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Abstract

ELECTROMAGNETIC PROPERTIES OF EMALL SOLID STATE PARTICLES
AND REALISTIC SURFACES

by
PURNA CHANDRA DAS
Mvisor: Professor Joel I. Gersten

We study the electromagnetic properties of small sclid
state particles. In particular the origin and conseguences
of spontanecus electric dipole moments in small particles of
diemeter rangirg from 10-1000 X are considered. Theoretical
analysis of such particles with or without nearby molecules
is done and their surface effects are extracted. Various
mechanisms promoting the dipole mcments are considered
(dispersion dipole due to nearby molecules, binary composite
structures, and asymmetric homogeneous structures). The
study is basically divided into two parts - homogeneous
systems and inhomogeneous systems. Under homogeneous systems
we evaluate the dipole moment of a hemispherical jellium
shape. Under inhomogeneous systems we evaluate the dipole
moment of an atom near a spheroid and the dipole moment of a
bimetallic spheroid.

Realistic surfaces have invariably some roughness
present on them. Such rough surfaces have unusual optical

properties. We model roughress as a spheroidal bump
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protruding out of a flat plane surface and study the surface
shape (electromagnetic) resonances of such a bumpy surface.
The shape resonances are based on the fact that there are
localized states associated with the (vibrating) bumps,
which can couple to the delocalized collective (electronic
or ionic) excitations of the underlying substrate. Our goal
is to study, and determine the frequencies and widths of
these surface shape resonances.

The study of a rough surface and its neighborhood in
various experimental situations by electron loss
spectroscopy is a rapidly growing field. An accurate
interpretation of experimental data depends up on detailed
theoretical analysis of the problem of electrons scattering
from a rough surface. However, the problem is complicated as
can be imagined. So we consider inelastic electron
scattering from isolated metal spheres. This, in itself, is
an important problem, because it facilitates the
investigation of small particles and their surfaces. The
electron energy loss to be considered arises from the
excitation of plasmons associated with the sphere.
Expressions for the scattering cross section and for the
radiative scattering are derived.

Finally we use the fact, that there exists a set of
shape resonances for a bumpy surface to investigate the
effects of the presence of a substrate on a molecule

undergoing photochemical reaction. Photochemistry involves a
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certain accumulation of energy in the molecule before it
undergoes photochemical reaction. The energy accumulation
would be hindered if there were damping mechanisms such as
are associated with the shape resonances. However, nothing
could be predicted in the absence of a theoretical study of
the situation. We therefore investigate the effects of the
substrate on photochemical reaction taking into account the
surface shape resonances. Expressions of the cross section
for photochemistry and radiative cross section of the
molecule are derived. We shall see if the enhancement of
photochemical reactions occurs due to the enhanced local

field near a rough surface.
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INTRODUCTION

Over the years people have primarily been interested in
bulk properties of solids. One of the reasons for it is the
simplified idealization that a solid has an infinite extent
in all directions. The justification for this is however

24

understandable. Out of the 10 atoms in a macroscopic

crystal of typically 108 atoms on a side, only about one

in 108

reside near the surface. Although such an
idealization is valid for understanding bulk properties of a
macroscopic crystal, surface properties such as crystal
growth, catalysis, corrosion, photoemission, transport along
a surface, adsorption, desorption etc. have to be understood
in the realm of surface physics. The conventional use of
periodic boundary conditions, along with the idealized model
of an infinitely extended solid with lattice constant
translational invariance imparts Bloch character to the
electrons in the solid. Independent electrons, each of which
obeys a one electron Schrodinger equation with a periodic
potential, which is an effective one-electron potential
representing the interactions of the electrons with the
massive atomic nuclei and the electron-electron
interactions, are known as Bloch electrons. Lattice symmetry
and its influence on the form of the eigenvalues and the
eigenfunctions of the Schrodinger equation produce the

division of the energy spectrum of one electron states into

bands separated by forbidden gaps. The electrical as well as
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most other transport properties are determined by the band
structure of the crystalline solid, and to the extent to
which these bands are filled. In bringing free atoms to-
gether to form a crystal, the discrete levels of these atoms
split up into groups of levels which then form an energy
band. The valence band is composed of low-energy bonding
states and the conduction band is composed of high energy
anti-bonding states. Alternatively, lattice symmetry
produces breaks in the continuous energy spectrum of free
electrons at certain energies, where those electrons undergo
Bragg reflections from the lattice, on their passage through
the crystal.

In a perfectly periodic crystal corresponding to a
set of rigid ions, a free carrier will propagate without
scattering. The electronic wave function is a Bloch wave of
the form \Pnﬁ(?)- Ung (F) exp (v '-?‘?) , which for a given
?Lditection has a guadratic energy dispersion,

E(R)-flz E)?g\; \3 , valid near a band minimum. The
electro% behaves as if it were free, except that its wave
function is modulated by a spatial factor uni’ (?) that has
the periodicity of the lattice and is charaterised by an
effective mass1;*, which can be quite anisotropic.

In real crystals, however, electrons travel freely
only very short distances. This is because the perfect
periodicity of the lattice is broken up by imperfections.

Besides impurities and phonons, causing electrons to scatter



from one k-vector to another, the presence of crystal
surfaces forms two dimensional imperfections.

The complexities of surface physics lies in the fact
that the surface region is one of extreme spatial inhomo-
geneity. The presence of the surface breaks the symmetry
perpendicular to it, while the symmetry parallel to it is
preserved. This leads to the conversion of Bloch waves into
non-current carrying (in a direction perpendicular to the
surface), standing waves near the surface. On the other hand
the charge distribution in surface cells of a finite crystal
differs from the charge distribution of cells in the
interior. This is partly due to the breaking of the
periodicity of the bulk lattice and partly due to relaxation
and reconstruction of the lattice near the surface. Due to
the consequent loss of symmetry in charge distribution,
gsurface cells have a nonvanishing electric dipole moment.
Sometimes such asymmetric charge distributions lead to a
gsurface dipole layer. Moreover the surface charge
distribution depends on the morphology of the surface
(whether plane or rough). The determination of such a charge
distribution and its consequences is a very difficult
problem in surface physics.

As in the case of impurities, the imperfection
introduced by the presence of the surface requires the
occurrence of localized states near it. Such excitations are
localized to a narrow region in the direction normal to the

surface, but extend parallel to the surface. This is

-3-



because, in addition to the Bloch solutions to the
one-electron Schrodinger equation for the periodically
extended crystal, there are solutions with complex wave
vectors describing electronic levels that are localized in
the neighborhood of a real crystal. To describe the spatial
and energy distribution of such states, we use the concept

(1)

of a Local Density of States (LDS) f% s given by

plen) =2 1<9nltay|* SCe-e) .

Here ‘\Pa is an eigenfunction with eigenvalue éA and (PM
is a localized (atom-like) basis function of symmetry type i
and centered on the nth lattice site.

Besides these geometrical and analytical
complexities, which had slowed the progress in surface
studies, the difficulties in carrying out experiments for
real as well as model surfaces were sufficient enough to
persuade researchers to confine themselves to the study of
bulk properties of solids. It should be noted that as a
first step in understanding the physics of phenomena
occuring near a surface, we must characterize the static
surface. This means that we have to know the morphology of
the surface, the chemical identity of atoms or molecules
present at the surface, the geometrical arrangement of these
species and their electronic distribution. Only then one can

proceed to devise techniques to probe the dynamical



interaction of the surface with its environment, such as
atoms, molecules, ions, photons, electrons or other
surfaces. Surface studies are so complex that often the
surface responses observed in an experiment can not be
interpreted simply. There comes the need for a closer
relationship between theoretical as well as experimental
studies in surface physics. Hence the surge in the study of
surfaces during the last decade has been mainly due to the
following three reasons:

(1) surface phenomena are responsible for the
existence and control the performance of the many
technologies, such as energy and communication;

(ii) there is now available a great many number of
high resolution, surface sensitive spectroscopic technigues
capable of providing analytical and structural data on
surfaces; and

(iii) theoreticians in recent years have worked
closely with experimentalists to provide reasonable
interpretation of data and this has pushed forward the
research on material surfaces a great deal.

Some recent advances made in the application of Raman
spectroscopy to the molecular characterization of surfaces,
have enhanced the need for studying morphology dependent
(local as well as nonlocal) surface properties. There had
been a consistent effort to overcome the limitations of the

conventional Ultra High Vacuum (UHV) spectroscopies (2).



The most widely used UHV spectroscopies are Electron Loss
Spectroscopy, Auger Electron Spectroscopy (AES), Ultraviolet
and X-ray photoelectron spectroscopy (UPS and XPS), and
Secondary Ion Mass Spectroscopy (SIMS). Their disadvantage,
however, lies in molecular surface characterization
(detection, identification and a quantitative analysis of
individual molecules adsorbed on a surface), UHV techniques
are also not universal in the sense that they can't be
applied to solid-liquid interfaces. Surface electronic X-ray

(3)

absorption spectroscopy (SEXAFS) and surface

vibrational spectroscopy remedied these limitations
encountered in UHV technigues. The former, however, lacks

molecular specificity and is less surface sensitive due to

2 4

°
large penetration depths (10 ~ 10 A depending on

photon energy) of optical photons. On the other hand surface

(4)

vibrational spectroscopy scores high marks in the area

of molecular surface characterization. Among other
techniques, Surface Raman Spectroscopy (SRS)(S) is
universal in being applicable to most surface environments,
although the normal Raman scattering process lacks
sensitivity. SRS has obtained new life during the last
decade and assumed the name Surface Enhanced Raman
Scattering (SERS)(4'6), after the discovery that when a
molecule is appropriately adsorbed on a metal surface, its
Raman scattering efficiency can be increased by factors of

3 6 (7)

10 to 10



The phenomenon of SERS alone has created a new group
of surface physicists who are dedicated to understanding the
microscopic mechanisms involved in it. It clearly is a
classic example of how certain vital experimental results
open up a completely new area of physics. Physically
interesting and technologically important, the potential of
SERS in becoming the surface spectroscopic technigue of the
future is so great that scientists all over the world are
currently analysing the phenomena from various angles. As it
often happens, the investigation of one anomalous
phenomenon, namely SERS, has given birth to several other
anomalous observations, both experimentally and
theoretically. In addition, a few other anomalous solid
state phenomena that existed prior to the discovery of SERS,
have received renewed attention in terms of research in
recent years, because of their apparent relation to SERS. It
is hoped that an understanding of each of these anomalies
will be a step forward toward a fuller understanding of
SERS. Therefore it is worthwhile to give a brief account of
each of these anomalies here, in an attempt to make possible
conclusions from their similarities as well as differences.
It would also help us motivate the research undertaken here.

The so called surface anomalies are discussed under
the following headings:

l. Surface Enhanced Raman Scattering

2. Nonlinear Optical Phenomena



3. Enhanced Fluorescence of Molecules
4. Enhanced Photoemission and Infrared Absorption Anomalies
5. Photochemistry

Surface Enhanced Raman Scattering

SERS, as has been pointed out earlier, is an unusual
phenomenon in which the Raman intensity of molecules
adsorbed on or near a metal (Ag, Au, and Cu) surface is
enhanced by about six orders of magnitude. One might wonder,
why the phenomenon be called anomalous, where a resonant
Raman scattering mechanism might be operative. It should be
noted that for Pyridine/Ag system, in which the original
observation of SERS (8) was possible, it occurs at 514 nm
whereas pyridine absorbs at 280 nm. Hence is the anomaly.
The effect has various aspects to it so that a serious
theoretical effort to explain the phenomena, might need an
understanding of these aspects. The conclusive experiments
of Van Duyne et al (4,7) were performed for Ag/pyridine
system in an electrochemical environment. Since then SERS
has been observed for polycrystalline Ag wire or foil (9).
Polycrystalline Ag thin film electrode, obtained by vacuum
deposition on a glass substrate, has also been reported
(10) to give rise to SERS. Pettinger (11) has reported
observation of SERS on Ag(100) and Ag (1l1ll) single crystal
surfaces. Results for SERS in the case of Ag(1lll) single

(11)

crystal, epitaxial thin films are also in existence

in literature. Thin film results are less by a factor of two



than those for polycrystalline wire, suggesting the
association of SERS with perhaps surface roughness. Also
increase in SERS intensity is related to some combination of
cleaning and roughening.

It has been shown that SERS can be observed under
non-electrochemical conditions including surfaces under

(12) (13)

. those exposed to air , and

(14)

vacuum conditions
in tunnelling junctions

SERS has been found to have a linear response in the
sense that the relative intensity of Raman scattered light
grows linearly with respect to laser power. It should be
pointed out that in the green SERS has been substantial for
A, less substantial for Cu and Au. Towards the red, Cu and
Au give strong SERS signals. Trials with other materials
have not produced encouraging results, although some reports
do exist.

In the light of these observations several theories
have been proposed to explain the effect, both from a
macroscopic as well as from a microscopic point of view,

(15) assumes that the

The image dipole mechanism
polarizability of the adsorbed molecule is modulated due to
the presence of the metal surface. The molecule considered
as a point dipole sees itself in a field environment which
consists of a superposition of two fields: the field due to

the image dipole in the metal, and that due to the incident

laser light. The effective dipole moment of the adsorbate is



then enhanced at very small molecule-surface separation. The

Raman enhancement factor N(o(.“./o( )"' , where ol is the
polarizability of the free molecule and C‘¢¢€ is the
effective polarizability of the molecule in the presence of
the surface. This model, being dependent on a critical
adsorbate surface separation at which the assumption of
point dipole would break down, has been criticized, among

(16)

others, by Oxtoby and Hilton . Furthermore the

observation of SERS from multilayer adsorbates on metal

(17) adds a long range component to it, which can

surface
hardly be explained by the image enhancement mechanism.
However, it is believed to contribute at small
surface-adsorbate separation.

A modulated reflectance theory (18) has been
reported along with the charge transfer theory due to McCall

(19). These models may explain some of the

and Platzman
short range (chemical) aspects of SERS but the models have
not yet been adequately tested. They do not account for the
long range characteristics of SERS nor the role of surface
roughness.

Resonant Raman scattering from the molecule in the
presence of coupling between the molecule and the metal via

(20), that was

surface plasmons is another mechanism
investigated by Philpott. Philpott has guantum mechanically
shown that there is significant shortening of life time of

an electronically excited molecule, when it is coupled to

-10-



delocalized surface plasma oscillations of the substrate.
The coulomb interaction between the molecule and the metal
substrate shifts and broadens the energy levels of
individual electronic states, and the molecule which is able
to undergo normal Raman scattering in the absence of the
metal can now give rise to resonant Raman scattering (20).
However, the predictions of this model have not been in
accord with experimental observations.

(21), which are microscopic in nature

Some models
and which have stood up to the experimental tests of certain
aspects of SERS, have been based on the suggestion of

Moskovits (22)

. It involves the absorption of radiation by
the collective modes of the ensemble of microscopic bumps on
a metal surface, which is coupled to the vibrational modes
of the molecule. This model implicitly reguires the presence
of surface roughness. Although the requirement of surface
roughness for observing enhanced Raman scattering is not yet
fully agreed upon, it is worthwhile to point out that
experiments where surfaces were deliberately prepared

(23). So it

smooth, did not show appreciable enhancement
should be kept in mind for the present that surface
roughness adds significantly to the enhancement.

More recently Gersten and Nitzan have proposed an
electromagnetic theory of SERS (24) in the presence of a

rough surface. The rough surface has been modelled as a set

of hemispheroidal protrusions sticking out of a base plane.

-11-



The idea is that there is an increase in the local elctric
field at the surface due to resonant absorption of radiation
by the collective modes of the bumps. This in turn gives
rise to enhanced Raman scattering. In addition the effect of
the interaction between the molecule and a small spheroidal
particle or roughness feature on the Raman scattering was
treated. One of the important conclusions of their study is
that the discrete plasmon frequencies of the bump is a very
sensitive function of the aspect ratio of the spheroid,
which models it. A laser would then select spheroids of a
given aspect ratio to be in resonance with. Near such a
resonance the dipole moment of the system is strongly
enhanced, giving rise to enhanced Raman scattering. Another
interesting conclusion is that enhanced Raman scattering is
related to the proximity of the molecule to a small metal
particle. There have been some experimental support for the
theory, coming from the observation of low fregquency

1 (25)

(A 10 cm™ ) Raman side bands by Weitz et a and

from the SERS experiment by Liao and coworkers (26) on
microlithographic Ag-particle surfaces.

Non-linear Optical Phenomena:

Since the discovery of the laser in 1960, it has been
put to much use to probe the properties of matter, both
because of its high intensity and near perfect
monochromaticity.The demonstration of second harmonic

generation in 1961 by Peter Franken opened up a whole
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new field of non-linear optics. Bloembergen and his
coworkers have developed a general formalism to describe a
large number of non-linear optical phenomena, applicable
almost universally. The starting point is the expansion of
the electric polarization -; in a power series in 1; , the
electric field amplitude.

> s VR s VBB ass
*EE+ X :EEE

P=X .E+ Ferrannns (2)
;Z(') is the linear susceptibility tensor and ;?(a) is
the lowest order non-linear susceptibility tensor of rank
three. An inspection of Eg. (2) suggests that at weak
electric field strength non-linear terms would be
negligible. On the other hand, high intensity light would
make the non-linear terms significant. Since the study of
optical properties of rough surfaces has become all the more
important with the advent of SERS, one would like to make
some general predictions about the behavior of rough
surfaces. Such studies, although directly unrelated to but
arising out of the attempts to explain SERS, may provide us
with such tools that are required in surface characteri-
zation and surface specificity determination. As we shall
see surface enhanced non~linear optical properties may
already have provided us with such a tool. It can be seen
that the various interpretations of SERS can be divided into

two groups : Namely, the Chemical and Electromagnetic

-13-



effects. It is the latter which has been successful in

predicting the experimentally observed enhancement of

4 6 (27)

10 "-10 . It is based on a local field enhancement

picture. The electric field induced by a metal particle at
the position of the adsorbed molecule in a SERS geometry was

(28) 2 3

to be 10°-10~ times stronger than the

shown
incident field. This therefore implies that non-linear
optical processes and molecular ionization may occur at weak
incident field intensities. This prediction indeed has been

1 (29). They have been able

confirmed recently by Chen et a
to demonstrate second harmonic generation (2 at 0.53 }Am),
enhanced by a factor of 104 by surface roughness, at a

silver-air interface. This roughened silver surface was also

6 for

shown to produce surface Raman enhancement of ~/ 10
.05 M pyridine. The second harmonic and background signals
were shown to be substantially dependent on surface rough-
ness. Clearly it has been demonstrated, beyond doubt, that a
local field on rough surface structure can lead to a large
enhancement in the strength of a non-linear optical process.
As indicated earlier, surface enhanced non-linear

optical process has been used to detect adsorbed molecular
monolayers on a silver surface by Chen et al (30).
Adsorption of AgCl and pyridine on silver were observed.

Adsorption of pyridine molecules were found to be neccessary

for a second harmonic signal from pyridine.
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More recently Heinz et al (31) have used resonant
second harmonic generation to measure spectra of transitions
in molecules of Rhodamine 6G and 110 Aye samples adsorbed at
a surface at submonolayer coverage. The method has the
potential for identifying the nature and quantity of
adsorbates. Some amount of information regarding the
structural properties of adsorbates and surfaces may be
obtained from the polarization dependence of the signal.

Hence non-linear phenomena at a rough surface are
observable and an understanding of the mechanism giving rise
to such phenomena may prove to be of enormous importance to
surface science. Some amount of work has been done (32,33)
in this direction. However, a more detailed theoretical
analysis of the above experiments is needed. Before one
makes an attempt in this direction it is probably essential
to understand the properties of rough surfaces and related
phenomena.

Enhanced Fluorescence of Molecules :

Spectroscopic properties, such as fluorescence and
Raman scattering, of isolated molecules are well understood.
However, the inelastic scattering properties of molecules
situated near a metal surface are of current interest.
Emission of radiation from molecules close to a planar
surface is basically understood(34). It is now well known
that surface roughness influences optical properties of

(35)

metal surfaces , and hence those of molecules situated

-15-



near it. Such effects have become apparent with our
knowledge of SERS and its relation to surface roughness.

There are many ways of surface roughening. Surface

(7)

anodization sometimes causes the formation of spheres

on the surface and these act as roughness. Even single

silver atoms lying on top of a flat silver surface may

(36). Inherent roughness through the

(37)

perform the same role
formation of metal-island films by vapor deposition
seem to be sufficient for the appearance of SERS. Both
island films and colloidal particles should be considered as
rough systems, due to the small size of these systems.

Owen et al (38) have observed enhancements of
fluorescence induced by microstructure resonances, such as
the resonance between the natural modes of a dielectric
fiber and molecular vibrational modes. Here the cylindrical
fiber acts as roughness. Although the microstructure shapes
and separations are uncontrollable, theoretical models
(39) based on electromagnetics predict that the intensity
of the incident field (wavelength .A; ) at or near the
surface is greatly enhanced when A; is resonant with
the surface plasmon modes of the metallic microstructure.
Such enhancements also occur in the inelastic emission from
molecules on or near a surface, when the emission
wavelength, K; ¢+ 18 in resonance with the surface plasmon
modes. Thus the metallic microstructures act as efficient

receiving and transmitting antennas for wavelengths in

-16-



resonance with the plasmon modes.

Weitz et al (40) have observed such interaction
between the molecule and Ag-islands giving rise to a
dramatic shortening of the fluorescent lifetime of the
molecule and on enhancement of fluorescence. Despite the
fact that the life time is shortened, the amount of light
emitted remains virtually unchanged. Thus instead of
guenching the excited molecule, the island assists in the
radiation process. The fluorescence decay rate is seen to
increase by three orders of magnitude. This is believed to
be due to the electromagnetic interaction between the
molecule and the localized electronic plasma resonances. It
should be pointed out that fluorescent decay rates of
molecules can be a probe of the interaction of a molecule
with its environment.

These experiments indicate a definite correlation
between the existence of SERS and/or enhanced fluorescence
emission and the presence of metallic microstructures. It is
therefore hoped that an understanding of the fluorescence
phenomenon may aid our attempts to analyse the phenomenon of
SERS theoretically and to investigate the shape and size
effects for such phenomena.

In passing, it is worthwhile to recognize that other
unusual optical properties of adsorbed molecules (41)~have

been observed.

-17-



Enhanced Photoemission and Infrared Absorption Anomalies:

By now we are familiar with the relation between
small particles and rough surfaces. An understanding of
properties of small particles may ultimately facilitate our
knowledge about rough surfaces. the correspondence between
sizes and shapes of small particles and roughness features
implies that properties of such small particles would be
dependent on their shapes and sizes.

Indeed Schmidt-Ott et al (42) have observed
increased photoyields from small particles (diameter ¢« 50
g). The results are for Ag and wo3 particles and the
enhancement in photoyield is by about two orders of
magnitude. Although Fowler-Nordheim law, Y(hy )=C(hV - 4} )
is obeyed near the threshold, it still is not sufficient to
explain the anomaly. In the above expression for photoyield
Y(hY ), at energy hyY , C is the Photoemission constant
and ¢ is the work function. Typically C =« 7.5%10"°
for a plane surface. This constant drastically increases
with decreasing radius of particles and becomes typically

[
2 3 for particle diameter around 30 A.

between 10 < to 10~
It is conjectured that the understanding of this enormous
photoyield may enable us to ultimately understand SERS.
Recently Penn and Rendell (43) have reported
calculations of the photoabsorption and photoyield of small

particles (metal spheres) for photon energies below the
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plasmon energy. The calculation is based on nonlocal
dielectric function and inclusion of electron-hole (e-h)
pair excitations in the small particles. The excitation of
e-h pairs is shown to have a far greater effect on the yield
of a sphere than on the yield of a plane surface. This is
directly related to the existence of a resonance behavior
(44) in the sphere absorption for W > OJP due to the
existence of plasmons. Below u)' » however, e-h pair
excitations involve a range of wave vectors, some of which
will satisfy the conditions of resonance.

Although the results of Penn and Rendell are in fair
agreement with the experimental values, the approximations
incorporated in the calculation require a more detailed and
microscopic look at the whole subject. Dasgupta and
Fuchs“s) have derived expressions for a small spherical
particle including nonlocal nature of the dielectric
response. It is hoped that these results can be applied to
photoabsorption and photoyield anomalies, as well as to
infrared anomalies (46). Some modifications of theories of
SERS may be incorporated by considering the adsorbed
molecule as a small dielectric sphere, rather than a point
dipole.

Far infrared absorption anomalies for small particles
are also in existence in literature. Tanner et al (47)
have observed that samples of Cu, Al, Sn, and Pb having

°
diameters ranged from 65 to 350 A showed absorption which
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was very small at low frequencies and wuich increased more
or less linearly as the frequency increased. These
observations have not yet been fully understood. An
explanation based on classical dielectric theory, coupled
with the gquantum mechanical ensemble theory of Gorkov and
Eliashberg (48) failed to account for the experimental
data. The far infrared absorption spectrum for these above
samples of small particles depends mostly upon their sizes
and very little on the elements of which they are composed.
For smaller size particles Gorkov and Eliashberg's theory
predicts quite well the observed data. But it fails for
larger size particles (energy level spacing A ~ -z'i- ’
1). being the volume of the particle). Since all these
optical properties of small particles are related to a
special process of absorption and since these systems are
very important industrially, a fresh look at the anomalous
behavior presented in this section is in order. It should be
noted that enhancement of infrared absorption from molecular
monolayers with thin metal overlayers has been obseved by
Hartstein et al (49). The enhancement is by a factor of 20
and is ‘consistent with an electric field enhancemnet due to
collective electron resonances associated with the island
nature of thin metal films.

Photochemistry:

It is expected that since the local electric field is

enhanced near a surface, there would be an enhancement in



the rate of a photochemical reaction occuring close to a
surface. A substantial enhancement is expected if the
surface is rough. It was shown by Gersten and Nitzan (50)
that spectroscopic properties of molecules near small scale
structures are modified significantly. On the same footing
Nitzan and Brus (51) have shown that photochemical

reactions occuring near a small sphere would be enhanced.

SERS is a nonresonant scattering as far as the
molecule is concerned, but photochemistry involves resonant
absorption and energy flow within the molecule.
Photochemistry often requires a finite accumulation of
energy in the molecule or in a colliding molecular system
before the desired process can take place. Hence unfavorable
damping processes for molecules very near a surface may
hamper the chemical process. At the same time since the
incident field has to be in resonance with molecular
excitations and surface resonances, sometimes broader
resonances are helpful and this may be obtained by a
suitable choice of the substrate.

The substrate effect on photochemistry has not really
been investigated so far and it would be worthwhile looking
into those effects.

We have outlined briefly the various theoretical and
experimental Qtudies aimed at understanding the anomalous,

but interesting, properties of small particles and rough
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surfaces. Each of these anomalies discussed above is special
in its own right and is important academically and
industrially. It is also clear from the discussion that the
local environments of small particles and rough surfaces are
not much different. Properties of small particles and rough
surfaces are quite similar except for substrate effects that
arise in case of rough surfaces. Our study is confined to
these systems, namely small particles and rough surfaces.

We have seen above that small scale structures play
an important role in surface spectroscopic experiments. They
give rise to enhanced Raman intensity in case of SERS and
their presence changes substantially the optical properties
of molecules, including radiative and non-radiative decay
rates and guantum yields. Small metallic particles were also
pointed out to possess anomalous optical properties in the
far infra-red region.

In this context, leaving aside the phenomena where
rough surfaces are involved, we consider isolated small
particles, and we are concerned here with the understanding
of various mechanisms that give rise to spontaneous dipole
moments in such particles.

Since the phenomenon of SERS occurs when a molecule
is sitting in front of a bump, in the presence of an
external photon field, it is worthwhile to determine the
dipole moments of such systems as an atom near a spheroid.
It is also helpful in determining the infra-red activity of

a solid with an adsorbate on it.
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In the case of an atom near a smooth saurface the

dipole falls off asymptotically as p~4

, D being the
atom-surface distance. Here we shall attempt to generalize
this to the determination of the dipole moment of an atom
near a small spheroidal particle and compare it with the
atom near a flat surface result. The case of bimetallic
spheroidal particle will also be studied. All these above
subjects form the content of Chapter I.

Enhanced local optical fields are believed to be
responsible for a large part of the SERS. Importance of the
enhancement of the local optical fields is also sensed in
the observation of fluorescence anomalies and even in
non-linear phenomena at weak field strencths. We would argue
in Chapter II that the discrete resonant states of a bump,
giving rise to surface shape resonances, by their coupling
to continuum states on the substrate surface, give rise to
strong local fields and our goal will be to study the widths
of such resonances.

An interesting problem of the scattering of fast
moving electrons and ions from small dielectric spheres is
treated in Chapter III. Here we are interested in studying
the interaction of an electron with a metallic surface,
which can be considered rough. Considering a bumpy surface
one could explore the probability of excitation of surface

plasmons by incident (high energy) electrons. This can be

attributed as the source of energy loss of outgoing
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electrons. Because of the complicated nature of the problem,
we actually consider scattering from a sphere. It should be
noted that only high energy electrons are considered, so
that their trajectories can be approximated by straight
paths, uninfluenced by the surface potential.

Finally our study concerning the effects of the
presence of a rough surface on a molecule undergoing
photochemical reaction is presented in Chapter 1IV. Based on
the fact that local electric fields near a bumpy surface or
a small particle are enhanced, one expects enhancement of a
photochemical reaction. A study of this process for a
molecule near a spherical particle has recently been
reported (51), and enhancements predicted. However, the
presence of a substrate can introduce qualitative changes in
the behavior of the reaction rate and therefore the problem
needs additional study.

Chapter V gives a summary and concluding remarks of

the results obtained.
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CHAPTER 1

SPONTANEOUS ELECTRIC DIPOLE MOMENTS FOR
SMALL PARTICLES

I.1 Introduction

Recently chemists and physicists have been showing an
interest in the properties of small particles of solid
matter and in their interaction with molecular adsorbates.
Aside from such obvious problems as heterogeneous catalysis,
in which the solid particles play a fundamental role, small
particles and rough surfaces have been shown to possess very

(1) . Some

interesting and anomalous optical properties
examples of these interesting optical properties have been
given in the introduction to this thesis. To mention
briefly, surface enhanced Raman scattering (2) is one such
anomalous optical property. Although a precise concensus as
to the origin of this effect does not yet exist, the
phenomenon is believed to be clésely related to the

(3) | similar

existence of bumps on a rough surface
enhancement factors have been observed for molecules
adsorbed on sol particles and for molecules on metal island
films. The typical scale size of the bumps on particles
involved in these experiments is in the range 10 to 1000 X.

The radiative and nonradiative decay rates of molecules

near particles or rough surfaces are found to be strongly
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modified from what they would be near smooth surfaces (4)
or in gas phase or in solution (5).

The correspondence between small particles and rough
surfaces, makes the study of them even more important
because of the association of surface roughness with SERS.

The anomalous optical properties studied to date have
been in the visible part of the electromagnetic spectrum. It
would be of considerable interest to know if electromagnetic
anomalies exist in other parts of the spectrum. One would
like to know what happens in the far infrared region of the
spectrum, a region with a paucity of data and techniques. In
that case one would study the infrared optical activity of
solid state particles with or without molecular adsorbates.

The study would parallel conventional infrared and
microwave molecular spectroscopy experiments. In place of a
molecule one would have a small particle. Corresponding to
infrared or microwave molecular spectroscopy, if a small
particle possesses a spontaneous dipole moment, its
fluctuations due to rotation or vibration can couple to an
external photon field. The frequencies it will be able to
couple to will be determined by the normal mode frequencies
of the partcle. The typical vibrational frequencies of these
objects lie in the far infrared and microwave regions of the
spectrum. This frequency range is obtained by simply
dividing the scale size of the particle by the speed of

sound in the solid. Acoustic vibrations of such surface
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roughness features have been observed by Weitz et al (6),

as low frequency Raman side bands. This is attributed to an
acoustic vibration of surface features selected by a
resonant excitation of a localized plasmon. The localized
nature of the excited states implied by the data suggests
considering the excitation of individual toughness-features.
Also from the data, one concludes that the resonant plasmon
frequencies of the bump decrease as their characteristic
dimensions increase.

As pointed out earlier, there exists some experimental
evidence that infrared absorption anomalies exist for

(7). The amount of absorption observed

particulate smokes
is very large and can not be accounted for in terms of the
dielectric properties of the system, even if finite size
effects are taken into account. The existence of a finite
fluctuating dipole does open up additional absorption modes,
however. The additional absorption will be associated with
the (collective) normal modes of vibration of the particle.
The actual calculation of the absorption cross section is
naturally complicated because one needs to know the normal
modes. One must solve the associated mechanical problem of
finding the normal modes of vibration of the particle. Only
then can one proceed to compute the desired cross section.
Here we have given some thought to the origin of such

gspontaneous dipole moments in both homogeneous structures

lacking inversion symmetry and inhomogeneous structures.
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The following sections are organised under two main
headings: Homogeneous Structures and Inhomogeneous
Structures. In section 1.2 we deal with homogeneous
structures, by asking under what condition will a system
composed of one type of atom possess an electric dipole
moment. In section I.3 our study of inhomogeneous structures
concentrates on two problems. The first is to find the
dipole moment of an atom near a particle. This problem is of
importance in.determining the infrared activity of a solid
with an adsorbate on it. Secondly we consider the problem of
finding the dipole moment of a bimetallic particle (where
one part consists of one type and another part consists of
the other type). These particles may be fabricated by
sputtering a metallic surface which is coated by a different
metallic film. Finally a discussion of the results and
conclusions are given in section I.4. Atomic units (e=m=fi=1
and c=137) are used throughout.

1.2 Homogeneous Structures

We start by considering a highly idealized model. We
variationally compute the dipole moment of an one-electron
"atom”, where the "nucleus® lacks inversion symmetry. This
model may be thought of as a prototype for a solid which is
homogeneous, but lacks inversion symmetry. In such a case
thé ionic background lacks inversion symmetry. We then

proceed to a more realistic case of computing the dipole
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moment of an extended metal structure which lacks inversion
symmetry. Here we use the density functional fotmalism(a),
which has been moderately successful in surface studies.
Such a calculation gives us an estimate of the magnitude of
the dipole moment. This calculation may be used as a basis
for estimating the typical magnitude of the dipole moment of

a surface roughness feature.

I.2.1 One-electron Atom

Let us take a fixed positive charge of uniform density
in the shape of a hemisphere and put a single electron
around it. The system as a whole is electrically neutral.
The lack of inversion symmetry implies the existence of an
axis along which the dipole moment, if it existed, could
point. This problem is a well defined quantum mechanical one
and will be solved in this section using the variational
method. Our aim is to see if a dipole exists and, if it
does, to find its magnitude as a function of the radius of
the hemisphere.

We consider the Z-axis to be the symmetry axis and let
the positive background charge density be described by the

distribution

R (7)=f, Blo-r) B(-6)- (1.1)

where /2 is the magnitude of the charge density, a is the



radius of the hemisphere, and é} is a unit step function.
Only the domain defined by z 20 and r £ a has
positive charge. The magnitude /Z is chosen so that

Q'Tﬁ 03/3 =], where we are working in atomic units. We

minimize the electronic energy functional
* 2 |2 -’ =/
cyinip = (L3 oy -1ve) it L
r-r

where qr is the electronic wave function. The minimization

is carried out by choosing a trial wave function of the form

A
w(?):Z AmZ exp (-bar) (1.3)
N,

where x =0 or 1 and n ranges from 1 up to some
truncation index N. Anx and b are the variational
parameters. The bn exponents are not optimized but rather
are chosen to be simply 1/n corresponding, to hydrogenic wave

functions. We are thus left with 2N coefficients A to

n
be determined.

A straightforward substitution of Eg. (I.3) into Eg. (I.2)
and subsequent integration gives the expectation values for

kinetic and potential energies. The kinetic energy

expectation value is

£19= =T [4AneAn (bnfs ~b,B.")

+ 16 AmlAﬂl(bi ﬁ;f— bnﬁ;:)] .(I.4)



The potential energy expectation value is

<V> = —H“PZ {zgmogﬂo[a ﬁm\"qﬁmn +

(o ﬁm+ qaﬁm + LI[SM )¢ —frnat ] R
L (AneRo +AmAn)[-90B F a4 ap s (2102 By +

032+ 66ap +aoB, )Pt ] 4
% Am.Am\'_-noﬁ;ZJr 12 a'zﬁm_ns+ (“qﬁ;:* |oa3f3;;: ¥
4 a*f 4120 0B 1208, [y g 1
«(I.5)

Here ﬁ = b _+b_. The overlap ekpectation value is
™mn n m

<\P|\P> 8“2 (A"‘OAV\O +quA""@mn > 2+ (1.6)

and the electronic dipole expectation value is given by

<\l)l21\}'> = 32“Z(Amogn|+ Am|Ano) ﬁ':: «(I.7)
m,n

This dipole moment has to be added to the dipole of the
background charge distribution to obtain the net dipole of
the system. The dipole of the background charge distribution
is

b
}kz = Wﬁ,&q/q . (I.8)
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Hence the net dipole for the atom is

}'(2= “ﬁ’qaq - 32 W% (AmoAn|+Am|An¢> ﬁm_ns . (1.9)

The coefficients /\"x are obtained by solving the problem

in the following manner.

One can write in matrix notation

N
4 q’l HN’> = z An’x’ An Hn')’,n)\ » (1.10)

Y\',V\=|
A
where X , A\ =0or 1l ,and

N
LYY =7 Anx Amr S i TR
nsn=|
AT A
The variation of ‘<\P|qu> consistent with the
normalization condition implies that Eq. (I.1ll) can be

written as

3 -
gan,x,‘:(q’““\w - €<MLP>] =0 . (1.12)
This leads us to seeking the solution of the linear problem

Z Anx{Hn'A’,ﬂ)\— € Sn’)\',nh} =0 . (I.13)
n,A\
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We then solve the matrix equation

<S'HA-€A =0

' (I.14)

for eigenvalues € and eigenvectors Ank . The number of
VOtbitalS included are increased until convergence in the
ground state energy and the expectation value of the dipole
moment is achieved. Typically this is achieved by taking

N=7 (14 parameters).

I.2.2 Small Particle of Hemispherical Shape

We apply the density functional formalism to find the
dipole moment of a hemispherical chunk of metal as a
function of its radius and free electron density n . This
problem is complicated by the lack of spherical symmetry and
the need for considering functions of two variables, r
and 8 . we, therefore, shall make the following
simplifying approximations.

We consider a finite sphere of radius a and compute the
dipole moment per unit area on its surface. The net dipole
moment for the sphere is zero, as is demanded by rotational
invariance. The dipole moment per unit area, however, is
nonzero and is directed perpendiculﬁr to the surface. Its
magnitude depends, as we shall see, on the radius of the
sphere. In the limit a- 00 it becomes just equal to that

associated with a plane.

-39-



Now, for an arbitrary surface the net dipole is

-y

M = g A dM 4n : (I.15)
dA

if A}A/AA were constant, M would vanish according

to Green's theorem. However, if A)A/QJA is a function

of the radius of curvature

I . F(a)

' (1.16)
dA

then this integral need not vanish. For the case of the

hemispherical particle, we have therefore

M, = [f(a)- f )] ma? . (1.17)

assuming the plane is oriented parallel to the XY-plane. We
use the density functional formalism to compute {‘(a)

and -f\&n) and Eq. (1.17) then furnishes the net dipole
moment of the hemispherical particle.

(9)

In the density functional formalism we extremize

the energy functional of a sphere with respect to the

electron density function n(r). The energy functional is:

E=U+GI(n] ' (1.18)
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where U denotes the coulomb energy of the sphere

Io(f)/o(f)
U= Séfg Y . (1.19)

and G[n] is a universal local density functional

Gt = {7 (2 - 42 - )

+(7L25+ OOE/T)\V”( )l ] (1.20)"

Here, 4TI N rs3/3= 1 and n(r) 1is normalized so that there

are N electrons in the sample

N = Sc\? Nnee) . (1.21)

In Eq. (I.21) /9(?) is the charge density, which is the sum
of a uniform sphere of positive charge density and a

contribution from the negative charge distribution
L(F)=p O (ar)-n(F) : (I.22)

In Eq.(I.20) the first and the second terms on the right
hand side are, respectively, the kinetic and exchange
energies of the uniform electron gas treated in the
Hartree-Fock approximation. The third term on the right hand
side is the correlation energy of the electron gas in the

* see Appendix A

-41-



metallic density range due to Wigner and is defined as the
total energy of the uniform interacting electron gas with

Hartree-Fock term subtracted out. Other terms in Eg. (I.20)
are due to Hohenberg-Kohn expansion of G[n] as a series in
density gradients for the case in which n(r) varies slowly
over distances large compared with rs(n). Hence the fifth

term represents the gradient correction to exchange and

correlation contributions. The charge neutrality condition is
S dr pLr)=0 . (I1.23)
and {(a) of Eq.(I.16) is defined as
| N -
A) = —— \d7 v P(F . (I.24
flw= (42 vepd)

The trial density functional used by us is a simple

extension of the one used in earlier studies (11):

—-d (r-a)
A e , r>a

/D(;) = (I.25)

Bep((-a) , Y<Q

where o and ﬁ are the variational parameters.
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From Eqgs. (I.22) and (I.25) the negative charge distribution

is given by
i _A Q.o((r—a) rya
n(r) = P _B ep (r-a) r<a (I.26)
Continuity of n(r) demands that
B= A“’ﬂ p (1.27)

and charge neutrality then pins down the value of A,

A = ﬁI,(P)[l"‘-SJrQM‘—z“ azo(“'-Iz(ﬁ)]-' , (1.28)

where
i b (x-a)
N -
In(@)“‘géx X € < (I1.29)
o
The function 'F(a) is

- -3 2 =2 - -2 . (1.30
r(a)=%z[6a(q+6ao( +30%d 24 A% ]-Ba T,(p) -39
The parameters o and ﬁ are obtained by minimizing
the energy functional [ [n] of Eq.(I.18).

To evaluate the coulomb energy U, let us write

U=U_+U_, where U_ and U _ are Coulomb energies,
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respectively, for thé regions r £ a and r » a. Hence

a
U= ’NTS r2pir) @(r)dr J(1.31)
o
and
o]
U, = 21 g rzf(f)¢(r>ér ) (1.32)
(/)
where the potential ¢(r) satisfies Poisson's equation
—‘r—zg; "2%% = —ympe(r) .(1.33)

Egs. (I.31) and (I.32) can be rewritten, using Poisson's

equation and partial integration, as

A
! 2 /
U=1 ggr 2@ (]- Q\z_zgﬁ(cx)gé (a) , (1.342)
0
and
U, =5 {ar 2g ot Lg@¢a
+ = ?Z -E— ¢ (I.34b)

A

/
where ¢(r) -c;¢(r)/3r . Combining Egs.(I.34a) and
(I.34b) we get

U =g (e 2rg'en? 1.35)
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Eq. (I.35) is readily evaluated and found to be
2 2
U=8n2 [23 S, 2AB Uz(d)I'(@)‘*ZA Tn] , (1.36)

where

T ~a(r-a)

RCIE Sdf e ) (1.37)

(+]

Ty =~ [’ o' J3(24)+ Zd—ZJI(Qd) } 20(’33"(20()] , (1.38)

and

S,=" ﬁ—’l3(2ﬁ) + Zﬁ—zl?_(.?ﬁ) - 2ﬁ-31'| (28)

+ 2{3-;1'.(#)["2&_12“@.2‘ azp-'] e—@a . (1.39)

Analytic expressions for In' Jn' le, and s12 are
obtained readily. The integral for G[n] in Eqg.(1.20),
however, was carried out numerically.

The variational calculation is performed by specifying a
given number of electrons and a bulk rg value (denoted by

?s). The positive charge density is then

3
L= —— , (1.40)
T
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and the radius of the charge distribution is

- 3
A=Y, N . (I.41)

Values for X and P are then proposed and a
search is made for the minimum system energy given by
Eg. (I.18).

In the limit of a plane (a — 00 ) we write simpler
expressions for the relevant quantities. Thus the charge

density is

— & X
X <aQ

/_'\
/D(x)-_; Be{g,x > a (1.42)

where now x=r-a . We again have B-A+/3 , but now A is

simply

A=-p [|+ Txﬁ‘]—l . (I.43)

The dipole moment per unit area is

{(o0) = S Px) xdx = -fo (o(fS)-' . (1.44)
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The coulomb energy per unit area is

AV n[Bzﬁ-B-l- Aza(-s]

area ! (1.43)

and the value of the functional G[n]/area is given by

GIn) de[ﬂ(")C 105 _ .ysg -y 8)

area P s+T

+( ', -00591\/dn\? e
—_— ——7 —_— .
72N i3 d
Implementation of the variational procedure proceeds as
before. Egs. (I.44) and (I.30) can then be combined to obtain
the net dipole moment -[AZ as in Eg.(1.17).

I.3 Inhomogeneous Structures

What we have said so far has been limited to homogeneous
systems. Inhomogeneous structures are by no means
unimportant. We have seen the existence of modified decay
rates of molecules adsorbed on a surface, as predicted by

(5). Heterogeneous catalysis often

Gersten and Nitzan
involves catalysts consisting of dissimilar materials. Here
we consider the origin and properties of the electric dipole
moment of (i) an atom near a small spheroidal particle and
(ii) a2 bimetallic spheroid.

It is well known that even at the atomic level of
description, two dissimilar atoms in close proximity will
spontaneously develop an electric dipole moment (12).

* gee Appendix A

-~47-



This dipole falls off asymptotically as R-7, where R is
the internuclear separation . Atoms adsorbed on a metal

surface have also been shown (13)

to acquire an induced
dipole moment. The dipole there was found to fall off
asymptotically as D", where D is the atom-surface
separation. This result can be obtained directly by the use
of macroscopic electrostatics and gquantum mechanics. We
generalize this calculation to the case of an atom near a
small particle. It will be seen that gross departures from
the atom-near-flat-surface results emerge. As a side result
we also obtain the van der Waals dispersion energy of an
atom near a solid particle. Finally we study the problem of
finding the dipole moment of a bimetallic particle.

I.3.1 Atom Near a Spheroidally Shaped Particle

Consider the system consisting of a hydrogen atom near a
dielectric spheroid of dielectric constant ¢ . The
spheroid surface will be denoted by g = §° , where

(E ,Yl,;é ) are prolate spheroidal coordinates defined as

x = £ [ (37 1)( )]12 Cos
4 = FLs-)(1-n3)]2s
2 =f¥n

N"

Sin @ (1.47)

The position of the proton will be (g‘,q', % ) and that of
the electron (Ez’ql'?{z ), where § > §  and 317 5, + The

spheroid is asumed oriented along the Z-direction and we
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define a scale length f-(az-bz)l/z, where a and b are
the semimajor and semiminor axes, respectively. The geometry
of the system is shown in Fig. I.l.

We limit ourselves to dispersion dipoles and the
dispersion interaction. Conseguently we are limited to the
asymptotic domain, i.e. distances far from the surface. Our
goal is to study the effect of the surface shape on the size
of these dispersion terms.

The calculation proceeds in two steps. First, we obtain
an expression for the interaction energy between the atom
and the spheroid. Then we insert this into the Schrodinger
equation and compute the dipole moment of the system, using
perturbation theory.

(14)

Following Smythe the electrostatic potentials,

both inside and outside the spheroid, can be written as

% L m _m m
D=5 ()5 [T P ) ) cos g
i

=0 m=0 (I.48)
+ D, P;"(E)P,"'m)sm mg], 5<%,
and .
@out (?) =Z(2L+')Z[ATQT(S)P;M(Q)Cosmﬁ +
L=0 m:=0

m . e e ’ ]
By QT(3) R (1) Sinmg 1+ £~ 5z 1375, 42

-
_.n|
m m
where P! (f[) and Ql (g)ate associated Legendre functions of

the first and second kind respectively and'?i denotes the

position of charges te . The coefficients AT ’ B:’ p Cln,
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m
and Eﬁ_ are to be determined from the appropriate boundary

conditions. The coulomb terms appearing in Eq. (1.49) can be
(14)

1- 2
_}___(zlﬂ Oemu " o )

Cos[m(¢-¢‘)] B_ () P(m(,'lp) Pi (g(') Gl(gw) (I.50)

expanded as

and

o0 l m
= %LZ (2“');7\7‘ €n (-) [(—é%n,z,—;,]zc°$["‘(¢‘¢z)]

AQ Pr(n,) P (5L”) Qg (5, sy

1

Y}l

\v

W)
where E})-l, €.=2 for mf0, and 5, ™min( 5, §)
' {
and §> =max ( g ,'gi). The potential outside the spheroid

can be written as

Qout ()= Z(zuoz [ AT QF(3) P @) Cos g *

l=0 m=0
By G (3) B(1) Sin g | 4 —-Z (21+|)Z En(-)
l=0 mz O
[ Lm0 s (-] P10 P C5E) G (557)

— Cos [m(¢ - -4 )] P,'('lz)P( (Sm)Gl (E(z) } ’ §>§°.(1.52)

Utilizing Egs. (I.48) and (I.52), the §-component of the
displacement field, D; ' can be written as

DS = —GZ(ZQH)Z_ [Cl PQ (S)Pl('l)co'smﬁ-f-

( 0 m=0

DA P( "(8)R (1) Sinmg ] (1.53)
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and

g : —LZ (ZLH)Z [A'. QL (g)PL (Vl)CG'S m¢ +
0 m=0
B Gy (5) R sinmE | - zcm-)ze ()" [emt 1

t+m)i

P m){os[m(eﬁ-ﬁ. e P (E"’) Qr (5%) -
Cos [m(#-,)] Pe L) P (557) @ (54) }

(I.54)

where the prime symbol indicates first derivative with
tespect to ¥ . It should be noted that in Pl (E “)) and
QL (3(”) derivatives of the appropriate function will be
taken eventually.

Imposition of the boundary conditions that @(F) and
DS(?) be continuous at § = §  leads to the following

expressions for the coefficients A;" , BT ' Cr , and D;”
™ s /m m ™
AL =L P (%) K- €P (3K I/ By, (1ss

™ ’m “m m
By = LRS- € R ST)/AT , s
-[QEIK-QCGIKC]/ 8] L @

(AT RIS Q) S/ B) L aese
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where

A= € QTS PR - Phs) G (
- Q ° L oJ = o { gv) )

L (1.59)
and (( )
m m
R
- Gsmg P (1) p{“(go)QT(Ez)} ' (I.60)

(-
Sy = &en) [‘“T,,) ] {s.nmgfp JP(E)QNE,)

- Sinm¢2 Pt (1.) By (EO)QT(EI) } , (I.61)

e
KQ and 5;" denote derivatives with respect to the
variable go
The dipole operator of the system (atom plus spheroid)
is obtained by examining the asymptotic form of the
potential in Eg.(I.52). It is seen that the asymptotic

expression for éou‘lk?) as Y- can be written as
@outm—» INATQL(5) +3Q )| A as # +BiSin£]
("H 4 3"“ (0,5 -N2%2) @ (3) -

32{%15[@-;;5 Cax¢]+5m¢[3m¢ S"”?j]}

2§ * (I.62)

It should be remembered that asymptotic expressions for
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w
Q, (3) as ¥> should be used in Eq. (I.62). Asymptotically

(as £ > W)

-
- ﬂ.r‘
Pout F) — 73 , (1.63)

or, in spheroidal coordinates,
' /2 .
@Out(?)—) ‘Gs_g')l{Y[Mz"'(l-qz) (waﬁ +F’ S|n¢)} ) (I.64)

Hence if we define

Ur: & enC (S ) [ md PO -

(L)

(o3 m¢2 Py (M) P?(Ez)} , (I.65a)

-m)i
V, = §€m<—>m[§(—l—;;,)7'!]z[5enm¢§ PN, P (5,)-

Sin m¢2 P;n('lz) Pzn(gn)} , (1.65b)

and use the asymptotic formula

m
> &0 - |
QT(§) g—a ) {m (m4)! , (1.66)

4s2l(5/2)

then inspection of Egs.(I.62) and (I.64) leads to the
following expressions for the components of the dipole

=y
moment M
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My = 2{:2(/-\: +U)) , (I.67)

}Aj = 2{\2(8:*'\/:) ’ (I.68)

My = {"2(A?+U.o) : (1.69)

The interaction energy V is calculated from the
electron-proton interaction and from the self-energy of the
atom

{5( ) - i(Fz)} (1.70)

N}
=i

where the tilde denotes the fact that we exclude the
infinite part due to the interaction of the electron with

itself or of the proton with itself. Hence

V = U + ez/lﬁ-
g
< (&-m)| )I
- £ F g e[ 5] e

P{’"(s ) (- €)4 [Gl”(soP;"m')]+[o'f(¥,)PTm,)]2
~2P () Q) (5.) AL M) QT (5,) ccs[m(gﬂ,-cm]} (1.71)

The quantity V describes the interaction of the atom with
the spheroid. The spheroid is characterized by the
guantities: a scale size £, a shape parameter §° , and a

dielectric constant € . V is an operator which may be
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introduced into Schrodinger equation and its perturbative
effects may be studied.
For the purpose of simplicity, we assume the proton to

be located on the Z-axis. Then q,-l and V reduces to

v= & (zm)g'o Gm(- [(2 "0'] P (5, P (%)

(|-e)[o’{(§.)%m- Pgmlf(,)ef‘(s,)]z

(I.72)

To make the computation procedure easier we make the further
assumption that the size of the atom is small compared with
the size of the spheroid. lLet us define atomic relative

coordinates

| /
;‘[(S:-n)(.-q;)] 2 (I.73a)

¢ = £l 52’11-3.] (1.73b)

Both A and ‘f are of first order smallness. Then

5,254 ¢t f’(s Tearend LEICRDES (CED] FHETS
and
2. P .o295, .
"lz' ‘ 2§ 2 (gf-n)[| £ (§,2—|)] . 7R
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We decompose the interaction potential into
contributions from various azimuthal numbers m. For m=0 we
have (through cubic order)

(2) 3
Vo = V VOL) ) (I.75)

2
where \Q()is quadratic in atomic coordinates

V(Z) _e? zoo(zh.)[ ]PQ(S)P[ [Q (8, )] , (I.76)

£

° 2£2 a0
®) s :

and V, 'is cubic in those coordinates

(24+1) le ! ] P, (%) PL (3.)

Qy(s)gly*-r72] (1,77

G)_ _ e?®
AT P

L

(o]

It is not needed to go to higher order in atomic size than
as in the above,

For m=] we have

(2 (3)
V, =V, '+ V, (1.78)

)

where

@W_ 1S ()
V= M% o (-€) P (8) B (5.)

2¢ 7 2 _ %0 PQ/(S°)
P [QQ (g'):\ l(“’){' L (L+) P{(?o)} )y (1.79)

e - ’
VAR -—ﬁ-qzczﬂ ) ‘('—zf'% P5) P (5) ¢ 7 L(L+1)

, 3. Py (5)
Q5 QL (3)] L(u.)mz.)]

(I.80)



Terms in the potential arising from m > 2 are not
considered here, since they are of order higher than cubic.

The dipole operator may be expressed (through gquadratic

order) as

M= pOppt? (1.81)

where
3 ! ' A| ( )

W_ e .2 PG x) 560-9 o
W= £ 5 850 250 e

I.3.1(a) The Dispersion Energy

We obtain the dispersion energy by evaluating the ground
state expectation value of the operator V. We make use of

the fact that for hydrogen atom,

{2y = Ge (I.83a)
/4
</02> = 20 (I.83b)
where a, 1is the Bohr radius. The total dispersion energy
is given by
{V) =LV, )+ VY o, (1.84)
where
2w
. @) Qi SR (5) Pl Q) (8)12
<Va>- -—2-?3' l}o( )Al ¢ o) L )[ Ji] o)] , (1.85)
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2 K
_ _ (eao) L) (2440) , b
<vl> - 2‘(:3 lz:' Ai (' 6) PQ(S.) l(§°)

[QZ(?O]Z{'- S Py (3) } . (1.

Lty Py (5)

86)

We now study the case of a metallic sphere by letting

s, and ‘§| , and | €| become infinite. Thus employing

the asymptotic formulas

-l
P;(go)__) 2”ni"(n+12)§:

Jr ni (I.
and
% (e {m n!
Qﬂ (go)-__) 2“'“ 'ﬁ (n+%)30ﬂ02 y (I.
we find
(ea g,{ 1+ (3./%,)°
(Vo>~—»—m)3 "§" [‘_ (EO/E')ZJS} ) (1
3 2
5, (edo)
V) — -
<o (FS,’) [1—(20/5.)2]’ ' *

Let us now define H to be the distance of the atom from

sphere tip. Then §,/§' =a/(a+H) . Hence for H K a,

2
(eao) , (I.

<Vo>—-)‘ 8H3

and

3H’
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87)

88)

089)

.90)

the

91)
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so that )2
<:\/> — (€Qo )
(I.93)
qH3
This result is in agreement with that for an atom near a
plane (13,13) as may be expected.

From Egs. (1.84), (I.85), and (I.86) we note that there
is a simple scaling relation (V) --f-3F( E., §| ).

I.3.1(b) The Dispersion Dipole

The dispersion dipole is seen to vanish in zeroth order
perturbation theory. The leading term stems from first order

perturbation theory. Hence we can write

S = <AL (P + <A IRy, rsm

th

where l¢h)» denotes the n state of the atom with energy

eigenvalue En. In terms of the Green's function

- :El ,‘bn>><:¢%|

G
nio Eo’En ’

(I.95)

Eg. (1.94) can be written as

CPey = 2481V0a pPNRY +2<8 16 p014)

+ 2V p P18y + 2¢81v e pu ™14y

(I.96)

where other terms vanish because of parity considerations.
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The following matrix elements are evaluated using the method

of Dalgarno and Lewis (16)**:
<¢’°|?2G[‘f2"'i’02]|¢o> = - 5232 ) (1.97)
Alglg-3ee 10y =B B .,
<) plGLgr-Lr g y= -2 e? : (1.99)
(hlgpia iy = - qu' %‘i . (1.100)
Hence,
(Mg = e;?q{z(zn (3) P (5) Q) (5)

[-55,Q7(%) Ao Q) (5, )—ZQQ (E)- 35,Q,(3)
Ql(i.) %] - -§ Q (5) =< )_2 1+|)(2!l+|)

‘. , ) ';, PL(S.)
__El. P!(S.) P (So)[Ql(g')] [I L(L41) B (s. )] ¥

3 [Hga (5,) =% ii(lﬂ)(zm) EA. P (3.)

PQ(E.) QQ(E.) @1 (E')[‘ - %8 P (%) ] } (I.101)

L{t+1) P (3.)

This final expression for the dipole moment, while analytic,
is too general to draw any conclusion. So we study this

** gee Appendix B
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expression for the case of a perfectly conducting sphere
(Eo—‘ml'€|_’w)o

Then

5 5 5
M,y — 20 1(33“{622 +
}Az> 2ol (|-Zz)q

96 23+ goy 25 + 90 27 } (1.102)

where z = § /% . When H & a, this becomes

297 eq,

(1.103
6 HY )

P> —

This is three times the dipole moment of the atom when it is

\

As in the case of the dispersion energy, the general

near a plane.

expression for the dispersion dipole obeys a simple scaling
. -4

relation (M, = £ G( 5, LARE

I.3.2 Bimetallic Spheroid

Consider the structure formed by jdining two dissimilar
metal prolate hemispheroids. The hemispheroids are joined by
the plane containing their minor a#es. The metals will be
treated as perfect conductors at the electrodynamic level.

Dissimilar metals have, in general, different work
functions. So, a charge transfer between the two structures
will occur as the Fermi levels equilibrate and the spheroid
is expected to develop a net dipole. We wish to evaluate

this dipole moment.
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Let hemispheroid 1 be at potential é‘ , and
hemispheroid 2 be at potential §1 . Since the
electrochemical potential must be constant throughout the
system at equilibrium, QFQZ = AW, where A W is the
work function difference expreséed in potential units. In
prolate spheroidal coordinates'ghe potential outside the

metal is

d(x.1) =2 AR Qn(E) (1.104)

N

Evaluation of { on the surface gives
@(5.,"1) = @l@("l) + @2@("'2) , (1.105)

where

@‘ :zr'\ Qa P (D Qn(3,) |, 0<ner, 55, ' (1.106)

§2= 2 Qn Pn("l) Qn (3'.) , -14N<0, =5, . (1.107)
n

We multiply both @' and éz.by En('l) and integrate over the

variable q to get \

.
SJQ P.11) @, =% An god'l o) Pl DG4 (5,) » (1.108)

So dn B () §2=§F\ Qn S Aq Bn (D (D QA(5.) (1. 109)
-1 ‘ '

~and

-\
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Addition of Egs. (1.108) and (I.109) gives

! Q

L
Om = (_'ii_z){é,géq?m(q)@,géqi%(q)} (1.110)
Qm(go) 0 -] )
For m=}l,
3 AW
= 2 -
) Y Q|(§°) (I.11l1)
Hence the dipole moment is given by
o, f 2
M=
- p? _OW (I.112)
"lQl(EO)
In the sphere limit this reduces to
M= _?:T alAw (I.114)

I.4 Results and Discussion

In our study of the one electron atom, where we computed
the net dipole moment of the atom lacking inversion
symmetry, we note that even at this level of simplicity
there exists an electric dipole. This dipole is oriented
along the symmetry axis and an expression for it is given in
Eg. (I.9). Results for the ground state energy and dipole
moment are tabulated in Table 1, for a range of a values,

the radius of the hemispherical nuclear charge distribution.
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The dipole grows with increasing radius. For small values of
a, the dipole is directed from the round surface towards the
planar surface. At larger values of a this trend is
reversed. For very small values of a the dipole should again
get smaller in magnitude and should vanish as a —» 0. At this
microscopic level, however, it is hard to make any fruitful
comment regarding the orientation of the dipole moment,
except to note that the results clearly show the dipole to
be of gquantum mechanical origin. None the less it encouraged
us to study more realistic situations.

We therefore dealt with the problem of finding the
dipole moment of a hemispherical small particle in section
1.2.2. There we applied the density functional formalism. It
is worthwhile to mention at this point that after this
calculation was completed and published (17 several
recent improvements and corrections in the density
functional formalism were brought to our attention by
Professor V. Sahni. A discussion of these improvements and
their effects on the present results will be given in
Appendix A.

The results of our density functional calculation are
presented here. In Fig.I.2 the dipole moment per unit area,
f(a)-£(®), is plotted as a function of the jellium radius a

for a range of r_ values typical of metals. It is found

s
that the dipole moment per unit area falls off with

increasing a and asymptotically approaches the value
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expected for a planar surface as a-» oo . This, of course,
is to be expected on the ground that electron localization
in the jellium background is difficult for small values of a
and the electron penetrates the vacuum giving rise to a
large negative dipole moment. Further, for a small sphere,
the electron is able to delocalize in all three directions,
where as for larger spheres the electron delocalization can
take place only in a direction perpendicular to the surface.

The net dipole moment, /Jz » of a hemisphere of radius a
is evaluated by the use of Eg.(1.17). Fig.I.3 shows the
behavior of /4! as a function of a for a range of ry
values. It is seen that for small a values the dipole moment
is small and increases to large magnitudes for large a
values.

It should be noted that, for a given value of a, the
largest dipoles occur at rs-3. For larger or smaller
values of re the magnitude of the dipole falls off. While
this result is a consequence of the detailed numerical
calculation, we can analyse some underlying trends that
would produce this behavior. We note that as re is
increased, the number density of electrons is decreased and
fewer electrons find themselves in the neighbourhood of the
surface. Hence the dipole moment would decrease. On the
other hand, an opposite trend may be operative, which has to
do with the work function of the jellium metal. As r_ is

]
(7)

increased the work function decreases . Conseguently
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electrons can penetrate into the vacuum with greater ease
and hence the dipole moment would increase. Finally larger
re values would allow the electron to better realize that
the surface is curved than smaller e values. This would
tend to favor increased dipoles at larger e values. Hence
it is the competetion among the various trends that give
rise to such results as are presented here.

We would like to emphasize the fact that the above
trends in the evaluation of dipole moments for homogeneous
structures are only a gualitative means of describing the
complex situation. Hence a more detailed numerical
calculation would probably be helpful.

Technigues are now becoming available to fabricate
particles in the size range of interest. These include
supersonic jet cluster formation, ion sputtering methods,
and smoke fabrication. It may thus be possible to do a
direct measurement of the electric dipole moment of small
particles by dc electrostatic techniques. An additional
experimental technigue that may probe the surface dipole
moment is infrared absorption of rough surfaces. By taking
the difference between the rough and smooth surface
absorbances, one may possibly extract the surface
contribution due to the surface dipole.

Another possible experiment is to study collision
induced absorption in systems consisting of solid particles

and molecules. The transient dipole, that develops during
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the collision between a molecule and a solid, will couple to
the electromagnetic field and give rise to microwave and far
infrared absorption.

In section 1.3 we considered inhomogeneous structures,
where we calculated expressions for the dipole moment of an
atom near a particle and of a bimetallic spheroidal
particle. The results of some numerical computation are
presented here in Figs.I.4 and I.5. In Fig.I.4 the system
dipole is plotted as a function of the atom-spheroid
separation H. The dipole is taken in units of the system
dipole of an atom near a sphere (i.e. divided by
297/16H4). This, in turn, is'three times the dipole
induced on an atom when it is near a plane. The factor of
three arises because the image dipole in a sphere is twice
that of an atom if the atom is near the sphere. The aspect
ratio of the spheroid is chosen to be large to see what
effect the sharpness of the structure has, and the spheroid
is taken to be a perfect conductor (]€|— 00 ). The dipole
moment decreases with increasing H, as might be expected.
For H £ 20 g the dipole moment is larger than it would be
for a sphere.

In Fig.I.5 the behavior of the dispersion energy as a
function of H is presented. The dispersion energy is plotted
in units of -1/4H3, which is the corresponding dispersion
energy for an atom near a plane. It is interesting to note

that the dispersion energy is weaker than it would be
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if the spheroid were replaced by a plane. This would mean
that atoms tend to avoid sharp pointy objects. One can
expect this on geometrical grounds since, for a sharp object
like a spheroid, there are fewer solid atoms which are
"near" neighbors to the external atom. The total dispersion
energy is the sum of the van der Waal's contributions to all
the solid's atoms, so that the net attraction is thereby
softened.

The dipole moment for a bimetallic sphere was obtained
in EG.(I.113). This dipole may be seen to be typically quite
large. Taking AW A~ 1V and a=100 R gives J4 =1000 ea,. If
such a sphere were allowed to undergo spheroidal vibrations,
the resulting fluctuating dipole would couple strongly to
electromagnetic radiation.

The basic conclusions concerning homogeneous structures
that may be reached is that the dipole moment of the system
is small until one gets to rather larger scale sizes. For
the inhomogeneous structures, on the other hand, sizable
dipoles may be present for even small structures. Hence
inhomogeneous structures are potentially better candidates
for experimental study than homogeneous structures. It is
hoped that our work will provide a stimulus for more

experimental work in this field.
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CHAPTER 1I

ELECTROMAGNETIC SHAPE RESONANCES OF A ROUGH SURFACE

I1.1 Introduction

"Surface shape resonances” is a term we have coined to
describe the resonances which occur on a convoluted surface.
The electromagnetic surface shape resonances owe their
existence to the geometrical shape of the surface. The two
problems, surface effects in small solid state particles and
their consequences, and the characterization of surface
shape resonances, have some similarity between them, because
roughness features on a surface could be thought of as some
homogeneous structures (small particles) sitting on a plane
surface. The motivation behind this study concerning the
electromagnetic properties of rough surfaces lies in the
fact that the electrodynamic properties of surfaces with
nontrivial shapes has been of considerable interest lately.

It has been found that the optical properties of
molecules in the vicinity of rough surfaces or surfaces
deliberately prepared with undulations or "posts® differ
markedly from those of isolated molecules or molecules near
smooth surfaces. It is now believed that a significant part
of the phenomenon of SERS is associated with an enhanced
local field (1). In addition, observation of fluorescence

(2)

anomalies and even nonlinear phenomena at weak field
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strengths (3) lend credence to the importance of the
enhancement of the local fields. It is shown here that the
origin of the strong local field is due to the excitation of
a surface electromagnetic shape resonance and we study its
properties.

Gersten and Nitzan (4) have modelled a rough surface
as a set of hemispheroidal protrusions sticking out of the
base plane. The bumps were endowed with a dielectric
function characteristic of the bulk metal. It was found that
the plasmon frequency of the bump was a sensitive function
of the aspect ratio of the spheroid, and hence of the
surface roughness. The substrate was assumed to be a pefect
conductor. Therefore, surface plasma oscillations of the
substrate were absent. However, if the substrate consists of
a general dielectric material, it can support travelling
surface plasmon modes. The bump plasmon is a localized state
whereas the surface plasmon is a running wave, which is
delocalized over the surface of the substrate. In the
absence of retardation effects, therefore, the excitation
spectrum consists of a continuum of propagating states and a
discrete set of localized states. These excitations are
uncoupled. The low-lying discrete states are characterized
by having large field amplitudes in the neighborhood of a
surface protrusion. The higher~lying discrete states have
significant field amplitudes over a localized region of the

surface around the bump.
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The discrete states are the "bump" plasma oscillations,
in the case of a metal, and "bump" vibrations of the lattice,
in the case of an insulator or semiconductor whose ions are
vibrating. In the case of electronic excitations the
continuum states of interest are of three types: (i) the
surface plasmons, (ii) the photons, and (iii) the resistive
loss spectrum consisting of phonons at low momentum transfer
and electron-hole pairs at high momentum transfers. Weber
and Ford (3) have considered such excitations in the
context of SERS. We point out here that our study is
restricted to a bare (but rough) surface without any
molecular adsorbate. In the case of ionic excitations of an
insulator or semiconductor the continuum states of interest
are surface phonons, photons, and other bulk phonons which
may be excited through anharmonic couplings. Naturally more
complicated situations where ptonons and plasmons must be
jointly considered, can be treated.

Let us focus our attention on the electronic excitation
case, and restrict ourselves to the case of surface
plasmons. The energy-wave-vector dispersion curve for a
surface plasmon is shown in Fig.II.l(a). The dispersion
curve is basically flat (except for effects due to

nonlocality at very large wave vectors, f At small wave

" ).
vectors retardation effects set in and the curve falls
towards zero. The energies of the discrete states

(Fig.II.1l(b)) lie below the energy of the surface plasmon in
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the large E,— region . In the small ?" domain, they will be
degenerate with some plasmon states. Thus we have a
situation where a discrete localized state is coupled with a
continuum of delocalized states. This occurs when the
electric dipole of the bump couples with the electric field
of the extended surface plasmons. The discrete state
broadens into a resonance. We thus have a situation, in
which the localized state develops a finite lifetime and
hence we have our surface shape resonance.

Coupling to resistive losses causes a deacy of the
localized state, whereby the energy of the localized state
goes into Ohmic heating of the dielectric. Such energy
deposition is relatively short ranged and is shown not to be
severely sensitive to the surface shape. On the other hand
decay into surface plasmons and photons are long range
energy deposition mechanisms. Thus, although all three decay
channels will be studied, it is the latter two that are of
primary interest.

In the following sections we derive expressions for the
resonance frequency as a function of the shape of the bump,
and calculations are given for the decay rates into photons
and surface plasmons. Before a final section on results and
discussion is added we briefly discuss a general case
(InSb) , where both electronic and ionic excitations are

important.
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The basic principles involved in the following
calculation are illustrated for the case of an isolated

sphere in Appendix C.

I1.2 Freguencies of Shapr Resonances

The model to be considered consists of a dielectric half
space with a hemisheroidal protrusion. The dielectric
constant of the solid is € (W) and is, in genral, complex.
The semi axis of the protrusion perpendicular to the plane
is denoted by a and semi axis on the surface plane (radius)
by b. The case a=b corresponds to a hemispherical bump and

has already been treated by Berreman (6)

(7)

. and recently by
Ruppin + in the context of SERS. We assume a and b to

be very small compared to the wave length of light, so that
retardation effects are small, and may be taken into account
perturbatively.

The frequencies of the shape resonances are determined
by solving Laplace's equation subject to the appropriate
boundary conditions. The problem is solved in prolate
spheroidal coordinates ( § , M ., ¢ ). We introduce a

scale size parameter f-(az-bz)l/2

and a shape

parameter §, =a/f. Our attention will be limited to the
case of axially esymmetric modes of excitation, although
azimuthally excited states also exist. For the sake of
generality let us assume for now that an external electric

field Eo is applied perpendicular to the surface.
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The geometry of the problem is illustrated in Fig.II.2.
Three regions are depicted: I, II, and III. The potential in
these three regions is expandable in terms of Legendre
functions of the first and second kind, Pn and Qn'

respectively:

@1=% Anpn(g)Pﬂ(q) ' (II.1la)

@n =Y B,Gn(8)RM) -EFRGERW),  (11.1m)
n

@m =) CaQn(B)P(M)-EFR(S)R (7). ar11e)
N

The coefficients A, Bn' Cn' and El are determined

by matching appropriate boundary conditions at the surfaces.
The surfaces of interest are defined by T = ¥, for
0<Q<1, M =0 for §LS§<w, and [ = §, for

-1 <r1 £ 0. The last surface corresponds to a fiduciary
surface in the dielectric while the former two surfaces
correspond to real dielectric-vacuum boundaries. The
following egquations are obtained by matching § and the
normal component of the electric displacement vector across

the surfaces.

2 AR (B)Pa () =zn Bn@n(3)Pn () -E£ 5, P1),  (11.20)

€ZA'.‘ P:(Eo\) Pn('l):z BnQﬂ(go)Pﬂ(Q)“Eoc Pn Ul) , (II.2b)

N
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ZanPn(Eo)PnUl)=§ CnQﬂ(EO)PQLQ)— o 1n2e)
E £ R(S)PD
‘S'-,\ A, Pﬂ’(’io) Pa(1) = '2:_‘ Cn Qp (5,)P(q)-EfRD’ (II.2d)

3 B.Qn()R-ESREIR() =3 CaQu(5)Ra(o)
) ~ Ef P(S)R(0)
2 B,Qn(8) P (0) - Eof B (5) P(0)

= €2 CaQnlE)PI(0) € E.fR(5)R(e) « (11-26)

(II.2e)

Egs. (II.2a) and (II.2b) hold for 0 £ q < 1 while (II.2¢c)
and (II.2d) hold for -1<K q £ 0 .Egs (II.2e) and (II,2f)
are valid for § =¥ . Egs. (I1.2a)-(II.2f) may be thought
of as generalizations of the corresponding eguations derived
by Berreman (6) for the case of a hemispherical bump. The
purpose of our calculation here is two fold. Besides
obtaining the resonance frequencies of the bump, we are
interested in finding out the natural decay rate, r;, of
the localized bump-plasmon modes due to local heating; i.e.
resistive losses due to scattering of electrons from other
electrons, phonons, and may be from impurities.

The system dipole moment, jA , is obtained by

examining the asymptotic nature of @nas g-poo .

E»>x

—_—p BHCQ (E) —p E‘vl
QI[ . | Vl' __3|§2
Bf™ z _ 2 (1I.3)
3 v =tm
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Hence we find the dipole to be

B.f°
}'( = —3—' ' (I1.4)

evidencing the simple relationship between the dipole moment
and the coefficient B,.

Let us proceed to obtain expressions for the various
expansion coefficients. Multiplying Eq. (II.2a) by Pj(n)
and integrating over V[ for 0 < q {1 gives

1
g Jq ﬁ(q)Z{Ar\Pn (&)~B,\Qn(.§.) + Eo‘F 3.3,,,} Pn('l) =0
N

° . (II.5)

Defining
|

Xz | 4 RO Pl . ane

Eg.(II.5) can be written as

z [AnPn (go)—BnQn(go) +E0‘F gogm] X)‘n= 0 . (11.7)

N

Values of X._ have been tabulated by Berreman (6).

jn
Likewise, from Eq.(II.2b) we find

5 [AR(5)-BaQa(3)+EF 8, | Xjnz0 . ane)
n
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Introducing
0 :
140
Y-)ﬂ"—' g &Q\D)(Q)Pn('l) =) Xjn . arne
[

-

we may write Egs. (II.2c) and (II.2d) as

—~—

Z\Anﬁ,(go)-Cnen(§°)+E.€§°6n,]an=o . (11.10)

(A

and
Z[A,,P,{(go)—cnaé(go)+E.€6n.] Yin=0 . arin
N

Since Egs.(Il1.2e) and (II.2f) must be true for a continuous

range of ¥ , it follows that
BoPalo) = C, Palo) . (11.12)
Our knowledge that Pn(O)*O for n even gives us
B, =C, . n=0, 2, 4,.c.... (I1.13)

Also

7 7’
BnPn(O) = CnPn(O) . (1I1.14)
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4
Pn(O) is zero for n even and nonzero for n odd. Hence we

get
B = € C, » n=l, 3, 5,cc0.. (II.15)

Finally the internal electric field, El’ is given by
El-Eo/'( . (II.16)

Egs.(I1.13) and (II.15) connecting coefficients Bn and

Cn can be combined and written as
-1 n -1
Cn=-8-29{(l*€ )+(-) (1-€ )} . (11.17)

We also note that

Xint Yjn = ' (11.18)

and hence from Egs.(I1.7) and (II.10) one obtains

2. .
2 AP = 2 [ BaGn(5)Xjn + Ca Qa5 0]

_'FEDEOX"“"E|¢§°YJ‘ . (II.19)
Similar manipulations of Egs.(II.8) and (II.ll) gives us
Ay P (5.) = 2_[8 €'Qy (5.) Xjn + CnQn (5.) Y, #

~Ef€' Xj—Ef . (I1.20)

2)+|
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Noting that

T ’ (I1.21)

/ —

X)|+ \jl -

and dividing Eg. (I1.20) by (I1.19), a few simple algebraic
manipulations leads us to the following equation for the

coefficients Bn:

2 8.0 { [Gn(8)F(5)- € G (3)R(3)] +

in p ,
—(—-i)-J [Qn(go) PJ (go) - Qﬂ (Ea) P) (go)]

[+ €)+("(-€Y] }

/ _)) . (11.22)
= f8.B[FE)% (- ) - 2hr ]
Finally this is written in the form
Z;Tjan = R; : (11.23)

where

Tin = Xjn{ [Qul5) P (8,)- € Qa(5.) Py (3)]
+ 0" [an(50 9 (5.) - GA(5.) B (5.)]
[ (l+ 6-') + l—)n(l- é')] } ’ (I1.24)

and
Rj = Eorgo{ Pj/(S.)Xju[h(-)jé-'J- % g}u 6-'}. (1I.25)
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Eg. (II1.23) is to be solved for Bn. A formal solution for

Bn is obtained in the form
B=T R (11.26)

where T~1 denotes the inverse to the T-matrix. The
coefficient Aj are then given by

Ay = (_J_*_z_’{ 5 [ BaGn(3.) Xjn + CnGn (5.) %ol
Pj (go) n )

- {5 B Xy Eof 5.|§., (')JXJI } ' (I1.27)

where Bn and Cn are given by Egs. (I1.26) and (II.17). We
consider the natural oscillations of the system. Hence the
condition that a nonzero amplitude exist even when EO-O is
obeyed. In this case Rj vanishes and the nonvanishing set
of Bn are obtained by equating the secular determinant to

zero, i.e.
A(W) = detT = 0 . (11.28)

This is the condition for a surface shape resonance. The
roots of this eguation are denoted by W= Ldt.

We now calculate the natural decay rate of the
vibrational modes of the bump due to local heating, i.e.
excitations disappearing into local (energy deposition)

excitations. In the case of electronic excitations these are
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from inelastic electron scattering (resistive losses) and in
the case of ionic excitations these are low freguency
phonons. In either case the theory is developed in such a
way that only the dielectric constant will enter the
formulas.

In principle the U% roots are complex numbers,
because € and hence T are generally complex quantities.
The real part of L»r is the resonance fregquency and the
imaginary part is proportional to the decay rate into
"local" excitations. Hence, if the imaginary part of € 1is
small, one may define the resonance freguencies by the

condition
Re A(wr) = 0 . (11.29)

We then expand A (W ) around the shape resonance:

Nw) = D(w)+ (w-wr)[ ?‘%%))]w too (1I.30)

or

i Im A (wf)
Re Al(uk)

Muw) ~ Re N(wW,)) -w,)+

(I1.31)

which may be interpreted as

C e

le

ha. ,  (I1.32)
2

Alw) ~ (w-wp) +
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where f; is the desired decay rate

2 Im N (w,)
Re [X,(U)r)

€

. (I1.33)
In order to determine the absolute magnitude of the

dipole moment of the surface shape resonance, we introduce

the following normalization condition, Note that the power

delivered to "local" excitations is

F% = t}&)rfz

’ (II1.34)

where ﬁ(ur is the energy corresponding to one quantum of

bump excitation. The power is obtained also from the

expression for Joule heating

' (II.35)

where @ is the conductivity of the solid and the integral

extends over the entire solid. In terms of the potentials,

Eg.(II1.35) can be written as

¥
_a QE Eaér: g
Fe = ESSAS' ’ﬁrg 3%, " 2 SASZ
' ° S

P 3

?E ?_é_'_ ’ (I11.36)

. N
2

where we have integrated by parts and employed Laplace's

—

©

eguation. Surfaces S1 and S2 are specified by

S, :

pt E=%,, 04Nl , 0 <@ ¢2m ) (11.37a)
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and
5; + § <§ <o, N=0 , 0 <F <2n . (I1.37y)

In Eg. (11.36) h§° and h'lo refer to the standard

curvilinear metric coefficients. The surface area elements
are dsl'h'l hy drl af and dsz-h§° hﬁ dg ag .

©

Hence integration of Eq (I1.36) in the variable ¢ yields

pe=0‘n€(§o2-l)gcl ot 2%

2%,
anf S dt cﬁm ?a%n . (11.38)
5, o

Integrals in the above equation, when expressions for QI

and §E! in the absence of external field are substituted,

take the forms

ggq 5 2% LT ARAVRIR GG Xy iy e

I 3%, n,v
and
v s 2 ,
(453, 20 - SAsz_[c O HWERORW],
g, S,
Finally defining
oo
In\) = S Ag Gn(?)QV(g) , (II.41)
S.
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we obtain

e = agnf (E:-') .Z_ A:\AV Pn(gc) Pvl(go) Xav
n,v

— * d
+3~n€ 2— Cn CVP,,(U) P\) (C) Iny . (I1.42)
ny
Eg.(11.42), along with Egs.(II.34) and (II.33), will be used
as a normalization condition to determine the magnitudes of
An, Bn' Cn' and the dipole moment, A .

1I.3 Decay to Surface Plasmons

As mentioned earlier, the degeneracy of the

frequency W, with some surface plasmon frequency allows a
decay channel to open up which damps out the local bump
excitation. Our goal in this section is two fold. First we
wish to study the coupling of a charge to a surface plasmon
including the effects of retardation. Calculation of the
coupling constant in the electrostatic limit have been given
in the literature (8). A calculation including the effects
of retardation has been given for the special case of an

(9). In the following we give a general

electron gas
derivation of the coupling constant. It expresses the
coupling to surface plasmons solely in terms of the

dielectric function. In the limit where the dielectric
constant is that of an electron gas, the expression reduces

(9). Since it involves only the

to that obtained earlier
dielectric function, it may be applied to more general

situations involving ionic excitations or many body effects.
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The second goal of this section is to derive a formula for
the decay rate of the surface shape resonance to surface
plasmon modes.

First the calculation of the power delivered by the
surface shape resonance to a classical surface plasma wave
is carried out. On comparing this result with the guantum
mechanical calculation, the desired coupling constant is
obtained. The rate of decay to surface plasmons is then
calculated.

Let us place a test charge on a perfectly flat surface
and ignore, for now, the presence of the bump. The test
charge is taken to be a sheet of charge of density

P =Gy S t* PV el L (nay
The continuity equation 6.3 + 9P/ 2t =0 is used to

obtain the corresponding current

. { (Rx-wt)
J-= E;ES(Z)Q 4 ¢ C. . (II.44)
From Gauss's law
o A i (Rx-wt)
Dnds=ymgAe + S0 s

where A is the area of the Gaussian surface chosen, it
follows that

. _ L (RX-wt)
EZ(O )- € E. (0 )=ung, e + CC (11.46)
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Eg. (I1.46) specifies the discontinuity in Dz due to the

sheet of éharge. From Ampere's law
- A = A
— . _ L"T )
ﬁvaa nds = _EXJnés  anan

we get the discontinuity in By due to the sheet of current,

- L(RX-wt)
83(0+)‘8\3(0)=‘ Lﬂ;—égé 4+ c.c (I1.48)

Maxwell's equations for the system can be written as

-

v-€Q)E = unp (11.49a)
f7’§ =0 ) (I1.49b)
6)(5:—&—’%:8;:-‘—%)@ ‘ (1I1.49¢)
UXB = Hclf—‘—‘g—’émf ' (11.494)
= -t

where the dependence of the fields on frequency is E~ ¢
= ~rwt
and B ~¢ : . We look for driven wave solutions to

these eguations:

- - ¢ (RXx- wt)
E=E(Z)e + C.C (I1.50)
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and

- ('(VEX-UJt)
ES = ES(?) e + C.C.

(II.51)

Substitution of E and B into Egs. (1I1.49a)-(11.49d4) then

yields
= CE!
Bx - w J ’ (II.52a)
B. = w € (2)
3 R C Z (1I.52b)
B. = kcg, |
z o (I1.52¢c)
ikl () @) -1TE, =0
Extt [ RC (2)‘:{52’ , (11.52d)
/ " w2
E3+[(E) Q(?)‘R] E‘j =0 , (II.52e)
and
/7 .
Ez + LRE, =0 (II.52f)
Surface wave solutions are sought with
-q.2
Y, 2y0
Ej e q_z (11.53)
e y 2<£0
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where we find

q+=["\’2' (w/c)z]l/z ) (I1.54a)
1. =[R2‘ (wzé/c>]'fz’ (11.54b)
and
Exy = - LR Tk (II1.55a)
Ex-— = !.'—2-' EZ_ (I1.55b)

In these equations the subscripts +, - indicate whether the
region concerned is in vacuum or in the solid respectively.

The following continuity relations must hold at the

interface:
B, =8, (o) (11.56a)

Bus (0) = Bx_(0) (11.56b)

Exe(v) = Ex-(0) (II.56¢c)

E\y(o) = Ej-(o) : (I11.564)

EL,(0)- €E5_(¢) = ung; (I1.56e)
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o) - By (v) = - 4TWG
Buy (o) = By () 2

Conditions (II.56c) and (II.56e) give

1 Ez+(°) t %-Eg-(o) =0

Eo.le)-€Ez.(0) = una;

From Egs. (II.57) and (IJ.55) we then obtain

ynd, 9.-
€q,t v

Eo ()= 1%

)

and

__oumig 9.9
= R[G‘L++‘L-]

= 0 without loss of generality.

We have taken Ey+

-

The total rate of doing work is given by

where A is the surface area. Let

/\(UJ)': €'q“+ + qh- )
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(I1I.57a)

(II.57b)

(II.58a)

(I1.58b)

(II.59)

(I1.60)
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and expand it around the pole defined by

Re N(ws) =0 ) (11.62)

-1

L Iﬁ1/\(“%) ]
N (Ws) '

A (W) ~ /\/(ws)[(w'ws)+

where (W, is the resonance frequency. Then if the

imaginary part is small,

S
P~ ST\Awld';IzIm{ qvi Q. _}
N( '

R ? ’ w,)[w-w,ulm/\(w,)//\ (ws) ]
~ SHAwlOIPIm %i Q° (-in) & (w-ws) | (I1.64)
R N (Ws)
where
’ N(W)
A(wg) = {aws ]ws : (I11.65)

The guantity es is determined from Eg.(I1.62) to be

€ \42
s - ((O/C)z— kz
Since qqu-kz, we obtain
on S (w-wy)
p ~ 8NA |G ‘ w I [- Lo /(\/ (ws)s ]
= _snA 61  w Re —— /\(w) S (w-wy) . (I1.67)
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This is the work done per unit time by the system on the

charge. Hence the power delivered by the charge is

AlG]E b(w-w,) Re —— . (11.68)

After a little algebra we finally obtain

¢ gnlAw 10l & (w-ws)

P = R Ve 1 (11.69)
SRR &) (&) (- €s)
where
¥‘ - €s"|
3 2 & (1I.70)

let us now proceed with a guantum mechanical calculation
of the power dissipated into surface plasmons. The plasmon
field is written as

RX
Ex =2 YR Ay e +cc ) (11.71)
R

where 8, is an annihilation operator and \ﬁQ is the

appropriate normalization constant. The vector potential
Ax is

R

. cY vRX
A, =-1L E bl A€ +cc (11.72)

R Wk
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The interaction Hamiltonian is

Hine=-c\ J-A dv ) (11.73)

I

where J is given by Eg. (II1.44). Thus

(Y A G
(11.74)

= .C.
Hint ap + h
where we limit our attention to a plasmon with a specific
wave vector. Employing Fermi's "golden rule” the dissipated

power is

a2 2

Comparison of this formula with Eg. (II1.69) yields

-/ ] i
|YRl2-_-. 4“:\\@[&65/(—65) i(|- es)(-l—es)/z(RC)J (I11.76)

(9) when

This formula reduces to that of Elson and Ritchie
the dielectric constant of the free electron gas is
employed. The vector potential for a surface plasmon,

according to ref. 9 is given by
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where L2 is the area of the surface, k is the propagation
vector and 23 is a vector in the xy-plane. The magnitude of

the propagation vector, i, is given by
2 w2 -
- (W 1+ ]
R ‘(c) e[1+€ ) (11.78)
where

2
€ = 1- (‘“r’/ wk) ) (11.79)

and
Y2

2 242
2 _ Wy, (2 2-[(“_@) ckq}
Wy = _2_p+ ¢k 2 +( ) , (I11.80)

U)p being the plasmon frequency. \V and VYV, are

related to k by

VZ: Rz_(w,i-w,})/cz , (11.81)

l 2

V, = R - («)i,/c2 : (11.82)

In Eg. (II.77) the quantity P, is given by

Y
P = ¢! (11.83)
R 62[-C6+l)]yz ) .

and b, is a surface plasmon annihilation operator. Aside

k
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from a phase factor the vector potential in Eg. (II1.72) is

given by
;\ _ C'YQ
x = (W (I11.84)
. Y2
1 [ qﬂ)hc
L APR . (I1.85)

Eg. (II.85) is obtained by a direct comparison of Eq. (II.84)
with Egq. (II1.77). Here A is the surface area. Egs. (II.84)
and (II.85) are solved for ‘YR , and comparing the result

with Eq. (II.76) yields

e

where we have used the electronic dielectric function

€ =1~ w\}/wz » whose first derivative with respect to
(W gives 6/ = .23 ("6) . From Eq. (I1.66) we
get
' V2
€+
W = RC( ¢ ) . (11.87)

Substitution of Eq. (II.87) into Eg. (I1I1.86) then gives

-1

which is same as in Eg. (1I.83). Hence is the agreement

between Eg. (II.76) and the result of Elson and Ritchie (9)
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Having accomplished the task of writing the surface
plasmon field in guantized form (Eg.(II.71)) we now proceed
to calculate the decay rate of the oscillations of a single
spheroidal bump on the plane. The bump is characterized by
its dipole moment M which is perpendicular to the surface.
This dipole is responsible for "radiation™ of surface
plasmons along the surface. An expression for this radiation
will be obtained shortly. The dipole is also responsible for
radiation of photons into all solid angles. This will be
dealt with in the next section.

The interaction of the dipole with the plasmon field is

given by

/7

H = -M Ez+ ,  (11.89)

where we assume the dipole of the bump to be above the
plane. The fields may be obtained from Egs. (11.55) and

(II.71). Thus

/

72
H = -u(-€) Ex(o)

. (II1.90)
Taking matrix elements of this and employing the Fermi
"golden rule” again gives us an expression for the decay

rate into surface plasmons:

’ (II.91)

_ H"lﬂ'z E@a (‘65)3
r;f - I ( C ) (_ e-s_.)S/2 ('_ es)
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where we have set UJO equal to the freguency of the
surface shape resonance and used k2- woz €s/[C2<€5‘“)] .

Equation (II.91) represents the desired result - an
expression for the decay rate of the localized excitation
into delocalized surface plasmons. In absolute terms it may
be calculated since an expression for M has already been
cbtained (see Eq.(II.4)).

1I.4 Decay to Photons

We have treated the spheroidal bump on a plane surface
as a dipole oscillating due to natural electronic charge
fluctuations in the system. The coupling of the electric
dipole above the surface to the delocalized surface plasmon
modes determined part of the decay rate of the localized
plasmon mode. Other channels of decay obviously exist,
however. One such channel, that of resistive losses, was
taken into account in section I1I.2. In this section we study
the decay into photons. This problem has a long history
going back to Sommerfeld's study of a radiating dipole
antenna on the earth's surface. More recently Chance, Prock,
and Silbey (10) have studied the radiation properties of a
molecule near a surface. We shall apply their formalism to
the problem of a bump on a surface without a nearby molecule.

For a dipole oriented perpendicular to the interface the

decay rate is given, in the dipole approximation, by
1 A
i "21|A 3

T 43 u , (.
‘:aé’q E%Im R e _l..:!bL (I1.92)
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where

[} €,Q1—€21,
= ’ (I1.93)
R €|L2+€2£|
lj=-t[e—(_~’-lk2),J=l,2 ) (I1.94)
[}
A
J:\Q.c‘ , \Q,—‘;‘C—’n, , Ny= le, , (11.95)
and
r:aJ

q-= = (I11.96)
o
Here d is the distance of the dipole from the surface,r1
is the propagation vector in the medium 1, and € 1 and
€ o are the dielectric functions of medium 1 and 2
respectively. The radiative quantum yield of the system, g,
is the ratio of the radiative decay rate to the total decay

rate of the bump. The hat on r1 in Eq. (I11.92)

rad
indicates that the decay rate is normalized to that in the
absence of the surface. In our case 61-1 and €}- € (w).

Hence klc W/c and carrying out the integration yields

free % Sin3e
r;'&d = r;od [‘+% So c}g (e_.)[(eu) Cgsze-l]

{[(Gﬂ)ws9+(€-')]&ss(2iedase)+
e G 8 (5in°6-€) s.n(zwAuse)H

(I1.97)
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From the classical theory of radiation, the free radiative

decay rate is

free l»\zwi‘

—
o

vrad 3 C 3 ' (I11.98)

Combining Egs. (II1.97) and (II1.98) and employing atomic units

we find z . 3e
P _ l}Alzwg[‘.‘.}_ § Sin |
rad = T3 2 (€-1)[ (€+) Ges?6 —1]

{[(Gz*‘) cos°0 + (€-)) s (2Ed &s6) +

se cu—se(s.'nze-e)'/zs""‘(z wd CGSQ)}] _ (11.99)

At small distances, i.e. kld<K 1, we write Eq. (I1.99)

approximately as w
[fad = 3¢3 [' 2 g (e-)[ (€+r) s -1]

{ (ez-H) 00326 + (6")}] (I1.100)

The integral is evaluated by numerical guadrature.

II.5 Surface Shape Resonances in InSb

Here we present numerical results of the shape resonance
characteristics of a rough surface of InSb, which is
modelled to be a spheroidal bump protruding from the plane
of the substrate. We determine the decay rates, r' » Of the
bump vibrations into various decay channels, as has been

discussed earlier.
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The elctromagnetic surface shape resonances are brought
about by the coupling of the discrete bump states to the
delocalized excitations propagating on the surface of the
smooth substrate. The delocalized excitations considered so
far were those of surface plasmons, photons, and resistive
loss mechanisms in the case of electronic excitations.
However, in ionic solids and insulators, lattice excitations
are important and then the delocalized modes are surface
phonons, photons, and acoustic phonons. Acoustic phonon
excitations, like resistive losses in the case of electronic
solids, is an energy deposition mechanism.

In a semiconductor, such as InSb, one would expect both
electronic and ionic excitations to be present. So both
surface plasmons and surface phonons are taken into account
while considering shape resonances. Obviously more
complicated processes involving the couplings between
electronic and ionic excitations, may contribute. We limit
ourselves, however, to the uncoupled situation and work in
the no retardation limit as before.

Our goal here is to determine the widths of the
appropriate resonances, whose fregquencies are a sensitive
function of the shape of the bump, for the case of InSb and
consequently examine if it can be chosen as an experimental
sample for testing these effects.

The general analytic procedure remains the same as that

described in earlier sections for the case of Ag. We work
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under the came assumption that €2<< El, where €1
and € o are the real and imaginary parts of the
dielectric function, € , of the medium. In our study of
shape resonances of Ag , € was chosen to be electronic

and was fitted to the experimental data of Johnson and

Christy (11). In this case the system is characterized by
a model dielectric function (12)
w? wl-wlrwTh
€(w) = €of{!~ wi+iwty W2- W tWTa' | (11.101)

This € (W) has contributions from both electronic and
ionic excitations. Here 66315 the high frequency optical
dielectric constant, UJP is the electronic plasma
frequency, OUT and (UL are the transverse and
longitudinal phonon fregquencies respectively, and ‘T:'and

t;' are the respective electronic and ionic damping
parameters.

The results of this numerical study will be presented in

the following section.

II.6 Results and Discussion

In the previous sections we have derived formulas for
the frequency of a surface shape resonance and its decay
rate into various excitations of interest. Before stating
the results and discussing them, let us consider the

calculational procedure.
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In our calculation we restricted our attention to the
case where Im € was sufficiently small to allow it to be
treated as a perturbation parameter. This assumption is
somewhat restrictive but is valid for some metals, e.g. Ag,
at optical frequencies. The restriction may be lifted in a
straightforward manner, however.

The eigenfrequencies are determined as roots of the
determinant of the T matrix defined by Eq.(II1.24). In
principle the T matrix is of infinite dimension. In practice
one truncates the size of the matrix and checks for
convergence of the roots as the size is increased. The low
lying frequencies converge rapidly while the higher
freguencies converge more slowly. A ten by ten matrix was
used in this numerical work. In determining the T matrix
only the real part of € was used,

The eigenvectors of the T matrix (see Eg.(II.23) with
Rj-O) were obtained by solving the appropriate set of
linear equations and imposing the normalization condition
defined by Egs(11.33), (I1.34), and (II.42). Use was made of
the following expansion for the determinant of the T matrix

for small Im € :
det T = et T)[1- (6,6 T (1,6)]

where T, is the T matrix defined with real ¢ and

Gin= Xin{- Qn(5IP (5. +
J+n , ’ n
.(;:22' [Qn(go)%(g.)“Gn(go)%(g")] ["(') ]} . (II.103)

¢ (I1.102)
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The calculations done here are for silver protrusions
sticking out of a silver metal half-space. We will not be
concerned with how the surface shape resonance is excited,
although a number of methods can be designed. One is through
the use of optical radiation impinging on the surface.
Another is through the use of an incident electron or ion
beam. The excitation of the resonance may readily be
monitored through the secondary radiation that is produced.
In the case of charged projectiles it may also be seen in
the electron energy loss spectrum.

One way of characterizing the shape resonance is through
the value of the real part of the dielectric constant at the
resonance fregquency. In table II.2 the low lying azimuthally
symmetric shape resonances are studied as a function of the
aspect ratio of the bump, a/b. The lowest lying resonance
occurs at a dielectric constant given by E:.The first
excited state occurs at 6: and the second excited state
(which is azimuthally symmetric) occurs at G: . The excited
states correspond to excitations with nodes of potential on
the solid's surface while the ground state is nodeless. The
general trend is for € to get more negative as the aspect
ratio is increased. This is in qualitative agreement with
previous studies of isolated spheroids. The magnitude of € ,
however, is less than that of the corresponding isolated
spheroid with the same aspect ratio. It should be emphasized
that the numbers presented in table II.2 are universal

numbers, valid for any metal or dielectric.
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The numbers in table II.2 are translated into
frequencies by using the optical data of the material of
interest. For Ag the optical constants of Johnson and
Christy (11) were used to obtain the resonance freguencies.

In Fig. II1.3 a plot is made of the resonant frequency as
a function of the aspect ratio for fixed a (a=200 ao). Two
curves are shown: one for the ground state and one for the
first excited state. The data is for Ag. As the aspect ratio
is increased in magnitude the frequencies of the excitations
fall off. Again this is similar to the behavior of isolated
spheroids.

Fig. II.4 shows the magnitude of the dipole moment of
the system as a function of the aspect ratio a/b for fixed a
(a=200 ao). The upper curve is for the ground state and
the lower curve is for the first excited state. It should be
noted that the size of the electric dipole moment is very
large. This follows from a comparison of the classical and
guantum expressions for dipole moments and dipole transition
moments. In classical electrodynamics the polarizability of
an object is proportional to its volume. Thus, for example,
for a sphere o A/ a3, where a is the radius. In the
quantum mechanical expression for o one has a sum of terms
of the form a(~).L2/Aw » where AW is a frequency
difference. Simply equating these expressions and letting
a=200 a,, RAW =3 eV gives M= 103

with the calculated magnitude.

ea,, in agreement
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Fig. 1I.5 shows the strength of the dipole moment
growing as function of axis size for fixed aspect ratio. The
three curves correspond to the three most low lying states.
As the size of the bump increases, one expects an increase
in M according to the argument just given. The ground
state, being nodeless, would be expected to have the largest
dipole. The presence of nodes in the excited states causes
some degree of cancellation with a subsequent reduction in
dipole strength.

In Fig. 11.6 we consider the various damping rates,
expressed in units of the resonance freqguency, for the
ground state surface shape resonance, as a function of
aspect ratio for fixed a=200 age As the aspect ratio
increases the decay rate to frequency ratio for inelastic
electron scattering channels remains fairly constant while
that for surface plasmons or photons falls off.

Fig. II1.7 gives the same ratios as in Fig. II.6, but
plotted as a function of the axis a, for fixed aspect ratio
(a/b=2), It is seen that the radiation into surface plasmons
and photons grows substantially with size, whereas the
resistive loss rate remains constant. For large sizes
(a > 200 ao) the long range energy deposition mechanisms
dominate over the resistive loss mechanism and are the main
source of the limited Q of the resonance.

Fig. I1.8 shows a plot of the radiative yield of the

ground and first excited shape resonances as a function of
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size for fixed aspect ratio. As one might expect, the
radiative yield grows with increasing size. Fig. II.9 shows
the same yield as a function of aspect ratio for fixed

a=200 a.. The falloff with increasing a/b is probably due

o
to the reduction in the volume of the bump, and hence of the
dipole moment.

It is therefore concluded that a surface with a
protrusion possesses a set of shape resonances whose
freguencies and damping rates are determined solely by the
geometric and dielectric properties of the system.

We now proceed to discuss the results obtained for the
case of InSb. The calculational as well as numerical
procedures resemble exactly to that for Ag, since similar
assumptions have been made. € 1 and 62 are obtained
from Eg. (II.101) with the use of the following parametric
) G 1

-1 - -
values for Insb (12). Te=30cm °, T =2.7 cm °,

Wy=179 em™ 1, W _=1028 cn "L, €,=17.9 and

€o=15.7. €, is the static dielectric constant. W

is determined using the relation (A)L/w-r = [Eo/eoo]yz .
Carrying out the numerical calculations we determine the
desired decay rates.

In Fig. I11.10 we show the resonance frequency Ldt

(in ev) as a function of the aspect ratio (a/b), for both
the ground and first excited states. Although behavior
similar to that of Ag system is exhibited, a comparison

between them shows that in the case of InSb, the resonance

frequencies are lowered by roughly a factor of 30.

-107-



Behavior of the magnitude of the system dipole moment is
similar to that of the Ag-system when examined as a function
of the shape and size of the bump.

In Fig. 1I.11 the various decay rates expressed in units
of the resonance frequency, for the ground state surface
shape resonance, are shown as a function of the aspect
ratio, for fixed a=10,000 a,- With increasing a/b the
decay rate to resonance fregquency ratio, for local energy
deposition mechanisms, remains more or less constant while
that for surface plasmons and phonons falls off with the
sharpening of the bump. It should be noted that the decay of
the bump vibrations going into local heating and acoustic
phonons is the dominant mechanism.

Fig. I1.12 gives the same ratios as in Fig. II.ll, but
plotted as a function of a, for fixed aspect ratio (a/b=2).
The bump size has to get very large ( 7> 10,000 ao) before
the decay rate to surface plasmons and phonons becomes
appreciable.

In conclusion it can be said that rough InSb samples can
be used in experiments to test the shape resonance effects,
provided the roughness features are of large sizes.
Techniques for the preparation of such surfaces are known to

exist.

-108-



References

1.

6.

7.

8.

10.

11.

12.

"Surface Enhanced Raman Scattering®", ed. by R. K. Chang
and T. E. Furtak (Plenum, New York, 1981)

D. A. Weitz, S. Garoff, C. D. Hanson, T. J. Gramila, and
J. I. Gersten, Opt. Lett. 7 , 89 (1982)

C. K. Chen, A. R. B. deCastro, and Y. R. Shen,

Phys. Rev. Lett. 46 , 145 (1981)

C. K. Chen, T. F. Heinz, D. Ricard, and Y. R. Shen,
Phys. Rev. Lett. 46 , 1010 (1981)

J. I. Gersten and A. Nitzan, J. Chem. Phys. 73 , 3023
(1980)

W. H. Weber and G. W. Ford, Phys. Rev. Lett. 44 , 1774
(1980)

D. W. Berreman, Phys. Rev. 163 , 855 (1967)

R. Ruppin, Solid State Commun. 39 , 908 (1981)

J. I. Gersten, Phys. Rev. 188 , 774 (1969)

J. M. Elson and R. H. Ritchie, Phys. Rev. B4 , 4129
(1971)

R. R. Chance, A. Prock, and R. Silbey, Adv. Chem. Phys.
37 , 1 (1978)

P. B. Johnson and R. W. Christy, Phys. Rev. B6 , 4370
(1972)

A. Nitzan and L. E. Brus, J. Chem. Phys. 75 , 2205

(1981)

-109-



CHAPTER III

INELASTIC ELECTRON SCATTERING FROM SMALL METAL SPHERES

I11I.1 1Introduction

Until now we have seen that the role of small scale
structures is crucial to surface physics. In recent years
considerable amount of attention has been given to the study
of the interaction of light with small metallic or

(l). A number of anomalous phenomena

dielectric particles
occur near the surface of a particle interacting with light.
Most of these phenomena, namely SERS (2), surface enhanced

(3)

second harmonic generation . and radical fluorescence

(4), have been discussed in the

lifetime alterations
introduction to this thesis. The strong fields of plasma
oscillations, of the particle, excited by incident light,
cause a modification of the apparent optical properties of
nearby molecules.

Another area of growing interest in surface physics is

(5). In principle there

that of electron loss spectroscopy
should be a connection between electron loss spectroscopy
and optical spectroscopy. In the former case it is the
coulomb field of the projectile electron that causes the
excitation whereas in the latter case it is the optical

electromagnetic field itself. It is our goal here, to

explore further aspects of this connection.
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Some experimentation on small particles, either isolated
in vacuum, or levitated by an inhomogeneous magnetic field
or by a diverging laser field, or falling freely in the
gravitational field, are done at present to investigate the
interaction of light with such particles. It is also
possible to carry out experiments of a similar sort to
investigate the interaction of an electron beam with small
particles. We consider below the interaction of an electron
beam with a small metallic or dielectric sphere.

The electron beam may scatter off the sphere and excite
a localized plasma oscillation on the sphere. The excitation
energy would then manifest itself as a discrete energy loss
in the electron beam. Our goal here will be to calculate the
cross section for inelastic electron scattering from the
sphere. Sometimes the small particle under investigation may
be attached to an "inert"” substrate. By "inert” here we mean
that the substrate will not couple strongly to the electron.
The case where the small particle is attached to a substrate
which couples strongly to the electron beam is of immense
interest. This would enable us to devise techniques for
analysis of rough surfaces using electron loss spectroscopy.
The microscopic mechanisms involved in the interaction of
electrons with such general systems, as a rough surface, is
obviously complicated. We therefore restrict ourselves to

the case of an isolated sphere.
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Having assumed that the interaction of an electron with
the sphere excites a plasma oscillation, we then ask what
happens to the energy that went to exciting them. The
oscillation will ultimately decay to various channels
depending upon the geometrical configuration of the system.
One decay channel is to emit a photon with energy egual to
the plasma oscillation energy. It is therefore worthwhile
calculating the radiative cross section for the sphere upon
excitation by electron impact.

J11.2 Excitation of Plasmon by Electron

Consider a sphere of radius a and characterized by a
complex dielectric constant, € (W). We consider the
scattering of an electron beam from such a sphere. The
incident electron provides the energy for the excitation of
plasma oscillations on the sphere. We work in the no
retardation limit by assuming that the size of the sphere
(diameter = 2a) is small compared with the wave length of
light corresponding to the plasma oscillation frequency of
the sphere. For Ag, the plasma oscillation energy of the
sphere is 3.50 eV, so the radius must be such that a<<3500 X.
On the other hand the sphere is considered macroscopic with
well defined dielectric properties.

Since ka 1, where k is the wave vector of the incident
electron (typically the energy E of the electron, E=100 eV
and a=50 ; yields ka=256) wave effects are not important. We

therefore assume classical trajectories for such electron
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motion. Also we consider electron energies high enough so
that the interaction potential with the sphere or the plasma
oscillation energy may be neglected relative to it. Hence,
to a first approximation the electron is assumed to be
travelling on a straight line path with constant speed. A
schematic drawing of the scattering geometry appears in

Fig. III.l. The trajectory is taken to lie in the z=0 plane.
Two situations can occur. One is that the impact parameter
of the electron, b, is larger than a, and the other in which
b is less than a. In the former case the electron suffers no
deflection and follows its linear trajectory. But in the
latter case, b { a, the electron is assumed to undergo
specular reflection with some reflection probability R. If
the electron enters the sphere, it will be assumed to vanish
from the incident beam, since the mean free path of an
electron is likely to be smaller than a.

We now proceed to calculate the probability for the
electron to excite a plasmon mode. The plasma oscillation is
characterized by the orbital guantum number, 1, and the
azimuthal projection, m. The second gquantized Hamiltonian
governing the plasma oscillations and their coupling to

electrons is
+ =/,
H:}lz’ﬁwl[AlmALm+12]-€§(") . (II1.1)
,m

where Alm is a plasma oscillation annihilation operator
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and @(F’) is the scalar potential field operator at the
position of the electron f:Qt) . The trajectory is a given
function of time. The plasma oscillation freguency is
denoted by UJl, and is independent of m due to rotational

symmetry. The scalar potential may be expanded as

@(?) =z Jim Agm Ym (7) +hc ,r>a a2
L,m —F_[Il

where 9m is the generalized Frohlich coupling constant.
This 99m is obtained by comparing the classical and
guantum mechanical self energies of the system.,

Consider the interaction of a charged particle of charge
g with the sphere. In the presence of the charge outside the
sphere at a distance 7:,from its center, taken as the

origin of coordinates, the potentials at any point T inside

and outside the sphere are given by

@l =) blmrl Y‘lm(;) , £ ¢a (III.3)
Lm

@ ’3_ C Yim (7) 9 » T >a (III.4)
2— Lm + 4 -II|
Lm

r Ll Ir -r
where blm and Cip 2F€ coefficients of expansion to be
determined and Ylm(r) are spherical harmonics. Expanding

1/|F—F/| in terms of spherical harmonics we write @2 as

» L ( A
Yim (7) - Yim(F) Yim (?)
@2 =lzmclm r";+, + qn%? (2‘“) =i r/ '_T\ ¢+ (II11.5)
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Matching potentials and the normal components of the

displacement field, Dr' at r=a we can obtain the expansion

coefficients:
¥ A/
b - CLm + qnq jim r )
tm- 0.2_1” 2041 7 I ' (I1I.6)

x A7
_ ynq, La?l‘l-lo_é) ng(f)

LA 2 . (III.7
Im 9w (ge+2+|) p A ( )

The classical self energy of the system, Uc' is given by

U = %Qeéﬁ‘?’) , (I1I.8)

C

where the tilde indicates that the singular term in the

potential @2 is excluded. Substitution of Q(?) yields

2041 /012
surd Lo (-9 | v (F)
_ 9 Im
”c'?Re{%mw' @erten) | o | [ - ome

To second order in perturbation theory the quantum

mechanical self energy of the system is given by
A’ + A’
Uy = Lz,m{[@l 1 3em Atm Y—‘rﬂ,%%lw@ml 9 9gm A Y;g(;)@] /
[% (w-w)] 2
_5 Rl vl R (w-w)]

Lm
[0 and |lm) correspond to the ground and one

(III1.10)

Here

plasmon (1,m) states respectively. Comparing Egs. (II1.9) and
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(II1I.10) we get

20+l 4
_ an (1-¢)a 2
ﬂlm—[t\((dow‘)Qe{ ﬁ—ﬂ (e—:—ij;,_‘) } ] ) (II11.11)

The plasmon resonance frequencies wL for a sphere

characterized by the dielectric function € (W) are given by

|
€(w)+ 't—z— =0 : (II1.12)

So the denominator in Eg.(I1II.ll) can be written, in the
vicinity of the resonance ( QJn:(Li), as

4! €
G(U))'!‘&i- ’—='-0+("") (III1.13)

Hence in the near resonance situation the coupling

coefficient is given by
V2
_ [ 2nf 20+l R }
Sl_m-'l. T a € (2€ . (II1.14)

"T)“’L

The corresponding expression for the potential outside the

sphere is ‘
2
) af 2L+ [ Yxm(?)
@(f)=zm{ T & Re ?5%)“,‘] Atm g (II1.15)
' + V\.C.

It should be noted that for a moving electron, r is a

function of time t. Thus application of time dependent
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perturbation theory with Hint = 'éi(t), yields the

probability of excitation of the (l,m) plasmon, P(l,m):
2
P(lm) =l5¢ml , (1II.16)

where Slm is the transition amplitude and is given by

y +00 « . %
S .—.le[ _Q_].T a2£+’ReL__ ]2 & Ym(?) etwl At (II1.17)
- 00

Case (a)

We consider first the case where b > a. Then

¥=bl+vl] , (111.18)

where v is the speed of the electron. The integral in

Eg. (III.1l7) is readily evaluated in terms of Whittaker

functions:
+00 ( ) e(u%f o
Sét Vim (¢ . My (x,0)
- M -
? oo rlﬂ(t)l_ \r 2
We\ =5 2b w ] (111.19)
() 7 (F) Wm,__ei( __\_r_‘)
(!”;_“) 2
Thus the excitation probability is
2041 -~
fl
P(tm)= 2Me°a° " Re CONED
LH (%)wLL V)

(wl) - [ Yem(ﬂ,o)w \ (wat)} 2 | (II1.20)
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Case (b
Now let us look at the case of b L a. Note the symmetry

properties

Y (tetT) = r(te-1) (I1I.21a)

(1t T)-%, = & - g (to-T), (III.21b)

where to is the instant at which the electron strikes the
sphere and ¢° = ¢(t0) = -cos-l(b/a). Use of these
relations simplifies the evaluation of the integral in

Eg. (I1I.17) and we get
+ o0

Ay tw,t (w,t, -

r#e) bV

-00

A 1! b
df Cos & Ca[u—%; (tamgﬁ-tan ¢°)-m(¢‘¢o )] (111.22)

Hence the excitation probability in this case is

2 ') -2 2
PUm=Fmoe R ey, | Y50
° 2
{ g df C.;;Hsé m[“ﬂ\;(twsf-tamg&)-m(y{-é,)] } (III.23)
=

2
Dipolar Plsmon

In the special case of dipolar plasmon (1l=1) P(1,0)
vanishes since Y, ( W/2,0)=0. This, however, is expected.
’

We have chosen the Z-axis perpendicular to the scattering
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plane. Since the 1=1, m=0 mode has a node in this plane, we
expect P(1,0) to vanish.
Defining P+1=P(1,1l) we define in place of Eg. (III.20)

for b > a

2 2

m 3
R T () 3Ry, (M (55)

J (II1I.24)

and in place of Eq. (I1I1I.23) for b L a

e \? ol l
R=3() ‘{Qe_z_e_)
dw/ W) 2

{ gfw Grs[“%%(tm%—tm@)-m(ga-q)” (111.25)

For the case b = a Egqs. (III.24) and (1IX1.25) may readily be
shown to be egquivalent.

Total Probability

The total probability for plasma oscillation excitation
is

P=P,, +P, . (I11.26)

We define two scaled variables, x and y, for b and a:

X = Wb/v ’ (ITI1.27)
y= Wa/v . (II1.28)
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Then the total probability, P, in Eq. (III.26) may be

expressed as

P = 3(13(’2")2Re (Ive S(xy)

3, \bv ‘-SEJ) w, (I1I1.29)
where, for b  a 2.
S (x9) = { g dg stx[x (taM¢-taM¢.,)
m= |,-| =L (I111.30)

I

and for b > a Egq. (III1.30) may be used with ﬂ& = 0, In
that case S(x,y) is independent of the variable y.

I1I.3 Cross Sections for Plasma Excitation

We denote the cross section for exciting plasma
oscillations corresponding to the case where the electron
misses the sphere by Gu_and by 0. where the
electon bounces off the sphere. These cross sections are
obtained from

g= 21| bP(b)db

(III.31)

Using Egs. (III.29) and (III.30) we arrive at the following

expressions for GO and Q_:

2
_ erme v R b
g, = r 4 (.a_ea)w’:’;(ﬂ) -, (II1.32)
2
_ bme'v ' F_(y) - (III1.33)
. = Re ey -
hw? ¢ G‘og'w)w



Here we have defined two functions Fi(y) as
o0

F,,(‘a)= '33 y é?(! >(x9) ,  (II1.34)

4
Fo(Y)= Ljag é_;((_ S (xy) . (II11.35)

©

An analysis of these expressions is given in the following

section.

II11.4 Results and Discussion

The cross sections for inelastic electron scattering
accompanied by plasma excitation of the sphere is given by
Egs. (III.32) and (I1II.33). Eg. (IXI.32) gives the
contribution due to collisions in which the electron strikes
the sphere and bounces off. Before one is able to write an
expression for the total cross section one must ascertain
what fraction of the electrons that strike the sphere indeed
bounce off. This estimation is difficult. One could adopt an
empirical approach and use the reflection coefficient
measured from electron loss spectroscopy measurements on
flat surfaces. This is typically a small number on the order
of a percent. On the other hand an isolated particle is
likely to become electrically charged when exposed to the
electron beam and this would modify the reflection
coefficient. Thus the only firm statement that could be made
at this time is that the total cross section lies between

J =0, and 0= 0;+0"_ » with 0= J, as the more accurate
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estimate, given the small reflection coefficients. It should,
perhaps, also be noted that all of our theoretical
development applies egually well to ion beam scattering. For
ions the reflection coefficients are likely to be quite
different, although additional inelastic channels are likely
to be present which would cloud the issue.

The functions F+(y) appearing in Eg. (II1I.32) and
(I11.33) are integr;is of a universal integrand S(x,y)
defined in Eg. (II1.30). A plot of this integrand as a
function of x = Wb/v appears in Fig. III.2. Several curves
are drawn corresponding to different values of y = (Wa/v.
For b < a these curves describe S(x,y) while for b > a the
envelope curve describes S(x,y). Thus S(x,y) is seen to be
small for either small x or large x and to achieve a maximum
at x = y,

Perhaps of more physical interest is the probability of
exciting a plasma oscillation, given by Eg. (III.29). In
Fig. II1.3 we plot this probability as a function of impact
parameter for a sphere of radius a = 50 LYE A gualitative
understanding of the peak as a function of energy may be had
by comparing the transit time to the plasma oscillation
frequency (which was taken to be that corresponding to a
silver sphere, HhWw=3.6 ev for the dipolar plasmon). Thus
from the condition Wb/v = 1 we get a peak at an energy
equal to E = m( UJb)z/z. For b=100 a, this corresponds

to E = 2420 eV and for b=120 a, this corresponds to
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E = 3485 eV. These are in crude agreement (factor of 2) with
the peak locations in Fig. (III.4) and the trend of
increasing peak with increasing b is in the right direction.
In Fig. II1.5 a plot of the universal functions F+(y)
and F_(y) as a function of y = Wa/v is made. In terms of
these functions the cross section plots may be drawn.
Fig. II1.6 shows the cross sections as a function of energy
for fixed sphere radius (a = 50 ao). Fig. III.7 shows the
cross sections plotted as a function of sphere size for
fixed energy (E=1000 eV). In Fig. III.8 the total cross
section defined as Gﬁ{+ 0_. 1is plotted as a function
of E for fixed a.
The radiative cross section may be defined as the cross
section for plasma excitation multiplied by the radiative
yield of the excited particle. An expression for the yield

of a sphere has been given in the literature (4)

c \? -!
Y = [' + <—a'a,) Lm E] , (I11.36)
so the radiative cross section is

G; =10 (I11.37)

Mgain there is some ambiguity as to which cross section to
use on the right hand side of Eg. (III.36). Now those

electrons which are not reflected from the surface may still
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contribute to the excitation of a plasma oscillation and
hence to the radiative signal. As an estimate we employ

= 0"++G'_ in evaluating the right hand side of Eq. (II1I.37).
A plot of the radiative cross section is seen to be three
orders of magnitude below the inelastic electron cross
section. However, this is for a case where a is only 50 a,-
From Eg. (III.36) we see that the yield will grow as a
increases in size, ultimately saturating at a value Y=1. The
. saturation regime, however, is outside the realm of the
validity of neglecting retardation effects. The basic
conclusion to be drawn, however, is that the radiative cross
section will grow in magnitude as the size of the sphere is
increased. This trend is illustrated in Fig. III.9 where the
inelastic and radiative cross sections are plotted as a
function sphere size for fixed energy (1000 eV).

In our analysis we have restricted our attention to the
case of the dipolar plasmon (1 =1). Higher multipoles may
be treated along similar lines to those drawn in this paper.

In conclusion we see that the excitation of plasma
oscillations of small spheres by electrons is a feasible
experiment and it is hoped that this work would provide the

stimulus for such a study.
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CHAPTER IV
EFFECT OF SUBSTRATE ON PHOTOCHEMICAL REACTION

(FORMALISM)

IVv.l Introduction

It is believed that the presence of roughness adds
significantly to enhancement of the local electromagnetic
field. In the light of these observations, a theoretical
explanation in terms of resonances, involving macroscopic
structures on a rough surface, had been proposed (1). The
enhancement is found to be due to the excitation of plasmon
resonances in the substrate particles. One would therefore
expect that phenomena, other than SERS, which involve the
interaction between molecules and electromagnetic fields,
should be enhanced. Since the presence of a molecule near a
surface roughness feature is somewhat similar to its
presence on or near a small solid state particle, there has
indeed been a tremendous surge in the study of rough
surfaces and small metallic particles.

Unlike SERS, photochemistry is a resonant phenomenon
and involves a finite accumulation of energy in the molecule
before the desired process can happen. In the case of a
molecule undergoing photochemical reaction, while sitting
near a small structuré, it would require accumulation and
flow of energy within it, for processes like multiphoton
dissociation. On the other hand direct photodissociation

often proceeds very fast. Since enhanced local field implies
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enhanced absorption by the molecule, we can predict enhanced
photochemical reaction, provided damping mechanisms are
negligible.

Nitzan and Brus (2) have recently studied enhanced
photochemistry for molecules near spherical particles. It
should be noted that the resonant nature of the phenomenon
limits, to a great extent, the substrate composition. A
molecule adsorbed to a small sphere of a suitably chosen
material, undergoes enhanced photochemical reaction due to
resonant excitation of dipolar plasmons in the sphere. The
sphere is characterized by a complex dielectric constant
€(wW)= € (w)+i€,(w). s required, the damping is small.
The only damping mechanism considered is due to resistive
effects leading to local heating. The width of this plasmon

resonance is given by

_ 2 €, (w)
Y -[ ET'(O)) ]w=w, . (IV.1)

where (W, is the sphere resonance frequency.

s
We have studied the decay machanisms for a macroscopic
roughness feature (modelled as a spheroidal bump on a flat
surface) in Chapter I1. The presence of an extended
dielectric substrate, the composition of which was
considered to be same as that of the spheroidal bump, opened

up a new channel of energy dissipation, namely the decay of

the bump plasmcn states into delocalized substrate plasmon
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states. For less sharp and large size ( » 200 ao) bumps,

it was found that the surface plasmon decay channel
dominates over the radiative and resistive loss channels.
Hence one can not guarantee enhancement of photochemical
reaction in a more realistic situation where a rough surface
is present.

One therefore would like to study phtochemistry on a
rough surface taking into account this new surface plasmon
decay channel. We consider the molecular energy dissipation
due to its decay into both radiative and nonradiative
channels. The problem is solved self-consistently by
considering the decay of the excited molecule-bump-plane
suface system and we calculate the enhancement ratio for
photochemistry.This is the ratio of the cross section of
photochemical reaction of the molecule adsorbed to a
bump-plane surface system to that of a free molecule.

IV.2 Dipole Moment of the Molecule-Spheroid System

We wish to compute the effective dipole moment of the
molecule-bump-plane system. Our aim is to consider the
dynamics of the molecule in the presence of the local
enhanced field. This local field consists of the incident

-

field Eo

presence of the rough surface, via resonant interaction of

and the induced image field'ﬁ due to the

im

the molecule with the bump-plane system.
The subsequent resonant dissipative coupling between

the molecule-bump discrete modes and extended surface
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plasmon modes associated with the substrate surface, as well
as coupling to radiative modes, give rise to reaction fields
which aught to be taken into account. Hence the local field
experienced by the molecule is composed of the incident
field, the image field and the radiation and surface plasmon
reaction fields. In order to do a consistent calculation we
include the electric dipole moment of the molecule-bump-plane
system in the reaction fields as will be seen in the
following sections. The model considered is shown in
Fig.IV.l. Spheroidal coordinates are used. A molecule
characterized by a dipole moment jI=,£‘,A is located along
the z-axis at a distance d above the spheroid, as indicated,
in vacuum. The incident field Eo is taken to be along the
z-axis. A more general situation, where the spheroidal bump
is characterized by a dielectric function 6(}u) » different
from that of the substrate, 6/(0)) , 1s considered. The
special case of the bump being of the same material as that
of the substrate, can be achieved by setting e'(w): E(w) .
The electrostatic potentials, in the three regions indicated,

are given by

§,=2 Ana(3) i) v

=3 BGa(8)P(-EFS0 4 "“r;(?_’.";f ) (19.3)
N

d
@E[ =Z C,Q.(8)R (M) - E, £z T, av.e
n
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where

/2

2 .2

£ = ( -b ) . ) (1V.5)

= (a+d)Kk ) (IV.6)
- a - a+ , (IV.7)

= % . 5= akd

The last term on the right hand side of Eq. (IV.3) can be

reduced into a convenient form by noting that,

\ _ z (Zn;')Pn(§<)Gn(§>)P“(Q) ’ (IV.8)

F-rl %

where '§>=max('§, g, '§< =min( %, §, ). Hence
8, - Z{Bnan(g)-Eorg S,,,% P (1)
n

s }_A'z 2 (2n+1) P"('l) Pn(§)Qn(§.) ,§ <5,
f n R,,(E)Gn(i),‘S)E,(IV':“)

@m?—Z{CnQn(g)-E,FS gm} P,,(vz) _ (IV.4a)

)

As shown, the boundary separating region II from region III,
has essentially two effective surfaces. One is §<§, , Vl:o
(II-II1I) and the other is § > ¥, »M =0 (I1I-III)'.
Coefficients An' Bn' and Cn are determined by matching
potentials and normal components of the displacement field 5

at the boundaries (I-1I), (II-III), (II-III)', and (I-III).
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Such matching of boundary conditions leads to the following

equations:
T AnPG) Pal) =D [BaGn(5) - B 5.6m] Faln)
’ ¥ %‘2‘2‘5(2n+~)%(€,)Q3(§.)Pﬂ(Q) ,
€ = § , o< Q-< i (IV.9a)
2 €ANP (%) Pln) = Z[Bnan(i) Ef Car] Paln)
1 %223(2”*‘) R/ (5)Qn () (1), T=3, ,0<N<

(IV.9b)

2 AnPa(B)R() =2 [CnBn(3)-EF S50 ] Ri(n)

5% » -1 <n<o (IV.10a)
c Z AnPn’(So) Pn('l) = ; E/[Cn Q;(Eo) ‘Elfsm] Pn('ﬂ ,

3 ’E y - |<:Vl< ()

(IV.10b)
3 [BaQa(3) -Ef T Sn]R(0) +
%;2-2: 2n+()Fl(§)43r.(§.)F%( ) =':§ [<fn(9n(§) =
E,fT %, ] ), <5, , =0 (IV.1la)
[Bnan<3) Eof £ 00] Pn(0) +
J% Z(ZH\-H)P (0) A(E) Qa5
= z[g Co Qn(3) - Eif €75 8,,] P (o),
(IV.11b)

E<E| ,V'l--o
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En_[BnQn(E)-Eongm] P (o) ¢ '%22(2"*')&(0)
P(E)An(E) = 3[Cnan(3)-EF 850 ] o),

8§75 » q=¢ (IV.12a)
2[8 Qn(%)-E figm:] (o) 4 /‘-;-12(2»441)?”’(0)
P/ (5)8n (B) = 2.:[" CaQn(8)-Eof g8 ] Palo) ,
E>F, ) N=0 (IV.12b)

Continuity of the normal component of D between media II and
III reguires that El-Eo/g' , and the validity of

Egs. (IV.l2a-b) suggests that Bn and Cn be related by
/ ni-¢’
B,= - }TA- (20 R(E)+ Ca[ 5+ =7 ] avas

Inspection of Egs. (lla-b) implies that the following

relation be satisfied for g < 5, :

5 (2n4) B[R (E)QA(5) -Pa (8)Qn(3)]-0

(IV.1l4a)

T (2n4) Pn’(°)[ Pn(E)Q;,(E.) - Pn'(§.)Gn(§)] = O,(IV.14b)

Simple manipulations of Egs. (IV.9a-b) give the following

relations between A, and B, :
+n
J“ )P(Eo)-z_B,,[H(- A]e,,(z)x)-,,
‘Z(?nﬂ)[P(s )an (5,) + ) A AP (E,)Q, (3.)] Xjo
- EJE,XJ.[|- _(.'_)_J] , (IV.15)

-132-



and

A)J(s [e e, Aé'é']B Qn (%) Xjn
+ f‘f Z (204) [P (3 (8)+ ) ' Bae P (s, )G (30)]K;,

—Eo‘Fe in[l- ) ] ’

(IV.16)
where
R EX n |-¢€
A,= [ — + () —5 ] , (IV.17)
ana )
Xjn = SAQ PJ(Q) P,.("L) . (1V.18)
0

Dividing Eq. (IV.15) by Eg. (IV.16) we get the following

matrix equation:
% Tjn anj*zn 3J'nbn—'2j Eo (IV.19)

where

Tyn = X)”{ L 6"63(80)% (3.)= Qnl(56) Py (50) ]
’-

G e Qe

[G’e ’Q’ (E )P(§ ) Qn( )R/(E.)]} ) (IV.20)
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Sy = Xin{Gn (S)[ P8R (- €R/(5)7, (5]

0+ 0- €] G

[on(s25 (5 - €€ 17 5.] |

(IV.21)
b,= 224 , (1v.22)

and
Q3=¢§={in‘>i/(§°)["%j]° % é|8J'} : (IV.23)

The eigen vectors of the Matrix eguation (IV.19) constitute
the B, coefficients, and coefficients Al and C, can be
obtained by using Egs. (IV.15) or (IV.16) and (IV.1l3).

In the asymptotic limit the potential Ql[ takes the

form:

i 7 T3 3 /"(?a ° ' (IV.24)

Hence the electric dipole moment of the system is given by

2
D= m4 —B—'-3£ : (IV.25)
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IV.3 Cross Section for Photochemistry

Now consider the molecule undergoing mechanical
oscillations leading to photochemical reaction. In this
mechanical oscillator model, equation for the vibrating

dipole can be written as
. . r 2
MY+ wgpo=oouw b (1V. 26)

where <x° is the static molecular polarizability, w, is
the molecular resonance fregquency, and Y is the molecular
decay rate. In the case of direct photodissociation, for
example, Y would be the rate associated with the
dissociation process. Unlike the model of Nitzan and Brus,
the effect of the substrate on the molecular processes is
taken into account via Eloc' which is the local electric
field in which the molecule finds itself.

The local electric field, Eloc' would have several
components including the incident field Ey. As studied
earlier, the decay of the oscillating system dipole, D, into
both radiative and nonradiative (surface plasmon) modes give
rise to radiation and surface plasmon reaction fields,

denoted by Erad and Es respectively. Image effects,

P
again, give rise to an image field, Eimage' which can be
easily extracted from q%} . Hence the local field at the

location of the molecule can be written as

Eloc = Eo’ - "f Z—‘ B,.,Q:, (s,) , (IV.27)
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where

V4
E =E,+E _+E
° © P rad (1IV.28)

The reaction fields are given by the following relations:

- - Y2 .3
E 4='% Q-BD{H'}- Sc\e in©
rad 3 c) 2 ) €-0[(e*)Cos?e -1]
[(6’2+|)Cm26 + (e'_')]} , (IV.29)
— 3.—1 - ’ 3
Esg = 3"L(%) p L& ) ) (1v.30)

’ S
(1-€') (-e-1)¥2
where W 1is the frequency of the incident light.
Substitution of Eioc in Eg. (IV.26) and assuming a

harmonic oscillator model, leads to the following relation

for _M
[ (w2-whiwy)-cgu;C ] pv

2
’ ~ B
=o(°w°2[E°—lFZB,,Qn(S.)+C -'.;f ] ) (1v.31)
n

where

~
- C +C
C . 2 ! (Iv.32)

3 \ 3
= gmi (¥ (-€)
. 8"L(C) (,ef_yﬁ(l—e’) ’ (1V.33)

X ’ 2 /
20 w 3 l+-3- g/je Sin3g[(€il)&s¥€—t] }
Cq = ’3"(?) 2 ) (e=1) [CE40s 0 =1 ] [ (1y 34
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An inspection of Egs. (IV.19)-(IV.23) tells us that, to

maintain consistency, EO in those equations should be

replaced by Ea. Hence substituting for Bn, we get from

Eg. (IV.31)

[(w-w®)-({wY- A WIC + oy w? W] pm
= dows [E +EJV.9 +C _B_.sz] |
where
VTR
W= (T'8)k
and q, = Qn(s)
3

In this new notation, however, Bn's are given by
W V.

Finally, after some manipulations, }A is given by
”~ 2 "
ot wlE 1t {1+ C U7V ]
woz"wz—l.wy-d-ow: F

~ 2 u .
F=ocC (1+ j%.Vﬁ) (|‘+ Tﬁ;};???zz) - W 1,

M=
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(IV.37)

(Iv.38)
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where
’V‘Fz
U= (\-/' 1-¢ % V') (IV.41)

We can write Eg. (IV.4l) in a more convenient form as:

M =/oE° , (IV.42)
where
/o_o(wz (|+\_/"L)
(|+€_§_’V.)

SO+ S w1+t ™!
[wf-w’-tw\/-dowf{ c Q1+ 3_ ')2( -V_V“‘_'H (1V.43)
(1+¢C f3. V,)

The rate of energy transfer into the molecule is given by

P=-%ImME,

A lEo|?

(IV.44)

where

2 y R Y
We - W -tw 2
/\=—% Im[ : AKX, ]lf’l (IV.45)
o 4]

w2y

2, W

. ‘Pli | (IV.46)

o
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2
Since the incident energy flux is C |E.|//8ﬂ . the corss

section for energy transfer to the molecule is found to be

- T
g = gc— N : (IV.47)

The cross section for photochemical reaction is written as

- Al
O;c - 'l C A ' (IV.48)

where q is the guantum efficiency for photochemistry.

I1V.4 Enhancement of Photochemical Reaction

The enhancement ratio for photochemistry is defined as
the ratio of the cross section for photochemistry when the
molecule is adsorbed on a bump-plane system, to that when
the molecule is free. Hence the enhancement ratio for

photochemistry is given by

- N
Qf(— A ’

(IV.49)

where /\o replaces A in Eg. (IV.48) for the cross

section for photochemistry, G}: , when the molecule is

free, and is given by

2
o~ _2' (IV.50)

(wo?_ w1)2+ w2 YZ
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Substituting Eg. (IV.46) and (IV.50) into Eq. (IV.49) we get

g = [(wrw)'+w?r?]
P (°‘o w°z>2

P15 . sy

It is easy to see that Rpc simply represents the intensity

enhancement factor, since we can write

2
R = E|0<
o T (IV.52)
Written out explicitly, we get
Ree = [ (wi-w? ¥t wty ']
1+V-4 ’
(14 Eﬁ"v,)[(wf—wz- ti) -Olow:'{ E('El'awl"")(“!'i)_w.%}]
’ (+eLv) %
3 (IV.53)

This is the expression for the enhancement ratio for
photochemical reaction of a molecule on a rough surface

modelled as a smooth surface with hemispheroidal protrusions.
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CHAPTER V

CONCLUDING REMARKS

We have dealt with several interesting and anomalous
optical properties associated with rough srfaces and
micro-structures (small particles). It, therefore, poses a
challenge of unravelling the truth behind each of these
phenomena. No doubt, these are complicated problems which
have microscopic origin. Here, in our study of small
particles and rough surfaces, we have tried to understand a
few of their microscopic as well as macroscopic properties
and their origins from a semiclassical point of view,

We have undertaken our study under two main divisions,
namely 'small particles' and ‘rough surfaces'. They are
clearly related to each other. But we have considered them
separately with the hope that a connection between the two
systems can be rigorously established facilitating a general
approach toward both.

In our study of small particles, we have evaluated the
spontaneous electric dipole moments possessed by small
homogeneous, asymmetric structures and inhomogeneous
structures whose symmetry is broken by the presence of a
molecule or an atom near it. The basic conclusion here is
that homogeneous structures have very small dipole moments
except for very large sizes, while inhomogeneous structures

(inhomogeneity being due to the presence of a nearby
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molecule or atom of a material different from that of the
spheroid or due to bimetallic structures) give rise to large
dipole moments. Hence inhomogeneous structures are
potentially better for experimental study, because of their
ability to efficiently couple to external electromagnetic
radiation. It should be noted from Fig. I.4 that the
electric dipole moment of an inhomogeneous system is
dependent on the geometry of the particle considered. With
the atom-spheroid separation less than 20 i one sees that
the dipole moment is larger than it would be for a sphere.
This fact may be helpful in understanding some observations
in SERS-related experiments. For sub-monolayer or monolayer
coverages of adsorbates the signals recieved in a SERS
experiment would probably come from species located at the
tip of a roughness feature. The behavior of the dispersion
energy from Fig. I.5 shows that atoms avoid sharp objects.
This might be helpful in studying the geometry and
structural dependence of adsorption. One, however, has to
incorporate the plane substrate and make more detailed
calculations to generalize for the case of a rough surface.
We have thrown some light on this issue in our study
of surface shape resonances in Chapter II. Figures II.4 and
I1.5 show the magnitude of the dipole moment of a roughness
feature, modelled as a hemi-spheroidal protrusion out of a
plane surface, both consisting of the same dielectric
material. The dipole moment is shown to grow with the size

and shape of the spheroid. Since we had considered here only
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a rough surface without the nearby molecule, a comparison of
the results for the dipole moment with the case of an atom
near a spheroid is impossible. However, there are some
noticeable and qualitative agreements.

The presence of a set of shape resonances whose
frequencies and damping rates are determined solely by.the
geometric and dielectric properties of the system, may very
well become a mechanism for enhanced local electric field
near a rough surface. This may also be helpful in studying
infra-red properties associated with rough surfaces., It
should be kept in mind that a rough surface does not consist
of a single bump, as has been considered. This has been a
preliminary study and we hope to extend it statistically to
a more realistic surface.

Our finding that a set of shape resonances exist for a
rough surface, has been extended to formulate (Chapter 1IV)
the effect of the substrate on photochemical reaction of a
molecule situated near it. As in the case of SERS,
enhancement of photochemical reaction is based on the fact
that there exists an enhanced local electric field in which
the molecule finds itself. Moreover the energy transfer to
the molecule should not decay quickly enough so as to hinder
the process. In the case of a molecule undergoing
photochemical reaction near a rough silver surface, we have
formulated the problem of finding the reaction cross section
and enhancement ratio of photochemistry by taking into

account the existence of the shape resonances. Our goal here
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was to see if photochemical reaction'is enhanced near a
rough surface due to enhanced local field. No definite
conclusions have been drawn from this study due to the
lengthy nature of the computational procedures involved.
However, we hope to arrive at some meaningful results in the
future.

Further we have utilized our knowledge that a small
metal particle, e.g. & silver sphere, possesses a set of
localized plasma oscillation modes which can couple to
external probes, to understand and estimate the cross
section of electron scattering off such a particle.
Electrons lose energy by coupling to the plasmon modes of
the spherical silver particle and hence the scattering is
inelastic. A classical trajectory approximaé}on had been
used. The electron beam which strikes the sphere and bounces
off or just passes by in a ltraight line path serves to
excite the discrete modes of the sphere. This study, as
described in Chapter III is hoped to be useful in

understanding electron energy loss spectroscopy.
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APPENDIX A

DENSITY FUNCTIONAL THEORY

A.l Theory of Hohenberg and Kohn

The density functional formalism, a general theory of
the inhomogeneous electron gas in its ground state, was

(1). The central

introduced by Hohenberg, Kohn, and Sham
guantity in this theory is the electron number density n(t) .
The properties of the system in its ground state are
functionals of the electron density. With the density taken
to be trial function, a variational principle is established
for the energy. Here we give the basic equations involved in
the theory.

Consider a system of electrons in its ground state
(assumed nondegenerate) moving in a static external

potential v(t). Thé’second guantized Hamiltonian operator is

written as

H=T+V+U ) (a.l)

where
2L Y#) v df
T-zngr) vy(r)dr a.2)

Ve g\r(F) VEENE (a.3)
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and

u-g&ww“m,; Y E) A7 de

(a.4)

T, U, and V correspond, respectively, to the electron
kinetic energy, the electron-electron coulomb interaction,
and the interaction between an electron and the external
potential. Here atomic units are used. It can be shown that
v(r) is a unique functional of the electron density. Hence

the Schrodinger wave function is a functional of n(?).
yir) = 3n@®] . (a.5)

The energy functional is written as

-4 4

r-r

byl = KU(?)”(F)C\F+%’ g Yl‘(?)”(r 147 P+ G[n] |, (a6

where G[n] is a universal functional,

IF - ¥

G[ﬂ::(TIT+UPQ>-%SQQ12EJA(J( (a.7)

If we denote the electrostatic potential of the system by

then

gor= vy | DL,
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If the external potential, v(r), is due to a positive charge

distribution of number density n+(?), then

@(F)= g N (#) - N7 g (a.9)
-7 | |
and
v2¢ (?) - qn[ﬂ(?)-n+ (?)] i (a.10)

The vanishing of the first variation of E [n]about the
correct density, subject to the condition that all densities

considered satisfy

&v\(?)ér N .

leads to the variational equation

%{ E,In) - M S n(F)c\?} =0 , (a.12)

where A1 is a Lagrange multiplier and is determined by

Eg.(a.ll), and for correct density

%E\;[ﬂ]
&N

= ¢(’r‘)+ 2GLn] (a.14)

N

(a.l3)

N =
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Eqg. (a.14) is solved for the density distribution, n(?), in
the ground state. The only complication is the explicit form
of G[n] . One therefore makes approximations.

Case I:

For a gas of nearly constant density n(?-)=ﬁ +ﬁ'(?),

where ;\'(F)«ﬁ' » G[n]is expanded as

N, a1 e ! ~3
Gn] = GIA] + | K (177 )N @R (E)Mede + O ),
The linear term is absent because
g n@E)dF =0 : (a.16)

The coefficient K(r) has been shown by Hohenberg and Kohn to
have an oscillatory behavior, which in turn leads to Friedel
type oscillations.
Case II:

For a gas of slowly varying density, when n(?) varies
slowly over distances large compared with ¥ (n) [ "‘3'-' Ys3(") 3 "..Jl

G(n] is expanded in density gradients:
- - - Y-
1= (4 [8.600)+ @) o ] war
Even in cases when such a series does not converge, it

is expected to be useful in an asymptotic sense. The

coefficient 3°[n] is the energy density, exclusive of
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electrostatic terms, of a uniform gas of density n(?)

Sotn-] = [t(n)+ Ex(n)+ ec (n)] n . (a.18)

Here U(n)and €,(n) are, respectively, the average kinetic
and exchange energies per particle of the uniform gas
treated in the Hartree-Fock approximation, and € .(n)is the

average correlation energy per particle. They are given by

2
tin) = 2 (3nh)’ = 1105/ G (n)

(a.19)
\
3 .Ys3
€ (ny=-23(3ny_ _-H .20
X '-I(n) a(n) ) (a.20)
and in the metallic density range
EC(Y\): - _gi‘i_._. (a.21)
Q(n)+7%

The other coefficient 320ﬁ , with the inclusion of the

exchange term is written as

0. 00167

32(“) = 7_'2-n + ———Y—‘V;" ' (a.22)

Further, inclusion of the correlation contribution for §<Kl,

(very high electron density) Sz(n) becomes
0-00167 0-0042Yy

|
(n) ey + . (2.23)
(3 12N nqls nuls
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Using the general theory described above Kohn and Sham
have derived a set of single particle Schrodinger equations
whose self-consistent solution gives the exact ground state
density distribution, and hence the energy for the
interacting inhomogeneous electron gas. For a system of N
electrons moving in an external potential k§(?), but

non-interacting, the Schrodinger equation is written as
vz - -— —
['7 +U;(f)] %(f)‘éiq’c“) . (a.24)

The electron density is given by

N 2
N(#) = Z N’L(ﬂl : (a.25)

(e
Analogous to Eg. (a.l14) one then obtains

5T,[n] _

T—VT— Mo ) (a.26)

U, () +

where T;bﬂ is the kinetic energy of the non-interacting
system.
For an interacting system of electron gas, the

exchange-correlation energy is given by

E,c.ln]= GIn]-TLn] . (a.27)
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Hence Eq.(a.l4), for the interacting case, can be written as

(a.28)

%E)rc["-) gTs[n]
¢( * T en

This has the form of Eg. (a.26) if we take the function

L

4@ + SExLn]

[n r]
a.29
eN‘ &n ( )
to play te role of the single particle potential U;(F) R
Hence N(r) can be obtained from the following Kohn-Sham

eqguation
2 = -
[-év + \fm-[n.r]] (7)) =), o

by the use of Eq. (a.25).
We see that the complexity of the problem lies in our
knowledge of E;c[n] , which Kohn and Sham expand for a

slowly varying density as

@, . 5.
Exc [n) = SC\? [EX((n(?))n(?)"' Ex: (n(r))lvﬂ(f)l ' ](a.3l)

2)

where € = E,‘-o- €C, and 6“ is extracted from

xC
Eqg. (a.23).

The density functional theory has been very successful
in determining the work-function and surface energies of

metallic surfaces.
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A.2 Recent Improvements:

Although the density functional theory looks simple to
apply to physical situations it has certain approximational
difficulties. Kohn and Sham (1) have shown that it is
possible to obtain the exact ground state energy of the
system by solving self-consistently a set of single particle
Schrodinger-like equations (Eq. (a.30)), provided the exact
exchange and correlation energy functional of the density is
known. Essentially the kinetic energy is treated as a
functional of the density of a non-interacting electron gas.
So, besides the difficulty of knowing the exact expression
for E, [n], one of the difficulties of the formalism is the
construction of an appropriate functional representing the
kinetic energy.

A.2.1 Density Gradient Expansion of Kinetic and Exchange

Energies:
Within the Kohn-Sham formalism, the kinetic energy is

dependent on a knowledge of the single-particle
wave-functions QQ(?). In the variational formalism,
however, one obtains directly the density, rather than
single~particle wave functions from which the density is
obtained. Here the results for the density are correct to
second order as is the case for the energy on application of
the variational principle. The kinetic energy, therefore, is
determined by the density gradient expansion, by using

parametrized analytic forms for the density n(r). This
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procedure has been used in the determination of metal
gsurface energies in the jellium approximation. But the
results are found to lie considerably below the
self-consistent values (2) | Ma and sahni (2) have
studied the convergence properties of the kinetic energy
density gradient expansion.

The density gradient expansion for the kinetic energy
contribution to the surface energy of an inhomogeneous

electron gas may be written as
S O @+ (n "))+E(3)(n(F))
ER (n(#) = Ex (n(®) +Eg (N7 R ) (a.32)

where
L\) - 3 gn )ns % dr
o (W )= (311 (r[ #) ] " e
oy 2
m | A\ V@) Ty o
(n@) = 725 G d7 ) (a.34)

w NR) S 3 [ vin(F)\?
(n®) - (3m )"’sqo n*(#) (___n(?‘))
2 -
Ay @\ yn@EY 1 (yn(H\H 7 12 (a.35)
8(”77(—?‘7)( n(?)) 3( n(?)) ]Ar.

) 3 3
Here E:; idensity, where R ( ) Y‘ = \QF/3“2being

the bulk denwcorrection. E" ) \i?_' the second"?)

gradient correction. E( ) is the second density gradient

is the first

correction valid for slowly varying densities. The

paramater Y has the value 1. For a study of these
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corrections, a linear potential model was employed.

V)= Fx®(x) , (a.36)

where F is the field strength and @®(X) is the step
function. It was demonstrated (2) that the convergence of
the gradient expansion E‘GQE is excellent for very slowly
varying density. Hence the inclusion of the second density
gradient term in the series removes practically all error
for very slowly varying density. Thus, unlike Smith ‘3),
whose surface energy values lie considerably below the
self-consistent results of Lang and Kohn (2) due to the
inclusion of only the first gradient correction, we must
also include the second density gradient correction as given
by Eg. (a.35) in all surface energy calculations of metal
surfaces.

It is known that when n(r) varies slowly over space,

i.e. when
| vn(¥#)|
Qan(F) ’ (a.37)
and
| vin@)]
— &1,
2R |y (@)| (a.38)

Y
(where RF = (3n2n) > is the local Fermi momentum) the
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kinetic and the exchange components of the total energy can
be approximated by an asymptotic expansion in the density

gradients (1)

. We have seen that the gradient expansion

for the kinetic energy converges as the density becomes more
slowly varying. The same has been demonstrated to be true
for the exchange energy also (3).

Unlike the Hartree-Fock theory, where the exchange

4 etc, e being

contribution contains terms of order ez, e
the electron charge, the Kohn-Sham orbitals depend only on
the electron density (and not on e) and hence the gradient
expansion of the density functional exchange energy is

purely of order e2. The form of the gradient expansion is
L
Y
E.0n) = - (55) (377) Sdr n3(7)

1 2
- -oo|b7g¢|? lvn@| - . (a.39)
"3 (@)

The first term is the local density approximation for

exchange (LDA). The gradient expansion approximation (GEA)
retains the first two terms. The gradient term seems to
correct all the error of LDA.

A.2.2 Correlation Energy:

Although the first density gradient correction to the
exchange contribution gives reasonable results, it had been
shown by Perdew et al (4) that the first gradient

correction to LDA for exchange and correlation energy is

inappropriate near metallic surfaces, in that it fails to
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improve the energy. It should be noted that although the
gradient expansion provides a systematic method for
calculating corrections to LDA, even the lowest order
coefficient in it had not been known except in the high
density limit.

In the density functional theory, which is exact in
principle, correlation is explicitly included in the total
energy and one-body potential. In practice exchange and
correlation are treated together in the local spin density

(1,5)

(LSD) formalism This LSD exchange-correlation

energy cancels most of the spurious self-interacting Coulomb
energy.

In a study of self interaction correction to the
density functional theory, Perdew and Zunger (6) have
described SIC-LSD(sélf interaction correction-local spin
density) formalism for an inhomogeneous many electron
system. The parametrized electron-gas correlation energy,

€h(n1‘,nt) + they have used are based on Ceperley's (7)
accurate calculations for low and metallic densities.
Ceperley's expression had been matched smoothly to the
correct high density limit. They have shown that other
parametrized correlation energies commonly used in density
functional calculations are in erroriat the high densities

which are important in atoms. Ceperley's parametrized

expression for correlation energy, for Y;2>I is
L

Y;
€ = z ‘ ’ :
¢ (4B +8°%] (a.40)
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where L= U (unpolarized, 5 =0) or p(polarized, g=1 ).

g is defined as

S - n?‘n‘ ‘
n (a.41)
3 _‘
where N=[unr (n)/3] . Por Y, > | and

unpolarized electron-gas the Ceperley parameters have the

following values:

Y = - 0-147]

b = 111581

' (a.42)
P, = 0346

These parameters are obtained by fitting the r; dependence
of the correlation energy and they are in atomic units.

More recently Langreth and Mehl (8) have developed
an expression for the exchange and correlation term, Exc ’

that is based on the RPA.
LDA -3 lvn)
- 7
Exc - ExC + (q-lgx lo )S [2 -q'] ’(8043)

where F= 0-267 anI/n% . The units are such that energy
is in Rydbergs and lengths in Bohrs.

The effect of incorporating these improvements in our
calculation of spontaneous dipole moments of small metallic

particles in Chapter I, has not been conclusively determined
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due to computational difficulties. However, we expect to see
some changes in the nature of our results and hope to carry

the problem to completion in the near future.
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APPENDIX B
METHOD OF DALGARNO AND LEWIS

Often in the evaluation of the correction to energy of a
system, to second order in perturbation theory, we come

across summations of the form

ol W nY<n| W 1>
W, =3 | WinY

' (b.1)
n#o E.- En

where H is the perturbation Hamiltonian and En is the
energy eigenvalue of the unperturbed state |n> . An actual
evaluation of W2 in Eg. (b.l) is difficult if one sets out
to determine the value of the infinite summation involved.
However, a much simpler method owes its existence to

(B'l), and can be used to replace the

Dalgarno and Lewis
evaluation of the infinite summation by the solution of an
inhomogeneous differential equation.

Suppose there exists an operator F such that

LI IEN

= ’ (b.2)
Eo"Eﬂ

for all states |n) other than the ground state. Substitution

of this relation into Eg. (b.l) then gives

W, = <olH’Flo) ~ColH’loy<olF o)

. (b.3)
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Thus, if F can be found, the evaluation of of w2 is
greatly simplified. Usually F is obtained from the solution
of an inhomogeneous differential equation.

To illustrate the application of this method we evaluate
the expectation value of Eg. (I1.98). The left hand side of

Eq. (I1.98) is

I-<4190¢™5 Jagldy |

(b.4)
where
18.>5< ¢,
-3 A><Hwl
n#o EO-E'\ ° (b-S)

Let us write
G‘§|¢{>=|“> . (b.6)

Then Eg. (b.4) becomes

I = <89y’ .Ez.z]lu) . (b.7)

The state [u) satisfies the equation

5 l¢,\><¢£| ‘f‘g) = lud , (b.8)

n#o EO "En
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which can be written as

[E -H]IW = 914>

. (b.9)

For hydrogen atom, the Hamiltonian is

-1t , b.10
H A (b.10)

and Ej=-1/2. Hence |u) satisfies the differential

eguation

[-12+,'2.V2+—";]N?=‘7W.{> . (b.11)

Our knowledge of the hydrogen ground state |d°)= e /ﬁ

and 'f , provides us with a solution of |(u) :
~X
Qe 2
Iw= - & (r.\.r_)cgse ,  (b.12)
AN

where we have used the transformation

_ U
W = —;C‘”e ,  (b.13)

and have expanded v as follows

u—:janr e . (b.14)
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Then substitution of |u}) into Eg. (b.7) and subsequent

integration yields

S
I:—E_B_g_."_
v ez . (b.15)
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APPENDIX C
FREE OSCILLATIONS OF A SPHERE

Free oscillations of a sphere have been studied

(C.1) and others in subsequent years.

extensively by Mie
Mie had treated transverse modes of a sphere classically and
considered absorption of electromagnetic radiation by such a
sphere. Calculations including plasma excitations for a
plane surface has been carried out by Ruppin (C.2).
Recently Penn and Rendell (C.3) have obtained the
absorption by small metallic spheres, including
electron-hole pair excitations.

We have studied the electromagnetics of a spheroidal
bump on plane and calculated various quantities including
the decay rates of the bump to surface plasmons and phonons
and photons etc. (see Chapter II). Our goal here is to bring
out the transparency of the procedure by considering a

gsimple system, namely a sphere of radius a and composed of a

material of dielectric constant € (W) .

C.1 Frequency of Oscillation

The electrostatic potentials inside and outside a sphere

are given by

2
- Cos B
¢m-'Z;ALr aL ) ' (c.l)
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and

00
¢ou-t= Z { Blr(+ C‘ r-b' ] P‘ (cos ®)

QtO ’ (c.2)

where Pl(x) are Legendre functions of first kind. Here
Al' Bl' and C1 are expansion coefficients, determined
by matching appropriate boundary conditions. Limiting

ourselves to dipolar case (l=1) we get

¢°FC0'$9 , r<a
) =
b o® G

rZ

v > Q (c.3)

where ¢L is a constant coefficient. Continuity of the

normal component of the displacement vector, Dr' gives

Re €(w)+ 2=0 . (c.4)

This gives the freguencies of the free oscillations of the
sphere. Hence Eg. (c.4) is the condition for a dipolar
surface plasmon of the sphere. If we don't restrict
ourselves to the dipolar case, the condition for a plasmon

of the sphere is

L4
Re € (w)+ T - Y (c.5)
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The spherical surface plasmon energy is ~ 3.5 eV and this
is below the value for a flat surface where it is 3.68 eV
(i.e. Re € + 1 = 0). Both values are below the bulk plasmon
frequency ﬁ(ﬂan 3.81 eV (where € = 0). The above values
of surface and bulk plasmon energies are gquoted for Ag.

The sphere polarizability, p , is obtained by
considering the forced oscillations of the sphere, and is

given by
_[e-1\ A3
B - (en)a . (c.6)

C.2 Decay Rate of an Oscillation

The frequencies of oscillation of a sphere are obtained
from Eq. (c.4). E(w) is, in general, complex and so also
the frequency W . The real part of W , denoted by W,

. is the surface plasmon resonance frequency, so that

Re €(w,)+2 =0 , (€.7)

and the imaginary part of W , UOL  determines the decay
rate of an oscillation. So expanding the left hand side of

Eq. (c.4) around W), , and assuming Im € &K Re €

v
we get
N ’aReE(wr)}:w-w 4 LIm €(w))
€(w)t2 = W, r 2_Re€(W,) | (c.8)
W,
~ ((L)-UJ() + LM/2 , (c.9)
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where [ is the rate at which the oscillation decays.

Hence

r‘ 2Im € (W)

2 Re €(wy)
W,

n

. (c.10)

C.3 Power Delivered by an Oscillation

Power delivered to the system via the conversion of
electromagnetic energy to mechanical energy of the sphere is

given by the relation

I E12a2
P = 3 'El dr . (c.11)

r<Q
where (¢ 1is the conductivity of the material of the

sphere and E is the electric field inside the sphere.

Substituting for the electric field'g we get

2

2T A3

P= -§a¢l¢°‘ . (c.12)
In terms of the dielectric function, € (U)) ,

g = I‘ui“ Im € (_(.U) . (c.13)

Hence Eg. (c.l2) becomes

3 2
wWa
P= = Im c(w)| ¢ . (c.14)
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The constant ¢° is obtained by noting that the energy

stored in the system is

P uoCl3 |q%‘2.'3 Re € (w,
U:—r;-.-. 6 2 ’bw,e ( ) (c.15)

= 'ﬁw, . (c.16)

Hence

1

2k 2
¢° = l } . (c.17)

39
Q Tw&e(w)

Egs. (c.l4) and (c.l1l7) can be used to calculate the power, P.

C.4 Dipole Moment of the Sphere

A deformable sphere is expected to possess a dipole
moment due to charge rearrangement. Hence an oscillating
sphere possesses a dipole moment, which is obtained by

examining the asymptotic (r -+ o0 ) behavior of the

potential ¢) . The dipole moment, AL , is therefore given
by

Nl

4 o3 12h a3
M = (boo' = W . (c.18)
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C.5 Decay to Photons

The radiative decay rate, r; , of the oscillations of

the sphere is obtained by observing that

_ R
[-". - -;‘— ’ (C.19)
w
where Pr is the power radiated and W 1is the fregquency
of radiation. From classical electrodynamics we know that an

oscillating dipole radiates and the radiated power is given

by

2
P = ] * 0t
4

3C3 . (c.20)

Hence

P ) seee] L n

This is decay rate of the oscillating sphere dipole to
photons. For systems more general, the total decay rate,
r;ot , would include the decay rates to other channels
available. The Q of the resonance is then defined according

to

. (c.22)
et
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