
NILPOTENT Q[X]-FOWERED GROUPS AND

Z[X]-GROUPS

By
STEPHEN MAJEWICZ

A dissertation subm itted to the G raduate Faculty in M athematics in partial 

fulfillment of the requirements for the degree of Doctor of Philosophy, The City 

University of New York

2004

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



UMI Number: 3127896

Copyright 2004 by 

Majewicz, Stephen

All rights reserved. 

INFORMATION TO USERS

The quality of this reproduction is dependent upon the quality of the copy 

submitted. Broken or indistinct print, colored or poor quality illustrations and 

photographs, print bleed-through, substandard margins, and improper 

alignment can adversely affect reproduction.

In the unlikely event that the author did not send a complete manuscript 

and there are missing pages, these will be noted. Also, if unauthorized 

copyright material had to be removed, a note will indicate the deletion.

UMI
UMI Microform 3127896 

Copyright 2004 by ProQuest Information and Learning Company. 

All rights reserved. This microform edition is protected against 

unauthorized copying under Title 17, United States Code.

ProQuest Information and Learning Company 
300 North Zeeb Road 

P.O. Box 1346 
Ann Arbor, Ml 48106-1346

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



©2004

STEPHEN MAJEW ICZ

All Rights Reserved

11

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



This m anuscript has been read and accepted for the G raduate Faculty 

in M athem atics in satisfaction of the dissertation requirement for the 

degree of Doctor of Philosophy.

Date; April 2004

'Chair of Examining Committi

4 t v M ^ n  ^ r i / U
Exi^utive Officer

Reader: Alphonse Vasquez

Reader: Lev Shneyerson

Gilbert Baumslag
Supervisory Committee

TH E CITY  UNIVERSITY O F NEW  YORK

111

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Abstract

NILPOTENT Q[x]-POWERED GROUPS AND Z[x]-GROUPS

by

Stephen Majewicz 

Advisor: Professor Gilbert Baumslag

An exponential group or A-group (as defined by A. G. Myasnikov and V. N. 

Remeslennikov [12]) is a group, G, equipped with an action by an associative ring 

with unity, A, such th a t for all p e  G and for all a  e A, the element € G is

uniquely defined and the following axioms hold:

9^ — 9i 9°“9^ =  {9°‘y  — 9°‘̂  for all 5' € G and for all a,(5 ^  A.

2. {h^^ghY  =  h~^g°‘h for all g ,h  E G and for all a  E A.

3. l i  g ,h  E G satisfy the relation [g, h] =  1, then {gh)^^ =  g^h^ for all g E A.

A particular example of an exponential group is a nilpotent R-powered group, where 

i? is a binomial ring (that is, a commutative integral domain of characteristic zero with 

identity such th a t for any r E R  and k E (I) E R, where (]̂ ) =

A nilpotent R-powered group (see P. Hall [5], [6 ] and R. B. Warfield, Jr. [14]) is a 

nilpotent group, G, equipped with an action by R  such tha t, for all G G and for all 

a  E R, the element G G is uniquely defined and the following axioms hold:

iv
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1- 9^ — 9: 9°9^  =  5'“’*’'̂ ) =  9°“̂  for all g E G and for all a, P E R.

2. {h^^gh)°‘ =  h~^g°‘h for all g ,h  E G and for all a  E R.

3- 9i ■ • ■ 9n='^ii9TM9)^"^'^ ■ ■ for^/i ^  G and for every a  G R,

where Ti{g) = Ti{gi, . . . ,  gr„) and k is the class of 9p{9\, ■ ■ ■ 9n)-- The rpgYs  are 

known as the Hall-Petresco words.

In this thesis I generalize the notion of a nilpotent group in two specific classes of 

exponential groups, namely the class of nilpotent Q[a;]-powered groups and the class 

of Z[a;]-groups. Many questions which arise in the study of ordinary nilpotent groups 

are explored in this thesis for these particular exponential groups. I also introduce 

several new concepts and results for nilpotent Q[a;]-powered groups and Z[x]-groups 

in general, expanding on the existing theory. Some known results for nilpotent R- 

powered groups, where R  is any binomial ring, are mentioned in the papers of P. Hall 

([5], [6 ]) and in the book by R. B. Warfield, Jr. [14] (A. M. Duguid also has results 

for such groups, but I was unable to find any of these results in the literature). R. 

C. Lyndon [10] and A. G. Myasnikov and V. N. Remeslennikov [12] have studied free 

A-groups, where A  is any associative ring with unity. In [12], some foundational work 

for A-groups is given as well.
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Introduction

One of the most interesting classes of groups is the class of nilpotent groups. These 

groups have been thoroughly studied and many fascinating results have emerged. For 

example, every finite p-group is nilpotent and every finite nilpotent group is the in­

ternal direct product of its Sylow p-subgroups. Finitely generated nilpotent groups 

are polycyclic and have solvable word problem, generalized word problem, conjugacy 

problem and isomorphism problem. They are also residually finite, which is an im­

portant result in combinatorial group theory. If a nilpotent group is finitely generated 

and torsion free, then it adm its a M al’cev basis which gives rise to a unique normal 

form for its elements. In particular, the set of n x n unitriangular matrices over Z, 

often denoted as /7T„(Z), is a finitely generated torsion free nilpotent group and has 

a Mal’cev basis. These are just a few of the results.

The purpose of this thesis is to discuss the notion of a nilpotent group in the class 

of nilpotent Q[a:]-powered groups and the class of Z[a:]-groups, as well as provide sev­

eral new concepts and results for these groups. Some results for nilpotent /?-powered

vii
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groups, where R  is any binomial ring (that is, a commutative integral domain of 

characteristic zero with identity such th a t for any r £ R  and k E (^) e  R, where 

(^) =  are mentioned in the papers of P. Hall ([5], [6 ]) and in the book

by R, B. Warfield, Jr. [14] (A. M. Duguid also has results for such groups, but I was 

unable to find any of these results in the literature). R. C. Lyndon [10] and A. G. 

Myasnikov and V. N. Remeslennikov [12 ] have studied free A-groups, where A is an 

associative ring with unity. Both nilpotent i?-powered groups and A-groups lie in a 

broader class of groups known as exponential groups as defined in [12].

This thesis contains three chapters. In the first chapter I mention some classical 

results in the study of nilpotent groups, some of which will be proven for complete­

ness. Among these results there are two theorems which play a crucial role in the 

development of the theory of nilpotent Q[x]-powered groups, which I will now men­

tion. Let G be a finitely generated torsion free nilpotent group. The first major 

theorem (see [7]) states th a t G has at a finite normal series

1 =  Gq <3 • ■ ■ <! Gn =  G

such tha t the series is a central series and each factor group Gi+ifGi is infinite cyclic 

for i =  0, . .  ., n — 1. P u t another way, G has a poly-infinite cyclic and central series. 

I will give the proof of this theorem by utilizing some of the results prior to it. Using 

the notations above, suppose Gj+i =  gp{ui^i,G i)  for some Uj+i G and for each

viii
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z =  0 , 1 , . . . ,  n — 1. Then every element g & G can be uniquely expressed in the normal 

form 5  =  u“‘ • • • for some o i , . . . ,  G Z. The set ( u i , . . . ,  u„) of G associated 

with the series {Gi] is called a M al’cev basis for G. The second m ajor theorem, due 

to Mal’cev and Hall (see [5] and [6]), states th a t if G has a M al’cev basis ( u i , . . . ,  

and «  =  ( t t i , . . . ,  a„), ^  =  ( A , . . . ,  then

and

where each fi{a, P) for a, /9 G Z" is a polynomial with rational coefficients in 2n 

variables and each pi (a, A) for A G Z is a polynomial with rational coefficients in 

n +  1 variables. As Philip Hall points out in [5] and [6 ], if we consider the set 

• • • w“"| Qfi G R }  for some binomial ring R, then this set together with the binary 

operation defined by the polynomials for multiplication and exponentiation (called 

the R-completion of G with respect to {u i , . . . ,  Un)) is a nilpotent group of the same 

class as G. For such groups, the exponents are now elements of R  rather than  of Z and 

it is clear th a t G embeds into G^. As Hall states in [5], this idea of an /^-completion 

suggests an axiomatic approach toward the development of a nilpotent //-powered 

group. Let G be a nilpotent group of class c and R  any binomial ring. Suppose th a t 

G is equipped with an action by R  such tha t, for all g G G and for all a  E R, the 

element 5 “ G G is uniquely defined. Then G is called a nilpotent Q[x]-powered group

IX
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if the following axioms hold:

1, g°‘gf  ̂ =  g°‘'^^, =  5 °^ fo^ all ^ G G and for all a, (5 G R.

2. {h~^gh)°‘ =  h~^g'^h for all g ,h  G G and for all a G R.

3- </“ • • • 5 “ ~  "̂ 1 for all a  G -R and for all

(gi, ■ ■ ■, gn) = g  & G” , where k is the class of g p  {g\ ,  ■ ■ ■ gn)- The Ti{gys are

the Hall-Petresco words.

Examples of such groups are given at the end of the chapter. These groups are 

sometimes referred to as R-powered groups [5] and nilpotent R-groups [14].

Chapter two is devoted to the study of nilpotent Q[a:]-powered groups. It be­

gins with the definition of a nilpotent Q[a;]-powered group (which is a special case 

of the definition stated above) and is followed by some fundam ental definitions and 

lemmas. I prove a theorem of R. B. Warfield, Jr. [14] which states th a t every 

finitely Q[x’]-generated nilpotent Q[x]-powered group has a poly-Q[x] cyclic and cen­

tral Q[x]-series. This result is clearly of great importance for pursuing the study of 

finitely Q[x]-generated nilpotent Q[x]-powered groups since it perm its one to express 

an element of such a group in a normal form. I also prove th a t if G is a finitely 

generated torsion free nilpotent group with M al’cev bases 3 i  and B 2 , then the Q[x]- 

completions of G with respect to B\ and B 2 are Q[x]-isomorphic to each other. The 

concept of a nilpotent Q[x]-powered group of finite type and of a 7r-primary nilpotent
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Q[x]-powered group is introduced. The connection between the two is proven in the 

theorem which states th a t every nilpotent Q[x]-powered group of finite type is the 

direct Q[x']-product of its yr-primary components. This resembles the situation for 

ordinary nilpotent groups in which we have th a t every finite nilpotent group is the 

direct product of its Sylow p-subgroups. I introduce the Frattini Q[x]-subgroup of 

a nilpotent Q[a;]-powered group and prove results for such Q[3:]-subgroups. Some of 

Dehn’s fundamental problems have positive solutions for finitely Q[a:]-generated nilpo­

tent Q[a;]-powered groups. In particular, if G is a finitely Q[a;]-generated nilpotent 

Q[x]-powered group, then G has solvable word problem, generalized word problem 

and conjugacy problem. Such groups are also Hopfian (as defined in the Q[a;] sense) 

and residually finite dimensional over Q. The chapter concludes with a discussion of 

the Mal’cev correspondence between Q[a;]-completions of finitely generated torsion 

free nilpotent groups and nilpotent Lie algebras over Q[a:]. The construction of this 

correspondence uses group rings over Q[a;] and a straightening process mentioned by

S. A. Jennings [7].

In the last chapter, I discuss Z[x]-groups. The notion of an A-group was first 

introduced by R. C. Lyndon [10] while attem pting to solve Tarski’s problem, which 

asks whether or not the elementary theory of free groups is decidable. A new axiom 

was introduced to those of an A-group by A. G. Myasnikov and V. N. Remeslennikov

XI
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[12] which revised R. C. Lyndons’ notion. The advantage of this new axiom is th a t 

it allows one to view an abelian A-group as an A-module. For completeness, I will 

state  the definition of an A-group now. Let A be any associative ring with unity and 

G be an arbitrary  group. Suppose tha t G is equipped with an action by A such tha t, 

for all S' € G and for all a  E A, the element g°‘ E G is uniquely defined. Then G is 

called an A-group if the following axioms hold:

1- 9 ^ — 9) 9°‘9^ =  {9°‘Y  — 9°‘̂  all s  € and for all a, P E A.

2. {h~^ghY — h~^g°‘h for all g ,h  E G and for all a  E A.

3. If g ,h  E G satisfy the relation [g, h] = 1, then {ghY  =  g^h^ for all p, E A.

I am interested in the case where A =  Z[x], My goal in studying such groups is 

to develop the theory of what I call M*-groups. A/’*-groups are closely related to 

ordinary nilpotent groups. These are not to be confused with nilpotent R-powered 

groups, since Ij[x\ is not a binomial ring and the axioms for nilpotent R-powered 

groups are different from those of A-groups. To begin with, I define a Z[x]-group 

and give other preliminary definitions and results as well. The notion of an ideal 

([12]) is given and some basic results pertaining to ideals are mentioned. I define an 

A/’*-group and a special kind of series called an 5*-series which plays a useful role 

in the study of A/"*-groups. Several results which hold for ordinary nilpotent groups 

also hold for A^*-groups. For example, I prove th a t if G is a torsion free A/'*-group

xii
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and if for some g ,h  E G and non-zero /? G '^[x], then g = h. 1 also develop

the theory of 7^-groups which are closely related to those mentioned by A. G. Kurosh 

[9]. The m ajor relationship between AA*-groups and nilpotent Q[a:]-powered groups 

will be discussed when studying a particular class of Z[x]-groups which I refer to 

as Z[a;]-groups of type HP. The main example which exhibits this relationship deals 

with the Z[a;]-group consisting of all n x n unitriangular matrices over Z[x] and the 

nilpotent Q[,x]-powered group of n x n unitriangular matrices over Q[a:]. The chapter 

concludes with a look at the specific case of when n =  3. In this case, we obtain the 

Heisenberg Ij[x]-group, denoted by

xm
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Chapter 1 

Prelim inaries On N ilpotent Groups

I will begin with a review some classical results pertaining to nilpotent groups. 

The definition of a nilpotent group is given, as well as some theorems which are 

proven by utilizing the upper and lower central series. I will also recall some facts 

about basic commutators, free nilpotent groups and other topics which arise in the 

study of nilpotent groups. The main theorem of this chapter, due to M al’cev and P. 

Hall, will allow us to construct an R-completion of a finitely generated torsion free 

nilpotent group, where R is a binomial ring. This, in turn, gives rise to one of the 

main objects of this paper.

1.1 The Basics

Definition 1.1.1. Let G be a group. Then the series

1 =  Go < Gi <  • • • < G , =  G
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of G is called a finite normal series if Gi <  G for each 0 <  i <  s.

Note. It easily follows from the definition th a t for each 0 < i < s  — 1, we have 

Gi <  Gi+i-

Definition 1.1.2. Let G be a group. Then a finite normal series

1 =  G q ^  ^  Gg — G

of G is called a central series if G j+i/G j <  Z{G /G i)  for each 0 <  z <  s.

Definition 1.1.3. A group G is called a nilpotent group if it has at least one central 

series. The shortest length of all such series is called its nilpotency class.

D efinition 1.1.4. A group G is solvable if G has a finite normal series

1 =  G q ̂  ^  G g — G

such th a t Gi+i/Gi is an abelian group for each 0 <  z <  s — 1 .

An alternative definition for a group to be nilpotent is

D efinition 1.1.5. A group G is a nilpotent group if it is solvable, and the finite 

normal series 1 =  Go G^ =  G can be chosen so th a t the action of G on each

of the factors G j+i/G j is trivial for each 1 <  z < s.

A nilpotent group of class 0 is the trivial group, while nilpotent groups of class at 

most 1 are abelian. Note tha t, although every nilpotent group is a solvable group, 

the converse is false (for example, S q is solvable, but not nilpotent).
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Note, l i  a,b E. G for some group G, then I will denote the expression b ^ab by a®.

Definition 1.1.6. Let G be a group and let Qi & G and Q2 € G .  Then the commutator 

of gi and ^2 is [9 1 , 9 2 ] =  9i^92^9i92 91^9^-

More generally, we have:

Definition 1.1.7. A simple commutator of weight n > 2 is defined recursively as 

[9 i , - - - , 9 n] = [bi> • • • >9 n -i] , 9 n] where by convention [gj] =  g^.

Next I will recall some com putational identities for com m utator calculus.

Lemma 1.1.1. Let x, y and z be elements of any group. Then

[^,y] =

2 . =  x[x, y]

3. [xy,z\ = [x,z\J[y,z\

4 . [x,yz] =  [x,z][x,yY

5. [x,y-^] = i [ x , y r Y ^

6 . [x~\y]  = { [x , y f ^ ' ) - ^

7. [x, y~^, z]y[y, z~^, xY[z , x^^ , yY = 1 (the Hall-Witt Identity)

Proof. Follows by direct calculation. □
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We can form commutators of subsets of G as well as elements. Let {Xj, X 2, . . .} 

be non-empty subsets of G.

Definition 1.1.8. The commutator subgroup of X i  and X 2 is defined by [ Xi , X2] =  

gp {[xi,X2] I Xi e  Xi ,  X2 e  X 2).

Remark. If G is any group and S C G, then

9P(S)  =  f l  {Hk}
Hk<G

where S  C Hk- Hence, gp{S)  is the smallest subgroup of G containing S.

More generally, let [ Xi , . . . ,  X„] =  [[Xi , . . . ,  X„] where n >2.  Observe th a t

[Xi,Xj] — [Xj,Xi].  An immediate lemma which follows from Definition 1 .1.2  is

Lemma 1.1.2. Let G be any group and let 1 = G q  < ■ ■ ■ <Gg = G be a finite normal 

series for G. Then the series is central if and only if [Gi+i, G] < Gi for 0 < i < s — 1.

The definitions of the upper and lower central series of a group are stated  next.

Definition 1.1.9. Let G be any group. Then the upper central series of G is 1 =  

CoG <Ci G<- - - ,  where Ci+^G/QG = ZiG/QG)  for z =  0 ,1 , . . . .

Remark. By definition, (iG  = Z{G)  and each QG is characteristic in G, but not nec­

essarily fully-invariant in G. Furthermore, the upper central series doesn’t necessarily 

ascend to G. When there is no ambiguity, I will sometimes denote QG by Z* and refer 

to these as the upper central subgroups.
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Definition 1.1.10. Let G be any group. Then the lower central series of G is 

G = 7 iG  >  72G >  • • •, where 7 i+iG =  \^^G, G] for i = 1,2, . . . .

Remark. Each 7 jG is fully-invariant in G and the series need not descend to the 

identity element. 7 2 6 * =  [G, (7] =  G' is called the derived subgroup of G  and G /^ 2 G  =  

Ab{G) the abelianization of G. When there is no ambiguity I will often denote j iG  

by Fj and refer to these as the lower central subgroups.

Lemma 1.1.3. Let G be a nilpotent group with a central series

1 =  Go <  • • • <  a  =  <7.

Then

1. QG > Gi and

2. 7 i+iG <  Gr-i for all i = 0 , 1 , . . .  ,r.

Proof. By using Definition 1.1.9, Definition 1.1.10 and induction on i, the result 

follows. □

Remark. Clearly, the above lemma shows the following relationship between the terms 

of the upper and lower central series;

7 i+iG <  Cr-iG for z =  0 , 1 , . . . ,  r.

By using induction and Lemma 1.1.1 repeatedly, one establishes the following 

lemma:
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L em m a 1.1.4. For any group G, we have jnG  — gp ([pi , . . . ,  Pn] | Pi G C).

Putting  together Lemmas 1.1.1, 1.1.3 and 1.1.4 with the definition of a nilpotent 

group we obtain:

T h e o re m  1.1.1. Let G be a nilpotent group. Then the following are equivalent:

L  Ic+iG =  1

2. GG  — G

S. G has nilpotency class at most c.

4. [pi , . . . ,  Pc+i] =  1 for all gi in G.

T h e o re m  1 .1 .2 . Let G be a nilpotent group of class c. Then

1. every subgroup of G is a nilpotent group of class < c.

2. every factor group of G is a nilpotent group of class < c.

3. i f  G i , .. . ,Gk are also nilpotent groups of class c, then their external direct prod­

uct is a nilpotent group of class c.

Proof. Follows by induction and the isomorphism theorems. See [11]. □
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1.2 Results Obtained From The Lower and Upper 

Central Series

The results in this section are proven with the aid of the upper and lower central 

series. Most of these results will be stated with references.

Lemma 1.2.1. I f  H  < G  and G is nilpotent of class c, then ^ i {G/ H)  =  {{' yiG)H)/H 

for each i = I , . . .  ,c + 1. Furthermore, if  G has class c, then G /^cG  has class c — 1.

Lemma 1.2.2. Let G be a nilpotent group of class c > 2. Then for any element 

g E G, the subgroup H  = gp {g, 72G) is nilpotent of class < c.

Proof. Refer to [5] or [8 ]. □

Lemma 1.2.3. Let G be a nilpotent group of class c and suppose that H  < G such 

that gp {H, 72G) =  G. Then H  = G.

Proof. See [8 ] or [14]. □

I will now discuss the torsion group and torsion elements of a group.

D efinition 1.2.1. Let G be any group and let r{G)  denote the set of all elements of 

finite order, t {G)  =  {gr 6  G | =  1 for some n ^  0 G Z}. An element g e  r(G ) is

termed a torsion element of G and r(G ) the set of torsion elements of G.
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D efinition 1.2.2. A group G is called a torsion group or a periodic group if ̂ {0)  =  G. 

If m e  is the smallest positive integer for which =  1, then we say th a t G has 

exponent m.

D efinition 1.2.3. If G is any group, then G is a torsion free group if it has no torsion 

elements other than the identity element (i.e. if ^ € G and 5 ” =  1 for some n e  Z, 

then either g — 1 ov n = 0).

Remark. It is obvious th a t every group contains at least one torsion element, namely 

the identity element. It is not always the case, however, th a t the set of torsion 

elements of a group form a subgroup. For any nilpotent group, though, it does.

Theorem  1.2.1. Let G be a nilpotent group of class c. Then r(G ) <  G.

Proof. The proof is by induction on the class of G and uses Lemma 1.2.2. See [8]. □

A useful corollary which follows from Theorem 1.2.1 is

Corollary 1.2.2. Let G be a nilpotent group of class c. Then G/ t { G)  is a torsion 

free nilpotent group.

Proof. By Theorem 1.2.1, r(G ) < G. Hence the factor group G / t {G) can be formed. 

Let 5 t(G ) G G / t {G) such th a t there exists n 7  ̂ 0 G Z with {gr{G )Y — t {G). Then 

S'" G r(G ) and so 3 m  G Z  s.t. (5-")"* =  g'^^ =  1. Therefore, g G 't(G ). □
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The next theorem demonstrates how the abelianization of a group can give us 

information about the group itself. The proof I ’ve given can be found in [15]. See [14] 

for a slightly different approach. The next couple of lemmas are needed in the proof.

Lemma 1.2.4 (The Three Subgroup Lemma: K aluznin, P. H all). Let H, K

and L be subgroups of a group G. I f  any two of the commutator subgroups [H, K , L], 

[K,L,H],  [L,H,K] are contained in a normal subgroup ofG,  the so is the third.

Proof. The proof uses Lemma 1.1.1. See [15] for details. □

Lemma 1.2.5. Let G be any group and let i and j  be positive integers. Then [Pi, Fy] < 

Pi+j •

Proof. The proof is by induction and uses Lemma 1.2.4. See D. J. S. Robinson 

[15], □

Theorem  1.2.3. Let G be any group. For each integer n > 1, the mapping : 

P„_i/P„ X Ab{G) —» P„/P„+i defined by <̂ „(.xP„, yP2) =  [x, ?/]P„4,i is multiplicative 

in each variable (i.e. cpn, when restricted to each component, is a homomorphism). 

Consequently there is a well-defined module epimorphism

f 'n  '■ P n - l / P n  Ab{G) —> P „ / P „ + i

(xP„ ® yT2) [x,y]P„+i 

between h-modules for every integer n > 1.
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Proof. I will first check th a t ipn is well-defined. Let g G G, p„_i G r„ _ i, Qn G r „  

and c/2 G F2. By Lemma 1.2.5, [gn-i,g2 ], [gn,g], bn, 1/2], [gn-i,g,gn], b n - i ,52 ,^n] and 

[gn-\,g,g 2 ] are all contained in Fn+i. Therefore,

(Pn{gn-ign^n,gg2 '^2 ) =  b„_ifif„,.952]F„+l

“  b n —l5n , 52][^n—l5 n , Fn-)-i

=  b n - 1 ,  5 2 F " b n .  ^ 2 ] ( b n - l ,  ^ ] ^ " b n ,  ^ ] ) ^ 'F „ + i

=  [gn-i,g2][gn-ug2,gn][gn,g2]{[gn-x,g] '̂'[gn,g]y"' n̂+i 

— (b « - l )  9][9n-l i  9i 9'n\\.9ni 9])^^F„+i

=  bn-X,^]®'F„+i

=  b n - 1, ^ ]b n -l, &2]F„+i

“  b n —l,5]Fn+l ~  (i?n—iFn, ^F2) .

Hence (/?„ is well-defined.

Now I will verify tha t is multiplicative in each variable.

1. Let 0 1 ,0 2  G F„_i. Then, since [0 1 , 5 , 02] G F„+i,

5?„(0i02F„, 5 F2) =  [0 i02, 5]F„4.i

=  [Ol,5lbl,i/,a2][o2,5]Fn+l

=  b i,5 lb 2 ,^ ]F „+ i 

=  (Pii(OiFn, 5F2)¥’n(Q'2Fn, 5F2)'

10
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2. Let 61,62 G G. Then, since 61, 62] € F„+i,

</̂’n(6'n-irn, 6i62r 2) = [5„_i, 6i62]r„+i

=  b n -l) ^2][fl'n-l; bi][gn-l, &1, ^2]rn+l

=  b n -l! ^2][<7n-l) ^llTn+1

~  [^n-1) ^1][Pn—1) ^2]rn+l

—  ^ n ( 5 n —iFri) 6 iF ‘2^'~Pn 62F 2) ■

Therefore, (/?„ is multiplicative in each variable. Clearly, is an epimorphism since 

[r„_ i,G ] =  r„ . Furthermore, by the fundamental mapping property of the tensor 

products (over Z), there is an induced epimorphism

Ab{G) -> r„/r„+i

defined by

(xFn ® yF2) 1-̂  [x,y]F„+i 

This completes the proof. □

Corollary 1.2.4. Let G be any group. For each integer i > 0, there is an epimorphism 

Tj : Ab(G) Ab{G) —>■ Fj/F,+i between Z-modules defined by "^i{gir2<S>- ■

i of these
9i^2) = [9u ■ ■ ■, 9i]^i+u where gk € G.

Proof. By iterating the above result, the corollary follows. □

11
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Some consequences of Corollary 1.2.4 are:

C o ro lla ry  1.2.5 (D ix m ie r) . I f  G is a nilpotent group of class c and Ab{G) is a 

torsion group of exponent m, then G is also a torsion group with exponent dividing

Corollary 1.2.6. Let G be a finitely generated group with generating set 

X  =  (a î,. . .  ,Xn}. Then r„/r„+i is finitely generated by the set of all commutators, 

modulo r„+i, of the form [xi ,̂ . . . ,  x i j  where the X{. ’s range over X.

Proof. Observe th a t if C  is a finitely generated group, then so is Ab{G) by applying 

the natural epimorphism -k ■. G ^  Ab{G). The rest follows by using Corollary 1.2.4 

and Lemma 1.1.1 repeatedly. □

Theorem  1.2.7. Every subgroup of a finitely generated nilpotent group G is also 

finitely generated.

Proof. I will give the proof from [11]. Let H < G and let G have lower central series of 

length s. By Corollary 1.2.6, each jiGl'ji.^-iG is finitely generated for 1 <  z <  s. One 

can easily check th a t the series H  = ■ Hg>Hg+i = 1, where Hi =  Hd'yiG

for 1 <  z <  s +  1, is a central series for H. Furthermore,

H JH i.,,  =  { H n j , G } / { H n ^ i G n j i + ^ G }

— 7i+iG'{^f n  7iG}/7i_|_iG

12
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by the second isomorphism theorem. Therefore Hi/Hi+i is isomorphic to a subgroup 

of 'yiG/'ji+iG. But •yiG/'ji^iG is abelian and any subgroup of a finitely generated 

abelian group is finitely generated. Therefore, is finitely generated for 1 <

i < s. In particular, Hg = Hg/Hs+i is finitely generated. Hence, working our way up 

the central series for H  inductively, it is easy to see tha t H  is finitely generated. □

Theorem  1.2.8. Let G be a nilpotent group and let N  < G where N  ^  1. Then 

N n Z ( G )  #  1.

Proof. See [14]. □

Corollary 1.2.9. Let G be a nilpotent group. Then G is torsion free if and only if 

Z{G) is torsion free.

Proof. 1 will use the fact th a t the torsion subgroup is normal in G.

1 . Suppose Z{G)  is torsion free. Then r{G)  fl Z{G) — 1 . By Theorem 1 .2 .1 , 

t {G) < G. Therefore, by Theorem 1.2.8, t {G) D Z{G) ^  1 unless t {G) =  1. 

This means tha t G is torsion free.

2. If G is torsion free, then Z{G)  is obviously torsion free as well.

□

Lemma 1.2.6. Let G be a torsion free nilpotent group of class c. For any x ,y  e  G 

and n  € Z"*", if — y''\ then x = y.

13
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Proof. The proof uses induction on the class of G along with Lemma 1.2.2. I will 

omit the proof. □

Lemma 1.2.7. Let G be a torsion free nilpotent group. Then G/Z{G)  is a torsion 

free nilpotent group as well.

Proof. Using the previous lemma and induction on the class of G, the proof follows. 

I will leave out the details. □

Theorem  1.2.10. I fG  is a torsion free nilpotent group of class c+1,  then Qj^xG/C,iG 

is torsion free for each 0 < i < c.

Proof. The proof is by induction on i. It uses Corollary 1.2.9, Lemma 1.2.7 and the 

isomorphism theorems. Refer to either [5] or [7] for the proof. □

1.3 A Decom position Theorem For Finite N ilpo­

tent Groups

D efinition 1.3.1. If p is a prime, then a finite group G is called a p-group if |G| =  p" 

for some integer n > 0 .

Theorem  1.3.1. I f  G is a finite p-group, G ^  I, then Z(G)  1. Furthermore, G is 

nilpotent.

14
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Proof. The first part of the theorem follows from the class equation. The second part 

follows by induction using the upper central series. See [11]. □

D efin itio n  1 .3.2. Let G be an arbitrary finite group and let p" be the highest power 

of p dividing IGI. Then H  is a. Sylow p-subgroup of G ii H  < G and \H\ =  p".

T h e o re m  1.3.2 (B u rn s id e , W ie la n d t) . I fG  is a finite nilpotent group, then G is 

the direct product of its Sylow p-subgroups.

Proof. See [11] or [15]. □

1.4 The Frattini Subgroup

I will recall the definition of the Frattini subgroup of a group.

D efin itio n  1 .4.1. The Frattini subgroup of a group, G, is the intersection of all of 

the maximal subgroups of G. The Frattini subgroup is denoted by $ (G ). If G has no 

maximal subgroups, then $(G ) =  G.

D efin itio n  1 .4.2. Let G he a group and suppose g E G. Then g is called a non­

generator of G if G — gp {g, S) always implies th a t G — gp (S') whenever S  C G.

L em m a  1.4.1. Let G be an arbitrary group. Then $(G ) is the set of all non­

generating elements of G.

Proof. Refer to [11] or [15]. □

15
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By Lemma 1.2.3, it follows tha t 

Lemma 1.4.2. I fG  is any nilpotent group, then [G, G] < $ (G ).

Theorem  1.4.1 (Frattini). The Frattini subgroup of a finite group is nilpotent.

1.5 Group Rings And Jennings’ Theorem

I will mention a theorem on residually nilpotent groups due to S. A. Jennings. 

The definitions and results in this section can be found in [2] and [7].

Definition 1.5.1. Let G be any group and R  any ring with unity. Then the group 

ring of G over R, often denoted as RG, is defined as

RG  =  < XgP where all but finitely many of the coefficients Xg £ R  are zero >,
U e G  J

together with the addition and multiplication rules

/  VseG /  g€G^ s e G  /  \ s £ G  /  s e G

and

E v )  f E v ) = E f E ^ ‘ ‘̂')»
\ g^G J  VoGG / \ h k —g J\g^G / \ g ^ G  J  \ h k —g

where Xg, Xg, A/j, A/. 6  R.

Definition 1.5.2. Let J/ : RG R h e  the homomorphism defined by

=Ê »
VseG /  g e e

Then ker^ ' is called the augmentation ideal of RG. I will denote this by A.

16
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Remark. Clearly '^{g — 1) =  0. Hence if p e  H, then g =  =  0.

Therefore Y^g^^G -  1) =  0 and so A  is additively spanned by the elements g — I 

{g G G). In fact, T  is an epimorphism, so im^^ =  R  and consequently R G /A  = R.

D efinition 1.5.3. RG  is called residually nilpotent if

00

P |T "  =  0
n ~ l

where here is the two-sided ideal of RG  generated by all elements of the form 

{ai02 • • ■ a„ I Uj G H, 1 <  i <  n}.

Theorem  1.5.1 (S. A. Jennings). Let G be a finitely generated torsion free nilpo­

tent group and let F  be a field. Then FG is residually nilpotent.

Proof. See [2] or [7]. □

Remark. M. hazard proved th a t the theorem holds if G is not finitely generated. E. 

Formanek [3] proved th a t if F  is any associative ring, then the theorem holds.

1.6 Free Groups and Free N ilpotent Groups

In this section, I will give some results on free nilpotent groups. I ’ll begin by 

stating some definitions and theorems on free groups (see [15] for proofs).

Definition 1.6.1. Let F  be a group, X  a nonempty set and p : A F  a set map. 

Then (F ,p ), or simply F, is said to be free on X  if to each function a  : X  —> G,

17
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where G is any group, there corresponds a unique homomorphism f3 : F  G such 

th a t a  — (3 o p. A group which is free on some set is called a free group, l i  X  C F  

and p is the identity map, then F  is freely generated by X .  One usually writes F {X )  

in this case.

As a consequence of the definition,

• p : X  ^  F  is one-to-one. Hence we may identify X  with p{X).

•  The image of p generates F

D efin itio n  1 .6.2. Let F  be a free group on a countably infinite set, X  — { x i ,X 2 , ■ ■.} 

and let VL be a nonempty subset of F. If ru =  ■ ■ • x'^f E W  and . . . ,  g^} are

elements of a group G, then the value of the word w at (<7i, • . . ,  p„) is . . . ,  gn) =  

5 i ' ■ ■ ■ Qn"- "The subgroup of G which is generated by all values in G of words in W  is 

called the verbal subgroup of G determined by W .  Hence,

W (G ) = gp{w (g i, . .  . ,g i , . .  .)\g i e  G, w e  W ).

Definition 1.6.3. If IT is a collection of words on a countably infinite set X ,  the 

class of all groups G such th a t W{G)  =  1 is called a variety B{W )  determined by W . 

W  is called a set of laws for B{W).

Let’s define for a countably infinite set, X  =  {2:1, X2 , . . .},  the word 

w — [xjj , . . . ,  Xiî ] where the â ĵ ’s are in X .  If G is a nilpotent group of class c then,

18

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



by Theorem 1.1.1, w{gi , . . . ,  y*,) =  [ /̂i, . . . ,  £ffe] =  1 for any . . . , g k } e G  provided 

th a t k > c. Hence i i W  = {[xj,, . . . ,  Xi ,̂]} then B{W )  is the variety of nilpotent groups 

of class less than  k + 1 .

D efin itio n  1 .6.4. Let 5  be a variety, F  be a group in B, X  a nonempty set and 

p : X  F  a set map. Then (F, p) is said to be B-free on X  if to each function

a  : X  G, where G is any group in B, there corresponds a unique homomorphism

(3 : F  G such th a t a = P o p. A group which is ;B-free on some set is called a free

B-group. As before, if A  C F  and p is the identity map, then F  is freely generated

by X.

In particular, a free nilpotent group of class c is a group which satisfies the above 

in the variety of nilpotent groups of class < c.

T h e o re m  1.6.1. Let X  — {xi^X2 , . . .},  F (X ) a free group on X  and B a variety with 

a set of laws W. Then F (X ) =  F { X ) / W { F { X ) )  is a free B-group on X . Furthermore, 

every group which is a free B-group is isomorphic to F (X ).

In particular (see [5]),

C o ro lla ry  1.6.2. I f  F (X ) is a free group freely generated by X  and G is a free 

nilpotent group of class c, then G = F { X ) / g p  ([xjj , . . . ,  where i k >  c and X{. £ X.

T h e o re m  1.6.3. I f  G is a free nilpotent group of class c, then the upper and lower 

series for G coincide.

19
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A consequence of Theorem 1.6.3 and Corollary 1.6.2 is

Corollary 1.6.4. Suppose that G is a free nilpotent group of class c. Then G/Z{G)

is a free nilpotent group of class c — 1 .

1.7 Basic Commutators

The definition of a sequence of basic commutators and its relationship to free 

groups is now given. This material can be found in [2], [4], [5] and [6].

Definition 1.7.1. Let X  = {xi ,X2, ■ ■ -Xp} be any set. The basic commutators in X

are defined recursively as follows:

1 . The basic commutators of weight one are the elements { x i , X 2 , .. .Xp} in this 

order.

2 . After defining and ordering the basic commutators of weight less than  n, one 

can obtain the basic commutators of weight n by taking the com m utator of Ci 

and Cj, where Cj and Cj satisfy:

•  Ci and Cj are each basic commutators with n =  wt{ci) +  wt{cj), where wt  

is the abbreviation for the weight of a commutator.

•  in the chosen order for the basic commutators of weight less than n, we 

have Cj < Ci if j  < i.

20
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•  if Cj =  [cy,Cz] where Cy and c  ̂ are basic commutators, then <  Cj in the 

order th a t has been chosen for the basic comm utators of weight < n.

3 . the basic commutators of weight n  follow all of the basic com m utators of weight 

< n  in the order for the basic commutators of weight less than n  +  1, but the 

basic commutators of weight n may be arranged in any order.

The sequence of basic commutators { x i , . . . ,  Xp, Cp+i,. . .} constructed above is termed 

a basic sequence in X.

Note: In [2], the sequence above is constructed using a binary operation on 

groupoids called ‘rep’. This proves to be an excellent way of developing such a 

sequence.

Theorem  1.7.1. Let G =  gp{Y),  where Y  ~  {j/i, • ■ • and let ci,C2, . . .  be any 

basic sequence of basic commutators in Y. Then ^rG is generated, modulo 'yr+iG, by 

the basic commutators of weight r, where r  =  1 , 2 , —

The proof of this theorem uses Lie ring techniques, which will not be discussed 

here. Refer to G. Baumslag [2].

Theorem  1.7.2. Let F  be a free group, freely generated by X  = { x i , . . .  ,Xq}. Let

61, 62, . . .  be any basic sequence of basic commutators in X  and let r be any positive 

integer. Then, modulo jr+iF, ' frF is a free abelian group, freely generated by the 

basic commutators of weight r.

21

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



An immediate result of this theorem is:

Corollary 1.7.3. Let F  be a free nilpotent group of class c, freely generated by X  = 

(x i , . . .  ,Xq}. Let b\,b2, ■ ■ ■ be any basic sequence of basic commutators in X  and let 

I < r < c. Then, modulo jr+iF, TtF is a free abelian group, freely generated by the 

basic commutators of weight r.

1.8 The Group U T n { 'L )

In this section I will discuss the group of n x n unitriangular matrices whose entries 

lie in Z.

D efinition 1.8.1. An n x n m atrix is called unitriangular over Z if it has entries 

consisting of O’s under the main diagonal, I ’s along the main diagonal and elements of 

Z above the main diagonal. The group consisting of all unitriangular matrices whose 

entries lie in Z will be denoted by f/T„(Z).

Let UTf f (Z)  denote the subgroup of UTn(Z) consisting of those unitriangular m a­

trices over Z whose m — 1 super diagonals (those which are above the main diagonal) 

have O’s in their entries.

Remark. Notice th a t UTf{Z) = [/T„(Z) and UTf:{Z) =  I, where I  is the n x n  identity 

matrix.

22
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When doing computations with matrices, the objects which are most favorably 

used are transvections. I will now recall the definition of a transvection and some 

useful identities pertaining to them.

Let Eij denote the n x n  m atrix with 1 in the place and O’s elsewhere.

Then

_ j E „  i t j  = k,

1 0 otherwise

Moreover, if .4 =  (ajj) is an n x n  m atrix whose elements lie in Z, then one can write

n
A — ^   ̂aijEij.

«'o=i

D efin itio n  1 .8 .2 . Let tij{a) =  /  +  aEij, where /  is the n x n  identity m atrix and 

a  € Z. Then L j(a) is called a transvection.

For simplicity, one often abbreviates tjj(l) =  ty. The following identities can be 

verified by using the definition. Suppose o, /3 € Z.

1 . tij{a) ■ tij{p) =  tij{a + /3)

2. [tij{a)]-^ =

3. t i j { a ) = t , j { i r  = tt^

4. [tij{a),tki{P)] = <

tii{a(5) A j ^ k ,

tkj{—a(3) \i j  ^  k but i — I, 

1 otherwise
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By using the above identities, one can prove the following theorems. I will omit 

the proofs.

T h e o re m  1.8.1. Each subgroup UT^{'L) of the group f/T„(Z) is generated by 

transvections tij such that j  — i > m.

T h e o re m  1.8.2. [t/T,^(Z), f/T„(Z)] =  Consequently, UTn{'L) is a nilpo­

tent group of class n — 1  with lower central series

UTniZ) [> U T liZ )  >■■■> UT^-^{Z)  >  1.

T h e o re m  1.8.3. The dipper central series for  f/T„(Z) coincides with the lower central 

series.

T h e o re m  1.8.4. Suppose UTf f {Z)  — gp{tij  \ j  — i >  m)  and (Z) =  gp(tki \ I —

k > m - \ - \ ) .  Then

UTf f [Z) I UTf f f ^ \ Z)  = gp W ,  • • •, in-mn).

T h e o re m  1.8.5. For each I < m  < n, the factor group

U T f f { Z ) l U T f f ^ \ Z )

is torsion free.

An example of a group of unitriangular matrices is the well-known Heisenberg 

group, UTs{Z). I will be studying an analogue of this group later in a more general
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setting. I will denote the Heisenberg group by %. Hence, H  is the collection of 3 x 3 

upper triangular matrices

'̂ 1 9i 92\  >1

0 1 03 9 i ^ ^ y

[ o  0 l )

It is easy to verify by direct calculation th a t 7i is indeed a torsion free nilpotent 

group of class 2 and, in fact, a free nilpotent group. Later in this chapter, I will give 

a set of generators for this group which allow us to write an arbitrary  element in a 

unique normal form. Such unique normal forms occur in the more generalized groups 

UTn{1 ) as well.

1.9 The Hall-Petresco Words

D efin itio n  1 .9.1. Let F[ X)  be a free group, freely generated by X  =  {x i , X 2 , . . .}.  

The Hall-Petresco words Tk{xi , . . .  ,x„) =  Tk{x) are defined inductively by

Ti(a;)"r2(x)(2) • • • 

where n G and x = {xi , . . .  ,Xn).

The proof of the next theorem can be found in [2] and [5].

T h e o re m  1.9.1 (P . H a ll) . Let F  be a free group which is freely generated by the set

X  =  {xi ,X2, . . . ,  Xn}. Then Tk{x) G 7fcF, where x = { x i , . .. ,Xn). Furthermore, if G
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is a free group on { x i , X 2 , . . .  ,Xn,yi ,  ■ ■ ■ iVs} o,nd 9 : G F  is the homomorphism of 

G to F  such that 9{xi) =  Xi and 9{yi) ~  1, then

e{rk{Xi,X2 , . . . ,Xn,yi ,  . . . , ys))  = Tk{x)

C o ro lla ry  1 .9.2. Let G he an arbitrary group and let g i , . . . ,  gn € G. Then 

9i - - -9n  =  n(5)^T-2(^)(2) • • 

for all k G Z + ,  where g =  {gi ■ ■ ■ ,gn)-

T h e o re m  1.9.3. For any group G and g\, ■ ■ ■ ,gn € G, Ti{gi. . . ,  ĝ f) G jiG.

Proof. See P. Hall [5]. . □

1.10 M al’cev Bases

In this section I will prove th a t every finitely generated torsion free nilpotent group 

G has a poly-infinite cyclic and central series. Hence any g E G has a unique normal 

form with respect to this series. A m ajor theorem of Hall and M al’cev will then be 

stated.

D e fin itio n  1.10.1 . Let X  be a property (or class) of groups. A finite normal series

1 =  Go ^ G\ ^ ^ G/ =  G
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of G is called a poly-X series for G if G i+i/G j e  X  for each i = Q,. . .  , l  — 1 . A group 

G is called poly-X if it has at least one poly-A series. The length of the series above 

is I.

Theorem  1.10.1. Let G be a finitely generated torsion free nilpotent group. The G 

has at least one central series

1 =  Gq <3 • • • O Gn — G

such that Gi+i/Gi is infinite cyclic for each i =  0 , . . . ,  n — 1. Put another way, G has 

a poly-infinite cyclic and central series.

Proof. I will give the proof from the paper by S. A. Jennings [7]. Let {CiG'} 

denote the upper central series of G as usual. By Theorem 1.2.10, each factor 

group Cs+iG/CsG is torsion free. Furthermore, since each Cs+i<  ̂ is finitely generated 

by Theorem 1.2.7, each is finitely generated (the natural epimorphism

7T : Cs+iG — (s+iG/CsG gives us this). Hence each is a finitely generated

torsion free abelian group. Therefore each Cs+iG/CsG is a direct product of a finite 

number of infinite cyclic groups. As a result, the upper central series of G may be 

refined so tha t between any two consecutive terms (gG and Cs+i^ we have a finite 

chain of subgroups (gG l> Uĝ  (> >  • • • [> Ug,. ~  Cs-iG so th a t each factor is infinite

cyclic. Since [CsG,G] <  Cs-iG, we have [Ug.,G] < Cs-iG <  Ug.^^ and so the refine­

ment forms part of a central series of G. Continuing down the chain, the result is 

established. □
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Remark. From the proof it is clear th a t every finitely generated nilpotent group G  is 

polycyclic. Hence, the additional hypothesis th a t G is torsion free is special.

Definition 1.10.2. The length n  of any such series above is an invariant of the group, 

called the Hirsch length (or the rank) of G.

Remark. More generally, the number of infinite cyclic factors in any polycyclic group 

G is an invariant and is called the Hirsch length or the torsion free rank of G.

Let’s choose Uj+i G in such a way that Gj+i =  gp{ui+i,Gi) for each

i =  0, 1. Then every element g & G can be uniquely expressed in the normal

form for some O i , . . . ,  G Z.

D efinition 1.10.3. The set u =  ( u i , . . .  ,u„) of G associated with the poly-infinite 

cyclic and central series {Gj} is called a M al’cev basis for G. The element g has 

coordinates a  = ( o i , . . . ,  »„) and I will sometimes write g = rt"' • • • u"" as g = u°‘.

Note. In [5], Philip Hall calls d  =  ( o i , . . . ,  o;„) the canonical parameters with respect 

to the canonical basis u = {u i , . . . ,  Un).

The proof of the next theorem, which utilizes the collection process, can be found 

in [5] and [8 ]. I will utilize the collection process in the proof of a theorem in the next 

chapter.

Theorem  1.10.2 (M al’cev and H all). Let G be a finitely generated torsion free 

nilpotent group and let u = {u i , . . .  ,«„) be a M al’cev basis of G with respect to some
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poly-in fin ite  cyclic and central ser ies .  I f  x  =  a n d  y  =  ixf' • • • , then

1 . xy  =  u Un with a  =  , q;„) and fi = {fi i , . . . ,  /3„)

where each fi{6t,(3) for  a, /? € Z" «5 a polynomial with rational coefficients in 2n 

variables and each gfia^X) for X G Z  is a polynomial with rational coefficients in 

n +  1 variables.

D efin itio n  1 .10.4 . I will call (/i(o;, fi), - ■ ■ , /n(») fi)) the multiplication polynomials 

and {gi{a,  A), • • • ,^n(d,  A)) the exponentiation polynomials for G with respect to the 

M al’cev basis u = {u i , . . . ,  Un). I will sometimes abbreviate (/i(o:, /3), • • • , /n(o:, fi)) =  

f {a, f i )  and c/i(d, A),-- - A)) = p ( a ,  A).

For example, le t’s consider the Heisenberg group f i .  Let a =

\

A  0 o \  

0 1 1 

Vo 0 I )

and c

f l  0  l \  

0 1 0 

Vo 0 I j

1 1 0 

0 1 0 

VO 0 V

=  [a,b]. Then H  =  gp{a,b)  and so any g G %

can be represented as a word in {a,b}.  Observe th a t c G Z{'H). One can verify 

th a t the set (a, b, [b, a] =  c“ }̂ is a basic sequence of basic com m utators for the free 

nilpotent group H  and is therefore a M al’cev basis for %. Hence every g G % can 

be uniquely expressed in the normal form a°'b^c'^ where a, 0 ,'y  G Z. By using the 

collection process, one can obtain the following identities:
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1

2  ^ Q a i ^ a 2 ( ^ a 3 ^ A  _  Q O : i A j j Q 2 A ^ a 3 A - ( 2 ) a i Q 2

where cvi, aa, as, /?i, /̂ 2, /3a, A G Z. Therefore the multiplication and exponentiation 

polynomials for 1-L are

• / i (q !̂ /?) =  a i  +  /?i

•  f 2 {a,P) = a 2 + p 2

•  /3(Q!) /5) =  as +  /?3 — /3ia2

• c?i(a, A) =  aiA

• 92{a,X) = a 2 X

•  ^a(a, A) =  asA -  (2)aia2  

with respect to this M al’cev basis.

1.11 The R-Com pletion Of A Finitely Generated 

Torsion Free N ilpotent Group

For any finitely generated torsion free nilpotent group with a specified M al’cev 

basis, the coordinates (which lie in Z" for some n >  0) may be replaced by elements
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which lie in a binomial ring and, by using the multiplication and exponentiation 

polynomials, we obtain a group again. I will now look at this situation.

D e fin itio n  1.11.1. A binomial ring, R, is a commutative integral domain of char­

acteristic zero with identity such th a t for any r £ R  and A: G Z+, we have (^) G R, 

where Q  =

Let G be a finitely generated torsion free nilpotent group, u =  (u i , . . . , ' u„ )  

a Mal’cev basis for G and R  any binomial ring. Suppose th a t f { a , P)  =  

P), ■ ■ ■ , /n(a, /3)) are the multiplication polynomials for G and g{a,X)  =  

{gi{a,  A), • • • , gn{a, \ ) )  are the exponentiation polynomials for G with respect to the 

M al’cev basis u. Consider the set of formal products

=  K >  G R}

and let multiplication and exponentiation be defined in G ^  by means of the poly­

nomials f i {a,P)  and gi{a,X)  where each of the arguments for each polynomial is an 

element of R. More precisely,

1 .

where the a / s ,  (3/s and A all lie in the ring R. The set G ^  with m ultiplication and 

/^-exponentiation defined in this way becomes a group (I will prove this in the next 

theorem).
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D e fin itio n  1.11.2 . The set defined above, together with the multiplication and 

i?-exponentiation polynomials, is called the M al’cev completion of G with respect to 

the Mal’cev basis u = { u i , , Un).

T h e o re m  1.11.1 . The set G ^ described above is a group under the prescribed poly­

nomials for multiplication and R-exponentiation.

Proof. In order to prove the theorem, the following lemma is needed:

L em m a  1 .11.1 . Suppose that F  is a field of characteristic 0 and let 

f ( x i , . . . , X n )  e  F [ x i , . . . , X n ] .  I f  f  ( k y , . . . ,  kn) = Of o r  all ( k i , . . . , k n )  e  then

f { x i , . . .  ,x„) =  0.

Proof of theorem: Let G have Mal’cev basis u =  ( u i , . . . , u „ )  as above. I will 

verify th a t the group axioms are satisfied.

•  Associativity: I want to show th a t

{lFu^)v? =  xF{u^xP)

for any a , /5, 7  € Well,

and
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I claim tha t

/ ( / ( a , ^ ) , 7 )  =  / ( a , / ( ^ , 7 ) )  

for all a , /3, 7  G i?” i.e. for a lH  =  1 , . . . ,  n, I want

Consider the function hi{x, y, z) =  y), z) — fi{x,  f {y ,  z)), where x, y, z €

i?". Clearly, hi{x, y, z )  =  0 for all x , y , z  G Z", since this relation holds in G. 

Hence hi {x , y , z )  ^  0 by Lemma 1.11.1. Therefore

/ i ( / ( d ,  ^ ), 7 ) =  f i P,  7 ))

for all d, ,5, 7  € i?".

Identity: I claim th a t u? • • • is the identity element in (abbreviated as 

u°). Well, u® is the identity in G ^  if and only if =  u°‘ for any u°̂  6 G^.  

But u '̂DP = yields =  u°‘. Hence I need only show th a t / ( d ,  0) =  d

for all d  G i?". Consider the function h{x) = f {x , 0)  — x  for x ,0  G /?". Then 

h{x) =  0 for all x  G Z” , since this relation holds in G.  Hence h{x)  =  0 by 

Lemma 1.11.1. Therefore / ( d , 0 )  =  d  for all d  G il" .

Inverses: If G G^,  I claim th a t there exists G G^  such th a t

=  u^. Observe th a t ('u“ )((u“)” )̂ =  vP yields This

gives us — {̂ 0. Hence, I need only show th a t f { a , g { a , —l)) = 0
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for all a e  R^.  But this equality holds for all a  G Z". Hence, once again by

Lemma 1.11.1, f {a ,  g{a, —1)) =  0 for all a  G R^.

□

T h e o re m  1.11.2 . The group described above is a nilpotent group of the same 

class as G, namely c.

Proof. As before, let G ^ = G R}. Suppose th a t gi G G ^  for i —

1, . . .  , c +  1 and le t’s consider the com m utator [^i, • • • , f?c+i]- Well,

where Pi{a) = Fj(cq,i, • ■ ■, . . . ,  0!c+i,i, ■ • •, ctc+i.n) for some polynomials Pi and

aj^k £ R- Each Pi{a) = 0 for each aj^k £ 2), since G is of class c and [gi, . . . ,  f/c+i] =  1 

for gi G G. Hence, Pi{a) = 0 for all a.j k̂ ^  R  and for each i. Therefore,

[gi , . . . ,  gc+i] =  =  1

for all gi G G^. This means th a t G is nilpotent of class is <  c. To obtain equality, 

observe tha t G embeds into G ^  and so the nilpotency class of G ^  is >  c. This shows 

th a t the nilpotency class of G ^  equals c. □
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Note. If G is a finitely generated torsion free nilpotent group of class c, we see from 

the above th a t G^, with respect to a given M al’cev basis for G, satisfies the following:

•  For all g 6 G ^  and for all r E R, E G ^  is a uniquely determined element of 

G^. In other words, R-exponentiation is well-defined in G^. This i?-action can 

be w ritten as

G ^ x  R - ^ G ^  

i9,r)  ^  /■

•  By using the multiplication and /^-exponentiation polynomials together with 

Lemma 1.11.1, one can check th a t the following hold:

1- 9  ̂ =  9^9^ — 9 ^'^\ {9^Y ~  9 ^̂  for 3-11 9  € G ^  and for all r ,s  E R.

2. {h~^ghY — ir^g'^h for all g^h E G ^  and for all r E R.

9 \ - ■ Nn = n { g Y r 2 {g) '̂^  ̂ ■ ■ ■Tk-i{g)^'^-'^^Tk{g)^>‘) for all r  G R  and 

{9 i , - - - ^ 9 n ) = g  ^  { G^T,  where k is the class of 9 p { g i , . . .  ,5n)-

1.12 N ilpotent R-Powered Groups

In the previous section, it was shown th a t the R-completion (R is a binomial ring) 

of a finitely generated torsion free nilpotent group G  can be formed with respect 

to some Mal’cev basis. The multiplication and exponentiation polynomials for G
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are used to define multiplication and R-exponentiation in the R-completion. The 

identities which are satisfied by this R-completion can be used in a more general 

setting. In this section, I will give the definition of a nilpotent R-powered group 

and some examples of such groups. P. Hall [5] and R. B. Warfield, Jr. [14] give an 

excellent survey of nilpotent R-powered groups. I would like to mention th a t A. M. 

Duguid also did some work with such groups, but I was not able to find it in the 

literature. His name is mentioned in [5] and [7].

1.12.1 W hat Is A N ilpotent R-Powered Group?

D efin itio n  1 .12.1 . Let G be a nilpotent group of class c and R a binomial ring. 

Suppose th a t G is equipped with an action by R,

G X R —)■ G defined by {g, a)  i->

such th a t for all 5 G G and for all o  G R, the element G G is uniquely determined. 

Then G is called a nilpotent R-powered group if the following axioms hold:

!• 9^ =  9 j 9°‘g^ =  — g°‘̂  all G G and for all a, (3 £ R.

2 . {h~^gh)°‘ = h^^g^^h for all g ,h  £ G and for all a  £ R.

3- ■ Wn for all o; G R and for all

{gii ■ ■ ■ 1 gn) — g ^  G", where k is the class of gp {gi, ■ ■ ■ gn)- The Ti{gys are

the Hall-Petresco words.
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The last axiom will be referred to as the Hall-Petresco axiom.

Remark. A nilpotent i?-powered group is sometimes referred to as an R-powered group 

(see [5]) or a nilpotent R-group (see [14]).

From the axioms above, it is easy to see tha t

1- =  9 ~ ^  for all p  €  i?

2. =  1 for all p e  G

3. 1“ =  1 for all Q; G i?

1.12.2 Examples Of N ilpotent R-Powered Groups

I will now give some examples of nilpotent i?-powered groups which can be found in 

P. Hall [5].

1. If G is any finitely generated torsion free nilpotent group, then G ^ is a nilpotent 

i?-powered group.

2, Let G be an abelian /?-powered group. Then (p/i)" =  for all g ,h  £ G and 

for all a  E R. This can be seen by using the Hall-Petresco axiom and observing 

that, since G is abelian and Ti{g) G 7 jG ,  we have Ti{g) =  1 for i >  2. There­

fore G can be viewed as an jR-module if we interpret the group multiplication
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and i?-exponentiation operations of G as the /^-module operations of addition 

and scalar multiplication, respectively. Let g ,h  E G and a, P E R.  Then the 

interpretation is as follows:

•  = 9  ^  1 -5  =  P

•  (p/i)“ =  g°‘h°‘ a - { g ^ - h )  = a ' g - \ - a - h

• 9 °^^^ =  5“/  [a + p ) - g  = a - g  + p - g

•  =  ( / ) "  ^  (a/?) ■ 9 =  { o i - { P  ■ g))

3. Let R  be any associative ring with unity which contains R,  a binomial ring, in its 

center. Let p be a nilpotent ideal of R,  say =  0. Then G =  { l +  a | a € p }

is a subgroup of the group of units of R.  In fact, G =  1 +  p is nilpotent of class

<  n. For X E R  and g E p, define

(l +  p)^ =  l +  A p+ ( 2 ) ^ '  +  - - - +

Then this definition makes G into a nilpotent i?-powered group.

4. The group f/T„(iZ) of all unitriangular n x  n  matrices with entries in /? is a 

nilpotent i?-powered group as a consequence of the previous example with the 

defined R-action.

5. Suppose i? is a binomial ring and let RG  be the group ring of a torsion free 

nilpotent group, G, over R.  Consider the quotient ring R G /A ^ ,  where A  is the
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augmentation ideal of RG.  By Theorem 1.5.1,

CX)
P i yl" =  0.
n=l

If ^ 7  ̂ 1, there exists k £ such th a t g — I ^  since ^ -  1 G for all 

k E yields ^ — 1 =  0 by Theorem 1.5.1, a contradiction. In fact, there exists 

a /c G Z"*" such tha t

G ' n ( l  +  ^'=) =  1.

This gives rise to an embedding

Q : G R G jA ^  given by

g ^ l  + { { g - l )  + A'^).

Hence Q(G) =  G. Thus G embeds into 1 +  {A/A^)  by Q. Notice th a t g — 1  E A  

for each g E G and so {g — 1)^ G A'^. Hence, in 1 +  (A/A'^), one can define the 

/?—action

g^ = {l + { g -  1))^ =  1 +  A(^ -  1) +  (^ -  1)^ +  • • • +  (|^ ^  ^  [g -  1)k~l

where 5  =  1 +  ((fir -  1) +  G 1 +  {A/A'^) and X E R. This R-action turns 

1 -I- (A /A^)  into a nilpotent R-powered group by Example 3 above. Hence, 

we obtain a way of embedding a torsion free nilpotent group into a nilpotent 

R-powered group of the same class.
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Chapter 2 

N ilpotent Qbl-Powered Groups

In the first chapter, I mentioned the definition of a nilpotent i?-powered group 

where i? is a binomial ring. I will now focus on the case where R  =  Q[a;]. Clearly, 

Q[x] is a binomial ring, since all of the ring requirements are satisfied and the binomial 

coefficients of elements in Q[x] lie within Q[x] (i.e. if /U € Q[x] and k e  Z'*', then 

(fc) € QW)-

In this chapter, I will begin by recalling the definition of a nilpotent /^-powered 

group for the case where R  = Q[a;] and give some basic definitions and results. 

Some of these results can be generalized for arbitrary  nilpotent R-powered groups. 

I will discuss some particular classes of nilpotent Q[x]-powered groups such as tt- 

primary nilpotent Q[x]-powered groups, nilpotent Q[a;]-powered groups of finite type, 

the Frattini Q[x]-subgroup and free nilpotent Q[a;]-powered groups. I will then discuss 

some of Dehns’ fundamental problems and a residual property of nilpotent Q[x]- 

powered groups. The chapter concludes with a look at the M al’cev correspondence
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between nilpotent Lie algebras over Q[a:] and a certain class of nilpotent Q[x]-powered 

groups.

I would like to mention th a t some of this m aterial can be found in P. Hall ([5], [6 ]) 

and R. B. Warfield, Jr. [14].

2.1 Basic Definitions and Basic Results

D efin itio n  2 .1 .1 . Let G be a nilpotent group of class c. Suppose th a t G  is equipped 

with an action by Q[^;],

G X Q[a;] -> G defined by {g, a) ^

such th a t for all ^ G G and for all a  G Q[a;], the element 5'“ G G is uniquely 

determined. Then G is called a nilpotent Q[x\-powered group if the following axioms 

hold:

1- 9^ — 9^9^ — 5 “^^) [9^Y — 9°‘̂  all p G G and for all a , G Q[2:|.

2. {h~^gh)°‘ =  h~^g°"h for all g ,h  ^  G and for all a  G Q[x].

3- =  for all gi G G and for every

a  G Q[a;], where Ti{g) — n i g i , . . g„) and k is the class of g p { g \ , . .. gn)- The 

Ti{gys are the Hall-Petresco words.

As mentioned in chapter 1, the last axiom will be referred to as the Hall-Petresco 

axiom.
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From the axioms above, we see th a t 

1- for all fj. € Q[a;].

2. g° = I for all g ^  G.

3. 1“ =  1 for all a  G Q[a;].

I will be referring to subrings of Q[a:]. From this point on, all such subrings will 

be with unity.

D e fin itio n  2 .1 .2 . Let C  be a nilpotent Q[a:]-powered group and K  a subring of Q[a;]. 

Then H  is called a K-subgroup of G H  < G and g°‘ € H  for all g E H  and a  ^  K.

I will denote “FT is a /f-subgroup of G” by H  < k  G.

D efin itio n  2 .1 .3 . K  is a binomial subring of Q[a;] if Ff is a subring of Q[a;] and is a 

binomial ring.

Note. It is clear th a t if G is a nilpotent Q[a;]-powered group, K  is a binomial subring 

of Q[a;] and H  < k  G, then H  is a nilpotent FF-powered group.

D e fin itio n  2 .1 .4 . Let G be a nilpotent Q[x]-powered group and K  a subring of Q[a;]. 

Then N  is a normal K-subgroup of a nilpotent Q[a:]-powered group G if N  <q[x] G 

and N < G .

I will denote “N  is a normal F<'-subgroup of G” by N  G.
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Lemma 2.1.1. Let K  be a subring of Q[x] and let { G \ , . . .  ,Gk} be a collection of K - 

subgroups of a nilpotent Q[x]-powered group, G. Then G — ® K-subgroup

ofG.

Proof. Observe th a t G < k  Gi for each i =  1 , . . . ,  A:. It is now routine to verify th a t 

G is a /C-subgroup of G. □

Let K  he Si subring of Qfa;]. A /G subgroup of a nilpotent Q[x]-powered group G 

which is A'-generated by a subset S  is defined as follows:

Definition 2.1.5. Let G be a nilpotent Q[x]-powered group. If S' =  { x i , . . .  , x j }  is 

a subset of G, then

n  { H i }  =  g p K (x \ , . . . ,X j )
ScHi<KG

is called the K-subgroup of G which is K-generated by [ x i , . . .  ,Xj) .  We call S  a set 

of K-generators for H.

Remark. P u t another way, H  is the smallest A'-subgroup of G containing the set S. 

In particular, gpz{S) is the usual subgroup generated by S.

Let AT be a subring of Q[a;]. The com m utator of AT-subgroups of a nilpotent Q[.'r]- 

powered group is defined in the following way:

Definition 2.1.6. Let G be a nilpotent Q[a:]-powered group and let < k  G.
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Then

[Hi, H^Ik =  9PK{[h\,h2] I hi G Hi,  G H2)

is the commutator K-subgroup of Hi and H 2 - If H i , . . .  ,Hi < k  G  then we recursively 

define, for i > 2,

[ H i , . H i ] i i  =  [ [ H i , H i ] K .

In particular, [G,G]k  — 5Pk([.9i, 52] 1^1,52 ^ G) is the derived K-subgroup.

The next lemma can be found in [5] and [14].

Lemma 2.1.2. Let G be a nilpotent Q[x]-powered group of class c and let N  < q[i ] G. 

Then

g N  =  HN implies g ^ N  =  h ^ N  

for any g ,h  E G and any (3 G Q[a;].

Proof. Suppose g N  = h N  as in the hypothesis. Then there exists n E N  such tha t 

gn  =  h. For every /? G Q[3:], we have {gn)^ ~  h^. By axiom 3, we obtain

where k is the class of gp{g,n).  Clearly, each of the Ti{g,nys necessarily lie in N

since N  G. Hence, g^n^ — {gnYn  for some n  E N .  Therefore {guY  =  gdr)n

for some h E N.  Thus { g n Y N  -  {g^h)N ~  g^N.  Since {gnY = h^, it follows th a t 

gdN  =  □
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Consequently, we have

L em m a  2 .1 .3 . Let G be a nilpotent Q[x]-powered group and N  <q[i) G. Then the 

Q[x]-action on G induces a Q[x]-action on G /N ,

{ g N Y  =  g ^N  for all g E G and p, £ Q[ic],

which turns G / N  into a nilpotent <Q[x]-powered group.

Proof. Let g N , h N  G G /N .  By the previous lemma, { g N ^  = { h N Y  implies g ^ N  — 

h ^ N  for all p  G Q[x]. Therefore this Q[x]-action is well-defined. Verifying th a t G / N  

equipped with this Q[x]-action is a nilpotent Q[j;]-powered group is straightforward.

□

T h e o re m  2 .1 .1 . Let G be a nilpotent Q[x]-powered group. Then the subgroups of the 

upper and lower central series of G are Q[x]-subgroups of G.

Proof. If 2: G Z{G)  and g E G, then g~^zg =  2 yields {g~^zg)°‘ = z°‘ for any a  E Q[3:]. 

Hence, by axiom 2, we have g~^z^g =  2“ and so 2" G Z(G).  Since Z{G) < G, we 

have th a t Z{G) G and G/Z{G)  is a nilpotent Q[x]-powered group by the above 

lemma. By induction, it follows th a t for each i. The proof th a t 7 iG <q[i]G

for each i can be found in [14]. □

C o ro lla ry  2 .1 .2 . Let G be a nilpotent Q[x]-powered group. Then

inG  =  gp{[gu--- ,gn]\9i  e  G).
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The following terms will be used later.

D efinition 2.1.7. Let G be a nilpotent Q[x]-powered group and suppose th a t G has 

a series

1 =  Go <  G\ ^  ^  Gn — G.

Then the series is called a

1. Q[x']-senes if Gi <q[x] G* for i =  0 , . . . ,  n

2. normal Q[a;]-senes if Gi ^q[i;] G for each z =  0 , 1 , . . . ,  n

3. central Q[x]-senes if it is a normal Q[a;]-series which is central

The product of two Q[a;]-subgroups of a nilpotent Q[x]-powered group is defined 

in the obvious way.

Lemma 2.1.4. Let G be a nilpotent Q[x]-powered group and let N  <q[x] G and 

H  <Q[x] G. Then H N  <q[x] G and H N  =  gpQ[x]{H, N).  Furthermore, i f  H  <q[x] G as 

well, then H N  <q[x] G.

Proof. Let hn  G H N  and (3 £ Q[x]. I claim th a t (hn)^ G H N .  Observe th a t

where c is the class of gp {h, n). Each of the Ti{h, n ) ’s lie in N  since N  <q[x] G. Hence,

h^n^ — [hn)^h for some n e  N.  Therefore {hn)^ — h^h £ H N  iov some h & N.  The

rest of the proof is obvious. □
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2.2 Q[a:]-Mappings

The definitions of Q[a:]-mappings and the Q[a;]-isomorphism theorems are analo­

gous to the ordinary group case.

D efinition 2.2.1. Let 4>: G ^  G he a, mapping between two nilpotent Q[a;]-powered 

groups. Then (j) is termed a Q[x]-homomorphism if (l){gh) =  cj){g)^{h) and (f){g^) =  

[(f){g)]  ̂ for all g , h e G  and A G Q[a:]. HomQ[x]{G,G) will represent the collection of 

all Q[x]-homomorphisms from G to G.

The terms Q[x]-monomorphism, Q[x]-epimorphism^ Q[x]-isomorphism and Q[a;]- 

automorphism are defined in the obvious way. AutQ[x]{G) will represent the collection 

of all Q[x]-automorphisms of G.

As usual, (f){G) is the image of (p and will be denoted by im (p. The kernel of (p is 

{g e  G] p{g) = 1} and will be denoted by her p.

Lemma 2.2.1. Let p : G G be a Q[x]-homomorphism between two nilpotent Q[a;]- 

powered groups. Then ker p and im p are Q[x]-subgroups of G and G, respectively. 

Moreover, ker p is a normal Q[x]-subgroup of G.

Proof. If 5  G ker p, then for any /? G Q[x], p{g^) =  [P{g)]^ =  1^ =  1. Hence, 

g^ G ker p. If g E im p, then there exists g E G such th a t p{g) =  g. But then 

p[g^) =  [0(^)]“ =  for any a E Q[a;]. Hence, g^ E im p. The rest of the proof is 

straightforward. □
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Theorem  2.2.1 (First Q[x]-Isomorphism Theorem ). Let 4>: G ^  G be a Q[a;]- 

homomorphism between two nilpotent Q[x]-powered groups. Then

G / k e r c j )  = q [x ]

Theorem  2.2.2 (Second Q[a;]-Isomorphism Theorem ). Let G be a nilpotent 

Q[x]-powered group, H  <Q[a;] G and N  <q[i] G. Then

H N / N  H / H n N .

Theorem  2.2.3 (Third Q[a;]-Isomorphism Theorem ). Let G be a nilpotent Q[x]- 

powered group and let H  <q[i] G and K  <q[x] G with K  <q[i] H . Then

r / H  -G / H  = m

2.3 Abelian Q[a;]-groups

An abelian Q[x]-group is simply a nilpotent Q[a:]-powered groups of class at most

1. As it was pointed out at the end chapter 1, if G is an abelian Q[a:]-group and 

g ,h  ^  G, then [g,h] — 1 implies th a t {gh)^ = g^h^ for any A e  Q[a;]. Consequently, 

abelian Q[a;]-groups can be interpreted as Q[a;]-modules and their Q[a;]-subgroups 

as submodules. Much of the theory of modules can therefore be applied to abelian 

Q[a;]-groups.

D efinition 2.3.1. A nilpotent Q[x]-powered group, G, is a cyclic Q[x]-group if there 

exists g E G such th a t G = gpQ[x]{g)-
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T h e o re m  2 .3 .1 . Lei G be a cyclic Q[x]-group. Then every Q[x]-subgroup of G is 

also a cyclic Q[x]-group.

Proof. The key to proving this theorem is the fact th a t the division algorithm for 

Q[a;] holds, since Q is a field. The proof follows the same way as in the ordinary 

group case. □

L em m a  2.3 .1 . I f  G is a nilpotent Q[x]-powered group then F2 *5 the smallest normal 

Q[x]-subgroup for  which G /V 2 is an abelian Q[x]-group.

Proof. Let N  <Qp] G be any normal Q[a:]-subgroup of G such th a t G / N  is an abelian 

Q[a;]-group. Then g N h N  =  h N g N  for arbitrary  g ,h  E G. Therefore, g~^h~^gh E N  

and so [g, h] E N.  This implies th a t N  >q[i] F2 since [g, h] E [G, G] =  F2. The result 

now follows. □

L em m a  2 .3 .2 . Let G be a nilpotent Q[x]-powered group and suppose that G/Z{G)  

is a cyclic Q[x]-group. Then G is an abelian Q[x]-group.

Proof. Let G and GjZ{G)  be as above. If G =  Z{G)  then we are done. Suppose

th a t G ^  Z{G).  Then there exists g E G such th a t g ^  Z{G)  and G/Z{G )  =

gpQ[x]{gZ{G)). Hence every h E G has the form h =  g^z,  where A E Q[x] and

2; e  Z{G).  Then, for any z i , z^  E Z{G),  we have

g^^zig^^Z2 = g^^zzg^^zi.

Therefore, G is an abelian Q[.r]-group. □
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Theorem  2.3.2. Let G be a finitely Q[x]-generated abelian Q[x]-group and suppose 

H  <Q[i] G. Then H  is also a finitely Q[x]~generated abelian Q[x]-group.

Proof. Let G be a finitely Q[a;]-generated abelian Q[x]-group with H  <q[j;] G. Then 

G can be viewed as a finitely generated Q[a:]-module. Since Q[x] is a noetherian ring, 

every submodule of a finitely generated Q[x]-module is itself finitely generated. In 

particular, H  (viewed as a submodule of G) is finitely generated. Therefore H  is a 

finitely Q[a:]-generated abelian Q[a']-subgroup of G. □

2.4 Direct Products

Let {Gil i e  /}  be a family of nilpotent Q[x]-powered groups indexed by a non­

empty set I.  Define the set G =  { /  : J  —> I J i e / I  / ( O  ^ ^ ^}- Sup­

pose th a t there is a bound on the set of classes of the family of groups Gj (i G I). 

Then G becomes a nilpotent Q[a;]-powered group on defining m ultiplication and Q[a;]- 

exponentiation as follows:

!■ ( / / ' ) ( 0  =  where / , / '  G G and i G /

2- f^{i)  =  (/(O )^ ^ Q[^]

An element g E G can be viewed as a ’’vector” g = {g i, . . . ,  g i , . . . )  whose coordinate 

is gi =  / ( i )  e  Gi for a lH  G / .  By viewing the elements of G in this way, the group 

operations become
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1 • (p i) ■ • • ) ■ ■ ■) (^1) • • • ) • ■ •) (P l^ l) • • ■ ) ■ • •) 9ii^i  ^

2. { g i , . . . , g i , . .  .)^ = {g^, . . . , g ^ , . . . )  for all ĝ  e  Gi and for all A e  Q[x]

D efin itio n  2 .4 .1 . The nilpotent Q[x]-powered group G described above is called the 

unrestricted direct product of the {Gj}’s, denoted by

G =  l [ G i .
iei

D efin itio n  2 .4 .2 . Let {G,| i € /}  be a family of nilpotent Q[a:]-powered groups 

indexed by a non-empty set I. Then a group G is termed a direct product of the G ,’s, 

which will be denoted by

G = H G u
i a

if there exists Q[a;]-monomorphisms cpi : Gi G such that

1. V î(Gj) ^Q[x] G

2. G =  pPQ[a;]([Jjgj </ î(Gj))

3. (pi{Gi) n  ffPQ[x](Uj^i9 ^AGj)) = 1 for b i  6 I  and 1 e  G denoting the identity 

element.

As usual, if /  is a finite index set I  = { 1 , 2 , . . .  ,n} ,  then the direct product of the 

{Gi}’s is w ritten as Yli^i Gj =  Gi x • ■ • x G„.
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Note. Given a family of nilpotent Q[x]-powered groups [Gi\ i G /}  for which there is 

a bound on the set of classes of this family, if we set

G = \ f e  E g .  \ f{ i)  = 1  except for finitely many i e  I  >,
[ ier J

then G =  H ie / Gi and G is a nilpotent Q[a:]-powered group.

T h e o re m  2 .4 .1 . Every finitely '^[x]-generated abelian Q[x]-group is a direct product 

of cyclic Q[x]-groups.

Proof. Let G be a finitely Q[x]-generated abelian Q[x]-group. Then G can be inter­

preted as a finitely generated Q[a:]-module. Since Q[a:] is a principal ideal domain, G 

is a direct sum of cyclic Q[x]-modules. However, the notion of the direct sum of cyclic 

Q[x]-modules corresponds to the notion of the direct product of cyclic Q[3:]-groups in 

the obvious way. The result now follows. □

2.5 Results Obtained From The Upper And Lower 

Central Series

In this section I will prove some results which are obtained with the help of the 

upper and lower central series.

L em m a  2.5.1 (T h e  T h re e  Q [a;]-Subgroup L em m a). Let H ,  K  and L be Q[x]- 

subgroups of a nilpotent Q[x]-powered group G. I f  any two of the Q[x]-subgroups

52

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



[H,K,L]q[x], [K,L,H]q[x], [L,H,K]q[x\ are contained in a normal Q[x\-subgroup of  

G, then so is the third.

Proof. Just like in Lemma 1.2.4, we may apply the Hall-W itt identity (Lemma 1.1.1) 

to obtain the result. □

L em m a  2 .5 .2 . Let G be a nilpotent Q[x]-powered group. Then [ri,rj]Q[j,] <  Fj+j.

Proof. Since each F^ is a normal Q[j;]-subgroup of G, the result follows from 

Lemma 2.5.1 and induction. □

The abelianization of a nilpotent Q[x]-powered group gives us information about 

the group itself.

T h e o re m  2 .5 .1 . Let G be a nilpotent Q[x]-powered group. Then for every integer 

n  > 1 , the mapping

: F „_ i/F „  X Ab{G) -> F„/F„+i

defined by

^n(fl'FrnhF2) — [fl") h]Fji-|_i

is multiplicative and Q[x]-exponential in each variable (hence when restricted to 

each component, is a Q[x]-homomorphism). Consequently, there is a well-defined 

module epimorphism

^ n : F „ _ i / F „ 0 A 6 ( G ' ) - ^ F „ / F „ + i
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(g) /iFa) =  [5 , /i]r„+i 

between <Q[x]-modules for every integer n > 1 .

Proof. We know, by recalling the proof of Theorem 1.2.3 and using Lemma 2.5.2, 

th a t each map fin is well-defined and is multiplicative in each variable. We need to 

prove th a t is Q[a;]-exponential in each variable.

1. Let g € r „_ i  and h 6 G. I claim th a t [g, h^] =  [g, mod r„+ i for all a  G Q[a;].

By the Hall-Petresco axiom, we know tha t

where fj =  Tj{g~^h~^g,h) and k is the class of gp{g~^h~^g,h).  I claim th a t 

fi G r„+ i for each i — 2 , . . .  ,k.  The proof is by induction on i :

If z == 2, we have:

[g,h^] =  [9,h]‘̂^2 

f 2 =  [g,h]~^[g,h^]

= [g,h]~^[g,h][g,h]^

=  [g,h]~^[g,h][g,h][g,h,h]

=  [g,h,h] € r„+i ,  since g € F n-i and fi € G.

Suppose fj_i  G F„+i for j  =  3 , 4 , . . . ,  L Observe tha t

f i  -  ■ • • "^2^"\g^ h%
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It is easy to verify (using Lemma 1.1.1 and induction) th a t [g,h^] =  for

all i >  2, where d G r„+ i. Therefore, by the induction hypothesis,

—  G r 4 .1— ‘i - i  ' i -2  '2 ^  J-n+1-

Hence, for all a  G Q[x-], we have

b , h^] =  [a, =  [g, h]“ mod r„+ i.

2. Verifying th a t [g‘̂ ,h] =  [g,h]°‘ mod Tn+i is the same.

Now, since r„_ i/T ji and Ab{G) are both abelian Q[a:;]-groups, we can view them 

as Q[o;]-modules. Furthermore, since is multiplicative and Q[x]-exponential in 

each variable and is clearly a Q[rr]-epimorphism, it induces an epimorphism between 

modules:

■ F „ _ i / r „ 0 H 6 ( G )  -> F „ /r„ + i 

defined by T„(^F„ 0  hT 2 ) =  [g, h]F„+i. This completes the proof. □

C o ro lla ry  2 .5 .2 . Let G be any nilpotent Q[x]-powered group. For each integer i > 0,

there is a Q[x]-epimorphism

Ti ;T6(G)0---0^6(0}->r,/Fi+l

i of these
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between Q[x]-modules defined by

 ̂ V* ^
i of these

Proof. As in Corollary 1.2.4, we may iterate the above result to obtain our result. □

Corollary 2.5.3. Let G be a finitely Q[x]-generated nilpotent Q[x]-powered group 

with Q[x]-generators X  — { x i , . . .  ,Xp}. Then 'jnG/jn+iG is finitely <Q\x\-generated 

by the set . . . ,  Xj„]7 „+iC} where the Xi. ’s range over X .

Proof. Since G is a finitely Q[a:]-generated nilpotent Q[a;]-powered group, so is Ab{G). 

By Corollary 2.5.2, we see th a t r „ / r „ + i  is Q[x]-generated by elements of the form 

[yi , . . . ,  y„]r„+i, where ŷ  e  G. But each pi is expressible as a product of Q[a;]-powers 

in the elements of {a:i,. . . ,  Xp}. By using the Hall-Petresco axiom and Lemmas 1 .1.1 

and 2.5.2, we obtain the result. □

Corollary 2.5.4. Let G be a nilpotent Q[x]-powered group of class c and let N  < G 

such that G  =  gpis^[x\{N). Then N  also has class c.

Proof. I will supply the proof given by R. B. Warfield, Jr. [14], where he proves it 

for an arbitrary  binomial ring. As usual, let Pj denote the subgroups of the lower 

central series of G. Let tt : G —> Ab{G) be the natural Q[a;]-epimorphism. Observe 

that, since N  is a set of Q[x’]-generators for G, Tr{N) is a set of Q[x]-generators for
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Ab{G). By applying the Q[x]-epimorphism

: Ab{G) ®  ®  Ab{G) -> r , / n + i ,

I of these

we see th a t the images of n-fold commutators of elements of N  will Q[x]-generate 

r„/r„-|_i. Applying this result to Fc =  Fc/Fc+i, we see th a t N  has nontrivial c-fold 

commutators, so N  has class c, □

T h e o re m  2.5 .5 . Every Q[x]-subgroup of a finitely Q[x]-generated nilpotent Q[a;]- 

powered group is finitely Q[x]-generated.

Proof. The case for nilpotency class 1 was proven in Theorem 2.3.2. The rest of the 

proof resembles th a t of Theorem 1.2.7 using Theorem 2.2.2 and Corollary 2.5.3. □

In R. B. Warfield, Jr. [14] it is stated tha t if R is a binomial ring then a finitely 

/^-generated nilpotent i?-powered group has a series of a special kind. I will prove 

this result next for the particular case of i? =  Qi^:]. First,

D e fin itio n  2 .5 .1 . Let G be a nilpotent Q[a;]-powered group and let P  be a property 

of such groups. Then a Q[a;]-series

1 =  G o  ^  G i  <  • • • <  =  G

for G is a poly-Q[x] P  series if
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1 - Gi :̂ Q[xi Gi+i for each 0  < i < n and

2 . Gi^ i/Gi  is a P  Q[x]-group for each 0 <  * <  n.

T h e o re m  2.5 .6 . Let G be a nilpotent Q[x]-powered group. Then G is finitely Q[x]- 

generated if  and only i f  it has a central Q[x]-5ehes

1 =  Go ^  G\ ^ ^  Gji+i =  G

such that Gi+i/Gi is a cyclic Q[x]-group for each 0  < i < n. In other words, G has a 

central Q[x]-series which is poly-Q[x] cyclic.

Proof. Let G be finitely Q[x]-generated. We know th a t each of the Q[rc]-subgroups 

of the upper central series, (sG, is finitely Q[x]-generated by Theorem 2.5.5. Thus, 

we have th a t each factor Q[x]-group C,s+iG/CsG is finitely Q[a;]-generated. Since each 

factor Q[x]-group (s^ iG /(sG  is abelian, we can express each as the direct product of 

a finite number of cyclic Q[x]-groups by Theorem 2.4.1. Hence, refining the upper 

central series yields the result. The converse is trivial. □

D efin itio n  2 .5 .2 . Let R  be any binomial ring and let G be a finitely P —generated 

nilpotent P-powered group. Then the Hirsch R-length of G is the minimal length of 

all poly-P cyclic and central P-series for G.

C o ro lla ry  2 .5 .7 . Let G be a finitely Q[x]-generated nilpotent ^[x\-powered group 

and let H  <q[i] G. Then H  has a poly-Q[x] cyclic and central Q[x]-sehes.

Proof. Follows from Theorem 2.5.6 and Theorem 2.5.5. □
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2.6 Uniqueness Of Q[x]-Completions

Given a finitely generated torsion free nilpotent group, G*, there are many different 

M al’cev bases one can choose to represent an element in normal form. Therefore 

there are many different ways to form the Q[x]-completion of G. I will show in this 

section th a t all such Q[a;]-completions are Q[a']-isomorphic to each other.

T h e o re m  2 .6 .1 . Suppose G and G are finitely generated torsion free nilpotent groups 

of class c and that (p : G G is a homomorphism. Suppose that G is contained in 

some nilpotent Q[x]-powered group of class c, say D. Then for  every choice of a poly­

infinite cyclic and central series for G there exists a Q[x]-homomorphism —>■

D which extends (p, where is the Q[x]-completion of G with respect to the given 

series.

Proof. Let

1 =  Go o  Gi <] • • • <1 Gfi — G

be any poly-infinite cyclic and central series for G (such a series exists by Theo­

rem 1.10.1). Let Gj-i-i =  gp{uiJ^i,Gi) for i =  0, . . . , n  — 1. Then the collection 

u — {u i , . . .,Un)  is a M al’cev basis for G with respect to the given series. Hence, 

any u e  G has the unique form u =   ̂ =  u“ . Let {fi{a,  f i ) , . . . ,  fn{^ ,  fi)) and
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{gi{a, A), . . .  ,gn{(^, A)) be the multiplication and exponentiation polynomials, respec­

tively. Hence, if u — and v — then we have the following:

uv ^

=  and

_ .̂sda.A) o„(a,A)
—  U i  .

Now le t’s consider the homomorphism (p : G G. P u t Wi =  <p{ui). If u =  

and u =  as above, then

(p{u) =  rof‘ and

if{v) =

Observe tha t

and

ip{uv) =

Hence, since 93 is a homomorphism, we have
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Moreover,

and

yields the equality

From the above observation, it follows th a t in (p{G) (the image of (/?), elements multi­

ply and exponentiate according to the polynomials for G. Now, since G has a M al’cev 

basis u =  { u i , . . . , n„} with respect to the given poly-infinite cyclic and central series, 

the elements of are of the form 

Consider the map

$  : -> D

defined by

I claim th a t $  is a Q[x]-homomorphism extending (/?. Suppose u =

and V =  are elements of I will prove the following identities:

• • • ^ ^ / 4 a ( x ) , ^ ( x ) )

and

. . . w < ^r , { x ) ^ \ { x )  ^  ^ 9 i ( a W . A ( i ) )  . . . ^ s „ ( a ( i ) , A ( i ) ) _  

61

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Once the above are proven, we will have

_  . . . ^Ma(x),0 (x))-̂

_  ,,,/ i(«{^).^(®)) . . .  /„ (a (x )J (x ) )“  ‘"1

=

=  $(w )$(n) and

_  , | ,^ ^ 9 i(“ W.Ma:)) . . . ^ 9„(a(x),A{x))

=  iySi(a(O.A(x)) _ _ _ ^s„(a(x),A(x))

apx)
UJl  ̂ ■ ■ - W .

a„(x)jA{x)

and the proof is complete.

The proof is by induction on the Hirsch Q[x]-length of

1. Suppose the Hirsch Q[a:]-length of is n =  1. Then is a cyclic Q[a;]- 

group and the result is obvious.

2. Suppose now th a t $  is a Q[a;]-homomorphism for those such th a t the

Hirsch Q[x]-length 1 <  z <  n. I will prove it for n. For simplicity, le t’s abbreviate

ai(x) =  ai, (5i(x) =  Pi, Hi{x) =  fii and A(a;) =  A.
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(a) I will first prove tha t

Observe tha t

n

(ru“  ̂ • • ■ • ■ • ui^"
i= 2

(note th a t by axiom 2). Now,

û)î  =  ^̂ {Wi ^WiWiŶ ŵ  \

again by axiom 2. Furthermore,

w.n

for some r i j ’s in Z,  since u^^uiUi =  ■ ■ • Un" ‘ in G, and so

=  ip{uiu^\  • • • Un'"^'), giving us

ip{Ui)~'^ip{ui)(p{Ui) = ip{ui)(p{Ui+-iY''^ ■ ■ ■ ip{UnY'’’'-' ■

Observe th a t the subgroup Hi — gp (ui, « j +i , . . . ,  u„) , i > I, has a M al’cev 

basis {u i ,U i^ i , . . .  , u„}, hence the Hirsch Q[x]-length of is less than
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n for each 1 <  i <  n. Now,

=  (a^ia^I+r- . y j W f '

. . . “ , ) ] « .

• • • ,y , ]

=  H < ^ C i . . Q,9n{' “n

• ■ u;®"

where the expressions {^ i , . . .  ,gn} are obtained using the polynomials for

G and = gk{ri,j, Pi).

Hence,

= • • • wl”)w~^

= wf;Y

=  (by induction)

=

where the expressions { / i , . . . ,  /n} are obtained using the polynomials for

(^Q[il _

64

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Therefore,

=  (“ i ‘“ / s '  ■ ■

=  « i ( « r ‘“ /S ‘

•■K")

=  ruf’rofYi' • • •

where the expressions {gi, - ■ ■ ,gn} are again obtained by the polynomials 

for Note tha t g^ = gk(f,cxi}- As a result, we obtain

n

n ( r a i“’w f̂|Y ' ’ ' ' ' '  '^n'-
1=2

Now, if we continue this procedure of collecting to the left and use the 

prescribed polynomials, we obtain a parallel m ethod to th a t of the non- 

Q[x]-case using the same polynomials. Hence

( u ; “ '  • • (ruf' • •

(b) I will now prove th a t (ru“  ̂ • • •

Let Ti =  Tj(u;Y, ■ • • be the Hall-Petresco words with arguments

{ruY, . . . ,  It is clear th a t each Ti can be expressed as a product
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of the Therefore, by the result above, we have

where the are obtained using the polynomials as before. Furthermore, 

since the class of the nilpotent Q[a:]-powered group, D  equals c, we have 

rc-i-i(D) =  1. Hence,

T"c+1 =  T'c+2 =  ••• =  !

since £ Fj(D) for all i. But an easy calculation shows th a t t i  =  

icf^ and so the Hall-Petresco axiom gives

• • - ^ 2

Now, since all of the Tk lie in F2(T>) for A; > 2 , we have

=  by induction
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where each comes about from the fact th a t every element

• • • Mn*’’") =  . . . ,  in can be expressed in.the basis

{u 2 , . . .  ,u„} and each j k j  =  9 i{^k,2 ,^k,3 , ■ ■ ■ , 6 ,n, - ( 3 ) -  Now substituting 

these '̂ ’s into the expression

{Wi'- • • • • • ■ Ŵ ^'^Tc • • • T2

and using the multiplication polynomials, by induction we obtain 

(w“  ̂ in exactly the same way we obtain

the result for G itself. This completes the proof.

□

For example, let G be a finitely generated torsion free nilpotent group of class c 

and let u =  ( u i , . . . ,  Ufc) be any M al’cev basis for G. It is known th a t there exists 

a faithful embedding 'tp : G UTn{1) for some n > 0. If GT„(Q[x]) is the group 

of unitriangular matrices with entries in Q[a;], then we have a natural embedding 

a  : UTn{Z) ^  t/T„(Q[a;]). This gives rise to an extension of ip to the map = a oip 

such th a t ^  : G —> GT„(Q[a:]). Note th a t ^  is clearly an embedding. As we have seen 

in the first chapter, GT„(Q[x]) can be turned into a nilpotent Q[x]-powered group by 

defining the Q[x]-action on g = I  + N  G GT„(Q[x]) as

( /  + A^)“ =  l  +  aiV +  - ' - +
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where a  G Q[x]. Therefore, by Theorem 2.6.1, : G —> J7T„(Q[x]) can be extended

to a Q[a:]-homomorphism $  : —> UTn{Q[x]) with respect to the M al’cev basis u

of G and, in fact, $  is a Q[a;]-monomorphism.

A particular case of the above example is when G =  f/T„(Z). Let’s choose the col­

lection {^12, . . . ,  tin, ■ • ■) tn-i i ,  ■ •. ,  tn-in]  of transvcctions as our M al’cev basis. Then 

the Q[a;]-completion of UTn{Ij) is the collection of elements

( f /T „ ( Z ) ) «  =  {(“” <*'. ■ ■ (“" i " '* ’ I a « ( i )  €  Q[x]}

and the polynomials for multiplication and Q[a;]-exponentiation are the same as those 

of [/r„ (Z ). I claim that

[GT„(Z)]^W UTniQix]),

where the Q[a;]-action on U T n ( Q [ x ] )  is defined above. Well, let ip ; U T n { Z )  -> U T n { 1 )  

be the identity map ip[t^ 2  ■ ■ • =  ^12^ ' ' '  C-lrT where atj G Z. Then (p extends

to an embedding 0 : UTn{Z) -> C/T„(Q[a;]). By the above theorem, (j) can be extended 

to a Q[x]-homomorphism $  : [C/T„(Z)]‘®W U T n { Q [ x ] )  given by

<!>(<?"“ ’ ■ " C l ! . " ' ' ’) =

  .if̂ l2( )̂ j.̂ Ti—In(^)
”  ^12

where the o;jj(x)’s are in Q[a;].

•  Suppose G ker $  with Pijix) G Q[a;]. Then

^ 1 ^ 1 2  ■ ■ ' M - l n  j  —  ^ 12  ' "  ^ n - l n  ~
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Using the properties of transvections, it follows tha t this can only happen if each 

j j . i j {x)  =  0. Hence the kernel of $  is trivial and so $  is a Q[x]-monomorphism.

• Let g e  U T n { Q [ x \ ) .  Then g can be written in the form g =

for certain j 3 i j {x)  G Q [ x ]  where =  I  + ( 3 i j { x ) E i j  as in the usual sense.

Hence g =  so $  is a Q[x]-epimorphism and the claim

is proven.

C o ro lla ry  2 .6 .2 . Let G\  =  (C ,H i) and G 2 = {G,B 2 ) denote the finitely generated 

torsion free nilpotent group, G, with distinct Mal’cev bases Bi and B 2 , respectively. 

Let and he their f^\x]-completions, respectively. Then Gf^^^ and are 

Q[x]-isomorphic.

Proof. The identity map H : Gi G 2 < gives rise to a Q[x]-epimorphism

Si ■ ^

by Theorem 2.6.1. Similarly, 12 ■ G 2  G\ < G®^' gives rise to a Q[x]-epimorphism

S ‘2 ' Ĝ ^̂  ̂ —> Ĝ ^̂ ^

It is easy to see th a t S i and S 2 are each Q[x]-monomorphic mappings. Therefore, 

Ĝ ^̂  ̂ and are Q[x]-isomorphic. □

L e m m a  2 .6 .1 . Suppose that G is a finitely Q[x]-generated nilpotent Q[x]-powered 

group. Then there exists a finitely generated subgroup H  of G such that G  =q[x]
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Note: H  is not a Q[a:]-subgroup of G here.

Proof. Let G =  9 Pq[x]{o-x, ■ ■ ■ ,o.n) and set H  — g p { a i , , a„). I claim th a t G =q[i] 

Observe th a t H  is an ordinary group with exponents in Z, hence is torsion free 

as a subgroup of G (if 5 “ =  1 for some a  G Z with g E H, then =  1

and so g -  I m  H).  Since / /  is a finitely generated torsion free nilpotent group, we 

can form its Q[a;]-completion with respect to any M al’cev basis. By Corollary 2.6.2, 

all such Q[a;]-completions are Q[j:]-isomorphic. Thus we can write as the Q[a;]- 

completion of H  w ithout any ambiguity as to which Mal’cev basis we are considering. 

It is clear th a t G — gpq[x]{H) since the generators for H  are precisely the Q[a;]- 

generators for G. Moreover, 9 P<i [̂x\{H). Therefore G. □

2.7 Torsion Nilpotent Q[a;]-Powered Groups

In this section I will give the definition of a torsion and torsion free nilpotent Q[a:]- 

powered group. The main result is th a t the set of torsion elements of a nilpotent 

Q[a:]-powered group form a normal Q[x]-subgroup.

Definition 2.7.1. Let G be a nilpotent Q[a;]-powered group.

1. An element ^ € G is called a torsion element if there exists an a  G Q[a:], Q: 0, 

for which .9“ =  1 . The set of torsion elements of G will be denoted as r(G ).

2 . If r(G ) =  G then G is called a torsion nilpotent <Q[x]-powered group.

70

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3. G is called torsion free if =  1 for some a  G Q[x] implies y =  1 or ck =  0.

Some lemmas are required before proving the main result of this section.

L em m a  2 .7 .1 . I f  G is a nilpotent Q[x]-powered group and H  <q[x] G such that 

[G',^] <  H, theuH<Qi^}G.

L em m a 2 .7 .2 . Let G be a nilpotent Q[x]-powered group of class c >  2  and let g £ G. 

Then H  = gpq[x\{g, [G, G]) is of class < c.

Proof. Since [G,G] < (Cc-iG) fl H  <q[x] G - i H ,  it follows by Theorem 2.3.1 th a t 

is a cyclic Q[x]-group. By Lemma 2.3.2, we must have th a t Cc-\H =  H,  

and so H is of class < c as desired. □

The next theorem is stated in R. B. Warfield, Jr. [14] for arbitrary  nilpotent

i?-powered groups.

T h e o re m  2.7 .1 . Let G be an arbitrary nilpotent 'L^[x\-powered group of class c. Then 

t {G) <Q[a;) G.

Proof. Let G be a nilpotent Q[x]-powered group, of class c and suppose a,b E t(G ) 

are non-identity elements. There exists a,(3 E Q[x], both non-zero, such th a t a“ — 1 

and b^ = I. The proof is by induction on the class.

• If c =  1, then G is an abelian Q[x]-group. We need to show th a t ab E r(G ).
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Well, observe th a t

(a6)®^ =  (since G is abelian)

=  (a“ )^(6^)“ =  1 .

Hence ab € r{G).  Clearly, a G r{G)  implies a~^ and G t { G )  for any ji G Q[x]. 

Furthermore, since G is abelian, t { G )  is a normal Q[x]-subgroup of G. Therefore, 

it is proven for c =  1 .

•  Suppose the theorem holds for class < c. Consider the Q[o:]-subgroups A  =  

gpQ[x]{a, [G, G]) and B — gpq[x]{b, [G, G]) of G. By Lemma 2.7.2, we know th a t 

A  and B each have class <  c —1. Hence, by induction, we have th a t 

and t { B )  <q[i] B .  N o w  observe tha t

1 . A  G and B <q[x] G. This follows from Lemma 2.7.1, since both A  and 

B contain [G,G].

2 . r(T)<Q[x]G and r(B ) <q[x]G. T o  verify this, observe th a t if -0 G Autq[x]{A) 

and a G r{A)  with =  1 for some A G Q[x], A /  0, then {ip{d))^ =  1 

implies ilj{d) G t { A ) .  Hence r{A)  is invariant under Q[x]-automorphisms 

of A. In particular, t { A )  is invariant under conjugation by 5  G G. P u t 

another way, for any ^ G G, we have

g-^Ag  =  A g~W{A)g  =  r(A ),

and so r{A)  <q[x] G. The same argument shows th a t r{B)  <q[x] G.
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Define

K  5 P Q [ ^ ] ( r ( A ) , r ( S ) )  =  t { A) t {B)  < q [^ ]  G.

For any a G r ( / l )  and h 6  r ( 5 ) ,  we have

[ a l y  = a>̂h

where jj, G Q[a;] and b G r{B)  (this follows from normality and the Hall-Petresco 

axiom). In particular,

(a6)“ =  a%o bo G r{B)

for some bo G B,  since a“ == 1 by hypothesis. Hence, there exists a non-zero 

7  G Q[a:] such tha t

( a b r  =  63 =  1 

and so ab G r{G).  The rest of the proof is obvious.

□

From now on, r(G ) will be called the torsion Q[x]-subgroup of G.

C o ro lla ry  2 .7 .2 . I f G  is a nilpotent Q[x]-powered group, then G / t {G) is torsion-free.

Proof. Follows the same as in Corollary 1.2.2. □

T h e o re m  2 .7 .3 . Let G be a torsion free nilpotent Q[x]-powered group and suppose 

g ,h  e  G. I f  g°‘ =  /C for some non-zero a  G Q [x ]  then g = h.
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Proof. The proof is by induction on the nilpotency class of G. Let g ,h  E 0  and 

a e  Q[x],

•  If c =  1, then G is an abelian Qfxj-group. Let g ,h  E G such th a t g°‘ =  for 

some non-zero a  E Q[a:]. Then g°‘h~°‘ = 1 and a simple application of the Hall- 

Petresco axiom yields {gh~^)°‘ =  1. Since G is torsion free, we have gh~^ =  1 

and so g — h.

• Suppose th a t c >  2 and th a t the result holds for every torsion free nilpotent 

Q[5:]-powered group of class less than c. Let H  =  gpQ[x]{g, [GjG*]), which is a 

nilpotent Q[x]-powered group of class less than c by Lemma 2.7.2. Notice th a t 

h~^gh E H  since h~^gh — g[g,h] E 5 Pq[x](^, <?])• Now for every non-zero

a  E Q[x],

g° = h-^g^h  

= >  g‘̂  = (h - ^ g h r .
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By induction, we have g = h ^gh = >  [g, h] = 1. Therefore,

g^ = h^ = >  =  l

{ g h - ^ r  = l 

= >  gh~^ = 1 

g =  h.

□

L em m a 2 .7 .3 . G is a torsion nilpotent Q[x\-pouiered group if and only i f  Ab{G) is 

a torsion nilpotent Q[x]-powered group.

Proof. Clearly, if G is a torsion nilpotent Q[a:]-powered group, then so is Ab{G). For 

the converse, we apply Corollary 2.5.2. □

I will end this section with an embedding theorem which can be found in [14].

T h e o re m  2 .7 .4 . Let G be a finitely Q[x]-generated torsion free nilpotent Q[x]- 

powered group. Then there exists a Q[x]-monomorphism of G into [/T„(Q[a:]) for  

some integer n > 0 .
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2.8 N ilpotent Q[a:]-Powered Groups Of Finite 

Type

In this section we will focus our attention on a particular class of nilpotent Q[x]- 

powered groups which I will call the nilpotent Q[a;]-powered groups of finite type. 

The interesting thing about this class is th a t such groups have a nice decomposition 

property which is similar to the finite case of ordinary nilpotent groups. This will be 

examined in the next section.

D e fin itio n  2 .8 .1 . Let G be a nilpotent Q[a;]-powered group. Then G is of finite type 

if it is a finitely Q[a:]-generated torsion Q[x]-group.

Clearly, the nilpotent Q[a;]-powered group G =  1 is of finite type. Moreover, 

since every Q[a;]-subgroup of a finitely Q[x]-generated nilpotent Q[a;]-powered group 

is finitely Q[a;]-generated, we immediately have

L em m a  2 .8 .1 . Let G be a finitely Q[x]-generated nilpotent Q[x]-powered group. Then 

r(G ) is of finite type.

The center of a nilpotent Q[x]-powered g roup , G, determines whether or not G 

itself is of finite type, as we shall now see.

L em m a  2 .8 .2 . Let G be a nilpotent Q[x]-powered group. I f  H  <q[x]G is of finite type 

and G / H  is of finite type, then G is also of finite type.
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Proof. Let g ^  G and let { g i H , . . . ,  gnH}  be a set of Q[a:]-generators for G /H .  Then 

we have tha t g H  € gpQ[x]{giH,. . . ,  gnH). But H  is finitely Q[a;]-generated, so if 

{ h i , . .  . ,hm}  is a set of Q[x]-generators for H, then g e  gpq[x]{gi, . . . , g n , h i , . .  . ,hm).  

Hence, G is finitely Q[a;]-generated. Now, since g H  ^  G / H  and G / H  is of finite type, 

there exists a  G Q[a:] such th a t {gH)°‘ =  H. This yields g° G H. Since H  is also of 

finite type, there exists /3 G Q[x] such th a t {g°‘Y  =  1. Hence 5 ®̂  =  1 and so ^ is a 

torsion element of G. Therefore, G is a torsion Q[a;]-group. □

Theorem  2.8.1. Let G be a finitely Q[x]-generated nilpotent Q[x\-powered group of 

class c. I f  Z{G) is of finite type, then G is also of finite type.

Proof. The proof is by induction on the class.

• If c =  1, then Z{G) = G and there is nothing to prove.

• Let c >  1 and suppose th a t the result holds for finitely Q[a:]-generated nilpotent 

Q[a;]-powered groups of class < c. Let Z{G)  be of finite type. II g e  G and 

a G C2G, then for some a  G Q[a:], we have

=  1 ,

since [g,a] G [G, C2G]q[x] <q[x] Z(G)  and every element of Z(G)  is a torsion 

element. Therefore, [g,a°] — 1 for all p G G and so a® G Z{G).  This shows 

tha t

(aZ(G))® =  a®Z(G) =  Z{G)
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for a e  ( 2 G. As a result, (̂ 2 G/Z{G)  is a torsion Q[x]-group. Furthermore, the 

fact tha t

C,2 G/Z{G) = Z{G/Z{G))  <Q[,] G/Z{G)

and G/Z{G)  is a finitely Q[a;]-generated nilpotent Q[a;]-powered group implies 

th a t (̂ 2 GIZ{G)  is also finitely Q[x]-generated (since it is a Q[a:]-subgroup of a 

finitely Q[x]-generated nilpotent Q[x]-powered group). Therefore, Ĉ2 GIZ{G)  is 

of finite type. By induction, G/Z{G)  is also of finite type. Hence, G is of finite 

type by Lemma 2.8.2.

□

2.9 TT-Primary N ilpotent Q[a;]-Powered Groups

In this section I will prove tha t a nilpotent Q[a:]-powered group of finite type can 

be decomposed into a direct product of Q[a;]-subgroups of a special kind. This is 

somewhat analogous to the corresponding theorem for finite nilpotent groups.

D e fin itio n  2 .9 .1 . Let G be a nilpotent Q[a:]-powered group and let tt G Q[x] be a 

prime in Q[a;]. Then the t:-primary component of G is the set

G t̂ = {g ^  G \ g' '̂‘ = 1 for some k e  Z"*"}.

D e fin itio n  2 .9 .2 . Let G be a nilpotent Q[x]-powered group. We call G a n-primary  

Q[x]-group if, for every g €: G, there exists k G Z ”*" such th a t g'  ̂ = 1 .
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Note. It is clear th a t every finitely Q[x]-generated 7r-primary Q[x]-group is of finite 

type.

T h e o re m  2 .9 .1 . Let G be a nilpotent Q[x]-powered group of class c and let tt e  Q[a:]

be prime. Then Ĝ r is a normal Q[x]-subgroup of G.

Proof. The proof is by induction on the class.

• Suppose the class of G is c =  1 and let g ,h  E G t̂. Then g'^”' = 1 and hT" =  1

for some m, n G Z" .̂ Hence,

[ghy^^^  =  = 1

and so gh G G^. Furthermore, =  1 for all a  G Q[a:] and so

g°“ G Gtj.

• Suppose th a t the result holds for all nilpotent Q[a;]-powered groups of class 

less than  c and let G.  ̂ be the 7r-primary component of G. Observe th a t if 

H  = gpQ[x]{GTi-) <Q[i] G, then proving th a t Gt  ̂ <q[i] G is equivalent to proving 

th a t g ^  Gt  ̂ for every g E H. Hence we may as well assume th a t G =  gpq[x]{GTr). 

I claim th a t for every ^ G G, we have g E Ĝ y. The equality G = Ĝ y then follows.

For any g E G there is an m G Z"  ̂ such th a t {gr 2 Y"' =  1̂ 2 since 

Ab{G) =  G /F 2 is abelian. This is equivalent to g^"" G F2 . Now if ^ i , . . . ,  5-̂  G G 

and
r

g i l \  ®- - - ® grL2 e  Ab{G) = Ab{G) ®  ■ (g )  Ab{G), •

r of  these
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then there exists m i , . . . ,  such th a t € F 2  and so

g r v ^ ® - - - ® g r T 2

T2V---
r o f  th e s e

Now, by Corollary 2.5.2, there exists a Q[a:]-epimorphism

given by

^ p i g i T 2  ®  ■ ■ - ® g r ^ 2 )  =  [91,  ■ ■ ■ r+1 •

Thus, we have

</̂ {(fi'ir2® ■••®.grr2)’''"'’̂ "'̂ ”‘’'} = <y5{(gir2)’'’"‘ ® ® (c/rr2)’'’"’' |

=  [ g r , . - - , ^ n r , + i  =  r ,+ i.

Hence, if we let ^Fr+i =  [^fi,. . . , g'r]Fr+i G F^/Fr+i, then there is an / G Z+ 

such th a t 9^ r^+i — F,.+i. In particular, observe th a t if ^ G Fc =  Fg/Fc+i, then 

there exists I G Z “̂ such th a t g'^‘ — 1.

Now, by induction (since G/Tc  is of class c — 1), we may assume th a t for 

any k E G, there is a p G Z"*" such th a t (/cFc)'^  ̂ =  Fc. This implies th a t there 

exists p G Fc such th a t k'"” =  g. But, since g G Fc, there is a 5 G Z"*" for 

which g'̂ "’ =  1 by the observation made above. Therefore k^” =  g implies tha t
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l̂ nP+<< _  2 Hence, k £ G-  ̂ for any k £ G and, consequently, G = G t, as claimed.

Now suppose th a t G is any nilpotent Q[a:]-powered group and let k £ G-  ̂

for some prime tt £ Q[x]. Then there is an n € for which k^” — 1. Hence, 

for any g £ G, we have

{g-^kgy^  = g - ^ k^ ^ g  = l.

Thus, g~^kg £ Gtt and so G-,̂  <q[o;] G. This completes the proof.

□

Definition 2.9.3. Let G be a nilpotent Q[x]-powered group. U g £ G, then the 

annihilator of g is

ann{g) = {(5 £ Q[a;] | /  =  1}.

Lemma 2.9.1. I f  G is a nilpotent Q[x]-powered group and g £ G, then ann(g) is an 

ideal in Q[a;],

Proof. Clearly 0 £ ann{g),  since 5 ° =  1 for any g £ G. If /?i, /?2 G then

g0 i _  gp2 =  1 Hence, g^^g '̂^ =  1, and so =  1 implies Pi + P2  ^  ann{g). If

a £ Q[a:] and P £ ann{g),  then g^ — 1 implies (g^)“ =  1“ =  1. Therefore, =  1 

and so Pa £ ann{g). □

Theorem  2.9.2. Let G be a nilpotent Q[x]~powered group of class c of  finite type. 

I f  I  is some index set and \ i £ /}  is the set of all primes in Q[a;], then G is the 

direct product of its Tii-primary components,
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Proof. Let {Gtt. \i € /}  be the set of all TTi-primary components of G. By The­

orem 2.9.1, we know th a t ^q[i] G for each i E I.  I claim tha t G — 

9 PQ[x](G^i, , ■ • •) and {G^^, ■ ■ ■ ,G^„ • ■ ^  G„, = 1 for any i e  I.

1 . Let g E G such th a t g ^  I. Since G is of finite type, ann{g) = <  d {0} for 

some d G Q[a;] (dy^ 1), where < d > is the ideal of Q[x] generated by d. Now, 

since Q[x] is a unique factorization domain, there exists irreducible elements 

7Ti,. . . ,  7T„ of Q[a;], no two of which are associates, and m i , . . . ,  of Z"*" such 

tha t d =  • • •TT̂ '*. One can show th a t Pj = <  tTj >  is a prime ideal of Q[a:]

for each i. Now, define fj =  d /7r'”‘, so tha t =  d in Q[a;]. It follows th a t 

{g^'Y' ' =  =  1, so th a t 5 '’* G for each i. But the greatest common divisor

of the elements { r i , . . . ,  r„} is 1 and so there are elements { s i , . . . ,  s„} G Q[3;] 

such th a t
n

=  1 .

i=l

Therefore g = _  grisi . . . gr„sn ^  . . .  (7^^. This follows since

each g^' G G. .̂ implies th a t g''' '̂ G G t̂ .̂

2 . Let K i  =  g p Q [ x ] { G ^ , , -  • • , G ^ , ,  ■ ■ ■ G ^ J  -  G ^  ■ • • G^n ■ ■ • It suffices to prove

that if g  G G j ^  O K i ,  then (/ =  1. Well, since g  G G t̂ ., there exists o' G Z+ such 

that g'^i — 1. But g  E  K i  implies that g* =  1, where t =  ttJ' • • ■ tt-* • • • for 

some suitable t i , . . .  , tn lying in Z+. Furthermore, since and t are relatively
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prime, there exists Sj,S2 € Q[x] with

SiTrf +  S2t =  1 .

Therefore g =  {g^Y'  ̂ =  1 . This completes the proof.

□

2.10 The Frattini Q[x]-Subgroup

In this section the Frattini Q[x]-subgroup of a nilpotent Q[a;]-powered group is 

introduced. Several basic results are given which are analogous to the usual group 

case.

D e fin itio n  2 .10 .1 . Let G be a nilpotent Q[rE]-powered group and let i f  be a proper 

Q[z]-subgroup of G. Then H  is a, maximal Q[x]-subgroup of G if it is not contained 

in any other proper Q[a:]-subgroup.

T h e o re m  2 .10 .1 . Let G be a nilpotent Q[x]-powered group of class c. Then i f  G has 

a maximal Q[x]-subgroup, it is a normal Q[x]-subgroup of G.

Proof. Let G be a nilpotent Q[cc]-powered group of class c and suppose H  is a proper 

maximal Q[:r]-subgroup of G. It is easy to verify th a t the collection {HQG}  satisfies 

the condition H Q G  <q[x] HQ+iG.  Hence H  is subnormal in G (in the Qfa;] sense). 

Furthermore, it can be proven in the same way as for ordinary nilpotent groups th a t
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N g ( H)  >q[i] H, where N g { H)  is the normalizer of H  in G. Since H  is maximal, we 

have th a t N a { H )  — H. Therefore H  <q[x] G. □

D efin itio n  2 .10 .2 . The Frattini Q[x]-subgroup of a nilpotent Q[x]-powered group, 

G, is the intersection of all maximal Q[x]-subgroups of G. It will be denoted by ^{G).  

If G has no maximal Q[x]-subgroups, we set $(G ) =  G.

Remark. It is easy to check th a t <q[x] G. In fact, $ (G ) is a characteristic Q[3;]- 

subgroup of G (if ^  e  AutQ[x](G), then ^ ($ (G ))  <q[x] $(G )).

T h e o re m  2 .10 .2 . The Frattini Q[x]-subgroup of a nan-trivial nilpotent Q[x\-powered 

group is precisely the set of non-'T^[x]-generators of G.

The following lemma is needed in the proof of the theorem;

L em m a  2.10 .1 . Let G be a nilpotent Q[x]-powered group and suppose that H  <q[i] G 

with g e  G H. Then there exists a Q[x]-subgroup K  <q[x] G which is maximal in G 

with respect to the properties H  <q[x] K  and g ^  K.

Proof. Let R  = { J  <q[x] G \ H  C J  and g ^  J ) .  Then R  ^  0  since H  e  R. Further­

more, R  is partially ordered by inclusion and the union of any chain in R  is again in 

R.  By Zorn’s lemma, R  has a maximal element. □

I will now prove the theorem:
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Proof. Let g G $(G ) and suppose th a t G = 9 Pq[x]{9 , X )  but G ^  9 Pq[x]{X) (hence 

5  is a Q[a;]-generator of G). Then 9  ^ 9 Pqix]{^)- By the lemma, there exists a Q[x]- 

subgroup M  of G which is maximal in G with respect to the properties ^Pq[x](-T) <Q[a,] 

M  and 9  ^ M.  Now if M  <Q[a,] H  <Q[a,] G for some H  C  G, then 9  ^ H  and, 

consequently, H  = G. Hence M  is maximal in G. But 9  G $(G ) <q[x] M  and so 

G =  9 PQ[x]{g,X) =  M  which is a contradiction. Hence p is a non-Q[x]-generator of 

G. Conversely, suppose th a t p is a non-Q[x]-generator of G and suppose 9  ^ $(G ). 

Then there exists a maximal Q[a;]-subgroup, M, of G for which 9  ^  M.  Then M  ^  

9 P Q [ x ] { g , M )  and so G =  9 P q [x] { 9 , M )  by the maximality of M  in G. Since p  is a 

non-Q[a;]-generator of G, this yields G = M, a, contradiction. Hence g G $(G ). □

I will now prove a variety of lemmas. The first one is analogous to Lemma 1.2.3. 

I will omit the proof.

L em m a  2 .10.2 . Let G be a nilpotent Q[x\-pouiered group of class c and suppose 

that H  <Q[x] G such that ppQ[x](iL, 72G) =  G. Then H  = G and, consequently, 

72G C $(G ).

L em m a  2 .10 .3 . Let G be a finitely Q[x]-generated nilpotent Q[x]-powered group and 

suppose H  <Q[x] G. I f  9 Pq[x]{H,^{G)) =  G, then H  — G.

Proof  Suppose G =  PPq[x](Pi, • • •, Pn)- Since 9 Pq[x]{H,^{G)) =  G we have 

9 i = hiUi for some hi G H, Ui G $(G ) and 1 <  z <  n. Therefore G =
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gPQ[x]{h\,.. ■ , h n , u i , . . .  ,Un)- But each Ui 6  and so each Ui is a non-Q[a;]-

generator of G  by Theorem 2.10.2. Hence G = gpq[x]{hi,. . . ,  hn) C H. Therefore 

G = H. □

L em m a  2 .10 .4 . Let G be a nilpotent Q[x]-powered group and suppose that 72G is 

finitely Q[x]-generated. I f  H  G such that gpq[x]{H, 'j2 G) — G, then H  = G.

Proof. By Lemma 2.10.2, 72G C  $(G ). If 72G =  gpq[x]{gi, ■ ■ ■ ,gn), then we have

gP q[x]{H,  72G) =  gpq[: ,]{H,  g i , . . . ,  gn )  =  g P q [ x ] { H )  =  H ,

since each gi G $(G ). Hence G ~  H. □

L em m a  2 .10 .5 . Let G be a nilpotent Q[x]-powered group whose Frattini Q[x]- 

subgroup is finitely Q[x]-generated. Then the only Q[x]-subgroup H  of G which satis­

fies gpq[^]{H, ^{G))  = G is H  = G.

Proof. Let gpq[x]{H,^{G)) = G and suppose $(G ) =  gpq[x]{gi, ■ ■ ■, gn)- Then we 

can write gpq[x]{H, g i , . . .  ,gn) = G. Since each gi is a non-Q[3;]-generator for G by 

Theorem 2.10.2, we have G =  gpQ[x]{H) = H .  □

L em m a  2 . 1 0 .6 . Let G be a nilpotent Q[x]-powered group whose Frattini Q[a:]- 

subgroup, $ (G ), is finitely Q[x]-generated. I f  G /$ (G ) can be Q[x]-generated by p 

elements and no fewer, then so can G.
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Proof. Let G /$ (G ) =  gPQ[x]{gi^{G),. . .  ,^p$(G')). If F  =  gpQ[x]{gi, ■ ■ -,gp),  then we 

obtain G =  gpQ[x]{H,^{G)). By Lemma 2.10.5, we have H  = G. Hence G is Q[a::]- 

generated by p elements. Moreover, if gi, ■. ■ ,gm is a set of Q[x]-generators for G, 

then the set gi$(G' ) , . . . ,  p^$(G ') is a set of Q[a;]-generators for G /^ {G ) .  Since p  was 

minimal for such a set, we deduce th a t G has no set of Q[x]-generators consisting of 

fewer than p  elements. □

2.11 A Residual Property

I will prove th a t finitely Q[a;]-generated nilpotent Q[x]-powered groups are resid- 

ually finite dimensional over Q.

D efin itio n  2 .11 .1 . Let R  be an arbitrary binomial ring and let X  be a binomial 

subring of R  which is also a field. A finitely i?-generated nilpotent i?-powered group, 

G, is finite dimensional over K  if G has a central R-series 1 =  Go ^  ^  =  G

satisfying, for each z =  0 , . . . , g  — 1 ,

1, G j+i/G i =  gpR{gi+i,Gi) is a cyclic R-group and

2. each G j+i/G j, viewed as a vector space over K ,  is finite dimensional.

L e m m a  2 .11 .1 . Let f {x )  be a non-zero polynomial in Q[a:]. Then there exists a 

homomorphism p  : Q[z] -> Q with p{ f {x) )  ^  0 .
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Proof. Let a 6  Q such th a t / ( a )  ^  0. Such an a G Q clearly exists since f {x)  

can only have finitely many zeros, being of finite degree. Let ipa be the evaluation 

homomorphism at a: =  a :

(fa : Q[x] -)■ Q is defined by (Pa{f{x)) =  /(a ) .

Then cpa is the required homomorphism, since ipa{f{x)) = f {a)  ^  0. □

Note. The above lemma also holds with Q[a:] replaced by Z[x] and with Q replaced 

by Z.

L em m a  2 .11 .2 . Let { f i { x ) , . . .  , f k(x)}  be a finite collection of  polynomials in Q[x], 

some of which may equal the zero polynomial, and let deg(f i{x))  =  Ui for those 

i = 1, . . .  , k  in which fi{x) is not the zero polynomial. Then there is an x  E Q such 

that f i{x)  7  ̂ 0 for each i = 1 , . . .  , k  in which f i{x) is not the zero polynomial.

Proof. Since deg{fi{x)) = Ui for each i =  l , . . . , k  in which f i{x)  is not the zero 

polynomial, f i{x)  can have at most n, distinct zeros. Hence there exists a set Xi  =  

{xi^,Xi2 , . . . }  satisfying f i{xi.) ^  0 for each i = 1 , . . . ,  k in which f i{x)  which is not 

the zero polynomial. As a result, there is an x G Q such th a t

k
x e P \ X i

i=\

and f i{x)  7  ̂ 0 for each i = 1 , . . .  , k  in which /i(x ) is not the zero polynomial. □

Note. Once again, this lemma also holds with Q[x] replaced by Z[x] and with Q 

replaced by Z.
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T h e o re m  2 .11 .1 . Let G be a finitely Q[x]-generated nilpotent Q[x]-powered group of 

class c. Then G is residually finite dimensional over Q.

Proof. Let G — gpQ[x]{gi, ■ • ■ ,gn) and suppose g E G, g ^  1. I claim th a t there exists 

a Q[a;]-homomorphism (p : G B,  where B  is some finitely Q[a:]-generated nilpotent 

Q[x]-powered group of finite dimension over Q and <p{g) 1 in B.  Suppose th a t

B  =  gpqi gi , .. ■ ,gn) <q G. If the indeterm inate variable x  G Q[a:] acts as the identity 

on elements of B,  then B  can be viewed as a finitely Q[a;]-generated nilpotent Q[x]- 

powered group.

Let 1 =  G o < l G i < l - - - < l G r  =  G b e a  poly-Q[a;] cyclic and central Q[a;]-series 

for G (such a series exists by Theorem 2.5.6). Let Gi+i/Gi  =  gPQ[x]{0 'i+i,Gi). Then 

g E G can be expressed, with respect to this series, as g ~  where the

Qi{x) € Q[x'j. By Lemma 2.11.2, there exists an x G Q such th a t af ix)  ^  0 for every 

i — 1 , . . . ,  r  in which af ix)  is a non-zero polynomial (note th a t a t least one of the 

o;j(a;)’s is non-zero).

By Lemma 2.11.1, choose px : Q[x] —> Q so th a t pxi f {x) )  — f {x) .  Then 

Px{ai{x)) = af ix)  -fi- 0 for those i =  l , . . . , r  in which ai(x)  is a non-zero polyno­

mial. Therefore, if : G B is the Q[x]-mapping defined by

Tx{g) =
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then it is easy to check th a t <̂ x is a Q[rc]-homomorphisra and ^  1- D

2.12 D ehns’ Fundamental Problems

In this section I will discuss the problems proposed by Dehn. I will begin by proving 

th a t the conjugacy problem for finitely Q[a;]-generated nilpotent Q[a:]-powered groups 

is solvable. Afterwards the word problem and the the generalized word problem are 

examined. The section closes with a result on Hopfian nilpotent Q[3̂ ]-powered groups. 

The Q[a:]-isomorphism problem has not been studied yet.

T h e o re m  2 .12 .1 . Let G be a finitely Q[x]-generated nilpotent Q[a:]-poioered group 

of class c. Then G has a solvable conjugacy problem. Put another way, i f  g ,h  e  G, 

then there is an algorithm which decides whether or not there exists f  E G such that 

h^ =  9-

Proof. Let 1 =  Go <1 Gi <  • • • <1 G„ =  G be a poly-Q[x] cyclic and central Q[a;]-series 

for G of Hirsch Q[a;]-length n (such a series exists by Theorem 2.5.6). The proof is 

by induction on n.

1. If n  =  1 the Q[a;]-series for G is 1 =  Gq <1 Gi =  G, so G is a cyclic Q[x]-group. 

The conjugacy problem is certainly solvable in this case.

2. Suppose n >  1 and assume the conjugacy problem is solvable for every nilpotent 

Q[x]-powered group of Hirsch Q[x]-length less than n. Then, in particular,
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G /G i  has a solvable conjugacy problem (note th a t G\  <q[x] Z{G)).  Suppose 

g ,h  e  G. We want to decide whether or not h g, where the symbol 

means “conjugate to” . By induction, we can decide whether or not hGi  ~  gG\. 

If hGi oo gGi,  then h oo g m G and the conjugacy problem is solved. Suppose 

tha t hGi  ~  gGi- Then there exists f  & G such th a t =  ga for some a £ G\.  

It suffices to check whether or not and g are conjugate in G. We can assume 

th a t a /  1 (otherwise, = g and the we’re done). Hence, deciding whether 

or not ~  p in G is the same as deciding whether or not ga ^  g in G. P u t 

another way, does there exist c E G such th a t g =  (^a)^? If such a c 6  G exists, 

then we have (since a G Gi)

(gay = c~^gac =  c~^gca =  g‘̂ a.

Since g — {gay,  we obtain g — g'^a which is equivalent to [c,g] — a. Let 

H  = {h E G \[h, g] E Gi}. By Lemma 2.12.1 following this proof, we have 

H  <Q[x] G. Now, consider the set [H,g] =  {[h,g] \ h E H } .  By Lemma 2.12.2 

following this proof, we have

[H,g] <Qpi G\.

Clearly, [H, is finitely Q[x]-generated. Therefore [H, g] is a finitely generated 

submodule of the finitely generated Q[a;]-module G i. We only need to check 

whether or not the element a G Gi satisfies the containment a E [H,g]. By [1] 

(Theorem 2.7), there is an algorithm which decides this problem.
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□

Lemma 2.12.1. Let H  — {h E G \ [h,g] E  Gi} as above. Then H  <q[x] G.

Proof. Let h \ , h 2 E H.  Then

[hih2 ,g] =  [hi, gf'^[h2 , g]

=  [hi,g\[h2 ,g\ since [hi,g] E Gi  <q[x] Z{G).

Hence, /11/12 G H.  Furthermore, for any a  E Q[2:], we have

[h^,g\ -  h f ‘̂ g-^h^g

=  { K ^ r { g - ' h i g r  

=  g~^higYT2{hf^, g~^hig]^") ■ • •

=  {hf^ g~^ h i g Y , since each Tj =  1 for i > 2  

=  [hi,gT-

Hence, h f  E H.  □

Lemma 2.12.2. Let [H,g] = {[h,g]\h E H }  be as above. Then we have 

[H,g] <Q[x] G[.

Proof. Let [h\, g],[h2 , g] € [H,g]. Then, since /ii ,/i2 ^  we have by Lemma 2.12.1 

th a t h \h 2 E H.  Therefore, [hih2 ,g\ E [H,g\. But

[hih2 ,g] =  [hi,g\[h2 ,g\
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by Lemma 2 .1 2 .1 , and so [hi,g][h2 ,g] € [H,g], Proving th a t [hi,g]° £ [H,g] for any 

a  £ Q[x] is just as easy. □

Theorem  2.12.2. The word problem for any finitely Q[x]-generated nilpotent Q[a:]- 

powered group is solvable.

Proof. Suppose th a t G is finitely Q[a;]-generated by X  =  { x \ , . . .  ,Xk).  By Theo­

rem 2.5.6, G has a poly-Qfx] cyclic and central Q[x]-series

1 =  Go ^  G\  ^  ^  Gj. =  G.

Therefore there exists a collection of elements u i , . . . , U r  in G such th a t Gj+i =  

gPQ[x]{ui+i,Oi). Then every g E G has the form g = where Oi £ Q[x].

Clearly, any relation which holds in G can be w ritten in the form =  1 for

suitable 7  ̂ £ Q[a;].

Let w — wq[x]{x i , . . .  ,Xr) be any word in X  =  { x i , . . . , xjt} which comes from 

taking products of Q[x]-powers of elements in W. Utilizing P. Halls’ collection process 

and the Hall-Petresco axiom provides us with an algorithm which allows us to rewrite 

w in the form w = ■■■vhf for suitable rji £ Q[x]. Once in this form, we can 

determine whether or not to =  1 in G. □

Theorem  2.12.3. Let G be any finitely Q[x]-generated nilpotent <L^[x]-powered group 

and let H  <q[i] G. Then G has a solvable generalized word problem. Put another 

way, if  g ^  G, then there is an algorithm which decides whether or not g E H.
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Proof. Let G and H  be as in the hypothesis. Suppose tha t

1 =  Go ^  G\ ^  ^  Gp =  G

is a poly-Q[a:;] cyclic and central Q[o;]-series for G. Then Gi =  gpiQ[x]{o-i,Gi-i) for

i — I , . .. ,p  and for some Oi , . . . ,  Cp in G. By Corollary 2.5.7, we know th a t H  also

has such a Q[a;]-series. Let’s construct this Q[x]-series of H.

1. First, le t’s consider the Q[a;]-subgroup H G p- i /G p- i  GjGp.-\. Then

HGp...i/Gp-\ is a Q[x]-subgroup of a cyclic Q[x]-group, hence is itself a cyclic 

Q[a;]-group. Suppose tha t H G p-i /G p- i  = gpQ[x]{bp,Gp-i) w ith bp e  H. Then 

bp =  ap^Gp^Sf • • • for some Aj e  Q[x]. I claim tha t H  = gpQ[x]{bp, H nG p-i ) .  To 

see this, let h e  H  and let liGp-i G i/G p_i/G p_i. Notice th a t hGp-i  =  b'pGp-i

for some 7 p G Q[x]. Hence h = bff Sp for some Sp ^  H  D Gp-i  and the claim is

verified.

2. Now consider the Q[x]-subgroup HGp^ 2 /Gp - 2  :̂ Q[x] Gp-i/Gp-. 2 , which is again 

a cyclic Q[x]-group. Then we can write H G p- 2 /Gp ^ 2  =  gPQ[x]{bp-i,Gp-2 ) with 

6p _ i  G i 7n G p _ i .  I claim th a t H n G p - i  — gPQ[x]{bp-i, HC\Gp-2) .  The verification 

is identical to the previous case. Let h G HCiGp- i .  Then hGp-2  G H G p -2 /G p -2 ,  

and so hGp-2  =  b'JfSfGp-2 for some 7p_i G Q[x]. Therefore h =  for 

some Sp_i G 77 n  Gp- 2  and the claim is proven.
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3. Putting  the above observations together, we inductively obtain

H  ~  5Pq[x] ( ^ p i P i  G^p-i)

~  9PQ[x]{bp:^p-lT H  r\ Gp-2 )

~  9PQ[x]{Pp : ^p—li  • ■ ■ ) ^1)

and thus we have a poly-Q[a;] cyclic and central Q[x]-series

1 = Ho < H p ^  H

such th a t Hi = gpQ[x]{bi, H - i )  for z =  1 , . . .  ,p.

Let’s now return to the generalized word problem for G. Suppose th a t g E G. We 

want to determine whether or not there is an algorithm which decides whether or 

not g ^  H. The proof is by induction on the length of the Q[x]-series for G. Well, 

notice th a t G\ =  <7PQp](ai) is a cyclic Q[a;]-group. Hence if ^ =  a“ for some a  G Q[a;], 

we want to know whether or not we can write a“ in the form ftp'' • • • for some 

ttj 6  Q[x]. This is easy to determine since each bi has the form bi =  of * • • ■ ap’’ for 

some j3i € Q[x] and we can effectively express a“ in terms of the O j’s. Now le t’s 

examine G/Gp-i .  Let gGp-i  G G/Gp-i .  If it were the case th a t g e  H,  then we 

would have gGp-i  G H Gp-i /G p- i .  This means th a t g =  f>p' '/p for some p,p G Q[a;] 

and fp G Gp-\.  Now observe tha t g =  bp’’ fp, then g E H  and only if fp G H. But 

fp G Gp-i  and, by induction, we can decide whether or not fp G H. This completes 

the proof. □
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Recall th a t a group G is called hopfian if whenever : G G is a surjective 

homomorphism, then (p is an isomorphism. It is known (see [2]) th a t finitely generated 

nilpotent groups are hopfian. A similar result holds for nilpotent Q[o;]-powered groups.

D e fin itio n  2 .12 .1 . Let G be a nilpotent Q[a:]-powered group. Then G is said to 

satisfy the ascending chain condition on Q[x]-subgroups if there does not exist an 

infinite properly ascending chain of Q[x]-subgroups of G.

As in the ordinary group case, it can be proven th a t a nilpotent Q[a;]-powered 

group G satisfies the ascending chain condition on Q[a;]-subgroups if and only if each 

Q[x]-subgroup of G is finitely Q[a;]-generated.

D e fin itio n  2 .12 .2 . A nilpotent Q[x]-powered group G is called hopfian if, whenever 

$  : G G is a Q[x]-epimorphism, then $  is a Q[x]-isomorphism.

P ro p o s it io n  2 .12 .4 . I f  G is a nilpotent Q[x]-powered group and G satisfies the 

ascending chain condition on Q[x]-subgroups, then G is hopfian.

Proof. Let $  : G G be a Q[x]-epimorphism and suppose th a t ker $  1. The proof

is by contradiction. For j  >  1, let =  $  o • — o $  denote the composition of $
j  o f  th e s e

with itself j  times. Clearly : G —> G is a Q[x]-homomorphism for each j  > 1. Let 

Kj  =  ker Observe tha t = 1 and =  ker $ . Since ker $  7  ̂ 1

and is a Q[x]-epimorphism, we have K j  C A'j+i. It follows th a t K i  C C ■ • ■ 

is an infinite properly ascending chain of Q[x]-subgroups of G. This contradicts the
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fact tha t G satisfies the ascending chain condition on Q[a;]-subgroups. Hence ker $  

is trivial and so <f> is a Q[x]-monomorphism. Consequently, $  is a Q[x]-isomorphism 

and so G is hopfian. □

C o ro lla ry  2 .12 .5 . Let G be a finitely Q[x]-generated nilpotent Q[x]-powered group. 

Then G is hopfian.

Proof. Let G be as in the hypothesis. Then by Theorem 2.5.5, every Q[a;]-subgroup 

of G is finitely Q[.x]-generated. Hence the above proposition applies. □

2.13 Free N ilpotent Q[T]-Powered Groups

Denote by Me be the class of all nilpotent Q[x]-powered groups of class at most c. 

Since every nilpotent Q[x]-powered group G  of class c is defined by a set of axioms 

and satisfies the relation

=  1 for all j  >  c +  1 ,

Me is a variety. Therefore, Me contains free objects. I will now give the definition of 

freeness in this variety.

D e fin itio n  2 .13 .1 . Let Me be the class of all nilpotent Q[x]-powered groups of class 

at most c. Then a group H  G Me is free in Me if it comes equipped with a set X  and 

a map p : X  H  such tha t for every nilpotent Q[x]-powered group K  & Me and
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every map 6  : X  —> K ,  there exists a unique Q[a;]-homomorphism ip : H  ^  K  such 

th a t p o  0 . We say th a t H  is free on X .  X  d  H  and p  is the identity map, we 

say th a t H  is freely Q[x]-generated by X .

The next theorem can be found in P. Hall [6 ].

T h e o re m  2 .13 .1 . Let G be a free nilpotent group of class c, freely generated by 

X  =  { z i , . . .  ,z„} . Then the <Q\x\-completion of G with respect to some Mal’cev basis 

is a free nilpotent Q[x\-powered group of class c, freely Q[x]-generated by X .  Moreover, 

i f  H  is a free nilpotent Q[x]-powered group of class c, freely Q[x]-generated by X ,  then 

H  ^  where G is a free nilpotent group of class c, freely generated by X  and

iig Q[x]-completion with respect to some Mal’cev basis.

T h e o re m  2 .13 .2 . Let G G A/’c, freely Q[x]-generated by X  = { z i , . . . ,  zjt}. Then 

G/Z{G)  G Mc-i is of one less class than G and is freely Q[x]-generated by the set 

X  = {x iZ { G ) , . . . ,X k Z { G ) } .

Proof. Suppose G be a free nilpotent Q[z]-powered group of class c, freely Q[z]- 

generated by X  =  { z i , . . . ,  z^}. Then there exists a free nilpotent group, H,  of class 

c, freely generated by X ,  such th a t =q[x] G. N o w , it is known th a t H /Z { H )

is free nilpotent of class c — 1, freely generated by X  =  { x i Z { H ) , . . .  ,XkZ{H)}.  By 

taking the Q[z]-completion of H /Z {H ) ,  choosing as the M al’cev basis for H /Z { H )  

the basic sequence of basic commutators of the set X  — { x i Z { H ) , . . .  ,XkZ{H)},
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we obtain a free nilpotent Q[x]-powered group of class c, freely Q[a;]-generated by 

X  — { x i Z { H ) , . . .  ,XkZ{H)},  namely {H/Z{H))^'^^\ Since G, it is easy to

see th a t

GiZ(G).

Hence, GIZ{G)  is a free nilpotent Q[a;]-powered group of class c -  1, freely Q[x]- 

generated by X  = { x iZ { G ) , . . . ,  XkZ{G)}.  □

The next theorem can be proven the same way as for ordinary groups.

T h e o re m  2 .13 .3 . I f  G is a free nilpotent Q[a;]-j30?/;ere(i group of class c and A  < G 

is an abelian subgroup of G, then A  is a free abelian group.

Let A  denote the class of abelian Q[a:]-groups. The following are proven exactly 

the same way as for Q[a;]-modules.

T h e o re m  2 .13 .4 . Let G e  A  be an abelian Q[x]-group with Q[x]-generators X  — 

{xj\ j  G J} .  Then G is free in A  i f  and only i f  G = where each Gi =

gpQ[x]{xi\ i G I)  is a torsion free cyclic Q[x]-group and I  is some index set.

C o ro lla ry  2 .13 .5 . Every Q[x]-subgroup of a free abelian Q[x]-group is a free abelian 

Q[x]-group.
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2.14 The M al’cev Correspondence

I will end the chapter with a discussion of the M al’cev correspondence between 

nilpotent Lie algebras over Q[x] and Q[a;]-completions of finitely generated torsion 

free nilpotent groups. Similar results are mentioned in R. B. Warfield, Jr. [14].

Let G* be a finitely generated torsion free nilpotent group and let u =  ( u i , . . . ,  u„) 

be a M al’cev basis for G. Denote by Q[a;]G the group ring of G over Q[a;]. E. For- 

maneks’ proof [3] of Jennings’ theorem shows th a t Q[a;](j' is residually nilpotent. Pu t 

another way, if A  denotes the augm entation ideal of Q[a:]G then

OO

P i =  0.
m = l

As usual, A  is Q[a;]-generated by elements of the form [g — l \ g &  G}. One can deduce 

from Jennings’ theorem th a t there exists an integer A; >  0 such th a t G embeds 

in a natural way into the quotient ring Q[x]G/A*’. More precisely, there exists an 

embedding +  given by ■)/) (^) =  1 +  (^ -  1) +  A*’. If we uniquely express

g in terms of the Mal’cev bases u, then g = for some a i , . . . ,  G Z. By

applying the straightening process described by S. A. Jennings [7], we have th a t V’ 

maps g to

^  ( t ) ■

As mentioned at the end of chapter one, 1 +  A/A*’ is a nilpotent Q[x]-powered group
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with Q[a;]-exponentiation defined as

1=0 ^ '

for all A G Q[x] and {g -  1) + A'  ̂ G A/A'^. Therefore, : G I + A/A'^ is a 

homomorphic mapping from a finitely generated torsion free nilpotent group into 

a nilpotent Q[x]-powered group. By Theorem 2.6.1 l̂) can be extended to a Q[x]- 

homomorphism (in fact, an embedding) —> 1 +  A/A'^ defined as

0 < n +  - - + i n < f c - l  ^   ̂ ^  \  n /

where a  G Q[a;] and denotes the Q[x]-completion of G  with respect to u =

( « i , . . .  ,u„).

Note, 'ip and Pp agree with each other whenever a i ,  • • • , o;„ G Z. Moreover, the Hall

polynomials which hold in G  with respect to the basis u = [ u \ , . . .  ,Un) also hold in

ip{G). Therefore, as the proof of Theorem 2.6.1 demonstrates, the same polynomials 

(which hold in as well as in G ) hold in '0 ( G ‘®f“^). This shows th a t elements of 

■0(G‘®[^1) multiply and Q[x]-exponentiate in the same way as those of

From now on, we will identify with its embedded image ^ ( G ‘'^td) in 1+A/A'^.  

T hat is to say, G is identified with

x; h )  ■ ■ ■ (7 ) - 1)'' • • • (“ » - 1 ) ' " + e  1 + A/A>^.
0 < i i + - + i n < f e - l  ^  \ * " /

I will now define the log and exp maps for our setting.
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1 . log ; 1 +  A jA ^  —> A jA ^  is defined as

^  I'-lV + i 
Iog(l +  (a +  A^)) =  ^   ̂ +  A'^

i=\ *

2 . exp ; A / A ’̂ -> 1 +  A /A ^  is defined as

k - l  ^

exp(a +  =  J ]  +  >1^
i=o *•

As usual the log and exp maps are inverses of each other:

1 . log(exp(a +  A^)) = a + A'^ and

2 . exp(log(l +  (a +  A'^)) == 1 +  (a +  A'^).

We will focus our attention on the restriction of the log and exp maps to particular 

subrings:

1 . log : —)• A/A'^ is defined as

/_i'i*+i
io g ( '4 ‘ . . . < » )  =  ^  i - J —  1)‘ +  / i ‘

i=l

2 . Let Af =  im log(G''^t*^) in A / A ’̂ . Then exp : M  is defined as

exp(m) =  ^
i= 0

where m  ~  log(ni* for some 7 i , . . . , 7 „ 6  QM - Observe tha t, by the

inverse property above, we can simply write exp(m) = • - v ^ .
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The next theorem will be used in the discussion of the M al’cev correspondence. 

The notations above will be the same as in what follows. Many of these results are 

analogues of the work done in S. A. Jennings [7], G. Baumslag [2] and R. B. Warfield, 

Jr. [14].

T h e o re m  2 .14 .1 . The submodule C of<Q[x]G/A^ spanned by log(G* l̂^^) is a Q[xj- 

module of dimension n and is a nilpotent Lie subalgebra over Q[x] of the commutation 

Lie algebra on Q[x]G/A*’.

Proof. Let (7*^^ =  I  ^  Q M } be a nilpotent Q[a:]-powered group of

class c. I claim th a t if re is a positive integer satisfying w > c and gi =  log(fij) for i = 

1 , . . .  ,w  where each hi G then (̂ î, g2 , ■ ■ ■, g-w) =  0 mod (as usual, we define

(a;i,2;2) =  .T1X2 -  2:2^1 and, inductively, (2:1, . . . ,  2:„_i, x„) =  ( ( x i , . . . ,  x„_i),  x„)). 

Well, note tha t we can write hi = exp(5'j) for each i = 1 , . . .  ,w.  Now, by applying the 

Baker-Campbell-Hausdorff formula (see [2] or [7]), we obtain

[^1,^ 2] =  h f ^ h f ^ h \h 2

= exp(-gi)exp{~g2)exp{gi)exp(g2)

=  exp(^i,52) +  •••

where the rest of the sum consists of com m utator terms in gi and g2 , each of 

whose com m utator weight exceeds 2. By induction, we have [hi,h 2 T ■ ■ ,hw] —
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exp (g'l, 5'2, • • •) 5ui) +  • • •) where the where the rest of the sum consists of commu­

tator terms in the g i ' s ,  each of whose commutator weight exceeds w .  Since 

has class c and w  >  c ,  w e  have that [hi, /12,. . . ,  h ^ ]  =  1. Therefore { 9 1 , 9 2 ,  ■ ■ ■, 9 w)  +  

Y ^ P j  =  0 mod A'^  where each P j  is a linear combination of commutators of the

form { 9 s ^ , . . .  , 9 s j )  where j  =  w  +  l , w  +  2 ,__  Rewriting the equation, we obtain

(^1,92,  - ■ ■, 9 w )  +  A ’̂  =  “  XlPj +  By same technique described in [7],

{ 9 \ t 9 2 i • ■ • ! 9 w )  +  6 { A / A ’̂ ) ' ^ ' ^ ^  for all 77 >  0 . For large enough N , we have

00

P i {a / a ’̂ y  -  A ’"-
v=o

Therefore { 9 1 , 9 2 ,  ■■■ , 9 w )  +  A ^  — A ’̂  and the claim is proven. This shows that 

( log(^sJ, . . . ,  log(ps„)) =  0 mod A ^  where each Sj G ( 1, . . . ,  w } .  Hence C ,  the span of 

log(G'’̂ [ î), is a nilpotent Lie subalgebra of the commutation Lie algebra of Q[3;]G/A*^. 

It can be proven just as in [7] that A  9  E  C ,  then there exists /3i , . . . ,  /3n G Q[a;] such 

that 9  =  P i  log(«i) +  ■ ■ • +  P n  log('Wri)' Hence the elements l og(u i ) , . . . ,  log(u„) form a 

basis for C .  This completes the proof. □

D e fin it io n  2 .14 .1 . £  =  C qqix] is called the L i e  a l 9 e b r a  of

I will now discuss the relationship between the Q[a;]-automorphisms of and 

the automorphisms of its Lie algebra, C  (see [2] for a similar result). Suppose that 

p  G AutQ[x](G‘®f̂ )}. Then p  induces an automorphism p  ; Q[x]G/A* —> Q[a;]G/A^
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defined by

' f  X I  +  /fM  =  X
\ f in i te  /  finite

where 7̂  e  Q[o:] and g i  G G .  Note that p  is indeed an automorphism, since for any 

9 u 92 e  Q [ x ] G  and P i ,  P2 e  Q[x], we have

p {P \9 i  +  P292 +  =  P\P{9i  +  +  P2p{92 +

For any g  G we have

' k - l

P(log{s)) =  +
, 1=1

Z=1
k — t /  \ j + l

= E { -!)•

-I
E ( - 7  > ■
,j=0

\ p

= E ^ ( E ( - 7 ( : ) w . r d + ^ ‘
j=i
k - l

d = 0

-1) i+1
■(p(s) -  l ) ‘ +  yl‘= E

i= l

=  log(p(5))-

The above computation shows that every p G AutQ[j;](G‘̂ f'̂ l) gives rise to an au­

tomorphism of the Lie algebra C  which maps log(C®l^l) onto itself. Now suppose 

that we are given p G A ut(£) which maps log(G' t̂' l̂) onto itself. Define the map 

7 ; ^  by g{g) — h li p{\og{g)) =  log(L). I claim that g G AutQ[j;)(G'^t*').

Let 9 i , g 2  and h G
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1. Suppose riigi) = r]{g2 ) = h. Then p(log(^i)) =  p(log(52)) =  log(/i). Since p is 

injective, we obtain log(.9 i) =  log(5f2)- Therefore, since log is an injective map, 

we have g\ =  g2 and so 77 is a Q[x]-monomorphism.

2. Let’s suppose we are given h G Since p is surjective there exists g G

such th a t p(log(p)) =  log(/i). Hence r}{g) — h and so 77 is a Q[a:]-epimorphism.

3 . Let 7] { g i g 2) =  h .  Then we know that p(log(pip2)) =  ^ o g ( h )  by definition of 77. We 

also know that log(piP2) =  log(fl'i) * log(:92) by the Baker-Campbell-Hausdorff 

formula (recall that exp 2: exp y =  e x p { x * y ) ) .  Hence log(piP2) =  log(^i)*log(^2) 

yields

p(log(piP2)) = p(log(pi) * log(p2))

=  p(log(pi)) * p(log(p2))

=  log(^)-

Therefore, if p(log(pi)) log(hi) and p(log(p2)) =  log(/i2), then 

log(h) =  log(fii) * log(/i2) =  l0g(/li/l2)- 

Since log is injective, h =  h \h 2 and so r]{g\g2 ) — p(pi)p(P2)-

In conclusion, AutQ[i](G'^t’̂ )̂ is isomorphic to the group of those automorphisms of 

the finite dimensional Q[a;]-module £  =  the span of log(G'^t^l) which maps the subset 

log(G‘̂ t’̂ )̂ onto itself.
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I will now discuss the M al’cev correspondence between Q[x]-completions of finitely 

generated torsion free nilpotent groups and nilpotent Lie algebras over Q[x]. Let G 

be a finitely generated torsion free nilpotent groups with some M al’cev basis u — 

{ u i , . . .  ,Un)- By Theorem 2.14.1, the submodule of Q[x]G'/yl*’ spanned by log(G'‘̂ f’̂ )̂, 

namely C, is a nilpotent Lie subalgebra over <Q[x] of the com m utation Lie algebra on 

Q[x\G/A^.  In [2]), G. Baumslag proves tha t if A is any residually nilpotent Lie algebra 

over a field of characteristic 0, then (A, *) is a group, where the binary operation, *, 

is defined by the Baker-Campbell-Hausdorff formula

X * y =  log(exp(a:) exp(y)) =  a; +  y +  ^(a;, y) +  ^ ( y ,  x, x) +  • • •

for any x, y € A. Using methods similar to those in [2], it can be seen th a t (£ , *) is a 

group. In fact, (£ , *) =  £* is a nilpotent Q[x]-powered group with multiplication * 

and Q[x]-exponentiation defined by =  a.g for any g G C* and a  G Q[x]. Notice, 

in particular, th a t if log(/i) e  C* and (3 G Q[x], then log(/i''^) =  /?log(/i) =  [log(/i)]*'^. 

Define the mapping 4> : -> L* by $(y) =  log(y). Then $  is a Q[x]-isomorphism:

1. Let yi ,y2 £ such th a t $ (y i) — $ (y 2)- Then log(yi) =  log(y2) and so 

gi =  y2- Hence is a Q[x]-monomorphism.

2. Let h +  G C*. Then exp(/r +  A*’) =  g for some g G Hence h + ~

log(y) =  4>(y) and so 4> is a Q[x]-epimorphism.

3. $  is a Q[x]-homomorphism since
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(a) ^{gi92) =  log(pi^2) =  log(^i) * log((72) =  $ (5 i) * ^ { 9 2 )

(b) $(£?“ ) =  log(fif“) =  a\og{ 9 ) = Qf$(fif) =  [$(£?)]*“ for any a  e  Q[x].

The inverse map, : C* —>■ is given by $ “ ^(0 =  exp(/). Observe th a t if

a i log(^i) * ••• * cTr log(^r) G where a, G Q[a;] and gi G then we have

log(^i) * ■ • • * (7r log(^r)) =  exp(cTi log(5fi) * • • • * log(^r))

=  exp(c7i log((?i)) • • - exp(o-^ log(^r))

=  g V - ' -9 r ^

by repeatedly using the Baker-Campbell-Hausdorff formula. Now, suppose tha t 

G is as above with M al’cev basis u =  ( u i , . . . , u „ )  and let H  be another finitely 

generated torsion free nilpotent group with some M al’cev basis v = ( v i , . . .  ,Vm)- 

Let T ; defined as r ( u “ ' •••?/“") =  log(M“‘ • • • and f  :

//QW £ ^ q(x] as =  log(uf* Then the Q[o;]-homomorphism

0  : -> defined by (/>(«“' • • -u"") =  ■ - v ^  induces a homomorphism

0 : £ gQ[»̂i between their respective Lie algebras. This mapping is defined

as 0(log(u"^ • • • '«“")) =  log(uf' • • Observe tha t 0  =  f  o </> o and so the

maps commute. Moreover, suppose : £  —>■ Ad is any homomorphism between 2 

nilpotent Lie algebras over Q[x]. Let ii : £  -> £* and 62 : A4 -> Ad* be the identity 

mappings of the Lie algebras into their respective groups with operation *. Then 

n  induces a Q[x]-homomorphism, Q : £* -)■ Ad* in the obvious way. In fact. Cl is
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a Q[a;]-isomorphism if and only if Q is a Lie algebra isomorphism (see P. F. Pickel 

[13] for the similar result of when the Lie algebras are over a field of characteristic 

0). In conclusion, the correspondence between nilpotent Lie algebras over Q[x] and 

Q[x]-completions of finitely generated torsion free nilpotent groups is categorical.
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Chapter 3 

Z[x]-Groups

In this chapter, I will discuss a specific kind of exponential group known as a Z[x]- 

group. I ’ll begin by defining an yl-group and focus on the case where A  =  Z[x]. The 

notion of an A-group was first introduced by R. C. Lyndon [10]. An additional axiom 

was incorporated into Lyndons’ list by A. G. Myasnikov and V. N. Remeslennikov in 

[12], This axiom allows one to view an abelian A-group as an A-module. It is the 

la tter definition th a t I will be using from now on.

I will develop the theory and terminology of several different types of classes of 

Z[a;]-groups. Such classes include A/”*-groups, X-groups, torsion Z[a;]-groups, 7?.-groups 

and Z[a:]-groups of type HR The chapter concludes with a discussion of unitriangular 

Z[x]-groups.

110

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3.1 Basic Notions and Results

D efin itio n  3 .1 .1 . Let A  be any associative ring with unity and G be an arbitrary 

group. Suppose tha t G is equipped with an action by A,

G X A  G defined by (g, a) h-)- g°‘,

such tha t for all 5 G G and for all a  e  A,  the element 5 “ G G is uniquely determined. 

Then G is called an A-group or an exponential group if the following axioms hold:

1- 9^ — 9■> 9°‘9^ — (9 ° )̂  ̂ — 5'“'̂  for All g E G  and for all a, P ^  A.

2. {h~^gh)°‘ =  h~^g°‘h for all g ,h  E G and for all a  ^  A.

3. If G G satisfy the relation [g, h] = I, then {ghY  =  g^h>̂  for all p  e  A.

Note. If f? is a binomial ring and G is a nilpotent i?-powered group, then axiom 3 

above holds by the Hall-Petresco axiom. Therefore every nilpotent i?-powered group 

is an i?-group.

We focus our attention on the specific case where A — Z[x]. Some consequences 

of the definition are

L em m a  3.1 ,1 . Let G be a 'L[x]-group. Then 

{ 9 ^ ) ~ ^  — 9 ~ ^  / r ’r' all P  €  1 j[x ].

2. =  1 for all g £ G.
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3. 1“ =  1 for all a  e  Z[x].

4 . i f  [g, h] — 1 where g ,h  € G, then h^] = 1 for all a,/3 ^  Z[x].

Proof. The first two statem ents are clear. As for 3, notice th a t if g e  G then =  

(1^)" since [1,^] =  1. Thus =  g°‘ and so 1“ =  1. For 4, observe th a t if [g,h] — 1 

where g ,h  e  G, then [ĝ ,̂ h] = 1 for all a  £ Z[x] since h~^g~°‘h =  {h'~^gh)~°‘ =  g~°‘. 

Hence, g~°‘h~^g°‘ =  {g^°‘h~^g°‘Y  — {h~^Y and the result follows. □

Next I will give some preliminary definitions which will be used throughout this 

chapter. From this point on, all subrings of Z[x] will be with unity.

D efinition 3.1.2. Let G be a Z[.T]-group and let iF be a subring of Z[x]. Then H  is 

called a K-subgroup of G if H  < G and g°‘ £ H  for all g £ H  and a  £ K.

I will denote “AT is a A'-subgroup of G” by H  <k  G.

Definition 3.1.3. Let G be a Z[a;]-group and K  a subring of Z[x]. Then N  is a 

normal K-subgroup of G if N  <z[i] G  and N  < G .

I will denote ‘W  is a normal A'-subgroup of G" by N  G.

Lemma 3.1.2. Let { G ] , . . . , G „ }  be any (possibly infinite) collection of Z[x]-groups. 

Then Pl^Li ® Z[x]-group.

Proof. Verifying th a t the axioms hold in Pl"_^ Gj is straightforward. □
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D efin itio n  3 .1 .4 . Let G he & Z[a;]-group and let K  he a, subring of 1j[x ]. If 5  =  

{s’! 5 • • •) 9fe} is a subset of G, then

n  [ H i ]  9Pk{9u ■ ■ ■, 9k)
ScHi<KG

is called the K-subgroup of G which is K-generated by . . .  ,gk}- We call S  a set 

of K-generators for H.

In particular, suppose th a t K  =  Z[xJ. One can describe gpz[xj(‘S') in the following 

way: let So = 9P{S),  Si  =  gp{go° \ go G So, oo G Zj[x]) and define inductively 

5„+i =  gp{gn" \ gn ^  Sn, an e  Z[x]). Then

OO

9Pzix]{S) =  I J  5„.
n=0

An element g G gpz[x]{S) is called a Z\x]-word in S.

The next lemma can be found in [12].

L em m a  3.1 .3 . Let G be a Z[x]-group. I f  N < G ,  then gpz[x]{N) ^  G.

D efin itio n  3 .1 .5 . Let G be any Z[a:]-group and let H i , H 2  <z[x] G. Then 

[Hi, H 2 ]z[x] =  9Pz[x]{ [hi, L2] I hi G Hi,  /12 G H 2 )

is the commutator Z[x]-subgroup of Hi and H 2 - In particular, [G,G]z[x\ is the derived 

Z[x]-subgroup of G. If H i , . . . ,  Hi <z[x] G then we recursively define, for i > 2,

[Hi, ■ ■ ■, Hi\z[x] — [[-̂ 1̂) • ■ •) Hi î\z[x], Hi 
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Remark. By the previous definition and lemma, it follows th a t if G is any Z[x']-group, 

then [G, G}z[x] ^  G.

L em m a 3.1 .4 . Let G be a 'L[x\-group with H  <z[x] G and N  <z[x] G. I f  H  < G and 

N  < G ,  then [H, N]z[x] ^  G.

Proof. If H  < G and N  ^  G, then [H,N] < G. However, gpz[x]([H, K]) ^  (S' by 

Lemma 3.1.3. Since gpz[x]{[H, K]) — [H, K]z[x], the proof is complete. □

The product of two Z[x]-subgroups of a Z[x]-group is defined in the obvious way.

L em m a  3 .1 .5 . Suppose G is a Z[x]-group with normal Z[x]-subgroups H, K  and L. 

Then

[HK,L]z[x] = gPz[x]{[H,L], [K,L])

and, similarly,

[H,KL]z^x]=gPz[x]{[H,K], [H,L])

Proof. I will prove the first of the claims. The other works the same way. Suppose 

X E H, y E K  and z E L. Then we have [xy, z] E  [HK, L]. Now, [xy, z] — [x, z] 

and [x, z]y E [H, L] since [H, L] < G. Hence

[xy,z] E gpz[x]{[H,L], [K,L]).
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If we now take Z[a:]-words in elements of [HK, L]z[x], we can repeatedly use the above 

identity to rewrite our Z[a;]-word in terms of elements of both [H, L] and [K, L]. Hence

[HK,L\z^x](1 9 Pz[.]{[H,L], [K,L]).

Clearly,

gp [̂x]{[H,L],[K,L])c[HK,L] l̂x].

This completes the proof. □

3.2 Ideals

Given a normal Z[a:]-subgroup N  of a Z[a;]-group G, the quotient group G / N  need not 

be a Z[a;]-group. In this section I will discuss a special class of normal Z[a:]-subgroups 

for which the Z[x]-action of G induces a Z[a;]-action on G /N .  Such subgroups are 

called ideals (see [12]). I will give the definition of an ideal for an arbitrary  H-group.

D efin itio n  3 .2 .1 . Let G be an H-group and let be a normal yl-subgroup of G. 

Then N  is called an ideal of G if

1. g'~°‘{gn)‘̂  G N  for any g E . G , n ^ N , a E A  and

2. if [g, h] e  N  then h~°‘g~^{gh)°‘ G N  for any g ,h  € G , a  e  A.

L em m a  3.2 .1 . Let G be a 'L[x]-group and let N  be an ideal o fG .  Then

g N  =  h N  implies g ^ N  =  h ^N  
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for any g ,h  E G and any (5 E l^x].

Proof. Suppose g N  — hN.  Then there exists n E N  such th a t gn = h. For every 

P E Z[x], we have { g n y  =  h^. Since N  is an ideal of G, g~^{gnY  =  h  for some 

h  E N.  Therefore (gn)^ =  g^h =  . Thus g ^ h N  = h ^ N  and so g ^N  = h^N.  □

T h e o re m  3.2 .1 . Let G be a Z[x]-group and let N  be an ideal of G. Then the Z[o:]- 

action on G induces a Ij[x]-action on G /N ,

{ g N Y  — g ^ N  for  all g E G and (d E ^[x],

which turns G / N  is a 1j[x]-group.

Proof. Suppose g N  = h N  for some g ,h  E G. Then for every P E 7j[x], we have 

(gN)^  =  {hN)^.  By the previous lemma, this becomes g^^N — h°‘N.  Hence this 

Z[x]-action is well-defined. I will verify the Z[a;]-axioms for G /N:

1, ( g N y  = g^N  =  gN.

2 , (gNrigN)!^  =  {g^N){g^N) = {g^g^)N =

3, [{gN)y^  =  { g ^ N y  = [(^“)^]iV =  g^f^N = {gN)^^.

4, { g N y y h N r i g N )  = {g-^N){h^N){gN) = (g~^h<^g)N = [{g~^hgr]N = 

[ig-^hg)N]- = [ { g N y y h N ) { g N ) ] T

5, (gN)(hN)  — (hN){gN)  yields [g,h] E N.  Hence h~'^g~°‘{gh)°‘ E N  and, conse­

quently, {hN)~'^{gN)^°'{gNhN)°‘ E G/N.
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□

It is clear th a t if G is a Z[x]-group, then G and {1} are ideals of G. However, it 

may not be the case th a t Z{G)  and [G, Gjzp] are ideals of G. It is worth noting th a t 

Z(G)  does satisfy the first condition of the definition, for if C  is a Z[a;]-group with 

g ^  G, then [g,z] =  1 for any ^ G Z{G)  and A G Z[x]. Consequently, {gz)^ =  g^z^ 

and so g~^{gz)^ G Z{G).

L em m a  3 .2 .2 . Let G be a Z[x]-group and suppose {iVi,. . . ,  iV/t} be a collection of  

ideals of G. Then is an ideal of G.

Proof. It suffices to show th a t Ni  H N 2 is an ideal of G. The result will follow by 

induction. Let g £  G and suppose th a t n G Â i H Ns- Then n E N\  and n E N 2  

implies th a t g~^{gn)°‘ G Ni  and g~°‘{gn)°‘ G N 2 for all a  G Z[x\. Therefore g~°‘{gn)°‘ G 

Â i n  Â 2. Now suppose th a t [g, fi] G Â i PI N 2 for some g ,h  E G. Then [g, h] G Ni  and 

[g,h] G N 2 . Hence h~°'g~°‘{gh)^ G Ni  and h~°‘g~°‘{gh)°‘ G N 2 for every a  G Z[x]. 

Therefore h^°‘g~°‘{gh)°‘ G N \ n N 2 - This completes the proof. □

L em m a  3.2 .3 . Let G be a Z[x]-group. I f  N  is an ideal of G and H  <z[x] G, then 

H N  <z[x] G and gpz[x]{H, N )  =  H N .

Proof. Let h E H , n  e  N  and A G Z[x], Then h~^{hn)^ G N  since N  is an ideal of G. 

Therefore there exists fi E N  such tha t (hn)^ =  h^fi. Hence (hn)^ E H N .  The rest of 

the proof is straightforward. □

117

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



L em m a  3 .2 .4 . Let G be a Z[x]-group and suppose N  <z[x] K  and K  <z[x] G. I f  N  

is an ideal of G, then N  is an ideal of K.

Proof. Let N  be an ideal of G. Clearly, N  <x[x] K. n E N  then g'~°‘{gn)° e  N  for 

all g E G and a  E Z[x], Since K  <^[i] G, the above holds, in particular, for all g E K.  

Verifying the other part of the definition is just as easy. □

L em m a  3 .2 .5 . Let G be a Z[x]-group. Suppose that H  <z[x] G and N  <z[x] G. I f  N  

is an ideal of G, then H  n  N  is an ideal of H.

Proof. It is clear tha t HriN<x[x]H.  I claim th a t H O N  is an ideal of H. Let n E H o N .  

Since N  is an ideal of G, we have h~°‘{hn)°‘ E N  for a\\ h E H  and a. E Z[x]. 

However, n E H  yields h~°‘{hn)°‘ E H. Therefore, E H  C\ N.  Suppose now

th a t h \ , h 2 E H  satisfy the condition [/ii, h 2 ] E H  N.  Then for arbitrary  a  E Z[x], 

we have h f ^ h f ° ‘{hih2 )°‘ E N  since N  is an ideal of G. Clearly hf°‘hf° ‘{hih2 )°‘ E H. 

Therefore h f ° 'h f ‘̂ {hih 2 )°‘ E H  C\ N  and so i f  Cl V  is an ideal of H. □

3.3 Z[a;]-Mappings

D efin itio n  3 .3 .1 . Let 4> : G ^  G he a mapping between two Z[a;]-groups. Then 

0 is a Z[x]~homomorphism if <j){gh) =  <j){g)<f{h) and <t){ĝ ) ~  [4>{g)]  ̂ for all g , h E  G 

and A E Z[x]. Homz[x]iG,G)  will represent the collection of all Z[a:]-homomorphisms 

from G to G.
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The terms Z[x]-monomorphism, Z[x]-epimorphism, Z[x]-isomorphism and Z[a:]- 

automorphism are defined in the obvious way. Autz[x] (G) will represent the collection 

of all Z[x]-automorphisms of G.

The image of (f> is 4>{G) and will be denoted by im (j). The kernel of (j), denoted 

by ker (j),is {g e G  \ (f){g) =  1}.

Lemma 3.3.1. Let cf) : G G be a n  Z[x]-homomorphism between two Z[x]-groups. 

Then im (f) is a Z[x]-subgroup of G and ker 4> is an ideal of G.

Proof. It is easy to show th a t im is a Z[x]-subgroup of G  and th a t ker is a normal 

Z[x]-subgroup of G. I will prove th a t ker (p is an ideal of G. Let 0 : G —>• (5 be as 

above.

•  Suppose k € ker (p. Then for every g E G and fd € Z[x], we have

=  \4>{g)Y'^[^{g)(l>{'k)f =  i

since (f){k) =  1. Therefore g~^{gkY  € ker p.

•  Now suppose g ,h  E G satisfy [g,h] G ker <p. Then <f){g~^h~^gh) = 1 gives us 

<t>{g)4>{h) =  (p{k)(j){g). Since (p{G) is a Z[a:]-subgroup of G, by one of our Z[x]- 

group axioms, we have {(j){g)4){h))°‘ =  (p{g)‘̂ (p{h)°‘. Therefore,

f>{h-^g-^{ghT) = m ~ ^ H g r ^ { M m r  =  i-

Hence, G ker p.
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□

Corollary 3.3.1. Let (j) : G G be an h[x]-homomorphisni between two Z[x]-groups. 

Then G jker  4> is a Z[x]-group.

Theorem  3.3.2 (First Z[a;]-Isomorphism Theorem ). Let (j) ■. G G be an Z[x]- 

homomorphism between two Z[x]-groups. Then

G/ker(j) (j){G).

Theorem  3.3.3 (Second Z[a;]-Isomorphism Theorem ). Let G be a Z[x]-group, 

H  <z[x] G and N  an ideal of G. Then

H N / N  H / H n N .

Theorem  3.3.4 (Third Z[x]-Isomorphism Theorem ). Let G be a Z[x]-group and 

let H, K  be ideals of G with K  <z[x] H. Then

G / K
G / H

H / K '

Lemma 3.3.2. Let G and H  be Z[x]-groups. Suppose that (j) : G H  be a Z[x]- 

epimorphism and N  is an ideal of G containing ker 4>. Then (j){N) is an ideal of

H. /■

Proof. It is easy to verify th a t (^{N) <z[x\ H. I claim th a t (j>{N) is an ideal of H. Since 

^  is a Z[x]-epimorphism, if a G i?  then a =  0(d) for some d G G. If (j){g) G 4>{N) for
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some g E G  and a  6 'Z[x], then

{o4ig)T  = = {Hag))°

=  (j){{ag)°‘) =  4>{a°‘g) for some g E N  

= (0(h))“0(5) =

Therefore, a °‘{a(j){g))°‘ E

If a =  (f){d), b =  (j){b) E H, [a, b] E (l){N) and a  E Z[x], then

[(f>{a),(l)(b)] E (t>{N) (f){[d,b]) E (p{N)

[a, 6] € iV 

6-“o -“ (a6)“ e  N  

0 ( r “ a - “ (a6)“ ) G (j){N)

Hence 4>{N) is an ideal of H. □

L em m a  3 .3 .3 . Let G and H  be Z[x]-groups. Suppose that (p : G —> H  is a Z[x]- 

epimorphism and N  is an ideal of H. Then 4>~^{N) is an ideal of G, where

r ^ N )  = { g E G \ c P { g ) E N } .
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Proof. Clearly, (p ^{N) ^zix] G. I will show th a t p ^{N) is an ideal of G. Let g G 

G , a  E Z[x] and n G (p~^{N). Then (p(n) G N  implies

H i a n T )  = =  {(f>{9)(f>{n)T

— (0 (5 ))'^’̂  for some m  E N.

Consequently, we have tha t

(!>{{gn)T =  {(t>{g)Trn

g ,h  E G such tha t [g,h] G (j> ^{N), then it easy to verify th a t h °“g °‘{gh)°‘ G 

( p - \N ) .  □

L em m a  3.3 .4 . Let G be a Z[x]-group. Suppose M  <z\x] G and N  is an ideal of G. 

I f  M / N  is an ideal of G /N ,  then M  is an ideal o fG .

Proof. Let g N  G G / N  and m N  G M / N .  Then fo r  every a  G 1\x], we have 

{gN)~°‘{gNm N)°‘ G M / N .  This condition is equivalent to g^°‘{gm)°‘N  G M / N .  This 

implies th a t G M.  Now suppose g ,h  e  G satisfy [g,h] G M.  Then by
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applying the natural Z[a;]-epimorphism tt : G* -> G / N  we obtain, for any a  G Z[x],

7r(b, ^]) e  7t(M ) [gN, hN] G M / N

= >  { h N ) -^ { g N ) -^ { g N h N )^  G M/A^

= >  h - ^ g - ^ { g h Y N  G M/iV 

h - ^ g - ^ { g h y  G M.

□

3.4 Direct Products

Let (Gil i G /}  be a family of Z[a;]-groups indexed by a non-empty set I.  Define the 

set (5 =  { /  : /  —t {Ji^jGi  I f{ i)  G Gi for all i G /} . Then G becomes a Z[x]-group on 

defining multiplication and Z[a:]-exponentiation as follows:

1- ( / / ') W  =  /W / 'W ,  where / , / '  G (5 and i G /

2. /'^(?) =  for all A G Z[x]

An element g ^  G can be viewed as a ’’vector” g = {gi, . . . ,  g i , . . . )  whose coordinate 

is gi =  /(«) G Gj for all ? G / .  By viewing the elements of G in this way, the group 

operations become

1. {gi, . . . , g i , . .  .){hu . . . , h i , . . . )  = (gihu ■ ■ - ,gihi , . . . )  for all gi,hi G G*

2, (^1, . . . ,  .. .)^ == {g^, . . . , g ^ , . . . )  for all gi G Gj and for all A G Z[x]
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D e fin itio n  3 .4 .1 , The Z[o:]-group G described above is called the unrestricted direct 

product of the {G,}’s, denoted by

G = l [ G i .
iei

D e fin itio n  3 .4 .2 . Let {Gj| « G /}  be a family of Z[3;]-groups indexed by a non-empty 

set I. Then a group G is termed a direct product of the C j’s, which will be denoted 

by

G ^ l [ G ^ ,
iei

if there exists Z[x]-monomorphisms (pi : Gi G such tha t

1. Pi{Gi) <z[x]G

2. G = gpz[x]{[Jiei‘fiiGi))

3. pi{Gi) gpz[x]{\Jj^i^3 {Gj)) = 1 for i , j  G /  and 1 e  G denoting the identity 

element.

As usual, if 7 is a finite index set 7 =  {1 , 2 , . . . ,  n}, then the direct product of the 

{Gi}’s is w ritten as I lje /  Gj =  Gi x • • • x G„.

Note. Given a family of Z[a:]-groups {Gj| i G  7}, if we set

G = | / e  r i G .  \ f{ i)  = 1 except for finitely many i G 7 | ,  

then G =  Yliei Gi- By the above observation, G =  H ie/ Gi is a Z[a;]-group.
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3.5 Abelian Z[x]-Groups

It was mentioned in the introduction of this chapter th a t an abelian Z[a;]-group can be 

viewed as a Z[a:]-module by interpreting group multiplication and Z[a:]-exponentiation 

as module addition and scalar multiplication, respectively. If 5  G (? and a  G Z[x], 

one simply writes the group element ,9“ as ag  and all of the module axioms are 

satisfied. Notice th a t Z[x]-subgroups of an abelian Z[a:]-group are just submodules of 

the Z[a:]'module.

Lemma 3.5.1. Every I j [x ] -subgroup of an abelian Z[x]-group G is an ideal of G.

Proof. Let N  <z[x] G. It is obvious th a t N  is normal in G. If 9  G G and n E N,  then

g^^{gnY = £ N  for any /? G Z[x] since [g,n] =  1. Moreover, [91 , 92] =  1 G for

all 9 i ,9 2  G G implies th a t 9^^9 i~^(9 i92)^ =  1 G Â . Hence N  is an ideal of G. □

Definition 3.5.1. G is a cyclic Z[x]-group if G =  gpz[x]{g) for some g e  G.

Note. One can easily see th a t a Z[a;]-subgroup of a cyclic Z[x]-group is not necessarily 

cyclic. For example, if G =  9 Pz[x](9 ) then the Z[a:]-subgroup H  =  9 Pz[x](9 ,̂ 9 ^) cannot 

be Z[x]-generated by a single element of the form 9  ̂ for some (5 G Z[x\. This is due 

to the fact th a t < 2 ,x  > is not a principal ideal in Z[x\.

Theorem  3.5.1. Every Z[x]-subgroup of a finitely Z[x]-generated abelian Z[x]-group 

is finitely Z[x]-generated.
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Proof. Let G be a finitely Z[x]-generated abelian Z[x]-group with H  <z[x\ G. Then 

G can be viewed as a Z[a;]-module and H  a submodule of G. Since Z[x] is a noethe- 

rian ring every submodule of G is finitely generated. In particular, H  (viewed as 

a submodule of G) is a finitely generated submodule of G. Therefore H  is finitely 

Z[a:]-generated as an abelian Z[x]-group. □

L e m m a  3.5 .2 . Let (p : G G be a Z[x]-hoTnomorphism between two Z[x]-groups 

and suppose that G is an abelian Z[x]-group. Then im p  is an ideal of G.

Proof. Let im p  — I.  Clearly, /  <z[x] G since /  is a Z[x]-subgroup of an abelian 

Z[x]-group. Suppose (p{g) G I,  g ^  G, and a  6  Z[a:]. Then

{9P{9)T = 9'"{p{9)T

because G is an abelian Z[a;]-group. Since /  <z[x] G, we have {p>{g))°' € I .  Hence, 

g^°‘{gp{9)Y  €  / .  If h G  G satisfies [g,h] G I  then h~°‘g~°‘{gh)°‘ G  I  since both 

conditions become vacuous. □

3.6 X-Groups

D efin itio n  3 .6 .1 . G is termed an X-group if every normal Z[x]-subgroup of G is an 

ideal of G.

Remark. It follows immediately th a t if G is an I-group, then Z{G)  and [G, G]z[x] are 

ideals of G.
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Lemma 3,6.1. Every abelian 'L[x]-group is an X-group.

Proof. We know tha t every Z[a;]-subgroup of an abelian Z[x]-subgroup is a normal 

Z[a;]-subgroup. Lemma 3.5.1 now applies. □

Theorem  3.6.1. Suppose G is an X-group and N  <z[x] G. Then G / N  is an X-group.

Proof. Let H / N  <z[x] G /N .  Observe th a t H  G (clearly the usual correspondence 

theorem holds for Z[a;]-groups). Hence both N  and H  are ideals in G. I claim th a t 

H / N  is an ideal oi G /N .

1. Let g N  e  G /N ,  h N  G H / N  and a  G 1[x\. Then

[ g N Y ^ i g N h N Y  = g-^{gh) ‘̂ N  =  g-'^g^hN  G  H /N ,

where h E H.

2. Let g \N ,g 2 N  G G / N  such th a t [g\N,g2 N] G H /N .  Then [g\N,g2 N\  =  

[gii ^  H / N  implies th a t [gi,g2\  € H.  Now, since H  is an ideal of G, we have 

th a t gf '^g f '^ igm) ' '  e  i f  for any a  G Z[x]. Hence, {g2 N ) ~ ‘̂ {giN)-^{gxNg 2 N )^  G 

H /N .

□

Corollary 3.6.2. Let G he an X-group and N  <z[x] G. Then Z { G /N )  is an ideal of 

G/N.

Proof. By Theorem 3.6.1 we know th a t G / N  is an I-group. Since Z { G /N )  ^z[x]G/N,  

the result immediately follows. □
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3.7 Z[a;]-Series

D e fin itio n  3 .7 .1 . Let G be a Z[a;]-group and suppose th a t G has a series

1 = Gq ^  G\ ^  ^  Gji =  G.

Then the series is termed a

1. Z[x]-series if Gi <z[x] G for i =  0 , . . . ,  n

2. normal Z[x]-series if Gi <z[x] G  for each i = 0 , 1 , . . .  , n

3. ideal Z[x]-series if Gj is an ideal of G for each i — 0 , 1 , . . .  , n

4. central Z[x]-series if it is an ideal Z[a;]-series which is central. In other words, 

each Gj is an ideal of G and G j+j/G j <  Z (G /G j) for each i =  0 ,1 , . . . ,  n — 1 .

Note. If G is an J-group, then every normal Z[a:]-series is an ideal Z[a;]-series. Fur­

thermore, if G has a central Z[a;]-series 1 =  Go <  Gi <  • • ■ <  G„ =  G, then each 

factor group, G j+ i/G j, is a Z[x]-group.

The next lemma is proven in the usual way.

L em m a  3 .7 .1 . I f  G is a Z[x]-group, then the Z[x\-series 1 =  Gq <  Gi < • • • <  G„ =  

G is a central Z[x]-series if  and only if  [Gj+i, G]zp] < Gj for  each i — 0 , . . .  , n  — 1.

As we already know, not every Z[x]-group necessarily has a center or derived 

Z[x]-subgroup which is an ideal. Consequently, the subgroups of the upper and lower

128

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



central series need not be ideals. This means th a t the factor groups of these series 

may not be Z[a:]-groups. For the class of X-groups, though, all such subgroups are 

ideals.

L em m a  3.7 .2 . Let G be an I-group. Then each of the subgroups of the upper and 

lower central series is an ideal ofG .

Proof. I will prove the result for the subgroups of the upper central series. The proof 

is by induction on term  of the series.

•  W hen 2 =  0, then we have (iG/CoG = Z{G/CoG) which is equivalent to 

CiG =  Z{G).  Since G is an J-group, Z{G)  is an ideal.

•  Suppose C,jG is an ideal of G for all j  < 2 +  1 . I claim th a t O+iG' is also an 

ideal of G. We know th a t QG is an ideal of G by induction. Therefore G /Q G  is

an J-group by Lemma 3.6.1. Hence Z{G/QG)  is an ideal of G/QG.  However,

Z{G/C,iG) — Qj^iG/QG and so 0+ iG  is an ideal of G by Lemma 3.3.4.

The proof for the subgroups of the lower central series is easy. □

I will now define a special kind of Z[o;]-series for a Z[a;]-group.

D e fin itio n  3 .7 .2 . Let G be any Z[x]-group and let

G  =  F * ( G )  <  F * ( G )  <  . . .  <  F * ( G )  <  . . .
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be a Z[a:]-series for which the r* (6 *)’s are defined as follows:

G =  n ( G )  and

r*+.{G) =  f |  {H ,} ,

where the {i/fc}’s are ideals of G indexed by some set K.  Then the Z[a;]-series of 

{r*(G )}’s is called an S*-series.

Remark. It is clear by Lemma 3.2.2 tha t each r*(G ) is an ideal of G.

In particular,

r ;(G )  =  f l  {H ,}

where the Hk's are ideals of G indexed by some set K.  It is clear from the definition 

th a t [r*(G), G]i[x] < r*+i(<j)- Hence the 5*-series is a central Z[a;]-series if r*(G ) =  1 

for some j  G Z+. Whenever there is no ambiguity, I will abbreviate r*(G) =  F*.

Note th a t if G is an I-group, then F*(G) =  Fi(G) for each i.

3.8 A^*-Groups

In this section I will introduce the notion of an A^*-group. The »5*-series of an 

A/’*-group plays an im portant role in proving the results of this section.

D e fin itio n  3 .8 .1 . A Z[o:]-group G which possesses a central Z[a;]-series is called an 

-group. The minimal length of all possible central Z[a:]-series for G is called the 

J\f* class of G.
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T h e o re m  3 .8 .1 . Let G be an M*-group and suppose that

G = G\ ^  G 2 ^  ^  Gm+i — 1

is any central Ij[x\-series for G. Then <  Gj+i for  i =  0 , 1 , . . .  ,m.  Furthermore, 

if  G is an X-group as well, then QG > Gm-i+i-

Proof. Let G be an A^*-group with the series given above. The second part of the 

theorem follows from Lemma 3.7.2 and standard arguments. I will prove the first 

part by induction on i :

•  For f =  0, we have F* =  G =  Gi.

•  Suppose th a t the result holds for all j  < i and assume F* <  Gj. Then

[T*,G]z[x] < [Gj,G]z[x] < Gj+i.

Now each Gp is an ideal of G for p =  1 , 2 , . . . ,  m + 1 . In particular, we have th a t 

Gj+i e  {Hk},  where

=  n
and the HPs  are ideals of G indexed by some set K. Hence, F̂ ^_i <  Gj+i. This 

completes the proof.

□

C o ro lla ry  3 .8 .2 . Suppose G is an M*-group. Then F*_,_i =  1 «/ and only if  G is of 

M* class c.
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C o ro lla ry  3 .8 .3 . Suppose G is an M*-group and an X-group as well. Then the 

following are equivalent:

1 . Q G  = G

2 . = r ,+ i  =  1

3. the J\f* class of G is c

L em m a 3 .8 .1 . Suppose that G is an M*-group of M* class c. Then F* <  Z{G).

Proof. Suppose G is an A/"*-group of f f *  class c. Then

=  n

where the {H k}’s are ideals of G indexed by some set K.  Therefore [F*,G]z[x] <  1 

and so r* <  Z(G).  □

T h e o re m  3 .8 .4 . Let G be an J\f*-group of J\f* class c.

1. I f  H  <z[x] G, then H  is an M*-group of M* class c or less.

2. I f  N  is an ideal of G, then G / N  is an M*-group of M* class c or less.

Proof. By Corollary 3.8.2, the 5*-series for G is

g ^ t i {g ) > t ; { G ) > . . . > t i ^ , { g ) = i .
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1. Consider the Z[a;]-series

where Hi — H  r*(G) f o r l < i < c + l . I  claim th a t each Hi is an ideal of H.

(a) By the usual argument, we have th a t Hi <z[x] H.

(b) Let h G i f  and k €  i i  n  r*(G ). Then h-^ (hk )^  G T*{G) for arbitrary 

a  G Ij[x] since F*(G) is an ideal of G. Clearly, h~°‘{hk)°‘ G K.  Therefore,

G i i n r * ( G ) .

(c) Let h i , h 2  G H  satisfy [^1,^2] G i f  n  T*(G). As before, it is clear 

tha t h2 °‘hi°‘{hih2 Y  ^  F*(G) since L*(G) is an ideal of G. Obviously, 

/ i 2 G i f  as well. Hence h 2 °‘h^°‘{hih2 )°‘ G i in r j* (G ) .

The above shows th a t Hi is an ideal of H. I will now verify th a t [Hi,H]z[x] < 

ffj+i for z =  1 , . . . ,  c. Observe th a t H  <z[x] G and Hi <z[x] L*(G) imply th a t 

[Hi,Hjz[x] < [T*{G),G]z[x\ < n + i(G ). Clearly, [Hi,H]z[x] < H  and it now 

follows th a t [Hi, H]z[x] < r*^i(G) O i f  =  ifj+i- Hence, H  is an A/'*-group.

2. Consider the following Z[x]-series for G /N \

G / N  =  r i { G ) N / N  > r* { G ) N /N  > . . . >  T l^ ^ {G )N /N  =  1 .

I claim th a t each T*{G)N/N  is an ideal of G/iV for 1 <  i <  c +  1.
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(a) It is straightforward to verify tha t T*{G)N/N  <z[x\ G /N .

(b) Let g N  e G / N  and QiN e  T*{G)N/N,  where g e  G and gi G r*(G ). Then 

for any a  G I^[x], we have

{gN)--{gNgiNr = {gN)-’̂ {gg^Nr = g'^igg^yN 

= g - ^ g ^ g i N e T * { G ) N / N ,

where gi G rKG).

(c) Let g iN ,g ‘2 N  G G / N  such tha t [g\N,g2 N] G T*{G)N/N.  Then 

[^1,^ 2]-^ G T l{ G ) N /N  implies [gi,g2 ] £ r | ( ^ ) -  Since T*{G) is an ideal 

of G, we have g2 °‘9 i ^ { 9 i 9 2 )°‘ ^ r*(G) for every a  G Z[x], Hence 

{ 9 2 N ) - - { g , N ) - { g i N g 2 N r  G T*{G)N/N.

Consequently, each r*(G')iV/A^ is an ideal of G /N .  Now the Z[a:]-series above 

is a central Z[z]-series since [T*{G)N/N,G/N]z[x] <  ^i+i{G)N/N .  This follows 

directly from the fact th a t [r*(G),G]z[x] <  r*^i(G ). This completes the proof.

□

C o ro lla ry  3 .8 .5 . L e tG  be an Af*-group of M* class c. ThenG/T*^{G) is an M* -group 

of M* class c — I.

Proof. Follows directly from the previous theorem with N  = F*(G). ‘ □
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L em m a 3 .8 .2 . Let G be a Z[x]-group. Then G/V^ is an abelian Z[x]-group. More­

over, i f  A  is an ideal of G such that G / A  is an abelian Z[x]-group, then <z[i] A. 

Hence, is the smallest ideal of G for which G/T^ is an abelian Z[x]-group.

Proof. Suppose x r 2 , y T 2 ^  G/V^.  Then

xV^yTl =  xyV*2 =  xyy~'^x~^yxVl = yxV  ̂ =  yV\xV*2.

Therefore G / T *2 is an abelian Z[a:]-group. Now let A  <z[x] G be an ideal of G such 

th a t G /A  is an abelian Z[a:]-group. Then x A y A  = y A x A  for arbitrary  xA,  yA  G G/A.  

Hence, x~^y~^xy  G A  and so [x, y] G A.  This implies th a t [G, G]i[x\ <  A  since 

[x,y] G [G,G]z[x\. Therefore F2 < A as well, since F2 is the intersection of all ideals 

containing [G, G]z[x\) A  being one of them. □

T h e o re m  3 .8 .6 . Let G be an J\f*-group of Af* class c and let H  be an ideal of G. 

Then H T l  = G implies H  = G, where F^ =  F^(G).

Proof. The proof is by induction on the J\f* class of G.

1 . If c =  1 , then we have th a t [G, G] =  1 and so F2 =  1. The result follows.

2. Suppose the result holds for Af* class c >  1. We consider the factor group G/F* 

which is an A/’*-group oiAf*  class c — 1 by Corollary 3.8.5. Let HT^ — G. Under 

the natural Z[a;]-epimorphism 9 \ G ^  G/V^  we then have d{H)9{T\) =  9{G) 

which yields 9{H) — 9{G) — G/F* by induction. This is equivalent to iFF* =  G.
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Now, since H<z[x\G and r*<z[x]G, we may apply Lemma 3.1.5 and Lemma 3.8.1 

to obtain

[g , g ]z h  =  | / / r ; , / / r 3 z [ , i

= spzH(l«,wni, ir;,//r;i)

=  9 P z w (|/f ,ff |, [h , o t ; i)

Hence [G, G]z[x\ < H.  Since H  is an ideal of G, we have <  H.

□

Remark. The above theorem shows th a t if 5  =  {x] , . . . ,  is a subset of G for which 

H  =  gpi[x]{S) is an ideal of G and H  =z[x] G/F^,  then H  = G. As a result, is a 

non-Z[x]-generating set for G.

C o ro lla ry  3 .8 .7 . Suppose that G is an M*-group and let X  C G. I f  p  : G ^  G/F^  

is the natural 7j[x]-epimorphism and G/F^ is 'L\x\-isomorphic to an ideal of G, then 

G =  gpz[x]{X) i f  and only i fG /F ^  =  gpz[x]{<p{X)).

Proof. Clearly, if G =  gpx[x]{X) , then G/F^ ~  gpz[x]{p{X)). For the converse, we 

apply the previous theorem. □
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T h e o re m  3 .8 .8 . Let G be an M*-group of Af* class c >  2. Then for any g E G, the 

Z[x]-subgroup G — gpx[x]{g,T2 {G)) is an M*-group of M* class less than c.

Proof. I will construct the <S*-series for G and compare it to th a t of G.

1 . n (G ')  =  G

2. By definition, we have tha t

n ( G )  =  f |  { H, } ,
[G-G]z[x]<-f4

where the {-fffcj’s are ideals of G indexed by some set K.  I claim th a t F2 (G) <z[x] 

r 3(G). It is enough to prove th a t [G, G]x[x\ < r 3 (G). This will be sufficient since 

r 3(G) is an ideal of G and r 3(G) <  r 2(G) < G <  G. Now Lemma 3.2.4 applies 

and gives us r 3 (G) is an ideal of G. If it is true th a t [G,G\z[x] <  ^ ( G ) ,  then 

r 3 (G) £ {Hk} and so the claim will be proven.

Well,

[G,G]z[x] =  {gp%[x\{g,L'*2{G)),gp%[x\{g,T2{G))]'i[x]

for all ai, Pi £ X[x] and Pi,Qi £ r 2(G). Observe th a t for any a ,P  E Z[x] and 

P,Q ^  F2(G), we have
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But [51“ , g^] =  1 and both q] and \p, g^q] lie in [G, r 2(G)]z[x] <  r 3(G). Hence 

[g^Pjg^q] € Tl(G)  and the claim is proven.

3. Assume th a t r*_i(G) <z[x] r* (^ )   ̂ =  3,4, . . . c .  The claim is tha t

r*(G ) <z[x] r*+ i(^)- previous case where i — 3, it suffices to

show th a t [r*_i(G),G]z[x] <  r*^i(G ). Well, observe th a t

[n_i(G),G]z[x] <  [r*(G),G]zH <  [r*(G'),G]z[x] <

In particular, r*(G) <  r*3_i(G) =  1 and so G has J\f* class less than c.

0

L em m a 3 .8 .3 . Let G be an M*-group with a central Ij[x]-series

1 =  Go ^  Gi  ^  ^  Gji — G.

Then each factor group G i+i/G i may be viewed as a Z[x]-module.

Proof. Gi+\/Gt<z[x]Z{G/Gi)  and Z{G/Gi)  is an abelian Z[a;]-group. Hence, G i+i/G j 

is an abelian Z[x]-group as well. Therefore we can view Z{G/Gi)  as a Z[a:]-module 

and so Gi+ijGi  is a submodule of ZifGjGi). □

L em m a  3.8 .4 . Let G be an N*-group ofM* class 2. Then we have [G, G]z[x] <  Z(G).

Proof. Since Fg =  1, we have th a t F^ < Z{G)  by Lemma 3.8.1. However, we know

th a t [G,G]z[i] < F2 . □
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Lem m a 3 .8 .5 . For any M*-group of M* class 2, we have [91,92] =  [91,92]°“̂ where 

9\, 92  ̂G and a, P E Z[x].

Proof. By the previous lemma, we have [G,G]z[x\ < Z{G).

1. I claim that [9f^9f^gi,92] =  1- Well,

gf"" 92^9192  =  92 H 9 2 9 f ‘"92^9?)92 

=  92^{92\9?]92

=  929f‘"92^9t

2. The second claim is that [ĝ  ,̂92 9̂192] — 1- The computation is similar to the 

above:

9f^ 92^9192 =  9 f \ 9 2 ^  91929f ^)9 i  

=  9f^[92,9f^]9\

=  92^9i929f^
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Putting  the above together, we have

\9i,a2\ =  9l°92^9i92  and 

=  {9i ‘'92^9i )^92 

= {9l ' '92^9i92f  

=  [9i '^{92^9\92TY 

=  \{9i^ 92^ 9i92T\^

=  [51 ,^ 2]“ -̂

□

3.9 Torsion Z[a;]-Groups

The definitions of torsion and torsion free Z[x]-groups are now given.

D e fin itio n  3 .9 .1 . Let G be an arbitrary Z[x]-group.

1 . An element ^ £ G is called a torsion element if there exists a  £ Z[x] with a  ^  0 

for which =  1. The set of torsion elements of G will be w ritten as r(G ).

2 . If t {G) — G, then G is called a torsion Z[x]-group.

3. G is called torsion free if =  1 implies either 5  =  1 or a  =  0 for a  £ Z[a:].

4. If G a torsion Z[x]-group and if there should exist a non-zero ^  £ Z[x] such th a t
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for &\\ g E G we have = 1  where /3 is of minimal degree and has minimal 

positive leading coefficient, then G has exponent j3.

T h e o re m  3 .9 .1 . Let G be a 'L[x]-group and let 1 = Gi < . . .  < Gn = G be an ideal 

Z[x]-series of  G. I f  each factor group GiJ^ijGi has exponent pLi E Z[x], then G has 

exponent dividing piip2 • • ■ Pn-i-

Proof. Let G have the series above and suppose th a t gGn-i  G G/Gn-\-  Then e  

Gn~i by hypothesis. Now g>̂ '^-^Gn- 2  G G n - \ IG n - i  implies th a t ^  G'„_2

by hypothesis. Continuing in this way, we obtain gr-n-mn-2 -r-i ^  Therefore, 

giJ.n-xiJ.n-2 -m  =  I and so G has exponent dividing • • • /Uj. □

T h e o re m  3 .9 .2 . Let G is a torsion free ff*-group of M* class c. I f  g ,h  e  G and 

gP =  for some non-zero /3 e  Z[x], then g — h.

Proof. The proof is by induction on the f f *  class of G. Let g ,h  E  G and /3 E Z[x].

•  If c =  1, then G is an abelian Z[a;]-group. Let g ,h  E G such th a t g^ — h^ for 

some non-zero (3 E Z[x]. Then

g^h-^  = l = ^ ( g h - ^ f  = 1, 

since [g~^, h] = 1 . Since G is torsion free, this gives us gh~^ = 1. Hence g = h.

•  Suppose th a t c >  2 and suppose tha t the result holds for torsion free A/"*-groups 

of f f *  class less than c. Consider the Z[a:]-subgroup A = gpz[x]{g,I'2 {G)) of G,
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which is an A/"*-group of M* class less than c by Theorem 3.8.8. Observe th a t 

h~^gh G A  because h^^gh  =  g[g,h] lies in gpz[x]{g,^2 )- Hence

/  =  /  =  h-^h^h

= >  g^ =  h~^g^h 

gl‘ = {h-'gh)l>.

By induction, we have g = h ^gh [g, /i] =  1. Therefore,

/  =  g^h~^ = 1

= >  =  1

= >  gh~^ =  1 , since G is torsion free

= >  g ~ h .

□

L em m a  3.9 .1 . Let G be a torsion free J\f*-group whose center is an ideal. Then 

G/Z{G) is a torsion free M*-group.

Proof. We know th a t G/Z{G)  is an A/^*-group. To show th a t G/Z{G)  is torsion free, 

we need to verify th a t A g E G such th a t g^ E Z{G), p. E  Z[x], 0, then g E Z{G).

Suppose g E G such th a t ĝ  ̂ E Z(G)  and /x 0. Then for all h E G, [g'^,h] = 1
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implies h = g^. This is equivalent to {h ^ghY — g^ and so h ^gh = g since G 

is torsion free. Therefore g G Z{G).  □

3.10 7^-groups

In this section I will discuss 7^-groups. These are Z[o;]-groups which adm it unique 

root extraction whenever such an extraction exists. Similar groups are discussed in 

A. G. Kurosh [9].

D e fin itio n  3 .10 ,1 . Let G be a Z[x]-group. Then G is an TZ-group if for every f  £ G 

and every a  G l>[x], the equation g°‘ = f  has at most one solution g E G. Equivalently, 

for every pair of elements g ,h  E G and every a  G Z[a;], we have

g = h.

Note. If /  G G and a  G I j[x ], then the equation g^ — f  may not have a solution 

S' G G. If it does, though, it is unique.

L em m a  3 .10 .1 . Every TZ-group is torsion free and every torsion free abelian Z[x]- 

group is an TZ-group.

Proof. Let G be an 7^-group. Clearly, if s  G G and g^ = 1 for any non-zero a  G Z[x], 

then g = I and so G is torsion free. Now let G be a torsion free abelian Z[a:]-group. 

If G G and s “ =  for some a  G Z[x], then we have th a t g°‘h'~°‘ =  1 implies
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= 1 since G is abelian. Since G is torsion free, we have gh  ̂ =  1 . Therefore 

g = h. □

D efin itio n  3 .10 .2 . Let G be an 7^-group. Then H  <z[x] G is called an isolated 

Z[x]-subgroup of G if the following condition holds:

if y e  G and g°" £ H  for some a  € Z[x], then g E H.

In other words, the solution to the equation g°“ =  h, if it exists in G, belongs to H.

Remark. Since G is a Z[a;]-group, we have tha t G is an isolated Z[x]-subgroup of itself. 

Moreover, the identity subgroup of G is an isolated Z[x]-subgroup of G, since 1“ =  1 

for all a  G Z[a:].

T h e o re m  3 .10 .1 . Let G be an Ti-group and suppose that { G i , . . . ,  G„} is a finite col­

lection of isolated Z[x]-subgroups of G. Then n"_iGj is also an isolated Z[x]-subgroup 

ofG.

Proof. Let { G i , . . . ,  G„} be a finite collection of isolated Z[a:]-subgroups of G and let 

G =  We know th a t G is a Z[a:]-subgroup of G, since it is the intersection of

Z[a;]-subgroups of G.

We want to show th a t G is an isolated Z[x]-subgroup of G. Let h E G  and a  G Z[x] 

such th a t h°‘ E G. Then h°‘ E Gj for each i ~  1, . .. ,n.  Since each Gi is an isolated 

subgroup of G and extraction of roots is unique in G, we have th a t h E Gi for each 

i =  1, . . .  ,n.  We conclude th a t h E n ”_iGj = G. □
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The above theorem suggests tha t there exists a unique minimal isolated subgroup 

of an 7?.-group, G, containing a given collection of isolated Z[x]-subgroups. More 

precisely, we have

D efin itio n  3 .10.3 . Let G be an 7^-group and let S  be an arbitrary  set of elements 

of G. The isolator of S  in G, denoted by I{S) ,  is the Z[a:]-subgroup

i ( s )  =  n  Gi
SCGi

where each Gi is an isolated Z[a;]-subgroup of G.

L e m m a  3 .10 .2 . Let G be an 71-group and let H  <z[x] G be an ideal of G. Then H  is 

an isolated Z[x]-subgroup of G if  and only i f  G / H  is a torsion free Z[x]-group.

Proof. Let <  G be an ideal of G and suppose tha t H  is an isolated Z[a:]-subgroup 

of G. We know th a t G / H  is a, Z[a;]-group. Let g E G such th a t (gH)^ = H  for some 

non-zero (3 e  Z[x]. I claim th a t gH  =  H. Obviously, {g H Y  =  H  implies th a t g^ E H  

and so g E H  since H  is isolated. Therefore g H  =  H  and so G / H  is torsion free. 

Conversely, let H  < G  be an ideal of G  and let G / H  be a torsion free Z[a;]-group. 

Then, for every g E G and (3 E Z[x], we have th a t {gH Y  =  H  implies g H  =  H. P u t 

another way, g^ E H  implies g E H. Hence, H  is an isolated Z[3:]-subgroup of G. □

D efin itio n  3 .10 .4 . Let G be an 7?.-group and suppose JT <  G is an ideal and is also 

an isolated Z[x]-subgroup of G. Then H  is termed an isolated ideal of G.
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I will now prove a theorem for Z[x]-groups which is a generalization of the corre­

spondence theorem between 2[a:]-subgroups of a Z[x]-group and its factor Z[x]-group.

T h e o re m  3.10 .2 . Let G he an TZ-group and let H  be an isolated ideal of G. Suppose 

that G / H  is an TZ-group. I f  K  <z[x\ G and H  is an ideal of K ,  then K  is an isolated 

Z[x]-subgroup of G if  and only if  K / H  is an isolated Z[x]-subgroup of G /H .

Proof. Let K  be an isolated Z[x]-subgroup of G such th a t H  is an ideal of K.  I claim 

th a t if { g H Y  e  K / H ,  then g H  G K / H .  Well, if { g H Y  =  kH,  where g e G , k e  K  

and a  G Z[x], then g°"H = k H  gives us g°‘H  ^  K / H .  From this, we see th a t there 

exists h ^  H  such th a t g°‘ = kh £ K.  Since K  is an isolated Z[a:]-subgroup of G ,  

g°‘ E K  implies th a t g E K.  This yields g H  G K / H .  Hence, K / H  is an isolated 

Z[a:]-subgroup of G /H .  Now let K / H  be an isolated Z[a:]-subgroup of G /H .  If s'" =  

for some g E G ,k  E K  and a  E Z[x], then g°‘H  — k H  in K / H .  This means th a t 

{g H Y  = k H  and so g H  E K / H  because K / H  is an isolated Z[a:]-subgroup of G/H .  

Therefore, g E K  and so g°‘ E K  yields g E K.  Hence, K  is an isolated Z[x]-subgroup 

of G. □

T h e o re m  3 .10.3 . Let G be an TZ-group and let A  be an arbitrary set of elements of 

G. Then C g {A), the centralizer of A  in G, is an isolated Z[x]-subgroup of G.

Proof. It is easy to verify th a t C g {A)  is a Z[x]-subgroup of G. Let A  = {0 1 , 0 2 , . . . }  

be the set of elements and let y G G  be such th a t g°‘ E G g {A)  for some a  E Z[x].
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Then for every G T, we have

di  ^ ga i  =  g.

Therefore, g G C g { A ) .  □

In particular,

L em m a  3 .10 .3 . The center of any TZ-group is an isolated Z[x]-subgroup.

L em m a 3 .10 .4 . Let G be any TZ-group. Then the equation a°‘b^ = b^a°‘ implies that 

ab =  6a ,  where a,b G G and a , /? G Z[x].

T h e o re m  3 .10 .4 . Let G be a torsion free X-group. Then G is an TZ-group if and 

only i f  G fZ{G)  is an TZ-group.

Proof. Suppose G is a torsion free 71-group. I claim th a t if /i G G and {gZ{G))°‘ =  

{hZ{G))°‘ for some a  G Z[x], then gZ{G) — hZ{G).

Let {gZ{G))^ = {hZ{G))^  in G/Z{G).  Then ^“Z(G) =  h^Z{G)  gives us g^ =  

h°‘z for some ^ G Z{G).  Observe th a t g°‘h°‘ — h°‘zh°‘ =  h°‘h°‘z  =  h°‘g°‘. Therefore, 

g°^h^ — h^g°‘. By Lemma 3.10.4, this gives us gh =  hg and so [g,h^^] =  1. By axiom 

3, [g, h~^] — 1 implies {gh^^)° ~  g°‘h ^ ‘̂ . Hence, g^ =  h^z  implies {gh~^)°‘ =  ^ and so 

(5 6 ."^)“ G Z{G).  But Z{G)  is an isolated Z[a:]-subgroup of G, so th a t gh~^ G Z{G).
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Therefore, g Z { G )  =  h Z { G ) .

Conversely, let G/Z{G)  be an 72.-group, where (S' is a torsion free Z[x]-group. I

claim th a t G is an 7?.-group. Let =  h°‘ for some g ,h  E G and a  € Z[x]. Then

{gZ{G)Y  =  {hZ{G))°‘ in G/Z{G).  Since G/Z{G)  is an 7?.-group, we have

g^Z{G)  =  h'^ZiG) 

gZ{G) = h Z { G ) = ^

g = hz  for some z G Z{G).

We therefore have th a t g°  =  (hz)°' implies =  h^z°  and so 2;“ =  1. Since G  is 

torsion free, =  1 yields z = I and so g = h. □

T h e o re m  3 .10.5 . Let G be both an X-group and an TZ-group and let

1 =  ^  Cl^ ^  — CiG ^  •

be the upper central series for G. Suppose that each factor 'L[x]-group G /Q G  is an

X-group. Then

1 . each QG is an isolated normal Z[x]-subgroup of G

2. each factor Z[x]-group Q G /Q - iG  is a torsion free abelian Z[x]-group

3. each factor Z[x]-group G /Q G  is an TZ-group.

Proof. The proof is by induction on i :
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•  When i =  1, C i^ — ■^(G) is an isolated Z[a;]-subgroup of G  by Lemma 3.10.3. 

Furthermore, Z{G)  =  (^iG/QoG is a torsion free abelian Z[a;]-group since it is 

a Z[x]-subgroup of an 7?.-group. Finally, by Theorem 3.10.4, G/Z{G )  is an 

7^-group.

•  Suppose the theorem holds for all indices i < j  :

1 . If j  — 1 exists, then by assumption, G / Q - \ G  is an 7?.-group. Therefore, 

Z { G /Q - iG )  — Q G / ( j ^ iG  is a torsion free abelian Z[a;]-group. The factor 

group

G/O^iG G /O -iG  ... r i r r
Z(G/C,_,G) Q G /<;,-ia  *'*■'

is an 7?.-group as well by Theorem 3.10.4. Hence, since Z { G /Q - \ G )  =  

Q G /( j ^ iG  is an isolated Z [2;]-subgroup of G /Q ^ iG  (by Lemma 3.10.3), 

we have th a t QG  is an isolated Z[a;]-subgroup of G by Theorem 3.10.2.

2. If j  is a limit number, then QG  is the union of an ascending sequence of 

isolated Z [2;]-subgroups and is therefore an isolated Z[x]-subgroup as well. 

Furthermore, if {gQGY  =  (hCjG)^, where g ,h  ^  G  and G 2[x], then 

ĝ ‘ =  h^z  for some 2 €  QG.  Hence, 2 G CfcG for all k <  j.  This means 

th a t {gCkG)^ =  {h(kGY  and so we have =  K kG .  Consequently,

g(jG  =  hQG  and so G /Q G  is an 7?.-group.

□
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T h e o re m  3 .10 .6 . Every torsion free M*-group is an TZ-grotip.

Proof. This follows from Theorem 3.9.2. □

3.11 Z[x]-Groups of Type HP

If G is a Z[a;]-group and g ,h  e  G with /? G 1>[x], one can’t always expand the 

product (gh)^ in terms of g and h by applying only the axioms. In this section we 

focus our attention on specific Z[a;]-groups which adm it such expansions.

D e fin itio n  3 .11 .1 . Let G be a Z[a;]-group. Then G is of type HP  if there exists a 

nilpotent Q[x]-powered group, G, such th a t G <z\x\ G.

T h e o re m  3 .11 .1 . Let G be a Z[x]-group of type HP and let H  <z[x} G. Then H  is 

an ideal of G. Consequently, every Z[x]-group of type HP is an X-group.

Proof. Let G and H  be as in the hypothesis and let g E G. Suppose th a t G is a 

nilpotent Q[x]-powered group such tha t G <z[i] G. I claim th a t H  is an ideal of G. 

Let a  G Z[x].

1 . Suppose h e  H. Then the Hall-Petresco axiom give us

g~""ighT =  ■■■r2{g,hy("),

where k is the JX* class of gp{g,h).  For each i = 2 , . . . , k ,  we know th a t 

n{g ,h )  G H  since H  G. Hence Ti{g ,hy^“'^ G gpQ[x]{H) in G. Therefore
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g'~°‘{ghY  e  G  and h°‘Tk{g,h) (^) ■■■T2 {g,h)  (2) G gpQ[x]{H).  The above shows 

th a t g~°‘{gh)°‘ e  GngpQ[x] {H)  <x[x] H.

2. Let .91 ,^2  G G satisfy [fl'1, 5'2] ^  H. Again, by applying the Hall-Petresco axiom, 

we obtain

• •-T2 {gug 2 Y ^ ^ \

where k is the class of gp (51 , ^2)- Since [51, ^2] ^  H  and H  <z\x] G,  we have th a t 

each Tj(51 , 52) G H.  Therefore

e Gri5PQ[x](Lf) < z [ x ]  H .

Hence H  is an ideal of G.

□

Corollary 3.11.2. If G  is  a "LlxYgroup of type HP, then Ft(G) =  r i (G ) .  

Corollary 3.11.3. If G  is  Z[a:]-5 roup of type HP, then G  is an M*-group.

Proof. Let G be a nilpotent Q[rc]-powered group of class c with lower central series 

G = ri(G) [> L2 (G) I> • • • I> rc+i(G) =  1. Suppose G is a Z[a:]-group of type HP such 

th a t G <z[x] G and define G, =  G n  Pi(G) <z[x] Fi(G). Then G has a Z[a;]-series 

G = Gi > G2 > • • • > Gc+i =  1.1 claim th a t this is a central Z[a:]-series. It can 

be easily verified th a t G, <lz[x] G for each i =  l , . . . , c + l .  Hence, by the previous 

theorem, each Gj is an ideal of G. By applying the same argum ent as in the proof
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of Theorem 3.8.4, we have th a t [Gi, G]z[x] <  Gi+i for each i — 1 , . . . ,  c. Therefore the 

Z[x]-series for G is central and so G is an .V^-group. □

Corollary 3.11.4. Let G be a finitely generated torsion free nilpotent group of class 

c and suppose is the Q[x]-completion of G with respect to some Mal’cev basis

u =  {u i , . . .  ,Uk) for G. Then G =  gpz[x]{ui,. ■ ■ ,Uk) is a finitely I j[x ]-generated J\f*- 

group of M* class < c.

Proof. It is clear th a t th a t G is a Z[a:]-group which is finitely Z[a:]-generated by the 

set { u \ , . . .  ,Uk}. Moreover, G is of type HP since it is a Z[a;]-subgroup of By

Corollary 3.11.3, G is an A/’*-group. Clearly, the fif* class of G can’t exceed c. □

Corollary 3.11.5. Let G be a Z[x]-group is of type HP and suppose N  <z[x]G. Then 

G / N  is a Z[x]-group.

Proof. Follows directly from Theorem 3.2.1 and Theorem 3.11.1. □

Theorem  3.11.6. Let G be a Z\x]-group of type HP and let r(G ) denote the set 

of torsion elements of G as usual. Then t{G)  <z[x] G and G /r(G ) is a torsion free 

Z[x]-group.

Proof. Let G be a Z[a;]-group of type HP such th a t G <z[x] G for some nilpotent Q[x]- 

powered group, G. By Theorem 2.7.1, r(G ) <q[3,] G. I will first show th a t r(G ) f iG  =  

r(G ).
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1. Let g € t { G ) .  Then there exists a non-zero a  G Z[x] such th a t =  1 . Since 

OL G Q[a;] as well, we have th a t g G r(G'). Therefore g G r(G ) n  G and so 

r(G ) C  r ( G ) n G .

2. Let G r(G ) D G. Since G t { G ) ,  there exists a non-zero a  G Q[a;] such tha t 

51“ =  1. Suppose a  = +  •••-!- where UiM G Z and bi 7  ̂ 0. If 

d =  l.c.m.{b{),. . .  ,bn), then ad  G Z[x], Hence, {g^^Y =  g°‘'̂  — 1 and so g e  t { G ) .  

Therefore r(G') n  G  C  r(G ).

The above shows th a t t {G)C\G = t {G). It can be easily verified th a t T{G)r\G<x[x]G. 

Hence r{G) G. Moreover, r{G)  is an ideal of G by Theorem 3.11.1. The proof 

th a t G / t {G) is torsion-free follows as in the ordinary group case. □

T h e o re m  3.11 .7 . Let G be a Z[x]-group of type HP such that G <z[x] G for some 

nilpotent Q[x]-powered group G. I f  G is torsion free, then G is an TZ-group.

Proof. Let G and G be as in the hypothesis. Suppose th a t g°‘ = h°‘ for some g ,h  e  G 

and a  G Z[a:], a  ^  0. Then this equality also holds in G. By Theorem 2.7.3 we have 

g = h in G. Hence, g = h in G. □

Theorem  3.11.8. Let G be a finitely Q[x]-generated nilpotent Q[x]-powered group 

and suppose G is a h[x]-group of type HP such that G <x[x] G. Then G has a solvable 

word problem.
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Proof. Recall th a t every finitely Q[x]-generated nilpotent Q[x]-powered group has a 

solvable word problem. Hence the result immediately follows. ' □

3.12 The Zp]-Group [(7r„(Z)]®W

In section 2.7, we saw th a t —q[i] U T n { Q [ x ] ) ,  where is

the Q[a:]-completion of t/T„(Z) with respect to any M al’cev basis for U T n { ^ )  and 

{7T„(Q[a:]) is the nilpotent Q[x]-powered group of unitriangular matrices with entries 

in Q[x] and with the Q[a;]-action defined by the binomial expansion. Suppose tha t 

UTn{1>)  has M al’cev basis u = { u i , . . .  ,Un)  and is its Q[x]-completion.

Then the Z[x]-subgroup [[/T„(Z)]^t*l of [[/T„(Z)]'®t^^ can be described in the following 

way, where we are using the polynomials for multiplication and Q[:r]-exponentiation 

as our group operations for [f/T„(Z)]^t^^ with respect to the basis u :

•  Let K q = UTn{Z), K i  = gp{gff  \gio e  Ko,ao  € Z[x]) and, inductively, Kj+i ~

gp {9 i /  I 9 ij e  Kj, ttj e  Z[x]). Then

00

[i7T„(Z)l*W = \ J K ,  = {uf‘ ■■■««• I f t  e  Q |i]} .

A particular case is when the M al’cev basis is the collection of transvections of t/T„(Z). 

In this case, every element g 6  [[/T„(Z)]^fd has the normal form g =  

where Pi j  G Q[x].

On the other hand, since =Qpj f/T„(Q[x]), we know th a t [/7T„(Z)]^[®1,
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viewed as a Z[x]-subgroup of i[/T„(Q[x]) without making reference to any M al’cev 

basis, inherits the Q[x]-action which is defined on U T n { Q [ x ] ) ,  namely the binomial 

expansion. Hence, g =  I  + N  E f/T„(Z) where I  is the n x  ri identity matrix, then

/  =  l  +  aAT +  - . . +  e  [f/T„(Z)fW ,

where /3 G Z[x] and, by constructing the { K j } ’s in the same way as above (now using 

the binomial expansion as the Z[x]-action rather than the polynomials for multipli­

cation and Q[a;]-exponentiation) we obtain [UTn{Z)Y‘̂ ^̂  once again. We can therefore 

interpret [t/T’„(Z)]^t’”̂ in either way.

D efin itio n  3 .12 .1 . The group [UTn{Z)f^^> is called the n x  n unitriangular Z[x]- 

group.

By Corollary 3.11.3 we immediately have

L em m a  3.12 .1 . is a Z[a;]-^roup of type HP and, consequently, is an

N*-group.

The Z[x]-action defined on the collection [C/T„(Z)]^t’̂5 is inherited from 

[t/T„(Z)]‘‘̂ I’”b It turns out that, although is a Z[x]-group, the m atrix

entries of its elements may not be in Z[a:]. For example, \i g =  I  -E N  E UT^{'L), then

/  =  ( /  +  N f  =  I  +  (3N + { ^ ^
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where (5 £  Z[x]  and N

f o  hi /i2^

0 0 /l3

\ o  0 0 y

with /ii, /i2, ha G Z. Notice tha t

(o  0 hiha^ 

0 0 0 

\ 0  0 0 /

with /c € Z. Hence we have

^1 (3 hi /i2 +

90 0 1 

yo 0 1

elL /T ,

Clearly, (2) is not always an element of Z[x]. The natural question which arises is 

whether or not the entries of the matrices in [17T„(Z)]^W take a special form. It 

turns out th a t they do. Let Z [ |,  • , ^] [x] denote the ring Z[x] with the elements

, i }  adjoined to it.

T h e o re m  3 .12 .1 . Let g e  [[/T„(Z)]^t^^ and let aij denote the entry of g in the 

row and column. Then
/

Z[x] ' t / ' j - z  =  l,

>

Proof. Suppose 5  =  /  +  N  £ U T n { Z ) .  Then

/  =  /  +  /3iV +  - - - +

for all P G Z[x]. An easy com putation shows th a t £ UT:^{Z) for each i = 1 , . . . ,  n

and so the entries we obtain after multiplying hy [f) ^  ^ [ 2 ’ I ’ ’ ' '  ’ f] [^]
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summing terms up appear as in the claim. It follows, by taking products of such 

matrices, th a t every element of K\  =  9 P{ 9 i° \ 9 io ^  G Z[x]) has entries of the

required form. If we now act on elements of K \  in the same way as UTn{'L) and 

take products of such matrices, then K 2 =  9p{9f^ \9ii G -̂ "̂1, 0:1 G Z[x]) again have 

entries of the required form. Continuing this we see, inductively, th a t every element 

of K j^ i  — gp {gf.  ̂ I gi- G K j , a j  G has the form claimed. □

For example, any element of [UT5 {Z)]'^̂ ^̂  is contained in the collection of matrices 

of the form
^1 Z[x] Z[l][x]  m i \ ] [ x ] ^

0 1 Z[x] m ] [ x ]  Z [ | , i ] [ x ]

0 0 

0 0 

0 0

1

0

0

Z[x]

1

0

Z [1 ]W

Z[x]

1 /

Let’s view as the Z[x]-subgroup of [(7T„(Z)]‘̂ [^l We know th a t every

g G [[/T„(Z)]^[^1 has the unique normal form g — where each Pi{x) G

Q[x]. The Hall polynomials which give us such a normal form yield A(a:)’s which 

are rational polynomials in x  consisting of sums and /o r differences of products of 

binomial coefficients over Z[x] by Theorem 1.10.2. It is known th a t if p G Z and 

k eZ~^  then (^) G Z. Therefore, if we substitute integer values into the Pi{x)'s of the 

element g, we will obtain an element in f/T„(Z).

T h e o re m  3 .12 .2 . Suppose that f7T„(Z) has Mal’cev basis u =  ( u i , . . . , u „ ) .  Then
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[[/r„(Z)]^l^l is residually U Tni l ) ,  where [C/T„(Z)]^[*5 is viewed as the Z[x]-subgroup 

of the Q[x]-completion of UTn{Z) with respect to u.

Remark. UTnifL) is a Z[x]-subgroup of [[/T„(Z)]^t^] in which the indeterm inate vari­

able, X, acts as the identity on elements of f7T„(Z).

Proof. Let UTn{Z) have M al’cev basis u = {u i , . . .  ,m„) and let g G  [[/T„(Z)]^t^l be 

any non-identity matrix. Then g — where each (di{x) G  Q[x]. We

know th a t a t least one of the /3i(a:)’s, say A (a:), is non-zero. Suppose the degree of 

(dt{x) is m.  Then !3t{x) has at most m  zeros. Moreover, as discussed above, (dt{x) 

is a polynomial in x  consisting of combinations of products of binomial coefficients 

over Z[x]. Hence, there exists g G  Z such th a t A(g) 0 and Pi{q) G  Z for all 

i — l , . . . , n .  There exists a Z[x]-homomorphism tp : [/7T„(Z)]^[^1 —> UTn{Z) which 

maps (see Theorem 2.11.1 for similar result). But

7  ̂ 1 since /3t(g) 7  ̂ 0. This completes the proof. □

Remark. This theorem could also have been proven by directly applying the remarks 

following Lemma 2.11.1 and Lemma 2.11.2, along with Theorem 1.10.2.

3.12.1 The Heisenberg Z[x]-Group

I will now discuss the results of the previous section for the group [ U T 3 

In this section, I  will denote 3 x 3  identity matrix.
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Let Ti be the Heisenberg group

I' A f/l ^2\  N

0 1 ^3 g i ^ ' ^ V

^ \ o  0 i j

There is a Z[x]-action on H  which is induced by [/rs(Q [x]). Recall th a t \{g — I  + N  ^

17T3(Q[a:]), where N  G

A Qi 

0  0  53

\ o  0 0 y

gi € Q[x] >, then the Q[x]-action is given by

for all f3 G Q[a;]. Clearly this Q[a;]-action induces a Z[a;]-action on H  defined by

a
{I + N )^  = I  + a N + ( ^ \ N ^  = I  + a N +  ^

a { a  — 1)

where N  G

f o  gi 5 a \

0  0  53

\ 0  0 Oy
,0(
0̂

5 i G  Z > and a  G  Z [ x ] .  If we define the sets { K j }  as

Kq = K i =  gp{gf° l5io ^ ^o ,« o  e  Z[x]) and, inductively, Kj+i  =  5p ( 5 j /  \gy G 

K j , a j  G  Z[a:]), then
OO

[f/T3(Z)P"! =  U  Ky
j =0

equipped with this induced Z[x]-action becomes a Z[x]-group.

D e fin itio n  3 .12 .2 . The Z[x]-group [{7 T3 (Z)]^t'^] described above is called the Heisen­

berg Z[x]-group. It will be denoted by

Remark. As mentioned in the previous section, the Z[a;]-group can be viewed as a 

Z[x]-subgroup of the Q[a:]-completion of H, with respect to some M al’cev basis.
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Hence, by using the polynomials for multiplication and Qfxj-exponentiation as the 

group operations for with respect to the M al’cev basis, we obtain [[/T„(Z)]^t’̂i =  

as described earlier. This gives us an alternative way of constructing

In the last section we observed th a t the entries of a m atrix of do not neces­

sarily lie in Z[x]. Let 21 [ |]  [s] — I /3 G 2 [x], n  =  0 , 1 , . . . }  be the set obtained by 

adjoining { |}  to the ring Z[xJ.

L em m a 3 .12.2 . I f  g

( \
1 mi m 2

0 1 m3

m 2  G Zj[x ] or m 2  G Z [ | ]  [ x j .

0 0 1

G then m i ,  m 3 G Z[x] and either

Proof. Let’s construct in stages by examining the sets { K j }  as defined above.

1 . Suppose g

( \
1 9 \  9 2

0  1 53

0 0 1

G %. Then

=  /  +  crN +  [ ^  ) iV2
a

for any a  G Z[x]. Observe th a t N'^

( \
0  0  giQ3

0 0 0

0 0 0

. An easy com putation
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shows tha t
/  , , \

1 Q9i 9 2 + { 2 ) 9 1 9 3

0 1 0̂ 93

0 0
/

and the upper right entry contains a binomial coefficient (“). If a  =  2/r or 

a  =  2 /r -  1 for some /x € Z[x], then (“) 6  Z[x]. Otherwise, ( 2) € Z [ |]  [x]. The 

other 2 entries above the diagonal lie in Z[x].

2. Suppose 9 i , 9 2  S and each of these is obtained as described above. Let

/  \
1 ai bi

0 1 Cl and 9 2  = I  + N 2

( \
1 tt2 62

0 1 C2

It was shown above th a t aj,Cj G 1 \x \ and either bi G Z[x] or bi G Z[^] [x] for 

i — 1,2. Therefore

/  \
1 ai +  02 61 +  62 +  O1C2

9x92 0 1 Cl +  C2

0 0
" /

Observe th a t 0 1 + 0 2 , Ci +  C2 G Z[x] whereas 61 +  62 +  01C2 may lie in either Z[x]

or Z [ |]  [x]. We conclude th a t every g e  K i  = 9 p ( 9 i°  19io € 'H, cto G Z[x]} has

entries of the form claimed.

161

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



3 . Let gi ,Q2 be as above in 2. and le t’s calculate (51^2)^ where 7 e  Z[x] .  We obtain

{9 1 9 2 V  =  /  +  7

( \
0 Gi +  02 1̂ +  2̂ d" O1C2

0 0 

0 0

Cl 4- C2 

0

/
0 0 i +  02 61 +  62 4” <̂1^2

+ 7

/

0 0 

0 0

Cl +C 2 

0

/  / N ^
1 7 (01  4- 02) 7(^1  +  62 4- OlC2) 4- (2) (Qi +  02 ) (Ci 4- C2)

Observe

0 1 7 (ci +  C2)

0 0 1
\

th a t 7 (0 1  4- 02), 7 (ci 4- C2)

/
Z[a:]

whereas 7(61  4- 62 4- 0102) 4- (2)(ci  4- 02) (ci 4- cV) € Z[xJ or Z [j]  [x]. Moreover, 

an easy com putation shows th a t taking products of such matrices again yields 

a m atrix whose entries satisfy the form claimed. Therefore, every g E K 2  ~  

gp {gV I gii € Ki,  a i  e  Z[x]} has entries of the form claimed.

If we now iterate the process above to form the collection

00

IJ K j  =
j^O

we conclude th a t every g G has entries of the form claimed. □

T h e o re m  3.12 .3 . is an M*-group of M* class 2.

Proof. By Lemma 3.12.1, we know th a t is an A/^*-group and is an J-group since 

it is of type HP. It is easy to verify tha t Therefore,

is of Af* class 2 . □
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It was mentioned earlier th a t if we choose a M al’cev basis for % we can view 

as a Z[x]-subgroup of the Q[x]-completion of T-L with respect to this basis. 

Let {^12,^13,^23} be the set of transvections which is a Mal’cev basis for %. Clearly, 

1^12,^13} is a set of generators for %. Therefore it is also a set of Q[o:]-generators 

for the Q[a:]-completion of H  with respect to {^12,^13,^23}- The next lemma

immediately follows:

Lemma 3.12.3. =  </Pz[xi(̂ i2, 2̂3)-

Lemma 3.12.4. Let =  ^Pz[x](^i2 , 2̂3) suppose that a, a^, p, Pi, p  G Z[x] and 

either 7 , yj G Z[x] or 7 , 7 j G Z [ |]  [x]. Then

1 (+ oii, l i i . ' ) i \ (±a2J.P2±l2\ _  j a i + a 2 . i / 3 i + ^ 2 j 7 i + 7 2 - a 2 / 3 i
V‘'1 2 ‘'23 ‘-13A ''12^23^13y “ ■ ^12 ''23 ^13

e) (j-a j-0 4.1 pi _  4 a i i ,P i i /y i^~ {2 )° ‘l̂
{ 0 i 2 l ' 2 3 ' ' n )  “  ‘'1 2 ‘'2 3 ‘'13

Proof. These are exactly the Hall polynomials which hold in V, with respect to the 

basis { ti2, 2̂3, ^ 3}- Hence they hold in the Q[x]-completion of TL and, therefore, to 

the restriction □

Lemma 3.12.5. is torsion free.

Proof. Let g =  “̂2 2̂3^13 be in normal form. Suppose th a t — 1 for some non-zero 

jjL G Z[x]. Then

( f a  f 0  f i
H i2 ‘'23‘'13J — ‘■12‘'2 3 ‘-13 ~

This implies th a t a = p  = j  — 0. Therefore g = I. □
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Lemma 3.12.6. Let g =  “̂2 2̂3^13 ^  be in normal form, where both a, f3 & Z[x] 

and either 7  G Z[a;] or ^  E l i  [5] [a;]. Then g = 1 i f  and only i f  a  — f) — 'y — t).

'^i[x] property th a t it is free in the class of all A/’*-groups of M* class 2 or

less.

D efinition 3.12.3. Let A/2 be the class of all A/’*-groups of M* class 2 or less. Then 

a group F  G A/2 is free in M 2 if it comes equipped with a set S  and a m ap fj,: S  ^  F  

such th a t for every M*-gvoup H  E M 2  and every map 9 : S  ^  H,  there exists a 

unique Z[x]-homomorphism gp : F  H  such th a t gpo g, = 9. We say th a t F  is free on 

S. If S  C F  and 11 is the identity map, we say th a t F  is freely li[x]-generated by S.

Theorem  3.12.4. is free in M 2 .

Proof  Let S  =  {ti2 ,^23} be the set of transvections which Z[a:]-generate and 

let G E M 2 with Z[x]-generating set {gi \ i E  /}  for some index set 7. Suppose th a t 

6/ : 5  —> G is a set map from 5  to G defined by 9 {ti2 ) =  51 , ^(^23) =  9 2 - I claim th a t 

9 can be uniquely extended to  a Z[x]-homomorphism from to G. Consider the 

mapping 9 : > G defined by

^(^12^ ^ 13) ^“^2^1 >52] ,̂

164

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where € Z[x]. Then 0 is a Z[x]-homomorphism:

_ fl/'^ai+a2+^i+^2^7i+72-a2/3i \
f ^ l l ^ l2^23^13 i l ^ l2^23^13h  “  "1^12 ^23 ‘ l3 )

=  {gTg2 [̂ 1 > ^2]^') (& rp2' 1^1. giV̂ )

— H^12^23^iI)^ {^1 2 2̂ 1 1̂.1 ) ■

m A t i . n  =

=  {g ig^ lgug^VT

—  [̂ (̂ “2 2̂3 1̂3)]̂ -

Suppose th a t tt; is a Z[a:]-word in 'H =  5pz[o:i(^i2 , 2̂3)- We can represent w in the 

normal form w = t?2 2̂3^i3 f̂ )r some a,/3 6 Z[x] and either 7  G Z[x] or 7  G Z[^] [x]. 

If re =  1 in then a  =  /5 =  7  =  0. This implies tha t

0(u;) =  ^(^12 2̂3^13) =  Pi<72[ î..92] =  1-

Therefore, Z[x]-words in which reduce to 1 in are m apped to 1 in G. Thus 

0 is a Z[x]-homomorphism. □

We saw earlier th a t [f/T„(Z)]^[^] is residually I7T„(Z). I will repeat the proof for 

y_z[x]_
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T h e o re m  3 .12 .5 . is residually %.

Remark. 'H can be viewed as a Z[x]-group where the indeterm inate variable, x, acts 

identically on %.

Proof. Let g € be a non-identity matrix. Suppose th a t {^12,^23)^13} is the

chosen M al’cev basis for H.  Then g =  for some 0 :1(2:), 0 2 (^) ^

and either a^lx) € Z[x] or a^ix)  G Z[ j ]  [2:]. Now suppose th a t ai{x)  is not the zero 

polynomial for at least one i G {1, 2,3} (clearly such an i exists or else we would have 

g — 1). Then ai(x)  is a polynomial in Q[2;] of degree pi, say, which is a sum and /o r 

difference of products of binomial coefficients of the form where P{x) G Z[x]

and fc G Z+. Hence there exists g G Z such th a t ai{q) 7  ̂ 0 and ai{q) G Z. Let 

ipg ■. Z[x] ^  Z  be the evaluation Z[2:]-homomorphism at q defined by <Pq{f) — f{q).  

Then <̂ (̂0 :1(2:)) =  ai{q) ^  0 and so, if we define if : K h y

’Pin) =

_ ^'Pq{oil{x))j.‘Pq{0!2{x)),‘Pq{a3{x))
—  ®12 ''23 '-13

_ ±oii{q) ,a2{q) ,a3{q)
—  ''12 '■23 '■13 )

it is not hard to see th a t '0 is a Z[2i]-homomorphism and '0(^) 7  ̂ 1. □
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