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Abstract

On the Arithmetic and Geometry of Quaternion Algebras: a
spectral correspondence for Maass waveforms

by

Terrence Richard Blackman

Advisor: Professor Stefan Lemurell

Let A be an indefinite rational division quaternion algebra with discriminant d equal

to pq where p and ¢ are primes such that p,q > 2 and let O, be a maximal order in A.

Further, let O, p2rg2s,7,5 > 1 be an order of index p?"¢** in O,, with Eichler invariant

equal to negative one at p and at ¢ . Finally, let (’); 1,022 be the cocompact Fuchsian

group given as the group of units of norm one in O 2s. Using the classical Selberg

Pg,p*"q
trace formula, we show that the positive Laplace eigenvalues, including multiplicities, for

Maaf} forms on O}qu perges coincide with the Laplace spectrum for Maaf3 newforms defined

on the Hecke congruence group I'g(M) where, M, the level of the congruence group, is

equal to p*"t1¢?**1 ie., the discriminant of O, p2rg2:.
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Introduction

0.1 General Remarks

The spectral theory of automorphic Laplacians is traditionally engaged either from the
adelic-representation theoretic point of view or from the classical perspective of the upper
half-plane[49]. If we adopt the classical view, seen through the lens of geometry, it is
natural for us to start with a consideration of the spectral resolution of the Laplacian
on L% (X) where X is a closed compact surface endowed with a Riemannian metric of
constant negative curvature. From an arithmetic perspective, it is natural for us to begin
with the example of the modular group SLy (Z) and its automorphic Laplacian. In this
instance, the corresponding modular surface is non-compact and the spectral resolution
has an absolutely continuous part in addition to the discrete one that characterizes the
compact case. In some circumstances it is possible to relate the spectral resolutions of the
automorphic Laplacians in the compact and non-compact cases. To do so it is required that
the compact surface come from a cocompact arithmetic Fuchsian group and in so doing

we realize a spectral correspondence between spaces of automorphic forms for cocompact
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and non-cocompact Fuchsian groups which preserves Laplace eigenvalues[6].

These correspondences are well-known. They are covered by the Jacquet-Langlands
correspondence[24], which establishes, among other things, that to any nonconstant eigen-
function of the Laplacian on a cocompact Fuchsian group there corresponds a nontrivial
cuspform with the same eigenvalue on some non-cocompact Fuchsian group[19]. This fact
was first discovered, independently, by M. Eichler and A. Selberg in the 1950’s. It was first
proved, using the language of representation theory, by Jacquet and Langlands [24] in 1970

and reproved by Hideo Shimizu[42] in 1972 using the language of adelic trace formulas.

Within the context of Maafl waveforms(square-integrable eigenfunctions of the Laplace-
Beltrami operator on certain Riemann surfaces with constant negative curvature and finite
area) and trace formulas it is desirable to formulate spectral corespondences in classical
language so as to make them more explicit. In 1983, Hejhal[19] illustrated how a part of this
correspondence could be established using completely classical techniques. He showed that
a certain integral transform, ©, mapped Maafl waveforms on a Fuchsian group derived from
a quaternion algebra to Maaf} forms of equal eigenvalue on a related congruence subgroup
T'o(d). This approach to establishing a correspondence between spaces of automorphic
forms for cocompact and non-cocompact Fuchsian groups had its roots in unpublished
work of A. Selberg from the 1950’s[40]. Hejhal’s work in this direction was extended by

Bolte and Johansson in 1996[6] and in 1999 [7]. In [6] they worked out the details of
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a classical construction of the spectral correspondence when the cocompact arithmetic
Fuchsian group is given by a unit group in an order in an arbitrary indefinite rational
quaternion algebra in so doing they showed that Hejhal’s constructions could be extended
to arbitrary orders. They also improved the result concerning the level of the congruence
group by illustrating the natural correspondence between the discriminant of the order
and the level of the congruence group. To be precise, let O be an order in an indefinite
rational quaternion algebra so that its group O! of units of norm one can be considered as
a cocompact Fuchsian group. Bolte and Johansson showed that Maafl waveforms for O,
i.e. eigenfunctions of the automorphic Laplacian associated with O, can be lifted to Maa8
cusp forms for the Hecke congruence group I'g(d), where d is the (reduced) discriminant
of the order O [6] thus establishing that theta-lifts preserve eigenvalues of the hyperbolic
Laplacian. Left unaddressed however, was the question as to whether or not theta-lifts
provided isomorphisms between Laplace eigenspaces in L2(O'\'H) and L?(T(d)\’H). Bolte
and Johansson, in[7], continued to address this question by concentrating on maximal
orders O in indefinite rational division quaternion algebras. By exploiting several versions
of the (classical) Selberg trace formula [39] they showed that the Laplace eigenvalues and
their multiplicities for the cocompact group O' and those for the newforms of level d
coincide. This, however, still did not imply that theta-lifts provide isomorphisms between

Laplace eigenspaces in L?2(O'\H) and L?(T'o(d)\H). Strémbergsson[47], in his doctoral
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thesis, studied this question independently and proved that © was indeed a bijection
between the respective eigenspaces.

It should be emphasized that in the work referenced above, explicit correspondences
are established between cocompact groups, O!, where O! is a unit group in a maximal
order O in an indefinite rational quaternion algebra A4 with reduced discriminant d and
Hecke congruence groups, I'g(d). We note that in this case d is necessarily the product
of an even number of different primes, and that any such number may be realized in this

way.
0.2 Risager’s Problem

We denote by Ar the automorphic Laplacian related to I' and by Np(\) the corresponding

spectral counting function which, we recall, is defined as follows:
Nr(A) = #{\, < A: )\, € dSpec(Ar)},

where dSpec(Ar) denotes the discrete spectrum of Ar. Since O is cocompact Np1()) has

an asymptotic expansion of the form:

~ Vol(O"\H) VA
N 4 )\+O(log)\

Noi (M) ).

For congruence subgroups I'g(d), Np,()(A) has an asymptotic expansion of the form:

Nrya)(A) = W)\ + O(VAlog \).
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Risager notes the difference in the error terms between the cocompact and noncocompact
case and defines a counting function, N{foe(qfi)()\), which counts only the newforms when d

is the product of an even number of different primes. He finds that

Vol(To(d)\H) VA
— A+ O(@)

Nrg(ay(A) = Ca
for some constant 0 < Cy < 1. Le., the asymptotic expansion characteristic of the cocom-
pact case! How was this to be explained? One explains this generally by the Jacquet-
Langlands correspondence[24] and explicitly by existence of an order @ with discriminant
do = d such that there is a correspondence between the A-eigenspace of Ap: and the

A-eigenspace of Ar ). Risager then goes a bit further. He defines counting functions

such as this one to be of cocompact type, i.e., we will say that if NICLOE(’%) (\) is of form

Cyr+ O(lggf’\)\) then N{lj&)()\) is of cocompact type, and asks: Are there values of M

not equal to the product of an even number of different primes for which Nli“ff;w)(/\) is of

cocompact type? In [36] he answers this question and characterises those M’s for which

Nlige(%)()\) is of cocompact type by the theorem below.
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Theorem 0.2.1 (Risager). Let M € N and let n,t € N be the integers defined uniquely by
the requirements that n should be squarefree and M = t>n. Then Nﬁe(%)()\) is of cocompact

type <= n,t satisfies one of the following:
1. n contains at least two primes.

2. n is a prime and 4||M.

Evidently, there are a number cases where Nﬁe‘(‘j\})()\) was of cocompact type and M is
not a product of an even number of different primes. The following question thus naturally
arises: If N{%e(ﬂ) (\) is of cocompact type did this imply the existence of a cocompact group
O! such that Np:1(\) coincides with Niin(A)? Le., were there spectral correspondences
responsible for the remaining cases of Theorem 0.2.1?7 More specifically, he asks: Is there a
spectral correspondence responsible for the fact that Nlif)e(%) (M) was of cocompact type? In
this paper we answer yes for some values of M not covered by the theorems of Johansson|[6],
Strombergsson[47] and Risager[36]. As described above, our focus is on the correspondence
between the eigenfunctions of the Laplace-Beltrami operator A on L? (O'\H) and the
discrete eigenfunctions of L? (I'g(d)\H). Consequently, we will discuss: indefinite rational
division quaternion algebras, orders in quaternion algebras, arithmetic Fuchsian groups,
spectral theory and spectral counting functions, elements of the theory of newforms and

the theory of arithmetical functions and two versions of the Selberg trace formula which
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we will exploit in order to establish our main result. We will also introduce some ideas
concerning quadratic field extensions of Q and Q,,. In the concluding section we establish

the claimed result.



Notations

F a field
M, (F) the matrix algebra over F

A= (O‘F—ﬁ) the (generalized) quaternion algebra over F

A, a quaternion algebra over Q,

dg the discriminant of the quaternion algebra A

T(N) the principal congruence subgroup of level N

To(M) the Hecke congruence group of level M

Nryany (N) spectral counting function for Maafl forms on I'g(M)
NN spectral counting function for Maafl newforms on I'g(M)
O an order in A

O, an order in A,

J(O,) the Jacobson radical of O,

do the discriminant of the order O.

Opq a maximal order in an indefinite rational quaternion algebra with d 4 = pq



NOTATIONS

e(0)p

Opg.p2re2

Opg p2(r—i) g2(s—1)
o1
O;q,pmfﬁ)qz(m)
Noi(N),

NG (A),

Q

Qp

M; (K)

GL2 (K)

the Eichler invariant of O at p

an order of index p?"¢** in O, with e(0), = €(0), = —1

an order of index p?("=¢2(s=9) in 0, with e(0), = e(0), = —1

a cocompact Fuchsian group derived from O C A

a cocompact Fuchsian group derived from Opq’pz(r—i) 2=
spectral counting function for MaaB forms on a cocompact group, O!
spectral counting function for Maal newforms on a cocompact group, O!
the rational field

the p-adic field where p is prime

the set of real numbers

the set of complex numbers

the ring of real quaternions

the Poincaré upper half plane

the boundary of H

the imaginary part of z

the real part of z

a ring

the ring of 2 x 2 matrices over K

the general linear group
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SL» (K)
PSL, (R)

PSL, (Z)

To(d)\H
ONH

L2 (X)

L2 (To(d)\H)
L? (O"\H)

Ar

Spec(Ar)
dSpec (Ar)
cSpec (Ar)
Mr

Mpew
Myl

Mo

10

the special linear group

the group of Mobius transformations with real coefficients
the modular group

closed compact surface with a Riemannian metric of
constant negative curvature
a non-compact Riemannian surface with finite volume

a compact Riemannian surface

the Hilbert space of square integrable functions on X
the Hilbert space of square integrable functions on I'g(d)\H
the Hilbert space of square integrable functions on O*\H
the Laplace-Beltrami operator(hyperbolic Laplacian) on L? (I'\'H)
an integral transform

the spectrum of Ar

the discrete part of the spectrum of Ar

the continuous component of the spectrum of Ar

the space of Maafl forms on a Fuchsian group I"

the space of Maafl newforms on a Fuchsian group I

the space of Maaf} oldforms on a Fuchsian group I'

the space of MaaBl waveforms on O!
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Mry(a) the space of Maafl waveforms on I'g(d)

foxhd the space of MaaB newforms on O!

Fo(d) the space of Maafl newforms on I'y(d)
Mryay(A) the subspace of Mr ) with Laplace eigenvalue A > 0
Mpq7p2(r—i)q2(s—j) the space of Maaf} forms on O!

pq,p2(r=iq2(s=d)

1

Mg p20=0 2= (A) the space of Maaf forms on Op%pz(,.,i)qZ(s,j

,with eigenvalue A

Motd 2(r— i) g2(o—3) (\) the space of Maaf} oldforms on (911)

L with eigenvalue A\
PGP 2(s=3) g

q,p2(r—igq

1

M iy g2o—i (A) the space of MaaB newforms on O 2(s—; With eigenvalue A

pq,p?(r—igq
Tr(v) the trace of v € T
N(v) the norm of y € T
E'(t,1,01) number of primitive conjugacy classes of v € O*

with Tr(y) =¢ and N(y) =1
E'(t,n,T) number of conjugacy classes in I" of

primitive elements v with Tr(vy) =t and N(y) =n

For fundamental domain for O'\'H

Fr fundamental domain for T\'H

A the (hyperbolic) area of Fo:

K the number of parabolic fixed points of a cofinite Fuchsian group I'

KN the number of inequivalent parabolic fixed points of the group I'H(N)
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o

Hon

Iro(m)

&r, (m)

12

the conjugacy class of v € PSLs (R)
the Euler phi-function
the number of prime divisors of d
the number of positive divisors of n
the dimension of Mp(,,)(A)
the dimension of Mpet 1 (A)
the Mobius function
the dimension of the subspace of My, p2rg2s ()
the dimension of the subspace of MZ;};% q25()\)
the identity contribution on the geometric side
of the Selberg trace formula for O*
the elliptic contribution on the geometric side
of the Selberg trace formula for O*
the hyperbolic contribution on the geometric side
of the Selberg trace formula for O*
the identity contribution on the geometric side
of the Selberg trace formula for I'g(m)
the elliptic contribution on the geometric side

of the Selberg trace formula for I'g(m)



NOTATIONS

HFo(m)

Ane
o
new
AFo (p2r+ig2s+1)
new
IFU (p2r+igq2s+1)
(c/’new
Iy (p2r+lg2s+1)

new
HFO (p2rtig2s+1)

new
PFO (p27-+1 q2s+1)

13

the hyperbolic contribution on the geometric side

of the Selberg trace formula for I'g(m)

the parabolic contribution on the geometric side

of the Selberg trace formula for T'g(m)

real quadratic field

an order of conductor f in a real quadratic field Q (\/&)

the proper fundamental unit in Q (\/E)

the term that corresponds to the area of the fundamental domain
in NG N

pa.p27g2s

the term that corresponds to the area of the fundamental domain
i N1 ey )

the identity contribution of the newforms

for the Hecke congruence subgroup I'p(p? +1g?5+1)
the elliptic contribution of the newforms

for the Hecke congruence subgroup Iy(p?"T1g?s+1)

the hyperbolic contribution of the newforms

for the Hecke congruence subgroup Ip(p? +1g?5+1)

the parabolic contribution of the newforms

for the Hecke congruence subgroup Iy(p?"T1g?s+1)
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Inelw

pq,p27‘q23
Egz:l),pz’”q%
Hesw

pq,p27Tq28
E(e[f],T)
E(t [f] ) F)P
E(c[f], )"

E(c[f],To(p* )5

E(x[f],0,

L o new the newform pal"t of E(t [f] ) Ol

the identity contribution of the newforms

1

for the cocompact group Opq,p2rq2s

the elliptic contribution of the newforms

1

for the cocompact group (’)pq,pqus

the hyperbolic contribution of the newforms

1

for the cocompact group Opq_’pgrqzﬁ

the number of optimal embeddings of t[f] into an order O C A
up to conjugation by elements in I"

the localization of E(x[f],T) at p

the newform part of number of E(x[f],T)

the newform part of E(¢[f], T (p2r+1))p

Pg,p*" )P
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Chapter 1

Preliminaries

We recall the basic facts and the motivating ideas.

1.1 The Poincaré upper half plane

Let ‘H be the Poincaré upper half plane. lL.e.,

equipped with the metric

This yields the area measure(the volume form derived from the metric ds?)

and the distance function

H={z¢

ds? =

C :3(z) > 0}

dz? + dy?

y2

1
dp = —dxdy
Yy

d(z,w) = log

|z — 0|+ |z — w]

2 —w| = |z —w|’

15

(1.1)

(1.2)

(1.3)
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This metric is the hyperbolic metric, i.e., it is the metric of constant Gaussian curvature

negative one.

1.2 Geometry in H

The hyperbolic metric is conformal to the Euclidean metric, so angles are computed as in
Euclidean geometry. The geodesics are arcs of generalized circles intersecting 0H = RUco.
orthogonally. The area of a hyperbolic triangle, i.e., a triangle with geodesic sides, with

interior angles «, § and v is equal m — o — § — 7.[22, Gauss-Bonnet Thm., p.13]

1.3 Fuchsian Groups

Let K be a ring. My (K) is the ring of 2 x 2 matrices over K. The general linear
group, GLy (K), is the group of invertible matrices in My (K) and the special linear
group, SLo (K), is the group of elements in GLy (K) with determinant equal to one.
PSL, (R) = SLy (R) / {£Id} is the group of Mdbius transformations with real coefficients.

Le.,

az+b
P = _
SLs (R) {z o

a,b,quR,ad—bc:l}. (1.5)

A Fuchsian group is a discrete subgroup of PSLy (R) [27, p.26][22, p.39]. Such a group
acts properly discontinuously and isometrically on the Poincaré upper half plane H. If T’

is a Fuchsian group then the space of I'-orbits,

M\H = {Tz]z € #}, (1.6)
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can be given the analytical structure of a Riemann surface with marked points. The
Klein-Poincaré uniformization theorem provides that any Riemann surface with constant
negative curvature equal to negative one can be realized as some I'\'H. We visualize the
Riemann surface by means of a fundamental domain F for I'stromberg. We recall that a

closed set F C H is called a fundamental domain for I" if

UnrF) =# (17)

yel

and
2. if F° denotes the interior of F then v1(F°) Ny2(F°) = ¢ if 11 # 72 € T'[44, p.13].

A Fuchsian group T is cofinite if the orbit space I'\H is of finite volume. ILe., T is

cofinite if

vol(T'\H) :/ du (z) < oo. (1.8)

Fr

Here Fr is a suitable fundamental domain for T'\H. If T is cofinite then T" has a finite
number, &, of parabolic fixed points(cusps). Further, k = 0 iff T\H is compact. In this
case we will refer to the Fuchsian group I' as a cocompact group[27, p.84].

Let v = ( CCL Z ) be an element in PSLj (R) different from +Id. We denote its
conjugacy class by

{v} = {T’)/7’71|T € PSL, (R)} ) (1.9)
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Conjugate motions act similarly. Note: the identity motion forms a class of itself. A
geometric invariant of conjugation is the number of fixed points and we have three types

of elements in the group action depending on their fixed points. « is either:

(i) Hyperbolic: |Tr(y)| > 2. These transformations have two distinct fixed points in

OH = R U oo and they are conjugate to z — e'z where [ € R;

(ii) Elliptic: |Tr(y)| < 2. These transformations have one fixed point in H. The other
fixed point is its complex conjugate. These transformations are rotations centered

at the fixed point; or

(iii) Parabolic: |Tr(y)| = 2. These transformations have a unique fixed point which must

lie in 9H = R U oo and they are conjugate to transformations of form z — z + 1.

1.4 Arithmetic Fuchsian Groups

There are two main types of arithmetic Fuchsian groups. These are subgroups of PSL; (Z)
and groups of quaternion type[20]. Groups of quaternion type are cocompact and sub-
groups of PSLs (Z) are non-cocompact but cofinite[27, p.129]. We discuss below some
examples of interest.

1.4.1 The Hecke congruence Group

The most common examples of subgroups of PSLs (Z) are the congruence subgroups.

Let N be any positive integer. We define the principal congruence subgroup of level N,
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F(N)_{<Z Z)ePSLQ(Z)Ki Z)_<(1) ?) modN}. (1.10)

This is a subgroup of finite index in PSLs (Z) . Any subgroup of PSLs (Z) containing some
I'(N) is called a congruence subgroup. We will be concerned with the Hecke congruence

group of level N. Denoted by Ip(N), it is defined as follows:

To(N) = {( @ Z ) € PSLy(Z)

¢c=0 mod N}. (1.11)
Evidently T'(IV) C I)(N). This is a subgroup of index

[To(1) : To(N)] :NH(1+1) < 00 (1.12)
p|N p

in the full modular group PSLy (Z) = Iy(1). Here the product extends over all prime

divisors p of N. The standard fundamental domain for PSLg (Z) = I(1) is the subset
1
fz{zé@‘%(z)>00|%(z)|§2ﬂ|z|21}. (1.13)

Evidently, PSLs Z) is cofinite and it follows that its subgroups of finite index I'y(N) are

also cofinite. The groups Ip(NV) have

- Zéﬁ((va)) >1 (1.14)

m|N

inequivalent parabolic fixed points, where ¢(n) denotes the Euler phi-function[43, Prop.

1.43]. We recall the definition of the Euler phi-function

p(n)=#{deN[1<d<nA(dn)=1}
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1.4.2 A formula for the hyperbolic area of the fundamental do-
main for noncocompact surface I'o(d)\H

Suppose d is a product of an even number of different primes. Then infinity and all rational
numbers are cusps for I'g(d). If w(d) is the number of prime divisors of d, then the number

of T'p(d)-equivalence classes of cusps is 2«(d) - As a set of representatives for these we choose

1
F(d) = { 2 old, v > 0}. (1.15)
v
A suitable fundamental domain Fy for I'g(d) adopted to this choice then extends to R

exactly in the points of F(d). The hyperbolic area A, of F, satisfies[7]

T
Ag= 3 [Te+D. (1.16)
pld
Evidently if d = pg then
™
Apg = 3P+ 1(g+1) (1.17)
and it follows that
T o .

Aprg = 5P (p+1)g" g+ 1), (1.18)

1.4.3 Groups of quaternion type

An example of a group of quaternion type is:

G:{( (a—|—b\/§ c+dv3

e dv3)s a_b\/g>ePSL2(R)

a,b,c,dEZ}. (1.19)

One observes that the group elements are matrices with entries from an algebraic number

field. Evidently, the precise definition of these groups will require some ideas from algebraic
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number theory. We present a sketch of those aspects of the theory which are relevant
for our subsequent discussion. Broadly speaking, these groups are generalizations of the
modular group. They are typically obtained from quaternion algebras over totally real

number fields.

1.4.4 Quaternion Algebras

A quaternion algebra over a field F is a central simple algebra of dimension four over F
[34, p.199, Sec. 5.2][25, p.15]. Tt follows from Wedderburn’s structure theorem on simple
algebras[12] that every quaternion algebra over any field F' is either isomorphic to Ma (F)
or a division algebra with center F[31]. Further, if the characteristic of F # 2, then it is

always possible to find a basis {1,1, j, k} for A over F such that
PP=o,j =B k=1ij =—ji (1.20)
where o and 8 € F* = F — {0} . We will refer to this algebra as
A= (O‘FB) . (1.21)
Evidently ¢ € A is of the form
q=a+bi+cj+dk, (1.22)

where a, b, ¢, d € F[51, p.2] . One notes that in this context Hamilton’s quaternion

algebra, H, is isomorphic to (%) .
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Let q € (O‘P’ﬁ), i.e., ¢ = a+ bi+ ¢j + dk. The conjugate of ¢, denoted by ¢, is equal to

a — bi — c¢j — dk. For each g € (O"’B> we define the (reduced) norm map

F
fa,B
N.(F >—>F

N(q) = gq = a* — ab® — Bc? + apd?

and the (reduced) trace map

Tr(q) = G+ q = 2a.

We note that every element ¢ € A satisfies the quadratic equation

¢* — Tr(q)q + N(q) = 0.

(1.23)

(1.24)

(1.25)

We now specialize to quaternion algebras over the rational field QQ, or over one of the

completions, @, or R. Let A be a quaternion algebra over Q and let p be a prime. We

define

.Ap = .A®@ Qp.

(1.26)

Either A, = M (Q,) or A, is a division algebra over Q,. In this case we will say that

A, = H, and that A is ramified at p. When A, = M (Q,) we will say that A is unramified
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or split at p. If A is ramified at infinity it is called a definite rational quaternion algebra.

Le., if A is definite it means that
A = AQgR>H (1.27)

and if A is split at infinity it is called an indefinite rational quaternion algebra. Le., if A
is indefinite then

Ase = A®gR = M, (R). (1.28)

Let d 4 be the product of all primes p that ramify A. Evidently, d 4 is square-free. d 4 is the
(reduced) discriminant of A[51, p.58]. When A is indefinite d 4 is the product of an even
number of different primes[51, p. 74, Thm. 3.1]. For each square free number d € Z*, up
to isomorphism, there is exactly one quaternion algebra A over Q with d4 = d. Le., d4
determines the isomorphism class of A over Q. We note also that d4 > 1 iff A is a division
algebra.

1.4.5 Orders in Quaternion Algebras

An element g € A is integral if the N (¢) and Tr (¢) € Z. An order O C A is a Z-algebra
of elements of integral reduced trace and reduced norm such that O ®z Q = A[46, pg.
2]. Observe that as an example of an order we always have O = Z & Zi ® Zj ® Zk. Let

e1, e, e3, €4 be any Z-basis of O and let

do = +/|det [Tr (e;e;)]]. (1.29)
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dp is the (reduced) discriminant of the order O. It is always an integer, it is independent
of the choices of ey, eq, €3, e4, it is divisible by d 4 and do = d 4 iff O is a maximal order in
A. We recall that a maximal order is one that cannot be properly contained in any other
order. Let O; be a any order in A with discriminant dp, and let Oy denote an order of

index n in O then the discriminant of O,, i.e.,

d(92 = dol . [01 : OQ] = d@ln. (130)

1.4.6 Eichler orders

Let A be a quaternion algebra over Q with discriminant d and let N € Z*. Now let O C A
be given as the intersection of two maximal orders so that its index in either of them is N.

Such an order is called an Eichler order of level N. If we are given an Eichler order and a

7, 7

prime p, then O, = O ®z Z, is maximal if p divides d otherwise O, = ( N7, Zp > .
p S

1.4.7 The Eichler invariant of O at p

Let A be a quaternion algebra over Q and let O be an order in A. Eichler, in [13],
introduced a local invariant of O called the Eichler invariant of O at p. We denote this
invariant by e(O), and we define it as follows: Let p be prime and let Q, be the p-adic
field with ring of integers Z,. Further, let O, be an order in A,, a quaternion algebra over
Qp, let Z/pZ the residue class field of Q, and let J(O,) be the Jacobson radical of O,. If

Op 2 My (Z,), then the Eichler invariant e(O),, is defined as follows:
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1, if 0,/J(0,) X Z/pZ® L/pL
e(0)p= 0, if Op/J(O,) =Z/pZ :
-1, if 0,/J(0O,) is a quadratic field extension of Z/pZ

Eichler also illustrated how to compute e(Q),. For a€A, we define the discriminant of

a, A(a)=Tr(a)? —4N(a) and then determine Eichler invariant of O at p, e(O),, by using

the following result:

1. If ¢(0), =0, then (ATO‘)):O Yo €O

2. If ¢(0),=1, then (M)¢-1 VaeO, andJac O3 (A<a>) —1

p

3. If e(0),=-1, then (A(a));«él Yo € O,and 3a € O 3 (A(a)) = —1, where (A;a)) is

p p

the Legendre symbol.

It follows from the above that

1. IfdacO> (Ag‘)) =1, then e(0),=1

2. Ifdac0> (Agf“)) = —1, then e(0),=-1

Orders in (%2—6) with Eichler invariant —1 only occur in the maximal order with index
P
p?" and orders with Eichler invariant 1 only occur in My (Q,).

1.4.8 An arithmetic Fuchsian group of quaternion type

Let O be any order in an indefinite rational division quaternion algebra A. We define

O'={acO:N(a)=1} (1.31)
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where N(«) is the norm from A to Q. From the isomorphism A ®g R = My (R), it
follows that O! is (isomorphic to ) a cocompact Fuchsian group[34, p.209, Thm 5.2.13].
A Fuchsian group I' that is a subgroup of finite index in some O! is called a Fuchsian
group derived from the quaternion algebra A. The phrases quaternion group or groups
of quaternion type are also used to describe the group I'. A Fuchsian group I' that is
commensurable with some O! is called an arithmetic Fuchsian group[27, p.120][5, p.943].

1.4.9 A formula for the hyperbolic area of the fundamental do-
main of our compact surface O'\'H

We can fix a suitable fundamental domain Fp1 C H for our compact surface O'\H. Denote

by Aer the (hyperbolic) area of Fp:i. If O is a maximal order, then

Aot = g M- (1.32)

pldo

[26, p.184]. We note here also that if 'y C I'y are two Fuchsian groups such that 'y is of
finite index in I's then,

Ar, = Ar, - 2 : 4] (1.33)

Let O, denote a maximal order with discriminant equal to pg then

“-1)(g-1), (1.34)

Aoy, =3

where A@}Jq is the hyperbolic area of the fundamental domain .7-"(9117(1 for Ozl)q' Moreover, if

Opgprgze © Opg 3 [Opq : Opgergze] = p?'¢? and e (Opq,pz”‘qzs)p =€ (Opq,p”qzs)q =-L
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then
Ao =20 (p— 1)g* (g - 1). (1.35)
pq,p2Tq2s 3
where A1 is the hyperbolic area of the fundamental domain Fp: forOr . ..
pa,p2T q28 pa,p2T q28 rq,p<q

1.4.10 The fundamental correspondence

Let O! be an arithmetic Fuchsian group derived from an order O C A with discriminant
do. We will associate to each cocompact group O! the Hecke congruence group I'o(do).
It is this link between the discriminant of the order and the level of the congruence group
which provides us with the natural setting in which to examine the correspondence between

the spaces of Maa8 forms on O! and spaces of Maa8 forms on Iy (dp).

1.5 Spectral Theory

1.5.1 Maaf} waveforms

The spectral theory of hyperbolic surfaces has its origins in the efforts by Atle Selberg to
use the techniques of harmonic analysis in the study of automorphic forms[21]. It’s devel-
opment was influenced, in part, by the work of Hans Maa$[32] who studied nonanalytic
automorphic functions. We outline below the elements of the theory that are necessary
for our purposes. A comprehensive reference for what follows is [22].

Let A be an indefinite rational quaternion algebra and O be any order in A such

that do = d. Let O'\'H and T'o(d)\H be the Riemann surfaces related to O! and T'g(d)
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respectively and let L? (O'\H) and L? (I'y(d)\*) be the corresponding Hilbert spaces of

square integrable functions on O'\H and I'o(d)\H respectively. Further, let

o? 02
Ap = —y? <5$2 + 8y2> (1.36)

be the Laplace-Beltrami operator (hyperbolic Laplacian) on the respective Hilbert spaces.

If f € L?(T'\H) is a function such that:

(i) f(yz) = f(z) for all v € T'. Le., f satisfies the automorphy condition relative to the

cofinite discrete group I.
(ii) f vanishes at the cusps of T', and
(iii) Apf = Af for some A > 0.

Then f is an eigenfunction of Ar. More precisely f is a real analytic eigenfunction of
the hyperbolic Laplacian, i.e., f is a Maafl waveform and A is an eigenvalue of Ar. It
should be noted that solutions to the equation Arf = Af on hyperbolic surfaces have
deep connections to physics. They are used to describe mathematical models of quantum
chaos[4] and also play a role in the study of cosmology[44].

1.5.2 The spectrum of Ar

This set of eigenvalues is called the spectrum of Ap. We will denote it by Spec (Ar).

The spectrum of Ar decomposes into discrete and continuous parts. We denote these
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components by dSpec (Ar) and cSpec (Ar) respectively . lLe.,
Spec (Ar) = dSpec (Ar) U eSpec (Ar) . (1.37)

If T is a cocompact subgroup of PSLy (R), say O, then the Laplace operator A
of O"\H acting on the Hilbert space L? ((’)1\7-[) has only the discrete spectrum, i.e.,
cSpec (Ap1) is empty and dSpec(Apr) consists of 0 and a discrete subset of the non-
negative real numbers. Le., the spectrum of the hyperbolic Laplacian Ap: on L2 ((’)1\7{)

is discrete, and is comprised of the eigenvalues
O=X <M <A< ), — 0.

Each of the eigenvalues is known to occur with finite multiplicity. It is also known that
dSpec (A1) has infinitely many eigenvalues and that its counting function satisfies Weyl’s
asymptotic law.

If T is a non-cocompact but cofinite subgroup of PSLy (R), say I'g(d), then the spectral
resolution of the Laplace operator A4 acting on L? (Io(d)\#) has both a continuous
spectrum [i oo) and a discrete spectrum contained in [0, 00)[40]. In a manner similar to

that of the compact case the discrete eigenvalues satisfy
O=po < p1 Spa < .o iy —> 0.

The spectral correspondence that we focus on is the correspondence between dSpec (Arﬂ(d))

and dSpec (Ap1). Le, the correspondence between the A-eigenspace of Ap1, and the u-
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eigenspace of Ar 4 or between the eigenfunctions of the Laplace-Beltrami operator A on

L? (O'\H) and the discrete eigenfunctions of L? (I'g(d)\H).

1.5.3 Spectral counting functions

To make explicit this correspondence we first define the spectral counting function Np(A):

Nr(A) = #{\, < A: )\, € dSpec(Ar)}. (1.38)
1.5.4 Cocompact case

Since O! has no cusps then Ap: has infinitely many eigenfunctions and N1 (M) has an

asymptotic expansion of the form:

_ Vol(O"\H) VA
N 47 AT O(log A

Not (M) ). (1.39)

1.5.5 Non-cocompact case

For congruence subgroups Selberg[41] showed that Np, 4 () has an asymptotic expansion
of the form:

Vol(Lo(d)\H)

= A+ O(VAlog \). (1.40)

Nryay(A) =

We note here the difference in the error terms between the cocompact and noncocom-

pact case.
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1.6 Newforms and Oldforms

1.6.1 Newforms on Hecke congruence groups

The theory of newforms was originally developed by Atkin and Lehner for holomorphic
forms[2]. This theory has been translated into a similar theory for Maa$ forms by various
people and details may be found in Strombergsson[46] and also in Stromberg[44, p.28].
We need one result from this theory and as such we present below only what is necessary
in order for this result to make sense. What follows is essentially a restatement of the
discussion in [6] which leads to the desired result.

Let a,m,d € N such that m < d and am|d. Further, let T'o(m) and I'g(d) be the
Hecke congruence groups of level m and d respectively. Denote by Mr4) the space of
MaaB forms on I'g(d) and by Mrp () the space of Maafl forms on T'g(m). Evidently, if
m|d then T'g(d) C T'g(m) which implies that Mrp () C Mp, ). Moreover, if f(z) is a
MaaB form on I'g(m) then f(az) is a MaaB form on I'g(d) for all a|4. Such functions
are called oldforms on I'g(d) and it is natural to avoid such functions in a search for
Maass forms on the subgroup, for they naturally belong on the larger group. The Maass
forms which naturally live on I'g(d) are called newforms. Alternatively, if a group T' has
Maass waveforms, then these descend to all subgroups of I'. As a Maass waveform on the
subgroup we will call it an oldform. The linear span of all forms f(az) € Mp, ) that

derive from all possible a,m is called the oldspace ./\/ll‘ilod( ) Its orthogonal complement
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within Mr4) is the newspace M??&’i), so that Mrp,q) = M%l()‘i(d) <) M?SE‘&) and functions

in /\/l?gz”d) are called newforms. It is trivial to check that all f(az) corresponding to a

new

Fo(m)? then there are

fixed f(z) € Mp,(m) have the same Laplace eigenvalue. If f(z) €
7(L) forms f(az) in Mr,(4) corresponding to f(z), where 7(n) is the number of positive
divisors of n.

Let 6(m,\) = dim(Mrpy(m)(N)), i.e., the dimension of the subspace of Mr () with

Laplace eigenvalue A > 0, and let 6'(m, A) = dim(Mgpe( (A)) be the dimension of the

corresponding subspace ?sz"m)(/\). Since Mp () = ./\/lﬁlod( ) & M), these satisfy
5(d,N) = 7(L) 8" (m, \).
m|d
Inverting this formula, one gets [2, (6.7)]
§'(d,N) =) B(£)8(m, ), (1.41)
m|d

where

Bln) =Y n(k)p(}), (1.42)

k|n
where p(n) is the Mobius function. ILe.,
1 ifn=1
p(n) =4 (1% ifn=pi---py (1.43)
0 otherwise.

It follows that if n is a product of r distinct primes, then

Bn) = (=2)" (1.44)
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and in particular, (1) = 1, B(p) = —2, B(p*) = 1, and B(P*) =0,k > 2.

1.6.2 Newforms on Cocompact Groups Derived from Quaternion
Algebras

In the proof of our main theorem we will show that the linear combination, described above,

of Ty(m)-trace formulas has the property of canceling all cuspidal terms, and making the

area term, the elliptic terms and the hyperbolic terms agree with the corresponding terms

for a special linear combination of O;q—trace formulas. We provide a similar language for

this linear combination of Ozl)q—trace formulas by defining, below, a notion of newforms on

1

the cocompact group Opq7p2,«q2.g.

Let A be an indefinite rational division quaternion algebra with discriminant d = pq

where p and ¢ are primes such that p,q > 2. Let O, be a maximal order in .A. Now, let

r,s € Nand let O, p2rg2s,7,5 > 1 be an order of index p?"¢** in Opq with Eichler invariant

equal to negative one at p and at gq.

Now, let O, 2(-—i) 42— be an order of index p2(r=1)g2(s=3) in Opq, where i € {0,1}

pq,p

and j € {0,1} and (’);q p2(r—i) g2(s—1) the respective cocompact Fuchsian groups given as the

group of units of norm one in Opq7p2(r7i)q2(sfj).

Denote by M,,, ,2(-—i) 42—, the spaces of Maaf forms on the respective groups. The

subspace M, 2-i) g2:—5) (A), of Maaf8 forms with eigenvalue A, can be decomposed into
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two subspaces

MO old

pq,p

where the space M2/
Pa,p

A coming from all overgroups O*

1 new
is defined to be Mp%p

e O

Pq,p3"q

O ypergze € Op,

pq,p=q

O 2. COL

pg,p=q Pq,p3"q

e 0! 2r 25CO

Pg,p3Tq p2r—2

q

pq.p

01

Pg,p3Tq

pa,p2(r—i) g2(s—i) -

34

2(r—1) g2(s—4) N e M;;zZ(Tfi)q2(sfj) (\)

2(r—i) g2(o— (A) is the linear span of all forms with the same eigenvalue

The orthogonal complement ofMpq 20— 2(s—3) N

2r—i) g2(s—) (M\). Evidently,

1
2s C Opq :> Mpq C MP(LPZTQZS

p2r—2¢2s = Mpq p2r—242s C Mpq p2rg2s

2s—2 = Mpqypzrqzsfz C Mpq,p27‘q25

2s—2 = Mpqp27‘ 2g2s—2 C Mpq p2rg2s

ol 2r—242s - Ol = M q C Mpq7p2'r72q25

1
2s—2 C Opq = Mpq C Mpq’pzrqzsfz

o O! 2r2252CO :>MquMpqp2r 24252

pq,p

Let 6(p®"¢?*, ) be the dimension of the subspace of M, ,2rs2: (A) and let 8’ (p*"¢**, )

be the dimension of the corresponding subspace of M™%, , ()). These satisfy

5 (p2rq2s

pg,p=q

)0(k2, N) (1.45)

P'q’
A) = Z N(T

k|pTq®
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where p(n) is the Mébius function. ILe.,

1 ifn=1
pn) =4 (=1)F ifn=p---pg
0 otherwise.

1.7 The Selberg Trace Formula

In this section we introduce the Selberg trace formula. It establishes a quantitative con-
nection between the spectrum and the geometry of the Riemann surface I'\H. See [22],
[18] and [19] for a comprehensive classical introduction to the trace formula. It is a general

identity connecting geometrical and spectral terms, i.e., an identity of form:
Z spectral terms = Z geometric terms. (1.46)

The spectral terms come from the discrete and continuous spectra of the automorphic
hyperbolic Laplacian Ar for a cofinite Fuchsian group I' and the geometrical terms are
integral operators depending on the conjugacy classes of I'. One can calculate these inte-
grals explicitly and achieve the final form of the Selberg trace formula. We will need two
versions of it; For cocompact groups O! and for Hecke congruence groups I'g(m). The
trace formula for both types of Fuchsian groups under consideration are well-known. The
result for O! can be found in [18, ch.V,Thm.8.1] and for I'g(m) in [17]. We recall the

known results: In what follows i : C — C always denotes a function satisfying,
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2. h(r) is holomorphic in the strip |3(r)| < 3 + ¢, for some £ > 0
3. [h(r)] < C (1 +R(r))~279 for some C >0 and § > 0.

The Fourier transform of A will then be written as

. 1 [t .
h(u) = ﬂ/ h(r)e™"™ dr .

1.7.1 The Selberg Trace Formula for cocompact groups O!

Since the unit group O! is a cocompact Fuchsian group, the Selberg trace formula reads

as follows:

Proposition 1.7.1. Let A\, = rk—|—4 run through all eigenvalues of the hyperbolic Laplacian

on L*(O"\H), counted with multiplicities. Then

Z h(rg) Aol / h(r)r tanh(7r) dr

o0

E'(t1,00) "~ 1 e e~
7 ) h - d
+ Z Z sm( kﬂ;) [ (T) 1+ 277 r (147)

2m
te{0,1} t k=1 o0

> h(2k: arccosh(%))

oo
E'(t,1,0! sh(L
+; (t,1,07) arccos (z)kz:lsmh (karccosh(1))

Proof. This is [7, Proposition 4.1]. The sums over representatives of the primitive elliptic
and hyperbolic conjugacy classes of elements in O! are rewritten as sums over the traces
t € Ny of the representatives. The number of primitive conjugacy classes with trace ¢ is
E'(t,1,0%). In the elliptic case, where t € {0,1},m; denotes the order of the primitive

element with trace t¢. O
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We recall that an element v € ', T a Fuchsian group, is called primitive in T, if there

is no element « € T" such that v = o”, with r > 2 and note that if v # 1 is hyperbolic

then v = ¥ for some primitive 4o with k& > 1. We define E’(t,n,T) to be the number of

conjugacy classes in I' of primitive elements with trace ¢ and norm equal to n.

We will view equation 1.47 as having form

d h(rk)=T+E+H

k=0
where
Lo = ﬁil /J:O h(r)r tanh(zwr) dr
will denote the identity contribution,
E'(t,1,0) " 1 o0 e
for :te%:l} (th ! ; (L) /_OO h(r)m dr

the elliptic contribution and

>, h(2karccosh(%))

H E'(t,1,0") arccosh(%)
o ; (3 22151 h (k arccosh(%))

(1.48)

(1.49)

(1.50)

(1.51)

the hyperbolic contribution. We recall that in the case of cocompact groups there is no

continuous spectrum and no parabolic element.

1.7.2 The Selberg Trace Formula For Hecke congruence groups

Po(m)

The trace formula for T'g(m) is well-known. We recall [17, Thm.9.9] together with [17,

(10.2),(10.4)] and use the same notation as in Proposition 1.7.1:
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Proposition 1.7.2. Let u = rz—&—i run through all eigenvalues of the hyperbolic Laplacian

on L*(To(m)\H), counted with multiplicities. Then

0o +oo
Z h(rg) :i—:/ h(r) r tanh(7r) dr
k=0

— o0
my—1 _ 2knr
t,l,Fo m)) '« 1 oo e me
+ Z Z km / h(?") —27r dr
te{0,1} k=1 Sln(mt) - 1+e

< B (Qk arccosh(i))
E'(t,1,T h(% 2
=+ Z ( y Ly O(m)) arccos (2) Z sinh (k‘ arccosh )

i (3))
m{}, L[ I’ T’
gu(m log(Z) — — — (147
+ {h(O) og(%) o /_Do h(r) {F( +ir) + F( +zr)} dr
= An) - logp
—|—22%h(210gn)— Y — h(2klogp)}
n=1 plm k=0
p prime
Proof. This is [7, Proposition 4.3]. O

As above, we will view this equation as having form

S hrg) =I+E+H+P (1.52)
k=0
where
A too
Tro(m) = 4—:/_ h(r)r tanh(7r) dr (1.53)

will denote the identity contribution,

E'(t,1 FO - +o0 oz

te{0,1} =1 >

the elliptic contribution,

> 2. h(2karccosh(}))
Hro(m (t,1,To( h($) 2 1.55
To(m) = Zg o(m)) arccosh(; ;smh (k arccosh(%)) (1.55)
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the hyperbolic contribution and

Py =2w<m>{i}(0) log(%) - 1/+°O h(r) ﬁ(; vir) + %(1 —i—ir)] dr

27 J_
= A(n) ; = logp (1.56)
+ 2; — h(2logn) — gﬂ; kZ:O o h(2klogp)

p prime

the parabolic contribution|[35, p.8§].

1.8 Real Quadratic Fields

It is known that conjugacy classes of hyperbolic elements of SLg (Z) are represented by
units €4 in orders t[f] in real quadratic fields Q (\/&), with multiplicity hgq= the narrow
class numbers of the order [48, pg 276] and in particular, the hyperbolic sums in the trace
formula for O})q and To(p*T1¢?**1) can be enumerated in terms of class numbers and
fundamental units of quadratic field extensions of Q [46]. In [37] there is a description of
this problem in the language of quadratic forms which goes all the way back to Gauss. We
recall for the convenience of the reader some ideas associated with real quadratic fields
which will prove crucial to establishing the main theorem. Our exposition is based on [46,

Section 3.

The non isomorphic quadratic extensions of Q are given by
Q (\/&) =z +yVd (1.57)

where z and y are in Q and d runs through all of the fundamental discriminants. I.e., the

non zero integers d such that
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1. d =1 mod 4, d is square free, and d # 1 or

2. d=0 mod 4, % # 0 mod 4 and % is square free. Observe that this is equivalent to

d= 8,12 mod 16, and % is square free
The norm and the trace of Q (\/E) over Q are given by
N (x + y\/g) =22 — dy? (1.58)
and
Tr (x n y\/ﬁ) =2 (1.59)
for z,y € Q.
Let’s now recall that for an element o € A,
P(X)=X? - Tr(a)X + N(a), (1.60)

is called the principal polynomial of a. Evidently, P(a) = 0 and if a ¢ Q then P(«)
is the minimal polynomial of a over Q. If P(X) is irreducible over Q, then Q () is a
quadratic extension of QQ and the restriction of the trace and norm maps of the algebra
to the quadratic extension Q () coincides with the trace and norm of the field Q () over
Q[34, pg 200].

P(X) is irreducible over Q if and only if v/#2 — 4n ¢ Q. When this happens, there are

unique numbers [ and d such that

t?2 — 4n = 1%d,
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where [ € Z* and d is a fundamental discriminant. It follows that the splitting field of

P(X)is
Q(Vez—1n) = (Vd) (1.61)
and that the zeros of P(X) are
1 = % + @ (1.62)
and
oy = % - g (1.63)

To reiterate: given a quaternion algebra A over Q, we can naturally associate to a set

of elements in A of fixed trace ¢t and fixed norm n, a polynomial,
P(X)=X?—tX +n, (1.64)
and a quadratic extension, Q (\/&) , which arises as the splitting field of this polynomial.

1.8.1 Orders in Q (\/E)

Given any d in the set of fundamental discriminants, we define for each f € ZT,
t[f] =Z+ fuwZ, (1.65)

where

(1.66)
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t[f] is called an order of conductor f in Q (\/Zi) . v[1], v[2], v[3], ..., are all distinct
orders in Q (\/&) In particular, v [1] is the unique maximal order in Q (\/&) We note

that
1. folfi <= t[f1] Ct[fa].
2. The roots of P(X), i.e., z1 and x satisfy
Z+Zxy =T+ Lo =[l],

for P(X), d, and [ as above.

Fundamental units in t

For any order v € Q (\/&)7 we define
t'={act:N(a)=1}. (1.67)

Evidently, ¢! is a group under multiplication. We refer to t!' as the group of units in v. If d
is negative then t! is of finite cardinality[34, Remark 6.7.1, pg 259]. We will only consider
values of d > 0. If d is positive then t] f]l is an infinite cyclic group of finite index in
t[1]". The generator of the infinite cyclic group is called the fundamental unit of the real

quadratic field[48]. We define the proper fundamental unit, €4, in Q (\/a) by

_atyVd

5 (1.68)
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where (x,y) is the positive integer solution to 22 — dy? = 4 for which y is minimal. See
[37, Section 1] for a related discussion in the language of quadratic forms. This ¢4 always

exists. It is a member of ¢[1]" and the groups t[f]" are given by
e[f]' = {i(e;‘)k|kez}, (1.69)

where
A= [tml ;t[f]l] . (1.70)

See[11, Ch. V1, Secs. 4 and 5].

Finally, we also recall here some general definitions. Let A be any finite dimensional

algebra over Q. For each place v of Q, i.e., for v = p, p- a prime, and v = 0o, we define

A, is an algebra over QQ, and the dimension of A, over Q, is the same as the dimension of
A over Q. For each v = p we define an order in A, as follows: A subset O, C A, is called

an order in A, if the following three conditions are satisfied:
1. O, is a finitely generated Z,-module.
2. O, contains a basis for A, over Z,

3. O, is a subring of Ay, and 14, € O,
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If O is an order in A, taking the closure of O in A, results in the order O, = O ®z Z,, in

Ap[34, Lemma 5.11].



Chapter 2

A spectral Correspondence

We now establish the claimed spectral correspondence between Maafl forms on a cocom-
pact Fuchsian group derived from an indefinite rational division quaternion algebra and
Maafl newforms on a related non-cocompact but cofinite Hecke congruence group. Strictly
speaking, we establish a correspondence between newforms on the cocompact group and

newforms on the related Hecke congruence group.
2.1 Risager’s Problem Revisited

For the convenience of the reader we begin by recalling the key elements of the narrative
outlined in the introduction. Let d be a product of an even number of different primes
and let Ty(d) be the Hecke congruence group of level d. The spectral counting function,

Nry(ay(A), has an asymptotic expansion of form

_ Vol(Ty(d)\H)

A4 O(VAlog \)
47

Nty (a)(A)

45
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while the spectral counting function, Nﬁe&’) (M), which counts only the new forms on I'y(d),

has an expansion of form

Vol (Ty(d)\H) VA
3177 At O(log A

Nrji(A) = Ca -

This is precisely the form of the expansion characteristic of the cocompact group O!! We

recall that

Nei () = W)\ + O(b\g).

We will set Vol(O'\H) = Ap: and Vol(Io(d)\H) = Ay and A7*Y = CyAy. Spectral
counting functions for newforms on Iy(d) which have asymptotic expansions of form

new _ Agew \/X
NF"(d)()\)  Arx At O(log)\

)

are defined to be of cocompact type. Le., if

new \/X
To(r)(A) = CuA + O(@)

for some constant C); then Nﬁe(%)()\) is of cocompact type. Risager asks, are there values
of M not equal to the product of an even number of different primes for which Nﬁeﬁw) (N
is of cocompact type? In Theorem 0.2.1 he answers this question in the affirmative and
characterises those M’s for which Nliff(“]’w) (\) is of cocompact type as follows: Suppose M,
n and t € N are integers defined uniquely by the requirement that n should be squarefree
and M = nt? then Nlﬁge(lj\’/l)()\) is of cocompact type iff n,t satisfies one of the following

conditions: either n contains at least two primes or n is a prime and 4||M.
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Evidently, there are a number of cases where Ef(’&) (\) is of cocompact type and M is

not a product of an even number of different primes. Now, let’s suppose that NICZE(%) (\) is of
cocompact type. Does this imply the existence of a group O such that Np1()\) coincides
with Nﬁ‘”‘(%)()\)? Le., are there spectral correspondences responsible for the remaining
cases of Theorem 0.2.17 We answer yes for some values of M not covered by the theorems
of Bolte and Johansson [6], Strombergsson [47] and Risager [36]. In particular we show
that if Opq C A is a maximal order in an indefinite rational division quaternion algebra

with discriminant d = pq where p and ¢ are primes such that p,q > 2 and O, p2rg2s

is an order of index p?"¢**, r,s > 1, in O,, with Eichler invariant at p and at ¢ equal

to negative one then the main term, i.e., the term that corresponds to the area of the

fundamental domain, of gz:pzrqzs (M) coincides with the main term of NICZ‘E(ZQT+1q2,;+1)()\).

We also show that the positive Laplace eigenvalues, including multiplicities for Maafl

1

newforms on
ewforms o (’)pqm

2r 2. coincides with the Laplace spectrum on Maafl newforms for the
Hecke congruence group I'o(p?"T1¢?**1). We situate our contribution to the identification
of correspondences predicted in Part I of Theorem 0.2.1 by placing it within the context

of the correspondences covered by the theorems of Bolte and Johansson [6], Strombergsson

[47] and Risager [36].
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2n
2.1.1 Strombergsson: n = le-, 2 =1.
i=1

Let M = nt?, where n is the product of an even number of different primes and t? = 1.

By Theorem 0.2.1, N&e(%)()\) is of cocompact type.

Proposition 2.1.1. If O' ¢ O C A is the group of units in a mazimal order O in an
indefinite rational division quaternion algebra A with discriminant d = n then N3 (X)

coincides with NE5r (A).

Proof. This correspondence is described classically in [47] where the following is proven:

Let O be a maximal order in an indefinite rational quaternion division algebra
over Q, and let d = d(O) be its (reduced) discriminant. This is always a
squarefree integer with an even number of prime factors. The norm one unit

group O can be viewed as a Fuchsian group which is cocompact. Then:

The eigenvalues of the Laplacian on O' \ ‘H are exactly the same (with multi-

plicities) as the eigenvalues corresponding to the newspace on To(d) \ H.

That N5 () coincides with NeGn (A) follows immediately from this result since N5 (\)

No1 (). This is also a result of Bolte and Johansson [7]. See also [35, p.10]. O
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2n
2.1.2 Risager: n = sz-, t2#£1, (n,t?) =1

=1

Let M = nt?, where n is the product of an even number of different primes and #? # 1,

with (n,t?) = 1. Then, by Theorem 0.2.1, Nll’:‘(%[)()\) is of cocompact type.

Proposition 2.1.2. If O}L 2 C O 2 CO, CA is the group of units in an Eichler order

O,z of index t2 in a mazimal order O, in an indefinite rational division quaternion

algebra A with discriminant d = n then No1(X) coincides with Ny (A).-
Proof. This is Theorem B of [36]. O

Note, in this case, it is enough that at least two primes divide n which do not divide t.
We take an even number of these primes for the discriminant d of the quaternion algebra
M

and we take the Eichler order of of index <7 in a maximal order O. We note that this is

an order of Eichler invariant 1.

2.1.3 Blackman: n = pq, 2 = (p"¢°)*, (n,t%) # 1

Let M = nt?> where n is the product of two primes p and ¢ such that p,q > 2,p # ¢ and
2 = (p¢®)? where r,s > 1. Le.,

M = p2T+1q28+1 (2.1)

is a product of two different odd primes raised to odd powers. By Theorem 0.2.1,

NE () i of cocompact type.
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Proposition 2.1.3 (Blackman). Let O}

papzrgze © Opgprrgze C Opg C A be the group

of units in an order of index p*"¢** in a mazimal order Op, in an indefinite rational
division quaternion algebra A with discriminant d = pq. Further, let e(Opg prrg2s)p =

e(Opgp2rq2s)g = —1. Then, the main term, i.e., the term that corresponds to the area of the

fundamental domain, of NJT"
Pa,p

(N\) coincides with the main term of Nllle(q;)’m.ﬁqzsﬂ)()\).

2rg2s

Le.,

new new
Ar‘o(p2r+1q2.e+l) - A(91 . (22)
pq,p2"q2s

Proof. We prove this result by comparing the Selberg trace formula for the cocompact

1

g P2 g2 with the trace formula for the related Hecke congruence group I'o(p?"+1g?+1).

group O
We effect the comparison by evaluating the identity term on the geometric side of the trace

formula for the newspace of I'g(p?"*1¢?**1) and showing that this is equal to the identity

1

term of geometric side of the trace formula for the newspace of (’)pq p2rg2s

Evaluation of Apets. 1 2.1

We begin with the identity term on the right-hand side of the trace formula in Proposition

1.7.2. The formula (1.41) implies that

2r4+1 ,2s+1
> = X s(EES) S ) e

. k|p?rtiq r;€Spec( Ar, (&
mESpec(A;gi(‘;QrquQSJrl)) J ( o ))

As such,

2r+1 2s+1

p q
Aoy = ,B(k) Ay (24)
k|p2rtig2s+1
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where

Aprgs =" 0+ )" (g +1). (2.5)

We recall that if n is a product of r distinct primes, then 8(n) = (—2)" and in particular,

B(1) =1,B8(p) = =2, B(p?) =1, and B(p*) = 0,k > 2. Consequently

2r+1 2s+1

Z B (pkq) A;c :ﬁ(1> Ap2r+1q25+1 =+ B(p) Ap27‘+1q25+1 + ﬁ(q) Ap2r+1q25+1
E|p2r+1q2s+1 P a

+ B(pq) A zriig2s1 + B(pQ) A 201 + 5((]2) A et 2511
Pq p2 2

q

+ ﬁ(pzq) _Ap2’r‘+12q25+1 + ﬁ(pqz) Ap27‘+1q22s+1 + ﬂ(p2q2) Ap2r+1qzs+1 .
prP=q

rq 172(12
(2.6)
It follows that
p2r+1q23+1
S (TS ) A= 0 a4 )
k‘p27‘+1q25+1

—2p*" N (p+1)¢*% (¢ +1)

—2p*" (p+1)¢** (g +1)

+4p" 4+ 1) (g + 1)

P+ D) (g + 1) (2.7)

+p* (p+ 1) (g +1)
—2p"" 2 (p+ 1) (g +1)
-2p*"  p+ 1) (g + 1)

+p*" 2 (p+ 1) (g + 1),
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which yields

241 2541
> ﬁ(plcq) Ae=(g+ 1)+ 1) (a-1)** - 1"p""  (238)

klp*rtiq

ILe.,
Aoy = (@ +1) (0+ 1) (= 1)* ¢ (p—1)"p* "> (2.9)
Evaluation of Agﬁw
pq’p27‘q25

As above, we start with the right hand side of the trace formula in Proposition 1.7.1. The

formula (1.45) implies that

> =S u(BE) X we o

klpTq®
rj€Spec (A?ﬁw ) rj€Spec( Ay

pq, k2
pa,p2" g2 pa

where p is the Mobius function, i.e.,

1 ifn=1
p(n) =< (=D)F ifn=p--pg
0 otherwise.

and Ozqu 2 18 a unit group in the order O, x2. Le., the order of index k? in the maximal

order O,q. As such

pT'qS
A?)eg:,p(”q?s - Z /J( k )Aoéqykz (211)
k|prq®
where
Aor =k (p=1)(g—1) (2.12)

Le., Apt ) is the area of the fundamental domain of O;q 2 \H.
pq,k s
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We observe that

P - - —2 24—
Z M( - )Aozl)q#:(p_l)(q_l)(pQTqQS_pQT 2q25_p2rq2$ 2+p2r 2q2$ 2)
klp”q* 7

Evidently,

AF:(I;,zr+1qzs+1) = A?Delw . (2.13)
pq,p2T q2s

We have thus established the equality of the terms corresponding to the area of the

fundamental domain on the right hand side of the trace formula for the newspace of

1

the cocompact group Opq,p2rq2s

and that of right hand side of the trace formula for the

newspace of the non cocompact group I'y(p?"T1¢?**!) and consequently the coincidence of

the main terms of the counting functions N&e(?wrlqzsﬂ)()\) and NZT (M\). Note: we

pq,p2"q2s

can allow for an additional factor N so that M = p?>"T1¢?**t!N. It is enough that N be

such that all of its prime divisors occur at least to the second power. O
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2.2 Main Theorem

Finally, our main theorem:

Theorem 2.2.1 (Blackman). Let O;q’pz,,,q% C Opgprrqzs C Opy C A be the group of

units in an order of index p*"¢** in a mazimal order O, in an indefinite rational division

quaternion algebra A with d 4 = pq. Further, let e(Opq p2rg2e )p = €(Opg p2rq2e)g = —1. Then

1

the positive Laplace eigenvalues, including multiplicities for Maaf$ newforms on (’)pq p2rges

coincide with the Laplace spectrum on Maafs newforms for the Hecke congruence group

To(p* 1?5 *Y) where r,s > 1.

Proof. Tt suffices to show that

> h(ry) = > h(ry) (2.14)

ripESpec (A?ﬁ“’ ) rrE€Spec (A?;?;2r+lq25+l))
pq,p27‘q2‘q
for an arbitrary test function h.

In order to prove (2.14), we will once more use the right-hand sides of the trace formulae

in Propositions 1.7.1 and 1.7.2. To be able to compute with the trace formula on the right-

hand side of (2.14), we again observe that the formula (1.41) implies

2r+1 2s+1
> W)= Y B<p+kq> > h(ry). (2.15)

k 2r+4+1 . 3
TkESpec<A;e1(” S~ 25+1)> Ip q 7k€SP€C(AFO(k))
o(p a
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To compute with the trace formula on the left-hand side of (2.14), we observe that

(1.45) implies

S W)= 3 M(P;‘Is) T h(ry). (2.16)

klprq*
) Amnew rrESpec| A 41
rkESpec< o 2S> opq1k2

ra,p= q

Using Propositions 1.7.1 and 1.7.2, we therefore have to show that

prqs p2r+1q25+1
h — - h

Zu( ; ) 2 =3 16( . > S At

klpra® rkGSPeC<Aol ) Mt TkESpec(AFO(k))
pq,k?
We will execute this by way of four lemmas:
Lemma 2.2.2 (Equivalence of Identity contributions).
Iﬁe(’;’wrlq%“) =TI o (2.18)

pra,p q

Proof. For the terms corresponding to the identity on the right-hand sides of the trace
formulae we need to show that
p'r‘ qs B p27‘+1 q25+1
YOI CES P SR (i s PR
k|pTq® k|p2r+1g2s+1

This is the content of Proposition 2.1.3. O
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2.2.1 The elliptic contribution

Lemma 2.2.3 (Equivalence of Elliptic contributions).

gnewr . _ gnew . 2.19
Lo (p2r+1g2s+1) O;q,p%q’é’s ( )

Proof. Recall that Eﬁe(zzrﬂqhﬂ) is the elliptic term in the newspace for the non-cocompact

group [y (p?"T1g?**1) and XY is the elliptic term in the newspace for the cocompact
pq.pzrq25

1

P2 g2 In the elliptic term of the trace formula, only the numbers E’(¢,1,T)

group O

depend on the group I'. That these terms are identical is equivalent to

r+1_s+1 T s
3 ﬁ(p,f) E(61,To(k) = 3 u(p,f> B(t,1,0L,:)  (220)

k|p2r+1q k|prq®
for all traces t € {0,1}. Recall that E’ (t, I,F) is the number of conjugacy classes of
elements in I with trace ¢ and norm =1.

We denote by

241 2s+1 p*rigstl
/ ' S new /
E'(0,1,To(p* M) = ) 5(k> E'(0,1,To(k)). (2.21)
k‘p2r+1q23+1
When t = 0 we have
2r+1 ,.2s5+1
E/(O, 1’ Fo(p2r+1q25+1))new _ Z 6 <p]j) E/(O, 1’ Fo(k)).
k‘p27‘+1q2s+1

To count the number of conjugacy classes of elements in I'o(p?"T1¢?**!) with trace t = 0

and norm equal to one we recall that if v € I" is of trace zero then v has one fixed point
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in H and + is an order 2 elliptic transformation. Hence what is required is the number of
inequivalent elliptic fixed points of order two on Iy (p? ¢ T1)\ H.

It follows from [43, Prop 1.43], see also [23], that

2 if p=1mod 4,
E'0,1,To(p") =<{1 ifp=2and k=1,

0 otherwise,

and that

El(07 1a FO(pkql)) = EI(O? 17F0(pk))E/(0a 1a FO(ql))

so consequently

4 if p=1mod4 and ¢ =1 mod 4,
E'0,1,To(pF¢" ) =<2 ifp=2,k=1landg=1mod4dorg=2,1=1and p=1mod4,

0 otherwise.

Note: if p =2,k =1and ¢ =2, =1 then pg = 4 and T'x(4) has no elliptic points of

order two.

We can now compute E'(0,1,To(p?rT1g?st1))new

p2T+1q28+1 p2r+1q23+1
Z 6( L ) E/(O,l,ro(k)) :6<1) El(0717F0(p2r+1q2s+1)) +6(p) E/(O,l,ro( ))
K|p2r+1lg2s+1 p

2r+1 ,2s+1 2r+1 .2s+1
p q p q
————)) +B(pg) E'(0,1,To(~———))

+/B(Q)E/(O717F0( pq

p2r+1q25+1 p2r+1q28+1
+ (%) E'(0, LLo(T—3—)) + B(a*) E'(0, LLo(—3—))

2r4+1 2541 2r+1 2541

+ 5(172(1) E/(O7 17:[‘0(%)) + ﬁ(pqg) El(07 17:[‘0(%))
5 o p2r+1q25+1
+ B(p*q )E’(O,I,FO(W))

(2.22)

It follows that
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p27‘+1q2s+1
Z p () E'(0,1,To(k)) =E'(0,1, F()(p2T+1q2s+1)) —2E'(0,1, Fo(p2rq25+1))
k|p2rtig2s+1 k
—2F'(0,1,To(p* t1¢>)) +4E'(0, 1, To (p* ¢**))
+ E'(0,1,To(p* ~'¢* ™) + E'(0,1,To(p* > ™)

_ QE/(O, 1’ Fo(p2r—1q2s)) o QE/(O, 1, Fo(p2rq25—l))

+ E/ (O, 17 Fo(p2r—1q25—1)) .
(2.23)

If we assume that r and s are greater than or equal to one and that p and ¢ are greater

than two then there are only two possibilities:
1. All E' (0,1,To(p"q")) = 0=E' (0,1,To(p*> *1¢*+1))"" =0 or
2. Al 7 (0, 1,F0(pkql)) =4==F' (O, 1,F0(p2”+1q25+1))"€w =0.

The elliptic contribution to the non-cocompact newspace with trace=0 is zero!
In a similar manner, when t = 1 we have

2r+1 ,.2s5+1
E'(1,1,To(p? Hg2thymer = 3" 5(”(1) E'(1,1,To(k)).
2541

k
klp2r+iq
To count the number of conjugacy classes of elements in T'o(p?"+1¢?st1) with trace t = 1
and norm equal one we once again recall that if v € I' is of trace one then v has fixed

point in H and + is an order 3 elliptic transformation. Hence what is also required is the

number of inequivalent elliptic fixed points of order three on T'o(p?"T1¢?*T1)\H. We once
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again appeal to [43, Prop 1.43] which shows that

2 ifp=1mod3,
E'(1L,1,To(»") =<1 ifp=3and k=1,
0 if p=2mod 3,

and that

E' (1,1,To(p"q")) = E' (1,1,T(p")) E' (1,1,To(q"))

so consequently
4 if p=1mod 3 and ¢ =1mod 3,

E'(1,1,To(p"¢")) ={2 ifp=3,k=1landg=1mod3org=3,1=1and p=1mod3,
0 otherwise.

Note: if p =3,k =1and ¢ = 3,1 =1 then pg = 9 and I'y(9) has no elliptic points of

order three.

We can now compute E'(1,1,Tq (p2r+1q25+1)new

p2r+1q2$+1 27"+1q23+1
Z B () E/(17 1, Fo(k)) :5<1) El(17 1, Fo(p2T+1q28+1)) + B(Z)) E/(17 1, F0(7>)
k|p2rt+ig2s+1 k p
p2r+1q25+1 2r+1q2s+1
p2r+1q25+1 2r+1q2s+1
+8(%) (1,1, To(F—5—)) + 8(¢") B'(L, Lo (T3
p2r+1 2s+1 p2r+1q25+1
+ﬁ(pQQ) El(lvlaro(f)) +ﬁ(pq2) El(1717P0( 2
p=q pq
p2r+1q25+1
+6(p2q2) E/(l,l,ro( p2q2 ) .

(2.24)

It follows that

))
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p2r+1q25+1
> 5() E'(1,1,To(k)) =E' (1, 1,To(p* ' ¢**h)) — 2E'(1,1,To(p* ¢* 1))
k|p27‘+1q2s+1 k
—2F'(1,1,To(p* T1¢*)) +4E' (1,1, T (p* ¢**))
+E(L1,To(p> '¢*™) + E'(L1,To(p* ¢* "))
_ 2E/(1’ 1, Fo(p2r71q2s)) _ 2El(1, 1, Fo(pQqu,Sfl))
+ El(l, 17 FO(pQT—quS—l)).
(2.25)

If we assume that r and s are greater than or equal to one and that p and ¢ are greater

than two this time there are three possible outcomes:
].. AH El (1, ].,Fo(pkql)) = 0:> E/ (1, 1,1—\0(p2r+1q25+1))new = O
2. All ' (1,1,To(p*q")) = 4= E’ (1,1,To(p*+1g>+1))" " =0.

3. There are some cases in which E’(1,1,Tg(p*q") = 2. These will occur when p = 3,
r = 1 and ¢ = 1 mod 3. However, in this case we see that all of the terms in
the sum above are zero except E'(1,1,To(p?"~1¢**1)), E'(1,1,To(p* ~'¢*)), and

E'(1,1,To(p*~'¢*>*')) which are all two. Evidently
E/(L 17 Fo(p2r—1q23+1>) _ 2Ev/(17 1’ Fo(p2r—1q23)) 4 E’(l, 1’ Fo(p2r—1q2$—1)) =0.
The same applies if ¢ =3, s =1 and p = 1 mod 3.

Thus, the elliptic contribution to the non-cocompact newspace when ¢ = 1 is zero and

consequently, the contribution to the non-cocompact newspace of the elliptic conjugacy
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classes of Ty (p2T+1q23+1) is zero! le.,

E' (t,1,To(p* > ™))" =0. (2.26)

Let’s now consider the contribution of the elliptic conjugacy classes to the cocompact
newspace. That is,

E'(t,1,0), y2rg2e)" " = Z W <73qu5) E'(t,1,0}, 2)
klpTq®
for traces t € {0,1}.

As above we start with the case ¢ = 0. Recall that E’ (O, 1,(’)1) is the number of
conjugacy classes of elements in O! with ¢ = 0 and norm = 1. We recall that if v € O! is
of trace zero then v has one fixed point in H and ~ is an order two elliptic transformation.
Hence what we require is the number of inequivalent elliptic fixed points of order two on

O\ H. Specifically, we are required to compute

E(0,1,00, ez )" = > p <pkq> E'(0,1,0,,2)-

k|prq®
Now

pq,k? pq,p”qz‘“)

3 u(%)E'(o,Lol ) =u(1)E'(0,1,0}
k|prq®

+ u(p)E'(0,1,0,

pq,pzr”qz’“)

(2.27)
+ u(9)E'(0,1,0;

pq,p2rq25‘2)

+ u(pq)E'(0,1,0, )-

pq,p2r—2q2s—2
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It follows that

g
D2 VB (0,1,00, 1) =B'(0,1, 05, v )
klprq®
—E'(0,1,0,, 2r242:)
(2.28)
— E'(0,1,0,, ,2r42:2)

+E'(0,1,0,, 20 24202)-

From [26, Prop 5.9, Table 1], it follows that all terms on the right hand side of the equa-
tion above are either simultaneously four which occurs when both p and ¢ are congruent

to 3 mod 4 or zero otherwise. In either case

A similar argument works for the case t = 1. Again, recall that E’(1,1,0')) is the
number of conjugacy classes of elements in O! with t = 1 and norm = 1. If y € O'! is
of trace one then ~ has fixed point in H and 7 is an order three elliptic transformation.
Thus what is required are the number of inequivalent elliptic fixed points of order three

on O\ H. Specifically, we are required to compute

new v
El(]-a ]-a Ozl;q,p2q2) = Z 1% <k‘) E/(]-a 1; O;I)q,k2)'
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As above, we have:

g
Z M( k ) E' (1717011111,162) :E/(Ll’ozlm,p”qzs)

—-E'(1,1,0} )

pq,pzT*QqZS

(2.29)
—E'(1,1,0} s 202)

Pq,p3"q

+ E'(1,1,0), yor24002)-

and as before, an appeal to [26, Prop 5.9 and Table 1], shows that all terms on the right

hand side of the equation above are either
1. Simultaneously all four if both p and g are congruent to 2 mod 3,

2. Simultaneously all two if either p or ¢ is exactly three and the other congruent to 2

mod 3.

3. Simultaneously all zero otherwise.

In each case

p'q
> M(T)E’(L 1,0, 42) = 0.

k|prq®
Thus what we have shown is that
r S 2r+1 ,.2s5+1
pq p q
> (- E'(t,1,00,2) = > 5<k> E'(t,1,To(k))
2541

klpTqs k|p2r+iq

for t € {0,1}. Le., the identity of the elliptic contributions on

> h(rk)

ri€Spec <Ag‘31“’ )
pq,p2"q2s
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and on

riESpec <A¥S’Eﬂp2r+1 g2s+1 ))

It remains now for us to show that

r S 2r+1 ,.2s5+1
Z pyq p q
M(T)E/(t’ 1,0y p2) = E : 5(k) E'(t,1,To(k))
2s+1

klpTqs k|p2r+iq

for t € (2,00), i.e., the hyperbolic contributions are the same and that

2r+1 ,2s+1
3 ﬁ(pkq> E'(2,1,T(k)) = 0.
2s+1

k|prtiq

I.e., the parabolic terms vanish.

O
2.2.2 The parabolic contribution
Lemma 2.2.4 (The Parabolic contribution).
Pﬁ?Z2r+1q2s+1) =0. (230)

Proof. We show that the parabolic terms vanish. The number of inequivalent cusps for

Iy (pg*tt) is given by

> o)

d|p2r+1q25+1
2r4+1 _2s41

where @((d, %)) is the Euler ¢-function [43, Prop 1.43]. Evidently

2r+1 ,.2s5+1

ZQSHﬁ(pkq) > so<(d,p2r+1dq23+1>> 0.

k|p?rtlq d|p2r+1g2s+1
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2.2.3 The hyperbolic contribution
Lemma 2.2.5 (Equivalence of Hyperbolic contributions).

B e = Hiiporssgao 231

ra,p

To establish this lemma we need to show that

r s 2r+1,.2s5+1
pq p q
DB (L0 0) = D] 5(k )E’(t,l,ro(k))
2541

klprq® k|p2r+iq
for all ¢ > 3. To do so we will employ a variation of the strategy used in [7]. For t,n € Z,
we define E(t,n,T) to be the number of conjugacy classes {y}r in I with Tr(v) = ¢ and
N(y) = n and we recall that the number of primitive conjugacy classes of elements in T’
with trace ¢ and norm n is denoted by E’'(¢,n,T").

Now, let A be an indefinite rational division quaternion algebra and Q (\/&) a quadratic
field extension of Q. Further, let O and t[f] be orders in A and Q (\/ﬁ) respectively. As-
sume that there is an embedding ¢ : Q (\/Zl) — A. The order ¢ [f] C Q (\/ﬁ) is said to be
optimally embedded into an order O C A with respect to ¢ if p(t[f]) = ONp(Q (\/E))[&
p.177] [3, Chapter 4]. Two optimal embeddings, ¢ and ¢y, are conjugate by ~ if
o1(t[f]) = v - p2(c[f]) -7~ . We denote the number of optimal embeddings of t[f]

up to conjugation by elements in T by E(t[f],T). It is known [51, p.96] that

E(tan7r) = Z E(t [f] 7F)a (232)

t[f12Z[v]
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where the sum is taken over all orders that contain an element v with trace t and norm n.
So, instead of comparing the numbers E(t,n,I") for different groups I" we can compare the
number of optimal embeddings E(r[f],I") of orders t[f] in the quadratic field in K. This
idea can be extended to the newforms part, E(t,n, '), or to any linear combination of

groups since

E(t,n,T)" = ZkEtnF Zk > Elf].I)

[f12Z[]
> D KEG[fl.T)= > E([f],0)"
[f12Z[] i t[f12Z1]

where the k; and I'; are the coefficients and groups that occur in the formula for the
newforms part. Thus we can establish our result by computing and comparing the numbers
E(c[f],T)"e¥ for the groups associated with I' = I'g(p?"*1¢**!) and for those associated

ie., O}

with the cocompact group O} . p2—ilg

L ergees se_py With 7,5 € {0,1}.

We recall that f is multiplicative if f(mn) = f(m)f(n) whenever (m,n) = 1. Suppose

f and g are multiplicative functions and

)= 3 1k (5):

then also h is multiplicative. Evidently, both p and § are multiplicative functions and
since E(t[f],T') is also multiplicative it follows that E(v[f],T)™" is also multiplicative.

Le., the numbers E(t[f],T")"*" are multiplicative in the sense that they can be computed



CHAPTER 2. A SPECTRAL CORRESPONDENCE 67

as the product of the newforms part for each prime, as such:

E(e[f],T)"" = E(e[f], 1), " E(c[f],T)g°".

q

Thus what we need to compute and compare are the local embedding numbers

2r+1

E(x[f],To(p*))new = Y~ B ) E(x [f],To(p* 7)), (2.33)
=0
and
E(x[f],0p, )0 = > u(p)E(x[f], 0, oe—0 )p- (2.34)
1=0

Let p be an odd prime and let Q, be the field of the p-adic numbers. Further, let L
be a quadratic extension of QQ,. There are three different types of quadratic extensions of
Qp. We characterize these types below: let d be a fundamental discriminant and p an odd

1 then L =2 Q, ® Q,

prime. If (g)z 0 then L a fully ramified extension of Q,
—1 then L an unramified extension of Q,

Now, let t[f], be the maximal order in L. It is well known that any other order in L
is of form v [f], = Z, + p't[f], with i > 0[46, p.23]. The three propositions below give the

local embedding numbers for the orders t[f], in each of these three cases.

Proposition 2.2.6. Let L be a ramified quadratic extension of Q, where p is an odd

prime, t[f] = t|[f], the mazimal order in L and x[f], = Z, + p't[f], with i > 0 a general
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order in L. Then the number of optimal embeddings are given by

0, i<k
E(e[f];, Do), = Sk, i=

Wk, P>k,

0, 1<k

Proposition 2.2.7. Let L be an unramified quadratic extension of Q, where p is an odd
prime, t[f] = t|[f], the mazimal order in L and t[f];, = Z, + p't[f], with i > 0 a general

order in L. Then the number of optimal embeddings are given by

0 1<k
E T 2k-+1 _ ’ =
(t [f}z) (p ))p {2pk7 Z> k’
0, i<k
E(t[f]z’ro(ka))P_ pka 1= 3
PHp+1), ik
2, i=0
E(t [-ﬂz ) Ogl)q,p%)P = 2pi71(p - 1)> 1<i<k
0, i > k.

Proposition 2.2.8. Let L be a split quadratic extension of Q, where p is an odd prime,

t[f] = t[f], the mazimal order in L and v[f], = Z, + p't[f], with i > 0 a general order
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in L. Then the number of optimal embeddings are given by

2, i=0
E(e[f]; To(®@™™)p =< 20 Y p+1), 0<i<k,
2", i>k,
2, i=0

2 Y p+1), 0<i<k,
PFip+2), i=k
PP+ 1), P>k,

Proofs of these formulas can be found in the preprint of Lemurell[30]. They can also be
deduced from recursive formulas already extant in the literature. For (’);q’p% these formu-
las can be found in the paper by Brzezinski[8, Section 3] and for I'g(p?**1) in Vigneras[51].

We now compute and compare the new form part of the local embedding numbers in

each of these three cases. I.e. we compute and compare

E(x[f], To(p* ™)) and E(x[f], Opy por )"

Proposition 2.2.9. Let L be a ramified quadratic extension of Q, where p is an odd
prime, t[f] =t [f], the mazimal order in L and t[f], = Z, + p't[f], with i > 0 a general

order in L. Then the new part of the number of optimal embeddings are given by

P, i=k—1

E(c[f]; To@™ )y = ¢ —p', i=k,
0, otherwise,
—pt, i=k-1
Be[fl; Oy )j = {pi, =k,
0, otherwise.

In particular E(x[f], , To(p**))new = —E(c[f];, Oll)qﬁpz,c)ge“’ foralli>0 and k > 1.
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Proof. We use Proposition 2.2.6, formula (2.33) and the values of 8 to evaluate E(t [f],,To(p?**1))new

for all 2 > 0 and k > 1. We first observe that

B(e [l Do™ )5 = 3 B@)EC(/]; Lo ),

If i <k —1, then

B 1) To?* )y = B(e (£l To )y = B(e [, Tl )y =0
so E(t[f];,To(p**1))pe" = 0 in this case.
If i =k —1, then

E(c[f];, To(* 1), = E(e[f];, To(p**))p = 0
E(c [f]?, vFO(pzkil))p =ptt=p

so E(c[f]; , To(p**))ne® = p’ in this case.

If i = k, then

SO

E(e[f];, Do ))pe =p" =20 p+ 1) + 2" = —p'

in this case.
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If 4 > k, then

SO
E(e[f]; Lo ))pe = 2p* — 20" M (p+ 1) + 20" = 0

in this case and the proof for E(t[f],,To(p**™))2e" is complete.
We now use the formulas in Proposition 2.2.6, the formula (2.34) and the values of u

to evaluate E(c[f],, O} ..)p for all i > 0 and k > 1. First we get

i7" pg,p

k
‘E‘(t [f]z ) Ozl)q’pzk)gew Z M(pJ)E(S“ O;qJ)Z(’“*j) )p

Jj=0

E(c[f];, Ozl,q,p%)p — E(Si, O;q)p2(k_1))p'

Ifi<k—1ori>k, then

E(c[f];, Ofl;qm?k)p = E(S;,0,

pq,p2<’““1))p =0

so E(c[f];, O;q’pmc )p<Y =0 in these cases.

If i =k —1, then
{E(r [£1;, 0L o)p =0

E(t [.ﬂz ) Oll)%pz(kq))p = pkil = ‘pi

so Bt [f],, 0L, )me

= —p’ in this case.
If i = k, then

E(t[f],, 0!, )y =1’
E(‘C [f]l ’ Ozl,qmz(kfm)p =0
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so E(t[f],, Ozl)q I p' in this case. This establishes the claim for E(v [f],, O;q b2 )
and as such the last statement in the proposition is now evident. O

Proposition 2.2.10. Let L be an unramified quadratic extension of Q, where p is an odd
prime, t[f] =t [f], the mazimal order in L and t[f], = Z, + p't[f], with i > 0 a general

order in L. Then the new part of the number of optimal embeddings are given by

2p "Y1 —p), i=k,

0, otherwise.

E(e[f]; To(p® )5 = {

2" Hp—1), i=k,

0, otherwise.

E([f];, 02, u )i = {

In particular E(t[f],,To(p?**t1))rev = —E(¢[f],, O} )pc for alli>0 and k > 1.

70 P 7 Pq,[)Zk

Proof. As above we start use Proposition 2.2.7, formula (2.33) and the values of § to

evaluate E(t[f];, To(p***1))2e for all i > 0 and k > 1. We again observe that

E(c[f];, Do ))pew = Z BPE(x[f];, To(@*17)),

If i < k, then

E(e[f]; . To(*™*)p = E(e[f]; . To(®™)), = B(e[f]; . To(** 1)), = 0

so E(t[f];, To(p**))ne = 0 in this case.
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If i = k, then
E(e[f]; . To(p**1)), =0
B(x[f]; . Do)y = p* =1
B(e[f]; Lo 1)y = 2p""
so E(t[f];, To(p***))new = 2p'~1(1 — p) in this case.
If ¢ > k, then

SO

E(e[f]; , To(@™))pe = 20" = 20" ' (p+ 1) + 2971 = 0

in this case and the proof for E(t[f];, To(p***1))ne is complete.

We now use the formulas in Proposition 2.2.7, the formula (2.34) and the values of u

to evaluate E(r[f];, O;q o )p " forall i > 0 and k > 1. First we get

k
E(c[f];, Ozl,qw%)zew = Z u(p’)E(x [f]; ,Ozl,q,pZ(k—ﬂ)p
§=0
= E(c[f];, O;q,p2k )p — E(c[f];, O;q,pﬂk—l))p-
If i < k then

E([f];, Opypen)p = E(e[f]; Opy poe-1y)p = 20" (p — 1)

so E(c[f];, Ozl,q p2)p " = 0 in this case.
If i = k, then
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so E(x[f];, O i) =2pi~1(p—1) in this case.

pq,p2k/p
If i > k, then

E(c[f];, 0, o6)p =0
E(t [f]z s O;ll)q,p%k—l))p =0

so E(t[f];, O ,i)7 = 0in this case. This establishes the claim for E(x[f],,O} ,)mew [0

pq,p2k/p pg,p?k/p

Proposition 2.2.11. Let L be a split quadratic extension of Q, where p is an odd prime,
t[f] = t[f], the mazimal order in L and v[f], = Z, + p't[f], with i > 0 a general order

in L. Then the new part of the number of optimal embeddings are given by

B [f]; To(p? )3 = B(e[f);, Oy po )i =0

P pq,p”")P

foralli >0 and k > 1.

Proof. As above we once again begin with Proposition 2.2.8, formula (2.33) and the values

of A to evaluate E(t[f];, To(p***1))ne for all i > 0 and k > 1. We again observe that

2k+1

E(e[f];, To@*™ 1)< = D W) E(Si To@™ 1)),y

=0

= BE(c[f]; , To@™ 1)y — 2B (¢ [f]; . To(0™))p + B [£];, To (™ 1),

If i < k, then
E(e[f]; Lo )y =2p"""(p+ 1)
E(x[f];,To(**))p =20 (p+ 1)
B(e[f]; Lo ) =20""(p+ 1)

so E(r[f];, To(p*1))ne = 0 in this case.



CHAPTER 2. A SPECTRAL CORRESPONDENCE (0]

If i = k, then
E(x[f]; To(@** 1)) = 20" (p + 1)
E(e[fl;, To(@*™))p = 20" (P +2)
B(e[f]; , To(p**1))p = 20"
so E(r[f];, To(p**))ne® = 0 in this case.

If ¢ > k, then

SO

E(e[f]; o™ )5 = 2p* = 20" (p+ 1) + 20" =0

in this case and the proof for E(t[f];, To(p***1))ne is complete.
We now use the formulas in Proposition 2.2.8, the formula (2.34) and the values of u

to evaluate E(r[f];, O;q o )p " forall i > 0 and k > 1. First we get

E(t ['ﬂz ,Ol new

pq,p%)p lj’(p])E(t [f]z 7O;q’p2(k—j))p

|

<
I
o

E(c[f];, Ozqu)p2k )p = E(e[f];, O;q,pzwfl))p-
If i < k,i=kFk,or,i > k then

E(r [f]z ) O;q,p%)p =E(r [ﬂz ) O;q7p2(kfl))p =0

Corollary 2.2.12. For all quadratic orders t[f], and all k > 1

B(x[f]; Lo )5 = —E(c[f];, Opy o)

P pq,p2k )p
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Proof. This follows from the last three propositions. O

Evidently we have a proof of Lemma 2.2.5. l.e.,

nelw = Hnew2 1,2s5+1
(@] - M r+ s .
pa,p2" g2 o(p 1 )

01 new

gp2k)p " are not the same
;

We first observe that E(x[f],,To(p?**1))me and E(x[f];,
but that they are the negatives of each other and it is because we have product of the two
primes p and ¢ that these sign differences cancel forcing the equality of the contributions.
One also observes that this corollary not only establishes the result for the hyperbolic

conjugacy classes but it also does so for the elliptic and parabolic conjugacy classes as

well.

2.2.4 Concluding Remarks

It is instructive to note that our research has not answered the specific question posed by
Risager: Is there a spectral correspondence responsible for the fact that Nl’%e(%)()\) is of

cocompact type? We will address this question in subsequent work.
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