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A bstrac t

A CLASS OF GENERALIZED HYPERGEOMETRIC FUNCTIONS 

IN SEVERAL VARIABLES

by

Zhimin Yan

Advisor: Professor Adam Koranyi

We study a class of generalized hypergeometric functions in several vari­

ables, pFjjd\  introduced by A. Koranyi. We prove that 2-̂ 1^  is the unique 

solution of a  system of partial differential equations, and, as an application, 

we obtain analogues of such classical results as Kummer relations. Euler in­

tegral representations for generalized hypergeometric functions are gotten, 

in particular, in the case of two variables, 1 and 2-̂ 1^  are expressed in 

terms of classical hypergeometric functions. Some integral formulas about 

Jack polynomials in two variables are given, which have many applications. 

I t is shown that in two variables, i F ^  is a hypergeometric function in the 

sense of Heckman and Opdam. It follows that for some special parameters, 

2F ^  is a  spherical function of a symmetric space of root system We 

obtain the asymptotic behavior of p+i F$dK As an application, we get the



generalized Rudin-Forelli inequalities in function theory on a  bounded sym­

metric domain, which are due to J. Faraut and A. Koranyi for 2^ 1^  with 

some special parameters. Our results also include, in a unified way, some 

estimates obtained for the classical Cartan domains by J. Mitchell and G. 

Sampson. In the case of two variables, we introduced the generalized Laplace 

transform and prove the injectivity of the generalized Laplace transform. It 

is shown that the Laplace transform of PF ^  is a  function as in

the classical case. We also introduce the generalized Laguerre polynomials 

L%. We find the generating function and integral representation for L^. We 

also establish the orthogonality relations for IS}.. Finally, we define the gen­

eralized Hankel transform. Generalizations of some classical results about 

Hankel transform are obtained. A generalized Tricomi Theorem is given.
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§0 Introduction

We shall study a class of generalized hypergeometric functions in several 

variables, and obtain particularly precise results in two variables.

The classical hypergeometric function pf q is defined as follows: for a \ , ap, 

f > i , 6,  e  C  with (bj)k /  0, for all fc, j ,

f  fai a • 6 • — V ' ^a i^k * *
^  (OlM ••*(&?)*

In the case of positive definite matrices, generalized hypergeometric func­

tions (with a definition based on integrals) were introduced by C. Herz [H], 

and the series expansion is due to A. Constantine [C]. Further properties 

and applications in statistics were given by A. James and R. Muirhead [Mu]. 

The case of positive Hermitian or quarternian matrices was studied by K. 

Gross and D. Richards [GR]. Generalized hypergeometric functions associ­

ated with arbitraty symmetric cones were considered by J. Faraut and A. 

Koranyi [FK]. The more general version (1) below was introduced by A. 

Koranyi [K].

Let k =  (& i,...,& r) € Zr with k\ > . . .  > kr > 0 and k  =  |k| =  

k\ + . . .  + kr. We denote by 1(k) the number of nonzero k{.

Let / \ r be the vector space of symmetric polynomials in ® i,. . .  ,®r , p* = 

YZ=zi x i and PK =  ...p*,(K), then, {P«, for all k} forms a basis of / \ r . For

each a  > 0, one defines an inner product on / \ r by

< PkiPx > a =



where zK =  ( l mi2ma.. .)mi!m2! . . .  and mj =  the number of which are 

equal to j .  For rf > 0, we define

C j p ( x i , . . . t z r) = (2/d )fcA :!J«(xi,...,xr ;2/<f)i“ 1

where JK(x i , . . . ,  xr ; 2/d) is the Jack polynomial of index k  and parameter 

2/d\ j K =< J k,Jk  > . The JK are gotten by orthogonalizing the monomial 

symmetric polynomials with respect to < }>a . See [M] and [S].

Let

(a)K = f [ ( a - d / 2 ( i - l ) ) ki.
»= i

For € C , such that (bj)K /  0, for all /c,j, one defines

the hypergeometric function associated with the parameter d > 0 by

p F q  ^(®1> • • •» °pi  b l i  • • • i bqi x l t  • • • j ®r)  =  

y * '  • • *(Qp)/t Ck ^(*El’ • • • 1 x r )

^ ( h  )« ...(* ,)«  k\ ' W

Many results known in the symmetric cone case are difficult to extend to 

the general case because one can not use the machinery of Lie groups. When 

r =  2, for any positive integer d, PF ^  are the hypergeometric functions 

associated with the Lorentz cone in R d+2. We shall exploit this fact and

prove a  number of analytic results in the case r =  2 for any positive d, by

using Carlson’s interpolation theorem.

In §2 we prove that 2^ )  (a, 6; c; ®i,. . . ,  ®r), the most important hyper- 

geometric function, is the unique solution of the system of the partial dif­
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ferential equations

* i ( l "  * « ') |^  +  {° ~  § (r  “  1) _  (a +  b + 1 -  ^ ( r  -  1)]®,- +

— V ' a t‘( l  &»)•> &F _  d v—* Xj( 1 — a?j) d F  _  . .
2 . xf -  x; } dxi 2 . —  x,- — Xj d x ; ~  K)

i =  l , . . . , r

subject to the conditions that

(a) F  is a  symmetric function of x \ , . . . ,  x r and

(b) F  is analytic at a?i = . . .  =  xr = 0 and F(0) =  1.

(2) is a generalization of the classical hypergeometric equation. This

result was claimed in [K], but the proof was incomplete.

In §3 we give an integral representation of d d\ x  1,^ 2) and some other 

properties of C ^ \ x  1, X2 ) which are very useful for our purpose and are also 

of independent interest.

In §4 we obtain two special cases of generalized hypergeometric functions

o /o (d)( * l , . . . , * r )  =  C * » + -+ * %

. . . ,  xr ) =  J J (1 -
1=1

As an application of the uniqueness of the solution of (2), we get analogues 

of the classical Kummer relations

2f £ ^(o, 65 c; Xif . . . ,  x r )
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=  l i t 1 -  *<)-V f V .  « -  M ; . . . .  -  j ^ - )
t'=l 1 r

= I f t 1 “  *i)c" (o+6)2i ;i <1)(c -  a, c -  6; x u . . . ,  x r). 
i—\

In the classical case, there are the following well-known Euler integral 

representations for \ f \  and 2/ 1:

> * < •* » >  =  i ' e‘ v ' 1(1 -  x)b' ‘ ~ldx

for a > 0,6  — a > 0;

2 /,(“ ' 6;C;!,) =  f ( a ^ ~  a) I >  ~  x v ) - b̂ - ' ( l  ~  

for a > 0 , c -  a > 0. 

we deiine

p 3~q ^(®1> • • •» ®pi ^1»• • ■ j bqi  ®1» • • • » •  • •» 2/r) =

( a l)w  • • • ( a p )/t C*  ̂(***!> xr) Ck • • • j  Vr)
“ (61 M  Cjld, ( l , . . . , l )  ’

From the series expansins of exy and (1 — xy)~a, we can see that

o^o^(*i»“ M *r|»i»...,yr) and i ^ d)(a ;x i , . . . ,a : r | j / i , . . . , j / r ) are gener­

alizations of exy and (1 — xy)~a. Now we have the following generalized 

Euler integral representations for 1 F1 and 2-fi

iF1(d)(a;b;y1, . . . , y r) =

Cor j(a ) r d( b -  a) £  • • ■£   * '!* • •  ■■’ Vr'>

•nu-i)1— n«r" n w
«=1 i=l



if a > b - a >

2F}d)(a;b;c;yl t . . . , y r) =

C°rd(a)rj(c — a) Jo '" L  lJ:od\ b ; x u . . . , x r\yu . . . , y r)

• n(i- *i)c"a",° n^r90 n (4)
i = l  »=1 l < i< j< r

if a > ^ d ,  c — a > ^ d ,  where

rr - 1  I r _ 1 rf r -  TT r ^ 2 +  ^, 0 - 1  +  — rf, < * - ( 2*) < U  Y y i  ^

and

rd(a) = (2 ^ )^ ^  IJ T(a -  (j -  1A  
i=i Z

It is shown that

o ^ ( * i i * 2 | » i . » a )  =  eXlVl+X2V2if i (d/2]d;  - ( x i  -  a:2 ) ( y i  -  y 2 ) ) ,

- 6

t'=l

•2/1 (d /2, 6; d; - f a  -  x 2)(yi -  y2) IJC 1 “  xiVi) *)>
1=1

rd r d
®1> •••» ® r |y i j  •••> J/r) =  JJ  a'*2/j) 2 * 

i,j= 1

When r  =  2, we define the generalized Laplace transform of /  by 

£ ( / ) ( y i , 3 / 2 )  =

n
oo ...

0^0 (-*x»-® 2|!/i,y2) /( * i ,* 2) k i  -  z2lddxidx2
_

for y u y 2 > 0.



In §5 we prove the injectivity of the generalized Laplace transform which 

has many applications. We also show that

u n )  = rj(9o + *)<?«( vT1,y?)(y,m)"'°- (5)

It follows from (5) that the Laplace transform of pFq is a  P+\Fq function as 

in the classical case.

When 2 corresponds to a bounded symmetric domain, it is shown by 

A. Koranyi that 2-̂ 1^  is a hypergeometric function in the sense of Heckman 

and Opdam. In the case of r  =  2, we prove that this is still true, for every 

positive d. It follows that for some parameters, 2^ 1^  are spherical functions 

of a symmetric space of the root system BC 2 .

In §7 we obtain the asymptotic behavior of p+i Fjfi. As an. application, 

we get the generalized Rudin-Forelli inequalities in function theory on a 

bounded symmetric domain, which are due to J. Faraut and A. Koranyi for 

2F i ( a ,  6; c; t i , . . . ,  <r) with some special a, b and c. Our results also include, 

in a unified way, the estimates obtained by J. Mitchell and G. Sampson [Mi], 

[MS].

The classical Laguerre polynomials are given by

^ ) = ( 7 +1x E 0 ) i = ^
for 7  > —1.

It is known that the classical Laguerre polynomials have the following 

properties



(i) (generating functions)

. ~  ̂ IT”
/= 0  A:=0

for \z\ < 1;

(ii) (orthogonality)

t ) * = E - V -

f e~xx'yL'l(x)L'i(x)dx =  t f * / f c ! r (7  +  1  +  A r ) ;
Jo

(iii)

z *(x) =  r (7 +  i ) 6* /  + ! ;  -®y)<*y-

In the last section, we introduce the generalized Laguerre polynomials 

L).. When r  =  2 , we find the generating functions and the integral repre­

sentations for 1%. We also establish the orthogonal relations for L% . These 

are generalizations of the above three results about the classical Laguerre 

polynomials .

Furthermore, for 7 > —1, let

L ‘ (  R4 ) =  { / | / ( x i , x 2) =  /(® 2,® l),
roo roo

/  /  | / ( * 1 , * 2 ) | 2(® 1 « 2 )7 |*1  -  X 2\dd X i d X 2  <  0 0 } .Jo Jo

We define the generalized Hankel transform by

C^y/KW iVi) = c0 [  [  0 ^ ( 7  +  - » i i  ~X2 \yi, V2 )Jo Jo

•/(*1, ®2)(*1*2)7|*1 -  X2\ddX\dX2

for j/1, 2/2 > 0*



We show that

a) ( l /r d(7 +  qo))H^ is an involutive isometry on L^\

b) {ceKe~(Xl+x^ L i ( x i ,X 2 )} is an orthonormal basis on L*, where a K are 

some constants;

c) e~(Xl+X2) L%(x\, x2) are eigenfunctions of

Finally, we have

Theorem ( Generalized Tricomi Theorem )

Let «■

F(yuy2) = c0JQ J  

•/(a:i,X2)(*i*2),r|®i ~  x2\ddxidx2

and

G { y u y 2 ) - c o j  f  o F o d H - y i > - y 2 \ x i , X 2 )
JO J o

•/(a:i,X2)(a:iX2)7 |a:i -  X2\ddxidx2,

then,

g =  H ^ f  iff G(yu y2) = ^ ( 7  +  3/J1).
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§1 Notations, definitions and basic facts

A partition is any finite or infinite sequence

k  =  ( k u k 2, . . . , k r , . . . )  ( 1 )

of non-negative integers in decreasing order ki > k2 > . . .  > kr > . . .  and 

containing only finitely many non-zero terms. The non-zero fc; in (1) are 

called the parts of k. The number of parts is called the length of k , denoted 

by /(/«); and the sum of the parts is the weight of k, denoted by |k| =  

k i + k 2 + . . .  + k[(Ky  When l(n) < r, we simply write k  as k = (&i,. . . , kr). 

We say that k  is a partition of k if |/c| =  k. For a partition /c, hereafter, we 

use k to denote |k|. The partitions of k are ordered lexicographically, that 

is, if k  =  (Ari, A?2>. • •) A = (/i, I2, w e  write k > A if k{ > /,• for the 

first index i for which the paxts are unequal. Let 2/1, . . . ,  yr be r variables, 

if k  > A and /(fc), 1(7 ) < r, we say that the monomial yf1 ..  .y*r is of higher 

weight than the monomial ...y fr .

For a  partition k, we define its diagram by

G(k ) = {(*» j )  * •!< * <  Kk )> 1 < J < *«}•

For each j ,  j  =  1,2,..., k\, let

k'j =  m ax{i|(i,j) G G(k)}.

For s =  (i , j ) G G(k), and a parameter a , let

a(s) =  b - j ,

9



l(s) =  k'j — i, 

h*(s) =  /(s) +  (1 +  a(s))a , 

h*(s) =  l(s) +  1 +  a(s)a.

We simply write s G k. instead of s G G(k).

Let . . . ,  yr; a ) be the Jack polynomial indexed by the partition k

and parameter a. Notations are as in [S]

The following results about Jack polynomials are known. See [S].

(i) M v i  > • • •, Vr\a) = 0 if I(k) > r;

(ii) JicCyi**••»&■;<*) =  J * (y i , . . . ,y r ,0;a );

(iii) (yi +  . . .  +  yr)K =  E  a Kk!JK(yu . . . ,  yr; a j j - 1;

(iv) JK( 1 , . . . ,  1; a ) =  Il(*,i)G/c(r “  (* -  1) +  <*U ~  *));

(v) Let vKK(a) =  (-®) then, uKK{pt)y\l • ••y ^  is the term of the 

highest weight in JK(yi, . . . ,  yr ; a);

(vi) J« (y i,. . . ,  yr; a ) is an eigenfunction of the differential operator

A -  Y \ / 2—  4 - - V '  V ' y* ^  e>\

with the eigenvalue fiK =  pK +  k{~r — 1), where pK =  Et=i  ̂ «(^« -  £  *’)» if

/(k) < r;

(vii) = <  ./«,./* > =  n«e« h*(s)h*(8).

One defines, for a partition k and a positive number d,

Cid)(yu  • • • » =  (2jd)kk\JK(yi , . . . ,  yr ; 2/rf)i“ 1.

10



Definition. For a i , a p, & i , bq € C, such that (6j)* ^  0, for all ac, j ,  the 

hypergeometric functions associated with the parameter d >  0 are defined 

by

P -^7 * * * >®P> ^1> • • ifl» • • • > 2/r)

_  V"* ( ° 1  )*  * * *( ° p ) / t  G& Hvif-,Ur)  / q \

“ £ 5 - ( M -  fc! W

where denotes the summation over all partitions of fc,

(» )«= n!L1(« -  w  -i))* ,
and

(a)m = a(a + 1) • • *(o + m -  1), (a)0 = 1.

Remark 1. From (i), we have C j*^(yi,...,y r) = 0 for ac with /(ac) > r, 

therefore, the summation in (3) is only over those partitions with length not 

greater than r.

In the following, we denote (y i, . . . ,y r ) by Yr or simply by Y  whenever 

no confusion is caused.

Most of our work is motivated by the study of hypergeometric functions 

on the symmetric cones consisting of symmetric matrices.

Some basic facts about symmetric cones will be needed in our study.

Suppose that ft is a  symmetric cone in a Euclidean space V, then the 

space V  posseses a Jordan algebra structure with an identity element e such 

that ft is the interior of the set of all squares in V.  Moreover, there exists a 

Riemannian structure on ft such that ft is a Riemannian symmetric space 

ft ~  G /K \  where G  is the identity component of the linear transformation



group preserving ft and K  the isotropy group of e.

Suppose that the Jordan algebra V  is simple. Let c i , c r be a  complete 

system of orthogonal primitive idempotents, abbreviated by CSOPI, then 

each element z  in V  can be writen as

r
X  =  k. 5 3  k  € K,  A j  e  R . 

i=i

The determinant A is defined by

A (z )  =  n  Aj 
i=i

and the trace by

i=i
If c is an idempotent, the space V(c)  =  {z 6  V\cx  =  z} is a subalgebra 

of V.  Let Vj =  F ( Cl +  • • • +  Cj), one defines Aj(x) = A v j - ( z ^ ) ,  where A ^  

is the determinant relative to the subalgebra Vj, and z(J) is the orthogonal 

projection of z onto Vj. For an r-tuple m  = such that mi >

• • • > m T > 0 , one defines

Am(z) =  AJ,*“ ma(z)A5,a- m8(z )---A “ '-(z) 

where m i , m ,  are integers, the spherical polynomial $ m is defined by

where dk is the normalized Haar measure on K  with f K dk = 1.

12



Now let V  =  R n+1, for x =  (xo ,x i , . . . ,xn) € R n+1, simply written as 

(zo>*,)> we define a product on V  by
n

(x0, ®')(yo, y') = (xoVo + £  ®fy«, xQyf +  yQx') (5)
i=l

then V  is a Jordan algebra, A(x)  = x% — £ " =1 and tr(x) = 2xo. The 

interior of the set of all squares in V  is just the Lorentz cone
n

= {® € R n+1|xj) -  5 3  ®i > 0,Xo > 0).
1= 1

Let e\ -  (1 ,0 ,...,0) € R n+1 and e2 =  (0 ,1 ,0 ,...,0) e  R n+1, then ei is 

the identity element in V.  5 0 (n ,R )  is the isotropy group of ei, here, we 

consider SO (n , R ) as a subgroup of SO(n  +  1, R ) in an obvious way.

Let < , > be the ordinary inner product on R n+1 and (x|y) =  tr (xy ), we 

have

(x\y) = 2 < x , y >  (6)

Set C! =  (1 /2 ,l/2 ,0 ,...,0 ),c2 =  (1/2, —1 /2 ,0 ,...,0) e  R n+1, then {ci,c2} is 

a  CSOPI, and every element x  in R n+1 can be written as

x  =  k.(xic\ +  x2c2),A: e  5 0 (n ,R )

In the present case, V\ — V(ci) is one dimensional, therefore

Am(x) =  A ? ' - m2(x)A%*(x) =  (a:|c1)mi-m2.Am2(x). (7)

The following Carlson theorem will be used again and again. See [T],

T h eo rem  1.1. I f f ( z )  is analytic and of the form 0 (e k 1*1), where k < tt, 

for Re(z) > 0, and f ( z )  =  0 for z  = 1,2,..., then f ( z )  = 0 identically on 

Re(z) > 0.



C o ro lla ry  1.2. I f  g(z) is analytic on Re(z) > 0 and of the form  

O^ARcz+BImz^ where B  <  w and A is a real number, for Re(z) > C > 0, 

and g(z)  =  0 for z  =  1 , 2 , then g(z) =  0 on Re(z) > 0.

Proof. Pick N  6 Z such that N  > C. Let f ( z )  =  g(z+N)e~Az, then f ( z )  

satisfies all conditions in Theorem 1.1, therefore f ( z )  =  0, for Re(z) > 0. 

Since g{z) is analytic for Re(z) > 0, and \e~A*\ > 0, we have g(z) =  0, for 

Re(z) > 0.

P ro p o sitio n  1.3. (see [F]) Let F  be a continuous function on [-1, 1], 

a and b two fixed points on 5 n-1, and do the invariant measure under the 

action of SO (n , R ), with total measure 1, then

As in the case of symmetric cones, one has the following result, (cf.

Proposition 1.4. Let fl be a sym m etric cone, then we have

where

n M ; ( ) =  n
l < i < j < r

T ( j d / 2 + i y
(10)

[FK])



Proposition 1.5

(i) i f  p < q ,  then, the series (3) is convergent for all y i , . .  . ,y r ;

(ii) i f  p = 9 + 1 ,  then, the series (3) is convergent for  y i , . . . , y r with 

• • •, l2/r| ^  1,'

(Hi) i f  p > 9 + 1 ,  then, the series (3) is convergent only at yi =  . . .  =  

yr =  0 .
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§2 Partial differential equations for hypergeo­
metric functions

It is well known that the classical 2/ 1(0 , 6; c; 2) function is the unique 

solution of the second order differential equation

*(! “  + [ c - { a  + b+  l)z ]J£  =  abf

subject to the conditions that

(a) /  is analytic at 0

(b) / ( 0) =  1.

For the hypergeometric functions of real matrix argument, a. generaliza­

tion of this classical result was given by Muirhead [M]. A more general result 

is the following (cf.[K])

T h eo rem  2 .1 . 2 F[d\a ,b ,c ' , y i , . . . , y r) is the unique solution of the sys­

tem of r partial differential equations

w (l ~  +  {c -  | ( r  -  1) -  [a +  6 +  1 -  j ( r  -  1 )]y« +

^ y - ' 0»(1 “  Vi)-\ d y  J/i(l ~  Vi) _  hp  / , \

t = l , ..., r

subject to the conditions that

(a) F  is a symmetric function 0/  y i, . . . ,  yr ond

(b) F  is analytic at y\ =  . . .  =  yr =  0 and F’(O) =  1.
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The remainder of this section is devoted to the proof of Theorem 2.1. 

Our proof follows closely that of Muirhead with some modification and clar­

ification.

Let

A r
r f) 2 r r 2 ft

=  E r f n + r f E  £
,= i °Vi  i= i y * yj  ayt

(2 )

*r _ \ r v . .  i y« ®
~  Z ^ y * Q v2 ■’* l u  y. - t / . f l y . ’

«=i °y* i= i j= i , j ? i y * y3 o y *
(3 )

E r
A  d  

-  \ Vid y i ’ (4 )

er =  E — • (5)

For simplicity, we denote ( y i , . . . ,y r ) and (1,..., 1) 6  R r by Yr and I r re­

spectively.

We define the generalized binomial coefficients by

C j f \ l r  +  F r )  _  y "  (  K  \

C i d\ l r )  h i ' f c j  »  ) r c i d\ l r )  

where k — |/c|, r  > /(k).

Remark. We note that the generalized binomial coefficients depend on 

r by the definition. But in the case of symmetric cones, one can show that 

they are independent of r. We expect such a result in the general case.

For a partition k  =  (k i , . . . ,  kr) of k, r > l(n), let

«i * =  (&i> • • • » 1> k{ +  1» •••» kf'j)

#cjr) =  (fcj,..., ki — 1, 1, ..., kr)

17



whenever these are partitions of k  +  1 and k  -  1 respectively. Since we can 

also write k as (&i,. . .,&r ,0 ),« f^  depends on r. But when r  >  1(k) +  1,

4 r) — then, we simply write k; instead of It is easy to see

that does not depend on r , thus, we omit the subscript r.

As a  consequence of (vi) in §1, we have

L em m a 2.2.

A r c < f l ( y r )  =  + K i r  -  i)]cW(n).

The following two lemmas can be proved in the same way as in [Mu].

L em m a 2.3. For k  with l(n) < r,

s c P m _ T  K a cg>(Kr )

'c l'1);,) i K '  ‘ 2

C k d )( Y r )  v  K  C « > ( Y r )

L em m a 2.4. For k with 1(k) < r

E (  f  \ C % V r )  = r (* +  1 )CP(Tr), (9)
i •

D  * f  )rfo  -  ^  -  l) ]C $ ,( /r )  =  *(* +  1 )CW (/r ), (10)

= (*+l)b».+ f*(r+l)]Cid>(/,). (11)

18



P ro p o sitio n  2 .6 . The function 2 F ^ ( a ,  6; c; 2/1, ,  yr) satisfies the dif­

ferential equation

SrF  -  ArF  + [ c -  ~-{r -  l)]erF  -  [a +  b +  1 -  ^ ( r  -  l) ]£ rF  =  rabF. (12) 

Proof. Let

* W )  =  £ a xCiJ>(Yr)
K

Substituting the series into (12), applying Lemma 2.3 and equating the

coefficients of C ^ ( Y r) on both sides, we can see that if for all k, a K satisfy
«•

D  “f  ).[*+*< - 1 ( * '- 1 ) ] < $ ( « “ „<'> =

[rab +  k( a +  6) +  pK +  |fc (r  +  (13)

then F(Yr) satisfies (12). Now, it suffices to show that

_ (a )»c(fr)<t 
K _ (c)Kkl

is a solution of (13). We note that

(a)K(r) =  (o)„[a +  ki -  f  (i -  1)].

The problem is reduced to showing that

E (  " f -  |(i -  1)11* + -  s(i -  l)]C%(Ir)
i 1

= (k + l)[ra6 +  pK +  ka +  kb +  ±k(r + l)]C ld>(Ir ). (14)

This is an immediate consequence of Lemma 2.4.

In the following, for simplicity, 1 stands for the partition (1 ,0 ,0 ,..., 0) in 

the subscripts when partitions are involved.

19



L em m a 2.7. I f  k  is a partition of k f then, for all r > /( ac), and i =  

1, r,
Jit(Ir+l) /  AC  ̂ _  Jit(Ir) f  l i  \  , r iK  / , x \
3 ^ j ( k< W * -  «•' >' +  G- '  (15)

where G$r -  g ^ j ^ j r 1 and g%T = <  JaJr , JK >.

Proof. Let X  =  ( x i , . . xr), by proposition 4.2 in [S], we have

«Ae(* 1> • • • » ^r+l)

= 5 3  2/<0 ( 5 3  £>  ./„(*,«; 2/d))j-'
1/ a

=  J . ( X ;2/d ) +  E * 1J T V j1^ , ( ^ ; 2/rf)]xr+1 +  P ( j r , * .+1)*?+1
I

where is a polynomial of * i , .. ,,a;r ,a;r+i.

Then, using (8) and §1 (ii), we have

T f T \ V 'V  K *At* C ^ r )
“ (  r + , ) ^ (  K< ) ’' + V „ , ( / r + 1 )

=  £f+l Jk{X, 3 ? r+ l)  |x r+ i= 0

=  W r )  £ (  “( ) r ^ f |  +

Hence

Jttjlr+l) f  AC V _  JK(Ir) (  AC \ , f~,K

•M /r+ l) K‘ ,r+1 - W ) 1 ,r

L em m a 2 .8 . Suppose l(u) = n, Men

(  £  ) r  =  ( 1 6 )

for all r > n .
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Proof. Since l(n) =  n,K =  (fci,.. . , f c n)»&n > 1* by (14) and §l(iv), we 

only have to prove that

( " » ) »  =  <%.!•

For a  partition A of length < n, let m \  be the symmetric polynomial

m x(xu . . . , x n) =  5 ^  x",

the summation is over all distinct permutations a  of A =  ( A i , A n).

On the one hand, §1 (v) gives

J*(Xn +  In) — +  l ) fcl • • *(®n +  l)*n +  *' 0 H-----

=  terms of degree k +  terms of degree k — 1 +  terms of lower degree 

=  I +  II +  III.

In II, the term of highest weight is knvKliXil • • •

On the other hand, by definition and (iv) in §1

W + /„ )  =  £  £  ( “  ) M j \ u x „ )
*=0<r,|«r|=a °

and
Jn(In) _  1 . _  , \ 2

1 + (t" V

Equating the coefficients of JKn(Xn) and applying §1 (v), we get 

Now it is enough to show that

. fl I /JL _  1 ^ 1
»/Kn « n ( 2 / d )  ”  K nl[ +  (  ”  V  

2 1



■ j  n  •̂ KKn(s) i j  '®««n(,s)
® mtz*n mC*

Theorem 6.1 in [S] gives

2
*€/cn *€*

where AWKn(s) and B KKn(s) are defined as in [S].

A direct computation yields

A f r i t 1 +  ( fcn ~  l ) j ]  _  k  T T / l «/’5 )
W ) n , e « n h M s )  ~  M l ' ™ 3 ) '

Hence, by §1 (v), we have

J f r i t i  +  (* . -  l ) j )  .. ,  y „ ( 2/«Q
j w .  " n ^ v o o  ’ w ( 2/<o

finishing the proof.

Let A(fc) denote the number of partitions of k. When k runs over all 

partitions of i =  1 , +  1, run over all partitions of (k  +  1). We 

note that 2N (k) > N (k  +  1). For n > k  +  1, let

H ( n ' K ' K i )  =

We consider the system of linear equations

”  a*’
«

H(n, k , Ki)xKi =  6* (17)

where the x \  are independent variables indexed by partitions of k  +  1, k 

runs over all partitions of k , and aK, bK are given constants.

L em m a 2.9. The 2N (k)  x  N (k  + 1) matrix formed from the coefficients 

o f the left hand side of (17) has rank N (k  + 1).
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Proof. Let A(l) < A(2) < * • • < \ ( N ( k  +  1)) and Xj = x\(j), where A( j)  

is a partition of k  +  1. In the following, we want to produce a  system of 

linear equations which is equivalent to (17) and whose coefficient matrix has 

the form

/  Cl * * . * ^

0 C2 * *

0 0 C3 • *

0 0 0  . • Cjv(k+ 1)

< * * * * /

with Cj 5̂ 0 , j =  l , . . . ,N (k +  1).

For each j , j  = 1 , N (k  +  1), there are two possible cases for A (j).  

Case 1:

K J)  =  (*i> —> h - u 0* •••* °)-

Set

K — ( / i , lg—j, 0, 0),

then

Ka =  ( ! i , lg—i , 1, 0, 0) =  A (j).

Since «,• is not a partition for i  > s, G* = aK becomes

Gkixk* +  Y .  Gk'ix Ki =-Ok- (18)
»<«

Set cj =  then Cj is positive.

Now we can write (18) as

cjxj d" ^   ̂ cmjxm — Q/c 
m>j
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by observing that A (j)  = k8 < «s_i < • • • < « ! .  So there is nothing to 

change, the j-th  equation is already ’’triangular” .

Case 2:

A ( y ) =  (Ii» •••» I4—1» Oj

with /a > 2. Let

m =  ( l i , /«—i,  i»~ 1)0 ,

then

^4+1 =  (^1> •••» ̂ 4—1> ̂ 4 — 1> 1>0> •••» 0) =  A(j — 1),

Ka — ( / i , Ig—j, Ig, 0 , 0 )  =  A(y").

From (17), we have two equations

(a) ^« l+la:«4+i +  Gk[x*i +  Si<4^Ic\a:'«i = a*t'

(b) H(n,K,Ka+i)xK,+1 +  H(n,K,Kg)xK, +  =  6«-

By Lemma 2.8 and §1 (iv)

H (  n, K, K. „ )  = = (n -  3)g;;+‘ ,

H ( n ,  K, k.) = i = [(» -  a + 1) + | ( / .  -  l)]G;j.

In the system of equations formed by (a) and (b) we can equivalently 

replace (b) by the following equation

[1 +  |(*4  -  l)]G«[xK, +  £ [ .f f(n ,/c ,m )  -  (n -  = bK- ( n -  s)aK.
«< 4
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L etci  =  [ l + } ( l , - l ) ] G a ,  then Cj > 0, we can write the above equation as

CjXj -f- ^  1 cmjXm — dK. 
m>j

Thus we have proved the lemma.

L em m a 2.10. I f  a sequence {A*} indexed by all partitions satisfies

D Ki \  J*i (fifc-fl-frr) j  _
K W -H- JK{Ik+1+r) Ak<

[(& +  1 +  r)a 6 +  Pk +  k(a +  b) +  ~ k(k  +  r  +  2)]AK (19)2{k + 1) 1 ' '  ' ' v ' '  ' 2

for all positive integer r > 2, then {AK} is uniquely determined by Aq. 

Proof. Applying Lemma 2.7 , we have 

Ki x JKi( h + i )

d [(& +  1 +  r)ab + pK + k(a + b) +  ^ k(k  +  r  +  2))AK (20)
2{k + 1) ' 1 '  1 rK ' v 1 '  ' 2

for all r  >  1. Equating coefficients of r on both sides of (20) gives

£  GSA"  = (ab + ik )A K (21)

and equating constant terms gives

Ki  x J t< i ( Ik + l )D Ki x UKi\lk+lJ .

K )k+1 JK(Ik+l )  Ki
// J

[(& +  l)a& +  pK + k(a +  6) +  - k ( k  +  2 )]AK. (22)
2{k + 1) '  ' r " ' v ' J 1 2

By Lemma 2.9, we see that AK is uniquely determined by Aq.
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T h eo rem  2.11. There exists a unique sequence {aK} indexed by all 

partitions with «o =  1 such that for r =  2 ,3 ,...

Fr( y i , . . . , y r) =  ^2ocKC ^ ( y i , . . . , y r) (23)
K

satisfies

6rF  -  A rF  + [ c -  ^ ( r  -  l)]erF  -  [a +  b +  1 -  ^ ( r  -  l) ]£ rJF =  rabF. (24) 
z z

Moreover, a K =  .

Remark. By §1 (i), we know that the summation in (23) is only over the 

partitions with 1(k) < r.

Proof. Let a K = then Proposition 2.5 shows that for r  =  2 ,3 ,...

£ *  , 2/r) satisfies (24).

Next, suppose that {a*} is such a sequence. Prom the proof of Proposi­

tion 2.5, we see that for all k, all r  > /(k) +  1

t

[ra6 +  k(a + b) + pK + ^ k (r  + l ) ] C j f \ l r)aK.

Let a K =  then the above becomes

E ( « =
t

\rab +  k(a + b) +  pK +  - k ( r  +  l ) ] C ^ ( / r )/3«. (25)

Since d d\ y i ,  . . . , y r) =  (3) * k\JK( y u . . . ,  yr\ 2/<0i«1, we have

Ki  v J K j j l r ) q  • — 1 _
,  *  )r M i r )  ^ iJKi "
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d r . . . . , . . d.  , . .v, „ ._1
2(k +  1) ̂ ra6 + Pk + k (a + ^  + 2 ^ r  +

By Lemma 2.10, /?*.?'«1 is uniquely determined by /?(o)i(oj> therefore a K is 

uniquely determined by a(0)*

The following theorem can be proved in the same way as the case d =  1 

in [Mu].

T h eo rem  2.12. There exists a unique function F  which satisfies the 

system of r partial differential equations

y.C1 "  V i +  {c -  j ( r  -  1) -  [o +  6 +  1 -  ^ ( r  -  l)]y;

. d  A  y i ( l ~ y i ) , d F  d A  V j ( l - V j ) d F  _  , ( .
+ 5 -  2 i=S  -  a6F (27)

i = l , . . . , r

subject to the conditions that

(a) F  is a symmetric function of y i , . . . ,  yr and

(b) F  is analytic at y\ =  . . .  =  yr =  0 and F(0) =  1.

T h eo rem  2.13. There exists a unique sequence {A*} with i4(0) =  1 such 

that Fr ( y i , . . . ,y r) =  ^2KA Kd d\ y u . . . , y r) satisfies (27) for r =  2 ,3 ,.... 

Moreover, a K =  .

Proof. If such a sequence {>!«} exists, then a K =  since the sum

of the r  partial differential equations of (27) is (24).

Therefore, we only need to establish the existence of {A*}. By Theorem 

2.12 , there exist Fn and Fn+i which are solutions of (27) subject to (a) and
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(b) for r  =  n and r  =  n +  1 respectively. Then, we have

F n ( y u  • .  • » V n )  =  5 3  B * c i d ) ( y u  • • • .  2/n), * ( * )  <  « ,
K

Fn+l(yu . . . ,  J/n+l) =  5 3  DitCPiVU- • •»y«+l)> *(*) < W +  1.
K

Now it is enough to show that BK =  DK, if /(k) < n.

Let

(* n( y i >  • • • r J/n) =  f 'n+ lC yi*  • • •» !/n> 0)*

We note that

^ ( y i , . . . , y n) , l  <  t <  n

d2Fn+1 _  d 2Gn ,„ 
dy? ~  d y ? ( y u ' " ’yn  ̂ '

For i =  1 , n,  we have

"  Vi^d~6 y ^ 1 +  {c “  “  [“ +  6 +  1 -  £ % « +

d A  y,(l -  yi) dy .(i-y«)^ fn+ i
2 v i - v j  2 y« -y„+ i

d A  2/j( l -  yj) dFn+i d yn+1( l - y n+l)d F n+1
2 j-ijjft,- W -W  %  " 2  y, - y n+1 0 yn+1 “  a" " +1-

Suppose yj ^  0, j  =  1 , n,  let yn+i -► 0. We have

y.C1 -  Vif f y y i v u ..  •, yrt, 0) +  {c -  -  [a +  6 +  1 -  ^n]yi +

2 . * * -  »  '’ +  2 (1 » » * £ > ......... 

- 5  E  yf ~ H i ) a a T l» '  * » ° )  =  « W » + l ( » . - .  f t . ,0). (28)
z ; = i , # i  yi ~  Vi oyi
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This is true for all y; ^  y j , i , j  =  1,..., n. (28) says that Gn(yi , . . . ,  yn) is a 

solution of (27) for r  =  n with Gn(0 ,..., 0) =  1. By the uniqueness statement 

of Theorem 2.12, we have

@ n ( i / l y  • • •» !/n) =  l*n(j/l> • • •» 2/n)-

So B k =  Z?* for all /c, /(k) < ».

As a corollary of Theorem 2.13, we have Theorem 2.1 .
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§3 The Polynomials 1^ 2)

In this section, we shall establish some properties of C ^ \ y i , y 2) with 

1( k ) < 2 .

L em m a 3.1. I f  P(yuVi)  ts a symmetric and homogeneous polynomial 

with dKy ^ y ^ 2 as its term of the highest weight and an eigenfunction o f A 2, 

then the eigenvalue is

2
53  Ar.CA:.* — rfi) +  A:(2rf — 1).
;=i

Proof. The lemma follows from a direct calculation.

C oro lla ry  3.2. I f  P (y i ,y 2) is as in the lemma, then it is uniquely 

determined by its term of the highest weight up to a constant multiple.

P ro p o sitio n  3.3.

cPta .» )= dfla.

’f f i 1 + y2 + (yi ~  “  *2) ^ ds‘ (!)

Proof. Let $ K(yi,y2) be the spherical polynomial on the Lorentz cone &d+1, 

then, we have

M j/ i ,y 2) =  I  A«(fc.(yici +  y2c2))dk 
JSO(d+1)

=  /  A j1- *2(A:.(yiCi +  y2c2))A%(k.(yici +  y2c2))dk
Jso(d+1)

=  f  A{l_fca(fc.(yici + y2c2))(y!y2)k*dk
JSO(d+1)

=  (yiife)*2 j£ 0( Ai 1_fca (^-[§(2/1 +  y2)ei +  |( y i  -  y2)e2))dk
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=  ( y m f 2 JSQ{d+1) a i 1“ <'2(§(J/i +  2/2)ei +  ^(j/i -  y2)k.e2)dk

=  ( y ^ f 2 JSQ{d+1) Ai 1_fc2( | ( 2/i +  2/2)(ci +  c2) +  | ( y i  -  y2)k.e2)dk. 

(1.7) gives

=  ( y m f 2 Js o ^ + l ) ( \ ( y i  +  y2^ Cl +  C2) +  \ ( y i  ~  y 2 )k-e2\c i )k i ~ k2d k

= (yiife)*^*8-*1 [  Kyi + y2) + ( y i - y 2) h k . e 2\(ei + e2))]kl- k3dk
JSO(d+1) 2

=  ( y m ) k22 k2~ kl I  [(y i +  y i )  +  ( 2/1 -  Jfe) <  k.e2,e2 >]kl~k2dk.
J 5 0 (d*|*l)

Proposition 1.3 in §1 implies that 

$ * ( y i ,y 2 )  =

i - \ V l+ V 2 + ^Vl ~  y2^ kl~k*(1 ~ s

We denote the R.H.S. of (2) by FK(yi,y2,d) and observe that FK{y\,y2,d)  

is an analytic function of d on Re(d) > 0. It is known that $«(y i,y2) 

is an eigenfunction of A2, hence, by lemma 3.1, it has the eigenvalue //*. 

Therefore, we have

^ 2FK(y u y 2 ,d) = fiKFK(yu y2,d)  (3)

for d — 1, 2 ,....

We consider both sides of (3) as analytic functions of d on Re(d) > 0. 

Applying Stirling’s formula, we have, for Re(d) > 1,

|AjF.(»„»,<9l = 0(«|d|)
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\nKFK(y u y 2,d)\ = 0(eW).

Hence, by Corollary 1.2, (3) is true for all d > 0. Since the term of the 

highest weight in FK(y i,y 2 ,d) is d^J/i1y22> by §1 (vi) and Corollary 3.2, we 

have
c l % i ,  Vi)
d f l (  1, 1)

This finishes the proof.

=  FK(yu y2,d).

Let ft be a symmetric cone in a Euclidean space V.  For g 6 G(ft), let 

$ K(g) = $ K(g.e), then it is known that

I $K(gikg2)dk =  $«(/7i)^«(<72). (4)
J K

For x  € V, one defines

L(x)  : V  — ► F ,

L(x)y  =  x y ,

P(x)  =  2 L(x)2 - L ( x 2).

P ro p o sitio n  3.4. I f  x  6 f t,y  €E V, then

I  $ K(P (xV 2)k.y)dk =  (5)
J K

Proof. First, for 1 , 1/6 ft, (4) implies

J ^  ^ K( P ( x ^ 2)k.y)dk =  J ^  $ K(P(xl l2)k.P(yl l 2).e)dk

= [  $ K(P(xl ' 2)k .P (y 't2))dk
JJK

= # .(P (* 1/ 2))*«(F (!I, / j )) =  *„(*)*«(!<)•
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Thus (5) is true for all x 6 ft, y G ft.

Secondly, both sides of (5) are polynomials of y, they are equal on the 

open set ft of V , hence (5) are true for all y € V. This finishes the proof.

Next, we shall generalize (5) for r  =  2, and any positive d.

Lem m a.3.5. Lety  =  yiCi +  y2C2 € R rf+2, x  =  X1C1+X2C2 £ ^ en> 

for k  € 5 0 (d +  1), we have

P ( x ^ 2)k.y =  ±[7.(X , Y)e\ +  a(X , Y)k.e2 + fia(X , Y )e2]

where

ot(X ,Y)  =  (2/1 -  J/2)2^xix2 .

P s(X ,Y )  =  (2/1 +  y2)(xi -  *2) +  (yi -  yi)(y/x{ -  y / x i f s

ya(X, Y )  = (2/1 +  y2)(xi +  x2) +  (2/1 -  2/2)(*i -  ^2)5

s =  < e 2,k.e2 > .

Proof.

k'V =  +  2/2)ei +  (2/1 -  ife)fc.e2].

Set a =  x1/2, i.e.,

a =  aici +  a2C2,a i =  y/xi, a2 =  ^/x2,

then,

P{xl!2 )k.y =  |[ (y i +  y2)x +  (yi -  y2 )P{a)k.e2)

= |{^(2/i +  2/2)[(*i +  x 2)ei +  (xi -  x2)e2] +  (yi -  y2 )P(a)k.e2]}.(6 )
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By (1.5) and a direct calculation, we have

a2k.e2 =  ^[(af -  a\)  < e2, k.e2 > e i  + (a? +  a\)k.e2), (7)

2a • (o • k.e2) =  —{[(«! -  a^) <  e2,k.e2 > + (a2 -  aI) < e2,k .e2 >]ei +

(fli +  a2)2k.e2 +  (ai -  a2)2 < e2, k.e2 > e2}. (8)

(7) and (8) give

P{a)k.e2 =  2o • (a • &.e2) -  a2ft.e2 =  ^[(a2 -  a2) < e2, fc.e2 > e\

+2aia2fc.e2 +  (ai -  a2)2 < e2,k .e2 > e2]. (9)

(6) and (9) give

P (x l t2)k.y = i{ [ (y i +  y2)(xi +  x2)+

(yi -  y2)(®i -  *2) <  e2,fc.e2 >]ci +  (y! -  y2) 2 y / x ^ k . e 2 

+[(yi +  V2)(xi -  x2) +  (yi -  y2) ( y / x \ -  y/x?>2 < e2,k.e2 >]e2 

=  i [ 7 . ( X ,y ) ei +  a (X ,Y ) k .e 2 +  f i , {X ,Y)e2]. (10)

L em m a 3.0. Suppose f  is a function on R d+2, and f(k .u )  = f (u )  for  

all u € R rf+1 and k G SO(d  +  1), then for y =  yiCi +  y2c2 G R d+2,a: =  

x\C\ + x 2c2 G Hd+i,

!(P(xV*)k.y) =  / ( 1 [ ( 7 . ( J T ,  Y)+ I.(X, y ) ) c  +  M X ,  Y) - 1,(X, y ) H )

where

l.(X,Y) =  Ja(X, Y)l + 0,(X, Y)* +  2a(X, Y)0,(X, Y)s
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Proof. By Lemma 3.5,

P (x '/2)h.y =  i ( 7.(AT, K)e, +  a (X , Y)k.e2 +  K)e2j.

Since

< a(A\K)fc.e2 +  /? ,(* ,K)e2, a (X ,Y )k .e2 + 0 , (X t Y)e2 >= 

a (X ,  Y )2 +  f i .(X t Y f  +  2a(X, Y )0 ,(X ,  Y )  < e2, k.e2 > ,

we have

\a (X ,Y )k .e2 + (39(X ,Y )e 2\ =  l .{X ,Y ) .

Therefore, there exists an element k  € SO(d  +  1) such that 

kP(x'!*)k.y = i ( 7.(-sr,y)e, +  l , (X ,Y )e 2)

= j((7.(*.i')+».(*.i'))«i + (T.(Jf,y) - /.(jt.iqM-
Thus we have

/ ( P ( i ^ 2)*.#) =  f ( k P ( x ' l 2)k.y)

= / (  j[(7.(* . Y)  +  '• (* .  Y))d +  Y) -  l .(X ,  y ))c ]) .

Motivated by Lemma 3.5 and Lemma 3.6, we define the following map­

pings.

For s e  [-1 ,1 ], we define

7a : R 2 x R 2 —► R  

1 , ( X ,Y )  =  (2/1 +  y2)(a:i +  x2) + {yx -  y2){xi -  s 2)s 

l . ( X ,Y )  : R 2 x R 2 -► R  

l . ( X ,Y )  = sja{X , Y f  +  fi ,(X , Y f  +  2a(X , Y)ff,(X , Y ) ,

35



where

a ( X , y )  =  ( 2/1 -  !/2)2V5T®2. 

/3a( X , K ) =  ( 2/1 +  y2) ( * i  -  * 2 ) +  ( 2/1 -  y2 ) ( v ^ i  “  \Z*2 )2s- 

: R 2 x R 2 -► R

Q . ( X ,Y ) = ( j b , ( x , y )  +  / . ( * , ! %  i [ 7, ( x , y )  -  J ,(x ,y ) ]) .

✓

For any positive d, we still denote by $ ^ ( 2/1 >2/2).
(Ifl)

As a consequence of Proposition 3.4, Lemma 3.6, Corollary 1.2 and (1.8), 

we have an analogue of (5) for $ J^ (2/1, 2/2) with any positive number d.

P ro p o sitio n  3.7. For a l ld >  0 ,X  G R + ,y  G R 2,

$ r $ / 2 )  £  4 S ° ( i  M x < y > + l‘( x ' j M * .  y ) -  n ] )

•(i -  s2) ^ d s  =  $ W (jr)* W (y ).
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§4 Integral Representations of Generalized Hy­
pergeometric Functions

In this section, we shall establish some properties of generalized hyper­

geometric functions and their integral representations.

Two special cases of the hypergeometric functions are given in the next 

proposition.

P ro p o sitio n  4.1. We have

o 4 % l , - < V r )  = ^ ' +- +,r, ( 1)

» i . •••.» .) =  l i d  -  w)"°- (2)
i=l

Proof. (1) follows from the definition and (iii) in §1.

Let 6 =  c =  1 +  | ( r  -  1) in (2.1). Since both iF^d\ a ] y i , . . . , y r) and

m = i( i  — y,)"° satisfy (2 .1), (2) follows from the uniqueness of the solution

of (2 .1).

Similarly we can establish analogues of the classical Kummer relations. 

P ro p o sitio n  4.2. We have

2F[d)(a,b ;c;y l f . . . , y r )

= l i d  " yi)~a2Fld)(a, c -  6; c; ..., (3)

=  n ( 1 _ & ')c - a ~ 62 ^ i(d)( c - a »c - M ; y i i ” M y r ^  ( 4 )
t=i

The remainder of this section is to establish integral representations for 

the generalized hypergeometric functions.
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For a i , a p, 61, bq 6 C , such that (bj)K £  0 for all k, j ,  we define

p ^ q  •••» a p \ ^1» •••» bqi * ! » • • • »  • • • » 2/r) —

XT' (**1 )*  * * * ( a p )*  • • • > xr) Cti \yii  • « « i Vr) / » \

« (6l)« • • • (M * *! C i i ^ l , 1)

Remark. When r  =  1, p<7r̂ ( a i , . . . , a p;&i,...,&9;x |y) becomes the classical 

hypergeometric function p/ 9( a i , ..., ap; 6 1 , 6 , ;  xy), in particular, o^o^(xl2/)= 

exy and i-7o^(a; x|y) = (1 -  xy)~a.

In the following, we simply denote rii<»<j<r lx« “  Xj\dd x \ . , .d x T by 

d V (X ,d ,r ) .

The following conjecture of Macdonald has been proved in [KD].

f 1 . . .  r  u x ;  2 /d)  n  x? - 1 r i d  -  <*, r j
JO JO  ,-=1 »=1

-  J  ( I  ■ 2 /d) TT r (*« +  « + & -  O W  + U r  -  « W + !) ^-  W , 2/ d ) n  r(Jfc. +  a +  6 + , ( 2 r _ t. _ 1 ))r( ,  +  1) • (6)

We define, for every s =  ( s i , . . . , sr),

Td(s) = (2n)± fnd n  r(»i -  (• -  1)5). (7)
»=1 Z

For s =  ( s , ...,s), we write Id(s) instead of r((s,...,s)). We also define

CO =  (2 * ) * ^ n M ± p  (8)
1=1 1

qo =  l  +  ^ ( r - l ) .  (9)

P ro p o sitio n  4.3. I f p <  g+1, we have, for ap+1 > j ( r - l ) , 69+1- a p+i >
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i ( r -  *)>

• •, °p+i; h ........V » ;  Y) =  ^ r j (< V fi)r 1 (C + i-« p + i)

• /  . . . ,dp] bit . . . ,  bq] -XJF)Jo Jo
• n ® “p+i_,° r i d  -  x,)6fl+»-°p+»-w j j  |*. _  xi idrfx1...dxr .(io)
i=l i=l l<i<j<r

Proof. (6) implies that the integral on the right side in (10) is equal to 

•••(&,)« «

S i "  S i  n  x<’* '_M n a  -  *<)*«■ -* ° d v (x ,  i ,  r)

•••(&,)*
•rr r(fel+ap+i- f ( r - l )+ ^ (r - i ) ) r (6 , .n -a p +1- ^ ( r - l ) + j ( r - 0 ) r ( ^ + l )  
i i  r(fci + bq+1 -  (r -  l)rf + i (2r -  t -  l » r ( |  + 1)

—  v  (a i)* ‘ * * (qp)« c j ? \ y )
(M * •••(&,)* *! 

tt r(fct- + aP4.i — |(t — i))r(6g+i — Qp+i — j[(i — i))r(^t + 1)
7 J  r(*i + ftg+1- i ( i - i ) ) r ( J  + i)

From (7) and (8) we have

f l  ■■■ f l  p ^ ’K  • " ,  V ,  h X |y )

n i " ' * 1' ”  J J (1 -  i,.)‘«+i-«p+i-’W (.Y ,!( ,r )
1=1 1=1 

f r  r (a P+i -  i( i  -  I ))r (tr t , -  Qp+i -  i(i  -  + 1)
t ,  r(t,+. -  |( i  -  i))r(g + 1)

*p+iPp+i(ai> • • • »®p+li bi t  • • • > ^g+l5 J/l» • • • » Pr)

1 I'd(ap+i)Td(bg+i - a p+i) M , .. , v
— I\j(6 .j.i) P+l*fl+lV®l> • • • > °P+1> ®1» • • •» "9+l» J/l» • • • > V r ) ’
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In the classical case, there are the following well-known Euler integrals 

for 1/1 and 2/ i

l / ,(o ; 6; y) =  r ( a ) r (6 -  „) / :  

for a > 0 , b — a > 0,

» / . ( « ,  M i * )  =  r ( a ) | r r ( ( e _  a) j \ l -  l ( l  -  * r - 1 *

for a >  0, c — o > 0.

As remarked after (5), two special cases of Proposition 4.3 give the gen­

eralizations of Euler integrals

lF id>(a' b' »> • ■ • - «•) =  Cof ^ ( i j r J<( i - o )

• / ' • • •  / ' f l FTC1 - d,r)  (11) 
JO JO f=1 l=i

if a > | ( r  -  1), 6 -  a > %(r -  1).

2f { % ,  6; c ; y y r) =

f - f  A-|K) n  *?-"0 f [ ( l  -  s i r ^ d V i X ,  d, r) (12)
J0 J0 1=1 i= l

if a > | ( r  -  1), c -  a > | ( r  -  1).

Now we proceed to express o^o^(-X'|5/’) an^ *n terms of

the classical hypergeometric functions \ f \  and 2 /1 ,  when r  =  2 .

An easy calculation yields

Lem m a 4.4. I / O <  X\,X2 < 1,0 < y i,y2 < 1> then
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l/4|7.(Ar, Y )  +  l .(X ,  K)| < 1, l/4 |7 ,(Jf, Y )  -  1, (X ,  K)| < 1.

From Proposition 3.7, we have

u l m  / - ,  + y >J- \ M X ' y )  -  '•(-*>y ®

for all d > 0 ,X  € R + ,y  G R 2.

Therefore, by (1) and (13), we have 

■ r ( j 21) / 1 cl /27.(X,y)(1 _  s2 )d/2 - l ds =  , T ( ^ )
V5Fr(rf/2) y_ic a )  as y/*T(d/2)

. j 1 cH'y.(^,i')+/n(x,y)j+i[7.(xly)-/.(x IK)](1 _  s2 y / 2 - i ds

_ v j. r ( ^ )
i.^  kl y/vT(d/2)

• £  c<J>(i[7. ( J r ,y )  +  / .( jr .y ) ] ,  i [ 7. ( x , y )  -  « * , y ) ] ) ( i  -

= E

Let s = 1 — 2Z, then

2  )  e l / 2 7 * ( X , y ) / 1  _  „ 2 \ t l / 2 - l J o  —  p * l V l + * 2 V 2

^ T ( d / 2 ) L t e 1 ’

v * r(« i/2) y0

=  e - “ +*>“ i / i  W 2j rf; - ( a ,  -  * ,)(» , -  » ) ) .

The last equality follows from the classical integral representation for i / i  and

2d~1ithe fact that T(d) =  ^ ^ r ( ^ i ) r ( d / 2). Thus we have proved the following

41



Proposition 4.5.

o J t f ' W Y )  =  ex>w+*»“ i/i(<f/2; rf; - ( * ,  -  x2)(Vl -  &))

= M k L e' l2MX'Y ) ( i - sl)d/1~ 'ds ( u )

The following two lemmas follow from direct computations.

Lemma 4.6.

[ i  -  i / 4 ( 7 . ( j f ,  Y) +  1,(X, y ) ) ] [ i  -  1 / 4 ( 7 , ( X ,  Y) - 1 . ( 1 r ,  y ) ) ]  =

1 -  | ( * i  +  *2)(l/l +  V2 ) +  * l* 2Slll/2 -  5 (2/1 -  x 3)(«i -  1/2)5 -

Lem m a 4.7. 7/0 < x i ,X 2 < l , - o o  < 2/1 < l , - o o  < y2 < 1, then

(zi -  x2)(yi  -  y2)
(1  -  xi®2)(l -  y m )

Proposition 4.8.

< 1.

.* f° (4 iA r |y )  =  n a - x iyi) t h m , b - , i - {x ' Xi)(yi r i ) 
t=i n t = i O - x i y i )

= jo +
•[1 -  1/4(7.(X, Y )  -  1, (X ,  y))]-‘(i -  52)J/ 2- ‘rfi. (15)

Proof. By Lemma 4.6, (2) and (13), we have

r mr (s ± i)  /•! 1
7 ? f ( d / 2) 7- 1[ 1 "  2 (x '  + 12)(!'1 +  » )  +  Xll2!,l!'2

- j ( * i  -  *2X1/1 -  » ) » ] - ‘( l  -  a2)il2~1da

= ^ k I j l - l / 4 M X ' Y ) ^ ‘( X ' Y))  r ‘
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•[1 -  l/4(7,(Jf, Y )  -  1,(X, y))]-*(l -  s y / ' - ' d s

°  J M k  / - . 1 ̂  1 / 4 ( T ' W  y ) + L ( x ' ¥ ) ) '

1/4(7,(A-, y )  -  I,(X,  y ))(i -  s y v - ' d . ,

=  ?  + M *™
l / 4(7,(J f,y ) -  l.(X ,Y ))(l -

= E m ^ x ) ^ ! ^  = . ^ ( w w

Let s = 1 — 2 1 , the change of variable and the Euler integral for 2/1 give 

that

( * .+ * * ) ( » .+ » )

+xxx2yxy2 -  -^{xx “  *2X^1 -  !/2)s]-6(1 -  s2)i/2- lds

(11), (12), Proposition 4.5 and Proposition 4.8 give the following propo­

sition

Proposition 4.9.

2
a — ( l + c f / 2 )./fW; * . , » > ) = _ a ) £  £  * - » n 4

2

* IIC1 “  *»)c"a“(1+d/2)k i  -  x 2\di f i ( d / 2 \ d ) - ( x i  -  x 2)(yx -  y2))dxxdx2 (16) 
«=i

i f  a >  f , 6 -  a > d,

2 f i d>(a,bt c-,yu y3) =  * r d ( a ) f £ - a) L  [  J IO  -
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2

n
«=1 »=1

I? -(l+J/2) J J (1 _  a-d+ J/2)|S1 _  J2|.

■ M d / 2 ,b;d-,J X'  X̂ Vi y > )dzt dx2  (17)
U ,= l(l “  XiVi)

i f  a > f , c -  a >

Finally, we have 

P ro p o sitio n  4.10.

l ^ ( r £ i x U -"i*r \V l> '" tV r)=  I I  C1 “  x iVj)~d/2'
«\J=1

Proo/. On the one hand, by Proposition 2.1 in [S], we have

n  a = E - a * \ m u v w d ) i ? .
«J=i *

On the other hand, by §1 (iv), we have

JK(Ir-,2/d) = (2/d)kA  ■Z K

Hence, by the definitions, we have

i-T o^y; xi y • • • > xr |yi > • • • i yr)

K 2 «/*(/,.; 2/cf)

= n  -  xiVj)~d/2‘
i,j=l

C oro lla ry  4.11.

2^}d)(a, c; yu . . . ,  yr) =  - r<<̂
2 ’ ' ul' " " a r , - ^ T d(a)Yd{ c - a )

• f 1 ” ’ r  n c1 - *.yi)-d/2 nd - . ,r -w (**r)
J 0  J 0  i,j=1 i=l «=1

if  a > j ( r  — l) ,c  — a > f ( r -  1).
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§5 Generalized Laplace Transform

Suppose that / (x  1, 12) is defined on R^., the generalized Laplace trans­

form of /  is defined by

C(f)(yuV2) =

Co I  t  o ^ d,( - x u - X 2 \ y i , y 2) f ( x i , x 2) \ x l  -  x 2\dd x i d x 2. (1 )
JO J o

By Proposition 4.5 , we also have

£(f)(yi,v2) = co rJo Jo
' f ( x u x 2 ) ih ( d / 2 ]d; (xi -  x2)(j/i -  y2))|xi -  x2|rfdxidx2. (2)

Let Sl  denote the space of all functions defined on R^. such that f { x \ , x2)=  

/ ( x 2,x  1) and £ ( |/ |)( ! /i,y 2) < 00.

As in the classical case, we have

Proposition 5.1. I f  f { x i ,x 2) € Sl , and £ ( / )  =  0 , then /  =  0  a.e.

To prove the proposition, we need some lemmas. For simplicity, we write 

/I, M d m { s )  for /(S)(l -

Lemma 5.2.

o ^ d)( l  +  x i, 1 +  x2|i/i,y2) =  eyi+w ^ I j/i  , 2/2)- (3)

Proof. By (4.14), we have

o ^ C A -lF )  = J 1 el l 2^ Y'x )dm(s).



So

o ^ d)(l + *1,1 + *2101.02) = J  el 2̂y^Y,I+x^dm(s) =

j  e1/2y,(Y'I)+1t2y‘(Y'x)dm(s) =  c V l + V 2 o ^ o ^ ( a ; i > ® 2 | 0 i » 0 2 ) *  

L em m a 5.3.

C J!% ri,» )e» +,“ = « £  £  ( !  ) ^ p -  W
a=k,r,\<r\=a

Proof. By Lemma 5.2, we have

^ (eMt MCW(y ) ) ^ W  =  ev.+v.0^ M (X |F )

=e j t f \ l  + ) f|K)

y l  y ,  ( <7 , d J,(J f )C ^ (K )

<7 fc=0 K,[«|=fc

a  ^ d d)(Y ) ,  d d)(X )

1* a=k tr,\a\=a
- b « e  s  ( :

Equating the coefficients of Cid\ X ) ,  we obtain the result.

Let V  be the vector space consisting of all symmetric polynomials in 

y i , . . . ,  yr , and Va={ P  € V \P  is of degree a }

Set

^ ( 0 1 , . . . ,0 r )  =  ^ j ^ .  (5)

L em m a 5.4. For each partition a, there exists a polynomial Pa of degree

|<t| such that
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P ^ ) i t ( Y )  Ik=o= 0

i f  a.

Proof. For P,Q € V ,<  P,Q  > =  P(-^)Q (Y )  |k=o is an inner product 

on V.

Let 5 =  \o\ and V~  be the subspace of Va spanned by $^,/c ^  <r, |/c| =  s, 

then dimV~  =  dimVa — 1 and £ V~.

So there exists a Pa J. P~  under < ,>  and < Pa, $ i  > =  1. Pa is the 

polynomial we are seeking.

Lem m a 5.5. Let Pa be the polynomial given by lemma 5.4. , then

P A ^ H Y )  W=i= ( * )

for k  with | k | > |c r | .

Proof.

P A ^ X ( Y )  \y=i— P 4 ^ X ( I  + X )  U=o

= w £ ) d : z ( Ka ) * i ( x ) )
3 = 0 a,\a\=a

«=Oor,|a|=s

Lemma 5.6.

P , ( ^ ) o P i ( - X \ Y )  |Y=I= ( - l ) l " l ^ | S e-(x .+ «). (6)

Proof. Lemma 5.3 and Lemma 5.6 give that 

P ,( -§ j ) ° r g ( - x \Y )  | Y=i
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_  ( K _  ( i )M c °d)(x ) c-(xi+x2)
"  \ ° } k ! '  M !*.M>M

Lem m a 5.7. I f  f ( x \ yx 2) = / ( x 2,x{) and/or all partition k , 

I  j  e~(Xl+X2)Cj?\xi,X2)f(xi,X2)\xi -  x2\ddx\dx2 =  0 JO jo
Men / ( x  1, 0:2) =  0 a*c.

Proof. Let 

F{zu z2) = f  f  e-(XlZl+X3Z2'>f(x1, x 2)\xi - x 2\ddxxdx2,
Jo Jo

then, for Re(z\) > 0, Re(z2) > 0, F (z \ , z2) is a symmetric analytic function 

of z \ , z2 . Moreover for all k,

= f  f  e”̂ 1+X2)(7̂ (xi,X2)/(xi,X2)|xi - x 2\ddx\dx2 = 0.JO JO
So F (z i , z2) = 0. Since the classical Laplace transform is one-to-one, we see 

that

/ ( x i ,x 2)|xi - x 2\d =  0.

Therefore, / ( x \ , x 2) = 0 a.e.

Proof of Proposition 5.1

For each partition <r, let Pc be the polynomial given by Lemma 5.4, then
ft

0 =  Fa{-^ )C { f) { y u y 2) |w=1.w=i

=  C° lo  So Pa^ ^ oy:od\ - x l ^ - x2\yi^y2)f(x U x 2 ) \ X l - x 2\ddxidx2

J fOO fOO ( ___1 \ | f f |

' /  —T -f-e “ (xi+l2)Cr̂ )(xi,X2) / ( x i ,x 2)|xi -  x 2\ddxxdx2 =  0.
0 JO l̂l
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Now the proposition follows from Lemma 5.7.

As a  corollary of (1.8) and Proposition 4.5, we have 

Lem m a 5.8.

I c-(*.(*ici+*aca)|»ici+ieca)^
J S O ( d + 1)

=  l f i(d /2 ;d ;(x i  -  * ,) (»  -  (7)

for d =  1, 2 ,....

I t is known that the Laplace transform of a pf q function is a  p+ifq 

function. A similar result can be established.

First, we shall prove some lemmas. Through our following work we use 

the symbol c to denote constants whose values change from line to line, but 

are independent of the relevant parameter.

Lem m a 5.9. There exists a constant C such that

| |< c ef |/»H (8)
r(iu)

for all Re(w) > 1.

Proof. It is a standard fact that (e.g. see [T])

r ( t u )  =  e (t" - 1/ 2) lo g ti;-u ;+ l/21og27r+o(jiy)

as |u>| —► oo, uniformly for — it | +£ < argw < n — 6 , 6  > 0.

Let to =  x  +  *y> we have

| T ( ty )  | «
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| T(Rew) |«  c ^ " 1/2)10** 

Since Re(w) > 1,*  — 1/2 > 0, lo g - 7==== < 0.y/x2 +y2
So

—a:

Hence

( x — 1 / 2 )  l o g  —i 1  ,e v*2+»2 < 1. (9)

I r(i?e(u,)) |<  Ce(x~m i °S7 £ & + yar9W < Ceyar9'r(u?) ~
for some constant C.

The following lemma gives the Laplace transform of for positive in­

teger d.

L em m a 5.10. Ford  =  1 ,2 ,...2/1, 2/2 > 0,Re(a) > d/2

CO r  /%-<*i»^>#2(*i,*j),/i(<I/2;(*1-*,)(»1 -»))
JO JO

•(xia:2)a-?0|a:i - a :2|dda;ida:2 =  r <f(a +  K )$J(yf1,y J 1)(yi0i ) ” a ( 10)

where qo =  1 +  d /2 .

Proo/. For d =  1,2 ,...,Re(a) > d/2, it is known that (See [FK]) for 

V =  j/ici +  y2 c2,

I  e ~ ^ y^ K(x)det(x)a~^°dx =  rna+1 (a +  K)$«(y_1)det(2/)"0. ( 11)
Jfld+i

By (1.9), Lemma 5.8 and (11) give 

rd(a +  K jfc J fo f1, y2 l ) {y \ y2)~a
J fOO too f

' /  . e~* • (*1 Cl +X2 C2 ) 11/1C1 + J/2 C2 ) dfc
0 Jo JsO(d+1)
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•$JO ri,i2)(x1l 2) - » W ( J M ,  2)

= c„ rJo Jo

'$ i ( x u x 2)(x1X2 )a~qM ^ l ( x i  - x 2)(yi -  y2))dV(X ,d ,2).

More generally, we have

P ro p o sitio n  5.11. For all d > 0,yx,y2 > 0,Re(a) > d/2

c° f  f  e~(xiVl+X2]n)ibdK(xu x 2)ifi(d l2 \ {xx -  x 2)(yx -  y2))
Jo Jo

ix x x 2)a- qo\xi -  x2\ddxxdx2 =  Td(a + K )$ i(y^ l ,y 2 1 )(yiy2) - a (12 )

where qo =  1 +  d/2.

Proof. Let a = d/2  +  c, then Re{c) > 0, we need to show that

too too
c° /  /  e~(*m + *2 W &2)i/i(d /2 ; (si -  x 2)(yx -  y2))(x ix 2)c_1

Jo Jo
•1*1 -  x2\ddxxdx2 -  Td(d/2 + c + K)$d(y{1,y 2 1)(yiy2)~(c+d/2).(13)

We denote the integral in (13) by (7(d). Now it is enough to show that

 r (d /2)cp(7(d)____ =  d , - iw  x - ^ / a )  r (d /2 )  ( .
r ( ^ ’)r<i(d/2 + c +  k) A 1 2 K ’ r (d ± i)  1 '

if y m  > 1 and

( v iV v * * »  T(d/2)cpG(d) =  „ -n £ (d /2 )
(w»a) r (d±l)r(i(rf/2  +  c +  /c) “(yi ,y2 ^ r(d± l) ( '

if y m  < i .

Since the proofs of (14) and (15) are the same , we only prove (14). We 

note that both sides of (14) are analytic functions of d on the half plane
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Re(d) > 0. For Re(d) > 1, by (3.1), we can see that

»2/2 )j>(d±l) ”

/  i f + f + ( f  -  f  -  s2) ^ 2- 1̂V7T y_i yi 2/2 yi 2/2

is bounded as d varies, so is (2/i2/2) ~ ^ 2+c^  Hence, the right side of (14) is 

bounded as d varies on Re(d) > 1. In the following, we let y =  m in{2/i, 2/2} 

and assume that iZe(d) > 1.

By (4.14), it follows easily that

o f l P W Y )  < ce-v(*i+*2)|d|. ( i 6)

For * i ,®2 >  0, —1 < s < 1,

|*i +  *2 +  (*1 -  *2)s |*1-*2 < 2kl~k*(xi +  Xz)kl~k2. (17)

By (17) and (3.1), we have

e - 2(Xl+X2)(x1®2)c“ i | ^ ( * 1,* 2) | |f ( l£ l ) l  ~  c>

By the Selberg integral formula , we have

roo too  / a  \  flcd*f2J  J  e~ 2 X̂t+X3 \̂x i -  x 2 \Reddxidx2 = y - J  T (R e d + l) .  (19)

By Stirling’s formula,

1 r(d/2 + i) i<, /9n\
* r (d /2  +  &! +  c) I -  (20)
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Now we have , by (1.10), (4.7) and (20)

T(d/2)coG(d)
1 r(4±i)rd(d/2+c + K)1

T(d/2)G (d)T(d /2+ l)(2r ) d / 2 

1 r ( ^ i ) ( 2 j r )  W ( d / 2  +  c +  h )T (c  +  k2 )T(d +  1) 1 
T ( d / 2 + l )  . 1 1 , W 2 ) G ( d )

r(d/2 + c+fci )1 jr(c+ fca)||r (d + i)|1 r ( ^ )  1

‘ • m m r r - * - ™

■ I f j s p )  I ' I II 1*1 -  *2|d I * 1* 2-

By (16), (18) and (19)

^ e f < M i )  r  r  e ' ¥ “ ^ x i
Irfl /o\Red+ 2

*  W ^ + < )  ■

By (8), for some 6 , 0 < 6  < | ,

< a ( . / W ) H 0 “ .

Now, by Lemma 5.10 and Corollary 1.2, (14) is true for all d > 0 ,c > 1. 

Again both sides of (14) are analytic functions of c, therefore, (14) is true 

for all d > 0, Re(c) > 0. We have finished the proof.

Once we have established Proposition 5.11, the following proposition 

follows immmediately by expanding the VF ^  functions and integrating term 

by term.

P ro p o sitio n  5.12. I f  y \ ,y 2  >  0, then

c° r  r  e~(“ t,+ ij " ’p ^ ^ i  - 6»  > ** * )»  a  w 2; (*i -  *»)(»  - » ) )

53



•(jcix2)a“ , |a;i-a:2|drfxirfx2 =  rd (a)(2/1j/2)-ap+i-F’,(<i)( a i , - ,  

for p < q, Re(a) > d/2; o rp  = q, Re(a) > d/2, ±  < 1, ^  < 1



§6 Relation with the Heckman-Opdam Hyper­
geometric Functions

In this section, we shall establish the relation between 2^ 1^  and the 

hypergeometric functions introduced by Heckman and Opdam. Throughout 

this section r  is 2 .

Let

L = A 2 -  (1)

Then C \? \y i ,y 2) satisfies LCid\ y i , y 2) =  0.

Put

« i  = yi +  2/2,

0-2 -  2/12/2* (2 )

Then (1) becomes

2 ~ , A2 . -  d2
(°i -  202)5-3  +  2a1c2-

Now substituting

da \  da\da2

+ 2a l ^ !  +  < J ( a ,^ - + a 2^ - ) - ^ .  (3)

u =  1/2C1C21/2, (4)

v = a\ t 2  (5)

into (3) gives
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Let PjlfLfa (*) be the classical Jacobi polynomials, where 7  =  then 

vkP h -k 2(u) satisfies (6). Therefore,

(viy2)kl2Pj!;lk2(\(yi + y2)(ym)~1/2)

satisfies (1). Since ( y m ^ P j ^ - l ^ K y i  +  ya)(yilfe)-1^2) is a symmetric 

polynomial with ykl y%2 as its term of highest weight, by Corollary 3.2 , we 

get

j'2) =  C(yiy2 )k/2 P ^ ; \ ( ~ ( y i  +  y2)(yii/2)~1/2)

for some constant C.

Set

n { )

and

<77 - X — (27 +  '̂ t *2 0 (7.7) A
k^ (au 2) ~  b + m ^ 2 *i-*a( 2 1 2  )»

then,

CjfHvuyt) = CW(l,l)(».!«)‘/2< ^ ( i ( ! ( i  + SsKjiyj)-’/2)

=  ^ ' ( 1, + +  » . » » ) •

Since

(̂d)/! i\ k\dK _  fc!(d)t1_̂ 2(fc 1 — d/2)
(1 + d/2), ~ *2!(*i -  Aa)!(l + d/2)*,(d/2)*

we have

Jfe) =  fc2|(fcl +  3/2)fcl_fc2̂ ^ (yi +
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Thus we have proved the following result 

L em m a 6.1.

C W (yu y2) =  k ^ k i  + z / 2 ) k l _ k2 + V2' y

where d =  27 + 1.

Let Rn'j*’' 1 the orthogonal polynomials in two variables defined in [K3]. 

As an immediate consequence of Lemma 6.1, Lemma 2, (4.27) and (4.36) in 

[Kl], we have

P ro p o sitio n  6 .2 . I f  2y + 1 = d, then

K l n ^ i v  1 +  S/2 , 2/12/2) =

2F}d)( - n ,  n +  a  +  /3 +  ( 7  +  1/ 2) +  1; a  +  ( 7  +  1/ 2) + 1; ylf y2).

In [K3], a similar result was proved for 7  =  0.

From (3.3) in [K3], we have

x f n“*  " P  "  2 (»  +  » ) . 1 -  %  +  » )  +  4 » S l )
+ V M M )  =  — ------------------------------------------------------- '

For a,  /?,7 > - 1 ,  a+/3 + y + 3/2 > 0 and a  + y  + 3/2  > 0, let 2?®’̂ '7

and be defined as in [K2],

=  (1 -  +  0  -  „ * ) |L  +  \ f l - a - ( a  + 0  +  2)*

+ (21 + I ) * X \- i -  +1/3 -  a -  (o + /3 + 2 )i + (27 + ] A ,x — y dx y - x  J0 y ’

57



5 ( 7 r W  [ I  (<«- + ! ( ( * - •

=  1 _ * )(1  _ , ) ) - •

•((1 +  *)(1 +  y) )-"  o K ( (  1 -  *)(1 -  » ) ) “ +1( ( l  +  *)(1 +  y ) f * K

Put

DZ'P" =  L> ^ ’7 o £>"'^7.

Let x = 1 -  2yi,y  = 1 -  2j/2- In (j/1, 1/2) coordinates, we have

^  -  g  « d  -  * ) §  +  ( 2 ,  +  -  „ ) £

- » ( 1  -  y , ) £ - ]  -  (a  +  »  +  2) g  y , ±  +  (a  +  1) g  ± ,

* i  -  8r a ^ {^ r [(si - W)2, +' ^ ' + -  * )27+,^ 1}' 

=

16(W!(2)-“|(1 -  ».)(1 -  y,)\-f ffL O (lfl»2)“+,[(X -  Si)(l -  Vi)]11*1. 

In [K2], it was shown that

f ( * . » )  =  •»<(», " ( s ,  y)

< = 1, 2.

where

Ai(n,fc) =  -n (n  +  a  +  /? +  27 +  2)-fc(fc +  a  +  /? +  l) ,

A2(n,A:) = +  a  +  fl + l)(n  +  7  +  3/2)(n +  a  +  /? +  3/2).



Therefore, by Proposition 6.2,

D i'f3,'r(y u y 2 h F id\ - n ,  n + ot + (3 + ( 7  +  1/2) +  1; a  +  ( 7  +  1/2) +  1; yu  y2)

=  A,(n, n)2 F}d)( - n ,  n +  a  +  /? +  ( 7  +  1/ 2) +  1; a  +  ( 7  +  1/ 2) +  1; 3/1, y2)

* =  1, 2.

More generally, we have 

P ro p o sitio n  6.3.

D?,l3 ''1,(y i ,y 2 )2 Fld)( - n 1 n +  a  +  /? +  ( 7  +  1/ 2) +  1; a  +  ( 7  +  1/ 2) +  1; yu y2)

=  A ;(n, n)2 F}d)(-n> n + a  +  /? +  ( 7  +  1/ 2) +  1; a  +  ( 7  +  1/2) +  1; yj, y2) (6) 

/o r  all n £ C , i  = 1,2.

Proo/. We consider both sides of (6) as an analytic function of n. When 

n =  0 ,1 ,2 ,..., (6) is true, we will prove our proposition by using Carlson’s 

Theorem. Some estimates are needed.

Claim 1. There exist positive constants C  and 6  which only depend on 

A  such that

(3 7 I h c ° il+t)

for all u  and k  =  0, 1, 2,....

Proof.

f u  +  k \  _  f  u - A \ k _ (  u - A \ E * ( u- a ) v$ J  
U  +  * /  V A  + k )  V A +  * J

< e(«-^)rj?x < i+6)ut 
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Let

j. _  T(u +  &i)r(u +  d/2 +  &2)T(u +  D  +  &i)r(u + D + d /2 +  k2)
K ~  T(B + k 1 ) T ( B - d / 2  + k2 )T(Su + k 1 ) T (8 u - d /2  + k2) '

Claim 2 . There exist constants C  and N  € Z+ such that

| / * |  <  C

for all u > N  and k .

Proof. This follows from Stirling’s formula and Claim 1.

Put B  = a  +  7  +  3/2, D =  \a + /3 + j  + 3 /2 |,d  = 2 7  +  1 and u =  |n|.

It is easy to see that there exist positive numbers c and K  with K  < it

such that

f [ ( l  -  l» l) -8u <  «"* (7)
1= 1

for all |y i|,|y 2| < «•

Now

| 2 Fld\ - n ,  n + a  + /3 + 7  +  3/2, a  +  7  +  3/2; yh  y2) |

< ! ( - ” )*(” +  a  +  P +  7 +  3/2)k| (ffiflg il, |y2|)
~ k l(« +  7  +  3/2)«| A:!

^  +  rf/ 2 k ( «  +  D)kl(u + D + d /2 )*2 C ^ d y i l ,  |y2|)
" V  !(*)*. I K * - * / 2)* | ' kl

K K'

The last inequality follows from Claim 2 and (7).

Similarly, we can show that the L.H.S. of (6.6) has the same estimate. 

Again by Corollary 1.2, we have proved the proposition.
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Let R  be a root system, W  the Weyl group of R  and k  € C m. G.J. 

Heckman and E.M. Opdam introduced the algebra of differential operators 

D(fc) and the hypergeometric functions associated with R
w <  '

F{X,k',h) = ^ 2  c(w\,k)<p(w\ + p , k \ h ) , \ €  h 
wew

which essentially generalize the algebra of the radial part of the invariant dif­

ferential operators and the spherical functions on a symmetric space. When 

2F ^  corresponds to a bounded symmetric domain, it is known that i F ^  

is a  hypergeometric function in the sense of Heckman and Opdam. In the 

case of r  =  2 , this turns out to be still true for all positive d.

More precisely, we consider the root system BC 2 . A triple of complex 

numbers k =  (ki^k^ka)  is assigned to the three orbits of the roots under 

the Weyl group by order of increasing length.

For a ,/3 ,7  > - l , a  +  7  +  3/2 > 0,/? +  7 +  3/2 > 0, we have

P ro p o sitio n  6.4. I f k \  — 2(a -  fl) ,k i  =  2 7 + 1, and £3 =  2(3 +  1, then

£ 0.017 a n £ f generate D (& ).

Proof. See [K3]

Let a  =  c -  d/2 — 1 ,/? =  a +  6 - c ,  and 7  =  d/2 -  1/2. If a , fl, 7 > -1 ,  

a  +  fl +  7  +  3/2 >  0 and a  +  7  +  3/2 > 0, then, by Proposition 6.3, 

2 Fid\a,b]C',yi,y2 ) is an eigenfunction of both and D "’/3,'y. Now as

a consequence of this fact, Proposition 6.4 and Theorem 6.9 in [HO], we 

obtain

P ro p o sitio n  6.5. I f  r =  2, d is any positive number, then 2-fj^  is a
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hypergeometric function in the sense of Heckman and Opdam, i.e., 

2 F}d)(a, b; c; zu  z2) =  F( A, &; zu  z2) 

for a suitable choice of A.
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§7 Asymptotic Behavior of p+iFjfi

From Proposition 1.5, we know that p + iF pfV ) is convergent for Y  with 

|y,| < l , t  =  In this section, we study the asymptotic behavior of

p+ijFp as Y  —► I .  It turns out that some new phenomena appear when r >  1.

Let

9° =  1 +  ^ - 1 ) ,

i _  t t  kj  — k j  + f(j — i )  B ( k j  — k j ,  f  ( j  — i  — 1) +  1)
K i< f< i< r f C i - 0  B ( k i - k j , i ( j - i + 1)) •

for all k with Z(/c) < r.

Proposition 7.1.

( - )  jrK( l , . . . , l ; 2/d ) i J 1 =  ^ - .  ( 1)

Proof. For a partition k, let s(k) be the positive integer such that

h  > • • • > &a(K) > k9(K)+i =  • • • =  kr -  0.

We will prove (1) by induction on s (k).

Let s =  s(k). When s =  1, a direct calculation gives (1).

Now we assume that (1) is true for all partition A with s(A) < s — 1.

Suppose s > 1. Let

(a) /, At, A?a, if t ^  s.

(b) /,■ =  0, if t > s 

and A -■ Zr)*
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Then A is a  partition of k — ska with s(A) < s — 1, hence 

( ! )  J>(h-A\Vd)j?  =

with I = k — sk9.

Let

*  =  n n n + ( r  -  i)d / 2  +  ki — j],
«=ij=i

A l S l _ . f t  -h zJ L lli* r dI *ki - k „  + ^ - d  ki -  n + l=^ - d  +  1

Claim 1.

(?o)« = (?o)a-4*

Proof.

(* )»  =  n d + V ^ i
r — t

S i  T

=  XI [(1 +  ~~2 ~d) • • • ( ! +  —2 ~ d  + ki -  ka -  1)],

(?o)k =
.=i z

= 6 ( i +  —7r~d) • • • ( ! +  —5“ ^ +  k{ — ka — 1)
i=i

•(1 H— 2 ~ ^  — ^*) *' *(1 +  —2 ~ ^  — 1)

== (?o)a 11(1 H— —  d +  k{ — ka) • • *(1 H— —  d+  ki — 1)
i= i “  *

•(1 +  —g—*0 ***(! +  —2—d +  ~  1)

=  (?o)a n  n  [! +  ( r  ”  *)rf/2  +  ki -  j] =  (qo)\A



Claim 2.

dK = d\B.  (4)

Proof.

d = TT - 1‘ +  ¥ d B t o - l j , i = $ ± d  + l)
!<‘<i<r ¥ d ' B (k  -

TT *■'~ k? +  ¥ d B ( k j - k j , i = f l d + l )
J<S<. ¥ d ' B i k i - k j ^ d )

„  kt -  k, + i=id B ( k i - k . , ± ± i d + 1)
■<i < M < i< r  ' B ( k i - k . , ^ ± l d )  ’

. _  I T  * i - * ,  +  ¥ < *

¥ d '

< ,< r  ' B(kh ^ t l d )

= <*a TT  ki + iT i
l < i < a + l < j < r  “  ^ a  +  

j?(fct. , i = ^ l r f + l )  B { k j - k a, i = ^ ± d )

B(ki,i=i±±d) B ( k i - k a, ± ± ± d + l )

d TT [ f r + f f i  f t  k j - n + ± p ± d
i < « a + i < j < r  ~ka + *-£d n= 1  ki — n +  }~tfld +  1 

= d\B.

Let

Ci =  n n [ r - ( i - i ) + ^ - * . + i - i ) j ,
i=i j=i

c ,  =  n n [ * - * ' + | ( i + * « - » ] .
i=i i=l

c 3  = n n ( S - i + i + § ( * , - j ) ] .
.= ij= i “
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From (iv) in §1 and [Me], we have

J«(Jr ;2 /d) =  A (/r;2 /d )C i. (5)

For a  partition /c, let

= n  * : w .

h*(/c) =  J I  ht(s).
sQk

Then, a computation yields

km(n) =  h*(\)C2, 

hm(n) =  h.(A)C*3.

By §1 (vii), we have

j K = A*(k)A,(k).

Hence

3k = j \ C 2 C3 ,
M l r \ 2 / d )  JK(Ir-,2 / d ) C 2 C3

h  3k Ci •

By Claim 1 , Claim 2 , (2) and (6), we have

_  d\ ' B  
(Qh ~ (q)x ’ A

j \  A
= (2(d)k~8k‘ C2Cz B

3k C i A ’

(6)
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Therefore, it is enough to show that

Let

Then,

f t  =  n n  ,

B  =  n u n & W * . - - * » + ¥ < * ]

» = ^ n n  n S r r ^ s f{=1 j=a+l n=l lfc« — n  +  2— “J

Since

we have 

B  =

=  B  f t  n ? . i i E S » [ * . - » + * ? m  
1 n i n?=i n;=; t*. - » + 1 + ^

= B  f t  n s i ^ r f c i t * . - » + ¥ ■ * ]  

lLh n & i& o'fc-»+¥■*)
=  B  f t n g + j t i ^ + j y  

1 L \  n & ‘ r t e ’i** - » + *?<i\
f t  n £ . V # i  - k ,  + i ? d i 
L\ np,[ki+i?j\

= B j  rifm n is ‘[*i -  - + ¥ a P i -  n+
1 2n*=i ife '[ti -  n + -  n + *±ij\ '

B  B  . n r - . [ * i + iT i 4 n ? - i [ * i - * . + el3 = m
2 n?= i[* .+ ^ <<1 n?=i[*. -  * . + ^±i=id) ’

n;=. rfe.fr -  i + 1+ qm n?=i ife.fr -  y+ 
n*=. rfe.fr -  i + 1+ ^  n?=. rfe.fr
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Then

b  = ____________ ____________________________________

A n*=t nji, [*,• -  i + 1+ +<*i n,‘=> nfc. [*.• -  j +
=  (2/rf)^C 'iC 2- 1C 31.

This finishes the proof.

C oro llary  7.2.

pFq (̂®1> •••> ®p! b\, ..., bp j y i , . . . ,  Pr)

— ( a l ) *  * * * ( Qp )«   ̂Ck ^(Z/lt «• • , Vr)
~  K (°0«  • • • (°p)« (v)« c!fl( 1, 1)

Once having Corollary 7.2, we can use the T- function to give the asymp­

totic behavior of p+i F pd\

Set

w - B H f t + v i  II (hP - k , + i ) d)tk
it j = l  1 <p<q<l

with 1(k) < I.

First we have the following lemma 

L em m a 7.3

(i) I f  a  +  (/ — 1 )d +  1 < 0, then, I a(t) is bounded;

(ii) I f a +  1 > 0,

/«(<) «  (1 -  H ;

(Hi) I f  a  + (I — j )d  + 1  = 0,

Ia(t) «  (1 -  f J - O - W  log^-i-^;
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(iv) I f a  + ( l -  j ) d  +  1 > 0 > a  +  (/ -  j  -  l)d  +  1,

Ia{t) «  (1 -

(By A{x)  «  B(x),  we mean that there exist two positive numbers C\ 

and C2 such that C\ < < Ci  as x  varies.)

Proof. On the one hand,

wo = e i  e  ( n ^ + W n ^  - *,+1)-) 
t,=!0 * ! > • • • >  *1-1 i=1 '=1

&/_i >  ki

< n (kp - k* + i)‘,)<*,+-+*'-iP/+1)°̂
1< P < 7</-1

< E i  E  + i r +J)
Jfc|=l *1 > ...>*(_! > 0  j = l•( n (&p - ̂ +i)«*)tfci+...+fci-i]jb«t*i

l< p < 9 < /—1

= i e  (n(*i+D“w)*i >•••>*j-i i=i
•[ n (*:P -  fe»+ fcr**1]

l< p < 9 < /—1 ki= 0

oo
< ( E  * f x  E

1[=0 k3 = 0

•••( E  tfS '^ -'x E  *?<*■).
*l_ i=0 *|=0

On the other hand,

w o  > E {  E  (E[(*i- *i + i n
*l=° * ! > • • • >  *1-1 i=‘

&/_ i > Ar/
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•( n ((*■> - *<> - ft - *<)+1]")
i< p < g < J - i

/ - l
(II - k  + i)d)#i-*o+--'+(**-i-M+a-i)*«}fc«̂
j = l

= £[ e n(*i+D̂  n (̂P-A:,+i)‘,̂ +-+̂ ]*f'/,/t'
fcj=0 *i>—>Jb£_1>0 j= l 1<P<9</-1

= i E  'r if t+ ir w
1 i = i

00> n (*p - *7+i)d<fci+-+̂ ][£ k?tik‘)
l<P <q< l- l  kt=0

> C ( £  k?Hl~1)dtki ) ,

*,=i

• ( £  fcj+(/-2)‘<̂ 2)• • • ( £  ) ( £  k f t k').
fca=l fcj_ i= l fcj=l

Hence

7«(0 *  ( E  roa+(,~1)‘i<m)( £  ma+( '-2)^ m) • • •( £  (7)
m = l m = l m = l

Let

7« , i ( 0  =  £  " ia + < ' ^ r ,
m = l

f o r - l  < t < 1, we have

(a) if a  +  (/ -  j )d  + 1  < 0, then, Ia,j(t) is bounded;

(b) if a  +  (/ -  j ) d +  1 > 0, then,

(c) if a  +  (/ -  j )d  + 1  =  0, then,

7« i i ( 0  ~  1°S  
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Now the lemma follows immediately from (7), (a), (b) and (c). 

P ro p o sitio n  7.4. Let 7  =  ai ~  S»*=i bi- V  f or K

M k ‘ " ( a P+i),c n
(61)«— (M«

For —1 < yi < 1, * =  1, ...,r, we have

(i) t f'K> d /2 (r — 1), then

r
p+l-^p(®l> • • • > ap+lj ̂ 1*•• •» bp] 3/1»• • * * 2/r) ^  n ( l  ~~ Vi) 5

i=1

1 / 7  < —d/2(r — 1), i h e n  there exists a constant C such that

p+l^p(®l> ap+l> ^li •••) bp] y i , . . . ,  J/r) 5:

( ' l i t ;  »/  7  =  +  j  -  l ) , j  =  l , . . . , r ,  M e n ,  / o r  y i  =  • • •  =  y r  =

i , - l  <  t  <  1 ,

p+l-fpC^lj • • • , ®p+l? b\, • • • > bp] t \ , . . . ,  t) (1 — t) ^a^log — -j

(iv) i f  d ( - ^  +  j  -  1) < 7 < ( - ^ f 1 +  j ) d , j  = 1, . . . ,  r  -  1, then, for 

y i  =  ••• =  y  = t , - l  < t < 1,

p+iFp( a i , . . . ,  ap+1; 6i , . . . ,  frp; (1 -  t)--»fr+rf/ 2(r--»)).

Proof. By Corollary 7.2,

P+x^pCai, • • •, flp+ii 61, •••, bp] y )

— V *  * * * ( ° p -h ) *  dK Ck(Y)
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n  T(d/2U - » - ! )  +  !)
* "  J L r  r (rf/2( i  - » + 1))

ki -  kj +  d/2(j  -  i) T(kj -  +  rf/2(j -  i +  1))

l < « < i < r

By Stirling’s formula, as k varies

I I  d / 2 ( j  -  i) r(At- -  kj + d / 2 (j  -  i - ! )  +  ! ) '

dK «  I J  (&,• -  +  l )d.
1 <i<j<r

Secondly, if | > 0, again by Stirling’s formula, as k varies,

Hence, as k varies,

tulv  “ n(*i +(oi)k---(opM9)« j J i

(a) If 7 > d/2(r — 1), then

r r « n ( f c i  +  i)7" <i/2(r" 1)" 1-
J=1

Thus

p+1Fp(0 l , . . . .  Op+x; 6x ,. . . ,  6p; K ) «  E  7 ^  £ 7 0  =  1 1 ( 1 -  w ) -» .
„ V.9J/C W l M  |=1

(b) If 7  < —d/2(r — 1), let t =  maa;{|yi|,--*,|yr |}, then

\cPtn » ) l  <

So, by (i) in Lemma 7.3,

| p + l - ^ p ( f l l  j  • •  •  j  ® p + l j  • • • » & p i  y ) |  ~  ^ 7 — j ( r — 1 ) — 1 ( ^ )  —  ^ *



That is (ii).

(c) if  _ | ( r  -  1) < 7 < f ( r  -  1), then, Lemma 7.3 gives (iii) and (iv).
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§8 Generalized Laguerre Polynomials and Han- 
kel Transformation

The classical Laguerre polynomials are given by 

for 7  > —1.

It is known that the classical Laguerre polynomials have the following 

properties

(i) (Generating function)

( i)
i=o z 1 k=o M

for \z\ < 1;

(ii) L“l  are orthogonal on (0,oo) with respect to the weight function 

e-x a:7, in fact

jT °  e - xx'*L'l(x)L](x)dx =  Sjkk\T(y +  1 +  fc); (2)

(iii)

e~ * m x ) = f ( 7 + i ) I 0  e~yy'1+k° ^ + 1 ^~x y)dy’ (3)

In the first part of this section, we shall generalize these results to the

case of two variables.

Definition. The generalized Laguerre polynomial L'1K(x\ ,X 2 \d)  corre­

sponding to the parameter d and the partition k of k  is defined , for 7 > —1,
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by

JZ (* ..* a;<0 =  ( 7 + » ) . c J fl( i , i ) E £ (  * )3r Cf (~ % 7 , f ’ W
a=0 <r °  (7 +  q)oCo (1* 1)

where qo = 1 + d/2.

In the following, we simply write If/ fx  1 , *2) for L'/l(x \ ,X 2 \ d ) , CK{ x ^  x?) 

for CKd\ x  1 ,^ 2 ) and ( K ) for ( K )2.

First we have

P ro p o sitio n  8.1. I f y i , y 2  > 0, then

co /  /  V cS d,(• JO Jo

= rrf(-T +  <ro +  k)(j,i!,2)-^+«>)C7<‘'>(1 -  l/j,!, 1 -  l /y 2). (5)

Proof. By (4), the L.H.S. of (5) is equal to

(7+®)«C.(l,l)EX:( " \a + i)X(l,l)
•CO r  f°°  o T ^ ( - X \ Y ) ( x i x 2y C 4 X ) \ x 2 -  x2\ddx2dx2 

Jo Jo

= (7+»o)«c.(i,i)2E( I )C"{~nV,\' 71/ite)rc(7+«,)(!/,s/2)-<7+’°>4=0 a w U *1!
= r<*(7 + 90 + /c)(yiy2)“('y+,o)C'/c(l -  l / y i t l -  1/3/2)-

(1) has the following generalization 

P ro p o sitio n  8.2. I f  x i t X2  > 0, then

no - ̂ )-(7+,“)»̂ d)(-*1, -*jS =2-, t̂2-)r_, 1 — 2i 1 — Zot= l  
00
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for \zi\ < l , t  =  1,2.

Proof. The L.H.S. of (6) is an analytic function of and z2 in

the domain D = {(xi, x2} zi, z2)\ all ®i,®2>ki|  < < 1}- When it is

expanded in a  series of ®i,®2> î and z2, the series is absolutely convergent. 

Therefore, the L.H.S of (6) can be written as

y-> L k( X )  C k( Z )  ( .
h r  u cK(i,i)

with L’l ( x u x2) -  LK(x2 f x i).

Now it suffices to show that

£(LZ(x  i ,  * 2 ) ( * i * 2 ) 7 ) ( y i ,  2/2) =  £(LZ(xu x 2 ) (x ix 2 y ) ( y u  y2). ( 8 )

We observe that for |z,-| < l , t  =  1,2,

I V ' V  C*(Z)  I
‘S .  kl C« ( W

< n t 1 -  w ) - h+w (9 )

For any y i ,2/2 > 0, there exists a S > 0 such that if |z,-| <  6 , i =  1,2,

£ « (o ^ o W r ^ L , r ^ L . ))(!/.,!(2) < oo. (10)

(9) and (10) imply that we can integrate term by term in (7), hence, if 

|z,| < 6 , i =  1,2,

y~» y-v C{L‘l ( X ) ( x xx 2 yi)(yu  y2) CK(Z)
h r  « <?.(i,D

= a n a  -  W - z l - r r r .  r r r ) X » .  v>)j_j J- * 1  * **2

_ - q ^  _  Z i y ( i + qo) ~ a?z))(yi» Vi) 1^7)
i=1 Jk=0 * C * (M )
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By (5.12) this is equal to

n o - * ) - * * * ' f E r - (T + j .+ ^ ) ^ (_ i  _ L ) ( y m ) - ^ ) c ^ & .
i=1 fc=0 * ** yi

2

=  r d ( 7  +  g o )  I R 1  -  2 i ) - ( 7 + ? o ) ( j / i 3 / 2 r ( 'y + , o )
i=l

r* /-L 1 ~i'go)*ĉ><«(̂ T>î T)
»»’» c s r  *! c«(M)

= rd(7 + go) nci - « r(TH#)(«i»)-(TH,,)
« = i

• {[1 -  j ( 7 .(V, V)  +  /.({/, V))][l -  i(7 ,(P , V) -1,(17, V O ) ] } - ^ ) ^ * ) .

= r<i( 7 + go)(yiy2)"(7+w)

f_{{l - \h.(Z, W)  +  l.(Z, W ) ) J [ 1  -  1 ( 7 ,(Z, W) - l,(U, F ) ) ] } - h + » ) < i m ( S ) .  

=  r < i ( 7  +  g o ) ( y i y 2 ) _ ( 7 + , o ) i ^ b ( 7  +  g o ;  l  - 1/ 2/ 1,1 - 1/ 2/ 2k ,  * 2)
_  ^  ^ ( 7  +  g o  +  K ) ( y i 2/ 2) - ^7 + 9 0 ^ n  t 1 1 \  C K(Z)

h  r  *« ( 1/2 Ck(i, 1)

where

1 z i 1 . ,U{ = - , v { =   ---- - ,  to, =  l - - , i  =  1,2,
Vi Z '\ -  1 ViU  =  ( 1*1, 1*2) , ^  =  0 > 1 , V 2 ) ,  W  =  (W\,W2).

In the second and the fourth equalities, we have used (4.15).

Therefore, by Proposition 8.1, we have

£ (X 2 (X ) (* ,* , ) ’ )( y u t a )

=  T d(-t +  «> +  * X w * » )_<Tf,,C,« ( - l / l f i .  —1/jra)

=  C (L X X )(x lX, r ) ( y u y2).
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Next, we have 

P ro p o sitio n  8.3.

Co f ° °  H  e - ^ + * * \ x l x 2 )7 L7 {X)L 7 { X ) \ x i - x 2 \ddx 1 dx2  Jo Jo
= 6 K<Tk\CK(l,l)Td('r + qo + K). (11)

Proof. By(5.3),

- X j l r 3 - ,  T^ - ) e - ( « + « )  =  - x 2 | - i - ,  - ± ~ ) .  (1 2 )
1 — Z \  1 — Z2 1 — Z \ 1  — Z2

Hence, by (6) and (12), we have

/■“  r  k ( x ) l z ( x )  
to.Jo Jo « C .(  1,1)

( x \x 2 y* • e- ^ 1+*2)|a:i -  x 2 \ddx\dx 2 CK{Z)

= n a  -  ^ ) ' (',+,o)^  r  rJl* Jo JO 1 — Z\  1 — z2

‘L7 (X){x  i®2)7c- X̂i+X2̂ |®i — x 2 \ddx\dx2

= n t i  -  z i T ^ c o r  r  o ^ i . - x j i T - i - . - i - )
Jo Jo 1 — z i  1 — z2

•L7 (X){x \x 2 )7 \x\ — x 2 \ddx\dx2.

By Proposition 8.1, this is equal to

na - ̂ )"h+?o)rd(7+?o+k) na - z - p ^ c ^ z )
1 = 1  1=1

=  Td(7  +  ?0 +  k)Ck(Z).

We have proved the proposition.

The following proposition gives an integral representation for L7.
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Proposition 8.4.

>X2 ( , „ * , )  =  T^ - ) f J \ - ^ ) (yiV2 r c K(Y) 

• 0 / 1 ( 7  +  9o 5 —J T lK J Iy i  -  y2 \ddyidy2. ( 13)

Proof. W e  s h a l l  p r o v e  ( 13)  b y  s h o w in g  t h a t  a f t e r  b e i n g  m u l t i p l i e d  b y  

e “ (*1+X2)* (a :i ,X 2 )7 » b o t h  s id e s  o f  ( 13)  h a v e  t h e  s a m e  L a p l a c e  t r a n s f o r m .

O n  t h e  o n e  h a n d ,  ( 5 .3 )  g iv e s

QP o { - X \Z)e-2(*i+x*) = 0 F 0 { - X \ 2  +  21,2 +  22).

T h u s

£ ( c “ ( * i+ * » ) ( * ! ,  x2 yL.H.S.){zu  22)

=  Co /  /  0/ b ( “ A '|2 +  2 1 ,2  +  22) ( x i , x 2) 'YL 2 ( a;i » 32)131 -  » 2 | dd a : id a :2
J o  J o

= T d( y +® + <c) n(2 + J±l ).
•Lj 2i +  2-22 +  2

O n  t h e  o t h e r  h a n d ,  f o r  xi,x2 > 0 ,

l o ^ i (7  +  ?o ; -X\Y)\  <  0 / 1 ( 7  +  ?o ;

I t  i s  e a s y  t o  s e e  t h a t  f o r  2 1 ,2 2  >  0 ,

coco r  r  r  r ^ - x ^ e - ^ ^ x ^ x ,  -  xt fJo Jo Jo Jo
e - ^ +̂ ( yiy2 rC K(Y)oPi(y+qo]X\Y)dV(Y,d , 2ytxxdx2 < 0 0 .  ( 14) 

A s  a  c o n s e q u e n c e  o f  ( 5 .3)  a n d  ( 5 . 12) ,

=  r o (7  +  « ,  +  ”) C A j J - ,  ) [ ( C  +  1)(*2 +  l) ] - ( -> + “ >. ( 15)1 +  2i 1 +  22
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Now by (15), the series expansion of 0/ 1(7 +  <70; —A |F )  and Fubini’s Theo­

rem, we have

£ ( e - < * 1 ,  x 2y<R.H .S )

= c0 f  ̂  r ^ H v M ( Y )
Jo Jo

•[(*1 + l)(*a + l ) l -h+w> E  C,(; l ' |C ,(g i ; i j :;> l»  -  V2\ddyidv2

= n  & + i ) - (th<,)
« = i

CO / “  - i - l  -  -  y2 \ddy idy2.Jo Jo Z i +  1 Z2 +  1

By Lemma 5.2 and Proposition 5.11, this is equal to

n o * + i ) - (7+,o)co r  r  - f r r *Jo Jo Zi +  l  Z2 +  1

i y i y 2 V C K{ Y ) \ yi  -  y 2\dd y id y 2

=g(*»+ D-h+M,rJ(7+ * + lO c y ig i . m |^ T ) - h+TO)

=  C ( e - ^ +x^ ( x u x 2y  L . H . S ) .

The proof is complete.

Let L*(R+ x R +) =  { /  is defined on R+ x R + |/ ( x i ,£ 2) =  / ( x 2»*i) 

a n d  f o ° f o °  | / ( * i i * 2) | 2( * i * 2) 7 | * i  -  X2\dd x i d x 2 <  0 0 } ,

l l / l l ?  =  (c o  Jq Jq l / ( * i i * 2 ) | 2( * i * 2 ) 7 |® i  -  x 2 \dd x i d x 2 ]1/2

Q (xu x2) =  e - ( - » + * » ) £ 2 (  2 x x, 2 x 2 ) .

As a consequence of (7.1) and (11), we have

( i6 )
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Moreover, we have

Proposition 8.5.

2 w + 2 (g o ) ,

is an orthonormal basis in X2.

Proof. Suppose /  G X2 such that for all k

[  f  /(®1>*2)£k(x1>*2)(®1®2)7 |®1 “  X i \ d d X \ d X 2  — 0, (17)Jo Jo

then (17) implies

/ / / ( a?i>a;2)C,̂ (x i,a :2 )e“ *̂1+l2)(xiX2):7|a;i -  X2 \ddxidx 2 =  0
Jo Jo

By Lemma 5.7, f ( x  1, 0:2) =  0 a.e.; together with (16), this proves the 

proposition.

Definition. If /  6 X2 with compact support, we define the Hankel trans­

form of /  , for 7 > —1, by

•(*i*2)7|*i — X2 \ddX\dX2 . * (18)

We shall extend Tiy to the whole space X2. (cf. [D])

We define, for all Z\,Z2  > 0,

e z ( x  ! ,x 2) =  o ? o { ~ Z \ X ) .
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Proposition 8.6. The closed linear space spanned by all e z ( ‘) is L*.

Proof. First, as a consequence of (4.14), we have

o 4 d){ - Z \ X )  <  1 

for x i ,X 2 > 0,zi, X2 > 0. Hence
fOO too

\\ez \\* < c0  J  ̂ o P o i - Z l X X x ^ W x i  -  x 2\ dxxdx2 < oo.

Thus ez(-) G L*.

Secondly, if /  € L* and orthogonal to all ez-, then, by the injectivity of

the generalized Laplace transformation, /  = 0 a.e.

Proposition 8.7. We have

H^(ez ){yuV2) = ^ ( 7  +  ?o)(^i^)"('Y+7o)e(rri i2- i )(yi, y2), (19)

l|W7(ez)ll<y =  r«i(7 +  go )IM |7. (20)

Proof. First, since

l o ? l %  + 9o; -X |K )| <„ JF,m (7 + <!o; X \ Y )

and

co r  r o F o ( - Z \ X ) o ? l %  + qo',X\Y)(xlX2y\xl - X 2 \ ddx1dx2 < oo,
Jo Jo

we see that Hy(ez)  is defined for all 2 1 ,2 2  > 0. Moreover,

^ (c z ) (y i ,y 2 )  =

c° J ° °  J ° ° o M - Z W o P l ^ T  + q o l - X l Y X x M y f a  - x 2\ddxxdx2

= E  f  o^o(-Z|X)C( ^ ) ( x 1x2)W(X,<i,2).
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By (5.12), this is equal to

?  N T & i i § § r47+ • +K)c*,(-t'
=  (2 i^ )" (7+,o)r d(7 +  « . ) o * b ( - - , | y i ,  y2).

Z \ Z2

Secondly, by Proposition 8.5, to  show (20), it is enough to show that

( « ,( « * ) ,£J)? =  [Tj( 7  +  go (21)

for all k.

On the one hand, by Lemma 5.2 and Proposition 8.1,

( e z , Q )  7

= Co f  f  o M - Z \ X ) e - ^ ) L m x u 2 x 2 )(x1x 2 y \ x 1 -  x 2 \ddx,dx 2  
Jo Jo

= co f  f  oFq(-(Z  + I ) \X) t fK{2xi,2x2 ){x\x2)'i \xi - x 2 \ddx\dx 2 
Jo Jo

= (|)',+21,+Srj(7 + ?0 + K ) [ ( ^ ) ( ^ r h+TO)clJ>( j|-=4, | ^ i ) .  

That is
2

(ez ,£ J )r  =  Td(7 +  «. +  «) l i t 1 +  | _ i ) .  (22)

On the other hand,by (19)

Uy(ez ) = r d(7 +  g0) (^ i^ ) " (7+,o)e(j_ X ).
V *1 ' *2 ’

Hence

( « ,( « * ) .£ »7

=  rd(7+«.)rd(7+«>+K )(^*2) - h+ ,“)( i i ! l i ^ ) - <,+,o)c M ( i ? | ,  i ^ | )  

= rd(7 + «o)(-l)‘(ez,^ ) 7.
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We have proved (21).

T h eo rem  8.8. (Generalized Tricomi Theorem) (cf. [D], [H])

( l / r d(7 +  qo))7iy is an involutive isometry of L%. Moreover, if

F ( z \ , z 2)  =  c0 f  f  o T o { - Z \ X ) f ( x i , X 2 ) ( x \ X 2 ) ' 1\ x i  -  x i \ dd x \ d x z  
Jo Jo

and

too roo
G ( z i , z2)  =  c0 j ' oFo{-Z\X)g{x\ ,X 2 ){x\X2 )'1 \x\ -  x 2\ dx\dx 2 

then g =  Ti^f  i f and only if

G(zu  zj) =  I\,(7 +  i ) .
Z\ z 2

Proof. The first part of Theorem 8.8 follows immediately from Proposition 

8.7.

Next, put gi =  H ^ f  ,

Gi(zl t z2) =  c0 /  /  o f o ( - Z \ X ) g 1(x i ,X 2 )(x1X2 )'f\x1 -  x 2 \ddxidx 2
Jo Jo

which exists as an absolutely convergent integral for z \ , z2  > 0, since g\ E L"*. 

G i ( z u z 2) =

(ez, K , / )  =  r d(7 +  «o i ) .  (23)
Z\ Z2

If fir = H^ f ,  (23) gives

C ( * 1.  * a )  =  T j ( 7  +  - ) •
Z \ Z2
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Conversely, the injectivity of Laplace transform and (22) imply

9 = 9 1 =  H y f

almost everywhere.

Finally we have 

P ro p o sitio n  8.0.

M̂ CJ) = (-l)‘ra(7 + ?o)«.
Proof. Let /  =  g = (—l)* rd(-y +  g0)C%.

By (19), we have

Co f  [  oT o(-Z \X)g(x i ,X2)(xiX2)‘y\xi -  X2\ddxidx2 
Jo Jo

=  r<i(7 +  9o)(2i22r (7+9o)
POO POO I

•Co / o^b(“— ,---\ X ) f ( x u X2 ) ( x l x 2)'ll\x i -  x 2\dd x l d x 2.
Jo Jo Z2

Now Theorem 8.8 yields Proposition 8.9.
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