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Abstract

A CLASS OF GENERALIZED HYPERGEOMETRIC FUNCTIONS
IN SEVERAL VARIABLES

by

Zhimin Yan

Advisor: Professor Adam Korinyi

We study a class of generalized hypergeometric functions in several vari-
ables, ,,Fq(d), introduced by A. Koranyi. We prove that 2F1(d) is the unique
solution of a system of partial differential equations, and, as an application,
we obtain analogues of such classical results as Kummer relations. Euler in-
tegral representations for generalized hypergeometric functions are gotten,
in particular, in the case of two variables, 1Féd) and gFl(d) are expressed in
terms of classical hypergeometric functions. Some integral formulas about
Jack polynomials in two variables are given, which have many applications.
It is shown that in two variables, 2F1(d) is a hypergeometric function in the
sense of Heckman and Opdam. It follows that for some special parameters,
2Fl(d) is a spherical function of a symmetric space of root system BC2. We

obtain the asymptotic behavior of ,,+1F,§d) . As an application, we get the

vi



generalized Rudin-Forelli inequalities in function theory on a bounded sym-
metric domain, which are due to J. Faraut and A. Kordnyi for 2F1(d) with
some special parameters. Our results also include, in a unified way, some
estimates obtained for the classical Ca;rtan domains by J. Mitchell and G.
Sampson. In the case of two variables, we introduced the generalized Laplace
transform and prove the injectivity of the generalized Laplace transform. It
is shown that the Laplace transform of qu(d) is a ,,+1Fq(d) function as in
the classical case. We also introduce the generalized Laguerre polynomials
LY. We find the generating function and integral representation for LY. We
also establish the orthogonality relations for L}. Finally, we define the gen-
eralized Hankel transform. Generalizations of some classical results about

Hankel transform are obtained. A generalized Tricomi Theorem is given.
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§0 Introduction

We shall study a class of generalized hypergeometric functions in several

variables, and obtain particularly precise results in two variables.

The classical hypergeometric function , f; is defined as follows: for a,, ..., ap,
b1, ..., by € C with (b;)x # 0, for all k, 7,

(=]

: o S (@)k e (ap)k g
pfa(@1y eeey Qpi D1y veny bgi 2) = ,;,_(bl)k : '.'(b:)k o+,

In the case of p‘ositive definite matrices, generalized hypergeometric func-
tions (with a definition based on integrals) were introduced by C. Herz [H],
and the series expansion is due to A. Constantine [C]. Further properties
and applications in statistics were given by A. James and R. Muirhead [Mu).
The case of positive Hermitian or quarternian matrices was studied by K.
" Gross and D. Richards [GR). Generalized hypergeometric functions associ-
ated with arbitraty symmetric cones were considered by J. Faraut and A.
Koranyi [FK]. The more general version (1) below was introduced by A.
Koranyi [K].

Let & = (k1,...,k,) € Z" with ky > ... 2 k, 2 0and k = || =

ki + ...+ k,. We denote by (k) the number of nonzero k;.

Let A, be the vector space of symmetric polynomials in z,,...,2,, px =
T_12¥ and P, = py, «+:Phyys then, { Py, for all k} forms a basis of A,. For

each o > 0, one defines an inner product en A, by

< Pi, P\ >q= 6,‘,\256\!‘(")



where z, = (1™12™2.,.)my!my!... and m; = the number of k; which are

equal to j. For d > 0, we define
CW(zy,...,2,) = (2/d)*kMx(z1,. . ., 2,; 2/d)j )

where Ji(z1,...,2,;2/d) is the Jack polynomial of index x and parameter
2/d; jx =< Jx,Jx >. The Jx are gotten by orthogonalizing the monomial
symmetric polynomials with respect to <, >,. See [M] and [S].

Let

(@ = [[(a - d/20i = D).

i=1

For ay,...,ap,b1,...,b; € C, such that (b;). # 0, for all «,7, one defines

the hypergeometric function associated with the parameter d > 0 by

d . . —
qu( )(al,.-o,ap,bl,-o-,bq,zl’.o.,zr) -

(a1)x---(ap)s C,(gd)(:v cereyZy)
Z: (bi)n eeo(bg)n 1k! y (1)

Many results known in the symmetric cone case are difficult to extend to
the general case because one can not buse the machinery of Lie groups. When
r = 2, for any positive integer d, qu(d) are the hypergeometric functions
associated with the Lorentz cone in R4+2, We shall exploit this fact and
prove a number of analytic results in the case r = 2 for any positive d, by

using Carlson’s interpolation theorem.

In §2 we prove that zFl(d) (a,b;c;2q,...,2,), the most important hyper-

geometric function, is the unique solution of the system of the partial dif-



ferential equations

(1 - )08 (o= S 1) a4 b4 1 e - Do +

d i a:;(l-—z.')}aF_g i z,-(l—:c,-)anabF )

erge BT 0 2,05, si-sj O
t=1,...,7

subject to the conditions that
(a) F is a symmetric function of zy,...,2, and

(b) F is analytic at z; =...= 2, =0 and F(0) = 1.

(2) is a generalization of the classical hypergeometric equation. This

result was claimed in [K], but the proof was incomplete.

In §3 we give an integral representation of C,gd)(:cl,xg) and some other
properties of C,(Ji)(zl, z3) which are very useful for our purpose and are also

of independent interest.

In §4 we obtain two special cases of generalized hypergeometric functions

d
OFé )(zl’ ceny z,.) - ezl+u.+z,.,
r

1F§Ng321,..0020) = [J(1 - 2i) ™

i=1

As an application of the uniqueness of the solution of (2), we get analogues

of the classical Kummer relations

2F1(d)(a7 bic; 1.0, Tr)



,
— -~ A S (d) - D 0_____ml — zr
_,-.:I-'E(l z;) "% F1”(a,c - b;c; T=ar 1__mr)

= [1( - 2:)e-CH, K (c - a,c — b2y, o0y 7).

i=1
In the classical case, there are the following well-known Euler integral

representations for ; f; and 2 f3:

o he — F(b) 1 TY a=1 b—a-l
lfl(a! b’ y) = I‘(a)I‘(b— a) 0 et (1 (B) dz
fora>0,b—a > 0;

fora>0,c—a > 0.

we define

pf,l(d)(al,...,a,,;bl,...,bq;zl,...,:c,.lyl,...,y,) =

3 (@) (8p)e Cx(ans- 1 0) R (w1, 1 0)
- (b1)x -+ (Bg)x k! C'(gd)(l,--.,l)

From the series expansins of e*¥ and (1 — zy)~°, we can see that
d
o]-'é )(a:l, ooy Te|Y1y. .., ) and 1.7-'(§d)(a; T1yeeeyZr|Yty...,Yr) are gener-
alizations of e*¥ and (1 — zy)~%. Now we have the following generalized

Euler integral representations for 1 F; and 2 F;

1FOa;b591, .. 009,) =

T'a(b) I 1)
OT4(a)Ta(b — a) /o_ /0 0F0 (219 s Tel¥1ye ey Yr)

r r
JI( - @)oo [z I o —zjl%dzy...de, (3)

i=1 i=1 1<igjigr




if a> 51d,b - a > 31d;

2F1(d)(a; byciYrye ey Yr) =

T'a(c) /1 . /1 @
cord(a)rd(c—a) 0 0 1'7:0 (b’ 31,---,$r|y1,...,y,)

r r
JIa-zee o [Iaf [ l=i- z;|%dzy,...,dz,

i=1 i=1 1<€igj<r

if a > 51d,c — a > =51d, where

r—1 (2ry 52 15[ I'(d/2+1)

q=1+——d Co = "
0 2 i TGE+1)

and

dr(r—1) r . d
Ta(a) = (2r)~+  [IT(a- (G -1)3).
) J=1
It is shown that

0F sV (@1, 2aly1, y2) = €153, £, (d/2;d; — (21 — 22) (1 — ¥2)),

2
1FE(b; 21, z2lyn, 92) = TIQ - wizi)™®

=1

2
2f1(/2,b;d; —(21 — z2)(31 — 92) [T (1 = zizs) ™),

=1

rd L —d
1Fo( 53 Bty o Zrly, o ¥r) =[] (1 — i) 75,
. ij=1

When r = 2, we define the generalized Laplace transform of f by

L(f)(n,p2) =
) J oFo (=1, —%2lv1, ¥2) f(21,22) |21 — 22|°d21d2y

for y1,32 > 0.



In §5 we prove the injectivity of the generalized Laplace transform which

has many applications. We also show that

LC)(v1,92) = Ta(go + 2)CO (1, y3 2 (3192) ™. (5)

It follows from (5) that the Laplace transform of ,Fy is a 41 F; function as

in the classical case.

When gFl(d) corresponds to a bounded symmetric domain, it is shown by
A. Koranyi that 2F1(d) is a hypergeometric function in the sense of Heckman
and Opdam. In the case of r = 2, we prove that this is still true, for every
positive d. It follows that for some parameters, 2F1(d) are spherical functions

of a symmetric space of the root system BC,.

In §7 we obtain the asymptotic behavior of p+1F,£d). As an application,
we get the generalized Rudin-Forelli inequalities in function theory on a
bounded symmetric domain, which are due to J. Faraut and A. Kordnyi for
2Fl(d) (a,b;¢;t4,...,1t,) with some special a,b and ¢. Our results also include,
in a unified way, the estimates obtained by J. Mitchell and G. Sampson [Mi],
[MS].

The classical Laguerre polynomials are given by

k s
e =Gy (4 S

fory > —-1.

It is known that the classical Laguerre polynomials have the following

properties



(i) (generating functions)

- | 2. LY(z)zF
(1= Y deLoy = 3o B
I=0"° k=0 :

for |2| < 1;
(ii) (orthogonality)

00
/ e gV LY(z) L) (z)dz = Suk!T(y + 1+ k);
0
(iii)
1 1
Np) = ———— €% =Ytk - .
Lk(x) I\(,y_*_ l)e /0 ey Ofl(')' +1; my)dy

In the last section, we introduce the generalized Laguerre polynomials
LY. When r = 2, we find the generating functions and the integral repre-
sentations for LY. We also establish the orthogonal relations for LY . These
are generalizations of the above three results about the classical Laguerre

polynomials .

Furthermore, for v > -1, let

LA(RY) = {f|f(z1,%2) = f(22,71),

e o] o0
/0 ./0 If(:cl,zg)lz(a:lmg)’yl:cl - :cglddxlda:g < oo}

We define the generalized Hankel transform by

(Hyf)(y1,92) = Co/o /; o1 (7 + q03 =1, —Z2|y1, ¥2)

f(z1, 22)(2122)" |21 — 22|%dydo

for y1,y2 > 0.



We show that

a) (1/Ta(7 + g0))H. is an involutive isometry on L2;
b) {axe~(=1*+22) [¥(21,z,)} is an orthonormal basis on L2, where o are
some constants; |

¢) e~(#71+22) [7(z4, x2) are eigenfunctions of H.,.

Finally, we have

Theorem ( Generalized Tricomi Theorem )

Let
F(y,v2) = 00/0 /0 oo (=Y, —yalz1, 22)
f(1,22)(2122)"|21 — 22|%dz1d2,
and
00 oo ‘(d)
G(yx,y2)=Co/o ./o oFo  (—¥1, —y2|z1, 22)
f(21,22)(2122)" |21 — 22|%dz1d24,
then,

g = H, f iff G(y1,¥2) =Ta(7 + 90)(132)~ O 0)F(y72, y31).



81 Notations, definitions and basic facts

A partition is any finite or infinite sequence
I€=(k1,k2,...,kr,...) , (1)

of non-negative integers in decreasing order ky > k3 > ... 2> k, 2> ... and
containing only finitely many non-zero terms. The non-zero k; in (1) are
called the parts of k. The number of parts is called the length of x, denoted
by I(k); and the sum of the parts is the weight of «, denoted by |k| =
ky 4 k2 + ...+ k(). When (k) < r, we simply write & as k = (kg,..., k).
We say that « is a partition of k if |k| = k. For a partition k, hereafter, we
use k to denote |«|. The partitions of k are ordered lexicographically, that
is, if K = (k1,k2,...) A = (I, la,...,...), we write K > X if k; > I; for the
first index ¢ for which the parts are unequal. Let 3;,...,y, be r variables,
if & > X and I(k), I(7) < r, we say that the monomial y}! ...y} is of higher

weight than the monomial yi! ...y,

For a partition k, we define its diagram by
G(r) = {(,): 1< i< U(r),1 < j < ki)
For each j, j = 1,2,...,k, let
| k; = maz{i|(i,j) € G(x)}.
For s = (,5) € G(k), and a parameter a, let
a(s) = ki-j,

9



I(s) = k;—i,
h(s) = U(8)+(1+ a(s))e,
hi(s) = I(s)+ 1+ a(s)a.

We simply write s € x instead of s € G(x).

Let Jc(¥1y...,Yr;a) be the Jack polynomial indexed by the partition &
and parameter a. Notations are as in [S]

The following results about Jack polynomials are known. See [S].

(1) Jx(v1y- -y yrja) = 0 if U(K) > 7

(i) Je(y1s- s 9ri @) = Je(¥15- -+, 9y 05 @);

(iil) (31 + ..+ 90)* = T akle(y1 - - yri @)

(iv) Ju(1,..., Lj@) = [[i j)enlr — (i — 1) + a5 — 1));

(v) Let vex(@) = [T,ex hE(S) then, vex(a)yt! ...ykr is the term of the
highest weight in Ji(1,...,¥r; @);

(vi) Jx(¥1y- -+, Yr; @) is an eigenfunction of the differential operator

Br = ;y' 3y"’ ta ,;,.‘,V-‘;#, Y%i—Yj 3y. ®

with the eigenvalue px = px + k(2r — 1), where p, = S0, ki(ki — Z4), if
I(s) <7y

(vii) jx =< Jxy Ix >= [Lsex RE(8)RR(S).

One defines, for a partition s and a positive number d,

C,(‘d)(yl, cenr¥r) = (2/d)'°k!J,¢(y1, vy Yr; 2/d)5N

10



Definition. For ay, ..., ap, b1,...,bq € C, such that (b;)« # 0, for all &, j, the _
hypergeometric functions associated with the parameter d > 0 are defined

by

qu(d)(al’...,ap;bl,coo,bq;yli“"yr)

= - (a1)x>--(a )nC,(gd)(yl,...,y,.) .
B 222N (W A S ®)

where }°, denotes the summation over all partitions of k,

(a)s = T1&(a ~ d/2(i - 1)),

and

(a)m =a(a+1)--+(a+m~-1),(a)o= 1.

Remark 1. From (i), we have C,(cd)(yl, «eeyYr) = 0 for & with I(x) > r,
therefore, the summation in (3) is only over those partitions with length not
greater than r.

In the following, we denote (y1,...,¥,) by Y, or simply by Y whenever

no confusion is caused.

Most of our work is motivated by the study of hypergeometric functions

on the symmetric cones consisting of symmetric matrices.

Some basic facts about symmetric cones will be needed in our study.

Suppose that 2 is a symmetric cone in a Euclidean space V, then the
space V posseses a Jordan algebra structure with an identity element e such
that € is the interior of the set of all squares in V. Moreover, there exists a
Riemannian structure on Q such that Q is a Riemannian symmetric space

Q ~ G/K; where G is the identity component of the linear transformation

11



group preserving § and K the isotropy group of e.

Suppose that the Jordan algebra V is simple. Let ¢3,...,¢, be a complete
system of orthogonal primitive idempotents, abbreviated by CSOPI, then
each element z in V can be writen as

r

z =k Mjcj,k € K,); € R.
J=1
The determinant A is defined by
,
Az) = H Aj
J=1

and the trace by

tr(z) = zr:z\,-

J=1
If ¢ is an idempotent, the space V(c) = {z € V|cz = 2z} is a subalgebra
of V. Let V; = V(e1 + -+ + ¢;j), one defines Aj(z) = Ay;(z(?)), where Ay,
is the determinant relative to the subalgebra V;, and z(¥) is the orthogonal
projection of z onto V;. For an r-tuple m = (m;,,...,m,) such that m; >

<+« 2 m, 2 0, one defines
Am(z) = AT1™"™(2)AF™ (z) - - AT (z)
where m,, ..., m, are integers, the spherical polynomial ®, is defined by

Ben(z) = /K Am(k.z)dk (4)

where dk is the normalized Haar measure on K with [ dk = 1.

12



Now let V = R™**1, for z = (z0,21,...,2p) € R"1, simply written as

(zo0,z'), we define a product on V by

n
(0, 2')(¥0,¥') = (za¥o + D, %i¥i, Toy’ + Yoz') (5)
i=1

then V is a Jordan algebra, A(z) = 23 — %, z? and tr(z) = 2z9. The

interior of the set of all squares in V is just the Lorentz cone

n
Q, = {a: € R""'llz% - Zm? >0,z > 0}.

i=1

Let ¢ = (1,0,...,0) € R**! and e; = (0,1,0,...,0) € R™!, then ¢; is
the identity element in V. SO(n,R) is the isotropy group of e;, here, we
consider SO(n,R) as a subgroup of SO(n + 1,R) in an obvious way.

Let <,> be the ordinary inner product on R*+! and (z|y) = tr(zy), we
have

(zly)=2<=z,y> (6)
Set ¢; = (1/2,1/2,0,...,0),c2 = (1/2,~-1/2,0,...,0) € R**1, then {c;,c,} is
a CSOPI, and every element z in R**! can be written as
z = k(2161 + 2262),k € §O(n,R)
In the present case, V} = V(¢;) is one dimensional, therefore
Am(z) = API™™(2)ATH(z) = (z]ey)™ ™. A™(z). (M
The following Carlson theorem will be used again and again. See [T].

Theorem 1.1. If f(2) is analytic and of the form O(e*1#l), where k < ,
Jor Re(z) > 0, and f(z) = 0 for z = 1,2,...,, then f(2) = 0 identically on
Re(2) > 0.

13



Corollary 1.2. If g(z) is analytic on Re(z) > 0 and of the form
O(ARez+BImz) yhere B < 7 and A is a real number, for Re(z) > C > 0,
and g(z) = 0 for z = 1,2,..., then g(2) = 0 on Re(z) > 0.

Proof. Pick N € Z such that N > C. Let f(2) = g(z+N)e~4%, then f(2)
satisfies all conditions in Theorem 1.1, therefore f(z) = 0, for Re(z) > 0.
Since g(z) is analytic for Re(z) > 0, and |e=4%| > 0, we have g(z) = 0, for
Re(2) > 0.

Proposition 1.3. (see [F]) Let F be a continuous function on [-1, 1],
a and b two fized points on S™1, and do the invariant measure under the

action of SO(n,R), with total measure 1, then

/ F(< kbya>)dk =
SO(n,R)
I'(n/2)

1 n=3
/S o P za>)o@) = s [ o~ )24t (8)

Proposition 1.4. Let  be a symmetric cone, then we have

[ f(e)do =
/ / dty -+ dt, TI(r, d; 1) / Fk. 3 ties)dk )
j=1
where
N(rdity= JI Iti—t;*
l<|'<_i<r

As in the case of symmetric cones, one has the following result. (cf.

[FK])

14



Proposition 1.5

(i) if p < g, then, the series (8) is convergent for all yy,...,¥yr;

(i1) if p = q + 1, then, the series (3) is convergent for y1,...,y, with
l91ls. -0 lyel < 15

(iii) if p > g+ 1, then, the series (3) is convergent only at y; = ... =
yr=0.

15



§2 Partial differential equations for hypergeo-

metric functions

It is well known that the classical 2 f1(a,b;c; z) function is the unique

solution of the second order differential equation
z(l—-z) +[c—(a+b+1)z]d = abf

subject to the conditions that

(a) f is analytic at 0

(b) £(0) = 1.

For the hypergeometric functions of real matrix argument, a. generaliza-
tion of this classical result was given by Muirhead [M]. A more general result
is the following (cf.[K])

Theorem 2.1. 2F1(d) (a,b,¢c;1,...,¥r) 18 the unique solution of the sys-

tem of r partial differential equations

w1 = 1)z + {e= 5 =D = [+ b+1- S - Dlne+

ii_ i y(l - yt)}aF d Zr: y,(l—y,)BF = abF 1)
2.1'-’:1.1'#! y! ayl 2J=1,J.¢3 yl y] ayJ

t=1,..,7
subject to the conditions that
(a) F is a symmelric function of y;,...,y, and

(b) F is analyticat yy = ...=y, =0 and F(0) = 1,

16



The remainder of this section is devoted to the proof of Theorem 2.1.

Our proof follows closely that of Muirhead with some modification and clar-

ification.
Let
A = Ty % g2 )
r = Yins
i=1 3 2 i=1j=15i i T Y oy’
Sugptdy 3o A0 3
o = i + — 3
i=1 ‘a 2 i=1j=1,ji Yi — Y5 Oy;
E, = E_yia—w, (4)
,
0
= Ly ®)

For simplicity, we denote (y1,...,%:) and (1,...,1) € R" by ¥; and I, re-
| spectively.
We define the generalized binomial coefficients by

CENL+Y) & C, c¥v.)
c(I,) Zo.‘v.“( "c(I) ©

where k = [&],r 2 I(k).

Remark. We note that the generalized binomial coefficients depend on _
r by the definition. But in the case of symmetric cones, one can show that

they are independent of r. We expect such a result in the general case.

For a partition & = (ky,...,k,) of k,r > l(K), let
"g(r) = (k1y oo Kic1, ki + 1, i1y ey kr)1

nir) = (K1y vony K1y ki — LKig1y e k)
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whenever these are partitions of k + 1 and k — 1 respectively. Since we can
also write k as (kl,...,k,,O),RS') depends on r. But when r 2> I(x) + 1,
RS') = n.('(")“), then, we simply write n{ instead of n?’. It is easy to see

that nir) does not depend on r, thus, we omit the subscript r.
As a consequence of (vi) in §1, we have

Lemma 2.2.
A:CEO(Y,) = [pe + k(dr — DICE(Y,).

The following two lemmas can be proved in the same way as in [Mu).

Lemma 2.3. For k with l(k) < r,

GO, d, . Cc9v,
(d,i e . ¢
) ci(y,)
ET-C,(‘_d)(_E)- = z':( :: )r%' (8)
Lemma 2.4, For k withl(k) < r
S ),c‘m(f ) = r(k+1)CENL), )

Z( ? ) lks ——(z—l)lc‘w(rr) k(k+1)CE(),  (10)

& W) ki - G- DO )

= (k+1)[px + Ek(r + 1)]CI(¢d)(Ir)‘ (11)
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Proposition 2.6. The function gFl(d)(a, b;c; 41y . .., Yr) satisfies the dif-

ferential equation

6 F — ALF + [c— -g—(r -Dle,F—[a+b+1- cil(r —1)]E.F = rabF. (12)

Proof. Let
F(¥:) = ¥ e ClO(Y,)

Substituting the series into (12), applying Lemma 2.3 and equating the

coefficients of C,(Ji)(Y,-) on both sides, we can see that if for all x, a, satisfy

(r) d,.
2( K;c )ele+ ki — ‘2'(’ - I)IC’(‘?z)(Ir)a,‘sr) =

{

d
[rab+ k(a +b) + p + k(7 + 1)]CY(I, )y,

then F(Y;) satisfies (12). Now, it suffices to show that

- (a)x(b)«

%= o)k

is a solution of (13). We note that

(@) = (a)sla + ki - 4G - 1)).
The problem is reduced to showing that

(r)
SR ot ki 5= Dllb+ ki - 56 - DIC, )

d
= (k+1)[rab+ px + ka + kb + Sk(r + 1)jceNr,).

This is an immediate consequence of Lemma 2.4.

(13)

(14)

In the following, for simplicity, 1 stands for the partition (1, 0,0, ...,0) in

the subscripts when partitions are involved.
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Lemma 2.7. If & is a partition of k, then, for all r > l(k), and i =

1,.,7,

..I]n-((IIr“))( ki e = Ji(I)
xkildir4l xi\dy

: )r + Gy (15)
where G5, = g5,j51i7! and g5, =< JoJyr, Jx >

Proof. Let X = (z1,...,2,), by proposition 4.2 in [S], we have

Jn(mh coeyTyy xr+l)
=Y Ju(X; 2/d)(ZJ; g5 Jo(zr4132/d))iy !
v

= Jx(X;2/d)+ [ZJ;IJl_lngni (X;2/d)]zr41 + P(X, 2r41)22 4,
:

where P(X,zr4+1) is a polynomial of zy,...,Zp, Zy41.

Then, using (8) and §1 (ii), we have

Jellrs) 20 5 )'+1_.},’:((Iir1))

= ET+1 JK(X, m7'+l) |3r+l =0

= Jn(Ir) Z( ': ),- jn'gf)) + ZGI{'IJKi(X)‘

Hence

Jx(Ir41) _
Jn‘(Ir:-II)( K )r+l - Jn'(Ir)

Lemma 2.8. Suppose I(k) = n, then

(n dr = Glina, (16)

for allr > n.
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Proof. Since I(k) = n,k = (k1,...,kn),kn 2 1, by (14) and §1(iv), we

only have to prove that

( Kn )n = :"l'

For a partition A of length < n, let m) be the symmetric polynomial

mA(Z1y..00y2p) = Zm"',

the summation is over all distinct permutations & of A = (Aq, ..., Ap).

On the one hand, §1 (v) gives
Je(Xn + L) = Vmc((wl + l)kl voo(T + l)kn Foee) e

= terms of degree k + terms of degree k — 1 + terms of lower degree
=14 1II 4+ IIL.
In II, the term of highest weight is kyvexz’! - - - zkn=1,

On the other hand, by definition and (iv) in §1

=3 T (6l o,

8=00,|c|=2

and

Jx(In)
Jun(In)

Equating the coefficients of Jn(Xy) and applying §1 (v), we get

. vke(2/d) _ K 2
knm =( n Inll+ (kn =1)=).

2
= 1+(kn-— 1)2.

Now it is enough to show that

ky—”%% = G%y[1 + (n — 1)%].
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Theorem 6.1 in [S] gives

Gxn1 = H Agxn(3) H Byn(3)

aEn” 8€Ex
where Aycn(3) and Byyn(s) are defined as in [S].

A direct computation yields

gEm (L + (kn = 1)3] _ )
@I e Fn(e) — ' LLAEC)

Hence, by §1 (v), we have

grna[1 + (kn — 1)3] =k, [Lsex hE x(s) =k, e (2/d)
Junda Haenn 5" (s) Vinan (2/d)

finishing the proof.

Let N(k) denote the number of partitions of k. When & runs over all
partitions of k, &;, ¢ = 1,...,,{(&) + 1, run over all partitions of (k + 1). We
note that 2N(k) > N(k+1). Forn > k + 1, let

H(n,Kk,K;) = {;'((II")) (%,

We consider the system of linear equations

ZG"I.’DK. = Qy,
H(n,n,n;)z,‘.. = b, (17)

where the z) are independent variables indexed by partitions of k + 1, &
runs over all partitions of k, and a,, b, are given constants.

Lemma 2.9. The 2N (k) x N(k+ 1) matriz formed from the coefficients
of the left hand side of (17) has rank N(k + 1).
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Proof. Let A(1) < A(2) < -+ < A(N(k + 1)) and z; = z5(j), where A(j)
is a partition of k£ + 1. In the following, we want to produce a system of

linear equations which is equivalent to (17) and whose coefficient matrix has

the form

0 0 0 ... eNke)
\ % x ... *
with ¢; # 0,5 = 1,..., N(k+ 1).
For each j,j = 1,..., N(k + 1), there are two possible cases for A(j).

Case 1:
A7) = (ly ey b5-1,1,0,...,0).

Set
K = (l1y.yl4-1,0,..,0),

then
Ky = (11, seey l,_1, 1,0, ...,0) = A(J)

Since k; is not a partition for ¢ > s, °; G5izx; = a, becomes

Giizx, + Y Grizy; =0y (18)
i<s
Set ¢; = Gyf, then ¢; is positive.
Now we can write (18) as

ciz; + Z CmjTm = G
m>j
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by observing that A(j) = ks < Ks—1 < +++ < K. So there is nothing to
change, the j-th equation is already "triangular”.
Case 2:
A7) = (ly eeryls=1,14,0, ..., 0)
with [, > 2. Let

K= (11, erey l,_l, l, - 1,0, ...,0),

then

Keg1 = (11, ,_1,1 1 1,0,...,0) = /\(] - 1),

Ky = (lla'--’la—lylavov°-°a0)=)‘(j)'

From (17), we have two equations
(a) Gt Tupyy + GRiTx, + Tico Gri®a; = an,-
(b) H(ny Ky Kag1)Tr,py + H(n Ky Kok, + Tics H(Ry Ky Ki)x; = by

By Lemma 2.8 and §1 (iv)

J"l-}-l (I")G"H-l - (n — s)G"i-l-l
.3 ]

H(n,Kk,Ks41) = 7.0

H(n, k) = TEB G = (n - 04 1)+ 500 - 1IGT.

In the system of equations formed by (a) and (b) we can equivalently

replace (b) by the following equation

(14 200 = DIGS 50, + T (nrr ) = (1= )G = b (n = )
i<a
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Let ¢; = [1+4 3(I, - 1)]G%3, then ¢; > 0, we can write the above equation as

c;z; + Z CmjTm = dy.

m>j

Thus we have proved the lemma.

Lemma 2.10. If a sequence {A} indezed by all partitions satisfies

K¢ I (I k+l+r)
z':( )k+l+r J (Ik+l+r_) An =

d Syl 1 7+ ook k(a-+)+ kk+7+2)4, (19)

2(k+1
Jor all positive integer r > 2, then {Ax} is uniquely determined by Ao.

Proof. Applying Lemma 2.7 , we have

(R s o) + Gl =

d ST+ 1+ PJab koot Ko+ 0)+ k(k+r+2)4c (20)

20k +1

for all 7 > 1. Equating coefficients of r on both sides of (20) gives

GriA.. =
Z'_: e = 507 1)(ab+ k)A (21)
and equating constant terms gives

Z( i )k+1 ‘9"((11’:1)) Agi =

f’-(k_+1'5[(k + 1)ab+ pe + k(a + ) + ;_’k(k +2))Ae  (22)

By Lemma 2.9, we see that A, is uniquely determined by Ap.
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Theorem 2.11. There ezists a unique sequence {ay} indezed by all

partitions with ap = 1 such that for r = 2,3,...
Fr(y1y.- %) = Zanc,(gd)(yla censYr) (23)
"

satisfies

6 F — A F + [c— g(r -1je;F-[a+b+1- -g-(r — 1)]JE.F = rabF. (24)

a)x(d)x

Moreover, ax = 34 ”

Remark. By §1 (i), we know that the summation in (23) is only over the

partitions with I(k) < 7.

Proof. Let o, = -(%%)"—“(%),5, then Proposition 2.5 shows that for » = 2,3, ...
ox o, (v1,...,yr) satisfies (24).
Next, suppose that {a,} is such a sequence. From the proof of Proposi-

tion 2.5, we see that for all «, all r > (k) + 1
S hlent ki = 5= DICK T o =
[rab -+ h(a+8) + pe + Sk(r + DICO e
Let ax = I%":, then the aBove becomes
22 CHENB =
[rab+ k(a + )+ pe + gk(r + 1)]CYY(I,)B.. (25)
Since C¥(y1, ..., 9) = (g)k kN (Y15 -0, ¥r; 2/d)j51, we have |

i JK.‘ (Ir) o
2 W gy et -
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2(k‘_l‘_ 1) [rab+ px + k(a + b) + —k(r + 1)])B.55t. (26)

By Lemma 2.10, B,j;! is uniquely determined by B(o) j@;, therefore a, is

uniquely determined by a(g).
The following theorem can be proved in the same way as the case d = 1
in [Mu). '
Theorem 2.12. There ezists a unique function F which satisfies the

system of r partial differential equations

yi(l-yi)%z—f+{c—§(r—1)-—[a+b+1-5(1--1)]3/.-

r
2 it O~ 2,55, wi—u 04

i=1,..,r
subject to the conditions that
(a) F is a symmetric function of y,...,yr and

(b) Fis analyticat y; = ... =y, = 0 and F(0) = 1.

Theorem 2.13. There ezists a unique sequence {A.} with Ay = 1 such
that Fr(yt,... %) = X« A,‘C,(gd)(yl,. .«y¥Yr) satisfies (27) for r = 2,3,...

anb“

Moreover, ax = 7 -

Proof. If such a sequence {A,} exists, then o, = 7k 5« since the sum
of the r partial differential equations of (27) is (24).
Therefore, we only need to establish the existence of {A.}. By Theorem

2.12, there exist F, and Fy,4; which are solutions of (27) subject to (a) and
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(b) for » = n and r = n + 1 respectively. Then, we have
Fa(@1y++y9n) = 3 BxC(y1,- s ¥n), I(K) < m,
[,

Fag1(¥15+ -1 ¥nt1) = 3 DeC O (y1y. .y yna ), I(K) S n + 1.
~

Now it is enough to show that B, = D, if I(k) < n.
Let
Gn(¥1s++++¥n) = Fag1(y1,+ -+, 4n, 0).
We note that

aFn+l

G .
(yla 1yn’0)=%ﬁ(yl7"',yn)1lszsn
§

F.. G,
ay2 = ay2 (yl?

,yn),ISiS n.

For i = 1,...,n, we have

%i(1 — %) 6"+1+{c n—-[a+b+1-——n]y,

‘_1 i Yi (1 vi) dy.-(l = %), 0Fn1 _

2 g% Yj *3 Y = Un+1 dy;

ﬂ Zn: yJ(l ~ yJ) aF"'H d yn-f-l(l Yn+1) OFnya = abFy4
2; j=lgpi 9T dy; T2 Yi—Yn41  OUns1

Suppose y; # 0,7 = 1,...,,n, let y,41 — 0. We have

9*F, d d
w(l - u) a";"(yl, ¥ 0)+{e=gn—la+b+1- zZaly +

n

Z ”‘(l "" +§( — W}t a"“(yl,...,y,.,())

y,(l yJ)aFnH,
e V¥ 0%

d
_..2.. (Y1y:¢+9Uny 0) = abFn+1(yl, ’ymo)'
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This is true for all y; # y;,4,7 = 1,...,n. (28) says that Gn(y1,...,¥n) is 2
solution of (27) for r = n with G,(0,...,0) = 1. By the uniqueness statement

of Theorem 2.12, we have

Gn(yl’”-,yn) = Fn(yl’-“ayn)-

So By = Dy for all k,l(k) < n.

As a corollary of Theorem 2.13, we have Theorem 2.1 .
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§3 The Polynomials C{¥(y;,y3)

In this section, we shall establish some properties of C,(‘d)(yl,yg) with
(k) L2

Lemma 3.1. If P(y1,y2) is a symmelric and homogeneous polynomial
with d,gyf‘ y¥2 as its term of the highest weight and an eigenfunction of A,,

then the eigenvalue is

Zz: ki(k; — di) + k(2d — 1).

=1

Proof. The lemma follows from a direct calculation.

Corollary 3.2. If P(y1,¥2) is as in the lemma, then it is uniquely

determined by its term of the highest weight up to a constant multiple.

Proposition 3.3.

CE (w1, 1) = CO(1, 1) ‘/_ ?Ej/:;(y 1)
‘/_11[3/1 + v2 + (1 — o)l R2 (1 - $2) %2 ds. 1)

Proof. Let ®.(y1,y2) be the spherical polynomial on the Lorentz cone Q44.1,

then, we have

()= [ Ak, dk
(v1,92) so(ds1) (k.(n1c1 + yac2))
= Akl"'kz k. Akz . .
/SO(d-l-l) 1" T2 (k(er + y202)) A (k(31c1 + yoce))d
= A—ha(k, k3
—/SO(d+l) 1 (k(yien + 92e2))(y192) " dk

_ ks kyi-ka 1‘. l -
= (ny2) /S 0(d+1)A1 (k-[2(y1+yz)el+2(y1 y2)ez])dk
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T | 1
= (ny)k / Ak kz(i(!/l + y2)er + 5(1/1 — y2)k.e2)dk

S0(d+1)
- k2 ki=ky (1 1. _ .
= (n1y2) /s o) A; (2(3/1 + y2)(e1+¢c2) + 2(3/1 y2)k.e2)dk
(1.7) gives
Q1;(3/11 3/2)
= (np)* / (l(yl + y2)(c1 + ¢e2) + l(.%lx — ya)k.ezler)*1 ~F2dk
S0(d+1) 2 2
= kagka—k / - l k. ki=ka g,
(v192) SO(d+1)[(yl +92)+(n 3/2)2( ez|(e1 + €2))]
- k22k2—k1/ - < k.eg e > ki=k2 4t
(n192) SO(d+1)[(yl + y2) + (11 — ¥2) ez, €2 >]

Proposition 1.3 in §1 implies that

Ou(11,92) =
oka—ky [‘(_'f:_)

RGP
We denote the R.H.S. of (2) by Fi(y1,y2,d) and observe that F(y;,72,d)

da=2

Tz @) [l + (0~ )l - )P (2)

is an analytic function of d on Re(d) > 0. It is known that ®,(y,¥2)
is an eigenfunction of A4, hence, by lemma 3.1, it has the eigenvalue JTPR

Therefore, we have

Aan(yl’ y21d) = l‘nFn(yl’y%d) (3)

ford=1,2,..
We consider both sides of (3) as analytic functions of d on Re(d) > 0.

Applying Stirling’s formula, we have, for Re(d) > 1,
|AZF(31,32,d)| = O(el)
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Il‘nFn(yla Y2, d)l = O(eldl)‘

Hence, by Corollary 1.2, (3) is true for all d > 0. Since the term of the
highest weight in Fi(y, y2,d) is deytt y;", by §1 (vi) and Corollary 3.2, we

have
C¥w1, 1) _
c¥,1)
This finishes the proof.

Fn(ylv Y2, d)

Let Q be a symmetric cone in a Euclidean space V. For g € G(R), let

®.(g9) = D«(g.€), then it is known that

[ @elorkgn)dk = ulg1)@c(a2). (4)

For z € V, one defines

L(z) : V—YV,
L(z)y
P(z)

Y,
2L(z)? — L(z?).

Proposition 3.4. Ifz € Q,y € V, then

/K B (P(zY?)k.y)dk = B(2)Bx(y). (5)
Proof. First, for z,y € Q, (4) implies
/K 8 (P(zV)k.y)dk = /K & (P(z'/2)k.P(y!/2).e)dk
= /K &,(P(z"/2)k.P(y"/?))dk
= q,n(p(zlﬂ))q)n(p(ylﬂ)) = By (z)Px(y)
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Thus (5) is true for all z € Q,y € Q.
Secondly, both sides of (5) are polynomials of y, they are equal on the
open set 2 of V, hence (5) are true for all y € V. This finishes the proof.

Next, we shall generalize (5) for 7 = 2, and any positive d.
Lemma 3.5. Lety = y1¢1 +y2¢2 € R¥*2, 2 = 310 + 7202 € Qy441, then,

Jor k€ SO(d+ 1), we have

P(z'/?)k.y = %[7,(X yY)er + a(X,Y)k.ez + (X, Y )eg)

where
a(X,Y) = (y1-12)2y/712;
Bo(X,Y) = (w1 +92)(z1 — 22) + (1 — v2)(v/Z1 — VZ2)%s
1(X,Y) = (n1+v2)(z1+22) + (11 — 12)(21 — 22)3
s = <eyk.e>.
Proof.

1
k.y= 5[(3/1 + y2)er + (3 — y2)k.e2).
Set a = z1/2, i.e.,
a = a1¢; + axcz, a1 = /2y, a2 = |/x3,
then,

P(z'/?)k.y = %{(yl +¥2)2 + (1 — ¥2) P(a)k.eq]

= 3{30 +w)l(z1 +22)es + (21~ 22)eal + (31 — 12) Pk} (6)
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By (1.5) and a direct calculation, we have
1
a’k.ex = E[(a? —a3) < ey, k.e2 > €1 + (a? + ad)k.eq), (7
2a-(a-k.eg) = %{[(a% — a3) < ey, k.e; > +(a} — a?) < ey, k.2 >ler +
(a1 + ag)zk.ez + ((11 - 02)2 < ez, k.ez > 82}. (8)
(7) and (8) give

P(a)k.e; = 2a - (a- k.e) — a*k.eq = %[(af —a?) < ez, kes> ¢

+2ajazk.e; + (al - az)2 < ez, k.eq > 82]. (9)
(6) and (9) give
1 ‘
P(z'/%)k.y = Z{[(yl + y2)(z1 + z2)+
(11 — y2)(21 — 22) < €3, k.2 Sler + (11 — 12)2y/T122k.€2

H(y1 + g2)(@1 — 22) + (11 = 92)(VE1 — /22)? < ez, kue2 Sea
= S,V )es + (X, Ykes + (X, Y el (10)

Lemma 3.8. Suppose f is a function on R¥*2, and f(k.u) = f(u) for
all u € R and k € SO(d + 1), then for y = y1c1 + y2c2 € RIH2 1 =

z1c1 + 2262 € Qyq1,
F(PEH2)k.9) = SGIGY) + (X Yer + (X, Y) = L(X,V))eal)

where

1(X,Y) = \/o(X,Y)2 + By(X,Y )2 + 20(X,Y)B,(X,Y)s
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Proof. By Lemma 3.5,
Py = $I0(X,Y)er + a(X, ¥ )k.ez + (X, Ve
Since
< a(X,Y)k.ez + Bo(X, Y ez, a( X, Y )k e + (X, Y )ea >=
a(X,Y)? + By(X,Y)? + 2a(X,Y)Bs(X,Y) < e2,k.€2 >,
we have
(X, Y)k.eo + B5(X, Y )es| = L(X,Y).
Therefore, there exists an element k € SO(d + 1) such that
EP@/2)k.y = 00X, V)er + (X, Y )er)
= LW, Y) + LG Yer + (X, V) = LG Yol
Thus we have
F(P(z'?)k.y) = f(kP(c/*)k.y)
= SGOEY) + L) + (X, Y) = WX, Y))es).

Motivated by Lemma 3.5 and Lemma 3.6, we define the following map-
pings.
For s € [-1, 1], we define
7 :R?xR? o R
1(X,Y) = (41 +y2)(@1 + 22) + (11 — 12)(21 - 22)s
L(X,Y) : RAxR?SR

L(X,Y) = Ja(X,Y)2+Bs(X,Y)? +2a(X,Y)B:(X,Y)s
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where

a(X,Y) = (v - y2)2y/Z172,

Bo(X,Y) = (14 v2)(=1—22) + (11 — v2)(vZ1 — V32)%s.

Q,:Rﬁ_szﬂR

QuX,Y) = (G Y) + LY, 500X V) - LXK V).

d) ;
For any positive d, we still denote %u;-‘(’—‘l&%l by 39 (41, 12).

Asa consequenée of Proposition 3.4, Lemma 3.6, Corollary 1.2 and (1.8),
we have an analogue of (5) for Qf‘d)(yl, y¥2) with any positive number d.
Proposition 3.7. Foralld > 0,X € R%,Y € R?,

di-1
\/1;(1‘_(-%;_/)2 : /—11 q>$‘d)(4l[’/a(X Y) +1,(X,Y)), 41[7,( X,Y) - 1,(X,Y)])

(1 - 8T ds = 3(X)BE(Y).
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§4 Integral Representations of Generalized Hy-

pergeometric Functions

In this section, we shall establish some properties of generalized hyper-

geometric functions and their integral representations.

Two special cases of the hypergeometric functions are given in the next

proposition.

Proposition 4.1. We have

OFéd)(yl’---’yr) = em+---+yr’ (1)
1F @, 0m) = [IA-w)™ (2)
=1

Proof. (1) follows from the definition and (iii) in §1.

Letb=c=1+ -g—(r — 1) in (2.1). Since both 1Féd)(a; Y1y+++,¥Yr) and
[Ti=1(1 = y;)~° satisfy (2.1), (2) follows from the uniqueness of the solution
of (2.1).

Similarly we can establish analogues of the classical Kummer relations.

Proposition 4.2. We have

2F1(d)(aa b; CUtyeeny yr)
= H(l - y,-)’“zFl(d)(a,c - b;c; - Ll vy Yr ) 3)

i -9 1=y
r

= H(l - yi)c'“_szl(d)(C —a,c—b;c; /) PR yr)' (4)
i=1

The remainder of this section is to establish integral representations for

the generalized hypergeometric functions.
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For ay, ..., ap, by, ..., by € C, such that (b;)« # 0 for all «, j, we define

,,fq(d)(al, ey @pi Oty ey Ugs 1y 0 ooy TplY1y oo oy Ur) =

(a1)x - (ap)x C':(gd)(z yoreyTp) C,ﬂd)(y yeoesdr)
Z (bi)n (bq)n lk! (d)(ll ,1) * (5)

Remark. When r = 1, pféd)(al,...,a,,; b1y ..., bg; z|y) becomes the classical
hypergeometric function , f(a1, +.., @p; b1, ..., bg; zy), in particular, oféd)(a:ly)=

eV and 1]—'éd)(a; zly) = (1 - zy)™°.

In the following, we simply denote [ ¢icjer @i — 2;|%dzs .. .dz, by

dV(X,d,r).

The following conjecture of Macdonald has been proved in [KD].

/ / Je(X;2/d) T[22 T(1 - )"V (X, d )

i=1 i=1
L(ki+a+ d(r 1))L(b + d(r - z))l‘( i+ 1).

- J,‘(I,.,2/d)'_l-]; T(ki+a+b+g(2r—i-1)I(g+1) (6)
We define, for every s = (81,...,3r),
Fa(s) = (20) "5 [ T(oi - (i - 3. (7)
=1 )
For s = (s,...,8), we write I'y(s) instead of I'((s, ..., s)). We also define
_ r—1 P(d

¢ = (2 )i-‘—)d |-—I11 P(ld) (8)
® = 1+5r-1). ©)

Proposition 4.3. Ifp < g+1, we have, forapy, > g(r—l),bq.,.l-apﬂ >
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%(1‘ - 1)’

rd(bq-!-l)
oF d(ap41)Td(bgs1 — apt1)

1 1 d
../(; ...‘/0 pfq( )(al,...,ap;bl,.--,bq;xly)
r

.
: H g T H(l — z;)bat1=9pt1=0 H |z; — z;|%dz;...dz,.(10)
f=21 i=1 1<i<j<r

Proof. (6) implies that the integral on the right side in (10) is equal to

(a1) - -+ (ap)s CENY)
DN o WP 4 W

(d)
'[)1 . /1 CC(Z)((f)) H 8p4+1-go0 II(]‘ - mi)bq-ﬂ —ap41 -quv(X, d, 1')
i=1 =1
_ 5 (@) (ap)e CEO(Y)
=X e B
fI D(ki+aps1—§(r=1)+5(r =) (bgs1—app1— §(r— 1)+ §(r—i))T(§i +1)
=1 I‘(k; + bq+1 - (1‘ - 1)d+ %(21‘ o 1))P(% + 1)
_ 5 (@) (ap)s CEN(Y)
- ; (bi)n X '(b:):c k!
ﬁ (ki + ap1 — (i — 1))I‘(bq+1 —Gpy1 =3I~ DIT(Fi +1)
i T(ks + bos1 — 3G — D)T(E +1)
From (7) and (8) we have

p+qu(i)1(al, venr@pi1i iy bogsY) =

/ / F D (a1, .., apibay .. bgi X|Y)

H AR H(l — z;)bet1mp -4V (X, d, 1)

i=1 i=1
_ III D(ap41 — 5(i = 1))0(bg41 — apg1 — $( — 1))T(Zi + 1)
i=1 T(bg41 - $( - 1))I(S +1)

d
. +1Fq(+)1(a'l’ ’ap+l;bl, b g+13 Ylre ooy yr)

_ 1Ta(ap41)Td(bg41 — ap41) d
= 3 Tq(b 11) ; 1Fq(+)1(a1,_..,a,,.H;b;,...,bq+1;y1,.--,yr)-
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In the classical case, there are the following well-known Euler integrals
for 1 f1 and 2fy

I'(b)

1
ohoaty e  NTJ TY 0=171 _ \b—0o-1
1fi(a; b59) = @)= a) Jo eVz*~Y(1-zx) dz

fora>0,b—a >0,

2f1(a,bic;y) = f(";ﬂri.i(cc)_—a)/ol(l - zy)~bze"1(1 - z)¢~*"ldz

fora> 0,c—a>0.

As remarked after (5), two special cases of Proposition 4.3 give the gen-

eralizations of Euler integrals

(d)r. .1, = Pd(b)
1y (as 059150000 9) = 0T e(@)Ta(b - a)

- e i oY) [ a7 [[(1 - 2P~ dV(X,d,7) (1)

i=1 i=1

ifa>g(r-1),b—a> &(r-1).

D (g e oo _ Ta(c)
2F1 (aw b1 Cillyeeey yr) = cord(a)rd(c — a)
1 1 r 4
: /0 . /o 1FO; X|Y) [T 227 [T - 2:)c~%dV(X, d, ) (12)
=1 =1

ifa>4(r-1),c—a>g(r-1).

Now we proceed to express o]-'éd)(X lY) and lféd)(a;X |Y) in terms of

the classical hypergeometric functions ; f; and 2 f;, when r = 2,
An easy calculation yields

Lemma 4.4. If0 < 21,22 < 1,0< 11,92 < 1, then
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HA4l7s(X,Y) + 1(X,Y)| < 1,1/4]1s(X, Y) = L,(X,Y)| < 1.
From Proposition 3.7, we have

T 1 oyl 1
WAE) [ COGIXY) + LK, Y], 70X, ) - (X, V)]
c¥(v)

(1 - s2)¥/21ds = c@(X
(1-) O e

(13)

foralld > 0,X € R3,Y € R

Therefore, by (1) and (13), we have

r(&) n /2K Y) (1 _ 2)if2-1g = I(4)
VL (d[2) J- VL (d]2)
. /1 e%['ya(X.Y)-H.(X,Y)]+-:-[-y.(X,Y)-I,(X,Y)](1 _ sz)d/z_l ds
-1
= z l_]_"_(f_:%:_l)_
~ k! /rI'(d/2)

./1 C£d)(l[7,(x, Y)+ l,(X,Y)],i.[r,,(x, Y) - L(X, V)1 - 82)d/2-1d8

—Zk. cO(X )Z"(d,((’;)) oFSNXIY).

Let s =1 — 2¢, then

L) 1 ey 2vd
—_—2 et/ X¥) (1 — g%) 12-14g — eFrv1tTav2
vT(d/2) J-1
.2d—l P(¢2ﬂ)
vrI(d/2) Jo
= Mty fi(df2; d; — (21 - 22)(91 = ¥2))-

! e~ (@ -rz)(m—yz)ttdﬂ-l(l - t)d/2-1dt

The last equality follows from the classical integral representation for ; f; and
the fact that I'(d) = 2= I‘(—ﬂ'—-)l‘(d/2) Thus we have proved the following
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Proposition 4.5.

of(gd)(XIY) = enntran, fy(d)2;d; —(z1 — z2)(11 — ¥2))

_ T ey 21d/2-1
-—m _le (1—8 ) ds (14)

The following two lemmas follow from direct computations.
Lemma 4.6.

[1 = 1/4(7s(X, Y) + L(X, V)1 = 1/4(7s(X, Y) - L,(X, Y))] =

1 1
1- 5(371 + 22) (11 + ¥2) + T1T21 Y2 — 3(@1 — 22)(91 — p2)s.

Lemma 4.7. If0 < 21,22 < 1,—00<y1 < 1,—00 < 92 < 1, then

_ (=1 = z2)(y1 — 92)
(1-mz)1-ty2)

Proposition 4.8.

FObXIY) = [1(1 - 2 (2, by - CL7 200~ w),

=1 [T:00 - ziw)
d4-1 ‘
= bl [ - 1 + Lo Y
(1= 1/4(1s(X, Y) = 1,(X, Y))]4(1 - s2)%/2"1ds. (15)

Proof. By Lemma 4.6, (2) and (13), we have
_T(Hh
VAN
1
—5(21 —22)(y1 - 92)8]~4(1 — s2)%/2-1ds
L(%4t)

" Val(d[?)

1 1
[_1[1 - '2'(371 + 22)(n1 + ¥2) + T1%2192

./-ll[l - 1/4(73(X, Y) + la(X, Y))]-b

42



1= 1/4(1:(X,Y) = L,(X,Y))] (1 - s?)¥/?-1ds

MY
_ —\/ﬁ(%ﬁj » IFO (b; 1/4(‘)’,(X, Y) + Ia(X’ Y)),

1/4(15(X,Y) = L,(X,Y))(1 — s?)¥/2-1ds

) ) n
=L AN [ earaax.0 + Lxy,

1/4(1s(X,Y) = 1,(X, Y))(1 — $2)¥/2-14s

(d) (d)
= SO o = A XI),

Let s = 1 — 2t, the change of variable and the Euler integral for o f; give
that

d1
\/17;_(1,&_/)5 /_ 2[1 - %(zl + 2)(91 + 92)

1 - —
+Z1T291Y2 — 5(3:1 — 22)(31 — y2)8]"*(1 — $2)#/21ds

= : — )b . ._(2’1‘“’2)(3/1—3/2)
—.'=Hl(1 w22, b, TEa (1 - ziwi) )

(11), (12), Proposition 4.5 and Proposition 4.8 give the following propo-
sition

Proposition 4.9.

2
)¢ e e _ Ld(c) / 1 / D osintzan TT L0-(144/2)

2 .
I = @)oo= 4\zy — gol, £1(d/2; d5 ~ (21 — 22) (31 — ¥2))dz1d2 (16)

=1

ifa>g,b-a> g

' 2
2F1(d)(a, biciy1, y2) = Cord(a)rlff(cz_ a) /01 /01 H(l - yizi)—b

i=1
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2 2
. H z?-(l+d/2) l‘I(l _ .,‘,:',)c--uv--(l+d/2)Iwl _ led

=1 i=1

) (21 = z2)(y1 — ¥2)
A - w7

ifa> -g—,c—a> g—.
Finally, we have

Proposition 4.10.
(@) 7d, _T . \=d/2
1-7:0 ('2—’xla-'°’xr|yl’°“vyr)— H(l—w.y,) .
i,J=1
Proof. On the one hand, by Proposition 2.1 in [S], we have
r
IT (1= =ig;)™% = 3 Ju(X;2/d)Tu(Y; 2/ )i,
I3

=1
On the other hand, by §1 (iv), we have

Je(I;2/d) = (2/d)’°( )

Hence, by the definitions, we have
rd
1]-‘(‘*)(—; ThyeeosTe|YtyeeesYr)

- S s K22 i

=IIU—%wYWa
i,5=1
Corollary 4.11.

Ta(c)
l‘d(a)I‘d(c - a)

rd
2F1(d)(a’ "2—; Yy 7yr) =0Co

(17)

/ / H (1 - z;y; )"d/znzc“ %o H(l z;)¢"%"*dV(X,d,r)

i,y=1 i=1 =1
ifa>g(r~1),c—a>(r-1).
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| §5 Generalized Laplace Transform

Suppose that f(z1,22) is defined on RZ, the generalized Laplace trans-
form of f is defined by

L(f)y1,92) =
o0 00
CO/O ./() oféd)(—a:l, —mglyl, yz)f(xl, 3’2)'-'01 - leddxldzg. (1)

By Proposition 4.5 , we also have

L(f)(y1,92) = co /oo /oo e~ (@11 +z212)
o Jo

Sf(z1, 221 1(d/25 d; (31 — z2) (91 — ¥2))|z1 — T2|%dzrdzs.  (2)

Let S, denote the space of all functions defined on R such that f(z;,z3)=
f(z2,21) and L(|£])(91,¥2) < oo.

As in the classical case, we have
Proposition 5.1. If f(z1,22) € S, and L(f) =0, then f =0 a.e.

To prove the proposition, we need some lemmas. For simplicity, we write
r(dsL
I, £(s)dm(s) for VF(ﬁqﬂ)ﬁ JL, £(8)(1 - s2)d/2-1,

Lemma 5.2.

oFENL+ 21,1+ zaltr, 12) = e 920 F (21, 20|11, 1), 3)

Proof. By (4.14), we have

' 1
oFENXIY) = [ eMA1 X im(s)
-1

45



So
1
oFSL + 21,1+ zalyn, 1) = [.1 !/ 7V X)dm(s) =

/ ! /2D 2Y X dm(s) = 020 78D (24, 2ol 1, 12)-
-1

Lemma 5.3.

CY(y1, yo)etr 12 = k!i 3 ( Z )Cas'(Y) (4)
s=k a)|o|=2
Proof. By Lemma 5.2, we have
(d)
S(ertnciy)) ,f‘,';(f,‘f}) = enting7O(X]Y)
=0 F{NI + X[Y)
-y c9(x + nciy)
ST Bl
el o \COX)CEY)

—ZZ E K (d)(I)l I

o k=0 x,|x|=k
’(Y) c(x)

—Zlk'Z Z( ] k|C(d)(I)

a=k o,|ol=s

Equatmg the coefficients of C{? (X), we obtain the result.

Let P be the vector space consisting of all symmetric polynomials in
Y1+ -y Yry and P,={ P € P|P is of degree s }

Set o
G (Y)
(d) (I) (5)

Lemma 5.4. For each partition o, there exists a polynomial P, of degree

Qg(yl?- . 'vyr) =

|o| such that
Po(gp)84(Y) ly=o=1
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P2 )B(Y) ly=0=0
ifc#o.
Proof. For P,Q € P,< P,Q >= P(%)Q(Y) |y=0 is an inner product

on P.

Let s = |o| and P be the subspace of P, spanned by &%, x # o, || = s,
then dimP;” = dimP, — 1 and &, ¢ P;.

So there exists a P, L P; under <,> and < P,,®% >= 1. P, is the

polynomial we are seeking.

Lemma 5.5. Let P, be the polynomial given by lemma 5.4. , then
P(a JBUY) ly=r=( )
Jor k with |k| > |o].
Proof.

mg-)@zm lvar= Po(2 )8 + X) x=0

-n QIS T (Seon

8=0a,|a|=5

=¥ 3 IP(2)EX) Ixmo= (5.

+=0a,laf=s

Lemma 5.8.
d c¥(x
PaeoFS-XIY) lyar= (-1 M emtmtea(q)
oy . lo)!
Proof. Lemma 5.3 and Lemma 5.6 give that

.

0
Po(;r,—y)ofé"(—-x 1Y) ly=r
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Z (K Cn ( X) (_l)lalg_%'i)e—(z;-i-xg)‘

f‘ol"l>l0|

Lemma 5.7. If f(z1,22) = f(z2,21) and for all partition K,
o] 00
/ / e—(z‘+zz)0,(‘d)($1, $2)f(221, z2)|z1 - z2|dd:v1dw2 =0
o Jo
then f(z1,22) =0 a.e.
Proof. Let
o0 (o]
F(zly 22) = / / e~ (z1n +J-‘zzz)f(ml, zg)la:l - :z:2|dda:1da:2,
o Jo
then, for Re(z) > 0, Re(22) > 0, F(21, 22) is a symmetric analytic function
of z;,2; . Moreover for all &,
0 0
C:(cd)(_a';;’ %)F(Zl, 22) |2=1,52=1
00 00
= /0 L e‘(”’+”’)0,£d)(z1,zg)f(zl,:cz)lzl - a:2|dd:c1da:2 = 0.

So F(z,2;) = 0. Since the classical Laplace transform is one-to-one, we see
that

f(z1,22)|21 — 22| = 0.
Therefore, f(z1,22) =0 a.e.
Proof of Proposition 5.1

For each partition o, let P, be the polynomial given by Lemma 5.4, then

ad
0 = Pd(b-g)c(f)(yl’!h) |y1=1,y3=l
o0 o0 a
= CO/O A Pa(g;)oféd)(—zl,-zzlynyz)f(wl, z2)|21 — zo|%dz1dzy

o poo (_1\leo|
= Co/ ’[) (—I—cly)l——e‘(“"'*”)C‘(,d)(zl,:cg)f(:vl,:cg)la:l - mzldd:cld:cg = 0.
0
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Now the proposition follows from Lemma 5.7.
As a corollary of (1.8) and Proposition 4.5, we have

Lemma 5.8.

/ e—(k(zser+zaca)lycr+vaca) g
SO(d+1)

= 1f1(d/2; d; (z1 — z2)(y1 — y2))e~(Erv1+=212) (7)

ford=1,2,...

It is known that the Laplace transform of a ,f, function is a p41f;

function. A similar result can be established.

First, we shall prove some lemmas. Through our following work we use
the symbol ¢ to denote constants whose values change from line to line, but

are independent of the relevant parameter.

Lemma 6.9. There exists a constant C such that

I'(Re(w))

| =Ty~ IS Cefl™ (8)

Jor all Re(w) > 1.

Proof. It is a standard fact that (e.g. see [T}])

r(w) - e(w—l/2) logw-w+1/2 log21r+o(]%[)

as |w| — oo, uniformly for -7 | +6 < argw < 7 —§,6 > 0.
Let w = z + iy, we have

| T(w) |z ef==1/2)logl=+iyl-yorgu-z
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| [(Rew) |~ e(z-1/2)logz—z

Since Re(w) > 1,z -1/2> 0,log72=:’$ <0.
So
e(&"--l/2)108V‘th”2 S 1. (9)

Hence

| P(g(es)u)) I< CeF Vo8 gty argw < Cevaraw

for some constant C.

The following lemma gives the Laplace transform of ®¢ for positive in-

teger d.

Lemma 5.10. Ford = 1,2,...y1,y2 > 0, Re(a) > d/2

co/0 ./o e—(xm+zm)q>i(z1, z2)1 f1(d/2; (21 — 22) (1 — ¥2))

(2122)° 0|2y — z2|%dz1dzy = Ty(a + £)8L(y7Y, ¥7 ) (3192)° (10)

where go = 1 + d/2.
" Proof. Ford = 1,2,..,Re(a) > d/2, it is known that (See [FK]) for

Yy =yc1+ Y262,
/n e~ (=W, (z)det(x)*~%0dz = Tq,,, (a + K)B(y~")det(y)™.  (11)
d41
- By (1.9), Lemma 5.8 and (11) give

Ta(a+ K)®5(u 5 v7 ) (W1v2) ™
00 f0O
= CO/ / / e'k-(-‘”lC!'f'zzcz)lylcl-fygcg)dk
0 Jo JSO(d+1)
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~<I>z(a:1, zg)(zlwg)“"‘de(X, d, 2)

00 oo
= ¢p / / e—(z1y1+7212)
] 0

‘(I)z(xlaz2)(zlz2)a—q1fl(g; (z1 = 22)(31 — ¥2))dV(X, d, 2).

More generally, we have

Proposition 5.11. For alld > 0,y1,y2 > 0, Re(a) > d/2

0 [oo
co/o /0 e'(zxm+zzvz)(§z($1,xz)lfl(d/2; (21 - z9)(y1 — ¥2))

{(2122)*" |2y — z2|%dz1dz2 = Ta(a + ) @L(y7, 43 1)(3192) ™ (12)

where go = 1+ d/2.

Proof. Let a = d/2 + ¢, then Re(c) > 0, we need to show that

(=] [+ ]
co/o /0 e~@n+a) 892, 25, f1(d/2; (21 — z2)(1 — ¥2))(2122)°!

|21 — z2|%dz1dzy = Ty(d/2 + ¢ + £)BS (37, y{l)(yiyz)—(c+d/2)-(13)

We denote the integral in (13) by G(d). Now it is enough to show that

I'(d/2)coG(d) _ o i I(d/2)
r(%!-)]f‘d(d/2+ c+K) = ‘I’ﬁ(yl LY (wnye) (c+d/2) I‘(iizi) (14)

if ;192 2 1 and

P(d/2)COG(d) _ _ _ F(d/2)
T(&L)Cy(d/2+c+K) (vt % T(2H) (15)

(132) 4/

ifyya < 1.
Since the proofs of (14) and (15) are the same , we only prove (14). We
note that both sides of (14) are analytic functioné of d on the half plane
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Re(d) > 0. For Re(d) > 1, by (3.1), we can see that

-1 -1y 1(d/2)
Q:ic(yl 1’ Y2 ! I‘(é:!i-l) =

2k2-k1
VT

is bounded as d varies, so is (y1y2)~(4/2+¢). Hence, the right side of (14) is

11 1 1 1
—ky / A1 Lyak-kgg _ g2yd2-1y
() h [ [ b (oo - )R )4t

bounded as d varies on Re(d) > 1. In the following, we let y = min{y, y2}
and assume that Re(d) > 1.

By (4.14), it follows easily that
oFENXIY) < cemvlertanlld], (16)
For z,,20 >0,-1<s8<1,
|21 + @2 + (21 ~ z2)s|1 752 < 2k1—k2 () 4 gp Y-k, 17

By (17) and (3.1), we have

I'(d/2)

I,(%i)l <e (18)

e~ 3142 (2125)°71 |85 (21, 22)|
By the Selberg integral formula , we have
0 [0 Red+2
_/0 ./o e~ etz g, — go|Reddy dz, = (-2!;) ['(Red +1). (19)

By Stirling’s formula,

I(d/2 + 1)

) I<e. (20)
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Now we have , by (1.10), (4.7) and (20)

I'(d/2)coG(d) |
T(41)Ta(d/2 + ¢ + &)
=| I'(d/2)G(d)I(d/2 + 1)(27)*/* l
T T(EL)(27)4/2D(d/2 + ¢ + k1)T(e + k2)T(d + 1)
- I'(d/2+1) | 1 1 | I'(d/2)G(d)
TIT(d/2+ ¢+ k1) ' [T(e+ k)| IT(d+1)] ' T(d4)

1 [7 [T F-
<egarml, J oK)

I'(d/2 _
| ——P&Q || #4(a1,22)(z122) " || 51 — 22* | drda.
2

By (16), (18) and (19)

|d| /OO/OO —&(z1+x2) _ Red
< cI‘(d+1) s Jo e 2 |z1 — 22| *dzydze

|d|

By (8), for some §,0< 6 < %,

9 Red
< celn/2+8)ld (._)
Y

Now, by Lemma 5.10 and Corollary 1.2, (14) is true for all d > 0,¢ > 1.

9 Red+-2
5

Again both sides of (14) are analytic functions of ¢, therefore, (14) is true
for all d > 0, Re(c) > 0. We have finished the proof.

Once we have established Proposition 5.11, the following proposition
follows immmediately by expanding the ,,Fq(d) functions and integrating term

by term.

PrOPOSition 5.12. If Y1,¥Y2 > 0’ then
©0 o0 4
co/o /(; e—(:m-i-zzyz),,Fq( )(ah vey Gp; b1y, g X)lfl(d/2; (z1 — z2)(11 - 2))
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1 1

(@122)" |1~ 2l dz1dna = Ta(a)(U132) "yt FY (@15 sy 03Bty i oy )
for p < g, Re(a) > d[2; or p = g, Re(a) > d/2’% < 1,71; <1
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§6 Relation with the Heckman-Opdam Hyper-

geometric Functions

In this section, we shall establish the relation between 2F1(d) and the

hypergeometric functions introduced by Heckman and Opdam. Throughout

this section r is 2.

Let
L= Az — K.

Then C'(gd)(yl, y2) satisfies c?® (v1,92) = 0.
Put

ay = Y + Y2,
az = yya.

Then (1) becomes

92
day0a,

(a? - 2a2)a—2.‘, + 2a;a;
daf

02 i a
22 . — —_—) —
+2a20%+d(013 1+aza 2) M.

Now substituting

u= 1/2a1a'2"1/2,

v=all?
into (3) gives
1 9 02 5 8 i) 0 0
2[(1 “)5172 v0v2-u5_u-+v% ou
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(4)
(5)

i
—d(u— + v%) + 241,. | (6)



Let PJ'7, (z) be the classical Jacobi polynomials, where v = 9’—;—‘-, then

vk PY, (u) satisfies (6). Therefore,
1 .
(ylyz)klzP;;','Zk,(E(yl + y2)(1192)"1/?2)

satisfies (1). Since (ylyg)"/zP,g"_",Zz(%(yl + ¥2)(3192)"1/?) is a symmetric
polynomial with y{“ yé" as its term of highest weight, by Corollary 3.2 , we

get
1
CO(w, 12) = Clnaw)**PEY, (5 (0 + 12)(n1v2) /)

for some constant C.

Set
P('Yv") T
Rs;)’ﬁ)(z) = __’%1_’_7.)(_2
PRT(1)
and
2y 4+ V)py—p, Matk2 vy 1 _
Ty lnson) = LI TR0, Gora
then,

1
C(n,y2) = C(1, 1)(3/11/2)“213;,?'1;),,(5(3/1 + ¥2)(192)"?)

— @ 1+ 12k -k
C D) Gy T Diy i

Z7 k(1 + 32, n192).

Since

Kde K d)kky (k1 — ko + d/2)
(14d/2)s — kal(k1 = k2)X(1 + d/2), (d/2)’

cl(1,1) =

we have

@r oy MO +3/Dkiy
Cn (yl, y2) kz!(kl _ k2)!(7 + 3/2)k1—k2 ZZ‘ k2 (yl + y2’yly2)'
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Thus we have proved the following result

Lemma 6.1.

Ky + 3/2)ky -k
(d) - 1-k2
Cx (yla 3/2) kg!(kl — kz)!(“/ ¥ 3/2)k1-—k2 sz,kz(yl + y2, ylyZ)

where d = 27y + 1.

Let Rg"f Y be the orthogonal polynomials in two variables defined in [K3].
As an immediate consequence of Lemma 6.1, Lemma 2, (4.27) and (4.36) in

[K1], we have

Proposition 6.2, If2y+ 1 =d, then

REEY(yy + y2, 1192) =

2F1(d)(—1§,n +a+B+(y+1/2)+ La+ (v +1/2) + 191, 92).

In [K3], a similar result was proved for vy = 0.
From (3.3) in [K3], we have

PEPY2 - 2y + 92), 1 - 2(ws + 32) + 4192)
Paoﬁv7(2 1)

a'p”(yl + Y2, N1Y2) =

Fora, B,y > -1,a+8+7+3/2>0and a+v+3/2 > 0, let Df'p"', DB
and D$®7 be defined as in [K2],

Dyf=(1- ’)32+(1 y") 4[B-a—(a+p 42
_y2 a

+w—a

k]
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DZ —_ D:’:ﬁﬂ Py

DY = ((1-z)(1-y))™
((1+2)(1+9))™ 0 DY((1 - 2)(1 - 9))**((1 + )(1 + y))P*1.

Put
ngﬁﬂ — D:‘oﬁﬁ o D:;pﬁ.

Let z = 1-2y,y =1 - 2y;. In (1, y2) coordinates, we have

1
n1—-

o,Byy : o?
Dl' y :Zyl(l—yl)a—y2'+(2’)’+1)

i=1

.0
[m1(1 - yl)'az

(1~ )]~ (b B+ i 4 (et ny 2
y2 y2 ay2 & yl ay'_ et ayi$
1 /] 0 a . 0
D? = EFPIRY 4 1 2 N Y — g )21
1 8(3/1 _ yz)2'7+‘ {ayl [(yl y2) ay2] + ayz [(yl y2) ayl ]}v

D:’pv’y =
16(3192)~°[(1 = 31)(1 = 2)] D7 0 (3132)*H[(1 - 31)(1 — 32)]PH1.
In [K2], it was shown that

DA PP (z, ) = M(n, k)PP, )

Al(n’k) = —n(n+a+ﬂ+27+2)_k(k+a+ﬂ+1)’
Ma(nk) = k(k+a+B+1)(n+7+3/2)(n+a+8+3/2).
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Therefore, by Proposition 6.2,

Dy, yo)o F (—nynt+ a+ B+ (1 + 1/2) + i+ (v + 1/2) + L1, 32)

= M(n,n)oF{ N (=n,n+ a4 B+ (7+1/2) + Lo+ (7 + 1/2) + 1; 91, 32)
i=1,2.
More generally, we have

Proposition 6.3.

DEPY(yy, 1 )o B (—nyn+ a4+ B+ (7 +1/2) + Lia+ (7 + 1/2) + 1331, 32)

= M(mn) A (= n+ @+ B+ (1+1/2)+ Lia+ (7 +1/2) + 131,32) (6)
forallne C,i=1,2.

Proof. We consider both sides of (6) as an analytic function of n. When
n =0,1,2,.., (6) is true, we will prove our proposition by using Carlson’s
Theorem. Some estimates are needed.

Claim 1. There exist positive constants C' and § which only depend on

A such that

u+k)k
< (1+8)
(A+k SCe

for all  and k£ = 0,1,2,....

Proof.
(u+k) _ (Hu—A)k_(Hu-A)%i-:‘c(u—A)n*z
A+k) — A+k) ~ Atk

< DT < Celi+ol,
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Let

T(u+ k)I(u+d/2+ k)(u+ D+ ky)D(u+ D+ df2 + k3)
T(B + k1)I(B — d[2 + k3)T'(8u + k1)T'(8u — d/2 + k2)

I, =

Claim 2. There exist constants C and N € Z* such that
| < C

for all w > N and «.
Proof. This follows from Stirling’s formula and Claim 1.

Put B=a+v+3/2,D=|a++7+3/2,d=2y+1and u = |n].
It is easy to see that there exist positive numbers ¢ and K with K < 7

such that

2
TIC( = wil)~8 < Xu (7)

i=1
for all |y, |y2] < e.

Now

| 2K (=n,n+ o+ B+7+3/2,a+7+3/2y1, 1) |
< 3 Cmlnt ot 49+ 3/2)] | Bl al)

(e + 7+ 3/2)«| k!
<y~ (W (ut d/2i(u+ D)y (u+ D+ d/2s, | CEMNisahslaal)
- I(B)kl “(B d/2)k2| k!

< ZII |(8 )“CN (Iyll Iy2l) < CeKe,

The last inequality follows from Claim 2 and (7).
Similarly, we can show that the L.H.S. of (6.6) has the same estimate.

Again by Corollary 1.2, we have proved the proposition.
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Let R be a root system, W the Weyl group of R and £k € C™. G.J.
Heckman and E.M. Opdam introduced the algebra of differential operators

D(k) and the hypergeometric functions associated with R

Ead

F\ k)= Y c(wh k)p(wA+ p,k;h), A€ h
weW

which essentially generalize the algebra of the radial part of the invariant dif-
ferential operators and the spherical functions on a symmetric space. When
2F1(d) corresponds to a bounded symmetric domain, it is known that 2F1(d)
is a hypergeometric function in the sense of Heckman and Opdam. In the

case of r = 2, this turns out to be still true for all positive d.

More precisely, we consider the root system BC,. A triple of complex
numbers k = (ky, k2, k3) is assigned to the three orbits of the roots under
the Weyl group by order of increasing length.

For a,8,y> -1,a+v+3/2>0,8+7+3/2 > 0, we have

Proposition 6.4. Ifk; = 2(a — §),k2 =27y + 1, and k3 = 26 + 1, then
DAY and DSP generate D(k).

Proof. See [K3]

Leta=c-d/2-1,=a+b-c,andy=d/2-1/2. H o, B,y > -1,
a+pf+79+3/2> 0and a+ v+ 3/2 > 0, then, by Proposition 6.3,
gFl(d)(a, b; ¢; y1,42) is an eigenfunction of both Di”'p” and D;”'p"'. Now as
a consequence of this fact, Proposition 6.4 and Theorem 6.9 in [HO], we

obtain

Proposition 6.6. If r = 2,d is any positive number, then 2F1(d) is a
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hypergeometric function in the sense of Heckman and Opdam, i.e.,
2F{(a,b;¢; 21, 22) = F(\ ki 21, 22)

for a suitable choice of .
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§7 Asymptotic Behavior of ;41 F9

From Proposition 1.5, we know that ;.1 F,(Y') is convergent for Y with
|lvi] < 1,4 = 1,...,r. In this section, we study the asymptotic behavior of

p+1Fp as Y — I. It turns out that some new phenomena appear when r > 1.

Let

d
Qo = 1+'2-(7‘—1),
g = T Kokt 4G - ) Blki = kjy $G-i= 1) +1)
1<i<i<r 87 — 1) B(ki — kj, $( — i+ 1))

for all k with I(x) < .

Proposition 7.1.

2\* ool Gx
(2) (L 152/d)i5 = 725 )

Proof. For a partition &, let s(x) be the positive integer such that
ky 2 2 ko) > Kypeyr =+ = kr = 0.

We will prove (1) by induction on s(x).
Let s = 8(k). When s = 1, a direct calculation gives (1).
Now we assume that (1) is true for all partition A with s(A) < s-1.
Suppose 8 > 1, Let
(@) li = ki — ky,if i < s,
(b)li=0,ifi>s |
and A = (I, .0y ly).
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Then ) is a partition of k — sk, with s(A) < s — 1, hence

2)' 1 d
2) (1,0 152/d)j5t = 2 9
(d 21,0012/ )J,\ @) (2)
with I = k — sk,.
Let
s ks
A = JITI0+(r-ddf2+ k-],
i=1j=1
B = I ki + &id ﬁ ki —n 4 i=itld
1<i<a+1<5<r ki — ky + 5id n=1ki-n+i“—"—ld+1 )
Si<et+155< 2 p)
Claim 1.
(90)x = (q0)2A. (3)
Proof.
. r—1
(@) = JICt+——d)
1=1
s—-1 . .
= Mo+ 52+ a4 k- k- 1),
e
z r—1
(g0) = H(1+ Td)k..
i=1
= [[a+57d) (1 + =d+ki- ks - 1)
=1

-(1+f—;-—’d+k.o—k,)o--(1+-r-;—'d+k.-—1)

-1

= (o [TO+ 5 a4 k= k)14 Tl b k- 1)
=1 e
r—s r—s
U+ 204 TS k- 1)
s k,
= (g JT T+ (r - i)d/2+ ki — j] = ()2 A
i=1j5=1
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Claim 2.

dx = d\B. ' @)
Proof.
o= J] EoltiEd Bli-bipdid)
ci<isr 70 B(l; - 1;,=it1d)
= ki — kj + =t B(k; — kj, i=i=d + 1)
ki = ko + &22d  B(k; — k,,i=i21d + 1)
1ss‘<.y1:sj5r L;—id ) B(k; - ka, ,;%ﬂ Q)
de = ]I hi—ki+ 5id Blki—kj, 5+ 1)
1<i<j<s ==d B(k; — k;, =5ELg)
ki + izid B(k;,i==1d + 1)
15"<£I195r 4 B(k;, i)
k; + &2d

RO ! Sy =
1<i<aticicr Ki — ks + 550d

B(kiy I5td 4 1) B(ki = kv 3Ld)
B(k'-’ J%Hd) B(ki — ks, ."_;_l'd'i' 1)
ki+izid B ki-n+ il

= d,\ — —
= dyB.
Let
s k, 2
¢ = ITIIIr-G=1+ 30—k +5 - 1),
i=1j=1
s k, 9
C2 = JITIls-i+ 20t +ki-3),
i=1j=1
s k, 9 -
Cs = JIIIls—i+1+5(ki-5).
i=1j=1
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From (iv) in §1 and [Mc], we have
Jx(Ir;2/d) = J\(1;; 2/d)Ch. (5)

For a partition k, let

k() = ] hx(s),

8EX

ha(k) = I k5 (s).

3€EX

Then, a computation yields
h*(x) = h*(A)C,,
h.(K) = h‘(A)Cso

By §1 (vii), we have
Jx = h*(K)h.(K).

Hence

jlc = j:\C203’
J,\(I,-;2/d) _ J,‘(Ir;2/d) CQC3
B ®
3 1 .
By Claim 1, Claim 2 , (2) and (6), we have
d _ & B
(9)« (g A
JIr(Ir;2/d) B
= (ofdyl=2rnti
(oyay 20
- Jn(I ;2/d) C2CSB
= (2/d)k—2ke ~ —.
(2/d) i Cr A
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Therefore, it is enough to show that

sk, O
= (2/d)" 5
Let
- T ki + Lid
B = H H i,
i=1j=s+1 ki — ks + %d
, = .Ha_l 150 alki - k,'+ 5d]
ITi=1 525 ki + 524
Then,
5 v Kk [k.' —n+ z‘—i-l-ld]
B = BlH II ].-.[ k'— z'-?—l
n’—-lj—a+l nei ki —n+ d]
= B H l-l r.1-=1'a+2[k -n+ J—d]
n=1 ]'L=1 HJ:J[k -n+l+ L:Td]
- B H H;ﬂw e, ki —n+ '?d]
i=1 n_,;:a ﬁ.—'al[k ~-n+ lt-ld]
= B f[ e Il ki — n + 5id]
i=1 ;:i fz;-il[k -n+ JT'd]
. f.[ ;tal+2[k ks + "—d]
=1 ISk + 2]
_ p,p, =1 [n (ki = n 4 Z3ddllki = n + 2H=id]
= BB -1 =1 1
Mt [ ki~ n + s d)[k; - n + 2l=id]
Since
Ble H!—-l[k + r—'d] nl—l[k - k + —-tl—.d]
:—l[k + ’-‘d] Hl—l[k - k + _.t-‘d]’
we have

_ TBea Itk = 5 + 1+ 58d) T TR, (ki — § + otl=id]
M M5k — 5 + 14 255 T, T [k — 5 + 2=
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Then

oI5, [k — § + £tl=iq]
IT=1 Hf':l[ka' -3+ 14+ 5d] [T 1'If‘=1[k.- —j + 2)=d]
= (2/d)kCiC7iCs.

|

This finishes the proof.

Corollary 7.2.

qu(d)(al, seey Gpy bl, ooy bp; Yigeooy y")

= Z (a1)x -~ (ap)s d . C,(gd)(yl, censYr)
= (1) +++(ap)x (0)« C,(‘d)(l, vy 1) )

Once having Corollary 7.2, we can use the I'- function to give the asymp-

totic behavior of ,,HF,S“).

Set
{
L) =Y [IIki + 1)1 TI (ko — ko + 1)1

s =1 1<p<g<l
with () < 1.

First we have the following lemma

Lemma 7.3
() fa+(-1)d+1<0, then, I,(t) is bounded;
(i) fa+1>0,

I(t) = (1 — t)~leti+(=1)zd],
(iti) fa+ (- j)d+1=0,
L)~ (1- t)"(j‘l)%d log l—é—;
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(iv)Ifa+(I-5)d+1>0>a+(I-j-1)d+1,
Ia(t) m (1 = t)-ilati+id-32d)
(By A(z) =~ B(z), we mean that there exist two positive numbers C;
and Cj such that C; < Ag% < C; as x varies.)

. Proof. On the one hand,

) -1 I-1
L() = I > (TICks + Ik = ke + 1))
k=0 ky > o0 > ki_q Jj=1 i=1 : .
ki1 2 ki
CTT (hp= by 1ythtethios ]y 4 1)0gh
1<p<g<i-1

0 -1
SU S ([t + 0+
ki=1 k1 2..2ki—1 20 j=1
( H (kp — kg + l)d)tk‘+"'+k"‘]k? th
1<p<gLi-1
-1

= [ 3 (IItks+1p*)

k12.2kiy J=1

1T (kom kot Dyfthttha] S kegh]

1<p<qg<i-1 k=0

IN

o0 o0
< (0 KM (YD ki)

k1=0 ka=0
o0 o0
v (XD KRN Rk,
kj1=0 k=0

On the other hand,

o0 -1
L) > Y { 3 (TT(k; = ki + 1))
b= gy >y
ki.y 2 ki
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«( H [(kp - ki) - (kq = kl) + lld)

1<p<g<i-1
-1
(H(kj — kp 4 1))tk bbb =k) -1k ok
j=1
oo 1-1
= k;+1 otd ky—k,+1 dikyteethig 1 pogl kit
J P q 1
ki=0 ky 22k 20 j=1 1<p<g<i-1

=0 X ﬁ(kj+1)"+"

k12-2ki—120j=1

0o
IT (k= kgt 1yfthrttha] 3 kpeih)
1<p<g<i-1 k=0

2 C( i k‘l"*'(l—l)dtkl) ‘

k=1
OO1 o0 o0
(30 kgHDh) (30 ki) k).
ka=1 kiny=1 k=1
Hence
oo o0 oo
Ia(t) ~ (E ma-}-(l—l)dtm)( Z ma+(l—2)dtm) . ( z matm). (7)
m==1 m=1 m=1
Let

00
Lj(t)= 3 me+=ikm,
m=1

for-1 < t < 1, we have
(a)if a4+ (I - j)d+1 <0, then, I, ;(t) is bounded;
(b)ifa+ (I-7)d+1> 0, then,

L)y~ (1~ t)-[a+(l-j)d+ll :
(c)ifa+ (I-3)d+1=0, then,

1
Ia'j(t) ~ log 'iTt.
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Now the lemma follows immediately from (7), (a), (b) and (c).
Proposition 7.4. Lety = Y0t a; — Y0, b;. If for all &

(a1)x - (aps1)x
(bl)n i ‘(bp)n

For -1<y; <1,i=1,..,r, we have
(i) if v > d/2(r — 1), then

> 0.

P+1Fp(al,°"7ap+l;bl9 p’ U,. ,yr) ~ H(l - ys)"
i=1

(1) if v < —d/2(r — 1), then there ezists a constant C such that
P+1Fp(a11"°’ap+l;bh-'-’bp;yls”'ayr) <C;

(ii)) if v = d(=552 4+ j — 1), = 1,...,7, then, fory = .-
t,-1<t<1,

Y =

p.HF,,(al, cenylpgri byl bpi by, Ht)x(1- t)’(”'l)%dlog 1-1

(iv) if d(-232 +j-1) < v < (=52 +j)d,j = 1,...,r — 1, then, for
==y =t-1<t<],

. ,,.HF,,(al, ce0y@pi1; b1y.. bp, t) ~ (1 - t)-J['H'd/z("—J)]

Proof. By Corollary 7.2,

,,+1F,,(a1, ooy a,,+1; bl, ey bp; Y)

- Z (al)n . '(ap-{-l),g dy CK(Y)
(b)) (bp)x (@) Cu(Ir)
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First,

_ I(d/2(—i-1)+1)
w = I Tr@ps—n
I ki—kij+d/2(j —i) T(ki—k;+d/2(j —i+1))
1<i<jgr df2(j—4i)  T(ki—kj+d/2(j-i-1)+1)

By Stirling’s formula, as k varies

IT (ki-ki+ 1) (8)

1<i<j<r

Secondly, if I{ﬂfl > 0, again by Stirling’s formula, as x varies,

(A),‘ o~ A-B.
Ik J[Il(k i +1)

Hence, as x varies,

(a1)--(@ps1)e , TT(1. 1_d/2(r_1)_1
G0 Ga)s ~ LG+ - Q)

(a) If ¥ > d/2(r — 1), then

(s . T —df2(r-1)-
~ T (k; 4 1)7-9/3r-1)-1,
(Q)n JI=II( J )

Thus

. . (7)~ Cn(Y) u A=
,,+1F,,(a1,. . .,a,,+1,b1,. ..,bp, Y) Z ( )K NC,;(I ) '___III(I y.) .
(b) If vy < —d/2(r — 1), let t = maz{|n1],-*,]yr|}, then
|C,£d)(y1, cony y2)| < C,(‘d)(t, vey t).
So, by (i) in Lemma 7.3,

lp+1Ep(a1, - - s 8p413 b1y s 0 V)| = L gy _q)(8) S C.
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That is (ii).

(c) If —4(r — 1) < 7 € §(r — 1), then, Lemma 7.3 gives (jii) and (iv).
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§8 Generalized Laguerre Polynomials and Han-

kel Transformation

The classical Laguerre polynomials are given by

FORICTE Y e =i

8=0
for y > -1.
It is known that the classical Laguerre polynomials have the following

properties

(i) (Generating function)

k
(1- z)-'v—l E 1/l'(a: ) Z Lk(km')z

1=0 k=0

(1)

for [2] < 1;
(ii) L] are orthogonal on (0,00) with respect to the weight function

e~*z7, in fact
/o " 1LY (z)L)(2)dz = S5k + 1+ k); (2)

(iii)

00
e*L)(z) = e~ Yy o fi(v + 1; —ay)dy. (3)

gzl

In the first part of this section, we shall generalize these results to the

case of two variables.

Definition. The generalized Laguerre polynomial L)(z;,z2;d) corre-

sponding to the parameter d and the partition x of k is defined , for y > -1,
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()(‘ ,—22)
LY(21,%2;d) = (7 + 90)sC(1, 1)§§3( v+ ),254’(121) ®

where o = 1 + d/2.

In the following, we simply write LY(zy,22) for LY(z1,z2;d) , Cx(z1,22)
for C,(cd)(a:l,mg) and ( : ) for ( : )a-

First we have

Proposition 8.1. If y1,y2 > 0, then

5 co/o /o oFo (=21, —22|y1, ¥2) (21, 22) L} (21, 22) |21 — 22|°dz1d22

= Tu(y+ g+ 6)(0g2)"0rICEA - 1/, 1= 1/y2).  (5)

Proof. By (4), the L.H.S. of (5) is equal to

k s
(7 + 20)xCx(1,1) E Z( z )(a' + q(o;,lé'a(l, 1)

8=0 o

[o¢) 00
2o / / oFD(— XV )(2122) Co(X |21 — 32| *d1des

= (74 0)Cu(1, 1)2‘02( S I+ o)) ree

= Ta(y + o + £)(3192) " H0IC(1 = 1/31,1 — 1/32).

(1) has the following generalization

Proposition 8.2, If zy,z2 > 0, then

21 Z
H(l - z) ('H'Qn)oj:( )(—zla"z%l 7 ’I_Lzz)

i=1
_ & LUX)Cx(2)
kz_%; KCA(1, 1) (6)
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Jor|zi| < 1,i=1,2,

Proof. The L.H.S. of (6) is an analytic function of z;,2z2,2; and 27 in
the domain D = {(z1, 22,21, 22)| all z1,22,|21] < 1,|22] < 1}. When it is
expanded in a series of 2,2, 2) and 23, the series is absolutely convergent.

Therefore, the L.H.S of (6) can be written as

WX) Cu(Z2
PPN @)

with 1-}7‘(:2:1,1:2) = z,‘(zz,zl).

Now it suffices to show that

L(LY(z1, z2)(2122)") (Y1, ¥2) = L(LY (21, T2)(x122)") (91, Y2)- (8)

We observe that for [2] < 1,i = 1,2,

¥« LUX) Cu(2)
IZZ kt C«(1, 1)'

k=0 =

<Tla- (v+90) , Fo( X |21 , |z2| _ 9
H( Izl) 0 ( l Izll 1_|z2|) ()

For any y;,¥2 > 0, there exists a § > 0 such that if || < §,i = 1,2,

Lz(oFo(X] lzlllll - fﬁilzﬂ))(yl,yz) < oo. (10)

(9) and (10) imply that we can integrate term by term in (7), hence, if

2] < 6,1 =1,2,
I 87(0.¢ )(-’81-'62)")(1/1, y2) Cu(Z)
goz CLD
= Cz(l-{(l — z;)" Ot Fo (- X | iz ))(yl,yz)
_ _ \-(r+a) C((zl:cz)"Cn(—wl,—32))(!/1,!/2) Cu(rZm 15%5)
E(l i)~ E%; A] Ck(1,1)
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By (5.12) this is equal to

I‘a(~/+qo+~) 1 1 - Cr(32-,12-)
1—2;)-(7+20) —_—— (v+490) 1) 1-2
E( =2z ) k;); IC( " ’ Y2 )(3/13/2) C&(l, 1)

= Ta(Y + g0) H(l — z;)~(rtao) (g, 4, )~ (r+e0)
:-l

(v + qo).‘ Cu(721) 7227)
Ol 5",2,2; C(1, 1)

= La(7 + g0) H(l — z;)~(rHe0) (g, yp)~(rH00)

i=1
[ A= 300 V) + L VL= 000,V = (V)4 di(s)
= Ta(7 + go)(132)~(*%)
[ A0 = 3602, W) + LWL~ 302, W) = (0, V) dm(s),

= La(y + ‘Io)(ylyz)_('”"“)lfo("/ + qo; 1 = 1/y1,1 — 1/ya|21, 22)

_ f: > Ta(y + go + K)(y1y2)~(vt®) _1_1,0C(2)
= k! TR v Ce(1,1)

k=0 «

where

1 z; 1,
U = §1”i= z._—_:—i',w.'= 1- —i,z = 1,2,

U= (ul’ ‘llg),V = (vl) v2)’ W= (wl, w2)-

In the second and the fourth equalities, we have used (4.15).

Therefore, by Proposition 8.1, we have
L(LY(X)(z122)") (41, 92)
= T4y + 0 + &)(y1y2) " ICe(~1/91,-1/32)
= L(LYU(X)(z122)")(y1,92)-
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Next, we have

Proposition 8.3.

Co /o°° A“ e~ (@1+22) (2, 2 Y LY (X ) LY (X )21 — o|%dz1dzs

= bxok!Cx(1, 1)Td(y + g0 + K). (11)

Proof. By(5.3),

- 2_ye=(m1422) = Fo(—2y, ~2g|—— , ——
oFo(—z1, lel etk Zz)e 1752 = o Fo(—21, zzll—zl’ 1_22)- (12)
Hence, by (6) and (12), we have
Z ) / / LYX)LYX)
Por o k'C,‘(l 1)
(zlzz)'7 e~(1+22) |z — g9|dz1dz,C(2)
= H(l - z)” ("+"°)Co/ / ofo(—wl,-wﬂ )
i=1 - 22
L"(X)(zlzg)"e (@1+22) |z — 2|%dydz,
= H(l - Z) (‘7+q°)00/ / 0.7'-0(—&:1, -—zgl 1 )
i=1 - 22

LYUX)(2122)" |21 — o|%de1des.
By Proposition 8.1, this is equal to

f[(l — z)~(+0ITy(y + g0 + K) f[(l — z)H0)C(2)

i=1 i=1

= Ta(7 + q0 + K)Cu(2).

We have proved the proposition.

The following proposition gives an integral representation for L7.
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Proposition 8.4.

e~ @ +2) [ V() 29) = o /oo /oo e~ (n+82) (3, 4,)7C(Y)
A T Tar+ @) oo Jo "

0F1(Y + 90 = X[Y) 1 — yal*dyrdy,. (13)

Proof. We shall prove (13) by showing that after being multiplied by

e~(z1+22)(z4, 2,)7, both sides of (13) have the same Laplace transform.

*

On the one hand, (5.3) gives
ofo(—XlZ)e"z(z"*'") =0 Fo—X|2 + 21,2 + z,).
Thus

L(e=@1+22)(gy, 25) L. H.S.)(21, 22)

00 f00O
= COL [) ofo(—-X|2 + 21,2 + zz)(zl,zg)'yLZ(zl,zg)lxl - z2|ddm1d:v2

z21+1 2241

2
= . -('7"‘00)
Ta(y + g0+ ) [+ z) Cn(zl L

i=1

On the other hand, for z;,22 > 0,

).

loF1(7 + q0; = X|Y)| £ oF1(7 + q0; X[Y).
It is easy to see that for 27,27 > 0,
o0 o0 o0 o0
eoco / / / / oFo(=X|2)e~E1+52) (24, 22)"|; — 2ol
o Jo Jo Jo
e~ W) (4 4 YO (Y Vo Fi(v+00; X |Y )V (Y, d, 2Ylzydz, < 00, (14)
As a consequence of (5.3) and (5.12),
L(e~E1+22)(zy, 25)C, (21, 22))(21, 22)

1 1
=Ta(7+ g + U)Ca(ﬁ';l', rl_—g;)[(zl + 1)(22 + 1)]"090), (15)
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Now by (15), the series expansion of ¢F1(7 + go; —X|Y’) and Fubini’s Theo-

rem, we have
L(e~=1+32)(zy, 2,)"R.H.S)

= o /°° /°° e—(yl’*'y’))(ylyz)'YCn(Y)
0 (1]

Y) Coliier Tomr
[(21 + 1)(22 + 1)]~0r¥e0) Z C,( ) (1+€11 ;')H’ 1 — y2l?dyrdy,

= H(z.. + 1)-(-v+qo)

=1
-(yl'*'W) — ~y _ d
COL /0 € Ofo(zl Fl' 2 +1 ll Y)(5192)"Cu(Y)|y1 — y2|*dyrdy..

By Lemma 5.2 and Proposition 5.11, this is equal to

—(v+g0) _ zl+2 22+2
E(z+1) 00/ / 0Fo( |z+122+1)

(11%2)"Cx(Y)|1 — y2|%dy1dys

2 2
= TT(z: + 1)-(r+eo) atl ntly ozt 2y (r4q)
g(zs+1) Pa(7+qo+~)6'~(zl+2,22+2)i=[!(z‘,+1)

= L(e~®1+22) (2, 2,)"L.H.S).

The proof is complete.

Let L2(R4 X Ry) = {f is defined on Ry X Ry|f(21,22) = f(22,21)
and [5° [5° | f(z1, 22)|2(z122) |21 — 22|%dz1d22 < 00},
o] (e o] d
i =teo [~ [~ 1f(ar, 22 (@22 les - wlédardas]i/?
CZ(zl,mg) = e'("+”)LZ(2z1,2mg).

As a consequence of (7.1) and (11), we have

M 227+d+2(q0)u ]1/2
deTa(Y + go + K)

SLAX)ly =1 (16)
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Moreover, we have

Proposition 8.5. -

22r+d+2(gg),  yp2 1
S LUX
Tl fntr mea)

is an orthonormal basis in Lg,

Proof. Suppose f € L2 such that for all x
00 o0 d
,[) /(; f(z1,22)LY(21, 22)(z122) 7|21 — 22|°d2yd2g = 0, (17)
then (17) implies
oo e o] .
/0 /0 f(a:l,:cg)C,(‘d)(:vl,zg)e‘("’"*"”)(xlzg)'ﬂm - zzlddxldzg =0

for all .
By Lemma 5.7, f(z1,22) = 0 a.e.; together with (16), this proves the

proposition.

Definition. If f € LE‘; with compact support, we define the Hankel trans-

form of f , for v > -1, by

Hy f(31,92) = co /Ooo _/:o f(z1,22)0F1(7 + 90; —X|Y)

-(:cl:cz)"lzl - m2|ddzldz2. * (18)

We shall extend ., to the whole space L2. (cf. [D])

We define, for all 2,22 > 0,
ez(z1,22) = oFo(—2Z|X).
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Proposition 8.8. The closed linear space spanned by all ez(-) is L2.
Proof. First, as a consequence of (4.14), we have
oFN-21X) < 1
for 21,22 > 0, 21,z2 > 0. Hence
2 ® [ d
llezlI2 < co /0 /0 oFo(~ 2| X )(2122)"|21 — 22|%dz1dz5 < 00
Thus ez(-) € L2.

Secondly, if f € L2 and orthogonal to all ez, then, by the injectivity of

the generalized Laplace transformation, f =0 a.e.

Proposition 8.7. We have
Holez)(y1,92) = Ta(7 + qo)(2122) O+ 0e s oay(y1,32),  (19)

|1H(e2)lly = Ta(y + go)llezll- (20)

Proof. First, since
oF (7 + g0 =X 1Y) <o F{(7 + g0; X|Y)
and
e[ (d) . " d
Co s Jo o}'o(—ZIX)ofl (“)‘ + qo,X|Y)(a:1a:2) |a:1 - :c2| dzidz, < 00,

we see that M, (ez) is defined for all 21, z; > 0. Moreover,

Hy(ez)(1,42) =
oo foo
Co'/0 [) 0.7"0("Z|X)o.7:l(d)('y + go; = X|Y)(z122)"|21 - $2|ddz1d:c2

_y COF 108w) e e
=2 BT F o) o[ Pl AXICX o1z aV (X, d,2).

82



By (5.12), this is equal to

(-)*_1c8)
z,‘:(7+40) K @1y

1 1
= (2122) " O)Ty(y + go)oFo(——, ——|v1, ¥2).
21 29

11
Ta(y + g0 + K)C;(cd)(-z—l" Z)(zlzz)-('”'“)

Secondly, by Proposition 8.5, to show (20), it is enough to show that
(Hy(e2), £2)3 = [Ta(y + 20)*(ez, L1)5 (21)
for all .

On the one hand, by Lemma 5.2 and Proposition 8.1,

(ez, L)y

oo poo
= CO/ / ng(—ZlX)e"(”*”)LZ(%l,232)(z1a:2)'7|:c1 - :vglddzldzz
0 0

00 fpoo
= Co/ / ofo(—(z + I)]X)L"(?a:l,2m2)(m1z2)'7|21 — zzlddmlda:g

= (=)d+27+2 +21 1+zz (v+a0)(d)Z1— 1 22— 1
(5 ) Ta(y + g0 + &)[( X N eSO T T
That is
= ()@=l 2—1
(€2, L)y = Pa(~r+qo+n)1'I(1+z) R M G e Y €2

=1

On the other hand,by (19)

Hy(ez) = Ta(7 + q0)(2122)~ ("+"°)e(1 1)

2129

Hence

(H'y(eZ)7 ‘Cz)‘Y
= Ta(7+90)Ta(7+g0+K)(2122)~(1+00)( 2
= Ta(7 + q0)(-1)*(ez, L)
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We have proved (21).

Theorem 8.8. (Generalized Tricomi Theorem) (cf. [D], [H])
(1/Ta(7 + 90))H is an involutive isometry of L2. Moreover, if

{vo] [« ]
F(z1,29) = 00/0 /o 0Fo(=2Z|X) f(z1,22)(2122)" |21 — z2|%dz1d2
and
G(21,22) = Co/o /0 oFo(~Z|X)g(z1, z2)(z122)" |71 — 22| dz1d22
then g = H,f if and only if
G(lez) Ta(y + go)(2122)~ ("+q°)F(z— —)
1 22

Proof. The first part of Theorem 8.8 follows immediately from Proposition

8.7.
Next, put g1 = H,f ,
o0 o0 d
Gi(21,22) = 00/0 /o oFo(—2Z|X)g1(z1, z2)(z122)" |21 — 22|°d21d22

which exists as an absolutely convergent integral for 21, 22 > 0, since g; € L?,.

Gi(21,22) =
(ezyHyf) = Ta(y + go)(2122) "0 F (— —) (23)

If g=MN,f, (23) gives

G(21,22) = Ta(7 + qo)(2122)” ("+"°)F(z— 2—2)

kY
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Conversely, the injectivity of Laplace transform and (22) imply

9= =HN\f
almost everywhere.

Finally we have

Proposition 8.9.
HA(L7) = (-1 Ta(y + 00)L7.

Proof. Let f = Hy(£3), g = (~1)*Ta(y + 00)£}-
By (19), we have

o0 00
CO./(; [) OIO(—ZIX)Q(G:I, :L‘g)(zl:cz)'lel - zzlddxldzz
=Ta(vy + %)(2122)_('7""10)

<o / / oFo(— = ——| X ) f(z1, 22)(2122) |21 — 22|%d1dzs.
0 0 21 22

Now Theorem 8.8 yields Proposition 8.9.
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