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Abstract

Quantum Rotational Effects in Nanomagnetic Systems
by
Michael F. O’Keeffe

Advisor: Eugene Chudnovsky, Distinguished Professor of Physics

Quantum tunneling of the magnetic moment in a nanomagnet must conserve the total angular
momentum. For a nanomagnet embedded in a rigid body, reversal of the magnetic moment will
cause the body to rotate as a whole. When embedded in an elastic environment, tunneling of
the magnetic moment will cause local elastic twists of the crystal structure. In this thesis, I will
present a theoretical study of the interplay between magnetization and rotations in a variety of
nanomagnetic systems which have some degree of rotational freedom.

We investigate the effect of rotational freedom on the tunnel splitting of a nanomagnet which is
free to rotate about its easy axis. Calculating the exact instanton of the coupled equations of motion
shows that mechanical freedom of the particle renormalizes the easy axis anisotropy, increasing the
tunnel splitting.

To understand magnetization dynamics in free particles, we study a quantum mechanical model
of a tunneling spin embedded in a rigid rotor. The exact energy levels for a symmetric rotor exhibit
first and second order quantum phase transitions between states with different values the magnetic
moment. A quantum phase diagram is obtained in which the magnetic moment depends strongly
on the moments of inertia.

An intrinsic contribution to decoherence of current oscillations of a flux qubit must come from

the angular momentum it transfers to the surrounding body. Within exactly solvable models of a

v



qubit embedded in a rigid body and an elastic medium, we show that slow decoherence is permitted
if the solid is macroscopically large.

The spin-boson model is one of the simplest representations of a two-level system interacting
with a quantum harmonic oscillator, yet has eluded a closed-form solution. I investigate some
possible approaches to understanding its spectrum.

The Landau-Zener dynamics of a tunneling spin coupled to a torsional resonator show that for
certain parameter ranges the system exhibits multiple Landau-Zener transitions. These transitions
coincide in time with changes in the oscillator dynamics. A large number of spins on a single
oscillator coupled only through the in-phase oscillations behaves as a single large spin, greatly

enhancing the spin-phonon coupling.
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Introduction

Quantum tunneling allows a particle to go through a potential energy barrier that it does not
have enough energy to surmount classically [2]. Quantum tunneling was originally used to describe
microscopic phenomena such as molecular structure [3| 4], ionization [5], and radioactive alpha
decay [0} [7, [8 @, [T0]. In the textbook example [I1] of an ammonia molecule, NHs, three hydrogen
atoms in a triangle with a nitrogen atom on one side or the other of that plane form a tetrahedron.
These two states, say with the nitrogen to the left |L) or right |R) of the hydrogen plane, are equal in
energy yet separated by a potential barrier due to Coulomb repulsion between the nitrogen nucleus
and the hydrogen protons. Tunneling between these two states creates quantum superpositions of
|L) and |R), with the lowest energy doublet given by |L) &+ |R). If the molecule is initially in the |L)
state, the expectation value of the position of the nitrogen atom will oscillate harmonically between
left and right with frequency w = A/h, where A is the tunnel splitting of the doublet.

Macroscopic quantum tunneling addresses the question of whether macroscopic systems can be in
quantum states which are linear superpositions of states with different macroscopic properties [12].
Macroscopic quantum tunneling of the magnetic moment in a single domain magnetic particles and
single molecule magnets [I3] describes the reversal of a macroscopically large magnetic moment,
by under-barrier processes allowed only by quantum mechanics. A similar situation occurs in a
flux qubit [14], a superconducting ring with one or more Josephson junctions, which can support a
superposition of clockwise and counterclockwise currents of a few micro-Amperes.

The simplest picture of quantum tunneling between metastable states involves a double well

potential with quantized energy levels in each well. In the case of NH3 we can think of this as a



potential barrier for the N atom to go from one side of the H3 triangle to the other, or vice versa.
A more complete consideration shows that the nitrogen atom and hydrogen triangle must co-tunnel
in order to conserve the linear momentum of the molecule’s center of mass. A tunneling process
such as gamma ray emission results in nuclear recoil, which means the final energy of the gamma
ray is less than the nuclear transition that created it. The Md&ssbauer effect describes gamma ray
emission in which the entire solid absorbs the recoil, allowing resonance absorption [15] [16].
Similarly, quantum tunneling of the magnetic moment must conserve the total angular momen-
tum J = L 4+ M/v, where L is the angular momentum due to mechanical rotations, M is the
magnetic moment, and v is the gyromagnetic ratio. The necessity to conserve angular momentum
in quantum tunneling of the magnetization was first pointed out by Chudnovsky [17] and later
worked out with precision in Refs. [I8], 19, 20]. In a rigid body, reversal of the magnetic moment
M — —M must be accompanied by a change in the angular momentum 2M /v, with correspond-
ing rotational kinetic energy L?/2I, with I being the moment of inertia. For a tunneling magnetic
moment embedded in a large solid matrix this energy gain is negligible due to a large moment of
inertia, thus there is no observable effect on spin dynamics. However, for a nanometer-sized particle
this energy is non-negligible and must be considered in conjunction with quantum tunneling of the
magnetic moment. Without coupling to a large solid matrix, tunneling should be suppressed. Real
solids are not absolutely rigid and tunneling of a spin involves elastic twists that absorb the change
of angular momentum. The change propagates away from the spin in the form of sound waves.
Motivated by fundamental questions of angular momentum conservation in macroscopic quan-
tum tunneling of the magnetization and recent experiments on nanoscale magnetic systems with
rotational degrees of freedom, we study quantum rotational effects in nanomagnetic systems. Fol-
lowing recent theoretical work [21], we study renormalization of the tunnel splitting by calculating
the exact instanton of a nanomagnet that is free to rotate about its anisotropy axis. We solve
the problem of a tunneling spin in a free symmetric particle, finding that the ground state energy
exhibits first and second order quantum phase transitions, and present the phase diagram of the
magnetic moment. In our study of flux qubit, we find that coupling to a macroscopically large rigid
body or elastic environment is consistent with low decoherence. Considering the recent theoreti-
cal [22], 23] 24] and experimental [25] 26}, 27, 28] interest in nanomagnet-oscillator systems, we study

the Landau-Zener dynamics in such a system, finding multi-stage transitions in certain parameter



ranges which should be experimentally observable.

This thesis is organized as follows. The remainder of Chapter [1| will give a brief history of nano-
magnetism, discuss the interplay between magnetization and rotations, and outline developments
leading up to the work described here. In Chapter [2] we study renormalization of the tunnel splitting
due to rotational freedom of a nanomagnet using the instanton method. Chapter [3| gives the exact
solution of a quantum model of a tunneling spin embedded in a symmetrical rigid rotor. We present
a study of decoherence of a flux qubit due to transfer of angular momentum to the surrounding body
in Chapter [@ In this chapter we also consider a magnetic molecule embedded in helium crystal
where effects of angular momentum conservation can be quite significant. Chapter [f] is devoted to
the mathematics of the spin-boson model. In Chapter [6] we study the Landau-Zener dynamics of
a nanomagnet-oscillator system. Chapter [7] offers concluding remarks and possible directions for

future work.

1.1 Background

A nanomagnet is a particle whose magnetization can be described as a single magnetic moment
or large spin of fixed length. In the absence of an external magnetic field, neighboring spins in a
bulk ferromagnet such as iron will tend to align due to strong exchange interaction, with energy
€ez- The ferromagnet will generally break up into magnetic domains in which all the spins point in
the same direction within a single domain, but different domains will point in different directions
in order to reduce the magnetostatic energy due to dipole interactions ¢;. Domains are separated
by domain walls in which the magnetization changes direction from one domain to the next over a
small distance. The typical size § ~ a\/m of a domain wall in a ferromagnet is generally a few
hundred lattice spacings a, and is determined by the balance of the exchange energy and anisotropy
energy €,,. Strong exchange interaction makes nonuniform rotation of magnetization on scales less
than ¢ unlikely. Dipolar interactions depend on the shape of the particle and effectively contribute
to the magnetic anisotropy. A sufficient, but not necessary, condition for a single domain particle is
that the size of the particle be smaller than the domain wall width. For weak crystal field anisotropy
(€an < €q) the maximum size of the particle is [I3] Ry = 6+/€an/€eq Whereas for strong crystal field

anisotropy (€qn > €4), Ry = d€qn/€q. For weak anisotropy, e.g. iron, the domain wall size 6 ~ 50



nm gives the maximum single domain particle size Ry ~ 15 nm, whereas for strong anisotropy, e.g.
MnBi, § ~ 10 nm and Ry ~ 500 nm [I3]. For strong anisotropy, even particles large compared
to the domain wall size will have a single magnetic domain of fixed magnitude. Alternatively, for
smaller particles with stronger anisotropy the anisotropy will be determined by the strong crystal
field which dominates dipolar effects due to shape of the particle.

With strong anisotropy, the magnetic moment of a single domain particle will point in either
direction along the anisotropy axis, say up and down. These degenerate energy minima are separated
by a potential barrier U. At thermal equilibrium the temperature dependence of the flipping time

—U/kBT where the prefactor g is

tr between up and down follows an Arrhenius law [29] ¢ty = tge
of the order of the ferromagnetic resonance frequency. As the temperature is lowered, spin flips
are effectively blocked beneath a blocking temperature Tp = U/In(t/tg), where ¢ is the typical
measurement time in the experiment. Since parameters of nanoparticles appear in the exponent,
the differences in relaxation times between single domain ferromagnetic particles and single molecule
magnets can be astronomical. Thermal transitions between different orientations of the magnetic
moment, separated by energy barriers, freeze out below the blocking temperature.

The possibility of quantum tunneling of the magnetic moment in small particles was first sug-
gested by Bean and Livingston [30]. They proposed this to explain experiments [31] which showed
that transitions between different orientations of the magnetic moment persisted even as the temper-
ature was reduced towards absolute zero. Two explanations were suggested. The first [32] involved
nucleation of a domain wall in relatively large particles, although the tunneling probability of this
transition is very small due to the finite mass of the wall and the fact that the height of the en-
ergy barrier scales with the volume of the particle [33]. The second mechanism, uniform subbarrier
rotation of the magnetic moment in particles smaller than the domain wall width, was suggested
by Chudnovsky [34] within a path integral method. Later, Chudnovsky and Gunther used the
instanton method developed in Ref. [34] to compute tunneling probability for various symmetries
of magnetic anisotropy [35], see also Refs. [36, 37]. The macroscopic dynamics of a fixed-length
magnetic moment, M, of a single-domain ferromagnetic particle is described by the Landau-Lifshitz

equation [38, 29]. When dissipation (which is usually weak) is neglected this equation reads

oM o0&

A, :VM X Beff’ Beff = _ma

= (1.1)



where £ is the classical magnetic energy of the particle that depends on the orientation of M. Besides
real-time solutions, Eq. also possesses imaginary-time solutions, instantons, that describe
macroscopic quantum tunneling of M between classically degenerate energy minima [35, [13].

Measurements of individual nanometer-sized single domain particles [39] soon gave way to the
discovery of crossover between thermally-assisted magnetization reversal and quantum tunneling in
small ferromagnetic particles [40], 41], 42]. Around this same time, the discovery large spin [43] and
magnetic bistability [44] of the single molecule magnet Mnjg, originally synthesized in 1980 [45].
The observation of nonmonotonic dependence of relaxation time on external magnetic field [46], also
included the first suggestion of the coincidence of energy level schemes in two sides of the potential
well.

The first unambiguous evidence of macroscopic quantum tunneling of the magnetic moment in
crystals of Mnjo was obtained by Friedman et al. [47] in 1996, and confirmed shortly thereafter by
other researchers [48] [49]. This discovery is recognized as one of the major breakthroughs in spin
physics [50]. Friedman et al. [47] were the first to discover steps in the hysteresis curve of a crystal of
Mnjs-ac. An example of the stepwise hysteresis curve is shown in Fig. [I.I] The steps occur only as
specific values of the magnetic field, in this case regular multiples of about 0.5 T. A single molecule
magnet with uniaxial anisotropy in a magnetic field applied along the easy axis is described by the
Hamiltonian

f[ = *DS? —gupB.S, + ]:AIL, (1.2)

where g is the Landé g-factor, pup is the Bohr magneton, and B, is the magnetic field. H | contains
terms that do not commute with S, and breaks the degeneracy between eigenstates of S, at zero
field. Although H, is small compared to the first term, without it there would be no quantum
tunneling between states on opposite sides of the potential barrier. H| can arise from transverse
anisotropy, an external transverse field, or lattice imperfections.

Major results on single molecule magnets since their discovery include understanding the crossover
between thermally assisted and quantum tunneling [51], and explanation of hysteresis curve steps
by distribution of local easy axis orientation [52]. Berry phase interference [53] was proposed in
quantum tunneling of the magnetization [54, 55, H6] even before its unambiguous discovery, and

realized not long after in Feg [57] and Mn;9 [58]. Variants of Mnjs have motivated the prediction [59]
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Figure 1.1: (a) Normalized saturation magnetization of a Mnjs-ac crystal as a function of longitu-
dinal magnetic field for different temperatures below the blocking temperature and a sweep rate of
10 mT / s. (b) Derivative of the magnetization in (a) as a function of the magnetic field. Reprinted
from Ref. [I]

and realization [60] of the random-field Ising model.

In early experiments on spin tunneling, single-domain magnetic particles were always frozen in
a solid matrix so that their physical position and orientation were fixed and only rotation of the
magnetic moment was allowed. Later, beams of small magnetic clusters were investigated [611 62}, 63,
(64 [65], 66}, [67. [68] [69]. More recently, free magnetic nanoparticles confined within solid nanocavities
have been studied [70]. Experimentalists have also worked with molecular nanomagnets deposited
on surfaces |71, [72} [73] [74], grafted onto carbon nanotubes |75} [76, [77], and bridged between metallic
electrodes |78 [79, 80, Bl 82]. In such experiments the magnetic particles retain some mechanical
freedom.

Magneto-mechanical effects were discovered almost a century ago. The Einstein-de Haas ef-
fect [83], [84] and Barnett effect [85] describe rotation by magnetization and magnetization by ro-
tation, respectively. Experiments focusing on the relationship between magnetic and mechanical
dynamics on the microscale include measurement of the magneto-mechanical ratio of a thin ferro-
magnetic film on a microcantilever [25], and demonstration of precision torque magnetometers in
nanomechanical detection of itinerant electron spin-flip at a ferromagnet-normal metal junction [86]
and phase transitions of small magnetic disks in and out of the vortex state [26]. Theoretical inter-

est in classical magnetization dynamics combined with oscillatory motion [87, [88], 89 [90] provided
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Figure 1.2: Double well potential and energy levels of a large spin with strong magnetic anisotropy.
The left figure shows all 25 + 1 energy levels and the right shows the lowest tunneling doublet.

possible explanations of recent observations and suggestions for new directions in experimental
and applied research. Realizing a quantum magneto-mechanical system with strong spin-phonon
coupling has been an experimental challenge.

The first attempt to understand how mechanical freedom of a small magnetic particle affects
tunneling of the magnetic moment was made in Ref. [I7], where it was noticed that tunneling of a
macrospin in a free particle must be entangled with mechanical rotations in order to conserve the
total angular momentum. Subsequent work focusing on conservation of momentum in tunneling
processes [18| [19] 20] provided lower bounds on coherence lifetimes in spin tunneling systems.

A recent experiment [28] has shown the first evidence of strong spin-phonon coupling in a single
molecule magnet grafted onto a carbon nanotube. Semiclassical models of Landau-Zener dynamics
have been developed to describe magnetic molecules coupled to mechanical resonators and bridged
between conducting leads [22], 9T]. A full quantum treatment of the interaction between a single
spin and a torsional oscillator predicts interference and entanglement effects [24, 23]. We investigate
the Landau-Zener dynamics in a fully quantum model [92] in Chapter @

Theoretical work describing spin tunneling in free magnetic partices has been scarce. Recently,
it was demonstrated [2I] that the problem of a rigid rotor with a spin can be solved exactly in the
laboratory frame when mechanical rotation is allowed only about a fixed axis and the spin states

are reduced to spin-up and spin-down due to strong magnetic anisotropy. The latter is typical for



magnetic molecules and small ferromagnetic clusters. The reduction to two spin states in a system
rotating about a fixed axis also allows one to obtain simple solution of the problems of a magnetic
molecule embedded in a microcantilever [90], magnetic molecule vibrating between conducting leads
[22], and of a macrospin tunneling inside a torsional resonator [24,23]. As demonstrated in Ref. [21],
the exact eigenstates and exact energy levels can be obtained analytically for a nanomagnet that,
due to a large magnetic anisotropy, can be described as a two-state spin system and is free to rotate

about its magnetic anisotropy axis. Such a system at rest is described by the Hamiltonian
Hy = —(A/)2)0,, (1.3)

where o, is a Pauli matrix and A is the tunnel splitting of spin-up and spin-down states, with z
being the anisotropy axis. It arises from the terms in the full Hamiltonian that do not commute
with the z-component of the total spin S. Rotation of the particle by the angle ¢ about the Z-axis

transforms the two-state Hamiltonian into [21]
~ A .
H, = 5 [cos(25p)oy + sin(2S¢)oy] (1.4)

(S is dimensionless). Exact eigenvalues of the full Hamiltonian of a nanomagnet rotating about its

anisotropy axis,

H = (hL,)?/(2I) + H., (1.5)

(where L, is the z-component of the dimensionless mechanical angular momentum and I is the

moment of inertia), were obtained in Ref. [2]I], where it was shown that parameter

2(hS)?
IA

(1.6)

determines low energy states of the particle. At o < o = [1 — 1/(25’)2] ! the ground state and the
first excited state are respectively symmetric and antisymmetric superpositions of J =L+ S =0
with energies +=A (up to an unessential constant). The general problem of a tunneling spin in a free
particle is solved exactly in Chapter |3| for a symmetric rotor [93]. We note here that in this and

other models, the tunnel splitting A is treated as a fixed parameter. In Chapter [2] we show that the



tunnel splitting is renormalized by mechanical freedom [94].

Flux qubits are formed by quantum superposition of current states in a superconducting loop
interrupted by one or more Josephson junctions [95, [06]. The same necessity of angular momentum
conservation occurs for tunneling of a superconducting current between clockwise and counterclock-
wise directions in a SQUID [14],[97, 96l 98] [99]. Quantum mechanics of such a qubit is also described
by a double-well potential similar to the ammonia molecule, see above. In the simplest formulation
of the flux qubit problem the role of left and right is played by clockwise and counterclockwise di-
rections of the current. Typical values of the angular momentum associated with the current range
from a few hundred 7 for a submicron SQUID loop [97], to 10°A for a micron-size loop [100], to 10°A
for larger SQUIDs [14]. To conserve the angular momentum the tunneling of the current between
clockwise and counterclockwise directions must be accompanied by quantum transitions between
mechanical clockwise and counterclockwise rotations of the body containing the flux qubit. This
creates a controversy [101]. Indeed, the co-tunneling of the superconducting current and mechanical
rotation needed to conserve the angular momentum requires entanglement of quantum states of the
flux qubit with quantum states of a macroscopic body. In any reasonable experiment the phase of
the wave function of the equipment containing the flux qubit must be destroyed instantaneously.
Then how can the flux qubit preserve coherence on a measurable time scale? Our work, described in
Chapter [4 is devoted to the detailed analysis of the entanglement of current states with mechanical
rotations and its implications for superconducting qubits [102]. Zero point oscillations of a crystal
lattice will also renormalize the tunnel splitting of a nanomagnet. We derive an exact expression for
this effect in Chapter [4] and propose an experiment in which a magnetic nanoparticle is embedded
in a helium crystal.

The model of a flux qubit in an elastic environment is a variant of the spin-boson model [103] used
to describe a two-level system interacting with a bath of quantum harmonic oscillators. Similarly, a
tunneling macrospin coupled to a torsional oscillator is related to the single-mode spin-boson model,
also known as the quantum Rabi model. The Rabi model has found widespread usage especially
in describing atom-field interactions in cavity quantum electrodynamics, and has been applied to
describe a variety of two-level systems interacting with a single bosonic mode. The (semiclassical)
Rabi model [104] [I05] was originally proposed to describe the dynamics of a spin in a rotating

classical magnetic field. Applying the rotating wave approximation to the quantum Rabi model gives



the Jaynes-Cummings model [106], which is exactly solvable and has become one of the most widely
studied models in quantum optics [107], valid for small detuning and weak coupling. While there
was some early theoretical work on the Rabi model without the rotating wave equation [108], [109],
the success of the Jaynes-Cummings model in describing atom-field interactions left it relatively
untouched. Recent experimental progress in circuit quantum electrodynamics [110, [ITT] has shown
that the Jaynes-Cummings model fails to describe the strongly coupled dynamics. This has renewed
theoretical interest in the strong coupling regime [112] [113] 1T14]. In particular, Braak has found
an analytical solution of the quantum Rabi model [115] and states that quantum integrability
requires characterization of quantum numbers corresponding to every degree of freedom which
characterized each eigenstate, but not necessarily the existence of additional conserved quantities.
This has ignited intense interest both in this particular model and in the definition of quantum
integrability [116] 117, 118]. In Chapter |5 we study some mathematical aspects of this problem.

One other problem we study is the Landau-Zener dynamics of a mechanical resonator containing
a tunneling spin. The Landau-Zener model [119], 120, 121| [122] describes a two-state system in
which the bias between diagonal states varies linearly with time as they are swept through an
avoided crossing. It is one of the few practically important time-dependent Hamiltonians for which
the Scrhédinger equation is exactly solvable. The Landau-Zener method has recently found a
natural application in the experimental characterization of single molecule magnets [57]. Theoretical
studies of Landau-Zener transitions in nanomagnets have included many-body effects [123] and
superradiance [124] [125]. Some important theorems have been proven about generalizations of the
Landau-Zener problem [126, 127], and certain multilevel cases have been exactly solved [128]. It has
been used as a model for the dynamics of quantum phase transitions [129], and topological defect
formation [I130]. A natural extension of the two-level quantum physics is the two-level system coupled
to one or several quantized modes of a harmonic oscillator. Studies of Landau-Zener oscillator
dynamics have probed coherent [I31], [132], dissipative [133] [134], and temperature-dependent [135]
effects. Landau-Zener interferometry has provided a quantitative measure of coupled dynamics [136]
and has been experimentally verified in the nanomechanical measurement of a superconducting
qubit [98].

The Landau-Zener effect in spin systems should be considered in conjunction with the transfer

of angular momentum manifested in the Einstein - de Haas effect. We propose multiple schemes to
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realize strongly coupled dynamics of a tunneling macrospin with torsional oscillations of a nanores-
onator in a Landau-Zener experiment. We investigate the Landau-Zener dynamics of a tunneling
spin coupled to a torsional oscillator, using a fully quantum mechanical model. The oscillator
could be a torsional paddle resonator, a microcantilever, a carbon nanotube, or a single magnetic
molecule between two point contacts. The tunneling spin could be a single molecule magnet, an
ensemble of single molecule magnets, or a single-domain ferromagnetic particle with strong uniaxial
anisotropy. For a collection of single molecule magnets placed on a torsional resonator or cantilever
far apart from each other that they are not directly coupled through dipole interactions, we develop
a semiclassical model of magnetization dynamics. We predict superradiant enhancement [125] of
the spin-phonon coupling for this ensemble system. Comparison of these two models shows their
correspondence.

As has been already pointed out, the coupling between spin and mechanical angular momentum
is mandated by the conservation of total angular momentum. Similar effects arise in systems that
undergo torsional oscillations [22, 23, 24]. Examples are a single molecule magnet bridged between
conducting leads, a nanomagnet attached to a carbon nanotube bridge, or a nanomagnet coupled
to a resonator such as a torsional paddle oscillator or microcantilever. The mechanical resonance
occurs at a frequency w, = m, where k is the effective stiffness against the linear restoring
torque and I, is the moment of inertia of the nanomagnet-resonator combination. A convenient
measure of the effect of oscillations is the dimensionless parameter r = hw, /A, the ratio between the

oscillator energy to tunnel splitting. As we will see in Sec. the coupling between magnetization

and oscillator dynamics is given by the factor A = \/ afr = \/ 2hS? /I w,. The most interesting
effects occur for strong coupling A ~ 1 and oscillator frequency much larger than tunnel splitting
r > 1. A large spin, small moment of inertia, and weak torsional spring constant are required for

strong coupling.

11



Renormalization of the tunnel splitting

in a rotating nanomagnet

In this chapter we study quantum tunneling of the magnetic moment in a magnetic nanoparticle
with biaxial anisotropy that is free to rotate about its anisotropy axis. The exact instanton of the
coupled equations of motion is found that connects degenerate classical energy minima. We show
that mechanical freedom of the particle renormalizes magnetic anisotropy and increases the tunnel
splitting.

The exact eigenstates and energy levels for a nanomagnet with spin S that can rotate about its
anisotropy axis [21], discussed in Sec. were found to depend on the parameter

_ 2R%S?
- IA

«

where [ is the moment of inertia about the axis of rotation, and A is the tunnel splitting due to
a large magnetic anisotropy. « determines the low energy states of the particle. At a < a1 =

[1 -1/ (23)2}_1 the ground state and the first excited state are respectively symmetric and anti-

symmetric superpositions of J = L + S = 0 states shown in Fig. with energies £ = h;*? + %

The derivation of these results was based upon the assumption that the parameter A is the same
for a stationary magnetic particle and for a particle that is free to rotate. The instanton method
allows one to test this assumption. Below we find the exact instanton solution of the equations of

motion describing the dynamics of the magnetic moment and the rotation of the particle. It shows
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Figure 2.1: Spin and angular momentum tunneling in a rotating magnetic nanoparticle.

that mechanical freedom does renormalize the tunnel splitting A. However, this renormalization is

small unless A is very large and « is close to aj.

2.1 Magnetization Dynamics

The Landau-Lifshitz equation

oM o0&

— =M Be 7Be = T ea
M X Bejp, Bepp =~

- (2.1)

describes the dynamics of a fixed-length magnetic moment M [38], 29]. Instanton solutions of this
equation, found by switching to imaginary time, describe tunneling of the magnetic moment between
classically degenerate energy minima [34, [35] [13].

Consider a high-spin magnetic particle with biaxial anisotropy that is free to rotate about
its easy axis. The initial state of the particle is such that its total angular momentum is zero,
J =S+ L = 0. In other words, the total spin (magnetization) vector points along the easy axis and
the particle rotates about this axis such that these angular momenta are equal in magnitude and
opposite in direction, see Fig. The exchange interaction between individual spins is strong, so
the magnitude of the total spin of the particle is a constant. The magnetic energy will be expressed

below in terms of M which is proportional to the spin, AS = M/v. Here v = —e¢/2mc < 0 is
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Figure 2.2: Geometry of particle and laboratory frames.

the electron gyromagnetic ratio. The orbital angular momentum is associated with the rotational
motion of the particle itself, AL = Iy, where I is the particle’s moment of inertia and ¢ is its
angular velocity.

We define coordinate systems of the lab frame (z,y, z) and particle frame (X,Y, Z) as shown in
Fig.[2.2] In the particle frame the x-axis is along the easy axis in the xy easy plane, and the z-axis
is the hard axis. The lab frame is centered at the same origin such that the X-axis of the lab frame
coincides with the z-axis of the particle frame. The particle is free to rotate about this axis. At
some initial time ¢t = 0 we choose the two coordinate frames to coincide. The angle of rotation of
the z- and z-axes with respect to the X- and Z-axes is ¢(t). Notice the change of the easy axis as
compared to the choice of Ref. [2I], which is dictated by the mathematics of the problem.

The anisotropy energy is naturally defined in the particle frame: £4 = kM2 — k:HMIQ. It
can be written in terms of spherical polar coordinates (6, ¢) which are defined with respect to the

particle-frame axes,
1
Ea0, ) = §,u0M02V[(KL + K cos® ¢) cos® 0 + K| sin® ¢] . (2.2)

Here i is the magnetic permeability of vacuum, V' is the volume of the particle and My = M/V
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represents the magnetization which is a constant of the ferromagnetic material. Anisotropy con-
stants K| > 0 and K| > 0 have been redefined to show the explicit proportionality of the anisotropy
energy to the volume. They are dimensionless numbers, typically of order unity.

The rotational kinetic energy of the particle is £ = %I @?. The Lagrangian of our system

consists of the trivial kinetic Lagrangian for the variable ¢,

1
L =HL-¢—Ep= §I¢2, (2.3)
and the magnetic Lagrangian,
MoV
Lg= < ; > peost — EY(0, ), (2.4)

for the variables 6 and ¢. The first term in Eq. (2.4) follows from the fact that AS, = hScos#@ is
the generalized momentum for the coordinate ¢. The second term is the effective magnetic energy

in the rotating frame,

En=CEa(0,0) - 1S - ¢. (2.5)

The last term in this equation is related to the fact that in the particle frame the rotation is
equivalent to the magnetic field B = ¢ /.

The total Lagrangian of the particle is a sum of Ly and Lg:

L=hL+S) ¢+ <Mf;v> bcosh — [;14,52 +Eald, 9)} . (2.6)

The first term reflects the fact that in the presence of a spin the generator of rotations is J = L+ S.

The explicit form of the total Lagrangian in terms of the generalized coordinates 0, ¢, and ¢ is

1 M, . M,
E:2I¢2+< 0V>¢cos0+< OV) psin b cos ¢
Y Y

1
— i,uOMOQV[(KJ_ + K| cos® ¢) cos? 0 + K| sin? ¢ . (2.7)
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The equations of motion are Euler-Lagrange equations for 6, ¢, and :

do 9 . cost cos ¢
E = (KL+K|| COS ¢)COS€+QOSIT (28)
d(cos .

(C;); ) = —K| cos ¢sin ¢ sin? @ — Hsin O sin ¢ (2.9)
d .
= o+ M(‘)TYQ cospsinf| =0, (2.10)

where we have introduced dimensionless time ¢ = yuoMot and $ = dy/dt.
Note that the equations of motion for ¢ and # can also be obtained from the Landau-Lifshitz

equation with & = &’;. Indeed, the equations for ¢ and € that follow from Eq. (2.1]) (see, e.g., Ref.

[29]),
9 _ v (98 90 _ v (98 (2.11)
ot Msinf \ 00 )’ ot Msinf \ 09 )’ .

are identical to the equations (2.8) and (2.9). The third equation of motion, Eq. (2.10), is the

conservation of the total angular momentum:

d d
2L = —Jx=0. 2.12
dt[ x + 5x] 37/x =0 (2.12)
At Jx = 0 it is equivalent to the constraint:
M,
Ip=— oV sinf cos ¢ . (2.13)
Y

With account of this constraint the equations of motion for ¢ and # become

dg

== (KJ_—i—Kﬁ cos® ¢) cos (2.14)
d(cos @
(Cc(l);) = —K|’| cos ¢sin ¢sin? 0, (2.15)
where
v

(=K —Kp  Kp= (2.16)

poy?l
We see that for J = 0 the effect of rotations reduces to the renormalization of the easy axis

anisotropy K). This is easy to understand from the following consideration. In a state with J, =0,
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equilibrium vectors S and L look in the opposite directions along the x-axis. If S deviates from
the z-axis, S, decreases and so should L, to preserve the condition J, = 0. The decrease of L,
corresponds to the decrease of the rotational energy, (AL;)?/(2I), mandated by J, = 0. Thus,
effectively, the magnetic anisotropy energy associated with the deviation of S from the easy axis
becomes smaller when mechanical rotation is allowed.

We should now look for solutions of equations (4.40) and (2.15)). We first notice that

1
&= §NOM02V[(KJ_+K|I| cos® ¢) 00529+K|’| sin? ¢] (2.17)

is the integral of motion. This is easy to see by differentiating this equation on time and substituting
in the resulting equation the time derivatives ¢ and 6 from equations (4.40) and (2.15). Not

surprisingly, up to a constant, Eq. (2.17) equals the total energy of the particle in the laboratory

frame, £ = &4 + %I 2, with account of the constraint l} Eq. 1' gives

de/dt
0= . 2.18
€0 KJ_+K‘/|COS2¢ (2.18)
This allows one to express £ in terms of the angle ¢ and its time derivative:
1 (dg /)’ |
E=-MjV K)sin?¢| . 2.19
20 KL+Kﬁcos2¢+ | sin” ¢ (2.19)

Since this expression is positively defined, the classical energy minima occur at £ = 0. They
correspond to the stationary magnetization pointing in either direction along the easy axis, i.e.,
¢ = 0,7 with cos® = 0 in accordance with Eq. (2.18)).

2.2 Instanton Solution

Equation £ = 0 has no real-time solutions for ¢ that connect the two degenerate classical energy

minima. However, in imaginary time, 7 = it, equation & = 0 is equivalent to

do\* _ o o2 o2
<d%> = K sin” ¢ (K + Kj cos” ). (2.20)

17



” =

n

3
J _or

< 0Of — A=1

N A=0.1

n

—57 K

10 5 0 5 10

woT

Figure 2.3: Dependence of ¢ on 7 for clockwise and counterclockwise underbarrier rotations of M.

Such equation has instanton solutions that connect the classical energy minima:

¢(T) = farccos ¢ — sinh(wor) . (2.21)

A + cosh?(woT)

The 7-dependence of 6 is given by Eq. (2.18), and the 7-dependence of ¢ is given by Eq. (2.13).
Here

)\:Kﬁ/KL’ w0:|7|u0M0 Kﬁ(K’ﬂ-KL). (2.22)

The positive and negative signs correspond to the two possible trajectories, which are counterclock-
wise and clockwise rotations of the magnetization from ¢ = 0 at 7 = —00 to ¢ = +7 at 7 = 400,

respectively, see Fig. 23]

The tunnel splitting has the form A = Ae®, where A is of the order of quantized oscillations

near the minimum of the potential well and
i [T
B=—- / dtL (2.23)

is the WKB exponent. Substituting here £ of Eq. (2.6) at J = 0, one obtains for the instanton
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trajectory

(2.24)

N VI+A+VA
pooen (W f)

2.3 Discussion and Conclusions

To see the effect of the mechanical freedom of the particle on spin tunneling we define a dimensionless
parameter o/ = Kp/K |- In a microscopic theory the easy-axis crystal field is presented as —-DS?.

The connection between D and the parameter K of the macroscopic theory is [29]

(5 1)_DY%

where s is spin per unit cell of the crystal and Vp is the volume of the unit cell. (Singularity at
s = 1/2 reflects the fact that single-ion magnetic anisotropy does not exist for spin 1/2). The total

spin of a ferromagnetic particle can be presented as S = s(V/Vp). Consequently,

, Sh? A
pu— p— 2.2
“ T @s—1)ID (2s-1)28D (2.26)

where we have used Egs. (1.6) and (2.16]). Renormalization of the easy-axis anisotropy by rotations

can be presented in the form K|’| = K||(1 —¢), where

€= (%) <11_213> 1?1 (2.27)

and E; = (25 — 1)D is the energy of the first excited spin state at A = 0. The low energy limit

that we are studying corresponds to A < Ej and a < oq = [1 — 1/(25)2]71, see Ref. [2I]. In this
limit € is small. Consider, e.g., the case of large S and large A (small tunneling rate). According
to Eq. in this case B = —S'In(4\) so that A o exp [-SIn(4\)]. It is easy to see from this
expression that mechanical rotation renormalizes A by a factor exp (¢S). Normally it would not
be large compared to one. However, since small € in the exponent is multiplied by a large S, it is
not out of question that at sufficiently large A a slight increase of the tunnel splitting would be

observable in spin clusters that are free to rotate.
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Quantum Tunneling of the Magnetic

Moment in a Free Nanoparticle

We study spin tunneling in a particle that has full rotational freedom. We show that the problem of
a two-state macrospin inside a symmetric rigid rotor has a rigorous solution for arbitrary rotations
in the coordinate frame that is rigidly coupled to the rotor. We calculate the exact energy levels and
eigenstates. Mechanical freedom of the rotor manifests itself in a strong dependence of the ground-
state magnetic moment on the moments of inertia of the rotor. The energy exhibits quantum phase
transitions between states with different values of the magnetic moment, and we obtain the quantum
phase diagram.

Recent experimental studies of free magnetic particles in molecular beams [66] [67, [68), [69] and
inside solid nanocavities [70] pose the problem of a rigid quantum rotor with a spin. Recently, it
was demonstrated [2I] that the problem of a rigid rotor with a spin can be solved exactly in the
laboratory frame when mechanical rotation is allowed only about a fixed axis and the spin states are
reduced to spin-up and spin-down due to strong magnetic anisotropy. Without a spin this problem
is tractable by analytical methods only for a symmetric rotor [I37]. Complications resulting from
spin degrees of freedom make even symmetric cases significantly more difficult [I38]. The reduction
to two spin states in a system rotating about a fixed axis also allows one to obtain a simple solution
of the problems of a magnetic molecule embedded in a microcantilever [90], magnetic molecule

vibrating between conducting leads [22], and of a macrospin tunneling inside a torsional resonator
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[24, 23]. We solve the problem of arbitrary rotations of a two-state spin system in a symmetric
rotor, which is relevant to free magnetic nanoparticles.

The magnetic moment of an electrically neutral rotor is entirely due to its spin, and depends
on the relative contribution of the up and down spin states. When a nanoparticle is embedded in a
solid, tunneling of the spin results in a zero ground-state magnetic moment. This situation changes
for a free particle due to a complex interplay between spin and mechanical angular momentum that
conserves the total angular momentum. We show that the energy of the particle exhibits first- or
second-order quantum phase transitions between states with different values of the total angular
momentum. The order of the transition depends on the shape of the particle. The ground-state
magnetic moment of a free particle with a total spin S can be anything between zero and gup.sS,
depending on the principal moments of inertia (with pp being the Bohr magneton and g being the
gyromagnetic factor associated with the spin).

The structure of this chapter is as follows. Quantum theory of a rigid rotator is briefly reviewed
in Sec. [3.1] Theory of a tunneling macrospin is reviewed in Sec. Quantum states of a
rigid rotator containing a tunneling macrospin are constructed in Sec. [3:3] The ground state of a
symmetric rotor with a spin is analyzed in Sec. The ground-state magnetic moment is studied

in Sec. Our conclusions are presented in Section (3.6

3.1 Quantization of rigid body rotations

Consider first the problem of rigid body rotations without a spin. We choose the coordinate frame
that is rigidly coupled with the rotating body and direct the axes of that frame z,y, and z along
the principle axes of the tensor of moments of inertia of the body. In this coordinate frame the
Hamiltonian of mechanical rotations is given by [137]

. 2 (12 L2 [?
Hp=— |2+ +2). 3.1
R <I$ + I, L (3-1)

Here I, I,, I, are the principal moments of inertia and L, L,, L. are projections of the operator
of the mechanical angular momentum, defined in the rotating (body) frame, onto the body axes

x,1, z. Such a choice of coordinates and operators results in the anomalous commutation relations
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[139], [Li, L;] = —ieiji Ly (notice the minus sign in the right-hand side), but does not affect the
relations L2 = L(L + 1), [L2,L,] = 0.
For a symmetric rotor two of the moments of inertia are the same, I, = I, and the Hamiltonian

can be written as

. RL? RL2 /(1 1
Hp = AN na—— 3.2
B~ oL, 2 <Iz Im> (32)
The corresponding eigenstates are characterized by three quantum numbers L, K, and M,
L} LKM) = L(L+1)|LKM), L=0,1,2,...
L.,|LKM)=K|LKM), K=—-L,—L+1,...,L—1,L
Ly|JKM)=M|LKM), M =—-L,—L+1...,L—1,L, (3.3)

where Ly is the angular momentum operator defined with respect to the laboratory coordinate

frame (X,Y, Z). The eigenvalues of (3.2)) are degenerate on M:

(3.4)

R2L(L+1) h*K? (1 1>
Erx = .

of, 2 \L L,

The general form for the energy levels of a rotating asymmetric rigid body, I, # I, # I., does
not exist, although it is possible to calculate matrix elements of the Hamiltonian for a given L.
3.2 Tunneling of a large spin

Let S be a fixed-length spin embedded in a stationary body. Naturally, the magnetic anisotropy is

defined with respect to the body axes. The general form of the crystal field Hamiltonian is
ﬁ5:ﬁ||+ﬁj_, (3.5)

where H, | commutes with S, and H | is a perturbation that does not commute with S,. The states
| £ S) are degenerate ground states of H |» where S is the total spin of the nanomagnet. H | slightly
perturbs these states, adding to them small contributions from other |mg) states. We will call

these degenerate perturbed states |¢+g). Physically they describe the magnetic moment aligned in
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one of the two directions along the anisotropy axis. Full perturbation theory with account of the
degeneracy of Hg provides quantum tunneling between the [¢)1g) states for integer S. The ground
state and first excited state are symmetric and antisymmetric combinations of |1)1g), respectively

[13]7

1

vy = E(WJS) + [¥-s))
V- = —=(s) ~ 10-s)). (36)
which satisfy
HsVy = E-0, (3.7)
where
E.—FE_=A. (3.8)

The tunnel splitting A is generally many orders of magnitude smaller than the distance to other
spin energy levels, which makes the two-state approximation very accurate at low energies. For

example,

& 2 2
Hg = —DS? + dS? (3.9)

with d < D describes the biaxial anisotropy of spin-10 molecular nanomagnet Fe-8, where the

tunnel splitting in the limit of large S is given by|[140]

8832 [ a \*
A= 7 <4D> D. (3.10)

The distance to the next excited spin level is (25 — 1)D, which is large compared to A.

It is convenient to describe these lowest energy spin states W1 with a pseudospin-1/2. Compo-

nents of the corresponding Pauli operator o are

oz = [_g) (¥s] + [1s) (Y5
oy = i|Y_s)(Ys| — ils)(1h_s]
0. = |Ys)(Ys| — [Y-s)(¥—s]. (3.11)
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The projection of Hg onto |11g) states is

Hy= ) (m|Hsln) |m){n|. (3.12)

mn=yYis

Expressing |11 g) in terms of ¥ one obtains

, . A
(Y+s|Hglprs) = 0, (Y+s5|Hs|zs) = 5 (3.13)

which gives the two-state Hamiltonian

having eigenvalues +A /2.

In the absence of tunneling a classical magnetic moment is localized in the up or down state.
It is clear that delocalization of the magnetic moment due to spin tunneling reduces the energy by
A/2. In a free particle, however, tunneling of the spin must be accompanied by mechanical rotations
in order to conserve the total angular momentum. Such rotations cost energy, so it is not a priori
clear whether the tunneling will survive in a free particle and what the ground state is going to be.

This problem is addressed in Section [3.4]

3.3 Coupling of Spin and Rotational Angular Momentum

In this section, we derive the so-called anomalous commutation relations of angular momentum in
a rotating frame. This treatment applies to the general case of mechanical rotations of a quan-
tum system with internal angular momentum degrees of freedom [I38]. Starting with the usual
commutation relations for the components of spin S, angular momentum of mechanical rotations
(analogous to orbital angular momentum) L, and total angular momentum J = S + L in the fixed
frame, we derive commutation relations in the rotating frame. We show that in the body frame
all components of J and S commute, and therefore the corresponding quantum numbers are good
quantum numbers.

The nanomagnet is a rigid rotator around its center of mass, which we define as the common
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origin O of two right-handed coordinate systems, shown in Fig. The X,Y, Z axes make up the
lab frame that is fixed in space. The x,y, z axes define the coordinate system that is rigidly coupled
to the body, and are directed along the principle moments of inertia of the rotator with z chosen
along the symmetry axis of the rotator. Initially, these two frames coincide. At any other instant
the orientation of the rotating xyz frame relative to the fixed XY Z frame is specified by the Euler
angles ¢, 0,1, which are defined using the zyz-convention (see, e.g., Ref. [141]). The spherical polar
angles represent the orientation of the symmetry axis z of the moving frame relative to the fixed
frame. 6 is a tipping away from the Z axis and ¢ is a rotation around the the Z-axis. 1 is the angle

of rotation about the z axis.

Figure 3.1: Coordinate frames of rigid body rotations.

A vector R with components R4 (we use uppercase Roman letters to indicate fixed frame
components) as measured in the fixed XY Z frame can be projected onto the rotating zyz coordinate
frame. In the rotating frame, this vector is described by r and has components r,, (lowercase Greek

indices denote components in the rotating frame). The transformation between these two frames is
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given by the rotation matrix C,

A:I:X )\xY AJcZ
C= )\yX )\yy )\yZ

)\ZX )\zY AzZ

cos 1) cos # cos ¢ — sin 1) sin ¢ cos1 cosfsin¢g —siny cos¢p  — cossin b
= | —sinycosfcos¢p —cosysing —sinycosfsing + cospcos¢p  sinepsinf (3.15)
sin 6 cos ¢ sin 0 sin ¢ cos 6

where the A\, 4 are direction cosines between fixed frame and rotating frame axes.

The total angular momentum J obeys the usual commutation relations in the fixed XY Z frame,

[JA,JB] =1€aBcJdo, (3.16)

where e4pc is the fully antisymmetric Levi-Civita tensor (summation over repeated indices is im-
plicit throughout this Appendix). In the rotating xyz frame, the total angular momentum has
components

Jo = Aaada (3.17)

and the sign of ¢ in the commutation relation is reversed,

[Ja, Jg] = —i€apy . (3.18)

The components of the mechanical angular momentum can be resolved in either frame, or in
terms of the Euler angles ¢, 8,1 which describe precession of the symmetry axis z about the fixed
Z axis, rotation about the axis of symmetry z, nutation of the z axis with respect to the Z axis,
and precession of the body about its axis of symmetry, respectively. The operator forms of the

corresponding angular momenta are

which mutually commute. The rotational angular momentum operators can be projected onto the
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laboratory frame coordinate system,

Lx = —cotcos¢py — sin @ pg + csc b cos ¢ py
Ly = —cot fsin¢pg + cos ¢ pg + cscOsin ppy,

Lz = py, (3.20)

or the body frame coordinate system,

L, = —cscBcos py + sint) pg + cot 6 cos Y py,
L, = cscsiny py + cos v pg — cot 0 sin v py,

L. = py. (3.21)

The commutation relations can be obtained by direct calculation, with the fixed frame components
satisfying

[La, L] =icapcLe, (3.22)

while the rotating frame components obey

[La, Lg) = —i€apy L. (3.23)

The spin obeys the same regular commutation relations in either frame. To show this, we define

the spin components in the laboratory frame where

[Sa,SB] =ieapcSc. (3.24)

Using the fact that [S4,Lp| = 0, it is easy to see that the components of J = L + S in the fixed
frame satisfy the commutation relation given by Eq. (3.16). Projecting this spin onto the rotating

axes, So = AqAS4, and noticing [Sa, Agp] = 0, we obtain

[Sa, SB] = )\aAABB[SA7 SB] = iGABC)\aAABBSC = ieag,y/\chC = ieagfysv. (3.25)
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The rotation matrix is orthogonal and has unit determinant. It follows that any element is equal

to its cofactor, which implies

EABCAQANGB = fa,b”y)‘vC (326)

In order to obtain the same sign for all angular momenta in the rotating frame, we define reversed
spin S — S =-8, giving

[Sa, Sg] = —i€apySy. (3.27)

Now we may write J = L—g, and the components of J satisfy the anomalous commutation relations,
Eq. (3.18]). Alternatively, the commutation relation for the total angular momentum in the lab frame

can be calculated directly. Using the fact that the direction cosines transform according to

[Aaa, JB] = [Aaa, LB] = —LpAaa = i€aBcAac, (3.28)

and that the spin and rotational angular momentum do not commute in the rotating frame

[Say Lgl = —[NaaSa, \spLB] = —As5[Aan, LB]SA = —icap, S, (3.29)
gives

[Jow JB] = {La - gavLﬂ - gﬂ] = [LaaLB] - [Laa gﬂ] - [‘gowLB] + [S’a»‘gﬁ]

= —ieag,y(L-y + S,y) = _ieaﬂ'yj'y‘ (330)

Similarly, we can show that [J,, Sﬁ] = 0, allowing us to choose quantum numbers corresponding to
J and S.
The full Hamiltonian is given by the sum of the rotational energy and magnetic anisotropy

energy

W2L2 RPLE R
+ +

H = Hg. 3.31
2I, ' 21, ' 2I, + s (3.31)

Note that the mechanical part and the spin part of this Hamiltonian are not independent because
in the body frame the operators L and S do not commute, [L;, S;] = —i€;5Sk. It, therefore, makes

sense to express the above Hamiltonian in terms of the commuting body-frame operators of the
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total angular momentum J and spin S:

2 2
PO O AN
2\, I, I 2\, I, LI
JzS JyS J.S
Y TPT yry zF0z
(g

> + Hg . (3.32)

For a symmetric rigid rotor with I, = I, this Hamiltonian reduces to

q o h2J2+h2J§ 11
20 2 \IL I,
JeSe +J,S,  J.S. N
— h2( 7 Yot 7 )+H’S, (3.33)
where
A R/ 1 h?S?
Hg:H5+2<I—I)S§+ T (3.34)

The last term in H % is an unessential constant, A25(S+1)/(21,)%. The second term provides renor-

malization of the crystal field in a freely rotating particle. For, e.g., the biaxial spin Hamiltonian

given by Eq. (3.9) it leads to

/1 1
D—sD——(=—-=2). .
— 5 (Iz L) (3.35)

This, in turn, renormalizes the tunnel splitting given by Eq. . For a particle that is allowed
to rotate about the Z-axis only (that is, in the limit of I, — o0) these results coincide with the
results obtained by the instanton method in Ref. [94], where it was shown that, in practice, the
renormalization of the magnetic anisotropy and spin tunnel splitting by mechanical rotations is
small. Eq. provides generalization of this effect for arbitrary rotations of a symmetric rotator
with a spin. According to this equation and Eq. , when rotations are allowed the effective
easy-axis magnetic anisotropy and the tunnel splitting can decrease or increase, depending on the
ratio I /1.

Projection of Eq. (3.33)) on the two spin states along the lines of the previous Section gives

a - — 22 Lo,. 3.36
oI, 2> \L I, Oz 20z (3.36)

L PRI ORTZ 11 A h2S
B 2 I
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where we have used

(V45]S:|+s) = £85, (Y£5]SzylY+s) = 0. (3.37)

We construct eigenstates of this Hamiltonian according to
1
ik} = 5 (Ceslds) £ Caslp-s))| K) (3.38)
where

JIJK) = J(J+1)|JK), J=0,1,2,...

LIJK) = K|JK), K =—J,...,J. (3.39)

Solution of H|¥ ;) = E|W k) gives energy levels as

A\?  /R2KS\?
Egﬂ;g:EJKi\/(2> +( 7 ) : (3.40)

where Ej g is provided by Eq. (3.4) with L replaced by J. The upper (lower) sign in Eq. (3.40)

corresponds to the lower (upper) sign in Eq. (3.38]). For K # 0 each state is degenerate with respect
to the sign of K. For K =0,1,2,... the coefficients in Eq. (3.38) are given by

s = /12 ak/\/S7 1 (@K)2, (3.41)

where « is a dimensionless magneto-mechanical ratio,

(3.42)

Energy levels in Eq. can be given a simple semiclassical interpretation. Indeed, the last
term in this equation is the tunnel splitting of the levels in the effective magnetic field that appears
in the body reference frame due to rotation about the spin quantization axis at the angular velocity
hK/I,. When S = 0 (which also means A = 0) Eq. with J = L gives the energy of the
quantum symmetric rigid rotor without a spin, Eq. . In the case of a heavy body (large moments

of inertia) the ground state and the first excited state correspond to J = K = 0, and we recover
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the tunnel-split spin states in a non-rotating macroscopic body, Foo+ = +A/2. In the general case,
spin states of the rotator are entangled with mechanical rotations.

Equations — are our main analytical results for the low-energy states of a free magnetic
particle. In general, numerical analysis is needed to find the ground state of the particle. Special
cases of the aspect ratio that will be analyzed below include a needle of vanishing diameter (which
is equivalent to the problem of the rotation about a fixed axis treated previously in the laboratory

frame by two of the authors [21]), a finite-diameter needle, a sphere, and a disk.

3.4 Ground state

Minimization of the energy in Eq. on J with the account of the fact that J cannot be smaller
than K immediately yields J = K, that is, the ground state always corresponds to the maximal
projection of the total angular momentum onto the spin quantization axis. In semiclassical terms
this means that the minimal energy states in the presence of spin tunneling always correspond to
mechanical rotations about the magnetic anisotropy axis. This is easy to understand by noticing
that the sole reason for mechanical rotation is the necessity to conserve the total angular momentum
while allowing spin tunneling to lower the energy. To accomplish this the particle needs to oscillate
between clockwise and counterclockwise rotations about the spin quantization axis in unison with
the tunneling spin. If such mechanical oscillation costs more energy than the energy gain from spin
tunneling, then both spin tunneling and mechanical motion must be frozen in the ground state
as, indeed, happens in very light particles (see below). Rotations about axes other than the spin
quantization axis can only increase the energy and, thus, should be absent in the ground state.

For further analysis it is convenient to write Eq. (3.40) in the dimensionless form,

1/ K2

in terms of dimensionless parameters o and the aspect ratio for the moments of inertia

EjY o« J(J+1) KK
A 4 S2 2

A=1/1,. (3.44)

The range of A for a symmetric rotator is 0 < A < 2. For, e.g., a symmetric ellipsoid with semiaxes
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Figure 3.2: (a) Dependence of energy on J at K = J and I,/I, = 0 for different values of a. The
plot shows second-order quantum phase transition on «. (b) Dependence of energy on J at K = J
and I, /I, = 2 for different values of a. The plot shows first-order quantum phase transition on a.

a =b# c, one has \ = 2a?/(a? + c?).

The dependence of the energy levels on J at K = J is shown in Figure It exhibits
quantum phase transition on the parameter o between states with different values of J. Only for a
needle of vanishing diameter, I, /I, — 0, which corresponds to a — 0 in the case of an ellipsoid, the
transition is second order, see Fig. It occurs at a = [1 —1/(25)?] ~'. This case is equivalent
to the rotation about a fixed axis studied in Ref. [2I]. For any finite ratio I, /I, the transition is first
order, see Fig. . It occurs at the value of o that depends on I,/I,. The origin of the transfer
from a second-order transition at A = 0 to the first-order transition at A £ 0 can be traced to the
term [J(J + 1) — K?]S72)\ in Eq. (3.43). We should notice that for a finite-size nanomagnet the
analogy with first- and second-order phase transition is, of course, just an analogy. To talk about
real phase transitions one has to take the limit of S — o0, I, , — oo when the distances between
quantum levels go to zero.

For a given A, as « increases the ground state switches from J = 0 to higher J when

E§y) (a5(\) = BV (@) - (3.45)
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Figure 3.3: Dependence of the ground-state energy on « for a spherical particle. Inset shows the
discontinuity of the derivative of the ground state energy on a.

Solution of this equation for a(\) gives

(292 +N)
= RSP =T+ (3.46)

This first transition occurs for the smallest value of a()) and the transition is from J = 0 to the
corresponding critical value, J.. For a < agc the ground state corresponds to J = 0 and C1g = 1.
After the first transition from J = 0 to J = J,, the ground state switches to sequentially higher J

at values of a which satisfy

E21 sma(ea ) = By (s ). (347
Solution of this equation for a;(\) gives

(25)2T(J, \)
V(28)2(2T —1)2 = T(J,N)2\/(2S)2 = T(J,\)?

Qg =

(3.48)

with

T(J,A) =2J —1+A. (3.49)

The critical oy has poles at A = 2(S — J)+ 1. For A > 1 there is no longer a ground state transition
to J = S, even for very large values of a.

Needle of vanishing diameter: The case of a particle that can only rotate about its anisotropy
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axis |2I] is equivalent in our model to a needle of vanishing diameter (a — 0 for an ellipsoid),
having A = 0. It is also equivalent to the problem of tunneling of the angular momentum of a
superconducting current in a flux qubit coupled to a torsional resonator. In this limit we reproduce
results of Ref. [2I]. The quantum number K determines the ground state, as the energy, Eq. (3.43)),
no longer formally depends on J. However, the values of ay at A = 0, for which ground state
transitions occur, are the same as those for which EL(]_I)(71 = ES}), and we will use J to describe the
ground state of the axial rotor as well. The first ground state transition occurs from J =0to J =1
at a(\) = a1(0) = a?(0), because J. = 1 for A < 0.01. At a = a5(0) the ground state switches from
J =1%o J = 2, and so on. The final transition is to a completely localized spin state J = S in which
spin tunneling is frozen for all & > ag(0). For example, when S = 10, a1(0) = a?(0) = 1.0025 and
a10 = 3.2066.

Needle of finite diameter: The ground state of a needle of finite diameter (a < ¢ for an ellipsoid)
with A = 0.1, that is free to rotate about any axis, shows qualitatively different behavior. As «
increases, the ground state changes from J = 0 to J. = 3 at a = ag(O.l), as the smallest value
of a9%(0.1) for 1 < J < S occurs for J. = 3. The J = 1,2 states never become the ground state.
After this, transitions occur to successively higher J, beginning with J = 4 at a = a4(0.1), and
eventually localizing the spin with J = S for a > ag(0.1). For S = 10, oJ(0.1) = 1.0588 and
a19(0.1) = 3.3935.

Sphere: As X increases towards unity, the particle becomes more symmetric with the moment of
inertia having (prolate) ellipsoidal symmetry, until it reaches spherical symmetry at A = 1. The first
ground state transition occurs from J =0 to J = J. = 5 at @ = a(1), and subsequent transitions
occur at a = ay(1). However, the spin never localizes in the J = S state even for very large «, as
ay(1) has a pole at J = S, so the last transition occurs to the J = S — 1 state at « = ag_1(1). For
S =10, af(1) = 1.3187 and ag(1) = 2.4325.

Disk: With X increasing from unity, the symmetry of the body becomes that of an oblate
ellipsoid, and begins to flatten in the plane perpendicular to the anisotropy axis. It is easy to check
from Eq. that for 1 < A < 2 the state with J = S always has higher energy than the state
with J = 5 — 1, even in the limit of @« — oco. This means that for an oblate particle some spin
tunneling (accompanied by mechanical rotations) survives in the ground state no matter how light

the particle is. This purely quantum-mechanical result has no semi-classical analogy. In the case
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of a disk of vanishing thickness, A = 2, the first ground state transition occurs from J = 0 to
J = J.=6at a = al(2), and subsequent transitions occur at o = a;(2) up through J = S — 1.

For S = 10, ad(2) = 1.5873 and ag(2) = 3.5849.

3.5 Ground-state magnetic moment

As has been already mentioned, the magnetic moment is due entirely to the spin of the particle,
as L, represents mechanical motion of the particle as a whole, and not electronic orbital angular

momentum. Thus,

aK
= —gup(V K|SV k) = —gupS————— . 3.50
= —gup{Vik|S:|Vsk) = —gus SENryE (3.50)

Here g is the spin gyromagnetic factor, and the minus sign reflects the negative gyromagnetic ratio
v = —gup/h. The ground state always corresponds to J = K, so these are used interchangeably

in descriptions of the ground state. The dependence of the magnetic moment on « for different
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Figure 3.4: Ground state magnetic moment for a needle of vanishing diameter (A = 0), finite-
diameter needle (A = 0.1), sphere (A = 1), and a disk of vanishing thickness (A = 2).

aspect ratios of the particle is shown in Fig. . For o« < vy (\) the ground state corresponds
to J = K = 0, so the spin-up and spin-down states are in an equal superposition which produces

zero magnetic moment. At greater values of « the spin states contribute in unequal amounts which
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leads to a non-zero magnetic moment. As a becomes large, the magnetic moment approaches its
maximal value |pmaz| = gupS. Note that the magnetic moment approaches its maximum value
even for values of A that do not admit transitions to J = S states.

Because the ground state is completely determined by the parameters a and A, we can depict
the ground state behavior in a quantum phase diagram shown in Fig. [3.5] The curves separate
areas in the (a, A) plane that correspond to different values of J and different values of the magnetic
moment. Notice the fine structure of the diagram (lower picture in Fig. near the first critical
«. This very rich behavior of the ground state on parameters must have significant implications for

magnetism of rigid atomic clusters.

07 1.15

Figure 3.5: Quantum phase diagram for the ground-state magnetic moment and the total angular
momentum.
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3.6 Conclusions

We have studied the problem of a quantum rotator containing a tunneling spin. This problem is
relevant to quantum mechanics of free magnetic nanoparticles. It also provides an interesting insight
into quantum mechanics of molecules studied from the macroscopic end. The answer obtained for
the energy levels of a symmetric rotator, Eq. , is non-perturbative and highly non-trivial. It
is difficult to imagine how it could be obtained from first principles without the reduction to two
spin states. Indeed, for spin S the tunnel splitting itself generally appears in the S-th order of
perturbation theory, see Eq. , so the path from the full crystal-field Hamiltonian like, e.g., Eq.
to Eq. must be very long. Equations and represent, therefore, a unique
exact solution of the quantum-mechanical problem of a mechanical rotator with a spin. Striking
feature of this solution is presence of first- and second-order quantum phase transitions between
states with different values of the magnetic moment.

Our results provide the framework for comparison between theory and experiment on very small
free magnetic clusters. Our main conclusion for experiment is that rotational states and magnetic
moments of such clusters depend crucially and in a predictable way on size and aspect ratio. This
dependence results in a complex phase diagram that separates regions in the parameter space,
corresponding to different values of the magnetic moment. Broad distribution of the magnetic
moments that does not simply scale with the volume, has, in fact, been reported in beams of free
atomic clusters of ferromagnetic materials [66} 67, [68]. Our results may shed some additional light on
these experiments. They may also apply to free magnetic molecules if one can justify the condition
of rigidity. Direct comparison between theory and experiment may be possible for atomic clusters
(molecules) in magnetic traps.

To see that the quantum problem studied in this paper may, indeed, be relevant to quantum
states of free nanomagnets, consider, e.g., a spherical atomic cluster of radius R and average mass
density p having spin S = 10 that, when embedded in a large body, can tunnel between up and
down at a frequency of a few GHz, thus providing A ~ 0.1 K. Significant changes in the magnetic
moment of such a cluster would occur at a ~ 1, which, according to Eq. , corresponds to
I =87pR®/15 ~ 10 *2kgm? and R ~ Inm. For a magnetic molecule like, e.g., Mn12, the moments

of inertia would also be in the ballpark of 10~*2kgm?. However, the natural spin tunnel splitting
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in Mnjo is very small, thus, providing a very large «. The same is true for Feg magnetic molecules.
In this case the spin tunneling in a free molecule must be completely frozen. Even if the molecule
cannot be considered as entirely rigid, such effect, if observed, would receive natural interpretation

within the framework of our theory.
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Conservation of Angular Momentum in a

Flux Qubit

Oscillations of superconducting current between clockwise and counterclockwise directions in a flux
qubit do not conserve the angular momentum of the qubit. To compensate for this effect the solid
containing the qubit must oscillate to and in unison with the current. This requires entanglement of
quantum states of the qubit with quantum states of a macroscopic body. The question then arises
whether slow decoherence of quantum oscillations of the current is consistent with fast decoherence
of quantum states of a macroscopic solid. This problem is analyzed within an exactly solvable
quantum model of a qubit embedded in an absolutely rigid solid and for the elastic model that
conserves the total angular momentum. We show that while the quantum state of a flux qubit
is, in general, a mixture of a large number of rotational states, slow decoherence is permitted if
the system is macroscopically large. Practical implications of entanglement of qubit states with
mechanical rotations are discussed.

Flux qubits are formed by quantum superpositions of current states in a superconducting loop
interrupted by one or more Josephson junctions [95] [96]. Oscillations of superconducting current
between clockwise and counterclockwise directions in a flux qubit do not conserve the angular mo-
mentum of the qubit, and must transfer angular momentum to the surrounding solid. Consideration
of the entire system (qubit + solid) which does conserve total angular momentum leads to entangle-

ment between current and rotational states. Analyzing decoherence of the quantum state of a flux
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qubit due to entanglement with rotations of the surrounding body shows that, contrary to what
one might believe, macroscopicity of the body is necessary for slow decoherence.

Within an exactly solvable model of a flux qubit embedded in an absolutely rigid rotator we
obtain entangled eigenstates of the system and their dependence on the total angular momentum J.
When the system is prepared in the state with a certain direction of the superconducting current,
this state is, in general, a quantum mixture of many rotational states of the body. However, only
tunnel splittings Ay of the states belonging to the same J contribute to the oscillations of the
superconducting current. We then study decoherence of a flux qubit due to torques generated by
the oscillating current in the elastic solid and show how decoherence rates obtained within the two
models match. Among other problems we discuss renormalization of the tunnel splitting by the
elastic environment and superradiant relaxation in a system of closely packed qubits.

This chapter is structured as follows. Exactly solvable quantum model of a flux qubit interacting
with rotations of a rigid body is studied in[£.1] Quantum states of the qubit entangled with rotations
of the body are obtained in Section Section is devoted to decoherence due to rotational
excitations of the body. Elastic environment is considered in Section [I.2] The model that conserves
the total angular momentum is formulated in Section [£.2.1] Section discusses decoherence of
the flux qubit by internal torques. Renormalization of the tunnel splitting by the elastic environment
is computed in Section [£.2.3] Section [£.3] contains numerical estimates, discussion of various effects
originating from conservation of angular momentum, alternative interpretations of the results, and

final conclusions.

4.1 Rigid Body

4.1.1 Rotational states of a flux qubit

First, we consider the tunnel-split states of a flux qubit and ignore conservation of the angular

momentum. Let the lowest-energy doublet of a flux qubit be

1

Ue=—7(ND*[), (4.1)

S

2
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where | 1) and | |) are the eigenstates of the operator of the angular momentum of the electronic

current inside superconducting loop L.,

LIt = 11

LY = il (4.2)
Eigenfunctions W satisfy

HU, = FE, U, (4.3)

with H being the Hamiltonian of the qubit and

E_.—E,=A (4.4)

being the tunnel splitting. It is convenient to describe such a two-state system by a pseudospin 1/2.

Components of the corresponding Pauli operator o are

or = [ HAT+IDE]
oy = Al Y= D
o, = [N I=1H{] (4.5)

The projection of H onto | 1) and | |) states is

According to Eq. (4.1)),



It is now easy to see from Eq. (4.3) that

(HH ) = (L A1) =0
(LIH| ) = (1 [H| 1) =—-A/2. (4.8)

With the help of these relations one obtains from equations and
Hy, = —(A/2)0, . (4.9)
The general form of the wave function of our two-state system is
U(t) = CL 0, AYC L 0 g o iAY/2h) (4.10)
with |C_|? +|C¢|* = 1. If one imposes the initial condition ¥(0) = | 1), then

U(t) = cos (?;) | 1) + sin <§£> | ) (4.11)

~

and (l,) = l{0), with

(o) = (WOl = cos (5 (4.12)

This equation describes harmonic oscillations of the superconducting current at the frequency A/h
between clockwise and counterclockwise directions. Another way to obtain this result is to use the
equivalence [29] of the Schrodinger equation for spin one-half to the precession equation for the

expectations value of o,

d /o 6H, A
hdt<2>—<ax = >—2<a'>><ex, (4.13)
which gives

d
%<Um> =0
d A
7 (y) = 5 (02)
d A
@<Uz> _E<0y> . (4.14)



The last two equations give Eq. (4.12)).

We shall account now for mechanical rotations of the body containing the flux qubit. In this Sec-
tion we shall deal with an absolutely rigid body that can only rotate as a whole. As we shall see, this
problem contains all of the components needed to understand the effects of entanglement required
by the conservation of the angular momentum. Rotation by the angle ¢ about the quantization axis

Z transforms the Hamiltonian of the qubit into
H' = e~il=0 feil=d | (4.15)

Noticing that the operator of the angular momentum of the superconducting current, L, (that is
chosen in units of &), commutes with ¢ it is easy to project this Hamiltonian onto | 1) and | J).

Simple calculation yields the following generalization of Eq. (4.9):

Hy = ) (mlHn)m)(n]

m7n:T7\L

_ _% |:e—2il¢o_+ +62iz¢0_}

= —% [cos(2lp)oy + Sin(2l¢)0y] (4.16)

where oy = $(0, £ ioy).
To develop a rigorous formulation of the problem let us first assume that the body with the
qubit is an isolated system in a pure quantum state described by a single wave function. The full

Hamiltonian of the system is

- L.)? A
H = (hQI) -5 [0 cos(2lp) + oy sin(2(9)] , (4.17)
where L., = —i(d/d$) and I = I, is the moment of inertia of the body for rotation about the

quantization axis. It is easy to check that this Hamiltonian commutes with the operator of the total
angular momentum,

- - d
. =L, 2= —l- z - 4.1
J +1 zd¢+la (4.18)

Consequently, the eigenstates of |i must be entangled states of I, and L, that are eigenstates
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of the total angular momentum J.:

C C
W)= —Z @] Dok = i@ |+, (4.19)

V2 V2

with J = J,. Simple calculation gives

Cre— |14 ! (4.20)

A2
e (EIGIE

and

—+

)2 ()2 [A2 (W)2(hJ)2
s 5+ O

Ejs = (4.21)

for the energy levels. Here + corresponds to F in Eq. (4.19) and J =0,£1,+£2, ....
Alternatively, the same results can be obtained in the coordinate frame attached to the current

loop. In this case one starts with the Hamiltonian

7 _H)\2
(W), —h:)" A (4.92)

H,. = —
" 21 2

21

Oy —

. (L) A
2

Its eigenfunctions are
1
V2

while eigenvalues are given by Eq. (4.21). The two coordinate frames are related by unitary trans-

|V ys)r = (Crel i £ Crxl ) ® 1), (4.23)

formation.

4.1.2 Decoherence from rotations

Any real macroscopic system should have some distribution over J. According to Eq. , at
large I the energies of the states corresponding to different J can be very close. Consequently, a
macroscopically large number of different J-states should contribute to the expectation value of any
physical quantity. Since the phases of such states can differ significantly, the question then arises
how the coherence of the flux qubit is influenced by this effect. Rigorous answer to this question is
given below.

To study decoherence, one should prepare the system in a state with a certain direction of [,
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e.g. l, = 4!, and study how (l;) would depend on time. Naturally, the initial state should be
obtained by subjecting the system to a strong bias field in the direction of the magnetic moment of
the current loop. Adding the term —%WUz to the Hamiltonian, it is easy to work out the energy

levels of the biased states:

2 2 2
I a1

For a large positive bias the states corresponding to the plus sign in the above equation have too

high energies and can be ignored. In this limit the relevant energies, up to a constant, are

R2(J —1)%  (hL,)?
Ej=—S7—="%; (4.25)

Ej_

in accordance with the expectation that they must be the energies of the rotational states of the
body. To make sure that the system is magnetized in the direction of the field, that is [, = +1, it
must be put in contact with a thermal bath at temperature T. This provides thermal distribution

over F/; with probabilities given by

1 E; E;
Pr=—exp(——L Z = 1) 42
g ZeXp< kBT> , Z]:eXp< kBT> (4.26)

If at t = 0 the field is removed and the system is isolated from the bath, it will be a mixture of
J-states,

Wao =) &[] —1), (4.27)
with the probability of each J determined by Eq. (4.26)). Time evolution of each J-state is provided

by

C i oy —1 1
) = %mm EJ“M%WM Bat/h, (4.28)

Consequently, the time dependence of the expectation value of [, = lo, is determined by

(02) =D Pr(Wlo-|¥ ). (4.29)
7

45



Using the relations

(W lolss) = 5 (Ch —C3)
Wy loulws) = 5 (Ch - C3)
(Wy_loz|Vry) = (Wyiloz|Vy-) =CyiCye (4.30)
one obtains
ZP [1 e + 7 _1_152 cos <Ah‘]t>] , (4.31)
where
Aj=Es —Ey.=AJ1+ 42, BJZQWI)XLJ)' (4.32)

Notice that only the energy splitting between states belonging to the same J, separated by Aj,
contribute to (o,). For a given J # 0 oscillations of the superconducting current occur between
(I, =land (I,) = (8% —1)/(B%+1) as compared to the oscillations between [ for J =0 (8; = 0).

Formally, at T" = 0, only the non-rotating state with J = [ contributes to the sum in Eq. ,
providing

(02) =

2
. flﬂlz . —l—lﬁQ cos (él t> , (4.33)
where 3; equals By at J = [. For a macroscopic body with a large moment of inertia 5; < 1, so
that the difference between Eq. and Eq. is very small. The absence of decoherence at
T = 0 is related to the fact that the system is in a pure J-state.

At T # 0 rotations of a macroscopic body must be distributed over a macroscopically large

number of J > [. Consequently, one can replace J — [ in Eq. (4.25)) with J and replace summation

in Egs. (4.31), (4.26) by integration over J. This gives Z = \/2rITkgT /h. Expectation value of o,
depends on time through (A/h)t,

B 1 +o00 y 62
(02) = \/77'5T/_ dBye p( /BT) X

B3 1
[1+ﬁ3 + 57 cos <«/1+B?,ht>] , (4.34)
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and is determined by a single parameter,

B kpT  _ypohl [kpT
Br=2y/fi—5- =21\ /= (4.35)

Note that 3 = 2(hl)2/(IA) contains a macroscopically large number I in the denominator. This
provides

B < Br<1 (4.36)

for any reasonable values of [, A, and T. Since the main contribution to the integral in Eq.
comes from By ~ Br > [, the overwhelming majority of J contributing to the integral satisfy
J >l in accordance with our assumption.

From Eq. the asymptotic value of (o) is

1 kpT

= 1 = — 2 = _—
0o = lim (0.) = 5BF = 28—~ (4.37)

For a macroscopic body it is small due to the smallness of 8;. In this limit the time dependence of

the oscillating term in Eq. (4.34) can be computed exactly:

ci(A/h)

V1—ios(A/R)t

(02)t = Re : (4.38)

One can see that the amplitude of quantum oscillations is decreasing as 1/1/00(A/R)t. Thus, the
effective decoherence rate due to the entanglement of the flux qubit with rotations of the rigid body

is

A kT 4W? (kpT
Fr—o'oo%—zgl n T <A .

(4.39)
Notice that slow, 1/ Vt, decay of coherent oscillations given by Eq. is a consequence of the
absolute rigidity of the body.

Proportionality of I, to 1/I illustrates our point that, contrary to the naive picture that one
might have [I01], the entanglement of a flux qubit with rotations of a macroscopic body, dictated
by the conservation of angular momentum, does not necessarily result in a strong decoherence.

This comes as a consequence of the selection rule: According to Eq. (4.31]) only tunnel splittings,

Ay = Ej;—FEj_, of the states (4.21)) belonging to the same .J contribute to (o). For a macroscopic
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body, all Ay are very close, thus providing low decoherence.

4.2 Elastic Body

4.2.1 Flux qubit in the elastic environment

Realistically, the body containing a flux qubit is not absolutely rigid. During half-period of oscilla-
tions of the superconducting current the elastic stress generated by the changing angular momentum
of the current may only extend as far as half-wavelength, A\/2 = whvy /A, of the transverse sound of
frequency A/h and speed v;. We shall assume that this distance is greater than the size of the cur-
rent loop. For, e.g., a micron-size loop this condition would be typically fulfilled for A/h < 10GHz.
It allows one to treat the flux qubit as a point source of the elastic stress, without considering
interactions of segments of the current loop with the elastic environment.
Now the rotation angle ¢ that appears in the previous section is determined to the elastic twist,
[142]
6= %[v )., (4.40)

where u is the phonon displacement field at the location of the flux qubit r = 0. Conventional

quantization of phonons gives

1 h [Zk X ek)\] 1
== z 4.41
¢ 2\ 2pV %: /Wix (ak)‘ * a_k)‘> ’ ( )

where aL)\, axy are operators of creation and annihilation of phonons of wave-vector k and polar-
ization A, eg) are unit vectors of polarization, wyy = v+k is the phonon frequency, p is the mass
density of the solid and V is its volume. Since we limit our consideration to elastic twists, only the

two transverse polarizations of sound contribute to Eq. (4.41)).
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Elastic Hamiltonian that replaces Hamiltonian (4.17)) of the rigid-body approximation is

. 1
H = Z hwk,\ <aL/\ak>\ + 2> -
kA

— % {a+ exp [l ng/\ (akA - aLA)]

kA

+ o_exp [—l kaA (akA — aLQ] } , (4.42)
kA

- h [k X ek)\]z
§x = \/%—VW. (4.43)

Validity of this approximation relies on the fact that angular velocity of the local rotation, 2 =

where

d¢/dt, is always small compared to the frequency of sound w. Indeed, noticing that according to
Eq. (4.40) Q ~ wku we see that Q@ < w coincides with the condition of validity of the elastic theory:
ku < 1.

Unitary transformation H, = U"'HU with

U:exp

%laz Z SN (ak,\ - aL)\)] (4.44)
kA

transforms Hamiltonian (4.42) into

. N 1 ~ A
_ -1 T
Ho=U"Y hw (akAak)\ - 2) U— 50
KA
lo, A
= > hwgy [a;f{)\ak)\ - 751()\ (akA + GL,\)} — 50z
K\

(4.45)

where an insignificant constant has been omitted. In the transition from the first to the second line

of Eq. (4.45)) we have used properties of the displacement operator,

~ ~ N

DY (a)aD(a) =a+a, D Ya)a'D(a)=a'+a*, (4.46)
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with

A~

« i 1
D(Oék)\) = 6_0‘1()\(11‘)‘—’—Otk)‘a“kA e —5 lasz)\. (4.47)

Eq. shows that from a mathematical point of view the problem formulated in this Section
is a variance of spin-boson problem [103]. While some important theorems have been proved for
this problem in recent years (see, e.g., Ref. [143] and references therein), its exact eigenstates are
unknown. This prevents us from developing rigorous mathematical approach to decoherence along
the lines of the previous Section. From a physical point of view, the attractiveness of our variance of
the spin-boson model is in the absence of free parameters. The boson field in our case is the phonon
displacement field. Its coupling to the flux qubit (described by spin 1/2) is completely determined by
the conservation of total angular momentum. In what follows, we will use an approximation based
upon observation that local twists of the elastic solid due to oscillations of the superconducting
current in a flux qubit must be very small. Within this approximation we will describe transverse
phonons by a classical displacement field u(r, ), satisfying V - u = 0.

Expanding Hamiltonian to the lowest power on the elastic twist and replacing operators

by their classical expectation values, one obtains

e A AL [ (P o
H=Hg 5 0 QZJy/dré(r)<8y (91:)’ (4.48)

where Hg is the Hamiltonian of free rotations,

_ L [ g2 (D, Ous\
HE—4/d Tpvt<8rg+8ra . (4.49)

The dynamical equation for the displacement field is

82ua . aaag
P o2 = Torg

, (4.50)
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where 0,3 = 6H [deyp is the stress tensor and eqg = Ouo/0rs is the strain tensor. This gives

0%u, A 0
p( 92 va2ux> = fElayﬁ—yé(r)
(4.51)
0%u A 0
P <8t2y — U?V2uy) = Elay%&r) .
(4.52)
The above equations should be solved together with the Landau-Lifshitz equation for o:
hdo 0H
o - 4.
odt = 7" bo (4.53)
which gives
do, Ou, O
h C‘ljt - —aZAl/d?’mS(r) [ 5; - (;ﬂ (4.54)
doy
h Frai 0, A (4.55)
do, z O
hdit = —0,A + 0 Al / d3ro(r) [%"; - ;;f} (4.56)

It is easy to see that Eqgs. q4.54D, q4.55D and (]4.56[) preserve the length of a: o2 + O'Z +o=1.

First, let us show that, in accordance with our general line of reasoning, the above equations

conserve the Z-component of the total angular momentum,
J,=hlo,+ L,. (4.57)

Here L, is the Z-component of the mechanical angular momentum. Its time derivative equals the
Z-component of the total mechanical torque, K, acting on the body. In the absence of the external

torque applied to the surface of the body, K, is given by [142]

K, = / Pr (oye — ouy) - (4.58)

Conventional elastic theory postulates no internal torques, in which case the stress tensor would be
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symmetric and K, would be zero. Situation changes when there are transitions between angular
momentum states of a microscopic object inside the body, such as, e.g., a flux qubit. In this case

the stress tensor is non-symmetric, yielding

dL,
o= / d*r (o), — ohy) (4.59)

where o/, 5= dHint/deqp is the part of the stress tensor related to the interaction of the flux qubit
with the elastic environment, Hjy. The latter is given by the second term in Eq. (4.42)). To prove
conservation of the total angular momentum one needs to write this term with the accuracy to

second-order terms on the elastic twists:

o 3 Oug _ Ouy
Hiyy = —2A"y/d ro(r) <<9y - 31‘)
12 3 Ouy  Ouy ’
+ Do, [/d ré(r) < i —&Uﬂ . (4.60)
This gives
U/xy = —2A0y5(r)+2A0x5(r)/d3r5(r) [ Oy B C{);]
, ; 12 / 3 Ouy  Ouy
Oyx 2 Oy (r) 2 g (I') " (I‘) 0y Ox
(4.61)
so that
dJ, _ _do, dL,  do,
i~ Mar ta T YA
ou ou
1*Ao, / d*ré(r) < o m) : (4.62)

It is now easy to see that condition d.J,/dt = 0 coincides with one of the equations of motion, Eq.

(4.56).
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4.2.2 Decoherence from internal torques

At u = 0 equations (4.55)) and (4.56)) would describe coherent precession of o about the X-axis, with
oy = const, 0, x cos(tA/h), and o, o sin(tA/h). Conservation of angular momentum makes the

flux qubit wiggle mechanically when the current oscillates between clockwise and counterclockwise.

Consequently, it becomes a source of sound, as can be seen from Eqs. (4.51)) and (4.52)). Let us

linearize all equations of motion around o, = 1, u = 0, with small o, . (t) o e=** and

3
Ug o (1, 1) o e~ W 'k e Ty, (k) (4.63)
z,y\Ls (2’”)3 Y . .

Writing 6(r) as [ (gjr’)%, e™®T one obtains from Eqs. (4.51) and (4.52

A ikyoy,
2p k202 — w2’

1A ikgoy
©2p k20 —w?’

ug (k) = (4.64)

uy (k)
where k2 = k2 + k:g + k2. Substitution into Eqgs. 1) and |D results in

2A 3 k2+k2
R2w? = A? (1-1 /(dk B (4.65)

2p ) (271)3 k20? — W2

The integral in this equation should be computed in the complex plane with account of a small

imaginary part of w,

/ Bk Ktk 1 kdk  iw? (4.66)
(27)3 k20 —w? 372 ) k2? —w? 3wy '
This gives
Pw3A
H2w? = A2 (1—26“’ 5) (4.67)
TP}
that is,
A
where
I2A5
(4.69)

0= 127hipop
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is the T' = 0 rate of the decay of the coherent precession of o. This result is in full agreement with the
decoherence rate computed with the help of the Fermi golden rule by considering spontaneous quan-
tum transition from the excited state (|I) — | — I)) to the ground state (|I) + | — [)) with the radiation
of a phonon of energy A [20]. Its generalization to finite temperature is ', = I'g coth[A/(2kT)].
At kT > A it gives Ty «x T as in Eq. obtained for the rigid body. Comparison of the
decoherence provided by the two models will be done in Section [£.3]

As is clear from the derivation, the above result corresponds to the decoherence of a weakly
excited state of the flux qubit. Our method, however, permits study of decoherence of the state
prepared with u = 0 and arbitrary o, (including o, = 1) at ¢ = 0. Dynamics of the vector o consists
of fast precession about the X-axis and slow relaxation towards the energy minimum that according
to Eq. corresponds to o, = 1, 0. = 0. It is accompanied by radiation of sound due to the
torque acting on the flux qubit from the oscillating current. Noticing that the space-time Fourier

transform of the displacement generated by the torque, u(k,w), and the time Fourier transform,

o(w), of o(t) are always related by Eqgs. (4.64) due to the linearity of Egs. (4.51) and (4.52)), one
can transform the integral in Eqgs. (4.54)) and (4.56) as

ou ou [A dw -
3 z Y\ — -3 —iwt
/d rd(r) < oy or ) Gmop /27r iw’oy(w)e " . (4.70)

To the first approximation, fast-precessing and slowly-relaxing solution of Eqgs. (4.55)) and (4.56))

that satisfies 02 + 03 +o2=1is

70) = VI (1)
o.(t) = /1— (0g)2cos @t), (4.71)

where (o) is a slow function of time. Within this approximation the Fourier transform of o, in Eq.

(4.70) is dominated by the Fourier transform of sin(tA/h) that equals

in[8(w + AJR) — 8w — AJR)], (4.72)
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so that the integral (4.70)) becomes

hT, S (A

where Ty is given by Eq. (4.69). Substituting this result into Eq. (4.54]), taking into account the
first of Eqgs. (4.71)), and averaging the resulting equation over fast oscillations, (cos?(tA/h)) = 1/2,

one obtains
a<‘7z>
ot

=T (1 - (02)?) . (4.74)

This leads to the following relaxation law at ¢ > 0 after the system was prepared in the state with

arbitrary o, = tanh(Totp) < 1 at the moment of time ¢ = 0:

(05) = tanh[To(t + to)] (4.75)
o sin (%t) (4.76)
Y cosh[[g(t + to)] '
A
o= (1) (4.77)

cosh[To(t +tg)]

Our previous consideration of small oscillations of o, . (that is, precession around o, — 1) cor-
responds to the choice of I'gtg > 1, in which case the decay of the oscillations is always exponential
with the rate 'y, as has been previously found. If the system is prepared in the state with o, =1

(that corresponds to the choice of tg = 0 in the above equations), it exhibits exponential relaxation,
0. =2e 1ol cos(tA/h), (4.78)

only at I'gt > 1. The initial relaxation at I'gt < 1 is slower:

cos(tA/h)

5 ITone (4.79)

=

This later result for a two-state system should be taken with a grain of salt, though, as it is likely to
be the consequence of the approximation in which the expectation value of the second term in Eq.
(4.48) is replaced by the product of expectation values of o, and phonon field. Such approximation

neglects quantum correlations between spin 1/2 and the boson field. In this connection, it is
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interesting to notice that our model can be easily extended to a system of more than one flux qubit
if all the qubits have the same resonance frequency, w = A/h, and are located within a distance
from each other that is small compared to the wavelength of sound of frequency w. Indeed, for such
a system o/2 in Eq. gets replaced with the total effective spin S = 01/2+02/2+03/2+ ...
Since the resulting Hamiltonian is linear on S, it commutes with S2. Consequently, when the number
of qubits, IV, is large, S must behave as a classical large spin of constant length. In this case, the
approximation that neglects quantum correlations must be good. It leads to the same equations
- in which o is replaced with No. This amplifies the amplitude of sound by a factor
N. Consequently, I'g is amplified by a factor N?. One immediately recognizes Dicke superradiance
[144] in this effect. We, therefore, expect Eqgs. - with g — N2T to correctly describe

decoherence in a system of IV > 1 closely packed flux qubits.

4.2.3 Renormalization of the tunnel splitting by the elastic environment

The above consideration shows that decoherence of the flux qubit in the elastic environment is
dominated by phonons of energy A. Meantime, even at T = 0 there are zero-point oscillations
of the solid that produce elastic twists. Such twists interact with the flux qubit and, as we shall
see below, renormalize the tunnel splitting. This problem cannot be treated semiclassically as it
requires consideration of the entanglement of the qubit with the excitation modes of the solid. It
is based upon computation of the quantum average of the Hamiltonian , (0| H|0) over the
ground state of the solid, |0), that has no real phonons.

Noticing that

<0’elka (akk_aLA> |0> — <O|e_lfk>\ (ak/\—a;fd) ‘O>

1
=1 gllgal+..= e laal/2 (4.80)
one obtains
L A 12 )
H, = (0|H[0) = ~F exp | —3 D Gl | (0 + 02, (4.81)
kA
that is,
. A
H, = —Teﬁax, (4.82)
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where
l2
Ao = Aexp (-2 %: |gkA12> (4.83)

is the tunnel splitting renormalized by zero-point quantum elastic twists. Here &y is given by Eq.
(4.43).
The sum over k in Eq. (4.83)) can be computed by replacing it with the integral V [ d®k/(2m)3.

For the two transverse phonon modes k X eyx;, = +keys,. Averaging over the angles then gives

([ext)?) = 1/3. Integrating over k from zero to kmax determined by the size of the flux qubit, one
obtains
hl%k}
A = A ———max 4.84
o = Bexp (gt ) (1.84)

A quick estimate (see Section shows that the exponent in Eq. is always small, thus
providing negligible renormalization of the tunnel splitting in a flux qubit. However, the above
result illustrates an important point. If, for some reason, the shear modulus of the solid, G = pv?,
disappeared, this, according to Eq. 7 would lead to the disappearance of the tunnel splitting
as well. The latter is a consequence of the conservation of angular momentum: The current cannot
reverse direction if it cannot transfer momentum to the body. As is discussed in the next Section

this effect may, in principle, be observed in some two-state systems.

4.3 Discussion and Conclusions

We have studied two models that take into account mechanical effects associated with quantum
oscillations of a superconducting current in a flux qubit. These effects have simple physical origin.
To change direction, the current must transfer momentum to the underlying crystal lattice. For the
current oscillating in a SQUID loop, it is a microscopic analogue of the Einstein - de Haas effect:
The change in the angular momentum of the current associated with its magnetic moment must
be compensated by the change in the angular momentum of the body containing the current. This
inevitably entangles quantum states of a flux qubit with quantum states of a macroscopic body
containing the qubit. One can naively imagine that almost instantaneous decoherence of quantum
states of the macroscopic body would have a detrimental effect on the decoherence of the flux qubit.

We show that this is not the case due to the selection rule originating from conservation of angular
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momentum. While quantum state of a macroscopic system is, in general, an admixture of a large
number of rotational states corresponding to different total angular momenta, only tunnel splittings
of the states belonging to the same J contribute to quantum oscillations of the superconducting
current. Broadening of the tunnel splitting by the rotational states of a qubit is small as long as
the body is sufficiently large.

In the first part of the chapter we have studied an exactly solvable model of a flux qubit entangled
with a rigid mechanical rotator. We show that decoherence in such a system is weak due to inverse
proportionality of the decoherence rate, I', = (4hl?/I)(kgT/A), to the moment of inertia of the
rotator, I. To put things in perspective, consider, e.g., a micron-size flux qubit embedded in a
body of a comparable small size that is free to rotate. Sound of frequency w = A/h ~ 109!
would have a wavelength comparable to the size of the body. Consequently, in reaction to the
oscillations of the superconducting current, such a system would rotate as a whole, making the
rigid-body approximation developed in Section a reasonably good one. Typical value of the
moment of inertia of a micron-size body is in the ballpark of 10~¥g-cm?. Taking [ ~ 10° for a
micron-size current loop, one obtains the following values of the parameters in equations
- : B~ 2x 1078 By =~ 3 x 1074(kpT/A)/?, 00 ~ 4 x 1078(kgT/A). Decoherence is
dominated by J ~ 10%(kgT/A)'/2, which corresponds to frequencies of the rotational Brownian
motion w = hJ/I ~ 10(kgT/A)'/?>s~. This provides I' ~ 500s~" that corresponds to a rather high
quality factor of quantum oscillations, Q@ = A/(hI') ~ 2 x 107[A/(kgT)], even in the extreme case
of a micron size system.

In the second part of the chapter we have studied interaction of the flux qubit with the twists
of the elastic body, dictated by the conservation of angular momentum. Such model has no free
parameters. While its exact quantum states are not known, one can develop a reasonably good
approximation in which the internal torque produced inside the body by the oscillating current is
treated as a source of elastic shear waves. If the elastic environment is considered to be infinite in
space, this is an open system as compared to the closed system that consists of a finite-size rotator
with a flux qubit. In the infinite elastic system the shear waves generated by the point source
of torque escape to infinity, thus allowing finite decoherence at T' = 0 as compared to the closed
system. The corresponding decoherence rate is given by T'e = I2A%/(12wh*pv}) coth[A/(2kpT)).
At ] ~ 10°, w = A/h ~ 101971 it is of the order of 10%s~!, which provides Q = A/(AT') ~ 10
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This shows that the effect studied here, while allowing weak decoherence, can hardly be ignored in
designing flux qubits.

A good check of the validity of the above results can be obtained by comparing decoherence
rates obtained within the rigid-rotator model and within the elastic model. At kT > A the ratio
of the two rates is T'e/T, = (47%/3)(I/p)°) where X\ = 27hv;/A is the wavelength of shear waves
of frequency w = A/h. Noticing that the moment of inertia of a rigid body of radius R is of order
pR5, we see that I'c/I', ~ 1 at A ~ 2R. This agreement between the two models that consider the
same effect from two very different angles is quite remarkable.

In our consideration of the conservation of angular momentum, certain effects that may exist in
real systems have been left out. Among them are interactions of the flux qubit with magnetic atoms
and nuclear spins that can, in principle, absorb some part of the angular momentum of the SQUID.
For [ > 1 such processes must be suppressed, however, as they require coherent participation of
many magnetic atoms and many nuclear spins. Interaction of the flux qubit with the shear waves
of the body must be the primary mechanism of the conservation of angular momentum. Being
unavoidable, it imposes a universal upper bound on the quality factor of the qubit.

The effect of rotations on decoherence can also be understood from another angle. At ¢ = wt
that corresponds to the uniform rotation of the flux qubit about the Z-axis the Hamiltonian (4.16))
is equivalent to the Hamiltonian of spin 1/2 in the effective magnetic field of amplitude A/(2up)
(g being the Bohr magneton) rotating in the XY plane at an angular velocity Q = 2lw. Switching
to the coordinate frame rotating with the field, gives an effective constant field applied along the
X-axis plus the effective bias field in the Z-direction, H I = —lhwo, — %ax. The first term is simply
—w - hl, that appears in the frame rotating at the mechanical angular velocity w, projected into
the | 1) and | |) states. Real bias magnetic field B adds the term —B - (upgl) to the Hamiltonian.
When the field is applied along the Z-axis the full two-state Hamiltonian in the rotating (SQUID)
frame of reference becomes ﬁc’,’ = —l(hw + ppB)o, — %am. This proves that the rotation of a
truncated two-state SQUID system satisfies Larmor theorem. It is equivalent to the magnetic field
B/w = h/up ~ 107 70e/Hz. Effective fields generated by slow rotations of the equipment must
have negligible effect on the flux qubit. However, the effect of local dynamic shear deformations on
a microscopic SQUID must be noticeable because the corresponding angular velocities (ku)(A/h)

can easily reach 10”Hz, providing effective fields in the range of 1G.
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Experiments with flux qubits have shown that significant decoherence comes from 1/ f noise, the
origin of which has been debated [145],[146]. Notice in this connection that relaxation of microscopic
shear strains in a solid must be a source of dynamical local twists that, according to the above
discussion, generate local effective magnetic fields. It is, therefore, plausible that relaxation of
shear strains at the location of the qubit is, in fact, responsible for the observed 1/ f noise affecting
quantum dynamics of the qubit.

Another observation worth mentioning is amplification of decoherence in a system of flux qubits
positioned in close proximity to each other. This effect may be important in designing architectures
of flux qubits if they are to be used for quantum computing. It will reveal itself when N microscopic
qubits with identical tunnel splitting A are positioned within the wavelength of sound of frequency
A/h. As has been demonstrated in Section 7 radiation of sound by such a system and, thus,
decoherence will be amplified by a factor N2. This is an acoustic analogue of Dicke superradiance
that may impose an upper limit on the density of flux qubits. One way to avoid this effect in a
dense assembly of qubits would be to use qubits of significantly different A.

In Section [£.2.3] we studied renormalization of the tunnel splitting of a flux qubit arising from
its interaction with zero-point shear deformations. The magnetic moment of the current of strength
J in a loop of area a is pu = Ja/c, which gives | = Ja/(cup). With a = 7r? and kpax = 27/7, the
exponent in Eq. li becomes 7th.J/ (302,u2prt). At J ~ 1uA it is hopelessly small, thus, making
this kind of renormalization irrelevant for a flux qubit.

Notice in this connection that a similar effect, described by Eq. , may exist for the tunnel
splitting of the atomic magnetic cluster. In this case | would be significantly smaller but K ax
would be much greater than for a flux qubit. An estimate for, e.g., a magnetic molecule frozen
in solid He-4 shows that the exponent in Eq. can easily be of order unity. As the He-solid
approaches melting transition on decreasing pressure, its shear modulus would go to zero, resulting
in the freezing of tunneling.

Finally, we would like to notice that the treatment developed here should apply to nanomechan-
ical devices incorporating SQUIDs. Such devices have been recently made and measured [98] [99].
They open the whole new field of the entanglement of qubit states with mechanical oscillations.
Possible manipulation of superconducting qubits by mechanical rotations is another interesting as-

pect of the research on nanomechanical superconducting qubits. Our model of a rigid rotator with
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a flux qubit may provide a framework for theoretical studies of these effects.
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Spin-Boson Model

5.1 Background

The single mode spin-boson model describes a two-level system interacting with a single quantized

harmonic oscillator. The spin-boson Hamiltonian is (A = 1)
- A
Hsp =wala + 5 0 +o.(9"a+ gaT) (5.1)

where w is the frequency of the bosonic mode, A is the level splitting of the two-level system, and
g is the coupling between the two systems. a! and a are creation and annihilation operators of the
bosonic mode, respectively, and o . are Pauli matrices of the two-level system. It is also known as
the quantum Rabi model, usually written with « = z.

A related model which we have studied,

A . ,
H =wa'a+ B (mre_’)‘(‘”af) + J_eZ)‘(“+“T)> (5.2)

describes the lowest tunneling doublet of a spin coupled to a torsional resonator (see Section for
details). Transforming this Hamiltonian to the rotating frame shows its relation to the spin-boson

model,

OH0T — fgy, U = do-latal))2 (5.3)

(up to an unessential constant) with ¢ = —iwA/2. The multimode generalization of the spin-
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resonator Hamiltonian describes a nanomagnet or flux qubit embedded in an elastic environment,
discussed in Chapter [

The Jaynes-Cummings model [106] describes the near-resonant, weak coupling limit of the spin-
boson Hamiltonian, obtained by making the rotating wave approximation. Splitting Hgp into
noninteracting Hy = wala + %agc and interacting Hy = go.(a+ a') terms (we have taken g = g*),
we switch to the interaction picture and expand in terms of raising and lowering operators oL =
(0 F ioy) in the o, basis,

g{nt _ eiﬁotﬁle—iﬁot = g(ora e~iw=2) 5 gteilw=D) 4 o al eilwtd) Uiae—i(w—&—A))‘ (5.4)

In the limit of near-resonance w =~ A the first two terms oscillate slowly while the final two terms
oscillate rapidly. For weak coupling g < w, the rotating wave approximation is made by neglecting
these so-called counter-rotating terms and switching back to the Schrodinger picture. The Jaynes-

Cummings Hamiltonian is
: P i
Hjc =wa'a+ 5 0a + g(ora+o_al). (5.5)

Another way to understand the rotating wave approximation is that the first two terms in H,
describe transitions between states that are nearly equal in energy in the absence of interactions,
i.e. excitation (deexcitation) of the two-level system coincides with annihilation (creation) of an
oscillator quantum, while the last two terms describe simultaneous excitation or deexcitation of
the two-level system and oscillator. The Jaynes-Cummings model commutes with the excitation
number,

1 .
N =a'a+ 5oz +1), [N, H;c] = 0. (5.6)

which makes it block-diagonalizable into an infinite number of 2 X 2 non-interacting subsystems.
Projecting H ;o onto the basis In,+x), |n+ 1, —z), where o,|n, £x) = £|n, +z), and diagonalizing
gives

1
E,+ :nw:tix/(w—A)Q-i-Q%, Q, =2gvn+1, (5.7)

where €2, is the quantum electrodynamic Rabi frequency which depends on the occupation number
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of the oscillator [107].

5.2 Parity Chains and Diagonalization

In the Jaynes-Cummings model, the conserved quantity N generates a continuous U(1) symmetry.
When the counter-rotating terms are included to return to the spin-boson model, the U(1) symmetry
is reduced to Zs parity symmetry. The corresponding constant of motion which generates this

symmetry is the overall parity operator,

M=o0,P, [II,Hsp] =0, (5.8)

irata

where Py = e is the bosonic parity operator. This can be used to take Hgp to the diagonal form

H EB = T~ 1HgpT within the two-level space by means of a Fulton-Gouterman transformation [147],

HE, = 2 , Hi =wala + (¢%a + ga?), (5.9)

where

T=— , Tl=— . (5.10)

Gardas finds T by solving the Riccati operator equation [I143]. One of Gardas’s major results is the

form of the time evolution operator, which is then given by

U = T(e 8ty p1, (5.11)
or explicitly in matrix form,
; 1 e~ UHe+5 Pe)t | o—i(Hs—5 Pr)t <€—i(H++%P,,)t _ e—i(H+—%P,r)t> P, a2
== 5.12
2 <6_¢(H,+%P,r)t _ e_i(H,_%P,r)t) P, o—i(H-+%5 Pr)t i o—i(H-—5 Pr)t
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The missing step is finding an exact expression for the dynamics is solving the eigenvalue equation

for each parity chain,

(Hs + 5P = Bew. (5.13)

Braak has recently shown the Zs symmetry is adequate to solve each parity chain in the quan-
tum Rabi model [115]. We summarize some of Braak’s major results here. Using the Bargmann

representation for the creation and annihilation operators [I48] in the complex variable z,

0

@— o al — 2 (5.14)
the parity chain Hamiltonians take the form
0 0 A

where P, is the parity operator in the Bargmann space of functions f(z), such that P, f(z) = f(—=z).
The time-independent Schrodinger equation H,1)(z) = Ev(z) can be solved by taking (z) = ¢1(z),
P(—2) = ¢a(2). These two representations must coincide, i.e. ¢1(z) = ¢p2(—2), which gives G4 (x) =

0, where

Goi(z) = iKn(:c) [1; A2 ] (g)n (5.16)
n=0

T — nw

where

nKn = fn—l(x)Kn—l - Kn—2 (517)
with initial conditions Ko =1, K1 = fp, and

fa(z) = % + ! <nw —z+ (A/2)2) . (5.18)

w % T — nw

There are two types of eigenvalues, regular and exceptional. Regular eigenvalues E,+ = 2,4+ —¢*/w
correspond to zeros of G4 (x). Exceptional eigenvalues occur when K, (nw) lifts a pole of G4 (x)
at x,, = nw, and have no definite parity. This corresponds to crossing of eigenvalues from different
parity spaces.

While this analytic solution is a major breakthrough [149], the dynamics of this system based on
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this solution still require numerical evaluation [I16] and the crossover from the Jaynes-Cummings
to quantum Rabi model is not as simple as expected [I18]. The open question remains whether one
can construct closed-form expressions for the energies, eigenstates, and dynamics of the spin-boson
model, both in its single and multi-mode versions. These may provide further physical insight into
the nature of Braak’s solution. We describe a preliminary approach and some possible avenues for

further research.

5.3 Displaced Oscillator Basis

As a first step, we use the displaced oscillator basis to find an approximate expression for the energy

eigenvalues of the parity chains. The positive parity chain Hamiltonian is (in units of w)

1 = D(~alaD(f) ~ /P + 5 Pr. (5.19)

where f = g/w is the dimensionless coupling and D(/3) is the displacement operator,
D(B) =™, DY(B)aD(B) =a+B,  D'(8)=D(-B) (5.20)
Expanding the wavefunction in terms of displaced oscillator states,

Y= al = fin), | = fin)=D(=f)n) (5.21)

the time-independent Schrédinger equation Hvy = A gives
BAN
Y an|(n =M= fin)+(=1)"Z|f,n)| =0 (5.22)

where we have used Py|— f,n) = (—=1)"|f,n) and included the constant term |f|? in A. Taking the

inner product with (—f, m| gives

im A== ()" SVom(21)] = ¥ an (115

an(—Zf)] (5.23)
n#m
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where

!
Vg B PRI B), >

Vinn(B) = (m|D(B)[n) = e 121, (182), m=n (5.24)

T (e 2L (), m <

The first approximation of the eigenvalues comes from setting the left hand side of Eq. (5.23) to
zero, giving

A~m+ (—1)m%me(—2f). (5.25)

Even this first correction displays good agreement with numerical diagonalization, shown in Fig.[5.1]
To find the next order correction, we proceed along the lines of Ref. [I50]. Solving Eq. (5.23)) for

am and substituting this for a, on the right hand side gives

tm )\—m—(—l)m%V ] ( ) ZZl +VT;Z‘§/HXI/M' (5.26)

n#m l#n

Pulling out the [ = m terms on the right hand side and neglecting all other terms gives

A AN (=1)"" Vo Vi
m I A=m—(-1)"=V — | = = 0. 2
a m — (—1) 2V <2> E /\—n—(—l)”%Vnn 0 (5.27)

n#m

Making use of the first approximation of the eigenvalues Eq. ([5.25]) in the denominator of the sum,

we obtain

At & mw + (—1)m%me(—2f) (5.28)

AN (=1 Vo (—2) Vi (—2)
() 5 e
#m (m —n)w + [(=1)™ Vi (=2f) = (=1)"Van(=2f)]

w\|>

Taking f — —f and A — —A gives the negative parity solutions A,,—. These eigenvalues are
shown in Fig. and show remarkable agreement with numerical diagonalization, with excellent
agreement for stronger coupling f ~ 1.

The eigenvalue expression we have obtained in Eq. resembles second order nondegenerate
perturbation theory. However, it is not a priori obvious what the perturbation parameter is. We

will continue to study this model with the goal of obtaining closed-form solutions for the eigenvalues,
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Energy A/w

Coupling g/w

Figure 5.1: Energy spectrum as a function of coupling (both in units of w) for A = 0.8w. Comparison

of first order approximation (Eq. (5.25)), dotted line), second order correction (Eq. ([5.28)), thick
dashed line) and numerical diagonalization (solid line).

eigenstates, and dynamics of the spin-boson model.

68



Landau-Zener dynamics of a
nanoresonator containing a tunneling

spin

We study the Landau-Zener dynamics of a tunneling spin coupled to a torsional resonator. For
strong spin-phonon coupling, when the oscillator frequency is large compared to the tunnel split-
ting, the system exhibits multiple Landau-Zener transitions. Entanglement of spin and mechanical
angular momentum results in abrupt changes of oscillator dynamics which coincide in time with
spin transitions. We show that a large number of spins on a single oscillator coupled only through
the in-phase phonon field behave as a single large spin, greatly enhancing the spin-phonon coupling.
We compare purely quantum and semiclassical dynamics of the system and discuss their experimen-
tal realizations. An experiment is proposed in which the field sweep is used to read out the exact
quantum state of the mechanical resonator.

Realizing a quantum magneto-mechanical system with strong spin-phonon coupling has been an
experimental challenge. A recent experiment [28] has shown the first evidence of strong spin-phonon
coupling in a single molecule magnet grafted onto a carbon nanotube. Spin reversal of the single
molecule magnet during a Landau-Zener sweep coincides with an abrupt increase in the differential
conductance through the carbon nanotube. This has been interpreted as the spin transition exciting

a longitudinal stretching mode of the carbon nanotube, which enhances electron tunneling from the
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lead onto the nanotube through electron-phonon coupling.

We propose multiple schemes to realize strongly coupled dynamics of a tunneling macrospin
with torsional oscillations of a nanoresonator in a Landau-Zener experiment. We investigate the
Landau-Zener dynamics of a tunneling spin coupled to a torsional oscillator, using a fully quantum
mechanical model. The oscillator could be a torsional paddle resonator, a microcantilever, a carbon
nanotube, or a single magnetic molecule between two point contacts. The tunneling spin could be a
single molecule magnet, an ensemble of single molecule magnets, or a single-domain ferromagnetic
particle with strong uniaxial anisotropy. For a collection of single molecule magnets placed on
a torsional resonator or cantilever far apart from each other that they are not directly coupled
through dipole interactions, we develop a semiclassical model of magnetization dynamics. We predict
superradiant enhancement [125] of the spin-phonon coupling for this ensemble system. Comparison

of these two models shows their correspondence.

(b) Sy S,
S S S;
Aar 2 ﬁ%ﬁ«% )
s

Figure 6.1: Possible experimental geometries described by the models studied here. In both cases
the easy axis of the macrospin coincides with the rotation axis of the oscillator. (a) Single molecule
magnet grafted on a carbon nanotube. (b) Ensemble of single molecule magnets on a nanocantilever.

This chapter is organized as follows. In Sec. we briefly review the Landau-Zener model, and
construct the quantum mechanical model of a spin coupled to a torsional resonator with an external
magnetic field that varies linearly in time. Sec. contains numerical and analytical results of the
fully quantum spin dynamics for a variety of parameter ranges. Oscillator dynamics are presented
in Sec. [6.3] A semiclassical model of superradiant dynamics in an ensemble of spins on a single
resonator is developed in Sec. Finally, we discuss the interpretation of our results for various

experimental realizations in Sec.
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6.1 Model

6.1.1 Landau-Zener Transitions in a Two-State System

We review relevant features of the Landau-Zener model, which describes a two-level system driven

by a classical field that varies linearly in time. The LZ Hamiltonian is

N vt A
Hpz = _502 - §O-£E7 (6'1)

in terms of Pauli matrices o, and o, = 04 4+ o_, where v is the sweep rate and A is the tunnel
splitting. Diabatic states | 1) and | |) are eigenstates of o, with diabatic energies Ey|(t) = vt/2,
which are the linear functions in Fig. [6.2a] We take the sweep rate v positive, so the positive
(negative) sign corresponds to spin down (up). For nonzero A, the diabatic states are not eigenstates

of the Hamiltonian. Diagonalizing Hi, gives adiabatic energies
1
Ei(t) = i§ (vt)? + A? (6.2)

which are the upper and lower curves in Fig. with splitting A at ¢ = 0. The corresponding

adiabatic eigenstates |[4+) and |—) are

) = —=(Cxl ) F Cal W), (63)

where C'y depend explicitly on time,

t
Cp= 14— (6.4)
V(vt)? + A?
For times |t| > A/v the adiabatic states asymptotically coincide with the diabatic states.
The state of the system
U(t) =@ 1) + e @) 4) (6.5)
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evolves according to the time-dependent Schrédinger equation

ov N
h— = HU .
7 5 (6.6)

with initial conditions ¢y(—o00) =0, |c;(—00)| = 1. After eliminating c|, we obtain the second order

(;)2 -t <;’2>] er(t) = 0 (6.7)

which can be put into the standard form of the Weber equation. The exact solution [120] gives

differential equation

& (t) +

cr(t) = e ™D, i (—iz) (6.8)
where
A2 v
= — — 1 p— — 7”1-/4
7= Iy v =1y, z \/;e t, (6.9)

and D_,_1(—iz) are parabolic cylinder functions. The staying probability for the spin-down state

as function of time is P(t) = |c|(¢)[>. The exact asymptotic limit for ¢ = oo, known as the Landau-

Zener probability, is
TA?

P = ¢ - . ]'
LZ e € 2h (6 0)

P(t) and Ppz are shown in Fig. [6.2bl The same P(t) and Prz can be obtained from the Heisenberg

equations of motion for (o,(¢)). An intuitive understanding of the Landau-Zener transition comes

PO
Er) ™S E.0) B®

ta
Eu(t) EM N_E V Pz=¢*

@ ® t

Figure 6.2: (a) Adiabatic E4(t) and diabatic Ej|(t) energy levels of the LZ Hamiltonian as a
function of time. (b) Probability P(t) of staying in the initial | |) state as a function of time, and
asymptotic staying probability Prz.

from considering the time spent in the tunneling region between adiabatic states and the tunneling

time between these states. Let 777 ~ max(\/h/v, A/v) be the time spent in the tunneling region
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and 7o ~ h/A be the tunneling time at the crossing. The Landau-Zener exponent is proportional to
the ratio of these times € ~ 77,7 /7A. For a slow sweep the system will evolve adiabatically, spending
long enough in the tunneling region that it will continually relax to the ground state, making € > 1
and Prz — 0. In the opposite limit, a fast sweep through the tunneling region makes ¢ < 1 and

the staying probability saturates at Prz — 1.

6.1.2 Landau-Zener Transitions in a Spin-Oscillator System

Consider a tunneling spin which is projected onto the lowest tunneling doublet. This spin is coupled
to a torsional nanoresonator with rigidity k& that can rotate about the z-axis, which coincides with

the easy axis of the spin. The Hamiltonian is [24, 23],

H = h;ijz + Izw§¢2 — W2(t) 0y — % (e_i23¢0+ + eiQS‘bJ_) . (6.11)
The fundamental frequency of torsional oscillations is w, = \/k/ifz , where I, is the moment of inertia
of the resonator about its rotation axis. An external longitudinal magnetic field B,(t) applied
along this axis creates a time-dependent energy bias W (t) = 2SgupB,(t). The Landau-Zener
problem describes a linear field sweep, W (t) = vt. The operator of mechanical angular momentum,
L. = —i0y4, and the angular displacement ¢ of the oscillator obey the usual commutation relation
[p, L] = 1.

The last term in the Hamiltonian describes the entanglement between spin transitions and me-
chanical rotations. A typical single molecule magnet has a large spin and strong uniaxial anisotropy,
producing a zero-field splitting between degenerate ground states [1g) pointing in either direction
along the easy axis. Any symmetry breaking interactions, such as transverse anisotropy or an exter-
nal field, break this degeneracy producing tunnel split states ¥ ~ |1)g) +|¢)_g) which are represented
by the pseudospin o. The tunnel splitting A is generally many orders of magnitude less than the
energy to the next spin level. In the case of the spin-10 single molecule magnet Feg, the crystal

field Hamiltonian describing the magnetic anisotropy is Hg = —D,SE + dgg, with d < D. Full

8532 [ d \*

perturbation theory [140] gives
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where we can see that A < 25D, which is the distance to the next spin level. The crystal field
Hamiltonian Hyg is defined with respect to coordinate axes that are rigidly coupled to the molecule or
crystal. Because the particle is free to rotate, the crystal field Hamiltonian must be transformed to
the fixed frame of the laboratory. Projecting the crystal field Hamiltonian onto the lowest tunneling
doublet, rotating to the lab frame using U(S.,) = €% where S.|prs) ~ £S|Yrg), ﬁg =UHsU!
gives the final term of the Hamiltonian.

We now consider the spin-oscillator Hamiltonian with a linear field sweep W (t) = vt. Introducing

the usual annihilation and creation operators, a and af,

h Lw
_ T — z%r T_ 1
¢*\/2[z T(a +a), L,=1 o7 (a' —a) (6.13)

into Eq. (6.11]) gives

A A . .
H = hw,ya'a — %taz - E(eﬂA(“TJr“)a_i_ + elA(aTJ““)U_), (6.14)

where we have dropped unessential constant terms. We will find it useful to adopt dimensionless

units A’ = H/A and t' = At/h,

't 1 —iX(at+a) ixat+a)
—o,— (e oy +e o_), (6.15)

b = rata—
ra'a 5 B

which shows that the system depends on three parameters. The parameters

2hS? heoy
r =

A=
Lw,’ A

(6.16)

describe the spin-oscillator relationship. A is the coupling strength between the spin and oscillator
and r is the ratio of mechanical oscillation to tunnel splitting frequency. The relationship between
A and r can be understood by the so-called magneto-mechanical ratio,

25252
LA’

a=\r=

(6.17)

which is the ratio of the change in rotational kinetic energy associated with a spin transition S — —S
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to the tunnel splitting energy. The third parameter is the effective sweep rate v/, or equivalently

the Landau-Zener exponent € defined in Eq. (6.10)),

, hv

==y (6.18)

We choose the spin up/down basis for the two-level system and a Fock state basis for the
harmonic oscillator. A direct product of these two bases will form the basis of the spin-oscillator

system. Matrix elements of the Hamiltonian Eq. (6.14]) are

t
Hopgnot = (hwm . “20> Sl (6.19)
A Ar
- |:;nn§a,150",1 + %507150/,71 )
where ¢ = —1,1 corresponds to spin down and up states, respectively. The full Fock space has

an infinite number of states, although we will use a truncated basis for numerical computations.

Tunneling matrix elements

A = A Kimn (), (6.20)

depend on the coupling A through matrix elements of the displacement operator 15(5) = exp(§aT —
§ra), £ = —iA,
|
Fann(N) = €72 (=i [ LS L (32 (6.21)
m!

for m > n, and m = n for m < n. Lﬁ{"‘”) () are generalized Laguerre polynomials, and the real

parameter A is defined in Eq. (6.16]). The first few r,y,, are

—)\2 N )2
e )\/2, Ii()l:fﬂ():—l)\e A*/2

)

K1y = (1 — A2)e /2, (6.22)
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6.2 Landau-Zener Spin-Oscillator Dynamics

6.2.1 Adiabatic energy levels

Numerically solving det(ﬁ — EI) = 0 gives the adiabatic energy levels E,+, shown in Fig. [6.3
Diabatic energy levels £, |+, dotted lines in the insets of Fig. are eigenvalues of the noninteracting

part of the Hamiltonian (the first two terms in Eq. (6.14))), given by

=nr+ —. (6.23)

The spin down (up) states have positive (negative) slopes with y-intercepts nw. Diabatic energies

E,, and E,,; cross at times

tﬁc:kg, k=m—nc¢Z (6.24)

When the oscillator frequency is much larger than the sweep rate, r > v/, the transitions are

50

40¢
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-

20l |A01|7
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10

O,

-1, 20 0 60 80

Figure 6.3: Energy (in units of A) as a function of time for r = 20, A = 1, ¢ = 1.35. Solid lines are
adiabatic energy levels E,+, and diabatic energies E, |+ are dashed lines in the insets. Crossings
occur at tg.

independent. Note that the indices on the adiabatic and diabatic energies only coincide near ¢ = 0,
but will in general be different after successive crossings. The tunnel splittings |A,,,| between
adiabatic states occur at the crossing of diabatic energies E,,| and E,+, and depend on the coupling

strength through Egs. (6.20) and (6.21). When r 2 v/, successive transitions occur within short
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times of each other. Once r < v’ there are many closely spaced levels near ¢ = 0.

Consider a single spin initially spin-down with the oscillator in the zero phonon state, i.e.
U(t = —o0) = [0)| |). The system is initially in the adiabatic energy state Ey_ which corresponds
to the diabatic state Eyj. At tg = 0, diabatic states Ey, and Ey cross, and adiabatic states Epy—
and FEy; approach each other with minimum separation |Agg| = Ae=*/2 If the spin remains in
the initial adiabatic state Ey_ after the avoided crossing, it flips and will see no more possible
transitions, as Ey_ coincides with Egy long after the avoided crossing at to. If the spin does not
flip, it will follow the adiabatic state Eyy which coincides with Ey| long after ¢y. The next crossing
between diabatic states Ey, and Ej4 occurs at ti, with tunnel splitting |Ag1| = Ae=/2)\ between
diabatic states Epy and E7_. Remaining in the adiabatic state Eyy will coincide with K74 for times
long after t;. If the spin does not flip at 1, the system will remain in the F;_ adiabatic state,
coinciding with Ey| long after ¢;. In general the crossing between state |0)| ) and |k)| 1) occurs at
t, with splitting |Aok| = Ae™*/2|kor(\)]. Notice that the avoided crossing between Ei_ and Ej

at to = 0, given by |Aq1| = Ae*/\2/2|1 — A2| does exactly go to zero when \ = 1.

6.2.2 Strong coupling

We study the dynamics of the spin-oscillator system for various parameter ranges. Expanding the

wave function of the system in this basis

[T(E) =D D Cong(t)m)]o), (6.25)

m=0o0=%1

the time-dependent Schrédinger equation yields the system of coupled differential equations,

. dep- ’U,t,
i —

= (rm — TO')CmJ (6.26)
— Z |:2507_1(50/,1 + 750,150/,—1 Cn,a’-

We solve this system of equations numerically with a truncated oscillator basis. First we consider
the initial state of the spin system to be spin-down with the oscillator in its quantum ground state
|W(—00)) = |0)] |}, which gives Cp _1(—00) = 1 with all other Cy, ,(—o0) = 0.

Strong coupling (A ~ 1) of spin dynamics to torsional oscillations results in rich dynamics of
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both the spin and the oscillator. Calculating the expectation value of o,

<0z> = Z U|Cm,a|2 (6.27)

m,o

we define the probability of staying in the initial spin-down state as
1
P(t) = (1 - (02). (6.28)

A comparison of staying probabilities for different parameters is shown in Fig. [6.4 For r > 1, the
spin transitions are clearly independent, as shown in Figs. and The tunnel splitting at
each crossing is strongly renormalized, according to Eq. , which leads to strong dependence of
the transition probability on the coupling. Consider the crossing of diabatic energies E,,| and E,;.
For the system initially in the |m)| |) state, which corresponds to the lower of the two adiabatic
states long before the avoided crossing, the probability that the system will stay in the initial state

is
TA?|Kmn|?
2hv

€ _
Py = e, €Emn —

(6.29)

When the system is initially in the |0)| |) state, all diabatic crossings will occur between energies
Eyy and E,4. The transition probability Py, = e~ at each crossing depends on |rg,|?. Using
Ly (z) =1 we obtain

TA2e—A \2n

After the first avoided crossing at tg = 0, the asymptotic staying probability in the initial state
is Pyo = e, The next avoided crossing occurs at ¢, and the probability of staying in the spin
down state after t; is Py; = e~ “'. Thus the total staying probability after two avoided crossings is

PyoPo1. We define Py as the probability of remaining in the initial state after N avoided crossings,

N
Py = exp (— Z am). (6.31)

n=0
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Figure 6.4: Time dependence of the probability that the spin stays in the initial spin-down state for
initial state U(—o0) = |0)| |) with e = 1.35. Vertical lines at ¢;, denote avoided crossing of adiabatic
energy levels. Horizontal lines are exact results Py for independent transitions.

In the limit N — oo, we recover the exact Landau Zener probability Pz,

. TAZe N S A2 A2

Fig. shows staying probability for larger coupling, A = 2. We see that as the tunnel splitting

at each avoided crossing is more strongly renormalized, it takes more crossings to reach the final

79



Landau-Zener probability.

As the oscillator frequency decreases compared to the sweep rate, r = 1, the transitions are
no longer completely independent, although small oscillations about individual plateaus can still
be seen in P(t). This is because the transitions happen within a small multiple of the Landau-
Zener tunneling time 77,z. When the oscillator frequency and tunnel splitting are close to resonance
r ~ 1, the transition probability initially approaches Pz and then shows collapse and revival
behavior around this limit, as shown in Fig. For r < 1 the revivals become much weaker and

the probability resembles the traditional LZ probability.

10—~ S M\ i T T T ]
0.8 r=20-
Pyl 18l =0.25-
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0.2} Py Wi
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Figure 6.5: Time dependence of the probability that the spin stays in the initial spin-down state
for an initial coherent oscillator state ¥(—o0) = |5)] |) with e = 1.35. Vertical lines at ¢;, denote
avoided crossing of adiabatic energy levels. Horizontal lines are exact results Py for independent
transitions when starting in the |0)] |) state.

When the oscillator is initially in a coherent state |3),
T(—00) = |B)[ 4) = 7112 i ﬁmﬂ b (6.33)
n=0 \/7?

where the complex number 5 = | mew is proportional to the amplitude of initial oscillations. When
[ < 1 the spin transitions follow approximately the same asymptotic values Py as the quantum
ground state case. For 8 < 1 the staying probabilities, an example of which is shown in Fig. de-
pend on the magnitude and phase of the initial coherent state. The maximum angular displacement

and velocity of a coherent state are related to 8 through

d
e =203l () =208l (6.3
max
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where ¢ = 25(¢).

6.2.3 Weak coupling

When the spin dynamics of the nanomagnet are weakly coupled to its rotational dynamics A\ < 1,
there is little observable effect of rotations on spin flip probability. The first crossing that occurs
at tg = 0 has tunnel splitting Agg = Ae=>/ 2 which tends to unity for small A\. When r > 1
the first transition at tg = 0 approaches Pyg = e~ 0. The second independent transition occurs
at t; approaches Pryz, although the difference between Py and Prz is very small. When r ~ 1
the adiabatic transitions are no longer independent, and occur close to the Landau-Zener tunneling

time interval.

6.3 Oscillator dynamics

We compute the expectation value of the torsional rotation angle as a function of time
o =AY (Chi1oCmoVm+1+Cp i ,Crng/m). (6.35)
m,o

For strong coupling A ~ 1, the dynamics of the resonator shows a delay before the onset of large
oscillations for r > 1, which occurs at ¢1, shown in Fig. When the coupling is stronger, Fig.
shows many more changes in the oscillatory motion, consistent with more avoided crossings. The
oscillation amplitude changes slightly at subsequent ;. As r decreases towards 1, the interval of
large oscillations becomes shorter. When r < 1, there is a single transition region which gives way
to harmonic oscillations, shown in Fig. Near r = 1, the amplitude of oscillations tends to
increase as r decreases for fixed .

The angular displacement of the torsional resonator also shows interesting effects even for small
coupling. When r > 1, large torsional oscillations do not begin at the first crossing. This can be
understood as follows. The t = 0 crossing occurs between spin up and down states, both of which
correspond to the ground state of the resonator. Although there is a small increase in displacement
angle at this crossing, the largest increase occurs at the second crossing between |0)| |) and |1)] 1)

at t1. This delay agrees exactly with the semiclassical treatment by Jaafar et al. [22]. Following
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Figure 6.6: Time dependence of the rotation angle expectation value for initial state ¥(—o0) =
|0)| ) with e = 1.35. Vertical lines at ¢; denote avoided crossing of adiabatic energy levels.

this time the oscillator is in a superposition of ground and excited states. When r < 1 successive
transitions occur in a short duration compared to 777, and there is no observable delay in the onset
of oscillations. The oscillation amplitude depends on the sweep rate. Numerical results suggest that
the largest amplitude oscillation reaches a maximum near € ~ 2 for A = 1 and r = 20.

When the oscillator is initially in a coherent state |3), normal oscillations with maximum am-
plitude @max = 2A|5| occur up to t_1, as shown in Fig. At t_1 the amplitude decreases slightly
and decreases again at tg. A large increase occurs at t1, similar to the case where the oscillator is

initially in its quantum ground state. The amplitude of oscillations after ¢; tends to be larger when
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Figure 6.7: Time dependence of the rotation angle expectation value for initial coherent state
U(—o0) = |B)| ) with e = 1.35. Vertical lines at ¢; denote avoided crossing of adiabatic energy
levels.

the oscillator is initially in a coherent state, but not by a large amount. We observe a subsequent
change in oscillation amplitude at to and ¢3. The oscillator dynamics are not as sensitive to the ini-

tial phase of the coherent state as the spin dynamics, although there is some variation in maximum

amplitude.

6.4 Collective dynamics of spins coupled to a mechanical resonator

Consider, instead of a single nanomagnet, an array of single molecule magnets with their easy axes
mutually aligned with the axis of rotation of the resonator. If they are far enough apart that
dipolar coupling is negligible, they will only be coupled through the effective field due to torsional
oscillations. Because the angular displacement is the same for each molecule, this results in collective
coherent dynamics, described by a variant of the Dicke Hamiltonian. For N single molecule magnets,

we define the operator of total low-energy dynamics as

~ A

R,, R=) o (6.36)
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where the index ¢ labels each magnetic particle. Again transforming to the lab frame by performing

a rotation by angle ¢ to the lab frame, but now using the total spin, we obtain

i = — (e—2z‘s¢R+ 1 e2iS¢R_>

2| > o >

(cos (25¢) Ry +sin (25¢) Ry) . (6.37)

The full Hamiltonian for the array of single molecule magnets is

N R2LE  Luw?¢?  W(t)
H — z zr o
SE= 5 T 2

- % (cos (25¢) Ry + sin (25) R,) . (6.38)

R,

where W (t) = vt. The Hamiltonian can be written as

N . 1
HSR = Hosc - iHeH ’ R7 (6.39)

where fIOSC is the uncoupled oscillator Hamiltonian and

q
He = —i—R = Acos (25¢)e; + Asin (2S¢)e, + We, (6.40)

is the effective magnetic field. Noticing that Hgp is linear in Ry, Ry, R., we can see that [R?, Hg R] =
0, s0 R? = R(R+ 1) is a conserved quantum number and R behaves as a single large isospin. We
are interested in the maximum value of R, Ryax = IN/2, which can be experimentally realized by
preparing the system with a strong longitudinal magnetic field such that all spins are pointing down.

The Heisenberg equations of motion ihdA/dt = [A, H] are

hL, = —Lw?¢ — AS (sin (25¢) R, — cos (2S¢)R,) (6.41)

¢ = hIL: (6.42)
hR, = WR, — Asin (2S¢)R, (6.43)
hR, = —WR, + Acos (2S$)R. (6.44)
hR, = —Acos (2S$)R, + Asin (2S$)R,.. (6.45)
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The equations of motion show a few important properties. First, the time derivative of the z-
component of the total angular momentum equals the elastic torque

%(hLZ + hSR,) = —Lw?¢. (6.46)

If the spin-rotor system were completely uncoupled from its environment the total angular momen-
tum, spin plus rotational, would be conserved. In the limit ¢ — 0, we would obtain Heisenberg
equations of motion for R, .. Solving this system of equations gives the same Landau-Zener prob-
ability of spin flip as the Schrodinger picture, discussed in Sec. [6.1.1] Second, these equations are
not independent, but

d

%RZ =0 (6.47)

which is equivalent to R? = constant, which we had found as a constant of motion of the Hamilto-
nian. Because the length of R is fixed and large in magnitude, we see that the equations of motion
for R are equivalent to the Landau-Lifshitz equations for a classical spin of fixed length precessing in
a magnetic field. Dividing Egs.(6.41)-(6.45]) by R shows that the direction of the total spin follows
the Landau-Lifshitz equation, which is mathematically equivalent to the Schrédinger equation of a
spin-half particle precessing in a magnetic field,

d
hd—‘::axHeﬁ, o=

R
—. 6.48

- (6.49)
The equations of motion for R, . can be divided through by R to giving identical equations of
motion for a pseudospin o = R/R of unit length. Substituting this into the equation of motion for

¢ and eliminating L, gives a second order equation of motion for for the dynamics of the resonator,

d?p

dt’2

+12p = —aR (sin (p)o, — cos (¢)oy,), (6.49)

where ¢ = 2S¢, the prime denotes derivative with respect to dimensionless time ¢ = At/h, r and

« are defined in Eqgs. (6.16)) and (6.17)), respectively.

The right hand side of Eq. (6.49) shows that the spins exert a collective torque on the resonator.

This is a simple yet meaningful result. The equation of motion is similar to the semiclassical
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treatment of a single spin [91], but with the torque on the resonator increased by a factor of R.
Because the amplitude of oscillation is proportional to the number of magnetic molecules NV, this can
be interpreted as a signature of Dicke phonon superradiance [125]. For a simple harmonic torsional
oscillator, the phonon field is the angle of displacement from equilibrium ¢, and the driving torque
is proportional to R = N/2.

Returning to the quantum model we see that for the case of superradiance, « — aR, and

A = y/a/r becomes

Ask = ?z\/ﬁ)\a\/ﬁ)\. (6.50)

This provides a viable method of increasing the coupling in a realistic experiment, by increasing
the number of individual nanomagnets on the resonator. The usual difficulty of realizing strong
coupling is that reducing the moment of inertia by even two orders of magnitude has a small effect
on the coupling due to the inverse quartic root dependence of the coupling on the moment of inertia.

The Heisenberg equations of motion, Egs. — are operator equations which should be
averaged over the quantum state of the system. Since the spin R is classical the averages decouple,
such as (sin(p)os) — (sin(p))(oz) in Eq. (6.49), which yields classical-like equations of motion. We

solve these equations of motion numerically.
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Figure 6.8: Time dependence of the effective probability P(t) = (1 — (0,))/2 for the z-component
of a large spin in the semiclassical model, with various initial conditions and € = 1.35.

We emphasize that a large spin will display the classical dynamics of a magnetic moment pre-
cessing in a time-dependent magnetic field. Plots of the probability as a function of time for the

semiclassical equations of motion of a superradiant ensemble of spins are shown in Fig. We
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see multi-stage transitions similar to the quantum case. A semiclassical explanation is as follows.
Transitions occur when the energy separation between spin states equals a multiple of the oscillator
frequency. These occur at the same times t; = r/v" given by Eq. for the quantum case when
avoided crossings between adiabatic energies occur.

When the oscillator is initially at rest at its equilibrium position ¢ = 0, the initial transition
occurs at tg as shown in Fig. P(t) oscillates about the regular Landau-Zener probability
Prz = e™¢. Subsequent transitions occur at ¢; and t9, with the long-time probability much different
from Ppz. The spin dynamics depend strongly on the initial state of the oscillator. Fig. shows
the transition probability for different initial conditions of the oscillator with the same amplitude

of oscillation as the coherent state studied in the fully quantum-mechanical model.
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Figure 6.9: Time dependence of the rotation angle in the semiclassical model, with various initial
conditions and € = 1.35.

The oscillator dynamics show a similar delay in the onset of strong oscillations as in the quantum
model, shown in Fig. [6.9] We notice a large increase in the amplitude of oscillations at ¢; for the
cantilever initially at rest at equilibrium. For the cantilever initially oscillating with amplitude g,
the behavior is very similar to the quantum model with the oscillator initially in a coherent state.
We observe normal oscillations up to t_; at which the amplitude decreases, then a large increase
at t1, with subsequent changes at to, t3. While there is not a strong dependence on the initial

conditions with the same initial energy, there is some variation in maximum amplitude.
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6.5 Discussion and conclusions

We have studied the Landau-Zener dynamics of a tunneling spin rigidly coupled to a torsional
oscillator. Starting with a quantum model describing the low energy dynamics of a tunneling
macrospin, we numerically solve the time-dependent Schrédinger equation to obtain the dynamics
of the expectation values of the spin and oscillator. We find that when the oscillator is initially in
its quantum ground state, there are a series of plateaus in the staying probability as a function of
time. We analytically obtain exact probabilities in terms of tunnel splittings of the spin which are
dressed by the quantum states of the torsional oscillator. These results perfectly fit the plateaus
obtained from numerical simulations. The oscillator dynamics show abrupt changes in amplitude
which occur at the same times as the steps between steps of the staying probability. For an oscillator
initially in a coherent state we also find a stepwise staying probability curve, but these deviate from
the analytical results found for the initial ground state because there are multiple occupied states
of the resonator. The oscillator dynamics continue to show changes in amplitude which coincide
with the steps. We also consider a large number of spins, IV, on a single oscillator, and find a
superradiant enhancement of the spin-oscillator coupling which scales as v/N. As in the Dicke
model, the ensemble of spins acts as a single large spin. This justifies decoupling quantum averages
of separate observables in the Heisenberg equations of motion, giving semiclassical equations of
motion for a large spin in a time-dependent effective field which depends on the motion of the
cantilever. The cantilever experiences a harmonic restoring torque but also a driving torque due to
the dynamics of the large spin. We numerically solve the set of coupled equations and compare the
results to the Schrodinger picture. The spin dynamics show sensitivity to the initial state of the
resonator, although the oscillator dynamics are fairly insensitive to this.

It is important to distinguish the interpretation of these results in the context of the system
being measured. Consider the single molecule magnet grafted to a carbon nanotube, depicted in
Fig. [6.1a] With the system prepared in the spin down state by a strong magnetic field along the
negative z-axis, the magnetic field is swept. If the oscillator is initially in the zero phonon state, the
first crossing of an occupied energy level with an unoccupied level occurs at ¢y = 0 between Fy) and
Eyr. Py = Py = e “° is the probability that the spin will remain in the down state. If the spin

remains in the down state after the first crossing, it will encounter a second crossing between FEy|
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and Ey4 at t1, at which it will remain spin-down with probability Fy; = e 1. The total probability
of the spin remaining spin-down after t; is P; = PyPy; = e (€00t€01) If the spin reverses at any
ti it will see no more crossings. When the spin does reverse it will exert a torque on the carbon
nanotube, exciting a phonon mode. The onset of oscillations shows that the spin has tunnelled.
This provides a method of detecting the mechanical quantum state of the nanotube.

This situation is similar to the recent demonstration of electronic readout of nuclear spin states
of a terbium-based single magnetic molecule [27]. Terbium nuclear spin 3/2 has four possible
projections onto the quantization axis, each projection providing a different hyperfine shift of the
resonance of the Landau-Zener transition of the spin of the molecule. Time-resolved measurements
show an increase in the differential conductance at the time the spin makes a transition. This occurs
at a different value of the external field for each sweep, that depends on the quantum state of the
nuclear spin. In our model the role of nuclear spin states is played by the resonator states given by
Eq. . We, therefore, propose a similar experiment in which the field sweep is used to read out
the quantum state of the mechanical resonator.

When there is a large number of magnetic molecules on a cantilever, as in Fig. [6.1D] they will
act as a single large classical spin R(t). This spin not only responds to the external field but also to
the motion of the cantilever. The latter has been treated in Sec. V as a classical oscillator described
by the angle ¢(t). Such treatment is the classical limit of the quantum-mechanical consideration
in which the cantilever is described by the coherent state, Eq. . Mechanical rotation at an
angular frequency é is equivalent to a magnetic field Beg = d)/v, where v is the gyromagnetic
ratio. In turn, the spin dynamics act as a driving torque on the cantilever, resulting in coupled
dynamics which change at the same moments of time, ¢, as in the quantum case. The non-linear
coupled equations of motion lead to the excitations of harmonics of the cantilever that correspond
to its quantum modes in the dynamics described by the Schrodinger equation. Higher harmonics
are excited with smaller amplitude.

To put some of these statements into perspective, consider a spin-10 single molecule magnet
grafted to a carbon nanotube [28]. The moment of inertia of the magnetic molecule is of the
order I, ~ 107%? kg-m?. With a carbon nanotube torsional stiffness of & ~ 10~'® N.-m the simple
harmonic model gives w, ~ 1000 GHz, which means coupling on the order of A ~ 10~!. Typical

phonon frequencies of carbon nanotubes in the 10-100 GHz range would increase the coupling by
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an order of magnitude. Recent observation [28] of strong spin-phonon coupling in such a system
estimates A >~ 0.5. While this is certainly large enough to observe the influence of the oscillator on
spin dynamics, there is no way to directly observe oscillations in a carbon nanotube.

If the same spin-10 magnetic molecule were mounted on a paddle-shaped torsional resonator of
size 20 x 20 x 10 nm? supported by a single carbon nanotube with torsional rigidity k£ = 107'® N-m.
The moment of inertia is dominated by the paddle, I, ~ 10736 kg-m?, which gives w, = \/kr/ilz ~ 10?
s~!. The coupling parameter X is then on the order of 10~2, which would be too small to observe an
effect on the spin dynamics. With A/h < 10 s™! there should be a detectable delay between the
t = 0 crossing and the onset of maximal oscillation amplitude. With A/A > 10 s™1, the delay will
be undetectable. The tunnel splitting can be tuned by orders of magnitude by applying a transverse
magnetic field.

A macroscopic resonator in which even small amplitude oscillations could be observed comes at
the expense of weak coupling with no observable effect on the spin dynamics. In terms of the moment
of inertia and torsional stiffness, the coupling goes as X oc 1/+v/k1., so a very small torsional stiffness
of k ~ 10722 N-m would be needed. One way to overcome this limitation is to put a large number of
spins on a torsional resonator or microcantilever. For a cantilever with dimensions 1000 x 200 x 100
nm? we would expect w ~ 1 GHz with @ ~ 500. Single molecule magnets have a diameter on the
order of 1 nm. It would be possible to place hundreds of single molecule magnets on the tip of a
nanocantilever separated by over 10 nm from their nearest neighbors to weaken dipolar interactions.
They would act as a single large spin due to the collective quantum effect of superradiance. This
would increase the coupling by at least an order of magnitude, as Agr & v/N. Therefore it would
be possible to directly observe the coupled dynamics of the magnetization and oscillatory motion

in a Landau-Zener experiment.
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Conclusion

We have investigated the effects of full or partial mechanical freedom on quantum tunneling of the
magnetic moment in nanomagnets, as well as on tunneling of the magnetic flux in superconductors.
We have shown that mechanical freedom can significantly alter tunneling and decoherence rates.
While most of the research on spin tunneling in molecules has focused on crystals of molecular
magnets, future experiments may involve molecules loosely attached to a substrate, as well as free
magnetic molecules. Such experiments are driven in part by the widely spread belief that decoupling
from the environment may decrease decoherence and, thus, can offer viable qubit designs. Our
results show that loose coupling with the environment that provides partial mechanical freedom
is, in fact, a double-edged sword. In a small system, the necessity to conserve the total angular
momentum may significantly affect the tunneling rate. In, e.g., free Mn-12 or Fe-8 molecules the
spin tunneling would be completely frozen.

The instanton method previously developed for spin tunneling in a stationary nanomagnet has
been generalized for the case of a nanomagnet that is free to rotate about the easy magnetization
axis. The problem of a free rotator with a tunneling spin involves anomalous commutation relations
for spin and rotational angular momentum in the rotating frame of reference. We have solved this
mathematically challenging problem in the case of a symmetric rotator. The dependence of the
magnetic moment of the rotator on its moments of inertia has been obtained. For a nanomagnet, or
a micro-SQUID, embedded in a solid, some mechanical freedom arises from the finite rigidity of the
solid. This problem has been analyzed within the spin-boson model. Solutions have been obtained

for the tunnel splitting and the decoherence rate. Large effects have been found for magnetic
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molecules embedded in a helium crystal.

The Landau-Zener problem for a macrospin coupled to a mechanical resonator has been studied
within a rigorous quantum-mechanical approach. The time-dependent Schrédinger equation has
been solved numerically to obtain the dynamics of the expectation values of physical quantities
for the spin and oscillator. Exact probabilities in terms of tunnel splittings of the spin which are
dressed by the quantum states of the torsional oscillator have been obtained analytically. Perfect
agreement has been found between analytical and numerical results. These studies offer suggestions
for recent experiments with a single magnetic molecule bridged between conducting leads and a
magnetic molecule attached to a carbon nanotube. We discuss how measurements of such systems

can provide read-out of exact quantum states of the nano-mechanical oscillator.
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