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Abstract
MODEL-BASED LINEAR MANIFOLD CLUSTERING
by
Rave Harpaz

Advisor: Professor Robert Haralick

A new paradigm of clustering called “Linear Manifold Clustering” which is based on
linear manifolds is designed, analyzed, and evaluated throughout this thesis. A Linear
manifold is a translated subspace. Linear manifold clustering seeks to identify groups
of points that are embedded in lower dimensional linear manifolds. The “birth” of this
paradigm of clustering is a consequence of what we believe is a need for an important
yet overlooked cluster model, and as a result of what we identify as an acute need to
sufficiently address certain clustering requirements that current state of art methods
are unable to address.

In many problem domains it assumed that linear models are sufficient enough to
describe and capture the data’s inherent structure. Yet very few remote attempts have
been made to devise clustering methods able to identify or learn mixtures of linear
manifolds. None of these attempts posed the problem in a model-based statistical
setting intended to model and understand the underlying “process” responsible for

generating sets of points that lie on lower dimensional linear manifolds. In this thesis

il



v

we introduce a formal stochastic linear manifold cluster model. Based on this model
we present a series of results and techniques demonstrating the applicability of the
linear manifold clustering paradigm to a wide range of applications. We show that
this model is a generalization of other more common and somewhat limited cluster
models. This generalization allows for less assumptions to be imposed on the data,
which typically yield biased results, and more freedom for the data to “speak for
itself”. An emphasis is put on the paradigms of pattern and correlation clustering
and on the application of DNA microarray analysis, where we show that pattern
clusters or correlations manifest themselves as linear manifolds in the data space.
Based on the linear manifold cluster model we present two clustering algorithms: one
for clustering or learning mixtures of linear manifolds, and the other tailored to the
application of correlation clustering and DNA micro array analysis. The efficacy of
these techniques is demonstrated by a series of experiments on synthetic and real
data sets.

Most clustering methods focus only on the grouping aspects of clustering and lack
the ability to provide any scientific content. In this thesis, we also present two linear
manifold based modeling techniques that deliver scientific content and with which
data can be described. One based on a probabilistic density estimation model with
which statistical inference such as predictions can be based upon. The other, a model
which describes the linear dependencies in the data in the form of a set of linear

equations.
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Chapter 1

Introduction

1.1 Background

Clustering is the process of grouping or classifying a collection patterns, into classes
called clusters so that the patterns within a cluster are “similar” to one another, yet
“dissimilar” to patterns in other clusters.

Technology advances in the past few decades have made it possible to collect and
organize huge amounts of transactional and experimental data. This in turn has cre-
ated a need for more advanced and versatile data analysis techniques. At a broad
level, data analysis can be categorized as either exploratory in nature or confirma-
tory. The key to both is the classification of measurements based on either natural
groupings (clusters) revealed through analysis, or on a goodness of fit to a postu-
lated model. Hence, from a data analysis perspective clustering may be considered
an exploratory process.

Machine learning is the study and design of computer programs that are able to
learn patterns, regularities, or rules from past observations. The two major types

of learning techniques are typically referred to as supervised and unsupervised. In



supervised learning we are provided with a collection of labeled (pre-classified) pat-
terns, which are used to learn class descriptions or classification rules. In the case
of unsupervised learning we are provided with a collection of unlabeled (unclassified)
patterns, and attempt to learn structure, or describe the data in some meaningful way.
One way of doing so is to organize or partition the data into homogenous groups or
classes called clusters. In a sense, these clusters are associated with labels, but the
labels are learned by a data driven process and not given in advance. From a ma-
chine learning perspective clustering is considered the most important unsupervised
learning problem.

Data mining is the process of analyzing data to discover previously unknown
interesting and implicit knowledge in the form of regularities. This is accomplished
through an analysis of patterns that form in the data. Data mining is an exploratory
process, so clustering methods are well suited for data mining. Natural groupings
among the data objects are probably the most important form of regularities, and from
a data mining perspective the usually preliminarily task of clustering is considered
the most important.

In many applications of pattern or data analysis there is little prior information
(e.g., statistical models) available about the data, and the analyst must make as few
as possible assumptions about the data. It is precisely under these circumstances that
clustering is particularly useful for the exploration of relationships among the data
objects and to make an assessment about their structure. Traditionally clustering
has been used for: data reduction, where instead of processing the data set as a
whole, cluster representatives are used; hypothesis generation, where cluster analysis

is used to infer some hypotheses about the data, e.g., we may find that in a retail



database there are two significant groups of customers based on their age and the
time of purchases, and form the hypothesis that “young people go shopping in the
evening” and “old people go shopping in the morning”; hypothesis testing, where
cluster analysis is used to validate a specific hypothesis such as the one posed above;
prediction, where cluster analysis is applied to the data whereupon unknown patterns
are classified into specified clusters based on their similarity to the clusters’ features.
For example, clustering is applied to a data set of patients infected by the same disease
and their reaction specific drugs. Based on this clustering we can then assign a new
patient to a cluster which he/she can be classified and prescribe his/her medication.

Due to new increasingly important application domains, clustering has become
one of the most prominent tools in data analysis and data mining. In business and
marketing clustering may help marketers discover significant groups in their cus-
tomers’ database and characterize them based on their past purchasing patterns. A
relatively new and growing field in which clustering is applied is recommendation or
collaborative filtering systems. In this case, sets of customers with similar interest
patterns (e.g., interest in books, music, movies) need to be identified. In biology clus-
tering is used to define taxonomies, e.g., classification of plants and animals based on
their features. Due to the completion of the human genome project, one of the most
important applications of clustering is in the vastly growing field of gene expression
microarray analysis. In machine vision, clustering is used for image segmentation
or the classification of image pixels. In Web and text mining, clustering is used to
discover significant groups of documents on the Web which later assists and enhances
the information retrieval process.

The variety of clustering applications, goals, cluster models, and techniques for



representing data, measuring similarity, and grouping data has lead to a very rich
assortment of clustering methods and clustering schemes. Earlier or “classical” clus-
tering methods typically dealt with smaller sets of features (lower dimensional data)
and considered all the features of the data simultaneously relevant to each of the un-
derlying clusters of the data. That is, each cluster identified by a clustering algorithm
contained a subset of points each represented by the full set of features or dimensions
underlying the data. Because of this, the name “full-dimensional” or “full-space”
clustering has often been associated with these clustering methods. However, due to
recent technology advances in data collection many applications of clustering are now
characterized by high dimensional data. These type of data sets pose new challenges
which the full-dimensional clustering methods are unable to address. First, because
of the relatively large feature set, very often not all features of the data are relevant
to the clustering, and the presence of non-information carrying or irrelevant noisy
features has the potential to eliminate clustering tendency and mislead the clustering
algorithm by masking clusters in noisy or irrelevant data. In other words, clusters
are hidden and may be visible only in subsets of features or subspaces of the data.
Second, is the so called “curse of dimensionality”, which suggests that the sparsity of
the data increases exponentially with the dimensionality of the input space given a
constant amount of data, with points tending to become equidistant from one another
at a certain high dimension. This in turn implies that learning structure in high di-
mensional spaces by distance measures that utilize the full set of dimensions becomes
increasingly difficult. A recent advancement in the area of clustering was the introduc-
tion of subspace clustering methods designed to address these challenges. Subspace

clustering seeks to identify different clusters embedded in different subspaces of the



same data set. A subspace cluster consists of a subset of points and a corresponding
subset of attributes, such that these points form a dense region in a subspace defined
by the set of corresponding attributes. In recent years, due to immense research
efforts directed at DNA microarray analysis and due to the growing popularity of
text mining and recommendation systems, a new paradigm of clustering has evolved.
This paradigm of clustering often associated with the names pattern or correlation
clustering has shifted the focus from the identification of objects with similar values
to the detection of objects with similar behavior patterns or objects that induce large
correlations among some subset of features. Traditional clustering methods including
those used in subspace clustering focus on grouping objects with similar values. They
define object similarity by the “physical” distance between the objects over all or
a subset of dimensions, which in turn may not be adequate to capture correlations
in the data or coherent behavior patterns. A set of points may be located far away
from each other yet manifest coherent behavior patterns or induce large correlations.
The detection of correlations is a an important data mining task because correlations
may reveal a dependency or some cause and effect relationship between the features
under consideration. Another important application of correlations is in data model-
ing where correlations may be used to carry out (local) dimensionality reduction by
eliminating correlated (redundant) features. In many studies these correlations were
often discussed and presented in terms of the behavior patterns objects manifest,
hence the name pattern clustering often associated with methods amid at this type
of problem. In gene expression microarray clustering the goal is to identify groups
of genes that exhibit similar expression patterns under some subset of conditions

(dimensions), from which gene function or regulatory mechanisms may be inferred.



In recommendation or collaborative filtering systems, sets of customers with similar
interest patterns need to be identified so that customers’ future interests can be pre-
dicted and proper recommendations be made. However, from a correlation point of
view objects exhibiting coherent behavior patterns induce large correlations among
their defining features. Hence, the identification of large correlations is a means by
which the so called pattern clusters can also be discovered.

Despite the versatility and wide range of clustering techniques, it is well accepted
that there is no clustering technique that is universally applicable in uncovering the
variety of structures that may be present in various data sets or that is independent
of the final aim of the clustering. In practice each clustering technique makes im-
plicit assumptions about the shape of the clusters, the similarity criteria that is most
appropriate to reveal the clusters, and the grouping technique that will be able to
reveal them in the most accurate and efficient way. Needless to say, each clustering
technique has its strengths and weaknesses primarily depending on the distribution
of patterns in the data and the size of the data. Consequently, the underlying theme
of operation has become that the user or analyst will choose the method he believes
best fits the task, aims, and data at hand. The more knowledge the user has on the
clustering technique, the data generation process that produced the data at hand,
and the application domain, the more likely he will be able to succeed in assessing
the true underlying structure of the data at hand. Because of this clustering is of-
ten considered a subjective process; the same data set often needs to be partitioned
differently for different applications.

Since clustering algorithms define clusters that are not known a priori, irrespective

of the clustering methods, the final partition of data requires some kind of evaluation.



After all, most clustering algorithms will, when presented with data produce clusters
regardless of whether the data contains clusters or not. If the data does contain
clusters, some clustering algorithms may obtain better clusters than others. Cluster
tendency is the assessment of whether or not there is any merit to cluster analysis prior
to the clustering. Data sets which do not contain clusters should not be processed by
a clustering algorithm.

Cluster validity on the other hand is the evaluation of the clustering algorithm’s
output. Cluster validity techniques usually rely on some optimality criteria, or sta-
tistical methods, and are used to determine whether the output is meaningful. A
clustering is valid if it cannot reasonably have occurred by chance or by an artifact
of a clustering algorithm. There are three types of validation techniques. An ez-
ternal assessment of validity compares the recovered structure to an a priori known
structure or “ground truth”. An internal examination of validity tries to determine
if the structure is intrinsically appropriate for the data. A relative test compares two
structures and measures their relative merit.

Many validity techniques and measures have have been proposed for evaluating
clustering quality when an external assessment is not possible. However, just like the
clustering algorithms themselves they rely on certain assumptions or heuristic criteria
which may not always be appropriate, and which may yield different results for the
same partitioning. It has been suggested that validity measures should be posed in
a probabilistic setting which assess the inference capabilities and scientific content
delivered by the clustering. The derivation of such validity measures is beyond the
scope of this thesis. Most of the cluster validation done in this thesis, evaluates or

demonstrates the efficacy of the proposed methods on external validation techniques



which compares the clustering results to ground truth.

1.2 Problem Statement and Contributions

Clustering techniques should satisfy various requirements ranging from scalability,
through ability to deal with a wide variety of cluster models, to interpretability of
the clustering results and the delivery of scientific content. New clustering paradigms
or techniques are “born” either due to new application and problem domains, or due
to the need for newer cluster models, or because state of art methods are unable to
sufficiently address certain clustering requirements that become more acute. In this
respect the contributions made in this thesis are a consequence of what we believe
is a need for an important yet overlooked cluster model, and as a result of what we
identify as an acute need to sufficiently address certain clustering requirements that
current state of art methods are unable to address.

Throughout this thesis we will present and discuss a new clustering paradigm,
which we call “Linear Manifold Clustering”, and which is based on the concept of
linear manifolds. Avoiding unnecessary mathematical abstraction, a linear manifold
is simply a translated subspace, which can be visualized as a line, plane, hyperplane,
etc., depending on its dimensionality. In many cases and problem domains, not only
in clustering, it is assumed that the data follows a linear structure, or that a linear
model is sufficient enough to describe and capture the data’s inherent structure.
Typical examples include linear regression, PCA, and subspace clustering, which are
all special cases of linear manifolds. Very few indirect attempts have been made to
devise clustering methods able to identify or learn mixtures of linear manifolds, and

even more so to formulate a mathematically rigorous linear manifold cluster model.



Most attempts have relied on the subspace cluster model, which as mentioned is a
special case of a linear manifold.

In thesis we introduce a formal “stochastic linear manifold cluster model” which
describes a “process” that generates sets of points that are embedded in or fit bounded
linear manifolds. The model consists of two parts: a deterministic part describing
the “signal”, which in our case is the linear manifold which the ideal points fit,
and a stochastic part describing the distribution of points on the manifold and their
deviation from the manifold or the “noise”, in the signal processing jargon. In the
context of clustering the model proposed has the following properties: the points in
each cluster are embedded in a lower dimensional linear manifold of finite extent,
the intrinsic dimensionality of the cluster is the dimensionality of the linear manifold
and is generally much smaller than the dimensionality of the data, the manifold is
arbitrarily oriented, in the orthogonal complement space to the manifold the points
form a compact densely populated region, the cluster induces correlations or linear
dependencies between the attributes of the data.

Based on this model, hence the term ”model-based” appearing in the title of this
thesis, we present two linear manifold clustering algorithms along with several formal
results and extensions demonstrating the applicability of the linear manifold clustering
paradigm to a wide range of applications. Both algorithms utilize a stochastic-model-
fitting approach. The first of the two is an algorithm designed to identify clusters
embedded in lower dimensional linear manifolds, or learn probabilistic linear manifold
mixture models. The second of the two algorithms is a derivative of the first that
is based on 1D-linear manifolds, yet substantially different that also utilizes feature

selection and random walk techniques, and is tailored to fully exploit the potential
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of linear manifolds to the application of pattern/correlation clustering and DNA mi-
croarray analysis. Fach of the methods discussed in this thesis is accompanied by
experiments on real as well as synthetic data sets demonstrating its potential and
efficacy, with an emphasis towards the end of the thesis on DNA microarray analy-
sis. In addition to the two algorithms we also present two modeling techniques that
deliver scientific content and with which data can be described. One is based on a
probabilistic density estimation model, which statistical inference such as predictions
can be based upon. The other is a model which describes the linear dependencies in
the data in the form of a set of linear equations.

In the following we briefly outline the contributions and advantages of the linear

manifold clustering paradigm.

e C(lassical clustering algorithms are based on the concept that a cluster center is
a single point, and that clusters are sets of points compact around this central
point. Most approaches to clustering neglect to consider the possibility that
a cluster center may be associated with a more complex structure. The linear
manifold clustering paradigm introduces the concept of linear manifold clusters

which are groups of points compact around a linear manifold.

e As an exploratory process, a clustering method should make as few as possible
assumptions pertaining to the shape of clusters and their underlying distribu-
tion. The linear manifold cluster model proposed in this thesis is a generaliza-
tion of many other more specific cluster models, i.e., other cluster models such
as the full-dimensional, subspace, and pattern or correlation cluster models are
all instances of the linear manifold cluster model. This unification of clustering

paradigms under one model provides a more general framework in which cluster
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analysis may be performed. That is, a particular cluster structure need not be
imposed on the data by a clustering algorithm any more, in a sense allowing
for fewer assumptions to be made and more freedom for the data to “speak for
itself”. Imposing structure on the data typically leads to biased results. In the
case of pattern clustering or more specifically gene expression clustering this
matter was stated more drastically; it has been suggested that other types of
information carrying patterns which are also instances of linear manifolds are
completely overlooked by most clustering methods, and that current state of the

art algorithms are not flexible enough to mine different patterns simultaneously.

A good clustering scheme is one which provides “scientific content”, that is,
a probability model which describes the underlying population, and on which
statistical inference such as predictions can based. One of the ultimate goals
of clustering is not only to reveal structure but to understand the underlying
mechanism or “process” which generated the structure. In other words, model
the population of points that may have formed the structure discovered by a
clustering algorithm. Describing the population by a model based on the sam-
ple on which the clustering is applied permits us gain insights and to learn
the most important aspects of the population. Such a model should also pro-
vide us the capability of making predictions that are consistent with the data.
Lacking scientific content clustering is merely a visualization tool providing dif-
ferent views of the data. Most clustering methods focus only on the grouping
and lack the ability to provide any scientific content. The linear manifold clus-
tering paradigm proposed in this thesis is essentially a model-based clustering

paradigm and as such “enjoys” the advantages model-based methods have over
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other clustering paradigms. Because of its solid mathematical foundation the
clustering results are easer to interpret. A mixture of individual linear manifold
models can easily be constructed to describe the data, the process generating
it, and to provide an estimate of the underlying distribution of the population.
Based on this model probabilistic classifiers can be built, and hence predictions
(classification) for new points can be made. These predictions can also serve
as a basis for fuzzy or soft clustering. Because of the probabilistic setting on
which the linear manifold clustering paradigm is based, statistical methods such
as hypothesis testing, permutations tests, maximum likelihood estimation, etc.,

can be applied to cluster validity problems making them more tractable.

Common to all forms of linear correlation and linear dependencies, is that in the
data space they manifest themselves as lines, planes, and generally speaking as
linear manifolds. Hence, the detection of linear manifolds is a means by which

correlations or linear dependencies may be identified.

Dimensionality is a fundamental challenge in many machine learning, pattern
recognition, and data mining applications. This is primarily due to the “curse
of dimensionality”. The aim of dimensionality reduction is to reduce or trans-
form high dimensional data into lower dimensional data while retaining most
of the underlying structure in the data, and by that circumvent the problems
associated with high dimensional data. Dimensionality reduction is also used to
visualize high dimensional data in a lower dimensional space and by that gain
more insight to the problem at hand. Very often observed real data is a conse-
quence of a process governed by a small number of factors. In the data space

this is manifested by the data points lying or being located close to surfaces
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such as linear manifolds whose intrinsic dimensionality is much smaller than
the dimensionality of the data. Most dimensionality reduction techniques are
“global” in the sense that they assume the whole data set can be characterized
by one lower dimensional surface, and overlook the possibility that different
portions of the data lie on different lower dimensional surfaces, or might be
generated by a process consisting of combination of simpler processes, i.e., a
mixture of models. From a dimensionality reduction point of view the linear
manifold paradigm of clustering can be thought of as a dimensionality reduc-
tion technique that assumes that the data lies on different linear surfaces whose
intrinsic dimensionality is much smaller than that of the data. Linear manifold
learning as a dimensionality reduction technique is part of and a special case of
a relatively new field of research that is growing in popularity called Manifold

learning.

1.3 Thesis Organization

In chapter 2 we provide the notation that will be used throughout the thesis, in ad-
dition to more formal definitions of subspaces and linear manifolds. In chapter 3 we
introduce and discuss the basic concepts of clustering, including: applications, com-
ponents, requirements, similarity measures, cluster models, and clustering schemes.
In chapters 4-6 we review different clustering schemes and paradigms, highlighting
the underlying techniques, application domains, strengths, and weaknesses of each.
Chapter 4 covers the full-dimensional clustering paradigms, which have laid the foun-
dations in the area of clustering and of more sophisticated clustering techniques. The

chapter will cover: hierarchical, partitional, density, grid, fuzzy, model-based, ANN,
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and graph based methods. Chapter 5 discusses the concept of subspace clustering,
and reviews the bottom-up and top-down subspace methods. Chapter 6 covers the
concept of pattern and correlation clustering with an emphasis on gene expression
microarray analysis. Chapter 7 is where we start presenting the contributions made
in this thesis. In chapter 7 we present the linear manifold cluster model accompanied
by an elaborate discussion and its motivating reasons. In chapter 8 we present the lin-
ear manifold clustering (learning) algorithm called LMCLUS. The chapter will cover
details of its underlying principles, techniques, and statistical properties, along with
a formal complexity analysis and an empirical evaluation. In chapter 9 we present
extensions of linear manifold clustering to data modeling, focusing on probability den-
sity estimation, probabilistic classification, and linear dependency modeling, along
with a classifier construction example and experiment. In chapter 10 we present sev-
eral formal results tying linear manifold clustering to the application of pattern and
correlation clustering, accompanied by experiments on gene expression data demon-
strating the potential of these results. The second clustering algorithm is a specialized
form of the general algorithm designed to find line (correlation) clusters in subspaces
of the data. It is called SLCLUS, and is discussed in chapter 11. The algorithm is
covered in the same manner in which LMCLUS is covered, yet the experimental sec-
tion focuses on gene expression clustering. Finally, in the conclusion we summarize
the main results and contributions made in this thesis and discuss future directions

of research.



Chapter 2

Definitions and Notation

Unless stated otherwise the following terms and notation will be used throughout this

thesis.

x (or any lower case boldface English latter) denotes a pattern, feature vector,

data point, data object, or observation.

A pattern x = (z1,9,...,24) is a vector of d measurements, where each mea-
surement is called a feature or attribute. The value of the i-th feature is denoted

by x;.

d denotes the dimensionality of the feature (pattern) space.

X = {x1,Xs,...,xy} denotes a data or feature set. x; = (T, T, ., Tiq)
denotes the i-th data point or feature vector in X, and z;; the value of the j-th

feature of x;.

N denotes the size or number of points in the data set.

A cluster (set of points) is denoted by C.

C ={C1,Cs,...,Ck} denotes a set of clusters.

15
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K denotes the number of clusters in a data set.

A lower case English latter such as ¢ denotes a scaler.

x’ denotes the transpose of vector x.

1, denotes a k dimensional vector of ones (1).

I, denotes a k dimensional identity matrix.

|x|| denotes the norm (Ls-norm) of vector x, and ||x||, the p-norm of x.

Greek letters will be typically used to denote statistical parameters, e.g., u

denotes the mean, o2 variance, and ¥ a covariance matrix.

p(z) denotes a probability density function (pdf), and P(x) a (discrete) proba-

bility function.

E[X] denotes the ezpected value of random variable (or vector) X, Var[X] de-
notes the variance of X, and Cov(X,Y') the covariance of random variables X

and Y.

N(u,0?) denotes a normal (Gaussian) distribution with parameters p and o,
U(a,b) a uniform distribution with parameters a and b, and x3 a chi-squared

distribution with k£ degrees of freedom.
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In the following the we restrict our attention to the finite space R

Definition 2.0.1 (Subspace). A subspace V' is a nonempty set of points (vectors)
that is closed under linear combination (addition, and scaler multiplication). Because
of the closure property the vector O (zero) is included in the subspace. The dimension
of V' is the number of linearly independent (basis) vectors that span V.

Definition 2.0.2 (Linear Manifold). L is a linear manifold of vector space V' if
and only if for some subspace S of V' and translationt € V., L = {x € V| for some s €
S,x =t+s}. The dimension of L is the dimension of S, and if the dimension of L is
one less than the dimension of V' then L is called a hyperplane. A linear manifold
L is rectangularly bounded if and only if for some translation t and bounding vectors
ar and ay, L ={x € V|for some s € S;ap, <s < ay,x =t +s}. A rectangularly
bounded linear manifold has finite extent and is localized with center t + m% In
the case that aj, = —ag, its center is the translation t.

From the definitions above it is clear that linear manifold is essentially a subspace
that may have been translated away from the origin. A subspace is a special case
of a linear manifold that contains the origin. Geometrically, a 1D manifold can be

visualized as a line embedded in the space, a 2D manifold as a plane, and a 0D

manifold as a point, that do not necessarily pass through the origin.



Chapter 3

Clustering Overview

3.1 What is Clustering?

Clustering is the process of grouping or classification of a collection objects or pat-
terns, usually represented as a vector of measurements, into classes or clusters so that
the patterns within a cluster are “similar” to one another, yet dissimilar to patterns
in other clusters.

Technology advances in the past few decades have made it possible to collect and
organize huge amounts of transactional and experimental data. This in turn have cre-
ated the need for more advanced and versatile data analysis techniques, one of which
is clustering. At a broad level, data analysis can be categorized as either exploratory
in nature and typically used for hypothesis formation, or confirmatory in nature and
typically used for decision making. Key to both is the classification of measurements
based on either a “goodness of fit” to a postulated model, or natural grouping (clus-
tering) revealed through analysis. Hence, from a data analysis perspective clustering
may be considered an exploratory process.

Machine learning is the study and design of computer programs that are able to

induce (learn) patterns, regularities, or rules from past observations. The two major

18
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types of learning techniques are typically referred to as supervised and unsupervised.
In the context of classification, in supervised learning we are provided with a col-
lection of labeled (pre-classified) patterns, which are used to learn class descriptions
or classification rules, which are ultimately used to classify or label an unobserved
newly encountered pattern. In the case of unsupervised learning we are provided
with a collection of unlabeled (unclassified) patterns, and attempt to learn structure,
or describe the data in some meaningful way. One way of doing so is to organize
or partition the data into homogenous groups or classes called clusters. In a sense,
these clusters are associated with labels, but the labels are data driven and not given
in advance. That is, the relationship between the patterns or structure of the pat-
terns learned in the process is solely obtained from the data. In addition, clustering
produces initial classes which can then be used in a supervised classification process.
From a machine learning perspective clustering is considered the most important
unsupervised learning problem.

Data mining or knowledge discovery in databases (KDD) is the process of ana-
lyzing data to discover previously unknown interesting and implicit knowledge in the
form of regularities or relationships in databases [1]. This is accomplished through
an analysis of patterns that form in the data. Data mining is an exploratory process,
so clustering methods are well suited for data mining. Natural groupings among the
data objects is probably the most important form of regularities or patterns sought in
a data mining process, and from a data mining perspective the usually preliminarily
task of clustering is considered the most important.

It is well accepted that there is no clustering technique that is universally appli-

cable in uncovering the variety of structures that may be present in various data sets
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or that is independent of the final aim of the clustering. In addition to that, the
variety of techniques for representing data, measuring similarity, and grouping data
has lead to a very rich assortment of clustering methods. In practice each clustering
technique makes implicit assumptions about the shape of the clusters, the similarity
criteria that is most appropriate to reveal the clusters, and the grouping technique
that will be able to reveal them in the most efficient way. Needless to say, each clus-
tering technique has its advantages and disadvantages primarily depending on the
distribution of patterns in the data and the size of the data. As a consequence it is
the user who must decide on the various clustering criteria and clustering technique
in order that the result of the clustering will best suit their needs. Moreover, the
more knowledge the user has on the clustering technique, the data generation process
that produced the data at hand, and the application domain, the more likely he will
be able to succeed in assessing the true underlying structure of the data at hand [2].
Because of this clustering is often considered a subjective process; the same data set

often needs to be partitioned differently for different applications.

3.2 Applications

In many applications of pattern or data analysis there is little prior information (e.g.,
statistical models) available about the data, and the analyst must make as few as
possible assumptions about the data. It is precisely under these circumstances that
clustering is particularly useful for the exploration of relationships among the data
objects and to make an assessment about their structure. In the following we first
summarize the basic directions in which clustering is used [3], and describe some of

the more prominent applications where clustering has been employed.
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3.2.1 Basic Directions of Use

1. Data reduction - In many cases, the amount of available data is very large and
its processing becomes very demanding. Clustering can be used to partition a
data set into a number of interesting clusters. Then, instead of processing the
data set as a whole, we adopt the representatives of the defined clusters and by

that achieve data compression.

2. Hypothesis generation - Cluster analysis may be used in order to infer some
hypotheses about the data. For instance we may find in a retail database that
there are two significant groups of customers based on their age and the time of
purchases. Then, we may infer some hypotheses about the data, for example,

young people go shopping in the evening, old people go shopping in the morning.

3. Hypothesis testing - In this case, cluster analysis may be used for the ver-
ification of the validity of a specific hypothesis. For example, assuming the
following hypothesis: Young people go shopping in the evening. One way to
verify whether this is true is to apply cluster analysis to a representative set of
stores. Suppose that each store is represented by its customers’ details (age,
job etc) and the time of transactions. If after applying cluster analysis a cluster
that corresponds to “young people buying in the evening” is formed, then the

hypothesis is supported by cluster analysis.

4. Prediction based on groups - Cluster analysis is applied to the data set
and the resulting clusters are characterized by the features of the patterns that
belong to these clusters. Then, unknown patterns can be classified into specified

clusters based on their similarity to the clusters’ features. Assume, for example,
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that cluster analysis is applied to a data set concerning patients infected by the
same disease, and that the result is a number of clusters of patients according to
their reaction to specific drugs. Then for a new patient, we identify the cluster
in which he/she can be classified and based on this decision his/her medication

can be prescribed.

3.2.2 Specific Applications

1. Business and Marketing - Clustering may help marketers discover significant
groups in their customers’ database and characterize them based on their past
purchasing patterns. Insurance companies use clustering to identify groups of
motor insurance policy holders with a high average claim cost, and also to
identify frauds. In city-planning the goal is identify groups of houses according
to their house type, value and geographical location. A relatively new and
growing field in which clustering is applied is recommendation or collaborative
filtering systems. In this case, sets of customers with similar interest patterns
(e.g., interest in books, music, movies) need to be identified so that customers’

future interests can be predicted and proper recommendations be made.

2. Biology - One use of clustering in biology is to define taxonomies, e.g., classifi-
cation of plants and animals based on their features. Due to the completion of
the human genome project, one of the most important applications of clustering
is in the vastly growing field of gene expression microarray analysis. In this case,
the goal is to identify groups of genes that exhibit similar expression (behavior)
patterns under some subset of conditions (tissue samples or time points) from

which gene function or regulatory mechanisms may be inferred.
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3. Machine vision - In this case clustering is primarily used for image segmen-
tation or the classification of image pixels. However, clustering is also used
as a preprocessing stage to identify pattern classes for subsequent supervised
classification. In particular, clustering is used in one of the preliminary stages

of object and character recognition systems.

4. Web and text mining - Here clustering is used to discover significant groups
of documents on the Web. This classification of Web documents later assists
and enhances the information retrieval process. Clustering is also used to cluster
Web-log data in order to discover groups of similar access patterns. Libraries
use clustering to group books, journals, and other documents as part of an

information retrieval system.

3.3 Components of a Clustering Task

The typical steps in a clustering process are as follows [1, 4]:

1. Feature representation - The overall goal of this step is to organize the
observations and create a set of feature vectors which will be input to the
clustering algorithm. Underlying this general task are several smaller tasks

such as:

e The determination of feature or attribute types. Feature types are either
quantitative (e.g., height) or qualitative (e.g., color). These two feature
types can further be subdivided into the following subtypes: continuous
(e.g., height), discrete (e.g., number of customers), and interval (e.g., du-

ration of an event) as quantitative subtypes. And, nominal (e.g. color),
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and ordinal (e.g., rank) as qualitative subtypes. After determining the
feature types, their scale (for quantitative subtypes) and number needs to

be determined.

o [eature selection, where the goal is to select a subset of the most infor-
mative and effective features from the original full set features that are

relevant to the clustering.

e Feature extraction, where the goal is to compute a new set of features from
the original set by various transformations such as principle component

analysis (PCA) [5] that will ultimately improve clustering quality.

The user’s role in the feature representation phase is critical. He must gather
facts and conjecture about the data in order to create the best possible set of
features for the clustering task at hand. A careful investigation of the data
and suitable feature transformations or selections can significantly improve the

clustering results.

. Clustering - This step refers to the choice of the similarity measure, clustering
criterion, and the clustering algorithm that best suits the data set at hand. Typ-
ically, the similarity measure and clustering criterion characterize the clustering

algorithm.

e The similarity or distance measure is in most cases applied on two ob-
jects and is supposed to quantify how “similar” the two objects or their
corresponding features vectors are with respect to one another. Typical
similarity measures should make sure that each of the individual features

constituting a feature vector contribute equally to the computation of the
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similarity and that there are no features that dominate others. Similarity

measures are discussed more thoroughly in section 3.5.

The clustering criterion is usually expressed as a cost function, e.g., the sum
of squared distances. The clustering criterion should be chosen to account
for the type or shape of clusters we expect to encounter in the data set.
For most clustering algorithms the clustering criterion characterizes the

type of clusters that will be produced by the clustering algorithm.

The clustering itself can performed in many ways. As mentioned earlier
the similarity and clustering criterion usually characterize the algorithm
that will be used to cluster the data. Nonetheless, more decisions need to
be made. Among those decisions are the determination of object mem-
bership type. In some cases it is required that the generated clusters be
“hard”, that is, a discrete partitioning of the data set where each object
belongs to one cluster only. In other cases it is required that the generated
clusters be “soft”, that is, an object may belong to more than one cluster,
yet another possibility is a “fuzzy” partitioning of the data, where each
object has a degree of membership to each cluster. Another decision that
needs to made pertains to the manner in which the results are presented.
For example, whether the output should be organized in a nested hier-
archy of clusters as opposed to one partitioning of the data, or whether
a probabilistic description of the underlying distribution of the objects is
required. Another decision that needs to made pertains to the time we are
willing to allocate for the clustering task. Usually there will be a tradeoff

between speed and clustering quality.
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Clustering criteria and algorithms are discussed throughout chapters 4 - 6.

. Validation of results - Since clustering algorithms define clusters that are not
known a priori, irrespective of the clustering methods, the final partition of data
requires some kind of evaluation. After all, all clustering algorithms will, when
presented with data produce clusters regardless of whether the data contains
clusters or not. If the data does contain clusters, some clustering algorithms
may obtain better clusters than others. Cluster tendency is the assessment of
whether or not there is any merit to cluster analysis prior to the clustering.
Data sets which do not contain clusters should not be processed by a clustering
algorithm. In a sense, cluster tendency is an assessment of the data domain
rather than the clustering algorithm. Cluster validity on the other hand is
the evaluation of the clustering algorithm’s output. Cluster validity techniques
usually rely on some optimality criteria, or statistical methods, and are used to
determine whether the output is meaningful. A clustering is valid if it cannot
reasonably have occurred by chance or is an artifact of a clustering algorithm.
There are three types of validation techniques [6]. An external assessment of
validity compares the recovered structure to an a priori structure. An internal
examination of validity tries to determine if the structure is intrinsically appro-
priate for the data. A relative test compares two structures and measures their

relative merit.

. Interpretation of the results - In many cases, the experts in the application
area have to integrate the clustering results with other experimental evidence

and analysis in order to draw the right conclusion.
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3.4 Requirements and Challenges
The main requirements that a clustering algorithm should satisfy are:

1. Scalability - Clustering algorithms must be efficient in order to scale well with

the increasing size and dimensionality of data sets.

2. Cluster shapes - Because very little is known in advance about the patterns
that are sought to be uncovered, clustering algorithms should be able to deal

with a wide variety of cluster shapes (further discussed in section 3.6).

3. Cluster membership - Clustering algorithms should if required allow for the
possibility that clusters may overlap, i.e., allow for a data object to be a member

of several and not only one cluster.

4. Attribute types - Clustering algorithms should be able to deal with different

types of attributes.

5. Noise - Clustering algorithms should be able to deal with noise and outliers

effectively.

6. High Dimensions - Clustering algorithms should be able to deal with the
problems associated with high dimensional data. Namely, the curse of dimen-
sionality and the presence of irrelevant features (further discussed in chapter

5).

7. Order of input - Clustering algorithms should be insensitive to the order of

input.
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8. Domain knowledge - Clustering algorithms should require the least possible

domain knowledge in order to be operated.

9. Input parameters - The input parameters to the algorithm should be intuitive

and easy to set, and should not require extensive domain knowledge.

10. Interpretability - The output clusters produced by a clustering algorithm

should be represented in an interpretable, usable and meaningful way.

Current state of the art clustering algorithms do not address all the requirements
adequately or concurrently. In practice most methods make certain assumptions a
priori, typically about the type of clusters expected to be found, and choose to focus
on a subset of the requirements while trading off the others in order to address those
chosen adequately. The underlying theme of operation is that the user will choose

the method he believes best fits the task, aims, and data at hand.

3.5 Similarity Measures

Fundamental to the definition of a cluster and to the clustering algorithm is the
similarity measure which is used to quantify the similarity between two objects or
features of the same feature space, and which serves as criteria for grouping or sep-
arating items. Because of the variety of cluster types, feature types and scale types,
the similarity measure also called a distance function, must be chosen carefully. In
many applications it is also required that the distance function be a metric. A metric

is a distance function d(z,y) that satisfies the following four conditions:
1. d(x,y) > 0 (non-negativity)

2. d(z,y) =0 & x =y (identity)
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3. d(z,y) = d(y,z) (symmetry)
4. d(x,z) < d(z,y) + d(y, z) (triangular inequality).

Most clustering algorithms operate on continuous feature vectors. As a conse-
quence in the following we discuss some of the more prominent similarity measures
which operate on continuous features, and use x; and x; to denote two arbitrary data
points or feature vectors, and d,(x;,x;) to denote the similarity or distance function

between the two points.

e Minkowski distance - The Minkowski distance is a general distance function
which is also a metric, and from which more specific distance measures are
derived. It is defined as

d 1/p
dp(xi,%5) = [|Ixi — x4, = (Z(m - IjkV’) ,
k=1

where p is real valued, acts as an adjusting factor, and is called the norm level.

e Euclidean distance - The Euclidean distance is the most popular distance
function (not only in clustering) for continuous features. It is merely a special

case of the Minkowski distance function (p = 2), and is defined as

J 1/2
da(xi, ;) = [|x; — x[]2 = (Z(%k - %‘k)2> :

k=1
The Euclidean distance has an intuitive appeal as it measures the “physical”
distance between points. It works well when the clusters are compact in shape
and /or isolated. However, it has a tendency of letting the largest-scaled feature
dominate the others. Some solutions to this problem include normalization of

the features or other weighting schemes. In addition, the Euclidean distance has
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a tendency to concentrate more and more around its expectation as dimension-
ality increases. In high dimensions, the Euclidean distances from a point to its
nearest and farthest neighbors tend to be very similar and nearly meaningless.
This problem if often referred to the curse of dimensionality and will further

be discussed in chapter 5.

City-block (Manhattan) distance - This distance is another instance of the
Minkowski distance function (p = 1), and examines the absolute differences

between coordinates of a pair of objects. It is defined as

d

di(xi,%;) = [[xi = Xjlls = Y |wae — 2.
k=1

In most cases, this distance measure yields results similar to the Euclidean
distance. However, the effect of single large differences (outliers) is somewhat

dampened since they are not squared.

Chebyshev distance - The Chebyshev distance also called mazimum value
distance is another instance of the Minkowski distance (p = 00). It is simply
the maximum coordinate difference between a pair of objects regardless of any
other differences, and is used in cases when one wants to define two objects as
“different” or “dissimilar” if they are different on any one of the dimensions.

Formally it is defined as

d 1/p
doo (X4, %) = lim <Z($,k — :L'jk)p) = max | ik — k|-

p—00
k=1
Mahalanobis distance - The Mahalanobis distance uses the covariance matrix

of the data, and is essentially FEuclidean distance which has been rotated and
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scaled. When the covariance matrix equals the identity matrix, the Mahalanobis
distance reduces to the Euclidean distance. when the covariance matrix is diag-
onal, then the Mahalanobis distance is a normalized (by variances) Euclidean
distance. It is mainly used when some of the features are linearly correlated
or when some of the principle axes of a cluster have much larger variance than

others. The Mahalanobis distance is defined as
dM(Xia X]) = (Xz — Xj)/z_l(xi — X])

The next two similarity measures are used in cases where the behavior patterns of
objects regardless of their magnitude need to be examined and compared. Rather
than grouping objects with similar values that are physically or geometrically close
to each other, objects are considered similar and grouped together if their behavior
patterns are similar. These similarity measures are tightly related to correlation, and
their main advantage over the previous measures are that they are scale invariant and
do not depend on length. However, unlike the previous measures they are translation
sensitive. Their main use is in the relatively new applications of DNA microarray
analysis, collaborative filtering, and text mining. The concept of behavior pattern

clustering will further be discussed in chapter 6.

e Cosine distance (Angular separation) - This similarity measure is simply
the cosine of the angle between two vectors, and is defined as

x/x;
dx x) = %3
6 35) = il

This angular separation measure ranges in [—1,1], similar to cosine, where
higher values of angular separation (in absolute value) indicate that the two

objects are “more” similar in their behavior patterns.
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e Pearson correlation - This similarity measure essentially examines the linear
correlation between two objects. It is a standardized angular separation that
centers the coordinates to their mean value. Like the cosine distance is ranges
in [—1, 1], where higher values indicate the two objects are “more” similar in

their behavior patterns. Formally it is defined as

Sy (@i — %) (e — T;)
d.(xi,%X;) = )
V(e — )2 S (e — 7,)2

where z; = 1/d ZZ:mi and z; = 1/d Zzzl xji, are the means or coordinate

centers of objects x; and x; respectively. The main problem with this measure
is that it is not robust with respect to outliers, and may assign high similarity
to a pair of dissimilar patterns. If two patterns have a common peak of valley
at a single feature, the correlation will be dominated by this feature. Another
problem is that it assumes an approximated Gaussian distribution of the points
and may not be robust for non-Gaussian distributions. It can also be shown that
the effectiveness or result of a clustering algorithm that uses Euclidian distance
will be the same as an algorithm that uses Pearson correlation if standardization
is applied to the data prior to the clustering. A standardization is a process
that transforms each object x; to another object y; that has mean zero and

variance one, i.e., for each feature k£ of object 7,

_ Tik — Ty
Yike = — =

%

where &; = \/ 1/d Zzzl(ﬂfik — ;)2 is the biased standard deviation of the values

of object ¢. Given two standardized objects y; and y;, one can easily show that

dr’(xia Xj) = dT’(yia YJ)a



33

and that

Aoy, y;) = \/2d(1 — d (x;, ;).

Hence, if a pair of objects has larger (positive) correlation than another pair,

then the Euclidian distance of that pair of objects will be smaller.

3.6 Cluster Models and Geometries

As mentioned, each clustering algorithm makes a very cardinal assumption (among
others) either about the shape (geometry) or model of the clusters it is designed to
identify.

The most frequently assumed, most intuitive, and somewhat trivial cluster geom-
etry is the convex shaped or hyper-spherical cluster geometry. It can be described
as a compact point cloud almost symmetrically distributed or centered around a rep-
resentative point which is typically the cluster mean as depicted in Fig. 3.1. Most
clustering algorithms are designed to identify this cluster shape as it captures the
simple notion of points being similar if their feature values are similar, or in other
words if they are geometrically close to each other. Another possibility is that these
type of clusters come to capture the assumption that the cluster points are merely a
small perturbation of a single representative point.

A slightly more complex cluster geometry is the hyper-ellipsoidal cluster geometry
depicted in Fig. 3.2. In this case, the cluster points are still symmetrically distributed
around a center point, but unlike spherical clusters the variances of the points along
the principle axes of a cluster are not the same. These type of clusters are typically
postulated when it is assumed that some of the cluster features are correlated. When

clusters are well separated the simple Euclidian distance can be used to reveal these
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Figure 3.1: hyper-spherical clusters.

clusters, however in the case that the clusters are not well separated more elaborate
distance measures such as the Mahalanobis distance might be necessary.

A large class of clustering algorithms are designed to identify arbitrary shaped
clusters. By definition these clusters do not have a predefined shape, but are charac-
terized as dense regions of points separated by low density regions, or from a graph
theoretic point of view are characterized as connected components. Some of these type
of clusters are depicted in Fig. 3.3. Algorithms designed to identify these type of
clusters focus on density in prespecified volumes or point neighborhoods rather than
on representative or central points as in the case of the hyper-spherical or hyper-
ellipsoidal cluster shapes. The main problem with these type of clusters is their
relative lack of interpretability.

Another type of cluster geometry that is often assumed is the so called “linear”
cluster geometry, depicted in Fig. 3.4. These type of clusters are characterized as sets
of points that follow a linear structure such as lines, hyperplanes, or the more general

structure of linear manifolds - the subject of this thesis. This cluster geometry is
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Figure 3.2: hyper-ellipsoidal clusters.

Figure 3.3: arbitrary shaped clusters.
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Figure 3.4: linear clusters.

typically assumed when it is suspected that a linear dependency or correlations exits
among the features of the data. To the best of our knowledge there are no clustering
algorithms that are specifically tailored to identify this type of cluster geometry.
Existing methods that are able to detect these clusters either focus on density, which
is not always adequate (points can be far and may not necessarily from dense regions,
yet follow a linear structure), or rely on less intuitive and not always appropriate
similarity measures such as the cosine or Pearson correlation measures.

A relatively new postulated cluster geometry is that of a non-linear manifold, a
generalization of linear manifolds. Non-linear manifold clusters are characterized by
sets of points that lie on smooth lower dimensional surfaces such as the one depicted
in Fig. 3.5. Detection techniques for nonlinear manifold clusters are part of a new
growing area of research called manifold learning which is beyond the scope of this
thesis.

From a model based statistical point of view clusters are assumed to be generated

by a “process” that can be described (modeled) by two parts, a deterministic and
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Figure 3.5: non-linear manifold cluster.

a stochastic. The deterministic part specifies the signal or “core” description of the
cluster (e.g., the mean of the cluster or the linear manifold associated with it). The
stochastic part specifies the degree to which the population of the cluster deviates
from the deterministic part (e.g., cluster covariance or errors), and has a probability
distribution associated with it. Several clustering methods take this approach and
either cast the clustering problem to a problem of determining the model parameters,
or tailor the clustering algorithm to detect the deterministic part (typically by a
“model fitting technique”), taking into account the possibility of deviation from it as
described by the stochastic part. The linear manifold clustering methods proposed
in this thesis are members of the second approach.

The simplest and most popular cluster model that is often assumed and which cap-
tures the hyper-spherical or hyper-ellipsoidal cluster geometries considers the points
of a cluster to be drawn from a Gaussian distribution characterized by a mean and a

covariance matrix. In this case each point x belonging to a cluster can be modeled as

X = +e (3.6.1)
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where p represents the mean of the cluster and the deterministic part of the model,

and € ~ N(0,Y) the deviation from the mean or the deterministic part of the model.

3.7 Clustering Schemes

In recent decades a multitude of clustering methods have been proposed. The main
reason as mentioned earlier, is that there is no clustering method that is universally
applicable to all clustering problems and applications. Unlike other reports, in this
thesis we choose to classify the various clustering paradigms primarily based on the
natural evolution of the clustering problems and applications they are designed to
tackle. Then, within each of these primary classes we discuss subtypes or subclasses
of clustering paradigms, each having its unique properties, strengths, and weaknesses.

Earlier or “classical” clustering methods typically dealt with smaller sets of fea-
tures (lower dimensional data) and considered all the features of the data simultane-
ously relevant to each of the underlying clusters of the data. That is, each cluster
identified by a clustering algorithm contained a subset of points each represented by
the full set of features or dimensions underlying the data. Because of this, the name
“full-dimensional” or “full-space” clustering has often been associated with these clus-
tering methods. Hence, the first class of clustering methods discussed in this thesis
(chapter 4) are the full dimensional clustering paradigms.

Due to recent technology advances in data collection many applications of cluster-
ing are now characterized by high dimensional data. These type of data sets pose new
challenges which the full dimensional clustering methods are unable to address. The
first challenge is that because of the relatively large feature set constituting the data,

not all features may be relevant to each cluster, and the presence of non-information
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carrying or irrelevant features has the potential to eliminate clustering tendency and
mislead full dimensional clustering algorithms by masking clusters in noisy or irrele-
vant data. In other words, clusters are hidden and may be visible only in subsets or
linear combinations of subsets of the features. The second challenge is the so called
‘curse of dimensionality’, which suggests that in high dimensions points tend to be-
come equidistant from one another and therefore distance measures that utilize the
full set of dimensions become increasingly meaningless. A recent advancement in the
area of clustering was the introduction of “subspace clustering” methods designed to
address these challenges. Consequently, our second class of clustering algorithms is
the subspace methods discussed in chapter 5.

Lastly, in recent increasingly important applications of clustering such as gene
expression microarray analysis, collaborative filtering, and web mining, object simi-
larity is no longer measured by physical distance, but rather by the behavior patterns
objects manifest or the magnitude of correlations they induce under a subset of fea-
tures. Full-dimensional clustering methods and subspace clustering methods focus
on grouping objects with similar values, and therefore are inadequate to capture co-
herent behavior patterns or correlations. Although effective in full-space clustering
problems, the Pearson correlation similarity measure discussed in section 3.5 is not
well suited for clustering similar behavior patterns that exist only in subspaces of the
data, and has rarely been used in this context. The detection of coherent behavior
patterns or correlations is a an important data mining task because they may reveal
a dependency or some cause and effect relationship between the objects or features
under consideration. The last class of clustering algorithm discussed in this thesis

(chapter 6) are the pattern based or correlation clustering algorithms.



Chapter 4

Full-Dimensional Clustering
Paradigms

4.1 Introduction

In recent decades a multitude of clustering methods have been proposed. Earlier
or “classical” clustering methods typically dealt with smaller sets of features (lower
dimensional data) and considered all the features of the data to be simultaneously
relevant to each of the underlying clusters of the data. In other words, each cluster
identified by a clustering algorithm contained a subset of points each represented
by the full set of features or dimensions underlying the data. Because of this, the
name “full-dimensional” or “full-space” clustering has often been associated with
these clustering methods. Although somewhat limited, many clustering problems are
still characterized by low-dimensionality data of which all the features are considered
relevant. Moreover, the underlying concepts employed by full-space methods serve as
a basis for the more sophisticated clustering approaches which localize the search for
clusters in subspaces of the data.

Clustering algorithms are typically classified according the type of data on which

they are applied, the similarity measure they employ, the clustering criteria they use,

40
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and the underlying techniques used to group points and identify clusters. In this
thesis we will focus on clustering algorithms that work on numerical attributes, as
these are the most popular and widespread. Different reports have organized and
classified clustering algorithms in different ways. Traditionally, the algorithms or
paradigms were classified as belonging to one of two categories: the partitioning or
hierarchical algorithms [5, 2]. However, over the years new methods have evolved,
which cannot be classified as belonging to any of the above two categories. These
new paradigms of clustering such as the density-based, grid-based, fuzzy, model-based,
artificial neural network-based, and graph-based, have “earned” their own class, and
along with the pervious two classes of clustering paradigms will be reviewed in the

following.

4.2 Hierarchical Methods

Hierarchical methods create a hierarchy of nested clusters typically represented by
a dendrogram - a tree which splits the data into recursively smaller and smaller
clusters as depicted in Fig. 8.6. The tree can be created by an iterative process in a
“bottom-up” fashion called the agglomerative approach, or in a “top-down” manner
called the divisive approach, by merging or dividing clusters at each level of the
tree. The agglomerative approach starts with each object in a separate cluster, and
successively merges the appropriate objects/clusters according to some criteria (e.g.,
the distance between the two cluster centers) until all clusters are merged into one (top
of the hierarchy) cluster, or until some termination condition is reached (such as the
requested number of clusters K'). The divisive approach on the other hand starts with

all objects in one cluster, and in each successive iteration larger clusters are split into
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Figure 4.1: A sample dendrogram. The horizontal axis represents the points or
clusters, and the vertical axis captures their similarity.
smaller more homogenous clusters according to some criteria, until eventually each
cluster contains exactly one object or until some termination condition is reached.

The advantages of hierarchical methods are the ability to explore cluster structure
or the data at different levels of granularity, and ease of handling any forms of simi-
larity measures, making it applicable to a wide range of attribute types. Hierarchical
algorithms do not typically require the number of clusters as an input parameter,
but are very sensitive to a termination condition, which specifies when a merge or
division operation should not be carried out. The main problem with hierarchical
algorithms is the vagueness and difficulty associated with deriving the termination
condition. Another disadvantage is that most hierarchical algorithms do not revisit
constructed clusters for the purpose of their improvement.

Most hierarchical clustering methods are based on Linkage Metrics. Instead of
operating on the regular object-attribute data structure, they operate on an N x N
matrix of distances or similarities between points called connectivity matriz, from

which linkage metrics are then constructed. Another disadvantage associated with
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Hierarchical methods is the requirement of keeping these matrices in memory which
for large data sets becomes problematic.

To merge or split clusters rather than individual points, the distance between indi-
vidual points has to be generalized to the distance between clusters. Such a proximity
measure is called a linkage metric, and the type of metric used significantly affects the
algorithm as it reflects a particular concept of “closeness” and connectivity. Typical
inter-cluster linkage metrics include the single-link, average-link, and complete-link.
With the single-link method the distance between two clusters is the minimum of the
distances between all pairs of points in the clusters, where each point comes from a
different cluster. Similarly with the complete-link method the distance between two
clusters is the maximum of the distances between all pairs of points in the clusters,
and in the average-link case the distance between two clusters is the average distance
between each pair of points. Most of the hierarchical algorithms are based on either
the single-link or complete-link metrics. Algorithms based on the complete-link met-
ric tend to produce tightly bound compact clusters, whereas the ones based on the
single-link metric tend to produce straggly or elongated clusters [2]. Consequently,
another advantage of hierarchical algorithms is their ability to deal with different
geometries of clusters.

Among the earlier hierarchical algorithms are AGNES (AGglomerative NESting)
and DIANA (DIvisia ANAlysis) [7]. AGNES (used in S-Plus) is a bottom-up method
whereas DIANA a top-down. In both the number of desired clusters can be specified
as a termination condition, and both can use the typical linkage metrics. Though
simple, both often encounter difficulties pertaining to the selection of merge and split

points. They will neither undo or revisit what was already done to improve cluster
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quality, nor will they perform object swapping between clusters. Thus, the merge
or split operations, if not well chosen at each step, may lead to low quality clusters.
Both algorithms suffer from time complexity, which is O(N?), but despite that are
very popular.

The BRICH (Balanced Iterative Reducing and Clustering using Hierarchies) [8]
algorithm was introduced to overcome scalability issues associated with hierarchical
algorithms. The main idea of BRICH is to compress the data objects into many
small subclusters and then perform the clustering with these subclusters. The com-
pression allows the clustering to be performed in main memory. Experiments show
that BRICH scales linearly with the number of objects, but does not perform well
when the clusters are not of spherical shape.

CURE (Clustering Using REpresentatives) [9] is an agglomerative method that
employs two principles to obtain high quality clusters. First, instead of using a single
object to represent a cluster, a fixed number of well-scattered objects are selected to
represent each cluster. Second, the selected objects are shrunk towards their cluster
centers. At each step, the two clusters with the closest pairs of representatives are
merged. This allows CURE to adjust well to clusters of non-spherical shape. The
shrinking of clusters helps dampen the effects of outliers. To handle large data sets,
CURE employs a combination of random sampling and partitioning. A random sam-
ple is first partitioned, and each partition is partially clustered. The partial clusters
are then clustered in a second pass to yield the desired clusters. As a stochastic
algorithm the authors of CURE provide a complexity estimate defined in terms of
sample sizes.

Similar to CURE, CHAMELEON [10] is an agglomerative algorithm that improves
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clustering quality by using a more elaborate criteria for the merging operation. T'wo
clusters are merged if their inter-connectivity and proximity of the points after the
marge are similar to the inter-connectivity and proximity before the merging opera-
tion. CHAMELEON uses a weighted K-nearest neighbor connectivity graph, where
each node represents an object, and an edge between two nodes exists if they are
among the K-nearest neighbors of each other. The weight of the edge represents the
closeness between two nodes. CHAMELEON operates in two stages. In the first,
small tight clusters are built using a graph partitioning algorithm, and in the second
stage the clusters are merged by an agglomerative process. It has been shown that
CHAMELEON is more effective than CURE in discovering arbitrary-shaped clusters
of varying density. It has complexity of O(Nm + N log m + m?log m) where m is the
number of sub-clusters built during the first stage.

Another famous hierarchical algorithm is ROCK [11] developed to work with cat-

egorical attributes.

4.3 Partitioning Algorithms

Partitioning clustering algorithms obtain a single partition of the data instead of a
clustering structure, such as the dendrogram produced by hierarchical methods. The
partitioning algorithms use a set of K representative objects to partition the data into
K clusters. The representative objects are typically cluster centers such as in K-means
algorithms, or objects located near the center such as in the K-medoid algorithms.
The partitioning algorithms typically follow an iterative two step procedure which
gradually improves cluster quality. In the first step the K representatives are selected

by seeking to optimize some objective function such as minimizing the sum of squared
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distances between the points and their representatives. In the second step each point
is assigned to a cluster whose representative is closest. The main problem associated
with these type of algorithms is that they expect the number of clusters as an input
parameter, which requires prior knowledge usually not available. Another weakness of
the partitioning-based algorithms is their inability to find arbitrary-shaped clusters.
They are essentially limited to finding compact convex-shaped and well separated
clusters. Partitioning methods have advantages in applications involving large data
sets for which the computation of a dendrogram constructed by hierarchical methods
is prohibitive. Typical partitioning methods have complexity which is linear with the
size of the data set, i.e., O(NN). Another advantage of the these types of algorithms
is their relative simplicity. Unlike traditional hierarchical methods, in which clusters
are not revisited after being constructed, partitioning algorithms gradually improve
clusters, which with appropriate data may result in high quality clusters.

K-means [12] is the simplest and most commonly used algorithm in this family of
algorithms. The objective function used by the algorithm is the squared error E(X)

function defined as

E(X)=> > |x—m? (4.3.1)

i=1 xeC;

It starts with a random initial partition and keeps reassigning objects to clusters
based on the similarity between the object and the cluster centers m;, creating a
new set of clusters. After the assignment the cluster centers are recomputed and
the process is repeated until a convergence criterion is met (e.g., the squared error
ceases to decrease, or their is no reassignment of objects from one cluster to another),
or until a pre-specified number of iterations is reached. The main drawbacks with

this algorithm is that it is sensitive to outliers since these can substantially influence
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the cluster centers, and it heavily depends on the initial random partition that may
lead it to converge to a local optimum. Another disadvantage is that because the
cluster center is represented by its centroid (mean), the method works well only with
numerical attributes. The K-medoids methods discussed next have no limitations on
attribute types. The tremendous popularity of K-means has brought to life many
other extensions and modifications. For example, Mahalanobis distance can be used
to cover hyper-ellipsoidal clusters [13]. Maximum of intra-cluster variances, instead of
the sum can serve as an objective function [14], and generalizations that incorporate
categorical attributes are known [15]. The X-means algorithm [16] accelerates the
iterative process in addition to searching for the best K in the process itself.

Unlike K-means, the K-medoids method uses a point—the most centrally located
object in a cluster to be the cluster center. Because of this, the method is less
sensitive to outliers, and is not limited to particular attribute types (e.g., numerical)
like the K-means method. These advantages however, result in higher complexity.
In the K-medoids method clusters are defined as subsets of points close to respective
medoids, and the objective function is defined as the average dissimilarity between a
point and its assigned medoid. The initializing state of the K-medoids method is the
same as in the K-means method, that is, K objects are randomly selected as cluster
centers. In the reassignment stage, K-medoids differs from K-means in that at most
one cluster center will be changed in order to result in a decrease of the objective
function. PAM (Partitioning Around Medoids) [7], one of the earlier versions of
the K-medoids method, iterates through all the K centers and tries to replace each
of them with one of the remaining N — K objects if a decrease in the objective

function is obtained. Because of this PAM does not scale well with large data sets
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and its complexity is O(K (N — K)?). To deal with larger data sets, a sampling-
based method, called CLARA (Clustering LARge Applications) was developed [7].
Instead of dealing with the whole data set, a small sample is selected. Medoids are
chosen from this sample using PAM and the objective function is computed for the
whole data set. To improve clustering quality multiple samples can be drawn and the
best clustering returned. The complexity of CLARA is O(Ks? + K(N — K)) where
s is the sample size. The effectiveness of CLARA heavily depends on the sample
size. To improve the quality of the clustering and scalability of CLARA, CLARANS
(Clustering Large Applications based upon RANdomized Search) [17] was developed.
CLARANS tries to find a better center by picking one of the existing K centers and
tries to replace it with a randomly chosen object from the remaining N — K objects.
If the process does not result in a decrease of the objective function, a local minima
is assumed and the algorithm is restarted, where the number of restarts is specified
by the user, and upon termination the best clustering is returned. CLARANS has
been shown experimentally to be more effective than PAM and CLARA, however its

complexity is still around O(N?).

4.4 Density-based Methods

Density-based methods characterize clusters as dense regions of objects separated by
low density regions (noise). A cluster defined as a dense connected component grows
in any direction that its density leads. Therefore, density-based methods are capable
of discovering clusters of arbitrary geometries, and are protected against noise or
outliers. They scale well with the size of the data. However, from a data description

point of view they somewhat lack interpretability, and most do not scale well with
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the dimensionality of the data.

DBSCAN (Density Based Spatial Clustering of Applications with Noise) [18],
the first density based algorithm, judges the density in the vicinity of an object as
sufficiently dense if the number of points within some distance (radius) € of the object
is grater than a certain threshold MinPts. If that is the case the object is called a
core object. The algorithm grows regions with sufficiently high density into clusters.
It does do so by checking the e-neighborhood of each point in the data. If the e-
neighborhood of a point x contains more than MinPts, a cluster with x as its core
object is created. Objects in the e-neighborhood of x are then added to this new
cluster. Core objects among the added members of the cluster will then go through
the same process as x to grow the cluster. When no more core objects are found in the
growing process, another core object will be selected from the data to grow another
cluster. During the growing process if a core object that already belongs to another
cluster is encountered the two clusters will be merged. The algorithm terminates when
no new point can be added to any cluster. The complexity of DBSCAN is O(N log N).
The main drawback with DBSCAN is that the clustering quality heavily depends on
the input parameters ¢ and MinPts, and relies on the user’s ability to select a good
set of parameters. Without any guidance in setting these parameters a lot of time
can be wasted on a trial and error approach. Moreover, different parts of the data
may require the parameters to be set differently.

To overcome the problems associated with DBSCAN, OPTICS (Ordering Points
To Identify the Clustering Structure) [19] was proposed. OPTICS takes the same
input parameters as DBSCAN, however instead of producing a clustering based on

one pair of parameters, OPTICS produces an ordering of the data points such that
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the clustering for any lower values of € and similar values of MinPts can be visualized
and computed easily. With each point OPTICS stores two additional fields, the core
and reachability-distances. The core-distance of a point x is the smallest distance so
that its neighborhood contains exactly MinPts objects when it does not exceed e,
or undefined otherwise. The reachability-distance of x with respect to another object
y is the smallest distance so that x is within the reach-neighborhood of y, and y
remains a core object with respect to the reach. If y is not a core object with respect
to € then the reach is undefined. Experimentally, OPTICS exhibits runtime roughly
equal to 1.6 of DBSCAN’s runtime.

Both DBSCAN and OPTICS rely on an indexing structure to process neighbor-
hood queries efficiently. However the efficiency of these structures drops increas-
ingly with the number of dimensions. To handle high dimensional data, DENCLUE
(DENSity-based Clustering) [20] models the overall density of a point analytically
as the sum of influence functions of the points around it. The underlying ideas of

DENCLUE are:

1. The influence of each point can be formally modeled using a function called
an influence function, which describes the impact of a data point within its

neighborhood.

2. The overall density of the data can be modeled as the sum of the influence

function of all the points.

3. Clusters can be determined by identifying density attractors, which are local

maxima of the overall density function.

Let f(x,y) denote the influence function of object y on object x. f(x,y) can be
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an arbitrary function that takes as input a distance function d(x,y) (such as the
Euclidian distance) and computes the influence. Two examples are the square-wave

function

0 ifdx,y)>0o
.fS(X> Y) =
1 otherwise,

and the Gaussian function

fa(x,y) = exp(—d(x,y)*/20%),

where ¢ is an input parameter. The density function at an object x is defined as the
sum of the influence functions of all the points, i.e.,

fx(x) = f(xy),

yex

from which a gradient function V fx(x) at x can be derived, which indicates the
strength and direction where most of x’s influence comes from. The density function
is also used to locate density attractors which are the local maximas in the overall
density function. x is said to be density attracted to x* if there exists a set of
points X = Xq,X1,...,Xr = X* such that the gradient of x;_; is in the direction of
x; for 0 < i < k. A gradient ascent technique can then be used to determine the
density attractor of each point. In addition to center-defined clusters, arbitrary-shape
clusters are defined as sequences of points whose local densities are no less than a
prespecified threshold . The algorithm is stable with respect to outliers, and scales
well. While no clustering algorithm can have complexity less than O(N), the runtime
of DENCLUE scales with N sublinearly! The explanation is that although all the
points are fetched, the bulk of analysis during the clustering involves only points in

highly populated areas.
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Other representative density-based algorithms include: GDBSCAN|[21] a general-
ization of DBSCAN and DBCLASD ( Distribution Based Clustering of Large Spatial
Databases) [22].

4.5 Grid-based Methods

As mentioned earlier, density-based methods do not scale well with the dimension-
ality of the data. To enhance the efficiency of density-based methods a new class
of algorithms that use a grid data structure were developed. Grid-based methods
quantize the space into a finite number of cells of the same (or varying) volume to
form a grid structure, and measure the density of points within each cell. Dense cells
which contain a certain number of points and which are close to each other are then
combined to form clusters. The main advantage of this approach is the fast process-
ing time, which is dependent only on the number of cells in each dimension of the
quantized space. However, the quality of the clustering depends on the granularity
level of the grid structure.

STING (STatistical INformation Grid) [23] is a multiresolution grid-based ap-
proach which uses statistical information stored in the grid cells to cluster the data.
The gird structure used by STING is made of several layer (levels) organized in a hi-
erarchical way, where each parent cell is divided into four cells at the next level. The
information stored in each cell includes: count, mean, standard deviation, min, max,
and the type of distribution that the attribute in the cell follows (normal, uniform,
exponential, or none), where the last five are attribute dependent. Information stored
in higher level cells can easily be computed from lower level cells. The information

is accumulated starting from the bottom level layer and propagated to higher levels.
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Using a density level input parameter STING clusters the data using a top-down ap-
proach that searches for regions with sufficient density. A layer in the grid structure
that typically contains a small number of cells is selected to start the clustering. For
each cell in a currently examined layer, a confidence interval is computed to deter-
mine if the cell is relevant to the clustering. The irrelevant cells are then refined to
a finer resolution and the process is repeated, until the bottom level is reached. The
relevant cells after being identified are connected to form clusters in a way similar to
DBSCAN. STING passes through the data once to construct the grid structure. After
that the complexity of clustering process depends on the number of grid layers and
the number of cells at the lowest level, both typically much smaller than /N, hence the
overall complexity of STING is O(N). The clustering quality of sting depends on the
level of granularity of the lowest grid level. If it is too fine then processing time will
increase, if it is too coarse then the quality of the clustering will be reduced. Defining
the appropriate granularity is not straightforward. In addition STING is only able
to detect clusters of isothetic shape, that is, the cluster boundaries are parallel to the
axes of the coordinate system.

WaveCluster [24] is a multiresolution grid-based algorithm which applies a wavelet
transformation on the original feature space to filter the data and find dense regions in
the transformed space where clusters are more visible. A wavelet transform is a signal
processing technique used to localize and filter signals. The hat shaped wavelet filters
and emphasizes dense regions where points cluster, while less dense regions outside
of the cluster boundaries can be suppressed. Hence, clusters can become more visible
in the transformed space, and outliers eliminated. The multiresolution property of

the algorithm also enables the detection of clusters at various levels of accuracy. The
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complexity of WaveCluster is O(N) and its implementation can be made parallel.
Besides being efficient, and able to deal with outliers, it is also capable of detecting
clusters of arbitrary shape. The authors of WaveCluster showed in experimental
studies that it outperforms BIRCH, CLARANS, and DBSCAN both in terms of
efficiency and cluster quality.

Other grid-based algorithms include: FC (Fractal Clustering) [25], GRIDCLUS
26], STING+ [27], and others such as CLIQUE [28] which are classified as subspace

clustering algorithms and reviewed in chapter 5.

4.6 Fuzzy Clustering

The methods presented thus far generate “hard” or discrete clusterings, that is, each
object is assigned to one cluster only. In many applications, like in real life, the
clustering needs to reflect uncertainty. In gene expression clustering for example
some genes may belong to multiple functional categories, and thus hard clustering
may not always be adequate. Unlike hard clustering, “fuzzy” clustering allows objects
to belong to multiple clusters by associating each object with each cluster by its degree
of membership. These degrees or functions of membership typically range in [0, 1],
where larger values indicate higher confidence in the assignment of an object to a
cluster.

The most prominent fuzzy clustering algorithm is Fuzzy C-Means (FCM) [29],
an extension to the classic K-means algorithm. FCM uses an N x K membership
matrix U, where each element in the matrix wu;; represents the degree of membership

of object x; to cluster C; and ranges in [0, 1]. Similar to K-means the objective is to
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minimize a “weighted” squared error function
K N
2
E(X) =Y ullxi — ¢, (4.6.1)
j=1 i=1
where m, a weighting exponent is any real number greater than 1 and c; is the centroid
of cluster Cj. FCM like K-means starts with a random initial partition, in this case
a random initialization of the matrix U, and clusters the data through an iterative
optimization process similar to K-means by updating
N
> i UX;
N
> in1 ugy
B 1
K x|
2= e

until convergence. Even though FCM is considered better than K-means at avoiding

(4.6.2)

Cj:

Usj 2/(m—1) (463)

local minima, it is still susceptible to the same problem.
A fuzzy c-shell algorithm and an adaptive variant for detecting circular and ellip-
tical boundaries was presented in [30]. Another approach to fuzzy clustering is based

on probabilistic models and discussed in the next section.

4.7 Model-based Methods

Model based methods also known as probabilistic methods assume that the patterns
or objects are drawn from a mixture model of several probability distributions, each
with its own set of parameters. Rather than performing classical clustering, the goal is
typically to estimate the parameters of each model, whereupon point label or cluster
assignment can be computed to generate the clustering. The estimation is typically
done using an iterative optimization scheme similar to the scheme used by partitioning

methods, and because of this model-based methods are traditionally classified as
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partitioning methods. More specifically in the model based setting the clusters C =
{C1,Cs, ..., Ck} are considered classes. The main assumption is that each point x
is generated by first randomly picking a model or class C; with probability P(C;)
and then drawing the point from the corresponding probability distribution p(x|C;).
In this setting it is also assumed that each point is associated with a corresponding
hidden class or cluster label, and belongs to only one cluster. Given the above and

using Bayes’ rule, the probability of assignment of a point to the i-th class,

P(Cy|x) = p(x[C;)P(Cy) (4.7.1)
Z Yo p(xIC) P(C)) -

can be computed, and used to cluster the data either in a “hard” or “fuzzy” way.
In addition, by combining the effects of the different distributions at x, the mixture

model probability density function for x can be computed as

= ZP(X|Ci)P(Cz‘)- (4.7.2)

Using eq. (4.7.2) the likelihood of the data

L(X|C) = H

H Z (x|C;)P (4.7.3)

can be computed, whereupon mazimum [ikelihood estimation can then be used to
estimate the parameters of the mixture of models. In maximum likelihood estima-
tion the log-likelihood log(L(X |C)) typically serves as the objective function, and the
maximum likelihood parameter estimates are obtained when this function reaches a
maxima.

The Expectation-Maximization (EM) algorithm [31] is a general method of find-
ing the maximum likelihood estimate of the parameters of an underlying distribution

from a given data set when the data is incomplete or has missing values. The EM has
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two main applications. The first is when the data has missing values due to problems
or limitations with the observation process. The other, which applies to the case of
mixture models and which is more common in pattern recognition problems, is when
the optimization of the likelihood function is analytically intractable but can be sim-
plified by assuming the existence of additional but missing or hidden variables, such
as class labels in our case. The EM algorithm, similar to other optimization schemes,
is an iterative optimization technique which gradually improves the parameter esti-
mates. It can be viewed in many different ways, where one of the most insightful
being in terms of lower bound optimization [32]. Unlike gradient ascent [5] which
makes a local linear approximation to the objective function or Newton methods [33]
which make quadratic approximations at each iteration and then take some uphill
step, EM makes a local approximation which is a lower bound approximation of the
objective function. Choosing a new guess to maximize the lower bound will always
be an improvement over the previous guess, unless the gradient there was zero. The
main difficulty with gradient ascent or Newton methods which is not present in the
EM scheme is that we do not know in advance how good the linear or quadratic
approximations are, neither do we know in advance how big of an uphill step must
be taken. An illustration of this concept is presented in Fig. 4.2.

Similar to the K-means algorithm, the EM is a two-step iterative process. Start-
ing with an initial guess of the parameters that need to be estimated. Each iteration
consists of two steps. The first, an Expectation (E) step for computing a local lower
bound approximation to the objective function (log-likelihood), and maximizing it
with respect to the distribution of the unobserved data. This step is equivalent to

finding the distribution of the unobserved or missing variables given the observed data
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Figure 4.2: linear vs. lower bound approximation for maximum likelihood. 6 is the
set of parameters that need to be estimated, and P(X1#) the likelihood of the data
X given the parameters.

and the current parameter estimates, that is estimating P(C;|x) for each class/cluster
with which a fuzzy assignment can be made. The second step is a Maximization (M)
step which maximizes the lower bound with respect to the parameters of the un-
derlying distribution given the distribution of the missing data found in the E-step.
That is, estimating the parameters of the distribution P(x|C;) for each class/cluster.
These two steps are repeated until convergence of the parameter estimates is reached,
or until a local maximum is found. Most of the work in this area and clustering in
particular assumes that the individual components of the mixture distribution are
Gaussian, i.e., that the clusters are ellipsoidal in shape. In the mixture of Gaussians
case the parameters P(C;), p; (mean), and 3; (covariance matrix) need to be esti-
mated for each cluster, and each iteration of the EM algorithm consists of restimating

the parameters as follows,
N

§C) = > p(Cxy) (4.7.4)



99

b 2= Xap(Cilx;) (4.75)

i Z;.V:lp(Ci\xj)
5, = ijlp(ci‘xjy\'[)(xj — i) (x5 — ui)l’ (4.7.6)
Zj:lp(ci‘xj)

essentially the maximum likelihood estimates of the parameters of a single Gaussian,

except that each point is now weighted by the probability that it belongs to the i-th
cluster.

Model-based clustering has some clear advantages over other clustering paradigms.
Because it has a solid probabilistic foundation the clustering results are easily inter-
pretable and can easily be extended to build meaningful classifiers. Problems like
determining the number of clusters K or the best clustering become more tractable
and can be addressed within a probabilistic setting. The method can easily be mod-
ified to handle more complex cluster structures. However, like many other iterative
optimization techniques model-based clustering and the EM algorithm in particular
is a local technique and as so is just as susceptible as other techniques to local op-
tima. The rate of convergence is typically good during the first few iterations, but
can become very slow as it approaches the local optima. Generally the EM algorithm
works best when the fraction of missing information is small and the dimensionality
of the data is not too large.

Other model-based algorithms include AutoClass [34], which covers a wide variety
of distributions and extends the search for different models and different K using a
Bayesian framework. SNOB [35] which uses the MML (minimum message length)
principle [36]. The algorithm MCLUST [37] uses Gaussian models of ellipsoids of
different volumes, shapes, and orientations. It is a software package for hierarchical

mixture model clustering, and discriminant analysis, which uses the BIC (Bayesian
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Information Criterion) [5] for estimation of goodness of fit.

4.8 Artificial Neural Network Clustering

Artificial Neural Networks (ANNs) are motivated by biological neural networks. Each
pattern is represented by a node (neuron) in the network and each node is associated
with a weight (vector). The networks are trained by evaluating the similarity between
the input patterns presented to the network and the neurons. For example, if the
Euclidian distance is used as a measure of the similarity between input vectors and
network weights, then an unsupervised network adapts its weights to become more
like the frequently occurring input vectors. The basic form of learning employed
in unsupervised neural networks is called competitive learning or “winner-take-all”
[38]. The neurons compete among each other to be the one that is triggered or
adapted first by their similarity to the input vector. Typically, all the neurons in the
network are identical except that they are initialized to have randomly distributed
weights. ANNs can be used to perform clustering by grouping similar neurons. The
architecture of ANNs used to perform clustering is simple: they are single layered,
patterns are presented at the input and are associated with output nodes, and the
weights attached to the neurons are iteratively changed in the learning phase until a
termination condition is reached.

The most renowned example of an ANN used for clustering is Kohonen’s Learning
Vector Quantization (LVQ) and the Self Organizing Map (SOM) [39]. SOM is a
subtype of artificial neural networks. It is trained using unsupervised learning to
produce a low dimensional representation of the training samples while preserving

the topological properties of the input space. This makes SOM a tool for visualizing
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high-dimensional data in much lower-dimensional spaces. The process of reducing
the dimensionality of vectors is essentially a data compression technique known as
vector quantization, hence the name LVQ. SOM consists of a (typically) one or two
dimensional array of neurons. When an input pattern is presented in parallel to all
the neurons, they compete against each other to represent the pattern. The neuron
whose vector of weights is closest to the input pattern wins the competition. The
winner and the neurons close to it (its neighbors) are then updated by moving their
weight vectors closer to the input pattern. An illustration of this concept is depicted
in Fig. 4.3. Because neurons near the winner are also updated, as training progresses
neurons that are neighbors tend to represent similar patterns, while neurons far from
each other in the map represent dissimilar patterns. If there are clusters, then the
points within a cluster will tend to activate the same neuron, while points from
different clusters will be represented by separate neurons. The more dissimilar the
clusters the further apart they will be mapped in the output layer. The neuron with
weight vector most similar to the input vector x is called the Best Matching Unit
(BMU). The weights of the BMU and neurons close to it in the SOM are adjusted
towards the input vector. The magnitude of the change decreases with time and is
smaller for neurons less similar from the BMU. The update formula for a neuron with

weight vector W, is of the form
Wit = Wi + Oy (x — W)

where ¢ represents the time-step, W; the old weight, W;,; the new weight, «a; a
monotonically decreasing coefficient called the learning rate, and ©; a neighborhood
function representing the amount of influence a neuron’s distance from the BMU

has on its learning. In the simplest form it is one for all neurons close enough to
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BMU and zero for others, but a Gaussian function is commonly used. Regardless of
the functional form, the neighborhood function shrinks with time. At the beginning
the neighborhood is broad, and the self-organizing map takes place on the global
scale. When the neighborhood has shrunk to just a couple of neurons the weights
are converging to local estimates. The learning rate is typically calculated by an

exponential decay function of the form
ay = agexp(—t/\).

Basically, the update formula says that the new adjusted weight for a neuron is
equal to the old weight plus a fraction of the difference between the old weight and
the input vector. SOM can be interpreted in several ways. Because in the training
phase weights of the whole neighborhood are moved in the same direction, similar
items tend to excite adjacent neurons. Therefore, SOM forms a semantic map where
similar samples are mapped close together and dissimilar far apart. The other way is
to think of the neuron weights as pointers to the input space. They form a discrete
approximation of the distribution of training samples. More neurons point to regions
with high training sample concentration and fewer where the samples are scarce.
Despite its appealing properties, SOM like many other iterative methods may gen-
erate sub-optimal clusterings, specially if the initial weights are not selected properly.
One way of choosing the initial weights is to first perform PCA (principle compo-
nent analysis) on the whole data and then perturbate or sample from the first few
eigenvectors. Moreover, its convergence is governed by various parameters, like the
learning rate and neighborhood function, which result in different clustering for dif-
ferent values or functions. Further, the number of neurons is kept constant which can

limit the number of clusters produced.
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Figure 4.3: A two-dimensional self-organizing map.
4.9 Graph Clustering

The problem of clustering a set of points can be cast into a graph partitioning prob-
lem. The objects to be clustered correspond to the set of vertices V' of the graph,
and the weighted edge set E relate to the similarity between the objects. In graph
based clustering the general goal is either to find a minimum cut or mazimal cliques
depending on the approach. A set of edges whose removal partitions a graph into
K pair-wise disjoint sub-graphs, is called an edge separator or cut, as illustarted in
Fig. 4.4. The objective is to find such a cut with a minimum sum of edge weights.
Most methods and analytic solutions to the problem consider the simpler problem of
bi-partitioning the graph, i.e. partitioning into two disjoint sets A and B, which in
graph theoretic language is defined as
cut(A, B) = Z w(v,u),
vEA,uEB
where w(v, u) is the weight between vertices v and u. An algorithm to the find such

a cut can then be applied recursively to find K partitions or clusters. Finding the
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(a) before partitioning (b) after partitioning
Figure 4.4: Graph clustering by cuts.

cut of a graph is a well studied problem and efficient algorithms for some versions
of it are known. One such method is the Kernighan-Lin (KL) algorithm [40]. The
KL O(N3) is based on iteratively conducting best sequences of swaps involving all
vertices. The problem with the cut as defined is that it favors cutting small sets of
isolated vertices in the graph. Ideally, while striving for the minimum cut objective,
the number of objects in each partition should be approximately equal. To avoid this
bias of partitioning small sets of objects various normalized cuts were defined, one of

which is [41]
cut(A, B) cut(A, B)

Ncut(A, B) = asso(A,V) aSSO(B,V)7

where asso(A, V) =3 4 ey w(u,t), (and similarly asso(B,V)) is the total connec-
tion of vertices in A (B) to all the graph.

CLICK (Cluster Identification via Connectivity Kernels) [42] is a graph based
algorithm designed to find clusters in gene expression data. It makes an assumption

that the similarity values between elements are normally distributed, and that the
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weights attached to edges represent the probability that two vertices are in the same
cluster. The clustering process iteratively finds the minimum cut in the graph and
recursively splits the data set into a set of connected components from the minimum
cut.

CAST (Cluster Affinity Search Technique) [43] is another graph based algorithm
also designed for gene expression data which is based on the idea of a corrupted clique
graph model. Under this model the data is assumed to come an underlying cluster
structure which is contaminated with random error caused by the complex process of
gene expression measurement. It is assumed that the true clusters can be represented
by a clique graph and the goal is to identify the cliques (clusters) from the corrupted
version.

A promising alternative that has recently emerged is the use of spectral methods
for clustering. In these methods the min cut problem is cast into a (generalized)
eigenvalue problem, where the eigenvectors of the weighted adjacency matrix or the
Laplacian [44] derived from it are used to partition the graph [45]. Spectral algorithms
have been applied successfully in many domains including computer vision and VLSI
design. But despite their success, different authors disagree on which eigenvectors to
use and how to derive the clusters from them. Perona and Freeman [46] for example
suggested a clustering algorithm based on thresholding the first eigenvector of the
affinity (adjacency) matrix. Shi and Malik [41] use the second smallest generalized
eigenvector of a normalized affinity matrix to cluster the data.

In addition to their simplicity and theoretical foundation, one of the main advan-
tages of the spectral methods is that they are able to identify clusters of arbitrary

shape. However, like other methods they do not guarantee an optimal solution.



Chapter 5

Subspace Clustering

5.1 Introduction

Due to recent technology advances in data collection many applications of cluster-
ing such as DNA microarray analysis in bioinformatics, document clustering of web
pages, image segmentation in computer vision, and recommendation or collabora-
tive filtering systems in E-commerce, are now characterized by high dimensional data
which poses two challenges. First, very often not all features of the data are relevant
to the clustering, and the presence of non-information carrying or irrelevant noisy
features has the potential to eliminate clustering tendency and mislead the clustering
algorithm by masking clusters in noisy or irrelevant data. In other words, clusters
are hidden and may be visible only in subsets or linear combinations of subsets of
the features. Second, is the so called ’curse of dimensionality’, which suggests that
the sparsity of the data increases exponentially with the dimensionality of the input
space given a constant amount of data, with points tending to become equidistant
from one another at a certain high dimension [47]. This in turn implies that learning
structure in high dimensional spaces by distance measures that utilize the full set of

dimensions becomes increasingly difficult.

66
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Traditional clustering algorithms such as K-means, DBSCAN, and others reviewed
in chapter 4 are ”full-dimensional” in the sense that they give equal relevance or
importance to all the dimensions of the data. In other words, they assume that all
the attributes or features of the data are simultaneously information carrying for each
of the clusters that may exist in the data. For this reason full-dimensional clustering
algorithms are likely to fail when applied to high dimensional data, or data where not
all attributes are relevant to each cluster.

Initial attempts to tackle this problem involved different types of dimensionality
reduction techniques such as feature selection and feature transformation techniques
as preprocessing steps whereupon full-dimensional clustering was performed in the
reduced space. Feature selection attempts to discover the most revelent attributes
of the data to reveal objects that are similar only in a subset of attributes. Feature
transformation techniques on the other hand, such as Principle Component Analysis
(PCA) transform the original space into a lower dimensional space in an attempt to
summarize the data. While effective in reducing the dimensionality of the data, these
methods are limited in that they can only be applied to the data set as a whole, and
therefore are only capable of detecting structure which is expressed in the data as a
whole. Feature transformation techniques generally preserve the relative distance be-
tween objects and are therefore ineffective when there are a large number of irrelevant
dimensions that mask the clusters in noise. They do not actually remove any of the
original features and thus information from the irrelevant features is preserved. In
addition, the new features obtained after the transformation are linear combinations
of the original features and may be very difficult to interpret in the context of the

domain, making the clustering results less useful. Feature transformation techniques
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are best suited to data sets where most of the dimensions are relevant to the cluster-
ing task, but many are highly correlated or redundant. Feature selection techniques
on the other hand, have difficulties when clusters exist in different subspaces (subsets
of features) of the data. Since different clusters may exist in different subspaces, re-
moving dimensions globally is likely to incur a loss of crucial information. Thus, only
methods that localize the search for relevant features cluster by cluster or first remove
the irrelevant features and focus only on the relevant dimensions cluster by cluster
are likely to succeed. Figs. 5.1-5.4 illustrate the concept of subspace clusters and the
problems associated with the traditional techniques used to identify them. Fig. 5.1
shows a data set consisting of three clusters each existing in a different 2-dimensional
subspace, where the third dimension is noise or an irrelevant dimension. In the full
space the points are relatively sparse showing no apparent clustering tendency, which
might have been captured by full-space clustering algorithms. However, Fig. 5.2
shows three different projections of the same data onto 2-dimensional subspaces. In
each projection a clustering tendency of one of the clusters is visible, and can therefore
be identified by methods that localize the search for clusters in subspaces. Feature
selection techniques would have likely chosen to eliminate one of the dimensions. But
since each of the three clusters localizes to a different set of dimensions, only one of
the clusters would have been identified, and therefore feature selection would have
failed to aid in revealing all three clusters. Fig. 5.3 shows a projection of the same
data onto the two leading principle components (eigenvectors) of the data obtained
by PCA. Although some clustering tendency of one of the clusters may be seen, PCA

is dominated by some of the irrelevant noisy dimensions, and therefore fails to reveal
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Figure 5.1: Three subspace clusters in the full space.

the structure of the data appropriately. That is, only one of the clusters can identi-
fied after reducing the dimensionality of the data using PCA. Fig. 5.4 illustrates one
aspect (sparsity) of the curse of dimensionality. The figure shows that as dimensions
are added to the data points, that might have been considered dense (in unit cells) in
lower dimensions, they get stretched out and become sparser as in higher dimensions.

Thus, eliminating clustering tendency.

5.2 The Subspace Clustering Paradigm

An important advance in the area of clustering was the introduction of subspace
clustering as a paradigm of clustering applicable to high dimensional data, which is
supposed to maintain cluster quality and efficiency. Subspace clustering is considered
an extension to traditional clustering and feature selection techniques [48], in that
it attempts to find different clusters embedded in different subspaces (subsets of

features) of the same data set. In the subspace clustering paradigm a subspace
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Figure 5.2: 2D projections of the data from Fig. 5.1.
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Figure 5.4: The curse of dimensionality. As dimensions are added points become
sparser eliminating clustering tendency.

cluster consists of a subset of points and a corresponding subset of attributes, such
that these points form a dense region in a subspace defined by the set of corresponding
attributes. Unlike feature selection or transformation, subspace clustering methods
localize their search for clusters in subspaces of the data. Most subspace clustering
methods are restricted to finding clusters in subspaces spanned by some subset of
the original measurement features, that is, azis-parallel subspaces, as those depicted
in Fig. 5.1. In this context the term subspace is somewhat misleading since an
axis-parallel subspace is only a special case of a subspace. The main reason for
this restriction is, as with feature transformation techniques, the interpretability of
the clustering results. However, examination of real data often shows that points
tend to get aligned along arbitrarily oriented subspaces. One of the main drawbacks
of subspace clustering algorithms is the inability to identify clusters embedded in
arbitrarily oriented subspaces. At the expense of being less truthful to the data these
algorithms are essentially trading off accuracy with interpretability. One of the main

advantages of the linear manifold clustering paradigm is that it is able to address
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this problem. This is because an arbitrary oriented subspace is merely an instance
of a linear manifold, and therefore algorithms designed to identify linear manifold
clusters will be able to identify clusters embedded in arbitrary oriented subspaces as
a byproduct.

A naive approach to subspace clustering is to search through all possible subspaces
for clusters. Needless to say that this approach is computationally intractable as the
number of subspaces is exponential in the dimension of the data, and just enumerating
the subspaces is an intractable problem. Like other clustering paradigms the subspace
clustering paradigm relies on search heuristics to make the problem manageable.
These search techniques or strategies determine the characteristics of the subspace
clustering method. According to Parsons et al. [48] subspace clustering algorithms
are primarily classified into two groups depending on the direction of search they
employ. In the first group are the bottom-up algorithms that search for clusters from
lower to higher dimensionality subspaces, and in the second group are the top-down
algorithms that search for subspace clusters by going in the opposite direction, i.e.,
starting in higher dimensional subspaces and progressing to lower. Both methods are
essentially step-wise methods (a term used to describe feature selection methods),
they locate a cluster in an initial set of dimensions and depending on the direction of
search, refine the cluster by either adding relevant dimensions or pealing off irrelevant

dimensions.

5.3 Bottom-Up Methods

The bottom-up algorithms proceed from lower to higher dimensions by exploiting

the downward closure property of density to prune the search space, similar to the
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downward closure property used by the APRIORI algorithm in mining association
rules [49]. The downward closure property means that if a collection of points X
forms a cluster in a k-dimensional space, then X is also part of a cluster in all (k—1)-
dimensional projections of this space. Hence, using the contrapositive a pruning
rule can be devised-given a potential k-dimensional dense region: if we find that
one of its (k — 1)-dimensional projections is not dense we can conclude that the k-
dimensional region is not dense, and prune it from the search space. Most of the
bottom-up methods rely on grid-based and density-based clustering methods. Some
use a static grid and some a dynamic one which adapts to the data. They start the
search for dense grid units in lower dimensional subspaces and extend them to higher
dimensions until the units are no longer dense. Adjacent units are then combined to
form clusters. The nature of these methods usually lead to overlapping clusters which
for some applications is an advantage. They heavily depend on proper tuning of the
gird size and density threshold parameters, especially when set to the same values
across all dimensions.

CLIQUE (CLustering In QUESst)[28] is probably the most famous and one of the
first subspace clustering algorithms. Like the bottom-up algorithms it combines grid
and density based approaches to cluster the data. In CLIQUE the space is parti-
tioned along each dimension into non-overlapping rectangular units of fixed width.
A unit is said to be dense if the fraction of points contained in it exceed a density
input threshold, and a cluster is defined as a maximal set of connected dense units.
CLIQUE uses the downward closure property of density to find clusterable spaces.
Dense subspaces are sorted by coverage, defined as the fraction of points covered by

the dense units in the subspace. Subspaces with largest coverage are kept and the
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remaining pruned. CLIQUE finds adjacent dense units in each of the selected sub-
spaces using a depth first search approach. Clusters are then formed by combining
these units using a greedy growth scheme. The clustering results are described by
DNF (disjunctive normal form) expressions. CLIQUE finds clusters in subspaces of
the highest dimensionality. It is also able to find clusters of arbitrary shape in any
number of dimensions. It scales well with the size and dimensionality of the data,
but does not scale well with the dimensionality of the subspaces in which clusters are
embedded. In fact, its complexity is exponential with respect to the dimensionality of
the subspaces in which clusters exist, and because of that it is practical only when the
clusters are assumed to be embedded in lower dimensionality subspaces. Moreover
like many other subspace clustering algorithms it is restricted to finding axis-parallel
subspaces, and heavily depends on proper tuning its input parameters.

The algorithm MAFIA (Merging of Adaptive Finite Intervals) [50] is an improve-
ment to CLIQUE that uses adaptive data driven rather than static grids. MAFIA
initially creates a histogram to determine the minimum number of bins for each di-
mension, and then combines bins of similar densities in each dimension to form larger
cells. In this manner fewer potential dense cells are generated and cluster boundaries
are captured more accurately. Once the bins have been defined, MAFIA proceeds
much like CLIQUE exploiting the downward closure property of density. In addi-
tion to requiring the inputs that CLIQUE takes, MAFIA also requires the input of a
threshold for merging adjacent windows, which are bins in the histogram. Adjacent
windows within the specified threshold are merged to form larger windows. The for-
mation of the adaptive grid depends on these windows. MAFIA also uses parallelism

to improve efficiency. Like CLIQUE it is able to find clusters of arbitrary shape, and
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uses DNF to describe the clusters. Also like CLIQUE it scales linearly with the size
of the data, and better then CLIQUE, with the dimensionality of the data. However,
just like CLIQUE, it is exponential with respect to the dimensionality of the sub-
spaces in which clusters exist. In addition, similar to other methods it is confined to
finding clusters in axis-parallel subspaces.

Other bottom-up algorithms include: ENCLUS (ENtropy based CLUStering) [51],
which based on the CLIQUE algorithm but uses entropy instead of density or cov-
erage to qualify subspace clusters. The algorithm is based on the observation that
subspaces with clusters have lower entropy than those without. ENCLUS has the
same complexity as CLIQUE and suffers from the same drawbacks, but is supposed
to generate clusters of higher quality. CLTREE (CLustering based on decision Trees)
[52] uses a decision tree to partition each dimension and separating hyperplanes to
separate low and high density regions. Virtual noise points are added to the data to
perform the clustering. One of its main advantages similar to the full-space hierarchi-
cal algorithms is the ability of the users to browse the tree and refine the clustering
results. CLTREE uses different parameters than the other algorithms and has com-

plexity that is quadratic in the size of the data due to the tree building process.

5.4 Top-Down Methods

Top-down subspace clustering algorithms utilize an iterative improvement approach
similar to the full-space partitioning algorithms. They usually start with an initial
approximation of the clusters in the full space with equally weighted dimensions.
Then at each iteration the weights or scores for each dimension are updated and used

to regenerate improved or refined clusters by peeling off from them dimensions. The
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main properties of the top-down algorithms is that due to their nature they create
discrete clusters, usually of convex shape and do not allow for the possibility of over-
lapping clusters which in some applications is required. They also expect the number
of clusters and the dimensionality of the subspaces as input parameters which are
hard to determine in advance. Requiring the subspace dimensionality as an input pa-
rameter also causes the clusters to be found in subspaces of the same dimensionality,
which happens only in rare cases. They require computationally expensive clustering
techniques and many use sampling to improve the performance. Those that use sam-
pling usually require an extra sample size input parameter which effects the clustering
quality:.

PROCLUS (PROjected CLUStering) [53] the first algorithm in this class is a
subspace clustering extension to the approach used by CLARANS (a K-medoids al-
gorithm reviewed in section 4.3). PROCLUS samples the data to select a set of K
medoids and then iteratively improves the clustering. It proceeds in three phases: ini-
tialization, iteration, and cluster refinement. The objective of the initialization phase
is to select a small superset of the best K-medoids, accomplished by sampling and
a greedy technique. The objective of the iterative phase is to identify and gradually
improve a set of K-medoids, each with respect to a reduced set of dimensions. The
average distance along each dimension from the points in the locality of a medoid is
computed. The reduced set of dimensions is then determined by selecting the dimen-
sions whose average distance is smallest relative to statistical expectation. The total
number of dimensions associated to medoids is subject to the restriction that it must
be K -1, where [ is an input parameter that selects the average dimensionality of each

cluster. After the subspaces have been identified, average Manhattan distance is used
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to assign points to medoids. Finally in the refinement phase new dimensions are com-
puted for each medoid based on the clusters and not the locality of the medoids. Like
other partitional methods PROCLUS is biased towards finding discrete clusters that
are spherical in shape and in axis-parallel subspaces. Since the average dimension-
ality of the subspaces in which clusters are assumed to exist is an input parameter,
the clusters found by PROCLUS are of similar dimensionality. PROCLUS is slightly
faster than CLIQUE due to the use of sampling, but is very sensitive to the values of
the input parameters.

ORCLUS (arbitrarily ORiented projected CLUSter generation) [54] is an exten-
sion to PROCLUS that is able to find clusters in arbitrary oriented and not only
axis-parallel subspaces. ORCLUS is an outcome of the realization that in most real
life applications clusters tend to be embedded in arbitrarily oriented subspaces and
not axis-parallel ones, in other words, that real life data tends to contain clusters
that induce correlations between different subsets of attributes of the data. In a
sense, among all clustering algorithms that we are aware about to this day, whether
they are full-space or subspace clustering algorithms, ORCLUS is the closest relative
to the linear manifold paradigm of clustering. The main difference which will be
become clearer later on, is that rather than focusing on the linear manifold itself,
ORCLUS focuses on the dimensions or vectors spanning the space orthogonal to the
manifold, the space which according to the linear manifold cluster model (discussed
in chapter 7) contains the random perturbation off the manifold. ORCLUS is very
similar to the K-means algorithm, except that rather than measuring distances in the
full space, distances are measured in subspaces. ORCLUS consists of a number of

iterations, where in each successive iteration clusters are refined by peeling off noisy
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dimensions for different clusters, and reducing the number of clusters by a series of
merge operations. Subspaces are formed in each iteration by performing PCA, that
is, computing the covariance matrix for each cluster and selecting a set eigenvectors
with the least spread that span the subspace in which the cluster is embedded. A
merge operation is carried out when clusters are near each other and have similar
directions of eigenvectors. Points are assigned to clusters whose center is closest. The
algorithm is computationally intensive O(d?) due to the computation of the covari-
ance matrix and eigenvectors of each cluster. In addition, ORCLUS suffers from the
drawbacks discussed earlier, namely the requirement of the number of clusters and
subspace dimensionality as input parameters.

Other top-down methods include FINDIT [55] which is very similar in structure
to PROCLUS but based on dimension voting, whereby the algorithm counts the
number of dimensions on which points are within a certain threshold distance of each
other. It is based on the assumption that the more dimensions are counted the more
meaningful the points under consideration are. FINDIT is able to find clusters in
subspaces of varying size, and employs sampling to improve performance. COSA
(Clustering On Subsets of Attributes) [56] is an iterative method that rather than
assigning weights to the dimensions of a cluster assigns them to points. Starting
with equally weighted dimensions assigned to each point the algorithm finds the k-
nearest neighbors (knn) of each point, and uses them to estimate the weights of each
dimension, where higher weights are assigned to dimensions of smaller dispersion.
These weights are then used to compute weights for pairs of points, which are in
turn used to update the distances used in the knn computation. The process is

then repeated until the weights stabilize. The dimensionality of the subspaces in
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which clusters are assumed to exist is not specified directly, but the outcome tends
to produce clusters of similar dimensionality.

DOC (Density-based Optimal projective Clustering) [57] is another subspace clus-
tering algorithm that cannot really be classified into any of the above two classes of
algorithms. It is an iterative algorithm but not a partitioning one as the top-down
methods, it uses a grid based approach used by the bottom-up methods but is not in-
cremental as they are and does not rely on the downward closure property of density.
DOC is a monte-carlo based algorithm. It uses random sampling to select a small
set points, called a discriminating set to determine which dimensions are relevant to
a cluster. The sampling is repeated several times and the best results are reported.
Like other algorithms, DOC is restricted to axis-parallel subspace clusters, and is
heavily dependant on its input parameters. Its running time is linearly proportional

to the number of points, but exponential in the number of dimensions.

5.5 A comparison

Subspace clustering algorithms combine clustering techniques and feature evalua-
tion schemes in order to detect clusters embedded in different subspaces of the data.
The bottom-up approaches start with clusters embedded in lower dimensionality sub-
spaces and extend them to higher dimensional subspaces by employing an incremental
scheme that exploits the downward closure property of density to prune “unworthy”
dimensions from the search space. They scale well with the size of the data and its
dimensionality, but not with the dimensionality of the subspaces in which the clusters

are embedded. This makes them more appropriate for data sets whose clusters are
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believed to exist in lower dimensional subspaces. In addition they are typically grid-
based, and because of that are extremely sensitive to the cell width or the gird unit size
input parameter. Some bottom-up methods alleviate this problem by employing an
adaptive gird approach. They allow the concept of overlapping clusters, and are able
to identify clusters of various shapes and sizes. The top-down methods on the other
hand, use iterative schemes that construct clusters in higher dimensional subspaces,
evaluate them, and then peal off the “unworthy” dimensions until some stoping crite-
ria is met, which is typically the dimensionality of the final subspaces. Evaluating the
subspaces is typically done using expensive methods such as PCA, which makes this
class of algorithms not as efficient as the bottom-up methods. Sampling techniques
are usually employed by this class of algorithms to improve performance. But this
in turn may degrade cluster quality when the samples or their sizes for example are
not chosen correctly. Combined together these “symptoms” make the top-down ap-
proaches more appropriate for data sets whose clusters are believed to be larger and
embedded in relatively larger subspaces. Due to their nature they do not support
the concept of overlapping clusters, and are typically confined to clusters that are
spherical in shape. Many of the top-down methods also require the expected number
of clusters and their corresponding subspace dimensionality as input. This causes the
generated clusters of be of similar subspace dimensionality which is not very realistic.
Nonetheless, unlike the bottom-up methods they are not all confined to axis-parallel
subspaces, and do allow for the subspaces in which clusters may be embedded to be

arbitrarily oriented, which is more realistic.



Chapter 6

Pattern and Correlation Clustering

6.1 Introduction

In recent increasingly important applications of clustering such as gene expression
microarray analysis, collaborative filtering, and web mining, object similarity is no
longer measured by physical distance, but rather by the behavior patterns objects
manifest or the magnitude of correlations they induce under a subset of features.
Full dimensional clustering methods including subspace clustering methods focus on
grouping objects with similar values, and therefore are inadequate to capture co-
herent behavior patterns or correlations. A set of points may be located far away
from each other yet manifest coherent behavior patterns or induce large correlations
among some subset of dimensions. The detection of correlations is a an important
data mining task because correlations may reveal a dependency or some cause and
effect relationship between the features under consideration. In recent studies these
correlations were often discussed and presented in terms of the behavior patterns
objects manifest, hence the name pattern clustering often associated with methods
amid at this type of problem. In gene expression microarray clustering the goal is to

identify groups of genes that exhibit similar expression patterns under some subset of
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conditions (dimensions), independent of their magnitude, from which gene function
or regulatory mechanisms may be inferred. In recommendation or collaborative fil-
tering systems, sets of customers with similar interest patterns need to be identified
so that customers’ future interests can be predicted and proper recommendations be
made. Initial solutions to this problem included either constructing a new data set
by various transformations or using the Pearson correlation similarity measure. The
transformations either increased the size of the data or masked certain aspects of it.
While effective in full-space clustering problems the Pearson correlation measure of
similarity is not well suited to discover coherent behavior patterns that exist only in
subspaces of the data. In the following we discuss pattern based clustering methods
focusing on the application of gene expression microarray analysis. The reason we
choose to focus on this application is due to its increasing popularity and impor-
tance, and because most of the pattern based clustering methods are aimed at this

application.

6.2 Gene Expression Microarray Analysis

Genes are DNA (Deoxyribonucleic acid) sequences that contain the code (instruc-
tions) to generate proteins, which are the building blocks of all living cells and that
carry out vital organism functions. Gene expression is the process by which cells
convert genetic information (DNA sequences) to mRNA (messenger ribonucleic acid)
and from mRNA to proteins, as suggested by the central dogma of molecular biol-
ogy. The conversion of DNA encoded information to its mRNA equivalent is called
transcription. The conversion of mRNA to proteins is called translation. The rate of

transcription by the cell for different genes varies, and therefore the amount of certain
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mRNAs in the cell is a measure of the production speed of a corresponding protein
in the cell and the state of the cell. Depending on the environment of the cell (and
other factors), different amounts of some proteins are required, hence different con-
centrations of mRNAs for different genes exist in the cell. The relationship between
the amount of mRNA observed under experimental conditions, versus the amount
observed under control conditions is called the expression level.

DNA microarray technology allows to globally and simultaneously observe (mea-
sure) the expression levels (behavior patterns) of thousands of genes within a number
of different experimental samples (conditions). The samples may correspond to dif-
ferent time points or different environmental conditions. In other cases, the samples
may have come from different organs, from cancerous or healthy tissues, or even from
different individuals. The fundamental assumption in microarray experiments is that
the transcriptional events observed are directly related to the experimental conditions
in which they are observed.

Elucidating the patterns hidden in gene expression data offers tremendous oppor-
tunity for an enhanced understanding of functional genomics. However, analyzing
the data obtained from a microarray experiment and extracting biologically relevant
knowledge from it has remained a challenging problem. A first step towards ad-
dressing this challenge is through clustering to reveal natural structures and identify
interesting patterns in the underlying data. Specifically, genes with similar expression
patterns (co-expressed genes) can be clustered together into groups of similar cellular
functions, which may further the understanding of the functions of many genes for

which information is unavailable. Moreover, co-expressed genes in the same cluster
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Figure 6.1: Gene expression matrix.

are likely to be involved in the same cellular process, and a strong correlation of ex-
pression patterns between those genes indicates co-regulation (regulation by the same
cellular process), which may further the understanding of regulating mechanisms in
cells.

Gene expression data is typically arranged in a data matrix, where each gene
corresponds to one row and each condition to one column, Fig. 6.1. Each element
of this matrix a,; represents the expression level of gene ¢ under condition j, and is
typically represented by a real number, which is usually the logarithm of the relative
abundance of the mRNA of the gene under the specific condition.

Gene expression matrices have been traditionally subject to clustering (using full
space clustering methods) in two dimensions: the gene dimension, i.e., clustering rows
of the matrix, and the conditions dimension, i.e., clustering columns of the matrix.
However the results of the application of standard (full space) clustering methods is
limited. These limitations are imposed by the existence of a number of experimental
conditions where the activity of genes is uncorrelated. In other words, many activa-
tion patterns are common to a group of genes only under a subset of experimental

conditions. Basic understanding of cellular processes suggests that subsets of genes
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are co-expressed only under certain experimental conditions, but behave almost inde-
pendently under other conditions. A similar argument can be posed when clustering
of conditions is performed. Discovering these local expression patterns is key to un-
covering biologically relevant knowledge that is not apparent otherwise. Because of
this there has been a move from the traditional clustering approaches to approaches
that perform simultaneous clustering on the rows and columns of the gene expression
matrix to uncover local expression patterns. This simultaneous clustering, usually
referred to as biclustering, seeks to find sub-matrices (subsets of genes and subsets of
conditions), such that the genes within these sub-matrices manifest highly correlated
activities for each of the included conditions in the sub-matrices. This in essence
is similar to subspace clustering that seeks to identify groups of similar (in values)
objects that exist in subsets of dimensions and not the full set of dimensions, except

that in the case of microarray clustering similarity is defined differently.

6.3 The Biclustering Concept

Given a gene expression data matrix A = (X,Y) where X is the genes set and Y
the conditions set, the goal of biclustering is to identify biclusters (sub-matrices)
By = (Ix, Jx), where I, C X and J, C Y, such that each bicluster By satisfies
some specific homogeneity criteria. The exact characteristics of the homogeneity
criteria that a bicluster must satisfy varies from approach to approach and determines
the type of biclusters that will be identified by a biclustering algorithm. The more
common homogeneity criteria that are used or bicluster models that are assumed by

biclustering methods are [58]:

1. Biclusters with constant values.
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Figure 6.2: Constant values bicluster.
2. Biclusters with constant values on rows or columns.

3. Biclusters with coherent values.

6.4 Biclusters with Constant Values

The simplest biclustering algorithms identify subsets of rows and subsets of columns
in the expression matrix with constant values, Fig. 6.2. This type of clustering is
essentially a special case of subspace clustering which seeks to identify objects with
similar values (almost constant) in a subset of dimensions. Similar to the model

presented in eq. (3.6.1), a bicluster of constant values can be modeled by
Q5 = M + €, (641)

where a;; is the value of the i-th gene under the j-th condition, p the profile (constant
value) of the bicluster, and € a noise or error term added to reflect the fact that in
real data sets the constant value biclusters are rarely perfect. The criteria used to
qualify constant value biclusters is typically the variance of the values a;; within the

bicluster [59, 60].
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6.5 Biclusters with Constant Values on Rows or
Columns

A slightly more elaborate biclustering approach seeks to identify subsets of rows
and subsets of columns in the expression matrix with constant values on the rows
or columns of the data matrix, Fig. 6.3. From a biological perspective these type
of biclusters assume that a single cellular process is the main contributor to the
expression levels and that the genes or conditions should have constant expression
values, but may differ from gene to gene or condition to condition. From a model

based view these type of biclusters can be modeled by
Q55 = WU + o; + €, (651)

and

Qi; = WU X o + €, (652)

where g is the profile or mean of the bicluster, «; is the adjustment for the i-th
row (gene), which can either be additive (6.5.1) or multiplicative (6.5.2), and € is
a noise or error term. Similar models can be described for biclusters with constant
values across the conditions. From a correlation point of view these type of biclusters
will induce large correlations between the conditions or the genes respectively of the
biclusters’ expression sub-matrix. Identifying these type of biclusters cannot be done
by examining the variance of the values in the bicluster as in the case of constant value
biclusters, or by examining the similarities between the rows and columns of the data
matrix. One approach to identify these type biclusters is to normalize the the rows
or columns of the expression matrix by the row or column means respectively [61].

By that, these biclusters are essentially transformed to the constant value biclusters,



88

1.0/1.01.0|1.0] 1.0 1.01201]3.0]40(5.0
201201(201]20120 1.01201]3.0]40(5.0
3.013.0(3.030]3.0 1.01201]3.0]40(5.0
4.0(4.0]401|4.014.0 1.01201]3.0]40|5.0
2.01501(501]5015.0 1.01201]3.0]40|5.0

(a) constant rows (b) constant columns

Figure 6.3: Biclusters with constant values on rows or columns.

and methods to identify the constant value biclusters can be used.

6.6 Biclusters with Coherent Values

The most sophisticated yet most popular approaches to biclustering seek to iden-
tify biclusters with coherent expression behavior on both the rows and columns of
their corresponding expression sub-matrices. The most widely studied behavior or
expression patterns are the shift and scaling patterns, which induce only positive cor-
relations. In the collaborative filtering literature clusters manifesting shift patterns
are also called slope one clusters [62] because of their geometrical orientation (further
discussed in chapter 10). In the case of a shift pattern the behavior pattern of one
gene under a subset of conditions is offset from another by some constant, whereas in
the case of scaling the behavior pattern of one gene is a scaler multiple of another. The
scaling pattern is often reduced to the shift by various transformations such as the
log transform so that methods aiming at shift biclusters can also be used to identify
scaling biclusters. The bicluster matrices depicted in Fig. 6.4 are examples of such
biclusters, where each row has the same expression pattern as the other except that

it is either translated (shifted) from the other by a constant or is a scalar multiple of
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Figure 6.4: Biclusters with coherent expression behavior.

the other.

A parallel coordinate plot (2-dimensional plot) is a visualization technique that is
typically used to demonstrate and emphasize symmetry or cohesion in behavior pat-
terns of objects under consideration. Consequently, these type of plots have been ex-
tensively used in gene expression analysis to investigate and demonstrate co-expressed
genes. In the parallel coordinate plot each polygonal line corresponds to an object
(a gene), the x-axis to the features of the object (conditions), and the y-axis to the
value of each object (expression level) under a specific feature (condition). Fig. 6.5
shows two such plots corresponding to the expression matrices depicted in Fig. 6.4,
illustrating the shift and scaling behavior patterns respectively of the five objects un-
der consideration. Notice the symmetry in the behavior patterns of the five objects.
Fig. 6.6 in contrast is a parallel coordinate plot of a set of objects that have similar
values, i.e., are physically located close to each other. In the context of clustering this
set of objects will be considered to form a “classical” cluster or a so called constant
columns bicluster. Although they seem to be manifesting symmetric behavior pat-
terns (Fig. 6.6(a)), a closer look (Fig. 6.6(b)) shows they are not, and will therefore
not be considered a cluster with coherent behavior patterns.

As mentioned before the problem of clustering objects or genes by their behavior
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Figure 6.5: Parallel coordinate plots of the shift and scaling biclusters depicted in

Fig. 6.4.
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Figure 6.6: Parallel coordinate plots of a regular cluster (objects with similar values).
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Figure 6.7: Patterns evident only in subspaces.

patterns is exacerbated when the coherent patterns are evident only in a smaller
subset of features or conditions. Fig. 6.7 illustrates this problem motivating the need
for biclustering methods. The figure shows a data set with 5 objects and 8 features
where no patterns among the 5 objects are visibly explicit in the full set of features
(Fig. 6.7(a)). However, if we pick a subset of these features, {7, 3,8, 5}, a shift pattern
induced by 3 objects is revealed (Fig. 6.7(b)), which may have not been considered
if the patterns were sought in the full set of features. Similarly, a scaling pattern is
revealed when focusing only on features {1,6,2,4} (Fig. 6.7(c)). Also notice that
one object (number 3) is involved in two different pattern clusters, in the context
of gene expression analysis this may indicate that the gene belongs to two different
functional classes or two different cellular processes. In most cases however different
objects (possibly some in common) will exhibit coherent behavior in a different subset

of features.
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6.6.1 The Additive Model

The majority of biclustering algorithms aiming at shift patterns assume an underlying
additive model to describe a bicluster. The origin of this model comes from a theory
known as the analysis of variance (ANOVA), which attempts to decompose the total
variation in the data into contributions from various sources called factors [63]. In
particular, the additive model used in biclustering is part of the two-factor analysis
of variance model. ANOVA models, just like regression models, assume a response
variable Y, in our case a (the expression level), that is influenced by other predictor
variables called factors that generally take on finitely many values called levels. The
general goal in ANOVA studies is to estimate and test the effects of the factor levels
on the mean of the response variable, and find possible interactions between the
different factors. In the two-factor additive model the sources of variation of the
response variable are assumed to come from two factors, e.g., genes and conditions.
Using the same notation used in eq. (6.4.1)-(6.5.2), let o and (3 denote these two
factors, having I and J levels respectively. Let a;; denote the value of the response
variable under the i-th level of factor a and the j-th level of factor 3, and let y be the
overall mean of a. In our case, « represents the genes factor, # the conditions factor,
I the number of genes, J the number of conditions, and a;; the expression level of
i-th gene under the j-th condition. The basic ANOVA model assumes that the value
of the response variable a is the sum of a deterministic (non-random) term, and a
stochastic (random) error term that is typically normally distributed with mean 0
and variance o2. In the basic two-factor model the deterministic term is broken into
the overall mean plus the residual effect due to the i-th level of factor « (i-th gene)

denoted by «; and the j-th level of factor § (j-th condition) denoted by ;. Hence,
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according to the additive model a coherent shift bicluster is modeled by

The basic two-factor model assumes an additive effect of the factors, which is often
called the assumption of additivity. The meaning of this assumption in the context of
gene expressions is as follows. Suppose a particular gene under a particular condition
has an expression level which is ¢ units more than some other gene under the same
condition. Then by the assumption of additivity, it must also be true that for each
of the other J — 1 conditions the first gene has an expression level that is ¢ units
larger than the other gene. Likewise, suppose that a particular gene under a certain
condition has an expression level that is ¢ units larger than under a different condition.
Then by the same assumption all other I — 1 genes have an expression level that is
¢ units larger under the first condition than the other condition. This explains why
models that are based on the assumption of additivity are in essence modeling a shift
behavior pattern. When the factor levels are sampled from a population of levels,
e.g., the set of genes selected for the experiment are only a subset of the total number
of genes, the factors are assumed to make random contributions. That is, o and
are now considered random variables.

ANOVA models are usually evaluated by a measure representing the sum of
squared deviations of the response variable from its mean denoted by SST. Focusing

on the two-factor additive model, let

a; = ‘J|Z 59 C_lj ‘]|Z 159 ary = |[HJ|ZZ i (662)

=1 j5=1

be the sample mean of the response variable a under the i-th level of factor «, the

sample mean of the response a variable under the j-th level of factor (3, and the
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sample mean of a respectively. Then the sum of squared deviation of the response

variable from its mean is given by
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Hence, SST can be partitioned into three smaller sum of squares denoted SSF,,
SSFp, and SSE respectively that model the sum of squared deviations in terms of
deviations arising from three different sources. The deviations that are due to the
two factors o and 3, and the deviation due to the error term. Since the mazimum
likelihood estimates (MLE’s) of i, o, and (; are ary, a;—ayry, and a; —ay respectively,
the MLE of Ela;j| = p+ a; + 3; = a; + a; — ary. Therefore SSE can be rewritten as
I J I J
SSE=Y"Y (ay;—a—a;+ar)* =Y > (a;— Elay])’, (6.6.4)
i=1 j=1 i=1 j=1
which is the variance of the response variable a. The majority of biclustering al-
gorithms use SSE as defined in eq. (6.6.4), to measure the coherence in expression
behavior of a set of genes under a set of conditions and to qualify biclusters following
a shift pattern, where SSE = 0 indicates that a perfect bicluster has been identified.
In the biclustering literature SSE is typically called the mean squared residue score
and denoted by H(I,J) or MSRS. It should be strongly emphasized that the mean
squared residue score can only be used if the biclusters are assumed to follow the

additive model or equivalently the shift pattern which is typically not the case.
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6.6.2 The Multiplicative Model

Some biclustering approaches assume that the biclusters follow a multiplicative model
or equivalently follow the scaling pattern. According to the multiplicative model the

expression level of the i-th gene under the j-th condition a;; can be modeled by
Qi = U X 0y X ﬂj X €, (665)

where p, oy, B, and € are defined in same way as in the additive model, but now
the factors effect the typical value (mean) of the bicluster in a multiplicative manner
(the error term € can also be modeled in an additive manner). Many biclustering
approaches agree that the multiplicative model is a more appropriate model than the
additive model to describe the expression levels of genes as it allows for more abrupt
changes in the expression level, and because genes tend to express themselves on
different scales. Nonetheless, by using the log transform the multiplicative model can
be reduced to the additive model. As a consequence, many biclustering approaches
designed to identify biclusters which are based on the additive model propose to first
preprocess the data by computing the log of expression levels in order to identify

biclusters following the multiplicative model or the scaling pattern.

6.7 Correlation

In probability and statistics, correlation is a measure that is used to quantify the
strength and direction of a relationship, typically linear, between two random vari-
ables, or the departure of two variables from independence. Although correlation does
not imply causation (causation implies correlation), it is generally used to hypothe-

size some sort of cause and effect between two variables. There are several measures
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of correlation called correlation coefficients, each applicable to a different situation
(types of variables) and each with its strengths and weaknesses. The most widely
studied and used correlation coefficient is the Pearson product-moment correlation
coefficient [64] intended to capture linear relationships. Given two random variables

X and Y the Pearson product-moment correlation coefficient pxy is defined as

Dy — Cov(X,Y) _ E[(X - E[X]))(Y — E[Y])] (6.7.1)
ox0y VEIX —EX])?VE[Y - EY])T

and ranges in [—1, 1] where pxy = 1 indicates perfect positive correlation, pxy = —1
indicates perfect negative correlation, and pxy = 0 indicates no correlation. When
more than two variables are involved in a correlation analysis, a correlation coeffi-
cient p;; is computed for each pair of variables (features) 4, j, and the results are
typically summarized in a correlation coefficient square matrix where the (i, j) entry
corresponds to p;;.

Proposition 6.7.1. A perfect shift bicluster (pattern) induces perfect positive corre-
lations among a subset of features.

Proof: According to eq. (6.6.1) a perfect (no error term) shift pattern is modeled by
a;j = (t+ a; + B;. To compute correlation we first need to restate the model in terms
of features and random variables. Let a,, denote a random variable corresponding to
the m-th feature, dimension, or the m-th level of factor (8 effecting the values in a
shift bicluster. Then value of the m-th feature can be modeled by a,, = p + o + G,
where p as before is a constant, 3, is now also a constant (by definition the effect of
factor # remains constant under the m-th level), and where « is a random variable
denoting the «a factor, i.e., the values of the bicluster under the different levels of

factor @ and the m-th level of factor 5. To simplify the model let w,, = p + B,
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yielding

A, = Um + Q.

Similarly the values taken by the n-th feature can be modeled by
Ap = WUp + C.

Having two (arbitrary) features the correlation between them can now be computed.
Becuase

Elam] = pm + Elel,  Elan] = pn + Elal,
Varla,,| = Var[a,] = Var[a],

and

Cov(am,an) = E[(am — Elam])(a, — Elay])]
— Ef(a - Blal)(a - Efa])]
= E[(a —E[a])?]

= Var|a/,

the correlation p,,, (as defined by eq. 6.7.1) between any pair of features in a bicluster

is equal
_ Cov(am, an) _ Var[a] _
V/Varla,,]\/Var[a,]  Vara]

a perfect positive correlation. [

pmn

Along the same lines a similar proof can be used to show that a shift pattern
induces perfect correlations between the objects of a bicluster, i.e., the features in
this case are considered to be the objects. In addition a similar proof can be used

to prove the same results for scaling pattern clusters. However, in this case the
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correlations are positive only because the terms involved in the multiplicative model
(eq. 6.6.5) are assumed to be positive, a reasonable assumption in the case of gene
expressions since mRNA levels, so as scaling factors cannot be negative.

Therefore, from a correlation point of view the shift and scaling patterns induce
only positive correlations. However large negative correlations are just as important
and information carrying as large positive correlations. Most biclustering methods
completely overlook the possibility that negative correlations may be present in the
data [65, 66]. Negative correlations express the fact that when one gene has a higher
expression level another gene will have a lower expression level, and that negative reg-
ulatory effects exist as well as positive regulatory effects. Fig. 6.8 shows a comparison
of the correlations induced on a set of features by four types of pattern behaviors,
where each pattern is presented by an axis-parallel plot and the corresponding corre-
lation coefficient matrix induced by the objects manifesting the pattern. Notice that
the pattern inducing negative correlations (Fig. 6.8(a)) does not show the same type
of pattern symmetry as the shift and scaling patterns (Figs. 6.8(a)(b)). Nonetheless
its correlation coefficient matrix reveals perfect correlations which are both positive
and negative as apposed to the shift and scaling patterns which are associated with
perfect positive correlation coefficient matrices. To contrast the three correlation in-
ducing patterns Fig. 6.8(d) shows the correlation induced by a set of objects that
have similar values (have small distances between each other). Although they seem
to be manifesting symmetric behavior patterns (which they are not when looked at
closely), they do not induce any large correlations, and therefore are not considered

to exhibit coherent behavior.
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6.8 Biclustering Algorithms

Cheng et al. [67] were the first to use the bicluster term and introduced the con-
cept of coherent biclusters in the context of gene expression analysis. They define a
bicluster as a sub-matrix having mean squared residue score H(/,.J) less than some
threshold 9§, and aimed at finding the largest such biclusters. To find a bicluster,
the mean squared residue score H(I,J) is computed for each row/column addition
or deletion, and the action that decreases H(I,.J) the most was applied. The pro-
cess is repeated until H(I,J) stops decreasing or until H(/,J) < J, in which case
a bicluster is returned. After a bicluster is identified it is removed by replacing its
elements in the corresponding data matrix with random values. This process then
continues until a pre-specified number of biclusters have been identified. The algo-
rithm has time complexity O((n + m)mn), where n and m are the number of genes
and conditions respectively, which may be impractical for large expression matri-
ces. An improvement is proposed by the same authors which is based on multiple
row/column additions/deletions, and which has complexity O(mn). The algorithm
has several drawbacks. The first is that the number of clusters must be specified in
advance. Second, the removal of identified clusters prevents it from identifying over-
lapping biclusters. Third, it assumes that the biclusters follow the additive model
(eq. (6.6.1)), and therefore is limited to finding only these type of clusters.

Yang et al. [68] proposed an improvement to the biclustering algorithm and pre-
sented the move-based algorithm FLOC (FLexible Overlapping biClustering). They
define a d-cluster that is able to cope with missing values and avoid the random fill-
ings used by the biclustering algorithm. They use an occupancy threshold « to limit

the amount of missing values in a d-cluster, and use the mean squared residue score,
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computed only on existing (not missing) values, to qualify a d-cluster. The FLOC
algorithm also requires a number of clusters to be pre-specified, and starts with k
randomly selected sub-matrices (clusters). It then iteratively adds/removes rows or
columns in and out of the cluster to lower the score, until a minimum is reached. The
complexity of FLOC is O((n + m)nmkl) where [ is the number of iterations.

Weng et al. [69] introduced the pCluster model which also aims at identifying shift
pattern biclusters but does not use the mean squared residue score. They consider a
2 x 2 sub-matrix of two objects 7, j and two attributes m,n and define the pScore as

a criteria for identifying shift patterns, where
pScore = |(aim — in) — (Qjm — ajn)|.

pScore < § means that the change of values on two attributes between two objects
is confined by a pre-defined threshold 6. And if such a confinement applies to every
pair of objects and attributes in a potential cluster then a shift cluster has been
detected. The pCluster algorithm uses a depth-first search approach facilitated by
an MDS (maximum dimension set) principle to perform pair-wise clustering. The
main advantages of the algorithm are that unlike other algorithms it is deterministic,
and therefore does not miss any qualified clusters. It is able to discover overlapping
clusters, and is resilient to outliers.

Maple (Maximal Pattern-Based Clustering) [70] is an extension to the pClsuter
algorithm that is more efficient by skipping trivial subclusters and pruning non-
promising cluster candidates earlier.

Other biclustering algorithms include, CTWC (Coupled Two-Way clustering) [61]

which repeatedly performs one way (regular) clustering on the rows and columns of
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the data, each used to cluster the other, using any clustering algorithm and simi-
larity measure. Lazzeroni et al. [71] introduced the plaid model which regards gene
expression data as a sum of multiple “layers” (clusters), where each layer represents
a particular biological process with only a subset of genes and conditions involved.
Under this model it is assumed that if a gene participates in several processes, then
its expression level is the sum of terms involved in the individual processes. The
clustering process is performed using the EM algorithm to estimate the parameters
of the model. An approach based on projected clusters called HARP was presented
in [72], and uses a measure called “relevance index” based local and global variance

to measure the quality of clusters.

6.9 Problems with current State of the Art Ap-
proaches

In recent studies [65, 66, 73, 74] it has been suggested that other types of information
carrying patterns such as patterns inducing negative correlations are completely over-
looked by most clustering methods, and that current state of the art algorithms are
not flexible enough to mine different types of patterns such as the shift and scaling
simultaneously, as it is more likely that different types of behavior patterns co-exit
in the data. While there is no consensus on what types of patterns should be consid-
ered meaningful, in practice pattern based clustering algorithms postulate a unique
underlying “globally expressed” pattern or model, while overlooking or rejecting the
possibility that other types of information carrying patterns may exit in the data.

This in turn typically leads to a large bias in the results, and thus more general
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methods would be very beneficial. From our point of view, since coherence of pat-
terns or equivalently correlation inducing patterns are the prime objective, methods
aiming at identifying clusters that induce large correlations among subsets of features
should be devised to address this challenge.

Another problem is that many clustering approaches rely on one or more data
transformations to the data as preprocessing steps in order to highlight certain aspects
of the data, or to support underlying assumptions about the characteristics (model)
of the clusters, and their underlying distribution. These steps can dramatically effect
study conclusions when the assumptions do not hold or when different portions of the
data support different assumptions. Among the more popular transformations are the
log transform which is used to convert scaling changes into additive increments, row
normalization, which standardizes each row with mean zero and variance one, and the
subtraction of row means used to eliminate the additive effect and facilitate methods
that rely on euclidian distance to measure similarity among objects. It is well accepted
that these methods are not always helpful since different patterns typically localize
to different clusters, and any one assumption about the nature of the pattern, such
as whether it contains a bias or a scaling effect does not hold true across all objects
or attributes. Moreover, some of the transformations such as row normalization and
mean subtraction will be heavily effected by outliers, noise, or irrelevant dimensions
of different clusters. Figure 6.9 demonstrates the problem. The figure shows four
different patterns which may co-exist in data undergoing two types of transformations.
Assuming a shift pattern (top row), then a log transformation will convert it into a
scaling pattern, while a row mean subtraction will as expected convert it into a zero

bias pattern, which is a similar values or regular cluster. Hence, an algorithm that
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assumes an additive effect will likely overlook this cluster, while an algorithm that
searches for regular clusters has the potential to detect it. On the other hand if the
original form of a cluster is the scaling pattern (second row), then the log transform as
expected will convert it to an additive pattern, but a row mean substraction will not
eliminate the scaling pattern. Therefore an algorithm searching for canonical clusters
will not be able to identify it since the physical distance between the objects may
remain large after the transformation, while an algorithm that assumes the additive
model will. Assuming the pattern is a negative correlation inducing pattern (third
row), then none of the transformations will be able to convert it into a pattern which
can be identified by existing methods. Lastly, if the original form of the cluster is
of a regular cluster (bottom row) then a log transform may amplify the difference
between objects on a subset of attributes, which may lower the number of attributes
originally associated with the cluster and transform it to a subspace cluster, while
a row mean subtraction will not change the clusters’ shape. Although not shown,
we note that an application of the transformation that will standardize each row to
mean zero and variance one will as expected transform the first, second, and fourth
patterns into a similar values pattern or regular cluster which can be identified with
full-space or subspace clustering methods. However, the negative inducing pattern

will not be effected by this transformation.
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Chapter 7

The Linear Manifold Cluster
Model

7.1 The Model

As mentioned in chapter 2 a linear manifold is a translated subspace, which geomet-
rically can be visualized as a line, plane, hyperplane, etc. In the following we present
a formal stochastic linear manifold cluster model that describes a “process” that gen-
erates sets of points (clusters) that are embedded in or fit bounded linear manifolds.
Process models typically consist of two parts, a deterministic and a stochastic. The
deterministic part describes the “core” description of the process, the “signal”, or
the “mathematical structure” that a population of points are assumed to fit. In our
case it will describe the linear manifold which the cluster points fit. In reality it is
rare that points perfectly fit the deterministic part of a model. There are several
reasons for this phenomena which the stochastic part of a model attempts to explain.
The most prominent are errors due to the measurement process, noise, or the fact
that the reality is too complex to be exactly explained by a model, and can only
be approximated. Besides specifying the degree to which the population of points

deviate from the deterministic part of a model, in some cases the stochastic part also

106



107

describes the distribution of the population within the structure that is modeled by
the deterministic part. In either case a probability distribution is associated with the
stochastic part. In our case the stochastic part will describe both the degree to which
the a set of points deviates from the linear manifold, i.e., the distribution of points
away from the manifold, and the distribution of points on the manifold.

Relevant to clustering, the linear manifold cluster model which we propose has

the following properties:

e The points in each cluster are embedded in a lower dimensional linear manifold

of finite extent.

e The intrinsic dimensionality of the cluster is the dimensionality of the linear

manifold, and is generally much smaller than the dimensionality of the data.
e The manifold is arbitrarily oriented.

e In the orthogonal complement space to the manifold the points form a compact

densely populated region.

e The points in the cluster induce correlations or linear dependencies between the

attributes of the data.

Let X be a set of d-dimensional points that form a cluster, x be a d x 1 vector
representing some point in X, by, ..., by be a set of orthonormal vectors that span a
d-dimensional space, B be a d x k matrix whose k£ columns are a subset of the vectors

bi,...,bg, and B be a d x d — k matrix whose columns are the remaining vectors.
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Definition 7.1.1 (Linear Manifold Cluster Model). Let p be some point in RY, X

be a zero mean k x 1 random vector whose entries are i.i.d. U(—R/2,+R/2) where

R is the range of the data, and ¥ be a zero mean d — k x 1 random wvector with

small variance independent of X. Then each point x € X, a linear manifold cluster
15 modeled by,

X = p + B\ + B. (7.1.1)

Explanation: the idea is that each point in a cluster lays close to a k-dimensional

linear manifold of finite extent, which is defined by p - a translation vector, the

subspace spanned by the columns of matrix B, and the range parameter R. Since
E[x] =E[p+ BA+ By = u+ BEA +BE[¢)] =pu+0+0=p

the cluster mean is p. On the manifold the points are assumed to be uniformly dis-
tributed in each direction (the k& column vectors of B) according to U(—R/2,+R/2).
However this assumption is not binding, and the uniform distribution can be replaced
by any other distribution with symmetric support. The reason we chose the uniform
distribution to model the points on the manifold is because typically no prior knowl-
edge is available, and in such cases data is assumed to be “random”, i.e., uniformly
distributed. It is in this manifold that the cluster is embedded, and therefore the
intrinsic dimensionality of the cluster will be k. Since in reality the points will rarely
perfectly fit a linear manifold, the third component of eq. (7.1.1) models a small
random error associated with each point on the manifold. The idea is that each point
may be perturbed in directions that are orthogonal to the subspace spanned by the
columns of B, that is the subspace defined by the d — k columns of B. We model this
behavior by requiring that @ be a (d — k) x 1 random vector, normally distributed
according to N(0,X), where the largest eigenvalue of ¥ is much smaller than R, the

range of the data. Otherwise the “signal” cannot be distinguished from the noise.
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Hence, the error like in many other typical models is modeled by a Gaussian. In addi-
tion, since the variance along each dimension orthogonal to the manifold is now much
smaller than the range R of the manifold, the points are likely to form a compact
and densely populated region that can be used to cluster the data. The concept of
the error term can be visualized by a 1D manifold which transforms from a line into
a thin cylinder after the addition of an error term .

Fig. 7.1 is an example of data set modeled by eq. (7.1.1). The data set con-
tains three non-overlapping linear manifold clusters C', Cy, C'3 each consisting of 1000
points. C,Cy which are almost planar and parallel to each other are embedded in
2D linear manifolds. Their points are uniformly distributed in the manifold and they
include a small error term in the space complementary to the manifold. Similarly,
C5 an elongated line-like cluster, is embedded in a 1D linear manifold with an error
element in the 2D space complementary to the manifold. All three manifolds are

arbitrarily oriented, and are translated from the origin.

7.2 Motivation

The motivation and associated advantages of the linear manifold cluster model and
the linear manifold clustering paradigm may be described from different points of
view, some of which are more conceptual and some which are more practical. In the

following we provide a description of each of these views.

e (Classical clustering algorithms are based on the concept that a cluster center is
a single point, and that clusters are sets of points compact around this central
point. Most approaches to clustering neglect to consider the possibility that a

cluster center may be associated with a more complex structure such as a linear
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Figure 7.1: Sample data set of three non-overlapping linear manifold clusters, each
of which is embedded in a different linear manifold of one (C3) or two dimensions
(C1,C2).

manifold. The linear manifold clustering paradigm introduces the concept of

linear manifold clusters which are groups of points compact around a linear

manifold.

e The linear manifold cluster model is a generalization of many other more specific
cluster models, i.e., other cluster models are instances of the linear manifold
cluster model. For example, the classical cluster model assumes that clusters are
associated or compact around single points. A zero-dimensional linear manifold
is a point. Hence, based on eq. (7.1.1) by making %k (the dimensionality of the
manifold) equal zero the second component of the model vanishes, and each
point in a classical cluster can thus be modeled by x = p + B where B is
simply the identity matrix and 1 a random vector perturbing each point from

the center p.
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Subspace clusters can also be modeled using the framework of eq. (7.1.1).
Each point in a subspace cluster can be modeled exactly using eq. (7.1.1),
taking into account that subspace clustering algorithms focus their clustering
effort on the space spanned by the column vectors of B in which the points as
mentioned before form a compact and densely populated region. When these
algorithms are restricted to axis-parallel subspaces, they assume that both B
and B contain columns of the identity matrix. However, as mentioned in section
5.2 examination of real data often shows that points tend to get aligned along
arbitrarily oriented subspaces, and that most subspace clustering algorithms
can only identify axis-parallel subspace clusters. The linear manifold model
also captures arbitrarily oriented subspace clusters. The only difference between
these clusters and the axis-parallel ones in the context of the model is that the
matrices B and B no longer contain the columns of the identity matrix, but
the vectors spanning the arbitrarily oriented subspace in which the clusters are

embedded.

Pattern clusters are also instances of linear manifolds. Generally speaking, pat-
tern clusters when confined to the space of relevant dimensions manifest them-
selves as groups of points compact around a line, which is a one-dimensional
linear manifold. In the full space they form linear manifolds of higher dimen-
sionality. Pattern clusters as instances of linear manifolds will be discussed in

more detail throughout chapter 10.

This unification of clustering paradigms under one model provides a more gen-
eral framework in which cluster analysis may be performed. More specifically,

a particular cluster structure need not be imposed on the data by a clustering
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algorithm any more, in a sense allowing for less assumptions to be made and
more freedom for the data to “speak for itself”. In the case of pattern cluster-
ing or more specifically gene expression clustering this matter was stated more
drastically; it has been suggested that other types of information carrying pat-
terns which are also instances of linear manifolds are completely overlooked by
most clustering methods, and that current state of the art algorithms are not

flexible enough to mine different patterns simultaneously.

A good clustering scheme is one which provides “scientific content”, that is, a
probability model which describes the underlying population, and which sta-
tistical inference such as predictions can based on. One of the ultimate goals
of clustering is not only to reveal structure but to understand the underlying
mechanism or “process” which generated the structure. In other words, model
the population of points that may have formed the structure discovered by a
clustering algorithm. Describing the population by a model based on the sample
on which the clustering is applied permits us to gain insights and to learn the
most important aspects of the population. Such a model should also provide
us the capability of making predictions that are consistent with the data. As
stated by physicist Richard Feynman "It is whether or not the theory gives
predictions that agree with experiment. It is not a question of whether a theory
is philosophically delightful, or easy to understand, or perfectly reasonable from
the point of view of common sense” [75]. Lacking scientific content clustering
is merely a visualization tool providing different views of the data. Most clus-
tering methods focus only on the grouping and lack the ability to provide any

scientific content.
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The linear manifold clustering paradigm proposed in this thesis is essentially
a model-based clustering paradigm which is based on the model described in
section 7.1, and as such “enjoys” the advantages the model-based methods have
over other clustering paradigms. Because of its solid mathematical foundation
the clustering results are easer to interpret. A mixture of individual linear
manifold models can easily be constructed to describe the data, the process
generating it, and to provide an estimate of the underlying distribution of the
population. Based on this model probabilistic classifiers can be built, and hence
predictions for new points can be made. In addition the probabilistic predictions
(probability that a point belongs to a certain class or cluster) can be used as
a basis for “fuzzy” or “soft” clustering. A more formal description of this
idea will be presented in chapter 9-“Data Description, Density Estimation, and

Classification”.

Because of the probabilistic setting on which the linear manifold clustering
paradigm is based, statistical methods such as hypothesis testing, permutations
tests, maximum likelihood estimation, etc., can be applied to cluster validity

problems making them more tractable.

The detection of correlations between different features of the data is a very im-
portant data mining task. Correlations can be used to reduce the dimensionality
of the data by eliminating redundant (correlated) features. Large correlations
correspond to approximate linear dependencies between two of more features.
Hence, correlations can be used to learn linear dependencies from which causal-
ities may later be hypothesized. Yet another use of correlations, is the identi-

fication coherent behavior patterns among a set of objects. Large correlations
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imply that coherent behavior patterns between objects exit in the data. These
patterns can be used to learn coherent behavior classes such as in the case of
DNA microarray analysis, which can later be used to make predictions about
future behavior such as in the case of recommendation systems. Correlations
or linear dependencies can take on many forms and can be arbitrarily complex,
one or more features may depend on a combination of several other features.
However, common to all these forms of correlation and linear dependencies, is
that in the data space they manifest themselves geometrically as lines, planes,
and generally speaking as linear manifolds. Hence, the detection of linear man-
ifolds is a means by which correlations or linear dependencies may be identified.

Correlations will further be discussed throughout chapters 9-11.

Dimensionality is a fundamental challenge in many machine learning, pattern
recognition, and data mining applications. This is primarily due to the “curse of
dimensionality” discussed in section 5.1. The aim of dimensionality reduction is
to reduce or transform high dimensional data into lower dimensional data while
retaining most of the underlying structure in the data, and by that circumvent
the problems associated with high dimensional data. Dimensionality reduction
is also used to visualize high dimensional data in a lower dimensional space
and by that gain more insight to the problem at hand. Very often observed
real data is a consequence of a process governed by a small number of factors.
In the data space this is manifested by the data points lying or being located
close to surfaces such as linear manifolds whose intrinsic dimensionality is much
smaller than the dimensionality of the data. Most dimensionality reduction

techniques are “global” in the sense that they assume the whole data set can
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be characterized by one lower dimensional surface, and overlook the possibility
that different portions of the data lie on different lower dimensional surfaces, or
might be generated by a process consisting of combination of simpler processes,
i.e., a mixture of models. From a dimensionality reduction point of view the
linear manifold paradigm of clustering can be thought of as a dimensionality
reduction technique that assumes that the data lies on different linear surfaces

whose intrinsic dimensionality is much smaller than that of the data.



Chapter 8

The Linear Manifold Clustering
Algorithm

8.1 Overview

The linear manifold clustering algorithm proposed in this thesis is essentially a model-
based clustering method that is based and supported by the model described in section
7.1. However, unlike typical model-based approaches such as the EM algorithm [31]
which cast the clustering problem to a problem of determining the model parameters
via an iterative optimization scheme, the algorithm proposed here is based on a
stochastic-model-fitting approach that seeks to identify groups of points that may fit
linear manifolds of various dimensionalities as defined by eq. (7.1.1).

The algorithm called LMCLUS (Linear Manifold CLUStering) can be viewed as
an hierarchical-divisive clustering procedure. It executes three levels of iteration
outlined in Fig. 8.1, and expects three inputs: L, an upper limit on the dimension
of the linear manifolds in which we believe clusters may be embedded; S, a sampling
level parameter used to determine the number of trial linear manifolds of a given
dimensionality that will be examined in order to reveal the best possible partitioning

of a given set of points; I, a sensitivity or “goodness of separation” threshold, which

116
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is used to determine whether or not a partitioning should take place based on a trial
linear manifold.

At the highest level of iteration the algorithm monitors the size of the data which
is being partitioned. When no data is left to be partitioned the algorithm terminates.
The second level of iteration causes the algorithm to iterate over a range of manifold
dimensionalities, commencing with one-dimensional manifolds, and terminating with
L-dimensional manifolds, where L is an input parameter. For each linear manifold
dimension the algorithm enters the third level of iteration, in which FindSeparation
outlined in Fig. 8.2 is invoked in an attempt to reveal separations among subsets
of the data and to determine whether some of the points are embedded in linear
manifolds. The idea behind FindSeparation is to successively sample points that can
define a linear manifold of a given dimension, and select the linear manifold that is
closest to a substantial number of points. This subset of closest points will typically
correspond to a cluster. The proximity of the input data points to the manifold is
captured by a distance histogram. If the manifold indeed has some subset of points
near it, then the distance histogram will have a mixture of two distributions. One of
the distributions has a mode near zero and is the distribution of distances of points
belonging to a cluster. The other distribution is the distribution of the remaining
points. The problem of separating the cluster points from the rest is then cast into
a histogram thresholding problem. Upon termination FindSeparation returns four
values 7- which is a measure of the “goodness” of the separation, 7- a proximity
threshold that is computed from the histogram and is used to split the data into two
groups, (- the basis of the manifold which exposes the separation, and ¢g-a point on the

manifold representing its origin. When 7 exceeds the value of the input sensitivity
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threshold parameter I', indicating that a worthy separation has been found, then
the data set is split according to 7. This split corresponds to the partitioning of
all the points which are located close enough to the just determined manifold, i.e.
all points that potentially belong to a given cluster, and those that belong to other
clusters. In addition the dimension of the manifold which revealed the separation is
recorded by assigning its value to LmDim. The third iteration continues reapplying
FindSeparation in an attempt to further partition the cluster which may consist of
sub-clusters, until the selected data points can not be further separated. At this point
the algorithm will retract to the second level of iteration in an attempt to partition
the cluster in higher dimensions, a process which will continue until the dimension
limit L is reached. When L is reached we have a subset of the points that cannot be
partitioned any more, and declare that a cluster is found. This cluster is labeled and
added to the set of found clusters along with its dimensionality recorded by LmDim.
The algorithm then retracts to the first level of iteration and is reapplied on the
remaining set of points until no more points are left to be partitioned, detecting one
cluster at a time. We note that if outliers exist then the last cluster/partition that
is found will contain this set of points. By definition outliers do not belong to any
cluster and therefore will remain the last group of points to be associated to any other
group. Since they are unlikely to form any clusters the algorithm will not be able to

partition them, and they will therefore be all grouped together.

8.2 Finding Separations

Let C C X be a set of points that constitute a linear manifold cluster, and ¢! = X —C

be the set of points which do not belong to C'. Assuming that C' and C’ do not
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Algorithm LMCLUS (X, L, S, I)
C=10 4 set of labeled clusters initially empty.
Dims =0+ set of intrinsic dimensionalities of each cluster.
1 =1 # cluster label
while X # () do
Y=X, LmDim=1
for k=1to L do
while [y, 7, 0, 3] = FindSeparation(Y, k, S), v>T do
# a separation is revealed by a k-dimensional
# manifold. Collect all points residing in the vicinity
# of that manifold.
Y ={zlze Y| (@—0) 2~ | B —0) [2< 7}
LmDim =k
# a cluster is found, add it to the list of labeled clusters.
C; =Y, C:CU{CZ}
# recored the intrinsic dimensionality of the cluster
dim; = LmDim, Dims = Dim U {dim;}

1=1+1
# remove cluster points from the dataset.
X=X-Y

return [C, Dims]

Figure 8.1: The linear manifold clustering algorithm.



120

Algorithm FindSeparation (X, k, S)
y=—00, T=—-00, 6=0, =0
N = min(loge/log(1 — (1/9)%), ¢| X])
fori=1to N do
M = Sample (k + 1) points from X
O=xzecM
B = FormOrthonormalBasis(M, O)
Distances = ()
for each x € X — M do
y=x—0
Distances = Distances U{|| v ||* — || B'y ||*}
H = MakeHistogram(Distances)
T = FindMinimumErrorThreshold(H)
G = EvaluateGoodnessOfSeparation(7', H)
if G > v then
vy=G, 7=T,06=0, 3=B
return [, 7, 9, (]

Figure 8.2: Detecting separations among clusters embedded in lower dimensionality
linear manifolds.

completely overlap, and that all points belonging to C' fit the model given in equation
7.1.1, the goal is to separate C' from C” and estimate the linear manifold in which C
is embedded.

The distance of a point x € X to a linear manifold defined by p and the column

vectors of B is given by
—
I(1 = BB')(x — p)|| = [|BB (x — p)]|. (8.2.1)

As mentioned earlier in section 7.1 the points of C' are likely to form a compact and
dense region in the space orthogonal to the manifold in which they are embedded.
Therefore by projecting X into the space spanned the column vectors of B and
executing some form of clustering in the reduced space it is possible to identify and
separate C' from the rest of the data. However, eq. (8.2.1) shows that the distance

of a point to the cluster center in the reduced space is equivalent to the distance of a
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point to the linear manifold. Thus, rather than clustering in the reduced space it is
also possible to measure distances from the manifold and collect all the points that
lie in the vicinity of this manifold, essentially executing one-dimensional clustering.
Since we are interested in estimating B, and because we are interested in detecting
one cluster at a time, and since one-dimensional clustering is typically faster than

clustering in higher dimensions, we choose to take this path.

Lemma 8.2.1. ||(I — BB)(x — )| = /[[x = wI = [[B(x — )]
Proof: Let y = x — pu,

(I - BB)yl|* = |y - BBYyl|?
= (y-BB'y)'(y - BBYy)
= y'y —2y'BB'y —y'(BB')’y
= y'y—y' BBy (BB isidempotent so (BB')* = BB')

= |lyll* = [IByl*. O

Lemma 8.2.1 provides us a much more efficient way of computing the distance of a
point to a manifold. If d is the dimension of the data, then computing the distance
using lemma 8.2.1 gives us a speedup of O(d), which for high dimensional data be-
comes a significant factor. To simplify the computation even further we choose to
use the squared distance rather than the distance, henceforth we will use the term

“distance” to mean the squared distance.

8.3 Minimum Error Thresholding

The problem of separating all the points that lie in the vicinity of a manifold can be

cast into the problem of finding a minimum error threshold that is used to classify
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points as either embedded in the manifold (belonging to C') or not, based on their
distances to the manifold. Kittler and Illingworth [76] (KI) describe an efficient
method for finding the minimum error threshold. Their method was designed for
segmenting an object from its background in gray scale images using a grey level
histogram of the image. Their method views the histogram segmentation problem
as a two class classification problem, where the goal is to minimize the number of
misclassified pixels. Analogous to our problem, the distance histogram can be viewed
as an estimate of the probability density function p(d) of the mixture population
comprising of distances () of points belonging to a linear manifold cluster and those
that do not.

The KI procedure is based on the assumption that each component of the mixture
is normally distributed. To support this assumption in our case, we note that as a
consequence to the central limit theorem, the distances to the manifold, which are
merely sums of random variables, will approach distribution-wise the normal, as the
dimension of the space increases. Additional support was given by Diaconis and
Freedman [77], who showed that most projections of high dimensional data to lower
dimensions will be approximately normal.

Let 0 be the distance of a point to the manifold, p(d|i) be the probability density
function of the distances of class i, where i € {1,2}, u;, 0; be the mean and standard
deviation of distances in class i, and P(i) be the prior of class i. Then because of the

normality assumption

-exp (M) : (8.3.1)

and

p(6) = Z P(@)p(6]i). (8.3.2)
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Figure 8.3: The classification error associated with a mixture of two Normal distri-
butions is given by the area of the shaded regions of the two distributions.

Given p;, 04, P(7), and p(d|i) there exists a threshold 7 such that
P(1)p(3]1) > P(2)p(d]2) if 0 <,
and
P(1)p(0|]1) < P(1)p(6|2) if 0 >,

where 7 is the Bayes minimum error threshold [5]. As shown in figure 8.3, the

minimum error threshold can be found by solving for ¢ the following equation

P(1) éal exp (%) — P(2) \/%02 exp (“_‘25?2) | (8.3.3)

However, the true values of u;, 0;, P; are usually unknown. KI propose to obtain these

estimates from the distance histogram h. Suppose that the histogram is thresholded
at an arbitrary threshold ¢, then we can model the two resulting populations by a
normal density h(d|i,t) with parameters:

b
Pi(t) =Y h(6), (8.3.4)

d=a



124

pilt) = W (8:3.5)
and
b o 2 4
O'Zz(t) — 25:[1((5 P/;L(sz;’)) h((S)’ (836)

wherea =0and b=tifi =1, and a =t+1 and b = maxz(0) if i = 2. Now using the
model h(d|i, t) for i € {1,2}, the conditional probability of 0 being correctly classified

is given by
h(dli, t) P;(t)
h(s)

We wish to find the threshold ¢ that maximizes this probability. Since h(d) is inde-

(il 1) = (8.3.7)

pendent of ¢ and ¢t it can be safely ignored. Furthermore, since the logarithm is a
strictly increasing function, taking the logarithm and multiplying by a constant will

not change the maximizing value. Therefore

e(5,t) = (5;7’(1)(0) +2log oi(t) — 2log Pi(t) (8.3.8)

can be considered as an alternative index of the correct classification performance.

The overall performance is then given by the criterion function

J(t) =) h(6)e(s,1), (8.3.9)
[

which reflects indirectly the amount of overlap between the two Gaussian populations.

Substituting p;(t), o;(t), Pi(t), and €(d,t) into J(t) we get

J(t) =142 (P (t)logoi(t) + Pa(t)logos(t)) — 2 (Pi(t) log Py (t) + Pa(t) log Ps(t))
(8.3.10)

and the minimum error threshold selection problem can be formulated as

T = arg mtin J(t).
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J(t) can be computed easily and finding its minima is a relatively simple task as the
function is smooth. We note that the tails of the distribution have been truncated by
the thresholding operation and therefore the models h(d|i, ), i € {1,2} will be biased
estimates of the true mixture components. Cho, Haralick and Yi [78] proposed an

improvement of KI's criterion function that corrects the biased variance estimates.

8.4 Sampling Linear Manifolds

A line, which is a 1D linear manifold, can be defined by two points, a plane which is a
2D manifold can be defined using three points. To construct a random k-dimensional
linear manifold by sampling points from the data we need to sample k£ + 1 linearly
independent points. Let Xq,...X denote these points. Choosing one of the points,

say X as the origin, the k vectors spanning the manifold are given by

Yi =X —Xo

where ¢ = 1...k. Fig. 8.4 illustrates this idea. The figure shows how a 2D linear
manifold can be constructed by sampling three points, which are in turn used to
define the two basis vectors spanning the manifold.

Assuming each of these sampled points came from the same cluster, then according

to eq. (7.1.1)
Yi =X; — X0 = (g + BX; + B;) — (pg + BAg + B,)

= B(Xi = Xo) + B(h; — ).

If the cluster points did not have an error component off the manifold, i.e., they all lie

on the linear manifold, then sampling any k41 points which are linearly independent
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Figure 8.4: A 2D linear manifold defined by three points.

and belong to the same cluster would enable us to reconstruct B. So in order to get a
good approximation of B we would like each of the sampled points to come from the
same cluster and to be as close as possible to the linear manifold. From the equation

above we see that this occurs when

77/)7;_77[;0%0’

resulting in a set of k vectors which are approximately a linear combination of the
original vectors in B. A good indication as to why this is likely to occur when the

sampled points come from the same cluster, is given by the fact that

E[wz - 1/)0] = 07

and that normally distributed data (1; — 1, follows a normal distribution) tends to
cluster around its mean. In cases where the clusters are well separated, the require-
ment that 1, — 1, ~ 0 can be relaxed. That is, when the clusters are well separated
more sets of points coming from the same cluster, and not only those that are rela-

tively close to the manifold will be good candidates to a construct a manifold that
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will induce a large valley in the distance histogram that separates the linear manifold
cluster from the remaining points. As a consequence, the problem of sampling a linear
manifold that will enable us to separate a linear manifold cluster from the rest of the
data can be reduced to the problem of sampling k£ + 1 points that all come from the
same cluster.

Assuming there are S clusters in the data set whose size is distributed with low
variance, then for large data sets the probability that a sample of k + 1 points all

come from the same cluster is approximately

() e

If we want to ensure with probability (1 —¢€) that at least one of our random samples
of k+1 points all come from the same cluster, then we should expect to make at least

n selections of k + 1 points, where

[1 - (%)k] <e (8.4.2)

log €
"= gl (1/9)9)

Therefore, by computing n given ¢, and S which is an input to the algorithm we can

yielding that

(8.4.3)

approximate a lower bound on the number of samples required, such that with high
probability, at least one of the n samples contains k£ + 1 points that all come from the
same cluster. Unlike algorithms that require the number of clusters as input such as
K-Means, the user input S does not predetermine the number of clusters LMCLUS
will output. It is a rough estimate of the number of clusters in the data set, which

is only used to compute an initial estimate of the sample size required to ensure we
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sample points coming from the same cluster. It is rather a “gauge” with which we
can tradeoff accuracy with efficiency.

The sample size n grows exponentially with the dimensionality of the linear mani-
fold k£ which is being sampled. Although LMCLUS is not designed to identify clusters
embedded in linear manifolds of high dimension, it is possible to bound the sample
size from above. Dasgupta and Gupta [79] showed that using random projections it is
possible to project high dimensional data into a low dimension subspace and preserve
distances up to a factor of 1+ € with probability 1/|X|, where | X| is the size of the
data set. This in turn means that by performing O(]|X|) random projections it is pos-
sible to find a projection that will be able to retain a good level of separation between
clusters with high probability. Combining this result with the sample size computed
in eq. (8.4.3) the number of samples N which will be drawn can by determined by

the following heuristic
N =min ( loge/log(1 — (1/9)"),c|X] ), (8.4.4)

where ¢ is some constant independent of |X| which can simply be set to equal one,
making | X|-the size of the data being clustered an alternative sample size approxi-
mation. We note that for small £ and large data sets the sample size computed by

eq. (8.4.3) is likely to be much smaller than | X|, and will therefore be preferred.

8.5 Putting it All Together

For each sample of points {y1, ..., yx} we construct an orthonormal basis B of a linear
manifold using the Gram-Schmidt process. (If the Gram-Schmidt process indicates
that the sampled points are not linearly independent, a new sample of points is

taken.) Then using KI’s method we compute a threshold 7. Of all possible thresholds
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depth

Figure 8.5: The depth of separation .

corresponding to different linear manifolds which induce different separations, we
prefer the one which induces the best separation. The best separation is defined as

the separation which induces the largest discriminability given by

(:ul(7—> B /~L2(T))2 (851)

discriminability = ,
TGO ERA R

and the one which causes the deepest broadest minimum in KI’s criterion function-
J(t). The deepest minimum can be quantified by computing the difference/depth of
the criterion function evaluated at the minimum 7 and the value evaluated at the

closest local maxima 7' as illustrated in Fig. 8.5, and given by
depth = J(7') — J(7). (8.5.2)
The composite measure of the goodness of a separation is then given by

G = discriminability x depth. (8.5.3)
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{Cs} 5 {01, O}

Figure 8.6: A tree summarizing the clustering process of the sample data set from
Fig. 7.1. The labels on the arrows specify the dimensionality of the linear manifold
which was used to separate the clusters.

A typical run of the algorithm is illustrated in Figs. 8.6 and 8.7 by a tree which
summarizes the clustering process of the sample data set depicted in Fig. 7.1, and the
corresponding histograms that were produced by the clustering process and used to
separate the linear manifold clusters in the data set. At the beginning of the process
the algorithm searches for one-dimensional linear manifolds in which some clusters
may be embedded. Since cluster (4 is such a cluster it is separated from C4, Cs using
the threshold returned by KI’s procedure, and the algorithm proceeds by trying to
further partition it in higher dimensions. Since it cannot be further partitioned using
two-dimensional manifolds, cluster Cj is declared to be found. The algorithm then
attempts to separate the remaining clusters C, Cy using one-dimensional manifolds.
Since both these clusters are embedded in two-dimensional linear manifolds the algo-
rithm will fail. However by trying to separate them using 2D manifolds the algorithm
will succeed. At this point the algorithm will attempt to further partition each of the
clusters C and Cy, however since they are inseparable C; and C5 are declared to be

found, and the algorithm terminates.



131

2

(a) Cj is separated from C; and Cy at D1 (b) C3 cannot be separated at D1

2

(¢) C5 cannot be separated at D2, Cj is a cluster (d) C and Cy cannot be separated at D1

2

(e) C} is separated from Cy at D2 (f) C cannot be separated at D2, (] is a cluster

F

(g) Cy cannot be separated at D1 (h) Cy cannot be separated at D2, Cy is a cluster

Figure 8.7: Histograms produced by the clustering process and used to separate the
linear manifold clusters of Fig. 7.1.
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8.6 Algorithm Speedup by Histogram Sampling

Rather than using all the points that are to be partitioned to construct distance
histograms on which KI’s technique is applied, statistical sampling theory suggests
that it is possible to sample a smaller representative subset of the points. That is, it is
possible to construct representative histograms using fewer points, which capture the
essential properties of the two populations we are interested in separating. Preserving
these properties will enable us to obtain a sufficiently accurate threshold that can be
used to separate the two populations, when such a separation exists. The properties

we seek to preserve in the sample are two:

1. We would like the proportion of sampled points coming from each of the popu-
lations of the mixture to be similar to the proportion in the unsampled mixture.
In other words, we do not want the majority or all of the sampled points to
come from one of the populations, whereas the other is represented by very few

or no points.

2. We would like the sample means of the two populations to be similar to the
means of the two populations in the unsampled mixture. This ensures that we
will not be sampling too many points that come from the tails of the original

distributions.

Let N be the total number of points to be partitioned, p be the fraction of points
coming from the left population, i.e. the points that potentially belong to a cluster,
and n, be the size of a sample to be drawn. Since it makes very little difference for
large populations whether we sample with or without replacement, the distribution

of the number of points coming from the cluster given a sample of size n,, can be
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modeled by binomial distribution with parameters n, and p. If p is the actual fraction
of the points in our sample that come from the cluster, then we would like to choose

n,, such that with relative error d,p and with confidence 1 — €, where 0 < ¢,,e <1
Pllp—p| <dp] >1—e (8.6.1)

Due to the the central limit theorem when n, is large, which is likely to be our
case, and due to stringent requirements on 9, and €, the Normal distribution can be
used as an approximation to construct a confidence interval for a binomial random
variable, where E[p| = p and Var[p] = p(1 — p)/n,. Hence,

0P _ PP p
p(l-p) — \/:n(l—p) —  /p(l-p)

np np np

Pllp—pl < dpp] =P >1—¢ (8.6.2)

where ﬁ follows a standard Normal random variable Z. According to eq. (8.6.2),

to estimate n, given €, J, we need to ensure that

Opp €
> P | < 2 .0.
Pl|Z> | = (8.6.3)
yielding that
IL—p Zz/z
n, > (—) , (8.6.4)
p o2

where Z./5 is the value for which the probability that a standard Normal random
variable is greater than €/2, e.g., Zpos = 1.96. However n, cannot be computed
without knowing p which is unknown. Since p is a consistent estimator of p, i.e.,
the larger the sample is the more likely we are to get a better estimate of p, we
propose to gradually increase the size of the sample and obtain n, as follows: we
initialize p to some value py which could be a function of the input parameter S, such

as po = 1/S. Given py we then sample n,, points with which we create an initial
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distance histogram. Using this histogram we obtain a threshold which induces a new
estimate p;. If n, < n,, we stop and use py as our estimate of p and n,, as our
sample size n,, if not indicating we need to sample more points (because p; < py),
we repeat the same procedure. That is, using a sample of size n,, we obtain a new
estimate p;1 with which a new n,,_, is computed until for some k n,, , < n,, . This
is likely to occur after a small number of iterations. Note that the computational
overhead is never going to be larger than if we were to use no sampling, i.e., use all
the points to construct histograms.

Next we need to compute a sample size n, that is needed to satisfy the second
requirement. That is, the sample size that is required to ensure with high probability
that the means of the two populations in the sample will not deviate significantly
from the unsampled means of the two populations. More formally, if Z is the sample
mean of one of the populations, ;i the unsampled mean of that population, o2 the
variance of that population, p the fraction of points coming from the population which
we estimated previously, ,, the deviation from the true mean measured in units of o,

and 1 — € the confidence of our estimate, then we would like to find n, satisfying
Pllz —p| <o,0] >1—¢€ (8.6.5)

for both populations. For the population whose fraction is p, eq. (8.6.5) can be

rewritten as

P | =6, /b < ﬁ < G /TB| 21— e (8.6.6)
i
Since — /j\;% follows a standard Normal random variable, n,,p can be estimated similar
to n, by
Z
nup > 52 (8.6.7)
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and similarly for the other population

72,
nu(l—p) = —5 (8.6.8)

I

Therefore, the total number of samples n,, needed to satisfy the second requirement

for both populations is
= — , (8.6.9)
62 min{p, 1 — p}

and the total number of samples needed to satisfy both requirements is determined

o

by the following heuristic

1—p\ 22 Z?
min{ |N|, max Do . (8.6.10)
P 0z 62min{p,1 — p}

8.7 Complexity Analysis

In this section we present asymptomatic analysis of LMCLUS’s running time in terms
of the number of data points, the dimensionality of the data, the highest dimensional-
ity of the linear manifolds in which clusters are embedded, and the number of clusters
which are detected. Because LMCLUS uses sampling, complexity analysis of its run-
ning time is not straightforward. As a consequence the following result is only a worst
case upper bound on its running time, and does not reflect its performance in practice

as demonstrated by the experiments presented in section 8.8.

Lemma 8.7.1. The overall worst case time complexity (an upper bound) of LMCLUS
in terms of the size of the data-N, the dimensionality of the data-d, the largest di-
mension of the linear manifolds in which clusters are embedded-L, and the number of
clusters which are detected-K , is O(N*K2L3d).

Proof: The overall complexity of LMCLUS depends the complexity of the FindSep-
aration procedure, and on the number of calls to it. Starting with the FindSepa-

ration procedure, each set of £ + 1 points that are sampled in order to construct a
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k-dimensional manifold must first be transformed to a set of k& orthonormal vectors
(FormOrthonormalBasis) by a Gram-Schmidt process whose complexity is O(k*d),
where d is the dimensionality of the data. Measuring distances to the manifold
amounts to a projection whose complexity is O(kd). Assuming there are n points in
data, the overall complexity of this step is O(nkd). Making a distances histogram
requires O(n) operations (assigning each distance to a bin). Assuming the number
of bins in the histogram is bound by some constant, then finding the minimum error
threshold by Kittler and Illingworth’s method has complexity O(1) (constant time).
This is because computing the mean and standard deviation of each population for
each threshold ¢ can be done in time that is linear in the number of bins. Likewise we
only need to compute J(t)-the minimum error index function, for a constant number
of different bins. Evaluating the goodness of a separation involves only one multipli-
cation of two values. Each of the steps described above must be repeated for each
linear manifold that is sampled. Since the number of linear manifolds sampled is
bounded from above by the number of points that are to be clustered (eq. (8.4.4)),

the overall complexity of FindSeparation is
O(nk*d 4+ n*kd + n® + n).

We now need to determine the number of calls to the FindSeparation procedure.
Assuming the clusters are separable, then in the worst case each cluster is found at the
highest dimension which is L, that is, up to dimension K — 1 the data is inseparable,
and at dimension L, a cluster is found only after repeated calls to FindSeparation
that gradually peals off other clusters one at a time. If there are K clusters in the

data, of approximately the same size, then the overall complexity of LMCLUS as a
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function of N, K, L,d is given by:
K [L-1 koo . .
kN kNld kN IN iINLd iN
— (Pd+ —+=—+1 — | L*d — 41
;[;K<+K+K+)+;K< +K+K+)]

= O(N’K?’L*d). O (8.7.1)

This result shows that LMCLUS’s running time is only linear in the dimensionality
of the data and cubic in the dimensionality of the linear manifolds in which clusters
are embedded. Related methods such as ORCLUS [54] are cubic in the dimensionality
of the data due to the computation of principle components, or like CLIQUE [28],
exponential in the dimension of subspaces in which clusters are embedded. We also
note that although the worst case complexity of LMCLUS is quadratic in the number
of points, in practice when the dimension of the linear manifolds is much smaller than
the size of the data set, the sample size computed by eq. (8.4.4) will be much smaller
than size of the data, resulting in an algorithm whose complexity is only linear in the

size of the data. The histogram sampling optimization further enhances this result.

8.8 Experiments with Synthetic Data

In this section we present a broad evaluation of LMCLUS applied on synthetic data
sets. LMCLUS as well as three other related methods: DBSCAN [18] a representative
of the full-dimensional clustering methods, ORCLUS [54] a representative of subspace
clustering methods, and HPPC [80] a projection pursuit based clustering method that
repeatedly bi-partitions a data set by searching for separations in one-dimensional
projections of the data, were implemented in C++. The experiments were performed
on a Linux based workstation with an Intel P4 3.0Ghz CPU and 1GB of memory.

The aim of the experiment was to evaluate LMCLUS’s performance in comparison to
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the other methods with respect to accuracy, efficiency, scalability and its stability as

a stochastic algorithm.

8.8.1 Synthetic Data Generation

Several dozen data sets were generated according to the linear manifold cluster model
specified in eq. (7.1.1). The method used to generate the data sets was based on the
method used in the ORCLUS paper. The underlying idea is to first generate each
cluster in an axis-parallel manner centered at the origin, and then randomly translate
and rotate it, where the rotation is used to achieve the effect of an arbitrary orientation
of the cluster in the space. The translation and rotation correspond in the ORCLUS
paper to the random “anchor points” chosen for each cluster, and to the “random
matrix” which is used to determine the orientation of each cluster. In addition to the
clusters, noise points are scattered uniformly in the space. In the following we give
a detailed description of this process with which we generated two types of data sets
differing only by the amount in which each cluster is translated.

Let K be the number of clusters, d be the dimensionality of the data set, N
be the total number of points in the data set, N, be the number of noise or
outlier points, and R be the range along each of the dimensions of the manifold.
The number of points assigned to cluster i denoted by C; is determined by |C;| =
(N — Npoise) - 13/ Zfil r;, where r; is a realization of an exponential random variable
with mean 1. The dimensionality of the manifold in which C; is embedded denoted by
l; is determined by a realization of a Poisson random variable with mean [, typically
much smaller than d, and where [; must satisfy 1 <1[; < d.

The points for cluster C; are generated as follows: [; dimensions out of the d

possible dimensions are uniformly selected as the dimensions of the linear manifold
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in which C; is embedded. In each of these dimensions the points are independently
and identically distributed (i.i.d.) according U(—R/2,+R/2). In the other d — ;
dimensions representing the space orthogonal to the manifold and the perturbation off
the manifold, the points are normally distributed with mean 0 and standard deviation
0ij = s-ay; for the j-th dimension, where s is some constant and «; is a realization of a
uniformly distributed random variable in the range [1,2]. All the data sets generated
as part of our evaluation used R = 1000, while varying K, d, N, N,ise, [, S.

After C; is created in an axis parallel manner, the next step is to translate and
rotate it. In order to translate the cluster we generate a random d x 1 vector T; whose
entries are i.i.d. U(—t/2,+t/2), where t is some constant which determines the type
of data set generated. The smaller ¢ is, the closer the clusters are likely to be to each
other, and the more likely they are to overlap. Once T is obtained we add it to each
point x € C;, i.e., x = x + T;. In order to rotate C; we perform a series of planar
rotations by going through all pairs of distinct dimensions, each defining a different
plane. Let (m,n) denote some pair. For each pair we generate a random angle 6,,,
uniformly distributed in the range [0, 27]. We then compute the (m, n) planar rotation
for each x € C; by z,, = x,,,c080,,y, — T, 8i00,,,, and x,, = x,,,81N0,,, + x,,€080,,,,, Wwhere
T, Tn are the m-th and n-th components of vector z.

The noise set was generated by distributing each of its points uniformly across all
dimensions according to U(—(R+1)/2,+(R+1t)/2). The outcome of this process was
a set of clusters all residing in an hypersphere of radius (R +t)/2.

Once a data set is generated we would like to have the ability to determine some
of its characterizing properties. Specifically, we would like to devise a measure that

would describe the relative sparsity of the clusters that were generated, and a measure
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that is able to convey some indication as to the relative ‘hardness’ or difficulty that
the generated data set might present to various clustering algorithms. Since LMCLUS
is aimed at finding discrete partitions of the data we would also want this measure to
give us some indication pertaining to the amount of overlap between the generated
clusters. A candidate data set which we aimed at generating was one in which the
clusters were relatively close in some subspace with minimal overlap, and yet sparse
enough in the full space that canonical clustering algorithms would not be able to
detect. The sample data of Fig. 7.1 is an example of such a data set. We used the
cluster sparsity coefficient [54] proposed in the ORCLUS paper as a measure of the
relative sparsity of the generated data sets, and indirectly as a measure of the relative
“hardness” or difficulty a potential data set might present to a clustering algorithm.
The authors propose to apply this measure ranging in [0, 1] on the full space, and note
that high values indicate that the data set generated is one on which full-dimensional
or axis-parallel projected clustering would be meaningless. This measure is essentially
a weighted average of the within cluster variances divided by the total data variance.
More formally, let p; be the mean of cluster ¢, g be the mean of the whole data set,
C; be the set of points in cluster i, X the whole data set, K the number of clusters

in the data set, and x some point in X, then the cluster sparsity coefficient is defined

by

1 IO S [ 88.1)

K& XSy [x—n 2
Obviously when this value is small (close to zero) we may assume that the clusters
form compact clouds that are well separated from one another. However large values
(close to one) do not only indicate that the data set or clusters are very sparse but

could also suggest a significant overlap among the clusters. This is because clusters
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that significantly overlap are likely to have centers which are close to each other, and
therefore close to the center of the whole data set. As mentioned earlier significant
cluster overlap is not a desired property for the the data sets we would like to produce.

Two families of data sets were generated as part of the evaluation. The first
having cluster sparsity coefficient in the range [0.5,0.6], yielding data sets that we
found to be relatively hard for full-dimensional clustering algorithms, yet with very
small and possibly no cluster overlap. These type of data sets were generated by
fixing s = 20 and setting ¢ such that the cluster sparsity coefficient yielded a value
in the range [0.5,0.6]. The data set depicted in Fig. 7.1 for example has a cluster
sparsity coefficient value of 0.54. The second type, which we call star data sets due
to their star like geometry, yielded cluster sparsity coefficient values close to 0.99.
The star data sets were generated so that cluster centers were relatively close to each
other, yet with minimal overlap. This was done by assigning to ¢t and s smaller values.
Fig. 8.8 shows an example of a star type data set consisting of one-dimensional linear

manifold clusters.

8.8.2 Parameter Setting

LMCLUS requires the setting of three input parameters: L, an upper limit on the
dimension of the linear manifolds in which we believe clusters may be embedded; S,
a sampling level parameter which based on the heuristic outlined in section 8.4; we
suggest setting it to a rough estimate of number of clusters that might exist in the
data set; I', a sensitivity or “goodness of separation” threshold, which the higher it
is set the more coarse the clustering will be, and the lower it is set the finer (larger
number of clusters and smaller clusters) the clustering will be. The first two input

parameters are fairly intuitive and easy to set. For I' we have yet to find a general
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Figure 8.8: A 3D star type data set consisting of 1D linear manifold clusters.

approach, and similar to other methods, we suggest setting by experimenting with
different values. Nonetheless, we found that not many trials are required until a
reasonable clustering is obtained. Moreover, we found that when clusters are well
separated setting I' = 1.0 will yield good results and anything higher than 1.0 will
only return the same results. I.e. I' = 1.0 can be thought of as a threshold for the case
of well separated clusters. When clusters are closer to each other or tend to overlap
the value of I' must be decreased. Based on many observations and experiments with
data sets having clusters that are relatively close, we suggest setting I' in the range
[0.4,0.5]. Any clustering obtained by setting I' < 0.4 indicates significant cluster
overlap. Another somewhat less experimental approach to obtain the correct value
for I' will be to record many goodness measures returned by the FindSeparation
procedure on a given data set or a family of data sets, threshold them using some
thresholding technique, and use the threshold as the value which is to be assigned to
.
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8.8.3 Accuracy

From a pool of dozens of synthetic data sets on which LMCLUS was applied, a repre-
sentative sample of fifteen was selected for illustrative purposes. Their characteristics
are summarized in table 8.1, where the star data sets are marked with a star (+’).
As a cluster validity measure of accuracy we used Cluster Purity [81] operating on a
Confusion Matriz. Confusion matrices are used to indicate how well the output clus-
ters match with the input clusters, also referred to as “ground truth” in a supervised
environment. The (7, j) entry of the matrix specifies the number of points belonging
to output cluster labeled 7, which were generated as part of input cluster labeled j.
Ideally, when the clustering algorithm performs well, there should be a single dom-
inant entry in each row that establishes a match of an output cluster to an input
cluster. Cluster purity is then used to quantify this match and the overall quality of
the clustering which we refer to as accuracy. Let K be the number of output clusters,
| X| the size of the data set, |C;| the size of output cluster i, and |C;;| the number
of points output cluster ¢ and input cluster j have in common. Then the purity of
cluster C; is defined as

Purity(C;) = max(\C’U D, (8.8.2)

|C\

and overall purity or what we refer to as the overall accuracy of the clustering as

Purity = Z ‘|X‘pumty |X\ Z max (1C41), (8.8.3)

which is essentially a weighted sum of individual cluster purities.
Table 8.2 summarizes the overall accuracy, along with the amount of time required
by each algorithm we tested to cluster the sample of fifteen data sets. Apart from

DBSCAN, each of the other algorithms due to their stochastic nature were run several
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times and their averages were recorded. The results depicted in table 8.2 clearly
demonstrate LMCLUS’s superiority over the other clustering algorithms. LMCLUS
was the only algorithm able to cluster with over 0.85 accuracy all the fifteen data sets.
ORCLUS ranked second, was able to cluster accurately ten of the fifteen data sets.
HPPC ranked third, clustered accurately eight of the fifteen data sets. DBSCAN
ranked last, was able to cluster accurately only three of the data sets. The inability
of DBSCAN to cluster these data sets is no surprise for clustering algorithms that
utilize distance metrics in the full space to cluster subspace or linear manifold clusters.
Only LMCLUS and ORCLUS were able to handle the star clusters. In some cases
ORCLUS slightly outperformed LMCLUS by a small margin. The fact that HPPC
was not able to cluster the star data sets also comes at no surprise. This is because as
a projection pursuit algorithm HPPC searches for “interesting” separations revealing
1D projections, and any 1D projection of these type of data sets, due to the star
like arrangement of clusters in the space, will only reveal “uninteresting” unimodal
distributions of projections that cannot be used to separate the data. However its
ability to cluster well the first type of data sets (8/10 as opposed to 5/10 which
ORCLUS clustered accurately) supports the concept of random projections as a tool
for detecting inter-cluster separations in high dimensional spaces. In terms of running
time (overall time required to cluster all data sets), LMCLUS ranked second to HPPC.
The remarkable low running times of HPPC can be attributed to the fact that it uses
a stochastic “genetic” approach to select interesting 1D projections using a constant
number of “generations”, making it scale linearly with the size and dimensionality of
the data. Nonetheless LMCLUS runs faster than the other algorithms on seven of the

fifteen data sets, and when compared to ORCLUS and DBSCAN only, demonstrates
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data size || num of clusters || space dim | manifold dim

Dy 3000 3 4 2-3
Dy 3000 3 20 13-17
D3 30000 4 30 1-4
Dy 6000 3 30 4-12
Ds 4000 3 100 2-3
Dg 90000 3 10 1-2
Dy 5000 4 10 2-6
Dg 10000 5 50 1-4
Dy 80000 8 30 2-7
Do 5000 5 3 1-2
D1y 1500 3 3 1
x D1y 5000 5 20 4
x D15 4000 4 50 3

Table 8.1: A sample of 15 data sets used to evaluate the “Accuracy” of selected
clustering algorithms. The table lists the characteristics of each of the data sets.

a significant gain in efficiency, especially when applied on large or high dimensional

data sets.

8.8.4 Scalability

Scalability was assessed in terms of the size and dimensionality of the data. In the first
set of tests, we fixed the number of dimensions at 10, and the number of clusters to
3, each of same size, and embedded in a 3D manifold. We then increased the number
of points from 1,000 to 1,000,000. In the second set of tests we fixed the number of
points and clusters as before, but increased the number of dimensions in the data
set from 10 to 120. Similar to the other experiments, due to their stochastic nature,
LMCLUS and ORCLUS were run several times on each data set, and the average

was taken as the reported running time. Figs 8.9 and 8.10 are plots of the running
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LMCLUS ORCLUS DBSCAN HPPC

accuracy  time accuracy time accuracy time accuracy  time
Dy 0.95 0:0:08 0.80 0:0:22 0.34 0:0:9 0.72 0:0:51
Dy 0.98 0:0:33 0.59 0:2:18 0.65 0:0:36 0.97 0:1:39
D3 1.00 0:15:38 0.65 1:5:30 1.00 1:31:52 0.99 0:1:32
D, 0.99 0:9:22 0.98 0:8:20 0.66 0:3:49 0.97 0:0:12
Ds 1.00 0:0:20 0.88 0:54:30 0.65 0:5:24 0.99 0:3:54
Dg 0.99 0:0:29 1.00 0:29:02 0.67 4:58:49 1.00 0:1:23
Dy 0.99 0:2:05 0.99 0:2:41 0.74 0:0:54 0.96 0:0:35
Dy 0.99 0:1:42 0.63 1:33:52 1.00 0:17:00 0.99 0:3:43
Dy 0.99 3:12:46 0.96 13:30:30 1.00 10:51:15 0.99 0:4:57
D 0.86 0:0:48 0.68 0:0:45 0.59 0:0:5 0.78 0:0:33
* D11 0.98 0:0:01 0.99 0:0:10 0.43 0:0:02 0.33 0:0:52
*D19 0.97 0:0:02 0.99 0:0:11 0.34 0:0:02 0.33 0:0:26
D13 0.97 0:0:05 0.99 0:0:17 0.33 0:0:04 0.33 0:0:34
* D1y 0.99 0:5:46 1.00 0:10:42 0.21 0:1:39 0.20 0:1:30
D15 0.99 0:9:14 1.00 0:25:52 0.25 0:2:34 0.25 0:3:20

Table 8.2: Accuracy and running times (in hours, minutes, and seconds) comparison.
Each algorithm was applied on a sample of fifteen data sets whose characteristics are
listed in table 8.1.
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time for the two sets of tests. Although LMCLUS’s asymptotic time complexity
indicates that it is quadratic in the size of the data, these set of tests confirm our
conjecture from section 8.7 that in practice LMCLUS will scale much better. Fig.
8.9(a) shows that in practice, for data sets with a small number of clusters which are
embedded in low dimensionality manifolds, LMCLUS like ORCLUS with complexity
O(K? + kNd + K?d?) scales linearly with the size of the data. This as mentioned
before can be attributed to three properties inherent to the algorithm. The first is
that each cluster that is detected is removed from the data set, thus shrinking the set
of points considered for future iterations. The second, is due to histogram sampling
which significantly reduces the amount of projections that need to be computed in
order to construct histograms which yield the thresholds that are used to separate
subsets of points. The third reason is that although the number of manifolds that
are sampled in order to detect each cluster is bounded from above by the size of
the data set, for lower dimensionality manifolds the number of manifolds that are
actually constructed will be much lower and dominated by the heuristic given in
eq. (8.4.3). We note however that as the dimensionality of the cluster manifolds
increases, performance will degrade. Fig. 8.10(a) validates our analytical complexity
analysis that LMCLUS, like DBSCAN with complexity O(N2d), will scale linearly
with the dimensionality of the data set. Combined together, linearity in both the
size and dimensionality of the data set makes LMCLUS one of the fastest algorithms
in its class, and far superior to ORCLUS and DBSCAN in terms of running time as
depicted in Figs. 8.9(b) and 8.10(b).
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Figure 8.9: Scalability, running time vs. data size. (a) LMCLUS’s scalability, (b)
LMCLUS’s scalability relative to ORCLUS and DBSCAN.
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Figure 8.10: Scalability, running time vs. dimensionality of the data. (a) LMCLUS’s
scalability, (b) LMCLUS’s scalability relative to ORCLUS and DBSCAN.
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LMCLUS || ORCLUS
mean 0.991 0.921
15t data set || median 0.999 0.955
stdev 0.047 0.1056
mean 0.974 0.993
274 data set | median 0.974 0.995
stdev 0.000053 0.000049

Table 8.3: Stability of LMCLUS compared to ORCLUS in terms of accuracy.

8.8.5 Stability

Being a stochastic algorithm, LMCLUS will produce results that differ with each
run depending on the random number generator’s seed. For the stability set of tests
we used two data sets on which LMCLUS was applied 500 times, and for each run
we recorded the accuracy. The first data set, was the sample data of Fig. 7.1.
We chose this data set because of the relative proximity of its clusters, which in
turn requires the sampled manifolds to be fairly accurate approximations of the true
manifolds in which the clusters are embedded. The second data set was a star type
data set consisting of 3000 points in a 10D space, with 4 clusters embedded in 3D
manifolds. The same set of tests were also applied on ORCLUS. The results of this
experiment are shown in table 8.3. For each data set we measured the mean, median
and standard deviation (stdev) of the algorithm’s accuracy. The table shows that
LMCLUS is able to maintain high accuracy. Applied on the first data set LMCLUS
was able to maintain an average of 0.991 accuracy with only 4 runs which yielded
below 0.50 accuracy. Whereas ORCLUS had an average of 0.921 with more than 20
runs below 0.50 accuracy as indicated by the larger standard deviation. Applied on the

second data set both algorithms maintained high accuracy, but ORCLUS performed
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slightly better, a result consistent with the accuracy experiments in section 8.8.3

where ORCLUS slightly outperformed LMCLUS on the star type data sets.

8.9 Experiments with Real Data

In this section we present an evaluation of LMCLUS applied on three real data sets,
each coming from a different application domain. As with the experiments conducted
on synthetic data, we also applied the other three competing algorithms, ORCLUS,

DBSCAN, and HPPC on the three real data sets and compared the results.
Time Series Clustering and Classification

Multivariate time series classification has become increasingly important due to new
applications in biomedical signal analysis, DNA microarray analysis, and data min-
ing in temporal databases. In this experiment we applied LMCLUS on a data set
obtained from the UCI KDD Archive [82] consisting of 600 points with 60 attributes
each, divided into six different classes: decreasing trend, cyclic, normal, upward shift,
increasing trend, and downward shift. Fig. 8.11 shows parallel-coordinate plots of ten
points from each class. The donors of this data set claim that this is a good data set
to test time series clustering because Euclidean distance measures will not be able to
achieve good accuracy. The reason is clear, this data set requires an algorithm that
is able to identify pattern clusters as discussed in chapter 6. Setting I' = 0.4 (the
“sensitivity” input parameter) LMCLUS was able to achieve 0.87 with a high of 0.89
accuracy by discovering eight clusters all embedded in 1D linear manifolds, where the
cyclic class was divided into three clusters, and where most of the misclassified points

came from the decreasing trend class. Table 8.4 shows the corresponding confusion
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Figure 8.11: Parallel-coordinate plots of a sample of points from a UCI KDD Archive
time series data set including six classes of points: decreasing trend, cyclic, normal,
upward shift, increasing trend, downward shift.

matrix associated with these results. ORCLUS was only able to achieve 0.50 accu-
racy, while DBSCAN with extensive tuning of its parameters yielded 0.68 accuracy,
and HPPC 0.64 accuracy. These results demonstrate LMCLUS’s superiority over the
competing algorithms, and its ability to detect pattern clusters that exit in the full
space. The reason the clusters were found to be embedded in 1D linear manifolds

will be clear in chapter 10.
Handwritten Digit Recognition

The data used in this experiment consisted of preprocessed handwritten digit bitmaps
obtained from the UCI Machine Learning Repository [83]. A 32 x 32 bitmap repre-
senting each digit was divided into non-overlapping 4 x 4 blocks, and the number of

“on” pixels in each block was counted. The reduced 8 x 8 matrix was then converted
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output || normal || cyclic || increasing || decreasing | upward || downward || total

cluster trend trend shift shift
Cq 0 0 0 57 0 0 57
Co 0 0 80 0 1 0 81
Cs 0 0 0 43 0 99 142
Cy 0 0 20 0 98 0 118
Cs 99 0 0 0 0 0 99
Cs 0 41 0 0 0 0 41
Cr 0 23 0 0 0 0 23
Cy 1 36 0 0 1 1 39

total 100 100 100 100 100 100 600

Table 8.4: Confusion matrix obtained by applying LMCLUS on a time series data
set.

into a 64-dimensional feature vector whose entries contained integers in the range
[0,16]. We then partitioned this data set of 3823 feature vectors into two smaller
sets of even {0,2,4,6,8} and odd digits {1,3,5,7,9}. Applied on the set of even
digits LMCLUS was able to achieve an average of 0.95 accuracy with a high of 0.99,
discovering 5 clusters all embedded in one and two dimensional linear manifolds. DB-
SCAN was able to achieve a high of 0.82 accuracy, while ORCLUS achieved a high
0.85, and HPPC achieved a high of 0.50 accuracy. Applied on the set of odd digits
LMCLUS achieved an average of 0.82 accuracy with a high of 0.87, discovering 7
clusters, two clusters for each of the digits 1 and 9, all embedded in one and two di-
mensional manifolds. DBSCAN achieved a high of 0.58 accuracy, whereas ORCLUS
achieved a high of 0.83, and HPPC achieved a high of 0.93 accuracy. We set I' = 0.4
for both data sets as input to LMCLUS. We note that the donors of this data set
reported they were able to achieve an average of 0.97 classification accuracy by using
a supervised K-Nearest Neighbors classification scheme, with a Euclidean distance

metric. These results again demonstrate LMCLUS’s superiority over the competing
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algorithms, and its usefulness in learning structure in the relatively high-dimensional

handwritten digit bitmaps data.
E3D Point Cloud Segmentation

Automatic Target recognition (ATR) is a challenging problem made particularly dif-
ficult by the ambiguities inherent in attempting to identify 3D objects in 2D data.
The E3D (DARPA’s “Exploitation of 3D Data”) identification system must take as
input a 3D point cloud of a military target such as a tank that is produced by a 3D
sensor such as the LADAR sensor, and then compares it to a database of highly de-
tailed 3D CAD models. Accomplishing this task generally involves focusing on targets
as collections of their constituent parts and reasoning from parts to whole targets.
Thus, the first step is to extract the parts, a process generally known as segmenta-
tion. In this experiment we demonstrate LMCLUS’s capability in identifying these
constituent parts. In particular we applied LMCLUS as a segmentation procedure on
3D commercial vehicle point cloud CAD models obtained from ALPHATECH Inc.
[84], as these provide a similar level of complexity if not more, to that of military
vehicles. In addition the applicability of LMCLUS to this problem results from the
fact that the surfaces constituting the vehicles closely correspond to flats which are
2D linear manifolds embedded in a 3D space. We used a slightly modified version
of LMCLUS in which the algorithm only searches for clusters embedded in 2D linear
manifolds, rather than a range of different dimensionalities. The results of this ex-
periment applied on two different vehicles are depicted in Fig. 8.12 showing images
before and after segmentation. For the sake of image clarity the figures shows a 2D
view of only a subset of the extracted surfaces. These results clearly demonstrate

LMCLUS’s ability to identify with high precision 2D linear manifolds.
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Figure 8.12: (a) 2D view of an Aeromate delivery van (1992) 3D point cloud before
segmentation (b) 2D view of the 7 out of 10 surfaces extracted by LMCLUS after seg-
mentation (c¢) 2D view of a Ford Explorer (1991) 3D point cloud before segmentation
(d) 2D view of the 8 out of 12 surfaces extracted by LMCLUS after segmentation.



Chapter 9

Data Description, Density
Estimation, and Classification

9.1 Introduction

Data Modeling is the process of extracting useful information out of data and cast-
ing is into a model. Data modeling has two main branches, descriptive modeling
and predictive modeling. The aim of descriptive modeling is to produce a high-level
description of the data, called a model, summarizing the data and describing its
most important aspects. The aim of predictive modeling is to generate a model with
which the value of a variable (feature) whose value was not observed or measured
is predicted. When the type of variable is nominal, predictive modeling is called
classification, and when the variable is numerical, predictive modeling is often called
regression. The distinction between descriptive and predictive modeling is not always
clear, both rely on extracting regularities from the data, and in many cases the model
produced by a data modeling process can be used for both descriptive and predic-
tive purposes. As mentioned in section 7.2 one of the ultimate goals of clustering is
to generate a description (preferably probabilistic) of the population underlying the

data, and to produce a classification method by which a new observation (feature
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vector) is labeled. Descriptive models can take on many forms. One of the preferred
forms of modeling is that of probability density estimation, with which the density of
the population in the vicinity of a single object is estimated. The main advantage of
describing the data by density estimation is that it facilitates the ability to make sta-
tistical inferences about the population underlying the data, and devise probabilistic
classification schemes for new observations.

The linear manifold cluster model presented in section 7 is already posed in a
probabilistic setting, making the extension to density estimation a lot simpler. The
underlying idea is to factorize the density estimation to a weighted sum of individual
linear manifold density estimates, i.e., a mixture of linear manifold models. We note
that similar approaches have already been discussed, see for example [85, 86, 87,
88, 89, 90, 91, 92]. However most of these methods make strong assumptions that
are often violated in real-world problems; such as that the distributions on and off
the manifold are Gaussian and that all the manifolds in the mixture have the same
dimensionality. In addition, many of these methods rely on an EM scheme that

requires the estimation of prohibitively large covariance matrixes.

9.2 Probability Density Estimation

Assuming the clustering yielded K clusters C;,Cs, ..., all following the linear
manifold cluster model given in eq. (7.1.1). Then a mixture density for a point x is

defined as
K

p(x) =Y p(x|C;) P(Cy), (9.2.1)

1=1

where p(x|C;) is the density of x assuming it came from cluster C;, and P(C;) is the

probability that x arose from cluster ;. One way to describe this density model is
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that each point x is generated by first randomly picking a linear manifold model or
cluster C; with probability P(C;) and then drawing the point from the corresponding
probability distribution p(x|C;).

According to eq. (9.2.1) to estimate the density of a point x we need separate
estimates or density models for each of the components of the mixture, i.e., we need
to devise density models for each p(x|C;) and P(C;), where i = 1,2,..., K. P(C;) is
estimated by simply computing the fraction of points coming from cluster C;, that is,

_ 1G]
X1

P(C;) (9.2.2)

where | X| is the number of points in the data set. According to the linear manifold
cluster model of eq. (7.1.1) an estimate of the probability density function or distri-
bution p(x|C;) is essentially an estimate of the composite or joint distribution of the
random vectors A and 1), representing the distribution of points on the manifold and
away from the manifold. However, in order to estimate this joint distribution we first
need to estimate the parameters of the linear manifold in which a cluster is embedded.
That is, we need to estimate the mean of the linear manifold cluster represented by
w, and the vectors spanning the manifold represented by the matrix B. Estimating
the vectors spanning the space orthogonal to the manifold represented by matrix B
is not necessary given that B is known.

At this point we would like note that one way of the describing the data or the
underlying population is by the linear manifolds (their parameters) in which the
data is embedded. Although not a probabilistic description, insight to the data is
still gained by this type of description, which depending on the final goals may be
sufficient enough. Moreover, a classification scheme that simply assigns new points

to the closest linear manifold can be devised.
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In order to proceed with density estimation certain assumption need to be made.
These assumptions create a wide range of possibilities to model the data. At one
extreme a parametric approach can be taken similar to that of the linear manifold
cluster model. That is, particular functional forms (e.g., Gaussian, uniform) are
assumed in advance to model the distributions of points on and off the manifold.
Then the problem of modeling the density of the points reduces to the problem of
estimating the parameters of the parametric distributions from the data, e.g., esti-
mating p, >, and R. At the other extreme a nonparametric approach where the
density estimates are data-driven, in addition to the assumption that all the com-
ponents involved in the model are conditionally dependent can be taken. In this
case more elaborate and computationally more intensive density estimation methods
such as nearest neighbor estimation [5], kernel estimation [5], graphical models [93],
and others need to be employed. The choice of the method employed depends on a
combination of several factors such as the level of complexity of the model desired,
the level of accuracy desired, the computational resources available, and on the final
goals of the experiment. In the following we discuss a nonparametric and computa-
tionally efficient approach that is mid-way between the two extremes and that has
experimentally shown to be effective and accurate enough to model the data.

The nonparametric method proposed makes an assumption often referred to as
the naive Bayes assumption, that the components involved in the model are indepen-
dent. In other words, the distribution of points on the manifold is independent of the
distribution of points off the manifold, and the distribution of points on each of the
axis or vectors spanning the manifold is independent of the other. This assumption

simplifies the modeling process and allows the modeling of the joint distribution as
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a product of marginals. Note that this assumption is consistent with the assump-
tions made in the linear manifold cluster model, but does not make any parametric
assumptions.

As mentioned, to construct a density model we first need to estimate the parame-
ters of each manifold discovered by the clustering algorithm. For each linear manifold

cluster C; the parameter p, is estimated as the sample mean of cluster, i.e.,

1

po=m )X (9.2.3)
|CZ| xeC;

The vectors spanning the manifold (columns of matrix B) are obtained through prin-
ciple component analysis (PCA). The aim of PCA can be described in several ways
one of which is to find by an orthonormal transformation a new set of variables (com-
ponents) in decreasing order of importance that explain the maximum amount of
variance in the data. According to the linear manifold cluster model, the components
having the largest amount of variance are the axis or vectors spanning the manifold,
i.e., the column vectors of B, and the components having the least amount of variance
are the vectors spanning the space orthogonal to the manifold, i.e. the column vectors
of B. Hence, estimating the column vectors of B is done by finding a set of principle
components that explain most of the variance in a linear manifold cluster, a problem
which can be formulated as an eigenvalue problem. More formally, assuming d is
the dimensionality of the space and k; is the intrinsic dimensionality of linear man-
ifold cluster C;. Then the k; vectors spanning the manifold are the k; eigenvectors
Vi1, Vi2, - - -, Vi, corresponding to the leading (largest) k; eigenvalues Aj, Aia, - - ., A,

obtained by an eigen-decomposition of the covariance matrix ¥; of cluster C;. The
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covariance matrix is defined as

1

Ni= oy QL (k) (x— ) (9.2.4)
(a1 1) 2=
and its eigen-decomposition as
¥, = VDV, (9.2.5)

where V; is a d x d orthonormal eigenvector matrix containing the d eigenvectors
Vi1, Vio, ..., Vig, and D; is a d x d diagonal matrix containing the corresponding d
eigenvalues \;1, \i2, ..., Ajqg in decreasing order. Since the eigenvalues equal the vari-
ances explained by each principle component (eigenvector), selecting the eigenvectors
corresponding to the largest eigenvalues will yield the vectors spanning the manifold.
However the dimensionality k; and thus the number of eigenvectors that need to be
selected is unknown and must also be estimated. This is typically done by choosing a
threshold « € [0, 1] that specifies the total variance in the data we expect the principle

components to explain. More formally

DY
l{:i:min{r ?za,re{l,...,d}}, (9.2.6)
Zj:l)\j

where typical values for a are between 0.8 and 0.9.

Having determined the dimensionality k; and the parameters p; and
B; = (vi1,Vig, ..., Vig;) of each linear manifold, the next step is to model the dis-
tributions of points on and away from each manifold. Because of the independence
assumption we chose to make, the joint distribution of points on a manifold (their
projection) is modeled by the product of the marginal distributions of the projections
of points onto each of the k; principle components spanning the manifold. The pro-

jection of a point x onto the j-th principle component of linear manifold cluster C;
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is given by
vii(x — ). (9.2.7)

To estimate p;;(v;;(x—p;)) the true pdf of the projection of points onto the j-principle
component of cluster C; we construct a histogram h;;(v;;(x — p;)) of the projections.
Hence, the joint distribution of the points (projections) on the manifold is estimated

by

(B/ X - I‘l’z H hi] zy - I’l’z)) (928)

The behavior of points off the manlfold are essentially describing the “fuzziness”
of the manifolds, which can be modeled in a rather simple way. Instead of modeling
the multivariate joint distribution of points off the manifold, the fuzziness of the
manifolds can modeled by a univariate distribution of distances of points away from

the manifold. The distance of a point x to linear manifold cluster C; is given by
1(1 = BiB;)(x = ;). (9.2.9)

To estimate the true pdf of the distances of points to linear manifold cluster C;, we
again construct a histogram h;(||(I — B;B.)(x — w;)||) of the distances of points in
cluster C; to the manifold in which they are embedded. Because of the assumption
that the distribution of points on and off the manifold are independent the total

density estimate of a point x given that it came from cluster C; is therefore given by

p(x|Ci) = (H hij (vi;(x — m))) hi([[(1 = BiBy) (x — my)l]), (9.2.10)

and the total mixture density estimate of a point x is therefore given by

)= "fg'f (H By (Vi (x — u»)) (I = BB)(x— ). (9:211)
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Figure 9.1: Nonparametric linear manifold density estimation by histograms. Darker
colors indicate regions of higher density.

An illustration of the concept of linear manifold density estimation by histograms
is depicted in Fig. 9.1. The figure shows a one-dimensional linear manifold and
the density of points on and away from it. Darker colors indicate regions of higher
density. On the manifold the projection of points form an approximate bimodal
normal distribution as shown by the corresponding histogram. Off the manifold the
distribution of distances follows an approximate chi-squared distribution with a low

number of degrees of freedom as illustrated by the smaller histogram.

9.3 Probabilistic Classification

Having devised density and probability models for p(x|C;) and P(C;), whether by the
method proposed in section 9.2 or any other alternative method, various probabilistic

classification schemes or measures of association can constructed. In the following we



163

choose to use a Bayesian approach. In the the Bayesian setting p(x|C;) is considered
to be the likelihood of a point x given class or cluster C;, and P(C;) the prior of class
or cluster C;. Then using Bayes’ rule the posterior probability or Bayesian measure

of association P(C;|x) € [0,1] of a point x to class or cluster C; is given by

Cy)P(C;
P(Cy|x) = If(’d JPLG) (9.3.1)
> p(x|CH)P(Cy)
and the classification rule ¢(x) € {1,2,..., K} which assigns a class or cluster label
to a point can be formulated as
o(x) = argmax p(C;|x). (9.3.2)

The classification rule defined in eq. (9.3.2) also establishes the basis for “hard”
clustering, i.e., the assignment of an object to one cluster only. However, as discussed
in section 4.6, in many applications like gene expression clustering some genes may
belong to multiple functional categories, and thus hard clustering may not always be
adequate. Unlike hard clustering, “soft” clustering allows for objects to belong to
multiple clusters, whereas “fuzzy” clustering associates each object with each cluster
by its degree of membership typically ranging in [0, 1]. One of the advantages of the
Bayesian measure of association defined in eq. (9.3.1) is that it can easily be extended
to devise soft and fuzzy assignment schemes. In fact, the fuzzy assignment measure

o(x) € [0,1] is exactly equal to the posterior probability, i.e.,
o(x) = p(Cy|x). (9.3.3)

To perform soft clustering a threshold # must be prespecified, and the soft assignment

rule p(x) € P({1,2,..., K}) (power set) can be formulated as

p(x) = {ilp(Ci[x) = 0}, (9.3.4)
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i.e. a point is assigned to a cluster if its posterior probability is larger than some

prespecified threshold.

9.4 Describing Linear Dependencies

An alternative way to describe the data or the underlying population is by the cor-
relations or linear dependencies between the attributes of the data induced by the
linear manifold clusters. This is particularly useful when the aim of the clustering is
to reveal correlations or linear dependencies among the attributes of the data. In the
following we show how such a descriptive model can be derived. The underlying idea
is to describe each cluster by a set of linear equations which are easily interpretable
and which show linear dependencies between different attributes.

Just as a surface can be defined by the normal vector perpendicular to it. A
linear manifold can be defined by the set of vectors which are orthogonal to it. More
formally according to the linear manifold model, a linear manifold with parameters
1 and B can be defined by

B(x—p)=0. (9.4.1)

That is, if a point x indeed lies on a linear manifold spanned by the column vectors of
matrix B, and hence has no component in the space orthogonal to it defined by the
column vectors of matrix B, then its projection to the orthogonal space E/(x — )
equals zero. The equation system defined in Eq. (9.4.1) exactly describes the linear
dependencies in the data induced by a set of points that lie on a linear manifold. To

see this more clearly we can rearrange eq. (9.4.1) to give

Bx=Bp (9.4.2)
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and rewrite the above system of equations as a linear combination of scalars

brs1101 + brri2T2 +, ...+ bkr1dTa = Crn
bpt21r1 + bryoors 4, ... 4 bpi2dTs = Crio 9.43)
bagir1  +  bgexe 4, ... .+ bgaTs = cq
where by, by, . .., by are the vectors spanning a k dimensional linear manifold (columns
of B), byy1,biia, ..., by are the vectors spanning the space orthogonal to the man-

ifold (columns of B), b;; the j-th component of b;, cxyi = b}, and x; the i-th
feature or attribute of the data. Note that the number of equations is equal to d — k
the dimensionality of the space orthogonal to the linear manifold. Moreover, using
Gauss-Jordan elimination this set of equations can further be simplified and put in
reduced row echelon form [94], to produce a unique description of the linear depen-
dencies among the features of the data.

As an example, suppose a d — 1 dimensional linear manifold was discovered in the
data. Then the dependencies in the data can be described by one equation of the
form

ba,1 w1 + baozot, ..., +biqrq = cq,

which if rearranged gives exactly a regression model that describes the relationship
between a response variable (can be any of the zs) and a set of explanatory or
predictor variables (the remaining z;’s)

In summary, to find and describe linear dependencies among features of the data

the following method can be used.

1. Cluster the data using the linear manifold clustering algorithm presented in

chapter 8.
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2. For each linear manifold cluster estimate g and B using the methods discussed

in section 9.2.
3. For each linear manifold cluster derive the system of equations B'x = E/u.

4. Using Gauss-Jordan elimination produce the reduced row echelon form of each

of the systems of equations.

9.5 Experiments

The data sets used in this experiment consisted of E3D (DARPA’s “Exploitation of 3D
Data”) images of resolution 75mm and 200mm that were converted by a mathematical
morphology technique into 120-dimensional feature vectors, where each feature vector
corresponds to a pixel in the image. The goal was to build a classifier that would
classify pixels in each of the images as either target (military vehicles) or clutter. For
each resolution two data sets were produced: target and clutter, using the class labels
which were known a priori. The target sets contained 136066 75mm feature vectors
and 21260 200mm feature vectors. The clutter sets contained 229612 75mm and
76748 200mm feature vectors. The classifier was trained using 2-fold cross-validation.
That is, the data sets were randomly partitioned into two sets of equal size, were one
set was used for training the classifier and the other for testing its performance. The
training and testing sets were then swapped, and the results were averaged.

The classifier was constructed by first clustering each of the data sets using the
linear manifold clustering algorithm presented in chapter 8, and then describing the
data sets by density estimation models using the modeling technique discussed in
section 9.2. The result of this process yielded two mixture density models p(x|T)

and p(x|C) (corresponding to p(x) of eq. (9.2.11)) representing the likelihood that
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a point came from the target and clutter classes respectively. Hence, the underlying
assumption was that each of the two classes would better be described using a mixture
of models and not a single model. In addition to these two likelihood models the priors
P(T) and P(C) were estimated from the size of each of the data sets. Then using

Bayes’ rule the posterior probabilities of the target and clutter classes were computed

by
B p(x|T) P(T)
POR) = S5y PT) + p(xI0) PIO) 6:5.1)
and
P(C|x) = 1 — P(T|x). (9.5.2)

The final classification rule p(x) € {T', C'} is given by

T if £21¥) > ¢
o(x) = P(O) = (9.5.3)

C otherwise,

where 0 is discrimination threshold with which a trade off between selectivity and
sensitivity (true positives and false positives) can be obtained. The value for 6 that
optimizes a certain criteria such as minimizing the overall classification error rate
is obtained through Receiver Operating Characteristics (ROC) analysis [5]. ROC
analysis is a method originating from signal detection theory that examines the per-
formance of a classifier as a function of the false-alarm and misdetect rates by varying
a discrimination threshold. The results of the analysis are typically illustrated by an
ROC curve, a plot of the false-alarm rates versus the misdetect rates for varying val-
ues of 6, where a smaller area under the curve generally indicates a better classifier.
Having no particular criteria defined in advance the threshold is selected as the point

that is closest to the origin in the ROC curve, i.e. a threshold that minimizes the
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false-alarm and misdetect rates simultaneously without giving preference to any one
of them.
In our case we construct the ROC curve as follows: for each feature vector x; in the

testing set we compute the ratio 0, = Ilj@lz%

and using these ratios we construct the
set of discrimination thresholds © = {61,0s,...,0x}. Then we apply the classification
rule p(x) on each of the thresholds in © and compute the following contingency table
for each of the thresholds,

assigned

target | clutter

target w X

true

clutter y zZ

were w is the number of target points that were correctly assigned target by ¢(x)
using 6;, x is the number of target points that were incorrectly assigned clutter, y
is the number of clutter points that were incorrectly assigned target, and z is the
number of clutter points that were correctly assigned clutter. Using this table we

then compute for each 6; the probability of false-alarm defined as

Y

P(false-alarm) = , 9.5.4
( alse-alar ) Y > ( )
and the probablhty Of misdetect deﬁned as
P(misdetect) = 9.5.5
(misdetect) ” , ( )

and plot the corresponding probabilities in the ROC plot.
The final results of our experiment are shown by the ROC curves of Figs. 9.2 and
9.3. The figures show a generally good performance of the classifier, measured by the

area under the curve, where at the points closest to the origin the average overall
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Receiver Operating Characteristic
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Figure 9.2: ROC curve for the 75mm E3D data sets.

classification error defined as

r+vy

classification error = ——>
wt+r+y+z

(9.5.6)

is very close to 0.1 for 75mm data sets and 0.17 for the 200mm data sets.
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Figure 9.3: ROC curve for the 200mm E3D data sets.



Chapter 10

Pattern and Correlation Clusters
as Instances of Linear Manifolds

10.1 Introduction

As discussed in chapter 6, unlike the classical or the subspace clustering paradigms
that seek to identify groups of points with similar values in either the full space
or subspaces of the data, the pattern or correlation clustering paradigm seeks to
identify groups of objects that exhibit coherent or correlated behavior patterns in
subspaces of the data. Interest in this type of clustering has emerged due to new
areas of application such as gene expression microarray analysis, collaborative filter-
ing, and web mining. In gene expression clustering the goal is to identify groups of
genes that exhibit similar expression patterns under some subset of conditions (axis-
parallel subspaces of the data), from which gene function or regulatory mechanisms
may be inferred. In collaborative filtering systems, sets of customers or users with
similar interest patterns need to be identified so that future interests can be predicted
and recommendations be made. From a correlation point of view, groups of objects
exhibiting coherent behavior patterns (pattern clusters) induce certain types linear

correlations among subsets of features, so the identification of correlations is a means
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by which pattern clusters can be discovered. Moreover, the identification of corre-
lations can also be used for local dimensionality reduction by eliminating correlated
features, and to learn linear dependencies among features of the data.

The most widely studied behavior patterns in the context of pattern clustering
are the shift and scaling patterns, which both induce only positive correlations. In
the case of a shift pattern (also called slope one pattern) the behavior pattern of one
object under a subset of features is offset from another by some constant, whereas in
the case of the scaling pattern the behavior pattern of one object is a scaler multiple
of another. As mentioned in section 6.9, it has been suggested other types of informa-
tion carrying patterns such as patterns inducing negative correlations are completely
overlooked by most clustering methods. Another draw back with current state of
the art algorithms is that they are not flexible enough to identify different types of
patterns simultaneously. They assume a unique underlying pattern or cluster model,
while overlooking or rejecting the possibility that other types of information carrying
patterns may co-exit in the data. This assumption typically leads to a large bias in
the clustering results, and therefore a method that is able to take into account and
identify all types of patterns or equivalently identify large correlations both positive
and negative will be beneficial.

In section 7.2 the motivations for the linear manifold clustering paradigm were
presented. One of the main motivations is that the linear manifold cluster model is
a generalization of many other more specific cluster models. In other words, other
cluster models such as classical clusters, subspace clusters, and pattern or correlation
clusters are all instances of the linear manifold cluster model. Therefore in the case of

pattern or correlation clustering, by searching for linear manifolds rather than specific
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types of patterns or correlations it is possible to rectify the problems associated with
current state of the art methods aiming at pattern clustering. That is, being able to
identify all types of patterns and correlations concurrently without being restricted
to one specific type.

The proof of classical and subspace clusters as instances of linear manifolds is a
simple manipulation of the linear manifold cluster model and was already presented
in section 7.2. The proof of pattern clusters as instances of linear manifolds is more
elaborate and will be presented in this chapter. Pattern clusters give rise to special
cases of correlation and linear dependencies. In this chapter we discuss two additional
results pertaining to correlations and linear dependencies, that extend the applicabil-
ity of linear manifolds beyond the special case of pattern clusters. One result showing
that any type of linear dependency in the data, and not only those generated by pat-
tern clusters, can be captured by linear manifold clusters. The other showing that a
set of points that induce any type of large correlations among a set of features can be
captured by one-dimensional linear manifolds. The last results will also be used as
a basis for a new clustering algorithm presented in chapter 11, which is a derivative
of the linear manifold clustering algorithm, but which is aimed specifically at pattern

and correlation clustering.

10.2 Pattern Clusters

The main idea of pattern clusters as instances of linear manifolds, is that within the set
of relevant features (subspaces) pattern clusters manifest themselves geometrically as
lines which are one-dimensional linear manifolds. The difference between the different

types of pattern clusters is the orientation of the line formed by the cluster and its
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translation from the origin. For example, shift clusters are oriented in the direction
of the vector 1, i.e., have slope one, hence the name slope-one clusters given to them
in the collaborative filtering literature. The line formed by a scaling pattern cluster
on the other hand may be oriented in an arbitrary positive direction but must pass
through the origin. Patterns inducing negative correlations are manifested by lines
which have a negative direction, i.e., a negative slope. In the full space these lines,
representing different types of pattern clusters, transform into linear manifolds of
higher dimension which are parallel to some of the coordinate axes. More specifically,
if d is the dimensionality of the data space, and k the number of relevant features
or the dimensionality of the subspace in which a pattern cluster exists, then the
dimensionality of the linear manifold formed by the pattern cluster in the full space
will be d — k + 1, where d — k of its spanning basis vectors are parallel to some set of
d — k coordinate axes. Figs. 10.1-10.3 illustrate these ideas. Fig. 10.1 shows parallel
coordinate plots of three different (shift, scaling, and negative correlation inducing)
pattern clusters embedded in a three-dimensional space, while Fig. 10.2 shows the
geometry of the same three pattern clusters, in the corresponding three-dimensional
data space (d = k = 3). Notice that all three pattern clusters share the geometry of
lines, which are differentiated by their orientation and translation from the origin. The
figure also shows a regular cluster to emphasize the geometrical difference between
the shapes formed by pattern and regular clusters. Fig. 10.3 exemplifies the concept
of subspace pattern clusters appearing as higher dimensional linear manifolds in the
full space, where d = 3 and k = 2. Fig. 10.3(a) shows a parallel coordinate plot of
a shift pattern cluster embedded in a two-dimensional subspace (spanned by the x

and y axis) of a three-dimensional space. In the subspace of relevant dimensions the
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(a) shift pattern (c) negative correlation

inducing pattern

(b) scaling pattern

Figure 10.1: Parallel coordinate plots of three different pattern clusters.

points exhibit coherent behavior, whereas in the third dimension the points behave
haphazardly. Fig. 10.3(b) on the other hand, shows the same set of point in the
three-dimensional data space. Notice that in the subspace of relevant dimensions the
points still form a line, but in the full space a two-dimensional linear manifold which
is parallel to the 2z coordinate axis.

To prove that pattern clusters are instances of the linear manifold cluster model
we first need to restate the pattern cluster models (described by scalars) as vector
models. Relying and extending the notation used to define the linear manifold cluster
model, and the pattern cluster models specified in eq. (6.6.1) and eq. (6.6.5), we
denote by X a set of d-dimensional points that form a pattern cluster in some k-
dimensional subspace, x a d x 1 vector representing some point in X, and B and B
two matrices whose columns span k and d — k dimensional subspaces respectively,

which are orthogonal complements of each other.

Definition 10.2.1 (Vectorized Shift Pattern Model). Each x € X, a shift pattern
cluster can be modeled by,

x=B1u+1ya+B+e)+ B+ A). (10.2.1)
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neg-corr

Figure 10.2: The geometry of the three pattern clusters from Fig. 10.1 in the data
space. All are manifested by lines but are oriented and translated differently depend-
ing on the type of pattern they manifest. A regular cluster (reg) is also plotted to
emphasize the difference between pattern and regular clusters.

X y z

(a) parallel coordinate plot (b) data space plot

Figure 10.3: A shift pattern embedded in a 2D subspace. In the full space the pattern
is manifested by a 2D linear manifold.
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Explanation: In the k-dimensional subspace in which the cluster is embedded

each point (a k x 1 vector) can be modeled in vector form by
Liu+1,a+ B+ e

In this case « is considered a random scaler with mean zero representing the residual
effect of some level of factor a. B = (f1,...0k)" a constant vector containing the
residual effects of the k levels of factor 3, and € = (€1,...€) a random vector
containing the errors associated with the corresponding level (point). Since it is
common to assume that the errors a normally distributed with mean zero and some
variance 02, € ~ N(0,0%I;). Therefore the template or mean of the cluster in the
subspace is equal to 1+ 3, in which case a can be considered the shift or translation
of a point from the template. Since the pattern clusters and the subspaces in which
they are embedded are defined in terms of the original measurement features, the
matrices B and B will contain subsets of columns of a d-dimensional identity matrix,
where each column corresponds to some measurement feature or coordinate axis.
Hence, by prefixing the first component of the above model by B we obtain a point’s
representation in the corresponding subspace in which the cluster is embedded. In
the complementary subspace the points are assumed to behave haphazardly. This is

modeled by the second component of the model

B+ ),

where & is a d — k x 1 vector representing the mean of the points in this subspace,
and A a d — k x 1 random vector whose entries are each uniformly distributed with
mean zero and large variance. A essentially represents the random translation of the

points from the mean . Using the vectorized shift pattern model of eq. (10.2.1) we
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can now prove that a shift pattern cluster is an instance or special case of a linear
manifold cluster.

Proposition 10.2.1. Every point x in a d-dimensional space that fits a shift pat-
tern cluster as modeled by eq. (10.2.1), where the cluster is embedded in some k-
dimensional subspace, also fits a linear manifold cluster, where the dimensionality of
the linear manifold is d — k + 1, and the linear manifold cluster model is given by,

x = (B|B) < 1’“’*;[3 ) + <B% \E) ( VEO‘: e ) +B <Ik - 1’;{12) ¢
(10.2.2)

Proof: multiplying out the three terms in eq. (10.2.2) gives eq. (10.2.1) showing
that the two models are equivalent. [

The three components appearing the model of eq. (10.2.2) correspond to the three
components of the general linear manifold cluster model specified in eq. (7.1.1). That
is, they correspond to the mean or translation of the linear manifold, the modeling
of points on the manifold, and the modeling points off the manifold respectively.
However, in this particular instance the manifold is spanned by a specific set of vectors.
By inspecting the matrix prefixing the second component, we see that within the set
of relevant features or relevant subspace in which the pattern cluster is embedded the
points form a one-dimensional linear manifold (line) spanned by the unit norm vector
%, i.e., a vector with slope or direction one. The second component also reveals that
in the full space the manifold is spanned by the orthonormal vectors of the matrix
(B % }F) The dimensionality of the linear manifold is equal to the rank of this
matrix which equals 14 d — k. Since part of the manifold is spanned by the columns
of the matrix B, which consists of columns of the identity matrix, the manifold will be

parallel to a set of d —k measurement axes. The third component includes the vectors

spanning the space orthogonal to the manifold. Noteworthy is the fact that the error
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term of eq. (10.2.1) is absorbed both by the manifold and the space orthogonal to it.
Along the same lines, scaling patterns can also be shown to be instances of linear

manifolds.

Definition 10.2.2 (Vectorized Scaling Pattern Model). Fach x € X, a scaling pat-
tern cluster can be modeled by,

x = B(pBa + €) + B(m + A). (10.2.3)

Explanation: All the terms appearing in this model are defined in the same
way as in the vectorized shift pattern model of eq. (10.2.1). In this case in the

k-dimensional subspace embedding of the cluster each point can be modeled by

B + €.

Note that now the effects of the two factors a and [ are multiplicative rather than
additive, but the effect of the error ¢ remains additive, which as mentioned earlier
is a reasonable assumption. Also note that in this case the template (mean) of the
cluster in the subspace is equal to u3, and o can be considered the multiplicative
term which scales the template to produce another point. The matrices B and B are
as before used to give a full space representation of a point as a sum of its components
in the subspaces of relevant and irrelevant features respectively, where in the subspace
of irrelevant features the points are again assumed to behave randomly. Using this
model we can now also prove that a scaling pattern cluster is an instance of a linear

manifold cluster.

Proposition 10.2.2. Every point x in a d-dimensional space that fits a scaling pat-
tern cluster as modeled by eq. (10.2.3), where the cluster is embedded in some k-
dimensional subspace, also fits a linear manifold cluster, where the dimensionality of
the linear manifold is d — k + 1, and the linear manifold cluster model is given by,

T pB 5\ [ leBlla+ £2-e ( B (uﬂ)(uﬁ)/)
x_Bqu(B—HMﬁH \B)( A\ 1] >+B I “BE )€ (10.2.4)
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Proof: Same as with the previous proof, multiplying out the three terms in eq.
(10.2.4) gives eq. (10.2.3) showing that the two models are equivalent. [

Notice that in the case of the scaling pattern as opposed to the shift pattern,
in the subspace of relevant features defined by the column vectors of B the points
still form a one-dimensional linear manifold, but one which is spanned by the unit
norm vector H/L—%IH Thus the geometrical difference between the two patterns in the
subspace of relevant features is that in the case of the shift pattern the orientation of
the manifold is in the direction of the vector 1 and the manifold does not necessarily
have to pass through the origin, whereas in the case of the scaling pattern the the
manifold can be orientated in any direction which is defined by the vector p3, but
the manifold must pass through the origin as « can equal zero. Another difference
is that in the case of the scaling pattern the translation of the manifold cluster (first
component in the model) depends only on the mean of the points in the subspace
spanned by the irrelevant features. In the full space the scaling pattern just as the
shift pattern forms a d — k + 1-dimensional linear manifold, where d — k of it spanning
vectors are parallel to a subset of d — k coordinate axes. In addition the error term
€ as with the shift pattern is also absorbed by the manifold and its complementary
subspace.

As mentioned, pattern clusters are defined in terms of the original measurement
features, which is expressed in the models by the fact that the matrices B and B
contain columns of the identity matrix, each defining a different coordinate axis or
measurement feature. The main reason for this requirement is that the resulting pat-
tern clusters are readily interpretable, e.g., when the expression level of one gene rises

under a specific condition so will the expressions of other genes in the same cluster.
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However, it is possible that complex systems such as the system of gene activity are
a result of more complex processes, where for example the expression levels under a
certain experimental condition are a result of a linear combination of other expres-
sion levels, an approach that is very popular in text mining and information retrieval
systems [95]. In this case “pseudo” variables which are a linear combination of the
original variables (words or documents) are used to infer new “concepts” (meanings)
that bring out the “latent” semantic structure of a vocabulary used in a corpus,
which would be obscured by word variability otherwise. In our case, to allow for
this possibility, i.e., having new features that are a linear combination of the original
measurement features, all that is necessary is to replace the columns of the matrices
B and B in the pattern cluster models by any set of orthonormal vectors that span
R?. Note that by changing these matrices the geometry of the resulting pattern clus-
ters does not change; they are still characterized by linear manifolds. Hence, linear
manifolds are able to capture more complex behavior patterns. Fig. 10.4 for exam-
ple shows what a shift pattern that is only visible in some linear combination of the
original measurement features and embedded in a one-dimensional linear manifold
(Fig. 10.4(a)), would look like when viewed through the original measurement fea-
tures (Fig. 10.4(b)). The figure reveals that in the original feature space the features
are still highly correlated, but rather than being only positively correlated they may
also be negatively correlated (features 1, 2, and 3 are negatively correlated with 4

and 5).
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Figure 10.4: A Shift pattern induced by a linear combination of the original measure-
ment features.

10.3 Correlations and Linear Dependencies

Pattern clusters (shift and scaling) give rise to specific instantiations of correlations
and linear dependencies. From a correlation point of view, as mentioned already,
perfect pattern clusters induce perfect positive correlation between each pair of fea-
tures that underly the pattern in the space of relevant features, i.e., for each pair of

features x;, x; where 4,5 € {1,2,...,k}, p;; = 1. From the point of view of linear
k

dependencies, the patterns can be described by a set of ( ) linear equations, each
2

describing the linear dependency between a pair of different features, where for the
case of the shift pattern the dependency is of the form z; = x; + ¢;; (derived from
eq. (10.2.1)), and for the case of the scaling pattern of the form x; = b;;z; (derived
from eq. (10.2.3)), where ¢;; and b;; are constant coeflicients. However, correlations
can also be negative, and linear dependencies can be more complex and elaborate
than the ones discussed above. For example, the linear dependency can be in the

form of one or more features depending on a combination of several other features,
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it can be in the form of a system of equations, or it can be in the simple yet most
popular form of a regression model. The fact that linear manifolds give rise to linear
dependencies (a set of linear equations) was discussed in section 9.4. The converse
can be shown to be true by a reverse process, but can only be materialized when the
a specific set linear equations is specified. In this section we illustrate this idea by a
specific example of linear dependencies in the form of a regression model. We show
that the linear dependency formed by a regression equation gives rise to a specific
linear manifold. We also show that from a correlation point of view, large correlations
whether positive or negative between a set of features give rise to one-dimensional
linear manifolds (lines). This result is then used as a basis for an alternative algo-
rithm described in chapter 11, which is a derivative of the linear manifold clustering
algorithm aimed specifically at identifying large correlations and pattern clusters, and
which rectifies the shortcomings of the linear manifold clustering algorithm when ap-
plied to the problem of correlations and pattern clustering. These shortcomings will
be discussed in section 10.4.3. It should also be strongly noted that linear depen-
dencies do not imply large correlation in its strict and formal sense. Only when the
linear dependency involves two features and is of the form z; = b;;2; + ¢;; (of which
the shift and scaling dependencies are a special case) will there be large correlation.
When more features are involved correlations may exist but may not necessarily be
large. For example, in the regression model the correlation between the dependent
and an independent variable is not necessarily large.

According to the regression model a response (dependent) variable x4 is explained

by a set of explanatory (predictor or independent) variables z,xs,...,x4-1 in the
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following form

xq = Bo+ Brar + Boa + ... Ba1a-1, (10.3.1)

where (g, 31, ..., 841 are called the coefficients of the model.
Proposition 10.3.1. Fvery point x in a d-dimensional space that fits a regression
model as defined by eq. (10.5.1), also fits the linear manifold cluster model constructed
from the coefficients of the regression model, where the dimensionality of the linear
manifold is d — 1.
Proof: Most regression assumptions are concerned with the residuals or error terms.
When these are upheld making additional assumptions about the independent vari-
ables such them being fixed or random is not problematic. So, to account for the
fact that the linear manifold cluster model is a stochastic model, we assume that
the independent variables are randomly distributed, so that their projection onto the
manifold can be described by the d — 1 x 1 random vector A. From section 9.4 we
know that because the points are described by one equation the dimensionality of
the linear manifold which the points fit is d — 1 and that the dimensionality of the
space orthogonal to the manifold is 1. We also know from section 9.4 that an alter-
native way to describe the manifold is by its normal vector B which must satisfy the
equation

Bx=Tp
Eq. (10.3.1) can be rearranged as

Bixy + Bowa + ... Ba—1Ti—1 — xq = Po,

so that the left hand side and the right and side will equal B'x and Elu respectively.
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Since
x1
T2
X = ,
g = Bo + Zf:_ll Bix;
by letting
B
— 1 :
B = ,
\/1 + B2+, 462 | B
—1
and
= _60 E
%Lﬂfﬁ”w+@4
we get

—Bo
\/1+ﬁ%+,...,+ﬁ§_l

satisfying the equation that defines a linear manifold. Having found B the vector

spanning the space orthogonal to the manifold, we can now derive the remaining
d — 1 vectors which span the manifold (not unique) and form the matrix B. Using

p, B, B we can now define the linear manifold cluster model which the points fit as

_ —bo
X =
VI BB

B+ BA + By, (10.3.2)

where B models the fuzziness of the manifold introduced by adding an error or
residual term € to the regression model. [

We now establish the connection between correlation and one-dimensional linear
manifolds (lines). We would like to show that if a set of points induce large correlations

between a set of features, then they must also fit the linear manifold cluster model,
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where the dimension of the linear manifold is one. Recall that pattern clusters induce
large correlations. However, these correlations are very specific, i.e., only positive
and resulted by very specific linear dependencies, which are manifested in the data
space by specific lines, e.g., slope one lines. The following result, which will be used
as a basis for the algorithm presented in chapter 11 allows us to capture any type of
correlation formed by the linear dependency x; = b;;x; + ¢;;, by searching for lines of
arbitrary orientation and translation.

Proposition 10.3.2. A set of points induce perfect correlations among a set of k
features if and only if the set of points perfectly fit a one-dimensional linear manifold
(line) in this set of features.

Proof: Following the linear manifold cluster model specified in eq. (7.1.1) a set of
points will perfectly fit a 1D linear manifold if they do not include an error term

which translates them away from the manifold. Formally, a perfect fit implies that

each point within the set of k£ features can be modeled by

x = p+ B9,

where 3 is a k x 1 vector (replacing the matrix B), which spans the manifold, and
¢ a random scalar (replacing the random vector A) with mean zero representing the
translation (on the manifold) of the point from the mean. By perfect correlations
we mean that the correlation coefficient p;; between any pair of features ¢ and j or
equivalently the random components z; and x; of the random vector x, are equal to

1 or —1. The proposition can now be stated formally as

(=): Given x = p + (B¢, each component or feature of x denoted by x; is equal
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to p; + ¢F; where u; and (; are the i-th components of vectors pu and 3. Therefore,

Var[z;] = Var[u; + ¢3;] = 57 Var[¢],

Cov(zi,z;) = Elzz;] — Elz]E[z;]
= E[(ui + 68:) (1 + 06;)] — pap;
= Eluii; + 1085 + 100 + 6°6i6;) — pap;
= g+ 0+ 0+ BB E[¢?] — pip
= [,6,E[¢”]
= Bif;Varl¢],

and therefore

COV(SL’Z', Ij)

\/ Var[z;]/Var|z;]
BiB;Var|¢]
B7Var(¢], /67 Var[g)]
BiB;Var[¢]
P37 3; Var(¢]
BiB;
18:3]
(«<): Given Vi,j € {1,...,k} p;; = £1. Assume Var[z;] = o7 and Var[z;] = o?

77

Pij =

= =£1.

and let £ — 2—; be a new random variable (r.v.). Then,

Var {& — ﬁ} = Var {&] + Var {ﬁ} — 2Cov (ﬁ, ﬂ)

Qo Q; aj ;o
_ Var[z;]  Var[z] Cov(x;, z;)
o2 * % —2 Q;
= 1+1-2p;

= 2(1—py).



188

Now p;; = 1 implies that Var [2—2 — 2—;} = 0 which in turn implies that the r.v. & —

1

% = ¢, i.e., equals a constant, from which we can then establish a linear relationship
J

between z; and z; of the form z; = b;;x; + ¢;;. Similarly, p;; = —1 implies that

Var [% + x—”] = 0, which again establishes a linear relationship between z; and z;

aj
of the form z; = b;;z; + ¢;;. By introducing 3;, 3;, i, it;, the r.v. ¢, and letting
bi; = B;/6; and ¢;; = —B;pi/ B + 1, and then substituting them into x; = bz; + ¢ we

get
Ti — Hi _ i — My
Gi B;

Since both sides of the equation define a r.v. we may choose to call this r.v. ¢,

yielding that
x; =i+ 09 and  x; = p; + 50

Now collecting all the scalar equations of the form above, and putting then in vector
format gives the final result that x = pu + B¢. O

Using elements of the this proof it can also be shown that the more a set of points
deviates from a predefined 1D linear manifold (the parameters g and 8 are fixed) of
the form x = p + B¢ + Be, where Be models the deviation of the points from the
line, the less correlated the features underlying the points will be, where the amount

of correlation is dependent on the covariance of €.

10.4 Experiments

As discussed in section 10.2 pattern clusters manifest themselves in the data space as
linear manifolds, making the linear manifold clustering paradigm not only applicable
to the problem of pattern clustering but also advantageous. In this section we present

a set of experiments on real data sets used to demonstrate the effectiveness and
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applicability of the linear manifold clustering paradigm to the problem of pattern
clustering.

Because the majority of pattern clustering methods are aimed at gene expression
analysis, and in order to compare our results with other known results, we conducted
extensive tests on two typical data sets that have become standard benchmarking data
sets for clustering gene expression data: the yeast Saccharomyces Cerevisiae cell cycle
expression data [96] obtained from http://arep.med.harvard.edu/biclustering/,
and the Colon Cancer data [97] obtained from http://microarray.princeton.edu/
oncology/ . All experiments were performed using the linear manifold algorithm

(LMCLUS) presented in chapter 8.

10.4.1 Yeast Data

The yeast data contains 2884 genes (objects) and 17 time points/conditions (dimen-
sions), and is a very attractive data set for evaluating clustering algorithms because
many of the genes contained in it are biologically characterized and have already
been assigned to different phases of the cell cycle. LMCLUS was applied on the
yeast data in two different modes. One allowing it to detect all types of pattern
clusters that are embedded in linear manifolds (one of the advantages of the linear
manifold clustering paradigm over related pattern clustering methods), and the other
forcing it to search only for shift pattern clusters so that the results can be compared
with other reported results (most pattern clustering methods are restricted to shift
patterns). Forcing the algorithm to search only for shift patterns was achieved by
replacing LMCLUS’s “goodness of separation” criteria with the mean squared residue
score (MSRS) used by the biclustering algorithm [67] and discussed in section 6.6.1,

to assess the quality of identified clusters. By forcing the algorithm to detect only
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shift pattern clusters LMCLUS detected 98 clusters. We compared these clusters
with the 100 biclusters identified by the biclustering algorithm, which were obtained
from http://arep.med.harvard.edu/biclustering/. Fig. 10.5 shows boxplots
highlighting the differences between the two results in terms of the size, dimension,
and MSRS of the clusters detected. LMCLUS detected smaller clusters (maximum of
about 150 genes per cluster as opposed to 1000), which biologically makes sense, since
the whole yeast genome contains roughly only 6000 genes, and typical functional cat-
egories of the yeast genome contain dozens rather than hundreds of genes. LMCLUS
also found clusters in higher dimensions (as low as 10), which is biologically more
significant. Generally speaking, this is because coherent behavior patterns observed
over more dimensions may provide stronger evidence that the objects under consider-
ation are related, and from a statistical point of view is less likely to occur by chance.
Finally, the median MSRS of the clusters detected by LMCLUS was slightly larger,
but it was able to find many clusters with much smaller MSRS than the ones found
by the biclustering algorithm. We note that the authors of the biclustering algorithm
used MSRS=300 as a threshold to qualify “worthy” biclusters.

We also evaluated the biological significance of the clusters LMCLUS produced by
means of function enrichment [96]-the degree to which the clusters grouped genes of
common function. This was done by computing for each cluster P-values (using the
hypergeometric distribution) of observing a certain number of genes within a cluster
from a particular MIPS (Munich Information Center for Protein Sequences) func-
tional category found at http://mips.gsf.de/. Some of the clusters demonstrated
significant grouping (very small P-values) of genes within the same functional class.

Table 10.1 shows three of the more significant clusters found by LMCLUS.
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Figure 10.5: Boxplots comparing the characteristics of biclusters obtained by the
biclustering algorithm and linear manifold clusters (gray boxs) of the yeast genome.

Genes in MIPS Functional Genes in || Clustered || P-value
Cluster Category Category Genes
ribosome biogenesis 215 49 <le-14
68 protein synthesis 359 52 <le-14
cytoplasm 554 54 <le-14
7 endoplasmic reticulum 157 4 1.251e-05
DNA processing 251 6 2.934e-06
12 cell cycle and 628 8 3.345e-06
DNA processing

Table 10.1: MIPS gene function enrichment.
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Figure 10.6: A yeast cluster detected by LMCLUS which manifests a scaling pattern
and negative correlations.

Allowing LMCLUS to consider all types of patterns, or all linear manifolds, it
detected 45 clusters of generally low dimensionality, and which induced different
types of patterns. Fig. 10.6 shows one such cluster of ten genes embedded in a
3-dimensional linear manifold, and which exhibits a scaling pattern and negative cor-
relations. Among these genes, six (YBL0O27W, YBR031W, YBR084C-A, YCR031C,
YDLO083C, YDL136W) enriched the ribosome biogenesis functional category with a
P-value of 2.848e-07.

10.4.2 Cancer Data

The cancer data contains 2000 genes (objects) and 62 tissue samples (dimensions), of
which 40 were colon tumor and 22 normal colon samples. The goal in this experiment
was to identify gene clusters that can differentiate the cancerous tissues from the
normal ones. These clusters may later afford researchers the ability design classifiers
for diagnostic purposes. LMCLUS identified one such cluster containing 229 genes

expressed in 12 cancerous tissues and no normal tissues. LMCLUS also found one
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cluster containing 44 genes which were expressed in all 62 tissues, indicting that these
genes cannot be used to differentiate the normal from the cancerous tissues. The rest
of the clusters contained a portion of the samples but none with an overwhelmingly

majority of normal or cancerous tissues.

10.4.3 Notes

Until a consensus is reached pertaining to the question of which patterns carry biolog-
ically relevant information, and appropriate cluster validation techniques are devised,
the clustering of gene expression data can be considered a subjective process which
depends on the cluster models assumed in advance, and which yields different views
or interpretations of the data depending on the clustering technique fitted to the as-
sumed cluster models. In this respect the linear manifold clustering paradigm makes
less assumptions as it generalizes several more specific cluster models. Furthermore,
the derivation and evaluation of validity measures appropriate for gene expression
data is beyond the scope of this thesis. Hence, the experimental results presented in
this section are by no means an attempt to report discoveries of biologically relevant
and previously unknown results. The aim is to merely point out and demonstrate a
method which is based on the concept of linear manifolds and which is able to identify
pattern clusters that could be of biological relevance, some of which are overlooked
by other methods.

We also note that one of the drawbacks of LMCLUS in its proposed form is that
when applied to the application of pattern clustering it requires post-processing, de-
signed to extract the relevant features (subspaces) of the pattern clusters it identifies.
LMCLUS in its presented form does not distinguish the relevant features from the

irrelevant ones during the clustering process, since pattern clusters even when present
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only in subspaces still appear as linear manifolds in the full space, as illustrated in
section 10.2. Putting it in other words, pattern clusters when embedded in subspaces
from lines, the irrelevant dimensions transform these lines into linear manifolds of
higher dimensionality in the full space, and LMCLUS does not give preference or dis-
tinguishes lines from higher dimensionality manifolds. It is designed to identify sets
of points that fit linear manifolds that appear in the full space, whether they are lines
or not. Thus, the post-processing is essentially designed to separate the line formed
by the pattern, from the linear manifold’s remaining d — k£ dimensions formed by the
irrelevant features. Ideally, this extraction should take place during the clustering
process it self, since the evaluation of pattern clusters and hence the determination
of clusters may be different and more accurate when done in subspaces as opposed
to the full space. A possible solution, which is presented in chapter 11, is to de-
sign an algorithm which is able to identify lines or one-dimensional linear manifolds
in subspaces rather than higher dimensional manifolds in the full space. Nonethe-
less, knowing that pattern clusters induce large correlations among their constituting
features, we extracted relevant features of pattern clusters discovered by LMCLUS
during the post-processing stage by selecting the k most correlated features. Because
the dimensionality | = d — k + 1 of the each linear manifold was output along with
each cluster, the number k of features that needed to be selected in this process was

determined by k =d — [ + 1.



Chapter 11

The Line Clustering Algorithm

11.1 Introduction

In chapter 10 we showed that pattern clusters and correlations can be expressed as
linear manifolds, and therefore the problem of searching for pattern or correlation
clusters can be cast to the problem of searching for linear manifold clusters. The
advantages of this approach to the problem of pattern and correlation clustering were
also discussed. Namely, as opposed to current state of the art methods, by searching
for linear manifolds rather than specific patterns we can cluster concurrently all types
of patterns, including those that are overlooked by existing methods, and by that allow
for less biased results which are more truthful to the data.

Among the insights discussed in chapter 10, we showed that within the subspace
of relevant features pattern clusters (shift and scaling) manifest themselves as one-
dimensional linear manifolds or lines, and in the full space as higher-dimensional
linear manifolds. Furthermore, it was shown that pattern clusters give rise only to
specific instantiations of correlations and linear dependencies, and that more complex
linear dependencies or correlations can be captured by one-dimensional linear man-

ifolds. More specifically, proposition 10.3.2 shows that a set of points induce large
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correlations (both positive and negative) among a set of features if and only if they fit
a one-dimensional linear manifold. Hence, the problem of pattern or correlation clus-
tering can be recast to the problem of searching in subspaces of the data for groups
of points that are embedded in one-dimensional linear manifolds, rather than higher
dimensional linear manifolds in the full space.

Using the linear manifold clustering algorithm - LMCLUS, we presented a series
of experiments in section 10.4 demonstrating the applicability of the linear manifold
clustering paradigm to the problem of pattern and correlation clustering. While effec-
tive in identifying pattern clusters and correlations, we discovered several problems
associated with LMCLUS that render it from truly exploiting the full potential that
linear manifolds offer to the problem of pattern and correlation clustering. One of the
problems was discussed in section 10.4.3. In the following we reiterate the problem

and discuss two additional ones.

e LMCLUS requires post-processing used to extract the relevant features (sub-
spaces) of the pattern clusters it identifies. It outputs linear manifolds in the
full space whose dimensions include both the relevant and irrelevant dimensions
(features) of a pattern cluster, which must be separated. Ideally this process
should take place during the clustering itself and not after, since the evaluation
of pattern clusters and hence the determination of clusters may be different and
more accurate when done in subspaces as opposed to the full space. LMCLUS
in its proposed form is not designed to search for linear manifolds in subspaces
of the data but only in the full space. Some solutions such as the one discussed
in section 10.4.3 can be incorporated into the search, but they are computation-

ally expensive (e.g., performing PCA) and not always successful (do not yield
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the correct dimensions).

LMCLUS tends to find arbitrarily oriented linear manifolds and not necessarily
axis-parallel ones, as they typically fit the data better. As mentioned, pattern
clusters are defined in terms of the original measurement features, and manifest
themselves as axis-parallel linear manifolds in the full space. Hence, many
of the clusters returned by LMCLUS may actually not be pattern clusters if
arbitrarily oriented linear manifolds are more true to the data. It is possible to
force LMCLUS to search for axis-parallel manifolds by modifying its criterion
function, as discussed in section 10.4.1. However these modifications will not
be natural to the algorithm, possibly requiring other adjustments which are
computationally expensive, and may only be able to identify specific patterns

such as MSRS used to identify shift pattern clusters.

LMCLUS is designed to identify lower-dimensional and not higher-dimensional
linear manifolds. When trying to identify higher-dimensional manifolds, LM-
CLUS may suffer from the lack of sufficient enough degrees-of-freedom. That
is, when searching for higher dimensional linear manifolds more points, that
are not always available, need to be sampled to instantiate the linear manifold
model and even more to substantiate it. As mentioned the dimensionality of a
linear manifold corresponding to a pattern cluster embedded in a k-dimensional
subspace is d — k + 1. In many gene expression experiments the data dimen-
sionality is large (e.g., d = 100 dimensions) and the patterns are embedded in
relatively lower-dimensional subspaces (e.g., k¥ = 20 dimensions). Thus, in order
to identify these pattern clusters LMCLUS must search for higher-dimensional

linear manifolds (e.g., 100-20+1=81-dimensional linear manifolds), and to do
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so needs larger point samples to instantiate a manifold (e.g. 81+1=82 points)
which may not always be available (e.g., only 70 points are to be clustered).
Even when there are enough points to instantiate a manifold, there might not be
enough points to substantiate it, i.e., validate that it is meaningful by observing
that many points indeed lie on it relative to other sets of points that do not.
Moreover, the computational overhead associated with higher-dimensional lin-
ear manifold clustering may make LMCLUS impractical, as discussed in section

8.7.

In this chapter we present a line clustering algorithm as an alternative to LM-
CLUS, which is based on a one-dimensional linear manifold cluster model and on
proposition 10.3.2, and which is specifically targeted at pattern and correlation clus-
tering while rectifying the problems associated with LMCLUS. We strongly emphasize
that the line clustering algorithm by no means undermines the capabilities of LM-
CLUS. As a more generic method LMCLUS applies to wider range of applications,
including pattern and correlation clustering, which were covered throughout this the-
sis, while the line clustering algorithm is a fine-tuned method which is only applicable

to the problem of pattern and correlation clustering.

11.2 Overview

Supported by proposition 10.3.2 the problem of searching for groups of points which
induce large correlations in subspaces (subsets of features/dimensions) of the data
is cast into the problem of searching for line clusters embedded in subspaces of the
data. We reiterate, that by searching for correlations, pattern clusters as a special case

of correlations can also be identified. The line clustering algorithm called SLCLUS
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(Subspace Line CLUStering) searches for line clusters which may be embedded in
axis-parallel subspaces of the data. Similar to LMCLUS it is based on a stochastic
model fitting technique, but takes on a slightly different approach. It uses a line
detector procedure to search for line clusters in subspaces of the data, a forward-
feature-selection technique to extend and refine a cluster, and a random walk on the
feature’s lattice to select an initial set of features on which the clustering process is
initiated. The algorithm in its most generic form can be stated as follows: find the
“best” line cluster in an initial set of dimensions using a random walk on the feature’s
lattice. Using forward-feature-selection add dimensions (features) to extend and refine
the line cluster until no more dimensions can be added, in which case a line cluster
is assumed to be found. Remove the identified line cluster from data set and reapply
the first two steps on remaining set of points. The algorithm is designed so that it
detects the the largest possible clusters embedded in the largest possible subspaces.
The rational as mentioned before is that correlations induced by larger clusters in a
larger set of features provide stronger evidence pertaining to the relationship between
the objects under consideration, and from a statistical point of view is less likely to
occur by chance. The effectiveness and advantages of the algorithm as a pattern and
correlation clustering method is demonstrated by a set of experiments at the end of

the chapter.

11.3 The Line Cluster Model

In this section we present a line cluster model that is a slight variation of the linear
manifold cluster model in that it only considers one-dimensional linear manifolds, and

assumes a slightly different distribution of points off the manifold, which is in this
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case referred to as the distribution of the error associated with each point.

Suppose a line cluster X exists in a k-dimensional axis-parallel subspace. Let x
be a k x 1 vector representing some point in X, 3 be a unit norm k x 1 vector that
spans a 1D subspace, 3 be a k x k — 1 matrix whose k — 1 column vectors form an
orthonormal basis that spans the space orthogonal to the space spanned by 3.

Definition 11.3.1 (The Line Cluster Model). Let u be some point in R¥, ¢ be a zero
mean random scalar distributed according to U(—R/2,4+R/2) where R is the range
of the data, and € be a k — 1 x 1 random vector distributed according to N(0,c*I),
where 0 < R . If X s a line cluster, then each x € X is modeled by,

X = pu+ B¢+ Be. (11.3.1)

Explanation: similar to the linear manifold cluster model, the idea is that each
point in a cluster lies close to a line (1-dimensional linear manifold) of finite extent,
which is defined by p, a translation vector, the space spanned by the vector 3, and
the range parameter R. Since E[¢] = 0 and E[e] = 0, the mean of the cluster just as
with linear manifold clusters is p. On the line the points are assumed to be uniformly
distributed in direction 8 according to U(—R/2,+R/2), but again this assumption is
not binding, and can be replaced by any other distribution with symmetric support.
¢ in this case can be viewed as the displacement or distance of a point from the
line’s center. The third component models a small random error associated with
each point on the line. The idea is that each point may be perturbed in directions
that are orthogonal to the subspace spanned by 8, modeled by requiring that € be
a (k — 1) x 1 random vector, normally distributed according to N(0,c*I), where o
is much smaller than R. As opposed to the linear manifold cluster model, the error

2

has a diagonal covariance matrix with equal variances ¢* along the diagonal. This

assumption is common to other quantitative models such as the shift, scaling, and
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regression models that assume homoscedasticity (constant variance). The assumption
also simplifies the model making statistical inferences (done later) easier. The error
€ in this case, can be thought of as the displacement or distance of a point to its
projection onto the line. The addition of the error term essentially transforms the

line into a thin elongated cylinder.

11.4 Line Detectors

Four line detectors were evaluated amongst which the most accurate and efficient
was chosen to be used by SLCLUS; a RANSAC [98] based method, two versions
of LMCLUS, and an adaptation of K-means [12] to line clustering, all of which are
stochastic (based on sampling). RANSAC (Random Sample Consensus) is a model
fitting algorithm like LMCLUS that repeatedly samples points from the data to in-
stantiate the model parameters (e.g., two points that may a define a line), finds data
points that fit the model, and returns the best model along with its fitted points. The
two versions of LMCLUS we used as part of our evaluation were forced to search only
for one-dimensional manifolds, one returning the first identified manifold, and the
other the “best” among all the one-dimensional manifolds identified. The K-means
adaptation we used proceeded as normal, but instead of recomputing cluster means it
recomputes the line that best fits each cluster, and returns the best cluster. Each of
these algorithms were evaluated using different criteria to qualify the “best” clusters
or models.

The Hough transform [99] which may also be used as a line detector requires the
quantization of the “parameter space” into bins, and selects the bins with the largest

count corresponding to a set of parameters which define a model that passes through
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Algorithm LineDetector (X, s, d, t)
repeat s times
sample two points x1,xs from X
determine line parameters p = x1, 8 = (x2 — x1)/[|(x2 — x1)||
determine the number of points in the data that are within
distance d (”inliers”) from the line
return the line with most inliers if it includes at least t inliers

Figure 11.1: A RANSAC based line detector algorithm.

most points. In higher dimensional spaces more parameters are required to define a
model (even as simple as a line model), i.e., the dimensionality of the parameter space
gets larger. As a result the average number of counts per single bin is very low, making
it hard to distinguish meaningful bins from others. Moreover, the quantization of the
parameter space and accumulation of counts renders the method from being efficient
in higher dimensional spaces. Due to these deficiencies the Hough transform was
omitted from the evaluation of line detectors.

Each of the candidate line detector methods was tested on several different syn-
thetic data sets, and its accuracy (number of points correctly classified) and efficiency
(time in seconds) were measured. Because of their stochastic nature, each method
was run several times on each data set, and the averages were recorded. We found
LMCLUS and RANSAC to be the most accurate, and among the two RANSAC to
be more efficient. A sample of these results is presented in table 11.1 for illustrative
purposes. Based on this finding, in addition to RANSAC’s simplicity and relatively
intuitive input parameters, we chose a RANSAC based method as our line detector.
The final version of the line detector algorithm is outlined in Fig. 11.1. The last step
(return statement) ensures that the largest line clusters are detected by the overall

line clustering algorithm.
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RANSAC LMCLUS, LMCLUS; line K-means
accuracy time || accuracy time | accuracy time || accuracy time
Dy 0.95 0.05 1.00 2.68 1.00 1.79 0.56 0.05

Doy 0.95 0.16 0.69 12.2 0.41 3.26 0.58 0.40
D3 0.84 0.16 0.92 9.46 0.90 3.44 0.57 0.53
Dy 0.93 0.35 0.91 17.2 0.93 4.13 0.62 0.78
Ds 0.92 0.48 0.83 21.9 0.87 4.41 0.72 1.06

Dg 0.91 0.89 0.61 18.1 0.64 5.03 0.73 1.62
Dy 0.78 0.10 0.95 6.19 0.95 3.08 0.67 0.22
Dy 0.91 0.16 0.86 11.9 0.84 3.77 0.72 0.32
Dy 0.81 0.16 0.81 10.1 0.83 3.37 0.70 0.33

D 0.74 0.48 0.47 29.5 0.41 4.18 0.46 0.90

Table 11.1: A summary of the line detector selection experiment. The table shows the
accuracy and running time (in seconds) of each of the line detector methods applied
on a sample of 10 synthetic data sets. LMCLUS, is the version that returns the best
line cluster among all identified, and LMCLUS; the version returning the first cluster
identified.

11.5 Feature Selection

Feature selection techniques attempt to discover the most revelent attributes of the
data as part of a machine learning or model building process. In our case feature
selection is used to select the best and largest possible set of dimensions (features)
in which a set of points fits a line. Finding the the optimal set of features by an
exhaustive search trough all possible sets of features is typically infeasible. For this
reason most feature selection techniques employ a greedy hill-climbing approach. The
basic procedure involves identifying an initial model, and iteratively improving the
model by adding or removing features in accordance with some criteria until there is
no improvement or when a predetermined number of steps has been reached. Forward

selection techniques are bottom-up methods which start with an empty or small set
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of features and at each step add the most “relevant” feature to the model. Back-
ward elimination techniques are top-down approaches which start with the full set
of features and remove the most “irrelevant” feature at each step. Stepwise methods
employ a combination of two, and depending on the direction of search are called for-
ward stepwise and backward stepwise [100]. Supported by the following proposition
we chose to use a bottom-up approach to extend and refine line clusters.

Proposition 11.5.1 (Downward Closure Property of Lines). If there ezists a line in
a set of k dimensions then there exits a line in all k—1 subsets of these k dimensions.

Proof: Based on the model given in (11.3.1) and similar to the proof of proposition
10.3.2 each of the k£ components x; of each point constituting a line can be modeled by
x; = pi+ ;¢ where x; and ¢ are random variables. We can therefore select any subset
of £ — 1 components where each of the components is modeled as above, and join
them together into a vector producing x’ = p'+ 3¢, the model of a k — 1-dimensional
line. [

Proposition 11.5.1 tell us that if a set of points form a line cluster in some set of
dimensions it is possible to commence the search for the cluster in a smaller set of
dimensions, and iteratively extend it in a bottom-up manner using forward selection.
Moreover, the search for clusters in lower dimensions is typically easier (faster) than
a search for clusters in higher dimensions. Proposition 11.5.1 also provides pruning
power. That is, if a line cluster is not visible in a smaller set of dimensions it is
not necessary to search for it in higher dimensions. Using this property we can also
devise a termination condition for the algorithm, i.e., if the line detector is not able to
detect any more clusters in a small initial set of dimensions then the algorithm should

terminate. The combination of the bottom-up approach and proposition 11.5.1 also
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ensures that the line clusters are found in the largest possible subspaces.

Because a top-down approach will not be able to exploit the advantages of the
downward closure property of lines we choose to adopt a bottom-up forward (or step-
wise) selection approach. It now remains to determine how an initial set of features
is selected to start the clustering process. One possibility is to start the process with
line clusters of the smallest possible dimensionality, i.e., two-dimensional line clusters.
This can achieved by searching through all possible 2D subspaces for a line cluster
using the line detector algorithm. Needless to say that this possibility is computa-
tionally feasible as it is only quadratic in the dimensionality of the data. However,
confirmed by experiments presented in section 11.12, clusters tend to overlap when
projected from higher dimensional spaces into lower dimensional spaces. Hence, the
projection of several line clusters embedded in higher dimensional spaces into a lower
dimensional space may either mask each other or appear as a single cluster. This in
turn may “confuse” feature selection used to extend the cluster, in the determination
of which features are relevant to the cluster. Ideally the clustering process should
start with a larger set of initial features, close in number to the dimensionality of the
subspace in which some line cluster exists. This will not only improve cluster detec-
tion accuracy but also improve efficiency as the extension process will be shorter. To
achieve this goal we propose a method that is based on a random walk on the features

lattice.
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11.6 Selecting an Initial Set of Features by Ran-
dom Walk

The potential of random walk approaches in context of level-wise algorithms such
as those frequently used to mine association rules is discussed in [101]. However,
completely different from our approach, rather than walking up the itemset or features
lattice the random walk used by the line clustering algorithm walks down the features
lattice so that subspaces and line clusters of higher dimensionality are examined and
intercepted sooner. The basic idea can be stated as follows: starting from the full set
of features, randomly remove one feature at a time, after each removal invoke the line
detector algorithm to detect line clusters in the subspace defined by the remaining
features, and repeat the process until a line cluster is detected, or until no more
features are left to be removed. As mentioned, ideally we would like the random walk
to stop sooner, i.e., after the removal of fewer features, so that initial line clusters
will be intercepted at higher dimensions closer to the dimensionality of the subspace
in which they are embedded. This will not only improve accuracy, but also efficiency.

More formally, let F' be the full set of features, and Lr be the lattice (poset)
defined by (P(F),C). If F} and F; are two elements in Lr (subsets of F'), we say
that F5 is more general than F} or F; more specific than Fy denoted by Fy < F}
if I, C Fy. Further, let F C F be a set of features (subspace) in which some line
cluster exists, and F” be the set of features remaining after each feature removal
during the walk. If at a certain point during the random walk F” C F’, i.e., a subset
of features that constitute a higher dimensional line cluster is detected, we can stop
the random walk and use F" as our starting point (initial set of features). Then using

forward selection we can extend the line cluster currently residing in the subspace
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{A,B,C, D}
{A,B,C} {A,B,D} {A,C,D} {B,C,D}
{A,BY {A,C}” {A D} (B,C} ~{B,D} {C,D}

{A} {B} {cy {D}

\/

0

Figure 11.2: A random walk on a four-feature-lattice. The arrows show one possible
walk that terminates with an empty set of features.
defined by the features of F” to the higher dimensional subspace in which the cluster
exists defined by the features of F’. Due to the downward closure property of lines,
once this condition is met it is not necessary to continue the walk (remove features)
as any subset of F” will also contain a line cluster. Thus, the method can be restated
as: perform a random walk on Lr starting from F and moving in the generalization
direction until either F” C F’ or F” = (). This idea is illustrated by Fig. 11.2.

We now examine the statistical properties of the random walk. In order to do so
we assume the line detector procedure will always be able to identify a line cluster in a
subspace if such a cluster exists. Let X denote a random variable counting the number
of features remaining upon termination of the random walk, i.e., the dimensionality
of the subspace in which a line cluster (if one exists) was first detected. The larger
X is the better. We say the random walk fails if it fails to detect a line cluster when
one exists, i.e. when X < 2. Likewise we say the random walk succeeds when X > 2,
that is, a set of at least two features that are a subset of the set of features in which

a line cluster exists were encountered by the walk. Let d denote the dimensionality
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of the data, k the dimensionality of the subspace in which a line cluster exists, and
¢ the number of clusters in the data. The questions we would like to answer are the
following;:

Case 1: Assuming there is only one line cluster in the data.

1. What is P(success) = P(X > 2|d, k) ? This will tell us how likely we are to

intercept some subspace in which the cluster exits by the random walk.

2. What is E[X|d, k] 7 This will tell us at which dimension or how soon we can
expect to intercept the line cluster. The larger this value the better, as it will

indicate that we can expect to intercept the cluster sooner.

3. Given d, what should k£ be so that E[X|d,k] > 2 7 or alternatively what
should the ratio between d and k be so that E[X|d, k] > 2 ? This will tell
us how large should the subspace in which the cluster exists be so that we can
expect the random walk to succeed. Alternatively, what is the range of subspace
dimensionalities in which the walk is effective. This will guide us to decide on
which types of data sets (containing clusters in lower or higher dimensional
subspaces) the random walk can be applied successfully. It is reasonable to
assume that the larger the dimensionality of the subspace with respect to the
dimensionality of the data the more likely it is that the walk will succeed or

intercept a cluster sooner.

Case 2: We now assume that there are ¢ and not one line cluster in the data, and that
each of the clusters exists in a k-dimensional subspace, but not necessarily the same
subspaces. The requirement that all the clusters reside in a k-dimensional subspace

and not in subspaces of different dimensionalities is considered a limiting case. The
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questions we want to answer in this case are similar to those of the first case with
the exception that now there are more clusters in the data, and that P(X = z|d, k, ¢)
denotes the probability that the random walk intercepted a set F” of x features such
that F” is a subset of at least one of the feature sets in which some of the ¢ clusters

are embedded
1. What is P(success) = P(X > 2|d,k,c) ?
2. What is E[X|d, k, ] ?
3. Given d and ¢, what should k& be so that E[X|d, k,c] > 27

4. Will the random walk perform better when more clusters exist in the data? It

seems reasonable to assume that the answer is yes.

Lemma 11.6.1.

~—

P(X = z|d, k) = )

Proof: Given |F| =d, |F'| = k and X < k. X = z implies that the random walk
yielded a subset of features F” such that F”” C F’ and |F"| = x. This in turn happens
when d —z features have been removed (sampled) from the set F' by the random walk,
and of those features removed exactly k — x are removed (sampled) from the set F’
(to yield the set F” C F' ), and d — x — (k — ) = d — k features removed (sampled)
from the set F' — F’ where |F' — F’| = d — k. The probability of this event occurring,
similar to other hypergeometric problems, is given by

() ) ()

(%) Q)

However, this probability does not take into account the order in which the features

are removed. It includes other successful random walks that stopped earlier, i.e.,
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X >a (F" C F' and F” > z), but would have lead to X = x if the random walks
were allowed to continue removing features. After all, if F”” C F’ then any subset of

F” will also be a subset of F’. Therefore,

@:PX>ZL'dk’
() ~ M=,

Since

P(X =z|d,k) = P(X >a|dk)— P(X > (z+1)|d,k)

we get the final result [
Knowing P(X = z|d, k) we can now answer all the questions of case 1 (only one

cluster exists in the data), by computing
P(success) =1 — (P(X =0|d, k) + P(X = 1|d, k))

and
k

E[X|d k=) i P(X =i|d,k).
i=0
For the case of multiple clusters let F] ... F denote the subsets of features in which

each of the c clusters exists. Since we have no prior knowledge of the the subspaces in
which the clusters exist we will assume FJ ... F! are all drawn randomly and indepen-
dently with replacement (allowing for clusters to exist in the same subspaces) from
L, and all of the same dimensionality (limiting case), i.e., |F{| = ... =|F!| = k. As
mentioned P(X = z|d, k, ¢) denotes the probability that the random walk intercepted
a set F” of x features, such that " is a subset of at least one of the F/’s, i.e.,

P(X =z|d,k,c) =P (U(F” CF N|F" = x)) :

i=1
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Lemma 11.6.2.

P(X = x|d, k,c) = g(_l)i_IC) [(8) . (

Proof: because F7,..., F! are sampled independently

P(F'CFN|F">2)=...= P(F"CF N|F"| > )

k
=P(F'CFNIF" >2)=P(X >ald k) = %

Using the inclusion-exclusion principle

P(X >zld,k,c) = P (U(F” C F/N|F"| > x))

i=1

- Sy (9 (ﬁ (7 C NP 2 w))

i=1 Jj=1
c

i=1

and once again using the identity

P(X =2|d k,c) = P(X>uxldkc)—P(X > (z+1)|dkc)

(11.6.1)
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we get the final result [

Knowing P(X = z|d, k,c) by lemma 11.6.2 allows us to answer the questions of
the second case (c and not one clusters exist in the data). Using Figs. 11.3-11.5 we
summarize our conclusions. Figs. 11.3 and 11.4 show the change in the probability
of the random walk succeeding and the expected dimensionality of the clusters inter-
cepted by the random walk respectively, as the number of clusters in the data set and
the dimensionality of the subspaces in which the clusters exist are varied. Fach curve
represents a different number of clusters in the data set, where the lowest curve rep-
resents a data set with one cluster and the highest with ten clusters (¢ =1,...,10).
For illustrative purposes the dimensionality of the data is fixed at 50, but similar
patterns can be observed for other data dimensionalities. It is eminent from Fig. 11.3
that as the number of clusters increases and/or the dimensionality of the subspaces
in which clusters are embedded is increased the probability of success increases. It
is also evident that even when a small number of clusters exist in the data and the
clusters are embedded in higher dimensional subspaces there is a high probability of
success. Hence, one conclusion that can be drawn is that the random walk is likely
to succeed when a large (not necessarily extremely large) number of clusters exist in
the data and the clusters are embedded in a relatively higher dimensional subspace.
Fig. 11.4 similarly shows that the random walk is more effective, that is, clusters
are intercepted sooner and at higher dimensions when the clusters are embedded in
higher dimensional subspaces. The more effective region of the random walk seems
to be approximately the upper third range of subspace dimensionalities. The figure
also shows that the expected value converges to an exponential and that the addition

of more clusters beyond a certain point will not enhance the capability of the random



213

d=50 c-1,...,10

P(X22|dkc)
o
u

| | | | | | i |
0 5 10 15 20 25 30 35 40 45 50
subspace dim-k

Figure 11.3: Probability of a random walk succeeding.

walk in detecting clusters sooner. Fig. 11.5 shows the dimensionality of the subspace
required, given varying data dimensionalities and varying number of clusters, so that
we can expect the random walk to succeed. By computing the slope of each of the
curves we may conclude that beyond a certain number of clusters the required dimen-
sionality of the subspaces in which clusters are embedded, so that on expectation the
random walk will succeed, should be approximately larger than a third of the data
dimensionality. One more important conclusion that can be drawn from the figures
is that if the random walk fails, it is likely that the clusters are embedded in lower
dimensional subspaces, in which case we can revert to our first solution, which is to
initialize the clustering process by searching for two-dimensional line clusters in all

possible 2D subspaces.

11.7 The Distance of a Point to a Line

The line detector algorithm requires the computation of a point’s distance to a line.

The squared distance (henceforth distance) of a point to a line is the norm squared of
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E[X|dkc]

0 5 10 15 20 25 30 35 40 45 50
subspace dim-k

Figure 11.4: The expected dimensionality of a cluster intercepted by the random
walk.

slope:

c=10.68
€=20.55
251 ¢=30.46
c=40.44
=5 0.40
200 =6 0.38
c=70.35

subspace dim-k, E[ X | d,k,c]=2)

| |
5 10 15 20 25 30 35 40 45 50
space dim-d

Figure 11.5: The required dimensionality of the subspace in which clusters exist so
that we can expect the random walk to succeed.
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its projection to the space orthogonal to the line. Formally, the distance ¢ of a point

x modeled by eq. (11.3.1) to a k-dimensional line is given by:

5 = |(I-88)x—um)’
= (1 - BB)(Bs + Be)|?
= I8¢ — Bé + Be — 0|
= |Bel?
= (Be)Be

= €. (11.7.1)

According to the line cluster model ¢; ~ N (0, 0?). Therefore the distance é normalized

by o? will have

5 e
2: i 2
o? i—1 o2 Xk—1» (11.7.2)

a chi-squared distribution with k — 1 degrees of freedom. Hence,
E[0] = E[o*x{_,] = (k — 1)0®, (11.7.3)

and

Var[§] = Var[o?*x:_,] = 2(k — 1)o*. (11.7.4)

Because the distance grows with the dimensionality of the subspace in which it mea-
sured, and since the search for line clusters will be computed across different dimen-
sionalities, we normalize the distance by its degrees of freedom (k—1) or equivalently
the dimensionality of the space orthogonal to the line. This creates a uniform or nor-

malized distance measure which is independent of the dimensionality of the subspace
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in which it is measured. Therefore the normalized distance §/(k — 1) has

0 >
and
) 204
Var [k‘—l} =71 (11.7.6)

The expected value and variance of the normalized distance will be used as heuristics
to set the input parameters to the algorithm, discussed in section 11.10. Also note

that according to lemma 8.2.1 the distance can be computed by

I = B8 x = w* = llx — pl* = [18'(x — wII*, (11.7.7)

providing us with a speedup of O(k), which for high dimensional spaces becomes a

significant factor.

11.8 The Score (Fit) function

At each forward selection step the quality of the line cluster returned by the line
detector must be assessed according to some criteria, in order to determine whether
or not to proceed to the next step. The criteria we chose to use in order to assess
the quality of a cluster is the “fit” of the set of points constituting the cluster to the
line in which they are embedded. The fit is defined to be the average-normalized-
squared-distance (average error) of the points to the line.

If k£ is the dimensionality of the subspace in which a cluster is detected, n the
number of points constituting the cluster, X the cluster points, and x; the i-th point.

Then the fit or score function J(X) is defined as

n

> (i = pl? = 118'(xi = w)II?) - (11.8.1)

1=1

1

TR
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Prior to the fit computation, g and 3 must be estimated. p is estimated by com-
puting the sample mean of the cluster. Using least-squares it can be shown that an
estimate for 3 is the largest eigenvector of the cluster’s covariance matrix, which can
be computed using the power method. In section 11.11 we will discuss other methods
of estimating (3.

To guide the algorithm to give certain preferences to the size and dimensionality

of the cluster, J(X) can be modified as follows:
J(X) = J(X)n(k —1)°. (11.8.2)

For example guiding the algorithm to prefer even higher dimensional subspaces we

can set b to some value less than zero. Based on eq. (11.7.5) and eq. (11.7.6)

E[J(X)] = o, (11.8.3)
and
Var[J(X)] = % (11.8.4)

which will also be used as heuristics to set the input parameters, discussed in section

11.10.

11.9 Putting it All Together

SLCLUS (Fig. 11.6) commences by a random walk to select an initial set of features
to initiate the clustering process. If the walk failed then the initial set of features
is determined by searching through all possible 2D subspaces for the best 2D line
cluster. If no such cluster exists then SLCLUS terminates. If either the random

walk succeeds or a 2D line cluster is detected, then SLCLUS proceeds by repeatedly
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calling the forward selection procedure (Fig. 11.7) to extend the cluster into higher
dimensions and refine it, until no “improvement” can be made. A cluster is improved
if its fit J(X) decreased. At this point a line cluster is assumed to be found, it is
outputted, removed from the data, and the algorithm is reapplied on the remaining
set of points until no more points are left to be clustered. The forward selection
procedure extends a cluster one dimension at a time, by choosing the dimension
whose data when added to an existing cluster, attains the maximum reduction in the
fit J(X). We note that by calling the line detector procedure from within the forward
selection procedure the algorithm ensures that line clusters are refined by also pealing
off unrelated points from them. This refinement is necessary when the projection of
several line clusters appear as one line cluster in lower dimensional subspaces. In
addition, if the random walk fails it is likely that a cluster is embedded in a lower
dimensional subspace, in which case searching through all possible 2D subspaces is

likely to reveal it since it is less masked or overlapped by other cluster’s projections.

11.10 Setting the Input Parameters

The algorithm requires the input of four parameters; s, a sample size parameter used
to specify the maximum number of attempts that should be made by the line detector
to identify a line cluster; d, the maximum distance of a point to a line allowed for it
to be considered an “inlier”, i.e., d can considered an error tolerance; ¢, a threshold
used to specify that a large enough cluster has been detected; J, a “fit” threshold
used to determine whether the algorithm should terminate, i.e., that no more clusters
with a sufficient enough fit are left in the data.

t is relatively intuitive but may require some domain knowledge about the number
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Algorithm SLCLUS (D, s,d,t,J)
J(X) =00
X=perform random walk(D)
if (J(X) > J)
X=find the best 2D-line cluster(D)
if (J(X) > J)
terminate
while ( |dims(X)| < |dims(D)| )
X'=ForwardSelection (X, s,d,t)
if (J(X') < J(X))
X=X
else
break
output X
D =D — pts(X)
if (D #0)
goto first step
return

Figure 11.6: The subspace line clustering algorithm. D is the data set. X is a line
cluster data structure containing the set of points in the cluster (pts(X)) and the
set of cluster dimensions (dims(X)). X is updated whenever points/dimensions are
added /removed from the cluster.

Algorithm ForwardSelection (X, s,d,t)
Y=X
while (unexamined dimensions of X remain)
select an unexamined dimension of X
add dimension data to X
X' =LineDetector (X, s, d, t)
if (J(X') < J(Y))
Y =X
restore X
return Y

Figure 11.7: The forward selection subroutine used to gradually extend the subspace
in which line clusters are detected and to peel off points which do not belong to the
cluster.
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of points we expect to see in a cluster. For example, in gene expression clustering
typical functional categories contain a small amount of genes, and therefore ¢ should
be set to a low value.

d and J are also relatively intuitive and easy to set. They pertain to the error
tolerance or deviation from the line we are willing to allow, and indirectly effect
the magnitude of correlations the generated clusters will induce. E.g., setting them
to higher values will likely generate clusters inducing lower correlations. Assuming
we are willing to accept clusters whose average deviation (distance) from a line is
o (i.e, we are assuming that € ~ N(0,02I)), then using the statistics derived in
equations (11.7.5)-(11.7.6) and (11.8.3)-(11.8.4) as heuristics, we can set d and J to

their expected value plus a number of their standard deviations,

d=o*+ co’

o1 (11.10.1)

2
_ 2 2 |
J=0"+co =) (11.10.2)

where ¢ is the number of standard deviations. Since these values depend on k-the

and

dimensionality of the subspace in which a cluster is either searched for or reported,
the two parameters must be adjusted dynamically by the algorithm depending on k.
Hence, the two parameters should simply be set to d = J = 0.

s should be selected large enough to ensure with high probability that at least
one of the samples of two points are within error tolerance to a line, i.e., come from
the same line cluster. This in turn will ensure that the sampled points can be used
to approximate the line in which a possible cluster is embedded and to collect its re-
maining points. Let p be the probability that two sampled points come from the same

cluster, X be a geometric random variable denoting the number of trails (samples)
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S

K Pme=005 [e=0.01
2 1[0.2500 10 16
4 | 0.0625 46 71
6 | 0.0278 | 106 163
8 | 0.0156 | 190 292
10 || 0.0100 || 298 458
12 || 0.0069 || 430 661
14 || 0.0051 || 586 900
16 || 0.0039 || 765 1177
18 || 0.0031 || 969 1490
2 || 0.0025 | 1197 1840

Table 11.2: Values for input parameter s.

needed to get one success (two points coming from the same cluster), and F'(X) its
cumulative distribution function. If we want to ensure with probability 1 — e (where

0 < e < 1) a success then the number of trials s needed should satisfy
FX)=P(X<s)=1-(1-p)°>1—¢,

yielding that s should be set to

o> 1€ (11.10.3)
log(1 —p)

It now remains to determine p, the probability that two sampled points come from

the same cluster. One way is to assume that there are no more than K clusters of

approximately the same size in the data set, and set p = 1/K?2. Another way is to

use t and set p = (|D|/t)?, where |D| is the number of points being clustered. Table

11.2 uses p = 1/K? to show some values of s, for corresponding values of K and e.
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11.11 Algorithmic Complexity and Optimizations

Like LMCLUS, SLCLUS is a stochastic algorithm and as such its complexity anal-
ysis is not straightforward. In the following we present asymptomatic analysis of
SLCLUS’s running time in terms of the number of data points, the dimensionality of
the data, and the dimensionality of the subspaces in which line clusters are detected.
The complexity of these three terms is not multiplicative. We also note just as with
LMCLUS that the following result is only a worst case upper bound on its running

time, and does not reflect its performance in practice.

Lemma 11.11.1. The overall worst case time complezity (an upper bound) of SLCLUS
in terms of the size of the data-n, the dimensionality of the data-d, the largest dimen-
sionality of the subspaces in which line clusters are embedded-k, is O(n, d, k3).

Proof: The overall complexity of SLCLUS depends the complexity of the line detec-
tor procedure, on the number of calls to it by the forward selection procedure, the
complexity of the procedures used to initiate the clustering process (finding the best
2D line cluster, and the random walk), and the complexity of estimating the model
parameters used to compute the score (fit).

The complexity of the line detector amounts to the complexity of computing
distances of points to a line. As suggested by eq. 11.7.7 the complexity of computing
a distance amounts to a one-dimensional projection whose complexity is O(k), where
k is the dimensionality of the subspace in which the distance is computed. Since the
sample size s required by the procedure is constant, the overall complexity of the line
detector procedure is O(nk), where n is the number of points being examined by the
procedure.

To compute the score we first need to estimate the model parameters of the line

fitted to a set of points. The complexity of estimating p is O(n), and the complexity of
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estimating 3 is O(nk?+k?), where nk? operations are used to compute the covariance
matrix of the points, and k? operation are used to compute the leading eigenvector of
the covariance matrix using the power method. Once these parameters are estimated,
computing the score requires computing the distances of the points to the line whose
complexity as before is O(nk). Therefore the total complexity of computing the score
is O(n + nk? + k? + nk) = O(nk?).

Searching for the best 2D line cluster requires going through all 2D subspaces
O(d?), executing the line detector O(2n) (k = 2) and computing the score for each
line detected O(4n). Therefore the overall complexity of this step is O(d?*(2n+4n)) =
O(d?n).

In the worst case the random walk will need to execute the line detector and
compute a score for each possible subspace dimensionality, i.e., k = 2,...,d. Hence
the complexity of the random walk is 33¢_, O(nk) + O(nk?) = O(nd®).

Each dimension is examined by the forward selection procedure by calling the line
detector and computing a score, with the corresponding dimension data added to
the cluster. Assuming the dimensionality of the cluster before the extension is i — 1,
then there are d — ¢ + 1 dimensions to examine. Thus, the number of operations
executed by this procedure is (d — i + 1)(ni + ni?) = O(dni?). Assuming a line
cluster is embedded in a k-dimensional subspace, then the number of calls to the
forward selection procedure in the worst case is kK —2, and therefore the complexity of
extending a cluster from a 2D subspace to a kD subspace is >F O(dni?) = O(dnk?).

The total complexity of the algorithm is therefore given by
O(d*n) + O(nd*) + O(dnk?®) = O(n, d*, k*).

The flexibility of SLCLUS comes at a price. Its main bottleneck is associated with
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the estimation of the line parameter 3 which is used to compute the the fit J(X).
Rather than estimating it by computing a covariance matrix and its associated largest
eigenvector using the power method, it is possible to obtain slightly lesser accurate
estimates of it by other methods. One possible method is to use the two points
sampled by the line detector as a less accurate estimate. That is, along with the line
cluster points, the line detector procedure also returns the corresponding parameters
p=x; and B8 = (x1—X3)/||x1—xX2|| that were used to identify the line. This will result
in an algorithm whose complexity is O(n, d?, k*). Another more accurate estimate of
B3 can be obtained using a monte carlo approach similar to the one used by the line
detector procedure. After a line is detected, using only the line points, we repeat s
times: sample two points X1, Xo, let = x1, and let B = (x; —X3)/||x1 —X2||, compute
J(X) the fit, and return the 3 that yielded the best fit, i.e., smallest value of J(X).
The rational is that because we are using only the line points it is likely (can be shown
mathematically) that with a large enough sample size we will be able to sample two
points that can a define a line which is very close to the true line that passes through
the data. Also because the true 3 is obtained through a least squares method that
essentially seeks to minimize J(X), the smaller it is, the closer the corresponding
sampled 3 is to its true value. The resulting complexity of the algorithm using this
method is the same as the previous O(n,d? k*). Another possible optimization is
to modify the algorithm so that clusters are extended in a bottom-up way without
giving any preference to specific features. That is, features are added in any order,
not necessarily the best ones first, as long as they are consistent with the model,
i.e., induce a score J(X) that is less than the threshold J. This will result in an

algorithm (using the original method to estimate 3) whose complexity is O(nd®)
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which is independent of the dimensionality in which the clusters exist. Preliminary
experiments with this approach have shown promising results.

We note that unlike related bottom-up subspace clustering algorithms such as
CLIQUE [28] and MAFIA [50], which are exponential in the dimensionality of the
subspaces in which clusters are embedded, SLCLUS without any optimizations is
still only cubic. However, SLCLUS unlike these methods does not scale well with the
dimensionality of the data. Nonetheless, many subspace clustering methods, particu-
larly the top-down ones such as ORCLUS [54] which rely on eigen-decomposition are

also cubic in the dimensionality of the data.

11.12 Empirical validation

We experimented with SLCLUS by applying it on both real and synthetic data sets.

The algorithm was implemented in a Linux based Matlab environment.

11.12.1 Experiments with Synthetic Data

To better understand the algorithm, several dozen data sets were generated according
to the line cluster model specified in eq. (11.3.1) using a similar method to the one
used to generate general linear manifold clusters (section 8.8.1). The aim of the
experiment with the synthetic data was to evaluate the algorithm’s accuracy in the
detection of both the clusters that were generated and the subspaces in which they
were embedded, along with an empirical evaluation of the random walk’s effectiveness
and its contribution to the algorithm’s performance.

To determine the algorithm’s accuracy in cluster detection we used Cluster Purity

(section 8.8.3). The determination of the algorithm’s accuracy in subspace detection
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was measured by the degree of correspondence between the subspace feature labels of
the output and input clusters. Both accuracy measures range in [0, 1], where larger
values indicate better accuracy. Due to the stochastic nature of the algorithm each
test was repeated between 10-100 times depending on the size and dimensionality of
the data, and average accuracies were recorded.

For our first set of experiments with synthetic data we generated low-dimensional
data sets in order to avoid as much as possible the overlap of cluster projections
in lower dimensional subspaces. This in turn enabled us to examine the general
performance of the algorithm without the random walk (the clustering process starts
with clusters in 2D subspaces). These data sets consisted of 5-50 dimensions, where
for each selected dimensionality three types of data sets were created. One with a
small number of clusters (4-6 clusters), one with a small number of clusters to which
noise points were added representing approximately 30% of the data. And a third type
of data set containing a larger number of clusters (8-11). We also ensured that the
dimensionality of the subspaces in which clusters were embedded ranged across the
dimensionality of the data. From a pool of dozens of synthetic data sets on which the
algorithm was applied, a representative sample of seven of each of the three different
types (21 in total) of data sets was selected for illustrative purposes. The performance
(accuracy) of the algorithm applied on these data sets is summarized in table 11.3.
The table shows that the algorithm is able to maintain high levels of accuracy in
cluster point detection (denoted by ‘pts’ in the table) and good overall performance in
the detection of the subspaces which the clusters were embedded (denoted by ‘dim’ in
the table). However, the table shows that as the dimension of the data sets increases,

the accuracy in subspace detection deteriorates. We attribute this behavior to the
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. small small4noise large

data dim - - -
pts | dim || pts | dim pts | dim
5 0.96 | 0.99 || 0.89 | 0.97 || 0.92 | 0.94
8 0.99 | 1.0 || 0.94 | 0.99 || 0.98 | 0.99
10 0.99 | 0.98 || 0.97 | 0.98 || 0.93 | 0.94
15 0.97 | 0.93 || 0.96 | 0.93 || 0.97 | 0.91
20 0.99 | 0.79 || 0.90 | 0.90 || 0.96 | 0.95
30 0.94 | 0.96 || 0.82 | 0.95 || 0.96 | 0.91
50 0.97 | 0.65 || 0.93 | 0.92 || 0.90 | 0.67

Table 11.3: SLCLUS’s performance, without random walk when applied on low-
dimensional data.

overlap of cluster projections phenomena, i.e., the possibility that the projection of
several clusters embedded in high dimensional spaces into lower dimensional spaces
appear as single clusters when the algorithm commences the search, which “confuses”
it in the determination of which features are relevant to each cluster. The next two
sets of experiments demonstrate that the addition of the random walk as a mechanism
of selecting a “better” initial set of dimensions which are used to start the clustering
process, is able to rectify this problem.

For the second set of experiments with synthetic data we generated higher dimen-
sional data sets, and conforming with the conclusions made in section 11.6, embedded
the line clusters in subspaces whose dimensionality ranged in the upper third range
of subspace dimensionalities. For example, for a data set whose dimensionality is 60
we embedded line clusters in subspaces whose range of dimensionalities was [40, 60].
On each of the generated data sets we applied SLCLUS with and without the ran-
dom walk, in order to evaluate the random walk’s utility. A sample of five data sets
containing between 3-6 clusters each and whose data dimensionality ranged in 60-100

were selected for illustrative purposes. The performance of SLCLUS applied on these
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. -RW +RW

data dim . i
pts | dim || pts | dim
60 0.66 | 0.50 || 1.00 | 0.94
75 0.66 | 0.56 || 1.00 | 0.86
80 1.00 | 0.66 || 1.00 | 0.99
90 0.79 | 0.41 || 1.00 | 0.93
100 0.85 | 0.59 || 1.00 | 0.85

Table 11.4: SLCLUS’s performance, with and without the random walk, applied on
high-dimensional data.

data sets is summarized in table 11.4. The table shows that when the clusters are
embedded in higher dimensional subspaces employing the random walk (+RW in ta-
ble) provides a significant gain in performance (specially in subspace detection) over
initializing the clustering process with 2D line clusters (-RW in table). The addition
of the random walk in a sense provids a mechanism to minimize and in some cases
completely avoid the effects of the overlap of cluster projections phenomena.

In our third and last set of experiments with synthetic data we generated lower and
higher dimensional data sets, but this time embedded the line clusters in subspaces
whose dimensionality ranged uniformly across the data dimensionality, resulting in
data sets whose clusters were embedded in lower, moderately higher, and high di-
mensional subspaces of the data. The algorithm was applied on these data sets in its
complete form, i.e., with the random walk. The aim was to evaluate overall perfor-
mance when no prior knowledge about subspace dimensionalities is available, which
is typically the case in real experiments. In these cases it is reasonable to assume
that the dimensionalities are uniformly distributed across the data dimensionality.
The performance of the algorithm applied on a representative sample of these type of

data sets is summarized in table 11.5. The table shows that the algorithm is able to
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data dim +RW,

pts | dim
40 1.00 | 0.85
55 0.99 | 0.80
70 0.95 | 0.72
85 0.99 | 0.75
100 0.99 | 0.79
120 1.00 | 0.85

Table 11.5: SLCLUS’s performance applied on data sets with uniformly distributed
subspace dimensionalities.

achieve high accuracy in cluster point detection, and moderately high accuracy (at
an acceptable level) in subspace detection. Combined with the results of the second
set of experiments we validate our conclusion from section 11.6 that the random walk
is more effective when the clusters are embedded in higher-dimensional subspaces.

In summary, we have demonstrated that in a controlled environment the algorithm
is able to perform very well in many cases. It was able to achieve very high accuracy in
cluster point detection for all cases, and relatively high accuracy in subspace detection
for most cases. In the worst case the algorithm miss-detected on average only 20%
of subspace dimensions. We also demonstrated that the addition of the random
walk as a method of selecting an initial set of features to start the clustering process
significantly enhances algorithm performance for high dimensional data sets. It also
evident that in this setting it is not possible to completely avoid the effects of the
overlap of cluster projections phenomena, which seem to effect only the detection of
cluster subspace dimensions.

Although not designed to target the same clusters as our line clustering algorithm,
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we have also implemented the FLOC algorithm [68] (a more efficient implementa-
tion of the biclustering algorithm [67]) as a representative of the pattern cluster-
ing/biclustering family of algorithms. However rather than applying it on data that
follows the line cluster model, we generated synthetic data that follows the bicluster
or shift pattern cluster model, which as stated earlier is a special case of the line
cluster model (lines with slope one). These data sets were of varying dimensionality
(low and high dimensional data) and included clusters that were embedded in sub-
spaces whose dimensionality ranged across the dimensionality of the data. We then
applied both algorithms on these data sets and compared their performance. Even
though the FLOC algorithm takes as input the number of clusters assumed to exist
in the data, an advantage when comparing algorithms in a supervised or controlled
environment, the line clustering algorithm was able to outperform the FLOC algo-
rithm by an average margin of 0.2 in the accuracy of cluster point detection and an
average margin of 0.5 in accuracy of subspace detection. We note however that the
FLOC algorithm was able to complete the experiments faster than the line clustering
algorithm, a result consistent with the computational complexity of the algorithms.
We also note that a version of SLCLUS that employed a forward-stepwise feature
selection approach was implemented and evaluated. We believed that the forward-
stepwise approach would result in better accuracy, but discovered that on average
not many backward elimination (feature removal) steps were executed, and better
accuracy was not achieved. Due to the overhead associated with the backward steps

we preferred use the simpler forward selection approach.
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11.12.2 Experiments with Real Data

We conducted extensive tests on three real data sets. The two gene expression
data sets that were used in section 10.4 — the yeast and Colon Cancer data sets,
and a third one — Jester, which is a data set used in an online joke collabora-
tive filtering/recommender system [102]. This data set was obtained from http:

//ieor .berkeley.edu/~goldberg/jester-data/
Yeast Data

Applied on this data set SLCLUS discovered 62 line clusters. Similar to the experi-
ment described in section 10.4.1, we compared these clusters with the 100 biclusters
reported by the biclustering algorithm. The clusters’ size detected by SLCLUS ranged
in [15, 255] and on average much smaller than the clusters reported by the biclustering
algorithm. As mentioned already, from a biological standpoint this makes sense, as
the whole yeast genome contains roughly only 6000 genes, and typical functional cat-
egories of the yeast genome contain dozens rather than hundreds of genes that were
included in some of the biclusters. The dimensionality of the clusters detected by
our algorithm ranged in [3, 16] and was on average smaller than the dimensionality of
the biclusters. We also compared the mean squared residue score (MSRS). SLCLUS
detected on average clusters with a slightly larger MSRS. However, this is reasonable
since our algorithm was not restricted to searching only for shift pattern clusters for
which this score was designed. Nonetheless, our algorithm was successful in finding
clusters that induce large correlations. We used average correlation, defined to be
the average of the absolute value of the correlation coefficient between each pair of

features belonging to a cluster, to quantify the degree of correlation induced by a
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Figure 11.8: mean squared residue score (MSRS) versus average correlation of yeast
clusters detected by SLCLUS.

cluster. After the removal of 3 outlier clusters (clusters with average correlation less
than 0.8) the mean average correlation was found to be 0.96. Fig. 11.8 is a plot of
MSRS versus average correlation of the clusters detected by our algorithm. The figure
shows that there are gene clusters in the data that induce large correlations and may
be functionally related, yet may not follow the shift pattern cluster model, supporting
one of the main motivations for this work. We note that some of the clusters found
by our algorithm did follow the shift pattern cluster model.

As in the experiment described in section 10.4.1, we also evaluated the biological
significance of the clusters our algorithm produced by means of function enrichment
— the degree to which the clusters grouped genes of common function. This was done
by computing for each cluster P-values (using the hypergeometric distribution) of
observing a certain number of genes within a cluster from a particular MIPS functional
category. Some of the clusters demonstrated significant grouping (very small P-values)

of genes within the same functional class. Table 11.6 shows five of them that had
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Genes in MIPS Functional Genes in || Clustered || P-value
Cluster Category Category Genes

ribosome biogenesis 215 27 1.698e-09

211 protein synthesis 359 35 5.649e-09

cytoplasm 5H4 37 2.696e-05

cytoplasm 5H4 15 1.565e-14

17 protein synthesis 359 13 1.178e-13

ribosome biogenesis 215 11 6.229e-13

subcellular localisation 2256 16 8.658e-07

193 amino acid biosynthesis 118 13 5.462e-05

49 amino acid metabolism 204 6 6.740e-06

16 cell cycle and 628 9 5.772e-06

DNA processing

Table 11.6: MIPS gene function enrichment.

smaller P-values. We also note that SLCLUS found more and larger clusters than

LMCLUS with significant grouping.
Cancer Data

Applied on this data set SLCLUS detected 81 line clusters. The size of the clusters
was generally small, the largest cluster contained 21 genes. The dimensionality of the
subspaces in which the clusters were embedded ranged in [4, 16]. The average MSRS
of the clusters was 15243, indicating that most of the clusters did not follow the shift
pattern cluster model. However, their mean average correlation (after removal of two
outlier clusters) on the other hand was around 0.83. Again indicating that related
groups of genes may exist in the data, yet are overlooked by most clustering methods.

We also found seven gene clusters that were present in either only the normal
One cluster contained only normal tissues

tissues or only the cancerous tissues.

and the remaining six only cancerous tissues. They contained a small number of
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genes 16-18, and were embedded in subspaces of dimensionality ranging in [4, 9], i.e.,
contained between 4-9 tissues. The average correlation of these clusters was around
0.88, higher than the rest of the clusters, providing evidence that the genes within
these clusters may be functionally related and used for discriminatory purposes. Most
of the remaining clusters contained a mixture of tissues none with an overwhelmingly
majority of normal or cancerous tissues. We note that LMCLUS was able to find only

one differentiating cluster.
Jester Data

The Jester data set contains a million continuous ratings in the range [—10.00, 10.00]
of 100 jokes (dimensions) from 73421 users (objects). Not all users rated all jokes,
thus the data contains missing values. For our experiments we extracted a subset
of 6916 users that rated all jokes. Applied on the Jester data SLCLUS identified
252 line clusters with the following statistics. The average size (number of users) of
the clusters was 28 and the average dimensionality (number of jokes) of the clusters
was 10. Again we examined the MSRS of the clusters to get an idea of what types of
patterns were identified. Surprisingly we discovered that most of the clusters followed
the shift pattern (slope one clusters in the collaborative filtering literature) with a
very low average MSRS of approximately 5. This finding demonstrates that while
being able to identify a wider and more general spectrum of patterns SLCLUS does
not over look the more common patterns, which as stated are a special case of the
line cluster model, when those are present or more evident in the data. After the
removal of 29 outlier clusters the average correlation was found to be approximately
0.7, and not as high as in the preceding two experiments.

We complete the discussion of this set of experiments by reiterating the comment



235

about cluster validation that was made in section 10.4.3.



Conclusions

A new paradigm of clustering called “Linear Manifold Clustering” which is based on
linear manifolds was designed, analyzed, and evaluated throughout this thesis. The
“birth” of this paradigm of clustering is a consequence of what we believe is a need
for an important yet overlooked cluster model, and as a result of what we identified
as an acute need to sufficiently address certain clustering requirements that current
state of art methods are unable to address. In many problem domains it assumed
successfully that linear models are sufficient enough to describe and capture the data’s
inherent structure. Yet very few remote attempts which were typically associated with
the paradigm of subspace clustering have been made to devise clustering methods
able to identify or learn mixtures of linear manifolds. None of these attempts posed
the problem in a model-based statistical setting intended to model and understand
the underlying “process” responsible for generating sets of points that lie on lower
dimensional linear manifolds.

In this thesis we introduced a formal stochastic linear manifold cluster model.
The model consists of two parts: a deterministic part describing the linear manifold
which the points fit, and a stochastic part describing the distribution of points on the
manifold and their deviation from the manifold. Based on this model we presented a

series of results and techniques demonstrating the applicability of the linear manifold
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clustering paradigm to a wide range of applications. We showed that the linear
manifold cluster model is a generalization of other more common and somewhat
limited cluster models. This generalization allows for less assumptions to be forced
on the data, which typically yield biased results, and more freedom for the data to
“speak for itself”. An emphasis was put on the paradigms of pattern and correlation
clustering and on the application of DNA microarray analysis, where we showed that
pattern clusters or correlations manifest themselves as linear manifolds in the data
space. Based on these results and the linear manifold cluster model we presented two
clustering algorithms: one for clustering or learning mixtures of lower dimensional
linear manifolds, and the other tailored to the application of pattern and correlation
clustering and to DNA micro array analysis. The efficacy of these techniques was
demonstrated by a series of experiments on synthetic and real data sets, where most
of the clustering validation was done using external validation techniques. Most
clustering methods focus only on the grouping aspects of clustering and lack the
ability to provide any scientific content. Since lacking scientific content, clustering is
only a visualization tool, and because one of the ultimate goals of clustering is not
only to reveal structure but also to understand the underlying mechanism or process
responsible for it, we also presented two linear manifold based modeling techniques
that deliver scientific content and with which data can be described. One is based
on a probabilistic density estimation model with which statistical inference such as
predictions can be based upon. The other is a model which describes the linear
dependencies in the data in the form of a set of linear equations.

Many validity techniques have been proposed in order to evaluate clustering qual-

ity when an external assessment is not possible. However, just like the clustering
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algorithms themselves they rely on certain assumptions or heuristic criteria which
may not always be appropriate. Until truly unbiased and adequate cluster validity
techniques are devised, it will be hard to assess or justify the output of a clustering
algorithm and determine whether or not it is just an artifact of the process, in the
absence of ground truth. It has been suggested that cluster validity should be posed
in a statistical setting. In future work we plan to investigate such an approach, where
initial ideas have already been laid out. Unlike existing methods composed primarily
of one step, we believe that the validation process should be a three-step iterative
process that is reapplied until a definite conclusion can be made. The first step
is a statistical permutation based technique used to determine whether the cluster
structure arose by chance. In the second step, also a statistical permutation based
technique, we determine among a set of competing clusterings the one that best de-
scribes the underlying population and not the sample which yielded the clustering.
This test is also used to determine the most appropriate cluster model or shape.
Having determined that the clustering has not arised by chance, and that a certain
clustering structure such as linear manifolds best describes the population, a third
step that uses statistical model selection techniques such as the Bayesian Informa-
tion Criterion may be used to determine the best clustering given a fixed clustering
structure (model) and a varying set of clustering parameters.

Some optimizations to the clustering algorithms presented in this thesis have al-
ready been discussed. In future work we plan to investigate further optimizations.
One particular optimization that we look forward to devise, is the approximation
of the leading eigenvector of a cluster’s covariance matrix which is used to estimate

the model parameters of a line cluster. We conjecture that such an optimization



239

is possible by exploiting the unique shape of the cluster, and believe that such an
optimization will enhance the algorithm’s performance by a significant factor.

The linear manifold modeling technique presented in section 9.2 relied on an in-
dependence assumption which was used to simplify the modeling process by allowing
the modeling of the joint distribution of points on the manifold as a product of the
marginal distributions of points on each of the vectors spanning the manifold. In
future work we plan to experiment with more complex modeling techniques such as
graphical models that do not require an independence assumption, and that attempt
to actually reveal the dependence structure on the manifold. We conjecture that such
an approach will yield more accurate density estimates.

Lastly, we also plan to investigate possible extensions of the linear manifold clus-
tering paradigm, to non-linear manifolds. One possible path we plan to explore is the
use of kernels that will allow the detection of non-linear manifold clusters by using
linear manifold clustering, but in a new coordinate system nonlinearly related to the

original input space.
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