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A bstract

Wavelet Multiresolution and Applications

by

JIANXIN ZHU

Adviser: Professor Joseph B arba

M ultiresolution analysis represents a  function f ( x )  a t various levels of resolution. It is 

m ore efficient to  analyze the image a t resolution R j ,  and then process the additional details 

available a t the resolution R j + \ .  Wavelet representation provides a coarse approxim ation 

of the signal plus the detail signals a t the successive resolutions R j  for 1 <  j  < N .  In 

this dissertation, wavelet functions, wavelet bases and m ethods to  construct wavelet bases 

axe presented. The m ajor contribution of this research is in the application of wavelet 

for voice pitch detection, cell contour extraction, and texture segm entation. In wavelet 

m ultiresolution voice application, detail signals on different scales are used to  detect the 

voice signal pitch period. In cell image application, difference signals are used to extract cell 

contours. Edge enhancem ent m ethod provide another way to ex tract cell contours. Different 

contour ex traction  algorithm s are developed and the experim ental results are dem onstrated. 

Wavelet energy representation based on m ultichannel decomposition is defined. A pyram id 

tree structure and  a quadtree structu re  are used to construct energy vectors which are 

used as the tex ture feature in segm entation. Test images, w ith struc tu red /unstructu red  

and ro ta ted  textures are applied to  our segm entation algorithm . Experim ental results are 

shown to dem onstrate th a t the algorithm s are very successful.
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1 Introduction

1.1 M ultiresolu tion  A pproxim ations

In an  im aging system  objects are displayed at different sizes and different gray levels 

depending on the distance of the object to the focal plane of the video cam era and the 

lighting condition. In com puter vision it is difficult to  analyze the inform ation content of an 

im age directly from the image pixels. One image processing strategy is to  process the image 

a t different resolution scales, beginning with a  coarse signal and increasing the resolution by 

adding more detail inform ation until the signal is processed a t a fine scale. If the processing 

m ethod a t each different resolution scale is identical, a fast, efficient algorithm  can be 

developed. M ultiresolution signal processing provides a simple hierarchical framework for 

in terpreting the signal inform ation. To realize m ultiresoultion signal processing, a scale 

space is created where each scale is at a different resolution R j ,  1 < j  < N ,  R j  <  R j + i -  

A n image is decomposed into resolution levels, from  coarse, R \ ,  to fine, R ^ .  The image 

inform ation a t resolution R j + i  contains the inform ation a t R j ,  plus the additional detail 

signal. Because of the redundant inform ation between levels, the to ta l image inform ation 

a t each resolution level need not be analyzed each time; only the additional detail available 

a t resolution R j + i ,  after analyzing the signal a t resolution R j ,  need be processed. This 

approach sim ulates the hum an visual system, which sta rts  w ith a coarse resolution, and 

adds more detail as we focus on particular objects. M ultiresolution signal processing is 

very useful for p a tte rn  recognition, textual discrim ination, image understanding, image 

reconstruction, stereo m atching and tem plate m atching [1]. It has already been widely



studied in  bo th  one-dim ensional and two-dimensional signal processing.

A simple m ultiresolution approxim ation is the Laplacian pyram id structure, introduced 

by B urt [2] and Crowley [3], using the Laplacian of the Gaussian. The approxim ation of 

the image on different levels is presented in Figure 1. The difference signal is the difference 

between two consecutive levels:

D 2if ( x ) =  A 2i+i f ( x )  -  A 2j f ( x )  (1)

In .the  Laplacian pyram id, the signals on D 2j do not correspond to  the difference of infor­

m ation between A 2i + i f  and A 2j f  due to the correlation between the detail signals D 2, f  

a t different resolutions. It is difficult to  determ ine whether a sim ilarity between the image 

details a t different resolutions is due to a  property  of the image itself or to the intrinsic 

redundancy of the  representation [4]. The details a t each resolution 2J are calculated by 

filtering the  original image with the difference of two low-pass filters, then subsam pling by 

2°. The approxim ation of the Laplacian of the  Gaussian is given by the difference of the 

low-pass filters. The drawback of this algorithm  is th a t the details a t different resolutions 

are correlated. The num ber of samples representing the signal is increased by a factor of 2 

in one dimension and by a factor of 4/3 in two dimensions.

The ideal m ultiresolution approxim ation a t resolution 21 should be m ost sim ilar to the 

original signal a t resolution 2J, and should also contain all the approxim ation inform ation 

a t resolution 23+l. There should be no correlation between the difference signals and the 

approxim ation. The approxim ation operation is sim ilar a t all resolutions and is the same 

sampling length a t all levels. Some inform ation of f ( x )  is lost when com puting the approx­

im ation of f ( x )  a t resolution 2 \  bu t the approxim ation of f ( x )  will converge to the original
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Scale 2 J’1 

Scale 2 ‘

Scale 2 j+1

Figure 1: The approxim ation of the image and the difference signals of multiresolution 
signal processing

signal as the resolution increase to  + 00.

Wavelet transform s provide a new approach to realizing m ultiresolution pyramid ex­

pansion. It decomposes the signal into a coarse approxim ation, by lowpass filtering and 

subsampling, w ith a prediction error which is the difference between the original signal 

and the prediction based on the coarse version. The wavelet m ultiresolution approxima­

tion introduced by M allat [1] [5j suppresses the correlation between the detail signals and 

represents the difference in inform ation between A 2i+ 1 f ( x )  and A 2j f {x) .  The wavelet mul­

tiresolution approxim ation, at resolution 2J , projects f ( x )  onto an orthogonal basis. The 

orthogonal basis is constructed by dilating and translating  a particu lar function (p(x), called 

the scaling function.

Both the Fourier transform  and the wavelet transform  can be used for signal analysis. 

The short time Fourier transform  retains m any of the characteristics of the usual Fourier 

transform , such as a constant window size at all frequencies. However, the wavelet can focus 

on short duration phenomenons as the scale becomes smaller. This behavior allows a local 

characterization of functions which the Fourier transform  does not. These properties of 

wavelet transforms led us in our research to use wavelet m ultiresolution pyramid expansion



to analyze the difference signals on different scales and to  develop new approaches to  explain 

the real physical m eaning in  signal processing.

1.2 A b ou t th is d issertation

This d issertation is organized in to  7 chapters including this introduction. A brief sum - 

m ary for each chapter is presented in the following:

The first p a rt of this d issertation presents the concepts and theory of wavelet transform . 

C hapter 2 includes a brief review of the Fourier transform , short tim e Fourier transform , 

and the Gabor transform . The lim itation of these transform s is their lack of local infor­

m ation. A G abor window is used to  explain the window function which is constant a t all 

frequencies. C hapter 3 focuses on wavelet functions and wavelet bases. The definitions of 

wavelet function and  scaling function are presented, and the properties of wavelet trans­

form are described. O rthogonal wavelet, biorthogonal wavelet and the m ethods to construct 

wavelet bases are introduced. Some wavelet bases coefficients are listed and their figures in 

the tim e dom ain and frequency dom ain are given. Signal decomposition and reconstruction 

schemes are introduced. Wavelet window explanation is shown to illustrate th a t the, w idth 

of the window is wider in low frequency and narrow er in high frequency.

The second p a rt of this dissertation is devoted to  m ultiresolution applications. In chapter 

4, voice pitch detection using wavelet transform  is introduced. The first derivative of a 

smooth function can be used as a  wavelet function to construct a wavelet basis. The 

difference signals on each scale can be used to explain the physical meaning of original 

signals. Voice pitch can be detected by using the local m axim um  of wavelet decomposition.
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The 1-D application can be expanded to  2-D images. In  chapter 5, cell contour extraction 

using the same strategy is introduced. Results are given and the strengths and weaknesses 

of this m ethod are discussed. The m ultiresulotion edge representation allows us to develop 

a new approach to  overcome the short point of using the local m axim um  to  locate the 

cell edge. In  chapter 6, a new m ultiresolution enhancem ent m ethod for extracting the cell 

contours is developed. This m ethod  extracts the blurred cell contours successfully. The last 

chapter is devoted to tex ture  segm entation. M ultiresolution energy representation based 

on orthogonal wavelet transform  is defined and the energy vector is used as a  feature of 

texture. Test images w ith struc tu red /unstruc tu red  tex tu re  and ro ta ted  texture are used in 

our algorithm . The results of segm entation dem onstrate th a t the algorithm  is successful.

1.3 N o ta tion  used in th is d issertation

1. Z: Set of integer, Z =  { ...,-1,0,1,...};

R: Set of Real num ber ;

N: Set of integer >  0

2. Hilbert space £ 2(R ), is the vector space of m easurable, square-integrabel one-dimensional 

function f ( x ) .

3. L \ R 2) is the vector space of m easurable, square-integrable two dimensional function 

/(* .» )•

4. Inner production:
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For f ( x )  £ T 2(R ) and g ( x ) £ X2(R ),

<  f ( x ) , g ( x )  >= j  f ( x ) g ( x ) d x  
J  —  OO

For f ( x , y )  £ Z,2(R 2) and g( x , y )  £ T 2(R 2),

/ +oo y+oo
/  f { x , y ) g ( x , y ) d x d y

*00 J —  O O

5. The norm  of f ( x )  in  T 2(R )

/ + 0 0

\ f (x) \*dx
-00

6. Convolution:

For f { x )  £ Z 2(R ) and g{x)  £ X2(R ),

/+00
f ( u ) g ( x  -  u)du

•OO

7. Fourier Transform:

For f ( x )  £ i 2(R ), / ( o>) is the Fourier transform  of f ( x ) ,

/ ( « ) =  / +°° f ( x ) e ~ iuxdx  
J  — OO

For f ( x , y )  £ i 2(R 2), /(u>x,u;y) is the Fourier transform  of f ( x , y ) 

/ K ,  o,y)=  / +°° f + ° °  f ( x , y ) e - i ^ x + ^ d x d y
J —00 J  —  00

8. The Parseval Identity 

For all / ,  <7 £ £ 2(R ),

< / ,0  >= WZ < f , 9  >
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9. O rthonorm al Basis:

/ f e W ' V , >■(*> =  {  I  o tte J is e *  =  k

10. Down sampling:

A discrete signal x(n)  is down sam pled by M ,  ou tpu t y(n)  is every other M  samples 

of x(n) .

y(n)  = x (n ) j  M

1-1. Up sampling:

Insert M  — 1 zeros between consecutive samples of x{n).

y(n)  = x(n)  f  M

12. D ilation and  Translation: The dilation of ip(x) w ith  a factor s and translation  param ­

eter b is
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2 General Review of the Fourier Transform, STFT, and the 
Gabor Transform

2.1 T im e D om ain  and Frequency D om ain

N atural signals can be detected and converted into electrical signals by appropriate 

sensors, and the characteristics of the n a tu ra l signals can be analyzed by processing the 

electrical signals. VLSI processors, powerful com puters, fast supporting program s m ake ac­

curate processing possible. Fast algorithm s have been developed to  reduce the complexity of 

the com putation, shorten the com putation tim e, and make signal processing more reliable 

and affordable. Parallel algorithm  and m ulti-processors enhance signal processing perfor­

mance. Any signal, detected and converted, based on tim e variation, is called signal in t ime 

dom ain which either continues or discrete. Signals represented or described by the frequency 

variation is called signal in frequency dom ain. These are the two general categories. Many 

signal analyses are developed based on these two representations, for example, the Fourier 

transform  and the H arthey transform . These transform s play an im portant role not only in 

applied m athem atics bu t also in engineering. They have significant physical interpretations 

bo th  in the tim e and frequency domains and these m ethods have been successfully applied 

for m any practical problems.

The Fourier transform  of signal f ( x )  is defined as:

The Fourier transform  coefficients are com puted as inner products of the signal f { t )  with

( 2 )

sinusoidal basis functions of infinite duration. M any algorithm s have been developed which



make the com putation of the Fourier transform  m ore efficient [6],[7],[8]. Fourier analysis 

works well when /(£) is a sta tionary  signal. However, if /(£ ) is nonstationary, its Fourier 

transform  is spread out over the entire frequency dom ain, effectively masking its nonsta­

tionary character. For example, if  / ( f )  =  S(t -  to), the signal is non-zero a t t = to, bu t its 

Fourier transform  affects the entire spectral domain. Two approaches are used to overcome 

this drawback. One is to  view the local signal through a window function g(t),  in which the 

signal is considered stationary. The short tim e Fourier transform  uses the local frequency  

instead of the entire frequency dom ain. The second approach is to modify the sinusoidal 

basis function used in  the Fourier transform , m aking this basis function more concentrated 

in tim e and less concentrated in  the frequency domain.

2.2 T im e-F requency Joint R epresen tation

The Gabor transform , the windowed Fourier Transform , and wavelet transform  provide 

a time-frequency picture w ith good localization properties in bo th  domains. Signals in 

the tim e dom ain are m apped into a jo int Time-Frequency dom ain by these transform s. In 

time-frequency analysis, several im portan t points m ust be considered, such as size of time- 

frequency window, com putational complexity and efficiency, and im plem entation simplicity.

Gabor introduced a window function g ( t —b) in the tim e dom ain [9], where the param eter 

b is used to  relocate the window to  cover the entire tim e dom ain. This m ethod is used to 

narrow the tim e variation by suppressing the signal outside the window and analyzing the 

local spectrum  of the signal / ( f )  in the tim e window period. A Gaussian function is 

commonly used in the Gabor transform  since the Fourier transform  of a Gaussian function 

is still a Gaussian function. For some other applications, different functions can also be used 

as window functions. This windowed Fourier transform  is commonly called the Short-Time
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Fourier Transform  (STFT).

The ST FT  a t tim e t  is the Fourier transform  of the signal / ( f )  m ultiplied by a  shifted 

analysis window g(t  -  f0) centered around to- The window g(t  — t0) is relatively short 

compared w ith the signal f ( t ) .  The STFT is a local spectrum  of the signal / ( f )  around the 

analysis time t and is influenced by the window function g{t).  The STFT has no ability to 

handle some applications which require a large an d /o r small windows since the window size 

is fixed. For some application a large window m ust be chosen in order to analyze desirable 

properties. However small details can not be analyzed.

For / ( f ) 6 L 2(R) ,  the Gabor transform  of f ( t ) is defined by:

  f + oo
(Gab) f ( u )  = /  f ( t )ga(t -  b)e~tutdt (3)

J — OO

This in terprets the Gabor transform  as windowing the signal / ( f )  by the window function 

ga. To determ ine the w idth of the window function, an RMS (Root M ean Square) notion 

is employed:

A “- “  b l l *  L/-«,

1 / 2

(4)
Ik.

ga( t ) is an  even function and its center is 0. The w idth of the window function ga is 2ASa. 

For a > 0 we have Afla =  \/2  and the w idth of the window ga is 2*Ja.

The Gaussian function is defined as:

(5)

The Fourier transform  of a  Gaussian is also a Gaussian. The w idth of the Gabor window 

is determ ined by the positive constant a. By setting gZw(x)  =  ga(x -  b)e~tux, the Gabor
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I T

Figure 2: Gabor Transform Time-Frequency window 

transform  can be w ritten as:

   r+ oo

( Gt f ) H  =  /  = <  / , < C  > (6)
J - o c

The time-frequency window uses the time window as the width and use the frequency 

window as the length. In the Gabor transform  the w idth of the time-window due to g£u is 

2y/a and the w idth of the frequency window of g£ is 1 / y/a,  centered at w. The rectangle 

time-frequency window area is:

A(w)A(w) = [b -  y a , b -  ^/a] x [w -  - ^ = ,w  r  —̂ =]
L-Ja 2^/a

This is shown in figure 2.

The width of the Gabor transform  window is unchanged regardless of its frequency 

or tim e location. However, to analyze high-frequency spectrum  information, the time- 

interval should be relatively small; while for low-frequency spectrum , the time-interval 

should be relatively wide. This requires that the time-frequency analysis window be variable, 

autom atically narrowing at high frequency and widening a t low frequency.
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3 Wavelet Bases and Wavelet Transform

3.1 In trodu ction

The wavelet transform  was in troduced by Grossmann and Morlet in 1984 [10]. The 

topic has been trea ted  in  considerable detail in the m athem atics literature  by Meyer [11], 

Strom berg [12], Daubechies [13], M alla t [1], [4], [5], B attle  [14] and Lemarie [15]. P a ­

pers by Daubechies and by M allat, particularly, have generated a  great deal of activity 

in this area. Daubechies developed a system atic technique for generating ftnite-duration 

orthonorm al wavelets, and established the connection between continuous-time orthonor­

m al wavelets and the digital filter bank, which generated considerable interest not only in 

m athem atics b u t also in signal processing [13], [16], [17], [18]. Instead of having constant 

tim e (space) and frequency dom ain convolutions, the wavelet transform  uses short windows 

a t high frequencies and long windows at low frequencies. The resolution of the wavelet 

transform  varies w ith the scale param eter, m aking the wavelet transform  appropriate for 

processing signals w ith features of different scales. The wavelet representation provides a 

m ultiresolution expression of a signal localization in  both  the tim e and frequency domains. 

Wavelet theory provides a unified fram ework for a num ber of techniques and is widely used 

in com puter vision, subband coding, speech and image compression, texture classification 

and segm entation, and other signal processing fields [18] [19] [20] [21].

Any wavelet gives rise to some decomposition of the Hilbert space X2(R ) into a direct 

sum of closed subspaces W j , j  £ Z\  each subspace Wj  is the closure in £ 2(R ) of the linear 

span of the collection of functions. In real applications, a finite-energy signal is m apped 

into sample space; then, by applying the decomposition algorithm , the sampled signal can



be separated in to  wavelet components. The classic wavelets of Mayer, B attle-Lem arie, or 

Strom berg are based on Fourier-dom ain analysis. Daubechies constructed wavelets from  

iterated  filter banks in tim e-dom ain. The regularity  or smoothness of wavelets generated 

from ite ra ted  filters is one of the factors th a t should be considered. The expected wavelet 

should have a  good cut-off frequency and  be flat above cut-off frequency which corresponding 

to a sm ooth wavelet in  the tim e domain. The m ore iterations performed when constructing a 

wavelet from  filter banks, the sm oother the wavelet. The smoothness, symm etry, and order 

of approxim ation should be also considered in the construction of the wavelet. B-spline 

function is one of the simplest functions which can be used in constructing the wavelet.

In contrast to  the windowed Fourier transform s:

( Twinf ) ( v ,  t) = J  f ( s ) g ( s  -  t)e~iwtds (7)

the wavelet adapts the w idth of its time-slice according to the frequency components being 

extracted. The wavelet transform  is:

( T”avf ) ( a , b )  = J  f ( t w t - ± ) d t  (8)

where tj> is the wavelet basis developed from the scaling function <f>. The position of the 

signal window sam pled by the wavelet in  the tim e dom ain is controlled by param eter 6, and 

the extent of the window is controlled by param eter a. The wavelet transform  can also be 

w ritten as an inner products in X2(R ):

W f ( s , b )  = <  f(x),il>a(x -  b) > (9)

This corresponds to  a decomposition of f ( x )  on the family of functions i/>s(x -  u). If



the family of if>3(x -  u) forms an orthogonal basis, the signal f ( x )  is decomposed into an 

orthogonal basis and can be reconstructed using inverse wavelet transform . The Fourier 

Transform of  ^ 3(x)  is given by:

=  ^ $ ( 7) ( 10)

The resolution of the wavelet transform  varies w ith the scale param eter s, which is opposite 

to the window Fourier Transform  which has a fixed resolution in  the tim e and frequency 

domain.

3 .2  W a v e le t  B a s is  F u n c t io n  a n d  W a v e le t  T r a n sfo r m

Wavelet basis functions are obtained from a single prototype wavelet by dilations, scaling, 

and shifting. A function ifi(x) is said to be a wavelet if and only if  its Fourier transform  

^(w ) satisfies:

r ~  m t o  = r  M ^ = C i < ° °  ( i p
Jo U J-oo U)

This implies th a t ip(x)dx =  0. ip(x) is the wavelet ’’p ro to type” which can be thought of 

as a bandpass function. The prototype ip(x) is called the basic wavelet, or simply Wavelet. 

The dilation of ifi(x) w ith  scale param eter a and translation  param eter b is given by:

=  la l 1/2^ ( ~ 7 ~ “ ) (12)

The continuous wavelet transform  of a function f ( x )  £ T 2(R ) is defined as:
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where tim e x  and time-scale a, b param eters vary continuously. i>a,b(x ) *s the complex 

conjugate of ipaif,(x). A wavelet series is given by:

/(*) = c i,k^jAx) (14)
j,kez

The wavelet coefficients, analogous to  the notion of the Fourier coefficient, are given by:

Cj,k =  < /> V’i./c ^  (15)

- The continuous time-scale param eters (a, b) in (13) can be sam pled such tha t a =  Oq 

and b =  kaJ0. The original wavelets tpa,b(x ) become ipjtk{®) =  \ao \~ ^ 2^{o -A x ~ k ) , j , k  E Z  

and result in the discrete wavelet transform . Different values of j  correspond to wavelets of 

different widths; the translation param eter b also depends on j .  W hen j  is high, the wavelet 

is narrow (high frequency) and translated  in small steps to  cover the whole tim e domain. 

W hen j  is low, the wavelet is wider (lower frequency) and transla ted  by larger steps. In 

com puter vision and image processing the param eter a0 is a 0 =  2. From  a  single prototype 

ifr(x), by binary dilation 2J and dyadic transla tion  k / 2 3, we get a wavelet family { i ’j,k}'

il>j,k(x ) = 2- j / V ( 2- J a: -  k) (16)

for which the il>j,k(x ) constitute an  orthonorm al basis. This result in the dyadic discrete 

wavelet transform (D W T):

Wj,k =  C W T { f ( x ) ;  a = 2*', b = k V }  = j  f { s ) P jik{x)dx, j , k e Z  (17)

which approxim ates f { x )  at resolution 2J a t location k. The dyadic discrete wavelet trans­

form (DW T) has been popularized under the form of a signal decomposition onto a  basis



of orthonorm al wavelets.

A function f ( x )  can be represented in term s o f a  set of wavelet coefficients, which covers 

all the scales and every location:

/ w  = E E W i t i M * )  (18)
j€,Z k£Z

This means th a t a  function f ( x ) can be decomposed onto a basis of orthonorm al wavelet 

represented by a set of wavelet coefficients a t various scale and  locations. If ^(w ), the 

Fourier transform  of ip(x),  satisfies the condition:

+ oo
£  =  1 (19)

j ~ -  oo

the function f ( x )  can be reconstructed  by superposition of all the synthesis wavelets. This

ensures tha t the wavelet transform  provides a com plete representation covering all frequency
1

axis. The sim ilarity of the wavelet transform  to the Gabor transform  is th a t in bo th  case 

the signal f ( x )  can be represented by a set of tim e-varying functions; / ( x)  is decomposed 

into a coarse signal and a  set of detail signal on different scales. The difference is th a t ipa^ 

have tim e-w idth adap ted  to their frequency. Figure 3 shows the shapes of wavelets ipa^  

when scale a  and transla tion  b changes. Figure 4 shows the Fourier transform  of ipa,b- At 

high frequency, ipatb are very narrow  while at low frequency ipatb are much broader. For a 

wavelet ip w ith  appropriate  a0, k,  there exist V’j.fc, for any function /  in i 2(R ),

f ( x ) =  i>j,k (20)
j€Z)k€.Z

Function /  can be w ritten  as a superposition of ipjtk, and there exist ipj,k, f  can be recon­

structed  in a  num erically stable way from
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a > 1 
b < 0

when b > 0, shift to right side
b < 0, shift to left side  

when a < 1, m ove narrow 
a > 1, y  m ove wide

Figure 3: The shapes of ipa^  when a  and b changes

3.3 W avelet W indow s

We use ip as the time domain window function and ip as the frequency window function. 

The requirement for these window functions are: 1) th a t they bo th  m ust decay sufficiently 

fast, and 2) th a t the window function m ust be possible to identify its center and width. If 

the center of the window function ip is t*, and the radius of ip is A A, then the function ipa^

is a window function with its center a t b + at* and the radius is A H e n c e  the wavelets

transform  gives local information of an analog signal f ( t )  w ith a time-window:

[b + at * -  a A ^ ,  b + at* + aA^] (21)

In the frequency domain, the center and radius of the window function ip are u>* and A ^,

respectively. Because ip is the Fourier transform  of tim e window function ip, the radius of

the Fourier transform  of window is ^A ^, the frequency window is given by:

> • a a a a
(22 )

The rectangular time-frequency window is:

711*  ZX 7 i n  *  ZX 7
[6  + at* -  a A ^ ,  b + a t*  + a A ^ ]  X [------------ ,  —  -j------ ]

a a a a
(23)
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The ra tio  is:

[Center Frequency] _  w*/a  _  w*
[Bandwidth] 2A ̂ / a  2A^

Figure 5 gives a  graphic representation of wavelet windows. The w idth of the window is

2A  :
2 A,/, in the  tim e dom ain and in  the frequency domain. This window will be narrowed 

for detecting high-frequency phenomena, and m ade wider a t low-frequency. Unlike the 

STFT where the tim e and frequency axes are typically uniform, in the wavelet transform  

the frequency window is narrow while the tim e window is wider or vice versa. Figure 6 

shows the ST FT  and wavelet time-frequency windows.

3.4 W avelet Frame

The theory of wavelet frames provides a general framework which covers the two extreme 

situations, redundancy and restrictions for the reconstruction scheme. Discrete wavelet 

transform s provide a  very redundant description of the original function f ( x ) ,  it can only 

approxim ately represent the signal. If the redundancy is large (high oversampling) the 

basis functions axe m ildly restricted. If the redundancy is small (low sam pling), the basis 

functions are very constrained. The question is, how do we select a level of redundancy 

while still obtaining a  precise reconstruction of f ( x )  from  its wavelet transform ?

Based on the choice of the basic wavelet rp(x) an orthonorm al basis can be set up. 

However, not all types of ip(x) can be used to  set up an orthogonal basis. There exist 

some wavelets ip(x) £ T 2(R ) which can constitute orthonorm al bases. These particular 

wavelets are called orthonorm al wavelets. To reconstruct f ( x )  from its wavelet coefficients 

< /) V’j ,k > and still have a numerically stable algorithm  requires th a t the wavelet 

constitute a frame.
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Let wavelet ipjtk(x)  =  a ^ ^ 2i j}{a^x -  k), j , k  6 Z. A wavelet is an  admissible basic 

wavelet if  it constitu te  a  fram e w ith frame bounds A and B for L 2{R ). Then:

A <  [ +°° C{a0, k ) ^ P ^ - d ^  < B  
Jo £

and

A < f °  C ( a o , k ) ^ p ^ - d (  < B
J  —  OO  £

where C(a0, k ) =  2m r /a0k.

Not all choices for ip, a0, and k lead to  frames of wavelet, even if  ip is admissible. 

Daubechies proved in [13] th a t if ip decays reasonably fast in  the tim e and frequency domain, 

and J  ip(x)dx  =  0, then there exists a range of do and k, and the corresponding tpjtk 

constitutes a fram e. For this wavelet transform  there exists positive constants A  and B , 

w ith 0 < A  < B  < oo, such that:

A E x  < £  \Cjtk\2 < B E x  (25)
jyk^Z

A  and B  m e called frame bounds and E x  is the energy of the signal. If the two frame 

bounds are equal, A  =  B ,  it is called a tight fram e, and the  bound is given by:

A = p -  r ° °  = ^ - f  (26)
A: In a 0 A) £ « ln  a 0 V-oo £

The stability  condition on the basic wavelet ip requires the ip generates a fram e of L 2(R ). 

Under this condition, any f ( x )  £ L 2(R ) can be recovered from its inverse wavelet trans- 

form (IW T).
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* (* )  =  J J T b ) S  Ci * f { * )  (27)

Basically, if  xf> decays reasonably in the tim e and frequency dom ain, and /  ifi(x)dx = 0, then 

there exists a range of ao and k so the corresponding wavelet xfij^ constitute a frame.

3.5 Classification o f W avelet Bases

Many families of orthogonal wavelets th a t have been constructed in  Z 2(R ). Their differ­

ences lie in their localization in physical and frequency space. Strom berg [12] constructed 

wavelets which have C k continuity in  1982, where k is a rb itra ry  but finite. These wavelets 

have exponential decay. B attle  [14] and Lem arie [15] constructed identical families of or­

thonorm al wavelets based on spline functions. These wavelets have exponential decay and 

are C k continuous. In 1986, M allat [5] developed the theory of m ultiresolution analysis, 

which provides a general framework for the construction of wavelets. Daubechies [13] pro­

vided the first general theory for the derivation of com pactly supported wavelets in 1988. 

These wavelets are strictly  localized in physical space while also retaining good localization 

in frequency space. Unlike the wavelets of Meyer, and Battle-Lem axie, these wavelets do 

not exhibit sym m etry [22].

In 1985, Meyer [23] developed compactly supported wavelets w ith C k continuity, where k 

is arb itrary  and m ay be oo. These wavelets are well localized in  frequency space and physical 

space; decay is faster than  any inverse polynomial, bu t they do not show exponential decay.

3.6 Orthogonal W avelet Bases

3.6.1 D e fin itio n  o f  O r th o g o n a l  W a v e le t B a ses

An orthonorm al wavelet basis is defined as:
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/ ^ W ^ - ( * )  =  { j  ‘  (28)

A m ultiresolution analysis is an  increasing sequence Vj,  j  G Z  of closed subspace of 

Z 2(R ) with the following properties:

1) {0}  C ... C V i C Vo C V - i  C ...

2) f W ^  =  {0}

3) 0 jeZVj = i 2(R)

4) / ( * )  6 Vj / ( 2 s )  £ Fi+1

5) / ( s )  G Fj <=> / ( s  +  n) G Fj n  G Z

6) There exists a  scaling function ^  G Fo,

its integer transla tes <j){x — k), k G Z  form  a  Riesz basis for the space Fo

Fo =  span <j){x — k ) , k  G Z  

(f>(2x — &) form  a basis for the space F j,

Vi = span </)(2x — k), k G Z

The scaling param eters do not have to be powers of 2; in com puter vision and image 

processing, we are only in terested in  powers of 2.

Since the space Fo is em bedded w ithin the space V \ , any function in Fo can be expressed 

in term s of the basis function of V\.

OO

Hx) = ^ ( 2 *  ~ k) (29)
fc=—oo

The scaling function <f> and the square summ able sequence hn also have the following prop­

erties:



a) (j> and its Fourier transform  (j> have reasonable decay.

b) f  <j>[x)dx ^  0

c) hn = <  (f), (f)^iiTl > , ^2n l^nl^ ^

and

0 < A < X >  ( t  +  27r/)|2 < B  < 0 0  

iez

<t>o,k =  -  k ) , k  £ Z  form a Riesz basis for V0, <j>i,k =  ^(2® -  k ) , k  e Z  form  a  Riesz basis

for V \ . Define a  function:

<f>m,k(x ) =  2^ 0 ( 2m* -  *) (30)

<t>m,k{'z)ik £ £  forms a Riesz basis for the space Fm. The difference between subspace Vj 

and V j - 1 is defined as W j_ i, which is the orthogonal complement of Vj  in V j - 1.

V j - i  =  Vj  ® W j ,  W j ± W j ,  if (31)

where © represents a direct sum. We use ifi(x) as a wavelet function and ifi(x — k ) forms a 

Riesz basis for the subspace Wo, which is the difference between subspace F0 and V\.  Then:

Tpm,k(x ) = 2_ ?V’(2"m® -  k ) (32)

is a Riesz basis for Wm, the same as defined for Vm . In  addition, if ip(x — k ) , k  £ Z  form 

an orthonorm al set, then, rn ,k  £ Z  form an orthonorm al basis for L 2(R).

All the subspace W j  are orthogonal, and the W j  spaces have the scaling property
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It follows th a t, for j  < J:

J - j - 1

Vj  =  V j  © ©  W j . k (33)
k=0

Because all the subspaces are orthogonal, the H ilbert space £ 2(R ) can be decomposed into 

orthogonal subspace:

L 2( R )  = ( J  Vj =  ®j e Z W j  (34)

Since the space W q is contained in the space W - 1, the wavelet function can also be expressed 

in  term s of the scaling function:

+  CO

^ ( z )  =  Y  9k</>fa -  k) (35)
k= — oo

We use P j  as an  orthogonal projection of /  onto Vj,  and Qj  as the projection of f  on 

W j ,  we have:

P m - i f  = Pmf  + Qm f  (36)

Pmf  is the approxim ation on scale m,  and Qmf  is the detail which can be added to the 

approxim ation on scale m  in order to obtain the next finer scale approxim ation. This step

can be iteratively processed. Every / ( x)  6 T 2(R ) projected  onto subspace V j - \  can be

represented as f ( x )  projected onto subspace Vj and a set of detail inform ation which is the 

difference between the version of f { x )  at two successive resolution levels.

P j - i f  = P j f +  Y j < > ^j,k
j , k £ Z

(37)
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The scaling function <f>(x) plays a  very im portan t role. I t  is the starting  point in creating 

an  orthogonal wavelet basis. In  general, we want to  have the scaling function (j>{x) as smooth 

as possible and well concentrated around 0 in the spatial dom ain. I t  should be m ore regular, 

and decay fast, and satisfy:

/+oo
(f>{x)d,

-OO

A scaling function <j>(x) can be w ritten  as:

(38)

(j>{x) =  h(n)<j)(2x — n)
ngZ

(39)

or

=  (40)

Let m 0 =  ^  £ n  hne m 2,

m  = rn0( i ) ^ ) e ~ inl  (41)

mo is a 27r-periodic function in L 2([0, 2ir]), and

|m 0(^ ) |2 +  |m 0(£ +  tt) |2 =  1

After properly selecting the scaling function </>, Vo can be constructed from </>(•- k ), and 

all Vj  can be generated. Vj constitu te a m ultiresolution analysis. The m other wavelet ip(x) 

associated with (f>{x) can be constructed as

74
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^ U )  =  m o ( |  +  7r ) ^ ( | ) e in2 (42)

or w ritten  as

lii(i) =  v 5 ^ j ( n ) ^ ( 2 i - n )  (43)
n £  Z

where gr(n) =  (—l) " / i ( l  — n).

Let FT and G  represent the Fourier series of h  and g. The decomposition and recon­

struction requires:

H* H  + G* G = 1 (44)

where * is the complex conjugate. In  the decomposition the subspace should be orthogonal 

to remove correlations in  the signal sequence:

H  G* =  0 (45)

The filter coefficients h(n)  and g(n)  are fixed by the chosen m ultiresolution analysis fram e­

work. The h(n)  satisfy a  norm alization condition, h(n)  =  -s/2? and g(n)  =  0, and:

^  h{n  — 2l)h(n  — 2k) =  Siik, (46)
n £  Z

Y j g ( n - 2 l ) g ( n - 2 k )  = Sltk, (47)
n €  Z

^  h (n  — 2l)g(n — 2&) = 0 (48)
n £ Z



2 6

3.6 .2  C o n str u c tio n  o f  O rth ogon al W avelet B ases

In general, a scaling function (f> is the solution to  a  dilation equation of the form:

^(* ) =  hn<l>(sx ~  k ) (49)

In image processing and com puter vision, the convenient choice of the dilation factor is 

a =  2. The scaling function and its translates form  an orthonorm al set:

/+ o o
<i>{x)<t>{x +  l)dx =  60ti; I G Z  (50)

•O O

where

g f 1 if / =  0
0,1 |  0 otherwise

The scaling function should have the following properties:

1- ”  <t>{x )dx ~  1, and £  hn = y/2.

2 - <t>(x)</>(x +  i )dx  =  s0>l, i e Z.

We are interested in finding scaling functions so th a t the wavelet bases of L 2{R ) can 

be defined in term s of these scaling functions. Let m  to be a trigonom etric polynomial, 

m (0) =  1. The infinite product of m (2- , £) defines an entire function m(£) [13]:

OO

m (0  = n » n ( 2-* 0  (51)
i=l

If m 0 satisfy:

|m 0( 0 ! 2 +  l™o(£ + tt) |2 =  1 (52)
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77i0 is of the form:

”> w ( f ) = ( j ( l  +  «it) ) Ar0(«it) (53)

where IV £ N , N  > 1. Q is a trigonom etric polynom ial satisfying:

l<2(e‘*)|2 = Z l f iV k + k l̂ sin2k^  +
k—0 \  /

where R  is an odd polynomial. The polynom ial \Q(e'^)\2 can be w ritten  as a polynom ial in 

cos(£). Since cos(£) = 1/2(1 +  sin2 | ) ,  it can also be a polynom ial in s in 2(£ /2).

I<?(«'! ) |2 =  cos2"  1 |<J(€*)| (55)

To construct mo'.

Step 1. Select N ,  where N  £ N , and N  ^  0, where N  is the set of integer > 0.

Step 2. Select an odd polynomial R. R  cannot be completely free. M ostly set R  =  0. 

Step 3. Com pute roots z j , z j 1, z j , z j 1. If zj  is real, Zj =  T j , z J x =  r j 1, j  £ N  from  the 

equation:

P (0  =  E  (  k +  "  “  1 )  (*“ 2( f ))" +  (Sin2( | ) ) ‘ fl(coS{) (56)

Step 4. Select pairs of zeros from  each quadruplet of complex zeros, select one zero from 

each duplex of real zeros. For the filter w ith m inim al phase, reta in  all the zeros inside the 

unit circle. The Q n  will be:

TV -1

QN{et() =  qN (n)ein*, w ith  q0 ^  0
n = 0

(57)
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The corresponding mo w ith selected N  will be:

n=0

2iV—1

=  2-1 / 2 J ]  % ( n ) e l'"« (58)
n—0

Example:

1). W hen IV =  3:

I03 (-)I2 =  s  2 )  (sta2( | ) )

by setting R  =  0. Then the Q3 is:

G a (0  =  ^[(1 +  v'lO +  \ J 5 +  2\/T 0) +  2(1 -  V lO je*  +  (1 +  v'lO — \Jb  +  2y/lQ)e2^}

the polynomial roots are: (2.7127 +  1.4439*), (2.7127 — 1.4439i), (0.2873 +  0.1529i), and 

(0.2873— 0.15292’). Select the roots w ithin the unit circle, which are (0.2873 +  0.1529i) and 

(0.2873 — 0.1529z). Com pute the qjy and hpj based on eqations (57) and (58). One gets:

qN  =  {0.1409,-0.7645,0.13307}

hN = {0 .3327,0 .8069,-0 .1350,-0 .0854,0 .0352}

In sec. 3.5.3, coefficients of /i;v(n) are listed for the cases N  = 4, 20, and the figures of (̂f>, 

Nip are shown.
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An orthonorm al basis of com pactly supported wavelet can never be an even function. 

Only the H aar basis is the com pactly supported wavelet which (pHaar has a sym m etry axis. 

If mo is trigonom etric polynomial.

™o(£) =  e2,Afm 0( - £ )  (59)

the possible sym m etry point can only be A =  1/2 in ]0, 1[.

If  a  function (f> 6 £ 2(R ) generates a nested sequence of closed subspace Vj and is 

fram ed, it is said th a t the function (j> generates a m ultiresolution analysis. The function 

<f> is called a scaling function. Polynom ial spline bases are often used as seeding function 

because they have a  simple explicit analytic form . They are sm ooth and easy to m anipulate. 

The standard  basis functions, B-spline, are compactly supported and can be generated by 

repeated convolutions of a  rectangular pulse. A fundam ental result according to Strom berg 

is th a t any polynom ial spline function of degree n  can be represented by a  linear combination 

of shifted B-splines [12].

+°°
S" ( * ) =  J ]  c{u)pn{x -  k) (60)

k=- oo

where /3n is B-spline polynom ial in  order n. j3n is recursively convoluted by B-spline in 

order 0.

3 .6 .3  E x a m p le s :  <p a n d  ip fo r N

In this section we list some wavelet coefficents and give their figures in the tim e and

frequence domains. The first wavelet, the H aar wavelet and scaling function are shown in

Figure 7. The H aar wavelet can be viewed as the smallest degree Battle-Lem arie wavelet
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(ipHaar =  ipB-L,o) or also as the first of Daubechies compactly supported  wavelets {tpHaar =1 

ip).

Table 1 are listed  Daubechies’ N =4, N=20 orthogonal wavelets coefficients, the scaling 

functions and wavelets in tim e dom ain and frequency dom ain are shown in Figures 8, 9, 

and 10. Figures 11 and  12 are shown the Daubechies’ vanish m om ent and nearly symm etric 

wavelets [24]. Coefficients of Battle-Lem aries’ scaling function and wavelets are listed in 

Table 2. Figures 13 and 14 are shown two of Battle-Lem arie wavelet in the tim e and 

frequency domains.

3.6.4 Orthogonal Wavelet D ecom position and Reconstruction

Decomposition Scheme:

Let ip be any wavelet, ipjtk is a wavelet basis. Let Wj  denote the linear spam of ipj^k] k & Z.

We use +  as the direct sum and ® as the orthogonal sum. L 2(R ) can be decomposed as a

direct sum  of the spaces Wj:

L2(R) = 2̂ Wj = • • • + W _i + W 0 + W j -i- • • • (61)
iez

in the sense that every function /  6 L2(R) has a unique decomposition:

/ ( x) = ■■• + g - i ( x )  + g0(x)  +  g\(x )  +  • • • (62)

where gj 6 W j  for all j  £ Z.

If ip is an orthogonal wavelet, then  the subspaces Wj  of L2(R) are orthogonal.
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Wj 1  W h j  + I

Then <  gj, gi > =  0, j  ^  I where gj E W j , gi E Wi.  Consequently, the direct sum becomes 

an orthogonal sum:

£ 2(R ) =  0  W j  =  • • • ® W - !  © Wo © W 1 0  • • • (63)
j e z

Any /  E X2(R ) can be decomposed into a sum  of functions gj E Wj,  which is not only 

unique but also orthogonal. Vj is generated by scaling function <j> E L 2{R ), Wj  is generated 

by wavelet ip E L 2(R),  and Wj  are the orthogonal complement of Vj in  V j - 1.

Prom  the nested sequence of spline subspace Vj, the orthogonal com plem entary subspace

Wj,

V j - i  =  Vj © Wj,  j  E Z  

For any f  E L 2(R ), f ( x )  can be approxim ated into /jv G Vn  where N  E Z.

Vn  =  Vn - i +  W n - i  ( 6 4 )

/ i v  =  / at- i 4 - g N - i  ( 6 5 )

where / jv - i  G Vjv-i, and gN - i  6 W jv-i- By repeating this process, choosing M  so that

/jV-iW is sufficiently ’’b lurred” in term s of the variation, we get:

f N  =  9 N - 1 +  g N - 2  +  • • ' +  g N - M  +  f N - M where f j  G Vj,gj  E Wj
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If  Pj  denotes the  orthogonal projection onto Vj, and Qj  denotes the orthogonal projec­

tion onto Wj,  a decom position can be w ritten  as:

P j - i f  — P j f  +  Q j f  (66)

The difference between two successive approxim ations is

Qj+1f  = P j f - P j+1f  (67)

At-the first scale, when m  =  1, Vo =  Vi® W i ,  and f  — P \ f + Q \ f . Each of these components 

can be expanded w ith respect to the orthonorm al bases and respectively:

-P i/ : (68)
k

Q \ f  =  (69)
k

where chk =< f a ^ P i f  >=<  > =  E co,n <  <j>\,kA%n >■

The sequence ex,*, k £ Z  , represents a sm oothed version of the original da ta  sequence

c0. k £ Z,  represents the difference in inform ation between c0 and cj.

<  </>0,n > =  2-1/2 J  </>(| -  k)<j>{X  -  n)dx

— 2-1 / 2 J  -  (n  -  2k))dx  (70)

Let h(n)  = 2-1 / 2 /  </>(|)^(:c — n)dx,  then:

(71)
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We get:

Cl,Ife = Y h (n ~ 2k)co,n (72)
n

Similarly, let g ( n ) =  2-1 / 2 / ^ ( § ) ^ ( z  -  n )dz, and we can get d\,k =  Yln 9{n  ~ 2k )co,n- 

Rewrite these two equations:

ci =  H c 0 (73)

d\ = G cq (74)

The ite rated  form ula is:

P j - i f  = P j f  +  Q j f  = Y j ci,k<l>j,k +  Y  di,k^j,k (75)
k k

and

Cj = -H cj-i (76)

dj = Gcj -!  (77)

The successive Cj are lower and lower resolution versions of the original Co , and the dj

contain the difference in inform ation between Cj_i and cj . Com pared with the Laplacian

pyram id scheme introduced by P.B urt and E.Adelson [2], one can make the following notes. 

1) The com putation of the wavelet analysis is as easy as the Laplacian pyram id scheme; 

the data  are decomposed in to  a Pyramid  of approxim ations, corresponding to less and less



detail. The difference between each of two successive approxim ations are computed. 2) 

Wavelet decomposition is m ore economical than in the Laplican Pyram id. 3) The difference 

is in wavelet, the blurred lower resolution Cj and difference sequence dj  are obtained via a 

lowpass filter and bandpass filter. W hen m ultiresolution analysis framework is chosen, the 

filters h (n ) and g ( n ) are fixed. There is no need to recalculate the h ( n ) and g(n)  on different 

scales. The one-dimension decom position and reconstruction flow chart is given in Figure 

15(a). Figure 15(b) shows the spectrum -spfiting perform ance by the filter bank. There is a 

"finest” resolution associated w ith the space Vq. After a  finit steps j  decomposition, it leads 

to  a ’’coarsest” resolution associated with Vj. V)’s are called approxim ation spaces and W )’s 

are called detail space. In Figure 16, shows a ideal division of the spectrum  by the discrete- 

tim e wavelet series. The spectrum s are sym m etric around zero. The original signal is 

lowpass filtered using the ideal half-band filter. S tarting  from  the space Vo, we have derived 

a lower-resolution signal by having Vo, resulting in Vi, then  coarser version is obtained 

by using the same process. The final coarse (approxim ation) space Vj can be obtained, 

and difference space W j  have been created. A one-deminsional signals decomposition and 

reconstruction example is shown in Figure 17(a) and (b). In this example, a segment of 

signals w ith 512 samples is decomposed in three scales. The original signals and the low 

passed signals on each scales are shown on the left column. The right column shows the 

wavelet transform  difference signals. The reconstructed signal is shown in Figure 17(c). In 

Figure 17(d) is the errors between the original signals w ith the reconstructed signals.

3 .6 .5  D e c o m p o s it io n  and R eco n stru ctio n  in T w o -D im en sio n a l W avelet

To construct two dimensional wavelets, one can select wavelet bases obtained in one- 

dimension, and apply tensor products, or use the same analogue of the construction in
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the one-dimension, starting  w ith an  arb itrary  m ultiresolution approxim ation. The two 

dimensional wavelets are given by the following expression:

2j i>(2j x -  k, 2j y -  I), j , k , l e  Z (78)

and the scaling function in two dimensional wavelet can be w ritten  as:

2J^(2Ja: -  k, V y  -  I), j , k , l £ Z  (79)

. A tensor products ® is used here to  expand the one dimensional wavelet into a two 

dimensional wavelet. Let Vj be the vector subspace of L 2{R 2), Vj =  Vj ® Vj. Let $ ( s ,y )  =  

(f>(x)(/)(y). An orthogonal basis of Vo is then m ade up of the production (j)(x — k)(f>(y —

l ) , ( k , l ) G Z 2. Let Wi  denote the orthogonal complement of \ \  in  Fo- Then, as in one

dimension, Vj is generated by the scaling function $ j ,  j  G L 2(R 2):

F0 =  Fa © Wi  (80)

where W x = (Fx ® W x) ® {Wx ® Fx) ® {Wx ® W x).

The family of functions j ,  k  G Z }  is an orthonorm al basis of Vj , and k G

Z }  is an orthonorm al basis of Wj.  Hence the functions =  2J'$W (2J' i  — k) are an 

orthonorm al basis of Wj,  where:

$ ( x) ( i , y )  =  ^(,x)<f>(y)

$ ( 2^ ( a: , y )  =  <j>(x)ip{y)

$ ( 3) ( i , y )  =  <t){x)4>(y)

(81)

(82)

(83)



36

axe the orthogonal bases of (Fo ® W0), (Wi ® F i), and {W\  ® W i), respectively.

These functions are given by separable products of the functions and tf>. The difference 

of inform ation between two successive scales is equal to the orthonorm al projection f ( x ,  y) 

on Wj.  The wavelet decomposition can be in terpreted  as a signal decomposition in  a  set 

of independent spatially oriented frequency channels. The filters G and H  are the same as 

defined in one dimension. We use H c, Gc, H r , and G>, c for columns, and r for rows. The 

cq is decomposed into ci and d i j ,  d2,i, d2,\, where d(;),i corresponds to  the

d  =  H cH rc0 (84)

di,i =  H cGrco (85)

^ 2,1 =  GcH rc0 (86)

^3,1 =  GcGrc0 (87)

Figure 18(a) shows the two dimensional decomposition scheme.

To reconstruct /  from its wavelet coefficients, the wavelet £ Z }  m ust satisfy

(25). If we know Cj and dj,  the

Pj —l =  P j f  "t" Q j f  = Cj,k(l)j,k +  y ' d j^ tp j ^  (88)
k k

hence

cj —l,n = < P j - \ f  >

~  ^   ̂cj,k < fijfk >  "f" y   ̂djtk < (f)j—i iTl, t/’j.A: >
k k
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= h (n  “  2k)cJ,k + X ^ ( n ~ 2k)di,k (89)
k k

or

c,-_! =  H * C j  +  G*dj

where * denote the conjugate. The two-dimensional reconstruction scheme is shown in 

Figure 18(b). Figure 19 shows an image and the first two stages in the decomposition of 

the image. At each stage, the result is an averaged image and three detail component for 

horizontal, vertical, and diagonal details. As an application example, image compression 

using wavelet transform  accom panied with vector quantization scheme is given in Figure 

20. Different b it ra te  for different scales and details image can be applied (shown in Figure 

20(a)), and m ultiresolution codebook is used for each subimage. Each sub-codebook has a 

low distortion level and contains few words, which clearly facilitates the search for the best 

coding vector (shown in Figure 20(b)).

3 .0 .0  W avelet w ith  C om p act Support

Daubechies used ite ra ted  filter banks to construct wavelets in the tim e domain. The 

easiest way to ensure com pact support for the wavelet ip is to  choose the scaling function 

<p w ith compact support. W hen the scaling function <p(x) is not 0 in [-6 ,6 ], where 6 is a 

constant, the wavelet has com pact support. The wavelet coefficient h(n)  has finite length, 

th a t is, h(n)  =  0 for n  < and n  > K +. As regularity r increases, the supports of (p and 

ip also increase. Daubechies [13] shows th a t if there existd a constant C for each r > 1, the 

supports of <p and ip are contained in  [—Cr, Cr].
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3 .7  B iorthogonal W avelet B ases

3.7 .1  D efin itio n  o f  B io r th o g o n a l W avelet B ases

In orthogonal wavelet transform , the scaling function (f> in Vo constructs an orthogonal 

basis, and the wavelet is generated in term s of the scaling function.

<f>(x) = 2 hn<t>(2x -  n)  (90)
n £ Z

ip(x) = 2 gn<j>(2x -  n ), where gn =  ( - l ) nh ( l -  n)  (91)
T l ( z Z

The Fourier Transform  of these two formulas are:

d)(2u)) =  mo(o>)2<£(2a: -  n ), where m Q(uj) ■ ^  hne mw (92)

■0(2o>) =  m 0(u) + Tr)<j)(u))e tw (93)

where mo is a  27t periodic function, and satisfies:

|m 0(w )|2 +  |m 0(u> +  w)|2 =  1 (94)

m o(0) =  1 and m 0(7r) =  0 (95)

A sm ooth scaling function and wavelet are interested in m any applications, in which the 

scaling function can be w ritten  in the form  of

+ o °

4>(oj) = m Q(2~koj) 
k=\

(96)
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In some signal processing which sta rts  from a low-scale signal, such as d a ta  compression, 

which is in  the aspect of the low scale components to  reconstruct the signal, the smoothness 

of <j) and i/’ are m ore useful. The lim itation of the above form ula is the infinite iteration  

num ber if mo(w) is selected from the set of trigonom etric polynomials. Since they correspond 

to  the finite im pulse response (FIR) filter, they m ay get a  high regularity of cf) and ij} w ith 

careful selection. But orthogonal wavelet filters h and g can not be bo th  FIR  and linear 

phase, i.e. w ith real and sym m etrical coefficient, except for the Haar Basis. But the H aar 

Basis is no t continuous and is not very useful. But one still can decompose and reconstruct 

the signal using a pair of dual filters mo, mo, which satisfy:

Tno(0™o(Z)  +  rn0(Z +  w)m0(£ +  w) =  1 (97)

For any function /  in  L 2{R ), the  decomposition of f

f =  53 < /> i ’j,k  >  t i j j t  = < /, i>j,k >  ĵ,A (98)
j ,k £ Z  j ,k £ Z

A dual scaling function and dual wavelet are defined by:

4>(v)

-foo

=  I J  m 0(2_fco>) 
fc=l

(99)

0(w)
•foo

=  U  m 0(2 ~ ku>)
k=i

(100)

<£(2u>) =  mi(w)^(w) (101)

<j>(2w) =  m i(« )^ (w ) (102)
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where m \  =  m 0(w + ir)e~tw, and rh\ =  mo(w +  ir)e~tw. The dual trigonom etric polynomials 

mo and rho satisfy:

m o ( 0 )  =  m o ( 0 )  - 1 ,  and m o ( r )  =  m o ( i r )  =  0

3 .7 .2  C o n stru ctio n  o f  B io r th o g o n a l W avelet B ases

In biorthogonal wavelet bases, the dual filters associated with ip and ip generate a pair of 

biorthogonal Riesz bases. Also, they should meet the conditions for the stability  of the Fast 

Wavelet Transform. Define functions such as:

m o (0  =  2 - 1/ 25 > ne ^ ‘ (103)
n

m 0(O  =  2-1 / 2 E  hneint  (104)
n

m  =  (27T)-1/ 2 n  m 0( 2 - ^ )  (105)
3=1

4>(0 =  (27T)-1/ 2 n  7ho(2-J'£) (106)
3=1

The infinite products can only converge if:

m o(0) =  m o(0) =  1

or

E * "  =  E * "  =  V2

The dual scaling function can be w ritten  as:
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HO  =  M O O k O O  ( 107 )

h o  =  rhoiOOHOO ( 108 )

or:

$(x)  = V 2 ^ 2  h(n)<f>(2x -  n)  (109)

<j>(x) = V 2 j 2 h ( n ) < P ( 2 x - n )  (HO)

t J ) { x )  =  V2Y^g{n)<j){2x -  n)  (111)

H x ) ~  V/2 ^ ^ ( n ) ^ ( 2 a :  -  n)  (112)

where g (n ) =  (—l ) nh ( l  — n), and g(n)  = (—l ) nh ( l  — n). -ipj^ and constitute two dual 

Riesz bases:

<  i > ' >= 6j,j,Sk,k', a n d  J  <t>{x ) H x ~  k )dx  =  6o,k

W hen m o(—£) =  m o(Oi  or m o a polynom ial in cos£, the filter associated with m 0 is 

linear phase:

•i £
mo = e 2 cos -  (113)

z

In the biorthogonal case, one can select mo to  create a linear phase filter, or a symm etric 

scaling function </>. For real hn , the filter associated w ith m 0 can be w ritten as a polynomial 

in cos£, mo — p(cos£), or:
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m o{—£) =  rn0($)

W hen it is sym m etric around x =  1 /2 , the trigonom etric polynom ial can be w ritten  as:

m 0( - 0  =  e l2 cos(^)m 0(£)

Given mo, we need to  determ ine the mo(£) which satisfy:

m 0(£)m 0(£) +  m 0(Z +  7r)m0(£ +  w) =  1 (114)

when m 0(£) is even:

when mo(£) is odd:

™o(£) =  cos2' ( | ) p 0(cos£) (115)

m o ( 0  =  e *» cos2i+1( | ) p 0(cos£) (116)
2

where p0 is a polynom ial and p0 ^  0, / 6 IV

If there exist mo satisfying (114), then m 0 can have the same form as mo- 

when mo(£) is even:

m o( t )  = cos2l( ^ ) p 0(cosi)  (117)

when mo(£) is odd:

m 0(£) =  e *2 cos2f+1(^ )p 0(cos£) (118)

Substitute mo and mo into (114):

£ £ 
cos2A:( 2 )^0(cosOpo(cos£) +  sin2fc( - ) p 0( -  cos£)p0(~  cos£) =  1 (119)
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Let P (s in 2( f ) )  =  p 0(cos£)p0(cos£), for ( 1~c2°8^) =  sin2( | ) ,  p0( - c o s £ ) p o ( - cos£) can be 

w ritten as a  polynom ial in cos2( | ) ,  P (cos2( |) ) .  Based on B ezout’s theorem  [16]:

(1 -  x ) kp(x )  +  x kp ( l  -  x)  =  1 (120)

One can get:

p(x)  = (1 -  x )~k -  x k( l  -  x )~ kp{ 1 -  z) (121)

If the right side is expanded into a  Taylor series, the general form  is:

K*) = £  ( * + ̂  1 j + *fc-R(l - *) (122)
where R  is an  odd polynomial.

po(cos$)p0(cos$)  =  ^  +  „  1 j  (shl2( f ) ) "  +  (sin2(f) )* -R(coaO  (123)

where k = I + I when mo is even and k = I + I + 1 when mo is odd, and R  is an  odd 

polynomial.

To construct B-spline function in the order of N ,  the Fourier transform  of (̂f> is 

given by:

( ^ ) " = d24)

where k =  0 if N  is even, k = 1 if N  is odd.

The jvm0 are given by the formula:

N - [ N / 2 \
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The N ftTriQ axe given by the formula:

Ni#rho = e‘ 2 c o s(-) (126)
■ f c - i  /

E.n = 0  \

where N  >  1, N  +  N  =  2k is even, R  is an odd polynom ial, and k =  1 if IV is odd, k =  0 if 

IV is even. Generally, R  is set to zero for restricting the complex com putation.

3 .7 .3  B io r th o g o n a l  W av e le t B ases  E x a m p le s :  (p, (p, ip a n d  ip fo r N  a n d  N

In Table 3, we lave listed the Daubiches biothogonal coefficients of ^ m o  and wftTho for 

the first few values of N ,  N  [16]. Graphs of the corresponding #<£, Nfi<j>, n P̂, and Nftip for 

N  — 2, N  =  2, 8, and for N  =  3, N  =  7,11 are given in Figures 21 to 25. From some point 

on, increasing N  (for fixed N  ) does not alter the shape of N^ip  very much. The Njj<p is 

sym m etric around 0 for N  even, and around 1/2 for N  odd. The sym m etry axis for bo th  

Njfip and Nftip lies a t  i  =  1/2 in all cases; for N  even, they axe symm etric, for N  odd, 

antisym m etric. The different regularity properties of N$ip and  N^ip  m ay be useful in some 

application. A better compression ra te  may be achieved by using the pair of biorthogonal 

wavelet filters in  decomposition and reconstruction than  using the same filters in orthogonal 

wavelet

3.8 C om pu tation  Cell and Algorithm

Wavelet decomposition and reconstruction operations are sim ilar a t all resolutions and 

axe the same sampling length a t all levels. To im plem ent the wavelet transform  does not 

require the explicit form of <p{x) and ip(x), and only require h(n)  and g(n),  a lowpass 

filter and a bandpass filter. The wavelet coefficient on different scales can be computed 

by a recursive algorithm , so it is possible to develop a fast wavelet algorithm . M allet’s



algorithm  is very efficient and economic. It preserves the num ber of non-zero entries. The 

decomposition and reconstruction algorithm s are both tree structures. The discrete wavelet 

transform  com putation cell is given in Figure 25. The DW T algorithm  is a fast algorithm  

because of the decomposition of the com putation into elem entary cells and the subsam pling 

operations which occur a t each stage. The operations required by one elem entary cell at 

the j th  octave can be counted as follows: two filters, h and gr, w ith equal length L. F ilters 

h and g are directly applied to  the considered octave, and then the convolution results 

for the next cell are decimated. It requires 2L  m ultiplications and 2(L -1) additions for 

every set of two inputs. The complexity per input point for each elem entary cell is L 

m ultiplications and ( L - 1 ) additions. If the cell a t the j th  octave has input subsam pled 

by 2J_1, the to ta l cell elem entary in a filter bank im plem entation of the D W T on J  octaves 

is (1 +  1/2 4- 1/4 -f • • • + 1/2J ~1) =  2(1 — 2~J ). The to ta l complexity is 2L(1 — 2~J ) 

m ultiplications and 2(L — 1)(1 — 2~J ) additions [25].
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Figure 4. The Wavelet and Fourier Transform of W avelets
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Figure 6. The short time Fourier Transform  and W avelet Transform.
(a).Shifts of a  G aussian  window.
(b) Tiling of the tim e-lrequency p lane .
(c).Shifts and sca les  of the prototype b an d p ass  wavelet.
(d) Tiling of the tim e-lrequency p lane.
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Figure 7. the  H aa r scaling function <t>(x), (a) in tim e dom ain , (b) in frequency dom ain, 
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Figure 8. D aubech ies com pact supported  w avelet, N -4.
(a) Scaling function <f>, (b) T he m odulus of Fourier transform , |$|. 
(cj W avelet function iy. (d) T he m odulus of Fourier transform , |$ |.
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Figure 9 . D a u b e c h ie s  c o m p ac t su p p o r te d  w av e le t, N=20.
(a) S ca lin g  function <}>, (b) T h e  m o d u lu s  o f F ourie r tran sfo rm , |$ |. 
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Figure 10. D au b ec h ie s com pact su p p o rted  w avele t, N=40.
(a) S caling  function <j>, (b) T h e  m odulus of Fourier transform , |<j>|. 
(c) W avelet function y . (d) T he m odulus of Fourier transform , |y |.
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Figure 11. Daubechies orthogonal vanishing moments
(a),(b),(c), and (d)vanishing moment N=3, h and g in the time 
and the frequency domains, (e), (f), (g), and (h): vanishing 
moment N=5, h and g in the time and frequency domains.
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Domain, (d) N=10 Bandpass filter in Time Domain and Frequency Domain.
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Figure 15. (a) Block diagram for two channel filter bank with analysis filters and 
synthesis filters.

(b) Spectrum splitting performed by the filter bank.
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Figure 18. (a) Block diagram for two channel filter bank in two dimensions. 
Cascade of horizontal and vertical direction.

(b) Division of the frequency spectrum
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Figure 19: Image decomposition and reconstruction
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F igure 21 . B iorthogonal b a s is  for N=2, fsi=2.
(a),(e) tw o scaling  fu nctions, (b),(f) F o u rie r tran sfo rm  of (a),(e). 
(c),(g) tw o w av e le t WO a n d  W 1 . (d),(h) F ourie r tran sfo rm  of (c),(g).
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F ig u re  22. B iorthogonal b a s is  for N =2, N=8.
(a),(e) tw o  sca lin g  func tio n s, (b),(f) F o u rie r  tran sfo rm  of (a),(e). 
(c),(g) tw o  w av e le t W 0 a n d  W 1. (d),(h) F o u rie r  tran sfo m i of (c),(g).
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Figure 2 S. Basic computation cell of DWT and I DWT.
Overall organization gives Wavelet Coefficient 
that correspond to a  dyadic grid in the time-scale 
plane.

Table 1. Daubechies Orthogonal wavelet bases(N=4 and N=20)

Daubeelues N=4 
wavelet

Daubeehies N'=20 wavelet

n h(n) n h(n) n h(n) n h(n) n h(n)

1 0.330377 1 0.000779 11 0.228291 21 -0.013810 31 -0.000037

- 0.714846 2 0.010549 12 0.039850 22 0.006722 32 -0.000004

3 0.630881 3 0.063423 13 -0.155459 23 0.004420 33 0.000007

4 -0.027984 4 0.219942 14 -0.024717 24 -0.003581 34 -0.000001

5 -0.187034 5 0.472697 15 0.102292 25 -0.000832 35 -0.000001

6 0.030841 6 0.610494 16 0.005632 26 0.001393 36 0.000000

7 0.033883 7 0.361503 17 -0.061723 27 -0.000053 37 0.000000

8 -0.010597 8 -0.139211 IS 0.005875 28 -0.000385 38 0.000000

9 -0.326787 19 0.032294 29 -0.000101 39 0.000000

10 -0.016727 20 -0.008789 30 -0.000068 40 0.000000
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Table 2. B-L Orthogonal wavelet basis

B-L orthogonal wavelet basis

n h(n) n h(n) n h(n) n hfn)

-20 0.000023 -10 -0.002211 1 0.680369 12 -0.000107

-!9 -0.000001 -9 0.000335 2 0.137965 13 0.000873

-18 -0.000057 -8 0.005705 3 -0.124835 14 0.000036
-17 0.000004 -7 -0.001123 4 -0.020747 15 -0.000349

-16 0.000140 -6 -0.015113 5 0.041982 16 -0.000013

-15 -0.000013 •5 0.004238 6 0.004238 17 0.000141

-14 -0.000349 -4 0.041980 7 -0.015113 18 0.000004

- i j U.WUUWJO •j -O.U2l>74U 6 •O .uul123 19 -0.000057

-12 0.000873 ■2 -0.124835 9 0.005705 20 -0.000002

-12 -0.000107 •1 0.137965 10 0.000334

-11 -0.002221 0 0.680369 11 -0.002221

Table 3. Daubiches B iorthogonal wavelet coefficients (c  =  e '“ )

N  I Nm 0 iV N.N™0
2 : l/4(:-i v 2 fr ) 2 2_3(-3c-2 4- 2c_I 4- 6 4- 2c -  lc2)

! 1 4 2 - 6 ( - 3 c " 4 -  Sc”3 -  48c"2 4- 38c"1 4- 90  4- . . . )

6 2-lu(—5c_,i -  10c'5 4- 34c~4 -  78c"3 -  123c-2 4- 324c~x 4- 700 4- . . . )

3 l/8(2-1 4- 3 4- 32 +  2J) 1 2-2(-lc-1 4- 3 4- 3c - c2)
3 ] 2"s(-3c"3 -  9 z ~ 2 -  7c'1 4- 45 4- 45c -  7z2 -  9c3 4- 3c4)

j | 5 | 2 9( - o z ~ °  4- 15c 4 4- 19c 3 - 97z~2 -  13c-1 4- 175 4- . . .)

(* The coefficents o f iV ^-niQ are always sym m etric; for very long only half
the coefficients au:e listed , the others can be deduced by sym m etry.)
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4 Voice Pitch D etection  using M ultiresolution Analysis

4.1 Introdu ction

The wavelet transform  is a useful tool for m ultiresolution analysis in signal processing. 

Wavelet transform  decomposes a  signal in to  a multiscale representation, and the details a t 

different scales can be used to  describe the variation of the signal. In  this chapter, voice 

pitch extraction using a wavelet transform  on compact support bases is described. Wavelet 

transform s of two consecutive scales are used to  detect a sharp change in  voice signals. Local 

m axim um  is found based on the m odulus of wavelet transform . Exam ples are provided tha t 

show the success of wavelet application in voice pitch detection.

4.2 M ultiscale Edge R ep resen tation

Many studies of image processing and in terp reta tion  use the im portan t concept of edge 

features, which are considered to  occur a t those positions where the image intensity changes 

rapidly. In a 1-D signal, such as a voice signal, these points represent the glottal opening and 

closing; in a 2-D image, they provide the location of the structure edge, which is generally 

used to  identify the objects in the image. M any edge detection m ethods have been studied 

and developed; the multiscale edge detection concept can be found in  [26], [27], [28] and 

[29]. Several im portan t edge detection algorithm s look for local m axim a of the gradient 

of various sm oothed versions of the image. Edge features can be classified and indexed by 

the various resolutions or scales. M allat and Zhong studied the properties of multiscale 

edges through the wavelet theory and proposed a new wavelet edge representation which 

uses wavelet transform  modulus and gradient on different scales to represent the image, and 

which can reconstruct a close approxim ation of original signals from the m ultiscale edges 

[20]. In their approach, a particular class of wavelet -  a non-orthogonal wavelet has been
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used to realize the m ultiscale edge representation. Basically, there are two approaches used 

to  detect the edge point: zero-crossings and the local m axim a of the wavelet transform . 

The evolution of the  wavelet transform  local m axim a across scales characterizes location of 

the signal sharp variation. The Canny edge detector is the equivalent of finding the local 

m axim a of a  wavelet transform  modulus.

4.3 W avelet Transform  local m axim a and E dge D etectio n

Instead of having constant tim e (space) and frequency dom ain windows, the wavelet 

transform  uses short windows at high frequencies and long windows a t low frequencies. The 

resolution of the wavelet transform  varies w ith  the scale param eter, m aking it a desirable 

tool for processing signals with features a t different scales. The wavelet scheme decomposes 

the original signal into a coarse signal and a  set of detail signals a t the different scales. The 

set of detail signals can be used to  describe the variation of the original signal in the time 

domain. Different wavelets can be selected depending on the application.

In the Dyadic W avelet Transform (D W T), the transform  coefficients of the signal f ( x )  

can be com puted by:

Cm,n = <  > =  f  f { x ) ^ m,n{X)dt  (127)
J —oo

and the synthesis form ula is:

f ( x ) ~  (128)
m,n

The wavelet coefficients for different scales can be com puted by the recursive algorithm :
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A m,nf { x ) =  X  fl2n—k A m—l , k f {x ) (129)
fc

Cm,nf (x)  = Y j 3 2 n - k A m- l , k f ( x )  (130)
k

where A miTlf ( x ) are approxim ation coefficients characterizing the projection of f ( x )  onto 

Vm, the space spanned by the orthonorm al functions <f>mtn. The reconstruction is given by:

A m - l , l f { x )  =  X  ^2n—l Aminf(x' )  -f- Q2n—lC'Tn,nf(k̂  (131)
n

In m ultiscale edge representation, a separable spline scaling function 9(x , y ) is used as 

the sm oothing filter, and its partia l derivatives are used to  construct the wavelets [20]. A 

sm oothing function 0( x , y )  is defined as:

f-f-OO f  +  OO/ ■foo /*+oo
/ 0{x)dx  =  1 (132)

-oo J—oo

lim 9(x ) =  0 (133)
x,y—> + oo

Suppose th a t 0 ( x , y ) is twice differential. Let ip1 and ip2 represent the first and the second 

order derivative of 9{x) ‘

(134)

* ’ (*) = (133)

Because the in tegral of t/?1 and ip2 equals zero,
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/ +oo
tp1(x)dx = 0 (136)

- O O

/ -foo
%j)2(x)dx  =  0 (137)

•oo

these two functions can be considered to be wavelet functions. The wavelet transform  of 

signal f ( x )  using wavelet function tj)1 and tf>2 in discrete scale [2i j j ^ z  can be w ritten  as:

W ^ f ( x )  = f  * ^ ( x )  = 2^ ( /  * e2i){x)  (138)

W 2j f ( x )  = f * r P 22i (x)  = (2^)2~ ( f * 0 2j)(x)  (139)

which are the first and the second derivatives of f ( x )  sm oothed at scale [2^]jez- The local

extrem a of W 2jf ( x )  correspond to the zero-crossings of W 2j f ( x ) .  The extrem a detection

of the wavelet transform  built from  ip1 is equivalent to Canny edge detection [30]. The 

wavelet transform  is related  to  multiscale edge detection and is equivalent to finding the 

local m axim a of the wavelet transform  modules. M allet [20] has showen th a t the local 

m axim a of \W2jf (x ) \  correspond to  a sharp variation point of f ( x )  * 02j { x ), whereas the 

m inim a correspond to  slow variations, and the zero crossing of the second derivative gives 

the position inform ation. W hen detecting a  local m axim um  of \W2if (x ) \ ,  bo th  of the 

position x 0 and the am plitude of W 2if (xo)  have been recorded. This am plitude stabilizes 

the representation and is particularly  im portan t to describe the signal singularities. The 

wavelet transform  of / ( x)  decomposes f ( x )  into ( S j f ( x ) ,  W 2of (x) ,  . . .W2j f ( x ) j , j ^ z -  The 

very sharp change in voice signal a t tim e t = to will be exhibited as a local m axim a in the 

dyadic wavelet transform  across several consecutive scales.
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For most im age and voice applications, selecting an  antisym m etric wavelet is desirable 

because similarly it  can operate in  the right and the left neighborhood of a point. To

build a wavelet ip(x) equal to  a first order derivative of a  sm oothing function 9{x)  implies

th a t H(u>) is real and  sym m etrical around zero, and G(w) m ust be antisym m etric around 

zero and imaginary. In our edge detection experiment we use the non-orthogonal wavelet 

introduced by M allat and Zhong in  [20]:

H { u )  =  e*“ / 2(cos(o;/2))3 (140)

G{u)  =  4ieiu/ 2 sin(u;/2) (141)

Figure 26 is a  quadratic spline wavelet of compact support, which we use in our experi­

m ent; the derivative of the cubic spline function 9{x) is shown in  (b).

4.4 Voice P itch  D etec tio n

Voice fundam ental frequency f 0 is a  particularly  powerful param eter used in assessing 

the functional and anatom ical sta tus of the larynx. For instance, the prosodic information 

of an utterance is predom inantly determ ined by this param eter. In voice pathology, local 

pitch-by-pitch analysis would help establish the im portance o f ’’j i t te r s ” , defined as variation 

of pitch change and ’’shim m er” , defined as variation of am plitude change w ithin pitches. 

P itch  period inform ation can also be used in voice disease diagnosis to  m easure improvement 

after a treatm ent or operation. It can also be used in speaker identification and verification, 

and in speech analysis and synthesis [31], [32]. The quality of vocoded speech is essentially 

influenced by the quality and faultlessness of the pitch m easurem ent. The ear is more 

sensitive to variation in the fundam ental frequency than  to changes in other speech signal



param eters. The pitch period varies for different speakers based on factors such as age, 

reqional or accent, and gender. The em otional sta te  of the speaker also strongly inflects 

the speech signal. The fundam ental frequency of an arb itrary  speaker can vary from  50 to 

800 Hz, or four octaves. The m om entary portion of the vocal test may change abruptly  

a t any tim e. Additionally, the g lo ttal excitation signal itself is not always regular. The 

voice m ay tem porarily  fall into vocal dry and the glottal waveform exhibits occasional 

irregularities. These factors produce a non-stationary speech process and make the task  of 

p itch  determ ination one of the m ost difficult problems in speech analysis.

The problem , in signal processing term s, is to extract relevant inform ation from  the 

possibly noise-corrupted m easurem ent of a signal (e.g., extracting the pitch period of speech 

from  a  noisy d a ta  record). P itch  extractors are of three basic types [32]: event detectors, 

peak detectors, and tim e counters.

The event detector sets a m arker whenever it detects th a t a  significant event such as the 

instan t of g lo tta l closing or opening has occurred. W hen the glottal closes, a  discontinuity 

in the derivatives of g lo ttal airflow occurs. The pitch period is estim ated by locating the 

instan t of opening or closing either a t the peak point or at the zero crossing point. One 

event detection m ethod is to  locate the m axim um  of the autocovariance m atrix  of a given 

signal to determ ine the instan t a t which the g lottal is closed. Another event detector uses 

the occurrence of discontinuities in the derivatives of g lottal airflow to  detect the G lottal 

Closure Instan t(G C I). The advantage of these m ethods is th a t the pitch period estim ate is 

very accurate in the case of certain vowels. The disadvantage is this m ethod can only be 

used for certain vowels, not suitable for all vowels; it is not suitable for nonstationary  pitch 

periods.
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The peak detector is a ordinary short-term  pitch  detector. The actual signal fram e 

where all the periods are depicted is transform ed into the interval (0, to) in the spectral 

domain. The basic ex tracto r picks up the peak a t TO (m axim um  or m inim um  according 

to  the respective p itch  detector) and locates its position w ith respect to the origin of the 

spectral function, then  m easures the distance from  the starting  point of th a t signal.

Tim e counters operate w ithout a specified reference point.. W hen the speech signal is 

in  a  particular sta te , the counter counts the elapsed tim e until the signal again reaches 

the same or very approxim ately the same state. W hen the m easurem ent is activated, the 

ex tractor com putes for each instan t the Euclidean distance between the m om entary sta te  

and the reference state . W hen the m om entary s ta te  becomes sufficiently sim ilar to the 

reference sta te , the Euclidean distance is at a m inim um . It assumes th a t one period has 

elapsed. This m ethod  works in an increm ental way. After it is positioned, it counts periods 

from th a t point on. If a setup m easurem ent fails, it m ust be restarted . Usually having a 

fixed length window for calculating the average pitch period, and using the average pitch 

period to represent the given segment of voice signal, these p itch  detectors assum e that the 

pitch period is s ta tionary  w ithin each segment. Hence, they are insensitive to nonstationary  

variations in the p itch  period over the segment signal, and are unsuitable for speakers w ith 

bo th  low and high pitch  periods. The advantage is th a t the com putation is simple.

4 .4 .1  P itc h  D e te c t io n  o f  Speech  S ignals U s in g  D W T

The wavelet transform  for pitch period detection is an event m ethod. This m ethod is 

based on the fact th a t shape changes in the original signal m ay exist in several different 

scales. The local m axim um  of the wavelet transform  across scales m ay be used to indicated 

Sharpe changes, i.e. g lo ttal opening and closing. The pitch period can be calculated from



one local m axim a to  the  next local m axim a. The wavelet transform  property of changing 

window size in different frequency ranges, makes it possible for the DW T pitch detector to 

handle both sta tionary  and nonstationary  signals, and also signal segments w ith different 

pitch periods. A p itch  detection technique using D W T was introduced by K adam be and 

Boudreaus-Bartels in [31]. In  their algorithm , they com pute wavelet transform  up to  scale 

a =  2s . Here we develop a modified DW T pitch detection algorithm  using a non-orthogonal, 

antisym m etrical wavelet. This algorithm  requires only the first and the second scale wavelet 

transform . The wavelet we selected c m  operate similarly on both  sides of a signal, and we 

see th a t local m axim a of the wavelet transform  m odulus are located at the sharp variations 

of the signal. A window is used to locate the local m axim um  on different scales. This 

algorithm  can be im plem ented using relatively few com putations and can be applied to real 

tim e applications. P itch  detection can be performed w ithout prior inform ation regarding 

the subject, and there is no need to  pre-set the cut-off frequency range for evaluation.

The algorithm  works as follows:

• Step 1. Voice signal f ( x )  is decomposed into {522/(a;), W 2i f ( x ) ,  W 23f (x)} .

• Step 2. We use M 2j f { x ) to  represent the m odulus of difference signal in scale 2J , 

where J  =  1, 2. A lowpass filter is used to remove the high phenomena from M 2j f ( x ) .

• Step 3. Select d, d  > 0, for a window with window size [—d, d], and select thresholding 

values C 2i for scale 21, C 2i for scale 22, respectively.

• Step 4. Locate the sharp change points which satisfy the following conditions:

1. M 2i f ( x )  > C 2i and M 2-i f{x) >  C 2 2

2. M 2i f ( x i )  > M 2i f ( x i j r\) and M 2i f ( x i )  > M 2\ f { x ^  1) for 0 < i ± l  < d
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3. M 2*f{xi )  > M 2i f ( x i +i)  and M 2i f ( x i )  >  M 2a/(sc,-_i) for 0 <  i ±  1 < f

The flow chart of this a lgorithm  is shown in Figure 27.

If there are 2n  samples in a given segment voice signal, there will be n  samples in  scale 21 

and n /2  samples in scale 22 after the  wavelet transform  w ith down sampling. The position 

of sharp variation in scale 21 m ay have shifted a little because the down sampling operation. 

This algorithm  uses a  small window in the first scale, locates the position of local m axim a, 

then reduces the window size in ha lf a t scale 22 to locate the local m axim a in the scale 22. 

If  there exists a sharp variation in the original signal, the local m axim a will be exhibited 

over the consecutive scales.

4 .4 .2  E x p e r im e n t  R e s u l ts  a n d  D isc u ss io n

The goal of understanding vowel quality is the hope th a t measures can be obtained 

which directly reflect g lo ttal function. In our experim ent, we select vowel ”a ”, and two 

sets of voice signal pronounced by patien ts to test our algorithm . Figure 28(a) shows the 

original voice signal vowel ”a ” in 2,048 samples in a tim e interval of 46.44 ms at sample 

frequency 44.1kHz. figure 28(b) shows the voice signal after applying the wavelet lowpass 

filter twice, resuting in a m ore sm oothed version of the original. Figure 28(c) and (d) are 

the m odulus of the D W T a t the first and the second scales, respectively. Each peak in 

Figure 28(c) and (d) represent sharp changes in the original signal. A low-pass filter is used 

to remove the high frequency components in the DW T m odulus and to exhibit the local 

m axim a more clearly. A window of size d — 14 is used to  locate the local m axim a in scale 

21. The in Figure 28(c) represent the locations where a local m axim um  in bo th  scales 

exists. P itch  period inform ation are very useful in voice diseases diagnostic, and also can



be used to  indicate the improvement of medical trea tm en t. In our second experiment, we 

select two sets of vice signal pronounced by patients, before and after medical care. The 

original voice signals (4096 samples, 92.88 m s), before m edical care are shown in Figure 

29 and 31 for P a tien t One and Two, respectively. The results of applying wavelet lowpass 

filter twice are shown in 29, 31 (b). The wavelet transform  m odulus on the first and the 

second scales are shown in (c) and (d), respectively. Before m edical treatm ent, the pitches 

of P a tien t One (in Figure 29) are varied and Patien t Tw o’s p itch  (in Figure 31) is not 

even detected. The voice signal, wavelet lowpass filtering results, the first and the second 

scale wavelet transform  modulus, after medical trea tm en t, are shown in Figure 30 and 32, 

for P a tien t One and Two respectively. Both patients experience radical improvement after 

m edical trea tm en t. The ”*” in figures 30(c) and 32(c) dem onstrate the sharp changes in 

the original signals. The petch periods detected for pa tien t one and two are listed in Table

4.

To process long continuous speech signals, the signals can be segregated into segments. 

Let L  be the length of a voice singal segment segment, and 5  be the to ta l samples of a 

continuous speech. Then we perform  \_S/L\ DW T for each segment. The boundary of 

each segment does not change the pitch period if we use the wavelet transform  block from 

L W/ 2 , L  -  Ltu/2, where L w is the wavelet filter length. The local m axim um  on different 

scales m ay be allocated by applying a window with a threshold value. The selection of 

the threshold values C\  and C 2 is based on the segment signal.In our experim ent, the 

threshold C\  is set to 0.75 of the m axim aum in  this segm ent, and Ci  — 0.75Ci. The sharp 

change in the original signal will generate a high peak in  the difference scale and a low peak 

corresponding to a  lower variation in the original signal.
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Fast wavelet transform  algorithm s provide an efficient tool for performing the com puta­

tion quickly. If  the filter length is L w, the voice signal segment length is L , and L »  L w, 

straightforw ard D W T needs 2LW(1 -  2~J ) m ultip lication /po in t and 2(Lw -  1)(1 -  2J ) ad­

ditions/po in t, J  is octaves [25]. D W T can be perform ed quickly, and the algorithm  can be 

applied to  real tim e applications.

The advantages of the DW T m ethod are as follows. (1) The voice signals to  be processed 

do not have to be stationary  or quasi-stationary. The wavelet transform  property of using 

narrow  window at high frequency and wider window a t low frequency allows the DW T 

pitch  detection to handle non-stationary  voice signals, and also to  handle a  wide range 

of p itch  periods when pitch changes occur in the same segment. (2) The pitch  periods 

detected by D W T are accurate. (3) The com putation is simple and can be used in real time 

pitch  detection. The wavelet transform  for speech period detection is expected to  benefit 

in the diagnosis of voice disease, indicate the change of g lo ttal change, voice identification, 

pathologic voices such as spastic dysphonia, m oderate-to-severe breathy  voices associated 

with recurrent laryngeal nerve paralysis, polyps and nodules; and m oderate-to-severe rough 

voices associated w ith different types of vocal lesions and w ith laryngeal cancer, in which 

current s tandard  analysis techniques fail.

T able 4: T he patch period detected  for patient one  and patient two

1 Patient One, after medical treatment
n l 2 3 4 5 6 7 8 9 10 11

Samples 343 337 342 343 341 34C 337 338 338 332 336

rime(ms) 7.773 7.642 7.755 7.773 7.732 7.709 7.642 7.664 7.664 7.528 7.619

2 Fatient Two, after medical treatment

n 1 2 3 4 5 6 7 8 9 10 11

Samples 193 193 193 194 191 196 194 194 194 193 195

Timei’ms) 4 .376 4.376 4.376 4 399 4.331 4.444 4.399 4 .399 4.399 4.376 4.421

n 12 13 14 15 16 17 18 19

Samples 193 194 194 194 193 192 198 193

Time(ms) 4 .376 4.376 4.399 4,399 4.376 4.353 4.489 4 .376
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(a)

Figure 26. G(co) and H(co). Cubic Spline.
G(co) is antisymmetric around zero, 
H(co) is symmetrical around zero.

JTI* 1

DWT: D iscrete W avelet Transform  
M: Modulus

DWT DWT

Locate Local M axima 
with window and  

thresholds C1 and  C2.

Pitch Period =■ Pj-Pj.i

Figure 27. Block diagram of voice pitch period detection algorithm
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Figure 28. Voice vowel "a" and detected pitches, (a) "a" in 2048 samples (46.44 ms) 
(b) smoothed "a" by applying twice wavelet transform, (c) the first scale 
of wavelet transform, (d) the second scale of wavelet transform, 

in (c) represent the local maximum found in (c) and (d).
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Figure 29. Voice pitch detected for patient one before medical treatment.
(a) Original voice signals, pronounced by patient one, 4096 
samples(92.88ms). (b) smoothed voice signals by applying 
twice wavelet transform, (c) wavelet difference signals on scale 1. 
(d) wavelet difference signals on scale 2. in (c) represent 
the local maximum detected on both scales s=1 and s=2.
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Figure 30. Voice pitch detected for patient one after medical treatment.
(a) Original voice signals, pronounced by patient one, 4096 
samples(92.88ms). (b) smoothed voice signals by applying 
twice wavelet transform, (c) wavelet difference signals on scale 1. 
(d) wavelet difference signals on scale 2. in (c) represent 
the local maximum detected on both scales s=1 and s=2.
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Figure 31. Voice pitch detected for patient two before medical treatment.
(a) Original voice signals, pronounced by patient one, 4096 
samples(92.88ms). (b) smoothed voice signals by applying 
twice wavelet transform, (c) wavelet difference signals on scale 1.
(d) wavelet difference signals on scale 2. in (c) represent 
the local maximum detected on both scales s=1 and s=2.
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Figure 32. Voice pitch detected for patient two after medical treatment.
(a) Original voice signals, pronounced by patient one, 4096 
samples(92.88ms). (b) smoothed voice signals by applying 
twice wavelet transform, (c) wavelet difference signals on scale 1. 
(d) wavelet difference signals on scale 2. in (c) represent 
the local maximum detected on both scales s=1 and s=2.
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5 Cell Contour Extraction using Com pactly Supported W avelet

5.1 In trodu ction

An im portan t application of im age analysis is as a tool for pathologists to distinguish be­

tween norm al, reactive and cancerous cells. This is routinely used by the trained pathologist 

observing cell morphology under a  microscope. The pathologist is a  specialist capable of 

in tegrating picture inform ation and rendering an in terp re ta tion  which may not be obvious. 

Implicitly, the pathologist learns to  regard certain features as im portan t while disregarding 

others as mere artifacts. Features which trained pathologists indicate are im portan t in their 

diagnoses are cell and nuclear size and shape, and cell tex ture  and coloration. The single 

m ost im portan t task in the application of com puter based image analysis as a diagnostic 

tool is the accurate segm entation of the relevant image structures. Errors in segm entation 

m ay lead to  greater variance of subsequent extracted features, which m ay lead to  wrong 

classifications and  produce erroneous diagnoses. Additionally, tools developed for routine 

applications m ust have a fast im plem entation suitable for interactive applications.

Cell images were obtained by specifying a region of interest via a touch screen m ounted 

directly over a  video m onitor [33]. The region of interest m ay contain one or m ultiple cells. 

Generally, the cell consists of a dark possibly tex tured  nucleus surrounded by a lighter cy­

toplasm  region. The cytoplasm  region and the inside nuclear region usually exist as two 

separate aggregates. The background is generally lighter and may contain various darker 

artifacts which should not be recognized as meaningful regions due to their much smaller 

sizes. Factors preventing the straightforw ard segm entation and contour extraction of the 

desired structures include: 1) low contrast between background and structures to be seg-



m ented, 2) boundaries having varying gray levels which are sometimes poorly defined or 

fragm ented, 3) the presence of artifacts due to  the specimen an d /o r  preparation, 4) the 

presence of textures which m ay have greater contrast th an  the contours to be extracted, 

and 5) variability of size, shape and texture even w ithin a  specific specimen type. The 

im age characteristics often provide inadequate h istogram  m odes (global or local) or edge 

inform ation for segm entation [34],[35]. M ulti-thresholding technique can be applied to dis­

tinguish between false edges, bu t results are sensitive to  the selected threshold [36] [37] [38]. 

F iltering m ay be used to  reduce the effects of texture and artifacts but they also tend to 

d istort the contours and substantially  lower its contrast because of the am ount of filtering 

required [35]. In some cases be tte r results m ay be obtained if the image is re-quantized into 

fewer gray levels using a vector quantizer [39]. The extracted  edges are generally fragm ented 

and  complex edge-linking algorithm s have to be used to  ex tract contours [40] [41]. Region- 

based m ethods have the advantage of not being as sensitive to  noise and tex tu ral variation. 

However, their m ajor drawback is th a t usually complicated split-and-m erge operations are 

required, w ith a well defined rule to  determine how far to  proceed w ith the algorithm  [42], 

[43].

5.2 Edge D etec tio n  using W avelet Transform

Edge points are located where the image intensity has sharp transitions. In com puter 

vision, a large class of edge detectors look for points where the gradient of the image intensity 

has a modulus which is locally m axim um . Canny’s [29] edge detector is a multiscale version 

of this approach. It has been shown by M allat [20] th a t m ultiscale edges can be detected 

and characterized w ith a  wavelet transform . For a particu lar class of wavelets, the local 

m axim um  of the wavelet transform  modulus provides the edge locations in the image.
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A sm oothing function 6( x , y )  is defined as:

/+oo /*+oo
/  9( x , y ) dxdy  = 1 (142)

•oo J —oo

lim  0(a:,y) =  O (143)
*,K-f+oo ' '  '

Suppose th a t 0(®, y) is once p a rtia l differential. Let ipa and ij)b represent the first partia l 

derivative of 8(x,  y).

=  (144)

**(»> =  ^  (145)

Because the integrals of ifia and ifib are equal to  zero,

/+oo y+oo
/  ij:a(x)i/> (y)dxdy  =  0 (146)

■ oo J  —  OO

these two functions can be considered to  be wavelet functions. The associated 2-D dyadic 

wavelet transform  of a function f ( x , y )  G L 2( R 2) a t position (x, y)  using wavelet functions 

tpa and ifib in discrete scale [2■’Jjgz  can be w ritten  as:

W £ f ( x , y )  = f * ^ ( x )  = 2 ^ ( f * 0 2i) ( x , y )

W%j f (x , y)  = f * T p b2j(y)  = 2 ^ ( f * e 2j ) ( x , y )

(147)

(148)



which is the first partia l derivative of f ( x , y )  smoothed at scale [2 in the x and y 

directions. The two components of the wavelet transform  of / ( x,  y)  form  a gradient vector 

which can be used to  locate the edge points in 2-D images.

W Z f ( x , y )  U f * 0 a,•)(* ,»)
W l f ( x , y )  ) - Z {  f y { f * 9 2i) {x, y) = 2J v ( f * 0 2i ) ( x , y ) (149)

The m odulus of the  gradient vector is

M 2jf ( x , y ) =  J  W $ f ( x , y )  + W ^ f ( x , y )

and the angle in  the horizontal direction is

(150)

02i f { x , y ) = tan 1 (  )

A scaling function <j>{x) is introduced:

(151)

(f>(x) =  V2 h{n)(j>{2x — n )
n

The basic wavelet ifi(x) is related to  the scaling function via

(152)

t/>(x ) -  <j2'^2i g(n)<j)(2x -  n)  (153)
n

where g(n) =  ( —l ) n/i( l -  n).

The lowpass filter h(n)  and the bandpass filter g(n)  are required to  implement the 

wavelet transform . The wavelet used in cell edge contour extraction is the same as th a t in­

troduced in C hapter 4. One stage of the two-dimensional decomposition and reconstruction 

is illustrated in Figure 33. If the coefficient h(n)  has finite length, h(n ) =  0 for n < AT_,
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or n  > K-u, then  the corresponding basic wavelet given in (153) has compact support. One 

is interested in  a scaling function w ith compact support in  bo th  the spatial and frequency 

domain. This necessitates the use of a scaling function which is as sm ooth as possible in 

the construction of the wavelet basis on i 2(R ). The regularity index of the scaling function 

represents the sm oothness of the scaling function. The order of regularity increases linearly 

w ith the support width; when K  is small, (j) and if) are not very regular. There is a compro­

mise between the degree of regularity and the degree of compactness; (f) and if) have more 

regularity w ith  a larger region of support, bu t this requires m ore com putation.

The wavelet transform  decomposes f ( x ,  y)  into {S j f ( x , y ), { W £ j f ( x ,  y)},  {W%jf(x,  y ) } } j $ z ,  

where { S j f ( x , y ) }  is the lowpassed signal to  scale J,  and and Wlfj are wavelet dif­

ference signals in  the x  direction and the y  direction, respectively. A very sharp intensity 

change in the cell im age signal will be exhibited as a local m axim um  in the dyadic wavelet 

transform  across several consecutive scales. For image and voice applications, selecting an 

antisym m etrical wavelet is desirable because it can operate similarly in the right and the 

left neighborhood of a  point similarly. To construct a wavelet if)(x) equal to the first-order 

derivative of the sm oothing function 6(x)  implies th a t H{u)) is real and sym m etrical around 

zero, and G(u)) m ust be antisym m etrical around zero and imaginary.

5.3 C ell C ontour E xtraction

In our experim ent we use the wavelet introduced by M allat in [20]. This wavelet offers 

much b e tte r edge detection because the signal is correlated across scale and the wavelet is 

an ’’edge detecto r” .

H { u )  = el“ / 2(cos(u>/2))2n+1 (154)
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G(u)  =  i i e tu>/ 2 sin(w /2) (155)

The corresponding Fourier transform  of the scaling function (j> and wavelet ip are:

, 2 n + l (156)

(157)

The cubic spline wavelet ip described in [20], and the corresponding filters are given by 

h(n)  =  { . . . ,  0, 0.0625, 0.25,0.375,0.25,0.0625,0,...} and g(n)  =  { . . . ,0 ,  -0.0008,-0.0164,-

0.10872,-0.59261, 0,0.59261, 0.10872, 0.0164, 0 .0008,...} . A block diagram  of the contour 

extraction algorithm  is shown in Figure 34. The original image, represented at a  fine 

scale, was decomposed into smoothed images a t coarse scales and a set of detail difference 

images. The detail difference signal at each scale is used to  detect the local m axim um , 

corresponding to sharp changes in the image, as it propagates across scales. If  there exist 

a  local m axim um  a t positions P 2j (xo,  yo) and P 2j - i  (®i, yi) w ith  large am plitudes on scales 

2jr and 2J_1 respectively, then these points are possible contour points, if they are spatially 

close. Since the two points, (x0,yo)  and (z^z /i)  are on different scales, the point a t ( e i , 2/i) 

on scale 2J11 is m apped to scale 2J , denoted P 2j ( x \ ,  y i )  to  facilitate comparison. Two 

pixels are spatially  close if their Euclidean distance is smellier th an  a given value d, i.e..

E [ P 2j { x 0, y0), -P24 x i'> S/i')] =  l(Eo -  * i ') 2 +  (s/o -  yi ' )2j > < d (158)

The original im age is decomposed into smoothed and difference images in the horizontal, 

vertical, and diagonal directions. The modulus of the difference signal a t scale 2J is:
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M 2j f ( x , y )  = \ j  d%j f (x , y )  + f y f f a y )  + d * j f ( x , y )  (159)

To locate the two-dimensional local m axim um , corresponding to  the significant image edges, 

the m odulus signal is thresholded using threshold values C 2j and C2j- i  for scales 2J and 

2J~1, respectively. Using a  window of size 2d x  2d  to  m atch  pixels on the two scales, we 

process the image in  two passes. F irst consider the y  direction as constant. The local 

m axim um  a t •) propagating to the next scale w ithin the window m ust satisfy:

1. M 2j f ( x , - )  > C 2j  and M 2j - i f ( x , - )  > C 2j - i

2. M 2j f ( x i ,  •) >  M 2j f ( Si+i, •) and M 2j f ( x i ,  •) > M 2j / (® i_ 1, •) for 0 < i ±  1 < d

3. M 2j - i f ( x i ,  •) >  M 2j - i f ( x i +1,-)  and M 2j - i f ( x i ,  •) >  M 2j~i / ( x i_ i ,  •) for 0 < i ± l  <  f

The same m ethod is used in  the y  direction. The local m axim a found along the x  and 

y  directions are m apped into a composite binary image. The binary image contains the 

desired contours bu t also fragm ented contours segments due to  the presence of artifacts; 

these appear as protruding  branches when the artifacts are touching or close to  the desired 

contours. Additionally, the thresholding and m atching of the local m axim a on the two 

scales m ay also fragm ent the desired cell contours. These problem s are addressed in  the 

post-processing step where the composite binary image is processed by a morphological 

closing operation which tends to connect contours separated  by small gaps; the size of the 

gap closed is proportional to the size of the structuring element used in the closing operation. 

Removed of the contours fragm ented by artifacts is accom plished by using a morphological 

pruning operation [44].
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5.4 R esults

Figure 35 dem onstrates the use o f wavelet to  determ ine points of rap id  signal change in a 

one-dimensional signal corresponding to the gray level along one row of a  cell image. Figures 

35(b) and (c) show the wavelet transform  of the original signal a t two subsequent scales. A 

low-pass filter was employed to  remove the high frequency components in the D W T results 

and m ake the local m axim a more clear. A sharp change in  the signal in the original signal 

of Figure 35(a) is detected if there exist peaks a t the same locations of Figures 35(b) and

(c). Original images from cytology were obtained from the D epartm ent of Pathology at 

the M ount Sinai Medical Center [37] a t a  m agnification of 100X. Our application on these 

types of images, which are prim arily of isolated cells, indicate th a t only the first and second 

scales of the wavelet transform  are sufficient to extract the desired contours. The algorithm  

requires selection of the  threshold values C 2j  and C2j - i  , which were empirically determ ined. 

Threshold value C\  is set to 65 — 70% of the local m axim um  in the first scale and C 2 is 

set to 50 — 55% of the local m axim um  in the second scale. A 3x3 structuring element was 

used for the morphological filtering in  the post-processing. W ith  this structuring element 

the morphological closing algorithm  connects contour segments separated by one pixel.

Figures 36 and 37 dem onstrate application of the wavelet transform  to cell contour 

extraction. The original cell in figure 37(a) has dark artifacts, some of which are touching the 

desired contour. Also, the nuclear and  cytoplasm  regions have textures which m ay present a 

problem  during segmentation. To reduce the effects of the texture and background artifacts 

we preprocess the image by requantizing to three levels via the K-means algorithm . Three 

levels were chosen to  coincide with the  background, nuclear, and cytoplasm  regions. Figure 

36(b) is the preprocessing result. Figure 36(c) is the modulus of the wavelet transform . The
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points corresponding to the local m axim um  of the wavelet transform  is shown in Figure 

36(d). The isolated points and branches are trim m ed by application of a morphological 

pruning operation. Longer fragm ented contours are rem oved by application of a length 

filter. The ex tracted  contour is shown in Figure 36(e); for comparison, the extracted contour 

is superim posed on the original image in Figure 36(f).

Figure 37(a) shows a type of cell image which has relatively ’’constan t” background with 

little  if any background artifacts which would interfere w ith the segm entation. However, 

there are m ultiple cells, some of which are very close or are touching one another. In this 

case the wavelet filters are applied w ithout preprocessing. Figure 37(c) shows the modulus of 

the wavelet transform . Local m axim um  binary image is shown in Figure 37(d). Figure 37(e) 

shows the ex tracted  cell contours after pruning and 37(b) shows the original image w ith the 

extracted  contours superimposed. We notice th a t cells on the right side of the image which 

are touching or have m inute separation cannot be individually segmented using the wavelet 

filters. Additionally, o ther cell contours are not detected.

Figure 37 dem onstrates the shortfalls of this approach. Contours th a t are very close 

or touching can not be ex tracted  by this m ethod. The wavelet filters are in essence low 

pass filters which tend to merge structures, thereby obliterating their individual contours. 

Also, if the separation of a fragm ented contour is greater th an  one pixel, then the contour 

remains fragm ented and the subsequent pruning operation removes the contour. Contour 

fragm entation is caused by using a window with a  small size an d /o r setting the threshold 

value too high. In our experim ent, we only connect fragm entations th a t are one pixel wide. 

It is possible to link fragm entations tha t are n  pixels wide, but the trade-off is th a t the 

probability of incorrectly connecting two fragm ents increases w ith tl.
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5.5 C onclusion

The wavelet transform  can be used to  extract the sharp gray level change which represents 

the edges in  an im age. The difference between the wavelet transform  a t two consecutive 

scales can be used to  detect the sharp change in the original signal. This chapter has 

dem onstrated  the application of compact support wavelet to  cell contour extraction. If 

the image is corrupt w ith background artifacts, or if the nucleus and  cytoplasm  contain 

texture, preprocessing the image via the K-means algorithm  w ith three levels facilitates 

segm entation. All the  cell and nuclear edges can be ex tracted  simultaneously. However, 

cells th a t are touching or very close together cannot be extracted  by this technique.
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Figure 34. Block diagram of cell contour extraction algorithm
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6 Contrast Enhancement Cell Contour Extraction

0.1 In trod u ction

A segm entation algorithm  using wavelet transform  and enhancement to extract cell 

contours is here in troduced. The enhancement is applied to  the difference signal of the 

wavelet transform  to increase the contrast of cell s truc tu re  with background. The regions 

containing cell edges are detected on each scale of the wavelet transform . A m edian filter 

is applied to  remove isolated variations. A m orphological dilation operation is applied to  

correct the cell regions. The experim ental results in  fuzzy cell segm entation are provided 

and the results dem onstrate th a t the proposed algorithm  is simple and successful.

Identifying the edges of low contrast structures is one of the m ost common tasks per­

formed in  m edical im age processing. It is commonly practiced in digital medical imaging 

areas such as m agnetic  resonance (MR), u ltrasound, com puted tom ography(C T), nuclear 

medicine, and others, etc. In certain digital m edical im aging procedures, such as CT, X-ray, 

high contrast images can be obtained by rasing the num ber of photons at the tim e of exami­

nation. In  other areas, it is still very expensive to  ob tain  high contrast image, especially may 

have to  be processed again. Image enhancement clarifies details w ithin an image. Many dif­

ferent enhancem ent m ethods have been proposed; among these post-enhancem ent processes, 

linear intensity seeding, clipping, and histogram  equalization axe m ost commonly used [44]. 

Linear intensity scaling and clipping m aps a p a rtia l range (window) of the grayscale to 

the dynamic range of the display device. P rior knowledge or intensive human interaction 

is needed to choose the  right window. Histogram -m odeling modifies an image so th a t its 

h istogram  has a desired shape, bu t it is not very effective for images containing large homo­
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geneous regions. Filter-based approaches use ’’unsharp m asking” to amplify the m agnitude 

of edge gradients so that the intensity  on bo th  sides of the edge is increased. Leu [45] 

increased the intensities difference between neighboring regions of nearly constant intensity. 

A histogram  equalization function from pixels on edge contours is driven and applied the 

same transform ation to  the entire image. The contrast increase m ust be perpendicular to 

the edge contours. In  Beghadai and Le N egrate’s m ethod  [46], a  spatial localization of 

edges was constructed and used to index the design of in tensity  transform  functions. Pixel 

intensities on the different sides of the edge contour were changed by using the transform  

function.

Edge-based segm entation m ethods are based on the idea of image intensity discontinu­

ities along the boundaries between different objects [47], [29]. For a fuzzy structure bound­

ary, image intensity discontinuity inform ation is weak. Enhancing the edge inform ation 

m ay help to  locate precisely the im age intensities a t struc tu re  boundaries. Region-based 

algorithm s used in  cell contour extraction [48], [49] employ region growth and m erging to 

separate different objects with homogeneous intensities.

Lu et al. [50] proposed a  m ultiscale edge enhancem ent m ethod using non-orthogonal 

wavelet bases w ith stretching factors on each scale to stre tch  the gradient m axim a of the im ­

age. A reconstruction algorithm  for non-orthogonal wavelet bases w ith stretching is needed 

to  reconstruct the approxim ation of the original image. In  our application of non-orthogonal 

wavelet, we have observed a correspondence between the details of non-orthogonal wavelet 

transform  and variations in the original image. This observation has led us to develop a 

contrast enhancem ent technique for locating blurred cell edges. The following presents a 

simple and effective m ethod for region-adapted local contrast enhancement.
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In  some types of cell images, the background is relatively homogeneous w ithout many 

artifacts and variations in  the background are relatively smaller, the boundaries of the cells 

are blurred. Typically, cells get darker around the nuclear region of the cell. The m ethod 

we propose here is based on enhancing the wavelet difference signals to locate the regions 

which contain m ore variations. By contrast-enhancing these regions, cell contours can be 

m ore effectively extracted. A threshold is selected for each wavelet transform  scale in  order 

to  reduce noise.

6.2 T he M eth od

In  M allat and Zhong’s [20] in troduction  of a wavelet edge representation, local m axim a 

and gradients were defined based on the wavelet transform  difference signals. S tructure edge 

can be located based on the local m axim a on consecutive wavelet scales. The m agnitude and 

the location of non-orthorognal wavelet transform  difference signals characterize variations 

in the original signal. The locations indicate where the change occurred, and the m agnitude 

of the difference signal represent how sharp the change is. Lu [50] introduced a m ethod 

which enlarged the m agnitude of edge gradients to enhance the difference between objects. 

The observing this wavelet difference signal led us to develop a new m ethod for enhancing 

the cell edge and then  extracting the cell contours. W ith  m ultiscale edge representation, the 

edge features of location, m agnitude, gradient and sign enable us to  emphasize the changes 

in the image. C ertain  spatial regions w ithin spatial/scale dom ain m ay be located. These 

regions contain the edge inform ation.

As before, a m ultiscale wavelet transform  decomposition of a given image / ( r ,  y ) can be 

w ritten  as:
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{S% f { x , y ) , { W 2j f ( x , y ) } , \  < j  < J }  (160)

where S 2j is the lowpassed subim age of a given image f ( x ,  y ). W 2j f ( x ,  y),  1 <  j  < J  are the 

wavelet transform  difference signals on a scale from 1 to  J .  A stretching factor kj  > 1, for 

1 < j  < J ,  can be selected for each scale of the wavelet transform . The stretched difference 

signal set simply m ultiplies the stretching factor to  each difference value.

kj  ' W 2j f ( x , y )  (161)

The stretching factor can be a constant on each scale, k =  k\  =  k2 =  • • • =  kn , and can 

also be varied on each scale. Our goal is to  find the regions on different scales where sharp 

changes occur. Figure 38 shows the change when applying the different stretching factor 

on lowpassed signal an d /o r  difference signal. The original signal w ith 256 samples is shown 

in (a). In  (b), (c), and (d), we show the reconstructed signals which the stretching factor 

is applied on decomposed signals. In  (b), the stretching factor k =  2 is applied on bo th  

average and detail signals. I t  is alm ost the same as m ultiplying (a) by 2. In (c), we only 

apply stretching factor k = 2 to the detail signal on scale 2 and 3. In  (d), we only apply 

k = 2 to  the average signal. One can find out stretching factor applied on the difference 

signal will affect the detail variation. To illustrate our algorithm , one row of a  cell image 

is shown in figure 39(a). It contains 512 samples and crosses two cells. The m ean of

the sample signals has been set to  zero. The wavelet difference signal, w ith the position,

m agnitudes, and sign, is shown in Figure 39(b). T hen we only stre tch  those difference 

signal greater th an  a threshold Ct  by stretching factor k,  see (c). D irectly m ultiplying by 

the stretching factor, the wavelet difference signals not only enhance the  structu ra l contrast
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w ith neighboring regions, but also increase the variation in the whole image. To efficiently 

control the enhancem ent, a  threshold is used to block out the lower variation. A threshold 

Cj ,  for 1 <  j  < J,  is defined for each wavelet transform  scale. On each scale, the difference 

signals lower than  the threshold are removed. The stretching factor multiplies the different 

signals which is greater than  Cj .  We use to  represent the stretched difference signal 

which greater th an  threshold Cj on each scale 1 <  j  < J .  R is given by:

r S  _  f  k j -  W 2j f ( x , y )  if \W2j f ( x , y ) \  > Cj 
23 I  0 otherwise

M ost non-zero values of R^j  are located at the region where relatively m ore sharper 

changes occur. Regions having denser non-zero values in R^j  correspond to  cells in  the 

original image. There may still exist some isolated or relatively smaller regions w ith non­

zero values in  R%j, but the corresponding density is m uch less. These isolated non-zero 

values m ay represent noise, small structure, or unsharp changes in the image. We are more 

in terested  in locating those regions with denser non-zero values in R%j. A m edian filter is 

an ideal tool to remove those isolated non-zero values. We use M F  to represent the m edian 

filter operator and use R™, to  represent the result of m edian filtering of R^j . The R^j is 

defined as:

RTn f l  if M F { R^ j )  > 0
23 1 0 otherwise

Figure 39(d),(e) show the result after applying the m edian filter on the scale 2 and 

scale 3, respectively. As the wavelet transform  scales increased the average signals are more 

sm oothed and R for their scales vary less. We use R A to  represent the union of the R^), 

where 1 < j < J .
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j
R A = \ J R %  (162)

j=1

Figure 39(f) shows the union of (d) and (e). R A represent the area in which the relative 

sharper change has occurred in  the image. These areas form  a  thick belt around the cells bu t 

exclude the center of the cells. This is due to  threshold Cj on each scale not only removing 

the small variation in difference signals b u t also elim inating the changes around the zero- 

crossing. In order to  fill in  the  center of the cells, we use the m inimum of the sm oothed 

signal to  locate the seeding position and apply a m orphological dilation operation. The 

dilation is only applied to the m inim um  of the sm oothed signals. The dilation operation

cannot be applied to  R A directly because it would not only fill in the center but also enlarge

the area on the outside. If  cells are very close, this operation m ay connect the cells and 

make it more difficult to  ex tract the  separate cell contours.

The R a  after the dilation operation is:

R a  =  R a  U D I L { m i n ( S 2j ( x , y))  (163)

The final contours of cells can be obtained by subtracting  the morphological erosion of R A 

from R a .

Cell Contour =  R A - E R ( R A) (164)

where D I L  is the morphological dilation operation and E R  is the morphological erosion 

operation.

Because of the down-sampling of wavelet transform , the  subimage is one-quarter the 

size of the prior scale. We simply double the size of the lowpassed subimage to make it
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com parable to the prior image.

6.3 T he A lgorithm

The outline of the com putational steps for enhanced cell contour extraction is given 

below. The wavelet we used in  the experiment is introduced in  the work of M allat and 

Zhong [20], same as in  C hapter 5.

1. A non-orthogonal wavelet transform  is applied to  the cell im age to obtain  the image 

wavelet decomposition representation:

{ S 2j , { W j ( x , y ) } , l <  j  < J }

2. The m agnitude of the wavelet difference signal is stretched by a  stretching factor kj  a t 

each scale only if the signed is greater th an  the threshold value Cj. Others m agnitudes 

will not be stretched.

3. A m edian filter is applied to  the  result of step (2) to  remove isolated variations and 

to  detect the  denser area.

4. The area corresponding to the cell contour is form ed by the union of all results of step 

(3) for each scale.

5. Passible holes in the centers of cells are filled in  by applying m orphological dilation 

operation on the m inim um  of sm oothed signal.

6. Cell Contours are extracted  from  the result of step (5) by using Erosion and Subtrac­

tion.



98

0 .4  E xp erim en t R esu lts

Two images w ith b lurred cells of size 512 x 512, in  Figures 40(a) and 41(a), are tested in 

our experim ent. The m edian filter window size we use in our experim ent is 5 x 5. And we 

use a constant stretching factor k — 2. Comparing these two images, the cells in figure 41(a) 

are m ore fuzzy th an  those in figure 40(a), and are not textured. Two scales of the wavelet 

transform  are perform ed to ex tract the cell contours in Figure 40(a). Figure 40(b) is the 

stretched difference signal in scale 1; the result of m edian filtering is shown in  Figure 40(c). 

Figures 40(d) and (e) show the stretched difference signal and result of m edian filtering in 

scale 2, respectively. The union of (c) and (e) is shown in Figure 40(f). Figure 40(g) shows 

the result of filling these holes using morphological dilation. The extracted cell contours are 

shown in  Figure 40(h). The original cell image superimposed by the extracted cell contours 

is displayed in  Figure 40(i).

In the second image the cell edges are more blurred and require more wavelet transform . 

Six scales of the wavelet transform  are performed. The original cell image is shown in Figure 

41(a); R a  for 7  =  3 is shown in Figure 41(c); in Figure 41(d) is shown R A for 7  =  4; in 

Figure 41(e) is shown R A for 7  =  5; and in Figure 41(f) is shown R A for 7  =  6. The result 

after filling in the center holes is shown in Figure 41(g). The final extracted cell contours 

are shown in Figure 41(h). To show the performance of the segm entation visually, the cell 

image superim posed by the extracted  cell contours is displayed in Figure 41(b).

6.5 D iscussion  and C onclusion

The m ethod we propose here combines the robust characteristics of bo th  edge-based 

and region-based segm entation m ethods. The variations of the wavelet transform  can be 

used as p a tte rn  features to  discrim inate cell regions from  their background. It locates



9 9

sharp changes based on wavelet transform  difference signals, which are then m apped to a 

special dom ain w ith  homogeneous intensities. This m ethod has the flexibility to selectively 

enhance features of different size by providing scale-variable stretching factors, and also has 

the ability to  control noise m agnification by thresholding.

To ex tract contour of blurred cells w ith texture is also a  difficult topic because the 

intensity  difference used as a dissim ilarity measure in  m any existing segm entation techniques 

in  not suitable for textured cell image. A simple thresholding m ethod m ay indicated a 

boundary for fuzzy cells, bu t also m ay include the background in tensity  range. Using local 

variation provides a  more efficient m ethod  to ex tract fuzzy tex tu red  cell contours because 

wavelet m ultiresolution analysis can "zoom  in” as long the resolution changes and detect 

more details on the local variation. In  Sec. 5, a regular cell contour extraction m ethod using 

wavelet m ultiresolution m ethod is introduced. One of the shortfall in this m ethod is th a t 

the cell contour m ay appear disconnected if the original object has a  blurred edge. In Figure 

37 (a), the edge of the object in the m iddle left portion  of the picture is not very clear. Such 

fragm ent contours m ay be extracted by using the m ethod introduced in Sec. 5. Whereas 

the application of several erosion operation may remove the branches along the extracted 

cell contours, the  fragm ented contours will be removed also. The contrast enhancement 

m ethod can overcome this shortfall. Figure 42(a) is a subim age cropped from  Figure 37. 

The subimage is of a cell object w ith a contour which cannot be extracted  properly using 

regular wavelet m ultiresolution m ethod b u t which can be ex tracted  by using the contrast 

enhancem ent m ethod. This subimage is resized to 128 x 128 in order to process the contrast 

enhancem ent. Figure 42 (b) shows the result of R A while /  =  3. The ex tracted  cell contour 

is shown in Figure 42 (c). The cell image superimposed by the extracted  contour is displayed
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in  Figure 42(d).

The m orphological or gray-level m orphological m ethod is sensitive to  image noise. The 

morphological d ilation operation m ay enlarge the homogeneous region, but on the o ther 

hand, it is non-linear operation. The dilation operation m ay cause cell connection if  cells 

are very close and it is impossible to  separate the cells using an  erosion operation.

The experim ental results of the proposed algorithm  for extracting fuzzy cell contours 

are provided. The extracted  cell contours are superimposed on the original images. The 

results show th a t the extracted cell contours fill the cells in the original image very well. 

The algorithm  can successfully ex tract b lurred cell contours. In  the case of those cells 

which are m ore tex tu red , we observe th a t the homogenous area detected after applying the 

m edian filter is thicker than  that of non-textured cells. This indicates th a t this m ethod is 

also suitable for extracting textured cell image contours.

The m ethod presented here is based on stretching the wavelet transform  coefficients on 

different scales and m apping them  to  a binary dom ain to locate the boundaries of blurred cell 

contours. It is also possible to stretch all the wavelet transform  coefficients and sm oothed 

signal, then reconstruct to achieve an image w ith enhanced contrast and clarity. Figure 

43(a) is a  256 x 256 image cropped from  a  digitized pelvis x-ray image. Both pelvis and 

vessels are low-contrast in this image. Two levels of wavelet decomposition are applied 

to the image. Not only are the different signals on different scales stretched, bu t also 

the smoothed low-passed signal. The reconstructed image shows the objects in this image 

clearly enhanced, w ith bo th  pelvis and vessels m ore clearly defined. Compares as follows 

w ith the 7 enhancem ent m ethod. Different 7 value are selected. Figure 43(b), (c) and (d) 

show 7 =  0.25, 0.50 and 0.75, respectively. It can be seen th a t neither pelvis nor vessels



are satisfactorily enhanced, when the 7 value has been changed. Figure 43(e) and (f) are 

the reconstructed images after stretching the wavelet coefficient and the smoothed w ith 

different values. In Figure 43(e), the stretching value kT = 2, k2 = 3, and the sm oothed 

signal is stretched by k0 =  2. In  Figure 43(f), the stretching value =  3, k 2 =  3, and 

k0 =  1.5, respectively.
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Figure 38. (a) Original signal with 256 samples (b) original signal
stretched by factor 2. (c) Reconstructed signal from wavelet 
decomposition, the different signal on scale 2 and 3 are 
stretched by factor k = 2. (d) Reconstructed signal from 
wavelet transform, the lowpassed signal is stretched by 2.
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Figure 39 (a) Original signal, 512 samples, (b) wavelet different
signal for the first scale. (C) Stretched (b) by factor k1 = 4, 
(d) the result after applying median filter, (e) the result 
after applying stretch with factor k2 = 4 and median filtering, 
(f) the union of (d) and (e).
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Figure 42: Subimage from  Fig. 37 and  ex tracted  contour
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7 Texture Segmentation

Texture energy representation using wavelet transform  is a  new approach which can 

be used in tex tu re  classification and discrim ination. In this chapter, we develop a  tex ture 

segm entation m ethod based on the wavelet transform  energy pa tte rn . The representation 

features a t each scale are obtained by decomposing a signal (image) on to an orthonor­

m al basis, thus avoiding correlation between scales. D irection selectivity is built into the 

two-dim ensional orthonorm al wavelet. Test images, which contain structured  o r/an d  un ­

structured  images, can be classified and segmented in to  homogeneous tex tu ral regions. Also, 

features of ro ta ted  textures are ex tracted  and com pared w ith those of the original to demon­

stra te  the change of features. Exam ples are provided th a t dem onstrate the success of the 

algorithm .

7.1 In trod u ction

Image segm entation is the process of separating an im age into regions th a t are ho­

mogeneous w ith respect to  particu lar characteristics, such as gray tone, texture, or color. 

I t  assumes th a t  the statistics of each region are sta tionary  and each region extends over a 

significant area. In each region the local statistics are constant, or slowly varying, or approx­

im ately periodic [51]. W hen processing small neighborhoods, the differences in the m ean 

gray level, color, or apparent tex ture are not always sufficient to  distinguish the differences 

of textures. On the o ther hand, using large block subimages m ay also lead to incorrect 

segm entation when the window function overlays texture boundaries. The actual tex ture 

boundaries are not easy to  detect in either case, and therefore texture segm entation needs 

bo th  local and globed inform ation.



In the m am m alian visual system , the visual signal is received by the retina and then 

tran sm itted  through the optic nerve and into the lateral geniculate nucleus and stria te  

cortex. The m ajor known classes of neurons, leading from  the retina  to  the early stages 

of visual cortical processing in the stria te  cortex, have filtering properties th a t accom­

plish on increased conjoint spatial and spatial-frequency resolution. The visual stim ulus 

is processed in parallel by a  num ber of independent spatial-frequency channels in the s tri­

a te  cortex. Experim ents on hum an and m am m alian vision support the notion of spatial- 

frequency(m ultiscale) analysis th a t maximizes the sim ultaneous localization of energy in 

b o th  the frequency and spatia l domains [52] [53]. The m am m alian  visual system  can preat- 

tentively segment textures robustly, perform ing some form  of local spatial-frequency analysis 

on the retinal image. Experim ental analysis is done by a  bank of bandpass filters [53], [54]. 

S tatistics based on second-order d istribution of gray levels can be used as discrim inators in 

identifying texture.

A num ber of texture segm entation m ethods have been proposed [55],[56], [57], [58], [21], 

[59], [60], [61]. These techniques have dem onstrated substantial success for a wide variety of 

images. Generally, the tex ture  representation approaches can be divided into two categories

[62], [63]: sta tistical approaches and spatial/spatial-frequency approaches. In sta tistical 

approaches random  fields, generally a Markov Random  Field(M R F), w ith sm ooth spatial 

characteristics, the discrete valued field containing the classification of each pixel in the 

image. A region in the image is distinguished from the neighborhood regions if there exists 

sufficient evidence to  separate these regions. Each point in an  M RF is dependent on its 

neighbors, and the complexity of the m odel is restricted. The random  field models provide 

a powerful means of characterizing different tex ture classes [64], [65].



Local region-based tex tured  im age processing m ethods have achieved remarkable effects. 

Joint spatial and spatial-frequency representations have been applied to image processing 

problems since they find their analog in  the encoding of visual inform ation in the human 

visual system. Bovik [66] used complex Gabor filters to com pute texture feature from the 

envelope and phase inform ation ex tracted  from two quadratic components of each channel 

output. A. K. J ian  [59] chose real G abor filters for analysis. The advantage of these m eth­

ods is th a t G abor filters have orientation selectivity and filter bandw idth properties and the 

Gabor filters are easy to  design. The drawbacks are th a t they are com putational inefficient, 

requiring a large num ber of channels to  cover the complete frequency plane. Although the 

G abor function is an admissible wavelet, it does not result in an orthogonal decomposition

[59], the energy d istribu ted  in m ultichannels m ay correlated. The developments of wavelet 

theory provide an  alternative tool in m ultichannel filter banks. Wavelet theory has several 

potential advantages in th a t wavelet filters cover the complete frequency domain and fast 

algorithm s are available. Several recent studies have successfully applied wavelets to differ­

ent image processing fields, such as compression, edge detection, texture classification and 

segm entation, [19].

The different textures in  an image usually appear as such to  a hum an observer. There 

is no m athem atical definition th a t can capture the diversity of tex tu ral families. Basically, 

textures can be classified into two categories: structured  and unstructured. The structured 

tex tu re  is produced by the placement of texture prim itives according to certain placement 

rules [67]. M ethods th a t can handle the more structured  textures require defining a good 

set of texture prim itives and placement rules. Only regular pa tte rns can be handled in 

such a way. U nstructured texture is composed of random  texture elements. There is no
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placement rule for the large class c f  such textures. Relative to  the entire image, textures in 

the same region have sim ilar characteristics and may exhibit quasi-periodicity.

A large class of n a tu ra l textures can be modeled as a quasi-periodic p a tte rn  and detected 

by highly concentrated spatia l frequencies and orientations. Texture segm entation requires 

simultaneous m easurem ents in b o th  the spatial and the spatial/frequency domains. Filters 

with smaller bandw idths in the spatial/frequency dom ain can m ake finer distinctions among 

different tex tures. Spatial/frequency representation, which preserves b o th  global and local 

inform ation, is adequate for quasi-periodic signals. The criteria of a good segm entation are:

(1) tha t regions should be homogeneous, (2) th a t regions should be simple and w ithout 

m any interior holes, (3) th a t adjacent regions should be significantly different, and (4) th a t 

boundaries should be sm ooth, accurate and well defined [68].

7.2 T he M eth od

In general, tex ture  segm entation consists of two phases: feature extraction and seg­

m entation. Features for texture representation are of crucial im portance in accomplishing 

segm entation [69]. A classification algorithm  employing wavelet packets to obtain  an energy 

feature vector of m oderate length was proposed in [55] for tex tu re  images with large sizes. In 

this study, a  subim age of size 128 x 128 was extracted from  the original sample texture w ith 

a  fixed 43 pixels overlapping subimage, from which 64 sub-samples were evenly extracted. 

Even though the classification m ethod achieves a  high correction rate , the drawback is th a t 

a  fairly large window size is required for extraction of the feature vector components, and 

hence only tex ture images of fairly m oderate size can be classified. In fact, the smallest 

window size deemed suitable is 16 x 16. The algorithm  presented here employs a window 

size only large enough to  capture the quasi-periodicity of the texture image. Since only
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wavelet decom position is perform ed, the proposed algorithm  is less compositionally expen­

sive compared w ith the algorithm  in  [55]. The energy of an image f ( x , y )  w ith n x n  pixels 

is defined as:

£ » =  E  E / W )2 (165)
* i

In  orthogonal wavelet decomposition the im age energy is preserved. We assum e the 

energy distribu ted  on different channels as a  distinguishing feature for tex tu re  classification 

and segm entation. In our study the tree structures are defined in two ways: standard  tree 

structure and quadtree tree structure.

The trad itional pyram id-type wavelet decomposes an  image into four subimages (low 

frequency subimage, horizontal orientation subim age, vertical orientation subim age and 

diagonal orien tation  subimages) by applying wavelet transform  filters h  and g. Figure 44(a) 

shows the decom position in  two scales, s = 2. The energy of a given image is the sum  of 

the energy of the four subimages in scale 1.

E ° = E l  + E jj  +  Efy + E}j (166)

where the superscription is for the wavelet decomposition scale and the subscripts represent 

the subimages.

In the standard  wavelet tree structure, the low-frequency subimage is decongested re­

cursively in m  tim es. The standard  decomposition tree structure  up to scale m  is shown in 

Figure 44(b). The energy of the image distributed on the different channels can be w ritten

as:



115

p O    p i  i p i  . p i  . p i
£ j  —  £ j L  +  J b g  +  £ j y  +  J b D

  p 2  p 2  i p 2  i jp 2  p i  I p i  i p i
—  • C 'i  +  ■C'H +  H j y  +  & £ )  -f- M /JJ  ■+■ J h y  +  J h D

= E™ + E ff  + E % -' + . . .  + E 1h  + E ^ +  E ^ - 1 + . . .  + E ^  + E ^  + E% ~l + • • • + E xd

771 771 771
=  & £  +  ’L E H  +  T . E V  +  T . E D

P  P  P

In the quadtree structure , each subimage is decomposed into four subimages. Figure 

44(c) shows the quadtree structure  decomposed for three scales (m  =  3). The sum of the 

energy on a leaf note is equal to the energy of im age f ( x , y ) .  We use e; to represent the 

energy of leaf i, 1 <  i < n. For m  — 2, there are 16 leaves, (n  =  16). W hen m  — 3, there 

are 64 leaves, (n  =  64). The general form  for quadtree decom position energy representation 

is:

4*71

£ ” =  ! >  (16?)
i = l

where m  is the wavelet transform  decomposition scale and i represents the leaf on scale m .

We use the wavelet transform  energy vector as the feature of the image. The wavelet 

transform  energy vector is defined as follows. An image block of size of 2k x 2k, which 

represents the pixel p ( i , j ) in  the image, is decomposed, and  the energy distributed on each 

channel is computed. The energy on each channel constructs a wavelet transform  energy 

vector. The block size is selected as a  power of 2 since the wavelet transform  decomposed 

the image into four subimages. The pixel p ( i , j )  cannot be in  the center of the block since 

the block size is an even num ber. We consider the p ( i , j ) as (k  -  1, k -  1) of the block. To
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overcome the boundary problem , we m irror the boundary of the image of size k in order 

to make sure that the center of the block will cover the entire image when the block moves 

from  the upper left corner to  the lower right corner. Each pixel in the image is represented 

by a wavelet energy vector. We use E ( i , j )  to  represent the energy vector of pixel p ( i , j ) .

The difference in tex tu re  m ay not be sufficient to  distinguish if  the block size is too small 

and the wavelet transform  has adequate tex ture  d a ta  in the decomposition. If the block 

is too large, it m ay lead to  incorrect segm entation when the block overlays the tex ture

boundaries. In our experim ent, we used a block of size 16 x 16 to construct the energy

vectors in a  standard  tree struc tu re  with 13 components in  each energy vector. We also 

used blocks of size 32 x 32 to construct energy vectors w ith  scale m  =  2 resulting in  16 

components in the energy vector. See Figure 45(a),(b) and (c).

E a{ i , j )  =  { e i ,  e 2 , • • • ,  e i 3 } ;

=  ( ei> e2» ■ • • j eie};

E  ^2) " ' ' ) ^64})

The form ations of energy vectors will not affect the segm entation results whether the 

energy vector is formed from  left to  right of the last wavelet decomposition scale or from  

right to  left.

7.2 .1  T h e W avelet S e lected

The com putational structures of the discrete wavelet transform  (DW T) are shown in 

Figure 44 (showing decomposition stages only in our proposed algorithm ). The general
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structure and com putational framework of the D W T are sim ilar to  those of subband systems. 

The m ain  difference lies in the filter design where the wavelet filters are required to  be 

regular [19]. In our experim ent, we have selected Daubechies (N =4) orthogonal wavelet ( 

coefficients are listed in Table 1) for texture segm entation, and IV =  10 nearly sym m etric 

orthogonal wavelet bases introduced in [24] for ro ta ted  tex tu re  segm entation ( coefficients of 

the lowpass filter are listed in Table 5). The highpass filter, G (u>), is obtained by frequency- 

shifting H (u )  by:

g(n) = ( - l ) n/i(n), or,

G ( u )  =  H ( u  + t )

These filters have flat in-band frequency response and sharp off-band a ttenuation  ( see figure 

46). In  im age processing, sym m etric/ antisym m etric wavelets are preferred, because they 

can operate on bo th  sides of a pixel evenly. However, a  com pactly supported orthogonal 

wavelet cannot by sym m etric or antisym m etric [13]. The wavelet we selected have rapid 

decay speed and are alm ost symm etric. The orthogonality of the wavelet basis is very 

im portan t in our experim ent, since we use the energy d istribu ted  in  each channel as the 

feature of the texture.

7.2 .2  T h e  C lu ster in g  M eth od

This classifier is based on the assum ption th a t each p a tte rn  class pk is representable 

by a prototype p a tte rn  Ck (class center). The m inim um  distance classifier is assigned a 

p a tte rn  x  of unknown classification to  the class P*., if the distance Dk between x and Ck is 

m inim um  among all possible class prototypes. The Euclidean distance Dk is defined by:
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JV—1

D k =  \\x -  <7*|| =  ,  J > - ; - C / r j )2 (168)
3= 0

The true  class centers C k  are also unknown in real practice. In our segm entation m ethod, 

the center of each class C k  is estim ated  by using the m ean of the training samples for each 

class.

7.2 .3  P r o p o se d  A lg o r ith m

The segm entation algorithm  works as follows:

-1. A subim age of appropriate  size is extracted from  the tex tu re  image. This subimage 

is then  decomposed onto orthogonal channels.

2. A feature vector is constructed from  the energy values on these channels.

3. In  the training phase, a  group of samples from each tex ture  image is presented and 

the average feature vector com puted. This average vector is used as the centroid for 

th a t particu lar tex ture  in  the feature space.

4. In  the classification phase, let D (-, •) be a distance m easure and D (E 3, E Ci) the distance 

between energy vectors E 3 and centroid E Ci. The pixel a t the center of the block is 

assigned to  the class ct- for which D (E 3,E Ci) is m inim um .

7.3 E xperim en ta l R esu lts and D iscussion

Structured and unstructured  textures were selected from  the B rodatz Album  [70]. Each 

test image was 128 x 128 and contained four different textures ( see Figure 47[a]). Three 

test images were used in our segm entation algorithm . The first 50 energy vectors E a in 

training tex ture for D 6, D 21, D 29 , and D 76 are shown in Figure 48(a), (b), (c), and(d). We 

used the average norm  of the training samples as the center of the texture.
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A m ajority  filter was used as a  post-processor to remove the small isolated points and 

to sm ooth out the contours of the segment image. In the m ajority  filtering, the window size 

selected was (2p +  1) x (2p  +  1), p  £ Z . The label of the central pixel in the window was 

replaced by the label of the m ajority  of the pixels in  the window.

• Training Phase

1. 100 16 x 16 block size subimages were selected from  original texture, then de­

composed using wavelet transform . A completed decomposition created energy 

vector E a or E b.

2. Centers of each training tex ture were com puted using average fi-norm .

• Segmenting Phase

1. Test images were decomposed the same as above.

2. Every energy vector was compared w ith each cluster center E Ci, and get the 

m inim um  distance d/.

3. The cluster I for the smallest d[ was assigned to  the unknown texture.

• Post-processing using a M ajority  filter w ith window size ( 5 x 5 )  was applied to  achieve 

b e tte r segm entation.

The segm entation results shown in  Figure 49(a),(b), and(c) are our experiments results. 

The result obtained by using the m ajority  filter post-processor are shown in figure 49(d),(e), 

and (f).



120

7.4 Im age R o ta tio n  Segm entation

7.4 .1  T h e R o ta te d  Im age

In this section, the im portan t problem  of ro ta tion  tex ture identification is addressed. 

The im portance of ro ta tion  invariant texture identification was first recognized by Kashyap 

el al. [71]. Since then, few researchers have paid a tten tion  to  the ro ta tion  invariant texture 

identification problem . The ro ta tio n  invariance cam be achieved through ro tation  invariant 

features, or through an appropriate  transform ation of the power spectral density of the 

Gauss Markov Random  Field (GM RF) model of the tex tu re  [72]. The ro tation  of texture 

changes the subband distribu tion  values. If the classifier or the m odel th a t is used is able to 

capture the trend of changes in  the channels, the texture still can be classified properly. In 

texture segm entation, if a  correct feature of texture can indicate the trend of the changes 

when the tex ture is ro ta ted , this texture can be segmented correctly.

To dem onstrate the  segm entation algorithm  perform ance for ro ta ted  texture, we create 

two test set images:

Set 1: Texture D57 with tex ture D77 in 0, 30, and 60 degrees, as shown in Figure 50(a), 

(e), and (j). Set 2: tex ture  D 6 with texture D21 in 0, 30, and 60 degrees as shown in figure 

52(a), (e), and (j), respectively. Each one is in the image size of 128 x 128.

7.4 .2  E x p er im e n ta l R e su lts  and D iscu ssion

In Set 1, D57 is an  unstructu red  texture, and D77 is an structured  texture. In this 

experiment, we selected the block size of 32 x 32 and used a quadtree structure for m  = 2 

to construct the tex tu re  feature. The segmentation results are displayed in black and 

white regions to distinguish the different categories. Figure 50(b),(f) and (j) shows the 

segm entation results for the D 57/D 77  pair w ith different angles shown in Figure 50(a),
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(e) and (i), respectively. The results of applying m ajority  filtering for (b), (f), and (j) are 

shown in (c), (g), and (k), respectively. The segm entation errors for each ro ta tion  angle 

are shown in Figure 50(d),(h), and (1), respectively. In Set 2, a block subimage of size 32 

x  32 and a s tandard  tree structure are used to construct the energy feature. 100 samples 

are used to  com pute the centroid of the test image. After applying wavelet lowpass filter 

four tim es, m ost the energy of the tex ture is concentrated a t the first channel and is much 

greater th an  the energy distributed in  channel 2 to channel 13. We om it the first channel to 

show m ore details in  channel 2 to  channel 13. The energy vector for D 6 is shown in Figure 

51(a). Figure 51(b), (c) and (d) show the energy vectors for D21 a t 0, 30, and 60 degrees, 

respectively. I t  can be observed th a t the energy distributed in  channels 2 - 13 in  (b), (c), 

and (d) are changed but compared w ith the energy vector in (a), there are still significant 

difference. The variation of extracted  features in  the ro ta ted  tex ture is not wide.

Figure 52(b),(f) and (j) shows the segm entation results for the D 6 /D 21 pair w ith differ­

ent angles shown in Figure 52(a), (e) and (i), respectively. The results of applying m ajority  

filtering for (b), (f), and (j) are shown in (c), (g), and (k), respectively. The segm entation 

errors for each ro ta tion  angle are shown in Figure 52(d),(h), and (1), respectively.

Wavelet energy representations com puted from the standard  tree structure and quadtree 

structure are sufficient for texture segm entation, but finer segmenting m ay be achieved by 

additional space inform ation. Higher scale decomposition breaks down the distribution 

channel into more detail channels. A more efficient classifier, such as the M ahalanobis Dis­

tance, or Bayes Distance, improves segmenting. In this study, analyzing functions were 

constructed by computing the tensor product of the one-dimensional function, which ex­

hibited sensitivity along the principal axes. Finer segm entation m ay be achieved by using
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a two-dimensional nonseparable analyzing function, which has m ore orientation selectivity.

7.5 Sum m ary

In this chapter, we presented a  m ultiresolution energy distribution-based texture seg­

m entation technique th a t used orthogonal wavelet transform  to  characterize the features 

of textures. The energy of the image was preserved. Different tree structures were used 

to construct the energy vector. The center of the cluster was assigned by computing the 

average of selected training samples. The efFect of size on border performance was dis­

cussed. A clustering algorithm  was then used to  identify the  tex tu re  categories. A simple 

procedure for inclusion of spatial inform ation in the clustering process was used to reduce 

misclassification. A num ber of test images, w ith structured  and unstructured images, and 

ro ta ted  textures, were used to dem onstrate the algorithm  is success of the algorithm  in 

texture segm entation.

For ro ta ted  image segm entation, we only selected 0, 30, and 60 degree ro ta ted  images. 

It is assumed th a t a good texture ro tation  invariant identification can handle arb itrary  

orientation. Further study of ro ta ted  texture orientation in wavelet energy representation 

can be based on capturing the trend  of feature changes in  the channels caused by rotation, 

providing effective inform ation on dependence among the subbands. Accompanied by a  

Hidden Markov Model (HMM), the segm entation can be m ore flexible a t different rotations 

and the error ra te  decreased.
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and (h) are segmentation results, (c), (f) and (i) 
are results after post processing.
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F ig u re  5 0 . Rotated test im age se t 1 and  segm entation  results.
(a) is D57 an d  D77 with 0  D eg , (b) is s e g m e n ta tio n  resu lt 
(c) is th e  resu lt a lte r  p o s t p ro c e ss in g , (d) is th e  seg m en ta tio n  
e rro rs  (e) is D57 a n d  D77 with 30  D eg. (i) is D57 a n d  D77 with 
60  D eg  (I) an d  (j) a re  s e g m e n ta tio n  re su lts , (g) an d  (k) a re  the 
re su lts  a lte r p o st p ro c e ss in g , (h) a n d  (i) a re  seg m e n ta tio n  erro rs, 
respectively .
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Table 4. Orthogonal wavelet coefficients used in rotated texture segmentation

n h(n) n h(n)

1 0.00077 11 0.38383

2 0.00096 12 -0.03554

3 -0.00864 13 -0.03199

4 -0.00147 14 0.04999

5 0.04593 15 0.00577

6 0.01161 16 -0.02036

7 -0.15949 17 -0.00081

8 -0.07088 18 0.00459

9 0.47169 19 0.00006

10 0.76951 20 -0.00046

Table 5. Error Rate for rotated texture segmentation

Texture Deg. Before Post Processing After Post Processing
Num. % Num. %

D57/D77 0 153 0.93% 143 0.87%

30 133 0.81% 128 0.78%
60 110 0.67% 100 0.61%

D6/D21 0 448 2.73% 326 1.99%
30 302 1.84% 278 1.70%
60 214 1.31% 164 1.00%
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