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ABSTRACT

QUANTUM OPTICAL PROPERTIES OF POLARITON WAVES

Adviser: Prof. Joseph L. Birman

Polariton, the normal mode of the coupled matter-radiation system, has
been well known for at least 40 years. Certain properties of the polaritons have
been extensively studied by a variety of spectroscopic methods. In particular,
resonant Brillouin scattering techniques and delicate steady-state optical reflection
and transmission studies using polarized light have permitted careful and
quantitative mapping of the frequency-wavenumber dispersion ®@(k) =@, for
exciton-polaritons. Phonon polaritons have been studied by related methods,
which in many cases antedate the work on exciton-polaritons. Despite this
extensive literature the investigations of the quantum-optical properties of these
crystal mixed modes has lagged. By contrast the study of the quantum optical
properties of the single and muitimode cavity electromagnetic radiation, either in
isolation or in interaction with one or more atoms has been extensively
developed. Part of this impetus has been the expectation that low noise radiation

(“squeezed light”) can be used e.g. for gravity wave detectors or in communication.
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Of course the study of the basic statistical properties of light is itself a major
stimulus for such investigations. These effects found in optics have a certain
generality and they may have analogs in the condensed media.

We develop a quantum mechanical hamiltonian formulation to treat the
polariton in the framework of quantum optics. We exploit two specific
hamiltonians: the conventional Hopfield model, and a more general hamiltonian.
For both of these, exciton-polariton quantum states are found to be squeezed
(intrinsic polariton squeezing) with respect to states of an intrinsic, non-polariton,
mixed photon-exciton boson. The amount and duration of intrinsic squeezing
during the polariton period are studied for exciton-polaritons in typical I-VII and
III-V semiconductors. Among the new features is the possibility of tuning the
amount of intrinsic squeezing by varying the frequency-wavevector of the
polariton mode. We further analyse the photon statistics of the electromagnetic
component of the polariton. Squeezing and tunable non-poissonian photon
statistics are found in the electromagnetic component (optical polariton squeezing)
of the exciton polariton. This entails the reduction of the fluctuations of the
polariton electromagnetic field component below the limit set by the vacuum
fluctuations. The Mandel Q-factor for the number distribution of photon in a
polariton coherent state has been evaluated. Although small for I-VII and III-V
materials i1 the range of modes analysed, the Q-factor could be enhanced for
phonon-polaritons and for other materials. Interpretations of the origin of

squeezing in polariton states are presented.
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CHAPTERI

Introduction

11 Elecromagnetic field fluctuations

Can a beam of light ever be truly "quiet", and free from the random fluctuations
called noise? All light fields fluctuate: their amplitudes and phases are subject to a
stochastic indeterminacy. Much of this indeterminacy in practical light sources
derives from environmental influences. For example, radiating atoms can collide
with other atoms so that the phase of the emitted light is disrupted, optical
components in a light source can vibrate in an uncontrolled fashion and lead to
random changes in frequency and amplitude, and the rate of atomic excitation in
any light 'source can vary in a random way. These factors can in principle be
eliminated by a careful design of the light source. Even if all of these influences are
removed, however, we are left with a more fundamental kind of optical noise.
Optical fields obey the laws of quantum mechanics and have an inherent quantum
indeterminacy which cannot be removed no matter how carefully the light source
is controlled.

beam of light consists of an oscillating electromagnetic field. In the world
view of classical physics, the oscillations of the field can be pictured as a smooth
wave, whose shape can be described with absolute certainty. According to the
quantum mechanical uncertainty principle, however, the best one can say is that
the wave's shape fits within a particular envelope of uncertainty [1]. That

uncertainty is manifested as noise: small random fluctuations in the
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electromagnetic field. A measure of the minimum size of this quantum optical
noise for a single-mode field of frequency @ is given by the quantity
3,=(hw/2€,V)"”, where V is the volume over which the field is excited [1,2,3].
The noise has the same magnitude for any strength of excitation of the field mode.
We represent in Fig.s 1.1 a classical electromagnetic field, with a precisely defined
amplitude as well as the variation of the mean amplitude of a quantum
electromagnetic field with the size of the fluctuations around the mean indicated by

the shaded band.

12 Electromagnetic field vacuum fluctuations

Thus quantum theory states that any light field must be accompanied by a
certain minimum amount of fluctuation. Furthermore, according to quantum
mechanics there must be some amount of noise even when no other light is
present [1,2,4,5]. In classical physics the wave representing darkness would be flat,
with no undulations (in some sense it would not really be a wave at all). In
quantum mechanics, on the other hand, one can say only that this wave is flat to
within some small degree of uncertainty; within the envelope of uncertainty the
wave fluctuates randomly. This is represented in Fig. 1.2. One has in this case that
the envelope of field fluctuations is 3,. In practical terms this means that even in a
vacuum with no externail light sources there must still be small fluctuations in the
e.m. field.

In a sense it is really these vacuum fluctuations that underlie the fluctuations

within ordinary beams of light. The wave representing a light beam can be seen as
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consisting of the fuzzy, irregular vacuum fluctuations superimposed on the
smooth wave described by classical physics. One could say that itis the interference
with the vacuum fluctuations that causes ordinary light waves to be noisy.

This noise fundamentally limits the degree of precision possible in
measurements involving light. It limits e.g. the precision of interferometers that
gauge the interference patterns arising between beams of light that have been
reflected by massive objects and then combined; such interferometers, which detect
very small changes in the relative positions of the massive reflectors are
components of devices designed to detect gravitational waves [6,7,8,9]. Noise also
limits the precision of spectroscopy, in which the frequency and intensity of the
radiation emitted by atoms or molecules yield information about their properties
[7,8,9]. Eventually quantum noise will also limit the power of such technologies as

optical computing and optical communications [7,8,9].

1.3 Electromagnetic field squeezed vacuum fluctuations

In spite of the fundamental noise limit set by the vacuum fluctuations of the
electromagnetic field recent work on squeezed states of light has demonstrated ways
in which the electric field uncertainty may be reduced below 3,. It is indeed
possible t6 "squeeze” the noise in a light beam by redistributing it so that paris of
the light wave become less noisy than before, although other parts of the wave
becomes noisier [7,8,9,10].

In Fig.s 1.3 we represent an electromagnetic field in a squeezed state with the
same mean amplitude as that of Fig.s 1.1. The size of the fluctuations around the

mean are indicated by the shaded band.
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Squeezing is an important addition to the class of effects requiring field
quantization for their explanation [11]. Squeezed states of light were first studied by
theorists interested in their properties as generalized minimum-uncertainty states
[6,12-19]. These properties were discovered independently by several workers using
different terminologies and have been described variously as "pulsating wave
packets” [12], "new coherent states” [18], and "ideal squeezed states" [6]. The first
experimental realization of squeezed light was reported by Slusher and coworkers
[20] using four-wave mixing in sodium atoms. They were able to reduce the optical
noise below the vacuum fluctuations level by 7 to 10 % using a combination of
phase-stable laser excitation and cavity field enhancement. Four-wave mixing in an
optical fiber was used by Shelby and coworkers [21] to generate squeezed light with a
12 % reduction below the vacuum noise value. Furthermore use of a parametric
down-conversion process to produce highly correlated pairs of photons at the
subharmonic frequency of the pump laser could also lead to a considerable noise
reduction (63 %) [22]. Clearly after these successes vacuum fluctuations can now be

manipulated by non-linear-optical scientists.
14 Quantization of the electromagnetic field.

In order to illustrate these resulis and set the stage for the nexi chapters we will
present in this section an outline of the description of quantized radiation fields.
Full discussion of the topic may be found in the textbooks by Power {23} , Loudon [1],
and Sargent, Scully and Lamb [3]. The aim is here to show that each field mode has
the characteristics of a simple harmonic oscillator and that each can be quantized

using results for the quantum harmonic oscillator.
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Classical Fields

In classical electrodynamics the e.m. field in vacuum can be described by the

lagrangian density [1,24]

E*(F.0) _B'(F.0)

IrF,n)=
(7.2) 8w 8w

—~
oy
.
NS
h
[y

N

which is most conveniently written as

193F.,0., [VAGF.DF
—_ ] -—
c ot 8w (1.4.2)

I, = EI;[—[ Vo0 +

if the electric and magnetic fields are expressed in terms of the scalar and vector
potentials ¢ and g respectively,
EF.0=—Vp@.n -1 2200

o BGF 1= VAGFED (1.43)

Variations of the components of ¢ and a gives a set of Egs. of motion that can be

written together as

19 V@0 , 1 9aF,1
c Ot c* o

+VAVAGFED=0
(1.4.4)

o (1.4.5)
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In conjunction with the definitions (1.4.3) these can be rewritten as

19E@D _ ¢, Bir.p

¢ ot (1.4.6)
V-EF.)=0 (1.4.7)
Also, from (1.4.3) it follows directly

19BN _ 5, 5

c ot (1.4.8)
V.-BF,n=0 (1.4.9)

Egs. (1.4.6-1.4.9) are the Maxwell Egs. in vacuum: therefore (1.4.2) is a suitable
lagrangian for our problem. If the potentials are known, Egs. (1.4.3) enable B and E
to be found. B and E, which are physically measurable fields, do not depend on the

choice of gauge. Here we find it convenient to work in the gauge in which

V-a=0 and ¢=0

We now derive now the hamiltonian. The momentum conjugate to the field

1 daFr)y 1
4nct o in

E(F,1)
c (1.4.10)

hence the hamiltonian density is
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da 1 =

h=p -——-L=2nc’p?+—(V Ad)’

P35 P 87z( na) (1.4.11)
The corresponding Hamilton Egs. of motion are
-a—q-=47[czﬁa -%z——l-ﬁA 7/\21’
ot ot ir (14.12)
and h finally becomes
h=[,dr2nc’p? +—1—( VAG): = Ljvd?‘ (Ez +B?)

8rn 8 (1.4.13)

which is the hamiltonian in terms of the field potential 4 and its conjugate
momentum ,5,,, or equivalently the electric and magnetic fields. Eq. (1.4.13)

represents the total e.m. energy for the e.m. field in vacuum.
Normal modes and normal coordinates

The vector potential g is given by the Maxwell Eq. (1.4.6),

z—~~
;7_8 a(r,t)=0

VA, 1) -
¢ o’ (1.4.14)

Solutions are obtained by expanding and assuming separation of variables

aFD =3 {a, (O F)+a @i, 7))
(7,0 = 2@, (V& F) + a; )i (P} (1.4.15)
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The (vector) mode #, (F) and the amplitudes A, (¢) obey the equations

2

VAV AL F) - —24,(F) =0
c (1.4.16)
2%a (1)
At wla,()=0
aor* (1.4.17)

with®, a separation constant for each A. Solutions of (1.4.17) are oscillating

amplitudes with the frequency @,

a, () =a,(1,)e" """ (1.4.18)

with @, (z,) the amplitude of the potential d at some time #,. The solutions of Eq.
(1.4.16) are periodic. Depending on the nature of the problem the space properties of
an e.m. wave can be described in terms of e.g. traveling waves or standing waves.
Analogous treatments apply to both cases and for definiteness we will consider in

the following plane waves. We then take

£ (1.4.19)
subject to periodic boundary conditions, i.e. the components of k¥ take on the
infinite series of discrete values

2r .
k}_ = V1/3 n]. _] = x,y,Z nj = oaﬂaﬂaﬁv"

(1.4.20)

The #_(7") s are solutions of the Eq. (1.4.16) provided
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3

pie B O

¢t ¢t (1.4.21)
and provided
G-k =0 (1422
The latter derives from the Coulomb gange condition and yields two independent

directions of #;(F) foreach k i & and & (unit polarization vectors). Without
loss of generality we consider only cne of them (single polarization). The complete

vector potential and conjugate momentum inside an arbitrary volume V are

-a'(;:’ l‘) -— z é { a-(to) e—iv?w—:,wi-; + (2: (ta) e miuz-:,)-n?-?}
R * (1.4.23)
- = a l-.l —ilklc(t-t, )+ E-F . ilEic(t~1,)—ik-F
B.FED=3 8 k .{aE(ta)e HElC (-1, )+ B —aE(t,,)e+ 1Ele(t=1,)=i § }
i 4rci (1.4.24)
while the electric and magnetic fields are
E(f,t) = Z "E (;:, £) = iz_: ékligl{az(ta)e—ilElc(x—t,,)+iE-F _ ag(to)e +ililc(:-z,)—ii-?}
3 k (1.4.25)
Bim N Do = A ~ilEle(t—1 )+ EF - +ilEle(e~1, )~ E-F §
B(r.n)=Y B.(F,1)=iY k néefa-(2,)e o -a-(t,)e °
(F.) =3 B(F.n)=i3, e (,) :(2,) j (1.4.26)
Furthermore, using Egs. (1.4.25-1.4.26), one can write the hamiltonian as
h=Y h.
3 (1.4.27)
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The decomposition in terms of the @;(?)‘s enables us to describe the radiation by
means of a discrete ensemble of variables 2;(f) instead of a continuous one. The
a.(2)’s give the time variation of the amplitude of the electric and magnetic field
associated with the normal mode of wavevector & . As Eq. (1.4.17) suggests a.(7) is
also the oscillating coordinate of a harmonic oscillator (h.o.): the analogy with the
h.o. is best seen by introducing an effective “position” and “momentum” associated
with the mode

V L]
L5 (0 +Z (1)
e (1.4.28)

p(1) = ~ick,/ Y la.()-a; )]
4me (1.4.29)

in terms of which the hamiltonian reduces to

q:(1)=

h=

N~

{p2+c’k*q?)
7 * (1.4.30)

Each mode of the radiation field is then formally equivalent to a single h.o. of
frequency ck.
The fields can be expressed in terms of the 4.’s and P:-s, by inverting Egs. (1.4.28-

1.4.29)

iz
A) = —1/— [p, () — ickq, (1)]
kNV (1.4.31)
A;<z>=—%/%[p,.amckq;(r)l

k (1.4.32)
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and substituting into Eqs. (1.4.23-1.4.24)

iF =3 /4_,, £ -7 = p.(0)sink -7
a(r,t)-g, KT {ckq (t)cosk -F — p.(t)sink - 7}

(1433

5.0 = =3 % |—L_(ckg ()sink -7 + p(1)cosk -7

i ¢ V4nvV {(14.34)
and
. . [4m e P
EF,np=-3 et\/—{ckq-(t)smk -7+ p.(tcosk -7}

i \V E k {1.4.35)
B(F,1) = -3k A&){ckq.(t)sink - F + p.(t)cosk - F

2k ne)ickg; P:®) } (1.4.36)

The 9:‘s and P.’s are 900 out of phase components of the fields.

Quantum fields

The classical e.m. field is converted into a quantum field in the following way.
The starting point is the hamiltonian (1.4.13) and the field variables &, D._The Eq

of motion for a generic classical field variable F' is [45]

dF JF

+{F, H }
dt 2t { (1.4.37)

while the Eq. of motion for the corresponding quantum variable is obtained
replacing the Poisson bracket {,} in (1.4.37) by the commutator bracket [,] divided by
ik and replacing the classical field variable by an operator. Therefore for the field

operators d and P, one has

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



d {é('r',r) }_ P {é‘(F,z) } NN J
dt|p,Fn) 9t B.GEn)  |BFk (1.438)

where & is the relevant hamiltonian operator. These field operators satisfy the

commutation rules

QL)

[3(F,0) .aF ,01=[P.(F.0) . B, (F D=0
(—} ~

r— o

F0j=ino{T -r") (1.4.39)

N
‘B&)

.5,

=

That these are the correct commutation rules can be proved by showing that the Eq.
of motion (1.4.38) with (1.4.39) give the corresponding classical Hamilton Egs. (1.12)
[25]. Using the result (1.4.39) along with Egs. (1.4.33-34), the commutation rules for

the position and momentum operators can also be derived,

[ék (t) 9ﬁy (Z)] = [ék (to) ’ﬁk' (to )] = ih 6k#' (1 .4.40)

In turn from this and the definitions in Egs. (1.4.31-32) one can derive the
commutation rules for the operators corresponding to the classical Fourier

amplitudes 4,(f) and 4 (1), i.e.

2mhc 5.,

4, .4, O1=14,¢,) .4} ¢, N=
kV (1.4.41)

while all other pairs commute. The results (1.4.40-41) directly stem from the

commutation relation (1.4.39). Equivalently the commutation rule (1.4.40) can be
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obtained from Eq. (1.38) by using Eqgs. (1.4.23-24), from which one can in turn obtain
eq (1.4.40) by using Egs. (1.4.28-29).

We finally turn to the quantum mechanical expression for the hamiltonian.
Substitution of Eqs. (1.4.33-34) (or 1.4.35-36) into the hamiltonian (1.4.13) yields
~ 1. .
h=Zh =3 (P} +c*kg;)

k k

N

This is equivalent to converting directly (¢-P) into quantum-mechanical position
and momentum operators (4.P) obeying the commutation rules of Eq. (1.4.40). The

most useful form of ;l however is the one in terms of the discrete number of

quanta. Substituting the expressions of (-P) in terms of &, and & into Eq. (1.4.42)

one obtains
A VE® o ay | ata
h=3% (a,a; +a/a,)
£ 21 (1.4.43)
Adopting the definition
A=k ata
Y 2mhe T (1.4.43)
the hamiltonian becomes
~ ~ 1 22 .
h =Y hck(n, +—=) =2 hek(ala, +=)
k 2 k 2 (1.4.45)
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g, =+[Vk/2nhc 4,, and here A, each have integer eigenvalues. Eq. (1.4.45) is
equivalent to Planck's quantum hypothesis: the energy associated with each (plane)

electromagnetic wave is an integer multiple of the fundamental quantum

hv="ck. In addition to the Planck energy there is the harmonic oscillator zero-
point energy of one-half quantum per mode of the field, which is infinite since
there are an infinite number of modes [1,24].

The transition from classical to quantum mechanics is thus achieved by
replacing the classical Fourier coefficients ¢, and a, respectively with the
destruction and creation operators 5',, and 3: It should be noted that the latter
rather than the &s and 4 s provide the correct full analogy with the harmonic
oscillator. The quantization procedure indeed is such as to guarantee the energy
expressions to be of the form shown in Eq. (1.4.45); in other words the choice of
numerical factors in the transition to quantum mechanical operators is governed
by the requirement that the mode energy should have the harmonié-oscillator

form, both in the classical and the quantum mechanical case.
15 Quantum states of a single mode electromagnetic field

In this section we will discuss those properties of the quantum states of the
radiation field of relevance to us. We will consider for definiteness a cavity single
mode: it is defined by a given wavevector, polarisation and frequency of the
electropmagnetic field inside the cavity. This behaves like a single harmonic
oscillator of unit mass and is described by the "position” and "momentum"

operators ¢ and D related to the conjugate electric field and magnetic operators E

and B (see § 1.4). If we assume for simplicity that the field is confined within a one
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dimensional cavity whose axis is parallel to the z-axis, and is linearly polarized, we
can write (cf. Eq. )

E(z,t)=Qw* | €,V)" §(t)sinkz B(z,t)=(2e,¢* | V)™ p(t)coskz (15.1)

In terms of the destruction and creation operators @ and a' the electric field
operator for the cavity mode of frequency @ can be written as

E@n=(S,/Dla@+a'®]  aw=a0)e™ S, =23 sinkz (15.2)

where 3, is the natural unit of electric field strength in the cavity and 3, the

electric field per photon (see § 1.1)

Vacuum state.

Any discussion of quantum states begins with the vacuum state 10). A
discussion of the physics relevant to this state has been given in § 1.2. This is the
state of the electromagnetic field in which no photons are excited in any of the field
modes. This state has the interesting property that although no excitation is
present, the energy does not vanish, it equais n@ /2. This quaniity is caiied the
zero-point energy of the field: it is the energy of the ground state of the harmonic
oscillator associated with the field mode. Mathematically it is defined as the state
which is annihilated by the annihilation operator a

aloy=0 (1.5.3)
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Number states.

The single mode number states In) are the states where exactly n photons of the
given mode are excited. They are energy eigenstates of the harmonic oscillator
associated with the electromagnetic field in the mode. These are a convenient basis
when experiments with a fixed number of particles are involved and they have
simple properties. Although these states are not of direct significance in a typical
optical experiment where the exciting probe is usually a light source such as a laser
with no definite numbers of photons, recent developments in the production of
number states should be mentioned. It has been in fact possible to generate
extremely sub-poissonian light fields by using feed-back stabilized laser and even
one-photon wavepackets using an optical shutter technique based on coincidence
counting of the of the output of a paramplifier [see e.g. ref. 87].

From a mathematical point of view an n-photon state can be introduced by

defining the repeated action of the photon creation operator on the vacuum, i.e.

In) =) a'"10)

(1.5.4)
This in turn gives the important lowering and raising characteristics of the photon
destruction and creation operators on number states,
aln) =n"ln—-1) a'lny=(m+D"n+1) (1.5.5)

Coherent states.
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The single mode states of physical importance correspond not to the individual
number states but to linear superpositions of the states In). A wide variety of
superposition states is possible but one kind, the coherent state, is of particular
importance in the practical applications of quantum theory of light. These states
have an electric field variation that in the limit of high excitation approaches that
of the classical electromagnetic wave with stable amplitude and fixed phase. They
are important not only because they are the closest quantum-mechanical approach
to a classical electromagnetic wave, but also because a single mode laser operated
well above its threshold of oscillation generates such a state.

From a mathematical point of view the coherent state can be introduced as the
eigenstate of the annihilation operator a@

da)=ale) (1.5.6)

where a is a complex amplitude o =lalexp[i¢]. A useful and unique expansion in

terms of number states In) can be given as

el = a"

(94
RN

la) =exp(—
(1.5.7)

It can be shown that the probability number distribution F, in this state is
Poissonian

2n
P =Knla)f = exp(~ialf)Z—
n! (1.5.8)
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The number of photons that may be found in a coherent state is unbounded: it may
range from 0 to . From Eq. (1.5.8) follows that the magnitude of the eigenvalue o
has a simple physical interpretation: its square gives either the spread of the

distribution or the mean number of photons in the coherent state

{al(A n)’la) =lal = {alnla)

N
]}

Qv
Q

(1.5.9)
In the harmonic oscillator picture lal is the analogue of the amplitude of the
oscillator and ¢ the analogue of the oscillator phase. The coherent state (1.5.9) is
normalised and the set of coherent states is overcomplete [1,3].

Squeezed states.

From a mathematical point of view these states are unitarily related to the

vacuum, number, and coherent states above, in the sense that

10),, = S8(r,9)10) Squeezed vacuum state (1.5.10)
\n),, = S(r,¢) in) Squeezed number state (1.5.11)
la),, =S(@,9)lo) Squeezed coherent state (1.5.12)

The unitary transformation S can be written as

S(r,¢)=expl4z’ @’ —4za'?) z=re” (1.5.13)
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where r is a real number and ¢ is a (real) phase angle. Equivalently, 10),,,In), ,and

l@),, can be defined through the eigenvector equations

10y, =0 Squeezed vacuum state (1.5.14)
2'glny,, = nln),, Squeezed number state (1.5.15)
dlay, =pley,, Squeezed coherent state (1.5.16)

where [l =SaS =acoshr+ad'e”sinhr is the squeeze annihilation operator.

Minimum uncertainty states.

Now consider the fluctuations in an observable O. These can be described by the
variance {(40)*)=({0?)—{O) where for brevity {O) stands for (wlél ). The
variance i$ a state dependent quantity. We note that the variances of two observable

quantities for the same state |y) satisfy the uncertainty relation

(AAYY(ABY) 2 -f;K[ia,é])l’
. (1.5.17)

and if the equality sign holds, the state |y) is called a minimum wuncertainty state
[MUS].

The "position" and "momentum" operators § and p introduced in the
previous section are useful quantities to describe the conjugate electric field and
magnetic operators E and B. However ¢ and p have different dimensions and

we find it convenient to introduce dimensionless operators
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2% (1.5.18)
and
< _ 1 A ag l 1
=5-(a-a )=V1—p
2i 2ho (1.5.19)

The electric field operator e.g. in terms of these new quadratures is (cf. Eq. 1.5.1-2)

E(z,0) =3 (X coswt + ¥ sin i)

(1.5.20)
The quadratures satisfy the commutation rules
[X,¥)=i/2 (1.5.21)
and their variances satisfy the uncertainty relation
Vv )2 72 1
((AXY)(AY))2—
16 (1.5.22)

in agreement with Eq. (1.5.17).

It is straightforward to show that for a coherent state or for the special case of the
vacuum state the variances of the two quadratures are equal
((AX)*y={(AY¥)*)=1/4 and, since the equal sign holds in the inequality (1.5.22),
the coherent and vacuum states of the radiation field are MUS for the quadrature
operators X and 7. Conversely, for a number state the quadrature variances are

equal
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ARy =((4 1’)’>=-3(2n+1)
(1.5.23)

but these states are not MUS, except again for the special case of the vacuum, to
which Eq. (5.1.23) reduces when n=0. A different and interesting scenario emerges

in the case of squeezed states in that

{A X)) =§[e “cos? ¢ +e**sin® g]

2z 2 (1.5.24)
> I —2r » ¢ +2r ¢
{(AY)?) ==[e ¥sin* = +e*"cos® ]
4 2 2 (1.5.25)

are the variances for the squeezed vacuum and squeezed coherent states, whereas

(A X)) =M[cosh2r — cos ¢sinh 2r]

4 (1.5.26)
a?yy=223Di 0 oh 2r + cos gsinh 2r]

4 (1.5.27)

are those for squeezed number states. Note that when 7 =0 these give the results
for the vacuum, number and coherent states with equal variances. In particular,
unlike coherent and vacuum states which are MUS with two equal quadrature
uncertainties, coherent and vacuum squeezed states have unequal quadrature

uncertainties. The uncertainty product obtained from Eqgs. (1.5.24-25) is

{AXYN(ATY) =;]g[cosz ¢ +cosh”2rsin’ ¢] (1.5.28)
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This takes the minimum (uncertainty state) value
v \2 7\2 1
((AX)Y'X(AY) )=E for $=0or @ (1.5.29)

but is larger for other angles, with a maximum value

- ~ 7
(A XPX(AT)?) =3‘8-cosh’2r for o= n (1.5.30)

The squeezed vacuum and squeezed coherent states may, but need not, be MUS.
Only for the two values of ¢ above they indeed remain MUS. Egs. (1.5.24-25) display
the main feature of squeezed states of light, i.e. quantum states in which the zero-
point energy fluctuations of the electromagnetic field can be reduced below the
vacuum noise limit in one of the field quadratures and that is by compressing one
variance at the expense of an expansion of the conjugate variance. The particular
case for § =0 or & explains it rather clearly. Strictly speaking the squeezed
vacuum and squeezed coherent states are called quadrature-squeezed states as
opposed to other states of the radiation field in which effects of squeezing occur in
observables other than quadratures [26]. Incidentally note that squeezed number
states (n # 0) are not quadrature-squeezed states; in fact the variances in Egs. (1.5.26-
27) are never smaller than 1/4. The quadratures of a light wave and the relevant
fluctuations (noise) can be measured via phase-sensitive detection schemes.

Homodyning, for instance, is currently used to extract the quadrature of the field

carrying reduced fluctuations
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Representation

In the last part of this section we provide representations for the quantum states
of light that we have discussed above. It is useful to depict these states inan X vs. Y
phase space, the two coordinates being respectively X = (X) and ¥ =(¥). The square
roots of the corresponding variances, that is A X =((A X)*Y? and AY = ((AT)*)7,
are equal to the projections of the circle on the X and ¥ axes.

In Fig. 1.4 coherent light is depicted as having a mean field ! and a phase 9.
The quantum uncertainty about this mean field value is represented by an error
circle of area / I6: this involves the measurement process as the circle is only a
schematic representation of a Gaussian distribution. The special case when lal=0,
complete darkness, is represented as an error circle about the origin (see Fig. 1.5).

In Fig. 1.6 a representative squeezed state is depicted. As with the coherent state,
a squeezed state will generally have a mean field specified by an amplitude !@! and
a phase #. One now has an error ellipse which requires at least two more numbers
to specify it: the degree to which the radius has been reduced below the diameter of
uncertainty for a coherent or vacuum value, and the angular orientation of the
ellipse. A simple application of elliptical theory [27] shows that the projections of
the ellipse on to the X and Y axes are equal to the square roots of the
corresponding variances (cf. Fig. 1.6). When AX AY =1/ 4 then the squeeze state is
said to be a MUS and the area of the ellipse is the same as that of the coherent or
vacuum state i.e. 7/16. As predicted in Eq. (1.5.29) this can be achieved only for
¢ =0 or =m, namely when the long diameter of the ellipse is normal or parallel to

the X axis.
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In Fig. 1.7 we report the quadrature-phase space representation of the mean

value and uncertainty contour for a number state and a squeezed number state.
16 Quantum states of a two-mode (multimode) electromagnetic field.

The light produced by any optical system is an excitation of several modes of the
electromagnetic field. In one-photon devices, like lasers, photons are emitted into
the output modes one at a time whereas in two-photon devices the output light is
generated by simultaneous emission of two photons into two of the output modes.
Two-photon devices are, for instance, parametric amplifiers, where the
simultaneously excited output modes are referred to as the signal and the idler, and
four wave mixers, where the output modes are the transmitted and reflected
waves. In a paramplifier for instance an intense laser beam (pump) at frequency 202
illuminates a suitable medium whose nonlinearity couples the pump beam to
other modes of the e.m. field in such a way that a pump photon at frequency 20
can be annihilated to create signal and idler photons at different frequencies @, and
@,, with 2Q = @, + w,. Conversely, signal and idler photons can be annihilated to
create a pump photon. Thus the light produced in this device consists in a pair of
simultaneously emitted photons which excite pairs of modes at the frequencies @,,.

One can introduce vacuum, number and coherent states for a two-mode
radiation field as much in the same way as done in § 1.5. The mathematical
foundation for the two-mode formalism was given by Shumaker and Caves [28,29]
who showed that two-mode properties can be written as compactly as the
comparable properties for a single mode. Although we will refer to their work,

without repeating definitions and properties of two-mode states of the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



25

electromagnetic field, we will however emphasize here the two-mode squeezed
states. Two-photon devices can, in principle, produce two-mode squeezed states. A
parametric amplifier e.g. can ideally produce squeezed light with characteristics
similar to the single or the two-mode varieties described here [7-10]. Real squeezing
experiments are indeed carried out generaily over a range of frequencies, not a

single frequency [7-10].

Two mode squeezed states

In the theory of squeezing one has then to distinguish between squeezed states
in one mode of radiation and those which are related to two modes of radiation
[29]. Introduced independently by C. Caves [30] in analysis of quantum limits of
performance of linear amplifiers, by W.G. Unruh in a quantum mechanical
analysis of an interferometer [31] and also studied formally by A.O. Barut [32], A.M.
Perelomov [33] and G.]. Milburn [34], two-mode squeezed states are defined in

analogy with Egs. (1.5.10-12) and (Egs. (1.5.14-16). Here the generator of the squeeze

transformation is

S(r,¢)=expla,a,re**— alalre**?] (1.6.1)

while the annihilation operator is fi,, =54,,5 =d,coshr +a} ¢’ sinhr. Quadrature

phase amplitudes can be defined with respect to the frequency @, = (@, + ®@,)/2
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so that the electric field again takes the form

E(z,t) = X(z,t)cosw (t - £) + ¥ (z,1)sinw(t - %)

(1.6.3)
Here
X(z,t) = \Jo, {expl-it - 2)@, &, + h.c.) (1.6.4)
O = o, — W,
A =T 2
Y(z,1) = /o, {exp[-i(t - 2o, &, + h.c.} (1.6.5)

are the relevant quadrature operators. In the parametric generation of two-mode
squeezed states @, and @,, are respectively referred to as the carrier and modulation
frequencies whereas @, and @, are the idler and signal frequencies. As for the single
mode co{mterpart, in a two-mode squeezed state the variance of one of the
conjugate quadratures in Egs. (1.6.4-5) can be made smaller than it would be in a
coherent or vacuum state of the field [2,8,9].

Incidentally, from Egs. (1.6.4-5) we see that if we were to squeeze X to zero we
would require &, =—a; and similarly if we wanted to squeeze Y to zero we would
require @, =4;. Hence squeezing amounts to establishing correlations in the
quantum noise between pairs of frequencies symmetric about @,. Correlations
produced by two-photon processes cannot be expressed in terms of independently
excited single modes. The difference between one-photon and two-photon

processes resides in the fact that, unlike the former one-photon process, the latter

have indeed correlated complex amplitudes. Mode correlations can be viewed in
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general as the origin of quadrature noise reduction in two-mode squeezed states

[8,9,35].
1.7 The polariton mode
Concept

In the usual classical electrodynamics light propagating in a dispersive dielectric
or magnetic medium is characterized by phase, group and energy transport
velocities, Poynting vectors and energy densities. The optical properties of the
medium are expressed in terms of the frequency and wavevector dependent
complex dielectric constant and magnetic permeability tensors of the medium. The
dielectric constant and magnetic permeability tensors are in turn expressed in terms
of the electric dipole and magnetic excitations of the medium. The e.m. wave
equation, obtained from Maxwell’s equation and the constitutive relations D=¢E
and B=pH , is used as a mean of expressing the phase velocities of the wave in
terms of the dielectric constant and magnetic permeability tensors.

Exactly as the photon describes an excitation of the e.m. field, phonon, magnon,
plasmon, polaron and exciton describe an excitation of several fields in the crystal.
Phonons are associated with elastic excitations, magnons are elementary magnetic
excitations, plasmons are collective coulomb interactions of electrons, polarons are
electrons or holes dressed by the elastic polarization field and excitons are neutral
electronic quasi-particles associated with the dielectric polarization field [36].

Under certain conditions these excitations of the crystal may interact with an

external radiation field [36-37]. Transverse optical phonons and transverse photons
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couple and at resonance the phonon-photon coupling entirely changes the
character of the propagation. By resonance we mean a condition in which the
frequencies and wavevectors of both participating particles are approximately equal.
Similarly for the exciton. The resulting normal mode of the coupled polarization-
radiation system is called a polariion mode [37], specifically the phonon-photon
coupled mode is referred to as phonon-polariton, while that of the coupled exciton-

photon as exciton-polariton.

Theory

Polaritons have been well known for at least 40 years since the independently
pioneering work of Tolpygo [38] and Huang [39]. Tolpygo in 1950 and Huang in
1951 derived the dispersion relation @ = @(k)=@, for the infrared active optical
lattice vibrations of a cubic ionic crystal by combining the classical equations of
motion for the lattice vibrations with Maxwell’s equations. In doing so they showed
that the transverse eigenmodes of the crystal correspond to coupled e.m. radiation-
lattice vibration modes whose relative radiative and lattice vibrational components
were functions of the frequency and wavevector. They also showed that the
longitudinal modes of the crystal were decoupled, and remain identical to the
longitudinal optical lattice vibrations. This showed that the coupled transverse
modes were in fact the propagating modes of this medium.

The theoretical framework for predicting and analyzing the optical properties of
these mixed modes was early developed among others by Pekar [40], Ginzburg and
Agranovich [41] and Hopfield [42]. Striking success was achieved by using rather

TTo

simple theoretical models which encompass the major relevant physics.
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Pekar [40] formulated a macroscopic theory of the coupled e.m. radiaiion-exciton
modes analogous to the theory which Huang had developed for the coupled e.m.
radiation optical lattice vibration modes. Note that when effects of spatial
dispersion (finite wavevector effects) are disregarded a forbidden band is established
in the polariton spectrum. Pekar emphasized the importance of spatial dispersion
and proved the existence of an additional light wave at frequency higher than the
longitudinal exciton frequency. Since the boundary conditions imposed by Maxwell
equations are not sufficient to specify the relative intensity of the two modes, an
additional boundary condition (ABC) is required. A persistent theoretical effort has
been made on this direction especially by Pekar [40], Agranovich and Ginzburg [43],
and Birman [44], leading to different ABC conditions.

In 1956, Fano [45] independently formulated a quantum theory of the modes
arising from the interaction of an assembly of electronic oscillations, representing
the long-wave excitations of matter, with the e.m. field oscillators.

Subsequently, Hopfield [42] developed the detailed quantum treatment of the
interaction of excitons with e.m. radiation in isotropic crystalé and showed that the
eigenstates of the coupled crystal-radiation field are composite particles of photoﬁs
and éxcitons, i.e. polariton modes. Also Hopfield started the microscopic theory of
exciton-polaritons using the Frenkel model of the exciton [44] to treat its interaction
with the eleciromagnetic field. Agranovich {41,43] then developed a microscopic
theory of Frenkel excitons in interaction with the electromagnetic field, including
spatial dispersion.

With respect to the usual classical electrodynamics formulation, the polariton
approach provides an alternate method for describing the optical properties of a

medium. But more significantly, as pointed out by Pekar, Agranovich, Ginzburg,
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Hopfield, and Loudon it provides a proper physical basis for observing and

interpreting new optical phenomena [40-43,46].

Experiment

On the experimental side certain properties of the polaritons have been
extensively investigated by a variety of spectroscopic methods. In particular, the
resonant Brillouin scattering (RBS) technique first predicted and theoretically
analyzed by Brenig, Zeyher and Birman [47] has permitted careful and quantitative
mapping of the frequency-wavenumber dispersion @ =@, for exciton-polaritons.
In addition delicate steady-state optical reflection and transmission studies using
polarized light, and optical pulse (transient) studies have complemented the RBS
scattering experiments to determine @, with very high precision. Many details are
given in several review volumes [48]. Phonon polaritons have been studied by
related methods, which in many cases antedate the work on exciton-polaritons [49].

We report in Fig. 1.8 dispersion curves for exciton-polaritons in CuCl (spatial

dispersion not included) [48].

1.8 Precis

Quantum electrodynamics has made possible to explain and predict a very large
number of phenomena associated with the behaviour of photons, such as the effect
of squeezing. The study of this new phenomenum is of undoubted interest as one
further possibility of verifying directly the predictions of quantum electredynamics.

Some of the early work, particularly that of Stoler [14,15] and Walls [10] was
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definitely motivated by fundamental issues involving the quantum nature of light.
However, this does not exhaust its value. It was realized in the early stages of
squeezed light research that the ability to influence the randomness and granularity
of light might be useful in improving the performance of communication systems.
In fact most of the work on squeezed light, work carried out by Takahashi [12] as
well as Yuen [18,50] and Shapiro [50], primarily addressed quantum communication
issues. It is essential to emphasize that issues involving the ultimate sensitivity of
measurement instruments, in particular gravitational wave detectors, also
provided a strong drive for squeezed states research, e.g. in the work of Hollenhorst
[19] and Caves [6, 30]. Very striking was the demonstration by Caves that
interferometry sensitivity can be greatly enhanced injecting squeezed light into the
unused port of the interferometer [6]. With the successful generation of squeezed
light by a number of laboratories [7-10], it has now been learned how to exercise
some modest degree of control over photon statistics.

However, this new effect found in optics has a certain generality and it may
therefore have analogs in the physics of condensed media. The mathematical
resemblance in the formulation of physical problems allows one to investigate the
role of collective quantum states not only in quantum optics, but also in condensed
matter physics.

Theoretically, coliective states in the quantum optical probiems are generated by
various types of boson interactions. The simplest of these processes is described by
the hamiltonian [29]

H=ho(b'b+1/2)+(ghb+g b'b" (1.8.1)
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The first term is simply the free evolution of the field mode that is being squeezed.
b,b' are respectively the annihilation and creation operators for the photon field.
The interaction term, that contains terms quadratic in the creation or annihilation
operators of the field, cause pairs of quanta to be created or annihilated in the mode.
Amplitude squeezing is produced by an interaction which depends quadraticaily on
the field amplitude such as H above. Other quadratic hamiltonians that generate
squeezing have been systematically analysed by Schumaker [29]. It is crucial to stress
that in this simple case and more complicated ones the system hamiltonian is
bilinear in Bose operators, which allows one to get exact solutions with the help of
a canonical Bogoliubov transformation so that different physical phenomena can

be studied in much the same manner.

Goal of the Thesis.

In this thesis the polariton hamiltonian will be examined within the
framework of squeezing. We will exploit a variety of novel physical consequences
of the simple mathematical result that the linear canonical Bogoliubov
transformation which diagonalizes the matter-radiation hamiltonian to produce
polaritons is a squeeze transformation. This turns out to have a two-fold purpose,

namely,

D to extend the effects of squeezing to Bose fields other than photon,

especially to mixed, composite, Bose fields
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) to investigate the quantum optical properties of the radiation field

associated with polaritons.

In part (I) squeezing is shown with respect to certain boson quasiparticles (¢ )
which are admixtures of photon and exciton, yet not polaritons. They are intrinsic
to the polariton structure and this squeezing will be therefore referred to as
intrinsic squeezing. Appropriate interpretations of the intrinsic squeezing in
polaritons are presented. We analyse the dependence of the intrinsic squeezing on
which particular polariton mode which is excited, and the periodic reduction of the
envelope of fluctuations of the boson field ¢ below the vacuum value.

In part (II) we show that the the quantum-statistics of the photonic part of the
polariton is non-classical. The deviations from classical are tunable in that they
depend on the mode that is populated. The Mandel Q-factor for the number
distribution of photons in polariton states is determined. In particular optical
squeezing, that is the reduction of the fluctuations of the electromagnetic field of
polariton states below the vacuum state value as due to squeezing, is established. It
is helpful to point out here that non-poissonian statistics does not necessarily imply
squeezing [2,51].

Magnitudes for the non-classical effects associated with polaritons are illustrated
by numerical calculations for exciton-polariions in typical I-VII and III-V iypes of
semiconductors.

Polaritons certainly have been studied for a long time and many of their
properties have been extensively given experimental evidence by a variety of
spectroscopic methods. Several review volumes [48] were presented in § 1.7.

Various theoretical approaches for predicting and analyzing optical properties of
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polaritons are also fairly well established. Despite the extensive literature on
polaritons, the investigations of the quantum-optical properties of these crystal
mixed modes has lagged. The prospect of part (I) and (II) is intended to fill in this
gap of the polariton literature. Note by contrast that the study of the quantum
optical properties of the single and multimode cavity eleciromagnetic radiation,
either in isolation or in interaction with one or few atoms has ben extensively
developed [7,10].

Following our theoretical predictions of non-classical properties of polariton
radiation, we will ultimately analyse experiments which can demonstrate the
existence of polariton optical squeezing and/or departures from the classical

photocount statistics.
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CHAPTER II

The Polariton

When light propagates in a material, the electric and magnetic fields
associated with it excite internal degrees of freedom of the material to which it
couples. In a dielectric material for example the electric field may couple with
optical excitations due to lattice vibrations such as phonons, or with electronic
excitations such as excitons. The phase velocity of an e.m. wave in a dielectric
differs from the velocity of light in vacuum since €#I. Since the external
radiation excites internal degrees of freedom of the system as it progresses
through the material, the energy resides partly in the e.m. field associated with it
and partly in the specific polar excitation of the medium. The wave propagating
in the medium is thus a complex entity when its composition is examined in

detail, and we shall refer to this coupled mode as a polariton.

2.1 The model.

A very extended literature exists on polaritons [37,43,48]. For the purposes
addressed in this thesis we will limit ourselves to considering a Frenkel-type
[44,52] of exciton-polariton, excited at a fixed frequency (@), in a homogeneous,
isotropic, frequency and spatially dispersive and non-magnetic material. This can
indeed be achieved by shining light of frequency @ onto such a material. In a
number of instances, the study e.g. of Brillouin scattering of laser radiation from

e.m. in solids has allowed both the frequency and the wavevector of the polariton
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wave to be measured [48]. The frequency can be swept through a region of
anomalous dispersion, which allows one to construct a plot of the frequency of
the polariton wave as a function of its wavevector (dispersion relation). For each
frequency the relation between the dielectric function €: and the wavenumber ¥
of the polariton is, if the local optics assumption holds with €(®) independent of
q

g,=¢g(0)=cko’ 2.1.1)

or in the case of spatial dispersion &, = £,(@,k).

In the model which we adopt the propagating polariton excitation consists of
the oscillating e.m. field dressed by the polarization, and the oscillating
polarization field dressed by the external radiation field. The dressed e.m. field
and the dressed polarization field of the exciton both oscillate with frequency @.

From the point of view of quantum field theory the quanta of the dressed e.m.
field component (dressed photons) are represented by certain frequency
dependent combinations of bare photon operators and similarly for the dressed
excitons. Dressed particle components, with respect to the vacuum ones, define
the “physical” photons and “physical” excitons associated with the polariton
wave. Dressing of the vacuum particle components is intrinsic to the mixed

nature of the polariton.

2.2 Polariton hamiltonian
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Following a macroscopic approach we here derive the hamiltonian for our
exciton-polariton problem. Our approach relies on the description of the
polariton field as a sum of its dressed e.m. field and its dressed exciton-
polarization field components. It should be emphasized that this is a non-
traditional approach; usually bare fields are introduced and coupled, leading to
dressed fields and their renormalized dispersion equations. The hamiltonian
reduces to the sum (integral) of independent harmonic oscillator hamiltonians.
The quantization procedure is therefore straightforward [1,4,5]. The hamiltonian
depends on phenomenological parameters that are fixed by fitting the
experimentally measured polariton energies [37,48].

Classically the dressed radiation field associated with the single frequency
exciton-polariton considered here can be described in terms of single-frequency

electric (E) and magnetic (H) fields (not vacuum) through the phenomenological

lagrangian
L,=ijd7[E-5—H2] D=g,E
8mv 2.2.1)

€, is the value of the exciton-polariton dielectric function at @. Vector and scalar

potentials A.m and ¢ can be introduced via

94r S0 A=V,
Jt (2.2.2)

E=-1
[
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In the absence of free charges and currents we adopt the Coulomb gauge

V-4,.=0 (Coulomb) and @ =0, From Egs. (2.2.1-2) the macroscopic Maxwell

equations in absence of free sources

- - - -~ T 1y
V.D=0 VAE=-12Z
¢ dt
V-H=0 'C7AH=1-‘9—D
¢ o1 2.2.3)

c? ort 2.2.4)

The dressed exciton field associated with the polariton can also be described

classically in terms of a lagrangian i.e.

L =27a:jd?[(%)’—cozl—"2]

(2.2.5)
and the relevant Eq. of motion for the exciton-polarization density P is
23
9 I: +0’P=0
dt (2.2.6)

Note that E,I-? and P are generic fields, however taken to oscillate with the same

frequency of the polariton. By solving Eqs. (2.2.3) and (2.2.6), expressions for E,H
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and P appropriate to our problem will be obtained. We shall express P in terms

of a vector potential /1,,.

P’—‘/E" I = =

= A+ VA
4dr2¢ = 4n2w = 2.2.7)

>

Since for consideration of optical properties longitudinal exciton modes do not

couple with the radiation and since we resirict ourseives to isotropic media,
what follows P is transverse to the direction & of propagation of the polariton

wave, and is parallel to the electric field E. A;,,‘ is chosen so that these conditions

are fulfilled. The polariton lagrangian in terms of the potentials

L=L +L, =—]d‘[( Ok 2 1 5,7

/\/_ 8m

1
+—[dF[(—=)* ——(VAA )l
8wy /wf— 8w (2.2.8)

takes the form [53]

]
Y
+

L=t d?{([eifﬁf - (VA 4)] A
8rxv c Jt 2.2.9)

If M=0dL/Jd(dA) is the momentum conjugate to A, the polariton hamiltonian
is

H:jva"'zzc M2+—(VAA)]

d (2.2.10)
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The e.m. field associated with an exciton-polariton of fixed frequency @ is
given by Eq. (2.2.2) for single frequency solutions of Maxwell Egs.. If periodic

boundary conditions are assumed in V, a general solution for A e.m. is[54]

2 In.

A, (z0)=30,[V,A° (t,2,0), + VA (t,2,-@ )
e.m.( ) ; k[ 3 .m.( )k ' 4 ( ) k] (2‘2'_11)

where

2
2RRC_ (5 ()a,e ™ + i (Daje

Vo 2.2.12)

+inu]

A (tz,0), =

The orthogonal set of functions #,(z) =u,(2)e, gives the space dependence where
the unit vector &,, transverse to k , accounts for the polarization of the radiation
field. % is a complex amplitude for a vacuum photon of wavevector k, while
the Vi‘s are (real) coefficients. Similarly for the transverse exciton field of the
polariton one has (cf. Egs. (2.2.6-7))

A_(z,t)= v, A2 (1,2,0), +V_, A° (1,2, ®)_
e (20) =2 B [0, AL (1,2,0), + 0, AL ( )l 2213

where

2nhe?
Vol

ALz, = [7,(2)be ™™ +7, (2)be™ ]
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b, is the bare exciton complex amplitude, the U;'s (real) coefficients, and
v,(2)=y, (z)hk with h2 unit vector that accounts for the polarization of the exciton.
The expansions in Egs. (2.2.11) and (2.2.13) are over those modes that satisfy the
dispersion Eq. (2.1.1) for the given frequency @.In A_ and A_, @, and B, are
weights with which e.m. and excitonic componenis take part in the polariton
mixture. The A”'s are classical vacuum amplitudes. Changing from a classical to a
quantum description consists in replacing A and M in the harmonic oscillator
hamiltonian Eq. (2.2.10) by conjugate operators, or equivalently by replacing the
amplitudes @,'s and b,'s with operators satisfying the commutation relations
(4, 8}1=[b,,b!1=4,,. The vector potential can be written as an expansion of

mode operators

Zﬂhc -ioe + +iat
A(ta s) z [u (Z)gke +uk (Z)g ]
(2.2.15)
where for the generic mode
-g.g =, [atak + f’;&fk] + iﬁk[ﬁkgl - 1-3;5-'1:] (2.2.16)

Here &, = ho, =ho, V, = v, é,, D, =-iv,h,, whereas 4,,4;, and b,,b], are
annihilation and creation operators for the corresponding normal modes of the
bare exciton and bare e.m. field. Further requiring the ¢'s to be boson operators
with [§,,6}1= &, constrains the coupling coefficients such that

]aﬂ!iz(i f/ﬂiz-i f’;kiz)"l‘iﬁﬂ‘lz(l i.)tklz-lﬁ;klz): 1 (2.217)
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We may choose
(V‘t =V ) _ (coshs:“ } (v_k = } B (sinhsf‘") o, =ai =cosé,,
V, =V coshs,™ V,=; sinhs,™ J B, =pi=sin6,, (2.2.18)

Substituting A and M into Eq. (2.2.10), carrying out the integration using

3
S
~
~~
!\)
i)
[%F )
0
L

the quantized form of H in terms of bare photon and exciton operators follows

(cf. Eq. A1.2)

H= g){Hk. +H_ }+hec (2.2.20)

le - h: = E:h&: &k + Ekmb:bk

+B,4,a,-C,bb, +iA,a.,b, +iA,ab,
with

hck ho
EM -:-——2 +B EF=—1

7
~C,ih’ = ﬁ[hck+ ho, +2(B, - C,)]

The bare photon and transverse exciton frequencies (ck,@, ) have been
introduced along with the new parameters {4,,A,,B,,B',,C,,C",} in terms of the

old omes {g,,v;,v],a;,B;} [55]. The photon-exciton couplings A, and A,, the
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photon-photon couplings B, and B;, and the exciton-exciton couplings C, and C,

are to be determined from experimentally measured dispersion curves [48].
23 Polariton vector potential

We now turn our attention to the generalized potential A.

At,2)=A, (1,2)+A_(1,2)

Zﬂhcz " -iot . = +iat
=§ak\/ o @A™ Ul (D) Ale™]

2 /3 h C 2 = —iat . = +iot
+3 B, v [, (2)B,e™™ +u; (z) Bje"™]
: @ (23.1)
where

The positive and negative frequency parts of the e.m. component of 2 are given
by expansions in terms of "dressed" photon annihilation (i) and creation (2[ )
operators, respectively. The difference between these operators and the "vacuum”
ones @, and a} is substantial. The zk,s are expressed in terms of vacuum
annihilation operators d, and vacuum creation operators &', which occur as
well: a superposition mediated by the V;'s. This physically arises from the fact
that the bare exciton-polarization of the dielectric introduces a coupling between
the bare radiation field £k waves [56,57]. The V’s give the admixture of bare
photons with opposite wavevectors inside V. A similar discussion holds for Azm.

On the other hand in presence of radiation b, is no longer the appropriate exciton
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annihilation operator, but rather li is, and relevant expansions of the exciton-
polarization field into positive and negative frequency parts cccur in terms of b“,t
and b!. The admixture of bare excitons in the "dressed" exciton ék inside V is
mediated by the coefficients U}, and it originates from the presence of radiation
inside the dielectric material to which the exciton-polarization couples.

The underlying physics is that light and exciton components of the polariton
coexist inside V, so the vacuum fields are no longer the physical ones: 2,: and §,,
are instead the operators that represent the “physical” photons and excitons in
polaritons [58]. Note that, on the basis of our formulation, the substantial
difference between bare photons or excitons and polariton dressed photons or
excitons essentially relies on the parameters 5™ and $*, respectively: when
(s™,5) = 0, the dressed particles (2.3.2) tend to the bare ones with a consequent
change in the physical significance of the potential 13. The idea that the 5‘s may be

related to the dielectric properties of the medium will be implemented later.
24 Physical polariton hamiltonians

Eq. (2.2.20) has the typical structure of a polariton hamiltonian and the
relevant physics of each of its terms is discussed in Appendix Al, yet it requireé a
certain number of parameters. We will be mostly concerned with two specific
parametrizations of H . However in both cases the requirements that

o =B, v, #V, v, #V;

4
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must hold. The first derives from the fact that photon and exciton weights in a
polariton depend on & and branch, and so they are in general different from one
mode to the other [37,42,43], while the other two conditions are needed to
preserve the polariton boson nature.

In chapter 1l we will be interested in the realization of A for which o] = ¢;,
B =B;,vi =v; #1. Such a parametrization leads to the hamiltonian (cf.

Appendix A1) the structure of which is

H— H™ ={ e +I:I_,’:°‘}+h.c.
A~ =h® +Erale, + E=bb, +B,a, -Cbb,
+

iA,d b, +iA,a'b, (24.1)

This can be shown to represent a "physical” polariton hamiltonian in that a set of
parameters {4,,4,,B,,B",,C,,C",} can and will be found so that ™ correctly
reproduces the experimentally measured energies for exciton-polaritons, for both
upper and lower polariton branches [48]. More interesting for our purposes, in
addition, is that H* turns out to be a squeeze hamiltonian [28,29,10].

In chapter IV we will be interested in the realization of H for which v,=0,
Vv, =V, ~1/2. Such a parametrization leads to the hamiltonian (cf. Appendix

Al)

H-H ={H°+H }+hc.

N . ho
Hk"=h;’+(—h—§£+8‘)&:a,‘+ z

b'b +Baa ,+iA (4 b +a.bh
k “k 2 3 & -l ik k k¥ k (2.4.2)
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This has just the same structure of the Hopfield hamiltonian in ref. [42].
Therefore the latter is a special instance of Eq. (2.4.1). The coefficients in front of

the operator entities either in Eq. (2.4.1) or (2.4.2) are complicated functions of

{et,v;,uf 10- By } that are only given in Appendix A1 where these two particular

parametrizations of # are extensively studied.
Before using the two model hamiltonians above to investigate the quantum
statistical properties of polariton waves, it is worthwhile stressing what follows:

HP™ constitutes an enlargement with respect to H® because,

1) the exciton-exciton coupling is included;

2) the couplings of an exciton b'; (photon &,) with an exciton
b, or b} (photon &, or @) are considered a priori as
distinct;

3) thé coupling of an exciton b, with a photon @., or & are

also considered a priori as distinct.

Apart from the diversification in the coupling coefficients, the polariton
hamiltonian H™ clearly involves an additional physical process, the l;,l;_, (and
conjugate) interaction, that the Hopfield one omits. From a group theoretical
point of view the presence of these terms in the polariton probiem stems from
the fact that the hamiltonian with the structure of H™ realizes the complete Lie

algebra Sp (8,C), while the Hopfield hamiltonian does not [59].

2.5 Dispersion law
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We now calculate the eigenenergies of the hamiltonian (2.2.20). There exists a
Bogoliubov transformation which reduces this hamiltonian from a system of
coupled harmonic oscillators, to a system of uncoupled harmonic oscillator
normal modes k. A is diagonalized by taking i, = x8, + yb, + 20, +wb.,, The Eq.
of motion

(7. H] = &7, 25.1)

leads to an eigenvalue problem that may be reduced to the following matrix form

- . ) . Y x ) (X )
2Ek —ZAZk _ZBk _lAlk
i A, 227 -4, 2C, y Y
2B, i A 2T —iA 2| e
k T Tk A
] . . . exc
-4, -2C, PAy 220 Jw) W) sy

The resultant dispersion relation is a biquadratic polynomial in eigenvalue &
and depends on the parameters E™,E™,B,,C, ,A, and A,,. €, yields the energies
of the complete system (material polarization+radiation) and will be hereafter
interpreted as such: the physical significance of the contributions to &, is evident
from the energies E*,E/ and the couplings B,,C, ,A, and A4, as discussed in
Appendix Al.

The particular case studied by Hopfield readily follows when we take

C,=C =0

B, =B, =nBhwl/ck (2.5.3)

v :"“\’}!""

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



48

A, = A, =[47B, (ho,)* | 2[hckho, =G,

so that the secular Eq. (2.5.2) reduces to

hck+2B, -iG, -2G, -iG, Yz x
iG, hao, -iG, 0 yl [y
2B, -iG, -hmck-2B,  -iG, 2 |7 &l,
-iG, 0 iG, -ho, wJ LwJ (255)

that is in fact Eq. (11) in ref. [42]. The secular Eq. relevant to the other hamiltonian

(H™') is more complicated and will be given in chapter IIL.
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CHAPTER III

Generalized model polariton squeezing

In the next two chapters we will discuss the non-classical effects of
squeezing in polaritons from a theoretical point of view. Specifically, exciton-
polariton quantum states are shown to be squeezed. There are several senses in
which a polariton manifests squeezing. One can show that the polariton
hamiltonian is isomorphic to a standard two-mode squeeze hamiltonian [28,29,10].
As well, one can show that the Bogoliubov transformation from the states of bare
photons plus bare excitons to polariton states is a squeeze transformation [28,29].
Both procedures to demonstrate squeezing in a polariton are illustrated in chapter
Il and IV respectively.

Certain intermediate bose quasi-particles are being squeezed, which are
themselves mixtures of exciton and photon. These have been independently
studied in the past [60] and are in fact the quanta of the propagating component of
the exciton-polariton field: they are not the physical polaritons, their mixing
coefficients are not those of the polariton, and their dispersion equations also
differ. Attention is devoted below to the interpretation of these quasi-particles.
Here, we refer to squeezing as the reduction of the quantum fluctuations of the
propagating field of the polariton below the value associated with its vacuum
fluctuations. Since these bose quasi-particles are intrinsic to the polariton structure
this type of squeezing will be referred to as intrinsic squeezing. Interpretations of
this kind of squeezing in polariton states are presented below. Both sudden

frequency change, within Graham’s framework [61,62,63], and wavevector
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quantum-correlations are envisaged as mechanisms for producing squeezed
fluctuations in the propagating field of the polariton. The former relates to a
sudden transition from states of the propagating field of the polariton to states of
the actual polariton field. In this context, the quanta of the propagating component
of the polariton field may be interpreted qualitatively as intermediate quasi-
particles in the transient (of time) it takes to turn on the interaction. The latter
relates to quantum correlations in polariton states between intrinsic quasiparticles
of opposite wavevectors +k. Conversely, the presence of intrinsic squeezing in
polaritons may be sought as a signature of correlations between
counterpropagating modes. The dependence of the amount of squeezing on the
frequency-wavevector of the mode excited (tuning) as well as the time-periodic
reduction -over a polariton cycle- of the envelope of fluctuations of the polariton
propagating field below the vacuum value are major subjects of investigation.
Here, there is a quantitative difference depending on which polariton
hamiltonian is used, ™ or H°. Because of this we find it useful to discuss
separately (in fact sequentially) the two cases, and to emphasize different properties
of the two model hamiltonians. The more general model hamiltonian (F%*) is
studied in chapter III, while the less general model (#°) is studied in chapter IV.
The former includes some additional coupling and belongs more completely to the
ynamical algebra Sp (8,C) when compared to the latter local (ncn-spatially
dispersive) Hopfield model. Quantitative calculations are illustrated for non-
spatially dispersive exciton-polaritons in typical I-VIII and III-V types of
semiconductors. We stress that for these materials using a suitable
parametrization either the Hopfield model (H°) or the enlarged one (H*) have

been shown to reproduce the correct experimental energy dispersion curves [48].
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31 Generalized hamiltonian: squeeze picture and magnitudes.

In this section we demonstrate squeezing within the generalized polariton
model hamiltonian H™ (see § 2.4). This is achieved by showing that A7 s
isomorphic to a standard two-mode squeeze hamiltonian. Squeezing occurs with
respect to certain intermediate bosons which are themselves mixtures of exciton
and photon, yet not polaritons. The amount of squeezing that can be attained in
the framework of this model is here discussed. In the second quantized form one

has

H—H" ={H™+H™}+h.c.
ol o L FBorSts LT hth L BA S -5 h
H> =h’+Eaa, +E™bb, +Baa,-Cbb,

+iA,a,b, +iA,alb, (3.1.1)

with

hck

— h —
e ik

I ha)o J D al
—Ck;h‘ E—4—+T+—2-(Bk _Ck)

(hck, hw,) are the bare photon and transverse exciton energies, whereas
{A,.A,.B,,B",,C,,C"} are the coefficients that parametrize the hamiltonian treated
as phenomenological parameters that we can and do determine by having recourse
to the experimentally measured polariton dispersion curves.

We proceed by diagonalizing A ¥, but in two steps. This will permit us to

demonstrate the isomorphism beiween the g. ralized hamilionian (3.1.1) and a
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standard two-mode squeeze hamiltonian. First perform a partial diagonalization so
as to introduce new mixed intermediate quasiparticles and their residual

interactions: we represent them by bose operators

~ i ~ v 1 ~ i - i n
&,=e"od, +e™Bh, & =eaal, +e b, (3.1.2)

[Ex aéz-] = [é: ’61] = 0 [Ek ’EI] = 61!:‘ (313)

The @, .sand B, ‘s are real. After some algebra (3.1.1) can be transformed to the

following form:

H™ = S{H + A% +he=H +H,,
k>0

(3.1.4)
A =3s%@e, +e0e, +Drhe
o 2 3.1.5)
flu= 2 ¢,C,+hc.
e bo CI k™ -k (3_1.6)

H" now depends on the new parameters £2,,(,.0,, B, v}, !,l/f that are related to

the old ones by the transformations

Q.0 =hck+2B, QB =ho, ~-2C,

L ol =B, LBle™ =-C,
2{,00B.e™ =iA Qo e™ =iA, 3.1.7)

Here we take y, =0 and vi=x/2,% =¢086, ang B, =sinf, The Iater
identification is consistent with the commutation rules (3.1.3). The number of

parameters in (3.1.4) then reduces to £2,,(,.,6, . The next step of our

(diagonalization) procedure proceeds by introducing a second bose quasiparticle
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kéﬂ + I‘chn Mt - N; = I (3-1.8)

in terms of which we can rewrite 4™ in the fully diagonalized form

H™ =3 &,(f'A, +
3 a@n+ 619

At this stage we observe that finding the coefficients in

I:Ifd{A,,,,Au,BpB;,C,,C;} so that for every mode,

1-the eigenenergy & reproduces the experimentally measured
exciton-polariton energy [48];

2-the parameters of 2 b satisfy consistently the isomorphism
(3.1.7)

is equivalent to show that a~ represents a physical polariton hamiltonian, and
that A implies squeezing. Eq. (3.1.4) is indeed the usual form of a two-mode

squeeze hamiltonian [28,29], and squeezing occurs with respect to the ¢’s, mixed

A~

bosons whose dispersions is given by €2, and whose residual interaction is H,,
with interaction strength measured by {, . In order not to interrupt the continuity
of the presentation we will show in Appendix A2 that it is in fact possible to fulfill
the points 1) and 2) above. Thus we can, and do, find all the coefficients, and ,

I‘}POL(AMaAanuB;,CuC;) = 1:1:0.(91:’4!’6&) (3'1'10)
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and & is the energy of the physical polariton normal mode 7l., which we rewrite

in terms of uncoupled particles as (cf. Eq. 3.1.2)

Ty = N, (x,y,2,w) = x4,, + yb,, + 24, +wb}, (3.1.11)

Now we characterize the amount of squeezing relevant to a polariton. We
exploit the isomorphism (3.1.10). We first connect the polariton eigenenergy and
eigenvectors to the parameters of the squeeze hamiltonian (3.1.4), e.g. by requiring

that

[, H*1=£,7, (3.1.12)

The resulting secular Eq.

2 i . X .

[Q, cos®6, — g1 —5%, sin20, -2, cos 2 6, - i {, sin 26,

_i_ . 2 _ _ . -2

2.(2k sin 26 ['Qk sin Ok g 1-1i Ck sin 29k 2§k sin Ok o

2 i . - 2 _ ;_ - -

ZCk cos ek i §k sin 29& [.Qk cos ek +£.] 2!2k sin 29k
-i ¢, sin20 -2{, sin?9, 5, sin20, - [£, sin%6, +¢,]
yields the eigenvalues

2 _ 2 _ 2
g =4 -4 (3.1.13)

and the components of 7] (eigenvectors) as functions of £,(,.0,,€, . For our

purposes it suffices to give [64]
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y i . % 5 W) =si
| x_l = 781‘ sin 29k[_Qk£k + Qk - 44;] ] 7" =Ssin 29k Ck 8k2 6110

Next we diagonalize H* by a squeeze canonical transformation, i.e. we transform

H* to the form

H* =S E@A+D

(3.1.15)
by transforming the operators Cs as [, =S' (%, 0)C.,S(r;, 9) using:
S(r,, @) =expln (e " 2,0, —e*™ &}¢})] (3.1.16)

is a two-mode squeeze unitary operator [28,29], ' and @, being referred to as the
squeeze factor and angle, respectively. Evidently both ., and 7,, diagonalise the
same hamiltonian (cf. 3.1.12 to 3.1.15) so they are identical (modulo a phase taken
equal to 0) [65], and the eigenenergies are independent of the basis representation,
ie & = &, . Using the properties of S and the explicit definition of C. in terms

of the original vacuum photon and exciton operators, one can rewrite U, as

L., =a,cos0,coshr, +b,, e™ sinf,coshr,

+@', %" cos @, sinhr, + b, e " sin 6, sinhr, B.1.17)

whereas term by term comparison of (3.1.17) and (3.1.11) provides the components

of 7], as functions of 6,,9, 7, :eg.
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| yl=sin 6, cosh r, ' wi=sin 6, sinh r, (3.1.18)

Finally by eliminating 9k from Egs. (3.1.14) and (3.1.18) the expression for the

squeeze factor 7, follows

2¢

-1
Gl RN

(3.1.19)

This gives the amount of polariton squeezing. It depends on the wavevector-
frequency of the polariton mode that is excited, therefore it can be suitably tuned
from outside the crystal varying the mode that is to be populated. Squeezing as a
function of the polariton wavevector-frequency has been calculated in Fig. 2.1 for

different semiconductors.
32 Generalized hamiltonian: intrinsic squeezing,

An obvious question may arise about the interpretation of H* in the form

given by Eq. (3.1.4). Accordingly, the generation of squeezing in polariton states

Hiu. The system suggested

would be by the action of the interaction hamiltonian
here to generate squeezing in polaritons is similar to the system of a two-photon
laser where two photons of the same frequency with wavevectors +k and =k can
be absorbed in a transition which is of second order in A - 7' [18]. In the present
case the counterpropagating terms are “spontaneously” present in the hamiltonian

using a running wave quantization of the bare photons and excitons. See ref.s

166,67] for the analogous case of phonons. A degenerate parameiric amplifier
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interpretation may as well be suitable to H™ in (3.1.4): this is in fact the
hamiltonian for a typical two-photon device [10,29].

These analogies are however only formal [68]. The scenario is here different
and the actual validity of the decomposition (3.1.4) for a~ directly relies on the
physical nature of the mixed boson ¢. From the mathematical viewpoint, these
arise as a first step when the original hamiltonian is diagonalized in two steps as
shown above. In the second step the effective interaction H . DEtWeen these mixed
quasi-particles is taken into account and the completely diagonalized hamiltonian
giving polaritons is achieved by a squeeze transformation. It is instructive to note
if the effective interaction is supposed turned off, these intermediate bosons of our
system would be the proper normal modes of the exciton-radiation interacting
system. Indeed, as discussed in Appendix A3, the (‘s characterize an intrinsic
“phase” of the polariton where energy switches back and forth between co-
propagating exciton and photon with no coupling due to correlations of opposite
wavevectors occurring. In a different context {60] the ‘s have been studied and
sought as the actual quanta of the propagating component of the polariton field.
Thus we can provide H Mvas given in Eq. (3.1.4) with a physical interpretation. 1:10
gives the free evolution of the quasiparticle € that is being squeezed. l?,u, giving
the squeezing, is the interaction that originates from coupling the ¢’s with opposite
wavevectors. This type of interaction is intrinsic to the polariton “construciion”, it
originates from the polarization of the exciton that supports a coupling between
the #k modes [56,57] and it produces correlations between counterpropagating &
in a polariton state. Specifically this correlation causes pairs (5+,,,5_k) to be created or
annihilated: that is apparent in the interaction part of the hamiltonian, which

contains terms that are purely quadratic in the creation and annihilation operators.
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The connection between wavevector mode correlations and squeezing will be
discussed later. Since the interaction that produces squeezing in the propagating
component of the polariton field is built in (intrinsic) >, polariton squeezing

will be referred as to intrinsic squeezing.
33 Polariton intrinsic squeezing: transition from coherent to squeezed state.

Continuing within the two-mode squeeze framework, in this section we
take advantage of the structure of polariton states as squeezed with respect to the
states of the boson C-field to explore an interesting time-development scenario
intended to understand polariton intrinsic squeezing. A time-dependent analysis
can indeed be implemented if we consider a hypothetical situation in which one
can separately control A w (Eq. 3.1.6) and imagine it to be at first absent, so the total
hamiltonian is I?,I and then (at some time ¢ =0) turned on. Within this context
the boson ¢ is the actual quasiparticle describing the photon-exciton system for
t<0; the ¢‘s can also be referred to as intermediate quasiparticles since they
constitute only an intermediate stage during which the process of polariton
formation occurs. This intermediate stage represents physically the transient of
time it takes to the vacuum photon and exciton fields to couple and form a
polariton. Now note that turning on the interaction H,,, with the subsequent
energy change £, = &, produces a change (squeezing) in the structure of the
photon-exciton system quantum state [69]. This will be discussed here, and we will
consider for definiteness the resulting polariton in a coherent state. We now
introduce such a state and the properties which we will need by first recalling the

separation of the polariton hamiltonian into H, and H,,. Coherent states of the
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diagonal part H, are defined either as the eigenstates of the (mixed) destruction

operators ¢

6:& lcﬂz> = ctklcﬁ> (3.3.1)

or by displacing the vacuum state | 0 ) of the bare photon and bare exciton system

—ing 125 a2y
T

lc,,) = e H=E gt gt y = D(c,,,8,)10) (33.2)

The state vector | ¢, , ) so constructed is precisely a two-mode coherent state [28]
for the free hamiltonian I-Alo.

Next we introduce the state that one obtains by applying S tothe | ¢, , ) s,

S(r,o)lc,) =n,, (1, 0)) =i, (33.3)

Using the properties of S and those of the displacement operator D , yields

Nox

— N —
u+k . u-k

Laoc I o ST Y N
1 1 tk/ 2
YNVLIN 3.3.49)

AR E 2 S
I#ﬂ: >z =€ ' z
Ny=0

where

A™IN,), =6, (No+DINL),  B™=3 e (alh, +9)
2 i (3.3.5)
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The ﬁi ‘s are complex numbers. Since the IN,, )

:‘s are polariton energy eigenstates,
from (3.3.4) the squeezed state | 4, , ), is a polariton coherent state.

Let us now assume it is possible to prepare a polariton cavity where the
photon-exciton system inside be described for t<0 by the hamiltonian f{o. Let the
initial state of this system be the coherent state (3.3.1). If at t=0 H, is turned on [70],
the system develops for t>0 under the total hamiltonian ﬁo plus I;’,,., ie. H™.
Conversely, if 21 m Were always absent, the state of the system will remain (3.3.1) for
all time. A possible physical mechanism accounting for the switching on of this
interaction is a sudden frequency change [61-63] during a Frank-Condon transition
(fixed wavevector)

| Gk >(r =0) — | #:tk >z(l =0) (3.3.6)

Thus for positive times >0

s Yooy = €XPL~12 H™ [ B, e 337)
gives.the temporal evolution of a polariton coherent state with energy &, # £2,.
One notes that (two-mode) coherent states of the bare photon/bare exciton field are
also coherent states of the boson C-field, which however are not coherent states for
A" (cf. 3.3.3). Therefore the energy change £, — €, that ultimately produces
squeezing in the (boson) C-field component of the polariton is responsible for the
change in the statistics.

In the initial state (t<0) the wavefunction of the photon-exciton system is a

wavepacket whose width remains constant whereas for t>0 the wavepacket of the
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corresponding wavefunction has a complicated time development in that its width
changes periodically in time over the polariton period. In order to examine these
time-varying features we find it advantageous to decompose the propagating field
of the polariton into two amplitude components 90° out of phase. The operators

that correspond to these two quadrature components are

5 pa )kak
X/ 2_\/— '\/—— \/—a)_,, et (k> k)

(3.8
Ry =——[BJo, =+ L Sl 4k —-k)
2‘/_ Vo, (3.3.9)

3, =|h/20, (@, +a}) and p,* =~i\Jho,/2 (3, —a,) are the canonical position
and momentum operators for photons or excitons if @, — b, . Here (3.3.8-9) are

canonical 'variables

(X2,Xr]1=i/2

hence the product of their variances satisfy the Heisenberg uncertainty principle

(AX 1) (1AX JFI?), 2 1/ 16 which must hold for both states | ¢, , ) and | 1, , ), .
Their variances {(AX,i?) directly relate to the widths (T, "y of the
wavefunction that represent the states of the propagating field of the polariton in

the coordinate and momentum representation, respectively [71,29].

Polariton quadrature noise: Propagating field coherent states

In the initial state (t<0) the variance of X7 is
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-~ ¥
e, JAX P, ), === =I;°
ST e l (3.3.10)
and that of the conjugate quadrature is,
ak 1 p — o
LedAX S Ple,), === =T,
! (3.3.1D)

As expected for a coherent state the two variances are constant in time. Further,
coherent states are minimum uncertainty states so that the equality holds for the
Heisenberg uncertainty relations, at all times [71,29]. Once again let us emphasize
that the states | ¢, , ) are coherent states of the free part 1;’,, of the partially
diagonalized hamiltonian and that they refer to the intermediate quasiparticle g,

not to physical polaritons.
Polariton quadrature noise: Polariton field coherent states

In the state which evolves in time under H,,, from an initial polariton
coherent state, the variances of the two quadratures can be evaluated to give the

time-dependent evolution

AU AR ), = T ()

~2n .
e sinh2r, .
= + ——tsin*(w,?)

4 2 (3.3.12)

and
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KU NAZPE ), =17 @)

+2
e'x

sinh2rn, . ,. .
- ———2sin (w,?)
4 2 (3.3.13)

With respect to the Heisenberg uncertainty relations the inequality holds at each
time also for these states, yet note that here the equality only hoids when
cos 2@, = 1. As time evolves these states do not constantly remain minimum
uncertainty states [71,29]. This has been analyzed in detail over a time interval
corresponding to a polariton cycle and for different modes: results are reported in
Fig.s 2.2-3. For a certain interval of time (AT sg ), twice in a cycle, one of the
variances becomes smaller than I : (coherent or vacuum value), while the
conjugate one becomes larger than I : in order to enforce the Heisenberg
principle. 4T, can be evaluated for each energy-wavevector polariton mode, as
well as the variable amount of squeezing during AT ;. The numerical evaluation
of AT, with relative squeezing is discussed in Appendix A4: results are reported
in Fig. 3.4 for an illustrative example of CuCl UBP exciton-polaritbns, for which
typical AT g, ~ fraction of femtosecs.

In conclusion, we have shown that the probability density distribution for a
polariton coherent state changes remarkably over the polariton cycle. In particular,
in this state the propagating field component ¢ of the polariton exhibits an
uncertainty envelope (fiuctuatiens) that is periodicaily reduced far beiow the
classical value 1/4 associated with the vacuum state: this reduction, that is

squeezing, occurs during a time interval 4Ty, and, within it, takes on different

amounts depending on the polariton mode that is populated.

34 Polariton intrinsic squeezing: wavevector correlations
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In this section we examine quantum correlations as a different mechanism
to implement squeezing in polaritons. The definition of correlation to be used is
briefly introduced. Let us consider two subsystems associated with opposite
directions of propagation i.e. +k and —%. Quantum correlations between this pair
of subsystems can give rise to squeezed fluctuations in the quadratures (3.3.8-9). If
the state in which the pair of subsystems is prepared can be described by a density
matrix P, then the reduced density matrices that describe the properties of the
subsystems relevant to each direction of propagation are: p,, = 7, , P . A standard
approach can then be used to analyse these correlations, namely if p=p,, ® o,
the subsystems under consideration are uncorrelated, while if p# p,, ® p_,
then they are correlated. In order to apply the discussion to the properties of
observables and in particular to their squeezing properties, we consider the two sets

a2 at
-2t} defined in each of the two subsystems and acting

C,rCl
of operators {“+>“+t} and {
on the space of the +¢ subsystem and —; subsystem respectively. A measure of

the quantum fluctuations of C,, or €, using the mean-square uncertainty gives

(aeihy=mlp,ei1-{rlp.é..0)° (3.4.14)

Depending only on the reduced densities 0., (IAC}l) are independent of whether
or not in the state |) ¢,, and ¢, are correlated. The variances above do not tell us
anything about the correlations between the two subsystems.

The latter can instead be studied by investigating the properties of operators

acting on “both” subsystems. In what follows we introduce several of these
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operators (V,X* #,# ) for study of specific correlations. Consider for instance the
operator V=¢,, +, whose variance is

IAVEY= S (A PY+¢&
¢ ’ zﬂ< o (3.4.15)

with (| A2, )= 0.5(81,8 oy + 48116, e and €= T 'IGC,)—EIXEN
(real). In principle, the variance of such an operator indicates whether or not in the
state 1) the two subsystems are correlated.

For the purpose of the present work let us recall the quadratures Xz by
which we characterized the polariton squeezing in the previous section. )2;’ is the
sum of two operators one acting on each of the two subsystems +k and -% ,

furthermore it is related to V. The relevant variance is,

(AXP) ='—41—[(IAE+‘I2)+(IA6_J2 )]+—;—Redk +C+Reb]

=Ligavry+2Re d, +Red)
4 (3.4.16)

where 8§ =36 -, ). d,=(¢,,2_)-(¢,X¢.,) is a measure of the correlation
k

between the quasiparticles ¢,, and €. Squeezing, that is the reduction of the
variance (3.4.16) below 1/4, can now be investigated in terms of correlations. For a

polariton coherent state (3.23) it is easy to show that & and § vanish, and we are

left with

~ ] . R ]
(1AZ:F) = Z[04 ,P) +(14¢ P+ LRed
' 450 o 2 (3.4.17)
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Further

Re d, =—cos 2¢, cosh r, sinh r, (3.4.18)

and

QAC, PY+{AC _ Fy=cosh2r, 21 (3.4.19)

so that squeezing in the ¢ -quadrature depends in general on the relative
magnitude of the terms on the right hand side of Eq. (3.4.17). In the range of
polariton modes examined in this paper, correlations contribute to the fluctuations
in the quadrature X% in CuCl and GaAs exciton-polariton respectively with
(maximum) amounts of 0.6 and 0.66 for UBP modes, and slightly higher amounts,
i.e 0.95 and 1.18, for LBP modes. An analogous discussion holds for the conjugate

quadrature ' Squeezing is achieved provided

ctgh2r, —sec h2r, <cos2g, (3.4.20)

This is satisfied for phases such that |2¢,l < & /2, since r, 20 in the present
treatment (cf. Fig. 2.1). However, the main result of this section is indeed (3.4.18): it

connects squeezing to the correlations in a polariton coherent state between ¢'s

with opposite wavevectors. Absence of correlations d, =0, i.e. 7, =0 from Eq.
(3.4.18), implies the equal sign in (3.4.19) and (14X #y—1/4, ie. no squeezing.
The converse is also true. In order to have correlations between C,, and C_, the

requirement of squeezing is necessary and sufficient.
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In our polariton system the exciton-polarization inside the dielectric
produces the correlation between the ¢‘s. In addition to our exciton-polariton
system, the viewpoint that correlations can give rise to squeezing has been shown
to be true for multimode squeezed states of light [72], and for dipole fluctuations in
multiatom squeezed states [73].

Another parameter one could analyse in the present context is the number

correlation
PPN A ntoa
D, =n,n,)—\n,Nn,) Ry = CuCy

(3.4.21)

This can be evaluated noting that 4D, ={l1AH,#)—(iA,, —#_,*). The number
difference is a constant of motion with respect to A" and vanishes if we take the
initial number of quasiparticles ¢ to be equal in the two modes of opposite

wavevector. The other term can be calculated, and in a polariton coherent state one

has ( 4, , real)

2

u-»t +

2 .42 .
- 4#-,: {cosh 2r, — sinh“ 2r, + 2p,, 1, sinh2r, c052¢,:}

2

TR B +p (34.22)

~

D, , depends in a complicated way in general not only on the squeeze parameters,

2
but also on the displacements | 4, ,!”, and it is not essentially related to squeezing

as d is.
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CHAPTER IV
Hopfield model polariton squeezing

In this chapter we establish squeezing within the Hopfield polariton model
hamiltonian (see § 2.4). The Hopfield hamiltonian is discussed and derived in
Appendix AS5. Unlike the approach taken in chapter III, the demonstration of
squeezing for this model will be achieved by exploiting the simple mathematical
result that the linear Bogoliubov transformation [74] which diagonalizes the
exciton-radiation hamiltonian to produce polaritons is a squeeze transformation
[28,29,10]. Likewise, this procedure leads us to the understanding of the polariton as
a squeezed particle, with squeezing occurring with respect to certain intermediate

mixed bosons.
41 Hopfield hamiltonian: squeeze picture and magnitudes.

We shall recall H° as given in Eq. (2.4.2). We infer squeezing from the states of
A° and we establish the amount of squeezing that one can attain in the framework
of the Hopfield model compared to that of the generalized polariton model
discussed in the previous chapter. We emphasize that only the local {non-spatially
dispersive) Hopfield case will be treated here. In the second quantized form one

has (cf. Eq. 2.4.2)

H° = 3 (hck(d,'a, + 4)+ ko, (b'b, +4)+ B, [4/4, + 4,8,
k
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50 4.1.1)

H® can be separated into the sum of hamiltonians for pairs of wavevector modes
+k and —k, so we begin by considering a polariton mode of given wavevector +k
in Eq. (4.1.1) and its relevant hamiltonian. Here ck and &, are the bare photon

~

and exciton frequencies, respectively, 4, and b, the associated annihilation

operators,
4 2 BE YUY o (hw,) _ A
*T 2nckho ) T Tt (7.) hck  hho
3 o (4-1.2)

and B, the photon-exciton oscillator coupling strength proportional to a dipole
matrix element squared.

We temporarily replace

~

~ A . at At . pt X
al.2 - ak,—k 2 bl,2 - bk,—k 2 aI,Z - al.—l ’ bI,Z - bk,vk

A=A, — hek; - ho,; o —4nf, 4.1.3)

The hamiltonian (4.1.1), say for a fixed single mode, can then be represented by the

generic bilinear form

hy(Ast,0) = (@', +4) + p(b'b, + 4)

~tg A Ts P Atz + At ~A A PPN At Az
+ fla)b,—ab; +a,b,—ajb; 1+ glala, +aa} +aa,+alall (4.1.4)
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with f=iaou®® /244, g=ou®/4A. Note here that with respect to the rotating
wave approximation (RWA), usual in quantum optics, Eq. (4.1..4) contains
additional terms (aIaZ azb* etc.). This particular notation enables one to make the
connection with the results on multimode quantum states as given in the
Appendix A6. It can be shown [74] that };, can be diagonalized by using a
Bogoliubov transformation in the particular form developed in Eq. (A6.21). The
diagonalizing transformation is implemented with the values of

{at’az’ﬁnﬁz’rs (D,Z,,xz} defined as

i, lcoshr = (2'+€)(#2 ){(/,12— Y +ou }

e"*|B,Icoshr = —11’ (u+e) —82) +ou }

(A - e)(u - &%) {(

e’ la,lsinhr =

&) +ou }

Ae
e-i(z,—¢)|ﬁz|sinhr= _i‘}%{—(y -£) {(ﬂz _52)2 +ou 4}-112

(4.1.5)
to obtain
=e(T,+4) 4.1.6)
€ in Egs. (4.1.5-6) is a parameter that satisfies a biquadratic equation
4 2
-F@A, pu,0)e"+G(u)=0 4.1.7)

with F, G certain functions of {A’ H, T3
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Restoring the notation one finds

A

h=cell}

~

. 4] 4.1.8)

where g is a solution of (cf. Egs. 4£.1.3-7)

£* — £*[(hck)* + (hw,)* +47p, (o, Y1+ (o, Aick) = 0 @19
and
I, =lagic, a, +e™legls, al, +e™ B \c, b, + e *¥1B s, b, (41.10)

Here ¢, =coshz, and s, =sinhrz,. Eq. (4.1.9) yields the correct energy dispersion for
polaritons provided € — ¢, is identified as the “physical” polariton energy for a
given wavevector mode k. Solutions are such that & =¢’, and & =€, ,Uand L
denoting upper and lower branches of the energy dispersion curves. (cf. Fig. 1.8).
Thus, owing to l;k = /;: , I:: is the annihilation operator for a polariton of mode +%.

More specifically, Egs. (4.1.4-6) demonstrate that in the Hopfield hamiltonian
the transformation from bare photon plus bare exciton, to a normal mode physical
polariton is a two-mode particle squeeze transformation whose generator is of the

form (1.17), i.e.

A
~

A t ol _‘:*1 zzw**-—‘.“_g,-"
1: =S¥ Y. Sl gPe! =Spd(n,(0l)___em[ ity P ] i
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Hence states of the Hopfield polariton hamiltonian are equivalent to two-mode
squeezed states of the mixed bosons [75]

5’:& =l a:l&ﬁ +e'* lﬁ:!bu (4.1.12)

The vacuum, number and coherent states of H° turn out to be squeezed with
respect to the vacuum, number and coherent states of the mixed boson 7. The
latter is a photon-exciton mixed particle bearing the same structure of the ¢_-boson
discussed in chapter IIl. In an analogous manner the 7’s, intrinsic to the polariton
structure, can be interpreted physically as the quanta of the propagating component
of the polariton field. Again this kind of squeezing will be referred to as intrinsic
because it occurs with respect to states of the intrinsic boson 7. Recall, by contrast,
that the more general hamiltonian of chapter Il supports squeezing with respect to
the intermediate boson ¢.

The hamiltonian (4.1.8) depends in general on eight parameters
{0 By s Xas @i T2 ). We will now give the explicit expressions for these parameters in
terms of the starting coefficients in the hamiltonian of Eq. (4.1.1). This in particular
will permit us to exhibit the squeeze factor, from which we obtain numerical

values of the amount of squeezing for some specific materials. Egs. (4.1.3) and

(4.1.5) give [75,76]

hck+¢e, N, —C
ik

2y/e, hick M,

|B;|coshr, = VAT, 1, &y (RO, =C,
2:/M, hw,”\ &, '

la;Icoshr, =

(4.1.13)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



73

e, —hckl Ny _ .
2+[e, hck Mk~

\Botsinhr, = X2%Pe ;& RO, _ o
2./M, rw, \ &g

leg, Isinhz, =

where N, EII—(%)ZI, M, =N, +4nf,. For the purposes we address in this

paper we only need to consider absolute values in Eq. (4.1.5). Further, owing to the

boson nature of the ¥'s, the two parameters if]i can be expressed in terms of ia] |

respectively as

212 Tyt
IB;¥=I-lo P (4.1.19)

Thus the parameters left to determine are le;1,lo; | and 7.. We now give l@;!: from

the first and second two Egs. in (4.1.13) one obtains,

Bl |Cux| and Bil 1Cul (4.1.15)
Thus (4.1.15) and (4.1.16) yield
£ AN
3 (J-—{1+—2)
log 1= [1+ Cu ; logt”= |1+ = h};w" z,Ck
u Cul d+-2y1-22)
hw, hck

(4.1.16)
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We finally evaluate 7, from the second and fourth Egs. in (4.1.14) and the equalities
(4.1.16). The other determination of 7, using the first and third Egs. in (4.1.14) is

equivalent owing to (4.1.16). We obtain

+ UL
anhyo = |0 [ (k=)
o | (hek +€l*%)

§k 2 Z
= ’..___ =IC, . F+IC, |
1+, o =G HC, @1.17)

From the second of these Egs. tanh r, <1 as it must, while the first one tells us

that distinct squeeze factors correspond to upper and lower energy dispersion
branches (cf. Fig. 1.8). Further by changing (tuning) the wavevector-energy along a
given branch we explore all possible values of the squeeze factor relevant to that
branch. With this we have connected &;,f;.%, which parametrize the Hopfield
polariton'hamiltonian (4.1.8), to quantities subject tc experimental control. Using
£ and 1o} as obtained from Eq. (4.1.9) and (4.1.17), respectively, we evaluate the
amount of squeezing for the upper and lowér branches of exciton-polaritons in
CuCl and GaAs for ¢ ranging in the vicinity of the crossover wavevector ,. These

are plotted in Fig. 4.1.

[

t is instructive tc solve Eq. (4.1.18) for the squeeze factor in terms of the ratio

nt =hek [ €, that is,
. ve _ N
1+% n,_ 1
e o \n)t+1
v, =4%In TR
s (m=1
los \(n“+1)

4 (4.1.18)
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n : “, obtained from solving Eq. (4.1.9),

k 4zp
nlE = _CR 27 o
L (co,f”') I-(0/* ] w,) (4.1.19)

is just the square root of the exciton-polariton dielectric function. Two points are to

be noted here. The squeeze factor is directly connected to:

1. the index of refraction of the medium,
2. the weights of the exciton and photon components of the

polariton

This settles how squeezing in polaritons is related to intrinsic properties of the
dielectric. material [77]. A value of unity for the bulk (background) dielectric
constant (%) is assumed throughout this treatment: it derives from taking ck as
photon frequency in Eq. (4.1.1). An g, # ] is introduced by rescaling the speed of
light in vacuum ¢ —c/ [, .

A special value of 7, which will become useful in the next sections is that
evaluated at the wavevector crossover k, of the uncoupled light and exciton energy
dispersions (see Fig. 1.8); from (4.1.17) l&; I=l@, |, and then

UL _ UL _ u.L
r =5 " =4Inln "] 4.1.20)

From (4.1.18) one aiso has
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Generally speaking 7, increases for small transverse exciton frequencies and large

separations A .
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CHAPTER V

Non classical photon statistics in polaritons

In this chapter we will continue investigating non-classical features associated
with exciton-polaritons. The polariton as the actual normal mode of the photon-
exciton interacting system that propagates inside the medium has both the
characteristics of an e.m. wave and of a polarization wave. Here we develop a
theory for studying the statistical properties associated with the radiative part of the
polariton. The theory is qualitatively the same for both generalized and Hopfield
model, yet it predicts quantitatively different results depending on which model is
adopted. Non-classical features are again predicted, which will be illustrated in the
case of the Hopfield model for definiteness. The change from a classical radiation
field (incident coherent pump radiation) to a non-classical one (propagating
radiation inside the crystal) upon interacting with the exciton polarization of the
crystal is thoroughly discussed. Deviations from classical depend on the
wavevector-frequency mode that is populated, giving rise to tunable non-classical
photon statistics over the entire polariton dispersion spectrum.

In particular we investigate the reduction, below the vacuum value, of the
fluctuations of the radiation field associated with a polariton wave as arising from
squeezing. To do this we first separate out that portion of the total (polariton) field
which is radiative from the rest. This kind of squeezing will be referred to as

optical squeezing as opposed to the intrinsic one introduced in the previous two
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chapters. It should be recalled here that non-poissonian photon statistics does not
necessarily imply squeezing [51].

Finally we note that the theory presented here differs in one important
qualitative fashion from usual treatments of electromagnetic squeezing because
our theory is linear. It is commonly believed in fact that non-linearity is needed to
produce squeezed light, e.g. parametric amplification, four-wave mixing etc. But
our work shows that squeezing can occur owing to the particular polariton mixing
in a linear dispersive medium. Non-linearities are not necessary, although non-
linearity may be sufficient in other cases. A certain similarity in viewpoint to that
of Abram [56}, and Glauber and Lewenstein [57] is pointed out below, as well as

differences.

5.1 Non-poissonian photon statistics.

The exciton-light polariton mixture alters the statistical properties of the
vacuum radiation field. Specifically, the poissonian number distribution
characteristics of vacuum (incident) photons in a coherent state turns into a non-
poissonian one in an exciton-polariton quantum state. This will be discussed in
this section, namely by studying the fluctuations of the number of bare photons in
a pelariton quantum state. As for quantum states of the polariton field one might
consider either number states {n]) [a mode k occupied by n’ polaritons, or
coherent states. The former are a convenieni basis when experimenis with a fixed
number of particles are involved, but they are not of direct significance however in
a typical solid state optical experiment where the probe exciting the polariton is

usually a light source with no definite numbers of photons such as a laser. This
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more realistic situation can instead be properly described by using coherent states:
in the following polariton coherent states will be considered as quantum states
relevant to our problem. According to the treatment given in chapter IV the latter
are the eigenstates 1y,,), of the annihilation operator (4.1.11), or the two-mode
states of Eq. (1.16). We first give the variance {(AN/*)*) of the bare photon number

NP =gla, in a polariton coherent state. In Appendix A7 we show that [78]

(AN, )Y y=e *(N; )-iogBi4a, G.1.1)
1

o +2r . . oo
+ l Oq"'l[l BlA e *—=1BIFA_ I+ BN L((AN, ) ) — A, ;]

- x2r exc . +
+1 T *[(1+sinh 2r,) sinh” r,+ e *1 B (N )= A, | B°]

A A_', x> A, are complicated functions which, for clarity of exposition,

where A ,,A,,,

ok ?
are only given in the Appendix A7. In (56.1.1) the expectation values are all

evaluated upon the states 17,,),. If one denotes by | vac ) the vacuum photon
coherent state, the corresponding number distribution is such that
(vacl(AN?*Y*lvac) = {vacIN*lvac); by comparison with (5.1.1) this thus shows that
bare photons in a polariton coherent states do not have a poissonian (classical)
distribution. Due to the complicated form of the general result (5.1.1), we will now

note some special cases giving rise to simplifications.
i. High photon intensity
First of all, since {N/") is related to the intensity of the photon (cf. Appendix

AB8), one can always choose the intensity such that the first term on the right hand

side of (5.1.1) dominates, with the squeeze amplitude ¢** remaining unaltered. By
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varying the intensity of the photon, the mode k& of the polariton which is
populated remains fixed and so does 7. Thus under this circumstance (cf. also
Eq.1.27):

_ ph2 2, , . ph r P
((4N,)Y'y=e *{(N, Y=s}{N,) (5.12)

In this case the distinction between poissonian and non-poissonian depends on the
squeeze amplitude ¢ only. The latter characterizes the noise-power reduction ratio
in a semiconductor, which is nearly constant (=0.99) for GaAs, but slightly varying
(0.91-0.99) for CuCl exciton-polariton modes in the vicinity of the crossing %,. The
above result readily shows that the change of the photon statistics when an
exciton-polariton is created is related to intrinsic properties of the dielectric: it

depends, through s,, on the index of refraction.
ii. Selected polariton modes

Independent of the photon intensity, one may simplify the result (5.1.1) by
using the fact that the magnitudes of e | and |B;1 vary by tuning the energy of the

polariton mode. One can conveniently excite polariton modes such that for
instance |B;| is appropriately smaller than ol in which case neglecting terms

quadratic and of higher order in I5; / a1 (5.1.1) is approximated by

ph 2 _ i2rk ph
((AN, ) )=e “(N, ) (5.1.3)

. 2
sinh® r, e ST )
+ —————(1 +sinh 2r,) +| Bi[—=A_, , -l gl A, ]
I ol Lol = Co

k
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More precisely the validity of the Eq. (5.1.3) not only depends on the relative
magnitude of |@;| and IB;| but also on their individual magnitudes, on the index
of refraction, through % and on the values of A, and A, .. These are all mode-
dependent quantities and the conditions under which the approximation (5.1.3) is
valid must be accounted case by case.

We notice that Egs. (5.1.1-3) may also be used to obtain specific results for the
degree of second order coherence and the Mandel Q factor [79]. They provide an

equivalent way to describe the photon statistics. For the former we have

o
D(0) = M gf)(O) ~-1=—t
8k 7} P
Caay N 610
while the latter can be given as (cf. 5.1.1)
pr 2 ph
_((ANk)>""<Nk )_ ink +
Qk = ph =€ - 1 + Ak
(N (5.1.5)

where 4; is the rest.
In the case of high photon intensity or when the polariton mode can be singled out

so that the approximation (5.1.3) holds, one has respectively

(5.1.6)

and
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+2r

Q;. ". =(€ E_ 1)
1 sinh’ r, N e”’k ,
+ pravel | — (1 + sinh 2r,) +1 ﬁkl[TE*TA—l. . = a;' A, 1}
(N 1ol ‘ G.1.7)

Recall that in the coherent case is Q, = 0, while departures of the photon statistics
from this case are measured by O, # 0. Sub-poissonian statistics carries a Q, <0
while the opposite holds in the super-poissonian case [79]. Let us also recall that the
lower and upper signs correspond to ¢, =@, /2 and ¢, =(@, + ©)/ 2, respectively.

The phase ¢, of the complex eigenvalue 7, is

+

. a k . b
| alsin ¢ +I a—:bkl sin(¢, + %,)
g™ ! ¥
. e b
| a,lcos ¢, +1 —b,lcos($, + %)
i @, J (5.1.8)

I

&

All parameters are defined in Appendix A6 (cf. Egs. A6.2-6, A6.25). Owing to the
rest 4; it is difficult to establish whether the two above choices for ¢, correspond to
extremal values of the exact Mandel factor (5.1.5). They do so however, when the

polariton modes can be tuned so that |, 1>>153;1, in which case

s.m. +2r -+
Qk,max=(e k_1)+6/< for‘¢k=((pk+n-)/2 (5.1.9)

s.m. k -
Qk,min—(e - 1) + 6’: for ¢k = (p.’: / 2 (5.1.10)
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log P sinh?r, e
61 = £ . { £ (1 +sinh 2r, )'H +|[——-—-A_ —latlA ]}
k la,a; P 4 sinh? 7, IQZIZ 2 +HB; I 1k VAL

and clearly in the case of high photon intensity for which one has

+2r

hi _ E_ _-

Qk.max =e 1 for ¢k —(¢k + ﬂ)/ 2 (5.1.11)
hi - _2,k -_— A

Qk.min =e -1 for ¢k . 4 /2 (5.1.12)

In both cases one simply has ¢, = ¢; . The functional dependence of ¢, is otherwise
quite complicated. |

Typical values for Q in the wavevector region of interest to us are rather small
and can be directly estimated from the results of fig.s 2,4,5. For exciton-polaritons in
GaAs sub-poissonian statistics results in Q* varying in the range [-0.016,-0.020] and
[-0.018,-0.021] for UBP and LBP modes, respectively. For exciton-polaritons in CuCl
the deviations from poissonian are of the same order of magnitude, though
slightly bigger: @* ranges between [-0.079, -0.058] and [-0.095, -0.06] for UBP and LBP
modes, respectively. In each semiconductor the same values, with positive sign,
apply to the case of super-poissonian statistics, owing to the small 7 (~/ 07%)
involved. On the other hand, when particular modes are selected (I, 1>>I5,1) one
has to include the additional § to the relevant @*", which however does not

sensibly modify the previous estimations for Q. In the crossover region, taking e.g.

la,1?= 10 (cf. Appendix A7-8), one has § = 10~° for GaAs and § = 107 for CuCl.

5.2 Optical polariton squeezing.
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Classically [36,37,39] an exciton-polariton wave has both the characteristics of an
electromagnetic wave and of an exciton polarization wave. Quantum mechanically
recall that I:';k, the Fock space annihilation operator for a physical exciton-polariton
mode K, can be separated to give the photon and exciton constituent particle
operators [Eq. 4.1.10]. Its electromagnetic portion, described by a “dressed” photon of
which we now analyse the quantum-optical properties, is for our purposes
rewritten as

Sph _y a1, A 2@y ~—10 AT TP E2.2 | T2 2 112
Iy slogle, a,, +e 7 ey Is,ka_k’ lagl=log i llog e, —log sy ] 5.2.1)

and an analogous expression for the mode — k . This equation emphasizes that
the dressed photon field associated with the polariton inside the medium differs
from the “bare” free space photon field. Examining Eq. (5.2.1) more closely, one
notes that the photonic part of the polariton transformed operator has the form of
a (two-mode) squeeze transformation from the bare photons d;; to the dressed
ones I 5. We emphasize once more that we reserve the term optical polariton
squeezing for just the process converting bare (d:;)— dressed (Ii”k") photons
according to Eq. (5.2.1). The transformation (5.2.1) is perfectly well defined for any
value of Kk , however inspection of the expressions for le)| and i¢; 1 shows that
only at the crossover wavevector %, the squeeze transformation (5.2.1) takes on &

particularly simple form (! aZ‘;! =1 0-’,:01). In Fig. 5.1 we report | & | and | o1 for

UBP states in the vicinity of £,. Below we will illustrate optical polariton squeezing
by referring for simplicity to the particular wavevector mode %, .
Keeping in mind the restricted use of the term optical polariton squeezing, we

then proceed to investigate the photon statistical properties connected with optical
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squeezing in exciton-polariton coherent states !7447,. The results of § 5.1 will then
be used: namely recall that in the case of high photon intensity one has a non-

poissonian photocount statistics characterized by (cf. Eq. 5.1.2),

, ph 2 +2r __ph | i -
AN, = °{N O =e °-1
{ ( k, ) ) e ( 3 ) k, (5.2.2)

+ and - respectively refer to a photon phase ¢, =(¢, +7)/2 or ¢, =9, /2. 1f
restrictions on the photon intensity instead apply, one then should use the
approximate result (5.1.3). This can be done when |1;1 is appropriately smaller than
le |, consistently with [ |=le,; 1. This possibility will be investigated in detail

below and we begin by rewriting {4.1.15) as

+

o | _ Kj(e — he, )€ + hck)|

Bl I hck |

(5.2.3)

K= [ha)°1/4 nfhw,]” is a quantity characteristic of the dielectric material, while the

rest of the ratio is mode-dependent. At k =k (5.2.3) takes on the form (cf. Fig. 1.8)

a,; 1 I(hwu+AU)z 2(7‘1({)5+Au)|
= i (upper br.)
B.| 4nB,| (ro,) @)y | (5.2.4)
o 1 |42-2he,A,)
B; 44 B, (hw,)? l (lower br.) (5.2.5)

In principle smali oscillator strengths and transverse exciton energies along with

large separations A are required to have satisfactorily large ratios. In Fig. 5.2 we
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report the ratio |@; / B;1 when we sweep the wavevector across %, . Exactly at ko’

le;l and |B;1 are practically equal, at least for the materials here examined;
therefore approximating (5.1.1) with (5.1.3) may not be entirely justified by simply
neglecting second and higher order of 1B, / &;l, but in general the values of 7, (cf.
Eq. 4.1.20) and of the values of the A 's must be also taken into account as
discussed in § 5.1. Interestingly enough however, and especially in GaAs a slight
detuning to the right of k, shows a rather fast decrease of 18, /o;l, yet
maintaining |l and ;1 satisfactorily close to one another. Thus non-poissonian
statistics associated with optical squeezing in the vicinity of the crossover in the
UBP can still be described using Eq. (5.1.3) . In the LBP the use of the same result
(5.1.3) is even more legitimate because the! ﬂ:o / 06:"1 is slightly bigger than the
one for the UBP. This is directly estimated from Egs. (5.2.4-5). In summary, for
arbitraryphoton intensities predictions about the non-classical behaviour of
photons in a polariton coherent state due to optical squeezing are not in general as
straightforward as for the high intensity case. The validity of the approximation

(5.1.3) must be carefully examined case by case.

5.3 Remark on phonon-polaritons

Recalling Eq. (4.1.21) and considering that the present model can be applied to

phonon-polaritons as well, a bigger order of magnitude for » can be expected in
general because in this case the ratio A /hiw, takes on values larger than in the
exciton-polariton case. Typical values of r, can be estimated using (4.1.21). For (TO)
phonon-polaritons in ionic crystals such as e.g. GaP [49] typical values are nearly

one order of magnitude bigger than in the exciton case.
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CHAPTER VI

Detection techniques

Recently there has been much interest in producing squeezed states of light,
by taking advantage of non-linear optical effects, and in measuring such non-
classical effects [10]. At present, squeezed states have been generated via four-wave
mixing or parameteric oscillations in an optically nonlinear medium. In general,
squeezing is achieved in configurations which incorporate large nonlinearities and
high pump intensities. On the other hand, squeezing is desiroyed by losses. In
general larger nonlinearities carry larger absorption losses, and so in a nonlinear
material there is a delicate balance between loss and nonlinearities.

It has been shown above that non-poissonian statistics and optical
squeezing can occur in linear resonant dispersive media via polariton creation. To
date there has been no experimental reports of squeezed states generation is
semiconductors. It will be thus important to subject our results to decisive
experimental test.

In this chapter we propose and analyse theoretically methods which can be
used to demonstrate the existence of optical squeezing and/or departures from
classical photocount statistics in polaritons. Although our discussion emphasizes
the exciton polariton the same theory carries over to the case of phonon polariton
with suitable changes in numerical values, and that will be analysed also. The new
idea here is to probe the evanescent radiation from the bulk polariton at the crystal
surface in order to determine the quantum statistics of the radiation associated

with the bulk polariton wave. The distinction between an evanescent polariton
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wave, arising when the bulk wave is total internally reflected [80], and other
surface waves such as e.g. surface polaritons [81] should be noted at this specific
point. We assert here that the evanescent electromagnetic field carries the same
quantum statistical properties as the one associated with the bulk polariton. A
justification for this assertion will be given below. It is furthermore important to
clarify that in the absence of total internal reflection then, outside the crystal, the
transmitted optical field does not exhibit squeezing effects. A brief qualitative
account of this is given here within the context of the classical Ewald-Oseen
extinctiontheorem (see below). In classical optics the medium, following Lorentz
and Plank, is represented by an assembly of dipoles: for a bounded medium, the
array of dipoles terminates at some surface whereas for the unbounded case there
is no termination. In the latter case the total propagating field emitted by the
assembly of all dipoles (the sum of the fields emitted by all dipoles) is an optical
(dipolar) plane wave which propagates in the medium at velocity ¢/n and
wavevector O where |Ql=n(/¢), and n is refractive index. For the bounded case
an incident optical wave from vacuum entering the medium excites the dipolar
array. The total emission from the assembly of dipoles now consists of two fields.
One of these exactly cancels (extinguishes) the incident field at every point in the
medium. The second constituent, in the medium, is the propagating refracted
optical fieild with wavevector §. This is the extinctiontheorem. Since the
extinctiontheorem is entirely in the framework of Maxwell's electrodynamics and
the Lorentz-Plank picture of molecular optics, the overall description of the inside-
outside fields according to this theorem is time-reversal. From this one can
straightforwardly argue that the origin of the optical field external to the crystal is

quite different from the dipolar field generated inside the crystal and, under certain
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conditions, leaking off the surface of the crystal. As a peculiarity of this picture note
that a surface is needed to distinguish inside and outside. But the surface plays an
additional role via a surface integral (over fields) that regulates indeed the
inner/outer fields. With this background one can firther discuss a quantum-optical

generalisation of the extinction theorem [82].
6.1 Evanescent radiation field.

For our reference let us start by considering the electromagnetic field in
vacuum. The electric field operator for a fixed polarization (positive-frequency

part) is

EX=EYFn=3 E’ u,(Fe’™ a
ot ‘ 6.1.1)

Harmonic time-dependence has been assumed, whereas {#,} is a complete

orthonormal set of functions in terms of which the field operator can be expanded.
a, is the destruction operator for a photon of wavevector ;. Coherent states of the

field are defined as the eigenstates of £ [83,84],
é:ﬂ le)y=3la") 3 = complex 6.1.2)
It then follows that

hat) =111 o) 6.1.3)
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provided coherent states | 0} ) of the field single mode k be defined as

aloy=o,le) o, =complex 6.1.4)

Now consider the exciton-polariton. The e.m. part ™ of the polariton operator is a
certain linear combination of vacuum photon creation and annihilation operators.
Adopting the Hopfield model as discussed in chapters IV-V one has for the mode &
(cf. Eq.5.2.1)

1’-‘;;:}: = C,d,+D,d’, Ci-Di=1 6.1.5)
where the coefficients depend on the mode, on the branch (UPB/LPB), and on the
material. As shown in chapter V, the Eq. (6.1.5) implies squeezing in the photon
portion of the polariton (optical squeezing) on both branches, and this is tunable.
Non-poissonian photon statistics is also predicted.

The contribution to photons of given energy k@ inside a medium where
polaritons have been excited comes from the electromagnetic component of all
those bulk polaritons carrying the same energy. At the vacuum-crystal interface the
extension of a bulk polariton is an evanescent wave, if the bulk wave is total
internally reflected {80]. The polarizaiion {(exciton or phonon) component of the
polariton is restricted by the surface, hence the relevant field at the interface is not
represented by I" (cf. § 5.2) but rather by its radiative component ™. The
evanescent e.m. field carries the same quantum statistical properties as the one
associated with the bulk polariton. The appropriate conceptual framework that

permits one to understand this is a quantum optical version of the extinction
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theorem [82,85,86] according to which the radiation field associated with the bulk
polariton is nothing but the internal dipole field that does not extinguish the free-
space incident field (pump) inside the medium. The evanescent radiation is thus
arising from this internal field that at total internal reflection leaks away through
the surface. The eleciric field operator associated with the evanescent wave portion
of the bulk polariton (positive frequency part) is

EY =EQ(F, =3 E2 u(Fe ™ [}
3 3 % . ¥k k (6.1.6)

The sum is over those wavevector modes obeying a)\/_ej = clkl, &, being the
polariton dielectric function at the given frequency @ (cf. Eq. 2.1.1). E and [*
represent respectively the electric field per evanescent photon and the photon
annihilation operator for the leaky polariton radiation.

Next consider quantum states of the evanescent polariton radiation. One
may take number states | n: ) in which the polariton mode k is occupied by n/
photons; these states form a convenient basis whenever experiments with a fixed
number of particles are involved. They are not of direct significance however in a
typical optical solid state experiment where the probe is usually a light source with
no definite numbers of photons such as a laser [87]. This situation can instead be
properly described by using coherent states. So we consider coherent states for the

optical portion of the polariton of frequency @ leaking across the crystal surface.

They are defined as
I'loy=aa) o = complex

~
N
Py
N
N
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Within the framework of the Hopfield model it has been shown in § 5.2 that e.g. at
k =k, one has,

lo )=S0 )e) (6.1.8)

where S is a squeeze transformation in Eq. (4.1.11), and 7, =7, is the squeeze factor
evaluated at this particular wavevector mode. In this specific case, coherent states
of the evanescent polariton radiation field are squeezed with respect to coherent

states for the vacuum radiation field [88,10,28]. Estimates of the amount of

squeezing given by r, will be discussed later.
62 Detection schemes

In this section we illustrate methods which we propose can be used to detect
optical squeezing in polaritons. Namely we adapt homodyne techniques already
used to detect squeezing of cavity photons [10] to our case.

An homodyne detector [2,8-10] is a device with two input ports and two

output ports: let 4,, and @,, denote the annihilation operators for the particles

entering the two input ports, and similarly 4, , and 4,,, denote the annihilation

20u

hie two output ports. The scattering matrix for such a device has

&1“" — (UH UIZ) &“ﬂ
Gin) \Uu Uz N\ 6.2.1)

where the matrix U is unitary for boson particles
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Here we show how to realize the homodyne configuration making use of
the crystal surface (matter-vacuum interface), which is the site of the evanescent
leaky tail of the optical field of the bulk polariton, as an input port. We need the
local oscillator, beam splitter, detectors, and we need to create the leaky polariton by
methods which can be also employed in other polariton ATR configurations [89]. A
polariton wave appropriately excited in the crystal undergoes total internal
reflection at the vacuum interface: an inhomogeneous wave is generated on the
surface and propagates parallel to it. In the direction normal to the surface this
wave decays in a distance s = c(n’sin’ 6 — )™ / w: @ and n = n(w) are respectively
the polariton frequency and the refractive index of the medium at the wavevector
mode that is excited, the polariton angle of incidence, and ¢ is the speed of light
in vacuum. As previously mentioned the photon statistics of the bulk polariton is
preserved in the leaky component. Thus, since the latter is confined within a quite
narrow region (see Tab. 6.1) above the crystal surface, one can study the photon
distribution of the evanescent radiation directly on the surface as a field whose
statistical properties are to be determined. For simplicity, losses in the present
analysis are not considered.

With minor modifications the schemes we will analyze are essentially
suited to detecting either non-poissonian photon statistics or optical squeezing (see
chapter V). To keep the treatment general the wavevecior dependence is hereafter
understood. Thus following the scheme of Fig. 6.1 we let for definiteness the input
particle I be the photon from the polariton @,, — &,, and the input particle 2 be

the local oscillator photon &,,, — 4, .

6.3 Ordinary homodyne
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As shown in Fig. 6.2 an incident laser beam from an external “local
oscillator” (L.0.), in a coherent state, is superimposed on the leaky radiation at the
detector P. It is assumed that a satisfactory mixing can be achieved by either
optimizing the (space) mode-matching between the two signais or avoiding

unwanted surface effects. The detected input annihilation operator is then

d=Ta,+Ra,, 63.1)

a, and a0 are the photon annihilation operators of the evanescent polariton and
of the laser pump (L.O.), respectively. Wavevector phase-matching between the
two can be achieved by varying the angle of incidence [90], while the frequency is
the same. R and T are the complex amplitudes of the reflection and transmission
coefficients at the beam splitter BS and at the leaky interface, respectively. They

satisfy the conditions

IRIZHTI?= 1 and RT +RT=0 6.3.2)

which is the requirement for unitarity. The photons from the two fields fall onto
the photocathode P, which is a layer of photoemissive materiail that emits eiectrons
when illuminated. To prevent P from detecting stray light from beneath the
surface, the portion of it hosting the photoemissive film can be isolated by a
reflecting coating. Take the electric fields of the ﬁnpinging radiation to be polarized
perpendicular to the surface to optimize the photoemission efficiency. The emitted

electrons, after crossing the multiplier M and being collected at the anode A, give
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rise to a photocurrent which after a suitable processing provides the statistical
distribution P_,(T ) of the number n of photocounts recorded during repeated
time intervals of duration T .

This scheme will enable one to determine those quantum statistical
properties of polariton light which are of interest to us. From Eq. (6.3.1) the

number of photons measured at P is readily evaluated

N,=d*d =R’} ,8,,+TI’3!a +IRTI{e*** 3!4,,, + h.c.}

6.3.3)
and so is the corresponding variance {fluctuations)
{(AN,)?) = Ra,, P {IRFHTIP[{(a,e7* +ale**)*)~(d,e ™™ + & e"*)*])
+HTRea, , {{a,)e ™ +{(a])e"™]
+ 2T [e*(a}’a,) —(aja, Xa})+ h.c }+RTI*{@a,) 63.4)

The brackets here denote the input state at the detector (P), which is the (tensor)
product of the L.O. coherent state and the coherent state of Eq. (6.1.7) for the
polariton radiation. One then adjusts the L.O. light intensity so as to be sufficiently
stronger than that of the evanescent radiation, and R and T so that [91]

IR, , 1>>ITll e, IRI<<ITI 6.3.5)

a,, and &, the complex amplitudes of the L.O. and of the leaky polariton light
respectively, and the phase X =@, + 7/ 2 are all subject to experimental control

and can be varied independently {92]. Under the conditions (6.3.5) the variance

(6.3.4) is approximated by (second order in l& ],
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((AN,)?y = Ra,,I* {R*HTI*[{(4,e™* + & e™*)*)—(d,e ™" +ale"*)*]) 6.3.6)

Measurements of this quantity enables one to decide, e.g. in the case of optical
squeezing, whether or not the polariton evanescent light is squeezed ie. by testing
for a non-poissonian variance that is dependent on the L.O. phase. In fact when
testing for optical squeezing one can evaluate the expectation values in the square
bracket to obtain (cf, Eq. 6.1.8.)

(AN =R, , P IR HTP[e>sin’ @,, +e > cos’ @, 1} ©37)

If the photon part of the polariton is in a coherent state (r, =0) then poissonian
photocount statistics applies and {((AN )3 =IRa, |’ (shot-noise). On the other
hand if optical squeezing occurs (7, # 0), for some values of ¢,, the photocount
variance becomes smaller than the shot-noise contribution alone.

In order to design an experiment we need numerical values of the squeeze
factor T, and of the expected power of the evanescent radiation component of the

bulk polariton for particular materials. To this end recall the dielectric properties of

the medium at the crossover mode &, are represented by the dielectric constant

4np,

ECEE(a)C)=Sb+ ). 2
1—(w0)

The essential material dependent parameters are: &, the background dielectric

constant, 473, = 2¢,A,, / @, the oscillator strength and @, the “bare” exciton or
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phonon resonance frequency [48]. In Tab 6.1 we give values of these parameters for
several materials such as GaAs, CdS, and KI. Since 7, is given as 7,=0.25 Ing,
(see chapter IV) it is clear that the larger A,, and/or the closer @, to the resonance
frequency , , the bigger 7,. Exciton-polariton and phonon-polariton squeeze
factors for these materials are reported in Tab. 6.1. These produce reductions of the
noise ranging between 1% and 40% below the limit set by the vacuum fluctuations.
Thus enhanced noise reductions are more likely to be achieved e.g. in phonon-
polaritons or polaritons with relatively large LT splittings. The case of KI [93] is
only “hypothetical” because the observed exciton-polariton dispersion in KI does

not fit a single one-oscillator model £(®) within which we derive our theoretical

predictions for 7, It may be useful however to show that in materials analogous to
KI exhibiting large LT splittings (A7, = 10° A%"), amounts of squeezing for exciton-
polaritons can be made comparable to those for phonon-polaritons.

As’ for radiation power P, in the evanescent wave, an estimate can be
given. Suppose that a laser, entering the dielectric normally through a plane
surface, excites a polariton of the same frequency that propagates at an angle € and
whose electric field is p-polarized (Fig. 6.2). If I, is the laser intensity, a
straightforward application of Fresnel’s formulae gives an estimate for the
evanescent intensity /,,,, which for the materials examined does not vary sensibly
over the angular configurations of interest to us (8 < 2 < 90°) and can be taken tc
be ~80% of the incident laser intensity [94]. Conversely the region in which the
leaking radiation is confined in the direction perpendicular to the surface sensibly
depends on 6: for phonon-polaritons the width of this region is in general bigger

than for exciton-polaritons (see Tab. 6.1). Finally for the same angular range and

an incident laser intensity I, =20 W /cm® we estimate the total power in the
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evanescent pelariton radiation. We find that power levels can be achieved which
are comparable with those of output cavities, where squeezed light is usually
generated via four-wave mixing or parametric amplification [10] (see Tab. 6.1).

It is important to observe that the second condition in Eq. (6.3.5) allows the
noise from the L.0. to be in part suppressed but not compietely, the overail noise
being mainly determined by the fluctuations in the number of photons from the
evanescent polariton. The two terms in the curly bracket come from the reflected
L.O. uncertainty (fluctuations) and the uncertainty associated with the transmitted
photons from the polariton leaking wave. In the next section we proceed to
analyze a slightly more elaborate phase-sensitive device that enables one to display
the non-classical effects of relevance to us, but eliminating the L.O. contribution to

the noise completely.
6.4 Balanced homodyne

Consider the homodyne scheme of Fig. 6.3 operating above the leaky region.
For this purpose we suppose that a part of the surface is shaped into a reflecting
grating G that diverts the radiation into one of the detector inputs. Diffraction of an
evanescent e.m. wave has been studied, and energy is carried away from the
grating [95]. If photons from the evanescent wave are incident at angle §, relative
to the surface normal of a reflecting groove ruled with spacing 24, the path
difference for photons incident on any two adjacent grooves is 2asin(8, + &) (see
Fig. 6.4). When these photons are diffracted at some angle 6,, the path difference is
further increased by the amount 2asin(d — 6,). The phase condition requires

that the path difference for photons incident on adjacent grooves be an integer p
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multiple of A. For a given wavelength the reflection from all the grooves will be
in phase if

sin(6—-6,) = pi- sin(6 + 6,)
2a

g
£
{

limited by |sin(§ — 6,)1 < 1; in the “echelette” configuration as shown in Fig. 6.4
the order p therefore cannot exceed

4a
Ipl< —

A 6.4.2)

Thus specifying a particular geometry of the strips of the grating can make the
diffraction efficient in a practical order. Fora < < A the diffracted photons may be
directed into the Oth-order, or few orders on the side, so as to maximize the energy
to be diffracted. The diffracted evanescent wave is then focused into the homodyne
detector input as shown in Fig. 6.4. The beam splitter BS2, with input arms (I) and
(II), is fed by the light coming from both the evanescent wave and the local
oscillator at the same frequency, whereas its output arms (III) and (IV) illuminate

the two photodetectors D, and D,. The beam splitter performs the important

function of producing quantum-mechanical superposition of the input states

a,=R,a,+T,a,, a,=T,a,+R,a,, 6.4.3)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



100

R, and T, are the complex amplitude reflection and transmission coefficients of the
beam splitter BS2, and satisfy conditions analogous to Eq. (6.3.2) provided the beam
splitter is lossless and symmetric. Here we take IR,I=IT;I= N2. Since in this scheme
the difference of the two photodetector readings D, and D, is considered, the

detector input signal is now determined by the operator

A A A

- . 05 era
d,=d,d,~d,d, =il

t7 -
28,5, = 8;4,] 6.4.4)

If one again testes for optical squeezing an analogous calculation to that carried out

to obtain Eq. (6.3.6) gives for the fluctuations in the number difference of detected

photons [96]
{a ‘212)2> =la,, I? {e*sin? Qo+ e ™ cos’ Ol} 6.4.5)

Comparing to Eq. (6.3.7), this version with respect to the previous one has the
remarkable advantage of removing the noise contributions from the intensity
fluctuations of the L.O. light. Again the variance in Eq. (6.4.5), as the one in Eq.
(6.3.75, characterizes the noise due to squeezing in the electromagnetic field
associated with polaritons. Reductions of the noise level below the shot noise
occur and in Tab. 6.1 we report the maximum reductions in exciton and phonon
polaritons of some typical semiconductors.

If optical squeezing is to be detected, within this specific balanced scheme,
one can in principle estimate the relevant amount of squeezing through 7,. It
suffices for instance to measure the ratio of the maximum of (6.4.5) vs. ©,, ,

suitably normalized, to obtain
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Lo. (6.4.6)

6.5 Detection of non-poissonian statistics

As previously mentioned optical squeezing is predicted at & (Hopfield
model) while non-poissonian statistics is predicted throughout the spectrum ir

both branches (UPB & LPB). The magnitude of the departures from poissonian is
k -dependent, i.e. is tunable as the laser frequency populating the exciton-
polariton mode is changed. Non-poissonian features of the polariton radiation can
be detected by measuring the associated photon-number mean and variance. This
can be done for.instance using the ordinary homodyne scheme in which the
external L.O. be suppressed, directly by detecting the photocount mean and
variance of the leaking polariton radiation at P. Different variances are relevant to
different modes. Such a direct measurement is not phase-dependent, and is
therefore not specifically sensitive to squeezing, but only to the associated
bunching or antibunching (super or sub-poissonian) statistics, both of which can
also occur for non-squeezed light {51].

Now we comment on certain effects of degradation. The main requirement
in all the methods above is indeed the extraction of the bulk polariton values for
the photon number mean and variance from measurements of photocount mean
and variance of its leaking component across the surface. Namely, processing of
the photocurrent at the counter (Fig. 6.2) or the S.A. (Fig. 6.3) provides a statistical
distribution P,{T ) of the number of photocounts recorded during repeated

periods of time T . The latter provides a record of the actual photon distribution,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



102

say P.(T ), though distorted by surface effects, mostly dissipation connected with
the propagation of an electromagnetic wave on the surface. The detection process
will result in additional distortions due to the non-unity quantum efficiency of the
photodetector. As discussed in [97] these two major sources of degradation can be
included phenomenologically in the description by ascribing the loss (surface plus
non-ideal detector) to the loss of light at a beam splitter which transmits only a
fraction of the input amplitude. Generally speaking degradations result in a
variance for the leaking polariton radiation, or equivalently the associated Mandel

é factor [97,79],

9=7Q O<y<D 6.5.1)

that is distorted with respect to the actual orne. Distortion effects can be
characterized by an effective efficiency 7 of the overall detection process.
Contributions to ¥, which physically represents the loss per unit photon, arise
from 7, the photodetector efficiency, and % , the efficiency for propagation on
the surface limited by absorption, scattering, diffraction, etc. High detection
quantum efficiency ¥, typically %, >0.9, are routinely obtained at present,
whereas smaller values ¥, = 0.8 compete to surface propagation losses [98]. The
useful noise reduction in polaritons are further limited by other deviations from
ideal conditions that include non ideal mode structures ,thermal noise, amplifier
noise and other extranecus noise sources. AAll these extra non ideal factors have to
be included into the effective optical efficiency so that ¥ = % 7, Yy % ¥, = 0. 45,
where we take ¥, =1 as effective efficiency due to electronic amplifier noise,

¥r = 1 as efficiency limited by thermal noise, and %, = 0.6, the most crucial one,
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as mode matching efficiency for the phase fronts of the evanescent wave and the
local oscillator L.O., [99]. As in cavity optical squeezing the non ideal efficiencies
combine to limit the measured non-classical statistics associated with polariton
radiation, even though polariton modes with substantial non-poissonian

characteristics can be excited.
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FIGURE CAPTIONS

Fig. 11

Light is represented as a combination of oscillating electric and magnetic fields.
Classically coherent light (laser) can be represented by a thin line {a), because at any
time the strengths of the electric and magnetic fields are known with certainty.
Quantum mechanically, however the electromagnetic field strengths can be
known only within an envelope of uncertainty (shaded region) and the measured
fields (solid lires) can fluctuate anywhere within the envelope (b). The vertical
width of the shaded region indicates the square root of the variance of the optical

field amplitude.

Fig. 1.2
Even in complete darkness there must be some quantum uncertainty, and so the
field strengths are not exactly zero; they too fluctuate within an envelope of

uncertainty.

In a squeezed state the envelope of uncertainty is pinched close together in some
parts of the wave and made wider in other parts. For the squeezed vacuum (a)
briefs periods in which random fluctuations are very small (narrow enveiope of
uncertainty) alternate with periods in which the fluctuations can be quite large. For
phase-squeezed light the envelope of uncertainty is wide when the field strength

passes through its maximum value, but narrow when the field strength passes
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through zero (b). Hence the wave's amplitude is uncertain but its phase is
relatively certain, because it is relatively certain when the wave will go through
the start of its cycle. Conversely, for amplitude-squeezed light the amplitude is

relatively certain but the phase fluctuates widely (c).

Fig. 1.4
Phase-space description of the mean values and uncertainties of the quadrature

operators X and Y for a coherent state.

Fig. 15
Phase-space description of the mean values and uncertainties of the quadrature

operators X and Y for a vacuum state.

Fig. 1.6
Phase-space description of the mean values and uncertainties of the quadrature

operators X and Y for a squeezed state.

Fig. 1.7
Phase-space description of the mean values and uncertainties of the quadraturé

operators X and Y for a number state and a squeezed numbser state.

Fig. 1.8
Frequencies of the CuCl exciton-polariton coupled mode [48] as a function of the
wavevector (solid line): two values, ®” and @%, correspond to each given (real)

k , one in the upper branch (UBP) and the other in the lower branch (LBP). One
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wavevector only corresponds to a given energy (no spatial dispersion) on each
branch. The broken lines show the dispersion relations of “uncoupled” photons

and excitons. k, is the wavevector crossover of the bare photon and bare exciton

energy dispersion curves (fick, =#%@,). For an isotropic medium there is also a

longitudinal exciton mode: #®;. @, = & — @, is the transverse-longitudinal

@,

U.L
splitting frequency, is the transverse exciton energy, and A are the

distances of the upper and lower polariton energy branches from the longitudinal

and transverse exciton energies, respectively.

Fig. 3.1

Magnitude of the squeeze factor in CuCl and GaAs exciton-polaritons as a function
of t calculated within the generalized polariton model for LBP (-.-.-.-.) and UBP (-
«mmem) modes iﬁ vicinity of the crossing wavevector k, . All the numerical

evaluations have been here obtained using material parameters as given in ref.

[48]: AWS*“' =3.20eV, Rl =151eV, &°“'=4.6, gf! =12.5,

4mBy® = 0.0158, 4787 = 0.0013

Fig. 3.2

P P
Normalized envelope of fluctuations ( I" @)= @)/ I : ) of the propagating
field of a polariton in a UBP CuCl exciton-polariton coherent state. We exhibit the

time dependence over the polariton cycle while the wavevector sweeps through

the crossover ( &, ) region.

Fig. 3.3
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p

Horizontal section of Fig. 3.2. Time and wavevector dependence of I',, {¢) in the

squeezing region. In a polariton coherent state twice, half cycle distant one another,

P
the fluctuations I", (#) reduce below the value 1/4 associated to the coherent-

vacuum state. The squeezing arrives a maximum= 70%.

Fig. 34

Variation of the amount of squeezing in a UBP CuCl exciton-polariton during

CuCl 2
AT sq. - 0" refers to the case of no squeezing i.e. I’ : (t)y=r ko ; 40 (star) refers to
p
the case in which I', (1) 0.6 I’ : , while 60 (triangle) refers to the case in which

r kp (¢)s0.4T : . Proceeding downwards the above explanation repeats itself.
The vertical distance between e.g. two given triangles yields the time interval
during which the width of the envelope of fluctuations falls below nearly 1/3 of
the coherent-vacuum value, whereas twice the vertical distance between the solid

lines gives AT ;";a . Here (-.-.) represents the quarterperiod: t =T _ /4.

pol

Fig. 4.1

Magnitude of the squeeze factor in CuCl and GaAs exciton-polaritons as a function
of k calculated within the conventional Hopfield model from the exact
expressions (4.1.18) for LBP (-.-.-.-) and UBP (-..-..-..~..) modes in vicinity of X, . As

for the generalized case (Fig. 3.1) the material parameters are taken from ref. [48].

Fig. 5.1
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Photon partial weights | afl and | ¢l in the vicinity of &, for CuCl (-.-.-.-) and
GaAs (-..-..-..-..) exciton-polariton UBP modes. Spanning the wavevector interval
from left to right, | ol and | ol assume increasing and decreasing values
respectively. A similar behaviour occurs for the exciton partial weights | ﬁ:l and

I B! going in the opposite direction.

Fig. 5.2

Ratio of | ol and | ﬁ:l in the vicinity of the crossover k, for CuCl and GaAs.

Fig. 6.1

Homodyne detection scheme. The signal field &,;, and the local oscillator field 4,;,
are superimposed at the beam splitter. The combined fields @, and Gy are
incident on the two detectors D; and D, that measure the relevant numbers of
photons N, and N, during a certain interval of time 7. This produces a
photocurrent that is measured out of one of the detectors (ordinary homodyne), or
currents that are differenced (balanced homodyne) to form a photocurrent

proportinal to (N, — N,) that is measured at the spectrum analizer S.A.

Fig. 6.2

Homedyne scheme for detecting squeezed fluctuations in the evanescent wave
produced by total internal reflection at the matter-vacuum boundary of a bulk
polariton excited by an external laser. The incident laser beam (lower left) splits at
the beam splitter (BS): part enters the crystal and propagates as a polariton to the
upper boundary, where it is totally internally reflected and produces the leaky

evanescent wave. This is superimposed at P on the other portion (L.O.) of the
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pump laser. Both fields are polarized perpendicular to the surface. A segment of
the surface is coated with a film of photoemissive material (thickness~d) shielded
from the crystal below. P(photocathode)-M (multiplier)-A(anode) form a
photomultiplier generating a photocurrent that produces the statistical distribution
P (T ) of the number n of photocounts recorded during repeated time intervals
T . The local oscillator beam L.O. is phase shifted (%..0.) by a piezoelectrically
controlled mirror M5

. o. A photocurrent variance that reduces below the shot-

noise value for certain values of ¢, o provides a signature of squeezing.

Fig. 6.3

Balanced homodyne detector. The difference photocount distribution from the
detectors D, and D, is monitored by a spectrum analyzer (S.A.). The L.O.
contribution to the detected noise is here suppressed. The leaky radiation is
brought into the port I via a reflecting grating G so designed. as to direct all
diffracted photons into a single order ( p = 0). The grating G is described in Fig.
6.4.

Fig. 6.4

Echelette reflecting grating G . The crystal is cut so that the interface is bent at Q and
blazed with right angle triangle grooves. N is the normal to the reflecting groove
face and & is the blaze angle. 0, is the angle of incidence, 8, is the angle of
diffraction and Za is the groove spacing. For 2a < A/ 2 all photons are scattered

into the 0-th order
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MACNETIC FIELD s
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Tab. 6.1 [48,110]

g,: background dielectric constant; 4,7 : longitudinal-transverse branch splitting at

k =0; @,: resonace frequency. The frequencies (unit %) are in eV. The crossover

present estimations. 7o =7, gives the amount of optical squeezing in these
semiconductors, as predicted after Ref. [97] within the Hopfield model, excepf for XI
[93]. s (in tm ) measures the extension of the evanescent polariton radiation across
the surface into the vacuum. Extremal values are reported corresponding to incident
angles 6, < 6 <90° (total internal reflection). 6. =sin “n™ (critical angle) with 7
the refractive index. P,,, (in mW ) gives the useful total radiation power of the

leaky polariton radiation for an incident laser intensity I, =20W / cm? and a

transmission ratio I, /I _=0.8. R is the predicted maximum noise

sq | vac

reduction ratio (%) due to optical squeezing. Reductions are with respect to the noise

set by the vacuum fluctuations of the field.
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Phonon/exciton polariton parameters and squeeze amplitudes

cas GaAs KI cds GaAs
Exciton Phonon

£, 9.1 12.5 165 56 10.9
Ayr 0. 0019 0. 00008 0, 099 0. 0091 0. 0028

@, ~2.55 1.51 5.85 0. 031 0. 033

re 0. 028 0. 008 0. 061 0.40 0. 32
5 2.3-0.25 | 53-0.85 | 0.9-0.07 176—7.0‘ 150~-7.1
P:m 0.8~-0.15 { 3.2-0.51 { 0.5-0.04 | 102-4.2 50-4.3

Ry e 5.4 1.6 11.5 55 47
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CONCLUSION AND FUTURE WORK

There has been deep interest in non-classical aspects of the electromagnetic
field. Squeezing of light has been demonstrated, following theoretical predictions .
These new effects found in optics have a certain generality and it seems certain that
many important ideas are likewise applicable to the phenomenology of condensed
matter, and are yet to be discovered. In this thesis the effects of squeezing have been
extended to the condensed maiier system of a poiariton. Among the interesting
conclusions, one certainly concerns the intrinsic squeezed structure of the poiariton.
Precisely, exciton-polariton quantum states are found to be squeezed (polariton
intrinsic squeezing) with respect to states of certain intrinsic photon-exciton mixed
bosons, which are not polaritons. The polariton problem has been analysed within a
hamiltonian formulation. Two different hamiltonians were investigated: one is the

R -
HEoPred o ereas the other, HP, is

well known conventional Hopfield hamiltonian
an enlarged version of the previous one, including the exciton-exciton interaction
term. The amount of squeezing is measured by a squeeze factor "7 ” and depends on
the model hamiltonian and, within each model, it depends on the frequency of the
polariton that is excited.
Two interpretations are presented of the origin of squeezing in polariton states. One,
within the framework of sudden transitions, the other relating to quantum
correlations between intrinsic photon-exciton mixed bosons of opposite
wavevectors. These approaches to polariton squeezing may also lead to further
understanding of basic processes in the dynamics of radiation-matter mixing as in a
polariton.

Non-classical optical effects in polaritons are studied using a representation

through which a physical photon inside a dielectric is dressed, as a certain linear

combination of vacuum annihilation and creation operators, and similarly for the
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exciton. This gives us a straightforward mean to anaiyse the interaction of coherent
electromagnetic radiation with a resonant polarization (exciton) and to study the
influence of this resonant medium on the photon statistics of the radiation field.
Squeezing in the electromagnetic component associated with a polariton is found
(polariton optical squeezing). Moreover non-poissonian photon statistics is

predicted, which also entails reduction of the fluctuations of the polariton

the field. Recently the problem of examining squeezin
dielectric medium has independently been studied by I. Abram [56] and R. Glauber
and M. Lewenstein {57]. However to our acknowledge, non-classical optical effects in
resonant dielectrics in interaction with the electromagnetic field is here studied for
the first time.

The question of measurability of non-classical properties of the
electromagneticf ield associated with polaritons as predicted here is of considerable
importance. If verified, our predictions would demonstrate that the electromagnetic
field may be driven into a non-classical state through the resonant coupling with
another boson, i.e. the exciton. Detection of such non-classical effects will the main

concern for future work, and the study of certain novel experiments to examine

these effect are under way .
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APPENDICES

Al: The polariton hamiltonian

The quantized form of H in Eq. (2.2.10) can be written as

~
-w =

H= z {Hk+ﬁ—k}+ h.c.
k20

with

0

Ay = L, (v - DR By bl e, o -y Bt B,

2
+4,a e v, vkak]—bkb_k[ak v_kvk,Bk]

+id b le, v kvk(akﬁk+a B )]

+ i&IBk[sk( VU, "5)(al;ﬁk + a—kﬂ—k )]

&
+ -k +o + + -
Y [(a_k A )Vk (;6_ ﬁk )vlc (A1.1)

which we rewrite in compact form as
> at A I LAV PN LA . A 7 . ~t 7
H, =h{ + Ef*G}a, + EZ°blb, + B,3_, — Cibb_, +iA,4_b, +iA,dlb,  (A12)

The photon and exciton single particle energies EF*, E are expressed in terms

of the bare ones as
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pr =% g, Ex =297 ¢,

P4

(A1.3)

and B, ,C, define the respective "deviations. The reparametrization (Al.1) —
(A1.2), i.e. {Sk s Vik’ v:tk 9’ a:tk ,ﬁik} '9 {.B Py Ck’ B/C' s Ck" A.”: Y AZ/C’ hw'_rk, th} fOHOWS

the transformation

2 2
c rVZ_i\rak +a—k)___th+B
KRR 7 ,2 2 7k
] RBR24R2 Ao
& (v ——)(”"‘2”" )= 2“—Ck

(Al.4a)

& Vo (o B +a B )=4,

1
£, (V, 0, — 5)(akﬂk +o_ B)=Ay

%‘[(a_zk +a YW +(BE+BAHV 1=K =-f7[hck+23k +hw,—2C,]

Here B, relates to the contribution of the non-resonant part of the “photon-
photon” coupling (&k&Z) to the single photon dressed energy, whereas Bk', distinct
from B,, relates to the resonant part (4,4_,) of the same interaction. These terms
and h.c. physically originate from the interaction between the two wavevector
modes of the electromagnetic field and bound electrons [52,100-103]. Similarly for
C, and C,c': they are associated to the non-resonant (BkbAZ ) and resonant (5k5_k)
parts of the “exciton-exciton” interaction. These terms and h.c. arise from the
exciton dispersion relation. For Frankel excitons [37,44], the transfer of excitation
from site to site gives rise to stich a term. For Wannier excitons [37,44], they are

related to the effective mass of the exciton, although we do not account for such
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type of excitons here. Aside from common physical origins, the distinction
between B, and By, so as between C, and C, is intrinsic to our model that differs

from the conventional one (chapter IV). The former involves a resonant mixing of
dressed (physical) radiation and exciton-polarization fields, instead of vacuum
fields to describe the quantum mechanics of the polariton and it naturally accounts
for the “exciton-exciton” coupling term. The same explanation holds for the
difference in the two coefficients 4, , A;,, which manifestly designate the rescnant
and non-resonant part of the interaction between photons and excitons in a

polariton. Two cases of interest to us will be now analysed in detail.

Case A.

As an instance of the hamiltonian in Eq. (A1.2) we now consider the case in

which
Ve=0, #1 o, =0, B.=B_, (A1.5)
e (vl -Dat ="E 4B =EP 6.2v,v., =B,
1 ho =~ e =
& (v} —E)ﬁkz = > L C,=E, &Bvv., =C,
& 2B ViV, = Ay £.20y k(Vf"é)=sz
£ (2Vi-D=hck+haw, +2(B,~-C,) (A1.4b)

and the corresponding hamiltonian is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



127

ﬁk-ﬁl;',‘ =aja,[e, (v ——')ak J+b bk[gk(vk ‘—)ka
+&—k&k[8k V_ka ak]—b_kb [8(c V_ka ﬁk

+id b1, v ve2e, B, 1+idb e, (v2 ——)Za,ﬁk

£
*‘5‘{"’ .
__ h AL A —_—tn _—A A

+iA,d. .bk +iA, k&,‘b,.c

(A1.6)
Under the identifications
, 1
Q,=2(v,"-7) $r = EVeV_y
2 (A17)
Eq. (A1.6) is rewritten as
o $2, a2 ~y o A A
H Pl = 5 —~a aZak ‘Eﬁﬁkzbl:bk "{kakzaka—k _claBkzbkb—
- A~ iy - A-'- n QIC
+ 2l ak‘Bk gk a_kbk +l akﬁk Qk akbk + _4_
(A1.8)

This special instance of the hamiltonian in Eq. (A1.1-2), is exactly the generalized
hamiltonian in Eq. (2.4.1/3.1.1). The first of the conditions (A1.5) implies "dressed"
(physical) photons (V_, #0) and "dressed" (physical) excitons (v_, #0) as
constituent components of the polariton. Also does it involve a common factor

sP* = 5 which we refer to as squeeze factor ¥ ¢ in the chapter IL.
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Case B.
As a second example we derive the conventional Hopfield hamiltonian [42]
from the expression (A1.2). It is readily seen from (A1l.4a), which we may rewrite in

the form

. 1
2 2
& & v,V =B, &0 V(v _§)= B,

Ack =g, [(al —-a)vl+alv,—+(al+a?)]
2C,
R,

. 1
€ Uy v—kBkz =C, 2( vkz - E) =1-
hor=¢g,

B2 +B/
(_——“2 )

1
2

E a ! .
Slai+al)vi+(BL+BOvi - =k = ek + 2B+ hor=2C

that the Hopfield result obtains when we take

v,=0  (v,=D Va=V—3 (v, <) (A19)

Indeed here C,=C, =0, B, =B, and A, =A,,, while the expression (A1.2)

acquires the same structure as H° in Eq. (2.4.2/4.1.1)

Y th Ad A hCO AL A
H, = (__2—+Bk)alzak +“'2—T‘b:bk

+B,4,4_, +iA,(G_b, +41b,)+ (hck+hw, +2B,) (ALID)
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A2: Polariton squeeze isomorphism

pol
The polariton hamiltonian H in Eq. (3.1.1) is characterized by the six

. . pol

parameters A,,, A, , B,, B,,C,,C,, whereas H in Eq. (3.1.4), a two-mode
squeeze hamiltonian in form, is characterized by the six parameters
Q,.8,, &, ﬁk,w:,ylf . The isomorphism between these two hamiltonians is
effective provided the transformations in Eq. (3.1.7) are fulfilled. Consistency of
Eq.s (3.1.7) results in a functional relation e.g. of the
kindB', =B', (B,, C,, C',) (first 4 Eqs), and again allows “'1 andA,, tobe
expressed in terms of B,, B',, C,, C ' (last two Eq.s). At last only the three
parameters B,, C,, C ', are left free in the hamiltonian of Eq. (3.1.1). On the other
hand by taking ¥; =0 and Yy, = 7w /2, &, = cos 6, and B, = si.n 8, only the
parameters Gk, .Qk, Ck are left free in the hamiltonian of Eq. (3.1.4). The former

and the latter sets of three parameters are connected by

C C,
=B, +C, 6, =sin” | —
$e =B, +C, k B +C,
h. exc.
Q, =(hck+2B)+(hw,—~2C)=2(El" + E;™) (A2.1)
Now using these expressions for £, and {,, taking & as the experimental
polariton energy it is possible, with a three parameters fitting of the dispersion

relation (3.1.13), to reproduce the energy dispersion branches (UBP & LBP) of a

measured exciton-polariton spectrum. Next substituting back the numerical

evaluations for B,, C,, C', in (A21), the energies for the intermediate

quasiparticles ¢ and the squeeze factor 7, given by Eq. (3.1.19) can be derived. It is
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a sel-consistent procedure in which the fitting of experimental polariton energies
for each branch is optimized through the use of Eq. (C.1) and (3.1.19) [104]. The
existence of parameters that consistently satisfy the transformation (3.1.7) and
reproduce the experimental polariton energies for dielectric materials such as e.g.
CuCl and GaAs settles the isomorphism between the squeeze hamiltonian (3.1.4)

and a hamiltonian that represents a “physical “ polariton system.
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A3: Polariton propagating field

Here we illustrate the physics underlying the mixed boson introduced in Eq.
(3.1.1.2). In traversing a medium, a beam of photons exchanges energy with it. A
photon in the crystal can transform directly into an exciton provided they both
have the same energy and wavevector: if the exciton is not scattered by a phonon
or some other defect in the crystal, the exciton transforms back into a photon
indistinguishable from the original one, owing to energy and wavevector
conservation. Energv thus oscillates back and forth between exciton and photon
[105]. If absorption does not occur in the medium these physical processes can be

described by the hamiltonian

A™ = [E™ala, + E=blb, +
q (A3.1.1)

The first two terms give the energies of free (uncorrelated) photons and excitons in
the medium. The last two describe the déstruction of a photon with the creation of
an exciton and vice versa [36,66], they are therefore responsible for the back and
forth switching of energy between photon and exciton. This photon-exciton energy
exchange constitutes an intrinsic “phase” of the polariton and leads to a
“propagating” coupied mode. The energy with which this coupled mode
propagates inside the medium is found by diagonalizing (A3.1.1), and this can be

shown to be possible using the transformation (3.1.1.2), i.e.

)+ h.c.

~ ol or. ~ 'y . g‘? sta 1
(C.H"1=Q8 H™=Z=t@+; (A32)
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L2 being the relevant energy. Since f[a = H™, the propagating field of the polariton
describes this “intrinsic phase” of the polariton, and the oscillations above can be
ascribed to the oscillations of the mixed boson C. The latter are estimated directly
from Q2 (cf. Eq. A2.1) and for an exciton-polariton in CdS at k = k, A~20Q~10"
sec™l. This rate of energy exchange has been evaluated on other contexts and it is of
the same order of magnitude [60].

Next consider momentum conserving interactions between bosons ¢ with
opposite wavevectors. The interaction hamiltonian for such new physical

processes is [106]

H =% §&é,+h.c.
q>0

(A3.1.4)
Counterpropagating modes in the medium arise due to the medium itself,
whereas e.g. the creation of a photon or exciton is always accompanied by the
creation of the conjugate particle but with opposite wavevector (cf. [56,57] and §
3.2). The polarization of the material instead turns on and mediates the couplings
between opposite wavevector modes [56,57]. Including H, one can find the energies
of the new coupled mode by diagonalizing with a polariton transformation, i.e.
(A, H™+H ]=¢,1, H™+H =H"™ (A35)
being €k the polariton energy.

In conclusion the physical processes in ro are nothing other than those
involved with resonant photon-exciton energy exchange in the absence of

absorption. Thus the photon-exciton hybridized boson ¢ (not a polariton) is the
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“propagating” component along ¥ of an undamped polariton wave. Owing to

(A3.5), with respect to I:IO , H™- involves an extra interaction due to correlations of
intrinsic bosons ¢ with opposite wavevectors. This is discussed in detail in § 3.1.4.
Accordingly one may interpret the process of polariton formation as arising from
correlations of counterpropagating modes of the propagating component of the

polariton field.
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A4: Time-dependent squeezed fluctuations

What follows is relevant to the quadrature X 7 [1071. First define the ratio

P2 0
R)ys (p WA iy, )/} (A41)

and use Eq. (3.2.13) to obtain the squeeze time interval AT, as solution of

~
»

"k (A42)

CuCl
For exciton-polaritons in CuCl we evaluate in fig. 3.2 AT s¢  for a spectrum of

. s ss . CuCl . . -
wavevectors in the vicinity of K, . Precisely, AT Sq" for a given k is twice the

vertical distance between the two solid lines. This figure also shows how the

s . . CuCl . . .
amount of squeezing varies during AT Squ (dotted lines); intermediate values of

the squeezing with their respective durations are here explicitly reported.

. . —-2r . ) . pol.
The maximum squeezing Fko e * occurs twice during the period T~ of

the polariton. Its value depends on the mode that is excited: approaching k£, the
squeezing becomes more pronounced.

According to Eq. (A4.2) the results of fig. 3.4 are mainly deterinined by the
magnitude of 7, and the polariton frequency @, Since r,in the range of
wavevectors considered here takes only slightly different values on the two
materials examined (cf. Fig. 3.1) and their crossover frequencies are not

GaAsl

significantly apart, we may expect that for exciton-polaritons AT |

sq 1s

quantitatively similar to that for CuCl. The same is true for the results presented in
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fig.s 3.2 and 3.3.

S I R
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A5: Microscopic Hopfield polariton model

The Hopfield exciton-polariton model hamiltonian discussed in chapter IV
is here reviewed from a microscopic point of wiev. The problem consists in
formulating the coupling between the quantized exciton and the quantized

electromagnetic fields. We first regard the system in the absence of the

electromagnetic field and consider N atoms arranged on the sites /7 of a Bravais
lattice defined by the set of position vectors 7 = n, & + n,d, + n,d,, where the
n's are integers and the [z;, 's primitive vectors and impose Born-von Karman
boundary conditions. The average distance between the atoms! 77 — 7,1 is much
bigger than the average atomic radius R ,,, < <!7; —F;l. The complete

hamiltonian of this electronic system is [52,100-103]

H,. = H+ H,+ H,+ H,+ H,

(A5.1a)
K’ 2 Z,Z K A . é
-y —V 4 L Vi~ L+ +H
%ZM, " ;,.2;,17,—7,1 % 2m, % %%li’,—fil g’lfj—i’il :

where the various terms are, in the order: the kinetic energy of the nuclei, the
potential energy of the nuclei interacting with each other, the kinetic energy of the
electrons, the potential energy of the electrons interacting with the nuclei, the
potential energy of the electrons interacting with each other, and the spin

dependent electronic energy H; . Here,

1) the adiabatic, harmonic, static approximation and, nuclei at rest,

2) the "one-electron" approximation,
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are assumed. A "single” atom is associated to each lattice site and Z electrons to
each atom. For simplicity, the atoms are further assumed to be "identical" and to
have s-type ground state wavefunction ¥, and p-type excited states wavefunction
Vp . In the Frenkel model an exciton is a state in which one atom at r}' is excited
and all the rest are in their ground states. Therefore if the ground state of the

crystal (every atom in its ground state) is

Y, = g%(’?)

~~
>
0

)
g]

an exciton state of the crystal with given wavevector £ (first Brillouin zone) and

given atomic excited p-state is

k-
b =2 Ty, T y,07)
1 (Rt (A5.2b)

Wk'p =

v

In the dipole approximation (A5.1a) reduces to

I 2 Z, ¢ 2
T
Hoe 2= 3299 + Zrm—imt B b o]
Ao My By i XL X - Xy
i<j (A5.1b)

L EE 3PS - )

For e =P At

1'’7 i J I J
Er§H’+fzr' Hy

4 1’7
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III

X; =e XX}, =—e X(¥] —17) is the dipole moment of the atom I defined
i I

respect to the lattice site /7 . A quantized form for (A5.1b) can be obtained, namely

g'HI = kszp (b/; bkp + %)

Ty
+
r_Zr_ H, =k§.;§-{hpkp'k bkpbk ," +gp,¢.k.bkpbk.p.}+ h.c.
17 ! (A5.1¢)
where o
I N Ui
s
X X 3 - e ey A% e
[<l;>_§l;> R EANC R AT -(r,—r,)}}
T n-n
gpkp'k' = _Z_ {e—ilz-"[+lj¢- Ty
177
Y (%Y 3 e E e ey -
-[< "2 £,$> e ) -(n—o)(xﬂ-(rz—r;)]}
(h = (A5.3a)

bkp is the exciton annihilation operator of momentum % and atomic state P,

E p is the atomic excitation energy of the state P ,and

X E——' S{% )b, e" " +h.c. (%;)=(0I%,1 p)
‘/—— 1% € ! ! (A5.4)

the dipole momentum operator. If ,

1) we neglect the second term in the square brackets of (A5.3a),

2) all dipole matrices are evaluated between the ground state | 0 ) and the

"same” excited state | 7 ) at every lattice site FI (p=p"),
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3) they have a fixed magnitude and orientation independent of the site 7,

then
ik - F + ik g 5
h,...=8 I(x)I* T —=5 W(x)’S, .
pkp' k P p et VB =Fl p.p k, k
(A5.3b}
) - ik r_1+(k' r_J )
- e _ ..

gp@.k.—-5p’p.l(x)l ;Z; RN =5p,p.l(x)l S_k‘k

'1 J III IJI

In the Hopfield treatment the approximation (A5.3b) is adopted: h php' k- is taken
to have the same magnitude as &y, ¢, With IS,  [=(2ZN/3V) 3, =S, 6,
When some of the above approximations are not met these two coefficients are
certainly different.

Note that in deriving the Eq.s (A5.3) use has been made of the property

N 65,2;:0 = ; exp(i€ - F) (G = reciprocal lattice vector) (A5.5)

Since the box where the radiation field is given boundary conditions is assumed to
be of the same size of the crystal, the latter sum is zero unless 5' =21 (3 . Here we

—

take G = 0, and NSE,o -EZI, exp(i€- 7).

Along with the quantization of this simple model of dielectric in the
absence of radiation, the quantization of the radiation field in the absence of

dielectric {(vacuum) can likewise be performed. It is a well known result [25] and it
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is achieved with no need of approximations. For a given transverse polarization of

the electromagnetic field the relevant quantized hamiltonian is

(A5.6)

where ck is the frequency for a given mode of the field.

The interaction between the bare electromagnetic field (absence of dielectric)
and the bare electronic polarization field (absence of radiation) is now considered.
The interaction term reads as

e BN, Bim e’z #2
H =-35 XP) AR+ 5 —= ;A (49)

mt
7 2m ¢ 7 (A5.7)

e , m are charge and mass of the electron and Z the number of electrons in each
(identical) atom. P'(Fl)= 3.0;(%;), the atom momentum operator (sum of all
electron momenta of the atom at site r_; ), in the approximation in which 2 = g

takes the form

a i K- F
po - i
(Olxlp)e ’bpkn+h.c.

I .hm
PrH)=i p>
! ¢ pen N (A5.8)

@, is the single P -state atomic frequency, 7] is the polarization of the exciton

and ( O %! p ) the single atomic state dipole transition. The first term in H_

can then be written as
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] 2rhc
_2&)

C pk po'Vk

(01%1 p){~b} 8, — b8, + b6_, +b,a})
(A5.9)

Here all single state atomic dipole transitions are assumed real
1{0l x| p)I=1(0l Xl p )|, with magnitude independent of the lattice site 7 ,
with orientation fixed at every lattice site and parallel to the given transverse
polarization of the radiation field. Also the property (A5.5) has been used here.

it is worthwhile mentioning that in general # # g and under this
circumstance not oniy the coefficients # and & in (A5.1c) are different from one
another but also the coefficients of the exciton-photon bilinear operators in (A5.9)
result to be distinct. Yet in the Hopfield treatment h is taken to be equal g , and
(A5.9) holds. Since the excitons of interest in the optical properties of solids are
those for which K is in the optical wavevector region they are coupled to photons
having approximately the same energy, therefore unklapp processes (G # () that
couple excitons with wavevectors in the optical region with photons whose energy
is thousand times the exciton energy are rather unfavorable and are neglected in
(A5.9). On the contrary, unklapp is dominant when the exciton has the same
energy as the photon whose wavelength is of the order than the lattice constant of
the crystal.
Using the f-sum rule, the second term in (A5.7) reads as

2r

V ok Zcopol(O!flp)lz{a,‘:ak+ a.d + aa*, +aa }

pE

(A5.11)

In conclusion the total hamiltonian that describes the Hopfield model of

(bare) dielectric interacting with (bare) electromagnetic radiation is
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H

pol =

Ata .Z XN 1
H,+H_+H_ thk(akak+5)+5’Ep(b,q,bkp+—2-)

+ ;zsk OI%1 pY (BB, +Bb. 4, +huc.]

27'11(, s » ~
_t cBiat —b g, ~bal
c% I(lelp)l{ w0 T by — ba_, ~ b4}
27: —- At A A AT AT AT
+=—3 w,, (0IXIp)* {3}, +a,a]+aja’, +a,4_,)
Vck pk (A5.12)

It is indeed an approximate hamiltonian. Even further, in order to stand by
Hopfield's very well accepted hamiltonian [42], we will purposely “omit” the term

Hy; in (A5.1c) (exciton-exciton interaction), as done in his original paper [42]. For a

single excited P -state with energy E » = h@)y, = hay,

A7 = 5 (hek(]a, + 4)+ hoo, (blb, +$)+ B(k)[4]4, + 6,4
k<0
+ajat+a,4  1+i Ak)[-b*a, - blat, + b4, +b,al 1}

= S {H, (0} = 5 (H,u (k) + H (k)
k>0

k<0 (A5.13)
where
(ha, Y (47B,)"? (hco) _ANK) . 21(01 Xl p)l 2
A k = [<] [ . B x p)
= hckma, 7 B =) = Py
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A6: Multimode coherent and squeezed states

In this appendix we will establish notations, and we will review the
definitions and some useful properties of number states, coherent states and
squeezed states [1,28,29].

Let us denote by @ and b two different bose particles while 1 and 2 denote

two distinct modes for each particle; thus

~

) At o T .ty _re. +1
{al, (1'4.}_[“2: L I=T W W= W U1 =1

la, al =", 4l =la, a)=1&, gl=Ia, gl =[a, /1=0 (A6.1)
Recall that for the vacuum state | 0 ) of each operator one has
ql0)=4al0)=H10)=510)=0

a. Number states

We denote a normalized number state for the mode 1 of particle a by

Pn ) = [nl!]—iiz(af) 10 ). Two-mode normalized number states for particle a
are | n,n,) =l n),®1 n,), and likewise for particle b .

Let us introduce the mixed mode operator

Y= oqa + Bb (I =12) (A6.2)
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as a bose particle destruction operator which is a linear combination of @ and ,

with “weights” &, and 5,. Then
_ 2 2 _ 4
v, wl=1 provided Logl” +1 " =1 (A63)

A relative phase X; between two distinct bare particles may alsc be introduced by

redefining (A6.2) as

iz,

=t aia+e TSI

n
{

(A6.4)

The number states of these operators can be defined in complete analogy with

those for the @ ‘sand b, ‘s.
b. Coherent states

Following Glauber [82] coherent states of the bosons g, or b, , or % can be defined

as eigenstates of the respective destruction operators, e.g.
4la;)=aqla ) (46.5)

where @ (no caret) is the complex (c-number) eigenvalue. Two-mode coherent
states | @, ) are defined to be simultaneously eigenstates of both annihilation

operators, e.g. for @, and 4, one has

gla,)=ala,) ala,)=ala,) (A6.6)
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with continuous complex eigenvalues

a a

ga=lale” g=lale ™

It is often useful to consider that the two-mode coherent states are generated

by applying the two-mode displacement operator onto the vacuum |0 )

+

la, )=D(ay)0)=exp[- s(laqF+1al*)]ette?210) CA67)

Here | al_zl2 is the average number of bosons 4 in the mode 1 or 2. In the
configuration space, these states represent minimum uncertainty (M.U.) Gaussian
wavepackets whose width is fixed in time. In a time-dependent picture of the e.m.
field this property is referred to as time-stationarity of the noise of the light field in

a coherent state [20]. We can proceed similarly to introduce single-mode and two-

mode coherent states for the b, 'sand ¥, ‘s.

¢. Squeezed states

Here our particular interest is in squeezed (“low noise”) states, and
especially in two-mode squeezed states. They have been discussed in the literature
[10-22]. One useful definition of a two-mode squeeze state is that it is obtained by

displacing the squeezed vacuum, e.g. one has

la, ), = D(a,)S3(z)10) (A6.8)
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55(z) = 85(r, @) =exp(rigqe ™ 7 — qate™ 1) (A6.9)

is the two-mode squeeze operator, 7 is the squeeze factor and @ is a phase.

z = {r, ¢} is used as short notation. Of course identical formulae hold for the

b, ‘sand 7, ‘s bosons.

There is an alternate useful way to obtain the state | 4, ), ie by

transforming the two annihilation operators @ and 4, into squeeze annihilation

operators. For example we may transform @, as

S5(z)a(S5)" = g cosh r + ate’ ?sinh r = A, (A6.10)

and likewise for a4, to obtain A,. In analogy with the coherent states, they can be

defined alternatively as eigenstates of the two-mode operators (A6.10)

Ala,) =A0¢) a,), Al a, ), =A,(2) a,). (A6.11)

where A,(z) and A,(z) are complex eigenvalues. If there is no possible

confusion, we may write

Ay, a, Ye = A L) a,), (A6.12)

In the configuration space these states represent Gaussian wavepackets. For a
suitable hamiltonian the width of these gaussians vary periodically in time

becoming smaller and bigger than that of the vacuum state: they are not therefore
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minimum uncertainty states for all times as the state evolves, but only for certain
specific times during the entire oscillation cycle [1,71]. For the cavity photon this
property reflects the non-stationarity of the noise of the em. field in a squeezed
state [1,29].

For the mixed boson % one proceeds identically, defining single-mode

(1=1,2) squeezed states | % ),

LUy ) =T Y ) ¢ =12) (A6.13)
as eigenstates of the squeeze annihilation operator

L= S"(z)%S," (z) = 7% cosh r + yre’ ® sinh r (A614)
with S;'(z ) =exp(Zly, e~ ® = ¥yre’ °1) (1 =1,2) (A6.15)

The corresponding two-mode squeezed states | % ,). for the mixed bosons

% and 7, are defined as eigenstates of

V) = @) %, L %y de = L) %) (A6.16)
Here

[ =S%z)ySl(z) =17 cosh r + y¢? sinh r (A617)
fz = Slyz(z )}'ZS:;(Z ) =7, cosh r + y*e‘?® sinh r (A6.18)
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and

Sp(z) =exp(ri— %pe®® + %pe % %)) (A6.19)

Again the squeezed state | %, ), can be generated by first applying (A6.19) on the
vacuum followed by a displacement (cf. A6.7)

| %2 )2 = D (%S (2)10) (A6.20)

In the two-mode case the meaning we assign to &, 8, r, @ is the same as for the
single-mode, except for the squeeze factor. In the former case r mediates the
coupling between two distinct modes 1 and 2, while in the latter r- mediates the
coupling between the same mode. Compare e.g. S in (A6.19) with § in (A6.15).
This point may be made even clearer if one lets 7 — 0 in the explicit expression

for the annihilation operator IA"; (or I 2)

I=al ol cosh r+ ate’? ajsinh r
iz i(p - .
+ b e “i Blcosh r+ble ) B,lsinh r (A6.21)
In this limit fl only couples 4 to bl' In the states | Yo ). instead the two distinct

modes become so tightly correlated that they no longer fluctuate independently by
even the small amount allowed in a coherent state [2,108]. States like | a2 Y2 turn
out to be a good physical representation for a polariton quantum state where the

two distinct bosons are: excitons and photons coupling inside the crystal with pairs
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of opposite wavevector modes to form a new excitation of the combined radiation-

dielectric material [42].
d. Non-poissonian statistics and squeezing

One useful figure of merit for a squeezed state is the departure from
poissonian statistics for the number of bosons in the state [2,10]. Consider the
distribution ( P ) of the number of bosons ¥; in the state | %, )z . Results which
will be used in the following sections are now derived. The width of P can be

characterized by the square root of

CCAND®Y = CRIPIY % de = G (ol 0 202 VY (0 =1,2)

namely the variance of the fluctuations of the number of bosons ¥ in the

2
squeezed state | %5 )2 . In order to evaluate say ((4N 1) ), we first give

O AR AR PP (A6.22)
Then
(N Y= (ol B% %) =1 %1 +sinh” 7 (A6.23)
where
| %=1 g o2 +1 b4 B+ o Bi(apie A+ c.c.) (A6.20)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



150

is obtained from (A6.2). It is clearly seen from (A6.23-24) that in the state ' %2 )2
the mean number has two contributions: one arising from the coherent excitation
of the mixed boson % ie. ! 'Klz, and the other from the squeezing. Thus P
strongly depends on the relative weight of these two contributions. Furthermore as
shown by (A6.24), several elements influence the coherent contribution. A

straightforward calculation yields:

ig
where we set % =1 %l € !. For a given r, extremal values for (A6.25) obtain

when 2¢ = ¢ and 2¢, = ¢ + 7, thatis

((AN))*) = e*¥ ( N, } +sinh® 7 [1 + sinh 2r ] (A6.26)

The upper sign corresponds to 7 and the lower to 0.

For clarity of exposition in the remainder of this paper we will treat only
these two limits rather than intermediate- cases. Furthermore, we consider the
limit | 'yll2 > > e?” which will turn out to be of some importance to us. Under this
circumstance the coherent coniribution o the mean number (first term in A6.23)
greatly exceeds the squeeze contribution (second term), and ( N, ) =| 'yllz. Also,

the first term on the right hand side of (A6.26) exceeds the second one [109] and the

variance can be approximated as

((AN,)’Y=( N, Y et¥ = s*2( N, ) (N, y=1 yI° (A6.27)
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This result should be compared with the equivalent result for a coherent

state(Poisson distribution), for which { (AN l)2) ={ N, ). Thus the state | ¥, ),

carries a non-poissonian counting statistics whose deviations are measured by the
squeeze amplitude § = €’ . In particular depending on whether ¢ — 2¢, is 0 or
7, P(N,) represents a distribution broader or narrower than a poissonian: s> —
super-poissonian or §~>— sub-poissonian. When | 'yll2 is not sufficiently

dominant in (N, ) it is not straightforward to understand the connection
between ((ANI)Z) and { N, ).

A completely analogous discussion can be given for the other mode.
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A7: Pheton fluctuations (variance)

We start from the result (A6.26). We rewrite variance and mean for
N, = %7,% , in terms of the bare operators @, , and b, , (cf. Eq. A6.4)
2
<N1>“><K+klk>='af' <a++ka+k> (A7.1)
0 X, + +iz, + 2
+1 of Blle "(bea, Y+e Elarb, Y1+ BB b, )

and <(AN1)2> ‘—>2<(A K+k%»k)2>5§ YA A A D YA AP >2 )
and ((AN,)" ) = (A % %) ) =( 75-1711:711741:)—(71271/;)

The expectation values < > are all evaluated on the states | % ; >z . Thus [78]

A A A A MY (aaa,"a )+ B £ X (b,"b,b,"b, )
+o PIB I ab, )Y+ Xataa,b, Y e ™ +c.c.)
+HoUB P {[{ab, )+ Xb b ba Ve ™ +c.c.}
+HafFIBi P ([2{a, a,b, b, )+ e % {aa b, Y] +c.c.}

and from (A7.1)

(Y7 ) =l o ¥ (a/a, ) + B (b, b, )
+2la; P18 at a, Y ab,t Ye ® +c.c.)
+2la 1B P Kb b Yab, Ye  +c.c.}
+Hef PGP {(ata, )bt b, Y Kab, Y(ba Y+ {ab Y e ™ +c.c.}

Therefore:
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(@ 7k+7k)2>=la:l4 (A azakf) (A7.2)
+lag P I{[{d, )+ 2C(NF* ,d,)]e % +c.c)

+Hai PIB P le ™ ((Ad,)’)+C(NP* ,N*)+C(d,,di )= (NZ)+c.c.}

+Hag 1B P {[-{d, ) +2C(N& ,d,)]e % +c.c.}

+HBIF (A NFFYY

where we have set

ph exc +

N, =aga; N, =bb,; d, = a b;
and (A7.3)
CX.,Y)=(XY )-(X)(Y ), ((&X Y )=(X*)~-(x )

Substituting Eq.s (A7.1) and (A7.2) in (A6.26) and using Eq. (A6.3) the exact

expression follows

pk 2 +2r h +
((AN, )Y Y=e (N Y-l BIA,,

(A7.9)
+i2 ph 2 2r, o + +
+1BPICANY Y = 4, J+iete *AL 1B~ A, 1 B
k
1 . . t2r i exc +
t— {+sinh” r,[1+sinh 2r,]+ e 1 GP(NT Y= A, 1 BI%)
(3
Here we defined:
exc |2
A, ,=(@NZY)
A, =[-{dY+2C (N, d)le ™+c.c.
' -iyx +iy
A =(d k - k
ae=Cd ) e T +(d]) e (A75)
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e (@AY )+ CWNT I NEYrCWd, D)~ (NZ Yt c.c.

[(d)y+2c (N, d)le ™ +c.c.

1,k
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A8: Photo number (mean value)

We evaluate the expectation value of the number of photons in a polariton
coherent state. We start from Eq. (A6.23) where we substitute the expression (A7.1)

on the left hand side and the expression (A6.24) on the right hand side {78}

(N, Y>> (11> = sinh® r, +1 }7‘!2 (A8.1)

or

Lol aa Y+l o BII{d) e " +c.c.l+l B ED, ) =smh® r
X e & & Pk k % Ok k

2 2 2, ah2 P LS o tix
+1 a1l agP+1 5% B+ a bt of Ble ™ +balopfile

2
All expectation values are evaluated on the states | % ). Dividing by | 41" and

+2
ordering in the powers of | B, one gets:

. 2
ok . , sinh” r
(N, )=(aga,)=lagl + +2Ic
A (A82)

+1 ﬁ:I{e—'—oﬁ(akb:—( dY)+c.cy+I Bl bl -(bb, )]
k

2
lal” is the average value of the number of bare photons (cf. Eq. A6.6). Within the
context of the detection experiment of section II c this is interpreted as the coherent

photon flux multiplied by the integration time period T |
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and is not squeezed. The reflected light retains the squeezed properties. If
however the incident squeezed polariton wave is at the critical angle for
total internal reflection, there is no transmitted beam, but an evanescent
lateral wave is formed which decays in the vacuum exponentially away
from the surface. This wave plus the internal incident and the totaily
internal reflected form one mode and constituients of which retain the
squeezed properties. A partially complete proof of this is given by J.L.
Birman (in preparation) which is valid for dilute media. But for our
purpose we can, on the physical ground just discussed, examine the
consequences of assuming that the evanescent wave has the full
statistical properties (squeezing) of the internal constituents (incident

and totally reflected polaritons) to which it is attached.
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[85] See P.P. Ewald [Ann. d. Physik, 49, 1, (1916)] for the corresponding
classical version of the exctinction theorem;
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the free transmitted field propagating in vacuum. It is described by the
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crystal. See e.g. A.D. Boardman, “Electromagnetic Surface Modes” (J.
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that permits one to understand this distinction is the extinction theorem
[84] extended to quantum optics regime: accordingiy the evanescent field
is in our case the portion (dipole field) of the inside field that dces not
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[825;

[87] In this context recent developments in the production of number states
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wavevector modes being involved. Other kinds of states such as
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polariton number states, and the polariton vacuum state itself, all
exhibit the same feature. They all derive from the result (6.1.8) that is a
typical squeeze transformation;

[89] Polariton radiation falling upon a prism base at an angle bigger than

critical leaks off. This can either couple to an already existing e.m. mode
on a surface spaced few mm from the prism base or can excite an e.m.
mode therein. See e.g. A.D. Boardman, in “Electromagnetic Surface
Modes” (J. Wiley & Sons, New York 1982);

[90] Varying € modulates the wavevector of the evanescent radiation
propagating parallel to the L.O. beam (phase-matching), leaving
unaltered the frequency-wavevector mode of the excited bulk polariton.
The wavevector dependence is hereafter understood;

[911 This condition implies that almost all of the evanescent light reaches
the photocathode, but even the small fraction of the L.O. light reaching
the detector still dominates the input contribution;

[92] The L.O. intensity can be regulated by the beam splitter BS, while the

intensity of the leaky radiation depends on the beam splitter BS and on

the dielectric properties of the crystal. ¢.. 0. is instead varied through

the piezoelectric mirror M, -
‘pL. o.

93] The hypothetical KI parameters used are based on results given by D.
Frohlich et al. (to be published in Physica Status Sol. b);

[94]1 J. Jackson, “Classical Electrodynamics” (J. Wiley & Sons,1962). A rigorous
calculation of the evanescent intensity /,,,, should take into account a
“bundle” of wavevectors k as in a realistic case, instead of a single k as

assumed in the present estimation;
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[98] The value 0.9 is usally taken for reduction of the efficiency due to

ransmission losses in optical cavities, where most of the factors causing

the reduction (absorption, reflection and scattering) are the same of
relevance to us;

[99] %, =0.8 for conventional homodyne detectors. Here however the
beam geometry is slyghtly more complicated by the fact that the
evanescent and the L.O. waves have different mode profiles that may
further spoil mode matching. Thermal light noise is typically not a
problem in the visible and in the near infrared where i@ >> kT’;
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[104] Actually we use trial functions so as to express the three free c-
functions in terms of one of them, say e.g. B,(C,) and C k (C,),and we

then construct C, by inverting Eq. (3.1.13) - now function of C, only -

taking & as the experimental energy. This fitting procedure by which we
pol .
give the parametrization of H in Eq. (3.1.1) is not unique;
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[105] If inelastic scattering instead occurs, the energy is stored in those crystal
states which, through their coupling with the excitons, cause finite
lifetimes (absorption) [36,37,42,43];

[106] Notice that the physical processes involved in the simultaneous
creation (annihilation) of two bosons Ce and €= appearing in H; arein
violation with the conservation of energy and they represent virtual
processes. The physical origin of these virtual terms is clarified e.g. in the
extremne tight-binding exciton plus photon mode: as discussed, e.g. in
Peierls’ early work [101] on the absorption of light in solids, and also in
ref.s [100,102,103]. The tight-binding model with the relevant virtual
terms has been also considered by J.J. Hopfield (cf. § IV of his original
paper [42] where a microscopic exciton-polariton hamiltonian is
constructed). Incidentally, one should note that in discussing the
photon-exciton interaction for this microscopic polariton hamitonian,
among the interaction terms the exciton-exciton interaction term here
appears. In spite of this the commonly used Hopfield model is the one of
§ IIT of the same paper [42], with no exciton-exciton term!

[107] An analogous tretment holds for the conjugate quadrature X M

[108] S.M. Barnett & P.L. Knight, J. Opt. Soc. Am. B3, 467, (1985);

11091 This is certainly irue for any value of 7, , when we take the
upper sign; for the lower sign this is true for 0 < r, <0. 8. Since the
values of 7, relevant to us fall on this range, eq (A6.27) is valid;

[110] We have used material parameters as found in T.S. Moss

“Handbook on semiconductors” Vol. 1 (ch. 5), and in ref. [48};
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