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INTRODUCTION

The complexity of the'éubgrbﬁp struoture of finitely
presented solvabie groups has only recently begun to emerge
(eege see the papers of Gilbert Baumslag [2) - [6] ).. Among the
results is the followlng. theorem of Banmaiag [2]: Every
finitely generated metabelian group can be embedded 1n g
finltely presented metabeliasn group. This indicates that the

gubgroup structure of finitely presented solvable groups is
surprisingly complexe. In fact in [3] Baumslag has demon-
gtrated the exlstence of g finltely presented solvable group
which is not residually finlte.

Despite this knowledge many open problems remgin, eeg.t
Is g finitely presented solveble group hopfian? In this
regerd it is worth noting thet Philip Hall's old question
(see [11] ) as to whether a finitely presented solvable

group necéssarily satisfies the maximal condition for nor-

" mgl subgroups 1s still open - V.N. Remeslennlkov's assertion
in [16] 4is unfortunately incorrect because hls group does
satisfy the meximal condition for normal subgroups.

The object of thls paper is to throw some addltlonagl
light on the nagture of finitely presented solvable groups‘
by proving the following:

Theorem 1: '

Let R be a commutative associative ring with 1 and n a
poslitive integer. Further; let G be a finltely generated
mltiplicative group of nxn triangular matrices over R.

Then there exlsts a commutative assoclative ring S with 1



and a finltely presented multiplicative group H of nxn
triangular matrices over S with G embeddable in He More~
over if R is also a domaln, then S can be taken to be the
field of fractlons of R.

( The anaiogue of this Theorem for agsociatlve algebras has
recently been obtalned by Gilbgrt Baumslag [71.)

Remeslennikov [17] has pointed out that if G is eny
finitely generated metabellan group there exists a commu-
tative associative ring R with 1 such that G is embedded in
the mltiplicative group of 2x2 triangular matrices over Re.
Hence for n equal to 2, Theorem l reduces to Baumsleg's
Theorem [2]. | |

Theorem 1 admits a slight, but pleasing, generalization
for golvable linear groupss
Theorem 23

Every finitely generated solvaeble linear group can be
embedded in a finitely presented solvable linear groupe.
Here a2 linear group ls simply a mltiplicative group of
non-glnguler mgtrices with coefficients in some commutative
fleld.

There are gome other consequences of Theorem 1 that are
worth observing. Firgt of all we note that every countable
free nilpotent group of any glven class o has a faithful
representation as a linear group (e.g. see B.A.F. Wehrfritz
[19] , ps34)e It is not difficult to embed this lingar
representafioh into a finitely generated solvable linear
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group and thereby prove
Corellary 1

A free nilpotent group of axy given olass ¢ and count-
eble rank can be embedded in a finitely presented solvable
linear groupe

similerly using the sppropriate matrix representations
due 10 DeI. Eidel'kind (8] in the first case and C.K. Gupte
[9). in the second, one can also prove the further
coroll;ries
Corollary 2:

A finlitely generated free group in the product varilety
g&g can be embedded in a finitely presented linear group in
the same variety (here 26 is the variety of all nilpotent
groups with class less then or equal to ¢ and 4 is the
variety of all gbelian groups).

Gorollary 3: ‘

The free center-by-metabelian group of rank 3 can be
embedded in a finitely presented solvable linsar group.

It should be noted that the result of D.I., Eldel'kind
[8] was also proved by N.S. Romanovskii [18] and C.K. Gupta
and N.D. Gupta [10].



CHAPTER 1

PRELIMINARIES
In this chapter we establish the general algebralc
definitions and notation used in the sequel, and state
~some of the basic results that will be required.

Section l. Presentations of Groups

Gﬁen.a gsubset X of a group G, gp(X) denotes the sub-
group of G generated by the elements of X (if X is empty,
gp(X) = 1). We dewote by gpgz(X) the normal subgroup of G
generated by the elements of X, that is, the least normsal
subgroup of ¢ contalning X. Thus gpg(X) = ep(g™xg | x€ X,
g€ G)e A subgroup H of G is finltely generated if there is
a finite subset X of H with H = gp(X). A normal subgroup H
of G is finitely generated as a normgl subgroup of G if
Ham ng(x) for some finite subset X of He On occasion we
shall briefly write H < G to indicate that H is a subgroup
of G gnd H ¢ G 40 indicate that H 1s a normal subgroup of
Ge |

The following notational conventions wili be. observeds
if h, k are elements of a group G and H, K are subgroups
of G, then

n¥ = k~lhk, (the conjugate of h by k)

B¢ = 1n€ | neHY,
Ih, k] = b~ k~lhk, (the commutator of h and k)



[H, K] = gp(th, X1 | heH, keK).
The remainder of thls section is devoted to giving
~ groups algebralc descriptions via presentations. A
standard source for the notions to be dlscussed is Magms,
Karrass and Solitar [13]. '
Definition l.1: A group F 1s a free group freely generated
by the subset X 1if |

(1) F = gp(X)

(1i) for any group H and any set mapping ©: X +—= H

there exists o homomorphism ¥: F > H which agrees with 8
on Xe.

The set X is termed a free basis for F. Property (ii)
1s described as the universal mapping property for the set
X, with respect to all groups. The cardinalify of the set X
i1s an invariant of the free group F, termed the rank of Fe
We note that 1f X ls any abstract set there exists a free
group F freely generatéd by X.

Let F be a free group freely generated by the set X,
and ¥3 F > G a homomorphism of F onto a group G defined
by x —> gy (x €X)s Let N denote the kernel of #, Then'
induces an isomorphism of the quotient F/N onto G given by
XN —> gy (x€X)s Suppose R is a subset of N with
N = gpp(R)e The expression <X; R> 1s called a presentation
for G under the mapplng x +—> g,, (x€ X) and we say

{(X; R) presents G The set X 1s usually termed a set of
generators for G subject to the defining relators R. The
presentation <(X; R> 1s a finlte presentation if both X
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and R are finite sets. We osll a group G finitely present-
gble (or finitely presen_'bed) if G has a finlte presentation.

Notice that {X; R> presents the factor group F/N
under the mapping x +—> xN, (x€X). Hence we can think of
the presentation <X; R) as defining a group by simply
ietting F be a free group, freely generated by the set X and
then writing <{X; B> = ?/gpg(R)e

There are some consequences of these definitlons which
will be helpful 1n the sequel. First of all let F be a free
group freely generated by the set X, and let 6t X —> H be g
mapping of X into a group He Then @ extends to g homomor-
phism ¥ of F into H given by w(x)¥ = w(x¥) = w(x0) for any
element w(x) in F. Let R be a subset of F such that
r(x6) =1 _fér every element r(x) of Re Then the mapping 6
extends to o homomorphism of <X; RY into He.

Next, suppose G has the presentation <X; R> under the
mepping X > g, (x€ X)eo Let N be a normal subgroup of G
and suppose N m ng(f) for some subset Y of N. Let F be the
free group on the get X. For each yeY, select an element

8.€ P in the preimage of y under the homomorphism given by

xyn-—-> 8er (x€X) and put S = {8y | yc Yl. Then the factor
G/N has the presentation <X; R, S) under the mapping

x —> g, Ny (x€X). Therefore 1f G is finitely presented and
N ig finltely generated as a normal subgroup of G we see
that G/N is a finitely presented group.

Finally, let G be a group and N a normgl subgroup of G.
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It will be necesssry to compute a presentation for G from
presentations for G/N and Ne To this end suppose that G/N
hes. the presentation <X; R) under the mappling x « g.N,
(x€X) and that N has the presentation <Y; S) under the
mapping y +—> ny, (yeX)e et {8, | XX} be a set of
representatives of the cosets g,N, (x€X). Since N4 G
there is an element Ax,y in N so that

B lnE, = A e (x€X, yeT).
Moreover for each r m r(x) in R we have

Na r(g,N) = v(§N) = 2(E )N
under the mspping x — &, Ny (xeX)e SO we can choose
elements B, of N such that

r(Ex) = B, (reR),
Let F be the free group on the set Y. For each xeX, ye¥
choose Tx’yeF in the preimage of Ax,y and for each re¢R

chooge U, € F in the preimage of B under the 'homomorphism
choose T ¢F in the preimage of Ax,y and for each re¢R

X
f - T - !ﬂz"—‘ g A Y v o - e
presentgtion
(X, Y5 S, x—lyx'.l‘x’y"l (xeX, yeY), rUr"l (reR)D

under the mepping x —> Bys (x€X), y+—> 1y, (ye¥), Ts
if both G/N and N are finitely presented groups then G is
also finitely presentede.

Section 2. Solvable Groups of Matrices and Metabelian

Groups
Let G be a group. Subgroups &@ of G are defined

inductively by the rules



8¢ = G, and

&59 = [, 1% 65_1G] for poéitive integers n.
§,6 is called the n-th derived group of G. 5iG is also
called the commutator subgroup of G and is usuelly written
a8 G's We also write G" in place of §,G.
Definition l.2: A group G is called solvable if J&G =1

for some integer de.

If G is a solvable group, the least integer 4 for
which éﬁe = 1 is called the derived depth of G. If G" =1,
G is sald to be metgbelian.

A large class of solvable groups is provided by the
mltiplicative groups of matrices over commuitative rings.
Specificelly, let R be a commutative assoclgtive ring with
1 and n a positive integer. Denote by GL(n,R) the mul+ti-
plicative group of units in the ring of a1l nxn matrices
with coefficlents in R. A matrix is triangular if all its
entries above the main diagonal are zero. The set of tri-
angular matrices in GL(n,R) forms a subgroup which is
denoted by Tr(n,R)s It 1s easy to check that i1f ¢ is a sub-
group of Tr(n,R),Athén G 1is solvgble and SQG = l. On the
other hand it will be of interest to note the
Theorem le3: (V.Ne Remeslennikov [17])

If G 13 a metabellgn group then there exlsts a
commu tative asso;iative ring R with 1 such that G 1s
embedded in Tr(2,R).

A particularly important class of groups which have

representations as mgtrices over commtative rings are the



linear groupse.
Definition l.4: A group G is said 1o be a linear group if

there exlists a commtative fleld k and g positive integer
n with G embedded in GIL(n,k).

The following theorem of A.I.~Mal'cev shows that solv-
able linear groups are almost triéngular.
Theorem 1le5¢ (A.I. Mél'cev (141)

Let k¥ be an algebraically closed commtative field and

n a posltive integer. Further, let G be a solvable sub-
group of GI(n,k). Then there exists a subgroup H of G and
an element x of GL(n,k) such that H is of finite index in
G and B is a subgroup of Tr(n,k).

Metabellian groups will play'a central role in the
results to follow. Anticipating this lmportance we shall
record some of the properties of these groups.

Definition 1.6¢ A group G is sald to satisfy the maximal
condition for normal subgroups if every ascending chain of

normal subgroups of G stabllizes in a finite mumber of
stepse

Equivalently, G satlsfies the maximal condition for
normgl subgroups 1f every normal subgroup of G is finitely
generated as a normsgl subgroup.
Theorem 1.7: (P. Hall [111)

Every finitely'generated metabellian group satlsfies
the maximal condition for normal subgroups.

Notlce that if G is a finltely presented metabelian
group and N ls a normal subgroup of G,then, as G satisfles



the maximal condition for normal subgroups, the factor

group G/N must be finitely presented. Thus the class of
finltely presented metebelian groups is asn image closed
olése.

Philip Hall also points out in (111 that if N is a
normel subgroup of a group G and if H and K are subgroups
of G such that H € K, HN = KN, and ENN = KNN then H & K.
S0 an infinite tower of groups in G implles an infinite
tower in either N or G/N if not bothe It follows from this
fact that if both N and G/N satisfy the maximsl condition
for normal subgroups so does G.

The last result to be recorded in this section is a
technical lemma due to G. Baumslag concerning defining
relators iﬂ certaln metabelian groups. Before stating this
result we establlish some useful notation:
let G be a group and a, t elements of G. Let x be an
indeterminate over the integers Z and

f(x) = Cp + C1X + oo + cdxd

be an'eiement of the polynomial ring Zr(x). Then we define

. % 34
RS LT PR

in G.
We oan now record
Lemme 18t (G. Baumslag [21)
.~ Let a, b, t, u be elements of a group and let d be a
positive integere. Suppose that
(t, ul = 1

and that



[ay btn] = 1 whenever =d <€ n < d.
In addition suppose that

& = af(t) | p¥ = bl t)
where f(x) = 1 + CyX + oo & cd_lxd"l + x4 is an element
of the polynomial ring Z2U{xle. Then

13 ‘
[ay bt 21 for ald integers 1, J.

Section 3. Some Commutative Algebra

In this section we record some notions from commutative
glgebrae. Throughout the remalnder of this paper a ring will
be teken to megn a commtative assoclative ring with 1
unless specifled otherwise. The facts about these rings
which are recorded here may be readily found in Atiysh and
Macdonald [1l]e.

Let R be a ring and X a subset of Re By rg(X) we mean
the least subring of R contailning the set XU {1)s A ring R
is sald to be finitely generated if R m rg(X) for some
finite subset X of R.

Recall that 1f Ry, (1€ I) is an indexed collection of
rings we may form thelr direct sum @ Rl with addition
and multiplication defined ooordinatewise on thelr
Cartesian producte Thus if Qly, (1€I) is a collection of
:I.deals of a ring R, the mapping from R into the direct sum

ie I R/Cx g °F the quotient rings R/CA ! (1€I) given by
T —> % (r + O ) s (reR): is a ring homomorphism,

ﬁa of

whose kernel is equal to the intersection ie'r



the ideals Chy, (1€ 1),

Let R be a ring. AAn element r of R 18 a zero divisor
if ar = 0 for some non-zero element a 0f Rj; otherwise r is
called a non-zero divisor. If the only zero divisor of R
is O, R 1s seld to be o domein. An element r is called
nilpotent if r® = 0 for some positive integer n. Finally,
en element s of R is termed a unit if ¢ is invertible in R,
that 1s, 1f there exlsts an element s~1 of R with gt
A unit s of R has finite order if s® m 1 for some positive

8 = le

integer n, the least such lnteger being the order of s. If
a unit does not have finite order, it is said to have
Infinlite order. .
Notice that if r is nilpotent and w is any element of

R then 1 - wr is a unit: if r® = 0, ‘then (wr)2® = 0; and so
laele(w)P=(l+wr+ oo+ (w)I)NL = wr)e
Definition 1.9: An ldeal O] of aring R 1s called a
primary ideal if every zero divisor in the quotient ring
R/ 0] is nilpotent.

An ideal CI of a ring R is said to have a primary

decomposition 1f there exists a finite mimber of primary
ideals Oy, evey ), OfRwith O = 3 ... ﬂcgp.
We record ‘
Theorem 1.10: (Lasker-~ Noether)

If R 1s g finltely generated ring every ldeal has a
primary decomposition.
In particular, the zero ldeal (0) of a finitely gemerated
ring has a primary decomj;os:l.tion, and this fact shall be
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required below.

Next, we regall the notion of locgliggtion. Let R be a
ring, and let S be a multiplicatively closed set of non-
zero divisors in R containing 1. A ring Rs"l is a local-
ization of R with respect to S 1f there is an injective
ring homomorphism R +—> ES~! such that the image of S in
Rs~1 1g contained in the group of units of RS—%. That RS™T
exigts 1ls established by the construction which follows.
Let ~ be the equivalence relation on RxS defined by:

(ry 8) ~ (r'y 8') 4if and only if rs' = sr'.

We denote the set of equivalence classes in RXS by Rg™+
and the equivalence class containing (r, s) by rs~t, Rs-1
is turned into a ring by defining addition and mul+tipli-
cation in the usual ways: |
rel 4 r8,71 = (28 + 877)(887)~2,
rrs'lorlsl“l - rrl(ssl)“l. |
The mapping r 4-—>r1"'1, (i' €R) is an in;)éctive ring homo-
morphism of-R into Rs“l.'Abusing the notatlon we have Just
introduced we denote r1~t by r and 18™L by e~L: notice that
for every element s in S, ses™L = 1 in rs~L. If R is a
domgin and S = R\ {0}, the ring RS~} is the field of
fractions of Re

A result we shall need below ls due to G. Beumslage We
record this as
Theorem lell: (G. Baumslag [2])

If R is a finitely generated ring and s is a unit of

infinite order, then there exlists a non-zero divisor £ in
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R of the form

P=14 018 + soe o cd_lsd"l + g4
where 4, Gys seey C4 ) &re integers and 4 i1s positive.

We shall also require for the sequel, the concept of
. an R=-modulee. For this purpose we shgll assume that R is an
agsoclative ring with 1 which may not be commutative.
Recall that

Definition l.12: An R-module M is an abellan group

(written additively) together with an getion RxM > M,
the image of (r, m) denoted by rm, (reR, me M), satisfying
(1) r(m+ n) = rn + rn, (reR, m, nel)
(ii) (r + s)n = rm + sm, (r, se€R, meM)
(i11) (rs)m = r(sm), (r, se R, mec M)
(iv) Im =m, (meM).
Let M be an R-module and X a subset of M. By R-mod(X)
we mean the least R-submodule of M containing the set X.
An R- module M is said to be finltely generated if
M = R~mod(X) for some finite subset X of M. An R-module M
is sald to satisfy the maximal condition for R-gubmodules
1f every ascending chain of R-submodules of M gtabilizes
in g finite mmber of stepse. Equilvalently, M satisfies the
maximal condition for R-submodules if every R-submodule of
M is finitely generated as an R-module. The theorem we
wish to record is
Theorem 1.13:
Let R be a finitely generated commutative ring. If M
is a finitely generated R-module, then M satisfles the
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maximgl condition for R-submodules.

These notions can be utilized to examine the normal
| subgroup structure of certain groups. Recall that with any
multiplicative group G there ls associated its lntegral
group ring ZG. An element of 2G is a formal sum > g
& ranging over the elements of G, where the integer g is
equal to zero for all but a finlte mimber of g Addition

and multiplication are defined in ZG by
= mgeg+ S ngeg= S (mg 4 ng)e
(z mg.g)(z ng-g) - Z (Zh mgh_lnh).g .

The element n of Z is identified with the element nel of
2G and the element g of G is ldentified with the element
leg of Z2G, 50 that Z and G are to be regarded as subsets
of ZG.

Notlce that Z2G is an assoclative ring with 1 and if
G = gp(X), then 26 = rg(XUX™L) where X UX™t denotes the
elements of X and their inverses. Obgerve also that if G
is an abellian group then ZG is a commutative ringe.

Let G be a multiplicative group with a multiplicative
subgroup H and an abelian normgl subgroup M which 1s
written additively. Then we can turn M into a ZH-module
as follows: since M € G, for each heH and me M we can
define the element hm of M by hm = mh:1 We then extend
thils actlon to all of ZH additively, that is, if

r= = nh is en element of 2H and me€ M we define the
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element rm of M by the rule rm = >_ n,(hm). The verifi-
cation that thls actlon of ZH on M gilves M the structure
of a ZH~-module is straight—-forwarde.

Suppose M = ng(Y) for some subset Y of M. Then
M gp(yg | ye Y, g€6) _la.nd 80, as we are writing M add-
itively, the elements of M have the form |

m = :E: n yg ’

T, & NAEY:S

where the integer n.y e is equal to zero for all but a
?

finite mumber of pairs y, g Turn M into a ZG-module in

the manner described abovee Then with this structure we

see that every element of M has the form

m= S n (&y)
Js &
= :;: ryy ’ |

where the element ry of ZG is equal to zero for all but a
f£inite mmber of y. It follows therefore that M 1s equal
to 2G-mod(Y). Hence we see that M is finitely generated as
a normel subgroup of G if and only 1f M, as a ZG-module,
15 finltely generated as a ZG-module.

Section 4. Yarieties of Groups

Let P be a free group freely generated by a set X. A
word w(x) is an element of F. If G is a group aud
8: X ~> G o mapping of X into G, then the image W(x8) of
the word w(x) under the homomorphism defined by © is
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called a value of the word w(x) in G. A word w(x) is a law
(or ldentical relation) in the group ¢ if the only possible
value of w(x) in ¢ is L. Equivalently, if w(x) has the form
W(X)s eeey X,) with X3, ees, X, distinct elements of X,
w(xl, ceey xn) is a law in G if w(gy, eeey g,) = 1 for
every cholce of elements gy, ees, 8, OF G "

Definition l.14s A varlety ¥ of groups is the class of all

groups that satisfy a given set W ofllaws. |

The verbal subgroup W(G) of a group G corresponding to
a set W of words is the subgroup generated by all values
in G of the words of W: |
WG) = gp(w(gl, eevy gn) | W(X1y eoey Xp) €W, 819 e0ey 8p€G)e
Notice thaet the words we W are laws in G if and only if
Me) = Lo |
Definition l.15: A group G is a relatively free group in

the variety ¥ (or a free W-group) freely generated by a
subset X if
(1) G = gp(X)

(1i) for any group H in the variety ¥ end any set
mappingbz X > H there exists a homomorphism
Y3 G > H which agrees with 6 on X,

The set X is termed a free g—basis for Ge. Property
(ii) is described as the universal mepping property for
the set X, with respect to all groups in X The cardingl-
1ty of the set X 1s an invaria.nf of the free W-group G,
termed the rank of Ge.

As a consequence of this definition, if G is a free
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J~group, G has a representation as a factor group of a
free group F of appropriate rank by the verbal subgroup
W(F)s G = F/W(F).

A variety of groups is also characterized by the
closure properties with respect to isomorphisms, sub- .
groups, factor groups and (unrestricted) Cartesian prod-
uctse It follows that if U and g are varieties, the class
of all groups that have o normal subgroup in U and the
factor group in ¥ forms a varlety. We call this the
product variety 2.‘_!'. of U and Vs if G 1s any group the
corresponding verbal subgroup of G is U(V(G)). This multi-
plicetion of varleties is assoclative; we may, therefore,
dispense with brackets in products of three or more
varleties; and we may write, unambiguously, gn’ for pogi-
tive 1lntegers n, for the repeated product of g by itself.

We denote by'é.the variety of abelian groupse. Then
é? is the variety of metabelian groups (taken in the wide
sense to include the sbelign groups); and, more generally,

Ad is the varlety of all solvable groups of derived depth

‘;t most de If G 1s any group, the verbal subgroup Ad(G) of
G corresponding to the varieti é@ is equal to J&G, the d-th
derived group of Ge.

We shall also be interested in the varlety N, of all’
groups which are nilpotent of class at most a given posi-
tive integer ¢ and the variety C(é?) of center-by-metasbelian
groups. The corresponding verbal subgroups which character—

ize these varleties are defined =8 followse. If G 1is any
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group define subgroups )G of G inductively by the rules

Y16 = G, and

7nG = (%16, 6] for n= 2.
J,G is called the n-th lower central subgroup of G. The
verbal subgroup N (G) corresponding to the variety N, is
equal to %G+ The vardety 0(4°) is eesily cheracterized
by the propertys a group G is in i;he variety C( 5.2) if and
only 1f [G' 6] = 1.
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CHAPTER 2

EMBEDDING THEOREMS FOR SOME SOLVABLE GROUPS

Section 1. Subgroups of Tr(n,R)

Let R denote a commutative assoclative ring with 1 and
n a positive integere. We shall examine speclal subgroups of
Tr(nyR)e
.]_)_gi.’inifion 2el: Let X be a set of units in R:
6(m,X) = {(ayy) e Tr(n,rg(XUX™) lagjeen(X) (1< 1 < n)ks
Here rg(XUX™L) is a subring with 1 of R generated by the
elements of X and their inverses, and gp(X) is the sub-

group of -the group of units of R generated by the elements
of X _

We now examine the structure of G(n,X). First notice
that G(1,X) is isomorphic to gp(X) in the obvious way. Let
n > 2. If A is an element of GA( n,X) then we can write

a.lo o0 0

a2 ’
A= ° Al

.

a‘n

where A'e G(n-1,X) is simply the lower right (n-1)x(n-l)
submatrix of Ae By stralght-forward multiplication of the
lower triangular matrices we see that the mapping given by
A~—> A', (A€ G(n,X)) is a homomorphism of G(n,X) onto
¢(n-1,X) with kernel
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al 0O eee O
. & .
K(n,X) = 3A€G(n,X) | A= e 1,3 | 5o
M a.n

(lK is the kxk identity matrix in Tr(k,R).)
We record these observations as
Lemmg 2.28°
| G(1lsX) is naturally isomorphic to gp(X) and for n > 2,
K(n,X) € 6(n,X) with 6(n,X)/K(m,X) € 6(n-1,X)e

Next, for n > 2, let G(n-1,X) be the subgroup of G(n,X)

given by
10 see 0
0
Wo-1,4) = { | s A | Aec(n-1,x)} .
: |

Notice that the mapping gilven by

1 0 [ N B ) 0
0

A —> . A s (A€ G(n-1,X))
0

ig an isomorphism from G(n-1,X) onto G(n-1,X). Further, we
easily see that G(n,X) = gp(K(n,X), B(n-1,X)) and
K(n,X)N8(n-1,X) = 1,. So we have proved

I.emma' 24738
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G(1,X) is naturally isomorphic to gp(X) and for n3 2,
K(n,X) < G(n,xj, ¢(n,X) = gp(K(n,x), G(n-1,%)),
K(n,X) N®(1n-1,X) = 1, and &(n-1,X) is neturally isomorphic
t0 G(n-1,X). |

We now turn to an analysis of the groups K(n,X). Let
n>2, For each i, (2 € 1 € n) and element aerg(XUX-l)
let A4(a) be the nxn lower triangular matrix with entry a
in the i-th row and firs+ column, l everyplace on the main
diagongl, zero elsewheree. For ecach element b€ gp(X) let
D(b) denote the nxn dlagonal matrix with entry b in <the
first position on the main diagonal and the entry 1 there-
aftere. Obviously these matrices are contained in K(n,X).
We list some of thé easily verifled properties of these
natricess

D(by) LeeeD(by) T = D(by Leasb )

(nl’ seey n;,e Z)

[D(b), Db*)] = 1,

(D] aaley) Teeeny(an) ™ = Ay(ngay + + Dpep)
. | . | (nl’ seey anZ,ZéiSn)
(a(a)y 435,(a')] =1, (24, 4' < n) )

b
Ai(a)D( ) = Ai(ab) (2 € i€ n),
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b 0 e O
%2
D(b)Ay(ay)eees (2) = s 1., .

If we put Ay = A;(1) for each i, (2 €1 € n), it
follows that we have proved
Lemmg 244
" Let n=> 2. Then K(n,X) = gp(Asy eesy Ay D(x) | x€X)

1s a metabelian groupe.

Gorollary 2¢5:
| Let n> 2+ Let X, X' be sets of units of R with
gp(X) < gp(X')e Then K(n,X) <€ K(n,X'). |
Proof
From gbove, K(n,X) = gp(Ayy eeey Ay D(x) | x€X) and
K(n,X!') = gp(AQ, ceoy Ay D(x') | x'eX')e Because

gp(X) < gp(X') we see that the subgroup gp(D(x) | xeX) of
K(n,X) 1s a subgroup of the subgroup gp(D(x') | x'€ X') of
K(n,X'). Hence
R(nyX) = 8p(hpy eeey Apy D(X) | x€X)
£ gp(AQ, cees Ay D(x') | x'e X')
= K(n,X*'). .

Corollary 2.6
Let X, X' be sets of units of R with gp(X) < ep(X').

Then G(n,X) < G(n,X') for every positive integer n.



Proof

The proof is by inductiom on n. If n = 1, we clearly
have G(1,X) € G(1,X'). Let n > 2 and assume inductively
that G(k,X) € G(k,X') whenever k is less than n. Recall
from Lemma 2.% that for n > 2,

6(n,X) = gp(K(n,X), G(n-1,X))
with §(n-1,X) isomorphic to G(n-1,X) under the mapping

lo [ X N 0

(@

A > A y (A€G(n-1,X))e

o.og

Injuctively, G(n-1,X) € G(n-1,X') and so we see that
F(n-1,X) € G(n-1,X'). By Corollary 2.5, K(n,X) € K(n,X').
Therefore
G(n,X) = gp(K(n,X), G(n-1,X))
< ep(E(n,X'), B(n-1,X1))
= G(n,Xx').

It 1s interesting to note that the normal subgroup
‘structure of G(n,X) is determined by gp(X).

Theorem 2.7

2l

Let n be a positive integer. Then G(n,X) satisfies the

maximal condition for normal subgroups 1if and only if
gp(X) is finitely generatede. '
Proof

Pirst suppose gp(X) 1s finitely genmerated. We show
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G(n,X) satisfies the maximal condition for normal subgroups
by induction on n. If n= 1, G(1,X) 2 gp(X) is a finitely
generated abelian group and the result ls obvious. Iet
n 22 and assume that G(k,X) satisfies the maximal
condltion for normel subgroups whenever k is less than n,
By Lemma 2.2, we have K(n,X) 9 G(n,X) with 6(n,X)/K(n,X) .
isomorphic to G(n-l,X). Inductively G(n-1,X) satisfies the
maximal condition for normel subgroupse. Using Corollary 245
and Lemma 2.4 jointly, since gp(X) is finitely generated,
it follows that K(n,X) is a finitely generated metabelian
groupe Invoking Theorem l.7, K(n,X) satisfies the maximal
coniition for normal subgroups. Therefore, since both
K(n,X) and G(n,X)/K(n,X) satisfy the maximal condition for
normal subgroups we see that G(n,X) also satlsfies the
maximal condition for normal subgroupse

Conversely, agsume G(n,X) satisfies the maximal

condition for normal subgroups. Since G(1,X) 2 gp(X) and
for any n =2, G(n,X)/K(n,X) ¥ 6(n-1,%) we see that gp(X)
is a homomorphic image of G(n,X). Therefore, gp(X)
satlsfles the maximal condition for normal subgroups: for
an infinite tower of normal subgroups in gp(X) would imply
an infinite tower of mormel subgroups in G(n,X). But gp(X)
ls gbellian and so it must be finitely generaxed;

We next investigate subsets of units X of R for which
the group G(n,X) is finitely presented. Clearly we must
require that gp(X) be a finitely generated group and we
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notice that G(1,X) 1s finltely presented whenever X is
finite. To soy more we need the following lemmga.

Lemma 2.8
. Let n >2. Let X be a finlte set of units of R of the
form o

Xum {87y eoey 8q° SQ+1, veoy 8py T3y eee, fé}
where 813 eeey sq are of iInfinlite order, 3q+1’ ssey B, are
of finite order and for each i, (1L € 1 < q), f; has the
form

' difl di

(2) fi =14 1,183 + *vc °i,di—lsi + 8y
where dys C4,19 *°°» °i,di-l are integers and d; is positive.

Then K(n,X) is a finitely presented group.
Pzoof |

To show K(n,X) is finitely presented we shall construct
a finitely presented metabelian group M which has K(n,X)
a8 a homomorphic imoge. Slnce the class of finltely
presented metsbelian groups is an image closed class (see
Theorem l.7), this will insure that K(n,X) is finitely
presented

Because X = gsl, sev3 Bys 8.1 evs Sy £19 eeey fé},
Lemma 2.4 shows that

(3) K(n,X) = gp(Ayy eee, A, D(sy), D(fj) l1<i<r,

Suppose for definiteness that the units 8q+1’ esey 8, are
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regpectively of finlte order @qal? ***s ©pe We shall pre-

T
sent M on the generagtors

(4) iaz, *osy a8 ’ tl’ ooy t ? tq+1’ ®eey 'tr’
ul, XXX uq}

where the integers n, q, r are the integers occurring in
the deseription of K(n,X) (see.(3))e

The defining relations of M are of four kindse. First
we have the power relatlons

(5) tiigl (q+1 € 1 € 1),

-~

Where here the positive integer ey is the order of the
unit sy, (q+l € i € r)e Next we have the commutativity re=—

lations
(6) ﬁ;i.ujl-_-l’ (L<ig€r,1€ J<q)
My uj] =1 (L<i, § ga)e

Thirdly we have the commutetivity relations for the

conjugates of the generators a;:

la;» ajw] =1 where 2 € i, J < n and
S P | B
(7) we ity Teeet, T) -d3< n3<d; (1€1<q),
l 0$n1<ei(q+l$1$r)}3

Here the positive integer d; occurring in (7) is simply
the Mdegree" of the element £, (see (2)), (1< 1< q).

-~
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Finally we have the defining relations giving the action of

the elements u. on the elements aj:

i
Q. £5(%;)
N a1 dy
where fi(x) =1+ Cq 1X 4 eoe & ci,di-lx + X is an
b4

element of the polynomial ring Z[x] (agaln see (2)).

We emphasize that M is the group generated by the set
Y given by (4) subject to the defining relations (5), (6),
(7) and (8). M is patently finltely presented. We now mgke
use of Lemma le8 t0 prove M is metsbelian. To this end
denote agaln by ap, eeey 2 tl, ooy Uy the images of the
elements of the generating set Y in the group M and put
A= gpM(az, ceey an). It follows from the definition (4) of
Y and the defining relations (6) thet the factor group M/A
is abeliane. So it suffices to prove that A is gbelian.

It follows from (6) that A is generated by the
elements
(9) ai"y (2 €1 <n, we{tlnl..-uqmq' Ny eeey MyE %23 )
So we have to prove that the elements in (9) commte.
Notice that [x, y1Z = %%, y¥ 1s a commtator relation
which holds for any elements x, ¥y, z in any groupe. It
follows from this remark and the defining relations (5)
and (6) that in order to prove that the elements in (95

commute it is enough to prove that



“lagy 851 =1 where 2< 1, J < n and

n m
1 q
(10) Wei"bl ...uq | n1, ssey mqe Z,

0 €1y < ei(q-o-lsisr)} .

In fact (10) follows easily by a repeated application of

26

Lemna le8e Indeed, in view of the defining relations (6), .

(7) and (8) of M; Lemma 1.8 can first be applied %o show
that
tags 85" =1 for 2 € i, J € n and
n m
q o 1...1: nr 1 n, my € 7,

-d4 € i{.di (2 € 1igq),
0€n;<e (a#l<i€r)fe

] 04
weitl ---tq 'bq+

We emphasize that here the first and last exponents n, and

m, are allowed to range over all the integers, but that
the other exponents are stlll restricted. However on
applying Lemma le8 q-1 more times it follows that (10)
holds, as required. Therefore M is a finitely presented
metabelian groupe.

Now define g map 6 from the generating set Y into
K(n,X) by the rule

j. ai‘-—9 Ai (2 ¢ 1< n)
e ti'—--> D(ei) (L 1i<r)
uy —> D(fi) (L€ 1<q),

It follows, upon examining (2), the relations satisfied
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in K(n,X) (see (1)) and the defining relations (5), (6),
(7) and (8) of M, that © extends to a homomorphism from M
onto K(n,X). Hence K(n,X) is finitely presented =s deslreds

We can now prove

Theorem 2¢9:
. Let X be a finite set of units of R of the form

X= §87y soey Sgr Sg4l? *oes 8py £15 eeey fq} |
where 87, see) sq are of infinite order, Bgal? *oo9 8. are
of finite order and for each i, (1< i < q), f; has the
form

:f.‘i =1l 4 Ci,184 + *o° + °:L,di-lsi | + 84

where d,, Cji,17 **°? ci,di-l are integers and dj 1s positives

Then G(n,X) is a finitely presented group for every positive
integer n. '
Proof

The proof is by induction on ne If n = 1, G(1,X) is
igomorphic to gp(X) and so 1is finitely presented becamse X
is finite. Iet n> 2 and assume inductively that G(k,X) is
,finitely' présented whenever k is less than n. From
Temma 2.2 we have K(n,X) € 6(n,X) and G(n,X)/K(n,X) is
igomorphic to G(n-1,X). Inductively, G(n-1,X) is finltely
presenteds In view of Temma 2.8 above, K(n,X) is also
finitely presenteds It follows then that G(n,X) is a
finitely presented groupe.
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We now prove ‘the magln result.

Theorem 2,103

Iet R be a commitative associgtive ring with 1 and n a
positive integer. Let G be a finitely gemerated subgroup of
Tr(nyR)e Then there exlsts a commatative associativeAring S
with 1 and a finitely presented subgroup H of Tr(n,S) with
G embedded in He Moreover if R is also a domain, then S can
be taken to be the fleld of fractions of R.

Proof

Suppose G = gp(gl, vees gm) with m findte.

First assume that R 1s a domaint Let S be the fleld of.
fractions of R and conslder the generators gy, ees, g, of
G as elements of Tr(n,S). Let X denote the set of all non-
zero entries sppearing in the generating matrices of G.
Notice that X is a finite set of units of R and, as G(n,X)
contains the genmerators of G, that G is embedded in G(m,X).

Suppose that X = f 815 sees Bys Bty eves 8.} where

q

819 eeey sq are of infinite order and sQ+1, eeey B are of
finite order. For each sy, (1< 1< q) let £; be the unilt

in 5§ given by fi =1+ 84. Put
X' = isl, ev oy Bq, Bq_..l, XX SI" f1, e0e) .fq} 9

and observe that since X is a subset of X', G(n,X) is a
subgroup of G(n,X') (see Corollary 2.6)s Thus G is
embedded in G(n,X'). Finaglly, by Theorem 2.9, we see,
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upon examining X', that ¢(n,X') is a finitely presented
groupe

In general, let X denote the set of all entries
appearing in the matrices g, .;., gy gl"'l, eoey gm"l of
G ag g subgroup of Tr(n,R). Then ¢ is a subgroup of
Tr(n,rg(X)) and so we can assume that R is a finitely
generated ringe By Theorem l.10 (Lasker-Noether), there
exists a primary decompositlon of the zero ideal, say
(0) = %ln...ﬂ%p. Let Ry, (1< 1< p) be the quotlent
ring R/ j» Then R is embedded in the direct sum R' of the
rings Ry, (1< 1i<p)e For each ring Ry, (1L € 1 € p) let
Sq be the multiplicatively closed set of gll non-zero
divigors of R; and embed R; into the localization Risi"l
of R; with respect to S;. Then R; 1is embedded in R;S;™% in
such a way thet the lmages of elements of S5 in Risi"l are
units of Risi"l. Further, every zero divisor r; of Ry is
nilpotent and therefore hes the form ry =1 - (1 - ri),
whére 1- r; is a unit of Ry, (1€ i <. p). Now form the
direct sum R' of the localizations Risi"l, (1€ 1< p) and
notice that the direct sum R' of the rings Ry, (1€ 1<0p)
is embedded in R". Thus R has been embedded in R". '.l‘he
orucial observation is that the image in R" of any element
of R can be written as a finite sum of units of R",

ﬁ'e can now congsider the generators 819 eeey 8p of G in
Tr(n,R) as elements of Tr(n,R"). By the above construction
of R", every entry appearing below the main diagonsl of the
matrices gy, eees &, 18 & finite sum of units of R". There-
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fore we can choose a flnite set X;' of unlts of R" such
that the elements of R" appearing below the main dlagonal
of the generating matrices g1, esey g, ere all contalned in
the subring re(X;') of B". In addition let X,' demote the
set of ell entries in R" appearing on the main diagonal of
the generating matrices 811 *ees Epe Since the ﬁatrices'
g1 eeey &, are elements of Tr(n,R"), we see that X' 1s a
finlte set of units of R". Now put X' = Xl'\JXZ' and
notice that X' is a finlte set of units of R"« Because
every entry appearing in the generating matrices
81s seey 8y OFf G is an element of rg(X') and X' is a set of
‘units of R", we have G embedded in G(n,X') as a subgroup of
Tr(nyR") e ‘

Therefore we can assume R is a finltely generated ring
with a finite set X of units and G is embedded in G(n,X) es
a subgroup of Tr(n,R)e. Suppose that X is given by

X = gsl, svey Bq’ sq+l, LA sr’}

where By seoy sq are of infinite order and Sg4lr **es Sp
are of finite order. According to Theorem l.l), for each
s; of infinite order, (1< 1= q) there exlsts a non-zero
dlvisor fi in R of the form
d;-1 dy
fi =1 + °i,151 o+ oee + °i,di-lei + 84

where di’ °i,1’ seey °i,di-l are lntegers and dy 1s

positives Let F denote the semi-group with 1 of R generated
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by the elements fi, sevy fé and notice that F is a set of
non-zero divisors of Re Let S = RF’l be the localization of
R wlth respect to Fo Then R 1s embedded in Se. If we now

considerqthe elements of
XT - (isl’ OOOQ.Bq.’ sq.'.l’ ®e oy sr’ fl’ o8 ey fq}

a8 elements of S, then we see that X' is g set of unlts of
S which contains X. Therefore we have G embedded in G(n,X')
as a subgroup of Tr(n,S). Finally, by Theorem 2.9, upon '
examlining X', we see that G(n,X') is a finitely presented

groupe. This‘completes the proof,.

It is worth noting that the group H of Theorem 2,10
actually has a normal serles of subgroups

1=Ho$ Hlé see &K Hn=H

in which the sucessive factor groups H; ;/H; , (0 € i £ n-1)
are all finitely presented and metabelian.

section 2. Metgbelian Groups and Solvable Linear Groups

In this section we point out two interesting consequences
of the results of Section l. First we can prove
Theorem 2.11l: (Ge. Baumslag [2])

Every finitely generated metabellan group can be
embedded in a finitely presented metabelian groupe
Proof

'Let G be a finitely generated metabellan groupe By
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Theorem l.%, there exists a commutgtive gssociative ring R
with 1 such that G is embedded in Tr(2,R). Invoking
Theorem 2,10, there exists a commutative assoclative ring S
with 1 and a finitely presented subgroup H of Tr(2,S) wlith
G embedded in He. Finally, we see that H" = 1.

The proof of the next result involves properties of
wreath productse. Recall that a group W is the (standard)
wreath product of its subgroups G and T if

(1) Ww=gp(G, T)

(i1) B = gpw(G), the normal closure of G in W, 1is the
direct sum of its subgroups Gt, (te T).

B is called the base gréup of W, and W is usually denoted by
G1Te It can be shown that 1f H is a subgroup of K, then

| HlT is a subgroup of K1 Te An important property of wreath

products which will be required is

Theorem 2,123 (L. Kaloujnine, M. Krasner [12])

Let G be a group with a normal subgroup N of finlte index
in Ge Then G is embedded in the wreath product N1G/N of N
by G/N.

It is now easy to prove
Theorem 2.17%s

Every finitely generated solvable linear group can be

embedded in a finitely presented solvable linear group.

Proof

Let G be a finltely generated solvgble subgroup of
GIL( nk,k). We can assume that k is algebraically closede. By
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Theorem l.5, there exlsts a subgroup H of ¢ with finlite index
and an element x of GL(n,k) such that E* is a subgroup of
Tr(nyk)e Replacing G by 6* if necessary, we can assume that
H is a subgroup of Tr(n,k). Since G is finitely generated and
H has finite index in G, H is also finitely generated and we
can éven assume that H is a normai subgroup of G. From
Theorem 2.10, H is a subgroup of a finitely presented sub-
group K of Tr(n,k). Since G/H is finite, G is embedded in the
wreath product HV1G/H of H by G/H (see Theorem 2.12). Let
W= KLG/H be the wreath product of K by G/H and notice that
H1G/H is a subgroup of W « Therefore G has been embedded in
We |

We observe that since G/K is finite, the base group B of
W is the direct sum of finitely many isomorphic copies of K.
Therefore Bis a finitely presented group and so 1t follows
that W is a finitely presented group. Next, since W 1s the
wreath product of the solvable groups K and G/H,iit toois
gsolvable. Finglly, K is a subgroup of GL(n,k) and G/H is
finite so that W is isomorphic to a linear group over k (see
BeAeFe Wehrfritz [19], p. 151).

Section 3. Solvable Relatively Free Groups

Theorem 2.14:
A free nilpotent group of any given class ¢ and count-

able rank can be embedded in a finltely presented solvable
linear groupe
Proof
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To beglin, let x be a single indeterminate over Z and for
each r = 1, 2, oee let X, = (xr(i, J)) be an element of
Tr(c+l,k) where k is the quotient field of the polynomial
ring Z(x] and

jf 0 (i=j 22 or i-j ¢ -1)
x (4, = J 1 (-3 = 0)

2cr+i-2

X (i‘J = 1):

(here i denotes the row and j the column of the entry
xr(i,j)). Then F = gp( X, | r =1, 2, «ee ) is a free nil-
potent group of class ¢ on the generating set
= {x,| =1, 2, ess} (see again B.A.F. Wehrfritz [191,
Pe 34)e |

'We next embed F in a finitely generated subgroup G of
Pr(c+l,k)e To this end, let Ai+l,1 be the matrix in Tr(c+l,k)
with entry 1 in the (i+l)-th row and i-th column, 1 every-
place on the main diagonal, zero elsewhere (1 < 1 < ¢). For
each J, (L € J € ¢) let I)j be the diagonal matrix in
Pr(c+l,k) with entry x in the j-th position on the main
diagonsl and 1 elsewhere. Let G be the subgroup of Tr(c+l,k)
generated by the elements Ay 3 i, (L €1<¢) and DJ,
(L € j € ¢)e An easy celculation shows that for each
Purl, 2y eoe

oCr cr+l 2cr+c-1
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Thus F is a subgroup of Go It follows that we have proved

the Theoreme

CeKs Gupta and N.D. Gupta [10] pointed out that a
relatively free group in the product variety g&é has a
falithful representation in Tr(c+l,k) for some suitebly
chogen commtative fileld k. So 1t fbllowé at once from
Theorém 2,10 that we can prove
Theorem 2.15%

A finitely generated free group in the product variety
g&g can be embedded in a finitely presented linear group in

the same vériety.

Similerly using the linear representation given by
C.K. Gupta [91, one can also prove the further corollary to
Theorem 2.1%. '
Theorem 2.16:

The free center-by-metabelian group of rank 3 can be
embedded in a finitely presented solvable linear groupe.
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CHAPTER 3

A COMMENT ON A PROBLEM OF PHILIP HALL

Philip Hell [11] asked whether a finitely presented
golvable group necessarily satisfies the maximel condition
for normal subgroups. In thils chapter we remark thgt
V.Ne Remeslennikov's example [161 of a finitely presented
solveble group G without the maximal condition for normal
subgroups is incorrecte. In view of the importance of the
problem involved we shall indicate how Remeslennikov's
example fallse. To do this first recell that

G = <ay Xy ¥3 Ixy 1, & = ae¥,

[a, &1* s @ &5, la, ax]a al Do

It turns out ‘that G' = ng(a) is nilpotent of class 2.
Put M = ng([a,-a?ﬁ). The factor group G/M can be
presented by

6/ = <3 % 73 L%, 7, @ = 555, (3, 381>
under the mapping a+—> aM, X > xM, ¥ ~> yM, It follows
from Lemme 1.8 that G/M is metabelian. Since G/M is
finitely generated 1t satlsfies the meximal condition for
normal subgroups (Theorem l.7). Therefore, G satisfles the
maximal condltion for normal éubgroups if and only if M
containg no infinite tower of normal subgroups of G (see
the comment following Theorem 1.7). 
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Because M = gp,y(La, 1) and 6' = gpg(a) is nilpotent
of class 2, we see that M is an gbelian normal subgroup of
G whose elements commute with the elements of G'e Given any
normal subgroup N of G contalned in M we turn N into a
ZG~-module by extendlng the action of G on N, given by
conjugating elements of N by elements of G, additively to
all of 2G. We then notice that a normal subgroup N of G
which 1s contalned in M is’finitely generated as a normal
subgroup of G if and only if N, as a ZG-~module, is fiﬁitely
generated as a ZG-module. Therefore G satisfies the maximal
condltion for normal subgroups if and only if M, as a
2G-module, gatisfles the maximal condition for 2G-sub~-
modules,

Put H = gp(x, y)e Then G = gp(G', H)s Notlce that H is
a 2-generator ebelian group and so ZH 1s a finitely'
generated commutative ring. Let N be any ZG-submodule of
the ZG-module M. We can also consider N as a ZH-module’by
extending the conjugation action of H on N to all of ZH.
. Observe, because the elements of M commute with the
elements of G' and since ¢ = gp(G', H), that N = ZG-mod(Y)
if and only if N w ZH-mod(Y) for some subset Y of N. It
follows from this remark that M satisfies the maximal
condition for ZG-submodules if and only if M, as a
7ZH-module, satisfies the maximal condition for ZHE-submodulege

Finglly notice that, because G = gp(G', H),

M = gpg(ra, a*3)
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= gp(ra, a¥18'8 | g'eq', nen)
= gp( [as ax]h ' he H)’

"and therefore M = ZH-mod( [a, ax]) is a l-generator

- 2E-module. Hence, by Theorem l.13, M satisfles the maximal
condition for ZH-submodules. Thus we have proved that G
satlsfies the maximal condition for normel ’subgroups.
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