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ABSTRACT

NON-DIFFERENTIABLE CONSTRAINED SIGNAL
RESTORATION BY SUBGRADIENT LEVEL METHODS

by

Jian Luo

Advisor: Professor Patrick L. Combettes

The classical signal restoration problem is to estimate the original form of a signal from
a degraded observation and some a prior: information. Mathematically, a wide range of
digital signal restoration problems can be formulated as minimizing a convex objective
over a convex sct representing the constraints derived from a prior? knowledge and the
observed signal. The goal of this dissertation is to develop numerical algorithms to solve
this type of problems with nondifferentiable objectives. Such objectives arise for instance
in constrained minimax, total variation, or L; norm problems. They have become popular
in recent years due to their ability to capture certain features of signals such as sharp
cdges. However, the problem of developing reliable numerical schemes to solve the re-
sulting constrained nondifferentiable optimization problems has received little attention.
In the algorithms proposed in this dissertation, the potentially complex constraint set is
disintegrated into an intersection of simpler sets defined by convex inequalities. At each
iteration, the update is obtained through a combination of subgradient projections onto
the individual constraint sets and a subgradient projection onto adaptively refined approx-
imations to the unknown optimal level set of the objective. Various algorithms based on
this variable target feasibility principle are developed and their convergence is established.
The implementation of the algorithms is also discussed. Several numerical applications
to signal and image restoration/denoising are demonstrated, with special emphasis on the

total variation approach.
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NOTATION

e N - the set of nonnegative integers.

e E - the standard real N-dimensional Euclidean space.

e (-] -) - the scalar product in E, . forevery z = (z!,--- ,z") € Eand y =
W' yY)EE (zly) = Z:IIJ

e || - || - the lEuclidean norm in E. i.e.. for every z = (z!,--- .J:N) € E, {lz]| =
(Zz.—l [z¢]%)2.

e || -l - the p-norm in E. i.e., for every z = (z!,--- .zV) € E, zllp = (}: - [ZP) ‘l’

e || - lg - the Frobenius norm in B> ie., for every z € RM*M

MM 2

lzlle = | DD (=)

i=1 j=1
e d(z,5) = mf llz — y|| — the distance from the point z to the set S.

e diam(S) = sup d(z.y) - the diameter of the set S.
(z.y)ES?

e conv(S) - the convex hull of a set S. i.e., the smallest convex set containing S.
e Id - the identity operator on E, i.e., (V£ € E) Id(z) = z.

e Fix T = {z € E|T(z) = z} - the set of fixed points of the operator T': E — E.
e Ps - the projector onto a closed convex set S.

e a7 = max{0,a}. (a € R).

o levea f = {z € E| f(z) € a} - the lower level set of the function f: E — R at height
aERrR

e Of(z) ={t€E|(Yy€E) flz)+(t|y—z) < f(¥)} - the subdifferential of the
function f: E — R at z.

e I f(z)={teE|(Vy€E) f(z)+(t]|y—z) < f(y)+€} (¢ > 0) - the e-subdifferential
of the function f: E — R at z.
N
e divf(zx Z Bf(q:) ~ the divergence of the function f: E - Rat z = (z!,... ,z/¥) €

E.
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Chapter 1

Introduction

1.1 The Signal Restoration Problem

Signal restoration refers to the problem of estimating the original form of a signal that
has been recorded in the presence of sources of degradation [5. 12, 45]. Its applications
cover a wide range of areas, including consumer and commercial imaging. geophysics,
forensic science, medical imaging. surveillance, and astronomy. For example, an image
obtained through an imaging system is usually degraded by two phenomena: blurring and
noise corruption. The blurring may be caused by effects such as diffraction, transmission
through a random medium, lens aberrations, out-of-focus lenses, or relative motion between
the scene and the viewing device. On the other hand, the noise may be present in the image
propagation medium and the recording device. In many situations the degradations are

serious and need to be reduced so that useful information in the recorded signal can be
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retrieved.

To restore a signal some form of a prior: knowledge concerning the degradation processes
and/or the original signal is required. Examples of a priori information about the original
signal include amplitude bounds, phase, region of support, energy bounds, and frequency
band [12. 25, 36. 41, 43, 46, 45, 49]. A general vector space model for signal degradation

is the additive noise model
y = L(z) +u, (1.1)

where z, y and u represent respectively the original signal, the recorded signal, and additive
system noise, and where L is an operator representing the degradation phenomenon. If
L is a convolution operator, i.e., L(z) = h * z for some impulse response A, (1.1) models

various common situations [5].

1.2 Formulating Signal Restoration Problems

A priori knowledge is of paramount importance in signal restoration and should be used
whenever possible {12, 26, 39, 41, 40, 43, 46, 45. 49]. Mathematically, a priori knowledge
can be represented in the form of constraints and optimality criteria. In signal restoration,

constraints arise from information about

1. The degradation mechanism;
2. The original signal;

3. The noise.
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A signal restoration problem can typically be formulated as a constrained optimization

problem of the form

Findz* € S = ﬂ S; such that J(z®) = ixeng(a:) (1.2)
T

0<i<m
in a suitable vector space B, where (S;)o<i<m C B are sets describing signal constraints
and J: B — R an optimality criterion. In practice, under suitable assumptions, it is
often possible to approximate (1.2} by a finite dimensional problem after discretization.
This will be the numerical framework adopted in this dissertation. More specifically, our

assumptions regarding (1.2) will be following throughout the dissertation.

Assumption 1.1

(i) J: E = R is a convex function.
(ii) (Si)o<i<m C E are closed convex sets and ﬂ S # 0.
0<i<m

ili) There exists a € R such that S Nlev«, .JJ is nonempty and bounded.
< Pt}

(iv) S is an active set.

As a result, we have the following:

e (i)-(iii) imply that (1.2) has a solution (see Theorem 2.2).
e Denote by a* = 122 J(z) the optimal constrained value of J. Then (iv) implies that
b

inf J(z) <a”.

r<E
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1.3 Nondifferentiable Convex Optimality Criteria

In many situations, one needs to minimize a convex function which is nonsmooth, i.e.. not
continuously differentiable [28. 33, 42]. In signal restoration, there are two general types

of nondifferentiable cost functions: integral and pointwise maximum costs.

1.3.1 Integral Costs
A real-valued A -dimensional analog signal can be represented by a function
r:QCcRM 5= (1.3)
For such signals, a general cost function is
J:z — /Q d(z(w). Vz(w))dw, (1.4)

where ¢: E¥F!1 — R is a convex function [9, 11, 26, 29, 32, 47] (equivalent costs can be
defined for discrete time/space signal by proper discretization). It is convex, since ¢ is
convex, and V and fQ (and their discrete approximation: summation and finite differences
in a discrete setting) are linear operators. It is nondifferentiable if ¢ is nondifferentiable,

e.g.,

é: (u,v) — |y (1.5)

¢: (u,v) — |v|lp withp > 1. (1.6)

For instance, the total variation costs, which have been used in [29] and [38], are obtained

if ¢ is given by (1.6) with M =2 (p =1 in [29]).
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1.3.2 Minimax Problems

Another type of nondifferentiable convex costs which arise in signal restoration are those

of the form

J = lxglaé; Jis (1.7)

where each J,: E — R is a convex function. Even if the functions (J;)1<i<p are differen-
tiable, J may not be differentiable at those points at which two or more of the J;'s take

the same value.

1.3.3 Remarks on Nondifferentiable Optimization

Differentiable optimization methods should not be used to minimize a nondifferentiable
function as they may lead to serious failures [28, 42]. By way of warning, we now present

a brief discussion based on that of [28].

1.3.3.1 Failure of Convergence

) . . . . - .
In 2. consider minimizing the function

, V(2" + 2|z2?) if 0 < 22| < 27!
J(z!, z?) = (1.8)

1 ] 2 .
—(z' +4|z°1) otherwise.
\/5( lz=l
[t is convex but not differentiable on the ray z! < 0,z% = 0. Moreover, lim J(z},0) =
u——0o
—oc. As demonstrated in [28], starting from zo = (2.1) the sequence generated by the

steepest descent method converges to the point (0,0), a non-optimal kink of J. Likewise,

we can construct nondifferentiable functions for which Newton’s method may fail. Thus, it
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is unwise to use differentiable optimization methods based on Taylor models to minimize

nondifferentiable functions.

1.3.3.2 Lack of Optimality Test

Another problem associated with applying differentiable optimization methods to a non-
differentiable function is the lack of an implementable stopping rule. For a differentiable

convex function J: E — . we have
J(z%) = inf J(z) = 0=VJ(z). (1.9)
r€E

Since J is continuously differentiable (Theorem 2.9). the norm of the gradient ||[VJ(z,)||

will become small when z, approaches some optimal point £*. For a nondifferentiable

function J, we have
J(z®) = inf J(z) <= 0 € 3J(z"). (1.10)
T€E
and no stopping rule can be built based upon the norm of gradient, even if the gradient

exists at all iterates. For example. for the absolute value function J: R — R: z — |z,

IVJ(z,)| =1 at each z, # 0, no matter how close z, is to the optimal kink z* = 0.

1.3.3.3 Failure of Gradient Approximation

For a differentiable function J: E = R
(Vz € EX(VR € E) J(z + h) = J(z) = (VJ(z) | h) + o(l|R]])- (1.11)

Therefore, the gradient can be estimated by finite differences. For a nondifferentiable J,

(1.11) no longer holds. The computation of subgradients becomes compulsory and cannot
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be done by a finite difference approximation scheme. For example, let J: R — R: z —

max{z!, 2, z3}. Then the subdifferential at (0,0,0) is
3.J(0) = conv{(1,0,0),(0.1,0),(0.0.1)}. (1.12)

However, the forward, backward, and central differences of J at (0,0,0) are {1,1,1),

11
(0.0.0), and (3, 5 é) None of them describes the behavior of J near (0,0,0).

1.3.3.4 Nondifferentiable Functions and Their Subdifferential

Let J: E — R be a nondifferentiable convex function. Take an arbitrary z € E. If J
is differentiable at z the subdifferential 8J(z) degenerates to the gradient VJ(z), whose

negative is always at a direction of descent of J at z, i.e.,
VJ(z) #0= (3e>0) J(z —eVJ(x)) < J(z). (1.13)

If .J is not differentiable at z, the negative of a subgradient t € 8J(z) is not necessarily a
direction of descent. As a particular example in B2, consider the nondifferentiable convex

function
f(z',2%) = max{—z' + [£?]%,1z*]? — £3}. (1.14)
At (1,1) 8f(1,1) = conv{(—l,?), (2,—1)}. Take t = (—0.7,1.7) € df(1,1). Then

(Ve > 0) J(1 +0.7¢,1 — 1.7e) = max{2.89¢ — 4.1¢, 0.49¢2 + 3.1¢}

> 0.49€¢® +3.1e > f(1,1) = 0. (1.15)

Since  min c f(z'.z%) < 0, this shows that —¢ is not at a direction of descent for f at
2)eE?

M
]
]
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1.4 Proposed Work

1.4.1 State-of-the-Art in Nondifferentiable Signal Restoration

For digital signal restoration problems, oftentimes one piece of a priori knowledge is in form
of the linear degradation model (1.1) [5]. With this model. nondifferentiable problems have

shown up in one of the following two formats.
One is to formulate it as an unconstrained optimization problem
Find arg meig {J(z) + ALz - y|I*}. (1.16)
I

where J: E —+ R is a convex objective and A > 0 is used to balance the weight between the
goodness of z in fitting the recorded signal y as required by the degradation model (1.1)
and the penalty imposed by the cost J on z as required by a priori knowledge. The other

is to formulate it as a constrained optimization problem

Find z* € S such that J(z*) = 122 J(z)
I -
(1.17)

S={z€E|lLz-yl* <},
where S is a noise constraint set, obtained through certain statistical hypotheses of the noise

u, and J: E — X is a convex objective. Such formulations are limited to one constraint.

Formulations (1.16) and (1.17) are different but they are equivalent under certain conditions
{30]. For formulation (1.16) one critical point is to find a suitable A. Although Bayesian
analysis provides a framework for obtaining a maximum likelihood estimate of A for (1.16)
under certain statistical hypothesis [6], the resulting problem is usually hard to solve.
Oftentimes the parameter A in (1.16) needs to be chosen by trial and error, usually, guided

by some heuristic rules. In the end, the properties of the solution are often uncertain.
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Formulations involving a noundifferentiable function have been found more appropriate in
many applications [4, 3. 9. 29, 38, 48]. In [9, 48] signal restoration problems are formulated
as (1.16), where J is the total variation cost. To solve it, it is transformed into a problem
using auxiliary variables (in fact the total variation cost is slightly modified to make it
differentiable) and the resulting problem is then solved by alternating two auxiliary min-
imization problems, one of which can be solved trivially in closed form and the other is
a quadratic minimization problem and solved by quadratic programming. The method in

[9. 48] has been reported to be robust and efficient [10].

In {3]. a recursive method is proposed to solve the one-dimensional signal denoising problem
Find arg min {Ilzr —yll1 + /\liAzlll}, (1.18)

where A represents the first order finite-difference operator, i.e, (Az)! = z* — z'~1. How-
ever, the method can be applied enly when A in (1.18) is of the form g for some positive
integer n. Therefore the solution of (1.18) cannot be guaranteed to satisfy the noise con-
straint in genecral. Moreover, how to generalize such a method to solve a two-dimensional

signal denoising problem is still open.

In [38]. signal denoising problems are formulated as (1.17), where J is the total variation
cost. The method used to solve (1.17) is akin to a gradient projection method in which
iterates are perturbed to avoid points of non-differentiability. Its numerical implementation
is straightforward but it lacks a sound mathematical basis. In [29], signal restoration
problems are formulated as (1.17), where the cost .J is a variant of the total variation
cost. The resulting problem is to minimize an ¢; cost with a single quadratic constraint.

It is solved by an affine scaling Newton method whose computation is expensive for large
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images.

All the above methods are limited to one signal constraint and a special type of cost.

Moreover, using formulation (1.16). one does not solve problem (1.17) in general.

1.4.2 Proposed Work

In digital signal restoration. a wide range of signal constraints derived from e priori knowl-
cdge can be represented as closed convex sets (S;)o<i<m in E. To use such constraints,
signal restoration problems can be formulated as feasibility problem [12, 13, 43, 45, 49].

i.c.,

Findz"€S£ (] S. (1.19)

0<i<m
It is sometimes more advantageous to selectively pick a solution in S. For instance, in [11]
algorithms are proposed to solve the best feasible approximation problem
Findz* €S = ﬂ S; such that |jz® — || = inf |z — 7], (1.20)
ogi<m 1ES
where r is a reference signal. Problem (1.20) is a multiple constraint quadratic convex

minimization problem.

In many instances, signals have block features such as sharp edges which can be better cap-
tured by a nondifferentiable objective [3, 9. 29, 38, 48] and the resulting signal restoration
problems should be formulated as a multiple-constraint, nondifferentiable convex optimiza-

tion problems of the form (1.2), i.e.,

Findz" € § = m S; such that J(z°) = uelg' J(z). (1.21)
T

0<i<m
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This is precisely the type of problems to be addressed in this dissertation. Qur goal is to

develop a general algorithm to solve (1.21) under mild assumptions.

1.4.3 Methodology

Consider our general problem (1.2) under Assumption 1.1 and let a* = ilelg J(z). Then
I

the solution set S* of (1.2) is
§* =SNlevea- J. (1.22)
If &® is known, (1.2) is equivalent to the feasibility problem

Findz € | [) Si|Nnlevea J, (1.23)

0<i<m
which can be solved by many methods (7, 8. 13, 14, 22, 24]. Unfortunately, in practice a®

is unknown.

Inspired by [20, 23], we shall use a level method to adaptively estimate the optimal con-
strained level a* and treat (1.2) fundamentally as the feasibility problem shown in (1.23).
Although the procedure for estimating o® will be nontrivial, it will share with most other
level methods the following basic principles:

(i) Ifz € ﬂ SiNleves J # O can be found, then we infer a > a*.
0<i<m

(if) If ﬂ SiNlev<ca J = O can be detected. then we infer a < o*.
0<i<m
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Contribution

The main contribution of this dissertation is the development of a general algorithm to solve

multiple-constraint, nondifferentiable convex optimization problems (Chapter 4). Other

significant new developments are the following.

In Chapter 2, a2 new class of operators (nice operators) is introduced and some of

their properties are derived.
In Chapter 3, Polyak’s projected subgradient method is extended (Theorem 3.4).

In Chapter 4. a level subgradient method is proposed to solve the general signal
restoration problem (1.2) under very mild assumptions. The convergence of the

method is established and its (possibly parallel) implementation is discussed.

In Chapter 5, applications of the proposed method to multiple-constraint nondiffer-

entiable signal restoration and denoising problems are demonstrated.

In Chapter 6, a special case of the subgradient level method proposed in Chapter 4
is investigated. Its application to the restoration/denoising of synthetic block signals

is demonstrated.
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Chapter 2

Mathematical Preliminaries

In this chapter. we provide some mathematical results that will be used in subsequent

chapters.

2.1 Convex Analysis

For a detailed account of convex analysis and proofs of the following results, consult [18,

35, 37. 42].

Throughout, f is a real-valued function defined everywhere on E and is assumed to be

convex, i.c.,

(V(z,y) € EX)(VA €[0,1]) f(Az + (1 — A)y) < Mf(z) + (1 = A f(y). (2.1)
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Theorem 2.1 f is continuous on E and, for every a € R, its lower level set
levea f={z €E]| f(z) < a} (2.2)
is closed and conver.

Theorem 2.2 Let § C E be closed. If. for some a € &, S N lev<, f is nonempty and

bounded then f achieves its infimum on §. i.e..

(3" € 9) fl=") = inf f(a). (2.3)

Definition 2.3 A vector t € E is a subgradient of f at a point z € E if
(Vy €E) flz) +(tly—2) < flw). (2.4)

The set of all subgradients of f at z is the subdifferential of f at z and is denoted by 9 f(z).

Theorem 2.4 For every z € E, the subdifferential 8f(z) is nonempty, bounded, conver,

and closed. AMoreover,

(Vz" € E) f(z*) = :itxelgf(x) <= 0¢€ df(z"). (2.5)

Theorem 2.5 9f maps any bounded set and any nonempty lower level set of f into a

bounded set.

P
Theorem 2.6 Let f = Z’\ifi’ where (Ai)i<i<p CJ0,+oc] and (fi)i<icp: E = R are
=1

convez. Then f is conver and

p P
(Ve €E) f(z) = D_Nofi(z) = { DAt | (Vi€ {L... .p) L €Bfi(z)}.  (26)
i=1 =1
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Theorem 2.7 Let f = max fi» where (fi)i<i<p: E = R are conver. Then f is conver

<ilp
and
(Vz € E) 8f(z) =conv | | 9fi(z), where I(z) = {i € {L.... .p} | filz) = f(z)}. (27)
i€l(z)

Definition 2.8 f is differentiable at z if there exists a vector t € E (necessarily unique)

such that

fly) = flz) + (tTy —z) +o(lly — zll) (2.8)
or. equivalently.
p S - f@ -ty -2 _ 29)
y—z lly — =l

Such a t. if it exists. is the gradient of f at £ and is denoted by V f(z).

Theorem 2.9 f is differentiable almost everywhere (Lebesque) on E and, if f is differen-
tiable at x, then 9f(z) = {V f(z)}. Moreover. if f is differentiable on E (i.e.. differentiable

at every point in E), then it is continuously differentiable on E.

Theorem 2.10 Let C C E be a nonempty closed convez set. Then, for every € E, there

crists a unique point Pc(z) € C such that
llz = Pe(z)ll = min |lz -yl (2.10)
yeC
In addition, this point is characterized by

Pc(z) € C and (Vr € E)(Vy € C) (z — Pc(z) | Pe(z) —y) > 0. (2.11)
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Definition 2.11 The point Pc(z) in Theorem 2.10 is the projection of z onto C and the

operator Pc: E — C is the projector onto C.

It follows from (2.11) that FPc is firmly nonezpansive, i.e.,
(V(z.y) € E?) | Pc(z) - PcW)II’ < (Pc(x) — Pely) | = — y). (2.12)
and therefore nonezpansive. i.e.,

(V(z.y) € E) [|Pe(z) — Pe)ll < llz =yl (2.13)

2.2 Subgradient Projections

Definition 2.12 {7. 12, 13] Let  be a real number such that lev<, f # O. The subgradient

projection of £ € E onto levey, f is

Gé(z) _ T — %—nt if f(z) > 7, wheret € 9f(z) (2.14)
z if f(z) < .
Note that Gf;(:r) is the projection of z onto the half-space [7, 13]
Hf ={yeE{f(@) +(t|y—z) <n}. (2.15)
and that by (2.4) and (2.14)
Fix Gf = lev<, f C H]. (2.16)
It follows from (2.14) that
z & leve, f = |Gl () —z|| = &lcl)t_ﬂzﬂ > 0. (2.17)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



17

Hence G{,(:z:) can be regarded as an approximate projection of z onto lev<, f. Since it
requires only a subgradient of f at z. it is significantly easier to implement than an exact

projection and is used for solving a wide range of feasibility problems [7, 8, 12, 13, 24].
Lemma 2.13 (vz € E)(Vy € levg, £) [[G(z) — ylI? < llz = ylI? — 1G] (z) — zII2.
Proof. Fix y € lev<, f.z € E,and t € df(z). Then

IG(x) = yl* = IG](z) — =l + [z — yll® - 2z ~ G](z) | = —v)- (2.18)

By (2.14), (2.4). and f(y) <7

flz)—n

f@)>n=(z=-Cll)[z-y) = “pm—(tlz=yv)
(f(z) —m)?
L
= |IG}(z) - =II*. (2.19)

On the other hand, by (2.14), f(z) < n =1z — Gg(:r) = 0. Therefore

f(z) S n =z~ Gi(z) | z — y) = |GI(z) — =|*. (2.20)
By (2.18)-(2.20). the lemma is proved. O
Proposition 2.14 If C C E is bounded then

(Y(zn)nzo C C) (37 €]0, +oc()(Vn € N)(Vt, € 8f(zn)) lltall < 7. (2.21)

Proof. Apply Theorem 2.5. O

Remark 2.15 G,f, is not continuous.
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Proof. We prove this fact by providing a counterexample. Let f: R — R: £ — max{z,4z}.

Then f is nondifferentiable at z = 0 and lev<_; f =] — oc, —1]. Now define (Vn € N) z, =

1
werrE Then (zn)n>0 CJ0.1], z, = 0. and (VYn € N) df(z,) = {4} and G{l(zn) = —%.
However by taking ¢ = 1 € [1,4] = df(0). we obtain G{l(O) = —1.
. 1
Jim Gly(en) = -3 # -1=GL(0). (2:22)
Therefore G_f_l is not continuous at 0. O
Lemma 2.16 Let (z,)n>0 C E and (n,)a>0 C R. If g: E — 2 is continuous then
4
In — T
<1]n——17 = g(z) <7 (2.23)
(g(xn) - nn)+ —0

Proof. Suppose zn, — z. 11, — 1 and (g(zn) — 7a)™ — 0. Since g is continuous, g(z,) —

g(z). Hence

lg(zn) — nnl2+ 9(zn) —mn _ lg(z) - nl2+ g9(z) =1 (2.24)
On the other hand
l9(zn) — nn!;g(rn) ~ T (g(za) — 1) — 0. (2.25)
Therefore |g(z) — 17| = — (g(z) — n), which implies g(z) — 7 < 0 and g(z) < 7.0
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Proposition 2.17 Let (7:)n>0 C R and (zn)n>0 C E. Then

(

I, =T

N\

n = 1) =z € lev¢, f. (2.26)

GL.(£n) — Zall = O
\

Proof. For every n € N we have
m if f(zn) > nn where t, € 9f(z,)
1G], (za) —zall = lItnl (2.27)
0 if f(zn) < 7n-

Since (z,)n>0 converges, it is bounded and, by Proposition 2.14, there exists r €]0, +ocf

such that sup |lt,]} < 7. where I = {n € N| f(z,) > n}. Therefore
nel
1 +
(Vn € M) |G (zn) — zall > ;(f(rn) — 1) (2.28)

It follows from |iG;’,'n (zn) — znil = 0 that (f(z,) —772)T — 0. Since z, — z and 1, = 7,

Lemma 2.16 yields f(z) < 1 and therefore z € lev<, f. O

2.3 Attracting Operators

Definition 2.18 [7] Let T : E — E be an operator such that Fix T is nonempty, closed,
and convex, and let v €]0, +oc|. T is v-attracting if

(Vz € E)(Vw € Fix T) ||z — w|]® = |T(z) — w|]® > v||T(z) — z||>. (2.29)

Proposition 2.19 For any nonempty closed convez set S C E, S = Fix Ps and Ps 1is

1-attracting.
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Proof. 1t follows from the definition of Ps that S = Fix Ps. On the other hand, it follows

from (2.11) that forany z€ Eandy € S

iz —yll? = llz - Ps(@)® + IPs(z) - yli* + 2(z — Ps(z) | Ps(z) — )

> |lz - Ps(2)|® + || Ps(z) — yli*. (2.30)
Thus Ps is l-attracting. O

Proposition 2.20 G£ s I-attracting.

Proof. By Lemma 2.13 and (2.16). O

Lemma 2.21 [7] Let (Ti)1<i<m: E = E be such that each T; is vi-attracting and
(| FixT. #O0. (2.31)
I<i<m

Then T =Tyo-- 0Ty is min{vy, - .vn}/2™ -attracting and Fix T = m Fix T;.
I<i<m

2.4 Nice Operators

Definition 2.22 T: E — E is nice if it is v-attracting and, for every sequence (Zn)n>o0 CE,

In — I
— zeFixT. (2.32)

(T - Id)(z,) — O

e now give some examples of nice operators.

Proposition 2.23 Let C be a nonempty closed convez set. Then Pc is nice and Fix Pc =

C.
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Proof. Pc is l-attracting by Proposition 2.19 and has fixed point set C. Moreover, since

it is nonexpansive by (2.13), it is continuous. O
Proposition 2.24 G,f, is nice and Fix G,f; = lev<y f.
Proof. Apply Propositions 2.17 and 2.20. O

Proposition 2.25 Suppose (Ti)i1<i<m: E — E are nice and m FixT; # 0. Let T =
1<i<m
Tyo---0Tyy,. Then T is nice and Fix T = ﬂ Fix T;.

1<i<m
Proof. Since (T;)1<i<m are nice, suppose that each T; is v;-attracting. By Lemma 2.21 T
is min{vy,... .vn}/2™ Lattracting and Fix T = ﬂ Fix T;. Now fix w € Fix T and

1<i<m
(rn)n>0 C E. For every n € M. T(z,) =T o --- o T\u(z,) or. equivalently,

(

Tm+l,n = Tn
Tman = Tm(Tm+1.0)

Im~1l,n = Tm—l(xm.n)

< : (2.33)
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Since each T; is v;-attracting, we get from (2.33) that

)
lZm+1a = wl? = [Zmn — w2 2 VmlZmin — Tms1all?
1Zmn = wi? = 1Zm-1n — W[* 2 v llTm=t1.n — Tl
9 (2.34)
3.0 — wl? — lx2.0 — wl|® > vallzon — T3.8lf2
lz2.n = wii? = flz1n ~ wii®> 2 vifizin — T2l
{

It follows from (2.34) that

m
Tm+1n = w“‘l —llzin - w”2 > Z villzin — xi-:—l.nuzv (2.35)

=1

Now suppose
zn, =+ and (T —1d)(z,) — 0. (2.36)

We must now show that z € ﬂ Fix T3, i.e., that (2.32) holds. Since T(z,) = 11, and
1<i<m

Tm~l.n = Inp. WE get
Tin — ZTm+1a —+ 0 and z;, —z, = 0. (2.37)

Then. we get from z,, — r and (2.37) that

Tm+in — Z and ), — Z. (2.38)
Therefore
IzZms1n —wll = llz —w|l and |lz1n - wif = iz - w| (2.39)
and
lms i = 0l = llz10 — wl? = 0. (2.40)
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m
From (2.40) and (2.35) we get Zu,—[[:z:i_n — zi:1.n]l2 = 0 and therefore

1=1

Iln — L2 —* 0. £2n — I3 n = 0. .... Imn ~ Tm+in — 0. (241}
Thus it follows from (2.38), (2.41). and (2.33) that

Titlin 7+ T
(Vie {1.....m}) (2.42)

(Ti - [d)(-ri+1.n) — 0.

Since the operators (T;)1<i<: are nice. we conclude z € ﬂ Fix T;. O
1<i<m
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Chapter 3

Polyak’s Subgradient Projection
Method

In this chapter, Polyak’s subgradient projection method {34] is reviewed and some ex-
tensions are given. These algorithms will serve as a foundation for the nondifferentiable

optimization algorithms developed in the following chapters.

3.1 Basic Principle

The basic signal recovery problem under consideration was formulated in (1.2) as
Find z° € S such that J{(z*) = uelg J(z). (3.1)
I

Under Assumption 1.1 (3.1) has a solution. The solution is unique if J is strictly convex

on S. i.e.,

(V(z,y) € ST)VAE, 1)z ¢y = JOAz + (1 — A)y) < AJ(z) + (1 = NJ(y). (3.2)
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Now denote by a* = ng J(z) the optimal constrained value of J. Then the solution set of
€

;
(3.1) can be written as
S"=5Nlevee- J. (3.3)
When J is differentiable. (3.1) can be approached by the projected gradient method
(VneN) zpr1 = Ps(zp, — vaVJ(z,)), where v, > 0. (3.4)

The step lengths (v, )n>0 can be chosen according to various criteria, e.g.,

(Vne H) v, € arginf.,zo.](r,, —4VJ(z,)). (3.5)

When .J is nondifferentiable. (3.4) can be generalized to the projected subgradient method
(Vn € N) zps1 = Ps(zn — Yntn), where t, € 8J(z,). (3.6)

Polyak’s method [34] provides a scheme for choosing the sequence (v;) n>0 in (3.6) under

the assumption that the optimal value a® is known.

3.2 Polyak’s Method and Its Convergence

Theorem 3.1 [34] Given any ¢ € S and € €]0, 1], let (Zn)n>0 be a sequence generated by
(3.6) with (yn)n>0 defined by

J(z,) — a*

(VneN Tn = An : )
) THE

, where e < A, <2 —e. (3.7)

Then (zn)n>o converges {o a point in S°.

Proof. Tt follows from Assumption 1.1 that S is an active constraint. Hence, by Theo-

rem 2.4, no subgradient of J at any z € S is zero and (3.7) is well defined. It follows from
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(2.13) that

(Vw € S) ”w_rn-i—l“Q = |lw— Ps(zn —7ntn)”2
= ||Ps(w) = Ps(zn — Yntn)|l?
< ”w — Inp + 'Yntn“2

= Hw = zal]? = 2va(w — Zn | —ta) + V2 itafiZ. (3.8)

Now take an arbitrary z* € §*. From (3.7). (2.4}, and §* C S, we get

"~ zncil? < lle” = zall? = A2 — A LERL )

- PHE
. S (J(: n) —a 2
<zt -zl = @En) — o) (3.9)
RE
It follows from (3.9) that
(Vn € N) [[z° — Tout]i? < llz° = 2, fi° < llz° — zo)l*. (3.10)

Therefore (zn)n>0 is bounded and there exists a subsequence (zn,)r>0 of (zn)n>0 such

that zn, — . As (ZTn)a>0 C S and S is closed, we get x € S. Moreover, since (Zn)n>g is

bounded. by Proposition 2.14. there exists 7 € |0, +oc[ such that sup [|t,]] < 7. Thus, (3.9)
n>0

gives
(Vn € N) ( ) Z(J o) —a* ) <zt —zol® = Iz = zanl? S =7 —zol®. (3.11)

Hence Z (zp) — a® ? < +oc and therefore J(rn) = «°. Since J is continuous, from
n>0
In, —+ T and J(z,, ) = @, we get J(z) = a” and = € lev<o- J. Therefore z € S* and, by

(3-10), the whole sequence (z)n>0 converges to z. O
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3.3 An Extension of Polyak’s Method

The following variant of Theorem 3.1 was proposed in [2].

Theorem 3.2 [2] Suppose @ < a*. Given any o € S and € €]0.2], let (zn)n>o be a

sequence generated by

.
J(zn) —

e

Yn = An

(Yn € N) rnry = Ps(zn — Yntn), where ¢ tn € dJ(zxy,) (3.12)

O0< A <2 —e.

\

Then, if _;_ An = +0o¢,
n>0

2—¢

(V6 €]0, +oc])(Bm € N) J(z;n) € a” + (" —a)+ 4. (3.13)

Proof. Tt follows from Assumption 1.1 that S is an active constraint. Hence. by Theo-

rem 2.4, no subgradient of J at any £ € S is zero and (3.12) is well defined. Now fix

" € S". By (3.8)
(vn € N) [|z2° = zna1ll? S |27 — zall? = 270 (2" = Za | —ta) + 72 1Itall® (3.14)
Thus, by (2.4) and (3.12), we get for every n € N

L2 200 (@) = @) = Ml (2n) - 2)]

J(zn) —a
it 112

llz* — -'L'n”2 —|lz® — $n+xl|2 An

An (2= An) (I (za) — @)

—An(a” —a)]- (3.15)
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Suppose that (3.13) is not true, i.e.. there exists § €0. +oc[ such that
2—¢€
(Vne N) J(z,) —a" > T(a' —a)+4. (3.16)

Then

J(zn) —g[‘z —€

e e 2 = (e —a)

(Vvne N) |lz* —fl-'n”2 - |lz* —-'L'n+1”2 > A

+(2—=Ap)d = Apla” — ﬂ)]

_ J(zp) —ar4 —2(An +¢€) .
= T | (@ -a)
(2 — ,\n)a]
> s LEnl —a
TAE
J{zp) — a° €62
RS T R T ERR

[t follows from (3.17) that (zn)n>o is bounded. Hence, by Proposition 2.14, there exists

7 €]0, +oc[ such that sup ||¢,]] < 7. Therefore, from (3.17). we get
n>0

(V€ ) [l2° = 2all? = " — 21l > An (%) . (3.18)

Counsequently

2

T

ety Sas (T) (lz" = zoll? = ll" = zast[?) < (7) lz" -zl (3.19)

Hence Z Anp < +0c, a contradiction. O
n>0

When a close underestimate a < a® of a” is available, although leve, JNS = ©, an
approximate solution can still be found by the projected subgradient method (3.13) in the

sense stated by Theorem 3.2.
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3.4 A New Extension of Polyak’s Method

Assumption 3.3 T: E - Eisniccand Fix T = §.
We now counsider the recursion
{(vn € N) 21 =T(z,, — Yntn). where vy, > 0and ¢, € 9J(z,). (3.20)

Theorem 3.4 Suppose @ > a*. Given any g € E and € €10, 1}, let (Zn)n>0 be a sequence

generated by (3.20) under Assumption 3.3 with (yn)a>o0 defined by

.
J(zn) - an e< A <2—c¢
An—(f”t)”—ga if J(zn) > an ., where
(Y € N) 7p = J " > T (3.21)
0 if J(zn) < an.
.
Then, if an = @, (Tn)a>0 converges to a point in SNleveg J.
Proof. Take an arbitrary w € Fix T. Since T is v-attracting, by (2.29),
lTnsi — UJHQ = |[[T(zn — Yntn) — w”2
< llzn—w-— 7ntn”2 —V\T(zp = Tntn) — (£n — "/ntn)uz
= |lzn — w”2 =2y (Tn —w ! tn) + "‘";-:“tn“'_)
V|| T(zn — Ynta) — (T — 'Yntn)llg- (3.22)
It follows from (2.4) and (3.22) that
Izne1 —wl® < llzn — wl® = 29a (J(za) = J(w)) + ¥E[talf?
—vlIT(zn — Yntn) — (Tn ~ '7ntn)”2- (3.23)
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Since §* ClevegJand S*C S =Fix T
leveg JNFix T # O. (3.24)

Now suppose w € lev<g JNFix T and note that J{w) < &. Then. from (3.23) and v, >0,

we get

iZne1 —wli? < lza — wl* = 290 (J(za) — &) + Y2 Ital?
—v||T(zn — Yntn) — (zn —'Yntn)“2- (3.25)
If J(xn) > ay,, then J(zz) > ap 2 a>a" > 122 J(z). Therefore t, # 0 and by (3.21)

(J(zn) = an)(J(zn) —T) | |2 (J(zn) — an)?

"27n (J(In) - a) + 73”tn“2 = —2)\n

[ R T
S (2 - R 2e)
< —ellE ol
- —(f;)gnvntnu?
< ~(3%) (3.26)

Thus. from (3.23) and (3.26). we get

2
6 !
Hen) > an = fanst =l < llon =l = (752 lntal?

—vi||T(zn — Tntn) — (Tn — ”/ntn)”'z- (327)

If J(zn) < an, it follows from (3.21) that v, = 0 and (3.25) trivially gives

2
Tea) < an =z = 0l < oo =l = () mtal?

2

_V”T(xn — Yntn) — (zn — 'Yntn)“-- (3.28)
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[t follows from (3.27) and (3.28) that in both cases

2
€ L
[Zns1 —wl? < llzn —w]® - ((,—) livntall?
< — €y

—v||T(zn — Yntn) — (Tn — 'Tntn)HQ- (3-29)

Therefore

2 n n

6 H

(2 — E) Do lwtd? + v I NT e =t = (@ = nt)? < |lzo — wf? = [|zarr — wi?
(=0 (=0

< llzo — wif?. (3.30)
Taking the limit as n = +oc. we get
D liwmtal® < +oc and Y (T = Id)(zn = Tatn)])? < +oc. (3.31)
n>0 n>0
Consecquently
Yntn = 0 and (T — Id)(zn — Yntn) — 0. (3.32)
It follows from (3.29) that
(Vw elevg JOFix T) [lzn+1 — wif < izn —wii < jlzo — wil- (3.33)

Therefore (zn)n>0 is bounded and it has a subsequence (z,,)i>o such that z, — z.
Since 7y tn, — 0, we get T, — vn,tn, — z. Furthermore, since T is nice, (3.32) and

Assumption 3.3 give
(T - Id)(zn, — Ynitn,) 2 0=z €FixT <z € S. (3.34)

From (3.21). we get

)‘ni(ﬂ‘_)__a” if J(z,) > an
ntall = litnl (3.35)

0 if J(z) < ap.
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Since (5 )n>o0 is bounded, by Proposition 2.14, there exists 7 € ]0, +oc[ such that sup||t,]| <
- n>0

7. Thus

Fatall 2 (2) (J(2a) = an) i J(2a) > an
(Vn e N : (3.36)

n".'ntn” =0 if J(zn) < an.

Hence, in all cases.
€ -~ E
(Vn € N) [1mtnl] > (;) (J(zn) — an)” . (3.37)

Conscquently, it follows from (3.32) that (J(xn,) — an, )™ — 0. Thus, since z,, — = and

a,, —+ a, Lemma 2.16 yields J(z) < @ and therefore z € leveg J. Hence r € SN leveg J.

Hence the whole sequence (zn)n>0 converges to = by (3.33). O

Proposition 3.5 Suppose @ > . Given any 7o € E and € €]0.1], let (zp)n>0 be a

sequence generated by

e<A<2—-c¢
(VnelN) z,..=T (:L‘n + /\,I(Gin(zn) - :rn)) . where (3.38)

Qn 2 G

under Assumption 3.3. Then, if an — @, (zn)n>0 converges to a point in SN levez J.

Proof. Use (2.14) and apply Theorem 3.4. O

As seen in (3.3), the solution set of (3.1) can be written as §* = S Nleves- J. Then,
by Theorem 3.4 and Proposition 3.5, if a close overestimate @ > a* and a nice operator
T:E — E such that Fix T = § are available, an approximate solution of (3.1) can be
obtained by recursion (3.20) and (3.38). In Chapter 4, Proposition 3.5 will be used to
construct a general subgradient level mecthod to solve our general problem (1.2) under a

moderate assumption.
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Chapter 4

A General Subgradient Level
Method

4.1 Introduction

In (1.2) the restoration problem was posed as
Findz* € S = ﬂ S; such that J(z°) = ;:-lelg‘ J(z). (4.1)
0<i<m
In this chapter, a general subgradient level method is proposed to solve (4.1) under As-

sumption 1.1 and

Assumption 4.1 §j is a simple compact convex set and. for every z € {1,... ,m}, S; =

lev<p g; where g;: E — R is a convex function.

We recall that Assumption 1.1 guarantees that (4.1) has at least one solution.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



34

Now let @® = uelg J(z). Asseenin (3.3), (4.1) is equivalent to the convex feasibility problem
I

Findz" € S* &levee- JN [ Si. (4.2)

0<i<m

When a* is known. it follows from Propositions 3.5. 2.23, and 2.25, that (4.2) can be solved

by the recursion
(Vn € N) Zp21 = Ps, 0T 0 G1. (z), (4.3)

where T: E — E is a nice operator (sec Definition 2.22) with fixed point set m S; and
1<i<m
GI.(z,) is the subgradient projection of z, onto lev<ao- J given by (2.14). As seen in
Section 2.4, a nice operator T with fixed point set ﬂ S; can easily be constructed from
1<i<m
(subgradient) projectors onto the individual sets (Si)i<i<m- Alternative decomposition
methods to solve (4.2) with approximate projectors onto the individual sets lev<,- J and

(Si)o<i<m can be found in {7, 13, 14, 24]. Unfortunately, «" is usually unknown in practice

and (4.3) cannot be implemented.

4.2 Description of the Main Algorithm

The idea behind the proposed algorithm is to replace (4.3) by the recursion
(Vn € N) Znsy = Ps, 0T 0 GJ,_ (), (4.4)

where T: E — E is a nice operator with fixed point set ﬂ S; and (an)n>o C R isa
1<i<m

sequence approaching the optimal level a*. For the case T = Id. i.e.. the constraint set S

in (4.1) is a simple constraint set Sp, the idea of replacing (4.3) by (4.4) can be found in

[2, 17, 20. 23] (in [23] GZ_ is replaced by a projector onto a polyhedral approximation to

lev<,, J based on subgradients computed at the current and at previous iterations).
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Theorem 4.2 Let T: E — E be a nice operator with fized point set ﬂ S;. Suppose
1<i<m
that (Yn € N) ap > @ > o® and an = @. Then any sequence (Tn)n>o generated by (4.4)

converges to a point in S Nlev<g J.

Proof. Since Pg, is nice with fixed point set S and T is nice with fixed point set ﬂ Si.
1<i<m
by Proposition 2.25. Ps, o T is nice with fixed point set S. Then, using Proposition 3.5

with A, =1 in (3.38), we obtain the claim. O
Theorem 4.2 states that if an overestimate & of the optimal constrained objective a* is

available, an approximate solution to (4.1) satisfying all the constraints and achieving at

most the objective value @ can be found by (4.4).

Definition 4.3 A penalty function for (4.1) is a convex function g: E — [0, +oc[ vanishing

only on m S;.

1<i<m
Given a penalty function g for (4.1) and a real number § > 0, § = Sg Nlev<g g and
Sp Nleveg g is the relaxed feasibility set at tolerance level 3. By Theorem 2.1, this set is
also closed and convex. We can define an approximate objective value of (4.1) as
5 = T€So rﬂgvsg g Jiz). (4.5)
Note that

(V(1.82) ER*) 0 < B2 < By => a” = > af, > aj,. (4.6)

The main development of this Chapter is the following algorithm, where we give a precise

description of the construction of the (possibly finite) sequence (an), in (4.4).
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Algorithm 4.4 Given v € E, (¢, 8) €]0,+oc[?, € €]0.1[, a nice operator T: E — E with

fixed point set m Si. and a penalty function g for (4.1), a (possibly finite) sequence

1<i<m

(zn)n is constructed as follows.

Step 0.

Step 1.

Step 2.

Step 3.

Step 4.

Step 3.

Step 6.

Step 7.

Step 8.

Step 9.

Step 10.

Set zg = Ps, o T(v). ag < a*, @g = J(zo), fo = max{g(xg),S}. and n = 0.
If &, — a, > € go to Step 5.

If B, = . terminate.

Do z, = Ps, o T(z,) while g(z,) > max{£06,.5}-

Set a4 = Q. Gns1 = J(Tn), Bas1 = max{g(zn),B}, Tni1 = Zn. and go to

Step 10.

Set an, = (o, +a@n)/2.

Set zp+1 = Ps, 0T o Gin (zn)-

If SNlev<a,J = O is detected, go to Step 8; Otherwise, go to Step 9.
Set a, .| = an, Gn+1 = Qn. Pns1 = Bn: Tn+1 = Tn, and go to Step 10.

Set a,.y = a,. If g(zn+1) < Bn and J(zns1) < @, set Gni1 = J(Tn+1) and

Bn+1 = max{g(zn+1), B}; Otherwise, set @1 = @n and B,4+1 = Bn.

Set n =n +1 and go to Step 1.

In above algorithm, 2 nonincreasing auxiliary sequence (8, )n>0 is generated. It is used pri-

marily in the construction of sequence (@, )n>0 (see Proposition 4.7(v})). Let us emphasize

that
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e At each iteration n, §, specifies the relaxed feasibility set Sp Nlev<s, g at level G,

and, by (4.5), the lower bound of J on SpNlev<gs, g.
® aj < o" and since (8a)n>0 is nonincreasing, by (4.6). (a3 _)n>o is nondecreasing.

Proposition 4.5 Let T: E — E be a nice operator with fized point set n Si. Given
1<i<m
yo € E. let (yn)n>o be any sequence generated by ypi1 = Ps, o T(yn). Then (yn)n>o0

converges to a point in SgNlev<o g-

Proof. Apply Theorem 4.2 by letting J be a constant function on E, e.g., J: £ — ¢ and

takea=c. 0

Remark 4.6 Since g is continuous, by Proposition 4.5, Step 3 terminates in a finite num-

ber of steps and produces z, € So N levcmax{esa .5} 9-

Let us now describe the algorithm in detail. At Step 0. zg. a4, @, and By are initialized

as
;
Ig = Pso o T(‘U)

oy < a”

< (4.7)

o = J(zo)

Bo = max{g(zo).B}.
\
If &g — ay < € and g(zo) < B, Algorithm 4.4 terminates at Step 2 and we get from (4.7)

that

J(zo) Sag+e<a”+e€ and zp € Sp Nleveyg. (4.8)
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Otherwise, the iterations start and, at each iteration n € N, the update is produced by one

of the following three loops.

Loop 1: Step 1 — Step 5 — Step 6 — Step 9 — Step 10 — Step 1.

Loop 2: Step 1 — Step 5 — Step 6 — Step 8 — Step 10 — Step 1.

Loop 3: Step 1 — Step 3 — Step 4 — Step 10 — Step 1.

More specifically:

e Loop 1 is executed when @, ~ a, > € and SNlev<q, J = O is not detected at Step

.
{

e Loop 2 is executed when @, —a, > € and SNlev<,, J = O is detected at Step 7;

e Loop 3 is executed when a, — a,, <e.

The updating operation (4.4) on z, takes place at Step 6, which appcears only in Loops 1

and 2 with
(4.3)

set by Step 5. Since the updating of 3, takes place only at Steps 4 and 9, it is easy to see

that

(Vvn eN) 8, > 6. (4.10)
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In view of Steps 9 and 8 and of (4.9), we then get

(

(4 27N 2,

a, — Q, > € = 4 Tni1 < @n (411)

B < Bns1 < ma—‘({an,B} = fn

and. by Remark 4.6, we get from Step 4 that
(

Qni] =4,

Tn =@ €= 47, = J(z,) With Z, € So N leVemaxiesn.a) 9 (4.12)
8 < ﬂn-:-l < ma.x{fﬁn,ﬁ} < Bn.
\
It follows from (4.11) that
(vneN) &, —a, > €= an+1 < an. (4.13)

Moreover, @p+; > @, may happen only for those n € N such that &, — a, < € since
Gpn+1 = J(zn) in (4.12) and we may have J(z,) > @,. Note also that Algorithm 4.4

terminates at iteration n if and only if
a, —a, <e and 8, =3. (4.14)
Proposition 4.7 At every iteration n we have

(i) =, € Sp.

(iii) IB < ﬁn-:-l S ﬂn-

. — . €
(iv) Ifan, — a, > €, then ay is defined and a, + 3 < anp < @p —

oo
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(v) @n =min{J(zx) |0 <k <n and g(zi) < Bn}-

Proof. (i) follows from Steps 0, 3, 4, 6 and 8. (ii): We get from Step 0 that a5 < a*

Moreover, the value of @, is updated only in Loop 2 as

€

5 (4.15)
when S Nleves, J = O (an < a®) is detected. From Step 0 we get Gy > 3 and. by using
(4.11) and (4.12), we get (iii). (iv) follows from the fact that «, is defined only when Step
5 is executed at iteration n, which occurs only in Loops 1 and 2. In this case it is set to

a, + & a, — ¢ _ Gnp — @
_"§_l=gn+¥=an_%. (4.16)

Qn =

To prove (v), let us first note that &, and 3, are updated only at Steps 8, 9, and 4. When

an, — a, > ¢, Loop 1 or 2 is executed. Note that &@,+; < @, can take place only at Step 9

when

9(zn+1) £ Bn and J(zn:1) < @n. (4.17)

In connection with (4.17). note that

g($n+1) < ﬁn ﬁn+1 = xna_\c{g(:rn+1),ﬁ} < max{ﬁnﬁ} = [n

(4.18)
J(Zn+1) <@n Tn+1 = J(Tn+1) < @n.

On the other hand, when @, — a,, > €, we have

ﬁn-{»—l = [n

(g(zn-'rl) > fn or J(zp+1) > an) = (4.19)

Qn4+1 = Qp.
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Therefore, if (Vn € N) &, — a, > €, then
(VneN) @, =min{J(zx) |0 <k <n and g(zx) < Bn}- (4.20)

On the other hand, when @, —a, < €, weget @, < a,+€ < a”"+e. If B, = 3, Algorithm 4.4
terminates. Otherwise, we get G, > 8 and, by Remark 4.6, 85 is then updated at Step 4

as (sce Steps 3 and 4)
Pn+1 = max{g(zn), 8} < max{{Gn.0} < Ln. (4.21)
and &, +; and z,.; are set at the same time as @p+; = J(zn) and zp+; = T,. Thercfore
Gn+1 = J(zn+1) = J(za) and g(zn:1) = 9(zn) = Bn+1 < Ba- (4.22)
Since (Vk € {0.... .n —1}) g(k) > Bn+1. we get

@ns1 =min {J(zx) [0Sk <n+1 and g(zx) < Bas1}- (4.23)

4.3 Asymptotic Properties

In this section, € and 3 are the tolerances fixed in Algorithm 4.4. Define
Ne={keN|ax—q>¢€} (4.24)
and. for every n € N, let N, be the largest interval in N of the form
{keN|g,=qa,and @ < a1} (4.25)

containing n. N, is the set of iteration indices at which Loop 1 or 2 is executed and N; is
the largest set of iteration indices containing n such that (a;)xen, is a constant sequence

and (@i )ken, is a nonincreasing sequence.
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Proposition 4.8 Let n € N. If N, C N, then (3n € N,) oz < a°.

Proof. Let n € N be such that N, C N, and suppose (Vk € N,,) ax > a®. Then
(Vk € Np) SNlev<a, # O and therefore ai.; = ay. (4.26)
Since [, C N, (Vk € N,) @ —ap > € and, by (4.11), (Vk € N, ) @k+1 < @k. Therefore
(Vhk € Ny) (akZQ'andkeNnCN()=>k+IENn. (4.27)

Hence, if N, € N, and (Vk € N,) a, > a°, then N, is an infinite interval in N. Since

;. + Q. . . .
STk and ai > a*. (ag)ren, is nonincreasing and bounded from
5 k ke, o

(Vk € M, CN,) ag =

below by a® and therefore

(Fa € [a". +x[) lim o =a. (4.28)

k—-r+2C

Since for every k € N, Loop 1 is executed, it follows from Theorem 4.2 that

lim zp=z€ SNleveg J (4.29)

k—+oc

However, since g and J are continuous and § = Sg N lev<g g, we get from (4.29) that

lim g(zx) =g(z) £0 and lim J(zx) = J(z) < @. (4-30)

—r k—r-+oc
Since by Proposition 4.7(v) @ = min{J(z;) |0 <! < k and g(z;) < Bk}, where B, > 3 > 0,

we get
(3K e N)(Vk € Np k> K) @ =min{J(z;) | K <l < k} < J(zx)- (4.31)
Then. by Proposition 4.7(iv),

(Vk € Na .k > K) o < @x — % < J(zx) — % (4.32)
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Thus, by (4.28) and (4.30), we get @ < @ — =, a contradiction. Hence (37 € N;,) a3 < a®.

N

a

Proposition 4.9 For cvery n € N such that N, C N, if SOleveq, J = O is detected for

some n € Ny, then (3l € N) z; € SoNleveg g and J(z;) < a® +e.

Proof. For every n € N such that N, C N,, by Proposition 4.8, there exists n € N;; such

that SNlevey, J = O. Now assume that for every n € N such that N, C N,
(In € Np) SNlevei J = O is detected. (4.33)

Let ¢ € N and suppose (Vn € Non > ¢q) &, — a, > €. Then Loop 2 will be executed an

infinite number of times and, by Steps 8 and 35, the update

an. —Qa,

5 (4.34)

N ™

Qn+l=afl=gn+ >Qn+

will be executed an infinite number of times. As a result g, will become arbitrarily large

as n increases, which contradicts Proposition 4.7(ii). Thus, for any n € N,
if @, ~a, >e€ then (3peNp>n)a, —a,<e (4.35)

Now let n € N be such that @, —~ g, < €. Thena, < a,+¢e¢ < a* +e If 3, = 8,

Algorithm 4.4 terminates and, since by Proposition 4.7(v)
an = min{J(zx) [0 <k <n and g(zx) < Bn}. (4.36)
we get

(3Le{l,... ,n})z € SoNlevegg and J(z;) < a” +e. (4.37)
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Otherwise (8, > 3), by construction, Loop 3 is executed. Therefore, z,, @,, a, and 8,

are updated as

In+1 € SgN leVSmax{Emeﬁ} g

Up+1 = J($n+l)

¢ (4.38)

Qpil = Qp

ﬁné-l = max{Sﬁnv B} < ﬁn

~

and we go back to Step 1. Since Loop 3 is executed only when &, — a, < € and produces

Bn+1 < 8n, it follows from (4.35) that, by iterating this argument, we get
(HeNa—-qg <e and 3 = 8. (4.39)
Consequently, by Proposition 4.7(ii)(v), we get

(HeN) J(x))<a" +€ and 1 € Sy Nlevesg. (4.40)

We now present the main convergence result.

Theorem 4.10 Suppose that infeasibility can be detected at Step 7 and let (zn), be an
arbitrary sequence generated by Algorithm {.4. Then (3n € N) z, € So Nlev<s g and

J(za) < a* + €.

Proof. Apply Proposition 4.9. O

Theorem 4.10 states that for any nice operator T: E — E with fixed point set n S;, if
1<i<m
infeasibility detection at Step 7 can be implemented, Algorithm 4.4 produces a signal that
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achieves any preset tolerance values on the constrained optimal value of the objective and
on the joint enforcement of the constraints. In other words, if infeasibility detection can
be achieved in a finite number of steps. Algorithm 4.4 produces an approximate solution

to our basic problem 1.2 whese accuracy can be made arbitrarily good.

4.4 Implementation of the Main Algorithm

To implement Algorithm 4.4 it is necessary to:

1. Select a nice operator T: E — E such that Fix T = n S;.
1<i<m

2. Select a penalty function g: E — [0, +oc| for (4.1).

3. Devise a scheme to detect infeasibility in a finite number of steps at Step 7.

4.4.1 Construction of the Penalty Function g

Proposition 4.11 Let (w;)i<icm CJ0,+oc[. Then

z w;g;T and jmax g7 (4.41)
1<i<m ==

are penalty functions for (4.1).

Proof. Since (g;)1<i<m: E = R are convex, by Theorems 2.6 and 2.7, g = Z w;g;™ and
1<i<m

g = max g; are convex. On the other hand, for either g
<i<m

zelevgog e [(Vie{l,... . m}) gi(z) <0l ze [) S (4.42)

1<i<m
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Algorithm 4.4 terminates with a signal z, € Sp Nlev<g g Nlev<ca-+c J. Therefore, if

g = E w;g; ", then for every i € {1,... ,m} gi(zn) < ﬁ On the other hand, if g is
, w;
1<i<m

iven by ¢ = max ¢, then max g;(z,) < 8.
& Y9 15i5mg‘ ' 15igmgl( n) <8

4.4.2 Construction of the Nice Operator T

Proposition 4.12 Let T = Ps, 0---0 Ps,_ . Then T is nice and Fix T = ﬂ S;.

1<i<m
Proof. By Proposition 2.23, for every i € {1.... ,m}, Ps, is nice and Fix Ps, = S;. Since

m S; = § # O, by Proposition 2.25, T is nice and Fix T = m S;. 0

1<i<m I<i<m

Proposition 4.13 Let T = G§' oG o---0G§™. Then T is nice and Fix T = ﬂ S;.
1<i<m

Proof. By Proposition 2.24, for each i € {1.... ,m}, G§' is nicc and Fix G§' = lev<g gi.

Since ﬂ leveo g; = ﬂ S; # O, by Proposition 2.25, T is nice and Fix T = ﬂ S;.
1<i<m 1<i<m 1<i<m

a

Proposition 4.14 Let T = G§, where g: E — 10, +oc[ is a penalty function for (4.1).

Then T is nice and Fix T = ﬂ S;.

1<i<m
Proof. Since g is a penalty function for (4.1), lev<g g = ﬂ S;. Moreover, by Proposi-

1<i<m

tion 2.24, G§ is nice and Fix G =levegg = m S;. a
1<i<m

If the penalty function g =  max g7 is used, the computation of GJ(zn) in Proposition 4.14
sism

can be parallelized when computing the independent values (gi(zn))1<i<m- Indeed, to get

G3(zn) we need to compute cach g;(r,) so as to obtain g(zp) and then a subgradient

t € dg(zn), which can be obtained by Theorem 2.7.
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If the penalty function g = Z w;gi*, where (wi)i<i<m C]0, +0c], is used, the computa-
1<i<m
tion of G§(zn) in Proposition 4.14 can be parallelized when computing (g;(zs))1<i<m and

a subgradient t € dg(z,). Indeed, by Theorems 2.6 and 2.7,

Z wit; | € 9g(zn), (4.43)
KEI(IR)
where I(z,) = {{ € {1,... ,m} | gi(zn) > 0} and ¢; € Jg:(z,)- Therefore. (t;)ics(s,) can be

computed in parallel to obtain a subgradient in (4.43) and (g{*(zn))ls,sm can be computed

in parallel to obtain g(z,).

4.4.3 Implementation of Infeasibility Detection at Step 7
At any iteration n at which O # N, € N, we have, by Proposition 4.8,
(3ne Ny) SNleveq, J = 0. (4.44)

There is no general scheme to identify such a i at which infeasibility occurs directly unless
the sets (S;)o<i<m and lev<q, J are extremely simple. However, if either an upper bound on
diam(Sp) or on (d(zk, S*))ken, is known. the following results provide a sufficient condition

for identifying n in (4.44).

4.4.3.1 General Analysis

Assumption 4.15 For every i € {1,... ,m}, S; = Fix T; and T;: E — E is a l-attracting

nice operator.
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Now consider the recursion (4.4) with T = Tj o - - - o T}, or equivalently

(

Tmirk = GI (zk)
Imk = Tm(l'm—:-l,k)
Tmm—-1,k = Tm—l(l'm,k)

<

Tk = Ti(zox)

Trs1 = Psy(z1x)-
\

Proposition 4.16 For an arbitrery o € E, define at every iteration k

<

(
Pk = |G, (zk) — i)l

(Vie{l.---.m}) pix = [Ti(ziz1x) — Tiv1x]1?

pok = [IPso(z1 k) — 1kl

m+1
Pk = Z P k-
\ =0

If for some g € N and z* € S*

then

Reproduced with permission of the copyright

q
> bk > llzo — z°|? = flzge1 — 27|12,
k=0

(3 € {0,...,q}) SNleveq, J = 0.
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Proof. For an arbitrary & € Nsuppose SNlev<o, J # O and take an arbitrary point z* € S*.
Then z* € Sp N m Fix T; | Nlev<q, J. Since Fix Ps, = Sp and Fix Gik = lev<a, J
1<i<m
z* €Fix Ps,n | [ FixT: | nFix GI,. (4.49)
1<i<m

Since Ps,, G‘J,k, and (T})i1<i<m are l-attracting by Assumption 4.15 we then get

f
lze = 217 = IZms16 = 2°12 2 Pm+1k
4 (Vi€ {L.....m}) llziz1h — z°l12 = llzin — z° 11> = pik (4.50)
Nz — 2zl = llzser — "2 2> pok
\
and consequently
SNlevea, J # 0 = |lox — z°[? = |lzks1 — =71 = pr- (4.51)
Now suppose that, for every k£ € {0,... ,q}, SNlev<,, J # O. Then (4.51) yields
q
P T - -
lzo — "7 = llgqer — =W = D pr- (4.52)
k=0
q
Thus for any q € N, if ||zg — z°||2 — lTg+1 — z°|]? < Zpk then there exists n € {0,... ,q}
k=0
such that levee, JNS = 0. 0
4.4.3.2 Special Cases
As seen in Section 4.4.2, the general form of a nice operator is
T=Tio-0Tm. (4.53)

For such operators, infeasibility detection at Step 7 can be implemented as follows.
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Proposition 4.17 Set &« > diam(Sg). At each iteration n such that @, — a,, > € define

for every k € N, p. as in (4.46). Let | be the smallest integer in N,. Then, for every

v 2 d(z, 5%),

if > pi>min{x® 1. 2vlizi — Zas1ll — Iz — Tn11lP} then SNlevea, J = 0. (4.54)

. =
k€,

Proof. Take an arbitrary z* € S* and n such that &, — @, > ¢. Apply Proposition 4.16,
with g = z;. we get
3" pi > lla =P = s — 2P = (32 € N,) leve,, JNS = 0. (4.55)
k€tin
Since (ax)ken, 1s nonincreasing, we get then
Y. o> o =z = znsr — 27| = levea, INS = 0. (4.56)
ket

Now let £* = Pg-{z;). Then the inequalities

2

lzt — z° 17 = iz — 27| < liz — z°[* < (diam(Sp))* < #2, (4.57)
lz; — z*||? = d*(z1, S*) < 72, (4.58)
and
lze — 0% ~ lZas1 — 2" 1® = 2@ = 2" | 2t — Tna1) — 171 = Tnrt]?
< 2z — - llz = Tastll = &0 — Tnst?
< 29zt — Zasill = 2 — Zasal? (4.59)

give the result. 0
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Although the condition stated in Proposition 4.17 is only sufficient, it can be used to detect

infeasibility in (4.44) by virtue of the following proposition.

Proposition 4.18 Let n € N. If N, C N, end N, is infinite, then Z Pk = +00.
k€N,

Proof. Suppose that, for some n € N, N, C N, N, is infinite, and Z pr < +oc. By
keN,
Proposition 4.8 (3n € N,) ap < a®. Since (ag)iesn, 1s nonincreasing and, by Propo-

sition 4.7(ii)(iv). bounded from below by a,, we get ax { a < a°. It follows from

Z pr < +oc that pr — 0. Therefore, by (4.46),
kElin

r

pmsrk = IG (zx) — zill? = [Zmsrh — zkf? = 0

{ (Vie {L....m}) pik = ITu(@is1k) — Tizr il = lizik — Zicrall* = 0 (4.60)

Lpo,k = |Psy(z1) — T1kll? = Zks1 — 112 = 0.
Since by Proposition 4.7(i) (zx)kemn, C So. and Sp is a compact set, there exists a subse-

quence (z, )i>0 of (Tr)keri, such that z;, — z € Sp. It follows from (4.60) that
(Vie {1.... ,m}) zys1 4, — T (4.61)

Since (T3})1<i<m are nice operators, (4.60) yields

(Vie {l,... ,m}) z € Fix T; and therefore z € ﬂ Fix T;. (4.62)
1<i<m
Since, forecachi € {1,... ,m} FixT; = S;. z € ﬂ S; and therefore z € S. On the other
0<i<m

hand, since o4 | a, 4, — z and HGik (zk,) — zi,ll = 0, = € lev<q J by Proposition 2.17.

However, since a < a*, S Nlev<, J = ©. We reach a contradiction. O

By Proposition 4.18 if infeasibility detection at Step 7 is implemented by Proposition 4.17

then every N, C N is finite and therefore infeasibility (4.44) can be detected. Moreover,
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in view of Proposition 4.17, infeasibility (4.44) will be detected rapidly if a tight bound ~

is available.

4.5 Variants of the Main Algorithm

Algorithm 4.4 is a specific implementation of the level set method (see Section 1.4.3) for
adaptive estimation of the constrained optimal objective. Several variants can be devised.
Since these variants can be derived directly from Algorithm 4.4, in this section, we simply
describe a few of them without proof. The chief purpose here is merely to shed more light

on the proposed level set method for solving (4.1).

4.5.1 Variant I

At Step 5 of Algorithm 4.4, instead of taking a, = (a, +@n)/2. we can take more generally
an = a, + MA@, — a,). where X €]0,1]. (4.63)

=n

This added flexibility may help may improve the convergence behavior of the algorithm in

some problems.

4.5.2 Variant II

Given a penalty function g for (4.1) and a preset tolerance 8 > 0, if a point v € SgNlev<sg
is available then, it can easily be checked that, for every n € N, Algorithm 4.4 produces

B, = . In this case, Algorithm 4.4 takes the following form.
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Algorithm 4.19 Given € €10, +oc[ and v € Sy Nlev<s g, a sequence (z,)n is constructed

as follows.

Step 0. Setzg=v,qy <a*, @ = J(zg),and n =0.

Step 1. If @, — a, < € terminate.

o

Step Set a, = (a, + an)/2.
Step3. Setzpiy =Ps,0To G’in(:z:n).

Step 4.  If SNlev<a,J = O is detected, go to Step 5; Otherwise, go to Step 6.

Set @, .1 = an, Ons1 = On. Tpil = In, and go to Step 7.

w

Step

Step 6. Set a,.; = a,- If g(zn+1) <B and J(Zns1) < Gp, set Gns1 = J(zn+1); Other-

wise, set ap+1 = Qp-

Set n =n + 1 and go to Step 1.

=1

Step

Remark 4.20 A point v € §p Nlev<g g can be obtained by iterating a finite number of

times the recursion zn+; = Ps, ¢ T(z,) (see Proposition 4.5).

4.5.3 Variant II1

At Step 5 of Algorithm 4.4, instead of taking a, = (a, + @n)/2, we can take
a, = ap —d,, where d, > 0. (4.64)

With this approach, one does not need to construct the lower levels (a,), and only the
last infeasibility detection needs to be strictly implemented (see [27] for further discussion).

This leads to the following algorithm.
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Algorithm 4.21 Given v € E, (¢, 8) €]0, +oc[?, (£.A) €]0,1[*, and a penalty function g

for (4.1). a sequence (z,), is constructed as follows.

Step 0.

Step 1.

Step 2.

Step 3.

Step 4.

Step 3.

Step 6.

Step 7.

Step 8.

Step 9.

Step 10.

Set zg = Ps,(v), @ = J(xo), o = max{g(zg),B}. do > €, and n = 0.
If dn > €. go to Step 5.

If 8, = (. terminate.

Do z, = Ps, o T(z,) while g(z,) > max{£83,.5}.

Set dpiy > €. st = J(Zn); Bn+1 = max{g(z,), B}, Tn+1 = Zn. and go to Step

10.

Set a, =&, — d,.

Set Tp4y = Psy 0T oGl (zn).

If SNleveq,J = O is detected, go to Step 8; Otherwise, go to Step 9.
Set dnyy = Ady, @nsy = @n. Bne1 = Bny Tn+1 = Zn, and go to Step 10.

Set dpyy = dp. If g(zne1) € Bn and J(zp+1) < @n. set @pe1 = J(zp+1) and

Bn+1 = max{g(zn+1). B}; Otherwise, set @p+) = @, and B4 = Bn-

Set n=n+ 1 and go to Step 1.

\When a reasonable g, < a° is hard to estimate, Algorithm 4.21 may be preferred over

Algorithm 4.4.
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Chapter 5

Application to Constrained
Minimum Total Variation Image
Restoration and Denoising

5.1 Introduction

A two-dimensional image can be represented discretely by an array of pixels. For a gray-
level image each pixel is represented by a number which indicates the intensity of the
image at that relative position. In this chapter, the images are square images having A?2
(Af = 128) pixels and the range of the pixel values is [0,255]. The signal space is the matrix
space E = RM* endowed with the Frobenius norm || - || . For simplicity, we use [|z]| to

denote the Frobenius norm of z € RM** and |- |, to denote the 2-norm in B2.

We consider image restoration problems in which the image degradation model (1.1) is
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available and is of the form
y= Lz + u, (5.1)

where z, y, and u are elements of E representing respectively the original image, the
recorded image, and the additive noise, and where L: E — E is a linear operator. We
conduct two experiments. In experiment I. the components of u are normally distributed
i.i.d zero mean random variables. In experiment II, the components of u are uniformly
distributed i.i.d zero mean random variables. In each experiment, using available a prior:
knowledge, the image restoration problem will be formulated as a constrained total vari-
ation minimization problem of the form (1.2) and solved by Algorithm 4.4. The issue of

sclecting the nice operator T and the penalty function g will also be addressed.

5.2 Total Variation

Denote by C'(Q) the space of real-valued continuously differentiable functions on an open
set Q C R? and by C{(Q) the subset of C!(Q) consisting of the functions in C!(Q) having

compact support. The total variation of a real-valued function x: Q — R is [16]

Juv(x) = sup {[2 x(w) divp(w)dw | ¢ € CA(Q) and (Vw € Q) |p(w)| < 1} , (5.2)

where div is the divergence operator. If x € C'(2), one can show using integration by parts

that {16]

Jee(x) = /Q |V x(w) 2 dew. (5.3)

The cost (5.3) has been proposed in [38] as an optimality criterion for signal denoising and

then used as an optimality criterion for signal restoration (see [9, 47] and the references
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therein). It is in the form of (1.4) with ¢ given by (1.6) (p = 2) and is nondifferentiable if

X is a constant function on €2. In general, (5.3) will be interpreted in a distributional sense.

For a compactly supported two-dimensional image x € C'(€Q), we can use the discrete

approximations

,

x(w) — ™7

IVx(w)le = ]zt+1T — 2|2 + [gtd+] — g2 (5.4)

=2
\
Here. z'7 denotes the (Z,j)th component of z € E. Then. considering boundary effects,

the total variation of a discrete image z € E will be defined as

A—2A[—2
i@ = % \/|$i+1.1 _ Zid|2 4 i+l _ gid)?
i=0 j=0
Af—2 M2
+ Z \/!IH—I,M-I — ZiM-12 4 Z \/lxﬂ.!—l.j+1 —ZM-LJ2,  (5.5)
=0 j=0

Proposition 5.1 J;.: E = R s conver and nondifferentiable.

Proof. Since each term in the summations is a convex function on E, i.e.,

r

/!xz-i—l,] — Ix,_]l‘.! <4 [ri.]-:—l —_ xi.]l‘z — ”A'[i,jI“
J VIZF =T 2 =12 = || Mz (5.6)

ﬁu—l.jw'-l — IM—»I,J’IZ — ]Iz\/[j:r”
L
and M;j: z = (219 — g, g9+ — g0 My g LMoL _ gt M1 apd Mz o
M =1i+1 _ M=l are linear operator on E, by Theorem 2.6, J;. is convex on E. It follows
from (5.5) that, forany 0 <i < M —2and 0 < j < M —2, 8J,.(z)/8z* 9, dJy(z) /0L

and 8Ji.(z)/8z*7*! do not exist if zt1J = ziJ = W+l for any 0 < i < M — 2,
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OJ () /01 M1 and 3J, ()/dz™M ! do not exist if zi+1AM -1 = L8 -1 and, for any
0 <7< M-=2 0Jiu(z)/0zM '+ and 8Ji()/0z* 1 do not exist if M -1d+! =

zM =13 Thus J,. is nondifferentiable. O

The motivation for minimizing the total variation cost (5.3) or its variants [1, 9, 29, 48] in
signal denoising and restoration lies in that it does not penalize discontinuities, i.e., it has
no particular bias toward a discontinuocus or continuous solution. Further, minimizing (5.3)
tends to preserve the location of the discontinuities of the original signal and is appropriate

for signals which have block features (9, 38, 48].

5.3 Experiment I

5.3.1 Image Restoration
5.3.1.1 Description

In the following example, the degraded image y shown in Fig. 5.3 is obtained by convolving
the original image z shown in Fig. 5.1 with the point spread function shown in Fig. 5.2 and
adding a random noise image u whose components are i.i.d zero mean Gaussian random
variables. Using these statistical hypotheses on the components of u, we can define the

constraint set [12, 46]
So={z€E||Lz- ylI® < 6}. (5.7)
Since x is an image, it is nonnegative and we can therefore define the constraint set

Sy = [0, +oo[M M. (5.8)
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Next, knowing a priori that the original image has block features, the total variation
cost (5.5) is chosen as the criterion to be minimized. One is thus led to the constrained

nondifferentiable convex optimization problem
Find z* € § = So N S: such that Ji.(z°) = 1r€1£ Jiv (). (5.9)
I

Problem (5.9) is solved by Algorithm 4.4. It should be pointed out that, with the nondif-
ferentiable cost Jiv, the multiple constraints optimization problem (5.9) cannot be solved

by the methods found in literature (see Section 1.4.1).

5.3.1.2 Implementation

The projector Ps, is implemented by the method described in [46] and the penalty function
g for (5.9) is chosen as
13

:T— max I — gidy, 5.10
g ogi.jg.\r-l( =) (5.10)

This function penalizes the most negative pixel of the image z. The nice operator is

T = Ps,.

Infeasibility detection at Step 7 is implemented by Proposition 4.17. For signal restoration
problems, since the diameter of Sy defined by (5.7) can be very large, the infeasibility
detection test of Proposition 4.17 relies on the estimation of v > d(z;, S*). For the above

image restoration problem, since
(V=™ € §7) d(z1, S) < |l — z°l] < liz1 — Ps, (0)]| + [|Ps, (0) — z°]. (5.11)
we obtain v > d(z;.S*) as

v = llzt = Ps, (0)]l +¢, (5.12)
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where ¢ > d(Ps,(0),S") is estimated heuristically as ( = 0.5||Ps,(0)||. Finally, we set

v =0.

The restored image is shown in Fig. 5.4. As we can see, using only the two signal constraints
(5.7) and (5.8), most features of the original image are recovered by minimizing the total

variation cost.
Next. we replace the total variation cost by the energy cost
Jo: z — Jiz||? (5.13)
and solve
Find z* € S = SN S; such that Je(z*) = ;relg‘ Je(z)- (5.14)

This quadratic problem is a special case of (1.20) and it is solved by the minimum norm

algorithm [12]
n 1
g =0 and (Vn € N) z,.1= m ;Ps‘(l‘n). (515)

The degraded image Fig. 5.3 is shown again in Fig. 5.5 and the restored image is shown in

Fig. 5.6. It is clearly not as sharp as the image obtained with the total variation cost.

5.3.2 Image Denoising

Total variation works especially well as a minimization criterion for denoising signals [38].
In denoising problems, the operator L in (5.1) becomes the identity operator and the

constraint set Sp in (5.7) is a ball centered at y.

In the following examples, the noisy images shown in Fig. 5.7/5.9 and Fig. 5.11/5.13 are

obtained by adding to the original image shown in Fig. 5.1 a random noise image whose
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components are i.i.d zero mean white Gaussian random variables. The signal-to-noise
ratios are 11.66 dB and 5.64 dB respectively. The denoising problems are formulated as
(5.9) and solved by Algorithm 4.4.

In these two denoising problems, the implementation of Algorithm 4.4 is the same as in

Section 5.3.1, except that the diameter of Sy defined by (5.7) can be used directly in

Proposition 4.17 to detect infeasibility.

The denoised images are shown in Fig. 5.8 and Fig. 5.12. As we can see, when the level
of the noise is high, patches start to appear in the denoised image. For comparison, the
energy cost (5.13) is used next. The denoised images are shown respectively in Fig. 5.10

and Fig. 5.14.
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Figure 5.1: Original image.

Figure 5.2: Point spread function.
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Figure 5.3: Degraded image. blurred SNR=30.23 dB.

Figure 5.4: Image restored with the total variation cost.
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Figure 5.5: Degraded image, blurred SNR=30.23 dB.

Figure 5.6: Image restored with the energy cost.
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Figure 5.7: Noisy image, SNR=11.66 dB.

Figure 5.8: Image denoised with the total variation cost.
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Figure 5.9: Noisy image. SNR=11.66 dB.

Figure 5.10: Image denoised with the energy cost.
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Figure 5.11: Noisy image. SNR=5.64 dB.

Figure 5.12: Image denoised with the total variation cost.
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Figure 5.13: Noisy image, SNR=5.64 dB.

Figure 5.14: Image denoised with the energy cost.
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5.4 Experiment II

5.4.1 Image Restoration

In this example, we use different constraints. The degraded image shown in Fig. 5.15/5.17
is obtained by convolving the original image shown in Fig. 5.1 with a 7 x 7 uniform blur
and adding a random noise image u whose components are i.i.d. and uniformly distributed

in {—(.¢]. where ¢ = 8. The blurred image-to-noise ratio is 22.98 dB.

Using an a priori bound on the amplitude of the pixels of the original image, we define Sy
as
SO = [0‘ CO]AIX.'\[. (5.16)
Then. following {12]. we use the above statistical hypotheses on the noise u to form the
A2 sets
Sixar+j+1 = {z € E| |y™ = (Lz)Y| < ¢}

(5.17)
0<ij<M-1,

as well as the set

Syrzar = {z € E{lly — La|® < 6} (5.18)

Thus. we have a total of M? + 2 = 16386 sets.

Again. the total variation cost (5.5) is chosen as the minimizing criterion. This leads to

the constrained nondifferentiable convex optimization problem

Findz* €S = | | S; such that Jy,(z*) = inf Jiv(z), (5.19)
. €S
0<i<Ar241
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which is solved by Algorithm 4.4.

The penalty function g for (5.19) is chosen as g = max{g;,g; } where
gi(z) = lly - Lz||* - ¢
g2(z) = max {|y™ — (Lz)"| - ¢ [0 <i,j < M -1},
and the nice operator as
T=Ps0---0Ps 0 G§'. (5.21)
where Ps (1 < i < M?) is the projector onto the hyperslab S; of (5.17) and is implemented
as in [13].
Infeasibility detection at Step 7 is implemented by Proposition 4.17. Since
(Vz" € §7) d(z1. S) < lloe — =°|| £ llzt = Ps, ., (O}l + [| P52, (0) — z°f, (5.22)
we obtain v > d(z;. S*) as
7 = llat = Ps,, (O +, (5.23)

where { > d(Ps,,, ,(0),S") isestimated heuristically as ¢ = 0.5{| Ps

Sar24

,(0){|. The projector

Ps, .

2., is implemented by the method described in [46].
The restored image is shown in Fig. 5.16. We see that the edges are restored in reasonably
good form. For comparison, as in experiment I, the energy cost J. of (5.13) is also used in

this problem. The restored image is shown in Fig. 5.18. This image was cbtained by the

minimum norm algorithm [12]

Ar24
- n
= v n+l = - . .
o0 =0 and (Vne N) z,4, A r2)nt) ;=0 Ps (zn) (5.24)
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5.4.2 Image Denoising

We now consider a denoising problem. The noisy image y = z+u is shown in Fig. 5.19/5.21,
where the components of u are uniformly distributed in [—70, 70]. The signal-to-noise ratio
is 5.56 dB. The dcnoising problem is formulated as (5.19) and solved by Algorithm 4.4.
The denoised image is shown in Fig. 5.20. Although the images shown in Fig. 5.19 and
Fig. 5.11 have the similar signal-to-noise ratios, the denoised image shown in Fig. 5.20 has

a better quality than the denoised image shown in Fig. 5.12.

For comparison, the energy cost J, is also used for above image denoising problen:. The

denoised image is shown in Fig. 5.22.

Let us note that constraints of type (5.17) are not very effective for Gaussian noise. In-
deed. in (5.17), a statistical constraint is obtained for each of the 16384 pixels. Since the
constraints are independent, even if we let ¢ in (5.17) be such that each constraint has
a confidence level of 0.99, we obtain a joint confidence level of 0.99'63%% ~ 0 [15]. More-
over, choosing a tighter bound ¢ may result in m S:; = O. For these reasons, the

1<i<16384
constraints (5.17) were not used in experiment 1.
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Figure 5.15: Degraded image. blurred SNR=22.98 dB.

Figure 5.16: [mage restored with the total variation cost.
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Figure 5.17: Degraded image. blurred SNR=22.98 dB.

Figure 5.18: Image restored with the energy cost.
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Figure 5.19: Noisy itnage, SNR=5.56 dB.

Figure 5.20: Image denoised with the total variation cost.
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Figure 5.21: Noisy image. SNR=5.56 dB.

Figure 5.22: Image denoised with the energy cost.
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Chapter 6

A Simple Subgradient Level
Algorithm

6.1 Introduction
Our basic problem was formulated in (1.2) as follows: Given a convex function J: E — R
and a nonempty closed convex set S CE,
Find z € S such that J(z*) = uelg J(z) £ a". (6.1)
x

In Chapter 4, a general level subgradient method was proposed for solving (6.1) under

Assumption 4.1, i.e.,

s= ] s. (6.2)
0<i<m
where Sy is a simple compact convex set and, for every i € {1,... ,m}, S; = lev<gg; where

gi: E— R is a convex function.
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In this chapter, we assume that S = Sp is a simple compact convex set and present a
version of the subgradient level method developed in Chapter 4 adapted to this assumption.
We obtain a method akin to the algorithms proposed in [17, 20] for solving the convex

optimization problem

Find z° € Sp such that J(z*) = iélsf: J(z). (6.3)
T€So

6.2 Description of the Algorithm and Convergence

Consider the special case of the subgradient level method proposed in Chapter 4 in which
the nice operator is T = Id. Then Fix T = E and therefore we can let the penalty function

g: E — R for (4.1) be

g: z+— 0. (6.4)

For this special case. Algorithm 4.4 becomes the following simple algorithm due to the fact

that the constraint represented by Sp is automatically enforced at each iteration.

Algorithm 6.1 Given v € E, € €]0, +oc[, a (possibly finite) sequence (z,), is constructed

as follows.

Step 0. Set zg = Ps,(v), oy < *, @g = J(zg) and n = 0.
Step 1. If ap, — a, < €. terminate.
Step 3. Set a, = (a, + @n)/2.

Step 4. Set zp,4 = Psy 0 ng(zn).
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Step 5. If SNleve,,J = O is detected, go to Step 6; Otherwise, go to Step 7.
Step 6. Set @, . = g, Qni1 = An, Tatl = In, n =1+ 1, and go to Step 1.

Step 7. Set @, = Q. Gny1 = min{J(Zn4+1),@n}, n =n + 1, and go to Step 1.

Since (V3 €]0, +oc) lev<g g = E, Theorem 4.10 becomes

Theorem 6.2 Let (z,), be an arbitrary sequence generated by Algorithm 6.1. Then

(3neN) z, € S and J(zn) < a’® + €. (6.5)

Theorem 6.2 states that Algorithm 6.1 produces a signal that satisfies the constraint Sy

and achieves any preset tolerance value on the optimal value of the objective.

6.3 Implementation

The implementation of Algorithm 6.1 is straightforward except for infeasibility detection
at Step 5. Since Algorithm 6.1 is a special case of Algorithm 4.4, infeasibility detection
can be implemented by Proposition 4.17. For Algorithm 6.1, by construction, at every

iteration n we have:
¢ O, = Tnai-

e Termination when @, — a,, <e.

Therefore. the set N, defined by (4.25) becomes N, = {k eEN|a. = gn} and (vn € N)

N, C N,. Thus, for Algorithm 6.1, Proposition 4.17 can be stated as
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Proposition 6.3 Let x > diam(Sy). At each iteration n, define
(VK € Na) pic = IGL, (zi) = zill® + I|Psy © G, (zk) — G (za)lI? (6.6)
and let | be the smallest integer in N, . Then, for every v > d(z;, S*),
if Z pi > min {x%, . 2¥|lz; — Tp1ll — iz — Zn+1?} then SNleve,, J = 0. (6.7)

kENR

Proposition 6.3 can be implemented as in Section 5.3.1.

6.4 Applications

As in Chapter 5, we consider signal restoration and denoising problems in which the signal

degradation model is available and given respectively by

y=Lz+u (6.8)
and

y =21+ u. (6.9)

Recall that in this model z, y, and u are in E = RM*M and represent respectively the
original signal, the recorded signal, the additive noise, while L: E — E is a linear operator.
For each instances, we use the statistical hypotheses on the components of noise u to form

the constraint set [12. 46]

So={zcE| Lz —yl> <5} or So={zcE|llz —yl? <6} (6.10)
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Knowing that the original signal has block features, the total variation cost (5.5) is chosen
as the optimality criterion. Signal restoration/denoising problems are then formulated as

the constrained total variation minimization problem
Find z° € Sg such that Ji.(z°) = lélsf Jiv(z) (6.11)
TE€So

and solved by Algorithm 6.1.

Below, several examples are given to show that the exact constrained minimization of
the total variation cost. as posed in (6.11) and carried out with Algorithm 6.1, leads to
satisfactory restoration and denoising of blocky signals, even when the level of the noise is

high.

In the signal restoration examples, the degraded signals are obtained by convolving the
original signal shown in Fig. 6.1 with the point spread function shown in Fig. 6.2 and

adding zero mean Gaussian white noise.

In the signal denoising examples, the noisy signals are obtained by adding a zero mean
Gaussian white noise to the original signal shown in Fig. 6.1. The level of the additive
noise is increased gradually and the degraded/noisy signal and restored /denoised are shown
in pairs. Furthermore, as in Chapter 5, the energy cost J.: z — ||z||® is also used for

comparison purposes.

The degraded signals appear in Fig. 6.3/6.5. Fig. 6.7/6.9, Fig. 6.11, and Fig. 6.13. The
restored signals are shown in Fig. 6.4, Fig. 6.6, Fig. 6.8, Fig. 6.10, Fig. 6.12, and Fig. 6.14.
Finally, the noisy signals are shown in Fig. 6.15/6.17 Fig. 6.19/6.21, and Fig. 6.23 and the

denoised signals are shown in Fig. 6.16, Fig. 6.18, Fig. 6.20, Fig. 6.22, and Fig. 6.24.
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Figure 6.1: Original signal.
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Figure 6.2: Impulse response.
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Figure 6.4: Signal restored with the total variation cost.
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6.11: Degraded signal, blurred SNR=-3.01 dB.
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Figure 6.16: Signal denoised with the total variation cost.
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Figure 6.18: Signal denoised with the energy cost.
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Figure 6.20: Signal denoised with the total variation cost.
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Figure 6.21: Noisy signal, SNR=-1.40 dB.
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Chapter 7

Conclusion

7.1 Summary

Many signal restoration problems can be formulated in the form of the constrained convex
optimization problem (1.2). In recent years, there has been a growing interest in the use of
nondifferentiable optimality criteria in signal denoising and restoration, primarily because

of their ability to preserve and restore edges.

In this dissertation, a general subgradient level method was proposed to solve (1.2) with
nondifferentiable costs. Applications to several constrained minimum total variation signal
restoration and denoising problems were demonstrated. Unlike the methods presented
in [9. 10. 29, 47, 48] the proposed method allows multiple convex constraints and general
nondifferentiable convex costs. Moreover, the methods of [9, 10, 29, 47, 48] are for a specific

type of cost and allow only one quadratic constraint.
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Let us note that in the proposed subgradient level method the number of iterations required
to detect infeasibility in (4.44) increases significantly as the iterates get closer and closer
to an optimal solution, a behavior which is typical of level set methods [23]. It is therefore
important to set the tolerance parameter € at a realistic value, as too small a value will
increase the number of iterations with no practical improvement on the solution. Since
the asymptotic behavior of Algorithm 4.4 depends on many factors, i.e., €, 3, £, and aq,
as well as x and « for infeasibility detection at Step 7, we chose not to report run times in

Chapters 5 and 6.

7.2 Directions for Future Research

For a nondiffcrentiable convex function f: E — R, as seen in Section 1.3.3.4, an arbitrary
subgradient may provide a poor description of the local behavior of f. Consequently
the choice of a subgradient will affect the efficiency of a subgradient projection method.
A standard way to remedy this problem is to use bundle methods to enrich the local

information on f [18, 21].

Let z € E. For every € > 0 there exists a neighborhood V of z such that 9.f(z) D
U df(y). Thus d.f(z) provides better information of the local behavior of f at or near a
f)ilr,ldiffercntiable point and a good direction of descent can be found in 8. f(z). For a given
f. an analytic form of d f (z) is hardly available. Instead of selecting t € 3, f(z) one picks a
vector t € P, where P is an inner polytope approximation to 9, f(x). The resulting problem

usually requires excessive storage for a large size problem. In [21, 22, 23, 24] methods

involving projections onto an affine approximation to f derived from the aggregation of
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several subgradients rather than from an arbitrary subgradient are used to improve the
efficiency. Such methods require less storage and are attractive for large scale problems.
Although it seems that various bundle methods can be adopted directly by our method,

implementation issues need to be further investigated.

New York, January 28, 2000
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