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Abstract

NILPOTENT Q[x]-POWERED GROUPS AND Z[x]-GROUPS
by
Stephen Majewicz

Advisor: Professor Gilbert Baumslag

An ezponential group or A-group (as defined by A. G. Myasnikov and V. N.
Remeslennikov [12]) is a group, G, equipped with an action by an associative ring
with unity, A, such that for all ¢ € G and for all @ € A, the element ¢g* € G is

uniquely defined and the following axioms hold:
1. gt =g, ¢%¢® = g, (9®)P = g*¥ for all g € G and for all o, 8 € A.
2. (h~tgh)® = h™lg%h for all g, h € G and for all o € A.
3. If g, h € G satisfy the relation [g, h] = 1, then (gh)* = g*h* for all u € A.

A particular example of an exponential group is a nilpotent R-powered group, where
R is a binomial ring (that is, a commutative integral domain of characteristic zero with
identity such that for any r € R and k € Z*, (1) € R, where (7) = fr=lolr=ktl)y
A nilpotent R-powered group (see P. Hall [5], [6] and R. B. Warfield, Jr. [14]) is a

nilpotent group, G, equipped with an action by R such that, for all g € G and for all

a € R, the element ¢g* € G is uniquely defined and the following axioms hold:

iv
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1. g' =g, g% = g**P, (9*) = g*® for all g € G and for all o, § € R.

2. (h='gh)® = h=tg*h for all g,h € G and for all @ € R.

[23

3.g%--92=m (g)“Tg(g)(2) » -Tk_l(g)(kgl)Tk(g)(z) for g; € G and for every o € R,
where 7;(5) = 7:(g1,-- -, gn) and k is the class of gp (g1,...gn).. The 7:(g)’s are

known as the Hall-Petresco words.

In this thesis I generalize the notion of a nilpotent group in two specific classes of
exponential groups, namely the class of nilpotent Q[z]-powered groups and the class
of Z[z]-groups. Many questions which arise in the study of ordinary nilpotent groups
are explored in this thesis for these particular exponential groups. I also introduce
several new concepts and results for nilpotent Q[z]-powered groups and Z[z]-groups
in general, expanding on the existing theory. Some known results for nilpotent R-
powered groups, where R is any binomial ring, are mentioned in the papers of P. Hall
([5], [6]) and in the book by R. B. Warfield, Jr. [14] (A. M. Duguid also has results
for such groups, but I was unable to find any of these results in the literature). R.
C. Lyndon [10] and A. G. Myasnikov and V. N. Remeslennikov [12] have studied free
A-groups, where A is any associative ring with unity. In [12], some foundational work

for A-groups is given as well.
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Introduction

One of the most interesting classes of groups is the class of nilpotent groups. These
groups have been thoroughly studied and many fascinating results have emerged. For
example, every finite p-group is nilpotent and every finite nilpotent group is the in-
ternal direct product of its Sylow p-subgroups. Finitely generated nilpotent groups
are polycyclic and have solvable word problem, generalized word problem, conjugacy
problem and isomorphism problem. They are also residually finite, which is an im-
portant result in combinatorial group theory. If a nilpotent group is finitely generated
and torsion free, then it admits a Mal’cev basis which gives rise to a unique normal
form for its elements. In particular, the set of n x n unitriangular matrices over Z,
often denoted as UT,,(Z), is a finitely generated torsion free nilpotent group and has

a Mal’cev basis. These are just a few of the results.

The purpose of this thesis is to discuss the notion of a nilpotent group in the class
of nilpotent Q[z]-powered groups and the class of Z[xz]-groups, as well as provide sev-

eral new concepts and results for these groups. Some results for nilpotent R-powered

vii
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groups, where R is any binomial ring (that is, a commutative integral domain of
characteristic zero with identity such that for any r € R and k € Z, (,:) € R, where
;) = T—("ll—)-Tc(—,T——M), are mentioned in the papers of P. Hall ([5], [6]) and in the book
by R. B. Warfield, Jr. [14] (A. M. Duguid also has results for such groups, but I was
unable to find any of these results in the literature). R. C. Lyndon [10] and A. G.
Myasnikov and V. N. Remeslennikov [12] have studied free A-groups, where A is an

associative ring with unity. Both nilpotent R-powered groups and A-groups lie in a

broader class of groups known as ezponential groups as defined in [12].

This thesis contains three chapters. In the first chapter I mention some classical
results in the study of nilpotent groups, some of which will be proven for complete-
ness. Among these results there are two theorems which play a crucial role in the
development of the theory of nilpotent Q[z]-powered groups, which I will now men-
tion. Let G be a finitely generated torsion free nilpotent group. The first major

theorem (see [7]) states that G has at a finite normal series
1=Go<---<G,=G

such that the series is a central series and each factor group G;41/G; is infinite cyclic
for 7 =0,...,n — 1. Put another way, G has a poly-infinite cyclic and central series.
I will give the proof of this theorem by utilizing some of the results prior to it. Using
the notations above, suppose Gy, = gp (ui+1, G;) for some u;41 € G4 and for each

viii
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i=0,1,...,n—1. Then every element g € G can be uniquely expressed in the normal
form g = uf' - -u% for some ay,...,q, € Z. The set (uq,...,u,) of G associated
with the series {G;} is called a Mal’cev basis for G. The second major theorem, due

to Mal’cev and Hall (see [5] and [6]), states that if G has a Mal’cev basis (u1,...,us)

and & = (alw"aan)v ﬂ: (/Bla"'aﬂn)’ then

() ul) = uf O &)
and
(ué _,ugn)A _ u.llil(d,)\) . u%n(a,/\)

where each fi(a@,3) for & [ € Z" is a polynomial with rational coefficients in 2n
variables and each g;(@, A) for A € Z is a polynomial with rational coefficients in
n + 1 variables. As Philip Hall points out in [5] and [6], if we consider the set
{uf -+ ul| a; € R} for some binomial ring R, then this set together with the binary
operation defined by the polynomials for multiplication and exponentiation (called
the R-completion of G with respect to (ui,...,uy,)) is a nilpotent group of the same
class as G. For such groups, the exponents are now elements of R rather than of Z and
it is clear that G embeds into G®. As Hall states in [5], this idea of an R-completion
suggests an axiomatic approach toward the development of a nilpotent R-powered
group. Let G be a nilpotent group of class ¢ and R any binomial ring. Suppose that
G is equipped with an action by R such that, for all ¢ € G and for all o € R, the
element ¢g® € G is uniquely defined. Then G is called a nilpotent Q[z]-powered group

ix
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if the following axioms hold:
1. ¢t =g, g%9% = ¢*™8 (g*)P = g*F for all g € G and for all o, 3 € R.

2. (h~1gh)® = h™'¢g%h for all g,h € G and for all a € R.

[ed

3. g?--.g,‘i‘:ﬂ(g)an(g)@)---Tk_l(g)(kc—xl)rk(g)(z) for all &« € R and for all
(91,...,92) = § € G, where k is the class of gp(g1,...9n). The 7;(g)’s are

the Hall-Petresco words.

Examples of such groups are given at the end of the chapter. These groups are
sometimes referred to as R-powered groups [5] and nilpotent R-groups [14).

Chapter two is devoted to the study of nilpotent Q[z]-powered groups. It be-
gins with the definition of a nilpotent Q[z]-powered group (which is a special case
of the definition stated above) and is followed by some fundamental definitions and
lemmas. [ prove a theorem of R. B. Warfield, Jr. [14] which states that every
finitely Q[z]-generated nilpotent Q[z]-powered group has a poly-Q[z] cyclic and cen-
tral Q[z]-series. This result is clearly of great importance for pursuing the study of
finitely Q[z]-generated nilpotent Q[x]-powered groups since it permits one to express
an element of such a group in a normal form. I also prove that if G is a finitely
generated torsion free nilpotent group with Mal’cev bases B; and By, then the Q[z]-
completions of G with respect to By and B, are Q[z]-isomorphic to each other. The

concept of a nilpotent Q[xz]-powered group of finite type and of a 7-primary nilpotent
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Q[xz]-powered group is introduced. The connection between the two is proven in the
theorem which states that every nilpotent Q[z]-powered group of finite type is the
direct Q[z]-product of its 7-primary components. This resembles the situation for
ordinary nilpotent groups in which we have that every finite nilpotent group is the
direct product of its Sylow p-subgroups. I introduce the Frattini Q[z]-subgroup of
a nilpotent Q[z]-powered group and prove results for such Q[z]-subgroups. Some of
Dehn’s fundamental problems have positive solutions for finitely Q[x]—genera‘fed nilpo-
tent Q[z]-powered groups. In particular, if G is a finitely Q[z]-generated nilpotent
Qlz]-powered group, then G has solvable word problem, generalized word problem
and conjugacy problem. Such groups are also Hopfian (as defined in the Q[z] sense)
and residually finite dimensional over Q. The chapter concludes with a discussion of
the Mal’cev correspondence between Q[z}-completions of finitely generated torsion
free nilpotent groups and nilpotent Lie algebras over Q[z]. The construction of this
correspondence uses group rings over Q[z| and a straightening process mentioned by

S. A. Jennings {7].

In the last chapter, I discuss Z[z]-groups. The notion of an A-group was first
introduced by R. C. Lyndon [10] while attempting to solve Tarski’s problem, which
asks whether or not the elementary theory of free groups is decidable. A new axiom

was introduced to those of an A-group by A. G. Myasnikov and V. N. Remeslennikov

xi
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[12] which revised R. C. Lyndons’ notion. The advantage of this new axiom is that
it allows one to view an abelian A-group as an A-module. For completeness, I will
state the definition of an A-group now. Let A be any associative ring with unity and
G be an arbitrary group. Suppose that G is equipped with an action by A such that,
for all ¢ € G and for all & € A, the element ¢* € G is uniquely defined. Then G is

called an A-group if the following axioms hold:
1. ¢ =g, g%¢® = g°**, (¢*)? = ¢g°# for all g € G and for all o, B € A.
2. (htgh)® = h~'g%h for all g, h € G and for all o € A.
3. If g, h € G satisfy the relation [g, h] = 1, then (gh)* = g*h* for all u € A.

I am interested in the case where A = Z[z]. My goal in studying such groups is
to develop the theory of what I call N*-groups. N*-groups are closely related to
ordinary nilpotent groups. These are not to be confused with nilpotent R-powered
groups, since Z[z] is not a binomial ring and the axioms for nilpotent R-powered
groups are different from those of A-groups. To begin with, I define a Z[z]-group
and give other preliminary definitions and results as well. The notion of an ideal
([12]) is given and some basic results pertaining to ideals are mentioned. I define an
N*-group and a special kind of series called an S*-series which plays a useful role
in the study of N'*-groups. Several results which hold for ordinary nilpotent groups

also hold for N*-groups. For example, I prove that if G is a torsion free N*-group

xii
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and if g? = h¥ for some g, h € G and non-zero 8 € Z[z], then g = h. I also develop
the theory of R-groups which are closely related to those mentioned by A. G. Kurosh
[9]. The major relationship between N*-groups and nilpotent Q[z]-powered groups
will be discussed when studying a particular class of Z[z]-groups which I refer to
as Z[z]-groups of type HP. The main example which exhibits this relationship deals
with the Z[z]-group consisting of all n x n unitriangular matrices over Z[z] and the
nilpotent Q[z]-powered group of n x n unitriangular matrices over Q[z]. The chapter
concludes with a look at the specific case of when n = 3. In this case, we obtain the

Heisenberg Z[x)-group, denoted by HZil,

Xiil
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Notations

Z the set of integers

Z* the set of positive integers

Zlz) the ring of polynomials over Z

Qlz] the ring of polynomials over Q

H<(G H is a subgroup of G

HAdG H is a normal subgroup of G

| G| the order of G

HNG the intersection of H and G

HUG the union of H and G

HcdG H is a subset of G

Z(G) the center of G

Ca(A) the centralizer of A in G

G/H the factor group of G by H

9, h] g~'h'gh

" h=lgh

gp (X) the smallest subgroup of G containing the subset X

[H, K] gp ([h, k] | h € H k € K)

192G =Ty G, G|

TG =T [Yn-1G, G], the n'* subgroup of the lower central series of G
xvi
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UT.(R)
E;
tij(c)

Ti(gl)' . 7gk)

H<yp G
H<drG
9pr(X)
(Hy, Ho]r
G=p H
Hiel Gi

exp

G/|G, G, the abelianization of G

the n'* subgroup of the upper central series of G

the torsion subgroup of G

the tensor product of the modules G and H

the Frattini subgroup of G

the group ring of G over the ring R

the n X n unitriangular matrices over R

the n x n matrix with 1 in the (i, 7)*" place and 0's elsewhere
I + «E;; where I is the n x n identity matrix and o € R

the i*" Hall-Petresco word of G with entries (gy,. .., gx)
5’-(‘"—_1)—1—,(—‘3‘:—“;” where 7 € Z and a € R for some binomial ring R
the Heisenberg group

the R-completion of G with respect to a Mal’cev basis

H is an R-subgroup of G

H is a normal R-subgroup of G

the smallest R-subgroup of G containing the subset X
gpr([h1, ha] | b1 € Hy, ke € Hy)

G is R-isomorphic to H

the direct product of {G;| i € I}

the 7-primary component of G

h is conjugate to g

the class of all nilpotent Q[z]-powered groups of class at most c.
the class of abelian Q[z]-groups

the logarithm map

the exponentiation map
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g*h log(exp(g)exp(h))

L = Lgem the Lie algebra of Gl
N* a Z[z]-group which possesses a central Z[z]-series
I (G) the i term of the S*-series of G
R the class of Z[z]-groups in which o' roots, if they exist, are unique
I(S) the isolator of S in G
Z the class of Z[z]-groups
Zlly, gy - - L[z the ring Z[z] with the elements {l;,ls, - , [} adjoined to it
FZlal the Heisenberg Z[z]-group
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Chapter 1

Preliminaries On Nilpotent Groups

I will begin with a review some classical results pertaining to nilpotent groups.
The definition of a nilpotent group is given, as well as some theorems which are
proven by utilizing the upper and lower central series. I will also recall some facts
about basic commutators, free nilpotent groups and other topics which arise in the
study of nilpotent groups. The main theorem of this chapter, due to Mal’cev and P.
Hall, will allow us to construct an R-completion of a finitely generated torsion free
nilpotent group, where R is a binomial ring. This, in turn, gives rise to one of the

main objects of this paper.

1.1 The Basics

Definition 1.1.1. Let G be a group. Then the series

1=Gp <G < <G =G
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of G is called a finite normal series if G; G for each 0 <17 < s.

Note. Tt easily follows from the definition that for each 0 < 7 < s — 1, we have

G; 4 Giqr.

Definition 1.1.2. Let G be a group. Then a finite normal series
1=Gy2---9G, =G

of G is called a central series if Gi41/G; < Z(G/G;) for each 0 < i < s.

Definition 1.1.3. A group G is called a nilpotent group if it has at least one central

series. The shortest length of all such series is called its nilpotency class.
Definition 1.1.4. A group G is solvable if G has a finite normal series
1=Gy<---4G; =G
such that G;1,/G; is an abelian group for each 0 <4 < s~ 1.
An alternative definition for a group to be nilpotent is

Definition 1.1.5. A group G is a nilpotent group if it is solvable, and the finite
normal series 1 = Gy < --- < G, = G can be chosen so that the action of G on each

of the factors G, /G; is trivial for each 1 <7 < s.

A nilpotent group of class 0 is the trivial group, while nilpotent groups of class at
most 1 are abelian. Note that, although every nilpotent group is a solvable group,

the converse is false (for example, S; is solvable, but not nilpotent).
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Note. If a,b € G for some group G, then I will denote the expression b~1ab by a’.

Definition 1.1.6. Let G be a group and let ¢; € G and g € G. Then the commutator

of g1 and gy is (g1, 92] = 97 97 ' 9192 = 97 9.

More generally, we have:

Definition 1.1.7. A simple commutator of weight n > 2 is defined recursively as

[g15- -y 9n) = [lg1,-- -, Gn-1], 9n] Where by convention [g;] = g;.

Next I will recall some computational identities for commutator calculus.
Lemma 1.1.1. Let z, y and z be elements of any group. Then

1. [z,y] = [y, 2]

2. 2¥ = zlz, y]

3. [zy, 2] = [z, 2)[y, Z]

BN

- z,y7] = [z, 2][=, y)?

5. [z,y7") = (2,9 )

6. [ty = (w9l )

7. |z, y Y 2V [y, 27t )z, 27 y)® = 1 (the Hall-Witt Identity)-

Proof. Follows by direct calculation. O
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We can form commutators of subsets of G as well as elements. Let {X;, Xa,...}

be non-empty subsets of G.

Definition 1.1.8. The commutator subgroup of X; and X, is defined by [Xi, X,] =

gp ([z1,22) | 1 € X1, 29 € X3).

Remark. If G is any group and S C G, then

gp(S)= () {He}

HL <G

where S C Hy. Hence, gp (S) is the smallest subgroup of G containing S.
More generally, let [X1,..., X,] = [[X1, ..., Xn-1], X»] where n > 2. Observe that

[Xi, Xj] = [Xj, X;]. An immediate lemma which follows from Definition 1.1.2 is

Lemma 1.1.2. Let G be any group and let 1 = Gy <--- QG = G be a finite normal

series for G. Then the series is central if and only if [Gi41,G] < G; for0 <1< s — 1.

The definitions of the upper and lower central series of a group are stated next.

Definition 1.1.9. Let G be any group. Then the upper central series of G is 1 =

<0G S] ClG ﬂ Ty where CH—lG/CiG = Z(G/QG) for i = 0, 1, e

Remark. By definition, (;G = Z(G) and each (;G is characteristic in G, but not nec-
essarily fully-invariant in G. Furthermore, the upper central series doesn’t necessarily
ascend to G. When there is no ambiguity, I will sometimes denote (;G by Z; and refer

to these as the upper central subgroups.
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Definition 1.1.10. Let G be any group. Then the lower central series of G is

G =vG> %G> - where v,G = [v,G,G] fori=1,2,....

Remark. Each ;G is fully-invariant in G' and the series need not descend to the
identity element. %G = [G, G] = G’ is called the derived subgroup of G and G/7,G =
Ab(Q) the abelianization of G. When there is no ambiguity I will often denote v;G

by I'; and refer to these as the lower central subgroups.
Lemma 1.1.3. Let G be a nilpotent group with a central series
1=Gy<---4G, =G.
Then
1. ;G > G; and
2. %G <G, foralli=0,1,...,r.

Proof. By using Definition 1.1.9, Definition 1.1.10 and induction on ¢, the result

follows. O

Remark. Clearly, the above lemma shows the following relationship between the terms

of the upper and lower central series:
’}’i+1G < Cr—-iG for ¢ = 0, 1,...,r.

By using induction and Lemma 1.1.1 repeatedly, one establishes the following

lemma.:
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Lemma 1.1.4. For any group G, we have v,G = gp ([g1,...,9x] | 9: € G).

Putting together Lemmas 1.1.1, 1.1.3 and 1.1.4 with the definition of a nilpotent

group we obtain:

Theorem 1.1.1. Let G be a nilpotent group. Then the following are equivalent:

1. 7C+1G =1

2. (G =G

3. G has nilpotency class at most c.

4' [glv v agc—i-l] =1 fO’f' all i in G.

Theorem 1.1.2. Let G be a nilpotent group of class c. Then

1. every subgroup of G is a nilpotent group of class < c.

2. every factor group of G is a nilpotent group of class < c.

3. if Gq,...,Gy are also nilpotent groups of class c, then their external direct prod-

uct 1s a nilpotent group of class c.

Proof. Follows by induction and the isomorphism theorems. See [11]. O
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1.2 Results Obtained From The Lower and Upper

Central Series

The results in this section are proven with the aid of the upper and lower central

series. Most of these results will be stated with references.

Lemma 1.2.1. If H <G and G is nilpotent of class ¢, then v(G/H) = ((v.G)H)/H

for each i =1,...,c+ 1. Furthermore, if G has class ¢, then G/~.G has class ¢ — 1.

Lemma 1.2.2. Let G be a nilpotent group of class ¢ > 2. Then for any element

g € G, the subgroup H = gp (g,72G) is nilpotent of class < c.
Proof. Refer to [5] or [8]. 0

Lemma 1.2.3. Let G be a nilpotent group of class ¢ and suppose that H < G such

that gp (H,vG) = G. Then H =G.

Proof. See [8] or [14]. O

I will now discuss the torsion group and torsion elements of a group.

Definition 1.2.1. Let G be any group and let 7(G) denote the set of all elements of
finite order, 7(G) = {g € G|¢g" = lforsome n # 0 € Z}. An element g € 7(G) is

termed a torsion element of G and 7(G) the set of torsion elements of G.
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Definition 1.2.2. A group G is called a torsion group or a periodic group if #(G) = G.
If m € Z7 is the smallest positive integer for which G™ = 1, then we say that G has

exponent m.

Definition 1.2.3. If G is any group, then G is a torsion free group if it has no torsion
elements other than the identity element (i.e. if ¢ € G and g" = 1 for some n € Z,

then either g = 1 or n = 0).

Remark. It is obvious that every group contains at least one torsion element, namely
the identity element. It is not always the case, however, that the set of torsion

elements of a group form a subgroup. For any nilpotent group, though, it does.

Theorem 1.2.1. Let G be a nilpotent group of class c. Then 7(G) <4 G.

Proof. The proof is by induction on the class of G and uses Lemma 1.2.2. See [8]. O

A useful corollary which follows from Theorem 1.2.1 is

Corollary 1.2.2. Let G be a nilpotent group of class ¢. Then G/7(G) is a torsion

free nilpotent group.

Proof. By Theorem 1.2.1, 7(G) < G. Hence the factor group G/7(G) can be formed.
Let g7(G) € G/7(G) such that there exists n # 0 € Z with (g7(G))" = 7(G). Then

g" € 7(G) and so I3m € Z s.t. (¢")™ = ¢"™ = 1. Therefore, g € 7(G). O
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The next theorem demonstrates how the abelianization of a group can give us
information about the group itself. The proof I've given can be found in [15]. See [14]

for a slightly different approach. The next couple of lemmas are needed in the proof.

Lemma 1.2.4 (The Three Subgroup Lemma: KaluZnin, P. Hall). Let H, K
and L be subgroups of a group G. If any two of the commutator subgroups [H, K, L],

[K, L, H}, [L,H, K] are contained in a normal subgroup of G, the so is the third.
Proof. The proof uses Lemma 1.1.1. See [15] for details. O

Lemma 1.2.5. Let G be any group and let i and j be positive integers. Then [I';,I'j] <

Ty

Proof. The proof is by induction and uses Lemma 1.2.4. See D. J. S. Robinson

[15]. O

Theorem 1.2.3. Let G' be any group. For each integer n > 1, the mapping ¢, :
Fao1/Tn X AWG) — Ty/Thyr defined by on (2T, yls) = [, y]Tns1 is multiplicative
in each variable (i.e. ¢, when restricted to each component, is a homomorphism).

Consequently there is a well-defined module epimorphism

Yn : Tno1/Tn Q) AB(G) = Tn /T

(2l @ yl'a) = [z, y]Tn s

between Z-modules for every integer n > 1.
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Proof. 1T will first check that ¢, is well-defined. Let g € G, g1 € 'y, gn € Ty,

and g, € T'y. By Lemma 1.2.5, [gn-1, 92], [9n 9], [9n: 92, (9n-1, 9, gn), [gn—1, G2, 9n] and

[gn-1, 9, g2) are all contained in I',4;. Therefore,

On(Gn-19nln; 992T2) = [gn-19n, 992]Tn1
= [gn-19n, 92][gn-19n> 91Tt
= [gn-1, 921" [gn, 92| ([gn-1, 91°*[9n, 9])?* 't
= [gn-1,92)gn-1, 92, 9nl[9n, 92} ([9n-1, 91 [gn, 9]) " T 1
= ([9n-1,9ll9n-1, 9 9nl[gns 91)** T'nt1
= [gn—lvg]gzrn+l
= [9n-1,9l[9n-1, 9, 92| Tt

= [gn—lag]rn-i—l = Qon(gn—lrm QFQ)-

Hence ¢, is well-defined.

Now I will verify that ¢, is multiplicative in each variable.

1. Let ay,ay € T',_;. Then, since [ay, g,as] € Tni,

¢n(@1a2ln, gT2) = laiaz, 9]nn
= [a1, gla1, 9, asllaz, g]T'nt1
= [a1,g)laz, 9]Tns1
= n(a1ln, gl2)@n(a2ln, gT2).

10
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2. Let by, by € G. Then, since [gn_1, b1, b2) € T'nya,

On(gn-1Tn, bibol's) = [gn-1,b102]Tnis
= [gn-1,b2}[gn-1, 01][gn-1, b1, 02] T y1
- [gn-—h ba)[gn-1, bl]rn-H
= [gn-1,01](gn-1,02] Tt

= Qon(gn—-lrna b1F2)(Pn(gn—1Fn, b2F2)-

Therefore, ¢, is multiplicative in each variable. Clearly, ¢, is an epimorphism since
[[,_1,G] = . Furthermore, by the fundamental mapping property of the tensor

products (over Z), there is an induced epimorphism

ot Tno1/Tn Q) AD(G) = T /Ty
defined by
(2T @ yT'2) = [2,y]Tnys

This completes the proof. O

Corollary 1.2.4. Let G be any group. For each integert > 0, there is an epimorphism

U, : Ab(GQ) ® e ® Ab(G) — Ty /Ty between Z-modules defined by ¥;(gi2®- - ®

o

1 of‘t,hese
9:L'2) = 91, .., gi|liy1, where gy € G.

Proof. By iterating the above result, the corollary follows. O

11
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Some consequences of Corollary 1.2.4 are:

Corollary 1.2.5 (Dixmier). If G is a nilpotent group of class ¢ and Ab(G) is a
torsion group of exponent m, then G is also a torsion group with exponent dividing

mC

Corollary 1.2.6. Let G be a finitely generated group with generating set
X ={x1,...,2n}. Then I';/Tpni1 is finitely generated by the set of all commutators,

modulo T4y, of the form [zi,, ..., z;,] where the T;; 's range over X.

Proof. Observe that if G is a finitely generated group, then so is Ab(G) by applying
the natural epimorphism 7 : G — Ab(G). The rest follows by using Corollary 1.2.4

and Lemma 1.1.1 repeatedly. a

Theorem 1.2.7. FEvery subgroup of a finitely generated nilpotent group G is also

finitely generated.

Proof. 1 will give the proof from [11]. Let H < G and let G have lower central series of
length s. By Corollary 1.2.6, each v;G/7;,,G is finitely generated for 1 < ¢ < 5. One
can easily check that the series H = H\ > HyP> .- H,B> H, 4 = 1, where H; = HN~v,G

for 1 <7< s+1,is a central series for H. Furthermore,

Hi/HH-l = {H n ’}’zG}/{}[ M ’YlG N ’Yi—HG}

1R

Yis1tG{H N %G}/ v G

12
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by the second isomorphism theorem. Therefore H;/H;, is isomorphic to a subgroup
of %G/vi+1G. But vG/vi41G is abelian and any subgroup of a finitely generated
abelian group is finitely generated. Therefore, H;/H;., is finitely generated for 1 <
i < s. In particular, H, = Hy/H,, is finitely generated. Hence, working our way up

the central series for H inductively, it is easy to see that H is finitely generated. O

Theorem 1.2.8. Let G be a nilpotent group and let N QG where N # 1. Then

NNZ(G) #1.
Proof. See [14]. O

Corollary 1.2.9. Let G be a nilpotent group. Then G is torsion free if and only if

Z(G) is torsion free.
Proof. 1 will use the fact that the torsion subgroup is normal in G.

1. Suppose Z(G) is torsion free. Then 7(G) N Z(G) = 1. By Theorem 1.2.1,
7(G) < G. Therefore, by Theorem 1.2.8, 7(G) N Z(G) # 1 unless 7(G) = 1.
This means that G is torsion free.

2. If G is torsion free, then Z(G) is obviously torsion free as well.

a

Lemma 1.2.6. Let G be a torsion free nilpotent group of class c. For any z,y € G
andn € Z*, if z" = y"™, then x = y.

13
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Proof. The proof uses induction on the class of G along with Lemma 1.2.2. T will

omit the proof. O

Lemma 1.2.7. Let G be a torsion free nilpotent group. Then G/Z(G) is a torsion

free nilpotent group as well.

Proof. Using the previous lemma and induction on the class of G, the proof follows.

I will leave out the details. d

Theorem 1.2.10. If G is a torsion free nilpotent group of class c+1, then (;1G /GG

is torsion free for each 0 <1t < c.

Proof. The proof is by induction on 4. It uses Corollary 1.2.9, Lemma 1.2.7 and the

isomorphism theorems. Refer to either [5] or [7] for the proof. O

1.3 A Decomposition Theorem For Finite Nilpo-

tent Groups

Definition 1.3.1. If p is a prime, then a finite group G is called a p-group if |G| = p"

for some integer n > 0.

Theorem 1.3.1. If G is a finite p-group, G # 1, then Z(G) # 1. Furthermore, G is

nilpotent.

14

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Proof. The first part of the theorem follows from the class equation. The second part

follows by induction using the upper central series. See [11]. 0

Definition 1.3.2. Let G be an arbitrary finite group and let p™ be the highest power

of p dividing |G]|. Then H is a Sylow p-subgroup of G if H < G and |H| = p™.

Theorem 1.3.2 (Burnside, Wielandt). If G is a finite nilpotent group, then G is

the direct product of its Sylow p-subgroups.

Proof. See [11] or [15]. O

1.4 The Frattini Subgroup

I will recall the definition of the Frattini subgroup of a group.

Definition 1.4.1. The Frattini subgroup of a group, G, is the intersection of all of
the maximal subgroups of G. The Frattini subgroup is denoted by ®(G). If G has no

maximal subgroups, then ®(G) = G.

Definition 1.4.2. Let G be a group and suppose g € G. Then g is called a non-

generator of G if G = gp (g, 9) always implies that G = gp (S) whenever S C G.

Lemma 1.4.1. Let G be an arbitrary group. Then ®(G) is the set of all non-

generating elements of G.

Proof. Refer to [11] or [15]. O

15
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By Lemma 1.2.3, it follows that
Lemma 1.4.2. If G is any nilpotent group, then [G,G] < &(G).

Theorem 1.4.1 (Frattini). The Frattini subgroup of a finite group is nilpotent.

1.5 Group Rings And Jennings’ Theorem

I will mention a theorem on residually nilpotent groups due to S. A. Jennings.

The definitions and results in this section can be found in [2] and [7].

Definition 1.5.1. Let G be any group and R any ring with unity. Then the group

ring of G over R, often denoted as RG, is defined as

RG = {Z Agg where all but finitely many of the coefficients Ay € R are zero},
9€G

together with the addition and multiplication rules
(Z )‘99) + (Z ;\gg) = Z(/\g + 5‘9)9
9€G geG geqG
and

(2 (5) -5

9EG 9€G 9€G \hk=g
where Ay, Ag, An, Ax € RR.

Definition 1.5.2. Let ¥ : RG — R be the homomorphism defined by

\ (Z )\gg> => "X
geG geC

Then ker ¥ is called the augmentation ideal of RG. I will denote this by A.

16
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Remark. Clearly ¥(g — 1) = 0. Hence if § € A, then § = Zg,‘EG a;g; with > a; = 0.
Therefore 3 . ai(gi — 1) = 0 and so A is additively spanned by the elements g — 1

(9 € G). In fact, ¥ is an epimorphism, so im¥ = R and consequently RG/A = R.

Definition 1.5.3. RG is called residually nilpotent if

00
A" =0
n=1

where here A™ is the two-sided ideal of RG generated by all elements of the form

{a1a2--ap | a; € A, 1 < i <n}.

Theorem 1.5.1 (S. A. Jennings). Let G be a finitely generated torsion free nilpo-

tent group and let F' be a field. Then FG is residually nilpotent.
Proof. See [2] or [7]. O

Remark. M. Lazard proved that the theorem holds if G is not finitely generated. E.

Formanek [3] proved that if F' is any associative ring, then the theorem holds.

1.6 Free Groups and Free Nilpotent Groups

In this section, [ will give some results on free nilpotent groups. I’ll begin by

stating some definitions and theorems on free groups (see [15] for proofs).

Definition 1.6.1. Let F' be a group, X a nonempty set and p: X — F a set map.
Then (F,p), or simply F| is said to be free on X if to each function o : X — G,

17
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where G is any group, there corresponds a unique homomorphism g : FF — G such
that o = B o p. A group which is free on some set is called a free group. If X C F
and p is the identity map, then F is freely generated by X. One usually writes F'(X)

in this case.
As a consequence of the definition,
e p: X — F is one-to-one. Hence we may identify X with p(X).
e The image of p generates F

Definition 1.6.2. Let F be a free group on a countably infinite set, X = {z,,z,...}

k kn
ill..-xin € W and {91,---,gn} are

and let W be a nonempty subset of F. If w =2z
elements of a group G, then the value of the word w at (g1,...,9,) is w(g1,...,9n) =
g gk~ The subgroup of G which is generated by all values in G of words in W is

called the verbal subgroup of G determined by W. Hence,
W(G) = gp(w(gy, .., 9. )9 € G, w € W).

Definition 1.6.3. If W is a collection of words on a countably infinite set X, the
class of all groups G such that W(G) = 1 is called a variety B(W) determined by W,

W is called a set of laws for B(W).

Let’s define for a countably infinite set, X = {z,2q,...}, the word
w = (&4, ..., ;] where the z;;’s are in X. If G is a nilpotent group of class c then,
18
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by Theorem 1.1.1, w(g1,...,9x) = [g1,-..,9x] = 1 for any {g1,...,9x} € G provided
that k > ¢. Hence if W = {[z;,,...,;,]} then B(W) is the variety of nilpotent groups

of class less than k + 1.

Definition 1.6.4. Let B be a variety, ' be a group in B, X a nonempty set and
p: X — F aset map. Then (F,p) is said to be B-free on X if to each function
a: X — G, where GG is any group in B, there corresponds a unique homomorphism
B : F — G such that « = o p. A group which is B-free on some set is called a free
B-group. As before, if X C F and p is the identity map, then F' is freely generated

by X.

In particular, a free nilpotent group of class c is a group which satisfies the above

in the variety of nilpotent groups of class < c.

Theorem 1.6.1. Let X = {x1,1,,...}, F(X) a free group on X and B a variety with
a set of laws W. Then F(X) = F(X)/W(F(X)) is a free B-group on X. Furthermore,

every group which is a free B-group is isomorphic to F(X).
In particular (see [5]),

Corollary 1.6.2. If F(X) is a free group freely generated by X and G is a free

nilpotent group of class c, then G = F(X)/gp ([, - - -, %i,]) whereix > c and T; € X.

Theorem 1.6.3. If G is a free nilpotent group of class c, then the upper and lower
series for G coincide.

19
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A consequence of Theorem 1.6.3 and Corollary 1.6.2 is

Corollary 1.6.4. Suppose that G is a free nilpotent group of class c. Then G/Z(QG)

is a free nilpotent group of class ¢ — 1.

1.7 Basic Commutators

The definition of a sequence of basic commutators and its relationship to free

groups is now given. This material can be found in [2], [4], [5] and [6].

Definition 1.7.1. Let X = {z,2,,...2,} be any set. The basic commutators in X

are defined recursively as follows:

1. The basic commutators of weight one are the elements {z1,%,,...z,} in this

order.

2. After defining and ordering the basic commutators of weight less than n, one
can obtain the basic commutators of weight n by taking the commutator of ¢;

and c;, where ¢; and ¢; satisfy:

e ¢; and ¢; are each basic commutators with n = wt(c;) + wt(c;), where wt

is the abbreviation for the weight of a commutator.

e in the chosen order for the basic commutators of weight less than n, we

have ¢; < ¢; it j <.

20
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e if ¢; = [¢y, ¢,] where ¢, and ¢, are basic commutators, then ¢, < ¢; in the

order that has been chosen for the basic commutators of weight < n.

3. the basic commutators of weight n follow all of the basic commutators of weight
< n in the order for the basic commutators of weight less than n + 1, but the

basic commutators of weight n may be arranged in any order.

The sequence of basic commutators {1, ..., Zp, ¢pt1, . . .} constructed above is termed

a basic sequence in X.

Note: In [2], the sequence above is constructed using a binary operation on
groupoids called ‘rep’. This proves to be an excellent way of developing such a

sequence.

Theorem 1.7.1. Let G = gp (YY), where Y = {y1,...,yq}, and let ¢1,ca,... be any
basic sequence of basic commutators in Y. Then .G is generated, modulo ~,4.1G, by

the basic commutators of weight r, where r =1,2,....

The proof of this theorem uses Lie ring techniques, which will not be discussed

here. Refer to G. Baumslag [2].

Theorem 1.7.2. Let F' be a free group, freely generated by X = {z1,...,z,}. Let
by, by, ... be any basic sequence of basic commutators in X and let r be any positive
integer. Then, modulo V.1 F, v F is a free abelian group, freely generated by the
basic commutators of weight r.

21
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An immediate result of this theorem is:

Corollary 1.7.3. Let F be a free nilpotent group of class c, freely generated by X =
{z1,...,24}. Let by, by,... be any basic sequence of basic commutators in X and let
1 <r <c. Then, modulo v, F', v F is a free abelian group, freely generated by the

basic commutators of weight r.

1.8 The Group UT,(Z)

In this section I will discuss the group of n x n unitriangular matrices whose entries

lie in Z.

Definition 1.8.1. An n X n matrix is called unitriangular over Z if it has entries
consisting of 0’s under the main diagonal, 1’s along the main diagonal and elements of
Z above the main diagonal. The group consisting of all unitriangular matrices whose

entries lie in Z will be denoted by UT,(Z).

Let UT™(Z) denote the subgroup of UT,,(Z) consisting of those unitriangular ma-
trices over Z whose m — 1 super diagonals (those which are above the main diagonal)

have (’s in their entries.

Remark. Notice that UT,) (Z) = UT,(Z) and UT}(Z) = I, where I is the n xn identity

matrix.

22
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When doing computations with matrices, the objects which are most favorably
used are transvections. I will now recall the definition of a transvection and some

useful identities pertaining to them.

Let Ej; denote the n X n matrix with 1 in the (¢,7)*" place and 0’s elsewhere.

Then

E; ifj=k,
Ej-Ey={ ’
0 otherwise

Moreover, if A = (a;;) is an n X n matrix whose elements lie in Z, then one can write

A= En: a,-jEij.

1,j=1
Definition 1.8.2. Let ¢;j{a) = I + aE};, where I is the n x n identity matrix and

a € Z. Then t;;(a) is called a transvection.

For simplicity, one often abbreviates t;;(1) = t;;. The following identities can be

verified by using the definition. Suppose «, 8 € Z.
1. tij(a) . t,'j(,@) = tij(Ol -+ ﬁ)
2. [tij(0)] ™ = ty(—a) = 3"

3. tij((l) == t,j(l)a = t%

til(aﬂ) lfj = k,
4. [ti (@), tu(B)] = { t;(~af) ifj # k buti=1,

1 otherwise

23
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By using the above identities, one can prove the following theorems. I will omit

the proofs.

Theorem 1.8.1. FEach subgroup UT™(Z) of the group UT,(Z) is generated by

transvections t;; such that j —1 > m.

Theorem 1.8.2. [UT/™(Z),UT,(Z)] = UT*Y(Z). Consequently, UT,(Z) is a nilpo-

tent group of class n — 1 with lower central series
UT(Z) > UTXZ) > --- > UTP Y Z) > 1.

Theorem 1.8.3. The upper central series for UT,(Z) coincides with the lower central

series.

Theorem 1.8.4. Suppose UT(Z) = gp (tij | j—i > m) and UT™H(Z) = gp (e | 1 -

k>m+1). Then
UTHZ)JUTHZ) = gp (timers tams2, -+« s tnomn).
Theorem 1.8.5. For each 1 < m < n, the factor group
UTMZ)/UT; ™ (2)
is torsion free.

An example of a group of unitriangular matrices is the well-known Heisenberg
group, UT3(Z). 1 will be studying an analogue of this group later in a more general

24
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setting. I will denote the Heisenberg group by H. Hence, H is the collection of 3 x 3

giEZ}.

It is easy to verify by direct calculation that H is indeed a torsion free nilpotent

upper triangular matrices

1 g1 9
{ O 1 g3

0 0 1

group of class 2 and, in fact, a free nilpotent group. Later in this chapter, I will give
a set of generators for this group which allow us to write an arbitrary element in a

unique normal form. Such unique normal forms occur in the more generalized groups

UT,(Z) as well.

1.9 The Hall-Petresco Words

Definition 1.9.1. Let F(X) be a free group, freely generated by X = {z,2s,...}.

The Hall-Petresco words 1(x1,...,2n) = 7,(Z) are defined inductively by

n n

o ay =@ @@ @) (@),

where n € Z1 and T = (z1,...,2,).

The proof of the next theorem can be found in [2] and [5].

Theorem 1.9.1 (P. Hall). Let F be a free group which is freely generated by the set
X = {zy,%9,...,2n}. Then 7(Z) € wF, where T = (z1,...,2,). Furthermore, if G

25
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is a free group on {x1,Z2,...,Tn,Y1,...,Ys} and 0 : G = F is the homomorphism of

G to F such that 6(x;) = z; and 0(y;) = 1, then

9(7’/@(.’171,.'1)2, ey Ty Yty - - 7ys)) = Tk(a—?)

Corollary 1.9.2. Let G be an arbitrary group and let g1, ..., 9, € G. Then
gt gk =@ @) -7 (@) (@)

for all k € Z%, where § = (g1...,n).

Theorem 1.9.3. For any group G and g1,...,9, € G, (g1 ..., 9n) € %G.

Proof. See P. Hall [5]. ( O

1.10 Mal’cev Bases

In this section I will prove that every finitely generated torsion free nilpotent group
(G has a poly-infinite cyclic and central series. Hence any g € G has a unique normal
form with respect to this series. A major theorem of Hall and Mal'cev will then be

stated.

Definition 1.10.1. Let X be a property (or class) of groups. A finite normal series

1=God4G,2---4G, =G
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of G is called a poly-X series for G if G;11/G; € X foreach i =0,...,l—1. A group
G is called poly-X if it has at least one poly-X series. The length of the series above
is [.

Theorem 1.10.1. Let G be a finitely generated torsion free nilpotent group. The G

has at least one central series
1=Gy<---<1G, =G

such that Gi.1/G; is infinite cyclic for eachi=0,...,n—1. Put another way, G has

a poly-infinite cyclic and central series.

Proof. T will give the proof from the paper by S. A. Jennings [7]. Let {(;G}
denote the upper central series of G as usual. By Theorem 1.2.10, each factor
group (541G /(G is torsion free. Furthermore, since each (,4;G is finitely generated
by Theorem 1.2.7, each (;,1G/(,G is finitely generated (the natural epimorphism
T2 (1G = (41 G /G gives us this). Hence each (411G /(G is a finitely generated
torsion free abelian group. Therefore each (;41G/(;G is a direct product of a finite
number of infinite cyclic groups. As a result, the upper central series of G may be
refined so that between any two consecutive terms (G and (,,1G we have a finite
chain of subgroups (G > U,, > U, > - - - > U, = (5,1 G so that each factor is infinite
cyclic. Since [(,G, G] < (5-1G, we have [Us,,G] < (-1G < Uy, and so the refine-
ment forms part of a central series of G. Continuing down the chain, the result is
established. a
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Remark. From the proof it is clear that every finitely generated nilpotent group G is

polycyclic. Hence, the additional hypothesis that G is torsion free is special.

Definition 1.10.2. The length n of any such series above is an invariant of the group,

called the Hirsch length (or the rank) of G.

Remark. More generally, the number of infinite cyclic factors in any polycyclic group

G is an invariant and is called the Hirsch length or the torsion free rank of G.

Let’s choose u;y; € Giyi in such a way that Gy, = gp(u;p1,G;) for each
1=20,1,...,n— 1. Then every element g € G can be uniquely expressed in the normal
form g = uf' - - - uS* for some ay, ..., o, € Z.

Definition 1.10.3. The set @ = (u,...,u,) of G associated with the poly-infinite

cyclic and central series {G;} is called a Mal’cev basis for G. The element g has

coordinates & = (o, ..., a,) and I will sometimes write g = u{* -+ - u2" as g = @%.
Note. In [5], Philip Hall calls & = (o4, ..., a,) the canonical parameters with respect
to the canonical basis @ = (uy,...,uy).

The proof of the next theorem, which utilizes the collection process, can be found
in [5] and [8]. I will utilize the collection process in the proof of a theorem in the next

chapter.

Theorem 1.10.2 (Mal’cev and Hall). Let G be a finitely generated torsion free
nilpotent group and let @ = (uy,...,u,) be a Mal’cev basis of G' with respect to some
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poly-infinite cyclic and central series. If x = u$' -+ u8 and y = uj"' - - ul~, then

1. zy = u{l(é_"m . -u{{‘(&’ﬁ) with & = (aq,...,a,) and B = (B1,..., B
2. Z,A — ugl(d)‘) e u%"(d1)‘)

where each fi(a,B) for & B € Z™ is a polynomial with rational coefficients in 2n
variables and each g;(&, ) for A € Z is a polynomial with rational coefficients in

n + 1 variables.

Definition 1.10.4. I will call (fi(&,f),--- , fa(&, B)) the multiplication polynomials
and (g1(&, A), - -+, gn(@, N)) the ezponentiation polynomials for G with respect to the

Mal’cev basis @ = (u1,...,u,). I will sometimes abbreviate (f,(&, §), - , fo(& B)) =

f(@ug) and gl(a7 )‘)’ T 79n(5‘7 )‘)) = g(&’ )‘)‘

110
For example, let’s consider the Heisenberg group H. Let a = {0 1 0/,
0 01
1 00 1 01
b=101 1|l ande=|0 1 0| =a,b]. Then H = gp(a,b) and so any g € H
0 01 0 01

can be represented as a word in {a,b}. Observe that ¢ € Z(H). One can verify
that the set {a,b,[b,a] = ¢™'} is a basic sequence of basic commutators for the free
nilpotent group H and is therefore a Mal’cev basis for H. Hence every g € H can
be uniquely expressed in the normal form a®b?c” where a, 3,y € Z. By using the

collection process, one can obtain the following identities:

29

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1. (a""b"‘?c%)(aﬂlbﬁ?cﬂa) = qe1tBhipee+B2 a3 +B83—Fraz
2. (aalbazcaa))\ — a/al)\bag)\cas)\—(;‘)alag

where a1, asg, az, Bi, B2, O3, A € Z. Therefore the multiplication and exponentiation

polynomials for H are

e fi(&,B) =01+ 5

o f3(@ 0) =az+ B — Bioz
o 1(G,A) = aq A
o g2(@, A) = ap)
o 93(&,2) = ) = ()

with respect to this Mal’cev basis.

1.11 The R-Completion Of A Finitely Generated

Torsion Free Nilpotent Group

For any finitely generated torsion free nilpotent group with a specified Mal’cev

basis, the coordinates (which lie in Z" for some n > 0) may be replaced by elements
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which lie in a binomial ring and, by using the multiplication and exponentiation

polynomials, we obtain a group again. I will now look at this situation.

Definition 1.11.1. A binomial ring, R, is a commutative integral domain of char-
acteristic zero with identity such that for any » € R and k € Z*, we have (;) € R,

where (;:) — r(r—l)«-l-c(!r«k-H)'

Let G be a finitely generated torsion free nilpotent group, @ = (ui,...,uy,)
a Mal’cev basis for G and R any binomial ring. Suppose that f(&,f) =
(fi(@, B), -, fu(@,B)) are the multiplication polynomials for G and g(a,)) =
(g1(&, A), -+, 9n(@, A)) are the exponentiation polynomials for G with respect to the

Mal’cev basis %. Consider the set of formal products
G® ={u® - u|o; € R}

and let multiplication and exponentiation be defined in G® by means of the poly-
nomials f;(a&, 3) and g;(@, \) where each of the arguments for each polynomial is an

element of R. More precisely,

1. (u?l - ugn)(ufl e ugn) -~ u{l(&’ ) e u{l"(d’ﬁ)

G, A (, A
2. (ugt e ugn )t = O @

where the a;’s, 3;’s and X all lie in the ring R. The set G® with multiplication and
R-exponentiation defined in this way becomes a group (I will prove this in the next
theorem).
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Definition 1.11.2. The set G® defined above, together with the multiplication and
R-exponentiation polynomials, is called the Mal’cev completion of G with respect to

the Mal'cev basis @ = (uy, ..., uy).

Theorem 1.11.1. The set G® described above is a group under the prescribed poly-

nomials for multiplication and R-exponentiation.

Proof. In order to prove the theorem, the following lemma is needed:

Lemma 1.11.1. Suppose that F is a field of characteristic 0 and let
f(zy,...,z) € Floy, ... xp). If flh,... kn) = 0 for all (ky,..., k) € Z", then

f(zy,...,z,) =0.

Proof of theorem: Let G have Mal'cev basis @ = (uy,...,u,) as above. I will

verify that the group axioms are satisfied.

e Associativity: I want to show that

and
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I claim that

f(f(@ 8),%) = f(& f(B,%))

forall @, 3,7 € R*ie. foralli=1,...,n, ] want
fl(f(ané)a;l) = fi(da f(Ba;Y))

Consider the function h;(Z, 7, 2) = fi(f(Z,9), 2) — fi(Z, f(F, Z)), where Z,7,Z €
R". Clearly, h;(Z,3,%) = 0 for all Z,9,Z € Z", since this relation holds in G.

Hence h;(Z,7,z) = 0 by Lemma 1.11.1. Therefore

for all &, 6,7 € R".

e Identity: T claim that u?-.-uQ is the identity element in G® (abbreviated as

@9). Well, @0 is the identity in G® if and only if a*a® = @2 for any @® € GR.
But @%a0 = @/(&9 yields 4/(®9 = g% Hence I need only show that f(@,0) = a
for all @ € R™. Consider the function h(z) = f(,0) — Z for Z,0 € R". Then
h(z) = 0 for all Z € Z", since this relation holds in G. Hence h(Z) = 0 by

Lemma 1.11.1. Therefore f(@,0) = & for all @ € R".

e Inverses: If @® € GRE, I claim that there exists (4%*)™' € G® such that

(@®)((a®)~!) = @. Observe that (a®)((a%)~!) = @ yields a@9(®~Y = 4°. This

gives us @/(@8(@-1) = 9 Hence, I need only show that f(&, g(a,—1)) =0
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for all @ € R™. But this equality holds for all & € Z™. Hence, once again by

Lemma 1.11.1, f(&, (&, —1)) = 0 for all @ € R™
O

Theorem 1.11.2. The group G® described above is a nilpotent group of the same

class as G, namely c.

Proof. As before, let G® = {u$'---u2|a; € R}. Suppose that g; € G# for i =

1,...,c+ 1 and let’s consider the commutator (g, , geq1). Well,
— 1,1 i, Qe+1,1 [0’ ,
[gla---agc+1] - [ul ”'unln)""ulc "'unCHn]
Pi(a) Po(a)
ul unn
where Pi(a) = P11, )@y« Qetily- -, Cet1,n) fOr some polynomials P; and

a;x € R. Each Pi(&) = 0 for each e € Z, since G is of class c and [g1,...,gc+1] =1

for g; € G. Hence, P(a) = 0 for all o, € R and for each 1. Therefore,

[91,---,9c+1]:u(1)"'u?z:1

for all g; € G®. This means that G is nilpotent of class is < ¢. To obtain equality,
observe that G embeds into G® and so the nilpotency class of G is > ¢. This shows

that the nilpotency class of G¥ equals c. O
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Note. If G is a finitely generated torsion free nilpotent group of class ¢, we see from

the above that G®, with respect to a given Mal’cev basis for G, satisfies the following:

e Forall g € GF and for all r € R, ¢" € G® is a uniquely determined element of
GE. In other words, R-ezponentiation is well-defined in G®. This R-action can
be written as

GExR-—GE

r

(g,7) = g"

e By using the multiplication and R-exponentiation polynomials together with

Lemma 1.11.1, one can check that the following hold:

1.g'=g,9¢ =g, (g")° = g for all g € G* and for all 7, s € R.
2. (h~'gh)" = h~'g"h for all g,h € G® and for all 7 € R.

r

3. gI-'-gZ=ﬁ(§)'TQ(§)(2)---Tk_l(g)(kil)fk(é)@) for all r € R and

(91,..-,9,) = g € (G®)", where k is the class of gp(g1,. .., gn).

1.12 Nilpotent R-Powered Groups

In the previous section, it was shown that the R-completion (R is a binomial ring)
of a finitely generated torsion free nilpotent group G can be formed with respect

to some Mal'cev basis. The multiplication and exponentiation polynomials for G
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are used to define multiplication and R-exponentiation in the R-completion. The
identities which are satisfied by this R-completion can be used in a more general
setting. In this section, I will give the definition of a nilpotent R-powered group
and some examples of such groups. P. Hall [5] and R. B. Warfield, Jr. [14] give an
excellent survey of nilpotent R-powered groups. I would like to mention that A. M.
Duguid also did some work with such groups, but I was not able to find it in the

literature. His name is mentioned in [5] and [7].

1.12.1 What Is A Nilpotent R-Powered Group?

Definition 1.12.1. Let G be a nilpotent group of class ¢ and R a binomial ring.

Suppose that G is equipped with an action by R,
G x R — G defined by (g, a) — ¢°,

such that for all ¢ € G and for all & € R, the element ¢* € G is uniquely determined.

Then G is called a nilpotent R-powered group if the following axioms hold:
1. gt =g, g%¢® = ¢°™8, (9*)P = g*F for all g € G and for all o, B € R.

2. (h"'gh)* = h~'g%h for all g,h € G and for all & € R.

[¢3

3. g{’"--g,‘j‘:ﬁ(g)%g(g)(z)---Tk_l(g)(kgl)Tk(g)(Z) for all @ € R and for all
(91,---,9n) = § € G™, where k is the class of gp(g1,...9n). The 7;(g)’s are
the Hall-Petresco words.
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The last axiom will be referred to as the Hall-Petresco aziom.

Remark. A nilpotent R-powered group is sometimes referred to as an R-powered group

(see [5]) or a nilpotent R-group (see [14]).

From the axioms above, it is easy to see that
1. () ' =g +forallpe R
2. %=1forallge G

3.1=1foralla e R

1.12.2 Examples Of Nilpotent R-Powered Groups

I will now give some examples of nilpotent R-powered groups which can be found in

P. Hall [5).

1. If G is any finitely generated torsion free nilpotent group, then G# is a nilpotent

R-powered group.

2. Let G be an abelian R-powered group. Then (gh)* = g*h* for all g, h € G and
for all & € R. This can be seen by using the Hall-Petresco axiom and observing
that, since G is abelian and 7;,(3) € v, we have 7;(g) = 1 for ¢ > 2. There-

fore G can be viewed as an R-module if we interpret the group multiplication
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and R-exponentiation operations of G as the R-module operations of addition
and scalar multiplication, respectively. Let g,h € G and «, § € R. Then the

interpretation is as follows:

eg =9 ~ lg=g
e (gh)*=¢*h* ~ a-(9g+h)=a-g+a-h.
o gt =g’ ~ (at+B)g=a-g+f-yg
o g =(g)* ~ (aB)-g=(a-(B-9))
3. Let R be any associative ring with unity which contains R, a binomial ring, in its
center. Let p be a nilpotent ideal of R, say p"*! = 0. Then G = {l1+a | a € p}

is a subgroup of the group of units of R. In fact, G = 1+ p is nilpotent of class

< n. For A € R and g € p, define

A A
(I+g)t=1+Mg+ <2)92+---+ <n>g"€G.

Then this definition makes G into a nilpotent R-powered group.

4. The group UT,(R) of all unitriangular » x n matrices with entries in R is a
nilpotent R-powered group as a consequence of the previous example with the

defined R-action.

5. Suppose R is a binomial ring and let RG be the group ring of a torsion free
nilpotent group, G, over R. Consider the quotient ring RG/A", where A is the
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augmentation ideal of RG. By Theorem 1.5.1,

n=1
If g # 1, there exists k¥ € Z* such that g — 1 ¢ A*, since g — 1 € A* for all
k € Z™ yields g — 1 = 0 by Theorem 1.5.1, a contradiction. In fact, there exists
a k € Z* such that

GN(1+ 4% =1
This gives rise to an embedding
Q:G — RG/A*F given by

g 14+ ((g - 1)+ A5).

Hence Q(G) & G. Thus G embeds into 1+ (A/A*) by Q. Notice that g—1 € A
for each g € G and so (g — 1)* € A*. Hence, in 1+ (A/A¥), one can define the

R—action

§A=(L+@—¢»A:1+A@-q)+(;yg_1y+.“+(kil)@_1ﬁq

where § = 1 + ((¢ — 1) + A¥) € 1 + (A/AF) and A € R. This R-action turns
1 + (A/A*) into a nilpotent R-powered group by Example 3 above. Hence,
we obtain a way of embedding a torsion free nilpotent group into a nilpotent

R-powered group of the same class.
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Chapter 2

Nilpotent Q[x|-Powered Groups

In the first chapter, I mentioned the definition of a nilpotent R-powered group
where R is a binomial ring. I will now focus on the case where R = Q[z]|. Clearly,
Q[z] is a binomial ring, since all of the ring requirements are satisfied and the binomial
coefficients of elements in Q[z] lie within Q[z] (i.e. if u € Q[z] and k£ € Z*, then
(4) € Qla)).

In this chapter, I will begin by recalling the definition of a nilpotent R-powered
group for the case where R = Q[z] and give some basic definitions and results.
Some of these results can be generalized for arbitrary nilpotent R-powered groups.
I will discuss some particular classes of nilpotent Q[z]-powered groups such as =-
primary nilpotent Q[z]-powered groups, nilpotent Q[z]-powered groups of finite type,
the Frattini Q[z]-subgroup and free nilpotent Q[z]-powered groups. I will then discuss
some of Dehns’ fundamental problems and a residual property of nilpotent Q[z]-

powered groups. The chapter concludes with a look at the Mal’cev correspondence
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between nilpotent Lie algebras over Q[z] and a certain class of nilpotent Q[z]-powered
groups.
I would like to mention that some of this material can be found in P. Hall ([5], [6])

and R. B. Warfield, Jr. [14].

2.1 Basic Definitions and Basic Results

Definition 2.1.1. Let G be a nilpotent group of class ¢. Suppose that G is equipped

with an action by Q[z],
G x Q[z] — G defined by (g, @) — g%,

such that for all ¢ € G and for all @ € Qz], the element ¢* € G is uniquely
determined. Then G is called a nilpotent Q[z]-powered group if the following axioms

hold:

1. g' = g, g%¢® = g°*#, (g*)? = ¢ for all g € G and for all o, B € Q[z].

2. (h~1gh)® = h™1g®h for all g,h € G and for all o € Q[z].

[+4

3. g?---gg:Tl(g)aTg(g)(z)-~-Tk_1(§)(ki1)7'k(§)(c’:) for all g; € G and for every
a € Q[z], where 7,(g) = 7i(g1,...,9) and k is the class of gp (g1,...gn). The

7;(g)’s are the Hall-Petresco words.

As mentioned in chapter 1, the last axiom will be referred to as the Hall-Petresco
aziom.
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From the axioms above, we see that
1. (g#)7! = g* for all u € Q[z].
2. ¢%=1forall g € G.

3. 1 =1 for all a € Q[z].

I will be referring to subrings of Q[z]. From this point on, all such subrings will

be with unity.

Definition 2.1.2. Let G be a nilpotent Q[z]-powered group and K a subring of Q|z].

Then H is called a K -subgroup of G if H < G and ¢* € H for all g € H and o € K.
I will denote “H is a K-subgroup of G” by H <k G.

Definition 2.1.3. K is a binomial subring of Q[z] if K is a subring of Q[z] and is a

binomial ring.

Note. It is clear that if G is a nilpotent Q[z]-powered group, K is a binomial subring

of Q[z] and H <k G, then H is a nilpotent K-powered group.

Definition 2.1.4. Let G be a nilpotent Q[z]-powered group and K a subring of Q[x].
Then N is a normal K-subgroup of a nilpotent Q[z]-powered group G if N <qi G

and N 4G.

I will denote “N is a normal K-subgroup of G” by N g G.
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Lemma 2.1.1. Let K be a subring of Q[z] and let {G,,...,Gx} be a collection of K -
subgroups of a nilpotent Q[x]-powered group, G. Then G = ﬂle G; is a K-subgroup

of G.

Proof. Observe that G <y G; for each 4 = 1,...,k. It is now routine to verify that

G is a K-subgroup of G. |

Let K be a subring of Q[z]. A K-subgroup of a nilpotent Q[z]-powered group G

which is K-generated by a subset S is defined as follows:

Definition 2.1.5. Let G be a nilpotent Q[z]-powered group. If § = {z1,...,z;} is

a subset of G, then

H= () {H}=gpxla,...z)

SCH;<kgG

is called the K-subgroup of G which is K-generated by {z1,...,z;}. We call S a set

of K-generators for H.

Remark. Put another way, H is the smallest K-subgroup of G containing the set S.

In particular, gpz(S) is the usual subgroup generated by S.

Let K be a subring of Q[z]|. The commutator of K-subgroups of a nilpotent Q[z]-

powered group is defined in the following way:

Definition 2.1.6. Let G be a nilpotent Q[z]-powered group and let Hy, Hy <k G.
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Then
[Hy, Holk = gpr([ha, ha] | b € Hy, by € Hy)
is the commutator K -subgroup of H, and Hy. If Hy, ..., H; <k G then we recursively

define, for ¢ > 2,

[Hla .. '7Hi]K = [[Hla s 'aHi——l]KaHi]K'

In particular, (G, G|k = 9pk([91, 92] ]| 91, g2 € G) is the derived K -subgroup.

The next lemma can be found in [5] and [14].

Lemma 2.1.2. Let G be a nilpotent Q[z]-powered group of class ¢ and let N g G.
Then

gN = hN implies ¢° N = h°N
for any g,h € G and any 8 € Q[z].

Proof. Suppose gN = AN as in the hypothesis. Then there exists n € V such that

gn = h. For every 8 € Q[z], we have (gn)? = h#. By axiom 3, we obtain

@ = (gn)7a(g, 1)@ 11 (g, ) (E) 7 (g, m) D),

where k is the class of gp(g,n). Clearly, each of the 7;(g,n)’s necessarily lie in N
since N <lgiz) G. Hence, gPnf = (gn)fn for some 7 € N. Therefore (gn)? = ¢°n
for some 2 € N. Thus (gn)’N = (¢®a)N = ¢®N. Since (gn)? = AP, it follows that
g"N = hPN. O
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Consequently, we have

Lemma 2.1.3. Let G be a nilpotent Q[z|-powered group and N SQgpz) G. Then the

Qlz]-action on G induces a Q[z]-action on G/N,
(gN)* = g"N for all g € G and p € Q[z],

which turns G/N into a nilpotent Q[z]-powered group.

Proof. Let gN,hN € G/N. By the previous lemma, (gN)* = (hN)* implies g*N =
h*N for all u € Q[z]. Therefore this Q[z]-action is well-defined. Verifying that G/N
equipped with this Q[z]-action is a nilpotent Q[z]-powered group is straightforward.

O

Theorem 2.1.1. Let G be a nilpotent Q[z]-powered group. Then the subgroups of the

upper and lower central series of G are Q[z]-subgroups of G.

Proof. If z € Z(G) and g € G, then g~'2g = z yields (g7'29)* = 2* for any o € Q|z].
Hence, by axiom 2, we have ¢g~'2%g = 2® and so 2z* € Z(G). Since Z(G) < G, we
have that Z(G) <gjz) G and G/Z(G) is a nilpotent Q[z]-powered group by the above
lemma. By induction, it follows that (;G g G for each 4. The proof that ;G dgjs) G

for each i can be found in [14]. O

Corollary 2.1.2. Let G be a nilpotent Q[z]-powered group. Then

G = gp([91,--.,9n) | gi € G).
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The following terms will be used later.

Definition 2.1.7. Let G be a nilpotent Q[z]-powered group and suppose that G has

a series

1=Gy <G, £+ <G =G.
Then the series is called a
1. Qz}-series if G; <qpgy G fori=0,...,n
2. normal Q[z]-series if G; gz G for each i = 0,1,...,n

3. central Q[z]-series if it is a normal Q[z]-series which is central

The product of two Q[z]-subgroups of a nilpotent Q[z]-powered group is defined

in the obvious way.

Lemma 2.1.4. Let G be a nilpotent Q[z]|-powered group and let N Lgz) G and
H <qz) G. Then HN <qps) G and HN = gpqps)(H, N). Furthermore, if H Qgiz) G as

well, then HN Q] G.
Proof. Let hn € HN and 3 € Q[z]. I claim that (hn)? € HN. Observe that
hen? = (lm)ﬁTQ(h, n)(g) . -Tc_l(h,n)(cfl)'rc(h, n)(f),

where c is the class of gp (h,n). Each of the 7,(h,n)’s lie in N since N dqi;) G. Hence,
henf = (hn)P# for some 7 € N. Therefore (hn)? = kP € HN for some 72 € N. The

rest of the proof is obvious. O
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2.2 Q[z]-Mappings

The definitions of Q[z]-mappings and the Q[z]-isomorphism theorems are analo-

gous to the ordinary group case.

Definition 2.2.1. Let ¢ : G — G be a mapping between two nilpotent Q[z]-powered
groups. Then ¢ is termed a Q[x]-homomorphism if ¢(gh) = ¢(g)¢(h) and ¢(g*) =
[#(g))* for all g,h € G and A € Q[z]. Homg(G,G) will represent the collection of

all Q[z]-homomorphisms from G to G.

The terms Q[x]-monomorphism, Q[z]-epimorphism, Q[z]-isomorphism and Q[z]-
automorphism are defined in the obvious way. Autgjs)(G) will represent the collection
of all Q[z]-automorphisms of G.

As usual, ¢(G) is the image of ¢ and will be denoted by im ¢. The kernel of ¢ is

{9 € G| ¢#(g) = 1} and will be denoted by ker ¢.

Lemma 2.2.1. Let ¢ : G — G be a Q[z]-homomorphism between two nilpotent Q[z]-
powered groups. Then ker ¢ and im ¢ are Q[z]-subgroups of G and G, respectively.

Moreover, ker ¢ is a normal Q[z]-subgroup of G.

Proof. If g € ker ¢, then for any 8 € Q[z], ¢(¢°) = [#(9)]® = 1¥ = 1. Hence,
g? € ker ¢. If § € im ¢, then there exists ¢ € G such that ¢(g) = §. But then
#(g%) = [¢(9)]* = §* for any o € Q[z]. Hence, g* € im ¢. The rest of the proof is

straightforward. O
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Theorem 2.2.1 (First Q[z]-Isomorphism Theorem). Let ¢ : G — G be a Q[z]-

homomorphism between two nilpotent Q[z]-powered groups. Then

Theorem 2.2.2 (Second Q[z]-Isomorphism Theorem). Let G be a nilpotent

Q[z]-powered group, H <gpz) G and N g} G. Then
HN/N =g H/HON.

Theorem 2.2.3 (Third Q[z]-Isomorphism Theorem). Let G be a nilpotent Q[z}]-
powered group and let H Jgip) G and K dgg) G with K <qpz) H. Then

6/K

G/H =g H/K

2.3 Abelian Q[z|-groups

An abelian Q[z]-group is simply a nilpotent Q[z]-powered groups of class at most
1. As it was pointed out at the end chapter 1, if G is an abelian Q[z}-group and
g,h € G, then [g,h] = 1 implies that (gh)* = g*h* for any X € Q[z]. Consequently,
abelian Q[z]-groups can be interpreted as Q[z]-modules and their Q[z]-subgroups
as submodules. Much of the theory of modules can therefore be applied to abelian
Qlz]-groups.
Definition 2.3.1. A nilpotent Q[z]-powered group, G, is a cyclic Q[z]-group if there
exists g € G such that G = gpgia)(9).
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Theorem 2.3.1. Let G be a cyclic Q[z]-group. Then every Q[z}-subgroup of G is

also a cyclic Q[z]-group.

Proof. The key to proving this theorem is the fact that the division algorithm for
Q[z] holds, since Q is a field. The proof follows the same way as in the ordinary

group case. O

Lemma 2.3.1. If G is a nilpotent Q[z]|-powered group then 'y is the smallest normal

Q[z]-subgroup for which G/T'y is an abelian Q[z}-group.

Proof. Let N <gjz) G be any normal Q[z]-subgroup of G such that G/N is an abelian
Q[z]-group. Then gNAN = hNgN for arbitrary g,h € G. Therefore, g~'h~'gh € N
and so [g, h] € N. This implies that N >qiq I's since [g, ] € [G, G] = T's. The result

now follows. 0

Lemma 2.3.2. Let G be a nilpotent Q[z]-powered group and suppose that G/Z(G)

is a cyclic Q[z]-group. Then G is an abelian Q[z]-group.

Proof. Let G and G/Z(G) be as above. If G = Z(G) then we are done. Suppose
that G # Z(G). Then there exists ¢ € G such that ¢ ¢ Z(G) and G/Z(G) =
9pgi)(9Z(G)). Hence every h € G has the form h = g*z, where A € Q[z] and

z € Z(G). Then, for any 2z, 22 € Z(G), we have
gV 2190z = gz 21

Therefore, G is an abelian Q[z]-group. O
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Theorem 2.3.2. Let G be a finitely Q[z]-generated abelian Q[z]-group and suppose

H <gp G. Then H is also a finitely Q[z]-generated abelian Q[z]-group.

Proof. Let G be a finitely Q[z]-generated abelian Q[ac]-gfoup with H <qz) G. Then
G can be viewed as a finitely generated Q[z]-module. Since Q[z] is a noetherian ring,
every submodule of a finitely generated Q[z]-module is itself finitely generated. In
particular, H (viewed as a submodule of G) is finitely generated. Therefore H is a

finitely Q[z]-generated abelian Q[z]-subgroup of G. O

2.4 Direct Products

Let {G;| i € I} be a family of nilpotent Q[z]-powered groups indexed by a non-
empty set 1. Define the set G = {f : I — [U,;Gi | f(i) € G; for all i € I'}. Sup-
pose that there is a bound on the set of classes of the family of groups G; (z € I).
Then G becomes a nilpotent Q[z]-powered group on defining multiplication and Q|z}-

exponentiation as follows:
L (ff)() = f() f'(i), where f, f' € Gand i € [

2. fAi) = (f(2))* for all A € Q[z]

h coordinate

An element g € G can be viewed as a " vector” g = (gy,. .., i, ...) whose ¢*
is g; = f(i) € G; for all i € I. By viewing the elements of G in this way, the group

operations become
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1. (gl,...,gi,...)(hl,...,hi,...):(glhl,...,gihi,...) for allgi,hiEGi
2. (915,95, ) = (g7,...,97,...) for all g; € G; and for all A € Q[z]

Definition 2.4.1. The nilpotent Q[z]-powered group G described above is called the

unrestricted direct product of the {G;}’s, denoted by

Definition 2.4.2. Let {G;| ¢ € I} be a family of nilpotent Q[z]-powered groups
indexed by a non-empty set I. Then a group G is termed a direct product of the G;’s,

which will be denoted by

¢ =[]a.

iel

if there exists Q[z}-monomorphisms ¢; : G; — G such that
1. ¢i(Gi) <m G

2. G = gpg)(Uie; ¢i(G))

3. ¢i(Gi) N g (U, 9i(Gy)) = 1 for 4,5 € I and 1 € G denoting the identity

element.

As usual, if I is a finite index set I = {1,2,...,n}, then the direct product of the

{G;}’s is written as [[,, Gi = Gy x -+ x Gy,
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Note. Given a family of nilpotent Q[z]-powered groups {G;| i € I} for which there is

a bound on the set of classes of this family, if we set

G= {f € ﬁGi | £(i) = 1 except for finitely many i € I},

il

then G = [];c; G; and G is a nilpotent Q[z]-powered group.

Theorem 2.4.1. Every finitely Q[z]-generated abelian Q(z}-group is a direct product
of cyclic Q[x]-groups.

Proof. Let G be a finitely Q[z]-generated abelian Q[z]-group. Then G can be inter-
preted as a finitely generated Q[z]-module. Since Q[z] is a principal ideal domain, G
is a direct sum of cyclic Q[z]-modules. However, the notion of the direct sum of cyclic

Q|z]-modules corresponds to the notion of the direct product of cyclic Q[z]-groups in

the obvious way. The result now follows. (]

2.5 Results Obtained From The Upper And Lower

Central Series

In this section I will prove some results which are obtained with the help of the

upper and lower central series.

Lemma 2.5.1 (The Three Q[z]-Subgroup Lemma). Let H, K and L be Q[z]-
subgroups of a nilpotent Q[z]-powered group G. If any two of the Q[z]-subgroups
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(H, K, Llguy, (K, L, Hlou), [L, H, K]gps) are contained in a normal Q[z]-subgroup of

G, then so is the third.

Proof. Just like in Lemma 1.2.4, we may apply the Hall-Witt identity (Lemma 1.1.1)

to obtain the result. O
Lemma 2.5.2. Let G be a nilpotent Q[z]-powered group. Then [, T'jlom < Liyj.

Proof. Since each 'y is a normal Q[z]-subgroup of G, the result follows from

Lemma 2.5.1 and induction. O

The abelianization of a nilpotent Q[z]-powered group gives us information about

the group itself.

Theorem 2.5.1. Let G be a nilpotent Q[x]-powered group. Then for every integer
n > 1, the mapping

QT /T X Ab(GQ) = Ty /Tris
defined by

Qn(grn, hFQ) = [g, h]rn+l

is multiplicative and Q[x]-ezponential in each variable (hence Q,, when restricted to
each component, is o Q[z]-homomorphism). Consequently, there is a well-defined

module epimorphism

Uy : Doy /Tn Q) AB(G) = T /T
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\pn(grn ® hP2) = [g’ h]Pn-H

between Q[x]-modules for every integer n > 1.

Proof. We know, by recalling the proof of Theorem 1.2.3 and using Lemma 2.5.2,

that each map €, is well-defined and is multiplicative in each variable. We need to

prove that €, is Q[z]-exponential in each variable.

. Let g € I',_; and h € G. I claim that [g, h%]

[g,h]* mod T,y foralla € Q[z].

By the Hall-Petresco axiom, we know that

o
2

o

_(%)

-Tk y

l9,h%) = [g, Ho77) .

where 7; = 7;(¢7'h"'g,h) and k is the class of gp(g~*h~'g, h). I claim that

7; € I'pyy for each ¢

If i = 2, we have:

[, h?]

T

2,...,k. The proof is by induction on ¢ :

g, R)*72 =

lg, h~*[g, 1*]

9, ) ~*(g, Pllg, P1"*

l9, k) *[9, hllg, hllg, h, bl

[g,h,h] € Tpy1, since g €T,y and h € G.

Suppose Tj_1 € I'pqy for j = 3,4,...,7. Observe that

Reproduced with permission of the copyright owner.
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It is easy to verify (using Lemma 1.1.1 and induction) that [g, h?] = [g, h]'d for

all ¢ > 2, where d € I',, 1. Therefore, by the induction hypothesis,

Hence, for all o € Q[z], we have

l9, %] = [g,h]"fg(g) . -%c(“) =[g,h]® mod T'py,.

2. Verifying that [¢g°, h] = [g, h]* mod [,y is the same.

Now, since I',_,/T,, and Ab(G) are both abelian Q[z]-groups, we can view them
as Q[z]-modules. Furthermore, since Q, is multiplicative and Q[z]-exponential in
each variable and is clearly a Q[z]-epimorphism, it induces an epimorphism between

modules:
Uy, : Ty /T Q) AB(G) — T /T
defined by ¥, (9T, ® hl'3) = [g, h]T'n+1. This completes the proof. O

Corollary 2.5.2. Let G be any nilpotent Q[z]-powered group. For each integer i > 0,

there is a Q[xz]-epimorphism

T, AN(G) Q)+ R Ab(G) = Ti/Tips

i of\trhese

55

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



between Qlz]-modules defined by

\Iln(glrz Q- ®QiFQ = (91,5 i Li
¢ of these

Proof. As in Corollary 1.2.4, we may iterate the above result to obtain our result. O

Corollary 2.5.3. Let G be a finitely Q[z]-generated nilpotent Q[z]-powered group
with Q[z]-generators X = {x1,...,2p}. Then %G/ G is finitely Q[z]-generated

by the set {[zi,, ..., 2i, | ¥+1G} where the z;;’s range over X.

Proof. Since G is a finitely Q[z]-generated nilpotent Q[z]-powered group, so is Ab(G).
By Corollary 2.5.2, we see that I',,/T,41 is Q[z]-generated by elements of the form
(Y1, Un]Tns1, where y; € G. But each y; is expressible as a product of Q[z]-powers
in the elements of {z1,...,z,}. By using the Hall-Petresco axiom and Lemmas 1.1.1

and 2.5.2, we obtain the result. O

Corollary 2.5.4. Let G be a nilpotent Q[z]-powered group of class ¢ and let N < G

such that G = gpqis)(N). Then N also has class c.

Proof. 1 will supply the proof given by R. B. Warfield, Jr. [14], where he proves it
for an arbitrary binomial ring. As usual, let ['; denote the subgroups of the lower
central series of G. Let m : G — Ab(G) be the natural Q[z]-epimorphism. Observe

that, since N is a set of Q[z]-generators for G, m(N) is a set of Q[z]-generators for
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Ab(G). By applying the Q[z]-epimorphism

U, 0 AbG) Q)+ (X Ab(G) — T'i/Tiy,

i of these

we see that the images of n-fold commutators of elements of N will Q[z]-generate
[n/Tne1. Applying this result to I'; = I'./Tc41, we see that N has nontrivial c-fold

commutators, so N has class c. (I

Theorem 2.5.5. Fvery Q[z]-subgroup of a finitely Q[z]-generated nilpotent Q[z]-

powered group is finitely Q[z]-generated.

Proof. The case for nilpotency class 1 was proven in Theorem 2.3.2. The rest of the

proof resembles that of Theorem 1.2.7 using Theorem 2.2.2 and Corollary 2.5.3. O

In R. B. Warfield, Jr. [14] it is stated that if R is a binomial ring then a finitely
R-generated nilpotent R-powered group has a series of a special kind. I will prove

this result next for the particular case of R = Q[z]. First,

Definition 2.5.1. Let G be a nilpotent Q[z]-powered group and let P be a property

of such groups. Then a Q[z]-series
1:G0SG1§"'SGn+1=G

for G is a poly-Q[z] P series if

57

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



1. G; gz} Gis1 for each 0 <7 < n and

2. Gi41/G; is a P Q[z]-group for each 0 < ¢ < n.

Theorem 2.5.6. Let G be a nilpotent Q[x]-powered group. Then G is finitely Q[z]-

generated if and only if it has a central Q[z]-series
1=Go G, 9---4Gry1 =G

such that Giy1/Gy is a cyclic Q[z]-group for each 0 < i < n. In other words, G has a
central Q[z]-series which is poly-Q[z] cyclic.

Proof. Let G be finitely Q[z]-generated. We know that each of the Q[z]-subgroups
of the upper central series, (G, is finitely Q[z]-generated by Theorem 2.5.5. Thus,
we have that each factor Q[z]-group (;4+1G/{,G is finitely Q[z]-generated. Since each
factor Q[z]-group (,,1G/(;G is abelian, we can express each as the direct product of
a finite number of cyclic Q[z]-groups by Theorem 2.4.1. Hence, refining the upper

central series yields the result. The converse is trivial. O

Definition 2.5.2. Let R be any binomial ring and let G be a finitely R—generated
nilpotent R-powered group. Then the Hirsch R-length of G is the minimal length of

all poly-R cyclic and central R-series for G.

Corollary 2.5.7. Let G be a finitely Q[z]-generated nilpotent Q[z]-powered group

and let H <qu) G. Then H has a poly-Q[z] cyclic and central Q[x]-series.

Proof. Follows from Theorem 2.5.6 and Theorem 2.5.5. O
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2.6 Uniqueness Of Q[z]-Completions

Given a finitely generated torsion free nilpotent group, GG, there are many different
Mal’cev bases one can choose to represent an element in normal form. Therefore
there are many different ways to form the Q[z]-completion of G. I will show in this

section that all such Q|[z]-completions are Q[z]-isomorphic to each other.

Theorem 2.6.1. Suppose G and G are finitely generated torsion free nilpote;nt groups
of class ¢ and that ¢ : G — G is a homomorphism. Suppose that G is contained in
some nilpotent Q[z]-powered group of class c, say D. Then for every choice of a poly-
infinite cyclic and central series for G there ezists a Q[z]-homomorphism ® : GU*! —
D which extends ¢, where GU! is the Q[z]-completion of G with respect to the given

series.

Proof. Let

1=Gp<dG1 <4 <G =G

be any poly-infinite cyclic and central series for G (such a series exists by Theo-
rem 1.10.1). Let G;41 = gp(ui1,Gi) for ¢ = 0,...,n — 1. Then the collection
@ = (u1,...,uy) is a Mal'cev basis for G with respect to the given series. Hence,

any u € G has the unique form u = uf* - .- u® = 4% Let (f1(&,0),..., fa(&, §)) and
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(g1(a, A), ..., gn(@, A)) be the multiplication and exponentiation polynomials, respec-

tively. Hence, if u = u{" -+ u%" and v = e -ub» | then we have the following:
w o= () ()
= fi@P uf"@®A) and
W= (g’
- u_tln(&,k) _u%n(d,)\).

Now let’s consider the homomorphism ¢ : G = G. Put w; = (). If u = u$

and v = v¥' ... uP~ as above, then

e(u) = wi---wd and
p(v) = wi'-wpn.

Observe that

and

o(w) = w{;(d,ﬁ) . _wrf;n(a,ﬂ’)_
Hence, since ¢ is a homomorphism, we have

(,u)?l e wzn)(w/fl e wgn) — ’U){l(&’ﬁ) .. wiﬂ(dwﬁ).
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Moreover,

and

QO(U)‘) _ wi]l(d,)\) . _wgn(d,)\)

yields the equality

ay aniA _ ,,.91(@)) gn (@A)
g = O gl

From the above observation, it follows that in ¢(G) (the image of ¢), elements multi-
ply and exponentiate according to the polynomials for G. Now, since G has a Mal’cev

basis @ = {uy, ..., u,} with respect to the given poly-infinite cyclic and central series,

(2) ()

the elements of G* are of the form u"*™ - -+ up™

Consider the map

¢:G¥l - D

defined by

(p(u?l(m) . uzn(x)) — wllll(f’«') P 'UJ;.:"(:C)

[ claim that ® is a Q[z]-homomorphism extending ¢. Suppose u = u‘l’”(z) 2@

and v = u”'@ ... 45" are elements of GOl T will prove the following identities:

(wixl(z) . wan(z))(wlﬁl(l‘) . wgn(w)) — w{1(&(z),5(z)) .. w,{"(d(x)ﬁ-(z))

n

and
(w?l(m) . e wg"(‘r)))‘(z) - wfl (G(Z‘),/\($)) “ e w',gl"(d(z)l’\(x))‘
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Once the above are proven, we will have

d(uv) = O[uP® .. @ @) ()@

n
— (I,(u{l(a(x),ﬁ(:c)) . _ufln(d(z),ﬂ-(z)))
_ w{l(d(w)ﬁ(w)) . _wv{n(&(x),ﬁ(z))
— (u)?1($) .. _wgn(z))(wfl(w) .. ,wrﬂln(z))
= O(u)®(v) and
() = @[(u‘fl(x) ey @r(@)A@)]
— q)(usln(c'x(whk(w)) . u%n(d(m),)\(z))
— win(a(x),A(z)) .. ,ngLn(&(m),/\(a:))

= [wa .. gen @)

= (e

and the proof is complete.

The proof is by induction on the Hirsch Q[z]-length of G2l

1. Suppose the Hirsch Q[z]-length of G¥ is n = 1. Then G is a cyclic Q[z]-

group and the result is obvious.

2. Suppose now that ® is a Q[z]-homomorphism for those GU*! such that the

Hirsch Q[z]-length 1 < ¢ < n. I will prove it for n. For simplicity, let’s abbreviate

a;(z) = ai, Bi(x) = Bi, pi(z) = pi and A(z) = A
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(a) I will first prove that

(W wg) @ - wf) = w0 6D,

Observe that

n
ay a b1 Brny — ,,,01+81 b1, ~1,, B1\~a;, B2 B
(wit - wpm) (wy' - - wp) = wy (wi 7wy wit) M wy? - wg”
1=2
(note that (wi?w;w)~ = w Py w by axiom 2). Now,
-B,, -1, b _ . B, —1 B, —1
wy Ptw wy = w T (wy ww) P wg
again by axiom 2. Furthermore,
— T . .
w7 twyw; = WywW )+ W
n . . — T Tin—i ¢
for some 7;;’s in Z, since u'uju; = wiugy;cccun™ in G, and so

i,n—1

o(u ) = pluulyy - un ™), giving us

W(Ui)—lSO(Ul)w(ui) = o(u)e(Usp1)™ -+ ()

Observe that the subgroup H; = gp (u1, Uit1,- .-, Un) , ¢ > 1, has a Mal'cev

basis {u;, U1, ..., U, }, hence the Hirsch Q[z]-length of HZQ[I] is less than
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n for each 1 <17 < n. Now,

(wi'wiwy)” = (wiwy) - wpie)

— (D uluri'l R uri,n—i Jeh
i+1 n

= ®{(wuy} - -up=)?] (by induction)
= (b(uflu?iﬁil(ﬁ,j B1) .u%n(r,»,j,ﬁl)

_ B1,, di+1 g
= Wy Wigy oWy

where the expressions {gy,...,gn} are obtained using the polynomials for

G and i = gk(rij, B1).

Hence,
=By, —1.. B __ ~Brs, —1 B1,,—1
wi M wTwy = w P (w wywg) M wg
— -B1y¢,,,B1,,3i+1 g -1
= w; (wlwi e wim)w;
S WY "D |
- wi+1 wnnwi
= <I>(ug“rl B (uh)
- +1 n i
= ®(ufl - ufru;') (by induction)
— (I)(u—lufiﬂ . ufn)
- % 41 n
_ 1, fivr . F
= W Wiy Wyt
where the expressions {fi,..., fn} are obtained using the polynomials for
G,
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Therefore,

(i w ) = (i fy )

= (@ ufyy - uf)
= Of(u; ultt - -uf")=%] (by induction)
gi+1

= O(ufudy - ud)

- o §i+1 - gn
=Wy Wiy wy™,

where the expressions {§i,...,Jn} are again obtained by the polynomials

for GU%. Note that gy = gk(f, @;). As a result, we obtain

n
wit -t wfe = e Tyl
1=2
Now, if we continue this procedure of collecting to the left and use the

prescribed polynomials, we obtain a parallel method to that of the non-

Qlz)-case using the same polynomials. Hence

(wf? )+ cw) = ol 60w,
(b) 1 will now prove that (w - .. wd)* = wf’(a’)‘) R A
Let 7, = 7;(w!,...,wk) be the Hall-Petresco words with arguments
1 [
{wh*,...,wk}. Tt is clear that each 7; can be expressed as a product
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of the w!’s. Therefore, by the result above, we have

(Wl wkr) = B(n(u)t, .. ukn)

= Bl u%in)

i 93,1 Jin
— wl [P wn ,

where the o, ,’s are obtained using the polynomials as before. Furthermore,
since the class of the nilpotent Q[z]-powered group, D equals ¢, we have

Iey1(D) = 1. Hence,
7—c—{»l':'7—c—§-2:"':1
since 7; € T'y(D) for all ©. But an easy calculation shows that 7, =

wi' -+ -wh and so the Hall-Petresco axiom gives

(w/l,n . _wpn)/\ — w{\m .. .,w)\unTc"(z)T‘(cil) ... “(3)
n n ’

Now, since all of the 74 lie in I's(D) for k > 2, we have

o g0
= [B( )] ()
= [®(ug? by ()
= O[(uf - ~uf{“‘")_(2)] by induction

—_ @(ugkﬂ .. u;Ylk.n)

V&, Yk,
— w2 2"'wn n

66

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where each ¢g; comes about from the fact that every element
( Tk,1

ultt e cuntt) = T(ul? L ule) in Ty (GU2) can be expressed in. the basis

{uz,...,u,} and each vk ; = ¢i(k2, &3y - - - €k ——(;C\)) Now substituting

(A
these 7, (’“)’s into the expression
(A (A (>
(wllll e U)rlrt")/\ — wlAl“ e ,(Uz‘lln,rc (C)TC__(lc_l) e 7-2 (2)

and using the multiplication polynomials, by induction we obtain

A 91(54,/\) (G3A)

(Wit win ) = wy Cowpt in exactly the same way we obtain

the result for G itself. This completes the proof.

a

For example, let G be a finitely generated torsion free nilpotent group of class ¢
and let @ = (uy,...,u;) be any Mal'cev basis for G. It is known that there exists
a faithful embedding v : G — UT,(Z) for some n > 0. If UT,(Q[z]) is the group
of unitriangular matrices with entries in Q[z], then we have a natural embedding
o : UT,(Z) — UT,(Q]z]). This gives rise to an extension of 1 to the map ¥ = 0 o7
such that ¥ : G — UT,(Q[z]). Note that ¥ is clearly an embedding. As we have seen
in the first chapter, UT, (Q[z]) can be turned into a nilpotent Q[z]-powered group by

defining the Q[z]-action on g = I + N € UT,(Q[z]) as

(I+N)°‘=1+aN+~-+(nil>N"“l,
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where a € Q[z]. Therefore, by Theorem 2.6.1, ¥ : G — UT,(Q[z]) can be extended
to a Q[z]-homomorphism & : GU — UT,(Q[z]) with respect to the Mal’cev basis u
of G and, in fact, ® is a Q[z]-monomorphism.

A particular case of the above example is when G = UT,,(Z). Let’s choose the col-
lection {12, ..., t1ny - tn=11,. .., tn—1n} Of transvections as our Mal’cev basis. Then

the Q[z]-completion of UT, (Z) is the collection of elements

[UT,(2)]%) = {£532@ ... 12070 | ay5(2) € Qla])

n—1n

and the polynomials for multiplication and Q[z]-exponentiation are the same as those

of UT,,(Z). I claim that
[UT(2)]% o1 UT,(Qla)),

where the Q[z]-action on UT, (Q|z]) is defined above. Well, let ¢ : UT,(Z) — UT,(Z)

be the identity map p({03% - - - tor ) = t54% - - torq where oy € Z. Then ¢ extends

n—1n n—1n
to an embedding ¢ : UT,(Z) — UT,(Q][z}]). By the above theorem, ¢ can be extended

to a Q[z]-homomorphism & : [UT,,(Z)]¥* — UT,(Q[z]) given by

Bt ) = p(t2) D (b 10

n—in

. t‘l)‘212(m) e tgi—ll}ln(x)

where the o;;(x)’s are in Q[z].

e Suppose ) .. hn1n(® ¢ Yor @ with pii(z) € Q[z]. Then

n—1ln

(D(t/ig2(z) . tp,n._ln(:l:)) — tlllé2($) . t.u‘n—ln(ill) =1.

n—1in n—1ln
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Using the properties of transvections, it follows that this can only happen if each

pij(z) = 0. Hence the kernel of ® is trivial and so @ is a Q[z}-monomorphism.

e Let g € UT,(Q|z]). Then g can be written in the form g = tPa(@) ~t,€'l"1;"(m)
for certain f;;(z) € Q[z] where tiﬂ;j(z) = I + B;;(z)E;; as in the usual sense.
Hence g = @(tféﬂw . -tﬁ"“l"(z)) and so ® is a Q[z]-epimorphism and the claim

n—1n

is proven.

Corollary 2.6.2. Let G| = (G, B;) and G2 = (G, B,) denote the finitely generated
torsion free nilpotent group, G, with distinct Mal’cev bases By and By, respectively.
Let G¥ and G¥* be their Q[z]-completions, respectively. Then G2 and GX! qre

Q|z]-isomorphic.

Proof. The identity map ¢, : G1 — Gy < G¥! gives rise to a Q[z]-epimorphism
5, G G

by Theorem 2.6.1. Similarly, 15 : Go —» G < G?[z] gives rise to a Q[z]-epimorphism
2y 0 G U,

It is easy to see that ¥; and ¥, are each Q[z]-monomorphic mappings. Therefore,

G¥! and G2 are Q[z)-isomorphic. 0

Lemma 2.6.1. Suppose that G is a finitely Q[z]-generated nilpotent Q[z]-powered
group. Then there exists a finitely generated subgroup H of G such that G Sqq Hs,
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Note: H is not a Q[z]-subgroup of G here.

Proof. Let G = gpqie)(ay, ..., an) and set H = gp(ay,...,a,). I claim that G Zqy
HQl Observe that H is an ordinary group with exponents in Z, hence is torsion free
as a subgroup of G (if g = 1 for some « € Z with g € H, then (g%)'/* = 11/* =1
and so g = 1 in H). Since H is a finitely generafed torsion free nilpotent group, we
can form its Q[z]-completion with respect to any Mal’cev basis. By Corollary 2.6.2,
all such Q[z]-completions are Q[z]-isomorphic. Thus we can write H% as the Q[z}-
completion of H without any ambiguity as to which Mal’cev basis we are considering.
It is clear that G = gpq(H) since the generators for H are precisely the Q[z]-

generators for G. Moreover, H@! ~0lz) 9PQiz)(H). Therefore H Qle] o G- O

2.7 Torsion Nilpotent Q[z]-Powered Groups

In this section I will give the definition of a torsion and torsion free nilpotent Qx]-
powered group. The main result is that the set of torsion elements of a nilpotent

Q[z]-powered group form a normal Q[z]-subgroup.
Definition 2.7.1. Let G be a nilpotent Q[z)-powered group.

1. An element g € G is called a torsion element if there exists an a € Q[z], a # 0,

for which g® = 1. The set of torsion elements of G will be denoted as 7(G).

2. If 7(G) = G then G is called a torsion nilpotent Q[z]-powered group.
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3. G is called torsion free if g* = 1 for some a € Q[z] implies g = 1 or a = 0.
Some lemmas are required before proving the main result of this section.

Lemma 2.7.1. If G is a nilpotent Q[z]-powered group and H <qpz) G such that

[G,G] < H, then H AQe] G.

Lemma 2.7.2. Let G be a nilpotent Q[z]-powered group of classc > 2 andlet g € G.

Then H = gpgp(9, (G, G]) is of class < c.

Proof. Since [G,G] < ((-1G) N H <qu] Ce-1H, it follows by Theorem 2.3.1 that
H/¢._1H is a cyclic Q[z]-group. By Lemma 2.3.2, we must have that (._1H = H,

and so H is of class < ¢ as desired. ]

The next theorem is stated in R. B. Warfield, Jr. [14] for arbitrary nilpotent

R-powered groups.

Theorem 2.7.1. Let G be an arbitrary nilpotent Q[z]|-powered group of class c. Then

7(G) Lo G-

Proof. Let G be a nilpotent Q[z]-powered group, of class ¢ and suppose a,b € 7(G)
are non-identity elements. There exists «, § € Q[z], both non-zero, such that a®* =1

and b® = 1. The proof is by induction on the class.

e If ¢c = 1, then G is an abelian Q[z]-group. We need to show that ab € 7(G).
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Well, observe that

(ab)*® = a*’b*# (since G is abelian)
= @0 =1

Hence ab € 7(G). Clearly, a € 7(G) implies a™! and a* € 7(G) for any p € Qz].
Furthermore, since G is abelian, 7(G) is a normal Q[z]-subgroup of G. Therefore,

it is proven for ¢ = 1.

e Suppose the theorem holds for class < ¢. Consider the Q[z]-subgroups A =
9pq (e, [G, G)) and B = gpgp (b, [G, G]) of G. By Lemma 2.7.2, we know that
A and B each have class < ¢—1. Hence, by induction, we have that 7(A) gz A

and 7(B) gz} B. Now observe that

1. Adgy G and B dgjg) G. This follows from Lemma 2.7.1, since both A and
B contain |G, G].

2. 7(A) gz G and 7(B) gz} G. To verify this, observe that if ) € Autge(A)
and & € 7(A) with @* = 1 for some A € Q[z], A # 0, then (¥(@))* =1
implies ¥ (a) € 7(A). Hence 7(A) is invariant under Q[z]-automorphisms
of A. In particular, 7(A4) is invariant under conjugation by g € G. Put

another way, for any g € G, we have
g Ag = A== g7'1(A)g = 7(4),

and so 7(A) dgjg} G. The same argument shows that 7(B) Jqiu) G.
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Define

K = gpge(T(A), 7(B)) = 7(A)7(B) g G.

For any @ € 7(A) and b € 7(B), we have
(ab)* = a*b

where p € Q[z] and b € 7(B) (this follows from normality and the Hall-Petresco

axiom). In particular,

(ab)® = a%by = by € T(B)

for some by € B, since a* = 1 by hypothesis. Hence, there exists a non-zero
v € Qz] such that

(ab)* =) =1

and so ab € 7(G). The rest of the proof is obvious.

From now on, 7(G) will be called the torsion Q[z]-subgroup of G.
Corollary 2.7.2. If G is a nilpotent Q[z]-powered group, then G/7(G) is torsion-free.
Proof. Follows the same as in Corollary 1.2.2. O

Theorem 2.7.3. Let G be a torsion free nilpotent Q[z]-powered group and suppose

g,h € G. If g* = h® for some non-zero o € Q[z] then g = h.
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Proof. The proof is by induction on the nilpotency class of G. Let g,h € G and

a € Q[z].

e If ¢ = 1, then G is an abelian Q[z]-group. Let g,h € G such that g* = h® for
some non-zero & € Q[z]. Then g*h~* = 1 and a simple application of the Hall-
Petresco axiom yields (gh~)® = 1. Since G is torsion free, we have gh™! =1

and so g = h.

e Suppose that ¢ > 2 and that the result holds for every torsion free nilpotent
Q[z]-powered group of class less than c. Let H = gpgpy(9, [G, G]), which is a
nilpotent Q[z]-powered group of class less than ¢ by Lemma 2.7.2. Notice that
h~'gh € H since h~'gh = glg,h] € gpqp(g, [G, G]). Now for every non-zero

o € Q[z],

o ha = ga — h—lhah

@
i

= ¢%*=h"'¢%

= ¢ = (h'gh)".
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By induction, we have ¢ = h™'gh = [g, h] = 1. Therefore,
= (gh™H*=1
= gh_1 =1
= g=h.
O

Lemma 2.7.3. G is a torsion nilpotent Q[z]-powered group if and only if Ab(G) is

a torsion nilpotent Q[x]-powered group.

Proof. Clearly, if G is a torsion nilpotent Q[z]-powered group, then so is Ab(G). For

the converse, we apply Corollary 2.5.2. 0
I will end this section with an embedding theorem which can be found in [14].

Theorem 2.7.4. Let G be a finitely Q[z)-generated torsion free nilpotent Q[z]-
powered group. Then there ezists a Q[z]-monomorphism of G into UT,(Q[z]) for

some integer n > 0.

(53]
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2.8 Nilpotent Q[z]-Powered Groups Of Finite

Type

In this section we will focus our attention on a particular class of nilpotent Q[z]-
powered groups which I will call the nilpotent Q[z]-powered groups of finite type.
The interesting thing about this class is that such groups have a nice decomposition
property which is similar to the finite case of ordinary nilpotent groups. This will be

examined in the next section.

Definition 2.8.1. Let G be a nilpotent Q[z]-powered group. Then G is of finite type

if it is a finitely Q[x]-generated torsion Q[z]-group.

Clearly, the nilpotent Q[z]-powered group G = 1 is of finite type. Moreover,
since every Q[z]-subgroup of a finitely Q[z]-generated nilpotent Q[z]-powered group

is finitely Q[z]-generated, we immediately have

Lemma 2.8.1. Let G be a finitely Q[z]-generated nilpotent Q[z]-powered group. Then

7(G) is of finite type.

The center of a nilpotent Q[z]-powered group, G, determines whether or not G

itself is of finite type, as we shall now see.

Lemma 2.8.2. Let G be a nilpotent Q[z]-powered group. If H gz G s of finite type

and G/H 1is of finite type, then G is also of finite type.
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Proof. Let g € G and let {g,H,...,g.H} be a set of Q[z]-generators for G/H. Then
we have that gH € gpgu)(g1H,...,9.H). But H is finitely Q[z]-generated, so if
{h1,...,hm} is a set of Q[z]-generators for H, then g € gpg)(g1,-- -+ Gn, b1, .-, hm).
Hence, G is finitely Q[z]-generated. Now, since gH € G/H and G/H is of finite type,
there exists o € Q[z] such that (¢H)* = H. This yields g¢* € H. Since H is also of
finite type, there exists 8 € Q[z] such that (¢®)® = 1. Hence ¢®® = 1 and so g is a

torsion element of G. Therefore, G is a torsion Q[z]-group. O

Theorem 2.8.1. Let G be a finitely Q[z]-generated nilpotent Q[z]-powered group of

class c¢. If Z(G) is of finite type, then G is also of finite type.
Proof. The proof is by induction on the class.
e If c =1, then Z(G) = G and there is nothing to prove.

e Let ¢ > 1 and suppose that the result holds for finitely Q[z]-generated nilpotent
Q[z]-powered groups of class < c¢. Let Z(G) be of finite type. If g € G and

a € (2@, then for some a € Q[z], we have

[9,0%] = [g,a]" =1,

since [g,a] € [G, (2Glg) <o) Z(G) and every element of Z(G) is a torsion
element. Therefore, [g,a®] = 1 for all ¢ € G and so a® € Z(G). This shows
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for a € (oG. As a result, (G/Z(G) is a torsion Q[z]-group. Furthermore, the
fact that

(G/Z(G) = Z(G/Z(G)) Qg G/2(G)
and G/Z(G) is a finitely Q[z]-generated nilpotent Q[z]-powered group implies
that (,G/Z(QG) is also finitely Q[z]-generated (since it is a Q[z]-subgroup of a
finitely Q[z]-generated nilpotent Q[z]-powered group). Therefore, (,G/Z(G) is
of finite type. By induction, G/Z(G) is also of finite type. Hence, G is of finite

type by Lemma 2.8.2.

2.9 rm-Primary Nilpotent Q[z]-Powered Groups

In this section I will prove that a nilpotent Q[z]-powered group of finite type can
be decomposed into a direct product of Q[z]-subgroups of a special kind. This is

somewhat analogous to the corresponding theorem for finite nilpotent groups.

Definition 2.9.1. Let G be a nilpotent Q[z]-powered group and let 7 € Q[z] be a

prime in Q[z]. Then the 7-primary component of G is the set
Gr={geG|g™ =1 for some k € Z*}.

Definition 2.9.2. Let G be a nilpotent Q[z]-powered group. We call G a w-primary
Q[z]-group if, for every g € G, there exists k € Z* such that g =1.
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Note. 1t is clear that every finitely Q[z]-generated m-primary Q[z}-group is of finite
type.

Theorem 2.9.1. Let G be a nilpotent Q[z]-powered group of class ¢ and let 7 € Q[z]

be prime. Then G is a normal Q[z]-subgroup of G.
Proof. The proof is by induction on the class.

e Suppose the class of G isc =1 and let g,h € G;. Then ¢" =1 and h™ =1

for some m,n € Z*. Hence,
(gh)™™" = (g™ )" (k™)™ =1

and so gh € G,. Furthermore, (¢%)™" = (¢™ )® = 1 for all @ € Q[z] and so

9% € G.

e Suppose that the result holds for all nilpotent Q[z}-powered groups of class
less than ¢ and let G, be the m-primary component of G. Observe that if
H = gpqis)(Gr) <qig] G, then proving that G, <qj¢ G is equivalent to proving
that g € G, for every g € H. Hence we may as well assume that G = gpqie)(Gr).
I claim that for every ¢ € G, we have g € G,. The equality G = G then follows.

7|.7n

For any ¢ € G there is an m € Z% such that (gI';)™ = T’y since
Ab(G) = G/Ty is abelian. This is equivalent to g™~ € I's. Now if g1,...,9, € G

and

gl ®- - ® gl € Q) Ab(G) = Ab(G) ) -~ ) Ab(G),

r of these
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then there exists my,...,m, € Z* such that g7+ € I'; and so

it

(@l @ ®g:T2) = (f2® - ® g Ty)™

g}’mll‘z .- ®gfmrF2

i

= [H®  -®I
N, e

r of these

Now, by Corollary 2.5.2, there exists a Q[z]-epimorphism

0 Q) Ab(G) = T /Ty

given by
Pl ® - ®¢:.T2) =[01,...,9:]Trta.

Thus, we have

s our)™ ) = o{@r)™ e 8 T )

m

- [girml,'”’g;r T]Fr+l:FT+l-

Hence, if we let g1 = [91,. -+, 9+)Crs1 € T /Trq1, then there is an | € Z*
such that g”lFTH = I',41. In particular, observe that if § € I'. = I',/T'c41, then
there exists [ € Z* such that §™ = 1.

Now, by induction (since G/T; is of class ¢ — 1), we may assume that for
any k € G, there is a p € Z* such that (k[".)"” = I.. This implies that there
exists § € ', such that K™ = §. But, since § € I',, there is a ¢ € Z" for
which §™ = 1 by the observation made above. Therefore k™ = § implies that
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k™" = 1. Hence, k € G, for any k € G and, consequently, G = G, as claimed.
Now suppose that G is any nilpotent Q[z]-powered group and let k € G,
for some prime 7 € Q[z]. Then there is an n € Z* for which ¥ = 1. Hence,

for any g € G, we have
(97 kg)™" =g kg =1.
Thus, g kg € G, and so G, <gj;) G. This completes the proof.
O

Definition 2.9.3. Let G be a nilpotent Q[z]-powered group. If g € G, then the

annihilator of g is
ann(g) = {8 € Qla] | ¢° = 1}.

Lemma 2.9.1. If G is a nilpotent Q[z]-powered group and g € G, then ann(g) is an

ideal in Q[z].

Proof. Clearly 0 € ann(g), since ¢° = 1 for any ¢ € G. If B;, B2 € Q[z], then
g% = ¢f = 1. Hence, ¢?¢* =1, and so ¢%*#2 = 1 implies 3, + B2 € ann(g). If
a € Q[z] and S8 € ann(g), then g? = 1 implies (g%)® = 1% = 1. Therefore, g#* = 1

and so fa € ann(g). O

Theorem 2.9.2. Let G be a nilpotent Q[x|-powered group of class ¢ of finite type.
If I is some indez set and {m; | 1 € I} is the set of all primes in Q[z], then G is the
direct product of its m;-primary components, []..; G

el s
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Proof. Let {G, |t € I} be the set of all m;-primary components of G. By The-
orem 2.9.1, we know that G, L G for each i € I. I claim that G =

p—

9PQz)(Grys Gry, -+ +) and gpge)(Gry, -+ Gy ) NGy, =1 forany i € I

1. Let g € G such that g # 1. Since G is of finite type, ann(g) =< d ># {0} for
some d € Q[z] (d # 1), where < d > is the ideal of Q[z] generated by d. Now,
since Q[z] is a unique factorization domain, there exists irreducible elements
T, ..., of Q[z], no two of which are associates, and my,...,m, of Z* such
that d = #{"* - .- 7. One can show that P, =< m; > is a prime ideal of Q[z]

for each i. Now, define r; = d/7]", so that #]"r; = d in Q[z]. It follows that

my

(g")™ " = g% =1, so that g € G, for each 7. But the greatest common divisor
of the elements {r1,...,7r,} is 1 and so there are elements {si,...,s,} € Q[z]
such that

n
E Ti8i = 1.
i=1

Therefore g = gn 51t frsn = gns1... gMsn € G Gy, - - Gy, This follows since
each ¢" € G,, implies that ¢"¥ € G,,.

er—

2. Let K; = g9pqpu)(Gryy -+ s Gyt Ga) = Gy ~~GA,,1. Gy, It suffices to prove
that if g € G, N K;, then g = 1. Well, since g € G,, there exists ¢ € Z* such
"

that g™ = 1. But g € K; implies that ¢! = 1, where t = 7 ... 7l ... 1t for

1

some suitable ¢,,...,t, lying in Z*. Furthermore, since 7] and ¢ are relatively
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prime, there exists sy, s € Q[z] with
517} + sot = 1.

Therefore g = g51™ 52 = (g™ )% (g*)*2 = 1. This completes the proof.

2.10 The Frattini Q[z]-Subgroup

In this section the Frattini Q[z]-subgroup of a nilpotent Q[z}-powered group is
introduced. Several basic results are given which are analogous to the usual group

case.

Definition 2.10.1. Let G be a nilpotent Q[z]-powered group and let H be a proper
Q[z]-subgroup of G. Then H is a mazimal Q[z]-subgroup of G if it is not contained

in any other proper Q[z]-subgroup.

Theorem 2.10.1. Let G be a nilpotent Q[z]-powered group of class c. Then if G has

a mazimal Q[z]-subgroup, it is a normal Q[z]-subgroup of G.

Proof. Let G be a nilpotent Q[z]-powered group of class ¢ and suppose H is a proper
maximal Q[z]-subgroup of G. It is easy to verify that the collection {H(;G} satisfies
the condition H(;G <g H(;j+1G. Hence H is subnormal in G (in the Q[z] sense).
Furthermore, it can be proven in the same way as for ordinary nilpotent groups that
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Ng(H) >qz) H, where Ng(H) is the normalizer of H in G. Since H is maximal, we

have that Ng(H) = H. Therefore H gz G. O

Definition 2.10.2. The Frattini Q[z]-subgroup of a nilpotent Q[z]-powered group,
G, is the intersection of all maximal Q[z]-subgroups of G. It will be denoted by ®(G).

If G has no maximal Q[z]-subgroups, we set ®(G) = G.

Remark. 1t is easy to check that ®(G) Jgiz) G. In fact, ®(G) is a characteristic Q[z]-

subgroup of G (if ¥ € Autqe)(G), then ¥(®(G)) <qpz (G)).

Theorem 2.10.2. The Frattini Q[xz]-subgroup of a non-trivial nilpotent Q[z]-powered

group 1is precisely the set of non-Q[x]-generators of G.
The following lemma is needed in the proof of the theorem:

Lemma 2.10.1. Let G be a nilpotent Q[z]-powered group and suppose that H <gjz) G
with g € G\ H. Then there ezists a Q[x]-subgroup K <qpg) G which is mazimal in G

with respect to the properties H <qp;) K and g ¢ K.

Proof. Let R = {J <q;) G|H C J and g ¢ J}. Then R # @ since H € R. Further-
more, R is partially ordered by inclusion and the union of any chain in R is again in

R. By Zorn’s lemma, R has a maximal element. O

[ will now prove the theorem:
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Proof. Let g € ®(G) and suppose that G' = gpgp(g, X) but G # gpoiz)(X) (hence
g is a Q[z]-generator of G). Then g ¢ gpgs)(X). By the lemma, there exists a Q[z]-
subgroup M of G which is maximal in G with respect to the properties gpgie(X) <qi]
M and g ¢ M. Now if M <qz H <qp G for some H C G, then g € H and,
consequently, H = G. Hence M is maximal in G. But g € ®(G) <q;) M and so
G = gpgz)(9, X) = M which is a contradiction. Hence g is a non-Q[z]-generator of
G. Conversely, suppose that g is a non-Q[z]-generator of G and suppose g ¢ ®(G).
Then there exists a maximal Q[z]-subgroup, M, of G for which g ¢ M. Then M #
9P (9, M) and so G = gpgp(9, M) by the maximality of M in G. Since g is a

ndn-@[m]—generator of G, this yields G = M, a contradiction. Hence g € ®(G). O

I will now prove a variety of lemmas. The first one is analogous to Lemma 1.2.3.

I will omit the proof.

Lemma 2.10.2. Let G be a nilpotent Q[z]-powered group of class ¢ and suppose
that H <qu G such that gpg)(H,v.G) = G. Then H = G and, consequently,

%G C ®(G).

Lemma 2.10.3. Let G be a finitely Q[z]-generated nilpotent Q[z]-powered group and

suppose H <qio1 G. If gpoiz)(H, ®(G)) = G, then H = G.

Proof. Suppose G = gpga)(g1,---,9n). Since gpop(H,®(G)) = G we have
gi = hu; for some h; € Hyu; € ®(G) and 1 < ¢ < n. Therefore G =
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9PQz) (1, - - oy Ay 1, .., un). But each u; € ®(G) and so each u; is a non-Q[z)-
generator of G by Theorem 2.10.2. Hence G = gpgpz)(h1,...,hn) C H. Therefore

G =H. a

Lemma 2.10.4. Let G be a nilpotent Q[z]|-powered group and suppose that v,G is

finitely Q[z]-generated. If H <qp) G such that gpge)(H, 72G) = G, then H = G.

Proof. By Lemma 2.10.2, 7.G C ®(G). If 2G = gpgisj(91, - - -, gn), then we have

9Pqia) (H,72G) = gpae)(H, 915 - . -, gn) = 9po (H) = H,
since each g; € ®(G). Hence G = H. O

Lemma 2.10.5. Let G be a nilpotent Q[z]-powered group whose Frattini Q[z]-
subgroup is finitely Q[z]-generated. Then the only Q[z]-subgroup H of G which satis-

fies gpoio)(H, 8(G)) =G is H = G.

Proof. Let gpqz(H,®(G)) = G and suppose ®(G) = gpgz)(g1,---,9). Then we
can write gpgz)(H, g1,...,9,) = G. Since each g; is a non-Q[z]-generator for G by

Theorem 2.10.2, we have G = gpqp.(H) = H. O

Lemma 2.10.6. Let G be a nilpotent Q[z]-powered group whose Frattini Q[z]-
subgroup, ®(Q), is finitely Q[z]-generated. If G/®(G) can be Q[z]-generated by p

elements and no fewer, then so can G.
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Proof. Let G/®(G) = gpop)(1®(G), ..., g ®(G)). If H = gpgz)(91,---,9p), then we
obtain G = gpg)(H, ®(G)). By Lemma 2.10.5, we have H = G. Hence G is Q[z]-
generated by p elements. Moreover, if g;,...,gm is a set of Q[z]-generators for G,
then the set g;®(G), ..., gm®(G) is a set of Q[z]-generators for G/P(G). Since p was
minimal for such a set, we deduce that G has no set of Q[z]-generators consisting of

fewer than p elements. O

2.11 A Residual Property

I will prove that finitely Q[z]-generated nilpotent Q[z]-powered groups are resid-

ually finite dimensional over Q.

Definition 2.11.1. Let R be an arbitrary binomial ring and let K be a binomial
subring of R which is also a field. A finitely R-generated nilpotent R-powered group,
G, is finite dimensional over K if G has a central R-series 1 =Gy d--- 4G, =G

satisfying, for each 1 =0,...,¢ — 1,
1. Gi11/Gi = gpr(gi+1, Gi) is a cyclic R-group and
2. each G;4,/G;, viewed as a vector space over K, is finite dimensional.

Lemma 2.11.1. Let f(x) be a non-zero polynomial in Q[z]. Then there ezists a

homomorphism ¢ : Q[z] — Q with ¢(f(z)) # 0.
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Proof. Let a € Q such that f(a) # 0. Such an a € Q clearly exists since f(z)
can only have finitely many zeros, being of finite degree. Let ¢, be the evaluation

homomorphism at t = a :

¢a : Qz] — Q is defined by ¢, (f(z)) = f(a).
Then ¢, is the required homomorphism, since ¢,(f(z)) = f(a) # 0. DO

Note. The above lemma also holds with Q[z] replaced by Z[z] and with Q replaced

by Z.

Lemma 2.11.2. Let {fi(z),..., fe(z)} be a finite collection of polynomials in Q[x],
some of which may equal the zero polynomial, and let deg(f;(xz)) = n; for those
i =1,...,k in which fi(x) is not the zero polynomial. Then there is an & € Q such

that fi(Z) # 0 for each i =1,...,k in which fi(z) is not the zero polynomial.

Proof. Since deg(fi(z)) = n; for each ¢ = 1,...,k in which f;(z) is not the zero
polynomial, f;(z) can have at most n; distinct zeros. Hence there exists a set X; =
{zi,, iy, ...} satisfying fi(z;;) # 0 for each i = 1,...,k in which f;(z) which is not

the zero polynomial. As a result, there is an Z € Q such that

and f;(%) # 0 for each ¢ = 1,..., k in which f;() is not the zero polynomial. O

Note. Once again, this lemma also holds with Q[z] replaced by Z[z] and with Q
replaced by Z.
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Theorem 2.11.1. Let G be a finitely Q|z]-generated nilpotent Q|z]-powered group of

class c. Then G is residually finite dimensional over Q.

Proof. Let G = gpqiz) (91, - -, 9n) and suppose g € G, g # 1. I claim that there exists
a Q[z]-homomorphism ¢ : G — B, where B is some finitely Q[z]-generated nilpotent
Q[z]-powered group of finite dimension over @ and ¢(g) # 1 in B. Suppose that
B = gpg(g1, .., 9n) <@ G. If the indeterminate variable z € Q[z] acts as the identity
on elements of B, then B can be viewed as a finitely Q[z]-generated nilpotent Q[z]-
powered group.

Let 1 = Gy <G, <+ <G, = G be a poly-Q|z] cyclic and central Q[z]-series
for G (such a series exists by Theorem 2.5.6). Let Giy1/G; = gpgiz)(@iv1, Gi). Then
g € G can be expressed, with respect to this series, as g = a‘l’”(z) a2 @ where the
a;(z) € Q[z]. By Lemma 2.11.2, there exists an & € Q such that o;() # 0 for every
i = 1,...,7r in which ¢;(z) is a non-zero polynomial (note that at least one of the
a;(x)’s is non-zero).

By Lemma 2.11.1, choose p; : Q[z] — @ so that uz(f(z)) = f(Z). Then
pz(ci(x)) = o;(%) # 0 for those ¢ = 1,...,7 in which o;(z) is a non-zero polyno-

mial. Therefore, if p; : G — B is the Q[z]-mapping defined by

va(9) = pa(al'™ 0@
— am(i) ,agr(z)
— ali’lnc(al(z))_ afz(ar(z))
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then it is easy to check that ¢; is a Q[z]-homomorphism and ¢z(g) # 1. O

2.12 Dehns’ Fundamental Problems

In this section I will discuss the problems proposed by Dehn. I will begin by proving
that the conjugacy problem for finitely Q[z]-generated nilpotent Q[z]-powered groups
is solvable. Afterwards the word problem and the the generalized word problem are
examined. The section closes with a result on Hopfian nilpotent Q[z]-powered groups.

The Q[z]-isomorphism problem has not been studied yet.

Theorem 2.12.1. Let G be a finitely Q[x]-generated nilpotent Q[z]-powered group
of class c. Then G has a solvable conjugacy problem. Put another way, if g,h € G,
then there is an algorithm which decides whether or not there exists f € G such that

h =g.

Proof. Let 1 = Gy <G <-+- <G, = G be a poly-Q|z] cyclic and central Q[z]-series
for G of Hirsch Q[z]-length n (such a series exists by Theorem 2.5.6). The proof is

by induction on n.

1. If n =1 the Q[z}-series for G is 1 = Gy 9 G, = G, so G is a cyclic Q[z]-group.

The conjugacy problem is certainly solvable in this case.

2. Suppose n > 1 and assume the conjugacy problem is solvable for every nilpotent
Q[z])-powered group of Hirsch Q[z]-length less than n. Then, in particular,
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G /G, has a solvable conjugacy problem (note that G, <qp] Z(G)). Suppose
g,h € G. We want to decide whether or not h ~ g, where the symbol “~"
means “conjugate to”. By induction, we can decide whether or not hG, ~ gG;.
If hG; = ¢G, then h » g in G and the conjugacy problem is solved. Suppose
that hG; ~ gG;. Then there exists f € G such that h/ = ga for some a € G;.
It suffices to check whether or not Af and g are conjugate in G. We can assume
that a # 1 (otherwise, A/ = g and the we’re done). Hence, deciding whether
or not hf ~ g in G is the same as deciding whether or not ga ~ ¢ in G. Put
another way, does there exist ¢ € G such that g = (ga)®? If such a ¢ € G exists,

then we have (since a € Gy)
(ga)¢ = ¢ 'gac = c"tgca = g“a.

Since g = (ga), we obtain g = g¢g° which is equivalent to [c,g] = a. Let
H = {h € G|[h,g] € Gi}. By Lemma 2.12.1 following this proof, we have
H <gz) G. Now, consider the set [H, g} = {[h,g]|h € H}. By Lemma 2.12.2

following this proof, we have

Clearly, [H, g] is finitely Q[z]-generated. Therefore [H, g] is a finitely generated
submodule of the finitely generated Q[z]-module G;. We only need to check
whether or not the element a € G, satisfies the containment a € [H, g]. By [1]
(Theorem 2.7), there is an algorithm which decides this problem.
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Lemma 2.12.1. Let H = {h € G|[h, g] € G1} as above. Then H <q4) G.

Proof. Let hy,hy € H. Then

[hlh%g] = [hl,g}h2[h2,9]

= [h, g]lhe, g] since [h1, g] € G1 <qpz) Z(G).

Hence, hihy € H. Furthermore, for any a € Q[z], we have

il

b, g] = h7%g 'hig
= (hi")*(9" ug)®
= (hT'g ' hig)ora(hTY, g hag) ()

= (h7'g 'hi9)®, since each 7; = 1 for i > 2

= [hlag]a'
Hence, h{ € H. a

Lemma 2.12.2. Let [H,g] = {[h,g]|h € H} be as above. Then we have

[Hv _9] S@[z] Gl-

Proof. Let [hy, g], [he, g] € [H,g]. Then, since A, hy € H, we have by Lemma 2.12.1

that h hy € H. Therefore, [h1ho, g] € [H, g]. But

[h1ha, 9] = [, g][he, 9]
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by Lemma 2.12.1, and so [h1, g][hs, g] € [H,g]. Proving that [hy, g]* € [H, g] for any

a € Q[z] is just as easy. 0

Theorem 2.12.2. The word problem for any finitely Q[z]-generated nilpotent Q[z]-

powered group s solvable.

Proof. Suppose that G is finitely Q[z]-generated by X = {zi,...,2x}. By Theo-

rem 2.5.6, G has a poly-Q|z] cyclic and central Q[z]-series

1=GydG 449G, =G.

Therefore there exists a collection of elements uq,...,u, in G such that G4 =
gpg(z) (Uit1, Gi). Then every g € G has the form g = uf' -+ -u2", where o € Q[z].
Clearly, any relation which holds in G can be written in the form u]*---u) =1 for
suitable v; € Q[z].

Let w = wgy(21,...,2,) be any word in X = {zy,...,2x} which comes from
taking products of Q[z]-powers of elements in W. Utilizing P. Halls’ collection process
and the Hall-Petresco axiom provides us with an algorithm which allows us to rewrite
w in the form w = (' ---u? for suitable n; € Q[z]. Once in this form, we can

determine whether or not w =1 in G. O

Theorem 2.12.3. Let G be any finitely Q[z]-generated nilpotent Q[z]-powered group
and let H <gjz) G. Then G has a solvable generalized word problem. Put another

way, if g € G, then there is an algorithm which decides whether or not g € H.
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Proof. Let G and H be as in the hypothesis. Suppose that
1=Gy<9Gi19--4G, =0

is a poly-Q[z] cyclic and central Q[z]-series for G. Then G; = gpg)(ai, Gi-1) for
i =1,...,p and for some ay,...,a, in G. By Corollary 2.5.7, we know that H also

has such a Q[z]-series. Let’s construct this Q[xz]-series of H.

1. First, let’s consider the Q[z]-subgroup HGp_1/Gp-1 i) G/Gp-1. Then
HG,_1/Gp_1 is a Q[z]-subgroup of a cyclic Q[z]-group, hence is itself a cyclic
Q|z]-group. Suppose that HG,-1/Gp-1 = gPgs)(bp, Gp-1) With b, € H. Then
b, = a,’}”a;’fll .+~ a}" for some ); € Q[z]. I claim that H = gpgz(bp, HNGp-1). To
see this, let A € H and let hGy-1 € HGp_1/Gp-1. Notice that hGp_1 = by’ Gp_y

for some 7, € Q[z]. Hence h = b;"s, for some s, € H N G, and the claim is

verified.

2. Now consider the Q[z]-subgroup HGp_2/Gp_2 Jgpz) Gp-1/Gp-2, which is again
a cyclic Q[z]-group. Then we can write HGp_2/Gp_2 = gPqie)(bp—1, Gp—2) With
bp—1 € HNGp-y. I claim that HNGp_y = gpqie)(bp—1, HNGp_2). The verification
is identical to the previous case. Let h € HNG,_1. Then hGy—p € HGp_2/Gp_2,
and s0 hGp_2 = 0”7 G-y for some y,_; € Q[z]. Therefore h = b;"'s, ; for

some s,—1 € H N Gy—g and the claim is proven.
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3. Putting the above observations together, we inductively obtain

H = gpq(by, HNGp-1)
= gpQiz)(bp, bp—1, H N Gp-2)

= 9PQiz)(bp; bp-1,...,b1)
and thus we have a poly-Q[z] cyclic and central Q[z}-series
l=Hy<dH, 4---dH,=H
such that H; = gpgs)(bi, Hi-1) fori=1,...,p.

Let’s now return to the generalized word problem for G. Suppose that g € G. We
want to determine whether or not there is an algorithm which decides whether or
not ¢ € H. The proof is by induction on the length of the Q[z]-series for G. Well,
notice that G1 = gpqz)(a1) is a cyclic Q[z]-group. Hence if g = af for some a € Q[z],
we want to know whether or not we can write a in the form b,? - --b?‘b for some
o; € Q[z]. This is easy to determine since each b; has the form b; = o' - .aly for
some (; € Q[z] and we can effectively express af in terms of the a;’s. Now let’s
examine G/Gp-1. Let ¢G,—1 € G/Gp_y. If it were the case that g € H, then we
would have gGp—y € HGp-1/Gp-1. This means that g = by" f, for some p, € Q[z]
and f, € Gp-1. Now observe that if g = by” f,, then g € H if and only if f, € H. But
f» € G,—1 and, by induction, we can decide whether or not f, € H. This completes
the proof. ‘ O
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Recall that a group G is called hopfian if whenever ¢ : G — G is a surjective
homomorphism, then ¢ is an isomorphism. It is known (see [2]) that finitely generated

nilpotent groups are hopfian. A similar result holds for nilpotent Q[z}-powered groups.

Definition 2.12.1. Let G be a nilpotent Q[z]-powered group. Then G is said to
satisfy the ascending chain condition on Q[z]-subgroups if there does not exist an

infinite properly ascending chain of Q[z]-subgroups of G.

As in the ordinary group case, it can be proven that a nilpotent Q[z]-powered
group G satisfies the ascending chain condition on Q[z]-subgroups if and only if each

Q[x]-subgroup of G is finitely Q[z]-generated.

Definition 2.12.2. A nilpotent Q[z]-powered group G is called hopfian if, whenever

® : G — G is a Q[z]-epimorphism, then ® is a Q[z]-isomorphism.

Proposition 2.12.4. If G is a nilpotent Q[z]-powered group and G satisfies the

ascending chain condition on Q[z]-subgroups, then G is hopfian.

Proof. Let ® : G — G be a Q[z]-epimorphism and suppose that ker & # 1. The proof

is by contradiction. For j > 1, let &7 = ®o--.0® denote the composition of P
7 of these

‘with itself j times. Clearly ®% : G — G is a Q[z]-homomorphism for each j > 1. Let

K; = ker (). Observe that ®(K;) =1 and & (K1) = ker ®. Since ker & # 1

and ®* is a Q[z]-epimorphism, we have K; C Kj11. It follows that K1 C K, C ---

is an infinite properly ascending chain of Q[z]-subgroups of G. This contradicts the
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fact that G satisfies the ascending chain condition on Q[z}-subgroups. Hence ker ®
is trivial and so @ is a Q[z]-monomorphism. Consequently, @ is a Q[z]-isomorphism

and so G is hopfian. O

Corollary 2.12.5. Let G be a finitely Q[z]-generated nilpotent Q[z]-powered group.

Then G s hopfian.

Proof. Let G be as in the hypothesis. Then by Theorem 2.5.5, every Q[z]-subgroup

of G is finitely Q[z]-generated. Hence the above proposition applies. O

2.13 Free Nilpotent Q[z]-Powered Groups

Denote by A, be the class of all nilpotent Q[z]-powered groups of class at most c.
Since every nilpotent Q[z]-powered group G of class c is defined by a set of axioms

and satisfies the relation
[91,...,95]=1forall j > c+1,

N, is a variety. Therefore, N, contains free objects. I will now give the definition of

freeness in this variety.

Definition 2.13.1. Let A, be the class of all nilpotent Q[z]-powered groups of class
at most ¢. Then a group H € N, is free in N, if it comes equipped with a set X and

a map i : X — H such that for every nilpotent Q[z]-powered group K € N, and
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every map 0 : X — K, there exists a unique Q[z]-homomorphism ¢ : H — K such
that ¢ o u = 0. We say that H is free on X. If X C H and p is the identity map, we

say that H is freely Q|z]-generated by X.
The next theorem can be found in P. Hall [6)].

Theorem 2.13.1. Let G be a free nilpotent group of class c, freely generated by
X ={z1,...,2n}. Then the Q[z]-completion of G with respect to some Mal’cev basis
is a free nilpotent Q[z]-powered group of class c, freely Q[x]-generated by X. Moreover,
if H is a free nilpotent Q[x]-powered group of class c, freely Q[z]-generated by X, then
H = GU where G is a free nilpotent group of class c, freely generated by X and

G is its Q[z]-completion with respect to some Mal’cev basis.

Theorem 2.13.2. Let G € N,, freely Q[z]-generated by X = {z1,...,zx}. Then
G/Z(G) € N,._; is of one less class than G and is freely Q[z]-generated by the set

X = {:ch(G), ce s ,ka(G)}

Proof. Suppose G be a free nilpotent Q[z]-powered group of class c, freely Q[z]-
generated by X = {x1,...,zx}. Then there exists a free nilpotent group, H, of class
¢, freely generated by X, such that HU! o) G- Now, it is known that H/Z(H)
is free nilpotent of class ¢ — 1, freely generated by X = {z,Z(H),...,zxZ(H)}. By
taking the Q[z]-completion of H/Z(H), choosing as the Mal’cev basis for H/Z(H)

the basic sequence of basic commutators of the set X = {z:Z(H),...,zxZ(H)},
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we obtain a free nilpotent Q[z]-powered group of class c, freely Q[z]-generated by
X ={z,Z(H),...,xxZ(H)}, namely (H/Z(H))¥!, Since HU! Sqpe) G, it is easy to
see that

(H/Z(H)¥) =24, G/Z(G).

Hence, G/Z(G) is a free nilpotent Q[z]-powered group of class ¢ — 1, freely Q[z]-

generated by X = {2, Z(G),...,zZ(QG)}. O
The next theorem can be proven the same way as for ordinary groups.

Theorem 2.13.3. If G is a free nilpotent Q[z]-powered group of class c and A < G

is an abelian subgroup of G, then A is a free abelian group.

Let A denote the class of abelian Q[z]-groups. The following are proven exactly

the same way as for Q[z]-modules.

Theorem 2.13.4. Let G € A be an abelian Q[z]-group with Q[z]-generators X =
{z;| j € J}. Then G is free in A if and only if G = [];c; Gi where each G; =

gpgie)(xi| ¢ € I) is a torsion free cyclic Q[z]-group and I is some inder set.

Corollary 2.13.5. Every Q[z]-subgroup of a free abelian Q[z]-group is a free abelian

Q[z]-group.
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2.14 The Mal’cev Correspondence

I will end the chapter with a discussion of the Mal’cev correspondence between
nilpotent Lie algebras over Q[z] and Q[z]-completions of finitely generated torsion

free nilpotent groups. Similar results are mentioned in R. B. Warfield, Jr. [14].

Let G be a finitely generated torsion free nilpotent group and let u = (uy, ..., u,)
be a Mal’cev basis for G. Denote by Q[z]G the group ring of G over Q[z]. E. For-
maneks’ proof [3] of Jennings’ theorem shows that Q[z]G is residually nilpotent. Put

another way, if A denotes the augmentation ideal of Q[z]G then

o0}

As usual, A is Q[z]-generated by elements of the form {g—1|g € G}. One can deduce
from Jennings’ theorem that there exists an integer ¥ > 0 such that G embeds
in a natural way into the quotient ring Q[z]G/A*. More precisely, there exists an
embedding ¢ : G — 1+ A/A* given by 4(g) = 1+ (g9 — 1) + A*. If we uniquely express
g in terms of the Mal’cev bases u, then g = uf* - - - u@» for some «y,...,0, € Z. By
applying the straightening process described by S. A. Jennings [7], we have that 9
maps g to
> <a> (a) (= 1) -+ (g — 1)1 + A,
0<i+tin<k—1 N1 tn

As mentioned at the end of chapter one, 1+ A/AF is a nilpotent Q[z]-powered group
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with Q[z]-exponentiation defined as
k=1
_ kA _ 1) Ak
(1+(g—-1)+ 4% Z(Z)(g 1)+ A

1=0

for all A € Q[z] and (g — 1) + A¥ € A/AF. Therefore, ¥ : G — 1+ A/A* is a
homomorphic mapping from a finitely generated torsion free nilpotent group into
a nilpotent Q[z]-powered group. By Theorem 2.6.1 ¢ can be extended to a Q{z]-
homomorphism (in fact, an embedding) ¢ : GU®) — 1 + A/AF defined as

Plututm) = Y (?;) (%) (ug = 1) - (up — 1)in + AP

, . n
0<ir+ -+t <k—1

where o € Q[z] and GU¥ denotes the Q[x]-completion of G with respect to u =

(Ugy ey Up).
Note. 1) and v agree with each other whenever oy, -, o, € Z. Moreover, the Hall
polynomials which hold in G with respect to the basis v = (u1,...,u,) also hold in

¥(G). Therefore, as the proof of Theorem 2.6.1 demonstrates, the same polynomials
(which hold in G as well as in G) hold in ¢(G¥*!). This shows that elements of
(G multiply and Q[z]-exponentiate in the same way as those of G,

From now on, we will identify GU*! with its embedded image ¥ (G@*) in 1+ A/AF,

That is to say, uf* - - - ué € GU! is identified with

I G R (g L P

2 1
0<ir +otin<k—1 > © "

I will now define the log and exp maps for our setting.
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1. log: 1+ A/AF — A/AF is defined as

k-1 z+1

log(1 + (a + AF)) Z L4 AR
i=1
2. exp: AJ/A*¥ — 1 + A/AF is defined as
el
exp(a+ AF) =" 5ai + AF,
i=0

As usual the log and exp maps are inverses of each other:
1. log(exp(a + A*)) = a + A* and
2. exp(log(l + (a + A%)) = 1+ (a + A%).

We will focus our attention on the restriction of the log and exp maps to particular

subrings:
1. log : GU=l — A/AF is defined as

log(u -+ uS) =

(ush - uld — 1)+ AF

2. Let M = im log(GU)) in A/A*. Then exp : M — G is defined as
k-
exp(m) Z m' + AF,
p

where m = log(u]* -+ u)*) for some v,...,v, € Q[z]. Observe that, by the

inverse property above, we can simply write exp(m) = u]"' - - ul".
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The next theorem will be used in the discussion of the Mal’cev correspondence.
The notations above will be the same as in what follows. Many of these results are
analogues of the work done in S. A. Jennings [7], G. Baumslag [2] and R. B. Warfield,

Jr. [14].

Theorem 2.14.1. The submodule £ of Q[z]G/A* spanned by log(GU) is a Q[z]-
module of dimension n and is a nilpotent Lie subalgebra over Q[z] of the commutation

Lie algebra on Q[z]G/A*.

Proof. Let GU* = {4 - w2 | o; € Q[z]} be a nilpotent Q[z]-powered group of
class c. I claim that if w is a positive integer satisfying w > ¢ and g; = log(h;) for i =
1,...,w where each h; € GUl then (g1,92,...,9,) =0 mod A* (as usual, we define
(z1,22) = x1Z2 — T2y and, inductively, (z1,...,Zp-1,2,) = ((&1,...,ZTn-1),Zn)).
Well, note that we can write h; = exp(g;) for each 1 = 1,...,w. Now, by applying the

Baker-Campbell-Hausdorff formula (see [2] or [7]), we obtain

[hl,hg] = hl—lhé_lhlhq

= exp(—g1) exp(—gz) exp(g1) exp(g2)

= exp(g1,92) + -

where the rest of the sum consists of commutator terms in g, and gs, each of
whose commutator weight exceeds 2. By induction, we have [hy, ho,..., hy] =
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exp (91,92, -+, gw) + -+ -, where the where the rest of the sum consists of commu-
tator terms in the g¢;'s, each of whose commutator weight exceeds w. Since GU!
has class ¢ and w > ¢, we have that [hy, hg, ..., hy] = 1. Therefore (g1, 92,...,9w) +
> p; = 0 mod AF where each p; is a linear combination of commutators of the
form (gs,,...,9s;) where j = w + 1,w +2,.... Rewriting the equation, we obtain
(91,92, - - - » Guw) + A¥ = =3 p; + AF. By applying the same technique described in (7],

(91,92, .-, 9w) + AF € (A/A*)“*N for all N > 0. For large enough N, we have
o0
() (4749 = A%,
N=0

Therefore (g1, 92,...,9s) + A¥ = AF and the claim is proven. This shows that
(log(gs,), - - -, log(gs,)) =0 mod A* where each s; € {1,...,w}. Hence L, the span of
log(GY]), is a nilpotent Lie subalgebra of the commutation Lie algebra of Q[z]G/A*.
It can be proven just as in [7] that if g € £, then there exists £, ..., 8, € Qlz] such
that g = 0y log(u;) + - -+ + Bn log(u,). Hence the elements log(u,), ..., log(u,) form a

basis for £. This completes the proof. _ 0
Definition 2.14.1. £ = Lsqu is called the Lie algebra of G,

I will now discuss the relationship between the Q[z]-automorphisms of G9! and
the automorphisms of its Lie algebra, £ (see [2] for a similar result). Suppose that

p € Autgp)(G¥). Then p induces an automorphism g : Q[z]G/A* — Q[z]G/A*
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defined by

ﬁ(Z Yigs + Ak) = Z vip(g:) + A

finite finite

where v; € Q[z] and ¢g; € G. Note that p is indeed an automorphism, since for any

g1, 92 € Q[z]G and B, B2 € Q[z], we have

p(Brg1 + Bage + A*) = Bip(g1 + A®) + Boi(g2 + AF).

For any g € GU* we have

plog(g)) = ﬁ(

-y (—1i)z+1 (ﬁ Z(_l)j (Ji)gz_]}> 4 Ak
k-1 i+1 i i

- ;("? (j:0<~—1>j(j)[p<g>r-f)+A’“

= .’ (—1l.)i+1(p(g)—-1)"+f4’°

= log(p(g))

The above computation shows that every p € Autg)(GU) gives rise to an au-
tomorphism of the Lie algebra £ which maps log(GQ[‘”]) onto itself. Now suppose
that we are given p € Aut(£) which maps log(G¥*) onto itself. Define the map
n: GUI — GU by p(g) = h if p(log(g)) = log(h). I claim that n € Autg)(GU).
Let g1, g2 and h € GUl,
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1. Suppose 7(g1) = n(gz) = h. Then p(log(g1)) = p(log(gz)) = log(h). Since p is

injective, we obtain log(g;) = log(g2). Therefore, since log is an injective map,

we have g; = g, and so 7 is a Q[z]-monomorphism.

2. Let’s suppose we are given h € G, Since p is surjective there exists g € G

such that p(log(g)) = log(h). Hence n(g) = h and so 1 is a Q[z]-epimorphism.

3. Let n(g192) = h. Then we know that p(log(g192)) = log(h) by definition of n. We
also know that log(g192) = log(g1) * log(g2) by the Baker-Campbell-Hausdorff
formula (recall that exp z expy = exp(z*y)). Hence log(g192) = log(g:)*log(g2)

yields

p(log(g1g2)) = p(log(g:) * log(gz))

= p(log(g1)) * p(log(g2))

= log(h).
Therefore, if p(log(g:)) = log(h:) and p(log(ge)) = log(hs), then
log(h) = log(h1) * log(ha) = log(hihg).
Since log is injective, h = hihy and so n(g192) = 1(91)1(g2)-

In conclusion, Ath[x](GQ[“”]) is isomorphic to the group of those automorphisms of
the finite dimensional Q[z]-module £ = the span of log(G¥*l) which maps the subset
log(GY=1) onto itself,
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I will now discuss the Mal’cev correspondence between Q[z]-completions of finitely
generated torsion free nilpotent groups and nilpotent Lie algebras over Q[z]. Let G
be a finitely generated torsion free nilpotent groups with some Mal'cev basis u =
(u1,...,us). By Theorem 2.14.1, the submodule of Q[z]G/A* spanned by log(G@*)),
namely £, is a nilpotent Lie subalgebra over Q[z] of the commutation Lie algebra on
Q[z]G/AF. In [2]), G. Baumslag proves that if A is any residually nilpotent Lie algebra
over a field of characteristic 0, then (A, %) is a group, where the binary operation, *,

is defined by the Baker-Campbell-Hausdorff formula

1 1
x * y = log(exp(z) exp(y)) =z +y + §(x,y) + ﬁ(y,m,w) o

for any z,y € A. Using methods similar to those in [2], it can be seen that (£, %) is a
group. In fact, (£,*) = £* is a nilpotent Q[z]-powered group with multiplication *
and Q[z]-exponentiation defined by ¢g** = ag for any g € £L* and a € Q[z]. Notice,
in particular, that if log(h) € £* and 8 € Q[z], then log(h?) = Blog(h) = [log(h)]*~.

Define the mapping ® : G — £* by ®(g) = log(g). Then & is a Q[z]-isomorphism:

1. Let g1,92 € GU such that ®(g;) = ®(g»). Then log(g;) = log(gs) and so

g1 = go. Hence @ is a Q[z]-monomorphism.

2. Let h + A% € £*. Then exp(h + A¥) = g for some g € GU*. Hence h + A* =

log(g) = ®(g) and so @ is a Q[z]|-epimorphism.

3. @ is a Q[z]-homomorphism since
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(a) ®(g192) = log(g192) = log(g1) * log(g2) = @(g1) * P(g2)

(b) @(g7) = log(g*) = alog(g) = a®(g) = [®(g)]* for any & € Q[z].

The inverse map, =1 : £* — GU, is given by ®~'(I) = exp(l). Observe that if

oy log(gy) x -+ * 0, log(g,) € L* where 0; € Q[z] and g; € GU!| then we have

(o1 log(gy) * -+ * o, log(g:)) = exp(oylog(gy) * - - - * o, log(g,))

= exp(oylog(gq1)) - - - exp(oy log(gr))

- Ul-vo 0-1‘
- gl T

by repeatedly using the Baker-Campbell-Hausdorff formula. Now, suppose that
G is as above with Mal’cev basis © = (uy,...,u,) and let H be another finitely
generated torsion free nilpotent group with some Mal'cev basis v = (vy,...,Un).
Let 7 : GU — Loow be defined as 7(u'---u®) = log(uf' -+~ ur) and 7 :
HU y £o0n as 70l -+ vbm) = log(vh? -+ vkm). Then the Q[z]-homomorphism
¢ : GUI — HU defined by ¢p(uf ---ulr) = v ... vkm induces a homomorphism
¢ : Lgawm — Lyow between their respective Lie algebras. This mapping is defined
as ¢(log(ust -+ -u2n)) = log(vh" -+ -vkm). Observe that ¢ = 7o ¢ o 7~! and so the
maps commute. Moreover, suppose 2 : £L — M is any homomorphism between 2
nilpotent Lie algebras over Q[z]. Let ¢; : £ — £* and 1o : M — M be the identity

mappings of the Lie algebras into their respective groups with operation *. Then

Q induces a Q[z]-homomorphism,  : £* — M* in the obvious way. In fact, Q is
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a Q[z]-isomorphism if and only if € is a Lie algebra isomorphism (see P. F. Pickel
[13] for the similar result of when the Lie algebras are over a field of characteristic
0). In conclusion, the correspondence between nilpotent Lie algebras over Q[z] and

Ql[z]-completions of finitely generated torsion free nilpotent groups is categorical.
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Chapter 3

Z|x]-Groups

In this chapter, I will discuss a specific kind of exponential group known as a Z[z}-
group. I'll begin by defining an A-group and focus on the case where A = Z[z]. The
notion of an A-group was first introduced by R. C. Lyndon [10]. An additional axiom
was incorporated into Lyndons’ list by A. G. Myasnikov and V. N. Remeslennikov in
[12]. This axiom allows one to view an abelian A-group as an A-module. It is the
latter definition that I will be using from now on.

I will develop the theory and terminology of several different types of classes of
Z[z)-groups. Such classes include N*-groups, Z-groups, torsion Z[x]-groups, R-groups
and Z[z)-groups of type HP. The chapter concludes with a discussion of unitriangular

Z[x]-groups.
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3.1 Basic Notions and Results

Definition 3.1.1. Let A be any associative ring with unity and G be an arbitrary

group. Suppose that G is equipped with an action by A,
G x A — @ defined by (g, @) — ¢%,

such that for all ¢ € G and for all o € A, the element g* € G is uniquely determined.

Then G is called an A-group or an exponential group if the following axioms hold:
1. g =g, g°¢® = g**P, (¢®)P = g®P for all g € G and for all o, § € A.
2. (h~1gh)® = h~lg®h for all g,h € G and for all a € A.
3. If g, h € G satisfy the relation [g, h] = 1, then (gh)* = g#h* for all u € A.

Note. If R is a binomial ring and G is a nilpotent R-powered group, then axiom 3
above holds by the Hall-Petresco axiom. Therefore every nilpotent R-powered group

is an R-group.

We focus our attention on the specific case where A = Z[z]. Some consequences

of the definition are
Lemma 3.1.1. Let G be a Z[z]-group. Then
1. (g")~r = g™* for all p € Z[z].

2. ¢°=1forallgeG.
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3. 1* =1 for all o € Zz].
4. if lg,h) = 1 where g,h € G, then [¢®, h#] =1 for all o, 8 € Z[z].

Proof. The first two statements are clear. As for 3, notice that if ¢ € G then 1%¢g* =
(1g)® since [1,g] = 1. Thus 1%¢® = ¢* and so 1* = 1. For 4, observe that if [g,h] = 1
where g, h € G, then [g%, h] = 1 for all a € Z[z] since h~'g~*h = (h~1gh)™® = g~°.

Hence, g~*h g% = (g~*h"1g*)? = (h7!)# and the result follows. O

Next I will give some preliminary definitions which will be used throughout this

chapter. From this point on, all subrings of Z[z] will be with unity.

Definition 3.1.2. Let G be a Z[z]-group and let K be a subring of Z[z]. Then H is

called a K-subgroup of G if H < G and ¢® € H for all g € H and o € K.
I will denote “H is a K-subgroup of G” by H <g G.

Definition 3.1.3. Let G be a Z[z]-group and K a subring of Z[z]. Then N is a

normal K-subgroup of G if N <z;y G and N 4 G.
I will denote “V is a normal K-subgroup of G” by N g G.

Lemma 3.1.2. Let {G,,...,G,} be any (possibly infinite) collection of Z[z]-groups.

Then ()., G; is a Z[z]-group.

Proof. Verifying that the axioms hold in ()., G; is straightforward. d
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Definition 3.1.4. Let G be a Z[z]-group and let K be a subring of Z[z]. If S =

{g1,..., 9k} is a subset of G, then

H= () {H}=gpx(g1, . %)

SCH;<kG

is called the K -subgroup of G which is K-generated by {g1,...,9x}. We call S a set

of K-generators for H.

In particular, suppose that K = Z[z]. One can describe gpzj;j(S) in the following
way: let Sy = gp(9), S1 = gp(95° | 90 € So, a € Z[z]) and define inductively

Snt1 = gp(g5™ | gn € Sn, an € Z[z]). Then

o0

9pzia)(S) = | Sn-

n=0

An element g € gpzy)(S) is called a Z[z]-word in S.

The next lemma can be found in [12].

Lemma 3.1.3. Let G be a Zz]-group. If N <G, then gpz)(N) <G.

Definition 3.1.5. Let G be any Z[z}-group and let H,, Hy <z[;) G. Then
[Hy, Holza) = gpapa)( (7, ha | by € Hi, he € Hy)

is the commutator Z[z]-subgroup of Hy and H,. In particular, [G, Gz is the derived

Z[z)-subgroup of G. If Hy,..., H; <ziz) G then we recursively define, for i > 2,

(Hy, ..., Hilzp) = [[Hy, ..., Hisilz), Hilzi)
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Remark. By the previous definition and lemma, it follows that if G is any Z{z]-group,

then [G, Glzp) 2 G.

Lemma 3.1.4. Let G be a Z[z]-group with H <z;) G and N <g;;) G. If H 4G and

N 4G, then [H, N]Z[z] 4G.

Proof. If H < G and N < G, then [H,N| < G. However, gpz)([H,K]) < G by

Lemma 3.1.3. Since gpz([H, K]) = [H, K]z), the proof is complete. O

The product of two Z[z]-subgroups of a Z[z]-group is defined in the obvious way.

Lemma 3.1.5. Suppose G is a Z[z]-group with normal Z[z]-subgroups H, K and L.
Then

[HK, L]Z[m] = ng[x]([H, L, [K, L))

and, similarly,

[H, KL]Z[z] = ng[m]([Ha K], [H, L))

Proof. 1 will prove the first of the claims. The other works the same way. Suppose
z € H,y € K and z € L. Then we have [zy, z] € [HK, L]. Now, [zy, 2] = [z, 2z)%[y, 7]

and [z, 2]V € [H, L] since [H,L] < G. Hence

[:L'y,z] € ng[m]([H7 L]) [K’ L])
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If we now take Z[z]-words in elements of [H K, L}z/5}, we can repeatedly use the above

identity to rewrite our Z[z]-word in terms of elements of both [H, L] and [K, L]. Hence
[HK, Lz C ng[Z]([H’ L}, [K, L]).

Clearly,

9pziz)([H, L], (K, L]) C [HK, L]z,

This completes the proof. O

3.2 Ideals

Given a normal Z[z]-subgroup N of a Z[z]-group G, the quotient group G/N need not
be a Z[z]-group. In this section I will discuss a special class of normal Z{z]-subgroups
for which the Z[z]-action of G induces a Z{z]-action on G/N. Such subgroups are

called ideals (see [12]). I will give the definition of an ideal for an arbitrary A-group.

Definition 3.2.1. Let G be an A-group and let N be a normal A-subgroup of G.

Then N is called an ideal of G if

1. g7*(gn)*€ N forany g€ G,n € N, a € A and

2. if [g,h] € N then h=*g~%(gh)* € N for any ¢g,h € G,a € A.
Lemma 3.2.1. Let G be a Z[z]|-group and let N be an ideal of G. Then

gN = hN implies ¢’N = h’N
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for any g,h € G and any B € Z[z].

Proof. Suppose gN = hN. Then there exists n € N such that gn = h. For every
B € Z[x], we have (gn)® = hP. Since N is an ideal of G, g~#(gn)? = f for some

n € N. Therefore (gn)? = g?n = h?. Thus g°AN = h®N and so g° N = P N. 0

Theorem 3.2.1. Let G be a Z[z]|-group and let N be an ideal of G. Then the Z[z]-

action on G induces a Z[z)-action on G/N,
(gN)? = ¢°N for all g € G and 0 € Z[z],
which turns G/N s a Z[z]-group.

Proof. Suppose gN = hN for some g,h € G. Then for every 8 € Z[z], we have
(gN)? = (hN)P. By the previous lemma, this becomes g®N = h®*N. Hence this

Z[z]-action is well-defined. I will verify the Z[z]-axioms for G/N:
1. (gN)! = g!N = gN.
2. (gN)*(gN)? = (¢*N)(9°N) = (9°9g°)N = g**’N = (gN)**7.
3. [(gN)*) = (g°N)? =[(¢*)IN = g*’N = (gN)*’.

4. (gN)"H(AN)*(gN) = (¢7'N)(h*N)(gN) = (g7'h*g)N = [(g7'hg)*IN =
[(g7 hg)N]* = [(gN) 7! (RN)(gN)]*.

5. (gN)(hN) = (hN)(¢gN) yields [g, h] € N. Hence h=*¢g~*(gh)® € N and, conse-
quently, (AN)~*(gN)"*(¢gNhN)* € G/N.
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a

It is clear that if G is a Z[z]-group, then G and {1} are ideals of G. However, it
may not be the case that Z(G) and [G, G]z are ideals of G. It is worth noting that
Z(G) does satisfy the first condition of the definition, for if G is a Z[z]-group with
g € G, then [g,2] = 1 for any z € Z(G) and A € Z[z]. Consequently, (gz)e’\ = g*z?

and so g™*(g2)* € Z(QG).

Lemma 3.2.2. Let G be a Z[x]-group and suppose {N1,...,N¢} be a collection of

ideals of G. Then N N; is an ideal of G.

Proof. It suffices to show that Ny N N, is an ideal of G. The result will follow by
induction. Let g € G and suppose that n € Ny N Ny,. Thenn € Ny and n € N,
implies that g=*(gn)® € Ny and g7*(gn)* € N; for all a € Z[z]. Therefore g=*(gn)* €
Ny N N,. Now suppose that [g, h] € Ny N N, for some g, h € G. Then [g, h] € N; and
[g,h] € N,. Hence h=2g~*(gh)* € N, and h~%g~%(gh)* € N, for every a € Z[z].

Therefore h™*g~*(gh)* € N; N Ny. This completes the proof. O

Lemma 3.2.3. Let G be a Z[z]-group. If N is an ideal of G and H <gzp;) G, then

HN <24) G and gpz)(H,N) = HN.

Proof. Let h € Hyn € N and X € Z[z]. Then h~*(hn)* € N since N is an ideal of G.
Therefore there exists 7 € N such that (hn)* = h*A. Hence (hn)* € HN. The rest of

the proof is straightforward. |
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Lemma 3.2.4. Let G be a Z[z]-group and suppose N <) K and K <z;) G. If N

is an ideal of G, then N is an ideal of K.

Proof. Let N be an ideal of G. Clearly, N <zj;) K. If n € N then g™*(gn)* € N for
all g € G and o € Z[z]. Since K <zj;) G, the above holds, in particular, for all g € K.

Verifying the other part of the definition is just as easy. O

Lemma 3.2.5. Let G be a Z[z|-group. Suppose that H <gzz) G and N Qz5) G. If N

is an ideal of G, then H N N is an ideal of H.

Proof. Tt is clear that HNN Qg H. I claim that HNN is an ideal of H. Let n € HNN.
Since N is an ideal of G, we have h=*(hn)* € N for all h € H and a € Z[z].
However, n € H yields h=*(hn)* € H. Therefore, h=*(hn)® € H N N. Suppose now
that hy, ho € H satisfy the condition [y, ho] € H N N. Then for arbitrary a € Z{z],
we have hy*h{*(hih2)® € N since N is an ideal of G. Clearly h;*hy*(hi1hg)* € H.

Therefore hy*h7*(h1he)* € HN N and so H N N is an ideal of H. 0

3.3 Z[z]-Mappings

Definition 3.3.1. Let ¢ : G — G be a mapping between two Z[z]-groups. Then
¢ is a Z[z]-homomorphism if ¢(gh) = ¢(g)d(h) and ¢(g*) = [¢(g)]* for all g,h € G
and A € Z[z]. Homg)(G, G) will represent the collection of all Z[z]-homomorphisms

from G to G.
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The terms Z[z]-monomorphism, Z{x|-epimorphism, Z{z]-isomorphism and Z[z]-
automorphism are defined in the obvious way. Autz;)(G) will represent the collection

of all Z[z]-automorphisms of G.

The image of ¢ is ¢(G) and will be denoted by im ¢. The kernel of ¢, denoted

by ker ¢, is {g € G | ¢(g) = 1}.

Lemma 3.3.1. Let ¢ : G — G be an Z[z]-homomorphism between two Z|z]-groups.

Then im ¢ is a Z[z]-subgroup of G and ker ¢ is an ideal of G.

Proof. Tt is easy to show that im ¢ is a Z[z]-subgroup of G and that ker ¢ is a normal
Z[z)-subgroup of G. I will prove that ker ¢ is an ideal of G. Let ¢ : G — G be as

above.
e Suppose k € ker ¢. Then for every g € G and 8 € Z[z], we have
(97 (gk)") = [6(9) " 8(g)e(K)) = 1
since ¢(k) = 1. Therefore g=#(gk)? € ker ¢.

e Now suppose g,h € G satisfy [g,h] € ker ¢. Then ¢(g~'h 2 gh) = 1 gives us
#(g)d(h) = ¢(h)é(g). Since ¢(G) is a Z[z]-subgroup of G, by one of our Z|z]-

group axioms, we have (#(g9)¢(h))* = ¢(g)*@(h)*. Therefore,
d(h™g™*(gh)®*) = ¢(h)"*d(9)"*(8(9)¢(h))* = 1.

Hence, h=%g~*(gh)* € ker ¢.
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)

Corollary 3.3.1. Let ¢ : G — G be an Z[z]-homomorphism between two Z[z]-groups.

Then G /ker ¢ is a Z[x]-group.

Theorem 3.3.2 (First Z[z]-Isomorphism Theorem). Let ¢ : G — G be an Z[z)-

homomorphism between two Z[z]-groups. Then
Glkerg g ¢(G).

Theorem 3.3.3 (Second Z[z]-Isomorphism Theorem). Let G be a Z[z]-group,

H <g12; G and N an ideal of G. Then
HN/N =g, H/HNN.

Theorem 3.3.4 (Third Z[z]-Isomorphism Theorem). Let G be a Z[z]-group and

let H, K be ideals of G with K <zjz; H. Then

6/K

CIH Zae i

Lemma 3.3.2. Let G and H be Z[z]-groups. Suppose that ¢ : G — H be a Z[z]-
epimorphism and N is an ideal of G containing ker ¢. Then ¢(N) is an ideal of

H.

Proof. 1t is easy to verify that ¢(IN) <z, H. I claim that ¢(N) is an ideal of H. Since
¢ is a Z[z]-epimorphism, if ¢ € H then a = ¢(a) for some a € G. If ¢(g) € ¢(N) for

120

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



some g € G and « € Z{z], then

(ap(g))® = (¢(a)p(9))* = (¢(ag))®

= ¢((ag)®) = ¢(a*g) for some g € N

= (¢(a)*¢(g) = a®¢(7).

Therefore, a~*(a¢(g))* € #(N).

If a = ¢(a), b= ¢(b) € H, [a,b] € $(N) and « € Z|z], then

Hence ¢(N) is an ideal of H. O

Lemma 3.3.3. Let G and H be Z[z]-groups. Suppose that ¢ : G — H is a Z[z]-

epimorphism and N is an ideal of H. Then ¢~*(N) is an ideal of G, where

¢~ (N) ={g € G| #(g) € N}.
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Proof. Clearly, ¢ '(N) Qg5 G. T will show that ¢~!(N) is an ideal of G. Let g €

G,a € Zlz] and n € ¢~ (N). Then ¢(n) € N implies

¢((gn)*) = (8(gn))* = (8(g)6(n))®

= (¢(g))*m for some m € N.

Consequently, we have that

I
=
S
=
3

d((gn))®
d((gn)*) = &(g*)m =

g™%(gn)* € ¢ (N).

If g,h € G such that {g,h] € ¢~}(NV), then it easy to verify that h=2g~%(gh)® €

¢~'(N). 0

Lemma 3.3.4. Let G be a Z[z]-group. Suppose M <z G and N is an ideal of G.

If M/N is an ideal of G/N, then M is an ideal of G.

Proof. Let gN € G/N and mN € M/N. Then for every o € Z[z], we have
(gN)"*(gNmN)® € M/N. This condition is equivalent to g~*(gm)*N € M/N. This

implies that g~*(gm)* € M. Now suppose g,h € G satisfy [g,h] € M. Then by
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applying the natural Z[z]-epimorphism 7 : G — G/N we obtain, for any a € Z[z],

n(lg,h]) € n(M) = [gN,hN]e€ M/N
— (hN)~%(gN)~*(gNhN)* € M/N
= h7™ % *(gh)°N € M/N

= h%~%(gh)® € M.

3.4 Direct Products

Let {G;| i € I'} be a family of Z[z]-groups indexed by a non-empty set I. Define the
set G ={f:1— U;;Gi| f(i) € G; for all i € I'}. Then G becomes a Zz]-group on

defining multiplication and Z[z]-exponentiation as follows:
L. (ff)GE) = f(i)f'(i), where f,f'€ Gand i€ [

2. fA(E) = (f(5))* for all A € Z[z]

h

An element g € G can be viewed as a”vector” g = (g1, ..., g;, - . .) whose i** coordinate

is g; = f(i) € G for all i € I. By viewing the elements of G in this way, the group

operations become
1. (gl,...,gi,...)(hl,...,hi,...) = (glhl,...,gihi,...) for all gi,hi c Gi

2. (g1,..., 9. ) =(9},...,9,...) for all g; € G; and for all A € Z[z]
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Definition 3.4.1. The Z[z]-group G described above is called the unrestricted direct

product of the {G;}’s, denoted by

Definition 3.4.2. Let {G;| i € I} be a family of Z[z]-groups indexed by a non-empty
set I. Then a group G is termed a direct product of the G;’s, which will be denoted

by

a=]]aG,

el

if there exists Z[z]-monomorphisms ¢; : G; — G such that
1. %‘(Gz’) S‘Z[x] G
2. G = gpz)(Uier #i(Gi))

3. wi(Gi) N gpzp) (U, ¢5(G;)) = 1 for 4,5 € I and 1 € G denoting the identity

element.

As usual, if I is a finite index set I = {1,2,...,n}, then the direct product of the

{G:}’s is written as [[,.; Gs = G1 x -+ - x G,.

Note. Given a family of Z[z]-groups {G;| i € I}, if we set

G = {f € ﬁGi | £(i) =1 except for finitely many 7 € I},
iel

then G = [;c; Gi. By the above observation, G = [],; G: is a Z[z]-group.
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3.5 Abelian Z[z]-Groups

It was mentioned in the introduction of this chapter that an abelian Z[z]-group can be
viewed as a Z[z]-module by interpreting group multiplication and Z[xz]-exponentiation
as module addition and scalar multiplication, respectively. If ¢ € G and a € Z[z],
one simply writes the group element g% as «g and all of the module axioms are
satisfied. Notice that Z[z]-subgroups of an abelian Z[z|-group are just submodules of

the Z[z]-module.
Lemma 3.5.1. Every Z[z]-subgroup of an abelian Z[x)-group G is an ideal of G.

Proof. Let N <g(; G. It is obvious that NV is normal in G. If g € G and n € N, then
g #(gn)? = nP € N for any (3 € Z|[z| since [g,n] = 1. Moreover, {g1,92] =1 € N for

all g1, 9> € G implies that g;7¢7#(g192)® =1 € N. Hence N is an ideal of G. O
Definition 3.5.1. G is a cyclic Z[z]-group if G = gpz(z)(g) for some g € G.

Note. One can easily see that a Z[z]-subgroup of a cyclic Z[z]-group is not necessarily
cyclic. For example, if G = gpgjyj(g) then the Z[z]-subgroup H = gpz(;(9°, ¢%) cannot
be Z[z]-generated by a single element of the form g? for some 3 € Z[z]. This is due

to the fact that < 2,z > is not a principal ideal in Z[z].

Theorem 3.5.1. Every Z[x]-subgroup of a finitely Z|z)-generated abelian Z[x]-group

is finitely Z{x)-generated.
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Proof. Let G be a finitely Z[z]-generated abelian Z[z]-group with # <z[;; G. Then
G can be viewed as a Z[z]-module and H a submodule of G. Since Z[z] is a noethe-
rian ring every submodule of G is finitely generated. In particular, H (viewed as
a submodule of G) is a finitely generated submodule of G. Therefore H is finitely

Z[z]-generated as an abelian Z[z]-group. O

Lemma 3.5.2. Let ¢ : G — G be a Z|z]-homomorphism between two Z[z]-groups

and suppose that G is an abelian Z[z]-group. Then im ¢ is an ideal of G.

Proof. Let im ¢ = I. Clearly, I <z}, G since I is a Zz]-subgroup of an abelian

Z[z)-group. Suppose ¢(g) € I, § € G, and a € Z[z]. Then

(ge(9))* = g%(w(9))*

because G is an abelian Z[z]-group. Since I <gp; G, we have ((g))* € I. Hence,
77(Gp(g))* € 1. If h € G satisfies [g,h] € I then h~*g~*(gh)® € I since both

conditions become vacuous. |

3.6 Z-Groups

Definition 3.6.1. G is termed an Z-group if every normal Z[z]-subgroup of G is an

ideal of G.

Remark. 1t follows immediately that if G is an Z-group, then Z(G) and [G, Glgjy) are
ideals of G.
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Lemma 3.6.1. Every abelian Z[z]-group is an I-group.

Proof. We know that every Z[z]-subgroup of an abelian Z[z]-subgroup is a normal

Z[z}-subgroup. Lemma 3.5.1 now applies. O
Theorem 3.6.1. Suppose G is an I-group and N <gz;)G. Then G/N is an I-group.

Proof. Let H/N dz1;) G/N. Observe that H <z;; G (clearly the usual correspondence
theorem holds for Z[z]-groups). Hence both N and H are ideals in G. I claim that

H/N is an ideal of G/N.
1. Let ¢gN € G/N, hN € H/N and « € Z[z]. Then
(gN)"*(gNhN)* = g~*(gh)*N = g~"g*hN € H/N,
where h € H.

2. Let giN,goN € G/N such that {g;N,gaN] € H/N. Then [g1N, g2N] =
(91, g2] N € H/N implies that [g1, go] € H. Now, since H is an ideal of G, we have
that g, g7 “(9192)® € H for any a € Z[z]. Hence, (g2N)™*(g1N) (1N g2 N)* €
H/N.

O

Corollary 3.6.2. Let G be an Z-group and N gy G. Then Z(G/N) is an ideal of

G/N.

Proof. By Theorem 3.6.1 we know that G/N is an Z-group. Since Z(G/N) <z G/N,

the result immediately follows. 0
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3.7 Z|z)-Series

Definition 3.7.1. Let G be a Z[z]-group and suppose that G has a series
1=Go <G £ <G =G
Then the series is termed a
1. Z[z]-series if G; <gjz) G for i =0,...,n
2. normal Z{z)-series if G; Qzj5) G for each 1 =0,1,...,n
3. ideal Zlz]-series if G; is an ideal of G for each ¢ = 0,1,...,n

4. central Z[z]-series if it is an ideal Z[z]-series which is central. In other words,

each G; is an ideal of G and Gi41/G; < Z(G/G;) for each i =0,1,...,n — 1.

Note. If G is an Z-group, then every normal Z[z]-series is an ideal Z[z]-series. Fur-
thermore, if G has a central Z[z]-series 1 = Gy < G; < -+ < G, = G, then each

factor group, G;+1/Gi, is a Z[z]-group.

The next lemma is proven in the usual way.

Lemma 3.7.1. If G is a Z[z]-group, then the Z[x]-series 1 = Gy < G; < -+ < Gp =

G is a central Z[z]-series if and only if [Git1, Glze < Gi for eachi=0,...,n— 1.

As we already know, not every Z[z]-group necessarily has a center or derived
Z[z]-subgroup which is an ideal. Consequently, the subgroups of the upper and lower
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central series need not be ideals. This means that the factor groups of these series
may not be Z[z]-groups. For the class of Z-groups, though, all such subgroups are

ideals.

Lemma 3.7.2. Let G be an Z-group. Then each of the subgroups of the upper and

lower central series is an ideal of G.

Proof. 1 will prove the result for the subgroups of the upper central series. The proof

is by induction on i** term of the series.

e When i = 0, then we have (;G/(G = Z(G/(G) which is equivalent to

¢,G = Z(@). Since G is an Z-group, Z(G) is an ideal.

e Suppose (;G is an ideal of G for all j < 4+ 1. I claim that (;;,G is also an
ideal of G. We know that (;G is an ideal of G by induction. Therefore G/(;G is
an Z-group by Lemma 3.6.1. Hence Z(G/(;G) is an ideal of G/(;G. However,

Z(G/GG) = (i41G/¢:G and so (;41G is an ideal of G by Lemma 3.3.4.

The proof for the subgroups of the lower central series is easy. O

I will now define a special kind of Z[x]-series for a Z[z]-group.

Definition 3.7.2. Let G be any Z[z]-group and let
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be a Z[z]-series for which the I'}(G)’s are defined as follows:
G =Ti(G) and

WG = () {H
[F7(G),Gla[z) <He
where the {H}’s are ideals of G indexed by some set K. Then the Z[x]-series of

{T2(G)}’s is called an S*-series.

Remark. It is clear by Lemma 3.2.2 that each I'}(G) is an ideal of G.

In particular,

3G = () {He)
[G\Gla(z) < Hy
where the H}'s are ideals of GG indexed by some set K. It is clear from the definition
that [T;(G), Gz < I'f41(G). Hence the S*-series is a central Z[z]-series if ['}(G) = 1

for some j € Z*. Whenever there is no ambiguity, [ will abbreviate I'}(G) = TI';.

Note that if G is an Z-group, then I'}(G) = [';(G) for each 3.

3.8 N*-Groups

In this section I will introduce the notion of an AN*-group. The S*-series of an

N*-group plays an important role in proving the results of this section.

Definition 3.8.1. A Z[z]-group G which possesses a central Z[z]-series is called an
N*-group. The minimal length of all possible central Z[x]-series for G is called the
N* class of G.
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Theorem 3.8.1. Let G be an N*-group and suppose that
G=G,2G>...DGpry1 =1

is any central Z[z)-series for G. Then Ty, < Gy for i =0,1,...,m. Furthermore,

if G is an I-group as well, then ;G > Gp—iy1-

Proof. Let G be an N*-group with the series given above. The second part of the
theorem follows from Lemma 3.7.2 and standard arguments. I will prove the first

part by induction on ¢ :
e For ¢ =0, we have I'} = G = G.
e Suppose that the result holds for all j <1 and assume I'; < G;. Then
T3, Glag < [Gy, Glzg < Gjsa.

Now each Gy, is an ideal of G for p = 1,2,...,m~+1. In particular, we have that

Gjt1 € {Hy}, where
F;—H = m {H:}
(I'5,Glzz)<Hk

and the H;'s are ideals of G indexed by some set K. Hence, I'},; < G;1. This

completes the proof.
O

Corollary 3.8.2. Suppose G is an N*-group. Then Tt = 1 if and only if G is of
N* class c.

131

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Corollary 3.8.3. Suppose G is an N*-group and an I-group as well. Then the

following are equivalent:
1. (.G=(G
2. I, =T =1
3. the N* class of G is ¢
Lemma 3.8.1. Suppose that G is an N*-group of N* class c. Then It < Z(G).

Proof. Suppose G is an N*-group of N* class c¢. Then

F:';4-1 = ﬂ {Hk} =1,

(2,Glapz) < He
where the {H}’s are ideals of G indexed by some set K. Therefore [I'}, Glz < 1

and so I'} < Z(G). 0
Theorem 3.8.4. Let G be an N*-group of N* class c.

1. If H <g5) G, then H is an N**-group of N* class ¢ or less.

2. If N is an ideal of G, then G/N is an N*-group of N* class ¢ or less.

Proof. By Corollary 3.8.2, the S*-series for G is

G=THG)bT}G)>...>T% (G) =1.
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1. Consider the Z[z]-series
H=H >Hy,>...>2H1 =1,
where H; = HNT}(G) for 1 <i < ¢+ 1. Iclaim that each H; is an ideal of H.

(a) By the usual argument, we have that H; Jzp; H.

(b) Let h € H and k € HNT}(G). Then h~*(hk)* € I'}(G) for arbitrary

a € Z[z] since I'}(G) is an ideal of G. Clearly, h~*(hk)* € K. Therefore,
h=%(hk)* € HNT}(G).

(c) Let hy,hy € H satisfy [h1,hy] € H NT}(G). As before, it is clear
that hy®h7*(h1h2)® € [}(G) since I'}(G) is an ideal of G. Obviously,

hy*hT%(h1he)* € H as well. Hence hy *hi*(hihy)® € HNTI(G).

The above shows that H; is an ideal of H. I will now verify that [H;, H]z;) <
Hiyy for i =1,...,c. Observe that H <zp;) G and H; <z I'}(G) imply that
[Hz,H]Z[:c] < [F:(G),G]Z[l] < F:_H(G) Clearly, [Hz,H]Z[z] < H and it now

follows that [H;, Hlgps < T,(G) N H = Hyyy. Hence, H is an N*-group.
2. Consider the following Z[z]-series for G/N:
G/N =T}(G)N/N > T3(G)N/N > ... > T, ,(G)N/N = 1.

I claim that each T'}(G)N/N is an ideal of G/N for 1 <i<c+ 1.
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(a) It is straightforward to verify that I'f(G)N/N <z G/N.
(b) Let gN € G/N and ¢;N € I'}(G)N/N, where g € G and g; € ['}(G). Then

for any o € Z[z], we have

(gN)"*(gNg:N)* = (gN)™*(99:N)* = g7*(99:)*N
= ¢ °¢*@N € I'}(G)N/N,
where g; € I'}(G).

(c) Let ¢1N,go2N € G/N such that [g1N,g2N] € T}(G)N/N. Then
(g1, 92]N € T:(G)N/N implies [g1,92) € I';(G). Since I'}(G) is an ideal
of G, we have ¢;%7%(9192)® € T3(G) for every @ € Z[z]. Hence

(92N)"*(g1N)"*(q1 NgoN)* € T} (G)N/N.

Consequently, each I'!(G)N/N is an ideal of G/N. Now the Z[z]-series above
is a central Z[z]-series since [I'}(G)N/N,G/N|z < Tt (G)N/N. This follows

directly from the fact that [['}(G), Glzm) < i1 (G). This completes the proof.
[

Corollary 3.8.5. Let G be an N*-group of N* class c. Then G/T'%(G) is an N*-group

of N* class ¢ — 1.

Proof. Follows directly from the previous theorem with N = I'}(G). ‘ O
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Lemma 3.8.2. Let G be a Z[z]-group. Then G/T'} is an abelian Z{z]-group. More-
over, if A is an ideal of G such that G/A is an abelian Z[z)-group, then I'; <z A.

Hence, T} is the smallest ideal of G for which G /T is an abelian Z[z)-group.

Proof. Suppose zI', yI's € G/T'5. Then
aToyTy = oyl = zyy ‘o~ yaly = yaly = yTialy.

Therefore G/T' is an abelian Z[z]-group. Now let A <Jzi;) G be an ideal of G such
that G/A is an abelian Z[z]-group. Then xAyA = yAzA for arbitrary zA4,yA € G/A.
Hence, z7'y~'zy € A and so [z,y] € A. This implies that [G,G]z, < A since
[z,y] € [G, Glzjz). Therefore I'; < A as well, since I'; is the intersection of all ideals

containing (G, Gz, A being one of them. O

Theorem 3.8.6. Let G be an N*-group of N* class ¢ and let H be an ideal of G.

Then HT'S = G implies H = G, where I'; = T'5(G).
Proof. The proof is by induction on the N'* class of G.
1. If ¢ = 1, then we have that [G,G] = 1 and so I'5 = 1. The result follows.

2. Suppose the result holds for N* class ¢ > 1. We consider the factor group G/I"%
which is an N*-group of A™* class ¢—1 by Corollary 3.8.5. Let HI'; = G. Under
the natural Z[z]-epimorphism 6 : G — G/T"; we then have §(H)0(I'3) = 0(G)

which yields 8(H) = 6(G) = G/T'% by induction. This is equivalent to HI'; = G.
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Now, since H Qz;jG and I'; z(,;;G, we may apply Lemma 3.1.5 and Lemma 3.8.1

to obtain

G,Glz) = [HT,, HT ]z
= ng[x]([HJ HFZ]) [F*,HF*])

4 c

= [H, HF;]Z[I]

il

ng[z]([H7 H]v [H’ HF:D

= [H,Hlgm) < H

Hence [G, Gz, < H. Since H is an ideal of G, we have I'; < H.

a

Remark. The above theorem shows that if S = {z1,...,z,} is a subset of G for which
H = gpz(z(S) is an ideal of G and H =z G/T'5, then H = G. As a result, I'; is a

non-Z[z)-generating set for G.

Corollary 3.8.7. Suppose that G is an N*-group and let X C G. If p: G — G /T
is the natural Z[z)-epimorphism and G/T% is Z[z]-isomorphic to an ideal of G, then

G = gpzp)(X) if and only if G/T5 = gpzm(p(X)).

Proof. Clearly, if G = gpzz)(X) , then G/T% = gpzp)((X)). For the converse, we

apply the previous theorem. d
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Theorem 3.8.8. Let G be an N*-group of N* class ¢ > 2. Then for any g € G, the

Z(z]-subgroup G = gpz()(9,T5(G)) is an N*-group of N* class less than c.
Proof. 1 will construct the S*-series for G and compare it to that of G.

1. IG) =G

2. By definition, we have that

G = () ()

[G,Gz(o) < Hy

where the {H}}’s are ideals of G indexed by some set K. I claim that I'}(G) <z
I';3(G). 1t is enough to prove that [G, Glzp; < T%(G). This will be sufficient since
['3(G) is an ideal of G and T%(G) < T%(G) < G < G. Now Lemma 3.2.4 applies
and gives us T'3(G) is an ideal of G. If it is true that (G, Glzp < T3(G), then
I'$(G) € {H}} and so the claim will be proven.

Well,
G, Gla) = [9p2)(9: T5(G)), 9pziz)(9, T5(G))]zga)
= gpap)([9%pi 9% q))

for all a;, 8; € Z[z] and p;, ¢ € I';(G). Observe that for any o, 8 € Z[z] and

p,q € ['5(G), we have

[9°p,d°q) = 9% d°alp, 9%d]
= (lg% dllg* 9"1[p, 9°4).
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But [¢%, ¢°] = 1 and both [¢°, ¢] and [p, ¢°¢] lie in [G,T43(G)]zi) < T'3(G). Hence

[9°p, g°q] € T4(G) and the claim is proven.

3. Assume that I'}_(G) <z T}(G) for all i = 3,4,...c. The claim is that

I}(G) <z T71(G). Just as in the previous case where ¢ = 3, it suffices to

show that [I7_(G), Glzi) < T7.1(G): Well, observe that
[C1(G), Glzm < [T5(G), Gl < [T7(G), Glzim < Tia(G).

In particular, I'*(G) < T'2,,(G) = 1 and so G has N'* class less than c.

Lemma 3.8.3. Let G be an N*-group with a central Z[z]-series

\

1=Go4G12---dGr=0G.
Then each factor group Gy, /G; may be viewed as a Z[z]-module.

Proof. Gi41/G:<z5)Z(G/G;) and Z(G/G;) is an abelian Z[z]-group. Hence, Giy1/G;
is an abelian Z[z]-group as well. Therefore we can view Z(G/G;) as a Z[z|-module

and so Gy,1/G; is a submodule of Z(G/G;). O
Lemma 3.8.4. Let G be an N*-group of N* class 2. Then we have [G, Glziq) < Z(G).

Proof. Since I'} = 1, we have that Iy < Z(G) by Lemma 3.8.1. However, we know

that (G, Gz < T5. O
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Lemma 3.8.5. For any N*-group of N* class 2, we have (9%, g5] = [g1, 92]*° where

91,92 € G and o, § € Zz)].
Proof. By the previous lemma, we have (G, Glzi) < Z(G).
1. I claim that [g7 %97 g%, go] = 1. Well,
91%92'9792 = 95 '(9207°95 " 97) 92

= g5 '[95" %192

= 920,°9; g%

2. The second claim is that [g;, g5 '9192) = 1. The computation is similar to the

above:

9795 0192 = 97(95 919207 )01
= g7 92 97 1

= g5 919297
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Putting the above together, we have
l92,98] = g7%9;"g%gs and
979 928 = (97%97'9%) g5
= (97%95 " 9%92)"

= [97*(95 " 9192)*)°

= [(97"97"9192)°)°

= [gl? gz]aﬂ'

3.9 Torsion Z[z]-Groups
The definitions of torsion and torsion free Z[z]-groups are now given.
Definition 3.9.1. Let G be an arbitrary Z[z]-group.

1. Anelement g € G is called a torsion element if there exists a € Z[z] with a # 0

for which g* = 1. The set of torsion elements of G will be written as 7(G).
2. If 7(G) = G, then G is called a torsion Z[z]-group.
3. G is called torsion free if g* =1 implies either ¢ = 1 or @ = 0 for a € Z|[z].

4. If G a torsion Z[z]-group and if there should exist a non-zero § € Z[z] such that
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for all g € G we have ¢° = 1 where 8 is of minimal degree and has minimal

positive leading coefficient, then G has ezponent (.

Theorem 3.9.1. Let G be a Z[z]-group and let 1 = G; < ... < G = G be an ideal
Z|x)-series of G. If each factor group G11/G; has ezxponent u; € Z{z), then G has

exponent dividing pifio « b1

Proof. Let G have the series above and suppose that ¢G,,_1 € G/Gp—1. Then gk~ €
Grn-1 by hypothesis. Now ¢g#"-'Gp_o € Gn_1/Gp-o implies that gir-1#r-2 € G, _,
by hypothesis. Continuing in this way, we obtain gtr-i#»-2#1 ¢ (. Therefore,

gHn-thn-2M1 = 1 and so G has exponent dividing pn—1pn—2- - t. a

Theorem 3.9.2. Let G is a torsion free N*-group of N* class c. If g,h € G and

g? = h? for some non-zero 8 € Z[z), then g = h.
Proof. The proof is by induction on the N'* class of G. Let g,h € G and 3 € Z[z].

o If ¢ = 1, then G is an abelian Z[z]-group. Let g,h € G such that g° = h® for

some non-zero 3 € Z{z]. Then
Prf=1= (gh™")f =1,
since [g7!, h] = 1. Since G is torsion free, this gives us gh™' = 1. Hence g = h.

e Suppose that ¢ > 2 and suppose that the result holds for torsion free A*-groups
of N* class less than c. Consider the Z[z]-subgroup A = gpzg(g, ['3(G)) of G,
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which is an N*-group of A'* class less than ¢ by Theorem 3.8.8. Observe that
h~'gh € A because h™'gh = glg, h] lies in gpz)(g,T'3). Hence
=1 = ¢’ =h"1Hh
= ¢’ =h"1¢’n

=> ¢’ =(h7'gh)’.

By induction, we have g = h™'gh = [g, h] = 1. Therefore,
= (g7 =1
= gh™!' =1, since G is torsion free

=> g =h.

O
Lemma 3.9.1. Let G be a torsion free N*-group whose center is an ideal. Then
G/Z(QG) is a torsion free N*-group.

Proof. We know that G/Z(G) is an N*-group. To show that G/Z(G) is torsion free,
we need to verify that if ¢ € G such that g* € Z(G), u € Zz], p # 0, then g € Z(G).
Suppose g € G such that g* € Z(G) and pu # 0. Then for all h € G, [¢*, h] =1
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implies h~1g#h = g*. This is equivalent to (h~'gh)* = ¢g* and so h™'gh = g since G

is torsion free. Therefore g € Z(G). O

3.10 R-groups

In this section I will discuss R-groups. These are Z{z]-groups which admit unique

root extraction whenever such an extraction exists. Similar groups are discussed in

A. G. Kurosh [9].

Definition 3.10.1. Let G be a Z[z]-group. Then G is an R-group if for every f € G
and every a € Z[z], the equation g* = f has at most one solution g € G. Equivalently,

for every pair of elements g, h € G and every o € Z[z], we have

Note. If f € G and « € Z[z], then the equation g* = f may not have a solution

g € G. If it does, though, it is unique.

Lemma 3.10.1. Every R-group is torsion free and every torsion free abelian Z[z]-

group s an R-group.

Proof. Let G be an R-group. Clearly, if g € G and ¢* = 1 for any non-zero o € Z[z],
then g = 1 and so G is torsion free. Now let G be a torsion free abelian Z[z)-group.

If g,h € G and g® = h* for some o € Z[z], then we have that g*h~* = 1 implies
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(gh™1)* = 1 since G is abelian. Since G is torsion free, we have gh™! = 1. Therefore

g=nh a

Definition 3.10.2. Let G' be an R-group. Then H <gzj) G is called an isolated

Z[z)-subgroup of G if the following condition holds:
if g € G and g® € H for some « € Z|z], then g € H.

In other words, the solution to the equation g® = h, if it exists in G, belongs to H.

Remark. Since G is a Z[z]-group, we have that G is an isolated Z[z]-subgroup of itself.
Moreover, the identity subgroup of G is an isolated Z[z}-subgroup of G, since 1% = 1

for all o € Z[z].

Theorem 3.10.1. Let G be an R-group and suppose that {G1,...,Gy} is a finite col-
lection of isolated Z{x]-subgroups of G. Then NI, G; is also an isolated Z[z]-subgroup

of G.

Proof. Let {G1,...,G,} be a finite collection of isolated Z[z]-subgroups of G and let
G = NP, G;. We know that G is a Z[z]-subgroup of G, since it is the intersection of
Z{x)-subgroups of G.

We want to show that G is an isolated Z[z]-subgroup of G. Let h € G and «a € Z[x]
such that h* € G. Then h® € G, for each ¢ = 1,...,n. Since each G; is an isolated
subgroup of G and extraction of roots is unique in G, we have that h € G; for each
i=1,...,n. We conclude that h € "_,G; = G. O
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The above theorem suggests that there exists a unique minimal isolated subgroup
of an R-group, G, containing a given collection of isolated Z[z]-subgroups. More

precisely, we have

Definition 3.10.3. Let G be an R-group and let S be an arbitrary set of elements

of G. The isolator of S in G, denoted by I(S), is the Z[z]-subgroup

I(S)= () G

SCG;

where each G; is an isolated Z[z]-subgroup of G.

Lemma 3.10.2. Let G be an R-group and let H Lzje G be an ideal of G. Then H is

an isolated Z[z]-subgroup of G if and only if G/H is a torsion free Z|x]-group.

Proof. Let H < G be an ideal of G and suppose that H is an isolated Z[z]-subgroup
of G. We know that G/H is a Z[z]-group. Let g € G such that (gH)? = H for some
non-zero 3 € Z[z]. [ claim that gH = H. Obviously, (¢H)? = H implies that ¢ € H
and so g € H since H is isolated. Therefore ¢gH = H and so G/H is torsion free.
Conversely, let H < G be an ideal of G and let G/H be a torsion free Z[z]-group.
Then, for every g € G and 8 € Z|x|, we have that (¢H)? = H implies gH r-—- H. Put

another way, ¢® € H implies g € H. Hence, H is an isolated Z[z]-subgroup of G. O

Definition 3.10.4. Let G be an R-group and suppose H < G is an ideal and is also

an isolated Z{z]-subgroup of G. Then H is termed an isolated ideal of G.
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I will now prove a theorem for Z[z]-groups which is a generalization of the corre-

spondence theorem between Z[z]-subgroups of a Z[z]-group and its factor Z[z]-group.

Theorem 3.10.2. Let G be an R-group and let H be an isolated ideal of G. Suppose
that G/H is an R-group. If K <gj;) G and H is an ideal of K, then K is an isolated

Z|x)-subgroup of G if and only if K/H is an isolated Z[z]-subgroup of G/H.

Proof. Let K be an isolated Z[z]-subgroup of GG such that H is an ideal of K. I claim
that if (¢H)* € K/H, then gH € K/H. Well, if (¢H)* = kH, where g € G,k € K
and « € Z[z], then ¢®H = kH gives us ¢®°H € K/H. From this, we see that there
exists h € H such that ¢® = kh € K. Since K is an isolated Z[z]-subgroup of G,
g* € K implies that ¢ € K. This yields gH € K/H. Hence, K/H is an isolated
Z|z)-subgroup of G/H. Now let K/H be an isolated Z[z]-subgroup of G/H. If g* =k
for some g € G,k € K and a € Zz], then ¢°H = kH in K/H. This means that
(gH)* = kH and so gH € K/H because K/H is an isolated Z[z]-subgroup of G/H.
Therefore, g € K and so ¢* € K yields g € K. Hence, K is an isolated Z[z]-subgroup

of G. O

Theorem 3.10.3. Let G be an R-group and let A be an arbitrary set of elements of

G. Then Cg(A), the centralizer of A in G, is an isolated Z{x]-subgroup of G.

Proof. 1t is easy to verify that Cg(A) is a Z[z]-subgroup of G. Let A = {a;, a2, ...}

be the set of elements and let ¢ € G be such that g* € Cg(A) for some o € Z[x].
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Then for every a; € A, we have

a;'g%; = ¢* =
(ai—lgai)a —_ ga —
a;'ga; = g.
Therefore, g € Cg(A). d

In particular,
Lemma 3.10.3. The center of any R-group is an isolated Z[x]-subgroup.

Lemma 3.10.4. Let G be any R-group. Then the equation a®b? = bPa® implies that

ab = ba, where a,b € G and «, B € Z{z].

Theorem 3.10.4. Let G be a torsion free Z-group. Then G is an R-group if and

only if G/Z(G) is an R-group.

Proof. Suppose G is a torsion free R-group. I claim that if g, h € G and (¢Z(G))* =
(hZ(G))* for some « € Zz], then ¢Z(G) = hZ(G).

Let (¢Z(G))* = (hZ(G))* in G/Z(G). Then ¢*Z(G) = h*Z(G) gives us g* =
h®z for some z € Z(G). Observe that g*h* = h*zh® = h*h®z = h*g®. Therefore,
g®h® = h%g®. By Lemma 3.10.4, this gives us gh = hg and so [g,h™!] = 1. By axiom
3, [g, '] = 1 implies (gh™')* = g*h~. Hence, g* = h®z implies (gh™!)® = z and so
(gh~1)* € Z(G). But Z(G) is an isolated Z[z]-subgroup of G, so that gh~! € Z(G).
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Therefore, gZ(G) = hZ(G).
Conversely, let G/Z(G) be an R-group, where G is a torsion free Z[z]|-group. I
claim that G is an R-group. Let g® = h® for some g,h € G and « € Z[z]. Then

(9Z(G))* = (hZ(G))* in G/Z(G). Since G/Z(G) is an R-group, we have

¢*Z(G) = hZ(G) =
9Z(G) = hZ(G) =

g = hz for some z € Z(G).

We therefore have that ¢ = (hz)® implies g® = A%z® and so z* = 1. Since G is

torsion free, z* = 1 yields z = 1 and so g = h. )

Theorem 3.10.5. Let G be both an Z-group and an R-group and let
1=0GL0GGL...4¢GGJ. ..

be the upper central series for G. Suppose that each factor Z[z]-group G/(;G is an

Z-group. Then
1. each ;G is an isolated normal Z{z)-subgroup of G
2. each factor Z{z)-group ;G /{i-1G is a torsion free abelian Z[x]-group
3. each factor Z[z)-group G/(;G is an R-group.

Proof. The proof is by induction on 7 :
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e When i = 1, (1G = Z(G) is an isolated Z[z]-subgroup of G by Lemma 3.10.3.
Furthermore, Z(G) = (;G/(G is a torsion free abelian Z[z]-group since it is
a Z[z]-subgroup of an R-group. Finally, by Theorem 3.10.4, G/Z(G) is an

‘R-group.
e Suppose the theorem holds for all indices ¢ < j:

1. If j — 1 exists, then by assumption, G/(;_1G is an R-group. Therefore,
Z(G/(;-1G) = (;G/¢j-1@G is a torsion free abelian Z[xz]-group. The factor

group
G/G1G  _ G/GG
2(G/G-1G)  GG/¢G

is an R-group as well by Theorem 3.10.4. Hence, since Z(G/(;-1G) =

20 G/ (G

¢;G/(;-1G is an isolated Z[z]-subgroup of G/(;_1G (by Lemma 3.10.3),

we have that (;G is an isolated Z[z]-subgroup of G by Theorem 3.10.2.

2. If j is a limit number, then (;G is the union of an ascending sequence of
isolated Z[z]-subgroups and is therefore an isolated Z[z]-subgroup as well.
Furthermore, if (9(;G)* = (h(;G)*, where g,h € G and p € Z[z], then
g* = h*z for some z € (;G. Hence, z € (4G for all k& < j. This means
that (¢9¢xG)* = (h(tG)" and so we have ¢(,G = h(;G. Consequently,

9¢;G = h(;G and so G/(;G is an R-group.
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Theorem 3.10.6. Every torsion free N*-group is an R-group.

Proof. This follows from Theorem 3.9.2. 0

3.11 Z[z]-Groups of Type HP

If G is a Z[z]-group and g,h € G with § € Z[z], one can’t always expand the
product (gh)? in terms of g and h by applying only the axioms. In this section we

focus our attention on specific Z[z]-groups which admit such expansions.

Definition 3.11.1. Let G be a Z[z]-group. Then G is of type HP if there exists a

nilpotent Q[z]-powered group, G, such that G <z G.

Theorem 3.11.1. Let G be a Z[z]-group of type HP and let H Qz(,) G. Then H is

an ideal of G. Consequently, every Z[z]-group of type HP is an I-group.

Proof. Let G and H be as in the hypothesis and let ¢ € G. Suppose that Gis a

nilpotent Q[z]-powered group such that G' <z G. I claim that H is an ideal of G.

Let o € Z[z].
1. Suppose h € H. Then the Hall-Petresco axiom give us

g7 (gh)® = heri(g, b)) - ry(g, )~ ()

)

where k is the N'* class of gp(g,h). For each i = 2,...,k, we know that
7:(g,h) € H since H <z G. Hence Ti(g,h)_@) € gpq)(H) in G. Therefore
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g *(gh)* € G and hark(g,h)_(z) . -~’rg(g,h)_(g) € gpgiz)(H). The above shows

that g=%(gh)* € G N gpgl(H) <zp) H.

2. Let g1, g0 € G satisfy [g1, go] € H. Again, by applying the Hall-Petresco axiom,
we obtain

[+

g;agi_a(gng)a = Tk(gla 92)—(k) e 7'2(91,92)—(02‘),

where k is the class of gp (g1, g2). Since [g1, g2} € H and H <z}, G, we have that

each 7;(91, go) € H. Therefore

92 497 %(9192)" € G N gpqiz)(H) <zjz) H.

Hence H is an ideal of G.

Corollary 3.11.2. If G is a Z[z]-group of type HP, then I';(G) = [';(G).
Corollary 3.11.3. If G is Z[z]-group of type HP, then G is an N*-group.

Proof. Let G be a nilpotent Q[z]-powered group of class ¢ with lower central series
G=T(G) > INEPERS Ie1(G) = 1. Suppose G is a Z{z]-group of type HP such
that G <g[q G and define G; = G N Ty(G) <zl T;(G). Then G has a Z[z]-series
G =G, > Gy > > Geyy = 1.1 claim that this is a central Z[z]-series. It can
be easily verified that G; <izj;) G for each i = 1,...,c + 1. Hence, by the previous
theorem, each G; is an ideal of G. By applying the same argument as in the proof
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of Theorem 3.8.4, we have that [G;, G]z[s) < Gy for each i = 1,...,c. Therefore the

Z[z)-series for G is central and so G is an N *-group. O

Corollary 3.11.4. Let G be a finitely generated torsion free nilpotent group of class
¢ and suppose GU* is the Q[z]-completion of G with respect to some Mal’cev basis
u=(u,...,u) for G. Then G = gpgj(uy, ..., ue) is a finitely Z[z]-generated N*-

group of N* class < c.

Proof. It is clear that that G is a Z[z]-group which is finitely Z[z]-generated by the
set {uy,...,ux}. Moreover, G is of type HP since it is a Z[z]-subgroup of G2l By

Corollary 3.11.3, G is an N*-group. Clearly, the A'* class of G can’t exceed c. O

Corollary 3.11.5. Let GG be a Z{z]-group is of type HP and suppose N <z G. Then

G/N is a Z[z]-group.
Proof. Follows directly from Theorem 3.2.1 and Theorem 3.11.1. O

Theorem 3.11.6. Let G be a Z[z]-group of type HP and let 7(G) denote the set
of torsion elements of G as usual. Then 7(G) Jz[2) G and G/7(G) is a torsion free

Z[z]-group.

Proof. Let G be a Z[z]-group of type HP such that G' <z G for some nilpotent Q[z]-
powered group, G. By Theorem 2.7.1, 7(G) o) G. I will first show that 7(G)NG =

7(G).
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1. Let g € 7(G). Then there exists a non-zero o € Z[z] such that g* = 1. Since

a € Q[z] as well, we have that ¢ € 7(G). Therefore ¢ € 7(G) N G and so

(@) C 7(G)NG.

o~ -~

2. Let g € 7(G) N G. Since g € 7(G), there exists a non-zero & € Q|[z] such that
g* = 1. Suppose a = ‘—gg + %}xﬁ- + -‘;—:x" where a;,b; € Z and b; # 0. If
d = l.com.(by,...,b,), then ad € Z[z]. Hence, (¢g%)¢ = g*¢ = 1 and so g € 7(G).

Therefore 7(G) NG C 7(G).

The above shows that 7(G)NG = 7(G). It can be easily verified that 7(G)NG <z G.
Hence 7(G) <zjs) G. Moreover, 7(G) is an ideal of G by Theorem 3.11.1. The proof

that G/7(G) is torsion-free follows as in the ordinary group case. O

Theorem 3.11.7. Let G be a Z[z]-group of type HP such that G <z G for some

nilpotent Q[z]-powered group G. If@ is torsion free, then G is an R-group.

Proof. Let G and G be as in the hypothesis. Suppose that g* = h® for some g,h € G
and o € Z[z], o # 0. Then this equality also holds in G. By Theorem 2.7.3 we have

g=hinC~7.Hence,g:hinG. 0

Theorem 3.11.8. Let G be a finitely Q|z]-generated nilpotent Q[z]-powered group
and suppose G is a Z[z)-group of type HP such that G <z G. Then G has a solvable

word problem.
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Proof. Recall that every finitely Q[z]-generated nilpotent Q[z]-powered group has a

solvable word problem. Hence the result immediately follows. ) O

3.12 The Z[z)-Group [UT,(Z))%

In section 2.7, we saw that [UT,(Z)]¥ gy, UT,(Q[z]), where [UT,(Z)]¥! is
the Q[z]-completion of UT,(Z) with respect to any Mal'cev basis for UT,(Z) and
UT,(Q[z]) is the nilpotent Q[z]-powered group of unitriangular matrices with entries
in Q[z] and with the Q[z]-action defined by the binomial expansion. Suppose that
UT,(Z) has Mal’cev basis @ = (u1,...,u,) and [UT,(Z)]¥ is its Q[z]-completion.
Then the Z[z]-subgroup [UT,(Z)]%* of [UT,(Z)]¥" can be described in the following
way, where we are using the polynomials for multiplication and Q[z]-exponentiation

as our group operations for [UTy,(Z))“# with respect to the basis @ :

o Let Ko = UT,(Z), K1 = gp (g5, | 9ip € Ko, a0 € Z[z]) and, inductively, K;, =

9p (9 | gi; € K, 05 € Z[z)). Then
UTW(2)") = | ) K = {uf - ulr | B, € Q[a]}.
Jj=0

A particular case is when the Mal’cev basis is the collection of transvections of UT,,(Z).
In this case, every element g € [UT,(Z)]%% has the normal form g = %32 .. -tﬁ':;;:
where §;; € Q[z].

On the other hand, since [UT},(Z)]%! 2q,; UT,(Q[z]), we know that [UT;,(Z)]4,
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viewed as a Z[z]-subgroup of UT,(Q[z]) without making reference to any Mal’cev
basis, inherits the Q[z]-action which is defined on UT,(Q[z]), namely the binomial

expansion. Hence, if g = I + N € UT,(Z) where I is the n x n identity matrix, then

g8

gﬂ=1+aN+---+(
n—1

)N"“l e [UT,(Z)]%=,

where § € Z[z] and, by constructing the {K}’s in the same way as above (now using
the binomial expansion as the Z[x]-action rather than the polynomials for multipli-
cation and Q[z]-exponentiation) we obtain [UT,(Z)]**! once again. We can therefore

interpret [UT,,(Z)]%*! in either way.

Definition 3.12.1. The group [UT,(Z)]%* is called the n x n unitriangular Zz)-

group.
By Corollary 3.11.3 we immediately have

Lemma 3.12.1. [UT,(Z)]%® is a Z[z]-group of type HP and, consequently, is an

N*-group.

The Z[z]-action defined on the collection [UT,(Z)/“* is inherited from
[UT,(Z))¥), 1t turns out that, although [UT,(Z)}4# is a Z[z]-group, the matrix

entries of its elements may not be in Z[z]. For example, if ¢ = I + N € UT3(Z), then

gﬁ=(1+N)5=I+ﬁN+<§>N2
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0 h1 he
where f € Z[z] and N = | 0 0 hg | with hy, hy, hy € Z. Notice that

0 0 0
0 0 hihs
Ni=|0o0 0
00 O

with £ € Z. Hence we have

1 Bhi ho+ (D)hihs
F=10 1 Bhy € [UTy(2Z))%4,
0 0 1

Clearly, (g) is not always an element of Z[z]. The natural question which arises is
whether or not the entries of the matrices in [UT,(Z)]?*! take a special form. It

turns out that they do. Let Z[$, %, -+, zlz] [z] denote the ring Z[z] with the elements

11,1

IR adjoined to it.

Theorem 3.12.1. Let g € [UT,(Z)[" and let a;; denote the entry of g in the i**

row and j** column. Then

Proof. Suppose g =1+ N € UT,(Z). Then

gﬁ:1+ﬁN+---+< b )N""l
n-—1

for all 8 € Z[z]. An easy computation shows that N* € UT.(Z) foreach i =1,...,n
and so the entries we obtain after multiplying N* by (%) € Z[i,1,---,1][z] and
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summing terms up appear as in the claim. It follows, by taking products of such
matrices, that every element of K; = gp(g;;° | gi, € Ko, 0 € Z[z]) has entries of the
required form. If we now act on elements of K, in the same way as UT,(Z) and
take products of such matrices, then Ky = gp(gi' | g;, € K1, 01 € Z[z]) again have
entries of the required form. Continuing this we see, inductively, that every element

of Kj41 = gp (gf‘jj | gi; € Kj,0; € Z[z]) has the form claimed. O

For example, any element of [UT(Z)]%# is contained in the collection of matrices

of the form

1 2] Z[3][e] 2[4 4[] 2[3,4,4)[])
0 1 z@  z]l] 2[4
0 0 1 Z|z) Z[%Hx]

0 0 0 1 Z[z]

ko 0 0 0 1 /

Let’s view [UT,(Z)]%! as the Z[z]-subgroup of [UT,(Z)]¥!. We know that every
g € [UT,(Z)20) has the unique normal form g = v ... u%®) where each Bi(z) €
Q[z]. The Hall polynomials which give us such a normal form yield g;(z)’s which
are rational polynomials in z consisting of sums and/or differences of products of
binomial coefficients over Z[x] by Theorem 1.10.2. It is known that if p € Z and

k € Z* then (?) € Z. Therefore, if we substitute integer values into the §;(x)’s of the

element g, we will obtain an element in UT,,(Z).

Theorem 3.12.2. Suppose that UT,(Z) has Mal’cev basis v = (uy,...,un). Then
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[UT,(Z))4# is residually UT,(Z), where [UT,(Z))4“) is viewed as the Z[x]-subgroup

of the Q[z]-completion of UT,(Z) with respect to wu.

Remark. UT,(Z) is a Z[z]-subgroup of [UT,(Z)?# in which the indeterminate vari-

able, x, acts as the identity on elements of UT,(Z).

Proof. Let UT,(Z) have Mal’cev basis @ = (uy,...,u,) and let g € [UT,(Z)}%c be
any non-identity matrix. Then g = v”*®@ ... where each Gi(z) € Q[z]. We
know that at least one of the §;(z)’s, say Bi(z), is non-zero. Suppose the degree of
Oi(z) is m. Then (;(z) has at most m zeros. Moreover, as discussed above, G;(x)
is a polynomial in x consisting of combinations of products of binomial coefficients
over Z[z]. Hence, there exists ¢ € Z such that f:(¢) # 0 and B;(q) € Z for all
i = 1,...,n. There exists a Z[z]-homomorphism ¢ : [UT,(Z)|4* — UT,(Z) which

B1(=z) . ugn(x) B1(q) . ugn(q) (

maps U, = U see Theorem 2.11.1 for similar result). But

uf‘(q) o ubr @ £ 1 since B:(q) # 0. This completes the proof. O

Remark. This theorem could also have been proven by directly applying the remarks

following Lemma 2.11.1 and Lemma 2.11.2, along with Theorem 1.10.2.

3.12.1 The Heisenberg Z[z]-Group

I will now discuss the results of the previous section for the group [UT3(Z)}%=l.

In this section, I will denote 3 X 3 identity matrix.
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Let H be the Heisenberg group

I g1 92

0 0 1

g,-EZ}.

There is a Z[z]-action on H which is induced by UT3(Q[z]). Recall thatif g =I+N €

0 g1 9
UT;(Q[z]), where N € { 0 0 g |9:€ Q{x]}, then the Q[z]-action is given by
0 0 O

gﬂ:(I+N)ﬁ:I+IBN+...+(n?_l)Nn—l

for all 8 € Q[z]. Clearly this Q[z]-action induces a Z[z]-action on H defined by

(a-1)

(I+N)a=[+aN+<3>N2:I+aN+a 5 N?

0 1 9
where N € { 0 0 gs3( (|9 € Z} and a € Z[z]. If we define the sets {K,} as
0 0 0

KO = H, Kl = gp (gf:)o igio € Ko,a() S Z[$]) and, inductively, Kj+1 = gp (gz] |gl] €
Kj,O(j € Z[l‘]), then
T @) = | K
j=0

equipped with this induced Z[z]-action becomes a Z[z]-group.

Definition 3.12.2. The Z[z]-group [UT3(Z)]%! described above is called the Heisen-

berg Z|x]-group. It will be denoted by HZ=l.

Remark. As mentioned in the previous section, the Z[z]-group H?=] can be viewed as a
Z|z)-subgroup of HU# the Q[z]-completion of H with respect to some Mal'cev basis.
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Hence, by using the polynomials for multiplication and Q[z]-exponentiation as the
group operations for 7% with respect to the Mal’cev basis, we obtain [UT;,(Z)]4®) =

(52 K; as described earlier. This gives us an alternative way of constructing H*.

In the last section we observed that the entries of a matrix of HZ* do not neces-
sarily lie in Z[z]. Let Z[}][z] = {£ | B € Z[z], n=0,1,...} be the set obtained by

adjoining {3} to the ring Z[z].

1 my mo
Lemma 3.12.2. Ifg = |9 1 m,| € HZEL then my,m3 € Z[x] and either
0 0 1

my € Z[z) or ms € Z[}][x].
Proof. Let’s construct H%" in stages by examining the sets {K;} as defined above.

1 g1 o

1. Suppose g =10 1 g5| €M Then

0 0 1

=T +N)*=I+aN+ (;‘)W

0 0 qigs
for any o € Z[z]. Observe that N2 = | g 9o o |. An easy computation
00 O
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shows that

1 agi g2+ ($)919s
g =10 1 ags
0 0 1

and the upper right entry contains a binomial coefficient (5). If a =2u or
a = 2u — 1 for some u € Z[z], then (3‘) € Z[z]. Otherwise, (‘2') € Z[%] [x] The

other 2 entries above the diagonal lie in Z[z].

2. Suppose g1, g2 € M1 and each of these is obtained as described above. Let
1 a bl 1 [42)) bz
g=I+Ni=10 1 ¢ |andg=I+Ny= 109 1 ¢
0 0 1 0 0 1

It was shown above that a;,¢; € Z[z] and either b; € Z[z] or b; € Z[%] [a:] for

¢ = 1, 2. Therefore

1 ay+ay by+by+ a1
g192 = | 0 1 ¢+ ¢
0 0 1
Observe that a; + ag, ¢; + ¢o € Z[z] whereas b + by + a;c2 may lie in either Z[z]

or Z[1][z]. We conclude that every g € Ki = gp(92° | g, € H, oo € Z[x]} has

entries of the form claimed.
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3. Let g1, go be as above in 2. and let’s calculate (g;97)” where v € Z[z]. We obtain

0 ay+ay by +by+ac 0 a;+ax by +by+ae
Y
(9192)" = I+~71o0 0 i + <2> 0 0 c1+ ¢
0 0 0 0 0 0

1 v(ar +ag) Y(bi + by +aic) + (7) (a1 + az) (1 + )

= 10 1 v(c1 + ¢2)
0 0 1
Observe that v +  a), v + c2) € Zz]

whereas (bi + b + aic2) + (3) (a1 + a2)(c1 + ¢2) € Z[z] or Z[}] [x]. Moreover,
an easy computation shows that taking products of such matrices again yields
a matrix whose entries satisfy the form claimed. Therefore, every g € Ky =

gp (971 | 9i, € K1, oy € Z[z]} has entries of the form claimed.

If we now iterate the process above to form the collection

o0
U Kj = ’HZM
7=0
we conclude that every g € H%*! has entries of the form claimed. O

Theorem 3.12.3. HZE is an N*-group of N* class 2.

Proof. By Lemma 3.12.1, we know that #%[®! is an A**-group and is an Z-group since
it is of type HP. It is easy to verify that Z(HZEl) = [HZ=, 126, ). Therefore, HZ!
is of N'* class 2. O
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It was mentioned earlier that if we choose a Mal'cev basis for H we can view
HZ as a Z[z)-subgroup of the Q[r]-completion of H with respect to this basis.
Let {t12,%13,t23} be the set of transvections which is a Mal'cev basis for H. Clearly,
{t12,t13} is a set of generators for H. Therefore it is also a set of Q[z]-generators
for HU the Q[x]-completion of H with respect to {ti2,t3,ts3}. The next lemma

immediately follows:
Lemma 3.12.3. HZ® = gpyr,(ti2, tas).

Lemma 3.12.4. Let H% = gpz[)(ti2, tas) suppose that o, oy, B, B, u € Zlz] and
either v, v; € Z{z] or v, v; € Z[}] [z]. Then
1. ()R = oy ontly gyt

yu—{%)aB
2. ( ?thsﬂs)” = t%‘t%tm (2)

Proof. These are exactly the Hall polynomials which hold in ‘H with respect to the
basis {t12,t03,%13}. Hence they hold in the Q[z]-completion of H and, therefore, to

the restriction HZ(., O
Lemma 3.12.5. H%#! is torsion free.

Proof. Let g = t%t5.t], be in normal form. Suppose that g# = 1 for some non-zero
p € Zz]. Then

yu—(45)aB
(tthatta) = speies ™ =1
This implies that &« = 3 = v = 0. Therefore g = 1. O
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Lemma 3.12.6. Let g = t%t5,t7, € H% be in normal form, where both o, f € Zz]

and either v € Z[z) or v € Z[%][z]. Theng=1 if and only if a = B =y = 0.

HZ=) hag the property that it is free in the class of all A*-groups of N* class 2 or

less.

Definition 3.12.3. Let N, be the class of all N*-groups of N'* class 2 or less. Then
a group F' € Ny is free in Ny if it comes equipped with aset Sand amap pu: S — F
such that for every N*-group H € N, and every map 6 : S — H, there exists a
unique Z[z]-homomorphism ¢ : F' — H such that pop = 6. We say that F' is free on

S. If S C F and p is the identity map, we say that F is freely Z[z]-generated by S.
Theorem 3.12.4. HZ is free in N.

Proof. Let S = {t12,t23} be the set of transvections which Z[z]-generate %! and
let G € Ny with Z[z]-generating set {g; | ¢ € I} for some index set I. Suppose that
6 :S — G is a set map from S to G defined by 6(t12) = g1, #(t23) = g2. I claim that
6 can be uniquely extended to a Z[x]-homomorphism from H%l to G. Consider the

mapping 6 : H?el 5 G defined by

(t%th:tTs) = g%9alar, 9",
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where «, 8,7 € Z[z]. Then 6 is a Z[z]-homomorphism:

O ()] = Oty oyt

+ —
— g?lwzggl ﬂ2[gl7gg]'h+’72 azfy

= (g7 g5 g1, 92" ) (97295 (g1, 92]™)

= O(t53t5t15)0(t53152173).
ettt = e

= g gHg, go ()8

= (9?95[91, !]2]7)”

= [é(tf‘ﬂ%t%)]“.

Suppose that w is a Z[z]-word in HEE = 9Pz (t12, t23). We can represent w in the
normal form w = t%t5,t], for some a, 3 € Z[z] and either v € Z[z] or y € Z{il[z].

If w=1in H%" then o = § = v = 0. This implies that

é(w) = é(t?2t33t?3) = 9?93[91,92]0 = 1.

Therefore, Z[x]-words in #%* which reduce to 1 in %% are mapped to 1 in G. Thus

§ is a Z[z]-homomorphism. O

We saw earlier that [UT,,(Z)]?) is residually UT,(Z). I will repeat the proof for

)
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'Theorem 3.12.5. HZE is residually H.

Remark. H can be viewed as a Z[z]-group where the indeterminate variable, x, acts

identically on H.

Proof. Let g € H%" be a non-identity matrix. Suppose that {tis,%s3,t13} is the
chosen Mal'cev basis for H. Then g = 2@ o1 some 0y (x), az(z) € Z[z]
and either a3(z) € Z[z] or as(z) € Z[1][z]. Now suppose that o;(z) is not the zero
polynomial for at least one ¢ € {1,2,3} (clearly such an ¢ exists or else we would have
g = 1). Then «a;(z) is a polynomial in Q[z] of degree p;, say, which is a sum and/or
difference of products of binomial coefficients of the form (¥ Sf)) where f(z) € Zlz]
and £ € Z*. Hence there exists ¢ € Z such that «;(¢) # 0 and o;(q) € Z. Let

¢q : Z|z] — Z be the evaluation Z{z]-homomorphism at g defined by ¢,(f) = f(q).

Then ¢,(0;(2)) = ai(g) # 0 and so, if we define 1 : HZ= — H by

¥(g) = i)

t‘lpéi (a1(z)) tgg (az(x)) t‘{’g {a3(x))

= t9 (q)tgg(q)t?g(q),

it is not hard to see that v is a Z[z]-homomorphism and 1 (g) # 1. O
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