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Abstract

THE VON NEUMANN KERNEL AND MINIMALLY
ALMOST PERIODIC GROUPS
by
Sheldon Rothman

Advisor: Professor Martin Moskowitz

We first calculate the von Neumann kernel, Z?(G), of
an arbitrary connected Lie group. We conclude easily from
this calculation that the closed normal subgroup 77(G) is
also connected. Using our calculation of Z7(G) we give
various characterizations of minimally almost periodicity
for a connected Lie group. Among the characterizations is
the following: A connected Lie group G with radical R 1is
minimally almost periodic (map) if and only if G/R is semi-
simple without compact factors and ¢ = [G,G]. We prove
in the special case where R 1s also simply connected that
G = {G,G). This has the corollary that a simply connected

radical of a connected map Lie group is nilpotent.

Using techniques established early in this paper together
wilth a theorem of Tits [24] we prove that a connected map
Lle group has no nontrivial automerphisms of bounded
displacement. As 2 conSequence we get a new proof via the
results of F. Greenleaf, M. Moskowitz, and L. Rochschild

[9) of the following theorem: If G is a map connected Lie
i1



group, H is a closed subgroup of G such that G/H has finite
volume, then ZG(H) = 2(G), and more generally 1f G and H are
as above and o is an automorphism of G leaving H pointwise
fixed, then a 1s trivial. With G and H again as above, we
prove if dispH o 1s bounded, then o is trivial.

Using a decomposition due to Y. Matsushima [17], and
projective 1limits of Lie groups, we extend most of our
results on the characterization of map Lie groups to arbi-
trary locally compact topological groups, and get a rela-

tively simple proof of the Freudenthal-Weil theorem.
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Introduction

In 1934 J. v. Neumann considered the set of all ele-
ments of a topological group G for which f(x) = £(1) for
every almost periodic function, f, defined on G [22]. This
subset, to be denoted 3KG), and referred to as the von Neu-
mann kernel of G, was shown to be equal to the intersection
of the kernels of all finite-dimensional continuous complex
unitary representations of G. (Hereafter, called a repre-
sentation of G). From this, 77(G) is evidently a closed
normal subgroup of G. We need only consider irreducible repre-
sentations in our intersection since a unitary representation
1s completely reducible. Von Neumann calls a topological
group, G, minimally almost periodic, (map), if77(G) = G,
implying G has no nontrivial representations {(equivalently,
no irreducible representations), and maximally almost period-
ic (MAP), irf ;KG) = (1). The latter is equivalent to the
statement that the representations (equivalently, the ir-
reducible representations) separate the points. It 1s well
known that both compact and locally compact abelian topologi-
cal groups are MAP [11]. This implies that a map group has
no nontrivial continuous homomorphisms into either a compact
or a locally compact abelian topological group. Von Neumann
calculates the irreducible representations of various groups.
Referring to Van der Waarden it is shown that S1l(n,R) is
map [21].

In 1936 Hans Frudenthal gave a necessary and suffi-

cient condition for a connected topological group with a



countable open basls to be MAP [4]. A. Well's paper of 1941
enables one to remove the separabilifty restriction glving
the following (Freudenthal-Weil) theorem. A locally com-
pact connected topological group G is MAP if and only if it
is the direct product of a vector group and a compact group
£25]. In particular, this shows that a loecally compact con-
nected topological group is MAP if and only if it has a
continuous injective homomorphism into a compact topological
group. Various generalizations of the Freudenthal-Weil
theorem for locally compact topological groups which are
almost connected, i.e., G/G0 is compact where GO is the
identity component of G, are provided by M. Kuranishi [15],
S. Murakami [20]3, and S. Grosser and M. Moskowitz [10].
Recently, Ter-Jeng Huang gave a characterization of MAP
groups in terms of transformation groups which implies seve-
ral of ths above-~mentioned authors' results [12].

In 1340, J. v. Neumann and E. P. Wigner gave a suffi-
cient condition for an element of a connected topological
group G to be contained in 27(G) [22]. Using this criterion
they calculated the von Neumann kernel of the "ax + b" group.
and showed by another direct calculation that S1(2,R)
discretely topologized was map. From this together with
the root space decomposition of a connected semisimple Lie
group without compact factors it follows that a connected
semisimple Lie group without compact factors is map.

Another method of argument showed that the discrete subgroup

S1(2,Z) of S1(2,R) was MAP. Some calculations of the von



Neumann kKernel 1ln a few particular zases were made in [10].

Very recently in [5] H. Furstesnberg gave a generali-
zation (with a new proof) of the Berel density theorem {2:;23] and
its consequences to map groups. Tnis was further generalized
by Moskowitz in [18]. One of the motivations for the pre-
sent paper was to understand exactly the generality achieved
by Fursﬁenberg, at least in the case of connected groups.

In the present paper all groups will be assumed to be
topological groups, and as mentioned previously all repre-
sentations are finite-dimensional continuous complex unitary
representations. For a group G and a subgroup H we establish
the following notation. If G is lccally compact, the radical
of G is the largest compact connacted solvable normal sub-
group of G (see K. Iwasawa for the =2xistence of the radical
[5]1). The derived of G is denoted [G,G], with [G,G] being
its closure. Z{G) is the center o7 G and ZG(H) is the cen-
tralizer of H in G. GO will be the identity component of G.
Ve say that an automorphism, o, of 5, is of bounded dis-
placement if for all g € G, u(g)g_: lies in some fixed com=-
pact set. The H-displacement of o is dispy a = {a(h)h"l}heH
For two groups A and B, S = A Kn B denotes the semidirect
product of A and B where A is normzl in S and n: B »> Aut (A4).
is a homomorphism.

We now give a summary of res.lts to be proved in this
paper.

§1 is devoted to the calculation of the von Neumann

kernel of an arbitrary connected Lie= group. We conclude
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easily from this calculatlion that the closed normal subgroup
7((}) is also connected.

In §2 we give varlous characterizations of minimally
almost periodicity for a connected Lie group. The results
of the previous sectlion enable us to restrict ourselves to
the case whefe G has an abelian radlcal. Here, a structure
theorem for connected abelian Lle pgroups and corbilt consider-
atlons are the basis for the arguments. Among the charac-
terizations 1s the following. A connected Lie group G with
radical R is map if and only if G/R 1s semisimple without
compact facteors and G = fETET. (A similar result has been
stated by Guivarch'.) We prove in the special case where
R 1s also simply connected that G = [G,G]. This has the
corollary that a simply connected radical of a connected
map Lie group is nilpotent.

In §3 we prove by using the techniques of the previous
sections in this paper togefher with a theorem of Tits [24]
that a connected map Lie group has no nontrivial autcmor-
phisms of bounded displacement. As a consequence we get a
new proof via the results of F. Greenleaf, M. Mecskowilitz, and
L. Rothschild [9] of the following theorem: If G is a map
connected Lie group, H 1s a closed subgroup of G such that
G/H has finite volume then ZG(H) = Z(G) [5], and more
generally 1f G and H are as above and a 1is an automorphism
of" G leaving H pointwise fixed then a 1s trivial. We con-
clude §3 with the following result. For G and H as above,

ir dispH a 1s bounded then o 1s trivial. This type of




theorem will be dealt wlith in the case of an arbitrary con-
nected Lie group in [7].

In §4 making use of a decomposition due to Y. Matsu-
shima [17], and projective limits of Lie groups, we extend
most of the results of §2 to arbitrary locally compact
connected topologlcal groups. We get as a corollary a rela-

tively simple proof of the Freudenthal-Weil theorem.

§1. Characterization of 77 (G) for a Connected Lie Group

Given a connected Lie group G, we let G = R-KS be
its Levi decomposition where R is the radical and KS is the
decomposition of the Levl factor into compact and noncompact
parts. Let [R,R] denote the closure of the derived of R.
Since [R,R] is a characteristic subgroup of G we may form the
projection w: G » G/[R,RJ. 1In the guotient G/[R,R] we have
the connected abelian radical R/fﬁjﬁj'which by well-known
structure theorems can be written as V X T where V is a vec-—
tor group and T is a toroidal group, the T being characteris-
tic in G/[R,R]. To see that T is actually fixed under the
induced action of w(KS) on R/{R,R], the Levi factor of G/[R,RJ,
consider the continuous homomorphism from the Levl factor

into the automorphism group of T, Aut(T), defined by




g - ag'T; gen(KS). The image, B = {ag'T}ge:anS) is a con-
nected subgroup of the discrete group Aut(T), the automor-
phism group of T, and therefore B = (1). This implies that
aﬂ(kS)IT‘=I’ the identity automorphism, for all w(ks) e n(KS)
and hence that T 1s centralized by w(KS). So, T is m(KS)-
fixed. The semlsimple group w(KS) acts by conjugation on

V x T and since T is stable, Weyl's theorem will enable us
to replace V by a vector group of tﬁe same dlimension, here-
after also denoted V, which is n(K&)-stable. This implies
since R / [R,R] is abelian that V is normal in G/[R,R]J.

We let Vf denote the set of all elements of V which have fi-
nite m(KS)-orbit. Ve 1s evidently normal in G/TR,R] since
it is also w(KS)-stable. By Weyl's theorem [11; Thm. 2.3,
p. 125] it must have a T(XKS)-stable complement written as

v and as above, normal in G/[R,R]. Because n(KS)'V is a

L
roe
connected set for each v € V, if v ¢ Vf, then 7(KS):v is a
finite and connected set and hence must be a point. Thus
every element of V. is actually T{KS)-fixed.

Using the notations above our first theorem is

Theorem 1.1. If G 1s a connected Lie group, then

7(6) = v NV w(8)).

In particular,

L
Theorem 1.2. If the radical of G 1is abelian,]?(G) = VoS,

i
and also 1in this case Vf is unique.

We begin with a lemma.



Lemma 1.3. If G is a connected Lle group with Levli decompo-
sition, G = R+ KS, then both S and [R,R] are contained in

i
7(G). If R is abelian, Ve 1s also contained in 7(G) .

Proof of Lemma 1.3. Let p be an irreducible repre-

sentation of G. The restriction of p to S 1s a representa-
tion of S, and since S is map must be trivial on S. Thus,
s €p(G).

By Clifford's theorem [3; Theorem 1, p. 534] applied

to the normal subgroup R of G,
ph2= v(x ® conjugates of x) ,

where v is a natural number, and x is an irreducible repre-
sentation of R (eclearly, p being continuous and unitary im-
plies the same for x and 1ts conjugates). By Lie's theorem
[11; Theorem 1.3, p. 119], x and its conjugates, xg, being
irreducible, implies xg(LR,R]) = (1), and so by continuity
xB([R,K1) = (1). Thus o({R,R1) = (1) and hence [R,RIS7)(G).
The standard identification of VwithV is given by
the map w + X, where xw(v) = exp(i<w,v>) (where < , > is
the inner product on V). If R is abelian, then V;'is a nor-
mal subgroup of G, and then by Clifford's theorem,

4
p|v;.— vo(xw ® conjugates of xw), for some w & Vi ,

where Vo is a natural number, and up to equivalence all con-
Jugates must occur. Here, equivalence means equality since

the irreducible representations of V are one-dimensional,




and x = X ifandonly if w; = w,. Since the KS-orbit of
Wy Wy 1 2
4
X, 18 infinite for all 0 #we V., and p 1s finite-dimen-

slonal

L= VoXg = Ig

0
v o

i
Thus, V, € 7 (G). This completes the proof of Lemma (1.3).

Proof of Theorem 1.1. We begin the proof by the reduc-

tion to the case of an abelian radical. We show that

1r_1(77 (6/IR,R])) =2 (G). Let ¢ be an irreducible unitary
representation of G. By (1.3), ¢([R,K]) = (1), and there-
fore ¢ induces a continuous representation &; such that the

diagram below 1s commutative.

q ® s gL(V)
n l ~
$
6/TR,R]

Let y € Tr'_l()j(G/fﬁT}ﬁ)). From the diagram ¢(y) = (;(n(y)).
Since w(y) ey(G/[—ﬁTlﬁ), ¢(y) = 1 and y € (G). Thus,
"—l(ﬁ(G/rﬁ—:ﬂ)) €7 (G). Let x €27(G) and let p be an ir-
reducible representation of G/LR,R]. Then, pom is a re-
presentation of G, and therefore (; enm){(x) = 1. This im-
plies p(m(x)) = 1 and since ; was arbitrary, m(x) e Z(G/TR,R]J).
Then, x € 'n“l(7} (¢/[R,R])), and y(G) < w‘l(y(c/tﬁ,'ﬂ)).
The two inclusions imply that')?(G) = ﬂnl(p(G/m)-
To.complete the proof of (1.1) it remains to prove for
G =(V xT) - w(3S) that 27(0/{???7)-= v;'- w(S). This will

follow immediately from (1.2). However, we require some




prelimlnary results.

Definition 1.4. A group G is sald tou be a Z-group if G/Z(G)

is compact.

A proof 1s outlined in [11; Ex. 2, p. 194} that a con-

nected group is MAP if and only if it is a Z-group.

Lemma 1.5. Assume G = Z(G) * K 1s a connected Lie group.

Then G 1s MAP.

Proof of Lemma 1.5. From the Second Isomorphism

Theorem, G/Z(G) = @(G)-K)/Z(G)= X/Z(G) N K, which is com-

pact. Hence, G is a connected Z-group and therefore MAP,

Proposition 1.6. Let G be a connected Lie group. Then any

Levli factor of G 1s closed.

Proof. Let G = R-KS be a Levi decomposition. Since
any Levl factor of G is conjugate to KS, it is sufficient to
prove that KS 1s closed. 1In fact, since K is compact, if we
show that S 1s closed (in G), 1t will follow that KS 1s closed
(11; Lemma 2.2, p. 5]. By Greenleaf and Moskowitz [7],

Z(S) 1s a discrete central subgroup of G. Therefore,

mn: G » G/Z(S) is a covering map. In the connected group
G/Z(S) the Levi factor is clearly S/2(S). Since S/Z(S8) is
isomorphic to the linear semisimple Lile group Ad(S), it 1s
closed in G/Z(S) [6; Lemma 4, p. 115 and Lemma 5, p. 116].
Therefore, L = ﬂ—l(S/Z(S)) is closed by continulty and 1is

thus a Lie subgroup of G containing S. And n|L: L + S/Z(S)
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is a covering map since 1t 1is surJectlve and has the diScrete
central kernel, kerﬂlL = L N Z(S). Therefore, dim L =

= dim S/Z2(S) = dim S. 8So, S 1s an open subgroup of L and
therefore closed in L. Then, S 1s closed in G because L 1is

closed in G.

Lemma 1.7. {a) Assume that H 1is a closed, normal, connected
subgroup inG and that H €%(G). If G/H is MAP, then H = 7)(G).
In particular,

(b) Let G be a connected reductiVe® Lie group with Levi
decomposition G = Z(G)+:KS. Then 2(G) = S.

In particular,

(¢) If G is a connected, reductive Lie group which is

map, then G = S.

Proof. (a) Suppose that x5 € G -~ H and consider the
element on e G/H. Since G/H 1s MAP, and on # 1, there
exlsts a representation D of G/H such that B(on) # 1. De-
fine the representation D of G by D(x) = B(Hx) for x £ G.
We have D(xy) = B(on) # 1. Therefore, x4 £ 7(G) and H =7](G).
(b) Since S is normal in KS and commutes with Z(G),
S is a normal subgroup of G. From (1.6), S 1s closed in G,
and hence we may apply the Second Isomorphism Theorem to

obtain
(1) G/S = (Z(G)-K):S/S = Z(G)-K/(Z(G)*K)N S

The connected group Z(G)-K is MAP, (1.5), and hence a Z-group.
Because Z(G)*K/(Z(G):K)N S 1s the homomorphic image (under the
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canonical projectlon), of this Z-group, 1t 1s also a Z-group.
This implies, using (1), that G/S 1s MAP and by (1.3),
S €£7(G). We conclude by part (a) that 2)(G) = S.

(¢) Since G is map, /7(G) = G. But by part (b) above,
J(G) = s. Thus, G = S.

Thlis completes the proof of the lemma.

Proof of Theorem 1.2, We begin the proof in the case

when G is of the form G = (V x T) xn KS. Here it will bé

shown that G 1s isomorphic to T @ (V xn KS8). Once this has
been established, since J(T @ (V x_ KS)) = JAT) @ 7(V x KS) =
= (1)6927(V o KS), because T is compact and hence MAP [11;
Theorem 1.4, p. 18], we may assume T is trivial. To see the

isomorphism, define the function

¢ : (V x T) Xn KS » T @ (V Xn KS)
by
¢{((v,t),ks)} = (t,(v,ks)); v eV, t e T, ks € KS
Let x = ((v,t),ks) and y = ((v',t'),k's') be arbitrary
elements of (V x T) o KS. If x =y, thenv = v', t = t',
ks = k's'; and hence (t,(v,ks)) = (t',(v',k's')), whereby
p(x) = ¢(y), and so ¢ is well defined. It 1s clear that ¢

i1s a contlnuous, open, and surjective map. We show that ¢

is a homomorphism. Calculatling, for arbitrary x and y above,
d(xy) = ¢{{(v,t),ks)((v',t'),k's")}

= ¢{((v,t)(n(ks)(v',t')),ksk's")}

= ¢{((v,t)(n(ks)(v'),n{ks)(t"),ksk's")}}
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H

pl((v,t)(n(ks)(v'),t"),ksk's"')} (because t' € T is

KS~fixed)

${(vn(ks)(v'),tt"),ksk's')}

(tt',(vn(ks)(v'),ksk's"'))

(t,(v,ks))(t',(v',k's"))

d{x)o{y)

Therefore, ¢ is a homomorphism. ’We next show that ¢ is in-
jective. 3uppose ¢(x) = ¢(y). This implies

(t,{(vyks)) = (t',(v',k's')), and so t = t', v = v', and ks =
= k's', Therefore, x = ({(v,t),ks) = ((v',t'),k's') = y and

$ is injective. This completes the argument that ¢ is an

isomorphism.
Assuming T is trivial, we have G = V Xn KS. PFrom (1.3)
1
both S and V. are contained in 7(G) and so V;'xn S, the group

generated by Vfland S is contained in‘”(G). Using the nota-

tion of (1.3) for the standard identification of V with G,

from the Mackey theory [15; Theorem A, p. U42] representa-

tions of the form X ® vy, we V, vy an irreducible representa-

tion of KS, defined by (Xw ® y)(v,ks) = xw(v)y(ks), for (v,ks) € G,
i1s a representation of G {(not necessarily finite-dimensional),

and 1s finite-dimensional if w € Vf. (Actually, this col-

lection exhausts the (finite-dimensional) irreducible repre-
sentatlons of G, although we will not have need of this

fact.)

Let (v,ks) € G, where ks ¢ S. We show that
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(viks) £ 77(G). Since ks ¥ S and 3 =Z(KS) (1.7 (),

there exists an 1rreducible representation Yks of S such that
Yks(ks) # 1. But then (xo @ Yks)(v,ks) = xo(v)xks(ks) =

= 1-Yks(ks) # 1, and (v,ks) ¢ 27(G). Consider an element

L
(v,ks) € G, with v € Vo. Since V, 1s a subspace of V,

V/V;'is a vector group and hence has a separating family of

irreducible representations (indeed it has a faithful one).
Thus, for any element v € VfE vV - Vf" we can find an ir-
reducible representation Xy of V such that xw(v) # 1. Cal-
culating, (xw @ I)(v,ks) = xw(v)-l.#l, and so

i
(v,ks) £ 77(G). We have proven that Ve X, S €(G) and

n

Ky

that an element (v,ks) € G - (Vo x_ 8) is not in 77(G).
4

x

f n

dependently of Vf, V;'must be unique. This completes the

n
S, and since Z?(G) is defined in-

Therefore, 27(G) =V
proof of (l1.2) in the case where G is of the form
G = R?%]KS. For the general case of (1.2) we require another

lemma.

1
Lemma 1.8. Assume G 1s as in (1.2). Then Vf + 8 1s closed

in G.

Proof. 1In view of Hochschild [11; Ex. 2, p. 194], it
is sufficient to prove that for every compact subgroup M
of G, (Vél- SYN M is closed in M.

Let L be an arbitrary compact subgroup of G. The
Iwasawa Decomposition Theorem [13; Theorem 2, p. 515] tells
us that any two maximal compact subgroups of G are conjugate

by an element of G and since V has no compact subgroups it
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also tells us that a maximal compact subgroup of T-KS is a
maximal compact subgroup of G as well., These assertions

allows us to choose an element x € G such that

(1) ¥ = xLx~ 1< 7.Ks

The group V N T-KS is a normal subgroup of G. Its Lie alge-
~bra, 'U//)/ﬁ/&éf is contained in the Lie algebra (W+/t)/}/é.é' .
And, (7/’4—1) n/@,é' = (0) since 7)‘/+/t is the radical of O/,
the Lie algebra of G, and Aéé is the Levi factor of‘o/ .
Hence, the subgroup V A T-KS 1s both normal and discrete

and therefore central in G. So,
(2) VA TKS €V,

4
and because V. N T-KS €S VN TKS, we have using (2) that

(3) vf"‘n T-KS € Vg

i n
Clearly, V. N T:-KS EVf and hence combined with (3),

4 1
implying
1
(5) Ve N TKS = (1)

4 4
Obviously, (V,:8)AN 1*= s n LX. Suppose Ve's = & is an

1

s 1 -
element of (Vf <3SN Lr. Then, Ve = 2s e LS =1-Ks-.S

by (1). But, T-KS:‘S = T-KS and so v, € T-KS, and therefore

4

£
L 4

by (5), Vo n T-KS = (1). Thus, v, = 1 and hence

(6) (vf“-s)n X = s aLX



which is closed in L* since S 1s closed in G (1.6). So,
i

£ sy N L% 1s closed in LX.

(v
We construct the group G' = R xn KS where the action n
is conjugation in the group G. Conslider the map ¢: G' - G

defined by
$((r,ks)) = (r,ks)

It is a continuous open homomorphism of G' onto G mapping
4 +

the subgroup Vf xn S of G' onto the subgroup Vf - S of G,
4
By (1.2), Vg x 8 = 27(G') and so it is a (closed) normal
4
subgroup of G'. Therefore, Vf *S is a normal subgroup of G.

Conjugation by the element x_1 is a homeomorphism of G which

then maps the closed set (Vél-s) n L*, in LX, onto the set
4
o
in L, and thus Vj - S is closed in G. This completes the

- 4
(V S)ANA L, in L. This implies that (Vf +8) /N L is closed

proof of the lemma.

To complete the proof of (1.2), let G, G', and ¢ be as

4
£ « S 1s normal in G, and by (1.3)

that it 1s closed in G as well. We can therefore form

above. We have seen that V

o’
f n

morphism induced from ¢. Earlier in the proof we showed that

G/V,+S and we let ¢: G'/Vf:Lx S———)G/th S be the homo-

e
(G =77(V x, K8) = Vg x, S, and thus G'/Vx KS is a con-
nected MAP group, and hence a Z-group. The homomorphic
image, G/V;V S, of G'/V;'xn S, under .¢, must consequently
be a connected Z-group as well. Hence, G/V;W S is MAP,

F e
and by (1.3), both S and V, are contained in 77(G). Thus,
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f‘- S is contained in 2(G) and so J)(G) = V;- S (1.5(a)).

This completes the proof of (1.2).

v

Proof of Theorem 1.1. We have shown that
Y H(G/TGRT)) = 7(6). By (1.2), P (6/IR,R]) = V.- w(s).

Therefore, /7 (G) f*

n‘l(v mn{(S)), and (1.1) is proven.

U

Corollary 1.9. If G is a connected Lie group, then 77(G)

is a closed, normal, and connected subgroup of G.

Proof. We have seen earlier from the definition of
/7(G) that it is a closed normal subgroup of G. From (1.1)
and (1.2), 27 (G)/TR,R] =/7(G/Tﬁ7ﬁ) = vf*- m(8) which is
clearly connected. Therefore, /7(G)/[R,R] is connected, and
the characteristic subgroup fﬁ?ﬁj is connected since R 1s

connected. Thus, 7/ (G) is connected.

Theorem 1,2 allows us to calculate the Von Neuhann ker-
nel readily as the following example shows.

1 0 0

Example 1.10. Let G = R3xn 0 cos 0 sin® , where n is

0 -siné cos 0

the usual action. Thené?(G) = subspace generated by

0 o 1 0 0
it 0 . To see this let K = 0 cos 0 sin © .
0 1 0 -sin © cos §
6eR
1 1
and let V = R3. We have that n(kK) ol = fol| , L.e.,
0 0
1

0 is K-fixed. This implies that the compact group K

0 a
leaves the line ol , a e R, fixed. It is clear that all
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other elements of R3 have 1nfinite K-orblt, and so

0 0
4
Vf = subspace generated 1t , 0 . By (1.2), with
0 ] 0 0
4
S = (1), 27(G) = V. = subspace generated 1] , {o

0 1
If G is of the form, G = R™ xn K, where K 1is a compact
connected Lie group and R" 1s the radical of G, then 27(G)
is a subspace of Rn‘(1.2). Thus it makes sense to speak of

the dimension of p(G) as a vector space, denoted dim y(G).

We assert the following about dim ZKG).

Corollary 1.11. If G = R Xn K, where K is a compact conr-

nected Lie group and R"™ is the radical of G, then dim 2(G) # 1.

BN
Proof. Let V = R™. From (1.2),27(6) = V, and hence

4
dim 7(G) = dim V.. To show that dim /(G) # 1 it 1s there-

4
fore sufficient to show dim Vf # 1. Suppose to the contrary

that dim vf* = 1. Then there exists a vector 0 # v, e vf"

4
such that VO is a basis of Vf. For such k ¢ K, n(k) is

nonsingular and hence n(k)(VO) # 0. Therefore, there is a
continuous homomorphism ¢: K -+ R* (the nonzero real numbers),
such that

(1) n(k)(vy) = ¢(k)vys k € K.

So, ¢(K) 1s a compact connected subgroup of R*, and therefore,

$(K) = (1). This implies, from (1), that Vg € Ve. This is

4
a contradiction and so dim Vf # 1.
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§2. Minimally Almost Periodic Groups

In this sectlon we glve various characterizations of

minimally almost periodic groups, (map), i1.e., those where

27(G) = G, We continue with the notation established in §1.

Lemma 2.1. Let G be a connected Lie group. Then G 1s map

if and only if G/LR,R] is map.

Proof. We have seen in the proof of (1.1) that
2¢6) = v"1(7 (6/TR,R])). Therefore, 77 (G)/TR,R] = 72(¢/TR,R]).
ir ¢/TR,RJ is map, then 22(G/TR,R]) = G/[R,R] and
J(G)/TR,R] = G/LR,R]. Hence, [R,RJ2(G) = G, [R,R] being

the kernel of m. Consequently,?/(G) = G since [R,R] E7]((}),

(1.3), and thus G 1s map.
In the other direction, since G/[R,R] 1s a quotient
group of G, the minimally almost periodicity of G implies

the same for G/[R,R].

Since Lemma 2.1 enables us to consider groups with

abelian radlcals we now come to

Theorem 2.2. Let G be a connected Lie group with Levl de-

composition G = R.KS. Then the following are equivalent.
(1) G is map
(11) ¢/[R,R] can be written in the form G/[R,R] =
= Ven(3) with all nonzero elements of V of unbounded n(S)-
orbit.
(111) G/R has no compact factors and every nonzero ele-

ment of R/TR,R] is of unbounded w(S)-orbit.
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(iv) G/R has no compact factors and [R,R] =
= {r ¢ R: [G,r] €TR,R]}.
(v) G/R has no compact factors and G = [G,G].

Proof (1<=>ii). If G is map, then G/[R,R] is map and
so the semisimple group G/fﬁ?ﬁj//H/fﬁTﬁT is map and hence by
(1.7(e)) has no compact factors. Therefore, G/IR,R] has
Levi decomposition G/[R,R] = R/[R,R] - 7(8), and
77(c/TK;RT) = V.- 7(S) (see 1.2). Thus since G/TR,R] 1is
map, R/fﬁ:ﬁj' m(S) = Vé‘-ﬂ(S), which implies that T = (1)
and R/[R,R] = Vf't = V. 8o, G/[R,R] = V.n(S) with each non-
zero element of V = (V;) of infinite w(S)~orbit. Since
n(S) is a connected semisimple Lie group without compact fac-
tors each nonzero element of V has infinite n(S)-orbit if
and only if it has unbounded w(S)-orbit [8; Prop. 8.4, p.
238]. This proves (1i).

If (11) holds, by (1.2), % (¢/TR,R] = V.- m(S) =
= G/[R,R] and so G/[R,RJ] is map. By (2.1), G is map.

(1¢=> iii). Assume that G is map. Then G/R is map, and
since it is also semisimple must have no compact factors (1.7(c)).
That every nonzero element of R/[R,R] is of unbounded u(S)-
orbit follows immediately from (ii).

If (1i1) holds, K = (1) and T = (1), and hence
R/TR,R]
G/TR,RJ
of unbounded w(S)-orbit. By (ii), G is map.

V and G/LR,R] has Levl decomposition,

V.m(S) with all nonzero elements of V (= R/[R,R]J)

(1 &<>1iv). Suppose G is map. By (ii1i), G/R has no
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compact factors. Set A = {r € R: [G,r]}=[R,R] . Clearly,
[R,R] = A because [R,R] is contalned in R and 1s a character-
istiec subgroup of G. Let x € A. Then, [G,x] < [R,R].

In particular,
(1) [s,x] =I[R,R]
From (1) we obtain
(2) [n(s),n(x)] = n([s,x]) = n(TR,R]) = (1)
This says
(3) F(S)ﬂ(x)w(s)-ln(x)_l = 1 for all s € S,
and hence,
(W) m(s) m(X) = w{s)m(x)n(s)"1 = m(x) for all s ¢ S.

Thus 7(x) € R/[R,R] is w(8)-fixed. By (iii), the only ele-
ment of R/[R,R] that is wn(S)-fixed is 1. So =u(x) = 1 and
x € ker m = [R,R]. Therefore, A € [R,R] and with the other

inclusion, A = [R,RJ. We have actually proven
(5) TR,RJ = {r ¢ R: [S,r] €[R,R]} = {r ¢ R: [G,r] =[R,R]}.

Conversely, assume (iv) holds. Then K = (1) and
6/TR,R] has Levi decomposition, G/[R,R] = R/[R,R] « = (S).
Suppose a nonzero element [R,RJx € R/[R,R] has finite (and

hence fixed) 1(S)-orbit. We can express this as

(6) w(s)-m(x) r(s)n(x)n(s)" L = m(x) for all s € S.

It

Then
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n(s)n(x)n(s)-lﬂ(x)_l = 1 for all s € S,

(7} "([S.’x])

and

(1)

(8) n(L3,xD)

From (8) we have that [S,x] < ker n = [R,R]. éy (5),

x € LR,R]. However, this is a contradction since we assumed
TR,R]x to be nonzero in R/[R,R]. Therefore, every nonzero
element of R/IR,R] has infinite and hence unbounded w(S)-or-

bit. By (iii), G is map.

(1 ¢==>v). Assume (i) holds. By (iv), G/R has no
compact factors. Suppose now that G # tﬁjﬁ? and consider
the canonical projection w': G » G/TG,G]. It is a continu-
ous homcomorphism of G into the nontrivial abelian group,
G/fG,G]. Since G is map this cannot happen and so.we must
have G = [G,G].

Conversely, if (v) holds then G = R-S is the Levi de-
composition of G. Let p be an irreducible representation
of G. By Clifford's theorem, the restriction p|gy can be

written in the form
plg = v(x @ conjugates of x) ,

where v 1s a natural number, y 1s an irreducible representa-
tion of R; and up to equivalence all conjugates of x must
occur. Since the irreducible representations of R are one-

dimenslional, equivalence means equality. Because p[R is
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finite—diménsional, x must have a finlte number of conju-
gates, and since G-y 1s connected, x must actually be fixed

under the actlon of G. Thus, p|li = vx. Therefore,
(1) p(r) = vx{(r)I; r ¢ R.

Let ¢: G > R be the continuous homomorphism defined by

(2) ¢(g) = det p(g).

Since R is abelian, ¢([G,GJ) = (1). However, by assumption
G = [G,G]J and so ¢(G) = (1). In particular, upon restricting

¢ to R we have
(3) ¢(r) = det p(r) =1, for all r ¢ R.

This implies that p(r) € SU(n,C) for all r ¢ R. From (1),
for every r € R p(r) is a scalar matrix and therefore

p(r) € Z(SU(n,C)). Hence p(R) 1s a connected subgroup of
the finite group 2(S8U(n,C)), and so p(R) = I.

Consider the following commutative diagram:

G

=2

G/R > GL(W)

o

where 1 1s the canonical projection of G onto G/R and p is
the representatlon of G/R induced from p. Evidently, o

must be trivial since G/R 1s semisimple without compact
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factors and so map. Hence, p = p e w is trivial and since
p was arbitrary, G is map. Thls completes the proof of

(2.2).
In the case of simply connected radical we can say

somewhat more.

Theorem 2.3. Assume G is a connected Lie group with Levi

decomposition, G = R-KS.
(a) If G 1s map and R is simply connected, then
G = [G,G]. In particular,
(b) If G is map and R is abelian or G is simply con-

nected, then G = [G,G].

Proof. We will first prove the result for the special

case when R 1s a vector group V. By f2.2 (11)),

(1) G = V-3 with all nonzero elements of V of unbounded
S-orbit. Calculating for v € V, s € S,

(2) [v,sl) = [(v,1),(1,8)] = (s +v = v,1).
Put L = linear span {s.v - V}SES. L can be seen to be a sub-

veV
module of V as follows. For s,t € S, v € V,

t.(s.v-v) t-(s*v) - t-v

t(sv) - s.v+s8v-v+v-=t-v

[t*(s*Vv) = s:v] + [s:v = v]~-{t'v - v]

All these expressions in brackets in the last line above are
in L and so t*(s-v=~v) 15 also in L. This shows that L 1s a

submodule of V. Observe that L # (0) if Vv # (0) since S



acts on nonzero elements of V by unbounded orbits. Thus, 1f
V is irreducible, L = V. By (1), the linear span

{[V’S]}vev = linear span {s-v--v}sES , and so,
SES veV

linear span {[v,s]}VEv =

sSES

(2) [v,s8]

1

linear span {s-v--v}VEV = I , .

seS

Thus, i1f V is irreducible, [V,S5] = L = V.

In the case where R = V 1is not necessarily irreducible,
since S 1s semisimple Weyl's theorem enables us to write
vV = wl ® ... @ wk, where each wi is an irreducible sub-
module of V. We have shown above that for each 1,

Li = linear span {s-w, is a submodule, respectively,

;- wi}

seS
wiewi
of wi, with Li # (0) ir wi # (0) since S acts by unbounded
orbits on all nonzero elementS(xfwi. As above, Li = wi,

and [wi,S} = W;, for 1 = 1,2,...,k. Hence

k
(3) [V,S] = [wl e - @ wk’S] = 12—1: [wi’S]
>
= W, = V.
=T 1

We know [S,S] = S because S 1s semisimple. From this fact
and (3), we see that [G,G] contains both V and S, and so must
contain V:S, the group generated by V and S. Since V:-S=G,
by (1), we conclude that [G,G] contalns G and so G = [G,G].

In the general case, (i1i) of (2.2) implies that



R/[R,R] is a vector group. By (2.1), G/TR,R] is map and so
by the special case proven above for a map group whose radi-
cal 1s a vector group, G/TR,R] = [G/[R,RJ, G/[R,R]]. This
implies w(LG,G]) = {n(a),n(G)] = [G¢/TR,R]J, G/TR,R]J = G/TR,R]J.

Therefore,
(4) xerm - [G,G] = G.

But ker w = [R,R] andrfﬁfﬁj'= [R,R] since R is simply con-
nected {11; Theorem 1.2, p. 135]. Thus ker w = [R,R] € [G,G
and (4) becomes [G,G] = G. This completes the proof of
(2.3) (a). |

To prove (2.3) (b) we note that if G is simply con-
nected, then R is simply connected and so G = [G,G] by (a).
We saw in the proof of (2;2) that R/TR,R] is simply con-
nected. If R is abelian, this says R is simply connected

and so G = [G,G] follows again by (a).

Corollary 2.4. If G is a connected map Lie group with simply

connected radical R, then R is nilpotent.

Proof. By (2.3), G = [G,G], and therefore R = RN G =
= RN [G,G). And, RN [G,G] is nilpotent because it 1s a
connected Lie group and its Lie algebra, j!= /b/\[WJVJ is nil-

potent [11; Theorem 3.2, p. 128]. Hence, R is nilpotent.

We close with an example. We wlll construct a con-
nected map Lie group G where [G,G] # G. Thils will show
that we may not drop the assumption that the radical of G 1is

simply connected in (2.3).
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Example 2.5. Let H = {(x,y,z,t): %x,y,2,t € R} with the mani-

fold structure of Ru and with 1ts multiplication defined by
(1) (xl,ylszlstl)(x23y2:z2:t2)
= (xptxptzity, yityptazity, zi4z,, ttty)

where o 1s a fixed irrational real number. Let D be the dis-
crete central subgroup of H consisting of the elements
(p,q,d,O) with arbitrary integers p and q. Torm H/D. We
observe that H/D is not simply connected [11; Ex. 2, p. 140].

Let £ = D(xl,yl,zl,tl) and m = D(xg,yz,zg,te) be elements of

-1 _
H/D. We have 2 = D(—xl+zl l,—yl+azltl,-zl,—t1) and
-1 ‘ , .

m = D(—x2+z2t2,~y2+az2t2,-22,—t2). Thus, using (1),
[£,m] = gme " tmt

D(xl,yl,zl,tl)D(xg,yg,zz,t2)D(—x1+zltl,—y1+azltl—zl—t1)

D(-x2+z2t2,—y2+az2t2,—22,—t2)

D(xl+x2+zlt2,yl+y2+azlt2,zl+z2,t1+t2)
D(—xl-x2+zltl+zzt2+zlt2,-yl—y2+a(zltl+22t2+zlt2),
—27=255=t;-t5)

= D(zlt2+zltl+zlt2+(zl+22)(-tl-t2),

a[zlt2+zltl+zlt2+(zl+zg)(—tl—tg)],O,O)
Simplifying we get
(2) {2,m] = D(zlte-z2ti, a(zlt2 - z2tl),0,0) .

Then, [H/D, H/D]

it

group generated {[2,m}: £,m ¢ H/D}, and

(2) implies since o 1s irrational that
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(3) [H/D, H/D] = {D(x,y,0,0): x,¥ € R}.
Consider the action of 81(2,R) on H defined for

®11  S12
s = e S1(2,R),and (x,y,2z,t) € H by

21 S22
(U4) s+ (x,y,z,t) = (x’y’sllZ+s12t’5212+322t)'

We have

(5) s (p,q,0,0) = (p,q,0,0) for all p,q € R, s e S1(2,R).

in particular, (5) holds for all p,q e Z, s € S1(2,R). Thus,
S1(2,R) acts trivially on D and we have an induced action of

31(2,R) on H/D defined by
(6) s.Dh = D(s-h), for s € S1(2,R), Dh € H/D ,

where s-h 1s the action of S1(2,R) on H defined by (4).

Using (6) define G = H/D - 31(2,R).

Claim. (i) G is a connected map Lie group
(ii) [G,G] # G.

Proof. (1) It is clear that G 1s a connected Lie group.

The radical of G is H/D and G/@/D has no compact factors.

since S1(2,R) has none. Since [H/D, H/D] is a characteris-
tic subgroup of G we can consider the induced action of

s1(2,R) on H/D/T[H/D,H/D]. For a = [H/D, H/DID(x,¥,2z,t)

S S
( 11 %12\ | s100.p),
S21 P22

€ H/D/ [H/D, H/D] and s
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. = S s
(7) s-a = [H/D,H/DID(x,y, 112575t 55572+5558)

Observe that the usual action of S1(2,R) on R2,

11 12
(5)12%815t55572%85,0)
Sp1 Sagf |t
z
is such that every nonzero element €R2 has an infinite,
t

and hence unbounded S1(2,R)-orbit. Then, from (7), the ele-
ment a above with z and t not both zero has unbounded
S1(2,R)-orbit. Such elements a are the nonzero elements of
H/Q//fﬁ7ﬁjﬁ7ﬁj (see (3)), and so we have shown that S1(2,R)
acts by unbounded orblts on every nonzero element of
H/D//fﬁ7ﬁjﬁ7ﬁj. Hence, G is map ((2.2) (iii)).

(ii). We calculate [G,G]. Let a = D((xl,yl,zl,tl),s)

S S

11 °12
and b = D((xz,y2,22,t2),p) be elements of G where s =
Sp1 o2
P11 Pr2 1
and p = We have a ==D((—xl—zlLs2l(slztl—s22zl)+
Pa1 Pop
t85,(8,5921-5)1t7) Jo=yy-alz s, (st =5,521 048,55 (5,721 -

-1
_Slltl)]}’Sl2t1_522zl’s2lzl_sllt ),s 7)), and

_l_
b = DUl-x5=250P ) (P o5 P o023 ) ¥R (P21 Z57Py 1 800 1

Yp=a{z5lPo1 (P pta P22 ) 4P,0 (Poy 207P 1 820 115Py pt -
-1
p2222,p21z2—p11t2,p ). We have

(8) ab = D((x1+x2+zlc, yl+y2+ azlc,*,**),Sp)
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and

(9) @ b7 = D((=xy=xp=d,-y =Y pmad,d T, (#4) 1) 5T T

1, -1

and [a,b] = aba "b "~ = D((xq+x,%z ¢,y +y,taz,c,*,¥¥),5p)
D((—xl—xz—d,~yl-y2—ad,*',(**)'Lsulp_l) where

C = 5p12Zp+8,5t,, and d = zyls,, (8,075,521 )48,5(8,127-5,48,) 1 +

toaglpyy(Pypty = PppZp) * PoolppiZy = Pryty)l

tDsgpby = 80z dlsyy(Pypby = PppZy) + 555(Pyy25 - Pyl

Continuing, la,b] = D((zqc ~ d + [#1(s, (¥") + s,,(%%)") 7"

a(zyo-at [¥1(s,  (F1)+5,, (F%) 1), ¥1, (¥%)",5psTip71).

Letting e = zlc-d+L*] (521(*')+322(**)'), we get

(10) [a,b] = D((e,ae,*",(**)"),sps ‘p~ 1)

From (8), we see that any product of elements [a,b] of the
form in (10) will still have that form. Thus 7
[G,G] = group generated {[a,b]: a,b € G} cannot be equal to

all of G. This completes the proof of the claim.

§3. Automorphisms of Bounded Displacement and Homogeneous

Spaces of Finite Volume for Minimally Almost Periodic

Groups

Recall that an automorphism, o, of G, has bounded dis-
placement if for all g e G, a(g)g_l lies in some fixed com-
pact set and that dlspye = la(h)h"l}hEH 1s the H-displace-
ment of o. B(G) consists of those g € G whose conjugacy

class has compact closure. Clearly, an inner automorphism
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ag of G is of bounded displacement 1f and only If g e B{(G).

In this sectlon we prove

Theorem 3.1. A connected map Lie group G has no nontrivial

automorphisms of bounded displacement.

Proof. We first prove the theorem for inner automor-
phisms of bounded displacement, i.e., we show B(G) = Z(G).
It is clear that Z(G) & B(G). Let G be a subgroup of
G1(V). We define the continuous homomorphism p: G + Gl(End V)

by
8 > Pys where pg(T) = g.T = ng_l; g € G, T e End V.
For each T ¢ End V, we define the continuous l-cocycle.
Pup? G » End V by ¢T(g) =T - g-T

If T € B(G) € End V, then ¢T is bounded, and since G is map,

¢ 0 [18; Prop. 1.6]. That is, T - g-T = 0 for every
1

g € G. Hence, glg ~ =T for every g € G, and so T e Z(G).

Thus, B(G) € Z(G), and the two inclusions imply B(G) = Z(G).

For the general case, let g, € B(G). Then the closure
of the G-orbit of g, under conjugation;tﬂgTEa) is compact
and so Ad(ﬁgfggj) is compact. Therefore

AT TELT) = Ad (G, (5g)) = Adlegge ') g

{(Ad g)(Ad go(Ad g)"l}geG

O ha cfAd &) -
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Then,CﬂKiG(Ad go) 1s a closed subset of a compact group and
so compact. Hence, Ad g, € B(Ad G). Since Ad G is a con-
nected map linear group we know from the case proven above
that B(Ad G) = Z(Ad G). Then, Ad By € B(Ad G) implies that
Ad Bg € Z(Ad G). Thus, AngAdg = AdgAng for all g e G,

and so Ad[go,g] = 1 for all g € G. This says [go,g] € ker Ad,
and since G is connected, ker Ad = Z(G), and [go,g] e Z(G).
Consider the map from G to Z(G) defined for each g & G by

g - {go,g] = ago(g)g_l. This map is a continuous homomor-
phism of G into the abelian group Z(G), and because G 1is map
must be trivial. We conclude from this that Lgo,g] =1

for all g € G and hence g, € Z(G). Thus, B(G) = Z(G) and

so B(G) = Z(G).

To complete the proof of the theorem we will need the
following result of Tits [(24; Theorem 3, p. 99]. -

If G is a connected Lie group having no nondiscrete
normal semisimple compact subgroups, T' the largest compact
connected subgroup of Z(G), then given any automorphism
of bounded displacement, a, of G, there exists an element
g € B(G) and a homomorphism without fixed points, except 1,
¢: G + T' such that o is defined by the relation
a(x) = gxg_1¢(x_l).

Continuing with the proof of the theorem, suppose N 1s
a normal semisimple compact connected subgroup of G. Then
7{N) is a semisimple compact normal subgroup of G/[R,R].
There 1s a conjugate of #(N) by an element of g, denoted

n(N)®, such that n(N)® = x(S), the Levi factor of G/TR,R)
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(see 2.2 (31)). Since w(S) has no compact factors the group
#(N)® 1s trivial. Therefore, also w{(N) = (1), and
N Sker m = [R,R]. But [R,R] 1s solvable and N is semi-
simple, connected, and normal, and hence N = (1) and we can
apply [24].

If o is an automorphism of bounded displacement of G,
there exists an element g € B(G) and a homomorphism
¢$: G » T'" without fixed points, except 1, such- that

gxg T6(x" ). Since B(G) = 2(8), g € Z(G) and

il

o(x)

a(x) x¢(x—1). Since the map group G has no nontrivial
homomorphisms into a compact group, ¢, and therefore o, 1s

trivial. Hence,

Corollary 3.2. Let G be a map connected Lie group and H a

closed subgroup of G such that G/H has finite volume. TIf

a € Aut (G) leaves H pointwise fixed then o is trivial.

Proof. By [18; Theorem 3.1] o has bounded dlsplacement.
Then, by (3.1) a is trivial.

In particular,

Corollary 3.3 (Furstenberg [5; Cor. 3, p. 211]). If G and H

are as in (3.2), then ZG(H) = Z2(G).
Finally we have the following generalization of (3.2).

Theorem 3.4. Let G be a map connected Lie group and H a

closed subgroup of G such that G/H has finite volume. If
for a« € Aut (G) the dispy o = {a(h)h—l}heH 1s bounded, then

a 1ls trivial.
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Proof. Since Z(G) is a characteristic subgroup of G,
a({Z(G)) =Z(G) and so a induces an automorphism, &, of

G/Z(G) = AQA(G). Consider the diagram below

1]

>Ad (G)

, m: G—>G/Z(G) = Ad(G) .

)

> (H)

n]H

Since G/H has finite volume, Ad (G)/w(H) has finite volume

[8; Cor. 5, p. 227] and the dispH a being bounded implies that
disp"(H) ; is bounded, and so by continuity the disp ETET'Q is
bounded. Since Ad(G) is a linear map group, o must have
bounded displacement [7]. Then, by (3.1), ; is trivial.

This means that for every g & G, a(g)g_l is in Z{(G). De-
fine the continuous map ¢: G -+ Z(G) by ¢(g) = &(g)g—l,

g € G. Slnce ¢ takes values in Z(G) it is a homomorphism.

But G has nc continuous homomorphisms into an abelian group.

Therefore, a is trivial.

§4. Extensions of Results on Minimally Almost Periodic

Croups to Locally Compact Connected Groups and Some

Results on Maximally Almost Periodic Groups

Given a locally compact connected group G, then G
can be written in the form G = R.KS where R is the radical
of G, 1.e., the largest {(closed) normal connected solvable

subgroup of G. {See Iwasawa for the existence of R [13;
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Theorem 1.5, p. 552]), K is a compact connected subgroup

wlth trivial radical and S is a semisimple Lie subgroup
without compact factors. We have [K,S] = (1) and KN S

is a finite group (see Matsushima for this decomposition

[17; Theorem 1, p. 266]. As in the case of Lie groups, we
let [R,R] denote the closure of the derived of R, and since
[R,R] is a characteristic subgroup of G we again form the
projection w: G + G/[R,R]. The connected abelian radical,
R/TH,R], of G/[R,R], can be written as V x L, where V is a
vector group and L is a compact group, the L being character-
istic in G/[R,RJ [14]. Since L is a compact abelian group, the
automorphism group of L, Aut (L), is totally disconnected
[13; Cor., p. 514]. Arguing now exactly as in the intro-
duction of §1, we see that L is actually fixed under the

induced action of w(KS) = G/LR,R]J.

Lemma 4.1. If G = RH.KS is the decomposition above and
K= (1) (or S = (1)), then we can replace V by a vector
group of the same dimension, also to be dencted as V, which

is either n(S)-stable (or w(K)-stable).

Proof. If K = (1), then n{S) is a semisimple Lie
group and since L is n(S)-stable, an application of Weyl's
Theorem completes the argument. If S = (1), then w(K) is
a compact subgroup of Aut (V x L) leaving L fixed. The con-

clusion follows from [10; Theorem 1.1, p. 4].

Definition 4.2. Let G be a locally compact connected group.

It is well known that G = 1lim Ga (projective 1imit) of con-
-
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nected Lie groups Ga' If every Ga is semisimple we call Ga

a prosemisimple group.

It has been shown in [19; Cor. 2.5, p. 404] that if

G = 1lim Ga and 1s prosemisimple, then Ga is semisimple.
'y

For G = 1lim Ga’ m G -+ GaAwill be the correspond-

o
ing projections, and Ga = Ra-KaSa will be the Levi decom-

position of Ga.

Definition 4.3. If G = R-KS is the decomposition above and

if K = (1) (or S = (1)), we let Vf denote the set of all ele-
ments of V which either have finite m(S)-orbist {(or finite
m(K)-orbit). As in §1, V. is a normal subgroup of G/TR,R]J,
and the connectedness of w(K) (or n(S)), implies that each
element of Vf is actually w(K)~fixed (or w(S)-fixed). If
K= (1), 7(S) is a semisimple Lie group and we may apply
Weyl's Theorem to obtain a w{S)-stable complement to Vf,
written as Vft also as in §1, that is normal in G/[R,R].

If S = (1), let n(K) = 1im Ka' Since the fadical of m(K)

is (1), we conclude by LI9; Theorem 2.11, p. 405]) that w(K)
1s prosemisimple and therefore each connected Lie group Hu
is semisimple. Let p: w(XK) -+ Gl(V) be the continuous homo-
morphism induced by the action of w(K) on R/IR,R] restricted
to V. (By (4.2), V is w(K)-stable). By [19, Lemma 2.2,

p. 403] there exists an o and a compact subgroup Ca such
that Ka = w(K)/Ca and p(Ca) = (1), i.e., p induces a con-

tinuous homomorphnism p of Ka such that the following

diagram commutes.
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p
T(K) >GL(V)

T
o : P

ﬂ(K)/Ca = Ka

Thus, we may consider p as a homomorphism from the semisim-
ple Lie group Ka into G1(V). (Clearly, p must be unitary
since p 1s unitary}. Since Vf is m(K)~stable, it 1s there-
fore Ka—stable and now Weyl's Theorem enables us to find a
Ka—stable, and therefore n{(K)-stable, complement written as
Vfﬁ which as before is normal in G/[R,R].

For the remainder of this section any reference to Vf

4

or Vf will, of course, only be in the case when elither K = (1)

(or S = (1)), i.e., G = R*S (or G = R-K).

Lemma 4.4. TIf G = 1im G, 1s a locally compact connected

group, then G is map 1f and only if each Ga is map.

Proof. Suppose first that each Ga is map and let p be
an irreducible representation of G. Again by [19, Lemma 2.2,
p. 403] for some a, p induces a representation 5, of Ga’
such that S°ﬂa= p. Since Ga is map, 5 is trivial and hence

p 1s trivial. Therefore, G 1s map.

-

Conversely, assume that G is map and let ¢ be a repre-

~

sentation of Ga, for arbiltrary @a. Then, ¢ em_ 1s a repre-

o

sentation of G, and since G is map, ¢ om, i1s trivial. Thus

$(na(G)) = @(Ga) = (1) and therefore ¢ 1s trivial. It

follows that Ga is map, and since o was arbitrary, that
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every Ga is map.

Lemma 4.5. If G 1s a locally compact connected group, then

G is map if and only if G/[R,R]J] 1s map.

Proof. This 1s proven exactly as in the Lie group
case by first showing 7)(G) = ﬂ_l(ﬁ(G/[H,R])), as in the

proof of (1.1), and then applying the argument of (2.1).

The next theorem generalizes (2.2) to locally compact

connected groups.

Theorem 4.5. Let G = lim Ga be a locally compact connected

group. Then the following are equivalent:
(i) G is map
(1i) G/[R,R] can be written in the form G/[R,R] =
= V.m(S) with all nonzero elements of V of unbounded m(S)-
crbit. .

(iii) G/R is a semisimple Lie group without compact
factors and every nonzero element of R/[K,R] is of un-
bounded w(S)-orbit.

(iv) G/R is a semisimple Lie group without compact

factors and [R,R] = {r € R: [G,r] = [R,R]}.

(v) G/R 1s a semisimple Lie group without compact factors

Proof. Let G/R = 11m Ha with corresponding pfojections
Tt G/R + Ha. (i &—» ii). Suppose G is map. Then, G/R
is map and therefore each Ha is also map (4.3), Thus, every
connected Lie group Ha is map and semisimple, and therefore

has no compact factors (1.7(c)). Let L be a compact
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connected normal subgroup of G/R. For each o, na(L) is a
compact connected normal subgroup of Ha and so "u(L) = (1),
and we have LSQ ker Ty = {(1). Hence, L = (1) and so

G/R has no nontrivial compact connected normal subgroups.
Therefore, K = (1}, and G = R-S. This 1implies that G/K 1s
a semisimple Lie group without compact factors. The group
G/ITR,R] is map since G 1s map, and we can write its con-
nected abelian radical R/[TR,R] as R/[R,R] = V x L. We

have seen that the compact connected group L 1s fixed under
the action of w(KS). Since L is also abelian and commutes
with V it must be contained in z(G/I'ﬁ',F]')O, the identity
component of the center of G/[KR,R]. We see that G/[K,R] =
= lim G,/[R,,R, T (¢,: G/[R,R] » G /IR ,R T are the corre-
sponding projections), and each Ga/fﬁgjﬁ;j'is a connected
map Lie group (4.1), with abelian radical Ra/fﬁgjﬁgj. Hence,

by (1.2), for each a,
L
(1) Ga/IRa’Ra] ==v(G/|Ra,Ra| = (Va)fna(sa) ,

where Ga/IRu,RaJ = Ra/iRa’RaJ -na(Sa) is the Levi decomposi-
tion of Ga/[Ra’Ral (ﬁa: G -+ Ga/LRa’Rai is the canonical
projection), and Ra/[Ra’Ra] = Va x Ta’ V, & vector group,
and Ta a toroidal group. From (1), (Va)f = (1) and since

< a TR R 1 =
Z(Gu/fRa,Ra])o = (V,)p = (1), we have Z(Ga/{Ra,Ra])o (1)
for all a. Therefore, since ¢a(Z(G/Iﬁ,RJ)O) < 72(G /IfRa,Ha l)O =
= (1), for each a, Z(G/lR,RI)OEQ ker ¢:u = (1). This

shows that L = (1), and so R/[R,R] = V 1s a vector group.
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Thus, G/[R,R] = V-u(38) is a Lie group and it is map since G
is map. We apply the argument of (2.2) (1&=1i) to complete
the proof of (ii).

Conversely, assume (11) holds. We see then that
G/TR,R] is a Lie group and by (2.2) (ié::iii), it is map.
By (4.4), G is also map.

(le—>iii). Assume that(i) holds. By (ii) above, G/R
is a semisimple Lie group without compact factors. The re-
mainder of (iii) is shown as in (2.2) (i=—iii). Conversely,
if (iii) holds, then K = (1), and L = (1) since L 1is n{(KS)-
fixed. Therefore, G/[R,R] = V-.n(S) with all nonzero ele-
ments _of V of unbounded 7 (S)-orbit. By (ii), G is map.

(i &—>»iv). Assume that G is map. From (1ii), G/R
is a semisimple Lie group without compact factors. Exactly
as in (2.2) {(i)¢&<(iv) we show that [R,R] = {r ¢ R:

Lég,r] < [R,RJ]}. Conversely, if (iv) holds, we apply the
argument of (2.2) (iv—>1i).

(ie—=>v). 1If (1) holds, by (iv), G/R is a semisimple
Lie group without compact factors. To see that G = fﬁjﬁj,
argue as in (2.2) (1 = v). In the other direction, see
(2.2) (v =>1). h

This completes the proof of (4.5).

As a consequence of our work in this section we can
give an alternate, and much simpler proof of the following

well known result.
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Corollary 4.6 (Freudenthal-Weil [4; p. 129]). A locally

compact connected group G is MAP if and only if G is the

direct product of a vector group and a compact group.
We require the following lemma.

Lemma 4.7. If G is a locally compact connected group with
decomposition G = R-KS, then both S and [R,R] are con-
tained in 727 (G). If R is abelian, S = (1) (or K = (1)) then

1
Ve 1s also contained in Z(G).

Proof. Let G = ﬂGa with T G » Ga the corresponding
-

projections, and let p be an irreducible representation of
G. Again from [19] there is an o for which p induces a
where 5 em, = P We have

p([R,R]) = o(m ([R,R])) S p([R,,R 1) = (1) (by (1.3)).

Therefore, p([R,R]) = (1), and by continuity p(TR,R]) = (1).

representation 5 of Ga’

Hence, [R,R] € 77(G). The remainder of (4.7) is proven

exactly as in (1.3). This completes the proof of (4.7).

Proof of Corollary 4.6. Let G be MAP with decomposi-

tion G = R+'KS. Here, 77(G) = (1), and by (4.7) both S and
[R,R] are contained in 77(G), whence [R,R]T = 8 = (1). Since
[R,RT = (1), R is abelian, and S = (1) from above, and so
again by (4.7}, Vf'LE 77(G). Thus, Vfl= (1), implying that
vV = st and G = (V x L)*K. The subgroup LK is a compact
normal subgroup of G, LKA V = (1), and [V,LK] = (1) since
V and L commute and V = Vf. By the Iwasawa splitting

theorem [13; Lemma 3.8, p. 521], G = V x LK = V x K', where
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K' = LK.. Thus, G is the direct product of the vector group

V and the compact group K'.

Conversely, if G V x M, V a vector group, M a com-

pact group, then 77 (G) 27(V) x7(M) = (1) since both V and
M are MAP. Hence, 77 (G) = (1) and G is MAP.

For the reader's information we now record a fact
which gives a necessary condltion for a discreie group G to
be MAP, i.e., 27(G) = (1). It is essentially a reproduc-
tion of fhe method used by von Neumann and Wigner in [22;

p. 78] to show that S1(2,Z) is MAP.

Proposition 4.8. If G = Gl(n,Z) is a Lie group, then

GZ =GN Gl(n,Z) is MAP.
In particular, G1(n,Z), S1{(n,Z), and Sp(2n,Z) are

all MAP.

Proof. The second statement follows immediately from

the first. To prove the first, define for each integer n

G, = {x € GZ: x = I (mod n)}, (see [1; p. 43]) .

Each Gn 1s a normal subgroup of GZ with finite index. More-

over, [N G = (1), and since ZP(GZ) < Gy, the inter-
n

sectlion of all normal subgroups cof Gz with finite index
[22; p. TU45], we have 77((}2) G = Q G, = (1). Hence,

G, is MAP.

JA



10.

BIBLIOGRAPHY

”~
Borel, A. Introduction aux Groupes Arithmetiques (Hermann;

Paris, 1969).

. Density properties for certain subgroups

of semisimple groups without compact components. Ann. of
Math. 72 (1960), 179-188.

Clifford, A. H. Representations induced in an invariant
subgroup. Ann. of Math. 38 (1937), 533-550.

Freudenthal, H. Topoiogische Gruppen mit genugend vielen
fastperiodischen Funktionen. Ann. of Math. 37 (1936),
S57-7T.

Furstenberg, H. A note on Borel's dznsity theorem.

Proc. Amer. Math. Soc. 55, No. 1 (1976), 209-212.

Gota, M. Faithful representations of Lie groups I.
Mathematica Japonicae, 1, no. 3 (1943), 107-119.
Greenleafil, F. P. and Moskowitz, M. Orbits and homogeneous
spaces of finite volume. Monatschefte fur Mathematik.

(To appear.)

Greenleaf, ¥. P., Moskowitz, M. and Rothachild, L. P.
Unbounded conjugacy classes in Lie groups and location
of central measures. Acta Mathematica, 132 (1974),
225-243.

Automorphisms, orbits, and homogeneous

spaces of nonconnected Lie groups. Math. Annalen,

212 (1974/75), 145-155.

Grosser, S. and Moskowitz, M. Compactness conditions 1in
topological groups (I and II). Jour. fur Reine und

Agnew. Math. 246 (1971), 1-40.
e



11.
12.
13.

14,

15,

16.

17.

18.

19.

20.

21.

43

Hochsechild, G. The Structure of Lle Groups (Holden

Day; San Francisco, 1965).

Huang, T.-J. A characterization of maximally almost
periodic groups. (To appear.)

Iwasawa, K. On some types of topological groups. Ann.
of Math., 50 (1949), 507-558.

Kampen, E. R. van. Locally bicompact Abellan groups

and their character groups. Ann. of Math., 36 (1935),
hyg-4e3,

Kurarishi, M. On non-connected maximally almost perilodic
grours. Tokohu Math. Jour., 2 (1950), 40-46.

Mackey, G. W. Induced Representations of Groups and

Quantum Mechanics (W. A. Benjamin, Inc., and Editore

Boringhierl; New York, Amsterdam, and Torino, 1968).
Matsushima, Y. On the decomposition of an (L)-group.
Jour. Math. Soc. of Japan, 1 (1950), 264-274.

Moskowitz, M. Some remarks on automorphisms of bounded
displacement and bounded cocycles. Arkiv ftr Matematik.
(To appear.)

On proreductive groups. Proc. Camb.

Phil. Soc. 76 (1974), H01-406.

Murakami, S. Remarks onthe structure of maximally
almost periodiec groups. Osaka Math. Jour., 1 (1950),
119-129,.

Neumann, J. von. Almost periodic functioné»in a group.

Trans. Amer. Math. Soc. 36 (1934), 445-492,



22.

23.

24,

25.

4y

Neumann, J. von and Wigner, E. P. Minimally almost
periodic groups. Ann. of Math. 41, No. 4 (1940),
T46-750.

Raghunathan, M. S. Disecrete Subgroups of Lie Groups

(Springer-Verlag; New York, Heidelberg, and Berlin,
1972).

Tits, J. Automorphismes 5 déblacement borné’des.groupes
de Lie. Topology, v. 3 (Suppl. 1)(1964), 97-107.

Weil, A. L'integration dans les groupes topologiques

et ses applications, deuxiéme é&ition (Hermann; Paris,

1965).



