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Abstract

/
OBSERYER-CONTROLLER DESIGN FOR LINEAR AND 

NONLINEAR OUTPUT-FEEDBACK SYSTEMS
by

Anthony Clive David Louison 

Adviser: Professor Frederick Thau

This Thesis solves several of the problems in the de­
signing of observer-controllers for linear and nonlinear 
output-feedback systems. The solution to the linear ouput- 
feedback regulator problem is first formulated for contin­
uous time systems. The problem of forcing the estimation 
error and system state to zero in finite time using a lin­
ear controller is then presented. The above problem is 
solved by appropriately selecting a proper Lyapunov-like 
function together with a required boundary condition. Pa­
rameters N and M are Introduced for the controller and ob­
server design respectively in order to shape the state and 
error trajectories.

The solution to the linear continuous output-feedback 
regulation problem is then extended to include aclass of 
nonlinear systems for which deadbeat response is also ac- 
chieved. A detailed analysis is then given on the struct­
ure of this class of nonlinear systems. There are design



situations where the gains of the observer and controller 
are constrained and thus a deadbeat response becomes im­
practical. In such cases, the design technique is modi­
fied. It is will shown that the parameters N and M togeth­
er with the terminal time can be appropriately selected to 
lead to a design procedure for generating the required
gains. Such gains are shown to produce a good compromise

*

among state component excursions and input magnitude with­
out the great expense of speed of response. Several ex­
amples are given to demonstrate the design procedures.

Analogously design procedures are presented for linear 
discrete systems. A new technique is presented for produc­
ing deadbeat response to the output-feedback regulation 
problem. Modification schemes are formulated for cases 
where the gains of the observer and controller are con­
strained and thus a deadbeat response is not feasible. A 
new scheme is presented for achieving near deadbeat re­
sponse in output-feedback system without time consuming ma­
trix inversions. Finally a design procedure is presented 
to place all the eigenvalues of the estimator error dynamic 
system and the overall closed-loop system at the origin for 
single input, single output discrete systems.

v
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1. INTRODUCTION AND BACKGROUND MATERIAL

1,1 INTRODUCTIONt

The effectiveness of any system lies in its ability to 
carry out a specific function. For example, forcing a 
spaceship to follow a prescribed trajectory. Often in or­
der to satisfy this requirement, the system's trajectory 
must be monitored and controlled to reach a desired state 
in the fastest possible time without exceeding a maximum 
overshoot requirement. To force a system's state to a pre­
determined value along a prescribed path, using a state- 
feedback control law requires knowledge of the entire state 
vector. Due to the physical nature of many systems, only 
incomplete state measurements are available. Thus control 
of such systems based on the separation principle in [7] 
first requires estimation of their state and then use of a 
control law that operates on the system's state estimates.

Over the past decade, great strides in this field have 
led to various techniques for designing the state estimator 
(observer) and forcing function (input) required for both 
linear and nonlinear systems. A brief review of this work 
will now be given. Most modern methods utilize a perfor­
mance index or cost function from which gains of the con­
trol law are calculated by maximizing or minimizing the 
performance index. However using this method (213 the
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state estimator derived for linear systems had an exponen­
tially decaying observation error since its gain was con­
stant. As a result the state estimates were not exact af­
ter a finite time interval. Hence the forcing function did 
not produce a deadbeat response for the feedback system 
since the control was a function of the state of the state- 
estimator and not of the system’s state. Thus the work of 
[21] cannot be used to treat the problems related to pro­
ducing a deadbeat response when a controller has only in­
complete state measurement. The two problems are: first,
the design of an observer which will give estimates of the 
state for a prescribed accuracy in the fastest possible 
time and second the design of a controller which will drive 
the system to steady state and does not lead to excessively 
large overshoot.

Due to the difficulty in modelling nonlinear systems, 
it is almost impossible to develop any scheme which will 
control in general every nonlinear system. Thus it is much

i
more practical and effective to consider different classes 
of nonlinear systems and the various techniques used to 
estimate their states or control them. Achieving deadbeat 
response for nonlinear output-feedback systems has proven 
to be an lntractible problem. The following paragraphs 
present a survey of the research on both state reconstruc­
tion and control of linear and nonlinear deterministic 
systems.

2



Although nonlinear controllers frequently demonstrate 
superior performance relative to linear controller as shown 
by R. W. Bass and R. F. Webber [2], because of the flexi­
bility of the specifications of the controller parameters, 
the design procedure of [2] was limited to state feedback 
systems (see section 3.3 below). A straight-forward design 
procedure for a nonlinear controller for nonlinear systems 
was achieved by K. Watanabe and D. H. Himmelblau [371. 
They based their procedure upon an approximation using a 
discretized analogue model. The parameters of the model 
were estimated using a noniterative method in which the 
system model is discretized by a proper integration formula 
and then a set of resulting algebraic equations solved si­
multaneously. Although the parameter estimates are noise 
sensitive, the technique requires only a modest amount of 
computation. Very good state-feedback results were achived 
for nonlinear systems which can be decomposed into strictly 
linear and nonlinear components such that the control law 
can be designed to control each component separately.

One of the most effective methods used to study the 
stability of nonlinear systems is the Lyapunov stability 
principle (10). Since its advent, several researchers have 
used it in the design of both controllers and observers for 
nonlinear systems without using approximate models. 
Stanley B. Gershwin and David H. Jacobson (9) have used 
this approach in the development and extension of linear

3



deadbeat control response to nonlinear deadbeat state-feed- 
back control response. The class of nonlinear systems con­
sidered was of the type where some linear elements were 
present. The characteristics of the linear portion were 
responsible for determining the terminal time, while the 
strictly nonlinear part had certain negative definite prop­
erties. A Lyapunov-like approach was used to achieve sta­
bility of the closed-loop system. The design did not take 
into account constraints on the maximum value of state va­
riables or on the allowed input.

Another significant example on the application of 
Lyapunov Stability analysis is seen in [17] in the develop­
ment of an exponential observer for nonlinear systems. 
Here R. Kou, David L. Elliot and Tzyh Jong utilized it to 
establish a significant condition under which certain clas­
ses of nonlinear systems can be observed. They showed that 
under certain conditions there exists an observer gain 
which produces a Lyapunov-like function that may be used to 
establish required asymptotic convergence of the observa­
tion error. Unlike many other design, ie, [32], the output 
of the system is not required to be a linear combination of 
the state components. However, convergence of the error is 
dependent on the gradient of the nonlinearity and can in 
some cases be very slow.

4



There are certain classes of nonlinear systems vhere 
the nonlinearity is a function of the observed variable 
only. Such a class was considered by S. R. Kou, T. Tarn 
and D. L. Elliot [183. They shoved that if the system is 
completely observable and the initial error lies within 
some known region, an approximately finite-time observer 
can be designed for that system. The observer is designed 
such that the nonlinearity is eliminated from the dynamic 
error equation. The convergence of the error state is con­
trolled to any degree of accuracy desired within any ter­
minal time by pole placement due to the fact that the error 
equation becomes linear. One drawback of the technique is 
that it leaves no alternative for cases where the region of 
the initial error is not known as an a priori condition.

Many classes of nonlinear systems are such that their 
strictly nonlinear elements have certain interesting prop­
erties. Examples are the trigonometric functions which are 
bounded and other functions, whose Taylor series expansion 
about an equilibrium point contains dominating elements. 
In such cases the control of the nonlinear system is close­
ly associated with the control of an associated linear sys­
tem. Such a case can be seen in [103 for controlling non­
linear systems and in [18 3 for observing a special class of 
nonlinear system.

5



In contrast to the methods described above for nonlin­
ear continuous systems, the control theory for nonlinear 
discrete systems is still poorly developed. A major prob­
lem of discrete system control is forcing the system state 
to zero in a minimum number of steps. Such controls are 
called deadbeat. For linear systems, this corresponds to 
placement of all closed-loop poles at the origin. Of 
course the placement of multiple poles in one spot is a 
sensitive design problem but, nevertheless, rapid settling 
time will result even if exact deadbeat response is not re­
alized in practice. In the last two decades the problem 
has been attacked from a state-space point of view and 
early contributions appeared in [11] and [121. Solution to 
the problem using nilpotency of the system matrix appeared 
in (191, [301 and [20]. In 1976 B. Leden [23] established a 
connection between deadbeat control and optimal control for 
linear, time-invariant discrete systems. Here the inte­
grand of the performance index contains only state penalty 
terms and the state is required to be zero at a prescribed 
terminal time. An explicit solution to the singular 
Riccati equation, associated with the optimization problem 
is given. Properties of the time varying gain matrices, 
generating the optimum policies are presented in [23]. In 
particular, necessary and sufficient conditions for each of 
these gain matrices to yield a time-invariant deadbeat con­
troller are given.

6



During the period 1979 - 1980, B. Lewis 1241 working 
on the application of the Moore- Penrose pseudo inverse to 
the solution of the singular discrete-tlme Riccati equa­
tion, presented a closed-form solution, which unfortunately 
does not lend itself to computation since the matrices used 
increase in size with increasing time. However it leads to 
a new geometric treatment of the study of linear quadratic 
optimal control. The work of Lewis was pursued by A. 
Emami-Naeini and G. F. Franklin 16]. They presented a new 
approach for forcing the state of a linear system to zero 
in a minimum number of steps. The problem was formulated 
as a solution to a steady state optimal control problem 
with no cost on the control. No special assumption on the 
open-loop system matrix and the ratio of the number of 
states to control is required. Stable numerical techniques 
were presented for solving for the feedback gain.

7



1.2. MODELLING THE SYSTEM*

This section presents the state space models to be 
used throughout this thesis. Models for both linear and 
nonlinear continuous time systems are given. Models for 
discrete time systems are analogous to those for continuous 
time systems and are thus omitted.

1.2.1 STATE CONTROLLERS:

Many systems can be described by a set of simultaneous 
equations of the form

o
X = f [x(t),U(t),t] (1.1)

where t is the time variable, x(t) is a real n-dimensional 
time varying column vector which denotes the state of the 
system, and u(t) is a real m-dimensional column vector 
which indicates the input variable or control variable. 
The function f is a real vector-valued function. For many 
systems the choice of the state follows naturally from the 
physical structure and (1.1) which will be called the 
state differential equation, usually follows directly from 
the physical laws that govern the system. Of general in­
terest is a feedback lav of the form

u(t) = g(x(t)) (1.2)

8



which when applied to the process (1.1) results In an 
asymptotically stable closed-loop system

e
x = f[x(t),g(x(t)),tl (1.3)

Thus the origin is considered the target set and the con­
trol law (1.2) Is assumed to be such that

lim x (t) = 0 (1.4)
t -* 00 ^

where xg (t) denotes the trajectory of the asymptotically 
stable closed-loop system (1.3). Of particular interest 
are control laws that result in

lim x (t) = 0  (1.5)
t ■* t^ ^

»

where t^ is some finite time. Such response is said to be
a deadbeat response. Formulation of control laws (1.2)
that result in property (1.5) is examined in chapter 2 for
linear systems and extended to nonlinear systems in chapter 
3.

A broad class of nonlinear systems take the form

o
X = A(t)x(t) + f(X (t )) + B(t)u(t) (1.6)

9



where A(t) is an nxn matrix, B(t) is an nxm matrix and 
£(x(t)) is a nonlinear function of the state x(t). Such a 
process may be dominated by the properties of its A(t) and 
B(t) matrices. The control law to be designed below takes 
the form

u (t ) = -K(t)x(t) + g(x(t)) (1.7)

where K(t) is an mxn matrix called the gain of the system, 
and g(x(t)) is a real vector-valued function. The system 
described by (1.6) reduces to a linear system if f(x) 
equals zero and in (1.7) g(x(t)) becomes zero. The prob­
lem in controller design lies in finding an appropriate
function u(t) which will accomplish a prescribed goal. The 
techniques for finding such functions are described in a 
latter section.

1.2.2 FULL-ORDER OBSERVERS;

Consider the nonlinear time-varying system represented 
by the differential equation

o
x (t ) = £(x(t)) ' (1.8)

where x(t) is the nxl state vector, and £: Rn + Rn is con­
tinuously differentiable in the domain Rn and satisfies a 
condition ensuring existence of a solution on [0, co) . The

1 0



state vector Is not available for direct measurement, only 
a measurement of the form

y(t) = h(x(t)) (1.9)

Is available, where y(t) is In Rr and is the output of
(1.8) and h: Rn -» Rr is continuous. The problem is to
design a dynamic system called an observer or state-recon- 
structor to reconstruct or estimate the state of (1.8) by 
using (1.9) as input to the observer such that the state of 
the designed observer can be used as an estimate of the
state x(t).

An observer for (1.8) and (1.9) can be represented in 
general as

o
z(t) = f(z(t)) + p(y(t),h(z(t))) (1.10)

where z(t) is the n-dimensional state variable (or output) 
of the observer and p: RrxRn -> Rn is once continuously 
differentiable in both variables and

p(y(t),h(z(t))) = 0 (1.11)

if h(x(t)) = h(z(t)). Note that observer (1.10) contains a 
model of (1.8) and a correction signal p that is to be 
found so that the error x(t) - z(t!> goes to zero as quickly

1 1



as possible. When (1.8) and (1.9) are linear, they can be 
represented in the following form

o
X (t ) = A(t)x(t) (1.12)

y(t) = c(t)x(t) (1.13)

The state estimator can now be represented in the following 
form

o
z(t) * A(t)z(t) + G(t)[y(t) - C (t )z (t )1 (1.14)

where A(t) is an nxn matrix, C(t) is an rxn matrix and G(t) 
is an nxr matrix called the gain of the state estimator or 
observer. The system described by (1.14) is called a 
full-order observer because the states of x(t) and z(t) are 
of the same dimension. If we define the reconstruction er­
ror e(t) by

e(t) = x (t ) - z(t) (1.15)

then combination of (1.12), (1.13) and (1.14) yields

o

e(t) = (A(t) - G(t)C(t))e(t) (1.16)

Equation (1.16) is referred to as the error equation of the 
linear observer. The above development can be easily ex-

12



Fig. -  1 . 1  F u l l - o r d e r  Observer
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tended to forced systems by including the input term u(t) 
into (1.12) and (1.14). The configuration for the full- 
order observer for forced linear systems is shown in Pig. 
1 . 1 .

1.2.3 REDUCED-ORDBR OBSERVERS:

The full-order observer possesses a certain degree of 
redundancy. The reason for this is that the full-order ob­
server constructs an estimate of the entire state, but the 
output of the plant which is made up of linear combinations 
of the state components, is available for direct measure­
ment. Hence it is unnecessary to construct a full-order 
dynamic observer to estimate the plant state.

The following form was first developed by Luenberger 
[25] and a detailed treatment can be found in [51. We give
here a brief summary of the form of the reduced-order ob­
server. Consider the system described by

o
X (t ) = Ax(t) + Bu(t ) (1.17)

y (t ) = C x (t ) (1.18)

Assume that C has full rank an introduce an (n-r) dimen­
sional vector w(t)
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w (t ) = C'x(t)
Tsuch that [C, C*J is nonsingular. Then

(1.19)

■ C ’-1 ■ y(t) ■
x ( t ) c w( t) = Lxy(t) + L2v(t) (1.20)

Let w(t) and x(t) represent estimates of w(t) and x(t) re­

spectively. Then

x (t ) = L1y(t) + L 2v(t) (1.21)

Diffferentiating (1.19) and using (1.20) yields

v (t ) = C'AL2v(t) + C'AL1y(t) + C'Bu(t) (1.22)

Since y(t) carries no information about w(t), new informa­
tion must come from the derivative of y(t). An observer 
for (1.22) takes the form

v(t) = C'AL2v(t) + C'AL^y(t) + C'Bu(t) +

° - 
K[y(t) - CAL-jytt) - CBu(t) - CAL2v(t)l (1.23)

where K is the observer's gain matrix. In realization 
there is no need to take the derivative of y(t). Various 
techniques for designing K are shown in the next section.

15



1.3 TECHNIQUES FOR DESIGNING CONTROLLERS AND OBSERVERS

This section gives several standard and recent tech­
niques for designing control lavs and observer correction 
signals described in the last section. Since linear sys­
tems theory plays an integral part in the development and 
construction of many types of nonlinear processes, standard 
techniques for the design of linear systems are described 
first.

1.3.1 POLE PLACEMENT

Consider the time-invariant form of (1.6) vhen the 
nonlinear part is absent, ie,

o

x(t) Ax(t) + Bu(t) (1.24)

A linear state-feedback control lav

u(t) -Kx(t) (1.25)

gives the closed-loop system

x(t) [A - BK]x(t) (1.26)

Solution to (1.26) is
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x(t) = expt(A - BK)tlx(O) (1.27)

Similarly the solution to (1.16) when A, C and G are con­
stant matrices is

e(t) = exp[(A - GC)t)e(O) (1.28)

Thus if the matrices [A - BK] and [A - GC] are stable ma­
trices then the states of x(t) and e(t) will approach zero 
asymptotically. It is veil known that if the pair [AfB] is 
completely controllable and the pair [A,Cl is completely 
observable, then the eigenvalues of (A - BK) and (A - GCJ 
can be arbitrarily placed in the complex plane, by proper 
selection of the K and G matrices. This process of select­
ing the gain matrices based upon eigenvalues locations is 
called pole placement.

1.3.2 INTEGRAL QUADRATIC PERFORMANCE INDEX

An alternate design procedure for observers and con­
trollers is based on a performance index. This technique 
can be used for both linear and nonlinear systems where an 
"optimal" design is desired. Several forms of the integral 
quadratic performance index are used. Here only the simpl­
est form used for linear optimal systems is presented. 
Consider finding an optimal gain K for (1.26). A suitable 
performance index is of the form

17



[xT ( t ) R 1 ( t ) x ( t )  + u T ( t ) R 2 ( t ) u ( t ) IdT + xT (t1 )P1x(t1 )

= [xT ( t ) tR1(T)+KT (T>R2(T)K(T)x(T)dr + xT (t1 )P1x(t1 ) (1.29)
Jt

where R^ and R2 and P̂  ̂ are positive definite matrices.
Equation (1.29) can be written as

J = xT (t)P(t)x(t) (1.30)

where P(t) satisfies the matrix differential equation

-P(t)=R1 (t)+KT (t)R2 (t)K(t)+P(t)(A-BK(t))+[A-BK(t)]TP(t)
(1.31)

with P(t^) = is shown in 119) that the optimum gain
is

K°(t) = R2-1(t)BTP(t) (1.32)

where P(t) satisfies

-P(t) = Rx(t) - P (t )BR2~1 (t )BTP (t ) + P(t)A + ATP (t ) (1.33)

18



1.3.3 OPTIMAL NONLINEAR FEEDBACK CONTROL:

The methods described In the preceding section for 
minimization of a quadratic performance criterion can be 
extended to minimization of Integrals containing quartic, 
hexadic or even higher' terms In the state variables [21. 
This leads respectively to cubic, quintic or higher-order 
state feedback. Such higher-order feedback is often neces­
sary in order to impose inequality constraints upon the
state variables. The technique described belov is that of 
R. w. Bass and R. F. Webber [2]. The procedure imposes a 
mean amplitude constraint on the control. By defining a
certain Lyapunov function whose derivative is forced to
take a required form, an exact solution of the problem is 
obtained. The case considered in 121 is a completely con­
trollable system with a single control variable.

Consider the system described by the following differ­
ential equation

o
x = Ax +av* (1.34)

where x is the system state vector, A is an nxn plant ma­
trix, a is the actuator vector, and y> is the scalar control 
law to be chosen in the feedback form y> -  y>(x) . Control
laws are admissible only if they produce asymptotic stabi­
lity of the equilibrium state x = 0; in particular, it is
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required that

x(t) •* 0 as t -♦ oo

The problem can be stated as follows: Find the con­
trol lav In (1.34) to minimize the unconstrained perfor­
mance criterion

oo
5 = |{S(x) +0 .5v'2(x ) + 0.5 (V'nl(x) l2>dt (1.35)

o

oo

with
v = 1

w

S = ^ ( 1 / 2 v )?2v (x ) (1.36)

where £2 = x . Cx (C* = C > 0) (1.37)

is a given positive-definite homogeneous quadratic form and 
where each given ? 2 is a positive semidefinite homogeneous 
multinomial form of degree 2 v , (v = 2,3,4,....) and

oo
with m  __

v —1

w

vni (x) = ^Jl/2v)a.grad 0>2v(x) (1.38)

where ® 2 = x . Bx (B* = B > 0) (1.39)

is a positive-definite quadratic form, where B is to be 
found and 02 (x) is a Positive semidefinite homogeneous mul-
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tinomial of degree 2v (v> = 2,3,4....) to be constructed.

The matrix B is found by minimizing (1.35) with =
0. The optimal control law is given by

= g .x , g = -Ba (1.40)

where B satisfies the (equilibrium) matrix Riccati equation

BA + A*B - Baa*B = -C (1.41)

Rewrite (1.34)
x = Ax + a = A x  (1.42a)

where A = A - aa*B (1.42b)

A A
and where A is a known stability matrix. This A and
v  =2,3,..}. are then used to construct =2,3,..}..by
solving the partial differential equation

Ax . grad 0 2jj(x ) = -?2v<x) (1.43)

The optimal control law for (1.34) relative to (1.35) is
given by

V>(x) = g.x + V ^ t x )  (1.44)
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1.3.4 LYAPUNOV-LIKE METHODS:

The methods previously described in sections 1.2.1 and
1.3.2 are suited for the control of linear systems. A 
method vhich is inherently suited for nonlinear systems is 
one vhich uses the properties of Lyapunov stability analy­
sis and optimization. Consider (1.1). Define the Lyapunov- 
like function V(x,t),

where S(t) is a positive definite time-varying symmetrical 
matrix. Differentiating (1.45) along the trajectory of
(1.1) using (1.2) yields

It is veil known 1101 that if V(x,t) satisfies the follow­
ing conditions:

i) V(x,t) has continuous first partial derivatives 
with respect to x and t and V(0,t) = 0; 

ii) V(x,t) is positive definite
° Till) V (X/t) = *V(x,t)/dt + (grad V(x,t))x £ (x,g,t) < 0

iv) V(x,t) is bounded by a nondecreasing continuous

V(x,t) (1.45)

V(x,t)
o _ O O

2x S(t)X + X S (t )X

scalar function for all t and

2 2



v) V(x,t) •*<» as I |x| I ■* co
then the equilibrium state xg is globally uniformly asymp­
totically stable. Two important questions are, one, what 
is the relationship betveen g(x(t)) and S(t) and two, for 
what family of g(x(t)) does (1.5) hold? If there exists a 
relationship between u(t) and S(t), then one may investi­
gate the effect of S(t) on the trajectory of (1.1) and on 
the maximum magnitude of u in (1.2). A key point in this 
thesis is the finding of such a relationship for a broad 
class of nonlinear swystems and to examine the effect of 
S (t ) on the state trajectory with constraint on the input 
u(t).

1.3.5 LINEARIZATION ABOUT EQUILIBRIUM :

It is common practice in engineering to often consider 
only small deviations from the operation point (ie., equi­
librium state). This is done by expressing a nonlinear 
function in a Taylor series about the operating point. 
Consider the nonlinear differential equation

P

x (t) = f(x(t)) (1.47)

Let y = x - x where x is taken as an equilibrium state6 G
and f is analytic in the neighborhood of xg . Then

o
y(t) = f(x .t) + (F(t) + G(y,t)Hx - x_]G “
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= lF(t) + G(y,t)ly(t) (1.48)

where F(t) is the Jacobian matrix o£ £ evaluated t x , t;w

and G(y,t) is a matrix such that ||G(y,t)J|/||y|j tends to 
Zero with | |y| | -» 0. I£ F(t) is bounded and the linear 
part o£ (1.47) is uniformly asymptotically stable then xfi 
is (locally) uniformly asymptotically stable. Many non­
linear systems possess this characteristic and stable regu­
lators and stable observers can be design for them by only
considering their linear elements. Other methods retain 
first-order and second-order terms of the Taylor series 
to get an approximate design procedure.

This thesis solves the problem of state estimation and 
state control for linear and nonlinear systems. It out­
lines an algorithm which generates the observer and con­
troller gains which produce exact state estimates and forc­
es the system's state to the zero-state in a prescribed 
terminal time for a large class on linear and nonlinear 
continuous time systems. Chapter 2 solves the problem of 
the output-feedback finite design for linear continuous 
time systems. The problem is divided into three subprob­
lems. First, the state of the system is assumed known and 
a controller which will result in a deadbeat state response 
is presented. Second, a dynamic observer is designed as a 
state estimator which will give exact state estimates in 
finite time. And third, the above schemes are combined to
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produce a deterministic output-feedback controlled system. 
In chapter 3, the theory is extended to nonlinear output- 
feedback systems. In chapter 4 the effect of the designed 
parameters N, M and t f are examined. In chapter 5 an anal­
ogous algorithm is developed to produce exact state esti­
mates and deadbeat responses in discrete time linear sys­
tems. A new algorithm is developed vhich produces near 
deadbeat response without matrix inversion. A conclusion 
and extensions are given in chapter 6.
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2. FINITE-TIME OUTPUT-FEEDBACK CONTROLLER
DESIGN FOR LINEAR CONTINUOUS TIME SYSTEMS

This chapter solves the continous time linear output- 
feedback linear regulator finite time response problem.
The solution is divided into three sections. In section
2.1 the system state is assumed known and a controller is 
designed vhich forces the system state to the origin in
finite time. Section 2.2 demonstrates the design of an ob­
server vhich forces the estimation error to zero in finite 
time. Finally sections 2.1 and 2.2 are combined to produce 
a finite time output-feedback regulator design. The output 
feedback control depends on parameters N and M vhich can be
used to shape the error and system state trajectories. A
detailed treatment of the effect of these parameters is
given in chapter 4.

2.1 CONTROLLER DESIGN;

Consider the time-invariant linear system given by the 
following differential equation

o
X(t) =* Ax (t ) + Bu (t ) (2.1)

where x(t) e Rn is the state of the system, u(t) e Rm is 
the input of the system, and A and B are nxn and nxm ma­
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trices, respectively.
Definition 1 . System (2.1) is said to be deadbeat if there

exists an input u*(t) and a finite time t £
such that

lim | |x(t ) || = JO (2.2)
t ■* t £

where ||°|| denotes the Euclidean norm. Let the input be 

given by

u(t) = -F(t)x(t) (2.3)

where F(t) is an mxn matrix. Now to find the appropriate 
F(t) which will satisfy the requirement (2.2), define the 
scalar V(x,t) such that

V (x,t) = xT (t)S(t)x(t) (2.4)

where S(t) is a time-varying symmetrical nxn matrix and T 
denotes the transpose. Differentiating (2.4) along the
trajectory of (2.1) and using (2.3) yields

°  Ol °
V (X,t) = 2x (t )S (t )[A - BF(t))X (t ) + x (t)S(t)x(t) (2.5)

Let F (t ) = 0.5BTS (t ) (2.6)

where
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-NS(t ) = S (t )A + ATS(t) - S (t )BBTS (t ) (2.7)

and N is a scalar, N > 1. Then substituting (2.6) into 

(2.5) yields

V(x,t) = -£N - llxT (t)S(t)x(t) (2.8)

It is obvious that i£ S(t) is nonsingular then (2.7) can be 
written as

S_1(t ) = (A/N)S_1(t) + S_1(t)(A/N)T - BBT/N (2.9)

Using the boundary condition

s“1 (tf) = 0 (2.10)

and if S_1(t) exists for t < tf then the solution to (2.9) 
becomes

t f
s-1(t) = (1/N) f«(t/N,T/N)BBT5T (t/N,T/N)dT (2.11)

Jt

where $(t,T) is the state transition matrix of (2.1). The 
condition that s-1(t) be invertible (positive-definite) for 
t e [tQ,t£ ) is

J'i
<1/N) *(t/N,T/N)BBTST <t/N,T/N)dT > 0 (2.12)

Jt
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vhich is a form of the Kalman's condition [13] for complete 
controllability of (2.1) from (x0 ,tQ) to (0,tf ) for all xQ 
and [tQ tf ). The value of N has a great impact on the

e

state trajectory for t < t£ . It can be shown that S(t) is

positive semidefinite (see Appendix B) if (2.12) holds. 
Thus if the [A,B1 pair is completely controllable, S(t) is 
positive-definite for t < t £ and (2.8) reduces to

o
V(x,t) < 0 (2.13)

Thus from Gershwin and Jacobson First Controllability Theo­
rem (see Appendix A) we conclude that the input given by 
(2.3) transfers the state of (2.1) from (xQ,tQ ) to (0,t£ ). 
Computer simulation and graphical results are shown in a 
later section.
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2. 2 OBSERVER DESIGN:

Consider the linear system given by (2.1). The state 
x(t) is not available for direct measurement. The only 
measurement is

y(t) = Cx(t) (2.14)

where y(t) e Rr is the output vector and C is an rxn ma­
trix. Given the system (2.1) and (2.14) is completely ob­
servable, the problem is to design a dynamic system (ob-

*
server) for (2.1) by using y(t) and u(t) as inputs to the 
observer such that, independent of the initial state of
(2.1), the state of this designed dynamic system can be 
used as an estimate of the state of (2.1). Furthermore the 
state of this observer or state estimator must be identical 
with that of (2.1) after some finite time.

In general, the 3tate estimator for (2.1) and (2.14) 
can be expressed in the form (25)

o

z (t ) = Az(t) + K(t)Iy(t) - C z (t )] + B u (t ) (2.15)

where z(t) is the n-dimensional state variable (or output) 
of the observer and K(t) is an nxr matrix called the gain 
of the observer. Substituting (2.14) into (2.15) yields
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z (t ) = Az(t) + K(t)C[x(t) - z(t)) + Bu(t) (2.16)

Define the estimation error e(t) as follows

e(t) = x (t ) - z(t) (2.17)

Definition 2 ; A state estimator of a given dynamic system
is said to be deadbeat if there exists a 
specific finite time tf such that

lim ||e(t)|| = 0 (2.18)
t -♦ t^

The value of t £ is arbitrary and does not depend on the 
initial condition of the system and thus affects only the 
trajectory of the observer.

Differentiating (2.17) and using (2.1) and (2.16) gives

o

e (t ) = (A - K(t)C)e(t) (2.19)

The following shows a new technique in designing K(t)
such that the system (2.19) satisfies (2.18). Since (2.1),
(2.14) is assumed to be completely observable, by the dual-

T Tity principle 1201, the [A ,C 1 pair is completely control­
lable. This duality principle is the key idea behind this
new technique.
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Let W(t) be a time-varying symmetric nxn matrix. De­
fine the scalar V(e,t) such that

V(e,t> = eT (t)W(t)e(t) (2.20)

Taking the derivative of (2.20) along the trajectory of
(2.19) gives

° m ° mV(e,t) = e(t)[W(t)+W(t)A+A W(t)-2W(t)K(t)Cle(t) (2.21)

Let 2W(t)K(t) = CT (2.22)

where MW(t) = W(t)A + ATW(t) - CTC (2.23)

where M is a positive scalar parameter. Substituting 
(2.22) and (2.23) into (2.21) results in

V(e,t) = IM + lie (t)W(t)e(t) (2.24)

O
It is obvious that if W(t) is negative semidefinite, then
o

V(e,t) is negative semidefinite from (2.24). Using the 
bounndary condition

W(t£ ) = 0 (2.25)

the solution to (2.23) becomes
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W(t) = (1/M) T (t/M,T/M)CTC«(t/M,T/M)dr (2.26)

where $(t,r) is the state transition matrix of (2.1). The 
condition that W(t) be invertible (positive definite) for t 
€ It0,t£ ) is

which is a form of the Kalman condition (13) for completely 
controllability of the dual of (2.1), (2.14). Since (2.1),
(2.14) is assumed completely observable, its dual is com­
pletely controllable and thus (2.27) holds and as a conse­
quence W(t) is positive definite for t < tf ). Also c is 
nonzero for all t since (2.1),(2.14) is completely observ­
able. Thus K (t ) exists and is given by

This gain can be shown to satisfy all the condition of the 
Gershwin and Jacobson First Controllability Theorem (see 
Appendix B). M has a similar effect on the error trajec­
tory as N has on the system state trajectory and a full
discussion on its effect is given later. W(t) can be shown 
(see Appendix B) to be negative semidefinite. Thus (2.24) 
reduces to

W(t) = (1/M) T (t/M,t / M )CTC $ (t/M,t /M)dr > 0 (2.27)

K(t) 0.5W_1(t)CT (2.28)

O
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V(e,t) < 0 (2.29)

Therefore the gain given by (2.28) transfers the state of
(2.19) from (e0ftQ ) to (0,tf ) (see Appendix B, Lemma 5).

2.3 THE STRUCTURE OF THE OUTPUT-FEEDBACK CONTROL SYSTEM;

In this section we consider the problem of regulating 
a linear continuous system with incomplete state measure­
ment. consider the system described by (2.1), (2.14) which 
is completely controllable and observable. Also consider 
the observer as given by (2.16). Using (2.3), where z re­
places x, in (2.16) yields

D
Z(t) = [A - BF(t) - K(t)C)z(t) + K(t)y(t) (2.30)

Substitution of

z(t) = x (t ) - e(t) (2.31)

into (2.30) yields

o
X(t) = [A - BF(t)]X (t ) + B F (t )e (t ) (2.32)

From the observer design we noticed that there exists a 
K(t) such that (2.18) is satisfied. This gain is indepen­
dent of the input, since u(t) was not part of the error
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equation (2.19). Therefore after time t£o where t£o is the 

observation interval. (2.32) reduces to

x (t ) = [A - BF(t)lx(t) (2.33)

From the controller design we noticed that there also ex­
ists an F(t) which satisfies (2.2). Combining the results 
of the controller and observer designs we can conclude that 
if (2.1),(2.14) is completely controllable and observable, 
then the state of (2.1) can be driven to zero from any un­
known state. The gains which accomplish this transfer are 
given by the following equations

K(t't fo) = 0 *5w"1 (t /t£O )CT t < t fQ (2.34)

u(t,tf) = -0.5BTS(t,t£ )z(t) t£o £ t < t£ (2.35)

where
t

w(t'tfo) = *T (t/M,T/M)CTC*(t/M,T/M)dr (2.36)
Jt

tf
S-1(t,t£) = (1/N) r5(t/N,T/N)BBT*T (t/N/r/N)dT (2.37)

J t
where t£ - t £o is the control time. N and M are positive 
constants and t£o < t£ . Graphical results are shown in a 
later section.
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2.4 REDUCED-ORDER OBSERVERS:

The new technique developed for deadbeat output-feed- 
back design can be applied to the construction of reduced- 
order output-feedback control systems. In this section we 
will show an application of the new method to the construc­
tion of a reduced-order observer for producing exact state 
estimates. Consider (2.1), (2.14). Since (2.14) provides 
us with r linear equations in the unknown x(t), it is only 
necessary to construct n-r linear combinations of the com­
ponents of the state. This method was first considered by 
Luenberger (1964, 1966) and here follows the derivation of 
Cummings (1969) (51.

Consider the time-invariant case for simplicity. Fol­
lowing the procedure as described by (1.17) through (1.23) 
from the background material above, define the error e'(t) 
as follows

e' (t) = w(t) - w (t ) (2.38)

Differentiating (2.38) and using (1.22) and (1.23) yields

o
e'(t) = (C'AL2 - K(t)CAL2 le'(t) (2.39)

Assuming that the IA,C1 pair is completely reconstructible, 
then (C'AL2,CAL2) pair is completely reconstructible. And
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thus by theduallty principle the I(C'AL2)T , (CAL2 )T 1 pair 
Is completely controllable. Let the scalar V(e',t) be de­
fined by

V(e',t) = e'T (t)W(t)e'(t) (2.40)

where W(t) is a time varying symmetric (n-r)x(n-r) matrix. 
Taking the derivative of V(e',t) along the trajectory of 
(2.39), one gets

V(e',t ) = e'(t)(W(t) + W(t)(C'AL2) + (C'AL2 )TW(t) -

= 2W(t)K(t)CAL2 le'(t) (2.41)

Let 2W(t)K(t) = (CAL2 )T (2.42)

where

MW(t) = W(t)(C#AL2 ) + (C'AL2)TW(t) - (CALj)T (CAL2 ) (2.43)

where M is a positive scalar. Substituting (2.42) and 
(2.43) Into (2.41) yields

o

V(e',t) = [M + lle'T (t)W(t)e'(t) (2.44)

Using the boundary condition
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W(t£) = 0 (2.45)

the solution to (2.43) becomes

tf
W(t,tf) = (1/M)f 5T (p/M)(CAL2)T (CAL2 )ff(p/M)dr (2.46)

t

where p = t - r and «(t - t ) Is the state transition matrix 
of (1.22).

Using an argument analogous to that developed in the 
last section for the full-order observer, one can conclude 
that W(t) is indeed positive definite (see Appendix B).
Since W(t) exists for t < t f, then K(t) is given by

K (t ) = 0.5W_1(t)(CAL2 )T (2.47)

In realization there is no need to take the derivatives of 
y(t) and K(t). To show this define

q(t) = w (t ) - K(t)y(t) (2.48)
o

From (2.47) K(t) = -0.5W_1(t)W(t)W-1(t)(CAL2 )T

= -5"1(t)(W(t)(C'AL2 ) + (C 'AL2 )TW (t ) - (CAL2)T (CAL2 )]K(t)/M

= -I(C'AL2)K(t)+W-1(t)(C'AL2 )T (CAL2)T/2-2K(t)(CAL2 )K(t))/M
(2.49)
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0
Then q(t) * [C'AL2 - K(t)CAL2 lq(t) +

IC'AL2K(t)(1+1/M) + C'AL1 - K(t)CAL^ - 

K(t)CAL2K(t)(1 + 2/M) + w"1(t)(C'AL2 )T (CAL2 )T )y(t) + 

IC'B - K (t )C B 1U (t ) (2.50)

o o
This equation does not contain y(t) or K(t). The state es­
timate is

x (t ) = L2q(t) + ILX + L2K(t)]y(t) (2.51)

The parameter M plays an important part in shaping the er­
ror trajectory in a manner similar to the parameter M of
the full-order observer discussed earlier.
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2.5 EXAMPLES AND GRAPHICAL RESULTS:

EXAMPLE 2.1: Consider the system given by

= u (2.52)

jc2 = x 2 (2.53)

This example illustrates the design of a finite-time con­
troller for a prescribed tf and various values of the para­
meter N. The state transition matrix of the system is

*(t,r)
exp(r - t) - 1 exp(r - t)

(2.54)

And the solution to (2.9),(2.10) is

['s (t,t£)=
L exp (R ) -R-l 0. 5exp (2R) -2exp(R)+R+1. 5̂

(2.55)

where R = (tf - t)/N (2.56)

Therefore, from (2.3) and (2.36)

u(t) = - sllxll + s12x2 (2.57)
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I

vhere S(t,t£) *11 s12 
s12 ®22

(2.58)

This example was chosen to show the effect of N on the sys­
tem's trajectory. The system was simulated using tQ = 0,
t£ = lsec., x^(0) = 1 and XjtO) = 2. Fig. 2.1 shows the 
system's trajectory for different values of N. For this 
example it is obvious that as N increases the overshoot in­
creases. Noticeable also is the time at which the maximum 
overshoot occurs. Table 1.1 shows the maximum value of 
x ^ ( t )  and the time it occurs for different values of N. 
For this example, the maximum overshoot is directly propor­
tional to N while the time it occurs is inversely propor­
tional to N. Fig. 2.1 also shows the relationship be­
tween the different trajectories for the same instant of 
time for different values of N.
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N Ti m e( s ec s ) x 1 ( t ) max. x2 ( t ) corr

1 0 .5675 1 . 5577 0 .5424

2 0 . 3 00 0 3 .1 204 0.8457

3 0 .2 0 5 0 4 .8 0 5 7 9890

4 0.  1600 6 . 52 6 0.9891

5 0 .1 30 0 8 .2 63 2 1.0181

Table 1.1 The e f f e c t  o f  N on the  Maximum

o v ers ho o t  and the  t ime i t  o c c u r s .  The

c o rr esp ond ing  va l ue  o f  x^(t) i s  a l s o  shown.  

O . l s e c  corre sp ond s  to  1 t ime u n i t  in F ig .  2.
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N=1 \  ^
z A  \  '''• ^

£i Ci~ 4 >. ^  ^

C2 - ^ N= 2 \  \  1
\ t2 N=3 \  N 4 ^

C3 ^  \  \ \

1 \ t T \  '
£4 t, \ / 1

! V  / /
£5 ~ \ j  7 /  C2\ /

. 1 / t T \  /  ^  
c6 y  y ^

t ^ “ V  i f Y  p ' '  ^

‘5 £< £5 4

- 1  0 1 2 3 4 5 6 Xx

F ig .  2 .1  T r a j e c t o r y  o f  and X2 for  N = 1,  2 ,  3 and 

4 r e s p e c t i v e l y .  t^ means b time u n i t s .  O . l s e c .  = 1 t ime  

uni t
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u(t)
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N=1

-10

-20
. 1 . 20 .3 . 4 .5 . 6 .7 .8 .9 1 t

F ig .  2 . 2  Input  v e r s u s  t i m e ( s e c s . )  f or  N= l , 2  and 4
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EXAMPLE 2,2t Given the folloving dynamic system

x = Ax (2.59)

y = Cx

where A =
0
1

and C = L1' *J
(2.60)

(2.61)

Example 2.2 illustrates the design of a finite-time observ­
er for a prescribed t f and various values of the parameter 
M. It is obvious that the (A, CJ pair is of full rank and 
thus the system is completely observable. As a result the

T T( A ,  C J  pair is completely controllable. Application of* 
the algorithm ofsection 2.2gives the solution to (2.23), 
(2.25) as

W(t,t£ )
0.25[R+sin(R)] 0.25(1 - cos(R)]

0.2511-cos(R)) 0.25(R-sin(R)]
(2.62)

where R=2lt£ - tl/M. The derivative of (2.62) is given by

W(t,t,) = -l/i [cos(R/2) 0*| Jcos(R/2) -sin(R/2) 
-sin(R/2) Oj [ 0 0

(2.63)

Also the determinant of W(t,t£ ) is positive for t < tf . 
Thus W(t,t£ ) is positive definite for t < t£ . Thus K(t,tf)
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exists and from (2.28) is given by

K(t,tf ) - 0.5w"1 (t,tf )CT (2.64)

Figs. 2.3 and 2.4 shov the system and observer responses 
for t £ =1 sec. and H = 1, 2 and 4 respectively. Figs. 2.5 
and 2.6 shov the responses for t £ = 2 secs, and M = 1 / 2
and 4 respectively.

EXAMPLE 2.3: Let
o
x Ax + Bu (2.65)

y = Cx (2.66)

’ 0 1 ’ r I ’ 1 ‘
where A = C 1 1, 0 I and B = (2.67)

1 0 
■ ■

L J 0
■ ■

This example illustrates the design of a finite-time ob- 
server-controller for prescribed t £o and t£, N and M. The 
system is both controllable and observable. An observer 
for (2.65) is given by

z = Az + K (t )Iy - C z 1 + Bu (2.68)

For this example, from (2.26), W(t,tf<>) is given by

0.25(1+sinh(I)] 0.25(1-cosh(I)

0.25(l-cosh(I)1 -0.251I-sinh(I)]
W(t,tfQ) = (2.69)

where I = 2 ^ f 0 “ t)/M. Since 5(t,r), the state transition
Tmatrix is symmetrical and C = B, it follows from (2.37)
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that

S-1<t,tf ) =
0.25(J+slnh(J)] 0.25(l-cosh(J)1

0.25tl-cosh(J)] -0.25CJ-sinh(J)]
(2.70)

where J = 2(tf - t)/N. The input and observer gain are 
thus given by

u(t,tf ) = -0.5B S(t,tj) (2.71)

K(t,t£o) = 0.5W-1(t,t£)CT (2.72)

vhere t£ > t£o* The system and observer were simulated us-

ing tfo = lsec., t£ = 2secs., x(0) = 13, -41T , z(0) = [0,

01T , N = 2 and M = 2. Graphical results for the control­
led system are shown in Figs. 2.7 and 2.8.
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=4

M=2

=  1- 1  -
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- 3  -
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M=4

■M=2

=  1

( t )
- 1

Z 9 ( t )
— 2 -
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—4
a4D

Time in  Seconds

F ig .  2 . 6  X2 and for  t^=2 and M=l, 2 and 4 resp,
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system w i t h  t fo  = l s e c . ,  t f  = 2 s e c s .  and N = M = ' 2 .
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3. DESIGN OF NONLINEAR OUTPUT-FEEDBACK FINITE-TIME
REGULATORS

A family of nonlinear control lavs is developed to 
bring a nonlinear dynamic system from an arbitrary initial 
state to the zero state in finite-time when only limited 
output measurements are available. Design parameters are 
found for an observer-controller which can be used to shape 
both the system's state trajectory and the dynamic observ­
er's error trajectory. Numerical simulation studies demon­
strate properties of the nonlinear finite-time output-feed- 
back regulator.

In this chapter, ve consider the problem of observing 
the output and regulating the state of a class of nonlinear 
systems in finite time. Controllability of nonlinear sys­
tems, assuming complete state measurement, is examined in 
section 3.1 where the work of Gershwin and Jacobson [9] is 
extended. In section 3.2 ve design a nonlinear deadbeat 
observer, a dynamic state reconstructor that yields exact 
state estimates in finite time. Sufficient conditions for 
observability of certain nonlinear systems are established. 
The finite-time nonlinear observers in section 3.2 are dis­
tinct from the class of observers considered in [181. An 
example is given to demonstrate the new nonlinear deadbeat 
observer design technique. In section 3.3, the finite-time 
observer and the finite-time controller are combined to

54



produce a flnite-time output-feedback regulator. Numerical 

examples are presented to illustrate properties o£ the 
state and error trajectories.

3»1 CONTROLLER DESIGNt

Consider the nonlinear time-invariant system described
by

o
x = Ax + £<x) + Bu <3.1)

where x is an n-dlmensional state vector, u is the r-dimen- 
slonal input vector, £ is a nonlinear function such that 
£: Rn ■* Rn, and A and B are nxn and nxr matrices respec­
tively. The controllability of this class of systems was 
examined by 191. We will extend the results o£ [91 as fol­
lows: Let the input u be given by

u = -0.5BTS(t)x + g(x) (3.2)

where s(t) satisfies

-NS(t ) = S (t )A + ATS(t) - S (t )BBTS (t ) (3.3)

g(x) is a nonlinear function to be specified below, and N
is a positive scalar. Note that this is in contrast to the
method of [91 where N is assumed to be equal to unity. Let
us define the scalar V(x,t) as follows
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V(x,t) = xTS(t)x (3.4)

Differentiating (3.4) along the trajectory of (3.1) and 
using (3.2) and (3.3) results in

V(x,t) = xT I(l-N)S(t)Ix + 2xTS (t )If(x) + B g (x )1 (3.5)

Assume the boundary condition

S_1(t£ ) = 0 (3.6)

Then from (3.3) and (3.6) the closed form solution for 
S_1(t) becomes

S_1(t) = (l/N)J exp[A (t-r)/N)BBTexp(AT (t-r)/ N 1dr
Jt

= N exptA(t-r)/NlBBTexplAT (t-T)/NldT (3.7)
NN

We state the folloving Lemma: If the system given by

x = Ax + Bu (3.8)

is completely controllable, then the system given by

x = (A/N)x + (B/N)u (3.9)
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Is completely controllable.
Thus using (3.3),(3.6),(3.7) and the result in [91 ve find 
that

S(t) = -S(t)S_1(t)S(t) £ 0 (3.10)

and from (3.5) ve conclude that for N i l ,  the first term
of the right hand side of (3.5) is negative semidefinite. 
Thus (3.5) reduces to

V(x,t ) < 2x TS (t)(f(x) + Bg(x )1 (3.11)

Next assume there exists an nxn matrix H(x) and an 
r-dimensional nonlinear vector-valued function g(x) such 
that

f(x) + Bg(x) = -H(x)x (3.12)

and S(t)H(x) + HT (x)S(t)

is positive definite for all x and t. Then (3.11) becomes

o
V(x,t) < 0 (3.13)

From (3.6) and (3.13) ve conclude that all the conditions 
of the controllability theorem of 19) are satisfied for N 2:
1. Hence, if (3.12) holds, the input given by (3.2) accom­
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plishes the transfer of the state of (3.1) from (Xg/tQ) to 
(0,t£ ).

3,2 FI HITE-TIME OBSERVER DESIGN:

In this section ve develop sufficient conditions under 
which a class of nonlinear systems is completely observ­
able. The procedure is a variation of that described in 
the previous section for controller design. Here we ex­
press the observer gain as the sum of two components. The 
first component is characterized by the properties of the 
strictly linear part of the nonlinear observer. The second 
component is related to the strictly nonlinear part of the 
observer.

Consider the class of systems given by (3.1) where the 
output measurement is assumed to be

y = Cx (3.14)

where y e Rr and C is an rxn matrix. An observer for (3.1) 
and (3.14) is given by

o
z = A z + f ( z ) + K ( y - C z J + B u  (3.15)

where z e Rn is the output of the observer and K is an nxr 
observer gain matrix written as
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K = Kx + K2 (3.16)

From (3.1), (3.15) and (3.16) ve find

x - z = (A - K j C K x  - z) + (f(x) - K2Cxl - (£(z) - KjCzl
(3.17)

Let w(t) be a matrix which satisfies the following condi­
tions

MW(t) = W(t)A + ATW (t ) - CTC (3.18)

W(t£ ) = 0 (3.19)

where M is a positive scalar. Now we establish the follow­
ing:
THEOREM: If 1) the IA,C1 pair is completely observable

2) there exists a K2 such that WIVf - KjCl is
uniformly negative definite 

3) the solution to (3.1) exists and is unique.
Then there exists a K given by (3.16) such that the
state of (3.17) can be transferred from ((Xq -z q ),tQ 1 
to [0,t£ 1 in a prescribed finite time t£ .

PROOF: The proof is constructive, combines the approaches 
of 191 and (17) and leads to the design of the observer's
gain K. Define the scalar function V((x-z),t) such that
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V((x-z),t) = (x - z)TW (t)(x - z) (3.20)

Take the derivative of (3.20) along the trajectory of
(3.17) to yield

V(x-z,t) = (x - z)T (W(t) + W(t)(A - KjC). + (A - K1C)TW(t)l*

(x - z)+2(x - z)TW(t)tf(x) - K 2Cx ) - (f(z) - K2Cz)] (3.21)

Let 2W(t)Kx = CT (3.22)

Substitute (3.22) and (3.18) into (3.21) to give 

° TV (x~Z/t) = (x - z) (1+M)W(t)(x - z) +

2(x - z)TW(t)((f(x) - K2CX) - (f(z) - K2CZ)1 (3.23)

The solution to (3.18) using (3.19) becomes

t£
W(t) = (1/M)jexptAT (t—r )/MlCTCexp[A(t-r)/MIdr (3.24)

Jt

It is well known by the duality principle (201 that if the
T TtA,c3 pair is completely observable then the (A , C 1 is 

completely controllable. Note that the positive-definite 
of W(t) is equivalent to the condition for controllability 
of the tAT/M,CT/Ml pair. But since the [AT ,CT ] pair is
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T Tcompletely controllable, the (A /M,C /Ml Is also control­
lable. Thus W(t) exists and is positive definite for t < 
t£ . Hence exists and is given by

K 1 = 0.5W-1(t)CT (3.25)

Then, as in the analysis of the previous section,

W(t) = -(l/M)exp(AT (t-tf )/M)CTCexplA(t-t£ )/Ml S 0 (3.26)

Thus from (3.26) and M > 0, (2.23) reduces to 

° TV (x—z,t) < 2(x-z)AW(t)I(f(x )-K2Cx ) - (f(z)-K2Cz)l (3.27)

By the fundamental theorem of integral calculus for vector­
valued functions of several variables (Ortega and
Rheinboldt, 1970), we get from property 2)

2 (x - z)TW(t)I(f(x) - K2Cx ) - (f(z) - K 2Cz )1

1
= 2 (x - z)TW(t)J(Vf - K2C)Qp (x - z)dp

= - e \|x - z||2 < 0 (3.28)

where e  > 0, Qp= px + (1 - p)z and Vf is the Jacobian of
f(x). Substituting (3.29) into (3.27) yields
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o
V(x,z,t) = H 0 (3.29)

Let r(t) be a vector-valued function such that

lim r(t) * 0 (3.30)
t -* t.

Then 11a v(K(t)r(t),t) = 11m rT (t)KT (t)W(t)r(t)
t t£ t ■* t £

11m rT (t)(0.5CW"1 (t) + K 2T ](0.5CT + W(t)K2 ) = oo (3.31) 
t -* t£

Therefore all the conditions of the Controllability Theorem 
of (91 are satisfied. And the gain given by (3.16) accom­
plishes the transfer of [(xQ - z0 ),tQ l to I0,t£l. This 
concludes the proof. The procedure can be summarized as 
follovs: For a prescribed t£, the gain is calculated
first by using (3.25). Given W(t) from (3.24) and the 
Jacoblan of f one seeks K2 such that W(t)tVf - K2C] is uni­
formly negatively definite.
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EXAMPLE 3.1: Given the system (3.1) and (3.14) where

B
= [ 0 ] " [ 1 0 ] C ‘ [ 1 0 ] and £<X) ■ { - * > ]  U -

32)

we Illustrate the design of a finite-time observer for pre­
scribed t£ and M. From (3.24) we get

W(t,tf,M) =
0.25CR + sin(R)1 0.25C1 - cos(R)J

0.25(1 - cos(R)1 0.251R - sln(R))
(3.33)

where R = 2(tf - tl/M. It is obvious that the (A,CJ pair 
is completely observable and W(t,tf,M) is positive definite
for t < t£ .

T 2x l V { t ) x  = — (x^cos(R/2) - x2sin(R/2)]z < 0 (3.34)

for all x and t. Thus K(t,tf,M) exists and is given by

K ^ t ^ ^ M )  = 0.5W~1 (t,tf,M)CT (2.35)

To establish property 2) of the theorem, note that the 
Jacobian of f(x) is

Vf =
0 -3x, ] (3.36)

If we select
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Kj . [ J ]  (3.37)

’ I o W )then (V£ - K-C) ^  7 \ (3.38)2 sy® I n

which Is uniformly negative semidefinite. The finite-time
observer gain is thus given by

K(t,tf,M) = 0.5W_1(t,tf,M)CT + £ J J (3.39)

The dynamic response of system (3.1), (3.14) with parame­
ters specified in (3.32) and the finite-time observer
(3.15) with gain (3.39) was simulated using tQ = 0, t£ = 
Is., x(0) = 12, 3 ]T and z(0) = 10, 0)T . Figs. 3.1 and
3.2 show the results for H = 1.5. Clearly the state recon­
struction error has been reduced to zero in the prescribed 
1 sec..
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3.3 NONLINEAR OUTPUT-FEEDBACK FINITE-TIME REGULATION:

The last two sections can be combined to produce an 
output-feedback £inite-time regulator. To demonstrate this, 
consider the system given by (3.1), (3.14). A finite-time 
observer of the form (3.15) is designed so that the recon­
struction error e,

e = x - z  (3.40)

has the property that ®(tfo) = 0, where t£o is prescribed
and determines the observation time required for complete 
state reconstruction. Let the input be given by (3.2). 
Substituting z = x - e into (3.15) and using (3.2) yields

° _ « 
x = A(x-e) + £(x-e) + K(W,x-e)Ce + B10.5B S(x-e)+g(x-e)]+e

(3.41)

Hence if f(x) and g(x) satisfy the requirements of the con­
troller design discussed earlier, then the state of (3.42) 
will be transferred from lx(t£ ),tfol to (0/t£C )* Thus t£o 
+ t£c is the finite time for complete state regulation 
based on the output measurements y.
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EXAMPLE 3 ,2: Consider the nonlinear system (3.1),(3.14)
where

’ 0 1 ' r i r 1 1 • 0
A = C = I 1, 0 1 B = I f(x) = 31 0 

■ ■
L J L o J -X„ u z ■*

and x = I x ^  x2 l (3.43)

The uncontrolled system is unstable. It is obvious that 
the (A,B) and (A,C1 pairs are completely controllable and 
observable, respectively. using the theories developed 
earlier for exact state estimation and control we obtain

K2 = 14, 0JT (3.44)

and for g(x) = -x1x22 (3.45)

2xTS(t)(f(x) - B g (x )1 = -2x22xTS(t)x £  0 (3.46)

The dynamic response of the output-feedback system was sim­
ulated using tfQ = Is., tfc = Is., x1 (0) = 3, x2 (0) = -4, 

(0) = 0 and -  0. For this example we used N = M
= 2. Graphical results are shown in Figs. 3.3 and 3.4.
The state estimator takes the form (3.15) where

K = 0.5w"1 (t)CT + (4, 01T (3.47)

and where W(t) is evaluated using (3.18). The control lav
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is

U = -0.5BTS(t)z - 'Z‘̂ 2  (3.48)

where S-1(t) is evaluated using (3.3). From Figs. 3.3 and
3.4 it is seen that state regulation is achieved at the end
of the prescribed 2 second interval.
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3.4 ANALYSIS OF A CLASS OF SINGLE INPUT SINGLE OUTPUT
NONLINEAR SYSTEMS:

PROBLEM STATEMENT 1: Given the nonlinear system (3.1),
where u is a scalar input, find the class of nonlinear 
functions f(x) and g(x) such that

2xTS(t)Cf(x) + Bg(x )1 £ 0 (3.49)

where u is given by (3.2) and S(t) satisfies (3.3), (3.6).
It is assumed that the (A,B1 pair is completely control­
lable.

SOLUTION; Since the (A,B) pair is completely controllable, 
then there exists a nonsingular matrix Q [41] which trans­
forms (3.1) into

o
y = Ajy + ^ ( y )  + BjU (3.50)

where y = Qx (3.51)

Ax = QAQ 1 (3.52)

Bx = QB (3.53)

fx (y) = Qf(x) (3.54)
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and Q = IQ% QjA _ .n-l.T / Q-i A 1 (3.55)

where Qx = I 0 0 ....... 11CB A B .......A ^ B l -1 (3.56)

The matrix A^ takes the canonical form

0 1 0 ......
0 0 1 0 . . . .
0 0
“a l ~a2

0 0 
0 0
0 1 

,. -an

(3.57)

and Ex = ( 0 0 0    0 1 ) (3.58)

From (3.2) It follows

u = -0.5B1T (Q“1)TSQ Xy  + g(Q-1y) (3.59)

Let sx = (Q_1)TSQ 1 (3.60)

Then u = -O.SBj^ Sĵ y + g ^ y ) (3.61)

where - 1.gx(y) = g(Q y) (3.61)

and -1 - I T TNSX = k1S1 A + SjA^ - *2*1 (3.62)

with S1 1(tf ) = 0 (3.63)

The condition required by (3.49) reduces to finding the 
class of £ x and ĝ  ̂ such that
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2yTS1tf1(y) + B1g1(y)J S 0 (3.64)

Let write £^(y) = l£i]/ *1 2 ' .......£ln^T (3.65)

Then £1 (y) + B1g1 (y) « l£u /  £i2'  £ln-l'£l +
(3.66)

Therefore if the nonlinear function f^(y) is such that 

£n ( y )  = - a ( y ) y i 1 S i < n-1, c*(y) i 0 for all y (3.67)

Then for 9^(y) = ~£in ” a (Y)Yn (3.68)

fj^(y) + B1g1(y) = -a(y)y (3.69)

then -2yTS1 (f1 (y) + B1g1 (y)J = -2«(y)yTS1y < 0 (3.70)

Since S^ is positive definite for all t < t£. Therefore

f(x) = Q -1f1 (Qx) (3.71)

g(x) = gx (Qx) (3.72)
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PROBLEM STATEMENT 2: Given the nonlinear system (3.1),
(3.14), find a class of nonlinear functions f(x) such that 
there exists a K2 which satisfies

where W(t) satisfies (3.18),(3.19).

SOLUTION; If all the eigenvalues of I7f - KjCJ are nega­
tive, then(3.73) is satisfied since W(t) is positive defin­
ite. Since the I A, Cl pair is assumed completely observ­
able, then there exists a nonsingular matrix P which trans­
forms (3.1), (3.14) and (3.15) into

W(t)[7f - K2C] £ 0 (3.73)

x (3.74)

y (3.75)

z *

* -1 * -1 * -1where x P x z = P z f ( » ) = P  f(o) (3.77)

P = [Pj, APj, An_1P1 l (3.78)



A* = P _1AP C* = CP B* = P"'1B K* = P_1K (3.80)

* *The matrices A and C take the form

r 0 0
1 0 .

- 0 0 0

0 -a0 
,0

1 n-1

C ■ CO, 0, ...0,11 (3.81)

Let K* = Kx*+ K 2* and K 2* = l K * 2 1 ' K#22’ * * 1 (3.82)2n

Now let us examine the structure of the W(t) matrix under a 
slm llarlty transformation. Let

* TW = P WP (3.83)

Then from (3.18)

W*(t) - PTW(t)P = PT lW(t)A + ATW(t) - CTC)P

* -1 T T T-^ * T TW (t)P AAP + P A P  W (t) - P^CTCP

* * ft ft T ft «p ftW (t )A + A1 W (t) - C 1 C (3.84)

Then W(t)CVf(x)-K2CJ = PT W*(t)p"1 CPVf*(x*)p"1-PK*2C*p"1 )

*p~̂  * * * * * -1P 1 W (t)CVf (x ) - K 2C ]p (3.85)
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* * * * *Therefore the matrix W (t)lVf (x ) - K 2C 1 and
W(t)tV£ - KjC) are similar and thus have the same eigen-

* *values. Consequently ve seek an £ (x ) such that there
ft ft ft ft ftexists a K j such that IVf (x )-K 2C ] is seminegative

definite. Then by (3.82) ve have

ft ft r tff j/Sx l «t *
at ^/ax 2.... * ft *

«  l/8x n-K 22 Ift * * ft ft ft ft ft ftIIVCM1>

f£ 2/a* 1 ** 2 2 ..... 2/*x n”K22• ft ft ft ft ft ftL at / a *  .n l at /ax 0....n z ..at /ax -k9 ■ n n zn

(3.86)

There£ore from (3.86) the following is obvious:
ft ftCase 1 : If V£ is nonpositive definite, then K 2 = 0.

ft ft ft ftCase 2 : If £  ̂ is a function of x  ̂ only and tff ^ / & x  ̂ < 0
1 < i < n, then K %  = 10, 0, 0,d£* /dx* + c*lT where ai  n n
is any positive constant.

*Case 3 : If £ j can be expressed as the sum of functions of
ft ft ft ftx . and x such that at ./ax . < 0 for 1 < i < n. Theni n  1 1

K*2 = t « V a x * n , af*2/ * ‘*n .--a£\,-i''*‘\>' iT -
The gain K 2 can now be gotten by the use of (3.80).

If £(x) simultaneously satisfies the conditions of 
(3.49) and (3.73), then a deadbeat output-feedback regula­
tor can be designed for the system given (3.1),(3.14). An 
example of such a case can be seen in example 3.2.
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EXAMPLE 3.3t Consider the system given by (3.1),(3.14) 
where

[° 1. -1 -2 J
C = (1, 0) and £(x) « [ ' X lL -12(2x 1+x 2)3+3x12 ]

(3.87)

Using (3.77) to (3.80) leads to

* * and £ (x ) =
-x. ] (3.88)

Thus V£* - K*2C*
-3x,

*2 * *2x 2-

-2x 2 22

(3.89)

Therefore the required gain is

K* = t 2x*, -2x* + 4 ]T (3.90)

From (3.80) we get K 2 = I2x1, 2 x ^ 4  1T (3.91)
TThe system was simulated using x(0)=(l, -2) and z(0) =

T(0, 0 1 .  Figs. 3.5 and 3.6 show the responses o£ the state 
and state estimator for t£ = 2 seconds M = 2. Mote that 
after the two seconds time interval, exact state estimator 
is indeed achieved.
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We have established sufficient conditions for the ob­
servability and controllability of a class of nonlinear 
systems. The theorems are constructive in that they lead 
to the design of observers and controllers which result in 
exact state estimates and zero state values in a finite 
time t£ . The theory vas then applied to the regulator 
problem with incomplete state measurements. A detailed 
analysis of a class of single input, single output systems 
vas given. Numerical examples demonstrated the application 
of these techniques.
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4. EFFECT OF SYSTEM PARAMETERS ON OBSERVER-CONTROLLER DESIGN

4»1 TRIMMING THE STATE AND INPUT MAGNITUDE:
4.1.1 THE EFFECT OF N
This section investigates the effect of N on the state 

and input magnitudes for a linear time-invariant system. 
It is shown that the use of a time-varying N can prevent 
large state component excursions and large input magni­
tudes. This is accomplished by curve fitting N such that 
it enhances the good qualities of a small value at one time 
interval and the good qualities of a large value at another 
time interval and thus eliminating large state and input 
excursions that usually occur at the beginning or end when 
a an N of constant value is used.

Reconsider the linear time-invariant system given by 
(2.1).

Let V(x,t) = xTS(t)x (4.1)

where S(t) satisfies

o
-N(t)S(t) = S (t )A + ATS(t) - S (t )BBTS (t ) (4.2)

where N(t) is a positive scalar. Then for u(t) given by

u (t ) = -0.5BTS (t )x  (4.3)
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0 0 
V(x,t) = XTS(t)[Ax + Bu(t)] + [AX + Bu(t)]TS(t)X + XTS(t)x

= XT [S (t ) + S (t)A + ATS(t) - S (t )BBTS (t )1x

= -lN(t) - l]xTS(t)x (4.4)

I £ s(t) is invertible, then (4.2) can be written as

S-1(t) = N_1 (t ) AS*"1 (t ) + s"1(t)ATN_1(t) - N-1(t)BBT (4.5)

Using the boundary condition

S_1(t£) = 0 (4.6)

the solution to (4.5) (see Appendix B) becomes

0

where p^ is given by

t

p \
Ap)BBxexp(-A*p)dp (4.7)!"1 (t) = fexp<— T - - '  ’T

P 1 = J N~1 (^)dA (4.8)

Thus given that the [ A,B) pair is completely controllable, 
S_1(t) is invertible for t < tf, since px > 0 for all t < 
t f. Thus S(t) exists and is positive definite for all t <
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t£ . Differentiate (4.7) with respect to t to yield

S~1 (t) = -N“1 (t)exp(-Ap1 )BBTexp(-ATp1 ) S 0 (4.9)

And thus S(t) = -S(t)S A(t)S(t) £ 0 (4.10)

Therefore for N(t) & 1, (4.4) reduces to

V(X,t) < 0 (4.11)

Thus by Gershwin and Jacobson First Controllability condl- 
tlon, the input given by (4.3) transfers the state of (2.1) 
from (XQ,t0 ) to (0,t£ ). We will now examine the effect and 
advantage of using a time-varying N over one of constant 
value. First, let us examine the changes of the norm of u 
as t varies. From (4.3)

o © ©
d(uTu)/dt = 2uTu = 0.2 5xTSBBT (Sx + Sx)

= 0.5xTSBBT [S + 0.5(SA + ATS - SBBTS))x

o o
= -0.125IN(t) - 2)xT (SBBTS + SBBTS)X (4.12)

T ° TSince the determinant of SBB S = 0, then d(u u)/dt can be
positive, negative or zero for different instants of time.

TIt is tempting to conclude that for N(t) = 2 that u u has 
a constant value. Simulation studies has shown that this
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In true only when S Is a scalar where there Is no cancella­
tion of the (N(t) - 2) term in (4.12). For any given A, B 
and t £, the matrix S-1 and thus s is completely determined 
by p^. Therefore by proper selection of p^ we can specify 
both the inital norm of the controller gain and its rate of 
change for 0 < t < t£ . This is in effect shaping the state 
and input norms. When N is a constant, p̂  ̂ is given by

p ^ t )  = (t£ - t)/N (4.13)

Fig. 4.1 shows p^(t) for 0 < t < t£ and different values of 
con stant N. It is obvious that as N increases, the range 
of P1 (t) decreases. Let us consider an unstable A matrix. 
To examine the advantage of a time-varying N over one of 
constant value, we will first investigate the effect of 
different constant values of N on the state trajectory and 
input norms. First consider a constant N of small value. 
From (4.13) we conclude that p^(0) will be large in compa­
rison to large values of constant N and very small values 
of p^ occur at a much later time than when large values of 
constant N are used. Since S-1 is inversely proportional 
to S, from (4.7) we conclude that the gain for all 0 £ t < 
t £ for small values of constant N will be smaller than 
those of larger values of constant N. Thus for any fixed 
||x(0)||, an upper bound on ||u(0)|| will be smaller for 
small values of constant N than large values of constant N. 
It has been found that small initial gains result in slow
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state trajectory movement and thus small excursions In the 
state components. Thus for small excursions In the state 
components, a small values of constant N are advantageous. 
The slow movement In the state trajectory means that for an 
unstable A matrix the the maximum ||x(t)|| will occur at a 
later time for small values of constant N than for large 
values of constant N. The gain is increasing with t for 
all values of N. Thus the slow movement of the state tra­
jectory means that through the product of S and x large 
||u|| will occur. This large input will occur in the lat­
ter part of the process. Therefore we conclude that small 
values of constant N result in small inputs and small state 
excursion in the early part of the process and large inputs 
in the latter part of the process.

on the other hand large values of constant N result in 
larger initial gains than smaller values of constant N. It 
has been found that large initial gains result in fast 
state trajectory movement and for an unstable A matrix 
large excursions in the state components. Therefore from 
(4.3) as N increases an upper bound on ||u(0)| | increases 
for fixed ||x(0)||. Due to the rapid movement of the state 
trajectory the state will be very close to the origin by 
the time the gains get very large. Thus in the later part 
of the process the ||u|| will be small in comparison to 
that of small values of constant N. Thus the disadvantages 
of large constant values of N occurs early in the process
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vhile the advantages occurs in the latter part o£ the pro­
cess .

Hence to compromise between input and state components 
excursions, one must take advantage of the desired quali­
ties of large and small values of N and stay away from 
their bad effects. To accomplish this result we use an N 
that varies with time. A very good choice of N(t) is one 
whose values are close to one up to the point where the 
maximum norm of the state occurs and then increases to keep 
the input small by speeding up the state trajectory. But 
since N(t) must be known before S(t) is known, there is no 
way of changing N(t) by measurement of the state. A simple 
algorithm for generating N(t) is a follows: If A is a sta­
ble matrix then fast state trajectory is expected for all 
N(t), thus set N (t ) = 1 to limit maximum ||x||. If A is an 
unstable matrix then set 1 £ N(t) s 2 since N(t) > 1 for
stability and N - 2 from many simulations seems to be the 
smallest of large constant values of N which possess good 
properties in the latter part process. Fig. 4.2 shows a ty­
pical case. Let p ^ t )  be given by

p1(t) = adtd + aa-it<3 1+ ........ + alfc + ao <4 -14>

Then N (t ) = -l/tdpj/dt) (4.15)

where a^ and d are constants to be selected. For any arbi-
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trary d select a^ such that for t < t£/2 N(t) Is close to 1 
while for t > t£/2 H(t) behaves as N(t) = 2 and for t = 
t£/2 N(t) is equal to or close to 1.5. The following exam­
ple demonstrates the procedure for selecting an N(t) for 
eliminating large state and input norms.

EXAMPLE 4.1s Consider the time-invariant linear system

0 1
-1 1 [:> (4.16)

The eigenvalues of A are 0 and +1. Therefore we expect 
state and input of large norms in the early part of the 
process for large values of constant N and small input 
norms as t approaches t£ . The opposite is true for small 
constant values of N. The following trajectory was chosen 
for p ^ t ) :  p1 (0) = 0.75, p1 (tf/2) = (3/8)tf and Pjttj) = 
0. This results in p1 (t) and N(t) as given by (4.17) and 
(4.18) for d = 2.

px (t) = (t2 - 4tft + 3t£2 )/(4tf ) (4.17)

N(t) = 2tf/(2tf - t) (4.18)

Figs. 4.3 and 4.4 show the trajectory of the state and in-
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Tput responses for t^= 2 secs., for x(0) ® Cl, 21 and N = 
1, N = 2 and N(t) as given by (4.18). The time varying N 
does act to reduce the overshoot in the state components in 
respect to large constant values of K and simultaneously 
produce the fast response required for small input norms. 
The trimming of the input norm is clearly seen in Pig. 4.4.
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4.1.2 THE EFFECT OF t-f ON THE STATE AND INPUT*

In the previous section ve examined the effect of N(t) 
on the state and input magnitude and found a technique of 
designing N(t) to compromise between state and input magni­
tudes for any given terminal time t£ . In most design the 
terminal time is also an important factor. This section 
examines the effect of t£ on both the input and state mag­
nitudes. The main objective here is to find the smallest 
t£ which will yield small inputs and state excursions. The 
procedure takes into consideration that the N(t) used has 
the qualities described in the last section.

Define F(t) as follows

F(t) = -0.5BTS(t) (4.19)

Then from (4.7), for any fixed tf

d(S-1)/dt = -N~1(t)exp(-Ap1 )BBTexp(-ATp1 ) < 0 (4.20)

And thus dS/dt = -Sd(S-1)/dtS > 0  (4.21)

Also for any fixed tf, decreases with increasing t for 
N(t) > 0 for all t. Thus increasing t decreases jjs 1|| 
and increases ||S||. And from (4.19) we conclude that if 
t1 < t2 < t f, then ||F(t1 )|j < ||F(t2 )||. Similarly for
every fixed t and N(t) > 0 p1 increases with increase in
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t£ . Thus ve conclude that the norm of P for a fixed t de­
creases with t£ . Since the smallest ||F|| occurs at t = 0, 
ve vill examine S with respect to t£ at t * 0 and N = 1. 
For t = 0 and N = 1, (4.7) reduces to

tf
s"1(tf) = jexp(-Ap)BBTexp(-ATp)dp (4.22)

J0

which is the solution to the differential equation

ds"1/dt£ = -AS-1 - S_1AT + BBT (4.23)

with S-1(0) = 0 (4.24)

Define ||C||= y^Trace(CTC ). We now examine ||S- 1 || and

||S|| as t£ varies. To determine the effect of t£ on the 
state trajectory, define

M(tf ) = (A - 0.5BBTS(tf )]

= [A - BF(tf)] (4.25)

For any fixed x(0) the state x(t) is completely determined 
by H. Thus ||M(tf )|| vill give us a scalar measure of how 
increasing t£ vill affect the state norm. If the real part 
of the eigenvalues of A are less than zero, then from
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(4.22), | |S”*1 (oo) | | = oo, and thus | |F(co) 11 = 0 and | |H(oo) | | 
* ||A||. On the other hand if at least one of the eigen­
values of A has positive real part, then the | |S 1 (oo) j | 
approaches a finite limit. Consequently | |F(oo) | | and 
| |M(a>) | | approach finite nonzero limits. The most effec­
tive t f is the point on the ||M|| verses tf curve where in- 
crasing tf has little or no effect on J|Mj|. This point 
occurs at the knee of ||M| | verses t^ curve. Since t^ de­
termines the initial norm of F, this curve determines the 
smallest gain at t = 0 and thus the smallest state excur­
sion achievable without the expense of long terminal time.

The procedure can be summarized as follows: Solve
(4.23), (4.24). Select t^ at the point of the }}M|| verses 
t f curve where there is no appreciable change in ||M||. 
This gives the best compromise among t f 11u}| and ||x|| for 
any N.
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EXAMPLE 4.2: Consider (2.1) where A and B are given by

A B = Cl, 0 1T (4.26)

The eigenvalues of A are 0, -1. Thus ||M|| vill approach 
| |A| | and ||F|| will approach zero as goes to infinity. 
Fig. 4.5 shows the response for 0.5 < t^ < 7 secs.. The 
most effective t^ is about 2.5 secs..

EXAMPLE 4.3 In contrast to (4.26) ve select

The eigenvalues of A are (5 ± jY ~ 3)/2. Thus one expects 
nonzero limit for ||F||. This means that the gain can not 
be arbitrarily small. Fig. 4.6 shows the response. The 
best tf is about 1.5 secs.

A B Cl, 2)T (4.27)
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4.2 THE DESIGN OF GAIN-CONSTRAINED LINEAR

FEEDBACK CONTROLLERS

A linear observer-controller is developed to implement 
regulation of a linear system where a priori constraints 
are specified on the controller and observer gain matrices. 
The compensator's gain matrices are generated through the 
solution of matrix differential equations. Conditions are 
developed to examine whether or not a regulation accuracy 
specification can be met with a class of constant gain-con­
strained observer-controllers. Using this class of compen­
sators, the time required to drive the system's state from 
any given initial state to a prescribed region is estima­
ted. Numerical simulation studies demonstrate the proce­
dure .

It is well known [9 ], that relatively large controller 
gains result when a linear state-feedback control law is 
used to transfer the state of a linear system from its ini­
tial state to the zero-state in a finite time. Hence, if a 
linear feedback controller is restricted to use gains that 
are constrained by an a priori magnitude bound, the state 
of the controlled process will be transferred to only a 
finite neighborhood of the zero-state in finite time. For 
this gain-constrained linear controller, it is of interest 
to have a set of relations or a design procedure that ex­
plicitly relates a priori controller gain magnitude con-
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straints to the regulation accuracy achievable in finite 
time by a linear state-feedback control system.

Similarly it is has been shown in chapter 2 that arbi­
trarily small reconstruction error may result in finite 
time with linear full-order observers whose gains may be
prohibitively large. Again is of interest to characterize 
the reconstruction accuracy achievable in finite time with 
gain-constrained observers.

The design of gain-constrained observers and control­
lers is the subject of the research described below. A 
gain-constrained state-feedback regulator problem is formu­
lated in 4.2.1. Properties of the time-varying matrix S 
which is used to generate the gain matrix of the state- 
feedback control law are described in section 4.2.2. A 
design procedure for the gain-constrained state-feedback 
regulator is presented in section 4.2.3 along with a numer­
ical example to illustrate the procedure of finding the re­
quired constant gain matrix and estimating the time re­
quired to be within a pre-specifled region of the process 
zero-state. In section 4.2.4 the procedure for gain-con­
strained state-feedback regulator design is extended to the 
output-feedback regulation of a linear system using a gain- 
constrained observer-controller. An example of the perfor­
mance of the resulting output-feedback system is also given 
in section 4.2.4.
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4.2.1 PROBLEM FORMULATION:

Given the linear time-invariant system

o
x = Ax + Bu (4.28)

where x and u are of dimensions n and r, respectively/ and 
x(0) «s R ^  If a region R 2, containing the zero-state, is 
specified, where R2 <= R^, find (a) the control law

u = -F(t)x (4..29)

subject to the constraint

J|Fij(t )| | < Fmax i= 1..., r, j= l...,n for all t (4..30)

and (b) an estimate of the time tfa such that

x(t) e R2 c  Rx (4.31)

for all t > t. .b

In the work described below we first establish proper­
ties of a feedback system (4.28,(4.29) where the control­
ler (time-varying) gain is

F(t,tf,N) = 0.5BTS(t,t£,N) (4.32)

102



and vhere S(t,tf,N) satisfies (2.7), (2.10). This class of 
systems vas first studied in [91. We now summarize some 
properties of matrix S and relate those to the stability of 
a class of systems vith constant gain feedback control. 
Then the problem posed above is solved in section 4.2.3.

4.2.2 PROPERTIES OF THE TIME-VARYING S MATRIXi

The following is a summary of some of the properties 
of the time-varying S matrix which satisfies (2.7),(2.10). 
LEMMA 1 : If the [A,B] pair of the system (4.28) is com­
pletely controllable, then for S satisfying (2.7),(2.10) 
the following holds

(1) S(t,tf,N) > 0 (4.33)

(2) as/at > 0 (4.34)

< 0 (4.35)

(4) as/an > 0 (4.36)

PROOF: Rewrite (2.11) as

(t£-t)/N
(4.37)

0
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vhich is positive definite because of the complete control­
lability assumption. Differentiating (4.37) vith respect 
to t gives

dS-1/dt = -(l/N)exp[A(t-tf )]BBTexp(AT (t-t£ )/NJ < 0 (3.38)

But & S / &t = -S(dS_1/dt]S (4.39)

and thus (4.38) ve conclude dS/dt > 0  (4.40)

Similarly

dS/dt£ = -(l/N)Sexp(A(t-t£)/N]BBTexp[AT (t-tf)/N)S < 0
(4.41)

dS/dN = (l/N2 )(tf-t)Sexp(A(t-tf )/N)BBTexp(AT (t-t£ )/Nl > 0
(4.42)

From the previous lemma ve conclude the folloving: 
That the minimum ||K(t,t£,N)j| for a fixed t£ and fixed N 
occurs at t = 0 since | |S(t^,t£/N)|| :£ | |S(t2,t£,N)|| for
t^ < t2 * Hence from (4.35), the min||F(t,t£,N)|j =
| |F(0, oo, N ) | | . Thus (4.35), (4.35) and (4.37) shov that 
the norm of the gain F can be decreased by by setting t = 
0 and either increasing t£ or decreasing N. The gain given 
by (4.32) vas shovn in chapter 2 to drive the state of 
(2.1) from any initial state to the zero state in time t.
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for N i l .  We next show that the use of constant gain con­
trol (4.29), (4.32) for t = t^ < t £ and any positive N re­
sults in an stable closed-loop system.

LEMMA 2 ; The control lav given by

u (t ) = -F(t1,tf,N) x (t ) = -0.5BTS(t1/t£/N)x(t) (4.43)

vhere S(t^,t£,N) is the solution to (2.7),(2.10) at time t 
= ti < tf produces a stable feedback system when applied to 
(4.28) vhere t^ < t£ and N > 0.

PROOF: Consider the Lyapunov-like function

V(x,t) = xTS(t1,t£,N)x (4.44)

Since S(t,t£,N) is positive definite for all t < t£ and N 

> 0,

V(x,t) > 0 (4.45)

Differentiate (4.44) along the trajectory of (4.28) using
(4.43) and (2.7) to give

o
V(x,t) =

XT {S(t1,t£,H)A+ATS(t1 ,t£,N)-S(t1,t£,N)BBTS(t1,t£,N))x
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(4.46)

This lemma shows that unlike the case discussed in [91 
vhere an N = 1 is required for the system state to reach 
the origin in finite time t£ when a time-varying gain ma­
trix is used, here it is seen that even a value of 0 < N < 
1 can produce stability when a constant gain is used.

4.2.3 THE GAIN-CONSTRAINED REGULATORS

The following section investigates the solution to the 
problem (4.28) - (4.31) outlined in the previous section. 
We have noticed that the properties of the S matrix are 
completely specified by the values of t£ and N. We now 
seek to find values of N and t£ such that (4.30) can be sa­
tisfied for a given F„,„. Since the problem has no re­max
striction on the maximum magnitude of the state allowed, we 
use a constant gain matrix and since the gain of smallest 
norm for every fixed t£ and N occurs at t = 0, we seek t£ 
and N such that

max|Fi;J(0,t£,N) | < Fjmax (4.47)

For t = 0, (4.37) becomes
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For p = tf/N, (4.48) becomes

-1(p) = Jexp(-AT)BBTexp(-ATT)dr (4.49)

This is the solution to

dS_1/dp = -AS-1 -S~1AT + BBT (4.50)

S 1 (0) = 0 (4.51)

The problem reduces to finding a finite p* such that

max If . . (p*) I Ss F , “ 1 ij 'I max
11J

(4.52)

Since ||s-1(p)|| increases with p, ||S(p)|| decreases with
p, and thus if

max | Fi ̂ 0 0 ) 1  < Fmax
l / J

(4.53)

then there will exists a finite p* to satisfy (4.52). On
the other hand if the prescribed F is such thatB13 X



iT5xiKiat"> * 2 F”ax (4.54)

then there will be no constant gain feedback control lav of 
the form (4.43) obtained through the solution of (2.7),

(2.10) that will also satisfy the gain constraint (4.30).

A numerical procedure for finding a gain constrained
state-feedback regulator control lav (4.43) is as follovs:
(1) Numerically integrate (4.50), (4.51) for 0 < p < p_ tod

obtain a non-singular S-1(p_).O
(2) Invert S ^(p,) to obtain S(p ).d d
(3) Solve for F(p) using

F(p) = 0.5BTS(p) (4.55)

(4) If max|F..(p )| < Fm_ .  then numerically solve1 Xj a 1 m a X

ds/dp = SA + ATS - SBBTS (4.56)

backvard in p starting from S(p_) until (4.52) is sa-a
tisfied. This vould result in the gain of largest 
normm that satisfies the constraint (4.52). Othervise 
solve (4.56) forvard in p. If p* is the first time 
such that (4.52) is satisfied then F(p*) is the re­
quired constant gain matrix.

(5) If the solution to (4.56) reaches a steady-state S(co)
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such that (4.54) Is satisfied, then there is no solu­
tion of the form (4.55) satisfying the gain con­
straint .

Note from (4.49) that when all the eigenvalues of A 
are inside the left half plane, then

lim S-1(p) = oo (4.57)
p -» 00

and thus S(oo) = 0 (4.58)

and from (4.55) F(oo) = 0 (4.59)

and thus the problem of the gain-constrained regulator al­
ways has a solution of the form (4.43) for a stable A ma­
trix. On the other hand when some of the eigenvalues of A 
are inside the right half plane then as p approaches infin­
ity, S-1(p) will approach some finite value. Thus S will 
be nonzero, and from (4.55) F will be nonzero. Hence for 
unstable matrix A, numerical solution is required to test 
whether a solution of the form (4.43) satisfying a
given constraint Fm „„ exists.3 max

Once the required F is found, the time t^ can be esti­
mated by examination of the eigenstructure of the [A - BFJ
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matrix. The closed-loop system becomes

x = [A - BF]x (4.60)

vhose solution Is given by

x(t) = exp[(A - BF)t)x(O) (4.61)

Suppose the matrix (A - BFl has m distinct characteristic 
values A^, 1 = l,2,..,m. Let the multiplicity of each cha­
racteristic value in the characteristic polynomial [A - BF] 
be given by m^. There exists a transformation T [20] such 
that

(A - BFl = TJT-1 (4.62)

and exp[(A - BF)t] = Texp(Jt)T_1 (4.63)

vhere J is a matrix in the Jordan form. We now find a
bound on |jexp(Jt)|| as follows: Let ^max satisfy Re A^ <
A < 0 .  Since [A - BF J is a stable matrix all it eigen- max
values have negative real parts, then it can be shown (see 
Appendix B) that

m
||exp(Jt) | |2 = ||exp(JAt) | |2 < C12exp(2Amaxt) (4.64)

i = l
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where is given toy

( o r )
= [V~n J" /~r I (mj-r)/! (Xmax-Re\1)el ] 1 /(mj-r)!]

(4.65)

Let r 2 be the region such that

||x(t)|| £ xmin (4.66)

Thus to satisfy (4.66) we require that

|x(t)|| £ | |T| I I |T_ i ( |CieXp(XmaJtt) I txCO) I I < xmln (4.67)

Solving (4.67) we find the required tfe is found to satisfy

where C2 is given by C2 = ||T||||T *||C^|| (4.69)
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EXAMPLE 4.4: Consider the system given by (2.1) where

' 0 1 I • 0 '
A =

_ 1 0 J
and B =

. 1
(4.70)

The eigenvalues of A are -1 and +1. Thus the open-loop sy­
stem is unstable. It is obvious that the (A,B1 pair is 
completely controllable. Let F__„ be given as 3 while R~ludX Z
is specified by | |x(t)jj S 10- 3 ||x(0)||. Steady-state so­

lution to (4.56) leads to

S(a>)
2 2 
2 2 ]

(4.71)

From (4.55) F(oo) [1, 11 (4.71)
Since F ^ 1, solution to (4.50),(4.51) leads to p* =uiaX
1.26 and F = (3.00, 1.928). Then

A - BF
0 1 
-2 -1.928

Since the eigenvalues of (A - BFl are distinct, the values 
of C2 is found simply to be equal to 2.934. Thus by (4.68) 
tfa £ 8.282. The system was simulated with F = [3.00, 
1.928) and x(0) = [2, -11T . It is found that the time re­
quired to reach R 2 is 6.7 seconds whereas the calculated tfa 
2: 8.282 secs, indicates only that the state will never

Fig. 4.7 shows the state 
trajectory.
leave R 2 after 8.282 seconds.

112



0.1
r \

X2 -0,  -
-o.a -
-0 .3  -

-0 .4

0.5 -

O.B

•07 -

O.B -

0 . 0  -

- 1  -

1.4

1.3 1.4 1.B 1.B0.3 0.4 O.B O.B 1 2-0 .3 0

F ig .  4 .7  T r a j e c t o r y  o f  X ^(t )  and X2 ( t )

113



4.2.4 THE OUTPUT-FEEDBACK REGULATOR:

The controller design procedure o£ the last section 
can be easily extended for the case where the complete 
state is unavailable for direct measurement. This section 
deals with the design of a dynamic state estimator and the 
form of the output-feedback control system where there are 
constraints on the both the controller and observer gain 
matrices. In addition it gives an estimate of the time 
required to bring the state estimation error from any ini­
tial value to a given fraction of its initial norm and also 
the time required to reach a prescribed region enclosing 
the zero-state of the system. Since the differential equa­
tion used to generate the observer's gain is the dual of 
the differential equation used to generate the controller's 
gain matrix, a detailed treatment of its properties is not 
given here.

Consider the system given by (2.1),(2.14). A state 
estimator for (2.1),(2.14) is given by (2.15). The estima­
tor error equation is given by (2.19).
LEMMA 3> If the [A,C] pair of (2.19) is completely observ­
able, then for (2.23),(2.25) the following holds

(1) W_1(t,tf,M) > 0 (4.72)

(2 ) > 0 (4.73)
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(3) < 0 (4.74)

(4) > 0 (4.75)

The proof is analogous to that of lemma 1 and is thus omit­
ted. Let the observer gain be given by (2.28).
LEMMA 4 s If the IA,C] pair is completely observable, then 
the gain given by

where W(t1 ,tf,M) is the solution to (2.23),(2.25) at time t 
= t1 < t£ produces stability of the error in (2.19). Again 
the proof is analogous to lemma 2 and is thus omitted.

Although x(0) and e(0) are unknown, the region of
possible initial observation errors is assumed known as is 
the region R ^ of initial states x(0). The regulation prob­
lem can be reformulated as follows: Let R 2 be specified as

where D > 0 is an a priori parameter. Then given the time- 
invariant system (2.1), (2.14) where e(0) e R^ and R 2 <= 
R^, find (a) the gain K subject to

K 0.5W-1(t1,tf,M)CT (4.76)

||e(t)|| < D||e(0)|| (4.77)

\ K ^ \  < Kmax (4.78)
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(b) the time tbo such that (4.77) Is satisfied for all t £ 
tbof an<* <c > the feedback control law

u(t) = -Fz(t) (4.79)

subject to the constraint

lpijl £ Fnax <4-801

and (d) the time tfac such that

| |x(t )|| < H||x(0) I I for all t > tbc (4.81)

where H, D, F and K are specified parameters. Note max max
that the algorithm for generating F has already been given. 
In a manner analogous to that described for generating F,
we observe that at time t = 0, the solution to (2.23),
(2.25) can be written as

fVM
W(0,tf,M) = lexp(-ATr)CTCexp(-Ar)dr = W(tf/M) (4.82) 

Now let q = tf/M. Then (4.82) becomes

<3
W(q) = |exp(-ATr)CTCexp(-AT) (4.83)

J 0
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which is the solution to

dW/dq = -WA - ATW + CTC (4.84)

W(0) = 0 (4.85)

Since the S matrix has dual properties to W -1, we now out­
line thenuroerical procedure for finding a gain-constrained 
K matrix as follows:
(1) Numerically integrate (4.84),(4.85) for 0 < q < q tod

obtain a non-singular W(q=1).d
(2) Invert W(q ) to obtain W _1(q_).a  cl

(3) Solve for K(q) using

K(q) = 0.5W_1(q)CT (4.86)

(4) If |K ij(<3a )| < Kmax' then numerically solve

dW-1/dq = AW-1 + W-1AT - (4.87)

backward in q. This would result in the largest gain 
that satisfies the constraint (4.78).
Otherwise solve (4.87) forward in q. If q* is the
first time that (4.78) is satisfied, then K(q*) is the
required constant observer gain matrix.

(5) If the solution to (4.87) reaches a steady-state 
solution such that (4.78) is not satisfied, then there
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is no solution of the form (4.76) satisfying the gain 
constraint.

Analogously to the controller design, ve also conclude 
that if the real part of the eigenvalues of A are less than 
or equal to zero, there will alvays exist a K such that 
(4.78) can be satisfied. On the other hand if at least one 
of the eigenvalues of A has positive real part, a numerical 
solution is required to test whether or not a solution of 
the form (4.76) satisfying a given constraint Kmax exists.

Once the required K is generated, the time t^ is 
found in analogous manner to tfa to satisfy

t. > l-A l^lnlD./Dl (4.88)bo max 2

where *-max*s greater than or equal to the real part of the 
largest eigenvalue of [A - KC] and D 2  is similarly defined 
for [A-KC] as C 2  is defined for [A-BF1. To examine the 
response of the output-feedback system, write z = x - e and 
substitute (4.79) into (2.1) to yield

O
x = (A - BF)x + BFe (4.89)

The solution to (4.89) using (2.19) where K(t) is constant 
and is given by (4.76) becomes
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x(t) a expI(A-BF)tlx(0) +

t
jexpt(A-BF)(t-T)IBFexpl(A-KC)r)e(0)dr (4.90)
J 0

Let C* < 0 and D* < 0 be greater than or equal to the real 
part of the largest eigenvalues of IA-BF1 and IA-KC1 re­
spectively. Then

| |x(t ) || < c„exp(C*t)||x(0)J | +

C2D2 ||BF||||e(0)}|Jexp[C*(t-T)+D*T]dr

= C2exp(C*t)||x(0)|| +

C2D2exp(C*t) | |BF|||je(0)||lexpt(D*-C*)t]-ll/(D*-C*) (4.91)

Assume further thaT z(0) = 0 and hence e(0) = x(0). Thus
to satisfy (4.81) ve require that

C2exp(C*tbc) + C 2D2 ||BF||exp(C*tb c )*

(exp[(D* - C*)tbcl - 1 1/(D* - C*) < H (4.92)

which can be written as
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H > [C2 + C 2D2 | |BF| |/(C* - D*Hexp(C*tbc ) +

IC2D2 ||BF||/(D* - C*)lexp(D*tbc) (4.93)

EXAMPLE 4*5: Consider the system given by (2.1), (2.14)
where

‘ 0 1 ' • 0 ’
A = B

1 0 ■ a 1■ ■

In addition let Kma„ = 20, Fmav = 9, and D = H = 10"4 .max max
Note that the open-loop system is unstable. Numerical so- 
solution of (2.23), (2.25) and (4.87) leads to

K(q*) = K (0.4) = (5.066, 19.44] (4.95)
D2 and C2 are found to be 4.169 and 1.00 respectively for

F(p*) = F (0.6) = (8.868, 3.419] (4.96)

C* is found to be -1.72 while D* = -2.533 and ||BF||
9.5043. And from (4.88) tfao = 4.2 s. and from (4.92) tbc

T= 7.5 secs. The system was simulated with x(0) = (2, -11

and z(0) = (0, 0]. It is found that the first time (4.77) 
is satisfied is t = 4.22 seconds. Also the first time the 
state reached the region specified by (4.81) is found to be 
6.3 secs. Figs. 4.8 and 4.9 show the response of the ob­
server and state as a function of time.
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The class of gain-constrained observer-controllers de­
signed above to meet regulation and state estimation accu­
racy requirements did not impose any constraint on the 
state and input excursions during the control interval. In 
situations vhere large transient state and reconstruction 
error excursions are unacceptable it appears that the use 
of time-varying observer and controller gains could be em­
ployed to satisfy a set of a proiri trajectory constraints. 
This is the subject of the next section.

4>3 TRADE-OFF TECHNIQUE AMONG STATE COMPONENTS EXCURSIONS 
INPUT NORM AND SPEED OF RESPONSE UNDER GAIN CONSTRAINTt

The following modified technique shows how to design a 
state feedback controller which will simultaneously take 
into consideration constraints on the norm of the input and 
state vector and the time taken to reach a desired region 
containing the zero-state given a constraint on the maximum 
norm of the allowed feedback gain. This method can be con­
sidered a form of a 'good' trade-off among input, state and 
terminal time under a restricted gain norm. In the last 
section the values of N and M did not play an integral part 
in the generation of the controller and observer constant 
gains, ie any N and M greater than zero worked. It will 
now be shown that when state and input norm restrictions 
are required, the values of N and M do play an important 
part..
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4.3.1 CONTROLLER DESIGN:

The general objective in any controller design is to 
develop a feedback control lav vhich vill force the state 
of a system to a desired terminal state along the best pos­
sible trajectory, ie, one vhich vill not result in prohibi­
tively large input magnitude or state magnitude. Most de­
signs which utilize a constant gain feedback control lav 
suffer from tvo main disadvantages. If the magnitude of

the gain is small, the time required to reach a desired 
state norm is usually very long. On the other hand, if the 
gain magnitude is increased to reduce the time response, 
the input and state norms increase significantly. For ex­
ample, consider the linear system given belov in example 
4.6.

EXAMPLE 4.6:

x =
° 1 *  -1 0 J

1
0

u (4.97)

Tvo sets of constant gains vere selected such that the 
poles of the closed-loop system vere located at -2.0, -2.5
and -4.0, -5.0 respectively. This resulted in constant
gain norms of 6.02 and 21.0 respectively. Figs 4.10, 4.11
and 4.12 shov the time responses for the state components
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-3and input. The time taken to reach a factor of 10 of the 
initial state norm vas 4.36 secs, and 2.38 secs, respec­
tively. Note the large overshoot with large gain.

What one needs is a feedback control lav whose gain 
varies with time in such a manner that gains of large norms 
do not affect the input and state norm drastically, but 
serve mainly to decrease the speed of response. We now de­
scribe a technique vhich vill take advantage of the good 
qualities of the transient response resulting from a gain 
of small norm, le, small input norm and decreased state 
component excursion, and the good qualities of the tran­
sient response resulting from a gain of large norm, ie, 
fast system response time.

PROBLEM STATEMENT: Given the time-invariant continuous
time system (2.1). Find (a) the control lav

r -F(t)x 0 < t < t
u

r (4.98)
-F(tr )x t > tr

where F and s satisfy (2.6) and (2.9), (2.10) respectively 
subject to

| |F(t )|| < Fm 0 < t < tr (4.99)
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vhere F Is a given gain constraint and N, t and t, are m r r
constants to be found in a manner such that one accomplish­
es a good compromise among state excursions, input magni­
tude and speed of response and (b) the time t^ such that

||x(t )|| < xd (4.100)

for all t > t^ where xd is a given bound that specifies a 
desired region including the zero-state.

SOLUTION: Since A and B are given the problem outlined
above reduces to finding N and t £ such that (4.99) can be 
satisfied. Different values of N and t£ generate different 
gain time functions of gains for t < t^. Even for an arbi­
trary N, (2.9) and (2.10) must be solved for different va­
lues of t^. This results in a time consuming computational 
process. We now describe an alternate algorithm for gene­
rating F (t ) through F(p) as define by (4.55), ie keeping 
t and N constant and varying t£ . It will be shown that t 
is directly proportional to N, while N can be selected 
based upon the eigenvalues of A.

Comparing (2.9) and (2.10) with (4.50) and (4.51) 
shows something very interesting. As p varies from zero to 
infinity, the ||F(p)|| verses p is identical to the 
J|F(t ) || verses t as t varies from to infinity to zero with 
S (̂oo) = 0. Since (2,9), (2.10) is impractical to solve
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for equal to Infinity, ve must use (4.50),(4.51). Note 
also that (4.50), (4.51) generates all possible gain time
functions that produce finite time responses in (2.1) and 
the gains generated must be used in the reversed time order 
in the control lav (4.98). That is the gain must be 
stored.

The following discussion shows how to generate the 
gain time function F(t) without directly solving for t f . 
This will be achieved by solving (4.50),(4.51) and relating

A

the function F(p) to be defined to F(t).

Let us define M(p) as follows

M(p) = (A - BF(p)1 (4.101)

where F(p) = 0.5BTS(p) (4.102)

Then dM(p)/dp = -BTdF(p)/dp (4.103)

From (4.98) the closed-loop system (2.1) can be written as

©

X = [A - BF(t )1X (4.104)

For any given Initial state, the trajectory of (4.104) is 
completely specified by [A - B F (t )]. Since M(p) and 
(A - BF(t)] will be directly related, we conclude that M(p)
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completely specifies the trajectory of (4.104). From 
(101), since A and B are constant matrices, ||M|| vill be-
have similar to | |F*| |. Thus ||m || can be used as a scalar
measure of the effect of p on both the system state excur­
sion and Input norm. ||S~^|| is monotonically increasing 
while ||M|| is monotonically decreasing vith increase in p. 
A typical response for ||M|| is shown in Fig. 4.13. The 
curve can be divided into basically three regions A, B and 
C as shown in the figure, in region A, one observes rapid 
changes in ||M||. Since the gains generated are actually 
used in reversed time order, if the |jx|| is not very small 
in this region large input magnitudes will occur. Thus in 
order to limit large input norms, it best to avoid this re­
gion or ensure that state of small norm accompany this re­
gion. Region C shows that further increase in p has little 
effect on ||H||. Since this region affects ||F(t)J | for t 
= 0, it determines the state components maximum excursions. 
Region B is the region where the best compromise among in­
put norm, state excursion and speed of response occurs 
since no rapid changes in jjMjj or extremely slow changes 
in ||M|| occur there.

A

Let p^ and P 2  be the times when gains of norms F^ and
A A A

F 2  occur where F^ and F 2  represent the norms of largest and
smallest gains respectively in region B. Then from (4.49) 
it is clear that for fixed N = N^, the time interval p2 - 
p^ in the p domain would be N^tPj - P^) In the t^ domain.
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Thus ve conclude that i£ (4.50), (4.51) was solved In terms 
o£ t£ and constant N, the Interval between the occurences 
o£ gains of fixed norms can be controlled by the value of N 
used. Note that the shortest Interval between gains of 
fixed norms occurs when N = 1 .  But for N = 1, the state 
trajectory is moving the slowest and thus for unstable A 
matrices very large input norm may result. Thus the value 
of N must be selected in accordance with the structure of 
the A matrix. The real part of the smallest eigenvalue of 
A also affect the numerical solution of (4.50),(4.51). If 
the difference between the real part of the largest eigen­
value of A and the smallest eigenvalue is great, then some 
components of S~* may be very small, and thus affect the 
numerical stability of the solution of (4.50), (4.51).
Therefore for computational purposes, the value of N selec­
ted must depend not only on the real part of the largest 
eigenvalue of A but also on the real part of the smallest 
eigenvalue of A.

The design procedure for generating the required F can 
be stated as follows: Let a and ft be the real part of the
largest and smallest eigenvalues of A respectively.
(a) Solve for a and f t . If a < 0 set N = 1 + (a - f t ) / 1 0

else set N = 1 + a.
(b) Using the value of N from (a) numerically solve

dS_ 1 /dt£ = -(A/N)S _ 1  - S- 1 (AT/N) + BBT/N (4.105)
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S-1(0) = 0 (4.106)

up to a nonsingular solution.

(c) Invert S - 1  and switch to (4.107) given below

ds/dt£ = S(A/N) + (AT/N)S - SBBTS/N (4.107)

F(tf ) = 0.5BTS (4.108)

(d) Solve (4.107) up to the first time | |F(tf ) | | ^ Fffi.
Denote this time as t^. Continue the solution of (4.107) 
storing all subsequent gains using (4.108) until there is

/S
little or no change in ||F(tf )|| or ||m ||. Denote the 
value of tf when the last gain is stored as t2> Then tr is

A A

equal to t 2  - t^. and set F(0) = F(t2) and F(tr ) = F(t1 ). 
If the first time the gain constraint is satisfied occurs 
in a region where no appreciale change occurs, set t = 0

and F(0) = F(t^). This means a constant gain control law 
will be used. Thus F(t) is given by

F (t ) =
f F(t 2 -t) 0 5 t 25 tr

F(tx ) t ^ tr
(4.109)

(e) If the steady state solution of (4.107) does not sa­
tisfy the gain constraint, then this technique can not be 
used to meet the design procedure or the gain magnitude
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constraint can not produce asymptotic stability in (2 .1 ).

Once the gains are found and stored, an estimate of 
the time t^ can be found. The closed-loop form of (2.1)
using (4.98) is now given by

{ [A - B F (t )1x 0 £ t £ tr
(4.110)

(A - BF(tr )]x t > tr

where t is the time interval for the time-varying gain be­
fore a constant gain control law is used. The relationship 
between tfc and tr is highly dependent on x( 0 ), Fm and x^. 
And thus tr may be greater than or less than t^. Since 
there is no simple closed-form solution to (4.110) for 0 <
t < tr , some form of estimate must be used for | |x | |. 
Since N is selected proportional to a, the interval (0, t 1 
will be sufficient long such that even for large Fffi/ the 
rate of change of ||F(t)|| with respect to t will be very 
small. Divide the interval [0, tr ] into q parts and assume 
the gain is held constant in each interval. Thus the gain
F(t) is estimated as F(0), F(tr/q), ,Fl(p-l)tr/ql. An
estimate of x(tr ) is now given by



Using the estimation technique developed In the section on 
gain-constrained controller design for finding a bound on 
| |exp(A-BF)|| yields

v - 1

||x(vtr/q)J| < ]J C 1 expt\max(A-BF(itr/v))tr/q]||x(0)||
1=0

(4.112)

where v = l,....,q and X   is the real part of the largestmax
eigenvalue of and > 0. The smallest value of v for
which the right side of (4.111) Is less than x^ determines
tfa, ie, tfa > v*tr/q where v* is the smallest value of v for
which (4.100) is satisfied. If there exists no v for which
(4.100) Is satisfied then t < t. . For t > t , the solu-r b r
tlon to (4.110) is given by

x = expt(A - BF(tr ))(t-tr ))x(tr ) (4.113)

And thus to satisfy (4.100) we require that

I|x(t)|| < C 1 exp[Xmax(A-BF(tr ))(t-tr )]||x(tr )|| < xd
(4.114)

where C 1  Is defined analogously to of (4.112). Solving 
(4.114) yields
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tb > tr + (l/\max(A-BF(tr)Jlnlxd/(C1||x(tr)J|] (4.115)

where | |x<t ) | | is given by (4.111) when v = q.

Consider example 4.6 where this time the gain used is 
time-varying. This example is given to compare the re­
sponse of the system (2 .1 ) to a time varying as opposed to 
a constant gain control law. The eigenvalues of A are ± j . 
Since a = 0, we set N = 1. In order to compare the new al­
gorithm with example 4.3, we set Fffi = 21. Application of 
the algorithm on page 123 results in F^ = 5.045,F2 = -18.88 
at t£ = 0.4 secs, and minimum trade-off gain F^ = 0.75 F 2

= -0.26 at t{ = 2 secs.. This results in t = 2 - 0.4 =
T1.6 secs. The system was simulated with x(0) = 12, 31 .

Figs. 4.14 - 4.16 show the state and input responses.
-3 •was found to be 3.29 secs. to reach a factor of 10 of 

the initial state norm.The state excursion are very much 
that of a small constant gain while the time response is 
closely related to that of a gain of large norm. Therefore

we conclude that using appropriate time-varying gains, can

reduce the time response markedly without the expense of 
large state excursions and input norms.
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4.3.2 OBSERVER DESIGN:

Since the state estimates will be used during the ap­
plication of the output feedback design, it is essential 
that the estimation error be kept small during the whole 
observation period. This will avoid the state components 
having large excursions. Analogous to the discussion on 
the controller design, large gain results in short observa­
tion period but large error component excursions and thus 
may cause large input and state excursions. On the other 
hand small gain will definitely produce a long observation 
period. The solution to both short observation and small 
error lies in using a gain whose norm increases with time 
such that the smaller norms occur during the period when 
the norm of the observation is increasing, thus keeping the 
observation error small while the larger norms occur during 
the phase when the norm of the error is decreasing, thus 
reducing the observation period.

The design of the state estimator which will result in 
a good compromise among error component excursions and re­
sponse time is analogous to that of the controller design 
discussed earlier. Thus we will state the algorithm for 
generating the observer's gain. Let it be required that 
max|Ki;j(t)| S Kmax* The design procedure for generating 
the required K can be stated as follows: Let a  and f t be
the real part of largest and smallest eigenvalues of A re-
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spectively.
(a) Solve for « and f t . If a  < 0 then set M = 1 + ( < x - f t ) / l Q f 

else set M = 1 + a.
(b) Using the value of M found In (a) numerically solve

dw/dtf = -W(A/M) - (A/M)TW + CTC/M (4.116)

W(0) = 0 (4.117)

up to a nonsingular solution.
(c) Invert W and switch to (4.118) given below

dw- 1 /dt£ = (A/M)W _ 1  + W_ 1 (A/M) - w ' V c w " 1  (4.118)

K(tf ) = O . S I T V  (4.119)

A

(d) Solve (4.118) up to the first time |K^^ | < K^. Denote
this time as t, . Continue the numerical solution of 

1

(4.118) storing all subsequent gain using (4.118) un
A

til there is little or no change in ||F(t£) | | or | |A -
A

K (t£ )||. Denote the value of t£ when the last gain is 
stored as 12. Then the time interval for which a 
time- varying gain will be used is t = t 2

A

From then on a constant gain K(t2 ) will be used. Then 
K (t ) is given as
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{K(t2 - t) 0 S t S tro
(4.120)

K(ti) t * tro

(d) If steady state solution of (4.118) does not satisfy 
the gain constraint, then this technique can not be 
used to meet the design procedure or the gain magni­
tude constraint can not produce stability in the error 
equation

= [A - KCle (4.121)
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4.4 APPLICATIONS 

4.4.1 CONTROL OF A NUCLEAR PLANT

The rapidly growing need for power together with the 
ever decreasing supply of conventional fuel makes nuclear 
power an Inevitable alternative for the future. The signi­
ficant role of nuclear fission and eventually, fusion is an 
extremely touchy issue when the ecology of the society is 
taken into account. Consideration of the cost-effective­
ness of generation and the effects of pollution points to 
the need for high performance operation. The performance 
of these nuclear plants depends highly upon the quality of 
their control. In this section we examine the nature of a 
nuclear plant and regulation of the neutron population re­
quired to maintain a desired nuclear energy supply.

4.4.1 PLANT DYNAMIC: A detailed derivation of the neu-
tronic state equations can be found in [27] and 1281. Here 
the pertinent equations are given. The net change in neu­
tron population over one generation is governed by

dn/dt = (6 k - f t ) n + J  (4.122)
L 1=1

dc^/dt = (/Jj/Dn - A ic i i = 1 ..... 6  (4.123)

where 6 k is the reactivity, L is the mean prompt neutron

144



generation time, n Is the neutron population, Is the de­
cay constant for the i* ' * 1 group of precursors and c^ Is the 
population of the 1th precursor group. The precurors are a 
small group of unstable fission products which produce a 
small portion of neutrons. For many nuclear fission pro­
cesses, it is possible to change the reactivity quite ra­
pidly. Let the rate of change of the reactivity be the 
control u(t). Then

d<5k/dt = u (t ) (4.124)

For a single precursor group (4.123) becomes

dc/dt = (^?/L)n - Ac (4.125)

The objective here is to bring the precursor state from an 
initial equilibrium state cQ = f t no / L \  and 6 k = 0  to some 
desired equilibrium state c f = n^/LA with 6 k = 0.

Let x 1  = (n - ne )/ne , x 2  = (c - ce )/ce and x 3  = 6 k 
where c . is an equilibrium precursor level and n = LAc //?. 
Then (4.122),(4.124) and (4.125) can be written as

ex = Ax + f (x) + BU

' - P / L f t / L 1/L ’ ’ o •
where A = A -A 0 B = 0

0 0 0 ■ 1■ ■

(4.126)

(4.127)
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X 1 X 3 /L X!
f (X) = 0 x =

X 2

0■ ■ ■ X3 ■
(4.128)

The eigenvalues of A are 0,0,-(X + /3/L). The values of L 
for slov breeders is of the order of milliseconds and 
microseconds for fast breeders. Thus the smallest eigen­
value of A can be located very far in the left half plane. 
For this reason ve rewrite (4.126) as

OX Ax + f(x) + Bu (4.129)

were A =
\ r - ( 3)/L (/3-y/L (1-jO/L 

X -X 0
0 0 0

and f (x)
(x3 ~y)x1/L + rx2/L + rxj/L

o (4.130)

and r  is to be selected such that the largest eigenvalue 
is not far into the right half plane while the smallest 
eigenvalues are not far into the left half plane. This 
will ensure that the smallest gain component is not negli- 
ble in respect to the other while the steady state gain 
components are not too large.

146



The IA,B1 pair is completely controllable. Let the 
.Input be given by

u (t ) = -F(t)x(t) (4.131)

where F(t) « 0.5BTS(t) (4.132)

°-l -1 -1*^ TNS = AS A + S x k  - BB 1 (4.133)

S- 1 (t£) = 0 (4.134)
Then if

A A

(i) £(0) = 0 and £(x) is continuous about x = 0 (4.135)
A

(ii) the eigenvalues of (A - BF) have negative real part
(iii) | £ (x ) | / | x | -♦ 0  as | x | -* 0  where |x| = Ix^|+|x 2 |+|x3 |. 
Then (4.126) is locally stable and (4.131) drives the state 
of (4.126) to the origin in time t = tf .

In controlling this plant a gain constraint is imposed. 
Thus we seek a control law which will drive the state of 
the system to the origin in such a manner as described in 
section 4.3. The parameters of the plant are p  = 1, L = 
3*10~Vsec and X = 0 .1 /sec. Thus we set y  = 0.9999. The

A

resulting eigenvalues of A are now -0.433, 0.0 and 0.00
while that of A are 0,0 -3333.33. Thus we select N = 1. 
Let it be required that the maximum gain component Fm =275. 
Solution of (4.105) - (4.108) results in t 1  = 1.49 sec.
F(1..49) = [21.46, 264.29, 2.863], t 2  = 6.01 and F(6.01) =
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(0.833, 3.537,0.580J. This results In tr * 4.52secs. The 
system was simulated with x(0) =.(-0.5, -0.5, 0]. Fig.

a
4.17 show | |F| | as a function of t£ . Note that after 6.0 
secs, the curve levels and thus decreasing the gain serves 
only to increase the response time. The control law 
(4.109) was then applied to (4..126) and Figs. 4.18 - 4.20
show the state response while Fig. 4.21 shows the input re­
sponse. Note that the maximum state components excursions 
and input magnitude as seen from Figs. 4.18 - 4.21, occur­
red before the maximum applied gain. Thus even gains of 
greater norms can be used without affecting the state and 
input norms while decreasing the time response.
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4.4.2 OBSERVER DESIGNS
Consider the case where only the reactivity and pre­

cursor levels can be measured. The objective here is to 
design a state estimator to estimate the neutron population 
Xĵ . The output y is given by

y = Cx =
0  1  0  1  

0 0 1
(4.136)

Note that the (A,Cl pair is completely observable. If u = 
0 in (4.126) then the reactivity x^ will remain constant. 
Thus if |x-j(t ) | S r ± r  then one can rewrite (4.126) as fol­
lows :

= Ax + f(x) + Bu (4.137)

’( f t / h i/l " ‘(x3 -2 j'1 )x1/L
where A = X -X 0 £(x) = 0

•— o o 0
■

0
• ■

(4.138)

Let the form of the state estimator be given by

z = Az + f(z) K(t)Iy - Czl + Bu (4.139)

where K = 0.5W_ 1 (t)CT (4.140)
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O _  T
MW(t) = WA + A W(t) - CTC (4.141)

W(tf ) 0 (4.142)

Then X - 2 (A - KC)(X - 2 ) + £ (X) - £(2)

1

(A - KC)(X - 2 V£Wp (x - 2 )dp (4.143)

It can be easily shown that

-21^ - x3)x12/l ^ 0 (4.144)

Thus the gain given by (4.140) drives the state of (4.143)
from I(xQ - 2 q ),t q ) to (0,t£ 1.

Similar to the control design let us impose a gain
constraint = 150 on |K  ̂j I • ~ 0.895, then the
eigenvalues of A are 0, 0.8 and -351. Thus we set M = 10.
Solution of (4.116), (4.117) with A = A results in t.̂  =
0 .4sec.,

120.70 0.20 12.5llT
K (0 . 4) (4.145)

145.49 15.10 0.20

t2 0.73
77.71 0.21 7.98

K ( 0  . 63) (4.146)
89.96 9.6 0.21
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Thus tr - 0.23sec. The system vas simulated with x(0) =
tO.5, 0.5, 0.51 J z(0) - [0.0, 0.0, 0.0]Tand K(t) as given 
by (120). Fig. 4.21 shows | |K| |as a function of t£ . Note 
that after t £ = 0.73sec. the curve starts to level off. 
Figs.4.23 - 4.25 show the state and estimator responses.
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4.4 .3 OBSERVER-CONTROLLER DESIGNS

We now combine the design of the controller and ob­
server to produce an output-feedback control system. Due 
to the fact that the system is only locally controllable, 
ve require that identification be achieved quickly and 
without large excursion in the estimation error. Let input 
u be now given by

u = -F (t ) z (4.147)

where F is defined by (4.109). Then the output-feedback 
can be written as

x = Ax + f(x) -BF(t )z (4.148)

y(t) = Cx (4.149)

2  = Az + f(z) - BFz + K (t )[y - Czl (4.150)
where K(t) is defined by (4.140). For this design ve 
choose a constant gain K as given by (4.146) for the ob­
server and a time-varying gain F(t) as described in 4.4.1 
for the controller. The system (4.148) - (4.150) was simu­
lated with x(0) = t-0.5,-0.5,0]T,z(0) = 10, 0, 0]T . Figs.
4.26 - 4.28 show the state and estimator responses while
Fig. 4.28 show the input of the output-feedback control 
system.
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This chapter has accomplished several modified designs. 
First ve shoved that even if the terminal time t f is fixed, 
the state and input norms can be trimmed by appropriately 
assigning values for N(t) according to the eigenvalues of 
the system A matrix. Second, ve shoved hov to designed a 
constant gain control lav vhen there is a given constraint 
on the maximum norm of the gain of the system. And third, 
ve described a nev algorithm to generate a time varying 
gain control lav to inhibit extreme state excursions and 
large input norm vithout sacrificing response time. The 
algorithm vas then applied to several problems vhere it vas 
shovn to have several advantages over a constant gain con­
trol lavs.

168



S. OBSERVER-CONTROLLER DESIGH FOR LINEAR DISCRETE SYSTEMS

It is veil known [6 ], [20], [23] and [24] that several 
solutions exist which result in deadbeat responses in lin­
ear discrete systems. The following technique utilizes the 
methods of Lyapunov stability principles to generate a fa­
mily of solutions to the obsever-controiler design for lin­
ear systems. The technique is then modified to yield a 
deadbeat response as a special case. A theorem is formu­
lated and proven which gives sufficient conditions for a 
nonlinear discrete system to be completely controllable. 
In section 5.2 the theorem is applied to the design of con­
trollers, state estimators and output-feedback regulators 
for linear discrete systems. The solutions utilize two pa­
rameters M and N which can be used to shape the state esti­
mator error and state trajectories respectively. It will 
be shown that as the values of these parameters increase, 
the controller and observer matrices increase in magnitude. 
Thus minimum gain magnitudes can be set by correct selec­
tion of N and M. Although N and M can be taken in general 
as time-varying, for simplicity only the time-invariant 
case is considered here. Several examples are given to 
demontrate the application of the techniques.

Although deadbeat responses are very desirable, in 
general they result in excessively large gain magnitudes 
and thus vide excursions in the state components of the
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system and also large estimator error magnitude. Therefore 
such responses are unrealizable in many practical situa­
tions where there are physical constraints on both the 
state excursions and gain magnitudes. Section 5.3 demon­
strates how the new technique can be applied to gain-con­
strained observer-controller design. Some useful proper­
ties of matrices are discussed in this section. A modified 
design is achieved in section 5.4. Here matrix inversion 
is replaced by scalar division. Several examples are given 
in this section to illustrate the design of the gain-con­
strained output-feedback regulator. Section 5.5 shows a 
simple technique for designing the control law for a single 
input system which will result in a deadbeat response.

5.1 CONTROLLABILITY THEORY:

Consider the nonlinear discrete system given by

x(k+l) = f(x,u(x,k),k) (5.1)

where x is the n-dimensional state vector, u is the r-di- 
mensional input vector, k is the time variable and f is 
some nonlinear function such that f: Rn -* Rn .

Theorem 5.1; If a scalar function V(x,k) exists such that
1 ) for all continuous c(k) (n-valued vector function)

170



lim c(k) * 0 =* 11m V(c(k),K) = oo (5.2)
k •* k£ k -* kf

where kg is some finite terminal time.

and if a control lav u*(.) c U exists such that

2) along the trajectory of (5.1)

AV = V(x,k+1) - V(x,k) < M < m (5.3)

3) the solution to x(kQ ) = xQ (5.4)

x(k+l) = £(x,u*,k) (5.5)

exists and is unique,
then the system (5.1) is completely controllable from
(x0 ,kQ ) to (0 ,k£ ) and u*(x,k) accomplishes the transfer.

PROOF : For k < kf

V(x,K) = V(x 0 ,kQ ) + V(x,k) - V(xQ/k0 )

k
= V(x 0 ,kQ ) + ^T[V(x(i),i)-V(x(l-l),i-l)]

< V(x 0 ,kQ ) + M(k - kQ ) (5.6)



Therefore lim V(x,K) < V(xn,kft) < co (5.7)
k -» k £ u u

And thus from 1) ve conclude that

x(k-) = lim x(k) = 0 (5.8)
1  k -* k £

This completes the proof.

5.2 OBSERVER-CONTROLLER DESIGN FOR LINEAR DISCRETE SYSTEMS:

5. 2. 1 CONTROLLER DESIGNt

Consider the linear time-invariant discrete system

x(k+l) = Ax(k) + Bu(k) (5.9)

where x and u are defined as before and A and B are nxn and
nxr matrices, respectively. Let the input be given by

u (k) = -F(k)x(k) (5.10)

where F is an rxn matrix called the controller gain matrix.
Then the closed-loop system becomes

x(k+l) = (A - BF(k)lx(k) (5.11)
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Let us assume further that A Is invertible. Define the 
scalar function V(x,k) as follows

V(x,k) = xT (k) S(k)x(k) (5.12)

where S_ 1 (k ) = A_1[s"1(k+1)/N + BBT1AT 1  (5.13)

S- 1 (k£ ) = 0 (5.14)

where N Is a positive scalar and k £ Is some finite terminal 
time. Let F(k) satisfy

B = AS~ 1 (k)FT (k) k < kf (5.15)

If s(k) exists then F is uniquely determined by

F(k) = BTAT 1 s(k) (5.16)

If the [A,B] pair is completely controllable, then the ma­
trix IB, AB,.............,An- 1 B] is of full rank. Also
(5.15) is linear in F. If S 1 (k) is singular, then solving
(5.15) for F will notresult in a unique solution. In this 
case many components of F can be arbitrarily selected. 
Solution of (5.13),(5.14) is given by

k-1
S- 1 (kf-k,N) = N M i"kA 1 -kBBTAT

i-k
(5.17)
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The matrix S ^(k) is invertible if

k - 1  ,l i  T T
y  N A BB A > 0

which is the controllability condition [2 0 1 .

tion is always satisfied for k 2: n. Thus
S- 1 (k£-k,N) may be singular. Therefore for k £ 
N) exists and (5.13) can be written as

S(k) = NATS (k+1)A - NATS(k+l)B(Ir + NBTS(k+1)B1

Equation (5.16) can now be written as

F(k) = [Ir + NBTS(k+l)B]_ 1 BTS(k+l)AN

From (5.20) and (5.21)

S(k) * NATS(k+1)[A - BF(k )1

(5.19)

This condl-

for k < n, 
n, S(kf-k,

"1 BTS(k+1)AN
(5.20)

(5.21)

(5.22)

Taking the difference of (5.12) along the trajectory of



V = xT (k+l)S(k+l)x(k+l) - xT (k)S(k)x(K)

= xT (k)[ATS(k+l)A-ATS(k+l)BtIr+NBTS(k+l)B]“ 1 BTS(k+l)AN - 

S(k)-NATS(k+l)B[Ir+NBTS(k+l)B]" 1 [Ir+NBTS(k+l)Bj“1*..

BTS(k+l)AN]x(k) = xT (k)t(-l+l/N)S(k) - FTF]x(k)

= -xT (k)[(l-l/N)S(k) + S(k)A" 1 BBTAT S(k))x(k)

< 0 for N > 1 (5.23)

Thus the input given by (5.10) will produce stability for 
N = 1 and asymptotic stability in (5.9) for k ^ n. Let us 
examine the case for 0 < k £ n. In this region S *(k) may 
be singular. Note that (5.15),(5.13) can be written as

S~ 1 (k+1) = NlAS_ 1 (k)AT - BBTI

= NIA - BF(k)]S_ 1 (k)AT (5.24)

The solution to (5.24) is given by

S * * 1  (k ) =Nk [A-BF(k-l) ] [A-BF(k-2 ) )• • • I A-BF(0) ]S _ 1  ( 0 )AT (5.25) 

Since (5.14) is satisfied, we conclude that for k £ £ n,
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U-BF(k£-l)][A-BF(k£-2)] [A-BF(O)]x(0) ■ 0 (5.26)

Thus from (5.11) ve conclude that

X(kf ) = [A-BF(kf-l)1(A-BF(kf-2)I (A-BF(O)lx(0)=0 (5.27)

Therefore the gain given by (5.15) produces a deadbeat re­
sponse in (5.9).

9« e. 2 OBSERVER DESIGN:

In many instances, the state of (5.9) is unavailable 
for complete measurement. When such a case occurs, the con­
trol law (5.10) can not be used. Thus one must first find 
estimates of the state and use these estimates to control 
the system. The following technique describes how to de­
sign the observer.

Let's assume that the output of the system is given by

y(k) = Cx(k) (5.28)

where y e Rm is the output and C is an mxn matrix. An 
observer for (5.9),(5.28) is given by

z(k+l) = Az(k) + G(k)(y(k) - Cz(k)l + Bu(k) (5.29)
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where z e RW is the output o£ the observer and G is an nxm 
matrix called the observer's gain matrix. Let usassume 
further that the [A,C] pair is completely observable. De­
fine the observation error e as

e(k) = x(k) - z(k) (5.30)

Then from (5.9),(5.28) and (5.29)

e(k+l) = (A - G(k)Cle(k) (5.31)

For any initial state, the solution to (5.31) is given by

e(k) = (A-G(k-l)C][A-G(k-2)Cl___ (A-G(l)C][A-G(O)C)

R(k)e(0) (5.32)

where R(k) = [A-G(k-1 )C11A-G(k-2)C].. [A - G ( 1 ) C H A  - G(0)C]
(5.33)

Thus if there is a k = k£ such that R(kf) = 0, then it is
obvious that e(k^) = 0. Define the scalar function V(e,k)
as

V(e,k) = eT (k)W_ 1 (k)e(k) (5.34)

where W_1 (k) satisfies
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W_1(k+1) = AT IW-1(k)/M + CTC1A_1 (5.35)

W_ 1 (0) = 0 (5.36)

where M is a positive scalar. Although M can be taken as 
time- varying, we will only consider the time-invariant 
case here. The solution to (5.35),(5.36) is given by

W 1 (k,M) = M ^ M -iAT CTCA-i- V 1

1 =1

k
M 1 _KAT ^  H 1 _ 1 CTCAi- 1 A"k (5.37)

The matrix W- 1 (k,M) is invertible if

* -i
H i_1 AT CTCA i - 1  > 0 (5.38)

which is exactly the observability condition [2 0 ] for lin­
ear discrete systems. Since it is assumed that the [A,C] 
pair is completely observable, then there exists 1  < k 5 n 
such that W_ 1 (k,M) is invertible. Let us write (5.35) as

W- 1 (k) = M[ATW- 1 (k+l)A - CTC] (5.39)

Now define G(k) such that
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CT = ATW_1(k+l)G(k) (5.40)

If W(k+1) exists, then

G(k) = W(k+1)AT CT (5.41)

Substituting (5.40) into (5.39) leads to

W- 1 (k) = MATW _1 (k+l)(A - G(k)Cl (5.42)

Using matrix inversion, (5.35) can be written as

W(k + 1 ) = M AW(k )AT-MAW(k)CT (I + MCW(K)CT ]- 1 CW(k)ATM (5.43)m

Substitution of (5.43) into (5.41) yields

G(k) = MAW(k )CT (Im + MCW(k)C T ] " 1  (5.44)

Taking the difference of (5.34) along the trajectory of 
(5.31) yields

AV = eT (k)I(A-G(k)C)TW- 1 (k+l)(A-G(k)C) - W- 1 (k)]e(k)

= eT (k)((A - G(k)C)TAT W- 1 (k) - W _ 1 (k)]e(k)

= -eT (k)((1 - 1 / M ) w " 1 (k) + c T G T ( k ) A T  1 W_ 1 (k)]e(k)
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■ -eT (k)t(1 - l/M)W_ 1 (k) + MCT [I + MCW(K )CT ]- 1 C ]e (k )fit

< 0 for M > 1 (5.45)

Thus the gain given by (5.5), (5.44) produce asymptotic
stability in (5.31) for all k such that W(k) is positive 
definite.We now examine the condition will result in a 
deadbeat observer design. From (5.38) ve know there exist 
a 1 < k S n such that W *(k) is invertibe. Let the first 
time that W -1 (k) is invertible be k£. Then solving (5.42) 
k steps backward from kf results in

W- 1 (kf-k) = MkAT W_ 1 (kf)[A-G(k£-l)Cl(A-G(kf-2)CJ*...

 [A-G(kf-k)C] (5.46)

and thus for k = k £ (5.46) becomes

w"1(0) = MkAT_ 1 W _ 1 (kf ) [A-G(k£-l)C]tA-G(k£-2)C]..lA-G(O)C)
(5.47)

Thus from (5.33) and (5.36) we conclude that there is a 
finite kf 5 n such that the gain given by (5.40) forces the 
estimator’s error to zero.
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5.2.3 OUTPUT FEEDBACK REGULATION:

The theories developed in 5.2.1 and 5.2.2 can be com­
bined to produce an output-£eedback system. To demonstrate 
this, let the input be given by

u(k) = -F(k)z(k) (5.48)

Using (5.48) and substituting z(k) = x(k)-e(k) into (5.29) 
leads to

x(k+l) = [A - BF(k )]x (k ) + BF(k )e (k ) (5.49)

Shown in 5.2.2, there exists a sequence of observer gain
matrices which reduces the observation error e to zero in
at most n steps. Therefore after n steps, (5.49) reduces 
to

x(k+l) = (A - BF(k )1x (k ) (5.50)

But as seen in 5 2.1, we observed that there exists a se­
quence of gain matrices F(k) which forces the state x to 
zero in at most n steps. Thus the system (5.9) can be dri­
ven to zero in at most 2n steps using the input (5.48). 
The gain F is generated from (5.13), (5.14) and (55.15)
with k^ = 2n. It is worthwhile to note that the gain 
F(kf-ki) where k ^ s  the smallest value of k such that
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S(kj-k) exists will drive the state of (5.9) to the origin 
in at most k^steps. The gain assign all the poles of [A 
- BF(k1 )J to the origin. Similarly, the constant gain 
G(k^) where k^ is the smallest k such that W(k) exists 
drive the estimation error to zero by assigning all the 
eigenvalues of [A-Gtk^)! to the origin.

EXAMPLE 5.1: Consider the system given by (5.9) where

• i o -i ■ • o •
A = - 2  1 1 B = 1

0  1 0  
■ ai

1■ ■

Solution of (5.13),(5.14) and (5.15) for kj=3 and N = 1 re­

sults in F 2 (2) = 1, F 2 (l) = 1, F ^ l )  + F 3 (l) = 0, and F(0) 
= 1-1,1,11. The systems was simulated with F(2) = (0, 1,
01, F (1) = (0,1,01 and F(0) = [-1,1,11. Figs 5.1, 5.2, and
5.3 show the time responses of the state components. Note 
that [A - BF(O)]'* = 0. Thus the constant gain F(0) =
[-1,1,11 can be used to drive the state of (5.9) to the 
origin in 3 steps.

EXAMPLE 5.2; Consider the system (5.9),(5.28) where A is 
given as in example 5.1 and

C = 11,0,01 u = 0 (5.52)

Gain G was calculated from (5.35), (5.36) and (5.40). Of
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the many possible sequences for G(0) and G(l), the follow-
Ting sequence was chosen G(0) = (-1, 0, 01 and G(l) = CO,

-1, 01T while G(2) Is uniquely found to be G(2) = 12, -5,
T T-21 . The system was simulated with x(0) = Cl, 1, -11 and

z(0) = 10, 0, 01T . Figs 5.4, 5.5, and 5.6 show the result
graphically. M = 1  was used. It is of Interest to note

3that [A - G(2)C1 = 0. Thus the constant gain G (2) can be
used to drive the estimator error to zero in 3 steps.

EXAMPLE 9.3: Consider system (5.9),(5.28) where A and B
are given as in example 5.1 and C is given in example 5.2.
The observer gain used were the same as in example 5.2.
With k £ = 6 , the controller gain for each k was calculated
backward and stored using (5.13), (5.14) and (5.15). The

Tsystem was simulated using x(0)= (1,2,31 N = M = 1 and
z(0) = CO, 0, 01T . Figs. 5.7, 5.8 and 5.9 show the re­
sponses graphically.
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3.3 GAIN-CONSTRAINED OBSERYER-CONTROLLER DESIGN:

Relatively large controller gains result when a linear 
state- feedback control lav is used to transfer the state 
of a linear discrete system from its initial state to the 
zero-state in the minimum number of steps. Hence, if a 
linear feedback controller is restricted to use gains that 
are constrained by an a priori magnitude bound, the state 
of the controlled process will be transferred to only a 
finite neighborhood of the zero-state in a finite number of 
steps. For this gain-constrained linear controller, it is 
of interest to have a set of relations or a design proce­
dure that explicitly relates a priori controller gain mag­
nitude constraints to the regulation accuracy achievable in 
a finite number of steps by a linear state-feedback control 
system.

Similarly arbitrary small reconstruction error may re­
sult in a finite number of steps with linear full-order ob­
servers whose gains may be prohibitively large. Again it 
is of interest to characterize the reconstruction accuracy 
achievable in a finite number of steps with gain-con­
strained observers.

The design of gain-constrained observers and control­
lers is the subject of the research described below. A 
gain-constrained state-feedback regulator problem is first
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formulated. Properties of the time-varying matrices used 
to generate the observer and controller gain matrices are 
then described. These properties are then used to generate 
the gains for the gain-constrained observer and controller 
design.

S. 3 . 1  PROBLEM FORMULATION*

Given the time-invariant controllable discrete time 
linear system (5.9) such that x(0) « R ^ . If a region R 2, 
containing the zero-state, is specified, where R 2  <= R^, 
find (a) the control law

u(k) = -F(k)x(k) (5.53)

subject to the constraint

max i=l....r, j=l ,n for all k (5.54)

and (b) an estimate of the time k^ such that

x(k) e R^ c R^ (5.55)

for all k S kb
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3.3.2 PROPERTIES OF SCKf,K,M> AND WCK,kf,>P

The following are some of the properties of the S and 
W matrices which satisfy (5.13,(5.14) and (5.35),(5.36). 
For every nonsingular matrix S(k)

VS(k) = S(k+1) - S(k) = -S(k)[S_1 (k+1) - S- 1 (k)]S- 1 (k+l)

= -S(k)VS_ 1 (k)S(k+l) (5.56)

LEMMA 5.1: If the IA,B] pair of (5.9) is completely con­
trollable and S(k^,k,N) exists, where S(k^,k,N) satisfies 
(5.13),(5.14) then

(a) VS(k) > 0 (5.57)

(b) V S (k f ) < 0 (5.58)

(c) V S (N ) > 0 (5.59)

PROOF:
k ,-k 
* -i

’1 (kf,k,N) = N N” iA" 1 BBTAT (5.60)
i = l

Therefore VS 1 (k ) = S-1 (kf,k4l,N) - S- 1 (kf,k,N)
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k-k f + 1  k-kf m n,k-k,
-N 1  A BB A 1  < 0 (5.61)

And thus from (5.56) 7S(k) > 0 (5.62)

k-kf k-k f - 1  k-kf-l
Similarly VS •L(kf ) = N rA 1  BB A 1  > 0  (5.64)

And thus VS(kf) < 0 (5.65)

k-k , * _ I-1 V'  l-i 1-i -i T TAlso VS (N) = \  [ (N + l ) -N ) A BB A < 0 (5.66)
i = l

And therefore S *(N) £ 0 (5.67)
This completes the proof.

THEOREM 5.2: If the [A,B] pair is completely controllable,
and s- 1 (k+l) is positive definite, then the input given by

u(k) = -Ftk^xfk) (5.68)

where the constant gain F(k^) is the solution to (5.16) at 
k = k^, produces stability for N = 1 and asymptotic stabi­
lity for N > 1 in (5.9).
PROOF; Let V(x,k) be given by

V(x,k) = xT (k)S(k 1 +l)x(k) (5.69)

Thus v(x,k) is positive definite. Taking the difference of
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(5.69) along the trajectory of (5.9) using (5.16),(5.20) 
and (5.21) at k = yields

V = xT (k )[(A - BF(k 1 ))TS(k 1 +l)(A - BF(k x)) - S(k 1 +l)lx(k)

= XT (k)[ATS(k 1 +l)A-ATS(k+l)BF(k 1 )-FT (k1 )BTS(k 1 +l)A +

FT (k1 )BTS(k 1 +l)BF(k1 ) - S(k 1 +l))x(k)

=XT ( k ) [ATS(k 1 +l)A-ATS(k 1 +l)B(Ir+NBTS(k 1 +l)B)" 1 BTS(k 1 +l)AN

- ATS(k 1  + l)B(Ir+NBTS(k 1 +l)B)" 2 BTS(k 1 +l)AN 2  - S C k j + D l x U O

= xT (k)(S(k 1 )/N-S(k 1 +l)-S(k 1 )A"1 BBTAT S(k 1 )lx(k) < 0 (70)

And thus by [51 the input given by (5.68) produces stabi­
lity in (5.9). This completes the proof.

This theorem shows that each gain matrix of the se­
quence of gain matrices used to produce a deadbeat response 
can in Itself generate a stabe system if S * is nonsing­
ular .

LEMMA 2: If the [A,C] pair is completely observable and
W *(k,M) is nonsingular, then

VW(k) < 0 (5.71)

197



and VW(M) > 0 (5.72)

The proof is analogous to that of lemma 1 and is thus left 
out.

THEOREM 5.3: If the [A, CJ pair is completely observable
and W-1 (k,M) is nonsingular, and M > 1 then the constant
gain

G O ^ )  = W(k 1 +1)AT CT (5.73)

produces stability for M = 1 and asymptotic stability for M 
£ 1 of the estimator error (5.31).
PROOF: Define the scalar function V(e,k) as

V(e,k) = eT (k)W_ 1 (k1 +l)e(k) (5.74)

Then V(e,k) > 0. Taking the difference of (5.74) along the 
trajectory of (5.31) yields



< 0 (5.75)

And thus from 15.51 the gain given by (5.73) produces sta­
bility in (5.31). This completes the proof.

The previous lemma 3  and theorems clearly shows that 
asymptotic stability can be achieved for (5.9) and (5.31) 
where the control and observers gains are constants. From 
(5.21) and (5.44) one can see that the parameters N and M 
act as convergence factors. They determine the minimum 
magnitudes of the controller gain and observer gain. That 
is to say the eigenvalues of [A-BF(k)l and [A-G(k)Cl will 
remain within certain boundary of the origin for fixed va­
lues of N and M. The larger the values of N and M, the 
closer to the origin will the eigenvalues of CA-BF(k)] and 
[A-G(k)C]. Thus as N and M take on very large values, near 
deadbeat can be produced using any constant controller gain 
and observer gain matrices. This is because F(k) and G(k) 
converge to their final values faster as N and M increase.
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5.3.2 GAIN-CONSTRAINED CONTROLLER DESIGN:

The following describes the solution to the problem 
outlined in (5.53) - (5.55). Since the problem has no re­
striction on the maximum magnitude of the state allowed 
during the control interval prior to we will use a con­
stant gain control law. Since N affects the minimum values 
of the controller gain matrix, to ensure every possible 
gain which produces stability is examined, we will set k = 
0 and N = 1. The problem reduces to finding a k£ such that

max |Fi;J(kf,0,l) | < Fmax (5.76)

For N = 1 and k = 0, (5.60) reduces to

k f
a "i b b t a tS_ 1 (kf ) = ) A J'BBAA i (5.77)

i = l

Note that (5.75) is the solution to the following differ­
ence eqution

S~ 1 (k£+1) = A" 1 S_ 1 (k£ )AT 1  + A_ 1 BBTAT (5.78)

S_ 1 (0) = 0 (5.79)

Since the IA,Bl pair is assumed completely controllable,
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then there exists a k£ > n such that S *(k£) is invertible. 
Also for all k £ < co, the constant gain given by

F(kf ) (5.80)

produce asymptotic stability in (5.9). Since the norm of 
F(k£) decreases with an increase in k £, then the norm of F 
approaches a minimum as k £ approaches infinity. For Inver-

The design procedure for finding F which satisfies (5.76) 
can be stated as follows:
1) Numerically iterate (5.78),(5.79) to a nonsingular

2) Solve for F using (5.80). Check whether or not (5.76) is 
satisfied. If (5,76) is satisfied, then this gain is the 
required constant gain.

3) If not switch to (5.81) and continue the iteration using 
(5.80) to check if (5.76) is satisfied.

4) If (5.81) converges to a gain which does not satisfy 
(5.76) then this design procedure can not be used to 
meet the speification.

tible S-1 (k£), (5.78) can be written as

S ( k £ +1) ATS(k£ )A - ATS(k£ )BtIr + BTS(k£ )Bl_ 1 BTS(k£ )A
(5.81)

S" 1 (k£ ).
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Once the required F is found, the time can be esti- 
amated by examination of the eigenstructure of the [A - 
BFJ matrix. The closed-loop system becomes

x(k+l) = [A - BFlx(k) (5.82)

whose solution is given by

x(k) = (A - BF]kx(0) (5.83)

Suppose the matrix IA - BF) has m distinct characteristic 
values i = l,2,...,m. Let the multiplicity of each
characteristic value in the characteristic polynomial of IA 
- BF1 be given by m j . Then there exists a transformation T 
1 2 0 1  such that

[A - BF] = TJT - 1  (5.84)

and IA - BF]k = TJkT - 1  (5.85)
*

where J is a matrix in Jordan canonical form. We now find
a bound on | | Jk } | as follows: Let *max satisfy |\i j S
\ < 1 .  Since all the eigenvalues of IA - BF] havemax

eigenvalues of moduli less than one, define j|c|| =
/  Tv Trace C C , then
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m. -1
t— i i— i _ / k _ N k _ 2 \__„ 2 k

£ tvnF + Y .  ( r  J ' h i / w  1

-  cl < \ « x > 2k

® *1”1 f k -,kc
C1 = [,nr+r  Z ynV FT|M " I{ rCj [lxll^max] 

1 ^ * 1  r=l

and

kc = integervalue|(r-l+|\i |/\max)/(l-|Xi |/\max)J

Let Rj be the region such that

I I  I S xmln 

To satisfy (5.85) we require

(5.85)

(5.87)

(5.87a)

(5.88)



||x(k)|| £ l|T||||T" 1 ||C1 >w k ||x<0)|| S xnln (5.89)

Solution to (5.65) results in

Kb > -IntCjJ |T| I I |T- 1 | I I |x(0) I |/XBlnl/ln(kInax (5.90)

If the max|X, I is of multiplicity one, then X „ can be• 1 1  max
taken as |X^|.

5.3.3 GAIN-CONSTRAINED OUTPUT-FEEDBACK REGULATOR?

The design procedure of 5.3 can be easily extended to 
the case where the complete state is unavailable for direct 
measurement. This section deals with the design of a dyna­
mic state estimator and the form of the output-feedback 
control system where there are constraints on both the con­
troller and observer gain matrices. In addition it gives 
an estimate of the time required to bring the state estima­
tor error from any initial value to a given fraction of its 
initial norm and also the number of steps required to reach 
a prescribed region enclosing the zero state of the system. 
Since the difference equation used to generate the observ­
er's gain is the dual of the difference equation used to 
generate the controller's gain, a detailed treatment of its 
properties is not given here.
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The problem o£ 5.3.1 can now be reformulated as fol­
lows: Let R* 2 be specified as

| |e(k) | | < D | |e(0) | | (5.91)

where D > 0 is an a priori condition. Then given the time- 
invariant system (5.9),(5.28) where e(0) e and Rj c 
where R^ the region of possible initial observation error 
is assumed known, find (a) the gain G subject to

l6 ijl £ < w  <5-92>

where G  is specified.max
(b) the time k. such that (5.91) is satisfied for all k £Do
kbo ’
(c) the feedback control law

u(k) = -Fz(k) (5.93)

subject to the constraint

IF, . I < F (5.94)
1 Id 1 max

where H, D, F and G „ are specified quantities. Note max max
that section 5.3.2 has already described the technique for 
generating F. From lemmma 5.2, theorem 5.3 and the simila­
rity between (5.78) and (5.35), the algorithm for generat­
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ing a G to satisfy (S.92) is given as follows:
(a) Iterate (5.35),(5.36) up to a nonsingular W -1 (k),
(b) Using (5.41) solve for G,
(c) Check to see if (5.92) is satisfied,
(d) If (5.92) is satisfied, then this gain is the required
one,
(e) If not switch to (5.43) and continue the iteration 

using (5.44) until (5.92) is satiisfied.
(f) If G converges to a value which is greater than Gm _„,max

then the design procedure can not be used to meet the 
required specification. In order that the widest 
range of gains are examined the value of M must be set 
equal to 1 .
Once the required G is found, the number of steps kbQ 

is found in an analogous manner to kfa of 5.3 to satisfy

ln[Dl ||T1 ||||T1-J-||Dl/ln<>Va]()

where X is greater than or equal to eigenvalue of tA-GC) ma x
with the largest moduli and and T 1  are analogous to 
and T respectively for the matrix (A - GC1. To examine the 
response of the output-feedback system, write z = x - e and 
substitute into (5.9) to yield

x(k+l) = (A - BF)x(k) + BFe(k) (5.97)

The solution to (5.31) with G constant is given by
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e(k) = (A - GC)ke(0) (5.98)

And thus the solution to (5.97) is given by

k̂ l.

T o
X(k) = (A-BF)kx(0) + ) (A-BF ) k " i - 1  BF(A-GC)ie(0) (5.99)

Let |\ (A-BF) | < A < 1, and |A(A-GC) | < A < 1, then for

(A - B F ]k = 1  (5.100)

then 1 | (A - BK)k | | £ | |TC | | | |TC-11 ICjX^ = C2Xck
(5.101)

where ^  I |TC | | | l ^ ' 1 1 | (5.102)

and is given as in (5.86)

[A - GC]k = T J kT _ 1  (5.103)o o o

then

1 I (ft - G O 11!! £ I |T0  I I I |T0  -;L I I D 1 XtJfc = D 2 X0k (5.104)

where D 2  = Dx ||TQ ||||T0_ 1 || (5.105)

and where is analogously defined as Cj. From (5.99)
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k-1
||X (k)|| £ C 2 ||x(0)|| \ck + ^ C 2 \ck- 1 '1 ||BP||D 2 \ok ||e(0)||

- C2I )x<°> I l̂ ck +c2D2llBPIMIe(0,ll<\>k • k‘cl'1/<V * ‘e>
(5.106)

Assume further that z(0) = 0 and hence e(0) = x(0). Thus 
to satisfy (5.95) we require that

X k kH > [C2 + C 2D2 ||BF||/(Xc-Xo )] c -IC2D2 ||BF||/(Xc -Xo )]XoK
(5.107)

EXAMPLE S. 4: Consider the system given by (5.9) where

A = and B (5.108)

Let it be required that xffiln = 10 ~ 3  ||x(0)|| and Fmax = 1.
Then from the solution of (5.78) and (5.79) and (5.80) re­
sult in the required F = 1-0.7, 11. This results in

A - BF =
0

-0.3
1

1

(5.109)

This results in C 1 ||TJ|||T- 1 || = 8.222 and Xmax = (0.3)1/2.
Let = 10~ 3 ||x(0)||. From (5.90) is found to satis-

Tfy k^ £ 15. The system was simulated with x(0) = 11, 21 . 
The actual kfc is found to be greater than or equal to 13. 
Fig. 5.10 shows the trajectory of the simulated system.
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EXAMPLE 9.5 Consider the system given by (5.9),(5.28) 
where A and B are given as in example 4 and where

C = (1, 01 (5.110)

-4 -3where it is required that H = 10 , D = 10 , Fm_„ = 1 andHlaX
G   = 2. Application of the theories developed in 5.3 andmax
5.4 result in F = (-0.7,11 and G = (1.3333, 1.833331T, A
= (0.3) and XQ = (1/6) , C 2  = 8.2219, D 2  = 23 and kbc >

T26. The system was simulated with x(0) = 11, 21 and z(0)
T= (0,01 . Figs. 5.11 and 5.12 show the result. For this 

simulation kbcwas found to satisfy kbc 2: 2 0 .
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5.4 OBSERVER-CONTROLLER DESIGN WITHOUT MATRIX INVERSION:

In estimating and controlling the state of a linear 
discrete system, if the main objective is to transfer the 
process state to the origin in a minimum number of steps, 
this can be accomplished by placing the eigenvalues closed- 
loop system matrix at the origin. This will force both the 
estimator's error and system state at the origin in a mini­
mum number of steps. Thus the process can be accomplished 
in at most 2n steps where n is the order of the system. 
Placement of all eigenvalues at the same location has pro­
ven to be too sensitive a design in respect to system
noise. Several other techniques have accomplished deadbeat

*
response using a discrete Riccatl equation to generate the 
observer and controller gain matrices. These techniques 
have proven to be both optimal and deadbeat. It is noted 
that each of these techniques Involves matrix inversion 
which is a time consuming computational process. The fol­
lowing method describes a way of accomplishing near dead­
beat response without requiring matrix inversion. It is an 
application of the second method of Lyapunov for discrete 
systems where matrix inversion is replaced by scalar divi­
sion. This scalar division acts as a normalization factor 
for the estimator gain matrix and analogously for the con­
troller gain matrix. This divisor takes the form of the 

root of the N power of the trace of a matrix where N is 
a positive integer. It is shown that as N approaches In­
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finity, the estimator error converges more rapidly. Similar 
results hold for the closed-loop system state.

The design is divided into three parts. First, the
state of the system is assumed known and the controller is 
designed which forces the state of the system to some spec­
ified region which includes the system's zero-state. Sec­
ond, an observer is designed to accomplish the transfer of 
the observer's error to a required norm is designed. And 
third, the observer and controller methods are combined to 
lead to an output-feedback controlled system. Numerical 
examples are given to demonstrate both the observer and
output-feedback controlled system.

5.4.1 CONTROLLER DESIGN:

Consider the linear time-invariant discrete system 
given by (5.9) where u is given by (5.10). Define the
Lyapunov-like function V(x,k) such that

V(x,k) xT (k)S(k)x(k) (5.111)

where S(k) satisfies

S (k) ATS(k+l)(In - BBTS(k+l)/M(k+l))2A (5.112)

S ( L ) I n (5.113)
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where M(k+1) = £ Trace!(BTS(k+l)B)N lJ (5.114)

and N i l  and L is a finite positive scalar. Then

W  = V(xkl,k+1) - V(x(k),k)

= xT (k+l)s(k+l)x(k+l) - xT (k)S(k)x(k)

= xT (k )I(A-BF(k))TS(k+l)(A-BF(k )) - S(k)lx(k) (5.115)

Let F(k) = BTS(k+l)A/M(k+l) (5.116)

Substituting (5.116) into (5.115) yields

W  = 0 (5.117)

Thus if S(k) is nonnegative definite for all k, then the 
input given by (5.10),(5.116) will produce a stability in
(5.9). Note that (5.112) can be written as

S(k) = (A - BF(k))TS(k+l)(A-BF(k))

= AT [I - BBTS(k+1)/M(k+l)lTS(k+l)(I - BBTS(k+l)/M(k+l)1 n n
(5.117)

S(L - 1) = AT H n - BBT/M(L))T (In - BBT/M(L))A
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= ATR1TR1A (5.118)

where R 1 = II - BBT/M(L)l (5.119)l n

And thus

S(L-2) = AT (I -BBTS(L-l)/M(L-1)1TS(L-l)II-BBTS(L-l)/M(L-l) 1 n

tp2 m m m m T T 2= A 1 R 1l[I^-RiABBlA lR1/M(L-l)I ll„ -R.ABB A R.)R.A l n 1  l n i  1 1

= AT R ^ R ^ R g R j A 2 (5.120)

Similarly It can be shown that

S(L-k) = AT |  p  R iTJ | n  R iT} Ak (5.121)

where

Ri = {*» - [ S  R^  ](Al'lB)(Al'lBf [  £  "/] } (5-122>
M(L-i+l)

and

MU-l+l) = [Tr[ Rj’] {iu R3T}T [a1“1b3 ]" ] 1/m

(5.123)
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Given that (5.9) Is completely controllable, then the rank 
o£ IB, AB,...,An- 1 B] is n and thus the R^'s exists and thus 
S(L-k) is nonnegative definite. Thus the control lav given 
by (5.10) vhere F is given by (5.116) drives the state of
(5.9) from any initial state to the origin.

Now let us examine the effect of N on the system tra-
Tjectory. Note that B S(k+1)B is a symmetrical matrix. We 

have

,1/NM(k+1) = |Tr{(BTS(k+l)B)N ]J'

r r 1 n  "i1/,N = I )  x i I (5.124)

{*K rpwhere is the i eigenvalue of IB S(k+1)B1. From (5.116) 
that the norm of F increases with increasing M. Thus set 
of gains that yields the fastest response occurs when 
M(k+1) is at its minimum value. As N gets larger for any 
k, M(k+1) gets smaller. And thus

min M(k+1) = lim [Tr[BTS(k+l)B])1/N
N -» oo

lim 
N -* oo[ I V  ]

1/N

i = 1
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= A>ax(BTS(k+l)B) (5.125)

Therefore the optimal gain is given by

F°(k) = BTS(k+l) A/X. (BT S(k + l)B) (5.126)max

After L steps the solution to (5.9) becomes

X(L) = (A-BF (L-l) ) (A-BF(L-2 ) ]........(A-BF(O) ]x(0)

Rx(0) (5.127)

where R = (A-BF(L-l)1(A-BF(L-2)]... (A-BF(O)J (5.128)

Also after L steps backward, the solution to (5.118)
becomes

S(0) = RTR (5.129)

Thus Tr(S(0)) = Tr(RTR) = | |R | | 2  (5.130)

Thus from (5.127) and (5.130)

V  (Tr(S(O)l > ||x(L)|j/ ||x(0 )|| (5.131)

Let it be required that
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(5.132)

vhere xmln is some region containing the zero state. We 
can satisfy (5.132) as follows

Therefore to satisfy the requirement (5.132), we should 
solve (5.116) and (5.118) using (5.113) storing the gain 
generated for each step backward until (5.134) is satis­
fied. Thus not only the required number of steps to satis­
fy (5.132) is known but also the gain.

9 .4.2 OBSERVER DESIGN?

The design of the observer is analogous to that of the 
design of the controller discussed in the last section. 
The gain of the observer is generated forward in time. It 
requires no matrix inversion not memory. Consider (5.28) - 
(5.31). Let us assume that the [A,C] pair is completely 
observable. Define the Lyapunov-like function V(e,k) as 
follows:

||x(L)|| < | |R | | ||x(0 ) || < xmln (5.133)

Thus ITr(S(0 ) ) ] 1 / 2  < xm±n/||x(0) | | (5.134)

V(e,k) eT (k)W(k)e(k) (5.135)
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where W(k) satisfies

W - 1 (k+l) = AW~1 (k)IIn - CTCW_1(k)/Q(k))2AT

w 1(0) = ln
W  = eT (k)I(A-G(k)C)TW(k+l)(A-G(k)C) - W (k))

where Q(k) = [Tr(CW- 1 (k)CT )M l1/M

and M S I .  Let the gain G be given by

G(k) = AW_ 1 (k)CT/Q(k)

From (5.136) and (5.140)

W- 1 (k+l) = (A - G(k)C)W- 1 (k)(A - G(k)C)T

And thus W- 1 (k) inverse exists

W(k) = (A - G(k)C)TW(k+l)(A - G(k)C)

Thus from (5.138) W  = 0

Let us investigate the solution to (5.136),(5.137). 
be easily shown that W~^(k) satisfies

220

5.136)

5.137)

5.138)

5.139)

5.140)

(5.141)
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W_1(k) = Ak{ n  R j  {ll R j  Ak (5.144)

R i = [in - {“i’ij£Ri}T{“1‘1S Rj}] (5*i45)
Q(i-l)

R-. = I - CTC/Q (0) (5.146)
1  n

r sr . . i-1  ̂r . . 1-1 ~TnM.,1/M
Q(i-l) = [t r IJc A 1" 1^  r J  [cA1-1^  R.J | J (5.147)

Thus analogous to that discussed for the controller design, 
we conclude that since the (A, C) pair is completely con­
trollable, W_ 1 (k) exists and is nonnegative definite. Thus 
W(k) exists and is positive-definite. Thus the gain given 
by (5.140) produce stability in the error equation (5.31).

The gain that produces the fastest response in (5.31)
is

G°(k) » AW" 1 (k)CT/minQ(k)

AW~ 1 (k)CT/(\max(CW"1 (k)CT )l (5.148)

The solutionm to (5.31) is given by

e(k) = [A-G(k-l)C) (A-G(k-2 )C1......... (A-G(O)Cl
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R e(0) (5.149)

where R = [A-G(k-l)C)tA-G(k-2)C)...... lA-G(O)C) (5.150)

while the solution to (5.141) , (137) is given by

W-1(k) = R RT (5.151)

T r (W- 1 (k)) = | |R | | 2  (5.152)

And as before to satisfy the error requirement such as

||e(k)|| < emln <1.153)

we set ||e(k>|| < ||F||||e<0)|| < <=mln D| |e<0) | | (1.154)

where D is a predetermined fraction. Therefore from (5.152)

[Tr(w" 1 (k ) ) ] 1 / 2  < D (1.155)
The value of K when (5.155) is satisfied is the number of 
steps required to reach a predetermined region which in­
cludes the zero-error state. Note that when r= 1 and m = 1 ,  

the method reduces to that of a deadbeat system, since the 
trace becomes the actual inverse. And thus both the esti­
mator error and system state will be driven to zero in n or
less steps.
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3.4.3 THE OUTPUT-FEEDBACK REGULATOR:

The techniques developed for designing the controller 
and observer gains can be combined to form an output-feed­
back regulator. After the state estimation error has 
reached a prescribed region, the control lav is put into 
effect by replacing x by z in (5.10). Since the observer's 
gain is generated forward in time, the gain after the er­
ror has reached a required norm can be easily generated, 
and thus the estimation error will remain within the pre­
scribed region until the required state norm is achieved.

A much more effective algorithm is to apply the con­
trol lav (5.10) with x replaced by z while observing the 
system in order to prevent large state norms during obser­
vation. After the estimation error has reached it required 
norm, the control law is then switched, using the sequence 
of gains starting at F(0) and proceeding to F(L-l). The 
required equations are

x(k+l) = Ax(k) - BF(k)z(k) (5.156)

z(k+l) = Az(k) + G(k)[y - Cz(k)l - BF(k)z(k) (1.157)

with k = 0,1, k, where k is the number of steps required
to reach a prescribed error norm. After k, the equations 
are switched to
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x(k+l) = Ax(k) - BF(k*)z(k) (5.158)

z(k+l) = Az(k) + G(k)[y - Cz(k)l - BF(k*)z(k) (5.159)

for k* = 0,1,........ L.

EXAMPLE 5.6: Consider the system given by (5.9) and
(5.28) where

■ 0.0 1.0 0.0 " ’ 0.0 1.0 *
A = 0.0 0.0 1.0 B = 1.0 0.0 c =

. 0.5 1.0 1.5 , -1. 1.0 • «

' 1.0 0.0 1.0 I
0.0 1.0 1.0 J

The system was simulated with N = M = oo, L = 6, x(0) = 
[1.5, 2.0,2.51T and z(0) = 10.0, 0.0, 0.0)T . Figs. 5.13 - 
5.15 show the responses. Note that the response is near 
deadbeat.
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5.5 OBSERVER-CONTROLLER DESIGN FOR SINGLE INPUT SINGLE
OUTPUT SYSTEMS*

The following technique describes a design strategy 
for placing all the eigenvalues of a closed-loop single in­
put system at the origin. The technique uses a factoriza- 
ation procedure which is directly related to the control­
lability condition of the system. The procedure is very 
simple in application and requires only one matrix inver­
sion and no recursive relation, although it can be shown 
that there exists a Riccati equation which runs forward in 
time that will generate the same gain matrix.

5.5.1 CONTROLLER DESIGN;

Consider the linear discrete system given by

where x is the n-dimensional state vector, u is the single 
input scalar and A and B are nxn and nxl matrices respec­
tively. Let us assume that the [A,B1 pair is completely 
controllable. Then there exists a nonsingular matrix Q 
such that

x(k+l) Ax(k) + Bu(k) (5.160)

y ^k+l) A ^ t k )  + BjUtk) (5.161)
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where B1 = QB

k ± = qaq"1 

y = Qx

where Q = CQ^,  Q ^ k n 1 JT

and Qx = [0 0 0 ___ 0 1 H B , A B , ......a"-3^ ] " 1

The matrix A^ takes the form

0 1 0 .........0 0 I ' 0 ■
= 0 0 1 0....0 0 and B. = 0

0 0 0 0 1 X 0
L a-i • • • d ̂ * 1 J

Let the input be given by

u(k) = -F^ytk)

Then (5.161) can be written as

y x (k+l) = l h 1 - BjB^ly^k)

Let the gain Fĵ  be given by

F1 - IB1Tb 1 1'1b 1t»1 = a2  a„-l V

(5.162)

(5.163)

(5.164)

(5.165)

(5.166)

(5.167)

(5.168)

(5.169)

(5.170)
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Then the matrix lAĵ  - B^E^l has the first (n-1) rows ident­
ical to that of and its nth row equal to zero. Since
all the eigenvalues of CA^ - B ^ j ]  are equal to zero, then
the system given by (5.169) state goes to zero in at most n 
steps. We now seek an F vhich will place all the eigen­
values of (A - BFl in the same location as the eigen­
values of [A^ - BjF^l. Let the input to (5.160) be given 
by

u(k) = -Fx(k) (5.170)

Then from (5.160)

x(k+l) = (A - BF)x(k) (5.171)

I
Let the gain F be given by

F = [b V q B I ^ bV q A (5.172)

Then x(k+l) = CA - B(BTQTQBj"1BTQTQAJx(k)

tQ^AjQ - Q'1B1 (B1TB1 )"1B1TA1Q]x(k)

Q_1[A1 - BjF^Qxtk) (5.173)
Since Q_1[A1 - B^F^]Q is similar to [A^ - B^F^l, the con­
trol law given by (5.172) drives the state of (5.160) to 
the origin in at most n steps from any initial state.

230



5.5.2 OBSERVER DES1GH: Consider the system (5.160,(5.28)-
(5.31) where m = 1. Assume that the [A, C] pair is com­
pletely observable. Then using an argument analogous to 
that described above for the controller design, there ex­
ists a nonsingular matrix P which transforms (5.160),
(5.28) - (5.31) into

x(k+l) = A*x*(k) + B*u (5.177)

y = C*x* (5.178)

z*(k+l) = A*z*(k) + K*C*(y(k) - C*z*(k)) + B*u (5.179)

e*(k+1) = (A* - K*C*)e*(k) (5.180)

* - 1 * -l * -1where x = P x  z = P z e = P e  (5.181)

P = (Plf APX , A2P x  An"1P1 ) (5.182)

■ c -1 ■ 0 ■
CA 0

■
.Hic<
- • o •

1

A* = P-1AP C* = CP B* P_1B K* = P _1K (5.184)

The matrix A* takes the form of A^T while C* takes the form
T *of B1 . Let the gain K be given by

231



T* * ** ft _1K = A C (C Cl (5.185)

* * *Then the eigenvalues o£ the matrix (A - K c 1 are equal to
zero. Thus the gain given by (5.185) forces the error 
*e (k) to zero in at most n steps. But note that

(A - KCl = (PA*P_1 - PK*C*P_1] = P [A - K*C*)P“1 (5.186)

ft ft ftThus the matrix (A - k c ) and [A - K C l  are similar and 
there have the same eigenvalues. Thus the gain given by K

ft= PK forces the error given by

e (k+1) = (A - KC)e(k) (5.187)

to zero in at most n steps.

5.5.3 OUTPUT—FEEDBACK REGULATOR DESIGN:

The output-feedback regulator can nov be designed as fol­
lows: Let the input to (5.160) be given by

u(k) = -Fz(k) (5.188)

where F satisfies (5.172).Let the observer gain be given 
by

K = APPTCT (CPPTCT ] 1 (5.189)
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Since the gain given by (5.189) drives e(k) to zero in at 
most n steps, then the input given (5.188) will drive the 
state o£ (5.160) to zero in at most 2n steps.

In this chapter ve accomplished three major objec­
tives. First, an observer-controller was designed for an 
output-feedback controlled system. The gains of the ob­
server and control law was generated through matrix Riccati 
Equations. Gain-constrained design techniques were devel­
oped. Second, a technique was developed to circumvent ma­
trix inversion. Parameter M and N were found which can be 
used to rate of convergence of the estimation error and 
system state. An Third, a simple but powerful technique 
was developed to place all the eigenvalues of the closed- 
loop system at the origin for single input single output 
controlled systems.
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6. CONCLUSION AND EXTENSIONS

This thesis has solved several problems in the design 
of observers and controllers for linear and nonlinear sys­
tems. In chapter 2 ve formulated the problems of designing 
controllers and observers for linear continuous time sys­
tems. There ve extended the work of Gershwin and Jacobson 
[9] in designing controllers which produce finite time re­
sponses. In a manner analogous to the controller design a 
new technique was formulated and applied to the design of 
state estimators. By assigning an appropriate boundary 
condition to the singular Riccati equation a dynamic ob­
server was designed which produced exact state estimates in 
finite time. The finite-time controller and the finite­
time observer were then combined to produce a finite-time 
output feedback regulator. Many examples were given to 
demonstrate the properties and performances of the result­
ing feedback systems.

In chapter 3 the solution to an output-feedback fi­
nite-time regulator problem for a class of nonlinear con­
tinuous time systems was obtained. Unlike the class con­
sidered by [171 the nonlinearity was not restricted to con­
tain only measurable state components. A detailed analysis 
of such class of nonlinear systems was given. Examples 
were given to demonstrate the performance of the dynamic 
state estimator and output-feedback regulator.
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The effect on dynamic feedback system response of the 
parameters N and M, described In chapters 2 and 3, and the 
terminal time t£ were examined in chapter 4. These parame­
ters were shown to play a major role in shaping the state 
and estimation error trajectories. It was shown that prop­
erly selected time-varying N and M can reduced excursions 
in the state and input norms while producing finite-time 
responses. In cases where there were restrictions on the 
norms of the largest controller and observer gains a new 
algorithm was developed for selecting either a constant 
gain control law or a time-varying gain controller which 
act as a compromise among state excursion, input norms and 
time response. An analogous algorithm was described for 
the gain in the observer design. An estimate of the time 
required to bring the estimator error from any initial norm 
to a required fraction of the initial norm was found. Si­
milar results were also found for the state of the system. 
A detailed physical application for the state estimation 
and control of a nuclear plant was given.

The dual of the techniques described in chapters 2 and 
4 for linear continuous time system was formulated and de­
scribed for linear discrete time systems in chapter 5. In 
addition a technique was described to produce near deadbeat 
output-feedback response without the need for the time con­
suming matrix inversion many algorithms incorporate. Fi­
nally a very simple but powerful scheme was given to place
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all the eigenvalues of a closed-loop single-input single 
ouput linear system at the origin, thus producing a dead­
beat output-feedback system.

In the discussion of the nonlinear systems of chapter 
3, the termial time t £ was selected based upon the charac­
teristics of the strictly linear components of the systems. 
An extension of this thesis would be to find the relation­
ship between the terminal time and nature of the nonlin­
earity. similarly the relationship between the parameters 
N an M and the characteristics of the nonlinearly can be 
sought.

We have noticed that time-varying N and M when chosen 
correctly, do have advantages over N and M of constant va­
lues. In both cases, the effect of these scalar parameters 
can be looked upon as being equivalent to the effect of di­
agonal matrices whose diagonal elements are equal. In such 
a case the parameters N and M have the same effect on all 
the eigenvalues of the A matrix. An interesting extension 
of this thesis is the following: suppose N and M were di­
agonal matrices whose diagonal elements were time-varying 
and different from each other, under what conditions can 
deadbeat response still be established? And if deadbeat 
responses can be established, what is the relationship be­
tween the elements of N and M and the eigenvalues of the A 
matrix.
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The theory developed In this thesis Is applicable to 
all forms of linear systems and to nonlinear systems vhose 
linear components dominate the general behavior of the sys­
tem. Also the nonlinear systems considered encompassed a 
broad class of nonlinear systems. A logical extension vould 
be to find an even broader class of nonlinear systems which 
can possess the characteristics of chapter 3 and to find 
parameters analogous to N and M that affect the trajecto­
ries of these systems, similarly, can an analogous theory 
be developed for Its discrete-tlme counterpart? And final­
ly, vhat applications can be found for this broader class 
of systems?

In conclusion, this thesis has contributed to the sol­
ution of the many practical problems of automatic control 
where constraints on dynamic response and on controller 
components must be satisfied. It is hoped that the theories 
developed here will found be beneficial to the development 
and enhancement of the human society.
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APPENDIX A

Here is a restatement of Gershwin and Jacobson 1 First 
Controllability Theorem'191. Given the system

o
x = £(x,u,t) (A.l)

Theorem (Controllability)
If a scalar function V(x,t) exists such that
1) v (X/t) and Vt (x,t) exist, for all x, t, t = t£
2) for all continuous c(t) (n-vector function of t),

lim c(t) * 0 lim V(c(t),t) = oo (A.2)
t ■+ t£ t -* t£

and if a control function u*(°) € u exists such that
3) along the trajectories of (A.l), the full derivative of 

V(x,t) satisfies

o
v = Vt + Vx£(x,U*,t) < M < 0 0 (A.3)

for every t, t^ < t < t^
4) the solution to

x(tQ ) = xQ (A.4)
x = £ (x,u*(x,t),t) (A.5)

exists and is unique 
then system (A.l) is controllable from (x0,tQ ) to (0,tf ),
and u*(x,t) accomplishes this transfer.
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APPENDIX B 

LEMMA 1« If S(t) satisfies

NS(t) + S (t )A + ATS (t ) - S (t )BBTS (t ) = 0 (B .1)

S~1 (t£ ) = 0 (B.2)

and the system

o
x (t ) = Ax(t) + Bu(t) (B. 3)

where u(t) = -0.5BTS(t) (B.4)

O
is completely controllable, then S(t) > 0 and S(t) 5: 0 for 
all t < t£ .

PROOFt Since (B.3) is completely controllable, then

Jexp(A(t-T)]BBTexplAT (t-x)Idr > 0 (B.5)
Jt

The solution to (B.l), (B.2) is

ft £
S_1 (t,t<-,N) = N jexp[A(t-r)/N)B BTexp[AT (t-T)/N]dT

Jfc N N

239



<tf-t)/N
= jexp(-AT)BBTexp(-ATT )dr > 0 (B.6)

J 0

0 n — 1since the matrix [B, AB,.A B  A B] is column equiva­
lent to [B/N, AB/N2, An"1B/Nn ] and N is positive.
Therefore S(t) > 0. From (B.6)

dS**1 (t )/ 9 t  = -(l/N)exp[A(t-tf )/N)BBTexp[AT (t-tf )/N] < 0
(B.7)

But

as“1 (trtf,N)/dt = -s_1 (t,tf,N)[as(t,tf )/dt]s-1 (t,tf/N)
(B.8)

And from (B.6) and (B.7) it follovs

3S(t,tf,N)/3t > 0 (B.9)

Thus for any fixed t£ and fixed N, dS(t,tf/N)/dt £ 0.

LEMMA 2» If W(t) satisfies

MW(t) = W(t)A + ATW(t) - CTC (B.10)

W(t£ ) = 0 (B.ll)
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and A and C are constant matrices such that the system

x (t ) = Ax(t) + Butt) (B.12)

y = Cx (B.13)

e
is completely observable, then W(t) £ 0 and there exists a 
nonzero zero c(t) given by

c (t ) = K(t)rtt) (B.14)

where r(t) is any nonzero mxl vector and

K (t ) = O . S W ^ t t X T 1, (B.15)

such that lim V(c(t),t) = co (B.16)
t -* t.

for V(e,t) = eT (t)W(t)e(t) (B.17)

PROOF: The solution to (B.10), (B.ll) is

tf(t,tf,M) = M exptAT (t-r)/M]CTCexp(A(t-T)/MJdT > 0 (B.18)
r M M

since (B.12), (B.13) is assumed completely observable.
Then
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tfW/dt = -(l/M)exptAT (t-t£)/M]CTCexp(A(t-t£)/M] < 0 (B.19)

And for any fixed t£ and M we get

dW(t,tf/M)/dt < 0 (B.20)

lim V(c(t),t) = lim V(K(t)r(t),t)
t -* t£ t -* t£

= 0.25* lim rT (t)KT (t)W(t)K(t)r(t)
t -*• tf

0.25* lim rT (t)CW~1 (t)W(t)w"1 (t)CTr(t) 
t -* t£

= 0.25* lim rT (t)CW ^tJC^rtt) = oo (B.21)
t -* t£

LEMMA 3: If the system given by (B.3) is completely con­
trollable, then for any fixed t £ and t < t £,

dS(t,tf,N)/dN > 0 (B.22)

PROOF* From (B.6) yields

S_1(t,tf,N) = (1/N)|exp[A(t-T)/N]BBTexp[AT (t-r)/N)dr
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where

Then

dS_1/dN

dS-1(t,t£

Therefore 

LEMMA 4*

Jexp(-Ap)BBTexp(-ATp)dp (B.23)

p = (r - t)/N (B.24)

= (1/N2 )<t-t£ )exp[A(t-t£)/N]BBTexp[AT (t-t£ )/N]

< 0 (B.25)

,N)/dN = -s"1 (t/t£/N)[dS(t,t£/N)/dNJS-1 (t.t£/N)
(B.26)

dS(t,t£,N)/dN > 0 (B.27)

The solution to

N-1(t)AS 1 + S_1ATN_1(t) - B B ^ ' 1 (t ) (B.28)

S_1(t£ ) = 0 (B.29)

J
' l

exp(-Ap)BBTexp(-ATp)dp (B.30)

t £

px = Fn ""1 (A)dA (B.31)
Jt
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PROOF* The solution to (B.28),(B.29) is

S-1(t,t£ ) = J * (t , r )BBTN ~1 (t )ST (t ,t )dr (B.32)

° -1 where *(t,r) = N -L(t)Af(t,r) (B.33)

Since N(t) is a scalar, then solution to (B.33) is

t
$(t,r) = expjN-1(X)Ad\ (B.34)

T
let p = In -1 (X)dX (B.35)

Jt

Then from (B.32), (B.34) and (B.35)

rPls-1 (t,tf) = |exp(-Ap)BBTexp(-ATp)dp (B.36)

FINDING AN UPPER BOUND FOR llEXP(Jt)U

Suppose the matrix [A - BF1 has m distinct charac­
teristic values \ £, i = l,2,...,m. Let the multiplicity of 
each characteristic value in the characteristic polynomial
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[A - BFl be given by m^. There exists a transformation T 
[20] such that

exp[(A - BF)t] = Texp(Jt)T -1 (B.37)

where J is a matrix in the Jordan form. An upper bound on 
||exp(Jt)|| can be found as follows: Let V__„ satisfy' * 11 luaX
Re \. < X „ < 0. Since [A - BFl is a stable matrix, then i max
all the eigenvalues of [A - BFl real part is negative. 
Then

||exp(Jt)||2 = TraceCexp(Jt)Texp(Jt)]

m
||exp(Jit)||2 (B.38)

But each exptJjt) is given by [20]

r 1 t l/2t 2 t /(ml-l)l -I
expfJjt) = exp(X^t) Q i t

■ 0 0 0
t /(mi-2)J

1

(B.39)
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Therefore

TTrace!exp(J^t) expfJ^t)!

— . m. -1 o 2\,t
= [m1 + (m1-l)tz + (m1-2)t^/4 + + (t 1 /(m^-1)I) Je 1

m,-l
2X,t u i m.-r a 2X.t

= n^e 1 + ) rlt 1 / ( n ^ - r H P e
r = l

D 1 -1
2^.t r—i m, —r (X. -X „)t n 2X__vti , \ r * 1 i max i  / _iii2 max= m^e + } rlt e /(m^-r)!i e

r = l

n. -1

{ -i. r m.-r (X,-X v )t -i2“j 2Xm t
[-/"r t 1 e 1 max /(m1-r)lj j e max (B.40)

m,-r <Re\. -X )t 
Let y(t) = t 1 e 1 max (B.41)

m,-r (ReX.-X )t ,
then dy(t )/dt = t 1 e 1 M X  UBj-rJt (Xmax“ReXi)1

(B.42)

therefore max y(t) = y(t)

(n.-r)
- [ ( ■ i - O / M ’W  B « V el] (B.43)
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Thus from (B.40) ve get

|lexptJjt) | |2

m i-1 (n^-r) 2 2 \  t
< / ( m ^ - r M ^ - J e  max

r=l

(B.44)

From (B.38) and (B.44)

J|exp(Jt) | |2

m. —1 _ _n i m^-r 2 2\ t
/ U j - r d ]  e max

(B.45)
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