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§ 1. I N T R O D U C T I O N

This paper is con cerne d with ce rt a i n  asp ects of the

cla ssica l b o u n d a r y  pr ob l e m s  for the reduced wave (or
2Helmholtz) eq uat ion , Au+k u =  0. This e q u a t i o n  arises when

2s i nuso id al s o l u t i o n s  to the wave equa tion,  i|> = c~Aip are
“■ i Ic tsought in the form ijj(x,t) =. u(x)e . Such co m p l e x - v a l u e d

solutions are c o n s i d e r e d  for several reasons; the most 

imDor tan t of these is that many of the p h y s i c a l l y  signif i c a n t  

s o lu tions must s a t i s f y  the So m m e r f i e l d  r a d i a t i o n  c o nd ition 

which can be nicel y stated for such solutions as

-|~r - iku = o(r ^). ( r = |x|, u n i f o r m l y  alon g rays).

In par ti c u l a r ,  we will exhibit the a sy mp totic 

e x p a n s i o n s  of cert a i n  integr al o p e r a t o r s  in § 4 (as k-*-°°) 

a ssoci at ed with  the classical b o u n d a r y  value probl em s for the 

reduced wave e q u a t i o n  in exte ri or domains. In doing so, we 

will g en er alize in § 3 the me tho d of s t a t i o n a r y  phase as 

ex p o u n d e d  by G u i l l e m i n  and S t e rnberg  (8).

This wi ll requ ire some n r e l i m i n a r y  lemmas, the 

subject of § 2. In addition, we de rive the ei g e n v a l u e s  

a ss o c i a t e d  with  their " asy mp totic o p e r a t o r s "  and shoxj that, 

under c e r t a i n  assumpt io ns, their e i g e n v a l u e s  are relate d as 

a ce rtain fo rmu la rel at ing those o p e r a t o r s  d i c t a t e s  they 

should b e .
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The me t h o d  of st at i o n a r y  phase pe rm it s the 

e va lu a t i o n s  of o n e - d i m e n s i o n a l  or m u l t i - d i m e n s i o n a l  integrals 

of the tvpe / a(y)e <jy for large k in powers of

It was first e x p l i c i t l y  stated by Lord K e l v i n .

A m a t h e m a t i c a l  treat me nt of the method  was given by Watson

(17) However, W a t s o n ' s  d i s c u s s i o n  did not seem capable of 

p r oduc in g the c o m p l e t e  a symptot ic  expansi on. Van der Corput 

(4) s u gges te d the use of a so -ca lled " n e u t r a l i z i n g  function" 

wh ich  Focke (7) used to produce a complete asy mp t o t i c  

expansion. Howeve r, Focke, as well as G u i l l e m i n  and 

St ernberg, relied on changes of va riable to t r an sform tne 

integral above. Hence, in order to obtain an explicit 

as ym ptot ic  e x p a n s i o n  this en tai led c a l c u l a t i o n  of the Jacobi an 

and its de r i v a t i v e s ,  a more compl i c a t e d  procedure. That 

ap pr oa ch is ou tlined in 5 6 . The ap pro ac h o f this paper is

more straight forward and requires no ad di t i o n a l  calcu latio ns  

and i mmedia te ly yie ld s an asy mp to tic e x p a n s i o n  to wh at ever 

power of (^) desi r e d  for an n - d i m e n s i o n a l  sur face without

b o u n d a r y .

In the re m a i n i n g  sections we snow a dditi on al  

properties of 'these operators. Co mp l e t e l y  i n d e p e n d e n t l y  of 

§ 4, we show in § 5, that if our b o u n d a r y  sur face is a 

2-sphere and if we uti lize the more usual techni que of e x p a n d ­

ing e i g e n f u n c t i o n s  in a Fourier e x p a n s i o n  of sums of pro ducts
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of Ha n k e l  fun ctions  and s p herical  harmonic*: ; then the 

a s y m p t o t i c  ope r a t o r s  de fi ne d on the 2-s phere agree wi th  

those on our ge ne ra l 2 - m a n i f o l d  in the limit as our 

2- m a n i f o l d  b e c o m e s  a sphere. Also their a s s o c i a t e d  e i g e n ­

values agree.
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N O T A T I O N

A word about n o t a t i o n  is ne cessary. If Q is a
n ksubset of E and k is a p o s i t i v e  integer, C ( Q )  wi ll denote

the space of c o n t i n u o u s  fu nct ion s p o s s e s s i n g  con tinuo us

de riva t i v e s  up to order k on T2. Also C (fI )  will denote
o

the space of fun ct io ns m e n t i o n e d  w hose su ppor t is compact 

and lies in Q . If we w rite f(t) = 0(g(t)) as t-*- a, where 

f(t) and g(t) are r e a l - v a l u e d  fun ctions and a is a real 

number, this means, as usual, that

liDU sa“p iffryl I  M

(M is a finite consta nt)
(i ) iW r i t i n g  h (t) is equi v a l e n t  to 3 h (t ) . Simi larly,  unless

a t 1
oth erwis e noted, h (x) = 3 - —  w h e r e  x = pC and 5eSn

P 3p

( Sn is the n - d i m e n s i o n a l  unit sphere), and hj ^  t .j (x)

3m h(x)
x, x. ... x. w h e r e  x — ( x ,  x.,«.., x (,..., x ). Also i. i,, i 1 2  i nJ 1 J 2 J m J

h° will den ote e v a l u a t i o n  at the origin. O c c a s i o n a l l y ,  the

usual s u m m a t i o n  c o n v e n t i o n  is e m p l o y e d  for an index o c c ur ri ng

both as a s u p e r s c r i p t  and s u bs cr ipt in a product.

Indices under a s u m m a t i o n  sign ttfhen w r i t t e n  in the form

n 5in /...^n has the m e a n i n g  that no pair of indices are
jl ^ 2 jm

e q u a l .
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§ 2. LEMMAS

As stated earlier, in order to ap ply  the method

of s t a t i o n a r y  phase, some p r e l i m i n a r y  lemmas are necessary.

Fo llo wing are a col l e c t i o n  of these lemmas.

Lemma 2.1 Suppose that h(t) e Cm (o,°°)o

and h ^ ^ ( t )  = 0 (t ̂  ^ ) as t ->o f o r o<j £ m .

Then as k->-+°°
?r°° ±ikt / 2 , , , , ̂  -m./ e h (t ) dt = 0 (k )o

P r o o f ; The lemma is proved by i n t e g r a t i n g  by parts m times, 

Rew rite the integr al as,
oo i lc t 2 / H f f* ̂/ e 2 — -— - tdt. If we formally inte grateo t - f t

by parts m times wi th ou t j u s t i f y i n g  anv steps for now, and

c ollec ti ng  all the bo un d a r y  terms together, its easy to see

that we get an e x p r e s s i o n  of the form,

/°°e ikt2/2 M U  tdt o t

_ m „ i k t 2/ 2,1 d_. J-l
■  I (i k } ■ (ik 6 (t dt' > 1 ^

+ (f£)m / %  i k t 2 «  J-(i.o at l dt t

By an e l e m e n t a r y  i n du ct ion argument, it can be shown that

j-1 ci tph ( p ) (t), 1 d N i -1 , h (t ) x J Jp
( 7  d t >  ( t  > =  s 2 " p i   C D

P = o  t  J
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w he re  {a } are c o n stants  not im portant in the analysis.
P

Therefore, those b o u n d a r y  terms with  j <m v a n i s h  since 

h ^ p ^(t) = 0 ( t 2  ̂ **) for 0 <_p < j — 1 <m -1.

The m i n t e g r a t i o n  by parts can be ca rr i e d  out if

(- 4~) 3-1 is bo un ded as t+o for l<j<m. Using (1)dt t d t K t  ' =  =
again this e x p r e s s i o n  can be w r i t t e n  for each j as,

d_  1 d v j-l h ( t ) . = 3 g p tPh (P > ( t )
dt t d t  ̂ t } h 72]p = o t

This result implies that for each j, w here  l<j<_ra, the

e x p r e s s i o n  above is bounded if h ^ P ^(t) = 0 ( t 2  ̂ P ) as t->o

for °.7P_7j_<im which follow from the h ypo th esis.

A similar ana ly sis follows wit h i re pl a c e d  by -i.
This L emm a also holds over the i n t e g r a t i o n  interval

LEMMA 2.2

Assume that h(t) = C 2 m ( - <» , «>) and h ^ P ^(t) = o 

when t = o for l<_p_<2m. Then as k->-+“
oo + i k t 9 tr l- + / i

/^e “h(t)dt = (-£) 2e “ 4 h (o ) + 0 (k~m ) ( U

P r o o f s We can w ri te  h(t) = h(o) + { h (t )- h (o )}.

The integ ral (1) then splits into two parts; the first is

r e l><t2 /2 h(o)dt - 2 h (o ) r *  i k c 2 / 2 d,:O
by evenne ss  of the integrand.
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This can be ev a l u a t e d  by in t e g r a t i n g  the entire 
i z 2

f un ction e around the closed contour T w hi ch  extends

r e c t i l i n e a r l y  from o to + R along the x axis, thence along 

| z | = R to the point z^ = Re'*"11̂  and then r e c t i l i n e a r l y

back to o. Then we let R-*-°°.
. 2

By Cauchy' s theore m / e 1 z dz = 0. Or, since
r i 9z = x (from x = o to x = R) ; z = Re (from 0 = o to 9 =■£■);

it i  / ^and z = re (from r = R to r = o) r e s p e c t i v e l y  along the

three parts of F we also have
9 9 2 i 10 i f )

0 = rR e i x “ dx + f v / * eiRt"e ' iRe ' dQ o o
9 it i / 2

„o i r “ e it i / a+ . e e 4 dr

that is,
9 2„R ix*- , 7T i /, , R:' -r ,j e  dx = e - t j e  dr

O (9

The limit of the first integral on the right side of (2) as 

R->-oo ca n be ev a l u a t e d  by con v e r t i n g  into a Gamma function. 

The result is
Hi/, 2 . ,4 ® -r . nL/A/TTe / e d r = e ^ —o 2

The abs olute value of the second integral on the

right of ( 2 )  i s ,
1 2 cin 9 A .* n . 10Z 77̂  e i R ~ cos 20 ~ R sin 20 iRe d9



_n 2 , j
I _  ( 1-e ), where the t r a n s f o r m a t i o n s  = 24 R

and the i neq ua lity sin<}) > r-^ - for 0 <_ $ < ^^2 has been used

This shows that as R—°° the second integral a p p r o a c h e s  zero.

Then (2) be com es
r°° ix , / tT  tt i / (3)
I  e d x = -t— e 4o -

- z 2If the entire function e is i nt eg r a t e d  around

the same contour as above, a similar a n a ly si s yields  that

, 10 - i x “  , v 'tt -  t: i / a , , \j e d x = -r— e (4)o 2

Hence res ults (3) and (4) together  with the change

t - fTof var i a b l e s  t = / —  x gives
± i k t 2 /2 , , \ /  2 - 'fri/4

J e h(o) dt =/ -—  e h o)-oo ^
The second part into which the integral (1) splits is 

2o° + i k. t / 2
f  e: 1 h(t)-h(o) M t .
—CO

f(t) = h(t) - h(o) satisfie s the h v n o t h e s i s  of Lemma 2.1 

wh ich  gives the desi r e d  estima te  for the re mai nder term.

This proves the Lemma.
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LEMMA 2.3

Suppose that h(t) sa t i s f i e s  the h y p o t h e s i s  of 

Lemma 2.2 and h / (t) sat i s f i e s  the h y p o t h e s i s  of Lemma 2.1

Then as k->-+°°
r°° ±ikt^./2 . , . , 2p ,
f  e h (t J t dt
—  00

=  ̂ -P-~ 1  ̂ (— ,)P f 2 ir •) P + 1 ̂  2 ± it i ( i-*-2p ) / 4 .
2P - l ( p - l ) ,  2 /  V  e h(o)

+ o d e ' 31' 1 ) 

w h e r e  m is de fined  in Lemma 2.1. (mip)

Proof : The proof is by i n t e g r a t i n g  by parts p times but

c o l l e c t i n g  aside all terms i n v ol vi ng h'(t) res u l t i n g  from

the integ rat ion. Since h ( t ) e  this is p e r m i s s i b l e  ando
we get an e x p r e s s i o n  of tne form

2
,<*> ±ikt / 2 , . , 2n ,/ e h (t ) t P dt— oo

5-1 ^ --- ^ e ±ikt2/2 h (.) I"J (±ik)J e h u ;  c I.

+ (. 1)P ( 2 P - D - U . - 3 ) - . .  (1) ± .b t 2/ 2
(±ik)'”  !- ~  e h U )  dt

-  L  e 3 . C  e ± l k t 2 / 2  h ■ Ct) t 2P - ( 2 j - l )  dt
(±ik)j
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The co n s t a n t s  fotj }P and { 8 . } P are not im portant
J j=l

in what follows. Note that each integral in the second 

sum mation, by the c o ndi ti ons on h ' ( t ) * t ^ P ^  is 0(k m

for each j. Al so each b o u n d a r y  term v a n i s h e s  since h(t) 

is of compact support.

Since h(t) satisfi es the h y n o t h e s i s  of Lemma 2.2 

we can write

r  e±ikt"'2 h(t) c2e dt :
. (.!)? ( 2 p - l ) - ( 2 p - 3 ) - - . ( l ) f ( 2i ) l/2 e tTri/4 h(o)}

( T i k p 5----------- k

+ O d t ' ”1'1 )

After some al g e b r a i c  m a n i p u l a t i o n s  we get

2
/00 ± i k t / 2 . . .  2 ne ' h ( t ) t p dt

■ (2-P-"1>! (ir)p ( ^L,P+1/2 e ± » U l + 2 p ) / 4  h(o)
2 P " i ( p - l ) ■ {2n

+ o ( k " m _ 1 )

w h i c h  proves the Lemma.

L E M M A  2.4

Suppose that h'(t) sati sf ies the h y p o t h e s i s  of 

Lemma 2.1 then the followin g holds

r  e±lkt2'2 h(t) t2p+i dt
- 2P PI )/2 h(o) + 0(k-'n-1 )

D + 1k
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wh ere  m is def in ed in lemma 2.1 (m>p)

P r o o f : The proof follows cl osely that of the previous%
lemma. In tegrate by parts p times c o l l e c t i n g  aside all the 

results of these int e g r a t i o n s  i n vo lving h'(t). Since h e c* 

this can be done and yields

- e±ikt2/ 2  2p+l , (2p)---I 2 1 /-etikt2/2h(t)tdt
(Tik)P °

+ P£_1 e±lkt2/2 h(t> [ 2 p '23J = °

+ ’’E" 1 ( W p r  C  e ± i k t 2 / 2  h'(t) dt
j=o

The b o u n d a r y  terms obv i o u s l y  vani sh  and since h ' ( t ) - t ^ ^  ^

sat isfie s the h y p o t h e s i s  of Lemma 2.1 each in te gral in the 

s u m m a t i o n  is 0(k  m ^ ). These facts c o m b i n e d  w ith one more 

in tegr a t i o n  by parts on the first in te gral on the right side 

yields the result.

These lemmas enable us to prove the fol l o w i n g 

th eorem  w h i c h  is of use in an a l t e r n a t e  d e r i v a t i o n  of the 

s ta t i o n a r y  phase formula. This th eo r e m  gives the a s y m p t o t i c  

d e v e l o p m e n t  up to any de si red r e m a i n d e r  term of or der k n 

of an in teg ral of the ba sic type j.°° fiikt /  I  h(t) dt for l a r Se
—  CO

k around the point t=0.

T H E O R E M  2.1
O Li

Let h(t) e C q  ̂  (r-®,®).- an(i k(o)^o, then
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/“ e±ikt2/2 h (t )dt

1/2 q .
= K ~ - )  e ±7Ti/4 h(o) (if 1 h (2j) (o) ,_±i_xj> + 0(k

j=l j !h (o ) v2k ;

as k->+°°

Proof : Expa nd h(t) in a Taylor series about t=o and choose

an even bump function g(t) w hi ch sat i s f i e s  the h y p o t h e s i s  of

Lemma 2.3 and is i d e n t i c a l l y  1 in a s u f f i c i e n t l y  small

n e i g h b o r h o o d  of t=o. Write the product h(t)»g(t) as

h( t).g(t) = { Z n --l| (° } t J } g (t ) + { h (t ) - 2\  1 h-|y-(-° M  
j=o 3 " j=o

This splits our in teg ral  into two parts, the first 

of w h i c h  is

V  h l l h s l  r  e i i k t 2/ 2  g ( t ) t 3 dt
j =0 3 '

Those in teg rals in the su m m a t i o n  wi th odd powers of t vanish 

since g(t) is even. T hos e with even powers can be e v a l u a t e d 

by the aid of Lemma 2.3 and the zeroth order term can be 

e va l u a t e d  by Lemma 2.2 to get

h H l  o ) ,00 i i k t V  2 g(t) t3 dt2q

1 ! -°°j=o J

q 1, \ O ry .* .! r  e±ikt /2 su> c J ocj O J “00

2 TT x ^  _  ±  IT i / 4= ( ^ )  2 e - " A ' * h(o)

}g(t)
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% V 2j) (°)- (■2j.r ____
1=1 1 (2j>! 2i 1 (j -1) !

,1 O  /2TLsj+J5 ±iri(l+2j)/4

_q -1 
+ 0(k H x )

Fac torin g the e x p r e s s i o n  on the left side we have,

/ 2 tt -j ±iri/4, , ir, , ^ h ^ P  (o) ,±i J  i ,(•£-) e h(o){l  + . 1 ^  3Tfc(- ^ — l2k> 1 + °<k >■

w h i c h  proves the th eor em except for e v a l u a t i o n  of the second  

part of the integral mentioned.

The second part of the integral is 

x •, 2/ ? 2q+l u ( J ) / ^
r  e t l k / 2g ( t )  < h ( t )  -  I  h . , (t?J- t i }  d t

j =0 3 •

— Q— 1w h i c h  is 0(k ) by Lemma 2.1

Two addi t i o n a l  useful Lemmas w h i c h  are very  si milar 

to Lemmas 2.1 and 2.4 r e s p ecti ve ly are also p r e s e n t e d  here 

without  proofs.

LEMMA 2.5

Suppose that h(t) e C™ ( u , 00) and h ^ ^ ( o )  = o
for o< j <m~l then

f  e ^̂ Cth ( t ) dt = 0 ( k m ) as k->-+°°

LEMMA 2.6

Let h '(t ) sati sf y the h y p o t h e s i s  of Lemma 2.5 and 

suppose h(t) has com pact support then
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r  eilkt h(t) tP dt « 4 «  e±,,i(l,+1)/2 h(0) +  0(k-”-X)
Q fcP+l

as where m is defined in Lemma 2.5. (m>p)

The last lemma is useful in the derivation of the stationary 

phase formula in order to obtain estimates on the remainder term of the 

Taylor series expansion.

LEMMA. 2.7

Let U be open in En and let f: U-*En be of class CP . Let

x eU and y eEn be such that (x + ty) e U  for 0<_t <_1. Then in the Taylor

Series expansion of f(x + y) the remainder term can be estimated as,

sup j j DPf(x) jj • j y iP
jRpI £   x eU__________________________

P!
Proof: The remainder term can be represented as

1 (1 - t)p_1 p (p)Rp= f0 (P - iyr~ D f(x + ty) y dt
where y^P  ̂ denotes the p-tuple (y, y, ..., y)

Hence,

iRP ! = i r l  (?  -  *  DPf<x +  ty )  y(P> d t i

< sup j| Dpf(x) ii'jy|p i r o (p I-jy, dc I

x e U

= sup ji Dpf ( X) i i * i y ip - i -

X  e U
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§ 3. THE M E T H O D  OF S T A T I O N A R Y  P HAS E

For these inte gr al ope r a t o r s  in w h i c h  we are 

interested, the me t h o d  of s t a t i o n a r y  phase s u g gest s itself.

This m e t h o d  pe rmits the a s y m p t o t i c  e v a l u a t i o n  of int eg rals 

of the type / a(y) e * ̂  ̂  ̂  d y for large k in a series 

ex p a n s i o n  in powers of Here E is a t w o - d i m e n s i o n a l  surface,

dy is the volume el ement  on E, and a(y) is a f u n ctio n 

d efi ned an E which is assumed not to have s i n g u l a r i t i e s  in 

n e i g h b o r h o o d s  of the cr itical points of <f> (y ) , that is the 

points wh ere d<p(y)=0.

It can be shown {(4),(8)} that the major c o n t r i b u ­

tion to the integral for large k will come from a n e i g h b o r h o o d  

of p r e c i s e l y  those points where d<j> = 0. For we can b r e a k  a(y) 

up into a sum of small pieces by using a p a r t i t i o n  of unity.

If d4>^ 0 on the suppor t of a then i n t e g r a t i o n  by parts shows
- Nthat the above integral is 0(k ‘ ) for any NT, if we assume a

00is a C function of y.

Those in t e g r a l s  in w hi ch  we will be in te r e s t e d  

possess a s i n g u l a r i t y  in a(y) at a m i n i m u m  value of the
X *f u n ction <j> (y) = r = | x-y | . In fact <j>(y) wi ll not even be

di f f e r e n t i a b l e  at that point. This d i f f i c u l t y  is overcome 

in th eo rem 3.2 of this section.
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Gu i l l e m i n  and S t e r n b e r g (8) . de rive the first term 

in the e x p a n s i o n  of the integral. We derive two addi t i o n a l  

terms in the e x p a n s i o n  and show how to derive, by 

an al og ous methods, any desired nu mb er of a d d i t i o n a l  terms 

in the e x p a n s i o n  of the integral. This d e r i v a t i o n  is shown 

in theorem 3.1.

It should be noted that the the or ems of this se ct ion 

permit the a s y m p t o t i c  e v a l u a t i o n  of int e g r a l s  of the type 

de sir ed to be more precise and morje gen er al  in the sense that 

not only more of the as ymp t o t i c  series is o b t a i n e d  but 

integrals p o s s e s s i n g  s i n g u l a r i t i e s  in a(y) at a point in w ho se  

n e i g h b o r h o o d  we wish to develop the inte gr al a s y m p t o t i c a l l y  

can be dealt with.

In theo r e m  3.1 below we use the f o l l o w i n g  notation : 
(The func tions  b e l o w  are de fine d on E in l ocal coordinates.)

3 2 diX. (p) = (p)(p is a c r i t i c a l  point of <j>(y))J JJ 3 x 2

h(y) = a ( y ) » / G ” w he re  G is the d e t e r m i n a n t  of the 

first f u n d a m e n t a l  form.

H, the Hess ian, is the ma t r i x  of se cond d e r i v a t i v e s  

of a fu nction  and sgnH(y) de notes  the s i g n a t u r e  of the Hess i a n  

of <j>(y) e v a l u a t e d  at y.

det H<£ den otes the d e t e r m i n a n t  of the H e s s i a n  of <J>(y) 

ev a lua te d at p.

O c c a s i o n a l l y ,  we wil l also use the n o t a t i o n  sgnX^ 

mean i n g  the sign of X^ , not to be co nf used wi th the above 

c o n c e p t .
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T H E O R E M  3.1

L e t S  be a closed, compact, o r i e n t a b l e *  n - m a n i f o l d

imbedded in En + * of class C^. Su ppo se that <J>(y)eC^ and that

the H e s s i a n  of <f>(y) is n o n s i n g u l a r  at each c r i ti cal point.
4Suppose also that a( y ) e C  in a n e i g h b o r h o o d  of each critic al 

point of <j>(y). Assume, wi th o u t  loss of ge nerality, that <j> . =0jq
at a c r i t i c a l  point if j^q.

Then the a s y m p t o t i c  de v e l o p m e n t  for large k of the 

fo l l o w i n g  in tegra l is as follows:

(1) e ik<(>(y)a( y)dy ~ < P ) * / 2  £ e* i s g n H ( p ) / 4 fiik*(p)
k pjd<f>(p)=0 | detH<J> {

,(a(p) + + , : W p ) a 3.(p>.J ‘S V,
+ j hJ J <P) + E -♦j.1q q (P)a<P) + £ '♦3 3 3 J (P)a(P> 

j Xj j<q 2 X j Xq j

+ Z---- o'zf'(^ } ,--- {36 <|)2 ( p ) +  9 4> . (p) *... (p)>
j*k#q j q k  Jkq jqq Jkk

j 4 l £ l  £ 9 + j j q (P> + 6*J j J ( p ) * j q q (p))
12X7Xj q
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+ £ 5*i.ij.(p)a(p> 
J m ]

+ 4 t 12 F.(4> ( p ) • di f p } »ffc (D ) .
- ^ 2  f £ ol J <llq 2 q 3 q 4 q 5

I ( P )

q lr‘2q 3f!4 q 5 q6 ’ h ( p ) ’ h q <P > '

q iq 24 3q 4
(P ) } 4 0 ( k “ n / 2_ 3 )

ij'iere the are des cribed be L o w ,

Proof : The method of or oof involves e x p a n d i n g  various

functions involved in (1) in series e xp an sions,  splitting  

the resultant integrals into other simpler integrals, and 

then e v aluat in g the asymptotic co n t r i b u t i o n  to (L) from 

each of these simpler integrals by using the lemmas of the 

previous section. (cf. Lemmas 2.1, 2.2, 2.3> 2.7)

It was alrea dy observ ed that the major co n t r i b u t i o n  

to the integr al (1) comes from a nei g h b o r h o o d  of the 

critical points of <j>. The c o n t r i b u t i o n  from each critical 

point is c a lc ulated  separately.
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Choose a cri ti cal point p and fix a local c o o r d i ­

nate system about p with p = (o,o,...,o). Let the local

co ordinates  be d e s i g n a t e d  by ( x ^ x ^ ..... . ). Also let N(p)

be a s u f f i c i e n t l y  small n e i g h b o r h o o d  of p for w hi ch  the 

co ord inate system  is valid and wh ich co ntains no other 

critical points of <j>(y). Such a n e i g h b o r h o o d  exists because 

the critical points of <ji are n o n d e g e n e r a t e  hence isolated.

The c o n t r i b u t i o n  to (1) from the cr it i c a l  point p 

can be wr it t e n  as

ik<j> (x)/N (p ) e h( x) g ( x ) d x

1 2  n — -where dx = dx Adx A . . . A d x and h(x) = a ( x ) • ̂  G . We have

introduced a bump function g(x) = ^ g (x^) wher e each gj(x^)

j = l

is even in x^ and satisfi es the hy po t h e s i s  of Lemma 2.3.

Also, each g^(x^) is id ent ica lly 1 in a n e i g h b o r h o o d  of x=o. 

This bump function c o n v e nient ly  restricts the int eg ra tion to 

a n e i g h b o r h o o d  of p.

If we su bs t i t u t e  the Taylor series ex pa n s i o n s  (with 

remainder, cf. Lemma 2 . 7 )  for h(x) and <t> (x 'l , and use the

e xpone nt ial series e x p an si on for the e x p o n e n t i a l  factors, the 

integral assumes the desire d form. Notice that the first 

order terms in the Taylor series for <J> do not appear since p 

is a critical point and the mixed second order terms are zero 

by assumption, (cf. Lemma 2.7 for the form of the remainders) 

The integral then becomes,
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(2) /N(p) e lk+(l'> h ( x ) g ( x ) d *

- e i k * (p)/ , . e i k X , ( x J ) 2 / 2 tl + iiS- x ^ x 8N (p ) J 6 qrs

2 3 o, 1 /ik, , , o q r s. 2 , 1 /ik. , ,o q r s. J
+ 27 (T ) (<|) qrs X x X } + J T  (T ) (* qrs X X X >

4. 1 /ik. , , o q r s .  4 , , 5 _ , • ; 15 .+ y  ( y )  (<f> q r s * * x ) + k • 0 ( | x j )}.

t -j i i k . o q r s v 1 1 +  -ttj 4> x x x x 24 qrs
2. 1 /ik. , ± o qr s v . 2 1 1 3 r./i1 : l 2 \ \+ j T  (2 4 } U  qrsv x x x )  + k • 0 ( | x | 1 2 ) } .

r i . i k  ,o q * , s v w 1 , 2 _ / i ; i n . vl
{ 1 + 1 2 0  * q r s v w X X X X X  + * * ° < I x I 1 ° > > •

{ 1 + TTpr <t>° x ^ x rx S xV xW x U + k^* 0 ( j x j 12)}*720 qrsvwu 1 1

{ 1 + k • 0 ( j x j ^ 1•{h° + h° x^ + y y  h° x q x r1 1  q 2 ! q r

, 1 - 1 °  q r s .l- i-° q r S V L n f \  ! 5 \ 1 /+ —  h x x x + 7 T  h x x x x  + 0( x 3 )} g(x) dx3! qrs 4! qrsv 1 1

This can be br ok en down into a sura of simple r 

integrals each of w h i c h  is really a produc t of o n e - d i m e n s i o n a l  

integrals. Note also that integrals i n v o l v i n g  odd powers of 

x va ni sh since g is even. Hence only p r o d u c t s  of o n e ­

d i m e n s i o n a l  integrals  of even powers of x are con sidered.

Any integr al o b t a i n a b l e  from (2) w hi ch can be shown by Lemma
ti / 2 ■■ 32.3, or theo r e m  2.1, to be 0(k ) are not analyzed.

Hence the fol l o w i n g  integr als  are examined:



(3)

(4)

(5)

(6 )

(7)

(8)

(9)

(10) 

( I D

(12)

(13)

(14)

(15)

(16)
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r ik A . (x3 ) 2/ 2 o ,  \
N(.p) 6 ' 3 h g( x)dx

"i 2. ikA . (xJ ) / 2  /ik, ,,o q r s w t o v, . , ,
N (p ) 6 3 (T ~ } (tf)qrs X X X )(hv X }

• 2
, i k A . ( x 3 ) /2.1, ,,o q r, . . ,
N (p ) 6 3 2 ( qr X X } g(x) dx

. n
r Q i k A . ( x 3 ) / 2 , i k ,  ,.o q r s v.,° / \ j/ N(p) e J (2 4 ) U qrsv x x x x )h g(x)d x

. i k A . ( x J ) 2/ 2  .1 . i k , 2 , o  q r s 2 o . . ,
/N (p) e 3 (yy)(y-) U  x x x ) h g (x) dxQ IT s

, 2
r ikA (x3 ) / 2 1 / i k,3 ,,0 q r s .3 v, . , ,
n (p ) e 3 3 T  (T * } u qrs x x x } (hv x

ik A . (x 3 ) 2/ 2 .1 . ik.4 . 0 q r s,^ ,0 ,
r e J (7-7 ) (T~) ^  X X x ) h g ( x) dx
N(P) 4 - 6 qrs

r ikA (x3 ) 2/2 ,1 , ,ik,2 , o q r s  v.2 ,0 , .
N (p ) 6 3 2T  (2 4 } q r s v X X X } h S (x>dx

* 2
;N(p) e l k X j (xJ) / 2  (i|^) ( ^ r s v w x qx rx Sx V xW ) ( h ° x U )g(x)dx

/N(p) e l k X j (x:1) / 2 (lT )(h ° rsv x qx rx SxV ) g( x)dx 

r i k A .(x 3 )2/ 2 . ik , / , 0
J \ e i (̂ ■7T7r)(<}> q r s w u v 0 . ,N(p) 720 q r s v w u x x x x x x )h g(x)dx

2
r ikA (x 3 ) / 2 .ik , 0 a r s ik ,
V p )  6 3 . 6 qrs x x TYO

/<f>° q' r' v' w' s %.o . .
‘ ( q ' r ' s ' v ' w ' X X x x *  ' h 8(x)dx

2, ikA (x3 ) / 2 . ik . 0 q r s "1 W v o v w u. , ,,
N (p ) 3 (1 T q r s  X X X )(T T )( v w u X x X )S < x )dx

r Q ik<(). (x-1)2/ 2.1 , ik,2 0 q r s,2.ik,
N (p ) e 3 Y T  ~6~ qrs x x x > (2 4 }

/ 1° • q 1 r' s' v ', ,0 . . ,(V q 1r ■s 'v 'x x x x ) h g(x )dx
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/i-7\ f ikA .Cx ) /2. ik. , , o q r s v w l . ,, o w u . .
(l7> V p )  e 7 2t qrsv * * X X )(!!)(V  X J g U H *

r i k X . ( x j ) 2 /2 ,1 . . i k . 2,,0 q r s N2 .1 w  ° v w. ,
( 1 8 )  7 n ( p )  e 7 <- j r n - r ) < * q r s * 4 *  *  ) y y  W  x , 8 ( x ) d x

<19) ^ ( p )  <sikV ’tJ, 2 / 2 < ^ m ° rs * q* rK s x f £ >

<* q ,r ,s ' v ’x<1 x ' xS xU 7 (t>°xv ) g ( x ) d x

I nte gral (3) is the dom inant term in the a s y m p t o t i c

d e v e l o p m e n t  of (1); the next four integr als (4) - (7) will
“ n / 9 “ 1be shown to be of order k ; integrals (8) - (19) are of

order k - n /2 ~2j The rem a i n i n g  integrals, w hi ch  are not
/ 2 3listed are of order k -n . The analys is  of the int egra ls

is a s t r a i g h t f o r w a r d  a p p l i c a t i o n  of the Lemmas.

Only integral s (3) and (4) are a n a lyzed in detail.

The others are simila r to (4) so only c a l c u l a t i o n s  are 

in d i c a t e d  for (5) through (7). Results are in d i c a t e d  for the 

re m a i n i n g  integrals.

W r i t t e n  as a product  of i n tegr al s (3) becomes,
00 p

j . e ikA . (x-i ) 2/ 2 h° g (x) dx = h° ^ {/ e i k X j ^ X j^ gj(x..)dXj}
 ̂ i  « o o3=1

A p p l i c a t i o n  of Le mma 2.2 to each o n e - d i m e n s i o n a l  

i n t eg ra l is j u s t i f i e d  since g ̂ ( x ̂ ) for 1 <_ n sat i s f i e s  the

h y p o t h e s i s  of L emma 2.2. The result is,

(3) h° " {  p)*5 e " i S S " X.1M  + 0 ( k - “ )l
j-l U j l

- t>°(21 ) n/2 e*lsgnH(p)/4 + 0 (k-m - (n-1) / 2 }
( j d e t H <f> j ) ̂
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To arrive at the last step we have used the fact that ^  = f f f

where recall that sgn A de not es  the sign of X .  Since we

wi sh to ob ta in the a s y m p t o t i c  series of (1) up to a
* u / 2“ 3r e main de r of order k it is s u f f i c i e n t  for our purpose

ato choose g e C .

The next integ ral (4), when the v a n i s h i n g  of odd 

powers of x is taken into account become s,

, ik A . (x J ) 2 /9 , ik, . , o q o r. ,,o s N , . ,/ e j 2( — )(<j, x x '  x ) (h x ) g (x) dxo q p r s

d>° h° f  e ikA (xP ) 2 /2 x* g(x)dx
j N (p )

h° / e i k A q (xq )2 /2 x* g(x)dx
-UP P N( p)

4,o ,o r<=° i k A . ( x . ) z /2 x. g .( x .) d x . •
♦ jjji'j U  * j j J S  J J

n {/* e l k W ?/2 f5p <xp >d V >
P = 1
P^j

-i . ° u o .°° i k A . ( x . ) 2 /o 2 . . ,E ik <j> h f  e j j ‘ x . g . (x ,)dX . •
j / p  T  J j p  p J J J J

» ikA (x )2 / 2 2 “ » ikx (x )2/ 2 g  (x )dx
J oo e p p x p 8 p (-x p ; c l xp 11 e q q q q q -1 

q = 1
q ^ 3 , p

In the second su mma tio n, as in other s u m m a t i o n s  over more 

than one index, there is a c o m b i n a t o r i a l  p r o b l e m  invol ve d of 

d e t e r m i n i n g  the c o e f f i c i e n t s  of the partial d e r i v a t i v e s  of <j>. 

C o e f f i c i e n t s  are shown wi th ou t analysis.

E i k
j 6

E i k
j ^ P 2

E i k
j 6
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The o n e - d i m e n s i o n a l  int egrals above are c a l c u l a t e d  

by Le mmas 2.2 and 2.3. We then get

( 4 > ‘  T

+ 0 (k - m —1 ) 1 " {(I" ,‘S e " i S g n X q /4 +
q = 1 lAq i k

+ E V 5- h ° { | - ( ^ U t ) 3/2 e 3 ’ i s 8 n > j /4+ 0 ( k - m, 1 )l2 jjp p 2tt [ X .  (k

tf 7 (T T T k )3 '2 e”i3snV 4 + o(k'm _ 1 )!I p 1

S {(7 T - T k )ls e ’ I s s n V 4 + 0(k-")>
q - 1  "

.p

_ j. -i .o ^0 (2jT\n /2 + 1 e iT isgnH (p)/4
j 4 ttX . 2  ̂̂  3 ^ %j ( | d e t H ^ | )

-i
+ 4 tt A . A vj jp p v kJ^P 3 P ^

0 h ° (  —  ) 2 + 1 g 71 is gnH ( p ) / 4 o f k -m-
jjp p k  r---

/ ! J - . n  i ! \ 1( j detH<J> j )

The next three integrals whi ch  are of orde r k

w h e n  eva l u a t e d  give 

(5 ) / e i k X 4 (xj )2/2 W u o
H (p ) *  ' j ' ~  ' " *  -?2( h qp x<!xP> S<x >dx

* S j < f f ^ k > 3/2 « 3’ 1SS" JJ /4 + O d e — 1 )).

.! {(frik>!s e"lsgnV 4 + ock-”)i
q-i q
q^ j
v i h ii ( l J L \ n l 2 +  1 irisgnH(p)/4 . ,1 W 95 (1T> 5-----------   + 0 ( k -m-(n+l)/2
J 4 i r X .  /• ! j  \ ^j , ( j d e 111 tj) | )

(n+l)/2

1
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For integral (6) we have

(6 ) f  e i k A p ( x P ) ' /2 ( ~ ) U °  r s  x q x Px r x S ) h °  g ( x ) d x  
N (p ) 24 qPrS

-  E ^  { 3 ( ± - ) *  e 5 * i s Sn V 4 +  0 ( k - m-
j  24 j  J j  2 tt M  Aj  l k

n r* .
r/^TT ,15 i r i s e n X  / 4  .. -m.  ,
{ ( i x !k ) e . q + ° ( k )>

q = l  1 q '
q ^ j

+ r. -7̂  (J)° ,_o r 1 ,2i r  3 / ?  3 r i s g n X  / 4  +  0 ( k  m 1 )
4 j.,Pp h 'i t  < i 7 - r k )•J :

. r 1 / 2 tt '13/2 3 i r i s e n X
2 tt ( ] T ~ [ k ^  e P ° ( k  * .

n

q -1 t ( f r T k ) ! i  « ’ 1S8ni<I/4  +  0 ( k - “ ) }
q^j.p q

-  i h °  o -27T.n / 2  +  1 it i s  gnH ( p ) /  4
= E  „ q» . . . . ("f-*) e________________

j L67rAj ( j d e t H ^ j ) ^

-  i h °  , o  / 2 i r x n / 2  +  1 _ tt i s  gnH ( p ) /  4
+ /  a T T T T  j  j  q q ( 1T ) ~ j—  +  0 ( k ~ m“

q J q ( j de tH((( j )

I n t e g r a l  ( 7 )  g i v e s

(7 ) /  e i k  j ( x j ) / 2  ( f f ) ( ^ ) 2 (<fr° x q x Px r ) 2 h °  g ( x ) d x
N(p) 21 6 qpr

2v ~ k Vi ° / a ° \ ric /• 1 \ /2 tt s 7/ 2 7iTisgnX./»
5 7T h (+jjj> {15 <27> (TT7|k) e -1 4■J J

0 ( k ' m _ 1 )} n ^ ' j x q j k ^  e ,rlSgnXn/4 + 0 ( k " m )>

q^j

+ 4  +

' e 5 u i s g n X j /4

(n+l)/2}
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+  0 ( k " m “ 1 ) } { i - ( 2 - " ^ 3/2 e 3 T r i s g n A p/ 4 +  Q ( k - m - l  } .
2tt I a I k  1 P 1

n
« II r/2TT risgnA / ,  . - m x ,= 1 e q'4 + 0(k )}q
q^j.p q

+ z #  h ° { 3 6 ( * ° .  ) +  % °  + ? 1 { | - < i f - r r ) 3'2 e 3 " i s Sn i j /  72 j q q j P P ” 2 it ! A j | k

+ n <'I' m '1) ) t k ( T f - T k ) 3/2 e , ' l* 8 n X ,/4 + 0 ( k - " - 1 )}.
1 q 1

rl  ̂2 tt 3iTise nA ./ , . . - m - 1 .  ,
• {I 7 (T T ^ T k ) e 3 0 (k )}.

" H t T -TC:)15 e i ri sg nX r / 4  +  0 ( k ' m )}r = l {(I A rjk 
, q , p

5 ih° / , o ,2 ,2iT,n/2 + 1 .........z (-j— ) 7T i s g n H ( p )/4
j 4 8 tt A . K ^-------------j---

J ( j detH<f> j )'S

+ Z lh° , 19(<,°. , 2 . ^ / H l  . l s g . H ( p ) / 4
J*q 4 8 » X 2 X T T ’ ’j J T ' j q q - ' k '  — -------- j —

J q ( |de t H $ | )

+ y ih° ,
• J . J . q / / q q q { 3 6 ( 4 *  . ) 9d> . (j) ̂  1 •j/q^p 14 4 ttAj A^Ap jqp v 3 qq v j p p ’

, ̂  2 TT  ̂n/2 + 1 e Tr isgnH ( p ) / 4 + 0

( j de tH(j> |

The results for the re m a i n i n g  in t e g r a l s  are noted 

below. The (Fj) d e s c r i b e d  in the st a t e m e n t  of the t h e o r e m  

are just the factors of
(AlL)n / 2 + 2 e T r i s g n H  ( p ) /4
k-----------  j---  given below.

(|detH*J)'5
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( 8 )  ^  (? __35  { ( * »  , 3  0

( j detH(f) i )'5 3 19 2 tt ? A j 333 3
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£ - - - - -  2--- j--- 7  { 6 <j> <(>.. h  -+ 9  (<i>, ) 2 h  . .

Jtp 64 tt X . X ppp J J p JJ J pp JJJ J p
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o o o  o o o
18 <|> .<(>.. h . +2(fi...<f) h . }PPJ JJP JP JJJ PPP PJ

o o o  ° 2
£  -̂rj—---- (fid) $ h + 9  (d> . . ) h

j ^ q  192 A .  X X j jJ PPJ qq 3JP qqJ v j p q

+  2 4  4) . . . <f> . h + 1 8  (j>.. d’ . ' - hj j j j p q  p q  j j q  j j p  p q

o
+ 12 <t> •j j j  ppq j q

+ 18 <p . . <|> . h .  + 7 2
j j q  p p j  j q

) <t> . . h. + 9  d) <j> • • h . .
j p q  j j p  j q  ppq J j q  j j

o o o  o o
+  9 d >  . h . . +  3 6 ( <f> . ) 2 h . . }

q q j  p p j  j j  j q p  j j

o o o  o o
+  z --------------------  { 9 d> . . d> 11 +  36(<j>. ) 2 h

. J. J, J. 1 J j q  rrtl PP J Clr PPj # p / q / r  5 7 6 tr * j * p A q * r

o o o  O o o o o o
+ 72 d) . d) h + 1 8  d> . , d> h + 7 2  cf> . d> . h }J j q  pqr pr jjp qq r pr jpq jqr pr

. it is gnH (p ) / 4 "35 o o o
(19) ( - £ )  e-------------_ U  192„2 - U djj *3jjj 1>.)

( jdetH<{.j )'2 2 2

o o o  O O O
+  £   — o-- {3  d> d> h . +  6 d> d> h,

jjfq 192«2 1, 3X Jqq JJJJ J :
J j  q

O o o o o o
+ 3d) d> h + 4 d> d> + 12  ̂  ̂ . j -

j j q  j j j j  q j j j  j j j q  q J j q  JJ:|CI 2
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6 4 „ V 2 X 2 ‘*111 * j3Jj h " + 4 +qqq * 33Jq ^
J j q

O O O  o o
124> . 4> h + 1 8 4 ) . ,  4> . . h + 18 4 > . „ 4 > <4„ _ h . }

qqj  j j j q  q j j q  j j q q  q J qq ^Jqq J

o O o o o o
+ Z    { 34> 4̂ • . , * h + 12 * 4) ' h .

j^p^q 1 9 2 tt A . A A PPq J 3 j j q PPq J J J q 3
j  p q

o o o  o o o
+ 12 4) 4) h + 24 4) 4) . . . h + 1 8  4> . . 4> . . h

j p p  j j j q  q j qp  j j j q  p J j p  J j q q  p

o o o  o o
+ 36 4> . . 4> . . h + 12 4>, . . 4> j h + 6 $ . . . <J> ^ .

j j p  j j p q  q j  j j j p q q  p j j j  qqpp j

o o
+ 36 * j j p * .  h >j p q q  j

o o o
+ Z  Ir---------- { 18 't’non h n,2 -v  ̂ x x pqq j j r r pj^p^q^r  5 7 6 n A ^ xp xq xr

o o o  o o o  o o o
+ 3 6 4 )  4> . . h + 7 2 4 1 4> . . h + 14 4 4> 4>. h , }rqq y jjrp p pqr jjrp q T rpq jrpq j
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The next th eo re m treats the case w h e r e  

, eik'f’(y) a (y) dy has a s i n g u l a r i t y  in a(y) at a valueZi

around whic h we wis h  to expand the integral. The point x 

denotes the s i n g u l a r i t y  and r = [x-yj •

T H E O R E M  3.2

Let E be a closed, compact, o rienta bl e, n - m a n i f o l d  

of class imb ed ded in E n +  ̂. Suppose that J(x,y) =

A(x,y) 2 2
i >n-l is a C ke rnel that is A(x.y) is C as a function  of | x-v j

y in a s u f f i c i e n t l y  small n e i g h b o r h o o d  of x de no ted by 

N(x) £  £ • Suppose also that the m a n i f o l d  is e x p l i c i t l y  

re pre se nted in N(x) by + ̂ = f > yn ) where, wit h o u t  loss

of genera lit y, assume that f? = 0 (for all j) and f?^ = 0

if j^q. Then as k-*+°°

C A (x , x ) B (A A ) (x )
/ ikr n_1 nN(x) e J(x,y) dy = (-ik) + (_ . k ) 3

+ Bn A U , x )  { n 2. H 2 - 2 n ( n - l ) K 2 } + 0 ( k " 4 )
4 ( - i k ) 3

wh ere  C is the area of the unit n-sphere,  B_ is a function n r ’ n
g 2 ^

of n de fin ed below, AA(x) = E r-p t-(x ), H is the mean3 Yj ■

E f °curvature ( .1 j ) , and K 2 is the " G au ssian"  cur v a t u r e  defi ned
n

by (")K = E f°. f° .2 2 „  qq
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P r o o f : Let x be the or igin of the E u c l i d e a n  coo rd in ate

s y s t e m  and the y n +  ̂ axis have the same o r i e n t a t i o n  as the 

unit outward normal  to E to x. By co mp actness  and s m o o t h ­

ness of the su rface and the fact that A e C 2 (E) it wi ll be
-4clear that all terms includ ed in 0(k ) can be made

u n i f o r m  in x .

We can w ri te the in teg ral as

. ikr A(x,y) , N r pr n-1 , , „ n-1/ / e -- g(p). /G p dp dS
r> /  r%\ o • • n - 1SCO) j x-y|

+ 0 ( k " 4 )

w he re  the volume el eme nt in N(x) has been ex p r e s s e d  in polar 

c o o r d i n a t e s  in the tangent plane to x, d S n  ̂ is surface 

m ea s u r e  on the n-1 d i m e n s i o n a l  sphere, S(0) is the unit 

sphere in En , and G denotes the d e t e r m i n a n t  of the first 

f un da mental  form. A cut-off function g(p) has been in serte d 

w hi ch  satis fi es the h y p o t h e s i s  of Lemma 2.6 and g(p) = 1 

near x .

If we expand the functions of p above in a similar 

ma nn er  to the previo us  th eor em we obt ain

(1) f  I ™ e lkp {1 + ik (-|—-) + k ? 0 ( p 6)) { 1 + k-0 (p 5) } •
s ( 0 )  ° 2p

i f2
.{h° + h ° ( P ) + h h ° p (P2 ) + 0 ( P 3 )}{1 - ^ 72- + O C P 4 )} . 

.g ( p )d p d S n_1 + 0 ( k " 4 ), wh ere h(y) = A ( x , y ) -  f G
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The five in teg rals from (1) w hich  give c o n t r i b u ­

tions are listed below. The others by Le mma 2.6 can be 
-4shown to be 0(k ).

(2) f  /” e ikp h° g(p) d p d S n_1
S(0)

(3) / / e ikp h° g(p) p d p d S n 1
S(0) ° p

(4) f  f  e*kp ^h° g(p) P 2 dp d S n ^
S(0) ° p p .

- (n - 1) °° ikp o , f \  n-1
S(0) P '(5) 2 ^ ^ o  6 h ( ^ ) d p d S

2ik . °° ikp o f , _n-l(6) —  / e h g(p) (“ ) dp dS
 ̂ S(0) P

In each case i n t e g r a t i o n  is performe d with
2 3respect to p first using Lemma 2.6. Since AeC and feC any 

in t e g r a t i o n  by parts is jus t i f i e d  as are any Taylor series 

expan s i o n s  up to the second order.

In t e g r a t i n g  (2) by parts we have by Lemma 2.6

(2) f  f  e ikp h° g(p) dp d S n 1
S(0) °

= • / h° d S n _ 1 { - I -  + 0 ( k ~ m _ 1 )>
S(0) lk

= V l  h° { I K  + °(k"m_1)>
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w h e r e  m is de fined  in L emm a 2.6. For the p u r p o s e s  of 

this th eore m it is su ff i c i e n t  to ch oos e g e C 1*, that is m = 4 .

For (3) we have h° = h° w h e r e  h = h (p •••»P C n )P J
and E, - (5, • . . ,?n )e S(0) .

(3) f  f  e lkp h° g (P )pdp d S n 1
S (0) p

/ h °-d S n_ 1 { --------- +  O C k " 1""1 )}
S(0) P (-ik)^

h° / d s n _1 { — ±-- + o ( k “m - 1 ) }
J S(0) (-ik)

= 0 by s y m m e t r y  of the surface integral.

For (4) we have,

(4) h  f  /“ e lkp h° g ( p ) p 2 d p d S 11" 1
S(0) pp

h h f  d S n_1 { + o ( k - m - 1 ) }
Jq S(0) ( - ik)

By symmetry, the su rf a c e  in teg ral v a n i s h e s  un le ss j=q and

has the same v al ue for all j if j=q. Since d S 11-1 = sin n - 2 a 
n -  2da dS and £ = cos a, the su rface i n t e g r a l  is

c a l c u l a t e d  to be

/ (£ )^ dS - I  f  cos a sxn a dadS  =B
S(0) S(0) ° n
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where
i  i n even

B = n

fCn-2 ' "I
t „ 2 " - 2 ( ( ^ j ! ) 2 J

n-2 ^  2 1
^  n (n - 2) ! J n odd

Re c a l l i n g  that h(y) = A ( x , y ) »  /G so that Ah(x) = AA(x) +

A(x,x) E ( f ? . ) 2 since f? = 0 for all j and c o m b i n i n g  w ith j J J J

the above result yields

h  f  f  e i*Cp h° g ( p ) p 2 d p d S n ^
S(0) ° pp

Bn {A A (x ) + A (x ) • E (f° . )2 }
+ 0(k “ ‘ )jj- - . -/. - m - 1 .

( - i k ) 3

I n t eg ra ls (5) and (6) are e v a l u a t e d  in a si mil ar  

ma nner hence (6) only is analy z e d  in detail. For (5) expand 

f in a Ta ylor se ri es in p to get 

■2 = J*(f0 „4

Then (5) becomes

f = h ( £  )2 p 4 + 0 ( p 5)P P

-(n-1) j . r°° _ikp L o ,f2 , . , „ n - 1
S(0)2 f o 6 h S (p) dp dS

(£° > 2 d S n— 1 { -------j  + 0 ( k ~ 4 )l
S(0) p P ( - i k ) 3

n~ 1^h ( f U 3 )*1 dSn~ 1
4 (-ik) j S(0)

+ 2 j ' q fjj £qq ; S(0) <5J ) 2 (5‘1) 2 d S - 1 + 0 ( k ' 4 )
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By sy mmetr y the first integral is i n d e p e n d e n t  of j and in
3 B na similar ma n n e r  to (4) is eva luated  to be — pr. The secondn-r<£

integral is also i n d e p e n d e n t  ofj and q wher e j^q and this 

is an al yzed as follows:

So

f  U n ) 2 U n - 1 ) 2 d S n-1
S(0)

{ 1  “ s ( 5 j ) 2} (Cn_ 1 ) d s n - 1
S(0) j^n

' s ( o )  ^ n _ 1 ) 2 d s n " L -  ' s ( o )  ( ? n " 1)lt d s n - 1

- Z f  (Sj )2 (5n _ 1 )2 d S n-1
j ̂ n , n-1 S ( 0)

'SCO) ( 5 n - 1 >2 dsIl_1 - 'S(O) (?n" 1)l4 dstl_1

- (n-2) / S(0) (5n ) (5n _ 1 )2 d S n_1

(n-1) / s(0) (5n )2 (Cn _ 1 )2 d S n_1

r rcn ^ \ 2 j p ^  ^  ̂ y r H “  11 h . ri“  1
S ( 0 )  U  > dS -  ' s ( o )  u  > dS

or
3B B

( r “ \ 2  ^ “_ 1 \2 _ . -1- rn
S(0) « V  is""1 . -ij {Bn - j2, . i
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He nce  (5) gives

- ( n - 1 )h ° B n

4 ( - i k ) 3 

+ 0 ( k - 4 )

A similar ana lysis for (6) yields

f
OO
O e ikp h° g(p) (~~) d p d S n 1

C o m b i n i n g  (2), (3), (4), (5), and (6) and us ing

the d e f i n i t i o n s  of H and K£ proves the theorem.

It is p o s s i b l e  to derive  several r e c u r s i o n  formulas 

for Bn w h i c h  is d e f i n e d  in th eo rem 3.2. The first two and last

re cur sion formula s can be o b t ai ned by e v a l u a t i n g  a part i c u l a r

surface integr al  in two i n d e p endent ways. The third aan 

easily be de duced from the first two. These rec u r s i o n  formulas

are : Bn+2
Cn

Bn-2 Bn+1 Bn+4
(2) (n+4) (n+2) Cn-1 C n+2

B n+1(3) c
n+1
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For exam p l e  (1) can be o b t a i n e d  by evalu a t i n g

/ (£n ) 2 (£n * ) 2 dSn 1 first in the m a n n e r  p e r f o r m e dS ( 0 )

in th eorem  3.2 and second by le tt i n g  £n = cos a and £n ^ =

sina cosB and e v a l u a t i n g  f Q f n \ c o s 2a s i n 2a c o s 2 3 d S n ^S \ U )

wh ere  d S n 1 = sin" 2a s i n n - '*$dad3dSn ’"^

In a si mil ar m a n n e r  to (1), (2) and (4) can be 

derived  by e v a l u a t i n g  r e s p e c t i v e l y  the f o l l o w i n g  int eg rals 

in the two ways m e n t i o n e d  above.

/ S (0) U  >2 (c“ " ) 2 A )2 dS

' s ( o )  ( ? n ) 2  dsn_1
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§ 4 A S Y M P T O T I C  P R O P E R T I E S  OF R E L A T E D  O P ERATORS

We wi sh to derive the asy mpto ti c d e v e l o p m e n t  of 

c er t a i n  in tegra l o p er ators related to the s o l u t i o n  of the 

c la ssical b o u n d a r y  value p r o b l e m  for the re du ce d wa ve 

e q u a t i o n .

Let E, ex cep t in Lemma 4.1, be a closed, compact, 

2- ma n i f o l d  of class im bedded in E^.

For y on E and x^y in E-^^ define the fo llowing 

ke rne ls for the integral oper ators we are i n t e r e s t e d  in:

Q(x»y) = e 1*Cf where r = | x-y j ;
4iTr

g
and K(x,y) = Q(x,v) w here N„ is the unit outwar do n y y

normal vector to E at y.

Then these kernels define compact int egral operators, 

as follows, w here we will let the same letter denote bo th the 

kernel and the ope ra t o r

i Ic rQ g (x) = f y e____ g ( y ) dy, and
4 if r

Ji T_ If 1*Kh(x) = j—  ̂ (e ) h (y )d y , where
y 4irr

dy is the volume  element on E and g(y) and h(y) are s u i ta bl y  

de fined  functions. For further p rop er ties of these and 

relate d oper ators  cons ult Sa ck s t e d e r ' s  pa per  (13)
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The m e t h o d  of s t a t i o n a r y  phase co m p r i s e d  of

th eor ems 3.1 and 3.2 enables us to evaluate these integral

operator s a s y m p t o t i c a l l y  for large k. A p p l i c a t i o n s  of

these theorems is immediat e in the case of the op era tor

Q. The e x t e n s i o n  in En + '*' of th eorem  3.2 to the integral

operator  K is con t a i n e d  in the next Lemma.

First a brief comment on " f u n d a m e n t a l  s o lut io ns"
2of the re duced wave eq uat ion L(u) = Au + k u = 0. With

nk # 0, in co mp lex notation, we find that for odd n > 1 the 

si ngu lar ("fundame ntal") sol utions  are

and for even n

u = 2 + W log r + f(r)

w here f(r) is real an alytic and where U and W are real 

an alytic s o lu tions of L(U) = L(W) = 0.

In Lemma 4.1 we analyze the c o n t r i b u t i o n  due to 

the s i n g u l a r i t y  at x from the "p rincipal part" of the 

" f u n d a m e n t a l "  s o l u t i o n  (that is, the highest power of -̂) . 

The re m a i n i n g  terms are easy to analyze.
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L E M M A  4.1

Let E be a closed, compact, o r i e n t a b l e ,  n - m a n i f o l d  

of class i m b ed de d in En+3-. Let h( y)e C^(Z) and be lo ng 

to the d o m a i n  of the o p e r a t o r  K. Su ppose also that in 

a s u f f i c i e n t l y  small n e i g h b o r h o o d  N(x) of x the surfac e is 

e x p l i c i t l y  r e p r e s e n t e d  by y n+i ~ fCy^, ...,yn ) where, wi th o u t

loss of gen era lity,  f° = 0 if j^q. Then as k-*+°°

f  a ^ e ^ 1" N x , n 2 B „ h ( x ) H
N (x ) T S "  ( h(y) dy =   ■ — ̂ } y 4 ttr 1 8 it (-ik)

--n~ (x) 3 (15 n 3H 3 _ 36n H (2> K 2 + 24(") K }
32ir (-ik)

jg
+ ----- 0------—   ̂ HAh(x) + (Af • A h ) ( x ) } +  n^n ----- { (Vh • VII) (x) }

4 it ( - i k ) 2. it (-ik) 3

+ 3 n B n h(x) AH (x) + 0 ( k ~ 4 )
16n(-ik)

wh ere  Bn is the same function  of n d e f i n e d  in t h e o r e m  3.2,

H = —  I f° (mean c ur va ture),  (^)K. = Z (f )...(f )n . 1 i  1 i q q q.q.J 3 3 q x < q 2 < . . .< q J Y t

/ 32 3 2 \ j a - s- 92(Gaus sia n curvature) , A = (---2— » • • • » ~2 ' » and A ~ 2 •
3y 3yn j 3yj

Proof: The set-up of the c o o r d i n a t e  s y s t e m  and op en ing

re ma rk s in this proof are the same as in t h e o r e m  3.2. The 

same n o t a t i o n  also holds.
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He nce the in tegral can be w r i t t e n  as

.. r I If v n M 1
4 tt N f x \ e  cos (rN) h(y) - ik} dy

n-2 rr
and noting that

-  < > *  < 5 J > 2  ( ° j  +  |  ( 5 j 5 q e P ) f ° q p  P

1 • f 2
+ -  (?J Cq ?P ?m ) f ° inm P 2 ){1 - + 0(p*») } + 0 ( p 3)a jqpm j - -

(1 + Z f . )-*J

we obtain after the other funct io ns of p are e x p an de d

h  's<0) r o elkP(1  + lk + k2- 0<p6)>

{1 + k • 0 (p 5 ) } { h u h 2 f°. + 7 U j 5 q ? r ) f° P1.1 3 j q r

+ 7  (5j 5 q 5 r ?m ) f° P 2 }» j qrm

{1 - + 0 (p 14 > } i 1 + 0 ( p 3) }{ h° + h ° p  + % h P P

n-2 f2 n-1 n-1 f 2
+ 0 ( p 3) } { l -  2 pT  + 0 ( p 4 ) } { " P .- 2 p -  + 0 ( p 3)

•g(p) p d p d S n_1 + 0 ( k " 4 )

w he re  g(p) s a t i s f i e s  the h y p o t h e s i s  of Lemma 2.6.

The n o n - v a n i s h i n g  int egrals wh ich c o n t r i b u t e  are 

listed below. The others are 0(k 4 ) by Lemma 2.6.

- i k } ■



(1)

(2 )

( 3 )

(A)

( 5 )

(6)

(7)

(8)

( 9 )

(10)

(11)

(12)

(13)

5 4

h° (n-1). , e ikp « 3 ) 2 ^  S(P) d P dst1-1“ T T  s ( o ) o 3 3

(-ik)h° f r- e ikP u j ) 2 ^  S < p) pd p d s n  1— S (0) O 33

- ( n - l ) b l  , r e ikP (^j )2 f j 3 s(p) d p d S n  1 16^ ;S(0) Jo 33 P

, i w  r« ik P flJU (r 3) 2 f ° . g(p) dpdS( itU H r iiiu  ; s ( 0 )  r o e ( p ) «  „

...v2 h ° ikP (f2) (£3)2 f°. g(p) dpdS"
;S(0) f o  e (f } (e 33

( \ t ) h  J S(0) ; o elk u j ) 2  £jj (fz") 8 (p) dpdsn 1

(l8'i'h / S(0) 7 o eikP U j ) 2  f jj ( f ^ ) s(p) d Pd s n ~ 1

2)„h^ » ikp (5 3 )2 f° (^_) (p) d d s n-l
16 it S (0) o 3 3 P

XiiOXiLl2.)k_ r ikp , j 2 o f2 ..
16TT S (0) e («J ) 2 fjj ( ^ ) g ( p )  dp d S n

(n-1) , 00 i W n -t
16, / S(0) ! o 6 > 2 fjj t “ p g(p) p?. d p d s "-l

' l ^ *  's(0> ^  . lkp « V  fj.

(jj-i )^  ^SCO) eikp U j ?m ) f° h o ? n ,jqrn p § C p ) p 2 dpdS 1

/S(0) rl («J s’ s") fo hojq m  p p dpdS
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,,,, (n-l)h , r“ ik , r j  q _m n. ro ? n-1(1 4 ) --- / 5 ,M  / e (£J 5 S 5 ) g(p)p dpdS
3 Z tt S ( 0 )  o j qmn

<1 5 > ' s < o >  ^  * i k P  <e3 * ’  « r > f 5 q„ r  . ( P J P ^ P d S 0 - 1

Several r e p r e s e n t a t i v e  int eg rals from (1) - (15) 

will be a n a l y z e d  in detail.

Integral (3) gives the f o l lowi ng  after ex p a n d i n g  f 

in a Ta ylor series in p to get f2 = \  ( ^ p p ^ 2 p4 + 0 ( P 5 ) ancl

no ti ng  that (f°p )2 = (fj j )2 (S'*)4 + 2 fjj f° q (S'5 S q )2 , j^q.

w h e r e  f = f (p . .. , p £ n ) .  (Note that i n te gr als inv olv in g

odd powers of E, v a n i s h  by sy mmetry  and j^q^m) .

- ( n - l ) h °  r r <*> ikp , _ 1* 9 r-o , f2 * - s , , „n-l
 1 6 7 ”  S (0) f o e U  > fjj ^  g(p) dpdS

= ' s ( o )  a J ) 6  dsn_1

+ 3 ( f j j >2 'qq / S(0) (^ > 2 dSn_1

+ 2 f JJ f qq f  mm ' s ( O )  ( ? ^ 2 ^ q >2 ^ m>2 dSn_1 }

f Q e lkp p 2 g(p)dp

- (n - 1) h° ■ f 15 B n y ,fo .3 9 Bn , o ^2 f
6 4 tt 1 (n + 4 ) (n + 2 ) J + (n+4) ( n + 2 ) ^  * j j ;

o
qq
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+  ^ “ “ oX £ f° f° * {------- -— 3 + °(k ” 4 )(n+4) (n+2) j<q<m jj qq m m '  (_ i k ) 3

— (n ~~ 1) h Bjy- -fis T  ̂f ̂  ^2 4- Q  y f f ̂   ̂ f ̂  \
- 3 2 tt (n + 4 ) ( n + T )  115 J (fj j } + 9 .Jq (fJ J } q q }

+ 6 2 f° f° f° > + 0 ( k " 4 )
j<q<m ^  «  rr

- (n- 1)-h- Bn------------ -f 15 n 3 H 3 - 36 H ( " ) K  + 2 4 ( " ) K J
32tr ( n + 4 ) ( n + 2 ) ( - i k ) 3

+ 0 ( k " 4 ) .

whe re Bn , H, and (j = 2, 3)) are d e f i n e d  in the hy po the sis.

The su rfa ce integrals above were  e v a l u a t e d  as 

follows. By s y m metry  the first surface i n t egral is i n d e p endent  

of j. Hence le tti ng £n = cos a, the first in teg ral  is

/ . cosset s i n ” ^a. da d S n ^ w hi ch  is e a s i l y  eva l u a t e d  toSCO)

v 15 Bn
(n+4) (n+2)'

By s y m m e t r y  c o n s i d e r a t i o n s  and the fact that for

fixed m, (5m )2 = 1 - 2  (5^)2 * the second su rf ace integ ral can
j

be w r i t t e n  as

/ s ( 0 ) ( 5 n ) “  C?11" 1 ) 2 d s t l ~ 1

= / (Cn )*t{l - 2 (Cj )2 } d S n-i
S(0) j^n-l
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= f  (C0 ) 4 d S n_1 - / (5n ) 6 d S n_1
S(0) S(0)

-  I  /  (gn)̂ u j ) 2 d s n_1
j / n ,n-1 S(0)

- 2.— _  U?— lit  _ (n-2) I (£n )** (£n _ ^ ) 2 d S n - ^n+2 (n+4) (n+2) l )  S { Q )  U  } U  }

This implies

(n-1) f  (5V  U n ~ V  d S n_ 1 = _ 1..5 BrS(0) n+2 (n+4) (n+2)

which gives our result

/ U V  U n _ 1 ) 2 d S n_1 = 7n + 4 V : 7n + 2.1s(0) (n+4) (n+2)

In a similar manner, it is shown that

/ s(0) < 5 J >2 “ ' > *  (5,">2 '’S'”' 1 ■ (n+4) ̂ ( n + 2 ) for

1 nFor integral (10) we have, since h = h ( p ? , . . . , p ?  ) implies

h° = h° 
p p jq

(n-1) r ikp , 9 ,o , » 9 , , „ n - 1T5T- f s ( 0 )  f o 6 )2 £jj hPP 6<p)p:’ ^  ds

- ( f ? . h°. I  (5J )‘* d Sn_ 1
16 S (0)

+ f l  1." / <{j >2 U V  d S n_1 ) /" e lk0 g(p) pd dp
j j qq s(0) o
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- <T ? i , '!i rT- £ f °- ^  I £ ° .  h° {--^— 7  + 0 ( k - 4 )l16ir n+2  ̂ j j j j n+2 ^  j j qq (_ i k ) 3

(n~ 1) Bn-----—{3 E f°. h°. + E f°. h° } + 0 ( k _ 4 )
8ir(n+2) (-ik) j ^   ̂ ^

i:) -n------ { HAh ( x ) + (Af*'Ah)(x)) + 0 ( k " 4 )
4 tt (n+2 ) (- ik)

-*■ g 2 g 2w h e r e  A = ( — — j )  and the su rface int eg rals are

ev a l u a t e d  as in (3).

For i n t eg ra l (12), note that h° = h??"1
P 3

so that / r  e 1^  ^  5m ) f° h„° g ( p ) p 2 dp d S 1- 1S(0) jq m p K H

= { f° . . h° / (5 j )4 d S n_1
127r ^  J S (0)

+ 3 f° h° / (Sj )2 (gJ)2 d S n _ 1 } ^  e i k p pg(p) dp
3jq q S(0) °

= E f° • • + Z f° • h ° 1 {---  T + 0 ( k _ 4 ) >n+2 j * n+2 j*q J J q q - (-i k )

= .(.P.- l ,), Bn ---- (V h«V(Af)T (x) + 0 (k~4 )
2 it (n+2 ) (-ik)

Finally, for i n t e g r a l  (14) we have

n-1 , ikp . j q m rr. ..o . . o , ,.n-l
3 2 tt o 5 ) p d p d S

S(0)

{ f ? . . .  /  c s h  d s 11-1
3277 j j j j  s ( 0 )

jqmr
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° f  (S3 )2 (5q )2 d s 0 - 1 } /” e i k p p2 g(p) dp
3 J qq S(0)

^n ~ 1)-h-  { l-|-a I  f°... + ^  Z f° _ } {    3 - + 0 ( k " 4 )}
3 2 tt n+2 j 3 3 3 3 n+2 j<q ^ J qq (-ik)

3n(a-l)h„_ J A ,_AH + 0 ( k - 4 } 
16ir(n+2) (-ik)

Re su l t s  for all the inte gr als are no ted b e l o w

(modulo 0 ( k - 4 ) ).

( \ n(n-l) h (x ) B n H
8TT(-ik)

(2 ) n h(x) B n H 
8if (-ik)

(3) - ( " - U .  BP------ {is n 3H3 - 36nH(2)K2 + 2 4 (")K3 >
32tt (n+4) (n+2) (-ik)3

. n ,(4) ~ 3 (n - 1 ) h(.x)J j   { 15 n 3 R3 _ 3 6 n H ( £ ) K + 2 4 ( “ )K }
3 2 t t  (n+4) (n+2) (-ik)3

(5) ~ 12 h-(x)- B-n------------ t 15 n 3 H3 - 36nH (^ )K„ + 24(?)K, >
32Tr(n+4) (n+2) (-ik)3 1 Z 1 3

( 6 )_______- 2 ( n - l ) h ( x ) B n________
3 2 4 ( n + 4 ) (n+2) (-ik)3 ( 15 n H ' 36” H ( 2 ) ̂  + 2 4 ( 3 ) K 3 }

(7) - 6" (**- -Bn   (15  n 3 H3 - 3 6 n H ( n )K, + 24(")K.. >
32Ti(n+4) (n+2) (-ik)3 2 2 3 3

(8) ~ (-n ~ X }-B n—  { 15 n.3 H3 - 3 5 n H ( ? ) K  + 24(!J)K_ 1
32?r(n+4) (n+2) (-ik)3 1 3 3

(9) 3( n -_2 )_h( x ) B n  {l5  ^ 3  _ 3 6 n H ( “ )K + 2 4(” )K }
32Tr(n+4) (n+2) (-ik)3 1 1  3 3
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(10)

(11)

(12)

(13)

(14)

(15)

(n-1) Pj  H A h ( x ) + (If.'Ah) (x) )
4it(n+2) (-ik)3

  r{ HAh(x) + ( tf'ih)(x)j
4 ( n + 2 ) ( - i k r

■x  - -   ( { Vh •! 7(Af)}(x ))
4 tt (n + 2 ) ( - i k ) 3

---------------2i_n------------------  ( {  v h . v ( A f  )  } (x) )
2 it (n+2 ) (- ik) 3

3 n ( n - l ) h ( x ) B n AH 
16 tt (n+2 ) ( -ik) 3

9n h (x ) Bn AH 
1 6 tt ( n + 2 ) (-ik)3

C o m b i n i n g  (1) through (15) proves the Lemma.
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A S Y M P T O T I C  D E V E L O P M E N T  OF THE O P E RA TO RS K AND Q

We are now  in a p o s i t i o n  using the orems 3.1, 3.2, 

and Lemma 4.1 to obtai n the asy mp t o t i c  d e v e l o p m e n t  of the

operators. This is ob tained first for the case of a

general t w o - d i m e n s i o n a l  sur face and se condl y, we speci al ize 

to the case of the tw o- dime n s i o n a l  sphere.

If we set $X (y) = j x-y j = r and Y X (y) = Js{<l>X (y)}2 

then the H e s si ans satisfy H<|> = ^  H ’f at criti c a l  points. In 

our case I is a t w o - d i m e n s i o n a l  surface so that we have,

1 = I x-y | = j xz yj___________
( j detH<j> j ) ̂  ( j detH'f j ) ** |( 1-p x r ) ( l - p 2 r )l **

where y j  and us are the pr incipal curv at ures and r = <f>.

For each x e  l a n d  critic al point y we set d equal

to the distanc e b e t w e e n  x and y. The s i g n a t u r e  of H is 2 - 2 s

w h e r e  s is the index of the qua dr atic form d 2 <j> (or

eq u i v a l e n t l y  the number of focal points b e t w e e n  x and y

counted wi t h  m u l t i p l i c i t y ) .

For the sake of brevity, the a s y m p t o t i c  ex pa n s i o n s

of Q and K for a general t w o - d i m e n s i o n a l  sur f a c e  are given
— 2only up to order k . There follows first a re f e r e n c e  list 

of formulas for the values of the partial d e r i v a t i v e s  of 

h(y) = a(y) * (1+Ef j 2 )*5 and <t>X (y) = | x — y j = ( y x + Y 2 +

(d + f ) 2 )1* on a 2-m an if old M and their c o r r e s p o n d i n g
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v a l u e s  on the unit 2 - s p h e r e  S 2 . We are a s s u m i n g  f° = f° =

f? = 0 if jjfq and al so f? = f° = 0  for all j , p , q , r , sjq jpq jpqrs

w h e r e  e v a l u a t i o n  is at a c r i t i c a l  po int (denoted by -x on

s 2 ) .
(j^s^q^r^ p unless  o t h e r w i s e  in dic ate d).

M  S2

h° = a° a.(-x)
j j J

h °. = a . + a (f ° )2 + a <“ x >JJ jj jJ JJ

h° = a° a i ^ " x )j S 3 s J s

h° . = a?.. + 3 a ?( f?  ) 2 a...(- x) + 3 a (-x)jjj JJJ J Jj JJJ J

h ? . = a° + a°(f° )2 a (-x) + a (-x)jjs jjs s jj j j s  s

, 0  0  / \h . = a . a (- x )jsq jsq jsq

h° ,. = a?... + 6 a ° .(f? .) 2 a . . . . (-x) + 6 a..(-x)JJJJ j J J J  JJJJ JJ

+ 4 a° f° f°... - 3 a° (f ° . ) ** + 9 a(-x)jj JJJJ JJ

o + )2 + a ° (f.°. )2 a (-x) + a ..(“x )h jjss " a jjss ' “ jj'-ss' “ ss'*jj' “ jjss' ' “ jj

- 2 a ° *°u fjjss + 2 S s  fjjss + S s < - * >  + 3  a(x)

- <£ - )?
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M

J J
1 + d f

J J .

o>
js

= f
3 s

i° = f° (for all j,s,q) jsq jsq

>°... = j (f°.)? + f°... - I ^ C l + d f 0 .)2 J j J J d j j  j j j j  d 3 J J

. . = f° . .J J J s JJjs

. o o o
<t>?. = -=- f . . f + f . .

J J S S  d  J J  s s  J J S S

— (1+d f° .)( l + d f °  ) H 3 J J ss

f ° .  = f°.Jjsq JJ sq

>° = f°jsqr jsqr

>° „ = f? (for all j,i,q, r,p)js qrp  jsqrp

° l f c °  c °  , s c °  c °= —  { f ... f + 6 f . f
J J J J S S  d j j j j  ss j j  jjss

+ d f?.,. > - ~ y U  + d f ° } { 3 ( f ° . ) 2jjjjss ss J J

+ df°...l 4- {1 + df° I2 (l+df° 12JJJJ d Jj ss

s 2

- h

o

0

15_
8

0

5
8

0

0

0

- 18j? 
32

 r ~ { l  + df° . ) (f° . f° + df° . 1d JJ' JJ ss jjss'
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11

°   = -j {15 f° f °  . . . + d f °  } -
333333 d jj J J 3 3 3 3 3 3 3 3 32

- -Mr ( 3 ( f ° . ) 2 + df° } {1 + df° }
d 3 3 3 3 3 3 3 j

+ ^  {1 + df° . } 3

VALUES OF P A R T I A L  D E R I V A T I V E S  OF f ON S 2

f° = 03

£° = -6 .3 s j s

f? = 0  (for all j.s,q) 3 sq J

f° . . . = - 33 3 3 3

f ° . = - 13 3 s s

f° = 0  (for j^s^q)3 sqp

f jsqpr = ° (£° r 311

f °   = - 45333333

f ° ... = - 93 3 3 3 S S
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G E N E R A L  T W O - D I M E N S I O N A L  SURF AC E

A S Y M P T O T I C  D E V E L O P M E N T  OF  Q

A s y m p t o t i c  d e v e l o p m e n t  due to c o n t r i b u t i o n  from n o n - s i n g u l a r  

p o i n t s .

. . . .  , . N s + 1 ikd
Qg(x) - /, e lkr J l i l  dy - I —  S------

4lTr p j d r ( p ) = 0  2j (1-uid) ( l - y 2d) r  k

i " d 2 f j i i (p) 8j (p)
{g(P> +----------  JJJ------- 2----

j (1 + df..(p))

g,<p>
jIiq u + d £ j j (p> < l « f q q <p,)

- ] :+di^j (p) <«„<»■> - + , ( p ) f ] i (p))

+ £ -g(p) { d 3 f i i q q (p) - d ( f n (p)) - 1}

j^q 2 d ( l + d f j j (p))(l+df (p))

- g ( p ) { d 3f (p) - 6df (p) - 3}£   J J J J ____________ J J ■---------
j 4 d ( l + d f j j ( p ) ) 2

I
j/q 12(1+ d f . , ( p ) ) 2 (1 + df (p))

J J qq

z
5 d 3g(p)f ■i .(p) + 0 ( k - 3 ) as k ^ +00

j 12(1 + d f j;j( p ) ) 3

The c o n t r i b u t i o n  due to the s i n g u l a r i t y  at x is

from t h e o r e m  3.2.
ikr £ 0 0  d _ i g O O  _ i A g O O  _ (ig(x) 2 

N (x) 4rr ay 2k ,, 3 -K)4k 4k
-4+ 0(k ) as k->+“
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A S Y M P T O T I C  D E V E L O P M E N T  OF K

A s y m p t o t i c  d e v e l o p m e n t  due to c o n t r i b u t i o n  from 

n o n - s i n g u l a r  points.

., , ..s + 1 ikd3 ikr -(-i) e
Kg(x) = T r r - ( 7 T ^ ) s ( y ) d y = z

E 9Ny 4n r p | d r ( p ) = 0  2 j( 1 -uj d ) ( 1 d ) | ̂ k

1 i - d 2 f . ( p ) g . ( p )  x
{-f(p) (± - ik) + ^ ^   (ik - J)

2k j (1 +df j j Cp )) '

" d 2 f a a 1 (p)8i (p) 1+ e ----- 9-3J---- U -------------- (ik _ ±)
j»tq (1+df (p)> (1+df (p)) d

+ E ----   u i  - ik)(-g (p) + 8(P) £j j (p)
j l+df..(p) d d

+ 2§ (P) (1+df .j 1 (P) ̂  + r g(p) (1+df . i (p) ^

+ E - g ( p ) ( i k  - ^ ) t d 3 f 1 1 q q (P ) - d ( f . . ( P ) +  fqq.(p))-i;
j^q 2 d ( 1 + d f J j ( p ) ) ( 1 + d f q q (p)

- g ( p ) ( i k  - -j) ( d 3f (p) - 6 df (p) - 3}
-f- £   ■  ?-----  J J..J J ,  JJ _-

j 4 d (1+d f . (p)2
J J

+ r d 3 g (P)(ik - | )( 9  f * 1 q <p) +

J/q 1 2 ( l + d f ji (p) ) 2 (1+df (p))

+ E 5 d 3 f(p) (ik ~ d ) f 1 1 i ( p ) i + 0 ( k ~ 3 ) as k .̂+fl0

3 1 2 ( 1+dfj  ̂ ( p ) ) 3
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From Lemm a 4.1 the c o n t r i b u t i o n  due to the s i n g u l a r ­

ity at x is

1 1c IT
r 3 (® ) / 'ilir Hg (x) 3 g G O _ /C„3
N(x) 3N7  4ur 3HK>4 ( - ik)

+ (HAg(x) + (Af-Ag) ( x ) } + 7 g « 7 H + 3g(x)AH( x) + 0 (k “ 4 )
4 ( - i k ) 3 ( - i k ) 3 8 ( - i k ) 3

as k'+’i-00

THE UNIT T W O - D I M E N S I O N A L  SPHERE

We let x denote the s i n g u l a r i t y  and - x  its ant i p o d a l

point on the sphere  of radius one. The a s y m p t o t i c  e x p a n s i o n s

of Q and K are then o b t ained to be:

Qg(x) = T T  f?(x) - — Ag(x) - i e 2lk g(-x)
4 k 3 2k

- e 2 ^k Ag(-x) ------- --- Ag (x) + ~ 3 ---  A 2 g(-x)
1 7 ^  16k 3 8k

. , 2 ik a2 , , 6 3 i e 2lk . . , „ , , - 4 s+ ie A / g(-x)   g(-x) + 0 (k )
8 k 3 64k3

Kg(x) = g(x) + e 2 1 k g(-x) + i e 2ik g(-x)
T F

- ie 2:*~k Ag (-x) + 9 e 2 ̂ k Ag(-x) - e 2 ^k A ? g(-x)
2k _ 24k  8k

2ik ~ 2ik o
A 2 g(-x) +  —̂ ’ g ( “x ) + 0(k )8k 4k

as k->+°° w h e r e  A 2 — A (A) and ”̂ 2 = If• A
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§ 5 ASYMPTOTIC RELATIONSHIPS ON S2

For the Neumann problem in an exterior domain we can 

define the compact operator Z^(g) = ikh where h = h+ is the solution 

corresponding to the given normal derivative g = g+  in I (cf. R. 

Sacksteder's paper (13)). If u represents a point on the unit sphere 

and x = ru (r = jxj) represents a point in 3-space then using the 

same notation as above we can write Z,g(u) = Ag(u) = ikh(u).K
This implies X = g(u)

2Its know (cf. 9)that because of the completeness in L (S2) 

of the spherical harmonics that every solution V(x) of the Helmholtz 

wave equation AV + V = 0 which satisfies the Sommerfeld radiation 

condition has an expansion of the form

00 ft
V (ru) (£ )  I E  in {a H ^ r ) }  K,(u).

2r n=0 j=l nj y n3

where H ^  is a Hankel function of the first kind of order y = n + 'A U '
and (u), j=l,...,N are a orthonormalized basis of spherical

harmonics (here N = N(n) = 2n+l).

Expanding h(u) and g(u) from above in such a series yields 

for the eigenvalues of Z^ that

„ . ikh(u) i k < k r r V « ( k r )
A / v

y
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where the multiplicity of the eigenvalue is N = 2n+l. We can

investigate the behavior of Ay as r-x» (or equivalently as k-*») and

also the behavior of Ay as y-»«> (that is n-*=°) . By using the

function h^-^^r) = (-^rO^ H ^ ( r )  and standard asymptotic and
n+ '/a

recurrence relations for h ^ ^  (r) (cf. 1) it is possible to derive 

expressions for (r) for large r (or k) or large n.

(1) CALCULATION OF An FOR LARGE k

ikhn (1)(r)
We have =    > or using

9 h (kr)
9r

(1)an identity for h (kr) (cf. 1) this becomesn

ihn (1)A = nh  , n  (1),, v ,n+l N1_ (1) „ v 
2n+l n-1 2n+l^ n+1

j , _ . .(1)/. v krH^,(kr)Inverting and using the functions hv (kr) = V -1
H^1)(kr)

'v krH(1)(kr)
and h(; '(kr) = v (cf. 11) gives

H (1)(kr)V v '

*  n \  t 11 -i ^ h (1), .-in « {h (kr) - h U ; (kr)> + 4n+l' V '  n
\  ~ (2^ T } (k F  n n
AXI

("n
Since for large k, h^ (kr) ^ ikr and h^ (kr)^ - ikr (cf.9) 

this yields An -̂ 1 as k-x» for all n.

(kr)
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(2) AH' A L T E R N A T E  C A L C U L A T I O N  O F 'T

X FOR LARGE k n

We have the following formula for large k (cf. 1).

h^1) (kr) = in-1(kr)-1 e * *  ? (n+& j) (-2ikr)"j
j=0

where (v,mj = vlv ^  + m \
* m i r O S i  +  V - m )

(4\)2-!2) (4v2 - 32) ... (4v2 - (2n-l)2)
-2m ,2 .m!

By inserting into the expression for Xfl(kr) in 1 we find that

(with r = 1)

* n (k) = 1 +  ik + ~ " -+" 2 " 2 + 0 ( %1K 2k k

as k-x®

•V
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(3) SPECIAL CASES OF An (n=0,l,2) FOR LARGE k

It is possible to get closed explicit asymptotic expressions

for A as k-*» for specific values of n since the formulas for (kr)n r
are much more explicit themselves. We set r = 1 here. The results are:

a) A (k) =  K r -  = e ( - r r  )P0 , 1 n lk
1 " ik P

d-A)
b) A (k) = ---- ^ = l - i  + 0(A )

y  k k

n  -  J -  3 ̂
i k  k^ i 2 1=) *2 W -  f %--9 - 1-r +4 + 0(A)

(1 " ik “ k* " i P “ )

We see that as k->°° the real part of Ar  approaches 1 and the 

imaginary part approaches -i (for n=0,l,2) which is additional confirma­

tion of the first two results.

(4) ASYMPTOTIC EXPRESSION FOR A AS ir*”n

Here the relevant formula to be used is (cf. 1):

h ( 1 ) ( r )  *   i  g -  { - A —  (-S S -) n+J/l - i  /? ( - £ £ - ) ' * ” A
n ((2n+l)r)^ (2) *• 2n+l 2n+l

as n-H-<» (r fixed) . After some manipulations the result for large n using

the expression for Ar  in(l) is

, / n r 1 . r2 1 r2 1 , 15r2+rk 1 , n, -6S tA (r) = r { —  + t— • r — 7T • “TT+ --- 7-7—  • — 5- + 0(n ) }.n ' n 4 n3 2 nH 16 n 3



72

AN ASYMPTOTIC RELATION BETWEEN THE OPERATORS

These results above for the "eigenvalues" of can be 

used in relating our results for Q and K. For, we defined o p er ators  

(cf. 13) w hich  we can w rite (1) -^(K-zSl) Z ^ ( g ) = Q  (g) .

Then the asymptotic expansions for Q and K and the result 

for (g) can be used in the expression above. We assume that for 

large k, the eigenfunction g as well as X is of the form below (at a 

critical point x)

g (x) g (x) .
8 *  go W  + -Lj  + -i-j- + 0(£J)

k

XJ ^  Z X2 k~P 
P P

Zk (g) can now be written

zk <g) = \ so(x) + _ir 8!W  + ir s°(x) + ocka
Using (1) and our results for a general two-dimensional 

surface for Q and K and Z^ above yields after equating the terms

X Meikd t n , iX , . „ ikd , . . i , ._2_______ gQ (-x) + ___o g0 (x) = Me___  gQ (-x) + 2k S0 G O
k 2k k

s + 1
Where M  =

2 j(1 - yjd)(1 - y2d) 

and we assume x and -x denote points critical with respect to each other.
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This implies that X0 = 1. (°r the right hand side is zero)

Similarly, equating -4- terms yields,
k

ikd ,^ i e ~ t  \  lkd / \1 (~x) + iJtte g (-x)
2 0 T ~  0kZ dk2

ikd „ f°
{ E f  "  oOl* . a O , - , , rO2k J j 1 + df_j_.
{ E ~t g (—x) + E ---- i*1—  g„(-x) >o

+
(iAi - 1) , ,
 ----- 1 80 W22k

•m  ^  i df°.2
—  2 - ' < 2 - T  g.(-x) + E -JJ . g.(-x) >

oi.  . d o  • i  . j £ °  O2k j ] 1 +  df,'jj

After simplification, this yields (assuming X = 1 and c o s ( x a - x )  =  -1o
w he re  ’a ' de notes angle b e t w e e n  the c r i t i c a l  points).

-i + 2 M M i e 2 1 k d (H+tf')
(AMMe +1)

2 e l k d {MM/(H+H^Hl(Vl - M M e 21kd (H-H) 2 ) }/a 
± ( 4 M M e 2ikd+l)

w h e r e  H and H 7 (M and are m e a n  c u r v a t u r e s  (qu antities)

de fined  at x and -x respect iv ely. We also a s s u m e d  he re

that x and -x are po ints mo s t  di st a n t  fro m  each other. On

the sp here this last e x p r e s s i o n  gives A^ = -i. T h e s e  two

re sults ag ree wit h  the first two terms of \n (written A

above) for Z^.
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It is also possible to obtain independent confirmation of 

the results for Q and K on the sphere. That is, on the. sphere 

g(x) = 1 so

q1 = elkr dy> and
4irr

K1 = /s(0x elkr cos(rN) - ik} dy
4iTr

Let i  be the polar angle between the north pole (x) and an 

arbitrary point y on the sphere, hencer = 2cos i / 2  Is the distance 

between the critical point -x (the south pole) and the point y.

Then
2ik cos i / 2

Q1 = Z17  'I / o  sin ^ d^o 4 cos (6/2
. 2ik _i_ xe

2k " 2k

2lk COS i / 2  r., 1 I i r ,  . ,  , 1and K1 = / e {xk -   cos i / 2  sxn i  dp°  7------ T Tn—  2 cos i / 24 cos i / 2

2ik . . 2ik_ e  _i_ le
2 " 2k 2k

These results agree with the previous asymptotic expansions
2 1 1  obtained for Q and K on S up to order - g r and ^  respectively. Why this

method doesn't yield higher order terms is a potential subject of

further investigation.
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§ 6. A L T E R N A T E  A P P R O A C H E S  TO THE S T A T I O N A R Y  P HAS E F O R M U L A

Points of d e p a r t u r e  from this thesis includ e 

i n v e s t i g a t i n g  the r e a s o n  for the a b s e n c e  of higher  order 

terms in the c l a s s i c a l  m e t h o d  of o b t a i n i n g  a s y m p o t o t i c  e x p a n ­

sions for Q and K. on S 2 ver su s their p r e s e n c e  w h e n  the 

st ati o n a r y  ph ase f o r m u l a  is.ap p l i e d  as we ll as a n a l y z i n g  the 

a s y m p t o t i c  e x p a n s i o n s  on other d i f f e r e n t  su rfaces  such as 

sph eroid s (oblate and prolate), ellipsoid s, and hyperboloid s. 

Here some of the p rime d i f f i c u l t i e s  w ou ld arise from the fact 

that the no r m a l  d e r i v a t i v e  to Eis no longer in a ra d i a l  

d i r e c t i o n  and the h a r m o n i c s  involv ed are mo re complex. Also, 

anot h e r  i n t e r e s t i n g  ar ea of r e s e a r c h  would be to a pply the

stati o n a r y  p hase fo rm u l a  to other types of integ ra l o p e r a t o r s
3 s „ik.r

such as Pg(x)=  ^ 9N ( 13). Here the d i f f i c u l t y
. X  y 7Tr

is that x is not fixed.

A to ta lly d i f f e r e n t  a p p roac h to this paper w o u l d  be 

to ob ta in a g e n e r a l i z a t i o n  of the s t a t i o n a r y  phas e form u l a  by 

a m o r e  i n d irect ro ute i n volv in g c a l c u l a t i o n  of the J a c o b i a n  

of the map a p p e a r i n g  in Mo rs e ' s  lemma and its deri va tives.

That m e t h o d  sh ould yi eld the same results  o b t a i n e d  in this 

paper. This a p p r o a c h  is outl in ed here (cf. 8)

The ba sic  i n t e g r a l  we are ex p a n d i n g  in an a s y m p t o t i c  

series is of the for m  f ^ a(x) e llcf(x)dx (cf.§3). By M o r s e ' s
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lemma, there is a ch a n g e  of c o o r d i n a t e s  <p (x) (<J>:U->V, a

di ff e o m o r p h i s m )  v a l i d  in some n e i g h b o r h o o d  U of the origin
2

so that f is q u a d r a t i c  in those c o o r d i n a t e s  i.e. fo<j>= d f
2

wh ere df(0 ) = 0  and d f(0)=Q.

This ch anges the integral above to a sum of pro du c t s  

of i n t egrals of the basic type (1) ^jj(p)e ^ ^ Z ^ ^ h ( z ) d z  in a 

n e i g h b o u r h o o d  of a c r i t i c a l  point, N(p), w h e r e  h(z)=((ao$). 

j d e t ^ j  • g •/ g )and g is a c o n v e n i e n t l y  de fined  "bump" function. 

Then by lemmas 2.1, 2.2, 2.3 (or d i r e c t l y  by lemma 2.4) and 

lemma 2.7 it is p o s s i b l e  to obtain, as in §3, the a s y m p t o t i c  

e x p a n s i o n  of (1) p r o v i d e d  the J a c o b i a n  and its d e r i v a t i v e s  

can be cal cu la ted. A sketch  of this p r o c e d u r e  is also 

shown (cf.8 for more details).

De f i n e  f t (x)=Q(x) + t(f(x) - Q(x)) where f^ = f and 

f° = Q. He nce a one pa r a m e t e r  family of d if f eomor phi s m s , t}> ,

is sought such that f^0(J)t: = Q and cl earl y (^works. We let be a 

ve c t o r  field ta ngent to $ i.e. (2) £ (tp (x)) = ^ ---(x) .

After some m a n i p u l a t i o n s  it is p o s s i b l e  to obta in  (3) B t (u,i:;t )

= ^x ^u , x ) w h e r e  is the un ique sol ution V ueV and where 

and w h e r e  bot h  and Cx are qua dr atic forms defined by

t 1 „ t-B (u,v) = f  d f (u,v)ds, and x o sx
1 1 .

C (u,v) = f  f  d zw (s u ,u ) drdsx o o  rsx *

( w = f° - f 1 , B fc = B° + t(B! - B ° ))

F rom  (3) we have = .E. b.'l'c., x. w here the n o t a t i o n  is1 3 , k ij jk k
o b v i o u s .
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N o w  d e f i n e  the m a t r i c e s

E (<j), t) = (f^m) and,

$(x,t) = '

F ro m (2) we get

3 *•^•(x.t) = E (<j>, t ) • 0(x,t)

By L i o u v i l l e ' s  fo rm u l a  this yi el ds
1

J(x) = det $(x,l) = exp (/ T race  E (<j> ( x , t) , t) d t )o

Ta k i n g  d e r i v a t i v e s  of this e x p r e s s i o n  and of (3) and so lv ing  

the r e s u l t a n t  d i f f e r e n t i a l  eq u a t i o n s  the q u a n t i t i e s  sought 

can be found.
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