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A B S T R A C T

N O N -D IF F E R E N T IA B L E  C O N S T R A IN E D  SIG N A L  
R E S T O R A T IO N  B Y  S U B G R A D IE N T  LEVEL M E T H O D S

by  

Jian Luo 

A d visor: P rofessor Patrick L. C om b ettes

T h e  classica l s ignal res to ra tion  p rob lem  is to  e s tim a te  the o r ig in a l fo rm  o f  a  s igna l from  

a degraded observa tion  and some a p r i o r i  in fo rm a tio n . M a th e m a tica lly , a w ide  range o f 

d ig ita l s igna l re s to ra tio n  problem s can be fo rm u la te d  as m in im iz in g  a convex ob jec tive  

over a convex set representing the  constra in ts  d e rive d  from  a p r i o r i  know ledge and the 

observed signal. T h e  goal o f th is  d isse rta tion  is to  develop n u m e rica l a lg o rith m s  to  solve 

th is  ty p e  o f  p rob lem s w ith  nond iffe ren tiab le  ob jec tives . Such ob jec tives  arise fo r  instance 

in  co ns tra ined  m in im a x , to ta l va ria tio n , o r L \  n o rm  prob lem s. T h e y  have becom e p o pu la r 

in  recen t years due to  th e ir  a b il ity  to  cap tu re  c e rta in  features o f  signals such as sharp 

edges. However, the  prob lem  o f deve lop ing re lia b le  num erica l schemes to  solve the  re­

s u lt in g  constra ined  nond iffe ren tiab le  o p tim iz a tio n  p rob lem s has received l i t t le  a tte n tio n . 

In  th e  a lg o rith m s  proposed in  th is  d isse rta tion , the  p o te n tia lly  com plex co n s tra in t set is 

d is in te g ra te d  in to  an  in te rsection  o f  s im p le r sets de fined  by convex inequa lities . A t  each 

ite ra tio n , the  upda te  is obta ined th ro u g h  a co m b in a tio n  o f subg ra d ie n t p ro je c tio n s  onto 

the in d iv id u a l co n s tra in t sets and a subgrad ien t p ro je c tio n  on to  a d a p tive ly  re fined  approx­

im a tio n s  to  the  u n kn o w n  o p tim a l leve l set o f the  ob je c tive . V a rious  a lg o rith m s  based on 

th is  va ria b le  ta rge t fe a s ib ility  p rin c ip le  are developed and th e ir  convergence is estab lished. 

T he  im p le m e n ta tio n  o f the a lg o rith m s  is also discussed. Several num erica l ap p lica tio n s  

to  s ig n a l and image re s to ra tio n /d cn o is in g  are dem onstra ted , w ith  specia l em phasis on the 

to ta l v a r ia t io n  approach .
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N O T A T IO N

N  -  the  set o f  nonnegative integers.

E -  the  s tanda rd  real iV -d im ens iona l E uc lidean  space.

(• | •) -  the  scalar p ro d u c t in  E, i.e.. fo r every x  =  ( x 1, - - -  , x A ) £  E and  y  =
( y 1. - - -  , y A ) e  E, (x  | y ) =  x ' y l -

|| • || -  the  E uclidean no rm  in  E. i.e.. fo r every x  =  ( x 1, - - -  , x * ')  £  E, [|x|| =

( E ; = i  k ' l 2) " -

|| - ||p -  the  p -no rm  in  E. i.e., fo r eve ry  x  =  ( x 1, • • • , x A ) £  E, ||x ||p =  ( E i= i  \x t \p) P ■

|| • j| f  -  the  Frobenius no rm  in  R - '^ * ;U , i.e.. fo r every x  £

=

1
. \ [  A /

XIX^i^j i2
t = I j = l

•  d(x .  S)  =  in f  [|x — y|| -  the  d is tance  fro m  the  p o in t x  to  the  set S.
y € S

•  d ia m (S ) =  sup d ( x . y )  -  the  d ia m e te r o f  th e  set S.
(x.j/les2

•  conv (S ) -  the  convex h u ll o f  a set S . i.e., the  sm allest convex set con ta in in g  S.

•  Id  -  the  id e n t ity  ope ra to r on E, i.e ., (V x  £  E) Id (x )  =  x .

•  F ix  T  =  { x  £  E | T ( x )  =  x }  -  the  set o f  fixed  po in ts  o f  the o p e ra to r T :  E —> E.

•  Ps ~ the  p ro je c to r on to  a closed convex set S.

•  Q~ =  in a x {0 ,q } .  (q  £  R).

•  lev <q /  =  { x  £  E | f ( x )  <  a }  -  the  low er level set o f the  fu n c tio n  / :  E —>■ R  a t he igh t
a  t  i

d f ( x )  =  { t  £  E | (Vy £  E) f ( x )  +  {t  \ y  — x )  <  f ( y ) }  -  the  su b d iffe re n tia l o f  the 
fu n c tio n  / :  E —> R a t x .

d t f { x )  =  {£ £  E j (Vy £ E) f ( x )  +  ( t  \ y  — x )  <  f ( y ) + e }  (e >  0) -  th e  e -subd iffe ren tia l 
o f  the  fu n c tio n  / :  E —> R  a t x .

d i v /  (x ) =  -- ~i the  d ivergence o f  the  fu n c tio n  / :  E —*■ R  a t x  =  ( x 1, . . .  , x A ) £
i= i  d x

E.
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1

C hapter 1

In troduction

1.1 T he Signal R estoration  Problem

Signal re s to ra tio n  refers to  the  p rob lem  o f  es tim a ting  the o r ig in a l fo rm  o f  a s igna l th a t 

has been recorded in  the presence o f sources o f degradation [5. 12. 45]. Its  ap p lica tio n s  

cover a w ide  range o f areas, in c lu d in g  consum er and com m ercia l im ag ing , geophysics, 

forensic science, m edica l im ag ing , surve illance , and astronom y. For exam ple , an  image 

ob ta ined  th ro u g h  an im ag ing  system  is usua lly  degraded by tw o phenomena: b lu r r in g  and 

noise co rru p tio n . T he  b lu r r in g  m ay be caused by effects such as d iffra c tio n , transm iss ion  

th ro u g h  a random  m ed ium , lens abe rra tion s , out-of-focus lenses, o r re la tive  m o tio n  between 

the scene and the v ie w in g  device. O n the  o th e r hand, the noise m ay be present in  the  image 

p ropaga tion  m ed ium  and the  record ing  device. In  many s itu a tio n s  the  deg rada tions  are 

serious and need to  be reduced so th a t usefu l in fo rm a tio n  in  the  recorded s ig n a l can be
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2

re trieved .

To restore  a s igna l some fo rm  o f  a p r i o r i  know ledge concern ing th e  deg rada tion  processes 

a n d /o r  th e  o r ig in a l s ignal is requ ired . E xam p les  o f  a p r i o r i  in fo rm a tio n  abou t th e  o rig ina l 

s igna l in c lu d e  a m p litu d e  bounds, phase, reg ion  o f  su p p o rt, energy bounds, and  frequency 

band [12. 25, 36. 41. 43, 46, 45. 49]. A  genera l vec to r space m ode l fo r  signal deg rada tion  

is the a d d it iv e  noise m odel

y  =  L ( x )  -i- u, (1.1)

where x .  y  and u  represent respec tive ly  th e  o r ig in a l s igna l, the recorded  signal, and  add itive  

system  noise, and where L  is an o p e ra to r representing  the  d e g ra d a tio n  phenom enon. I f  

L  is a co n vo lu tio n  opera to r, i.e., L ( x )  =  h * x  fo r some im pulse response h, (1 .1) models 

various com m on s itua tions  [5].

1.2 Form ulating Signal R estora tion  P rob lem s

.4 p r i o r i  know ledge is o f p a ram oun t im p o rta n c e  in  s igna l re s to ra tio n  and shou ld  be used 

w henever possib le [12, 26, 39, 41, 40, 43, 46, 45. 49]. M a th e m a tic a lly , a p r i o r i  know ledge 

can be represented in  the fo rm  o f  c o n s tra in ts  and o p t im a lity  c r ite r ia . In  signal re s to ra tio n , 

co n s tra in ts  arise from  in fo rm a tio n  a b o u t

1. T h e  degrada tion  m echanism :

2. T h e  o r ig in a l signal;

3. T h e  noise.
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A  signal res to ra tion  p ro b le m  can ty p ic a lly  be fo rm u la ted  as a co n s tra in e d  o p tim iz a tio n  

p rob lem  o f  the  form

F in d  x '  €  S  =  O  S{ such th a t J ( x m) =  in f  J { x )  (1-2)
I  x^ s0 < i < m

in  a su itab le  vector space B,  w here (S ,)o< i<m  C B arc sets describ ing  s ig n a l cons tra in ts

and J : B  —r S  an o p t im a li ty  c r ite r io n . In  practice, u n d e r su itab le  assum ptions, i t  is

o fte n  possib le to a p p ro x im a te  (1.2) by a f in ite  d im ens iona l p rob lem  a fte r  d isc re tiza tio n . 

T h is  w ill be the n u m e rica l fram ew ork  adopted in  th is d isse rta tio n . M o re  specifica lly , o u r 

assum ptions regard ing  (1.2) w i l l  be fo llo w in g  th ro u g h o u t th e  d isse rta tio n .

A ssu m p tio n  1.1

( i)  J :  E —t  R  is a convex fu n c tio n .

( i i)  (5 t-)o<2<m C E are  closed convex sets and P i Si  ^  ° -
0  < i < m

( i i i )  T here  exists a  G S  such th a t S  f l  lev<Q ./ is nonem pty  and bounded .

( iv )  S  is an active set.

As a resu lt, we have th e  fo llow ing :

•  ( i) - ( i i i )  im p ly  th a t (1 .2) has a s o lu tio n  (see Theorem  2.2).

•  Denote by a* =  in f  J ( x )  the  o p tim a l constra ined va lue o f  J.  T h e n  ( iv )  im p lies th a t
X €5

in f  J ( x )  <  a * . 
x«=E
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1.3 N ondifferentiable Convex O ptim ality  C riteria

In  m any s itu a tio n s , one needs to  m in im ize  a convex fu n c tio n  w h ich  is nonsm ooth , i.e.. not 

con tinuous ly  d iffe re n tia b le  [28. 33, 42]. In  s igna l res to ra tion , th e re  are tw o genera l types 

o f nond iffe re n tiab le  cost func tions : in teg ra l and  po in tw ise  m a x im u m  costs.

1.3.1 Integral C osts

A  rea l-va lued A /-d im e n s io n a l ana log  signal can be represented b y  a fu n c tio n

i : Q c S A' ^ H .  (1.3)

For such s igna ls, a general cost fu n c tio n  is

J : x  —> f d>(x(u;). Vx(u i ) )du j .  (1-4)
J n

where <?: iF-u + I  -4  ?. is a convex fu n c tio n  [9, 11, 26, 29, 32, 47] (equ iva len t costs can be 

defined for d iscre te  tim e /space  s igna l by p ro p e r d isc re tiza tio n ). I t  is convex, since <{> is

convex, and V  and (and th e ir  d iscre te  a p p ro x im a tio n : su m m a tio n  and  f in ite  differences

in  a d iscrete se ttin g ) are lin e a r opera tors. I t  is nond iffe re n tiab le  i f  <p is nond iffe ren tiab le ,

c-g-,

4>: (u , v)  |u| (1-5)

4>: ( u . v )  >-»• ||r | |p w i th p  >  1. (1-6)

For instance, the  to ta l v a r ia tio n  costs, w h ich have been used in  [29] and [38], are ob ta ined  

i f  4> is given by  (1.6) w ith  M  =  2 (p =  1 in  [29]).
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1.3.2 M in im ax P rob lem s

A n o th e r type o f n o n d iffe re n tia b le  convex costs w h ich  arise in  s igna l re s to ra tio n  are those 

o f  the  form

w here each J , : E —> R  is a convex func tion . E ven i f  the fu n c tio n s  ( J t ) i < , < P are d iffe re n ­

tia b le . J  may no t be d iffe re n tia b le  at those p o in ts  a t w h ich  tw o  or m ore o f  the  J , ’s take 

the same value.

1.3.3 R em arks on N on d ifferen tiab le O p tim iza tion

D iffe ren tiab le  o p tim iz a tio n  m ethods shou ld  n o t be used to  m in im ize  a n o n d iffe re n tia b le  

fu n c tio n  as they m ay lead to  serious fa ilu res [28, 42]. B y  w ay o f  w arn ing , we now present 

a b r ie f  discussion based on th a t o f  [28].

1.3 .3 .1  Failure o f  C on vergen ce

In  . consider m in im iz in g  th e  fu n c tio n

I t  is convex b u t n o t d iffe re n tia b le  on the ray  x l <  0 ,x 2 =  0. M oreover, l im  J ( x 1,0 )  =

— oc. As dem onstra ted  in  [28], s ta r tin g  fro m  xo =  (2. 1) th e  sequence generated by  the  

steepest descent m e thod  converges to  the p o in t  (0 ,0 ), a n o n -o p tim a l k in k  o f  J .  L ikew ise, 

we can construc t no n d iffe re n tia b le  func tions fo r  w h ich  N e w to n ’s m ethod m ay fa il. T hus , i t

J  =  m ax
l< i<p

(1.7)

f

V ^ d x 1!'2 - r  2 |x 2]2) i f  0 <  |x 2 | <  2x
.2 ( 1.8)

otherw ise.
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is unw ise to  use d iffe ren tiab le  o p tim iz a tio n  m e thods  based on  T a y lo r  m odels to  m in im ize  

n o n d iffe re n tia b le  func tions .

1 .3 .3 .2  Lack o f  O p tim a lity  T est

A n o th e r p rob lem  associated w ith  a p p ly in g  d iffe re n tia b le  o p t im iz a t io n  m ethods to  a non­

d iffe re n tia b le  fu n c tio n  is the lack o f  an im p le m e n ta b le  s to p p in g  ru le . For a d iffe re n tia b le  

convex fu n c tio n  . / :  E —> 5L we have

J { x ’ ) =  in f  J { x )  < = >  0 =  V J ( x ' ) .  (1-9)
x€E

Since J  is co n tin u o u s ly  d iffe re n tia b le  (Theorem  2 .9 ). the  n o rm  o f  the  g ra d ie n t | |V J ( x n )|| 

w i l l  become sm a ll when x n approaches some o p t im a l p o in t x ~ . For a no n d iffe re n tia b le  

fu n c tio n  J . we have

J ( x ' )  =  in f  J ( x )  <= >  0 €  d .J {x ‘ ). (1-10)
x€E

an d  no s to p p in g  ru le  can be b u i l t  based upon th e  no rm  o f  g ra d ie n t, even i f  th e  g rad ien t 

ex is ts  a t a ll ite ra tes . For exam ple , fo r the abso lu te  value fu n c tio n  J :  H  —> K : x  |x |, 

|V . / ( x n )j =  1 a t each x n ^  0. no m a tte r  how close x n is to  the  o p t im a l k in k  x '  =  0.

1 .3 .3 .3  F ailure o f  G radient A p p ro x im a tio n

F or a d iffe re n tia b le  fu n c tio n  J :  E —r R

(Vx €  E)(V /i e  E) J (x  +  h) -  J ( x )  =  ( V J { x )  | h)  +  o (||/t||). (1.11)

T h e re fo re , the  g ra d ie n t can be e s tim a te d  by f in ite  d ifferences. F o r a n o n d iffe re n tia b le  J, 

(1.11) no longer holds. The  c o m p u ta tio n  o f  subg rad ie n ts  becomes com pu lso ry  and  cannot
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be done b y  a f in ite  d iffe rence  a p p ro x im a tio n  scheme. For exam ple , le t J : R3 —> R : x  

m a x f r ' . r 2 , ! 3} .  T hen  th e  su b d iffe re n tia l a t (0 ,0 ,0 ) is

3.7(0) =  c o n v { ( l ,0 ,0 ) ,  (0 ,1 ,0 ) , ( 0 ,0 ,1 ) } .  (1.12)

However, the  fo rw ard , backw ard , and ce n tra l d ifferences o f  J  a t (0 ,0 ,0 )  are (1 ,1 ,1 ) ,  

(0 .0 ,0 ). and  ( - ,  - .  ^ ) .  N one o f  them  describes the  behav io r o f  J  near (0 ,0 ,0 ) .

1 .3 .3 .4  N o n d ifferen tia b le  F unctions an d  T heir S u b d ifferen tia l

Le t J :  E —> R  be a n o n d iffe re n tia b le  convex fu n c tio n . Take an a rb it r a r y  x  £  E. I f  J  

is d iffe re n tia b le  a t x  th e  su b d iffe re n tia l d J ( x )  degenerates to  the g ra d ie n t V J (x ) ,  whose 

negative is a lways at a d ire c tio n  o f  descent o f  J  a t x,  i.e.,

V J { x )  #  0 = >  (3e >  0) J  (x  -  e V J ( x ) )  <  J { x ) .  (1.13)

I f  .7 is n o t d iffe re n tia b le  a t x .  the  negative o f  a subgrad ien t t £  d J ( x )  is n o t necessarily a

d ire c tio n  o f  descent. As a p a r t ic u la r  exam ple in  R2. cons ider the  nond iffe re n tiab le  convex 

fu n c tio n

f ( x l , x 2) =  m a x {—x l +  |x 2|2, j r M 2 — x 2}.  (1-14)

A t (1 .1 ) 3 / ( 1 ,1 )  =  c o n v { ( - l , 2 ) , ( 2 , - l ) } .  Take t  =  ( - 0 .7 ,  1.7) G 3 / ( 1 ,  1). Then

(Ve >  0) J (  1 +  0.7e, 1 — 1.7e) =  m ax{2 .89e2 — 4.1e, 0.49e2 +  3.1e}

>  0.49e2 +  3.1e > / ( l , l )  =  0. (1.15)

Since m in  f ( x l . x 2) <  0. th is  shows th a t —t is no t a t a  d ire c tio n  o f  descent fo r /  a t
( x ‘ , x = ) € E 2

( 1- 1 )-
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1.4 P rop osed  W ork

1.4.1 S ta te-o f-th e-A rt in N ondifferentiab le S ignal R estoration

For d ig ita l s igna l res to ra tion  problem s, o ften tim es  one piece o f a p r i o r i  know ledge is in  fo rm  

o f the  linea r degrada tion  m odel (1.1) [5]. W ith  th is  m odel, nond iffe ren tiab le  problem s have 

shown up in  one o f the  fo llo w in g  two fo rm a ts .

One is to  fo rm u la te  i t  as an unconstra ined o p tim iz a tio n  p rob lem

F in d  arg m in  { J ( x )  4- X\\Lx  — y ||2 } ,  (1-16)
x£E

where J  : E —r R  is a convex ob jec tive  and A >  0 is used to  balance the w e igh t between the  

goodness o f x  in  f i t t in g  the recorded signal y  as requ ired  by  the  degrada tion  m odel (1.1) 

and the p e n a lty  im posed by the  cost J  on a: as requ ired  by a p r i o r i  knowledge. The o th e r 

is to  fo rm u la te  i t  as a constra ined  o p tim iz a tio n  p rob lem

fF in d  x"  €  5  such th a t J { x ' )  =  in f  J ( x )
xeS (1.17)

S  =  { x  €  E | | | Lx  — y j|2 <  £ },
*

where S  is a noise cons tra in t set. ob ta ined  th ro u g h  ce rta in  s ta t is t ic a l hypotheses o f the noise 

n. and J : E —>• lit is a convex ob jective . Such fo rm u la tio n s  are lim ite d  to  one constra in t.

F o rm u la tions  (1.16) and (1.17) are d iffe ren t b u t they  are equ iva len t under ce rta in  cond itions  

[30]. For fo rm u la tio n  (1.16) one c r it ic a l p o in t is to  fin d  a su ita b le  A. A lth o u g h  Bayesian 

analysis prov ides a fram ew ork fo r o b ta in in g  a m a x im u m  lik e lih o o d  estim ate  o f  A for (1.16) 

unde r ce rta in  s ta tis tic a l hypothesis [6], the  re su ltin g  p rob lem  is usua lly  ha rd  to solve. 

O ften tim es the  param eter A in  (1.16) needs to  be chosen by t r ia l  and e rro r, usually, gu ided 

by some h e u ris tic  rules. In  the  end, the p rope rties  o f  the s o lu tio n  are o ften  uncerta in .
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F o rm u la tio n s  in v o lv in g  a nond iffe re n tiab le  fu n c tio n  have been fo u n d  m ore a p p ro p r ia te  in  

m any a p p lica tio n s  [4, 3. 9, 29. 38. 48]. In  [9, 48] s igna l re s to ra tio n  p rob lem s are fo rm u la te d  

as (1 .16). where J  is the  to ta l va ria tio n  cost. To solve i t ,  i t  is tra n s fo rm e d  in to  a p rob lem  

us ing  a u x il ia ry  va riab les  ( in  fact the to ta l v a r ia tio n  cost is s lig h t ly  m od ified  to  m ake i t  

d iffe re n tia b le ) and  the  re su ltin g  p rob lem  is th e n  solved b y  a lte rn a tin g  tw o a u x il ia ry  m in ­

im iz a tio n  p rob lem s, one o f  w h ich  can be so lved t r iv ia l ly  in  closed fo rm  and the  o th e r is 

a q u a d ra tic  m in im iz a tio n  p rob lem  and so lved  by q u a d ra tic  p ro g ra m m in g . T he  m e th o d  in  

[9. 4Sj has been re p o rte d  to  be robust a n d  e ffic ien t [10].

In  [3], a recurs ive  m e th o d  is proposed to  solve the  one-d im ens iona l s ig n a l denois ing p rob lem

F in d  a rg m in  { j | x  — t/||r 4- A | jA x | | i } ,  (1-18)

where A  represents the  f irs t o rde r fin ite -d iffe re n ce  o p e ra to r, i.e, ( A x ) 1 =  x 1 — x l_ 1 . How­

ever, the  m e thod  can be app lied  on ly  w hen A in  (1.18) is o f  the fo rm  ^  fo r some po s itive  

in tege r n.  T h e re fo re  th e  s o lu tio n  o f (1.18) canno t be guaranteed to  sa tis fy  the noise con­

s tra in t in  general. M oreover, how to genera lize  such a m e th o d  to  solve a tw o -d im ens iona l 

s igna l deno is ing  p ro b le m  is s t i l l  open.

In  [3S]. s igna l deno is ing  p rob lem s are fo rm u la te d  as (1 .17 ), where J  is the  to ta l v a r ia tio n  

cost. T h e  m e thod  used to  solve (1.17) is a k in  to  a g ra d ie n t p ro je c tio n  m ethod in  w h ich  

ite ra tes  are p e r tu rb e d  to  avo id po in ts  o f n o n -d iffe re n tia b ility . Its  n u m e rica l im p le m e n ta tio n  

is s tra ig h tfo rw a rd  b u t i t  lacks a sound m a th e m a tica l basis. In  [29], s ignal re s to ra tio n  

p rob lem s are fo rm u la te d  as (1.17), w here th e  cost .7 is a  va rian t o f  the  to ta l v a r ia t io n  

cost. T h e  re s u lt in g  p ro b le m  is to m in im ize  an  l i  cost w i th  a s ing le  q u a d ra tic  co n s tra in t. 

I t  is solved b y  an a ffine  sca ling  N ew ton m e th o d  whose c o m p u ta tio n  is expensive fo r  large
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images.

A l l  the above m ethods are lim ite d  to  one signal co n s tra in t a n d  a special ty p e  o f  cost. 

M oreover, us ing fo rm u la tio n  (1 .16). one does not solve p ro b le m  (1.17) in  genera l.

1.4.2 P r o p o sed  W ork

In  d ig ita l s igna l re s to ra tio n , a w ide  range o f  signal cons tra in ts  de rived  from  a p r i o r i  know l­

edge can be represented as closed convex sets (5 ,)o< i<m  in  E. T o  use such cons tra in ts , 

s igna l re s to ra tio n  p rob lem s can be fo rm u la te d  as fe a s ib ility  p ro b le m  [12, 13, 43, 45, 49], 

i.e.,

F in d  x *  €  S  =  p ]  St . (1-19)
G < ; < m

I t  is som etim es m ore advantageous to  se lec tive ly  p ick a s o lu tio n  in  5 . For ins tance , in  [11] 

a lg o rith m s  are proposed to  solve the best feasible a p p ro x im a tio n  p rob lem

F in d  r ' s S =  O  Si  such th a t ]|x “ — r j|  =  in f  j jx  — r j| .  (1.20)
o<t< m xes

where r  is a  reference s igna l. P ro b le m  (1.20) is a m u lt ip le  c o n s tra in t q u a d ra tic  convex 

m in im iz a tio n  p rob lem .

In  m any instances, s igna ls have b lock  features such as shaxp edges w h ich  can be b e tte r  cap­

tu re d  by a n o n d iffe re n tia b le  o b je c tive  [3, 9, 29, 38, 48] and the  re s u lt in g  s igna l re s to ra tio n  

prob lem s sh ou ld  be fo rm u la te d  as a m u ltip le -c o n s tra in t, n o n d iffe re n tia b le  convex o p tim iz a ­

tio n  p rob lem s o f  th e  fo rm  (1-2), i.e.,

F in d  x *  €  5  =  P |  5 ; such tha t J { x m) =  in f  J ( x ) .  (1-21)
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T h is  is precise ly  the  ty p e  o f  p rob lem s to  be addressed in  th is  d isse rta tio n . O u r  goal is to  

develop a general a lg o r ith m  to  solve (1.21) under m ild  assum ptions.

1.4.3 M eth o d o lo g y

C ons ide r o u r general p rob lem  (1.2) under A ssum ption  1.1 and le t a *  =  in f  J { x ) .  T h e n
x€5

the so lu tio n  set S '  o f  (1.2) is

S '  =  S  D lev<Q. J. (1.22)

I f  a '  is know n. (1.2) is equiva lent to  the  feas ib ility  p rob lem

F ind  a:* €  I P  Si  I Pi le v< Q- J, (1-23)
\ 0 < i < m  J

w h ich  can be solved by  m any m ethods [7, 8. 13. 14, 22, 24]. U n fo rtu n a te ly , in  practice  a *  

is unknow n .

In sp ire d  by [20, 23], we sha ll use a level m ethod to  a d a p tiv e ly  es tim a te  the  o p tim a l con­

s tra ined  level a ’  and tre a t (1.2) fu n d a m e n ta lly  as the  fe a s ib ility  p ro b le m  show n in  (1.23).

A lth o u g h  the  procedure  fo r e s tim a tin g  a '  w ill be n o n tr iv ia l,  i t  w i l l  share w ith  m ost o the r

level m e thods the fo llo w in g  basic p rinc ip les :

( i) I f  X £  P ) Si  D le v < Q J  ^  0  can be found, then  we in fe r a  >  a ' .
0  <  i <  m

( i i)  I f  P i  Si D le v< Q J  =  O can be detected, then  we in fe r  a  <  a * .
0  < i < m
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1.5 C ontribution

T he  m a in  c o n tr ib u t io n  o f  th is  d isse rta tio n  is the developm ent o f  a genera l a lg o r ith m  to  solve 

m u ltip le -c o n s tra in t, no n d iffe re n tia b le  convex o p tim iz a tio n  p rob lem s (C h a p te r 4). O the r 

s ign ifican t new developm ents are the  fo llow ing .

•  In  C h a p te r 2, a new class o f  opera tors (n ice  opera tors) is in tro d u ce d  and some o f 

th e ir  p ro p e rtie s  are derived.

•  In  C h a p te r 3, P o lyak 's  p ro jec ted  subg rad ien t m ethod is ex tended  (T heo rem  3.4).

•  In  C h a p te r 4. a level subgrad ien t m ethod is proposed to  solve the  general signal 

re s to ra tio n  p ro b le m  (1.2) unde r very m ild  assum ptions. T h e  convergence o f the 

m ethod  is estab lished and its  (poss ib ly  p a ra lle l) im p le m e n ta tio n  is discussed.

•  In  C h a p te r 5. ap p lica tio n s  o f  the  proposed m ethod  to  m u ltip le -c o n s tra in t nond iffe r­

en tiab le  s igna l re s to ra tio n  and denoising p rob lem s are dem onstra te d .

•  In  C h a p te r 6, a specia l case o f  the  subgrad ien t level m e th o d  proposed in  C hap te r 4 

is investiga ted . Its  a p p lic a tio n  to  the  re s to ra tio n /d e n o is in g  o f  syn th e tic  b lock  signals 

is dem onstra ted .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



13

C hapter 2

M ath em atica l P relim in aries

In  th is  chap te r, we p rov ide  some m a th e m a tica l re su lts  th a t w i l l  be used in  subsequent 

chapters.

2.1 C onvex A nalysis

For a d e ta ile d  account o f convex ana lys is  and p roo fs  o f  the  fo llo w in g  resu lts , co n su lt [18. 

35. 37. 42].

T h ro u g h o u t, /  is a rea l-va lued fu n c tio n  defined eve ryw here  on E and is assumed to  be 

convex, i.e.,

(V (x , y)  e  E2)(VA €  [0 ,1]) f ( X x  +  (1 -  A )y )  <  Af ( x )  +  (1 -  X ) f ( y ) .  (2.1)
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T h e o r e m  2 .1  /  is cont inuous on  E and. f o r  every o g S ,  i ts lo w er  level set

le v < Q /  =  { x  G E | f { x )  <  c*} (2.2)

is closed arid convex.

T h e o r e m  2 .2  Let  S  C E be closed. I f .  f o r  some a  €  R. S  H  le v < Q /  is nonem pty and 

bounded then f  achieves i ts i n f i m u m  on S.  i.e..

(3 x *  G S ) / ( x * )  =  i n f / ( x ) .  (2.3)

D e f in i t io n  2 .3  A  vecto r t G E is a  subgradient  o f /  a t a p o in t x  G E i f

(Vy G E) f { x )  - r  (t  ] y -  x )  <  f [ y ) .  (2.4)

T h e  set o f  a ll subgrad ien ts  o f /  a t i  is the  subdi fferential  o f  /  a t x  and  is denoted  b y  d f ( x ) .

T h e o r e m  2 .4  F o r  every x  G E, the subdi f ferent ial  d f ( x )  is nonempty,  bounded, convex,

and  closed. Moreover ,

(Vx* G E) f { x ' )  =  in f  f ( x )  < = >  0 G d f { x ' ) .  (2.5)

T h e o r e m  2 .5  d f  maps any bounded set and any nonempty  lo w er  level set o f  f  in to  a 

bounded set.

p
T h e o r e m  2 .6  Let  f  =  A* / , .  where  (A t ) i< i< P C ]0 , - fo c [  and  ( / t ) i< i< p : E —>• R  are

[ =1

convex. Then f  is convex and

p p
(V x G E) d f ( x )  =  £  Ai d f i i x )  =  {  ^  A iU | (V i G { 1 , . .  - , p } )  U G d / , ( x ) } .  (2.6)

i=  1 i=  1
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T h e o r e m  2 .7  Let f  =  m ax / , ,  where ■ E —> R  are convex. Then  f  is convex
l<i<p ~ ~

and

(Vx E E) d f { x )  =  conv |^J d f i { x ), where I ( x )  =  {z E ( 1 , . . .  .p }  | / i ( a r )  =  / ( * ) } •  (2.7)
ief(x)

D efin itio n  2.8 /  is di fferent iable a t x  i f  there  exis ts  a vector t £  E (necessarily  unique) 

such th a t

/ ( y )  =  f i x )  +  ( t \ y - x ) +  o (||y  -  i | | )  (2 .8 )

or. equ iva le n tly .

f l y )  — f i x )  — I t  I y  — x )
lim  J~ m  --------   =  0- (2-9)
y-*x lly  -  *11

Such a t. i f  i t  exists, is the gradient  o f  /  a t x  and  is denoted by V / ( x ) .

T h eo rem  2.9 /  is di f ferentiable almost everywhere (Lebesgue) on E and, i f  f  is di f feren­

tiable at x ,  then d f ( x )  =  { V / ( x ) } .  Moreover , i f  f  is di fferentiable on E ( i .e. ,  di f ferentiable

at every po in t  in E), then i t is cont inuously d i f ferent iab le on E.

T h eo rem  2.10 Let C  C  E be a nonempty closed convex set. Then, f o r  every x  E E. there 

exists a unique po int  P c i x ) €  C  such that

||x -  Pc {x)\\  =  m in j |x  -  y ||. (2.10)

I n  addi t ion,  this point  is characterized by

PC (z)  €  C  and  (Vx 6  E )(V y E  C )  ( x  — Pc {x)  | Pc {x) -  y )  >  0. (2.11)
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D efin itio n  2.11 T he  p o in t Pc(x) in  T h e o re m  2.10 is th e  pro ject ion  o f  x  onto C a n d  the  

ope ra to r P c : E —> C  is the  pro jec to r  on to  C.

I t  fo llow s fro m  (2.11) th a t  P q is f i r m l y  nonexpansive,  i.e ..

(V (x .y )  6  E2) \ \Pc (x )  -  Pc(y) II2 <  (P c (x )  ~  Pc(y) I *  -  y>. (2 . 1 2 )

and the re fo re  nonexpansive.  i.e..

(V (x .y )  €  E2) ||Pc {x )  -  P c ( y ) || <  ||x -  y I!- (2.13)

2.2 Subgradient P rojection s

D efin itio n  2.12 [7. 12. 13] L e t tj be a rea l num ber such th a t  le v< 7/  ^  0 .  T he  subgradient

project ion  o f  x  €  E on to  le v < rj /  is

G U x )  =

f (z)  

H ill5
x --------- iTTiiii—  ̂ ^  / ( x ) >  Vr where t E d f { x )

(2.14)

• i f  f ( r )  <  n-

Note th a t G i f i x )  is the p ro je c tio n  o f x  o n to  th e  half-space [7. 13]

Hq  =  { y  €  E j f ( x )  - r  ( t \ y  -  x )  < t j }, (2.15)

and th a t b y  (2.4) and (2.14)

F ix  =  le v< ^  /  c  H * .  (2.16)

I t  fo llow s fro m  (2.14) th a t

x  £  Ie v< „ /  = >  ||G '/(x )  -  x|| =  77 >  0 . (2.17)
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Hence G ^ (x )  can be regarded as an  a p p ro x im a te  p ro je c tio n  o f  x  on to  lev<^ / .  Since i t  

requ ires  o n ly  a subg rad ie n t o f f  a t x , i t  is s ig n if ic a n tly  easier to  im p le m e n t th a n  an exact 

p ro je c tio n  and  is used fo r so lv ing  a w id e  range o f  fe a s ib ility  p rob lem s [7. 8 , 12, 13, 24].

L em m a  2 .13  (Vx 6 E)(V?y € lev<^ / )  | |G { (x )  -  y | | 2 <  ||x -  tj\\2 -  \ \ G { , ( x )  -  x ||2 .

Proof. F ix  y €  lev<r, / ,  x  G E, and t G d f { x ) .  T h e n

II G{ { x )  -  y f  =  | |G '( x )  -  x | |2 +  ||x -  y |j2 -  2 (x  -  G ' ( x )  \ x - y ) .  (2.18)

B y  (2 .14 ), (2 .4 ), and f ( y )  <  r,

f ( x )  >  T] = >  (x  -  G { ( x )  i x  -  y)  =  \ x - y )

> U { x ) ~  t?)2
M l 2

=  | | G { ( x ) - x | | 2. (2.19)

O n  the  o th e r hand, by  (2.14), / ( x )  <  77 => x  — G ^ (x )  =  0. T here fo re

/ ( x )  < t ] = > ( x -  G £ ( x ) I x  -  y)  =  ||G ^(x ) -  x | |2. (2.20)

B y  (2 .1S )-(2 .20 ), the  lem m a is p roved. □

P r o p o s it io n  2 .14  I f  C  C E is bounded then

(V ( in )n > 0  c  C ) ( 3 r  G ]0 ,+ « [ ) ( V n  G N ) (V ( „  G 9 / ( r „ ) )  lUnll <  r .  (2.21)

Proof. A p p ly  T heo rem  2.5. 0 

R em a rk  2 .15  G(, is n o t continuous.
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Proof. W e prove th is  fact by p ro v id in g  a  counterexam ple . L e t / :  2. —> R.: x  >—> m a x {x , Ax} .  

T hen  /  is nond iffe re n tiab le  a t x  =  0 and le v < _ t /  = ] — oc, —1]. Now de fine  (Vn £ f i )  =  

n ^  t  • T h e n  (x „ ) n > 0 C ] 0 . 1], x n ->• 0. and (Vn G N) d f ( x n ) =  {4 }  an d  G f_ i { x n ) =  -i. 

However by  ta k in g  t =  1 G [1 ,4 ] =  d f ( 0), we o b ta in  (^ {^ (O ) =  —1.

lim  G l ^ x n )  = - I  =  0 ^ ( 0 )
n—r~oc  4

(2.22)

T here fo re  G(_x is no t continuous a t 0. □

L e m m a  2 .1 6  Let  ( x n)„> o  C  E and [gn )n>o C P.. I f  g:  E —> 5  is cont inuous then

X r ,  - r  X

Vn ~ + V g { x )  <  V- (2.23)

( g { * n )  ~  V n ) ~  ->  0

Proof. Suppose x n —> x. t)u —> g and (g ( x n ) — gn )^  - r  0. Since g is con tinuous, g { x n ) 

g(x) .  Hence

Ig ( x n ) -  4- g { x n ) -  gn \g(x)  -  77[ +  g(x )  -  T]- ■ ■ ------------ —r -------------------------------------.
2 2

(2.24)

O n the  o th e r hand

ls ( * n )  -  Vn\ + g ( x n ) -  Vn
=  i g ( x n ) -  V n V  -+  0. (2.25)

T he re fo re  |g (x ) — g\ =  — (g {x )  — 77), w h ich  im p lies  g(x)  — g  <  0 and g { x )  <  g. □
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P r o p o s i t io n  2 .1 7  Let  (Vn )n >o  C R and  (x n )n>o C  E. Then

Vn -»  n (2.26)

Proof. For every n  £  M we have

f { x n ) ~ V n

| | G ^ ( x n ) - x „ | !  = I M
i f  f ( x n ) >  T]n where t n €  d f ( x n )

(2.27)

0 t f f { x n ) < V n -

Since ( x „ ) „> o  converges, i t  is bounded and. by P ro p o s itio n  2.14, the re  exis ts r  £ ]0 ,+ o c [ 

such th a t sup | ltn || <  r .  where /  =  (n  6  N |  f { x n ) >  77} . There fo re
n€/

(Vn €  FI) ||G (n ( x „ ) - x n || >  I ( / ( x „ )  -  7n) + . (2.28)
I

I t  fo llow s from  ||G^n (x n ) —  x n j| —> 0 th a t ( / ( x n ) — 77n )^ — > 0. S ince x n —t x  and  T]n - >  77, 

Lem m a 2.16 y ie lds  / ( x )  <  77 and therefore x  £  le v< ^ / -  a

2.3 A ttractin g  O perators

D e f in i t io n  2 .1 8  [7] Le t T  : E —> E be an o p e ra to r such th a t F ix  T  is nonem pty, closed, 

and convex, and le t u £ ]0 , -Foc[. T  is u-at t rac t ing  i f

(Vx £  E)(Vu; £  F ix  T )  ||x  -  u; | | 2 -  l l ^ ( x )  -  u; | | 2 >  u \ \ T ( x )  -  x | |2. (2.29)

P r o p o s i t io n  2 .1 9  F o r  any nonempty closed convex set S C E, S  =  F ix  Ps and Ps is

1-at t ract ing.
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Proof.  I t  fo llow s from  the d e fin it io n  o f  P s  th a t S =  F ix  Ps-  O n the  o th e r  hand, i t  fo llow s 

fro m  (2.11) th a t fo r any x  €  E and y  6  S

i i^  — I/ ll2 =  !|x -  P s { z ) f  +  \ \Ps{x )  ~  y f  +  2 ( x  -  P s {x )  I P s (x )  -  y)

>  l l x - P s W f  +  l l / ^ W - y l l 2. (2.30)

T hus  P s  is 1 -a ttra c tin g . □

P r o p o s it io n  2 .20  G{, is 1-at t ract ing.

Proof.  B y  Lem m a 2.13 and (2 .16). 0

L em m a  2 .21  [7] Let  (T))i<t<m : E —» E be such that each T i is V i -a t t rac t ing  and

n  F ix  T, 5* O. (2.31)
l < i < m

Then T  =  T [ o • • • o Tm is m in { iq ,  • • • . i 'm } / 2 m_1 -a t t rac t ing  and  F ix  T  =  f ' j  F ix  Ti .
I  < i < m

2.4 N ice O perators

D efin itio n  2 .22 T : E —r E is nice i f  i t  is ^ -a t t ra c t in g  and . fo r every sequence ( x n)n>o C  E,
f

x n —► x
= >  x  €  F ix  T . (2.32)

I ( T - I d ) ( x „ )  - » 0  

We now  give some examples o f  nice opera to rs .

P r o p o s it io n  2 .23  Let C  be a nonempty closed convex set. Then P c  is n ice and  F ix  P c  =  

C.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



21

Proof. P c  is 1 -a ttra c tin g  by P ro p o s itio n  2.19 and has fixe d  p o in t set C.  M oreover, since 

i t  is nonexpansive by (2.13), i t  is con tinuous. □

P ro p o s it io n  2 .24  Gt, is nice and  Fix Gl, =  lev<^ / .

Proof.  A p p ly  P ro p o s itio n s  2.17 and  2.20. □

P ro p o s it io n  2 .25  Suppose (T ;) i< £ < m : E —> E are nice and  Fix T) ^  0 .  Let T  =
1 < i < m

T [ o • • • o Tm . Then T  is nice and  F ix  T  =  f^J F ix  T ,.
1 < :< 77i

Proof.  Since ( T , ) i< £< m are nice, suppose th a t each T, is / / j-a ttra c t in g . B y  Lem m a 2.21 T  

is in in { i / i , . . .  . -a ttra c t in g  and F ix  T  =  F ix  T ). Now fix  w  €  F ix  T  and
1 <  t <  rn

(£n )n>o C E. For every n  <E N. T ( x n ) =  T\  o ■ ■ ■ o T rn( x n ) o r, equ iva len tly ,

<»

3*m .n  =

— l,n  =  —I  ( ^ r n .n )

< : (2.33)

*^2.n =  ^2 ( ^ 3 ,71)

=  2^1 ( ^ 2 ,n)

T ( x n ) =  27lTn-
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Since each T, is ^ -a t t ra c t in g , we get from  (2.33) th a t

U7|| ^ ll~  ^  ^'mW^m.n ^-m rl.n lP

n2 - i^m  — l,n U/|f ^  l^m— I l.n ^rn,a||~

(2.34)

ll*3.n -  w\\2 -  ||x2.„  -  n;||2 >  i*>||x2.„ -  x 3,n ||2 

\\X2.n -  nr||2 -  | |x lin -  U?jj2 >  - X 2.n ||2.

I t  fo llows from  (2.34) tha t

IF m - r l .n  ~  ^ ’ I r  ~  I k l . r i  ~  M, (2.35)
i= i

Now suppose

x n —> x  and (T  — Id ) ( x „ )  —> 0. (2.36)

We m ust now show th a t x  €  p )  F ix  7), i.e., th a t (2.32) holds. Since 7 ( x „ )  =  x lt„  and 

-Tm-I.n =  Xn. we get
1 < : < m

xun  ~  ->  0 and x l-n -  x n - *  0. (2.37)

Then , we get from  x n —r x  and (2.37) th a t

Xm~i ,n -*■ X and  x 1-7l - r  X. (2.38)

There fore

-  «>ll —»• (|x -  tw|| and  | |x i tfl — tn|| —? ||x -  tn| (2.39)

and

k m -f l,n -  in||2 -  | |x i,n -  U7||2 -*■ 0. (2.40)
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From  (2.40) and (2.35) we get ^ ^ i ' i | [ x i . ri — i , j . [ -n||2 —> 0 and the re fo re
«=i

£'2,11 T d r  £'2.n - t - 3 , r t  T 0. . . .  . X m n  3*m - r l , n  T d .

Thus i t  fo llow s from  (2.38), (2.41), and (2.33) th a t

(V i €  {1 . - -. . m } )  <
* ^ i r l , n  ^

( ^  -  Id ) ( x i + l j l ) —> 0.

Since the ope ra to rs  (T ,-)i< i<m  are nice, we conclude x  G f"'] F ix  T ,. □
i < i <m
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C hapter 3

P o ly a k ’s Subgrad ient P ro jec tio n  
M eth o d

In  th is  chap te r, P o lyak 's  subgrad ien t p ro je c tio n  m e th o d  [34] is review ed and some ex­

tensions are g iven . These a lg o rith m s  w i l l  serve as a fo u n d a tio n  fo r the  nond iffe re n tiab le  

o p t im iz a t io n  a lg o r ith m s  developed in  th e  fo llo w in g  chapters .

3.1 B asic P rin cip le

T h e  basic s igna l recovery p rob lem  u n d e r co n s ide ra tio n  was fo rm u la te d  in  (1.2) as

F in d  i ’ 6  5  such th a t J ( x m) =  in f  J ( x ) .  (3.1)

U n d e r A ssu m p tio n  1.1 (3.1) has a s o lu tio n . T he  s o lu t io n  is u n iq u e  i f  J  is s t r ic t ly  convex 

on  S.  i.e.,

(V (x , y)  €  S 2)(VA  e ]0, 1[) x  #  y  = ►  J (A x  +  (1 -  A )y ) <  AJ ( x )  +  (1 -  A) J ( y ) .  (3.2)
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Now denote by a *  =  in f  J { x )  the  o p tim a l constra ined  va lue o f  J .  T h e n  th e  so lu tion  set o f
x £ S

(3.1) can be w r it te n  as

S '  =  S  n  le v< Q- J. (3.3)

W hen J  is d iffe ren tiab le . (3.1) can be approached by the  projected grad ient  method

(Vn 6  N) x n~ i  =  P s ( x n — 7 „ V J ( x n )). where 7 „  >  0. (3.4)

T he  step leng ths (7 n )n>o can be chosen acco rd ing  to  va rious c r ite r ia , e.g.,

(Vn €  N) 7 n €  a r g in f 7 > 0 J { x n -  7 V J ( i „ ) ) .  (3.5)

W hen . /  is nond iffe re n tiab le . (3.4) can be generalized to  the  projected subgradient method

{ ' i n  E N) Xn-~ 1 =  P s { x n -  'Yntn), where t n G d J { x n ). (3.6)

P o lyak 's  m e thod  [34] p rovides a scheme fo r choosing the  sequence (7 r i) n>o in  (3.6) unde r 

the  assum ption  th a t the  o p t im a l value a * is know n.

3.2 P o lyak ’s M eth od  and Its C onvergence

T h e o r e m  3 .1  [34] Given any  xo €  S and e €  ] 0 , 1], let (x n )n>o be a sequence generated by

(3.6) wi th  (7 „ ) „> o  defined by

{ i n  €  FI) 7 n =  ||2  Q where e <  Xn < 2  -  e. (3.7)

Then  ( x ri) n > 0  converges to a po in t  in S ’ .

Proof.  I t  fo llow s fro m  A ssu m p tio n  1 .1  th a t  S  is an ac tive  co n s tra in t. Hence, by T heo ­

rem  2.4, no subgrad ien t o f J  a t any x  G S  is zero and (3.7) is w e ll de fined . I t  fo llows fro m

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



26

(2.13) that

(Vtx £  5 )  |[u/ -  x „ + i | | 2 =  ||u; — P s ( x n — 7 ni n ) | | 2

=  ||P5 (u,) - P s ( x n - 7 n « n ) | | 2

<  | | t / 7  —  X „  - f  7 n < n | | 2

=  ||u; -  x „ | | 2 -  2-yn {w  -  x n \ - t n) - f  7 n l M 2- (3.8)

Now take an a rb it ra ry  x * £  S ' .  F rom  (3.7). (2 .4 ), and S '  C  S, we get

( J ( x„ )  -  a ' ) 2
| x '  -  x ^ l l '  <  ||x* -  r „ j | -  -  An (2 -  A „)-

| t n r

<  n ° ' ) 2 . (3.9)
Ln SI

I t  fo llow s from  (3.9) th a t

(Vn £  N) 11x* -  x n^ .i|j2 <  I |x * -  x „ j j 2 <  ||x* -  x 0||2. (3.10)

T herefore  ( x n) n>o is bounded and  there exis ts  a subsequence ( x „ fe)fc>o o f  { x n )n>o such 

th a t x nk —r x.  As ( x n )„>o  C 5  and  5  is closed, we get x  6  5 . M oreover, since (x „ ) „> o  is 

bounded, by P ro p o s itio n  2.14. the re  exists r  £  ]0, -Foc[ such th a t sup ||tn || <  r .  Thus, (3.9)
n>0

gives

n

(Vn €  N) ( ^ ) ‘  £ ( J ( x , )  -  a * ) 2 <  ||x* -  x 0 [j2 -  ||x* -  x n + 1 | |2 <  ||x ’  - x 0||2. (3.11)
1=0

Hence { J { x n ) — a ' ) ~  <  - fo e  and therefore J { x n ) —)■ a ' .  S ince J  is continuous, from
n > 0

x n.. —r x  and J ( x nk) —> a " ,  we get J ( x )  =  a '  and  x  £  le v< Q- J . There fo re  x  £  5 * and, by

(3.10), the  whole sequence ( x „ ) n>o converges to  x . □
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3.3 A n E xtension  o f P olyak ’s M eth od

T h e  fo llo w in g  variant o f T heo rem  3.1 was proposed in  [2].

T h e o r e m  3 .2  [2] Suppose a  <  a * . Given any  xo G S  and  e GjO. 2[. le t  ( x „ ) n>o be a 

sequence generated by

' in  —  A n
J { x n ) -  Or

W t n P

(Vn € M) =  P s i ^ n  ~  7 n tn )- where < fn G d J ( x n )

0 <  An <  2 -  e.

Then. i f  A „ =  -foe .
n > 0

(Vd €  ]0, + o c [)  (3 m  €  N) J ( x m ) <  a '  -r  - ------ ( a *  — a ) -F d.

(3.12)

(3.13)

Proof.  I t  fo llow s from  A ssu m p tio n  1.1 th a t S  is an ac tive  co n s tra in t. Hence, by T h e o ­

rem  2.4. no subgrad ient o f  J  a t any x  €  S  is zero and (3.12) is w e ll de fined . N ow  f ix

x -  E S ’ . B y  (3.8)

(Vn e  N) \\x’  -  x n+ i \ \ 2 <  ||x* - x „ | | 2 -  2 7 „ ( x *  -  x n \ - t n) +  7 2 | l*n l|2- (3-14)

T hus , by (2.4) and (3.12). we get fo r every n  €  N

! | x - - x n ||2 - | | x * - x n + l |!2 >  A „ J ( ^ )||I  -  [ 2  ( j ( x n ) - a ' ) -  A n ( J ( x n ) -  a ) ]

=  An [(2 ~  Aw)(J (xn) -  a' )

- A „ ( a * - a ) ] .  (3.15)
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Suppose th a t (3.13) is n o t tru e . i.e.. th e re  exis ts 5 G]0.  + o c [  such th a t

(Vn 6  N) J { x n ) — a * >  =— - ( a "  — a )  -j- 6. (3.16)

Then

( V » G N )  | ! x - - x n ||2 - | | x ' - x n + 1 | | 2 >  A/ (^ t } -7  °  [ — (2 -  An )(a * — a )
l l t n i l  L e

-r(2  — A „ ) J  — A „ (a ’  — a )

J { x n ) ~  a  f 4 -  2 (An - f -  e )  ., J { x n ) - a f 4 - 2 ( A n r e ) ,  , ,

=  A“  I I U ’  L ^----------- (“  ~ s )

+ ( 2  -  A „)*s ]

^  ,  £ J ( z n ) - a

-  w 1 w T
J ( x n ) -  a '  eS2

”■ \ \ tn \ \ 2 p u l l 2 ’ { }

I t  fo llow s fro m  (3.17) th a t ( x n )n>o is bounded . Hence, b y  P ro p o s it io n  2.14, there exists 

r  G ]0, -r-oc[ such th a t s u p || tn || <  r .  T he re fo re , from  (3 .17 ). we get
n >  0

(Vn G N) | | x - - i „ | | 2 - | | x - x n+ 1 ||2 > A n ( ^ .  (3.18)

C onsequently

(Vn G N) ^ 2  Xl -  ( ^ 5 2  )  ( l lx '  ~  X°H2 ~  !ix ’  ~  I!2) -  ( ^ 2  )  H** ”  x oll2- (3 -19)
i=o ^ '

Hence y ]  Xn <  4-oc, a co n tra d ic tio n . □
n > 0

W hen a close unde restim a te  a  <  a * o f  a '  is ava ilab le , a lth o u g h  lev<Q J  n  S =  0 .  an 

a p p ro x im a te  s o lu tio n  can s t i l l  be found b y  the  p ro jec ted  subg rad ie n t m e th o d  (3.13) in  the  

sense s ta ted  by  Theorem  3.2.
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3.4 A  N ew  E xten sion  o f  P olyak ’s M eth od

A s s u m p t io n  3 .3  T : E —> E is nice and F ix  T  =  S.

We now consider th e  recursion

(Vn G N) x n+i  =  T { x n — -yntn)- w here >  0 and t n G d J ( x n). (3.20)

T h e o r e m  3 .4  Suppose a  >  a ’ . Given any xq G E and  e G ]0. 1], let  ( x n)„>o be a sequence 

generated by (3.20) un de r  Assumpt ion 3.3 with (7 r i)n>o defined by

J ( x n ) a n 
An  ll0  i f . J (xn) >  a n , where

(VtI G N) 7 n — <
M 2

e <  < 2 - e

Q n  >  Or

i f  J ( x n ) <  a n .

(3.21)

Then, i f  a n —*■ a.  (x n )n>o converges to a poin t  i n  S  PI lev<Q J .

Proof.  Take an a rb it r a r y  w  G F ix  T .  Since T  is ^ -a ttra c t in g , by (2 .29).

li^n -r l -  ™\\~ =  \ \T {xn -  -yntn) ~  m | |2

<  ||xn -  w  -  7,A l l 2 -  u \ \ T { x n -  7nt n ) -  (x„ -  7 r A ) | |2

=  ||x „ -  w\\2 -  2-yn ( x n -  w  ! t n ) -F 7 2 ||^nl|2

- u \ \ T { x n -  J nt n ) -  (x n -  7 r A ) l |2-

I t  fo llow s from  (2.4) and  (3.22) th a t

(3.22)

|x n4. i  -  u ; | | 2 <  ||xn -  w\\2 -  2 7 „  ( J ( x n ) -  J ( w ) )  +  7 2 |i*n ||2

- z / | |T ( x n -  7ntn)  -  (Xn -  7 r A ) l | 2- (3-23)
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Since S ’ C ie v < 5  J  and S '  C S  =  F ix  T

le v< s  J  n  F ix  T ^ O .  (3.24)

Nov.* suppose w  €  le v < 5  J  n  F ix  T  and  note  th a t J ( w )  <  a.  T h e n , fro m  (3.23) a n d  y n >  0, 

we get

l l ^ n + l - ^ l i 2 <  ll^n -  ^ l l 2 -  2 7 „  ( j ( x n ) - a )  - i - 7 2 |Knl|2

- u \ \ T { x n - ~ f n t n) -  ( x „  - 7 n ^ n ) l i 2 - (3.25)

I f  ,J{xn ) >  q „ .  then  J ( x n ) >  a n >  a  >  a '  >  in f  J { x ) .  There fo re  t n 0 and by  (3.21)
iSE

- 2 7„  ( ■ / ( * „ ) - a ) - r 7 2 | | ( n | |2 =  - 2 A „  {J (X n )  ~  ~  5 )  +  a ;  ( J ( l || t)J 2a , ‘ )2

j
o

^ ___ 2 ( ^ (^ n )  Qn )~

-  6  | | * n  I ! 2

= _ (d  ||7nin!|2

<  “ ( j ^ )  ^ l l « n ||2. (3.26)

Thus, fro m  (3.25) and  (3.26). we get

J ( x n ) >  a n ==» !|xn + 1  -  w\\2 <  | |x „  -  tx | | 2 -  ( j " — )

- u \ \ T [ x n -  7 ntn ) -  ( x n -  7 rr£n )II2- (3.27)

I f  J { x n ) <  a n, i t  fo llow s  from  (3.21) th a t 7 „  =  0 and  (3.25) t r iv ia l ly  gives

j ( . * n )  <  <*n = >  ilX n -i-I ~  ™ l | 2 <  H ^n  ~  ™ l | 2 ~  H ^ ^ n l l 2

- i s \ \ T { x n -  7 nt n) -  ( x n -  7 n<n)||2- (3.28)
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I t  fo llow s fro m  (3.27) and (3.28) th a t in  b o th  cases 

llXn+l -  U7||2 <  \\xn — W
( 2 - e )  ‘'7n^

- u \ \ T ( x n -  ~fn t n ) -  ( x „  -  7 n*n)ll

T he re fo re

2 - e
^ 2  I l7 /^ l |2 +  \ \T {x i  -  -  (x(  -  7 i< i) |i2 <  ||x0 -  w\\2 -  ||x
1=0 1=0

<  Ijxo — ^ 'i

T a k in g  t iie  l im i t  a s n - >  -Foe, we get

^  il7 n^n !|2 <  + o c  and ^  | | (T  -  I d ) ( x „  -  7 „ f „ ) | | 2 <  -f-oc.
n > 0 n > 0

C onsequen tly

7ntn -*■ 0  and ( T  -  Id ) ( x n -  7 n tn ) ->  0.

I t  fo llow s fro m  (3.29) th a t

(Vm G lev<Q J  n  F ix  T )  i i x ^  -  txjj <  i|x n -  tu|| <  j|x 0 -  tx(|.

T h e re fo re  ( x n )n>o is bounded and i t  has a subsequence (x njt) t > 0 such th a t 

Since 7 nktn k —* 0. we get x „ fc — Jnkt nt. —> x . F u rth e rm o re , since T  is nice, 

A ssu m p tio n  3.3 give

(T  -  Id ) ( x n -  'YnJuk)  -»  0 = >  x  e  FLx T  <=$> x  €  5 .

F rom  (3.21). we get

II Tn ! j — ‘

J ( x n ) Qin .

0  i f  j { x n ) < a n.

(3.29)

nrl ~ ̂ ll2

(3 .30)

(3.31)

(3.32)

(3.33)

x nk Z-

(3.32) and

(3.34)

(3.35)
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Since ( i „ ) „ > o  is bounded, b y  P ro p o s itio n  2.14, there  ex is ts  r  6  ]0, - fo c [ such th a t sup ||t„ || <
n>0

t . Thus

I
il7n*rcll >  ( - )  ( J { z n )  ~  Ckn ) i f  J ( x n ) >  a n

(3.36)

I i 7 n ^ n l l = 0  i f  J ( x n ) < Q n .

Hence, in  a l l cases,

(Vn G N) ( J { x n )  ~  ctn )~ . (3.37)

C onsequently , i t  fo llows fro m  (3.32) th a t (J ( x nic) - Q n J '  —*■ 0. T hus, since x nk —* x  and 

Qn). -*■ Le m m a  2.16 y ie ld s  J { x )  <  a  and  there fo re  x  G le v < s  J.  Hence r G S n  le v < 5  J . 

Hence th e  w ho le  sequence ( x „ ) n>o converges to  x  by (3 .33 ). □

P r o p o s i t io n  3 .5  Suppose ci >  a * .  Given any xq G E and  e G ] 0 , 1], let ( x „ ) „> o  be a 

sequence generated by I-e <  <  2 — e
(Vn G N) x „ + i =  T  ( x n - f  An{ G Jari{ x n ) -  x n )) . w h e re  < (3.38)

a n > a

under  A s s u m p t io n  3.3. Then, i f  a n —► q , ( x n ) n>o converges to a po in t  i n  S  PI lev<Q J .  

Proof.  Use (2.14) and a p p ly  Theorem  3.4. □

As seen in  (3 .3 ). the  s o lu tio n  set o f  (3.1) can be w r it te n  as S ’  =  S  Pi le v< a- J .  T hen , 

by Theorem  3.4 and P ro p o s itio n  3.5, i f  a close overestim ate  a  >  a '  a n d  a nice ope ra to r 

T : E — E such th a t F ix  T  =  S  are ava ilab le , an a p p ro x im a te  s o lu tio n  o f  (3.1) can be 

ob ta ine d  b y  recurs ion  (3.20) and (3.38). In  C h a p te r 4, P ro p o s itio n  3.5 w il l  be used to 

co n s tru c t a genera l subgrad ien t level m e th o d  to  solve o u r genera l p ro b le m  ( 1 .2 ) under a 

m odera te  assum ption .
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C hapter 4

A  G eneral Subgradient Level 
M eth od

4.1 Introduction

In  (1.2) the  resto ra tion  p rob lem  was posed as

F ind x '  G S =  f"''| St such th a t J { x ‘ ) =  in f  J ( x ) .  (4.1)
o <i<m xeS

In  th is  chap te r, a general subgrad ien t level m e th o d  is proposed to  solve (4.1) un d e r As­

s u m p tio n  1 .1  and

A s s u m p t io n  4 .1  Sq is a s im p le  com pact convex set and. for every z G { 1 , . . .  , zn }, 5, =  

lc v < 0 (7, where gt : E -> R  is a convex fu n c tio n .

We reca ll th a t  A ssum ption  1.1 guarantees th a t (4.1) has a t least one so lu tion .
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Now le t q *  =  in f  J ( x ) .  As seen in  (3.3). (4 .1) is equ iva le n t to  the convex fe a s ib ility  p rob lem  
x€S

F in d  x * €  5 *  =  Iev<Q. J  f l  p )  5 ,. (4.2)
0 <  z <  rn

W hen q * is know n, i t  fo llow s fro m  P ro p o s itio n s  3.5. 2.23, and 2.25, th a t  (4.2) can be solved 

by the recu rs ion

(Vn 6  N) x B + 1  = P So° T o  G jq . ( * * ) ,  (4.3)

where T :  E —> E is a nice op e ra to r (see D e fin it io n  2.22) w ith  fixed  p o in t set P |  5 , and
1 <  : <  rn

G JQ. { x n ) is the  subgrad ien t p ro je c tio n  o f  x n onto le v < Q- J  g iven b y  (2 .14). As seen in  

Section 2.4, a  nice o p e ra to r T  w ith  fixed  p o in t set P |  Si  can e a s ily  be cons truc ted  from
I  <  z <  m

(su b g ra d ie n t) p ro je c to rs  on to  the  in d iv id u a l sets ( 5 , ) i< i< m. A lte rn a t iv e  decom pos ition  

m ethods to  solve (4.2) w ith  app rox im a te  p ro jec to rs  o n to  the in d iv id u a l sets le v< Q- J  and 

{Sl )o<i<m  can be found  in  [7, 13. 14, 24]. U n fo rtu n a te ly , a:* is u s u a lly  unkn o w n  in  p rac tice  

and (4.3) ca n n o t be im p lem ented .

4.2 D escrip tion  o f th e M ain A lgorithm

The idea b e h in d  the proposed a lg o r ith m  is to  replace (4.3) by the  re cu rs io n

( V n e N ) x „ + 1  = P Soo T o G i j x n ), (4.4)

where T : E —>■ E is a nice op e ra to r w ith  fixed  p o in t set P | 5 , and  (a n )n>o C  IS is a
I < z < m

sequence app roach ing  the  o p tim a l level a * .  For the case T  =  Id . i.e .. the  c o n s tra in t set S  

in  (4.1) is a s im p le  co n s tra in t set Sq, th e  idea o f re p la c in g  (4.3) b y  (4.4) can be found in  

[2 , 17, 2 0 . 23] ( in  [23] G Jan is replaced by  a p ro je c to r o n to  a p o ly h e d ra l a p p ro x im a tio n  to  

lev<Qa J  based on subgrad ien ts com pu ted  a t the c u rre n t and a t p re v io u s  ite ra tio n s ).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



35

T h e o r e m  4 .2  Let T : E —> E be a nice operator  w i th  f ixed p o in t  set (^| St. Suppose
l < t < r n

that  (Vn €  N) a n >  a  >  a "  and a n —> a .  Then any  sequence ( x n )n>o generated by (4.4)

converges to a point  in S  D lev<Q J .

Proof. S ince Psc is nice w ith  fixed  p o in t  set So and  T  is nice w i th  fixe d  p o in t set S,.
1 < : < m

b y  P ro p o s it io n  2.25. Ps0 o T  is n ice  w ith  fixed  p o in t set S. T h e n , using P ro p o s it io n  3.5 

w ith  A „ =  1 in  (3.38). we o b ta in  th e  c la im . □

T heo rem  4.2 states th a t i f  an ove res tim a te  a  o f  th e  o p tim a l cons tra ined  o b je c tiv e  a * is 

ava ilab le , an app rox im a te  s o lu tio n  to  (4.1) s a tis fy in g  a ll the  co n s tra in ts  and ach iev ing  a t 

m ost the  o b jec tive  value a  can be fo u n d  by (4 .4).

D e f in i t io n  4 .3  A  penal ty f u n c t i o n  fo r  (4.1) is a convex fu n c tio n  g :  E —t [0. - fo c [ van ish ing  

o n ly  on |^ |  Si.
l < i < m

G iven  a p e n a lty  fu n c tio n  g fo r (4 .1) and  a rea l nu m b e r (3 >  0, S =  So f t  lev<o g  and 

So n  le v< ^  g is the re laxed fe a s ib ility  set a t to le rance  level (3. B y  T heorem  2.1, th is  set is 

a lso closed and convex. We can de fine  an a p p ro x im a te  o b je c tive  va lue o f (4.1) as

ctp =  in f  - f(x ) .  (4.5)
xes0 f l  le v < 5  g

N o te  th a t

( V ( A , f t )  6  3 2 ) 0  <  (3o <  (3i = >  a *  =  Q'o >  a ’̂  >  . (4.6)

T h e  m a in  developm ent o f  th is  C h a p te r is the fo llo w in g  a lg o r ith m , where we g ive  a precise 

d e sc rip tio n  o f  the co n s tru c tio n  o f  th e  (poss ib ly  f in ite )  sequence ( a n ) „  in  (4.4).
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A lg o r i t h m  4 .4  G iven  v 6  E, (e, 0)  e ] 0 ,  -Focf2, £ € ]0 .1 [ ,  a  nice o p e ra to r T : E -+  E w ith

fixed  p o in t set f"') St . and  a pena lty  fu n c tio n  g fo r (4 .1 ), a (poss ib ly  f in ite ) sequence 
1 <  ! < m

{ x n )n is co n s tru c te d  as fo llows.

Step 0. Set xo =  Ps0 ° T { v ) ,  g#  <  a ' . ao =  J ( x 0 ), 0 q =  m a x {g (x o ),/? } , and n  =  0.

S tep 1. I f  cin — a n >  e, go to  Step 5.

S tep 2. I f  0 n =  0 ,  te rm ina te .

S tep 3. Do x n =  PsQ o T ( x n ) w h ile  g {x n ) >  m ax{^/?n, 0 } .

Step 4. Set o , l + 1  =  a „ ,  a n+ i  =  J { x n ), 0 n + i  =  m a x { g ( x „ ) ,0 } ,  x n+ l  =  x „ ,  and go to

Step 10.

S tep 5. Set q „  =  ( a „  - f  a „ ) / 2 .

S tep 6 . Set x n+ i  =  PSq o T  °  G ^ J x n).

Step 7. I f  S  n  le v < Qii J  =  O  is detected, go to  Step S; O therw ise , go to  S tep 9.

S tep S. Set a n + 1  =  a n, a „ + x =  cin. 0 n+\  =  0 n , x n+\  =  x n , and go to  S tep 10.

Step 9. Set o n i l  =  a „ .  I f  0 ( x „ + i)  <  0 n and  J { x n + 1 ) <  q „ ,  set a n+ i  =  J { x n + 1 ) and

0 n+ i  =  max{<7( x n + i ) , / 3 } ; O therw ise , set a n + i =  a n and / ? „ + 1  =  0 n .

Step 10. Set n  =  n  +  1 and go to  Step 1 .

In  above a lg o r ith m , a non increasing a u x ilia ry  sequence (0n )n> 0 is generated. I t  is used p r i­

m a r ily  in  the c o n s tru c tio n  o f  sequence (Qn )n>o (see P ro p o s itio n  4 .7 (v )). L e t us em phasize 

th a t
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•  A t  each ite ra tio n  n , 0 n specifies the re laxed fe a s ib ility  set So H le v< 3 n g  a t level 0 n 

and. b y  (4 .5), the  lower bound  o f  J  on  So D le v< ^n g.

•  a ' j  <  q *  and since (0 n)n>o is non increasing, by (4 .6 ), (Q^n )n>o is nondecreasing. 

P r o p o s i t io n  4 .5  Let  T : E —r E be a nice operator  with, f ixed  po in t  set | ^ j  5 ,.  Given
1 < :< m

y0 e  E. let  ( i jn)n>o be any sequence generated by y „ + 1  =  PSq o T { y n). Then  (y „ ) „> o  

converges to a po in t  in  Sq Pi lcv<o <7-

Proof.  A p p ly  Theo rem  4.2 by le tt in g  J  be a constan t fu n c tio n  on E, e.g., J :  x  >-*■ c and 

take a  =  c. □

R e m a rk  4 .6  Since g is con tinuous, by P ro p o s itio n  4.5, S tep 3 te rm ina tes  in  a  f in ite  num ­

ber o f steps and produces x n €  So D le v <majc^ )3ii g.

Le t us now describe the  a lg o r ith m  in  d e ta il. A t  S tep 0. x o , a 0, qo, and 0q  are in it ia liz e d

as
r

x o =  Ps0 °  T ( v )

Qf l  <  Q *

(4.7)

Q0 =  J ( x 0)

0 0  -  m a x {y (x 0),/? }.
*

I f  qo — Oq <  e and  <7(2:0 ) <  0,  A lg o r ith m  4.4 te rm ina tes  a t Step 2 and we get fro m  (4.7) 

th a t

J ( x 0) < Q o  +  c < Q * + e  and xq E Sq H le v< ^ g. (4-8)
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O therw ise , th e  ite ra tions  s ta r t  and, a t each ite ra tio n  n g N ,  the  u p d a te  is p roduced  by  one 

o f  the fo llo w in g  three loops.

Loop 1: S tep 1 —> S tep  5 —> S tep 6  —> Step 9 —> S tep  10 —r S tep  1 .

Loop 2: S tep 1 —> S tep  5 —»• Step 6  —> Step 8  —> S tep  10 —> S tep  1 .

Loop 3: S tep 1 —► S tep  3 —» Step 4 —► Step 10 —> S tep  1 .

M ore  sp e c ifica lly :

•  Loop 1 is executed w hen  q „  — a n >  e and S  n  le v < aa J  =  O  is n o t de tected  a t Step

•  Loop 2 is executed w hen  a n — a n >  e and 5  D le v < Qri J  =  O  is detected a t S tep 7;

•  Loop 3 is executed w hen  a n — a n <  e.

T h e  u p d a tin g  opera tion  (4.4) on x n takes place a t S tep  6 , w h ich  appears o n ly  in  Loops 1

and  2  w ith

^  (4.3)

set by Step 5. Since the u p d a tin g  o f  /3n takes place o n ly  a t Steps 4 and  9, i t  is easy to  see 

th a t

(Vn €  N) (3n >  (3. (4.10)
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In  v iew  o f  Steps 9 and 8  and  o f  (4.9), we th e n  get

— n - r l  —  O n  

~  2 n  >  e  = = >  Q n + 1  <  a n

0  <  P n - r i  <  m a x {/3 „./? }  =  [3n 

and. by  R em ark  4.6, we get from  Step 4 th a t

Q n - ^ < £

— n - r l  — n

a n + i =  J ( x n ) w ith  x n e  So D le v< max{C3 ni(3} g

0  <  P n - r l <  m a x {£ /3 „./3 } <  0 n .

I t  fo llow s fro m  (4.11) th a t

39

(4.11)

(4.12)

(Vn €  N) a n — a n >  e =►  a n + i <  a „ . (4.13)

M oreover, >  a „  m ay happen o n ly  fo r those n  6  N  such th a t a n — a n <  e since

q „ j - i  =  J ( x n ) in  (4.12) and  we m ay have J { x n ) >  a n . N ote  also th a t A lg o r ith m  4.4 

te rm in a te s  a t ite ra tio n  n  i f  and  o n ly  i f

«n -  <  e and 0 n =  0. (4.14)

P r o p o s i t io n  4 .7  A t  every i tera t ion  n  we have

( i)  X n  e  S q .

( ii)  cvq <  q „  <  <  q *.

( i i i)  P  <  P n - r l  <  P n  •

( iv )  I f  a n — a n >  e, then a n is defined and a n - f  ^  <  a n <  a n —
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(v) q „  =  m in  { J ( x ; t )  | 0  <  k  <  n  and g { x k ) <  p n } .

Proof, ( i) fo llow s fro m  Steps 0, 3, 4, 6  and 8 . ( i i) :  We get fro m  Step 0 th a t Qq <  a ’ . 

M oreover, the  value o f  a n is u p d a te d  o n ly  in  Loop  2 as

when S  H le v< Qfl J  =  0  (a n <  a * )  is detected. F rom  Step 0 we get /30 >  (3 and. by using

(4.11) and (4.12), we get ( i i i) .  ( iv )  fo llow s fro m  th e  fact th a t a n is defined o n ly  when Step 

5 is executed a t ite ra t io n  n , w h ich  occurs o n ly  in  Loops 1 and 2. In  th is  case i t  is set to

To prove (v) ,  le t us f irs t  note th a t  a n and  (3n are updated  o n ly  a t Steps 8 , 9, and 4. W hen 

q „  — a n >  e, Loop  1 o r  2 is executed. N ote th a t a „ r i <  a n can take place o n ly  a t Step 9 

when

=  Q 'n  = « „ - ! - (4.15)

g(Xn-r l )  <  and J { x n + 1) <  Q„ (4.17)

In  connection  w ith  (4 .17), note th a t

<  Pn Pn+ i  =  max{<7( j :n + 1 ) , / 3}  <  m a x { P n . 0 }  =  Pn
(4.18)

On the o th e r hand, w hen a n — a n >  e, we have

/

Pn+l  — Pn
( g ( x n+ i )  >  Pn o r J ( x n + i )  >  a n ) ==> < (4.19)

Oji + 1 — &n-
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T here fo re , i f  (Vn G N) Q „ — « n >  e, then

(Vn £  K) a „  =  m in  { J { x k ) | 0 <  k  <  n  and g { x k ) <  3 n } -  (4.20)

O n the  o th e r hand, w hen a „ - a „  <  e, we get a n <  Qn + €  <  oc“ +  e. I f /3 n =  /3, A lg o r ith m  4.4 

te rm ina tes . O therw ise , we get >  (3 and, by R em ark  4.6, (3n is then  u p d a te d  a t Step 4 

as (see Steps 3 and 4)

/? „+ i =  m a x {g (x n ), /?} <  m a x {^ 5 n ./3 } <  /?„, (4.21)

and a n-ri and x n + i are set a t the  same tim e  as a n+ i =  J { x n ) and  x n-i-i =  x:n . There fore  

c*n-ri =: *^(*^*n-ri) =  *^(-^'n) and  g(xn±. i )  ^ ( x n ) (3n. (4.22)

S ince (YA: G {0 ___ , n  — 1 }) g(A:) >  0 n+ i ,  we get

Qn-j-i =  m in  { J ( x / t )  | 0 <  A* <  n  4- 1 and g(xfc) <  (4.23)

□

4.3 A sym p totic  P rop erties

In  th is  section, e and  3  are the  to lerances fixed  in  A lg o r ith m  4.4. Define

Nt =  { k  G N  I a k -  a t  >  e ]  (4.24)

and, fo r every n  €  N, le t N „ be the  largest in te rv a l in  N  o f th e  fo rm

{ k  G N  | a *  =  a n and a k <  a k- i }  (4.25)

co n ta in in g  n.  N£ is the  set o f  ite ra tio n  ind ices a t w h ich  L o o p  1 o r  2 is executed and is

the la rgest set o f  ite ra tio n  ind ices c o n ta in in g  n  such th a t (o*)fc€N„ is a co n s ta n t sequence

and (Qjt)fceNn is a non increas ing  sequence.
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P r o p o s i t io n  4 .8  Let  n  €  N. I f N n C  Ne, then (3 n  G N „)  an <  a ' .

Proof. L e t n  G N  be such th a t Nn C  Ne and suppose (VA G N „ )  a*. >  q * .  Then

(VA G Nn ) *5 f l  le v < Qfc 5̂  O and  therefore =  a * -  (4-26)

Since FIn C  Nf , (VA G N n ) a fc -  a *  >  e and. by (4 .11). (VA G Nn ) a k^ i  <  ak-  There fore

(VA G N „ )  (a *  >  q ‘  and  k E N n C  Nt ) =►  i  +  1 G Nn- (4.27)

Hence, i f  N n C Nt a n d  (VA G N „ )  a Tl >  a ’ , then  N „ is an in f in ite  in te rva l in  N. Since 

(VA- G Mn C  Ne) ak  =  ^  Q<~ and a*.. >  a * , (ak)ket in  *s non increa s ing  and  bounded from

below by  a *  and the re fo re

(3a  G [a * . - fo c [ )  l im  a*.- =  a . (4.28)
k - t - r o c

Since fo r every  A G Nn L o o p  1 is executed , i t  fo llow s from  T h e o re m  4.2 th a t

l im  i t = i G S f l  le v < 5  J. (4.29)
k - r - i-oo

However, since g  and J  are con tinuous and 5  =  Sq f~l lev < 0 g. we get fro m  (4.29) th a t

l im  g{x k )  =  g { x )  <  0 and l im  J {x k )  =  J { x )  <  a . (4.30)
k — r  - r O C  k - r -T O O

Since by P ro p o s it io n  4 .7 (v ) a*. =  m in {  J { x i )  | 0 <  I <  A and g { x i )  <  /?*,}, where/?*, >  (3 >  0, 

we get

( 3 i \  G N)(VA G N „ , A  >  K )  a k =  m in { J ( x z) | K  <  / <  A } <  J ( x k ). (4.31)

Then, by P ro p o s it io n  4 .7 ( iv ) ,

(VA G N „ , A >  K ) a k <  a k -  |  <  J ( x k ) -  (4.32)
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Thus, by (4.28) and (4.30), we get a  <  a  — a c o n tra d ic tio n . Hence (3 n  G N „ )  a „  <  a * .

□

P r o p o s i t io n  4 .9  F o r  every n  G N  such that  N „ C  Nc , i f  S  n  le v < Q. J  =  0  is  detected f o r  

some h  G N „ , then  (31 6  N) x / 6  5o f !  le v< ^ g and J ( x i )  <  a *  4- e.

Proof. For every n 6  N such th a t N „ C  Nt , by P ro p o s itio n  4.8. the re  ex ists  h  G Nn such

th a t S  H le v< Q. J  =  0 .  N ow  assume th a t fo r every n  G N  such th a t N „ C  Nt ,

(3 n  G N „ ) S  D lev< jj J  =  O is detected . (4.33)

Le t 9  G N  and suppose (Vn G N, n  >  9 ) a n — >  e. T h e n  Loop  2 w i l l  be executed an

in f in ite  num be r o f  tim es and, by Steps 8  and  5, the  u pda te

“ n -rl =  “ n =  “ n +  ^  2  >  ^ n  +  |  (4.34)

w il l  be executed an in f in ite  num ber o f  tim es. As a resu lt a n w i l l  becom e a rb it ra r i ly  large 

as n  increases, w h ich  co n tra d ic ts  P ro p o s itio n  4 .7 ( ii) . T hus , fo r any n  G N,

i f  a n — a n >  e th e n  (3p  G N ,p  >  n ) a p — a p <  e. (4.35)

Now  le t n  G N  be such th a t a n — a n <  e. T hen  q „  <  a n -f- e <  a *  +  e. I f  (3n =  /?,

A lg o r ith m  4.4 te rm ina tes  and , since b y  P ro p o s itio n  4 .7 (v)

a n =  m in{J(a:fc) | 0 <  k  <  n  and g ix ^ )  <  /3 „} , (4.36)

we get

( 3 /  G ( 1 , . . .  , n } )  x i  G S q D lev< ^ g and J { x i )  <  a ’  +  e. (4.37)
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O therw ise  (/?„ >  /3), by co n s tru c tio n . Loop  3 is executed. There fo re , x n , a n , and /?n 

are updated as

r

^ n + l  ^  S q f~l g

Q n r l  =

(4.38)

— n - r l  — n

0 n + i =  m a x { £ / 3 <  (3n 

and we go back to  Step 1. Since Loop 3 is executed o n ly  w hen  a n — a n <  e and produces

Sn~ i <  Pn- i t  fo llow s from  (4.35) th a t, by ite ra t in g  th is  a rg u m e n t, we get

(31 6  N) a ; -  O; <  e and Si =  /3. (4.39)

Consequently, by P ro p o s itio n  4 .7 ( ii) (v ) , we get

(3 / E N) J ( x t ) < « ' + £  and X[ €  So n  le v < j g. (4.40)

□

We now present the  m a in  convergence resu lt.

T h eorem  4 .10  Suppose that in feas ib il i ty  can be detected at Step 7 and le t { x n )n be an  

a rb it ra ry  sequence generated by A lgo r i thm  4-4 -  Then (3 n  (E N) x n €E So f l  lev<^ g and  

J ( X n )  <  Q* 4- e.

Proof. A p p ly  P ro p o s itio n  4.9. □

Theorem  4.10 states th a t fo r any  nice o p e ra to r T  : E —¥ E w ith  fixed  p o in t set P |  Si, i f
1 <  i <  m

in fe a s ib ility  de te c tio n  a t Step 7 can be im p lem ented , A lg o r ith m  4.4 produces a signal th a t
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achieves any preset to le rance  values o n  the  constra ined  o p t im a l value o f  th e  o b jec tive  and 

on the jo in t  enforcem ent o f  the  co n s tra in ts . In  o th e r w ords, i f  in fe a s ib ility  de tec tion  can 

be achieved in  a f in ite  num ber o f steps, A lg o r ith m  4.4 produces an a p p ro x im a te  so lu tion  

to  ou r basic p rob lem  1 .2  whose accuracy can be made a rb it r a r i ly  good.

4.4 Im p lem entation  o f th e  M ain A lgorithm

To im p lem en t A lg o r ith m  4.4 i t  is necessary to :

1. Select a nice o p e ra to r T : E —> E such th a t F ix  T  =  f 'J  S,.
1 < i<  m

2. Select a p ena lty  fu n c tio n  g : E —y [0 ,+ o c [ fo r (4.1).

3. Devise a scheme to  de tec t in fe a s ib ility  in  a f in ite  nu m b e r o f  steps a t S tep 7.

4.4 .1  C on stru ction  o f  th e  P e n a lty  Function  g

P r o p o s i t io n  4.11 Let C  ]0 , + o c [. Then

E w igi 'r and  m ax g f  (4.41)
I

are penalty ju n c t io n s  f o r  (4 .1).

1 < i < m  
K i < m

Proof. S ince (<7i h < :< m : E —> R  are convex, by Theorem s 2.6 and  2.7, g =  W ig f*  and
1 <  : <  m

g =  m ax # + are convex. O n  the o th e r hand, fo r e ith e r g
K i < m

x  6  le v < 0  g  <=> [(V i 6  { 1 , .  - - ,m } )  <7,( x )  <  0] ^  x  6  Q  5,-. (4.42)
l < t < m

□
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A lg o r ith m  4.4 te rm ina tes  w i th  a s igna l x n E Sq H lev<£ g n  le v < Q*+£ J .  There fo re , i f  

g =  Y "  W ig i+ , then  fo r eve ry  i  E { 1 , . . .  .m }  g i(x n) <  — . O n  th e  o the r hand , i f  g is
'  W i

1 < i < m

g iven  by g =  m ax  g f .  then  m ax g i ( x n ) <  (3.
1 <  i <  m  1 <  i <  m

4 .4 .2  C o n s t r u c t i o n  o f  t h e  N ic e  O p e r a t o r  T

P r o p o s i t io n  4 .1 2  Let T  =  P s t o • • • o Psm. Then T  is nice and  F ix  T  =  S ,.
1 < l < 7 7 l

Proof. By P ro p o s it io n  2.23, fo r  every i  E { 1 , - . .  ,m } ,  P$t is nice a n d  F ix  P$, =  S i.  Since

f^ | Si =  S  7^ O , by P ro p o s it io n  2.25, T  is nice and F ix  T  =  f ' j  Si. □
1 < m 1 < :<  m

P r o p o s i t io n  4 .1 3  Let T  =  G q1 o Gq2 o • • • o G q"1. Then T  is nice a n d  F ix  T  =  f ' j  Si.
1 <  i  <  m

Proof. By P ro p o s it io n  2.24, fo r  each i  E { 1 , . . .  ,m } ,  G 9q is nice a n d  F ix  G 9q =  le v < 0 gi.

Since P | lev<o gi =  S i  #  O , by P ro p o s it io n  2.25, T  is nice and  F ix  T  =  j^ |  S i.
1 <  i <  rn 1 < i < m  1 < i < m

□

P r o p o s i t io n  4 .1 4  Let T  =  Gq, where g :  E —>]0, + o c [ is a pena lty  fu n c t io n  f o r  (4 .1).

Then T  is n ice and  F ix  T  =  J^j St.
1 <  I <  771

Proof. Since g  is a p e n a lty  fu n c tio n  fo r (4 .1 ), lev<o g =  f"') 5 ,. M oreover, by P ropos i-
1 < t < m

t io n  2.24, Gq is n ice and F ix  Gq =  le v < 0  g  =  S’,. □
1 <  t <  m

I f  the  pena lty  fu n c tio n  g =  m a x  g f  is used, the  c o m p u ta tio n  o f  G n ( rn ) in  P ro p o s itio n  4.14 

can be pa ra lle lized  when c o m p u tin g  the  independen t values (g i ( x n ) ) i < i < m . Indeed, to  get 

G 9( x n ) we need to  com pute  each g i ( x n ) so as to  o b ta in  g (x n ) and  then  a subgrad ien t

t  E d g (x n ), w h ic h  can be o b ta in e d  by  T heorem  2.7.
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I f  the p e n a lty  fu n c tio n  g =  W i9 i+ , where (u>t)i<z<m C ]0 , -i-oc[, is used, the com puta -
1 <  i <  m

t io n  o f G g0{x n ) in  P ro p o s itio n  4.14 can be p a ra lle lized  w hen co m p u tin g  (<7i ( £ n) ) i< i< m and 

a subgrad ien t t G d g {x n ). Indeed, b y  Theorem s 2.6 and 2.7,

W i t i  j  £ d g ( x n ), (4.43)
^ i e n  x „ )  J

where I { x n) =  { i  G { 1 , . . .  , m }  | gi(xn ) >  0 } a n d  f, G d g i { x n ). T here fo re , ( t j) ig /( In ) can be 

com pu ted  in  p a ra lle l to  o b ta in  a subgrad ien t in  (4.43) and ( g ? ( x n ) ) i< ,< m can be com puted  

in  pa ra lle l to  o b ta in  g (xn).

4.4 .3  Im p lem en tation  o f In feasib ility  D e te c tio n  at S tep  7

A t any ite ra tio n  ti a t w h ich  O ^  Nrl C  Nc, we have, by P ro p o s itio n  4.8,

(3 n  G N „ )  5  (“ I le v < Q. J  =  G . (4.44)

T here  is no general scheme to  id e n tify  such a n  a t w h ich  in fe a s ib ility  occurs d ire c tly  unless 

the  sets ( 5 , ) o < i < m  and le v< Qri J  are ex trem e ly  s im p le . However, i f  e ith e r an upper b o u n d  on 

d iam (S o) o r on (d (x jt, S ') )ke N n is know n, the fo llo w in g  resu lts  p rov ide  a suffic ient c o n d itio n  

fo r id e n tify in g  n  in  (4.44).

4 .4 .3 .1  G e n e ra l A n a ly s is

A s s u m p t io n  4 .1 5  For every i  G {1 , - . .  ,m } ,  S i  =  F ix  T) and  T t : E —* E is a 1 -a ttra c tin g  

nice ope ra to r.
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Now consider the  recu rs ion  (4.4) w ith  T  — T \  o • - - o  T m . o r  e q u iva le n tly

r

2-m-r l,fr ~  G a t (Xfc)

-Em , k  =  T m (^m rl,J t)

2-m —l,fr ~  1'm — l{^rn ,k)

x \ , k  =  T i ( X 2 , k )

P r o p o s i t io n  4 .1 6  F o r  an a rb i t ra ry  xq €  E. define at every i te ra t io n  k

Pm~l,fr =  l|G ^fc(a:jfc) -  x fc|!2

(V i €  { ! , • • •  ,m } )  pi.k =  ||Ti(xi+liifc) -  Xi+1,jt|

Po.fr =  \ \ P S0(2'l,fc) ~  * i. f r l

771 - r  1

Pfr =  P i k - 
i- 0

I f  f o r  some q G N and x * 6  S*

5 >
fr=o

then

> ||Xq - X * | | -  -  U x ^ i -X * | | " ,

(3 n  €  { 0 , . . .  , q } )  S  PI le v < Q. J  =  0 .

(4.45)

(4.46)

(4.47)

(4.48)
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Proof. F o r an a rb it ra ry  k  G N  suppose S n le v < a i J  5^ 0  and take an  a rb itra ry  p o in t x ’  G S*. 

T lie n  x *  G Sq D I P j  F ix  Ti  I n  le v< Qjfc J .  S ince F ix  Ps0 =  Sq and  F ix  =  lev<Qfc J
l < i < m

x *  G F ix  P So n  j p |  F ix  T t J f l  FLx G JQk.
. K i < m

Since Ps0, G JQ , and (T t ) i  < i < m  are 1 -a ttra c tin g  b y  A ssu m p tio n  4.15 we then  get

(V i G {1 , - - . ,m } )  ||x i+ i,it -  x * | | 2 -  ||x lJk -  x * | | 2 >

l* i,fc  -  a: ' | | 2 -  ||x jt+ 1  - x ‘ | |2 >  P o l­

and consequently

(4.49)

(4.50)

S  n  Ie v< Qt J  #  G  = >  ||xjt -  x * | | 2 -  ||x fc+1 -  x *  | | 2 >  pk. (4.51)

Now suppose th a t, fo r  every k  G { 0 , . . . .  7 } , S  D le v < Qfc J  ^  0 .  T h e n  (4.51) y ie lds

1 *0 -  x *|!2 -  ||ar,+ 1 -  x ’ f  >  ^ P k - (4.52)
k = 0

Thus fo r  any q G N, i f  ||xo — x ' | | 2 — ||x?+ i — x ' | | 2 <  pk then  th e re  exists n  G { 0 , . . .  , 9 } 

such th a t  le v< Q J  n  S  =  0 .  □
k = 0

4 .4 .3 .2  S p e c ia l C a se s

As seen in  Section 4.4.2, the  general fo rm  o f a n ice  op e ra to r is

T  =  T i  o • - • o T „ (4.53)

For such opera to rs , in fe a s ib ility  de tec tion  a t S tep 7 can be im p lem en ted  as fo llow s.
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P r o p o s i t io n  4 .1 7  Set k  >  d iam (S o). A t  each i te ra t io n  n  such that a n — a n >  e define 

f o r  every k  G Pb as in  (4 .46 ). Let I be the smallest in teger in  M,,. Then, f o r  every 

7  > d ( x h S ’ ),

i f  ^ 2  Pk >  m in  {/-c2 , 7 2 ,2 7 ||x / - x n + i|| -  ||x/ - x n + l ||2 }  then S  n  Iev<an J  =  0 .  (4.54)
k£

P ro o f  Take an  a rb it ra ry  x* G S ’  and n  such th a t a n — >  e. A p p ly  P ro p o s itio n  4.16,

w ith  io  — x i,  we get

Y  Pk >  I k /  ~ x  II2 -  Ik n + i - * ‘ l| 2 = >  (3 n  G Nn ) Iev<Q. J  PI S  =  0 .  (4.55)
ke ?«„

Since (a/t)jkef/„ is non increasing, we get th e n

Y .  Pk >  I!1 / -  X * H 2 -  lk n + 1  -  * ‘ l! 2 ==> le v< Qn J  n  S  =  0 . (4.56)
ke Nn

Now le t x ’  =  P s - ( x i ) .  T hen  the  inequa lities

||x / — x*||2 — lk n - r i  — x * | | 2 <  ||x/ — x * | | 2 <  (d ia m (S b ) ) 2 <  «2, (4.57)

||X{ -  x * | | 2 =  d 2( x t , S ’ ) <  7 2, (4.58)

and

I k / - a r ‘ 112 ~ Ikn+i -  a:*||2 =  2kz “  x* | x/ -  xn+i) -  ||x/ -  *n+i!|2

< 2||x/ -  ii ' Ik / ~  *n+ill -  Ik / -  ^n+i||2

<  2 7 ||x / -  -/-n+i II -  I k /  -  2Tn+i| |2 (4.59)

g ive  the  resu lt. □
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A lth o u g h  the co n d itio n  sta ted in  P ro p o s itio n  4.17 is o n ly  su ffic ien t, i t  can be used to  detect 

in fe a s ib ility  in  (4.44) by v ir tu e  o f  the  fo llo w in g  p ro p o s itio n .

P r o p o s i t io n  4 .1 8  Let  n g N .  Tf N „  C  N( and is in f in ite , then pk =  -Foe.
JfceN*

Proof. Suppose th a t, fo r some n  G N, C  Nt , is in fin ite , and  ^  pk <  -Foe. B y
Jfc€N„

P ro p o s itio n  4.8 (3n  €  N „ )  a,\ <  a * .  Since ( a j t U - e i s  non increasing and, by  P ropo­

s itio n  4 .7 ( ii) ( iv ) .  bounded from  below  by Oq, wc get ak  1 a  <  a ’ . I t  fo llow s from  

^  Pk <  -Foe th a t pk —> 0. There fo re , by (4.46),
f c S ' l ' r .

P m-r l . k  =  l|Ĉfc(xjfc) -*fcl|2 = Ikm-rlJt ~ x k\ \2 0

< (V i e { 1 . . . .  ,m } )  P i ' k  =  | |T i(x i+1Jfc) -  i,fcII2 =  lki.A: ~  1 ,JtIi~ 0 (4.60)

P0,k = \ \Ps0(x l ,k)  -  l̂,fcl|2 = Ikfc-rl -  l̂.Jcll2 -> 0.

Since by  P ro p o s itio n  4 .7 (i ) {xk )ke ' in C  and So is a com pact set, there exists a subse­

quence { x k , ) i > o o f {xk)ket>n such th a t  x*..( —> x  G So. I t  follows fro m  (4.60) th a t

(V i G {1 ------- ,m } )  X i+ l ,fc| -+  x .  (4.61)

Since ( T , ) i< K m are nice opera to rs. (4.60) y ie lds

(V i G { 1 , . .  - -m } )  x  G F ix  T i  and the re fo re  x  G F ix  Tt-. (4.62)
l<t<m

Since, fo r each i  G { 1 , . . .  , m }  F ix  Ti  =  S,, x  G (~'| Si and there fo re  x  G S. O n th e  o ther
0 <  z <  m

hand, since ak  I  a , Xk, —► x  and ||£?at (x;t( ) — Xfc( || -4  0, x G  le v< Q J  by P ro p o s itio n  2.17. 

However, since a  <  q * ,  S  n  lev<Q J  =  0 .  We reach a co n tra d ic tio n . □

B y P ro p o s itio n  4.18 i f  in fe a s ib ility  de tec tion  a t Step 7 is im p lem ented  by P ro p o s itio n  4.17 

then every Nn C Nf is f in ite  and there fo re  in fe a s ib ility  (4.44) can be detected. M oreover,
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in  v iew  o f  P ro p o s it io n  4.17, in fe a s ib ility  (4 .44) w il l  be detected  ra p id ly  i f  a t ig h t b o u n d  7  

is availab le .

4.5 V ariants o f th e  M ain A lgorith m

A lg o r ith m  4.4 is a  specific im p le m e n ta tio n  o f  the  level set m e th o d  (see Section 1.4.3) fo r 

a d a p tive  e s tim a tio n  o f  the constra ined  o p t im a l ob jective . Several va ria n ts  can be devised. 

S ince these va ria n ts  can be d e rive d  d ire c tly  fro m  A lg o r ith m  4.4, in  th is  section, we s im p ly  

describe a few o f  th e m  w ith o u t p roo f. T he  c h ie f purpose here is m e re ly  to  shed m ore  lig h t 

011 the  proposed leve l set m e th o d  fo r so lv in g  (4 .1 ).

4 .5 .1  V a r ia n t  I

A t S tep 5 o f A lg o r ith m  4.4, in s tead  o f ta k in g  or„ =  ( a n + a n ) /2 .  we can take m ore ge n e ra lly

a n =  2,n +  A (q „ — q „ ) .  where A e ]0 ,1 [. (4.63)

T h is  added f le x ib i l i ty  may he lp  m ay im prove  th e  convergence b e h a v io r o f  the a lg o r ith m  in  

some problem s.

4 .5 .2  V a r ia n t  II

G iven  a p e n a lty  fu n c tio n  g fo r (4.1) and a p rese t to lerance /3 >  0, i f  a  p o in t  v  €  S o H le v ^ g  

is ava ilab le  then , i t  can easily be checked th a t ,  fo r every n  €E N, A lg o r ith m  4.4 p roduces 

3n =  B. In  th is  case. A lg o r ith m  4.4 takes th e  fo llo w in g  fo rm .
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A lg o r i t h m  4 .1 9  G ive n  e € ]0 ,  + o c [ and  v £  Sq f l  le v < ^  g, a  sequence (x n )n is constructed  

as fo llow s.

S tep 0. Set xo =  v,  Qq <  a * .  Qo =  J ( x o), and n  =  0.

S tep 1. I f  a n — Qin — e te rm in a te .

Step 2. Set a n =  ( a „  +  q „ ) / 2 .

Step 3. Set x n+ i  =  Ps0 ° T  °  G i j x n ) .

Step 4. I f  S f l  le v < Q„  J  =  O is detected , go to  S tep 5: O the rw ise , go to  Step 6 .

Step 5. Set o „ + 1  =  a „ ,  a n-ri =  a n . x „ j - i  =  x n , and  go to  S tep 7.

Step G. Set a n + 1  =  a n . I f  g ( x n+ 1 ) < 0  and J { x n~ i )  <  Qn ; set a n-ri =  J { x n+ i ) ;  O the r­

wise, set a „ . i - i  =  Qn -

Step 7. Set n  =  n - r l  and  go to  S tep 1 .

R e m a r k  4 .2 0  A  p o in t v  G So n  le v< ^  g  can be o b ta in e d  by ite ra t in g  a f in ite  num be r o f

tim es the  recurs ion x n+ i =  PsQ o T ( x n ) (see P ro p o s it io n  4.5).

4 .5 .3  V a r ia n t I I I

A t S tep 5 o f  A lg o r ith m  4.4, instead o f  ta k in g  a n =  ( q „  + a n) f  2, we can take

&n — &n — dn, where dn >  0. (4.64)

W ith  th is  approach, one does n o t need to  cons truc t th e  lower levels (a n )n an d  o n ly  the

last in fe a s ib ility  d e te c tio n  needs to  be s t r ic t ly  im p lem en ted  (see [27] fo r  fu r th e r  d iscussion). 

T h is  leads to  the fo llo w in g  a lg o rith m .
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A lg o r i t h m  4 .2 1  G iven v  €  E, (e, P)  €  ]0, -Focp , (£, A) € ] 0 , i f - ,  and  a p e n a lty  fu n c tio n  g 

fo r (4 .1 ). a sequence (x n ) „  is co n s tru c te d  as fo llow s.

Step 0 . Set x 0 =  Ps0(v),  a 0  =  J { x 0), Po =  m a x { j ( i 0 ) , P } ,  d0 >  e, and  n  =  0 .

S tep 1 . I f  dn >  e. go to  Step 5.

Step 2. I f  0 n =  p .  te rm ina te .

S tep 3. D o x n =  Ps0 o T { x n ) w h ile  g ( x n) >  m ax{£/3n , /3}.

Step 4. Set dn+ i >  e. a n+ i  =  J ( x n ), Pn+ \  =  m a x { ^ ( x „ ) , /?}, x n+ l  =  x n , and  go to  S tep

10.

Step 5. Set a n =  a n — dn .

Step 6 . Set x „ + l =  PSo °  T  o G ^ n (x n )■

Step 7. I f  S  n  lev<Qrl J  =  O is de tec ted , go to  Step 8 ; O therw ise , go to  S tep 9.

Step S. Set dn+ i =  Adn , a n~ i  — a n . Pn~ l =  Pm %n-ri =  x n, and go to  S tep 10.

Step 9. Set dn+ i  =  dn . I f  g {x n~ \ )  <  Pn and  J ( x n~ i)  <  a n■ set o n-ri =  ^ ( ^ n - r i)  and

P n~ i =  max{<7(x n_;-i),/3 } :  O th e rw ise , set o n i l  =  5 n and Pn+ i  =  Pn-

Step 10. Set n  =  n  +  1 and go to  S tep  1 .

W hen  a reasonable a n <  a ’  is ha rd  to  es tim a te , A lg o r ith m  4.21 m ay be pre ferred over 

A lg o r ith m  4.4.
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C hapter 5

A p p lica tion  to  C onstra ined  
M inim um  T otal V ariation  Im age  
R estora tion  and D en oisin g

5.1 In trod u ction

A  tw o -d im ens ion a l image can be represented d iscre te ly  by  an a rra y  o f  p ixe ls. Fo r a  gray- 

level im age each p ixe l is represented by  a num ber w h ich  in d ica te s  the  in te n s ity  o f  the  

im age a t th a t re la tive  p o s itio n . In  th is  chapter, the  images are square images h a v in g  M 2 

( M  =  128) p ixe ls  and the  range o f the  p ix e l values is [0,255]. T h e  s igna l space is the  m a tr ix  

space E =  R'UXiU endowed w ith  the  F roben ius no rm  || • | | f .  Fo r s im p lic ity , we use ||x|| to  

denote  the  F roben ius no rm  o f  x  6  and  | • I2 to  denote th e  2 -n o rm  in  K2 .

We consider im age re s to ra tio n  p rob lem s in  w h ich  the  im age d e g ra d a tio n  m ode l (1.1) is
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ava ilab le  and  is o f  the fo rm

y  =  L x  +  u, (5.1)

w here x .  y. and  u  are e lem ents o f E rep resen tin g  respective ly  the  o r ig in a l image, the  

recorded im age, and the a d d it iv e  noise, a n d  w here  L :  E —* E is a lineax o p e ra to r. We 

conduc t tw o experim en ts . In  expe rim en t I .  the  com ponents o f  u  are n o rm a lly  d is tr ib u te d  

i. i.d  zero mean random  variab les . In  e xp e rim e n t I I ,  the com ponen ts  o f  u  a re  u n ifo rm ly  

d is tr ib u te d  i. i.d  zero mean ra n d o m  variab les. In  each e xp e rim e n t, us ing  ava ilab le  a p r io r i  

know ledge, the  im age re s to ra tio n  p rob lem  w i l l  be fo rm u la te d  as a co n s tra in e d  to ta l va ri­

a tio n  m in im iz a tio n  p ro b le m  o f  th e  fo rm  (1 .2 ) and solved by A lg o r ith m  4.4. T h e  issue o f  

se lecting  the  nice o p e ra to r T  and  the p e n a lty  fu n c tio n  g w i l l  also be addressed.

5.2 T otal V ariation

D enote  by C ^ f l )  the  space o f  rea l-va lued c o n tin u o u s ly  d iffe re n tia b le  fu n c tio n s  on an open 

set Q c S 2 and  by  C q (^ ) th e  subset o f  C* ( Q)  cons is ting  o f  the  fu n c tio n s  in  C x( f i )  having 

com pact s u p p o rt. T h e  to ta l va r ia tio n  o f  a rea l-va lued  fu n c tio n  x :  f l  R  is [16]

■Av(x) =  sup x(u ;) d iv  ip(u>)cLj | <p €  C o (fi)  anc  ̂ (Vu; €  M ^ ) !  <  * (5-2)

where d iv  is the  divergence o p e ra to r. I f  x  €  C 1^ ) ,  one can show using in te g ra tio n  by  parts  

th a t [16]

■Av(x) =  f  |V x(u>)|2 dt<;. (5.3)
Jn

T h e  cost (5.3) has been p roposed in  [38] as a n  o p t im a lity  c r ite r io n  fo r  s igna l deno is ing  and 

then  used as an o p t im a lity  c r ite r io n  fo r s ig n a l re s to ra tio n  (see [9, 47] and  th e  references
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th e re in ). I t  is in  the  fo rm  o f  (1.4) w ith  <p g iven by (1.6) (p =  2) and  is nond iffe re n tiab le  i f  

x  is a cons tan t fu n c tio n  on f l .  In  general. (5.3) w il l  be in te rp re te d  in  a d is tr ib u t io n a l sense.

For a co m p a c tly  suppo rted  tw o-d im ensiona l im age x  €  C ^ f l ) .  we can use the d iscre te  

a p p ro x im a tio n s

x(u>) —» x tJ

< |V x (a / ) | 2 ->  -  * , J !2 +  (5-4)

/ - + £ -

Here. x I J denotes the  ( i , j ) t h  com ponent o f  x  €  E. Then , co n s id e rin g  bound a ry  effects,

the  to ta l v a r ia tio n  o f  a d iscre te  image i S E  w i l l  be defined as

M - 2 M - 2  ______________________________
J tv (x )  =  \ J \x lJ r*”3 ~  x l -J |2 -+- — ar'J'l2

: = 0  j = 0

A/-2 ____________________  At—2 _____________________
+  ^  y jx i+ l .A r -1  _  x «..U-l|2 +  ^  - XA r - l j | 2 . (5.5)

: = 0  J= 0

P r o p o s i t io n  5 .1  J t v : E —> R  is convex and nondiffe rentiab le .

Proof. S ince each te rm  in  the  sum m ations is a convex fu n c tio n  on  E, i.e.,
*

v / j x I+1J — x 'J p  -f- |x ,’J"i' 1 — x * J (2 =  | |A / , jx | |

< y | a. i+ I ,A / - l  _ S«,A/-1|2 =  ||M i I || (5.6)

y is A Z - l j  + l - jA Z - I j p  =  ||,V/jX || 

and  M i j : x  > (;r‘+ l j  — x , J , x , ,J + 1  — x t J ), A /, : x  ■—> XI+ 1.A/—i _  x i,A /- l_  aQ(j  x

l . j - r i  _ x A r - i j  are i j near o p e ra to r on E, by T heorem  2.6, J tv is convex on E. I t  fo llow s 

fro m  (5.5) th a t, fo r  any 0 <  i  <  M  — 2 and 0 <  j  <  M  — 2, d J i v ( x ) / d x l + l J , <9Jtv ( x ) / 3 x ,J 

and  d J l v ( x ) / d x , ':’ + l  do no t ex is t i f  x , + l j  =  x ,J  =  x I J + l ; fo r  any 0 <  i  <  M  — 2,
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dJx.-v( x ) f d x lJr l '! i ,~ l and d J l v { x ) / d x 1 ,A t - 1  do n o t exist i f  x , + l , A ^ - 1  =  x t,Ar~ l ; and, fo r any 

0 <  j  <  M  — 2, d J tv ( x ) / d x ‘S !~ I j "+ 1  and d J l v { x ) / d x ‘Kl~ l j  do no t e x is t i f  x i U - l j + 1  =  

x ixus J tv is nond iffe ren tiab le . □

T he  m o tiv a tio n  fo r m in im iz in g  the to ta l %ra r ia t io n  cost (5.3) o r its  va rian ts  [1, 9, 29, 48] in  

s ignal deno is ing  and res to ra tio n  lies in  th a t i t  does not pena lize  d isco n tin u itie s , i.e., i t  hats 

no p a r t ic u la r  bias tow ard a d iscontinuous o r  continuous so lu tio n . F u rth e r, m in im iz in g  (5.3) 

tends to  preserve the  loca tion  o f  the d isco n tin u itie s  o f the  o r ig in a l s ignal and  is app rop ria te  

fo r signals w h ich  have b lock  features [9, 38, 48].

5.3 E xperim ent I

5 .3 .1  I m a g e  R e s to r a t io n

5.3 .1 .1  D escr ip tion

In  the fo llo w in g  exam ple, the  degraded im age y  shown in  F ig . 5.3 is o b ta in e d  by convo lv ing  

the o r ig in a l image x  shown in  F ig . 5.1 w ith  th e  p o in t spread fu n c tio n  show n in  F ig . 5.2 and 

add ing  a random  noise im age u  whose com ponents are i. i.d  zero mean G aussian random  

variables. U s ing  these s ta t is t ic a l hypotheses on  the com ponents o f u, we can define the  

co n s tra in t set [12, 46]

Since x  is an image, i t  is nonnegative and we can there fo re  define the co n s tra in t set

So =  { x €  E | \ \ L x - y \ \ 2 < 5 ) . (5.7)

S i  =  [0 , + o o [ A' xA/ (5.8)
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N e x t, k n o w in g  a p r io r i  th a t  the  o r ig in a l im age has b lock  fea tu res , the  to ta l v a r ia tio n  

cost (5.5) is chosen as the  c r ite r io n  to  be m in im ize d . One is th u s  led  to  the cons tra ined  

n o n d iffe re n tia b le  convex o p tim iz a tio n  prob lem

F in d  x *  €  S  =  Sq D S i such th a t J tv ( x ’ ) =  in f  J t v (:r). (5.9)
x € S

P ro b le m  (5.9) is solved by  A lg o r ith m  4.4. I t  shou ld  be p o in te d  o u t th a t ,  w ith  th e  n o n d if­

fe re n tia b le  cost J tv , the  m u lt ip le  constra in ts  o p tim iz a tio n  p ro b le m  (5 .9) cannot be solved 

by the  m e thods  found  in  lite ra tu re  (see Section 1.4.1).

5 .3 .1 .2  Im p le m e n ta tio n

T h e  p ro je c to r  Ps0 is im p lem en ted  by  the m ethod described in  [46] a n d  th e  p e n a lty  fu n c tio n  

g  fo r (5.9) is chosen as

g : x ^  m ax ( x t,J ' — x , J ). ( 5 . 1 0 )
0 <z j< .U —i

T h is  fu n c tio n  penalizes the  m ost negative p ixe l o f  the  im age x . T h e  nice o p e ra to r is

T  =  P5 l -

In fe a s ib il ity  d e tec tion  a t S tep 7 is im p lem ented  by P ro p o s itio n  4.17. F o r s igna l re s to ra tio n  

p rob lem s, since the  d ia m e te r o f So defined by (5.7) can be ve ry  la rge , the in fe a s ib ility

d e te c tio n  test o f  P ro p o s itio n  4.17 relies on the  e s tim a tio n  o f  7  >  d ( x i . S ' ) .  For th e  above

im age re s to ra tio n  p ro b le m , since

(V x* €  S ' )  d ( x , ,S )  <  ||x t -  x*|| <  I N  -  P5 o(0)|| +  ||P 5 o (0) - x * | | ,  (5.11)

we o b ta in  7  >  d ( x i . S ' )  as

7  =  I N - P 5 o ( 0 ) | | + C ,  ( 5 . 1 2 )
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w here £ >  d (P so{0), S ' )  is es tim a ted  h e u r is tic a lly  as £ =  0.5||Ps0 (0 ) ||. F in a lly , we set 

v =  0 .

T h e  restored image is shown in  F ig . 5.4. As we can see, us ing  o n ly  the  tw o  s igna l cons tra in ts  

(5 .7) and (5 .8), m ost features o f  the o r ig in a l im age are recovered by  m in im iz in g  the  to ta l 

v a r ia tio n  cost.

N e x t, we replace the  to ta l va r ia tio n  cost by  the  energy cost

J e : x  h-> | jx | |2 (5.13)

and  solve

F in d  x *  €  S  =  So H S i  such th a t Je( x ' )  =  in f  Je(x ) .  (5.14)
re s

T h is  q u a d ra tic  p rob lem  is a special case o f  (1.20) and i t  is solved b y  th e  m in im u m  no rm  

a lg o r ith m  [1 2 ]

l
x Q =  0 and (Vn €  Fl) x n= ! =  ^  ”  Y "  P sA ^ n ) -  (5.15)

'  ' i = 0

T h e  degraded image F ig . 5.3 is shown aga in  in  F ig . 5.5 and the  resto red  im age is show n in 

F ig . 5.6. I t  is c lea rly  n o t as sharp as th e  im age o b ta ine d  w ith  the  to ta l va r ia tio n  cost.

5 .3 .2  I m a g e  D e n o is in g

T o ta l v a r ia tio n  works especia lly  w e ll as a m in im iz a tio n  c r ite r io n  fo r d eno is in g  signals [38]. 

In  deno is ing  prob lem s, the op e ra to r L  in  (5.1) becomes the  id e n t ity  o p e ra to r and  the 

c o n s tra in t set So in  (5 .7) is a b a ll centered a t y.

In  th e  fo llo w in g  exam ples, the  no isy im ages shown in  F ig . 5 .7 /5 .9  and  F ig . 5 .11/5 .13 are

o b ta in e d  by add ing  to  the  o rig in a l im age shown in  F ig . 5.1 a random  noise image whose

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



61

com ponents are i. i.d  zero mean w h ite  G aussian random  variab les. T h e  s igna l-to -no ise  

ra tio s  are 11.66 d B  and 5.64 d B  respectively. T h e  deno is ing  problem s are fo rm u la ted  as 

(5.9) and solved by A lg o r ith m  4.4.

In  these tw o deno is ing  prob lem s, the  im p lem en ta tio n  o f  A lg o r ith m  4.4 is th e  same as in  

Section 5.3.1, except th a t  the  d iam e te r o f  Sq defined by  (5 .7) can be used d ire c tly  in  

P ro p o s itio n  4.17 to  de tect in fe a s ib ility .

T he  denoised images are shown in  F ig . 5.8 and F ig. 5.12. A s  we can see, w hen  the level 

o f  the noise is h igh , patches s ta r t to  appear in  the  denoised image. For com parison , the 

energy cost (5.13) is used next. T he  denoised images are show n respec tive ly  in  F ig . 5.10 

and F ig . 5.14.
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F igu re  5.1: O r ig in a l image.
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F igure  5.2: P o in t spread fu n c tio n .
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Figure 5.3: Degraded image, b lu rred  SN R =30.23 dB.

F igure  5.4: Im age restored w ith  th e  to ta l v a r ia t io n  cost.
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Figure 5.5: Degraded image, blurred SNR=30.23 dB .

F igu re  5.6: Image res to red  w ith  th e  energy cost.
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F igu re  5.7: N o isy image. S N R = 11 .66  d B .
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F igu re  5.8: Im age denoisetl w ith  the  to ta l v a r ia tio n  cost.
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F ig u re  5.9: N o isy im age. S N R = 1 1 .6 6  dB .

F igu re  5.10: Im age denoised w ith  th e  energy cost.
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Figure 5.11: Noisy image. SN R =5.64 dB.

F igure  5.12: Im age deno ised w ith  th e  to ta l v a r ia t io n  cost
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F ig u re  5.13: N o isy  image, S N R = 5 .6 4  d B .

F ig u re  5.14: Image denoised w ith  th e  energy cost.
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5.4 E xperim ent II

5.4 .1  Im age R esto ra tio n

In  th is  exam ple, we use d iffe ren t constra in ts . T h e  degraded im age shown in  F ig . 5.15/5.17 

is ob ta ined  by co n vo lv in g  the  o r ig in a l image show n in  F ig . 5.1 w ith  a 7 x  7 u n ifo rm  b lu r 

and add ing  a ra n d o m  noise im age u  whose com ponents are i. i.d .  and  u n ifo rm ly  d is tr ib u te d  

in  [—£,£] ,  where C =  8 . The  b lu rre d  im age-to-noise ra tio  is 22.98 d B .

U s ing  an a p r io r i  b o u n d  on the  a m p litu d e  o f  the  p ixe ls  o f  th e  o r ig in a l image, we define So

as

So =  [0, Co]A/xA/ - (5-16)

T hen , fo llow ing  [12], we use the  above s ta tis tic a l hypotheses on  th e  noise u to  fo rm  the

M 2 sets

Six XI-rj-r I =  { x  6  E | | t/ lJ  -  ( L x ) l ’J | <  ^ }
(5.17)

0 <  i . j  <  M  -  1 ,
*

as w ell as the set

S \ n + i  =  { x  e  E [ ||y  -  L x | |2 <  £ } .  (5.18)

T hus, we have a to ta l o f  M 2 +  2 =  16386 sets.

A ga in , the to ta l v a r ia t io n  cost (5.5) is chosen as the  m in im iz in g  c r ite r io n . T h is  leads to

the constra ined n o n d iffe re n tiab le  convex o p tim iz a tio n  p ro b le m

F in d  x *  e  5  =  O  5, such th a t J tv ( x m) =  in f  J tv (x ) , (5.19)
0<i<At2 + l 165
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w h ic h  is solved by A lg o r ith m  4.4.

T h e  p e n a lty  fu n c tio n  g fo r (5.19) is chosen as g  =  m a x {g j1' , ^ } w here

s i W  =  lly  -  L x \ \2 -  s
(5.20)

<7> (*) =  m ax { | y ' ’J — (T x ) lJj  — £ | 0 <  i ,  j  <  M  — 1 } ,

and  the nice o p e ra to r as

T  =  P s x o • • • o P s u o °  G q1 , (5.21)

w here P st (1 <  i  <  A /2) is the  p ro je c to r on to  th e  hype rs lab  St o f  (5.17) and is im p lem ented  

as in  [13].

In fc a s ib il ity  d e te c tio n  a t Step 7 is im p lem ented  b y  P ro p o s it io n  4.17. Since

w here £ >  d {P s Kt2 t (0 ), S ' )  is es tim a ted  h e u r is tic a lly  as C =  0 .5 i|P 5 u 2  . i (0 )j|. T h e  p ro je c to r 

P s . ,2  j >s im p lem en ted  by the m e th o d  described in  [46].

T h e  restored im age is show n in  F ig . 5.16. We see th a t  the  edges are restored in  reasonably 

good fo rm . F o r com parison , as in  expe rim en t I, th e  energy cost J e o f  (5.13) is also used in  

th is  p rob lem . T h e  restored image is shown in  F ig . 5.18. T h is  im age was o b ta in e d  by the 

m in im u m  n o rm  a lg o r ith m  [1 2 ]

(Vx* G S ' )  d (X[ ,S )  <  ||x, - x * | |  <  II*, -  P s „ a + l(0)|| +  ||P 5 „ a+1 (0 ) -  i ’ ll, (5.22)

we o b ta in  7  >  d (x [ ,  S ' )  as

7  =  II*, — -Psu 2 + 1  (0 )|| - f  Ci (5.23)

M 2 + l
x q  =  0 and (Vn G N) x „ + i = (5.24)
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5.4 .2  Im age D en o is in g

We now  consider a deno is ing  p rob lem . T h e  no isy im age y  =  x + u  is shown in  F ig . 5 .19 /5 .21 , 

where the  com ponen ts  o f  u  are u n ifo rm ly  d is tr ib u te d  in  [—70, 70]. T h e  s igna l-to -no ise  ra t io  

is 5.56 d B . T he  deno is in g  p rob lem  is fo rm u la te d  as (5.19) and solved by  A lg o r ith m  4.4. 

The denoised im age is shown in  F ig . 5.20. A lth o u g h  th e  images shown in  F ig . 5.19 and  

F ig. 5.11 have the  s im ila r  s igna l-to -no ise  ra tio s , the  denoised im age shown in  F ig . 5.20 has 

a b e tte r  q u a lity  th a n  the  denoised im age show n in  F ig . 5.12.

For com parison , th e  energy cost J e is also used fo r above im age deno is ing  prob lem . T h e  

denoised im age is show n in  F ig . 5.22.

Let us no te  th a t co n s tra in ts  o f ty p e  (5.17) are no t ve ry  effective  fo r G aussian noise. In ­

deed. in  (5 .17), a s ta t is t ic a l c o n s tra in t is o b ta in e d  fo r each o f  the  16384 p ixe ls . Since th e  

co n s tra in ts  are indepe nden t, even i f  we le t £ in  (5.17) be such th a t each co n s tra in t has 

a confidence level o f  0.99, we o b ta in  a jo in t  confidence level o f  0 .9916384 s: 0 [15]. M o re ­

over. choosing  a t ig h te r  bound £ m a y  re su lt in  Q  Si =  O . For these reasons, th e
l<i<16384

co n s tra in ts  (5.17) w ere no t used in  e xp e rim e n t I.
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Figure 5.15: D egraded image, blurred SNR=22.98 dB.

F ig u re  5.16: Im age restored w ith  the  to ta l va ria tio n  cost.
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Figure 5.17: Degraded image, blurred  SN R=22.98 dB.

F ig u re  5.18: lin a g e  resto red  w ith  th e  euergy cost.
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Figure 5.19: Noisy image. SN R =5.56 cIB.

F igu re  5.20: Image denoised w ith  the  to ta l v a r ia tio n  cost.
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Figure 5.21: Noisy image. SNR=5.56 dB.

F igu re  5.22: Im age denoised w ith  the  energy cost.
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C hapter 6

A Sim ple Subgradient Level 
A lgorithm

6.1 Introduction

O u r basic p rob lem  was fo rm u la ted  in  (1.2) as fo llow s: G iven  a convex fu n c tio n  J :  E — R 

and a nonem pty closed convex set S  C E,

F in d  x  €  S  such th a t  J ( x m) =  in f  J { x )  =  a * . (6-1)
x e s

In  C hap te r 4. a general level subgrad ien t m e thod  was proposed for so lv in g  (6.1) unde r 

A ssum p tion  4.1, i.e.,

s =  n (6 .2 )
0 <  t <  m

where So is a s im p le  com pact convex set and , fo r every i  6  { 1 , . . .  , m } , 5 , =  lev<o Qi where 

g t : E —> R is a convex func tion .
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In  th is  chapter, we assume th a t S =  Sq is a  s im p le  com pact convex set and present a 

version o f  the  subg rad ien t level m e th o d  developed in  C h a p te r 4 adap ted  to  th is  a ssum p tion . 

We o b ta in  a m ethod a k in  to  the a lg o rith m s  proposed in  [17, 20] fo r  so lv in g  the  convex 

o p t im iz a t io n  p rob lem

F in d  x" €  Sq such th a t  J ( x * )  =  in f  J ( x ) .  (6 .3 )
*eSo

6.2 D escrip tion  o f th e A lgorith m  and C onvergence

C ons ide r th e  special case o f  the  subg rad ie n t level m e thod  proposed in  C h a p te r 4 in  w h ic h

the  nice op e ra to r is T  =  Id . T h e n  F ix  T  =  E and the re fo re  we can le t th e  p e n a lty  fu n c tio n

g : E —r 3  fo r (4.1) be

g : x  i—> 0. (6-4)

For th is  specia l case. A lg o r ith m  4.4 becomes th e  fo llo w in g  s im p le  a lg o r ith m  due to  th e  fa c t 

th a t the  cons tra in t represented by So is a u to m a tic a lly  enforced a t each ite ra tio n .

A lg o r i t h m  6 .1  G iven  v G E. e e ]0 , + o c [, a (poss ib ly  f in ite )  sequence ( i „ ) „  is co n s tru c te d  

as fo llow s.

Step 0. Set xo =  Ps0(v ), a# <  a * , a q =  J { x q )  and n  =  0.

S tep 1. I f  a n — a n <  e, te rm in a te .

S tep 3. Set a n =  (a n + a „ ) / 2 .

Step 4. Set x n+ l =  P So °  G Jan ( x n ).
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Step 5. I f  S  f l  le v< Q rJ  =  0  is detected , go to  Step 6; O the rw ise , go to  Step 7.

Step 6. Set o n f l  =  a „ ,  a n + i =  a „ ,  i n + i =  x n, n  =  n  4- 1, and  go to  Step 1.

Step 7. Set a n + l =  a n , a n + 1 =  m in {  J ( x n + i ) , a n } ,  n  =  n  +  1, and  go to  Step 1.

Since (V/3 € ]0 ,  + o c [)  le v< ^  g =  E, T h e o re m  4.10 becomes

T h eo rem  6.2 Let ( x n )n be an a rb itra ry  sequence generated by A lg o r ith m  6.1. Then

( 3 n  6  N) x n €  So and J ( x n ) <  a * +  c. (6.5)

T heo rem  6.2 states th a t A lg o r ith m  6.1 produces a s ig n a l th a t satisfies the  c o n s tra in t So 

and achieves any preset to le rance  value on  the o p t im a l va lue o f  th e  ob jec tive .

6.3 Im p lem en tation

The im p le m e n ta tio n  o f  A lg o r ith m  6.1 is s tra ig h tfo rw a rd  except fo r in fe a s ib ility  de tec tion  

at S tep  5. Since A lg o r ith m  6.1 is a spec ia l case o f  A lg o r ith m  4.4, in fe a s ib ility  de tec tion  

can be im p lem en ted  by  P ro p o s itio n  4.17. For A lg o r ith m  6.1, by  co n s tru c tio n , a t every 

ite ra tio n  n  we have:

•  Ort >  .

•  T e rm in a tio n  w hen a n — a n <  e.

There fo re , the  set Nn defined  by (4.25) becomes N „ =  {A: €  N  | a *  =  a „ }  and (V n  6  N) 

C N t . T hus , fo r A lg o r ith m  6.1, P ro p o s it io n  4.17 can be s ta ted  as
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P r o p o s i t io n  6 .3  Let k  >  d ia m (S o ). A t each ite ra tio n  n , define

(Vfc e Nn ) p k =  | |G 'fc(x * )  -  x fc||2 +  ||P5o o G JQk(x k ) -  C ^ ( x fc)||2 (6.6)

and let I be the sm allest in tege r in  N n . Then, f o r  every 7 >  d ( x i .S ') ,

i f  ^  pk >  in in {« ;2 ?7 2 , 2 7 ||x i - x „ + i|| -  ||x/ - x ^ i ! 2 } then S  n  lev< Qri J  =  O . (6.7)
f c c A n

P ro p o s itio n  6.3 can be im p lem en ted  as in  Section 5.3.1.

6.4 A p p lications

As in  C h a p te r 5. we cons ider s igna l re s to ra tio n  and deno is ing  p rob lem s in  w h ich  the  signal 

d eg rada tion  m odel is ava ilab le  and g iven respective ly  by

y =  L x  - f  u  (6.8)

and

y =  x  +  u. (6.9)

Recall th a t in  th is  m ode l x , y , and u  are in  E =  R'U xA / and represent respective ly  the 

o r ig in a l s igna l, the  recorded s igna l, the  a d d it iv e  noise, w h ile  L :  E —»• E is a lin e a r opera tor. 

For each instances, we use the  s ta t is t ic a l hypotheses on  the com ponen ts o f  noise u  to  fo rm  

the co n s tra in t set [12. 46]

S0 =  { x  €  E | | |L x  -  7/||2 <  5 }  o r 5 0 =  { x  €  E | ||x  -  y ||2 <  J } .  (6.10)
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K n o w in g  th a t the  o r ig in a l s igna l has b lo ck  features, th e  to ta l v a r ia t io n  cost (5.5) is chosen 

as the  o p t im a lity  c r ite r io n . S ignal re s to ra tio n /d e n o is in g  p rob lem s are th e n  fo rm u la te d  as 

the  constra ined  to ta l v a r ia tio n  m in im iz a tio n  p rob lem

F in d  x ’  €  So such th a t J tv (x m) =  in f  J tv ( x ) (6.11)
x e s 0

and solved by A lg o r ith m  6.1.

Below , several exam ples are g iven to  show th a t th e  e xac t cons tra ined  m in im iz a tio n  o f 

the  to ta l v a r ia t io n  cost, as posed in  (6.11) and ca rried  o u t w ith  A lg o r ith m  6.1, leads to  

sa tis fac to ry  re s to ra tio n  and deno is ing  o f  b lo cky  signals, even w hen the  leve l o f  the  noise is 

h igh .

In  the s igna l re s to ra tio n  exam ples, the  degraded s igna ls are o b ta in e d  by  co nvo lv ing  the 

o r ig in a l s igna l shown in  F ig . 6.1 w ith  th e  p o in t spread fu n c tio n  show n in  F ig . 6.2 and 

ad d ing  zero m ean Gaussian w h ite  noise.

In  the  s igna l deno is ing  exam ples, the  no isy  signals are o b ta in e d  by  a d d in g  a zero mean 

Gaussian w h ite  noise to  the  o r ig in a l s igna l shown in  F ig . 6.1. T h e  level o f the  a d d it iv e  

noise is increased g ra d u a lly  and  the deg rade d /no isy  s igna l and  res to red /de no ised  are show n 

in  pa irs. F u rth e rm o re , as in  C hap te r 5. the  energy cost J e : x  | jx ||2 is also used fo r 

com parison  purposes.

T he  degraded signals appea r in  F ig . 6 .3 /6 .5 , F ig . 6 .7 /6 .9 , F ig . 6.11, and  F ig . 6.13. T he  

restored signals are show n in  F ig . 6.4, F ig . 6.6, F ig. 6.8, F ig . 6.10, F ig . 6.12, and  F ig . 6.14. 

F in a lly , the  no isy  signals are shown in  F ig . 6 .15/6 .17 F ig . 6 .19 /6 .21 , and  F ig . 6.23 and  the 

denoised signals are show n in  F ig . 6.16, F ig . 6.18, F ig . 6.20, F ig . 6.22, and  F ig . 6.24.
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F igu re  6.1: O r ig in a l s igna l.
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F igu re  6.2: Im p u ls e  response.
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o o

F ig u re  6.3: Degraded signal, b lu rre d  S N R = 9 .0 2  dB .

2 N

50
40

F igu re  6.4: S ignal restored w ith  th e  to ta l v a r ia tio n  cost.
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F igure 6.5: Degraded signal, b lu rre d  S N R =9.02  dB .
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F igure 6.6: S ignal restored w ith  the  energy cost.
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F igu re  6.7: Degraded s igna l, b lu rre d  S N R = 3 .0 0  dB.
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3020 20

F igure  6.8: S igna l restored w ith  the  to ta l v a r ia t io n  cost.
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F ig u re  6.9: D egraded s igna l, b lu rre d  S N R = 3 .0 0  dB .
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F igu re  6.10: S igna l restored w ith  the ene rgy  cost.
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o o

F igu re  6.11: Degraded s igna l, b lu rre d  S N R =-3 .01  d B .

o o

F igu re  6.12: S igna l resto red  w ith  the  to ta l v a ria tio n  cost.
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F igure  6.13: Degraded s igna l, b lu rre d  S N R = -9 .0 4  d B .

o o

F igu re  6.14: S igna l restored w ith  the  to ta l v a r ia tio n  cost.
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40
40

20

0 o

F igu re  6.15: N o isy s igna l. S N R = 4 .6 2  d B .

o o

F igu re  6.16: S igna l denoised w ith  th e  to ta l v a r ia t io n  cost.
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F igure  6.17: N o isy s igna l, S N R = 4 .6 2  d B .

o o

F ig u re  6.18: S igna l denoised w ith  the  energy cost.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



90

o o

F ig u re  6.19: N oisy s igna l, S N R = -1 .4 0  dB .

o 0

F igure 6.20: S igna l denoised w ith  the to ta l va ria tio n  cost.
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o o

F ig u re  G.21: N o isy  s igna l, S N R = -1 .4 0  d B .

o o

F igu re  6.22: S igna l denoised w ith  th e  energy cost.
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F ig u re  6.23: N o isy s ignal, S N R = -7 .4 2  dB .

o o

F igure  6.24: S igna l denoised w ith  the  to ta l v a r ia t io n  cost.
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C hapter 7

C onclusion

7.1 Sum m ary

M any signal res to ra tio n  p rob lem s can be fo rm u la ted  in  the  fo rm  o f  th e  constra ined  convex 

o p tim iz a tio n  p rob lem  (1 .2 ). In  recent years, there has been a g ro w in g  in te res t in  th e  use o f 

n o n d iffe re n tiab le  o p t im a lity  c r ite r ia  in  s igna l deno is ing and  re s to ra tio n , p r im a r ily  because 

o f  th e ir  a b il i ty  to  preserve and  restore edges.

In  th is  d isse rta tion , a genera l subg rad ien t level m e th o d  was p roposed to  solve (1.2) w ith  

n ond iffe re n tiab le  costs. A p p lic a tio n s  to  several constra ined  m in im u m  to ta l v a r ia tio n  s igna l 

res to ra tion  a n d  denoising p rob lem s were dem onstra ted . U n like  th e  m ethods presented 

in  [9, 10. 29, 47, 48] the  p roposed m e thod  allows m u lt ip le  convex co n s tra in ts  and general 

n o n d iffe re n tiab le  convex costs. M oreover, the  m ethods o f  [9, 10, 29, 47, 48] are fo r a specific  

typ e  o f  cost a n d  a llow  o n ly  one q u a d ra tic  cons tra in t.
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L e t us note th a t in  the  proposed su b g ra d ie n t level m e thod  the  n u m be r o f  ite ra tio n s  requ ired  

to  detect in fe a s ib ility  in  (4.44) increases s ig n if ic a n tly  as the  ite ra tes  get c loser and closer 

to  an o p tim a l so lu tion , a behav io r w h ich  is ty p ic a l o f  level set m ethods [23]. I t  is there fo re  

im p o rta n t to  set the to lerance pa ra m e te r e a t a re a lis tic  value, as too  sm a ll a value w i l l  

increase the num ber o f  ite ra tio n s  w ith  no p ra c tic a l im p rovem en t on the  so lu tio n . S ince 

the a sym p to tic  behavio r o f  A lg o r ith m  4.4 depends on m any facto rs , i.e., e, /?, £, and Qq , 

as well as k  and 7  fo r in fe a s ib ility  d e te c tio n  a t S tep 7, we chose n o t to  re p o rt ru n  tim es in  

C hapters  5 and 6 .

7.2 D irections for Future R esearch

For a nond iffe ren tiab le  convex fu n c tio n  / :  E —* R  as seen in  S ection  1.3.3.4, an  a rb it ra ry  

subgrad ien t may p rov ide  a p o o r d e s c r ip tio n  o f  the  loca l b e h a v io r o f / .  C onsequen tly  

the  choice o f  a subgrad ien t w il l  a ffect the  e ffic iency o f  a subg rad ien t p ro je c tio n  m e thod . 

A  s tanda rd  way to  rem edy th is  p ro b le m  is to  use bund le  m ethods to  e n rich  the loca l 

in fo rm a tio n  on /  [18, 2 1 ].

L e t x  e  E. For every e >  0 there  ex is ts  a ne ighborhood V  o f  1  such th a t  dcf ( x )  D

U  d f { y ) .  Thus dcf ( x )  p rovides b e tte r  in fo rm a tio n  o f  the loca l behav io r o f  /  a t o r near a
yev
nond iffe ren tiab le  p o in t and  a good d ire c tio n  o f  descent can be found  in  dcf ( x ) .  For a g iven  

/ ,  an a n a ly tic  form  o f d( f ( x )  is h a rd ly  ava ilab le . Instead  o f se lecting  t  6  dt f { x )  one p icks a 

vec to r t €  "P, where ~P is an  inne r p o ly to p e  a p p ro x im a tio n  to  d t f ( x ) .  T he  re s u lt in g  p rob lem  

usua lly  requires excessive storage fo r  a la rge size p rob lem . In  [21, 22, 23, 24] m ethods 

in v o lv in g  p ro jections on to  an a ffine  a p p ro x im a tio n  to  /  de rived  from  the  aggregation o f

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



95

several subgrad ien ts ra th e r th a n  fro m  an a rb itra ry  su b g ra d ie n t are  used to  im p ro ve  the 

effic iency. Such m ethods requ ire  less storage and are a t t ra c t iv e  fo r  la rge scale problem s. 

A lth o u g h  i t  seems th a t various b u n d le  m ethods can be a d o p te d  d ire c t ly  b y  o u r  m ethod, 

im p le m e n ta tio n  issues need to  be fu r th e r  investigated.

N ew  Y o rk , J a n u a ry  28, 2000
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