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nth arbitrary constant

Grashof number K;ﬁl(Il;Tm)rc3
\Y

Hankel function of second kind and order v
coefficient of conductivity

coefficient of isothermal compressibility

modified Bessel function of the second
kind and order v

distance from the leading edge of the plate,
Fig. 3

pressure associated with fluid motion
far field pressure
Prandtl number H%ﬂ

Reynolds number EE%EE

local temperature

constant temperature on a plate, Fig. 1, 2, 3, 4

constant free stream temperature, Fig. 1, 2, 3, 4

constant free stream velocity

constant

constant

constant pressure specific heat
x,y-component body forces respectively
complex variable

integers

local dimensionless radial distance
Stokes thermal radius

local dimensionless x-component of velocity
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T v

AT

far field x-component of velocity
x-component of velocity at the surface
vector expression for general field velocity
characteristic x-component of velocity

local y-component of velocity

far field y-component of velocity
characteristic y-component of velocity

y-component of velocity at the surface

respectively velocity in tangential and radial directions

space coordinates
slope of velocity profile near plate
Bl(Tl'Tw)
slope of Pohlhausen solution near plate
coefficient of thermal expansion
gamma function
1
= Gy -1
small positive constant

are respectively thermal and velocity boundary layer
thicknesses

largest temperature difference for the flow
vector gradient operator

Laplacian operator

biharmonic operator

small positive constant

nondimensional form of local temperature (;::%3)

2
nth term of the iterative solution for temperature
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8 nondimensional form of local temperature G%E%%]
[

en nth term of the iterative solution for temperature
én nth particular solution
P
8 nondimensional form of local temperature C!%¥53
L = 6 - (1+8y)
;,F Fourier transformation of ®@,6.
A values from 1 to 1/2, see Fig. 4
7 viscosity
v kinematic viscosity
g variable of integration
P freestream density
¢ angle measured counter clockwise, Fig. 1, 2, 3, 4
2 constant angle, Fig. 1, 2
v streamfunction
Ve characteristic streamfunction value
¥, nth term in iterative expression for streamfunction
¥ nth complimentary solution
c
¥ nth particular solution
P

superscript* its presence or lack of presence represents dimensional
or nondimensional variables respectively.
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Abstract

This investigation concerns the steady two-dimensional flow of
a fluid in the vicinity of solid boundaries with discontinuous thermal
boundary conditions. In particular we shall examine the local tempera-
ture field for forced convection near (i) the apex of an isothermal
wedge of arbitrary angle, (ii) a wall ramp juncture with a step jump
in temperature at their intersection and (iii) a step jump in tempera-
ture on a semi-infinite flat plate with a well established velocity and
temperature boundary layer. The last problem (iv) looked into here is
that of the thermal and velocity fields for natural convection near the
apex of an isothermal vertical wedge of arbitrary angle. For problems
(i), (ii), and (1ii), locally valid series solutions for the thermal
field are presented. While in the natural convection problem (iv),
the solutions for the thermal field and streamfunction are truncated
after two terms. The solution procedure is similar in concept to that
first introduced by Carrier and Lin for determining the velocity
field near the leading edge of a flat plate. The generating functions
and undetermined arbitrary constants that appear in the series solution
are determined by matching with Oseen type approximations of the global
problem for some of the simpler geometries. Of particular interest is
the technique used for determining the unknown constants when the Fourier
integral for the corresponding global problem cannot be inverted to
obtain a local field solution. In these cases, the unknown constants
are determined by matching with a global sélution for the heat transfer
or temperature along a boundary surface in the region of overlap.

Such boundary solutions for the global problem are frequently easier

to obtain than a solution in a region of space.

(x)



Chapter 1

Introduction

This i1nvestigation considers four related problems involving
separately forced convection of an incompressible fluid and natural
convection 1n the immediate vicinity of discontinuous changes in
thermal boundary conditions

(1.1) Background for the Forced Convection Problems

Problem (1), see Fig. 1, is the symmetrical flow of a fluid at
temperature T _ over an isothermal semi-infinite wedge of half angle 2
whose wall temperature 1s maintailned at temperature Tl' The velocity
field 1s assumed known and given by the idealized description of the
symmetric potential flow solution for the flow past an infinite wedge
of the same half angle. The present interest is to determine the
temperature distribution in the neighborhood of the apex. This ideal-
ized treatment of the velocity field, which neglects vorticity diffu-
sion near the boundary, obviously overestimates convective effects in
the region of interest. The approximation for the velocity field
should therefore be viewed in the same spirit as the equivalent Oseen
type approximation of the energy equation presented in Carrier, Krook,
and Pearson8 and Arpaci9 for the forced convection past an isothermal
plate and channel ot constant height, réspectively, where slug velocity
profiles are used. The 1sothermal plate case 1s in fact identical to
the present problem with ¢y =0 This 1dealized formulation has the
additional important purpose, in the present paper, of motivating the

matching procedure tor determining the unknown constants and the



generating functions in the local series solution. The matching pro-
cedure so developed 1s also then applied to problems (ii), (iii), and
(iv).

Problem (11) treats forced convection over a semi-infinite
forward facing ramp with wall temperature T, and angle ¢, in which the
incoming flow 1s parallel to and has the same temperature T as the
planar wall upstream of the ramp, (see Fig. 2). The assumed velocity
field, 1s idealized in the same manner given in problem (i). Its
description also being given by the symmetric potential flow solution
for flow past an acute angle wedge. The basic difference between
problems (i) and (1i) 1s 1n the thermal boundiry condition applied at
¢ = m which for problem (i) is the symmetry condition 3T*/3¢ = o and
for the problem (ii) a constant wall temperature T_. Using the above
idealization of the velocity field, one observes that the upper half
plane in problem (1) can also be viewed as the flow past a ramp with an
adiabatic upstream wall.

Problem (111), see Fig. 3, considers a uniform freestream flow
at temperature T_ over a semi-infinite flat plate in which there is a
step jump in temperature distribution from Tl to T2 at a distance
sufficiently far downstream from the leading edge for well established
velocity and temperature boundary layers to develop. In this problem,
in contrast to problems {1) and (ii), we shall attempt to accurately
model the detailed structure of the velocity boundary layer by using
the series solution of the well established Blasius profile.

Previous analysis ot forced convection with discontinuous bound-

ary conditions have been tested primarily from the boundary layer point



of view. Problem {1), symmetrical tlow about an isothermal wedge, has
been treated within the boundary layer framework by Tlffordl. Similar-
ly Pohlhausen2 has treated the laminar forced convection over a semi-
infinite isothermal tlat plate. The semi-infinite plate with step

jump 1in temperature has been considered by several aluthorss-7 using
approximate boundary layer techniques. The ramp problem shown in Fig.

2 for ¢ o has not been considered previously.

1
In the large, the boundary layer solutions in the last para-
graph have been based on 1integrual techniques and similarity transforma-
tions applied to the governing boundary layer equations. This type of
analysis is not applicable in the neighborhood ot a discontinuous thermal
boundary condition for in this localized region streamwise conduction
cannot be neglected since the fluid experiences thermal gradients which
are of the same order of magnitude in the transverse and longitudinal
directions. Rube51n7, in a preliminary investigation, points out the
importance of streamwlse conduction in a region which contains steep
thermal gradients in the streamwise direction. The neglect of thas
conduction term results in the i1nability of the boundary layer solution
to describe temperature disturbances upstream ot the discontinuity and
yields erroneous predictions for temperature and heat transfer up to
some unknown point downstream of the discontinuity. Two important
exceptions to the above boundary layer treatments are the investigations
by Carrier, Krook, and Pearson8 mentioned previously and Imails.

Imai15 examines the uniform freestream flow past a semi-infinite flat
plate i1n which the thermal boundary condition changes discontinuously

from an adiabatic wall to an 1sothermal wall atter a well established




velocity boundary layer has been achieved. The problem differs from

our problem (111) in that our upstream wall boundary condition is iso-

thermal and that the temperature ot the upstream flow at infinity need

not be the same as the upstream wall temperatures. Thus, problem (ii1)

is more general in that 1t includes an incoming thermal boundary layer.
(1.2) Background for the Natural Convection Problem

The last problem (1v) involves natural convection of a fluid
whose far field temperature 1s T and velocity 1s zero about the leading
edge of a semi-infinite 1sothermal .ertical wedge at temperature Tl’
Fig. 4  Here, both the thermal and velocity tields are of interest.

To date, natural con.ection about a semi-infinite i1sothermal
vertical wedge has been treiated trom the boundary layer point of view.
This type of analysis is not applicable in the leading edge regio:n where
the approximations of Prandtl boundary layer theory are not valid. The
formulation of the wedge boundary layer problem is basically the same
as that for its limiting case, the vertical plate, Ostrachll, except
that for the wedge the drivaing force in the longitudinal momentum equa-
tion 1s based on the component of the gravitational force in the
direction parallel to the surface of the wedge, see Sparrow, Eichhorn,
and Gregglz, Thus, all the boundary layer type investigations for the
vertical plate are applicable 1in general to the vertical wedge with
the proper modification ot the buoyancy torce.

The boundary layer type investigations do not apply to the non-
similar flow in the neighborhood of the leading edge. For example, at
the thermal leading edge, conduction 1in the streamwise direction re-

sults in thermal deviations upstream which in turn give rise to fluid



motion upstream of the plate. Furthermore, the flow in the leading edge
region is essentially a thermally induced slow flow in which both com-
ponents of velocity are of the same order of magnitude and the normal
pressure gradient may not be neglected. For these reasons, the boundary
layer analysis is inapplicable to the leading edge flow.

No previous analytical study has satisfactorily treated the
above effects on the leading edge temperature and velocity fields.
Suriano and Yang13 present finite difterence solutions of the Navier-
Stokes momentum and energy equations for natural convection over finite
isothermal vertical and horizontal plates. Results are given for Ray-
leigh numbers (PrG) from less than one to three hundred based on two
Prandtl numbers (Pr equals .72 and 10 0). The Rayleigh number is used
to correlate field behavior. It was found that in the low Grashof
number (G) range the energy transfer is dominated by heat conduction in
the entire region covered by the numerical mesh, while thermal convection
prevailed over most of the computed domain at the highest Grashof
numbers. While these solutions provide a description of the overall
flow pattern, the grid size and domain of numerical integration preclude
an accurate description ot the detail behavior in the leading edge region.

Yang and Jerger14 also consider a finite isothermal vertical
plate using a perturbation expansion ot the Navier-Stokes equations
based on a lowest order similar solution to the boundary layer equations.
This procedure 1s satisfactory for taking into account the departures
from similar behavior in the boundary layer region. However, such a
solution does not apply in a region where the boundary layer equations

are not valid to lowest order.



Scherberg15 attempted to take into account the leading edge
effects in the framework of boundary layer theory by assuming a finite
velocity and temperature profile at the leading edge of the plate. The
purpose of these initial conditions was to simulate the effect of con-
duction upstream of the plate. This approach 1s unsatifactory in that
the boundary layer equations are not valid in this region and the assumed
profiles are not known. Scherberg suggests that the proper technique
for handling the problem is to develop a multiple matching akin to that
used by Carrier and Linlo for the flat plate leading edge. This
approach is developed herein.

(1.3) Method of Solution

In the present analysis, the thermal fields within a character-
istic diffusion length of the discontinuity in thermal boundary conditions
are described by an energy equation which includes the streamwise con-
duction term. For the natural convection problem, the flow field within
a thermal characteristic diffusion length of the leading edge of the
wedge is also determined based on governing equations which include the
transverse momentum equation. The thermal diffusion length, termed the
thermal Stokes radius, is deduced separately for each problem based on
an order of magnitude analysis of the energy equation. This radius is
defined, by analogy with the Stokes radius for momentum diffusion, as
that radial distance within which conduction dominates convection as
the principal mode of heat transfer. Thus, in each case, an approximate
analytic solution to the local thermal field and in the natural convec-
tion problem an additional solution for the local streamfunction shall

be shought in the form of a series based on Stokes like generating



functions. The solution for higher order terms follows the iterative pro-
cedure developed by Carrier and Linlo for the velocity field near the
leading edge of a flat plafe and extended by several authors, Dean and
Montagnonl6, Moffatt17, Schwiderski and Lugtls, and Weinbaum19 for the
Stokes like flow very near the apex of finite angle wedges.

In the Carrier and Lin analysis the unknown constants in the
iterative series solution are determined by matching with the Blasius
boundary layer solution at a radial distance comparable to a Stokes
radius from the leading edge. This procedure cannot be justified unless
one can first demons@rate that there is indeed a region of overlapping
validity, near the leading edge, of the Stokes slow flow equations and
the Prandtl boundary layer equations Furthermore, the boundary layer
equations without interaction do not have elliptic features and thus are
not able to describe upstream influences. Thus, if the leading edge
flow were to approach the Blasius similar solution at some distance
downstream of the leading edge after passing through a non-similar
region where the parabolic boundary layer equations are valid the local
solution at the leading edge would not be influenced by this downstream
influence. These same arguments, of course, apply to the present
problems. There is no reason to expect the locally valid series solu-
tion in the leading edge region to have a region of overlapping
validity with existing boundary layer saimilarity or integral solutions.

Global solutions of elliptic problems even when linearized are
often difficult to obtain and it 1s suggested in this paper that when it
is not possible to match with a neighboring large scale solution in a

region of overlapping validity the remaining constants in the local




iterative solution can still be determined by matching with a solution
which provides only local surface or centerline information from the
large scale problem. This local boundary information from the global
problem is also to be used to determine which generating functions are
to be used in constructing the local iterative series solutions. This
technique for determining the generating functions and the unknown
constants in the local series solution is simpler than matching with
local global field solutions since transform techniques more readily
yield localized boundary solutions, as in the application of Weiner-
Hopf technique, than field inversions. Thus, the iterative solution
used in conjunction with a local transform solution for the heat
transfer or temperature along a boundary can yield a complete or an
approximate truncated solution, depending on the accuracy of the
boundary information provided, for the local thermal field and, if the

equations are coupled, a solution for the local velocity field can be

obtained.




Chapter 2

Formulation

(2.1) Formulation of Forced Convection Problems

Consider first the problem of the two-dimensional flow of
an incompressible fluid with a uniform velocity U_ and temperature
T, upstream over a semi-infinite flat plate with a step jump in its
temperature distribution, see Fig. 3. The leading portion of the
plate is maintained at temperature T; while the remainder of the
plate is at temperature TZ’ The region of the discontinuity is at
a distance L sufficiently downstream of the leading edge of the plate
for well established velocity and temperature boundary layers to
obtain. The dimensional continuity, momentum, and energy equations
assuming constant fluid properties u, Cp’ K, and negligible viscous

dissipation for an incompressible flow are

QL + %35; 0 (1)
e (Ue QY + \r‘ngZ) = -8 mou (2)
(R + v'gléi) = - %‘; + oty (3)
Q.Co(UdL + u"gg; )=KkT T+ (W u*gg.') (4)

To nondimensionalize equations (1)-(4), two characteristic

lengths must be introduced. One is characteristic of the velocity



boundary layer thickness 5v at the temperature discontinuity and a
second r. is characteristic of a local thermal diffusion length
which is as yet undefined. Thus, for the momentum equations, we

introduce the following nondimensional variables:
L:— > _u_n o _ [
C=x, Eeyy Wewo o=V Emer

If one assumes that in the region of interest inertial,

pressure, and viscous forces are of the same order, then Rm[%lﬁz
must be of order unity. Thus for R_->1, equations (2) and (3)
reduce to the Blasius boundary layer equations for flow over a
flat plate.

For the energy equation (4), the following set of non-
dimensional variables is used where the same characteristic
length T, is used to nondimensionalize the x* and y* coordinates

in the vicinity of the temperature discontinuity

m: 1’: -&: .= 1‘::‘;'2’\
o, Ww, V. v ) - x ., .&G ¢ ) 1< 5]

The characteristic reference velocities u. and Ve are obtained

from the Blasius solution and are of order E%é& and E%ES
respectively where 6; is of order é@L.Using these definitions and the
fact thatgﬁ'-%g =0 the energy equation in nondimensional form may

be written as

-10-



(B (4R~ £VE) - 98 ©

In the same sense that the Stokes radius for momentum transport is
defined as the distance from a vorticity source in which vorticity
diffusion dominates vorticity convection, the thermal Stokes radius
is defined as the distance from a thermal source in which conduc-
tion heat transfer dominates convection heat transfer. Thus, one
defines r, by equating the coefficients of the conduction and

convection terms in equation (5)

Fe = "ptlg bF Ve (6)

Equation (5) with the definition of r given by (6) becomes to
c

order %Q

uidl = vio 7
where for convenience 6 is defined as 6%%%%}
It is observed that the qualitative behavior of the flow
in the region of interest is determined by the relative magnitude
of the thermal Stokes radius and the velocity boundary layer
thickness. This, to the author's knowledge, is the first time
that a forced convection problem with a thermal discontinuity has

been formulated using these two length scales.

-11-




In addition to the governing equation (7), © must satisfy the wall

boundary conditions
X<O %20 ©®=1 , X>0 %0 5‘(:‘-.:-‘1;':’. (8)

and match with the Pohlhausen solution for the incoming thermal
boundary layer at distances large compared to r. upstream of x=0.
The order of magnitude analysis presented above can be
readily generalized for problems (i) and (1i) when the wall ramp
juncture is embedded in a well established velocity boundary
layer on either an adiabatic or isothermal wall. The only
modification is that velocity components would be of the same
order of magnitude near the juncture and both terms in u - V¢
would be retained provided compression work can be neglected.

2
. . Un
The later is tantamount to requiring the Eckert number EZZ; <<],
nlT
Thus, for a finite ramp angle, the dimensional energy equation

in polar coordinates becomes

S (3 - W) - v ©

where vr* and v¢* are radial and tangential velocity components,

respectively.

Suppose next that v," and v, * in equation (9) are given

)
by the idealized description for the symmetric potential flow

past a wedge whose half angle is 4. The solution for vr* and

-12-



v, * satisfying inviscid boundary conditions is given in Landau
1 4

and Lifshit520 as

V= A(F%)r'(ﬂ?"?:osgﬁ(s‘-#.))
(10)

U = —A() r R T sin (- #))

Equation (9) is still valid for this idealized velocity field;
however, the thermal Stokes radius must be redefined since the
potential flow has no characteristic length equivalent to the

outer length scale ¢, used when a velocity boundary layer was

present. One can still introduce a dimensionless r=%: sub-

c
stitute (10) into (9) and nondimensionalizing # as before

fLpd (,—,ﬂ_?)r;(ﬁﬁ) [r =) cos(yi#-#) 22

ar (1)
-rFEAsin(fa-#))28 |- Ve

One can again define a thermal Stokes radius by equating the

coefficients of the convection and conduction terms in (11).

T, defined in this manner 1is

-13-



AN S))
ros (FXEE) (12)

If the flow in Fig. 1 is that past a wedge rather than
a ramp with an adiabatic upstream wall, then the order of magnitude
analysis of the real viscous problem can no longer be patterned
directly after the analysis presented for problem (iii). The
characteristic length for the vortical region in this case is the
momentum Stokes radius which should be of the same order as T,
if Ppr is of 0(1). Thus, in the region of interest r* O(rc), the
dynamic balance is between pressure and viscous forces. The appro-
priate velocity field is that of a slow flow past a semi-infinite
wedge. These local flow solutions, which are the counterpart of
the local thermal field solutions presented herein, have been
developed in references'{m'19 but no satisfactory technique has
yet been discovered for determining the unknown constants in the
solution for these finite wedge angle cases. In contrast, the
simplified potential flow description (10) provides for the
possibility of matching with an approximate global solution to
determine all constants in the local solution at least for the
limiting case ¢1 = 0,

With the definition of T, given by (12), the governing

energy equation (11) becomes

-14-



r‘ﬁ-')cog(g_?ut-g)ﬁ - (T —")Sih(f'!'-,-‘,(" -*.))ﬁ‘V'@ (13)
The wall boundary conditions for equation (13) for problem (i) are

Beo wer , Ou1 ged 14)

and for problem (ii) are

020 #garw , D= S (15)

In addition, one must satisfy appropriate conditions at infinity.
The solution to equation (7) with boundary conditions
(8) and equation (13) with boundary conditions (14) and (15) and
appropriate conditions at infinity shall be sought in series form
based on an iterative procedure which is the thermal counterpart

10

of that used by Carrier and Lin"~ for the velocity field near the

leading edge of a semi-infinite flat plate. The energy equations

(7) and (13) may be expressed in operator form as

Z(©) = Lo (©) (16)

where

-15-



Lo =V ) Lo = B9 an

Since the region of interest r.l is conduction dominated, the series

solutions to problems (i), (ii), and (iii)
©20,+9 + P+ . . . (18)
have their lowest order ac term based on

Lo(©) =0 (19)

and boundary conditions (14), (15), and (8) respectively. Having

90, 91 is generated based on

Zo(0) = Lg(®) (20)

and for problems (i), (ii), and (iii), must satisfy respectively
B0 g, Do o4 (21)

©,%0 #:m , D0 gk (22)

-16-



and
e|'° ¢'1’f ) ©|-° ¢-° (23)
In general, Gn for (i), (ii), and (iii) has governing equations

Lo®n 2L e(0.*9, ... 8n..) 'I‘Q(B.* O, ... Bna) (24)

and the same homogeneous boundary conditions (21}, (22), and

(23) as for 61.
The resulting locally valid series solution for each problem

contains an infinite number of homogeneous solutions which satisfy

equation (19) and the homogeneous boundary conditions (21), (22),

and (23). These homogéneous solutions introduce an infinite

array of unknown constants. How these constants are determined

shall be outlined in section (2.3) of this chapter.

(2.2) Formulation of the Natural Convection Problem
This last problem (iv) under consideration is that of
two-dimensional, steady state, symmetrical, natural convection
about the leading edge of an isothermal, semi-infinite vertical
wedge (Fig. 4). Boundary conditions at the surface of the wedge
are the no slip velocity conditions and the isothermal wall
temperature Tl. Very far from the wedge, u_=v_ =o and the

temperature is constant at T . Furthermore, the fluid's

-17-



coefficient of thermal expansion Bi’ coefficient of viscosity u,
specific heat Cp, coefficient of conductivity K, and coefficient
of isothermal compressibility K are considered constant. Gravi-
tational force acts vertically downward. In addition, it is

assumed that:

(1) there are only small deviations in relative density

»

differences P __Pw ,
%o P K
(2) the liquid satisfies IET%r; <~ 1 or in the case
of a gas which obeys the ideal gas law {p;'P“; . (T*'T*},
@ o0

(3) N bl(rl'T~’ ~-1, and

(4) hydrostatic pressure is constant,
In view ot the above assumptions, the fluid conservation

equations and the equation of state reduce to:
U*,
gﬁ{..;_ S&- 0
li . - __QE" o e 2.,
e §£+v3§;)- ox* ~ T3 ® r MU

?..(lf%],{:+ V'%]g:) =-- %5: + a7yt

p_c,(u‘g{:+ U“gfg-')- KT + (u'g%:+ U"Q—%':)
+ o (B4 @R )+ (35 + %%3:)

(J" (1 -+9)
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@7

(28)

(29)



P'* is the pressure associated with the fluid motion.
To determine the relative importance of each of the
terms, a nondimensional analysis of the above equations is performed

by introducing the following set of nondimensional variables

fou Kex Eer (FR)-e
v K- ST

The characteristic velocity u, and length T, have purposely been
left unspecified and will be determined next by requiring an
appropriate balance of terms in the dimensionless equations. It
is also noted that the characteristic length r, will be the same
for both the energy and momentum equations. This is in accord with
well-known behavior provided the Prandtl number (Pr==£%99 is of
order unity.

If one requires that the pressure, viscous, and buoyancy
terms in the nondimensional x-component of the momentum equation be

of the same order, u. must be defined by

U, = SRTsTR" (30)

where T, is still to be determined. Using this definition for
u, and assuming that the kinetic energy is very much less than

the enthalpy, the governing equations reduce to the following form:
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Here,

G T TR

is the local Grashof number which is based on some characteristic
radius for thermal conduction defined below.

If the governing equations (32) and (33) are combined to
eliminate the pressure terms and if the velocities are defined in

terms of a nondimensional stream function
-A.g_ﬁ‘ u.- v. a
w 72 W i%; 23?

then equations (31), (32), and (33) reduce to one equation
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(32)
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Cr@ﬁ%»rg%?&%— g‘g%—?;%%)-g?‘: vEYrY (35)

At this point, it is inquired under what conditions conduction will

be the dominant mode of heat transfer. It is noted from equations
(34) and (35) that the convection terms on the left hand side of these
equations are of lower order than the remaining terms when G < o(l).
Thus, r, is defined by setting the local Grashof number equal to unity

and solving for the characteristic thermal diffusion length T,

z Y
= (gpe) (3e)

Definition (36) shall henceforth be referred to as the thermal Stokes

radius for natural convection. It is noted that when the dimensionless

radius r < 1 conduction dominates and there exists a thermally induced

slow flow with higher order corrections due to the effects of convection.
The governing equations are equations (34) and (35) with

u_ and r, as defined in equations (30) and (36) respectively. The

c
solution must also satisfy local boundary conditions of

v-%%-%ga"'O F20 , W=U=0 O=1 g=ir (37)
and be consistent with a far field solution.
Solutions for the streamfunction and the temperature

in the near field, shall be sought in series form based in principle

on the method first used by Carrier and Linlo. The series solution
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for 6 has its lowest order solution based on pure conduction while
that for the streamfunction is based on a thermally induced Stokes

slow flow. The form of 6, ¥, and this iterative procedure are

outlined as follows:
e = e.+e|+ ©
A ol

where 0, and v, satisfy

0=v®, (38)
- 8. VMY (39)

and the local boundary conditions:

O, =) F2ATw g%-o $e0 (40)
U=U=0 ¢=XT v-g‘?;-o %=0 (41)

Equations (34) and (35) respectively can be written in operator form as

Lo #9) »Lo(®) (42)

or; (£9) *Lp(¥) “43)
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In general

Lo® .. Qe+ .. ) Lol Our. . ) = L@ “Y

of;b©.+° R, L ‘43 -of:,,@: o By -sé_g-ozwgé‘) (45)

where an and Vo must satisfy homogeneous local boundary conditions

when n > o

©,50 gFeoxr , %‘%-o o =0 (46)

Ua=Upa= 0 Fadw u..-%%g-o F=0 (47)

The resulting series solutions for ¢ and v generated in this fashion
contain an infinite number of homogeneous solutions satisfying
equation (38} and homogeneous boundary conditions (46). Along

with these homogeneous solutions are associated an infinite number
of unknown constants. The manner in which these constants are to

be determined is outlined next in section (2.3).

(2.3) Matching Procedure for Determination of Constants

The resulting locally valid series solutions for problems
(i), (ii), (iii), and (iv) are determined to within the constants

which correspond to the infinite number of homogeneous solutions
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which satisfy equation (38) and the boundary conditions satisfied by
their respective en, (21), (22), (23) and (46). While no rigorous pro-
cedure has yet been developed for matching local Stokes like solutions
to outer inertial flows, it is known from simple non-linear exact
solutions of the Navier-Stokes equation, for example, the iterative
solution presented in Weinbaum19 for the two-dimensional stagnation
point flow, that the values of the unknown constants in the local solu-
tion that are not determined by local boundary conditions depend on
global characteristics of the flow such as its total energy. Except
perhaps for very special situations where exact solutions in the large
can be obtained, one is led to approximate techniques such as Oseen type
linearizations for determining the essential qualitative features of the
complete flow field. These approximate global solutions must still have
a region of overlapping validity with the local Stokes like solution if
the solutions are to be matched and the unknown constants in the local
solution determined. For such a region of overlap to exist, the approxi-
mate global equation must reduce to the governing equation for the local
flow as one approaches within a characteristic diffusion length of the
leading edge. Thus, one is able to establish a region of overlapping
validity of a Stokes like region with an outer boundary layer flow for
the two-dimensional stagnation point flow, but not for the Carrier and
Lin10 problem of the uniform flow past the leading edge of a semi-
infinite flat plate. In the first case, the viscous terms in the Stokes
like region are the same as those that appear in the boundary layer

equations of motion, whereas in the second case the same viscous terms

are not common to both the near field and boundary layer equations.
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The simplification introduced here is that the solution
to the global equation does not have to be determined even in a local
region of space to establish the remaining unknown constants and homo-
geneous functions that are to appear in the local iterative solution.
These constants and functions can be identified by matching with the
global solution along any convenient boundary that emanates at the
origin and extends through the near field. The advantage of this
procedure is that transform techniques quite often yield local solutions
for a function or its normal derivative along a boundary more readily
than they do field solutions. This is exemplified by the Weiner-Hopf
technique where at an intermediate step in seeking the field solution,
local boundary information is determined. Thus, the local information
along a line, obtained from a global problem, when combined with a
local iterative procedure may be used to determine a complete or an
approximate truncated near field solution, depending on the global

boundary information provided.
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Chapter 3

Temperature Field In A Flow Over An Isothermal Wedge

The solution for the temperature field shall be sought in
the iterative form (18) where the lowest order term eo satisfies
equation (19) and wall boundary conditions (14). Solving by the

standard method of separation of variables, one obtains

O.= 1 + i CaP B (PR cos(apug ) (# 1)) (48)

In (48), eo is given by the first term unity while the terms in the
infinite series satisfy the homogeneous equation for (24) and the
homogeneous boundary conditions (21). To establish which of the
homogeneous solutions are required for each . in the iterative
solution and to determine the constants in these solutions, local
boundary information from the global Oseen problem must first be

obtained.
(3.1) Global Oseen Problem for ¢ = o

The global Oseen problem for the temperature distribution

over the flat plat is given by equation (13) with ¢1 = 0

Q- . v'o (49)
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and boundary conditions

P - ©=0
&= g%l_-o (50)
H=0 D=\

The solution to (49) and (50) is given in Carrier, Krook, and

Pearson8 as
© = | - erf(rtsingy) (51)

The centerline temperature upstream of the plate along ¢ = =

can be expressed as the following series summation for r < ]

9]9““_ e LA Lo W (52)

This additional boundary information will be used to determine
constants in the series solution for ¢1=o and the generating

functions for all ¢1,

{(3.2) Solution for 91
0o is equal to unity and thus generates no inhomogeneous
term in equation (20). 61, therefore, has no particular solution.
However, one observes from equation (52) that the global solution

requires a term which behaves as 1)135 r+0 for the limiting case

-27-



of ¢1= Q This requirement can be satisfied by retaining a homo-
geneous solution for 2, given by the term n=1 in the infinite series
in equation (48). The value of C1 is obtained by evaluating 61

1/2

at ¢=7 and matching with the coefficient of the r' "~ term in (52)

for the limiting case of 9,=0. C1 determined in this manner is
' 2

given by C,= -;%% .

For non-zero values of tp one anticipates that the
behavior of the solution should vary smoothly as .2 approaches zero.
It is, therefore, reasonable to conclude, although obviously not
rigorously established, that the n=1 term in the infinite series
in (48) is required for compatibility with the far field solution

for all values of ¢1. Thus, the form of the solution for all ¢1

is given by
®, = ¢,F ) Cos(1(Tg)A-m)) (53)

The unknown constant Cl’ in principle, can be determined by matching
with the upstream centerline temperature distribution which obtains
from the global formulation of the finite wedge angle cases. Such
a solution has not been obtained by the authors but is being studied
further. However, the value of C1 for the limiting case ¢1=0 provides
some qualitative estimate of the order of magnitude of this constant
coefficient for the finite wedge angle cases.

For problem (i), with ¢1=0, the local iterative solution
obviously provides no new information that is not already contained

in the global solution (S51). The importance of considering this
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limiting case is that it (a) motivates the selection of the generating
functions for the locally valid solutions for the finite wedge angle
cases for which there are no global solutions and (b) it demonstrates
how a complete locally valid field solution can be obtained when only
a local boundary solution for an unknown function or its normal deriva-
tive is available from the related global problem. As shall be seen

later, this situation transpires for problems (ii) and (iii).

(3.3) Solution to 92 and Higher Order en

Substituting for 60 and 91 in equation (24), the governing

equation for 02 becomes

”
00, = ¢, (1) )N 2D €05 (4 () -2 +7Y) (54)
“a like 9, must obey homogeneous boundary conditions (21). The

particular solution to (54) is
- C. r‘%( T ) [ " -
Q,p= () ()T COSGlrg)e - 2ot +m)) (55)

and satisfies the homogeneous boundary conditions (21) automatically.
However, this does not imply that an additional homogeneous
solution is not required for compatibility with the outer flow
behavior. One observes that the coefficient of 02p for the limiting
case 9, 20 does not match with the third term in the global solution

/
for 6 along ¢ = «(52). A homogeneous solution which behaves as r3’2
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in the near field is needed. The solution corresponds to the n=2
homogeneous solution in (48)., The value of CZ’ for the limiting
case of ¢ =0, is obtained by evaluating 92 at f=7m and matching with

1
the coefficient of the r*% term in (52)- C2 is thus found to be

equal to - T%7? .

Since it is reasonable to expect that the behavior of the
solution varies smoothly as ?, approaches zero, one also requires
that the n=2 term be retained for compatibility with the far field
solution for all values of ¢ . Thus, the form of the solution 62

1

for 9 in general is

©,=r™ *Tx) [C.C°5(%(ﬁ'-'13)(4“"))+ (ﬂ#ﬁx%.)cos(g(ﬁx,a-ztw))] (56)

In theory, the unknown constant C2 in expression for 92 (56), as
C1 in the expression for 61, can be found by matching with the
corresponding term in the upstream centerline solution for the
temperature distribution provided by the global formulation of the
finite wedge angle cases.

In general, q, Must satisfy equation (24) and homogeneous
boundary conditions (21). The resulting particular solution could
like fbp require an additional homogeneous term in order to be
compatible with the far field behavior and would be determined in

a manner entirely analogous to that just shown for 62. Thus, the

local iterative solution becomes

-30-



© =1 + ¢, ) CoS(§ (e -))
+ PE o cos (FpvE- ) (57)
+ (TR NG cos( T -2h +m)) | +

The important point illustrated by the above analysis is
that a series solution satisfying local boundary conditions is not
in itself complete and that additional generating functions can be
required for the local solution to be consistent with far field

behavior. The nature of the solution for 4 in general shall be

1
illustrated by examining the results for the case $1=O. In Fig. 5,
the first and second order iterative solutions for the case ¢1=0 are
plotted and compared with the exact solution (51) of the Oseen
equation. Of particular interest is the extent of the region in
which the leading terms in the local solution provide a good des-
cription. The isotherms for © 0.5 appear to be well represented
even for values of r of order unity. The convergence of the series
however is slow at least for the first few terms. The convective
correction 9. is observed to wash the isotherms downstream. However,

1
01 is an overestimate of the convective contribution and 92 must
compensate. For problems (ii) and (iil); it will not be possible
to obtain exact field solutions for the global problems. However, the

agreement between the local and global solutions in Fig. 5 provide
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cogent evidence as to the validity of the matching procedure used

in determining the local solution for all three problems.
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Chapter 4

Temperature Field For The Flow Over A Ramp
With A Step Jump Temperature Distribution

The leading term 0, in the iterative series expression
for the local temperature distribution must satisfy equation (19)
and boundary conditions (15). Solving by separation of variables,

one obtains

©,: £ + ;Cnr“%?"%i"(“(,—r’i—*)@‘"n) (58)
The first term in expression (58) is taken as Oo while the remaining
terms in the infinite sum, which satisfy the homogeneous equation
for (24) and the homogeneous boundary conditions (22), may be
required for higher orderﬁzlterms. In order to establish which of
the homogeneous functions are necessary for eachiah and how their
respective coefficients are to be determined, we again turn to the

related global Oseen problem.

(4.1) Global Oseen Problem for # =0
The limiting case of ¢]=0 corresponds to uniform flow over
a semi-infinite flat plate which has a step jump in its temperature
distribution. The governing equation for the temperature distribution

is given by equation (13) with ¢1=0 or
9 = v'e (59)
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and has boundary conditions

X<0 $=0 ©=0 (60)

x>0 y=0 ©e™

where the limit as b-o is to be taken at an appropriate point in
the analysis. The solution to the boundary value problem (59) and
(60) has not been given previously and 1s outlined below

Defining the Fourier transform by

By * dw _{:ecx,g) 2**dx (61)

One obtains for equation (59)
X
ﬁ‘ —(k-—lk)é =0 (62)

The transformed boundary conditions (60) are

¥=0 Bk, = 7% A0
3. — o0 e(k'..) = 0

(63)
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The solution to (62) satisfying the boundary condition (63) is given

by

_ NUAA

Oty = () (Rvsi

2, , . .
/1s taken as the negative imaginary axis and

The branch line for k1
the branch line for (k-i)%* goes from i along the positive imaginary
axis to infinity.

For x-0, the inversion of (64) reduces to an integration

around the branch line in the upper half plane and gives after some

manipulation

AIEL: b _
Otug = g f(ﬁ‘ﬁ?fff + 1 sing 1 ds (65)

Similarly for x > othe contribution to 2 arises from the integration
around the branch in the lower half plane and gives the result

0T+ aTE

- Ytsin(a,f)dg + | (66)

e -
.-_&.f n I
DY) = o(—{‘\h—j—.‘—?* )2
The local heat transfer rate for x<o and x-o may be obtained by
differentiating expressions (65) and (66) with respect to y, integrating,
and taking the limit as y goes to zero, respectively. The resulting

expressions are

3—§Jw= A KE + KD] 67)

R<O
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and

- 2 R - Ko@) ] (68)

-0
<0

%

where Ko and Kl are modified Bessel functions of the zeroth and first

kind. The series expansions for (67) and (68) when !x|<l1 are

>0
o7 +HI- B - FN® 00
<0

(4.2) Solution for 2,

Having 60, 9] must satisfy equation (20), where 9C is given

P
by the leading term in (58), and homogeneous boundary conditions (22).

@ is thus found to be

1p

1
O, = i INOY PR sin(rTg (#-)) (71)

One notes that if the local heat transfer rate obtained for the iter-
ative solution, for the limiting case ¢1=0, is to match with the local
heat transfer of the global problem at ¢z (70) then the n=1 homo-

. . . . s o a
geneous solution in (58) is necessary in addition to elp for 3%|¢_w

to be compatible with the second term in (70). The coefficient C1
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of the homogeneous solution used in 91 is evaluated for Qro by

matching %%%‘¢ with the second term in (70). C1 determined in this
t .1 4

1, (1/4)
way is given as C| = -for.

As in the previous problem, one anticipates that the behavior
of the solution for non-zero values of ¢lshou1d vary smoothly as ¢,
approaches zero. It is thus concluded that the n=1 term in the in-
finite series in (58) is required for compatibility with the far field
solution for all values of ¢1. Therefore, the form of the solution

for 61 for all ¢.is given by

®, = & Iner) rFE) sin(Jg(#-4)) (72)

For finite ¢1, the solution for the unknown constant C1 could in
theory be obtained using the same procedure as suggested in problem
(i). Thus, it is observed that consideration of the limiting case
¢,=0 motivates the selection of the generating functions for the
locally valid solutions for the finite ramp angle cases for which
there are no global solutions and gives a qualitative estimate as
to the order of magnitude of the coefficients of the homogeneous
functions in (58) which are to be incorporated in the iterative

solution.

(4.3) Solution for (5 and Higher Order Sn
Substituting 30 and 91 into equation (24), one obtains
a particular solution for 82 which automatically satisfies homo-

geneous boundary conditions (22). This particular solution is of
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order r?[nr and has its partial derivative with respect to y of order
r/nr. Thus, when this term is compared, for ¢1=o, with the local heat
transfer information (70) provided by the global formulation, one
observes that it corresponds to the fourth term in the series and that
the third term has not yet been accounted for. This is rectified by
including a second n=1 homogeneous term in the series summation for
the heat transfer at y=0 to be compatible with (70). The coefficient

of the n=1 homogeneous solution is equal to - ;i%3§.

m
Once again anticipating that the behavior varies smoothly

with ¢1, one writes for 62
W 1)
9, » C'r\w=#) sin( I (#-4)) (73)

Ci' must be determined separately for each 9 by matching with local
heat transfer information provided by the associated global formulation.
In a similar fashion, enp must satisfy equation (24) and

homogeneous boundary conditions (22). In addition, %§%4¢d'is required
to be consistent with the corresponding term in the local heat transfer
rate provided by the global solution (70) when ¢l=o. This requirement,
as before, will establish whether Onp requires an additional homogeneous
solution in order to fulfill far field compatibility criteria. Thus, ©

for arbitrary ¢lis written as

©=« £:I & ?_'_Wln(c',r‘)l"(ﬁ’!?.)sin(f%q(#-é))

T (74)
+ clrE R sinEg ) . . -
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The nature of the temperature distribution for ¢1 in general
will be examined by considering the results for the limiting case of
¢1=0, Fig. 6. 90, the local pure conduction solution, has radial
isotherms with 60=%-along the vertical axis o=n,/2. 61’ the first

correction for convection, shows that the isotherms are washed down-

stream.

-39-



Chapter 5

Temperature Field in Flow Over A Flat Plate With
A Step Jump In Temperature Distribution

The two previous problems were formulated using a potential
flow approximation for the velocity field in the energy equation.
The important objectives in addition to obtaining a qualitative
picture of the local thermal field was to establish the validity of
the matching procedure for determining both the generating functions
and constants for the local field solutions. The present problem
shall be considered in a more exact fashion. In principal, the
full series solution for the Blasius velocity profile could be used
to represent u in equation (7); however, the leading term will be
sufficient to obtain an accurate description provided %% <<1,

Thus, equation (7) becomes
20 .
=% X 7O (75)
wheree«=1.66 is the slope of the velocity protile at the plate.

For the sake of convenience, x, y, and r shall be scaled and hence-

forth be considered as
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Thus, equation (75) is written as

H’%% . 7O (76)

The leading term e in the iterative series solution sought satisfies
the governing equation (19) and wall boundary conditions (8). The

procedure of separation of variables yields

o BR) « (Bl e# + Jorses 07

SR is taken as the first two terms in (77) and, as in the previous
problems (i) and (ii), the infinite sum in (70) satisfies the homo-
geneous equation (24) for higher order N and homogeneous boundary
conditions (23). The unknown coefficients similarly have to be
determined from the local boundary information obtained from the

global Oseen formulation of the problem,

(5.1) Global Oseen Problem

Equation (76) can also be treated as a global Oseen problem
provided %§$<<1 so that the thermal Stokes radius is imbedded in the
linear portion of the Blasius wlocity profile. Similarly, the far
field temperature distribution removed from the discontinuity is
given by the linear portion of the well-established Pohlhausen
temperature profile. The related problem of a plate which is
adiabatic rather than isothermal upstream of x=0 has been formulated

in an analogous manner by Imaizlu
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In view of the above discussion, it 1s convenient to define

a new dimensionless temperature @ related to 6 by

®=9-0+8ty) (78)

where (3= :R,S;u’g-&;:— and the bracketed quantity is the linear approxima-
tion to the Pohlhausen solution near the wall but at distance large .

compared to r.. The governing equation (76) becomes on substituting

(78)

432 - T's (79)

The boundary conditions are

\d,-——.o @-_D

X<0 4=0 ® =0 (80)

>0 yeo @ =(RF)E™

where the limit b- o is taken at an appropriate point in the analysis.
The parameter b is introduced as a mathematical device for purposes
of having a well-defined Fourier transform along the x axis.

The solution shall be sought by Fourier transforms. The trans-

form of equation (79) 1s
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3:3% + ik(ik+gy®=0 (81)

wherei is the usual transform variable. The boundary conditions

(80), when written in terms of the transform variableii, become

Y oo @(k)e‘\) =0
(82)

g =0 8k, 0) = (71 (g)e0)

The solution to equation (81) which satisfies the far field

(y+ «) boundary condition (82) is

@-A[ I{”(k-\a,)] LﬁH(,:(”’a(|~:"’(K-La))"") (83)

where A is a complex constant of integration. The branch cut for
k goes from zero to -i-~and that for (k-i1y) from iy to +i = in the
complex k plane. The boundary conditions at y=0 (82) yields A and

hence the complete solution in the transform domain is

= - (B-L&’& HV:; (ik (k—‘#?ij
® @"—E M H (AR (K-t e%) e
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In (84), we have introduced e, an arbitrary small positive quantity,
as a mathematical device to establish the inversion contour and we
will take the limit e»o later in the analysis. The inversion of

(84) to obtain the thermal field solution is not easily accomplished.

However, the heat transfer at the wall can be obtained readily for

both small and large values of x. To do so, we evaluate %—% .
10

%_OL-O = V‘] F“L

(3 t -
AR

For the heat transfer rate at the plate far downstream (x>-1), the

principal contribution to the inversion integral for (85) comes for

|k| << 1. Thus, for x>-1, b_ﬁ

€ly=o”

3L = (3D il (5] [ B @ k™
‘s ’vs . (86)
r(t)m%s kk"' Cﬁ)(i ‘<5<§"‘G5’

Yk + orenln-iet ]

——

F‘(‘i)
where

N - ik - rm)- Rl - fm ] @7

and " denotes the gamma function. The Fourier inversion integral for

(86) can be evaluated in terms of known functions
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2T
2%

Vopmrzy -
= (home - (- @ X

X>>0

- ) Gg*etdn(w)ﬂ—_r‘_%;—&‘x.'é (88)
\ x.%

- (Tx.- T,) (%%;_)td n(eo) C \Wa

where it is noted that when T,=T the leading term in our solution (88)

1
vanishes and the second term matches with the leading term in the
Leveque solution (22). The two additional terms,which indicate
increased heat transfer to (T, > T,) or from (T, > T,) the plate,

are due to the effects of streamwise conduction and are not present in
the Leveque boundary layer solution.

The expression for local heat transfer (|x| <1) is obtained

by approximating for large values of k

- \ _1 12
o BB R - ey - - ) @

%

Direct inversion of the second term diverges due to excessive contri-
bution to the inversion integral when |k|<<l. Since (89) is an
approximation for |k|>>1 the second term in (89) can by approximated
by introducing a cut off a, provided a, is small compared to unity.

Thus, one can
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K >a, (2 Ree)
K <a, o

(90)

The inversion of the first two terms in (89) with modification (90)

yields

g'g' —(T =T ]['wx""" * 8 "a—:ét ] (91)

IK|<|

The cut off point a, shall be determined by requiring the near field
solution for heat transfer (91) and the first three terms in the far
field heat transfer rate (88) which must be redefined in terms of &
as in (91), to be equal at the point r=1 where both can be considered
to approximate the solution equally well. The resulting solution for
a, is .17. Fig. (7) illustrates that when ao=.l7 the resulting near
field solution for heat transfer rate closely approximates the far
field solution, based on the first three terms in (88), in the

vicinity of r=1. If more terms are required in (89), they are obtained

in a similar manner. Thus,

R, = (FRNHE + (p+EF=R))

u\t\ (92)

-(FER1E 2 FRIE
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(5.2) Solution for el
Substituting 90 into equation (20), results in an equation
which has a particular solution of order r2 which automatically
satisfies homogeneous boundary conditions (23). When the y derivative
of this particular solution is taken and compared with the local heat
transfer information (92), provided by the global formulation of the
problem, the particular solution is seen to be compatible with the
third term while the second term is still not accounted for. However,
if one lets 91 be the n=1 homogeneous solution in (77), one finds that
Da%:-l&wcan be matched with the second term in (92) in which case the

. s T1-T2. (1 . .
coefficient C1 must equal B + (Tl_j;?(gg;J Thus, 91 is given by

O, = (p+ GRS r sing (53)

{(5.3) Solution for 92 and Higher Order 9n
After substituting 90 and 61 into equation (24), a particular
solution is found for (24) which again satisfies homogeneous boundary

conditions (23). This PZp is found to be
6 g@;@(cma» -1 + @psintz#)) (94)
1

with the third term in the global approximation

On comparing g%f
o

for the local heat transfer rate (92), it is seen that the n=2 homo-

geneous function in (77) is necessary. On matching coefficients, one



finds C; = - %‘6" q‘,l;;@
1

- ’
©

Higher order en can be determined in an analogous manner.
One must be careful, however, in calculating these higher order Gn
to account for the higher order terms in the Blasius solution which
were neglected in the linear approximation (76). This higher order
correction for the Blasius profile does not effect the first three
terms in (95) obtained above to order 62 and will not effect 63.

Thus, to order 63 one finds

T =T+ (T-T)ER? + ((T-Tp+E-TXm)rsing
+ Fl—é%t)[cos @A -1 + $Sineg) -LsinasH))r:  (95)

+ W2AT-T) rosinsg + .

2417

Since we shall want to examine the local solution when T
is greater than, less than, or equal to Tl’ it is convenient to display

the results in terms of the dimensionless temperature w.

w=0-%) + (FERe - tm)rsine (56)

_g(coscw) -\ + #Sinas#) - T3inEee))
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The first term in u, wy s represents the local pure conduction solution
in which the isotherms are radial lines which vary monotonically near
r=0 from unity at ¢=0 to o at ¢=m with wo=%-at ¢=;u In the discussion of
wy and w, which follows,(ﬁzgﬁqj is treated as a constant and T

varied relative to T, in the grouping [%%f%%@ﬁ- This reflects the
influence of the far field temperature on the behavior of the local
temperature distribution. The second and third terms, wl and wz
respectively, reflect the influence of convection on the local pure
conduction solution in which case the radial isotherms are seen in
Figs. 8 and 9 for far field temperatures of T .T, and Tw=T1 respec-
tively to be washed downstream. Fig. 10 illustrates the case of T
being significantly larger than T1 with the result of the isotherms
close to the plate being convected downstream due to the cooler liquid
close to the wall being washed downstream while farther away from the
wall significantly warmer fluid is washed downstream causing isotherms
to move upstream. When T is very much greater than Tl’ all the
isotherms move upstream and a better overall view of the variation in
field temperature is observed, Fig. 11. Deviations between &  and @ *v}
are larger in regions further away from the plate, where convection
dominates, than those deviations corresponding to regions close to the
plate or near the discontinuous boundary condition where conduction
dominates. This implies that in order to get a better approximation to
the thermal field further away more terms need to be taken. Next we
would like to examine the heat transfer rate at the plate as T2 varies

relative to Tl' In view of this, it is convenient to define the tem-

perature in terms of €. The heat transfer rate goes to infinity as r
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goes to zero because of the mathematically idealized step jump in
temperature considered to exist at the wall. Here, the relative
temperature difference [%ff%lﬁ shall be used as a parameter.
Considering (Tl-Tm) to be positive and constant, the local pure
conduction solution predicts that heat transfer will be out of the
wall for x>c and into the wall for x:0 when (TZ-TIJ*O [see equation

(92)]. The convective contribution of 5, tends to have a cooling

1
effect, in this case increasing the heat transfer rate out of the
wall for x>0 and decreasing it into the wall for x-0. The opposite
behavior would be observed when (TZ-T1)<O. While for T2=T1, the
heat transfer is just that predicted by the Pohlhausen solution and
given as 8. The behavior of d%biﬁgd R ofor T,.T, is 1llustrated in

Fig. 12. Once again, in order to improve the approximation for the

heat transfer rate, more en terms should be taken.
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Chapter 6

Natural Convection In The Vicinity
Of An Isothermal Vertical Wedge

The solution for 90 which satisfies equation (38) and the
boundary conditions (40) 1s obtained by the standard procedure of

separation of variables:

©, = | + chrk‘-%f‘) cos(anz) ) (97)

The first term in (97) is the steady state pure conduction solution
% while the infinite sum contains the homogeneous solutions that
satisfy the homogeneous equation tor (44) and homogeneous boundary
conditions (46). »

Having o/ and substituting for 1t in equation (39), the
governing equation for v has no particular part and is simply the
homogeneous biharmonic equation. Thus, the uniform temperature

field of unity for 90 is observed to generate no fluid motion.

(6.1) Solution for 61
With eo being equal to unity and wo being equal to zero,
the governing equation for 61 (44) reduces to Laplaces equation.

Thus, 6. requires no particular solution., However, a homogeneous

1
solution could be necessary based on compatibility requirements
with the far field behavior. The choice of which of the homogeneous

functions in the infinite sum (97) is to be used as 91, is deduced
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by examining the limiting case of X=% corresponding to a horizontal
wall, Here, if the horizontal wall where %=1, is considered to be
at a large but finite distance above another horizontal wall, where
p=0, the basic temperature distributions would be linear and the
n=1 term would be used. In this case, due to the fact that the
upper wall is at a temperature greater than that of the lower wall,
the temperature stratification is stable and no natural convection

occurs. Hence, the coefficient of C, would be equal to the tem-

1
perature gradient based on pure conduction between the plates.
Furthermore, if the lower plate was moved to infinity, C1 would

go to zero. Based on this reasoning and the fact that the solution
is expected to vary continuously as * varies from % to 1, the
eigenfunction corresponding to the lowest eigenvalue n=1 in (97)

is selected as 01 for any wedge

©, = ¢, r%N s (1) (98)

The choice of the lowest eigenvalue is also consistent with the
modified Oseen linearization solution for the vertical plate which

is presented later in this analysis.

(6.2) Solution for ¥
eo, 61, and v, which is zero, are now used in generating
the term ¥, in the series solution for V. ¢, must satisfy equation

(45) and local homogeneous boundary conditions (41). Substituting
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for Oovel equation (45) becomes
(5'5\") . _ 12y
C(B)r Singgg-D#) =7 (99)

It is to be noted that when ) :. the driving term becomes zero and there

rO! i~

is no flow. The particular solution to equation (99) 1is

c,r&*®)

%, = sgmn

sin{((.-1)#) (100)

The homogeneous solutions to the baharmonic equation, Weinbaumlg, are

mea

¢,c = rm( Asinmg) + A,Sin((m-2g) (101)
+ A,CoS(m@) + A ,CoS((m-2)) )

m=2

. = P Asines) + A,c058 + A% + A, ) (102)

Since the flow is symmetric, the streamfunction must be antisymmetric
or A3=A4=0 in equation (101) and A2=A4=0 in equation (102). It is
observed that wlp is also antisymmetric. If solutions (101) and (102)

are to negate the contributions of the particular solution (100) to the
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no slip boundary condition at the wall, m must equal %—A - 3.

GR+3) _. . :
¢ = %Jé_;‘_) SIN((H ) + FEOTI(A sin(lis+o#) (103}

+ ASIN(E*DM))

The constants A, and A2 are determined by satisfying the no slip

1
conditions at the wall. Thus, the governing equations for A1 and A2

are

+2)

0 = Si T SNl + r‘h':wa)(_Asm(ghnmﬂ

(104)
+ A,SIN(EH+ INT) )

- Sl oo
(105)
+ rER*3) (E+»)Acos [Q_xbs))\‘“"] + Ex+NA COS ([ D)

< A <1is

The solution for A1 and A2 when

A, = _L&\(S‘(\z;‘m)c (106)

ot (deostor) =)

J‘ﬁ‘ COSAT = A COS(»™) (107)

COS»Z™

and the general expression for wlbecomes
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L) AN . )
w=§ .‘EG:\* )sin(g‘b:_-tw) + '-")[ @%%sum@ﬂ)ﬂ

- Sf%y) I+ %‘Y(ﬁng 1\ +(4cos‘txm-\ﬁsm«t‘* ‘W’))]

(108)

It is observed at this point that the solutioms for $ and v

given by (60*61) and (wo*wl) respectively are determined to within
the constant Cl' Before C1 can be determined, local boundary infor-

mation must first be provided by a global formulation of the problem.

(6.3) Global Oseen Problem for 4 = 1
The global Oseen problem for the temperature distribution
corresponding to natural convection over the leading edge of an
isothermal, semi-infinite, vertical, flat plate has, as a first

approximation, its governing equation given as

-c?‘ = UtQ (109)

where C is some mean convective velocity which will be defined
shortly. This equation satisfies the requirement that it reduce to
the near field equation (38) as one approaches within a thermal

Stokes radius of the leading edge. The boundary conditions are

-55-



2O . - |
1= =0 #=0 (110)
@“= [+ rr—— o

The solution, as given in Carrier, Krook, and Pearsons, 1s
® = erfc(crrrcos(P)) - (111)

and the centerline temperature distribution upstream of the plate

along ¢=0 is

®l¢-o. V- %%“r‘i+§-v%.:“r% - ,%.Vc_;?r"*-q- - - - (112)
When the global solution for the centerline temperature

distribution upstream of the plate (112) is compared with that

predicted by (90*61) with A=1 in the local iterative solution as

r>0, they are found to be compatible and upon equating the co-

efficients of the rterm C1=—2y@; This serves to 1llustrate that

the remaining unknown constant C1 in 91 (98) and ¢1 (108) must be

determined for each wedge case separately by matching the local

iterative solution for temperature or heat transfer along a boundary
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with that predicted by a global formulation ot the problem.

The definition of C in equation (109) is somewhat arbitrary.
One qualitatively reasonable criterion for its determination is to
require that the difference between the nonlinearized term and the
linearized term in equation (109) to.be zero when integrated along the
centerline from the leading edge upstream to infinity. This criterion
is similar in spirit to that used in previous evaluations of the

23

modified Oseen constant; e.g., Carrier and Lewis and Weinbaum24

Accordingly, we shall define C by

S eR)

dr =0 (113)
#eo

Since no total field expression exists for u, an approximate expression
shall be constructed. As r-0, u must behave as the first nonzero term
5%%% in the iterative near field solution (108) where i=1. While as

P . ) -cr
r goes to infinity, u is required to behave as 2 since 2 and u

are coupled and ¢ decays approximately as e °F. Thus,

W = (&%)l (114)

Substituting this value of u in equation (113) and performing the

integration, one finds C=.181 and C, in B (98) and ¢ (108), when

1 1 1
A=1, is equal to -.48.
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(6.4) Higher Order Fn and n
The calculation of higher order Bn and Hh involves fundamental
difficulties that were not encountered in the three forced convection
problems considered previously. In the latter three problems, the
convective term in the global energy equation for the limiting case w1=0
was the same as the convective term used to generate the iterative series
solution. Thus, when the global solution for the centerline temperature
or heat transfer was expanded about r=0, a term by term matching could
be completed with the inner field solution. In the present case, the
centerline temperature distribution (112) near r=0 upstream of the plate
is based on equation (109). There is no reason to expect that if the
full convective term u-vd, on which the hierarchy of equations (44)

is based, were used instead of the Oseen linearizationc the solu-

e
tion for 0 at $=0 would take the form (112) as r approaches zero. In

view of the above, it is interesting to observe that the homogeneous solutions
to equation (44), which comprise the infinite sum in (97), do correspond

on a one-to-one basis n=1, 2, 3, etc. with the global series solution

(112). Apparently, the solutions of Laplaces equation (97) with the
homogeneous boundary conditions (46) are the correct generating functions

for an iterative series solution to the linearized equation (109). Thus,

the solutions for el equation (98) and hy equations (108) correspond to

an Oseen linearization of the temperature field. By the same token,

it would be fortuitous if the generating functions in (97) should also

match on a term-by-term basis with the series solution for r-<<l1 of the

full non-linear global problem. This implies that the Stckes like

generating functions do not in all cases form a complete set and that
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additional generating functions may be required to represent the
non-linear behavior of the convective terms.

In light of the above, it would not be meaningful as a
rational procedure to calculate higher order Hn and wn from (44)

and (45) using the lower order solutions 0O, and ¥ obtained in (98)

1 1
and (108). We shall simply give the results obtained by solving
(44) subject to (46). The solution for 02 for-%A:_l and \#g 1s

given by

Q-0 GepplieoncooliFm) + cosie B 4
Hr-o-nl)z-u-n)"]c 4 1)+ 2(x+0+41C T
+ SR FeE i 32 )"" &éhug“ha-asz.a.i-vas Cos(’-““") (115)

— (¥+8) Ag i 2 ¥+8)
* e8C¥+2)(¥+3) cos(z.un)) ] r+Seos(@e+5)9)

and when A =

v

"8 L v BreelBEA M5 ) (116)
[ Ik rscos(ge) - r‘“’sgssin(ig-#)]
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where 92p is given by

- (2¥+5) T A c
Sup= — @, [mCOS(aﬂ ) "'(Q%?Taﬂ"’ az(m&qx‘-»zo%ﬂ# 0S#

Er+q¥ +12)C : i -
+ TN Te v e SN EFSin((rn#)

cos(¥s)os{(z+)9) (117)

qC,
128 Q¥+ 138+ 279+ \8)

+ ’é‘(&%%%)_ sin((s+2)#)sin((y+) )

- —xtDNAg 1)
BCE+2) (545) cos((r+2)#) cos((¥+1) )]

and Y=(%X"1)' It is to be noted that when A=1 92 behaves as r4 and
hence does not match with the expansion in fractional powers of r that
obtains from the Oseen type solution (112).

The solution for the temperature distribution and stream-
function, given by (F°+01) and (wo‘hl) respectively, offer a good
qualitative picture of the basic behavior of the fluid for all the
wedge cases. In order to illustrate the nature of the thermal and
flow fields described by (90+31) and (QO*UIJ in general, let us
consider the results for the limiting case of an isothermal vertical
plate. The lowest order solutions for the temperature and velocity
fields are shown in Figs. 13 through 15. Fig. 13 shows that the

steady state pure conduction solution of unity is washed downstream
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due to the presence of convection. It 1s also to be noted that at

a distance of a thermal Stokes radius along the center line upstream
of the leading edge the fluid has already realized approximately 52
percent of the total temperature drop between the plate and the far
field. Fig. 14 illustrates that entrainment of fluid must occur in
an intermediate region upstream since for r 1 the fluid moves upward
and around the plate. In the vicinity of the plate, the fluid tends
to stagnate., However, moving away from the surface, the velocity of
the fluid increases [see Fig. 15]. This type of behavior comes as
no surprise. Intuitively, the fluid would be expected to reach a
maximum velocity in some intermediate region upstream of the leading
edge and to decay to zero in the near and far field as r goes to zero

and infinity respectively.
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Chapter 7

Summary

Forced convection over an isothermal wedge, over a wall ramp
juncture with a step jump in temperature, and over a flat plate with
a step jump in temperature and various approximations for velocity
field, have been considered for the purpose of resolving the detailed
thermal structure of representative flows in the neighborhood of dis-
continuous thermal boundary conditions where ordinary boundary layer
theory does not apply. Similarly, the thermal and flow fields for
natural convection about the leading edge of an isothermal vertical
wedge have been examined. Nondimensional analysis of the Navier-
Stokes equations in each case shows that there is a localized region
in the neighborhood of the discontinuous boundary conditions in each
problem which is conduction dominated and the natural convection prob-
lem, in addition to having the vicinity of the leading edge of the
vertical wedge conduction dominated, is also observed to experience a
thermally induced slow flow. A characteristic diffusion length termed
the thermal Stokes radius is introduced as a measure of the extent of
the region in which conduction dominates. For the forced convection
problems, local analytic series solutions to the thermal fields are
developed by applying an iterative procedure based on Stokes like
generating functions while for the natural convection problem,
approximate truncated expressions for thermal and velocity fields
are found using a similar approach, In the first two problems

of convection over an isothermal wedge and over a wall ramp juncture
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with a step jump in temperature, the velocity field in the convective
terms in the energy equation is 1dealized using the inviscid flow
description for flow past finite wedge angles. The generating

functions for the local series solutions and the unknown constants

in the limiting case ¢ = 0 are determined by matching with solutions
for either the centerline temperature or wall heat transfer that ob-
tain from Oseen type linearizations of the related global problem for
this simple limiting geometry In the problem of forced convection
over a flat plate with a step jump in temperature, the effect of

the detailed structure of the incoming velocity and temperature
boundary layer on the local thermal field is considered. The

generating terms and available constants are similarly determined

based on local heat transfer information derived from a detailed

global analysis. This detailed global investigation also gave
additional heat transfer results far downstream of the step jump in
temperature at the plate. In the natural convection problem, an
iterative procedure is used to develop approximate truncated expressions
for the temperature and velocity fields. The generating functions to be
used in developing the expressions for the thermal and velocity fields
were determined based on local boundary information trom a modified
Oseen linearization of the governing energy equation in which the con-
vective effect is expressed as ¢ %%. It is thus seen from these several
examples how an iterative procedure alone or used in conjunction with

local line information obtained from a global analysis may be used to
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provide useful information in the vicinity of discontinuous boundary

conditions when the governing equations are coupled or uncoupled.
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Figure 1 Schematic of Symmetrical Forced Convection i
Past a Wedge of Half Angle 915 0 2 ¢; < 90°.

-Figure 2 Schematic of Forced Convection Over a Wall
Ramp Intersection, o << 90°.

Figure 3 Schematic of Forced Convection Past a Semi-Infinite
Flat Plate With a Well Established Temperature and
Velocity Boundary Layer.
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Sx

Figure 4 Schematic of the Leading Edge of a Vertical ¥edge
with an Arbitrary Exterior Angle. The Fluid
Properties at r* = » are T* = T , p* = p_ and u

=v_ = 0.
While in general, Pr =1, T; > T _, and 1/2 < X < 1.

-]
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Figure 6 Temperature Distribution in Vicinity of Step Jump in Temperature
for a Flat Plate Problem (ii), ¢; = o, 9 = o at Infinity,
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Figure 7 Heat Transfer Rate for Near and Far Field. Problem (iii),
Near Field Heat Transfer with ap as Parameter, Far
Field Heat Transfer - - - -.
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Figure 12 Heat Transfer Rate at the Plate with 8 = .027 and

G;f;%lﬂ used as a Parameter with Values 0, .0S,

.1, .2, .5, 1. Problem (iii).
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Figure 13 Isotherms based on 8o+6) for the Isothermal
Vertical Plate. Problem (iv).
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Figure 14 Streamlin
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Figure 15 Profiles of the Longitudinal Velocity Component u at Several
Sections for x Equal to a Constant. Problem (iv).
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