remaining cases each gives rise either to three stars with three distinct bases or a
simplex and two stars, both whose basepoints are distinct and “off the simplex”
(A2U Sp—1 U S,_2). that takes care of the first half of the theorem.

Last but not least, we assume that n is odd with n > 5. The fifteen cases then

split up as follows.

(1) AUDUA, (2) Ao uA U S,
(8) A2US,—3USn_3 (3) AcUAUS,_3
(9) AryUS,USn_m-1 (4) Ay UAU S, 5
(10) Ay USLUS -3 (5) Ay US,_1US,_2
(11) Su_y U Sn_z U Sa_s (6) Dy USn1 U Sns
(12) Sp2U Sp—2U Sp—2 (T) AqUSp2USp_3
(13) Sn—2U Sm U Sn—m—-1 (13) SpnUSw US

(14) Sn—1 U Som U Sz
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Again, the cases in the first column are wins for player A, the ones in the second
column wins for player B. In order to win, player B must force three stars with a
common basepoint, one simplex and two stars with distinct basepoints not both of
whose basepoints are on the simplex, or precisely two simplices. He achieves this goal
as follows.

Whichever edge player A colors player B responds by coloring a nonadjacent

edge (with a different color).

Player A now has five essentially different ways to respond to player B’s move.
The first row of diagrams below illustrate player A’s possible responses; the second

row how player B counters each of these moves.

i
| I \ RN
7 H ‘ i t
7 I i (, ] \ | :
{__E \/’l ; : :_ S :: > \/
(1) (2) (3) (4) (5)

Since cases (1), (2), (4) and (5) are equivalent, there are in fact only two essen-

tially different cases to deal with.

.

7 7
{ ’ ] ¢ i
| 1 | |
(a) (b)
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Player A may respond to case (a) in any one of 17 different ways:

f 7 / / s A /s
(4
4

o = -
he one o @

(8) (9) (10) (11) (12) (13) (14)
// /\ //
SCHEAIHAN
(15) (16) (17)

Player B responds to each of these as follows.

f\\ 7 /7 V4 /7 /‘° 7
7 ~ Vd 7/ e ™ 7 AR \N 7/
74 - I | oSt S~ | I S

(8) (9) (10) (11) (12) (13) (14)

/f '/ [//
M AN
() 18 @9

Cases (1), (6) through (13), (15), (16) and (17) already have one colored simplex.
In his next move, player A can force at most one more. So all that player B needs
to do is force a star and this he can do. (He may be required to do this in one move
by forming a bichromatic simplex.) In all these cases except perhaps (15) it is clear

that if exactly one simplex is formed, the two stars will not share a basepoint and
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least one of their base points will not be on the simplex. In case (15), player B must
take care that the game doesn’t end with a black and red star sharing a basepoint
(A2USmUSp—m-1)- The black edges will form a star; however player A cannot force
a red star having the same basepoint. (If he starts to do so, player B would force a
red simplex and this would lead to Ay U Ay U S, m—; which is a win for player B.)

Cases (5) and (14) are identical. In his next move, player A can force at most
two stars and at most one simplex. (He can simultaneously force a blue and red star
by forming a triangle with one blue side and two red sides.) If player A forces a star,
player B forces simplex and vice versa. This results in one or two simplices. In the
event that there is only one simplex at least one of the two stars’ basepoint won’t be
on it. Moreover, the two stars will have distinct basepoints.

Cases (2) and (3) are identical and are treated as follows. If player A colors an
edge blue, then player B colors an edge blue. Since n is assumed odd, player A will
lose this “waiting game”, that is player B will color the last blue edge if player A
persist in coloring edges blue. So eventually, player A will either choose or be forced
to color an edge red or black. Player A can force a red or black star in his next move
by forming a bichromatic simplex in black and red.

If player A forms such a bichromatic simplex, then player B responds by coloring
another edge with the same color, the color of the star thus formed. For argument’s
sake let us say it is red. Again, since n is odd, player A cannot win the “waiting
game” on red either, so player A must eventually color an edge black. However,

he cannot form another bichromatic simplex involving black. So whatever edge he
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colors black, player B responds by completing the black simplex. Since the blue
star’s basepoint (which is distinct from the red star’s) does not lie on the simplex,
the resulting configuration is a win for player B.

If player A instead colored an edge red or black but doesn’t form a bichromatic
simplex (in red and black), then player B can follow suit with the same color forming
a simplex in that color. Once again this leads to a win for player B.

This same strategy can be applied to case (4). However, this time it is possible
to form two bichromatic simplices, one consisting of one blue and two red edges and
the other consisting of one red and two black edges. This would result in three stars
which player B does not want. But player A cannot force both of these at the same
time-they involve coloring different edges and each of these may be assigned more
than one color. More precisely, if player A formed a red and black simplex, then
player B can form a simplex consisting of one and two blue edges by coloring the
remaining edge blue (assuming it hasn’t already been colored blue). This prevents
player A from forcing a red star. If instead player A formed a red and blue simplex,
then player B can form a simplex consisting of one black and two red sides by coloring
the remaining edge red (assuming it hasn’t already been colored red). this prevents
player A from forcing a black star.

It only remains to consider case (b). If player A makes a blue simplex, player

B will respond as follows.
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Similarly, if player A forms a red and black path of length three, then player B
would form a blue simplex. All player B has to do now is force a red or black star
(or both which would necessarily have different basepoints.) It is easy to see that he
can achieve this.

If instead player A formed a blue star, then player B would respond by coloring
another edge blue as well. If the edge colored blue by player A is nonadjacent to the
red (respectively black) edge, then player B can also choose an edge nonadjacent to
the red (respectively black) edge to color blue. If the edge colored blue by player
A is adjacent to the red (respectively black) edge, then player B can also choose
an edge adjacent to the red (respectively black) edge to color blue. This prevents
player A from forming either a bichromatic simplex consisting of one blue and two
red edges or a bichromatic simplex consisting of one blue and two black edges. If
player A continued to color edges blue, then so would player B by following the
above prescription. Since n is odd, player B can always respond in this fashion. So
eventually player A must assign the color red or black to an edge at which point
player B can complete a simplex in that color. The blue star’s basepoint won’t be
one it and so this is a win for player B.

Finally, suppose player A assigns the color red (respectively black) to an edge

and this edge is not adjacent to a black (respectively red) edge. Then player B may
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assign the color black (respectively red) to an edge which is not adjacent to a red
(respectively black) edge. Depending on the configuration at this point, player A
may force at most two stars. If he does so, then player B can force a simplex in a
remaining color. Conversely, if player A forms a simplex in one color, player B can
force a star in another. The usual arguments convince us that at this point player B

will win.

7.16 Theorem

W (K (n,2,1),3) =W (L(K.),3) = 4

for all n > 4. In particular, W’ (P, 3) = A for the Petersen graph P = L (K 5).
Proof. Assume first that n is even. As noted in the proof of theorem 44, the case
n =4 is a forces win for player B in Achievement (and hence a forced win for player
A in Avoidance). So we may as well assume n > 6. We also observed in the proof
of theorem 44 that player B wins Achievement if he can force either three stars with
three distinct basepoints or one simplex and two stars, at least one whose basepoints
is not on the simplex. We show that for even n player A can do the same and hence
win Avoidance.

Player A begins by coloring an edge blue. If player B then colors an adjacent
edge blue (respectively red), then player a forms a bichromatic triangle—coloring its

third edge red (respectively blue).
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N\ AN N\ 7\ N\
/7 N\ 7 1N 7 \ 7 \ 7 N\
D A——— 3 (R S KN A S O S— EN P SRS N
<3 i \
\\ I
(a) (b) (c) (d) (e)

7 V4
2 \\A ,/T_\\ //\\ /7 \\ //\\
\~\ " o s K O S ﬁ ------ b
~ :
(a') (b') (c) (d) (¢')

In cases (¢’) and (d’), it is clear that at most one triangle will be formed and
that if precisely one triangle is formed then the two stars’ basepoints will be distinct
and at least one won’t lie on the triangle. So it remains to consider cases (a’), (b’)
and (€').

Player B can respond to case (a’) in one of eleven ways. We list them below

together with player A’s countermoves.

”~ -~ -~ -
7 NQ 7z N 7 N t 7 N
Crommma b o et form—==d  m=b==dD - b N
\‘ ‘I ] -y i ‘-Q-- ~ \\
~r ; . ~d ~
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PRLAN ~ -7 * Ve N
€-+->  kagm>  femzomd> Kook -
4 NI LT N Pl
1 ~ 1 |
(1) (2) (3) (4) (5)
Ve s ~ V4 s \ 7 s ~
.::-_a {\_---_s .l _____ 'S
bl P \\ [
= '/
7 N - N VAN
3222 l\\ EN f\ L
St N N
\\‘ ‘l/ I \\

(6) (7) (8) (9) (10) (11)

We consider case (1) first. If any subsequent move player B colors an edge
nonadjacent to the black one blue, then player A colors any other edge nonadjacent
to the black one blue. The fact that n is even guarantees that player A can always
do this. Eventually, player B must either color an edge adjacent to the black one
blue or color an edge (adjacent to the black one) black. In the first case, player A
forms a triangle with two blacks sides and one blue side. This forces a black star.
In the second case, player A can also force a black star by coloring an edge black.
The configuration that results is Ay U S,—-; U Sp—2, a win for player A. Cases (2) and
(9) will result in three stars with three distinct basepoints, again a win for player
A. In the remaining cases, three stars would also be a win for player A since they
must automatically have distinct basepoints. However, in these cases there is the

additional possibility that precisely one (black) triangle will be formed. But since the
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edge connecting the basepoints of the red and blue stars is already colored, both of
these basepoints cannot lie on the triangle.
Next we consider player B’s responses to case (b’) above. There are nine of

them. We list them below together with player A’s next move.

:.C-L.._} o eoaon 22N .«.;f.i.-_\.
,-* I I l 7 |
|
1 Vi
1< 1< 1< PRES ~
(_i-l.-_\;' P . 1.’...!...; , 1./.-l.-..\. :.;fl. .
(Jad E L 27 : l/;i ) ;7 |
(1) (2) (3) (4) (5)
g EN NS AN 1
AR\ A D AT I
I | | I I
| -
1< N N N
1_:-1.-.\_- x.i-l. N :.f-l. N z./.l.-.\.
|\I I i i
(6) (7) (8) (9)

In all cases it is clear that for there to be three stars there must be three distinct
basepoints. In all cases except (4) it is also evident that (at least) two stars will result
and that they will have distinct basepoints. (In each case the edge connecting these
basepoints is already colored and so if a triangle is also formed, at least one of these
basepoints won't lie on it). It remains to consider case (4).

If in any subsequent move player B colors an edge nonadjacent to the black one

blue, then player A colors any other edge nonadjacent to the black one blue. The fact
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that n is even guarantees that player A can always do this. Eventually, player B must
either color an edge adjacent to the black one blue or color an edge red or black. In
the first case, player A forms a triangle with two black sides and one blue side. This
forces a black star. On the other hand, if player B colors an edge red (respectively
black) then player A forces a red (respectively black) star by coloring another edge
red (respectively black). The analysis now proceeds as in the other cases. That takes
care of case (b’). Finally, we consider case (€’)

Player B must respond to (€’) in one of thirteen ways.

AN 7\ 7\ <\ 7\ /N7 °
/s 7 N\ VAN V72REN s N\ 7 N
fomonan > go---- > fazgoe=d e foee X Cemeee >
Pl 1 e 1 Sraw | \ {
L= RS 4 ] v L
(1) 4) (6)
7 7N \ 7 N N e RN
...... N é-----—\ ﬁ__--_--
: L/ :
(7) (8) (9) (10) (11) (12)
PAN
P N
D .
|l
(13)

In all cases it is clear that for there to be three stars they must all have distinct
basepoints. By forming a star in his next move if he has to, player A can prevent
more than one triangle from forming. Moreover, if precisely one triangle results, then

the two stars’ basepoints won’t both lie on it.
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Now we consider the case where player B responds to player A’s initial move by
coloring a nonadjacent edge (with a different color of course.) Since we are assuming
n > 6, there exists a third edge nonadjacent to the first. Let player A color this edge

(with the third color).

Player B must respond in one of essentially two ways.

r_.___=
| ‘
1
i

[—=—=
|
|

In the first case, player A can force the configuration in case (a’) above. In the

second case, player A responds with

A———

~
(NN
| ~

-

I will now show that starting with this configuration, player A can force three
stars with three distinct basepoints. If player B colors an edge blue in any subsequent
move, then player A responds by coloring another edge blue. Player A can always
respond tin this fashion because n is assumed to be even. Eventually, player B must
color an edge a different color, say red. Player A then forces a red star. If in any
subsequent move player B colors an edge red or blue, then player A colors an edge red

or blue. The players cannot continue coloring edges red and blue indefinitely. In fact
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they must stop once the red and blue stars are complete. But their total cardinality
is 2n — 1. So player B cannot force player A to color a second black edge: player B
must do that himself and at that point player A forces the third (black) star. Since
the three stars will have distinct basepoints, player A wins once again.

We now assume that n is an odd number. In order to win Avoidance, player
A must force three stars with a common basepoint, one simplex and two stars with
distinct basepoints not both of whose basepoints are on the simplex, or precisely two
simplices.

If player B responds to player A’s initial move by coloring an adjacent edge a
different color, then player A colors the mutually edge adjacent to both with the third

color.

Player B has essentially only one possible response.

e
\
\
/ \

/ \

Player A then completes the red triangle.

===

VARY

Player B must then respond in one of essentially three ways.
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R\---’-I I K"“'} - ../.,{---1.
[} ] 1

,/ 'd /7 \
N SO / A |
7z N1 | / A \ )
/r Nt A i / i

The first configuration leads to either Ao UA,U S,—3 or Ay U Sp—2U Sp_3, both
of which are wins for player A. The second and third configurations are identical and
Player B responds to them by coloring an edge black. Player A then forces a black
star to win the game.

If instead player B responds to player A’s initial move by coloring an adjacent

edge the same color, say blue, then player A completes the triangle in that color.

Player B now has essentially two possible moves.

N PAS
7 \\ /7 ~
- e SR eaue' l—_--
<
‘\

N,
s eeonscccesee

Player A responds to each as follows.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



7.16 Theorem 107

The first configurations is equivalent to (&) above and we have already shown
that player A has a winning strategy with this configuration. Thus we only need to

consider the second configuration. Player B must respond in one of essentially nine

ways. We list them below together with player A’s countermove.

AN /N AN PN

7 \ / AN 7 \ 7 N /,\\
f.:-—\ fm==> fem—m=r f——o f———
B R e i
7\
Vs
‘\:-_]
1 Seg
] Sso
| -,
(1) (2) (3) (4) (5)
e
AN AN AN N
_——-— = == -_—— - - =
: : 1 (77 |
| P leccccanw leocacas | P
VN VAN /\
7 N 7 N 7 \
—_—— - - e - = -
1 l~\§ l‘\\
1 i S I Sso |
| PR - | PRy leccca= :
(6) (7) (8) 9)

Cases (6) and (7) are identical and lead to Ay U S,—; U S,—2 which is a win
for player A. In cases (1), (4), (5), (8) and (9), player B must color an edge black
in his next move. Player A then forces a black star. If player B colors an edge red

in response to case (2) or (3), then player A can color a black edge so as to form a
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triangle with two black sides and one blue one. This results in a black star. If instead
player B colors a black edge then player A can still force a black star.
It only remains to consider the scenario where player B starts off by coloring an

edge nonadjacent to the one player A colored.

Assume first that n > 7. Then player A responds as follows.

Player B must make essentially one of two moves.

-— ar e oy -— e

In either case, player A completes the blue triangle.

\
N
N\

In either case, whatever color player B next assigns, player A forces a star in
that color. This insures that three triangles won't arise. Moreover, if exactly one
(blue) simplex results, then at least one of the two (red and black) stars’ basepoints

won'’t lie on it.
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It only remains to describe player A’s strategy when n = 5 for the case where
player B responds to player A’s initial move by coloring a nonadjacent edge. In this

case, player A moves as follows.

|

Player B must then make one of essentially seven moves.

=== i\ . % | 4
| ' RN Y A
| S T P R A
L N SN L HErCd !
(1) (2) (3) (4)
/ |
oo L :
VAN s
(5) (6) (7)
Player A then responds to each of these possibilities as follows.
] Rl 7/
| i : \,( { l// | -
: Lt" \\= LL ; i/~ - ;
(1) (2) (3" (4)
9 /
,/ i v/ ! !
1/ i / i i
3 i H '
(5" (6" (7)

Three simplices can only arise when n > 6. So player A only needs to insure
that at least one simplex arises and if precisely one does then the two stars have

distinct basepoints at least one of which is not on the simplex. In cases (3'), (5') and
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(7'), a simplex has already formed while in case (1'), (2'), (4') and (6') it is clear that
at least one simplex is forced due to the fact that n = 5. (This is the reason this
strategy is not valid for n > 6.) Moreover, player A can insure in one move, in the
cases involving two stars, that at least one of the two star’s distinct basepoints won’t
lie on the simplex. Thus we've show that player A has a winning strategy for n = 5

and that completes the proof of the theorem. M

7.17 Note

————

The m—color SC-VCG played on the vertices of K (n,2,1) = L (K,) corresponds to
an m—color coloring game played on the edges of K,,: players A and B take turns
assigning any one of m colors to the edges of K, with the proviso that nonadjacent
edges must be assigned the same colors. (Equivalently, the proviso states that every

colored edge just intersect all the edges that have been assigned a different color.)

7.18 Theorem

Ws (K (n,2,1),m) = Ws (L (K,,),m) = A

if and only if n = 3 (mod4), where m and n are integers withm > 2 andn > 4. In
particular, for all m > 2, Ws (P,m) = B for the Petersen graph P = L (Ks).

Proof. Assume firs that m is odd. We will show that player A has the winning
strategy as long as n = 4k + 3, for some positive integer k. Suppose player A assigns

the color blue to some edge and player B responds by assigning either the same (blue)
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color or a different color, say red, to an adjacent edge. In either case, player A can

form a bichromatic simplex (in red and blue).

Since there are no edge adjacent to both the red and blue edge, no edge can be
assigned a third color. Moreover, the only edges that can be colored blue are those
adjacent to the red edges. Since n is odd, there exists an even number of these. If
player B colors one of them blue, then player A can color another blue as well.

:\\ 7
I Z2 N\
b

Observe that at this point neither player can color an edge red since there are
no uncolored edges adjacent to all the blue edges Consequently, the players must
continue coloring edges blue and since there are an even number of edges that can be

so colored player A wins the game.

Suppose instead that player B added a red edge to the bichromatic simplex.

Since n is odd, player A can respond as follows
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No uncolored edge is adjacent to all the red edges, so no uncolored edge can be
colored blue. However all edges adjacent to the one blue edge can and will be colored
by the end of the game. This results in two red (n — 2)—stars (with basepoints the
endpoints of the blue edge.) All together there will be an odd number of colored
edges and that is a winning situation for player A.

Consequently, the only feasible response player B has to player A’s initial move

is to color a nonadjacent edge (with the same color).

Player A can either respond with the same color or with a different color. If

player a chooses to assign a different color, say red

Player A must then color one of the two “diagonal” edges; player B wins by
coloring the other. Thus player A’s only good move is to assign the same color to

another edge. There are basically two ways of doing this.
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— e e - P

If n = 4k + 1, then (}) is an even number. In this case, player B can assign the
color blue to one more edge of K, insuring that all the edge be colored blue. This is

a win for player B. However if n = 4k + 3, then (}) is an odd number. In this case,

player A should form the configuration

Else, a monochromatic K, would result, a win for player A for n = 4k + 3.)

Player A responds as follows.

Since no edge is adjacent to all the blue edges only the color blue can be assigned
from this point on. Since the only edges that can be so colored are those adjacent to
the two red ones, this will result in a blue (n—3)—star. Together with the bichromatic

simplex, that gives n colored edges, a win for player A.
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Finally, assume n is even. We wish to show that player B has the winning
strategy. He responds to player A's initial move by assigning an adjacent edge a

different color.

A =N N
/ d \\\ 4 \\ ’ ) . :
Z___N // “\ // N
(1) (2) (3)
/‘ \ ; \
VRN VRN
/ N / N
VAR / AN
(4) (5)

Lo T A
! N 4 (N /7 \
1 / \\ ] / \\ / \
v \ t \ N
| M v . bannmmcaa {
(1) (2) (3)
: \ ; \
VAN / \
7/ N / AN
y4 _ N y. AR
(4) (5)
Here we have essentially two different configurations.
VAN 7
/7 \ /7 N
/ \ V4 N
S, A AN

In the first case, player A can either color an edge blue
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or color an edge red

If player A colors an edge blue, then player B colors the remaining “diagonal”

edge blue and wins

D
| R4S \\
LY S
. |

If player A colors an edge red, then that leads to a red (n — 3)—star which.
together with the bichromatic simplex, yields a total of n colored edges. Since n is
assumed to be an even number, player B wins once again.

Finally, we need to consider the second case above.

¢ 7 7
7/~ \\\\ / \\\
/ RY / .

LNy
In the second case, player B must assign the color black to any one of the edges

adjacent to both the red and blue one. In fact, from this point on both players must
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take turns coloring these edges black until the edges are exhausted. In the end there
will be a total of n colored edges and since n is assumed to be even that means player

B will once again win. ll

7.19 Theorem

We (K (n,2,1),m) = W; (L (K,,),m) =B

if and only if n = 3 (mod 4), where m and n are integers withm >2andn > 3. In
particular, for all m > 2, W (P,m) = A for the Petersen graph P = L (K5).
Proof. For any n > 3, if player B follows player A’s first move by coloring an adjacent

edge, then player A wins by forming a bichromatic triangle.

P

More precisely, player B can respond in essentially one of two ways.

Player B loses since he then has to make the last move of the game
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So regardless of whether 7 is odd or even player B should respond to player A’s

initial move by coloring an adjacent edge (with the same color).

In the first and last cases, player A can force the following configuration

TR

| ‘\\ |

I ~d
which consists of a bichromatic simplex and a star with basepoint on it. Alto-
gether there are n colored edges and since n is assumed even this is a win for player

A.

In the second and fourth cases, player A can respond as follows.
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\
(RN
I
As before, player B would then make the last move of the game and lose. The

third case is treated similarly. So for n even we have shown that player A has the

winning strategy.

If, on the other hand, n is odd and player A colors an edge red

since this leads to

So for n odd player A avoids losing only if he colors an edge blue. There are

three possibilities.

-T== < ===1

In the first case all the edge of K, can and must be colored blue. Since (3) is
odd precisely when n = 3 (mod 4), player A wins for values of n = 1 (mod 4) while

player B wins for values of n = 3 (mod 4).

In the second case, player B can color an edge red
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This leads either to

TR
o> |

\,
| ~

which is a win for player B since n is odd, or tc

TTKRTT1T T
" \\l

I N
which is a win for player B for any n.

It only remains to consider the third case. If player B colored an edge red

\
N,
N\,
N
N\,
N,

T T
| I
l |
| ™

then player A would win the game by completing the “blue square”.

Similar events would ensue if player B formed a “blue square” instead. So player

B has essentially only two ways out:

IN ! ,
[ S L o
N ! |

I U I
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In the first case all the edge of K, can and must be colored blue. Since (3) is
odd precisely when n = 3 (mod 4), player A wins for values of n = 1 (mod 4) while

player B wins for values of n = 3 (mod 4).

To prevent all the edges from being colored blue in the second case, player A

would have to color an edge red:

But this would lead to

NS

which is a win for player B for any n. Consequently, player A must color an
edge blue. Then all the edges must be colored (blue) and, since n is odd, player B

wins if and only if n = 3 (mod 4). B
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