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Abstract

PRICING COLLATERALIZED DEBT OBLIGATIONS WITH PURE JUMP

LÉVY PROCESSES: A DYNAMIC BOTTOM-UP APPROACH

by

Uluhan Basaga

Advisor: Professor Liuren Wu

The Gaussian copula model is the industry standard in pricing CDO tranches because of

its easy implementation and speedy calibration. However, it has several well-known short-

comings: It leads to the so-called “correlation smile”, generates symmetric and light-tailed

asset return distributions and it is static. This dissertation proposes a dynamic bottom-up

model based on a pure jump Lévy process, a path rarely taken in the credit pricing liter-

ature, and makes a comprehensive empirical analysis of bottom-up CDO pricing models.

Owing to its ability to capture asymmetric heavy-tailed return distributions and to accom-

modate different degrees of dampening for positive and negative jumps, empirical evidence

shows that the proposed model significantly outperforms the models commonly employed in

the industry and frequently referenced in the literature in fitting CDX and iTraxx tranche

spreads. As such, it constitutes an important addition to the credit pricing literature.
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Chapter 1

Introduction and Market Review

of Collateralized Debt Obligations

The 2008 credit crunch demonstrated, rather painfully, the desperate need for a better un-

derstanding of Collateralized Debt Obligations and a more accurate valuation model for

pricing Collateralized Debt Obligation tranche spreads. This dissertation is a step in that

direction.

This section serves as an introduction to the mechanics of credit derivatives and Collater-

alized Debt Obligations, and presents a summary of their evolution through time.

1.1 Collateralized Debt Obligation Basics

Credit derivatives are over-the-counter (OTC) contracts that transfer credit risk associated

with a specific reference entity or with a group of entities from one counterparty to another.

These contracts may refer either to a single-name credit or to a portfolio of credits. Credit

Default Swaps (CDSs) and Total Return Swaps (TRSs) are the most commonly traded

instruments in the single-name credit derivatives markets. Collateralized Debt Obligations

(CDOs) and Portfolio Default Swaps (PDSs) are the most popular instruments traded in

the portfolio credit derivatives markets.

1



The chief building block of the credit derivatives market is the CDS, which is an OTC

bilateral insurance contract that enables one to transfer credit risk of a reference entity

such as a corporate or sovereign bond/loan. The buyer of a CDS, the protection buyer,

pays a periodic premium to the protection seller until the maturity date of the contract or

a specific credit event, whichever is sooner. In exchange, the protection seller agrees to pay

the par value1 of the underlying asset in the case of a default or another pre-specified credit

event such as restructuring, bankruptcy or downgrade. CDSs are leveraged instruments

which do not require initial funding by the investor.

A CDO is a structured transactions in which a Special Purpose Vehicle (SPV) is created

from a pool of underlying assets in order to transfer credit risk associated with the un-

derlying assets. Subsequently, the SPV issues notes with different levels of seniority, and

the cash-flow generated/backed by the underlying pool of assets (i.e. coupon interest pay-

ments, notionals of maturing assets and the sale of unmatured assets) is transferred to

the investors as coupon payments in a pre-set sequential basis in accordance with the pur-

chased tranche. Tranches range from senior tranches to mezzanine tranches and finally

to the equity/first-loss tranche. The seniority of the purchased tranche determines both

the investor’s risk-return appetite and also his/her claim on the portfolio in the case of a

bankruptcy. Losses in the underlying pool first affect the equity tranche, followed by the

mezzanine tranches, and finally the senior tranches. This schedule is known as the waterfall

structure and it is very similar to the debt structure of a commercial bank whose outstand-

ing debt exist with different levels of seniority such as depositors, senior debt, subordinated

debt, preferred stock and equity.

The underlying/collateral pool of assets in a CDO may include, but is not limited to, high

yield loans (e.g. U.S. domestic bank loans, foreign bank loans), high yield bonds (e.g. U.S.

domestic bonds, Euro high yield bonds), emerging market debt, other credit derivatives (e.g.
1CDS contracts may either be physically or cash settled. In the former case, protection seller pays the

par value of the reference asset in exchange for the physical delivery of the “deliverable obligation”. If the
contract is cash settled, protection seller pays only the difference between par value and the market price of
the reference entity in cash.

2



CDSs, CDOs), special situation loans/distressed debt or any other Asset-Backed-Security

(ABS)2.

1.2 CDO Classes

Depending on the source of funding, CDOs may be structured as cash, synthetic, or a com-

bination of both (i.e. hybrid CDOs). The reference portfolio of a cash CDO is made up of

cash assets such as bonds or loans; the reference portfolio of a synthetic CDO consists of

CDSs and the reference portfolio of a hybrid CDO combines cash assets as well as CDSs.

Synthetic CDOs aim to transfer the credit risk without physically transferring the assets;

thus have the advantage over cash CDOs in that they isolate credit risk from other financial

risks such as interest rate and currency risk.

CDOs, whether cash or synthetic, may be grouped into two main categories, according

to the originator’s motivation: Balance-sheet CDOs and arbitrage CDOs. A balance-sheet

CDO enables its originator to transfer assets and/or credit risk already extant on its balance-

sheet to another entity, enabling the originator to more effectively manage both its portfolio

credit risk and regulatory capital requirements. Arbitrage CDOs, on the other hand, are

generally structured by asset management companies in order to exploit yield differentials

between the return on assets in the CDO portfolio and the interest payments to the tranche

investors, plus the expenses incurred funding the CDO, which include costs such as legal

services, bridging loan facilities (i.e., warehouse facility costs) and rating agencies.

Cash arbitrage CDOs may be either cash-flow CDOs or market value CDOs. The manager

of a cash-flow CDO is expected to transfer principal and interest payments generated by

the underlying assets to the tranche investors in a timely fashion. These cash-flows are
2If the underlying pool consists only of loans then the instrument is called Collateralized Loan Obligation

(CLO), if it consists only of bonds then the instrument is called Collateralized Bond Obligation (CBO),
if it consists only of CDSs then the instrument is called synthetic Collateralized Debt Obligation and if it
consists only of Mortgage-Backed securities (MBSs) then the instrument is called Collateralized Mortgage
Obligation (CMO).

3



hedged and reinvested only in accordance with the guidelines of the CDO. By contrast,

the CDO manager of a market-value CDO is expected to improve the market value, price

volatility and liquidity of the underlying pool of assets through frequent trades and sales of

the underlying assets.

Collateral managers of “managed CDOs” are vital in the success of a CDO deal. They are in

charge of selecting the proper collateral assets, hedging their transactions, re-investing and

selling the underlying assets. The collateral manager generally holds a portion of the equity

tranche to increase the marketability of the CDO by signaling to the investors that the

management has an incentive for the success of the CDO deal other than solely collecting

management fees. Rating agencies are important participants of the CDO market as they

provide information on the qualitative and quantitative performance of the CDO managers.

Fitch ratings has its CDO Asset Manager Scores3, Standard and Poor’s (S&P) has its CDO

Manager Focus 4 and Moody’s has its Deal Score Reports5.

1.3 Evolution of the CDO market

The Collateralized Obligations (COs) market dates back to 1983, when the first CMOs were

issued by Salomon Brothers and First Boston. By mid-1983, the Federal Home Loan Mort-

gage Corporation (FHLMC) had issued its first CMO by creating paythrough structures in

which the cash flow of the CMO was sliced into a number of tranches in order to meet the

risk-return demands of various investors. Until the 1990s, CMOs remained the only form

of CO. For more details see Matthews (2001) and Shapiro (1999).

By the beginning of 1990s, it became a common practice for commercial banks to securitize

their loan portfolios by repacking them into marketable securities and removing them from

their balance-sheets through CLOs. In the absence of synthetic CDOs, balance-sheet CLO
3Fitch bases its scores on company and management experience, staffing, procedures and controls, port-

folio management, CDO administration and CDO performance.
4S&P bases its assessment on organizational background, CDO team depth, investment style and analysis

approach, monitoring and operations, technology infrastructure, and performance track record.
5Moody’s Deal Score measures the ratings performance of CDOs over time considering Moodys-adjusted

O/C deterioration and violation/compliance with the Moodys WARF for each deal.
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deals were the driving force of the CDO market. This practice not only enabled banks to

manage their regulatory capital requirements in accordance with the Basel Capital Accord

of 1988, but it also allowed them to transfer credit risks/costs associated with their loan

portfolios. These deals enabled banks to acquire capital relief while increasing their lending

capabilities. Throughout the 1990s, commercial banks in the US, Europe and Japan were

able to close high volumes of CLO deals; this led to the formation of the CDO market as it

exists today.

By 2000, the CDO market started to develop at an increasing pace with the growth of

the CDS market, the introduction of CDS indices such as Credit Default Index (CDX) and

iTraxx6, and the emergence of active trading in standardized trances on those indices. With

these developments, the volume of the CDO market shifted from cash-flow transactions to

synthetic, and CDOs became a major instrument for market participants to exploit arbitrage

opportunities in financial markets. In 1997, JP Morgan and the Swiss Bank Corporation

closed the first synthetic CDO deal in Europe. By 2003, 92% of all European CDOs rated

by Moody’s were synthetic structures, Watts (2005).

1.4 Size of the Credit Derivatives and CDO markets

Since the late 1990’s, the size of the global credit derivatives markets has increased at an

astonishing rate in spite of numerous damaging credit events such as the 1998 Russian

default, the defaults of Conseco, Enron and WorldCom and the downgrades of GM and

Ford in 2005. Data on the size of credit derivatives, CDSs and CDOs does differ somewhat

depending on the timing and methodology of data collection.

According to the British Bankers’ Association (BBA) survey7, the size of the global credit
6CDX indices, administered by CDS Index Company (CDSIndexCo) and marketed by Markit Group,

contain North American and Emerging Market companies. CDX.NA.IG is based on 125 investment-grade
North American companies whereas CDX.NA.HY is based on 100 North American companies that do not
rank as investment grade. iTraxx, managed by the International Index Company (IIC), contains companies
from Europe, Japan and Asia. iTraxx Europe is based on 125 European investment-grade companies whereas
iTraxx Europe Crossover is based on 50 sub-investment grade European companies

7http://www.bba.org.uk/content/1/c4/76/71/Credit derivative report 2006 exec summary.pdf
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derivatives market increased from $180 billion in 1996 to $893 billion in 2000 and reached

$20.207 trillion in 2006. According to the US Office for the Comptroller of the Currency8,

credit derivative contracts in US alone grew at a 100% compounded annual growth rate

from 2003 to 2007 and reached $16.1 trillion in the third quarter of 2008.

Single-name CDSs have the biggest market share in credit derivatives markets. The In-

ternational Swaps and Derivatives Association (ISDA) reports that the total value of CDS

outstandings increased from $918.87 billion in 2001 to $17.10 trillion in 2005, reached to

$62.17 trillion in 2007 and dropped to $26.26 trillion in 20109.

Global CDO issuance increased from $157.82 billion in 2004 to $251.26 billion in 2005,

reached to $430.45 billion in 2007 and declined to $7.68 billion in 2010 according to Securi-

ties Industry and Financial Markets Association (SIFMA)10. Contrary to SIFMA’s numbers,

the IMF, in its April 2008 Global Financial Stability Report, estimates that the global is-

suance of CDOs grew from $150 billion in 2000 to about $1.2 trillion in 200711.

To put these numbers in perspective; according to estimates given in the IMF’s Global

Financial Stability Report of October 200812, by the end of 2007 the world GDP was $54.55

trillion, world stock market capitalization was $65.11 trillion, outstanding world public and

private debt together was $79.82 trillion.

1.5 Reasons to Invest in CDOs

The driving force behind the dramatic increase in the volume of CDOs is the ever-increasing

demand for CDO tranches from institutional investors such as commercial banks, pen-

sion funds, insurance companies, hedge funds, proprietary trading desks and mutual funds.

There are several reasons why these institutions prefer to invest in CDOs rather than di-
8http://www.occ.gov/ftp/release/2008-152a.pdf
9http://www.isda.org/statistics/pdf/ISDA-Market-Survey-historical-data.pdf

10http://www.sifma.org/research/pdf/CDO Data2008-Q4.pdf
11http://www.imf.org/External/Pubs/FT/GFSR/2008/01/pdf/text.pdf
12http://www.imf.org/external/pubs/ft/gfsr/2008/02/pdf/text.pdf

6

http://www.occ.gov/ftp/release/2008-152a.pdf
http://www.isda.org/statistics/pdf/ISDA-Market-Survey-historical-data.pdf
http://www.sifma.org/research/pdf/CDO_Data2008-Q4.pdf
http://www.imf.org/External/Pubs/FT/GFSR/2008/01/pdf/text.pdf
http://www.imf.org/external/pubs/ft/gfsr/2008/02/pdf/text.pdf


rectly building a portfolio with similar underlying assets.

Firstly, CDOs are instrumental in supplying high-credit-quality securities to fixed-income

investors even though the underlying pool of assets may consist of lower-rated securities

or other assets that would be unappealing individually due to their lack of liquidity. Sec-

ondly, well-managed CDOs offer custom exposure to a diversified and low correlated set

of securities from various industries and countries that would otherwise be very costly and

time-consuming to bring together. Finally, commercial banks, in accordance with the Basel

regulations, have strong incentives to employ these instruments to more effectively man-

age their portfolio credit risk and reduce the costs associated with their capital requirements.

However, CDOs may also be structured as very risky instruments. Coupled with poor regu-

latory and rating practices, CDOs played an explosive role in spreading the already existing

risks (especially those in the housing market) in the financial markets, as has been clearly

proven during the 2008 credit crunch. Hence, a better valuation model in pricing CDO

tranches is needed today more than ever; this dissertation aims to fill that gap by proposing

a stochastic model.

The dissertation is organized as follows: Chapter 2 presents a brief review of the literature

on credit pricing models. Since copula functions are the main blocks upon which CDO

pricing models very often rely, a mathematical review of copula functions is also presented

in that chapter. Chapter 3 makes an extensive empirical analysis of the bottom-up CDO

pricing models commonly employed in the industry, as well as several other models most

frequently referenced in the credit pricing literature. Chapter 4 introduces the proposed

stochastic model with its extensions and calibrates them to CDX.NA.IG.13 and iTraxx

EUR.9 series tranche upfront fees and running spreads.
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Chapter 2

Literature Review of Credit

Pricing Models and Mathematical

Review of Copula Functions

This chapter provides a short introduction to the literature on credit pricing models. Since

copula functions are the main building blocks upon which the CDO pricing models most

often rely, a mathematical review of copula functions, their simulation procedures and their

probability distributions is also presented here. The chapter ends with a review of different

dependence structures that will be employed throughout this dissertation.

2.1 Literature Review

Single name credit risk modeling relies on three inputs. The first of these is the probability

of default for a credit. The second input is the recovery rate for an individual name in the

case of a default. These first two inputs make it possible to calculate the Loss Given Default

(LGD) of the credit. The third and final input is the Exposure at Default (EAD) of the

credit. When working with a portfolio of credit risk, such as a CDO, a fourth input must

also be incorporated into the model: Some type of dependence structure between single

name defaults within the portfolio, which enables one to calculate the joint distribution of

8



correlated default probabilities. There are two main schools of thought on default processes

in the credit risk literature: Structural models and Reduced Form models.

2.1.1 Structural Models

Structural models attempt to describe the default process by modelling the change in a com-

pany’s structural characteristics (e.g. assets and liabilities), assuming that default is not a

sudden or unexpected event, given that information on a company’s structural characteris-

tics is publicly available. These models assume that the evolution of a companys structural

characteristics follow a diffusion process. Applying the Black & Scholes (1973) model to

corporate bond pricing, Merton (1974) models default as a one-time event, occurring when

a company’s equity value is less that its outstanding debt at exactly the time of servicing its

debt. Defaults can only occur at maturity of the debt, not sooner, as the companys debt is

assumed to be composed entirely of a zero-coupon bond. Hence, at maturity, bondholder’s

payoff is simply the difference between the face value of the bond and a put option on the

value of the firm, with a strike price equal to the face value of the bond.

Like Merton (1974) and Geske (1977), Black & Cox (1976) create a model in which the

structural characteristics of a company determine both the default probability and also

the recovery at default, while assuming non-stochastic interest rates. Black & Cox (1976),

similar to Longstaff & Schwartz (1995) and Hull & White (1995), allow for the default

of a company whenever its asset value hits an exogenously fixed barrier. Models with this

structure are sometimes referred to as first-passage or default-barrier models, and they allow

default to be an unexpected/surprise event. According to these models, default may occur

at any time before the maturity of the debt. The stochastic model that will be proposed in

Chapter 4 has similar properties. Longstaff & Schwartz (1995) allow for stochastic interest

rates that are correlated with defaults, while incorporating an exogenous recovery rate

estimated from historical data.
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2.1.2 Reduced Form Models

Reduced form models, also known as intensity-based hazard rate models, are the ones that

describe the default time as the stopping time generated by an exogenously given jump

process. The hazard rate may be modeled as either a deterministic or a stochastic process.

Reduced form models do not condition the default of a firm on its assets/liabilities; instead,

they consider default times as unpredictable sudden surprises with non-zero probability

over a pre-specified period. Although the firm’s value is not incorporated explicitly into the

reduced form models, the parameters of the hazard rate are calibrated from market data.

A well-known example of a reduced form model is the Poisson and Cox processes given

in Lando (1998); where an inhomogeneous Poisson process N(t) with a non-negative inten-

sity λ(�) satisfies;

P[Nt −Ns = k] =
1
k!

(∫ t

s
λ(u)du

)k
exp

(
−
∫ t

s
λ(u)du

)
k=0,1,...

assuming N0 = 0, P[Nt = 0] = exp
(
−
∫ t

0 λ(u)du
)

and the first stopping time τ of process

N(t) is;

τ = inf{t :
∫ t

0
λ(u)du ≥ E1}

where E1 is a unit exponential random variable. The first default time is defined as: τ =

inf{t ∈ R+|N(t) > 0} where the probability of survival, S(t), and probability of default,

F (t), is given by:

S(t) = P[τ > t] = E
[
exp

(∫ t

0
λ(u)du

)]
F (t) = P[τ ≤ t] = E

[
1− exp

(∫ t

0
λ(u)du

)]

A similar approach will be employed in Chapters 3 and 4 to estimate instantaneous risk-

neutral default probabilities of the underlying credits in a CDO from their CDS spreads.
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While Jarrow & Turnbull (1995) model default employing the hazard rate function, with

the assumption that recovery rate is an exogenous fraction of the value of an equivalent

default-free bond, Jarrow, Lando & Turnbull (1997) model default using a transition matrix1

and represent default dynamics by a Markov chain. Duffie & Singleton (1999) incorporate

stochastic spreads and accounts for stochastic changes in the market price of default risk

with the assumption that recovery rate is an exogenous fraction of the market value of

the pre-default bond. Reduced form models generally incorporate exogenous recovery rate

dynamics that are independent from default time processes.

2.1.3 Hybrid models

Hybrid models incorporate the main principles of both reduced form models and structural

models. In Madan & Unal (1998) default probability is a function of firm value process

and an independent interest rate movement. Similarly, Madan & Unal (2000) model de-

fault probability with the help of a two-factor hazard rate function in which the structural

characteristics of a company capture the likelihood of a default, and stochastic interest

rates affect the structural characteristics of a company. Duffie & Lando (2001) form a struc-

tural model with incomplete accounting information; hence, their model shapes up to be

a reduced form model inside a structural model where the firm value process is a geomet-

ric Brownian Motion and default is an unpredictable event with an endogenously defined

intensity. Based on incomplete information, Giesecke & Goldberg (2004) assume that in-

vestors cannot observe the random default barrier that is independent of the firm value

which follows an observable geometric Brownian motion. In Giesecke & Goldberg (2004),

in the spirit of structural models, default is triggered when the value of the firm falls be-

low the random barrier; as with the reduced form models, however, the timing of default

is inaccessible. Zhou (2001) models firm value as a jump-diffusion process, which allows

for a firm to default instantaneously due to a surprise jump in its value. This model also

links recovery rates to the firm value at default so that the variation in recovery rate is

endogenously generated.
1Transition matrixes are prepared by the three rating agencies and provide information on the probability

of a rating downgrade/upgrade as well as the likelihood of a default
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2.1.4 Recovery Rates

Structural models assume stochastic recovery rates. In structural models, the debt holder

receives the remaining firm value at the time of default and the recovery rates are endoge-

nously determined. Reduced form models, on the other hand, exogenously define recovery

rates. There are three major recovery assumptions employed by the reduced form mod-

els: First, the recovery of face value (RFV), where the recovery rate is assumed to be a

pre-determined fraction of the face value of the defaultable bond; Second, the recovery of

treasury (RT), where the recovery rate is assumed to be a pre-determined fraction of the

value of a default-free equivalent of the defaultable bond; and third, the recovery of market

value (RMV), where the recovery rate is assumed to be a pre-determined fraction of the

pre-default market value of the defaultable bond.

2.2 Mathematical Review of Copula Functions

Copula functions are widely used for linking individual default probabilities to the port-

folio loss distribution function. They have the advantage of separating the dependence

structure from the marginal behavior and they allow one to work with cumulative probabil-

ities instead of quantiles. This section presents a mathematical review of copula functions

and follows presentations by Schönbucher (2003), Schönbucher & Rogge (2003), McNeil,

Frey & Embrechts (2005), Embrechts, Lindskog & McNeil (2001), Meneguzzo & Vecchiato

(2004), Nelsen (1999), Schmidt (2006) and Cherubini, Luciano & Vecchiato (2004).

Definition 2.2.1. A n-dimensional copula C on Rn is a distribution function on [0, 1]n

with standard uniform marginal distributions. C is a mapping of the unit hypercube into

the unit interval C : [0, 1]n → [0, 1] and it has the following properties:

1. C(u1, ..., un) is increasing in each component ui for all i ∈ {1, ..., n}

2. C(1, ..., 1, ui, 1, ..., 1) = ui for all i ∈ {1, ..., n}, ui ∈ [0, 1]
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3. For all (a1, ..., an), (b1, ..., bn) ∈ [0, 1]n with ai ≤ bi we have

2∑
i1

2∑
i2

...
2∑
in

(−1)i1+i2+...+inC(u1i1 , u2i2 , ..., unin) ≥ 0

where uj1 = aj and uj2 = bj for all j ∈ {1, ..., n}

2.2.1 Sklar’s Theorem

Sklar’s theorem states that one can compute a joint distribution function from a copula and

compute a copula from a joint distribution function.

Theorem 2.2.1. (Sklar 1959) Let X1, ..., Xn be random variables with marginal dis-

tribution functions F1, ..., Fn and joint distribution function F . Then there exists an n-

dimensional copula C such that for all x ∈ Rn:

F (x1, ..., xn) = C(F1(x1), F2(x2), ..., Fn(xn)) (2.1)

C is the distribution function of (F1(x1), F2(x2), ..., Fn(xn)). If F1(x1), F2(x2), ..., Fn(xn)

are continuous, then C is unique. Otherwise C is uniquely determined on RanF1 × ... ×

RanFn, where RanFi denotes the range of Fi for i = 1, ...n.

An immediate corollary of Sklars theorem is;

Corollary 2.2.2. Let F be an n-dimensional distribution function with continuous marginal

distribution functions F1, ..., Fn and C be the copula function satisfying equation 2.1. Denote

F−1(t) as generalized inverse of F defined as F−1(t) = inf{x ∈ R|F (x) ≥ t} for all t ∈ [0, 1],

using the convention infφ = −∞. Then for any ui ∈ [0, 1]n;

C(u1, ..., un) = F (F−1
1 (u1), ..., F−1

n (un))

Hence, in a setting described as in 2.2.1, it is possible to write;
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F (x1, ..., xn) = P[X1 ≤ x1, ..., Xn ≤ xn] (2.2)

= P[F1(X1) ≤ F1(x1), ..., F1(Xn) ≤ F1(xn)] (2.3)

denote Xi = F−1
i (Ui) for 0 ≤ ui ≤ 1 and i = 1, ..., n. Then

F (x1, ..., xn) = P[F−1
1 (U1) ≤ x1, ..., F

−1
n (Un) ≤ xn]

= P[U1 ≤ F1(x1), ..., Un ≤ F1(xn)]

= C(F1(x1), ...Fn(xn))

If the marginal distributions are continuous then C is unique. Denote xi = F−1
i (ui) for

0 ≤ ui ≤ 1 and i = 1, ..., n. Then equation 2.2 becomes;

F (F−1
1 (u1), ..., F−1

n (un)) = P[X1 ≤ F−1
1 (u1), ..., Xn ≤ F−1

n (un)] (2.4)

= P[F1(X1) ≤ u1, ..., Fn(Xn) ≤ un] (2.5)

= C(u1, ...un) (2.6)

Equations 2.4 and 2.6 will be instrumental in generating the portfolio default probabilities

in the next chapter.

2.2.2 Copula Densities

Probability density of a function is given by the derivative of the cumulative distribution

function as long as the cumulative distribution function is absolutely continuous (i.e. dif-

ferentiable everywhere).

Definition 2.2.2. Let c(F1(x1), ...Fn(xn)) denote the multivariate density of the copula

function C(F1(x1), ...Fn(xn)). Then;
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f(x1, ..., xn) =
∂n(C(F1(x1), ...Fn(xn)))

∂F1(x1)...∂Fn(xn)

n∏
i=1

fi(xi) (2.7)

= c(F1(x1), ...Fn(xn))
n∏
i=1

fi(xi) (2.8)

c(F1(x1), ...Fn(xn)) =
∂n(C(F1(x1), ...Fn(xn)))

∂F1(x1)...∂Fn(xn)
=
f(x1, ..., xn)∏n

i=1 fi(xi)
(2.9)

where fi(xi) = ∂Fi(xi)
∂xi

is the standard univariate probability density function.

2.2.3 Elliptical Copulae

Gaussian and student’s t copula fall into the category of Elliptical Copulae.

Gaussian Copula

Definition 2.2.3. Let Σ be a symmetric, positive definite matrix with diag(Σ) = (1, ..., 1)T

and ΦΣ the standardized multivariate normal distribution with correlation matrix Σ. Then

the n-dimensional Gaussian copula is defined as:

CGΣ (u1, ..., un) = ΦΣ[Φ−1(u1), ...,Φ−1(un)] (2.10)

where Φ−1 is the inverse of the standard univariate normal distribution function Φ.

Hence, the Gaussian copula can be expressed as:

CGΣ (u1, ..., un) =
∫ Φ−1(u1)

−∞
...

∫ Φ−1(un)

−∞

1

(2π)
n
2 |Σ|

1
2

exp
(
−1

2
xTΣ−1x

)
dx1dx2...dxn

The Gaussian copula generates the standard Gaussian joint distribution function, whenever

the margins are standard normal.

Gaussian Copula Density
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The Gaussian copula density may be found using equation 2.9 and the definition of Gaussian

copula given in equation 2.10:

fG(x1, ..., xn) = cGΣ(F1(x1), ...Fn(xn))
n∏
i=1

fGi (xi)

1

(2π)
n
2 |Σ|

1
2

exp
(
−1

2
xTΣ−1x

)
= cGΣ(Φ(x1), ...,Φ(xn))

n∏
i=1

(
1√
2π

exp
(
−1

2
x2
i

))

cGΣ(Φ(x1), ...,Φ(xn)) =

1

(2π)
n
2 |Σ|

1
2

exp
(
−1

2xTΣ−1x
)

∏n
i=1

(
1√
2π

exp
(
−1

2x
2
i

))
where |Σ| is the determinant of Σ. Denoting ui = Φ(xi) and ς = (Φ−1(u1), ...,Φ−1(un))T ,

the density becomes:

cGΣ(u1, ..., un) =
1

|Σ|
1
2

exp
(

1
2
ςT (Σ−1 − I)ς

)
Gaussian Copula Simulation

The following steps are followed to simulate a n-dimensional Gaussian copula CnΣ with a

correlation matrix Σ.

• Find the Cholesky decomposition A of Σ

• Simulate n independent random variates z = (z1, ..., zn)T from N(0, 1)

• Set x = Az

• Set ui = Φ(xi) with i = 1, ..., n and where Φ denotes the univariate standard normal

distribution function

• (u1, ..., un)T = (F1(t1), ..., Fn(tn))T where Fi denotes the ith margin

Figure 4.6 shows Gaussian bivariate copula simulation and probability density with 3000

samples.
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Student’s t Copula

Definition 2.2.4. Let Σ be a symmetric, positive definite matrix with diag(Σ) = (1, ..., 1)T

and tv the standard univariate cumulative Student’s t distribution function with v degrees

of freedom and TΣ,v the n-dimensional cumulative Student’s t distribution with v degrees of

freedom and a covariance matrix Σ. Then Student’s t copula is defined as:

CtΣ,v(u1, ..., un) = TΣ,v(t−1
v (u1), ..., t−1

v (un)) (2.11)

where t−1
v u denotes the inverse of standard univariate t cumulative distribution function.

Hence, Student’s t copula may be expressed as;

CtΣ,v(u1, ..., un) =
∫ t−1

v (u1)

−∞

∫ t−1
v (u2)

−∞
...

∫ t−1
v (un)

−∞

Γ(v+n
2 )

Γ(v2 )
√

(vπ)n|Σ|

×(1 +
xTΣ−1x

v
)−

v+n
2 dx1dx2...dxn

Student t distribution has the advantage of converging to Gaussian distribution as v →∞.

Moreover, it has fatter tails compared to the Gaussian distribution; smaller the degrees of

freedom, the fatter the tails are.

Student’s t Copula Density

The student’s t copula density may be found using equation 2.9 and the definition of stu-

dent’s t copula given in equation 2.11. Denote ςi = t−1
v (ui), then:

f t(x1, ..., xn) = ctΣ,v(F1(x1), ...Fn(xn))
n∏
i=1

f ti (xi)

ctΣ,v(u1, ..., un) = |Σ|−
1
2

Γ
(
v+n

2

)
Γ
(
v
2

) (
Γ
(
v
2

)
Γ
(
v+1

2

))n (1 + 1
v ς
TΣ−1ς

)− v+n
2∏n

i=1

(
1 + ς2i

v

)− v+1
2
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Student’s t Copula Simulation

The following steps are followed to simulate a n-dimensional Student’s t copula CtΣ,v with

v degrees of freedom and a correlation matrix Σ.

• Find the Cholesky decomposition A of Σ

• Simulate n i.i.d. z = (z1, ..., zn)T from N(0, 1)

• Simulate a random variate s from χ2
v independent of z

• Set y = Az

• Set x =
√

(v/s)y

• Set ui = Tv(xi) with i = 1, ..., n and where Tv denotes the univariate Student t

distribution function

• (u1, ..., un)T = (F1(t1), ..., Fn(tn))T where Fi denotes the ith margin

Figure 4.7 shows student’s t bivariate copula simulation and probability density with 3000

samples.

2.2.4 Archimedean Copulae

Clayton, Gumbel and Frank copulas fall into the category of Archimedean Copulae.

Definition 2.2.5. Let ϕ be a continuous and strictly decreasing function from [0, 1] to

[0,∞] such that ϕ(1) = 0. Denote the pseudo-inverse and ordinary inverse of ϕ as ϕ[−1]

and ϕ−1, respectively. ϕ[−1] is continuous and decreasing on [0,∞], and strictly decreasing

on [0, ϕ(0)] and follows:

ϕ[−1](t) =

 ϕ−1(u), 0 ≤ t ≤ ϕ(0)

0, ϕ(0) ≤ t ≤ ∞

If ϕ is convex then the function ϕ is called a generator of the copula.
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Note that ϕ[−1](ϕ(u)) = u on [0, 1]. When ϕ(0) = ∞ ⇒ ϕ[−1] = ϕ−1 and ϕ is said to be a

strict generator.

Theorem 2.2.3. (Kimberling 1974) Let ϕ be a strict generator. For a completely mono-

tone2 ϕ−1 on [0,∞), the n-dimensional Archimedean copula from [0, 1]n to [0, 1] is:

C(u1, ..., un) = ϕ−1(ϕ(u1) + ...+ ϕ(un))

So, to generate n-dimensional Archimedean copulae one needs generators as described in

2.2.5 and 2.2.3 as well as their inverses. Inverse generators can be derived from inverse

Laplace transforms of the distribution function of a random variable.

Theorem 2.2.4. (Feller 1971) A function ψ on [0,∞) is the Laplace3 transform of a

distribution function Λ if and only if ψ is completely monotonic and ψ(0) = 1.

Clayton Copula

Definition 2.2.6. Let the copula generator be ϕ(u) = u−α − 1 and inverse generator be

ϕ−1(t) = (1 + t)−
1
α ; it is completely monotonic if α > 0. The Clayton n-copula is therefore;

C(u1, ..., un) =

[
n∑
i=1

u−αi − n+ 1

]− 1
α

with α > 0 (2.12)

2A function g(t) is completely monotonic on an interval J if it is continuous and satisfies

(−1)k
dk

dtk
g(t) ≥ 0, for k ∈ N, t ∈ J

3Let Y be anon-negative random variable with distribution function G(y) and density function g(y) (if
it exists). Then;

• The Laplace transform of Y is defined as

LY (t) := E[e−tY ] =

∫ ∞
0

e−tydG(y) =

∫ ∞
0

e−tyg(y)dy =: Lg(t), ∀ ≥ 0

• Let ψ : R+ → [0, 1]. If a solution exists, the inverse Laplace transform L
[−1]
ψ of ψ is defined as the

function χ : R+ → [0, 1] which solves

Lχ(t) =

∫ ∞
0

e−tyχ(y)dy = ψ(t), ∀ ≥ 0

• The distribution of Y is uniquely characterized by its Laplace transform
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Clayton Copula Density

Clayton copula density can be found using equation 2.9 and the definition of Clayton copula

given in equation 2.12:

∂nC(u1, ..., un)
∂u1∂u2...∂un

= αn
Γ
(

1
α + n

)
Γ
(

1
α

) (
n∏
i=1

u−α−1
i

)(
n∑
i=1

u−αi − n+ 1

)− 1
α
−n

where Γ indicates the Euler function.

Clayton Copula Simulation

Set ui = Ĝ
(
− ln(xi)

Y

)
, where G is the distribution function of Y and Ĝ is its Laplace

transform.

• Simulate n iid uniform variable xi

• Simulate a variable Y such that Ĝ is the inverse generator: Simulate Y = Γ(1/α, 1)

• Calculate ui = Ĝ
(
− ln(xi)

Y

)
=
(

1 +
(
− ln(xi)

Y

))− 1
α

Figure 4.8 shows Clayton bivariate copula simulation and probability density with 3000

samples.

Gumbel Copula

Definition 2.2.7. Let the copula generator be ϕ(u) = (− ln(u))α and inverse generator

be ϕ−1(t) = exp
(
−t

1
α

)
; it is completely monotonic if α > 1. The Gumbel n-copula is

therefore;

C(u1, ..., un) = exp

−[ n∑
i=1

(− lnui)α
] 1
α

 with α > 1 (2.13)

Gumbel Copula Simulation
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Set ui = Ĝ
(
− ln(xi)

Y

)
, where G is the distribution function of Y and Ĝ is its Laplace

transform.

• Simulate n iid uniform variable xi

• Simulate a variable Y such that Ĝ is the inverse generator: Simulate Y=Stable(κ, β, γ, δ)

with κ = 1/α, β = 1, γ =
(
cos
(
π
2α

))α and δ = 0

• Calculate ui = Ĝ
(
− ln(xi)

Y

)
= exp

(
−
(
− ln(xi)

Y

) 1
α

)
Figure 4.10 shows Gumbel bivariate copula simulation and probability density with 3000

samples.

Frank Copula

Definition 2.2.8. Let the copula generator be ϕ(u) = − ln
(

exp(−αu)−1
exp(−α)−1

)
and inverse gen-

erator be ϕ−1(t) = − 1
α ln(1− et(1− e−α)); it is completely monotonic if α > 0. The Frank

n-copula is therefore;

C(u1, ..., un) = − 1
α

ln
[
1 +

∏n
i=1(e−αui − 1)
(e−α − 1)n−1

]
with α > 0 when n ≥ 3 (2.14)

Frank Copula Copula Density

Frank copula density can be found using equation 2.9 and the definition of Frank copula

given in equation 2.14. However, the n-dimensional case is algebraically cumbersome, so a

4-variate case will be presented here:

Example 2.2.1. Let wi = e−αui − 1 for i = 1, ..., 4. Then;
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∂wi
∂ui

= −αe−αui = −α(wi + 1) for i = 1, ...4

∂C

∂wi
= − 1

α

(e−α)3)
(e−α − 1)3 + w1w2w3w4

w2w3w4

(e−α − 1)3

∂C

∂u1
=

∂C

∂wi

(
∂wi
∂ui

)
=

(w1 + 1)w2w3w4

(e−α − 1)3 + w1w2w3w4

∂2C

∂u1∂u2
=

∂

∂u2

(
∂C

∂u1

)
= −α(w1 + 1)(w2 + 1)w3w4 ×

× (e−α − 1)3

[(e−α − 1)3 + w1w2w3w4]2

∂3C

∂u1∂u2∂u3
=

∂

∂u3

(
∂2C

∂u1∂u2

)
= α2(w1 + 1)(w2 + 1)(w3 + 1)w4(e−α − 1)3 ×

× (e−α − 1)3 − w1w2w3w4

[(e−α − 1)3 + w1w2w3w4]3

∂4C

∂u1∂u2∂u3∂u4
=

∂

∂u4

(
∂3C

∂u1∂u2∂u3

)
= −α3(w1 + 1)(w2 + 1)(w3 + 1)(w4 + 1)(e−α − 1)3

× [(e−α − 1)6 − 4(e−α − 1)3w1w2w3w4 + w2
1w

2
2w

2
3w

2
4]

[(e−α − 1)3 + w1w2w3w4]4

Frank Copula Copula Simulation

Set ui = Ĝ
(
− ln(xi)

Y

)
, where G is the distribution function of Y and Ĝ is its Laplace

transform.

• Simulate n iid uniform variable xi

• Simulate a variable Y such that Ĝ is the inverse generator: Simulate Y from Loga-

rithmic series with θ = 1− exp(−α)

• Calculate ui = Ĝ
(
− ln(xi)

Y

)
= − 1

α ln(1− e−
(
− ln(xi)

Y

)
(1− e−α))

Figure 4.9 shows Frank bivariate copula simulation and probability density with 3000 sam-

ples.
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2.2.5 Marshall-Olkin Copula

Bivariate Marshall-Olkin Copula

Denote the lifetimes of two components that are subject to fatal shocks as X1 and X2. As-

sume that the shocks follow three independent Poisson processes with parameters λ1, λ2, λ12 ≥

0, where the index indicates whether the shocks effect only component 1, only component

2 or both. Then the corresponding times Z1, Z2 and Z12 of occurrence of these shocks are

independent exponential random variables. The probability that the components live longer

than x1 and x2 is given by:

H(x1, x2) = P[X1 > x1, X2 > x2] = P[Z1 > x1]P[Z2 > x2]P[Z12 > max(x1, x2)]

The univariate survival functions for X1 and X2 are F1(x1) = exp(−(λ1 + λ12)x1) and

F2(x2) = exp(−(λ2 + λ12)x2). Denote αi = λ12/(λi + λ12) for i = 1, 2 then,

Ĉ(u1, u2) = u1u2 min(u−α1
1 u−α2

2 ) = min(u1−α1
1 u2, u1u

1−α2
2 )

where ui = Fi(xi) for i = 1, 2. Then the Marshall-Olkin copula or Generalized Cuadras-

Augé copula is given by:

Cα1,α2(u1, u2) = min(u2u
1−α1
1 , u1u

1−α2
2 ) =

 u2u
1−α1
1 , uα1

1 ≥ u
α2
2

u1u
1−α2
2 , uα1

1 ≤ u
α2
2

Marshall-Olkin copulas are absolutely continuous and singular as its density is:

∂2

∂u1∂u2
Cα1,α2(u1, u2) =

 u−α1
1 , uα1

1 > uα2
2

u−α2
2 , uα1

1 < uα2
2

Marshall-Olkin Copula Simulation

Following the notation given in section 2.2.5; denote l := |S| = 2n − 1 nonempty subsets

of {1, ..., n} in some arbitrary way, s1, ..., sl and set λk := λsk (the parameter of Zsk) for
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k = 1, ..., l. Then, the following algorithm generates random variates from Marshall-Olkin

copula.

• Simulate l = 2n − 1 independent random variates v1, ..., vl from U(0, 1)

• Set xi = min1≤k≤l,i∈sk,λk 6=0(− ln vk/λk) for i = 1, ..., n

• Set Λi =
∑l

k=1 1{i ∈ sk}λk for i = 1, ..., n

• Set ui = exp(−Λixi) for i = 1, ..., n

Then (x1, ..., xn)T is an n-variate from n-dimensional Marshall-Olkin distribution and

(u1, ..., un)T is an n-variate from the corresponding Marshall-Olkin n-copula with the shock

intensity Λi felt by component i.

2.2.6 Measure of Dependence

Dependence between different observations, such as default of individuals names in a CDO,

is the central consideration in pricing CDOs. Hence, it is crucial to have a stable correlation

measure to be able to capture skewed, fat/light tailed dependencies.

Pearson Linear Correlation

Pearson’s linear correlation is a simple measure that captures the strength of dependency

between two random variables. For two random variables X and Y , the Pearson linear

correlation is defined as follows:

ρXY =
cov(X,Y )√
var(X)var(Y )

=
E[XY ]− E[X]E[Y ]√

(E[X2]− E[X]2)(E[Y 2]− E[Y ]2)

Kendall’s tau

Kendall’s tau may be expressed in terms of a bivariate copula and it is independent of

the marginal distributions. For two random variables X and Y with their corresponding

bivariate copula C(u1, u2), Kendall’s tau is defined as follows:
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τXY = 4
∫ 1

0

∫ 1

0
C(u1, u2)dC(u1, u2)− 1

where τXY ∈ [−1, 1]. τXY = 0 corresponds to independence, τXY = −1 and τXY = 1

corresponds to minimum and maximum dependence, respectively.

Kendall’s tau for Clayton copula is α
α+2 and for Gumbel copula it is 1− 1

α . For Frank copula

Kendall’s tau is Dk(x) = k
xk

∫ x
0

tk

et−1dt, where Dk(x) is the Debye function, Embrechts et al.

(2001). For Marshall-Olkin copula Kendall’s tau is α/(2− α).

Spreman’s rho

Spreman’s rho is the correlation between ranks of two random variables and it may be

expressed in terms of a bivariate copula. For two random variables X and Y with their

corresponding bivariate copula C(u1, u2), Spreman’s rho is defined as follows:

ρSXY = 12
∫ 1

0

∫ 1

0
u1u2dC(u1, u2)− 3 = 12

∫ 1

0

∫ 1

0
C(u1, u2)du1du2 − 3

2.2.7 Tail Dependence

Although Spreman’s rho and Kendall’s tau are useful concepts, they fail to measure the

absolute magnitude of two random variable takes. Tail dependence offers an important

supplementary metric. Tail dependence is a measure of extremely large co-movements in

the upper right quadrant (i.e. upper tail dependence) and lower left quadrant (i.e. lower

tail dependence) of a bivariate distribution.

For two random variables X and Y with their marginal distribution functions FX and FY ,

the coefficient of upper tail dependence is defined as follows:

λU = lim
u→1

P[Y > F−1
Y (u)|X > F−1

X (u)]

similarly, the coefficient of lower tail dependence is defined as follows:
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λL = lim
u→1

P[Y ≤ F−1
Y (u)|X ≤ F−1

X (u)]

where λU ∈ [0, 1] and λL ∈ [0, 1] provided that the limit exists. When λU = 0, X and Y

are said to be asymptotically independent in the upper tail; similarly, when λL = 0, X and

Y are said to be asymptotically independent in the lower tail. When λU ∈ (0, 1] X and Y

are said to be asymptotically dependent in the upper tail. Using copula functions definition

and properties;

λU = lim
u→1

P[Y > F−1
Y (u)|X > F−1

X (u)]

= lim
u→1

1− P[X ≤ F−1
X (u)]− P[Y ≤ F−1

Y (u)] + P[X ≤ F−1
X (u), Y ≤ F−1

Y (u)]
1− P[X ≤ F−1

X (u)]

= lim
u→1

(1− 2u+ C(u, u))
1− u

A similar procedure for lower tail dependence gives:

λL = lim
u→1

C(u, u)
u

Using copula definitions, these equalities lead to explicit terms for bivariate Gaussian, stu-

dent’s t, Clayton, Gumbel and Frank copula upper/lower tail dependencies. Gaussian

bivariate copula has asymptotic lower and upper tail independence. Student’s t copula has

both upper and lower tail dependence with equal coefficients:

λL = λU = 2tv+1

(
−

√
(v + 1)(1− ρ)

1 + ρ

)
The lower tail dependence of a bivariate Clayton copula is given as 2−1/α while it has an

independent upper tail. The Frank family has no upper or lower tail dependence. The

Gumbel copula has upper tail dependence given as 2− 21/α.
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Chapter 3

Empirical Analysis of CDO Pricing

Models

This chapter presents the valuation basics of CDSs and CDOs and makes an extensive

empirical analysis of the CDO pricing models commonly employed in the industry, as well

as several other models frequently referenced in the literature. These bottom-up models

may be classified into two main groups. The first group comprises industry benchmark

models that represent the default dependence structures with copula functions. Included

in this group are all of the Elliptical and Archimedean copula models with Monte Carlo

simulation, as well as their factor representations. The second group includes stochastic

correlation models with independent correlation and symmetric but dependent correlation

assumptions, the Random Factor Loadings model, and symmetric/asymmetric normal in-

verse Gaussian models. These latter models are shown to fit market quotes better than

industry benchmark models as they bring more tail dependence and introduce a stochastic

correlation parameter.

The notation that will be used throughout this dissertation is as follows: Assume that

there are i = 1, ..., n credits (i.e. CDSs) in a synthetic CDO with the associated vector of

default times (τ1, ..., τn), where τi’s are continuous random variables. At time t, ith credits

probability density function is fi(t) for all (t1, ..., tn) ∈ Rn and its probability distribution
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function is defined as:

pi(t) = Et[1(τi≤t)] = Fi(t) = P(τi ≤ t) (3.1)

This function is also known to be the unconditional default probability of obligor i before

time t. Similarly, ith credits survival function is defined as:

1− pi(t) = Et[1(τi>t)] = Si(t) = 1− Fi(t) = P(τi > t)

Each credit contract in the portfolio starts at time t0 with payment dates tk for k = 1, ..,K,

maturity tK , notional Ai and a constant recovery rate of δi.

3.1 Literature Review

Section 2.1 presented a review of models used in the single-name credit risk literature.

Equipped with the default probability/recovery rate of each credit in the portfolio and a

dependence structure between single-name defaults, one can model the portfolio loss dis-

tribution. There are two schools of thought regarding the modeling of multi-name loss

distribution in the literature: Top-down approach and bottom-up approach.

The top-down approach starts by modeling the loss process of the entire portfolio, which is

generally assumed to be composed of homogenous assets. These models may be calibrated

and implemented very quickly, but generally they do not provide detailed characteristics of

the individual credit dynamics. For more on top-down models, see Bennani (2006), Errais,

Gieseke & Goldberg (2006), Schönbucher (2005), Gieseke & Tomecek (2005), Gieseke &

Goldberg (2005) and Longstaff & Rajan (2006).

On the other hand, the bottom-up approach starts by modeling individual credit dynamics

and proposing a default correlation structure, and then calculates the portfolio loss process.

Because they can govern heterogeneous assets within the portfolio, these models are capable

of pricing exotic correlation products. But this flexibility comes at the cost of calibration
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and implementation speed increases, especially for large portfolios. Since bottom-up models

have a wider use, this dissertation provides a large empirical analysis of the bottom-up

models in this chapter and proposes a dynamic bottom-up model in the next one.

3.2 Primer on CDSs

There are three methods used to estimate instantaneous default probability of a credit.

First, it can be estimated from historical data by using S&P’s1, Moody’s2 or Fitch’s3

database for historical default rates. Second, one can employ a Merton (1974) style struc-

tural model. Finally, one can bootstrap the implied default rates from market-observable

data such as defaultable bonds or CDS spreads. The bootstrapping methodology will be

employed throughout this dissertation.

3.2.1 Hazard Rate Function

Following Li (2000), assume a filtered probability space (Ω,=, (=t)t≥0,P), where P is a risk-

neutral probability measure. τi is the (=t) random stopping time for the ith credit. The

hazard rate function which is the instantaneous default probability in interval (t, t+∆t) for

a security that already has attained age t, is defined as:

hi(t) = lim
∆t→0

P(t < τi ≤ t+ ∆t|τi > t)

= lim
∆t→0

P(t < τi ≤ t+ ∆t, τi > t)
P(τi > t)

= lim
∆t→0

∫ t+∆t
t fi(u)du∫∞
t fi(u)du

=
fi(t)

1− Fi(t)
=

∂
∂tFi(t)

1− Fi(t)
= − ∂

∂t
log(1− Fi(t))

solving the differential equation;
1S&P’s RatingsDirect Service and Annual Global Corporate Default Study and Rating Transitions.
2Moody’s Structured Finance Default Risk Service.
3Fitch’s Rating Transition and Default Studies.
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Fi(t) = 1− exp
(
−
∫ t

0
hi(u)du

)
(3.2)

Si(t) = 1− Fi(t) = exp
(
−
∫ t

0
hi(u)du

)
(3.3)

fi(t) = hi(t) exp
(
−
∫ t

0
hi(u)du

)
(3.4)

3.2.2 CDS Valuation

The buyer of a CDS, the protection buyer, pays a periodic premium to the protection seller

up to the maturity date of the contract or a credit event, whichever is sooner. In exchange,

the protection seller agrees to pay the face value of the underlying asset in case of a default

or a pre-specified credit event such as restructuring, bankruptcy or downgrade. Payments

by the protection buyer to the protection seller are known as the “premium leg” of the CDS

contract. Payments from the protection seller to the protection buyer are known as the

“default leg” of the contract.

Following the notation in Galiani (2003), the premium of the ith CDS, vi, makes the value of

the contract equal to zero at the beginning of the contract. As long as the reference entity

does not default, at each payment date tk, the protection buyer pays to the protection seller

viAi∆k, where ∆k is the year fraction between tk−1 and tk. The value of the premium leg

at time t is:

PLi =
K∑
k=1

Et
[
B(t0, tk)∆tkviAi[1(τi>tk)]

]
= viAi

K∑
k=1

B(t0, tk)∆tkEt[1(τi>tk)]

= viAi

K∑
k=1

B(t0, tk)∆tk[1− Fi(tk)] = viAi

K∑
k=1

B(t0, tk)∆tk exp
(
−
∫ tk

t0

hi(u)du
)

where B(t0, tk) is the default-free zero coupon bond priced at time t0 with maturity tk.

In the case of a default at time τi ≤ tK , the protection seller pays the face value of the

underlying security reduced by the recovery rate and receives a premium payment accrued
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since the last premium payment: DLi = DPi−APi. The value of the default premium and

accrued premium at time t is:

DPi = Et[B(t0, τi)(1− δi)Ai[1(τi≤tK)]] = AiB(t0, τi)(1− δi)Et[1(τi≤tK)]

= (1− δi)Ai
∫ tK

t0

B(t0, u)Fi(du)

= (1− δi)Ai
∫ tK

t0

B(t0, u)hi(u) exp
(
−
∫ u

t0

hi(s)ds
)
du

and

APi =
K∑
k=1

Et
[
τi − tk−1

tk − tk−1
∆tkB(t0, τi)viAi[1(tk−1<τi≤tk)]

]

= viAi

K∑
k=1

∫ tk

tk−1

τi − tk−1

tk − tk−1
∆tkB(t0, u)Fi(du)

= viAi

K∑
k=1

∫ tk

tk−1

u− tk−1

tk − tk−1
∆tkB(t0, u)hi(u) exp

(
−
∫ u

t0

hi(s)ds
)
du

The CDS premium, v∗i , makes the value of the contract equal to zero at the beginning of

the contract: PLi(v∗)−DLi(v∗) = 0. Therefore, the break even CDS spread is:

v∗i =
(1− δ)

∫ tK

t0

B(t0, u)Fi(du)

K∑
k=1

B(t0, tk)∆tk exp
(
−
∫ tk

t0

hi(u)du
)

+
∫ tk

tk−1

u− tk−1

tk − tk−1
∆tkB(t0, u)Fi(du)

3.3 Pricing Basket Default Swaps

Pricing j-to-default baskets follows a similar routine as in plain vanilla CDS valuation

given in section 3.2.2. Following Galiani (2003) and denoting the distribution of the τj as

Fj(t) = P[τj ≤ t], the protection leg, default payment, accrued premium and default leg

(DLi = DPi −APi), for j-to- default basket is given as follows:
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PLi = Et
[ K∑
k=1

B(t0, tk)∆tkviAi[1(τj>tk)]
]

= viAi

K∑
k=1

B(t0, tk)∆tk[1− Fj(tk)]

DPi = Et
[ n∑
i=1

B(t0, τj)(1− δi)Ai[1(τj≤tK)]
]

=
n∑
i=1

(1− δi)Ai
∫ tK

t0

B(t0, t)Fjdt

APi = Et

[
K∑
k=1

τj − tk−1

tk − tk−1
∆tkB(t0, τj)Aivi[1(tk−1<τj≤tk)]

]

= viAi

K∑
k=1

∫ tk

tk−1

u− tk−1

tk − tk−1
∆tkB(t0, u)Fjdu

The premium v∗i makes the value of the contract equal to zero at the beginning of the

contract: PLi(v∗)−DLi(v∗) = 0. So, the break even default swap spread is:

v∗i =

∑n
i=1(1− δi)

∫ tK
t0

B(t0, t)Fjdt∑K
k=1B(t0, tk)∆tk[1− Fj(tk)] +

∫ tk
tk−1

u−tk−1

tk−tk−1
∆tkB(t0, u)Fjdu

3.4 Primer on CDOs

3.4.1 A CDO example

The most actively traded indices are CDX North America Investment Grade Series

(CDX.NA.IG) and iTraxx Europe. Each index is composed of 125 names; hence, each com-

pany accounts for 0.8 percent of the exposure. Figure 4.1 shows 5 year tranche bid-offer

quotes for the CDX.NA.IG Series 13 and iTraxx Europe Series 9 on November 25, 2009.

Table 4.1 shows 5 year tranche mid-market quotes for the CDX.NA.IG Series 13 and iTraxx

Europe Series 9 on the same day.

Quotes are comprised of an upfront fee (in percentage points) and a running spread (in basis

points). The protection buyer pays the protection seller a one-time upfront fee (percentage

of the principal) at the inception of the trade as well as a fixed running spread on the

outstanding principal. Running spreads are reported in basis points annually and paid

quarterly on the 20th of March, June, September, and December of each calendar year.
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The day-count convention is ACT/360. A standard contract on CDX and on iTraxx is 10

million dollars and 10 million euros, respectively.

3.4.2 Tranche Loss Distribution

The loss-given-default (LGD) of obligor i is (1− δi)Ai. Let TL(t) denote the total portfolio

loss at time t and TL(KA,KD)(t) denote the total loss at time t on a given tranche of a CDO

with attachment and detachment points KA and KD, respectively. Total portfolio loss at

time t and its expectation is given with the help of equation 3.1:

TL(t) =
n∑
i=1

(1− δi)Ai[1(τi≤t)]

Et[TL(t)] =
n∑
i=1

(1− δi)AiEt[1(τi≤t)] =
n∑
i=1

(1− δi)AiFi(t)

so the total portfolio loss is a pure jump process. Total percentage loss at time t on a given

tranche of a CDO and its expectation can be expressed as:

TL(KA,KD)(t) =
1

KD −KA
×


0 if TL(t) ≤ KA

TL(t)−KA if KA ≤ TL(t) ≤ KD

KD −KA if TL(t)≥KD

(3.5)

=
1

KD −KA
×max

(
min(TLi,KD)−KA, 0

)
(3.6)

Et[TL(KA,KD)] =
1

KD −KA
×

n∑
i=1

max
(

min(TLi,KD)−KA, 0
)
× Fi(t) (3.7)

Hence, as long as the loss distribution function Fi(t) of the reference portfolio is modeled,

CDO tranches may be easily priced. A model for linking default probabilities of each entity

in the portfolio with each other will be presented in section 3.6.
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3.4.3 Tranche Break Even Spread

The value of the premium leg of a tranche is the present value of all expected spread

payments on whatever notional is left:

PL(KA,KD) =

if we discretize,

w
n∑
i=1

4tiB(t0, ti−1)w(KA,KD)

(
1− Et[TL(KA,KD)(ti−1)]

)

where 4ti = ti− ti−1 and w(KA,KD) is the tranche spread. The value of the default leg may

be calculated as the expected value of the discounted default payments:

DL(KA,KD) = Et
[ ∫ tn

t0

B(t0, s)dTL(KA,KD)(s)
]

=
∫ tn

t0

B(t0, s)Et[dTL(KA,KD)(s)]

if we discretize,

w
n∑
i=1

B(t0, ti)
(

Et[TL(KA,KD)(ti)]− Et[TL(KA,KD)(ti−1)]
)

Then the break even spread w∗(KA,KD) is calculated by equating the protection leg to pre-

mium leg: DL(KA,KD) − PL(KA,KD)(w∗(KA,KD)) = 0:

w∗(KA,KD) =

∑n
i=1B(t0, ti)

(
Et[TL(KA,KD)(ti)]− Et[TL(KA,KD)(ti−1)]

)
∑n

i=1B(t0, ti−1)∆ti

(
1− Et[TL(KA,KD)(ti−1)]

)
where Et[TL(KA,KD)] is given in equation 3.7.

3.5 Pricing CDOs with Monte Carlo Simulation

The copula definitions and simulations procedures presented in section 2.2 form the basis

for pricing CDOs using the Monte Carlo simulation routine. The pricing algorithm can be

summarized as given in Galiani (2003).
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Repeat the following routine S times, where s = 1, 2, ..., S;

• Generate n dimensional vector of correlated variables using simulation procedures

descried in sections 2.2.3 and 2.2.4 depending the choice of copula, where n is the

total size of the portfolio.

• For each obligor transform the univariate random variable, ui into default time τi

using the following equality: τi = − ln(ui)
λ for i = 1, .., n.

• For the sth simulation, sort τ s in ascending order such that τ si ≤ T and form a vector

default times Υs = (τ s1 , τ
s
2 , ..., τ

s
L).

• Calculate the Default Payments, DP s:

– Calculate total portfolio loss: TLs(T ) =
∑n

i=1Ai(1− δi)1{τsi ≤T}

– If TLs < KA then DP s = 0, else select the default trigger vector Υs = (τ sγ , ..., τ
s
L)

where τ sγ = inf{t > 0|TL(t) ≥ KA} and τ sL = inf{t > 0|TL(t) ≤ KD}.

– For a realization of τ sr ∈ Υs, calculate default payments as DP sr = B(0, τ sr )(1 −

δr)Ar

– Sum default payments for all realizations:
∑L

r=γ DP
s
r

• Calculate the Premium Payments, PLs, for each premium date:

– Calculate total portfolio loss at each payment date: TLs(ti) =
∑n

i=1Ai(1 −

δi)1{τsi ≤ti}

– Calculate Premium Leg: PLs =
∑n

i=14tiB(t0, ti)

×min(max(0,KD − TL(ti)s),KD −KA)

• Fair spread w∗ = 1
S

∑S
s=1

(
DP
PL

)s
Table 4.3 shows Gauss, student’s t, Clayton, Frank, Gumbel and Marshall-Olkin copulae

fitted to CDX with 10,000 Monte Carlo simulations. Similarly, Table 4.4 shows the same

copulae fitted to iTraxx with 10,000 Monte Carlo simulations.
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3.6 Pricing CDOs with Gaussian Copulas

Section 3.2 showed how to bootstrap survival/default probabilities of each credit in a CDO

from their CDS spreads. Copula functions will be used to link several one-dimensional

survival curves to a single portfolio level survival curve. Copula functions have long been

used in survival analysis and actuarial sciences, but came to the forefront of the finance

literature with Li (1998) and Li (2000).

Let Fportfolio(t) represent the unconditional joint default function of default times of the

portfolio such that Fportfolio(t) = P (τ1 ≤ t, ..., τn ≤ t). Also let Sportfolio(t) represent the

unconditional joint survival function of default times of the portfolio such that Sportfolio(t) =

P (τ1 > t, ..., τn > t). Unconditional marginal default function and unconditional marginal

survival function is as defined in equations 3.2 and in 3.3, respectively. Then, following the

copula approach one may find the unconditional joint default function of default times of

the portfolio:

Fportfolio(t) = P (τ1 ≤ t, ..., τn ≤ t) = C[F1(t), ..., Fn(t)] (3.8)

and using Skalar’s theorem 2.2.1;

C[F1(t), ..., Fn(t)] = Fportfolio[F−1
1 (t), ..., F−1

n (t)]

The market standard is to use Gaussian copulas as defined in equation 2.10. Then equation

3.8 becomes;

CGΣ [F1(t), ..., Fn(t)] = ΦΣ[Φ−1(F−1
1 (t)), ...,Φ−1(F−1

n (t))]

Fportfolio(t) = Φn
Σ[Φ−1(F−1

1 (t)), ...,Φ−1(F−1
n (t))]

where Φn
Σ is the n-dimensional Gaussian distribution function with correlation matrix Σ.
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3.6.1 One Factor Gaussian Copula

The next two sections follow the presentation in Gregory & Laurent (2003), Burtschell,

Gregory & Laurent (2005b) and Schönbucher (2003). Assume a Gaussian vector (Vi, ..., Vn)

of individual risk process where Vi = ρiY +wiεi. Y is the systemic risk, εi is the idiosyncratic

risk of the ith firm, ρi represents the sensitivity of Vi to Y and wi represents the sensitivity

of Vi to εi. It is assumed that Y and εi are i.i.d with Φ(0, 1) for i = 1, ..., n. Due to

the stability of normal distributions under convolution, Vi’s follow normal distribution with

zero-mean and unit-variance as well:

E[Vi] = ρiE[Y ] + wiE[εi] = 0

var[Vi] = ρ2
i var[Y ] + w2

i var[εi] + 2ρiwicov[Y, εi]

= ρ2
i + w2

i

hence, wi =
√

1− ρ2
i

and Vi = ρiY +
√

1− ρ2
i εi

And the correlation between Vi and Vj is given by:

corr[Vi, Vj ] =
cov[Vi, Vj ]√
var[Vi]var[Vj ]

= cov[Vi, Vj ]

cov[Vi, Vj ] = E[(ρiY +
√

1− ρ2
i εi)(ρjY +

√
1− ρ2

jεj)] = ρiρj

Hence, conditional on the systemic factor, Y , the default times are independent and only

idiosyncratic factors matter.

Similar to Merton (1974)’s structural model, the probability of each obligor’s default before

maturity is exactly the probability of the decline of the individual risk process (i.e. the

change in the value of the assets of the firm) below a pre-specified barrier ki. Hence, the

equation 3.1 becomes pi(t) = P(τi ≤ t) = P(Vi ≤ ki).
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The default thresholds are chosen so that they produce risk neutral default probabilities

implied by the quoted CDS spreads: pi(t) = P(τi ≤ t) = P(Vi ≤ ki) = Φ(ki), hence

ki = Φ−1(Fi(t)).

The default probability of each obligor conditioning on the common factor Y taking a value

y is calculated as follows:

pi(t|y) = P(τi ≤ t|Y = y) = P(Vi ≤ ki|Y = y) (3.9)

= P(ρiY +
√

1− ρ2
i εi ≤ ki|Y = y) (3.10)

= P

εi ≤ ki − ρiY√
1− ρ2

i

|Y = y

 = Φ

 ki − ρiy√
1− ρ2

i

 (3.11)

where, ki = Φ−1(Fi(t)) (3.12)

There is no upper or lower tail dependence when ρi < 1. ρi = 0 is associated with inde-

pendent default times, whereas ρi = 1 is associated with comonotonic default times. The

unconditional default probabilities may be found by integrating out the common risk factor

Y , so, equation 3.11 becomes:

pi(t|Y ) = E
[
Φ
[
ki − ρiY√

1− ρ2
i

]]
=
∫ ∞
−∞

Φ
[
ki − ρiY√

1− ρ2
i

]
ϕ(y)dy (3.13)

where ϕ(y) = 1√
2Π
e−y

2/2. Using equations 3.11 and 3.13, portfolio unconditional default

probability may be expressed as:
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Fportfolio(t) = P (τ1 ≤ t, ..., τn ≤ t) = E
[ n∏
i=1

Φ
[
ki − ρiY√

1− ρ2
i

]]

=
∫ ∞
−∞

n∏
i=1

Φ
[
ki − ρiY√

1− ρ2
i

]
ϕ(y)dy

3.6.2 Finite Size Homogeneous Portfolios

In the case that the underlying credits have exactly the same recovery rate, default barrier,

notional and correlation to common risk factor, the portfolio is said to be “homogeneous”:

δi = δ, ki = k,Ai = A and ρi = ρ for all i = 1, ..., n. The conditional default probability of

all issuers in the portfolio is given by employing Vasicek (1987)’s model:

p(t|y) = P(τ ≤ t|Y = y) = P(V ≤ k|Y = y)

= P(ρY +
√

1− ρ2ε ≤ k|Y = y) = P
(
ε ≤ k − ρY√

1− ρ2
|Y = y

)
= Φ

[
k − ρy√

1− ρ2

]

The probability of having exactly c out of n issuers at time t conditional on the realization

of Y = y can be calculated using binomial distribution, Πn
c (t|y):

Πn
c (t|y) =

(
n

c

)
p(t|Y )c(1− p(t|Y ))n−c

=
(
n

c

)(
Φ
[
k − ρy√

1− ρ2

])c(
1− Φ

[
k − ρy√

1− ρ2

])n−c

The unconditional probability of having exactly c out of n issuers at time t is the average

of the conditional probability of c out of n defaults, averaged over the possible realizations

of Y weighted with the probability density function ϕ(y):
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Πn
c (t|y) =

(
n

c

)∫ ∞
−∞

(
Φ
[
k − ρy√

1− ρ2

])c(
1− Φ

[
k − ρy√

1− ρ2

])n−c
ϕ(y)dy

As the portfolio at hand is homogenous, the probability of having c out of n issuers is equal

to the probability of percentage portfolio loss TL(t) being TLc(t) = c
n(1 − δ). Then the

total percentage loss of the portfolio at time t is given by:

P[TL(t) = TLc(t)] =
(
n

c

)∫ ∞
−∞

(
Φ
[
k − ρy√

1− ρ2

])c(
1− Φ

[
k − ρy√

1− ρ2

])n−c
ϕ(y)dy

and for θ ∈ [0, 1], the cumulative probability of the percentage portfolio loss not exceeding

θ is:

Fn(θ) = P[TL(t) ≤ θ] (3.14)

=
[θn]∑
c=0

(
n

c

)∫ ∞
−∞

(
Φ
[
k − ρy√

1− ρ2

])c(
1− Φ

[
k − ρy√

1− ρ2

])n−c
ϕ(y)dy (3.15)

3.6.3 Large and Homogeneous Portfolios

Large portfolio limit approximation was first proposed by Vasicek (1991). Let the number

of the underlying credits be large, n → ∞, and denote s = Φ
[

k−ρy√
1−ρ2

]
then equation 3.15

becomes:

Fn(θ) =
[θn]∑
c=0

(
n

c

)∫ 1

0
sc(1− s)n−cdΦ

(√
1− ρ2Φ−1(s)− k

ρ

)

By the law of large numbers;

lim
n→∞

[θn]∑
c=0

(
n

c

)
sc(1− s)n−c =

 0, if θ < s

1, if θ > s

The cumulative loss distribution of a large portfolio may be expressed as:
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F∞(θ) = Φ
(√

1− ρ2Φ−1(θ)− k
ρ

)

3.6.4 Finite Size Inhomogeneous Portfolios

Loss distribution of a finite and inhomogeneous portfolio can be calculated via the semi-

analytic recursion method proposed by Andersen, Sidenius & Basu (2003):

Π1
c(t|y) =

 1− p1(t|y), if c = 0

p1(t|y), if c = 1

Π2
c(t|y) =


(1− p1(t|y))(1− p2(t|y)), if c = 0

Π1
1(t|y)(1− p2(t|y)) + Π1

0(t|y)p2(t|y), if c = 1

p1(t|y)p2(t|y), if c = 2

Π3
c(t|y) =



(1− p1(t|y))(1− p2(t|y))(1− p3(t|y)), if c = 0

Π2
1(t|y)(1− p3(t|y)) + Π2

0(t|y)p3(t|y), if c = 1

Π2
2(t|y)(1− p3(t|y)) + Π2

1(t|y)p3(t|y), if c = 2

p1(t|y)p2(t|y)p3(t|y), if c = 3

...

Hence, conditional portfolio default distribution may be written as:

Πn+1
0 (t|y) = Πn

0 (t|y)(1− pn+1(t|y))

Πn+1
c (t|y) = Πn

c (t|y)(1− pn+1(t|y)) + Πn
c−1(t|y)pn+1(t|y) for c = 1, ..., n

Πn+1
n+1(t|y) = Πn

n(t|y)pn+1(t|y)

and unconditional portfolio default distribution may be written as:

Πn+1
c (t) = E[Πn+1

c (t|y)] =
∫ +∞

−∞
Πn+1
c (t|y)ϕ(y)dy
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3.6.5 Fast Fourier Transform (FFT)

A more efficient way to calculate loss distribution of a finite and inhomogeneous portfolio is

to use the Fast Fourier Transformation(FFT) as outlined in Carr & Madan (1998). Given

that loss given default (LGD) of obligor i is (1 − δi)Ai and total portfolio loss at time t

is TL(t) =
∑n

i=1(1− δi)Ai[1(τi≤t)], conditional on the common factor Y , the characteristic

function of the portfolio loss is given by:

ΦTL(t)(u) = E[eiuTL(t)]

assuming conditional independence of default times upon factor Y ,

ΦTL(t)(u|y) = E[E[eiuTL(t)|Y = y]]

E[eiuTL(t)|Y = y] =
n∏
i=1

E[eiu(1−δi)Ai[1(τi≤t)]|Y = y]

If there is a default, (1 − δi)Ai[1(τi≤t)] equals to (1 − δi)Ai with probability pi(t|y) and if

there is no default it is equal to 0 with probability 1−pi(t|y). Given the conditional default

probabilities as in equation 3.11:

E[eiu[(1−δi)Ai[1(τi≤t)]]|Y = y] = eiu[(1−δi)Ai]pi(t|y) + eiu[(1−δi)Ai]0(1− pi(t|y))

Hence, the conditional characteristic function of the portfolio loss is:

ΦTL(t)(u|y) =
n∏
i=1

(1 + pi(t|y)[eiu(1−δi)Ai − 1]

By integrating out the common factor Y , unconditional characteristic function may be

calculated as:

ΦTL(t)(u) = E[ΦTL(t)(u|y)] =
∫ +∞

−∞

n∏
i=1

(1 + pi(t|y)[eiu(1−δi)Ai − 1]ϕ(y)dy (3.16)
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In order to find the portfolio loss distribution, the unconditional characteristic function of

3.16 must be inverted via FFT. Figure 4.2 shows the probability density of portfolio loss

using binomial distribution, large portfolio approximation, semi analytic recursion and Fast

Fourier Transform methods for CDX and iTraxx indices employing the Gaussian factor

copula model.

3.6.6 Drawbacks of the Gaussian Factor Copula Model

The Gaussian copula model is the industry standard in pricing CDO tranches because of

its easy implementation and speedy calibration; however, this model has several well-known

shortcomings. Its symmetric and light-tailed return distribution prevents the model from

capturing the dependence structure when extreme events occur. Moreover, its static default

dependence structure fails to incorporate changing market conditions and company credit

profiles. Nor does the Gaussian one-factor copula framework allow one to price instruments

such as options on CDOs, forward-starting CDO tranches that depend on the dynamic

evolution of loss distributions from their initial values. Further, it assumes a single flat

correlation for all tranches, when in practice market implied correlations for equity and

most-senior tranches are typically higher than mezzanine tranches, leading to a so-called

“correlation smile”.

Table 4.2 shows the inability of Gaussian copula model to fit market upfront fee/running

spread with a flat correlation of 0.3655 for CDX and 0.4550 for iTraxx. The flat correlation

is the result of a least squares estimate that fits all five tranches at the same time. On the

other hand, market implied correlation insures that the upfront fee and running spread of

each tranche is matched exactly. Figure 4.3 shows the correlation smile for CDX and iTraxx

indices.

Attempts to improve the Gaussian copula model aim to generate asymmetric and heavy-

tailed return distributions, and to bring stochasticity to the correlation parameter.
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3.7 CDO Pricing using Factor Copulas with Alternative Dis-

tributions

This section covers factor CDO pricing models using student’s t copula, double t copula,

Marshall-Olkin copula and Archimedean copulae.

3.7.1 Student’s t Copula

In contrast to the Gaussian copula with independent upper and lower tail dependence, the

student t copula has upper and lower tail dependence with equal coefficients. Assume that

individual risk process (V1, ..., Vn) follows student’s t distribution with v degrees of freedom

given by:

Vi =
√

v

W

(
ρY +

√
1− ρ2εi

)
where Y and εi are still standard normal variables. W follows inverse Gamma distribution

with parameters v
2 while v

W ∼ χ2
v. When i 6= j, cov(Vi, Vj) = v

v−2ρ
2 for v > 2. The

conditional default probabilities are given by:

pi(t|Y,W ) = Φ
(−ρY +

√
W
v t
−1
v (Fi(t))√

1− ρ2

)
Default times are given by τi = F−1

i (tv(Vi)), where tv is the distribution function of the

standard univariate student’s t. More details can be found in Andersen et al. (2003).

3.7.2 Double t Copula

Although the double t copula has upper and lower tail dependence with equal coefficients,

it is more time consuming to calibrate the asset return distribution, as t distribution is not

stable under convolution. Assume that individual risk process (V1, ..., Vn) follows sum of

two variables both following student’s t distribution.

Vi = ρ

√
v − 2
v

Y +
√

1− ρ2

√
ṽ − 2
ṽ

εi
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where both Y and εi follow student’s t distribution with v and ṽ degrees of freedom, re-

spectively. As student’s t distribution is not stable under convolution, the Vi term fails to

follow student’s t distribution. The conditional default probabilities are given by:

pi(t|Y ) = tṽ

(√
ṽ

ṽ − 2
×
H−1
i (Fi(t))− ρ

√
v−2
v Y√

1− ρ2

)
The default times are given by τi = F−1

i (Hi(Vi)), where Hi is the distribution function of

Vi. Tail dependence coefficient is: λU = λL =
(

1 +
(√

1−ρ2

ρ

)v)−1

when y = z. Tail factor

of Y > tail factor of εi when v < ṽ. Tail factor of Y < tail factor of εi (i.e. there is no tail

dependence between default times) when v > ṽ. More details can be found in Hull & White

(2004) and Burtschell et al. (2005b). Figure 4.4 shows the Portfolio Loss Distribution for

CDX and iTraxx with Gaussian, student’s t and double t using the optimized parameters

reported in Tables 4.5 and in 4.6, respectively.

3.7.3 Archimedean Copulae

The Frank copula has independent upper and lower tail dependence. The Clayton copula

has lower tail dependence only when δ > 0 and it has no upper tail dependence. The Gumbel

copula has upper tail dependence but no lower tail dependence. Assume that individual

risk process (V1, ..., Vn) is given as follows:

Vi = Ĝ

(
− ln(xi)

Y

)
where Ĝ is the Laplace transform of the distribution function of Y as described in section

2.2.4. The conditional default probabilities are given by:

pi(t|Y ) = exp(Y (1− Fi(t)−α))

The default times are given by τi = F−1
i (Vi). The copula of default times is the joint

distribution of Vi’s and given by:

Q(V1 < u1, ..., V1 < u1) = C(u1, ..., un) = ϕ−1(ϕ(u1) + ...+ ϕ(un))
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The explicit forms of this function for Clayton, Gumbel and Frank copulas are given in

section 2.2.4.

3.7.4 Marshall-Olkin Copula

The Marshall-Olkin copula has upper and lower tail dependence with equal coefficients.

Individual risk process (V1, ..., Vn) is given as follows:

Vi = min(Y, εi)

as described in section 2.2.5, Y and εi are exponentially distributed random variables with

parameters α, 1− α ∈]0, 1[. The corresponding survival copula is:

C(u1, ..., un) = min(uα1 , ..., u
α
n)

n∏
i=1

u1−α
i

The default times are defined as τi = S−1
i (exp(−min(Y, εi))). The conditional default

probabilities are independent of Y and they are given as:

pi(t|Y ) = 1− (1Y >− lnSi(t)Si(t)
1−α)

In this case, there is upper and lower tail dependence with the coefficient α. Table 4.5 shows

factor Gauss, student’s t, Double t and Marshall-Olkin copulae fitted to CDX and Table

4.6 shows the fit for iTraxx.

3.8 Factor Copula CDO Pricing with Alternative Correlation

Structures

3.8.1 Gaussian Copula with Stochastic Correlation

Burtschell, Gregory & Laurent (2005a) bring stochasticity to the correlation parameter

and propose stochastic correlation models with independent correlation and symmetric but

dependent correlation assumptions. The individual risk process (V1, ..., Vn) is given as:
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Vi = ρ̃iY +
√

1− ρ̃2
i εi

where ρ̃i’s are some random variables taking values in [0, 1] independent from Gaussian

random variables Y, εi for i = 1, ..., n. Hence, conditioning on ρ̃i, Vi’s are still standard

Gaussian variables. The default times are still given by τi = F−1
i (Φ(Vi)) and the conditional

default probabilities may be written as:

pi(t|Y ) =
∫ 1

0
Φ
[
ki − ρY√

1− ρ2

]
dFρ̃i(ρ)

where ki = Φ−1(Fi(t)) and dFρ̃i(ρ) is the distribution function of ρ̃. There are two forms that

the stochastic correlation model may take. The first assumes two stochastic but independent

correlation parameters. The correlation structure and individual risk process are:

ρ̃i = (1−Bi)ρ+Biβ (3.17)

Vi =
(
(1−Bi)ρ+Biβ

)
Y +

√
1−

(
(1−Bi)ρ+Biβ

)2
εi (3.18)

= (1−Bi)(ρY +
√

1− ρ2εi) +Bi(βY +
√

1− β2εi) (3.19)

where Bi’s are Bernoulli random variables independent from Gaussian random variables

Y, εi for i = 1, ..., n. ρ, β ∈ [0, 1] are constants. When Bi = 0 then ρ̃i = ρ and the given

name is correlated to Y with ρ. When Bi = 1 then ρ̃i = β with q = P(Bi = 1) and the

given name is correlated to Y with β.

The conditional individual default probability is given by;

pi(t|Y ) = (1− q)Φ
[
ki − ρY√

1− ρ2

]
+ qΦ

[
ki − βY√

1− β2

]
where ki = Φ−1(Fi(t)). This model is the sum of two one-factor Gaussian copulae, which

allows one to incorporate a state of independence by setting β = 0. According to this model,
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names defaulting in this state do so with no other impact on the other names.

The second form that stochastic correlation model takes is a symmetric, stochastic but

dependent structure; the correlation structure and individual risk process are:

ρ̃i = (1−Bs)(1−Bi)ρ+Bs (3.20)

Vi =
(
(1−Bs)(1−Bi)ρ+Bs

)
Y +

(
(1−Bs)((1−Bi)

√
1− ρ2 +Bi)

)
εi (3.21)

where ε1, ..., εn, Y , Bs and B1, ..., Bn are independent. ε1, ..., εn and Y are standard Gaus-

sian variables. Bs and B1, ..., Bn are Bernoulli random variables with q = P(Bi = 1), qs =

P(Bs = 1).

In this structure marginal distribution of ρ̃i is discrete:

ρ̃i =


0, with probability q(1− qs)

ρi, with probability (1− q)(1− qs)

1, with probability qs

The correlation parameters are positively correlated and conditional on Y and Bs; the

distribution of ρ̃i is discrete, taking value Bs with probability q and taking value (1 −

Bs)ρ+Bs with probability 1−q. The conditional individual default probability is given by:

pi(t|Y ) = (1−Bs)
(

(1− q)Φ
(
ki(t)− ρY√

1− ρ2

)
+ qFi(t)

)
+Bs1ki(t)≥Y

Instead of calculating unconditional portfolio loss distributions as described in Burtschell

et al. (2005a) with probability generating functions, our calculations will employ character-

istic functions and FFT inversions as described in section 3.6.5.
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3.8.2 Gaussian Copula with Local Correlation

Turc, Very & Benhamou (2005) define a local correlation parameter as a function of the

common factor Y : ρ(Y ) taking values in [0, 1]. The individual risk process (V1, ..., Vn) is

not Gaussian unless ρ(Y ) is constant and may be expressed as:

Vi = −ρ(Y )Y +
√

1− ρ2(Y )εi

The marginal distribution of Vi may be written as:

H(x) = P[Vi ≤ x] =
∫

Φ
(
x+ ρ(y)y√

1− ρ2(y)

)
ϕ(y)dy

where Φ is the Gaussian distribution function and ϕ() is the Gaussian density function.

The default times are τi = F−1(H(Vi)). The conditional default probability may be written

as:

pi(t|Y ) = Φ
(
H−1(F (t)) + ρ(Y )Y√

1− ρ2(Y )

)

3.8.3 Gaussian Copula with Random Factor Loadings

Another model similar to local correlation is the Random Factor Loadings (RFL) model

proposed by Andersen & Sidenius (2005). This model addresses the fact that the market

loss distribution is more kinked than what Gauss model predicts and overcomes that by

incorporating random factor loadings into the model. The individual risk process (V1, ..., Vn)

is given as follows:

Vi = ai(Y )Y + vεi +m

where v, m are some positive constants and Y , εi are i.i.d. standard normal random variables

independent of Y for i = 1, ..., n. Factor loadings, ai(Y ), follow a two-point distribution:

ai(Y ) =

 w, Y ≤ θ with probability φ(θ)

z, Y > θ with probability 1− φ(θ)
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where θ ∈ R. If w > z than the factor loadings decrease as Y increases and asset values

couple more strongly to the economy in bad times than in good. When w = z, the model

becomes the constant factor loading Gaussian copula. w and z are such that Vi has a

zero mean and unit variance; hence they are given by: v =
√

1− V ar[ai(Y )Y ] and m =

−E[ai(Y )Y ]. Using Lemma 5 on page 38 of Andersen & Sidenius (2005):

E[ai(Y )Y ] = E[w1Y≤θY + z1Y >θY ] = [−wφ(θ) + zφ(θ)]

m = −[−wφ(θ) + zφ(θ)] = φ(θ)(w − z)

E[ai(Y )2Y 2] = E[w21Y≤θY 2 + z21Y >θY 2] = w2
(
Φ(θ)− θφ(θ)

)
+ z2(θφ(θ) + (1− Φ(θ)))

v =
√

1− w2(Φ(θ)− θφ(θ)) + z2(θφ(θ) + (1− Φ(θ)))− (−wφ(θ) + zφ(θ))2

Using Lemma 1 on page 35 of Andersen & Sidenius (2005), the marginal distribution of Vi

may be written as:

H(x) = P[Vi ≤ x] =]Φ2

[
x−m√
v2 + w2

, θ;
w√

v2 + w2

]
+ Φ

[
x−m√
v2 + z2

]
−Φ2

[
x−m√
v2 + z2

, θ;
z√

v2 + z2

]

where Φ2 is the bivariate Gaussian cdf and the default times are given by τi = F−1(H(Vi)).

The conditional default probability may be written as:

pi(t|Y ) = E
[
P
(
εi ≤

ki − (w1Y≤θY + z1Y >θY )−m
v

)]
= E

[
Φ
[
ki − (w1Y≤θY + z1Y >θY )−m

v

] ]

Depending on the size and homogeneity of the portfolio, portfolio loss distribution may be

calculated using methodologies outlined in sections 3.6.2, 3.6.3, 3.6.4 and 3.6.5.
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3.9 CDO Pricing with Normal Inverse Gaussian Copula

Kalemanova, Schmidt & Werner (2005) applied NIG distribution in pricing CDO’s. Normal

Inverse Gaussian (NIG) is a normal variance-mean mixture where the mixing density is the

inverse Gaussian distribution allowing the tails of the distribution to decrease slower than

normal distribution. This model is capable of producing heavy-tailed asymmetric return

distributions and it is relatively faster to calibrate as NIG distribution is stable under con-

volution.

A random variable X follows a NIG distribution with parameters α, β, µ and δ (shape,

asymmetry, location and scale parameters, respectively). Given that Y ∼ IG(δη, η2) with

η :=
√

(α2 − β2), then X|Y = y ∼ Φ(µ + βy, y) with 0 ≤ |β| < α and δ > 0 4. The most

important properties of the NIG distribution are its scaling5 and closure under convolution

for independent variables6. Individual risk processes (V1, ..., Vn) are given as follows:

Vi = ρY +
√

1− ρ2εi

where Y and εi have independent NIG distributions for i = 1, ..., n.

Y ∼ NIG

(
α, β,

−βη2

α2
,
η3

α2

)
εi ∼ NIG

(√
1− ρ2

ρ
α,

√
1− ρ2

ρ
β,−

√
1− ρ2

ρ

βη2

α2
,

√
1− ρ2

ρ

η3

α2

)

where η =
√

(α2 − β2). Using the scaling property and stability under convolution of NIG

distribution, and conditioning on the systemic factor Y :
4It’s moment generating function, mean, variance, skewness and kurtosis are given in the following

fashion: M(t) = E[ext] = eµt eδ
√
α2−β2

e
δ
√
α2−(β+t)2

, E[X] = µ + δβ
η

, var(X) = δ α
2

η3
, S(X) = 3 β

α
√
δη

and K(X) =

3 + 3

(
1 + 4

(
β
α

)2)
1
δη

5X ∼ NIG(α, β, µ, δ)⇒ cX ∼ NIG
(
α
c
, β
c
, cµ, cδ

)
6For two random variables X and Y : X ∼ NIG(α, β, µ1, δ1), Y ∼ NIG(α, β, µ2, δ2) ⇒ X + Y ∼

NIG(α, β, µ1 + µ2, δ1 + δ2)
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ρY ∼ NIG

(
α

ρ
,
β

ρ
,
−βη2ρ

α2
,
η3ρ

α2

)
√

1− ρ2εi ∼ NIG

( √
1− ρ2

ρ
√

1− ρ2
α,√

1− ρ2

ρ
√

1− ρ2
β,−(

√
1− ρ2)2

ρ

βη2

α2
,
(
√

1− ρ2)2

ρ

η3

α2

)
√

1− ρ2εi ∼ NIG

(
α

ρ
,
β

ρ
,−(1− ρ2)

ρ

βη2

α2
,
(1− ρ2)

ρ

η3

α2

)
Vi = ρY +

√
1− ρ2εi ∼ NIG

(
α

ρ
,
β

ρ
,−βη

2ρ

α2
− (1− ρ2)

ρ

βη2

α2
,
η3ρ

α2
+

(1− ρ2)
ρ

η3

α2

)

Denoting FNIG(s)(x) = FNIG

(
x; sα, sβ,−sβη

2

α2 , s
η3

α2

)
. Vi’s follow NIG distribution;

Vi ∼ NIG
(
α

ρ
,
β

ρ
,−1

ρ

βη2

α2
,

1
ρ

η3

α2

)
⇒ Vi ∼ NIG( 1

ρ

)
The third and fourth parameters make sure that the expected value of Vi is zero and its

variance is one7. Hence, the default barrier ki follows;

ki = F−1

NIG
(

1
ρ

)Fi(t)
Using the scaling property of NIG, the conditional default probability may be written as:

pi(t|Y ) = F
NIG

(√
1−ρ2
ρ

)
(
k − ρY√

1− ρ2

)

Depending on the size and homogeneity of the portfolio, portfolio loss distribution may be

calculated using methodologies outlined in sections 3.6.2, 3.6.3, 3.6.4 and 3.6.5. Table 4.7

shows Stochastic Correlation, RFL and NIG models fitted to CDX and Table 4.8 shows the

fit for iTraxx. Figure 4.5 shows the Portfolio Loss Distribution for CDX and iTraxx with

Stochastic Correlation, RFL and NIG using the optimized parameters reported Tables 4.7

and in 4.8, respectively.

7E[Vi] = −βη2
α2 + η3

α2
β
η

= 0, var(Vi) = η3

α2
α2

η3
= 1
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Chapter 4

CDO Pricing with Lévy Processes

This chapter introduces Lévy processes and presents a review of Lévy processes used in the

credit pricing literature. It also introduces the Correlated Dampened Power Law model

with its special cases and calibrates them to CDX and iTraxx tranche upfront fees and

running spreads.

4.1 Lévy Processes

This section introduces Lévy processes and presents important definitions/theorems that

will be employed throughout this chapter.

Definition 4.1.1. (Lévy Process) Let X = (Xt, t ≥ 0) be a stochastic process defined on a

probability space (Ω, F,P) filtered by the filtration {Ft, t ≥ 0}. Then Xt is said to be a Lévy

process if:

1. X0 = 0 (a.s)

2. X has independent increments: For each n ∈ N and each 0 ≤ t1 < t2 ≤ ... < tn+1 <

∞, the random variables (Xtj+1 −Xtj ) are independent for 1 ≤ j ≤ n.

3. X has stationary increments: The distribution of the increment Xt+s−Xt over interval

[t, t+ s] does not depend on t, but only on the length s of the interval.

4. X is stochastically continuous: For all ε > 0 and for all s ≥ 0,
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lim
t→s

P (|Xt −Xs| > ε) = 0

The best-known Lévy processes are Wiener and Poisson processes.

Definition 4.1.2. (Characteristic Function)The characteristic function φ of a distribu-

tion or a random variable X is the Fourier-Stieltjes transform of the distribution function

F (x) = P (X ≤ x);

φX(u) ≡ E[eiuX ] =
∫ +∞

−∞
eiuxdF (x) = e−tψ(u)

where ψ(u) is the characteristic exponent.

Infinite divisibility is an important property of Lévy process.

Definition 4.1.3. (Infinitely Divisible Distribution) A probability distribution F of a ran-

dom variable X on Rd is said to be infinitely divisible if for any integer n ≥ 2, there exist n

i.i.d. random variables Y1, ..., Yn such that Y1 + ...+Yn has distribution F . For each n ∈ N ,

we can write,

X = Y
(n)

1 + ...+ Y (n)
n

where Y
(n)
i ,i=1,...,n, are i.i.d. random variables, all following a law with characteristic

function φ(z)1/n.

Theorem 4.1.1. (Infinitely Divisible Lévy process) If (Xt)t≥0 is a Lévy process, then for

every t, Xt has an infinitely divisible distribution F . Conversely, if F is an infinitely

divisible distribution then there exists a Lévy process (Xt) such that the distribution of X1

is given by F .

The Lévy-Khintchine theorem allows getting the explicit form of the characteristic function

of a Lévy process.

Theorem 4.1.2. (Lévy-Khintchine Theorem) If Xt is a Lévy process with characteristic

function φX(u) ≡ E[eiuX ] = e−tψ(u), where ψ(u) is the characteristic exponent. The char-
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acteristic exponent satisfies the Lévy-Khintchine formula:

ψ(u) = −iuµ+
u2σ2

2
+
∫

R0

(
1− eiux + iux1|x|<1

)
υ(x)dx

where µ ∈ R, σ2 ≥ 0, 1|x|<1 is the indicator function and v is the Lévy measure.

The Lévy-Khintchine theorem demonstrates that Lévy processes are compromised of three

distinct components: A linear deterministic part characterized by µ, a Brownian part char-

acterized by σ2, and a pure-jump part characterized by v(dx). A Lévy process is said to be

fully represented by its corresponding Lévy/characteristic triplet [µ, σ2, v(dx)].

Definition 4.1.4. (Lévy Measure) v is the Lévy measure on R\{0} is the expected number

of jumps per unit of time and satisfies:

∫ +∞

−∞
min{1, x2}v(dx) =

∫ +∞

−∞
(1 ∧ x2)v(dx) <∞

when the Lévy measure is expressed in form v(dx), then it is called the Lévy density.

Definition 4.1.5. (Cumulant Exponent) Given that the constraint
∫

R0 x
21|x|<1υ(x)dx <∞

and the integral can be carried out explicitly, the cumulant exponent is defined as:

κ(s) ≡ 1
t
E[esXt ] = sµ+

s2σ2

2
+
∫

R0

(
esx − 1 + sx1|x|<1

)
υ(x)dx

Definition 4.1.6. (Infinite/Finite Variation) Given a Lévy process Xt with its character-

istic triplet [µ, σ2, v(dx)], the process is said to be of finite variation if

σ2 = 0 and
∫ 1

−1
|x|v(dx) <∞

if not, it is said to be of infinite variation.

Definition 4.1.7. (Infinite/Finite Activity) Given a Lévy process Xt with its characteristic

triplet [µ, σ2, v(dx)], the process is said to be of finite activity if

∫ +∞

−∞
v(x)dx <∞
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if not, it is said to be of infinite activity.

More details on Lévy processes can be found in Cont & Tankov (2004), Applebaum (2004)

and Schoutens & Cariboni (2009).

4.2 Lévy Processes Used in the Credit Pricing Literature

There is a striking similarity between the “volatility smile” from the Black-Scholes model

in option pricing and the “correlation smile” from Gaussian copula in credit pricing. Both

smiles are related to the underlying normal distribution assumption. Lévy jump processes,

which can generate return distributions with heavy tails, have been extensively employed

in the option pricing literature to explain the volatility smile; yet only a handful studies in

the credit pricing literature have attempted to explain the correlation smile or used Lévy

processes to generate heavier tailed return distributions.

Albrecher, Ladoucette & Schoutens (2007) assume that X = {Xt, t ∈ [0, 1]} and X(i) =

{Xi
t , t ∈ [0, 1]} for i = 1, 2, ..., n to be an iid Lévy process based on the same mother

infinitely divisible distribution L. For ρ ∈ [0, 1], the generic one-factor individual risk

process is given by:

Ai(T ) = Xρ +X
(i)
1−ρ

Several Lévy processes are tested within this functional structure. Firstly, they use the

standard normal distribution as the mother infinitely divisible distribution L, where the as-

sociated Lévy process is the standard Brownian MotionW = {Wt, t ∈ [0, 1]}. The individual

risk process is given by Ai(t) = Wρ + W
(i)
1−ρ, where Wρ follows a Normal(0, ρ) distribution

and W
(i)
1−ρ follows a Normal(0, 1− ρ) distribution. Adding these independent random vari-

ables leads to a standard normally distributed asset return distribution: Ai ∼ N(0, 1).

Secondly, they incorporate a Gamma1 process, G = {Gt, t ≥ 0}, with shape parameter a and

1The characteristic function of the Gamma distribution, Γ(k, δ), with parameters k and δ is: φGamma
Xt (u) =

(1− δiu)−k
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scale parameter
√
a where the driving Lévy process is denoted as: Xt =

√
at−Gt, t ∈ [0, 1].

Thirdly, they incorporate an Inverse Gaussian2 process, I = {It, t ≥ 0}, with parameters

a > 0 and b = a1/3 where the driving Lévy process is denoted as Xt = µt − It, t ∈ [0, 1]

with µ = a2/3. Hence, in their setting there is a deterministic up-trend with random down-

ward shocks. Finally, they implement the Variance Gamma process of Madan, Carr &

Chang (1998). They find that amongst the tested models, the shifted Gamma performs

the best in fitting iTraxx tranches. Garcia & Goossens (2007) tests a very similar shifted

Gamma model and also studies the effect of interpolating the base expected loss curve.

Baxter (2006) tests several variations of the Gamma process, including the Brownian

Gamma model, where two Brownian noise terms are added to the Gamma process; and the

Catastrophe Gamma model, where a low-intensity high-impact Poisson process is added to

the Gamma process to capture disaster scenarios. Baxter (2006) also tests the Variance

Gamma model and extends this model with the Brownian Variance Gamma and Catastro-

phe Variance Gamma models. He concludes, however, that the symmetric up and down

jumps of the Brownian Variance Gamma and Catastrophe Variance Gamma models do

not perform well in fitting CDX and iTraxx tranches. Similarly, Moosbrucker (2006) tests

several versions of the Gamma process and Variance Gamma process, and also creates a

Variance Gamma copula model. Brunlid (2006) proposes three different hyperbolic copu-

lae: A normal inverse Gaussian copula, a variance gamma copula and a skewed student’s

t copula, induced from a one factor Lévy model. Table 4.9 shows Inverse Gaussian and

Gamma processes fitted to CDX and Table 4.10 shows the fit for iTraxx.

4.3 Dampened Power Law (DPL)

Wu (2006)’s stylized model has been implemented in option and currency pricing, but it has

never been calibrated for credit pricing. The DPL is not only capable of accommodating

different degrees of dampening for positive and negative jumps, but it is also a “compre-
2The characteristic function of the Inverse Gaussian distribution, IG(a,b), with parameters a and b is:

φIG
Xt(u) = exp

(
a
b

[
1−

√
1− 2b2iu

a

])
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hensive” model in the sense that it is readily converted, for different parameter values, to

well-known models used widely in option pricing but as yet not implemented to CDO pricing.

Wu (2006) assumes that the arrival rate of jumps of size x in asset returns follows a power

law, dampened by an exponential function. The Lévy density of the DPL, defined on R0,

for a pure jump process Xt is given by:

υ(x) =

 γ+ exp(−β+|x|)
|x|α+1 , for x > 0

γ− exp(−β−|x|)
|x|α+1 , for x < 0

(4.1)

with parameters α ∈ (0, 2]/1, β±, γ± ∈ R+. β± are measures of exponential decay that must

be greater than 0 to ensure that return innovation Xt has finite moments. The exponential

dampening in 4.1 makes sure that as the absolute jump size |x| decreases its frequency

increases. Since α is assumed to be the same for positive and negative jumps, the difference

between γ+ and γ− determines the asymmetry in the model.

Wu (2006) and Carr, Geman, Madan & Yor (2002) show that −1 < α < 0 corresponds to a

finite activity process capable of capturing large but rare jumps, 0 < α < 1 corresponds to

an infinite activity process with finite variation capable of capturing both large and small

jumps and 1 < α < 2 corresponds to an infinite variation process capable of capturing many

small jumps. Hence, the DPL allows both infinite/finite activity as well as infinite/finite

variation. Moreover, thanks to different scaling coefficients governing positive and negative

jumps, it is capable of separating upside and downside jumps in a given asset’s return dis-

tribution.

The cumulant exponent and the characteristic exponent of the DPL are found by plugging

v(x) in 4.1 into the Lévy-Khintchine equality given in 4.1.2 and solving the integral:
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κDPL(s) = γ+Γ(−α)
[
(β+ − s)α − (β+)α

]
+γ−Γ(−α)

[
(β− + s)α − (β−)α

]
+ sC(h)

ψDPL(u) = −γ+Γ(−α)
[
(β+ − iu)α − (β+)α

]
−γ−Γ(−α)

[
(β− + iu)α − (β−)α

]
− iuC(h)

the jth cumulant is given by:

κDPL
1 ≡ ∂κ(s)

∂s
|s=0= Γ(1− α)

[
γ+(β+)α−1 − γ−(β−)α−1

]
+ C(h)

κDPL
j ≡ ∂jκ(s)

∂sj
|s=0= Γ(j − α)

[
γ+(β+)α−j − γ+(−1)j(β−)α−j

]
j = 2, 3, ...

the condition β± > 0 is necessary to make sure moments of the DPL are finite. If either

one of these parameters is equal to 0, than only moments less that α < 2 are finite. Having

finite moments is a necessary condition for incorporating the correlation parameter into the

DPL model. The characteristic function of the DPL is calculated as:

φDPL
Xt (u) = e−t(−γ

+Γ(−α)[(β+−iu)α−(β+)α]−γ−Γ(−α)[(β−+iu)α−(β−)α]−iuC(h))

4.4 General Framework

4.4.1 Asset Return Dynamics

Let Xt be a one-dimensional infinitely divisible pure jump Lévy process, such as the DPL,

defined on a probability space (Ω, F,P). Xt captures the uncertainty of the economy with

the corresponding Lévy triplet (µ, σ, v(x)) where v(x) is the density of the process. The

firm value process of the ith credit in the CDO can be expressed as:
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Sit = Si0 exp[µit+Xi
t − κi(1)t] (4.2)

lnSit = lnSi0 + (µit+Xi
t − κi(1)t) (4.3)

where µi is the instantaneous drift of the firm value process and κi(1) is a convexity adjust-

ment of Xi
t ensuring the term exp[Xi

t − κi(1)t] forms a martingale; hence, Xi
t − κi(1)t =

ψiX(u) + iuκiX(1). The default thresholds are chosen so that they produce risk-neutral

default probabilities implied by the quoted CDS spreads:

pi(t) = P(lnSit ≤ ki) = FlnSit
(ki)

hence, ki = F−1
lnSt

(pi(t)). FlnSt and F−1
lnSt

are the distribution functions of lnSt and its

inverse, respectively. There are several potential Lévy processes that Xt can be. Here,

a modified version of the DPL as well as its special cases will be used in pricing CDO

tanche’s3. Asset return dynamics given in 4.3 will be modified depending on whether jumps

are assumed to be unified or separated.

4.4.2 Correlation

Depending on the parametrization of the Lévy process at hand, several methods are available

for incorporating the correlation term into Lévy processes. Following Baxter (2006):

Theorem 4.4.1. For any Lévy process X(t), any integer n, and any non-negative correla-

tion ρ, thanks to the stationarity and independent increment properties of Lévy processes we

can construct a set of n Lévy processes X1(t), X2(t), ..., Xn(t), such that each Xi(t) has the

same distribution as X(t), and the correlation between Xi(t) and Xj(t) is ρ for all distinct

3For ease of readability, the i superscript is dropped for the rest of this chapter
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i and j. If X(t) has finite second moments, then

var(Xi(t)) = σ2t, for some σ

cov(Xi(t), Xj(t)) = σ2ρt

corr(Xi(t), Xj(t)) = ρ

Both Moosbrucker (2006) and Baxter (2006) model correlation in this intuitive way. For

example, Baxter (2006) proposes a multivariate Gamma process of form Xi(t) = Xg(ρt) +

X̃i((1 − ρ)t) with a global factor Xg and idiosyncratic factors X̃i for i = 1, ..., n. Both of

these components are assumed to be iid copies of the Lévy process X(t). Thus the correla-

tion between processes Xi and Xj is simply ρij = corr(Xi, Xj) = ρ.

In order to incorporate the correlation parameter, the DPL model as well as its special cases

will be modified by employing a similar structure. For the rest of this chapter, components

of the Lévy process are assumed to be iid copies of the same Lévy process X(t) with the same

pairwise correlation parameter ρ ∈ [0, 1]. Hence, we re-define the γ+ and γ− parameters in

the following way:

γ+ = γ(1− ρ) (4.4)

γ− = γρ (4.5)

for any γ, which is the measure of overall level of activity. ρ exists thanks to the finiteness

of second moments of the DPL.

4.4.3 Separating Arrival Rate of Negative and Positive Jumps

The arrival rate of negative and positive jumps of the DPL model can be separated. The

Lévy process with separated jumps is given as:
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exp[X+
t − tκ+(1)] exp[X−t − tκ−(1)]

where X+
t and X−t are independent processes of only positive and negative jumps of Xt,

respectively, and κ+ and κ− are the corresponding convexity adjustments. In this structure,

the pricing dynamics given in 4.3 is modified as follows:

lnSt = lnS0 + µt+X+
t +X−t − κ+(1)t− κ−(1)t

The characteristic function of independent processes for positive and negative jumps of X+
t

and X−t is calculated as follows:

φX+
t

(u) = e−t(−γ
+Γ(−α)[(β+−iu)α−(β+)α]−iuCQ(h))

φX−t
(u) = e−t(−γ

−Γ(−α)[(β−Q+iu)α−(β−Q)α]−iuCQ(h))

4.5 Special Cases of the DPL

The DPL is readily converted, for different parameter values, to well-known models used

widely in option pricing but as yet not implemented to CDO pricing.

4.5.1 α = 1 (ONE)

When α = 1 cumulant exponent converges to a different value and Wu (2006) shows that

the Lévy density becomes:

υ(x) =

 γ+ exp(−β+|x|)
|x|2 , for x > 0

γ− exp(−β−|x|)
|x|2 , for x < 0

with parameters β±, γ± ∈ R+. The cumulant exponent and the characteristic exponent are:
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κONE(s) = γ+(β+ − s) ln(1− s/β+) + γ−(β− + s) ln(1 + s/β−) + sC

ψONE(u) = −γ+(β+ − iu) ln(1− iu/β+)− γ−(β− + iu) ln(1 + iu/β−)− iuC

the characteristic function of this Lévy process is:

φONE
Xt (u) = e−t(−γ

+(β+−iu) ln(1−iu/β+)−γ−(β−+iu) ln(1+iu/β−)−iuC)

4.5.2 α-stable (STBL)

When β+ = β− = 0, the DPL becomes the Mandelbrot (1963) and Fama (1965) model.

α-stable distributions are shown to produce return distribution with tails decayed following

the power law . The Lévy density of the α-stable model is:

υ(x) =

 γ+ 1
|x|α+1 , for x > 0

γ− 1
|x|α+1 , for x < 0

with parameters α ∈ (0, 2]/1, γ± ∈ R+. The cumulant exponent and the characteristic

exponent are:

κSTBL(s) = − sec
(πα

2

) (
(sν+)α + (sν−)α

)
where ν+ =

(
γ+Γ(α/2)Γ(1− α/2)

2Γ(1 + α)

) 1
α

and ν− =
(
γ−Γ(α/2)Γ(1− α/2)

2Γ(1 + α)

) 1
α

ψSTBL(u) = sec
(πα

2

) (
(iuν+)α + (iuν−)α

)
the characteristic function of the α-stable is:

φSTBL
Xt (u) = e−t sec(πα2 )((iuν+)α+(iuν−)α)
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4.5.3 Finite Moment Log Stable Model (FMLS)

Carr & Wu (2003) assume that β+ = β− = 0 and γ+ = 0, hence they allow only negative

jumps. The return distribution of this model is asymmetric with a fat left tail and a thin

right tail. The Lévy density of this model is given by:

υ(x) = γ−
1

|x|α+1

with parameters α ∈ (0, 2]/1, γ− ∈ R+. The cumulant exponent and the characteristic

exponent are:

κFMLS(s) = −(sν)α sec
(πα

2

)
, where ν =

(
γ−Γ(α/2)Γ(1− α/2)

2Γ(1 + α)

) 1
α

ψFMLS(u) = (iuν)α sec
(πα

2

)

the characteristic function of FMLS is:

φFMLS
Xt (u) = e−t(iuν)α sec(πα2 )

4.5.4 CGMY

When γ+ = γ−, the DPL becomes the Carr et al. (2002) model. This model is a pure

jump Lévy model that can accommodate both infinite activity and finite activity as well as

infinite and finite variation. The Lévy density of the CGMY model is given by:

υ(x) =

 γ exp(−β+|x|)
|x|α+1 , for x > 0

γ exp(−β−|x|)
|x|α+1 , for x < 0

with parameters α ∈ (0, 2]/1, β±, γ ∈ R+. The cumulant exponent and the characteristic
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exponent of the CGMY are:

κCGMY(s) = γΓ(−α)
[
(β+ − s)α − (β+)α + (β− + s)α − (β−)α

]
+ sC(h)

ψCGMY(u) = −γΓ(−α)
[
(β+ − iu)α − (β+)α + (β− + iu)α − (β−)α

]
− iuC(h)

the characteristic function of CGMY is:

φCGMY
Xt (u) = e−t(−γΓ(−α)[(β+−iu)α−(β+)α+(β−+iu)α−(β−)α]−iuC(h))

4.5.5 Double Exponential (DE)

When γ+ = γ− and α = −1, the DPL becomes the Kou & Wang (2004) model. This

model is shown to produce high peak and heavy tails in asset return distribution. The Lévy

density of the double exponential model is given by:

υ(x) =

 γ exp (−β+x), for x > 0

γ exp (−β−|x|), for x < 0

with parameters β±, γ ∈ R+. The cumulant exponent and the characteristic exponent of

the double exponential are:

κDE(s) = γ

[
(β+ − s)−1 − 1

β+
+ (β− + s)−1 − 1

β−

]
ψDE(u) = −γ

[
(β+ − iu)−1 − 1

β+
+ (β− + iu)−1 − 1

β−

]

the characteristic function of double exponential is:

φDE
Xt(u) = e

−t
(
−γ
[
(β+−iu)−1− 1

β+ +(β−+iu)−1− 1
β−

])
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4.5.6 Variance Gamma (VG)

When γ+ = γ− and α = 0, the DPL becomes the Madan et al. (1998) and Madan & Seneta

(1990) model. This model is a pure jump Lévy model that allows only infinite activity with

finite variation. The Lévy density of the Variance Gamma model is given by:

υ(x) =

 γ exp(−β+|x|)
|x| , for x > 0

γ exp(−β−|x|)
|x| , for x < 0

with parameters β±, γ ∈ R+. The cumulant exponent and the characteristic exponent of

the variance gamma process are:

κVG(s) = −γ ln(1− s/β+)(1 + s/β−)

= −γ
(
ln(β+ − s)− lnβ+ + ln(β− + s)− lnβ−

)
ψVG(u) = γ ln(1− iu/β+)(1 + iu/β−)

= γ
(
ln(β+ − iu)− lnβ+ + ln(β− + iu)− lnβ−

)
the characteristic function of the Variance Gamma is:

φVG
Xt (u) = e−t(γ ln(1−iu/β+)(1+iu/β−))

×e−t(−γiu(ln(1−1/β+)(1+1/β−)))

In Madan et al. (1998)’s notation, ηp = 1
β+ and ηn = 1

β− , where ηp−ηn = θν and ηpηn = σ2ν
2 .

4.5.7 Symmetric (SYM)

When γ+ = γ− and β+ = β− = β 6= 0, the DPL becomes the Madan et al. (1998) and

Koponen (1995) model. This model has been calibrated by Schoutens & Cariboni (2009) in

pricing CDOs but with a different assumption of asset return dynamics than what will be
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presented here. This model produces symmetric return distribution where γ+ = γ− control

the kurtosis of the distribution. The Lévy density of this model is given by:

υ(x) = γ
exp(−β|x|)
|x|α+1

with parameters α ∈ (0, 2]/1, β, γ ∈ R+. The cumulant exponent and the characteristic

exponent of this model are:

κSYM(s) = γΓ(−α) [(β − s)α − βα] + sC(h)

ψSYM(u) = −γΓ(−α) [(β − iu)α − βα]− iuC(h)

the characteristic function of this model is:

φSYM
Xt (u) = e−t(−γΓ(−α)[(β−iu)α−βα]−iuC(h))

4.6 Model Calibration

The empirical performance of the DPL and its special cases are tested in pricing CDO

tranches. Different pricing dynamics and Lévy processes are assumed depending on the

assumption of whether γ+ = γ− or γ+ 6= γ−. This section explains the details of the

calibration procedure for each model. Table 4.11 shows the matrix of calibrated models

based on Lévy processes.

4.6.1 γ+ 6= γ− with no Brownian Motion

Simple Model

For Lévy processes when γ+ 6= γ− such as the Dampened Power Law, α = 1, α-stable and

Finite Moment Log Stable, the Lévy process is simply Xt and the pricing dynamics is:
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lnSt = lnS0 + (µt+Xt − κ(1)t)

where κ(1)t is the convexity adjustment. The default probability of each obligor is calculated

as follows:

P[lnSt ≤ kt] = P[lnS0 + (µt+Xt − κ(1)t) < kt]

= P [Xt < θt]

where θt = kt − (lnS0 + µt − κ(1)t) and kt = F−1
lnSt

. Denoting FXt as the distribution

function of process Xt, the default probability is:

p(t) = FXt(θt)

Hence, the distribution function of both processes, FXt , and also the distribution function

of the pricing dynamics, FlnSt , must to be calculated.

The characteristic function of return is given as follows:

φΩ
lnSt(u) = eiu(lnS0+µt)e−t(ψ

Ω(u))e−iu(κΩ(1))t

where Ω =DPL, ONE, STBL, FMLS. This structure is tested for DPL, α = 1, α-stable and

FMLS models. For example when Ω =DPL, the characteristic function of return becomes:

φDPL
lnSt(u) = eiu(lnS0+µt)e−t(−γ

+Γ(−α)[(β+−iu)α−(β+)α]−γ−Γ(−α)[(β−+iu)α−(β−)α]−iuC(h))

×e−t(iuγ+Γ(−α)[(β+−1)α−(β+)α]+iuγ−Γ(−α)[(β−+1)α−(β−)α]+iuC(h))

Table 4.12 shows DPL, ONE, STBL and FMLS models fitted to CDX and Table 4.13 shows
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the fit for iTraxx.

Separate Negative and Positive Jumps

For Lévy processes when γ+ 6= γ− such as the DPL, α = 1 and α-stable, the Lévy process

can be separated to incorporate different arrival rates of negative and positive jumps. The

Lévy process Xt that will be tested becomes:

X+
t +X−t

The pricing dynamics is given by:

lnSt = lnS0 + µt+X+
t +X−t − κ+(1)t− κ−(1)t

where X+
t and X−t are independent processes of only positive and negative jumps of Xt,

respectively, and κ+ and κ− are the corresponding convexity adjustments. This set-up is

tested for the DPL, α = 1 and α-stable. The default probability of each obligor is calculated

as follows:

P[lnSt < kt] = P[lnS0 + µt+X+
t +X−t − κ+(1)t− κ−(1)t < kt]

= P[X+
t +X−t < θt]

= P[X−t < θt −X+
t ]

where θt = kt− (lnS0 +(µ−κ+(1)−κ−(1))t) and kt = F−1
lnSt

(p(t)). Denoting FX+
t

and FX−t
as the distribution function of processes X+

t and X−t , respectively, the conditional default

probability is:
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p(t|y) = P[X−t < θt − y|y = X+
t ]

= FX−t
(θt − y)

and the unconditional default probability is found by integrating out the y variable.

p(t) =
∫ +∞

−∞
FX−t

(θt − y)dFX+
t

Hence, the distribution function of processes, FX−t , FX+
t

and also pricing dynamics, FlnSt ,

must be calculated.

Now, Ω =DPL, ONE, STBL. Denote the cumulant exponent, characteristic exponent and

characteristic function of process Ω corresponding to process X+
t as κΩ+, ψΩ+ and φΩ+,

respectively. Similarly, denote the cumulant exponent, characteristic exponent and charac-

teristic function of process Ω corresponding to process X−t as κΩ−, ψΩ− and φΩ−, respec-

tively. The characteristic functions of X+
t , X−t and the characteristic function of return is

given by:

φΩ
X+
t

= φΩ+
Xt

(u)

φΩ
X−t

= φΩ−
Xt

(u)

φΩ
lnSt(u) = eiu(lnS0+µt)e−t(ψ

Ω+(u))e−iu(κΩ+(1))te−t(ψ
Ω−(u))e−iu(κΩ−(1))t

where Ω =DPL, ONE, STBL. For example when Ω =ONE, characteristic functions of X+
t ,

X−t and the characteristic function of return are:
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φONE

X+
t

= e−t(−γ
+(β+−iu) ln(1−iu/β+))

φONE

X−t
= e−t(−γ

−(β−+iu) ln(1+iu/β−))

φONE
lnSt(u) = eiu(lnS0+µt)e−t(−γ

+(β+−iu) ln(1−iu/β+))e−t(iuγ
+(β+−1) ln(1−1/β+))

×e−t(−γ−(β−+iu) ln(1+iu/β−))e−t(iuγ
−(β−+1) ln(1+1/β−))

Table 4.16 shows DPL, ONE and STBL models fitted to CDX and Table 4.17 shows the fit

for iTraxx.

4.6.2 γ+ 6= γ− with Brownian Motion(s)

Simple Model

The second set of models add an independent standard Brownian Motion as a noise term

to the above Lévy processes. The extended Lévy process becomes:

Xt + σWt

where Wt is an independent standard Brownian Motion which adds an orthogonal diffusion

component to the model. Pricing dynamics is given by:

lnSt = lnS0 + (µ− 1
2
σ2)t+Xt + σWt − κ(1)t

where κ(1)t and 1
2σ

2t are convexity adjustments for the Lévy process Xt and standard

Brownian Motion Wt, respectively. The default probability of each obligor is calculated as

follows:
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P[lnSt < kt] = P[(lnS0 + (µ− 1
2
σ2 − κ(1))t+Xt + σWt < kt]

= P[Lt < θt]

where Lt = Xt + σWt, kt = F−1
lnSt

(p(t)) and θt = kt − (lnS0 + (µ− 1
2σ

2 − κ(1))t). Denoting

FLt as the distribution function of process Lt, the default probability is:

p(t) = FLt(θt)

Hence, the distribution function of both the process, FLt , and also pricing dynamics, FlnSt ,

must be calculated.

The characteristic functions of the extended processes and return are:

φΩ
Lt(u) = e−

1
2
σ2u2t × φΩ

Xt(u)

φΩ
lnSt(u) = eiu(lnS0+µt− 1

2
σ2t)e−t(ψ

Ω(u))e−iu(κΩ(1))te−
1
2
σ2u2t

where Ω =DPL, ONE, STBL, FMLS. This structure is tested for DPL, α = 1, α-stable

and FMLS models. For example when Ω =STBL, characteristic functions of the extended

processes and return becomes:

φSTBL
Lt (u) = e−

1
2
σ2u2te−t sec(πα2 )((iuν+)α+(iuν−)α)

φSTBL
lnSt (u) = eiu(lnS0+µt− 1

2
σ2t)e−t sec(πα2 )((iuν+)α+(iuν−)α)eiut sec(πα2 )((ν+)α+(ν−)α)e−

1
2
σ2u2t

Table 4.12 shows DPL, ONE, STBL and FMLS models fitted to CDX and Table 4.13 shows

the fit for iTraxx.
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Separate Negative and Positive Jumps

The second set of models add two independent standard Brownian Motions as noise terms

to the above Lévy processes. The extended Lévy process becomes:

X+
t +
√
σW+

t +X−t +
√

1− σW−t

where X+
t and X−t are independent processes of only positive and negative jumps of Xt,

respectively. W+
i and W−t are independent standard Brownian Motions. This specification

is convenient as it allows one to easily compare the Lévy processes against Gaussian copula

when γ+ = γ− = 0. The pricing dynamics is given by:

lnSt = lnS0 + (µ− σ + (1− σ)
2

)t+X+
t +
√
σW+

t +X−t +
√

1− σW−t − κ+(1)t− κ−(1)t

where κ+(1)t and κ−(1)t are convexity adjustments for the processes X+
t and X−t , respec-

tively. The convexity adjustment for the standard Brownian Motions add up to −1
2 t. This

set-up is tested for DPL, α = 1 and α-stable. The default probability of each obligor is

calculated as follows:

P[lnSt < kt] = P[lnS0 + (µ− σ + (1− σ)
2

)t+X+
t +
√
σW+

t

+X−t +
√

1− σW−t − κ+(1)t− κ−(1)t < kt]

= P[X−t +
√

1− σW−t < θt − (X+
t +
√
σW+

t )]

= P[L−t < θt − L+
t ]

where θt = kt − (lnS0 +
(
µ− 1

2 − κ
+(1)− κ−(1)

)
t), kt = F−1

lnSt
(p(t)), X+

t +
√
σW+

t = L+
t

is the global term and X−t +
√

1− σW−t = L−t is the idiosyncratic term. The conditional

default probability is:
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p(t|y) = P[L−t < θt − y|y = L+
t ]

= FL−t
(θt − y)

and the unconditional default probability is found by integrating out the y variable.

p(t) =
∫ +∞

−∞
FL−t

(θt − y)dFL+
t

Hence, the distribution function of processes, FL−t , FL+
t

and the pricing dynamics, FlnSt ,

must be calculated.

Now, Ω =DPL, ONE, STBL. The characteristic functions of L+
t , L−t and the characteristic

function of return are:

φΩ
L+
t

(u) = e−
1
2
σ2u2tφΩ+

Xt
(u)

φΩ
L−t

(u) = e−
1
2
σ2u2tφΩ−

Xt
(u)

φΩ
lnSt(u) = eiu(lnS0+µt− 1

2
t)e−t(ψ

Ω+(u))e−iu(κΩ+(1))te−t(ψ
Ω−(u))e−iu(κΩ−(1))t

×e(−
1
2
σ2u2)te(−

1
2

(1−σ2)u2)t

where Ω =DPL, ONE, STBL. For example when Ω =DPL, characteristic functions of L+
t ,

L−t and the characteristic function of return are:

74



φL+
t

(u) = e−
1
2
σ2u2te−t(−γ

+Γ(−α)[(β+−iu)α−(β+)α])

φL−t
(u) = e−

1
2

(1−σ2)u2te−t(−γ
−Γ(−α)[(β−+iu)α−(β−)α])

φlnSt(u) = eiu(lnS0+µt− 1
2
t)e−t(−γ

+Γ(−α)[(β+−iu)α−(β+)α])

×e−t(iuγ+Γ(−α)[(β+−1)α−(β+)α])

×e−t(−γ−Γ(−α)[(β−+iu)α−(β−)α])

×e−t(iuγ−Γ(−α)[(β−−1)α−(β−)α])e(−
1
2
σ2u2)te(−

1
2

(1−σ2)u2)t

Table 4.16 shows DPL, ONE and STBL models fitted to CDX and Table 4.17 shows the fit

for iTraxx.

4.6.3 γ+ = γ− with no Brownian Motion

For Lévy processes when γ+ = γ− such as CGMY, Double Exponential, Variance Gamma

and Symmetric Case, two sets of models are tested. The first set is an addition of two Lévy

processes where the first process is with parameter γ+ and the second one with parameter

γ−, defined as in 4.4 and 4.5. The Lévy process that will be tested becomes:

Xg
t +Xi

t

where Xg
t is the Lévy processes with parameter γ+ and Xi

t is the Lévy processes with

parameter γ−. The pricing dynamics is given by:

lnSt = lnS0 + µt+Xg
t +Xi

t − κg(1)t− κi(1)t

where κg(1)t and κi(1)t are convexity adjustments for the processes Xg
t and Xi

t , respectively.

This set-up is tested for CGMY, Double Exponential, Variance Gamma and Symmetric

Cases. The default probability of each obligor is calculated as follows:
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P[lnSt < kt] = P[lnS0 + µt+Xg
t +Xi

t − κg(1)t− κi(1)t < kt]

= P[Xg
t +Xi

t < θt]

= P[Xi
t < θt −Xg

t ]

where θt = kt − (lnS0 + (µ− κg(1)− κi(1))t) and kt = F−1
lnSt

(p(t)). Denoting FXg
t

and FXi
t

as the distribution function of processes Xg
t and Xi

t , respectively, the conditional default

probability is:

p(t|y) = P[Xi
t < θt − y|y = Xg

t ]

= FXi
t
(θt − y)

and the unconditional default probability is found by integrating out the y variable.

p(t) =
∫ +∞

−∞
FXi

t
(θt − y)dFXg

t

Hence, the distribution function of processes, FXi
t
, FXg

t
and also the pricing dynamics, FlnSt ,

must be calculated.

Now, Ω =CMGY, DE, VG, SYM. Denote the cumulant exponent, characteristic exponent

and characteristic function of process Ω with parameter γ+ as κΩ+, ψΩ+ and φΩ+, respec-

tively. Similarly, denote the cumulant exponent, characteristic exponent and characteristic

function of process Ω with parameter γ− as κΩ−, ψΩ− and φΩ−, respectively. The charac-

teristic functions of Xg
t , Xi

t and the characteristic function of return are given by:
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φΩ
Xg
t

= φΩ+
Xt

(u)

φΩ
Xi
t

= φΩ−
Xt

(u)

φΩ
lnSt(u) = eiu(lnS0+µt)e−t(ψ

Ω+(u))e−iu(κΩ+(1))te−t(ψ
Ω−(u))e−iu(κΩ−(1))t

where Ω =CMGY, DE, VG, SYM. This structure is tested for CGMY, double exponen-

tial, variance gamma and symmetric models. For example when Ω =SYM, characteristic

functions of Xg
t , Xi

t and the characteristic function of return are:

φSYM

Xg
t

= e−t(−γ
+Γ(−α)[(β−iu)α−βα]−iuC(h))

φSYM

Xi
t

= e−t(−γ
−Γ(−α)[(β−iu)α−βα]−iuC(h))

φSYM
lnSt(u) = eiu(lnS0+µt)e−t(−γ

+Γ(−α)[(β−iu)α−βα])e−t(iuγ
+Γ(−α)[(β−1)α−βα])

×e−t(−γ−Γ(−α)[(β−iu)α−βα])e−t(iuγ
−Γ(−α)[(β−1)α−βα])

Table 4.14 shows CGMY, DE, VG and SYM models fitted to CDX and Table 4.15 shows

the fit for iTraxx.

4.6.4 γ+ = γ− with two Brownian Motions

The second set of models add two independent standard Brownian Motions as noise terms

to the above Lévy processes. The extended Lévy process becomes:

Xg
t +
√
σW g

t +Xi
t +
√

1− σW i
t (4.6)

where Xg and Xi are independent global and idiosyncratic factors, respectively. W g
i and W i

t

are independent global and idiosyncratic standard Brownian Motions, respectively. When

γ+ = γ−, the specification in 4.6 is convenient as it allows one to easily compare the Lévy

processes against Gaussian copula when γ+ = γ− = 0. The pricing dynamics is given by:
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lnSt = lnS0 + (µ− σ + (1− σ)
2

)t+Xg
t +
√
σW g

t +Xi
t +
√

1− σW i
t − κg(1)t− κi(1)t

where κg(1)t and κi(1)t are convexity adjustments for the processes Xg
t and Xi

t , respectively.

The convexity adjustment for the standard Brownian Motions add up to −1
2 t. This set-up

is tested for CGMY, Double Exponential, Variance Gamma and Symmetric Cases. The

default probability of each obligor is calculated as follows:

P[lnSt < kt] = P[lnS0 + (µ− σ + (1− σ)
2

)t+Xg
t +
√
σW g

t

+Xi
t +
√

1− σW i
t − κg(1)t− κi(1)t < kt]

= P[Xi
t +
√

1− σW i
t < θt − (Xg

t +
√
σW g

t )]

= P[Lit < θt − Lgt ]

where θt = kt − (lnS0 +
(
µ− 1

2 − κ
g(1)− κi(1)

)
t), kt = F−1

lnSt
(p(t)), Xg

t +
√
σW g

t = Lgt is

the global term and Xi
t +
√

1− σW i
t = Lit is the idiosyncratic term. The conditional default

probability is:

p(t|y) = P[Lit < θt − y|y = Lgt ]

= FLit(θt − y)

and the unconditional default probability is found by integrating out the y variable.

p(t) =
∫ +∞

−∞
FLit(θt − y)dFLgt

Hence, the distribution function of processes, FLit , FLgt and also pricing dynamics, FlnSt ,

must be calculated.
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Now, Ω =CMGY, DE, VG, SYM. The characteristic functions of Lgt , L
i
t and the character-

istic function of return are:

φΩ
Lgt

(u) = e−
1
2
σ2u2tφΩ+

Xt
(u)

φΩ
Lit

(u) = e−
1
2
σ2u2tφΩ−

Xt
(u)

φΩ
lnSt(u) = eiu(lnS0+µt− 1

2
t)e−t(ψ

Ω+(u))e−iu(κΩ+(1))te−t(ψ
Ω−(u))e−iu(κΩ−(1))t

×e(−
1
2
σ2u2)te(−

1
2

(1−σ2)u2)t

where Ω =CMGY, DE, VG, SYM. This structure is tested for CGMY, double exponential,

variance gamma and symmetric models. For example when Ω =CGMY, characteristic

functions of Lgt , L
i
t and the characteristic function of return are:

φLgt (u) = e−
1
2
σ2u2te−t(−γ

+Γ(−α)[(β+−iu)α−(β+)α+(β−+iu)α−(β−)α]−iuC(h))

φLit(u) = e−
1
2

(1−σ2)u2te−t(−γ
−Γ(−α)[(β+−iu)α−(β+)α+(β−+iu)α−(β−)α]−iuC(h))

φlnSt(u) = eiu(lnS0+µt− 1
2
t)e−t(−γ

+Γ(−α)[(β+−iu)α−(β+)α+(β−+iu)α−(β−)α])

×e−t(iuγ+Γ(−α)[(β+−1)α−(β+)α+(β−+1)α−(β−)α])

×e−t(−γ−Γ(−α)[(β+−iu)α−(β+)α+(β−+iu)α−(β−)α])

×e−t(iuγ−Γ(−α)[(β+−1)α−(β+)α+(β−+1)α−(β−)α])e(−
1
2
σ2u2)te(−

1
2

(1−σ2)u2)t

Table 4.14 shows CGMY, DE, VG and SYM models fitted to CDX and Table 4.15 shows

the fit for iTraxx.

4.6.5 Data and Estimation

The Correlated Dampened Power Law (CDPL), as well as its special cases are calibrated

to CDX.NA.IG.13 and iTraxx EUR.9 spreads read from Bloomberg on November 25, 2009.

The vector of estimated parameters is Υ = [µ, α, γ±, β±] and it differs depending on the
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model under investigation.

The Fast Fourier Transform (FFT) method of Carr & Madan (1998) is employed to invert

the characteristic function of each Lévy process and pricing dynamics. Fourier resolution

of 210 is used with spacing 0.25. The probability density function of each Lévy process

and pricing dynamics is integrated using the trapezoidal rule to find the cumulative dis-

tribution function of each Lévy process and pricing dynamics. The default barrier of each

credit is found by linearly interpolating the asset returns inverse cumulative distribution

function. Similarly, the conditional portfolio loss distribution is found by linear interpola-

tion. The unconditional portfolio loss distribution is found by integrating out the common

factor/process taking a specific value by employing the trapezoidal rule.

The objective function, Mean Absolute Error, is minimized by employing the Nelder-Mead

routine and it is defined as follows:

∆(µ, α, γ±, β±) =
1
K

K∑
k=1

|wkMarket − wkModel| (4.7)

where K is the number of tranches, wkMarket is the upfront fee for kth tranche read from the

market and wkModel is the upfront fee for kth tranche estimated by the model.

Generally, the CDX/iTraxx spreads are reported as an upfront fee with a fixed running

spread for the equity tranche and running spreads for all other tranches. In consequence,

most of the time CDO pricing literature minimizes a version of equation 4.7 by inputting

running spreads. However, the CDX and iTraxx data pulled from Bloomberg on November

25, 2009 shows upfront fees except for the two most senior tranches of iTraxx. Hence,

upfront fees are chosen to be minimized instead of running spreads here. The two most

senior tranches of iTraxx running spreads are converted to upfront fees during optimization,

and optimal upfront fees are converted to running spreads in reporting.
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4.7 Results

The CDPL model, as well as its special cases (i.e. ONE, STBL, FMLS, CGMY, DE, VG,

SYM) have been calibrated to fit the CDX.NA.IG.13 and iTraxx EUR.9 series tranche up-

front fees and running spreads. Their performance is compared to three sets of models

commonly employed in the industry and frequently referenced in the literature.

The first group comprises industry benchmark models where the default dependence struc-

tures are represented by a copula function. Elliptical and Archimedean copula models (i.e.

Gaussian, student’s t, double t, Clayton, Frank, Gumbel and MO) with Monte Carlo sim-

ulation as well as their one-factor representations are in this group. Thanks to its upper

and lower tail dependence, student’s t copula outperforms the tail-independent Gaussian

copula model in both Monte Carlo simulation and in factor model. As the degrees of

freedom of student’s t copula increases, its results approach to Gaussian copula findings.

Owing to its upper tail dependence, the Gumbel copula not only fits better than the lower

tail-dependent Clayton copula and tail-independent Frank copula models, but also better

than all other copula models tested with Monte Carlo simulation. Amongst the Elliptical

and Archimedean copula models tested, the Marshall-Olkin and Clayton copulae have the

highest MAE’s. Double t copula, with its symmetric heavy-tailed distribution, performs

significantly better than the Gaussian copula.

The second group includes the Stochastic Correlation model with independent correlation

and symmetric but dependent correlation assumptions, the Random Factor Loadings model,

and symmetric/asymmetric Normal Inverse Gaussian models. The stochastic Correlation

model with independent correlation parameter fits significantly better than its counterpart

with symmetric and dependent structure. Moreover, the asymmetric Normal Inverse Gaus-

sian model performs much better than the symmetric Normal Inverse Gaussian model. An

important empirical result is that having a negative asymmetry parameter significantly im-

proves the fit of the NIG model. Amongst the models tested in this section, Random Factor

Loadings perform the best, whilst the Stochastic Correlation model with independent cor-

81



relation parameter is a close second. Symmetric NIG is the worst performer amongst the

tested models in this section.

The third group includes the most commonly implemented models based on Lévy processes

in CDO pricing literature: Inverse Gaussian and Gamma processes. The results show that

the Inverse Gaussian model fits much better to CDX and iTraxx tranches when compared

to Lévy-based Gamma process model. Garcia, Goossens, Masol & Schoutens (2007) tests

the SYM model, though with pricing dynamics different from what is tested here, and find

that it performs better than the IG and Gamma models. Further, Baxter (2006) finds that

the VG model performs better than the Gamma model; our results confirm both findings.

The CDPL, ONE, STBL and FMLS models tested with the assumption of unified jumps

do not perform well. Although unified jump models perform significantly worse than their

separated jump counterparts, the ranking of the empirical results is reasonable. As ONE

and STBL are special cases of the CDPL, the CDPL performs better than both. Similarly,

as the FMLS is a special case of the STBL, the STBL performs better than the FMLS.

Empirical findings show that adding a diffusion component to the unified jump models does

not improve the fit of these models to CDX and iTraxx indices, except for the CDPL model.

By contrast, for almost all the Lévy-based models tested with the assumption of separated

jumps or sum of two Lévy processes, adding two diffusion components significantly improves

the fit.

Amongst the CGMY, DE, VG and SYM models tested with the assumption of sum of

two Levy processes, the CGMY model performs the best: It fits the CDX with a MAE of

0.2568% and iTraxx with a MAE of 0.5375%. These models significantly outperform models

tested with the assumption of unified jumps. An argument similar to the one just made for

the unified jump models can be made for these models as well: As DE and VG are special

cases of the CGMY, the CGMY performs better than both. The worst performer here is
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the SYM model, tested previously by Garcia et al. (2007).

Most significantly, it is clear from the empirical findings that the CDPL with separated

jumps significantly outperforms all of its special cases, all of the industry benchmark mod-

els and other tested models in the credit pricing literature. For the CDX index, the MAE

attained with the industry benchmark Gaussian factor copula is 3.7890%. The best fit with

the models already tested in the literature is attained with the Random Factor Loadings

model with a MAE of 0.2579%. The CDPL fits the CDX tranches with a MAE of 0.1817%;

hence, it decreases the MAE attained with the Gaussian factor copula model by 95.20%,

with the RFL model by 29.54% and with the CGMY model by 29.25%.

Similarly, for the iTraxx index, the MAE attained with the industry benchmark Gaussian

factor copula is 5.9474%. The best fit with the models already tested in the literature is

attained with the IG model which has a MAE of 1.0193%. The CDPL with separated jumps

fits the iTraxx tranches with a MAE of 0.4795%; hence, it decreases the MAE attained with

the Gaussian factor copula model by 91.93%, with the IG model by 52.95% and with the

CGMY model by 10.79%.

4.8 Conclusion

Thanks to its ability to capture asymmetric heavy-tailed return distributions and to accom-

modate different degrees of dampening for positive and negative jumps, the CDPL model

significantly outperforms all of the industry benchmark models and other existing models

in the credit pricing literature. The CDPL model decreases the mean absolute error of the

Gaussian copula model by 95% and 91% for CDX and iTraxx indices, respectively. Simi-

larly, the CDPL model decreases the mean absolute error of the best performing model in

the literature by 30% for CDX and 52% for iTraxx indices. The empirical evidence shows

that the CDPL model overcomes the major deficiencies of the existing CDO pricing models

and it successfully fits the market quotes. As such, it constitutes an important addition to

the credit pricing literature.
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Data

Figure 4.1: CDX and iTraxx Data Bloomberg Screen Shots .
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Probability density of Portfolio Loss using binomial distribution, large portfolio approxi-
mation, semi analytic recursion and Fast Fourier Transform methods for CDX (top) and
iTraxx (bottom) with Gaussian one factor copula model and with correlation parameters
0.3655 and 0.4550, respectively.

Figure 4.2: Probability density of Portfolio Loss .
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The skew for the standardized tranches is shifted towards a higher subor-
dination as the portfolio average spread is wider than the index spread.

Figure 4.3: Correlation Smile for CDX and iTraxx.
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Portfolio Loss Distribution for CDX(top), iTraxx(bottom) with Gaussian, stu-
dent’s t and double t with the optimized parameters reported in tables.

Figure 4.4: Probability density of Portfolio Loss.
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Portfolio Loss Distribution for CDX(top), iTraxx(bottom) with Stochastic Cor-
relation, RFL and NIG with the optimized parameters reported in tables.

Figure 4.5: Probability density of Portfolio Loss
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Blue histograms are the corresponding marginal histograms. ρ is the correlation parameter,
K is Kendall’s tau and S is Spearman’s rho.

Figure 4.6: Gaussian bivariate copula simulation and probability density with 3000 samples
.
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Blue histograms are the corresponding marginal histograms. ρ is the correlation parameter,
K is Kendall’s tau and S is Spearman’s rho.

Figure 4.7: student’s t bivariate copula simulation and probability density with 3000 samples
.
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Blue histograms are the corresponding marginal histograms. ρ is the correlation parameter,
K is Kendall’s tau and S is Spearman’s rho.

Figure 4.8: Clayton bivariate copula simulation and probability density with 3000 samples
.
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Blue histograms are the corresponding marginal histograms. ρ is the correlation parameter,
K is Kendall’s tau and S is Spearman’s rho.

Figure 4.9: Frank bivariate copula simulation and probability density with 3000 samples .
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Blue histograms are the corresponding marginal histograms. ρ is the correlation parameter,
K is Kendall’s tau and S is Spearman’s rho.

Figure 4.10: Gumbel bivariate copula simulation and probability density with 3000 samples
.
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Schönbucher, P. (2003), Credit Derivatives Pricing Models, John Wiley and Sons, US.
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