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Abstract
DETECTION OF EDGE POINTS USING ENTROPY

by
HENRY HENRICK JEANTY

Adviser: Professor Joseph Barba

The problem of detecting edges in digital images is an important one in all
areas of image processing. In our particular area of interest, namely digital
images of microscopic biological specimens, quantitative information such as
area and shape is crucial to the analysis and classification of objects. The
location of edges can provide this information while minimizing the amount of
data to process. An extensive body of literature is concerned with this

problem, and part of this dissertation is a survey of this literature.

Edge detection does not seem to have a general solution. Different types
of images demand different approaches to solving the probiem. Therefore,
we describe the specific types of images we deal with along with the problems
and constraints associated with them. We perform an analysis of the entropy
operator in the cases of noise-free and noise corrupted step and ramp edges.
Finally. the methods used in implementing the operator are described as well

as final resuits.
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CHAPTER |

. INTRODUCTION

One of the major goals of artificial intelligence is the understanding of
visual scenes. But the amount of information from a single image, be it a
natural scene or television frame, is often so large that attempting to analyze
an entire raw image can be an exercise in futility. An approach which meets
with much greater success is one which attempts to simplify and extract the
most important features from images. What is important in an image depends
on the application, but there seems to be a group of features that can
represent a major part of the information contained in images while
comprising only a small part of the total number of picture elements (pixels).
These features are called edges. A fact supporting the importance of edges is
that in most natural scenes, distinct objects have boundaries separating them
from each other and from the background. These boundaries correlate highly
with edges. Edges are therefore a natural way to identify the different objects
forming a scene. Another piece of evidence supporting the importance of
edges is that anatomical structures which respond to abrupt changes in
intensity and color both in space and time have been found [32]. Experiments
show that absolute colors and intensities are not readily perceived, but rather
that abrupt changes are. Another motivation for the use of edges is the
relative sparsity of edge points in images. An object can be described by

many less points if only its contour points are kept. Despite the loss of certain



types of information (texture, gray level, etc.) much useful information such as
area or perimeter, is preserved in the contour of an object. This potentially
vast reduction in data is a convincing argument, especially for the
implementation of fast recognition and classification algorithms. This
reduction in the amount of data is due to the way in which edges are defined.
Edges convey information not about a single point, but about the
neighborhood of a point. Thus a true edge point should replace a number of

points located in a certain neighborhood.

Despite our daily encounters with edges, there really is no clear and
unambiguous definition of what an edge is. An edge is one of those entities
which we recognize effortlessly and yet are at a loss to describe accurately.
The most common definition, very likely based on common sense, usually
describes edges as locations of sudden change in the intensity of a scene.
Many early attempts at edge location were based on this definition and were
for the most part unsuccessful. Only in the simplest of images did this
approach prove satisfactory. One important reason for this failure is that this
simple definition of edges did not take into consideration the fact that most
images are noisy and that edges are usually blurred. An algorithm looking for
large differences in intensity is essentially a differentiator followed possibly
by a threshold operator. But when one considers the transfer function of a
differentiator, one quickly realizes that high spatial frequency components of
a signal are amplified relative to the lower frequencies. Therefore, high

frequency noise present in the edge is enhanced. Improvements on the



difference method can be found in algorithms which rely on estimates of the
gradient. In these methods, suitably defined maxima of the gradient are
considered to locate edges. Some methods use the zero-crossings of a
second derivative operator and are simple variations on the gradient methodg.
Mathematical definitions of edges try and model edges in terms of step, ramp
or roof edges. Algorithms based on these definitions usually try and find the

best fit to some edge model and reduce the effects of noise.

Il. IMPORTANCE OF EDGE DETECTION IN PATHOLOGY

The purpose of this research is to develop methods to detect the contours
or boundaries of important structures from images of biological specimens.
These structures are usually cells and their nuclei. Once detected such
structures can be quantified and analyzed to provide objective data which

physicians can use lowards diagnostic purposes.

In the United States, Pathology consists of two branches: Clinical Pathology
(clinical chemistry, blood banking, microbiology) which is characterized by a
high level of utilization of expensive analytical instruments, and Anatomic
Pathology (surgical pathology, autopsies, cytology, immunopathology) in
which all diagnoses and determinations are usually made by visual inspection

of glass slides by pathologists.



In Surgical Pathology. the tissue diagnoses (generally accepted by
clinicians as final and irrefutable proof of the existence or absence of a
malignancy and an essential part of surgical practice) are made by a
pathologist by visual inspection on the basis of criteria derived from
experience. In most instances, this is done easily and rapidly and requires
no instrumental assistance, but in a number of cases the diagnosis is difficult,
requires additional studies and consultations and different experts may
express contradictory opinions. In such cases, computerized image analysis
could prove invaluable because discussions with experienced pathologists
reveal that in many cases the diagnosis depends on quantitlative criteria

(applied subjectively) or on definable image features.

The main benefit to be expected from the development of a good edge
detecting algorithm is increased reliability of cytologic and histologic

techniques.

In the processing of images of histology and cytology specimens, the most
fundamental and essential operation is the detection of the nuclear or
cytoplasmic boundaries or contours. This crucial observation is borne out
when pathologists are asked to describe verbally their criteria for diagnosis.
Most pathologists mention subjectively determined quantitative descriptors
such as nuclear size, cytoplasmic to nuclear size ratio, nuclear shape, texture

of nuclear chromatin and other features all of which presuppose that some



structure’s contour or boundary (nucleus, cytoplasmic membrane) has been

detected.



IIl. DIFFICULTIES INVOLVED

Two prominent problems are the extreme variability of histological
specimens and {rying to detect and separate the contours of overlapping
structures (such a two cell nuclei). We are confident that these two problems
can be dealt with, but the major problem in our view will be trying to detect
and quantify something for which there is no common and agreed upon
definition and no general model. This leads to the application of many ad hoc

and heuristic methods.

We can obtain a better understanding of some of the methods used in the
area of edge detection by turning our attention to various attempts made at

solving this problem.



IV. SURVEY OF EDGE DETECTION LITERATURE

In this section, | will present important papers in the area of edge detection.
Although this survey does not cover the entire body of literature, it is meant
to provide the reader with an overview of the different approaches used in this
challenging field. The most obvious characteristic of this survey is a
preponderance of heuristic approaches. This seems to be the norm rather
than the exception in image analysis. A very likely reason for this is that
image processing is relatively young and we don’t yet have general and well
established models of images. A model used in one area for a particular set

of images is unlikely to fit images studied in a different environment.

Given these realities of image processing life, one should not expect a
uniform, mathematically oriented approach to edge detection. Instead, one
will find that each author uses a methodology and techniques most
appropriate to his or her type of images and environmental (processor,
amount of data, etc.) constraints. But despite this lack of uniformity one
should still expect to recognize certain common mathematical methods such

as convolution which plays a major role in the filtering of images.

All these facts are also reasons why the survey doesn’t cover as many
papers as it could have. We found that many papers simply presented
variations on a main approach and do not truly lead to a better understanding

of the problem. Instead they show how researchers attempt to improve a



previous approach when presented with the new technical capabilities of their
equipment. This is quite evident in Nevatia (1] where color images are
essentially treated as a combination of monochromatic images or in Duda and
Hart [2] whose approach is a variation on Rosenfeld’s [3] method which itself
was a variation on Hough’s [4] method. Each variation in this last example
was meant to better deal with the constraints and capabilities of the day's

hardware.

Given the number of different approaches there was no truly consistent way
to classify the different methods. Therefore, an attempt has been made at
describing general, common approaches such as convolution based methods
or heuristics based methods. Papers relevant to a particular method are
referenced in the text in order to allow the reader to better follow the different
techniques. Finally, important papers are reviewed individually in order to

provide a more detailed look at some specific approach.
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V. METHODS BASED ON CONVOLUTION

One of the most common techniques used in image processing systems is
convolution. Operations such as blurring and sharpening can be performed
with this method. Convslution in the spatial domain is equivalent to
multiplication in the frequency domain and the essential purpose of
convolution is to filter an image. The basic problem in using convolution is to
find the masks necessary to perform some particular operation. Some masks
such as the Prewift, Kirsch and Sobel operations [21] are used to enhance
edges by using masks of size 3x3. Shanmugan et al. [5] describe an optimal
frequency domain filter for edge detection in digital pictures derived by
assuming a step edge model. This filter is optimal in the sense that it
maximized the filter output energy in the vicinity of edges for a given
bandwidth and resolution requirements. The approach used is amenable to
digital implementations by Fast Fourier Transform. The transfer function of
this filter is very similar to that proposed by Modestino and Fries [11] which
yields the minimum mean-squared error estimate of noisy images. Robinson
tried using 5 level masks [20] to obtain better results. Unfortunately his
arguments concerning the advantages of these masks are not convincing. It
seems that the difference between 5 level masks and 3 level masks is simply
not substantial. Shaw [54] presents an excellent comparison of some of these
masks. A disadvantage of these comparatively small masks is that they are
orientation-dependent. This means that convolutions with separate masks

must be performed to quantify the direction of an edge [5]. Marr and Hilbreth
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[26] detected intensity changes over a wide range of scales and orientations

by using the second derivative of a Gaussian as filter.

Despite the advantages of mathematical tractability and a thorough
understanding of the frequency domain effects of convolution. a major
disadvantage of using convolution is the computational expense involved in
pertforming it with anything but the smallest masks. This expense is now being
diminished with the advent of more powerful image processors capable of
performing convolutions with masks of size 3x3 in real time. Despite these
technological improvements, convolution is not the answer to all the problems
associated with edge detection. After all, given a certain mask, the frequency
effects are fixed and convolution simply performs a filtering operation. This
operation may enhance certain features of the image, but does not perform
certain other necessary functions such as actually locating edge points. This
is one of the reasons why so many methods used in edge detection are based

on heuristics. These methods will be the topic of our next section.



Vi. METHODS BASED ON HEURISTICS

Most papers in the area of edge detection describe approaches based on
heuristic methods. One example is Nevatia’'s treatment of color edge detection
{1]. Given a color image, the problem is to decide on an appropriate way to
detect edges. The simplest of three methods described by Nevatia is to
process each individual color component image independently of the others.
The other two methods detect edges in each individual color component and
then try to merge these edges by satisfying some constraint. Even in Robinson
[20] mentioned earlier in the context of convolution based methods, a number
of problems pertaining to the linking of edges and selection of thresholds had
to be solved on an ad hoc basis. Robinson’s edge activity index [20] is
another example of such solutions. Another example of heuristics is to be
found in Duda and Hart [2]. The authors try to locate lines and curves in
pictures by using the Hough transform [4]. The general approach embraced
is to parameterize the objects (lines in this instance) to be located. A white
background with black pixels is assumed in the paper. The method simply
tests whether a pixel belongs or not to a particular straight line defined by two
parameters. When a particular line passes through enough pixels, it is
assumed to exist in the image. The method is appealing in that any general
curve is theoretically detectable by this approach. Unfortunately there are
certain practical problems. This approach is useful if the number of
parameters used is small and if the parameters are bounded. Another

problem pointed out the the paper is that of detecting separate objects having



the same parameters (such as two colinear but distinct line segments). In
another approach, Montanari [40] used a dynamic programming method to
determine the optimal curve with respect to a figure of merit. Martelli [38,39]
had used a similar approach which casts the problem of detecting known
shapes in noisy image in the mold of finding the shortest path an a connected
graph. A study shows this approach to be a form of edge follower. Essentially,
properties of edges are embedded in an objective function and the algorithm

locates edges which minimize this function.

An often used feature in image analysis is the histogram of gray levels of a
picture. Many heuristic methods are based on the analysis of histograms.
One of the principal uses of histograms is in the computation of thresholds.
By thresholding an image it becomes much easier to apply many algorithms
(such as edge detectors). Weszka [42] presents an excellent survey of
thresholding techniques based on histogram analysis. These methods can
easily be classified as global, local or dynamic. Global methods use the
histogram of the entire image to select a threshold applicable to all pixels,
while local methods use the histogram of a neighborhood of a particular pixel
to compule the threshoid. Dynamic methods use information about

neighborhood and locations of a pixel to assign a threshold.

in the following section, a fuller review of many of the papers cited earlier
is conducted. Papers are introduced on a new page by the author or author’s

name, their year of publication, a reference number and their title.

————— e e



VIl. REVIEW OF REPRESENTATIVE PAPERS

Van Vliet and Young 1989 [82]

“A Nonlinear Laplace Operator as Edge Detector in Noisy Images”

This paper discusses an edge detection scheme robust enough to perform
well over a wide range of signal-to-noise ratios. The authors note the poor
performance of most edge detectors in images with low signal-to-noise ratios.
Their edge detection approach is based on the detection of zero crossings in
the output of a “Laplace” filtered image. The authors developed an edge
detection scheme based upon the Marr-Hildreth model combined with the
non-linear Laplace operator proposed by Beckers [83] in 1986. This
Laplace-like operator uses a local 3x3 nieghborhood and may perform better
than a linear Laplace filter. Furthermore, the authors extended the nonlinear

Laplacian to larger filter sizes.

The complete Marr-Hildreth model for edge detection consists of a
smoothing filter, a Laplace filter, and a zero-crossing detector in sequence.
The authors extended this model with an edge strength detector and a
threshold operator. They selected the edge strength detector proposed by Lee
[84]. This detector is based on grey scale morphological operators and its
inherent sensitivity to noise is much less than the more conventional gradient

operators. A detailed analysis of this operator will show a strong paraliel with



the nonlinear Laplace operator and includes the possibility of using circularly
shaped supports. The threshold operator was not automatic but manually
chosen. The authors explain this by the lack of algorithm robust enough for

images with low signal-to-noise ratio.

In their evaluation they find that although the zero crossing detector and the
threshold operator are essentially fixed, the smoothing filter and the Laplace
filter must be optimized as to type and size. Similarly, the size of the edge
strength filter is also related to the smoothing size. By optimizing these
variable components, the authors generated an edge detector which
performed well (using Pratt’s [84] figure of merit) even in low signal-to-noise

images.



McLean and Jernigan 1988 [86]

“Hierarchical Edge Detection”

This paper discusses the design of efficienl edge detection operators. In

order to quantify efficiency, the authors specify a set of requirements that the

operators should satisfy. They are:

The operator must be capable of working in a purely local context.

The operaters must be efficient when applied in any order: They cannot
derive efficiency by exploiting redundancies when applied in a particular

fashion.

The operators must be sesitive to the orientation as well as to the

magnitude of the edge.

The operataors, must work well in the presence of noise.

The operators must be relatively insensitive to threshold specifications.

These requirements led the authors to the concept of local effectiveness.

This in turn led them to the development of oriented 1-dimensional operators

which can be cascaded together to achieve orientation selectivity. They

adapted the Sobel operator, Gaussian smoothed Laplacian operator and two

non-linear operators to this 1-dimensional edge detectors were then integrated



into a hierarchical scheme which preprocesses the image with a simple
gradient operation before applying one of the more expensive nonlinear

operators.

In order to satisfy the third requirement (sensitivity to orientation) the
proposed edge operators performed detection by processing a single pixel
width cross section of the image, the width being oriented along one of the
four directions allowed in the eight connected grid. This scheme also satisfies

the first criterion (operator works in a purely local context).

The hierarchical edge detection (HED) uses two steps. The first step is a
coarse oriented gradient measurement, followed by the application in a
particular orientation of one of the efficient 1-dimensional edge detectors. The
first step is then an initial filter which selects only those pixels which exceed
the gradient threshold. In this way, the HED scheme becomes very efficient.
Because only highly probable edges are processed in the second step, the
time required is related to the amount of edge and noise activity in the image.
The performance of the gradient preprocessor becomes crucial and the
authors selected a simple cross operator, applied over a 5x5 region around

the evaluated pixel.

The results are encouraging for they suggest that very effective edge
detection can be performed while maintaining a highly structured and

localized approach to this aspect of image processing. Because of its



hierarchical nature, the HED schrme is very well suited for inclusion in

systems encompassing multiple levels of processing.
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Yanowitz and Bruckstein 1989 [87]

“A New Method for Image Segmentation”

In this paper the authors present a new method to segment images via an
adaptive thresholding scheme. A threshold surface is determined by
interpolating the image gray levels at points where the gradient is high. These
points of high gradients are potential edge points. This is in a sense similar
to Chow and Kaneko’'s [51] approach insofar as the latter generated an
adaptive threshold image based solely on local histograms of the picture (see
section on Weszka [42], "A survey of thresholding selection techniques”). But
in this new approach, supplementary information from the gradient image is
used to obtain a good threshold surface. Furthermore, a validation process is
used to remove stains that are due to random variations in illumination. The

algorithm can concisely be described as follows:

1. Smooth the image by replacing each pixel with the average of some

neighborhood of it. This tends to reduce noise.

2. Obtain the gray level of the smoothed image.

3. Obtain good candidates for local threshold by locating those points having

local gradient maxima.

4. Sample the smoothed image at those candidate points obtained by step 3.



5. Through some interpolation method, interpolate the samples gray levels

over the image. This generates the threshold surface.
Use the threshold surface obtained in step 5 to segment the image.

This is the validation process which eliminates spurrious edges generated
by unever iliumination and/or noise. This step is used after all objects
have been labeled. The average value of the edge values (obtained from
the gradient map derived earlier) doesn’t exceed a certain threshold, the

validation process eliminates it.

A major choice to be made here is in the kind of interpolation to be
performed. There are two general approaches. In the first approach, one
may be satisfied with an interpolation which simply approximates the given
data points with minimal approximation error (88, 89]. The advantage of
this approach is the reduced storage space required for the interpolation.
The second approach is to require that the interpolation surface pass
exactly through the given data points. This requires as much data storage
space as a whole image does. The authors selected the second approach.

They used a procedure which nulls the Laplacian of the surface P(x.y).

d’P(x.y) 4 &’P(x.y) _0
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By nullifying the Laplacian (1), they effectively generate a potential surface
for which the divergence of the gradient is everywhere insured that the surface

to be smooth enough for their purpose.
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Shanmugam, Dickey and Green, 1979 {5].

“An Optimal Frequency Domain Filter for Edge Detection in Digital Pictures”.

This work’s goal is to derive an optimal edge detection filter. One
advantage of the derived transfer function is the full control of the product of
resolution and bandwidth of the filter which can be set to any desired value.
Another advantage is that a single parameter of the filter can be adjusted in

order to trade resolution for output signal-to-noise ratio.

The optimality criterion of the derivation of this filter is the maximization of
the filter output energy in the vicinity of edges for a given bandwidth and
resolution irequirements. The derivation was performed by assuming a step
edge but is shown to be near optimum for a large class of blurred edges if the
width of the resolution interval is chosen to be larger than the width of the

blurred edge.

The transfer function of the optimal filter was found to be specified in terms
of the prolate spheroidal wave function [6,7 and 8]. Sampled values of the
first-order prolate spheroidal wave function provided the best results. Slepian
[9] showed that using a closed form asymptotic approximation of these
functions would be suitable. This approximation involves nth Hermite
polynomials and Striefer [ 10] showed that the error involved in the use of such

approximations to be quite acceptable. Both approaches are amenable to
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digital implementation through the Fast Fourier Transform although the use
of asymptotic approximations yielded the easiest digital implementations. An
interesting fact found in the search of this optimum edge detection filter is that
the transfer function of this filter is similar to that of a filter proposed by
Modestino and Fries [11] which yields the minimum mean-squared error
estimate of noisy edges. This suggests that there might possibly exist a single
filter which yields the best resolution and signal-to-noise ratio for a given

bandwidth.
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Shaw 1979 [54]

“Local and Regional Edge Detectors: Some Comparisons”

This is an excellent paper on the art of understanding and comparing the
claims made about the plethora of edge detectors. The author limits his study

to the following edge detectors:

a) Heuckel edge detection algorithm [12,13]

b) Sobel operator with least-square goodness of fit [14]
c) Mero and Vassy’s approximate Heuckel operator [15]
d) Hummel’'s optimal local template [16]

e) A new discrete Heuckel-like operator which he describes in the paper.

The author does qualify his approach by noting that certain types of edge
detectors such as b), c) and d) are purely local while others like a) and e) are
intended to work only in overlapping regions. These different types of
detectors could not directly be compared. A way out of this impass was to test
each operator against itself as various types of distortion were applied to the
test image. The resulting degradation in edge response was then used as a

measure of stability and discriminatory power of the edge detectors.

Edge detectors are classified as being of two general types: Local and

Regional. The local edge detectors are characterized as being differentiators



of some type or another which measure the “edginess” of a pixel while
regional edge detectors are expected to give good responses in regions which
can be described as being divided into two regions of fairly constant gray
levels. A mention is made of directional local edge detectors which tend to

measure gradient values at a pixel.

The author used sets of synthetic images of perfect polygons and a “real”
image of a girl's face. The synthetic images gave a measure of the
performance of the different edge detectors to long straight lines while the
“real” image gave a measure of the responses to textured and curved edges.
Another part of the comparison was to use the detectors on perfect versions
of the test images and on distorted versions of these images. The distortions
introduced where wide-spectrum (approximately Poisson), uncorrelated noise,
edge blurring and imposition of an overall linear ramp on the entire image.
These types of distortions are all fairly common and interfere with the

detection of edges.

The conclusion was that all operators were capable of locating edges in
their domain. The Sobel operator performed uniformly better than the other
local operators. The two regional operators had similar performances, but the
regional operators might be given an edge (no pun intended) over local
operators because they tend to provide their output in a more compact form
than the local operators. This is a consequence of the fact that regional

operators can be thought of processing their output and provide some
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goodness-of-fit value. The computations needed to obtain this same
information would probably be more expensive than the application of a local

edge detector.



Nevatia 1977, [1]

“A Color Edge Detector and its Use in Scene Segmentation”

Nevatia investigates the problem of edge detection in color images. Three

approaches to color edge detections are described.

The first approach is to define a metric in color space and then define edges
as discontinuities in this space. The author suggests that the definition of such
a metric could be based on experiments with humans [18]. This approach
reduces the color edge detection problem to an edge detection in one
dimension and the results should not be too different from that of edges found

in equivalent achromatic images.

The second approach is the independent detection of edges in each of the
three color components followed by the merging of these edges into a single

edge by some specified procedure.

The third approach which is the one developed by the author consists as in
the second one in independently locating edges in the different color
components of the image, but to impose some uniformity constraints in order
to use the three edges concurrently. It is this constraint which directly affects
the computation of the three components and makes this approach different

from the second one.



The achromatic edge detector used by the author was the Hueckel operator
followed by an edge linker described in detail in [19] Many of the features of
the edge detected derive from the properties of the Hueckel operator and the
edge linking algorithm used. No conclusive evidence to the superiority of
color edge detection over monochromatic edge detection is presented. It was
found that edges detected in the chromatic components were often embedded
in the luminance component although they might be more difficult to extract
from the latter. One suggestion was that color edges might make a system
more robust and that using the co-occurrence of edges in the luminance and
chromatic components would decrease the number of spurious edges. An
obvious generalization of the scheme to multispectral images such as
LANDSAT images which use four spectral bands or aerial photographs which

can use up to 12 spectral bands is mentioned.
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Robinson 1977 [20).

“Edge Detection by Compass Gradient Masks”

It is assumed that the reader is familiar with operators such as the Prewitt

and Sobel operations [21].

An edge detection system to detect and code visually significant edges in
natural images is developed in this paper. The author quickly mentions
three-level simple masks such as the Prewitt, Kirsch and Sobel operators.
These operators are called three-level masks because they use only 3 distinct
integers. The following two orthogonal masks are introduced along with 6

other five-level simple masks:

1 2 1 1 0 -1
Mx={0 0 0 My= |2 0 -2
-2 A 10 -1

These masks approximate the partial derivatives in the x and y directions.

Some of their advantages are:

a. The direction of an edge is easily found from the output of the first four

masks described by the author in his paper.

b. Five-level simple directional masks compensate for the lower visual
acuity in the diagonal direction by yielding a higher output for diagonal

edges.
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A gradient picture is obtained by finding the maximum gradient
magnitude at each pixel. The direction of the edge is given by the mask
which generated the largest output. In order to be consistent with the
Freeman [22] chain coding scheme and allow for subsequent coding of
extracted boundaries, the numbers from 0 to 7 are used to describe the
eight directions in a 3x3 grid. Once the edge map has been computed, a
rule is used to connect edges. two edges are connected if the direction at
the center of a 3x3 grid is k (k=0,....7) and if the direction of the preceding
and succeeding edge vectors are k-1, k or k+1 (mod 8). The gradient
value, edge direction map and threshold map are used simultaneously to
determine whether an edge is present or not. The author found that a fixed
threshold gave the best results but that in the case of faint edges,
significant edges were lost. It was also found that when the threshold was
set too low, too many edges were found. The author’s solution was the
edge activity index (EAIl) defined as the ratio of the maximum gradient
maghnitude at a pixel to the average magnitude of the gradients in eight
compass directions. The EAIl is set to 0 when the eight directional
gradients are equal. One method used to find this threshold used the
histogram of the gradient image. The mean value of this histogram was
one choice for the threshold. Another method made use of a locally
adaptive threshold (LAT). This threshold was defined as the ratio of the
maximum gradient magnitude to the output of a low-pass filtered (blurred)

version of the original image. The mask used for the low-pass filter was
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The rationale behind the EAIl is based on the premise that in regions
where there is no preferred orientation, the EAl will be 0, whereas in
regions where the edge activity is considerably superior in some direction,
the maximum gradient will be taken. Unfortunately, no convincing
argument is made for the use of five-level rather than three-level simple
masks. The author even notes that if a fixed threshold is used, the Kirsch
and five-level simple mask give similar binary edge maps. The use of local
connectivity of these edge maps improves the performance of all the

directional masks operators.
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Duda and Hart 1972 (2]

“Use of the Hough Transformation to Detect Lines and Curves in Pictures”.

The author addresses the recurring problem of finding straight lines in
digitized images. The algorithm described here finds its roots in a method
due to Hough [4] to locate colinear points. This original method was
described by Rosenfeld [3] who replaced the initial problem of finding
colinear points by the mathematically equivalent one of finding concurrent
lines in a parameter space. Hough parameter space was the familiar
slope-intercept parameters. One of the disadvantages of the resulting
two-dimensional slope-intercept space is that it is unbounded and this
complicates the application of the procedure. The authors thus present an
alternative parameterization which eliminates the problem of unbounded
parameter space. The new parameterization is the so-called Normal
parameterization which specifies a line in terms of the angle (Theta) of its
normal and its algebraic distance (Rho) from the origin. By restricting the
angle to the range [0-Pi], lines are represented by a unique set of
parameters and a line is represented by a unique point in Theta-Rho space.
The problem of detecting colinear points in picture space becomes that of
finding concurrent curves. The implementation of the algorithm uses a two
dimensional array of accumulators to count the number of curves passing
through a particular point in the picture. The accumulators are actually
counting the number of points (x,y) which belong to a line with normal

parameters Rho and Theta. A given column in the Theta-Rho accumulator
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array is just a histogram of these counts. A consequence of this fact is that
accumulators with high counts correspond to sets of nearly colinear points
in the picture. One of the limitations of this approach is that it is sensitive
to the quantization of both Theta and Rho. Increasing the resolution
provides better results but increases computation time. Another problem
is that this method locates sets of colinear points without regard for
continuity. Two colinear but separate lines would be grouped as a single
line by this method. One of the interesting by-product of this approach is
that it points to the fact that any parameterization could be used. These
alternative parameterizations could then be used to locate circular
configurations of points in an image for instance. The conclusion is that
any type of curve can be located with the proper parameterization.
Parameterizations with bounded parameters would be preferable because
the implementation of the accumulator array requires quantization of the
entire parameter space and the computation grows exponentially with the

number of parameters.
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Marr and Hildreth 1979 [26].

“Theory of Edge Detection”

An approach using analytic and symbolic methods is described in this
paper. Unlike most approaches which use local neighborhood operators,
this method makes use of significantly larger convolution masks and
provides as output a set of connected edge contours. This obviates the
needs for further thinning and linking procedures. The intensity changes
of an image are described using a primitive language of edge segments,
blobs and terminations. This description was called the raw primal sketch.
More abstract tokens were then constructed by making explicit certain
geometrical relationships present in the raw primal sketch. This secondary

representation was called the full primal sketch of an image.

The main analytical problem for the authors was the representation of
intensity changes and localization of edges. In order to reduce the effects
of noise and minimize the complexity of computations, a nondirectional
Laplacian operator was convolved with an image and the zero-crossings
of the output were used as localizers of edges. Since the Laplacian is
roughly bandpass, only a portion of the spectrum of the image is analyzed.
The operation was performed at different scales in order to locate edges
appearing at different scales. The authors suspected that this
representation might possibly be complete based on a theorem by Logan

[27]. This would imply that the zero-crossing representation would provide
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enough information to recover arbitrary intensity profiles. A point
overlooked by the authors is that the theorem is only valid for one
dimension while their signals are two dimensional. Buxton [28] has shown
mathematically that the Marr-Hilldreth operator is the optimal operator for
detecting ideal step edges in terms of zero-crossings. But this is in an
ideal case. As soon as the transfer function is bandlimited by truncation
it is no longer optimal. Slepian and Pollack [29], Landau and Pollack
[30,31] and Shanmugam et al. [5] show that the optimal transfer function
which is zero outside of a given interval is expressed in terms of a prolate
spheroidal wave function. A drawback of this operator is the high density
of zero-crossings obtained when it is applied to very noisy images. Canny
[33] has shown that by maximizing the output of an appropriate operator
a better performance can be obtained. Marr and Hildreth also cover some
of the discoveries about human early visual processing mechanisms which
helped to motivate their approach. An interesting note was about one
practical reason why edge detecting methods have been for the most part
unsuccessful. They surmise that it is a consequence of the use of only 10
to 30 pixel neighborhoods in current image processing algorithms in
contrast to the smallest of Wilson’s [34] four psychophysical channels
which have receptive fields that cover about 500 foveal cones. Rosenfeld
and Kak [35] had discussed the rather ineffective use of the Laplacian. The
reason for this being that the Laplacian is not very effective unless one
uses it in a band limited situation and then uses its zero-crossings. These

ideas did not appear in the previous literature. The field of computer vision
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had to wait for the human stereo vision theory of Marr & Poggio [36] for
the idea of using narrow bandpass differential operators. this theory was

also the first to primarily rely on zero-crossings.

The second part of the authors’ method deals with the parsing of the

zero-crossings information obtained. Three types of constructs are made:

a. Isolaled edges
b. Bars

c. Blobs and terminations

Isolated edges are obtained by a selection criterion according to which
the edge is obtained from the smallest channel to which the intensity
change is indistinguishable from a step function. Information about edge
amplitude and width are then obtained from the zero-crossings provided

by that channel.

In certain cases edges run parallel and form bars. In these cases
muitiple channels are involved, but channels which involve wavelengths
larger than about 2w, where w is the width of the bar, cannot be relied upon
to provide accurate information about edge length, width, position or
contrast. In these cases the information from the smaller channels is used
to generate a symbolic line segment with parameters more reliable than

those associated with each individual segment.



Finally, parallel segments sometimes merge or are joined by a third
segment or form closed curves. These structures are reflected by
anomalous effects in the larger channels and are best dealt with early.
Marr [37] called the closed contours BLOBS and characterized them by
length, width, orientation and average contrast while terminations were

associated with positions and orientations.

6
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Martelli 1972 [38], 1973 [39]

“"Edge Detection Using Heuristic Search Methods”

Unlike most edge detection methods based on Laplacian or gradients,
the edge detector presented by Martelli is based on a “shortest path”
perspective. By embedding the properties of a curve in a figure of merit,
Montanari [40] had proposed a method for detecting curves in noisy
images. A dynamic programming approach was then used to determine
the optimal curve with respect to the given figure of merit. Martelli had
himself used this approach in [38,39] to detect edges. The author recasts
the problem of finding the shortest path on a connected graph. One of the
advantages claimed by the author is that known shapes can be so detected
in very noisy images. A characteristic of this method is the increase of
computation time with noise !evel. By using the A* algorithm described in
the paper, the author claims that substantial reduction in computation time
can be obtained. The A" algorithm can be seen to be an edge follower as
it starts with the first element of the edge and finds the next most promising
edge at every step. The problem is cast in the proper mold by embedding
the properties of an edge or contour in an objective function. The problem
of extracting these edges and contours from noisy images is then the
minimization of this function. A cost is assigned to every possible edge.
This cost takes into account local properties such as gray levels and
curvature. The total cost would presumably contain global information.

The minimization of this total cost is approached as a graph search. One
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of the possible drawbacks of this method is that characteristics of the goal
nodes along with the rules for expanding a node and for computing costs
must be embedded in the algorithm and have to be changed for different
types of edges or contours sought. When this type of heuristics is
introduced in the algorithm search speed is increased, complex shapes
can be searched for without significantly affecting the complexity of the

search, but the solution is no longer optimal.
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Weszka 1978 [42]

“A Survey of Thresholding Selection Techniques”

This is an excellent survey of thresholding techniques based on
histogram analysis. Different methods used to compute appropriate
thresholds are described. The stated goal of all these methods is to
segment an image into regions which can later be analyzed on the basis
of properties such as area, perimeter, shape, etc. Another reason for the
thresholding process is the reduced storage requirements for the
thresholded image as compared to the original one. The author classifies

the different schemes as global, local or dynamic thresholding methods.

Global methods which select a threshold based on an analysis of the
histogram of the entire image are represented by such methods as the
“p-tile” method of Doyle [43] in which a threshold is computed in such a
way as to map at least q% of the gray levels into the object. This can work
only if the area of the object to be found is known and does not vary from

”

image to image. Another global method is the “mode” method of Prewitt
and Mendelsohn [41] in which the thresholds are placed at the minima
between the peaks of a smoothed histogram. The rationale behind this
method being that edges would have far less gray levels than the interior
of either an object or the background and should therefore be represented

by the valleys between the modes of the histrogram. Some global

historgram selection techniques are based on statistics of local properties.
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Some often used properties are obtained by applying a “"LaPlacian” or
gradient operator to the image in order to improve the shape of the
histogram and make it easier to identify the gray levels associated with
edges. The general goal of these operators is to generate a bimodal
histogram in which the mean is selected as a threshold. If the histogram
of the filtered image is unimodal, the mode can be selected as a threshold
should give similar results to those obtained by using the mean in the

bimodal case (Weszka and Rosenfeld [45]).

Local methods to compute thresholds depend on both the gray level of
a point and some properties of the neighborhovod of the point. Some of
these methods rely on linear threshold operators (Bariz [46]) where a
threshold is computed based on the average contrast over previously
analyzed sections of the image. Similarly generated thresholds can be
applied locally or to large regions. Ullman [47] described another
technique to compute thresholds based on the gray levels of the
neighborhood of a point. In this scheme certain points of a 5x5
neighborhood of a point along with two rules are used to select a
threshold. The whitest gray level decides which rule will be selected.
Morrin [48] used two-dimensional plots of gray level versus gradient value
to select thresholds. Panda [49] used a scheme where the threshold
applied to a point depended on the gray level as well as the edge value of
the point. Trimodal distributions obtained from the plots of frequency as a

function of gray level and edge value gave rise to several segmentation
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procedures. One such method applied by Katz [50] uses the mean gray
level of those points having high edge values as a threshold. Another
scheme searched for valleys in the gray level histogram of points having
low edge values. The best schemes were those which used a combination

of the valley search and mean gray level methods.

Dynamic threshold seleclion techniques are those in which threshold
values depend on the gray level, some properties of the neighborhood of
a point and on the location of the point in the image. Such a method was
used by Chow and Kaneko [51] to detect boundaries in radiographic
images. Images were subdivided into overlapping windows of size 7x7 for
which the histogram was computed along with the variance of the gray
level. The histograms were modelled as one or two normal distributions
depending on whether the histogram was unimodal or bimodal. Minimum
error thresholds were selected for those windows whose mixture
distributions satisfied a bimodality test. This is because these windows
contained both background and objects and should therefore be close to
the boundaries of objects. Once the thresholds had been computed for
each window a linear interpolation scheme was used to select the
threshold to be applied to each pixel of the windows. Interpolation was
also used to find thresholds in windows which had bimodal distributions.
This made the scheme truly dynamic since a pixel's threshold depended

on its gray level, local statistics and its proximity to boundary points.
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Viil. TYPICAL IMAGING TOOLS USED IN EDGE DETECTION

1) Image Preprocessing

Noise is probably the most common problem encountered in image
processing. One of the first tasks to be performed before processing can even
start is to “clean up” the image. This usually involves smoothing and noise

reduction.

Although there are different types of “noise”, there are some characteristic
types of noise associated with pictures. Electronic sensors generate
uncorrelated, additive noise aiso known as “snow”. Unlike the small changes
in pixel values observed in natural scenes, this type of noise can generate
large changes in neighboring pixels. A method by Nathan [78] detects these
large variations and replaces the affected points by a local average.
Numerous nonlinear methods can be used, but an improvement of the order
square root of (N) in signal to noise (S/N) ratio can be expected with simple
averaging using N neighbors if the noise process is independent and
identically distributed. Another nonlinear method is median filtering [79]
which reduces noise without much image degradation. This method replaces

the center pixel of a given region with the median of the values in the region.

Sometimes, the noise pattern is not random, but structured. One common

example is the line pattern of TV scan lines superimposed on an image [80]
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In such cases, the spectrum of structured patterns can be analyzed and the

offending frequencies can be removed by frequency domain filtering methods.

2) Region Growing

Region growing is another useful technique. It consists in starting with a
point within a region and then “growing” the region by grouping all
neighboring points with similar properties. A good example of this method
can be found in [57]. The basis of region growing is to somehow quantify the
similarity of two pixels with respect to some criterion. We once again feel that

the entropic image may provide a simple way to quantify this similarity value.

3) Template Matching

In [52] we describe an edge detector for binary images based on the
recognition of edges in patterns of size 3x3. This is simple template matching.
We intend to use this method after thresholding. Thresholding results in a
binary (2 level) image. Therefore there are 2A9 (512) patterns possible for any
region of size 3x3. This number is manageable enough for a computer to store
in memory all of the patterns representing edges. A disadvantage of this
method is that 3x3 is the largest practical size for the templates. A template
of size 4x4 would create 2,16 (65536) possible patterns. Yet this method is very
flexible in that by storing different tables with different entries, different types
of edge patterns can be detected. One table can be generated to detect fine

lines while another might detect coarse edges and ignore isolated points. This




type of operation is called a Hit or Miss Transform (HMT) in Morphometry, a

subject we will discuss later.

4) Correlation Methods

Certain types of patterns occur fairly often in medical images. This is due
to the fact that although variability is common there are nonetheless recurring
cell types with distinctive shapes or coloration. Cross-correlation between a
region to classify and a number of models of master templates can help in
determining the class of which a region should be assigned [8182]. This
scheme might allow a region growing algorithm to detect when a particular
region’s boundary has been reached. This would occur when the
cross-correlation between the region under test and some master template
falls off below a certain threshold. This information would in turn localize the

general position of a gray-level, color or textural edge.

5) Convolution Methods

Convolution is one of the basic operations used in image processing to
filter, smooth or sharpen images. One of the advantages of convolution is that,
together with Fourier analysis, we can view an image either in the spatial or
frequency domain. Also, despite the computational complexity involved in
using it with large masks, we now have hardware capable of performing
convolution with reasonably sized masks in real or near real-time.

Unfortunately. convoiution by itself cannot detect a cell or a nucleus. It can
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however pave the way for other algorithms such as an edge follower by
enhancing edges. We can also use convolution to remove some of the

structured type of noise mentioned earlier.

6) Morphological Methods

Some of the techniques we have used [52] are based on a field called
mathematical morphology. Since most of the work in that area is not well
known to engineers, let us first give a brief introduction of mathematical

morphology.

Morphology theory was developed out of work in the field of celiular
automata and is a synthesis of many mathematical systems, including integral
geometry, statistics and topology. G. Matheron and J. Serra developed the
first theoretical notions of morphology in the 1960s [23,24]. Very notably,
Matheron used morphology to investigate the relationship between the
geometry of porous media and their relative permeabilities. A texture
analyzer [25] based on the principles of mathematical morphology was
developed by Serra and J. Klein. Although morphology theory was first
applied only to binary images, much effort is now being applied to extending

the theory to gray level images.

In mathematical morphology, the values of pixels are changed as a function
of their neighboring pixel values. This is somewhat analogous to convolution,

but while convolution uses additions and mulliplications, morphology uses
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point transformations such as union, intersection and geometric
transformations such as translation and reflection. Morphology also uses
measurements related to transformations such as the number of changed and
unchanged pixels between applications of transformations. The Hit or Miss
Transform mentioned earlier is one of the fundamental operations performed
in morphology. In this operation, a binary template is scanned over an image
in a manner similar to that performed in convolution and matches are
registered by setting the center pixel of the pattern. Other operations such as
dilations and erosions are generated from HMT’s. Dilation expands objects
while erosion shrinks objects. Many similarities between these operations
make their hardware implementation straightforward and image processing

companies are now starting to include these operators in their machines.

However, despite being very useful, morphology requires quite a bit of
preprocessing (filtering, smoothing, thresholding) before it can be used and
must therefore be treated as an additional and complementary too! in image

processing.
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IX. BASIC APPROACH

Our main focus is the detection of cells in histological and cytological
specimens. In our particular case the nucleus of cells is the most important
regions to study since the size, shape and texture of chromatin contained in
the nucleus provide much information about the status of a cell. The problems
of edge detection and segmentation are actually the same since we are simply
trying to locate two regions which are somehow different. Whether we locate

the region itself or the boundary of the region is equivalent.

The basic concept we use to determine the location of edges and of regions

of interest is that of entropy. Entropy is defined as:

H=-Z[P(G)LogP(G)] G =10,12,..255 (2)
and can be interpreted as a measure of the lack of knowledge we have about
an event. The higher the entropy, the less we know about an event. The
premise is that regions about which we know very little are considered
interesting. On the other hand, regions about which we know much add little
information about the image and present little interest. |f we take the
histogram of gray leveis of a region of an image, we can compute the entropy
associated with the distribution of gray levels as:

H = - Z[P(i)log P(i)] i=0.1,...,255 (3)

where P(i) is the probability of occurrence of gray level i.
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Regions of fairly constant gray level have low entropies while regions with
more uniform distributions have high entropies. This simple observation
points to the application of entropy to threshold histograms [44]. But the use
of entropy is not limited to analyzing only the gray levels of an image. It is
quite possible to compute the entropy associated with other characteristics of
an image, such as co-occurrence matrices or textural descriptors. An image
could be segmented in terms of interesting and uninteresting regions, where
the level of interest would be defined not simply in terms of the distribution of
gray levels, but also in terms of the distribution of other parameters. This
leads to the idea of a generalized edge described as a transition between two
regions with different values of interest. A new image which we shall call an
entropic image can be obtained from a gray level image. This entropic image
can be generated by computing the entropy (with respect to some parameter)
of regions of the image. The entropic image provides a simple way to
represent the values of interest of different regions of a gray level image WITH
RESPECT TO DIFFERENT PARAMETERS. In some instances, information of
interest might be localized in the absorption image (an image representing the
amount of light absorbed by the specimen). Computing the entropic image
with respect to the absorption level in a particular color or combination of
colors (i.e. hue, saturation. luminance, etc.) will allow for the detection of
interesting regions in those particular features. From this point on, the term
entropic image will refer to an image computed by replacing entire regions
with the value of the entropy computed by replacing entire regions with the

value of the entropy, computed with respect to some feature in a neighborhood
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of those regions. Those regions could be as small as an individual pixel, in
which case the regions used for the computation of entropy would be

neighborhoods of these pixels.

By using this approach [52], we have obtained some encouraging results.
One of the advantages of the entropic image was that fairly large regions
(12x12 to 16x16 pixels) can be described in terms of their entropy (a single
number) and the original image of 512x512 pixels was transformed into an
entropic image of size about 32x32 entropy values. These entropy values were
enough to quickly locate areas of interest in the image. Another advantage of
entropy is that its value is obtained from a histogram. The histogram of gray
level values is one of the most common features available on current image
processors. Some processors can compute histograms of specified regions in

real time.

The entropic image is not the final solution to the problem and must itself
be processed. But unlike typical gray level images whose values can change
erratically, entropic images should have slowly varying values and should be
easier to process. This is a consequence of the fact that the histogram of an
image doesn’t change much as one moves from one pixel to a neighboring

one.



Chapter (I: Analysis of Entropy Operator

i. Image Characteristics and Acquisition

Before we proceed it will be informative to quickly describe some of the
more important characteristics, problems, constraints and a priori information
associated with the processing of these particular images.

a) IMAGE ACQUISITION

The images we processed are monochrome images obtained by digitizing
an analog signal. This signal is from a black and white camera with 57 db
signal to noise (S/N) ratio. The digitization is done on a grid of 512x512 picture
elements (Pixels). The value of each pixel ranges from 0 (darkest) to 255
(brightest) and requires 8 bits (8 bits =1 byte). The images we will analyze are
images of biomedical slides (Histology and Cytology specimens) mounted on
a microscope. The magnification is anywhere from 10X to 100X. These images
generally offer good contrast but also tend to be defocussed in certain areas.
Also very common are artifacts (dust, smearing..) due to specimen

preparation.

50
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b) CONSTRAINTS

A major constraint is processing time. If we are to detect the edges of
nuclei or cells on a slide, we must do it in amounts of time similar to that used
by physicians to warrant the use of such a system. But given that more
powerful image processing equipment appears yearly, we did not concern

ourselves with meeting stringent time requirements.

c) A PRIORI INFORMATION

The prominent feature of the type of images we deal with is that we most
often look for cells and/or nuclei. Given the structure of cells and nuclei we
can surmise that we will mostly be trying to locate objects with fairly regular
(although not always) and closed contours. The approximate size of these

structures is also be known as a function of magnification, tissue type, etc.

d) Typical cytological images and the problems they present.

Very typical examples of the type of images we have to process can be seen
in Figures 47a, 48a and 49a. These images are contrast enhanced versions of
the originals. The enhancement operation simply consisted of linearly
stretching the range of gray levels of pixels so that it went from 0 (totally dark)

to 250 (very bright).
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Fig. 47a shows one of the better images we have to deal with. The contrast is
g uite good as the three sections we are interested in (background, cytoplasm
and nucleus) form three fairly distinct regions. Yet one can notice a number
of artifacts in the picture. These artifacts can be broadly classified in two

categories:

a. Artifacts due to specimen preparation. Typically they are represented

by smears, streaks and blobs seen in the image.

b. Artifacts due to the inherent texture of the specimen being studied.
Most often, with cytological specimens, we have to deal with the texture
of the chromatin in the nucleus (Figs. 49a, 47a and 48a represent
increasing levels of such artifacts). But very often a substantial amount
of texture is present in the cytoplasmic area (Fig. 48a is a good

illustration of that problem).

Another problem with such images is the sometimes poor contrast

between background and object (Fig. 49a).

This list of characteristics is short, yet it is very representative of the
problems we have to solve. As such these characteristics more or less
dictate the path we must follow in order to solve the problems associated
with them. This is an important fact for it implies that the solution we find
for our particular type of image may not be appropriate for others. The

converse is also true. Solutions that have been found salisfactory for other
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images simply are not well suited to our images. We will show this in the
next chapter as we provide the results of the two most common and
available edge detection methods when applied to our images. In fact it has
been our experience that each image type represents a specific problem
and that there simply may not be a simple, general edge detection

algorithm.

Images of faces have different characteristics from LANDSAT images or
from X-ray images or from CATSCAN images. As such the type of
preprocessing used in each area and the choice of edge detector
subsequently used would be different. In fact, the types of edges found in
these images bhave different characteristics and warrant different

approaches.

We therefore warn readers who expect to read about a general
approach that they may be disappointed. Our intent is not to propose a
general solution to the problem of edge detection, but rather to add
another tool to be used by members of the image processing community.

Perhaps others can use this tool as is or in conjunction with other methods.
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Il. Performance of the Most Common Edge Detectors on Cytological

Images

The problems mentioned above are few in numbers, but are difficult to
deal with in general and make the application of usual edge detecting

algorithms very dissapointing.

Figs. 56a.b,c represent the results of applying a Laplacian operator to
the images shown in Figs. 47a, 48a and 49a which are contrast enhanced.
The results are totally disappointing. Yet the Laplacian is one of the better
and most commonly used edge detectors because of its rotational
invariance. The most obvious problems are the spurious edges associated
with practically every artifact and the total lack of visible continuous edge.
One can barely make out some of the parts of the cytoplasmic membrane
in the case of Fig. 56a. In the case of Fig. 56c the entire nucleus stands out
and could be made out as a consequence of the high contrast between the
nucleus and the cytoplasm, but only the lower right (South-East) boundary
of the cell can be guessed at due to the relatively high contrast of that

region in the original image (Fig. 49a).

The Laplacian is only one of the many differential operators that can be
used to detect edges. We also investigated the results obtained when using
a gradient edge detector. The masks we used were the directional Sobel

edge operators. Figs. 58a,b,c,d,e and f are the results obtained when
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applying Sobel edge operators on the image of Fig. 47a. The Sobel
operators used where detectors for edges in the following directions: North
(Fig. 58a) North-West (Fig.58b), West (Fig.58¢), South-West (Fig.58d), South
(Fig. 58e) and South-East (Fig. 58f). There is an improvement on fig 56a but
still quite unsatisfactory. There are still numerous spurious edges
associated with our artifacts. Another problem with the use of directional
masks such as the Sobel edge detectors is that masks attuned to different
directions (up to 8) must be applied separately and their results combined
to obtain an intermediary edge image. This edge image must then be
further processed to generate the edge map which represents the final
selection of pixels considered to be on an edge. The typical approach is to
threshold the intermediary edge image. The problem is that threshold
selection techniques are far more an art than a science and are very much

ad hoc procedures.

In all fairness though. one must say that no operator will perform well
on such raw images as Fig. 47a, 48a and 49a. They need to be
preprocessed before edge detectors can hope to perform usefully on them.
For instance, Marr and Hildreth [26] determined edges by first smoothing
the image with a Gaussian filter and then taking the Laplacian of the
resulting image. Modestino and Fries suggested the use of Wiener filtering
for detecting edges in noisy pictures [17]. Shanmugan et al. [5] used an
optimal two-dimensional operator approximated by the Laplacian of a

Gaussian.
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All these approaches are testimony to the fact that the theory is still

being developed and that the approaches are rather ad hoc.

Despite this, we agree that the images must be preprocessed and by
this we mean smoothed, in order to remove the kinds of artifacts that
plague our images. We have seen that in the type of images we deal with
(cytological specimen). the major problem are artifacts such as the ones

seen in nuclear and cytoplasmic areas of the cell depicted in Fig. 48a.

The problem is now to find the smoothing method best suited for our
kind of images. One method is simple neighborhood averaging in which
the gray level of each pixel of an image is replaced by the average gray
level in the neighborhood of our target pixel. Due to its ease of
implementation, a 3x3 neighborhood is often used. Unfortunately, this is
not enough in our case as many of the artifacts are larger in size than 3x3.
The solution might be to use a !arger averaging neighborhood, but the
blurring effect is strongly proportional to the size of the neighborhood
used. The kind of neighborhood size that would smooth out our artifacts
would also blur the edges we want to locate. The blurring effect can be
reduced by using a thresholding method by which only regions with small
variations are blurred. This is again unsatisfactory in our case since we
often have edges located in regions of small contrast (Fig. 49a). Also, the
introduction of an ad hoc step (what threshold should be chosen ?) should

be avoided if possiblie.
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Another possibility is to use lowpass filtering. Unfortunately, lowpass
filters can have sharp transitions at their cut-off frequency and may not
pass enough of the high frequencies forming many edges. In fact lowpass
filtering will remove spurious effects but very often at the expense of
reducing the sharpness of edges we would like to keep. As such lowpass

filtering is more of a cosmetic process.

Using a Gaussian filter as Marr and Hildreth [26] propose means
approximating a Gaussian filter by some mask and convolving the image
with it. This is a time consumming operation for all but the smallest of

masks, generally 3x3, which then are poor approximations.

What we need is a smoothing operator that is simple to implement, fast
and will not blur the edges we are interested in. A very good candidate is
median filtering in which we replace the gray level of each pixel by the
median of the gray levels of some neighborhood of that pixel. This filter is
extremely good when edge sharpness is to be preserved. Being very
non-linear, the analysis of median filters is difficult at best, but one can see
that the principal property of median filtering is to force pixels which that
have values quite different from their neighbors to have values closer to
that of their neighbors. By changing the size of the neighborhoods used,
one can control (although by trial and error) the size of artifacts that are
smoothed out. Figures 47a,b, 48a,b and 49a,b represent original, contrast

enhanced images (Figs. 47a, 48a and 49a) along with their median filtered
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versions (Figs. 47b, 48b and 49b). The size of the neighborhood used was
15x15. One can notice how the artifacts were smoothed out, particularly in
the case of Fig. 48b, as well as how the contrast between the different

regions (background, cytoplasm and nucleus) was improved.

Another advantage of median filtering over other smoothing methods
that might give similar results is the ease with which it can be
implemented. With the advent of more and more sophisticated image
processing hardware, we now have image processors which can compute
the histogram of an entire image in 1/30 second, which is one frame time.
This means that the histogram can be computed in real time. Along with
this capability, some can also compute the histogram of any part of the
image in less than 1/30 second. It is a simple matter to obtain the median
of a neighborhood from its histogram. There are even now digital chips
which compute the median of a set of values given them. But the property
that the median is obtained from the histogram will prove very useful later
since our entropic operator will also use the histogram of a region as a
basis for locating edges. By sharing a common operation we kill two birds

with one stone.

Now that we have found a good smoothing operator which blurs out the
unwanted artifacts while preserving the sharpness of our edges one could
legitimately ask why not now use a typical edge detector, such as a

Laplacian or a gradient edge detector. The answer is threefold:
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a. The results simply are not satisfactory in our case.

b. The operator we propose can be computed more efficiently (faster)

c. We believe the results to be superior, especially in the presence of

noise

As examples of the performance of typical other edge detectors, we
applied a Laplacian operator to the median filtered images shown in Figs.
47b, 48b and 49b. The results are shown in Figs. 55a,b, and c respectively.
Possibly the best results are shown shown in Fig. 55a. This should not be
surprising since Fig. 47b was about the best of the three original images.
Yet we notice that the edges are not uniformly detected. Diagonal edges
seem to be brighter. This is one of the features of the Laplacian. Although
the Laplacian has the advantage of detecting edges in all directions, it has
a bias in favor of diagonal edges. One will also note the many contours in
the resulting images. This is most evident in Fig. 55c. These contours are
the boundaries between regions which have constant gray levels. These
regions are a consequence of our previous median filtering. In regions of
the original image where the gray levels were fairly constant, the median
was also fairly constant, resulting in output areas with fairly constant gray
level values. One could possibly eliminate those contours in Fig. 55a but it

would be difficult to do so in Fig. 55c.
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There is a ring of brighter contours around the location of the cytoplasmic
and nuclear membranes, but there are also contours just as bright in Fig.

55¢c.

Fig. 27b is the worse of all 3 and would be very difficult to process
despite the fact that the median picture from which it was obtained (Fig.
48b) had very good contrast and practically no artifact. At this juncture, it
seems that using a Laplacian after median filtering an image is just not the
solution. In fact, the commonly used sequence of operalions when using a
Laplacian is to first filter noisy images with a Gaussian filter and then apply
a Laplacian operator. Edges are then located at zero crossings of the
Laplacian (Marr and Hildreth [26]). The problems with this optimal use of
the Laplacian is that the Gaussian filter can shift the position of most of the
edges in real images. Another problem is that of the use of the Gaussian
fiter. Its purpose is to remove noise and it will not remove artifacts. This
is because like all difference based edge operators the Laplacian is very
sensitive to noise and needs to operate on a noise free image. In fact, since
the Laplacian is a second-derivative operator, it is unacceptably sensitive

to noise.

At this point we seem to have a contradiction. The Laplacian might
perform acceptably on a Gaussian smoothed image, but such an image is
not what we need with our type of images since we really need images

from which artifacts (which are not noise) are to be removed.
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Our earlier conclusion was that median filtering was the best in term of
performance and efficiency (speed) that we could find. Unfortunately, a

Laplacian performs poorly on median filtered images.

Another conclusion is that we should look for something better than the

Laplacian when dealing with our type of images.

Another choice is that of using a gradient operator on our median
filtered images. The results of such an attempt are shown in Figs. 57a,b.c,
d.e and f. As before these figures represent the detection of edges in
different directions. Typically 4 to 8 directions are chosen. The advantage
of using more directions is more accuracy in locating areas of high
gradient but the disadvantage is that of having to process the image more
times since one pass of a directional mask is required for each direction.

That is a major drawback, especially when speed is of the essence.

Another disadvantage is that all these directional edge images must
somehow be combined into a single edge image. The usual method is to
compute the sum of the squares or absolute values of the directional
images and then apply a threshold. All pixels with gray levels larger than
the threshold are considered edge points. The results of Figs. 57a,b,c,d.e
and f are much better than those obtained with the Laplacian, but at the
expensive cost of more processing time. Also, since the contours we are

interested in are those of circular and closed objects, we have edges in all
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directions. This forces us to use at least 8 directional masks. Using fewer
masks means missing certain edges. We must also deal with the thorny
issue of thresholding the edge image obtained after summing our
directional edge images. All of these thresholding techniques are ad hoc

and require trial and error approaches.

In conclusion, we find that we simply are not satisfied with the two most
common edge detectors, the Laplacian and gradient operators. The
Laplacian is simply not well suited to our kind of images and the gradient
operator though better suited requires a large amount of time. Also, we
found that the preferred smoothing technique given our kind of images is
median filtering and this adds the constraint that whatever operator we
wish to apply after the smoothing phase be able to perform well on the

output of the median filter.

IIl. Rationale for Using the Entropy in Edge Detection

After our review of the results produced by typical edge detectors we
were faced with the conclusion that we need to median filter our images
and then use an edge detector that performs well on such median filtered
images. Median filtering requires the generation of an histogram of the
gray levels in a neighborhood of some pixel. The median value is then
readily obtained from such an histogram. Since we are always trying to

process our images as quickly as possible, a natural question we posed
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ourselves was what other relevant information can we gather from the
histogram. By garnering as much information from the histogram as we
could we would save precious time. Another point we mentioned earlier
was that histogram computation is now a widely available function on many
image processors and we wanted to obtain as much information as
possible from this resource. A first thought was to simply use the local
histograms to compute a threshold and use this threshold for
segmentation. The edge points would be points at the borders of two
different areas. The results were disappointing even though we supervised
the selection of thresholds by manually choosing them. We then thought
on a purely intuitive basis about computing the information content of a
region. This is closely related to the entropy associated with the gray level
distribution in the neighborhood of interest. Areas with low entropy (low
information) should be unlikely to contain edges while areas of high
entropy (high information content) would be likely to have edges. We then
realized that the entropy would change as we moved from areas of low
interest (such as background areas) to areas of more interest (such as the
texture rich nuclear area). Finally we surmised that edge areas which by
definition separate two dissimilar regions would have more information

than either region surrounding them.

Putting the last two statements together we concluded that if our

intuition was correct, peaks in an entropic image (the image obtained after
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computing the entropy around every pixel of an image) should be good

indicators of edge points.

Edge detection and segmentation are essentially two approaches to solving
a common problem. In edge detection one tries to locate the edge or

boundary which separates regions having different characteristics.

In segmentation one locates the different regions (based on some
property) which form an image. Once these regions have been located,

edges are simply defined as the set of pixels where different regions meet.

By using the entropy we can quantify different properties of images.
Since the computation of entropy is based on a histogram, the property
which is being quantified depends on what histogram is being used. If we
use the gray levels of the pixels of a sub image as the basis for the
histogram we obtain a measure of the amount of information we have about

the gray levels of the subimage.

In general if we compute the histogram P.(x) = probability that property
p has value x, of a property p of a subimage, the entropy computed from
that histogram provides us with a measure of our knowledge (or lack

thereof) concerning that property within the subimage

P.(x) = [Probability (p=x)] = Pr(p=x)
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The basis of edge detection (or equivalently segmentation) using entropy is to
consider that regions which have similar properties will also have similar

entropy values.

One simple application of this use of entropy is the location of regions
which are similar. For instance when looking at the background areas of an
image the gray levels vary little. The entropy computed from the histogram

of gray levels P (x) would be small and vary little over the background area.

The major question which must be resolved when using the entropy is
deciding which property p to use when computing the histogram P.(x). The
most readily available properties of the pixels of a gray level image are their
spatial coordinates and their gray levels. It is not clear which property is best
to use to quantitate certain properties. For instance the distribution of gray
levels of pixels would probably not be as useful as the joint distribution of gray

levels in quantitating a property such as texture.

The major emphasis of this dissertation is placed on the use of entropy

obtained from gray level distributions.
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IV. BASIC APPROACH

Our main focus is the detection of cells in histological and cytological
specimens. In our parlicular case the nucleus of cells is the most important
regions to study since the size, shape and texture of chromatin contained in
the nucleus provide much information about the status of a cell. The problems
of edge detection and segmentation are actually the same since we are simply
trying to locate two regions which are somehow different. Whether we locate

the region itself or the boundary of the region is equivalent.

The basic concept we use to determine the location of edges and of regions

of interest is that of entropy. Entropy is defined as:

H=-X|P(G)LogP(G)] G =0,12...255 (2)
and can be interpreted as a measure of the lack of knowledge we have about
an event. The higher the entropy, the less we know about an event. The
premise is that regions about which we know very little are considered
interesting. On the other hand, regions about which we know much add little
information about the image and present little interest. If we take the
histogram of gray levels of a region of an image, we can compute the entropy
associated with the distribution of gray levels as:

H = - Z[P(i)log P(i)] i=0.1,..255 (3)

where P(i) is the probability of occurrence of gray level i.
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Regions of fairly constant gray level have low entropies while regions with
more uniform distributions have high entropies. This simple observation
points to the application of entropy to threshold histograms [44]. But the use
of entropy is not limited to analyzing only the gray levels of an image. It is
quite possible to compute the entropy associated with other characteristics of
an image, such as co-occurrence matrices or textural descriptors. An image
could be segmented in terms of interesting and uninteresting regions, where
the level of interest would be defined not simply in terms of the distribution of
gray levels, but also in terms of the distribution of other parameters. This
leads to the idea of a generalized edge described as a transition between two
regions with different values of interest. A new image which we shall call an
entropic image can be obtained from a gray level image. This entropic image
can be generated by computing the entropy (with respect to some parameter)
of regions of the image. The entropic image provides a simple way to
represent the values of interest of different regions of a gray level image WITH
RESPECT TO DIFFERENT PARAMETERS. In some instances, information of
interest might be localized in the absorption image (an image representing the
amount of light absorbed by the specimen). Computing the entropic image
with respect to the absorption level in a particular color or combination of
colors (i.e. hue, saturation, luminance, etc.) will allow for the detection of
interesting regions in those particular features. From this point on, the term
entropic image will refer to an image computed by replacing entire regions
with the value of the entropy computed by replacing entire regions with the

value of the entropy, computed with respect to some feature in a neighborhood
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of those regions. Those regions could be as small as an individual pixel, in
which case the regions used for the computation of entropy would be

neighborhoods of these pixels.

By using this approach [52], we have obtained some encouraging results.
One of the advantages of the entropic image was that fairly large regions
(12x12 to 16x16 pixels) can be described in terms of their entropy (a single
number) and the original image of 512x512 pixels was transformed into an
entropic image of size about 32x32 entropy values. These entropy values were
enough to quickly locate areas of interest in the image. Another advantage of
entropy is that its value is obtained from a histogram. The histogram of gray
level values is one of the most common features available on current image
processors. Some processors can compute histograms of specified regions in

real time.

The entropic image is not the final solution to the problem and must itself
be processed. But unlike typical gray level images whose values can change
erratically, entropic images should have slowly varying values and should be
easier to process. This is a consequence of the fact that the histogram of an
image doesn’t change much as one moves from one pixel to a neighboring

one.
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V. Detecting An Ideal, Noise-Free Step Edge

Our first analysis will be to measure the performance of our entropy based
operator on an ideal noise-free, one-dimensional step edge G(x) = [, +
(L, — L,) U(x-E) where G(x) is the gray level of the pixel at coordinate x, U(x-E)
is a unit step function occurring at x=E and L_, L, are the two gray levels

surrounding the edge (Fig. 1).

If we compute the histogram P.(g) of the gray levels within a window of length

2L + 1 centered at x=W we obtain the following

Casea) W+ L <E

See Fig. 2

The gray level distribution is:

P; (9) =

0 g*L,

See Fig. 3

the entropy associated with such a distribution is: H;(W) = -1log 1 = 0.

Case b)W-LL < E<W+L
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See Fig. 4

The gray level distribution is

E-W+iL -
2L + 1 9=t
P; (g) =
WH+L-E+1 -,
20 1 1 9=5
See Fig. 5

The entropy in this case is:

HG (W) = - [PG(LO)LOQ(PG(LO) + PG(L|) Log (PG(La)) ]

Case ¢) E<W-L

See Fig. 6

The gray level distribution is:

1 g=L,
P.(g) =
1] g*iL,
See Fig. 7

The entropy in this case is

H., (W) = -1log1 =0
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As can be seen, the entropy is 0 in cases a) and c}) when the window

encompasses a region with constant gray levels.

The only case where H,(W) # 0 is when different gray levels occur within
the window of interest, as in case b). In case b) with a noise-free step edge the

distribution of gray levels within the window is binomial with

PG(Ln) = po
and

Ps(L,) = p, where p, + p, = 1

This distribution is dependent on the position of the window. We can therefore
define the function H;(W) as the value of the entropy associated with the gray
levels of the pixels contained in a window centered at x. Fig. 8 is a plot of

H(W).

As can be seen, with the window starting on the left, the entropy is 0. As soon
as the window’s right end crosses the gray level edge at E the entropy starts
to increase, reaching a maximum of H;(E) = 1 when the window’s center
coincides with the edge at W=E. The entropy then decreases as the window's
center passes the edge to the right. Finally H.(E) = 0 when the edge transition

is no longer within the window.
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The reason why the entropy is maximum for W=E is that this condition
corresponds to a distribution of gray levels which is
Ps (L)) = Ps(L)) = 05

this is a uniform distribution which also generates maximum entropy.

Therefore the location of maximum entropy can be used to detect an ideal
one-dimensional step edge. By extending this to two dimensions we can also

locate ideal noise-free two-dimensional step edges.

Although the conclusion that the location of maximum entropy occurs when
the window is centered on the edge was obtained from the analysis of an ideal
step edge, we will find this to be a general property of our operator. As we
subsequently study the cases of noisy step edges, ideal ramp edges and noisy
ramp edges., we will find that the entropy reaches its peak value when the

window is centered on the edge.

This property will allow us to devise simple edge detectors, namely peak

detectors.

Another advantage inherent in the use of the entropy operator is the
redundancy to be found in the location of the edge. Indeed, by looking at Fig.
8 which represents the entropy as a function of the position of the center of the

window, we see that not only does the peak occur when W is equal to E, but
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that the entropy starts to rise on the left when W is equal to E-L and returns to

0 when W is equal to E+ L.

By locating these points one can help better locate the position of an edge.

Another advantage of the entropy operator is that the image needs not be
contrast enhanced in order to obtain discernible peaks. This is a consequence
of the fact that the entropy is invariant under any one to one transformation
of gray levels. Contrast enhancement is one such operation where the gray
levels of all pixels are changed to some other value in order to stretch the
range of gray levels. This means that by using the entropy operator we can
eliminate the wusual step of contrast enhancement or any previous
preprocessing operation which performed a one to one transformation on the

gray levels of the original image.
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VI. Detecting An Ideal Step Edge Corrupted by Noise

Although we have seen that a perfect step edge can easily be located
through the use of entropy. we rarely encounter such perfect edges in real
images. Most often some type of noise or artifact blurs edges and region

boundaries in general.

Our next step is to analyze how a corrupted step edge will be detected

through the use of entropy.

This time we model our noisy edge G(x) as an ideal step edge I(x) plus

noise N(x).

G(x) = Kx) + N(x)

See Fig. 9

where t(x) = L, + (L, - L;) U(x-E)

where L, and L, are the two levels on either side of the edge.

At this point we need to know the type of noise process affecting our edge.
There are numerous models we could use for N(x), but our approach here will
be to select the N(x) which produces the worst results. As we shall show later,
the N(x) producing the worst behavior is N(x) such that P,(x) = constant. In

other words, a noise process with uniform distribution. We can now perform
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an analysis very similar to the one used in the case of a noise-free step edge.
The one difference is that we will have to subdivide our analysis into two
cases. In case |, the range R of values taken by N(x) is less than

|L, - L,|. while in case Il the range of N(x) is greater

than |L, - L,]. We also choose N(x) with 0 mean, E(N(x)) = N(x) = 0, where

E( ) represents the expected cr average value.

Casel: R < |L,-L,|

Subcase a)W + L < E

See Fig. 10

the gray level distribution is:

1 R R
—_— C_— < < A
R L, > g L, + >
P. (@) =
0 otherwise
See Fig. 11

the entropy associated with this distribution is H;(W) = logR.

Subcase b) W-L < E<W+L

See Fig. 12

The gray level distribution is



E-W+L. 1 R R
L LA S L S cg<l + =
1 'R ey <9<l
P, (g) =

W+L-E+1, 1 R R

— << + =
AP L <g<bli+5

See Fig. 13

the entropy in this case is

H; (W) = (a logR - aloga) + (ff logR - fllogf})

_ E-wW+ L -
where o = TR i

W+L-E+1
2L +1

note a+f1 = 1.

= > Hy4(W) = logR - (aloga + flogf)

since0 < a < 1and 0 < fl < 1 we have (aloga + fllogfl) < 0, therefore H (W)
> logR

Subcase c) E < W-L

See Fig. 14

The gray level distribution is

—1— L1-—’21<g<L1+%
Ps; (W) =

0 Otherwise
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See Fig. 15

The entropy is
H. (g) = - R(-- log --) = Log R
¢ R R

As in the case of the noise free edge we can define H.(W). Once again, on the
left side of the edge H;(W) = logR As the right side of the window crosses the
edge the entropy starts to increase to a maximum and then decreases back to
logR as the left side of the window crosses the edge. If we note that 0 < o <
tand0 < fil<t1and a + i = 1 we have (aloga + [llogfl) <0 and therefore
H;(W) is maximum when aologa + flogfl is minimum. This occurs when a =
fi = 0.5. Therefore, H; ., (W) = 1+logR. This is the case when the window
is centered exactly on the edge. Therefore, irrelevant of the noise process, so
long as the range of N(x) is less than the height of the step, the use of entropy

can detect the location of the edge.

This is a very interesting result as we find the shape of our output
unchanged except for an upward shift. The location of our edge is still given
by the peak value of H;(W) and the reference points at E+L and E-L can still

be used for better accuracy in locating the edge.

Casell: R > |L,-L,|

Subcasea)W + L < E

See Fig. 18



The gray level distribution

1 R R

o~ -— < < + —

R L, 2 9 Ly 2
Ps(g) =

0 Otherwise

The entropy associated with this distribution is H (W) = logR

Subcase b) W-L < E<W + L

See Fig. 20

The gray level distribution is

E-W+L 1 R ___, R
“wri ) w Loy me=b-g
_) E-WaHL 4 WHL-E4+1 1 _ 1 R _ R
Pe@ =N\ 53 )" i )" TR L-g 7ol +5
WHL—E+1, 1 R _
2A¥1T R L+ a~L+R
See Fig. 21

The entropy in this case is:

He (W) = (L, — L) = [10gR - (zlogx + flogf)] + (L, - L, + R) = logR.

wherea:ﬂiandﬂ:M
2L +1 2L + 1

R



Subcase c) E < W-L

the gray level distribution is

1 R R
—_— LA + =
R L 2 <9 <L 2
P.(W) =
0 Otherwise
See Fig. 23

the entropy is
H; (W) = logR
Once again the entropy starts at a low level of logR and increases as the
window crosses the edge. Finally, H; returns to a value of logR as the window
no longer contains the edge.
, L L,
If we consider the ratio ———— = K

we have for subcase b:

H; (W) = logR - k (alogr + fllogfi)

79



RO

The entropy rises to a maximum when a=f=05

H,... = LogR - Klog% = LogR +K

L, - L
But since K = ‘R “andR > L, - L,

we have K < 1.

and therefore the maximum peak value of H (W) is lower than in the case of
R <L -L,
in that previous case

H(‘,mal = 1 + 'ogR

The effect of increasing the range of the noise is therefore {o lower the peak
value of the entropy. This in turn makes it more difficult to locate the edge.

See Fig. 24 for a plot of H,(W).

Nevertheless, the property that the edge is located at the peak of the output,
when the window is centered on the edge is unchanged. The reference points
of E-L and E+L are also still present and could be used to better locate the

peak.
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The previous analysis has shown us that by using the entropy H.(W)
associated with the gray level distribution of pixels wihtin a window, we can
locate the position of a step edge, ideal or corrupted by noise. We have seen
that the effect of noise is to lower the relative difference between H;(W,) and
Hi(f.W sub e) where W, represents a window centered on the edge. The lower

the signal to noise ratio, the more difficult it will be to locate the step edge.

Despite this promising start we must realize that step edges are not that
common in images, but that gradual edges, edges with an extent greater than
one pixel, are by far the most common. These edges are called ramp edges
and occur in natural scenes. They are also the results of any operation which

smoothes the image.

Our next analysis will deal with the performance of our entropic edge

detector when applied to ramp edges.

First we will tackle the case of an ideal ramp edge and then we will analyze
the more general case of a ramp edge corrupted by noise. That last case will
prove to be very general since any edge can be thought of as a ramp edge

corrupted by noise.
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VII. Detecting An Ideal, Noise-Free Ramp Edge

To simplify the analysis, we will approximate the width of our window by 2L
and the extent of the edge by 2S. The slight error introduced will not detract
from our goal of showing how the function H; (x) reaches its maximum value
when the window is centered on the edge. See Fig. 25 for a plot of the ideal,

noise-free ramp edge.

In the case of a noise-free ramp edge, we have two cases to study:
Case 1: The width of the window is greater than the extent of the edge:
2L>S=>L>S8
Case 2: The width of the window is less than the extent of the edge: 2L <

2S =>L <S8

Case /)L > S

Subcase a) W + L < E-S

See Fig. 26

Ps(g) =

See Fig. 27

and HyW) = 0




R3

Subcase b) E-S < W+L <E+S

See Fig. 28
€E-s)-w-y __
oL 9="%
P.(g) =
1
3 L, < g < GWH+L)
0 elsewhere
See Fig. 29

where G(W +L) is the gray level at (W+1L)

(Ll - Lo) (LI - Lo)

=> GW+L) = 25 (W+L) + (, - 25 ) (E-S)

This represents a distribution with mass

(E-S)-Ww-1) a

3L t g = L, and a uniform distribution for L, < g < G(W+L)

The entropy associated with this distribution will depend on W. The important
point here is not the exact value of Hz(W), but that H;(W) is a monotone,
increasing function of W for E-S < W+L < E+S. This can be seen by noting
that as W increases, the probability mass at L, decreases while the extent of
the uniform part of the distribution increases. We can therefore state at this
point that as the right side of the window crosses the left side (W =E-S) of the
ramp edge, the entropy begins to increase. This increase continues as long

as W increases and as long as W+L < E+S

Subcase c) (W+L) > (E-S) and (W-L) < (E-S)
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See Fig. 30

In this case, since the extent of the window is larger than the extent of the

edge, the entire edge is inside the window and:

(E-S)-W-1L)

2L = Lo
p _ 1
n(g) - EZ‘ Lo<g<L1
W+ L)--(E+S9) =L
2L oo
0 elsewhere

See Fig. 31

this distribution corresponds to two probability masses at g=L, and g=L, and

a uniform distributionfor L, < g < L,.

The entropy associated with this distribution is larger than or equal to the
entropy in subcase b). This is because the function y(p) = -plog(p) is convex.
That is: Y(p, +p,) < ¥(py) + ¥p,) < ¥(p,+e) + Y(p, - ¢) where p, < p, + ¢
< p, - £ < p, The entropy in subcase c) is larger than that in subcase b)
because the partition containing the possible gray levels within the window in
subcase c) is a refinement of the partition containing the possible gray levels

within the window in subcase b).
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One can aiso note that as the window moves from left to right, the distribution
of gray levels varies only for levels g=1L, and g=L, Therefore, the changes

in H,(w) come only from the probabilities of these two terms.

H. (w) will be maximum when P(L,) = P.(L,).

For maximum entropy we need P.(L,) = P.(L,)

(E-S) (W-L) (W+iL)-E+S)
2L 2L

=>EW=WE=>2=2W=>W=E

and therefore the entropy is maximum when the center of the window
coincides with the center of the ramp edge. In the case W=E, the entropy is
maximum when all levels are equally likely. This occurs when L=S, the

window has the same extent as the edge.

Thus. when L=S and the window is centered on the edge we have: exact

formula

L, <g< L,

lLu - Lo + 1|
Ps(G) =

0 Elsewhere
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And H (W) = log |L,-L, + 1| for (E-S < W+L < (E+S). This formula assumes
that all (L,-L, + 1) gray levels actually occur within the window. In reality,
because of quantization effects the actual number of distinct gray levels that

occur in the window will be < |L,-L, + 1.

Since we are studying the case where L > S, we now investigate what

happens if L > S.
In this case, the previous conclusion that the entropy is maximum when
W=E still holds. The difference is that now the distribution of P, (g) is no

longer uniform when W=E.

If we denote the ratio —é— = R we have

R-1 _
2R g9="L
1
Ps(g) = - L, < g < L,
R -1 _
2R g L1

as R — oo we asymptotically approach the following
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1

E‘ g= LO
Lim,_, Ps(g) = 0 L, < g <L,

1

> g =L,

and Lim__, H(W=E) =1

This in effect is nothing else than the case of a noise free step edge
revisited! Indeed, to a window with extent much larger than the extent of the

ramp edge, the ramp looks like a step. We can conclude two facts from the

analysis of subcase c)

a. Whatever the size of the window (so long as L > S) the entropy
associated with the gray level distribution inside the window is

maximum when W =E, that is when the window is centered on the edge.

b. The optimum window is one whose extent is equal to that of the ramp

edge.

ForR = 1, Hgpoo = Ho(W=E) = Log, |L,-L, + 1]

as R increases

H; o« =Hg(W =E) decreases asymptotically towards 1.

See Fig. 32 for a plot of H.(E) as a function R.

Subcase d) (W-L) < (E+S) < W+L



See Fig. 33
in this case:
E1S-_W-10) GW-L)<g <L
2L (W-L) <g 1
W+L—-(E+S)
0 elsewhere
See Fig. 34

where G(W-L) is the gray level at (W-L)

G(W-L) =

L, - L, L, - L,
L) L) oo

S WAL + L - — e

this represents a distribution with mass

W+L—(E+S)
2L a

tg =L,

an a uniform distribution for G(W-L) < g < L,

KRR

As in subcase b) the important point is not the exact value of H. (W) but that

now H;(W) is a monotonically decreasing function of W. This can be seen by

realizing that subcase d) is a mirror image of subcase b). Increasing W in

subcase d) is the the equivalent of decreasing W in subcase b). Therefore, as
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the window’s center moves to the right of the center of the edge, H.(W) starts

to decrease.

Subcase e) E+S < W-L

See Fig. 35

1 g=L,
Pa(g) =

0 g+ L,
Hs(W) = 0
See Fig. 36

From this analysis of case A) it can be seen that as the window starts on the

left, without encroaching on the edge, we have H.(W) = 0.

As the window crosses the left side of the edge H;(W) starts to increase and
reaches a maximum when W =E, in other words when the window is centered
on the edge. The maximum value of H,(W =E) depends on the ratio R = %

and is maximum for L =S (the window has the same extent as the edge), but

H;(W=E) is never less than 1, with

Lim,_, H(W=E) = 1.

—— e - s
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As the window moves further to the right, the entropy starts to decrease until
finally it reaches the value H;(W) = 0 when no part of the edge is contained

in the window. See Fig. 37 for a plot of H,(W).
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Case ll)L < S

This case is identical to case | in all respects except for the extra case
where the entire window is within the extent of the edge. We will call this

subcase c.

The analysis is as follows:

Subcase c) E-S < W-Land W+L < E+S

See Fig. 38

1
IGW + L) - G(W -- L)|

G(W-L) < g < G(W+L)
P (G) =
0 Elsewhere

See Fig. 39

The entropy associated with this distribution is

H.(W) = LogD

where D = |G(W+L) - G(W-L)|

But since there are at most 2L pixels in the window H (W) < Log(2L) = >

H, W) < 1 + LogL.



()2

This value of H.(W) = LogD is the largest value which can be attained.
Once again this is a consequence of the fact that the function y/(g) = P;(g) Log
(P:(g)) is convex. H. (W) is constant as long as the window is fully contained

in the ramp. See Fig. 40 for a plot of H;(W).

Here again we find that as the window is centered on the edge the value of
H.(W) takes on its peak value. For a window of extent less than 2L this peak
value extends from W = E-S+LtoW = E+S+L. The remedy to this situation

is to use a window with length at least equal to the extent of the window.
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Vill. Detecting a Ramp Edge Corrupted by Noise

We now analyze the performance of our entropic edge detector when
applied to a noisy ramp edge. We will model our noisy ramp edge as a perfect

ramp edge l(x) plus some uniform random noise N(x) with zero mean.

G(x) = 1(x) + N(x)

See Fig. 41

Much of the ground work for this part of the analysis has already been laid
down in our analysis of the detection of an ideal, noise free ramp edge. In fact,

this part of the analysis will parallel that of the ideal, noise free ramp edge.

This is explained by realizing that all the cases and subcases analyzed in
the ideal, noise free ramp edge apply equally to this case. The only difference
is that we have noise added to our ramp edge. Since we are dealing with
additive noise the distribution of gray levels in the noise corrupted ramp edge

will be the convolution

Ps (g) = P(g) * P(g) (4)

where P/(g) is the distribution obtained in the noise free case, and P,(g) is
the gray level distribution of the noise, and * represents the convolution

operation.
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Casel)L > S

Subcase a) W+ L < E-S

See Fig. 42
1 R R
3 Ly <osbo+ 5
P; (g) =
0 Elsewhere
See Fig. 43

and H;(W) = LogR

Subcase b)E-S < W+L < E+S

See Fig. 44

P; (G) is given by (4) where P/(g) is the distribution P;(g) found in Case 1,

subcase b) of the anaiysis of the ideal "amp edge.

What interests us is the value of H;(W). Once again it is difficult to compute
the exact value of H (W). But as in the parallel case in the analysis of the ideal
ramp edge we find that H; (W) is monotone and increasing. This is a positive
result, but we still don’'t know what the effect of the added noise is in our

localization of the edge.
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We can logically suspect that the major effect of the noise should be to

make it more difficult to locate the edge.

We now show that this is exactly what happens. First we argue that H (W)
will be monotone, decreasing when we reach the conditions of subcase d).

This argument is the same as the one used in the ideal ramp case.

This means that H.(W) reaches its maximum value H;,,, as before when the

conditions are those of subcase c, when the window is centered on the edge.

Let us now show that the peak value H,,,,, is such that the spread in entropy
(let us call is Z) will also be less in this case than in the case of the ideal ramp

edge.

Z= HGMDI- 0= HGmnl

because the lowest value of H,(W) was 0. In the case of the noise corrupted

ramp edge the smallets value of H;(W) is:

HGmrn = LOgR

and occurs in subcases a and e. We thus see that the effect of the noise in the

background (g = L, and g=L,) regions is to raise the value of H (W) by the

full amount LogR of the entropy of the noise. This is a consequence of the
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shape of the distribution (a single pulse) in subcases a and e. Indeed, the
convolution of a single pulse with any other function F is a shifted version of

F and therefore the entropy of the distribution resulting from the convolution

is simply the entropy associated with F.
As the window moves to the right and encroaches on the edge, the
distributlion P,(g) of gray levels in the window is no longer a single pulse and

will have some spread, (let us call it 5)). The distribution P;(g) = P.(g) * P,(9)

will have a spread

S5, =S, + S, where S, is the spread of P,(g)

Referring once more to the convexity of

¥(g) = Ps(g) Log (P;(g)), we see that the entropy associated with P,(g) is

greater than that associated with P,(g)

He > H,

Defining D = H, - H,

We can see that

D < Log S,
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This means that in the case of a noise corrupted ramp edge

Z < logR

and that therefore, although we still reach a peak when the window is centered

aon the edge the difference H;,,, - H;..,» is smaller than in the case of the ideal

step edge.

We therefore reach the same conclusion here as we did in the case of the
noise corrupted step edge. namely that the effect of noise is to make it more
difficult to localize the edge. this is a consequence of lowering the difference

between H,,,,, and H;,..,

Given this resuit, we no longer need to analyze the remaining subcases

associated with Case 1.

Casell)L < S

Subcase c) E-S < W-Land W+L < E+S

Ps (g) = P(g) * Py(g) for G(W-L) < g < G(W+L)

The entropy H,(W) associated with this distribution is constant as long as

the window is fully enclosed within th(/e ramp.
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Arguing as we did in the previous analysis, H,(W) in this case attains its

maximum value.

Although it is difficult to compute, H; (W) is maximum when the window is
centered on the edge. But once again we see that when the window is smaller

than the extent of the ramp edge it becomes more difficult to localize the edge.

The conclusion one reaches from the analysis of Case 2 is that even if the
window is of smaller extent than the ramp edge, the entropy still reaches its
maximum value when centered on the edge. The only difference is that there
is a region centered around the center of the edge for which H, (W) is
maximum and constant. This simply means that the resolution of a small
window is too fine. To a small window, almost every part of a wide edge is an

edge.

The analysis of Cases 1 and 2 has shown that using the entropy of gray
levels in a window one can detect the location of an ideal noise free ramp

edge.
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IX. Advantages of Entropy Operator

At this point we can look back at the results of the analysis of the entropy

operator and see a number of advantages over other edge detectors.

The major advantage is the ease with which one can locate edges in an
entropic image. All that is required is a peak detector. Unlike the Laplacian its
sensitivily to noise is small. Also, only one pass of the operator is needed. This
is quite a time saver, especially when we consider the 4 to 8 passes necessary
with the Gradient operator for proper coverage of edges at all possible

orientations.

One could argue that the Laplacian, Gradient and other convolution based
operators can be improved by using larger masks, such as a 5x5 mask. All that
this would achieve is better noise immunity at the cost of far more processing
time. One must remember that the number of multiplications (a time
consuming operation) is of the order of NxM, where NxM is the size of the
mask used. By going from a 3x3 mask to a 5x5 mask, one practically triples the
amount of time needed to process the image. This still would not solve one of
the major problems of the Laplacian which is its practically null response on
the ramp part of ramp edges as a consequence of being a second derivative

operator.



Since ramp edges are far more common than step edges in real images this
would seem to leave only the Gradient operator. But we have seen how
expensive that is in terms of the number of applications necessary. This
expense is now looming even larger if we decide to go for larger masks. This
is a drawback of all convolution based methods which employ masks that are

not rotationally invariant.

The entropy operator is very efficient since with current hardware the time
it takes to compute the histogram of a subimage does not depend on the size
of subimage. This means that if need be, one could compute the histogram of
a region of size 5x5 in the same time as it would take to compute the histogram

of a region of size 15x15.

Another advantage in the computation of the entropy is that it can be
performed in a recursive fashion. Indeed, given the entropy of a neighborhood
of size NxM (N is the vertical dimension, M the Horizontal dimension) located
at (x,y) it is easy to compute the value of the entropy of the NxM neighborhood
located at (x + 1y) or (x-1,y) or (x,y-1) or (x,y + 1). In the case of (x + 1,y) which
corresponds to a horizontal shift of the window one pixel to the right we see
that only the pixeis on the left and vertical edges of window are affected. This
means that there is no need to recompute the entire histogram, but that one
simply needs to update the number of gray levels lost from the left edge and
gained on the right edge. This represents a complexity of the order of 2N since

there are N pixels along each of these two edges. As this update is being

100
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performed, the value of the entropy can also be updated. Since as we have just
seen, the entropy operator is rotation invariant, we can assume for the sake
of argument that N <= M. One can therefore see that the time penalty
incurred in increasing the size of the neighborhood when using the entropy
operator grows proportionately to N rather then to NxM as in the case of

convolution operators.

This is not a property of the entropy operator, but rather a property of one
implementation of the operator. Because the implementation allows for such
a low time penalty in changing the size of the window, we feel that it makes it
easier to use the size most appropriate to solving the problem. If the problem
warrants using a window of size 15x15, it will take only about three times as
much time as using a 5x5 window. The time penalty wouid be of the order of
9 times if using convolution. Incidentally, performing a convolution with masks

of size 5x5 would already be very time consumming.

Another major advantage of the entropy operator is the freedom of
choosing any shape window. This again is not really a property of the
operator, but again a property of the underlying source of information, the
histogram. Indeed, current hardware allows one to compute the histogram of
any shaped region. With convolution based methods one is limited by practical

reasons to square masks.
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Finally, another advantage of the entropy operator is that it is very
compatible with median filtering (a practical requirement for our images) as
both operators require a histogram. This means that by using this
combination, one can economize on special hardware. Also, unlike many
other approaches which count on future, improved and very likely expensive
hardware for fast implementations, this operator makes the best use of

hardware already available



CHAPTER lil: Method and Resuits

METHOD

As with many edge detectors, a number of steps must be taken to obtain
edge points from a gray level image. Most methods generate an intermediate
gray level image in which high values represent potential edge points. In Fig.
¢, for instance, a number of contours with relatively high levels appear. This
intermediate image is usually not the desired result. The desired goal is an
image in which edges or contours are deterministically recognized. This
means that we are not so much interested in obtaining an image with varying
gray levels as in an image in which pixels are labeled as edge points or

non-edge points. Such an image is called an edge map.

We perform a three step approach to compute this edge map.

The first step is median filtering the original image. Median filtering is a
nonlinear signal processing technique which removes small artifacts while still
maintaining the important edges. Median filtering is also very useful in
removing noise, in particular in removing discrete impulse noise. Because of
the nonlinear nature of median filtering, only a limited analysis of its effects
can be performed and this leads to various strategies for its application. As
such it is an adhoc tool and should be used in an interactive fashion. The
effect of different applications of the filter should be monitored and the process

terminated when the filter no longer improves the resulting image.

103
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In our case we found that using a window of size 15 by 15 pixels removed
small artifacts but left the major edges (those we want) untouched (compare

originals with median filtered images).

2) Compute Entropic Image

Once the image has been smoothed out (by median filtering in our case)
one can compute the entropic image. This image is obtained by sliding an N
* M window over the entire image. As the center pixel of the window sweeps
over the entire image, a histogram is computed at each point. This histogram
depends on the coordinates of the center pixel of the window and can be
denoted P;(x,y.g). The represents the probability of gray level g occurring in

the window centered at (x.y). Associated with this probability is the entropy

Hq(x.y).

From our previous analysis we know that this value will be larger in areas
where the gray level distribution is large and will be smali where the gray level
distribution is small. We also know that around a step edge the values of
H;(x,y) have a distinctive profile in which the entropy increases from a low
value to a maximum and then back to a low value along a direction
perpendicular to the edge. The maximum value is centered on the location of
the edge. Looking for edges is equivalent to looking for these peaks in Hy(x,y).
Another property of H; is that one can be fairly sure that the gray level

distribution is small where H;(x,y) is small. THis means that as H;(x,y) is
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computed those pixels for which H; (x,y) is smaller than some threshold can
be eliminated from contention. This is most easily done by computing H.(x.y)

and then performing the following:

if Hs;(xy) < threshold

then H (x.y) = 0

Finding an appropriate threshold is another ad hoc procedure which needs to
be monitored. Despite this we feel that automatic methods for its selection can
be devised. One possibility is to relate the threshold to the size of the window
being used. Indeed if we compute Ng(x.y)=2 " H;(x,y) where * represents
exponentiation we obtain the number of gray levels of a uniform distribution
which would have entropy H;(x,y). We could then decide that in a window of
size S = N*M pixels, we should not have N;(x,y) < (S/3). In other words
threshold = log,(S/3). Basically N;(x,y) > = threshold means that we
consider the contents of a window interesting only if the average number of
gray levels in the window is greater than some fraction of the total number of

pixels in the window.

Another factor to be chosen is the size of the window. Once again

experimentation is in order although some guidelines can be formulated.

The window size should be large enough so that the histogram of gray

levels within it will be some statistical significance. As such windows of size



less than (5 * 5 = 25) pixels are not recommended. Also the window size
should not be too large as this would render the processing very slow. Also,
we know that the size of the window should be related to the size of edges we
are interested in. We feel that edges 5 pixels wide or less are the most
interesting ones. We find windows of size 25 as in (5 * 5) and 49 (7 * 7) pixels
quite adequate. When using windows of (5 * 5) pixels, a lower threshold of 3

removes the uninteresting regions quite well.

Finally, the shape of the window can be tailored to the type of edge being
detected. Square windows (N * N) pixels pick up edges of all orientations
while vertica! edges are better recognized by horizontal windows (N horizontal
* M vertical, N > M) pixels. Horizontal edges are better found with vertical
windows (N horizontal * M vertical, N < M) pixels. This is a consequence of
the fact that horizontal windows “see” more of the horizontal neighbors of a
vertical edge and can better locate the peak when the window is centered on
the edge. A similar argument holds for vertical windows and horizontal edges.
Also, if one is only looking for vertical edges, a horizontal window need only
be scanned horizontally whereas the search for horizontal edges could be

performed with a vertical window scanned vertically.

One might wonder how efficient it is to compute so many histograms and
entropies for each pixel. We use a method which updates the histogram as the
window is moved one pixel to the right so that P;(x,y,g) = F(P;(x-1.y.g)). This

implies that once the histogram at (x,y) has been computed it need not be
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recomputed as the window is moved one pixel to the right, but simply updated.
Similarly, H;(x.y) = Q(H,(x-1,y)) and means that the entropy at (x,y) is simply
computed by updating the entropy at (x-1.y). These updates on H.(x.y) and
PG(x,y.g) make the computational load to be of the order (N * M * W) for an
image of size (N * M) pixels and with a window of size (L * H), with W of the

order of (L + H)/2.

3) Compute Edge Map

This is the last step in the location of edge points. The result of this step is
a binary image in which non-zero pixels represent points which belong to an
edge. In most other methods this Iis a difficult step to cross. Usually a simple
threshold operator is used where pixels whose “edge” value is larger than
some threshold are considered edge points while all others are eliminated.
This is what is usually done after convolving some mask (sobel, laplacian,
etc...) with the image. The problem here is the selection of the threshold. A
low threshold appropriate for an image with faint edges is not appropriate for
an image where the edges have high contrast. A survey of threshold selection

techniques can be found in [42]

With the entropic image approach there is no need to use thresholds at this
stage. Edges can be associated with the local peaks in the entropic image. In

our implementation, we consider a pixel to be an edge point whenever:
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He (x)y) > Hg(x-1y) and Hg(xy) > Hg (x +1.y)
or

H; (xy) > Hg(x.y-1) and Hg(x,y) > H; (x.y +1)



109

RESULTS

We now show results obtained with the method outlined above.

Figures 47a and 47b represent an original contras! crnanced image (fig.
47a) and its median filtered version (Fig. 47b). The size of the window

used for median fitering was 15x15.

Figures 48a and 48b represent an original contrast enhanced image (fig.
48a) and its median filtered version (Fig. 48b). The size of the window

used for median filtering was 15x15.

Figures 49a and 49b represent an original contrast enhanced image (fig.
49a) and its median filtered version (Fig. 49b). The size of the window

used for median filtering was 15x15.

Figures 50a and 50b represent the median filtered image of fig. 47b along
with the edge map obtained from the entropy operator. The window size

used was 5x5 and the threshold was 3.0

Figures 51a and 51b represent the median filtered image of fig. 48b along
with the edge map obtained from the entropy operator. The window size

used was 5x5 and the threshold was 3.0
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Figures 52a and 52b represent the median filtered image of fig. 49b along
with the edge map obtained from the entropy operator. The window size

used was 5x5 and the threshold was 1.7

Figures 53a and 53b show a synthetic image of a black circle on a dark

background and the result of applying the entropy operator to it.

Figures 54a, 54b and 54c represent the raw entropic images of figures
47a, 48a and 49a. Finding the peaks in these images generated the

images seen in figures 50b, 51b and 52b respectively.

Figures 55a, 55b and 55c show the result of applying a Laplacian operator

to figures 47b, 48b and 49b respectively.

Figures 56a, 56b and 56c show the result of applying a Laplacian operator

to figures 47a, 48a and 49a respectively.

Figures 57 a,b,c.d,e and f are the result of applying different directional

Sobel masks to figure 47b.

Figures 58a,b,c,d,e and f are the resuit of applying different directional

Sobel masks to figure 47a.
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CONCLUSION

The purpose of this dissertation has been to add a new method of edge
detection to the many existing ones. This new method based on entropy
uses the idea that in the area of edges the distribution of gray levels has
a larger entropy than outside of edges. We have shown that this implies
that the entropy reaches a peak when the window is centered on an edge.
This last property makes it much easier to locate edge pixels and
therefore makes it much easier to generate the edge map image. We have
shown that the computational load of this method can be optimized in a
way that reduces the actual number of operations to be performed. An
advantage of the entropic edge detector is that edges of different
contrasts will generate recognizable peaks in H.(W). In convolution based
methods edges with different intensities generate different gray levels

which are difficult to iocate with a single threshold.

As was mentioned earlier, not only can the gray level distribution of
pixels be used, but other statistics of interest can be used to locate edges.
This means that not only gray level edges, but other kind of edges can be
detected with this method. The information from the entropic image could
also be used with other algorithms by allowing processing only on
regions deemed interesting [52]. This can speed processing by
disregarding areas of littie interest and not wasting valuable time

processing them.
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Following are the figures associated with the different cases:
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Fig. 51a,b
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Fig. 53a.b
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Fig. 55a,b,c
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Fig. 58a,b,c,d.e.f
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APPENDIX A

A description of the normal parameterization procedure is given in this

appendix.

The most common representation of a straight line is of the form:

y=Ax+B "

This equation must be satisfied by any point (x,y) which belongs to the line.
A is the slope of the line and B the y intercept of the line (the value of y where
the line crosses the y axis). The problem with this representation is that as a
line becomes practically parallel to the y axis, the values of A and B grow
without bound and quantizing these values becomes impossible. A
parameterization which avoids these problems is the normal parameterization
in which a straight line is represented by a duple (R,T) where T is the angle
of its normal and x axis and R is the distance from the line to the origin (see
Fig. 1). In this representation, points belonging to the line will satisfy the
equation:

X COS(T) + YSIN(T) =R (2)

With T restricted to [0,Pi] the normal parameters for a lines are unique.

This parameterization has the following properties:



It can easily be seen that sets of colinear points in the (x,.y) plane
correspond to sinusoidal curves with a common point of intersection in
the (R,T) plane. The common point, say (R0,T0) defines the straight line

passing through the colinear points.

. A point in the (x,y) plane is represented by a sinusoidal curve in the

(R.T) plane.

A point in the (R,T) plane is represented by a straight line in the (x.y)

plane.

. Points lying on the same straight line in the (x.y) plane correspand to

curves through a common point in the (R, T) plane.

Points lying on the same curve in the (R,T) plane correspond to lines

through the same points in the (x.y) plane.
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