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Abstract

Quantum Rotational Effects in Nanomagnetic Systems

by

Michael F. O’Keeffe

Advisor: Eugene Chudnovsky, Distinguished Professor of Physics

Quantum tunneling of the magnetic moment in a nanomagnet must conserve the total angular

momentum. For a nanomagnet embedded in a rigid body, reversal of the magnetic moment will

cause the body to rotate as a whole. When embedded in an elastic environment, tunneling of

the magnetic moment will cause local elastic twists of the crystal structure. In this thesis, I will

present a theoretical study of the interplay between magnetization and rotations in a variety of

nanomagnetic systems which have some degree of rotational freedom.

We investigate the effect of rotational freedom on the tunnel splitting of a nanomagnet which is

free to rotate about its easy axis. Calculating the exact instanton of the coupled equations of motion

shows that mechanical freedom of the particle renormalizes the easy axis anisotropy, increasing the

tunnel splitting.

To understand magnetization dynamics in free particles, we study a quantum mechanical model

of a tunneling spin embedded in a rigid rotor. The exact energy levels for a symmetric rotor exhibit

first and second order quantum phase transitions between states with different values the magnetic

moment. A quantum phase diagram is obtained in which the magnetic moment depends strongly

on the moments of inertia.

An intrinsic contribution to decoherence of current oscillations of a flux qubit must come from

the angular momentum it transfers to the surrounding body. Within exactly solvable models of a
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qubit embedded in a rigid body and an elastic medium, we show that slow decoherence is permitted

if the solid is macroscopically large.

The spin-boson model is one of the simplest representations of a two-level system interacting

with a quantum harmonic oscillator, yet has eluded a closed-form solution. I investigate some

possible approaches to understanding its spectrum.

The Landau-Zener dynamics of a tunneling spin coupled to a torsional resonator show that for

certain parameter ranges the system exhibits multiple Landau-Zener transitions. These transitions

coincide in time with changes in the oscillator dynamics. A large number of spins on a single

oscillator coupled only through the in-phase oscillations behaves as a single large spin, greatly

enhancing the spin-phonon coupling.
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1

Introduction

Quantum tunneling allows a particle to go through a potential energy barrier that it does not

have enough energy to surmount classically [2]. Quantum tunneling was originally used to describe

microscopic phenomena such as molecular structure [3, 4], ionization [5], and radioactive alpha

decay [6, 7, 8, 9, 10]. In the textbook example [11] of an ammonia molecule, NH3, three hydrogen

atoms in a triangle with a nitrogen atom on one side or the other of that plane form a tetrahedron.

These two states, say with the nitrogen to the left |L〉 or right |R〉 of the hydrogen plane, are equal in

energy yet separated by a potential barrier due to Coulomb repulsion between the nitrogen nucleus

and the hydrogen protons. Tunneling between these two states creates quantum superpositions of

|L〉 and |R〉, with the lowest energy doublet given by |L〉± |R〉. If the molecule is initially in the |L〉

state, the expectation value of the position of the nitrogen atom will oscillate harmonically between

left and right with frequency ω = ∆/~, where ∆ is the tunnel splitting of the doublet.

Macroscopic quantum tunneling addresses the question of whether macroscopic systems can be in

quantum states which are linear superpositions of states with different macroscopic properties [12].

Macroscopic quantum tunneling of the magnetic moment in a single domain magnetic particles and

single molecule magnets [13] describes the reversal of a macroscopically large magnetic moment,

by under-barrier processes allowed only by quantum mechanics. A similar situation occurs in a

flux qubit [14], a superconducting ring with one or more Josephson junctions, which can support a

superposition of clockwise and counterclockwise currents of a few micro-Amperes.

The simplest picture of quantum tunneling between metastable states involves a double well

potential with quantized energy levels in each well. In the case of NH3 we can think of this as a
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potential barrier for the N atom to go from one side of the H3 triangle to the other, or vice versa.

A more complete consideration shows that the nitrogen atom and hydrogen triangle must co-tunnel

in order to conserve the linear momentum of the molecule’s center of mass. A tunneling process

such as gamma ray emission results in nuclear recoil, which means the final energy of the gamma

ray is less than the nuclear transition that created it. The Mössbauer effect describes gamma ray

emission in which the entire solid absorbs the recoil, allowing resonance absorption [15, 16].

Similarly, quantum tunneling of the magnetic moment must conserve the total angular momen-

tum J = L + M/γ, where L is the angular momentum due to mechanical rotations, M is the

magnetic moment, and γ is the gyromagnetic ratio. The necessity to conserve angular momentum

in quantum tunneling of the magnetization was first pointed out by Chudnovsky [17] and later

worked out with precision in Refs. [18, 19, 20]. In a rigid body, reversal of the magnetic moment

M −→ −M must be accompanied by a change in the angular momentum 2M/γ, with correspond-

ing rotational kinetic energy L2/2I, with I being the moment of inertia. For a tunneling magnetic

moment embedded in a large solid matrix this energy gain is negligible due to a large moment of

inertia, thus there is no observable effect on spin dynamics. However, for a nanometer-sized particle

this energy is non-negligible and must be considered in conjunction with quantum tunneling of the

magnetic moment. Without coupling to a large solid matrix, tunneling should be suppressed. Real

solids are not absolutely rigid and tunneling of a spin involves elastic twists that absorb the change

of angular momentum. The change propagates away from the spin in the form of sound waves.

Motivated by fundamental questions of angular momentum conservation in macroscopic quan-

tum tunneling of the magnetization and recent experiments on nanoscale magnetic systems with

rotational degrees of freedom, we study quantum rotational effects in nanomagnetic systems. Fol-

lowing recent theoretical work [21], we study renormalization of the tunnel splitting by calculating

the exact instanton of a nanomagnet that is free to rotate about its anisotropy axis. We solve

the problem of a tunneling spin in a free symmetric particle, finding that the ground state energy

exhibits first and second order quantum phase transitions, and present the phase diagram of the

magnetic moment. In our study of flux qubit, we find that coupling to a macroscopically large rigid

body or elastic environment is consistent with low decoherence. Considering the recent theoreti-

cal [22, 23, 24] and experimental [25, 26, 27, 28] interest in nanomagnet-oscillator systems, we study

the Landau-Zener dynamics in such a system, finding multi-stage transitions in certain parameter
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ranges which should be experimentally observable.

This thesis is organized as follows. The remainder of Chapter 1 will give a brief history of nano-

magnetism, discuss the interplay between magnetization and rotations, and outline developments

leading up to the work described here. In Chapter 2 we study renormalization of the tunnel splitting

due to rotational freedom of a nanomagnet using the instanton method. Chapter 3 gives the exact

solution of a quantum model of a tunneling spin embedded in a symmetrical rigid rotor. We present

a study of decoherence of a flux qubit due to transfer of angular momentum to the surrounding body

in Chapter 4. In this chapter we also consider a magnetic molecule embedded in helium crystal

where effects of angular momentum conservation can be quite significant. Chapter 5 is devoted to

the mathematics of the spin-boson model. In Chapter 6 we study the Landau-Zener dynamics of

a nanomagnet-oscillator system. Chapter 7 offers concluding remarks and possible directions for

future work.

1.1 Background

A nanomagnet is a particle whose magnetization can be described as a single magnetic moment

or large spin of fixed length. In the absence of an external magnetic field, neighboring spins in a

bulk ferromagnet such as iron will tend to align due to strong exchange interaction, with energy

εex. The ferromagnet will generally break up into magnetic domains in which all the spins point in

the same direction within a single domain, but different domains will point in different directions

in order to reduce the magnetostatic energy due to dipole interactions εd. Domains are separated

by domain walls in which the magnetization changes direction from one domain to the next over a

small distance. The typical size δ ' a
√
εex/εan of a domain wall in a ferromagnet is generally a few

hundred lattice spacings a, and is determined by the balance of the exchange energy and anisotropy

energy εan. Strong exchange interaction makes nonuniform rotation of magnetization on scales less

than δ unlikely. Dipolar interactions depend on the shape of the particle and effectively contribute

to the magnetic anisotropy. A sufficient, but not necessary, condition for a single domain particle is

that the size of the particle be smaller than the domain wall width. For weak crystal field anisotropy

(εan � εd) the maximum size of the particle is [13] R0 = δ
√
εan/εd whereas for strong crystal field

anisotropy (εan � εd), R0 = δεan/εd. For weak anisotropy, e.g. iron, the domain wall size δ ' 50
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nm gives the maximum single domain particle size R0 ' 15 nm, whereas for strong anisotropy, e.g.

MnBi, δ ' 10 nm and R0 ' 500 nm [13]. For strong anisotropy, even particles large compared

to the domain wall size will have a single magnetic domain of fixed magnitude. Alternatively, for

smaller particles with stronger anisotropy the anisotropy will be determined by the strong crystal

field which dominates dipolar effects due to shape of the particle.

With strong anisotropy, the magnetic moment of a single domain particle will point in either

direction along the anisotropy axis, say up and down. These degenerate energy minima are separated

by a potential barrier U . At thermal equilibrium the temperature dependence of the flipping time

tf between up and down follows an Arrhenius law [29] tf = t0e
−U/kBT , where the prefactor t0 is

of the order of the ferromagnetic resonance frequency. As the temperature is lowered, spin flips

are effectively blocked beneath a blocking temperature TB = U/ ln(t/t0), where t is the typical

measurement time in the experiment. Since parameters of nanoparticles appear in the exponent,

the differences in relaxation times between single domain ferromagnetic particles and single molecule

magnets can be astronomical. Thermal transitions between different orientations of the magnetic

moment, separated by energy barriers, freeze out below the blocking temperature.

The possibility of quantum tunneling of the magnetic moment in small particles was first sug-

gested by Bean and Livingston [30]. They proposed this to explain experiments [31] which showed

that transitions between different orientations of the magnetic moment persisted even as the temper-

ature was reduced towards absolute zero. Two explanations were suggested. The first [32] involved

nucleation of a domain wall in relatively large particles, although the tunneling probability of this

transition is very small due to the finite mass of the wall and the fact that the height of the en-

ergy barrier scales with the volume of the particle [33]. The second mechanism, uniform subbarrier

rotation of the magnetic moment in particles smaller than the domain wall width, was suggested

by Chudnovsky [34] within a path integral method. Later, Chudnovsky and Gunther used the

instanton method developed in Ref. [34] to compute tunneling probability for various symmetries

of magnetic anisotropy [35], see also Refs. [36, 37]. The macroscopic dynamics of a fixed-length

magnetic moment, M, of a single-domain ferromagnetic particle is described by the Landau-Lifshitz

equation [38, 29]. When dissipation (which is usually weak) is neglected this equation reads

∂M

∂t
= γM×Beff , Beff = − δE

δM
, (1.1)
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where E is the classical magnetic energy of the particle that depends on the orientation ofM. Besides

real-time solutions, Eq. (2.1) also possesses imaginary-time solutions, instantons, that describe

macroscopic quantum tunneling of M between classically degenerate energy minima [35, 13].

Measurements of individual nanometer-sized single domain particles [39] soon gave way to the

discovery of crossover between thermally-assisted magnetization reversal and quantum tunneling in

small ferromagnetic particles [40, 41, 42]. Around this same time, the discovery large spin [43] and

magnetic bistability [44] of the single molecule magnet Mn12, originally synthesized in 1980 [45].

The observation of nonmonotonic dependence of relaxation time on external magnetic field [46], also

included the first suggestion of the coincidence of energy level schemes in two sides of the potential

well.

The first unambiguous evidence of macroscopic quantum tunneling of the magnetic moment in

crystals of Mn12 was obtained by Friedman et al. [47] in 1996, and confirmed shortly thereafter by

other researchers [48, 49]. This discovery is recognized as one of the major breakthroughs in spin

physics [50]. Friedman et al. [47] were the first to discover steps in the hysteresis curve of a crystal of

Mn12-ac. An example of the stepwise hysteresis curve is shown in Fig. 1.1. The steps occur only as

specific values of the magnetic field, in this case regular multiples of about 0.5 T. A single molecule

magnet with uniaxial anisotropy in a magnetic field applied along the easy axis is described by the

Hamiltonian

Ĥ = −DS2
z − gµBBzSz + Ĥ⊥, (1.2)

where g is the Landé g-factor, µB is the Bohr magneton, and Bz is the magnetic field. Ĥ⊥ contains

terms that do not commute with Sz and breaks the degeneracy between eigenstates of Sz at zero

field. Although Ĥ⊥ is small compared to the first term, without it there would be no quantum

tunneling between states on opposite sides of the potential barrier. Ĥ⊥ can arise from transverse

anisotropy, an external transverse field, or lattice imperfections.

Major results on single molecule magnets since their discovery include understanding the crossover

between thermally assisted and quantum tunneling [51], and explanation of hysteresis curve steps

by distribution of local easy axis orientation [52]. Berry phase interference [53] was proposed in

quantum tunneling of the magnetization [54, 55, 56] even before its unambiguous discovery, and

realized not long after in Fe8 [57] and Mn12 [58]. Variants of Mn12 have motivated the prediction [59]
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Figure 1.1: (a) Normalized saturation magnetization of a Mn12-ac crystal as a function of longitu-
dinal magnetic field for different temperatures below the blocking temperature and a sweep rate of
10 mT / s. (b) Derivative of the magnetization in (a) as a function of the magnetic field. Reprinted
from Ref. [1]

and realization [60] of the random-field Ising model.

In early experiments on spin tunneling, single-domain magnetic particles were always frozen in

a solid matrix so that their physical position and orientation were fixed and only rotation of the

magnetic moment was allowed. Later, beams of small magnetic clusters were investigated [61, 62, 63,

64, 65, 66, 67, 68, 69]. More recently, free magnetic nanoparticles confined within solid nanocavities

have been studied [70]. Experimentalists have also worked with molecular nanomagnets deposited

on surfaces [71, 72, 73, 74], grafted onto carbon nanotubes [75, 76, 77], and bridged between metallic

electrodes [78, 79, 80, 81, 82]. In such experiments the magnetic particles retain some mechanical

freedom.

Magneto-mechanical effects were discovered almost a century ago. The Einstein-de Haas ef-

fect [83, 84] and Barnett effect [85] describe rotation by magnetization and magnetization by ro-

tation, respectively. Experiments focusing on the relationship between magnetic and mechanical

dynamics on the microscale include measurement of the magneto-mechanical ratio of a thin ferro-

magnetic film on a microcantilever [25], and demonstration of precision torque magnetometers in

nanomechanical detection of itinerant electron spin-flip at a ferromagnet-normal metal junction [86]

and phase transitions of small magnetic disks in and out of the vortex state [26]. Theoretical inter-

est in classical magnetization dynamics combined with oscillatory motion [87, 88, 89, 90] provided
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D. A. Garanin, J. Phys. A (1991).

Tunneling of a Large Spin

Figure 1.2: Double well potential and energy levels of a large spin with strong magnetic anisotropy.
The left figure shows all 2S + 1 energy levels and the right shows the lowest tunneling doublet.

possible explanations of recent observations and suggestions for new directions in experimental

and applied research. Realizing a quantum magneto-mechanical system with strong spin-phonon

coupling has been an experimental challenge.

The first attempt to understand how mechanical freedom of a small magnetic particle affects

tunneling of the magnetic moment was made in Ref. [17], where it was noticed that tunneling of a

macrospin in a free particle must be entangled with mechanical rotations in order to conserve the

total angular momentum. Subsequent work focusing on conservation of momentum in tunneling

processes [18, 19, 20] provided lower bounds on coherence lifetimes in spin tunneling systems.

A recent experiment [28] has shown the first evidence of strong spin-phonon coupling in a single

molecule magnet grafted onto a carbon nanotube. Semiclassical models of Landau-Zener dynamics

have been developed to describe magnetic molecules coupled to mechanical resonators and bridged

between conducting leads [22, 91]. A full quantum treatment of the interaction between a single

spin and a torsional oscillator predicts interference and entanglement effects [24, 23]. We investigate

the Landau-Zener dynamics in a fully quantum model [92] in Chapter 6.

Theoretical work describing spin tunneling in free magnetic partices has been scarce. Recently,

it was demonstrated [21] that the problem of a rigid rotor with a spin can be solved exactly in the

laboratory frame when mechanical rotation is allowed only about a fixed axis and the spin states

are reduced to spin-up and spin-down due to strong magnetic anisotropy. The latter is typical for
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magnetic molecules and small ferromagnetic clusters. The reduction to two spin states in a system

rotating about a fixed axis also allows one to obtain simple solution of the problems of a magnetic

molecule embedded in a microcantilever [90], magnetic molecule vibrating between conducting leads

[22], and of a macrospin tunneling inside a torsional resonator [24, 23]. As demonstrated in Ref. [21],

the exact eigenstates and exact energy levels can be obtained analytically for a nanomagnet that,

due to a large magnetic anisotropy, can be described as a two-state spin system and is free to rotate

about its magnetic anisotropy axis. Such a system at rest is described by the Hamiltonian

Ĥσ = −(∆/2)σx, (1.3)

where σx is a Pauli matrix and ∆ is the tunnel splitting of spin-up and spin-down states, with z

being the anisotropy axis. It arises from the terms in the full Hamiltonian that do not commute

with the z-component of the total spin S. Rotation of the particle by the angle ϕ about the Z-axis

transforms the two-state Hamiltonian into [21]

Ĥ′σ = −∆

2
[cos(2Sϕ)σx + sin(2Sϕ)σy] (1.4)

(S is dimensionless). Exact eigenvalues of the full Hamiltonian of a nanomagnet rotating about its

anisotropy axis,

Ĥ = (~Lz)2/(2I) + Ĥ′σ (1.5)

(where Lz is the z-component of the dimensionless mechanical angular momentum and I is the

moment of inertia), were obtained in Ref. [21], where it was shown that parameter

α =
2(~S)2

I∆
(1.6)

determines low energy states of the particle. At α < α1 ≡
[
1− 1/(2S)2

]−1 the ground state and the

first excited state are respectively symmetric and antisymmetric superpositions of J = L + S = 0

with energies ±∆ (up to an unessential constant). The general problem of a tunneling spin in a free

particle is solved exactly in Chapter 3 for a symmetric rotor [93]. We note here that in this and

other models, the tunnel splitting ∆ is treated as a fixed parameter. In Chapter 2 we show that the
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tunnel splitting is renormalized by mechanical freedom [94].

Flux qubits are formed by quantum superposition of current states in a superconducting loop

interrupted by one or more Josephson junctions [95, 96]. The same necessity of angular momentum

conservation occurs for tunneling of a superconducting current between clockwise and counterclock-

wise directions in a SQUID [14, 97, 96, 98, 99]. Quantum mechanics of such a qubit is also described

by a double-well potential similar to the ammonia molecule, see above. In the simplest formulation

of the flux qubit problem the role of left and right is played by clockwise and counterclockwise di-

rections of the current. Typical values of the angular momentum associated with the current range

from a few hundred ~ for a submicron SQUID loop [97], to 105~ for a micron-size loop [100], to 1010~

for larger SQUIDs [14]. To conserve the angular momentum the tunneling of the current between

clockwise and counterclockwise directions must be accompanied by quantum transitions between

mechanical clockwise and counterclockwise rotations of the body containing the flux qubit. This

creates a controversy [101]. Indeed, the co-tunneling of the superconducting current and mechanical

rotation needed to conserve the angular momentum requires entanglement of quantum states of the

flux qubit with quantum states of a macroscopic body. In any reasonable experiment the phase of

the wave function of the equipment containing the flux qubit must be destroyed instantaneously.

Then how can the flux qubit preserve coherence on a measurable time scale? Our work, described in

Chapter 4, is devoted to the detailed analysis of the entanglement of current states with mechanical

rotations and its implications for superconducting qubits [102]. Zero point oscillations of a crystal

lattice will also renormalize the tunnel splitting of a nanomagnet. We derive an exact expression for

this effect in Chapter 4 and propose an experiment in which a magnetic nanoparticle is embedded

in a helium crystal.

The model of a flux qubit in an elastic environment is a variant of the spin-boson model [103] used

to describe a two-level system interacting with a bath of quantum harmonic oscillators. Similarly, a

tunneling macrospin coupled to a torsional oscillator is related to the single-mode spin-boson model,

also known as the quantum Rabi model. The Rabi model has found widespread usage especially

in describing atom-field interactions in cavity quantum electrodynamics, and has been applied to

describe a variety of two-level systems interacting with a single bosonic mode. The (semiclassical)

Rabi model [104, 105] was originally proposed to describe the dynamics of a spin in a rotating

classical magnetic field. Applying the rotating wave approximation to the quantum Rabi model gives
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the Jaynes-Cummings model [106], which is exactly solvable and has become one of the most widely

studied models in quantum optics [107], valid for small detuning and weak coupling. While there

was some early theoretical work on the Rabi model without the rotating wave equation [108, 109],

the success of the Jaynes-Cummings model in describing atom-field interactions left it relatively

untouched. Recent experimental progress in circuit quantum electrodynamics [110, 111] has shown

that the Jaynes-Cummings model fails to describe the strongly coupled dynamics. This has renewed

theoretical interest in the strong coupling regime [112, 113, 114]. In particular, Braak has found

an analytical solution of the quantum Rabi model [115] and states that quantum integrability

requires characterization of quantum numbers corresponding to every degree of freedom which

characterized each eigenstate, but not necessarily the existence of additional conserved quantities.

This has ignited intense interest both in this particular model and in the definition of quantum

integrability [116, 117, 118]. In Chapter 5 we study some mathematical aspects of this problem.

One other problem we study is the Landau-Zener dynamics of a mechanical resonator containing

a tunneling spin. The Landau-Zener model [119, 120, 121, 122] describes a two-state system in

which the bias between diagonal states varies linearly with time as they are swept through an

avoided crossing. It is one of the few practically important time-dependent Hamiltonians for which

the Scrhödinger equation is exactly solvable. The Landau-Zener method has recently found a

natural application in the experimental characterization of single molecule magnets [57]. Theoretical

studies of Landau-Zener transitions in nanomagnets have included many-body effects [123] and

superradiance [124, 125]. Some important theorems have been proven about generalizations of the

Landau-Zener problem [126, 127], and certain multilevel cases have been exactly solved [128]. It has

been used as a model for the dynamics of quantum phase transitions [129], and topological defect

formation [130]. A natural extension of the two-level quantum physics is the two-level system coupled

to one or several quantized modes of a harmonic oscillator. Studies of Landau-Zener oscillator

dynamics have probed coherent [131, 132], dissipative [133, 134], and temperature-dependent [135]

effects. Landau-Zener interferometry has provided a quantitative measure of coupled dynamics [136]

and has been experimentally verified in the nanomechanical measurement of a superconducting

qubit [98].

The Landau-Zener effect in spin systems should be considered in conjunction with the transfer

of angular momentum manifested in the Einstein - de Haas effect. We propose multiple schemes to
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realize strongly coupled dynamics of a tunneling macrospin with torsional oscillations of a nanores-

onator in a Landau-Zener experiment. We investigate the Landau-Zener dynamics of a tunneling

spin coupled to a torsional oscillator, using a fully quantum mechanical model. The oscillator

could be a torsional paddle resonator, a microcantilever, a carbon nanotube, or a single magnetic

molecule between two point contacts. The tunneling spin could be a single molecule magnet, an

ensemble of single molecule magnets, or a single-domain ferromagnetic particle with strong uniaxial

anisotropy. For a collection of single molecule magnets placed on a torsional resonator or cantilever

far apart from each other that they are not directly coupled through dipole interactions, we develop

a semiclassical model of magnetization dynamics. We predict superradiant enhancement [125] of

the spin-phonon coupling for this ensemble system. Comparison of these two models shows their

correspondence.

As has been already pointed out, the coupling between spin and mechanical angular momentum

is mandated by the conservation of total angular momentum. Similar effects arise in systems that

undergo torsional oscillations [22, 23, 24]. Examples are a single molecule magnet bridged between

conducting leads, a nanomagnet attached to a carbon nanotube bridge, or a nanomagnet coupled

to a resonator such as a torsional paddle oscillator or microcantilever. The mechanical resonance

occurs at a frequency ωr =
√
k/Iz, where k is the effective stiffness against the linear restoring

torque and Iz is the moment of inertia of the nanomagnet-resonator combination. A convenient

measure of the effect of oscillations is the dimensionless parameter r = ~ωr/∆, the ratio between the

oscillator energy to tunnel splitting. As we will see in Sec. 6.1, the coupling between magnetization

and oscillator dynamics is given by the factor λ =
√
α/r =

√
2~S2/Izωr. The most interesting

effects occur for strong coupling λ ∼ 1 and oscillator frequency much larger than tunnel splitting

r � 1. A large spin, small moment of inertia, and weak torsional spring constant are required for

strong coupling.
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2

Renormalization of the tunnel splitting

in a rotating nanomagnet

In this chapter we study quantum tunneling of the magnetic moment in a magnetic nanoparticle

with biaxial anisotropy that is free to rotate about its anisotropy axis. The exact instanton of the

coupled equations of motion is found that connects degenerate classical energy minima. We show

that mechanical freedom of the particle renormalizes magnetic anisotropy and increases the tunnel

splitting.

The exact eigenstates and energy levels for a nanomagnet with spin S that can rotate about its

anisotropy axis [21], discussed in Sec. 1.1, were found to depend on the parameter

α =
2~2S2

I∆
,

where I is the moment of inertia about the axis of rotation, and ∆ is the tunnel splitting due to

a large magnetic anisotropy. α determines the low energy states of the particle. At α < α1 ≡[
1− 1/(2S)2

]−1 the ground state and the first excited state are respectively symmetric and anti-

symmetric superpositions of J = L+S = 0 states shown in Fig. 2.1, with energies E± = ~2S2

2I ±
∆
2 .

The derivation of these results was based upon the assumption that the parameter ∆ is the same

for a stationary magnetic particle and for a particle that is free to rotate. The instanton method

allows one to test this assumption. Below we find the exact instanton solution of the equations of

motion describing the dynamics of the magnetic moment and the rotation of the particle. It shows
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Figure 2.1: Spin and angular momentum tunneling in a rotating magnetic nanoparticle.

that mechanical freedom does renormalize the tunnel splitting ∆. However, this renormalization is

small unless ∆ is very large and α is close to α1.

2.1 Magnetization Dynamics

The Landau-Lifshitz equation

∂M

∂t
= γM×Beff , Beff = − δE

δM
, (2.1)

describes the dynamics of a fixed-length magnetic moment M [38, 29]. Instanton solutions of this

equation, found by switching to imaginary time, describe tunneling of the magnetic moment between

classically degenerate energy minima [34, 35, 13].

Consider a high-spin magnetic particle with biaxial anisotropy that is free to rotate about

its easy axis. The initial state of the particle is such that its total angular momentum is zero,

J = S + L = 0. In other words, the total spin (magnetization) vector points along the easy axis and

the particle rotates about this axis such that these angular momenta are equal in magnitude and

opposite in direction, see Fig. 2.1. The exchange interaction between individual spins is strong, so

the magnitude of the total spin of the particle is a constant. The magnetic energy will be expressed

below in terms of M which is proportional to the spin, ~S = M/γ. Here γ = −e/2mc < 0 is
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Figure 2.2: Geometry of particle and laboratory frames.

the electron gyromagnetic ratio. The orbital angular momentum is associated with the rotational

motion of the particle itself, ~L = Iϕ̇, where I is the particle’s moment of inertia and ϕ̇ is its

angular velocity.

We define coordinate systems of the lab frame (x, y, z) and particle frame (X,Y, Z) as shown in

Fig. 2.2. In the particle frame the x-axis is along the easy axis in the xy easy plane, and the z-axis

is the hard axis. The lab frame is centered at the same origin such that the X-axis of the lab frame

coincides with the x-axis of the particle frame. The particle is free to rotate about this axis. At

some initial time t = 0 we choose the two coordinate frames to coincide. The angle of rotation of

the x- and z-axes with respect to the X- and Z-axes is ϕ(t). Notice the change of the easy axis as

compared to the choice of Ref. [21], which is dictated by the mathematics of the problem.

The anisotropy energy is naturally defined in the particle frame: EA = k⊥M
2
z − k‖M

2
x . It

can be written in terms of spherical polar coordinates (θ, φ) which are defined with respect to the

particle-frame axes,

EA(θ, φ) =
1

2
µ0M

2
0V [(K⊥ +K‖ cos2 φ) cos2 θ +K‖ sin2 φ] . (2.2)

Here µ0 is the magnetic permeability of vacuum, V is the volume of the particle and M0 = M/V
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represents the magnetization which is a constant of the ferromagnetic material. Anisotropy con-

stantsK⊥ > 0 andK‖ > 0 have been redefined to show the explicit proportionality of the anisotropy

energy to the volume. They are dimensionless numbers, typically of order unity.

The rotational kinetic energy of the particle is ER = 1
2Iϕ̇

2. The Lagrangian of our system

consists of the trivial kinetic Lagrangian for the variable ϕ,

LL = ~L · ϕ̇− ER =
1

2
Iϕ̇2 , (2.3)

and the magnetic Lagrangian,

LS =

(
M0V

γ

)
φ̇ cos θ − E ′A(θ, φ) , (2.4)

for the variables θ and φ. The first term in Eq. (2.4) follows from the fact that ~Sz = ~S cos θ is

the generalized momentum for the coordinate φ. The second term is the effective magnetic energy

in the rotating frame,

E ′A = EA(θ, φ)− ~S · ϕ̇ . (2.5)

The last term in this equation is related to the fact that in the particle frame the rotation is

equivalent to the magnetic field B = ϕ̇/γ.

The total Lagrangian of the particle is a sum of LL and LS :

L = ~(L + S) · ϕ̇+

(
M0V

γ

)
φ̇ cos θ −

[
1

2
Iϕ̇2 + EA(φ, θ)

]
. (2.6)

The first term reflects the fact that in the presence of a spin the generator of rotations is J = L+S.

The explicit form of the total Lagrangian in terms of the generalized coordinates θ, φ, and ϕ is

L =
1

2
Iϕ̇2 +

(
M0V

γ

)
φ̇ cos θ +

(
M0V

γ

)
ϕ̇ sin θ cosφ

− 1

2
µ0M

2
0V [(K⊥ +K‖ cos2 φ) cos2 θ +K‖ sin2 φ] . (2.7)
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The equations of motion are Euler-Lagrange equations for θ, φ, and ϕ:

dφ

dt̃
= (K⊥ +K‖ cos2 φ) cos θ + ˙̃ϕ

cos θ cosφ

sin θ
(2.8)

d(cos θ)

dt̃
= −K‖ cosφ sinφ sin2 θ − ˙̃ϕ sin θ sinφ (2.9)

d

dt̃

[
I ˙̃ϕ+

V

µ0γ2
cosφ sin θ

]
= 0 , (2.10)

where we have introduced dimensionless time t̃ = γµ0M0t and ˙̃ϕ = dϕ/dt̃.

Note that the equations of motion for φ and θ can also be obtained from the Landau-Lifshitz

equation with E = E ′A. Indeed, the equations for φ and θ that follow from Eq. (2.1) (see, e.g., Ref.

[29]),
∂φ

∂t
= − γ

M sin θ

(
∂E ′A
∂θ

)
,

∂θ

∂t
=

γ

M sin θ

(
∂E ′A
∂φ

)
, (2.11)

are identical to the equations (2.8) and (2.9). The third equation of motion, Eq. (2.10), is the

conservation of the total angular momentum:

d

dt
[LX + SX ] =

d

dt
JX = 0 . (2.12)

At JX = 0 it is equivalent to the constraint:

Iϕ̇ = −M0V

γ
sin θ cosφ . (2.13)

With account of this constraint the equations of motion for φ and θ become

dφ

dt̃
= (K⊥ +K ′‖ cos2 φ) cos θ (2.14)

d(cos θ)

dt̃
= −K ′‖ cosφ sinφ sin2 θ , (2.15)

where

K ′‖ = K‖ −KR, KR =
V

µ0γ2I
. (2.16)

We see that for J = 0 the effect of rotations reduces to the renormalization of the easy axis

anisotropy K‖. This is easy to understand from the following consideration. In a state with Jx = 0,
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equilibrium vectors S and L look in the opposite directions along the x-axis. If S deviates from

the x-axis, Sx decreases and so should Lx to preserve the condition Jx = 0. The decrease of Lx

corresponds to the decrease of the rotational energy, (~Lx)2/(2I), mandated by Jx = 0. Thus,

effectively, the magnetic anisotropy energy associated with the deviation of S from the easy axis

becomes smaller when mechanical rotation is allowed.

We should now look for solutions of equations (4.40) and (2.15). We first notice that

E =
1

2
µ0M

2
0V [(K⊥ +K ′‖ cos2 φ) cos2 θ +K ′‖ sin2 φ] (2.17)

is the integral of motion. This is easy to see by differentiating this equation on time and substituting

in the resulting equation the time derivatives φ and θ from equations (4.40) and (2.15). Not

surprisingly, up to a constant, Eq. (2.17) equals the total energy of the particle in the laboratory

frame, E = EA + 1
2Iϕ̇

2, with account of the constraint (2.13). Eq. (4.40) gives

cos θ =
dφ/dt̃

K⊥ +K ′‖ cos2 φ
. (2.18)

This allows one to express E in terms of the angle φ and its time derivative:

E =
1

2
M2

0V

[
(dφ/dt̃)2

K⊥ +K ′‖ cos2 φ
+K ′‖ sin2 φ

]
. (2.19)

Since this expression is positively defined, the classical energy minima occur at E = 0. They

correspond to the stationary magnetization pointing in either direction along the easy axis, i.e.,

φ = 0, π with cos θ = 0 in accordance with Eq. (2.18).

2.2 Instanton Solution

Equation E = 0 has no real-time solutions for φ that connect the two degenerate classical energy

minima. However, in imaginary time, τ̃ = it̃, equation E = 0 is equivalent to

(
dφ

dτ̃

)2

= K ′‖ sin2 φ (K⊥ +K ′‖ cos2 φ) . (2.20)
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Figure 2.3: Dependence of φ on τ for clockwise and counterclockwise underbarrier rotations of M.

Such equation has instanton solutions that connect the classical energy minima:

φ(τ) = ±arccos

− sinh(ω0τ)√
λ+ cosh2(ω0τ)

 . (2.21)

The τ -dependence of θ is given by Eq. (2.18), and the τ -dependence of ϕ is given by Eq. (2.13).

Here

λ = K ′‖/K⊥, ω0 = |γ|µ0M0

√
K ′‖(K

′
‖ +K⊥) . (2.22)

The positive and negative signs correspond to the two possible trajectories, which are counterclock-

wise and clockwise rotations of the magnetization from φ = 0 at τ = −∞ to φ = ±π at τ = +∞,

respectively, see Fig. 2.3.

The tunnel splitting has the form ∆ = AeB, where A is of the order of quantized oscillations

near the minimum of the potential well and

B =
i

~

∫ +∞

−∞
dtL (2.23)

is the WKB exponent. Substituting here L of Eq. (2.6) at J = 0, one obtains for the instanton
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trajectory

B = −S ln

(√
1 + λ+

√
λ

√
1 + λ−

√
λ

)
. (2.24)

2.3 Discussion and Conclusions

To see the effect of the mechanical freedom of the particle on spin tunneling we define a dimensionless

parameter α′ = KR/K‖. In a microscopic theory the easy-axis crystal field is presented as −DS2
z .

The connection between D and the parameter K‖ of the macroscopic theory is [29]

K‖ =

(
2− 1

s

)
DV0

µ0(~γ)2
, (2.25)

where s is spin per unit cell of the crystal and V0 is the volume of the unit cell. (Singularity at

s = 1/2 reflects the fact that single-ion magnetic anisotropy does not exist for spin 1/2). The total

spin of a ferromagnetic particle can be presented as S = s(V/V0). Consequently,

α′ =
S~2

(2s− 1)ID
=

∆

(2s− 1)2SD
α , (2.26)

where we have used Eqs. (1.6) and (2.16). Renormalization of the easy-axis anisotropy by rotations

can be presented in the form K ′‖ = K‖(1− ε), where

ε =
( α

2s

)(1− 1
2S

1− 1
2s

)
∆

E1
(2.27)

and E1 = (2S − 1)D is the energy of the first excited spin state at ∆ = 0. The low energy limit

that we are studying corresponds to ∆� E1 and α < α1 ≡
[
1− 1/(2S)2

]−1, see Ref. [21]. In this

limit ε is small. Consider, e.g., the case of large S and large λ (small tunneling rate). According

to Eq. (2.24) in this case B = −S ln(4λ) so that ∆ ∝ exp [−S ln(4λ)]. It is easy to see from this

expression that mechanical rotation renormalizes ∆ by a factor exp (εS). Normally it would not

be large compared to one. However, since small ε in the exponent is multiplied by a large S, it is

not out of question that at sufficiently large ∆ a slight increase of the tunnel splitting would be

observable in spin clusters that are free to rotate.
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3

Quantum Tunneling of the Magnetic

Moment in a Free Nanoparticle

We study spin tunneling in a particle that has full rotational freedom. We show that the problem of

a two-state macrospin inside a symmetric rigid rotor has a rigorous solution for arbitrary rotations

in the coordinate frame that is rigidly coupled to the rotor. We calculate the exact energy levels and

eigenstates. Mechanical freedom of the rotor manifests itself in a strong dependence of the ground-

state magnetic moment on the moments of inertia of the rotor. The energy exhibits quantum phase

transitions between states with different values of the magnetic moment, and we obtain the quantum

phase diagram.

Recent experimental studies of free magnetic particles in molecular beams [66, 67, 68, 69] and

inside solid nanocavities [70] pose the problem of a rigid quantum rotor with a spin. Recently, it

was demonstrated [21] that the problem of a rigid rotor with a spin can be solved exactly in the

laboratory frame when mechanical rotation is allowed only about a fixed axis and the spin states are

reduced to spin-up and spin-down due to strong magnetic anisotropy. Without a spin this problem

is tractable by analytical methods only for a symmetric rotor [137]. Complications resulting from

spin degrees of freedom make even symmetric cases significantly more difficult [138]. The reduction

to two spin states in a system rotating about a fixed axis also allows one to obtain a simple solution

of the problems of a magnetic molecule embedded in a microcantilever [90], magnetic molecule

vibrating between conducting leads [22], and of a macrospin tunneling inside a torsional resonator
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[24, 23]. We solve the problem of arbitrary rotations of a two-state spin system in a symmetric

rotor, which is relevant to free magnetic nanoparticles.

The magnetic moment of an electrically neutral rotor is entirely due to its spin, and depends

on the relative contribution of the up and down spin states. When a nanoparticle is embedded in a

solid, tunneling of the spin results in a zero ground-state magnetic moment. This situation changes

for a free particle due to a complex interplay between spin and mechanical angular momentum that

conserves the total angular momentum. We show that the energy of the particle exhibits first- or

second-order quantum phase transitions between states with different values of the total angular

momentum. The order of the transition depends on the shape of the particle. The ground-state

magnetic moment of a free particle with a total spin S can be anything between zero and gµBS,

depending on the principal moments of inertia (with µB being the Bohr magneton and g being the

gyromagnetic factor associated with the spin).

The structure of this chapter is as follows. Quantum theory of a rigid rotator is briefly reviewed

in Sec. 3.1. Theory of a tunneling macrospin is reviewed in Sec. 3.2. Quantum states of a

rigid rotator containing a tunneling macrospin are constructed in Sec. 3.3. The ground state of a

symmetric rotor with a spin is analyzed in Sec. 3.4. The ground-state magnetic moment is studied

in Sec. 3.5. Our conclusions are presented in Section 3.6.

3.1 Quantization of rigid body rotations

Consider first the problem of rigid body rotations without a spin. We choose the coordinate frame

that is rigidly coupled with the rotating body and direct the axes of that frame x, y, and z along

the principle axes of the tensor of moments of inertia of the body. In this coordinate frame the

Hamiltonian of mechanical rotations is given by [137]

ĤR =
~2

2

(
L2
x

Ix
+
L2
y

Iy
+
L2
z

Iz

)
. (3.1)

Here Ix, Iy, Iz are the principal moments of inertia and Lx, Ly, Lz are projections of the operator

of the mechanical angular momentum, defined in the rotating (body) frame, onto the body axes

x, y, z. Such a choice of coordinates and operators results in the anomalous commutation relations
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[139], [Li, Lj ] = −iεijkLk (notice the minus sign in the right-hand side), but does not affect the

relations L2 = L(L+ 1), [L2, Lz] = 0.

For a symmetric rotor two of the moments of inertia are the same, Ix = Iy, and the Hamiltonian

can be written as

ĤR =
~2L2

2Ix
+

~2L2
z

2

(
1

Iz
− 1

Ix

)
. (3.2)

The corresponding eigenstates are characterized by three quantum numbers L,K, and M ,

L2|LKM〉 = L(L+ 1)|LKM〉, L = 0, 1, 2, . . .

Lz|LKM〉 = K|LKM〉, K = −L,−L+ 1, . . . , L− 1, L

LZ |JKM〉 = M |LKM〉, M = −L,−L+ 1 . . . , L− 1, L , (3.3)

where LZ is the angular momentum operator defined with respect to the laboratory coordinate

frame (X,Y, Z). The eigenvalues of (3.2) are degenerate on M :

ELK =
~2L(L+ 1)

2Ix
+

~2K2

2

(
1

Iz
− 1

Ix

)
. (3.4)

The general form for the energy levels of a rotating asymmetric rigid body, Ix 6= Iy 6= Iz, does

not exist, although it is possible to calculate matrix elements of the Hamiltonian for a given L.

3.2 Tunneling of a large spin

Let S be a fixed-length spin embedded in a stationary body. Naturally, the magnetic anisotropy is

defined with respect to the body axes. The general form of the crystal field Hamiltonian is

ĤS = Ĥ‖ + Ĥ⊥ , (3.5)

where Ĥ‖ commutes with Sz and Ĥ⊥ is a perturbation that does not commute with Sz. The states

|±S〉 are degenerate ground states of Ĥ‖, where S is the total spin of the nanomagnet. Ĥ⊥ slightly

perturbs these states, adding to them small contributions from other |mS〉 states. We will call

these degenerate perturbed states |ψ±S〉. Physically they describe the magnetic moment aligned in
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one of the two directions along the anisotropy axis. Full perturbation theory with account of the

degeneracy of ĤS provides quantum tunneling between the |ψ±S〉 states for integer S. The ground

state and first excited state are symmetric and antisymmetric combinations of |ψ±S〉, respectively

[13],

Ψ+ =
1√
2

(|ψS〉+ |ψ−S〉)

Ψ− =
1√
2

(|ψS〉 − |ψ−S〉) , (3.6)

which satisfy

ĤSΨ± = E∓Ψ± , (3.7)

where

E+ − E− ≡ ∆. (3.8)

The tunnel splitting ∆ is generally many orders of magnitude smaller than the distance to other

spin energy levels, which makes the two-state approximation very accurate at low energies. For

example,

ĤS = −DS2
z + dS2

y (3.9)

with d � D describes the biaxial anisotropy of spin-10 molecular nanomagnet Fe-8, where the

tunnel splitting in the limit of large S is given by[140]

∆ =
8S3/2

π1/2

(
d

4D

)S
D. (3.10)

The distance to the next excited spin level is (2S − 1)D, which is large compared to ∆.

It is convenient to describe these lowest energy spin states Ψ± with a pseudospin-1/2. Compo-

nents of the corresponding Pauli operator σ are

σx = |ψ−S〉〈ψS |+ |ψS〉〈ψ−S |

σy = i|ψ−S〉〈ψS | − i|ψS〉〈ψ−S |

σz = |ψS〉〈ψS | − |ψ−S〉〈ψ−S | . (3.11)
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The projection of ĤS onto |ψ±S〉 states is

Ĥσ =
∑

m,n=ψ±S

〈m|ĤS |n〉 |m〉〈n|. (3.12)

Expressing |ψ±S〉 in terms of Ψ± one obtains

〈ψ±S |ĤS |ψ±S〉 = 0, 〈ψ±S |ĤS |ψ∓S〉 = −∆

2
, (3.13)

which gives the two-state Hamiltonian

Ĥσ = −∆

2
σx (3.14)

having eigenvalues ±∆/2.

In the absence of tunneling a classical magnetic moment is localized in the up or down state.

It is clear that delocalization of the magnetic moment due to spin tunneling reduces the energy by

∆/2. In a free particle, however, tunneling of the spin must be accompanied by mechanical rotations

in order to conserve the total angular momentum. Such rotations cost energy, so it is not a priori

clear whether the tunneling will survive in a free particle and what the ground state is going to be.

This problem is addressed in Section 3.4.

3.3 Coupling of Spin and Rotational Angular Momentum

In this section, we derive the so-called anomalous commutation relations of angular momentum in

a rotating frame. This treatment applies to the general case of mechanical rotations of a quan-

tum system with internal angular momentum degrees of freedom [138]. Starting with the usual

commutation relations for the components of spin S, angular momentum of mechanical rotations

(analogous to orbital angular momentum) L, and total angular momentum J = S + L in the fixed

frame, we derive commutation relations in the rotating frame. We show that in the body frame

all components of J and S commute, and therefore the corresponding quantum numbers are good

quantum numbers.

The nanomagnet is a rigid rotator around its center of mass, which we define as the common
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origin O of two right-handed coordinate systems, shown in Fig. 3.1. The X,Y, Z axes make up the

lab frame that is fixed in space. The x, y, z axes define the coordinate system that is rigidly coupled

to the body, and are directed along the principle moments of inertia of the rotator with z chosen

along the symmetry axis of the rotator. Initially, these two frames coincide. At any other instant

the orientation of the rotating xyz frame relative to the fixed XY Z frame is specified by the Euler

angles φ, θ, ψ, which are defined using the zyz-convention (see, e.g., Ref. [141]). The spherical polar

angles represent the orientation of the symmetry axis z of the moving frame relative to the fixed

frame. θ is a tipping away from the Z axis and φ is a rotation around the the Z-axis. ψ is the angle

of rotation about the z axis.

Figure 3.1: Coordinate frames of rigid body rotations.

A vector R with components RA (we use uppercase Roman letters to indicate fixed frame

components) as measured in the fixedXY Z frame can be projected onto the rotating xyz coordinate

frame. In the rotating frame, this vector is described by r and has components rα (lowercase Greek

indices denote components in the rotating frame). The transformation between these two frames is
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given by the rotation matrix C,

C =


λxX λxY λxZ

λyX λyY λyZ

λzX λzY λzZ



=


cosψ cos θ cosφ− sinψ sinφ cosψ cos θ sinφ− sinψ cosφ − cosψ sin θ

− sinψ cos θ cosφ− cosψ sinφ − sinψ cos θ sinφ+ cosψ cosφ sinψ sin θ

sin θ cosφ sin θ sinφ cos θ

 (3.15)

where the λαA are direction cosines between fixed frame and rotating frame axes.

The total angular momentum J obeys the usual commutation relations in the fixed XY Z frame,

[JA, JB] = iεABCJC , (3.16)

where εABC is the fully antisymmetric Levi-Civita tensor (summation over repeated indices is im-

plicit throughout this Appendix). In the rotating xyz frame, the total angular momentum has

components

Jα = λαAJA (3.17)

and the sign of i in the commutation relation is reversed,

[Jα, Jβ] = −iεαβγJγ . (3.18)

The components of the mechanical angular momentum can be resolved in either frame, or in

terms of the Euler angles φ, θ, ψ which describe precession of the symmetry axis z about the fixed

Z axis, rotation about the axis of symmetry z, nutation of the z axis with respect to the Z axis,

and precession of the body about its axis of symmetry, respectively. The operator forms of the

corresponding angular momenta are

pφ = −i~ ∂

∂φ
, pθ = −i~ ∂

∂θ
, pψ = −i~ ∂

∂ψ
(3.19)

which mutually commute. The rotational angular momentum operators can be projected onto the
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laboratory frame coordinate system,

LX = − cot θ cosφ pφ − sinφ pθ + csc θ cosφ pψ

LY = − cot θ sinφ pφ + cosφ pθ + csc θ sinφ pψ

LZ = pφ, (3.20)

or the body frame coordinate system,

Lx = − csc θ cosψ pφ + sinψ pθ + cot θ cosψ pψ

Ly = csc θ sinψ pφ + cosψ pθ − cot θ sinψ pψ

Lz = pψ. (3.21)

The commutation relations can be obtained by direct calculation, with the fixed frame components

satisfying

[LA, LB] = iεABCLC , (3.22)

while the rotating frame components obey

[Lα, Lβ] = −iεαβγLγ . (3.23)

The spin obeys the same regular commutation relations in either frame. To show this, we define

the spin components in the laboratory frame where

[SA, SB] = iεABCSC . (3.24)

Using the fact that [SA, LB] = 0, it is easy to see that the components of J = L + S in the fixed

frame satisfy the commutation relation given by Eq. (3.16). Projecting this spin onto the rotating

axes, Sα = λαASA, and noticing [SA, λβB] = 0, we obtain

[Sα, Sβ] = λαAλβB[SA, SB] = iεABCλαAλβBSC = iεαβγλγCSC = iεαβγSγ . (3.25)
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The rotation matrix is orthogonal and has unit determinant. It follows that any element is equal

to its cofactor, which implies

εABCλαAλβB = εαβγλγC (3.26)

In order to obtain the same sign for all angular momenta in the rotating frame, we define reversed

spin S→ S̃ = −S, giving

[S̃α, S̃β] = −iεαβγS̃γ . (3.27)

Now we may write J = L−S̃, and the components of J satisfy the anomalous commutation relations,

Eq. (3.18). Alternatively, the commutation relation for the total angular momentum in the lab frame

can be calculated directly. Using the fact that the direction cosines transform according to

[λαA, JB] = [λαA, LB] = −LBλαA = iεABCλαC , (3.28)

and that the spin and rotational angular momentum do not commute in the rotating frame

[S̃α, Lβ] = −[λαASA, λβBLB] = −λβB[λαA, LB]SA = −iεαβγS̃γ (3.29)

gives

[Jα, Jβ] = [Lα − S̃α, Lβ − S̃β] = [Lα, Lβ]− [Lα, S̃β]− [S̃α, Lβ] + [S̃α, S̃β]

= −iεαβγ(Lγ + S̃γ) = −iεαβγJγ . (3.30)

Similarly, we can show that [Jα, S̃β] = 0, allowing us to choose quantum numbers corresponding to

J and S.

The full Hamiltonian is given by the sum of the rotational energy and magnetic anisotropy

energy

Ĥ =
~2L2

x

2Ix
+

~2L2
y

2Iy
+

~2L2
z

2Iz
+ ĤS . (3.31)

Note that the mechanical part and the spin part of this Hamiltonian are not independent because

in the body frame the operators L and S do not commute, [Li, Sj ] = −iεijkSk. It, therefore, makes

sense to express the above Hamiltonian in terms of the commuting body-frame operators of the
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total angular momentum J and spin S:

Ĥ =
~2

2

(
J2
x

Ix
+
J2
y

Iy
+
J2
z

Iz

)
+

~2

2

(
S2
x

Ix
+
S2
y

Iy
+
S2
z

Iz

)

− ~2

(
JxSx
Ix

+
JySy
Iy

+
JzSz
Iz

)
+ ĤS . (3.32)

For a symmetric rigid rotor with Ix = Iy this Hamiltonian reduces to

Ĥ =
~2J2

2Ix
+

~2J2
z

2

(
1

Iz
− 1

Ix

)
− ~2

(
JxSx + JySy

Ix
+
JzSz
Iz

)
+ Ĥ ′S , (3.33)

where

Ĥ ′S = ĤS +
~2

2

(
1

Iz
− 1

Ix

)
S2
z +

~2S2

2Ix
. (3.34)

The last term in Ĥ ′S is an unessential constant, ~2S(S+1)/(2Ix)2. The second term provides renor-

malization of the crystal field in a freely rotating particle. For, e.g., the biaxial spin Hamiltonian

given by Eq. (3.9) it leads to

D → D − ~2

2

(
1

Iz
− 1

Ix

)
. (3.35)

This, in turn, renormalizes the tunnel splitting given by Eq. (3.10). For a particle that is allowed

to rotate about the Z-axis only (that is, in the limit of Ix → ∞) these results coincide with the

results obtained by the instanton method in Ref. [94], where it was shown that, in practice, the

renormalization of the magnetic anisotropy and spin tunnel splitting by mechanical rotations is

small. Eq. (3.35) provides generalization of this effect for arbitrary rotations of a symmetric rotator

with a spin. According to this equation and Eq. (3.9), when rotations are allowed the effective

easy-axis magnetic anisotropy and the tunnel splitting can decrease or increase, depending on the

ratio Ix/Iz.

Projection of Eq. (3.33) on the two spin states along the lines of the previous Section gives

Ĥ =
~2J2

2Ix
+

~2J2
z

2

(
1

Iz
− 1

Ix

)
− ∆

2
σx −

~2S

Iz
Jzσz . (3.36)
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where we have used

〈ψ±S |Sz|ψ±S〉 = ±S , 〈ψ±S |Sx,y|ψ±S〉 = 0 . (3.37)

We construct eigenstates of this Hamiltonian according to

|ΨJK〉 =
1√
2

(C±S |ψS〉 ± C∓S |ψ−S〉)|JK〉 (3.38)

where

J2|JK〉 = J(J + 1)|JK〉, J = 0, 1, 2, . . .

Jz|JK〉 = K|JK〉, K = −J, . . . , J. (3.39)

Solution of Ĥ|ΨJK〉 = E|ΨJK〉 gives energy levels as

E
(±)
JK = EJK ±

√(
∆

2

)2

+

(
~2KS

Iz

)2

, (3.40)

where EJK is provided by Eq. (3.4) with L replaced by J . The upper (lower) sign in Eq. (3.40)

corresponds to the lower (upper) sign in Eq. (3.38). For K 6= 0 each state is degenerate with respect

to the sign of K. For K = 0, 1, 2, . . . the coefficients in Eq. (3.38) are given by

C± =

√
1± αK/

√
S2 + (αK)2 , (3.41)

where α is a dimensionless magneto-mechanical ratio,

α =
2(~S)2

Iz∆
. (3.42)

Energy levels in Eq. (3.40) can be given a simple semiclassical interpretation. Indeed, the last

term in this equation is the tunnel splitting of the levels in the effective magnetic field that appears

in the body reference frame due to rotation about the spin quantization axis at the angular velocity

~K/Iz. When S = 0 (which also means ∆ = 0) Eq. (3.40) with J = L gives the energy of the

quantum symmetric rigid rotor without a spin, Eq. (3.4). In the case of a heavy body (large moments

of inertia) the ground state and the first excited state correspond to J = K = 0, and we recover
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the tunnel-split spin states in a non-rotating macroscopic body, E00± = ±∆/2. In the general case,

spin states of the rotator are entangled with mechanical rotations.

Equations (3.38)-(4.20) are our main analytical results for the low-energy states of a free magnetic

particle. In general, numerical analysis is needed to find the ground state of the particle. Special

cases of the aspect ratio that will be analyzed below include a needle of vanishing diameter (which

is equivalent to the problem of the rotation about a fixed axis treated previously in the laboratory

frame by two of the authors [21]), a finite-diameter needle, a sphere, and a disk.

3.4 Ground state

Minimization of the energy in Eq. (3.40) on J with the account of the fact that J cannot be smaller

than K immediately yields J = K, that is, the ground state always corresponds to the maximal

projection of the total angular momentum onto the spin quantization axis. In semiclassical terms

this means that the minimal energy states in the presence of spin tunneling always correspond to

mechanical rotations about the magnetic anisotropy axis. This is easy to understand by noticing

that the sole reason for mechanical rotation is the necessity to conserve the total angular momentum

while allowing spin tunneling to lower the energy. To accomplish this the particle needs to oscillate

between clockwise and counterclockwise rotations about the spin quantization axis in unison with

the tunneling spin. If such mechanical oscillation costs more energy than the energy gain from spin

tunneling, then both spin tunneling and mechanical motion must be frozen in the ground state

as, indeed, happens in very light particles (see below). Rotations about axes other than the spin

quantization axis can only increase the energy and, thus, should be absent in the ground state.

For further analysis it is convenient to write Eq. (3.40) in the dimensionless form,

E
(±)
JK

∆
=
α

4

[
J(J + 1)−K2

S2
λ+

K2

S2

]
± 1

2

√
1 +

K2

S2
α2 , (3.43)

in terms of dimensionless parameters α and the aspect ratio for the moments of inertia

λ = Iz/Ix . (3.44)

The range of λ for a symmetric rotator is 0 ≤ λ ≤ 2. For, e.g., a symmetric ellipsoid with semiaxes
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Figure 3.2: (a) Dependence of energy on J at K = J and Iz/Ix = 0 for different values of α. The
plot shows second-order quantum phase transition on α. (b) Dependence of energy on J at K = J
and Iz/Ix = 2 for different values of α. The plot shows first-order quantum phase transition on α.

a = b 6= c, one has λ = 2a2/(a2 + c2).

The dependence of the energy levels (3.40) on J at K = J is shown in Figure 3.2. It exhibits

quantum phase transition on the parameter α between states with different values of J . Only for a

needle of vanishing diameter, Iz/Ix → 0, which corresponds to a→ 0 in the case of an ellipsoid, the

transition is second order, see Fig. 3.2a. It occurs at α =
[
1− 1/(2S)2

]−1. This case is equivalent

to the rotation about a fixed axis studied in Ref. [21]. For any finite ratio Iz/Ix the transition is first

order, see Fig. 3.2b. It occurs at the value of α that depends on Iz/Ix. The origin of the transfer

from a second-order transition at λ = 0 to the first-order transition at λ 6= 0 can be traced to the

term [J(J + 1) − K2]S−2λ in Eq. (3.43). We should notice that for a finite-size nanomagnet the

analogy with first- and second-order phase transition is, of course, just an analogy. To talk about

real phase transitions one has to take the limit of S → ∞, Ix,z → ∞ when the distances between

quantum levels go to zero.

For a given λ, as α increases the ground state switches from J = 0 to higher J when

E
(−)
00 (α0

J(λ)) = E
(−)
JJ (α0

J(λ)) . (3.45)
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Figure 3.3: Dependence of the ground-state energy on α for a spherical particle. Inset shows the
discontinuity of the derivative of the ground state energy on α.

Solution of this equation for α0
J(λ) gives

α0
J =

(2S)2(J + λ)

J [(2S)2 − (J + λ)2]
. (3.46)

This first transition occurs for the smallest value of α0
J(λ) and the transition is from J = 0 to the

corresponding critical value, Jc. For α < α0
Jc

the ground state corresponds to J = 0 and C±S = 1.

After the first transition from J = 0 to J = Jc, the ground state switches to sequentially higher J

at values of α which satisfy

E
(−)
J−1 J−1(αJ(λ)) = E

(−)
JJ (αJ(λ)) . (3.47)

Solution of this equation for αJ(λ) gives

αJ =
(2S)2T (J, λ)√

(2S)2(2J − 1)2 − T (J, λ)2
√

(2S)2 − T (J, λ)2
, (3.48)

with

T (J, λ) = 2J − 1 + λ . (3.49)

The critical αJ has poles at λ = 2(S−J) + 1. For λ ≥ 1 there is no longer a ground state transition

to J = S, even for very large values of α.

Needle of vanishing diameter: The case of a particle that can only rotate about its anisotropy
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axis [21] is equivalent in our model to a needle of vanishing diameter (a → 0 for an ellipsoid),

having λ = 0. It is also equivalent to the problem of tunneling of the angular momentum of a

superconducting current in a flux qubit coupled to a torsional resonator. In this limit we reproduce

results of Ref. [21]. The quantum number K determines the ground state, as the energy, Eq. (3.43),

no longer formally depends on J . However, the values of αJ at λ = 0, for which ground state

transitions occur, are the same as those for which E(−)
J K−1 = E

(−)
JK , and we will use J to describe the

ground state of the axial rotor as well. The first ground state transition occurs from J = 0 to J = 1

at α(λ) = α1(0) = α0
1(0), because Jc = 1 for λ . 0.01. At α = α2(0) the ground state switches from

J = 1 to J = 2, and so on. The final transition is to a completely localized spin state J = S in which

spin tunneling is frozen for all α > αS(0). For example, when S = 10, α1(0) = α0
1(0) = 1.0025 and

α10 = 3.2066.

Needle of finite diameter: The ground state of a needle of finite diameter (a� c for an ellipsoid)

with λ = 0.1, that is free to rotate about any axis, shows qualitatively different behavior. As α

increases, the ground state changes from J = 0 to Jc = 3 at α = α0
3(0.1), as the smallest value

of α0
J(0.1) for 1 ≤ J ≤ S occurs for Jc = 3. The J = 1, 2 states never become the ground state.

After this, transitions occur to successively higher J , beginning with J = 4 at α = α4(0.1), and

eventually localizing the spin with J = S for α > αS(0.1). For S = 10, α0
3(0.1) = 1.0588 and

α10(0.1) = 3.3935.

Sphere: As λ increases towards unity, the particle becomes more symmetric with the moment of

inertia having (prolate) ellipsoidal symmetry, until it reaches spherical symmetry at λ = 1. The first

ground state transition occurs from J = 0 to J = Jc = 5 at α = α0
5(1), and subsequent transitions

occur at α = αJ(1). However, the spin never localizes in the J = S state even for very large α, as

αJ(1) has a pole at J = S, so the last transition occurs to the J = S − 1 state at α = αS−1(1). For

S = 10, α0
5(1) = 1.3187 and α9(1) = 2.4325.

Disk: With λ increasing from unity, the symmetry of the body becomes that of an oblate

ellipsoid, and begins to flatten in the plane perpendicular to the anisotropy axis. It is easy to check

from Eq. (3.43) that for 1 < λ ≤ 2 the state with J = S always has higher energy than the state

with J = S − 1, even in the limit of α → ∞. This means that for an oblate particle some spin

tunneling (accompanied by mechanical rotations) survives in the ground state no matter how light

the particle is. This purely quantum-mechanical result has no semi-classical analogy. In the case
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of a disk of vanishing thickness, λ = 2, the first ground state transition occurs from J = 0 to

J = Jc = 6 at α = α0
6(2), and subsequent transitions occur at α = αJ(2) up through J = S − 1.

For S = 10, α0
6(2) = 1.5873 and α9(2) = 3.5849.

3.5 Ground-state magnetic moment

As has been already mentioned, the magnetic moment is due entirely to the spin of the particle,

as Lz represents mechanical motion of the particle as a whole, and not electronic orbital angular

momentum. Thus,

µ = −gµB〈ΨJK |Sz|ΨJK〉 = −gµBS
αK√

S2 + (αK)2
. (3.50)

Here g is the spin gyromagnetic factor, and the minus sign reflects the negative gyromagnetic ratio

γ = −gµB/~. The ground state always corresponds to J = K, so these are used interchangeably

in descriptions of the ground state. The dependence of the magnetic moment on α for different
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Figure 3.4: Ground state magnetic moment for a needle of vanishing diameter (λ = 0), finite-
diameter needle (λ = 0.1), sphere (λ = 1), and a disk of vanishing thickness (λ = 2).

aspect ratios of the particle is shown in Fig. 3.4. For α < αJc(λ) the ground state corresponds

to J = K = 0, so the spin-up and spin-down states are in an equal superposition which produces

zero magnetic moment. At greater values of α the spin states contribute in unequal amounts which
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leads to a non-zero magnetic moment. As α becomes large, the magnetic moment approaches its

maximal value |µmax| = gµBS. Note that the magnetic moment approaches its maximum value

even for values of λ that do not admit transitions to J = S states.

Because the ground state is completely determined by the parameters α and λ, we can depict

the ground state behavior in a quantum phase diagram shown in Fig. 3.5. The curves separate

areas in the (α, λ) plane that correspond to different values of J and different values of the magnetic

moment. Notice the fine structure of the diagram (lower picture in Fig. 3.5) near the first critical

α. This very rich behavior of the ground state on parameters must have significant implications for

magnetism of rigid atomic clusters.
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Figure 3.5: Quantum phase diagram for the ground-state magnetic moment and the total angular
momentum.
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3.6 Conclusions

We have studied the problem of a quantum rotator containing a tunneling spin. This problem is

relevant to quantum mechanics of free magnetic nanoparticles. It also provides an interesting insight

into quantum mechanics of molecules studied from the macroscopic end. The answer obtained for

the energy levels of a symmetric rotator, Eq. (3.40), is non-perturbative and highly non-trivial. It

is difficult to imagine how it could be obtained from first principles without the reduction to two

spin states. Indeed, for spin S the tunnel splitting itself generally appears in the S-th order of

perturbation theory, see Eq. (3.10), so the path from the full crystal-field Hamiltonian like, e.g., Eq.

(3.9) to Eq. (3.40) must be very long. Equations (3.38) and (3.40) represent, therefore, a unique

exact solution of the quantum-mechanical problem of a mechanical rotator with a spin. Striking

feature of this solution is presence of first- and second-order quantum phase transitions between

states with different values of the magnetic moment.

Our results provide the framework for comparison between theory and experiment on very small

free magnetic clusters. Our main conclusion for experiment is that rotational states and magnetic

moments of such clusters depend crucially and in a predictable way on size and aspect ratio. This

dependence results in a complex phase diagram that separates regions in the parameter space,

corresponding to different values of the magnetic moment. Broad distribution of the magnetic

moments that does not simply scale with the volume, has, in fact, been reported in beams of free

atomic clusters of ferromagnetic materials [66, 67, 68]. Our results may shed some additional light on

these experiments. They may also apply to free magnetic molecules if one can justify the condition

of rigidity. Direct comparison between theory and experiment may be possible for atomic clusters

(molecules) in magnetic traps.

To see that the quantum problem studied in this paper may, indeed, be relevant to quantum

states of free nanomagnets, consider, e.g., a spherical atomic cluster of radius R and average mass

density ρ having spin S = 10 that, when embedded in a large body, can tunnel between up and

down at a frequency of a few GHz, thus providing ∆ ∼ 0.1 K. Significant changes in the magnetic

moment of such a cluster would occur at α ∼ 1, which, according to Eq. (6.17), corresponds to

I = 8πρR5/15 ∼ 10−42kgm2 and R ∼ 1nm. For a magnetic molecule like, e.g., Mn12, the moments

of inertia would also be in the ballpark of 10−42kgm2. However, the natural spin tunnel splitting
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in Mn12 is very small, thus, providing a very large α. The same is true for Fe8 magnetic molecules.

In this case the spin tunneling in a free molecule must be completely frozen. Even if the molecule

cannot be considered as entirely rigid, such effect, if observed, would receive natural interpretation

within the framework of our theory.
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4

Conservation of Angular Momentum in a

Flux Qubit

Oscillations of superconducting current between clockwise and counterclockwise directions in a flux

qubit do not conserve the angular momentum of the qubit. To compensate for this effect the solid

containing the qubit must oscillate to and in unison with the current. This requires entanglement of

quantum states of the qubit with quantum states of a macroscopic body. The question then arises

whether slow decoherence of quantum oscillations of the current is consistent with fast decoherence

of quantum states of a macroscopic solid. This problem is analyzed within an exactly solvable

quantum model of a qubit embedded in an absolutely rigid solid and for the elastic model that

conserves the total angular momentum. We show that while the quantum state of a flux qubit

is, in general, a mixture of a large number of rotational states, slow decoherence is permitted if

the system is macroscopically large. Practical implications of entanglement of qubit states with

mechanical rotations are discussed.

Flux qubits are formed by quantum superpositions of current states in a superconducting loop

interrupted by one or more Josephson junctions [95, 96]. Oscillations of superconducting current

between clockwise and counterclockwise directions in a flux qubit do not conserve the angular mo-

mentum of the qubit, and must transfer angular momentum to the surrounding solid. Consideration

of the entire system (qubit + solid) which does conserve total angular momentum leads to entangle-

ment between current and rotational states. Analyzing decoherence of the quantum state of a flux
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qubit due to entanglement with rotations of the surrounding body shows that, contrary to what

one might believe, macroscopicity of the body is necessary for slow decoherence.

Within an exactly solvable model of a flux qubit embedded in an absolutely rigid rotator we

obtain entangled eigenstates of the system and their dependence on the total angular momentum J .

When the system is prepared in the state with a certain direction of the superconducting current,

this state is, in general, a quantum mixture of many rotational states of the body. However, only

tunnel splittings ∆J of the states belonging to the same J contribute to the oscillations of the

superconducting current. We then study decoherence of a flux qubit due to torques generated by

the oscillating current in the elastic solid and show how decoherence rates obtained within the two

models match. Among other problems we discuss renormalization of the tunnel splitting by the

elastic environment and superradiant relaxation in a system of closely packed qubits.

This chapter is structured as follows. Exactly solvable quantum model of a flux qubit interacting

with rotations of a rigid body is studied in 4.1. Quantum states of the qubit entangled with rotations

of the body are obtained in Section 4.1.1. Section 4.1.2 is devoted to decoherence due to rotational

excitations of the body. Elastic environment is considered in Section 4.2. The model that conserves

the total angular momentum is formulated in Section 4.2.1. Section 4.2.2 discusses decoherence of

the flux qubit by internal torques. Renormalization of the tunnel splitting by the elastic environment

is computed in Section 4.2.3. Section 4.3 contains numerical estimates, discussion of various effects

originating from conservation of angular momentum, alternative interpretations of the results, and

final conclusions.

4.1 Rigid Body

4.1.1 Rotational states of a flux qubit

First, we consider the tunnel-split states of a flux qubit and ignore conservation of the angular

momentum. Let the lowest-energy doublet of a flux qubit be

Ψ± =
1√
2

(| ↑〉 ± | ↓〉) , (4.1)
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where | ↑〉 and | ↓〉 are the eigenstates of the operator of the angular momentum of the electronic

current inside superconducting loop l̂z,

l̂z| ↑〉 = l| ↑〉

l̂z| ↓〉 = −l| ↓〉 (4.2)

Eigenfunctions Ψ± satisfy

ĤΨ± = E±Ψ± (4.3)

with Ĥ being the Hamiltonian of the qubit and

E− − E+ ≡ ∆ (4.4)

being the tunnel splitting. It is convenient to describe such a two-state system by a pseudospin 1/2.

Components of the corresponding Pauli operator σ are

σx = | ↓〉〈↑ |+ | ↑〉〈↓ |

σy = i| ↓〉〈↑ | − i| ↑〉〈↓ |

σz = | ↑〉〈↑ | − | ↓〉〈↓ | . (4.5)

The projection of Ĥ onto | ↑〉 and | ↓〉 states is

Ĥσ =
∑

m,n=↑,↓
〈m|Ĥ|n〉|m〉〈n| . (4.6)

According to Eq. (4.1),

| ↑〉 =
1√
2

(Ψ+ + Ψ−)

| ↓〉 =
1√
2

(Ψ+ −Ψ−) . (4.7)
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It is now easy to see from Eq. (4.3) that

〈↑ |Ĥ| ↑〉 = 〈↓ |Ĥ| ↓〉 = 0

〈↓ |Ĥ| ↑〉 = 〈↑ |Ĥ| ↓〉 = −∆/2 . (4.8)

With the help of these relations one obtains from equations (4.5) and (4.6)

Ĥσ = −(∆/2)σx . (4.9)

The general form of the wave function of our two-state system is

Ψ(t) = C+Ψ+e
i∆t/(2~) + C−Ψ−e

−i∆t/(2~) (4.10)

with |C−|2 + |C+|2 = 1. If one imposes the initial condition Ψ(0) = | ↑〉, then

Ψ(t) = cos

(
∆t

2~

)
| ↑〉+ sin

(
∆t

2~

)
| ↓〉 (4.11)

and 〈l̂z〉 = l〈σz〉, with

〈σz〉 = 〈Ψ(t)|σz|Ψ(t)〉 = cos

(
∆t

~

)
. (4.12)

This equation describes harmonic oscillations of the superconducting current at the frequency ∆/~

between clockwise and counterclockwise directions. Another way to obtain this result is to use the

equivalence [29] of the Schrödinger equation for spin one-half to the precession equation for the

expectations value of σ,

~
d

dt

〈σ
2

〉
= −

〈
σ × δĤσ

δσ

〉
=

∆

2
〈σ〉 × ex , (4.13)

which gives

d

dt
〈σx〉 = 0

d

dt
〈σy〉 =

∆

~
〈σz〉

d

dt
〈σz〉 = −∆

~
〈σy〉 . (4.14)
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The last two equations give Eq. (4.12).

We shall account now for mechanical rotations of the body containing the flux qubit. In this Sec-

tion we shall deal with an absolutely rigid body that can only rotate as a whole. As we shall see, this

problem contains all of the components needed to understand the effects of entanglement required

by the conservation of the angular momentum. Rotation by the angle φ about the quantization axis

Z transforms the Hamiltonian of the qubit into

Ĥ ′ = e−il̂zφĤeil̂zφ . (4.15)

Noticing that the operator of the angular momentum of the superconducting current, l̂z (that is

chosen in units of ~), commutes with φ it is easy to project this Hamiltonian onto | ↑〉 and | ↓〉.

Simple calculation yields the following generalization of Eq. (4.9):

Ĥ ′σ =
∑

m,n=↑,↓
〈m|Ĥ ′|n〉|m〉〈n|

= −∆

2

[
e−2ilφσ+ + e2ilφσ−

]
= −∆

2
[cos(2lφ)σx + sin(2lφ)σy] (4.16)

where σ± = 1
2(σx ± iσy).

To develop a rigorous formulation of the problem let us first assume that the body with the

qubit is an isolated system in a pure quantum state described by a single wave function. The full

Hamiltonian of the system is

Ĥ =
(~L̂z)2

2I
− ∆

2
[σx cos(2lφ) + σy sin(2lφ)] , (4.17)

where L̂z = −i(d/dφ) and I ≡ Iz is the moment of inertia of the body for rotation about the

quantization axis. It is easy to check that this Hamiltonian commutes with the operator of the total

angular momentum,

Ĵz = L̂z + l̂z = −i d
dφ

+ lσz . (4.18)

Consequently, the eigenstates of (4.17) must be entangled states of l̂z and L̂z that are eigenstates
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of the total angular momentum Ĵz:

|ΨJ±〉 =
CJ±√

2
| ↑〉l ⊗ |J − l〉L ±

CJ∓√
2
| ↓〉l ⊗ |J + l〉L , (4.19)

with J ≡ Jz. Simple calculation gives

CJ± =

√√√√1± 1√
1 + ∆2I2

4(~l)2(~J)2

(4.20)

and

EJ± =
(~l)2

2I
+

(~J)2

2I
±
√

∆2

4
+

(~l)2(~J)2

I2
(4.21)

for the energy levels. Here ± corresponds to ∓ in Eq. (4.19) and J = 0,±1,±2, ....

Alternatively, the same results can be obtained in the coordinate frame attached to the current

loop. In this case one starts with the Hamiltonian

Ĥr =
(~L̂z)2

2I
− ∆

2
σx =

(~Ĵz − ~l̂z)2

2I
− ∆

2
σx . (4.22)

Its eigenfunctions are

|ΨJ±〉r =
1√
2

(CJ±| ↑〉l ± CJ∓| ↓〉l)⊗ |J〉 , (4.23)

while eigenvalues are given by Eq. (4.21). The two coordinate frames are related by unitary trans-

formation.

4.1.2 Decoherence from rotations

Any real macroscopic system should have some distribution over J . According to Eq. (4.21), at

large I the energies of the states corresponding to different J can be very close. Consequently, a

macroscopically large number of different J-states should contribute to the expectation value of any

physical quantity. Since the phases of such states can differ significantly, the question then arises

how the coherence of the flux qubit is influenced by this effect. Rigorous answer to this question is

given below.

To study decoherence, one should prepare the system in a state with a certain direction of lz,
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e.g. lz = +l, and study how 〈l̂z〉 would depend on time. Naturally, the initial state should be

obtained by subjecting the system to a strong bias field in the direction of the magnetic moment of

the current loop. Adding the term −1
2Wσz to the Hamiltonian, it is easy to work out the energy

levels of the biased states:

EJ± =
(~l)2

2I
+

(~J)2

2I
±

√
∆2

4
+

[
W

2
+

(~l)(~J)

I

]2

. (4.24)

For a large positive bias the states corresponding to the plus sign in the above equation have too

high energies and can be ignored. In this limit the relevant energies, up to a constant, are

EJ− ≡ EJ =
~2(J − l)2

2I
=

(~Lz)2

2I
, (4.25)

in accordance with the expectation that they must be the energies of the rotational states of the

body. To make sure that the system is magnetized in the direction of the field, that is lz = +l, it

must be put in contact with a thermal bath at temperature T . This provides thermal distribution

over EJ with probabilities given by

PJ =
1

Z
exp

(
− EJ
kBT

)
, Z =

∑
J

exp

(
− EJ
kBT

)
. (4.26)

If at t = 0 the field is removed and the system is isolated from the bath, it will be a mixture of

J-states,

|ΨJl〉0 = |l〉 ⊗ |J − l〉 , (4.27)

with the probability of each J determined by Eq. (4.26). Time evolution of each J-state is provided

by

|ΨJl〉 =
CJ+√

2
|ΨJ+〉e−iEJ+t/~ +

CJ−√
2
|ΨJ−〉e−iEJ−t/~ . (4.28)

Consequently, the time dependence of the expectation value of l̂z = lσz is determined by

〈σz〉 =
∑
J

PJ〈ΨJl|σz|ΨJl〉 . (4.29)

45



Using the relations

〈ΨJ+|σz|ΨJ+〉 =
1

2

(
C2
J+ − C2

J−
)

〈ΨJ−|σz|ΨJ−〉 =
1

2

(
C2
J− − C2

J+

)
〈ΨJ−|σz|ΨJ+〉 = 〈ΨJ+|σz|ΨJ−〉 = CJ+CJ− (4.30)

one obtains

〈σz〉 =
∑
J

PJ

[
β2
J

1 + β2
J

+
1

1 + β2
J

cos

(
∆J

~
t

)]
, (4.31)

where

∆J = EJ+ − EJ− = ∆
√

1 + β2
J , βJ =

2(~l)(~J)

I∆
. (4.32)

Notice that only the energy splitting between states belonging to the same J , separated by ∆J ,

contribute to 〈σz〉. For a given J 6= 0 oscillations of the superconducting current occur between

〈lz〉 = l and 〈lz〉 = l(β2
J−1)/(β2

J +1) as compared to the oscillations between ±l for J = 0 (βJ = 0).

Formally, at T = 0, only the non-rotating state with J = l contributes to the sum in Eq. (4.31),

providing

〈σz〉 =
β2
l

1 + β2
l

+
1

1 + β2
l

cos

(
∆l

~
t

)
, (4.33)

where βl equals βJ at J = l. For a macroscopic body with a large moment of inertia βl � 1, so

that the difference between Eq. (4.12) and Eq. (4.33) is very small. The absence of decoherence at

T = 0 is related to the fact that the system is in a pure J-state.

At T 6= 0 rotations of a macroscopic body must be distributed over a macroscopically large

number of J � l. Consequently, one can replace J − l in Eq. (4.25) with J and replace summation

in Eqs. (4.31), (4.26) by integration over J . This gives Z =
√

2πIkBT/~. Expectation value of σz

depends on time through (∆/~)t,

〈σz〉 =
1√
πβT

∫ +∞

−∞
dβJ exp

(
−
β2
J

β2
T

)
×[

β2
J

1 + β2
J

+
1

1 + β2
J

cos

(√
1 + β2

J

∆

~
t

)]
, (4.34)
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and is determined by a single parameter,

βT = 2

√
βl
kBT

∆
= 23/2~l

∆

√
kBT

I
. (4.35)

Note that βl = 2(~l)2/(I∆) contains a macroscopically large number I in the denominator. This

provides

βl � βT � 1 (4.36)

for any reasonable values of l, ∆, and T . Since the main contribution to the integral in Eq. (4.34)

comes from βJ ∼ βT � βl, the overwhelming majority of J contributing to the integral satisfy

J � l in accordance with our assumption.

From Eq. (4.34) the asymptotic value of 〈σz〉 is

σ∞ ≡ lim
t→∞
〈σz〉 =

1

2
β2
T = 2βl

kBT

∆
. (4.37)

For a macroscopic body it is small due to the smallness of βl. In this limit the time dependence of

the oscillating term in Eq. (4.34) can be computed exactly:

〈σz〉t = Re

[
ei(∆/~)t√

1− iσ∞(∆/~)t

]
. (4.38)

One can see that the amplitude of quantum oscillations is decreasing as 1/
√
σ∞(∆/~)t. Thus, the

effective decoherence rate due to the entanglement of the flux qubit with rotations of the rigid body

is

Γr = σ∞
∆

~
= 2βl

kBT

~
=

4~l2

I

(
kBT

∆

)
. (4.39)

Notice that slow, 1/
√
t, decay of coherent oscillations given by Eq. (4.38) is a consequence of the

absolute rigidity of the body.

Proportionality of Γr to 1/I illustrates our point that, contrary to the naive picture that one

might have [101], the entanglement of a flux qubit with rotations of a macroscopic body, dictated

by the conservation of angular momentum, does not necessarily result in a strong decoherence.

This comes as a consequence of the selection rule: According to Eq. (4.31) only tunnel splittings,

∆J = EJ+−EJ−, of the states (4.21) belonging to the same J contribute to 〈σz〉. For a macroscopic
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body, all ∆J are very close, thus providing low decoherence.

4.2 Elastic Body

4.2.1 Flux qubit in the elastic environment

Realistically, the body containing a flux qubit is not absolutely rigid. During half-period of oscilla-

tions of the superconducting current the elastic stress generated by the changing angular momentum

of the current may only extend as far as half-wavelength, λ/2 = π~vt/∆, of the transverse sound of

frequency ∆/~ and speed vt. We shall assume that this distance is greater than the size of the cur-

rent loop. For, e.g., a micron-size loop this condition would be typically fulfilled for ∆/~ < 10GHz.

It allows one to treat the flux qubit as a point source of the elastic stress, without considering

interactions of segments of the current loop with the elastic environment.

Now the rotation angle φ that appears in the previous section is determined to the elastic twist,

[142]

φ =
1

2
[∇× u]z , (4.40)

where u is the phonon displacement field at the location of the flux qubit r = 0. Conventional

quantization of phonons gives

φ =
1

2

√
~

2ρV

∑
kλ

[ik× ekλ]z√
ωkλ

(
akλ + a†−kλ

)
, (4.41)

where a†kλ, akλ are operators of creation and annihilation of phonons of wave-vector k and polar-

ization λ, ekλ are unit vectors of polarization, ωkλ = vtk is the phonon frequency, ρ is the mass

density of the solid and V is its volume. Since we limit our consideration to elastic twists, only the

two transverse polarizations of sound contribute to Eq. (4.41).
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Elastic Hamiltonian that replaces Hamiltonian (4.17) of the rigid-body approximation is

Ĥ =
∑
kλ

~ωkλ

(
a†kλakλ +

1

2

)
−

− ∆

2

{
σ+ exp

[
l
∑
kλ

ξkλ

(
akλ − a†kλ

)]

+ σ− exp

[
−l
∑
kλ

ξkλ

(
akλ − a†kλ

)]}
, (4.42)

where

ξkλ ≡

√
~

2ρV

[k× ekλ]z√
ωkλ

. (4.43)

Validity of this approximation relies on the fact that angular velocity of the local rotation, Ω =

dφ/dt, is always small compared to the frequency of sound ω. Indeed, noticing that according to

Eq. (4.40) Ω ∼ ωku we see that Ω� ω coincides with the condition of validity of the elastic theory:

ku� 1.

Unitary transformation Ĥr = Û−1ĤÛ with

Û = exp

[
1

2
lσz
∑
kλ

ξkλ

(
akλ − a†kλ

)]
(4.44)

transforms Hamiltonian (4.42) into

Ĥr = Û−1

[∑
kλ

~ωkλ

(
a†kλakλ +

1

2

)]
Û − ∆

2
σx

=
∑
kλ

~ωkλ

[
a†kλakλ −

lσz
2
ξkλ

(
akλ + a†kλ

)]
− ∆

2
σx ,

(4.45)

where an insignificant constant has been omitted. In the transition from the first to the second line

of Eq. (4.45) we have used properties of the displacement operator,

D̂−1(α)aD̂(α) = a+ α , D̂−1(α)a†D̂(α) = a† + α∗ , (4.46)
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with

D̂(αkλ) = e−α
∗
kλakλ+αkλa

†
kλ , αkλ = −1

2
lσzξkλ . (4.47)

Eq. (4.45) shows that from a mathematical point of view the problem formulated in this Section

is a variance of spin-boson problem [103]. While some important theorems have been proved for

this problem in recent years (see, e.g., Ref. [143] and references therein), its exact eigenstates are

unknown. This prevents us from developing rigorous mathematical approach to decoherence along

the lines of the previous Section. From a physical point of view, the attractiveness of our variance of

the spin-boson model is in the absence of free parameters. The boson field in our case is the phonon

displacement field. Its coupling to the flux qubit (described by spin 1/2) is completely determined by

the conservation of total angular momentum. In what follows, we will use an approximation based

upon observation that local twists of the elastic solid due to oscillations of the superconducting

current in a flux qubit must be very small. Within this approximation we will describe transverse

phonons by a classical displacement field u(r, t), satisfying ∇ · u = 0.

Expanding Hamiltonian (4.42) to the lowest power on the elastic twist and replacing operators

by their classical expectation values, one obtains

H = HE −
∆

2
σx −

∆

2
lσy

∫
d3rδ(r)

(
∂ux
∂y
− ∂uy

∂x

)
, (4.48)

where HE is the Hamiltonian of free rotations,

HE =
1

4

∫
d3rρv2

t

(
∂uα
∂rβ

+
∂uβ
∂rα

)2

. (4.49)

The dynamical equation for the displacement field is

ρ
∂2uα
∂t2

=
∂σαβ
∂rβ

, (4.50)
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where σαβ = δH/δeαβ is the stress tensor and eαβ = ∂uα/∂rβ is the strain tensor. This gives

ρ

(
∂2ux
∂t2

− v2
t∇2ux

)
= −∆

2
lσy

∂

∂y
δ(r)

(4.51)

ρ

(
∂2uy
∂t2

− v2
t∇2uy

)
=

∆

2
lσy

∂

∂x
δ(r) .

(4.52)

The above equations should be solved together with the Landau-Lifshitz equation for σ:

~
2

dσ

dt
= −σ × δH

δσ
, (4.53)

which gives

~
dσx
dt

= −σz∆l
∫
d3rδ(r)

[
∂ux
∂y
− ∂uy

∂x

]
(4.54)

~
dσy
dt

= σz∆ (4.55)

~
dσz
dt

= −σy∆ + σx∆l

∫
d3rδ(r)

[
∂ux
∂y
− ∂uy

∂x

]
(4.56)

It is easy to see that Eqs. (4.54), (4.55) and (4.56) preserve the length of σ: σ2
x + σ2

y + σ2
z = 1.

First, let us show that, in accordance with our general line of reasoning, the above equations

conserve the Z-component of the total angular momentum,

Jz = ~lσz + Lz . (4.57)

Here Lz is the Z-component of the mechanical angular momentum. Its time derivative equals the

Z-component of the total mechanical torque, Kz, acting on the body. In the absence of the external

torque applied to the surface of the body, Kz is given by [142]

Kz =

∫
d3r (σyx − σxy) . (4.58)

Conventional elastic theory postulates no internal torques, in which case the stress tensor would be
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symmetric and Kz would be zero. Situation changes when there are transitions between angular

momentum states of a microscopic object inside the body, such as, e.g., a flux qubit. In this case

the stress tensor is non-symmetric, yielding

dLz
dt

=

∫
d3r (σ′yx − σ′xy) , (4.59)

where σ′αβ = δHint/δeαβ is the part of the stress tensor related to the interaction of the flux qubit

with the elastic environment, Hint. The latter is given by the second term in Eq. (4.42). To prove

conservation of the total angular momentum one needs to write this term with the accuracy to

second-order terms on the elastic twists:

Hint = − l
2

∆σy

∫
d3rδ(r)

(
∂ux
∂y
− ∂uy

∂x

)
+

l2

4
∆σx

[∫
d3rδ(r)

(
∂ux
∂y
− ∂uy

∂x

)]2

. (4.60)

This gives

σ′xy = − l
2

∆σyδ(r) +
l2

2
∆σxδ(r)

∫
d3rδ(r)

[
∂ux
∂y
− ∂uy

∂x

]
σ′yx =

l

2
∆σyδ(r)− l2

2
∆σxδ(r)

∫
d3rδ(r)

[
∂ux
∂y
− ∂uy

∂x

]
(4.61)

so that

dJz
dt

= ~l
dσz
dt

+
dLz
dt

= ~l
dσz
dt

+ l∆σy

− l2∆σx

∫
d3rδ(r)

(
∂ux
∂y
− ∂uy

∂x

)
. (4.62)

It is now easy to see that condition dJz/dt = 0 coincides with one of the equations of motion, Eq.

(4.56).
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4.2.2 Decoherence from internal torques

At u = 0 equations (4.55) and (4.56) would describe coherent precession of σ about the X-axis, with

σx = const, σz ∝ cos(t∆/~), and σy ∝ sin(t∆/~). Conservation of angular momentum makes the

flux qubit wiggle mechanically when the current oscillates between clockwise and counterclockwise.

Consequently, it becomes a source of sound, as can be seen from Eqs. (4.51) and (4.52). Let us

linearize all equations of motion around σx = 1, u = 0, with small σy,z(t) ∝ e−iωt and

ux,y(r, t) ∝ e−iωt
∫

d3k

(2π)3
eik·rux,y(k) . (4.63)

Writing δ(r) as
∫

d3k
(2π)3 e

ik·r one obtains from Eqs. (4.51) and (4.52)

ux(k) = − l∆
2ρ

ikyσy
k2v2

t − ω2
, uy(k) =

l∆

2ρ

ikxσy
k2v2

t − ω2
, (4.64)

where k2 = k2
x + k2

y + k2
z . Substitution into Eqs. (4.55) and (4.56) results in

~2ω2 = ∆2

(
1− l2∆

2ρ

∫
d3k

(2π)3

k2
x + k2

y

k2v2
t − ω2

)
(4.65)

The integral in this equation should be computed in the complex plane with account of a small

imaginary part of ω,

∫
d3k

(2π)3

k2
x + k2

y

k2v2
t − ω2

=
1

3π2

∫
k4dk

k2v2
t − ω2

=
iω3

3πv5
t

. (4.66)

This gives

~2ω2 = ∆2

(
1− i l

2ω3∆

6πρv5
t

)
, (4.67)

that is,

ω =
∆

~
− iΓ0 , (4.68)

where

Γ0 =
l2∆5

12π~4ρv5
t

(4.69)
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is the T = 0 rate of the decay of the coherent precession of σ. This result is in full agreement with the

decoherence rate computed with the help of the Fermi golden rule by considering spontaneous quan-

tum transition from the excited state (|l〉 − | − l〉) to the ground state (|l〉+ | − l〉) with the radiation

of a phonon of energy ∆ [20]. Its generalization to finite temperature is Γe = Γ0 coth[∆/(2kBT )].

At kBT � ∆ it gives Γe ∝ T as in Eq. (4.39) obtained for the rigid body. Comparison of the

decoherence provided by the two models will be done in Section 4.3.

As is clear from the derivation, the above result corresponds to the decoherence of a weakly

excited state of the flux qubit. Our method, however, permits study of decoherence of the state

prepared with u = 0 and arbitrary σz (including σz = 1) at t = 0. Dynamics of the vector σ consists

of fast precession about the X-axis and slow relaxation towards the energy minimum that according

to Eq. (4.48) corresponds to σx = 1, σy,z = 0. It is accompanied by radiation of sound due to the

torque acting on the flux qubit from the oscillating current. Noticing that the space-time Fourier

transform of the displacement generated by the torque, u(k, ω), and the time Fourier transform,

σ(ω), of σ(t) are always related by Eqs. (4.64) due to the linearity of Eqs. (4.51) and (4.52), one

can transform the integral in Eqs. (4.54) and (4.56) as

∫
d3rδ(r)

(
∂ux
∂y
− ∂uy

∂x

)
=

l∆

6πv5
t

∫
dω

2π
iω3σy(ω)e−iωt . (4.70)

To the first approximation, fast-precessing and slowly-relaxing solution of Eqs. (4.55) and (4.56)

that satisfies σ2
x + σ2

y + σ2
z = 1 is

σy(t) =
√

1− 〈σx〉2 sin

(
∆

~
t

)
σz(t) =

√
1− 〈σx〉2 cos

(
∆

~
t

)
, (4.71)

where 〈σx〉 is a slow function of time. Within this approximation the Fourier transform of σy in Eq.

(4.70) is dominated by the Fourier transform of sin(t∆/~) that equals

iπ[δ(ω + ∆/~)− δ(ω −∆/~)] , (4.72)
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so that the integral (4.70) becomes

− 2
~Γ0

∆

√
1− 〈σx〉2 cos

(
∆

~
t

)
(4.73)

where Γ0 is given by Eq. (4.69). Substituting this result into Eq. (4.54), taking into account the

first of Eqs. (4.71), and averaging the resulting equation over fast oscillations, 〈cos2(t∆/~)〉 = 1/2,

one obtains
∂〈σx〉
∂t

= Γ0

(
1− 〈σx〉2

)
. (4.74)

This leads to the following relaxation law at t > 0 after the system was prepared in the state with

arbitrary σx = tanh(Γ0t0) ≤ 1 at the moment of time t = 0:

〈σx〉 = tanh[Γ0(t+ t0)] (4.75)

σy =
sin
(

∆
~ t
)

cosh[Γ0(t+ t0)]
(4.76)

σz =
cos
(

∆
~ t
)

cosh[Γ0(t+ t0)]
. (4.77)

Our previous consideration of small oscillations of σy,z (that is, precession around σx → 1) cor-

responds to the choice of Γ0t0 � 1, in which case the decay of the oscillations is always exponential

with the rate Γ0, as has been previously found. If the system is prepared in the state with σz = 1

(that corresponds to the choice of t0 = 0 in the above equations), it exhibits exponential relaxation,

σz = 2e−Γ0t cos(t∆/~) , (4.78)

only at Γ0t� 1. The initial relaxation at Γ0t� 1 is slower:

σz =
cos(t∆/~)

1 + 1
2(Γ0t)2

. (4.79)

This later result for a two-state system should be taken with a grain of salt, though, as it is likely to

be the consequence of the approximation in which the expectation value of the second term in Eq.

(4.48) is replaced by the product of expectation values of σy and phonon field. Such approximation

neglects quantum correlations between spin 1/2 and the boson field. In this connection, it is
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interesting to notice that our model can be easily extended to a system of more than one flux qubit

if all the qubits have the same resonance frequency, ω = ∆/~, and are located within a distance

from each other that is small compared to the wavelength of sound of frequency ω. Indeed, for such

a system σ/2 in Eq. (4.42) gets replaced with the total effective spin S = σ1/2 +σ2/2 +σ3/2 + ....

Since the resulting Hamiltonian is linear on S, it commutes with S2. Consequently, when the number

of qubits, N , is large, S must behave as a classical large spin of constant length. In this case, the

approximation that neglects quantum correlations must be good. It leads to the same equations

(4.51) - (4.56) in which σ is replaced with Nσ. This amplifies the amplitude of sound by a factor

N . Consequently, Γ0 is amplified by a factor N2. One immediately recognizes Dicke superradiance

[144] in this effect. We, therefore, expect Eqs. (4.75) - (4.77) with Γ0 → N2Γ0 to correctly describe

decoherence in a system of N � 1 closely packed flux qubits.

4.2.3 Renormalization of the tunnel splitting by the elastic environment

The above consideration shows that decoherence of the flux qubit in the elastic environment is

dominated by phonons of energy ∆. Meantime, even at T = 0 there are zero-point oscillations

of the solid that produce elastic twists. Such twists interact with the flux qubit and, as we shall

see below, renormalize the tunnel splitting. This problem cannot be treated semiclassically as it

requires consideration of the entanglement of the qubit with the excitation modes of the solid. It

is based upon computation of the quantum average of the Hamiltonian (4.42), 〈0|Ĥ|0〉 over the

ground state of the solid, |0〉, that has no real phonons.

Noticing that

〈0|elξkλ
(
akλ−a†kλ

)
|0〉 = 〈0|e−lξkλ

(
akλ−a†kλ

)
|0〉

= 1− 1

2
|lξkλ|2 + ... = e−|lξkλ|

2/2 , (4.80)

one obtains

Ĥσ ≡ 〈0|Ĥ|0〉 = −∆

2
exp

(
− l

2

2

∑
kλ

|ξkλ|2
)

(σ+ + σ−) , (4.81)

that is,

Ĥσ = −∆eff

2
σx , (4.82)
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where

∆eff = ∆ exp

(
− l

2

2

∑
kλ

|ξkλ|2
)

(4.83)

is the tunnel splitting renormalized by zero-point quantum elastic twists. Here ξkλ is given by Eq.

(4.43).

The sum over k in Eq. (4.83) can be computed by replacing it with the integral V
∫
d3k/(2π)3.

For the two transverse phonon modes k × ekt1 = ±kekt2 . Averaging over the angles then gives

〈[ekt]2z〉 = 1/3. Integrating over k from zero to kmax determined by the size of the flux qubit, one

obtains

∆eff = ∆ exp

(
−~l2k4

max

48π2ρvt

)
(4.84)

A quick estimate (see Section 4.3) shows that the exponent in Eq. (4.84) is always small, thus

providing negligible renormalization of the tunnel splitting in a flux qubit. However, the above

result illustrates an important point. If, for some reason, the shear modulus of the solid, G = ρv2
t ,

disappeared, this, according to Eq. (4.84), would lead to the disappearance of the tunnel splitting

as well. The latter is a consequence of the conservation of angular momentum: The current cannot

reverse direction if it cannot transfer momentum to the body. As is discussed in the next Section

this effect may, in principle, be observed in some two-state systems.

4.3 Discussion and Conclusions

We have studied two models that take into account mechanical effects associated with quantum

oscillations of a superconducting current in a flux qubit. These effects have simple physical origin.

To change direction, the current must transfer momentum to the underlying crystal lattice. For the

current oscillating in a SQUID loop, it is a microscopic analogue of the Einstein - de Haas effect:

The change in the angular momentum of the current associated with its magnetic moment must

be compensated by the change in the angular momentum of the body containing the current. This

inevitably entangles quantum states of a flux qubit with quantum states of a macroscopic body

containing the qubit. One can naively imagine that almost instantaneous decoherence of quantum

states of the macroscopic body would have a detrimental effect on the decoherence of the flux qubit.

We show that this is not the case due to the selection rule originating from conservation of angular
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momentum. While quantum state of a macroscopic system is, in general, an admixture of a large

number of rotational states corresponding to different total angular momenta, only tunnel splittings

of the states belonging to the same J contribute to quantum oscillations of the superconducting

current. Broadening of the tunnel splitting by the rotational states of a qubit is small as long as

the body is sufficiently large.

In the first part of the chapter we have studied an exactly solvable model of a flux qubit entangled

with a rigid mechanical rotator. We show that decoherence in such a system is weak due to inverse

proportionality of the decoherence rate, Γr = (4~l2/I)(kBT/∆), to the moment of inertia of the

rotator, I. To put things in perspective, consider, e.g., a micron-size flux qubit embedded in a

body of a comparable small size that is free to rotate. Sound of frequency ω = ∆/~ ∼ 1010s−1

would have a wavelength comparable to the size of the body. Consequently, in reaction to the

oscillations of the superconducting current, such a system would rotate as a whole, making the

rigid-body approximation developed in Section 4.1 a reasonably good one. Typical value of the

moment of inertia of a micron-size body is in the ballpark of 10−19g·cm2. Taking l ∼ 105 for a

micron-size current loop, one obtains the following values of the parameters in equations (4.35)

- (4.39): βl ≈ 2 × 10−8, βT ≈ 3 × 10−4(kBT/∆)1/2, σ∞ ∼ 4 × 10−8(kBT/∆). Decoherence is

dominated by J ∼ 109(kBT/∆)1/2, which corresponds to frequencies of the rotational Brownian

motion ω = ~J/I ∼ 10(kBT/∆)1/2s−1. This provides Γ ∼ 500s−1 that corresponds to a rather high

quality factor of quantum oscillations, Q = ∆/(~Γ) ∼ 2× 107[∆/(kBT )], even in the extreme case

of a micron size system.

In the second part of the chapter we have studied interaction of the flux qubit with the twists

of the elastic body, dictated by the conservation of angular momentum. Such model has no free

parameters. While its exact quantum states are not known, one can develop a reasonably good

approximation in which the internal torque produced inside the body by the oscillating current is

treated as a source of elastic shear waves. If the elastic environment is considered to be infinite in

space, this is an open system as compared to the closed system that consists of a finite-size rotator

with a flux qubit. In the infinite elastic system the shear waves generated by the point source

of torque escape to infinity, thus allowing finite decoherence at T = 0 as compared to the closed

system. The corresponding decoherence rate is given by Γe = l2∆5/(12π~4ρv5
t ) coth[∆/(2kBT )].

At l ∼ 105, ω = ∆/~ ∼ 1010s−1 it is of the order of 106s−1, which provides Q = ∆/(~Γ) ∼ 104.
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This shows that the effect studied here, while allowing weak decoherence, can hardly be ignored in

designing flux qubits.

A good check of the validity of the above results can be obtained by comparing decoherence

rates obtained within the rigid-rotator model and within the elastic model. At kBT ≥ ∆ the ratio

of the two rates is Γe/Γr = (4π4/3)(I/ρλ5) where λ = 2π~vt/∆ is the wavelength of shear waves

of frequency ω = ∆/~. Noticing that the moment of inertia of a rigid body of radius R is of order

ρR5, we see that Γe/Γr ∼ 1 at λ ∼ 2R. This agreement between the two models that consider the

same effect from two very different angles is quite remarkable.

In our consideration of the conservation of angular momentum, certain effects that may exist in

real systems have been left out. Among them are interactions of the flux qubit with magnetic atoms

and nuclear spins that can, in principle, absorb some part of the angular momentum of the SQUID.

For l � 1 such processes must be suppressed, however, as they require coherent participation of

many magnetic atoms and many nuclear spins. Interaction of the flux qubit with the shear waves

of the body must be the primary mechanism of the conservation of angular momentum. Being

unavoidable, it imposes a universal upper bound on the quality factor of the qubit.

The effect of rotations on decoherence can also be understood from another angle. At φ = ωt

that corresponds to the uniform rotation of the flux qubit about the Z-axis the Hamiltonian (4.16)

is equivalent to the Hamiltonian of spin 1/2 in the effective magnetic field of amplitude ∆/(2µB)

(µB being the Bohr magneton) rotating in the XY plane at an angular velocity Ω = 2lω. Switching

to the coordinate frame rotating with the field, gives an effective constant field applied along the

X-axis plus the effective bias field in the Z-direction, Ĥ ′′σ = −l~ωσz − ∆
2 σx. The first term is simply

−ω · ~l, that appears in the frame rotating at the mechanical angular velocity ω, projected into

the | ↑〉 and | ↓〉 states. Real bias magnetic field B adds the term −B · (µBl) to the Hamiltonian.

When the field is applied along the Z-axis the full two-state Hamiltonian in the rotating (SQUID)

frame of reference becomes Ĥ ′′σ = −l(~ω + µBB)σz − ∆
2 σx. This proves that the rotation of a

truncated two-state SQUID system satisfies Larmor theorem. It is equivalent to the magnetic field

B/ω = ~/µB ∼ 10−7Oe/Hz. Effective fields generated by slow rotations of the equipment must

have negligible effect on the flux qubit. However, the effect of local dynamic shear deformations on

a microscopic SQUID must be noticeable because the corresponding angular velocities (ku)(∆/~)

can easily reach 107Hz, providing effective fields in the range of 1G.
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Experiments with flux qubits have shown that significant decoherence comes from 1/f noise, the

origin of which has been debated [145, 146]. Notice in this connection that relaxation of microscopic

shear strains in a solid must be a source of dynamical local twists that, according to the above

discussion, generate local effective magnetic fields. It is, therefore, plausible that relaxation of

shear strains at the location of the qubit is, in fact, responsible for the observed 1/f noise affecting

quantum dynamics of the qubit.

Another observation worth mentioning is amplification of decoherence in a system of flux qubits

positioned in close proximity to each other. This effect may be important in designing architectures

of flux qubits if they are to be used for quantum computing. It will reveal itself when N microscopic

qubits with identical tunnel splitting ∆ are positioned within the wavelength of sound of frequency

∆/~. As has been demonstrated in Section 4.2.2, radiation of sound by such a system and, thus,

decoherence will be amplified by a factor N2. This is an acoustic analogue of Dicke superradiance

that may impose an upper limit on the density of flux qubits. One way to avoid this effect in a

dense assembly of qubits would be to use qubits of significantly different ∆.

In Section 4.2.3 we studied renormalization of the tunnel splitting of a flux qubit arising from

its interaction with zero-point shear deformations. The magnetic moment of the current of strength

J in a loop of area a is µ = Ja/c, which gives l = Ja/(cµB). With a = πr2 and kmax = 2π/r, the

exponent in Eq. (4.84) becomes π4~J/(3c2µ2
Bρvt). At J ∼ 1µA it is hopelessly small, thus, making

this kind of renormalization irrelevant for a flux qubit.

Notice in this connection that a similar effect, described by Eq. (4.84), may exist for the tunnel

splitting of the atomic magnetic cluster. In this case l would be significantly smaller but kmax

would be much greater than for a flux qubit. An estimate for, e.g., a magnetic molecule frozen

in solid He-4 shows that the exponent in Eq. (4.84) can easily be of order unity. As the He-solid

approaches melting transition on decreasing pressure, its shear modulus would go to zero, resulting

in the freezing of tunneling.

Finally, we would like to notice that the treatment developed here should apply to nanomechan-

ical devices incorporating SQUIDs. Such devices have been recently made and measured [98, 99].

They open the whole new field of the entanglement of qubit states with mechanical oscillations.

Possible manipulation of superconducting qubits by mechanical rotations is another interesting as-

pect of the research on nanomechanical superconducting qubits. Our model of a rigid rotator with
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a flux qubit may provide a framework for theoretical studies of these effects.
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5

Spin-Boson Model

5.1 Background

The single mode spin-boson model describes a two-level system interacting with a single quantized

harmonic oscillator. The spin-boson Hamiltonian is (~ = 1)

ĤSB = ωa†a+
∆

2
σx + σz(g

∗a+ ga†) (5.1)

where ω is the frequency of the bosonic mode, ∆ is the level splitting of the two-level system, and

g is the coupling between the two systems. a† and a are creation and annihilation operators of the

bosonic mode, respectively, and σx,z are Pauli matrices of the two-level system. It is also known as

the quantum Rabi model, usually written with x� z.

A related model which we have studied,

Ĥ = ωa†a+
∆

2

(
σ+e

−iλ(a+a†) + σ−e
iλ(a+a†)

)
(5.2)

describes the lowest tunneling doublet of a spin coupled to a torsional resonator (see Section 6.1.2 for

details). Transforming this Hamiltonian to the rotating frame shows its relation to the spin-boson

model,

ÛĤÛ † −→ ĤSB, Û = eiλσz(a+a†)/2 (5.3)

(up to an unessential constant) with g = −iωλ/2. The multimode generalization of the spin-
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resonator Hamiltonian describes a nanomagnet or flux qubit embedded in an elastic environment,

discussed in Chapter 4.

The Jaynes-Cummings model [106] describes the near-resonant, weak coupling limit of the spin-

boson Hamiltonian, obtained by making the rotating wave approximation. Splitting ĤSB into

noninteracting Ĥ0 = ωa†a+ ∆
2 σx and interacting Ĥ1 = gσz(a+ a†) terms (we have taken g = g∗),

we switch to the interaction picture and expand in terms of raising and lowering operators σ± =

(σz ∓ iσy) in the σx basis,

ĤI
int = eiĤ0tĤ1e

−iĤ0t = g(σ+a e
−i(ω−∆) + σ−a

† ei(ω−∆) + σ+a
† ei(ω+∆) + σ−a e

−i(ω+∆)). (5.4)

In the limit of near-resonance ω ≈ ∆ the first two terms oscillate slowly while the final two terms

oscillate rapidly. For weak coupling g � ω, the rotating wave approximation is made by neglecting

these so-called counter-rotating terms and switching back to the Schrödinger picture. The Jaynes-

Cummings Hamiltonian is

ĤJC = ωa†a+
∆

2
σx + g(σ+a+ σ−a

†). (5.5)

Another way to understand the rotating wave approximation is that the first two terms in Ĥ1

describe transitions between states that are nearly equal in energy in the absence of interactions,

i.e. excitation (deexcitation) of the two-level system coincides with annihilation (creation) of an

oscillator quantum, while the last two terms describe simultaneous excitation or deexcitation of

the two-level system and oscillator. The Jaynes-Cummings model commutes with the excitation

number,

N̂ = a†a+
1

2
(σx + 1), [N̂ , ĤJC ] = 0. (5.6)

which makes it block-diagonalizable into an infinite number of 2 × 2 non-interacting subsystems.

Projecting ĤJC onto the basis |n,+x〉, |n+ 1,−x〉, where σx|n,±x〉 = ±|n,±x〉, and diagonalizing

gives

En± = nω ± 1

2

√
(ω −∆)2 + Ω2

n, Ωn = 2g
√
n+ 1, (5.7)

where Ωn is the quantum electrodynamic Rabi frequency which depends on the occupation number
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of the oscillator [107].

5.2 Parity Chains and Diagonalization

In the Jaynes-Cummings model, the conserved quantity N̂ generates a continuous U(1) symmetry.

When the counter-rotating terms are included to return to the spin-boson model, the U(1) symmetry

is reduced to Z2 parity symmetry. The corresponding constant of motion which generates this

symmetry is the overall parity operator,

Π̂ = σxPπ, [Π̂, ĤSB] = 0, (5.8)

where Pπ = eiπa
†a is the bosonic parity operator. This can be used to take ĤSB to the diagonal form

ĤD
SB = T̂−1ĤSBT̂ within the two-level space by means of a Fulton-Gouterman transformation [147],

ĤD
SB =

 H+ + ∆
2 Pπ 0

0 H− − ∆
2 Pπ

 , H± = ωa†a± (g∗a+ ga†), (5.9)

where

T̂ =
1√
2

 1 −Pπ

Pπ 1

 , T̂−1 =
1√
2

 1 P−π

−Pπ 1

 . (5.10)

Gardas finds T̂ by solving the Riccati operator equation [143]. One of Gardas’s major results is the

form of the time evolution operator, which is then given by

Û = T̂ (e−iĤ
D
SBt)T̂−1, (5.11)

or explicitly in matrix form,

Û =
1

2

 e−i(H++ ∆
2
Pπ)t + e−i(H+−∆

2
Pπ)t

(
e−i(H++ ∆

2
Pπ)t − e−i(H+−∆

2
Pπ)t

)
Pπ(

e−i(H−+ ∆
2
Pπ)t − e−i(H−−

∆
2
Pπ)t

)
Pπ e−i(H−+ ∆

2
Pπ)t + e−i(H−−

∆
2
Pπ)t

 . (5.12)
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The missing step is finding an exact expression for the dynamics is solving the eigenvalue equation

for each parity chain,

(H± ±
∆

2
Pπ)ψ = E±ψ. (5.13)

Braak has recently shown the Z2 symmetry is adequate to solve each parity chain in the quan-

tum Rabi model [115]. We summarize some of Braak’s major results here. Using the Bargmann

representation for the creation and annihilation operators [148] in the complex variable z,

a −→ ∂

∂z
, a† −→ z (5.14)

the parity chain Hamiltonians take the form

Hz± = ωz
∂

∂z
± g

(
z +

∂

∂z

)
± ∆

2
Pz (5.15)

where Pz is the parity operator in the Bargmann space of functions f(z), such that Pzf(z) = f(−z).

The time-independent Schrödinger equation Hzψ(z) = Eψ(z) can be solved by taking ψ(z) = φ1(z),

ψ(−z) = φ2(z). These two representations must coincide, i.e. φ1(z) = φ2(−z), which gives G±(x) =

0, where

G±(x) =
∞∑
n=0

Kn(x)

[
1∓ ∆/2

x− nω

]( g
ω

)n
(5.16)

where

nKn = fn−1(x)Kn−1 −Kn−2 (5.17)

with initial conditions K0 = 1, K1 = f0, and

fn(x) =
2g

ω
+

1

2g

(
nω − x+

(∆/2)2

x− nω

)
. (5.18)

There are two types of eigenvalues, regular and exceptional. Regular eigenvalues En± = xn±−g2/ω

correspond to zeros of G±(x). Exceptional eigenvalues occur when Kn(nω) lifts a pole of G±(x)

at xn = nω, and have no definite parity. This corresponds to crossing of eigenvalues from different

parity spaces.

While this analytic solution is a major breakthrough [149], the dynamics of this system based on
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this solution still require numerical evaluation [116] and the crossover from the Jaynes-Cummings

to quantum Rabi model is not as simple as expected [118]. The open question remains whether one

can construct closed-form expressions for the energies, eigenstates, and dynamics of the spin-boson

model, both in its single and multi-mode versions. These may provide further physical insight into

the nature of Braak’s solution. We describe a preliminary approach and some possible avenues for

further research.

5.3 Displaced Oscillator Basis

As a first step, we use the displaced oscillator basis to find an approximate expression for the energy

eigenvalues of the parity chains. The positive parity chain Hamiltonian is (in units of ω)

H = D(−f)a†aD(f)− |f |2 +
∆

2
Pπ, (5.19)

where f = g/ω is the dimensionless coupling and D(β) is the displacement operator,

D(β) = eβa
†−β∗a, D†(β)aD(β) = a+ β, D†(β) = D(−β) (5.20)

Expanding the wavefunction in terms of displaced oscillator states,

ψ =
∑
n

an| − f, n〉, | − f, n〉 = D(−f)|n〉 (5.21)

the time-independent Schrödinger equation Hψ = λψ gives

∑
n

an

[
(n− λ)| − f, n〉+ (−1)n

∆

2
|f, n〉

]
= 0 (5.22)

where we have used Pπ| − f, n〉 = (−1)n|f, n〉 and included the constant term |f |2 in λ. Taking the

inner product with 〈−f,m| gives

am

[
λ−m− (−1)m

∆

2
Vmm(−2f)

]
=
∑
n6=m

an

[
(−1)n

∆

2
Vmn(−2f)

]
(5.23)
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where

Vm,n(β) = 〈m|D(β)|n〉 =



√
n!

m!
βm−ne−|β

2|/2Lm−nn (|β|2), m > n

e−|β
2|/2Ln(|β|2), m = n√

m!

n!
(−β)n−me−|β

2|/2Ln−mm (|β|2), m < n

(5.24)

The first approximation of the eigenvalues comes from setting the left hand side of Eq. (5.23) to

zero, giving

λ ≈ m+ (−1)m
∆

2
Vmm(−2f). (5.25)

Even this first correction displays good agreement with numerical diagonalization, shown in Fig. 5.1.

To find the next order correction, we proceed along the lines of Ref. [150]. Solving Eq. (5.23) for

am and substituting this for an on the right hand side gives

am

[
λ−m− (−1)m

∆

2
Vmm

]
=

(
∆

2

)2 ∑
n 6=m

∑
l 6=n

al
(−1)n+lVmnVnl

λ− n− (−1)n∆
2 Vnn

. (5.26)

Pulling out the l = m terms on the right hand side and neglecting all other terms gives

am

λ−m− (−1)m
∆

2
Vmm −

(
∆

2

)2 ∑
n6=m

(−1)n+mVmnVnm

λ− n− (−1)n∆
2 Vnn

 = 0. (5.27)

Making use of the first approximation of the eigenvalues Eq. (5.25) in the denominator of the sum,

we obtain

λm+ ≈ mω + (−1)m
∆

2
Vmm(−2f) (5.28)

+

(
∆

2

)2 ∑
n6=m

(−1)n+mVmn(−2f)Vnm(−2f)

(m− n)ω + [(−1)mVmm(−2f)− (−1)nVnn(−2f)]
∆

2

.

Taking f → −f and ∆ → −∆ gives the negative parity solutions λm−. These eigenvalues are

shown in Fig. 5.1, and show remarkable agreement with numerical diagonalization, with excellent

agreement for stronger coupling f ∼ 1.

The eigenvalue expression we have obtained in Eq. (5.28) resembles second order nondegenerate

perturbation theory. However, it is not a priori obvious what the perturbation parameter is. We

will continue to study this model with the goal of obtaining closed-form solutions for the eigenvalues,
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Figure 5.1: Energy spectrum as a function of coupling (both in units of ω) for ∆ = 0.8ω. Comparison
of first order approximation (Eq. (5.25), dotted line), second order correction (Eq. (5.28), thick
dashed line) and numerical diagonalization (solid line).

eigenstates, and dynamics of the spin-boson model.

68



6

Landau-Zener dynamics of a

nanoresonator containing a tunneling

spin

We study the Landau-Zener dynamics of a tunneling spin coupled to a torsional resonator. For

strong spin-phonon coupling, when the oscillator frequency is large compared to the tunnel split-

ting, the system exhibits multiple Landau-Zener transitions. Entanglement of spin and mechanical

angular momentum results in abrupt changes of oscillator dynamics which coincide in time with

spin transitions. We show that a large number of spins on a single oscillator coupled only through

the in-phase phonon field behave as a single large spin, greatly enhancing the spin-phonon coupling.

We compare purely quantum and semiclassical dynamics of the system and discuss their experimen-

tal realizations. An experiment is proposed in which the field sweep is used to read out the exact

quantum state of the mechanical resonator.

Realizing a quantum magneto-mechanical system with strong spin-phonon coupling has been an

experimental challenge. A recent experiment [28] has shown the first evidence of strong spin-phonon

coupling in a single molecule magnet grafted onto a carbon nanotube. Spin reversal of the single

molecule magnet during a Landau-Zener sweep coincides with an abrupt increase in the differential

conductance through the carbon nanotube. This has been interpreted as the spin transition exciting

a longitudinal stretching mode of the carbon nanotube, which enhances electron tunneling from the
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lead onto the nanotube through electron-phonon coupling.

We propose multiple schemes to realize strongly coupled dynamics of a tunneling macrospin

with torsional oscillations of a nanoresonator in a Landau-Zener experiment. We investigate the

Landau-Zener dynamics of a tunneling spin coupled to a torsional oscillator, using a fully quantum

mechanical model. The oscillator could be a torsional paddle resonator, a microcantilever, a carbon

nanotube, or a single magnetic molecule between two point contacts. The tunneling spin could be a

single molecule magnet, an ensemble of single molecule magnets, or a single-domain ferromagnetic

particle with strong uniaxial anisotropy. For a collection of single molecule magnets placed on

a torsional resonator or cantilever far apart from each other that they are not directly coupled

through dipole interactions, we develop a semiclassical model of magnetization dynamics. We predict

superradiant enhancement [125] of the spin-phonon coupling for this ensemble system. Comparison

of these two models shows their correspondence.

S

z

(a)
S1

z

S4S3
S2(b)

Figure 6.1: Possible experimental geometries described by the models studied here. In both cases
the easy axis of the macrospin coincides with the rotation axis of the oscillator. (a) Single molecule
magnet grafted on a carbon nanotube. (b) Ensemble of single molecule magnets on a nanocantilever.

This chapter is organized as follows. In Sec. 6.1 we briefly review the Landau-Zener model, and

construct the quantum mechanical model of a spin coupled to a torsional resonator with an external

magnetic field that varies linearly in time. Sec. 6.2 contains numerical and analytical results of the

fully quantum spin dynamics for a variety of parameter ranges. Oscillator dynamics are presented

in Sec. 6.3. A semiclassical model of superradiant dynamics in an ensemble of spins on a single

resonator is developed in Sec. 6.4. Finally, we discuss the interpretation of our results for various

experimental realizations in Sec. 6.5.
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6.1 Model

6.1.1 Landau-Zener Transitions in a Two-State System

We review relevant features of the Landau-Zener model, which describes a two-level system driven

by a classical field that varies linearly in time. The LZ Hamiltonian is

ĤLZ = −vt
2
σz −

∆

2
σx, (6.1)

in terms of Pauli matrices σz and σx = σ+ + σ−, where v is the sweep rate and ∆ is the tunnel

splitting. Diabatic states | ↑〉 and | ↓〉 are eigenstates of σz with diabatic energies E↑↓(t) = ±vt/2,

which are the linear functions in Fig. 6.2a. We take the sweep rate v positive, so the positive

(negative) sign corresponds to spin down (up). For nonzero ∆, the diabatic states are not eigenstates

of the Hamiltonian. Diagonalizing ĤLZ gives adiabatic energies

E±(t) = ±1

2

√
(vt)2 + ∆2 (6.2)

which are the upper and lower curves in Fig. 6.2a with splitting ∆ at t = 0. The corresponding

adiabatic eigenstates |+〉 and |−〉 are

|±〉 =
1√
2

(C∓| ↑〉 ∓ C±| ↓〉), (6.3)

where C± depend explicitly on time,

C± =

√
1± vt√

(vt)2 + ∆2
. (6.4)

For times |t| � ∆/v the adiabatic states asymptotically coincide with the diabatic states.

The state of the system

Ψ(t) = c↑(t)| ↑〉+ c↓(t)| ↓〉 (6.5)
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evolves according to the time-dependent Schrödinger equation

i~
∂Ψ

∂t
= ĤΨ (6.6)

with initial conditions c↑(−∞) = 0, |c↓(−∞)| = 1. After eliminating c↓, we obtain the second order

differential equation

c̈↑(t) +

[(
∆

2~

)2

− iv

2~
+

(
vt

2~

)]
c↑(t) = 0 (6.7)

which can be put into the standard form of the Weber equation. The exact solution [120] gives

c↑(t) =
√
γe−πγ/4D−ν−1(−iz) (6.8)

where

γ =
∆2

4~v
, ν = iγ, z =

√
v

~
e−iπ/4t, (6.9)

and D−ν−1(−iz) are parabolic cylinder functions. The staying probability for the spin-down state

as function of time is P (t) = |c↓(t)|2. The exact asymptotic limit for t =∞, known as the Landau-

Zener probability, is

PLZ = e−ε, ε =
π∆2

2~v
. (6.10)

P (t) and PLZ are shown in Fig. 6.2b. The same P (t) and PLZ can be obtained from the Heisenberg

equations of motion for 〈σz(t)〉. An intuitive understanding of the Landau-Zener transition comes

E+HtL

E-HtL

E­HtL

E­HtLE¯HtL

E¯HtL

D

HaL

1

t

PLZ = e-Ε

PHtL

HbL

Figure 6.2: (a) Adiabatic E±(t) and diabatic E↑↓(t) energy levels of the LZ Hamiltonian as a
function of time. (b) Probability P (t) of staying in the initial | ↓〉 state as a function of time, and
asymptotic staying probability PLZ .

from considering the time spent in the tunneling region between adiabatic states and the tunneling

time between these states. Let τLZ ∼ max(
√
~/v,∆/v) be the time spent in the tunneling region
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and τ∆ ∼ ~/∆ be the tunneling time at the crossing. The Landau-Zener exponent is proportional to

the ratio of these times ε ∼ τLZ/τ∆. For a slow sweep the system will evolve adiabatically, spending

long enough in the tunneling region that it will continually relax to the ground state, making ε� 1

and PLZ → 0. In the opposite limit, a fast sweep through the tunneling region makes ε � 1 and

the staying probability saturates at PLZ → 1.

6.1.2 Landau-Zener Transitions in a Spin-Oscillator System

Consider a tunneling spin which is projected onto the lowest tunneling doublet. This spin is coupled

to a torsional nanoresonator with rigidity k that can rotate about the z-axis, which coincides with

the easy axis of the spin. The Hamiltonian is [24, 23],

Ĥ =
~2L2

z

2I
+
Izω

2
rφ

2

2
− W (t)

2
σz −

∆

2

(
e−i2Sφσ+ + ei2Sφσ−

)
. (6.11)

The fundamental frequency of torsional oscillations is ωr =
√
k/Iz, where Iz is the moment of inertia

of the resonator about its rotation axis. An external longitudinal magnetic field Bz(t) applied

along this axis creates a time-dependent energy bias W (t) = 2SgµBBz(t). The Landau-Zener

problem describes a linear field sweep, W (t) = vt. The operator of mechanical angular momentum,

Lz = −i∂φ, and the angular displacement φ of the oscillator obey the usual commutation relation

[φ,Lz] = i.

The last term in the Hamiltonian describes the entanglement between spin transitions and me-

chanical rotations. A typical single molecule magnet has a large spin and strong uniaxial anisotropy,

producing a zero-field splitting between degenerate ground states |ψ±S〉 pointing in either direction

along the easy axis. Any symmetry breaking interactions, such as transverse anisotropy or an exter-

nal field, break this degeneracy producing tunnel split states Ψ ∼ |ψS〉±|ψ−S〉 which are represented

by the pseudospin σ. The tunnel splitting ∆ is generally many orders of magnitude less than the

energy to the next spin level. In the case of the spin-10 single molecule magnet Fe8, the crystal

field Hamiltonian describing the magnetic anisotropy is ĤS = −DŜ2
z + dŜ2

y , with d � D. Full

perturbation theory [140] gives

∆ =
8S3/2

π1/2

(
d

4D

)S
D, (6.12)
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where we can see that ∆ � 2SD, which is the distance to the next spin level. The crystal field

Hamiltonian ĤS is defined with respect to coordinate axes that are rigidly coupled to the molecule or

crystal. Because the particle is free to rotate, the crystal field Hamiltonian must be transformed to

the fixed frame of the laboratory. Projecting the crystal field Hamiltonian onto the lowest tunneling

doublet, rotating to the lab frame using Û(Ŝz) = eiŜzφ, where Ŝz|ψ±S〉 ' ±S|ψ±S〉, Ĥ ′S = ÛĤSÛ
−1

gives the final term of the Hamiltonian.

We now consider the spin-oscillator Hamiltonian with a linear field sweepW (t) = vt. Introducing

the usual annihilation and creation operators, a and a†,

φ =

√
~

2Izωr
(a† + a), Lz = i

√
Izωr
2~

(a† − a) (6.13)

into Eq. (6.11) gives

Ĥ = ~ωra†a−
vt

2
σz −

∆

2
(e−iλ(a†+a)σ+ + eiλ(a†+a)σ−), (6.14)

where we have dropped unessential constant terms. We will find it useful to adopt dimensionless

units Ĥ ′ = Ĥ/∆ and t′ = ∆t/~,

Ĥ ′ = ra†a− v′t′

2
σz −

1

2
(e−iλ(a†+a)σ+ + eiλ(a†+a)σ−), (6.15)

which shows that the system depends on three parameters. The parameters

λ =

√
2~S2

Izωr
, r =

~ωr
∆

(6.16)

describe the spin-oscillator relationship. λ is the coupling strength between the spin and oscillator

and r is the ratio of mechanical oscillation to tunnel splitting frequency. The relationship between

λ and r can be understood by the so-called magneto-mechanical ratio,

α = λ2r =
2~2S2

Iz∆
, (6.17)

which is the ratio of the change in rotational kinetic energy associated with a spin transition S→ −S
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to the tunnel splitting energy. The third parameter is the effective sweep rate v′, or equivalently

the Landau-Zener exponent ε defined in Eq. (6.10),

v′ =
π

2ε
=

~v
∆2

. (6.18)

We choose the spin up/down basis for the two-level system and a Fock state basis for the

harmonic oscillator. A direct product of these two bases will form the basis of the spin-oscillator

system. Matrix elements of the Hamiltonian Eq. (6.14) are

Hmσ,nσ′ =

(
~ωrm−

vt

2
σ

)
δmnδσσ′ (6.19)

−
[

∆mn

2
δσ,−1δσ′,1 +

∆∗mn
2

δσ,1δσ′,−1

]
,

where σ = −1, 1 corresponds to spin down and up states, respectively. The full Fock space has

an infinite number of states, although we will use a truncated basis for numerical computations.

Tunneling matrix elements

∆mn = ∆κmn(λ), (6.20)

depend on the coupling λ through matrix elements of the displacement operator D̂(ξ) = exp(ξa† −

ξ∗a), ξ = −iλ,

κmn(λ) = e−λ
2/2(−iλ)m−n

√
n!

m!
L(m−n)
n (λ2) (6.21)

for m ≥ n, and m � n for m < n. L(m−n)
n (x) are generalized Laguerre polynomials, and the real

parameter λ is defined in Eq. (6.16). The first few κmn are

κ00 = e−λ
2/2, κ01 = κ10 = −iλe−λ2/2,

κ11 = (1− λ2)e−λ
2/2. (6.22)
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6.2 Landau-Zener Spin-Oscillator Dynamics

6.2.1 Adiabatic energy levels

Numerically solving det(Ĥ − EI) = 0 gives the adiabatic energy levels En±, shown in Fig. 6.3.

Diabatic energy levels En↓↑, dotted lines in the insets of Fig. 6.3, are eigenvalues of the noninteracting

part of the Hamiltonian (the first two terms in Eq. (6.14)), given by

En↓↑
∆

= nr ± v′t′

2
. (6.23)

The spin down (up) states have positive (negative) slopes with y-intercepts nω. Diabatic energies

En↓ and Em↑ cross at times

t′k = k
r

v′
, k = m− n ∈ Z. (6.24)

When the oscillator frequency is much larger than the sweep rate, r � v′, the transitions are
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Figure 6.3: Energy (in units of ∆) as a function of time for r = 20, λ = 1, ε = 1.35. Solid lines are
adiabatic energy levels En±, and diabatic energies En↓↑ are dashed lines in the insets. Crossings
occur at tk.

independent. Note that the indices on the adiabatic and diabatic energies only coincide near t = 0,

but will in general be different after successive crossings. The tunnel splittings |∆mn| between

adiabatic states occur at the crossing of diabatic energies Em↓ and En↑, and depend on the coupling

strength through Eqs. (6.20) and (6.21). When r & v′, successive transitions occur within short
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times of each other. Once r . v′ there are many closely spaced levels near t = 0.

Consider a single spin initially spin-down with the oscillator in the zero phonon state, i.e.

Ψ(t = −∞) = |0〉| ↓〉. The system is initially in the adiabatic energy state E0− which corresponds

to the diabatic state E0↓. At t0 = 0, diabatic states E0↓ and E0↑ cross, and adiabatic states E0−

and E0+ approach each other with minimum separation |∆00| = ∆e−λ
2/2. If the spin remains in

the initial adiabatic state E0− after the avoided crossing, it flips and will see no more possible

transitions, as E0− coincides with E0↑ long after the avoided crossing at t0. If the spin does not

flip, it will follow the adiabatic state E0+ which coincides with E0↓ long after t0. The next crossing

between diabatic states E0↓ and E1↑ occurs at t1, with tunnel splitting |∆01| = ∆e−λ
2/2λ between

diabatic states E0+ and E1−. Remaining in the adiabatic state E0+ will coincide with E1↑ for times

long after t1. If the spin does not flip at t1, the system will remain in the E1− adiabatic state,

coinciding with E0↓ long after t1. In general the crossing between state |0〉| ↓〉 and |k〉| ↑〉 occurs at

tk with splitting |∆0k| = ∆e−λ
2/2|κ0k(λ)|. Notice that the avoided crossing between E1− and E1+

at t0 = 0, given by |∆11| = ∆e−λ
2/2|1− λ2| does exactly go to zero when λ = 1.

6.2.2 Strong coupling

We study the dynamics of the spin-oscillator system for various parameter ranges. Expanding the

wave function of the system in this basis

|Ψ(t)〉 =
∞∑
m=0

∑
σ=±1

Cmσ(t)|m〉|σ〉, (6.25)

the time-dependent Schrödinger equation yields the system of coupled differential equations,

i
dCm,σ
dt′

= (rm− v′t′

2
σ)Cm,σ (6.26)

−
∑
n,σ′

[
κmn

2
δσ,−1δσ′,1 +

κ∗mn
2
δσ,1δσ′,−1

]
Cn,σ′ .

We solve this system of equations numerically with a truncated oscillator basis. First we consider

the initial state of the spin system to be spin-down with the oscillator in its quantum ground state

|Ψ(−∞)〉 = |0〉| ↓〉, which gives C0,−1(−∞) = 1 with all other Cm,σ(−∞) = 0.

Strong coupling (λ ∼ 1) of spin dynamics to torsional oscillations results in rich dynamics of
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both the spin and the oscillator. Calculating the expectation value of σz,

〈σz〉 =
∑
m,σ

σ|Cm,σ|2 (6.27)

we define the probability of staying in the initial spin-down state as

P (t) =
1

2
(1− 〈σz〉). (6.28)

A comparison of staying probabilities for different parameters is shown in Fig. 6.4. For r � 1, the

spin transitions are clearly independent, as shown in Figs. 6.4a and 6.4b. The tunnel splitting at

each crossing is strongly renormalized, according to Eq. (6.20), which leads to strong dependence of

the transition probability on the coupling. Consider the crossing of diabatic energies Em↓ and En↑.

For the system initially in the |m〉| ↓〉 state, which corresponds to the lower of the two adiabatic

states long before the avoided crossing, the probability that the system will stay in the initial state

is

Pmn = e−εmn , εmn =
π∆2|κmn|2

2~v
. (6.29)

When the system is initially in the |0〉| ↓〉 state, all diabatic crossings will occur between energies

E0↓ and En↑. The transition probability P0n = e−ε0n at each crossing depends on |κ0n|2. Using

Ln0 (x) = 1 we obtain

ε0n =
π∆2e−λ

2

2~v
λ2n

n!
. (6.30)

After the first avoided crossing at t0 = 0, the asymptotic staying probability in the initial state

is P00 = e−ε00 . The next avoided crossing occurs at t1, and the probability of staying in the spin

down state after t1 is P01 = e−ε01 . Thus the total staying probability after two avoided crossings is

P00P01. We define PN as the probability of remaining in the initial state after N avoided crossings,

PN = exp

(
−

N∑
n=0

ε0n

)
. (6.31)
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Figure 6.4: Time dependence of the probability that the spin stays in the initial spin-down state for
initial state Ψ(−∞) = |0〉| ↓〉 with ε = 1.35. Vertical lines at tk denote avoided crossing of adiabatic
energy levels. Horizontal lines are exact results PN for independent transitions.

In the limit N →∞, we recover the exact Landau Zener probability PLZ ,

lim
N→∞

PN = exp

(
−π∆2e−λ

2

2~v

∞∑
n=0

λ2n

n!

)
= exp

(
−π∆2

2~v

)
. (6.32)

Fig. 6.4b shows staying probability for larger coupling, λ = 2. We see that as the tunnel splitting

at each avoided crossing is more strongly renormalized, it takes more crossings to reach the final
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Landau-Zener probability.

As the oscillator frequency decreases compared to the sweep rate, r & 1, the transitions are

no longer completely independent, although small oscillations about individual plateaus can still

be seen in P (t). This is because the transitions happen within a small multiple of the Landau-

Zener tunneling time τLZ . When the oscillator frequency and tunnel splitting are close to resonance

r ∼ 1, the transition probability initially approaches PLZ and then shows collapse and revival

behavior around this limit, as shown in Fig. 6.4c. For r � 1 the revivals become much weaker and

the probability resembles the traditional LZ probability.
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Figure 6.5: Time dependence of the probability that the spin stays in the initial spin-down state
for an initial coherent oscillator state Ψ(−∞) = |β〉| ↓〉 with ε = 1.35. Vertical lines at tk denote
avoided crossing of adiabatic energy levels. Horizontal lines are exact results PN for independent
transitions when starting in the |0〉| ↓〉 state.

When the oscillator is initially in a coherent state |β〉,

Ψ(−∞) = |β〉| ↓〉 = e−|β|
2/2

∞∑
n=0

βn√
n!
|n〉| ↓〉 (6.33)

where the complex number β = |β|eiθ is proportional to the amplitude of initial oscillations. When

β � 1 the spin transitions follow approximately the same asymptotic values PN as the quantum

ground state case. For β . 1 the staying probabilities, an example of which is shown in Fig. 6.5, de-

pend on the magnitude and phase of the initial coherent state. The maximum angular displacement

and velocity of a coherent state are related to β through

ϕmax = 2λ|β|,
(
dϕ

dt′

)
max

= 2rλ|β|, (6.34)
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where ϕ = 2S〈φ〉.

6.2.3 Weak coupling

When the spin dynamics of the nanomagnet are weakly coupled to its rotational dynamics λ� 1,

there is little observable effect of rotations on spin flip probability. The first crossing that occurs

at t0 = 0 has tunnel splitting ∆00 = ∆e−λ
2/2, which tends to unity for small λ. When r � 1

the first transition at t0 = 0 approaches P00 = e−ε00 . The second independent transition occurs

at t1 approaches PLZ , although the difference between P00 and PLZ is very small. When r ∼ 1

the adiabatic transitions are no longer independent, and occur close to the Landau-Zener tunneling

time interval.

6.3 Oscillator dynamics

We compute the expectation value of the torsional rotation angle as a function of time

ϕ = λ
∑
m,σ

(
C∗m+1,σCm,σ

√
m+ 1 + C∗m−1,σCm,σ

√
m
)
. (6.35)

For strong coupling λ ∼ 1, the dynamics of the resonator shows a delay before the onset of large

oscillations for r � 1, which occurs at t1, shown in Fig. 6.6a. When the coupling is stronger, Fig. 6.6b

shows many more changes in the oscillatory motion, consistent with more avoided crossings. The

oscillation amplitude changes slightly at subsequent tk. As r decreases towards 1, the interval of

large oscillations becomes shorter. When r . 1, there is a single transition region which gives way

to harmonic oscillations, shown in Fig. 6.6c. Near r = 1, the amplitude of oscillations tends to

increase as r decreases for fixed λ.

The angular displacement of the torsional resonator also shows interesting effects even for small

coupling. When r � 1, large torsional oscillations do not begin at the first crossing. This can be

understood as follows. The t = 0 crossing occurs between spin up and down states, both of which

correspond to the ground state of the resonator. Although there is a small increase in displacement

angle at this crossing, the largest increase occurs at the second crossing between |0〉| ↓〉 and |1〉| ↑〉

at t1. This delay agrees exactly with the semiclassical treatment by Jaafar et al. [22]. Following
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Figure 6.6: Time dependence of the rotation angle expectation value for initial state Ψ(−∞) =
|0〉| ↓〉 with ε = 1.35. Vertical lines at tk denote avoided crossing of adiabatic energy levels.

this time the oscillator is in a superposition of ground and excited states. When r . 1 successive

transitions occur in a short duration compared to τLZ , and there is no observable delay in the onset

of oscillations. The oscillation amplitude depends on the sweep rate. Numerical results suggest that

the largest amplitude oscillation reaches a maximum near ε ' 2 for λ = 1 and r = 20.

When the oscillator is initially in a coherent state |β〉, normal oscillations with maximum am-

plitude ϕmax = 2λ|β| occur up to t−1, as shown in Fig. 6.7. At t−1 the amplitude decreases slightly

and decreases again at t0. A large increase occurs at t1, similar to the case where the oscillator is

initially in its quantum ground state. The amplitude of oscillations after t1 tends to be larger when
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the oscillator is initially in a coherent state, but not by a large amount. We observe a subsequent

change in oscillation amplitude at t2 and t3. The oscillator dynamics are not as sensitive to the ini-

tial phase of the coherent state as the spin dynamics, although there is some variation in maximum

amplitude.

6.4 Collective dynamics of spins coupled to a mechanical resonator

Consider, instead of a single nanomagnet, an array of single molecule magnets with their easy axes

mutually aligned with the axis of rotation of the resonator. If they are far enough apart that

dipolar coupling is negligible, they will only be coupled through the effective field due to torsional

oscillations. Because the angular displacement is the same for each molecule, this results in collective

coherent dynamics, described by a variant of the Dicke Hamiltonian. For N single molecule magnets,

we define the operator of total low-energy dynamics as

ĤR = −∆

2
Rx, R =

N∑
i=1

σi (6.36)
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where the index i labels each magnetic particle. Again transforming to the lab frame by performing

a rotation by angle φ to the lab frame, but now using the total spin, we obtain

Ĥ ′R = −∆

2

(
e−2iSφR+ + e2iSφR−

)
= −∆

2
(cos (2Sφ)Rx + sin (2Sφ)Ry) . (6.37)

The full Hamiltonian for the array of single molecule magnets is

ĤSR =
~2L2

z

2Iz
+
Izω

2
rφ

2

2
− W (t)

2
Rz

− ∆

2
(cos (2Sφ)Rx + sin (2Sφ)Ry) , (6.38)

where W (t) = vt. The Hamiltonian can be written as

ĤSR = Ĥosc −
1

2
Heff ·R, (6.39)

where Ĥosc is the uncoupled oscillator Hamiltonian and

Heff = −δĤ
δR

= ∆ cos (2Sφ)ex + ∆ sin (2Sφ)ey +Wez (6.40)

is the effective magnetic field. Noticing that ĤSR is linear in Rx, Ry, Rz, we can see that [R2, ĤSR] =

0, so R2 = R(R + 1) is a conserved quantum number and R behaves as a single large isospin. We

are interested in the maximum value of R, Rmax = N/2, which can be experimentally realized by

preparing the system with a strong longitudinal magnetic field such that all spins are pointing down.

The Heisenberg equations of motion i~ dÂ/dt = [Â, Ĥ] are

~L̇z = −Izω2φ−∆S (sin (2Sφ)Rx − cos (2Sφ)Ry) (6.41)

φ̇ =
~Lz
Iz

(6.42)

~Ṙx = WRy −∆ sin (2Sφ)Rz (6.43)

~Ṙy = −WRx + ∆ cos (2Sφ)Rz (6.44)

~Ṙz = −∆ cos (2Sφ)Ry + ∆ sin (2Sφ)Rx. (6.45)
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The equations of motion show a few important properties. First, the time derivative of the z-

component of the total angular momentum equals the elastic torque

d

dt
(~Lz + ~SRz) = −Izω2φ. (6.46)

If the spin-rotor system were completely uncoupled from its environment the total angular momen-

tum, spin plus rotational, would be conserved. In the limit φ → 0, we would obtain Heisenberg

equations of motion for Rx,y,z. Solving this system of equations gives the same Landau-Zener prob-

ability of spin flip as the Schrödinger picture, discussed in Sec. 6.1.1. Second, these equations are

not independent, but
d

dt
R2 = 0 (6.47)

which is equivalent to R2 = constant, which we had found as a constant of motion of the Hamilto-

nian. Because the length of R is fixed and large in magnitude, we see that the equations of motion

for R are equivalent to the Landau-Lifshitz equations for a classical spin of fixed length precessing in

a magnetic field. Dividing Eqs.(6.41)-(6.45) by R shows that the direction of the total spin follows

the Landau-Lifshitz equation, which is mathematically equivalent to the Schrödinger equation of a

spin-half particle precessing in a magnetic field,

~
dσ

dt
= σ ×Heff , σ =

R

R
. (6.48)

The equations of motion for Rx,y,z can be divided through by R to giving identical equations of

motion for a pseudospin σ = R/R of unit length. Substituting this into the equation of motion for

φ and eliminating Lz gives a second order equation of motion for for the dynamics of the resonator,

d2ϕ

dt′2
+ r2ϕ = −αR (sin (ϕ)σx − cos (ϕ)σy) , (6.49)

where ϕ = 2Sφ, the prime denotes derivative with respect to dimensionless time t′ = ∆t/~, r and

α are defined in Eqs. (6.16) and (6.17), respectively.

The right hand side of Eq. (6.49) shows that the spins exert a collective torque on the resonator.

This is a simple yet meaningful result. The equation of motion is similar to the semiclassical
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treatment of a single spin [91], but with the torque on the resonator increased by a factor of R.

Because the amplitude of oscillation is proportional to the number of magnetic molecules N , this can

be interpreted as a signature of Dicke phonon superradiance [125]. For a simple harmonic torsional

oscillator, the phonon field is the angle of displacement from equilibrium φ, and the driving torque

is proportional to R = N/2.

Returning to the quantum model we see that for the case of superradiance, α → αR, and

λ =
√
α/r becomes

λSR =

√
αR

r
=
√
Rλ ∝

√
N λ. (6.50)

This provides a viable method of increasing the coupling in a realistic experiment, by increasing

the number of individual nanomagnets on the resonator. The usual difficulty of realizing strong

coupling is that reducing the moment of inertia by even two orders of magnitude has a small effect

on the coupling due to the inverse quartic root dependence of the coupling on the moment of inertia.

The Heisenberg equations of motion, Eqs. (6.41)-(6.45) are operator equations which should be

averaged over the quantum state of the system. Since the spin R is classical the averages decouple,

such as 〈sin(ϕ)σx〉 → 〈sin(ϕ)〉〈σx〉 in Eq. (6.49), which yields classical-like equations of motion. We

solve these equations of motion numerically.
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Figure 6.8: Time dependence of the effective probability P (t) = (1 − 〈σz〉)/2 for the z-component
of a large spin in the semiclassical model, with various initial conditions and ε = 1.35.

We emphasize that a large spin will display the classical dynamics of a magnetic moment pre-

cessing in a time-dependent magnetic field. Plots of the probability as a function of time for the

semiclassical equations of motion of a superradiant ensemble of spins are shown in Fig. 6.8. We
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see multi-stage transitions similar to the quantum case. A semiclassical explanation is as follows.

Transitions occur when the energy separation between spin states equals a multiple of the oscillator

frequency. These occur at the same times tk = r/v′ given by Eq. (6.24) for the quantum case when

avoided crossings between adiabatic energies occur.

When the oscillator is initially at rest at its equilibrium position ϕ = 0, the initial transition

occurs at t0 as shown in Fig. 6.8a. P (t) oscillates about the regular Landau-Zener probability

PLZ = e−ε. Subsequent transitions occur at t1 and t2, with the long-time probability much different

from PLZ . The spin dynamics depend strongly on the initial state of the oscillator. Fig. 6.8b shows

the transition probability for different initial conditions of the oscillator with the same amplitude

of oscillation as the coherent state studied in the fully quantum-mechanical model.
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Figure 6.9: Time dependence of the rotation angle in the semiclassical model, with various initial
conditions and ε = 1.35.

The oscillator dynamics show a similar delay in the onset of strong oscillations as in the quantum

model, shown in Fig. 6.9. We notice a large increase in the amplitude of oscillations at t1 for the

cantilever initially at rest at equilibrium. For the cantilever initially oscillating with amplitude ϕ0,

the behavior is very similar to the quantum model with the oscillator initially in a coherent state.

We observe normal oscillations up to t−1 at which the amplitude decreases, then a large increase

at t1, with subsequent changes at t2, t3. While there is not a strong dependence on the initial

conditions with the same initial energy, there is some variation in maximum amplitude.
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6.5 Discussion and conclusions

We have studied the Landau-Zener dynamics of a tunneling spin rigidly coupled to a torsional

oscillator. Starting with a quantum model describing the low energy dynamics of a tunneling

macrospin, we numerically solve the time-dependent Schrödinger equation to obtain the dynamics

of the expectation values of the spin and oscillator. We find that when the oscillator is initially in

its quantum ground state, there are a series of plateaus in the staying probability as a function of

time. We analytically obtain exact probabilities in terms of tunnel splittings of the spin which are

dressed by the quantum states of the torsional oscillator. These results perfectly fit the plateaus

obtained from numerical simulations. The oscillator dynamics show abrupt changes in amplitude

which occur at the same times as the steps between steps of the staying probability. For an oscillator

initially in a coherent state we also find a stepwise staying probability curve, but these deviate from

the analytical results found for the initial ground state because there are multiple occupied states

of the resonator. The oscillator dynamics continue to show changes in amplitude which coincide

with the steps. We also consider a large number of spins, N , on a single oscillator, and find a

superradiant enhancement of the spin-oscillator coupling which scales as
√
N . As in the Dicke

model, the ensemble of spins acts as a single large spin. This justifies decoupling quantum averages

of separate observables in the Heisenberg equations of motion, giving semiclassical equations of

motion for a large spin in a time-dependent effective field which depends on the motion of the

cantilever. The cantilever experiences a harmonic restoring torque but also a driving torque due to

the dynamics of the large spin. We numerically solve the set of coupled equations and compare the

results to the Schrödinger picture. The spin dynamics show sensitivity to the initial state of the

resonator, although the oscillator dynamics are fairly insensitive to this.

It is important to distinguish the interpretation of these results in the context of the system

being measured. Consider the single molecule magnet grafted to a carbon nanotube, depicted in

Fig. 6.1a. With the system prepared in the spin down state by a strong magnetic field along the

negative z-axis, the magnetic field is swept. If the oscillator is initially in the zero phonon state, the

first crossing of an occupied energy level with an unoccupied level occurs at t0 = 0 between E0↓ and

E0↑. P0 = P00 = e−ε00 is the probability that the spin will remain in the down state. If the spin

remains in the down state after the first crossing, it will encounter a second crossing between E0↓
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and E1↑ at t1, at which it will remain spin-down with probability P01 = e−ε01 . The total probability

of the spin remaining spin-down after t1 is P1 = P00P01 = e−(ε00+ε01). If the spin reverses at any

tk it will see no more crossings. When the spin does reverse it will exert a torque on the carbon

nanotube, exciting a phonon mode. The onset of oscillations shows that the spin has tunnelled.

This provides a method of detecting the mechanical quantum state of the nanotube.

This situation is similar to the recent demonstration of electronic readout of nuclear spin states

of a terbium-based single magnetic molecule [27]. Terbium nuclear spin 3/2 has four possible

projections onto the quantization axis, each projection providing a different hyperfine shift of the

resonance of the Landau-Zener transition of the spin of the molecule. Time-resolved measurements

show an increase in the differential conductance at the time the spin makes a transition. This occurs

at a different value of the external field for each sweep, that depends on the quantum state of the

nuclear spin. In our model the role of nuclear spin states is played by the resonator states given by

Eq. (6.23). We, therefore, propose a similar experiment in which the field sweep is used to read out

the quantum state of the mechanical resonator.

When there is a large number of magnetic molecules on a cantilever, as in Fig. 6.1b, they will

act as a single large classical spin R(t). This spin not only responds to the external field but also to

the motion of the cantilever. The latter has been treated in Sec. V as a classical oscillator described

by the angle φ(t). Such treatment is the classical limit of the quantum-mechanical consideration

in which the cantilever is described by the coherent state, Eq. (6.33). Mechanical rotation at an

angular frequency φ̇ is equivalent to a magnetic field Beff = φ̇/γ, where γ is the gyromagnetic

ratio. In turn, the spin dynamics act as a driving torque on the cantilever, resulting in coupled

dynamics which change at the same moments of time, tk, as in the quantum case. The non-linear

coupled equations of motion lead to the excitations of harmonics of the cantilever that correspond

to its quantum modes in the dynamics described by the Schrödinger equation. Higher harmonics

are excited with smaller amplitude.

To put some of these statements into perspective, consider a spin-10 single molecule magnet

grafted to a carbon nanotube [28]. The moment of inertia of the magnetic molecule is of the

order Iz ∼ 10−42 kg·m2. With a carbon nanotube torsional stiffness of k ∼ 10−18 N·m the simple

harmonic model gives ωr ∼ 1000 GHz, which means coupling on the order of λ ∼ 10−1. Typical

phonon frequencies of carbon nanotubes in the 10-100 GHz range would increase the coupling by
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an order of magnitude. Recent observation [28] of strong spin-phonon coupling in such a system

estimates λ ' 0.5. While this is certainly large enough to observe the influence of the oscillator on

spin dynamics, there is no way to directly observe oscillations in a carbon nanotube.

If the same spin-10 magnetic molecule were mounted on a paddle-shaped torsional resonator of

size 20×20×10 nm3 supported by a single carbon nanotube with torsional rigidity k = 10−18 N·m.

The moment of inertia is dominated by the paddle, Iz ∼ 10−36 kg·m2, which gives ωr =
√
k/Iz ∼ 109

s−1. The coupling parameter λ is then on the order of 10−2, which would be too small to observe an

effect on the spin dynamics. With ∆/~ � 109 s−1 there should be a detectable delay between the

t = 0 crossing and the onset of maximal oscillation amplitude. With ∆/~ > 109 s−1, the delay will

be undetectable. The tunnel splitting can be tuned by orders of magnitude by applying a transverse

magnetic field.

A macroscopic resonator in which even small amplitude oscillations could be observed comes at

the expense of weak coupling with no observable effect on the spin dynamics. In terms of the moment

of inertia and torsional stiffness, the coupling goes as λ ∝ 1/ 4
√
kIz, so a very small torsional stiffness

of k ∼ 10−22 N·m would be needed. One way to overcome this limitation is to put a large number of

spins on a torsional resonator or microcantilever. For a cantilever with dimensions 1000×200×100

nm3 we would expect ω ∼ 1 GHz with Q ∼ 500. Single molecule magnets have a diameter on the

order of 1 nm. It would be possible to place hundreds of single molecule magnets on the tip of a

nanocantilever separated by over 10 nm from their nearest neighbors to weaken dipolar interactions.

They would act as a single large spin due to the collective quantum effect of superradiance. This

would increase the coupling by at least an order of magnitude, as λSR ∝
√
N . Therefore it would

be possible to directly observe the coupled dynamics of the magnetization and oscillatory motion

in a Landau-Zener experiment.
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7

Conclusion

We have investigated the effects of full or partial mechanical freedom on quantum tunneling of the

magnetic moment in nanomagnets, as well as on tunneling of the magnetic flux in superconductors.

We have shown that mechanical freedom can significantly alter tunneling and decoherence rates.

While most of the research on spin tunneling in molecules has focused on crystals of molecular

magnets, future experiments may involve molecules loosely attached to a substrate, as well as free

magnetic molecules. Such experiments are driven in part by the widely spread belief that decoupling

from the environment may decrease decoherence and, thus, can offer viable qubit designs. Our

results show that loose coupling with the environment that provides partial mechanical freedom

is, in fact, a double-edged sword. In a small system, the necessity to conserve the total angular

momentum may significantly affect the tunneling rate. In, e.g., free Mn-12 or Fe-8 molecules the

spin tunneling would be completely frozen.

The instanton method previously developed for spin tunneling in a stationary nanomagnet has

been generalized for the case of a nanomagnet that is free to rotate about the easy magnetization

axis. The problem of a free rotator with a tunneling spin involves anomalous commutation relations

for spin and rotational angular momentum in the rotating frame of reference. We have solved this

mathematically challenging problem in the case of a symmetric rotator. The dependence of the

magnetic moment of the rotator on its moments of inertia has been obtained. For a nanomagnet, or

a micro-SQUID, embedded in a solid, some mechanical freedom arises from the finite rigidity of the

solid. This problem has been analyzed within the spin-boson model. Solutions have been obtained

for the tunnel splitting and the decoherence rate. Large effects have been found for magnetic
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molecules embedded in a helium crystal.

The Landau-Zener problem for a macrospin coupled to a mechanical resonator has been studied

within a rigorous quantum-mechanical approach. The time-dependent Schrödinger equation has

been solved numerically to obtain the dynamics of the expectation values of physical quantities

for the spin and oscillator. Exact probabilities in terms of tunnel splittings of the spin which are

dressed by the quantum states of the torsional oscillator have been obtained analytically. Perfect

agreement has been found between analytical and numerical results. These studies offer suggestions

for recent experiments with a single magnetic molecule bridged between conducting leads and a

magnetic molecule attached to a carbon nanotube. We discuss how measurements of such systems

can provide read-out of exact quantum states of the nano-mechanical oscillator.
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