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Abstract

Visualization o f Electron Transport Dynamics in 
Quantum Nanostructures

by

Jawad A. Qureshi 

Advisor: Kai Shum, Professor of Electrical Engineering

This thesis investigates electron transport dynamics in quantum nanostructures 

with electron-phonon and electron-photon interactions. A  real-time visualization program 

is designed for calculating wavepacket propagation by solving the time-dependent 

Schrodinger equation with electron-phonon or electron photon interaction. It is used to 

analyze trapping in single quantum well and also Bloch oscillations in semiconductor 

superiattices. The trapping in quantum well is analyzed for electron-phonon and electron- 

photon interaction. The decay o f the center o f  mass o f the Bloch oscillations in 

semiconductor superiattices under electron-phonon interaction w ill be calculated by the 

program.

The above program is written using the Crank-Nicolson algorithm. However, this 

method is not able to solve for complicated Hamiltonians. There are other methods o f 

solution o f the time-dependent Schrodinger equation that extend the range o f 

Hamiltonians that can be solved. However, they cannot be used for any complicated 

Hamiltonian. A  new algorithm, called recursive error method (REM), is invented (patent 

pending) and tested on simple structures for quantifying efficiency and accuracy. It
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compares favorably to other methods in solving simple Hamiltonians and shows superb 

advantages for complicated multi-dimensional Hamiltonians.

The REM algorithm is used to analyze the coupling o f two quantum boxes. A 

two-dimensional electron Hamiltonian must be used in the time-dependent Schrodinger 

equation resulting in massive computations. The real-benefit o f  the REM algorithm w ill

<-• •  • 1 ♦  1 1 •> 1 M X *  ̂  w n  ^  J  !  »  . .  . I  « t  o  lo  ,  o  ■» -j « l«  ^  »  % -  ,  ,  1 •  ■. l ' ,  u  ^  t  !  > a t  .  I
\ J  t i l *  IC O U ll 1 1  p iUU HV-l v -u tltp u o -io  OlC U.3CU. I l l  VMUCU CU^C 111C IC O U lt i IU1 CUUlpUCcUCU

Hamiltonians are obtained in real-time.
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1

CHAPTER 1 

INTRODUCTION

i . l  Background

The numerical solution o f  the time-dependent Schrodinger equation (TDSE) is 

computationally intensive as compared to the time-independent one. However only the 

steady-state behavior can be obtained by the time-independent Schrodinger equation. For 

electron transport dynamics in femtosecond timescale it is necessary to use the TDSE. 

This is especially true i f  there are dissipative interaction terms in the Hamiltonian.

In this thesis, the TDSE is used to study three types o f semiconductor 

nanostructures: single quantum well, superlattice and two coupled quantum boxes. Single 

quantum well nanostructures w ill be used with both electron-phonon and electron-photon 

interaction. Bloch oscillations, in semiconductor superiattices. are one problem that 

cannot be solved by the time-independent Schrodinger equation. Even in the absence o f 

electron-phonon where it is expected that the Bloch oscillations w ill exist forever, there 

isn't a steady state solution. Furthermore, in presence o f  interaction. Bloch oscillations 

w ill disappear after some time. A  time-dependent approach to investigate how Bloch 

oscillations evolve w ith electron-phonon interaction w ill thus form an integral part o f  this 

thesis.
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A new method for solution o f the TDSE. called the Recursive Error Method 

(REM), is invented. This method is employed to solve the coupled quantum box (QB) 

problem where the electron goes back and forth from one QB to the other.

1.2 Thesis statement

A wavepacket approach to solve the TDSE w ill be used here to study different 

quantum structures. The various aspects studied are

(1) A quantum mechanical model is developed for including electron-phonon 

interaction.

(2) A quantum mechanical model is developed for including electron-photon 

interaction.

(3) Description o f a program for visualization o f quantum projects and an example 

project is illustrated.

(4) Trapping o f  charge in a single quantum well w ith electron-phonon interaction is 

investigated.

(5) Electron dynamics in the semiconductor superlattice in presence o f electron- 

phonon interaction show damping o f Bloch oscillations w ith time.

(6) Trapping o f charge in a single quantum well w ith electron-photon interaction is 

investigated and the results are used to propose an ultrafast optoelectronic switch.

(7) A Recursive error method (REM) is outlined to solve any Hamiltonian on parallel 

computers.
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1.3 Thesis organization

This thesis is organized into eight chapters including this introductory chapter and 

a final summary. The organization o f chapters 2 through 8 parallel the tasks listed in the 

previous section.

In Chapter 2. the electromagnetic theory is used to derive a formula for the 

electron-phonon interaction based on the dielectric continuum theory. Chapters 3 derives 

the form o f the electron-photon interaction using the dipole moment o f the electron. The 

program to visualize the wave packets under electron-phonon and electron-photon 

interaction, is described in Chapter 4. The model, to include the electron-phonon 

interaction in the TDSE. is tested on a single quantum well in Chapter 5.

In Chapter 6 . a semiconductor superlattice structure is analyzed. First the 

conditions under which there w ill be Bloch oscillations are found in the absence o f  

interaction. Then electron-phonon interaction is turned on to investigate the decay o f  

Bloch amplitude and compare the calculated results with experiment. A new optically- 

controlled electronic switch, based on electron-photon interaction in a single quantum 

w ell, is proposed in Chapter 7. In Chapter 8. a new iterative method for the solution o f the 

TDSE for arbitrary Hamiltonians, called the Recursive Error Method (REM) is presented. 

Several simple structures are analyzed both with REM and conventional iterative 

techniques. The calculation speed and accuracy o f  REM is compared to other methods 

and it is found to excel them. Furthermore, the new method REM. is capable o f  handing 

complicated Hamiltonians with ease provided all the computations can be handled by 

parallel computers.
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CHAPTER 2 

THEORY OF ELECTRON PHONON INTERACTION

2.1 Introduction

In GaAs material system, polar longitudinal-optical (LO) phonons are dominant 

over other kinds o f  phonons in terms o f  the scattering rate and energy loss. The dielectric 

continuum model1 is derived and the assumptions are noted so confinement in quantum 

structure can be properly dealt w ith. The form o f the equations used in the numerical 

program are found as well as reasonable values o f coefficients. The role o f confinement 

w ill lead to other phonons such as confinement phonons. For comparison w ith previous 

results, it should be noted that SI units are used throughout and permittivities are used 

rather than dielectric constants.

2.2 Theory

2.2.1 Atomic model

For a polar molecule under electric field, the dipole moments are related to 

displacement and localized electric field as 

(2.1a) p . = e '„u ‘ + a .E i0C.
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(2.1b) p . = -e ^u ‘ +a_E l0C.

Here the two coefficients are the effective charge and the electronic 

polarizabilities.

The total polarization is

(2 .2 ) P = — (p. - p _ )  = — (e'n(u* -  iT  ) + a E lllt)

where va is the volume o f the elementarv cell and a  = a  -  a

The localized electric field is

(2.3) E',K = E +  P.
3e „

where the Lorenz factor for cubic lattices' has been used.

Substituting Eq. (2.3) into (2.2). the polarization is

( 2 .4 ) P = I - -
a

.1 v j e „ \ ,
(e* (u* -  u ' )+aE).

The polarization can be simplified by introducing

(2.5a) u =  j ± H r - u - ) .
\ Va

whereby

(2.5b)

(2.5c)

P = b,,u  + b „E  .

= e n.
a

V VaPnl 3S0V:|
. b „ = —  1------—

a / V a  V  j e 0 V a )

The forces on the ions are a function o f  both the displacement and electric field as 

in the equations
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(2.6a) m n*u  = - f n(u - - u - )+ e * BEte .

(2.6b) m

where the constants refer to the masses o f the ions, the force constant, and the effective 

charge.

The ahove equations can he eomhined to give one equation for the relative 

displacement by introducing a reduced mass .(.in.

(2.7a) !T,

• •  • •

u -  u

(2.7b) u„ =
m nmn

M ultiplying both sides by . Eq. ( 2.7). and using Eq. (2.5a)

( 2 .8 ) u = - f „ u  + e* 1̂ -
’ a V

E + -—  P

By substituting Eq. (2.5) into (2.9). this equation results

(2.9a)
V Va

E + (b,,u - rb : .E)
V

(2.9b)
i

n
A

-b „
v a y

u + e •  I t s

i v a
+ - — b;,

a V J £ 0

(2.9c) M-n u = - f nu + e’ J— E + ea J— -7 - —
Va J60 Va

a - 'f

(2.9d) u„ u = u
u„

n -\l -»
V V a ^ 0  V a

a

V j E 0V a 1 " V f .  JE.
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Now the displacement can be written as

(2.10a)

(2. 10c)

u = bn u + b,; E .

 ^ _ Y  k
V .1M-n 3fT v , I*  3ertv a J \ ' p „

b,, =e !
P n V , Vl V.

a V M  .
a a

va  ̂ jenvj /

The two coupled equations (2.10a) and (2.5a) can be further simplified by noting 

b:i = b i: and so a diatomic ion can be described by these equations

(2.1la)

(2.1lb )

u = bMu + b r E

P = b „ u + b „ E .

2.2.2 Dielectric model

Eq. (2.11) paves the way for a macroscopic treatment based on measurable optical 

constants. The b variables can be found from the description o f the dielectric constant in 

the harmonic approximation.

(2.12a) E = E0e ''MI. u = u0e 'u'’' . P = P ^ " '"

(2.12b) - o ) ‘ u = b,,u + b,: E

(2.12c) u ( - c r - b n ) = b,,E.
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(2.12d) u  =
JT:__

— co' -  b,

(2.12e) P = b,,u + b „ E .

b,.
(2.120 P = b r  .

- -  b,, -  co
t E + b „ E .

l - . t - g )
r> I »r  = i o „ t

b ,:: I
I  ~ - b , ,  — co ~ i

TIC..

Since

(2.12h) D = e„E + P = cE .

i) D = e„E + b „  +■
b, , ‘

- b n - o r
t |E = eE .

the final equation is

(2.12J) C = E„ r b „  r
b, , '

The perm ittivity can be written as

(2.13) S = £.
e., - e r

co

v tn r< i j

The perm ittivity is e„ at zero frequency (it should not be confused w ith  the free 

space perm ittivity). e r at high frequencies, and in fin ity  at coT(l which is the transverse 

mode where the electric field is zero.

Comparing the two equations b:2 is simply found as 

(2.14a) e„ + b ,2 = e , .

(2.14b) b ,: = e x - £ 0.
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The other two constants can be determined from comparing the numerator and 

denominator o f  the follow ing equations:

(2.15a) b,:'
- b M - o r ( v  0)

V M  ro i

2.15b)
-b , ,  — co* ' “ rn V co

V  w r o  /

(2.15c)

(2.15d) 

(2.15e) 

(2.150

b i : ’ ior„ * ( e „ - e r )

— b , , -  or C0I() - - M -

b , : '  = coi o ' ( e „ - e , ) .  

b , : = w r n ( e 0 - e , ) ’ : .

b  11 — o ) ri) .

The form o f potential energy is now derived. The power flow  per unit area is 

defined as the Poynting vector 

(2.16) P = E x H .

Using the vector identity. V - ( E x H )  = H- ( V x E ) - E - ( V x H ) .  and the Maxwell 

equations

(2.17a) V x E  = - u H .

(2.17b) V x H  = J + D,

with the definitions.

2.18a) D = e„E + P .
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(2.18b) J = X e , R , 6( R - R , ) .
i

the temporal rate o f potential energy density change (J is ignored at this moment because 

it only contributes to kinetic energy) can be written as

(2.19) p H -H  + e „E -E+E-P .

I f  this potential energy density is assumed

I • : 1 , 1 , 1 , 1 ,
(2.20) E, = ~ u  -  — bnu" -  b , , u - E -  —b:, E ' + E • P + —s , jE '+ - j i H " .

the time derivative o f E , is

JE \ • • • •

(2.21) — L  = ui u— b j , u — b ! , E J + E(P -  b,.u -  b „ E )  + E ■ P+ e „E• E+ uH • H .dt " - -

The parenthesis terms are equal to zero and the two equations for potential energy 

density. Eqs. (2.19) and (2.21). are thus equivalent. The potential energy density can now 

be written as

(2.22a) E r = ^ u  -  ^ b , , u : -  b i : u - E - ^ - b : ;E: + E • P + - | e„E : + ^ -pH ; .

1 1 . 1  , I , 1
(2.22b) E r = —u -  —b,,u‘ + —b , , E ‘ + —e„E'  + —p H ' .

1 • : 1 , , 1 , 1  , 1  , 1  
(2.22c) E r = —u + - o t „ - u - + - s r E - - - e , , E - + - s „ E - + - p H ' .

i r - : , o  • ’ 1 -
(2.22d) E t = - [ ^ u + o ;)- u - J + - £ r E ' - f - p H ’ .

The three terms relate to the phonon. electrical and magnetic energies, 

respectively. Neglecting magnetic energy, the potential energy density is

(2.23) E r = ^ - f u  +co0: u: ] + ^ - £ x E : .
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The system Hamiltonian becomes, including the kinetic energy , is

(2.24) H s„  + I h ( u + « o 2u: + - s r E: [dv.

The electric field can be found from the Maxwell equation 

(2.25a) V -D  = V - ( e .,E +P)  = p.

(2.25b) V - (e uE + b, ,u + b, ,E) = p .

(2.25c) (e„ + b;: )V • E + b , ,V -u  = p.

(2.25d) e r V • E + co!()(e„ -  £ r )' ' V • u = p .

(2.25e) V • E = _ (s - Er )' : V • u + — .
£ .

The vector u can be split into transverse and longitudinal components

(2.26) u = u r + u ,.

where

(2.27a) V - u, = 0 .

(2.27b) V x u, = 0 .

Thus

(2.28) V • u = V - u r + V - u L = V • U[ .

So.

(2.29) V • E = -^4LL(e„ -  E r )' : V • u L + —  — .
£ , £„

with p the free charge.
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From (2.29) it is seen that the electric field has two terms, one dependent only on 

lattice and the other oniy on free charge.

The lattice term is simply proportional to displacement as

(2.30) r  ^  ro /  V -
E l =  ( E o - e J  u l

For the vacuum term, the relation for the electric field is

(2.31a) V -E  = —\ac
E„

(2.31b) E... = -
I r p(R' )f_£ifL2_dR'

J : n n *i -R -  R

The total electric field is

(2.32) E = - ^ ( e„ - e ,  )' —  E .
e. e.

In the definition o f energy density, the square o f electric field is required

(2.33a)

E : = E • E =
0)

- ( e „  - e  J  ' u , + — E V1C

(2.33b) E- =
0) ro

I E,

Now the potential energy density can be sim plified

1 * "* "» •* 
(2.34a) E r = — (u r + u L ) +e)TO‘ (u r + u L )'

f  V  Ci) T0
(e., - e . ) u,.; - 2 ^ ^ - — (e(1 : u L • + ^ r_ E .

E £X T_
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(2.34b)

(2.34c)

(2.34d)

(2.34e)

(2.35)

ET = — u t '  +  u l + coro' u r ' + c o TO' u L'

+  —  *»
COro -(e„ - e J u , ;  - 2 o ) t o —  (e0 - z j  : u L - E iae + — E\3 C  \3 C

S.

E r = T U r '  +  u, +o) IO' u r ' + O ) r o  u, + corn
(  \  ^

- - 1  UL
V e J )

~ 2c!)rt> —  (e„ - e , )' : u L - E ^ - ^ - E j  
£,  s.

E r = T

•  •

U r '  +  U,  +  CO rn U , +  CO | ( , " — U |

- 2ci)|0 — {znz r )'i : (e„ - e k

(s„er )'
u, -E  + - ^ - E  '

E, = -  L l r '  + u t + co n i " u r ' + co ,' — u ,' o

_C0
( e„ 7 l l

j  i r £,

The svstem Hamiltonian becomes

= Z i m ' ^ '~ + J T L"E ‘.c:d v +  J^-i( u r--s-coro' uT U l '  +  cot o '  — u L 
£,

I £„ N
■ 0) n>£|)

I I

s , e j  VJ
JuL -E^dv.
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The four terms relate to the kinetic energy, the Columbic energy, the phonon 

energy and the electron-phonon interaction, respectively. The electron-phonon interaction 

is rewritten

(2.36)
( V : e„

i :

ph ~ w roeo
. d

JW ' E ^ d v .

t w v c / i a i i i i .  cuv i— J u v 11 2>w i ^ t t t t  iw iu i t u i i *

(2.37)
E0

0) TO

The electron-phonon Hamiltonian can be written as

(2.38)
J 1_

e„

1 -

' E . . A

2.2.3 Normal coordinates

The displacement can be expressed in terms o f normal operators by introducing 

these discrete Fourier series. For the displacement, the coefficient in (2.5a) has been 

taken out so results can be compared w ith literature.

(2.39a) ikru

(2.39b)
(E ' * )' V N ? Eke

- t k  ra

The electron-phonon Hamiltonian becomes

V - r
(2.40a) Ê e-ph “  ^LO^O

1 1

V  ^  E q  i

E jl_L 
, v , NV  » a  y

J X p . e ^ - S E . e - ^ d v
\  k  k '
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The above integral equals the summation4

(2.41) — j'e -"k-ktadv s ^ e " l -k,n = N5(k + k ' ) .

Thus the electron-phonon Hamiltonian is the sum over the modes

(2.42a)
i

(2.42b) ^s-ph ~ IV ' . y
\  v

I p ,
V f  •» J

(2.43a)

The vacuum electric field w ill assumed due to electron at r'. 

e ( r - r ' )

47t£„ ; r -  r11

(2.43b) E„ '
4^£lllr - r ’1

(2.43c)
47te„ V n  i r - r l '

The summation can be handled bv an integral'

(2.44a)
_ V  e'k r (r -  r') _ 1 f e'k r ( r - r ' )■11 *  _L f i - ^ d v

■’ v ? -r -  r ft - r  V

Introducing R = r -  r ’
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(2.44b) I = — e~'k r fekR(R)dv
V •* !r :'

But

(2.44c) - * -  = V Ri .
'R*l R

Thus.

(2.44d) l = e "kr - V R f—  dv
V R J R:

\

Lisina derived results .

C.44d) i j -
e'k R 4;t 1

V J R V k-

(2.44e) I = —  e lkr V R - V  •
V R k-

But since V R = - i k .

(2.440 I = — e ,kr —.
V k

Thus the electric field can be written as (and letting r = r’ )

e 1 4tt _,i r 1
(2.4xt) E, = -----------= i  —  e —.

47ie„ y fs  V k

(2.45b) Ek = - i - L — l e - ,kr- .
VN e0 V  k

and using the fact that the free electric field is a real quantity

l e i  1
(2.45c) E k = E, = i ^ =  —  — elkr

VN  e0 V  k
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The long wavelength approximation k s O  w ill mean that it does not matter the origin o f  

the electric charge and the final expression for the electric field is

(2.45d) E_L = i
. 1 e 1 1

Vn" £0 V k

The electron-phonon Hamiltonian using this electric field can be written as

(2.46a) H e_ph = -m lA)s„
1 1

en ,

(2.46b) H e-ph = - il0 i.oe
J  1_

e„

. I - (  f— — A

K Nv. J

V „
? P l \ / N e „  v "  k

We can express the displacements in terms o f raising and lowering operators* assuming 

that k *  0

(2.47a)
h

P k = > : -  '.“ k
)  2ti„ co

(a,e + a 'e " " " ‘ ).
U)

The electron-phonon Hamiltonian in terms o f the raising and lowering operators

is

(2.48a) H c-Ph = " iwu)e
J  1

e. So
I

k — ^  ..i  Nv, ) II ’ (i.co,,, t -  k

(2.48b) H
-ph

e:/icoLO '
f j ~ ± l>Cl U r  £oj

i :

x - M v
4 - k '

>;e ).

Finally we can write.

<2-480 H,_„h = y > < k > (a .= - "  + a ;e  )

(2.48d) m(k) =

i :
'  \______

i :
1

->v
V  “  v  ) £ 0  , k
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2.2.4 Scattering rate in 3D

The electron-phonon scattering matrix element w ill be derived so it can be used in 

the Fermi Golden Rule to calculate the scattering rate. Dropping the time dependence, the 

matrix element tor an electron to go from ki to k: is 

(2.49a) < k, FL.pb > k , >= ^ m ( k )  < k l ; a + a k.2 >.
k

(2.49b) < k, a + a ' k , >=< k , a k : > + < k, ; a ' k , > .

The first term refers to phonon absorption

(2.49c) < k, a k , > = < k , ^ . k , -  k >= y j \ S V:.,,.k .

The Kronecker delta function is used which is zero unless k; = k| -  k (where k is the 

phonon wavevector) and the equilibrium phonon population is used with the value

(2.49d) N =
1 /io) '

exp 10 | - 1  
k „T  )

The second term refers to phonon emission

(2.49e) < k , a ' k : >=< k, ; +1 | k : + k >= ■+• 16k k .

(2.490 <k, H ,.*  k. > = £ m (k ) ( , /N ,  +18^.,-. + - T
k

(2.49g) < k , H ,.ph k : > = m (k)(>/N il + 15k;.ki_k

(2.49h) M (k , .k )  = m (k )(^ N q + 16k;ki_k + k _k ).

When ki and k: are fixed, so is the phonon wavevector k. and thus any two quantities are 

enough. The reason I kept the Kronecker delta function was because they are important in 

the expression for energy terms in the scattering rate.
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The Fermi golden rule can be applied i f  the interaction is small and also in the 

following the dispersion relation is ignored.

(2.50) P ( k , . k , ) = —  |M(k , . k)!_6(E^ - E k ±A/coU)).
ti

where + is for absorption and -  is for emission.

First the energies in the effective mass approximation are

Ar k , :
(2.51a) Ek =

2m

and using the Kronecker delta function (to get momentum conservation)

Ar(k, ± k)-(k, ± k) Ark , '  Ark" Ar
(2.M b) Ek = — — ---------------- - = --- ^  + ------r ± — rk ,k c o s 0 .

2m 2m 2m m

where again the upper sign is for absorption and lower sign for emission and 0 is the

angle between k| and k.

. . .  „  _ , . Ark," A rk , '  Ark '  _ Ar , . . 4
(2.Die) Ek -  Ek a:A/cou, = ------:----------- :------------------- r k,kcos0±A?coU).

2m 2m 2m m

(2.5Id) Ek - E k ±A/coU) = -^ - ^ v -  + -^-r k 1kcos0±A/coLO.
2m m

The scattering is the summation o f Eq. (2.50) over all final states as 

(2.52) n k l ) = ^ P ( k l . k : ) = ^ X l M ( k >-k)r 6(Ev “ Ek. ± K . J -
w. "  k

The value inside the summation over k is just the total number o f  states that are available. 

The factor o f  2 for spin is ignored, because the electron to be scattered is assumed to be 

scattered to a state with same spin. Further the summation is turned into an integral (over 

spherical coordinates) assuming that k is nearly continuous, i.e.. the volume is large.
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(2.53a)
^ w  "

T (k ,) = — -— — Jd<j) j"j]M(k,.k)|‘ 5(Ek -  Ek ±/icoLO)k : sinOdGdk. 
 ̂ i - 71) 0 k 0

Since none o f the values in the integral depend on azimuthal angle, a two-dimensional 

integral can be immediately written

(2.53b) R k , )  = - ^ - j | M ( k , . k ) j ' k - d k  js (E ki - E k> ± t m l a )sin
tl h7T - ,

0d0 .

The integral over the polar angle must be evaluated first because it has dependence over 

both k and 0. W riting the argument as Eq. (2.5 Id)

■J t rk~  _ t r
(2.33c) [ = fd |  ^ -  + - ^ - k , k c o s 0 ±/to)ul

2m m
sin0d0

and letting r = cos(0 ). dr = -sin(0)d0. Now the lim its are from cos(0) = 1 to cos(^) = -1

(2.53d) l = - j£
m I

k _ m o),
■ + r ± ■

(2.3 je )
j t r  ^ '

—-rk ,k
V. m .

2k, /ik ,k  

k m ‘o),

f r '

r - • 'm
2k,’ "  ;»k,k

Now using the shifting property o f  the Dirac delta function*

(2.530 6(ax) = — <5(x).
;ai

(2.53g) i =  — L  k  + r -  —  ± m <1>L"
t r  k ,k  J I 2k, hk ,k  j

, m 1 
dr = —

t r  k ,k

This also fixes the lim it o f k that can take part in scattering 

k m"co,
(2.54a) +  r  ±- LO

2k, tik,k
=  0 .

First the general solution o f the above equation w ill be found
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(2.54b)
'  1 A

">kv — i /
k " + (+ r )k +

/  ’ \  m co + -
L.O

tik
= 0 .

i

(2.54c) a  = _ _ L  B = +r. C = ±-mo,LO
2k, /ik,

(2.54d) k =
- B ± V B : - 4 A C

2 A

(2.54e) k = k, + r ± ; r  ±
2m toU)

V

The dominant phonon wavevector qo can be derived

(2.540
L .O

2m

(2.54a)
: dm co1(1

q.» = h

So the general relationship is

(2.54h) k = k, + r ±  ' r  ± 2 ^ = + k , r  ± y k , ' r : ±q „

Consider the case o f emission (lower siun)

(2.33a) k,cl = k , r ± v k , - r : - q 0" .

21

Both the maximum and minimum values occur for r = 1 (taking the -  and -  sign, 

respectively)

(2.55b) *C, -  + V k i '  - 4o’ •

(2.55c) k,;, = k , - y j k t: - q 0:

and the requirement k , ‘ > q0‘ . or the kinetic energy is greater than the phonon energy.
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Consider the case o f absorption (upper sign)

(2.56a) k (aj = - k , r ± / k , : r + q 0: .

The negative sign can at once be dismissed because then k w ill be a negative quantity. 

The m inimum and maximum values occur at r = -1 and r = -1  for the positive branch

(2.56b) k,'a, = - k , + - y / k , ' + q 0' .

(2.56c) k ul = k , + / k , -  + q 0: .

Thus the intearal becomes

(2.57) H k , )  =
m V

2rt/j 'k , J
J |M(k , .k ) | : kdk.

From Eqs. (2.49h) and (2.48d) 

(2.58a) M(k..k) =' e
" ■ ' 1  i V -

! ~>vv -  v j
z  z  J k : -k +  V ' k

(2.58b) M (k , . k ) f  =

The scatterina rate becomes

e: /ko10 'j
—  (f\  + lie

I -V  J,e ,  s „ , k : lL k • .k j -k

2.59a)

(2.59b)

n k , )  =
m V

l i th'k. 2V — - -  j i ( [ N ' , - IK v - L + N A :J.,-L)ik.
j \ z t  E0 ) *  k

4tc h " k ,
1 T r l

v ^ »• E|> ^
J r ( k +1k,L,-L+N'A...L,-L)t»‘ -

Two scattering rates can be obtained for absorption and emission

(2.60a)
m e'co LO

- - - L k  f -c* c  J  L-4 7th1 k
rd k  

k
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The integrals are just natural logarithms and using the parabolic approximation. 

(2.61a) k . =
V -m 'E ,

h

rh^ eneruv dependent sccittcriniz r^tcs urt?

(2.61b) r ai(k , )= m  e' “ LO

(2.61c) r , , ( E , )  =

4^2 xti 

V m 'e :co

' 1 1 ^
ln

\ £ r £ n V E I

-  V/I 7  + V’E, + hu t.O

1.0

4%/2^/i

( 1 n ( I ^N +1d In
\ £ r £|) J v V E 1

These two are graphed, in Fig. 2.1. for GaAs with an effective electron mass o f 

0.067 free-electron mass, a phonon energy //co = 36.2 meV. a temperature o f 300 K and 

for electron energies between 1 meV and 200 meV. In the computer programs. Eq. 

(2.62a) is used tor electron-phonon Hamiltonian with g defined in (2.62b). Since the 

optical frequency coU) is much greater than phonon frequencies, the operators can be 

used with the approximation k sO and can be taken out o f summation.

(2.62a) Hc_ph = //ci),0g(ae ’ "'’L',‘ + a*e ,ML" ') .

5 jM (k , .k ) i ‘ 6(Eu - E kl.k)
(2.62b) a =

/ /0 )[o
± £ p ( k , . k ) = I ^
2;r k 2 ltG) LO

The g-value is graphed in Fig. 2.2. This shows that it reaches a maximum value o f 

0.025 for electron energies near 100 meV. For zero kinetic energy, the value o f  g is about 

0.007. The effect o f confinement w ill lead to a much greater g. as shown in the next 

section.
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2.2.5 Scattering rate in 1D

I f  the in itia l enemv o f an electron is E ,. it has vvavevectors ±k, w ith magnitude

J l m ' E
(2.63) k, , 1

There are two cases to consider, absorption or emission, with the final energies 

(2.64a) E'," = E , .

(2.64b) E';" = E , - / i o ) u ,.

Absorption w ill be considered first. For -k,. the final wavevectors are

t r k ~  h l k f  
(2.63a) — — = — — -i- A/co u ,.

2m 2m

2 m  oj l i )
(2.65b) k f - = k , - + -  ^ i L  = k . - + q

h

where q() is dominant wavevector.

So the final wavevectors are

0

(2.66) kf = ± ^ k ~  +q()" •

Thus for this particular k , . the two phonon wavevectors that can take place are

(2.67a) q = q !;" = A/ k f + q , f  - k , .

(2.67b) q = q ,-J ,= - V k 1: + q „ :

For -  k j . the phonon wavevectors ha\ e same lengths. Thus at the end. the matrix element 

must be multiplied by 2 to account for this degeneracy. The four wavevectors taking part 

in absorption are shown in Fig. 2.3.
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Sim ilarly for emission, the energy conservation demands that

2m ' _m

(2 .68b)

Thus the final wavevectors and the phonon wavevectors are

(2.69a) k f = ± V k , : - q , /  -

(2.69b) q'.e' = -y/k,: - q „ : - k , .

(2.69c)

The emission diagram w ill be similar to Fig. 2.3 except that the arrows w ill

change direction and the initial and final wavevectors are interchanged. Additionally the

initial energy should be greater than hco, for emission.

The coupling is the Frohlich relation m(q). Eq. (2.48b).

Here the interaction volume is LA. where L in the length and A  is cross section. 

For an electron at energy E. where E < / /wL0. only phonon absorption can take place. 

Additionally electrons with energy o f  E + /to U) can emit a phonon to energy E.

The cross-sectional area must be small enough so the ID  density o f  states may be 

used. For a infinite box with dimensions L, = A 1 : . L : = A 1 : and L ; = L .  the density

(2.70)

The densitv o f states in 1D is

(2.71) dos(E) = L ^ ^ - E
h
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o f states in the Li and L: directions can be ignored (as they are zero), i f  the electron 

energy is less than the ground-state confinement energy. e0. in those directions10, or

(2.72) E < et} = ■
2m A

Thus for E less than tm l o . w ith m ’ = 0.067 m „. an area o f A = (124 Angstrom )2 means 

that the ID  densit\-oi states may be used lur all E. It can be seen that area dimensions 

less than this number can also be used. However, the largest cross-section is used because 

the dielectric continuum theory has been derived for large volumes.

The Fermi Golden rule sates that the scattering from k to k' is

(2.73a) f kk = ^ : M kl ; dos(El ).
h

and thus the total scattering is

(2.73b) r, = J Y kk = y X ; M kk : d0S(Ek ) = y X m ( k - k ' ) i ; doS(E k ).

The absorption scattering rate o f electrons from E to E + hio[n is

(2.74a) T ' 11 = —  Y i m (q':")i" N i(dos(E -t-/tcoU)) + !m(q'.JI)|~ N qdos(E + /ko[ 0 ) j .

where the factor o f 2 for the degeneracy in the phonon wavevectors is crossed out with 

the factor o f ! for a transition to same spin state.

Likewise, for emission from E + hcou, to E. the scattering rate is

(2.74b) r ^‘ 1 = —  Y  (: m( q 1 )j ‘ (N +1 )dos( E -  t ia L(,) + j m( q ̂  ’ )j" (N +1 )dos( E -  tm LO)

The net scattering from k. which has an energy E. is

(2.75) r (E )  = T ' 31 - T ' el.
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Above //co LO. both emission and absorption at E can take place and we need to 

account for these additional processes. However, only electrons w ith low E are dealt w ith 

in the thesis. The total scattering rate, using Eq. (2.76). is shown in Fig. 2.4. This at once 

shows that scattering is two magnitudes greater than in 3D cases. The g-value is shown in 

Fig. 2.5. which is increasing w ith decreasing electron energy. Decreasing electron energy 

would lead to less ion displacement. Since this value is m ultiplied by //cog to get the 

actual electron-phonon interaction energy, it seen that g increases without bound so there 

is a constant electron-phonon interaction energy. The model presented, in Eq. (2.62a). 

w ill only be able to deal w ith the ID  case. In reality we must consider the quasi ID  case, 

where scattering to two other directions must be taken care off. In the treatment above, 

the motion in the L; was dealt with in effective mass treatment and the other two 

dimensions were ignored. Most treatments use a confined structure such as quantum-well 

in L; direction and effective mass treatment in the two other directions11. Actual 3D 

problems would require considerable computation time and would require parallel 

computers.

2.3 The Schrodinger equation with electron phonon interaction

The wavefunction for representing electron-phonon coupling must include 

electron and phonon terms. Here, the phonon state can be either j n > .  | n — 1 > or 

n +1 > .  which differ by a population o f one. where j n > is the thermodynamic 

equilibrium state with a temperature-dependent population o f n = [exp(/ico / kT) + 1 ]'1. 

This way both emission and absorption o f  phonons can be accounted for. There are three
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electronic states. v[/'°'.\|/'" and \\i'2' . associated with each o f three phonon states which 

are separated by phonon energy Aco. The wavefunction is

(2.76) \\i = v|/'°'!n > +v(/'"|n -  1 > +n/, : ' jn + 1 >.

The time-dependent Schrodinger equation is

(2.77) iA -^~ = H\|/ (z. t).
cl

The total Hamiltonian includes a purely electronic part and a part that deals with 

electron-phonon interaction as

(2.78) H = H . + H
tf-p

Thus we mav write

cm/
(2.79) iA —  = H i|/(z.t) + H u / (z . t ) .

ct '

When the wavefunction is substituted, the left side o f Eq. (2.49) becomes

(2.801 n W ’ i n - P - H r 1 ; n + l >
Ct c t

■** 11) i i I)  ̂ i 2 >
C\p CV[/ CV(/

= iA—;— n > + iA—;— n -  1 > +iA— ;— n + 1 >. 
ct ct ct

When the wavefunction is substituted into the electron Hamiltonian

(2.81) H ev  = H cv " ” ! n > + H i!vi/," ! n - l  > + H ev|/, : ' |n + l >.

The electron-phonon Hamiltonian term is

(2.82) H c_pvj/ = Acog(ae"'wt + a ‘ e"”  ) (\ /̂10' ! n > +\\i'u \ n -1  > | n +1 >).

This equation can be expanded as

(2.83) = Acog(vj/l0'a j n > e~IUI + ig '"a  | n -1  > e ''“ ' + v|/, : ’a j n + 1 > e '"31)

+ Acog(iy'0'a ‘ | n > e 'u' +v(/ina* | n - 1  >e"'JI +  i|/, : ’a* | n + 1 > e ,at).
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Using the well-known operation o f the raising and lowering operators 

(2.84a) ajn >= Vnjn -  1 >.

(2.84b) a ' | n > = V n  + l|n + l > .

as well as these restrictions due to the fact this is a three state system 

(2.84c) a ' n(t.z) + 1 >= 0.

(2.84d) a ; n( t.z) -  1 >= 0.

we can sim plify Eq. (2.83) as

(2.85) H c.pi|/ = /kog-v/ne '"’V "  n - 1  > +/zcogA/(n  + l)  e ' " " V : ’ n >

+ //cogA/(n + l)e""V“" n +1 > +/kogVne'"’V "  n > .

When Eqs. (2.80). (2.81) and (2.85) are substituted into Equation (2.79). three 

equations result, based on the orthogonality o f the phonon states

(2.86a)
cl

= H .vp + /kog-^n ■+■ l)e""',V : ‘ -t- A/cogVne1"’1 uu/

(2.86b) i h
c\\i

cx
= H .vi/ ' 11 + /kOtlVm

(2.86c)
ct

The following matrix equation represents the Schrodinger equation in the model

(2.87) t o ­

r t

H .e /tcogVne‘u' t i a g j l n  + l)e

V ‘ " = faog-v/ne*"'’1 0

y \ f i a g y j i n  +  l)e,Mt 0 H e

Ol

l i t

The discretization o f the time-dependent Schrodinger equation in Crank-Nicolson 

formulation12 w ill be given next. The time dependent Schrodinger equation is
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(2.88)
c iH

—  V| / (Z . t )  =   ------ l | / ( Z . t )
f t  h

From this equation a general formula for finding wavefunction at time t -  At from 

that at time t can be found. First m ultip ly the above equation by the infinite series o f  the

itH
function exp( —j —

’ .89a)
i itH^ e ( i t H ) i H

expi 7 j ^ ( ' (z- t) = - e!ipl 7 j T ,t' (z ' 11

(2 .8% )

But.

(2.90a)

i tH)  c ( i tH )  iH
expl — ) — y ( z. t ) + exp —  — 1(/( z. t ) = 0 .

ti ' ct h  > n

c i itH I itH r  c ( itH

exp|T J f t ' l' (z-, l " a exp‘ T ' ' l’<z' t ) -

c f' itH 
(2.90b) — exp^ —  Jy(z.t )

i tH)  c iH ( itH',
oxpi T I  f t  v( z*1 ’ + T expl  x  *v( z- 11 = ° '

I f  the derivative o f a function is zero, it must be a constant

(2.91a) exp[ — jv ( z . t )  = C.

and for t=0

( iOH ,
(2.9 lb) exp^-^— jv(t(z.O) = C = i(/(z.O)

and thus

(2.91c)
, itH ,

exp[ —  Ji(/(z.t) = v(/(z.O)

Now. multiply by another infinite series, expl -
itH

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



31

( itH  ,
(2.92) H/(z.t) = exp(^- —  jn/(z.O)

Expanding the first two terms o f Eq. (2.92).

I itH ,

(2.93) »|/(z.t) = ^ l -  — J\(/(z.O).

For large t. the above equation breaks down and more terms have to be added. However 

this can be remedied by going to t in steps o f 6 . Letting the time variable be r and using 

the fact that the time oriuin is arbitrarv.

(2.94)
i i d H )

HHz.ri) + 0 ) = [ 1 - —j — j v ( z . r o ) .

Rewriting the above equation as a discrete equation with j  the spatial index.

(2.95)
i6H

\n . = l - H',

The above equation is unstable and not unitary . Stability can be provided by the 

Cayley form1'  which is true to the first order in Taylor expansion

i<5H
i6H l_  *>/-,

(2.96) ’

Thus the equation for finding new wavefunction is

(2.97a)

(2.97b)

0
1 -  i -  H

V I / ' * '
2/i ■— 11 r _v ,  - 5 P

l + i H
2/i

5 6
l +  i — H v T ' = 1-  — H

2/i r  j
.  2r, .

MV

(2.97c)
2fj
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Eq. (2.87) can be written in form shown below, which is useful for solving for 

other interactions in this approximation as well.

(2.98) i/i —
<?t

1■z>V1

v '" =

Y : '.

H e a(z.t) b(z. t)

c(z.t )  H c 0

d(z. t )  0 H.

V

V 

V'

(0)

l i t

Eq. (2.98) can be written as three coupled equations 

(2.99a) •«. ^ '1* , ril) | lO Iw —;—  = H

(2.99b)

(2.99c)

(2.99d)

(2.99e)

(2.990

ct

i / i£ ^ -  = H " Vct

C\ll
i/> — H .

ct

H,l" i( /" ” = H cv(/"1' +a(z.t)v|/ ' ' '  + b(z.t)M'‘ : ’ .

H ' 1 ’ vt/ 1 ’ = M .vpf' 11 + c( z. t )'(/ " .

M ’ ' “ vpr1"' = H ̂ ' Z) +d(z.  t)i(/''’ ' .

Using the discrete time-dependent Schrodinger equation. Eq. (2.97c).

(2.100a)

(2 .100b)

i Oi T-1 • 9  . t ( i) i . o»r - 1 |d,r . 9  ..,1)1 ji)( r

V  . + 1 ^ " H  v  '  ^  1 - 1 ^ H  V  J -

. 11r - 1 , • 9  I , , I , r - 1 , I , r . 9  j . |  11 i I )r
V i +1^ H V 1 = V ' - l ^ H V  12/i

(2.100c)
2 ti r J r 1 2 h

I f  all the three equations are multiplied by free electron mass, these equations

result

(2.101a) , r 9   . ,(0)r ; 9 rr 10) i
J + l 7 / j  c ^  J ~  e ^  J ~  T f c  e ^2 h
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The discrete form o f the Electron Hamiltonian w ill be derived next. The Ben 

Daniel and Duke Hamiltonian'^ w ill be used

h~ c ! 1 c )
(2.102a) H c = -  —  —  — +V( z ) .

2 czV m(z) C7.J

(2.102b) H 0 = - /T  — + V(Z)
czv 2m(z) cz)

The space index is j  and the step is e. Instead o f using the mass at location z. the 

mass o f two locations is used

(2.103) 2m(z) -> m(z + e ) + m (z ).

In the lim it o f e going to zero the above equation should have an equal sign instead o f  an

arrow.

The Hamiltonian operating on the wavefunction is

, c ( 1 cty
(2.104) H ij; = - / r  —  —------- -------— —  + V (z )\\i

czv m(z + e) + m(z) cz

Expanding the first two terms o f the wavefunction at z -  s.

CWJ
(2.105a) »(/(z + s) = »(/(z)+ e — .

C L

CM/ 11/(Z +  E ) - V 1 / ( Z )
(2.105b) - i l  = T v

CZ E

Substituting this into Eq. (2.104). the Hamiltonian operation on the wavefunction

is
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(2.106) H e V = - a : T -
cz

v|/(z + e) -  v|/(z)
v m(z + £) + m(z)

+ V(z)v(/

(2.107)

The term in the parenthesis is

1 ip (Z + £) — i|/(z)
F(z) =

m(z + £) + m(z)

But since.

U07a)
cF

F (z -e )  = F(z ) - £  —
cz

(2.107b)
cF

- £  —  = F( Z — £) — F( z) 
cz

(2.107c)
cF F( z — £) — F( z)

cz -  £

(2.107d)
cF F( z) — F( z — e )

cz

The value o f F at z-£ can be found is simply

(2.108) F( Z — £) =
V[/ ( Z ) — V(/ ( Z — £ )

m(z) + m (z -£ )

Thus.

(2.109a)

1 \\i(z + e )~  i|/(z) 1 v|/(z) -  vp(z — s)

cF m(z + £) + m(z) e m(z) + m ( z - E )  e

CZ £

(2.109b)

cF ' ( /(  Z +  £ )  — ' ( / ( Z) V(/(Z) -  l ( / ( Z - £ )

cz m( z +  e ) + m( z) m(z) + m ( z - s )

cF 1
(2.109c) —  = —

CZ £'

H / ( Z +  £ ) - ! [ / (  Z) V|/(Z) — \ | / ( Z  — £ )

m(z + £) + m(z) m(z) +  m ( z - £ )
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In discrete units, the above becomes

( 2 . 1 1 0 ) — =
cF I

CZ S' mH + m i

The relation o f the Electron Hamiltonian operating on the wavefunction to F is

(2.111) H cH/ = - t r  .
cz

Thus the final result for how the Electron Hamiltonian modifies a wavefunction is

t r
(2.112a) H u ; = -  —

S'

(2.112b) - H .y  = — r
S'

V -  H',,
m + m ,

V,.\
m + m,

m. -r- m

H',-,

i-i

+ v> ,
‘ l - i

First m ultip ly the above equation by electron mass

t r \  n y y  , m w .  
(2 . l l3 )m cH cv  = - — I — +

mcV,
s ' ln ^ ^ - t - m ,  m hl + m , m ^ + r n ,  + m.

+ m cV u i.

Introduce two space-dependent vectors

(2.114a)
m.

m , - ,  + m ,

(2.114b) C ,=■
m.

m,.i + m ,

Eq. (2.113) can be rewritten

fi~
(2.115> meH e\|/ = —p - C jV j., + - C  vl/ J -  A jV j + m cVjV j

This equation generalized to handle the three wavefunction components at times r

and r+1
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(2.116a) msH e ¥ ,0ir '  = -K[c y th]:\ + A y ^ l  - c y ' ” r' - A j iy 101!*1] + mcV i( / l°1' ’ 1

(2.116b) C iO)r 4 I (J J1 /-* 10)1 4 i U11 \ r,.i +AjV|/ j-i — C j v|y j — A j v(y , + m <;Vj i[/ i 011

(2.116c) mcH cv(yih r-1 t r
» ( I I ^  ̂ f~ *  I I ) ̂  ^  A t I > ^ ~   ̂   \  T ( I I ^ ^,1|/ , . , + A  ,M/ , - i  -  C \\I \  - A  y  , + m i V.vJ/ , , l1 .

(2.116d)
I r ft' C i I i f  » 1 1 ) f  / —» i 11 f  4 i 1 ) f    *  t 1 1 ) ru/ , . , + A  w ,-i - C  i(i , - A  \\i , + m V i|/ ,

tr_

£'
C | ' | f ' l  4 1 '  )  ̂  ̂ /™» I '  I ^  ̂ 4 I '  I  ̂ ^\\i i-i + A u/ i-i - C  i|i , - A i | /  , + m( Vu/

(2 .1 l6nm tfH tfv * - 1, = - - p -  C y - 'U  + A , i i / - ,h  - A y + m . V u/1'
<: ) t

Eq. (2.99d-f) for total Hamiltonian for the two times is 

(2.117a) n \ .H '"V "T  = m ^H ^ i/"", + m c a ' *1 vi/' 1 ‘ + m cb ' ' V

(2.117b) m i.H ," ‘v ,l"i = mtfH (.»|/"l 'i + i r ^ a y 1' , + m ^ b y -1, .

(2.117c) V ' ‘ i ' = iT L H y  " r, ' + m y V  °'i '.

(2.117d) mcH " y " ' i  = mcHcv[/'h| + mcc y ' " 1 .

r-I i r»l,(2.117e) m y ' V ' 1, = mcH y " \  + med '* i|/

2.1170 m ̂  H1 ~ 1 ’ 1, = m(.H tfv(/, : , I + m i. d y

The left side o f Eq. (2.101a) is

(2.118) mcvi; j mcH V j  —  j
i 01 .101r*1 I 0 lr * I

+ 1-
2 ti

t r

s :
{0 ►r ~ I . \ (0)r-l «  i () i ** *-1 . 10»f -1 j * *  |0,MCjV H  + A / I /  H - C x \ i  j -  Ajij/ j + m cVjH; ,
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.  6 
+ 1 —  m.. 

2/i ‘

r - l r - l - i r - l

The right side ofEq. (2.101a) is

(2.119) m y '" \  - i ^ m eH "” vi/"” ' = mev " " '

• 9 /l f „  11) | r , i), r „  ) i)) r . i 0 i ̂  1   t r
- i “ I - ~ |C , v ( /  ,.i + A,v(/ -C .vy , — A ,i|/ J  + m .V.V lOlr

.  6 
- i  —  m. 

2/i 1
a > ," l + b y - 1

The two sides can be combined to uive

(2.120a)

2/i

t r
C.V

» 10) r ” t i 0 |  ̂  ̂ » i I) |  ̂ \ t 11) | f * I+ A \ |/  , - i-C , i( /  , - A , y  , + m eV»|/
.,1

.  c»
+ i —  m. 

2/i ^
a ' * V “ i ’ + b1,

r - l

= met|/

-  r
2 h

t r

z~
C t l ) | >  » l O l r  r '  I ' l l *  * | U ) ‘ .   \ r

,V(/ , - i + A , v | /  i- i — C , \ j /  , — A , ! ( /  , + m e V i | i
< 0 I r , i 0 Ir

.  £>
- l  —  m. 

2/i L
r ( I ' r  i_ r  t ^ ) ra,»(/ i + b \ \ )  ,

Simplifying the equation

> i ir tL i 101r-1 • z-' < oir-' . ,uir-' /-• iOir~l . ,0,r*'(2.120b)mev(/ , - t _ C  vj/ i-i -+-A,vp - C  i|/ , - A  \\i s
»c* “ •IS '

r - l

■ ^  r * l  i l i r * ^  * ^  * r - l+ i —  m.a, V  j + i  —  m b  \\j \  
2/i e ! 2/i e 1

L \ \ j j - i + A ^ i ;  j - i  — C  j \ | /  j - A j t f i  j j — i  — m j V j X j /  ,
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- i  — m ca 'V 1'i - i  —  .
2/i c J 2/i c 1

Next m ultip ly by i
2 c

~h8

( 2 .1 2 0 c ) i^ m cH/'"’r , - C |v,/’o'H  + A jM/ ,,,,h  - C y n'Y' - A y 0'; '1
Fid Fr

Fr ’ Ft

'■>o - c*- rn  V
• 10  I r  /-"» i U ) r  » i ' H r r - *  i I M r * t l ) ) r  *•* J * 0  >ri —  m ci|/ , - C i | /  i-i -  A !>(/ , - i+C \u , + A  ,vp , + — —— \j/

/id Fi '

e 'tn . . 1 r t rm . , r , ,.r
+ T i a > ll , l + - ^ b > u l . 

Fr Fr

2 e _
Detlninu p = i — - m ..

Ad -

(2.i20d) A y 01, : , + c y
s 'it i .v

p - A - C ---------1—!-
Fr

.III,r-l

£ • r .i i t ,r-l £ rn . ,
— V " ,  - - T T ^ b ;  V ’ - ’ ,

Fr Ft

» l')lr /— n i l 1= — A vp i-i — C ,-1 +
s 'm .V , 

P + A | + C | + _ ^ '
, , iOir

V  j

£  m .  . . 1 . r £  m . , r  .t.r
— - a  T ^ b y - ' , .

Fr Fr

Definina B, = p - A .  - C ,  -  T rm .V  and BH, = p + A , + C , + —rm ,V  ^ j r  i Fr Fr

(2.i20e> A jV'0i;:!+ B y ' ,ir + c / ,i : ; -
r - l
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Letting

n H ' . O l i  
“ " J t r

r - l  ^  ̂ c  u r * lE, = - — b,

P H r -  m , l  K r 
r i:

(2.1200 a  y 0',:, + B y v  + c y ,,l: l + D ; - y " /  + e ; v

Instead o f solving for y "" ', as a function o f h/ " ’1,. I w ill solve for 

Q ‘" ", ' = v  "1 ' +»u"": as a function o f u r"",. After solving for Q. I can find

i ' I  l r  -  I

¥  

Thus

(2.120g) A O"",:, + B / 1,' - B H V " 1, t C O '

But. B jii/" " , '' — BH " )l‘1 is simplyI 0 I r

p - A . - c . - p - m y P + A J+ c i + ^ m ^V i

¥  i - p  + A , + C , + y m cV | +2p v *01;

P - A r C r ^ y ¥
(0 ( r*

P - A j - C j - T T ^ y ¥ ,ni;
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p - A j - C j - ^ T - m c v , v ,o,r + M'
l Oi

; ) - 2 pvu ‘ —  R  r Y 0 | r ~'
J J

n)ir _
■2 PM/

i O>r

Thus.

r - l
(2.120h) A (Q + BjQ ’j - 2pv|/' j + C,Qv l O ) r-l

J - l

d ' V " , *  + e ;v : \ '  - d h v " ; - e h > ,:,;= o.

(2.120 i)
r - l

+ D ;'l i|/il,r ‘ + e ; * V :,r '  - D v v y l '\ - E u y : '\ = 2 p v "" \.

Simplifying D'~ \\i' - D H V ‘ as.

d ; - ,v ,i,; ‘ 1 -  D H ;v ,l,; = D ;*,Q " ,,r' 1 - ( d ; - 1 + d h ; W u\

E;*lM/,:,r '  + e ; * V : ' - e ; - V : i; - e h > ,: '; = e ;*,q ,:,; ' ‘ - ( e ;*1 + e h ; ^ , : i;.

Finallv.

r - l
(2.120j) A Q' ,-i + B,Q , + C Q

D;-|Q ,,,r '  + E ;* 'Q ,:,r 1 - ( d ;*1 - d h ; - ( e ;*1 + e h ; ^ ,:,;= 2 tOr
P¥ j

r - l

(2.120k) A iQ,,’,h  + B IQ "” ,r ‘ + C JQ ,,,i;:i + D ; ‘ lQ ,l,r l + E ;- 'Q ': ’r

-  2pi(/'° '; + ( d ;-' + d h ; W " I + ( e ;*' + e h ; V , : '

The left side o f Eq. (2.101b) is

(2 . 1 2 1 )

n yg in r- i
+ 1 -

2 ti
f-~ \ ( 1 I ^  ~   ̂ 4  ( 1 )  ̂ ( I ) ^  ^  4 ( I ) ^  ^Cjig j-i -t-Ajii/ j- i — Cj v|/ j — A  j v|/ j
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. • O r-l iOir' 1
^  1‘̂ r m cc j v  i •

The right side o f Eq. (2.101 b) is

(2.122) rn .y 111r

— t ■
2 h

fr_
e :

Combinu the two.

(2.123a)

,I,r-1 . 6
mci|/ , +1 —

t r
C* I 1 I ^ *  I 4 M l * * 1 * I I * ~ * 4 i l l * * *  I f  IH/ ,-i + A ,v  , - A  \\i , + m (.V»|/i i f i I , r - I ,hr-' i lif-

.  0
i —  m .c  \ii ", = m.iu 

2/i
1111*

- 1
2/i

f r
e:

+■ A U/' - c y l ,r- A y " • r H ) i r' -  i —  m .c u» ; 
J 2ti w 1

Simplifying

(2.123b)

.. . r - l  . / / 6  
m cV  t - 1 — T c y " r - l

I - I A . t i / ' - H - c y " : ’ - A y
5m .V, .

+ i   — *1* i
2/i

.  0
. r - l . . . ! ' 1'+ i —  m .c, va , = rn.ii/ 

2/i
111r

.  hd
2e*

c y " H + A y " , i  - c y ' \ - A y '
6m. V

-  i I-* '  J . . .  111r ;   _  r . . .  10 1r  vi/ , - i  —  m.c,\i/ i
2/i 2/i

2 e '
M ultip lv ina bv i ——. 

w ’ /iO
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(2.123d)

• - £  , l l l r * 1 , r  . . . I ! i r ' ! , a . . . i l l ' " 1 n A e  m e ^ j  . . . i h r * l

fi8
m y ” , + c y ” J-1+ A y v , - c y ” J - A y ” ; —

< j  ' h 6

\  i < _  A r-  ,Y J
.V US;

r  , ■ ^
, r „ , i O i r

2e*
Letting p = i _r ^ r n c and grouping together common terms 

fid

L123e) A y",:,+ cy ' 1 * 1  +
s rm .V ,

p - a  r

r - l  i 0 ) r "r - l
—  m.c, \l/ 
f r

s : m V 
P + A . + C + • ‘

v f r
1 1 i r  ^  r i i i  tV ,+  —  mcc ,v  

f r

Lettina.

Bj = p - A ,  - C ,  -  —r  m0 V | and BH, = p + A ,  + C J + y r-m eV J as before.

(2.1230 A y ”;:! +cy";:l + B y ”; " - ^ m y - y ’T

~ " A  v|/ i-i - C y  V ^ y V ^ n ^ c y 01;.

Introducina

F r ' — f r ^ c r ' a n d  F H ^ ^ m y .

(2.124g> A y ”;:.' + c y ”;:,‘ + B y ”r' +F;-y0’r-l
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.ni ! l l r

Again, instead o f solving for H/1'1'*' as a function o f I w ill solved for

Q 'hj* = ¥ l lT  + v ' j  as a function o f H/’1', .  After solving to Q. I can find H/1' 1,*', 

Immediatelv.

t t - i . r  — -i  . i i , r -1 ,
u.i-i-+nj , -  t m  \\j i t r ,  i{i I = r-HjV

But. B vu'11,’ ' -  BH vi;'", has been found as B Q " 1'," - 2 p i|/'" ;.d ir 11 r - 1

(2.124i) a.q"1;.; +c o"’;.; + bo'"; ' -2Ptl/,,|,l + FIr* y ,,,,r  - f h > ,o,; = o(hr*'  ̂ i 1 1 r pr-1 i 0 >r - l

Simplifying F ^ V '" 1! ' - F H y 1',.

F ; y y ‘ + F ; V ’% F ]r* y ,,,i - F H y ,h; = F lr-,Q ",,r '  - ( f ; - 1 + F H ; ) y ; .  

(2 .124 j)A 1Qll,;: i' + C ,Q , i h' + B ,Q '1,r l ~2px\i'"\ -(F ,r' 1 + FH; )vp,0,‘t =0.

( i i2 5 k )  A y ; : !  - c .q " 1;:! + B iQ ,iir l + F,r-,Q i" ,; " '= 2 Pv^h; +(F,r-' + f h ;W " " ; '‘

The left side o f Eq. (2.101c) is 

(2.126) m y ' T '

- r
2/7

t r

z~
i f-l r - l

C »)/'* i- i + A y  H - C  u/‘ i - A |V + mcv y : y

; ^ _  jr - l, ,H)ir*1i —  m.d, U/ | 
2/7 k 1

The right side o f Eq. (2.101c) is

(2.127) m y - 1,

- 1
2/7

c y - ; ,  + A y :iH - c j¥y  -A j¥y  + m<v y ;»;( 2 ) r
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Combinsz the two.

2  f t

< 2 l r - 1 
1

Fr
1

e:
i  ̂► r -■! . i ') r -1 /-> i )̂ r — 1 . ( ' j r -1

C,»|/ i-i + A ,ij/ , - i - C  \\i , -  A ,\|/ j - n ^ v y 21;-'

. 6 
+ i —  

2/i
m .d'*1C I

ioi'-
V i

i :>-  mev
* ^ j r i 01r- i  —  m d ^  ,

. 6 /i: ■> ,r •>, r ^  , •>. r , i , r . . . v r
~ ' 2/i c C 'V ‘ i-i + A.v|/ _ * ( - V . . i _, -1-Cj i i / , -  A ,V(/ , + mcV.v  - ,

.

Simplifying Equation (2.100c): 

(2.128b)

Fid
- i -

2 c
+ a - c y i r - l

- A y -
6m. V

2/i
■V

, r-I

+ i —  m i  ' = m .i|/‘ ' ',  - i —  m .d l'\(/"” ' 
2/i 2/i

. /i6
C + A  — C . ,  - A V

6m. V, , ri 1 12)
I -------------- \ \ l ,

2/i

Multiplying by i
. 2 c

Fid

(2.128c)

.2s- . r - l »r- l , r.i £: m .Vi 21 ci-r^rn^ipr -1, - C y - \ - i  + A y - ' H - C y - ' j  - A  v p - j  p r - ^ V ' j
Fid Ft ’

r - l

s: m(d

/i7 "

r - l

-v O l r
c m .d '

= i  rn.ii/
fid
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. 2 Ir » (:ir , /- 12)r , 12 ir S ,2,r
- C j H /  j . i - A  jVf/ H + C j l J /  j + A jM/ j + — ^ — V  j .

2e '

Letting p = i m( and grouping together common terms

2.128d)

, r-i . r-i I e : m.V,  \  , r.i E 'm . d ' ' '  , r.,
\ . n  . I „  \ n   ̂ 1 I , . . i - i  i . . . t " 1

.  V  , y  , - i  I V .  y  r  p  ■ .  V ^ y  , y  j

.  r  ( E‘ m , V
- C + p + A , ++C , + — - r -

l  h ' )

, r E ' m . d 1' r . -i , c i . .im\\i , + — ——  \\i ,
t r

Lettinu B, = p - A ,  -  C , -  - v  m . V and BH, = p + A  + C , + —r- m . V 
-  i ' 1 t r  ' t r  '

2 , r - l  Z ' m A \  . n . r . l
r  *  I

Ulr(2.128e) A ^ / ' V i  +C  + B ,v|/' ‘ , -------^ ------ \\i

. r E : m . d '
= -  A i -  C + B H lv ' ' ,I + ------- ?— \\i' \

t r

E 'm .d ''1 E 'm .d '
Lettiniz G '*1 =  V—  and G H ' =

t r  ' t r

(2.1280 a y : ,H + c y :,A+By:,\ ■ + g ; * v

= - A , ii/ ' : ,h  -  C y :,H + B H y :i; + G H > ,0’I.

Again, instead o f solving for as a function o f I w ill solve for

as a function o f  u/': ’ , . After solving for Q. I can find

Immediately.

(2.128g) A jQ ^ 'h  + c jq ,:,h  + b  y : T ' - m y 11] + g ; - V ,0T ' = G H y 0’;.
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But B Jv|/, l, j -  BH jity'1’, is equal to B JQ - " - I p y ' 2' ] .

(2.128h) A sQ '2']:\ + C jQ i: ih  + B jQ ': T ' - I p y ' 2'] + G - G H y 0)] =0.

S im plifying G^'vp101 j ‘ - G H ' i / " 1'.

(2.128i)

G ' / V S * '  + G ; * y ' " ;  - G ; * y ' " i  - g h > " " ;  = g ;-,q ,,m; ' ' - ( g ;-' + g h > " " ;

(2.12 8j )

A ,Q , ; ,h  + B ,Q ,:,r '  + C ,Q ': ’h  + G ;- |Q ",,r l =2pv|/': i ; + (G ^ ' + GH; \ v""\ . 

Eqs. (2.121.2.124.2.126) can be combined into matrix equation

(2.130a) A

n , o , r - '  '
Q j - i ‘ b , d ; * 1 e ; *

Q 1" ! - !
4 -

f ; " b , 0

,G>'
0

B ,

c r ; * ' G  j - '

e r r 1 +  c , Q " h

J
e r r 1 Q 1 ■'  j- i

- P

f ; - 1 + f h ;

G ' * 1 + G H r

D ' - ' + D H '  E ^ + E F T

-p
0

0

2p
I r * I

(2.130b)

(2.130c)

Q mr ' = v m;*, + v m;

2 e _

(2.130d) A .  =

m . .

(2.130e) c i =
m.

m j-i +  m .

(2.130f)
B j  =  P - A j  _ C j  _  f t T m c V j -
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(2.130g)

(2.1301) 

(2.l30h)

(2.13 Oj) 

(2.130k)

(2.1301) 

(2.130m)

(2.130n)

(2.130o) 

(2.130p) 

(2.130q) 

(2.130D

Dr*‘
t r  '

p - 1  £ ' m c  r . ,

E, ■

e h ; = ^ - ^ b r .
1 t r  '

n r - l  °  r *r. =  rm. c ,
t r  k 1

FH; =
1 t r  -  '

E ' m . d '
G r •  1 C ,

t r  

E ' m . d 1’
G Hr =

t r

a; = /iwuVn e'"'or.

b; = /) o)gV(n + l ) e " 'KSr

c; = tm gVn e '" ’or

d; = /ki)g,/(n +1) eUMr.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



48

2.4 References

1. M. Bom and K. Huang. Dynamical Theory o f Crystal Lattices (Oxford University 
Press. London. 1954). p. 82-100.

2. C. Kittel. Introduction to Solid State Physics. 6th Ed. (John Wiley &  Sons. New
York. 1986). p. 366.

3. D. K. Ferry. Semiconductors {Macmillan Publishing Company. New York.
1991). p. 94.

4. A. Yariv. Quantum Electronics. 2nd Ed. (John Wilev &  Sons. New York. 1975).
p. 71.

5. T. Wenckbaeh. Essentials o f  Semiconductor Physics (John Wilev &  Sons. New
York. 1991). p. 275.

6. D. K. Cheng. Field and IVave Electromagnetics (Addison Wesley Publishing 
Company. Reading. MA. 1983). p. 97.

7. Reference 5. p. 289.

8. G. D. Mahan. Many-Particle Physics (Plenum Press. New York. 1981). p. 12.

9. L. Couch II. Digita l and Analog Communication Systems. 3rd Ed. (Macmillan
Publising Company. New Yok. 1990). p. 657.

10. K. Shum. J. Appl. Phys. 69. 6484 ( 1991).

11. N. S. Whngreen. K. W. Jacobsen and J. W. Wilkins. Phys. Rev. Lett. 61.
1396(1988).

12. A. Goldberg. H. M. Schey and J. L. Schwartz. Am. J. Phys. 35. 177 (1967).

J. M. Mohaidat. K. Shum and R. R. Alfano. Phys. Rev. B 45. 3822 (1992).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



49

O
CD
if)

CN

o

CD
cu

m

O )
c
i_
CD

"cc 
o
CO

8

Emission

6

4

Absorption
2

0 50 100 150 200

Electron Energy (meV)

Fig. 2.1: Emission and absorption o f electrons by LO phonons for d ifferent electron 

energies in bulk GaAs.
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+ h©

Fig. 2.3: The dispersion relation showing the four wavevectors responsible for phonon 

absorption from E, to E, + /rco in ID  semiconductor structure.
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CHAPTER 3 

THEORY OF ELECTRON-PHOTON INTERACTION

3.1 Introduction

This chapter w ill m irror Chapter 2 in that an electron-photon Hamiltonian w ill be 

derived from electromagnetic theory1. The discretization o f the Hamiltonian equations 

w ill be based on the results o f Chapter 2.

3.2 Theory

The interaction Hamiltonian w ill be derived for an atom subject to external 

radiation.

The M axwell's Equations are 

cB
(3.1a) V x E = - — .

cl

cD
(3.1b) V  x H = J + — .

cl

(3.1c) V -D  = p .

(3.Id) V -B  = 0.

In an isotropic medium these relationships follow 

(3.2a) B = pH .
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(3.2b) D = sE.

Thus the Maxwell's equations reduce to these equations for E and H

( j. ja )  V x E  = - u  — .
' ct

(3.3b) V x H  = J + E .
cl

(3.3c) V -E  = —.
s

(3.3d) V- H = 0.

For the case that there are no free charges or currents, they further reduce to 

cH
(3.4a) V x E = - li — .

cl

(3.4b) V x H = z~c~ •
cl

(3.4c) V • E = 0.

(3.4d) V H  = 0.

Take the curl o f the Eq. (3.3a)

, . _  c V x H  c : E
(j.3 ) V x V x E = - u — ; -= - s u — —.

c l ^  cl'

But.

(3.6) V x V x E = - V : E + V V  • E = - V : E .

Therefore.

, „  c : E 
(j.7a) V -E  = ( js r r ^ -

C f

d2E
(3.7b) V : E - Me — = 0.

Cl'
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(3.8) E = J -^ rp ( t)s in (k z )a %.
V £V

where p(t) w ill give the time variation and w ill later become an operator. Then it 

immediately follows that 

(.3.9) V ’ E = - k  E .

and thus proving the above equation has the correct spatial dependence. The parameter p 

can be found bv differentiation w ith

c 'E  c 'p  I 2 
(j.lOa) — r  = — r ,  —  sin(kz)a,

c f  c f  V eV

(3.10b) - k : p - u £ — P = 0.
‘ c f

But.

(3.10c) k : = o rp s  .

so p follows these equations

(3.1 Od) — (o ’ p — — P = 0.a-

(3.1 Oe) o rp  + ^—P = 0 .a-

(3.1 Of) o j: p = - — P.
c f

Take the curl o f the Eq. (3.3b)

a ct ct ■ ct a-

But.
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(3.12) V x V x H = - V :H + VV H = - V :H .

And the relation for H becomes

(3.13a)

(3.13b)

Let.

(3.13c)

Immediately we get the usual relationship for spatial coordinate 

(3.14) V : H = - k ' H .

The time variable q(t) is

(3.15a)

(3.15b)

(3.15c)

(3.15d)

(3.15e)

The electric energy density is

1 , 1 2 .  , 1 
(3.16a) - s E - = —e —  p: (t)s in : (kz) = — p : ( t)s in : (k z ) .

_ l e v  V

The magnetic energy density is

c : H c :q j 2  
~ r ^  = i — cos(kz)ax.
c f  c r  y pV

c H
V H = s p —  

c f

- k q = £ ) i T rct

k ‘ = a) ‘ lie  .

: ^q
- o  q = - 3 -

C H
- V - H  = - s u —  

c f

V : H = sp
c H

c f

H = c o ^ ^ q ( t) c o s (  kz)ax
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1 , 1 , 2 , , 1 
(3.16b) - | aH : = T fIC° : ~ ^ q : U)cos: (kz) = o r  — q : (t)cos: (k z ) .

The electric energy in volume V is (1/2 factor from the cos) simply 

p : (t)
(3.17a)

The magnetic energy in volume V  is likewise 

(3.17b) o): ^ .

The total energy is 

(3.18) E = ^ [p : (t) + o r q : (t)] .

Introduce the operators

( ’ a = l 2^ i  (wq + 1P)-

with the relations

(3.19c) a + a - = [ ^ — ] (2coq).

2Wy  

T(3.19d) a + a ' = ^ “7“ ] 9-

(3'19e) q = l4rJ (a + a )-

Thus the magnetic field can be written

(3.20) H  = ^ |^ (a * + a )c o s (k z )a x.
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Likewise for the electric field 

<3.2la> a ' - a = ( i )  <- i2P>-

(3.21b) i ( a - - a ) = ( ^ )  p.

f  fiui \ 1".
(3.21c) p = i^ — J ( a ' - a ) .

(3.2Id) E = i-y— ( a ‘ -a)sin(kz)a^ .

The time dependent o f the creation and annihilation operators since in Heisenberg 

representation o f quantum mechanics, the time development o f operator O is

,3- >  £ ° * > - 0 1 -

Thus the time dependence o f operator a is

(3.22a) £ a  = i [ H . a | .

(3.22b) H = /ko[ a ‘ a + ^ ) .

(3.22c) Ha = //w ^a 'aa + ^-j .

(3.22d) aH = /ico^aa'a+ ^-j .

(3.22e) [H .a ] = H a -a H  = /ico(a‘ aa -a a ‘a )=  /ico(a*a-aa* )a = //c o (a *a - l-a ‘ a)a = - t icoa. 

d i
(3.22f) —  a = — - /icoa = -icoa.

dt h

with the solution
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(3.22g) a(t) = — e"lu

Likewise for operator a*

(3.23b) [H a ' ]  = Ha' - a 'H  = /io)(a 'aa ' - a 'a 'a )  = tm a '(a a ' - a 'a )  = /icoa'

d i
(3.23c) — a ' = —//coa' = icoa'.

dt h

(3.23d) a ‘ (t) = ^ - e " ’' .

Thus the time-dependent electric field is

(3.24) E = i j — (a*e"" - a e " ” )s in(kz)a ,.
V 2eV

In the lonu-wavelenath reaion. k = 0. it can be assumed that the electric field is

(3.25) E = i , /——-(a ‘ eM,t - a e " " ‘ ) a %.
V 2eV

The interact Hamiltonian is the electric field times the dipole moment in the 

direction o f the electric field. The dipole moment can be assumed to be

(3.26) m = -e y a  .

and the interaction Hamiltonian is

(3.27) H . = E -m  = - i e j — (a*e"M - a e ^ 'K ’ -- p -y 2ev v L

In my calculation, the electric field and the dipole moment are in z-direction. 

Further I take the reference point to be in center o f  quantum well.
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Introduce a constant, a = e ,  . the interaction Hamiltonian becomes
w V2eV

(3.29) H e.p = -ig(a*e""‘ - a e -" ’1 \ z - z t]).

3.3 The Schrodinger equation w ith  electron photon in teraction

As before, the wavefunction for representing electron-photon coupling must 

include electron and photon terms. Here, the photon state can be either n > . j n -1  > or 

n + 1 > . which d iffe r by a population o f  one. where : n > is the incident radiation. There 

are three electronic states. 1' and y\i'2’ . associated w ith each o f three photon states

which are separated by photon energy hco. The wavefunction is

(3.30) »(/ = v ' " 1! n > + i|/,h in -  I > + '(/, : ' !n + 1 > .

The time-dependent Schrodinger equation is

c\u
(3.31) i / i—  = H \|/(z.t).

ct

The total Hamiltonian includes a purely electronic part and a part that deals with 

electron-photon interaction as

(3.32) H = H c + H c_p.

Using the electron-photon Hamiltonian in Eq. (3.29). this matrix equation is

written
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(3.33) i t i—
a

hT~ H, ig(z-z0)\/n+le''“< V°‘
= ig(z-z0)Vne",l;1< H. 0 V "

—ig(z—z,} )Vn h- le,tJ* 0 Hc t f 2'

Equation (2.98) is rewritten here

v " ” r h .c
(3.34) i ; ,T- V '" = C(z.t)

c  c
y : '_ _d(z.t)

a(z.t) b(z.t)

H c 0
0 H.

Thus.

(3.35a) 

(3.35b) 

(3.35c) 

(3.3 5d)

a(z.t) = -ig (z  -  z„ )Vne"

b( z. t ) = ig(z -  z„ )Vn + le 

c(z .t) = ig(z -  z„ y fn c '" '" .

d( z. t ) = - ig (z  -  z„ }v n + leu”  .

Finally the discretized equations, based on results o f Chapter 2. are

(3.36a) A
B,

+ p;*'

i Q
. > j

i _G, '

-p d ;-

d ;-1 e ;-1

B, 0

0 B,

c r r Q , . i

+  c ,
n , h r - '
G  i - i

Q ' : '  1 G  i - i

• r -1 
*1

F + FFT
• r - l g et

- p

0

0

-p

Oi r - I

V
ll lr*!

V  J

t2ir*1
V  J

(3.36b)

(3.36c)

(3.36d)

2e '

p = i — m..v  t ib  "

A i =
m.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



63

(3.36e)

(3.36f)

(3.36g)

(3.361) 

(3.36h) 

(3.36j) 

(3.36k)

(3.361) 

(3.36m)

(3.36n)

(3.36o)

(3.36p)

(3.36q)

(3.36r)

C = -----— -----
J m H +m,

B> = P - A J - C ) - T T m, V r

rr 1

DH;
1 rr 1

e h ; = ^ i>\
rr '

f ; * 1 = ~ m . c r:' . 
r, : * 1

FH; = ^ m . c ' .  
1 h-

s -m .d ;-1
G = ---------

’ rr

s 'm .d 1’
g f t  =■ 1 1

rr

a' = -igF,(j - j , : k ;,ne

t>l = i( f f i ( j- j „ ) i /n  + le " " * .  

<=; = ige(j -  jo )Vne‘"”“ .

d ^ - i g s O - j o y ^ T e " " * .
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CHAPTER 4

VISUALIZATION OF ELECTRON TRANSPORT  

DYNAMICS IN SEMICONDUCTOR NANOSTRUCTURES

4.1 Introduction

Now that electron-phonon and electron-photon interaction Hamiltonians have 

been discussed, the most important element o f the thesis concerning the visualization o f 

electron transport dynamics in semiconductor nanostructures w ill be dealt with. A  

program, called Visual Quantum Project (VQP). w ill be used to display the calculated 

results in real time. Basically the important elements w ill be the inputs o f a 

semiconductor nanostructure, setting o f interaction w ithin the device, and then setting up 

a calculation, i.e.. what elements are calculated. A fter the calculation, the program itself 

can be used for simple analysis. However for more complicated analysis, a series may be 

saved so a mathematical program can analyze the data. VQP w ill be used to analyze three 

devices mentioned in the next 3 chapters. However only the semiconductor superlattice 

structure is used in the illustrations o f VQP in this chapter. A ll the steps in creating a 

project to view Bloch oscillations in semiconductor superlattices are detailed later in this 

chapter. The project file, which is an ACSII text file  that can be modified by almost any 

other program, is included the Appendix.
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4.2 Visualization program for quantum projects

A brie f description o f  the program (VQP) follows. The program is a windows- 

based graphic user interface program and is written using Microsoft Visual C+-r 6. When 

the program is launched, the following menu options are available: File. Setting. V iew. 

W indow. and Heip. 1 he title bar indicates the name o f the current quantum project w ith  a 

short user note.

A t this point the user may do two things. A  saved project can be opened by- 

selecting Open Project in File menu. A  new project may be also be started by selecting 

Set Quantum Structure in the Setting menu. There are five options: square barrier or well, 

triangular barrier or well and import structure. I f  either o f the four barrier or well 

structures are selected, several dialogs are displayed to get the potential energy and 

effective mass profile, for the number o f regions in the device. The import structure w ill 

load an ASCII text file w ith a complex structure, where the text file can be written w ith 

almost any program such as Excel. Once a particular structure is set up. different options 

are now available in the Settings menu such as M odify Quantum Structure. Wavepacket 

(Traveling or Localized). Applied Bias. Interaction (electron-phonon or electron-photon) 

within device and Resolution (spatial and temporal) for the calculations. A ll have default 

values, which may be changed by choosing Default Settings in the Setting menu. For 

most o f the parameters in the Setting menu, the program allows the user to enter a range 

o f parameters by writing a start, step and stop value. The program w il l run the simulation 

the required number o f times and cycle through all the variables.
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Once the settings are set. a window titled 'Entire Structure' w ill show up showing 

the nanostructure. Also two new menu items w ill appear: Graph and Operation. Most o f 

the operations in these 2 menus are available as toolbars. The program can display in real 

time five important results as electron wave function is being calculated: probability 

density (P). charge (Q). current (J). energy (E) and center o f  mass (X). These five options 

are available in the Graph menu as weii as the new document toolbars w ith those 

letterings. The Operation menu is used to Run ' Pause the calculation as well as Quit the 

calculation. The two options are available as toolbars w ith the blue arrow for Run ' Pause 

and red stop sign for Quit.

The program allows for automatic saving o f calculated data o f current, charge, 

energy, or center o f mass data after each calculation, i.e.. t i l l the wavepacket is near the 

hard boundaries or after a selected time period, i f  and only i f  a series name is entered at 

the time the graphs were created. A t any time, the Project Information option from the 

Help menu can be selected to see the current status o f calculation. It w ill show what are 

the current values for the different variables and much calculation time is remaining.

The feature o f saving a series is useful i f  the program loops for days. After 

program conclusion, the data in the series can be analyzed using a mathematical program 

such as M ATLA B. Alternatively VQP can open the series by selecting Open Series 

option from the File menu. By right clicking on the graphs, the local minima and local 

maxima values can be found near a given point. Left c lick ing on a graph w ill give the 

value at a particular point, as well as the graph properties set at creation. The mouse 

options are also available for running calculations.
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4.3 Semiconductor superlattice

In Chapter 6. I w ill discuss Bloch oscillations under electron-phonon interaction. 

In semiconductor superlattices under uniform electric field, time evolution o f Wannier- 

Stark ladder (WSL) states leads to coherent quantum beats. Up to now. it is not clear how 

various phonon modes can affect the dynamics o f Biocn oscillation. W ith this program, 

the subject can be easily investigated.

When VQP is launched a welcome screen w ill show up as shown in Fig. 4.1. 

Additionally i f  a project file is dragged into VQP icon, the saved quantum structure w ill 

be loaded. I f  this is not the case, the word 'Untitled* w ill appear in the Title bar. Then the 

structural information must be provided using the Setting menu. W'e first select the 

Default Settings in the Setting menu and enter the values shown in Fig. 4.2. The different 

structural parameters are the widths o f well and barrier, how far the hard boundaries are 

from the structure, the length o f  the leads where the electric field is nonzero in case o f  

applied bias, the effective mass for barrier and well and the conduction band 

discontinuity. For confined phonons. the interaction strength in the barrier is zero. 

Further the value in the well is the amplitude o f  sinusoidal distribution. Lastly the pen 

size indicates how wide the display lines w ill be. This is useful for large resolution 

monitors.

A fte r the default settings are set. a 35-quantum-well structure can be set by 

selecting the options indicated on Fig. 4.3. We next enter 36 for the number o f barriers / 

wells in the dialog box as shown in Fig. 4.4. A fte r accepting the values in the next few 

dialog boxes, the structure shown in Fig. 4.5 w ill show up.
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Next the Wavepacket is selected w ith the options shown in Fig. 4.6 and set with 

the values shown in Fig. 4.7. The wavepacket is centered w ith in the superlattice structure 

with zero in itia l kinetic energy. The resulting quantum structure is shown in Fig. 4.8. 

Now select Applied Voltage from the Setting menu w ith the values shown in Fig. 4.9. A  

single voltage o f 0.15 V is entered. The modified quantum structure is shown in Fig. 

4.10. Finally the Resolutions are selected from the Setting menu and set w ith the vaiues 

shown in Fig. 4.11.

Now that the different settings have been set. the project should be saved. 

Selecting Save Project from the File menu, the file save dialog comes up as shown in Fig. 

4.12. After pressing save, the program prompts for project note as shown in Fig. 4.13. 

Both the project title and project note are displayed on T itle  bar. Next a new window is 

created through either the Graph menu or just by selecting the toolbar with the letter P. 

Enter the range shown in Fig. 4.14 to see only the superlattice structure and the new 

window is shown Fig. 4.15 w ith the 'Entire Structure" window closed.

A new w indow , for the center o f  mass, which is labeled X  in toolbars, is opened 

with the values in Fig. 4.16. Now that we have set the windows, the calculation can be 

run by clicking on the arrow toolbar or selecting Run / Pause from the Operation menu. 

After running the calculation for about 3 ps. the graphs show that 3 Bloch oscillations 

have occurred as shown in Fig. 4.17. At that moment the center o f  mass graph is selected 

and printed using Print Graph from Graph menu or the print toolbar. The caption o f graph 

and the margins o f graph are set w ith the values shown in Fig. 4.18. The resulting graph 

w ill be printed as shown in Fig. 4.19.
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Fig. 4.1: A welcome dialog shows up when VQP is launched.
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Fig. 4.2: The default settings can be changed by selecting Default Settings in the Setting 

menu and entering these values for a semiconductor superlattice.
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Fig. 4.3: A  36-barrier structure can be set by selecting the N-Barrier Square Barrier 

option.
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Fig. 4.4: Enter 36 barriers for a 35-QW structure.
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Fig. 4.5: A fter setting the structure, an 'Entire Structure' window shows up.
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Fig. 4.6: We can change the wavepacket properties by selecting these options.
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Fig. 4.7: Set the wavepacket properties so the electron is in middle o f superlattice w ith 

zero kinetic energy.
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Fig. 4.8: The resulting quantum structure after setting the wavepacket properties.
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Fig. 4.9: Set the applied bias across the semiconductor superlattice as 0.15 V.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



79

I I f  U n t i l le d

, |  F n h ir  S tm rJu itr

P(1e-4]

84008

Fig. 4.10: The resulting quantum structure after setting the bias.
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Fig. 4.11: Set the temporal and spatial resolutions for the calculation.
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Fig. 4.12: A fte r setting the quantum structure, the project should be saved by selecting 

Save Project from the File menu.
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Fig. 4.13: A fter entering the project title, the program w ill ask for a project note.
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Fig. 4:14: Set up a new probability graph to zoom in on the superlattice structure.
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Fig. 4.15: The 'Superlattice' window pops up. Note that the 'Entire Structure window has 

been manually closed.
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Fig. 4:16: A  center o f mass graph for finding the charge center within the superlattice.
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Fig. 4.17: The vvavefunction and center o f mass are shown in this tiled view after 3 

Bloch oscillations.
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Fig. 4.18: The center o f the mass is printed by entering the print properties.
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CHAPTER 5

ELECTRON-PHONON INTERACTION IN A SINGLE

QUANTUM WELL

5.1 Introduction

A mixed three-quantum-state quantum mechanical model o f a single quantum 

well under electron-phonon interaction w ill be used to study both electron capture and 

escape. The coupling o f the three noncoherent states is based on the electron-phonon 

coupling constant. This model w ill be contrasted to others in terms o f the information that 

can be obtained (capture and escape rates and electronic spectra, resonant energy, and 

density o f states), as well as in terms o f computational efficiency. The capture and escape 

rates are found to be strongly dependent on the number o f  eigenstates in the single 

quantum well. The effect o f the interaction strength, or the electron-phonon coupling 

constant, on the electronic transport properties is linear for low values o f interaction such 

that interaction energy is less than 1/100 o f  longitudinal-optical-phonon energy.

An understanding o f electron - longitudinal-optical (LO)-phonon interaction in 

semiconductor nanostructures is important for determining the response o f semiconductor 

devices. In quantum well (QW) lasers, the electron capture time determines the maximum 

modulation frequency. Meanwhile the escape time must be long enough for efficient light
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emission through electron-hole recombination. The escape time also determines the 

maximum frequency o f a quantum well infrared photodetector (QWIP). A  numerical 

model o f LO-phonons in the III-V  GaAs/AlGaAs w ill be used to get the dynamics o f an 

electron wavepacket.

The time-dependent Schrodinger equation (TDSE) must be used to get 

femtosecond dynamic behavior o f  electron wavepacket in semiconductor nanostructures. 

One o f the first studies1 solved the TDSE for the electron Hamiltonian without any 

interaction. Recently computers have become fast enough to consider scattering2. Here 

electron-phonon scattering w ill be considered with the electron being described by a one­

dimensional (1D) system, in the z-axis. A thorough study o f the different information that 

can be obtained from wavepacket analysis w ill form the body o f this paper, as well as the 

advantages o f this method over comparable methods.

5.2 Numerical Model

A mixed three-quantum-state system w ill be considered. The three states 

correspond to three different electronic wavefunctions. one corresponding to equilibrium 

population, and others to emission and absorption o f one LO-phonon. respectively.

(5.1) \\i = v(/° | n > -H|/' 1 n — 1 > +vy: j n +1 >.

The coherence is maintained i f  the electrons remain in the in itial channel. 

Decoherence sets in when significant leakage to the other channels has occurred. The 

effect o f the electron phonon interaction is to transfer charge between the three electronic 

wavefunctions. The electron-phonon interaction Hamiltonian used is
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(5.2) H sp = /ico-v/g(z)(a exp(-icot) +  a ' ex p(icot)).

where the lowering and raising operators are used. The exponential terms are the standard 

time development o f these two operators. The spatiallv-dependent variable g(z) contains 

the spatial dependence o f the phonon potential. The reason why the square root is used 

w ill become apparent when the Fermi golden rule (FGR) is used. The above treatment is 

a full quantum mechanical treatment as opposed to models just based on the FGRJ. Thus 

the time dynamics from in itia l to final state can be found, how quickly dephasing is 

induced, and electronic density o f states and energy spectra. The FGR requires knowledge 

o f electronic density o f states and the amplitude o f transition matrix element between 

initial and final wavefunctions. The treatment o f electronic resonances by this method 

have been questioned4 because it cannot handle coherence-decoherence dynamics and 

overestimates the capture times. It should be noted that Monte Carlo calculations' employ 

the FGR-calculated probabilities. Monte Carlo methods may use the TDSE in the 

calculations, but become computationally extensive because o f the large number o f 

particles considered. Furthermore, there are several quantum mechanical plane-wave 

studies6, where a mono energetic particle, or a plane wave, is studied. The assumption o f 

mono energetic particle violates the uncertainty relationship thus giving unrealistic 

results. For example even though Reference 6 showed that the transmission coefficient 

changes from 0 to 1 at a electron-phonon resonance no matter how weak the dissipation, 

such results w ill not be obtained using a finite wavepacket w ith  a range o f energies. The 

use o f time-dependent perturbation theory can also be used, but it cannot handle for all 

interaction strengths.
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The function g(z) is the only variable in the interaction Hamiltonian and shall be 

called the electron-phonon coupling constant. The value o f the interaction has been dealt 

with for semiconductor nanostructures 8-9 10 and how it related to the electron-phonon 

transition matrix. Several phonon modes in quantum structures have been found such as 

confined and interface. For confined phonons. g(z) is distributed w ith in  the QWs o f a 

multiple quantum well structure. In the first approximation, it may be assumed to be 

distributed sinusoidally w ithin the QW and zero at the interface. The amplitude o f the 

distribution w ith in the QW w ill be called the g-value and used in the rest o f the paper. 

The interface phonons are exponentially decreasing from the interfaces. The relative 

importance o f confined versus interface phonons increase with quantum well w idth11. A 

wide quantum well o f  100 Angstroms is used in this study.

5.3 Capture and escape dynamics

A  single quantum well (SQW) structure shown in Fig. 5.1 is studied. The 

variables are the electron-phonon coupling constant, g. and the confining potential. V. 

The variable. V. is varied from 25 meV to 350 meV. For a particular V  w ith in this range, 

there may be one. two. or three eigenstates within the SQW. I f  the electron kinetic energy 

is fixed at E, = 24 meV as V is varied, the electron may resonantly emit a phonon leading 

to electron capture i f  the highest state is approximately one LO-phonon energy from E, 

(where the slight shift is due to renormalization by electron-phonon interaction). The 

SQW is not biased (representing the intrinsic region) and the energetic particles are due to 

laser excitation or doped regions far from the SQW. In Fig. 5.2. the temporal dynamics

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



93

o f an electronic wavepacket for a fixed g and V. are shown for three different times. In 

Fig. 5.2(a). the wavepacket has moved by 30 nm in the region to left o f SQW 

corresponding to time t = 50 fs. The maximum captured charge in the SQW is shown in 

Fig. 5.2(b) for a time t o f 1445 fs. The charge after significant escape, at time t = 4000 fs. 

is shown in Fig. 5.2(c) where there is a spike indicating the trapped charge in SQW. The 

Fourier spectra o f  Fig. 5.2(c) is shown in Fig. 5.3 for the transmitted wavefunction. The 

depression in the spectra from 20 to 30 meV. from the incident spectra, is at energy o f 

23.8 meV corresponding to the resonant electron energy. There is also a small component 

near 60 meV corresponding to phonon absorption. For a g-value o f 0.05. the temporal 

dynamics o f the ratio o f captured charge in SQW to incident, capture probability, are 

shown for three V-values. These V-values correspond to one. two. or three states in SQW 

and the incident electron central energy being one LO-phonon energy above the highest 

resonant state. These particular V-values are found from analysis o f capture probability 

vs. V-value for two times, one just after maximum capture and another one after 

significant escape in Fig. 5.5. It is seen why we pick the three V-values in the Fig. 5.4. 

From this diagram, the capture probability is greatest for V = 25 meV as well as the 

escape rate. This means that both trapping and escaping are faster i f  there is only one 

eigenstate in SQW. However, for most GaAs/AlxGa|.xAs structures where x greater than 

0.25. the V value w ill be likely be greater than 250 meV corresponding to V = 265 meV 

case.

In Fig. 5.6. the temporal dynamics showing capture and escape are shown for 

different g-values for a fixed V-value o f 25 meV. corresponding to first resonant 

eigenstate. The case o f no interaction is shown by dashed line. It is a symmetric curve

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



94

with respect to a time o f 1 ps. The original wavefunction (at time t = 0) is centered 3000 

Angstroms from SQW. An electron with an energy o f 24 meV w ill travel this distance in 

around 1 ps. The capture time can be defined as the difference between the time that the 

charge is maximum with reference to maximum charge for g = 0 case. This definition is 

consistent for g greater 0.02. For g = 0.01. the second maxima must be used as shown by 

visual inspection o f  the wavefunction. The escape time is the proportional to the slope o f 

the tail end representing the escape process. The escape time corresponds to the best 

exponential f it and that is the reason the captured charge is shown logarithmally. The 

capture and escape times o f Fig. 5.6 are shown in Fig. 5.7. The capture time, for these g- 

values. is a linearly decreasing line. The escape time meanwhile is proportional to the 

reciprocal o f  the g-value. We shall look in detail at both processes.

The resonant electron energies can be found from Fig. 5.8 where the maximum 

capture probability is shown as a function o f electron energy. A ll resonant energies for the 

10 nonzero g-values are near 24 meV for a V-value o f  25 meV. In fact for g = 0.05. the 

maximum captured charge is at energy o f 23.7 meV. which is only 0 .1 meV different 

from the value obtained in Fig. 5.3. A ll the resonant energies are shown in Fig. 5.9. which 

shows the blue shift for increasing g-values.

The above showed that the different properties are linearly increasing w ith g- 

values. However in Fig. 5.10. the maximum captured probability, is shown as a function 

o f g-values w ith g ranging from 0.01 to 0.5. It slows that the linear range extends t il l g =

0.1. Because o f  the square root dependence, this corresponds to interaction energy o f 0.01 

o f LO-phonon energy. Above this g-value. the escape process is so efficient that charge is 

not being trapped and thus the resonance character o f  these states is lost.
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The escape times for the Fig. 5.4 w ill now be examined in greater detail using the

FGR. The escape times for the structure w ith one. two. and three eigenstates are 800 fs.

1859 fs. and 2098 fs. The escape rate can be found from the FGR provided the exact 

interaction Hamiltonian in known. A  bound electron absorbs a phonon and the final state 

is 24 meV. The absorption can be written as

(5.3) r al = —  /T cruN  dos(24 m e V ).
h

The scattering time can be written as

1

N^dos(24 meV)

which shows the 1/g dependence for a fixed energy.

The density o f states at 24 meV has a mixture o f 2D and 3D characters. I f  we let t  

be 800 fs. the density o f  states at 24 meV can be found. For scattering times o f 1859 fs 

and 2098 fs. the above formulas cannot be used because the time to go from ground to 

highest state must be accounted for. Furthermore, we do not know what is the appropriate 

length that must be used in calculating the density o f  states. An advantage o f a direct 

method using Schrodinger equation is that confinement can be properly accounted for.

5.4 Conclusion

In conclusion, we have studied electron wavepacket dynamics in a SQW under 

electron-LO-phonon interaction. We can gain much information about the rates and 

electronic properties o f  the quantum nanostructure. This model is noted for its numerical

(5.4) T =
hco'a
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efficiency. The most common boundary conditions for quantum-mechanical wavepacket 

calculations is hard boundaries far away from device and the device typically takes only 1 

percent o f the total system. I f  there are N spatial divisions, then a matrix 3N by 3N must 

be solved. We have a sparse matrix with a band o f 7 terms per row. The electron 

Hamiltonian induces terms in principal diagonal and terms to the left and right o f the 

diagonal. Its an uncoupled problem, except in the middle region o f device (where all 7 

terms in row may be nonzero): thus the solution is approximately three N by N matrixes. 

For the interior points, corresponding to system, the algebraic equations must be solved 

with different time-dependent boundary conditions.

We studied electron transport as the depth o f  the SQW increased and for different 

electron-phonon interaction strengths. There is one resonant state, where capture takes 

place, i f  the electron energy is approximately one LO-phonon energy above the topmost 

eigenstate. The capture and escape rates are strongly dependent on the number o f 

eigenstates in SQW. The electron-phonon interaction linearly affects electronic properties 

for low interaction strengths, i.e.. the maximum capture probability does not increase 

indefinitely with g-value but shows a strong nonlinear behavior. The capture time is 

linearly decreasing for small g-values while the escape rate is increasing for all  g-values. 

The escape rate is inversely proportional to the g-constant as verified by using the Fermi 

golden rule.
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E. = 24 meV

L = 100 Ang

Fig. 5.1: An electron at energy 24 meV resonantly emits a phonon leading to capture o f  

electron by a SQW o f depth V.
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Fig. 5.4: The temporal dynamics o f captured electron density for resonance conditions 

with the three states for g = 0.05. showing electron capture and escape.
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CHAPTER 6

BLOCH OSCILLATIONS IN SEMICONDUCTOR

SUPERLATTICES

6.1 Introduction

The dephasing o f  electrons in biased semiconductor superlattices, due to LO- 

phonon emission, suppresses Bloch oscillations and is responsible for the oscillations due 

to negative differential velocity. We numerically solve the time-dependent Schrodinger 

equation with electron - LO-phonon interaction to study these related processes using a 

coupled set o f three noncoherent quantum states. The scattering time shows an oscillating 

feature as the electric field increases w ith a period related to the bandwidth o f  the 

superlattice. The effective electric-field bandwidth increases linearly with increasing 

electric field. Further the electron energy corresponding to the oscillations is around 8.7% 

o f the Wannier Stark ladder level at room temperature. The beating o f unequal Wannier 

Stark ladders explains the rapid dephasing o f  the Bloch oscillations.

In the absence o f  scattering. Bloch electrons in semiconductor superlattices (SL) 

undergo Bloch oscillations with a time period h/eFd and spatial amplitude A/eF. where d 

is the period o f superlattice. F is the electric field and A is the ground state bandwidth. 

Interface roughness dominates the scattering for low temperatures1. It is theoretically 

predicted this holds for the miniband widths smaller than the LO-phonon energy, at least
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for low temperatures2. A t high temperatures, polar optical phonon scattering becomes the 

most important scattering mechanism'5 in GaAs/AlxGai.xAs heterostructures.

Negative differential velocity (NDV) in SL was considered by Esaki and Tsu as 

early as 19714. Esaki and Chang observed oscillations in /-Tcurves' and attributed them 

to electric field domain (EFD) formation. Much progress in SL had to await the 

introduction o f advanced growth technique o f molecular beam epitaxy (M BE) and the 

first reported observation o f Wannier Stark ladder (W SL)6. It is now believed that WSL 

and NDV are based on the same phenomena'. Electric field domains (EFD) are assumed 

to form in one well as the electric field induced a bias between wells greater than the 

minibandwidth o f the superlattice. This would correspond to decreased tunneling and a 

region o f NDV. There were a number o f such regions equal to the number o f  quantum 

wells and thus there would be seen a number o f oscillations. We instead consider the case 

where the electron loses energy to the phonon field so resonant tunneling exists for all 

electric fields and EFDs are not created or propagated in the simulation. However, in 

experiment, instabilities might exist that cause EFDs to form.

The dephasing due to LO phonons w ill be considered in this paper using a single­

particle picture. Actually. Bloch oscillations are affected greatly by excitons and hole 

motion should be included. The excitons affect the spacing o f the Wannier-Stark ladders 

via Coulomb field and lead to rapid dephasing8. Time-resolved study o f  Bloch 

oscillations by transient Four-Wave M ixing (FW M )q and Terahertz emission 

spectroscopy10 measure the exciton decay. The influence o f  excitonic effects increases i f  

the bandwidth is comparable to exciton binding energy11. In most cases, the bandwidth is 

much larger than the exciton binding energy o f 5-10 meV. However the single-particle-
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picture, w ith the hole localized, is s till useful because o f numerical complexity o f  the full 

two-body problem. Furthermore, it leads to insights not apparent from the two-body 

picture.

6.2 Electron-phonon model

The effect o f electric field is to increase electron-phonon scattering by increasing 

carrier kinetic energy. This problem was originally analyzed in the study o f  electric 

breakdown1" 1 ,14 where the authors argued the scattering should increase logarithmically 

with the electric field. The confinement o f phonons in 2D quantum structures has been 

actively studied1'.  It has been found that the dielectric continuum model is suitable for 

devices with wide QWs!\  The electron phonon coupling function o f a single electron to 

the long-wavelength optical phonons o f mode j  in a multilayer semiconductor 

nanostructure is1

(6.1) T (q .z) = — -
q

■ I - +s„e h
\|

2Aco)(q
E ' (q .z).

with the electron-phonon Hamiltonian being

(6.2) H cp = X Z e4"r ' r j (ci -z)(a(q ) + a * ( - q  )).

Using the long wavelength approximation ( q 0). the above can be simplified

(6.3) H^p = £ r , ( q  .Z)(a +  a * ) .
J

Defining an electron-phonon coupling constant g(z) such that

(6.4) /rco^/g(z) = £ r j(q -z) .
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the electron phonon interaction Hamiltonian can be written as

(6.5) H s_p = /koA/g(z)(ae“'MI + a 'e ' “ ‘ ).

The function g(z) is supposed to be a sum over interface and confined modes and

can be related to the electron-phonon scattering matrix. The Frohlich Hamiltonian is

We solve the time dependent Schrodinger equation (TDSE) in one dimension 

( ID),  say z-axis. because o f lim ited computation time. Thus scattering in x and y- 

directions is forbidden. By calculating the scattering matrix using 1D electron density o f 

states we arrive at a value o f g = 9 for a small electron energy. 0.5 meV. corresponding to 

a small net velocity o f  the motion o f wavepacket in response to electric field. To simplify 

analysis only confined phonons are considered with boundary conditions that g(z) is zero 

at the interfaces and is sinusoidally distributed within each QW with the amplitude given 

by the g-value in Eq. (7). The relative importance o f confined phonons versus interface 

phonons increases with quantum well w id th19. It is also predicted that the role o f  interface 

phonons can be suppressed in a SL:o.

The total Hamiltonian can be written as

(6 .6)

I sand thus the u-value ' is

(6.7)

(6 .8)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



112

where H eis the electron Hamiltonian and g(z) is the electron-phonon coupling constant. 

The electrons are assumed to be free in x and y directions and confined in the z-direction 

(along the layers). Thus H e can be expressed as

(6.9) H i = ~ - i - 4 -  + V„<z) + eV,.
2 czm  (z) cz

where V„(z) is the potential profile o f  the selected quantum well. V a is the applied

potential and m*(z) is the position dependent electron effective mass.

A wavefunction with three components, corresponding to phonon states, w ill be 

used. The interaction between the three phonon states is assumed to be harmonic. The 

three phonon states are n >. ; n -1  > . and j  n +1 > differing in population as indicated

with n being the equilibrium population with a population n = [exp ( / /o /kHT) + 1]'1. I f  

more states were considered in the linear combination, multi-phonon absorption and 

emission can be considered. Electronic states are coupled to the phonon states as

(6.10) i|/ >= h/'°' n > +vy'h : n -1  > i n +1 >

The three electronic states are governed by the electron Hamiltonian. The three 

phonon states fo llow  the standard harmonic equations w ith additional constraints due to 

fact only one-phonon absorption or emission can occur.

a * | n >= Vn + 1 | n +1 > 

a * i n +1 >= 0 

a* j n -1  >= Vn j n >

These equations have to changed appropriately for multi-phonon emission and 

absorption.

(6.11a) a ! n >= VrT! n -1  >

(6.11b) n +1 >= vn + T I n >

(6.11c) a In -1  >= 0
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The resulting time-dependent Schrodinger equation, using orthogonality o f  the 

phonon states, is

n /10’ H e /ko-y/gUlne'131 tm^Jg(z)(n + l) e ',lflt V|/' 0 *

v ,h = tm^jg{z)nc 'w' H c 0 vy1"

h(iigyjg(z)(n + l)e"” 0

H ‘
K J

This equation was discretized using a fast algorithm, and solved on a Pentium II 

processor w ith  an initial electron wave packet inside a superlattice structure with zero 

initial kinetic energy.

6.3 Results

The superlattice is a 35 period superlattice with a quantum-well width o f 97 A  and 

a barrier width o f 17 A o f GaAs/Al() jGa<) ?As materials. This structure has been actively 

studied to view Bloch oscillations'1. The effective mass is 0.067 electron mass in the 

quantum well and 0.092 electron mass in the barrier. The potential energy discontinuity 

at the interfaces is 243 meV. A  spatial amplitude o f 5 times the quantum well, or 481 A. 

is predicted for a voltage o f 0.15 volt applied over the semiconductor superlattice 

according to the semiclassical equation o f A/eF. The bandwidth is around 18 meV and is 

less than the phonon energy o f 36 meV as can be seen from Fig. 6.1 in which we plot 

both the eigenenergies for the finite structure and the infinite structure using Kronig- 

Penney model. In Fig. 6.2. the center o f mass o f the wavefunction. for the case o f no 

interaction, is shown as a function o f time, and two times corresponding to wavefunction 

being either at left or right-extrema are noted. In Fig. 6.3. the wavefunctions at these two 

times are depicted.
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Figs. 6.4 and 6.5 are sim ilar to the previous figures except here we have 

interaction w ith g = 9. The large leakage at the rightmost point should be noted and is due 

to escape mediated by phonon absorption. In Fig. 6.6. we show the temperature 

dependence o f  the confined phonons for temperatures between 5 and 300 K. for an 

applied bias o f  0.15 volt. The scattering time is defined here as the e '1 time o f  the 

damping o f the modulation o f the center o f  mass. An electron LO-phonon scattering time 

o f 250 fs is usually given in literature for room temperature and which is range above".

In Fig. 6.7. the scattering time is shown as a function o f applied bias. We can see 

an oscillating feature. It is seen that the period o f the oscillating component is about 13 

millivolts. The electron energy corresponding to the period is eV = 13 meV. This is less

than the bandwidth o f the first band. Thus electrons are scattered when they enter the 

negative effective mass region by LO phonons to k = 0. The inset shows that the period 

greatly changes as a function o f applied bias. Thus for a constant voltage o f  150 

m illivolts across the surface, the Wannier-Stark Ladder (WSL) spacing (eFd) is 150/35 or 

4.268 m illivolts. Thus the spread in WSL is 13/35 or 0.371 m illivo lts, which is 8.7% o f 

the original spacing. Since the beats o f the different equally-spaced ladders leads to 

Bloch Oscillations in the Quantum Mechanical picture. LO-phonon interaction leads to 

the change in spacing between the levels and the rapid dephasing. According to Ref. 4. 

the minimum electric field to observe WSL is eFmind = / i / x .  Because x is between 3.25

ps and 0.25 ps in Fig. 6.7. this corresponds to a corresponding minimum WSL spacing o f 

between 0.2 meV and 2.63 meV. Thus for a field o f 0.15 V. w ith a corresponding to a 

WSL spacing o f 4.268 meV. we should be able to observe Bloch oscillations.
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6.4 Conclusion

In conclusion. Bloch electron scattering via LO-phonon interaction is studied by 

solving the time-dependent Schrodinger equation using a coupled set o f  3 noncoherent 

quantum states to find how the Wannier Stark ladders are changed w ith interaction and 

lead to onset o f  negative differential velocity. Bloch oscillations are hard to observe since 

they need coherent dynamics with large scattering times. A t low temperatures, up to 15 

oscillations have been observed. However, the situation deteriorates with high 

temperatures where LO-phonon emission dominates. Here only one Bloch oscillation can 

be seen since the scattering time is sim ilar to the Bloch period. It is seen that the main 

mechanism seems to be that the spacing o f WSL are not equal leading to beats o f slightly 

different frequency, rather than a single frequency. This is shown by the periodic 

modulation, w ith  a period Vp. in scattering time versus applied bias. The electron energy.

eVp. corresponds to electrons entering the negative effective mass region and being

reflected to k = 0. The above program could alternatively be used to get I-V  curves. 

However in the absence o f scattering there w ill no current. Furthermore even for the case 

o f some scattering, the large times, in comparison to the femtosecond time resolution, 

after which there is significant leakage to measure a current are not possible for a lim ited­

time numerical study.
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Fig. 6.1: The 35 eigenenergies per band are shown by the dots for the 35 quantum-well 

superlattice. For comparison the Kronig-Penney model is shown by solid line for the 

infinite superlattice.
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Fig. 6.2: The center o f mass for the case o f no scattering. The electron oscillates between 

two extreme positions in about 0.486 ps. The first rightmost position occurs at 483 fs and 

then the leftmost occurs at 977 fs.
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Fig. 6.3: The wavefunction without interaction for the two different times, (a) t = 483 fs 

and (b) t = 977 fs. which correspond to the center o f  mass at extreme right or left, 

respectively.
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Fig. 6.4: The center o f  mass for the case o f scattering with g = 9.0. The electron oscillates 

between two exteme positions in about 0.454 ps. The first rightmost position occurs at 

546 fs and then the leftmost occurs at 1000 fs.
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Fig. 6.5: The wavefunction with interaction for two different times, (a) t =  456 fs and (b) t 

= 1000 fs. which correspond to center o f  mass at extreme right or left, respectively.
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field. The effective bandwidth also increases w ith the applied bias as shown in the inset.
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CHAPTER 7

ELECTRON-PHOTON INTERACTION IN A SINGLE

QUANTUM WELL

7.1 Introduction

An electronic switch controlled by the delay o f  an optical pulse is studied for use 

as an optical interconnect. The time-dependent Schrodinger equation with electron- 

photon interaction is used to study the characteristics o f the switch. The switch is 

modulated by the time-delay. t0. between when an electron pulse, that is modeled as a

Gaussian wavepacket incident on a single quantum well, is released, and when a photon 

pulse is illuminated on the single quantum well. I f  this time delay corresponds to a time 

when most o f  the wavepacket is w ith in  the quantum well, there is maximum electron- 

photon interaction. Furthermore, the transmission and reflection coefficients are changed 

considerably due to increased electron-photon scattering for the resonant electron 

wavepacket. We have designed the switch so the transmission changes from 98% to 37% 

in 6 ps for an incident photon power o f  10-mW and a width o f 100 fs as the time-delay is 

increased from 2.5 ps to 3.3 ps. Better performance can be achieved by choosing different 

quantum structures with an ultimate switching time o f  300 fs.
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Optical interconnects for massive parallel processing computing tasks is an active 

area o f a research1 For chip-to-chip communications, the simplest implementation 

includes the transmitting chip's laser sending an optical signal which impinges on a 

photodetector in the receiving chip. The signal may travel either by a waveguide, a 

holographic mask for complicated connections, or in tree-space. The photodetector thus 

acts like an optical switch and the output current corresponds to the voltage on the 

transmitting chip driving the laser.

A switching system utiliz ing a single quantum well (SQW) w ill be designed as an 

optical interconnect. The use o f  a low-dimensional semiconductor nanostructure, such as 

a SQW. in optoelectronic switching has been extensively studied2 using the quantum 

confined Stark effect (QCSEV5. Among the several devices, the Self Electro-Optic Effect 

Devices (SEED)4, is the most developed o f the different technologies.

The electrooptic switch, here, is based on Mach-Zehnder interferometer, w ith the 

undelayed and delayed signals impinging on a semiconductor grading region and a single 

quantum well (SQW). rather than combining, as shown in Fig. 7.1. The transmitting 

chip's output voltage. V. is applied to a delay element to produce a variable delay x which 

in turn controls the resonant transmission o f electron wavepacket.

The time-dependent Schrodinger equation w ith electron-photon interaction is used 

to study the proposed switch. The switch is modulated by the time-delay t 0 between 

when an electron pulse, modeled as a Gaussian wavepacket incident on a SQW. is 

released, and when a photon pulse is illuminated on the SQW. I f  this time delay 

corresponds to a time when most o f the wavepacket is w ith in  the SQW. there is

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



127

maximum electron-photon interaction and the transmission coefficient is decreased 

considerably for resonant transmission.

Photoillumination has been used in semiconductor superlattices (SL) to suppress 

current'. On the other hand, it is known that photoillumination leads to increased 

conduction in photoconductors. Photoconductors are optimized, mostly by doping, for the 

trapped electrons in quantum wells escaping by photoionization while the reverse takes 

place in our SQW. i.e.. traveling resonant electrons are trapped in a SQW'. Most o f the 

escaped electronic wavepacket contributes to reflected wave, after suffering a phase 

change, and there is decreased transmission.

We directly solve the time-dependent Schrodinger equation including electron- 

photon interaction. The solution is similar to a method used for electron-phonon 

interactionh. The Hamiltonian includes an electron-photon interaction term proportional 

to the electric field and the dipole moment (with respect to center o f SQW zc) and is 

given by

(7-D H = - ig ( a V ’' -a e '" '” \ z - z c).

where the constant g is given as • Here a<a ) is the photon annihilation (creation

operator), /ico is the photon energy. V is the volume o f the interacting system and s is the 

permittivity o f  the SQW. The time-dependent Schrodinger equation, w ith  incident 

radiation n and terms for emission and absorption, leads to the matrix equation

V 0’’
(7.2) i h —  ct V " = ig(z—z^e-**

-i^z-z0}7n+lel“

- ig (z -z 0}Vne'tl‘ ig ^ -z ^ n - t - le ' 

He 0

0 H.

V 0>
/ >

V 2’
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This equation was solved numerically on a Pentium II processor with an in itia l 

electron wave packet impinging on a SQW. By monitoring the temporal development o f 

the wavepacket. electron transmissions with different photon pulses may be studied.

7.2 Ultrafast electronic switching via a photon pulse

In the numerical calculations, a spatial mesh size o f 0.4 nm. a time mesh size o f 5 

fs. and the photon energy, hco = 36.2 meV (terahertz photons) are used. Zero boundary 

conditions are applied at the two end-points 2-p.m away from the SQW. which are at 

coordinates z = 0 nm and z = 4010 nm. The 2-pm distance is far enough for the time scale 

considered to insure that the packet w ill not hit the boundaries and bounce back.

Fig. 7.2 shows the electronic spatial distribution o f the quantum system. A  

Gaussian wavepacket is centered at z„ = 1000 nm with a width o f 110 nm. It is released

at time t = 0. There are current probes at z, = 1500 nm and z 4 =2510. These are placed 

so they are 500 nm away from the 10-nm SQW. which is bounded by coordinates 

z, =2000 nm and z, =2010. The depth o f the SQW. AEC. is 25 meV. This value is 

chosen to insure that there is only one electron eigenstate in the SQW. which has been 

calculated as E, =14.3 meV (using time-independent Schrodinger equation without 

electron-photon interaction). A  100 fs photon pulse is shone on the SQW with a temporal 

center at t 0 denoted by n p( t . t 0). I f  the time t 0 is such that the wavepacket is traveling

over the SQW. electron-photon interaction w ill decrease transmission, by increasing 

reflection and trapping. The incident energy' E, = 24 meV is chosen so that there is
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electron-photon interaction i f  both the electrons and photons are inside the SQW. 

However i f  the incident energy is very far from the resonant condition. 

h(o- (AEc -  E , ) = 25.5 meV. no electron-photon interaction w ill take place and the

transmission w ill be independent o f  the photon pulse profile.

The effect o f electron-photon interaction on the transmission spectra is shown in 

Fig. 7.3. Here the photon flux is a constant number and there is a measurable decrease in 

transmission near the resonant energy, which is about 24 meV. A volume o f 1 pm'" is 

used throughout this study.

Fig. 7.4(a) shows the temporal profile o f  the incident electron current at the left 

probe and Fig. 7.4(b) similarly shows the temporal profile for three different photon pulse 

delays. For comparison the width o f electron current is 450 fs. The three photon pulses 

have these t„ values: t ()l = 2500 fs. t„, = 3300 fs and t„, = 4100 fs. The three times

correspond to when the wavepacket is to the left o f  the SQW. partly inside the SQW. and 

partially transmitted from the SQW. It can be assumed that the electron photon 

interaction w ill be greatest for the middle value.

Fig. 7.5 shows the results for different t„ values under various photon power 

levels. Basically the power levels determine what is the peak photon population o f the 

pulse for a given time step. It can be seen that around t 0 = 3300 fs. the interaction is 

greatest, leading to decreased transmission. The inset shows how the maximum 

transmission differential (change in transmission from the non-interaction case) varies 

with the power levels.
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Fig. 7.6 shows the current profiles for two different t 0 values for a photon pulse 

power o f 0.1 mW. The current for t„. is identical to that for t0I and is not shown here. 

The current for t u: shows that there is decreased transmission, and increased reflection. It

can be seen that the transmitted current has two major peaks, probably indicating that it 

has been split so there is a below resonant energy and above resonant energy component. 

The switching time is seen to be around 6 ps. when the transmitted current has decayed to 

zero. As the above switching speed is dependent on the width o f the leads used in the

device, the net charge capture in the SQW for delay to: is shown in Fig. 7.7. Thus the

ultimate switching speed o f the device is 300 fs.

7.3 Conclusion

In conclusion, we have designed a novel electro-optic switch that is modulated by 

the delay time between an electric and optical pulse. The calculations have shown a 

transmission differential o f  61 percent for an optical pulse o f power 10 mW and width o f 

100 fs. The numerical model can easily account for the effect o f changing various 

parameters for making optimum switches. The switching time can be reduced 

considerably from the 6 ps in this calculation, by placing the electronic leads closer to the 

SQW and it goes to 300 fs. Multiple quantum well structures can be tailored to yield an 

arbitrary' transmission spectra and may be useful for wavelength division multiplexing 

(WDM). The optical source does not necessarily have to be on the transmitting chip and

could be a part o f the global clock system.
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Fig. 7.1: An electrooptic switch is modulated by the delay x induced by voltage. V. in the 

transmitting chip to drive a current I 0UI in the receiving chip.
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CHAPTER 8

RECURSIVE ERROR METHOD FOR SOLVING  

ARBITRARY HAMILTONIAN

8.1 Introduction

A stationary iterative method is reported that can solve the time-dependent 

Schrodinger equation for any Hamiltonian, while being efficient and accurate. Forward­

time ( ) and backward-time ( U s ) operators based on the Taylor series expansion for

the propagation operator. exp(± At H / i / i ) . are employed in our method, where .V is the 

number o f terms in the expansion. We find that the iterative sequence. 

H/r* '(t + 2At) = (l -  l \  jt|/r (t + 2At) + U ^ L \v [/( t) . converges to the actual 

wavefunction. The stability o f the method arises from the usage o f  both forward-time and 

backward-time operators in an innovative iterative procedure. The efficiency and 

parallelism o f  this method compares favorably to other iterative procedures and the split- 

operator technique.

As semiconductor devices become smaller and faster, physical models for carrier 

transport dynamics should include the time-dependent Schrodinger equation (TDSE). The 

prohibitive amount o f  computation-time needed for solving this partial differential 

equation lim its the current models. Recent progress in the use o f distributed-memory 

parallel processors (DPPs)1 promises to change this situation. DPPs use a large array o f
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processors, each w ith  separate memory, connected via a high-speed network to cam' out 

a massive computation task. In order to effectively use DPPs. innovative methods for 

solving the TDSE should be explored w ith which parallel algorithms can be designed and 

implemented. In this paper, an innovative recursive error method (REM) is reported. A  

highly parallel and efficient algorithm based on the REM to solve the TDSE is illustrated 

with several examples and its performance is compared vvilh die various existing 

methods.

The classical method for solving the TDSE is the Crank-Nicolson method2. This 

method yields an array o f n equations, where n is the number o f spatial divisions. It can 

be solved im p lic itly  by a direct method such as Gaussian elimination or by an explicit 

iterative method. For a multidimensional or manv-body Hamiltonian, explicit methods 

must be used, as direct methods become computationally intensive requiring extensive 

memory. The most widely used iteration methods are based on stationary Jacobi or non- 

stationary Conjugate Gradient (CG)J.

Even though the Jacobi method is highly parallel, it converges very slowly. Some 

extensions o f the Jacobi method include the Gauss-Seidel method and the Successive 

Over-Relaxation (SOR) method. The Gauss-Seidel method can converge twice as fast 

while the SOR method can converge up to n times faster4. However, this convergence 

rate w ill only be possible i f  the optimum relaxation constant is known by calculating the 

eigenvalues o f  a matrix. The CG method can also converge with a similar number o f 

iterations as SOR method although it requires the massive calculation o f dot products for 

computing a new iteration matrix. This causes delays due to the need for extensive 

communications among the various processors. Stationary methods require less
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communication overhead and are preferable for developing parallel algorithms, provided 

the convergence is fast.

A ll iteration methods solve the TDSE in the real space. However, the split- 

operator technique^ solves the TDSE both in reciprocal and real spaces. Most o f  the 

calculations are done to get the FFT o f  in itia l-tim e vvavefunction and its inverse after 

simpie modifications. Paraiiei computers can compute the FFT and its inverse in a 

number o f stages that depend logarithmally on the size o f problem. This is in contrast to 

iterative methods where the total number o f  stages depends on the number o f iterations 

required for convergence. The split-operator method requires the Hamiltonian to be easily 

expressible in reciprocal space, i.e.. it should form a diagonal matrix in reciprocal space. 

Otherwise, it becomes an inefficient method.

The REM has converging properties sim ilar to SOR and CG while requiring far 

fewer calculations. It remains highly accurate even as the time step. At. is increased 

without the need for vastly more calculations. The underlying principle for this novel 

method is a unique error minimization procedure. Such a procedure finds a minimum 

difference between the wave functionvt/(t) and the assumed wave function i|/(t + 2A t). 

after they are projected to the same time coordinate at t + At using .V-term forward-time 

and backward-time operators, respectively. The minimization o f  the difference between 

the projections yields an optimum approximation to the actual wave function.

The paper is organized as follows. The REM is developed in §8.2. In §8.3 an 

algorithm is described to find an iterative sequence for solving the TDSE. In §8.4 and 

§8.5 the accuracy and speed o f REM are given and compared w ith that o f Jacobi method.
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One-dimensional ( ID ) and two-dimensional (2D) Hamiltonians are used in our 

demonstrations. In §8 .6. the advantages o f REM are summarized for solving the TDSE.

8.2. Recursive error method for solving the TDSE

The TDSE for the propagation o f a wavefunction \\i by a Hamiltonian H. is

(8 . 1) i h —  = H y .
cl

A numerical solution to the TDSE starts by discretizing (8.1). The time derivative 

that appears in the TDSE can be approximated as

(8.2) i ^ ' j ^ t  + . A O - v n - A . )
cl 2 At

Eq. (8.2) is equal to the product o f Hamiltonian and wavefunction. Hi|/. Different 

approximations to this product result in widely varying methods o f  solution. Three 

approximations are listed in Table 8.1. The first method is explicit Second-Order 

Differencing (SOD) method6, while the second method is Crank-Nicolson2. The third 

method is the new method. REM.

The SOD method is not unitary leading to error accumulation as a wavefunction 

evolves in time. Most iterative methods are based on the unitary Crank-Nicolson. 

However, the Crank Nicolson method involves a matrix equation relating the product o f 

H(t — At)\{/(t — A t) and the product o f H (t + At)vy(t + A t ) . This method can only deal 

with a selective number o f  simple Hamiltonians because the expression fo r  the latter time 

is too complicated to setup.

Using the REM approximation, the TDSE leads to the following equation.
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(8.3) v|/(t + A t) = U(2At)v|/(t -  A t) .

where U (2At) is a double-time-step propagation operator and is given by

(8.4) U (2A t)=  1+-— (-1-.
1 -a H (t)

where a = A t/i/i . In the following analysis H w ill be denoted as the Hamiltonian at time t.

For aH «  i/2 , the Tayior Series for ( i  aH )/(l -  aH) approaches the senes 

expansion o f exp(2aH). which is the exponential propagation operator for time- 

independent Hamiltonians . The condition aH «  1/2 can be approximated as 

At «  h / 2AVinax where AVrnax is the maximum potential-energv discontinuity in the 

structure under study, which is the same time step requirement as in the split-operator 

technique'. The potential energy discontinuities are on the order o f electron volt for most 

semiconductor structures, thus the condition aH «  1/2 requires that the time step. At. be 

less than 0.3 fs. Under these conditions, the double-time-step propagation operator can be 

written as

(8.5) U (2 A t) = exp(2aH).

Equation (8.5) allows us define the single-time-step propagation operator simply 

by the relation U(2At) = U (A t)U (A t). For convenience, the forward-time U~ operator 

and the backward-time operator Lr  are defined as

(8.6 ) U* = exp(aH). U ’ = e x p (-a H ).

W ith the above definitions as well as a change in variable from t to t +■ At. Eq. (8.3) 

becomes

(8.7) U 'v j/(t + 2At) = U ‘ i|/(t).
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where the double-time-step operator is separated into the single-time-step operators on 

each side using the identity U ' U * = 1. This equation establishes a base for the REM 

algorithm.

8.3. Algorithm to implement REM

The operators IT  and U have an infinite number o f terms. However, any 

numerical solution w ill use a finite number o f terms. A  tinite-operator method based on

(8.3) is unstable because the truncated operator U is not unitary. However, a tinite- 

operator method based on (8.7) is stable when the method is implemented using the error 

m inimization strategy described below.

The solution vectors i|/(2kAt)ean be found using equation (8.7). where k is a 

positive integer, by knowing the in itia l wavefunction \p(0). I f  .V is the number o f terms in 

our approximation to exponential operator, the forward-time operator for .V = 4 is

(8 .8a) U* = 1 + aH + — H : + — H ' + — H 4.
2 6 24

and the backward-time operator for .V = 4 is

(8 .8b) U ; = l - a H  + —  H : -  —  H J + —  H \
2 6 24

The implementation o f U j . in terms o f Hamiltonian operations, is shown in Fig. 

8.1. By using these operators, equation (8.7) can be expressed as this relation between 

input and output vectors

(8.9) U ‘ i|/0UI = t r Ny ,n .
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Here v|/in is the initial-time wavefunction and \\iM is an assumed wavefunction a time 

2At later.

We define an error in the assumed wavefunction. . as

(8 .10) er = U 'i( / r - U ;v j /m .

In this equation, the variable r  refers to the iteration index. For some iteration index r  = s. 

the value o f error is less than a tolerance and \\iMt = ly5.

Eq. (8.10) gives the error o f the wavefunction at time t -+- At. This is seen by the 

following analysis. The assumed wavefunction at time t 2At. h/ .  is operated by the 

backward-time operator l_'N to get an assumed wavefunction at time t ■+• At. This is 

compared with the wave function obtaining by operating the forward-time operator U * 

on initial-time wavefunction vy,n .

The wave function for next iteration. must be chosen so that the error is 

zero. This wave function is given by

(8 .11) =v(/r + K e r .

Replacing vpr in (8.10) by the given in (8.11). the error at iteration r  + 1 is

(8 .12) er-‘ = U N( v r -f K.er ) - U ; i ( / m = L NH/ r + U - K e r = e r + U ; K e r . 

This suggests that i f  er + U ̂ Ker = 0 . the new error would become zero or

(8.13) U ‘ Ker = - e r . U ; U ;  Ker = -U ;.e r . K = -U J .

In the above analysis, the product o f  U* is assumed to be 1. In Table 8.2. the 

analytic values o f this unitary operator are shown for the first five .V values.
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From Table 8.2. it can be seen that the unitary condition requires that aH be much less 

than one. Furthermore, the unitary condition is satisfied to a high power o f At for large A’.

The REM algorithm is shown in Table 8.3. The total number o f time steps is 

given by the variable last. The variable max is given to check whether the iterative 

solutions are actually converging w ithin a reasonable number o f iterations. The error loop 

can be terminated i f  either the error norm is less than a small value to l (around 1 O '1' for 

32-bit computers) or i f  the total number o f iterations is greater than max. For the later 

case, the program w ill have to be restarted with a smaller time step.

The above algorithm yields the following iterative sequence

(8.14) vl; r' ' ( t  + 2At) = ( l - U ; U N) H/ r(t + 2At) + U ^U ;v l/(t).

This sequence is much faster to implement on computers. However it requires knowledge 

o f At. .V. and max needed for convergence. Thus i f  we go through a tew time steps w ith 

the REM algorithm and find these parameters, we can implement the faster iterative 

sequence based on equation (8.14).

8.4 Accuracy of REM

In the REM algorithm, the error is defined as the difference between left-hand and 

right-hand sides o f (8.9). The right-hand side, corresponding to U ^ i(/in is our guess to the

value o f the wave function at time t + At and is represented by vector RHS. We can check 

for accuracy o f REM method by monitoring the difference in magnitude between a 

calculated value and an exact solution for the right-hand side.
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A  100 A square quantum well, shown in the inset o f  Fig. 8.2. is used to calculate 

the error produced by the REM. The initial wave packet is chosen to be the lowest 

eigenstate. Thus there should be no change in magnitude w ith time because this is a 

stationary state. The spatial resolution was chosen to be 1 A. Here the rms error is the 

change in the magnitude o f the sinusoidal w avefunction. after a time period o f 0.01 fs. as 

a function o f .V. The error goes from 10' at .V = 1 to the machine lim it. 10 ' |fl. at .V = 4.

The Jacobi and Gauss-Seidel methods have the same right-hand side as the REM 

case for .V = 1. Thus the improvement in accuracy is 10“ for .V > 4 .  This demonstrates 

the potential o f  using REM to accurately solve for the TDSE. For different Hamiltonians, 

the results may slightly vary. But it should show the same trend o f increasing accuracy 

with .V.

8.5 Computation speed of R E M  using ID  and 2D Hamiltonians

8.5.1 One-dimensional Hamiltonian

A  100 A single quantum well (SQW). w ith a well depth o f 25 meV. is used to 

demonstrate the computation speed o f  REM. The SQW is spatially situated in the middle 

o f a system that is 20100 A wide. The inset o f Fig. 8.3 shows a simplified view o f the 

structure. The spatial resolution is 1 A. Initially there is a Gaussian wave packet which is 

centered 3000 A left o f the SQW w ith a width o f 550 A. It moves towards the right w ith a 

center-energy o f 24 meV. The electron effective mass is 0.067 mo inside and 0.092 mo 

outside the SQW. The two end-boundaries are hard walls, i.e.. the wavefunctions are
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zeroes at the two end-points. Terminating the calculation before the wavepacket hits the 

boundaries minimizes the effects o f the boundaries on the calculation.

We use Ben-Daniel and Duke Electronic Hamiltonian8

ti~ c
(8.15a) H cv|/ = --------

2 C L

1 c
—  \\}{ z)

m (z) cz
+ V(z)Yy(z).

w h ic h  c a n  oc  d is c r e t iz e d  as

(8.15b) H ,\\) = -  —
e'

V h HV.
m, . + m.‘ i-i m,., + m J i-i r , l l i m H + m ,

+ v ^ .

This Hamiltonian forms symmetric matrices for both the forward-time and backward- 

time operators.

A convenient unit for computation speed is one Hamiltonian operation. It is 

theoretically possible to solve one spatial element per processor. Thus n processors can 

be used to solve for n elements o f the Hamiltonian simultaneously. In Fig. 8.3. the 

stability region or the maximum time step for convergence for various .V is shown in the 

shaded region. A linear line is shown at the ha lf o f  the maximum time step. This half­

maximum time step is used for finding computation speed in this paper. The number o f 

computations (Hamiltonian operations or stages) needed for convergence over 1 fs are 

shown in Fig. 8.4 as function o f .V or At for REM and only At while for Jacobi. The 

important feature to note in Fig. 8.4 is that for REM the number o f  computations quickly 

decreases up to .V = 21. corresponding to a time step o f 0.025 fs. It remains relatively 

constant thereafter. This is in contrast to the Jacobi method where number o f iterations 

increase very fast w ith At. Thus for a time step o f 0.05 fs. computation speed for REM 

with .V = 40 is faster than that o f  Jacobi by a factor o f 7. This speed difference w ill
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increase as .V increases. The exact number o f the speed enhancement may vary for other 

Hamiltonians but they w ill show the same trend o f the speed enhancement as .V increases. 

Thus. REM is very efficient at handling large time step.

8.5.2 Two-dimensional Hamiltonian

Single electron devices^ in near future might be the counterparts o f  field-effect- 

transistors in today's computers. A  simple structure is used to show a basic feature o f 

these devices. This structure consists o f two quantum boxes (QBs). each with a 

dimension o f 100 by 100 A. A barrier o f 1 A thickness and 1 eV height separates them. 

There is a 20 A hole in the middle o f  the barrier. The inset o f Fig. 8.5 shows a simplified 

view o f the structure. The spatial mesh is a l x l  A : box. The boundaries o f  the system 

are infinitely high potential barriers for electron. Hence the electron wave function is zero 

at these boundaries. The electron that is in itially prepared in the left box oscillates 

between the two boxes with a period o f 111 fs.

The 2D electron Hamiltonian

(8.16a) H.(|/ =
2m

is discretized as

c : vp <?V I
~ + ^ r ? r wvex cv

(8.16b) H ci(r = - ~ 4  [hV h + V 1.1.J + V - J +
oS 'm ,, - S ' m M

V..J-

Fig. 8.5 shows the stability region as well as the half-maximum time step that is 

used for calculating the speed o f  REM for the 2D Hamiltonian case. In Fig. 8.6 the 

number o f computations needed for convergence are shown for REM and for Jacobi over

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



150

1 fs. They quickly decrease for the REM up to V = 30 that corresponds to a time step o f

0.019 fs. and stays relatively constant afterwards. For a time step o f 0.025 fs. a speed 

improvement by a factor o f  9 for REM with .V = 40 in comparison with Jacobi. It should 

be noted that it is desirable to have larger time steps and the REM is well suited for this.

8.6 Conclusion

The REM is a stationary method w ith convergence properties sim ilar to 

nonstationary methods. Unlike Jacobi and Gauss-Seidel methods where the Hamiltonian 

must be broken into diagonal and non-diagonal parts, the REM allows us solve the TDSE 

with any Hamiltonian. The parallelism o f the REM is related to number o f terms in the 

expansion o f propagation operator, rather than size o f problem as in the split-operator 

technique. Thus it should easily scale for larger spatial and non-spatial dimensions. The 

accuracy and speed o f the REM permit the use o f larger time steps in calculations. 

Therefore, this method is ideally suited for solving the TDSE on parallel computers.
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Fig. 8.1: Implementation o f  the operator U 4 .
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Fig. 8.2: Accuracy o f  REM as a function o f the number o f terms for the square quantum 

well structure. The inset shows the quantum structure.
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Fig. 8.3: Stability diagram o f  REM  for a ID  SQW Hamiltonian. The stable region is 

shown in the shaded region. The half-maximum time step-size is also shown. The inset 

shows the quantum structure.
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Fig. 8.4: Calculation overhead o f  REM as a function o f  N (circles) and Jacobi as a 

function o f  time step (squares) fo r a ID  SQW Hamiltonian.
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shown in the shaded region. The half-maximum time step-size is also shown. The inset 
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Fig. 8.6 : Calculation overhead o f REM as a function o f  N (circles) and Jacobi as a 

function o f time step (squares) for a 2D QBs Hamiltonian.
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SOD Hvj/ = H (t)i|/(t)

Crank-Nicolson H (t +  At)vj/(t + At) + H ( t -  A t) i| / ( t -A t)  
7

REM _ H (t)i)/(t + At) + H(t)v|/(t -  At)

Table 8.1: The right hand side o f the TDSE for different methods.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



159

N U nU ;

1 I a^-tr

2 1 1 •a4 H4 
4

3 1 1 4 LI4 1 C* i iO1 a H a -hr 
12 36

4 1 1 0 ub 1 s US1 a H a H 
72 576

5 . 1 e uo I 8 US 1 10 u io 1 a H a H a H 
360 960 14400

Table 8.2: Analytic values o f the unitary operator.
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Inputs: N. A t H, v|/Q. last, max, to I. vyin <— i|/n

fo r t = 1 last

RHS<— U ^ m 

n /< -R H S

fo r r  = 1 max

e < -  U ;v |/-R H S

i f  ( ||ejj, < tof) break 

\\i <r- y  - U * e

end

Save 1.1(/

V,„ V

end

Table 8.3: The REM algorithm.
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CHAPTER 9 

FUTURE WORK

9.1 Software for reai time visualization of quantum projects

A professional program based on the real time visualization o f quantum transport is in 

development and w ill be completed both as an executable file  and as a java program 

available on the internet. The program (VQP) has been described in Chapter 4.

9.2 Electron-electron and electron-hole scattering

Electron-electron and electron-hole scattering w ill be included in the program by- 

running two independent programs for each o f  the two particles. The potential that each 

particle experiences at a particular time w ill be calculated based on Coulomb interaction.

9.3 2D simulator based on REiM

Recursive error method w ill be used to solve 2D quantum structures. A numerical 

package sim ilar to that discussed in Chapter 4 for 1D problems w ill be written. It w ill be 

written for multiprocessor environments to utilize parallelism inherent in the method.
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APPENDIX

A .l The project file to view Bloch oscillations in the example o f Chapter 4.

T i ' t l a B l o c h  O s c i l l a t i o n
P r o j e c t  N o te : T h i s  p r o j e c t  w i l l sh o w  B l o c h  o s c i l l a t i o n s  i n
s u p e r l a t t i c e .

s p a c e 1 S p a t i a l  R e s o l u t i o n  (Ang)
t i m e 1 T e m p o r a l  R e s o l u t i o n  ( f s )
v o l t 0 . 1 5 1 0 . 1 5  E x t e r n a l  p o t e n t i a l  (eV)
r e g i o n 75 D i s t i n c t  r e g i o n s

P r o b le m :  One E l e c t r o n

E l e c t r o n  1 T r a v e l i n g  R i g h t

zO 4 2 0 0 4 W a v e p a c k e t C e n t e r  (Ang)
sO 150 W a v e p a c k e t  W id th  (Ang)
E0 0 0 . 0 0 1 0 W a v e p a c k e t  E n e r g y  (eV)

D e f a u l t  V a l u e s : ( u s e d i n  S e t t i n g  New Q u an tu m  S t r u c t u r e s )

B a r r i e r  W id th  (Ang) : 17
W e l l  W id th (Ang) : 97
W e l l  D e p th (eV) : 0 . 2 4 3
I n t e r a c t i o n  S t r e n g t h : 9
B a r r i e r  M ass ( m e ) : 0 . 0 9 2
W e l l  M ass (me) : 0 . 0 6 7
B o u n d a r y  ( A n g ) : 4 0 0 0 0
T r a n s p o r t (Ang) : 1

r e g i o n z V (eV) m
# Ang S t a r t S t e p E nd me

1 4 0 0 0 0 0 0 0 0 . 0 6 7
2 4 0 0 0 1 0 0 0 . 0 6 7
3 4 0 0 1 8 0 . 2 4 3 0 . 2 4 3 0 . 0 9 2
4 4 0 1 1 5 0 0 0 . 0 6 7
5 4 0 1 3 2 0 . 2 4 3 0 . 2 4 3 0 . 0 9 2
6 4 0 2 2 9 0 0 0 . 0 6 7
7 4 0 2 4 6 0 . 2 4 3 0 . 2 4 3 0 . 0 9 2
8 4 0 3 4 3 0 0 0 . 0 6 7
9 4 0 3 6 0 0 . 2 4 3 0 . 2 4 3 0 . 0 9 2
10 4 0 4 5 7 0 0 0 . 0 6 7
11 4 0 4 7 4 0 . 2 4 3 0 . 2 4 3 0 . 0 9 2
12 4 0 5 7 1 0 0 0 . 0 6 7
13 4 0 5 8 8 0 . 2 4 3 0 . 2 4 3 0 . 0 9 2
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14 4 0 6 8 5 0 1 0 0 . 0 6 7
15 4 0 7 0 2 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
16 4 0 7 9 9 0 1 0 0 . 0 6 7
17 4 0 8 1 6 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
18 4 0 9 1 3 0 1 0 0 . 0 6 7
19 4 0 9 3 0 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
20 4 1 0 2 7 0 1 0 0 . 0 6 7
21 4 1 0 4 4 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
22 4 1 1 4 1 0 1 0 0 . 0 6 7
23 4 1 1 5 8 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
24 4 1 2 5 5 0 1 0 0 . 0 6 7
25 4 1 2 7 2 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
26 4 1 3 6 9 0 1 0 0 . 0 6 7
27 4 1 3 8 6 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
28 4 1 4 8 3 0 1 0 0 . 0 6 7
29 4 1 5 0 0 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
30 4 1 5 9 7 0 1 0 0 . 0 6 7
31 4 1 6 1 4 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
32 4 1 7 1 1 0 1 0 0 . 0 6 7
33 4 1 7 2 8 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
34 4 1 8 2 5 0 1 0 0 . 0 6 7
35 4 1 8 4 2 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
36 4 1 9 3 9 0 1 0 0 . 0 6 7
37 4 1 9 5 6 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
38 4 2 0 5 3 0 1 0 0 . 0 6 7
39 4 2 0 7 0 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
40 4 2 1 6 7 0 1 0 0 . 0 6 7
41 4 2 1 8 4 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
42 4 2 2 8 1 0 1 0 0 . 0 6 7
43 4 2 2 9 8 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
44 4 2 3 9 5 0 1 0 0 . 0 6 7
45 4 2 4 1 2 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
46 4 2 5 0 9 0 1 0 0 . 0 6 7
47 4 2 5 2 6 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
48 4 2 6 2 3 0 1 0 0 . 0 6 7
49 4 2 6 4 0 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
50 4 2 7 3 7 0 1 0 0 . 0 6 7
51 4 2 7 5 4 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
52 4 2 8 5 1 0 1 0 0 . 0 6 7
53 4 2 8 6 8 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
54 4 2 9 6 5 0 1 0 0 . 0 6 7
55 4 2 9 8 2 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
56 4 3 0 7 9 0 1 0 0 . 0 6 7
57 4 3 0 9 6 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
58 4 3 1 9 3 0 1 0 0 . 0 6 7
59 4 3 2 1 0 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
60 4 3 3 0 7 0 1 0 0 . 0 6 7
61 4 3 3 2 4 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
62 4 3 4 2 1 0 1 0 0 . 0 6 7
63 4 3 4 3 8 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
64 4 3 5 3 5 0 1 0 0 . 0 6 7
65 4 3 5 5 2 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
66 4 3 6 4 9 0 1 0 0 . 0 6 7
67 4 3 6 6 6 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
68 4 3 7 6 3 0 1 0 0 . 0 6 7
69 4 3 7 8 0 0 . 2 4 3  1 0 . 2 4 3 0 . 0 9 2
70 4 3 8 7 7 0 1 0 0 . 0 6 7
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71 4 3 8 9 4 0 . 2 4 3 1 0 .2 4 3 0 . 0 9 2
72 4 3 9 9 1 0 1 0 0 . 0 6 7
73 4 4 0 0 8 0 . 2 4 3 1 0 .2 4 3 0 . 0 9 2
74 4 4 0 0 9 0 1 0 0 . 0 9 2
75 8 4 0 0 9 0 0 0 0 . 0 9 2

I n t e r a c t i o n :  P h o n o n

Ep 0 . 0 3 6 2  0 . 0 0 1  0 . 0 3 6 2  P h o n o n  E n e r g y  (eV)
Temp 3 0 0  T e m p e r a t u r e ( K )

Temporal: Continuous

r e g i o n
#

z
Ang S t a r t S t e p

I n t e r a c t i o n
S t o p

1 4 0 0 0 0 0 0 0
2 4 0 0 0 1 0 1 0
3 4 0 0 1 8 0 1 0
4 4 0 1 1 5 9 1 9
5 4 0 1 3 2 0 1 0
6 4 0 2 2 9 9 1 9
7 4 0 2 4 6 0 1 0
8 4 0 3 4 3 9 1 9
9 4 0 3 6 0 0 1 0
10 4 0 4 5 7 9 1 9
11 4 0 4 7 4 0 1 0
12 4 0 5 7 1 9 1 9
13 4 0 5 8 8 0 1 0
14 4 0 6 8 5 9 1 9
15 4 0 7 0 2 0 1 0
16 4 0 7 9 9 9 1 9
17 4 0 8 1 6 0 1 0
18 4 0 9 1 3 9 1 9
19 4 0 9 3 0 0 1 0
20 4 1 0 2 7 9 1 9
21 4 1 0 4 4 0 1 0
22 4 1 1 4 1 9 1 9
23 4 1 1 5 8 0 1 0
24 4 1 2 5 5 9 1 9
25 4 1 2 7 2 0 1 0
26 4 1 3 6 9 9 1 9
27 4 1 3 8 6 0 1 0
28 4 1 4 8 3 9 1 9
29 4 1 5 0 0 0 1 0
30 4 1 5 9 7 9 1 9
31 4 1 6 1 4 0 1 0
32 4 1 7 1 1 9 1 9
33 4 1 7 2 8 0 1 0
34 4 1 8 2 5 9 1 9
35 4 1 8 4 2 0 1 0
36 4 1 9 3 9 9 1 9
37 4 1 9 5 6 0 1 0
38 4 2 0 5 3 9 1 9
39 4 2 0 7 0 0 1 0
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40 4 2 1 6 7 9 1 9
41 4 2 1 8 4 0 1 0
42 4 2 2 8 1 9 1 9
43 4 2 2 9 8 0 1 0
44 4 2 3 9 5 9 1 9
45 4 2 4 1 2 0 1 0
46 4 2 5 0 9 9 1 9
47 4 2 5 2 6 0 1 0
48 4 2 6 2 3 9 1 9
49 4 2 6 4 0 0 1 0
50 4 2 7 3 7 9 1 9
51 4 2 7 5 4 0 1 0
^ «•» 4 2 3 5 1 * »
53 4 2 8 6 8 0 1 0
54 4 2 9 6 5 9 1 9
55 4 2 9 8 2 0 1 0
56 4 3 0 7 9 9 1 9
57 4 3 0 9 6 0 1 0
58 4 3 1 9 3 9 1 9
59 4 3 2 1 0 0 1 0
60 4 3 3 0 7 9 1 9
61 4 3 3 2 4 0 1 0
62 4 3 4 2 1 9 1 9
63 4 3 4 3 8 0 1 0
64 4 3 5 3 5 9 1 9
65 4 3 5 5 2 0 1 0
66 4 3 6 4 9 9 1 9
67 4 3 6 6 6 0 1 0
68 4 3 7 6 3 9 1 9
69 4 3 7 8 0 0 1 0
70 4 3 8 7 7 9 1 9
71 4 3 8 9 4 0 1 0
72 4 3 9 9 1 9 1 9
73 4 4 0 0 8 0 1 0
74 4 4 0 0 9 0 1 0
75

L i n e a r

8 4 0 0 9  

P o t e n t i a l : No

0 0 0
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