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INTRODUCTION

The co m p lex ity  o f  th e  subgroup s t r u o tu r e  o f  f i n i t e l y
t

p re se n te d  s o lv a b le  groups h a s  o n ly  r e c e n t ly  begun to  emerge 

(e*g* se e  th e  p a p e rs  o f  G i lb e r t  Banmslag [2] -  [61) •. Among th e  

r e s u l t s  i s  th e  fo llo w in g  theorem  o f  Banmslag [2] : Every 

f i n i t e l y  g e n e ra te d  m e ta b e lia n  group ca n  be embedded i n  a  

f i n i t e l y  p re s e n te d  m e ta b e lia n  g roup .  T h is  in d ic a te s  t h a t  th e  

subgroup s t r u c tu r e  o f  f i n i t e l y  p re s e n te d  s o lv a b le  groups i s  

s u r p r i s in g ly  complex* In  f a c t  i n  [ 3 ] Baumslag h as  demon­

s t r a t e d  th e  e x is te n o e  o f  a  f i n i t e l y  p re se n te d  s o lv a b le  group 

which i s  n o t r e s i d u a l l y  f i n i t e .

D esp ite  t h i s  knowledge many open problem s rem a in , e . g . :  

I s  a  f i n i t e l y  p re s e n te d  s o lv a b le  group h o p f ia n ? In  t h i s  

re g a rd  i t  i s  w orth  n o tin g  t h a t  P h i l i p  H a l l 's  o ld  q u e s t io n  

( s e e  [U] ) as to  w hether a  f i n i t e l y  p re se n te d  s o lv a b le  

group n e c e s s a r i ly  s a t i s f i e s  th e  maximal c o n d i t io n  f o r  nor­

m al subgroups i s  s t i l l  open — V.N. R em eslenn ikov 's  a s s e r t io n  

i n  [16] i s  u n f o r tu n a te ly  i n c o r r e c t  because  h i s  group does 

s a t i s f y  th e  maximal c o n d i t io n  f o r  norm al subgroups*

The o b je c t  o f  t h i s  p ap e r i s  to  throw  some a d d i t io n a l  

l i g h t  on  th e  n a tu re  o f  f i n i t e l y  p re s e n te d  s o lv a b le  g roups 

by  p ro v in g  th e  fo llo w in g :

Theorem 1 :

L e t R be a  com m utative a s s o c ia t iv e  r in g  w ith  1 and n  a  

p o s i t iv e  in te g e r*  F u r th e r ,  l e t  G be a  f i n i t e l y  g e n e ra te d  

m u l t ip l i c a t i v e  group o f  nxn t r i a n g u l a r  m a tr lo e s  o v er R*

Then th e r e  e x i s t s  a  com m utative a s s o c ia t iv e  r in g  S w ith  1



and a  f i n i t e l y  p re s e n te d  m u l t ip l i c a t i v e  group H o f  nxn 

t r i a n g u l a r  m a tr ic e s  o v e r  S w ith  G embeddable i n  H* More­

o v e r  i f  R I s  a l s o  a  dom ain, th e n  S c a n  be tafcen to  be th e  

f i e l d  o f  f r a o t i o n s  o f  R*

(T he an a lo g u e  o f  t h i s  Theorem fo r  a s s o c ia t iv e  a lg e b ra s  has 

r e c e n t ly  b e e n  o b ta in e d  by G i lb e r t  Baumslag L7]#)

R em eslennikov [17] has p o in te d  o u t  t h a t  i f  G i s  any 

f i n i t e l y  g e n e ra te d  m e ta b e lia n  group th e re  e x i s t s  a  commu­

t a t i v e  a s s o c i a t i v e  r i n g  R w ith  1 such  t h a t  G i s  embedded i n  

th e  m u l t i p l i c a t i v e  group o f  2*2 t r i a n g u l a r  m a tr ic e s  o v e r R. 

Hence f o r  n  e q u a l to  2 ,  Theorem 1 re d u c e s  to  Baumslag* s 

Theorem 12] •

Theorem 1 ad m its  a  s l i g h t ,  b u t  p le a s in g ,  g e n e r a l iz a t io n  

f o r  s o lv a b le  l i n e a r  g roups *

Theorem 2 :

Every f i n i t e l y  g e n e ra te d  s o lv a b le  l i n e a r  group can  be 

embedded i n  a  f i n i t e l y  p re se n te d  s o lv a b le  l i n e a r  group*

H ere a  l i n e a r  g roup i s  sim ply  a  m u l t ip l i c a t i v e  group o f  

n o n - s in g u la r  m a tr ic e s  w ith  c o e f f i c i e n t s  i n  some com m utative 

f ie ld *

There a re  some o th e r  consequences o f  Theorem 1 th a t  a re  

w orth  o b s e rv in g . F i r s t  o f  a l l  we n o te  t h a t  ev e ry  co u n ta b le  

f r e e  n l l p o t e n t  group o f  any g iv e n  c l a s s  c has a  f a i t h f u l  

r e p r e s e n ta t i o n  a s  a  l i n e a r  group (e*g* see  B.A.F* W e h rfr ltz  

[19] , p . 3 4 ) .  I t  i s  n o t  d i f f i c u l t  to  embed t h i s  l i n e a r  

r e p r e s e n ta t i o n  in to  a  f i n i t e l y  g e n e ra te d  s o lv a b le  l i n e a r
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group and th e re b y  prove 

C o ro lla ry  1 :

A f r e e  n i lp o t e n t  group o f  any g iv e n  c la s s  c and co u n t­

a b le  ra n k  can  be embedded i n  a  f i n i t e l y  p re se n te d  s o lv a b le  

l i n e a r  group*

S im ila r ly  u s in g  th e  a p p ro p r ia te  m a trix  r e p r e s e n ta t io n s  

due to  D*I* E id e l 'k in d  C8] i n  th e  f i r s t  case  and 0*K. G upta 

[93. i n  th e  seco n d ,  one can  a ls o  prove th e  f u r th e r  

c o r o l l a r i e s

OorojULaix̂ .*
A f i n i t e l y  g en e ra te d  f r e e  group i n  th e  p ro d u c t v a r ie ty  

N«A can  be embedded i n  a  f i n i t e l y  p re se n te d  l i n e a r  group i nSSvB
th e  same v a r i e ty  (.here N0 i s  th e  v a r ie ty  o f  a l l  n i lp o te n t  

g roups w ith  c l a s s  l e s s  th a n  o r  eq u a l to  c and ^  i s  th e  

v a r i e t y  o f  a l l  a b e l ia n  groups)*

C o ro lla ry  5 :

The f r e e  c e n te r -b y -m e ta b e lia n  group o f  ra n k  3 can  be 

embedded i n  a  f i n i t e l y  p re s e n te d  s o lv a b le  l i n e a r  group*

I t  sh o u ld  be n o ted  t h a t  th e  r e s u l t  o f  D*I* E id e l 'k in d  

[83 was a ls o  p roved  by N*S* Romanovskii [183 and C*K. G upta 

and N.D* G upta [10] •
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CHAPTER 1

PRELIMINARIES 

In  t h i s  c h a p te r  we e s t a b l i s h  th e  g e n e ra l  a lg e b ra ic  

d e f in i t i o n s  and n o ta t io n  used  i n  th e  s e q u e l , and s t a t e  

some o f  th e  b a s ic  r e s u l t s  t h a t  w i l l  be req u ired *

S e c tio n  1 * P re s e n ta t io n s  o f  Groups

G iven a  s u b s e t  X o f  a  group G, gp(X) d en o tes  th e  sub­

group o f  G g e n e ra ted  by  th e  e lem en ts o f  X ( i f  X i s  em pty, 

gp(X) ss 1 ) .  We d en o te  by gpG(X) th e  norm al subgroup o f  G 

g e n e ra te d  by th e  e lem en ts o f  X, t h a t  i s ,  th e  l e a s t  norm al 

subgroup o f  G c o n ta in in g  X. Thus gpG(X) ss gp(g_1xg I x €  X, 

g €  G ). A subgroup H o f  G i s  f i n i t e l y  g en e ra te d  i f  th e r e  i s  

a  f i n i t e  s u b se t X o f  H w ith  H -  gp(X)* A normal subgroup H 

o f  G i s  f i n i t e l y  g e n e ra ted  ae a  normal subgroup o f  G i f

H «* SP(j(X) fo r  some f i n i t e  s u b s e t  X o f  H* On o c c a s io n  we

s h a l l  b r i e f l y  w ri te  H < G to  in d ic a te  t h a t  H i s  a  subgroup 

o f  G and H <? G to  in d ic a te  t h a t  H i s  a  norm al subgroup o f  

G*

The fo llo w in g  n o ta t io n a l  co n v en tio n s w i l l  be observed* 

i f  h , k  a re  e lem en ts  o f  a  group G and H, K a re  subgroups 

o f  G, th e n

hk s  i f ^ h k ,  ( th e  co n ju g a te  o f  h  by k )

Hk = I h€ H \  ,

Ch, k l = h ^ k ^ h k ,  ( th e  commutator o f  h and k )
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[H, K] = gp( [h , W I h € H ,  k GK) .

The rem a in d er o f  t h i s  s e c t io n  i s  devo ted  to  g iv in g  

g roups a lg e b ra ic  d e s c r ip t io n s  v i a  p re s e n ta t io n s *  A 

s ta n d a rd  so u rce  f o r  th e  n o tio n s  to  be d is c u s s e d  i s  Magnusf  

K arr a s s  and S o l i t a r  [15] •

D e f in i t io n  1 * 1 : A group F i s  a  f re e  group f r e e l y  g e n e ra te d

by th e  s u b s e t  X i f

( i )  F  r= gp(X)

( i i )  f o r  any group H and any s e t  mapping Os X i— * H 

th e re  e x i s t s  a  homomorphism f t  F  ■—> H which a g re e s  w ith  © 

on X*

The s e t  X i s  termed a  f re e  b a s is  f o r  F* P ro p e r ty  ( i i )  

i s  d e s c r ib e d  as th e  u n iv e r s a l  mapping p ro p e r ty  f o r  th e  s e t  

X, w ith  r e s p e c t  to  a l l  groups* The c a r d i n a l i t y  o f  th e  s e t  X 

i s  an  in v a r ia n t  o f  th e  f re e  group F ,  term ed th e  ra n k  o f  F •

We n o te  t h a t  i f  X i s  any a b s t r a c t  s e t  th e re  e x i s t s  a  f re e  

group F  f r e e ly  g e n e ra te d  by X.

l e t  F  be  a  f r e e  group f r e e ly  g en e ra ted  by  th e  s e t  X, 

and V i F i— * G a  homomorphism o f  F o n to  a  group G d e f in e d  

by x  i— *  gx 9 ( x £ X ) .  l e t  N d en o te  th e  k e rn e l  o f  ^* T h en ^  

in d u ces  an isom orphism  o f  the  q u o t ie n t  P/N o n to  G g iv e n  by 

xN i— > g x t  ( x £ X ) *  Suppose R i s  a  s u b s e t  o f  N w ith  

N a  gpp(R)* The e x p re s s io n  <X; R> i s  c a l le d  a  p r e s e n ta t i o n  

f o r  G u n d e r th e  mapping x ♦—* gx , ( x £ X )  and we say  

<X; R> p r e s e n ts  G* The s e t  X i s  u s u a l ly  term ed a  s e t  o f  

g e n e ra to rs  fo r  G s u b je c t  to  th e  d e f in in g  r e l a t o r s  R* The 

p r e s e n ta t io n  <Xj R> i s  a f i n i t e  p r e s e n ta t io n  i f  b o th  X



and R a re  f i n i t e  s e t s .  We c a l l  a  group G f i n i t e l y  p r e s e n t ­

ab le  (o r  f i n i t e l y  p re se n te d )  i f  G has a  f i n i t e  p re s e n ta t io n *  

N otice  t h a t  <X> R> p re s e n ts  th e  f a c t o r  group F/N 

u n d er th e  mapping x «—» xN, ( x € X ) *  Hence we can  th in k  o f  

th e  p r e s e n ta t io n  <X; R> as d e f in in g  a  group by s im p ly  

l e t t i n g  F be a  f r e e  g ro u p , f r e e l y  g e n e ra te d  by th e  s e t  X and 

th e n  w r i t in g  <X; R> = F/gpF(R ) .

There a re  some consequences o f  th e s e  d e f i n i t i o n s  which 

w i l l  be h e lp fu l  i n  th e  sequel*  F i r s t  o f  a l l  l e t  F be a  f re e  

group f r e e ly  g en e ra ted  by th e  s e t  X, and l e t  Gr X •—> H be a 

mapping o f  X in to  a  group H. Then 9 e x ten d s  to  a  homomor­

phism  V o f  F in to  H g iv e n  by wCx)*/'- w(x*0 » w(xG) f o r  any 

elem ent w(x) in  F* l e t  R be a  s u b s e t  o f  F such  t h a t  

r(xO ) b 1 f o r  every  e lem ent r ( x )  o f  R* Then th e  mapping G 

ex ten d s  to  a  homomorphism o f  <X ; R> in to  H*

Next, suppose G has th e  p r e s e n ta t io n  <X; R> u n d er th e  

mapping x h-*  gx , (x€  X ). l e t  N be a  norm al subgroup o f  G 

and suppose N a  gpG(Y) f o r  some s u b s e t Y o f  N. l e t  F be th e  

f r e e  group on th e  s e t  X. For each  y e Y ,  s e l e c t  an elem ent 

s_  € F i n  th e  preim age o f  y u n d er th e  homomorphism g iv e n  byJf
x i— > gx , ( x e  X) and p u t  S » \  s y  I y e  Y l. Then th e  f a c to r  

G/N has th e  p r e s e n ta t io n  <X; R, S> u n d e r th e  mapping 

x i— * g N, (x €  X )• T h erefo re  i f  G i s  f i n i t e l y  p re s e n te d  and 

N i s  f i n i t e l y  g en e ra ted  as a  norm al subgroup o f  G we see 

t h a t  G/N i s  a  f i n i t e l y  p re se n te d  group .

F in a l ly ,  l e t  G be a  group and N a  norm al subgroup o f  G*



I t  w i l l  b e  n e c e ssa ry  to  compute a  p r e s e n ta t io n  f o r  G from 

p r e s e n ta t io n s  f o r  G/N and N* To t h i s  end suppose t h a t  G/N 

h as th e  p r e s e n ta t i o n  <X; R> under th e  mapping x «— » gx N, 

( x GX)  and th a t  N has th e  p r e s e n ta t i o n  <Y; S> u n d er th e  

mapping y  ■— » n y , ( y G Y ) .  l e t  | xGXli be a  s e t  o f  

r e p r e s e n ta t iv e s  o f  th e  c o s e ts  gx N, ( x e X ) *  S ince  N ^ G 

th e r e  i s  an  e lem en t i n  N so t h a t

I X- \ I X s  A ^ y ,  ( x € X ,  y € Y ) .

M oreover f o r  each  r  « r ( x )  i n  R we have 

N n r ( g xN) = r ( g x N) = r ( g x )N 

u n d e r  th e  mapping x «— * gxN, ( x e X ) *  So we can  choose 

e lem en ts Br  o f  N such t h a t

r ( I x )  = Bp , ( r e  R ). 

l e t  F be th e  f r e e  group on th e  s e t  Y* For each x e X ,  y e  Y

choose T„ WGF i n  th e  p reim age o f  L  v and fo r  each  r e  R x f y A
choose U e F i n  th e  preim age o f  B u n d er th e  homomorphism

Ji X

o f  F onto  N g iv e n  by y  <— » Uy, ( y e Y ) *  Then G h as  th e  

p r e s e n ta t io n

<X, Yj S, x ^ y x T ^ y -1  C x e X ,  y € Y ) ,  rU^ 1 ( r e R ) >  

u n d e r  th e  mapping x > gx , ( x e X ) ,  y i— * Uy, ( y e Y ) *  Thus 

i f  b o th  G/N and N a re  f i n i t e l y  p re se n te d  groups th e n  G i s  

a l s o  f i n i t e l y  p re se n te d *

S e c tio n  2 * S o lv ab le  Groups o f  M a trice s  and M e tab e lian  

Groups

l e t  G be a  group* Subgroups ^G  o f  G a re  d e f in e d  

in d u o t iv e ly  by th e  r u l e :
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<J0G = G, and

<fnG a  r ^ G ,  ^ .^ G ]  f o r  p o s i t iv e  in te g e r s  n .

$nG i s  c a l le d  th e  n - th  d e r iv e d  group o f  G. ^ G  i s  a ls o  

c a l l e d  th e  com m utator subgroup o f  G and i s  u s u a l ly  w r i t t e n  

as G*. We a ls o  w r i te  GH i n  p la c e  o f  ig®*

D e f in i t io n  1*21 A group G i s  c a l le d  s o lv a b le  i f  <fdG = 1 

f o r  some in te g e r  d .

I f  G i s  a  s o lv a b le  g ro u p , th e  l e a s t  in te g e r  d f o r

w hich £dG r  1 i s  c a l le d  th e  d e r iv e d  d ep th  o f  G* I f  G" = 1 ,

G i s  s a id  to  be m e tab e lian *

A la r g e  c l a s s  o f  s o lv a b le  groups i s  p ro v id ed  by th e  

m u l t i p l i c a t i v e  groups o f  m a tr ic e s  o v e r oom m utative r in g s*  

S p e c i f i c a l l y ,  l e t  R be a  com m utative a s s o c ia t iv e  r i n g  w ith  

1 and n  a  p o s i t i v e  in te g e r .  Denote by G I(n ,R ) th e  m u lt i­

p l i c a t i v e  group o f  u n i t s  i n  th e  r in g  o f  a l l  n*n m a tr ic e s  

w ith  c o e f f i c i e n t s  i n  R. A m a tr ix  i s  t r i a n g u l a r  i f  a l l  i t s  

e n t r i e s  above th e  main d ia g o n a l a re  z e ro . The s e t  o f  t r i ­

a n g u la r  m a tr ic e s  i n  G l(n ,R ) form s a  subgroup which i s  

d en o ted  by T r(n ,R ) . I t  i s  easy  to  check t h a t  i f  G i s  a  sub­

group o f  T r (n ,R ) ,  th e n  G i s  s o lv a b le  and £nG -  1 . On th e  

o th e r  hand i t  w i l l  be o f  i n t e r e s t  to  n o te  th e

Theorem 1*5 : (V. N* Rem eslennikov [171)

I f  G i s  a  m e ta b e lia n  group th e n  th e re  e x i s t s  a 

com m utative a s s o c ia t iv e  r in g  R w ith  1 such  th a t  G i s  

embedded i n  T r(2 ,R )*

A p a r t i c u l a r l y  im p o rta n t c l a s s  o f  g roups which have 

r e p r e s e n ta t io n s  a s  m a tr ic e s  o v er com m utative r in g s  a re  th e



l i n e a r  groups*

D e f in i t io n  1*4 : A group G i s  s a id  to  be a  l i n e a r  group i f  

th e re  e x i s t s  a  com m utative f i e l d  k and a  p o s i t iv e  in te g e r  

n  w ith  G embedded i n  G l(n ,k )*

The fo llo w in g  theorem  o f  a* I* M al’cev  shows t h a t  s o lv ­

ab le  l i n e a r  g roups a re  a lm o st t r i a n g u l a r .

Theorem l * 5 t (A*I* M al’cev [14])

L e t k  be an  a lg e b r a ic a l ly  c lo se d  com m utative f i e l d  and 

n  a  p o s i t iv e  in te g e r*  F u r th e r ,  l e t  G be a  s o lv a b le  sub­

group o f  G L (n ,k ). Then th e re  e x i s t s  a  subgroup H o f  G and 

an e lem en t x o f  G L(n,k) such  t h a t  H i s  o f  f i n i t e  in d ex  in  

G and H* i s  a  subgroup o f  T r ( n ,k ) .

M e ta b e lia n  groups w i l l  p la y  a  c e n t r a l  r o l e  i n  th e  

r e s u l t s  to  fo llow * A n tic ip a t in g  t h i s  im portance we s h a l l  

re c o rd  some o f  th e  p r o p e r t i e s  o f  th e s e  groups*

D e f in i t io n  1 . 6 t A group G i s  s a id  to  s a t i s f y  th e  maximal 

c o n d i t io n  f o r  norm al subgroups i f  every  ascen d in g  c h a in  o f  

norm al subg roups o f  G s t a b i l i z e s  i n  a  f i n i t e  number o f  

s te p s*

E q u iv a le n t ly ,  G s a t i s f i e s  th e  maximal c o n d i t io n  fo r  

norm al subg roups i f  ev e ry  norm al subgroup o f  G i s  f i n i t e l y  

g e n e ra te d  as a  norm al subgroup*

Theorem 1 .7 » (P* H a ll T i l ] )

E very  f i n i t e l y  g e n e ra te d  m e ta b e lia n  group s a t i s f i e s  

th e  maximal c o n d i t io n  f o r  norm al subgroups*

N o tice  t h a t  i f  G i s  a  f i n i t e l y  p re se n te d  m e ta b e lia n  

group and N i s  a  norm al subgroup o f  G ,the?»  as G s a t i s f i e s



th e  maximal c o n d i t io n  f o r  norm al su b g ro u p s, th e  f a c to r  

group G/N m ust be f i n i t e l y  p rese n ted *  Thus th e  c l a s s  o f  

f i n i t e l y  p re s e n te d  m e ta b e lia n  groups i s  an image c lo se d  

o la ss*

P h i l i p  H a ll a ls o  p o in ts  o u t i n  [113 th a t  i f  N i s  a

norm al subgroup o f  a  group G and i f  H and K a re  subgroups

o f  G such  t h a t  H £ K, HN = KN, and HHN n K nN  th e n  H = K.

So an i n f i n i t e  tow er o f  g roups i n  G im p lie s  an i n f i n i t e

tow er i n  e i t h e r  N o r  G/N i f  n o t both* I t  fo llo w s  from t h i s

f a c t  t h a t  i f  b o th  N and G/N s a t i s f y  th e  maximal c o n d i t io n

f o r  norm al subgroups so does G*

The l a s t  r e s u l t  to  be reco rd e d  in  t h i s  s e c t io n  i s  a

te c h n io a l  lemma due to  G* Baumslag co n cern in g  d e f in in g

r e l a t o r s  i n  c e r t a i n  m e ta b e lia n  groups* B efo re  s t a t i n g  t h i s

r e s u l t  we e s t a b l i s h  some u s e f u l  n o ta t io n :

l e t  G be a  group and a ,  t  e lem en ts o f  G* L e t x be an

in d e te rm in a te  o v e r  th e  in te g e r s  Z and

f ( x )  s  Cq + C-jX -»•••*•+ CdXa

be an e lem en t o f  th e  po lynom ial r in g  ZTxl • Then we d e f in e

f j ( t )  en c-, t  cd t d 
a '-  • r  a  ( a  ) • • • ( a  ) i n  G*

We oan  now re c o rd

Lemma 1*8 : (G* Baumslag [21)

L e t a ,  b ,  t ,  u be e lem en ts o f  a  group and l e t  d be a

p o s i t iv e  in te g e r*  Suppose t h a t

[ t , Ul B 1

and t h a t



+[a> b 1* ] s  1 whenever -d  < n < d«

In  a d d i t io n  suppose t h a t  

au = a * ? >  , hu = b f ^ >  

where f  ( x ) s  1  + o ^ x  + • • • + cd_1xd"1 + x d i s  an e lem en t 

o f  th e  po lynom ial r i n g  Ztxl* Then

+1,, 3[a ,  b u ] = 1  f o r  a l l  in te g e r s  i ,  j*

S e c t io n  5 . some Oommutative A lgebra

In  t h i s  s e c t io n  we re co rd  some n o tio n s  from com m utative 

a lgeb ra*  T hroughout th e  rem ainder o f  t h i s  p ap e r a  r i n g  w i l l  

be ta k e n  to  mean a  com m utative a s s o c ia t iv e  r i n g  w ith  1 

u n le s s  s p e c i f ie d  o therw ise*  The f a c t s  abou t th e s e  r in g s  

which a re  re c o rd e d  h e re  may be r e a d i ly  found i n  A tiy ah  and 

Macdonald £ 11 •

l e t  R be a  r in g  and X a  s u b s e t o f  R* By rg(X ) we mean 

th e  l e a s t  su b r in g  o f  R c o n ta in in g  th e  s e t  XU \ 1 j * A r in g  R 

i s  s a id  to  be f i n i t e l y  g e n e ra ted  i f  R -  rg(X ) f o r  some 

f i n i t e  s u b s e t  X o f  R*

R e c a ll  t h a t  i f  R.̂ * ( i e  f )  i s  an indexed  c o l l e c t i o n  o f  

r in g s  we may form t h e i r  d i r e c t  sum -  Rĵ  w ith  a d d i t io n

and m u l t ip l i c a t i o n  d e fin e d  o o o rd in a tew ise  on t h e i r  

C a r te s ia n  p roduot*  Thus i f  G l^, ( i e l )  i s  a  c o l l e c t i o n  o f

id e a l s  o f  a  r in g  R, th e  mapping from R in to  th e  d i r e c t  sum

.©  n / a ,  o f  th e  q u o t ie n t  r in g s  R/OL » ( i e l )  g iv e n  by
i  e  I  i  i
r  ,—» lj> ( r  + O l j )  > ( r G R ) i  i s  a  r in g  homomorphism, 

whose k e r n e l  i s  e q u a l to  th e  i n t e r s e c t io n  i O i a i  ° f



th e  id e a l s  ( i € l ) #

L e t R be a  r in g *  An elem en t r  o f  R i s  a  z e ro  d iv i s o r  

i f  a r  s  0 f o r  some non-zero  e lem en t a  o f  R; o th e rw ise  r  i s  

c a l le d  a  non-zero  d iv is o r#  I f  th e  o n ly  ze ro  d iv i s o r  o f  R 

i s  0 ,  R i s  s a id  to  he a  domain* An e lem en t r  i s  c a l le d  

n i lp o t e n t  i f  r 11 r  0 fo r  some p o s i t i v e  in t e g e r  n# F in a l ly ,  

an e lem ent s  o f  R i s  term ed a  u n i t  i f  s  i s  i n v e r t i b l e  i n  R, 

t h a t  i s ,  i f  th e re  e x i s t s  an e lem en t s "1 o f  R w ith  s ^ s  m 1* 

A u n i t  s  o f  R has f i n i t e  o rd e r  i f  s n  m 1 f o r  some p o s i t iv e  

in te g e r  n , th e  l e a s t  such  in te g e r  b e in g  th e  o rd e r  o f  s# I f  

a  u n i t  does n o t have f i n i t e  o r d e r ,  i t  i s  s a id  to  have 

i n f i n i t e  o rder#

N otice  t h a t  i f  r  i s  n i lp o t e n t  and w i s  any e lem en t o f  

R th e n  1 -  wr i s  a  u n i t s  i f  r n «  0 , th e n  ( w r ) n «  0 ;  and so 

1 = 1 -  ( wr ) n  -  (1  •+ wr + • • •  + ( w r)n“1 ) ( l  -  wr)#

D e f in i t io n  1 . 9 : An id e a l  CJ o f  a  r i n g  R i s  c a l le d  a

p rim ary  id e a l  i f  every  z e ro  d iv i s o r  i n  th e  q u o t ie n t  r in g  

R/(0j i s  n i lp o te n t#

An id e a l  CL o f  a  r in g  R i s  s a id  to  have a  p rim ary  

d eco m p o sitio n  i f  th e re  e x i s t s  a  f i n i t e  number o f  p rim ary  

id e a ls  ^  w ith  ^  m ^  i  ^ p »

We re c o rd

Theorem 1*10: (.Lasker- N oether)

I f  R i s  a  f i n i t e l y  g e n e ra te d  r in g  ev e ry  id e a l  has a  

p rim ary  decom position .

I n  p a r t i c u l a r ,  th e  ze ro  id e a l  (0 )  o f  a  f i n i t e l y  g e n e ra te d  

r in g  has a  p rim ary  d eco m p o sitio n , and t h i s  f a c t  s h a l l  be
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r e q u ir e d  below*

N ext, we r e c a l l  th e  n o tio n  o f  lo c a l iz a t io n *  l e t  R be a  

r i n g ,  and l e t  S be a  m u l t ip l i c a t i v e ly  c lo se d  s e t  o f  non- 

z e ro  d iv i s o r s  i n  R c o n ta in in g  1* A r in g  RS i s  a  lo c a l ­

i z a t i o n  o f  R w ith  r e s p e c t  to  S i f  th e re  i s  an i n j e c t i v e  

r i n g  homomorphism R «—* RS-1  such  t h a t  th e  image o f  S i n  

RS-1  i s  c o n ta in e d  i n  th e  group o f  u n i t s  o f  RS"1 * T hat RS”1 

e x i s t s  i s  e s ta b l i s h e d  by th e  c o n s tru c t io n  which fo llow s*  

l e t  ~  be th e  e q u iv a le n c e  r e l a t i o n  on R x S  d e f in e d  by:

( r ,  s )  ~  ( r * , s*)  i f  and o n ly  i f  rs*  -  sr**

We d eno te  th e  s e t  o f  eq u iv a le n ce  c la s s e s  i n  R x S  by RS 

and th e  eq u iv a le n c e  c l a s s  c o n ta in in g  ( r ,  s )  by r s ” 1 * RS-1  

i s  tu rn ed  in to  a  r in g  by  d e f in in g  a d d i t io n  and m u l t ip l i ­

c a t io n  in  th e  u s u a l  way:

r s "1 4  r-^is^"1 a  ( r s ^  4- s r 1 ) ( s s 1 )” 1 ,

rs”1^ ; ^ " 1 - rrî ssî ~1#
The mapping r  <— > r l ” 1 , ( r g R )  i s  an i n j e c t i v e  r in g  homo­

morphism o f  R in to  RS” 1* Abusing th e  n o ta t io n  we have j u s t  

in tro d u c e d  we d en o te  r l  by r  and I s  by s “ x : n o t ic e  t h a t  

f o r  every  e lem en t s  i n  S , s ^ s "1 ■ 1  i n  RS” 1 * I f  R i s  a 

dom ain and S -  R \ i o } ,  th e  r in g  RS”1 i s  th e  f i e l d  o f  

f r a c t io n s  o f  R*

A r e s u l t  we s h a l l  need below  i s  due to  (r* Baumslag* We 

re c o rd  t h i s  as

Theorem 1*11: (G. Baumslag [2])

I f  R i s  a  f i n i t e l y  g e n e ra te d  r in g  and s  i s  a  u n i t  o f  

i n f i n i t e  o r d e r ,  th e n  th e re  e x i s t s  a n o n -zero  d iv i s o r  f  i n
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R o f  th e  form

f  s  1 4 c^ s  + • • •  4 ca _ isd”1 •+ s d 

where d ,  c ^ ,  • • # ,  cd - i  s r e  in te g e r s  and d i s  p o s it iv e #

We s h a l l  a ls o  r e q u i r e  f o r  th e  s e q u e l , th e  concep t o f

an  R-module# For t h i s  p u rp o se  we s h a l l  assume t h a t  R i s  an

a s s o c ia t iv e  r in g  w ith  1 w hich may n o t he com m utative.

R e c a ll  t h a t

D e f in i t io n  1 .1 2 : An R-module M i s  an  a b e l ia n  group

( w r i t t e n  a d d i t iv e ly )  to g e th e r  w ith  an  a c t io n  RxM «—» M, 

th e  image o f  ( r ,  m) deno ted  by rm, ( r € R >  m€M) ,  s a t i s f y in g

( i )  r ( i  + n) s  rm + r n ,  ( r e  R, m, n e  M)

( i i )  ( r  + s)m 8 r m +  sm, ( r ,  s e R >  meM)

( i i i )  ( rs )m  -  r ( s m ) ,  ( r ,  s e  R,  m€M)

( iv )  lm s  m, ( me M) .  

l e t  M be an R-module and X a  s u b s e t  o f  M. By R-mod(X)

we mean th e  l e a s t  R-submodule o f  M c o n ta in in g  th e  s e t  X#

An R- module M i s  s a id  to  be f i n i t e l y  g en e ra ted  i f  

M s  R-mod(X) f o r  some f i n i t e  s u b s e t  X o f  M# An R-module M 

i s  s a id  to  s a t i s f y  th e  maximal c o n d i t io n  f o r  R-submodules 

i f  ev e ry  a scen d in g  c h a in  o f  R-subm odules o f  M s t a b i l i z e s  

i n  a  f i n i t e  number o f  s te p s#  E q u iv a le n tly , M s a t i s f i e s  th e  

maximal c o n d i t io n  fo r  R-subm odules i f  every  R-submodule o f  

M i s  f i n i t e l y  g e n e ra te d  a s  an  R-module# The theorem  we 

w ish  to  re c o rd  i s  

Theorem 1 .1 5 :

L e t R be a  f i n i t e l y  g e n e ra te d  com m utative rin g #  I f  M 

i s  a  f i n i t e l y  g e n e ra te d  R-m odule, th e n  M s a t i s f i e s  th e
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maximal c o n d i t io n  fo r  R-submodule3 .

These n o tio n s  can  be u t i l i z e d  to  examine th e  norm al 

subgroup s t r u c t u r e  o f  c e r t a i n  groups* R e c a ll  t h a t  w ith  any 

m u l t ip l i c a t i v e  group G th e re  i s  a s s o c ia te d  i t s  i n t e g r a l  

group r in g  ZG* An elem ent o f  ZG i s  a  fo rm al sum n *g ,O
g ra n g in g  o v er th e  e lem en ts o f  G, where th e  in te g e r  ng i s  

eq u a l to  z e ro  f o r  a l l  b u t  a  f i n i t e  number o f  g* A d d itio n  

and m u l t i p l i c a t i o n  a re  d e fin e d  i n  ZG by

IE! mg*s + IE! v s = <mg ng),g 9

c e :  v s K 2 :  v g) ■ ^  •

The e lem en t n o f  Z i s  i d e n t i f i e d  w ith  th e  elem ent n « l o f  

ZG and th e  e lem en t g o f  G i s  i d e n t i f i e d  w ith  th e  e lem en t

l* g  o f  ZGf  so t h a t  Z and G a re  to  be re g a rd e d  a s  s u b s e ts

o f  ZG*

N otice  t h a t  ZG i s  an a s s o c ia t iv e  r in g  w ith  1 and i f

G « gp(X) ,  th e n  ZG s  rgCXUX*-1 ) where XUX-1  d e n o te s  th e

e lem en ts  o f  X and t h e i r  in v e rse s*  O bserve a ls o  t h a t  i f  G 

i s  an  a b e l ia n  group th e n  ZG i s  a  com m utative r in g *

l e t  G be a  m u l t ip l i c a t iv e  group w ith  a  m u l t ip l i c a t i v e  

subgroup E and an  a b e l ia n  normal subgroup M which i s  

w r i t t e n  a d d i t iv e ly *  Then we can  tu r n  M in to  a  ZH-module 

as  fo llo w s : s in o e  M 3  G, f o r  each  h e H  and meM we ca n
h“ ld e f in e  th e  e lem en t h i  o f  M by hm ■ m • We th e n  ex ten d  

t h i s  a c t io n  to  a l l  o f  ZH a d d i t iv e ly » t h a t  is*  i f  

r  s  "3>~ n^h i s  an  elem ent o f  ZH and me M we d e f in e  th e
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e lem en t rm o f  M by  th e  r u l e  rm -  n^Chm)* The v e r i f i ­

c a t io n  t h a t  t h i s  a c t io n  o f  ZH on M g iv e s  M th e  s t r u c t u r e  

o f  a  ZH-module i s  s t r a ig h t- fo rw a rd *

Suppose M s  gPg(Y) lo r  some s u b s e t  Y o f  M* Then 

M -  gp(ys  | y e Y ,  g € G )  and s o , a s  we a re  w r i t in g  M add­

i t i v e l y ,  th e  e lem en ts  o f  SI have th e  form

m = s :  V g T *  . y , g y»s
where th e  in te g e r  n i s  eq u a l to  z e ro  f o r  a l l  b u t  ay »e>
f i n i t e  number o f  p a i r s  y ,  g* TUrn M in to  a  ZG-module i n  

th e  manner d e s c r ib e d  above* Then w ith  t h i s  s t r u c t u r e  we 

see  t h a t  ev e ry  e lem en t o f  M h as  th e  form

•  = 2  n yg (g -1y)
y ,  g J , ,s

= ̂  V ’
where th e  e lem en t r  o f  ZG i s  e q u a l to  z e ro  f o r  a l l  b u t  a 

f i n i t e  number o f  y .  I t  fo llo w s  th e r e fo r e  t h a t  M i s  eq u a l 

to  ZG-mod(Y)* Hence we se e  t h a t  M i s  f i n i t e l y  g e n e ra te d  as 

a  norm al subgroup o f  G i f  and o n ly  i f  M, a s  a  ZG-module, 

i s  f i n i t e l y  g e n e ra te d  as a  ZG-module*

S e c t io n  4 * V a r ie t ie s  o f  Groups

l e t  F be a  f r e e  group f r e e ly  g e n e ra te d  by a  s e t  X* A 

word w(x) i s  an  e lem en t o f  F* I f  G i s  a  g roup and 

Gx X ♦—> G a  mapping o f  X in to  G, th e n  th e  image w(xG) o f  

th e  word w(x) u n d er th e  homomorphism d e f in e d  by  G i s
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c a l le d  a  v a lu e  o f  th e  word w(x) I n  6 * A word w(x) i s  a  law  

( o r  i d e n t i c a l  r e l a t i o n )  i n  th e  group G i f  th e  o n ly  p o s s ib le  

v a lu e  o f  w(x) i n  G i s  1 .  E q u iv a le n t ly ,  i f  w(x) h as  th e  form 

w(xl t  . x n) w ith  x-j_, . . . ,  x n d i s t i n c t  e lem en ts  o f  X,

wCx^ ,̂ • • • ,  x n ) i s  a  law  i n  G i f  w(gl f  . . . ,  gn ) s  1 f o r

ev e ry  ch o ice  o f  e lem en ts  g ^ , . . . ,  g n o f  G.

D e f in i t io n  1 .1 4 : A v a r i e ty  W o f  g roups i s  th e  c l a s s  o f  a l l

g roups t h a t  s a t i s f y  a  g iv e n  s e t  W o f  la w s .

The v e r b a l  subgroup W(G) o f  a  group G c o rre sp o n d in g  to  

a  s e t  W o f  words i s  th e  subgroup g e n e ra te d  by a l l  v a lu e s  

i n  G o f  th e  words o f  W:

H?(G) ss gp (w (g^ , • *» , g^) | w(x-^, • * . ,  x n ) 6 W, g^» • • • »  gn € G).  

N o tice  t h a t  th e  words w € W a re  law s i n  G i f  and o n ly  i f  

W(G) = 1 .

D e f in i t io n  1 .1 5 : A group G i s  a  r e l a t i v e l y  f r e e  group i n

th e  v a r i e ty  W ( o r  a  f r e e  W-group) f r e e ly  g e n e ra te d  by a  

s u b s e t  X i f

( i )  0 = gp(X)

( i i )  f o r  any group H i n  th e  v a r i e ty  W and any e e t  

mapping 9 :  X •— > H th e re  e x i s t s  a  homomorphism 

G i— > H w hich a g re e s  w ith  9 on X.

The s e t  X i s  term ed a  f r e e  w -b asis  f o r  G. P ro p e r ty

( i i )  i s  d e s c r ib e d  a s  th e  u n iv e r s a l  mapping p ro p e r ty  f o r  

th e  s e t  X, w ith  r e s p e c t  to  a l l  g roups i n  w. The c a r d in a l ­

i t y  o f  th e  s e t  X i s  an in v a r i a n t  o f  th e  f r e e  w-group G, 

term ed th e  ra n k  o f  G.

As a  consequence o f  t h i s  d e f i n i t i o n ,  i f  G i s  a  f r e e
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J£-group, G h as  a  r e p r e s e n ta t io n  a s  a  f a c t o r  group o f  a  

f r e e  group F o f  a p p ro p r ia te  ran k  by th e  v e rb a l  subgroup 

W(F) t G »  F/W (F).

A v a r i e ty  o f  g roups i s  a ls o  c h a ra c te r iz e d ,  by th e  

c lo s u re  p r o p e r t ie s  w ith  r e s p e c t  to  isom orph ism s, sub­

g ro u p s , f a c t o r  g roups and ( u n r e s t r i c t e d )  C a r te s ia n  prod­

u c ts *  I t  fo llo w s  t h a t  i f  U and V a re  v a r i e t i e s ,  th e  c la s s  

o f  a l l  g roups t h a t  have a norm al subgroup i n  U and th e  

f a c t o r  group i n  V form s a  v a r ie ty *  We c a l l  t h i s  th eVS
p ro d u c t v a r i e ty  U V o f  U and V; i f  G i s  any group th e  

co rre sp o n d in g  v e rb a l  subgroup o f  G i s  U(Y(G)).  This m u lti­

p l i c a t i o n  o f  v a r i e t i e s  i s  a s s o c ia t iv e ;  we may, th e r e fo r e ,  

d is p e n s e  w ith  b ra c k e ts  i n  p ro d u c ts  o f  th r e e  o r  more 

v a r i e t i e s ;  and we may w r i te ,  unam biguously , Un , fo r  p o s i -fiS
t i v e  in te g e r s  n , f o r  th e  r e p e a te d  p ro d u c t o f  U by i t s e l f *

We d en o te  by ^  th e  v a r i e ty  o f  a b e l ia n  groups* Then 

£  i s  th e  v a r i e ty  o f  m e ta b e lia n  g roups ( ta k e n  i n  th e  wide 

sen se  to  in c lu d e  th e  a b e l ia n  g ro u p s ); and , more g e n e ra l ly ,
j

A i s  th e  v a r i e ty  o f  a l l  s o lv a b le  g roups o f  d e riv e d  d ep th  

a t  m ost d . I f  G i s  any g ro u p , th e  v e rb a l  subgroup Ad(G) o f  

G c o rre sp o n d in g  to  th e  v a r i e ty  i s  eq u a l to  ^ G ,  th e  d - th  

d e r iv e d  group o f  G*

We s h a l l  a lso  be in t e r e s t e d  i n  th e  v a r i e ty  Nc o f  a l l  

g ro u p s w hich a re  n i lp o t e n t  o f  c l a s s  a t  m ost a  g iv e n  p o s i­

t i v e  in te g e r  o and th e  v a r i e t y  C( A^) o f  oen te i> -by -m etabe lian  

g ro u p s . The co rre sp o n d in g  v e r b a l  subgroups whioh c h a ra c te r ­

i z e  th e s e  v a r i e t i e s  a re  d e f in e d  as fo llow s*  I f  G i s  any
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group d e f in e  subgroups 'ynG o £  G in d u c t iv e ly  by  th e  r u l e :  

'^ 1®’ = a3̂

7 n® = O L l® » 03 f o r  n  *  2 *
Y (r I s  c a l le d  th e  n - th  lo w er c e n t r a l  subgroup o f  G. The 

v e r b a l  subgroup NQ(G) co rre sp o n d in g  to  th e  v a r i e t y  NQ i s  

e q u a l to  v a r i e t y  G ( j f )  i s  e a s i l y  c h a ra c te r iz e d
"" p

by  th e  p ro p e rty *  a  group G i s  i n  th e  v a r i e t y  C( A ) i f  and 

o n ly  i f  [Gnf G] a  ! •
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CHAPTER 2

EMBEDDING THEOREMS FOR SOME SOIVABIE GROUPS

S e c t io n  1 » Subgroups o f  T r(n .R )

L e t R d en o te  a  com m utative a s s o c ia t iv e  r in g  w ith  1 and 

n  a  p o s i t iv e  in te g e r*  We s h a l l  examine s p e c ia l  subgroups o f  

Tr( n,R ) •

D e f in i t io n  2*1: l e t  X be a  s e t  o f  u n i t s  i n  R:

G(n,X) = { ( a ^ e T r C ^ r g C x U X ”1 ) I a i;Leg p (X ) <1 ^  i  «  n)3. 
Here rg(X  UX“ ^) i s  a  s u b r in g  w ith  1 o f  R g e n e ra te d  by th e  

e lem en ts  o f  X and t h e i r  in v e rs e s *  and gp(X) i s  th e  sub­

group o f  th e  group o f  u n i t s  o f  R g e n e ra te d  by th e  e lem en ts 

o f  X.

We now examine th e  s t r u c t u r e  o f  G (n ,X ). P i r s t  n o t ic e  

t h a t  G(lyX) i s  isom orph ic  to  gp(X) i n  th e  obv ious way* L et 

n  »  2* I f  A i s  an  e lem en t o f  G(n,X) th e n  we can  w r i te

where A '€  G (n -l,X ) i s  s im ply  th e  lo w er r i g h t  ( n - l ) x ( n - l )  

su b m a trix  o f  A* By s t r a ig h t - f o r w a r d  m u l t ip l i c a t i o n  o f  th e  

lo w er t r i a n g u l a r  m a tr ic e s  we se e  t h a t  th e  mapping g iv e n  by

A tX
«2

A1
t

A ,— => a * , ( A€ G (n,X )) i s  a  homomorphism o f  G(n,X) on to  

G (n -l,X ) w ith  k e rn e l
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K(n,X) = \A€ G (n,X ) I A =

0 • • • 0

(1^  i s  th e  kxk i d e n t i t y  m a tr ix  i n  T r(k ,R )* )

We re c o rd  th e s e  o b s e rv a tio n s  as  

Lemma 2 »2 t

G(1,X) i s  n a t u r a l ly  isom orph ic  to  gp(X) and fo r  n ^ 2 ,  

K(n,X) 3  G(n,X) w ith  G (n,X )/K (n,X ) *  G (nr-l,X ).

N ext, fo r  n ^  2 ,  l e t  S (n - l ,X )  be th e  subgroup o f  G (n ,x ) 

g iv e n  by

i s  an  isom orphism  from G (n -l,X ) o n to  Gf(n-l,X)* F u r th e r ,  we 

e a s i l y  see  t h a t  G(n,X) = g p (K (n ,X ), £ ( n - l ,X ) )  and 

K (nt X )D 3 ( tt- l ,X )  = l n. So we have proved 

Lemma 2 . 3 :

N otice t h a t  th e  mapping g iv e n  by
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G(1,X) i s  n a t u r a l ly  iso m o rp h ic  to  gp(X) and f o r  n >  2 , 

K(n,X ) *3 G (n ,X ), G(n,X) = gp (K (n ,X ), ? ? (n - l,X )) ,

K(n,X ) H (?(n-l,X ) -  l n  and G (n -l,X ) i s  n a tu r a l ly  isom orph ic  

to  G (n -l,X )*

We now tu r n  to  an  a n a ly s is  o f  th e  groups K(n,X)* l e t  

n  »  2* For each  i ,  (2  < i  < n) and e lem en t a 6 rgCXUX’’1 ) 

l e t  A^( a) be  th e  nxn lo w er t r i a n g u l a r  m a tr ix  w ith  e n try  a 

i n  th e  i - t h  row and f i r s t  colum n, 1 ev e ry p la ce  on th e  main 

d ia g o n a l ,  z e ro  e lsew here*  For each  e lem en t b 6 gp(X) l e t  

D(b) d en o te  th e  nxn d ia g o n a l m a tr ix  w ith  e n t ry  b i n  th e  

f i r s t  p o s i t i o n  on  th e  m ain d ia g o n a l and th e  e n t ry  1 th e re ­

a f te r*  O bv iously  th e s e  m a tr ic e s  a re  co n ta in e d  i n  K (n ,X ).

We l i s t  some o f  th e  e a s i l y  v e r i f i e d  p r o p e r t ie s  o f  th e s e  

m a tr ic e s :

l ( b 1 ) 11:L« . .D (b r ) n r  = D t b ^ . t . b ^ )

and
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D( b ) ( ®2 ) * * * An( an>

/  b 0 *•• 0

**2
• "̂ n-1

\  an

I f  we p u t  Â  = A ^(l) f o r  each  i ,  ( 2 $ i ^ n ) ,  i t  

fo llo w s  t h a t  we have proved 

Lemma 2 * 4 *

L e t 2 . Then K(n,X) -  gpCAg, • •* , An , D(x) | x 6 X) 

i s  a  m e ta b e lia n  group*

O o ro lla ry  2*5 :

L e t n  2* L e t X, X’ be s e t s  o f  u n i t s  o f  R w ith  

gp(X) ^  g p (X ') .  Then K(n,X) ^  K (n ,X «).

P ro o f

Prom above, K(n,X) a  gp(A2 > •••>  An , D(x) | x € X )  and 

K (n ,X ')  a  gpCAgi •••>  An , D(x*) I x ’ e X ' ) .  Because 

gp(X) ^  gp(X ’ ) we se e  t h a t  th e  subgroup gp(D(x) I x e X )  o f  

K(n,X) i s  a  subgroup o f  th e  subgroup g p (D (x ')  I x '-G X 1) o f  

K (n ,X ')*  Hence

K(n,X) = gp(A2 > • ••> An , D(x) | x e X )

£  gp(A2 i • ••>  An , D (x ')  | x*€ X*)

-  K (n ,X ')•

O o ro lla rv  2 *6 :

L e t X, X* be s e t s  o f  u n i t s  o f  R w ith  gp(X) ^  gp(X*)» 

Then G(n,X) 6  G (n,X f ) f o r  ev e ry  p o s i t iv e  in te g e r  n .
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P ro o f

The p ro o f  I s  by In d u c tio n  on  n* I f  n  = 1 ,  we c l e a r l y  

have G(1,X) <  G (l,X f )* b e t  n 2 and assume in d u c t iv e ly  

t h a t  G(k,X) ^  G (k,X ’ ) whenever k i s  l e s s  th a n  n* R e c a ll  

from Lemma 2*3 t h a t  f o r  n ^  2 ,

G U ,X ) r  g p (K (n ,X ), G (n - l,X )‘) 

w ith  I? (n -l,X ) isom orph ic  to  G (n -l,X ) u n d e r th e  mapping

/ 1  0 • • • 0

I n d u c t iv e ly ,  G (n -l,X ) G (np .l,X ') and so  we se e  t h a t  

S (n - l ,X )  £  g ( n - l ,X » ) .  By C o ro lla ry  2*5 , K(n,X) £  K (n,X f )« 

T h e re fo re

G(n,X) = gp(K (n ,X ), G (»-1 ,X ))

£  g p (K (n ,X ') ,  5 (n -1  ,X ' ) )  

r  G (n,X ' )•

I t  i s  i n t e r e s t i n g  to  n o te  t h a t  th e  norm al subgroup 

s t r u c t u r e  o f  G(n,X) i s  d e te rm in ed  by gp(X)*

Theorem 2>7:

L e t n be  a  p o s i t iv e  in te g e r*  Then G(n,X) s a t i s f i e s  th e  

maximal c o n d i t io n  f o r  norm al subgroups i f  and o n ly  i f  

gp(X) i s  f i n i t e l y  g en era ted *

P ro o f

P i r s t  suppose gp(X) i s  f i n i t e l y  g en e ra ted *  We show

A

\ o

0
A
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G(n,X) s a t i s f i e s  th e  maximal c o n d i t io n  f o r  norm al subgroups 

by in d u c tio n  on n . I f  n  = 1 , G (1,X ) «  gp(X) i s  a  f i n i t e l y  

g e n e ra te d  a b e l ia n  group and th e  r e s u l t  i s  obvious* L et 

n  > 2 and assume t h a t  G(k,X) s a t i s f i e s  th e  maximal 

c o n d i t io n  fo r  norm al subgroups whenever k i s  l e s s  th a n  n .

By Lemma 2 * 2 , we have K(n,X) ^  G(n,X) w ith  G (n ,X )/K (n ,X ) 

isom orph ic  to  G (n -l,X )*  In d u c t iv e ly  G (n -l,X ) s a t i s f i e s  th e  

maximal c o n d i t io n  f o r  norm al subgroups* U sing C o ro lla ry  2*5 

and Lemma 2 .4  j o i n t l y ,  s in c e  gp(X) i s  f i n i t e l y  g e n e ra te d , 

i t  fo llo w s t h a t  K(n,X) i s  a  f i n i t e l y  g e n e ra te d  m e ta b e lia n  

group* Invok ing  Theorem 1*7 , K( n,X ) s a t i s f i e s  th e  maximal 

c o n d i t io n  f o r  norm al subgroups* T h e re fo re , s in c e  b o th  

K(n,X) and G (n,X )/K (n,X ) s a t i s f y  th e  maximal c o n d i t io n  f o r  

norm al subgroups we se e  t h a t  G (n,X ) a l s o  s a t i s f i e s  th e  

maximal c o n d i t io n  f o r  norm al subgroups*

C o n v erse ly , assume G(n,X) s a t i s f i e s  th e  maximal 

c o n d i t io n  f o r  norm al subgroups* S in ce  G(1,X) £  gp(X) and 

f o r  any n > 2 ,  G (n ,X )/K (n ,X ) -  G (n -l,X ) we se e  t h a t  gp(X) 

i s  a  homomorphic image o f  G(n,X)* T h e re fo re , gp(X) 

s a t i s f i e s  th e  maximal c o n d i t io n  f o r  norm al su b g ro u p s: fo r  

ah i n f i n i t e  tow er o f  norm al subgroups i n  gp(X) would im ply

an i n f i n i t e  tow er o f  norm al subgroups i n  G (n ,x )«  B ut gp (x )

i s  a b e l ia n  and so i t  m ust be  f i n i t e l y  g en era ted *

We n e x t in v e s t ig a te  s u b s e ts  o f  u n i t s  X o f  R f o r  which 

th e  group G(n,X) i s  f i n i t e l y  p r e s e n te d .  C le a r ly  we must 

r e q h i r e  t h a t  gp(X) be a  f i n i t e l y  g e n e ra te d  group and we
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n o tic e  t h a t  G(1,X) i s  f i n i t e l y  p re s e n te d  whenever X i s  

f i n i t e *  To say  more we need th e  fo llo w in g  lemma* 

lemma 2 *8 :

l e t  n  ^  2* l e t  X be a  f i n i t e  s e t  o f  u n i t s  o f  R o f  th e  

form

X « { s ^ ,  •*•»  s q , • • •»  s r> f i>  • • •»

where s 1# • •* , s ^  a re  o f  i n f i n i t e  o r d e r ,  0q + i, s r  a re  

o f  f i n i t e  o rd e r  and f o r  each  i ,  (1  £  i  ^  q ) ,  f^  has th e  

form

d j - 1  d ±
(2 )  f ± = 1 4  Ci i l S i  4  . . .  4  Ot > d i J i Bt  4  S i

where d.^, ° i  i»  •••>  c i  a - i  83:0 i n te g e r s  and di  i s  p o s i t iv e *
 ̂ i

Then K (nfX) i s  a  f i n i t e l y  p re se n te d  group*

P ro o f

To show K(n,X) i s  f i n i t e l y  p re se n te d  we s h a l l  c o n s t r u c t  

a  f i n i t e l y  p re s e n te d  met a b e l ia n  group M w hich has K(n,X) 

as a  homomorphic image* S ince  th e  c l a s s  o f  f i n i t e l y  

p re s e n te d  m e ta b e lia n  groups i s  an image c lo se d  c l a s s  ( s e e  

Theorem 1 * 7 ) , t h i s  w i l l  in s u re  t h a t  K(n,X) i s  f i n i t e l y  

p re s e n te d

B ecause X =  ̂ • • • #  ®q» s q+l* • • •*  s r*  ^1* • • •*  ^q}»

lemma 2*4 shows t h a t

(3 )  K(n,X) = gp(A2 , .* * , An , © (s* ), D ( f j )  I 1 €  i  ^  r ,

U  j 4 4 ) .

Suppose f o r  d e f in i t e n e s s  t h a t  th e  u n i t s  Sq+i» • • * ,  sp a re
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r e s p e c t iv e ly  o f  f i n i t e  o rd e r  e^+ 1 , er * We s h a l l  p re ­

s e n t  M on th e  g e n e ra to rs

(4 ) Y = •• •»  an > %* • • •*  *q» ^q+l* • • • » ^

U1 9 • • •*

where th e  in te g e r s  n , q ,  r  a re  th e  in te g e r s  o c c u rr in g  i n  

th e  d e s c r ip t io n  o f  K(n,X) ( s e e v (3 ) )*

The d e f in in g  r e l a t i o n s  o f  M are  o f  fo u r  k inds*  F i r s t  

we have th e  power r e l a t i o n s

(5 )  \  1 = 1 U + l  ^  i  ^  r ) .

Where h e re  th e  p o s i t iv e  in te g e r  e 1 i s  th e  o rd e r  o f  th e  

u n i t  s ^ ,  (q+1 ^  i  ^  r ) .  Next we have th e  co m m u ta tiv ity  r e f ­

l a t i o n s

r  Cti f  t^ l  = 1 (1  ^  i ,  U  r )

( 6 ) J t t ± , u^] = 1 (1  ^  i  < r ,  1  £  i  4  q )

I  ^ i *  Uj1 = 1 (1  £  i ,  j  ^ q ) #

T h ird ly  we have th e  co m m u ta tiv ity  r e l a t i o n s  f o r  th e  

c o n ju g a te s  o f  th e  g e n e ra to r s  a^*

f  ^ai*  a j W;i 55 1  where 2 £  i ,  j  $  n and

( 7 )  J w € { t i n i . « . t p^p | - d ± <  nx <  d± ( 1  *  i  4; q ) ,

[  0  C ^  <  e j  (q +1 £  i  ^  r ) } i

Here th e  p o s i t i v e  in t e g e r  d^ o c c u rr in g  i n  (7 )  i s  sim ply  

th e  ^.degree" o f  th e  e lem en t ( s e e  ( 2 ) ) ,  (1  ^  i  4  q)*
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F in a l ly  we have th e  d e f in in g  r e l a t i o n s  g iv in g  th e  a c t io n  o f  

th e  e lem en ts  u ^  on th e  e lem en ts a^ : 

a ,  f j (  t ^ )
(8) a3 1 = aa (2 «  i sS a, X < i  q ) ,

a i - i  a±
where f j ( x )  s  1 + c A ^  4  • • •  4 o 1>d 4  x  i s  an

e lem en t o f  th e  p o lynom ial r in g  Z[x] ( a g a in  see  ( 2 ) ) .

We em phasize t h a t  BI i s  th e  group g e n e ra te d  by th e  s e t

Y g iv e n  by  (4 )  s u b je c t  to  th e  d e f in in g  r e l a t i o n s  (5 )»  ( 6 ) ,  

(7 )  and ( 8 ) .  M i s  p a t e n t ly  f i n i t e l y  p resen ted *  We now make 

u se  o f  lemma 1*8 to  p rove  M i s  m etabe lian*  To t h i s  end 

d en o te  a g a in  by e g t  • • •»  t-^, • • * ,  u^ th e  im ages o f  th e  

e lem en ts o f  th e  g e n e ra t in g  s e t  Y i n  th e  group M and p u t  

Ass gPM(a2* • • •»  an^# ^  fo llo w s ffcom th e  d e f i n i t i o n  ( 4 ) o f

Y and th e  d e f in in g  r e l a t i o n s  (6 ) th a t  th e  f a c to r  group M/a 

i s  ab e lia n *  So i t  s u f f i c e s  to  p rove  t h a t  A i s  ab e lian *

I t  fo llo w s  from (6 )  t h a t  A i s  g e n e ra te d  by th e  

e lem en ts

(9 ) a i W, (2  £  1 £  n f w € 1 *‘ *uqL q | . * . ,  mq € Z ) ) .

So we have to  p rove  t h a t  th e  e lem en ts i n  (9 )  commute*

N otice t h a t  t x ,  y l z = [xz , y 2] i s  a  commutator r e l a t i o n  

which h o ld s  fo r  any e lem en ts x ,  y ,  z i n  any g ro u p . I t  

fo llo w s  from t h i s  rem ark and th e  d e f in in g  r e l a t i o n s  (5 )  

and (6 )  t h a t  i n  o rd e r  to  p rove t h a t  th e  e lem en ts i n  (9 )  

commute i t  i s  enough to  p rove th a t



(10)

a j W] •  1  where 2 <  1 , 3 s  n  and

n, m
weft-L ---u^ 4 | n l f  • • • ,  mqe z,

0 £  < e i  (q+1 £. i  ^  r ) }  •

I n  f a c t  (1 0 )  fo llo w s  e a s i l y  by a  r e p e a te d  a p p l ic a t io n  o f  

Lemma 1 . 8 .  Indeed) i n  view  o f  th e  d e f in in g  r e l a t i o n s  ( 6 ) ,  

(7 )  and ( 8 ) o f  M, Lemma 1*8 can  f i r s t  be a p p lie d  to  show

t h a t

We em phasize t h a t  h e re  th e  f i r s t  and l a s t  exponen ts n^ and 

m-̂  a re  a llow ed to  ran g e  o v e r  a l l  th e  in te g e r s )  b u t  t h a t  

th e  o th e r  exponen ts a re  s t i l l  r e s t r i c t e d .  However on 

ap p ly in g  Lemma 1*8 q -1  more tim es i t  fo llo w s  t h a t  (1 0 ) 

h o ld s ,  a s  r e q u i r e d .  T h ere fo re  M i s  a  f i n i t e l y  p re s e n te d  

m e ta b e lia n  g ro u p .

Now d e f in e  a  map 0  from th e  g e n e ra t in g  s e t  7  in to  

K(n,X) by th e  r u l e

(2  £  i  £ n)

I t  fo l lo w s , upon exam ining ( 2 ) ,  th e  r e l a t i o n s  s a t i s f i e d

t a i ,  a^w] = 1 f o r  2 £  i ,  3 $  n and

- d f  £  n^ «  (2  £  1 £  q)»

0 £  n^ < e i  (q +1 £ i  £  r ) } •

(1  £  i  £ r )  

(1  £  i  £  q ) .
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i n  K(n,X) ( s e e  ( 1 ) )  and th e  d e f in in g  r e l a t i o n s  ( 5 ) ,  ( 6 )*

( 7 ) and ( 8 ) o f  M, t h a t  0 e x ten d s  to  a  homomorphism from M 

o n to  K(n,X)* Hence K(n,X) i s  f i n i t e l y  p re s e n te d  as d e s ire d #

We can  now prove 

Theorem 2>9:

L e t X be a  f i n i t e  s e t  o f  u n i t s  o f  R o f  th e  form

X  s  ^ s ^ j  •  • • »  S q *  s q + l *  • • • *  s r *  ^ 1 *  • • • »

where s ^ ,  • ••>  Sq a re  o f  i n f i n i t e  o r d e r ,  Sq+i>  • ••»  s r  a re

o f  f i n i t e  o rd e r  and f o r  each  i ,  (1  £  i £ q . ) ,  f A has th e

form

d^-1  d^ 
f ± « 1  + c i , l s i  + •••*► c i , djL. i s i  *♦ s i

where d ^ , 0 ± 9± 9  • • •»  c i  d i_ i  a re  I n te g e r s  and d^ i s  p o s i t iv e *

Then G(n,X) i s  a  f i n i t e l y  p re s e n te d  group f o r  ev e ry  p o s i t iv e  

in te g e r  n*

P ro o f

The p ro o f  i s  by in d u c t io n  on  n* I f  n = 1 ,  G(1,X) i s  

isom orph ic  to  gp(X) and so i s  f i n i t e l y  p re s e n te d  b ecau se  X 

i s  f in i t e *  L e t n ^ . 2 and assume in d u c t iv e ly  t h a t  G(k,X) i s  

f i n i t e l y  p re s e n te d  w henever k i s  l e s s  th a n  n . Prom 

Lemma 2*2 we have K(n,X) ^  G (n ,x ) and G (n ,X )/K (n ,X ) i s  

isom orph ic  to  G (n - l ,X )• I n d u c t iv e ly ,  G (n -l,X ) i s  f i n i t e l y  

p re se n ted *  In  view  o f  Lemma 2 .8  above, K(n,X ) i s  a lso  

f i n i t e l y  p re se n ted *  I t  fo llo w s  th e n  t h a t  G(n,X) i s  a  

f i n i t e l y  p re s e n te d  group*
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We now p ro v e  th e  m ain r e s u l t*

Theorem 2*10:

l e t  R be a  com m utative a s s o c ia t iv e  r in g  w ith  1 and n  a  

p o s i t iv e  in te g e r*  l e t  G b e  a  f i n i t e l y  g e n e ra te d  subgroup o f  

T r(n ,R ) . Then th e re  e x i s t s  a  com m utative a s s o c ia t iv e  r in g  S 

w ith  1 and a  f i n i t e l y  p re s e n te d  subgroup H o f  T r(n ,S )  w ith  

G embedded i n  H* M oreover i f  R i s  a ls o  a  dom ain, th e n  S can  

be tafcen to  b e  th e  f i e l d  o f  f r a c t io n s  o f  R*

P ro o f

Suppose G r  g p (s 1 > • • • »  6^  w ith  m f in i t e *

F i r s t  assume t h a t  R i s  a  dom ain, l e t  S be th e  f i e l d  o f  

f r a c t io n s  o f  R and c o n s id e r  th e  g e n e ra to r s  gl f  *•* ,  gm o f  

G as elem ents o f  T r(n ,S )*  l e t  X d en o te  th e  s e t  o f  a l l  non­

ze ro  e n t r i e s  a p p e a r in g  i n  th e  g e n e ra t in g  m a tr ic e s  o f  G. 

N otice  t h a t  X i s  a  f i n i t e  s e t  o f  u n i t s  o f  R and , as G(n,X) 

c o n ta in s  th e  g e n e ra to r s  o f  G, t h a t  G i s  embedded i n  G(n,X)* 

Suppose t h a t  X -  { 8 i*  s q* s q+l» • • • *  3r l  where

s ^ ,  • * . ,  s^  a re  o f  i n f i n i t e  o rd e r  and s ^ ^ ,  • ••*  s r  a re  o f  

f i n i t e  o rder*  For each  s.^* (1  < i  £ q) l e t  f ^  be th e  u n i t  

i n  S g iv en  by  f  ̂  -  1 ■* s ^  P u t

= I 8! '  • • • *  8q* 8q+l* • • • »  s r f f l ’ • • • »  ^q } *

and observe t h a t  s in c e  X i s  a  s u b s e t  o f  X1, G(n,X) i s  a  

subgroup o f  G(n , X ' )  ( s e e  C o ro lla ry  2*6)* Thus G i s  

embedded in  G(n , X' ) *  F in a lly *  by Theorem 2*9 , we s e e ,
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upon  exam ining  X1, t h a t  G(n , X' )  i s  a  f i n i t e l y  p re se n te d  

group*

In  g e n e r a l ,  l e t  X d en o te  th e  s e t  o f  a l l  e n t r i e s  

ap p e a rin g  i n  th e  m a tr ic e s  g-p • • * ,  gm, g i”*1 ! • • • »  g^ 1 o f  

G a s  a  subgroup o f  T r(n ,R ) . Then G i s  a  subgroup o f  

T r (n ,rg (X ))  and so  we can  assume t h a t  R i s  a f i n i t e l y  

g e n e ra te d  r in g *  By Theorem 1*10 ( L ask e r- N oether) ,  th e re  

e x i s t s  a  p rim ary  d eco m p o sitio n  o f  th e  ze ro  i d e a l ,  say

( 0 ) = • • • H 9lp *  l e t  R£, (1  <  i ^  p) be th e  q u o t ie n t

r i n g  R /^ ^ *  Then R i s  embedded i n  th e  d i r e c t  sum R1 o f  th e  

r in g s  R^, (1  <. i  ^  p)* Por each  r in g  R^, (1  ^  i  €  p ) l e t  

be  th e  m u l t i p l i c a t i v e ly  c lo se d  s e t  o f  a l l  non -zero  

d iv i s o r s  o f  Ri  and embed Rj_ in to  th e  l o c a l i z a t i o n  R iS jf*1 

o f  Ri  w ith  r e s p e c t  to  Then R^ i s  embedded i n  R^ -1  i n  

su ch  a way t h a t  th e  im ages o f  e lem en ts o f  SA i n  RiS^ 1 a re  

u n i t s  o f  RjSjJ”1 * lU r th e r ,  ev e ry  ze ro  d iv is o r  r.^ o f  Rĵ  i s  

n i l p o t e n t  and th e r e f o r e  has th e  form r ^  = 1 -  (1  -  r ^ ) f

where 1 -  r ^  i s  a  u n i t  o f  R^, (1  ^  i  $..p)« Now form th e

d i r e c t  sum R'» o f  th e  l o c a l i z a t i o n s  R^S^” ^ ,  (1  €  1 £ p) and

n o t ic e  t h a t  th e  d i r e c t  sum R* o f  th e  r in g s  Ri f  (1  ^  i  ^  p)

i s  embedded i n  R"* Thus R has b een  embedded i n  Rn* The 

c r u c i a l  o b s e rv a t io n  i s  t h a t  th e  image in  R11 o f  any e lem en t 

o f  R can  be w r i t t e n  as a  f i n i t e  sum o f  u n i t s  o f  RM*

We can  now c o n s id e r  th e  g e n e ra to r s  gl f  • • * ,  gm o f  G in  

T r(n ,R ) a s  e lem en ts  o f  Tr (n , Rlf)* By th e  above c o n s tru c t io n  

o f  RM, ev e ry  e n t ry  a p p e a rin g  below  th e  main d ia g o n a l o f  th e  

m a tr ic e s  g^» • • * ,  ^  i s  a  f i n i t e  sum o f  u n i t s  o f  R". T h ere-
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fo re  we can  choose a  f i n i t e  s e t  X^* o f  u n i t s  o f  R" such 

t h a t  th e  e lem en ts o f  Rn ap p ea rin g  below  th e  m ain d ia g o n a l 

o f  th e  g e n e ra t in g  m a tr ic e s  g ^ , a re  a l l  co n ta in e d  i n

th e  su b r in g  rgCX-^1) o f  Rn* In  a d d i t io n  l e t  Xg1 d en o te  th e  

s e t  o f  a l l  e n t r i e s  i n  R" ap p ea rin g  on th e  m ain d ia g o n a l o f  

th e  g e n e ra t in g  m a tr ic e s  • • • *  gg* S in ce  th e  m a tr ic e s  

g ^ , • •* , gm a re  e lem en ts  o f  T r(n ,R ")»  we se e  t h a t  Xg* i s  a  

f i n i t e  s e t  o f  u n i t s  o f  R"* Now p u t  X’ » X1 , UX2 I and 

n o t ic e  t h a t  X1 i s  a  f i n i t e  s e t  o f  u n i t s  o f  R"* Because 

ev e ry  e n t ry  ap p earin g  i n  th e  g e n e ra tin g  m a tr ic e s  

Si> • • •> Sm o f  G i s  an  elem ent o f  rg (X ’ ) and X‘ i s  a  s e t  o f  

u n i t s  o f  R% we have G embedded i n  G(n,X' )  as a  subgroup o f  

Tr( n,R" ) •

T h e re fo re  we can  assume R i s  a  f i n i t e l y  g e n e ra te d  r in g  

w ith  a  f i n i t e  s e t  X o f  u n i t s  and G i s  embedded i n  G(n,X) as 

a  subgroup o f  T r(n ,R )*  Suppose t h a t  X i s  g iv e n  by

^  =  ^ s l *  • • • >  s q /  S q >+ 1 *  • • • »  s r l

where s ^ ,  • s^  a re  o f  i n f i n i t e  o rd e r  and • • * ,  s r

a re  o f  f i n i t e  o rder*  A ccording to  Theorem 1*11, f o r  each  

s A o f  i n f i n i t e  o r d e r ,  (1  ^  i  ^  q.) th e re  e x i s t s  a  n o n -zero  

d iv i s o r  f ^  i n  R o f  th e  form

d ^ - l  d^ 
f ±  = 1 +  o i 9 l 3 ±  + • • •  + ® i,d i - i s i  + « i

where d ^ , o^ • • • »  ° i  d -1  & ce l n 'fce8e r s  and d^ i s   ̂  ̂ *1*

p o s i t iv e #  L e t F d en o te  th e  sem i-group w ith  1 o f  R g e n e ra te d
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by th e  e lem en ts  f ^ ,  • ••»  f  and n o tic e  t h a t  F i s  a  s e t  o f  

n o n -zero  d iv i s o r s  o f  R* l e t  S ■> RF” be th e  l o c a l i z a t i o n  o f  

R w ith  r e s p e c t  to  F* Then R i s  embedded in  S« I f  we now 

c o n s id e r  th e  e lem en ts o f

X1 = • • •> s q+l* • • •»  s r » • • •»

as e lem en ts o f  S , th e n  we see  t h a t  X1 i s  a  s e t  o f  u n i t s  o f  

S whioh c o n ta in s  X. T h ere fo re  we have G embedded i n  G(n , X' )  

a s  a  subgroup o f  T r(n ,S )*  F in a l ly ,  by Theorem 2*9» upon 

exam ining X ', we s e e  t h a t  G(n,X' )  i s  a  f i n i t e l y  p re se n te d  

group* T his com pletes th e  proof*

I t  i s  w orth  n o tin g  t h a t  th e  group H o f  Theorem 2*10 

a c tu a l ly  h as  a  norm al s e r i e s  o f  subgroups

1 *= Hq <  • .  * ^  Hn = H

i n  which th e  s u c e s s iv e  f a c to r  g roups ,  (0  <■ i  n -1 )

a re  a l l  f i n i t e l y  p re s e n te d  and m etabe lian*

S e c t io n  2 * M e tab e lian  Groups and S o lv ab le  l i n e a r  Groups

In  t h i s  s e c t io n  we p o in t  o u t two i n t e r e s t i n g  consequences 

o f  th e  r e s u l t s  o f  S e c t io n  1* F i r s t  we can  prove 

Theorem 2*11« (G . Baumslag [2] )

Every f i n i t e l y  g e n e ra te d  m e ta b e lia n  group can  be 

embedded i n  a  f i n i t e l y  p re se n te d  m e ta b e lia n  group*

P ro o f

l e t  G be a  f i n i t e l y  g e n e ra ted  m e ta b e lia n  group* By



Theorem 1*3 , th e re  e x i s t s  a  com m utative a s s o c ia t iv e  r in g  R 

w ith  1 such  t h a t  G i s  embedded i n  T r(2 ,R ) . Invok ing  

Theorem 2*10, th e re  e x i s t s  a  com m utative a s s o c ia t iv e  r in g  S 

w ith  1 and a  f i n i t e l y  p re se n te d  subgroup H o f  T r(2 ,S )  w ith  

G- embedded i n  H# F in a l ly ,  we see  t h a t  H,( = 1*

The p ro o f  o f  th e  n ex t r e s u l t  in v o lv e s  p r o p e r t i e s  o f

w rea th  p ro d u c ts#  R e c a ll  t h a t  a  group W i s  th e  ( s ta n d a rd )  

w reath  p ro d u c t o f  i t s  subgroups G and T i f

( i )  W = gp(G, T)

( i i )  B t= gpy(G ), th e  norm al c lo s u re  o f  G i n  W* i s  th e

d i r e c t  sum o f  i t s  subgroups g\  ( t e a ? ) #

B i s  c a l le d  th e  b ase  group o f  W, and W i s  u s u a l ly  deno ted  by 

G I  T# I t  can  be shown t h a t  i f  H i s  a  subgroup o f  K, th e n  

H I T  i s  a  subgroup o f  K I  T* An im p o r ta n t p ro p e r ty  o f  w reath  

p ro d u c ts  whioh w i l l  be re q u ire d  i s  

Theorem 2»12: (1# K a lo u jn in e , M# K rasn e r [121 )

l e t  G be a  group w ith  a  norm al subgroup N o f  f i n i t e  index  

i n  G# Then G i s  embedded i n  th e  w rea th  p ro d u c t N l G / N  o f  N 

by G/N#

I t  i s  now easy  to  prove 

Theorem 2#15:

Every f i n i t e l y  g e n e ra te d  s o lv a b le  l i n e a r  group can  be 

embedded i n  a  f i n i t e l y  p re se n te d  s o lv a b le  l i n e a r  group#

P ro o f

l e t  G be a  f i n i t e l y  g e n e ra te d  s o lv a b le  subgroup o f  

G l( n ,k ) .  We can  assume th a t  k i s  a lg e b r a ic a l ly  c lo sed #  By



(Theorem 1 .5 ,  th e r e  e x i s t s  a  subgroup H o f  G w ith  f i n i t e  in d ex  

and an  e lem en t x o f  G l(n ,k )  such  t h a t  H* i s  a  subgroup o f  

T r ( n ,k ) .  R ep lac in g  G by Gx i f  n e c e s s a ry , we can  assume t h a t  

H i s  a  subgroup o f  T r ( n , k ) .  S ince  G i s  f i n i t e l y  g e n e ra te d  and 

H h as  f i n i t e  in d e x  i n  G, H i s  a ls o  f i n i t e l y  g e n e ra te d  and we 

can  even assume t h a t  H i s  a  norm al subgroup o f  G, From 

(Theorem 2*10, H i s  a  subgroup o f  a  f i n i t e l y  p re s e n te d  sub­

group K o f  T r ( n ,k ) .  S in ce  G/H i s  f i n i t e ,  G i s  embedded i n  th e  

w rea th  p ro d u o t H^G/H o f  H by G/H ( s e e  Theorem 2*12)* l e t  

W ■ K t  G/H be th e  w rea th  p ro d u c t o f  K by G/H and n o t ic e  t h a t  

H I G/H i s  a  subgroup o f  W • T h e re fo re  G h as  b een  embedded i n  

W.

We o b se rv e  t h a t  s in c e  G/K i s  f i n i t e ,  th e  b ase  group B o f  

W i s  th e  d i r e c t  sum o f  f i n i t e l y  many isom orph ic  c o p ie s  o f  K. 

T h e re fo re  B i s  a  f i n i t e l y  p re s e n te d  group and so  i t  fo llo w s 

t h a t  W i s  a  f i n i t e l y  p re s e n te d  g ro u p . N ext, s in c e  W i s  th e  

w rea th  p ro d u c t o f  th e  s o lv a b le  g roups K and G /H , l i t  t o o ' i s  

so lv a b le#  F in a l ly ,  K i s  a  subgroup o f  G L(n,k) and G/H i s  

f i n i t e  so  t h a t  W i s  isom orph ic  to  a  l i n e a r  group o v er k  ( s e e  

B.A#F# W e h rfr itz  [19] i  p# 1 5 1 ).

S e c t io n  3# S o lv ab le  R e la t iv e ly  F ree Groups 

Theorem 2 .1 4 x

A f r e e  n i lp o t e n t  group o f  any g iv e n  c l a s s  c and co u n t­

ab le  ra n k  can  be embedded i n  a  f i n i t e l y  p re s e n te d  s o lv a b le  

l i n e a r  group#

P ro o f
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To b e g in , l e t  x b e  a  s in g le  in d e te rm in a te  o v e r Z and f o r  

each  r  «  1 ,  2 , • ••  l e t  xr  = ( x r ( i ,  3))  be an elem ent o f  

T r(c + l ,k )  where k  i s  th e  q u o t ie n t  f i e l d  o f  th e  po lynom ial 

r in g  Z[xl and

(h e re  i  d e n o te s  th e  row and 3 th e  column o f  th e  e n t ry  

x r ( i , D ) ) *  Then F -  gp( xr | r  = 1 ,  2 ,  . . .  ) i s  a  f r e e  n i l -  

p o te n t  group o f  c l a s s  c on th e  g e n e ra t in g  s e t  

Xt= \ x r | r  = 1 ,  2 ,  • • • }  ( s e e  a g a in  B*A*F* W e h rfr itz  [191 > 

p . 3 4 ) .

We n e x t embed F i n  a  f i n i t e l y  g e n e ra te d  subgroup G o f  

T r ( c + l ,k ) .  !Do t h i s  end , l e t  Ai+ 1  ^ be th e  m a tr ix  i n  T r(c + l,k )  

w ith  e n t ry  1 i n  th e  ( i + l ) - t h  row and i - t h  colum n, 1 ev e ry ­

p la c e  on th e  m ain d ia g o n a l ,  z e ro  e lsew h ere  (1  £  i  £ c)*  For 

each  3 , (1  £  3 o) l e t  D . be th e  d ia g o n a l m a tr ix  i n  

T r (c + l ,k )  w ith  e n t ry  x  i n  th e  3- t h  p o s i t io n  on th e  m ain 

d ia g o n a l and 1 elsew here*  l e t  G b e  th e  subgroup o f  £ r ( c + l ,k )  

g e n e ra te d  by th e  e lem en ts  (1  *  i  ^ e ) and

( 1 ^ 3 ^ o ) *  An easy  c a lc u l a t i o n  shows t h a t  f o r  each  

r  n 1 , 2 , • • •

( i - 3  ^  2 o r  i - 3  <£. - 1 )  

. ( i - 3  = 0 )

Dc
g c r + c - l
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Thus F i s  a  subgroup  o f  G. I t  fo llo w s  th a t  we have proved 

th e  Theorem*

C*K* G upta and N.D. G upta [103 p o in te d  o u t t h a t  a  

r e l a t i v e l y  f r e e  group i n  th e  p ro d u c t v a r ie ty  N A has a 

f a i t h f u l  r e p r e s e n ta t i o n  in  T r (c + l ,k )  fo r  some s u i t a b ly  

ch o sen  com m utative f i e l d  k* So i t  fo llo w s a t  once from 

Theorem 2 #10 t h a t  we can  p rove  

Theorem 2*158

A f i n i t e l y  g e n e ra te d  f r e e  group in  th e  p ro d u c t v a r ie ty  

N A can  b e  embedded i n  a  f i n i t e l y  p re se n te d  l i n e a r  group i n2C52
th e  same v a r ie ty *

S im ila r ly  u s in g  th e  l i n e a r  r e p r e s e n ta t io n  g iv e n  by 

C*K* G upta [91 9 one can  a ls o  p rove  th e  f a r th e r  c o r o l la r y  to  

Theorem 2*13*

Theorem 2*16 :

The f r e e  c e n te r -b y -m e ta b e lia n  group o f  ran k  5 can  be 

embedded i n  a  f i n i t e l y  p re s e n te d  s o lv a b le  l i n e a r  group*



36

CHAPITER 3

A COMMENT ON A PROBLEM OP PHILIP HALL

P h i l ip  H a ll CH I asked w hether a  f i n i t e l y  p re se n te d  

s o lv a b le  group n e c e s s a r i ly  s a t i s f i e s  th e  maximal c o n d i t io n  

f o r  norm al subgroups* In  t h i s  c h a p te r  we rem ark t h a t  

V*N* R em eslenn ikov 's  example [16] o f  a  f i n i t e l y  p re se n te d  

s o lv a b le  group 6 w ith o u t th e  maximal c o n d i t io n  f o r  norm al 

subgroups i s  in c o r re c t*  In  view  o f  th e  im portance o f  th e  

problem  in v o lv ed  we s h a l l  in d ic a te  how R em eslennikov’s 

example f a i l s *  To do t h i s  f i r s t  r e c a l l  th a t

G -  < a ,  x ,  y ; [x , y ] , ay = a a x ,

ta , a3! x »  [a , a*] , [ta , ax ] , a] > .

I t  tu r n s  o u t t h a t  G* = gpG(a )  i s  n i lp o te n t  o f  c l a s s  2*

P u t M s  gpG( [ a ,  ax3 ) .  The f a c to r  group G/M can  be

p re s e n te d  by

G/M s  < a , x , y ;  t x ,  y ] ,  ay = a a x , C a ,  ax ] >

u n d e r th e  mapping a  •— > aM, x »—> xM, y  t-** yM. I t  fo llo w s 

from Lemma 1*8 t h a t  G/M i s  m etabe lian*  S ince  G/M i s  

f i n i t e l y  g e n e ra te d  i t  s a t i s f i e s  th e  maximal c o n d i t io n  f o r  

norm al subgroups (Theorem 1*7)* T h e re fo re , G s a t i s f i e s  th e  

maximal o o n d itio n  f o r  norm al subgroups i f  and o n ly  i f  M 

c o n ta in s  no i n f i n i t e  tow er o f  norm al subgroups o f  G ( s e e

th e  comment fo llo w in g  Theorem 1*7)*
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B ecause M -  gp^C [ a ,  ax 3) and G1 = gp@(a) i s  n i lp o te n t

o f  c l a s s  2 ,  we see  t h a t  H i s  an  a b e lia n  norm al subgroup o f

G- whose e lem en ts oommute w ith  th e  elem ents o f  G1* G iven any 

norm al subgroup N o f  G o o n ta in ed  i n  M we tu r n  N in to  a  

ZG-module by ex te n d in g  th e  a c t io n  o f  G on N, g iv en  by 

c o n ju g a tin g  e lem en ts o f  N by elem ents o f  G, a d d i t iv e ly  to  

a l l  o f  ZG* We th e n  n o t ic e  t h a t  a  normal subgroup N o f  G 

w hich i s  c o n ta in e d  in  M i s  f i n i t e l y  g en e ra ted  aa  a  norm al 

subgroup o f  G i f  and o n ly  i f  N, a s  a  ZG-module, i s  f i n i t e l y  

g e n e ra te d  a s  a  ZG-module* T h erefo re  G s a t i s f i e s  th e  maximal 

c o n d i t io n  f o r  norm al subgroups i f  and o n ly  i f  M, as a  

ZG-module, s a t i s f i e s  th e  maximal c o n d itio n  fo r  ZG-sub- 

modules*

P u t H «= g p (x , y)* Then G -  gp(Gr , H)* N otice th a t  H i s  

a  2 -g e n e ra to r  a b e l ia n  group and so  ZH i s  a  f i n i t e l y  

g e n e ra te d  com m utative ring,* L e t N be any ZG-submodule o f  

th e  ZG-module III* We c a n  a lso  c o n s id e r  N as  a  ZH-module by 

ex ten d in g  th e  c o n ju g a tio n  a c t io n  o f  H on N to  a l l  o f  ZH* 

O bserve, b ecau se  th e  elem ents o f  M commute w ith  th e  

e lem en ts o f  G' and s in c e  G as gp(G*, H),  t h a t  N o ZG-mod(Y)

i f  and o n ly  i f  N ZH-mod(Y) f o r  some s u b se t Y o f  N* I t

fo llo w s  from t h i s  rem ark th a t  M s a t i s f i e s  th e  maximal 

c o n d i t io n  f o r  ZG-submodules i f  and on ly  i f  M, as a  

ZH-module, s a t i s f i e s  th e  maximal c o n d itio n  fo r  ZH-submodules*

F in a l ly  n o tic e  t h a t ,  because G ■ gp(G*,  H),

M = gpG( Ca, ax 3)
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= gp(Ca,  ax ' k  | g ' C G * ,  h € H )

= gp( t a ,  aX]h  I h €  H ),

and th e re fo r e  M s  ZH-mod(ta, ax ] ) ±3 a  1 -g e n e ra to r  

ZH-module* Hence, by Theorem 1*13, M s a t i s f i e s  th e  maximal 

c o n d i t io n  f o r  ZH-submodules • Thus we have proved t h a t  G 

s a t i s f i e s  th e  maximal c o n d itio n  f o r  norm al subgroups*
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