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A b s t r a c t

THE VON NEUMANN KERNEL AND MINIMALLY 

ALMOST PERIODIC GROUPS 

by

S h e l d o n  R ot hm an

A d v i s o r :  P r o f e s s o r  M a r t i n  M o s k o w i t z

We f i r s t  c a l c u l a t e  t h e  von  Neumann k e r n e l ,  7] ( G ) ,  o f  

an  a r b i t r a r y  c o n n e c t e d  L i e  g r o u p .  We c o n c l u d e  e a s i l y  f r o m  

t h i s  c a l c u l a t i o n  t h a t  t h e  c l o s e d  n o r m a l  s u b g r o u p  '?p (G) i s  

a l s o  c o n n e c t e d .  U s i n g  o u r  c a l c u l a t i o n  o f  7? (G) we g i v e  

v a r i o u s  c h a r a c t e r i z a t i o n s  o f  m i n i m a l l y  a l m o s t  p e r i o d i c i t y  

f o r  a  c o n n e c t e d  L i e  g r o u p .  Among t h e  c h a r a c t e r i z a t i o n s  i s  

t h e  f o l l o w i n g :  A c o n n e c t e d ■L i e  g r o u p  G w i t h  r a d i c a l  R i s  

m i n i m a l l y  a l m o s t  p e r i o d i c  (map)  I f  a n d  o n l y  i f  G/R i s  s e m i ­

s i m p l e  w i t h o u t  c o m p a c t  f a c t o r s  a n d  G = [ G , G ] .  We p r o v e  

i n  t h e  s p e c i a l  c a s e  w h e r e  R i s  a l s o  s i m p l y  c o n n e c t e d  t h a t  

G = [ G , G j .  T h i s  h a s  t h e  c o r o l l a r y  t h a t  a  s i m p l y  c o n n e c t e d  

r a d i c a l  o f  a  c o n n e c t e d  map L i e  g r o u p  I s  n i l p o t e n t .

U s i n g  t e c h n i q u e s  e s t a b l i s h e d  e a r l y  i n t h i s  p a p e r  t o g e t h e r

w i t h  a  t h e o r e m  o f  T i t s  [ 2 4 ]  we p r o v e  t h a t  a  c o n n e c t e d  map

L i e  g r o u p  h a s  n o  n o n t r i v i a l  a u t o m o r p h i s m s  o f  b o u n d e d

d i s p l a c e m e n t .  As a  c o n s e q u e n c e  we g e t  a  new p r o o f  v i a  t h e

r e s u l t s  o f  P .  G r e e n l e a f ,  M. M o s k o w i t z ,  a n d  L.  R o c h s c h i l d

[ 9 ]  o f  t h e  f o l l o w i n g  t h e o r e m :  I f  G i s  a  map c o n n e c t e d  L i e

i i



g r o u p ,  H i s  a  c l o s e d  s u b g r o u p  o f  G s u c h  t h a t  G/H h a s  f i n i t e

v o l u m e ,  t h e n  z q (H) = Z ( G ) ,  a n d  more  g e n e r a l l y  i f  G a n d  H a r e

a s  a b o v e  a n d  a  i s  a n  a u t o m o r p h i s m  o f  G l e a v i n g  H p o i n t w i s e

f i x e d ,  t h e n  a  i s  t r i v i a l .  W i t h  G a n d  H a g a i n  a s  a b o v e ,  we

p r o v e  i f  d i s p , .  a  i s  b o u n d e d ,  t h e n  a  i s  t r i v i a l ,  ii
U s i n g  a  d e c o m p o s i t i o n  d u e  t o  Y. M a t s u s h i m a  [ 1 7 ] ,  a n d  

p r o j e c t i v e  l i m i t s  o f  L i e  g r o u p s ,  we e x t e n d  m o s t  o f  o u r  

r e s u l t s  on t h e  c h a r a c t e r i z a t i o n  o f  map L i e  g r o u p s  t o  a r b i ­

t r a r y  l o c a l l y  c o m p a c t  t o p o l o g i c a l  g r o u p s ,  a n d  g e t  a  r e l a ­

t i v e l y  s i m p l e  p r o o f  o f  t h e  F r e u d e n t h a l - W e i l  t h e o r e m .
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I n t r o d u c t i o n

I n  I 9 3 1* J* v .  Neumann c o n s i d e r e d  t h e  s e t  o f  a l l  e l e ­

m e n t s  o f  a  t o p o l o g i c a l  g r o u p  G f o r  w h i c h  f ( x )  = f ( l )  f o r  

e v e r y  a l m o s t  p e r i o d i c  f u n c t i o n ,  f ,  d e f i n e d  on  G [ 2 2 ] .  T h i s  

s u b s e t ,  t o  be  d e n o t e d  ^ G ) ,  a n d  r e f e r r e d  t o  a s  t h e  v on  Neu­

mann k e r n e l  o f  G, was  shown t o  be e q u a l  t o  t h e  i n t e r s e c t i o n  

o f  t h e  k e r n e l s  o f  a l l  f i n i t e - d i m e n s i o n a l  c o n t i n u o u s  c o m p l e x  

u n i t a r y  r e p r e s e n t a t i o n s  o f  G. ( H e r e a f t e r ,  c a l l e d  a  r e p r e ­

s e n t a t i o n  o f  G ) .  From t h i s , ^ 7 ( G )  i s  e v i d e n t l y  a  c l o s e d  

n o r m a l  s u b g r o u p  o f  G. We n e e d  o n l y  c o n s i d e r  i r r e d u c i b l e  r e p r e ­

s e n t a t i o n s  i n  o u r  i n t e r s e c t i o n  s i n c e  a  u n i t a r y  r e p r e s e n t a t i o n  

i s  c o m p l e t e l y  r e d u c i b l e .  Von Neumann c a l l s  a  t o p o l o g i c a l  

g r o u p ,  G, m i n i m a l l y  a l m o s t  p e r i o d i c ,  ( m a p ) ,  i f ^ ( G )  = G, 

i m p l y i n g  G h a s  n o  n o n t r i v i a l  r e p r e s e n t a t i o n s  ( e q u i v a l e n t l y ,  

n o  i r r e d u c i b l e  r e p r e s e n t a t i o n s ) ,  a n d  m a x i m a l l y  a l m o s t  p e r i o d ­

i c  (MAP),  i f  ^?(G) = ( 1 ) .  The  l a t t e r  i s  e q u i v a l e n t  t o  t h e  

s t a t e m e n t  t h a t  t h e  r e p r e s e n t a t i o n s  ( e q u i v a l e n t l y ,  t h e  i r ­

r e d u c i b l e  r e p r e s e n t a t i o n s )  s e p a r a t e  t h e  p o i n t s .  I t  I s  w e l l  

known t h a t  b o t h  c o m p a c t  a n d  l o c a l l y  c o m p a c t  a b e l i a n  t o p o l o g i ­

c a l  g r o u p s  a r e  MAP 1 1 1 ] .  T h i s  i m p l i e s  t h a t  a  map g r o u p  h a s  

no  n o n t r i v i a l  c o n t i n u o u s  h o m om o rp h i s ms  i n t o  e i t h e r  a  c o m p a c t  

o r  a  l o c a l l y  c o m p a c t  a b e l i a n  t o p o l o g i c a l  g r o u p .  Von Neumann 

c a l c u l a t e s  t h e  i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  v a r i o u s  g r o u p s .  

R e f e r r i n g  t o  Van d e r  Wa ar d en  i t  i s  shown t h a t  S l ( n , R )  i s  

map [ 2 1 ] .

I n  1936 Hans  F r u d e n t h a l  g a v e  a  n e c e s s a r y  a n d  s u f f i ­

c i e n t  c o n d i t i o n  f o r  a  c o n n e c t e d  t o p o l o g i c a l  g r o u p  w i t h  a
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c o u n t a b l e  o p e n  b a s i s  t o  be  MAP [ 4 ] .  A. W e i l ' s  p a p e r  o f  1 9 ^ 1  

e n a b l e s  one  t o  r e m o v e  t h e  s e p a r a b i l i t y  r e s t r i c t i o n  g i v i n g  

t h e  f o l l o w i n g  ( F r e u d e n t h a l - W e i l ) t h e o r e m .  A l o c a l l y  com­

p a c t  c o n n e c t e d  t o p o l o g i c a l  g r o u p  G i s  MAP i f  a n d  o n l y  i f  i t  

i s  t h e  d i r e c t  p r o d u c t  o f  a  v e c t o r  g r o u p  a n d  a  c o m p a c t  g r o u p  

[ 2 5 ] .  I n  p a r t i c u l a r ,  t h i s  shows  t h a t  a  l o c a l l y  c o m p a c t  c o n ­

n e c t e d  t o p o l o g i c a l  g r o u p  i s  MAP i f  a n d  o n l y  i f  i t  h a s  a  

c o n t i n u o u s  i n j e c t i v e  h o m om o rp h i s m i n t o  a  c o m p a c t  t o p o l o g i c a l  

g r o u p .  V a r i o u s  g e n e r a l i z a t i o n s  o f  t h e  F r e u d e n t h a l - W e i l  

t h e o r e m  f o r  l o c a l l y  c o m p a c t  t o p o l o g i c a l  g r o u p s  w h i c h  a r e  

a l m o s t  c o n n e c t e d ,  i . e . ,  G/GQ i s  c o m p a c t  w h e r e  Gq i s  t h e  

i d e n t i t y  c o m p o n e n t  o f  G, a r e  p r o v i d e d  by M. K u r a n i s h i  [ 1 5 ] ,

S.  Mu ra ka mi  [ 2 0 ] ,  a n d  S.  G r o s s e r  a n d  M. M o s k o w i t z  [ 1 0 ] .  

R e c e n t l y ,  T e r - J e n g  Huang g a v e  a  c h a r a c t e r i z a t i o n  o f  MAP 

g r o u p s  I n  t e r m s  o f  t r a n s f o r m a t i o n  g r o u p s  w h i c h  i m p l i e s  s e v e ­

r a l  o f  t h e  a b o v e - m e n t i o n e d  a u t h o r s '  r e s u l t s  [ 1 2 ] .

I n  1 9 ^ 0 ,  J .  v .  Neumann a nd  E.  P.  W i g n e r  g a v e  a  s u f f i ­

c i e n t  c o n d i t i o n  f o r  a n  e l e m e n t  o f  a  c o n n e c t e d  t o p o l o g i c a l  

g r o u p  G t o  be  c o n t a i n e d  i n  7 ? ( G )  [ 2 2 ] .  U s i n g  t h i s  c r i t e r i o n  

t h e y  c a l c u l a t e d  t h e  v o n  Neumann k e r n e l  o f  t h e  " a x  1 b "  g r o u p ,  

a n d  s h o w e d  by a n o t h e r  d i r e c t  c a l c u l a t i o n  t h a t  S 1 ( 2 , R )  

d i s c r e t e l y  t o p o l o g i z e d  was m a p ■ From t h i s  t o g e t h e r  w i t h  

t h e  r o o t  s p a c e  d e c o m p o s i t i o n  o f  a  c o n n e c t e d  s e m i s . i m p l e  L i e  

g r o u p  w i t h o u t  c o m p a c t  f a c t o r s  i t  f o l l o w s  t h a t  a  c o n n e c t e d  

s e r n i s i m p l e  L i e  g r o u p  w i t h o u t  c o m p a c t  f a c t o r s  i s  map .

A n o t h e r  m e t h o d  o f  a r g u m e n t  s h o w ed  t h a t  t h e  d i s c r e t e  s u b g r o u p  

S l ( 2 , Z )  o f  S l ( 2 , R )  was MAP. Some c a l c u l a t i o n s  o f  t h e  von



Neumann k e r n e l  i n  a  f e w p a r t i c u l a r  o a s e s  w e r e  made i n  [ 1 0 ] .

V e r y  r e c e n t l y  i n  [ 5 ]  H. F u r s t e n b e r g  g a v e  a  g e n e r a l i ­

z a t i o n  ( w i t h  a  new p r o o f )  o f  t h e  B c r e l  d e n s i t y  t h e o r e m  [ 2 ; 2 3 ]  a n d  

i t s  c o n s e q u e n c e s  t o  map g r o u p s .  T h i s  was f u r t h e r  g e n e r a l i z e d  

by M o s k o w i t z  i n  [ 1 8 ] .  One o f  t h e  m o t i v a t i o n s  f o r  t h e  p r e ­

s e n t  p a p e r  was t o  u n d e r s t a n d  e x a c t l y  t h e  g e n e r a l i t y  a c h i e v e d  

by  P u r s t e n b e r g ,  a t  l e a s t  i n  t h e  c a s e  o f  c o n n e c t e d  g r o u p s .

I n  t h e  p r e s e n t  p a p e r  a l l  g r o u p s  w i l l  b e  a s s u m e d  t o  be  

t o p o l o g i c a l  g r o u p s ,  a n d  a s  m e n t i o n e d  p r e v i o u s l y  a l l  r e p r e ­

s e n t a t i o n s  a r e  f i n i t e - d i m e n s i o n a l  c o n t i n u o u s  c o m p l e x  u n i t a r y  

r e p r e s e n t a t i o n s .  F o r  a  g r o u p  G an d  a  s u b g r o u p  H we e s t a b l i s h  

t h e  f o l l o w i n g  n o t a t i o n .  I f  G i s  l o c a l l y  c o m p a c t ,  t h e  r a d i c a l  

o f  G i s  t h e  l a r g e s t  c o m p a c t  c o n n e c t e d  s o l v a b l e  n o r m a l  s u b ­

g r o u p  o f  G ( s e e  K. I w a s a w a  f o r  t h e  e x i s t e n c e  o f  t h e  r a d i c a l  

[ 5 ] ) -  The  d e r i v e d  o f  G i s  d e n o t e d  [ G , G ] ,  w i t h  [ G , G ]  b e i n g  

i t s  c l o s u r e .  Z(G) i s  t h e  c e n t e r  o f  G an d  Zq (H) i s  t h e  c e n -  

t r a l i z e r  o f  H i n  G. GQ w i l l  b e  t h e  i d e n t i t y  c o m p o n e n t  o f  G.

We s a y  t h a t  a n  a u t o m o r p h i s m ,  a ,  o f  G, i s  o f  b o u n d e d  d i s ­

p l a c e m e n t  i f  f o r  a l l  g e G, a ( g ) g  ~ l i e s  i n  some f i x e d  com­

p a c t  s e t .  The H - d i s p l a c e m e n t  o f  a  i s  d i s p ^  a  = ( a ( h ) h  

F o r  t wo  g r o u p s  A a n d  B,  S = A x B d e n o t e s  t h e  s e m i d i r e c t  

p r o d u c t  o f  A a n d  B w h e r e  A i s  n o r m a l  i n  S a n d  n : B -> Aut  ( A ) ,  

i s  a  h o m o m o r p h i s m .

We now g i v e  a  summary o f  r e s u l t s  t o  be  p r o v e d  i n  t h i s

p a p e r .

§1 i s  d e v o t e d  t o  t h e  c a l c u l a t i o n  o f  t h e  v on  Neumann 

k e r n e l  o f  a n  a r b i t r a r y  c o n n e c t e d  L i e  g r o u p .  We c o n c l u d e
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e a s i l y  f r o m  t h i s  c a l c u l a t i o n  t h a t  t h e  c l o s e d  n o r m a l  s u b g r o u p  

G) i s  a l s o  c o n n e c t e d .

I n  §2 we g i v e  v a r i o u s  c h a r a c t e r i z a t i o n s  o f  m i n i m a l l y  

a l m o s t  p e r i o d i c i t y  f o r  a  c o n n e c t e d  L i e  g r o u p .  The  r e s u l t s  

o f  t h e  p r e v i o u s  s e c t i o n  e n a b l e  u s  t o  r e s t r i c t  o u r s e l v e s  t o  

t h e  c a s e  w h e r e  G h a s  an  a b e l i a n  r a d i c a l .  H e r e ,  a  s t r u c t u r e  

t h e o r e m  f o r  c o n n e c t e d  a b e l i a n  L i e  g r o u p s  a n d  o r b i t  c o n s i d e r ­

a t i o n s  a r e  t h e  b a s i s  f o r  t h e  a r g u m e n t s .  Among t h e  c h a r a c ­

t e r i z a t i o n s  i s  t h e  f o l l o w i n g .  A c o n n e c t e d  L i e  g r o u p  G w i t h  

r a d i c a l  R i s  map i f  a n d  o n l y  i f  G/R i s  s e m i s i m p l e  w i t h o u t  

c o m p a c t  f a c t o r s  a n d  G = [ G, G ] . (A s i m i l a r  r e s u l t  h a s  b e e n  

s t a t e d  by G u i v a r c h ' . )  We p r o v e  i n  t h e  s p e c i a l  c a s e  w h e r e  

R i s  a l s o  s i m p l y  c o n n e c t e d  t h a t  G = [ G , G ] .  T h i s  h a s  t h e  

c o r o l l a r y  t h a t  a  s i m p l y  c o n n e c t e d  r a d i c a l  o f  a  c o n n e c t e d  

map L i e  g r o u p  i s  n i l p o t e n t .

I n  §3 we p r o v e  by u s i n g  t h e  t e c h n i q u e s  o f  t h e  p r e v i o u s  

s e c t i o n s  i n  t h i s  p a p e r  t o g e t h e r  w i t h  a t h e o r e m  o f  T i t s  [ 2 4 ]  

t h a t  a c o n n e c t e d  map L i e  g r o u p  h a s  no n o n t r i v i a l  a u t o m o r ­

p h i s m s  o f  b o u n d e d  d i s p l a c e m e n t .  As a  c o n s e q u e n c e  we g e t  a  

new p r o o f  v i a  t h e  r e s u l t s  o f  P .  G r e e n l e a f ,  M. M o s k o w i t z ,  a n d  

L.  R o t h s c h i l d  [ 9 ]  o f  t h e  f o l l o w i n g  t h e o r e m :  I f  G i s  a map 

c o n n e c t e d  L i e  g r o u p ,  H i s  a  c l o s e d  s u b g r o u p  o f  G s u c h  t h a t  

G/H h a s  f i n i t e  v o l u m e  t h e n  Zq (H) = Z(G) [ 5 ] >  a n d  more  

g e n e r a l l y  i f  G a n d  H a r e  a s  a b o v e  a n d  a  i s  a n  a u t o m o r p h i s m  

o f  G l e a v i n g  H p o i n t w i s e  f i x e d  t h e n  a  I s  t r i v i a l .  We c o n ­

c l u d e  §3 w i t h  t h e  f o l l o w i n g  r e s u l t .  F o r  G a n d  H a s  a b o v e ,

i f  d i s p u a  i s  b o u n d e d  t h e n  a  i s  t r i v i a l .  T h i s  t y p e  o f  n
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t h e o r e m  w i l l  b e  d e a l t  w i t h  i n  t h e  c a s e  o f  a n  a r b i t r a r y  c o n ­

n e c t e d  L i e  g r o u p  i n  [ 7 ] .

I n  §4 m a k i n g  u s e  o f  a  d e c o m p o s i t i o n  d u e  t o  Y. M a t s u ­

s h i m a  [ 1 7 ] ,  a n d  p r o j e c t i v e  l i m i t s  o f  L i e  g r o u p s ,  we e x t e n d  

m o s t  o f  t h e  r e s u l t s  o f  §2 t o  a r b i t r a r y  l o c a l l y  c o m p a c t  

c o n n e c t e d  t o p o l o g i c a l  g r o u p s .  We g e t  a s  a  c o r o l l a r y  a  r e l a ­

t i v e l y  s i m p l e  p r o o f  o f  t h e  P r e u d e n t h a l - W e i l  t h e o r e m .

§ 1 .  C h a r a c t e r i z a t i o n  o f  77(G)  f o r  a  C o n n e c t e d  L i e  G r o up

G i v e n  a  c o n n e c t e d  L i e  g r o u p  G, we l e t  G = R*KS b e  

i t s  L e v i  d e c o m p o s i t i o n  w h e r e  R i s  t h e  r a d i c a l  a n d  KS i s  t h e  

d e c o m p o s i t i o n  o f  t h e  L e v i  f a c t o r  i n t o  c o m p a c t  a n d  n o n c o m p a c t  

p a r t s .  L e t  [ R , R ] d e n o t e  t h e  c l o s u r e  o f  t h e  d e r i v e d  o f  R.

S i n c e  [ R , R ]  I s  a c h a r a c t e r i s t i c  s u b g r o u p  o f  G we may f o r m  t h e  

p r o j e c t i o n  it : G G / [ R , R j .  I n  t h e  q u o t i e n t  G / [ R , R ]  we h a v e  

t h e  c o n n e c t e d  a b e l i a n  r a d i c a l  R / [ R , R J  w h i c h  by  w e l l - k n o w n  

s t r u c t u r e  t h e o r e m s  c a n  be  w r i t t e n  a s  V * t  w h e r e  V i s  a  v e c ­

t o r  g r o u p  a n d  T i s  a  t o r o i d a l  g r o u p ,  t h e  T b e i n g  c h a r a c t e r i s ­

t i c  I n  G / [ R , R ] . To s e e  t h a t  T i s  a c t u a l l y  f i x e d  u n d e r  t h e  

i n d u c e d  a c t i o n  o f  tt( K S )  on R / [ R , R ] ,  t h e  L e v i  f a c t o r  o f  G / [ R , R ] , 

c o n s i d e r  t h e  c o n t i n u o u s  hom om or ph i sm  f r o m  t h e  L e v i  f a c t o r  

i n t o  t h e  a u t o m o r p h i s m  g r o u p  o f  T,  A u t ( T ) ,  d e f i n e d  by
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g -»■ a g | T ; g e - r r ( K S ) .  The i m a g e ,  B = ( a g I T ^g £ * f KS ) i s  a  c o n " 

n e c t e d  s u b g r o u p  o f  t h e  d i s c r e t e  g r o u p  A u t ( T ) ,  t h e  a u t o m o r ­

p h i s m  g r o u p  o f  T ,  a n d  t h e r e f o r e  B = ( 1 ) .  T h i s  i m p l i e s  t h a t  

a Tr(ks)  ^T = t h e  i d e n t i t y  a u t o m o r p h i s m ,  f o r  a l l  T i ( k s )  e tt( K S )  

a n d  h e n c e  t h a t  T i s  c e n t r a l i z e d  by tt( K S ) .  S o ,  T i s  i r ( K S ) -  

f i x e d .  The  s e m i s i m p l e  g r o u p  tt( K S )  a c t s  by c o n j u g a t i o n  on 

V x T a n d  s i n c e  T i s  s t a b l e ,  W e y l ’ s t h e o r e m  w i l l  e n a b l e  us  

t o  r e p l a c e  V by  a  V e c t o r  g r o u p  o f  t h e  same d i m e n s i o n ,  h e r e ­

a f t e r  a l s o  d e n o t e d  V,  w h i c h  i s  tt ( K S ) - s t a b l e . T h i s  i m p l i e s  

s i n c e  R /  [ R , R ]  i s  a b e l i a n  t h a t  V i s  n o r m a l  i n  G / [ R , R ] .

We l e t  V̂ , d e n o t e  t h e  s e t  o f  a l l  e l e m e n t s  o f  V w h i c h  h a v e  f i ­

n i t e  i r ( K S ) - o r b i t . i s  e v i d e n t l y  n o r m a l  i n  G / [ R , R ]  s i n c e

i t  i s  a l s o  it(KS) - s t a b l e . By W e y l ’ s t h e o r e m  [ 1 1 ;  Thm. 2 . 3 ,  

p .  1 2 5 ]  i t  m u s t  h a v e  a  i r ( K S ) - s t a b l e  c o m p l e m e n t  w r i t t e n  a s  

VfX , a n d  a s  a b o v e ,  n o r m a l  i n  G / t R , R ] .  B e c a u s e  tt( K S ) -v i s  a 

c o n n e c t e d  s e t  f o r  e a c h  v e V,  i f  v e V^ ,  t h e n  tt( K S ) * v i s  a  

f i n i t e  a n d  c o n n e c t e d  s e t  a n d  h e n c e  m u s t  b e  a  p o i n t .  Th us  

e v e r y  e l e m e n t  o f  Vf  i s  a c t u a l l y  tt( K S ) - f i x e d .

U s i n g  t h e  n o t a t i o n s  a b o v e  o u r  f i r s t  t h e o r e m  i s

T h e o r e m  1 . 1 . I f  G i s  a  c o n n e c t e d  L i e  g r o u p ,  t h e n  

^ ( G )  = TT 1 (Vf  • t t ( s )  ) *

I n  p a r t i c u l a r ,

T h e o r e m  1 . 2 . I f  t h e  r a d i c a l  o f  G i s  a b e l i a n ,  ^ ( G )  = Vf  • S ,
A

a n d  a l s o  i n  t h i s  c a s e  i s  u n i q u e .

We b e g i n  w i t h  a  lemma.
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Lemma 1 . 3 . I f  G i s  a  c o n n e c t e d  L i e  g r o u p  w i t h  L e v i  d ec o m p o ­

s i t i o n ,  G = R • KS, t h e n  b o t h  S a n d  [ R , R] a r e  c o n t a i n e d  i n  

^ p(G ). I f  R I s  a b e l i a n ,  V̂ . I s  a l s o  c o n t a i n e d  i n  ? ( G ) .

P r o o f  o f  Lemma 1 . 3 «  L e t  p b e  a n  I r r e d u c i b l e  r e p r e ­

s e n t a t i o n  o f  G. The  r e s t r i c t i o n  o f  p t o  S i s  a  r e p r e s e n t a ­

t i o n  o f  S ,  a n d  s i n c e  S i s  map m u s t  b e  t r i v i a l  on  S. T h u s ,

S £ ^ ( G ) .

By C l i f f o r d ' s  t h e o r e m  [ 3 ;  T h e o r e m  1 ,  p .  53^1 a p p l i e d  

t o  t h e  n o r m a l  s u b g r o u p  R o f  G,

p | R = v ( x  ® c o n j u g a t e s  o f  x)  *

w h e r e  v i s  a  n a t u r a l  n u m b e r ,  a n d  x i s  a n  i r r e d u c i b l e  r e p r e ­

s e n t a t i o n  o f  R ( c l e a r l y ,  p b e i n g  c o n t i n u o u s  a n d  u n i t a r y  i m ­

p l i e s  t h e  same f o r  x a n d  I t s  c o n j u g a t e s ) .  By L i e ' s  t h e o r e m  

[ 1 1 ;  T h e o r e m  1 . 3 *  P* H 9 ] »  X a n d  i t s  c o n j u g a t e s ,  x^> b e i n g  

i r r e d u c i b l e ,  i m p l i e s  X^CLRjR])  = ( 1 ) ,  a n d  so  by c o n t i n u i t y  

Xe (CR7Rl )  = ( 1 ) .  Thu s  p t D T T i n )  = Cl )  a n d  h e n c e  [ R, R ] ^ 7 )  (G)
A

Th e  s t a n d a r d  i d e n t i f i c a t i o n  o f  V w i t h V  i s  g i v e n  by

t h e  map w xw > w h e r e  X w ( v )  = e x p ( i < w , v > )  ( w h e r e  < , > i s
x

t h e  i n n e r  p r o d u c t  on  V ) .  I f  R i s  a b e l i a n ,  t h e n  V̂ , i s  a  n o r ­

m a l  s u b g r o u p  o f  G, a n d  t h e n  by C l i f f o r d ' s  t h e o r e m ,

p l y - 4- = v 0 Cxw © c o n j u g a t e s  o f  x w D  T o r  some w e ,

w h e r e  V q i s  a  n a t u r a l  n u m b e r ,  a n d  up  t o  e q u i v a l e n c e  a l l  con

j u g a t e s  m u s t  o c c u r .  H e r e ,  e q u i v a l e n c e  m e a n s  e q u a l i t y  s i n c e  

t h e  i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  V a r e  o n e - d i m e n s i o n a l ,
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a n d  x = X I f  a n d  o n l y  I f  w, = w0 . S i n c e  t h e  K S - o r b i t  o f  
w^ W£ eL

'w i s  i n f i n i t e  f o r  a l l  0 ? w e V^ ,  a n d  p i s  f i n i t e - d i m e n ­

s i o n a l

l v ^  V0 X0 I d p

T h u s ,  £  ] ^ ( G ) .  T h i s  c o m p l e t e s  t h e  p r o o f  o f  Lemma ( 1 . 3 ) .

P r o o f  o f  T h e o r e m  1 . 1 .  We b e g i n  t h e  p r o o f  by t h e  r e d u c ­

t i o n  t o  t h e  c a s e  o f  a n  a b e l i a n  r a d i c a l .  We show t h a t  

i r ( G / L R , R ] ) ) = /JJ ( G ) .  L e t  <J> be  a n  i r r e d u c i b l e  u n i t a r y

r e p r e s e n t a t i o n  o f  G. By ( 1 . 3 ) *  <J>([R»R]) = ( 1 ) »  a n d  t h e r e ­

f o r e  <J> i n d u c e s  a  c o n t i n u o u s  r e p r e s e n t a t i o n  s u c h  t h a t  t h e  

d i a g r a m  b e l o w  i s  c o m m u t a t i v e .

n

GL(V)

G / [ R , R ]

L e t  y e it*''1' ( Y} ( G / [ R , R ] ) )  . Prom t h e  d i a g r a m  <f>(y) = *f» ( 71C y ) )  

S i n c e  i t ( y ) e ^ ( G / [ R , R ] ) , <}>(y) = 1 a n d  y e ^ ? ( G ) .  T h u s ,

tt- 1  C ^ ( G / t R , R ]  ) )  — 7} ( G ) . L e t  x e ??(G) a n d  l e t  p b e  an  i r ­

r e d u c i b l e  r e p r e s e n t a t i o n  o f  G / L R , R ]  • T h e n ,  p <> tt i s  a  r e ­

p r e s e n t a t i o n  o f  G, a n d  t h e r e f o r e  (p ° tt) ( x ) = 1 .  T h i s  i m ­

p l i e s  p ( t t ( x ) )  = 1 a n d  s i n c e  p was  a r b i t r a r y ,  t t ( x )  e 7} ( G / [ R  , R ] ) . 

T h e n ,  x e ( G / [ R , R ] ) )  , a n d  ^  ( G ) £  tt ( G / [ R , R ] ) ) •

The  two i n c l u s i o n s  i m p l y  t h a t  V  (G) = t t " 1 ( ^  ( G / r R T R j ) .

To.  c o m p l e t e  t h e  p r o o f  o f  ( . 1 . 1 )  i t  r e m a i n s  t o  p r o v e  f o r  

G = (V x T) • it ( S ) t h a t  7)  ( G / t  H, R ] ) = VfA • tt ( S ) .  T h i s  w i l l  

f o l l o w  i m m e d i a t e l y  f r o m  ( 1 . 2 ) .  H o w e v e r ,  we r e q u i r e  some
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p r e l i m i n a r y  r e s u l t s .

D e f i n i t i o n  1 . 4 .  A g r o u p  G I s  s a i d  t u  b e  a  Z - g r o u p  I f  G/Z(G)  

i s  c o m p a c t .

A p r o o f  i s  o u t l i n e d  i n  [ 1 1 ;  Ex .  2 ,  p .  1 9 * 0  t h a t  a  c o n ­

n e c t e d  g r o u p  i s  MAP i f  a n d  o n l y  i f  i t  i s  a  Z - g r o u p .

Lemma 1 . 5 . Assume G = Z(G)  • K i s  a  c o n n e c t e d  L i e  g r o u p .

Th en  G i s  MAP.

P r o o f  o f  Lemma 1 . 5 . Prom t h e  S e c o n d  I s o m o r p h i s m  

T h e o r e m ,  G / Z ( G )  * f c ( G ) • K ) / Z ( G )= K / Z ( G ) f )  K, w h i c h  i s  com­

p a c t .  H e n c e ,  G i s  a  c o n n e c t e d  Z - g r o u p  a n d  t h e r e f o r e  MAP.

P r o p o s i t i o n  1 . 6 . L e t  G b e  a  c o n n e c t e d  L i e  g r o u p .  T h e n  any  

L e v i  f a c t o r  o f  G i s  c l o s e d .

P r o o f . L e t  G = R-KS b e  a  L e v i  d e c o m p o s i t i o n .  S i n c e  

a n y  L e v i  f a c t o r  o f  G i s  c o n j u g a t e  t o  KS, I t  i s  s u f f i c i e n t  t o  

p r o v e  t h a t  KS I s  c l o s e d .  I n  f a c t ,  s i n c e  K i s  c o m p a c t ,  i f  we 

show t h a t  S i s  c l o s e d  ( i n  G ) ,  I t  w i l l  f o l l o w  t h a t  KS i s  c l o s e d  

[ 1 1 ;  Lemma 2 . 2 ,  p .  5 ] .  By G r e e n l e a f  a n d  M o s k o w i t z  [ 7 ] *

Z ( S )  i s  a  d i s c r e t e  c e n t r a l  s u b g r o u p  o f  G. T h e r e f o r e ,  

t t :  G G / Z ( S )  i s  a  c o v e r i n g  map.  I n  t h e  c o n n e c t e d  g r o u p  

G / Z ( S )  t h e  L e v i  f a c t o r  i s  c l e a r l y  S / Z ( S ) .  S i n c e  S / Z ( S )  i s  

i s o m o r p h i c  t o  t h e  l i n e a r  s e m i s i m p l e  L i e  g r o u p  A d ( S ) ,  i t  I s  

c l o s e d  i n  G / Z ( S )  [ 6 ; Lemma 4 ,  p .  115  a n d  Lemma 5 ,  P* 1 1 6 ] .  

T h e r e f o r e ,  L = r r " " ^ ( S / Z ( S ) ) i s  c l o s e d  by c o n t i n u i t y  a n d  i s  

t h u s  a  L i e  s u b g r o u p  o f  G c o n t a i n i n g  S .  And L -+■ S / Z ( S )
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I s  a  c o v e r i n g  map s i n c e  i t  i s  s u r j e c t i v e  a n d  h a s  t h e  d i s c r e t e  

c e n t r a l  k e r n e l ,  k e r n f ^  = L /I Z ( S ) .  T h e r e f o r e ,  d i m  L =

= d i m  S / Z ( S )  = d i m  S.  S o ,  S i s  an  o p e n  s u b g r o u p  o f  L an d  

t h e r e f o r e  c l o s e d  i n  L.  T h e n ,  S i s  c l o s e d  i n  G b e c a u s e  L i s  

c l o s e d  i n  G.

Lemma 1 . 7 - ( a )  Assume t h a t  H i s  a  c l o s e d ,  n o r m a l ,  c o n n e c t e d

s u b g r o u p  i n  G a n d  t h a t  H £ ^ ? ( G ) .  I f  G/H i s  MAP, t h e n  H = ^ ? ( G ) .  

I n  p a r t i c u l a r ,

( b )  L e t  G be  a  c o n n e c t e d  r e d u c t i v e  L i e  g r o u p  w i t h  L e v i  

d e c o m p o s i t i o n  G = Z(G)*KS.  T h e n ? ? ( G )  = S .

I n  p a r t i c u l a r ,

( c )  I f  G i s  a  c o n n e c t e d ,  r e d u c t i v e  L i e  g r o u p  w h i c h  i s  

map ,  t h e n  G = S.

P r o o f . ( a )  S u p p o s e  t h a t  Xq e G -  H a n d  c o n s i d e r  t h e  

e l e m e n t  Hx^ e G/H.  S i n c e  G/H i s  MAP, a n d  HXq / l ,  t h e r e  

e x i s t s  a  r e p r e s e n t a t i o n  D o f  G/H s u c h  t h a t  D(HXq ) /  1 .  De­

f i n e  t h e  r e p r e s e n t a t i o n  D o f  G by D ( x )  = D(Hx)  f o r  x e G.

We h a v e  D ( x Q) = D(HxQ) /  1.  T h e r e f o r e ,  x Q / ^ ? ( G )  a n d  H = ^ ( G ) .

( b )  S i n c e  S i s  n o r m a l  i n  KS a n d  c o m m u t e s  w i t h  Z ( G ) ,

S i s  a  n o r m a l  s u b g r o u p  o f  G. Prom ( 1 . 6 ) ,  S i s  c l o s e d  i n  G, 

a n d  h e n c e  we may a p p l y  t h e  S e c o n d  I s o m o r p h i s m  T h e o r e m  t o  

o b t a i n

( 1 )  G/S a ( Z ( G ) • K ) • S / S  a Z ( G ) * K / ( Z ( G ) * K )  f)  S

The c o n n e c t e d  g r o u p  Z ( G ) ' K  I s  MAP, ( 1 . 5 ) >  a n d  h e n c e  a  Z - g r o u p .  

B e c a u s e  Z ( G ) • K / ( Z ( G ) ■K) f \  S i s  t h e  h o m o m o r p h i c  i m a g e  ( u n d e r  t h e
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c a n o n i c a l  p r o j e c t i o n ) ,  o f  t h i s  Z - g r o u p ,  I t  I s  a l s o  a  Z - g r o u p .  

T h i s  I m p l i e s ,  u s i n g  ( 1 ) ,  t h a t  G/S I s  MAP an d  b y  ( 1 . 3 ) ,

S — j ^ ( G ) .  We c o n c l u d e  by  p a r t  ( a )  t h a t  7?(G) = S.

( c )  S i n c e  G i s  map ,  ^7(G) = G. B u t  by p a r t  ( b )  a b o v e ,

?p(G) = S.  T h u s ,  G -  S .

T h i s  c o m p l e t e s  t h e  p r o o f  o f  t h e  lemma.

P r o o f  o f  T h e o r e m  1 . 2 . We b e g i n  t h e  p r o o f  i n  t h e  c a s e  

when G i s  o f  t h e  f o r m  G = (V x T) x^ KS. H e r e  i t  w i l l  be  

shown t h a t  G i s  i s o m o r p h i c  t o  T ^  (V x^ KS ) .  Once  t h i s  h a s  

b e e n  e s t a b l i s h e d ,  s i n c e  ? ( T ®  (V K S) )  = /J?(T) x n KS) =

= ( 1 ) x^ K S ) ,  b e c a u s e  T i s  c o m p a c t  a n d  h e n c e  MAP [ 1 1 ;  

T h e o r e m  1 . 4 ,  p .  1 8 ] ,  we may a s s u m e  T i s  t r i v i a l .  To s e e  t h e  

i s o m o r p h i s m ,  d e f i n e  t h e  f u n c t i o n

<j, : (v  x t )  x^ KS + T ® (V x^ KS)

b y

<t>{ ( ( v ,  t ) , k s )} = ( t , ( v , k s ) ) ;  v e V,  t  e T ,  k s  e KS .

L e t  x = ( ( v , t ) , k s )  a n d  y = ( ( v ' , t ' ) , k 1s ’ ) b e  a r b i t r a r y  

e l e m e n t s  o f  (V x t )  x^ KS. I f  x = y ,  t h e n  v  = v 1 , t  = t * ,  

k s  = k ' s ' ;  a n d  h e n c e  ( t , ( v , k s ) )  = ( t 1 , ( v 1 , k 1s 1 ) ) ,  w h e r e b y  

<f>Cx) = <f>Cy) * a n d  s o  <J> I s  w e l l  d e f i n e d .  I t  i s  c l e a r  t h a t  <J> 

i s  a  c o n t i n u o u s ,  o p e n ,  a n d  s u r j e c t i v e  map .  We show t h a t  4> 

i s  a  h o m o m o r p h i s m .  C a l c u l a t i n g ,  f o r  a r b i t r a r y  x a n d  y a b o v e ,

<f> (xy) = ^{((VjtJjksJHv^t'Jjk's')}

“ 4> { ( ( v , t ) ( n ( k s ) ( v '  , t *  J J j k s k ’ s 1 )}

= ‘H U v j t H r K k s H v '  ) , n ( k s ) ( t , ) , k s k *  s 1 )}
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= <H ( ( v , t ) ( n ( K s ) ( v 1 ) , t ' ) , k s k 1s *)} ( b e c a u s e  t*  e T i s

KS-fixed)
= <t>{ (vn ( k s )  ( v 1 ) , t t ' ) j k s k ' s *  )}

= ( t t 1 , ( v n ( k s ) ( v ' ) , k s k 1s 1 ) )

= ( t , ( v , k s ) ) ( t t , ( v r , k ' s ' ) )

-  4>(x)4>(y) .

T h e r e f o r e ,  <f> i s  a  h o m o m o r p h i s m .  We n e x t  show t h a t  <(> i s  i n ­

j e c t i v e .  S u p p o s e  tf> ( x ) = 4»(y) .  T h i s  i m p l i e s  

( t , ( v , k s ) )  = ( t ' , ( v 1 , k r s ' ) ) ,  a n d  s o  t  = t 1 , v = v ' ,  a n d  ks  =

= k ’ s * .  T h e r e f o r e ,  x = ( ( v , t ) , k s )  = ( ( v ' j t ' J j k ' s * )  = y arid 

4> i s  i n j e c t i v e .  T h i s  c o m p l e t e s  t h e  a r g u m e n t  t h a t  <J> i s  an 

i s o m o r p h i s m .

A s s u m i n g  T i s  t r i v i a l ,  we h a v e  G = V KS. Prom ( 1 . 3 )  

b o t h  S a n d  a r e  c o n t a i n e d  i n  G) a n d  s o  S ,  t h e  g r o u p

g e n e r a t e d  by a n d  S i s  c o n t a i n e d  I n l j ( G ) .  U s i n g  t h e  n o t a ­

t i o n  o f  ( 1 . 3 )  f o r  t h e  s t a n d a r d  i d e n t i f i c a t i o n  o f  V w i t h  V,  

f r o m  t h e  Mackey t h e o r y  [ 1 5 ;  T h e o r e m  A, p .  4 2 ]  r e p r e s e n t a ­

t i o n s  o f  t h e  f o r m  xw ®  Y> w e V,  y a n  i r r e d u c i b l e  r e p r e s e n t a ­

t i o n  o f  KS, d e f i n e d  by ( x w ® y ) ( v , k s )  = x w ( v ) y O < s ) ,  f o r  ( v , k s )  e G, 

i s  a  r e p r e s e n t a t i o n  o f  G ( n o t  n e c e s s a r i l y  f i n i t e - d i m e n s i o n a l ) ,  

a n d  i s  f i n i t e - d i m e n s i o n a l  i f  w e V^.. ( A c t u a l l y ,  t h i s  c o l ­

l e c t i o n  e x h a u s t s  t h e  ( f i n i t e - d i m e n s i o n a l )  i r r e d u c i b l e  r e p r e ­

s e n t a t i o n s  o f  G, a l t h o u g h  we w i l l  n o t  h a v e  n e e d  o f  t h i s  

f a c t . )

L e t  ( v , k s )  e G, w h e r e  k s  i  S .  We s h o w  t h a t



1?

( v , k s )  I  ?7 CG) .  S i n c e  k s  ?  S a n d  S = ^ ( K S )  ( 1 . 7  ( c ) ) ,

t h e r e  e x i s t s  a n  i r r e d u c i b l e  r e p r e s e n t a t i o n  Yk s  o f  S s u c h  t h a t

Y^ g Ck s )  f  1 .  Bu t  t h e n  ( x Q ® Yk s ) ( v , k s )  = X0 ( v ) x k s ( k s )  =

= l * Y k s ( k s )  ?  1 ,  a n d  ( v , k s )  & 7? ( G ) . C o n s i d e r  an  e l e m e n t
1

( v , k s )  e G, w i t h  v e V^.  S i n c e  V̂ , i s  a  s u b s p a c e  o f  V,

V / v ^  i s  a  v e c t o r  g r o u p  a n d  h e n c e  h a s  a  s e p a r a t i n g  f a m i l y  o f

i r r e d u c i b l e  r e p r e s e n t a t i o n s  ( i n d e e d  i t  h a s  a  f a i t h f u l  o n e ) .
x

T h u s ,  f o r  a ny  e l e m e n t  v e S  V -  V̂ , we c a n  f i n d  a n  i r ­

r e d u c i b l e  r e p r e s e n t a t i o n  x , r o f  V s u c h  t h a t  X,T( v )  ^ 1.  C a l -w w

c u l a t i n g ,  ( x w ® I ) ( v , k s )  = x w( v ) , l / l ,  a n d  s o  

( v , k s )  £ ? ? ( G ) .  We h a v e  p r o v e n  t h a t  x^ S — ?f (G)  a n d  

t h a t  a n  e l e m e n t  ( v , k s )  e G -  (V^. xr) S)  i s  n o t  i n  (G) . 

T h e r e f o r e ,  ?p (G) = x n S ,  a n d  s i n c e  (G) i s  d e f i n e d  i n ­

d e p e n d e n t l y  o f  V ^ ,  m u s t  be  u n i q u e .  T h i s  c o m p l e t e s  t h e  

p r o o f  o f  ( 1 . 2 )  i n  t h e  c a s e  w h e r e  G i s  o f  t h e  f o r m  

G = R:* KS. F o r  t h e  g e n e r a l  c a s e  o f  ( 1 . 2 )  we r e q u i r e  a n o t h e r  

l emma.

x
Lemma 1 . 8 . Assume G i s  a s  i n  ( 1 . 2 ) .  Th en  Vf  • S i s  c l o s e d  

i n  G.

P r o o f . I n  v i e w  o f  H o c h s c h i l d  [ 1 1 ;  Ex.  2 ,  p .  1 9 ^ ] >  i t

i s  s u f f i c i e n t  t o  p r o v e  t h a t  f o r  e v e r y  c o m p a c t  s u b g r o u p  M 
x

o f  G,  (V^, • S )  D  M i s  c l o s e d  i n  M.

L e t  L be  a n  a r b i t r a r y  c o m p a c t  s u b g r o u p  o f  G. The 

I w a s a w a  D e c o m p o s i t i o n  T h e o r e m  [ 1 3 ;  T h e o r e m  2 ,  p .  5 1 5 ]  t e l l s  

u s  t h a t  a n y  t w o  m a x i m a l  c o m p a c t  s u b g r o u p s  o f  G a r e  c o n j u g a t e  

by  a n  e l e m e n t  o f  G a n d  s i n c e  V h a s  n o  c o m p a c t  s u b g r o u p s  i t
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a l s o  t e l l s  u s  t h a t  a m a x i m a l  c o m p a c t  s u b g r o u p  o f  T-KS i s  a 

m a x i m a l  c o m p a c t  s u b g r o u p  o f  G a s  w e l l .  T h e s e  a s s e r t i o n s  

a l l o w s  u s  t o  c h o o s e  a n  e l e m e n t  x e G s u c h  t h a t

( 1 )  Lx = xLx- 1 e  T-KS .

The  g r o u p  V T-KS i s  a  n o r m a l  s u b g r o u p  o f  G. I t s  L i e  a l g e ­

b r a ,  i s  c o n t a i n e d  i n  t h e  L i e  a l g e b r a  ( )  / i  h , k  .

And ,  (?& '+£') f) k.&  = ( 0 )  s i n c e  i s  t h e  r a d i c a l  o f  ° 1 ,

t h e  L i e  a l g e b r a  o f  G,  a n d  i s  t h e  L e v i  f a c t o r  o f  .

H e n c e ,  t h e  s u b g r o u p  V t\ T-KS i s  b o t h  n o r m a l  a n d  d i s c r e t e

a n d  t h e r e f o r e  c e n t r a l  i n  G. S o ,

( 2 ) V r\ T-KS £  Vf  

x
a n d  b e c a u s e  V̂ . f\ T-KS ^  V fi T ’ KS, we h a v e  u s i n g  ( 2 )  t h a t

( 3 )  VfAf l T * K S ^ V f

i  x
C l e a r l y ,  V̂ . r\ T-KS — Vf  an d  h e n c e  c o m b i n e d  w i t h  ( 3 ) ,

x  X
( 4 )  Vf  f\ T-KS , Vf  n  v f  = ( 1 ) ,

i m p l y i n g

( 5 )  Vf A/» T-KS = ( 1 )  .

y Y ^
O b v i o u s l y ,  (V^ • S)  f\ L S  s  r\ L . S u p p o s e  v^. * s  = I  i s  an

e l e m e n t  o f  ( V ^ - S ) f )  Lx . T h e n ,  v fX = Us"1 £ LXS S T - K S - S

by ( 1 ) .  B u t ,  T - KS - S  = T-KS a n d  s o  v ^ e  T -K S ,  a n d  t h e r e f o r e

by ( 5 ) ,  Vp f \  T-KS = ( 1 ) .  T h u s ,  v ^ ” = 1 a n d  h e n c e

( 6 ) ( v fA - s )  n  Lx = S n  Lx
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w h i c h  i s  c l o s e d  i n  Lx s i n c e  S i s  c l o s e d  i n  G ( 1 . 6 ) .  S o ,

(Vj. • S)  A Lx i s  c l o s e d  i n  Lx .

We c o n s t r u c t  t h e  g r o u p  G'  = R x^ KS w h e r e  t h e  a c t i o n  n 

i s  c o n j u g a t i o n  i n  t h e  g r o u p  G. C o n s i d e r  t h e  map <J>: G' -► G 

d e f i n e d  by

<f>((i’ > k s ) )  = ( r , k s )  .

I t  i s  a  c o n t i n u o u s  o p e n  h om o m o r p h i s m  o f  G' o n t o  G m a p p i n g
jl x

t h e  s u b g r o u p  V̂ , S o f  G'  o n t o  t h e  s u b g r o u p  ■ S o f  G.

By ( 1 . 2 ) ,  x S = 2 ? ( G ' )  a n d  s o  i t  i s  a  ( c l o s e d )  n o r m a l
JL

s u b g r o u p  o f  G 1 . T h e r e f o r e ,  V̂ , * S i s  a  n o r m a l  s u b g r o u p  o f  C-. 

C o n j u g a t i o n  by t h e  e l e m e n t  x ^ i s  a  h o m e o m o r p h i s m  o f  G w h i c h
JL y

t h e n  maps  t h e  c l o s e d  s e t  (V^. • S)  A L , i n  Lx , o n t o  t h e  s e t

(Vj.X* S)  A  L ,  i n  L.  T h i s  i m p l i e s  t h a t  (V^ • S) A  L i s  c l o s e d
x

I n  L,  a n d  t h u s  • S i s  c l o s e d  i n  G. T h i s  c o m p l e t e s  t h e

p r o o f  o f  t h e  lemma.

To c o m p l e t e  t h e  p r o o f  o f  ( 1 . 2 ) ,  l e t  G, G ' ,  a n d  <p b e  a s
JL

a b o v e .  We h a v e  s e e n  t h a t  V̂ , • S I s  n o r m a l  i n  G, a n d  by ( 1 . 3 )  

t h a t  I t  i s  c l o s e d  i n  G a s  w e l l .  We c a n  t h e r e f o r e  f o r m  

G/Vp  • S a n d  we l e t  <f>: G ' / V ^  x^ S  VG/V^* S be  t h e  homo­

m o r p h i s m  I n d u c e d  f r o m  0 .  E a r l i e r  i n  t h e  p r o o f  we s ho we d  t h a t  

# ( G ’ ) = ^ ( Y  KS) = S ,  a n d  t h u s  G ' / V ^ K S  i s  a  c o n ­

n e c t e d  MAP g r o u p ,  a n d  h e n c e  a  Z - g r o u p .  The h o m o m o r p h i c
^  <v

i m a g e ,  G/V^ • S ,  o f  G' /V^.  S ,  u n d e r  <J>, m u s t  c o n s e q u e n t l y
JL

b e  a  c o n n e c t e d  Z - g r o u p  a s  w e l l .  H e n c e ,  G/V^, • S i s  MAP,
X

a n d  by  ( 1 . 3 ) »  b o t h  S a n d  V̂ . a r e  c o n t a i n e d  i n / ? ( G ) .  T h u s ,



• S i s  c o n t a i n e d  i n  7)(G ) a n d  s o  ^?(G) = V̂ , • S ( 1 .  5 ( a ) ) .  

T h i s  c o m p l e t e s  t h e  p r o o f  o f  ( 1 . 2 ) .

P r o o f  o f  T h e o r e m  1 . 1 . We h a v e  shown t h a t  

t t " 1 ( ^ ( G / [ R , R ] ) )  = ^ ( G ) .  By ( 1 . 2 ) ,  ^ ( G / L R , R : n  = Vf X. i r ( S ) .  

T h e r e f o r e , ^ ? ( G ) = Tr- ^ ( V ^X - tt( S ) ) ,  a n d  ( 1 . 1 )  i s  p r o v e n .

C o r o l l a r y  1 . 9 . I f  G i s  a  c o n n e c t e d  L i e  g r o u p ,  t h e n  # ( G )  

i s  a  c l o s e d ,  n o r m a l ,  a n d  c o n n e c t e d  s u b g r o u p  o f  G.

P r o o f . We h a v e  s e e n  e a r l i e r  f r o m  t h e  d e f i n i t i o n  o f  

m  G) t h a t  i t  i s  a  c l o s e d  n o r m a l  s u b g r o u p  o f  G. From ( 1 . 1 )  

a n d  ( 1 . 2 ) ,  7)  ( G ) / [ R , R ]  = ^ ( G / [ R , R ] “ ) = Vf X • tt( S )  w h i c h  i s  

c l e a r l y  c o n n e c t e d .  T h e r e f o r e , P / ( G ) / [ R , R ]  i s  c o n n e c t e d ,  a n d

t h e  c h a r a c t e r i s t i c  s u b g r o u p  [ R , R ]  i s  c o n n e c t e d  s i n c e  R i s  

c o n n e c t e d .  T h u s ,  7)  (G) i s  c o n n e c t e d .

T h e o r e m  1 . 2  a l l o w s  us  t o  c a l c u l a t e  t h e  Von Neumann k e r ­

n e l  r e a d i l y  a s  t h e  f o l l o w i n g  e x a m p l e  s h o w s .

( 1 0  0
E x a m p l e  1 . 1 0 . L e t  G = R * I 0 c o s 0  s l n 0 |  , w h e r e  n i s

\  0 - s i n  0 c o s  BJ

t h e  u s u a l  a c t i o n .  T h e n ^ ? ( G )  = s u b s p a c e  g e n e r a t e d  by
” rl  0 0

To s e e  t h i s  l e t  K = 7 I 0 c o s  0 s i n  0
0 - s i n  0 c o s  Bfj

0 eR

a n d  l e t  V = R^.  We h a v e  t h a t  n ( K ) | o |  = ^ 0 ^  , I . e . ,

1 '
i s  K - f i x e d .  T h i s  i m p l i e s  t h a t  t h e  c o m p a c t  g r o u p  K 

a
0 , a  e  R, f i x e d .  I t  i s  c l e a r  t h a t  a l l

v 0

0 f 0
1 > 0
Oj 1

0
\ol

l e a v e s  t h e  l i n e
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o

o t h e r  e l e m e n t s  o f  R h a v e  I n f i n i t e  K - o r b i t ,  a n d  s o

C / ° \  K .
Vj, = s u b s p a c e  G e n e r a t e d  ”1 1  , / 01 . By ( 1 . 2 ) ,  w i t h

1 r0\

S = ( 1 ) ,  /J?(G) = Vj. = s u b s p a c e  g e n e r a t e d

I f  G I s  o f  t h e  f o r m ,  G = Rn K, w h e r e  K I s  a  c o m p a c t

c o n n e c t e d  L i e  g r o u p  a n d  Rn I s  t h e  r a d i c a l  o f  G, t h e n  ^?(G)

i s  a  s u b s p a c e  o f  Rn ( 1 . 2 ) .  T hu s  i t  makes  s e n s e  t o  s p e a k  o f

t h e  d i m e n s i o n  o f ^ 7 ( G )  a s  a  v e c t o r  s p a c e ,  d e n o t e d  d i m ^ ( G ) .

We a s s e r t  t h e  f o l l o w i n g  a b o u t  d i m ^ 7 ( G ) .

C o r o l l a r y  1 . 1 1 . I f  G = R n  K, w h e r e  K i s  a  c o m p a c t  c o n ­

n e c t e d  L i e  g r o u p  a n d  R n  i s  t h e  r a d i c a l  o f  G, t h e n  d i m / ^ ( G )  /  1

P r o o f . L e t  V = R n . Pr om ( 1 . 2 ) ,  ^? (G)  = V̂ . a n d  h e n c e  

d i m ^ ( G )  = d i m  V^,. To show t h a t  d i m ^ ( G )  /  1 i t  i s  t h e r e -
X

f o r e  s u f f i c i e n t  t o  show d i m  V̂ . ^ 1 .  S u p p o s e  t o  t h e  c o n t r a r y
i

t h a t  d i m  Vj. = 1 .  T h e n  t h e r e  e x i s t s  a  v e c t o r  0 ¥ v^  e
x

s u c h  t h a t  Vq i s  a  b a s i s  o f  V^,. F o r  s u c h  k e K, n ( k )  i s  

n o n s i n g u l a r  a n d  h e n c e  n ( k ) ( v g )  y* 0 .  T h e r e f o r e ,  t h e r e  i s  a 

c o n t i n u o u s  h o m o m o r p h i s m  <(>: K -*■ R x  ( t h e  n o n z e r o  r e a l  n u m b e r s ) ,  

s u c h  t h a t

( 1 )  n ( k ) ( v Q) = ( k ) v Q; k e K.

y
S o ,  <#>(X) i s  a  c o m p a c t  c o n n e c t e d  s u b g r o u p  o f  R , a n d  t h e r e f o r e ,  

<J>(K) = ( 1 ) .  T h i s  i m p l i e s ,  f r o m  ( 1 ) ,  t h a t  v ^  g V^,. T h i s  i s
X

a  c o n t r a d i c t i o n  a n d  s o  d i m  V̂ , y* 1 .
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§2 .  M i n i m a l l y  A l m o s t  P e r i o d i c  G r o u p s

I n  t h i s  s e c t i o n  we g i v e  v a r i o u s  c h a r a c t e r i z a t i o n s  o f  

m i n i m a l l y  a l m o s t  p e r i o d i c  g r o u p s ,  ( m a p ) ,  i . e . ,  t h o s e  w h e r e  

?p(G)  = G. We c o n t i n u e  w i t h  t h e  n o t a t i o n  e s t a b l i s h e d  i n  §1 .

Lemma 2 . 1 . L e t  G be  a  c o n n e c t e d  L i e  g r o u p .  Then  G i s  map

i f  a n d  o n l y  I f  G / L R , R j  i s  map.

P r o o f . We h a v e  s e e n  i n  t h e  p r o o f  o f  ( 1 . 1 )  t h a t  

J ?(G)  = tt“ 1 (^?  ( G / [ R , ' r T ) )  . T h e r e f o r e , ^  ( G ) / T r T r T  = ^ ( G / [ R , R ] ) . 

I f  G / [ R , R J  I s  map ,  t h e n  7? (G / [ R , R ] )  = G / [ r 7 r ]  and

G ) / [ R , R )  = G / L R , R ] .  H e n c e ,  [ R , R ] ^ ( G )  = G,  [ R , R ]  b e i n g  

t h e  k e r n e l  o f  i t . C o n s e q u e n t l y , ^7 (G) = G s i n c e  [ R ,  R J  ~ ^ ? ( G ) ,

( 1 . 3 ) ,  a n d  t h u s  G i s  map.

I n  t h e  o t h e r  d i r e c t i o n ,  s i n c e  G / [ R , R ]  i s  a  q u o t i e n t  

g r o u p  o f  G, t h e  m i n i m a l l y  a l m o s t  p e r i o d i c i t y  o f  G I m p l i e s  

t h e  same f o r  G / [ R , R ] .

S i n c e  Lemma 2 . 1  e n a b l e s  u s  t o  c o n s i d e r  g r o u p s  w i t h  

a b e l i a n  r a d i c a l s  we now come t o

T h e o r e m  2 . 2 . L e t  G be  a  c o n n e c t e d  L i e  g r o u p  w i t h  L e v i  d e ­

c o m p o s i t i o n  G = R*KS. Th e n  t h e  f o l l o w i n g  a r e  e q u i v a l e n t .

( i )  G i s  map

( i i )  G / l R T R l  c a n  b e  w r i t t e n  I n  t h e  f o r m  G / [ R , R ]  =

= V*i r (S)  w i t h  a l l  n o n z e r o  e l e m e n t s  o f  V o f  u n b o u n d e d  u ( S ) — 

o r b i t .

( l i i )  G/R h a s  no  c o m p a c t  f a c t o r s  a n d  e v e r y  n o n z e r o  e l e ­

m e n t  o f  R / [ R , R ]  I s  o f  u n b o u n d e d  i r ( S ) - o r b l t .
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( i v )  G/R h a s  no  c o m p a c t  f a c t o r s  a n d  [ R , R1 =

= { r  e R: [ G , r ]  — [ R, R_ | }.

( v )  G/R h a s  no  c o m p a c t  f a c t o r s  a n d  G = tG>G] .

P r o o f  ( i < = i > i l ) .  I f  G I s  map ,  t h e n  G / L R , R ]  i s  map a nd  

s o  t h e  s e m i s i m p l e  g r o u p  G / [ R , R ] f R / [ R , R J  i s  map a n d  h e n c e  by 

( 1 . 7 ( c ) )  h a s  no c o m p a c t  f a c t o r s .  T h e r e f o r e ,  G / [ R , R ]  h a s  

L e v i  d e c o m p o s i t i o n  G / L R , R ]  = R / [ R , R ]  • ^ ( S ) ,  a nd  

7 p{  G / l R  , R ] )  = V ^ - t t C S )  ( s e e  1 . 2 ) .  T hu s  s i n c e  G / [ R , R ]  i s  

map ,  R / [ R , R ]  • i t ( S ) = V ^ *  t t ( S ) ,  w h i c h  i m p l i e s  t h a t  T = ( 1 )  

a n d  R / I r 7 r J  = VfA = V. S o ,  G / [ R , R ]  = V - t t ( S )  w i t h  e a c h  n o n ­

z e r o  e l e m e n t  o f  V = (V^, ) o f  i n f i n i t e  i t (S ) - o r b i t . S i n c e  

t t ( S )  i s  a  c o n n e c t e d  s e m i s i m p l e  L i e  g r o u p  w i t h o u t  c o m p a c t  f a c ­

t o r s  e a c h  n o n z e r o  e l e m e n t  o f  V h a s  i n f i n i t e  7T ( S ) - o r b i t  i f  

a n d  o n l y  i f  i t  h a s  u n b o u n d e d  7T ( S ) - o r b i t  [ 8 ; P r o p .  8 . 4 ,  p .

2 3 8 ] .  T h i s  p r o v e s  ( i i ) .

I f  ( i i )  h o l d s ,  by ( 1 . 2 ) ,  7} ( G / [ R “,RT = Vf A* i r ( S )  =

= G / [ R , R ]  a n d  s o  G / L R , R ]  i s  map.  By ( 2 . 1 ) ,  G i s  map.

( i < r r >  I i i ) .  Assume t h a t  G i s  map.  T he n  'G/R i s  map ,  a n d  

s i n c e  i t  i s  a l s o  s e m i s i m p l e  m u s t  h a v e  no c o m p a c t  f a c t o r s  ( 1 . 7 ( c ) ) .  

T h a t  e v e r y  n o n z e r o  e l e m e n t  o f  R / t R , R j  i s  o f  u n b o u n d e d .  i t ( S ) -  

o r b i t  f o l l o w s  i m m e d i a t e l y  f r o m  ( i i ) .

I f  ( i l l )  h o l d s ,  K = ( 1 )  a n d  T = ( 1 ) ,  a n d  h e n c e  

R / F rT r I  = v  smd G / L R , R ]  h a s  L e v i  d e c o m p o s i t i o n ,

G / [ R , R ]  = V - tt( S )  w i t h  a l l  n o n z e r o  e l e m e n t s  o f  V (= R / [ R , R ] )  

o f  u n b o u n d e d  T t ( S ) - o r b i t .  By ( i i ) ,  G i s  map.

( l < = J > i v ) .  S u p p o s e  G i s  map.  By ( i i i ) ,  G/R h a s  no
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c o m p a c t  f a c t o r s .  S e t  A = { r  e  R: [ G , r  J } £  , rT . C l e a r l y ,

[ R , R J  ^ A  b e c a u s e  LR»R] i s  c o n t a i n e d  I n  R a n d  i s  a  c h a r a c t e r ­

i s t i c  s u b g r o u p  o f  G. L e t  x e A. T h e n ,  LG,x]  — [ R , R J .

I n  p a r t i c u l a r ,

( 1 )  [ S ,  x j  T R l

Prom ( 1 )  we o b t a i n

( 2 )  [ tt ( S )  , tt( x ) ] = tt( [ S , x ] )  — tt ( t R , R ]  ) = ( 1 )  .

T h i s  s a y s

( 3 )  TT(s)7r ( x ) 7r ( s ) “ 17r ( x ) “ 1 = 1 f o r  a l l  s  e S ,  

and  h e n c e ,

( 4 )  tt( s ) *ir ( X) = Tr(s)Tr(x)TF(s)” '1' = ti( x ) f o r  a l l  s  e S.

Thus  t tCx) e R / [ R , R j  i s  7r ( S ) - f i x e d .  By ( i i i ) ,  t h e  o n l y  e l e ­

m en t  o f  R / l R , R ]  t h a t  i s  T r ( S ) - f i x e d  i s  1 .  So t t ( x )  = 1 a n d

x e k e r  tt = [ R , R ] . T h e r e f o r e ,  A [ R , R ] a n d  w i t h  t h e  o t h e r

i n c l u s i o n ,  A = t R > R J ■ We h a v e  a c t u a l l y  p r o v e n

( 5 )  [ R , R ]  = ( r  e R: [ S , r ]  ^  [~R,Rj)  = { r  e R: [ G , r ]  ^  [ R , R ] } .

C o n v e r s e l y ,  a s s u m e  ( i v )  h o l d s .  T h e n  K -  ( 1 )  a n d  

G / [ R , R ]  h a s  L e v i  d e c o m p o s i t i o n ,  G / [ R , R ]  = R / [ R , R  J • tt ( S ) .

S u p p o s e  a  n o n z e r o  e l e m e n t  [ R , R ] x  e R / [ R , R ]  h a s  f i n i t e  ( a n d

h e n c e  f i x e d )  tt ( S ) - o r b i t . We c a n  e x p r e s s  t h i s  a s

( 6 ) t t ( s ) * t t ( x )  = t t ( s ) t t ( x ) t t ( s ) ” ^ = t t ( x )  f o r  a l l  s  e S.

Then
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( 7 )  TT ( [ s ' , x ] ) = tt ( s  )tt (x  )tt ( s  ) M x )  1 = 1 f o r  a l l  s  e S,

a n d

( 8 )  i r ( L S , x ] )  = ( 1 )  •

Fr om ( 8 ) we h a v e  t h a t  [ S , x ]  S  k e r  it = [ R »R ] .  By ( 5 ) *  

x e T r T r T -  H o w e v e r ,  t h i s  i s  a  c o n t r a d c t i o n  s i n c e  we a s s u m e d  

[ R , R J x  t o  be  n o n z e r o  i n  R / [ R , R ] ,  T h e r e f o r e ,  e v e r y  n o n z e r o  

e l e m e n t  o f  R / [ R , R] h a s  i n f i n i t e  a n d  h e n c e  u n b o u n d e d  t r ( S ) - o r -  

b i t .  By ( i i i ) ,  G i s  map.

( i   > v ) .  Assume ( i )  h o l d s .  By ( i v ) ,  G/R h a s  no

c o m p a c t  f a c t o r s .  S u p p o s e  now t h a t  G /  1 / 3 , Gj  a n d  c o n s i d e r  

t h e  c a n o n i c a l  p r o j e c t i o n  it 1 : G -+■ G / [ G , G J .  I t  i s  a  c o n t i n u ­

o u s  h o m o m o r p h i s m  o f  G I n t o  t h e  n o n t r i v i a l  a b e l i a n  g r o u p ,

G / F G , G] .  S i n c e  G i s  map t h i s  c a n n o t  h a p p e n  a n d  s o  we m u s t  

h a v e  G = [ G, G ] .

C o n v e r s e l y ,  i f  ( v )  h o l d s  t h e n  G = R-S i s  t h e  L e v i  d e ­

c o m p o s i t i o n  o f  G. L e t  p be  a n  i r r e d u c i b l e  r e p r e s e n t a t i o n  

o f  G. By C l i f f o r d ’ s t h e o r e m ,  t h e  r e s t r i c t i o n  p | R c a n  be  

w r i t t e n  i n  t h e  f o r m

p I r = v ( x  ® c o n j u g a t e s  o f  x )  >

w h e r e  v I s  a  n a t u r a l  n u m b e r ,  x a n  i r r e d u c i b l e  r e p r e s e n t a ­

t i o n  o f  R;  a n d  up t o  e q u i v a l e n c e  a l l  c o n j u g a t e s  o f  x m us t  

o c c u r .  S i n c e  t h e  i r r e d u c i b l e  r e p r e s e n t a t i o n s  o f  R a r e  o n e ­

d i m e n s i o n a l ,  e q u i v a l e n c e  me ans  e q u a l i t y .  B e c a u s e  p [ R i s
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f i n i t e - d i m e n s i o n a l ,  x m u s t  h a v e  a  f i n i t e  n u m b e r  o f  c o n j u ­

g a t e s ,  a n d  s i n c e  G-x  i s  c o n n e c t e d ,  x m u s t  a c t u a l l y  b e  f i x e d  

u n d e r  t h e  a c t i o n  o f  G. T h u s ,  p | ^  = vx-  T h e r e f o r e ,

( 1 )  p ( r ) = v x ( r ) l ;  r  e R.

L e t  <J>: G ■+ R b e  t h e  c o n t i n u o u s  h om o m o r p h i s m  d e f i n e d  by

( 2 ) <f>(g) = d e t  p ( g ) .

S i n c e  R i s  a b e l i a n ,  <f> ( [G,G J ) = ( 1 ) .  H o w e v e r ,  by a s s u m p t i o n  

G = I G , G ]  a n d  s o  <j)(G) = ( 1 ) .  I n  p a r t i c u l a r ,  u p o n  r e s t r i c t i n g  

(f> t o  R we h a v e

( 3 )  <f>( r*) = d e t  p ( r )  = 1 ,  f o r  a l l  r  e R.

T h i s  i m p l i e s  t h a t  p ( r )  e S U ( n , C )  f o r  a l l  r  e R. Prom ( 1 ) ,  

f o r  e v e r y  r  e R p ( r )  i s  a  s c a l a r  m a t r i x  a n d  t h e r e f o r e  

p ( r )  e Z ( S U ( n , C ) ) .  He nc e  p ( R )  i s  a  c o n n e c t e d  s u b g r o u p  o f  

t h e  f i n i t e  g r o u p  Z ( S U ( n , C ) ) ,  a n d  s o  p ( R )  = I .

C o n s i d e r  t h e  f o l l o w i n g  c o m m u t a t i v e  d i a g r a m :

G

G / R ------------------ ^GL(W)

P

w h e r e  t t  i s  t h e  c a n o n i c a l  p r o j e c t i o n  o f  G o n t o  G/R a n d  p i s  

t h e  r e p r e s e n t a t i o n  o f  G/R i n d u c e d  f r o m  p .  E v i d e n t l y ,  p 

m u s t  b e  t r i v i a l  s i n c e  G/R i s  s e m i s i m p l e  w i t h o u t  c o m p a c t



f a c t o r s  a n d  s o  map.  H e n c e ,  p = p « n i s  t r i v i a l  a n d  s i n c e  

p was  a r b i t r a r y ,  G i s  map .  T h i s  c o m p l e t e s  t h e  p r o o f  o f

( 2 . 2 ) .

I n  t h e  c a s e  o f  s i m p l y  c o n n e c t e d  r a d i c a l  we c a n  s a y  

s o me w h a t  m o r e .

T h e o r e m  2 . 3 . Assume G i s  a  c o n n e c t e d  L i e  g r o u p  w i t h  L e v i  

d e c o m p o s i t i o n ,  G = R*KS.

( a )  I f  G I s  map a n d  R i s  s i m p l y  c o n n e c t e d ,  t h e n  

G = [ G , G ] ,  I n  p a r t i c u l a r ,

( b )  I f  G i s  map a n d  R i s  a b e l i a n  o r  G i s  s i m p l y  c o n ­

n e c t e d ,  t h e n  G = [ G , G ] ,

P r o o f . We w i l l  f i r s t  p r o v e  t h e  r e s u l t  f o r  t h e  s p e c i a l  

c a s e  when  R i s  a  v e c t o r  g r o u p  V.  By ( 2 . 2  ( i i ) ) ,

( 1 )  G = V*S w i t h  a l l  n o n z e r o  e l e m e n t s  o f  V o f  u n b o u n d e d  

S - o r b i t .  C a l c u l a t i n g  f o r  v e V,  s e S ,

( 2 ) [ v , s j  = [ ( v , l ) , ( l , s ) ] = ( s  • v  -  v , l ) .

P u t  L = l i n e a r  s p a n  { s * v  -  v )  „ .  L c a n  b e  s e e n  t o  be  a  s u b -
S C o
veV

m o d u l e  o f  V a s  f o l l o w s .  F o r  s , t  e S ,  v  e V ,

t . ( s * v - v )  = t * ( s * v )  -  t * v

= t - ( S ’ V) -  s * v  + s - v  -  v + v -  t  * v

= [ t * ( s * v )  -  s * v j  + [ s * v  -  v ] - [ t * v  -  v ]  .

A l l  t h e s e  e x p r e s s i o n s  i n  b r a c k e t s  i n  t h e  l a s t  l i n e  a b o v e  a r e  

i n  L a n d  s o  t * ( s * v - v )  I s  a l s o  i n  L.  T h i s  s h o w s  t h a t  L i s  a

s u b m o d u l e  o f  V. O b s e r v e  t h a t  L ^  ( 0 )  i f  V /  ( 0 )  s i n c e  S
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a c t s  on n o n z e r o  e l e m e n t s  o f  V by u n b o u n d e d  o r b i t s .  T h u s ,  i f

V i s  i r r e d u c i b l e ,  L = V. By ( 1 ) ,  t h e  l i n e a r  s p a n

t [ v , s ] } veV = l i n e a r  s p a n  f s ‘ v - v ^s e s  > a n d  s o ,  
s e S  veV

( 2 )  [ V , S ]  = l i n e a r  s p a n  { [ v , s ] ) v£;V =
s e S

= l i n e a r  s p a n  ^ s ‘ v " v ^v e y  = ^ .
s e S

T h u s ,  i f  V i s  i r r e d u c i b l e ,  [ V , S ]  = L = V.

I n  t h e  c a s e  w h e r e  R = V i s  n o t  n e c e s s a r i l y  i r r e d u c i b l e ,  

s i n c e  S i s  s e m i s i m p l e  W e y l ' s  t h e o r e m  e n a b l e s  u s  t o  w r i t e

V = © ■•• & W^, w h e r e  e a c h  Ŵ  i s  a n  i r r e d u c i b l e  s u b -  

m o d u l e  o f  V. We h a v e  shown a b o v e  t h a t  f o r  e a c h  i ,

L.  = l i n e a r  s p a n  ( s * w .  -  w. }  Q i s  a  s u b m o d u l e ,  r e s p e c t i v e l y ,
X  1  X  S  £  o

w1 eWi
o f  W^, w i t h  ^ ( 0 )  i f  i* ( 0 )  s i n c e  S a c t s  by u n b o u n d e d  

o r b i t s  on a l l  n o n z e r o  e l e m e n t s  o f  As a b o v e ,  = W^,

a n d  [W1 , S ]  = W^, f o r  i  = 1 , 2 , . . . , k .  H e n c e

k

( 3 )  [ V , S ]  = [Wn ® • • •  ® W . , S ]  = 5 Z  [ w ^ s ]
1 K 1=1 1

k

= II W± = V.
i = l

We know [ S , S ]  = S b e c a u s e  S i s  s e m i s i m p l e .  Pr om t h i s  f a c t  

a n d  ( 3 ) ,  we s e e  t h a t  [ G , G ]  c o n t a i n s  b o t h  V a n d  S ,  a n d  s o  m u s t  

c o n t a i n  V*S,  t h e  g r o u p  g e n e r a t e d  b y  V a n d  S .  S i n c e  V*S = G,  

by ( 1 ) ,  we c o n c l u d e  t h a t  [ G , G ]  c o n t a i n s  G a n d  s o  G = [ G , G ] .

I n  t h e  g e n e r a l  c a s e ,  ( i i )  o f  ( 2 . 2 )  i m p l i e s  t h a t
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R / [ R , R J  i s  a  v e c t o r  g r o u p .  By ( 2 . 1 ) ,  G / [ R , R ]  i s  map a n d  s o  

by t h e  s p e c i a l  c a s e  p r o v e n  a b o v e  f o r  a  map g r o u p  w h o s e  r a d i ­

c a l  i s  a v e c t o r  g r o u p ,  G / [ R , R ]  = [ G / ’Fr ,R J , G / [ R , R ] ] .  T h i s

i m p l i e s  tt(L0 , G 3 )  = [n (G) , tt (G) J = [ G / [ R , R ] ,  G / [ R , R ] J  = G / [ R , R  j .

T h e r e f o r e ,

( 4 )  k e r n  ■ [ G , G ]  = G.

B u t  k e r  u = [ R , R ]  a nd  Tr TRT = [ R , R J  s i n c e  R i s  s i m p l y  c o n ­

n e c t e d  L115 T h e o r e m  1 . 2 ,  p .  1 3 5 ] .  T hu s  k e r  it = LR,R]  — [ G,GJ  

a n d  ( 4 )  b e c o m e s  [G,GJ  -  G. T h i s  c o m p l e t e s  t h e  p r o o f  o f

( 2 . 3 )  ( a ) .

To p r o v e  ( 2 . 3 )  ( b )  we n o t e  t h a t  i f  G i s  s i m p l y  c o n ­

n e c t e d ,  t h e n  R i s  s i m p l y  c o n n e c t e d  a n d  so  G = [ G , G ]  by ( a ) .

We s aw i n  t h e  p r o o f  o f  ( 2 . 2 ) t h a t  R/FR~R]  i s  s i m p l y  c o n ­

n e c t e d .  I f  R i s  a b e l i a n ,  t h i s  s a y s  R i s  s i m p l y  c o n n e c t e d

a n d  s o  G = [ G , G ]  f o l l o w s  a g a i n  by  ( a ) .

C o r o l l a r y  2 . 4 . I f  G i s  a  c o n n e c t e d  map L i e  g r o u p  w i t h  s i m p l y  

c o n n e c t e d  r a d i c a l  R,  t h e n  R i s  n i l p o t e n t .

P r o o f . By ( 2 . 3 ) , . G = [ G , G ] ,  a n d  t h e r e f o r e  R = R f) G =

= R /) [ G , G J .  And ,  R /) [ G , G ]  i s  n i l p o t e n t  b e c a u s e  i t  i s  a  

c o n n e c t e d  L i e  g r o u p  a n d  i t s  L i e  a l g e b r a ,  d  = A ( \  C®/,®?] i s  n i l -  

p o t e n t  [ 1 1 ;  T h e o r e m  3 - 2 ,  p .  1 2 8 ] ,  H e n c e ,  R i s  n i l p o t e n t .

We c l o s e  w i t h  a n  e x a m p l e .  We w i l l  c o n s t r u c t  a  c o n ­

n e c t e d  map L i e  g r o u p  G w h e r e  [ G , G ]  ^  G. T h i s  w i l l  show 

t h a t  we may n o t  d r o p  t h e  a s s u m p t i o n  t h a t  t h e  r a d i c a l  o f  G i s  

s i m p l y  c o n n e c t e d  i n  ( 2 . 3 ) .
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E x a m p l e  2 . 5 - L e t  H =  { ( x , y , z , t ) :  x , y , z , t  e  R} w i t h  t h e  m a n i -
li

f o l d  s t r u c t u r e  o f  R a n d  w i t h  I t s  m u l t i p l i c a t i o n  d e f i n e d  by

( 1 )  > y ^ »2-^ , t  ) ( x 2 >y ̂ »^ 2 3 "̂ 2 ^

— ( x 1 z ^ 1 2 j y ^ z 1 ̂ 2 * Zl  + Z2 J ^ l +t 2  ̂ *

w h e r e  a  I s  a  f i x e d  i r r a t i o n a l  r e a l  n u m b e r .  L e t  D be  t h e  d i s ­

c r e t e  c e n t r a l  s u b g r o u p  o f  H c o n s i s t i n g  o f  t h e  e l e m e n t s  

( P » Q j 0 > 0 )  w i t h  a r b i t r a r y  i n t e g e r s  p a n d  q .  Form H/D.  We 

o b s e r v e  t h a t  H/D i s  n o t  s i m p l y  c o n n e c t e d  [ 1 1 ;  Ex .  2 ,  p .  1 ^ 0 ] .

L e t  Jt = D ( x ^ >y 1 , z ^ , t ^ )  a n d  m = D ( x 2 » y 2 > z 2 , t o  ̂ b e  e l e m e n t s  °L

H/D.  We h a v e  A**1 = DC-x-^+z-^t  ̂, - y . ^ +o t z^ t ^  , - z ^  , - t ^ ) an d  
— 1

m = D ( - X 2 + 2 2 t 2 s “ y 2 + a z 2 t 2 , - z 2 J - t ; 2  ̂ * T h u s > u s i n g  ( 1 ) ,

[ £ , m ]  = £m5-” 1m’"1

= DCxj^ , y 1 , z 1 s t 1 ) D ( x 2 , y 2 >z 2 > t 2 ) D( ~ x l + z l t l J - y l + a z i fcl “ z l _ t l ^  

D ( - X 2 + Z2 t 2 > - y 2+ a z 2 t 2 , - z 2 5_ ^ 2 ^

= D ( x 1 + x 2 + z :Lt 2 Jy 1 + y 2 + a z 1 t 2 »t l + t 2 ^

D ( - x - L - X 2 + z 1 t 1 + z 2 t 2  +  z 1 t 2  > - y 1 - y 2 + 0 t  ( z i t i  +  z 2 t 2  +  z l t 2 ^  *

—z - z 2 y~~̂  j.--^ 2 ^

= D(z^t2+z^t-L+z^t2+(z1+Z2)(-t^-t2),

a [ z 1 t 2 + z 1 t 1 + z 1 t 2 + ( z 1 + z 2 ) ( “ ̂  i ^  2  ̂  ̂j ^ ^ ^

S i m p l i f y i n g  we g e t

( 2 )  [ £ , m]  = D ( z 1t 2 - Z 2 t l » « ( z 2t 2 “ z 2 fci ^ » ° » 0  ̂ *

T h e n ,  [ H / D ,  H/D]  = g r o u p  g e n e r a t e d  { [ £ , m j :  H ,m e H /D } ,  a n d

( 2 ) i m p l i e s  s i n c e  a  i s  i r r a t i o n a l  t h a t
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( 3 )  [ H / D ,  H/D]  = { D ( x , y , 0 , 0 ) :  x , y  E R > .

C o n s i d e r  t h e  a c t i o n  o f  S l ( 2 , R )  on H d e f i n e d  f o r

S11  s 1 2 \
s e S I ( 2 , R) ,  a n d  ( x , y  , z , t ) e H by

S2 1 S2 2 /

We h a v e

( 5 )  s - ( p , q , 0 , 0 ) = ( p , q , 0 , 0 ) f o r  a l l  p , q  e R,  s  e S 1 ( 2 , R ) .

I n  p a r t i c u l a r ,  ( 5 )  h o l d s  f o r  a l l  p , q  e Z ,  s e S i ( 2 , R ) .  T h u s ,  

S l ( 2 , R )  a c t s  t r i v i a l l y  on D a n d  we h a v e  a n  i n d u c e d  a c t i o n  o f  

S l ( 2 , R )  on  H/D d e f i n e d  by

( 6 ) s . D h  = D ( s - h ) ,  f o r  s  e S l ( 2 , R ) ,  Dh c h /D  ,

w h e r e  s * h  i s  t h e  a c t i o n  o f  S 1 ( 2 , R )  on H d e f i n e d  by  ( 4 ) .

U s i n g  ( 6 ) d e f i n e  G = H/D • S 1 ( 2 , R ) .

C l a i m .  ( i )  G i s  a  c o n n e c t e d  map L i e  g r o u p

( i i )  [ G , G ]  /  G.

P r o o f , ( i )  I t  I s  c l e a r  t h a t  G i s  a  c o n n e c t e d  L i e  g r o u p .  

The  r a d i c a l  o f  G i s  H/D a n d  g/ h/D  h a s  no  c o m p a c t  f a c t o r s ,  

s i n c e  S 1 . ( 2 , R )  h a s  n o n e .  S i n c e  [ H / D ,  H / d J  i s  a  c h a r a c t e r i s ­

t i c  s u b g r o u p  o f  G we c a n  c o n s i d e r  t h e  I n d u c e d  a c t i o n  o f

:>y , z  , t )

e H / d / [ h / D ,  H/D]  a n d  s  = /  11 1 2 ) e S 1 ( 2 , R
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( 7 )  s • a  = £ H / D , H / D 3D( x , y jS^-^z + s - j ^ t  »a 2 ̂  z "̂ "®2 2 ̂  ^

o
O b s e r v e  t h a t  t h e  u s u a l  a c t i o n  o f  S 1 ( 2 , R )  on R ,

’11 S12\  / 2

S21 S 22 /

i s  s u c h  t h a t  e v e r y  n o n z e r o  e l e m e n t
/ z

t /

e R  h a s  a n  i n f i n i t e ,

a n d  h e n c e  u n b o u n d e d  S l ( 2 , R ) - o r b i t . T h e n ,  f r o m  ( 7 ) ,  t h e  e l e ­

m e n t  a  a b o v e  w i t h  z a n d  t  n o t  b o t h  z e r o  h a s  u n b o u n d e d  

S l ( 2 , R ) - o r b i t . S u c h  e l e m e n t s  a  a r e  t h e  n o n z e r o  e l e m e n t s  o f  

H / d/  [ H / D >H/ D3 ( s e e  ( 3 ) ) j  a n d  s o  we h a v e  shown t h a t  S 1 ( 2 , R )  

a c t s  by u n b o u n d e d  o r b i t s  on  e v e r y  n o n z e r o  e l e m e n t  o f  

H / D ^ L H / D , H / D ] .  H e n c e ,  G i s  map ( ( 2 . 2 )  ( i i i ) ) .

( i i ) .  We c a l c u l a t e  [ G , G J .  L e t  a  = D( ( x - ^ y ^  , z ^ , t ^ )  , s  )

, s l l  S l^\  

s 2 i  s 2 2j

- 1

a n d  b = G( ( x 2 > y 2 >

^ P l l  P12
a n d  p =

I P 21 P 2 2

We h a v e  a  = D ( ( - x ^ - . s ^ L S 2 ^ ( s ^ 2 t i ~ s 2 2 z l

+ S2 2 ^S2 1 Zl “ Sl l fcl ^ , " y l " a ^ Zl ^ S2 1 ^S1 2 t l _S2 2 Zl ^+S22 ^S2 1 Z1

—®2.i 1  ̂  ̂  ̂*s 1 2 ^ 1 - s 2 2 z l >s2 1 z l ” s l l ^ l ^  *^  ̂* a n d

b _1  = D( ( - X 2 - Z 2 f P 2 i ^ p l 2 t 2 " P 2 2 Z2 ^ +P2 2 ^ P 2 1 Z2 " P l l t 2 ^ *

_ y 2 “ a  ̂Z2^-P21 ^ 1 2 ^ 2 - ^ 2 2 Z2^+^ 2 2 ^ 2 1 Z2~^11^2^  ̂  ̂ * P1 2^ 2 —

P 2 2 z 2 , P 2 1 Z2 ” P l l t 2 ^ * We h a v e

( 8 ) ab  = D( ( x 1+ x 2 + 2 1 c , y 1 +y2+ az - j C, #  , # * )  j S p )



C o n t i n u i n g ,  L a , b ]  = D U z ^ c  -  d + L # ] ( s 2 1 ( * ' )  + s ^ C * * ) ’ ),”  

a ( z 1 c - d +  [ * ] ( s 2 1 ( * ' ) + s 2 2 ( * * ) ' ) , * " , ( * * ) " ) ,  s p s T 1p “ 1 ) .

L e t t i n g  e = z - ^ - d + L * ]  ( s 21 ( * 1 J + s,,-, ( * * )  1 ) ,  we g e t

( 1 0 )  [ a , b ]  = D ( ( e , a e , * " , ( * # ) " ) , s p s _ 1p _ 1 ) .

From ( 8 ) ,  we s e e  t h a t  a n y  p r o d u c t  o f  e l e m e n t s  [ a , b ]  o f  t h e

f o r m  i n  ( 1 0 )  w i l l  s t i l l  h a v e  t h a t  f o r m .  T hu s

[ G , G ]  = g r o u p  g e n e r a t e d  { [ a , b ] :  a , b  e G} c a n n o t  be  e q u a l  t o  

a l l  o f  G. T h i s  c o m p l e t e s  t h e  p r o o f  o f  t h e  c l a i m .

§3>. A u t o m o r p h i s m s  o f  B o u n d e d  D i s p l a c e m e n t  a n d  Homo geneous  

S p a c e s  o f  F i n i t e  Volume f o r  M i n i m a l l y  A l m o s t  P e r i o d i c  

G r o u p s

R e c a l l  t h a t  a n  a u t o m o r p h i s m ,  a ,  o f  G,  h a s  b o u n d e d  d i s -  

p l a c e m e n t  i f  f o r  a l l  g  e G, a ( g ) g  l i e s  i n  some f i x e d  com­

p a c t  s e t  a n d  t h a t  d i s p ^ a  = i s  t h e  H-d:1-s P l a c e “

m en t  o f  a .  B(G)  c o n s i s t s  o f  t h o s e  g  e G w h o s e  c o n j u g a c y  

c l a s s  h a s  c o m p a c t  c l o s u r e .  C l e a r l y ,  a n  i n n e r  a u t o m o r p h i s m
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a  o f  G i s  o f  b o u n d e d  d i s p l a c e m e n t  i f  a n d  o n l y  i f  g e B ( G ) .
S

I n  t h i s  s e c t i o n  we p r o v e

T h e o r e m  3 - 1 - A c o n n e c t e d  map L i e  g r o u p  G h a s  no  n o n t r i v i a l  

a u t o m o r p h i s m s  o f  b o u n d e d  d i s p l a c e m e n t .

P r o o f . We f i r s t  p r o v e  t h e  t h e o r e m  f o r  i n n e r  a u t o m o r ­

p h i s m s  o f  b o u n d e d  d i s p l a c e m e n t ,  i . e . ,  we show B(G) = Z ( G ) .

I t  i s  c l e a r  t h a t  Z(G) £  B ( G ) .  L e t  G b e  a  s u b g r o u p  o f

G l ( V ) .  We d e f i n e  t h e  c o n t i n u o u s  h om o mo rp h i s m  p :  G -* G l ( E n d  V)

by

g -*• p , w h e r e  p (T)  = g - T  = gTg ^ ; g e G, T e End V.
6  6

F o r  e a c h  T c End V, we d e f i n e  t h e  c o n t i n u o u s  1 - c o c y c l e .

4>rj.: G -*■ End V by 4>T ( g )  = T -  g - T  .

I f  T e B(G)  £  End V,  t h e n  ^  i s  b o u n d e d ,  a n d  s i n c e  G i s  map,

4>rp = 0 [ 1 8 ;  P r o p .  1 . 6 ] .  T h a t  i s ,  T -  g - T  = 0 f o r  e v e r y

g e G. H e n c e ,  gTg ^ = T f o r  e v e r y  g  e G, a n d  s o  T e Z ( G ) .  

T h u s ,  B(G)  £  Z ( G ) ,  a n d  t h e  two i n c l u s i o n s  i m p l y  B(G)  = Z ( G ) .

F o r  t h e  g e n e r a l  c a s e ,  l e t  gQ e B ( G ) .  T h e n  t h e  c l o s u r e  

o f  t h e  G - o r b i t  o f  g^  u n d e r  c o n j u g a t i o n ,  &q ( g Q ) i s  c o m p a c t

a n d  s o  Ad {O'q ( g q ) )  i s  c o m p a c t .  T h e r e f o r e

A d ( $ ^  Ce0 ) )  — Ad (O'q ( g Q) )  = Ad{ES0 g~1 >se;G 

= {(Ad g )  ( Ad g Q ( Ad

^ A d  G^Ad *
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T h e n ,  £ ^ d  G^Aci a c l o s e c  ̂ s u b s e t  o f  a  c o m p a c t  g r o u p  an d

s o  c o m p a c t .  H e n c e ,  Ad gQ e B(Ad G ) .  S i n c e  Ad G i s  a  c o n ­

n e c t e d  map l i n e a r  g r o u p  we know f r o m  t h e  c a s e  p r o v e n  a b o v e  

t h a t  B(Ad G) = Z(Ad G ) .  T h e n ,  Ad gQ e B(Ad G) I m p l i e s  t h a t  

Ad g Q e Z(Ad G ) .  T h u s ,  AdgQAdg = AdgAdgQ f o r  a l l  g  e G, 

a n d  s o  A d [ g 0 , g ]  = 1 f o r  a l l  g e G. T h i s  s a y s  [ g 0 , g ]  e k e r  Ad,  

a n d  s i n c e  G i s  c o n n e c t e d ,  k e r  Ad = Z ( G ) ,  a n d  [ g Q, g ]  e Z ( G ) .  

C o n s i d e r  t h e  map f r o m  G t o  Z(G)  d e f i n e d  f o r  e a c h  g e G by 

g [ gn j S ] = a ft ( g ) g   ̂• T h i s  map i s  a c o n t i n u o u s  homomor-u bQ
p h i s m  o f  G i n t o  t h e  a b e l i a n  g r o u p  Z ( G ) ,  a n d  b e c a u s e  G i s  map 

m u s t  b e  t r i v i a l .  We c o n c l u d e  f r o m  t h i s  t h a t  L g Q , g ]  = 1 

f o r  a l l  g e G a n d  h e n c e  g Q e Z ( G ) .  T h u s ,  B(G)  £  Z(G) a n d  

s o  B(G)  = Z ( G ) .

To c o m p l e t e  t h e  p r o o f  o f  t h e  t h e o r e m  we w i l l  n e e d  t h e  

f o l l o w i n g  r e s u l t  o f  T i t s  [ .24;  T h e o r e m  3 ,  p .  9 9 ]  •

I f  G i s  a  c o n n e c t e d  L i e  g r o u p  h a v i n g  no n o n d i s c r e t e  

n o r m a l  s e m i s i m p l e  c o m p a c t  s u b g r o u p s ,  T f t h e  l a r g e s t  c o m p a c t  

c o n n e c t e d  s u b g r o u p  o f  Z ( G ) ,  t h e n  g i v e n  an y  a u t o m o r p h i s m  

o f  b o u n d e d  d i s p l a c e m e n t ,  a ,  o f  G, t h e r e  e x i s t s  an  e l e m e n t  

g e B(G)  a n d  a  h o m o m o r p h i s m  w i t h o u t  f i x e d  p o i n t s ,  e x c e p t  1 ,

4>: G ■+ T 1 s u c h  t h a t  a i s  d e f i n e d  by t h e  r e l a t i o n  

a ( x )  = g x g “ 1 <Kx_ 1 ) •

C o n t i n u i n g  w i t h  t h e  p r o o f  o f  t h e  t h e o r e m ,  s u p p o s e  N i s  

a  n o r m a l  s e m i s i m p l e  c o m p a c t  c o n n e c t e d  s u b g r o u p  o f  G. Th e n  

tt(N) i s  a  s e m i s i m p l e  c o m p a c t  n o r m a l  s u b g r o u p  o f  G / [ R , R  J .

T h e r e  i s  a  c o n j u g a t e  o f  i f(N) by  an  e l e m e n t  o f  g ,  d e n o t e d  

n ( N ) ® ,  s u c h  t h a t  Ti(N)e — i r ( S ) ,  t h e  L e v i  f a c t o r  o f  G / [ R , R T
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( s e e  2 . 2  ( i i ) ) .  S i n c e  i r ( S)  h a s  no c o m p a c t  f a c t o r s  t h e  g r o u p  

■n(N)® i s  t r i v i a l .  T h e r e f o r e ,  a l s o  t t (N) = ( 1 ) ,  a nd  

N — k e r  tt = £ r , R ] . B u t  LR,R]  i s  s o l v a b l e  a n d  N i s  s e m i ­

s i m p l e ,  c o n n e c t e d ,  a n d  n o r m a l ,  a n d  h e n c e  N = ( 1 ) a n d  we c a n  

a p p l y  [ 2 4 J .

I f  a  i s  a n  a u t o m o r p h i s m  o f  b o u n d e d  d i s p l a c e m e n t  o f  G, 

t h e r e  e x i s t s  a n  e l e m e n t  g e B(G)  a n d  a  h om omo rph i s m 

4>: G -*■ T 1 w i t h o u t  f i x e d  p o i n t s ,  e x c e p t  1 ,  s u c h  t h a t  

a ( x )  = g x g  1 <f> (x  1 )-  S i n c e  B(G)  = Z ( G ) ,  g c Z(G) a n d  

a ( x )  = x<t>(x- '*'). S i n c e  t h e  map g r o u p  G h a s  no n o n t r i v i a l  

h o m o m o r p h i s m s  i n t o  a  c o m p a c t  g r o u p ,  $ ,  a n d  t h e r e f o r e  a ,  i s  

t r i v i a l .  H e n c e ,

C o r o l l a r y  3 - 2 . L e t  G b e  a  map c o n n e c t e d  L i e  g r o u p  a n d  H a 

c l o s e d  s u b g r o u p  o f  G s u c h  t h a t  G/H h a s  f i n i t e  v o l u m e .  I f  

a  e Aut  (G) l e a v e s  H p o i n t w i s e  f i x e d  t h e n  a i s  t r i v i a l .

P r o o f . By [ 1 8 ;  T h e o r e m  3 . 1 ]  a h a s  b o u n d e d  d i s p l a c e m e n t .  

T h e n ,  by  ( 3 . 1 )  a  i s  t r i v i a l .

I n  p a r t i c u l a r ,

C o r o l l a r y  3 - 3  ( F u r s t e n b e r g  [ 5 ;  C o r .  3 ,  P* 2 1 1 ] ) .  I f  G a n d  H 

a r e  a s  I n  ( 3 * 2 ) ,  t h e n  Zq (H) = Z ( G ) .

F i n a l l y  we h a v e  t h e  f o l l o w i n g  g e n e r a l i z a t i o n  o f  ( 3 . 2 ) .

T h e o r e m  3 . 4 . L e t  G b e  a  map c o n n e c t e d  L i e  g r o u p  a n d  H a

c l o s e d  s u b g r o u p  o f  G s u c h  t h a t  G/H h a s  f i n i t e  v o l u m e .  I f
— 1

f o r  a e Au t  (G)  t h e  d i s p ^  a  = { a ( h ) h  ^ e H  ^ o u n ^ ec^» t h e n  

a  i s  t r i v i a l .
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P r o o f . S i n c e  Z(G) i s  a  c h a r a c t e r i s t i c  s u b g r o u p  o f  G,  

a ( Z ( G ) ) —Z(G) a n d  s o  a  i n d u c e s  a n  a u t o m o r p h i s m , a ,  o f  

G / Z ( G )  = A d ( G ) .  C o n s i d e r  t h e  d i a g r a m  b e l o w

ir H

»Ad (G) 
A

>n (H)

,  t t :  G— >-G/Z (G) = Ad (G )

S i n c e  G/H h a s  f i n i t e  v o l u m e ,  Ad (G)/tt(H) h a s  f i n i t e  v o l u m e  

[ 8 ; C o r .  5 ,  p .  2 2 7 ]  a n d  t h e  d i s p ^  a b e i n g  b o u n d e d  i m p l i e s  t h a t
ad i s p ^ ^  a i s  b o u n d e d ,  a n d  s o  by c o n t i n u i t y  t h e  d i s p  - y 

b o u n d e d .  S i n c e  Ad(G) i s  a  l i n e a r  map g r o u p ,  a  m u s t  h a v e  

b o u n d e d  d i s p l a c e m e n t  [ 7 ] -  T h e n ,  by ( 3 - 1 ) j a  i s  t r i v i a l .

T h i s  means  t h a t  f o r  e v e r y  g e G, a ( g ) g  1 i s  i n  Z ( G ) .  De-  

f i n e  t h e  c o n t i n u o u s  map <t>: G -*■ Z(G) by  4>(g) = a ( g ) g  , 

g c G. S i n c e  <{> t a k e s  v a l u e s  i n  Z(G) i t  i s  a h o m o m o r p h i s m .
*■

B u t  G h a s  no  c o n t i n u o u s  h o m o mo r ph i s m s  i n t o  an  a b e l i a n  g r o u p .  

T h e r e f o r e ,  a  i s  t r i v i a l .

is

§ 4 .  E x t e n s i o n s  o f  R e s u l t s  on M i n i m a l l y  A l m o s t  P e r i o d i c  

G r o u p s  t o  L o c a l l y  Compac t  C o n n e c t e d  G r o u p s  a n d  Some 

R e s u l t s  on  M a x i m a l l y  A l m o s t  P e r i o d i c  G r o u p s

G i v e n  a  l o c a l l y  c o m p a c t  c o n n e c t e d  g r o u p  G, t h e n  G 

c a n  b e  w r i t t e n  i n  t h e  f o r m  G = R-KS w h e r e  R i s  t h e  r a d i c a l  

o f  G, i . e . ,  t h e  l a r g e s t  ( c l o s e d )  n o r m a l  c o n n e c t e d  s o l v a b l e  

s u b g r o u p  o f  G. ( S e e  I w a s a w a  f o r  t h e  e x i s t e n c e  o f  R [ 1 3 ;



T h e o r e m  1 . 5 ,  P-  5 5 2 ] ) ,  K i s  a  c o m p a c t  c o n n e c t e d  s u b g r o u p  

w i t h  t r i v i a l  r a d i c a l  a n d  S i s  a  s e m i s i m p l e  L i e  s u b g r o u p  

w i t h o u t  c o m p a c t  f a c t o r s .  We h a v e  [ K , S ]  = ( 1 )  a n d  K fi S 

i s  a  f i n i t e  g r o u p  ( s e e  M a t s u s h i m a  f o r  t h i s  d e c o m p o s i t i o n  

[ 1 7 ;  T h e o r e m  1 ,  p .  2 6 6 ] .  As i n  t h e  c a s e  o f  L i e  g r o u p s ,  we 

l e t  [ R , R ]  d e n o t e  t h e  c l o s u r e  o f  t h e  d e r i v e d  o f  R,  a n d  s i n c e  

[ R ,R }  i s  a  c h a r a c t e r i s t i c  s u b g r o u p  o f  G we a g a i n  f o r m  t h e  

p r o j e c t i o n  tt : G -> G / [ R , R ] . The c o n n e c t e d  a b e l i a n  r a d i c a l ,  

R / [ K , R ] , o f  G / [ R , R ] ,  c a n  be  w r i t t e n  a s  V x l ,  w h e r e  V i s  a  

v e c t o r  g r o u p  a n d  L i s  a  c o m p a c t  g r o u p ,  t h e  L b e i n g  c h a r a c t e r ­

i s t i c  i n  G / [ R , R ]  [ 1 4 ] .  S i n c e  L i s  a  c o m p a c t  a b e l i a n  g r o u p ,  t h e  

a u t o m o r p h i s m  g r o u p  o f  L,  Aut  ( L ) ,  i s  t o t a l l y  d i s c o n n e c t e d  

[ 1 3 ;  C o r . ,  p .  5 1 4 ] .  A r g u i n g  now e x a c t l y  a s  i n  t h e  i n t r o ­

d u c t i o n  o f  § 1 ,  we s e e  t h a t  L i s  a c t u a l l y  f i x e d  u n d e r  t h e  

i n d u c e d  a c t i o n  o f  t t (KS) — G / L R , R J .

Lemma 4 . 1 . I f  G = R.KS i s  t h e  d e c o m p o s i t i o n  a b o v e  a n d  

K = ( 1 )  ( o r  S = ( 1 ) ) ,  t h e n  we c a n  r e p l a c e  V by a  v e c t o r  

g r o u p  o f  t h e  same d i m e n s i o n ,  a l s o  t o  be  d e n o t e d  a s  V,  w h i c h  

i s  e i t h e r  -n ( S ) - s t a b l e  ( o r  t t  ( K ) - s t a b l e ) .

P r o o f . I f  K = ( 1 ) ,  t h e n  tt(S)  i s  a  s e m i s i m p l e  L i e  

g r o u p  a n d  s i n c e  L i s  it ( S ) - s t a b l e , a n  a p p l i c a t i o n  o f  W e y l ' s  

T h e o r e m  c o m p l e t e s  t h e  a r g u m e n t .  I f  S = ( 1 ) ,  t h e n  tt(K) i s  

a  c o m p a c t  s u b g r o u p  o f  Aut  (V x L) l e a v i n g  L f i x e d .  The  c o n ­

c l u s i o n  f o l l o w s  f r o m  [ 1 0 ;  T h e o r e m  1 . 1 ,  p .  4 ] .

D e f i n i t i o n  4 . 2 . L e t  G be  a  l o c a l l y  c o m p a c t  c o n n e c t e d  g r o u p .

I t  i s  w e l l  known t h a t  G = l i m  Ga ( p r o j e c t i v e  l i m i t )  o f  c o n -
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n e c t e d  L i e  g r o u p s  G^. I f  e v e r y  Gq i s  s e m i s i m p l e  we c a l l  

a  p r o s e m i s l m p l e  g r o u p .

I t  h a s  b e e n  shown i n  [ 1 9 ;  C o r .  2 . 5>  P-  4 0 4 ]  t h a t  i f  

G = l i m  G^ a n d  I s  p r o s e m i s i m p l e ,  t h e n  G^ i s  s e m i s i m p l e .

F o r  G = lj .m G^,  Tra : G -* G^ w i l l  be  t h e  c o r r e s p o n d ­

i n g  p r o j e c t i o n s ,  a n d  G = R -K S w i l l  be  t h e  L e v i  d e c o m -  
°  3 a  a  a  a

p o s i t i o n  o f  G .
a

D e f i n i t i o n  4 . 3 . I f  G = R-KS i s  t h e  d e c o m p o s i t i o n  a b o v e  a n d  

i f  K = ( 1 )  ( o r  S = ( 1 ) ) ,  we l e t  d e n o t e  t h e  s e t  o f  a l l  e l e ­

m e n t s  o f  V w h i c h  e i t h e r  h a v e  f i n i t e  i T ( S ) - o r b I t  ( o r  f i n i t e  

tt ( K ) - o r b i t ) . As i n  § 1 ,  V̂ , i s  a  n o r m a l  s u b g r o u p  o f  G / [ R  ,R J , 

a n d  t h e  c o n n e c t e d n e s s  o f  t t (K) ( o r  t t ( S ) ) ,  i m p l i e s  t h a t  e a c h  

e l e m e n t  o f  V̂ . i s  a c t u a l l y  7r ( K ) - f i x e d  ( o r  tt ( S ) - f i x e d ) . I f  

K = ( 1 ) ,  t t ( S )  i s  a  s e m i s i m p l e  L i e  g r o u p  a n d  we may a p p l y  

W e y l ' s  T h e o r e m  t o  o b t a i n  a it (S  ) - s t a b l e  c o m p l e m e n t  t o  V 

w r i t t e n  a s  V^., a l s o  a s  i n  § 1 ,  t h a t  i s  n o r m a l  i n  G / [ R , R ] .

I f  S = ( 1 ) ,  l e t  t t ( K)  = l i m  . S i n c e  t h e  r a d i c a l  o f  t t ( K) 

i s  ( 1 ) ,  we c o n c l u d e  by L 1 9 ;  T h e o r e m  2 . 1 1 ,  p .  4 0 5 J  t h a t  t t ( K) 

i s  p r o s e m i s l m p l e  a n d  t h e r e f o r e  e a c h  c o n n e c t e d  L i e  g r o u p  HQ 

i s  s e m i s i m p l e .  L e t  p:  ir(K) -*■ G l ( v )  b e  t h e  c o n t i n u o u s  homo­

m o r p h i s m  i n d u c e d  by  t h e  a c t i o n  o f  tt ( K) on R / [ R , R ]  r e s t r i c t e d  

t o  V. (By ( 4 . 2 ) ,  V i s  ir ( K) - s t a b l e ) . By [ 1 9 >  Lemma 2 . 2 ,  

p .  4 0 3 ]  t h e r e  e x i s t s  a n  a  a n d  a  c o m p a c t  s u b g r o u p  s u c h

t h a t  K = i r ( K) / C a n d  p ( c  ) = ( 1 ) 3 i . e . ,  p i n d u c e s  a  c o n -  a  a  a  ' ' * » ^

t i n u o u s  h om o mo rp h i s m  p o f  s u c h  t h a t  t h e  f o l l o w i n g  

d i a g r a m  c o m m u t e s .
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P
TT (K> MJL(V)

IT a

TT ( K J /C a Ka

T h u s ,  we may c o n s i d e r  p a s  a  h o m o mo r ph i s m f r o m  t h e  s e m i s i m ­

p l e  L i e  g r o u p  i n t o  G 1 ( V ) .  ( C l e a r l y ,  p m u s t  be  u n i t a r y  

s i n c e  p i s  u n i t a r y ) .  S i n c e  V̂ . i s  it( K) - s t a b l e , i t  i s  t h e r e ­

f o r e  K - s t a b l e  a n d  now W e y l ' s  T h e o r e m  e n a b l e s  us  t o  f i n d  a a
Ka ~ s t a b l e ,  a n d  t h e r e f o r e  tt( K) - s t a b l e , c o m p l e m e n t  w r i t t e n  a s  

w h i c h  a s  b e f o r e  i s  n o r m a l  i n  G / t K , R J .

F o r  t h e  r e m a i n d e r  o f  t h i s  s e c t i o n  an y  r e f e r e n c e  t o  

o r  w i l l ,  o f  c o u r s e ,  o n l y  b e  i n  t h e  c a s e  when  e i t h e r  K = ( 1 )

( o r  S = ( 1 ) ) ,  i . e . ,  G = R-S ( o r  G = R - K ) .

Lemma 4 . 4 .  I f  G = l i m  G i s  a  l o c a l l y  c o m p a c t  c o n n e c t e dCt
g r o u p ,  t h e n  G i s  map I f  a n d  o n l y  i f  e a c h  G^ i s  map.

P r o o f . S u p p o s e  f i r s t  t h a t  e a c h  Ga  i s  map a n d  l e t  p be

a n  i r r e d u c i b l e  r e p r e s e n t a t i o n  o f  G. A g a i n  by [ 1 9 j  Lemma 2 . 2 ,

p .  4 0 3 ]  f o r  some a ,  p i n d u c e s  a  r e p r e s e n t a t i o n  p ,  o f  G ,cx

s u c h  t h a t  P OTra = P* S i n c e  Ga  i s  map ,  p i s  t r i v i a l  a n d  h e n c e  

p i s  t r i v i a l .  T h e r e f o r e ,  G i s  map .

C o n v e r s e l y ,  a s s u m e  t h a t  G i s  map a n d  l e t  <(> be  a  r e p r e ­

s e n t a t i o n  o f  G ^ , f o r  a r b i t r a r y  a .  T h e n ,  ° tt̂  i s  a  r e p r e ­

s e n t a t i o n  o f  G, a n d  s i n c e  G i s  m a p ,  <J> o Tra  i s  t r i v i a l .  T hu s  

<(>(na ( G ) )  = ^ ( G ^ )  = ( 1 )  a n d  t h e r e f o r e  <f> i s  t r i v i a l .  I t  

f o l l o w s  t h a t  G I s  m ap ,  a n d  s i n c e  a  was  a r b i t r a r y ,  t h a t
v*
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e v e r y  Ga  i s  map.

Lemma 4 . 5 . I f  G i s  a  l o c a l l y  c o m p a c t  c o n n e c t e d  g r o u p ,  t h e n  

G i s  map i f  a n d  o n l y  I f  G / [ R , R ]  I s  map.

P r o o f . T h i s  I s  p r o v e n  e x a c t l y  a s  i n  t h e  L i e  g r o u p  

c a s e  by  f i r s t  s h o w i n g  ^ ( G )  = tt- 1  ( 7) ( G / [ R , R ] ) ) ,  a s  i n  t h e  

p r o o f  o f  ( 1 . 1 ) ,  a n d  t h e n  a p p l y i n g  t h e  a r g u m e n t  o f  ( 2 . 1 ) .

The  n e x t  t h e o r e m  g e n e r a l i z e s  ( 2 . 2 )  t o  l o c a l l y  c o m p a c t  

c o n n e c t e d  g r o u p s .

T h e o r e m  4 . 5 .  L e t  G = l i m  G be  a l o c a l l y  c o m p a c t  c o n n e c t e d  
----------------------------  ■ * - ex

g r o u p .  T h e n  t h e  f o l l o w i n g  a r e  e q u i v a l e n t :

( i )  G i s  map

( i i )  G / [ R , R ]  c a n  b e  w r i t t e n  i n  t h e  f o r m  G / t R , R ]  =

= V>tt( S )  w i t h  a l l  n o n z e r o  e l e m e n t s  o f  V o f  u n b o u n d e d  tt(S)- 

o r b i t .

( i i i )  G/R i s  a  s e m i s i m p l e  L i e  g r o u p  w i t h o u t  c o m p a c t  

f a c t o r s  a n d  e v e r y  n o n z e r o  e l e m e n t  o f  R / [ K , R ]  i s  o f  u n ­

b o u n d e d  i r ( S ) - o r b i t .

( i v )  G/R i s  a  s e m i s i m p l e  L i e  g r o u p  w i t h o u t  c o m p a c t  

f a c t o r s  a n d  l /R^R] = ( r  e R: [ G , r ]  — [ R , R ] } .

( v )  G/R i s  a  s e m i s i m p l e  L i e  g r o u p  w i t h o u t  c o m p a c t  f a c t o r s  

a n d  G = [ G , G ] ,

P r o o f .  L e t  G/R = l i m  H w i t h  c o r r e s p o n d i n g  p r o j e c t i o n sa
G/R -* Ha . ( i  <■- :_> i i ) .  S u p p o s e  G i s  map.  T h e n ,  G/R 

i s  map a n d  t h e r e f o r e  e a c h  i s  a l s o  map ( 4 . 3 ) ,  T h u s ,  e v e r y

c o n n e c t e d  L i e  g r o u p  Ha  i s  map a n d  s e m i s i m p l e ,  a n d  t h e r e f o r e  

h a s  n o  c o m p a c t  f a c t o r s  ( 1 . 7 ( c ) ) .  L e t  L be  a  c o m p a c t
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c o n n e c t e d  n o r m a l  s u b g r o u p  o f  G/R.  F o r  e a c h  a ,  1Ta ( L)  i s  a

c o m p a c t  c o n n e c t e d  n o r m a l  s u b g r o u p  o f  a n d  s o  ( L ) = ( 1 ) ,

a n d  we h a v e  L k e r  i t  = ( 1 ) .  H e n c e ,  L = ( 1 )  a n d  s oa  ot
G/R h a s  no  n o n t r i v i a l  c o m p a c t  c o n n e c t e d  n o r m a l  s u b g r o u p s .  

T h e r e f o r e ,  K = ( 1 ) ,  a n d  G = R - S .  T h i s  i m p l i e s  t h a t  G/R i s  

a  s e m i s i m p l e  L i e  g r o u p  w i t h o u t  c o m p a c t  f a c t o r s .  The g r o u p  

G / [ R , R ]  i s  map s i n c e  G i s  map ,  a n d  we c a n  w r i t e  i t s  c o n ­

n e c t e d  a b e l i a n  r a d i c a l  R / [ R , R ]  a s  R / [ R , R ]  = V * L.  We 

h a v e  s e e n  t h a t  t h e  c o m p a c t  c o n n e c t e d  g r o u p  L i s  f i x e d  u n d e r  

t h e  a c t i o n  o f  tt( K S ) .  S i n c e  L i s  a l s o  a b e l i a n  a n d  commut es  

w i t h  V i t  m u s t  be  c o n t a i n e d  i n  Z ( G / [ R , R ] ) ^ , t h e  i d e n t i t y  

c o m p o n e n t  o f  t h e  c e n t e r  o f  G / [ R , R ] .  We s e e  t h a t  G / [ R , R ]  =

= l i m  G / T r , R ] (<b : G/UrT R J  ^  G / [ R  ,R ] a r e  t h e  c o r r e -+  a  a *  a  T a  3 a  a y a

s p o n d i n g  p r o j e c t i o n s ) ,  a n d  e a c h  G /t~K , Rr t ] i s  a  c o n n e c t e dot cc ct

map L i e  g r o u p  ( 4 . 1 ) ,  w i t h  a b e l i a n  r a d i c a l  Ra / [ Ra , Ra ] .  H e n c e ,  

by ( 1 . 2 ) ,  f o r  e a c h  a ,

( 1 ) V [ W  ^ O / L R ^ R j  = (Va V a ( S a ) .

w h e r e  G /"[R ,R J = R / [ R  ,R j • it (S ) i s  t h e  L e v i  d e c o m p o s i -  a  a ’ a  a  a 1 a  a  a
t i o n  o f  G / [ R  ,R 3 ( t t  : G **■ G / |_R„ , R  ] i s  t h e  c a n o n i c a l  oi a  * a J x a  a  L a  * a J

p r o j e c t i o n ) ,  a n d  Ra / C Ra >Ra l = v a  x Ta » v a  a  v e C t o r  g r ° u P> 

a n d  T^ a  t o r o i d a l  g r o u p .  From ( 1 ) ,  (Va ) f  = ( 1 )  a n d  s i n c e

Z(Ga / t R a ’ Ra ] ) 0 “  (Vo ) f  = ( 1 ) ’ we h a v e  Z (Ga / [ R a > Ra ] ] 0 = ( 1 )  
f o r  a l l  a .  T h e r e f o r e ,  s i n c e  <J>a ( Z ( G / T r ^ R  J ) Q) — Z(G / [ Ra >Ra J )q

= ( 1 ) ,  f o r  e a c h  a ,  Z ( G / [ R , R T ) Q — Q  k e r  <f>a  = ( 1 ) .  T h i s

s hows  t h a t  L = ( 1 ) ,  a n d  s o  R / [ R , R 7  = V i s  a  v e c t o r  g r o u p .
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T h u s ,  G / [ R , R J  = V - n ( S )  I s  a  L i e  g r o u p  a n d  i t  i s  map s i n c e  G 

i s  map.  We a p p l y  t h e  a r g u m e n t  o f  ( 2 . 2 )  (1 £ >  i i  ) t o  c o m p l e t e  

t h e  p r o o f  o f  ( i i ) .

C o n v e r s e l y ,  a s s u m e  ( i i )  h o l d s .  We s e e  t h e n  t h a t  

G / [ R , R ]  i s  a  L i e  g r o u p  a n d  by  ( 2 . 2 )  ( i  < _ = 5  i i ) , i t  i s  map.

By ( 4 . 4 ) ,  G i s  a l s o  map.

( i ^ = i i i i ) .  Assume t h a t ( i )  h o l d s .  By ( i i )  a b o v e ,  G/R 

i s  a  s e m i s i m p l e  L i e  g r o u p  w i t h o u t  c o m p a c t  f a c t o r s .  The r e ­

m a i n d e r  o f  ( i i i )  i s  shown a s  i n  ( 2 . 2 )  ( i  ■ vfri  i  1 )  . C o n v e r s e l y ,  

i f  ( i i i )  h o l d s ,  t h e n  K = ( 1 ) ,  a n d  L = ( 1 )  s i n c e  L i s  tt( K S ) -  

f i x e d .  T h e r e f o r e ,  G / [ R , R ]  = V - x ( S )  w i t h  a l l  n o n z e r o  e l e ­

m e n t s ,  o f  V o f  u n b o u n d e d  tt (S ) - o r b i t . By ( i i ) ,  G i s  map.

( i  C -t> i v)  • Assume t h a t  G i s  map.  From ( i i i ) ,  G/R

i s  a  s e m i s i m p l e  L i e  g r o u p  w i t h o u t  c o m p a c t  f a c t o r s .  E x a c t l y

a s  i n .......( 2 . 2 )  ( i )< .- - > ( i v )  we show t h a t  £R, R] = I r  e R:

L G , r ]  £  [ R , R ] } . C o n v e r s e l y ,  i f  ( i v )  h o l d s ,  we a p p l y  t h e

a r g u m e n t  o f  ( 2 . 2 ) ( -1 v  s i ) .

( i  <-...-->v ) .  I f  ( i )  h o l d s ,  by  ( i v ) ,  G/R i s  a  s e m i s i m p l e

L i e  g r o u p  w i t h o u t  c o m p a c t  f a c t o r s .  To s e e  t h a t  G = [ G , G ] ,

a r g u e  a s  i n  ( 2 . 2 )  ( i  9 v ) .  I n  t h e  o t h e r  d i r e c t i o n ,  s e e

( 2 . 2 ) ( v  = > ' i ) .

T h i s  c o m p l e t e s  t h e  p r o o f  o f  ( 4 . 5 ) *

As a  c o n s e q u e n c e  o f  o u r  wor k  i n  t h i s  s e c t i o n  we c a n  

g i v e  a n  a l t e r n a t e ,  a n d  much s i m p l e r  p r o o f  o f  t h e  f o l l o w i n g  

w e l l  known r e s u l t .
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C o r o l l a r y  4 . 6  ( F r e u d e n t h a l - W e i l  [ 4 ;  p .  1 2 9 J ) .  A l o c a l l y  

c o m p a c t  c o n n e c t e d  g r o u p  G I s  MAP i f  a n d  o n l y  i f  G i s  t h e  

d i r e c t  p r o d u c t  o f  a  v e c t o r  g r o u p  a n d  a  c o m p a c t  g r o u p .

We r e q u i r e  t h e  f o l l o w i n g  lemma.

Lemma 4 . 7 . I f  G i s  a  l o c a l l y  c o m p a c t  c o n n e c t e d  g r o u p  w i t h  

d e c o m p o s i t i o n  G = R-KS,  t h e n  b o t h  S a n d  [ R , R ]  a r e  c o n ­

t a i n e d  i n  ^ ( G ) .  I f  R i s  a b e l i a n ,  S = ( 1 )  ( o r  K = ( 1 ) )  t h e n  

Vp i s  a l s o  c o n t a i n e d  i n ! ^ ( G ) .

P r o o f .  L e t  G = nG w i t h  tt : G -* G t h e  c o r r e s p o n d i n g    a  a  a  ^  &

p r o j e c t i o n s ,  a n d  l e t  p b e  a n  i r r e d u c i b l e  r e p r e s e n t a t i o n  o f  

G. A g a i n  f r o m  [ 1 9 ]  t h e r e  i s  a n  a  f o r  w h i c h  p i n d u c e s  a 

r e p r e s e n t a t i o n  p o f  Ga , w h e r e  p 0 ^a = P- We h a v e  

p ( [ R , R ] )  = D U a ( [ R , R ] ) )  £  p ( [ R a ,Ra D) = ( 1 )  ( by  ( 1 . 3 ) ) .  

T h e r e f o r e ,  p ( [ R , R ] )  = ( 1 ) ,  a n d  by c o n t i n u i t y  p C T r T r J )  = ( 1 ) .  

H e n c e ,  [ R , R ]  — The r e m a i n d e r  o f  ( 4 . 7 )  i s  p r o v e n

e x a c t l y  a s  i n  ( 1 - 3 ) .  T h i s  c o m p l e t e s  t h e  p r o o f  o f  ( 4 . 7 ) -

F r o o f  o f  C o r o l l a r y  4 . 6 . L e t  G b e  MAP w i t h  d e c o m p o s i ­

t i o n  G = R ’ KS. H e r e ,  J? (G) = ( 1 ) ,  a n d  by ( 4 . 7 )  b o t h  S a n d  

LR,RJ a r e  c o n t a i n e d  i n  7 ? ( G ) 3 w he n c e  LR,RJ = S = ( 1 ) .  S i n c e  

[ K ,K J  = ( 1 ) ,  R i s  a b e l i a n ,  a n d  S = ( 1 )  f r o m  a b o v e ,  a n d  s o  

a g a i n  b y  ( 4 . 7 ) ,  Vf  — ^ 7 (G) .  T h u s ,  = ( 1 ) ,  i m p l y i n g  t h a t

V = Vp,  a n d  G = (V x L) *K.  The s u b g r o u p  LK i s  a  c o m p a c t  

n o r m a l  s u b g r o u p  o f  G, LK 0  V = ( 1 ) ,  a n d  [V,LKJ  = ( 1 )  s i n c e

V a n d  L commute  a n d  V = V^.  By t h e  I w a s a w a  s p l i t t i n g  

t h e o r e m  [ 1 3 ;  Lemma 3 - 8 ,  p .  5 2 1 ] ,  G = V x L K = V x K ' ,  w h e r e
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K ’ = LK. .  T h u s ,  G i s  t h e  d i r e c t  p r o d u c t  o f  t h e  v e c t o r  g r o u p  

V a n d  t h e  c o m p a c t  g r o u p  K ' .

C o n v e r s e l y ,  i f  G = V * M, V a  v e c t o r  g r o u p ,  M a  com­

p a c t  g r o u p ,  t h e n  (G) = (V) *^(M) = ( 1 )  s i n c e  b o t h  V a n d

M a r e  MAP. H e n c e ,  (G) = ( 1 )  a n d  G i s  MAP.

F o r  t h e  r e a d e r ' s  i n f o r m a t i o n  we now r e c o r d  a  f a c t  

w h i c h  g i v e s  a  n e c e s s a r y  c o n d i t i o n  f o r  a  d i s c r e t e  g r o u p  G t o  

b e  MAP, i . e . ,  7p (G) = ( 1 ) .  I t  i s  e s s e n t i a l l y  a  r e p r o d u c ­

t i o n  o f  t h e  m e t h o d  u s e d  by  v o n  Neumann a n d  W i g n e r  i n  [ 2 2 ;  

p .  7 4 8 ]  t o  show t h a t  S 1 ( 2 , Z )  i s  MAP.

P r o p o s i t i o n  4 . 8 . I f  G S  G l ( n , Z )  i s  a  L i e  g r o u p ,  t h e n  

Gz = G n  G l ( n , Z )  i s  MAP.

I n  p a r t i c u l a r ,  G l ( n , Z ) ,  S l ( n , Z ) ,  a n d  S p ( 2 n , Z )  a r e  

a l l  MAP.

P r o o f . The  s e c o n d  s t a t e m e n t  f o l l o w s  i m m e d i a t e l y  f r o m

t h e  f i r s t .  To p r o v e  t h e  f i r s t ,  d e f i n e  f o r  e a c h  i n t e g e r  n

Gn = {x e x = I  (mod n ) } ,  ( s e e  [ 1 ;  p .  4 9 ] )  .

E a c h  Gn  I s  a  n o r m a l  s u b g r o u p  o f  G^ w i t h  f i n i t e  i n d e x .  M o r e ­

o v e r ,  f \  Gn = ( 1 ) »  a n d  s i n c e  7? (G^)  ^  G-^, t h e  i n t e r -  
n

s e c t i o n  o f  a l l  n o r m a l  s u b g r o u p s  o f  G^ w i t h  f i n i t e  i n d e x

[ 2 2 ;  p .  7 4 5 ] ,  we h a v e  71 (Gz ) ^  G , - ^  f \  G = ( 1 ) .  H e n c e ,
n

Gz i s  MAP.
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