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Abstract

DETECTION OF EDGE POINTS USING ENTROPY

by

HENRY HENRICK JEANTY 

Adviser:  P ro fe s s o r  J o s e p h  Barba

The p rob lem  of de tec t ing  e d g e s  in digital  im a g e s  is a n  impor tan t  one  in all 

a r e a s  of im age  p r o ce s s ing .  In o u r  pa r t icu la r  a r e a  of in terest ,  namely  digital 

im a g e s  of mic roscop ic  biological s p e c i m e n s ,  quan t i ta t ive in formation such  a s  

a r e a  a n d  s h a p e  is crucial  to the  a na ly s i s  a n d  classif icat ion of objects .  The 

location of e d g e s  c a n  p rov ide  this in formation while minimizing the  am o u n t  of 

da ta  to p roce s s .  An ex tens ive  body  of l i t erature  is c o n c e r n e d  with this 

prob lem, a n d  par t  of this  d i s se r ta t ion  is a s u rv e y  of thi s  l i terature.

Edge  de tec t ion  d o e s  not  s e e m  to h a v e  a  ge n e ra l  solut ion.  Different types  

of im a g e s  d e m a n d  different  a p p r o a c h e s  to solving the  p rob lem .  Therefore ,  

we d e s c r i b e  the specific t y p es  of i m a g e s  w e  dea l  with a long  with the  p rob lem s  

a nd  cons t ra in t s  a s s o c i a t e d  with them. We pe rform a n  an a ly s i s  of the  ent ropy  

o p e r a t o r  in the  c a s e s  of no ise- fr ee  a n d  no i se  c o r ru p ted  s t e p  a n d  r a m p  e d g e s .  

Finally, the  m e t h o d s  u se d  in implem enting  th e  o p e r a t o r  a r e  d e s c r i b e d  a s  well 

a s  final resul ts
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CHAPTER I

I. INTRODUCTION

One  of the  m ajo r  goa ls  of artificial inte l l igence  is the  u n d e r s t a n d in g  of 

visual  s c e n e s .  But the  a m o u n t  of information from a  s ingle  image,  be  it a 

natural  s c e n e  o r  te levis ion frame,  is often so  la rge  that  a t t em pt in g  to a n a lyze  

a n  en t i r e  raw  im a ge  can  be a n  e x e rc i s e  in futility. An a p p r o a c h  which m ee t s  

with m uch  g r e a t e r  s u c c e s s  is o n e  which a t t e m p t s  to simplify a n d  ex tract  the  

most  importan t  f ea tu re s  from im ages .  What  is importan t  in a n  im age  d e p e n d s  

on  the  appl icat ion,  but  t h e r e  s e e m s  to be a  g r o u p  of f ea tu re s  that  can  

r e p r e s e n t  a  m a jo r  par t  of the  in formation c on ta ined  in im a g e s  while 

c om pr i s ing  only a smal l  par t  of the  total n u m b e r  of picture  e l e m e n t s  (pixels) 

T h e s e  f e a tu re s  a r e  cal l ed e d g e s .  A fact suppo r t ing  the  im por ta nc e  of e d g e s  is 

that  in m os t  na tura l  s c e n e s ,  dist inct  ob jec t s  h a v e  b o u n d a r i e s  s e p a r a t i n g  them  

from e a c h  o the r  a n d  from the  backg round .  T h e s e  b o u n d a r i e s  co r re la t e  highly 

with e d g e s .  E dge s  a r e  the re fo re  a  natural  way to identify the  different ob jec ts  

fo rming a s c en e .  A no the r  p iece  of e v id e n c e  suppo r t ing  the  im por tance  of 

e d g e s  is that  ana tom ic a l  s t ru c tu re s  which r e s p o n d  to a b rup t  c h a n g e s  in 

intensi ty  a n d  co lo r  both in s p a c e  a n d  t ime h a v e  b e e n  found [32].  Exper im en ts  

s h o w  that  a b s o lu t e  co lo r s  an d  in tensi t ies  a r e  not  readi ly  pe rc e ive d ,  but  r a th e r  

that  a b ru p t  c h a n g e s  a re .  A no the r  motivat ion for the  u s e  of e d g e s  is the  

relat ive spa rs i ty  of e d g e  points  in im ages .  An object  can  be  d e s c r i b e d  by 

m any  l e s s  points  if only its c o n to u r  points  a r e  kept.  Desp i te  the  loss  of ce r ta in
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ty p es  of information ( texture,  g ray  level, etc.)  m uch  useful information such  a s  

a r e a  o r  pe r im ete r ,  is p r e s e r v e d  in the  c o n to u r  of a n  object .  This potent ia lly 

vas t  reduc t ion  in d a t a  is a  conv inc ing  a rg u m e n t ,  espec ial ly  for the 

im p lem enta t ion  of fast recogni t ion a n d  classif icat ion a lgor i thms.  This 

r educ t io n  in the  a m o u n t  of d a ta  is d u e  to the  way in which e d g e s  a r e  def ined.  

E dge s  convey  information not  abou t  a  s ing le  point,  but  abou t  the 

n e ig h b o r h o o d  of a point.  Thus a  t rue  e d g e  point s hou ld  r e p l a c e  a n u m b e r  of 

po in ts  loca ted in a ce r t a in  ne ighbo rhood .

Despi te  ou r  daily  e n c o u n te r s  with e d g e s ,  t h e r e  real ly is no c lea r  and  

u n a m b i g u o u s  defini tion of what  a n  e d g e  is. An e d g e  is o n e  of t h o s e  ent it ies  

which we r ec o g n ize  effor tlessly a n d  yet  a r e  at a l o ss  to d e s c r i b e  accura te ly .  

The m os t  c o m m o n  definition,  ve ry  likely b a s e d  on  c o m m o n  s e n s e ,  usually  

d e s c r i b e s  e d g e s  a s  loca t ions  of s u d d e n  c h a n g e  in the  intensity  of a  s cene .  

Many ear ly  a t t e m p t s  at e d g e  locat ion w e r e  b a s e d  on  this  defini tion a n d  w e re  

for the  most  par t  unsuccess fu l .  Only in the  s im p les t  of im a g e s  did this 

a p p r o a c h  p rove  satisfactory.  O ne  impor tan t  r e a s o n  for  this fai lure  is that  this 

s imple  definition of e d g e s  did not t ake  into c ons ide ra t ion  the  fact that  most  

im a g e s  a r e  noisy a n d  that  e d g e s  a r e  usua l ly  b lurred.  An algor i thm looking for 

large  differences in intensity  is e ssent ia l ly  a  di ffe rent ia tor  followed possib ly  

by a  t h re sho ld  o pe ra to r .  But w h e n  on e  c o n s id e r s  t h e  t r a n s fe r  funct ion of a 

differentiator , o n e  quickly rea l izes  that  high spatia l  f r e que nc y  c o m p o n e n t s  of 

a  s ignal  a r e  amplif ied relat ive to the  lower  f requenc ie s .  Therefo re ,  high 

fr equency  no ise  p r e s e n t  in the  e d g e  is e n h a n c e d .  Im p ro v e m e n ts  on  the



difference m e t h o d  can  be  found in a lgo r i thm s  which rely on  e s t i m a t e s  of the  

g rad ient .  In t h e s e  m e th o d s ,  sui tably def ined m ax im a  of the  g rad ien t  a r e  

c o n s id e r e d  to loca te  e d g e s .  S o m e  m e t h o d s  u s e  the  z e ro - c ro s s in g s  of a 

s e c o n d  de r iva t ive  o p e ra t o r  a n d  a r e  s imple  va r i a t ions  on  the  g rad ie n t  m ethod .  

Mathematical  defini t ions of e d g e s  try a n d  m ode l  e d g e s  in t e r m s  of s tep ,  r a m p  

o r  roof e d g e s .  Algor i thms b a s e d  on t h e s e  definit ions usua l ly  try a n d  find the  

best  fit to s o m e  e d g e  m odel  a n d  r e d u c e  the  effects of noise .

II. IMPORTANCE OF EDGE DETECTION IN PATHOLOGY

The p u r p o s e  of this r e s e a r c h  is to d e v e lo p  m e t h o d s  to de tec t  the  con tou r s  

o r  b o u n d a r i e s  of impor tan t  s t ru c tu re s  f rom im a g e s  of biological sp e c im e n s .  

These  s t r u c tu r e s  a r e  usua l ly  cel ls  a n d  the ir  nuclei .  O nc e  d e te c te d  suc h  

s t ruc tu re s  can  b e  quanti f ied a n d  an a ly z e d  to p rov id e  object ive  d a t a  which 

phys ic ians  can  u s e  t o w a rd s  d iagnos t ic  p u r p o se s .

In the  United S ta te s ,  P a tho logy  cons i s t s  of two b r a n c h e s :  Clinical Pa tho logy  

(clinical chemis try ,  blood banking,  microbiology)  which is c h a ra c te r i z e d  by a 

high level of util ization of e x p e n s iv e  analyt ical  in s t rum en ts ,  a n d  Anatomic 

Pa tho logy  (surgical  pathology,  a u tops ie s ,  cytology,  im m unopa tho logy)  in 

which all d i a g n o s e s  a n d  de te rm in a t io n s  a r e  usua l ly  m a d e  by visual  inspec t ion 

of g la s s  s l ides  by pa tho logis ts .
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In Surg ical  Pathology ,  the  t i s s u e  d i a g n o s e s  (genera l ly  a c c e p t e d  by 

clinicians a s  final a n d  i r refutable  proof  of the  e x is t e nce  or  a b s e n c e  of a 

mal ig nancy  a n d  a n  es sen t ia l  par t  of su rg ica l  pract ice)  a r e  m a d e  by a 

pa thologis t  by visual  inspec t ion  on the  bas i s  of cri ter ia  de r ived  from 

expe r ienc e .  In most  i n s t ances ,  this  is d o n e  easi ly  a n d  rapidly a n d  r equ i res  

no inst rumenta l  a s s i s t a n c e ,  but in a n u m b e r  of c a s e s  the  d i a g n o s i s  is difficult, 

r equ i r e s  addi t iona l  s tu d i e s  a n d  consu l t a t ions  a n d  different e x p e r t s  may 

e x p r e s s  con trad ic to ry  opin ions.  In such  c a s e s ,  c o m p u te r i z ed  im a ge  ana lys i s  

could p rove  invaluab le  b e c a u s e  d i sc u s s io n s  with e x p e r i e n c e d  pa tho log is t s  

revea l  that  in m any  c a s e s  the  d i a g n o s i s  d e p e n d s  on  quant i ta t ive  cri ter ia 

(appl ied subjectively)  o r  on  def inable  im a ge  features .

The main  benefit  to be  e x p e c t e d  from the  d e v e lo p m e n t  of a good  e d g e  

de tec t ing  a lgor i thm is i n c r e a s e d  reliability of cytologic a n d  histologic 

techn iques .

In the  p r o c e s s in g  of i m a g e s  of his tology an d  cytology s p e c im e n s ,  the  most  

fu ndam en ta l  a n d  e s sen t ia l  opera t io n  is the de tec t ion  of the  n u c le a r  or  

cy toplasmic  b o u n d a r i e s  o r  con tours .  This crucial  o b s e rva t ion  is b o r n e  out  

when  pa tho log is t s  a r e  a s k e d  to d e s c r i b e  verba l ly  thei r  cri ter ia  for  d iagnos is .  

Most pa th o log is t s  ment ion  subject ively d e t e r m i n e d  quan t i ta t ive d e sc r ip to r s  

suc h  a s  n u c le a r  s ize,  cy toplasmic  to n u c le a r  s ize  ratio, n u c le a r  s h a p e ,  tex tu re  

of n u c le a r  chrom atin  a n d  o t h e r  f ea tu re s  all of which p r e s u p p o s e  that  s o m e



s t r u c tu r e ' s  con tour  or  b o u n d a ry  (nucleus ,  cy toplasmic  m e m b r a n e )  h a s  b e e n  

de tec ted .
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III. DIFFICULTIES INVOLVED

Two p rom inen t  p ro b le m s  a r e  the  e x t r e m e  var iabil ity of histological  

s p e c i m e n s  a n d  t rying to de tec t  a n d  s e p a r a t e  the  c o n to u r s  of ove r l app in g  

s t ruc tu re s  (such a two cell nuclei).  We a r e  confident  that  t h e s e  two p ro b le m s  

can  be  dea l t  with, but the  m a jo r  p rob lem  in o u r  view will be  t rying to de tec t  

a n d  quant ify s o m e th in g  for which th e r e  is no c o m m o n  a n d  a g r e e d  upon 

defini tion a n d  no  ge n e ra l  mode l .  This l e a d s  to the  app l i cat ion  of m any  a d  hoc 

a n d  heuris t ic  m e th o d s .

We can  ob tain a  be t t e r  u n d e r s t a n d in g  of s o m e  of the  m e t h o d s  u s e d  in the  

a r e a  of e d g e  de tec t ion  by tu rn ing  o u r  a t t en t ion  to va r io u s  a t t e m p t s  m a d e  at 

solving this  prob lem.
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IV. SURVEY OF EDGE DETECTION LITERATURE

In this  sect ion ,  I will p r e s e n t  impor tan t  p a p e r s  in the  a r e a  of e d g e  de tect ion.  

Although this  su rvey  d o e s  not  c o v e r  the  ent i r e  body  of l i terature,  it is m ean t  

to p rov ide  the  r e a d e r  with a n  overv iew of the  different  a p p r o a c h e s  u s e d  in this  

c ha l l eng ing  field. The m os t  obv ious  charac te r is t ic  of this  su rvey  is a 

p r e p o n d e r a n c e  of heuris t ic  a p p r o a c h e s .  This s e e m s  to be  the  no rm ra the r  

than  the  excep t ion  in im a ge  ana lys i s .  A very  likely r e a s o n  for this  is that  

im a ge  p r o c e s s in g  is relat ively young  a n d  we d on ' t  yet h a v e  ge n e ra l  a n d  well 

e s t a b l i s h e d  m o d e l s  of im ages .  A m ode l  u s e d  in o n e  a r e a  for a  par t i cular  set  

of im a g e s  is unl ikely to fit i m a g e s  s tu d i e d  in a different  env ironm en t .

Given t h e s e  rea l i t ies  of im a ge  p r o c e s s in g  life, o n e  s h ou ld  not  expec t  a 

uniform,  m athemat ica l ly  o r ie n ted  a p p r o a c h  to e d g e  de tec t ion.  Instead,  on e  

will find that  e a c h  a u th o r  u s e s  a  m eth o d o lo g y  a n d  t e c h n i q u e s  most  

a p p ro p r i a t e  to his or  h e r  type  of im a g e s  a n d  e nv i ronm en ta l  (p rocesso r ,  

a m o u n t  of da ta ,  etc.) cons tr a in t s .  But  d e s p i t e  this  lack of uniformity on e  

s hou ld  still expec t  to r e c o g n iz e  ce r t a in  c o m m o n  m athem a t ica l  m e t h o d s  such  

a s  convo lu t ion which plays  a  m ajo r  role  in the  filtering of im ages .

All t h e s e  facts  a r e  a l so  r e a s o n s  why the  s u rvey  d o e s n ' t  c o v e r  a s  m any  

p a p e r s  a s  it could have.  We found that  many  p a p e r s  s imply p r e s e n t e d  

va r ia t ions  on  a  main  a p p r o a c h  a n d  do  not  truly lead  to a be t t e r  u n d e r s t a n d in g  

of the  prob lem. Instead they  s h o w  how  r e s e a r c h e r s  a t tempt  to improve  a



p rev ious  a p p r o a c h  w hen  p r e s e n t e d  with the  new techn ica l  capabi l i t ie s  of their  

equ ipm en t .  This is qui te  ev iden t  in Nevat ia  [1 ]  w h e r e  co lor  im a g e s  a r e  

e ssen t ia l ly  t r e a te d  a s  a  combina t ion  of m o n o ch ro m at ic  im a g e s  o r  in Duda  a n d  

Hart  [2 ]  w h o s e  a p p r o a c h  is a  var ia t ion on R o s e n f e ld ' s  [3 ]  m e th o d  which itself 

w a s  a  var ia t ion on  H o u g h ' s  [4 ]  m e thod .  Each var ia t ion in this  last  e x a m p le  

w a s  m e a n t  to be t t e r  dea l  with the  cons t ra in t s  a nd  capabi l i t ie s  of the  d a y ' s  

h a rd w a re .

Given the  n u m b e r  of different  a p p r o a c h e s  th e re  w a s  no truly c ons i s t en t  way 

to c lassify the  different  m e thods .  Therefore ,  a n  a t tempt  h a s  b e e n  m a d e  at 

d e s c r ib ing  g e n e ra l ,  c o m m o n  a p p r o a c h e s  s u c h  a s  convolu t ion  b a s e d  m e t h o d s  

o r  heuri s t i cs  b a s e d  m e th o d s .  P a p e r s  re levan t  to a  par t icu la r  m e th o d  a r e  

r e f e r e n c e d  in the  text  in o r d e r  to a l low the  r e a d e r  to be t t e r  follow the  different 

t ec h n iq u es .  Finally, impor tan t  p a p e r s  a r e  r ev iewed  individual ly in o r d e r  to 

p rov ide  a  m o re  de ta i led  look at s o m e  specific a p p ro a c h .



V. METHODS BASED ON CONVOLUTION

O n e  of the  most  c o m m o n  t e c h n i q u e s  u s e d  in im a g e  p r o c e s s in g  s y s t e m s  is 

convolut ion.  O pe ra t ions  such  a s  blurr ing a n d  s h a rp e n i n g  c a n  be  pe r fo rm ed  

with this  m ethod .  Convolut ion  in the  spat ia l  d o m a in  is equ iva len t  to 

multipl icat ion in the  f requency  d o m a in  a n d  the  e s se n t ia l  p u r p o s e  of 

convolut ion  is to filter a n  image .  The bas ic  p rob lem  in us ing  convolu t ion  is to 

find the  m a s k s  n e c e s s a r y  to pe rfo rm s o m e  part icu la r  opera t ion .  S o m e  m a s k s  

suc h  a s  the  Prewitt ,  Kirsch a n d  Sobe l  o p e ra t i o n s  [21]  a r e  u s e d  to e n h a n c e  

e d g e s  by u s ing  m a s k s  of s ize  3x3. S h a n m u g a n  et al. [5 ]  d e s c r i b e  a n  opt imal  

f requency  d o m a i n  filter for e d g e  de tec t ion  in digital  p ic tu res  de r ived  by 

a s s u m i n g  a  s t e p  e d g e  model .  This filter is opt imal  in the  s e n s e  that  it 

m aximized  th e  filter ou tput  e n e rg y  in the  vicinity of e d g e s  for a  given 

bandw id th  a n d  resolut ion  r eq u i r em e n ts .  The a p p r o a c h  u s e d  is a m e n a b l e  to 

digital im p lem en ta t ions  by Fast  Four ie r  Transform.  The t r a n s fe r  function of 

this filter is ve ry  s imi lar  to that p r o p o s e d  by M odes t ino  a n d  Fries  [11]  which 

y ields  t h e  m in im um  m e a n - s q u a r e d  e r r o r  e s t im a te  of no isy  im a g e s .  R ob in son  

t r ied us ing  5 level m a s k s  [20]  to ob ta in  be t t e r  resul ts .  Unfortunately his 

a r g u m e n t s  c o n c e rn in g  the  a d v a n t a g e s  of t h e s e  m a s k s  a r e  not convinc ing.  It 

s e e m s  that  the  di fference b e tw e en  5 level m a s k s  a n d  3 level m a s k s  is s imply 

not  substan t ia l .  S h a w  [54]  p r e s e n t s  a n  excel len t  c o m p a r i s o n  of s o m e  of t h e s e  

m asks .  A d i s a d v a n t a g e  of t h e s e  com para t ive ly  small  m a s k s  is that  they a r e  

o r ie n ta t ion -de pe nden t .  This m e a n s  that  convo lu t io ns  with s e p a r a t e  m a s k s  

m us t  be  p e r fo rm e d  to quanti fy the  d i rec t ion of a n  e d g e  [5],  M arr  a n d  Hilbreth
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[26]  de te c te d  intensity c h a n g e s  ov e r  a  wide r a n g e  of s c a l e s  a n d  o r ien ta t ions  

by us ing the  s e c o n d  der iva t ive  of a  G a u s s ia n  a s  filter.

Despi te  the  a d v a n t a g e s  of m a themat ica l  tractabi li ty a n d  a  t h o rough  

u n d e r s t a n d in g  of the  f requency  d o m a in  effects of convolut ion,  a  major  

d i s a d v a n t a g e  of us ing  convolu t ion is the  computa t iona l  e x p e n s e  involved in 

pe rforming it with anything  but  the  smal le s t  masks .  This e x p e n s e  is now being  

d imin ished  with the  a d v e n t  of m o re  powerful  im age  p r o c e s s o r s  c a p ab le  of 

perfo rming convolu t ions  with m a s k s  of s ize  3x3 in real t ime. Despi te  t h e s e  

technologica l  im prove m e n ts ,  convolu t ion  is not  the  a n s w e r  to all t h e  p r ob le m s  

a s s o c i a t e d  with e d g e  de tec t ion.  After all, g iven a  cer ta in  mask,  the  f requency  

effects a r e  fixed a n d  convo lu t ion s imply p e r fo rm s  a  filtering opera t ion .  This 

opera t io n  may  e n h a n c e  cer ta in  f ea tu re s  of the  image ,  but  d o e s  not  perform 

cer ta in  o th e r  n e c e s s a r y  funct ions such  a s  actua l ly  locat ing e d g e  points .  This 

is o n e  of t he  r e a s o n s  why so  m any  m e t h o d s  u s e d  in e d g e  de tec t ion  a r e  b a s e d  

on  heuris t ics .  T h e s e  m e t h o d s  will b e  the  topic  of ou r  next  section.



VI. METHODS BASED ON HEURISTICS

Most p a p e r s  in the  a r e a  of e d g e  de tec t ion  d e s c r ib e  a p p r o a c h e s  b a s e d  on 

heuri s t i c  m e th o d s .  One  e x a m p le  is Neva t ia 's  t rea tm en t  of co lor  e d g e  de tec t ion  

[1],  Given a  co lo r  image ,  the p rob lem  is to d e c id e  on  a n  a p p ro p r i a t e  way to 

de tec t  e d g e s .  The s imples t  of t h re e  m e t h o d s  d e s c r i b e d  by Nevat ia  is to 

p r o c e s s  e a c h  individual  color  c o m p o n e n t  im age  in depe nde n t ly  of the  o the r s  

The o th e r  two m e t h o d s  de tec t  e d g e s  in e a c h  individual  co lo r  c o m p o n e n t  a nd  

then  try to m e r g e  t h e s e  e d g e s  by sat isfying s o m e  constraint .  Even in Rob inson  

[20]  m en t io n e d  ea r l ie r  in the  context  of convolu t ion b a s e d  m e th o d s ,  a  n u m b e r  

of p r o b le m s  per t a in ing  to the  linking of e d g e s  a n d  se lec t ion of t h r e s h o l d s  had 

to b e  so lved  on  a n  a d  hoc  bas is .  R o b in s o n ' s  e d g e  activity index  [20]  is 

a n o t h e r  e x a m p le  of such  so lut ions.  A no the r  e x a m p le  of heuri s t i c s  is to be  

found  in Duda  a n d  Hart [2],  The a u th o r s  try to locate  l ines  a n d  c u rv e s  in 

p ic tu res  by us ing the  Hough  t r ans fo rm  [4], The g ene ra l  a p p r o a c h  e m b r a c e d  

is to p a ra m e t e r i z e  the  objec ts  (lines in this  instance)  to b e  loca ted.  A white 

b a c k g ro u n d  with black pixels  is a s s u m e d  in the  paper .  The m e t h o d  s imply 

t e s t s  w h e th e r  a  pixel b e lo n g s  o r  not to a  pa r t icula r  s t ra ight  line de f ined  by two 

p a r a m e t e r s .  When  a  pa r t icula r  line p a s s e s  th ro u g h  e n o u g h  pixels,  it is 

a s s u m e d  to exist  in the  image .  The m e th o d  is a ppe a l ing  in that  an y  g ene ra l  

cu rve  is theore t ical ly  d e te c ta b le  by this a p p ro a c h .  Unfortunately t h e r e  a r e  

ce r t a in  pract ical p rob lem s .  This a p p r o a c h  is useful  if t he  n u m b e r  of 

p a r a m e t e r s  u s e d  is small  a n d  if the  p a r a m e t e r s  a r e  b o u n d e d .  Ano the r  

p rob lem  pointed out  the  the  p a p e r  is that  of de tec t ing  s e p a r a t e  ob jec t s  having
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t h e  s a m e  p a r a m e t e r s  (such a s  two c o l ine a r  but  dist inct line s egm en ts ) .  In 

a n o t h e r  a p p ro a c h ,  Montana ri  [40]  u s e d  a  dyna m ic  p r o g ra m m i n g  m e th o d  to 

d e t e r m i n e  the  opt imal  c u rve  with r e spe c t  to a  f igure of merit .  Martelli  [38,39]  

h a d  u s e d  a  s imilar  a p p r o a c h  which c a s t s  the  p rob lem  of de tec t ing  known 

s h a p e s  in noi sy im a g e  in the  mold of f inding the  sho r te s t  path  on a c o n n e c t e d  

g raph .  A s tudy  sh o w s  *his a p p r o a c h  to be  a  form of e d g e  follower. Essentially,  

p ro p e r t ie s  of e d g e s  a r e  e m b e d d e d  in a n  object ive  funct ion a n d  the  a lgori thm 

loca tes  e d g e s  which minimize this  funct ion.

An of ten u s e d  f ea tu re  in im a g e  a na ly s i s  is the  h i s tog ram  of g ray  levels  of a  

picture .  Many heuris t ic  m e t h o d s  a r e  b a s e d  on  the  a na ly s i s  of h i s tog ram s .  

O n e  of the  pr incipal  u s e s  of h i s t o g r a m s  is in the  com pu ta t ion  of th re sho ld s .  

By th re s h o ld in g  a n  im a ge  it b e c o m e s  m uch  e a s i e r  to app ly  m any  a lgo r i thm s  

(such a s  e d g e  de tec to rs ) .  W eszka  [42]  p r e s e n t s  a n  excel len t  s u rve y  of 

t h r e s h o ld in g  t e c h n i q u e s  b a s e d  on  h i s to g r a m  ana lys i s .  T h e s e  m e t h o d s  can  

easi ly  be  classi f ied a s  global,  local o r  dynamic .  Global m e t h o d s  u s e  the  

h i s to g ram  of the  ent i re  im a ge  to se le c t  a  th r e s h o ld  app l i cab le  to  all pixels,  

while local m e t h o d s  u s e  t h e  h i s tog ram  of a  n e i g h b o r h o o d  of a pa r t icu la r  pixel 

to c o m p u te  the  t h re sho ld .  Dynamic m e t h o d s  u s e  information abou t  

n e i g h b o r h o o d  a n d  loca t ions  of a  pixel to a s s i g n  a  th re sho ld .

In the  following sect ion,  a  fuller review of m any  of the  p a p e r s  c i ted e a r l i e r  

is c onduc te d .  P a p e r s  a r e  in troduced  on  a  new  p a g e  by the  a u th o r  o r  a u th o r ' s  

n a m e ,  the ir  y e a r  of publ icat ion,  a  r e f e re nc e  n u m b e r  a n d  the i r  title.



VII. REVIEW OF REPRESENTATIVE PAPERS

Van Vliet a n d  Young 1989 [82]

"A Nonl inea r  Lap lace  O p e r a to r  a s  Edge  D e tec to r  in Noisy Im ages"

This p a p e r  d i s c u s s e s  a n  e d g e  de tec t ion  s c h e m e  robus t  e n o u g h  to perfo rm 

well o v e r  a  wide  r a n g e  of s igna l- to-noise  rat ios.  The a u t h o r s  note  the  poo r  

p e r f o r m a n c e  of most  e d g e  d e te c to r s  in im a g e s  with low signa l- to-no ise  rat ios.  

Their  e d g e  de tec t ion  a p p r o a c h  is b a s e d  on  the  de tec t ion  of zero  c ro s s i n g s  in 

the  ou tput  of a  "Laplace" fil tered image .  The a u th o r s  d e v e lo p e d  a n  e d g e  

de tec t ion  s c h e m e  b a s e d  upon  the  Marr-Hildreth m ode l  com b in e d  with the 

non - l inear  Lap lace  o p e r a t o r  p r o p o s e d  by B e c k e rs  [83 ]  in 1986. This 

Laplace-l ike o p e r a t o r  u s e s  a  local 3x3 n ieg h b o r h o o d  a n d  m ay  perform be t te r  

t h a n  a  l inear  Lap lace  filter. Fu r the rm ore ,  the  a u th o r s  e x t e n d e d  the  non l inea r  

Laplac ian to l a rg e r  filter s izes .

The c om ple te  Marr-Hildreth m odel  for e d g e  de tec t ion  cons i s t s  of a 

sm o o th in g  filter, a  Lap lace  filler, a n d  a z e ro -c ro s s in g  d e t e c to r  in s e q u e n c e .  

The a u t h o r s  e x t e n d e d  this  m odel  with an  e d g e  s t r e ng th  d e t e c to r  a n d  a 

t h r e s h o ld  ope ra to r .  They s e le c te d  the  e d g e  s t r eng th  d e t e c to r  p r o p o s e d  by Lee 

[84] .  This d e te c to r  is b a s e d  on g rey  sca le  m orpholog ica l  o p e r a t o r s  a n d  its 

inheren t  sensi t ivi ty  to no ise  is m uch  less  than  the  m o r e  conven t ional  g r ad ie n t  

o p e ra to r s .  A de ta i led  ana lys i s  of this  o p e r a t o r  will s h o w  a s t rong  paral le l  with
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t h e  no n l in e a r  Lap lace  o p e ra t o r  a n d  inc ludes  the  possibi l i ty of us ing  circularly  

s h a p e d  suppor t s .  The th re sho ld  o p e r a t o r  w a s  not au tom a t ic  but m anual ly  

ch o s e n .  The a u th o r s  expla in  this  by the lack of a lgor i thm  robus t  e n o u g h  for 

im a g e s  with low s igna l- to-noise  ratio.

In thei r  eva lua t ion  they find that  a l though  th e  zero  c ro s s in g  d e te c to r  a n d  the  

th re s h o ld  o p e r a t o r  a r e  essent ia l ly  fixed, t h e  s m oo th ing  filter a n d  the  Laplace  

filter must  be  opt im ized  a s  to type  an d  s ize .  Similarly,  the  s ize  of the  e d g e  

s t r e ng th  filter is a l so  re la ted  to the  sm oo th ing  s ize . By opt imizing th e s e  

va r iab le  c o m p o n e n t s ,  the  a u th o r s  g e n e r a t e d  a n  e d g e  d e te c to r  which 

pe r fo rm e d  well (using P ra t t ' s  [84]  f igure of merit)  e v e n  in low s igna l- to-noise  

images .
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McLean and Jernigan 1988 [86]

"Hierarchical  E dge  Detect ion"

This p a p e r  d i s c u s s e s  the  d e s ig n  of efficient e d g e  de tec t ion  o p e ra to r s .  In 

o r d e r  to quant ify efficiency, the  a u th o r s  specify a  set  of r e q u i r e m e n t s  that the  

o p e r a t o r s  s hou ld  satisfy. They are:

•  The o p e r a t o r  must  b e  c a p a b l e  of working in a  purely local context .

•  The o p e r a t o r s  mus t  be  efficient w hen  appl i ed  in any  order :  They cannot

der ive  efficiency by exploi ting r e d u n d a n c i e s  w h e n  app l i ed  in a par t i cular  

fashion

•  The o p e r a t o r s  m us t  be  sesi t ive  to the  or ien tat ion  a s  well a s  to the  

m ag n i tu d e  of the  edge .

•  The o p e ra t o r s ,  must  work  well in the  p r e s e n c e  of noise .

•  The o p e r a t o r s  must  b e  relat ively insensi t ive to t h re sho ld  specif icat ions.

These  r e q u i r e m e n t s  led the  a u th o r s  to the  concep t  of local effect iveness .  

This in tu rn  led them  to the  d e v e lo p m e n t  of or ien ted  1-dimensiona l  o p e r a t o r s  

which c a n  be  c a s c a d e d  to g e t h e r  to a c h ie v e  or ien tat ion  selectivity. They 

a d a p t e d  the  Sobel  ope ra to r ,  G a u s s ia n  s m o o t h e d  Laplac ian  o p e ra t o r  a n d  two 

non- l inear  o p e r a t o r s  to this 1-d imensional  e d g e  d e te c to r s  w e re  t hen  in teg ra ted
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into a  h iera rch ica l  s c h e m e  which p r e p r o c e s s e s  the  im a ge  with a  s imple 

g rad ien t  ope ra t ion  be fo re  applying o n e  of the  m o re  e x p e n s iv e  non l in ea r  

o p e r a t o r s

In o r d e r  to satisfy the  third r equ i r em e n t  (sensi tivity to or ientat ion)  the 

p r o p o s e d  e d g e  o p e r a t o r s  pe r fo rm e d  de tec t ion  by p r o c e s s in g  a  s ing le  pixel 

width c ro s s  sect ion of the  image ,  the  width being  o r ien ted  a lo ng  o n e  of the 

four  d i rec t ions  a l lowed in the  eight  c o n n e c t e d  grid This s c h e m e  a lso  satisfies 

the first cr i t er ion (opera to r  works  in a  purely local context).

The hierarchical  e d g e  de tec t ion  (HED) u s e s  two s teps .  The first s t e p  is a 

c o a r s e  o r ien ted  g rad ie n t  m e a s u r e m e n t ,  followed by the  appl icat ion  in a 

par t icu la r  o r ien ta t ion of o n e  of the  efficient 1-dimensiona l  e d g e  de tec to r s .  The 

first s tep  is then  a n  initial filter which se lec t s  only t h o s e  pixels  which e x c e e d  

the  g rad ien t  th re sho ld .  In this  way,  the  HED s c h e m e  b e c o m e s  very efficient. 

B e c a u s e  only highly p ro b ab le  e d g e s  a r e  p r o c e s s e d  in the  s e c o n d  s tep ,  the  

t ime req u i r ed  is re la ted  to the  a m o u n t  of e d g e  a n d  no i se  activity in the  image.  

The pe r f o r m a n c e  of the  g rad ien t  p r e p r o c e s s o r  b e c o m e s  crucial a n d  the  

a u th o r s  s e le c te d  a  s im ple  c ro s s  ope ra to r ,  app l i ed  o v e r  a 5x5 reg ion  a ro u n d  

the  e v a lu a te d  pixel.

The resu l t s  a r e  e n c o u ra g in g  for they s u g g e s t  that  very effective e d g e  

de tec t ion  c a n  be  pe r fo rm e d  while main ta in ing a  highly s t ruc tu red  an d  

local ized a p p r o a c h  to this  a s p e c t  of im age  p roces s ing .  B e c a u s e  of its



hiera rch ica l  na ture ,  the  HED s c h r m e  is ve ry  well su i ted  for  inclusion 

s y s t e m s  e n c o m p a s s i n g  mult iple levels  of p roces s ing .
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Yanowitz and Bruckstein 1989 [87]

"A New Method  for Im age  S e gm en ta t ion"

In this  p a p e r  the  a u th o r s  p r e s e n t  a  new  m ethod  to s e g m e n t  i m a g e s  via an 

a d a p t iv e  th re s h o ld in g  s c h e m e .  A th re s h o ld  su r face  is d e t e r m i n e d  by 

inte rpola t ing the  im a g e  g ray  levels  at  points  w h e r e  the  g rad ien t  is high. These  

po in ts  of high g r a d i e n t s  a r e  potent ia l  e d g e  points.  This is in a  s e n s e  s imilar  

to Chow  a n d  K a n e k o ' s  [51]  a p p r o a c h  insofa r  a s  the  lat ter  g e n e r a t e d  an  

ad a p t iv e  t h re s h o ld  im a g e  b a s e d  solely on local h i s to g ra m s  of the  picture  (see 

sec t ion  on  W eszka  [42],  "A su rve y  of t h r e sho ld ing  se lec t ion techn iques") .  But 

in this  new a p p r o a c h ,  s u p p le m e n ta ry  in formation from the  g rad i e n t  im a g e  is 

u s e d  to ob ta in  a  g o o d  th re s h o ld  surface.  Fu r the rm ore ,  a  val ida t ion p r o c e s s  is 

u s e d  to r e m o v e  s ta in s  that  a r e  d u e  to r a n d o m  varia t ions  in i llumination. The 

algor i thm c a n  conc ise ly  be d e s c r i b e d  a s  follows:

1. Sm o o th  th e  im a ge  by rep lac ing  e a c h  pixel with t h e  a v e r a g e  of s o m e  

n e ig h b o r h o o d  of it. This t e n d s  to r e d u c e  noise .

2. Obtain  the  g ray  level of the  s m o o t h e d  image .

3. Obtain g o o d  c a n d id a t e s  for local t h re s h o ld  by locat ing t h o s e  poin ts  having  

local g rad i e n t  maxima.

4. S a m p le  the  s m o o t h e d  im a g e  at t h o s e  c a n d id a t e  points  ob ta ined  by s t e p  3.



Through  s o m e  interpola t ion m ethod ,  in te rpo la te  the  s a m p l e s  g ray  levels 

o v e r  t h e  image .  This g e n e r a t e s  t h e  t h r e s h o ld  surface.

Use  the  th re s h o ld  su r face  o b ta ined  in s tep  5 to s e g m e n t  the  image .

This is the  va l idat ion p r o c e s s  which e l imina te s  s p u r r io u s  e d g e s  g e n e r a t e d  

by u n e v e n  i l luminat ion a n d / o r  no ise .  This s t e p  is u s e d  af ter  all objec ts  

h a v e  b e e n  labe led.  The a v e r a g e  va lue  of the  e d g e  va lu e s  (obta ined  from 

the  g rad ie n t  m a p  d e r ive d  ear l ier)  d o e s n ' t  e x c e e d  a  cer ta in  th re s h o ld ,  the 

val idat ion  p r o c e s s  e l imina te s  it

A m ajo r  cho ice  to be  m a d e  h e re  is in the  Kind of in te rpola t ion  to be 

pe r fo rm e d .  The re  a r e  two g e n e ra l  a p p r o a c h e s .  In the  first a p p r o a c h ,  one  

m ay  be  satisf ied with a n  interpola t ion which s imply a p p ro x i m a t e s  the  given 

d a ta  poin ts  with minimal  app rox im at ion  e r r o r  [88, 89],  The a d v a n t a g e  of 

this  a p p r o a c h  is the  r e d u c e d  s to r a g e  s p a c e  req u i r ed  for the  interpolat ion.  

The s e c o n d  a p p r o a c h  is to r eq u i r e  that  the  inte rpola t ion su r face  p a s s  

exact ly  t h rough  the  given  da ta  points .  This r e q u i r e s  a s  m uch  d a ta  s to r a g e  

s p a c e  a s  a  whole  im a ge  d o e s .  The a u th o r s  s e le c te d  the  s e c o n d  a p p ro a c h .  

They u s e d  a p r o c e d u r e  which nulls the  Laplac ian  of the  su r face  P(x,y).
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By nullifying the  Laplacian (1), they  effectively g e n e r a t e  a  potent ia l  su r face  

for which the  d i v e r g e n c e  of the  g rad ien t  is e v e ry w h e r e  i n su r e d  that  the  su r face  

to be  sm o o th  e n o u g h  for  the ir  pu rpose .
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Shanmugam, Dickey and Green, 1979 [5].

"An Optimal  F re q u en c y  Domain Filter for Edge  Detect ion in Digital Pictures" .

This w ork 's  goal is to de r ive  an  opt imal  e d g e  de tec t ion  filter. O ne  

a d v a n t a g e  of the  de r ived  t r a n s fe r  function is the  full control  of the  p roduc t  of 

reso lu t ion  a n d  bandwid th  of the  filter which can  b e  se t  to any  d e s i r e d  value. 

A no the r  a d v a n t a g e  is that  a  s ing le  p a r a m e t e r  of the  filter can  be  a d ju s t e d  in 

o r d e r  to t r a d e  resolut ion for output  s ignal - to -noise  ratio.

The opt imal ity cr i ter ion of the  de r ivat ion of this  filter is the  maximiza t ion  of 

t h e  filter output  e n e rg y  in t h e  vicinity of e d g e s  for  a  given  bandw id th  an d  

reso lu t ion  r e q u i r em e n ts .  The der iva t ion w a s  pe r fo rm e d  by a s s u m i n g  a  s tep  

e d g e  but is show n  to be  n e a r  op t im um for a  l a rge  c la s s  of b lu r red  e d g e s  if the  

width of the  reso lu t ion  interval  is c h o s e n  to be  l a rg e r  t h a n  the  width of the  

b lu r r e d  e d g e .

The t rans fe r  funct ion of the  opt imal  filter w as  found to be  specif ied  in t e rm s  

of the  prolate  s p he ro ida l  w a v e  funct ion [6,7 a n d  8],  S a m p le d  v a lu e s  of the 

f i rs t -o rder  prolate  s p he ro ida l  w a ve  funct ion p rov id ed  the  bes t  resul ts .  S lepian 

[9 ]  s h o w e d  that  us ing a c lo se d  form asym pto t i c  a pprox im at ion  of t h e s e  

funct ions  would b e  suitable .  This a pprox im at ion  involves  nth Hermite  

po lynomia ls  a n d  Striefer  [10]  s h o w e d  that  the  e r r o r  involved in the  u s e  of such  

app ro x im a t io n s  to be  qui te  accep tab le .  Both a p p r o a c h e s  a r e  a m e n a b l e  to



22

digital  im p lem enta t ion  th rough  the  Fast  Four ie r  Transform a l t hough  the  u se  

of a sympto t i c  app ro x im a t io n s  y ielded  the  e a s i e s t  digital  im p lem en ta t io ns .  An 

in te res t ing  fact found in the  s e a r c h  of this  op t im um  e d g e  de tec t ion  filter is that  

the  t ran s fe r  funct ion of this  filter is s imilar  to that  of a  filter p r o p o s e d  by 

M odes t ino  a n d  Fries  [11]  which yields  the  m in imum m e a n - s q u a r e d  e r r o r  

e s t im a te  of noisy e d g e s .  This s u g g e s t s  that t h e r e  might poss ib ly  exist  a s ing le  

filter which yields  the  bes t  resolut ion a n d  s igna l- to -no ise  ratio for a  given 

bandwidth .
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Shaw 1979 [54]

"Local a n d  Regiona l  Edge  Detectors :  S o m e  C o m p a r i s o n s "

This is a n  excel lent  p a p e r  on the  ar t  of u n d e r s t a n d in g  a n d  c o m p a r in g  the  

c la ims  m a d e  abou t  the  p le tho ra  of e d g e  de tec to r s .  The a u th o r  limits his s tudy  

to the  following e d g e  de tec to rs :

a) Heuckel  e d g e  de tec t ion  algor i thm [12,13]

b) Sobe l  o p e ra to r  with l e a s t - s q u a re  g o o d n e s s  of fit [14]

c) Mero a nd  V as s y ' s  a p p ro x im a te  Heuckel  o p e r a t o r  [15]

d) H u m m el ' s  opt imal  local t em p la te  [16]

e) A n e w  d i sc re te  Heuckel- like o p e r a t o r  which he  d e s c r i b e s  in the  pape r .

The a u th o r  d o e s  qualify his  a p p r o a c h  by not ing that  cer ta in  types  of e d g e  

d e t e c to r s  suc h  a s  b), c) a n d  d) a r e  purely  local while  o th e r s  like a) a n d  e) a r e  

i n te n d e d  to work only in ove r l app ing  reg ions .  T h e s e  different  types  of 

d e te c to r s  could not  direct ly be  c o m p a r e d .  A way out  of this im p a s s  w a s  to test  

e a c h  o p e r a t o r  a g a in s t  itself a s  va r io u s  types  of dis tor t ion w e r e  app l i ed  to the  

tes t  image .  The resu l t ing d e g r a d a t i o n  in e d g e  r e s p o n s e  w a s  then  u s e d  a s  a 

m e a s u r e  of stabili ty a n d  di sc r im ina to ry  p o w e r  of the  e d g e  de tec to r s .

Edge  de te c to r s  a r e  c lassi f ied a s  be ing of two g e n e ra l  types :  Local a n d  

Reg iona l .  The local e d g e  d e te c to r s  a r e  c h a ra c te r i z e d  a s  be ing  different ia tors



24

of s o m e  type  or  a n o th e r  which m e a s u r e  the  " edg ine s s"  of a pixel while 

reg iona l  e d g e  de te c to r s  a r e  e x p e c t e d  to give good  r e s p o n s e s  in r eg ions  which 

c a n  be  d e s c r i b e d  a s  be ing  d ivided  into two reg io n s  of fairly cons tan t  gray  

levels  A m ent ion  is m a d e  of direct ional  local e d g e  d e te c to r s  which tend  to 

m e a s u r e  g rad ie n t  va lu e s  at a pixel.

The a u th o r  u s e d  s e t s  of synthet ic  im a g e s  of perfect  po lygons  a n d  a  "real" 

im a g e  of a gir l ' s  face.  The synthet ic  i m a g e s  g a v e  a  m e a s u r e  of the  

p e r f o r m a n c e  of the  different e d g e  d e te c to r s  to long s t ra ight  l ines  while the 

"real"  im a g e  g a v e  a  m e a s u r e  of the  r e s p o n s e s  to t ex tu red  a n d  cu rved  e d g e s .  

A n o th e r  par t  of t h e  c o m p a r i s o n  w a s  to u s e  the  d e te c to r s  on  perfect v e r s io n s  

of t he  tes t  im a g e s  a n d  on  d i s to r ted  v e r s io n s  of t h e s e  im ages .  The di s to r t ions 

in t roduc ed  w h e r e  w ide -spec t rum  (approximate ly  Po isson) ,  un c o r r e la t ed  noise ,  

e d g e  blurr ing a n d  imposi t ion of a n  overal l  l inear  r a m p  on  the  ent i re  image .  

T h e s e  ty p es  of d is to r t ions  a r e  all fairly c o m m o n  a n d  inte rfe re  with the  

de tec t ion  of e d g e s .

The  conc lu s ion  w as  that  all o p e r a t o r s  w e re  c a p a b le  of locat ing e d g e s  in 

thei r  dom ain .  The Sobel  o p e r a t o r  pe r fo rm ed  uniformly be t t e r  t h a n  the  o the r  

local o p e ra to r s .  The two regiona l  o p e r a t o r s  ha d  s imi lar  pe r fo rm a nc es ,  but  the  

reg iona l  o p e r a t o r s  might  be  given a n  e d g e  (no pun  in tended)  ov e r  local 

o p e r a t o r s  b e c a u s e  they  t end  to prov ide  thei r  output  in a  m o re  c om pa c t  form 

th an  the  local o p e ra to r s .  This is a  c o n s e q u e n c e  of the  fact that  reg iona l  

o p e r a t o r s  can  be  thought  of p ro c e s s in g  thei r  ou tput  a n d  prov ide  s o m e
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goodness-of-f i t  value.  The c o m p u ta t ions  n e e d e d  to ob ta in  this  s a m e  

information would p robab ly  be  m o re  e x p e n s iv e  than  the  appl icat ion  of a local 

e d g e  de tec tor .



Nevatia 1977, [ f  1

"A Color  E dge  Delector  a n d  its Use  in S c e n e  Segm en ta t ion ' '

Nevat ia  inves t ig a tes  the  p rob lem  of e d g e  de tec t ion  in color  im a g e s  Three  

a p p r o a c h e s  to co lor  e d g e  d e tec t ions  a r e  d e s c r ib ed .

The first a p p r o a c h  is to def ine a  metr ic  in color  s p a c e  a n d  then  def ine e d g e s  

a s  d iscon t inui t ie s  in this  s p a ce .  The a u th o r  s u g g e s t s  that the  definition of such 

a  metr ic  could  be  b a s e d  on  e x p e r i m e n t s  with h u m a n s  [18],  This a p p r o a c h  

r e d u c e s  the  co lo r  e d g e  de tec t ion  p rob lem  to a n  e d g e  de tec t ion  in on e  

d im e n s io n  a n d  the  r esu l ts  shou ld  not  be  too different f rom that of e d g e s  found 

in equ iva len t  a c h rom a t ic  images .

The s e c o n d  a p p r o a c h  is the  i n d e p e n d e n t  de tec t ion  of e d g e s  in e a c h  of the 

t h r e e  co lor  c o m p o n e n t s  fol lowed by the  m erg ing  of t h e s e  e d g e s  into a  s ingle  

e d g e  by s o m e  specif ied p ro c e d u re .

The  third a p p r o a c h  which is the  o n e  d e v e lo p e d  by the  a u t h o r  cons i s t s  a s  in 

the  s e c o n d  o n e  in ind ep e n d e n t ly  locat ing e d g e s  in the  different color  

c o m p o n e n t s  of the  image ,  but  to im p o s e  s o m e  uniformity c ons t r a in t s  in o r d e r  

to u s e  the  t h r e e  e d g e s  concur ren t ly .  It is this  cons tr a in t  which directly affects 

the  com puta t ion  of the  t h r e e  c o m p o n e n t s  a n d  m a k e s  this  a p p r o a c h  different 

f rom the  s e c o n d  one .
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The a c h rom at ic  e d g e  de te c to r  u s e d  by the  a u th o r  w as  the  Hueckel o p e ra to r  

followed by a n  e d g e  l inker d e s c r i b e d  in detai l  in [19]  Many of the  f ea tu re s  of 

the  e d g e  d e te c te d  de r ive  from the  p rope r t ie s  of the  Hueckel  o p e ra t o r  a n d  the 

e d g e  linking a lgor i thm used .  No conc lus ive  e v id e n c e  to the superior i ty  of 

co lor  e d g e  de tec t ion  o v e r  m o n och rom at ic  e d g e  de tec t ion  is p r e s e n t e d .  It was  

found that  e d g e s  d e te c te d  in the  ch rom ati c  c o m p o n e n t s  w e r e  often e m b e d d e d  

in the  lum inanc e  c o m p o n e n t  a l t hough  they might  be  m o r e  difficult to extract  

f rom the  latter.  One  s u g g e s t io n  w a s  that co lor  e d g e s  might  m a k e  a  sys tem  

m o re  robust  a n d  that  us ing  the  c o -o c c u r re n c e  of e d g e s  in the  lum inanc e  an d  

ch rom ati c  c o m p o n e n t s  would d e c r e a s e  the  n u m b e r  of s p u r i o u s  e d g e s .  An 

obv ious  gene ra l i za t ion  of the  s c h e m e  to mult ispectral  im a g e s  s u c h  a s  

LANDSAT im a g e s  which u s e  four  spect ral  b a n d s  o r  ae r ia l  p h o t o g r a p h s  which 

can  u s e  up to 12 spec t ra l  b a n d s  is ment ioned .
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Robinson 1977 [20] ,

"Edge Detect ion by C o m p a s s  Grad ien t  Masks"

It is a s s u m e d  that  the  r e a d e r  is famil iar with o p e r a t o r s  such  a s  the  Prewitt  

a n d  Sobel  o p e ra t io n s  [21].

An e d g e  de tec t ion  s y s te m  to de tec t  a n d  c o d e  visual ly  significant  e d g e s  in 

natural  i m a g e s  is d e v e lo p e d  in this  paper .  The a u th o r  quickly m en t ions  

three- level  s imple  m a s k s  such  a s  the  Prewitt ,  Kirsch a n d  Sobel  ope ra to r s .  

T h e s e  o p e r a t o r s  a r e  cal led  three- leve l  m a s k s  b e c a u s e  they u se  only 3 dist inct  

in tegers .  The following two o r thogona l  m a s k s  a r e  in t roduced  a long  with 6 

o th e r  f ive-level s im ple  masks :

1 2 1 1 0 -1

Mx = 0 0 0 My = 2 0 -2

-1 -2 -1 1 0 -1

T h e s e  m a s k s  a p p ro x im a te  the  partial  de r iva t ives  in the  x a n d  y direc t ions .

S o m e  of the i r  a d v a n t a g e s  are:

a.  The di rec t ion of a n  e d g e  is easi ly  found from the  output  of the  first four 

m a s k s  d e s c r i b e d  by the  a u th o r  in his pape r .

b. Five-level s im ple  direct ional  m a s k s  c o m p e n s a t e  for the  lower  visual 

acuity  in the  d iagona l  di rect ion by yielding a  h ig h e r  output  for  d iagona l  

e d g e s .
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A grad ien t  picture  is ob ta ined  by f inding the  m ax im um  grad ien t  

m ag n i tu d e  at e a c h  pixel. The direc t ion of the  e d g e  is given by the  m ask  

which g e n e r a t e d  the  la rges t  output .  In o r d e r  to b e  cons is ten t  with the  

F r e e m a n  [22]  chain  cod in g  s c h e m e  a n d  al low for s u b s e q u e n t  cod in g  of 

ex t rac ted  b o u n d a r i e s ,  the  n u m b e r s  f rom 0 to 7 a r e  u s e d  to d e s c r ib e  the  

eight  d i rec t ions  in a  3x3 grid.  O nce  the  e d g e  m a p  h a s  b e e n  c om pu ted ,  a 

rule  is u s e d  to connec t  e d g e s ,  two e d g e s  a r e  c o n n e c t e d  if the  di rect ion at

the  c e n t e r  of a  3x3 gr id is k (k =  0 .....7) a n d  if the  direct ion  of the  p re c e d in g

a n d  s u c c e e d in g  e d g e  vec to r s  a r e  k-1, k o r  k + 1  (mod 8). The g rad ien t  

va lue ,  e d g e  direc t ion m a p  a n d  th re sho ld  m a p  a r e  u s e d  s im ul taneous ly  to 

d e te r m in e  w h e th e r  a n  e d g e  is p r e s e n t  o r  not. The a u th o r  found that  a  fixed 

t h re sho ld  g a v e  the  bes t  r esu l ts  but that  in the  c a s e  of faint e d g e s ,  

s ignificant  e d g e s  w e re  lost. It w a s  a l so  found that  w hen  the  t h re sho ld  w as  

set  too low, too m any  e d g e s  w e r e  found.  The a u t h o r ' s  solut ion w a s  the 

e d g e  activity index (EAI) def ined  a s  the  ratio of the  m ax im um  grad ien t  

m ag n i tu d e  at a  pixel to the  a v e r a g e  m a g n i tu d e  of the  g r a d i e n t s  in eight  

c o m p a s s  di rect ions.  The EAI is se t  to 0 w h e n  the  eight  direct ional  

g r a d i e n t s  a r e  equa l  O ne  m ethod  u s e d  to find this  th re s h o ld  u s e d  the  

h i s tog ram  of the  g rad ie n t  image .  The m e a n  va lue  of this  h i s tog ram  w as  

o n e  cho ice  for the  th re sho ld .  Ano the r  m ethod  m a d e  u s e  of a  locally 

a da p t ive  t h re sho ld  (LAT). This th re s h o ld  w a s  de f ined  a s  the  ratio of the  

m ax im um  grad ien t  m ag n i tu d e  to the  ou tput  of a  low-pass  fil tered (blurred)  

ve rs ion  of the  original image .  The m a s k  u s e d  for the  low-pass  filter w a s
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The ra t ionale  beh ind  the EAI is b a s e d  on the  p r e m i s e  that  in r eg ions  

w h e r e  th e re  is no p re fe r red  or ientat ion,  the  EAI will be  0, w h e r e a s  in 

r e g io n s  w h e r e  the  e d g e  activity is cons ide rab ly  s u p e r i o r  in s o m e  direction,  

the  m ax im um  grad ien t  will be taken.  Unfortunately, no conv inc ing  

a r g u m e n t  is m a d e  for the  u s e  of five-level r a th e r  than  three - level  s imple 

m asks .  The a u th o r  e v e n  no tes  that  if a  fixed th re sho ld  is u s e d ,  the  Kirsch 

a n d  five-level s imple  m a s k  give  s imilar  binary  e d g e  m a p s .  The u s e  of local 

connect ivi ty  of t h e s e  e d g e  m a p s  im prove s  the  p e r f o r m a n c e  of all the  

di rec t iona l  m a s k s  ope ra to r s .



Duda and Hart 1972 [2 ]

"Use of the  Hough  Transformation  to Detect  Lines  a n d  C u rv e s  in Pictures" .

The a u th o r  a d d r e s s e s  the  recu r r ing  p rob lem  of f inding s t ra ight  l ines in 

digi t ized im ages .  The a lgori thm d e s c r i b e d  h e re  f inds its roo ts  in a  m ethod  

d u e  to Hough  [4]  to loca te  co l inea r  points .  This or iginal  m e th o d  was  

d e s c r i b e d  by Rosenfeld  [3]  who r ep la ce d  the  initial p rob lem  of f inding 

co l inea r  po in ts  by the  mathemat ica l ly  equ iva len t  o n e  of f inding concu r ren t  

l ines  in a  p a r a m e t e r  s pace .  Hough  p a r a m e t e r  s p a c e  w a s  the  familiar 

s lope- in te rcep t  p a r a m e t e r s .  One  of the d i s a d v a n t a g e s  of the  resul t ing 

two-d im ens iona l  s lope- in te rcep t  s p a c e  is that  it is u n b o u n d e d  a n d  this  

com p l ic a te s  the  app l icat ion  of the  p r o c e d u r e .  The a u t h o r s  t hus  p r e s e n t  a n  

al t e rna t ive  pa ra m e te r i z a t ion  which e l im ina te s  the  p ro b le m  of u n b o u n d e d  

p a r a m e t e r  s p a ce .  The new pa ra m e te r i z a t i o n  is t h e  so-ca l led Normal  

pa ra m e te r i z a t i o n  which specif ies  a l ine in t e r m s  of t h e  a n g le  (Theta) of its 

no rm a l  a n d  its a lgeb ra ic  d i s t a n c e  (Rho) f rom th e  origin.  By rest r ic t ing the  

a n g le  to the  r a n g e  [0 Pi],  l ines  a r e  r e p r e s e n t e d  by a  un ique  set  of 

p a r a m e t e r s  a n d  a  line is r e p r e s e n t e d  by a  un ique  point  in Theta -Rho  space .  

The  p rob lem  of de tec t ing  co l inear  po in ts  in picture  s p a c e  b e c o m e s  that  of 

finding c o n c u r re n t  cu rves .  The im plem en ta t io n  of t h e  a lgor i thm  u s e s  a  two 

d im e ns iona l  a r r a y  of a c c u m u la to r s  to coun t  the  n u m b e r  of c u rv e s  p a s s in g  

th ro u g h  a  par t icu la r  point  in the  picture.  The a c c u m u la t o r s  a r e  actually  

coun t ing  the  n u m b e r  of points  (x,y) which be lo ng  to a  line with normal  

p a r a m e t e r s  Rho a n d  Theta.  A given  co lum n in the  The ta-Rho  a c c u m u la to r
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a r r a y  is just a  h i s tog ram  of t h e s e  counts .  A c o n s e q u e n c e  of this  fact is that  

a c c u m u la to r s  with high coun ts  c o r r e s p o n d  to s e t s  of near ly  co l inear  points 

in the  picture.  O ne  of the  l imitations of this  a p p r o a c h  is that  it is sensi t ive  

to the  quan t izat ion  of both Theta  a n d  Rho.  Increas ing  the  reso lu t ion  

p r o v id e s  be t t e r  r esu l ts  but i n c r e a s e s  com puta t ion  time. Ano the r  p rob lem  

is that  this  m e th o d  loca tes  s e t s  of co l inear  point s  without  r e g a r d  for 

continuity.  Two c o l inea r  but s e p a r a t e  l ines  would be  g r o u p e d  a s  a  s ingle  

line by this  m e thod .  O ne  of the  in terest ing  by-product  of this a p p r o a c h  is 

that  it points  to the  fact that  an y  pa ra m e te r i z a t i o n  could b e  u sed .  These  

a l t e rna t ive  pa ra m e te r i z a t i o n s  could then  be  u s e d  to locate  c i rcular  

configurat ions  of points  in a n  im a ge  for instance.  The conc lus ion  is that 

any  type  of cu rve  can  be loca ted  with the  p r o p e r  pa ram ete r iza t ion .  

P a r a m e te r i z a t i o n s  with b o u n d e d  p a r a m e t e r s  would  be  p re fe rab le  b e c a u s e  

the  im p lem enta t ion  of the  a c c u m u la t o r  a r r a y  r e q u i r e s  quant izat ion  of the  

ent i re  p a r a m e t e r  s p a c e  a n d  the  com puta t ion  g ro w s  exponent ia l ly  with the 

n u m b e r  of p a ra m e te r s .
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M arr and Hildreth 1979 [ 26].

"Theory of E dge  Detect ion"

An a p p r o a c h  us ing analyt ic  a n d  symbolic  m e t h o d s  is d e s c r i b e d  in this 

pape r .  Unlike m os t  a p p r o a c h e s  which u s e  local n e ig h b o r h o o d  ope ra to rs ,  

this m e th o d  m a k e s  u s e  of significantly l a rge r  convolu t ion m a s k s  an d  

prov id es  a s  ou tput  a  set  of c o n n e c t e d  e d g e  con tours .  This obv ia te s  the 

n e e d s  for fu r the r  th inning a n d  linking p r o c e d u r e s .  The intensi ty  c h a n g e s  

of a n  im age  a r e  d e s c r i b e d  us ing a  pr imitive l a n g u a g e  of e d g e  se g m e n t s ,  

blobs a n d  te rm ina t ions .  This descr ip t ion  w a s  cal led the  raw primal sketch.  

More  a bs t r a c t  to k e n s  w e r e  then  co n s t ru c te d  by making  explicit  ce r ta in  

geomet r i ca l  r e l a t ionsh ips  p r e s e n t  in the  r aw  primal ske tch .  This s e c o n d a r y  

r ep re s en ta t i o n  w a s  cal l ed the  full pr imal ske tch  of a n  image .

The main analyt ical  p rob lem  for  the  a u th o r s  w as  the  r e p r e s e n ta t i o n  of 

intensity c h a n g e s  a n d  local ization of e d g e s .  In o r d e r  to r e d u c e  the  effects 

of no i se  a n d  minimize  the  complexi ty  of computa t ions ,  a  nond irec t iona l  

Laplacian o p e r a t o r  w a s  convo lv ed  with a n  im age  a n d  the  ze ro -c ro s s in g s  

of the  output  w e r e  u s e d  a s  loca l izers  of e d g e s .  S ince  the  Laplac ian  is 

roughly b a n d p a s s ,  only a  por t ion of the s p e c t r u m  of the  im a ge  is ana ly zed .  

The ope ra t ion  w a s  pe r fo rm e d  at different s c a l e s  in o r d e r  to loca te  e d g e s  

a p p e a r in g  at different  sca les .  The a u th o r s  s u s p e c t e d  that  this 

r e p r e s e n ta t i o n  might  poss ib ly  b e  c om ple te  b a s e d  on a  t h e o r e m  by Logan 

[27] ,  This would  imply that  the  z e ro -c ro s s ing  r ep re s en ta t i o n  would  prov ide



e n o u g h  information to r e c o v e r  a rb i t ra ry  intensity  profiles.  A point 

ove r looked  by the  a u th o r s  is that  the  t h e o r e m  is only valid for on e  

d im e n s io n  while  the i r  s igna ls  a r e  two d imens io na l .  Buxton [28J h a s  shown 

mathemat ica l ly  that  the  Marr-Hil ldreth o p e r a t o r  is the  opt imal  o p e r a t o r  for 

de tec t ing  ideal s t e p  e d g e s  in t e r m s  of z e ro -c ro s s ings .  But this  is in an  

ideal  ca se .  As s o o n  a s  the  t r a n s fe r  funct ion is band l imi ted  by t runca t ion  

it is no lo n g e r  opt imal .  Sl ep ian  a n d  Pol lack [29] ,  L a n d a u  a n d  Pollack 

[30,31]  a n d  S h a n m u g a m  et al. [5]  s h o w  that  the  opt imal  t r a n s fe r  funct ion 

which is ze ro  o u t s id e  of a  given interval  is e x p r e s s e d  in t e r m s  of a pro late  

sp h e ro id a l  w a v e  funct ion. A d r a w b a c k  of this  o p e r a t o r  is the  high densi ty  

of z e ro -c ro s s in g s  ob ta ined  w h e n  it is app l i ed  to very noisy im ages .  Canny  

[33]  h a s  s h o w n  that  by maximiz ing  the  output  of a n  a p p ro p r i a t e  o p e ra t o r  

a  be t t e r  p e r f o r m a n c e  can  be  ob ta ined .  Marr  a n d  Hildreth a l so  c o v e r  s o m e  

of the  d i sc ove r ie s  ab o u t  h u m a n  ear ly  visual  p r o c e s s in g  m e c h a n i s m s  which 

he lpe d  to motivate  thei r  a p p ro a c h .  An in te rest ing  no te  w a s  ab o u t  on e  

pract ical  r e a s o n  why e d g e  de tec t ing  m e t h o d s  have  b e e n  for the most  part  

unsuccess fu l .  They s u rm is e  that  it is a  c o n s e q u e n c e  of the  u s e  of only 10 

to 30 pixel n e ig h b o r h o o d s  in cu r ren t  im age  p r o c e s s in g  a lgo r i thm s  in 

con tras t  to the  smal le s t  of W il son 's  [34]  four  psychophys ica l  c h a n n e l s  

which have  recep t ive  fields that  c o v e r  a b o u t  500 foveal c one s .  Rosenfeld  

a n d  Kak [35]  had  d i s c u s s e d  the  r a th e r  ineffective u s e  of the  Laplacian.  The 

r e a s o n  for this  be ing  that  the  Laplac ian  is not  very effective u n l e s s  on e  

u s e s  it in a  b a n d  limited s i tuat ion a n d  th e n  u s e s  its z e ro -c ro s s in g s .  These  

i d e a s  did not  a p p e a r  in the  p rev ious  l iterature.  The field of c o m p u t e r  vision



had  to wait for the  h u m a n  s t e r e o  vision theo ry  of Marr  & Poggio  [36] for 

the  idea  of using na r row  b a n d p a s s  differential o p e ra to r s ,  this theory  w as  

a l so  the  first to pr imarily rely on ze ro -c ros s ings .

The s e c o n d  part  of the  a u th o r s '  m e thod  d e a l s  with the  pa rs ing  of the 

z e ro -c ro s s in g s  information obta ined .  Three  types  of c o ns t ruc t s  a r e  m ade :

a. Isolated e d g e s

b. Bars

c. Blobs  a n d  te rm ina t ions

Isola ted e d g e s  a r e  ob ta ined  by a se lec t ion cr i t er ion a c c o rd in g  to which 

th e  e d g e  is ob ta ined  from the  smal le s t  channe l  to which the  intensity 

c h a n g e  is ind is t ingu ishab le  from a s t e p  funct ion.  Information abou t  e d g e  

a m p l i tude  a n d  width a r e  then  ob ta ined  from the  z e ro - c ro s s in g s  p rov id ed  

by that channel .

In cer ta in  c a s e s  e d g e s  run paral le l  a n d  form bars .  In t h e s e  c a s e s  

multiple  c h a n n e l s  a r e  involved, but  c h a n n e l s  which involve w a ve leng th s  

l a rg e r  th an  a b o u t  2w, w he re  w is the  width of the  bar ,  c a nno t  be  rel ied upon  

to p rov id e  a c c u r a t e  information ab o u t  e d g e  length,  width,  posi t ion or  

contrast .  In t h e s e  c a s e s  the  information from the  s m a l le r  c h a n n e l s  is u s e d  

to g e n e r a t e  a  symbolic  line s e g m e n t  with p a r a m e t e r s  m o r e  rel iable than  

th o s e  a s s o c i a t e d  with e a ch  individual  s e gm e n t .



Finally, paral le l  s e g m e n t s  s o m e t im e s  m e r g e  o r  a r e  joined by a  third 

s e g m e n t  o r  form c losed  curves .  T h e s e  s t ru c tu re s  a r e  ref lected by 

a n o m a l o u s  effects in the l a rg e r  c h a n n e l s  a n d  a r e  bes t  dea l t  with early.  

Marr  [37]  cal l ed  the  c lo se d  con to u r s  BLOBS a n d  c h a ra c te r i z e d  them  by 

length,  width,  o r ien tat ion  a n d  a v e r a g e  con t r a s t  while t e rm ina t ions  w e re  

a s s o c i a t e d  with pos i t ions  a n d  or ien tat ions.



M artelli 1972 [38],  1973 [39]

"Edge Detect ion  Using Heuris t ic  S e a rc h  M ethods"

Unlike m os t  e d g e  de tec t ion  m e t h o d s  b a s e d  on Laplac ian o r  g rad ien ts ,  

the  e d g e  d e te c to r  p r e s e n t e d  by Martelli  is b a s e d  on  a  " shor tes t  path"  

pe rspec t ive .  By e m b e d d i n g  the  p ro p e r t ie s  of a cu rve  in a  f igure of merit,  

Mon tana r i  [40]  had  p r o p o s e d  a m e th o d  for de tec t ing  c u rv e s  in noisy 

im ages .  A dynam ic  p r o g ra m m i n g  a p p r o a c h  w a s  then  u s e d  to d e te r m in e  

the  opt imal  cu rve  with r e s p e c t  to the  given  f igure of merit .  Martelli  had  

himself  u s e d  this  a p p r o a c h  in [38,39] to de tec t  e d g e s .  The a u th o r  r e c a s t s  

the  p r o b le m  of f inding the  s h o r t e s t  pa th  on a  c o n n e c t e d  g raph .  O ne  of the 

a d v a n t a g e s  c la imed  by the  a u t h o r  is that  known s h a p e s  can  b e  so  de te c te d  

in very  noisy  im ages .  A charac te r i s t i c  of this  m e th o d  is the  i n c r e a s e  of 

com pu ta t ion  t ime with no i se  level.  By u s ing  the  A* a lgor i thm  d e s c r i b e d  in 

the  p a p e r ,  the  a u th o r  c la ims  that  subs tan t ia l  r educ t io n  in com pu ta t ion  t ime 

can  be  ob ta ined .  The A* algor i thm can  be  s e e n  to b e  a n  e d g e  follower a s  

it s ta r ts  with the  first e l e m en t  of the  e d g e  a n d  f inds t he  next  m os t  promis ing  

e d g e  at  eve ry  s tep .  The p r o b le m  is cas t  in the  p r o p e r  mold  by e m b e d d i n g  

the  p ro p e r t i e s  of a n  e d g e  o r  c o n to u r  in a n  objec t ive funct ion.  The p rob lem  

of ext ract ing t h e s e  e d g e s  a n d  c o n to u r s  f rom noisy  im a g e s  is then  the  

minimizat ion of this  funct ion. A cost  is a s s i g n e d  to eve ry  pos s ib l e  e dge .  

This cos t  t ake s  into a c c o u n t  local p r o p e r t i e s  s u c h  a s  g ray  level s  a n d  

curva tu re .  The total cos t  would  p r e s u m a b ly  con ta in global  information.  

The minimizat ion of this total  cos t  is a p p r o a c h e d  a s  a  g r a p h  s e a r c h .  O ne



of the  poss ib le  d r a w b a c k s  of this  m e th o d  is that  cha rac te r i s t i c s  of the goal  

n o d e s  a lo ng  with the  rules  for e x p a n d in g  a  n o d e  a n d  for comput in g  cos ts  

m us t  b e  e m b e d d e d  in the  a lgor i thm  a n d  h a v e  to b e  c h a n g e d  for different 

ty p es  of e d g e s  o r  c o n to u r s  sought .  When this  type  of heuri s t i cs  is 

in t roduc ed  in the  algor i thm s e a r c h  s p e e d  is i n c re as e d ,  complex  s h a p e s  

can  be  s e a r c h e d  for without  significantly affecting the  complexi ty  of the 

s e a r c h ,  but the  solut ion is no longe r  optimal .



Weszka 1978 [42]

"A Survey  of Thresho ld ing  Selec t ion Techn iques"

This is a n  excel lent  su rvey  of th re sho ld ing  t e c h n iq u e s  b a s e d  on 

h i s tog ram  ana lys i s .  Different m e t h o d s  u s e d  to c o m p u te  a p p ro p r i a t e  

t h r e s h o ld s  a r e  d e s c r ib e d .  The s ta t ed  goal of all t h e s e  m e t h o d s  is to 

s e g m e n t  a n  im age  into r eg ions  which can  la te r  be  an a ly z e d  on the  bas i s  

of p ro p e r t i e s  such  a s  a r e a ,  pe r imete r ,  s h a p e ,  etc. Ano ther  r e a s o n  for the  

t h r e sho ld ing  p r o c e s s  is the r e d u c e d  s to r a g e  r e q u i r e m e n ts  for the  

t h r e s h o ld e d  im a ge  a s  c o m p a r e d  to the  original one .  The a u th o r  c lass i f ies  

the  different  s c h e m e s  a s  global,  local o r  dynam ic  t h re sho ld ing  m ethods .

Global  m e t h o d s  which se lec t  a  t h re sho ld  b a s e d  on a n  a na ly s i s  of the  

h i s tog ram  of the  ent i r e  im a ge  a r e  r e p r e s e n t e d  by such  m e t h o d s  a s  the  

"p-tile" m e th o d  of Doyle [43]  in which a t h re s h o ld  is c o m p u te d  in such  a 

way a s  to m a p  at leas t  q %  of the  g ray  levels  into the  object.  This can  work 

only if the  a r e a  of the  object  to be  found is known a n d  d o e s  not  va ry  from 

im a ge  to image.  A no the r  global  m e th o d  is the  "mode"  m e th o d  of Prewitt  

a n d  M e n d e l s o h n  [41]  in which the  t h r e s h o ld s  a r e  p laced  at the  minima 

be tw e en  the  p e a ks  of a  s m o o th e d  h i s togram.  The rat ionale  beh ind  this  

m e th o d  be ing  that e d g e s  would h a v e  far  l e s s  g ray  levels  than  the  inter ior  

of e i t he r  a n  object  o r  the  b a c kg round  a n d  shou ld  the re fo re  be r e p r e s e n t e d  

by the  val leys  b e tw e en  the  m o d e s  of the  h i s t rogram .  S o m e  global 

h i s to rg ram  se lec t ion t e c h n iq u e s  a r e  b a s e d  on s ta t is t ics  of local p roper t ie s .
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S o m e  often u s e d  p rope r t ie s  a r e  ob ta in e d  by app ly ing  a  "LaPlacian" or  

g rad ie n t  o p e r a t o r  to the im age  in o r d e r  to im prove  the  s h a p e  of the 

h i s tog ram  a n d  m ak e  it e a s i e r  to identify the  g ray  levels  a s s o c i a t e d  with 

e d g e s .  The g e n e ra l  goal of t h e s e  o p e r a t o r s  is to g e n e r a t e  a bimodal  

h i s tog ram  in which the  m e a n  is s e le c te d  a s  a  th re sho ld .  If the  h i s tog ram  

of t he  fil tered im a ge  is un imoda l ,  the  m o d e  can be  se le c te d  a s  a  th re sho ld  

shou ld  give s imilar  resu l ts  to t h o s e  o b ta ined  by us ing  the  m e a n  in the 

b imoda l  c a s e  (Weszka a n d  Rosenfeld [45]).

Local m e t h o d s  to c o m p u te  t h r e s h o ld s  d e p e n d  on both the  g ray  level of 

a  point  a n d  s o m e  p rope r t ie s  of the  n e ig h b o r h o o d  of the  point.  S o m e  of 

t h e s e  m e t h o d s  rely on l inear  t h re s h o ld  o p e r a t o r s  (Bartz [46])  w h e r e  a 

th re s h o ld  is c o m p u te d  b a s e d  on  the  a v e r a g e  con t ra s t  ov e r  previous ly 

a n a ly z e d  s e c t ions  of the  image.  Similar ly g e n e r a t e d  th r e s h o ld s  can  be  

app l i ed  locally o r  to l a rge  reg ions .  Ullman [47]  d e s c r i b e d  a n o t h e r  

t e c h n iq u e  to c o m p u te  t h r e s h o ld s  b a s e d  on  the  g ray  levels  of the  

n e ig h b o r h o o d  of a  point.  In this  s c h e m e  cer ta in  points  of a 5x5 

n e ig h b o r h o o d  of a  point a long  with two rules  a r e  u s e d  to se lec t  a 

th re sho ld .  The whitest  g ray  level d e c i d e s  which rule will be  se lec ted .  

Morr in [48]  u s e d  two-dimensiona l  plots  of g ray  level v e r s u s  g rad ien t  va lue  

to se lec t  t h r e sho ld s .  P a n d a  [49]  u s e d  a  s c h e m e  w h e re  the  t h re sho ld  

app l i ed  to a  point  d e p e n d e d  on the  g ray  level a s  well a s  the  e d g e  va lue  of 

the  point.  Tr imodal  dis t r ibut ions ob ta ined  from the  plots  of f requency  a s  a 

function of g ray  level an d  e d g e  va lue  g a v e  r is e  to s evera l  s e g m e n ta t io n
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p r o c e d u r e s .  One  suc h  m e th o d  app l i ed  by Katz [50]  u s e s  the  m e a n  gray 

level  of t h o s e  points  having high  e d g e  v a lu e s  a s  a th re sho ld .  Another  

s c h e m e  s e a r c h e d  for val leys  in the  g ray  level h i s tog ram  of points  having 

low e d g e  values .  The bes t  s c h e m e s  w e re  t h o s e  which u sed  a  combina t ion  

of the  valley s e a r c h  a n d  m e a n  g ray  level m e th o d s .

Dynamic  th re s h o ld  se lec t ion  t e c h n i q u e s  a r e  t h o s e  in which th re sho ld  

va lue s  d e p e n d  on the  g ray  level,  s o m e  p rope r t ie s  of the  n e ig h b o r h o o d  of 

a  point a n d  on the  location of the  point in the  image .  Such  a  m ethod  was  

u s e d  by Chow a n d  Kaneko  [51]  to de tec t  b o u n d a r i e s  in rad iog raph ic  

im ages .  Im ages  w e r e  subd iv ide d  into ove r l app ing  windows  of s ize  7x7 for 

which the  h i s tog ram  w a s  c o m p u te d  a long  with the  v a r i a n ce  of the  gray  

level.  The h i s to g ra m s  w e r e  m o de l le d  a s  o n e  or  two normal  dis t r ibut ions 

d e p e n d i n g  on  w h e th e r  the  h i s tog ram  w as  un imoda l  o r  bimodal .  Minimum 

e r r o r  t h r e s h o ld s  w e re  s e le c te d  for t h o s e  windows  w h o s e  mixture  

dis t r ibu t ions sat isfied a bimodal i ty  tes t .  This is b e c a u s e  t h e s e  windows 

c on ta ined  both b a c k g ro u n d  a n d  ob jec t s  a n d  s hou ld  the re fo re  b e  c lo se  to 

the  b o u n d a r i e s  of ob jects .  O nc e  the  t h r e s h o ld s  had  b e e n  c o m p u te d  for 

e a c h  window a  l inear  inte rpola t ion s c h e m e  w a s  u s e d  to se lec t  the 

th re s h o ld  to be  app l i ed  to e a c h  pixel of the  windows .  Interpolat ion w as  

a l so  u s e d  to find t h re s h o ld s  in windows  which ha d  bimodal  dis t r ibut ions.  

This m a d e  the  s c h e m e  t ruly dyna m ic  s in ce  a pixel ' s  th re sho ld  d e p e n d e d  

on  its g ray  level, local s ta t ist ics  a n d  its proximity to b o u n d a r y  points .
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VIII. TYPICAL IMAGING TOOLS USED IN EDGE DETECTION

1) Image  P r e p r o c e s s i n g

Noise is p robab ly  the  m os t  c o m m o n  p rob lem  e n c o u n te r e d  in image  

p r o ce s s ing .  O ne  of the  first t a s k s  to be  pe r fo rm e d  be fo re  p ro c e s s in g  can  even  

s tar t  is to "clean up" the  image .  This usual ly  involves  sm oo th ing  a n d  no ise  

reduc t ion.

Although th e r e  a r e  different  types  of "noise",  t h e r e  a r e  s o m e  charac te r is t ic  

t y p es  of no ise  a s s o c i a t e d  with p ictures .  Electronic  s e n s o r s  g e n e r a t e  

u nco r r e la t ed ,  add i t ive  no i se  a l so  known a s  "snow".  Unlike the  small  c h a n g e s  

in pixel v a lu e s  o b s e r v e d  in na tura l  s c e n e s ,  this  type  of no i se  can  g e n e r a t e  

l a rge  c h a n g e s  in ne ighbo r ing  pixels.  A m e th o d  by Na than  [78]  d e te c t s  t h e s e  

l a rge  va r ia t ions  a n d  r e p l a c e s  the  affected points  by a  local a v e ra g e .  

N u m e ro u s  non l ine a r  m e t h o d s  can  be  u s e d ,  but  an  im provem en t  of the  o r d e r  

s q u a r e  root  of (N) in s ignal  to no i se  (S/N) ratio can  be  e x p e c t e d  with s imple  

a v e ra g in g  us ing N n e ig h b o r s  if the  no i se  p r o c e s s  is i n d e p e n d e n t  an d  

ident ical ly d is t r ibu ted.  Ano the r  non l ine a r  m e th o d  is m ed ia n  filtering [79]  

which r e d u c e s  no i se  without  m uch  im a ge  d e g ra d a t io n .  This m e th o d  r e p l a c e s  

the  c e n te r  pixel of a  given reg ion  with the  m e d ia n  of the  v a lu e s  in the  region.

So m et im es ,  the  no i se  pa t t e rn  is not  r an d o m ,  but s t ruc tu red .  O ne  c o m m o n  

e x a m p le  is the  line pa t t e rn  of TV s c a n  l ines s u p e r i m p o s e d  on a n  im a ge  [80]
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In s u c h  c a s e s ,  the  s p e c t r u m  of s t ru c tu re d  pa t t e rn s  can  be  an a ly z e d  a n d  the  

offending f re q u e n c ie s  can  b e  r e m o v e d  by f requency  d o m a in  filtering m e thods .

2) Reg ion  Growing

Reg ion  growing  is a n o th e r  useful  t echn ique .  It c o n s i s t s  in s ta r t ing  with a 

point  within a  r eg ion  a n d  then  "growing" the  r eg ion  by g roup ing  all 

ne ighbor ing  poin ts  with s imi lar  p ro p e r t i e s  A g o o d  e x a m p l e  of this  m e thod  

can  be  found in [57 J. The ba s i s  of r eg ion  growing  is to s o m e h o w  quant ify the  

similari ty of two pixels  with r e spe c t  to s o m e  cr i t er ion We o n c e  aga in  feel that  

the  en trop ic  im a ge  m ay  p rov ide  a  s im ple  way to quant ify this  similari ty va lue.

3) Tem pla te  Matching

In [52]  we  d e s c r i b e  a n  e d g e  d e te c to r  for binary im a g e s  b a s e d  on the  

r ecogni t ion of e d g e s  in pa t t e rn s  of s ize  3x3. This is s im ple  t em p la te  matching.  

We in tend  to u s e  this  m e thod  af ter  th re sho ld ing .  Thresho ld ing  resu l ts  in a 

b inary  (2 level) image .  The refore  t h e r e  a r e  2 a 9 (512) pa t t e rn s  poss ib le  for  any  

reg ion  of s ize  3x3. This n u m b e r  is m a n a g e a b l e  e n o u g h  for  a  c o m p u t e r  to s to re  

in m e m o r y  all of the  pa t t e rn s  r e p r e s e n t in g  e d g e s .  A d i s a d v a n t a g e  of this  

m e th o d  is that  3x3 is the  la rges t  pract ical  s ize  for  the  t em p la te s .  A t em p la te  

of s iz e  4x4 would  c re a t e  2,16 (65536) pos s ib l e  pa t t e rns .  Yet this  m e th o d  is ve ry  

flexible in that  by s to r ing  different t a b l e s  with different  en tr ies ,  different  ty p es  

of e d g e  pa t t e rn s  can  b e  de tec ted .  O n e  tab le  can  be  g e n e r a t e d  to de tec t  fine 

l ines  while  a n o t h e r  might de tec t  c o a r s e  e d g e s  a n d  ignore  i so la ted  points .  This



44

t ype  of ope ra t ion  is cal led  a  Hit o r  Miss  Trans fo rm (HMT) in Morphometry ,  a 

sub jec t  we will d i s c u s s  later.

4) Correla t ion M ethods

Cer tain types  of pa t t e rn s  o c c u r  fairly of ten in medica l  im ages .  This is du e  

to the  fact that  a l though  variabil ity is c o m m o n  th e re  a r e  n o n e th e l e s s  r ecur r ing  

cell types  with dis t inctive s h a p e s  o r  co lora t ion.  C ross -co r re la t ion  b e tw e en  a 

r eg ion  to c lassify a n d  a n u m b e r  of m o d e l s  of m a s t e r  t e m p la t e s  can  he lp  in 

de te rm in ing  the  c l a s s  of which a  r eg ion  shou ld  b e  a s s i g n e d  [81,82].  This 

s c h e m e  might  a l low a r eg ion growing  a lgor i thm to de tec t  w h e n  a par t i cular  

r e g io n ' s  b o u n d a r y  h a s  b e e n  r e a c h e d .  This would  o c c u r  w h e n  the 

c ross -co r re la t ion  b e tw e e n  the  r eg ion  u n d e r  test  a n d  s o m e  m a s t e r  t em pla te  

falls off be low a  ce r t a in  th re sho ld .  This information would  in tu rn  local ize  the  

g e n e ra l  posi t ion of a  gray-level ,  co lo r  o r  textural  e d g e .

5) Convolu t ion M ethods

Convolu t ion is o n e  of the  bas ic  o p e ra t i o n s  u s e d  in im a g e  p r o c e s s in g  to 

filter, s m oo th  o r  s h a r p e n  im ages .  O n e  of the  a d v a n t a g e s  of convolu t ion  is that, 

t o g e t h e r  with Four ie r  ana lys i s ,  we  c a n  view a n  im a g e  e i the r  in the  spatia l  or  

f r equency  dom ain .  Also, d e s p i t e  the  com puta t iona l  complexi ty  involved in 

us ing  it with l a rge  m asks ,  we  now h a v e  h a r d w a r e  c a p a b l e  of perfo rming  

convo lu t ion  with r e a s o n a b ly  s iz ed  m a s k s  in real  o r  n e a r  real-t ime. 

Unfortunately,  convo lu t ion  by itself canno t  de tec t  a  cell o r  a  nuc leus .  It can
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ho w e v e r  p a v e  the  way for  o t h e r  a lgo r i thm s  such  a s  a n  e d g e  follower by 

e n h a n c in g  e d g e s .  We c a n  a l so  u s e  convolu t ion  to r e m o v e  s o m e  of the 

s t ruc tu red  type  of no i se  m en t io n e d  ear l ier .

6) Morphological  M e thods

S o m e  of the  t e c h n i q u e s  we  h a v e  u s e d  [52]  a r e  b a s e d  on a  field cal led 

m athemat ica l  m orpho logy  S ince  most  of the  work in that  a r e a  is not  well 

known to e n g in e e r s ,  let us  first give a  brief introduct ion of m a themat ica l  

morpho logy.

Morpho logy  theory  w a s  d e v e lo p e d  out  of work in the  field of cellular  

a u to m a ta  a n d  is a  s y n the s i s  of m any  m athemat ica l  s y s te m s ,  including integral 

geomet ry ,  s ta t is t ics  a n d  topology.  G. M atheron  a n d  J. S e r r a  d e v e lo p e d  the  

first theore t ical  no t ions  of m orpho logy  in the  1960s [23,24].  Very notably,  

Matheron  u s e d  m orpho logy  to inves t iga te  the  re la t ionsh ip  b e tw e en  the 

ge om e t ry  of p o r o u s  m e d i a  a n d  thei r  rela t ive pe rmeab i l i t i es .  A tex ture  

a n a ly z e r  [25]  b a s e d  on  the  pr inc ip les  of m a themat ica l  m orpho logy  w as  

d e v e lo p e d  by S e r r a  a n d  J. Klein. Al though m orpho logy  theory  w a s  first 

app l i ed only to binary  im a g e s ,  m uch  effort is now be ing  app l i ed  to ex tend ing  

the  theo ry  to g ray  level im ages .

In m athemat ica l  morpho logy ,  the  va lu e s  of pixels a r e  c h a n g e d  a s  a  function 

of thei r  ne ighbor ing  pixel va lues .  This is s o m e w h a t  a n a l o g o u s  to convolut ion,  

but  while convolut ion  u s e s  ad d i t io n s  a n d  multipl icat ions, m orpho logy  u s e s
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point t r a n s fo rm a t ions  suc h  a s  union,  in te rsec t ion an d  geom et r i c  

t r a n s fo rm a t ions  suc h  a s  t rans la t ion  an d  reflect ion.  M orphology a lso  u s e s  

m e a s u r e m e n t s  re la ted  to t rans fo rm at ions  s u c h  a s  the  n u m b e r  of c h a n g e d  a nd  

u n c h a n g e d  pixels  be tw e en  app l i ca t ions  of t rans fo rm at io ns .  The Hit or  Miss 

Transform m e n t ione d  ea r l ie r  is on e  of the  fundam en ta l  o p e ra t io n s  pe r fo rmed  

in morphology .  In this  opera t ion ,  a binary t em p la te  is s c a n n e d  ov e r  a n  image  

in a  m a n n e r  s imi lar  to that  pe r fo rm ed  in convolu t ion  a n d  m a t c h e s  a r e  

r eg i s te r ed  by se t t ing the  c e n te r  pixel of the  pa t tern.  O the r  o p e ra t io n s  such  a s  

di la t ions a n d  e ro s i o n s  a r e  g e n e r a t e d  from HMT's. Dilation e x p a n d s  objec ts  

while e ro s io n  shr inks  objects .  Many s imilari t ies  be tw een  t h e s e  o p e ra t ions  

m ake  the ir  h a r d w a r e  implem enta t ion  s t r a ightforward  a n d  im a ge  p ro c e s s in g  

c o m p a n i e s  a r e  now sta r t ing to include  t h e s e  o p e r a t o r s  in thei r  m ac h ines .

However ,  d e s p i t e  be ing very useful , m orpho logy  r equ i r e s  qui te  a  bit of 

p r e p r o c e s s i n g  (filtering, smoo th ing,  th re sho ld ing )  be fo re  it can  be  u s e d  a n d  

m ust  the re fo re  b e  t r e a te d  a s  a n  add i t ional  a nd  c o m p le m e n ta r y  tool in im age  

p roces s ing .
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IX. BASIC APPROACH

O u r  main  focus is the  de tec t ion  of cel ls  in histological a n d  cytological  

s p e c im en s .  In our  pa r t icula r  c a s e  the  n u c le u s  of cel ls  is the  most  impor tan t  

r eg ions  to s tudy  s ince  the  s ize,  s h a p e  a n d  tex ture  of c h rom a t in  con ta ined  in 

the  nuc leus  prov ide  m uch  information ab o u t  the s ta tu s  of a cell. The p ro b le m s  

of e d g e  de tec t ion  a n d  se g m e n ta t io n  a r e  actual ly  the  s a m e  s ince  we a r e  simply 

trying to loca te  two reg ions  which a r e  s o m e h o w  different.  W h e th e r  we  locate  

the  region itself or  the  b o u n d a ry  of the  r eg ion is equiva len t .

The ba s ic  concep t  we  u s e  to d e te r m in e  the  locat ion of e d g e s  a n d  of r eg ions  

of inte res t  is that of entropy .  Entropy is def ined  as:

H =  - Z  [P(G) Log P(G)] G =  0,1,2.....255 (2)

a n d  can  be  in te rp re ted  a s  a  m e a s u r e  of the  lack of know ledge  we h a v e  abou t  

an  event .  The h igher  the  ent ropy ,  the  le s s  we  know abou t  a n  event .  The 

p r e m ise  is that  r eg io n s  ab o u t  which we know very  little a r e  c o n s id e r e d  

interest ing.  On the  o th e r  hand ,  r eg ions  ab o u t  which w e  know m uch  a d d  little 

information abou t  the  im a ge  a n d  p r e s e n t  little interest .  If we take  the  

h i s tog ram  of g ray  level s  of a  r eg ion  of a n  image ,  w e  c a n  c o m p u te  the  en tropy  

a s s o c i a t e d  with the  dis t r ibut ion of g ray  levels  as:

H — -  L[P(i ) log P(/)] i -  0 ,1 ..... 255 (3)

w h e r e  P(i) is the  probabi li ty  of o c c u r r e n c e  of g ray  level i.
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R e g ions  of fairly c o ns ta n t  g ray  level h a v e  low e n t ro p ie s  while  r eg ions  with 

m o re  uniform dis t r ibu t ions  h a v e  high en trop ies .  This s im ple  obse rva t ion  

points  to the  app l icat ion of en t ropy  to th r e s h o ld  h i s to g ram s  [44] ,  But the  u s e  

of e n t ropy  is not  l imited to ana lyz ing  only the  g ray  levels  of a n  image.  It is 

qui te  pos s ib l e  to c o m p u te  the  e n t ropy  a s s o c i a t e d  with o t h e r  c ha ra c te r i s t i c s  of 

a n  image ,  s u c h  a s  c o -o c c u r r e n c e  m a t r ic e s  o r  textural  d e sc r ip to r s .  An im a ge  

could b e  s e g m e n t e d  in t e r m s  of in te res t ing  a n d  un in te res t in g  reg ions ,  w h e re  

t he  level of inte res t  would be  de f ined not  s imply in t e r m s  of the  dis t r ibut ion  of 

g ray  levels,  but  a l so  in t e r m s  of the  dis t r ibut ion of o the r  p a r a m e t e r s .  This 

l ea d s  to the  idea  of a  ge n e ra l i z e d  e d g e  d e s c r i b e d  a s  a  t rans i t ion  be tw e en  two 

r eg io n s  with different  v a lu e s  of interest .  A new  im a ge  which w e  shall  call an  

ent rop ic  im a g e  c a n  be  ob ta ined  from a g ray  level image .  This en trop ic  im a ge  

c a n  be  g e n e r a t e d  by com put ing  the  en t ropy  (with r e s p e c t  to s o m e  p a ra m e te r )  

of r eg io n s  of the  image .  The en trop ic  im a g e  p r o v id e s  a  s im ple  way to 

r e p r e s e n t  the  va lu e s  of inte res t  of different  r eg ions  of a  g ray  level im a g e  WITH 

RESPECT TO DIFFERENT PARAMETERS. In s o m e  in s tances ,  in formation of 

interest  might  b e  local ized in the  a b s o rp t io n  im age  (an im a g e  r e p r e s e n t in g  the  

a m o u n t  of light a b s o r b e d  by the  spec im en) .  Com put in g  the  ent rop ic  im a ge  

with r e s p e c t  to the  abs o rp t io n  level in a  pa r t icula r  co lo r  o r  combina t ion  of 

co lo rs  (i.e. hue ,  sa tu ra t ion ,  luminance ,  etc.) will a llow for the  de tec t ion  of 

inte res t ing reg io n s  in t h o s e  pa r t icula r  f ea tu re s .  F rom  this  point  on, the  t e rm  

ent rop ic  im a g e  will refe r  to a n  im a g e  c o m p u te d  by rep lac ing  en t i re  r eg io n s  

with the  va lue  of the  en t ropy  c o m p u t e d  by rep lacing  en t i r e  r e g io n s  with the  

va lue  of the  ent ropy ,  c o m p u te d  with r e s p e c t  to s o m e  f ea tu re  in a  n e ig h b o r h o o d



49

of t h o s e  reg ions .  Those  reg io n s  could  be  a s  small  a s  a n  individual  pixel, in 

which c a s e  the  r eg ions  u s e d  for  the  com puta t ion  of en t ropy  would be 

n e i g h b o r h o o d s  of t h e s e  pixels.

By us ing  this  a p p r o a c h  [52],  we  h a v e  ob ta ined  s o m e  e n c o u ra g in g  resul ts .  

O n e  of the  a d v a n t a g e s  of the  ent rop ic  im a g e  w a s  that fairly l a rge  reg ions  

(12x12 to 16x16 pixels) can  be d e s c r i b e d  in t e r m s  of their  en t ropy  (a s ingle  

n um ber )  a n d  the  original im a g e  of 512x512 pixels  w a s  t r a n s fo r m e d  into an 

en trop ic  im a ge  of s ize  abou t  32x32 en t ropy  va lues .  T h e s e  en tropy  v a lu e s  were  

e n o u g h  to quickly locate  a r e a s  of inte res t  in the  image .  A n o th e r  a d v a n t a g e  of 

en t ro p y  is that  its va lue  is ob ta in e d  from a  h i s togram.  The h i s to g ram  of gray 

level v a lu e s  is o n e  of the  m os t  c o m m o n  f ea tu re s  ava i l ab le  on  cu r ren t  image  

p r o c e s s o r s .  S o m e  p r o c e s s o r s  can  c o m p u te  h i s to g r a m s  of specif ied  reg ions  in 

real  t ime.

The en trop ic  image  is not the  final solut ion to the  p rob lem  a n d  must  itself 

be  p r o c e s s e d .  But unl ike typical  g ray  level im a g e s  w h o s e  va lu e s  c a n  c h a n g e  

errat ical ly,  ent rop ic  im a g e s  s hou ld  h a v e  slowly varying  va lu e s  a n d  shou ld  be 

e a s i e r  to p ro ce s s .  This is a  c o n s e q u e n c e  of the  fact that  the  h i s tog ram  of an  

im a g e  d o e s n ' t  c h a n g e  m uch  a s  o n e  m o v e s  from o n e  pixel to a  ne ighbor ing  

one .
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Chapter II: A nalysis of Entropy Operator

I. Im age C haracteristics and Acquisition

Before  we  p r o c e e d  it will b e  informative to quickly d e s c r i b e  s o m e  of the 

m o re  importan t  charac te r is t ic s ,  p rob lem s ,  cons t r a in t s  a n d  a priori  information 

a s s o c i a t e d  with the  p r o c e s s in g  of t h e s e  par t icu la r  im ages .

a) IMAGE ACQUISITION

The im a g e s  we  p r o c e s s e d  a r e  m o n o c h r o m e  i m a g e s  ob ta ined  by digitizing 

a n  a n a lo g  s ignal .  This s ignal  is f rom a  black a n d  white  c a m e r a  with 57 db  

s ignal  to no ise  (S/N) ratio. The digi t ization is d o n e  on  a grid of 512x512 picture  

e l e m e n t s  (Pixels). The va lue  of e a c h  pixel r a n g e s  from 0 (darkest)  to 255 

(br ightest)  a n d  r e q u i r e s  8 bits (8 bits =  1 byte).  The im a g e s  we  will a n a ly z e  a r e  

im a g e s  of b iomedica l  s l ides  (Histology an d  Cytology sp e c im en s )  m o u n te d  on 

a  m ic roscope .  The magnif icat ion is a n y w h e r e  from 10X to 100X. T h e s e  im a g e s  

genera l ly  offer g o o d  con tras t  but  a lso  tend  to be  d e fo c u s s e d  in cer ta in  a r e a s .  

Also very  c o m m o n  a r e  art i facts  (dust , smearing . . . )  d u e  to s p e c im e n  

p repara t ion .



b) CONSTRAINTS

A m ajo r  cons tr a in t  is p r o c e s s in g  t ime. If we  a r e  to de tec t  the  e d g e s  of 

nuclei  o r  cel ls  on  a  slide,  we must  do  it in a m o u n t s  of t ime s imi lar  to that  u s e d  

by phys ic ians  to w ar ran t  the  u s e  of suc h  a  sys tem. But given that  m ore  

powerful  im a g e  p ro c e s s in g  eq u ip m e n t  a p p e a r s  yearly , we  did not conc e rn  

ou r se lv e s  with m ee t ing  s t r ingent  t ime requ i r em e n ts .

c) A PRIORI INFORMATION

The prom inen t  fea tu re  of the  type  of im a g e s  we dea l  with is that  we most  

often look for cel ls  a n d / o r  nuclei .  Given the  s t ruc tu re  of cel ls  a n d  nuclei  we 

c an  s u rm is e  that  we  will most ly  be  trying to locate  ob jec t s  with fairly r egu la r  

(a l though not a lways)  a n d  c lo s e d  con tours .  The a p p ro x im a te  s ize  of t h e s e  

s t ruc tu re s  is a l s o  be  known a s  a  funct ion of magnification,  t i s s u e  type, etc.

d) Typical cytological im a g e s  a n d  the  p r o b le m s  they p resen t .

Very typical e x a m p l e s  of the  type  of im a g e s  we  h a v e  to p r o c e s s  can  be  s e e n  

in F igures  47a, 48a  an d  49a. T h e s e  im a g e s  a r e  con t ra s t  e n h a n c e d  v e r s io n s  of 

th e  or iginals .  The e n h a n c e m e n t  ope ra t ion  s imply co n s i s t ed  of l inearly 

s t r e tch ing the  r a n g e  of g ray  levels  of pixels  so  that  it went  f rom 0 (totally dark)  

to 250 (very bright).



Fig. 47a sh o w s  o n e  of the  be t t e r  im a g e s  we  h a v e  to d e a l  with. The con t r a s t  is 

q ui te g o o d  a s  the  th re e  sec t ions  we  a r e  in te res ted  in (background ,  cy top lasm  

a n d  nuc leus)  form th re e  fairly dist inct  regions .  Yet o n e  can not ice  a  n u m b e r  

of ar t i facts  in the  picture.  These  art i facts can  be b road ly  classi f ied in two 

ca tegor ies :

a. Artifacts d u e  to s p e c i m e n  p repara t ion .  Typically they  a r e  r e p r e s e n t e d  

by s m e a r s ,  s t r eaks  a n d  blobs  s e e n  in the  image.

b. Artifacts d u e  to the  inheren t  t ex ture  of the  s p e c i m e n  be ing  s tudied .  

Most  often, with cytological  s p e c im e n s ,  we  h a v e  to dea l  with the  t ex ture  

of the  chrom atin  in the  n uc leus  (Figs. 49a, 47a  a n d  48a r e p r e s e n t  

inc reas ing  levels  of s u c h  artifacts).  But very  often a  subs tan t ia l  am o u n t  

of t ex ture  is p r e s e n t  in the  cy toplasmic  a r e a  (Fig. 48a is a good  

i llustrat ion of that  problem).

A no the r  p rob lem  with such  i m a g e s  is the  s o m e t im e s  p o o r  con tras t  

b e tw e en  backg round  a n d  object  (Fig. 49a).

This list of charac te r is t ic s  is short ,  yet it is ve ry  r e p r e s e n ta t i v e  of the  

p r o b le m s  we h a v e  to solve.  As such  t h e s e  charac te r i s t i c s  m o r e  o r  l es s  

d ict a te  the  pa th  we  must  follow in o r d e r  to so lve  the  p r o b le m s  a s s o c i a te d  

with them . This is a n  impor tan t  fact for it implies  that  the  so lut ion we find 

for o u r  pa r t i cular  type  of im a g e  may  not b e  a p p ro p r i a t e  for o ther s .  The 

c o n v e r s e  is a l s o  t rue.  So lu t ions  that  h a v e  b e e n  found  sat i sfactory  for o the r



im a g e s  s imply a r e  not well su i t ed  to ou r  im ages .  We will s h o w  this  in the 

next c h a p te r  a s  we  p rov id e  the  resu l ts  of the  two most  c o m m o n  an d  

ava i l ab le  e d g e  de tec t ion  m e t h o d s  w hen  a pp l i ed  to o u r  im ages .  In fact it h a s  

b e e n  o u r  e x p e r i e n c e  that e a c h  im a ge  type  r e p r e s e n t s  a  specific p rob lem  

a n d  that  t h e r e  s imply may not  be a s imple,  g e n e ra l  e d g e  de tec t ion  

algori thm.

Im ages  of faces  have  different  charac te r i s t i c s  f rom LANDSAT im a g e s  or  

f rom X-ray i m a g e s  o r  f rom CATSCAN im ages .  As s u c h  the  type  of 

p r e p r o c e s s i n g  u s e d  in e a c h  a r e a  an d  the  c ho ice  of e d g e  d e te c to r  

s u b s e q u e n t ly  u s e d  would  be  different.  In fact, the  ty p es  of e d g e s  found in 

t h e s e  im a g e s  h a v e  different  charac te r i s t i c s  a n d  w ar ran t  different  

a p p r o a c h e s .

We the re fo re  warn  r e a d e r s  who expec t  to r e a d  ab o u t  a  ge n e ra l  

a p p r o a c h  that  they  may  be  d i sa ppo in te d .  O ur  intent  is not  to p r o p o s e  a 

ge n e ra l  so lut ion to the  p rob lem  of e d g e  de tec t ion ,  but  r a th e r  to a d d  

a n o t h e r  tool to be  u s e d  by m e m b e r s  of t h e  im a g e  p r o c e s s in g  community .  

P e r h a p s  o th e r s  can  u s e  this  tool a s  is or  in con junc t ion  with o t h e r  m e th o d s .
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II. Perform ance of the M ost C om m on Edge D etectors on C ytological 

Im ages

The p r o b le m s  m e n t ione d  a b o v e  a r e  few in n u m b e r s ,  but  a r e  difficult to 

dea l  with in g e n e ra l  a n d  m ak e  the  app l i cat ion  of usua l  e d g e  de tec t ing  

a lg o r i th m s  ve ry  d i ssapo in t ing .

Figs. 56a,b,c  r e p r e s e n t  the  resu l ts  of app ly ing a  Laplac ian o p e r a t o r  to 

the  im a g e s  show n  in Figs. 47a, 48a a n d  49a which a r e  con t ra s t  e n h a n c e d .  

The resu l ts  a r e  totally di sappo in t ing .  Yet the  Laplac ian  is on e  of the  be t t e r  

a n d  m os t  com m on ly  u s e d  e d g e  d e t e c to r s  b e c a u s e  of its rotat ional  

invariance .  The m os t  ob v io u s  p ro b le m s  a r e  the  s p u r io u s  e d g e s  a s s o c i a t e d  

with pract ically  every  artifact a n d  the  total  lack of visible c on t inuous  edge .  

O ne  c a n  bare ly  m ak e  out  s o m e  of the  pa r t s  of the  cy toplasmic  m e m b r a n e  

in the  c a s e  of Fig. 56a. In the  c a s e  of Fig. 56c the  en t i re  nu c le u s  s t a n d s  out 

a n d  could be  m a d e  out  a s  a  c o n s e q u e n c e  of the  high con tras t  b e tw e e n  the 

nuc le us  a n d  the  cy to p lasm, but  only the  lower  r ight  (South-East)  b o u n d a ry  

of the  cell c a n  be  g u e s s e d  at d u e  to t h e  relat ively high con t r a s t  of that  

r eg ion  in the  or iginal  im a g e  (Fig. 49a).

The Laplac ian  is only o n e  of the  m any  differential o p e r a t o r s  that  can  be 

u s e d  to de tec t  e d g e s .  We a l s o  inves t iga ted  the  resu l t s  ob ta ined  w hen  using 

a  g rad ien t  e d g e  de tec to r .  The m a s k s  w e  u s e d  w e r e  the  direct ional  Sobel  

e d g e  o p e ra to r s .  Figs. 58a ,b ,c ,d ,e  a n d  f a r e  the  r esu l ts  ob ta in e d  when



apply ing  Sobel  e d g e  o p e r a t o r s  on  the  im age  of Fig. 47a.  The Sobel  

o p e r a t o r s  u s e d  w h e r e  d e te c to r s  for e d g e s  in the  following direct ions:  North 

(Fig. 58a) North-West  (Fig.58b), West  (Fig.58c), South-West  (Fig.58d). South 

(Fig. 58e) a n d  South-East  (Fig. 58f). There  is an  im provem en t  on fig 56a but 

still qui te  unsa t is fac tory.  There  a r e  still n u m e r o u s  sp u r io u s  e d g e s  

a s s o c i a t e d  with o u r  art ifacts.  A no the r  p rob lem  with the  u s e  of direct ional  

m a s k s  s u c h  a s  the  Sobel  e d g e  d e t e c to r s  is that  m a s k s  a t t u n e d  to different 

d i rec t ions  (up to 8) must  b e  app l i ed  s e p a ra te ly  a n d  thei r  r esu l ts  com b in e d  

to obtain a n  in te rm ed ia ry  e d g e  image .  This e d g e  im a ge  mus t  then  be 

fu r the r  p r o c e s s e d  to g e n e r a t e  t h e  e d g e  m a p  which r e p r e s e n t s  the  final 

se lec t ion  of pixels  c o n s id e r e d  to b e  on a n  e dge .  The typical a p p r o a c h  is to 

t h re s h o ld  the  in te rm ed ia ry  e d g e  image .  The p rob lem  is that th re sho ld  

se lec t ion  t e c h n i q u e s  a r e  far  m o r e  a n  ar t  th a n  a  s c ie n c e  a n d  a r e  ve ry  m uch  

a d  hoc p r o c e d u r e s .

In all f a i rness  though ,  o n e  must  s a y  that  no o p e r a t o r  will perform well 

on s u c h  raw  im a g e s  a s  Fig. 47a,  48a a n d  49a. They n e e d  to be 

p r e p r o c e s s e d  befo re  e d g e  d e te c to r s  can  h o p e  to perfo rm usefully on  them. 

For  inst ance,  Marr  a n d  Hildreth [26]  d e te r m in e d  e d g e s  by first sm oo th ing  

the  im a ge  with a  G a u s s ia n  filter a n d  th e n  taking the  Laplac ian  of the  

resu l t ing  image .  M odes t ino  an d  Fr ies  s u g g e s t e d  the  u s e  of W iener  filtering 

for de tec t ing  e d g e s  in noisy p ic tu res  [17].  S h a n m u g a n  et al. [5]  u s e d  an  

opt imal  two-d im ensiona l  o p e r a t o r  a p p ro x im a te d  by the  Laplacian of a 

Gauss ian .



All t h e s e  a p p r o a c h e s  a r e  t e s t im ony  to the  fact that  the  theo ry  is still 

be in g  d e v e lo p e d  a n d  that  the  a p p r o a c h e s  a r e  r a t h e r  a d  hoc.

Despi te  this,  we  a g r e e  that  the  i m a g e s  must  be  p r e p r o c e s s e d  a n d  by 

this we m e a n  s m o o t h e d ,  in o r d e r  to r e m o v e  the  kinds of art i facts that  

p lague  o u r  im ages .  We have  s e e n  that in the  type  of im a g e s  we  dea l  with 

(cytological  spec im en) ,  the  m ajo r  p rob lem  a r e  ar t i facts  s u c h  a s  the  o n e s  

s e e n  in n u c le a r  a n d  cy toplasmic  a r e a s  of the  cell dep ic ted  in Fig. 48a.

The p rob lem  is now to find the  sm oo th ing  m e th o d  bes t  sui t ed  for ou r  

kind of im ages .  O n e  m ethod  is s im ple  n e ig h b o r h o o d  a v e ra g in g  in which 

the  g ray  level of e a c h  pixel of a n  im a ge  is r e p l a c e d  by the  a v e r a g e  gray  

level in t h e  n e ig h b o r h o o d  of o u r  ta rge t  pixel. Due to its e a s e  of 

implem enta t ion ,  a  3x3 n e ig h b o r h o o d  is often used .  Unfortunately,  this  is 

not  e n o u g h  in ou r  c a s e  a s  m any  of the  ar t ifacts  a r e  l a rge r  in s ize  than  3x3. 

The solut ion might be to u s e  a  l a r g e r  a v e ra g in g  n e ig h b o r h o o d ,  but the 

blurr ing effect is s t rong ly  p roport iona l  to the  s ize  of the  n e ig h b o r h o o d  

u s e d .  The kind of n e i g h b o r h o o d  s ize  that  would  s m oo th  out  ou r  art i facts 

would  a lso  blur  t h e  e d g e s  we  want  to locate.  The blurr ing effect can  be 

r e d u c e d  by us ing  a  t h r e sho ld ing  m e th o d  by which only reg io n s  with small  

va r i a t ions  a r e  b lu rred .  This is a ga in  unsa t is fac tory  in o u r  c a s e  s in ce  we 

often h a v e  e d g e s  loca ted  in r eg io n s  of small  con t ra s t  (Fig. 49a). Also, the  

int roduc t ion of a n  a d  hoc s tep  (what  th re s h o ld  s hou ld  be  c h o s e n  ?) shou ld  

be  a v o id e d  if poss ible .
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Another  possibil i ty is to u s e  lowpass  filtering. Unfortunately,  lowpass  

filters can  h a v e  s h a r p  t rans i t ions  at  the i r  cut-off f requency  a nd  may  not 

p a s s  e n o u g h  of the  high f re q u e n c ie s  forming m any  e d g e s .  In fact lowpass  

filtering will r e m o v e  s p u r io u s  effects but  ve ry  of ten at  the e x p e n s e  of 

r educ ing  the  s h a r p n e s s  of e d g e s  we would  like to keep.  As such  lowpass  

filtering is m o re  of a  cosmet ic  p roces s .

Using a G a u s s ia n  filter a s  Marr  a n d  Hildreth [26]  p r o p o s e  m e a n s  

approx im at ing  a  G a u s s ia n  filter by s o m e  mask  a n d  convolving  the  im age  

with it. This is a  t ime c o n s u m m in g  ope ra t ion  for all but the  smal le s t  of 

m asks ,  genera l ly  3x3, which then  a r e  p o o r  approx im at io ns .

What  we  n e e d  is a  sm oo th ing  o p e ra t o r  that  is s imple  to implem ent ,  fast 

a n d  will not  blur  t h e  e d g e s  we  a r e  i n te r es ted  in. A very g o o d  c a n d id a t e  is 

m e d i a n  filtering in which we r ep la ce  the  gray  level of e a c h  pixel by the  

m e d ia n  of the  g ray  levels  of s o m e  n e ig h b o r h o o d  of that pixel. This filter is 

ex t rem e ly  g o o d  w hen  e d g e  s h a r p n e s s  is to b e  p r e s e r v e d .  Be ing very 

non-l inear ,  the  ana lys i s  of m ed ia n  filters is difficult a t  best ,  but o n e  can  s e e  

that  the  pr incipal  p roper ty  of m ed ia n  filtering is to force pixels  which that  

ha v e  va lue s  qui te  different from thei r  n e ig h b o r s  to have  v a lu e s  c lo s e r  to 

that  of thei r  ne ighbors .  By c ha ng ing  the  s ize  of the  n e i g h b o r h o o d s  u sed ,  

o n e  can  control  (a l though  by trial a n d  error )  the  s ize  of art ifacts  that  a r e  

s m o o t h e d  out.  F igu res  47a,b,  48a ,b a n d  49a ,b  r e p r e s e n t  original,  con t ra s t  

e n h a n c e d  im a g e s  (Figs. 47a, 48a a n d  49a) a long  with the i r  m e d ia n  fil tered



v e rs io n s  (Figs. 47b, 48b a n d  49b). The s ize  of the  n e ig h b o r h o o d  u s e d  w as  

15x15. O ne  can  not ice  how the  art i facts w e r e  s m o o t h e d  out, par t icularly  in 

the  c a s e  of Fig. 48b, a s  well a s  how the  con tras t  b e tw e en  the  different 

reg ions  (background ,  cy top lasm  a n d  nucleus )  w as  improved .

Ano ther  a d v a n ta g e  of m e d ia n  filtering ov e r  o th e r  s m o o th ing  m e th o d s  

that  might  give s imilar  resu l ts  is the  e a s e  with which it can  be 

implem en ted .  With the  a d v e n t  of m ore  a n d  m o re  soph is t ica ted  image  

p ro ce s s in g  h a rdw a re ,  we now h a v e  im age  p r o c e s s o r s  which can  c om pu te  

the  h i s tog ram  of an  ent i re  im a ge  in 1/30 s e c o n d ,  which is o n e  f ram e  time. 

This m e a n s  that  the  h i s tog ram  c a n  be c o m p u te d  in real t ime.  Along with 

this  capabi li ty,  s o m e  can a l so  c o m p u te  the  h i s tog ram  of an y  par t  of the  

im a ge  in less  than  1/30 se c o n d .  It is a  s imple  m at te r  to ob ta in  the  m ed ian  

of a  ne ig h b o rh o o d  from its h i s tog ram. There  a r e  e v e n  now digital  chips  

which c o m p u te  the  m ed ia n  of a se t  of va lu e s  given  them .  But the  property  

that  the  m ed ia n  is ob ta ined  from the  h i s tog ram  will p rove  very useful  later 

s ince  o u r  entropic  o p e ra t o r  will a l so  u se  the  h i s tog ram  of a  r eg ion a s  a 

b a s i s  for locating e d g e s .  By sha r in g  a  c o m m o n  ope ra t ion  we kill two birds  

with o n e  s tone.

Now that  we  h a v e  found a  g o o d  sm oo th ing  o p e ra t o r  which b lu rs  out  the  

u nw a n te d  art i facts while p r e s e r v in g  the  s h a r p n e s s  of o u r  e d g e s  o n e  could 

legi timately a sk  why not now u s e  a  typical e d g e  de tec to r ,  such  a s  a 

Lap lacian o r  a g rad ien t  e d g e  de tec to r .  The a n s w e r  is threefold:



a. The results  simply are  not satisfactory in our  case.

b. The o p e r a t o r  we p r o p o s e  can  b e  c o m p u te d  m o re  efficiently (faster)

c. We be l ieve  the  r esu l ts  to be  super io r ,  espec ial ly  in the  p r e s e n c e  of 

no ise

As e x a m p l e s  of the  pe r f o r m a n c e  of typical o th e r  e d g e  de te c to r s ,  we 

app l i ed  a  Laplac ian  o p e r a t o r  to the  m ed ia n  fil tered im a g e s  show n  in Figs. 

47b, 48b a n d  49b. The resu l ts  a r e  s h o w n  in Figs. 55a,b,  a n d  c respec t ively .  

Poss ib ly t h e  bes t  r esu l ts  a r e  show n  show n  in Fig. 55a. This s hou ld  not be  

s u rp r i s ing  s in ce  Fig. 47b w a s  abou t  the  bes t  of the  t h r e e  or iginal  im ages .  

Yet we  not ice  that  the  e d g e s  a r e  not  uniformly d e te c te d .  Diagonal  e d g e s  

s e e m  to b e  br ighter.  This is o n e  of the  f ea tu re s  of the  Laplacian.  Although 

the  Laplac ian h a s  the  a d v a n t a g e  of de tec t ing  e d g e s  in all di rec t ions ,  it h a s  

a  b ias  in favor  of d iagona l  e d g e s .  O n e  will a l so  no te  the  m any  c o n to u r s  in 

the  resu l t ing  im ages .  This is most  ev iden t  in Fig. 55c. T he se  c o n to u r s  a r e  

the  b o u n d a r i e s  b e tw e e n  reg io n s  which h a v e  cons tan t  g ray  levels .  T h e s e  

reg io n s  a r e  a c o n s e q u e n c e  of ou r  p rev io u s  m e d i a n  filtering. In r eg io n s  of 

the  or iginal  im a ge  w h e r e  the  g ray  levels  w e r e  fairly cons tan t ,  the  m e d ia n  

w a s  a l so  fairly cons tan t ,  resu l t ing in output  a r e a s  with fairly c o ns ta n t  g ray  

level va lu es .  O ne  could poss ib ly  e l imina te  t h o s e  c o n to u r s  in Fig. 55a but  it 

would  be  difficult to do  so in Fig. 55c.



There  is a  ring of b r igh te r  c o n to u r s  a r o u n d  the  location of the  cy toplasmic  

a n d  n u c le a r  m e m b r a n e s ,  but  th e re  a r e  a l so  c o n to u r s  just a s  bright  in Fig. 

55c.

Fig. 27b is the  w o r s e  of all 3 a n d  would b e  very difficult to p r o c e s s  

d e s p i t e  the  fact that  the  m e d i a n  pictu re  f rom which it w a s  ob ta ined  (Fig 

48b) had  very g o o d  con t ra s t  a n d  pract ically  no artifact At this  juncture ,  it 

s e e m s  that  us ing  a Laplac ian af ter  m e d i a n  filtering a n  im a ge  is just not the  

solut ion.  In fact, the  c om m only  u s e d  s e q u e n c e  of o p e ra t io n s  w h e n  us ing  a 

Lap lac ian  is to first filter noisy i m a g e s  with a G a u s s ia n  filter a n d  then  apply 

a  Laplac ian  o pe ra to r .  E dge s  a r e  then  loca ted  at ze ro  c ro s s i n g s  of the  

Laplac ian  (Marr a n d  Hildreth [26]).  The p r o b le m s  with this opt imal  u s e  of 

the  Laplacian is that  the  G a u s s i a n  filter c a n  shift the  posi t ion of most  of the  

e d g e s  in real  im ages .  Ano the r  p rob lem  is that  of the  u s e  of the  G a u s s ia n  

filter. Its p u r p o s e  is to r e m o v e  no i se  a n d  it will not  r e m o v e  art ifacts.  This 

is b e c a u s e  like all di f fe rence  b a s e d  e d g e  o p e r a t o r s  the  Laplac ian  is very 

sens i t iv e  to no i se  a n d  n e e d s  to o p e r a t e  on  a  no i se  f ree  image .  In fact, s ince  

the  Laplacian is a  s e cond -de r iva t ive  o pe ra to r ,  it is una c ce p tab ly  sens i t ive  

to noise .

At this  point we  s e e m  to h a v e  a contrad ict ion .  The Laplac ian  might 

pe rform accep tab ly  on a  G a u s s ia n  s m o o t h e d  image ,  but suc h  a n  im a ge  is 

not  what  we  n e e d  with o u r  type  of im a g e s  s in ce  we  really n e e d  im a g e s  

from which art i facts (which a r e  not  noise)  a r e  to be rem oved .
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O ur  e a r l ie r  conc lus ion  w a s  that  m ed ia n  filtering w a s  the  bes t  in t e rm  of 

p e r f o r m a n c e  a n d  efficiency ( speed)  that  we could  find. Unfortunately,  a 

Laplac ian pe r fo rm s  poorly  on  m e d ia n  fil tered images .

A n o th e r  conc lu s ion  is that  we  s h ou ld  look for som e th in g  be t t e r  than  the  

Laplac ian when  dea l ing  with o u r  type  of images .

A n o th e r  cho ice  is that  of us ing  a  g rad ien t  o p e ra t o r  on  o u r  m ed ia n  

f il tered images .  The resu l t s  of suc h  a n  a t t empt  a r e  show n  in Figs. 57a,b,c,  

d , e  a n d  f. As be fo re  t h e s e  f igures  r e p r e s e n t  the  de tec t ion  of e d g e s  in 

different di rec t ions .  Typically 4 to 8 d i rec t ions  a r e  c hosen .  The  a d v a n t a g e  

of us ing  m o re  d i rec t ions  is m o re  a c c u r a c y  in locat ing a r e a s  of high 

g rad ien t  but  the  d i s a d v a n t a g e  is that  of having to p r o c e s s  t h e  im a ge  m ore  

t im es  s ince  on e  p a s s  of a  di rect ional  m a s k  is r eq u i r ed  for e a c h  direction.  

That is a  m a jo r  d raw back ,  e spec ia l ly  w hen  s p e e d  is of the  e s s e n c e .

A no the r  d i s a d v a n t a g e  is that  all t h e s e  direct ional  e d g e  im a g e s  must  

s o m e h o w  be c o m b in e d  into a  s ing le  e d g e  image .  The usua l  m e th o d  is to 

c o m p u t e  the  s u m  of the  s q u a r e s  o r  a b s o lu t e  v a lu e s  of t h e  direct ional  

im a g e s  a n d  then  app ly  a  th re sho ld .  All pixels  with g ray  levels  l a rg e r  than  

the  th re s h o ld  a r e  c o n s i d e r e d  e d g e  points .  The resu l t s  of Figs.  57a ,b ,c ,d ,e  

a n d  f a r e  m uch  be t t e r  than  t h o s e  ob ta ined  with the  Laplacian,  but  at  the  

e x p e n s iv e  cos t  of m o r e  p r o c e s s in g  t ime.  Also, s inc e  the  c o n to u r s  we  a r e  

in te r e s t ed  in a r e  t h o s e  of c i rcu la r  a n d  c lo sed  objec ts ,  we h a v e  e d g e s  in all
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direc t ions .  This fo rces  us  to u s e  at leas t  8 di rect ional  m a s k s  Using fewer  

m a s k s  m e a n s  m is s in g  cer ta in  e d g e s .  We must  a lso  dea l  with the  thorny  

i s s u e  of th re s h o ld in g  the  e d g e  i m a g e  ob ta ined  af te r  s u m m in g  ou r  

di rec t iona l  e d g e  im a g e s .  All of t h e s e  t h r e s h o ld in g  t e c h n i q u e s  a r e  ad  hoc 

a n d  requ i re  trial a n d  e r r o r  a p p r o a c h e s .

In conc lus ion ,  we  find that  w e  s imply a r e  not sat isf ied with the  two most  

c o m m o n  e d g e  de te c to r s ,  the  Laplac ian a n d  g rad ien t  o p e ra to r s .  The 

Lap iac ian  is s imply not  well su i t ed  to o u r  kind of im a g e s  a n d  the  g rad ien t  

o p e r a t o r  t h o u g h  be t t e r  sui ted r e q u i r e s  a  la rge  a m o u n t  of t ime.  Also, we 

found  that  the  p re fe r r e d  sm oo th ing  t e c h n iq u e  given  o u r  kind of im a g e s  is 

m e d i a n  fil tering a n d  this  a d d s  the  cons tr a in t  that  w h a te v e r  o p e r a t o r  we 

wish to app ly  af te r  the  s m o o th ing  p h a s e  be  a b le  to pe rfo rm  well on the  

outpu t  of t h e  m e d i a n  filter.

III. R ationale for Using the Entropy in Edge Detection

After o u r  r ev iew of the  resu l ts  p r o d u c e d  by typical  e d g e  d e te c to r s  we  

w e r e  faced with the  conc lu s ion  that  w e  n e e d  to m e d ia n  filter o u r  im a g e s  

a n d  th e n  u s e  a n  e d g e  d e te c to r  that  pe r fo rm s  well on s u c h  m e d i a n  f il tered 

im ages .  M ed ian  filtering r eq u i r e s  the  g e n e ra t i o n  of a n  h i s to g ram  of the  

g ray  levels  in a  n e i g h b o r h o o d  of s o m e  pixel.  The m e d i a n  v a lue  is t h e n  

readi ly  ob ta in e d  from s u c h  an  h i s tog ram .  Since we  a r e  a lw ays  trying to 

p r o c e s s  o u r  i m a g e s  a s  quickly a s  poss ib le ,  a  na tura l  q ue s t ion  w e  p o s e d



o u r se lv e s  w a s  wha t  o the r  re l evan t  information can  w e  g a th e r  from the  

h i s togram .  By g a rn e r in g  a s  m uch  information from the  h i s tog ram  a s  we 

could we  would s a v e  p rec ious  time. Ano the r  point we m e n t ione d  ea r l ie r  

w a s  that  h i s togram  computa t ion  is now a widely ava i l ab le  function on m any  

im a ge  p r o c e s s o r s  a n d  we w an ted  to ob tain  a s  m uch  information a s  

poss ib le  f rom this  r e s o u rc e .  A first thought  w a s  to s imply u s e  the  local 

h i s to g ra m s  to c o m p u te  a  t h re sho ld  a n d  u s e  this  t h re sho ld  for 

s e gm e n ta t ion .  The e d g e  points  would be  points  at  the  b o r d e r s  of two 

different a r e a s .  The resu l ts  w e r e  d i sappo in t ing  even  th o u g h  we su p e rv i s e d  

the  se lec t ion of t h r e s h o ld s  by m anua l ly  c h o o s in g  them . We then  thought  

on a  purely  intuitive ba s i s  ab o u t  com put ing  the  information conten t  of a 

region.  This is c losely re la ted  to the  e n t ropy  a s s o c i a t e d  with the  gray  level 

dis t r ibut ion in the  n e ig h b o r h o o d  of in terest .  A r e a s  with low en tropy  (low 

information)  s hou ld  b e  unlikely to conta in  e d g e s  while a r e a s  of high 

en tropy  (high information content )  would b e  likely to h a v e  e d g e s .  We then  

rea l ized  that  the  en tropy  would  c h a n g e  a s  we m oved  from a r e a s  of low 

interes t  (such a s  b a c k g ro u n d  a r e a s )  to a r e a s  of m o r e  in te res t  (such a s  the  

t ex tu re  rich n u c le a r  area) .  Finally we s u rm i s e d  that  e d g e  a r e a s  which by 

definition s e p a r a t e  two d iss imi la r  reg ions  would have  m o re  information 

than  e i the r  r eg ion  s u r r o u n d i n g  them.

Put ting the  last two s t a t e m e n t s  t o g e t h e r  we  c o n c lu d e d  that  if ou r  

intuition w as  correct ,  p e a ks  in a n  entropic  im a ge  (the im a g e  ob ta ined  af ter
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com put ing  the  en tropy  a r o u n d  eve ry  pixel of a n  image)  s h ou ld  be  good  

indica tors  of e d g e  points .

Edge  de tec t ion  an d  se g m e n ta t io n  a r e  essen t ia l ly  two a p p r o a c h e s  to solving 

a  c o m m o n  problem. In e d g e  de tec t ion  o n e  t r ies  to loca te  the  e d g e  or  

b o u n d a ry  which s e p a r a t e s  r eg ions  having  different charac te r is t ic s .

In s e g m e n ta t io n  o n e  loca tes  the  different r eg io n s  (b a s e d  on s o m e  

proper ty)  which form an  image.  O n c e  t h e s e  r eg io n s  h a v e  b e e n  loca ted,  

e d g e s  a r e  s imply def ined a s  the se t  of pixels  w h e r e  different  r eg ions  meet .

By us ing  the  en tropy  we can  quant ify different  p ro p e r t ie s  of im ages .  

Since  the  computa t ion  of en tropy  is b a s e d  on a  h i s tog ram , the  p roper ty  

which is be ing  quanti f ied d e p e n d s  on  what  h i s tog ram  is be ing  u s e d .  If we 

u s e  the  g ray  levels  of the  pixels of a  s u b  im a ge  a s  the  ba s i s  for the 

h i s tog ram  we obtain a  m e a s u r e  of the  a m o u n t  of in formation we have  abou t  

the  g ray  levels  of the  sub im age .

In g ene ra l  if we  c o m p u t e  the  h i s tog ram  Pp{x) =  probabi l i ty  that  p roper ty  

p h a s  va lue  x, of a  p roper ly  p of a  s u b im a g e ,  the  e n t ropy  c o m p u te d  from 

that  h i s tog ram  p rov ides  us  with a  m e a s u r e  of o u r  know ledge  (or lack 

thereof)  c oncern ing  that  p roper ty  within the  s u b im a g e

Pp(x) =  [Probabi l i ty  (p =  x)] =  Pr(p =  x)
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The ba s i s  of e d g e  de tec t ion  (or equivalent ly  s egm en ta t ion )  us ing  e n t ropy  is to 

c o n s id e r  that  r eg io n s  which h a v e  s im ila r  p ro p e r t i e s  will a l so  have  s imilar  

en t ropy  values .

One  s imple  appl icat ion of this u s e  of en t ropy  is the  locat ion of r eg ions  

which a r e  similar.  For  in s ta nc e  w hen  looking at the  b a c k g ro u n d  a r e a s  of an  

im a ge  the  g ray  levels  vary little. The en t ropy  c o m p u te d  from the  h i s tog ram  

of g ray  levels  Pp(x) would  be  small  a n d  va ry  little o v e r  the  b a c k g ro u n d  a rea .

The m a jo r  que s t ion  which must  b e  r eso lved  w h e n  us ing the  e n t ropy  is 

dec id ing  which p roper ty  p to u s e  w h e n  comput in g  the  h i s tog ram  Pp(x). The 

m os t  readi ly  ava i l ab le  p rope r t ie s  of the  pixels  of a  g ray  level im a ge  a r e  their  

spat ia l  c o o rd in a te s  a n d  the i r  g ray  levels .  It is not  c l e a r  which p roper ly  is bes t  

to u s e  to quan t i ta te  ce r t a in  p roper t ie s .  For  in s ta nc e  the  dis t r ibu t ion of gray  

levels  of pixels  would  p robab ly  not be  a s  useful  a s  t h e  joint di s t r ibut ion of g ray  

levels  in quant i ta t ing  a  p roper ty  such  a s  tex ture .

The m a jo r  e m p h a s i s  of this  d i s se r ta t ion  is p laced  on the  u s e  of en tropy  

ob ta in e d  from gray  level dis t r ibut ions.



IV. BASIC APPROACH

O ur  main focus is the  de tec t ion  of cel ls  in histological  a n d  cytological  

sp e c im e n s .  In o u r  pa r t icula r  c a s e  the  n u c le u s  of cel ls  is the  m os t  impor tan t  

r eg ions  to s tudy  s in ce  the  s ize,  s h a p e  a n d  tex ture  of c h rom a t in  c on ta ined  in 

the  nuc leus  p rov id e  m uch  information ab o u t  the  s t a tu s  of a  cell. The p r ob le m s  

of e d g e  de tec t ion  a n d  se g m e n ta t io n  a r e  actual ly  the  s a m e  s in ce  we a r e  simply 

t rying to loca te  two r eg ions  which a r e  s o m e h o w  different.  W h e th e r  we locate  

the  r eg ion itself o r  the  b o u n d a ry  of the  r eg ion  is equivalent .

The bas ic  concep t  we u s e  to d e t e r m i n e  the  locat ion of e d g e s  a n d  of r eg ions  

of inte res t  is that  of entropy .  Entropy is def ined  as:

H =  - L  f P(G) Log P(G)j  G =  0.1,2..... 255 (2)

a n d  can  be  in te rp re ted  a s  a m e a s u r e  of the  lack of k now le dge  we h a v e  abou t  

a n  event .  The h ighe r  the  ent ropy ,  the  l e s s  we know abou t  a n  event .  The 

p r e m i s e  is that  r eg ions  abou t  which we know very  little a r e  c o n s id e r e d  

interest ing.  On the  o the r  ha nd ,  r eg ions  ab o u t  which we know m uch  a d d  little 

information abou t  the  im a ge  a n d  p r e s e n t  little in terest .  If w e  take the 

h i s tog ram  of g ray  levels  of a  r eg ion  of a n  image ,  we  can  c o m p u t e  the  en tropy  

a s s o c i a t e d  with the  dis t r ibut ion of g ray  levels  as:

H =  -  L[P(/) log P(/)] / -  0 ,1 ..... 255 (3)

w h e r e  P(i) is the  probabi li ty  of o c c u r r e n c e  of g ray  level i.
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R egions  of fairly cons ta n t  g ray  level h a v e  low e n t r o p ie s  while r eg ions  with 

m o r e  uniform dis t r ibu t ions h a v e  high en trop ies .  This s im ple  o b s e rva t ion  

po in ts  to the  appl icat ion  of e n t ropy  to th re s h o ld  h i s t o g r a m s  [44J. But the  u se  

of en tropy  is not  limited to ana lyz ing  only the  g ray  levels  of an  image .  It is 

qu i te  poss ib le  to c o m p u te  the  e n t ropy  a s s o c i a t e d  with o t h e r  cha rac te r i s t i c s  of 

a n  image ,  s u c h  a s  c o -o c c u r re n c e  m at r ices  o r  textural  desc r ip to r s .  An im a ge  

could  be s e g m e n t e d  in t e r m s  of in te res t ing  a n d  un in te res t ing  reg ions ,  w h e re  

the  level of in terest  would be  def ined  not s imply in t e r m s  of the  dis t r ibu t ion of 

g ray  levels,  but a l so  in t e r m s  of the  dis t r ibu t ion of o t h e r  p a r a m e t e r s .  This 

l e a d s  to the  idea  of a  gene ra l i z e d  e d g e  d e s c r i b e d  a s  a t rans i t ion  be tw e en  two 

reg io n s  with different v a lues  of interest .  A new  im a ge  which we shall  call an  

en trop ic  im a g e  can  b e  ob ta ined  from a g ray  level image .  This en tropic  im a ge  

c a n  be  g e n e r a t e d  by comput in g  the  en t ropy  (with r e s p e c t  to s o m e  p a ra m e te r )  

of r eg ions  of the  image .  The en tropic  im a g e  p ro v id e s  a  s imple  way to 

r e p r e s e n t  the  va lu e s  of interest  of different r e g io n s  of a g ray  level im a g e  WITH 

RESPECT TO DIFFERENT PARAMETERS. In s o m e  in s tances ,  information of 

in te res t  might b e  local ized in the  ab s o rp t io n  im a ge  (an im a g e  r e p r e s e n t in g  the  

a m o u n t  of light a b s o r b e d  by the  spec imen) .  C om put ing  the  en trop ic  im a ge  

with r e s p e c t  to the  abs o rp t io n  level in a  par t icu la r  co lo r  o r  combina t ion  of 

co lo r s  (i.e. hue ,  sa tura t ion ,  luminance ,  etc.) will a l low for  the  de tec t ion  of 

in te res t ing  reg io n s  in th o se  pa r t icu la r  fea tu res .  From this  point on,  the  t e rm  

en trop ic  im a g e  will re fe r  to a n  im a ge  c o m p u te d  by rep lac ing  en t i re  r eg ions  

with the  va lue  of the  e n t ropy  c o m p u te d  by rep lac ing  en t i re  r eg io n s  with the  

va lue  of the  ent ropy ,  c o m p u te d  with r e s p e c t  to s o m e  fea tu re  in a  n e ig h b o r h o o d



of t h o s e  reg ions .  Those  reg io n s  could be  a s  small  a s  a n  individual  pixel, in 

which c a s e  the  r eg io n s  u s e d  for the  com puta t ion  of e n t ropy  would be 

n e ig h b o r h o o d s  of t h e s e  pixels.

By us ing  this a p p r o a c h  [52] ,  we h a v e  ob ta ined  s o m e  e n c o u ra g in g  resul ts .  

One  of the  a d v a n t a g e s  of the  en tropic  im a ge  w as  that  fairly l a rge  reg ions  

(12x12 to 16x16 pixels)  can  be  d e s c r i b e d  in t e r m s  of thei r  en tropy  (a s ingle  

num ber )  a n d  the  or iginal  im a ge  of 512x512 pixels  w as  t r a n s fo rm ed  into an 

en tropic  im a g e  of s ize  abou t  32x32 e n t ropy  va lues .  These  en tropy  v a lu e s  were  

e n o u g h  to quickly loca te  a r e a s  of inte res t  in the  image.  A no the r  a d v a n t a g e  of 

en tropy  is that  its va lue  is o b ta ined  from a  h i s togram.  The h i s tog ram  of gray 

level va lu e s  is o n e  of the  m os t  c o m m o n  f e a tu re s  ava i l ab le  on curren t  image  

p r o c e s s o r s .  S o m e  p r o c e s s o r s  can  c o m p u te  h i s to g r a m s  of specif ied reg ions  in 

real  time.

The en trop ic  im a g e  is not  the  final solut ion to the p rob lem  a n d  must  itself 

be  p r o c e s s e d .  But unl ike typical  g ray  level im a g e s  w h o s e  v a lues  can  c h a n g e  

erratical ly,  en trop ic  im a g e s  s hou ld  h a v e  slowly varying  v a lu e s  a n d  shou ld  be 

e a s i e r  to p r o c e s s .  This is a  c o n s e q u e n c e  of the  fact that  the  h i s tog ram  of an  

im a ge  d o e s n ' t  c h a n g e  m uch  a s  o n e  m o v e s  from on e  pixel to a  ne ighbor ing  

one.
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V. D etecting An Ideal, N oise-F ree Step  Edge

O ur  first ana lys i s  will be  to m e a s u r e  the  pe r fo rm a nc e  of ou r  e n t ropy  b a s e d  

o p e ra t o r  on  a n  ideal  noise-free,  o ne -d im ens iona l  s t e p  e d g e  G(x) =  Ln +  

(L, -  L„) U(x-E) w h e r e  G(x) is the  gray  level of the  pixel a t  c o o rd in a te  x, U(x-E) 

is a  unit s tep  funct ion occurr ing  at x = E an d  La. L, a r e  the  two gray  levels 

su r r o u n d in g  the  e d g e  (Fig. 1).

If w e  c o m p u te  the  h i s tog ram  PG(g) of the  g ray  levels  within a  window of length 

2L +  1 c e n t e r e d  at x =  W we obtain  the  following

C ase  a) W + L < E

S e e  Fig 2

The g ray  level dis t r ibut ion is:

Q -L „

the  en tropy  a s s o c i a t e d  with suc h  a dist r ibut ion is: HG(W) =  -1 log 1 =  0.

C ase b) W-L < E ^  W +  L

! 1 

0

S e e  Fig. 3
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S e e  Fig. 4

The g ray  level dis t r ibut ion is

I E W  4 L 
2 L + 1

W  + L E  + 1 
2 L  l 1

S e e  Fig. 5 

The en t ropy  in this  c a s e  is:

Ha (W) =  - [ P G(L0)Log(Pa(L„)  +  P G( U  Log (Pe(L,)) ]

C a s e  c) E <  W-L

S e e  Fig. 6 

The g ray  level dis t r ibu t ion is:

9 = L, 

9

S e e  Fig. 7 

The e n t ropy  in this  c a s e  is

PG( g)

g =  l„ 

g =  Lt

Hn(\N) =  -1 log 1 = 0
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As can  be  s e e n ,  the  en tropy  is 0 in c a s e s  a) a n d  c) w hen  the  window 

e n c o m p a s s e s  a r eg ion  with cons ta n t  g ray  levels.

The only c a s e  w h e r e  HG(W) *  0 is w hen  different g ray  levels  o c c u r  within 

the  window of in terest ,  a s  in c a s e  b). In c a s e  b) with a  no ise -free  s t e p  e d g e  the 

di s t r ibut ion of g ray  levels  within the  window is binomial with

Pc,(U =  Po

an d

pG(L,) = p, where p„ + p, = 1

This dis t r ibut ion is d e p e n d e n t  on the  posi t ion of the  window. We c a n  there fo re  

def ine  the  function HG(W) a s  the  va lue  of t h e  en tropy  a s s o c i a t e d  with the  g ray  

levels  of the  pixels  c on ta ined  in a window c e n te re d  at x. Fig. 8 is a plot of 

Hg(W).

As can  be  s e e n ,  with the  window sta r t ing  on the  left, t h e  en tropy  is 0. As s oon  

a s  the  w indow 's  right e n d  c r o s s e s  the  g ray  level e d g e  at E the  e n t ropy  s ta r ts  

to inc rease ,  r each ing  a  m ax im um  of HG(E) =  1 w h e n  the  w indow 's  c e n te r  

c o inc ides  with the  e d g e  at W =  E. The e n t ropy  then  d e c r e a s e s  a s  t he  window 's  

c e n te r  p a s s e s  the  e d g e  to the  right. Finally HG(E) =  0 w hen  the  e d g e  t ransi t ion 

is no longe r  within the  window.
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The r e a s o n  why the  en tropy  is m ax im u m  for W =  E is that  this  condi t ion 

c o r r e s p o n d s  to a  dis t r ibut ion of g ray  levels  which is 

PG (L„) =  Pg(L,) =  0.5

this  is a uniform dis t r ibu t ion which a l s o  g e n e r a t e s  m ax im um  ent ropy.

Therefore  the  locat ion of m ax im um  en t ropy  can  be  u s e d  to de tec t  a n  ideal  

o ne -d im ens iona l  s t e p  e dge .  By ex tend ing  this  to two d im e n s io n s  we  c a n  a lso  

locate  ideal no ise - fr ee  two-d im ensiona l  s t e p  e d g e s .

Although the  conc lus ion  that  the  locat ion of m ax im um  e n t ropy  oc c u rs  when  

the  window is c e n t e r e d  on  the  e d g e  w a s  ob ta ined  from the  a na ly s i s  of a n  ideal 

s t e p  e d g e ,  we  will find this  to be  a ge n e ra l  p roper ty  of o u r  o pe ra to r .  As we 

s u b s e q u e n t ly  s tudy  the  c a s e s  of no isy  s t e p  e d g e s ,  ideal  r am p  e d g e s  a n d  noisy 

r a m p  e d g e s ,  we  will find that  the  en t ropy  r e a c h e s  its peak  v a lue  w h e n  the  

w indow is c e n t e r e d  on  the  e dge .

This p roper ty  will a llow us to d e v i s e  s im ple  e d g e  de tec to r s ,  nam e ly  peak  

de tec to r s .

A no the r  a d v a n t a g e  inheren t  in the  u s e  of the  en tropy  o p e r a t o r  is the 

r e d u n d a n c y  to be  found  in the  locat ion of the  e dge .  Indeed ,  by looking at  Fig. 

8 which r e p r e s e n t s  the  en tropy  a s  a  function of the  posi t ion of t h e  c e n t e r  of the  

window,  w e  s e e  that  not  only d o e s  t h e  peak  o c c u r  w h e n  W is equa l  to E, but
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that  the  en t ropy  s ta r t s  to r ise  on the  left w hen  W is equa l  to E-L a n d  r e tu rn s  to 

0 w hen  W is equa l  to E + L

By locat ing t h e s e  points  o n e  can  help  be t t e r  loca te  the  pos i t ion  of a n  edge .

A no the r  a d v a n t a g e  of the  en t ropy  o p e r a t o r  is that  the  im a g e  n e e d s  not  be 

con t ra s t  e n h a n c e d  in o r d e r  to ob tain d i sce rn ib le  peaks .  This is a  c o n s e q u e n c e  

of the  fact that  the  en t ropy  is invariant  u n d e r  an y  o n e  to o n e  t rans fo rm at io n  

of g ray  levels .  Con t ras t  e n h a n c e m e n t  is o n e  s u c h  ope ra t io n  w h e r e  the  gray 

levels  of all pixels  a r e  c h a n g e d  to s o m e  o th e r  va lue  in o r d e r  to s t r e tch  the 

r a n g e  of g ray  levels .  This m e a n s  that  by us ing the  e n t ropy  o p e r a t o r  w e  can  

e l iminate  the  usua l  s tep  of con t r a s t  e n h a n c e m e n t  o r  an y  p rev ious  

p r e p r o c e s s i n g  ope ra t ion  which pe r fo rm e d  a  o n e  to o n e  t ra n s fo rm at ion  on  the 

g ray  levels  of the  original image.
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VI. D etecting An Ideel Step Edge Corrupted by N oise

Although we h a v e  s e e n  that  a  perfect  s t e p  e d g e  c a n  easi ly  be loca ted  

th ro u g h  the  u s e  of ent ropy ,  w e  rare ly e n c o u n te r  s u c h  perfect  e d g e s  in real 

im ages .  Most  of ten s o m e  type  of no i se  o r  artifact b lu rs  e d g e s  a n d  reg ion 

b o u n d a r i e s  in gene ra l .

Our  next  s tep  is to a n a ly z e  how a c o r ru p ted  s tep  e d g e  will be  d e te c te d  

th ro u g h  the  u s e  of en tropy

This t ime we m ode l  o u r  noisy e d g e  G(x) a s  an  ideal s tep  e d g e  l(x) plus 

no i se  N(x).

G(x) =  l(x) +  N(x)

S e e  Fig. 9 

w h e r e  l(x) =  L„ +  (L, - L0) U(x-E)

w h e r e  L0 a n d  L, a r e  the  two levels  on e i the r  s ide  of the  e dge .

At this  point  w e  n e e d  to know the  type  of no i se  p r o c e s s  affecting ou r  e dge .  

There  a r e  n u m e r o u s  m o d e l s  we  could u s e  for  N(x), but o u r  a p p r o a c h  h e re  will 

b e  to  se lec t  the  N(x) which p r o d u c e s  the  wors t  resul ts .  As we  shall  show  later,  

t h e  N(x) p rod u c in g  the  wors t  b e h a v io r  is N(x) suc h  that  PN(x) =  cons tan t .  In

o t h e r  words ,  a no i se  p r o c e s s  with uniform dist r ibut ion.  We c a n  now perform
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a n  ana lys i s  very s imi lar  to the  o n e  u s e d  in the  c a s e  of a  no ise- fr ee  s t e p  e dge .  

The o n e  di fference is that  we will h a v e  to subd iv ide  o u r  a n a ly s i s  into two 

c a se s .  In c a s e  I, t h e  r a n g e  R of v a lu e s  taken  by N(x) is l es s  than  

| L, -  L01, while  in c a s e  II the  r a n g e  of N(x) is g r e a t e r

than  | L, -  L„|.  We a lso  c h o o s e  N(x) with 0 m ean ,  E(N(x)) =  N(x) =  0, w h e re  

E( ) r e p r e s e n t s  the  ex p e c t e d  o r  a v e r a g e  value.

C a s e  I: R <  |L, — L„|

Subcase a) W +  L < E

S e e  Fig. 10 

the  g ray  level dis t r ibu t ion is:

1
1 , R ^  n ^  , , R
R 2 9 ° 2

0 o therwise

S e e  Fig. 11

the  e n t ropy  a s s o c i a t e d  with this  dis t r ibu t ion is HG(W) =  logR.

Subcase b) W-L < E <  W + L 

S e e  Fig. 12
The g ray  level dis t r ibu t ion is



the  e n t ropy  in this  c a s e  is

Hg (W) =  (a logR - a loga)  + (ft logR - ft\ogft)

note  a +  ft =  1.

=  >  Hg(W) =  logR - (aloga +  ft\ogft)

s in ce  0 ^  a <  1 a n d  0 <  ft <  1 we have  (aloga +  ft\ogft) <  0, t he re fo re  HG(\N) 

2: logR

Subcase c) E <  W-L

S e e  Fig. 14

The g ray  level dis t r ibu t ion is

Otherw ise
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S e e  Fig. 15 

The en tropy  is

"c, (9) =  - R(-£- log - ^ )  =  Log R

As in the  c a s e  of the  no ise  f ree  e d g e  we can  de f ine  Hc(W). O nce  aga in ,  on  the  

left s ide  of the  e d g e  HG(W) =  logR As the  right s ide  of the  window c r o s s e s  the  

e d g e  the  e n t ropy  s ta r t s  to i n c r e a s e  to a m ax im um  an d  then  d e c r e a s e s  back to 

logR a s  the  left s ide  of the  window c r o s s e s  the  e dge .  If we  note  that 0 <  a <  

1 a n d  0 <  (I <  1 a n d  a + /? =  1 we have  (aloga +  /?log/?) < 0  a n d  the re fo re  

Hg(W) is m ax im um  w h e n  aloga  + /flog/? is minimum. This oc c u rs  w hen  a = 

fl =  0.5. Therefore ,  HGw„(W ) =  1 +  logR. This is the  c a s e  w hen  the  window 

is c e n t e r e d  exact ly  on the  e d g e .  Therefo re ,  i r re levant  of the  no i se  p r o c e s s ,  so  

long a s  the  r a n g e  of N(x) is l e s s  than  the  he ight  of the  s tep,  the u s e  of en tropy  

c an  de tec t  the  locat ion of the  e dge .

This is a  ve ry  in terest ing  resul t  a s  w e  find the  s h a p e  of o u r  output  

u n c h a n g e d  excep t  for a n  upward  shift. The locat ion of ou r  e d g e  is still g iven 

by the  peak  va lue  of HG(W) a n d  the  r e f e re nc e  points  at  E +  L a n d  E-L can  still 

b e  u s e d  for be t t e r  a c cu ra cy  in locat ing the  e dge .

C a s e  II: R >  | L, - L0|

Subcase a ) W +  L < E

S e e  Fig. 18
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The g ray  level dis t r ibut ion

1
1 , R ^ . . R
R n ' 2 9 ° 2

0 O the rw ise

The en tropy  a s s o c i a t e d  with this  dis t r ibu t ion is HG(W) =  logR

Subcase b) W-L <  E <; W +  L 

S e e  Fig. 20

The g ray  level dis t r ibu t ion is, Ê ± L ) ±  L . -r g < L . R.
2L + 1 R “ 2 H ’ 2

_ /_.  1 . W + Z - - C 4 1 .  1 _  1 . R „  , ,
Pg (G) < (■ 2L + 1 > ^ < 2L + 1 R R 1 '  2 9

yy + L-E-n jl (L
2L + 1 R 2

S e e  Fig. 21

The en tropy  in this  c a s e  is:

Hg (W) =  (L, -  *.,) [ logR - (a loga +  /(log/?)] +  (Le - L, +  R) logR.

f - W  + L . „ W  + L- EH w h e r e  a =  — —----- -—  a n d  /> =
2L + 1 ' 2L + 1

(t 
eg
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Subcase c) E <  W-L 

the  g ray  level dis t r ibu t ion is

I 1 / R ^  ^  RI —- L , -------< a < L, +  —l R 2 2

P M  =  j

\ 0 O therw ise

S e e  Fig. 23

the  e n t ropy  is 

HG (W) =  logR

O nc e  a g a in  the  en t ropy  s ta r ts  at  a  low level of logR a n d  i n c r e a s e s  a s  the  

window c r o s s e s  the  e d g e .  Finally, HG r e tu rn s  to a  va lue  of logR a s  the  window 

no longe r  c o n ta in s  the  e d g e .

If we  c o n s id e r  t he  rat io - *~° =  K
R

w e h a v e  for  s u b c a s e  b:

Hg (W) =  logR - k ( a l o g o r  + ft log/?)
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The en t ropy  r i s e s  to a  m ax im um  w h e n  a =  (1 -0 .5  

Worn.* =  LogR - K l o g y  =  LogR +  K 

But s in ce  K =  *~° a n d  R > L, - L„
n

we have  K < 1.

a n d  the re fo re  the  m ax im um  peak  va lue  of HG(W) is lower  than  in the  c a s e  of 

R < L , - L 0 

in that  p rev io u s  c a s e  

1 +  logR.

The effect of inc reas ing  the  r a n g e  of the  no i se  is th ere fo re  to lower  the  peak  

va lue  of the  ent ropy.  This in turn m a k e s  it m o r e  difficult to loca te  the  edge .  

S e e  Fig. 24 for a  plot of HG(W).

Never the le s s ,  the  p roper ty  that  the  e d g e  is loca ted  at t h e  peak  of the  output,  

w hen  the  window is c e n t e r e d  on  the  e d g e  is u n c h a n g e d .  The re f e re nc e  points  

of E-L a n d  E +  L a r e  a l so  still p r e s e n t  a n d  could be  u s e d  to be t t e r  locate  the  

peak.
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The p rev ious  ana ly s i s  h a s  show n  us that  by us ing  the  en tropy  HG(W) 

a s s o c i a t e d  with the  g ray  level dis t r ibu t ion of pixels  wihtin a  window, we  can 

loca te  the  posi t ion of a  s tep  e d g e ,  ideal  o r  c o r ru p ted  by noise .  We have  s e e n  

that  t h e  effect of no ise  is to lower  the  relat ive d i ffe rence  b e tw e e n  HG(W0) and  

HG(f.W s u b  e) w h e r e  W0 r e p r e s e n t s  a  window c e n te r e d  on the  e dge .  The lower 

the  s ignal  to no i se  ratio, the  m o r e  difficult it will b e  to loca te  the  s t e p  e dge .

Despi te  this  p romis ing  s tar t  we  must  rea l ize  that  s tep  e d g e s  a r e  not that 

c o m m o n  in im ages ,  but that  g r a d u a l  e d g e s ,  e d g e s  with a n  extent  g r e a t e r  than  

o n e  pixel, a r e  by far  the  most  co m m o n .  T h e s e  e d g e s  a r e  cal l ed  r a m p  e d g e s  

a n d  o c c u r  in natu ra l  s c e n e s .  They a r e  a l so  the  resu l t s  of a ny  ope ra t ion  which 

s m o o t h e s  the  image .

O ur  next  ana ly s i s  will dea l  with the  p e r f o r m a n c e  of o u r  en tropic  e d g e  

d e t e c to r  w hen  app l i ed  to r a m p  e d g e s .

First we  will tackle  the  c a s e  of a n  ideal r a m p  e d g e  a n d  then  we will ana lyz e  

the  m o re  ge n e ra l  c a s e  of a  r a m p  e d g e  c o r rup ted  by noise .  That last  c a s e  will 

p rove  to b e  ve ry  g ene ra l  s in ce  a n y  e d g e  can  b e  thought  of a s  a  r a m p  e d g e  

c o r rup ted  by noise .
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VII. D etecting An Ideal, N oise-F ree Ramp Edge

To simplify the  ana lys i s ,  we  will a p p ro x im a te  the  width of o u r  window by 2L 

a n d  the  ex ten t  of the  e d g e  by 2S. The slight  e r r o r  i n t roduced  will not de tract  

from o u r  goal of showing how the  funct ion HG (x) r e a c h e s  its m ax im um  va lue  

w h e n  the  window is c e n t e r e d  on  the  e dge .  S e e  Fig. 25 for  a  plot of the  ideal,  

no ise -free  r a m p  edge .

In the  c a s e  of a  noi se -free  r a m p  e d g e ,  w e  h a v e  two c a s e s  to s tudy:

C ase 1: The width of the  window is g r e a t e r  than  the  ex ten t  of the  edge :  

2 L >  S =  >  L > S

C ase  2: The width of the  window is l e s s  than  the  ex ten t  of the  e dge :  2L < 

2S =  > L < S

C ase  I) L >  S 

Subcase a) W + L <  E-S

S e e  Fig. 26

1 9 =  Ln

P r M  =

0 9 ^  Ln

S e e  Fig. 27 

a n d  Hg(W) =  0
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Subcase b) E-S <  W + L <  E +  S 

S e e  Fig. 28

(E -  S) -  (IV - L)

P cM  =

2 L g = Lo

- ± -  L0 < g < G ( W  +  L)

0 e l s e w h e r e

S e e  Fig. 29 

w h e r e  G(W + L) is t h e  gray level a t  (W + L)

(Li -  L0) (L, -  L0)
=  >  G(W + L) =  - - ~s  -■ (W +  L) + L0 - -  ) (E-S)

This r e p r e s e n t s  a  dis t r ibu t ion with m a s s

( E - S )  -  (IV -  L)
------------ — --------------at g =  L0 a n d  a  uniform dis t r ibut ion for L0 <  g <  G(W +  L)

The en tropy  a s s o c i a t e d  with this  di s t r ibut ion will d e p e n d  on  W. The impor tan t  

point  h e r e  is not the  exact  va lue  of HG(W), but that  HG(W) is a  m o n o to n e ,  

inc reas ing  funct ion of W for E-S < W +  L <  E +  S. This can b e  s e e n  by not ing 

that  a s  W inc re ase s ,  the  probabi li ty  m a s s  at L0 d e c r e a s e s  while the  ex ten t  of 

the  uniform part  of the  dis t r ibut ion inc reases .  We c a n  the re fo re  s ta t e  at  this  

point  that a s  the  right s ide  of the  window c r o s s e s  the  left s ide  (W =  E-S) of the  

r a m p  e d g e ,  the  e n t ropy  beg in s  to inc rease .  This i n c r e a s e  c o n t inue s  a s  long 

a s  W i n c r e a s e s  a n d  a s  long a s  W +  L <  E +  S

Subcase c) (W + L) >  (E-S) a n d  (W-L) < (E-S)
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S e e  Fig. 30

In this  ca se ,  s in ce  the  extent  of the  window is l a rg e r  th a n  the  extent  of the  

e d g e ,  the  ent i re  e d g e  is inside the  window and :

Pr.(g) =

( E - S ) -  (W -  L) 
2 L

1
2 L

(W 4 L) -  (E 4 S)
_

g =  Ln

L0 < g < L1

g =  l , 

e l s e w h e r e

S e e  Fig. 31

this  dis t r ibut ion c o r r e s p o n d s  to two probabi li ty  m a s s e s  at g =  L0 a n d  g =  L, a n d  

a  uniform dis t r ibut ion for  Lr < g <  L,.

The e n t ropy  a s s o c i a t e d  with this  di s t r ibut ion is l a rg e r  than  o r  e qua l  to the  

en t ropy  in s u b c a s e  b). This is b e c a u s e  the  funct ion \j/(p) =  -plog(p) is convex .  

That is: ij/(p, +  p?) < i/,(p,) 4- i//(p2) < i/r(p,4-f) 4- i//(p2 - r.) w h e r e  p, <  p, 4- r. 

<  p? - r. <  p2 The en tropy  in s u b c a s e  c) is l a r g e r  than  that  in s u b c a s e  b) 

b e c a u s e  the  part it ion con ta ining  the  poss ib le  g ray  levels  within the  window in 

s u b c a s e  c) is a  re f inem ent  of the  part i t ion con ta in ing  the  pos s ib l e  g ray  levels  

within the  window in s u b c a s e  b).



O n e  can  a l so  no te  that  a s  the  window m o v e s  from left to right,  the  dis t r ibut ion 

of g ray  level s  va r i e s  only for levels  g =  Ln a n d  g = L, Therefo re ,  the  c h a n g e s  

in Hn(w) c o m e  only from the  probabi l i t i es  of t h e s e  two te rm s .

Hg (w ) will b e  m ax im um  w hen  Pr,(Ln) =  P r,(L,).

=  > E-W =  W-E =  > 2E = 2W = > W =  E

a n d  the re fo re  the  en tropy  is m ax im um  w hen  the  c e n te r  of the  window 

co inc ides  with the  c e n te r  of the  r a m p  e dge .  In the  c a s e  W =  E, the  en tropy  is 

m ax im u m  w h e n  all level s  a r e  equal ly  likely. This  oc c u rs  w hen  L =  S, the 

window h a s  the  s a m e  exten t  a s  the  e d g e .

Thus,  w h e n  L =  S a n d  the  window is c e n t e r e d  on  the  e d g e  we have:  exact  

formula

For  m ax im um  en t ropy  we n e e d  Pr.(Ln) =  Pf;(L,)

( E - S )  - (W L) 
2L

( W » L) E f  S) 
2L

0

IL, - L o +  1|

El sewhere

L0 <9< L
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And AVG(W) =  log |L,-L0 + 1| for (E-S < W + L <  (E + S). This formula a s s u m e s  

that all (Lr L0 + 1) g ray  levels  actual ly  occu r  within the  window. In reality, 

b e c a u s e  of quan t izat ion effects the  ac tual  n u m b e r  of dis tinct g ray  levels  that 

o c c u r  in the  window will be <  |L,-L0 +  1|.

Since w e  a r e  s tudy ing the  c a s e  w h e re  L >  S, we now inves t iga te  what  

h a p p e n s  if L > S.

In this c a se ,  the  p rev ious  conc lus ion  that  the  en tropy  is m ax im um  when  

W =  E still ho lds .  The di fference is that  now the  di s t r ibut ion of Pa (g) is no 

longe r  uniform w h e n  W = E.

If w e  d e n o t e  the  rat io =  R w e  have
S

R -  
2 R 9 =  Lo

Po(9) = R U0 < 9 <  L

R -  
2 R 9 =  L

a s  R oo we asympto t ical ly  a p p r o a c h  the  following



R7

g =  l0 

Lo 9 <- L,

g =  l ,

a n d  L i m ^ ^  Ha(W -  E) =  1

This in effect is no th ing  e l se  than  the  c a s e  of a  no ise  f ree  s tep  e d g e  

revisited!  Indeed ,  to a  window with extent  m uch  l a rg e r  than  the  extent  of the  

r am p  e d g e ,  the  r am p  looks like a  s tep .  We can  c o n c lu d e  two facts f rom the 

a na lys i s  of s u b c a s e  c)

a. W ha te ve r  the  s ize  of the  window (so long a s  L >  S) the  en tropy  

a s s o c i a t e d  with the  g ray  level dis t r ibut ion ins ide  the  window is 

m ax im um  when  W =  E, that  is w hen  the  w indow is c e n t e r e d  on the  edge .

b. The op t im um  window is o n e  w h o s e  extent  is equa l  to that  of the  r am p  

e dge .

For  R =  1, HGm3X =  Hg(W =  E) =  Log? | L, - L0 +  1 | 

a s  R in c r e a s e s

HGm< =  Wg(W =  E) d e c r e a s e s  asymptot ical ly  t o w a rd s  1.

S e e  Fig. 32 for a  plot of HG(E) a s  a  funct ion R.

S ubcased) (W-L) <  (E +  S) <  W +  L

Lim„ PcAq) =

2

2
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S e e  Fig. 33

In this  case :

PcAg) -

f  t  S  -  (IV — L) 
21

W 4 L -  (E + S)
2 i

G(W-L) <  g < L,

G =  L,

S e e  Fig. 34

w h e r e  G(W-L) is the  g ray  level at  (W-L)

e l s e w h e r e

(*-. *-o) (*-. ~  Lo)G(W-L) =  -  (W-L) +  L0 - (E-S)

this  r e p r e s e n t s  a  dis t r ibut ion with m a s s

W +  L -  {E +  S) 
2L at g =  L,

a n  a  uniform dis t r ibut ion for G(W-L) <  9 <  Li

As in s u b c a s e  b) the  important  point  is not  the  exact  va lue  of HG (W) but  that  

now Hg(W) is a  mono tonica l ly  d e c r e a s in g  funct ion of W. This can  be  s e e n  by 

real iz ing that  s u b c a s e  d) is a  mir ro r  im age  of s u b c a s e  b). Increas ing  W in 

s u b c a s e  d) is the  the  equ iva len t  of d e c r e a s in g  W in s u b c a s e  b). Therefore ,  a s
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the  w indow 's  c e n t e r  m o v e s  to the  right of the  c e n te r  of the  e d g e ,  Ha(W) s ta r ts  

to d e c r e a s e .

S u b c a s e  e )  E + S < W-L

S e e  Fig. 35

1 1

0

HrJ  W) =  0 

S e e  Fig. 36

From this a n a ly s i s  of c a s e  A) it c an  be  s e e n  that a s  the  window s ta r t s  on the  

left, wi thout  e n c ro a c h in g  on  the  e d g e ,  we  h a v e  HJW )  =  0.

As the  window c r o s s e s  the  left s ide  of the  e d g e  HG(W) s ta r t s  to i n c r e a s e  a n d  

r e a c h e s  a  m ax im um  w hen  W =  E, in o t h e r  w o r d s  w hen  the  window is c e n t e r e d  

on  the  e d g e .  The m ax im um  va lue  of HG(W =  E) d e p e n d s  on the ratio R =  

a n d  is m ax im um  for L =  S (the window h a s  the  s a m e  ex ten t  a s  the  edge ) ,  but 

Hg(W =  E) is n e v e r  l e s s  than  1, with

9 =  1-1

g i- L,

L i m „ _ ^ H G(W =  E) =  1
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As the  window m o v e s  tu r the r  to t h e  right,  t h e  en t ropy  s ta r t s  to d e c r e a s e  until 

finally it r e a c h e s  the  va lue  AVC(W) =  0 w h e n  no part  of the  e d g e  is con ta ined  

in the  window S e e  Fig. 37 for  a plot of HG(W).
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Case II)  L < S

This c a s e  is identical to c a s e  I in all r e s p e c t s  excep t  for the  ex tra  c a s e  

w h e r e  the  ent i re  window is within the  extent  of the  e dge .  We will call this 

s u b c a s e  c.

The ana ly s i s  is a s  follows:

Subcase c) E-S < W-L a n d  W +  L < E +  S 

S e e  Fig. 38

Pa (G) =

1

| G(W 4 L) G(W  -  L) |
G(W-L) < g <  G (W 4L )

E lsew here

S e e  Fig. 39

The  e n t ropy  a s s o c i a t e d  with this  dis t r ibu t ion is

Hg(W) =  LogD

w h e r e  D =  |G(W4-L) - G(W-L)|

But s ince  t h e r e  a r e  a t  m os t  2L pixels  in the  window HG(W) <  Log(2L) =  > 

HGm  <  1 4- LogL.



This va lue  of Ha{W) =  LogD is the  la rges t  va lue  which can  be  a t t a ined .  

O n c e  a ga in  this  is a  c o n s e q u e n c e  of the  fact that  the  funct ion i//(g) =  PG(g) Log 

(PcAq )) is convex .  Ha (W) is cons ta n t  a s  long a s  the  window is fully con ta ined  

in the  ramp.  S e e  Fig. 40 for a  plot of HG(W).

Here a ga in  we  find that  a s  the  window is c e n t e r e d  on the  e d g e  the  va lue  of 

Hr,(W) takes  on its peak  va lue  For  a  window of extent  l e s s  t h a n  2L this  peak  

va lue  e x t e n d s  from W =  E-S +  L t o W  =  E +  S +  L. The r e m e d y  to this  s i tuat ion 

is to u s e  a  window with leng th at least  equa l  to the  extent  of the  window.



VIM. D etecting a Ram p Edge Corrupted by N oise

We now a n a ly z e  the  pe r f o r m a n c e  of o u r  entropic  e d g e  d e t e c to r  when 

app l i ed  to a  noisy r a m p  e dge .  We will m odel  ou r  no isy  r a m p  e d g e  a s  a  perfect 

r a m p  e d g e  l(x) plus  s o m e  uniform r a n d o m  no ise  N(x) with ze ro  m ean .

G(x) =  l(x) +  N(x)

S e e  Fig. 41

Much of the  g ro u n d  work for this  part  of the  ana lys i s  h a s  a l r e a d y  b e e n  laid 

dow n  in o u r  a na ly s i s  of the  de tec t ion  of a n  ideal,  no ise  f ree  r a m p  e dge .  In fact, 

this part  of t he  ana lys i s  will paral le l  that of the  ideal,  no i se  f ree  r a m p  edge .

This is exp la ined  by real iz ing that  all t h e  c a s e s  a n d  s u b c a s e s  a n a ly z e d  in 

the  ideal,  n o i se  f ree  r a m p  e d g e  apply equa l ly  to this  c a se .  The only difference 

is that  we h a v e  no ise  a d d e d  to o u r  r am p  e dge .  Since  w e  a r e  dea l ing  with 

add i t ive  no i se  the  dis t r ibu t ion of g ray  levels  in the  no ise  c o r ru p ted  r a m p  e d g e  

will be  the  convolut ion

p g (a) = p i(g) *  f\(g) (4)

w h e r e  P,(g) is the  dis t r ibu t ion ob ta ined  in the  no i se  f ree  c a se ,  a n d  PN(g) is 

the  g ray  level di s t r ibut ion of the  noise ,  a n d  ★ r e p r e s e n t s  the  convolut ion  

opera t ion .
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Case I) L >  S

Subcase a) W + L ^  E-S

S e e  Fig. 42

1 1 . R ^  ^  , . R
R 0 2 ® -  L0 2

0 El sewhere

S e e  Fig. 43

a n d  WG(W) =  LogR

Subcase b )E-S <  W + L <  E +  S 

S e e  Fig. 44

PG (G) is given  by (4) w h e re  P,(g) is the  dis t r ibut ion PG(g) found in C a s e  1, 

s u b c a s e  b) of the  a na ly s i s  of the  ideal  ' a m p  edge .

What  in te res t s  u s  is the  va lue  of HG(W). O n c e  a g a in  it is difficult to c o m p u te  

the  exact  v a lue  of HG(W). But a s  in the  paral le l  c a s e  in the  a na lys i s  of the  ideal 

r a m p  e d g e  w e  find that  HG (W) is m o n o to n e  a n d  increas ing .  This is a  posit ive 

resul t ,  but w e  still d on ' t  know what  the  effect of the  a d d e d  no ise  is in ou r  

local ization of the  e dge .



We can  logically s u s p e c t  that the m a jo r  effect of the  no i se  s hou ld  be  to 

m ake  it m o re  difficult to locate  the  edge .

We now show  that  this  is exact ly  what  h a p p e n s .  First  we  a r g u e  that  Ha(W) 

will be  m ono tone ,  d e c r e a s i n g  w hen  we r ea c h  the  cond i t ions  of s u b c a s e  d). 

This a r g u m e n t  is the  s a m e  a s  the  o n e  u s e d  in the  ideal  r am p  case .

This m e a n s  that HG(\N) r e a c h e s  its m ax im um  va lue  HGma, a s  befo re  w hen  the 

cond i t io ns  a r e  t h o s e  of s u b c a s e  c, w h e n  the  window is c e n t e r e d  on  the  e dge .

Let us  now show  that  the  peak  va lue  HG m is suc h  that  the  s p r e a d  in en tropy  

(let u s  call is Z) will a l so  be  less  in this  c a s e  than  in the  c a s e  of the  ideal r am p  

edge .

^  “  ^G mat ‘ 0  =  H Gma,

b e c a u s e  the  lowest  va lue  of W„(W) w a s  0. In the  c a s e  of the  no i se  c o r rup ted  

r a m p  e d g e  the  s m a l le t s  va lue  of HG(W) is:

Ĝmtn =  LogR

a n d  o c c u r s  in s u b c a s e s  a  a n d  e. We t hus  s e e  that  t he  effect of t h e  no i se  in the  

b a c k g ro u n d  (g =  L0, a n d  g =  L,) r eg ions  is to r a i s e  the  va lue  of HG(W) by the  

full a m o u n t  LogR of the  e n t ropy  of the  noise .  This is a  c o n s e q u e n c e  of the



s h a p e  of the  di s t r ibut ion (a s ingle  pulse)  in s u b c a s e s  a a n d  e. Indeed ,  the 

convolu t ion  of a  s ing le  pu l se  with any  o th e r  function F is a  shifted ve rs ion  of 

F a n d  the re fo re  the  en tropy  of the  dis t r ibu t ion resu l t ing  from the  convolut ion 

is s imply the  en tropy  a s s o c i a t e d  with F.

As the  w indow m o v e s  to the  right  a n d  e n c r o a c h e s  on  the  e dge ,  the  

dis t r ibu t ion P,(g) of gray  levels  in the  window is no lo n g e r  a s ingle  pu lse  and  

will have  s o m e  s p r e a d ,  (let us  call it S,). The dis t r ibu t ion PG(g) =  P,(g) ★ P N(g) 

will have  a  s p r e a d

SG =  S, + S„ w h e r e  SN is the  s p r e a d  of PJg)

Referr ing o n c e  m o r e  to the  convexi ty  of

<M9) =  Pq(g) Lo9 (p g(Q))< we  s e e  the  en t ropy  a s s o c i a t e d  with PG(g) is 

g r e a t e r  t han  that a s s o c i a t e d  with P,(g)

Hg >  H,

Defining D =  HG - H,

We c a n  s e e  that

D <  Log SN
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This m e a n s  that  in the  c a s e  of a no i se  c o r rup ted  r a m p  e d g e

Z <  logR

a n d  that  there fo re ,  a l t hough  w e  still r ea c h  a  peak  w h e n  the  window is c e n t e r e d  

on  the  e d g e  the  di fference HGms, - HGmm is s m a l l e r  t h a n  in the  c a s e  of the  ideal  

s t e p  edge .

We the re fo re  r e a c h  the  s a m e  conc lu s ion  h e r e  a s  we  did in the  c a s e  of the  

n o i se  c o r rup ted  s tep  e d g e ,  namely  that  the  effect of no i se  is to m ake  it m o re  

difficult to localize  the  e d g e ,  this  is a  c o n s e q u e n c e  of lowering the  di fference 

be tw e en  HGmt, a n d  HGmin

Given this  resul t ,  we  no longe r  n e e d  to a n a ly z e  the  r em a in ing  s u b c a s e s  

a s s o c i a t e d  with C a s e  1.

C a s e  II) L < S

Subcase c) E-S <  W-L a n d  W +  L <  E + S 

p g (g) =  p ,(g) ★ P«(g) for G(W-L) <  g <  g ( w  +  L)

The e n t ropy  HG(W) a s s o c i a t e d  with this  dis t r ibu t ion is c o ns ta n t  a s  long a s  

the  window is fully e n c lo s e d  within the  ramp.



Arguing a s  we  did in the  p rev ious  ana lys i s ,  H„(W) in this  c a s e  a t t a in s  its 

m a x im u m  va lue .

Although it is difficult to c om pu te ,  HG (W) is m ax im um  w h e n  the  w indow  is 

c e n t e r e d  on  th e  e d g e .  But  o n c e  a g a in  w e  s e e  that  w h e n  t he  window is s m a l le r  

than  th e  extent  of the  r a m p  e d g e  it b e c o m e s  m o re  difficult to local ize  t h e  e dge .

The conc lu s ion  o n e  r e a c h e s  from the  a na ly s i s  of C a s e  2 is that  e v e n  if the  

w indow  is of s m a l l e r  ex ten t  than  the  r a m p  e d g e ,  the  e n t ropy  still r e a c h e s  its 

m ax im um  v a lue  w hen  c e n te r e d  on  the e d g e .  The only difference is tha t  th e re  

is a  r eg ion  c e n te r e d  a r o u n d  the  c e n t e r  of the  e d g e  for which HG (W) is 

m ax im um  a n d  cons tan t .  This s imply m e a n s  that  t h e  reso lu t ion  of a  small  

w indow is too fine. To a  small  window,  a lm os t  every  par t  of a  wide  e d g e  is a n  

e dge .

The a na ly s i s  of C a s e s  1 a n d  2 h a s  sh o w n  that  us ing  the  e n t ropy  of g ray  

levels  in a  window o n e  c a n  de tec t  the  locat ion of a n  ideal  no i se  f ree  r a m p  

e dge .



IX. A d vantages of Entropy Operator

At this point we can  look back  at the  re su l ts  of the  an a ly s is  of the  en tropy  

o p e ra to r  a n d  s e e  a  n u m b e r  of a d v a n ta g e s  o v e r  o th e r  e d g e  d e te c to rs .

The m ajo r  a d v a n ta g e  is the  e a s e  with which o n e  can  loca te  e d g e s  in an  

en trop ic  im age. All that is req u ired  is a  peak  de tec to r .  Unlike the  Lap lac ian  its 

sensitivity  to n o ise  is small. Also, only o n e  p a s s  of the  o p e ra to r  is n e e d e d .  This 

is qu ite  a  t im e s a v e r ,  e spec ia l ly  w h e n  w e c o n s id e r  th e  4 to 8 p a s s e s  n e c e s s a ry  

with the  G rad ien t  o p e ra to r  for p ro p e r  c o v e ra g e  of e d g e s  a t  all po ss ib le  

o r ien ta tions .

O n e  could  a rg u e  that th e  Laplacian , G rad ien t  a n d  o th e r  convolu tion  b a s e d  

o p e ra to r s  can  be  im proved  by us ing  la rg e r  m ask s ,  su ch  a s  a  5x5 m ask . All that 

this would  a c h ie v e  is b e t te r  n o ise  imm unity at the  cost of far  m o re  p ro ce s s in g  

time. O ne  m ust r e m e m b e r  tha t  th e  n u m b e r  of m ultip lica tions  (a time 

co n su m in g  opera t ion )  is of the  o r d e r  of NxM, w h e re  NxM is th e  s ize  of the  

m ask  u sed . By going  from a  3x3 m ask  to a 5x5 m ask , o n e  p rac tica lly  tr ip les  the  

a m o u n t  of t im e  n e e d e d  to p ro c e s s  th e  im age. This still w ould  not so lve  o n e  of 

the  m ajo r  p ro b le m s  of th e  Lap lac ian  which is its practically  null r e s p o n s e  on 

the  ra m p  part of ram p  e d g e s  a s  a  c o n s e q u e n c e  of be ing  a  s e c o n d  deriva tive  

op e ra to r .
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Since  ram p  e d g e s  a re  far  m o re  co m m o n  than  s te p  e d g e s  in real im a g e s  this 

would  s e e m  to leave  only the  G rad ien t o p e ra to r .  But we h a v e  s e e n  how 

e x p e n s iv e  that is in te rm s  of the  n u m b e r  of a p p lica t ions  n e c e s s a ry .  This 

e x p e n s e  is now  loom ing e v e n  la rg e r  if we d e c id e  to go  for l a rg e r  m asks .  This 

is a  d raw b ack  of all convolu tion  b a s e d  m e th o d s  which em ploy  m a sk s  tha t  a re  

not rota tionally  invariant.

The en tropy  o p e ra to r  is very  efficient s in c e  with cu rren t  h a rd w a re  the  tim e 

it tak es  to co m p u te  the  h is tog ram  of a  s u b im a g e  d o e s  not d e p e n d  on  th e  s ize  

of su b im ag e .  This m e a n s  that if n e e d  be, o n e  could  co m p u te  th e  h is to g ram  of 

a  reg ion  of s ize  5x5 in th e  s a m e  tim e a s  it would  take  to co m p u te  th e  h is tog ram  

of a  reg ion  of s ize  15x15.

A n o th e r  a d v a n ta g e  in the  com pu ta tion  of the  en tro p y  is tha t  it c a n  be 

p e rfo rm ed  in a  r ec u rs iv e  fash ion . Indeed , g iven  th e  en tro p y  of a  n e ig h b o rh o o d  

of s ize  NxM (N is the  vertical d im en s io n ,  M the  Horizontal d im e n s io n )  loca ted  

at (x,y) it is e a sy  to co m p u te  the  va lue  of th e  en tro p y  of th e  NxM n e ig h b o rh o o d  

loca ted  at (x +  1,y) o r  (x-1,y) o r  (x,y-1) o r  (x,y +  1). In th e  c a s e  of (x +  1,y) which 

c o r r e s p o n d s  to a  horizontal shift of the  w indow  o n e  pixel to th e  right w e  s e e  

that  only th e  p ixels  on  th e  left a n d  vertical e d g e s  of w indow  a r e  affected . This 

m e a n s  tha t  th e re  is no n e e d  to re c o m p u te  th e  e n tire  h is tog ram , but that  on e  

sim ply n e e d s  to u p d a te  th e  n u m b e r  of g ray  leve ls  lost from th e  left e d g e  a n d  

g a in e d  on  the  right e d g e .  This r e p r e s e n t s  a  com plexity  of th e  o r d e r  of 2N s ince  

th e re  a re  N p ixels  a lo n g  e a c h  of t h e s e  two e d g e s .  As th is  u p d a te  is be ing
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pe rfo rm ed , th e  v a lu e  of the  en tro p y  can  a lso  be  u p d a te d .  S ince  a s  we h a v e  just 

se e n ,  the  en tro p y  o p e ra to r  is ro ta tion  invariant, w e can  a s s u m e  for th e  sake  

of a rg u m e n t  tha t  N < =  M. O ne  can  th e re fo re  s e e  tha t  th e  tim e penalty  

incu rred  in in c re a s in g  the  s ize  of th e  n e ig h b o rh o o d  w hen  us ing  the  en tropy  

o p e ra to r  g ro w s  p ropo rt iona te ly  to N r a th e r  then  to  NxM a s  in the  c a s e  of 

convolu tion  o p e ra to rs .

This is not a p ro p er ty  of th e  e n tro p y  o p e ra to r ,  but r a th e r  a  p roper ty  of o n e  

im plem en ta t ion  of th e  o p e ra to r .  B e c a u s e  th e  im p lem en ta t ion  allow s for such  

a  low tim e pena lty  in c h a n g in g  the  s ize  of th e  w indow, we feel that it m ak e s  it 

e a s ie r  to u s e  th e  s ize  m ost a p p ro p r ia te  to so lv ing  th e  p rob lem . If the  p rob lem  

w a rra n ts  u s ing  a  w indow  of s ize  15x15, it will take  only a b o u t  th re e  t im es  a s  

m uch  t im e  a s  us ing  a  5x5 window. The tim e pena lty  w ould  b e  of th e  o r d e r  of 

9 t im es  if u s ing  convolu tion . Incidentally , perfo rm ing  a  convolu tion  with m ask s  

of s ize  5x5 w ould  a l r e a d y  be  very  tim e c onsum m ing .

A n o th e r  m a jo r  a d v a n ta g e  of th e  en tropy  o p e ra to r  is the  f re e d o m  of 

ch o o s in g  an y  s h a p e  window. This a g a in  is not really  a  p roper ty  of the  

o p e ra to r ,  but a g a in  a  p ro p er ty  of th e  underly ing  s o u rc e  of inform ation, the  

h is tog ram . Indeed , cu rre n t  h a rd w a re  a llow s o n e  to c o m p u te  the  h is to g ram  of 

an y  s h a p e d  reg ion . With convolu tion  b a s e d  m e th o d s  o n e  is limited by practical 

r e a s o n s  to s q u a re  m asks .



Finally, a n o th e r  a d v a n ta g e  of the  en tro p y  o p e ra to r  is that  it is very  

c o m pa tib le  with m ed ia n  filtering (a prac tica l r eq u irem e n t  for o u r  im ages)  a s  

both  o p e ra to r s  req u ire  a  h is tog ram . This m e a n s  that  by us ing  this 

com bina tion , o n e  can  e c o n o m iz e  on spec ia l  h a rd w a re .  Also, unlike m any 

o th e r  a p p r o a c h e s  which count on  future, im proved  a n d  ve ry  likely e x p e n s iv e  

h a rd w a re  for fast im p lem en ta t ions ,  th is  o p e ra to r  m ak e s  th e  bes t  u s e  of 

h a rd w a re  a l r e a d y  ava ilab le
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CHAPTER III: M ethod and R esu lts  

METHOD

As with m any  e d g e  d e te c to rs ,  a  n u m b e r  of s te p s  m ust  be  tak en  to obtain  

e d g e  po in ts  from a  g ray  level im age. Most m e th o d s  g e n e ra te  a n  in te rm ed ia te  

g ray  level im age  in which high v a lu e s  r e p re s e n t  po ten tia l e d g e  poin ts .  In Fig. 

c, for in s ta n c e ,  a  n u m b e r  of c o n to u rs  with relatively high leve ls  a p p e a r .  This 

in te rm e d ia te  im age  is usually  not th e  d e s i r e d  resu lt.  The d e s i r e d  goal is an  

im age  in which e d g e s  o r  c o n to u rs  a r e  de te rm in is t ica lly  rec o g n ize d .  This 

m e a n s  that  we a r e  not so  m uch  in te re s ted  in ob ta in ing  a n  im age  with vary ing  

g ray  leve ls  a s  in a n  im age  in which pixels  a r e  lab e led  a s  e d g e  poin ts  o r  

n o n -e d g e  points . S u ch  a n  im age  is ca lled  a n  e d g e  m ap.

We perfo rm  a  th re e  s te p  a p p ro a c h  to  c o m p u te  th is  e d g e  m ap.

The first s te p  is m ed ia n  filtering th e  original im age . M edian  filtering is a 

n o n l in e a r  s ignal p ro c e s s in g  te c h n iq u e  w hich r e m o v e s  sm all a rtifac ts  while still 

m ain ta in ing  the  im portan t  e d g e s .  M edian  filtering is a lso  ve ry  useful in 

rem ov ing  no ise , in p a r t icu la r  in rem ov ing  d isc re te  im pu lse  no ise . B e c a u s e  of 

th e  n o n l in e a r  n a tu re  of m ed ia n  filtering, only a  limited a n a ly s is  of its effects 

c a n  be  p e rfo rm ed  a n d  th is  l e a d s  to v a r io u s  s t r a te g ie s  for its app lica tion . As 

su ch  it is a n  a d h o c  tool a n d  sh o u ld  be  u s e d  in a n  in te rac tive  fash ion . The 

effect of different ap p lica t io n s  of the  filter sh o u ld  be  m o n ito red  a n d  th e  p ro c e s s  

te rm in a te d  w hen  th e  filter no lo n g e r  im p ro v e s  th e  resu lting  im age.
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In o u r  c a s e  we found tha t  u s ing  a  w indow  of s ize  15 by 15 pixels  rem oved  

sm all a rt ifac ts  but left th e  m ajo r  e d g e s  ( those  w e want) u n to u c h e d  (com pare  

o r ig ina ls  with m ed ia n  fil tered  im ages).

2) C o m p u te  Entropic Im age

O nce  th e  im age  h a s  b e e n  sm o o th e d  out (by m ed ia n  filtering in o u r  case )  

o n e  can  c o m p u te  th e  en tro p ic  im age . This im ag e  is o b ta in e d  by sliding an  N 

* M w indow  o v e r  th e  e n t i re  im age . As the  c e n te r  pixel of the  w indow  s w e e p s  

o v e r  th e  e n tire  im age, a  h is to g ram  is c o m p u te d  at e a c h  point. This h is tog ram  

d e p e n d s  on  the  c o o rd in a te s  of th e  c e n te r  pixel of th e  w indow  a n d  can  be 

d e n o te d  PG(x,y,g). The r e p r e s e n t s  th e  probability  of g ray  level g occurr ing  in 

th e  w indow  c e n te re d  at (x.y). A sso c ia te d  with th is  probability  is th e  en tropy  

tfG(x, y).

From  o u r  p rev io u s  a n a ly s is  w e know that  this v a lu e  will be  l a rg e r  in a r e a s  

w h e re  the  g ray  level d is tr ibu tion  is la rge  a n d  will be  sm all w h e re  th e  g ray  level 

d is tr ibu tion  is small. We a lso  know that  a ro u n d  a  s te p  e d g e  th e  v a lu es  of 

WG(x,y) h a v e  a  d istinctive  profile in which the  en tro p y  in c r e a s e s  from a low 

v a lu e  to a  m axim um  a n d  th en  back  to a  low v a lu e  a lo n g  a  d irec tion  

p e rp e n d ic u la r  to th e  e d g e .  The m ax im um  v a lu e  is c e n te re d  on th e  location of 

th e  e d g e .  Looking for e d g e s  is eq u iv a len t  to  looking for t h e s e  p e a k s  in HG(x,y). 

A n o th e r  p ro p er ty  of HG is that  o n e  can  b e  fairly s u re  tha t  th e  g ray  level 

d istr ibu tion  is small w h e re  HG(x,y) is sm all. THis m e a n s  that a s  HG(x,y) is



c o m p u te d  th o s e  p ixels  for which H0 (x,y) is sm a l le r  th an  s o m e  th re sh o ld  can  

be  e lim ina ted  from con ten tion . This is m ost easily  d o n e  by com pu ting  HG(x,y) 

a n d  then  perfo rm ing  th e  following:

if HG(x,y) < threshold 

then Hg(x,y) = 0

Finding  a n  a p p ro p r ia te  th re sh o ld  is a n o th e r  a d  hoc p ro c e d u re  w hich n e e d s  to 

be  m on ito red . D esp ite  th is  we feel that  au tom a tic  m e th o d s  for its s e lec tio n  can  

be  d e v ise d .  O ne  possib ili ty  is to re la te  the  th re sh o ld  to the  s ize  of the  window 

be ing  u se d .  Indeed  if w e co m p u te  NG(x,y) =  2 * Ha(x,y) w h e re  ' r e p re s e n ts  

e x p o nen tia t ion  w e ob ta in  the  n u m b e r  of g ray  levels  of a  uniform distr ibu tion  

which would have  en tropy  HG(x,y). We could  th en  d e c id e  that in a  w indow  of 

s iz e  S =  N*M pixels, w e  sh o u ld  not have  Na(x,y) < (S/3). In o th e r  w ords  

th re sh o ld  =  log2(S/3). B asically  Na(x,y) >  =  th re sh o ld  m e a n s  tha t  we 

c o n s id e r  the  co n te n ts  of a w indow  in te res t ing  only if the  a v e ra g e  n u m b e r  of 

g ray  levels  in the  w indow  is g r e a te r  th an  s o m e  fraction of the  total n u m b e r  of 

p ixels  in th e  window.

A no the r  fac tor  to be c h o s e n  is the  s ize  of the  w indow. O nce  ag a in  

ex p e r im en ta t io n  is in o r d e r  a l th o u g h  s o m e  g u id e l in e s  can  be  fo rm ula ted .

The w indow  s ize  shou ld  be la rge  e n o u g h  so  that  th e  h is to g ram  of gray  

leve ls  within it will be  so m e  sta tis tical significance. As su ch  w indow s of s ize
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le s s  th an  ( 5 * 5  =  25) p ixels  a r e  not r e c o m m e n d e d .  Also the  w indow  size  

sh o u ld  not be  too  la rge  a s  this would r e n d e r  the  p ro c e s s in g  very  slow. Also, 

w e know that  the  s ize  of the  w indow sh o u ld  be  re la te d  to the  s ize  of e d g e s  we 

a re  in te re s te d  in. We feel that e d g e s  5 p ixels  w ide  o r  le s s  a r e  th e  m ost 

in te res t ing  o n e s .  We find w indow s of s ize  25 a s  in (5 * 5) a n d  49 (7 * 7) pixels 

qu ite  a d e q u a te .  W hen us ing  w indow s of (5 * 5) pixels, a low er th re sh o ld  of 3 

re m o v e s  the  u n in te res t ing  reg io n s  qu ite  well.

Finally, the  s h a p e  of the  w indow  can  be  ta i lo red  to the  type  of e d g e  be ing  

d e te c te d .  S q u a re  w indow s (N * N) p ixels  pick up  e d g e s  of all o r ien ta t io n s  

while vertical e d g e s  a r e  b e t te r  r ec o g n ize d  by horizon ta l  w indow s (N horizontal 

* M vertical, N > M) pixels. Horizontal e d g e s  a r e  b e t te r  found with vertical 

w indow s (N horizontal * M vertical, N <  M) pixels. This is a  c o n s e q u e n c e  of 

the  fact tha t  horizontal w indow s "see"  m o re  of the  horizon tal  n e ig h b o rs  of a 

vertical e d g e  a n d  can  b e t te r  locate  th e  peak  w hen  th e  w indow  is c e n te re d  on 

the  e d g e .  A s im ilar  a rg u m e n t  ho lds  for vertical w indow s a n d  horizon tal  e d g e s .  

Also, if o n e  is only looking for vertical e d g e s ,  a horizontal w indow  n e e d  only 

be  s c a n n e d  horizontally  w h e re a s  th e  s e a rc h  for horizon tal  e d g e s  could  be 

pe rfo rm ed  with a  vertical w indow s c a n n e d  vertically.

O ne  might w o n d e r  how  efficient it is to co m p u te  so  m any  h is to g ra m s  an d  

e n tro p ie s  for e a c h  pixel. We u s e  a  m e th o d  which u p d a te s  th e  h is to g ram  a s  the  

w indow  is m oved  o n e  pixel to the  right so  tha t  PG(x,y,g) =  F(PG(x-1 ,y,g)). This 

im plies tha t  o n c e  th e  h is to g ram  at (x,y) h a s  b e e n  c o m p u te d  it n e e d  not be
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re c o m p u te d  a s  th e  w indow  is m o v ed  o n e  pixel to the  right, but s im ply u p d a ted .  

Similarly, WG(x,y) =  Q(AVG(x-1,y)) a n d  m e a n s  tha t  the  e n tro p y  at (x,y) is simply 

c o m p u te d  by u pda ting  the  en tro p y  at (x-1,y). T h ese  u p d a te s  on HG(x,y) an d  

PG(x,y,g) m ake  th e  com pu ta tiona l  load  to  b e  of th e  o r d e r  (N * M * W) for an  

im age  of s ize  (N * M) pixels  a n d  with a  w indow  of s iz e  (L * H), with W of the  

o r d e r  of (L + H)/2.

3) C o m pu te  Edge M ap

This is the  last s te p  in th e  location  of e d g e  points . The resu lt  of th is  s te p  is 

a  b inary  im a g e  in which n o n -ze ro  p ixels  r e p re s e n t  po in ts  which be long  to an  

e d g e .  In m ost  o th e r  m e th o d s  th is  is a  difficult s te p  to  c ro ss .  Usually  a  s im ple  

th re sh o ld  o p e ra to r  is u s e d  w h e re  p ixels  w h o se  "ed g e"  v a lu e  is la rg e r  than  

s o m e  th re sh o ld  a r e  c o n s id e re d  e d g e  po in ts  while all o th e r s  a r e  e lim inated . 

This is w hat is usually  d o n e  a f te r  convolv ing  s o m e  m ask  (sobel,  laplacian , 

e tc  ..) with the  im age . The p rob lem  h e re  is the  s e lec tio n  of the  th re sh o ld .  A 

low th re sh o ld  a p p ro p r ia te  for a n  im age  with faint e d g e s  is not a p p ro p r ia te  for 

a n  im age  w h e re  th e  e d g e s  h a v e  high con tras t .  A su rv e y  of th re sh o ld  se lec tion  

te c h n iq u e s  can  b e  found in [42]

With th e  en trop ic  im a g e  a p p ro a c h  th e r e  is no n e e d  to  u s e  th re s h o ld s  at this 

s ta g e .  E dges  can  be  a s s o c ia te d  with th e  local p e a k s  in th e  en trop ic  im age . In 

o u r  im p lem en ta tion , w e c o n s id e r  a  pixel to be a n  e d g e  point w h en ev e r :



ins

HG (*,y) > He(x-1,y) a n d  HG(x,y) >  HG (x +  1.y) 

o r

HG (x,y) >  HG(x,y-1) a n d  HG(x,y) >  WG (x ,y + 1 )



ICW

RESULTS

We now  show  re su l ts  o b ta in e d  with th e  m e th o d  ou tlined  above .

F ig u res  47a a n d  47b r e p re s e n t  a n  orig inal con tras t  e n h a n c e d  im a g e  (fig. 

47a) a n d  its m ed ia n  filtered ve rs io n  (Fig. 47b). The s ize  of the  w indow  

u s e d  for m ed ian  filtering w as  15x15.

F igu res  48a a n d  48b re p re s e n t  an  orig inal co n tra s t  e n h a n c e d  im age  (fig. 

48a) a n d  its m ed ia n  filtered ve rs io n  (Fig. 48b). The s ize  of the  w indow  

u s e d  for m ed ian  filtering w a s  15x15.

F ig u res  49a a n d  49b re p re s e n t  an  orig inal c o n tra s t  e n h a n c e d  im age  (fig. 

49a) a n d  its m ed ia n  filtered v e rs io n  (Fig. 49b). The s ize  of th e  w indow  

u s e d  for m ed ia n  filtering w a s  15x15.

F igu res  50a a n d  50b re p re s e n t  the  m ed ia n  filtered im a g e  of fig. 47b a lo n g  

with the  e d g e  m ap  o b ta in ed  from the  en tro p y  o p e ra to r .  The w indow  size  

u s e d  w a s  5x5 a n d  the  th re sh o ld  w as  3.0

F igu res  51a a n d  51b r e p re s e n t  the  m ed ia n  filtered im a g e  of fig. 48b a long  

with the  e d g e  m ap  o b ta in e d  from the  en tro p y  o p e ra to r .  The w indow  s ize  

u s e d  w a s  5x5 a n d  th e  th re sh o ld  w as  3.0



F igu res  52a a n d  52b re p re s e n t  the  m ed ian  filtered im age  of fig. 49b a long  

with th e  e d g e  m ap  o b ta in e d  from th e  en tropy  o p e ra to r .  The w indow  size  

u s e d  w a s  5x5 a n d  the  th re sh o ld  w as  1.7

F igu res  53a a n d  53b sh o w  a  syn the tic  im ag e  of a  b lack c irc le  on a da rk  

b a c k g ro u n d  a n d  th e  resu l t  of app ly ing  th e  en tro p y  o p e ra to r  to it.

F igu res  54a, 54b a n d  54c re p re s e n t  th e  raw  en trop ic  im a g e s  of f igures  

47a, 48a a n d  49a. F inding th e  p e a k s  in th e s e  im a g e s  g e n e ra te d  the  

im a g e s  s e e n  in f igures  50b, 51b a n d  52b respec tive ly .

F ig u res  55a, 55b a n d  55c show  the  resu lt  of app ly ing  a  Lap lac ian  o p e ra to r  

to f igu res  47b, 48b a n d  49b respec tive ly .

F ig u res  56a, 56b a n d  56c show  th e  resu lt  of app ly ing  a  Lap lac ian  o p e ra to r  

to f igu res  47a, 48a a n d  49a respective ly .

F igu res  57 a ,b ,c ,d ,e  a n d  f a r e  th e  resu lt  of app ly ing  different d irec tional  

Sobel m ask s  to figure  47b.

F igu res  58a ,b ,c ,d ,e  a n d  f a re  th e  resu lt  of app ly ing  different d irec tional 

S obe l  m ask s  to figure  47a.
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CONCLUSION

The p u rp o se  of this d is se r ta t io n  h a s  b e e n  to a d d  a  new m eth o d  of e d g e  

de tec tion  to the  m any  ex is t ing  o n e s .  This new  m eth o d  b a s e d  on en tropy  

u s e s  th e  idea  tha t  in th e  a r e a  of e d g e s  the  d istr ibu tion  of g ray  levels  h a s  

a  la rg e r  en tropy  th an  o u ts id e  of e d g e s .  We h a v e  show n  that this implies 

that  the  en tro p y  r e a c h e s  a peak  w hen  the  w indow  is c e n te re d  on a n  ed g e .  

This last  p roper ty  m ak e s  it m uch e a s ie r  to loca te  e d g e  pixels and  

th e re fo re  m ak es  it m uch  e a s ie r  to g e n e ra te  the  e d g e  m ap  im age. We have  

show n  that  the  com puta tiona l  load of this m e th o d  can  be  op tim ized  in a 

way that r e d u c e s  the  ac tua l  n u m b e r  of o p e ra t io n s  to be  pe rfo rm ed . An 

a d v a n ta g e  of th e  en trop ic  e d g e  d e te c to r  is that e d g e s  of different 

c o n tra s ts  will g e n e ra te  rec o g n iza b le  p e a k s  in WG(W). In convolu tion  b a s e d  

m e th o d s  e d g e s  with different in tens it ies  g e n e ra te  different g ray  levels 

which a r e  difficult to loca te  with a  s ing le  th re sh o ld .

As w a s  m en tio n ed  ea rl ie r ,  not only can  th e  g ray  level d istr ibu tion  of 

p ixels  be u sed , but o th e r  s ta t is t ics  of in te res t  can  be  u se d  to locate  e d g e s .  

This m e a n s  that not only g ray  level e d g e s ,  but o th e r  kind of e d g e s  can  be 

d e te c te d  with th is  m e thod . The inform ation from the  en trop ic  im age  could 

a ls o  be  u s e d  with o th e r  a lgo r i thm s  by allowing p ro c e s s in g  only on 

re g io n s  d e e m e d  in te res t ing  [52]. This can  s p e e d  p ro c e s s in g  by 

d i s re g a rd in g  a r e a s  of little in te res t  a n d  not w asting  v a luab le  time 

p r o c e s s in g  them .



Following a r e  th e  f igures  a s s o c ia te d  with the  different c a se s :
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APPENDIX A

A desc r ip tion  of the  no rm al p a ra m e te r iz a t io n  p ro c e d u re  is g iven  in this 

append ix .

The m ost com m on  re p re s e n ta t io n  of a  s tra igh t  line is of the  form: 

y — Ax +  B (1)

This e q u a t io n  m ust be  sa tisfied  by any  point (x,y) which b e lo n g s  to the  line. 

A is th e  s lo p e  of the  line a n d  B the  y in te rcep t of th e  line (the v a lu e  of y w here  

the  line c r o s s e s  the  y axis). The p rob lem  with th is  r e p re s e n ta t io n  is tha t  a s  a  

line b e c o m e s  practically  para lle l  to th e  y axis, the  v a lu e s  of A a n d  B grow  

without bo u n d  a n d  quan tiz ing  th e s e  v a lu e s  b e c o m e s  im poss ib le .  A 

p a ra m e te r iz a t io n  which a v o id s  t h e s e  p ro b le m s  is th e  no rm al p a ra m e te r iz a t io n  

in which a  s tra igh t line is r e p r e s e n te d  by a  d u p le  (R.T) w h e re  T is th e  an g le  

of its no rm al a n d  x ax is  a n d  R is the  d is ta n c e  from the  line to th e  orig in  (see  

Fig. I). In this r e p re se n ta t io n ,  po in ts  be long ing  to the  line will sa tisfy the  

equa tion :

X COS(T) +  Y SIN(T) =  R (2)

With T res tr ic ted  to [0 ,Pi] th e  norm al p a ra m e te r s  for a  lines a re  unique.

This pa ra m e te r iz a t io n  h a s  th e  following p roper t ie s :
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a. It c an  easi ly  be s e e n  that s e ts  of c o l in e a r  po in ts  in the  (x,y) p lane  

c o r r e s p o n d  to s inuso ida l  c u rv e s  with a  co m m o n  point of in te rsec tion  in 

the  (R,T) p lane . The com m on  point, say  (ROJO) de fines  the  s tra igh t line 

p a s s in g  th ro u g h  the  co linea r  points.

b. A point in the  (x,y) p lane  is r e p r e s e n te d  by a s inuso ida l  c u rv e  in the  

(R.T) p lane.

c. A point in the  (R,T) p lane  is r e p r e s e n te d  by a s tra igh t  line in the  (x,y) 

p lane .

d. Po in ts  lying on the  s a m e  s tra igh t line in the  (x.y) p lan e  c o r r e s p o n d  to 

c u rv e s  th ro u g h  a com m on  point in the  (R.T) p lane.

e. Po in ts  lying on the  s a m e  cu rve  in th e  (R,T) p lane  c o r re s p o n d  to lines 

th ro u g h  th e  s a m e  points  in the  (x.y) p lane.
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