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§ 1. INTRODUCTION

This paper is concerned with certain aspects of the

classical boundary problems for the reduced wave (or

2

Helmholtz) equation, Au+k™u= 0, This equation arises when
2

sinusoidal solutions to the wave equation, wtt = ¢ Ay are

sought in the form yY(x,t) = u(x)e-lkt. Such complex-valued

solutions are considered for several reasons; the most
important of these is that many of the physically significant
solutions must satisfy the Sommerfield radiation condition

which can be nicely stated for such solutions as

1

3! - iku = o(r ). (r = [xl, uniformly along rays).

In particular, we will exhibit the asymptotic
expansions of certain integral operators in § 4 (as k-=)
associated with the classical boundary value problems for the
reduced wave equation in exterior domains. In doing so, we
will generalize in § 3 the method of stationary phase as
expounded by 5Guillemin and Sternberg (8).

This will require some preliminary lemmas, the
subject of § 2. In addition, we derive the eigenvalues
assoclated with their "asymptotic onerators'" and show that,
under certain assumptions, their eigenvalues are related as
a certain formula relating th;se operators dictates they

should be.



The method of stationary phase permits the
evaluations of one-dimensional or multi~dimensional integrals

ko (v) dy for large k in powers of %.

of the tvpe [ a(y)e
It was first explicitly stated by Lord Kelvin.

A mathematical treatment of the method was given by Watson
a7) llowever, VWatson's discussion did not seem capable of
producing the complete asymptotic expansion. Van der Corput
(4) suggested the use of a so-called "neutralizing function"
whicn Focke (7) used to produce a complete asymptotic
expansion. However, Focke, as well as Guillemin and
Sternberg, relied on changes of variable to transform tue

integral above. Hence, in order to chtain an explicit

asymptotic expansion this entailed calculation of the Jacobian

and its derivatives, a more complicated procedure. That
approach is outlined in § 6. The approach of this naper is
more straightforward and requires no additiconal calculactions

and immediately yields an asymptotic expansion to whatever

1 . , . . ,
power of (E) desired for an n-dimensional surface without

boundary.

In the remaining sections we saow additional
nroperties of ‘these operators. Completely independently of
§ 4, we.show in 8 5, that if our boundary surtace is a
2-sphere and if we utilize the more usual tecunique of expand-

ing eigenfunctions in a Tourier expansion of sums of products



of Hankel functions and spherical harmcnicc; then the
asymptotic operators defined on the 2-sphere agree with
those on our general 2-manifold in the limit as our
2-manifold becomes a sphere. Also their associated eigen-

values agree.



NOTATION

A word about notation is necessary. If @ is a
.

subset of E" and k is a positive integer, Ck(ﬂ) will denote

the space of continuous functions possessing continuous

derivatives up to order k on 2. Also Ck (2) will denote
o

the space of functions mentioned whose support is compact

and lies in Q. If we write f£(t) = 0(g(t)) as t=+ a, where

f(t) and g(t) are real-valued functions and a is a real

number, this means, as usual, that

lim sup |£i£l| < M

tra g(t)
(M is a finite constant)
Writing h(l)(t) is equivalent to g}h(t). Similarly, unless
i
dt

otherwise noted, hp(x) = %Eiél where x = p§ and E.eSn
p

( S" is the n-dimensional unit sphere), and hjl...jm(x) =

3™h (%)

le sz... xjm where x = (xl, Xpseees xj,..., xn). Also

o] . A .
h- will denote evaluation at the origin. Occasionally, the
usual summation convention is employed for an index occurring
both as a superscript and subscript in a product.

Indices under a summation sign when written in the form

n, #n, #-#n has the meaning that no pair of indices are
J1 j2 jm

equal.



§ 2. LEMMAS

As stated earlier, in order to apply the method
of stationary phase, some preliminary lemmas are necessary.
Following are a collection of these lemmas.

Lemma 2.1 Suppose that a(t) e C"(o,)
—_— o

and h(J)(t) = o(tzm"j) as t»ofor o<j<m.
Then as k->+wx

o +ikt?/2 -m
e

i h{t) dt = 0(k )
o
Proof: The lemma is proved by integrating by parts m times.
Rewrite the integral as,
f:e ikt2/2 E%EL tdt. If we formally integrate

by parts m times without justifying anv steps for now, and
collecting all the boundary terms together, its easy to see

that we get an expression of the form,

o i 2
P ikt /2 h(t) fdt
o t
_ j-1 . 1 ikeZr2,1 d . i- Layr,
B 'Zl (ik) {1k € (t dec’ ( )
J=
(ZLym o=, ikt?/2 d_(1d ym-l h(g)y.,
ik o dt "t dt t ¢

By an elementary induction argument, it can be shown that

1 d g~ l(h(t)) _

(t dt N

(1)

i 1
o)

pP=0 t



where {a } are constants not imnortant in the analysis.

Therefore, those boundary terms with j;p vanish since

L 23-P

h(p)(t) = 0 ) for O;pij-l;m-l.

The m integration by parts can be carried out if

‘Q-

j_l(E%EL) is bounded as t»o for lij;m. Using (1)

+ 5o

fa¥
|

t

again this expression can be written for each j as,

d_(Ldyi-tace), o 3 Pp ePalP)y,
dt 't dt t =0 th

3

his result implies th

8]

t for each j, where l;j;m, the
expression above is bounded if h(p)(t) = O(tzj_p) as t-o
for o<p<j<m which follow from the hypothesis.

A similar analysis follows with i replaced by -i.

This Lemma also holds over the integration interval (-«o,x).

LEMMA 2.2

Assume that h(t) = Cim( -o, o) and h(p)(t) = 0
when t = o for 1l<p<2m. Then as >+
2, i
© +ikt“/2 27 Y £/ -
L.e Theode = (5hH%eT T4 ue) 4+ o™

Proof: We can write h(t) = h(o) +{h(t)-h(o)}.

The integral (1) then splits into two parts; the first is

o« 2 oo 3 2/
e TRtT/2 p0yde = 2n(o) [Te ike2i2,,

- 00

by evenness of the integrand.

(1)



This can be evaluated by integrating the entire

2
function e iz around the closed contour T which extends

rectilinearly from o to + R along the x axis, thence along

[z] = R to the point 2z, = Relﬂ/4 and then rectilinearly
back to o. Then we let R-w,
, 2
By Cauchy's theorem [/ e*? dz = 0. Or, since
r i9 il
z = x (from x = o to x = R):; =z = Re * (from 0=0 to 9 = Z);
wi/% .
and z = re (from r = R to r = 0) respectively along the
three parts of T we also have
R ix? n/ iR%e217  {Rel9
0 = [ e dx + ["14 et ® 1Re 0
2 TTi/Z ‘/ I
L 0, irTe Til4 g4,
R
that is,
. 2
fRe A% 4x = e n1(+ fKe Yodr
[v] (6]
2 .
an e iR™ cos 20 - Rz sin 272 i“elvdg (2
o

The limit of the first integral on the right side of (2) as
R+ can be evaluated by converting into a Gamma function.

The result is

2 . f—
™

i/
e 7 e dr = e + E
o e

<.

The absolute value of the second integral on the

right of (2) 1is,
% .
l fn/4 oiR” cos 20 - R% sin 28 iRe 940 |

(¢}



2

< f“ 4 e-R sin ZSdO
= o

R .7/ % sin iy
= 3 72 e dé

o]

. R f“é e—2R2¢/n d
= 2 o ¢
= m™ -Rz f . - ¢/2

IR ( l-e ), where the transformationf =

)
and the inequality sing¢ > ﬁﬁ for 0 < o < "é has been used.

This shows that as R—~= the second integral approaches zero.

Then (2) becomes .
ix?2 /T mi/ (3)
v

o0
i e dx = e 4
o]

2

- . . z . .
If the entire function e is integrated around

the same contour as above, a similar analysis yields that

- -ix” Vo -ni/;
J e dx = — e /4 (%)

Hence results (3) and (%) together with the cnange

of variables t = V % X gives

- 2 o S
(2 e™HRE2 n(o) ar 2/ A o TTHE (o)

The second part into which the integral (1) splits 1is,

2
o 2
I e?ikt /2

{ h(t)-h(o) fdt.
f£(t) = h(t) - h(o) satisfies the hypothesis of Lemma 2.1

which gives the desired estimate for the remainder term.

This proves the Lemma.



Suppose that h(t) satisfies the hypothesis of
Lemma 2.2 and h’(t) satisfies the hypothesis of Lemma 2.1.

Then as k-++w
o tike?/2
e

-
- OO

n(t) cP de

(iﬂli)! L p, +l/2 +mi(L+2p) /4
2P L ¢p -1 RS = ¢ AL
+ 0O¢ k-m-l)

where m is defined in Lemma 2.1. (m2p)

Proot: The proof is by integrating by parts p times but

collecting aside all terms involving h'(t) resulting from
1

the integration. Since h(t)e C0 this is permissible and

we get an expression of tae form

. 2
etlkt /2

57 h(t) t2P de
= P o 2
L j tikt/ 2 2p-(2j=-1) =
j=1 (;%ETT— e h(t) ¢ P J lm
D (2p=-1)-(2p=3) -+ (1) L2
+ (-1) o +ik 2
IO 7 /o e ke /2 ey 4t

p ® +ike? - -
- 3, B, [7 GPIRET 2 29 -(25-1) o,
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}P  and {8,}P are not important

The constants {aj
i=1 j=1

in what follows. Note that each integral in the second

2p - 2j -m-1
summation, bv the conditions on h'(t)-t P I is o(k )

for each j. Also each boundary term vanishes gsince h(t)

is of compact support.

Since h(t) satisfies the hynothesis of Lemma 2.2

we can write

_1yP (2p-1)-(2p=3)---(1), 2m,1/2 _+wi/4
(-1) YL e e h(o)}

+ ok "L

After some algebraic manipulations we get

2
12 et/ 2 ney 2P g
_ (2p-D! (Lyp (2m)p+l/2 rwi(l4zp) /4y
EE:TT;:IT! 27 k
+ oa™ 1

which proves the Lemma.

LEMMA 2.4

Suppose that h'(t) satisfies the hypothesis of

Lemma 2.1 then the following holds

2
o +ikt" /2 :
FIRE/Z ey PPHL gy
) tmi(p+l)/2 -m-1
2" p1 e h(o) + O(k )
kp+l

o
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where m is defined in lemma 2.1 (m>p)

Proof: The proof follows closely that of the previous
lemma. Integrate by parts p times collecting aside all the
results of these integrations involving h'(t). Since hgcg
this can be done and yields

2
. 2 . ® i
fo gtikt7 2 h(e) ¢2P*l 4 = (2 )"p(z)f e*lkt/zh(t)tdt
(Fik)

. ] . .
+ o tikt<4/f2 2p-27
jio (+rik)J¥L © h(e) t lo

2
f°° ei‘.ikt /2 h'(t) t2p-2j dt

The boundary terms obviously vanish and since h'(t)-tzp*zj

satisfies the hypothesis of Lemma 2.1 each integral in the

—m—l). These facts combined with one more

summation is O0(k
integration by parts on the first integral on the right side
yields the result.

These lemmas enable us to prove the following
theorem which is of use in an alternate derivation of the
stationary phase formula. This theorem gives the asymptotic
development up to any desired remainder term of order k"
of an integral of the basic type re eiktz/z h(t)dt>f°r large

- 00

k around the point t=0.

THEQOREM 2.1

2 g+1

Let h(t) ¢ CO

(we,®) - and h(o)#o0, then
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v 2
{: eii&t /2 n(t)dt
1/2 . q' 3 o -
- (%’l) e 4 yioy i+ s n?3) (o) (Eiyip + o(kd™h
j=1 3Th(0) K

as ko>t

Proof: Expand h(t) in a Taylor series about t=o and choose
an even bump function g(t) which satisfies the hypothesis of
Lemma 2.3 and is identically 1 in a sufficiently small

neighborhood of t=o. Write the product h(t).-g(t) as

29+1L (3 . 29+1 (1)
h(t)eg(t) = { £ Eliliﬂl td } g(t) +{ h(t) - % E—T——(B—)-c’}g(c)
j=o it j=o it

This splits our integral into two parts, the first

of which is

2 . _ : .
4 h(J)(o) r eilktZ/Z g(t)tJ dt

i

[ e}

Those integrals in the summation with odd powers of t vanish
since g(t) is even. Those with even powers can be evaluated
by the aid of Lemma 2.3 and the zeroth order term can be

evaluated by Lemma 2.2 to get

2a 3}, o Qtike/ 2 g(r) td dt

z = I
jmo 7
q (23)
= 5y b _"(o) tikt2/2 g(t) 3 de
.- 20 [ e
j=o 3 Te

I}
—~
[y "]
3
~
Ny
i+
3
He
~
o
= p
~
C
~
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. . s Ll .
=L Tzt it h-n
+ o™ h

Factoring the expression on the left side we have,

. 2:)
27 Y% twi/4 q ( J " (o) j
(i—)‘ e h(o){1 +J&_l j n (o) (Zk) } + 0¢(

k—Q-l)’

which proves the theorem except for evaluation of the second
part of the integral mentioned.
The second part of the integral is

- 2 2q+1  (3)
(7T Pa ey qngey -3 B
}=0

td} de

k—q"' ].

which is 0O( ) by Lemma 2.1.

Two additional useful Lemmas which are very similar
to Lemmas 2.1 and 2.4 respectively are also presented here

without proofs.

LEMMA 2.5

(i)

Suppose that h(t) e C: (o,~) and h (o) = o

for ogjsm-1 then

;iR t  iyde = 0(k™™) as k+dte

LEMMA 2.6
Let h'(t) satisfy the hypothesis of Lemma 2.5 and

suppose h(t) has compact support then
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' -
[ QHIKE ey (P ogp = B AT /2 4 6y 4 o™ Ty

0 kp+1
as ktw, where m is defined in Lemma 2.5. (m>p)
The last lemma is useful in the derivation of the stationary
phase formula in order to obtain estimates on the remainder term of the

Taylor series expansion.

LEMMA 2.7

Let U be open in BN and let f: U-oEn be of class Cp. Let
xeU and y eE" be such that (x + ty) €U for 0<t<1l. Then in the Taylor
Series expansion of f(x + y) the remainder term can be estimated as,

o sup || DPE(x) {{- {y|P
iRyj < xeU

p!
Proof: The remainder term can be represented as

1 (- )Pt

P o ?E—:fiji——' Dpf(x + ty) y(p) dt

where y(p) denotes the p-tuple (¥, ¥, ««es ¥)

Hence,
] ] i 1 1 - t P-l P (P) H
]Rp] = | fo (- D)1 Df(x + ty) vy dt |

s [ ] t 1 l" p-l
sup || DPeco) {i-iylP |/, %;—:—%%! dt |

A

xelU

sup || DPE(x) |]-{viP

xelU

el
o-l"'l
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§ 3. THE METHOD OF STATIONARY PHASE

For these integral operators in which we are
interested, the method of stationary phase suggests itself.

This method permits the asymptotic evaluation of integrals

ike (y)

of the type fE a(y) e dy for large k in a series

L
=

dy is the volume element on I, and a(y) is a function

expansion in powers of Here I 1is a two-dimensional surface,
defined an £ which is assumed not to have singularities in
neighborhoods of the critical points of ¢(y), that 1is the

points where d¢(y)=0.

It can be shown {(4),(8)} that the major contribu-
tion to the integral for large k will come from a neighborhood
of precisely those points where d¢=0. For we can break a(y)
up into a sum of small pieces by using a partition of unity.
If d¢# 0 on the support of a then integration by parts shows
that the above integral 1is O(k—N) for any N, 1f we assume a
is a C  function of y.

Those integrals in which we will be interested
possess a singularity in a(y) at a minimum value of the
function ¢x(y) = ¢ = ;x—yi. In fact ¢(y) will not even be
differentiable at that point. This difficulty is overcome

in theorem 3.2 of this section.
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Guillemin and Sternberg(8), derive the first term
in the expansion of the integral. We derive two additional
terms in the expansion and show how to derive, by
analogous methods, any desired number of additional terms
in the expansion of the integral. This derivation 1is shown
in theorem 3.1.

It should be note& that the theorems of this section‘
permit the asymptotic evaluation of integrals of the type
desired to be more precise and mone general in the sense that
not only more of the asymptotic series is obtained but
integrals possessing singularities in a(y) at a point in whose
neighborhood we wish to develop the integral asymptotically
can be dealt with.

In theorem 3.1 below we use the following notation:

(The functions below are defined on § in local coordinates.)

2
A, =¢..(p) = Chll:1 (p)(p is a critical point of b (y))
J 1] Ix

h(y) = a(y)-/E- where G is the determinant of the
first fundamental form.

H, the Hessian, is the matrix of second derivatives
of a function and sgnH(y) denotes the signature of the Hessian
of ¢(y) evaluated at vy.

det H¢ denotes the d;terminant of the Hessian of ¢(y)
evaluated at p.

Occasionally, we will also use the notation sgnAj

meaning the sign of Aj, not to be confused with the above

concept.
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THEOREM 3.1

LetI be a closed, compact, orientabley, n-manifold
. . n+l 8 6
imbedded in E of class C~, Suppose that ¢(y)eC and that
the Hessian of ¢(y) is nonsingular at each critical point.
Suppose also that a(y)eC4 in a neighborhood of each critical
point of ¢(y). Assume, without loss of generality, that ¢jq=0
at a critical point if j#q.

Then the asymptotic development for large k of the

following integral is as follows:

(1) £y eik¢(Y)a(y)dy =(%y)n/2 : oTisgnH(p) /4 ik¢ (p)
pidé(p)=0 |detHo |
; -¢,..(p)a,(p) -9 (pla,(p)
.{a(p) + (2;){2 1] 5 h! +'y; 949 i
J A itq A A
h,.(p) -¢jjqq(p)a(p) -¢jjjj(p)a(p)
to A 1z 2X, A + L )
i j<q i'q j 415
a(p) 2
L v w {36¢jkq(p)+ 9¢jqq(p) ¢jkk(p)}

a(p) 962 }
+ I {9¢.. (p) + 6¢jjj(p)¢jqq(p).
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2
3
i 121}
2 12
+ 4w F.( ( ’ ’ ’
7z Paa,0, P e a,0,9, 7 % a,0,0,0, 0P
J=
¢ (p) . |
99,949,959, » B(p), (), hqlqz(p), nq1q2q3(p),
(p)) 4 o(k ™27

h
qiq243q4

where the {F,) are described below,

i

Proof: The method of proof involves expanding various

functions invoived in (1) in series expansions, splitting
the resultant integrals into other simpler integrals, and
then evaluating the asymptotic contribution to (1) from
eacn of these simpler integrals by usinyg the lemmas of the
previous section. (cf. Lemmas 2.1, 2.2, 2.3, 2.7)

It was already observed that the majcr contribution
to the integral (1) comes from a neighborhood of the

critical points of ¢. The contribution from each critical

point is calculated separately.
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Choose a critical point p and fix a local coordi-
nate system about p with p = (0,0,...,0). Let the local
coordinates be designated by (xl,xz,...,xn). Also let N(p)
be a sufficiently small neighborhood of p for which the
coordinate system is valid and which contains no other
critical points of ¢(y). Such a neighborhood exists because
the critical points of ¢ are nondegenerate hence isolated.

The contribution to (1) from the critical point p

can be written as

iké (x)
IN(p) e h(x)g(x)dx ,
1 2 n e
where dx = dx Adx A...Adx and h(x) = a(x)sv G. We have
introduced a bump function g(x) = 2 gj(xj) where each gj(xj)
i=1

is even in xj and satisfies the hypothesis of Lemma 2.3.
Also, each gj(xj) is identically 1 in a neighborhood orf x=o.
This bump function conveniently restricts the integration to
a neighborhood of p.

If we substitute the Taylor series expansions (with
remainder, cf. Lemma 2.7) for h(x) and $(x), and use the
exponantial series expansion for the exponential factors, the
integral assumes the desired form. Notice that the first
order terms in the Taylor series for ¢ do not appear since p
is a critical point and the mixed second order terms are zero
"by assumption. (cf. Lemma 2.7 for the form of the remainders)

The integral then becomes,
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iko(x) |
: h(x x)dx
(2) (P (x) g(x)
2 .
ik (p) iki, (xd3)°/2 ik 0 q.r_s
e IN(p) e j {1 + 5 ) qrs XX X
+ L ik 2( o q.r s 2, 1 (ik)3(¢o R
2! 6 ) (o qrs * ¥ X ) 3! 6 qrs
1 ik 4 4 5 15
i 0 q.r_s.,4 v
a7 (B (0 pgxx x7) + k> 0(yx| 7).
ik o qr s v
{1 +57 ¢ qrs® ¥ X %
1 ik 2 ) q r s v,2 3 12
- a5 . [} ) }.
+ 37 (24) (¢ qrsy® X X X YT+ k- 0([x| <))
{1+ 1x $° 1T xSx V%Y + k2 o(|x{10)}.
120 qrsvw )
{1+ ik ¢o qurxsxvxwxu + k% O(ixi12)1'
720 grsvwu .
Y ) o _q L o _q.r
. 1. R ——
{ L + k-0(jx}")}-{th™ + hq x* + 5 hqrx X
1 o qr s 1 o qr s v 5
+ 3T hqrs X 'x x + T hqrsv x'x x x + 0(]x|°)}g(x)dx

This can be broken down into a sum of simpler
integrals each of which is really a product of one-dimensional
integrals. Note also that integrals involving odd powers of
x vanish since g is even. Hence only products of one-
dimensional integrals of even powers of x are considered.

Any integral obtainable from (2) which can be shown by Lemma

-n/2

2.3, or theorem 2.1, to be 0(k —3) are not analyzed.

Hence the following integrals are examined:



(3)

(4)

(5)

(6)

(7)

(8)

(9)

(10)

(11)

(12)

(13)

(14)

(15)

(16)

i)

IN(p)
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Integral (3) is the dominant term in the asymptotic
development of (1l); the next four integrals (4) - (7) will
be shown to be of order k—n/2 _1; integrals (8) - (l9) are of
order k-n/2 -2; The remaining integrals, which are not
listed are of order k_n/2 =3, The analysis of the integrals
is a straightforward application of the Lemmas.

Only integrals (3) and (4) are analyzed in detail.
The others are similar to (4) so only calculations are
indicated for (5) through (7). Results are indicated for the
remaining integrals.

Written as a product of integrals (3) becomes,
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s eikAj(xj)Z/Q h° g(x)dx = W % (s e

Application of Lemma 2.2 to each one-dimensional
integral is justified since gj(xj) for 1 <j<n satisfies the

hypothesis of Lemma 2.2. The result is,
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To arrive at the last step we have used the fact that o T%T~
where recall that sgn A denotes the sign of A. Since we

wish to obtain the asymptotic series of (1) up to a

-n/2-3

remainder of order k it is sufficient for our purpose

to choose ge¢ CB.

The next integral (4), when the vanishing of odd

powers of x is taken into account becomes,
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In the second summation, as in other summations over more
than one index, there is a combinatorial problem involved of
determining the coefficients of the partial derivatives of 4.

Coefficients are shown without analysis.
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The one-dimensional integrals above are calculated

by Lemmas 2.2 and 2.3. We then get
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The next theorem treats the case where

fzelk¢(y)a(y)dy has a singularity in a(y) at a value

around which we wish to expand the integral. The point x
denotes the singularity and r = [x-y]|.

THEOREM 3.2

Let L be a closed, compact, orientable, n-manifold

of class C3 imbedded in En+1. Suppose that J(x,y) =

A(XZV) 2 2
IX'Vin-l is a C kernel that is A(x,y) is C~ as a function of

y in a sufficiently small neighborhood of x denoted by
N(x) g Z. Suppose also that the manifold is explicitly

represented in N(x) by Yol = f(yl,...,%l) where, without loss
of generality, assume that f? = 0 (for all j) and f?q = 0

if 3j#q. Then as k>+=

; Cer Cn—l A(x,x) Bn(AA)(x)
N(x) J(x,y) dy = (-ik) + (-ik)3
+ BpAlx,xy 220 2n(n-1)K, } + 0(k™")
4(-ik)3
where Cn is the area of the unit n-sphere, B, is a function
32 A
of n defined below, . AA(x) = I gys—y(x), H is the mean
3
Zfo. 1" . " 1
curvature ( {j), and K2 is the "Gaussian curvature defined
n
n o o
by (,)K, = © f., £ .
2°72 : i3 “ag

1<q
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Proof: Let x be the origin of the Euclidean coordinate
system and the Y n+1 axis have the same orientation as the
unit outward normal to I to x. By compactness and smooth-
ness of the surface and the fact that AeC?(z) it will be
clear that all terms included in O(k—4) can be made
uniform in x.

We can write the integral as

f(O) f: e:Lkr %LKL%%:T g(p). G pn_l dp dSn“l
S | x=y]|
+ O(k—4)

where the volume element in N(x) has been expressed in polar
coordinates in the tangent plane to x, dSn-l is surface
measure on the n-1 dimensional sphere, S(O) is the unit
sphere in En, and G denotes the determinant of the first
fundamental form. A cut-off function g(p) has been inserted
which satisfies the hypothesis of Lemma 2.6 and g(p) = 1

near X.

If we expand the functions of p above in a similar

manner to the previous theorem we obtain

oo i 2
(1) s I eike 1y 4 ik(gg) + k20(p6)) {1 + kO(p5)}~
S(0)
n-1 f2
{0+ n2(p) + % hp (p2) + 0L - T Sy ¥ 0(p*)}e

1

‘g(p)dpdSn_ + 0(k_4), where h(y) = A(x,y)"* /G
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The five integrals from (1) which give contribu-

tions are listed below. The others by Lemma 2.6 can be

shown to be O(k-4).
(2) ! 12 et P 1 g(o) dpas™!

S(0) -

o ik -

(3) £ 0n et Y g(o) pdpas™T!

$(0) ?
(4) S 17 e un® g(p) 02 dp as™!

S (0) po

—(n-1) ® ikp o £2 a-1
(5) — I, e h™ g(p) (—3)dpdS

S(0) e

ik © ikp o £2 a-1

(6) 5 1 I, e h™ g(p) (=) dp dS
S(0) P

In each case integration is performed with

respect to p first using Lemma 2.6. Since AeC2 and fe:C3 any

integration by parts is justified as are any Taylor series
expansions up to the second order.

Integrating (2) by parts we have by Lemma 2.6

(2) i) re etk po g(p) dp as® 1
S(0)
= f h® as™ iy —%E + o(k™™ 1y
S(0) -
= ¢c__, R —% + o™ 1y,



45

where m 1is defined in Lemma 2.6. For the purposes of
this theorem it is sufficient to choose geC", that is m=4,

.C

For (3) we have hg = h; Ej where h = h(pgt...,pg")

and £ = (E,...,En)s S(0).

(3) i 17 et 1% g(orpdp as™?
S (0) e
- s h° dsn-l{ 1 =+ 0(k m—l)}
5(0) (-ik)
= nl s gd as™Th 1 , + 0k m=ly
I s(o) (-ik)

0 by symmetry of the surface integral.

For (4) we nave,

(4) 5 f f: elke no g(p)p? dpdSn—l
[0}
= sy s el gdas®Th (2 4 o™
S(0) (-ik)

By symmetry, the surface integral vanishes unless j=q and

has the same value for all j if j=q. Since dSn—1 = sin n-2a

-2
da ds® and En = cos a, the surface integral is

calculated to be

2

1 - -
T 2 4 sin® 2 adads® =B

S (En)2 dSn— = [ S cos
S (0) s(o)y °
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where {bn—z (n=-2)tmr ° }
N n even
B_= n2"® 2((252)1)2
{Cn-Z 2" ((P’;_B'y) i }
n

n(n-2)! odd

Recalling that h(y) = A(x,y) /G so that Ah(x) = AA(x) +

A(x,x) X(fgj)2 since f? = 0 for all j and combining with
3

the above result yields

o i -1
1 f I et®P 1% g(p)p? dpas®
S(0) pe
Ba{AA(x) + A(x). £{£°.)2} -1
- JJ + 0(k )

(-ik)3

Integrals (5) and (6) are evaluated in a similar
manner hence (6) only is analyzed in detail. For (5) expand

f in a Taylor series in p to get

£2 = (27 )2 0%+ 0(o%)

Then (5) becomes

-(n- i 2
={(n-1) oike o0

f -1
h™ g(p) (;r) dp ds"

= —=a 1 (£° )2 as™H —2— + ox™H
s(o) PP (-1ik)

3 }

—in=2)n D2 (gdys gs™?
4 ¢ik) 3 g 3 5(0)

1 4

+ 231 £° ¢ L0y (e1)2 (g2 4s™™" & o™
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By symmetry the first integral is independent of j and 1in

a similar manner to (4) is evaluated to be %%%. The second

integral is also independent of j and q where j#q and this

is analyzed as follows:

! (M2 ("7 hy2 gg7t
S(0)

n-1 n-1

= Tscoy L - £¢ed)?)y (77 7) ds
j#n

1 1

= n-1 2 n=- n-1 [N n-
IS(O)(E y< ds fs(o) (g )* ds

-2 ) (edy2 (gnly2 gg7l

j#¥n,n-1 S(0)

n—1)2 dSn-l _ n—l)q dSn-l

n

- (n-2) Sggy (B (8"TH2 as

So

(n-1) f ("2 (g""1y2 4g771

5(0)

= sy (T HTas"T (g""hye as™t

or
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Hence (5) gives

o

-(n=-1)h B, 3 . (fo )2 4 2 s £9 §£°
4(_“()3 n+2 ; ji n+2 jeq j3 qq

+ 0(k~%)

A similar analysis for (6) yields

T sy Ta et s (’f’;)d"dsn-l

I LN T S L I S T SO SR T YOS
4(-ik)3  n+2 ii n+2 y.q i “aq

Combining (2), (3), (4), (5), and (6) and using
the definitions of H and Ky, proves the theorem.

It is possible to derive several recursion formulas
for B, which is defined in theorem 3.2. The first two and last
recursion formulas can be obtained by evaluating a particular

surface integral in two independent ways. The third ean

easily be deduced from the first two. These recursion formulas
are:
(1) Bn - Bn-l Bn+2
n+2 Cn
(2) . Bn _ Bh-2 Bpn+1 Bn+s
(n+4) (n+2) Cioi Coso
(3) S+l
3 =
Cn+l Cn+2
c
(4) By = 2%
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For example (1) can be obtained by evaluating

fS(O) (g™)2 (E,‘n-l)2 ds™ 1 first in the manner performed

. n n-1

in theorem 3.2 and second by letting £ = cos a and £ =
n-1

sina cosB and evaluating f cos2q sin2a cos?pg dS

S(0)

« sin® 3gdaagas® 3

where as® ! = gin®
In a similar manner to (1), (2) and (4) can be
derived by evaluating respectively the following integrals

in the two ways mentioned above.

fseoy (EM?2 (" H2 (g™ 2 gstt

n n-1
IS(O) (£7)2 4as
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§ 4 ASYMPTOTIC PROPERTIES OF RELATED OPERATORS

We wish to derive the asymptotic development of
certain integral operators related to the solution of the
classical boundary value problem for the reduced wave
equation.

Let I, except in Lemma 4.1, be a closed, compact,
2-manifold of class C4 imbedded in E3.

For y on I and x#y in E3,_define the following

kernels for the integral operators we are interested in:

ikr
e where r = |x—yi;

Q(X:Y)

Gy

and K(x,y) = 5%— Q(x,vy) where Ny is the unit outward
y
normal vector tol at y.
Then these kernels define compact integral operators,

as follows, where we will let the same letter denote both the

kernel and the operator

ik
Qg(x) = fZ et g(y) dy, and
bTr
ik
Kh(x) = fZ 5%—-(e1 i) h(y)dy, where
Y Wrwr

dy is the volume element on % and g(y) and h(y) are suitably
defined functions. For further properties of these and

related operators consult Sacksteder's paper (13)
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The method of stationary phase comprised of
theorems 3.1 and 3.2 enables us to evaluate these integral
operators asymptotically for large k. Applications of
these theorems is immediate in the case of the operator

n*tl ¢ theorem 3.2 to the integral

Q. The extension in E
operator K is contained in the next Lemma.

First a brief comment on "fundamental solutions"
of the reduced wave equation L(u) = Au + k2u = 0. With
k? # 0, in complex notation, we find that for odd n>1 the

singular ("fundamental") solutions are

_ U
u = rn_z + f(r)
and for even
U
u = =z + W log r + f(r)

where f(r) is real analytic and where U and W are real
analytic solutions of L(U) = L(W) = 0.

In Lemma 4.1 we analyze the contribution due to
the singularity at x from the "principal part" of the
"fundamental”™ solution (that is, the highest power of %).

The remaining terms are easy to analyze.
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LEMMA 4.1

Let ¥ be a closed, compact, orientable, n-manifold
of class C* imbedded in E™'!. Let h(y)e c2(3) and belong
to the domain of the operator K. Suppose also that in
a sufficiently small neighborhood N(x) of x the surface is
explicitly represented by y 47 = f(%""’yn) where, without

loss of generality, f?q = 0 if j#q. Then as k->+o

ikr
s 3 et n2g h(x)H
2 _ (/=) h(y) dy = n

N 3Ny el BT (-ik)
- Boh(O) g5 o383 L og4p H(;)KZ + 24(3) K.}

321 (-ik) 3

B

+ B { HAR(x) + (Rf-Tn) ()} + "Bn {(Yh * VH) (x)}

b (-ik) Zﬂ(—ik)3
+ 3anh(x)AH(x) + O(k-a)

167 (=ik) >

where B, is the same function of n defined in theorem 3.2,

1
H== z fgj (mean curvature), (?)K, = I (qu)...(fq a
J QI<q2<"‘<qj 1t 37
2 32 ] 32
(Gaussian curvature), K = (—35—,..., ~———§), and A = ¢ 5 .
dy 3y, 3 9yj
Proof: The set-up of the coordinate system and opening

remarks in this proof are the same as in theorem 3.2. The

same notation also holds.
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Hence the integral can be written as

1 i ikr n-1
4 e cos(rN) h(y) {—= - 1k} dy
N(x) r
rn-2 r

and noting that

(o}

E_OE_(E_N_l = (1/2 (Ej)Z fo + 1ap

irq,p
- iy (e7e%P) £

£2
p2y{1 = 0% + 0(p")}+0(p?)

(1 +3 sz’)‘/2

p

(I

(g3g9ePe™y £©

+ .
jqpm

o |

we obtain after the other functions of p are expanded

2

1 © _iko o £2 6
1 £2 _ \
Ao fS(O) fo e {1 + ik (Zp) + k™ 0(p®))
iy2 1 j paq ,r o
1L + k-0(0%) 1{4(eH)? ¢2 + = £ o
{ (p2) M) Iy 3 (g7 &7 €£7) jqr
+og el g% gt ey €0 52y
qum
£2 4 3 o o 1 o 2
{1-0—7+0(o)}tl+0(p)}{h +hpp+/§hppp
n-2 f? n-1 n-1 f2
+  0e¥H) {1 -2 57 + 06"y {To - 2 b3+ 0(p3)-ik}-
-1 -
.g(p) pdpds™ + 0(k 4)

where g(p) satisfies the hypothesis of Lemma 2.6.
The non-vanishing integrals which contribute are

listed below. The others are O(k_4) by Lemma 2.6.
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h™ (n-1) o ikp 2 o} n-1
(1) sn scoy Jo @ 0 (D2 £, 8(p) dpds
ﬁ:iklbg ® ikp jyz2 -0 . n-1
(2) - fS(O) fo e (g7) fjj g(p) pdpds
(39 ~={azbLh? ;2 etEP (pdyz g0 (£ 0y dpas™TY
lé6w S(0) o i3 p2 glp
(ik) (n=1)h° o ikp f2 iip .0 n-1
(4) 167 fS(O) fo e ( p) (&%) fjj g(p) dpds
. ikp .
(5) -(ik)2 n° o * 2 iip .0 n-1
1ew fS(Q) I, e (£4) (g-) fjj g(p) dpds
) z(=Dn’ i et (edy2 10 (L3 g(p) apas™?
8w S(0) “o ij ‘e’ B
(7)  (ik)h° @ dikp ,,jyp .0 £2 n-1
3T fs(o) /e (¢7) fjj (;7) g(p) dpds
o . jig .0 £2 n-1
(8) -(n-1)(n-2)h r 2 oike (87)° £, (=) g(p) dpds
16 5(0) o J3] p
(ik) (n-2)1° o ikp ,.3 2 .0 ,£2 gn-1
(9) 16m IS(O) Iy e (E7) fjj (p Yg(p) dpd
(n-1) o ikp Jy2 goO o 2 dsn—l
(10) 167 fs(o) foe (£7) fjj hpp g(p) p® dp
(_'_'_i_l_(_) €0 ikp j 2 0 [o] 3 Sn-—l
(11) Tén fS(O) f, e (£7) fjj hpp g(p) p° dpd
(n-1) ) ikp i .q ,m o o 2 n-1
(12) 17n fs(o) Fy e (g7 g7 £7) qum hp g(p)p*“ dpds
~ik : o _ikp j .9 _m o o 3 n~-1
(13) Tom fS(O) I, e (g7 €7 &) qum hp p3 dpds



(n-l)hO o ik j .,q .,m _n o 2 n-1
(14) 55— fS(O) I, e (g7 €7 & &) qumn g(plp-dpds
(-ik)h° © ikp ,.3 ,q ,m ,r, .0 3 n-1
(15) 307 fS(O) fo e (g7 g2 & &) qumr g(plp?dpds
Several representative integrals from (1) - (15)
will be analyzed in detail.
Integral (3) gives the following after expanding f
in a Taylor series inp to get f2 = Y4 (fop)2 ot + O(ps) and
0 o i o o i
t1 that (f° )2 = (£9.)2 (e + 2 £9 ¢ I g%y
noting at ( pp) ( JJ) (g7) 31 fqq (g7 &%) j#q,
where f = f (pgf..., pg™, (Note that integrals involving
odd powers of £ vanish by symmetry and j#q#m).
SICETNL S 1o et edyz 0 (£ 4oy apas™?
16 s(0) ‘o 33 ‘p2) B
o
. ~(n-1)h_ ° y3 Ji6 son-1
i {(fjj) fS(O) (g-)° ds
o o] ! n-1
+ 3(£.)?7 £ f v (N2 as
(£50% £0 Toigy (€D D
.0 o o j q m n-1 3
+ 2 £9, £° f s 2 2 2 45
35 Tqq “mm S(0) ()% (gM)% (g7)
oo ik
57 et P 02 g(o)dp
SETCIS0) PR WP S i ST N
64w (n+4)(n+2)j ij (n+4) (n+2)jaéq ij qq
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6 B o o o 2 -4
¢ ——0Ba__ 5 (9 £° £0 3y + 0(k™")
(n+4) (n+2) j<qem 33 aq Tmm (=1k) "
o
- {o=1)h By £292 +9 1 (£9)2 £2 3
320 (ath) (aiz) 15 F (fy9) g (£330 Tqq!
i i#q
+ 6 I 9 % 21 4+ ook™H
j<qem ji qq 'r
(o]
. —(n=1)h B, S 115 afH3 - 36, H(RK, + 24Ky}
327 (n+4) (n+2)(-ik)
+ O(k_4).

where B, H, and K, (j = 2, 3)) are defined in the hypothesis.

3

The surface integrals above were evaluated as
follows., By symmetry the first surface integral is independent

of j. Hence letting En = cos o, the first integral is

fS(O) cos6a sinn_za da dSn_2 which is easily evaluated to

15 By
be TFLY (n¥2)°

By symmetry considerations and the fact that for

fixed m, (Em)2 = 1 - I (EJ)Z, the second surface integral can
j#m

be written as

fscoy (EMY (e7ThH2 astT!

= 7 (EMM(L - 3 (gdy23 gg?"?

S(0) j#n-1
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= 7 (g™ as™t - g (g"y6 as™t
S (0) 5(0)
-z s (g4 (gdy2 g7t
j#¥n,n-1 S(0)
3 By 15 By n,y n-1,, n-1
= - (n-2) f (g% (g ) ds
n+2 (n+4) (n+2) $(0)
This implies
_ n,y n-1,2 n-1 _ 3 Bp _ 15 Bp
(=l o gy (BT B T s n+2 ~ (a+4) (a¥2)
which gives our result
s (ch* (e"7h2 as™t - S Fa

S(0)

In a similar manner, it

iy2 q,2 my 2 - :
S(0)
For integral (10) we have, since h = h(pE{...,pEn) implies
o j .4
h = . ,
B¢ th ¢ g
(n-1) = ikp jy2 .o o ) n-1
— £f.. h dp dS
1o fs(o) [, e (¢7) ii Poo g(p)p” dp
(n-1) o o AN n-1
= {f.. h,. [ (g7)* ds
16 33 33 g0
v £5 n s (e1)2 (692 as™Th 1T oMK o) 52 ap

S (0)

(n+4) (n+2)

is shown that

m"]. Bn
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(n-1)- .3 Bn o o Bn. 5 o o 2

{ Z f,. h .+ f..
+2 +2 N
l6m "n 3 3333 om0 33 4y

- (n-1) By 3z £ K®. + 3 £9. ho b o 0(k™

8m(n+2) (-ik)°> 3 33 33 5zq 33

_ (n-1) By {HAR(x) + (RE+Bh)(x)) + 0(k™%)

4 (n+2) (-ik) >

- 2 2
where A = (%;7 g s e oy 33—7) and the surface integrals are
n

evaluated as in (3).

For integral (12), note that h? = hOEJ

3

so that I=1 g rooet el €1 g™ £ nY (o) 02 dp as”

127w S (0) o jqm

1

(eI as™”
5(0)

+13 % w° g edy2 (gdyz as™ty 17 etk 0y dp
JJq q. S(O) o

n-1 3 B o o} 3 B, o o 2 -
= {=2 32 £,.,, h, + = ¢ f.  h } {—=—7 + 0(k
2 +2 . ! + ) .
12m " n j 3331 3 mF2 g0 339 4T gy
27 (n+2) (-ik)3

{VheV(Af)} (x) + O(k_a)

Finally, for integral (l4) we have

n~1 o ikp j ,q ,m .t o
/ fooe? et g% g™ gh) £f

- f{o-Lh ., h (gdy as™?

g(p) p? dp ds™”

-1

)3

1
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s (ehyz ez as?h g7 TP 02 (o) do

(o]
+ 6 f
3iqq S(0)
(o} -
327 nt2 5 T3335 0 n¥2 4.4 1399 7 (g
3a(n-1)h° B, AH PSRN

167 (n+2) (-ik)°

Results for all the integrals are noted below
0(k™*) ),

n(n-1) h(x) B, H
BT (-1ik)

n h(x) BTLH
8T (~1ik)

-(n-1) h(x) By {15 o0 - 360H()K, + 24()K, )
327 (n+4) (n+2) (-ik)3

=3(a-1) h(x¥) Ba {15 538 - 36nH(})K, + 24()K, )
327 (n+4) (n+2) (~1ik)3

=12 h(x) Bp {15 a8’ - 36aH(DK, + 24(DK, }
327 (n+4) (n+2) (-1k)3

~2(n=-1)h(x)B.,

3,3 n n

327 (n+4) (a+2) (=1k)3 {15 n°H -36nH(2)K2 + 24(3)K3 }
—6h(x) Bpg {15 o3u3 - 360t (MK, + 24(DK, )
327 (n+4) (n+2) (-1ik)3 2 3773
“(n=2) (n-1)h(x)Ba  r,5 343 _ 35nH(g)K2 + 24(D)K, }
327 (n+4) (n+2) (-1k)3 3°7°3
=3(n-2)h(x)By {15 o8 - 36nH(DE, + 26(DK, )

327 (n+4) (n+2) (-ik)3
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(10) (n-1) Bn -{ HAh(x) + (Rf+Rh) (x)}
47 (n+2) (-ik)3

(11) 32a —{ HAR(x) + (Af+Th) (x))
4 (n+2)(-ik)

(12) (n-1)Bq ({vh « v(Af)}(x))
4m(n+2) (~-ik)3

(13) 3Bn ({VheV(AE) } (%))
2m(n+2) (-ik)3

(14) 3n(n=-1)h(x)BRpAH
167 (n+2) (-ik)3

(15) 9n h(x) B, AH

167 (n+2) (-ik)3

Combining (1) through (15) proves the Lemma.



61

ASYMPTOTIC DEVELOPMENT OF THE OPERATORS K AND Q

We are now in a position using theorems 3.1, 3.2,
and Lemma 4.1 to obtain the asymptotic development of the
operators. This is obtained first for the case of a
general two-dimensional surface and secondly, we specialize

to the case of the two-dimensional sphere.

If we set ¢x(y) = |x-y r and Wx(y) = %{¢x(y)}2

HY at critical points. In

I
. X 1
then the Hessians satisfy H¢ = v

our case I is a two-dimensional surface so that we have,

1 - _Ax-yi - [x-y]
] ] 1 ) 1]
(jdetHo|)? (]detHW|)% l(l-ulr)(l—uzr)lk
where u; and ugare the principal curvatures and r = ¢.

For each xe L and critical point y we set d equal
to the distance between x and y. The signature of H is 2-2s
where s is tha index of the quadratic form d2¢ (or
equivalently the number of focal points between x and y
counted with multiplicity).

For the sake of brevity, the asymptotic expansions
of Q and K for a general two-dimensional surface are given
only up to order k2. There follows first a reference list
of formulas for the values of the partial derivatives of

2

, 2
B(y) = a(y)e (1+3£,5)% and ¢¥(y) = [x=y] = (v + v, +

(4 + f)2)Li on a 2~manifold M and their corresponding
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values on the unit 2-sphere SZ' We are assuming £° = fg =
o

£, =0 if j and al o = £° = :

iq i#q aiso prq fqurs 0 for all j,p,q,r,s

where evaluation is at a critical point (denoted by =-x on

SZ)'
(j#s#q#r#p unless otherwise indicated).
& 52
ho = a0 a(x)
Q (o]
h, = a a,(-x)
] ] h|
(o] _ (o] (o] (o] 2
h,. = .+ f. . - + -
ji ajJ a ( .']J) ajj( x) a(-x)
(o] _ (o] -
Bis = 25s 355(7%)
o o 0,.0 (2
h,.,. = a.,,, + 3 a_(f, .. (- + 3 a,(-
333 aJJJ aJ( Jj) _ aJJJ( x) aJ( x)
o - .0 0,.9 2 _ _
hjjs ajjs + as(fjj) ajjs( x) + as( x)
o _ o _
Bjsq ~ ?jsq 3jsq (™%
[o] [o] [o] (o]
he,..=a.,.,, +6 a, (f. )2 ... (=x) + 6 a., (-x
jiyi aJJJJ iji o3 aJJJJ( x) aJJ( )
(o} (o] (o] o] o]
+ 4 £ £° ... - 3 a (f. )4 + -
2 Y31 Tii33 i3’ 9 al-x)
o : o o o 2 o o}
= + f + 2 - -
hjjss a4iss ajj( ss) ass(%j) ajjss( x) + ajj( x)
o (o] [o] o (o]
+ 2 £ -
+ 2 a fjj fjjss ag jiss + ass( x) +3 a(x)

[s} 2 o 2
- a(fjj) (fss)
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¥ S2
(o]
¢0 - 1 + 4 £, -l
Al g
(o]
= f 0
¢js is
¢° © (for all j,s,q) 0
jsq jsq » 8§04
[e] 3 2 3 o 2 15
R 6 .. = S—(l+df..)* - =
¢JJJJ a ¢ ) 3333 d3 i3 8
08 .. = £, . 0
jiis jiis
(o] (e} o]
0. =L £ 4+of. .
Jiss d "jj ss jjss 5
1 o o —§
- S—(14d f..)(1+4df" )
d3 3] S8
0. = £9, 0
jisq jisgq
6° = £° 0
isqr jsqr
o _ O
‘bjsqrp - fjsqrp (for all j’l:q’r’p) 0
° .= r % £ +6 £, £9, - 189
jijiss d jiiil ss Ji jiss 2
o 1 o o
+d £9,,, ¥} = —x{1 + df" M3(f..)?
iiiiss FEL T
o 9 o) fo)
+ df, ...} + -5 {1 + df, }2 {1+df_ 1?2
jiii- d t ii- t ss”
6 o o) fo) o

- —g—{l + df .} {f,, £ + df ., }
d 1] t JJj ss Jiss
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M S
o _ 1 {15 (0 £O 0 1 oo 945
333333 d i3 33ii 333iiis- 32
L 36902 + af®, ¥ (1 o+ afd )
4 ii 33ij i3
+ 42 (1 4+ a£2,)3
d i3

VALUES OF PARTIAL DERIVATIVES OF f ON S,

333313

£9 ...
jjijiss

0

(for all j,s,q)

0 (for j#s#q)

0 (for all j,s,q,p,r)
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GENERAL TWO-DIMENSIONAL SURFACE

ASYMPTOTIC DEVELOPMENT OF Q

Asymptotic development due to contribution from non-singular

points.

_(_i)s+l elkd

Qe(x) = s et¥T 8(X) 44

b 4rr =L Y
pldr(p)=0 2| (l-u;d)(l-upd)|” k

-d?f, .. (p) &, (p)
(e(p) + Gz 1
3L+ df(p))

-d?f . (p) gj(p)

+ L 1+df, . ( qul f
d g(p) 2
+ r g {g (p) - {1+df_ . (p)} + g(p)f,.(p)}
] l+dfjj(P) i3 42 ij] 33
- 3 - -
. : g(p){d fjjqq(p) d(fjj(p)) 1}
i#q 2d(l+dfjj(p))(l+dqu(p))
- 3 - - 3
.\ : g(p){d fjjji}p) 6dfjj(p) 3]
. 2
j 4d(1+dfjj(p))
3 2 6 )
s : d3g(p){9 fjjq(p) + fjjj(p)quq(p).
. 2
j#q 12(1+ df,,(p))% (1 + df  (p))
3 2 -
2478(®)f44,(P) + 0(k™3) as kotw

+ T 3}
3 12(1 + dfjj(p))

The contribution due to the singularity at x is

from theorem 3.2.

ikr g(x) _oig(x) _ ia {
"y & e 9T TR - ‘zﬁéil-i-fi%l (a%-K)

+ 0(k'4) as k-+o
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ASYMPTOTIC DEVELOPMENT OF K

Asymptotic development due to contribution from

non-singular points.

( L Jikr —(-1)STL gikd
Kg(x) = o (—)g(y)dy = &
L ONy 4mr pl1dr(p)=0 2{(l=pd) (L-ypd) | %k
' . -d2f,, . (p)g, (p)
-tp) (5 - 10+ Goo ——I - ik -
J (14df, . (p)) "
i3
-d2 f (p)g.(p)
+ 1 99] A (ik _.%)
i#q (l+dfjj(P))(l+dqu(P))
d 1 . (p)E,.(p)
g ——— {(5 - ik)(-g,.(p) + & iji
+ . d 113
j l+dfjj(p) d
+ 28(P)(l+dfjj(p))+_(g(p)(l+dfjj(p))
d2 . d3
o p o mE() (k- P (p) = d(E L (p)+ £4.(p))=1]
i#q 2d(l+dfjj(p))(}+dqu(p)
- 1 3 - .
.\ : g(p) (ik 7) {d fjjjg(p) 6 dfjj(P) - 3}
3j 4d(1+df ., (p)
i3
a3 ik 1){9 f2
+ -i g(p)( - 3 1Jq£?) + 6fjjj(p)quq(p)}
j#aq 2
12(1+dfjj(p)) (1+dqu(p))
3 _ L1ye2
¢ op SE@UE - P3P 4 073 as ke

i 12(1+df J.(1:))3

3
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From Lemma 4.1 the contributionm due to the singular-

ity at x is

2 (elT) _ Hg(x) | 38(x) 3
IN(x) 3Ny anr 80y = T 4(-ik)3(5H 3HK)

(HAg(x) + (Af-Bg)(x)} | vg.UH , 32(x)AH(X) , o0 =%
4(-1ik)3 (-ik)3  8(-ik)3

as kot=

THE UNIT TWO-DIMENSIONAL SPHERE

We let x denote the singularity and -x its antipodal
point on the sphere of radius one. The asymptotic expansions

of Q and K are then obtained to be:

Qg(x) = %E g(x) - —— Ag(x) - ie g(-x)
413 2k
i . 2ik . 2ik
- eZlk Ag(-x) Ziﬁa Ag(x) + %ﬁj‘“‘ A2g(-x)
2k 16k
. 2ik
+ ieZik A2g(-x) - 'éé}i g(-x) + O(k-a)
8k’ 64k
-1 21
Kg(x) = 2k g(x) + e ik g(-x) + 1otk g(-x)
2 7k
- 12210 ag(-x) + 921 ag(ex) - &2EE R25(x)
2k 2 7
4k gk
2ik 3021k -3
m o A2g(-x) + g g(-x) + 0(k )
8k2 bk

as k++» where A2 =A(A) and A2 = B.7
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§ 5 ASYMPTOTIC RELATIONSHIPS ON 82

For the Neumann problem in an exterior domain Q+ we can
define the compact operator Zy(g) = ikh where h = h+ is the solution
corresponding to the given normal derivative g = A in £ (cf. R.
Sacksteder's paper (13)). If u represents a point on the unit sphere
and x = ru (r = |[x|) represents a point in 3-space then using the

same notation as above we can write Zkg(u) = Ag(u) = ikh(u).

This implies X = ig%é%l

Its know (cf. 9)that because of the completeness in LZ(SZ)
of the spherical harmonics that every solution V(x) of the Helmholtz
wave equation AV + V = 0 which satisfies the Sommerfeld radiation
condition has an expansion of the form

o N

Vi) v G x4t {a B (1)} k(o).
¥ n=0 j=1 1o .
where Hil) is a Hankel function of the first kind of order u = n + Vﬁ

and Kn (uw), j=1,...,N are a orthonormalized basis of spherical

3

hargbnics (here N = N(n) = 2nt+l).

Expanding h(u) and g(u) from above in such a series yields

for the eigenvalues of Zk that

~¥ (1)
- 1kh(w) ik (kr) ‘Hp (kr).

H g(u) T {(kr)_ 7&151) (kr)}l
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where the multiplicity of the eigenvalue is N = 2nt+l. We can
investigate the behavior of Ay as r+~ (or equivalently as k»«) and
also the behavior of A, as y+» (that is n+w). By using the

function hn(l)(r) = ( )/2 H(l)(r) and standard asymptotic and
ot Va2

recurrence relations for hél) (r) (ef. 1) it is possible to derive

expressions for An (r) for large r (or k) or large n.

(1) CALCULATION OF An FOR LARGE k

by, P ()

We have An D » OY using
2 h (kr)

or

1
an identity for hn (kr) (cf. 1) this becomes

ih (1)(kr)
by =
D (l) ntl. .. (1)
(2 +1)h (k ) - (2n+1)hn+l(kr)
(1)
Inverting and using the functions hsl)(kr) = er (kr)
(1)(kr)

n 1 er(l)(kr)
and hé )(kr) = v +1 (cf. 11) gives

Hél)(kr)

v (1)
(1) YDy 2 G GO e
(—1n —in ( ) {hn (kr) - hn (kr)] n r
2n+l

X
o

~(1) (1)
Since for large k, h (kr) v ikr and h (kr) v - ikr (cf.9)

this yields A,* 1 as k»e for all n.
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(2) AN ALTERNATE CALCULATION OF 7

' An FOR LARGE k

We have the following formula for large k (cf. 1).

. n
Py = " anT 1 @ik 2tk
j=0

I‘('/z + v +m
m!T (% + v -m)

where (v ,m) =

(4v2-12) (4v2 - 32)...(4v% - (2n-1)2)

2
2°T mt

By inserting into the expression for )\n(kr) in 1 we find that

(with r = 1)
2 44 -
;\n(k)=1+--i];k + n—_‘;g_.é +o(;1;)
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(3) SPECIAL CASES OF A, (n=0,1,2) FOR LARGE k

It is possible to get closed explicit asymptotic expressions
for }‘n as k»» for specific values of n since the formulas for hf.l) (k)

are much more explicit themselves. We set r = 1 here. The results are:

| = —1 1 4p
a) )\O(k) 1-—l— g(ik)
ik
1
1-= .
) A = (1 12k 2 =1-i +0('12lo’)
TR
3 3
- - ,
k 2
) A (k) = s = lty tizt og®
- ~@ )

We see that as k»» the real part of )\n approaches 1 and the
imaginary part approaches -i (for n=0,1,2) which is additional confirma-

tion of the first two results.

(4) ASYMPTOTIC EXPRESSION FOR Xn AS me

Here the relevant formula to be used is (cf. 1):

1

” ) )}&,{ 1 (—SX n+ly i /T(-SE )--n-—)ﬁ_]r
2n+l)r

)
(2)"2 2n+1 2n+l

h(:‘) (r) ~

as m-e (r fixed). After some manipulations the result for large n using

the expression for )\n in(l) is

_ ¢ 1 r2 1 r? 1 15r24+r* 1 6
M@ =g A mT e wY T s TN}
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AN ASYMPTOTIC RELATION BETWEEN THE OPERATORS

These results above for the "eigenvalues'" of Zy can be
used in relating our results for Q and K. For, we defined operators

(cf. 13) which we can write (1) %(K—éI)Zk(g)=Q(g)-

Then the asymptotic expansions for Q and K and the result
for Zy (g) can be used in the expression above. We assume that for
large k, the eigenfunction g as well as \ is of the form below (at a

A

critical point x)

: (x) g_(x)
BV 8,00 + o+ = + 06

(3]

Moz ad kP
PP

Z, (g) can now be written

A A
2

Z, @ = A 8, + 2 8 () + ¢ g0 + 06

Using (1) and our results for a general two-dimensional

surface for Q and K and Zk above yields after equating the -1-]; terms

ikd
A M iA ikd i
2o M g + Mo g () =M g (x) + o= g )
k 2k k
s+ 1
Where M = =(=1)

2 |(1 - md)(1 - upd)j”

and we assume x and -x denote points critical with respect to each other.
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This implies that Ao = 1. (or the right hand side is zero).

Similarly, equating %%— terms yields,

K
ikd
MA i
17 g (0 + me™ g (-x)
2
k dk?
o ikd £9
iMe 2
- Tl § g (0 +1 ————JJ——- 8, (-x) }
2k j j 1+ dfj
(iry - 1)
+ 5 O(x)
2k
. 2
., 1kd ac®
= Eggiif“ {z -'% g (-x) + I -—JJ~—- g, (-x) }
2k j i 1+ afd

i3

After simplification, this yields (assuming Ao = 1 and cos (xA-Xx) =

where 'A' denotes angle between the critical points).
M -1 + omMie?i*d g
- Caume®trdig)
)
2e 15 cvm(menbufel - w2 1Rd () 2)172

i+

T INS

where H and H’ (M and MS are mean curvatures (quantities)
defined at x and -x respectively. We also assumed here
that x and -x are points most distant from each other. On
the sphere this last expression gives Al = -i. These two
results agree with the first two terms of A" (written An

above) for Zk'
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It is also possible to obtain independent confirmation of

the results for Q and K on the sphere. That is, on the sphere

g(x) =1 so
ikr
Ql = e dy, and
5(0) 41T
K1 = fg o) T cos(rN) {% - ik} dy
S 4mr

Let # be the polar angle between the north pole (x) and an
arbitrary point y on the sphere, hencer = 2cos ¢#/2 1is the distance

between the critical point -x (the south pole) and the point y.

Then
2ik cos ¢/2
= M e_______ .
Q1 fo % cos 372 sin 4 dé
. . 2ik
= = - e
2k 2k
and K1 = j': ezik cos $/2 {ik - 2——(:?'137‘2—1 cos ¢/2 sin 4 dé
4 cos $/2 S
2ik . . 2ik
= & _ _ X , &
2 2k 2k

These results agree with the previous asymptotic expansions
obtained for Q and K on S2 up to order ﬁ&- and-% respectively. Why this
method doesn't yield higher order terms is a potential subject of

further investigation.
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§ 6. ALTERNATE APPROACHES TO THE STATIONARY PHASE FORMULA

Points of departure from this thesis imnclude
investigating the reason for the absence of higher order
terms in the classical method of obtaining asympototic expan-
sions for Q and K on S2 versus their presence when the
stationary phase formula is.applied as well as analyzing the
asymptotic expansions on other different surfaces such as
spheroids (oblate and prolate), ellipsoids, and hyperboloids.
Here some of the prime difficulties.would arise from the fact
that the normal derivative to Iis no longer in a radial
direction and the harmonics involved are more complex. Also,
another interesting area of research would be to apply the
stationary phase formula to other types of integral operators
such as Pg(x)= g—N};I%ﬁ(‘Z‘Ti‘f'l:‘r)g(y)dy (cf 13). Here the difficulty

y
is that x is not fixed.

A totally different approach to this paper would be
to obtain a generalization of the stationary phase formula by
a more indirect route involving calculation of the Jacobian
of the map appearing in Morse's lemma and its derivatives.
That method should yield the same results obtained in this

paper. This approach is outlined here (cf. 8)

The basic integral we are expanding in an asymptotic

series is of the form fza(x) eikf(x)dx (cf.§3). By Morse's
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lemma, there is a change of coordinates ¢(x) (¢:U+V, a
diffeomérphism) valid in some neighborhood U of the origin
so that f is quadratic in those coordinates i.e. fo¢= d2f
where df(0)=0 and dzf(O)=Q.

This changes the integral above to a sum of products
of integrals of the basic type (1) fN(p)eikQ(z)/zh(z)dz in a
neighbourhood of a critical point, N(p), where h(z)=((aoc¢).
idet%%i-g~/a)and g is a conveniently defined "bump" function.
Then by lemmas 2.1, 2.2, 2.3 (or directly by lemma 2.4) and
lemma 2.7 it is possible to obtain, as in §3, the asymptotic
expansion of (1) provided the Jacobian and its derivatives
can be calculated. A sketch of this procedure is also
shown (c¢f.8 for more details).

Define £%(x)=Q(x) + t(f(x) - Q(x)) where £° = f and
£9 = Q. Hence a one parameter family of diffeomorphisms, ¢ ,

is sought such that fto¢t=Q and clearly &works. We leti,‘t be a

t t, t t
vector field tangent to ¢ i.e. (2) ¢ (¢ (x)) = %%—~(X)-

After some manipulations it is possible to obtain (3) Bt(u,gt)
: X

= t .
= Cx (u,x) where I is the unique solution V ueV and where gt

and where both Bi and Cy, are quadratic forms defined by

t 1

B- (u,v) = [ d2ft (u,v)ds, and

x 0 sX
1 1 5

Cylu,v) = fofo d wrsx(su,u) drds
1

(w=£%-¢, BY =38%+ t(8l - 8%)

-1

j?k bijcjk xk where the notation is

obvious.
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Now define the matrices

j
E($,t) = (J—§¢m> and,
- (39"

o(x,t) = (ax ).

From (2) we get

9

=

(x,t£) = E(¢,t)r 8(x,t)

Q

t
By Liouville's formula this yields
1
J(x) = det ¥(x,l) = exp (fo Trace E(¢(x,t),t)dt)

Taking derivatives of this expression and of (3) and solving
the resultant differential equations the quantities sought

can be found.
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