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Section 1 , Preliminaries, Definitions, and Results.

Let D = {P ,Pk} be a set of k points in R", real, n-dimen-

1,!0-

sional coordinate space. We define a polygon T whose vertex set is

D to be a set of k 1line segments, called edges, such that (1) each
given point is an endpoint of exactly two edges, and (2) the ordering
induced by the set is cyclice. The cyclic and symmetric notation

P, P, ,...,P, ] =T will denote such a polygon in the (covertex)
11 ig ik

class Y(D) of all polygons whose vertex set is D , Moreover, let

(Rn,mo denote a metric space on the set R® whose metric is "m" .

k-1
Then " { T m(P

Y} +m(P, ,P, ) =m{7] " will denote the
i i
r=1 1

1r’Pir+1 k
m~length of the polygon T ., The problem considered in this paper is
that of finding m-minimal and m-maximal polygons in Y(D) .

Despite the importance of its application, the "euclidean case,’
EZ = (Rz,e) , where "e" denotes the euclidean metric, does not yet
have a satisfactory solution. But the problem has been solved here and
in various other gpaces for certain classes of vertex sets. 1In the
euclidean plane, for example, Quintas and Supnick in [1], [2], and [3],
have completely solved and discussed extensions of the case in which
the points of the vertex set all lie on the boundary of their convex
hull. (This is referred to as the convex gggg.) In this paper we
solve further extensions of the convex case in various planar metric

spaces. These extensions require the following definitions:

Let us call a set of pointa D = {Pl""’Pk} m-cogeodesic in

n

(R ,m) if there is an ordering (Pil""’Pi ) of the peints such that

k

k-1
mP, ,P, ) = £ m(P, ,P )
1,74y r=l 1, ir+1




By "2n-gon planes" we will mean normed linear spaces in R2 (Minkowski
planes') whose unit circles are geometric 2n-gons, n Z 2 .*
We give special consideration to the space 32 = (Rz,s), whose
unit circle is the square with vertices (1,1), (1,-1), (-1,1), (-1,-1),
the "square metric space." This space is often cited as an example of

2

a geodesic metric space whose topology is equivalent to that of E ,

but which is not isometric to E2 . The definition of s in (Rz,s)

is given in n-dimensions (for gt (Rn,s)) by

8(P,Q) = max

[p -q l s
1Si<a i1

where P and Q belong to Rn .

We begin by seeking criteria for s-extrema, that is, conditions
which when satisfied enable us to find s-extrema in the class V(D)
without enumerating all (k-1)?/2 members of (D) , D having k
points. For example, a planar polygon in E2 which is minimal in its
covertex class cannot intersect itself; i.e., no closed edge will inter-
sect an open edge in such a polygon. (cf.[1]) But in the space 82 a
polygon which 1s minimal in its covertex class may intersect itself,
though certain well-defined types of self-intersection are precluded.
(This i1s a situation similar to that encountered in Lorentz space,
which is not a metric space, however. cf.['4] and {5].) In order to
investigate these proscribed types in s” and to extend the notion of

self-intersection of a polygon, we proceed as follows:

%* These 2n-gons must be the boundaries of convex bodies with center,

since they are boundaries of metric spheres in a Minkowski plane.




We define the between-set of two distinct points P and Q in

(R",m) as the set of all T in R" such that m(P,T) + m(T,Q) = m(P,Q),

and denote this set by "B(P,Q)" , where the metric will be understood.
Unless we indicate the contrary, the symbol "PQ" will mean the
directed 1ine segment from P to Q@ , or, if P = Q , a point,

Further, if 3(P,® = |p,-a,| , we will say that PQ is i-like with

either positive or negative i-orientation as Py=9y 20 or
T Z 0 , respectively. Denote by "insB(P,Q)" the set of all points
T of B(P,Q) such that PT and QI are i-like only if PQ is i-like,
union the set {P,Q} .
Now, suppose that PQ and RS are segments in Sn having
distinct endpoints and such that whenever PQ and RS are bothmi-like,
they have the same i-orientation. If, in this case, insB(P,Q) /) insB(R,S) *+ ¢ ,

we will say that the edges PQ and RS quasi-intersect.

Theorem 1 : Let D denote a finite set of points in s" , and let
T E ¥(D) . Then, a necessary condition that T is s-minimal in the
class #(DD is that T have no quasi-intersecting edges. Further,
there exist disiributions for which this condition is also sufficient,

(cf.§2, pp.10-23).

The existence of realizations of combinatorial extremal conditions

is an immediate question. Indeed, a condition for maximal polygons
which is realizable in the space E2 and which also applies to the

space $2 is the following "dual necklace theorem" of D. Sanders: A

polygon is longesat in its covertex class if a (closed) sphere may be

centered on each vertex such that each sphere intersects all others

except the two spheres centered on the two adjacent vertices as given by




the‘polygon. (ct£.[5] )

Theorem 2 : Realizations of vertex sets of Kk points satisfying the
dual necklace theorem in S° exist precisely for 3 =k =2n + 3 ,
if nZ3 and for k=6 if n =2, (cf. pp.24—28)*

A distribution D of k points in (R",m) is said to satisfy
the four point condition if the points of D can be labeled
P1’P2""’Pk so as to satisfy the following: For all sets of integers

{a,b,c,d} such that L Za <b <c<d =k, we have

m(Pa,Pb) + m(Pc,Pd) s m(Pa,Pc) + m(Pb,Pd? -] -(’E'Pd) + m(Pb,Pc)

Lemma S: If a distribution D of k points in (Rn,mo satisfies
the four point condition, then the polygons [...P7P5P3P1P2P4P6...]

and [...Pk_3pspk_1plglp2pk_zpép&_4...] are respectively m-~minimal
and m-maximal in theif covertex class V(D) .

The proof of this lemma is identical with that of ([6],Th.III) .
The latter was proved in a uclidean setting, but it is directly veri-
fied that this 1s not necessary.

Let U denote the unit circle of some 2n-gon plane M , and

suppose that some n consecutive sides of U are labelled 1i,2,...,n,

respectively, in that order. Then, a segment PQ will be called

i-like in M if the line through the origin which is parallel to PQ

intersects the 1th side of U . (Notice that this agrees with the

definition of "i-like" given in the space 8" .) A set of points, D ,
in a 2n-gon plane M (or in S") is cogeodesic if and only if there

is an 1 =1,..,n such that, for agl1 P and Q 4in D, PQ is i-like,

* ’ .
Added for final typing: realizations of the more gemeral dual sphere
cluster theorem of Sanders, cf. pg. 27,




We define a generalization of cogeodesic sets of points as follows:
We will call a set of points, D , in M +trackllike if for some

fixed 1 =1,...,n and for each P, in D we have POQ is i-like

0
for all Q in D , with the possible exception of a single point QD

depending on P The set D will be called tracklike in Sn s if

o
there exist a fixed 1 and j , 1 =i, j =n , such that for each P0
in D . OQ is i-like for all Q in D , with possible exception of

a single point qo depending on PO .

In that case, POQO is j-like,
Theorem 3: Tracklike distributions in 8" and in 2n-gon planes satisfy
the four point condition,

The characteristics of tracklike distribution are best seen in the
space 82 (cf,paggc3llfor methods of constructing tracklike distribu-
tions in Sz and related remarks). It can be verified that the follow-
ing set of ten points is tracklike in S2 : (0 {¢,0,(,n,(8,6),
Qaz,s5),(19,7,(20,5),(23,4) ,(28,12) ,(8,3),(15,9) } .

One can verify that no subset of six of these points is cogeodesic
in S2 . Moreover, not all of the points lie on the boundary of their
convex hull (where, we remark that all reference to convexity in this
paper will mean ordinary euclidean convexity.) The relevance of this
last remark stems from the fact that the "convex case," that is, the
case in which D = H(D) , where "H(D)" denotes the points of D on
the boundary of ita convex hull, has been solved in Egh, The solutions
are given by Quintas and Supnick in [1],[2], and [3], and are of the
form "if T is e-extreme in its covertex class, them T must belong to

the subclass C ,"

However, the asbove e-results are generally false for spaces (Rz,mo
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and for 82 in particular. For, if T is any polygon in (D) where
D is an arbitrary finite point-set in R2 , then there exists a metric
m on R° such that T 4is uniquely m-minimal (m-maximal) in $(D) .
For example, call P and Q '"adjacent'" if end only if they are ad-
jacent vertices of T ; define m as follows:

1, i P4+ Q and P and Q are adjacent

mP,Q) = 2, if P+Q, P and Q not adjacent

0, it P=Q.
It is easy to check that (Rz,m) is a metric space, where T 1is
uniquely minimal in (D) , since every edge not in T is of m-length
2 , For the maximal case, interchange the numbers 1 and 2 in the
above,

Nevertheless, it is possible to give extensions of the above

e-results which subsume the space 32 , 83 well as other classes of

planar metric spaces, as follows:

Let m denote a planar metric. We will say that m is of type 1

if e(P,Q = e(P,T) + e(T,Q always implies m(P,Q) = m(P,T) + m(T,Q) .

We will say that m is of type II if, whenever ABCD is a convex quadri-

lateral in the plane with not all} A,B,C, and D collinear,

m(A,C) + m(B,D) Z max {m(A,B) + m(C,D), m(A,D) + m(B,C)} .

We will say that m 1is of type III 1if lgm e(Pn,Po) =0 and
lim e(Q,,Qy) =0 imply 1im m(P ,Q) = n(P,,Q,) , where !.Pn} and

2
{Q,] are sequences of points in R” ;P;,Q, are in rZ .

Theorem 4 : Let D denote a set of non-collinear points in Rz , and
let m denote a metric of type 1. Then there exists an m-minimal poly-

gon in the class- Y(D) which does not self-intersect. Further, there

exists an m-pinimal polygon of ¥(D) in WD) , the subclass of poly-
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gons of V(D) whose vertices in H(D) are in cyclic order. (cf.pg.33)

Theorem 5 : (a) Let [PI’PS’Ps""’p P } =D be

2,P4’ L N ) ‘Pzp-z
distinct non=collinear points in R2 which fall on the boundary B of

2p=1’

their convex hull in the stated cyclic order, and let m be a metric

of types II and III, Then [Pl’Pz“°P ] is an me=maximal polygon in

2p=1
(D) .

(b) Let D denote a set of 2n points in R2 (non=collinear)

which fall on the boundary B of their convex hull and let

Pi,Pf,...,P: denote any n points of D which are adjacent on B ,

Then, an m-maximal polygon in (D) is among the n polygons

i i1 i i ii i1 i
["'P2n-5P5P2n-3p3P2n-1P1P2nP2P2n-2P4'"]

where, for each 1 , starting with P1 and traversing B in a sgpecie

1
fied common direction the consecutive points of D are labeled
R R | s . | i i
Pl'Pz'Pa,'..’Pn’Pzn,Pzn-l,.-.’Pn-Fl .

(cf.pg. 34)

Observe that all planar norms are metrics of types I, II, and III,
This fact and others concerning these metrics are discussed on page 39,
Note that our extension of [1],viz., Th, 4, does not contain a corresw
ponding statement about uniqueness in the convex minimal case. In 82 ,
for example, this would be false. {(cf., pg.35) However, a relation

between non-unique m-minima (memaxima) may be given as follows:

By an arc-inversion on a polygon we will mean:

the symbol (P...P, . (P,.... P) pd+1...pn]
on a polygon tPi"'Pi-l P, ...PJ PJ+1"'Pn]
producing [Pl...Pi_IPJPJ_l...P1+1P1PJ+1...Pn]

s I VIITOR N SN
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Corollary 1 : Let D be a set of n 23 points in Rz (where n 1is
odd) such that D =H(D) . 1If ﬂi and ﬂ2 are two distinct m-minimal
(m-maximal) polygons in (D) , where m is a type I (type II and III)

e . siban AL ¢ SRR A, Lon 110 Mk M o

metric, then there is a finite sequence of m-minimal (m-maximal) poly-

gons, beginning with ﬂi

means of consecutive arc-inversions., (cf. page 36. Note that this

and ending with ”2 » which are obtained by

corollary is false for the even maximal case.)
Moreover, we obtain the following:

Corollary 2 : Let D be a finite set of non-collinear points im R ,

and let m be a type I metric. Then m[ﬂb] is a tight lower bound on
the m-lengths of the polygons in ¥(D) , where "“b" denotes the
unique polygon in the class Y(H(D)) . (cf. page 44)

The utility of the last corollary can be seen by the following
example: Let D = [Pl,Pz,...,Plz} where P, (0,0),P,(3,7) ,P,(8,6),
P,(12,5) ,p,(19,7),P,(20,5) ,P,(23,4) ,P,(28,12) ,P,(8,3),P, (15,9) ,P,, (10,23},
P,,(8,24) . Then H(D) = {Pl,PZ,PS,P7] . If T =[P ,P,,P.,P,] and
T = [P,P,P.P, PP PP ,P.PPP.] , then s[T] = 20 = 9["61 . Thus, T

is s-minimal in (D) ; it is unnecessary to compare T with the other

R P

(12-1)!/(4-1) !-1 members of y(D) . (cf. page 41)

We discuss the identification of vertex sets D 1in the spaces
(Rz,mo for which the m-minimum in ¥(D) has the same m-length as the
m-minimum in Y(H(D)) on pages 44-50 . These vertex sets_will be

called m-chain distributions, A chain of edges Ple, P2P3,...,Pk_1Pk
k-1

will be called an m-geodesic chain if m(Pl.Pk) = r:; lm(Pr,Pr+1)} .

ARG R R LA n e, T e Vit 20 R e s

We obtain the following characterization in 2n-gon planes:




Theorem 6 : Let M denote a 2n~-gon plane and let DS M be a finite
set of points. Then D is an m-chain distribution if and only if
there exists a polygon in (D) which can be expressed as no more than
2n consecutive m-geodesic chalns which are joined at points of H(D) in
cyclic order (where "m" denotes the M metric). (cf. pg. 45)

Indeed, the following corollary shows that the tracklike distribu-
tions discussed earlier (page5 ) are m-chain distributions, though the

converse is false:

Corollary 3 : Let D be a finite set of points in M and suppose
that D =XUY , where X and Y are both i-like distributions for
gsome i=1,...,nin M and XNY=% . Then D is an m-chain

distribution, (Note: A distribution is i-like if every segment deter-

mined by a pair of its points is i-like in M . <¢f. pg. 49)




Section 2. Properties of g™

In the following paragraphs we‘develop certain properties of Sn
metric betweenness which will enable us fé prove theorem 1 as well as
the theorems concerning 2n-gon planes as they apply to the space 82 .
Results obtained for the space 82 wlll then be extended in later

sections for the 2n-gon planes,

If P(pl,...,pn) belongs to gt , then let us define:

+
c,®

[(xl,...,xn) in 8" X, = By = li - pJ|, jml,..,n}
C;(P) = l(xl’...’xn) in Sn H pi = xi E IxJ - le’ J=1"'lnj

. ]
¢, ® =cle® U cj )

(2.1) 1f PP

[Py is i-like with p( <p® 2, = S (9,

,--.'pn )

+ -
then B(Pl,Pz) = Ci(Pl) n ci(pz) .

Proof: If @ 1is in CI(Pl) N C;(Pz) , then s(Pz,Q) = p(z) -4 i and

i
s(P,Q =4q, - pfl) . 8(P,,Py) = piz) - p§1’

by assumption. Hence,
s(P,,Q) + 8(P,,Q) = s(P,,P,); and so cI(pl) Nc (@) cB(P,,P,) .

1t s(Pl.Q) + s(PZ,Q) = sCPl,Pz) , we claim that Q belongs to
e c, ®,) N c,(P,) . For, suppose that Q ¢ C,(P;) . Then there

exists an i ¢ j such that Iqj-pgl);lﬁlqi-pil)l » where s(Q,P,) =

la -P(l)l . We also have max lqk-péz)lélqi-pfz)l . By hypothesis
373 k=l,...,n
|p§2) - pil)l = max Ipil) - tkl + max |p£2) - qkl . But this yields
k k
s(P, ,P,) = Ipiz) - ggl)l & |p§1) -q. |+ lpfz) -q.l < ngn- a,l +

|p(2) -q,| S s¢P,,Q + 8(P,,Q) , which is a contradiction, Similarly,
i i 1 2

Q€ ci(Pz) .




Suppose that Q § CI(P]_) .

<pM. g <p®-

uqi

1) 2) )
p:l +p£ -2qi . So pi

qi .

which is a contradiction,

The interpretation of

rectangular region,

P and Q as opposite vertices of the rectangular boundary.

follows that B(P,Q)
The compactness, in Sz

follows from the fact that

11

Then clearly Q ¢ C:(Pz) and

Then, pfz)- pil) (p( ) q:l.) + (p(l)' qi) =
=q, sd P;=q. But,Q =P, €ci),

Similarly, q € C;(Pz) . ged

the ahove in Sz is that B(P,Q) is a

in general, with sides whose slopes are 1, having

It also

is & compact (closed and bounded) convex set,

s 18 clear by definition, while the convexity

f

CI(PI) and C;(Pz) are both intersections

of a finite number of half-spaces in Rn

4 + :
(2.2) £ P € CI(Pz’ end P, € c"i"(pa) » then P € c;icpa) .
Proof: P, € C;(Pz) implies that piz) j(_l)z ?ax Ip(z) ;1) |; and
P2 (S C;(Pa) implies that pia) (2)3 mgx Ip ; )l. Hence,
pi”- Q) (p(a) 3+ (p(z) <1)) £ max Ip pl(‘zﬂ’r max ngz)- pml

k J
3 2 2 . 2
= awx (o ?- 51+ pSP- 5 1) ma T max LGS 2 4
(pn(IZ)_ p:ll)) ” = mgx lpn(ls) (1) | . Hence, P3 € c;(pl) . The case
P, € CI(pl) is similaer,
+ P

(2.3) It 18 clear that: P €C/(Q) if and only if Q €c/(P) if and

only if PQ is i-like.

Also, if P € B(R,S) and RS d1s i-like,

them RP and PS8 are i-like and they have the same i-orientation as




12
RS . However, recall the definition of insB(R,8) , and observe that if
RP and PS are i-like, then RS need not be i-like. For example,
consider the points R(0,0), P(1,1), and 8(2,0); then P € B(R,S) , PR

and PS are both 2-1ike, but RS 1s not 2-l1like.

(2,4) 1f P4+Q, PQ is i-like, and if R and S8 belong to the line
determined by P and @ , then RS 1s i-like. This is a consequence
of the fact that the determination of the direction numbers of a line
does not depend upon which pair of distinct points on the line one uses,
Hence, 1insB(?,Q) 2 PQ .

(2.5) Let D ={P,...,P } be asetof m distinct points in A
8%, n 22, Suppose that there exist i,j, i 4 j such that for all
P,Q in D , PQ 1is either i-like or j-like, Then the perpendicular

projection of D into the 1i-j coordinate plane is 1-1 and Sn

distance preserving.

Proof: Suppose that the image of P 1is P; . Then P, and P;
agree in their 4i'D and iR coordinates; all the other coordinates of
]

Pr are zero, Suppose that Pé = Qé . Then,

®_, | _ e

- /£ nfy o
0= S(Pksp.c) = mgx Ipr

k'PL) ]

Hence, Pk = P& , and the map is 1~1, The chain of equalities, without
the 0 , shows the rest. qed
We will call such distributions "i-j distributions,” and our later

work in the space 82 will apply to them in the natural way. Observe

that i-j distributions in Sn, n > 2 , need not be coplanar; also,

wade i el L

N At

L AR
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coplanar distributions in s" are not necessarily i-j distributions,
if n> 2, For example, the points (0,0,1),(1,0,0),(-1,0,0),(0,1,0)
and (0,-1,0) are a non-coplanar l1l-2 distribution. On the other hand,
the points (-3,6,-2),(3,-1,-1),(6,-3,-2),(-1,3,-1),(~-2,-3,6), and
{~1,43,-1) all belong to the plane in R3 whose equation is

X + X, + X, =1, But the first two points are only 2-1like, the next

1 2 3
two are only l-like, and the last two are only 3-like in 83 . Hence,
this can be neither & 1-3, 2-~3, or 1-2 distribution, though it is co-
planaf.

(2.6) An important special case of (2.5) is the following: Let

D = lPl,...,Pm} , where all the points of D are distinct. Suppose
that there exists an i such that for all P,Q €D, PQ is i-like.

Then the projection of D into the ith coordinate axis is 1-1 and

s® distance preserving, The proof is the same as that of (2.5).
Observe that these point sets are s-cogeodesic {<!. pg. ). Hence,
co-geodesic distributions in Sn need not be collinear., By the direc-
tion number argument given in (2.4), however, collinear distributions
are s-cogeodesic, In fact, (2.6) actually characterizes s-cogeodesic

[

distributions:

(2.7) Three distinct points P,Q,R € 8" are such that
8 s(P,Q + s(Q,R) = s(P,R), if and only if ("iff")
b) Cj(P) & CI(Q) 2 Cl(R) or C,(P) & C[(Q) & C (R), some 1, 12f

c) PQ, QR , and PR are all i-like with the same i-orientation, 1ff

d P,Q, and R are s-cogeodesic and s(P,R) > s(Q,P), s(Q,R) .
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Proof: a) 1iff b) follows by (2.1); b) iff c¢) follows by the
o+
definitions of "i-like," "i-orientation,” and C7(P); c) implies :

d) by (2.6); and d) implies a) by definition of "s-cogeodesic." ) {

(2.8) 1t follows quite easily (by induction) that k points {PJ}
are s-cogeodegic iff we can write CI(P1) = CI(PZ) =, , .= CI(Pk) or

- - - - - =
Ci(Pl) Ci(Pz) e = ci(Pk) for some i i1,.,..,n ., Also, these

S e e o

k points actually lie on a geodesic in Sn , viz., the union of the %

chain of straight line segments P2P3,P3P4,...,Pk_2Pk_1 and the rays

=Y
Pk-lpk . This is clear since straight lines are examples

of geodesics in this space.

% d
P2P1 an
We shall prove Theorems 1 and 3, using the properties we have
developed. First, however, we shall prove a lemma which gives us

somewhat more than we need for this immediate purpose but which will ;

be useful later, é

Lemma 1: Let AB and CD be directed line segments in s® with :
nZ2, A, B, C, and D all distinct, and suppose that insB(A,B) N ]

insB(C,D) % @ . If (a) when AB and CD are both i-like they have
the same i-orientation, then, s(A,B) + s(C,D) > s(A,C) + s(B,D) .
(b) 1If, however, there exists i =1,...,n such that AB and CD
are hoth i-like but have different i-orientations, then

s(A,B) + s(Cc,D) = s(A,C) + s(B,D) .

Proof: (a) Suppose that there exists a P € insB(A,B) N insB(C,D)

such that P § {A,B,C,D} . By definition, P € B(A,B) N B(C,D) .

Hence,




s(A,P) + s(P,B) = s(A,B) and s(C,P) + s(P,D) = s(C,D)

We claim that s(A,C) < s(A,P) + s(P,C) . This is clear if A, P, and
C are not s-cogeodesic. Therefore, let us suppose that A, P, and C
are s~cogeodesic, Hence, there exlsts an i=l,...,n, such that AC,

CP, and AP are i-like, and we may write, therefore,

8(A,0) Iai - cil , 8(C,P) = Ici - pi' , 8(A,P) = |ai - pil .

i

If s(A,C) = s(A,P) + s(C,P) , then by (2.7) we have either

< < 6i < <
e, <Py 0f or ¢, <p, <a, .

AP and PC have the same i-orientation; so, AP and CP have

But this implies that, by (2.1),

different i-orientations, Now, AP and AB , and, CP and CD have
the sdme i-orientations, resp., by (2.3). Thus, AB and CP have
different i-orientations which contradicts the hypothesis in (a).
Hence, s(A,C) < s(A,P) + s(C,P), as claimed. The triangle inequality
yields s(B,D) = s(B,P) + s(P,D) . So, s(A,B) + s(C,D) =
(s(A,P) + s(P,B)) 4+ (s(C,P) + s(P,D)) = =. = (8(A,P) + 8(P,C)) +
(s(B,P) + s(P,D)) > 8(A,C) + s(B,D) .
Next suppose that insB(A,B) N insB(C,D) & {A,B,C,D} . It will
suffice to consider the cases in which C or D € insB(A,B) N insB(C,D) .
In the first case, if AB and CD are not both i-like for any
i=1,...n , then neither are CIX and CB , by (2.3); thus, C, D, and B
are not s-cogeodesic, by (2.7). And so, s(C,D) > s(B,D) - s8(C,B) .

Also, C € insB(A,B) N insB(C,D) implies that s(A,B) + s(C,D) = ...

...= (8(A,0) + s8(C,B)) + 8(C,D) > 8(A,C) + (s(C,B) - 8(C,B)) + 8(B,D) =
s(A,C) + s(B,D) .

If AB and CD are both i-like, they have the same i-orientation.
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Hence, CD and CB have the same i-orientation, If C, D, and B are
not s-cogeodesic, the last paragraph holds, Otherwise, we have one of
the following cases:
ci<bi<di'di<b1<ci’°i i °
first two of these yield s(C,D) > s(B,D) . The third and fourth,

<di<bi,or bi<di<c The
s(C,B) » =s(D,B) . Thus, s(A,B) + s(C,D) = (a8(A,C) + s(C,B)) +
s(c,D) > s(A,C) + s(D,B) + s(C,D) > >. ™ s8(A,C) + s(B,D) results in
the first case, or, s(A,B) + s(C,D) = >. = €s(A,C) + 8(C,B)) +
(s(Cc,B) - s(D,B)) =.8(A,C) + 28(C,B) - s(D,B) > >. > s(A,C) + s(B,D)
results in the second.

1t {p} = insB(A,B) N insB(C,D) , and AB and CD are not both
i-like for any i=l,...n , then neither are AD and CD . As above,
we obtain

s(A,C) < s(A,D) + s(C,D) , or, s(A,D) > s(A,0) - s(C,D) .

Since D € B(A,B) N B(C,D) , we have s(A,B) + s(C,D) = ...
... = 8(A,D) + s(D,B) + s(C,D} > s(A,C) - s(C,D) + &(8,B) + s(C,D) =
s{AC)+ s(B,D) .

If, AB and CD are i-like for some i1 , them A, D, anci C are
s-cogeodesic; arguing as above we obtain: s(A,D) > s(A,C); or s(C,D) =
s(A,C) + s(D,C), so that s(A,C) < s(C,D) . This will again yield the
result s(A,B) + s(c,D) » s(A,C) + s(B,D) . The remaining cases, with
A and B , follow by symmetry.

(b) BSuppose that AB and CD are both i-like, but that they have
opposite i-orientations, for some i=l,...,n . As in part (a), we
first suppose that there is a point -P G insB(A,B) N insB(C,D) ,

P § {A,B,Cc,D} . We claim that s(A,P) + s(C,P) = 8(A,C) and also

v
i
.
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s(B,P) + s(P,D) = s(B,D) . For the first equality, observe that AP
and PC are both i-like with opposite i-orientations, by (2.3). Now,
8 4 ¢, » for otherwise we would have a, - p, =¢, - P, , by substi-
tution; hence, AP and CP would have the same i-orientation, and so
would AB and CD. Moreover, ay 4: pi 4: S since A + P 4: C. We
claim that AC is i-like, For, by our orientation hypothesis eithexr

a <pi <¢, or a > P, > ¢, holds. Then, in the first case, by (2.7,

1 i i 1
P E c:(A) and C € c;’(p) . Thus, C € CI(A), and AC is i-like. The
other case is anelogous., By (2.7), s(A,P) + s(P,C) = 8(A,C) . The
other equality is proved the same way.

Hence, P € insB(A,B) N insB(C,D) & B(A,B) N B(C,D) yields:
s(A,B,) + s(C,D) = (s(A,P) + s(P,B)) + (s(C,P) + s(P,D)) = ...
«es = (8(A,P) + s(P,C) + (s(P,D) + s(B,D)) = s(A,C) + s(B,D) .

Next, if insB(A,B) N insB(C,D) & {A,B,C,D} we first suppose
that C € insB(A,B) N insB(C,D) . Then, 8(A,B) + s(C,B) = s(A,B) .
Now, BC and CD have the same i-orientation. 8o,
CI‘B’ 2 CI(C) 2 c;'(n), or, Cj(B) S C;(C) & c;’(m . Whence, s(B,C)b +
's(C,D) = s(D,B) . Thus, s(A,B) + 8(C,D) = (s(A,C) + 8(C,B)) +
(s(B,D) - s(B,C)) = s(A,C) + s(B,D) .

If D € insB(A,B) N insB(C,D), then =(A,D) + s(D,B) = s(A,B) ,
and EI(A) 2 c;'(n) 2 cj(© , or, CI(A) € cj (D) & cI(c) s this implies
s(A,C) = s(A,D) + s(D,C) . Hence,

8(A,B) + 8(C,D) = (s8(A,D) + s(D,B)) + (s(A,0) - s(A,D)) = 8(A,C) + s(B,D) .

As in the first part of the Lemma "(a)" the other cases are analogous.
qed

Proof of Theorem 1 (necessity only): Let T =/[...AB,..CD...] be
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a polygon in 8" with distinct vertices A,B,C, and D , and edges AB
and CD which quasi-intersect, Then the arc-inversion [...A(B...C)D...]
yields the polygon Lol [...AC...BD...] which differs from T only in
having the edges AC and BD instead of the edges AB and CD. By
Lemma 1 (&), s(A,C) + s(B,D) < s(A,B) + s(C,D) . Hence, s{T] > s[ﬂl] .
So 1 could not have been s-minimal in its covertex class, and the

condition is necessary.

Remark: Observe that if insB(A,B) N insB(C,D) + @ but that AB and
CD had different i-orientations, as in the second part of Lemma 1, then
T might in fact be minimel in its covertex class, For example, let

», (0,0),P,(1,0) ,P,(2,2.5), and P,(3,0.75) . Then T = [P1P2P394] is
s-minimal in its covertex class, but the edges P2P3 and P4P1 intexr-
sect; so, insB(P,,P,) n insB(P,,P,) 4+ @ . This possibility is suggested
by part (b) of the lemma, which shows that the conditions in part (a)

are not too stringent.

Remark: If in the definition of "quasi-intersect" we merely require
that B(A,B) N B(C,D) + @ and keep the "orientation requirements” in-
tact, then Theorem 1 becomes false, For a counter-example, let A(0,0),
B(1,0),c(1,1),D(0,1) . Then [ABCD] is s-minimal in its covertex class
although B(A,B) N B(C,D) = (0.5,0.5); both AB and CD are only

l1-1ike and have the same l-orientation,

Remark: Theorem 1 is not generally sufficient for s-minimality, If
Pl (4,0) apz (0,1) 3P3<0 14) 3P4(2n3) !P5(5s9) 'Pe(sns) ,P7(10,7) » then with
respect to the polygon T = [9192P3P4P5P6P7] , for any pair of edges

PQ and RS with distinct vertices as endpoints we have f-=

B(®,Q) N B(R,S) 2 insB(P,Q) N insB(R,8) , which can be checked by draw-
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ing the sets B(P,Q) etc., following (2.1) . But T is not s-minimal,

since if we let T = [P1P2P4P3P5P6P7] , then
s[T] = 28 , and s[Tl]'] =25,

Proof of the sufficiency assertion of Theorem 1l: For the following

class of points in Sn the necessity hypothesis of Theorem 1 is
sufficlent as well: Let i,j, 1 =i , j=n be fixed. Let D be &
finite set of points in Sn such that for each POG D we have that
Q € interior of Ci(Po) for all Q € D , with perhaps the exception
of a point Qo depending on P
CJ(PO) .

First we prove the following:

o - In that case, Q, € interior of

Lemma 2: Let A, A, B, and B® be four distinct points in s2 such
that AAY and BB’ are only 2-like, but AB, AB®, A’B, and A‘B’ are
all 1-like, Then A,A’,B, and B’ are the vertices of a (non-degenerate)

convex quadrilateral.

Proof: Without loss of generality we may assume that a, > az' N
b, > bé’ , where A -_-:(al,az), etc. Observe that either max {al,az} <
< ¢
min {bl,bz] or max [bl,bz} min {al,az] . Por, if a <b <a,
then AB and BA’ being l-like imply that B ECI(A) and A% € CI(B) H
so A’ € C;'(A) and AA’ is 1-like ~- which is a contradiction., The
other cases are quite similer. 8o, we assume without loss of generality
) < ¢
that max {a.l,alj min [bl'bl} .
Now, 1if our conclusion were false, then one of the points which we

will denote by P , would lie interior to a i:riangular fegion whose

vertices are the other three points., In that case, it would be neces-
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sary that at least one of these vertices lies in each of the sets
c;'(p) and € (P) . For, otherwise all three vertices would lie on
the same side of a line through P with slope 1 or -1. Hence,
suppose that P = A . But then B and BYE c;'(A) ; and, since AA
is only 2-1ike, A ¢ C;(Ai) == which contradicts the last fact.
Similarly, letting P = A*, B, or B1 we obtain a contradiction. This
proves the lemma,

Now let us proceed with the main proof; i.e., that of the theorem,
First observe that by (2.5) we may consider D to be lying in the i-j
coordinate plane, or equivalently in the space 82 with i=1, j=2,

Qur plan is to first characterize all the minima in ¢(D) wusing
the necessary condition of the theorem. Then we will show that only
the polygons in ¥(D) fitting our characterization satisfy this
condition,

Call the set {A,Al] , where A,AY€ D , a "v-pair"(vertical pair)

12 A €cy(ah) . Suppose that A = (a,,8,) and A% = (a:t,a;) where

we may assume that a, < a; and 8 s ai . Then there does not exist

a BE€D such that B = (b, ,b,) and a, = b, §a; , Where A 4 B *Aj' .
For, if there weve, then by hypothesis, B € CJ(A) and A € c'l*(a)
But then we would have that A}G c;(A) » Which contradicts the fact
that we have a v-pair,
Now, 4if {A,A;] is a v-pair, we will call it an "espair' (end-

pair) if either max f{a , 1} Zmax b, or min {a,, l} = min b
(b, b, §8D 88y 1 & (b b, 88D 1

holds.

Let E derote an edge of an s-minimal polygon T in !(p),;f

R e )

- v, g b A S o
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Then we assert that E is not 1~like if and only if the end points of
E belong to the same e-pair, For, suppose that the endpoints of E
do not belong to the same e-palr, but that E is not 1l-like, Let
E =MN . Then there exists an edge AB of T such that AB 1is l-like
and M € insB(A,B) . For, there must exist points to the right and to
left of both M and N in D connected by a gtrictly l-like edge, by
previous considergtions., But M € insB(M,N) ; and since T is s~
minimal in (D) , we have contradicted our necessity hypothesis, Con-
versely, suppose that A and B are points of an e-pair but that no
edge of T joins them. Then we must have in T directed 1-like edges

"

', and B'B , where the points A, B, A ,B*;A',B' are

aa’, A°a , BB
distinct. Two of these must be similarly oriented; suppose AA! and
BB’ are such. We claim that insB(A,A”) N insB(B,BH 4 8 . For,
without loss of generality we may assume that AA‘ has a positive l-
orientation, Now, observe that the open segment PQ < insB(P,Q) if
P4+Q. Moreover, if A’ and B’ did not belong to the same v-pair,
then as in the first part of this argument, we arrive at a contradiction.
If they do, however, then A,A’,B,B’ are the vertices of a convex
quadrilateral by Lemma 1, and, clearly, no three are collinear. If
AA? and BB" are the diagonals of this quadrilateral, they intersect,
and we contradict the necessity hypothesis. .

On the other hand, if AA’ and BB? are not the diagonals, then
AB’ and A’B must be the diagonals; and then. ABf'ﬂ A’p 4,8 . Hence,

8 4 (intc(®) N ant ¢ AN (int €f () N 1ntc] @B")

(1ntc;'(A) N int C] (AN N (int c;'(n) N 1ntc;' @'

insB(A,A’) N insB(B,B") , by (1.9).

1}
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But this is impossible by our necessary condition, since T is a-
minimal in the covertex class ¢(D) . Thus, our assertion concerning
fhe edge E 1is proved in full,

Next, if D has two distinct e-pairs {A,B} and {Cc,D} , AB and
CD the corr. edges of an s-minimal polygon (which we have bheen
implicitly considering to be directed), then all the s-minimal polygons
of the class V(D) may be characterized thus: A chain of 1-like edges
from B to C ; followed by the edge CD ; followed by a chain of
l1-1ike chain of edges from D to A ; followed by the edge AB . 1In
fact, it is clear that the s~length of all the minimal polygons must be:
s(A,B) + s(C,D) + s8(A,C) + s(B,D) = .=. = s(A,B) + s{(C,D) + s(A,D} +
s(CB) , since the points A,B,C, and D are the vertices of a convex quadri-
lateral, and the preceeding argument showed that the sum of the "hori-
zontal sides" is equal to the sum of the diagonals. Also, the l-like
chaine must be monotone; that is, the endpoints of the edges of =&
chain must have their f£irst coordinates in natural order, or else we
would obtain a larger number than the s-length given above.

If there is only one or no e-pairs (there cannot be more than two)
in D , then we may consider the e-pairs to be the leftmost or right-
most points of D , whichever is appropriate, where the two components
of a pair are identical. That is, A= B and/or C =D . In any case,
from now on we consider the e-palirs to be single units Vi -and Vé
joined by chains of 1-like edges in any polygon in ¥(D) satistying_
the necessity hypothesis.‘ In such a polygon T we have shown that the
components of an e-pair, if they are distinct, must be joined by an edge.

We now consider the two chains of T Jjoining Vl and Vz and show

Ll
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that, under the assumption that one of them is not monotone, (and so T
is not s-minimal in Y(D) ) we contradict the necessity hypothesis,

Let X denote a non-monotone l-like chain from V.

1 to V2 , and

consider the maximally monotone subchain of X beginning at Vl and
ending at some point B, Let AB and BC belong to X ; then AB
and BC have opposite l-orientations, We may assume without losa of
generality that they are positively and negatively l-oriented re-
spectively.

If B does not belong to a v-pair, or if {B,B'} is a v-pair
but B’ is not an endpoint of an edge in X , then there exists an
edge RS in the chain X which is positively l-oriented and such that
B € insB(R,S8) . Hence, insB(A,B) M insB(R,S)+ @ , which contradicts
the hypothesis that T satisfies the necessity condition.

1f {B,B'} 1s a v-pair with B 4 B’ and B’ 1s used as an end-
point of an edge in X , then there is an edge RS 1in the other l-like
chain such that B € insB(R,S) and RS is negatively l-oriented., This
also contradicts the necessity hypothesis, and we again have a contra-
diction. Thus, a polygon is s-minimal in the class ¥(P) if and only

if it contains no quasi-intersections. qed

Remark: The distributions given above are slightly specialized examples
of the tracklike distributions {(cf. pg.5 ) which we shall discuss at

further length in Secthewmt 4gection,



Section 3. Necklace Theorems

Proof of Theorem 2: We shall show that there does not exist any such

collection of rectangular parallelopipedon regions of more than the
specified number of members in n-dimensional coordinate space. Suppose
that there were such a collection, £ , whose members form a dual neck-
lace.

Let P belong to K and let P, and Q be the two members

1
of K which do not intersect P , Then Pl intersects Ql sy Or else
we would he forced to join the centers (the intersections of their
diagonals) of PO,P]_,Q1 to obtain a triangle. This is impossible
since n £ 2 , Moreover, there are additional members P, and Q, of
R such that P,NQ =90 ,QNP =@, but P, NP 19,
éz NQ 4¢ and P,NQ, 44 . If this were not the case, that is, if
there were a member 8 in K which intersected P0 but neither Pl
nor Ql we must join the centers of PO’PI’S’Ql’ and PO in that order,
obtaining a quadrilateral. Similarly, Pz and Q2 must intersect or
we obtain a pentagon. Finally, each of the remaining members of &
muat intersect PO ’ Pl’ and Ql .

Let us continue by defining P, to be a particular member of R .
We will denote the perpendicular projection of a member R of XK on
the ith coordinate axis by Ri,id,... ,0 . Let PO be any member of
R such that the righthand endpoint of P; is minimal among all right-
hand endpoints of the intervals r! , for a1l R in K . Observe that
two members P and Q in AR intersect if and only if we have

pinqi+¢ for all i=sl,...,n . But pznpo;a and anpanﬂ

implies Q: N Pg =|= g and Pg n Pt + # . Hence, we may assume, by

24
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symmetry, that P]' n l:'1 + 0 and Pl n o + @ But then P, N =g
’ 2 1P 29 ‘ 2194 =
implies that P; N Qi =@ for some 1 >1 ; and, by symmetry, we may
assume that 1 =2 ,
2 2 2 2 2 2
Moreover, P, N Q, + ¢ and Q N Q] 4. But P, and Q are
separated by an (open) interval Il . Hence, Q‘: contains I1 , Bince
Q: is connected. In fact, if R belongs to XA, R2 n Pg + @ and
rR% n Qf $ @ then R contains I, ; so, R2 n q; + # . Further, if

R N pg 4g, then R N q; 40 , since both R' and Q; contain the
1

0 »

Thus, we have shown that, if we are in the plane, any R in A&

righthand endpoint of P

intersecting PO' P2 and Ql must intersect Qz as well, contradict-
ing the requirement that exactly two rectangles of K do not intersect
Q2 L]

In n > 2 dimensions, we suppose that & has at least 2n + 4
members, the first five of which are PO’Pl’Ql’P2’ and Qz as above. We
then iterate the above argument, obtaining a list of pairs of members
of R: P,,9; P4,Q4;...;Pn+1,0n+1 , such that each P and Q of =
pair intersect each other and all the preceeding members of the list

except the preceeding Q or P respectively. Thus, ch-l iﬁ.‘?&’?&é‘&

all others on the list except Pn » Further, we may assume, by symmetry,

1‘::: and Qi"'l' are separated on the (:l+1)";h

coordinate axis by an (open) interval I 1 ° Hence, any member Qo of

that for emh 1=2,.-. ’n—l Il P

R not already accounted for on the preceeding list must intersect 'Pn-:-l

For, Pn+1 contains the intervals 1 i py-virtue -of Pn+1 1ntfarsect-

ing Pi and Q:I.-l y 2524 =2n; and Qo also has this property. ‘More~

over, both p;+1 ‘and Q contain the righthand endpoint of P, . But
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this contradicts thé requirement that Pn+1 intersect all but two mem-~
bers of & , completing the proof for parallelepipeds.

In order to show the existence of dual necklaces as claimed in
Theorem 2, we proceed as follows: A realization of 2n + 3 (hyper-
. n Z213 .
cubic) spheres in S8 , n € 3 ; O’Pl’Ql""'Pn+1’Qn+1 is obtained by
following the pattern discussed in the previous proof, except that we
require Pn+1 and Qn+1 to be disjoint. We need only give their pro-

Jjections on th? n coordinate axes. (See Table 1, pg.26a.)

The symbol "*" on an axis means that the projections of spheres

not explicitly accounted for on that axis take position "*" . Observe
that on the xl-axia Po does not intersect P1 nor Ql H P2 does
not intersect Ql . On the xn-axis, Pn+1 does not intersect Qn+1

nor Qn H Pn_1 does not intersect Qn . Finally, on the remaining

X, -axes,

1 does not intersect Qi+2 s OT Qi y P does not

Py 1-1

intersect Qi . However, all other intersections do occur, thus yield-
ing the required realization of 2n + 3 members.

Similarly, Table II (pg. 26a) gives a realization of 2n + 2
spheres in the space s“, nZ3,

It i8 clear that a realization in one space gives realizations in
all higher dimensional Sn . Thus, we will be finished when we give
realizations of size Bix and seven in 82 and 83 , respectively. For
the latter, we take spheres with centers at (-1,8,8), (10,2,8), (3,5,3),
(6,8,1), (12,6,8), (6,12,10), and (6,8,12) , For the former, take
spheres with centers at (2,9), (5,12), (8,14), (15,8), (12,5), (8,2) .

In each case let the spheres have radil equal to four, © q.e.d,
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Remark: The dual necklace theorem is, a priori, a special case of the
following '"cluster” theorem ( Th. 0,3,[6]) of Sanders: "Given a col-
lection of spheres in [a geodesic metric space] with at least one
circuit on the sphere centers satisfying (1) the interiors of two
spheres do not intersect if there is an edge of the circuit joining
their centers and (ii) two spheres do meet if there is no edge of the
circuit Joining their centers, then all circuits satisfying (1) and
(ii) and only those are maximal on the sphere centers." Notice that
here one 18 not led directly to the maxima on the sphere center by
intersections and non-intersections as with the necklace theorem, This

will become clear if we consider the following realizations of the "dual

cluster theorem," above, of k spheres in g® , for all k = 3 :

For even k = 4 , let the sphere centers be at the points

Plcoﬂo)’ Q1(2!1)’ chzl-l)’ Q3(4l1)’ Q4(4’_1)’ seas 3 Qk_z(k-z’-l), Pz(k,O) )

except that we substitute the points ( § - 21i , -—%) and ( 3 +-} , %)
k Kk
for the points ( 3 <1) and ( 7 1) whenever the latter should

occur, Take the sphere radii so that the spheres are all tangent to

the line x =3,. For odd k , delete the sphere at center P, and

- b

w|x
AN

substitute ( +;]i-,—'%) for (l—é--i-,- ) . One can find the
required circuit (polygon) by observing that these distributions are
tracklike. (cf. pg. 5) Observe that none of the spheres in each cluster
has radius equal to zero, something which the cluster theorem actually

requires, although it does not explicitly say so.




28
Remark: The argument given above works equally well for the spheres
of a 2n-gon plane, that is, dual necklaces of parallel, centrally
symmetric 2n-gons, Two of these spheres will intersect if and only if
the connected regions formed by extending both pairs of corresponding
parallel sides intersect. Therefore, we need only set up a pencil of
n axes in the plane, that is, lines which are perpendicular to the
sides of the 2n-gon spheres of the space. Then, in the above proof,
use the intersections of the strip-like regions with the relevant
perpendicular axis, instead of the projections on these n-dimensional
axes in R , and proceed as before,

Thus we have shown that dual necklaces of k parallel, centrally

symmetric 2n-gons do not exist for k > 2n + 3 . However, Warren
Becker has shown that there exist realizations of the duﬁl necklace

theorem in E2 for all kiE 3 [8].

Remark: Realizations can be found in S2 for all n = 4,5,6,... for
the following ''mecklace theorem" of D, Sanders: A polygon is shortest

of its covertex class if a (closed) sphere may be centered on each ver-
tex such that each sphere touches precisely two others, namely, those
centered on the two adjacent vertices as given by the polygon. (cf. [7]).
If n is even, n 8 , the collection of 32 spheres with center at
©,I1, a,%),...,/2-1,%2) and (@/2,%1) with radius 1/2 provides
such a realization. If n is odd, n £ 5 , substitute one sphere with

center at (0,0) and radius 1 for those at (0,11) .




Section 4, Sn and the Four Point Condition

Proof of Theorem 3: Let D denote of tracklike distribution of m

points, m=Z 4 , in Sz ; that is, we assume that for P in D, we

0
have that POQ is I~1like for all Q@ in D , with the possible excep-

tion of a single point Qo in D depending on P_ . Let us label the

0
points of D as follows: Let P(pl,pz) and Q(ql,qz) belong to D .

If p1 <4q then P has a lower index than Q ; if p1 = q but

1’ 1’
P, < q2 , them P has a lower index than Q . It is clear that this

will suffice to label all the points of D , unambiguously,
D= [Pl,Pz,....Pm} .

Let P, ,P, ,P , and P denote four distincet points of D ,
1,71y 1, 14

labeled so that 11 < 12 < 13 < i, ; for convenience, we shall let

4
11-_- 1, :12= 2, :13= 3, and 14= 4 , Now, consider all possible seg-

ments determined by these four points, the segments Pi p1 . We first
J 'k

2P3, P3P4 , out of all these may

not be 1l-like; that is, all the others must be 1l-like. For, if P1P3

is not l-like, since D 1is a tracklike distribution in 82, it follows

asgsert that only the segments Ple, P

that P1P2 and P2P3 must be l-like. Then, by our labeling procedure

+ o+ + +
and (2.7), P1 € °1(P1) 2 °1(P2) a2 CI(PS) . Hence, P1 € Cl(Pa) and

PlP3 18 l-like -~ contradiction. 8Similarly, neither P1P4 nor P2P4

is not 1-like,

Therefore, we only need consider the following three cases:
1 2PS,PSP4 are l-like. Then by our
labeling procedure, CI (Pl) & cl(Pz) 2 CI(PS) 4 (:1 (¢2] 4) . Hence, the

Case I: Each of the segments P Pz,P

points p_, Pz, P, and P, are sp~cogeodesic and are labeled in their

1 3’ 4
geodesic order. Such points, thus labeled, obviously satisfy the




four point condition since collinear points in E2 labeled in their

linear order do so.

Case IXI: Exactly one of (i) P1p2’ (11) P2P3, (1i1il1) P3P not 1l-like.

4
aPg + PyPy » PyPy , PP

are 1-like, Our labeling procedure implies c'l'(pl) s C;(Pz) ::c;(p 2

(i) In this case each of the segments P1P3 s P 4
and C (P,) & C)(Py) & CHRG),.LyHEHCE) by (2.7),
8(P, ,P5) + 8(P4,P,) = 8(P,,P,) and 5(Py,Py) + 8(P,,P,) = 8(P,y,P,) .
By the triangle inequality in S2 ’ s(Pl,Pz) s a!(P1 ,Pa) + s(Pa,Pz) .
Hence, s(P,,Py) + s(P4,P,) = 8(P,,Py) + (s(P,,P,) - S(PZ:P3) ) = ...
-..= (8(P,Py) - 8(P,,P,)) + 8(P,y,P,) = s(P,,P) + 8(P;,P,) = ...
voo= (8(P,Py) + 8(P,,P)) + (8(P,,P,) - '5(93,94)) = é(Pl,P4)+B(P2.1’3) )
as required.
(11) If only P,P, is not l-like, we again obtain C,(P,) gC (P &C (P,
and C (P,) £C (P,) C (P,) . Hence, by (2.7,

s(Pl ,P3) + s(Ps,P4) = s(Pl,P4) and B(P],’PZ) + s(Pz,P4) = s(Pl,P4) .

(i) _(1) 1) (2) 3 (4)
1 P2 y <Py Epy 0 <p

= =
Hence, a(Pl,Pz) = s(Pl,P and s(Pz,P4) = 5(P3,P4) . 8o,

Moreover, if Pi(p ) , our labeling yields p

3
8(P, ,P,) + 8(P5,P,) s s(P, ,Pg) + 5(P,,P,) ...

coe 2 8(P,PY) + (8(P,,P) + 8(Pg,PY)) = (8(P,Py) + s(Pg,P)) + 8(Py,Pg) =...

ced = s(Pl,P4) + s(Pz,Pa) .

(ii1) If only PP, is not l1-like, then PIPZ.P2P4,P1P4,P2P3, and

/PPy, are 1-like. Thus, C[(P,) €C (P,) S$C (P and c;(pl) <

C (P, $C (Py) . Hence, s(P,,Py) + s(P,,P)) =8(P),P,) and

s(Pl ,Pz) + s(Pz,P3) = s(Pl ,Pa) . By the triangle inequality,

B(P23P4) é s(pzlps) + s(p3’P4) . so’
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8(P,,P,) + 8(P,,P,) = (8(P,,P;) - 8(Py,P,)) + 8(P5,P,)

ses = S(Pl,Ps) + (S(P3,P4) - S(stps)) = S(Plsps) + 5(P23P4) S s

e = (S(PI’P3) - S(PI'PZ)) + (S(P20P4) + S(Pl’PZ)) = S(Plrp4) + S(stpa) .

Case II1: Finally, assume that P]_P2 and P3P4 are not l-like, but
that all the rest are., We first claim that Pl,Pz,Pa,P4 are the
vertices of a convex quadrilateral. This follows directly from Lemma 2.
Moreover, it is clear that Ple and P3P4 are sides of this quadri-

lateral, while either Plps and PZP4 , Or, P1P4 and P2P3 are its
diagonals, which, of course, intersect and must have opposite l-orienta-
tions. Thus, by Lemma 1 (b), there is an arc inversion which inter-
changes these pairs of segments but does not change the polygonal
s-length. This just means:

s(Pl,Pz) + s(Ps.P4) = s(Pl,Pa) + g(Pz,P4) = s(Pl,P4) + B(PZ’Ps) .

Therefore, we have proved Theorem 3 in the special case of 82 . We

shall use this result to prove the Theorem in its full generality in

Section 8, though (2.5) extends the above to a proof for S? pn ik 2,

Remark: In 1964 Lerman obtained the result (unpublished) that if a set
of k non-collinear points in the euclidean plane satiafies the four
point condition, then k = 8 , The collinear case in 52 has its
counterpart in s-cogeodesic sets in 82 , which includes collinear
point sets as a proper subclass. However, we can give a procedure for
the construction of the still more general tracklike distributions, as
follows:

We effect this construction by specifying "pairs" of points in

82,{P,Q] , such that p, - q, = lp1 - qll . Now, given such a pair
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R, = {Pl,Ql} » We choose a second pair R,

which may be described as that region of the plane containing the posi-

+ +
in the set Cl(Pl) n Cl(Ql) ’

tive unbounded x-axis, bounded by the helf-lines ]'..Q and LP with
slopes +1 and -1 , respectively, through the points @Q and P , re-

+ +
spectively. Then choose a third pair R, = [Pa,Qa} in € (P, NC€I(Q,) .

After k palrs have been thus selected, choose any pair R, . = {Pk+1'qk+1}

in c;(pk) n c{'(qk) . By induction on k , it follows that

. _
R . & N (cfew,) Nchq,)) ; and so the distribution is tracklike in
kel g T4 149

S2 . If both points of every pair are identical, then we have an
s-cogeodesic distribution., An example (*) of a distribution constructed
in this manner was given on page 5. Observe that this construction also
contains 2 way to determine whether a particular distribution is track-
like in 82 ; namely, order the points with respect to one of the co-
ordinates and check the direction numbers determined by consecutive

palirs of points -- something which must be done, at any event, in order

to calculate s-distances between the pairs of pointa.



Section 5. Proof of Theorem 4

Let m denote a type I metric and let T denote a polygon that
intersects itself; that is, there is a closed edge Cl(Ple) of

and an open edge P3P of T +that intersect each other, where

4
M= [PPy...PaP,...] .

There are the following cases:

i, The intersection of P3P4 and Cl(P1P2) is a point.

2, The intersection of P3P4 and 01(P1P2) is a line segment,
and P1P2 and P3P4 induce the same orientation of this segment.

3. The same as "2", but P.P, and P,P, induce opposite orienta-

1”2 3 4
tions of the line segment of intersection,

In cases 1 and 2 the arc-inversion 'jpl(pz...pa)p4...] yields a
polygon n strictly e-shorter than T . But we can only say that
n[n’] =m[7] 4in case 1, since, as noted below, type I metrics are also
of type II. We shall merely ohserve here that case 3 can be reduced
(cf. [1]) to either case 1 or case 2,

The preceding shows that a polygon which intersects itself cannot
be e-minimal in its covertex class (although we have alreﬁdy seen that
such a polygon (in the case of 82 ) can be m-minimal).

Next, it is shown in [1] that if a polygon T on the vertex set
D does not belong to the subclass ¥(D) of ¥(D) , then T must

intersect itaelf, Hence, there is an arc-inversion of the type described

above yielding a polygon T in ¥(D) such that e[’} <e[m] and

('] S u["] .

Now, some polygon T, must be m-minimal in ¥(D) , since D 1isa

a finite set. If T, belongs to ¥(D) , we are done, If not, by the



above, there is an arc-inversion producing ﬂi in {(D) such that

e[“b] > e{ﬂi] and m[ﬂb] = m[ﬂi] . If ™ belongs to ¥(D) , we are

done. 1If not, we continue in this way, and after a finite number of
steps, we obtain two sequences

e[ﬂo] > e[ﬂl] >, > e[ﬂk] and

m{T] Em[m] 2., =]
such that T, belongs to ¥(D) , since there are only finitely many

k

polygons in ¥(D) . But T, 18 m-minimal, since m[T ] = m{m,] , and

T, Wwas assumed to be m-minimel in V(D) . ged.

Proof of Theorem 5: Let m denote a metric of types 1II and III. Just

as the preceding proof made use of the way that the euclidean case was
handled in [1], the present argument will depend upon'the proofs given
in [2] and [3], where the following two cases were and shall be con~
sidered:

Case 1. Suppose that no three points of D are collinear, and, further,
that T is a polygon in V¥(D) which is not a member of the class
specified in (a) or (b), as the number of points of D 1is odd or even,
respectively. It is shown in [2] and [3] (with considerable effort) in

this case that there exist edges P and P3P4 of 7 , where all

1P2
the Pi are distinct, such that P1P2P3P4 is a (non-degenerate) convex

quadrilateral. We may write

“ = [P1P2' . .P3p4. L] .] -
The arc-inversion [Pl(Pz...Pa)P4...] produces a polygon T in ¥(D)
such that eo[T] <e[T’'] and m[7W] = m[n’] , since m is a type II

metric,



If we begin with an m-maximal polygon ﬂb

does not belong to the appropriate class given in the theorem, we

in {(D) such that T

derive, as in the last proof, two sequences:
Tl <e[m] <... < e[ﬂk] and

TT é 13 § é
("] Sm{m]=... Safng
by means of the arc-inversions described above, where ﬂk is a member

of the correct class (but not necessarily e-maximal). Since ﬂb was
assumed to be m-maximal to begin with, we have m[ﬂ 1 =n[n ] This

completes case 1,

Case 2,: B has support lines passing through at least three points of
D. Let X be a point in the interior of the convex hull of D and
B(t) (0 =t =21) be a family of strongly convex curves circumscribing

B and converging to B as t approaches 1 ., Let Pi(t) be the
intersection of B{(t) with the ray emanating from X and passing
through P, in D, and let D(t) = {Pi(t)} . Then, for each

t/(0 =t 1) case 1 implies that there exists an m-maximal polygon of
¥(D(t)) among those of the appropriate class. Now, for t sufficiently
close to 1, a polygon on the vertex set D(t) i1is arbitrarily close to
the corresponding polygon on D , since m 1is assumed to be of type IlI,
Thus, there always exists an m-maximal polygon of ¥(D) in the appropri-

ate subclass of polygons. qed,

Remark: In the convex maximal odd case, e-maximal polygons in ¥(D)

are uniquely so, if no three points of D are collinear. That this is

not true for general. metrica of types II and IXI is shown tor tha rollqw-

ing set of five points 1n 82




P,(0,-1), p5(-1,0)} =D . Then both [P,P,P,P.P,] and [P,P,P,P.P,.]
are s-maximal in V(D) . In the convex maximal even case this unique-
ness condition i3 not so; if the points of D are evenly distributed
on a circle, then all the n polygons specified by part (b) of the
theorem have the same e-length, since the metric e is rotation in-
variant. On the other hand, in case 2 of the convex odd maximal case,
the single polygon specified in (a) is not necessarily the only |
e-longest polygon, even if the points of D are not all collinear.
For example, if D = [Pl(0,0) Py(1,0), P.(2,0), P,(3,0), P (4,0),
Pg(5,0), 97(0,1')} , then both [plp5p2p6p3p7p4] and [P1P6P3P7P4P2P5]

are e-meximal in Y(D) .

Proof of Corollary 1l: For the m-minimality and, if no three points of

D are collinear, the m-maximality assertion the proof is almost im-
mediate. For, if in these cases ﬂb is an appropriate m-minimal or
m-maximal polygon in $(D) specified by the relevant theorem, there

exist the required types of sequences

ﬂl nz t o and

T Maeer™ T,

n

kR,

TTZ’ 2’ 23""112 |TT0
of m-minimal or m-maximal polygons of (D) derived by consecutive

arc-inversions, as in the theorems. Thus,

w2, e m?,

1! 1' 1""!111”“0‘! 2 Ferr 2’ 2!“2

M. to T, , since each of the arc-

is the required sequence'irqgf 2

1nversionsruaed-cgn*ob

EFee [oints of. D . are collidear. Let
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the set D’ in case 2 of the proof of Theorem 5 (lying on a strongly
convex curve) approximate D so0 closely that the difference in the m-
lengths between the polygons in *fD) and the corresponding polygons
in #(D') is no more than 1r/8, where r is the (non-negative) dif-
ference between the m—-lengths of the m—-maximal and next-to m~maximal
polygons in ¥(D) . If r = 0 , then the proof given above applies,
since in that case all the polygons in (D) have the same m-length.
Hence, suppose that »r > 0 . Let ﬁl and nl be the polygons of

0 1

#(D') corresponding to the polygons o and ﬂl of ¥(D) as in the

last paragraph, Since D’ has no three points collinear, there exists
the right kind of sequence

1 1

1
LSRN (1

o

of polygons in #(D') from nl to ﬂl . lLet the sequence

1 o
nl,ﬂz....,nk,no (2)

be the term-wise corresponding polygons in ¢(D) . Since "1 and "O
are both m-maximal in ¥(D) by assumption, ﬂi and ﬂ; cannot differ
in m-length by more than r/4 . But, by assumption, each of the pairs
ﬂi and "1 , and, n; and ﬂz , cannot differ by more than r/8 .
Hence, m, and m, cannot differ by more than /4 , which forces
m[ﬂz] = m[ﬂl] , by the definition of "»r" . Repeating this afgument k

times if necessary, we find that sequence (2) is of the required type;
that is, all the polygons in (2) are m-maximal in ¥(D) . We may now
apply the argument in the tiratfhngpgrnph to complete the proof. qed.
Remark: Corollary 1 is falj‘ .

let -A’ B’ C, E’ F’ and "
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hexagon in the plane. As noted above, every polygon on this vertex set
specified by Theorem 5(b) is e-maximal, and these are the only ones,

In particular, T = EACGEBF] is e-maximal, but any arc-inversion on W
yields a polygon of Y(D) with an edge joining adjacent vertices of the

regular hexagon. No such polygon is e-maximal in ¢(D) .




Section 6. Remarks on Metric Properties.

It is clear that a metric is of type 1II if the topology it induces
on the plane is no finer than that induced by the euclidean metric.
Moreover, while an easy application of the triangle inequality shows

that type I metrics are also of type II, the converse is false.

Example: Let m denote any type I metric (for instance "e" ) , and let
"t" denote the trivial metric, If we define d =m +t , then d 1is
also a metric, since any finite sum of metrics on the same set i3 a
metric. Let P, Q and S be three distinct points in R2 such that

m(P,Q + m(Q,S) = m(P,S) . Then,

d(P,Q) + d(Q,8) =n(P,8) +2>m(P,8) +1 = d(P,8) . Hence, d is not

of type I. However, d is of type IX1. PFor, if A, B, C, and D are

any four distinct points in R2 such that

m(A,C) + m(B,D) = m(A,B) + m(C,D) , then
d(aA,C) + d(B,D) = m(A,C) + m(B,D) + 2 = m(A,B) + m(C,D) + 2 > d(A,B) + d(C,D)

In any case, all norms on R2 are metrics of types I, II, and I1I.

It is well known that all norms on Rz induce the same topology, and
go are of type IIT Let "| ||" be a norm on RZ and let A,B € R .
Then, for all t in R we have, of course, |[t(A +B)Y|| = |t]| - ||A + B| .
Now, all points € in R2 such that e(A,C) + e(C,B) = o(A,B) must
have the form C = tA + (1~t)B where 0 =t =1 ., That is, they must
lie on a straight line segment whose endpoints are A and B . Thus ’

letting d(A,B) = [lA - B|| , we may write

-tAlll + |IB - [tA - Q-0)B]|| = ...

d(A,0) + d(C,B) = "A = [(1
4 v |lA-B| = [la-B|| = aca,B) .

= |1=t|-||a-B]| + |t|-[la-B| = ¢&

1)




Thus, all norms are also metrics of type II. The next example shows
that a type I metric does not have to induce the euclidean topology on
2

R, and therefore does not have to be a norm; nor does it have to be of

type 1I1.

Example: Let D1 denote the union of the open upper half-plane and

the x-axis, and let D2 denote the lower open half-plane. We define

m : R2 X R2 —>R by m(P,Q =e(P;Q) if P and Q are both in

D,1i=1,2; m(P,) =e(P,Q) +1 if P € D, Q €ED, 1 ¥4 .

i J

Clearly, m(P,Q) = m(Q,P) , and m(P,Q) =0 if and only if P

[
L

For the triangle inequality, suppose that we have e(P,Q) + e(Q,S) =
e(P,S) . We wish to derive the corresponding statement for m . But
we can add at most 1 to e(P,S) to obtain the value of n(P,S8) , and

we do this only if P €D ; S €D, ,i4+3j. But Q belongs to exactly

1 3

one of the D 8o, in other words, if we add' 1 to the righthand

g *
gside of the e-inequality, then we add exactly one to the lefthand side,

to obtain the expression for .m. Since both the regions D are con-

i
vex, this not only shows that the triangle inequality is satisfied for
m , but also that m is a type I metric.

Moreover, since both D1 and D2 are open sets in this space,
the topology induced by m 1is disconnected, and therefore not the
euclidean topology: in fact, it is clearly a finer topology.

Finally, we observe that type I1I metrics are not necessarily of

type I, but if a metric is of types II and III, then it is of type I.

For, let "m" denote the metric m(P,Q) = min {e(P,Q),l} . ‘The topology

induced by this metric is known to be the same as that induced by e .

Bg@hjihﬁt' §‘§T*
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e(Q,8) >1 , and e(P,8) > 1 , then m(P,Q) = m(Q,8) = m(P,8) =1 and
mn(P,Q + m(Q,S) = 2 > n(P,8) .

Suppose that m 1s both a type II and type III metric. Let A, B,
end C denote distinct ccllinear points in R2 on some line L , with
B hetween A and C . Now, given an arbitrary € > @ , there exists
a point X € R® such that m(X,B) <€ and X does not belong to L .
Then AXCB is a non-degenerate convex quadrilateral. Hence,
2(m(A,C) + ¢€/2) 2 (m(A,X) + m(C,B)) + (m(A,B) + m(X,C)V) . By the tri-
angle inequality for m we have:

m(A,X) + m(X,C) Z m(A,C) and mn(A,B) + m(B,C) = m(a,C) .

Thus, 2(m(A,C) + €/2) = [m(A,B) + m(B,C)] + [m(A,X) + m(X,C)] 2 2m(A,0) .

Since, for all X , chosen as above each of the bracketed expres-
sions is Z m(A,C) ; and since € 1is arbitrarily small, we must have

m(A,B) + m(B,C) = m(A,C) , as required.

Remark: We next consider the following question: How large is the
class Y(D) of polygons on a vertex set D such that the vertices on

H(D) are connected in cyclic order? We claim that if there are

m+n+3 (mn=0,1,...) points in D and n+ 3 points in H(D) ,

then Y(D) has (m +n + 2)!'/(n + 2)! mnmembers.

Proof: Let the points on H(D) be P

1’p2""’Pn+2’Pn+3 , occurring in

the given cyclic order (we suppose that the points of D are not co-
llinear), and let Ql,Qz,.. . ’Qm-l’Qm be the remaining points of P ,
in some arbitrary order. Now, the Qi can be permuted in m! ways;

let qi ’Q:I. "“’Qi be one such permutation. Consider the following
1 2 m :

L 4 L

sgheme: - .




.

e ow W T

4“2

(*) P Q Q - Q
1 i, i, i

To obtain a polygon in the class Y(D) we must insert the remain-

ing Pi in some of the m + 1 spaces provided in (*) , in such a way

that their cyclic order is preserved, We may do this in a number of
steps, as follows: First choose k arbitrary spaces out of the m + 1

+1
k

k=1,2,...m +1 . Further, for each k in these mutually exclusive

possible ones. This may be done in a total of (m ) ways for each

and exhaustive cases, we may partition the sequence of the P1 s keep-

ing their given order fixed, by placing k - 1 partition'slashes" in

the n + 1 possible pogitions, as shown below, to obtain k groups of

Pi as above:

P, '93 |p4 | . lpn+2 Ipn+3
n +1 positions

For each k , we can do this in (: i i

each of the m + 1 mutually exclusive cases corresponds to

) different ways. Hence,

(; t i) (m + 1) . Letting n1 =n + 2 and employing the reduction

formula f(;au) SOL z: (=) . (r;:i) (rma)

(cf. [9]) we obtain

(3020 (32 1o () e -
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We observe that, although we have discovered this result independ-
ently, Fred Supnick was the first to prove it (c. 1966 -- unpublished)

by a somewhat different method, in connection with Theorem II of [1].




Section 7. m-Geodesic Distributions.

Proof of Corollary 2: By Theorem 4, the distinction between the unigue

polygon Tb in the class Y(H(D)) and any minimal polygon T of the
subclass Y(D) of V(D) may be described thus: vertices joined by an
edge of Tb are joined by a chain of edges in T ., By the triangle

inequality, the m-length of an edge in ﬂb is less than or equal to
the sum of the m~lengths of the edges in the corresponding chain in T .

Repeating this for each edge of T_, we are done. ged.

a
Remarks: It is clear that the m~lengths of polygons in ¥(D) will
attain the lower bound of Corollary 2 if and only if there exists a
polygon in ¥(D) which can be represented as a sequence of m-geodesic
chains joining consecutive vertices of the set H(D) in their cyclic
order (where we assume henceforth that D is nof a collinear distribu-
tion). If m and d denote two different type I metrics, then a ver-
tex set D may be an m but not a d-chain distribution, as is seen by
the example on page 8, letting m =8 and d=e . Now, D is an

m-chain distribution only if every point of D~H(D) is m-between two
. ' ' n-1
adjacent points of H(D) . For, m(pl,p,-)_-. . Z m(pP,,P, ,) implies
17 n" ‘§al 17141
that for i = 2,...,n we have m(Pl'Ph? q”ggplfri) + m(Pi,Pn) , by the

triangle inequality. But this conditi@#,1iﬁﬁbtfqn££1cient:

Example: Let D = {P,P,,P,,Q ,Q) wl‘ii‘ifo"':é;.('b':,_lﬁ).,pz(o,o) 1P4(10,0),

17-

. ‘Then H(D) = {p

. Nevertheless, we can represent the sets B(P,Q) 1in some spaces

& - "" S _— - N - - L -

< - - -
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in a simple graphic manner, as in 82 , and therefore, check_ih some
cases, whether our tight lower bound, which is easily calculated, is
attained.

To give sufficient conditions in this vein, let us confine our
remarks for the moment to the metriec s . If we are given two points
P and @ which are adjacent in H(D) , where D is some vertex set,

we will call the set of points of B(P,Q) N (D-H(D)) the between-cell

of D determined by P and Q . Now, observe that a pair of distinct

points M and N belonging to the same between-cell determined by P
and Q can belong to the same s~geodesic chain connecting P to Q
only if PQ and MN are both i-like, for i =1,2 . In this case, we

will say that MN is consistent with B(P,Q , and simply inconsistent

if it is inconsistent with every between-cell. In fact, inconsistency
with respect to one between-cell implies inconsistency with respect to

every between-cell, by Lemma 1. Hence, a sufficient (but not necessary)

condition that a vertex set D has an s=chain decomposition is that (!

(1) every point of D-H(D) belong to some between-cell of D , and,

(2) there are no inconsistent seggpnts._ For, we may then partition the
points of D-H(D) so that two points belong to the seme class only if
they belong to the same between~cell, The secopd condition enables us

to order the points in each class into s-géé§§3i¢vch§;ps. The non-

necessity of this condition is clear by-tprQQQ@ﬁléﬁﬁﬁaiffi;Tﬁu

Proof of Theorem 6: Again we shall proVE: il
'_é&@?rofi'ég ’ egja@géggmiﬁhﬁﬁﬁabf later. _
Sufficiency. Any polygon of ¥(D) which can be expressed'qs any

number of s-geodesic chains connecting points of H(D) in cyclic order




attains the lower bound of Corollary 2, since the vertices of H(D)
cannot be thus connected by shorter chains of edges.

Necessity. If D is collinear the theorem is trivial. If not,
then there exist four distinet support lines of D , touching D ,
such that two have slopes 1 and two have slopes -1 , For, we may
rotate D through a positive angle of 450, pass lines tﬂrough the
points of D with maximum end minimum x end y coordinates, re-
spectively, and then rotate the entire piane through a negative angle
of 45°. These four lines enclose D 1in a rectangle ABCE , whose ver-
tices are theilr points of intersection. .For definiteness, let us suppose
that the "left-most" vertex of ABCE is A and that the others are
taken clockwise,

By properties of s-betweenness (2.9), we may assume that, for this
part of the proof, D = H(D) . Further, let us denote the unique polygon
in the class ¥Y(D) by T . We will show that T has the required repre-
sentation.

Now, there is a point of D on each side of the rectangle ABCE .
Let us suppose that P ,P,€ D, P, + Py, P,€ AB, and P,€ BC . Then, W

consists of two connected chains of edges, G@e: 0f which lies above the

line L through P, and P, ; denote this

But X also lies below the support lines ¢

If either P, =B or P, =B , then al - O

the segment P,P, -and are therefore 1l-like.

W ake = g
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l1-like must intersect the open segment PIP2 - {PI’P2} . However, all
of the edges of X , being edges of T , connect adjacent vertices of
D-H(D) . Further, the extensions of these edges are support lines of

D , so that they cannot separate the points P and P2 as above,

1
Moreover, if T is given an arbitrary orientation, then all of the

edges of X must have the same l-orientation. Hence, X is an s-geo-
desic chain of l-like edges. In the same way, if P3,P4E D, PSG CE ,

P,€ EA , P, + P, 4 Py 4 P, L p then one cen show, as above, that the

1 ?

™
chain in connecting Pi to Pi+1

half-plane determined by P1P1+1 is an s-geodesic chain, Hence, by

and lying in the positive closed

choosing the least number of points of D 1lying on ABCE such that
each side of ABCE will contain exactly one point, we divide up ™
into four or fewer s-geodesic chains, as required., This completes the

2
proof for S

Corollary 4: If D =H(D) and T is the unique polygon in Y(D), then

T contains no more than two maximal i-like geodesic chains, 1 =1,2 .

Proof: Choose the points P ,P,,P,,P, in thé last proof so that they

are the closest point on AB , BC , CB , or 1:_ ) Te=

spectively.

Corollary 5: A sufficient condition that a

decomposition is that there exist a.poLyQOﬂ_£91ri@ﬁl;,wgich can be

J\/‘J__,,\J‘ (W

gome chains in, eszgnt&éliy, only one ci%lfﬁ“aﬁﬂ'éyﬁnetﬁig
S -

.




permutation. These are the shortest possible chains joining them,

Next, suppose that we have a polygon consisting of two s-geodesic
cheins, say, joining a point A to apoint B . We claim that A and
B belong to H(D) . For, if AB is strictly i-like, i== 1l or 2 , then
every edge in either chain must lie entirely inside the set CI(A) N C;(B) '
or the get C;(A) n CI(B) : equivalently, all the endpoints of these
edges must lie in the first set, or they all lie in the second. Hence,
both pairs of lines through A and B with slopes equal to 1 are
support lines of D, If AB is both 1l~like and 2~like, then A and
B 1lie on a line with slope equal to 1 or =1 ; moreover, all of the
endpoints lie on the segment AB . This proves our claim and finishes
this case,

Suppose now that our polygon consists of thﬁee such chains: one
from A to B , another from B to C , and a-third from C back to
A ., 1f these are all i-like for some 1 = 1,2 , we can reduce this case
to the first by joining two of these chains togﬁg;e one new one. There-
fore, suppose that we cannot coelesce our chains at any of the three
endpoints, The, for example, the path from A to B lles entirely

within c;'(A) or C (A) ; the chain from G to A lies entirely

J
in these two paths lie in one of the half-planes determined by a line

within the set C;(A) or C_(A) , where 1 ¢ j . Hence, all the edges
L through A with slope +l or -1 . But all the edges in the -chain
from B to C 1die in this half-plane; that is, all points between B

and C lie 1n-th¢9%hﬁ$¥ép&ﬁne; Hence, the line L 1is a support line

oo 88 A€ H(D) . Similarly, B and C belong to H(P) . The

rest of the argument holds as in Theoren® 6..° ) o - ~
- qed,

- e

- - W
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Remark: It is not, however, sufficient that (D) merely have a polygon
which can be expressed as four consecutive s-geodesic paths, For example,
given A(0,1), B(1,0), C(0,-1), E(-1,0), and F(0,0) , and letting
D = {A,B,C,E,F} then the polygon [AFCBE] = W can be expressed as the
consecutive s-geodegicbchains AF,FC ; CB ; BE; EA . But F is not
s-between any two adjacent points of H(D) . Hence, D does not have

an s-chain decomposition.

Proof of Corollary 3: It follows by (2.7) that there is one and only

one geodesic chain through the points of X ; likewise for the points
of Y. If elther of X or Y is empty, then this corollary follows
directly from Corollary 4, Then, suppose that neither is empty and,
without loss of generality, that both are l-like. If either of X or
Y has exactly one point, Corollary 4 applies -- suppose not. Then the
geodesic paths through the points of X and ¥ have right and left
endpoints xl’Yl and Xz,Yz respectively. If elther of Xin or
X2Y2 is 1-like, it is clear that we have a polygon in ¥(P) which can
be expressed as two or three consecutive s-geodesic paths, by (2.7) .
Hence, suppose that neither XéYz nor XiYi is 1-like, We claim
that Xi ﬁnd Y1 are adjacent points on H(D) , 1 =1, 2, For,
observe that there can be no points of D on the line I through Xi
and Y1 other than xi and Yi . Because, such apoint Q on L
would have to belong to exactly one of X or Y , and fiedither xiq nor
YiQ could be 1-1like, by (2.7) . Also, if 1. were not a support line
of D, phen there would exist a point P of D in the open left half-
plane, if i = 3 say, determined by L . Observing that c'l*(xz) U c;(vz)

belongs to the right half-plane determined by L , we see that this is




a0
impossible since, in this case, we must have at least one of sz or
PYé l-like. But they must have a positive l-orientation in either

case, which contradicts the fact that xz and Y, are leftmost points.
So, our claim holds.

Now, 1f the geodesic chains corresponding to X and Y are C1
and C2 , and the four chains Cl, lel ’ 02 , and Y2x2 Jjoin xl '

Y, , 2 9 and X, in their cyclic order on H(D) , we are done. 1If

1 2
not, an application of Lemma 1(b) shows that, nevertheless, we obtain

the same polygonal s-length as if the points were joined cyclically.
ged.

Remark: This corollary is clearly not necessary, but the requirement
that both X and Y be i-like is not too restrictive. For, in the
example on page , if X = {A,F,¢} and Y = {E,B} , then X is only
l-1like and Y 1is only 2-like, As noted, we do not have an s-chain de-
composition in this case.

" The fact that tracklike distributions in 32 have s-chain decom-
positions is seen by letting, in each "pair" (cf. page 3)),one member
belong to X and the other, if the points of the pair are different,

belong to ¥ . The example on page B shows that s-chain decomposed

vertex sets are not necessarily tracklike.
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Section 8. Extensions to 2n—5on Planes.

As noted in Sectiomn 1 ,. the space S2 is an example of

a structure known as a Minkowski plane, which may be defined, follow-

ing Bensp n [10], thus: "Let U be the boundary of a two dimensional
convex body (in Rz) with center at the origin 0 . If X,Y € Rz '

let LO(X,Y) be the line through 0 parallel to L(X,Y) , (the line

i e
through X and Y) , and let P be a point in L,(X,Y) NU . Define -~

m(X,Y) = e(X,Y)/e(0,P) ." Then (Rz,m) is a metric space, in fact, a‘%giﬁ

~

normed linear space, and U 1is its unit circle, (Rz,m) is defined to
be a Minkowski plane. (cf. [10], 29.3) The converse is also true; any
two dimensional normed linear space (Rz, | D 4is a Minkowski plane.

In fact, "Let M, and M

1 2 be two Minkowski planes with unit circles

Ul and U2 and metrics m and m, respectively. Ml is isometric

to M, if and only if U1 is the image of U, under a linear transforma-

1

tion of RZ onto itself." (ecf. [10], 29.5) Thus, the most general
Minkowski planes which are isometric t& 82 are those whose unit circle
(up to translation) is the image of a square; that is, those whose unit
circle 1s a parallelogram. Hence, all the theorems on 2n-gon planes
cited in the first Section hold for n =2 , For, let us also recall
that non-singular affine traﬁéformations preserve convex sets (since
straight line segments go into straight line segments) interiors, bound-
aries, and the order of points occurring on simple curves (since they
are homeomorpli sms,)

Before developing the properties of 2n~gon planes which will enable
us to extend the proofs of the relevant theorems for n > 2 , let us

note that not all 2n-gon planes are isometric for n > 2 , even if we
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restrict the angles of their unit circles to be less than T , For,
let M denote any space whose unit.circle is a regular hexagon. Con-

5P6 ’
where the vertices are given as P1(0,4), P2(3,3), P3(2,-2), P4(0,-4),

sider the 6~gon plane whose unit circle is the hexagon P1P2P3P4P

P5(-3,-3), Ps(-2,2) . There 1is no linear transformation mapping the

hexagon P1P2P3P4P5P6 onto a regular hexagon. For, any proper diagonal

of a regular hexagon is parallel to a pair of opposite sides. But the

diagonal P of hexagon P1P2P39 P5P6 is not parallel to any pair

1P4 4
of sides, and linear transformations take parallel lines into parallel
lines,

1) In a 4-gon plane, the points Pl’PZ""’Pr will be cogeodesic 1f
and only if for all k % j the lines Lo(pk'PJ) intersect the same
pair of opposite sides of the 4-gon unit circle (a parallelogram). For,
this is what corresponds exactly to the statement that all of the edges
PkPJ are i-like in S2 (under a suitable linear transformation), which,
by (2.7) implies the preceding statement.

2) Recall the definition of "an edge PQ in a 2n-gon plane is i-like"

and suppose that we have the points Pl’Pz"“’P in some 2n-gon plane

k
M which are i-like for some i =1,...,n . Then these points are cogeo-~
@

desic in M . For, if we extend the pair of sides corresponding to 1 ,

and also another pair of sides of the unit circie ~ U 3 then the two pairs
¥

of sides when extended will meet in & parallelogram with center at O .

Hence, the points P1'P2""p may be considered as lying in some 4-gon

k
plane, and we merely apply (1). (On the other hand, if two segments are
not both i-like for any i =1,...,n , then the points Pi are not

metrically cogeodesic, by a similar argument.)
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3) Non~singular affinities of a 2n-gon plame M preserve cogeodesic
sets of points, in particular, we may transform M 8o that O remains
fixed, but any side of U , the unit circle, is mapped onto the vertical
side of the S2 {square) circle. But then, the i-like segments of M
correspond exactly to what we have called l-like segments with respect to
S2 . For, T(LO(X,Y)) N T(si) 4@ if and only if LO(X,Y) n Ei + g,

" Tt

where "T" denotes the required transformation and s, denotes the

ith gside of U .

Proof of Theorem 6 (continued): Suppose that M denotes a 2n-gon plane

and that D is a vertex set in R2 . The sufficiency of this theorem
is again clear, by Theorem 4. We shall now consider the necessity.

First observe that the necessity condition is not artificially strong,

that is, that the number "2n" is not too large. For, suppose that the

unit circle, U , of M 1is a regular 2n-gon, n > 2 , and let D con-
sist of its 2n vertices, rotated about 0 through an angle of 90o .

We claim that the unique polygon T in the class Y(D) can be repre-

sented as no fewer than 2n geodesic chains in M . To see this, let

¥
i

U under the above rotation. Then each edge A’B! of m corresgponding

us denote by P the point in D corresponding to the vertex P of

i

to the side AB of U is parallel to the perpendicular bisector of
AB in the triangle A0B . Thus, no three consecutive vertices of T

;re‘gogeodesic in M ; so, each edge in the polygon T is a maximal

.
'--5._’.

geodesic chain in M'? Hedce, T can be represented as no fewer than

[+ [
2n chains, &

More generally, let M be any 2n~gon plane and let D be any

vertex set, where we can again assume without loss q; gonerality that
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D = H(D) . We will show that the polygon T in Y(D) has the required
representation, First notice that each edge of T is contained in a
maximal i-like geodesic chain, that is, one that cannot be extended by
the addition of adjacent i-like edges. We claim that for any 1 =1,...,n
there do not exist more than two maximal i-like geodesic chains in 7T,
For, as in (8) we may transform M by means of a non-singular linear
transformation T , so that for a particular i , the i-like segments of
M become the l-like segments of S2 . Now we merely apply Corollary 4,
which tells us that there are no more than two maximal l-like chains in

each of the image polygons T(mM of T, qed.

Proofs of Theorem 3 and Corollary 2 (continued): To complete these

proofs, 1t will suffice, given any 2n-gon plene M , to transform M

by means of e non-singular linear transformation so that the i-like seg-
ments of M and the l-like segments of S2 coincide, as in the last
proof, Then, it is immediately verified that the proofs given for the
case M = S2 may be repeated here without change, by (3). qed.

We will conclude by proving the following: JIf an arbitrary point-set

in a 2n~gon plane has enough members, it will have an m-cogeodesic sub-

set of k points, where k is an arbitrary preassigned positive integer.

Indeed, this follows immediately from (&) end a well-known theorem on
chromatic graphs: If the edges of a complete graph on m vertices, G ,
are colored with r distinet colors, then there exists a positive integer
N#(r) such that m E:Nk(r) implies that G contains a complete mono-
chromatic subgraph on k verticeas. Letting r =n , we are done,

What we have just shown seems to indicate that the spaces we have

beey comsidering are, in the sense of "cogeodesicness," intermediate in
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linearity between the plane and the line. For, in the plane there are

strongly convex curves on which any three points are not e-cogecdesic,




BIBLIOGRAPHY

[1] Louis V. Quintas and Fred Supnick; "On Some Properties of Shortest
Hamiltonian Circuits," American Mathematical Monthly, Vol. 72,
(1965) , pp. 977-~980.

[2] Fred Supnick and Louis V. Quintas; "Extreme Hamiltonian Circuits,
resolution of the convex-~odd case,"” American Mathematical Society
Proceedings, Vol. 15, (1964) , pp. 45%:456.

° L
[3] Fred Supnick and Louis V. Quintas; "Extreme Hamiltonian Circuits,
resolution of the convex-even®case,'. American Mathematical Society
Proceedings, Vol. 16, (1965), pp. 1058-1061, v

[4] Louis V. Quintas and Fred Supnick; "Extrema in Space-Time," _.
Canadian Journal of Mathematics, Vol. 8, (1966), pp. 678-691. ~

[6] Mary E. Fox; "Extrema in Space-Time," dissertation submitted to
the Graduate Faculty in Mathematics (F. Supnick, advisor), The
City University of New York, Spring, 1969,

[6] David Sanders; "On Extremal Circuits,' dissertation submitted to
the Graduate Faculty in Mathematics (F. Supnick, advisor), The
City University of New York, Spring, 1968,

[7] Fred Supnick; "Extreme Hamiltonian Lines,” Annals of Mathematics,
Vol. 66, (1957), pp. 179-201,

[8] Warren Becker; "A class of realizations for a condition for maximal
circuits,"” report submitted in a seminar at The City University of
New York, Fall, 1967, under the direction of F. Supnick,

[2] William Feller; "An Introduction to Probability Theory, Vol. 1,"
John Wiley and Sons, Inc., New York, 1960,

[10] Russel V. Benson; "Euclidean Geometry and Convexity,” McGraw Hill
Inc., New York, 1966,




57

AUTOBIOGRAPHICAL STATEMENT

Kenneth Kalmanson was born March 20, 1943 to Mr. and Mrs,
Arthur Kalmanson, He has two younger brothers.

Kenneth did his undergraduate work at Brooklyn College
(B.S,, 1964), after which he took on a number of jobs, including
acturial trainee and high school mathematics teacher. His aversion
to intellectual pablum finally compelled him to further his mathe-
matics education at The City University of New York in 1966,

Mrs. Kenneth Kalmanson was born Judith Rothenberg., Judi and
Ken just recently acquired a new addition - Andrew David.

Judi, Ken, Andrew and '"Bird”, (a pet parakeet) are presently .

living in Brooklyn.



