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Introduction

An Adams spectral sequence is. roughly speaking. a sequence converging.

for a specific homology theory. from homology 1o homotopy of a certain spec-
trum or space. [he classical stable Adams spectral sequence uses ordinary
mod-p homology theory and converges to the p-component in homotopy for
a spectrum X. ie. H.XN:Z/p) = =X} [ Zip — Z,, are the integers
localized at p. Two restrictions make this particular <pectral sequence sim-
pler than all its descendants. It is a stable spectral sequence using homology
of spectra instead of spaces and computes each p-component at a time. i.e.
evervthing is localized at a prime p. Later. other homology theories replaced
mod-p homology. best known example being the stable Adams-Novikov spec-
tral sequence based on complex bordism M .(.X') or its localized version using
Brown-Peterson homology BP.(X') and converging again to the p-component
in homotopy. Localizaton makes the latter especiallv usetul for compurations
and a large amount of work has been done in understanding and using it '15].
Parallel to the development of these stable sequences unstable Adams spec-
tral sequences where also constructed and studied. although on a comparatively
smaller scale. First. the unstable equivalent of the classical Adams spectral se-
quence with coefficients in a suitable ring (7! and later an unstable version

of the Adams-Novikov spectral sequence {3] were introduced. Only recently
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have hbeen attempts made to set up an nnstable spectral sequence hased on a
non-connective homology theory. like periodic complex A'-theory 4.

Since this work has to be seen in the context of unstable homotopy rheorv.
[ would like to point out the peculiarities of unstable sequences versus stable
<equences. which are in general more familiar.

[n both cases one starts with a commutative. associative ring spectrum £
and its associated generalized homology theory E. to construct a certain tower
of fibrations. In the stable case this are simply fibrations generated by the
nnit 7 1 8~ — E of the ring spectrum E. Applying homotopy to this tower
senerates an exact couple which determines. as usual. a spectral sequence.
[n the stable setting the E,-term of this spectral sequence can be described
as an Eri-term in the category of E.E-comodules. where E.E ix the Hopf
algebroid of stable cooperations similar to the dual of the Steenrod Algebra in
the classical case. The description requires the category of E.E-comodules to
be abelian. which is the case when E.E is flat as a E.-module. Most interesting
homology theories meet this requirement.

In the unstable case. on the other hand. no such abelian category exists and
one has to settle for a description as an unstable Ert-term in a non-abelian
category. ldentifving this Ert-term requires a certain amount o: non-abelian

homological algebra.
> >}

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



v

Convergence considerations of such an unstable =pectral sequence are even
more subtle. In certain cases—like B P-theorv-—convergence has been proved
directly {3]. for non-connective homology theories the onlv currently known wav
is by computing the E,-term and detecting a vanishing line. This vanishing
line together with results by Boustield and Kan in 6l determines convergence
and the target of the spectral sequence.

The actual computation of the E,-term as an nunstable £rt-term poses the
most difficult problem.  The non-abelian category M((/i of nnstable
(i-coalgebras in which this Eurt-term is defined ix not well understood.
especially for non-connective homology theories. I[n the connected case— like
BP-theory in 3] —the computation for spaces with nice homology can be
carried out in a reiated abelian category A(l"1 of unstable comodules using
a composite functor <pectral sequence. For non-connective homolgy theories
the use of this ~pectral sequence is more difficuit and. ~o far. the transter of
the computation 1o A({) has been only proved directlv for the homology of
certain spaces .

The main result of this work concerns the computation of the £,-term in
this abelian category A([7). I will present an nunstable version of a change of
rings theorem for certain non-connective spectra. Li{n)-spectra. which plays a
role in future computations using the associated homology theory. This has

heen carried out for E{1). a summand of periodic complex A*-theory. in {4].
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CHAPTER |
An Unstable Adams Spectral Sequence based on a

generalized homology theory
1. Background and Definintions

[n ‘3] M. Bendersky. E. Curtis and H. Miller generalized the Boustield-
[van construction .7 of an unstable Adams spectral sequence to a spectral
<equence based on generalized homology theories associated to certain connec-
tive spectra. \With B P-theory as the prime example in mind. the authors did
not consider non-connective spectra. although large parts of their approach
seneralize in a straightforward wayv. This chapter discusses the details ot this

more veneral ~ettine.

DEFINITION L.1. .1 spectrum E s a sequence of spaces Eq together with
structure maps ¢, 1 SEq — Eqoq. [f cach adjomnt ¢, : E,. — QEq . s«
weak homotopy cquivalence. then E is called an Q-spectrum. ny spectrum E

is homotopy equivalent to an Q-spectrum F . which can be defined by

F, = limQ*Eq k.

—

A special example is the suspension spectrum Y of a space .\ with

(X Y\j, =L\
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DEFINITION 1.2, .\ ring spectrum E i~ a spectrum with a multiplicative

structure m : EAE — E and a unit np = S E (S is the suspension spectrum

of the sphere  such that the following diagrams commute up to homotopy:

EANEAE M EAE GAE —2E L EAE - Eas
! \\ 3
EAam ‘m :\\ ;’m <
' ' N
EAE ——— E

A ring spectrum determines in the usual way ‘1] a multiplicative homology
theory with coefficients in the ring E. = 7.1 £, where 7.(E) = lim 7., En)
is the homotopy of the spectrum E.

Given a ring spectrum E. the nunit induces a natural transformation
nx =nAN: N =5AN — EAX for spectra X. In the stable situa-
tion a tower of fibrations is used to define a spectral sequence. Specifically. the

homotopy spectral sequence of the tower

A

i

'
.\_) ’_"”\_3 A \,
|

.

!
.\’l v ['4 A -\'l
) i X,y

|

| o1

l

'

N —— EAN
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of fbrations determines the <table Adams spectral <eauence based on

E -theorv.

2. The triple  £. 4. 1) and its associated homotopy spectral sequence

To destabilize the construction in the previous section a space E{(.X). to

replace £ A X in the tower above. has to be introduced.

DEFINITION 1.3. For a space X let E(X) be the 0 space of the Q-spectrum

associated to the spectrum E A <X, Using notation of 2!:

ErNy = QX EAST X

This defines an endofunctor on the category of spaces which will be denoted
by £. The context should make it clear if £ 1s this endoiuncror or the spectrum.

Observe that tor n > 1.

T AE(X)N = E.0 X))

where E.(X) denotes reduced E-homology. Compare this to rhe stable state-

ment

T EAN) = E(N).

for a spectrum .\
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The unit n: ~ — E induces the Hurewicz map

DAY X

gyt ¥ —— O*ITEY O EAYNT = £1.X)

The multiplicative structure m : EA £ — £ also induces a structure map for
the functor E considered now as a functor on the homotopy rategory of spaces.
Following 24 of i3] pairings Ex AEm — Ensm induce a natural rransformation
py  ECEiN ) — E(X)1n the homotopy category of spaces.

The defining properties of the ring specrrum E make the following diagrams

in the homotopyv category of spaces commutative:
Py ZOT)

XN 225 EHN EIN) 22 pryy 225 BN
: \\\ i ' ////
ax E RETRS ;‘\\‘ @ ,//___
' ' .
E"[.\’l _A\_. E(.\"’ E(.\'}

The svstem 1 E.p.n) thus forms a triple on the homotopy category € of

-paces 1see 2.3 for the definition of a triplei.

REMARK 1.1, This triple is defined only on the homotopy category of spaces.
~ince the diagrams that define the ring spectrum E commute only up to homo-
topy. In (8] a category of spectra with concrete pownt-set topological models are
~tudied. where strictly commutative diagrams make sense. [n the contert of
this category an S-algebra is a spectrum with strictly assoctative. unital multi-

plication. If E is an S-algebra. the triple 1 E. . ny can be considered a triple in
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a category of spaces. Some ring spectra. like MU .BP and K. have been shown
to be representable as S-algebras. [t s conjectured the ~ame thing holds for
El(n). the Johnson-Wilson spectra. Everything said in ~ection 3 has to be ~een

modulo a proof of this conjecture. 1see also 9]

["sing the unit n : [ — E a sequence of endofunctors D, : ¢ — ¢ and
natural transformations p, : D..; — D. are constructed in the following wayv.

et

be the puilback of the path-space fibration over £1.X1 via ny. and in general

D;+H-\’3

v

DaXN T Dbt XN

he the pullback of the path-space fibration over D,(E(.X)) via D,nyx. This

construction gives a sequence of fibrations. which is called the tower of the
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triple ( E. . ) over the space X :

A4

/)_‘I_.\’) 'I)—”* [)_‘[[':l.\'l)

A

Dy XD T Dy Ev X

I3

A\

AR

DEFINITION 1.5. The homotopy ~pectral sequence of the triple ¢ E 5y at

X i~ the spectral sequence arising from the homotopy e.ract couple of this tower

of fibrations. 1.¢. from

3

Denx

= DN —— DNy = s DUE(N ) s DN 2

o

where o 1s the boundary map of the long eract ~equence tn homotopy of the

above fibrations. The E,-term of this spectral sequence 1~ gieen hy

{:,_,.DQ(E(.\')). Jori > >0
£ =
0. otherwise.
REMARK 1.6. I. The definition works for an arbitrary triple on the ho-

motopy category of spaces.

2. Since = (E(N) = E.(X). the E\-term of this spectral sequence depends

only on E.{\). (compare this to 1.2 in T
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3. Some Remarks about Convergence

In 43 of /3] Bendersky. Curtis and Miller prove that for a connective ring
spectrum E that allows a Thom map £ — H. where H is the integral
Eilenberg-Mac Lane spectrum. the spectral sequence defined in the previous
<ection converges for a simply connected space \\" to the homotopy groups of X.
[n their work theyv point at similar arguments using a p-local Thom map to show
that the spectral sequence converges tor B P-rheory to the B P-localization of

AW

DEFINITION 1.7, The E-localization of a space X is a space XNg with a
localization map ng : X — Xg which induces an tsomorphism in E-homology
and is terminal under such maps. i.e.  suppose there s another map
f+ X — Y which induces an E.-i~omorphism. then there erists a unique

map r Y — XNg ~uch that the following diagram commutes:

If £ is a connective spectrum and X a simply connected space. then \g
is just the localization with respect to some primes. [f we fix a prime p.
for example. then the spectral sequence bhased on B P-theory converges to the
homotopy groups of .\ localized at p.i.c. to 7.(.X) - Zip = = Ngp. If E fails

to be connective. Vg is far more mystericus. -\s an example let E. be p-local
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complex A-theorv. then it is shown in (12| that (527D i not 2n-connected.
in fact the results of ‘4] imply rhat T (S y = Q)2 ).

To studyv convergence for non-connected homnology theories requires a dif-
ferent approach outlined in i4]. Localization. the appropriate target in the
connected case has to be replaced by the more general notion of E-completion
following {6l. In this book Boustield and Kan study thoroughly the notion of
completion of a space with respect to a ring R. using mostly simplicial tech-
niques. \s one application they relate certain spectral sequences converging
to the homotopy of a completion of a space X" to the unstable Adams spectral
sequence based on homology with coefficients in the ring 2 detined in 7| by

the same authors. The following arguments are basically the same.

REMARK 1.8, [n many cases E-localizations and E-completions are closely
related. m fact the +rample above concerning p-local compler K-theory was

proved for F-completions.

In order to define the E-completion £°X of a space X" one has to work
simplicially and define:
e the cosimplicial resolution of a space with respect to a triple

e the total space of a cosimplicial space

DEFINITION 1.9, 1 cosimplicial space X is a cosunplicial object over a

category C of spaces. i.e. X consists of
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.oa space N. for every n 20 and

2. for) <1 < n coface and codeqeneracy maps

A Ny — \, and

~ 0 .\~', -l .\:.,

-atisfying the cosumplicial identities dual to the ~umplicial identities as in 113

EXAMPLE 1.10. Any triple ¢ E.qi.ny on the category C of spaces determines

a functor E* from C to the category of costmplicial objects over C:

CESIN Y = ETTH
A= Einprooy 2 KXY — ErN. N<r<u

~ o= Eitpaeg 2 ETTHN D — ErHN n< < n

EXAMPLE L.11. The cosimplicial standard simplex A consists (v each di-

menston n of the standard n-sunpler Alnj with the usual coface and codegen-

ey rtnaps.

DEFINITION 1.12. The total space Tot<X of a cosimplictal space 5 the

Junction space homi X\,
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DEFINITION 1.13. For a trple [ .y in the category of spaces the

E-completion of a space N i~ defined by

EN = Tot  E*(N
As in 6] using the simplicial s-<keleton Al of A and defining
Tot, N = homt RGN

X can be described as the homotopy inverse iimit of a tower of tibrations

consisting of the Tot E*(X)

FXN =lmTTot £

Giiven a tower nnder a space .\

Fo —i"" .\'l)

. . . . ~5.{
it is also possible to define a homotopy spectral sequence. where £7" = =, [.
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If X is the homotopy inverse limit of this tower the following result is proved

in chapter [N of -6i:

PROPOSITION 1.14 i Bousfield. Ikanj. Suppose that under the situation aborve

for: > 1

. - . St
l:”_nl[_‘f.s-q-x =‘)=I_J_IT_11Efs t

for all = > 0. then the homotopy spectral sequence of the tower above converges

completely to =0 \'l.

REMARK 1.15. The proposition above proves convergence of the spectral s¢-
quence has a horizontal vanishing line. 1.c. if for some r there 1s an N such

that £3% =0 for s > \.

Recall that our spectral sequence is defined by a tower over X. but the
spectral sequence above is determined by a tower under £”X. In order to make

E°X the target of our spectral sequence it is necessary to study the relationship

_ -
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of such towers. Fverv tower under .\ determines a tower over X. Let

X
by —— X,
/; _— .\'[
Fo — \y

- . ".'bl . . . . » . - —A : N
he a rower under X. Define X as the homotopy fiber of \' — \'{ and let

D. = F,. then

Nt — D
N — D!
N — D

is a tower over X. The following diagram shows that this two towers induce

the same homotopy spectral sequence.

SRRSO -
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AN N\ —— =D
_\-s+l \ \'\
N N, —— \,

4

Following the <ame argument as in 6} chapter N with respect to 7, <hows
that the tower under £\ induces the tower of tibration defining our spectral
<(‘({!l(“n('(".

This shows that if the spectral sequence has a horizontal vanishing line.
then it converges tor a simply connected space N to the homotopy of the

E-compietion o .
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«HAPTER 2
The Es-term of an unstable Adams spectral sequence

based on a generalized homology theory
1. A cosimplicial description

In this chapter we start with the triple t E.p.ny in the category C of spaces
and the description in Definition 1.5 of its associated homotopy <pecral se-
quence. The first section will lead to a cosimplicial description of its E)-term.

Recall Example 1.10 which defines a functor E* which assigns to a space
\ a cosimplicial space E*(X). The map nx : .\ — Ei X provides a coaug-
mentation of this cosimplicial space in the sense that ’zn =d" =y Applving
homotopy gives the cosimplicial abelian group 7.t E*Xj. which determines a

cochain complex chtx. E*Xi by defining the differentials 0¥ as

/)- = .t "o
=3 (—lrzad).  fork 21
t=U
DEFINITION 2.1. The homology H*ch(={ E* X)) of the cochain compler de-

fined above is called the cohomotopy of the cosimplicial abelian group =.( E* X}

and is denoted by = =.E*X.
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THEOREM 2.2. [he E-term of the homotopy spectral sequence of the triple
vE gy oat Noos qeeen by

EYiN) = {THE."\"- fort > 20
) 0.

otheriise.

The proof of this Theorem reiies on a double cochain compiex argument
which uses the fact that the homology of the total complex can he computed in
two different wavs. The following rwo Lemmas provide the necessarv coilapsing

argunients,
LEMMA 2.3, Let Y = E(X) for E and X as aboce. Then

Sor o~ 2 )

[:'z':i Yo

EVHYy = =aY . fort >

PROOE. Because + £.u. ) is a triple and rhe D are functors [y i~ left

inverse to D.ngy. i.e. the following diagram commutes:

Ding x

DAE(XNi) — DJAE*1 X))

. Doy

v

DaECN i

Therefore the long exact sequence in hiomotopy of rhe tibrations
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!),‘.(l EiXh

DAECX) — DiE- X0

splits into short exact sequences of the form:

= Dngix,

) e DA E N 2 L DUEN N —— 7w Do ECN Y —— 0

Splicing the <hort exact sequences

) — - BN _ T BN —_—— T Dy ECX

) —— T'_A_lullEl Ny — T-+,_{D|‘E"{.\'ll E— :',_,__.D-_“El'.\'n

) —— = D_ iV — T D Ef Ny —— T D ECN

) — =DifEANo —— TDIEHNy — oD ECX

I

together gives the following long exact sequence with d the tirst differential in

the spectral <cquence:

) = EIN) ——  mw EAN) e m  DUERX )
i

B o Do (EUNX)) ——  =DJ(EXHX))

Looking at the definition of the E)-term this is the sequence:
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~) .t ~li—r=i :
£ R L

) —— = EiN) —

i E{—l.x’-—l : [.::

Taking homology proves rhe statement. _

LEMMA 2.1 Let F be a functor from our category C of spaces to the cate-
gory of abelian qroups. Then

FE(N) fa=1

0. othe rweese.

TFEE*X) = {

PROOF. y : E? — E is a natural rransformation L.e. the following diagram

commutes for every f:( — D.

20y —— EiC

AR A[.“ -

F4e D D

Now fet f=d=t: EMN) — E"*Y N for | </ < n.then the diagram above

becomes:
EHEM N L ECEMN)
E"'i‘—‘ : g

ECEMY X n

EAE"H D)

Hentel, y,
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If [ define

Ha = [ypexyn = HLE»=t X

-y = HX

and observe that £2d=" = F2E ™ Npacewy, = EE Nga-i vy = F£d' . then
Ed7 s ppasy =0 2 Bl

Loukine at the following diagram

oo i
-

FE: X FETECX v FECES TN FEEM N

where 0% = 37

(=L FOEd. T claim that the [ j1 form a contracting homo-
0!

topy of this cochain complex. [t is clear that

Fu_yoFEnpy = Flux o Enx) = 1deiEx
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Furthermore

n+l

Fu.con =" 0 Ftn_y

n+1 :
= F;tnoz V=L FOE L -—Z V=1V FIEE o Fr_y
r=u

-1 4

= Fip,0 Ed - Z =1V Fij, o Ed'y = Z =i Ed s ey
=1 =t
1 -1

= F‘Il'\ o Ed% - Z L= F Elll—l SHa—yt — Z N Ed=" s Ha—y}
=1 =1

= Fip., o Ed?

- [“I.“'E'.\’!” > ['-",]6['..'.\'1"'

= ['il' it/‘ Fen

= /l["_"r e

Therefore. = FE(E*N)y=0if ~ > 0 and NEEE*N = herot = FEIN . T

PROOF OF THEOREM 2.2. Define for every & = | the following doule chain
complex:

('m.n

) Teem D ECE*N) . fork >m=0.n2>0
L. otherwise.
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-
-

o

o
s

T\E(E"(\’ll . TL\-_[D][':‘E:;(-\'I' — TL,-__)D-)E(E:,'{.\'H 2

- - -
2 e N

) T E(EN) A s DVETEHN ) —— m D2 ECERCND) .
|

i1

) —— T E(EIN —— m DyECE(N . s DWECEIN ) ——

The horizontal differentials are the differentials «y of the spectral sequence.

whereas the vertical differentials are the -ame as in Lemma 2.1 for

F ==, 2 D.. Because of Lemma 2.4 taking homology vertically gives:
0 ) U t)
0 0 U )

i

A E(N) — e 5 Dy E(N T — = 7 DY ECN

The horizontal homology of this gives then:

SRRSO - |
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\lternatelv. becanse of Lemmal taking homology first horizontally gives:

] 13

= F N 0 0

; ‘ ‘

= Ei N t‘l 1‘)

TN A t) 1)

And the vertical homology of this is:

0 t)

o E*N 1} )

R S ¢ 1) 0

I S 0 ()
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[

Both of this diagrams must coincide with the homology ot the total cochain

complex which means rhat

f_ == F*\

2. Triples. Cotriples and Derived Functors

This section provides most of the rheoretical foundation that helps to iden-
tifv the E,-term in a different way. The constructions are kept verv general

and will be applied ro concrete functors and categories in the next secrion.

DEFINITION 2.3. .\ rriple v(i .y on a cateqory C consists of a functor

(;:C — C and natural transformations p @ (i* — (i and n: [ — @ such

that the following diagrams commute:

< . WE En -
3 — (;*? : € (;
(Tul ‘ i _ i /
SR
L4 A4 rt s
(; '—J_’ (,r' (r'

DEFINITION 2.6. .1 cotriple ((i.d.€) on a category C consists of a functor

(;:C — C and natural transformations & : ( — (* and € : (+ — [ such
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that the following diagrams comimute:

(f — (;~ (f —— ()2 — (s
- . /
i (i3 ~ -
I3 =\ // =
' v : /
,-) - e d .
(i° — (r

DEFINITION 2.7. (Jiven a cotriple ((i.0.€y on a category C a (i-coalgebra
/s an object X in C together with a ~tructure map Ux : N — /X such that

the following diagrams commute:

r

AY — ;X N — AN
AN
\\
AN N ) «
= \\. . \_ \
\ v 1] A\
\ A - (:°\
A omap f o 1 Xoeyy — Yoy between (;-coalgebras i~ a morphism
N — Y inC ~uch that
N Y
(rN —= Y

v

commutes. Let CLGY denote the category of (i-coalgebras.

Observe that (: defines in the definition above a triple on the category Cil

with gy = (lex and ny = vx.

REMARK 2.8. (5 can also be consudered a functor from C to Ci(ir. where

the structure map of GN is given by dx. The forgetful functor from Ci(i) to C

. . . . .
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



i then left adjoint to (i, e,

Homet N.Y v = Homeg N (Y
for X in CIGY and Y in C. This s readily proved by checking all de finitions.

Let us now consider a pair of adjoint functors between categories B and C.

Let
-

Gy
-~

H
- FH — [ be the

<ch that F is left adjoint to H. Let n: [ — HF and e

anit and connit of rhis adjunction. This detines a triple E.pu. .y on B with
E=HF and =l
ane a cotripie (/.0 cvon € with
(;=FH and »=FnH
Observe that for any object B in B. F'B is a (;/-coalgebra with <tructure map
Frng: FiB) — FE(BY=FHF BY=(/F(B)

F can therefore be considered a functor from B to Ci(;). with (i as the functor
of a triple on C((7/i. The triple (E.p.n) on B and the newly defined triple

((7.4i.1j) on C(G) are compatible via F in the sense that for all objects B in B

FEBY=(/FiB)
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and the following diagrams commute

FiB — v FE B, FEH B 2% FEIB:

-
":’5\\\ 'z ::' ':
(Fi B (/JFvBiﬁ(:'FlBl

The proof only consists of checking definitions.

DEFINITION 2.9, Let ((i.p. it be a triple on the category C. The standard

N over \

cosimplicial (i-resolution of an object X s the cosimplicial object (5°
defined as in [.11) by

AN =GR
=1 AR 0 S 1 <n

1[1 = {I'{I](""!—n \ N (I’” ', \', —_— (' _

TR IR L TR | A

-~ :("‘/l(;ﬂ—l"\", ol —_
logether with the previous considerations the following proposition is proved.

PROPOSITION 2.10. [f B and C are categorie~ with functors

F left adjoint to H. then for F considered as « functor from B to C((5 with

triples | E. pony and (G as de fined above

| FE*B=~("FB
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for all objects B in B.

DEFINITION 201, Let Gy be w fripie on a category C oand let
-0 — A be a functor into an abelian cateqory. [he right derived func-

ror B3+ C — A of T wth respeet o the traple v (i) o~ defined by
I{;;T‘("I = f '{(.h'[“r(;o(..')

where ch N is the cochain compler associated to the costnplicial object N with

diffe rentials defined as i the previous section.

[he description of the £,-term in the previous section is just as a derived
functor of =. with respect to the triple « Foy 1. In the next section Propo-
<ition .10 will be used to transter the description to a certain category of

(-0 Jhi‘_"(‘i)[‘{l.\.
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3. The category .M((;) of (i-coalgebras

From now on it is assumed that the ring ~pectrum £ which is represented
by an Q-spectrum {E, | satisfies the following properties:

e E is a homotopy commutative. tlat ('11" ring spectrum

e For each n > 0. E.(Eq) is a free E.-module

e The primitives PE.{E,) in the coalgebra £.tEq) form a free £ _-module

and the composite
l)E-(En) - [:’-(Eu/ —_— [':-E:

is injective. where t E.. E.E) is the Hopt algebroid of stable cooperations —
like the dual of the Steenrod algebra in ordinary homology  mod p—and

7. is the homology suspension.

REMARK 2.12. The Johnson-Wilson spectra Einy meet the requircments

abore isee 1101 together with resulls from 17

For this section oniv the first two requirements are necessary. the third one 1s
used in the next section.

Given a spectrum as above. let .M he the category of free graded
E.-modules and let H be the homotopy category of spaces N with £.0\)

free as an F.-module. £.-homology is therefore a tunctor

E.

H M
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In order to construct a right adjoint to this functor some definitions are neces-

~Aarv:

DEFINITION 2.13. .1 module spectrum F orver a ring spectruin E s one

cquipped with a map o ENF — I such that the following diagrams commute

up to homotopy:

EAEAF 2 pAF SAF =2 A
~~
EAct \~\\
EALF ———— s

F is a tree E-module spectrum. of =0 F) 15 a free E.-module.

Given a free F.-module M with generators {m.,} one can describe Fwith

- F1 = Ml as a wedge of suspensions of E.Le. =V X7 L,

The [£.-homology of O™ F for such a ~pectrum £ is again a tree [_-module. it

i a sum oi EEq1 which are free by one of the assumptions above.
DEFINITION 211, The functor Kg : M — H s defined by
Negt MO =QFF
where Fis defined as above as a wedge of suspensions of E with =, Fy = M.

REMARK 2.15. This i just a generalization of Eilenberg-Mac Lane spaces

i ordinary homology theory.
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PROPOSITION 2.16. The functor Kg «~ right adjoint to E.. te.

N.hp M | = Horm v EN WD

where X i~ in H and M 1in M.

LEMMA 2.17. Let F he the homoiopy category of E-module spectra with
appropriately defined morphisms. then for any E-module spectrum Y and spec-

trum N

N.Y = Hom=t£2 X}

Proofe. If f: X — Y. then

EAf

EAX EAY — Y

is a morphism in F.
D

ifg: £A N — Y is a morphism in F then

Jefines a morphism in the homotopy category of spectra. ['sing the definirions

of ring spectra and module spectra shows that this relationship is a natural

—
—

hijection.

LEMMA 218, [f X and Y are free E-module spectra. then

Homsi N.Y ) = Homvim. X, .Y
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S0

PRrRoOF. X is a wedege of suspensions of £

N=VEE=EAV 5

where V 5" is a bonquet of spheres.

Hom et XY 1 = Homet £ AN SP0Y

o

AV bv Lemma 2.17
S H oY

~ Hom@D 7.z}

x flom v . @ .Y

=~ Homyir LA \VARSEANE 90 2

~ Homuyi7.N. 7.}

[
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PROOF OF PROPOSITION 2.1G. For X in H and M in M

NLRp M) = X.QFF

SERAW S <ince £ is left adjoint 10 Q7. e 2l
~ Hom=t EAYXTNOF) using Lemma 2.17
~ Homytma EAYT XL T F) using Lemma 2.18

~ Hom g F.X0 M

Observe that EAS X is a free £-module spectrum. since .t EAX™ Xy = E.X

(]

is E.-free.

REMARK 2.19. The functor E defined in 1.5 s eractly the composite

hNg s kL.

To complete the definitions iet (; he the composite £, > Ng. then the
previous section shows that this is a tunctor of a cotriple on .M «iving rise to
the category .M((/) of (i-coalgebras. The triple ( £.u. ) on H and the triple

\(;.4i.1) are now compatible via E..i.e. EL( E(XN)=GIEAN ).

THEOREM 2.20. Supposc the spectrum E satisfies the assumption abore.

let N be a simply connected space with E.(X) free as an E.-module. then

EYHN) = Ertiyot EASNELX) fort >~ 210

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



32

where the ¢ rpression on the right is the derived functor of Hom yyeiyc B S s

with respect to the triple (Ciop.n).

PROOF. [t follows from

- F(\Nii= NN xz

x NN EaN)

~ Hom yi E.5" 0 Ea N by adjointness

= Hom i EAS . GUECN ) again by adjointness

x~ Hom yigpn EAS 1 EGETN 1) <ince the triples are compatible

nsing Propositon 2.10 that the following cosimplicial abelian groups are iso-

morphic:

“ BN = Hom vy FaS W ELEP N

= HO”Z'\,“(,'H EASVGUEANY)

Applving cohomotopy gives

EyiNi=="7EX = T Hom v ELSD G END))

= Ert’ o B8N END)

for t >~ > 0. 3
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4. The category Ail'1 of unstable comodules

The identification of the E,-term as an unstable £t in the category MIUGH

of Gi-coalgebras leads closer to an actual computation. The category .MI((7)
is still somewhat mvsterious and needs to be studied further. One way to
nnderstand it is to study functors from .M(() into certain abeiian categories.
The categorv Ai{ 1 of unstable [-comodules is such a category. [ stands in
this section for E.E the Hopf algebroid of stable cooperations. This category
was defined in 3} and rhe following arguments repear the approach outlined

'here.

REMARK 2.21. For the following discussion f 15 necessary to consider the
Full subcategory of homology coalgebras in MG, The definttion of the primi-
tive functor below requires an augmented coalgebra. Therejore. it s from now
on assumed that all spaces mvolved come with a special component contamning
@ basepoint. This restriction does not affect the description of the E,-term.
wnce all constructions where made in this subcategory. This subcategory wll

he again denoted hy Mi(7).

The functor from M(() to A(l{") will be the tunctor P which assigns ro a
(/-coalgebra the E.-module of its primitives. Before defining this tunctor let

us observe that an object in M(() is a coalgebra over E. using the fact that
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(;(M) is the E.-homology of a space. just define

Ny M — (i My=FEaQ~ [
— EJQNF) g EAQFy=GOMY g G

— M e M

using the counit ¢y of & for the last map. Let P{M) denote the module
of primitives with respect to this coalgebra structure. i.e. let M be the unit

coideal

. — M — M — 0

and \y, the induced coproduct on 1/. then

PIMYy =kert Ny M — M g, M)

P can be considered a functor from .M((/} to the category of graded E.-

modules. \nv (;/-coalgebra M is also a [-comodule with structure map

Wy M —— GIM) = EQQ*F) —— EAFV =@ EExU g M

<ince I” and M are free E.-modules and F is a wedge of suspensions of E. Since

PE-(En} - E-(En) I E-E
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is injective by assumption and (7( M) is a direct sum of £.(Eq)
POAMY —— (GIM) — T . M

is also injective. in particular PG M) is again £.-free. [his leads to the fol-

lowing definition:
DEFINITION 2.22. The functor {7 : M —— M s defined by [" = Pe;.

This functor is the functor of a cotriple 1/ .4" ¢! 1 detined in the following
way:
For M in .MI(() with structure map o : M — ¢/ M) the following pull-back

<quare of injections

[Pty —= U, PrD
I'(T\Il —_— I \/
together with the commutative square
PM) e T, P
P

A4 v

(M) —— 1 o M

defines a unique map P(M) — ("P( M) which defines an unstable comodule

structure on P(M). For M = (N this detines o4 : [7{N) — (N0
e is just the composite { (V) — (;i V) — .\ using again the counit of (7.
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[his triple (17.6Y. <"1 is then extended to the category A of all E.-modules in

the following wav: Let M be in A and

F, —— F, A 0

a resolution by free F£.-modules. then
(MY = cokertU(fy: UCFy — U Fyy)
This automaticallv makes ("~ an exact functor on the category A.

DEFINITION 2.23. Al i~ the category of unstable [-comodules.

e, E.-modules M with ~tructure maps M —— (M) compatible with the

cotriple (0704 i,

Since [ is exact on A this category is abelian. The funcror F can now be

considered a functor

PoMiGy — Al

and nsed to study homological properties in .M((ri.

For a module M in A({ 1 we can again construct the cosimplicial resolution

[\ . applving Hom g E.(.57). __) to it gives
MY = Hom gy E<(ST UMY
the unstable cobar complex for M. Using adjointness

Hom qi E-.150.0(M)) = Homa( E.(S"). )

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



o
=1

<hows that

Ny =17 M.

[f V[ i~ a free E.-module this complex is a sub-chain complex of the stable
cobar complex over ' and its homology can be computed by desuspending
elements of the stable complex. isee (3] and 4

The abelian group valued functor Horm vy E.(S%. v that is used to define
rthe E,-term now factors over A({ "} in the following way

M —— Al

N

N Hom g - EalST).__

Hom 5 Eal>" ) __0 0
N
a \4

b
This is nsed in ‘3! bv M. Bendersky. E. Curtis and H. Miller 1o <et up a

composite functor spectral sequence
EY = Exty - Ea S Ry, 0 M = Ect' o Eas oM

converging ro the E,-term.
Defining .M(S) to be the category of free E.-coalgebras—connected in (3] —
the authors were able to show that the derived functor R, P coincides with

i

ws P in the connected case. The latter has been investigated by Boustield

in (5]. In particular. the cofree coalgebra E.(Eaj in MG turns out to be
cofree in .M(S) too. This makes the compusite functor spectral sequence col-

lapse immediately and allows to compute £ E.iS°"*Y) as the homology of
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the unstable cobar complex.
[n the non-connective case these arguments do not work. E.(Eg,) does not
seem to be cofree in .M ~1. moreover the whole notion of cofree is not <o clear
in the non-connective case. The problem is that in (3] Boustield works strictly
with the homology of connected spaces and connected coalgebras. there the
cofree functor and cofree objects are well-understood.
[n the non-connective case the category of E.-coalgebras does not admit a
straightforward description of cofree objects. The smaller category of “irre-
ducible” coalgebras used by Bousfield is too smail to contain the homology of
non-connected spaces which appear in spectra that are of interest (e.g. BlU xZ
in K-theorv). .\ larger category of “completed™ coalgebras might finally solve
some problems and more work has to be done in this direction.
For now the fact that the E.,-term for certain £.i.X') can be computed as the
homology of the unstable cobar complex has to be proved directiv. In 4i this
has been done tor Eili.(~*7h.

After this the discussion the focus shifts in the next chapter to the category
A(L). The Ert-terms based on E(n)-theory will be related to those in BP-

theory for a certain class of modules. In [4] this is rhe starting point for the

computations.
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CHAPTER 3

An unstable change of rings isomorphism
1. Introduction and Background

The main theorem of this chapter is an unstable analogue of the change of
rings ismorphism presented in (14i by H. R. Miller and D. €', Ravenel. There.
the authors identify for certain comodules }/ the Es-term Ertgp.gpt BP.. M)
of the stable Adams-Novikov spectral sequence. defined in the category of
BP.BP-comodules. with an Ert-term over a smaller Hopf algebroid. The
theorem is also a generalization of the special case for M = cTPBPASTTTN

and E(1i-theory presented in ‘4] by M. Bendersky and R. Thompson.

BP stands for the Brown-Peterson spectrum. BFP. = Z.;,,Ll'l.l'_).l':_.....
with 1 = 20p° — 11 is the coefficient ring of the associated homology the-
orv. BP.BP = BP.jhy. hy.h+. ... the Hopt algebroid of cooperations. i.c.

the analogue of the dual of the Steenrod \lgebra. Recall that BP.BP is
close to an Hopf algebra. but its product structure comes with two units
nL.np : BP. — BP.BP. These units arise by taking homotopy of
BP — BPA BP. where BP is mapped into the left or right factor. This pro-
vides BP.BP with the structure of a BP.-bimodule with two different actions.

Given a spectrum X. BP.(X) is a comodule over this Hopf algebrotid.
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A BP.-module N\ is called r,-local if . acts bijectively on V. The prime

example is just the localization of a BP.-module 1/. i.e. the direct limit of

Moo M —— M . et

If V[ is a BP.BP-comodule killed as a BP.-module by the ideal
[, = (p.vi-ca.. .. ¢n_1) C BP.. then multiplication by v, is in fact a co-
module map. This can be seen by observing that nr(rn) = s mod [, which

allows 1, to be passed through the tensor of BP.BP gp, M so that

M LA M - LT

!
!
- i -

BP.BP gp Ml —— BP.BP “gp. M —— ...BP.BP “pp.r7'M
i

l'—lBP.BP BP, M

commutes. This allows to carry out this locaiization in the category of BP.BP-
comodules. A similar argument will be used in Lemma 3.4 in the unstable case.
The Johnson-Wilson spectra E(n) determine non-connective homology the-

ories with coefficient ring E(n). = Zp[vi-tae---- a7t ]

These homology
{heories are Landweber exact. i.e. E(n).(X) = E(n). ~gp. BP.(\) [11]. and

the Hopf algebroid E(n).E(n) can be described as

E(n).E(n) = E(n). _gp, BP.BP ~gp. E(n).
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where Ef(ni. is a BP.-module via the obvious ring homomorphism
BP. — E(ny.. Tensoring BP.BP on hoth sides with Eini. introduces rela-
tions in BP.BP —e.g. npir.) =0 for ¢ > n—and makes it smaller but more
complicated.

[n the previous mentioned paper by Miller amd Ravenel the following state-

ment is proven:

THEOREM 3.1. [f M i~ a v, -local BP.BP-comodule annihilated by [,. then

Ertgp.gp BP.. My = E.l‘t[._“(n,.g(m( Einmi..Eini. gp, Mi

The following notations and definitions will be nsed throughour this chap-
Ter:

o [ =BP.BP

e S =Fini.Einr=Ein. gp. BP.BP gp. Fin.

e For a free BP.-module M. {1 M) = PG where (40 M is the colree
(-coalgebra for BP-theory and P is the primitive functor from the cat-
egory of (/-coalgebras to the category of unstable ['-comodules. [ri M)
for general M/ is defined as in the previous chapter.

e For a free E(ni.-module N. Us(.N) = PG( ). where (/( 3 ) is the cofree
(;-coalgebra for Et(n)-theory and P is the primitive functor from the cat-
egory of (i-coalgebras to the category of unstable Y-comodules. < M)

for general M is defined as in the previous chapter.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



12

The unstable change of rings isomorphism uses the fact that £ini-theory is
Landweber exact. In the stable situation this allows a description ot Fini. Einy
in terms of BP.BP. Unstably. une has to deal with the £{ni-homology of the
<paces in the E{n)-spectrum and it wiil be necessary to express those in terms
of the B P-homology of the spaces in the B P-spectrum. Studving the modules
BP.iBP,) for various n is best done nsing the notion of a Hopf ring 161.

\ Hopfring is a graded ring object in the category of graded coaigebras over
a certain ring. which means it is a bigraded object with two different product
structures. a coproduct and a list of properties relating those ~tructures to
each other. In the case of the Hopf ring BP.(BP.) = {BP.iBPy };cz each
BP. BPy is a Hopf algebra with the usual coalgebra structure and a =-product
Jerived from the H-space structure of each space BPy. These Hopr algebras

are connected by a product

s: BP.(BP;) &upn. BP.&BP,’) —_— Bp.(BPi-jl

using the multiplicative structure of the spectrum BP and a Kiinneth 1somor-

phism

BP.(BP; A BPj) = BP.(BP;) _gp. BP.(BP;)

which holds since all BP.(BPy ) are torsion free.

(‘ertain elements of this Hopf ring can be constructed in the following way:

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



13

Let + = BP. be a homogeneous element represented by a map
r : point — BPy.  Taking BP-homology one identifies elements
“vi € BP,(BP.) as the image of a selected generator in 3 P.. These elements

form a sub-Hopf ring of BP.(BP.) with

o il x il = 1=l
o (' 0 i = 1
o =

This Hopf ring is for integral homology in fact just the zero-dimensional part of
H.(BP.). i.e. Hy(BP.). For BP-theory this sub-Hopt ring of BP.(BP.; will
denoted by BP.[BP=. This notation is justified since the above description
already suggests that it is the group ring of all homogenous elements of BP*
over BP..

In {16} BP.(BP. | is shown to be a free Hopt ring over BP..BP"" generated
by elements h.,, = BPymiBP2). This description is then used to give an

explicit BP.-basis for PBP.(BPy) in terms of elements of the form

i:‘“" o b’
where
(1) el = rledey L
(2) b o= R o b o b
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and [ = 14y is.t4....1and J =1 jg. 1. j2. .. .+ AT€ cOTTAIN sequences ot non-
negative integers.

There is a relationship between the o-product and the product in BP.BP.
more specifically. between the “right™ action of BP..BP" on BP.(BP.) using
the o-product and the right action of BP. on BP.BP. {"nder the stabiliza-
tion map o. : BP.(BPy) — BP.BP the o-multiplication by (¢! turns into

multiplication by nate1. Using the monomorphism

PBP.(BPy BP.(BPy BP.BP

allows to describe PBP.iBPy ) as a BP.-submodule of BFP.BP. This was done
in 3] using the Ravenel-\Wilson basis.

For sequences [ = 1/ 22090000 and J = 1 Jo-J1-J2.- .. of non-negative
integers the pair (.. [ 1 is considered allowable with respect to the dimension k

if

11 Let

J =pA, - /;"Ab2 - p’).k-, —e=p A, =S

where &y < k, < by < ... and J' is a sequence of non-negative inte-
gers. then i, = 0. (2 is the sequence with 1 in the /" position and 0
elsewhere.)

i

=

28 =
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Denoting the right action in BP.BP <tiil by = .a B P.-basis of PBP.iBPy,
is given by elements of the form hY o 1-{ where 1.J. [} is allowable with respect
to the dimension ot A.

In general it is possible to define a Hopf ring for any multiplicative
O-spectrum E for which all E.(Ey) are torsion free. In the case of E(n)-theory

this is a consequence of {10].

2. Some properties of the functor ('

[he following three statements are famiiiar in the stable setting. Theyv all

relv on the fact that ng(r.) = v, mod /. in the Hopf algebroid BP.BP.

LEMMA 3.2, Let M be a BP.-module. then {riv, M) = ¢, U0 M) mod /..

ProoF. If

o —— F v
is a resolution bv free B P.-modules. then
l'nFl _— l'q[':) — .M
is also a free resolution. Applving (- defines { e, M) by

U'r(tn))

[—[‘(I'nf“l) (’r“.n["l)) _— (.r“'n-‘[) —_— .

where [ (v, f) is the restriction of

Covaf:0 - ety —— [ enky
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to the unstable part. Since nptt.) = . mod [. for the right unit

nr: BP. — BP.BP. it tollows that

Corf=eal e A —— -0 Fy mod [, .

and therefore { ¢, f) = v.Lr(f) mod [,. which implies

[re. M) = e e M) mod [,

LEMMA 3.3. Let M be a BP.-module annihilated by [.. «.e. [, M =1, then

[Tt M) s also annthilated by [,.

PROOF. The proof is by inductionon n. For n = () the statement is obvious.
since by Lemma 3.2:
plri M)y ={rpll) =0
Let us now assume that M is killed by [,,,. then it is also killed by /.. which

implies that [, rt M) = 0. Using Lemma 3.2 gives

0= {r({e. M) = (M) mod [,.

(]

which shows that ¢. also kills [ '{.M).

LEMMA 3.1. Let M o be a BP.-module annthilated by [, which s also

vo-local. i.e. v, acts bijectively on M. then Ur¢ M) is also . -local.
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PROOF. For an arbitrarv B FP.-module M we detine ¢7' M by a direct limit
of

M — M — \/ T A Y

Applving [T to this directed system we get

['eirn) ['ef{en)

[eiany 28 et

L'r(en)

(oMY =22l e

as a direct limit. since { T is an exact functor and direct limits can be defined

as cokernels. If M is annihilated by [. this directed svstem is equal to

e MY —2— [ M) —2— (i M) — ..

whose direct limit is +7'{M). T[his implies that [rie My = «7H R M.
[f M is additionallv v, -local. i.e. M = e~V A then (TriMY = »7H o MY and

—_—

[+i M) s v-local.

(‘ombining Lemma 3.3 and Lemma 3.1 proves the following sratement:

COROLLARY 3.3. Lct M be a vp-local BP.-module anmfilated by [.. then

[ (M) is also v,-local and annihilated by [,.

3. Description of [ ¢ in terms of (-

Proposition 3.3 serves as the keyv to relate the functors ([ and (¢ for
E{n).-modules. Observe that anv £(ni.-inodule .V is also a B P.-module via

the obvious ring homomorphism BP. — Ef(n). and {1V s well-defined.

Reproduced with permission of the copyright owner. Further reproduction prohibited without perrﬁission.



I8

Proposition 3.8 is based on the fact that £ini-theorv is Landweber exact and
allows a convenient description of the Hopt ring Ein).(Ei(ni in terms of
BP.(BP.). The <table analogue is compietely obvious once we know rhat

Y = Etni. gp. I gp. E(n).. since tor anv Ein).-module N
S Ein. N=E(nm. Bp [ gp Finie gy, -V
=E(m. gp. I e N
For a free Eini.-module N on one generator in dimension A. (et Vi is defined
by et Ny = PE(ni.(E(nig). The foilowing Proposition helps to describe this

moclule.

PROPOSITION 3.6 ( Hopkins.Huntonr. Let E. represent a Landweber e ract
multiplicative homology theory localized at a prome p. If the coefficients F. are
concentrated in even dimensions and are a tree R-module of countable rank for

~some subring R of the rationals. then
EFAE.) = E. B8P, BP.iBP.: BP.,BP* BP.;E";
PROOF. Similar to the proof in (101 —

REMARK 3.7. E(n)-theory fulfills all requirements of Proposition 5.6 since

Elni. = Z«,,,{l“. AR A S A L':‘I and . = 2Up — 1.
PROPOSITION 3.3. For any E(ni.-module N

(-:( Ny = I_l o, BP. [.[‘l N

Reproduced with permission of the copyright owner. Furt};ér reproduction prohibited without permission.
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as Etnm.-module ~.

PROOF. The proof consists of four parts. First the Proposition is proven
for a free E(n).-module on one generator. then for arbitrary finitely generated
free E{n).-modules and finally. after a short discussion abour naturality. for

arbitrary finitely presented E(n).-modules.

I. Suppose M is a free BP.-module on one generator of dimension & and

N = Eini. gp. M. Remember that

[TtMy= PBP.iBPy| and

I'ev Ny = PEtniaEinn

["sing Proposition 3.6 the graded algebra PE(n 1. E(n). can be described as
PE(ni.Eini.y = P(Etnm. _gp. BP.A(BP.: gpigps BP..E(n)")
= Ewnr. gp, PPBP.(.BP.: gpgpe BP. Eini™
dnce Eini. is flat as a BP.-module and the primitives are defined by a kernel.
BP.(BP.; gp.gp- BP.[E(n)"] is the tensor product of two Hopt rings con-
sidered as algebras over BP.;BP"! using the o-product. [n the Appendix it is

shown that

P(BP.(BP.) gpgp BP.LE(n)7])

= PBP.(BP.) _gp.;gp= 11 =11 " gpigps PBP.[E(R)])
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Observe that the second term is trivial. since for all v, € BP. Eini"! the
codiagonal is A[v.] = (]  [r.j. o there are no primitives. Compare this to
the fact that there are no primitives in Ho(.\') even for a space X' which is
not connected. This leaves us with PBP.(BP.) . gpgp-r | which using the
Ravenel-Wilson basis [16] has a B P.-hasis of elements of the form h'zr! where
i J. I are allowable. The tensor has an additional effect on /. it kills all ¢,’s
for + > n and allows the exponent of ., to be negative. This is the same as
tensoring PBP.(BP.) on the right with Etni.. Therefore. restricting ourselves

just to dimension k. we get

PE(n).(E(n) = Etm. gp. {T(E(n). _gp, M) or

[(N)y= Einmi. gp, [r(V)

II. This quickly generalizes to free £(n).-modules. since (' i~ an additive
functor and certainly commutes with direct sums of E{ni.-modulex.
IIL. The ring homomorphism BP. — Ein. induces a map between Hopt

algebroids [ — <. For a BP.-module / this gives a map

[ “gp. M Ll M

whose E(n).-linear extension is

© gp M.

E(n). .gp. T "ge. M

If \ is an E(n).-module this map becomes the obvious isomorphism.
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Etmi. _ge. U “Bp. .V _ Bp. -V

i i

| i

il i
-

Einiw. gp. U “gp. E(ni. g -V CElny. -V

For a free BP.-module M. [ (M) C [ 7 gp, M. Killing v,’s for + > n and invert-
ing v, on both sides from the right we can consider (- N suill as a submodule
of T ~gp. Nfor N = E(n)..gp. M. Themap Ern:. gp, [Tt N) —— (V)
is just the restriction of the isomorphism above.

IV. Given an arbitrary finitely presented Eini.-module V. let

R — Fy N 0

be a free resolution by E(ni.-modules.

The diagram

[eiFyi _— Ui Fo) — [erV — Y

A :
I | =

H : -

Einy. gpliF —— Elni. _gp. Ui by —— Eini. gp T Ny —— 0

shows that (/N1 x F{n). _gp. (TN

4. Theorem and Proof

PROPOSITION 3.9. [f M s a BP.-module kiled by [, and

N = El(ni. gp, M. then Up(N) is a sum @ U N as Eln).-modules.
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PROOF. Zip(tnei-tnese-ovy 7z, [NV is a sum @ [« Vi indexed bv

monomials in the r.’s for 7+ > n. ['sing Proposition 3.3

Z«m["wl-”n*z'---l .z,,,,('st-\"' = Zu»)i“wlcl'q-z---n Z . FEimo ge, (i V)
y ; o 7 e . . Rl S - -
= ZIp)LI'n—DL'n“.’.-"'; —er) /.,4;,“! - L 0 BP, { r(_\)
:I':lZ‘p,il'l.I,‘_)....: A_Bp.{_rt_\—t

l'—l[)’P. Bp.{—ri_\.x

= I‘TI,-[‘i Ni=/[T71\
bv Corollary 3.3. since .\ is ,-local and killed by /... 3

THEOREM 3.10. If M 1~ an unstable T-comodule. which i~ r.-local and

killed by [, 1e.g. M =7 'BP./I,,. then
Ert;-iBP.. M= Ertro Etny.. Etnic gp, M)

PROOF. Let N\ = Ein. gp. M. N turns out ro be an unstable
V_comodule whose coaction is induced by the coaction of /. Specifically.
siven the coaction M —— { (M) using the statements of Section 2—{r( V) is

again v,-local— one gets an unstable coaction .\ — (V1. which reduces to
v N =E(n)l. gp. N —— Etn. Zgp (Tt NV = ei V).

Let

N o—— [ o(N) —— [N — (3N ——
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hbe the unstable cobar resolution of \ in the category of unstable
[ "c-comodules. Taking a sum of rhis resolution over all monomials in the s

for + > n gives an exact sequence
BN e Pl N —— DN —— DN ——
which. considering Propositon 3.9 and the fact that M = @ \. gives rise to

[ N [P 3 N ——

Al [N

a resolution ot M in the category of unstable [-comodules. Applving Homi«BP.._)
ro this resolution gives exactly the cobar complex associated to the resolution

t)f N since
Homypt BP.. { I"\':"( Ny = Homgp,' BP.. ['\:-_”( Ny =1\

Taking homology proves the theorem.

REMARK 3.11. This proof of an unstable change of rings somorphism can

he easdy adapied to provide a different proof in the stable cuse.
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LEMMA. Let (" and D be coalgebras with unit over a ring R. Let P he
the primitive functor from the category of such coalgebras to the category of

R-modiles. then

pPic Dy=PC Li=:1 _PD

where the tensors are over the ring A. -

PROOF. Denote the codiagonals of (".Dand (* ~ D bv Ao Ap and AL let

ne- and ng be the units of (" and D respectivelv. Taking the cokernels of

Jdefines rhe nunit coideals (" and D.

o claim: 1 PC" L1 =L . PD)yC PiCC D)

1" where either

Let « € (" and @ € (' such that Aca = 0. t.e Aera = Sah
/€ Rorad" €R Aa Ly=Xdad 1 d landd L €R Ror
" "1 € R R Therefore. ¢ -~ 1 € PIC ~ D). Similarly. is 1 =~ PD a

submodule of P(¢(' D) and the claim follows.
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e claim: PI("  DYC(PC "1y =il PD
leta be( Dwithad Randb¢g . If Au = S a”"and Ab =S K CH.
then Ma b =S o b -« b and there have 1o be mixed rerms in this
expression where ' ~ b ¢ R.> Rand «” ~ 6" & R~ R. iCompare this arqument
to the dual setting. where a product of indecomposables is. of course. not

indecomposable.; Therefore. « ~h¢g PI(" = D).
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