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Abstract 

NON-LINEAR DEFORMATION

OF THIN,SHALLOW,SPHERICAL SHELLS 

by
Maria C Slnay

Adviser: Professor Harry E. Rauch

In this thesis a theoretical and numerical analysis of large 
axisymmetric deflections and stresses of a thin,shallow spherical 
shell is presented.

We consider the shell as an initially clamped,flat,circular 
plate which has suffered a deformation w^.thus the geometrical 
characteristics of the shell are represented by the parameter X 
defined in chapter 1.

In considering large deflection bendings,i.e.,deflections up 
to several thickness of the plate,we are led to a system of two 
coupled differential equations,each one of them an inhomogeneous 
form of the Bessel equation of index 1.An approximate solution of the 
system is represented as a finite sum of n eigenfunctions of the 
Bessel operator of index l,(n modes).This yields a non-linear 
algebraic system of coupled equations which is solved numerically.
The numerical results are used to calculate the deflection of the 
shell as well as bending and membrane stresses.

We find that if x > X* = 5.4001,buckling pressures p^ are 
determined even for a one-mode solution.When x < X* ,two modes 
are necessary if x is very close to X#,otherwise,the buckling pressure 
becomes too large to be determined even with a ten-modes solution.

Our results agree in the range 5.4 < x < 5 with thoee found 
by most of previous authors.When x > 5,three different kinds of 
dependence of p. on x have been obtained in other papers.The 
buckling pressure increases monotonically,[ 7 ] .tends monotonically

* Numbers in brackets refer to bibliography listed in page 51
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to one,[

for 5

2 J ,or behave in an oscillatory way, [ 6 ] , [ 18 J .
Our results agree with those of Chen,[ 7 ] and Budlansky, [ 6 ] 
X < 6, and with those of Budlansky for X > 6.
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Introduction

A theoretical and numerical analyala will be preaented for 
the elastic,axisymmetric deflections and stresses of a shallow portion 
of an aaisymmetrical spherical shell.clamped along a circular 
boundary,and subjected to a uniform,normal pressure.

The term thin shell Is applied to bodies bounded by two 
curved surfaces,where the distance between the surfaces Is assumed 
to be small compared to other dimensions In the problem.

The shell Is assumed to be constructed of homogeneous,
Isotropic and elastic material,I.e.,the shell returns to Its original 
undeformed shape when the pressure Is removed,and Hooke's law is 
valid,namely,strains are linear functions of the stresses.

Experimental results show that as the pressure Increases 
from zero,the shell deforms continuously until a critical pressure 
is reached.buckling pressure.where the shell jumps to a nonspherlcal 
shape,reaching the so called bucklIng state.

The response curve pressure-maximum deflection for a spherial 
cap subjected to a uniform,normal pressure is frequently aseumed to 
be similar to that of fig. 2 .This curve Implies that for all P > Pb
and p < p there is only one equilibrium state while for each p Ins
p^ < p < pb there are three equilibrium states and the cap must 
buckle at some p on this interval.

The edge support of the shell is assumed to clamp It in 
such a way that not only the deflection is zero at the edge,but 
radial displacements and rotation around the edge are not possible.

The shell under consideration has a circular boundary of 
radius F.and Its thickness Is called h.

We shall be working with thin shells,so,as we said above, 
h is small compared with other dimensions of the problem.In particular 
h «  R.No prior assumption Is made about the ratio h/ R but we shall 
see later that when all the quantities are written In dlamnslonlesa 
variables,the results are Independent of It.

The literature on the determination of critical pressures 
for spherical shells Is vast. Studies done by Von and Talen,[ 12 ]»
Friedrichs,[ 10 ],Yoshlmura and Ugnura,[ 25 j.Mushtarl and 9urkln,[ 15 ],
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and Feodosiev,[ ^ ],Involve the determination of buckling 
pressures by minimisation of a potential energy expression for 
the shell with respect to a special class of deflection functions.

The works of Bleseno,[ 1* ],Kaplan and Fung ,[ ll],are 
based on Integrations of non linear differential equations corres­
ponding to those which are used In this thesis.

Archer,[ 2 ],Wilson and Spier,[ 2U],have employed a Gaussian 
procedure,whereas Thurston,[ 20],has utilised Newton's method.
Mescall,[ lk]»applied the Newton's method to obtain a system of linear 
correctional equations for an Initial approximate solution and the 
Gaussian procedure for the solution of the finite difference;
Way,[ 221.applied the method of power series and Keller and Reiss,[13], 
the method of finite differences.

We shall find an approximate solution of the problem in 
the form of finite Fourier-Bessel series.After substitution of these 
series in the differential equations and boundary conditions 
representing the states of the shell,the problem is reduced to a 
system of non linear,coupled algebraic equations in a finite number 
of unknowns.These equations can be viewed as truncations of an 
infinite system corresponding to an exact solution.

We shall find that the method,outlined in cnapter l,is 
simpler in principle than other autr.or:s methods,and can be used to 
solve many related problems,[ 16].

Since the solutions obtained by this method can be decom­
posed into wnat we shall call modes,we can see how the different 
modes contribute to the results. Furthermore,this method allows us 
to impose all the boundary conditions at once which is an improvement 
over some of the methods mentioned above.
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1. Mathematical model

We consider the axisymmetric deformations of a clamped shell
of thickness h,that result from a uniform,inwardly directed,normal 
pressure P

Fig. 1 for the geometry of the shell). We shall study the case in which 
H / R  «  1,( shallow) ,and h «R,(thin).

be the vertical displacement of a point at a distance r from 
the vertical axis when P - 0,and let

(1.2) U>_ => 03 + Id
T O

be the vertical displacement of the point for a non-sero pressure P
The differential equations that describe the deformation of the 

shell have been derived by several authors,[ 21],[ 17 ],They can be 
written as,(See Appendix A for their derivation):

Let R be the radius of the shell's base and H its high,(see

Let

'1.1) u0 = - H[ 1 - ( |)2]

du
In (1.3).(1.4) we have used the following notation:

d$\|r ■ h -r—  ( $ stress function)
dr

E: Young's modulus
li: Polsaon's ratio

(1.5) D - E h?
12(1 - m2)
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To complete the formulation of the problem,condition* at 
the center r = 0 and at the edge r ■ R are required.From the symmetry 
of the deformation and the regularity of the radial membrane stress 
at the center,we obtain:

(1.6) ftO) = 0
(1.7) ¥(0) = 0

The fact that the shell is clamped implies the following 
condition at the edge:

(1.8) />(R) = 0

In addition,we require that no radial displacement at the 
edge be possible,i.e.:

(1.9) *'(R) - g iKR) = 0

We now define the geometrical parameter X and the dimenslonless 
variables e and <j> as follows :

( 1 . 10) x4 .  |
IT  R

(1.„) ,(x> . ; „(„) .
2 H E h

Substituting fb and ^ in (1.3),(1.4) by (1.11) we obtain 
the boundary value problem

(1.12) e" + - —2 = - x2* - 2 p x +
X X  X

(1.13) ♦" + - ^2 * “
x x  2x

( ) ' -  d / d x  , 0 < x < 1
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(1.14) e(0) - 0
(1.15) 0(1) = 0
(1.16) 0(0) - o
(1 .1 7 ) 0 '(1 )  -  |i<J>(l) = o

where

The left hand sides In equations (1.12),( 1.1^) are the 
Bessel's operator of order 1,

In order to solve the equations (1.20),(1.21) subjected to
(1.14)-(1.17) we apply the Bubnov - Galerkin variant of Rayleigh - Ritz 
method, [ l£]. To find approximate solutions of (1.20),(1.21) we assume 
formal finite eigenfunction expansions of 0 and $ consisting in the 
sum of n terms,(modes), of the form a^Jj(k^x),where is the Bessel
function of order 1, k^ is its i-th positive zero and a^ is a coeffi­
cient to be determined.Introducing these expansions in the boundary 
value problem,carrying out the multiplications,and applying the 
orthogonality properties of the Bessel functions,one obtains a coupled, 
finite quadratic algebraic system of equations in the unknown coeffi­
cients,which can be solved numerically.

(1.18)
E h

(1.19) B[f] = f" + | - |2

applied to e and $ respectively,thus we have

(1.20) B(e) U 2t + 2 p x . =0

2(1 .2 1 ) B (*) -  x 9 + -jS j =0

Thus we assume
n

(1.22) a. J,(k x)
i=l

n
b x +o

i=l



€

We observe that (1.14)-(1.17) are automatically satisfied, 
and the term bQx in (1.23) 1* consistent with an eigenfunction expan* 
sion since

B[ x ] = 0 (see (1.19))

Substituting $ and <t> in (1. 20) ,(1. 21) by (1. 22) ,' 1. 23) . 
Lng both equat: 

we obtain,for every m:
multiplying both equations by xJ,(k x) and integrating from 0 to 1

1 m

<!•“ > - kl  *„ J2(k») x2 bm J2(km> 5------  +  £------- +---  5----  +
m

2 p J (k ) b a J2(k )z m o in z id
n

E a«bi - 0k 2 /___ l i  tim
I, i=l

n

<l-25> - km b« J2<V - am J2<V + Y ~  V l
I, 1 = 1

where

(1’26) jtim = \ Jl(ktX) Jl(kix) J likmX)

In additional. 17) yields 
n

dx

—  > b,k, V I
• “ f e “ 2

We now sumnarize some relevant properties of the Bessel 
functions which have been used in obtaining (1.24)-(1.27),[ 8 ],

(1.28) ^ x Jl*kmx  ̂ dx = > ̂ 6mi Kro®neck*r,s delta)
0
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(1J,) S,VV> ■ ki' W  - 1
hence:

= - k£ J ^ k ^
x=l

From (1.25) we have 

2
a + *a , ____

m "J2V i, 1=1
(1.50) b - - “T ®_ +   7 *<«. J4/_ (for every m)

m kj n k2 J‘(k ) L--- 1 1 i l m

nL v .

Substituting in (1.27) by (I.50) end introducing the 
resulting expression,as well as (1.29),in (1.24) we obtain

4 4 <— —  , 4 2(1.51) H,n) J2(k„) «m 1 ............

4 km

2

□(.5X - .25 X* Jj(km) ) JjCkj).,

1=1

r  t _ l  ♦ j ^ )  . .  +
W  *k» 2 k I

((x2 _ J2(k» > V m  } V i  * A
2(l-U)kiJ2(ki)

m ^itm asai \  . = ,j

: j2( kn) j 22( v kt 8v l v J

k
1

2J
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2. Approximate expansions of the deflectIon,radial and tangential 
membrane and bending atress functions

In order to obtain approximate expansions of the shell's 
deflection and stress functions,we recall that ft and ^ were defined 
In 0 .3),(1.4) by

(2.1) ft ~ ~ Aj3 /dr ; y = h d# / dr,

thus,introducing (1.1),(1.10),(1.22) and (1.2J) in (1.2) we have:

(2-2) u^CRx) = I  [ J ^ x )  + ] - X2( 1 - x2)

nE
1=1

(2,5) co(Rx) = )  |i[ J0(kiX) + J ^ k^]
i

In particular,the central deflection of the shell Is given by

(2.4)

1=1
tj(o) * ) £iri + j2(kt)]

We define the radial membrane stress following Volmir,[ 21 I,
by

(2.5) o*(r) = \|r(r)/ hr,

which,in terms of x,and using (1.22),(1.23),becomes
n n

2 1 \ ^2̂ 1̂  V Jj(k.x)
(2.6) ar(Rx) = -X [ ^  )  -L-i- a, + ) +

i=l i=l

_ l  f  v «  + r ~  jickix) jistasat , , n
1-1 L _ k s W  x k2 J2(k ) * °

1,1,8=1 i,»,S=l 8 8



And,since

(2.7) J,(M)
lim

i.e.,

x - 0

V 0* = - x‘ t + s j  +
1=1 i=l

1 \ Jit8 " i " K A jits aiatr jits aiV 

ks W“ ' - 2k. J2(V
i,t,s=l i,l,s-l

n
2 \ J,'k.) a

<2.8) cr<o) ’ - x ) t i 7 7 -  + ilij; +
1=1

i,I,s=l
1-U 2 J2(ks) kg J2(ks)

In (2.6),(2.8) we have used

(2.9) c - 12 »*< 1 : M*> „!
Eh

Also according to Volmir,[ 211**6 have that the tangential 
membrane stress is

(2.1°, 0*(r, . 1|1

and therefore
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(2.11) a#(Rx)

n n

k2 Y -  w  , i V ~  3“ « x .
U u  — ‘ T Y / _ W ? V l '

1*1 1,1,8=1

L ki1=1

JQ(klX) Jlts V s  
kt J2^ )

1,1,8=1

n

Lx2 _ \ Jl(.̂ -ltS V >  -+0
kt x I x kt J2^kp

1 = 1  1,1,s=l

Where
2x _2

(2.12) o = 12< 1 ~ H ) R o*
e E h e

Applying (2.7) we obtain

- x 2 r  w
l - u j _  kt

(2.15) a J O )  - - X* \  3 1 X  a 4- —  \ Jits * l * s
1 2 / kA J2(kp

i=l i,I,s=l

n

X 2 \ " i  x 1 V J n .  * i * <
2 i  7  +   1717177

1=1 1,t,8=1

It follows from (2.8) and (2.13) that

(2.14) 0 (0) = a J O )r e
*The radial bending stress or ^ and the tangential bending 

stress o* ^ calculated at the face of the plate where they reach 
their maximum,namely, z = h / 2, are
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and
<.2 . 16) ,;> b . l £ t M |f + £ ,

Proceeding as above,we have

n

(2'l7) °r,b(Rx) = ^  f kiJo klx) ' ( 1 _u )

(2.18) cr>b(0) - I

and

n

kiai
i=i

n

°*,b(to> = Vl<kl*> +
1=1

n
J*H V ”  dJl(kiX>
x2r2 ^  27”

1=1

J.(k.x)
(2.19) ce>b(Rx) = ^  [ "lV -̂r  (1 -n) + k ^ k ^ y

1=1

(2.20) a,_b(0) » i-|a £ v ,
1=1

1 *± xf 0

]ai xfo



Where

< , . « )  . . *
r*b E h2 r’b

.2x3

and
(,.,n . . S H 5 ? « *  „*

e » b  E  h 2  e » b

We now observe that at the boundary x ■ l,(r^R),we have

_ x2 Y " J2(ki)ai 1 Y(2.25) ct<R) - - TTJ j_— Vl + —  2___ fc< J2(Vt)
1=1 i,l,s-l

n

(2.24) o (R) = — [ -X2 V "  a + \ ]
1 - U / _  1 / k< J’(k<>1 2 i

1=1 1,t,s=l

Therefore:

(2.25) u ar(R) = oe(R)

And,s ince’ n

(2.26) ^ ^ ( R )  = ' ^  W  ki*i
1=1

and
n

( 2 . 2 7 )  Cfef b ( R > ■ ' ^ ^ J 2 ( k i ) k i

1=1
ai

we obtain

(2.28) n ct>b(R) » tfe>b(k)
Equation (2.25) and (2.28) can now be used to verify 

numerical results
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3. Approximate eolutlon of the boundary value problem.
1 Analysis of a one-mode solution.

In order to gain insight on the method of solution outlined 
in chapter 2,we shall now analyze a one-mode approximate solution 
in the form (1.22),(1.23)the boundary value problem (1.12)-(1.17). 

The order of the approximation is n=l,that Is

«(x) = a1J1(x)

k J (k )
♦ (x) = b1[ ■ 1 x + J1(k1x)] * bjf2.204656 x + J1(k1x)]

Although no claims on the accuracy of this approximate solution 
can be made,some of Its salient features,such as the dependence on x, 
can be used toward a better understanding of an approximate n-mode 
solution with n > 1.

The analysis is restricted to a steel shell for which ^ » .3; 
the constants = 3.83I7I and = -40276 were taken from
Archer,[ 2 lfand Abramowits,[ 1 * .082111 was calculated
using different FORTRAN programs,it has been verified withthe 
corresponding one displayed in [ 1 ].A detailed explanations of the 
calculations is given,in a more general context,in § 3.2.

For n = 1,equation (I.3I) is reduced to

(3-1.5) P - [5.664534 + .101358 X4]a1 - .135843 X2a* +
.042791 â .

From (2.4) we have

a.
(3.1.4) “(0) = gif 1 + JjCk^ ] = .3660924 ^  

thus,

(3.1.5) p - [15.472962 + .276865 x 4 M o )  - .371062 x2w2(0) +

.116887 w5(0).
The advantage of this last equation resides in the fact that 

the conclusions drawn from it can be interpreted in terms of a

( 5 .1 .D

(5 .1 .2 )



pressure-maximum deflection relation and Its dependence on X.
We now observe that p Is a cubic polynomial In <*>(0),((5.1.;))

vith coefficients which are functions of X,therefore,depending on
the value of x,P can be a monotone Increasing function of w(0),
It can have an inflection point or extrema.This later case is
characterised by the fact that the equation

& 0 >  * 0
posseses real solutions.The discriminant of this quadratic equation
in u(0) is

(3.1.7) A  - .040601 X4 - 5.425760 

Let

(3.1.8) X* = 3-40001

be the positive root of (3.1.7),then,if x < X*,the pressure is a 
monotone Increasing function of w(0) for every w(0),and if 
X > X., there exist two values of u(0), w and u>. ,for which p attainsS D
a local minimum and maximum respectively.The physical phenomenon can 
be better understood if the roles of the parameters p and u>(0) are 
interchanged, that is,if one studies the dependence of t*>(0) on p.
We have sketched in fig.3 this dependence for X > X*. One can 
observe that w(0) = 0,(the shell is not deformed),if p = 0,and it 
is an Increasing function of the pressure until the critical value p^ 
is reached,for which u(0) * w..If the pressure is increased beyond

D
this point,a sudden jump to a higher value of the deflection takes
place,this is the so called buckling of the shell.On the other hand,
if the point (p, u(0)) with p > p^ is in the upper branch of fig.3
(buckled branch), and p is decreased, u(0) decreases continuously
until p is reached,with u(0) = i*> .If p is decreased still further, s s
i.e., p becomes less than p ,a jump to a smaller value of u(0) occurs.6
this phenomenon is known as snapping of the shell

The qualitative aspects of these two phenomena can actually 
be observed in nature.For instance,if a thin,shallow spherical cap 
is buckled,warmed up to about 37°C and put on a cold plate,(approxima­
tely 0°C),the released potential energy at the snapping point makes
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the shell to jump up to several Inches high.depending on the material 
the shell is made of.In this experience,the variation of pressure 
has been simulated by a change in temperature.

In addition to the phenomena explained above,we can also 
find an explicit dependence of the buckling and snapping pressures 
on X.that is,solving (3.1.6) for X > X*,and substituting u(0) in
(3.1.5) we have

(3 .1 .9 )  pb « .015977 X6 + 16.373159 X2 + .23377*

( 3. 1. 10) P = .015977 x6 + 16.375159 x2 -  .233774 AVls

where

( 3 .1 .U )  A = .3301190 X4 -  44.125129

We can see in fig. 4 ,where these two equations have been
plotted,that p^ is an increasing function of X.It follows from (1.10)
that x can be increased either by increasing the rise H of the shell
or by decreasing its thickness h.Since in the derivation of (1.3)»

2 2 L(1.4),terms of order 4 r H /R have been neglected,cnanges in H 
should be accompanied by changes in R in order to keep H / R «  1, 
thus,is preferable to think variations in X as variations in 
thickness rather than in the geometry.The monotonicity of p^ with 
respect to X is then consistent with the fact that for a given 
material,(fixed ^ ),the thinner the shell,the more elastic it is 
and therefore,it can stand greater loads before buckling.

The state of the shell is unstable for Pg < P < Pb »that is, 
small perturbations can have large effects on the shell.Since ps
is a decreasing function of X,the thinner the shell,the wider the 
instability region is.Moreover,it can be shown that if

(3 .1 .1 2 ) X > X* = 5.443475,

the snapping point corresponds to a negative pressure,which means 
that if (p, uj(O)) is in the buckled branch,and p is diminished,the 
shell will not recover its original,undeformed 3hape,even for p = 0, 
it can only be done by reverting the pressure to an outward one.
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Fig. 2 was first proposed by Von Ksraan and Tsien,[ 12 ], 
as the response curve of the shell.Latter studies,[ 10],[ 13 ],[ 19], 
have shown that this graph does no quite correspond to reality.

Experimental data indicates that for some types of shells, 
buckling occurs for pressures which are smaller than p̂ .

Friedrich,[ 10 ],have determined that there exiats an 
intermldlate value of the pressure, p < p_ < p, for which buckling

6 £* D
takes place,and H.Keller and E.Reiss,[ 13 ], have justified the 
buckling at pressures smaller than p^ studying neighboring states 
of the shell with different potential energies.

This shows that a one-mode solution and its response curve 
can result in an oversimplified analysis of the problem,however,some 
of its features are still important for a numerical study of 
approximate solutions with more than one mode since it provides the 
order of magnitude of p^ and the general behavior which one should 
expect of the numerical resuits.Furthermore,this analysis shows that 
the theory might fail for large values of X since,as we saw above, 
the shell does not return from a buckled state to its undeformed form 
for p = 0 if X > X* contradicting the assumption of elastic shell 
for which the equations where derived,i.e.,for X > X*,(or latter 
refinements of it),the limit of pressure for which the properties 
of an elastic shell hold,is exceeded before buckling.

We wish to point out that is precisely for values of X > 5 
that different authors differ in their respective results.
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§ 5» 2 Analysis of n-mode solutions,( n < 10)

We hove seen In chapter 2 that the boundary value problem
(1.12)-(1.17) is reduced to the non-linear algebraic system of 
coupled equations represented by (l.Jl) for 1 < m < n for each 
fixed n. It remains now to solve this system of n equations in 
the n unknowns a^ 1 < i < n. In order to solve it numerically for 
a given x,it is necessary to have as data the seros of the 
Bessel function J^,the values of at k^ and the triple integrals
jilm 1 < M . ®  < n ((1 -26)).

These number can be found in the literature,for instance, 
Archer,[ 2 l»*nd Abramovits,[ 1 ],however,the limited scope of these 
tables does not allow to attempt finding a solution of (1.31) for n 
greater than 8.Therefore,independent calculations were done so it 
would be possible to solve (l.jl) for n < 15.Furthermore,computing 
programs were designed to deal with the problem for n < 20 in case 
it was needed.

In a preliminary step,we calculated the values of the 
Bessel functions Jv(k^x) , v = 0,1,2 » l < i <  15,with 0 < x < 1 
at intervals of length .01 using the subroutine BESJN from Los 
Alamos Laboratories as the package programs to compute them in 
the IBM 570 at CUNY was found to be inadequate with regard to 
precision. The results were compared with the corresponding ones
m  [ 1 ].

BESJN was given as argument to the subroutine SIMPSN,also 
from Los Alamos,to compute We found total agreement of our
calculations with those,that for 1 < i,l,m < 8 have been published 
by Archer.

Finally,the roots k^ and the values were taken
from [ 1 ].

In a second step,we proceeded to find numerical solutions 
of (l.jl) for fixed X and n < 10 using the FORTRAN program BUCKLD, 
(Appendix C).

As we pointed out in $ 5.1,several solutions of (1.31) 
must be expected for p within some ranges,therefore,in order to 
determine all of them,the coefficient a^ was chosen as the independent 
parameter.The reasoning is that different values of it can lead to
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the m e  value of p while,for a given p,it Is lapoaelble for the 
computer to determine more than one value of a^ at the time.

The program BUCKLD consists of the main program,the 
double precision function F,the subroutine ORIGIN,and It calls 
the subroutine ZSYSIM of the IMSL library.

The system (1.31) was given in the function

(3.2.1) F(X,K,PAR,IER),

where X is a n-dlmenslonal array with X(l) = p and X(I) = a^ ,2 < 1 < n
if n > 2, K is a pointer which indicates the k-th equation in (1.31).
The variable PAR is a scalar used to pass the value of â .

The function F was verified to actually represent the
system (I.3I) with an equivalent program written in the symbolic 
manipulation computer language ALTRAN,(ALgebra TRANsiator),[ 3 ],
which was run at the Courant Institute of Mathematical Sciences,NYU, 
(Appendix C).

The subroutine

(3.2.2) ZSYSTM(F,EPS,NSIG,N,X,IMAX,WA,PAR,IER)

solves a system of N simultaneous non-linear equations in N unknowns 
using an iterative method. The subroutine returns an approximate 
solution X if the norm of the system F is less than EPS,or an error 
message if the iteration does not converge after IMAX steps.Finally, 
the subroutine ORIGIN was used to calculate the deflection and 
stress functions at the origin.
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4. Discussion of results

We have seen In the analysis of a one-node solution In §3.1 
that buckling of the shell can be expected from the first node for 
X > X* ~ 3»«nd that a negative value of snapping pressure Is obtained 
If X > X* ~ 5,furthermore,when X Is in this region,the results In the 
literature are qualitatively different.Choslng the intermidiate value 
X s 4, (Tables I-X),we have found that the cubic-like relationship 
between pressure and deflection at the centre,(oj(0)) .holds for solutions 
with more than one mode,(fig. 3 ).

A good convergence is observed for solutions containing two 
or more modes in the unbuckled branch of fig. 2 ; a three-modes 
solution shows little difference with a 10-modes one in the 
unbuckled and middle branch,and solutions with five or more modes 
closely agree with the 10-modes solution in the whole range p-u(O)

Let us define the relative rate of convergence as

where p ^  in the denominator is taken equal to the value where |Pm—Pĵq I 
is maximum for each m,i.e.,for each p in the region under consideration, 
the m-modes solution is at most Cr(m) % off the corresponding values of
the 10- modes solution. We then find that Cr(4) = 8.25% for
p = 1.971930, w(0)=13.690367.while Cr(5)= 2.87% for p-1.8496272,
u(0)=l3.735734.

Approximate values for the buckling and snapping pressures,
p. and p , are displayed in Table XI.It can be observed in it that 0 6
the difference between the values of p corresponding to four andD
five modes solutions is of order 10“^ and it decreases to 10"^ for
the 9 and 10 modes.

The convergence of the snapping is not so good,seven and
eight modes were necessary in order to obtain a difference of

-4order 10 . The corresponding values of the deflection,^ and u)g
as well as their differences are displayed in table XII.Once again, 
the convergence of cj is better than the convergence of w

D 8

The analysis of the relation pressure-deflection was 
completed with the calculation of the shell's deflection u(x)
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for 0 < x < 1, (fig.6 ),and the ehepe of the ehell at five different
*pressures, 1 < 1 < 5. ~ ̂ Pb and it corresponds to an

unbuckled state, p^ ~ p^, > pb and therefore the shell Is buckled,
p^ ~ pg and finally, pg < p^ < p^ corresponds to a point In the 
middle branch of fig.2 We now observe that for p * p^ the ehell 
still has a parabolic shape;vhen p * Pj ~ p^.the shell becomes 
almost flat In Its central part,more specificaly,the average slope 
for the central half of the shell is approximately .021,or an 
angle of 1.29° . When p is greater than Pb,for instance p^.the shell 
presents a wave-like shape in a clearly buckled state,moreover,for 
this pressure.which is approximately 2 times p^.the concavity of 
the shell is reverted in 76 % of the radius,corroborating the fact 
that rapid changes in the shape of the shell take place in a boundary 
layer near the clamped edge.

Stress functions were analyzed along the same lines,i.e.,
we found their dependence at the origin on the pressure p and their
behavior along the radius for the five representative values of p,
Pj 1 < i < 5 , chosen for the analysis above.

It can be observed in fig.8 that the tangential bending 
stress at the origin increases with the pressure in the unbuckled 
branch of fig.2 ,it also increases with deacreasing pressures in 
the middle branch,while it remains in a narrow range for buckled 
states.It must be pointed out that the curves representing the 
pressure-tangential bending stress at the centre of the shell fan 
around some middle value which is approximately 55 Stresses corres­
ponding to solutions with an even number of modes tend to decrease 
remaining below 55 with increasing pressure,while those corresponding 
to solutions with an odd number of modes increase beyond 55.
Fig. 9 shows that in a pre-buckling state,the value taken on at 
the centre of the shell remains almost constant along the radius; 
for unstable states corresponding to pressures smaller than pb, 
the values of the stress function tend to values of the same order 
of the one of the unbuckled state as x —* l,but for p * p^ > p^, 
the values of the stress sharply decay to zero in the outer 33 2 
of the radius.

In addition to these properties,we can observe that the
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curves corresponding to unstable states present an oscillatory 
character near the center.Similar coament can be made about the 
radial bending stress.

The different behavior of the curves for solutions with an 
even or odd number of modes is also found In fig. 11 where we have 
plotted the radial membrane stress at the center of the shell vs. 
the pressure.

In order to determine the behavior of p^ on X,we 
calculated approximate solutions of (1.31) for different values of X. 
Thus we found that for X ■ 3.b < X*, buckling is found considering 
an at least two-modes solution.It was not possible to determine 
a buckling pressure for X ■ 3.2 even with a ten-modes solution.For X 
between 3 And 5,our results agree with those of previous authors.
Tor X > 5 but less than 6,our values are close to those obtained 
by Chen, [ 7 ] ,and Budiansky,f 6 J.Outside this range,i.e., X > 6, 
the magnitudes of the numbers involved in the problem made,for most 
values of X, fail the iterative process due to overflow,however,for 
those for which our program run succesfully,the results closely agree 
with those of Budiansky. See fig. Hi for a comparison of results 
from different authors and this thesis.

We think that a different approach should be tried for 
large values of X,perhaps considering higher order terms in the 
derivation of the equations might allow to find solutions of the 
problem for middle size X,while this,together with an asymptotic 
analysis could yield a solution for X »  7 -Then,if these solutions 
would be valid in overlapping intervals of X,they could be matched.



Appendix A

I A. 1 Derivation of equations (1.5) end (1.4).

We consider the ax1symmetric,finlte,deformations of a 
clamped shell of thickness h,that result from a uniform,inwardly 
directed,normal pressure P.

Let R be the radius of the shell's base and H its high.
We study the case in which H/ R «  1,( shallow),and h «R,(thin).

Let

(A.1.1) «o « - H [ 1 - ( | )2]

be the vertical displacement of a point at a distance r from the 
vertical axis when P * 0,and let

(A.I.2) = u + uQ

be the vertical displacement of the point for a non-sero pressure P.
According to Volmlr,[ 21]»the coupled system of two partial 

differential equations that describe the deformation of the shell are

(A. 1.5) D 2 2 P^ V V u>T * L( u

(A.1.4) 1 2 _2 _ i .V7 V $ ” ~ 5 L( ) f

where the operator L is given by

(A.I.5) L( u>T,® ) - — j- ( - a- + - z;£—
Or r *r r icp r dr r aq> or

2 - ( -  —  )
ir r^cp ir r b qp

Since $ >nd uT are Independent of qp, introducing (A. 1.5) in 
(A.l.J),(A.1.4) we have:
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tM. i n ^ L u  1 L u - r d“T ^  . h ^  d* *  P r* + c(A.1.6) ® ^ ^ r F ) ) . h F j 4 T  + Cl

d . 1 d , d$ .. E . >2 .
(A .1 .7 )  ' d ? ( 7 d ? ( r d ? ) ) m ' 2 ( d T ) + 2

Cl' C2 constants-
Since the shell Is complete we can assume the existence 

of both du^/ dr and d(/ dr at r ■ 0,moreover,the axisymnetry implies 
that both derivatives are sero,therefore, » 0.

Introducing (A.1.1),(A.1.2) in (A.1.6),(A.I.7) ,we have:

(A . 1 .8) D r  [ ^  . k * “ ] = 2 J L + h ± * * ±  + h ^ o ^
dr r dr r^dr 2 dr dr dr dr

(A.1.9) r ^ |  + = - I [  (̂ i£ >2 + 2 du; ]
dr^ dr r dr 2 dr dr dr

In (A.1.8),(A.1.9) we have neglected the term 
2 2du .2 4 r H

< 3 T »  - r4
in virtue of the shallowness of the shell, ( H/R «  1 ). 

Let

t(r) - h

thus,equations (A.1.8),(A.1.9) become:

2
(A. 1.10) D[ r p” + (*' - £  ] = - + i|rfJ - 2H ^

. ilf _ A h , 2 E H h / 5 r(A.1.11) r V ’ + *’ - * = - E^r- + -------- —
R

( )' = d/dr.
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§ A. 2 The geometrical parameter and the dlmenglonleaa variables £,£

Let x *r/R, 0 < x < 1, then

da 1 d/3 , diir 1 d\lr .
d? “ R to “ * ’ d? * R df " *
With this change of variables, equations (A 1.10),(A.1.11)

are transformed Into:

(A.2.1) x + p' - £ = H2)r [ 4  pr2x2 + ^  . 1|I2 )
Eh^

(A.2.2) x*" + r - f = EhR [ - \  ]

Let
(A.2.3) /3(Rx) = A(R)S(x) 

t(Rx) = B(R)<t>(x).
Introducing (A.2.3) in (A.2.1),(A.2.2) we get

2
(A.2.4) A(R)[ x s" + s' - | 1 = 12( 1 * [ -ipR2x2 + A(R)B(R)0(x)<t»(x)

x Eh*

-  ^  B<R)4><X> 1

(A.2.5) B(R)[ x 0" + - £ 1 = EhR [ 4  A2(R)s2(x) + — < ]

Let us define 

(A.2.6) A (r) = ---------5— , ; B(R) =
12( 1 - u2)R2 * 12( 1 - h2)R

Substituting A(R),B(R) In (A.2.4),(A.2.5) by (A.2.6), we
obtain

( A.2.7) xe" + e1 - - * - 12R x  ̂ p + e<t> - |W48( 1 - u2)x<t>
EhU h

(A.2.8) x<J," + <J>* - | \  2 + ^ 4 8 ( 1 - 7 )  e



Finally,let us Introduce the geonetrlcal parameter \ as
follows:

(*.2.9) X* - 1 - / ) " 2
h

Then,equations (A.2.7),(A.2.8) become

(A.2.10) xe" + e ' - ̂  - 2 px^ + s4» - x2*
2

(A.2.11) x<t>" + x2e x,X 2

where

(A.2.12) „ 6>/yi~- u2) V  p . p
E h4 %

The parameter
2 2/» « i „ 8Eh H(A.2.1J) q =

° 5d-u2) R4
is the classical buckling pressure of a complete spherical shell 
with radius equal to the radius of curvature of the shell under 
consideration in this thesis at the origin,namely p = R* / 2H.
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JA.J Derivation of equations (2.3) and (2.4)

Assuming that we have computed the coefficients a^ and b^, 
for i - 1,2.. .n,where n has been fixed previously,we can write down 
our approximate solutions (1.22) and (1.23).We can proceed further 
to calculate the approximate deflection of the plate at any point 
at radial distance r from the center of the plate,as well as the 
approximate stresses,both,membrane and bending,for fixed pressure p.

Since the deflection at the edge of the plate is aero,i.e.,

w*(a) - «£(*) « 0,

we have

(A.3.1) «*(r) = u*(r) - <j*(R) = J |^*ds + u>o(r) =

^ (- (3(s))ds + uo(r) =  ̂ (S(s)ds + w^r)
R

In addition, since

(A. 3-2) £ [  *'vJv(x) 1 = - x-vJy+1(x),

introducing (1.11) and (1.22) in (A.3.1) we obtain

1 n
(A.3.3) w*(Rx) = f V ”  « j (k s) ds - H( 1 - x2) =

\  J v  Lmm  ■
X X 1=1

n
a' 2 [ J0(klX) - J ^ )  ] - H( 1 - xZ)

n
2H f  ^
x2 L  ki1=1

Let us define the non dimensional deflection as follows:

x2(A. 3.4) uT(Rx) = w*(Rx) 

Since

(A.3.5) Jy.^*) + Jv+l(x) = IT Jv(x)» ( see t 1 l.PP
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we have
nw—  J (l x) + J (k ) 2 2

(A.3.6) g»t(Rx) - \ - fc ai * 1  ( 1 * * >

hence,the shell's dlaensionless deflection is

n

( A .3.7) u(Rx) - /  w- .*■ u ±- ai , (  co -  ^  u*)
J^kjX) + J2(kt)

 ‘

In particular: 
n

\  i + **2^kP(A. 3.8) u>(0) = ) k ai

1=1

i A.4 Derivation of equations (2.6) and (2.8)

The radial membrane stress,o^, Is defined as,[21 ],

(A. 4.1) cTj(r) = T|r(r) / hr

Introducing (1.11) and (1.23) (A 4.1) we get
n

(A.4.2) «.€■«, - = ^ - 5-5 t b0 * r
12x(l-/)R 12( 1-y )R

Substituting (1.27) and (1.30):
n

2Eh(A.4.3) cJ(Rx) = --- * , X2V ” W
2  ̂ " / ai12R (1-u ) l-u I   k.

1=1

1 r  jits V i  .2 f " ji(kix ) _
z _ ^ r 11=1 1=1

n
« M k  x )  J 1 # _ 

r h —  aiat 1 (for a11 x + 0)xk J. (k )8 2 S
M,s=l
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If we now define

2 2
(A.4.4) o (Rx) - —  < 1 ■' ^ ? 0*(Rx),

Eh r

we obtain:

2 i V~ W  V  Ji(kix)(A .4.5) ar(Rx) - -X2f ̂  \ J L - U *  + J -ijJL- ai ] ♦

fcr i=i
n n

1 \ jits a.a, \  J,(k x) j., a.a,“—  > i t , )  1 s ' Jils i t  ,1-UL-F7F? Z _  A oi,t,8=l 1,t,8=1 8 2 8

The stress function is undefined at the center of the shell 
because the expression J^(x)/ x approaches the form o / o  as x tends to 0 

However, or can be extended by continuity to x = 0 since

”*1̂ X  ̂ r * x^ . x5 i /„ 1 . 2/ „3..,s [ 7 • -i 5 “ ••• ]/x * ? •  x / 2 2, +...
x * 2 2! 2 2 1  y.

thuS’ J,(kx) k
(A. 4.6) lim = -y

x-* 0

So,for x = O,one can use (A.4.6) to compute the radial
membrane stress as follows:

n
2 \ i ai

t(0) - -x2 2_  f - h r -  + i ^(A.4.7) a.L
1=1

r _L_ * 1 n Jits
1 l-w + 2J2(ki) J kgJ2(kg) aiat ’

M ^ l



where
12R2( 1 - u2) „

a -  ' a r  1 cr*
r E h r

is Che dimenslonless stress function.

SA. 5 Derivation of equations (2.11) and (2.15)

The tangential membrane stress, o£ , is defined as

(A.5.1) oJ<r) .

Introducing (1.11) and (1.25) 1° (A.5.1) we get:
n

(A.5.2) c*(Rx) = — L i * —  r b + > b k ( k  x) 3 
e 12( 1- /  )RZ ° 1 ax 1 1

Substituting (1.27) and (1.50) and using (1.29) in (A.5.2) 
we obtain:

J (k x)
(A. 5.5) 0 (Rx) = ) { -A x + k.J (k x) - 1 1. y ~ ( ki v hi>

e / I , . i o  i x
i=l

k2 ** + k2 J2(k£) jsit &8&l
(x f 0)

8,1=1 J
where

a (Rx) = -2( 1. ^(Rx)
* Eh *

Using (A.A.6),the tangential membrane stress at the center 
of the shell,i.e., x = 0, results:
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 ̂A. 6 Derivation of equations (2.18), (2.19) and (2.20).
The bending stresses,radial,o* . and clrcunferentlal,o* . ,rfo *»D

are calculated at the face of the plate where they attain their 
maximum, I.e.,at z ■ b /2 .V z have

(A.6.1) <Tj>b = S  [ + ufl

Introducing (1.11),(1.22) and (1.29) we get
n

(A.6.2) o£>b(Rx) =

EhH
2 2 2(I- U)R X j V  klx) *1 ' < U “> ̂  l( X >‘1 j

1=1 1=1 
If we define the dimenslonless radial bending stress as

, i 2.-2 2
(A 6 3) a =  ̂  ̂ cr*1 ,DOJ r,b EhH °r,b *

we get
n n

\ ^ J1Ck4*)al
(A.6.4) or>b(Rx) = ) V o (klx)ai ‘ ( 1 " u)/ " x *+°

1=1 1=1
Applying (A.4.6),we compute the radial bending stress at the 

center of the shell,
n n

(A.6.5) °r>b(0) * J ”  [ k£ - £ (1 - w)k1)a1 = 1 *  K ̂  k ^
1=1 2 f e

The tangential bending stress Is given by 

(A.6 6) 0*f1)(r) - ^  [ £  ♦ „ ]
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Introducing (1.II),(1.22) and (1.29) we obtain

(A.6.7)

n

Eh I H \

1=1n

A i J T s V - i ’) ‘ij 
1=1 '

n
pun \ (^j )̂

■ a -a s / f - h r -  a  -») + V o (kix)^ 1 aid l l ) X T  _

If we define the dimenslonless tangential bending stress as 

2.„2. 2
(A.6.8) 0.jb(Rx) . «*.,„<**>

we then get

(A.6.9) a6jb(Rx)
1 J,(k x)

= ) [(1-n) x —  + H kiJo(kix) 1 ®i X*°
1=1

Finally,we use(A.A.6) to compute the nondimensional 
tangential bending stress at the center of the shell, n

(A.6.10) % >b(0) = ^ [ 2(l“|j)ĥ  + nhj]- a^ = ^ ̂  kiai
f e n  i=i
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Appendix B
Derivation of equation (1.31)

Aa we deduced In chapter l,the atate of the ehell under 
atudy la repreaented mathematically by the boundary value problem

(B.l) • " + * ’ - ~2 ■ “ 
X X

- 2px

(B. 2) 0" + *'- * 2 - 
X X

2 a2X * - —
2x

(B.3) S(0)=0
(B 4) a(l)=0
(B.5) 0(0) =o

(B.6) 0 ' ( 1) -  u o ( i ) - o

We pointed out In chapter 1 that the left hand aide of equations 
(B.1),(B.2) are the Bessel operator of index 1,namely:

(B.7) B[f] = f" +|'- -2 ,* x
thus,we can rewrite (B.1),(B.2) as

(B.8) B[s] = - [ (xs’)* - -  el = - X2<t> - 2px +
X X  X

1 1 2  s2(B.9) B[4>] - £ [ (x<J)')' - ±  - X e -

From the theory of Bessel functions,[ 8 l,we know that
if f = Jj(kr),then B[f] = -k^f where k* can be called the formal 
eigenvalue associated with the formal eigenfunction f

We now reason as follows: if equations (1.20) and (1.21) have 
solutions they could certainly be expanded in an Infinite aeries of
Bessel functions since the set (j^(k^x)} ^  la complete In [0,11
It la also an orthonormal aet in the same interval with reapect to 
the weight function x.The boundary condition (3 4) suggesta aa a 
tentative choice

sv
(B.10) a(x) - a1J1(k1x)



If we ask the to be such that J^(kj) " 0 ^or *very n,(wlth this, 
each term of the series will satisfy the two boundary conditions 
for •,namely (B.J) and (B.4)).

For <)> the choice will be

(B. 11) 4)(x) - bQX + > ‘i W*5
Each term satisfies (B.5) and they will aleo satisfy (B.6) 

If we require
m

(B. 12) \  -f 4 tJl<kl:‘> bi - “bo - 0 .t I - 1
1=1

The undetermined coefficients ft̂ 's and b^'s are formally 
given in the Fourler-Bessel manner,i.e.,

rR
(B.1J) a =---------- ( xJ (k x)e(x)dx

R^J^kjR) J0 1 1

( R(B. 14) b = "2---- \ xJ (k x)<t>(x)dx
1 R V J ^ R )  J0 1 1

Purely formally,one could find the a^'s and b^'s as follows: 
we Insert the expansions for a and $ into equations (1.12) and (1.13), 
multiply each term of the resulting equations by xJ^(k^x) and Integrate 
from 0 to R for each 1=1,2...

We arrive at a doubly Infinite set of coupled quadratic 
equations for the a^'s and the b^'s.We note that equation (1.1J) 
allows us to eliminate the b^'s and we can thus obtain a singly 
Infinite set of cubic equations In the a^'s.

Since there is no way that we can deal with the full Infinite 
set of equations at once,we will attempt to find approximate solutions 
for 0 and $ in the form of finite series of Bessel functions and obtain 
finite set of equations In a finite number of variables,equations which
may be viewed as truncations of the infinite set.A paper by Rauch,[16 ],
dealing with a similar problem,suggests just such a solution
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Since

(B,i5> i ji(kix) - kit j0(kix) “ ] a 8 i7°)
then

<B16> kiJo<ki)

Also,since

(B17) !xJv+l(x) * 2v JV(X) " X JV-1(X) <[ 8 1,PP

then
(b.18) Jo(kt) = - J2(kt)
which introduced in (B.l6) yields

(B'15> itJi(kix) U-i - - \W
which replaced in (B.12) gives 

(B.20) b

i gives

■ r h  L  biki W1=1

Now,we proceed to use the method of Boubnov>Galerkin,[ 16 ],
i.e.,we Introduce e and $ as defined in (1.22) and (1.25) in (1.12)
and (1.1J),we multiply each term by xJ.(k x),integrate from 0 to R,1 m
and set the resulting expressions equal to zero.

We will use the following properties which can be deduced from 
Churchill,[ 8 1,

C  2 J2(ki>
(B.21)  ̂ l(kix) dx = '"k

8 to J2(kJ(B. 22) J x J(k x) J (k x) dx = — --2 m1 i 1 m „

where ft. is Kroenecker's delta, im
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Equation (1.12) yields 

(B.2J) 0 = - kj m± \ J^(k^z)J^(kax) x dx + x2 j [bftx + V "  bjJ^kjS)]
f e

,(k x) x dx + 2p\ x2j,(k x)dx - 1 m J l a
J0

n n
[ y . ^ ( k ^ n  v  + y  b ^ c k ^ u ^ k * )  d x «

fcr i-i

- k» J2 (km> 2 J2(kJ  2 J2<kJ“ 2 — -  a + X2 4 - 2 -  b + x2 -Z t -2 - b +2 m k o 2 mm

j«(k_) n i! n i
2p - 1 — - 4m

n

J2^km^boam " y ^Umalbt (for every m)
i r n r

Equation (1.13) yields:

(B.24)
/■l ___ J.

0 " ■ kl y V l (ktx>Jl(kmx) x “ x2al] Jl<kmX)Jl(kix)xdx + 
0 fci 0

* J 1 y a*Jl(V )l2 Jl(kmx) * 0 fcr
n

- - i «£ 4 (km)b» * *■* 4V‘m + * / W i b«
T 7T=r

where
/•l

Ju . - J1<kiI)Ji(kiI)Ji(k.x) -



From (B.2U) we get

(B.25) •>. *  -  X  * - +  7 7 ^ 7 / _  Jl v - V ,  (for
■ 2 ■ i,v*l

which substituted in (B.23) together with (1.27) glv*«

(kk + X*Vo(fc )• *2 o
(b.26) p - “ U k 2 ^  - s i t T *  lx - W V . ]

m

n * nV~ W v   £ X  ,

L _  ki w ‘» v v  l 1* " 1'
i-l i,v-l

x2 krn \  jlvm*l*v _ 1 tx2 _ V km)kw*m ^
2J2(k ) / ______ k® 2(1- u) 2
2 m i,v-l V

n n
\  ^svl V v  . kn \  ^ivm^sty*t*s*v
/  ki J2 k̂i.) 2 J2 k̂m^ /  k2 J?(k )
'— 3—  - £_____  V 2 V
s’1’v“1 1 ^ 7 ,  v-1
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Appendix C 
§ C.l Fortran program BUCKLD 

It computes deflections and stresses at the origin

tv G LEVEL 21 MAIN 0A7E « 781S8 00/13/29
  EXTERNAL F
-----------RCAL*8 KllM,T!15,lS,15),A10(DA10,V!15)tF,EPS,WAil701,M,STEP,Jllt>

l,LAMfcDA,MU,PT6EN0»RTMFM0,XI3),ZI13>100)
COMMON/6ESSEL/J,K,T 
CONNCN/PARAH/LAMBDA «MU 
COMMON MOOF 

C_____ XIIl*M,X! 2 I*R TbtNO,X(3|*RTMFMO
C ffl.JtiSllV'AFTEH NOTE NEXT* OF AT ~ - —  -
999 READ 1,LAM60A,MU,LAST
1 FORMATI2F10>6,BOX,I?)

IFILAST.E0.99IG0 TO 1000
READ 2,A10,DA10« EPS,MAXMOD,MAXA10,NSIG *IMAXO

2 FORMATI3F10»6,415)
PRINT'lOO - -

100 FORMAT!1H1I
RE AO 3 . I K ( n , j m .  I«1,MAXM0PI

3 FORMAT!2F10*6)
PRINT 3,K(1),JI1>
DO A 1*1(MAXMOD 
00”5 M*I,MAXMQD 
00 6 l«M,MAXMOP 
READ 7*TRIPLE

7 _ FORMATI1F10«6)
PRINT 7»TR1PLE 
T11*M,LI*TRIPLE 
T!M,I,Ll«TRiPlE 
T!I»L»MI*TR1PLE 
T!H,L»n*TRIPLE 
T!L»I»N)*TRIPLE 
T!L,M,I)*TR1PLE 

6 CONTINUE
5 ~ CONTINUE - .......
4 CONTINUE 

PRINT 100
PRINT 101,LAMBDA,MU,A10,PA10,FPS,NS1G,MAXMODtIMAXO

101 FORMATI//10X,'SHELL PARAMFTFPS»//10X,'LAMEPA*•,F10.6//1OX,•MU**, 
1F10.6//10X,'INITIAL GUESS SA10**»F10.6//10X,*INCREMENT FOR A10:DA10* 
2'»F10«6//10X»'FIRST ERROR ALL0WtS*EPS**.F10.6//10X,'SECOND ERROR 
FALLOWED:NSIG*',I5//10X,'NUMBER OF MODEStMAXHOD*',I5//10X,'NUMBER 
40F ITERATIONS ALLOWED:IMAXOr*,IS)
PRINT 100 
PRINT 10?

102 FORMATl//4 3Xt *F I P S T M P p F'//16X,'PRESSURE*,13X,»A1•,16X,
1'DEFLECTION',12X,'RTBENO»,13X,'RTMFMO'//»
MTDE*1
PC 8 L*1,MAXA10 
IF IL.NE.30IG0 TO B1 
PRINT 100 

61 SIIP* FLOAT!I-1 )
A1*A104CAI0*STEP
VI1>*F!1.,1,A1,1ER>/10C’.
2!1»L1*7!11
CALL 0R1CINIT,A1,XI
PAINT R,Lt7|l),Al,|Xll)(T*IfRl
WPITH7,EPF» Y!l),(X(n,I*l .?)

P8b FORMAT!4FlS«6t
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IV r. LEVEL 21 MAIN DATE • 78158 00/13/29
9 F0RMaM1X,13,6X,5IF13.6, 5X11
8 CONTINUE

IF(MAXMOD.EC.llbO TO 999 
V<1)*7(1,1)
00 10 M*2,MAXMOD 
MCOE*M 
PAINT 100 
PAINT 103,M

103 FOANATC//23X,’MODE NUMfcFP•,?X«I2//16X«'PAESSUAE»,16X,'DEFLECTION•
1,1?X,•RTPENO* »13X,*RTMEM0•//)
Y|M)*0.0
DO 1? L* 1,MAXA10 
IF(L.NE.40IG0 TO 121 
PAINT 100

121 IMAX*IMAXO 
STEP*FLDAT(l-l)
AI*A10*DA10*STEP
CALL ZSYSTMIF,EPS,NSIG,M,VtlMAX,HA,Al,lEK|

  1FIIEA.EG.129IG0 TO 500 __ _____
IF 11EA.EG.1301G0 TO 502
?I1,LI*A1
DO 122 1*2,MODE122 Z(l,L)*Y(n 
IER«M00E«1
1FI1ER.GT•15)GC TO 128
bOT23 I* 1E R ,15

123 Z(I*L1*0.
128 CALL ORIGIN(Y,Ai,XI

PAINT 14,L,Yll),(XII),1*1,3)
14 FORMAT!IX,I3.6X,4IF 15.6,1 OX),?X,I5)

  MR ITE 17,888 ) VI11, 1X11 ), I *1,3)__________ _____
12 CONTINUE-

PAINT 100
PAINT 124,(L,(ZI1«L1,1*1,P)«L*1«80)

124 F0AMAT(1X,I3,2X,6F15.6)
PAINT 125,IL,(711*8,L),I*1,7>,1*1,80)

125 FORMAT(1X,I3,2X,7F15.6) _  _ ___
** ' "DO 129 1*2,M *
129 Y(I)*Z(I,1)
10 CONTINUE 

GO TO 999
500 PAINT 501,IMAX,M
501 FORMATI//IOX,»FAlLURf TO CONVERGE WITHIN•,1X,15,IX,•JTERATI DNS•/ 

110X,'MODE NUMBER *,1X«13)
GO Til 1000 

507 PRINT 503,IMAX,M
503 F0RMATI//10X, •SINGULAR JACOPIAN AFTER •, 1 X , I5/10X , •MOt'E MUMPER*,

1IX•I 31 
1000 PP1NT 100

f TOP 
END
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IV G LEVEL 21 ORIGIN DATE « 7B15B

SUBROUTINE CP1G1NCY,PAR,X)
REALRB Y M M . X m . P A R ,  J< 15 » , M  15 > ,MU,IAMBDA , T115 , 15 , 15 I
COMMCN/PESSEL/J.K,T
COMMON/PARAM/LAMBDA,MU
COMMON MODE
u « v m
VC 1 |*PAP
XC11*0.0
X (2 1 *0 .0
X ( 3 ) * 0 . 0
DO 1 N* 1«MQOE
S*0.0
no 2 L L * 1*MODE 
00 3 1 * 1 , MODE 

3 S * S « T l l , L L , N ) * Y l L L I * v m
2 CONTINUE

x m * X ( 3 ) « S * <  l . / C l . - M U ) » . ^ / J ( N ) ) / I X ( N » * J C N ) )
X ( 3 ) * X ( 3 1—LAMBDA**2 * ( J CN) /C 1 , - X U ) * .5 I * Y ( N 1 / K I N 1  
X (? ) * X (? )» .5 * I1 » *M U 1 *K (N 1 *Y (N 1  
X m * X l lM V < N I * ( l . * J I N » » / K 'C N »

1 CONTINUE
VCl»*U 
RETURN 
END
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$C.2 Fortran program RADIUS 

It computes the deflection and stresses along the radius

IV < LIvtl 21 MA|M OATI * 7R17P 23/00/37

100

e
76
1983
10

110

120

11

M A L M  L A M  f A.Mtl,!',)’ WV.IHTNr.AM MX ,TMf MX,TR 1PL* ,FI 3,13,101 1
l,Z<(lM,Tir,13,lM,A|l*|,Tr‘l2l,PAR7(]l) 
re INI 100
F00NAT(1 Ml I 
00 2 J*1» 13 
CO 3 1*1,101 
M A O  A, IPII.j.l), 1*1,31 
FHRMAMSX,?* 15.10J

c o n t i n u e
CONTINUE
M A O  5,(?K<lt,l*l,15 I 
I0*i MAI (IFlOabl 
00 f 1X1*1,13 
00 7 1X2*1X1,13 
CO 8 1X3*1X2,13 
M A O  5,TRIPLE 
TC 1X1,1X2,1X31*TRIP 
7(1X1,1X3,1X2I*1RIP 
T(1X2,IX1,1X3)*TF]P 
7(1X2,1X3,1X11*TRIP 
7(1X3,IX1,1X?I*|R1P 
7(1X3,IX2,1X1I*7R1P 
CONTINUE 
CONTINUE
C O M  INUE__________
PE AO 1,L AMPDA.MU 
FORM A7 (2F 10 . M  
READ 10.MODE»P,LAST 
HJRMA7(13,F10.6,33X,12I 
IF(LAST.EC,99)GO 70 1O00 
P R I M  110,LAMBDA ,MU,MODEjP_
FORMAT1//1OX,'SHELL PARAMFIFRS *//10X,'LAMBDA*',F10.6//10X,'MU*•, 

1F10.6////10X,'MCOC*',13//IPX,'PRESSURE*',F15.6)
PRINT 100
PRIN7 120 __
FIAMaT(//17X,'PAESSURE',5X,'DFFLCCTI0N',7X,'RADIAI',5X,'TANGENTIAL'
1 ',7X,'RADIAL*,7X,•7ANGFNTIAl»/A7X^RENDING',8X,•PENDING•,8X,'MEMeR_ 
2ANE'»5X,'K£MERANt•//77X,•ST*£SS•,7X,'SIPFSS*//I
FEAD 11,(All),1*1,MODE) . . __
FORMAT (5F Ifr.M 
CO 12 1*2,101 
X*.01*11-11
W=0.0. _ ________________________________________ __ ___ ___
RBENX*0.
7BFNX*0.
RMtMX*0.
TMEMX*0.
00 13 N*1,MOOE 
7ER(1>*0.
TER I ? 1*0 .
CO 1A L*1,MP0E 
CO 15 M*1,MC CE
PAR7(ll*T(M,L,N)/(ZK(M)*B(A,M,101l*(l.-MH|) 
PA*TI2l*T(M,L,N)*t<(2,M,l)/((2K(M)*pt3tp»,101l)**7*XI 
7fP(ll*TER(ll*A(LI*IPAR7(l)«rART|?|) _
PARTI?1*1(M,L,N1*B(1,M,11/(7K(m )••(?,M,101)**2)



(• trvn ?i PAIN DATE • 7t 1 7P
TEP 12 1*11 P 12 )«A(U* (PARTI 1 l-FAPT(?)«PAPTmi 

15 CONTINUE
IA CONTINUE

PAM(*)*P(1,N,II/?K(N) 
rART(5l*M?,Nf 101I/7MN)
W*W«A(N)»(PAPT(A (♦PAPTf«) )
PAF1(M*ZK(N|*B(1,N,1 1 
PARTI 7)*Il.-*U)*M2.N,I|/y 
r*FNXtR(-ENX«A<N)*(PART(6>-PAR1 171 1 
PARTIB)*MU*PAP1(6)
ietNXrTBENX*A(N>*|PART|P)a PART(7)1 
PARI(91*l-LANpnA**?)*PART(? l/M.-PU)
P A R K  101*1 -LAMf>DA»*2 »»P (? ,M,1 )/( 7KIN >**?*X) 
PNEMX*RMEMX*A(M*(PAKT(91*PAFT(101*TPR 111)
PAP 1(11 l*-LA«*bPA**?*PART(<. 1
TPEMXrTPENX«A(NI*( PAP T < o )♦ PART (10)*P ART C 11 I ♦TER I ?) I 

13 CONTINUE
PRINT ?0,X«WtRPENX'TPENXtR"FMXtTPfMX

.20 F0FNAT(10X,6f15.61 _ __ ___________ ________
WP 1 T t ( 71 50 ) X.N.RPE'n x .'TRENX.PHFMX.TPEMX ”

50 F0RPATI6F12.6)
IP(1.NF.511G0 TO 1?
PRINT 100 

12 CONTINUE
GO TO 985 _____ ______

1000 STOP ~ '
END
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$C.3 Fortran program JILK 
It computes (k*x) , 0 * x 
and the triple integrals j

FORTRAN I V  G LE V E L  21

* 1,1-0,1,2 ,1 *  * *  15 
1 * i,4,k * 15ilk

MAIN
C 0 0 1  
0 0 C 2  
CCC3  
COCK 
C 0 0 5  
C 0 C 6  
CCC7  
COOS 
C 0 0 9  
C 0 1 0  
coil 
C 0 1 2  
0 0 1 3  
CO 14 
C 0 1 5  
6 0 1 6  
CO 1 7 
CO 18  
C C 1 9  
C 0 2 0  
C 0 2 1  
C 0 2 2  
C 0 2 3  
C 0 2 4  
0 0 2 5  
C 0 2 6  
C 0 2 7  
C0 2 U  
C 0 2 9  
C 0 3 0  
CO 3 1 
0 0 3 2

EXTERNAL PkOCC  
REALMS K ( 1 5 ) • T 
C I M E N S 1 C N  WAJ2 0 0 )CCMMCN/BESSEL/K,T 
C O U P O N /  I N D EX  / I X  1 ,  1 X 2 ,  1X3  
RE AC 1 , I K < 1 ) , 1 * 1 , 1 5 )

1 F C R f A T l 1 F 1 0 . 6 )
P R I N T  1 0 0

1 0 0  F O R k A T { l H l >
GC TC 3 7 1  

3 7 2  CC 2 1 * 1 , 1 5  
CC 3 L= 1 * 1 0 1  
X * . ' 0 1 * ( L - 1  ) * K (  I )
CALL B E S J N ( X , 0 , W A , B F 0 )
CALL B E S J N I X , 1 , W A , U F 1  )
CALL BfcSJNlX , 2 , W A , b F 2  )
P R I N T  4 ,  B F O f < P F l , BF2

4 F C R P A T ( 5 X » 3 F 1 5 . 1 0 )
3 C C N T I N U E

P R I M  1 0 0
2 C O N T I N U E

3 7 1  DC 30  I X 1 = 1 »t 1 5
CC 4 0  1X2 * 1 X 1 , 1 5  
CC 5 0  1 X3  * 1 X 2 . 1 5
T R I P L E - S I ^ P S M P R O P C . O . ,  1 . ,  . 0 0 0 0 0 0 1 )  
P R I M  1 5 0 , T R I P L E , I  X I , 1 X 2 , 1 X 3  

1 5 0  F O R P A T I 1 0 X . F 1 5 . 6 , 5 X , 3 1 5 )
5 0  C C N T I N U E
4 0  C C N T I N U E
3 0  C C N T I N U E

STOP  
END

DAT
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in<0<n

■1o

l/»UJ«

a>ivjx4• —
'x X XXX • • 00 —  xl <M— » 1X • x Z«X ■J- -X <Z 1 ♦ XX UJ —x • 0xx 4- fl ata (VI f) UJ
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I V  G LEV E L  21 S I H P S N DATE *  7 7 3 6 5 1 8 / 3 4 / 5 5

r U l l C  I l u l l  ^  I n r  j  P| I A K u t  T |  f  T t  ( r  C K K  I
S I M P S N  I N T C G K A T I O N  R O U T I N E  W R I T T E N  AS FORTRAN I V  F U N C T I O N  J . S M I T H  
C I MEN S I ON F 2 T ( 2 0 ) . F M U 2 0 )  f F 3T I 2 0 ) , F 4 T  ( ? 0 ) , F b T  I 2 0 )  ,

I U X T 1 2 0 ) , X 1 T i 2 0 ) , X 2 T ( 2 0 ) , A R T I 2 0 ) . E P S T I 2 0 ) . E S 2 T 1 2 0 ) t

F U N C T I O N  S I M P S N I A R C , Y 1 , Y 2 . F E R R )
C

I  L A  I I K J J f A l l  U U I i A i  I
2 E S 3 T ( 2 0 l # L C G ( 2 0 ) t  S U M I ( 2 0 ) t SUM2 1 2 0 )  

C I N I T I A L  S E T - U P
A = Y 1
E P S d FERR  
B = Y2CA^B-A 
F A = A R G ( A )
FM^A • • ARC( l i A 4 B ) * . 5 )  
F P ^ A R G I B )
A R E A -  1 . 0  
E S T M . O  
L - 1

C B E G I N  S I MP S O N
1 C X * C A / 3 .

X I * A * P X  
X 2 * X 1 * D X
F 1 ^ 4 . * A R C ( A * . 5 * D X 1  
F 2 d A R G 1X 1)
F 3 * A R G ( X 2 )
F 4 - 4 . * A R G I A * 2 . 5 * D X 1
C X 6 * C X / 6 .
E S T 1 = ( F A  + F U F 2 ) * 0 X 6  
E S T 2 = ( F 2 + F M * F 3 ) * P X 6
E S T 3 = ( F 3 + F ^ * F B ) * 0 X 6  _____
A R E A * A R E A - A P S  I E S T ) * A B S l E S T 1 ) ♦ A B S I E S T 2 ) ♦ A B S I E S T 3 ) 
S U M * E S T 1 * E S T 2 + E S T 3  

C T EST  FOR CONVERGENCE
I F I A H S ( E S T - S U M J - E P 9 * A R E A ) 2 , 2 , 3

2 I F l C S T - l . 0 ) 6 , 3 . 6
3 I F l L - 2 0 l 5 » 6 y 6  
5 L = L- *  1

C STCRE PARAMETERS FOR S I MP S O N  I I  ANP I I I
F 2 T I L ) = F 2  
F M T ( L ) *  FM 
F 3 T  I L ) * F  3 
FAT I  L ) - F 4  
F b T I L  ) = F P 
C X T I L ) = P X  
X I T ( L  ) - X l  
X 2 T I L ) - X 2  
ART I L  ) = ARE A 
E P S T ( L )  = E P S /  1 . 7

C

E S 2 T I L  l = E S T Z
E S 3 T ( L ) = E S T 3
RETURN TO S I MP SO NPA^CX
F M - F l
F B - f  2

C P S * E P S T I L ) 
GO 1C 1
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I V  G LEVEL

67

8
C

9

11

21 S I MPSN

I F l L E G I L ) - 2 ) 9 , 8 t 7  
SUM 1 C L ) a SUM 
L E G(L ) = 2
R E ! U R N  TO S I MP S O N  I !
A = X1T  CL )
C A - C X T I L  )
F A * F ? T ( L  )
F M ^ F M T I L )
FBd F 3 T ( L I 
AREA = A R T ( L )
E S T = * E S 2 T I L )
E P S = E P S T U )
CC TC 1 
S U M 2 ( L ) = SUM 
L E G I L ) = 1
RETURN TO S I MP S U N  I I I  
A = X 2 T I L )
CA=*CXT( L )
F A * F 3 T ( L )
FMd F AT I L )
F f i d F P T ( L I  
AREA«=ART(L )
E S T * E S 3 T ( L )
E P S = » E P S T I L )
CC TC I
SUMSSUM1 I L 1 + S U M 2 I L T + S U M  
L = L -  1
I F I L - 1 J 1 1 . 1 1 * 6  
S I MPSN *  SUM 
RETURN  
END
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99 GO TO JX91
• 0 1*951 COE<3)»L***2*T(N.IL.L>*PAR**2«-C0E<7)/j <D
•1 GO TO {*91
92 1*901 C0S<9)«LA«*2*T(N.LL.L>*X<N>«XUL>«C0E<7)/ja>
•3 1*911 VBtf-:aE(8>
*4 D0EN3
•5 inN,GT,l>G3 TO 1X15•6 ELSE C0E(9)»J(N)*LA«*2*C0E(4)*PAR/K(N)
*7 GO TO 1*91
*0 1*151 C0e(9)«J(N)«LA**2*CCE(4)*X(N)/K(N)
•9 1*011 VaV*=0E(9)
70 POEND
71 ira.6T.lJG3 TO 1X00
72 ELSE COE(10>*(K(L>**4«LA**4)Oa)*PAR/(4*Ka))73 GO TO 1*1
74 1*001 CO:(10>«<ML>**4*LA**4)*ja)*xa)/(4«K(L>)
75 1*1> VsV*:oE(10)70 F«V-100«X<1>
77 h«jte r
70 S«1P
79 DOEND
00 END
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TABLE II
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MODI NUM6fR 2

PRfcSSHRfc OffL8CTIPN RT8FN0 RTMEPO

0.32*819 0.376 307 0.671970 -6.305017
0.60*261 0.659897 1.675072 -8.376656
0.861063 1.00160* 3.063752 -12.206259
1.03*933 1.351657 6.810259 -15.781618
1.197*66 1.711189 7.000996 -19.086160
1.313606 2.080336 9.631126 -22.089633
1.601803 2,69r o?0 12.6976 2* -26.769111
1.660169 2.866606 " 16.170625 -27.091736
1 .691987 3.261733 10.988306 -29.030019
1.5010*6 3.6623*2 26.056267 -30.566566
1.691659 6.06*773 78.256085 -31.7000*3
1 .667^67 6.66O?03 32.6*1636 -32.667778
1.637 661 6.860078 36.525111 -32.863390
11390735 * ------r.YOTO?------- ” 60."37?*16' --32.930980
1.366357 5.636863 63.917601 -32.757856
1.295561 6.01631? 67.110176 -32.369603
1.265932 6.389618 69.971360 -31.805156
1.196536 6.753893 52.338036 -31.0*7681
1.163265 7.109685 56.357828 -30.271608
1.101866 t :«6894 ---- 557985278' ' --------  --------2 9 .3 6 5 7 6 1

1.056068 7.79*713 57.229206 -28.332115
1.017578 2.17630? 58.10101* -27.237631
0.961318 8.66971* 58.613736 -26.066526
0.950280 8.766601 58.78151* -26.810919
0.925652 9.0725*2 58.619667 -23.6716 56
0.908823 9.373768 58.163593 -22.037607
0.901602 9.6666 56 57.371098 -20.6073*7
0.905228 9.9*7073 56.320362 -18.837511
0.922376 10.260036 55.011070 -17.061973
0.955161 10.517807 53.666662 -15.0936 36
1.006056 10.7*0878 51.702975 -12.973682
1.077836 11.059768' ' 69.750380 -10.663*39
1.173390 11.32*013 67.631185 -8.16596?
1.295765 11 .587160 65.370356 -5.607006
1.66812 0 11.86*750 62.992692 -2.616016
1 .633690 12.106313 6C.52??0f 0.826658
1 .8557*6 1? .360366 37.982062 6 .337700
2.1175*6 12.61*313 35.393007 8.127715
2.622666 12.869678 32.776701 12.706366
2.773659 13.1236*6 30.167288 16.573091
3.176299 13.377700 27.51150* 21.237736
3.627532 13.63>066 26.85368 7 26.200196
6.136626 13.886876 22.298605 31.661112
6.70398 3 16.162363 15.733157 37.019923
5.333157 16.398631 17.203611 62.875370
6.026865 16.655760 16.7138*6 69.025575
6.787899 16.913830 12.266658 55.668093
7.619131 15.172876 9.863691 62.200*06
8.573319 15.63?6C8 7.5057*1 69.220090
9.503211 15.693008 5.192966 76.576121



TABLE III
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MODf NUMBER ?

PRESSURE DfflECTirN

0.332195 0.366566
0.61P26? 0.69*716
0.857967 1.0683*6
1.G5S03P 1.60*769
l.i1.2U7 1.76 7360
1.332203 2.13696*.
1.<.17965 2.508170
1. <.72801 ‘ 2~.8P6219
1.50C503 3.26793?
1.505336 3.65136C
l ,<.«;irvO 6.036376
1.665377 6.61691?
1.626966 6.7013*8
1.362671 *.1626,0
1.336651 5 . 5?P171
1.26661* 5.887*31
1.236366 6.2617*3
1.166357 6.590756
1.135805 6.933760

“ 1.066367 ' >.2??T56--
1.065711 7.607661
1.005366 7.939070
0.96C887 8.267276
0.936653 8.597883
0.910256 t.516266
0.866608 9^73^866
0.875958 °,5*PO?0
0.870616 9.877167
0.e76266 10.1®*73*
0.886081 10.516063
0.916577 10.837500
0.958813 11.1*1691
1.016125 11.671368
1.097161 11.7°?603
1.196883 12.115683
1.326566 12.6603»6
1.6 6 376 "i 12.7676*1
1.676307 13.0076?*
1.902205 13.6305?*
2.171623 13.76f 56*
2 ,6«f,PG6 16.10**??
2.85700? 16.66*636
3.271625 16.706’72
3.76Vie8 15.163*63
6.266282 15.69*80?
6.895569 15.851176
5.571o62 16.209211
6.321223 16.569767
7.167560 16.932603
8.056035 17.297677

RT8EN0 RTMEMO

1.762100 -6
3.603666 -8
5.565068 -12
7.6P7661 -16 »
10.006806 -19
12.565793 -22
15.307169 -25
16.265072 * -27
21.362385 -29
26.5163*1 -30
27.632623 -31
30.622597 -32
33.616P92 -32
35.971056 -32
38.266289 -32 6
60.296635 -32
62.072206 -31
63.616236 -31
66.969677 -30 (08

“ 66.096812 ~ -29
67.083*76 -29
67.936738 -28
68.676503 -27
65.326165 -26
69.91201? -25
50.653626 " -26
50.971788 -23
51.6 86766 -22
52.01P323 -21
52.586002 -20
53.209007 -18
53^906288 -17
56.696631 -16
55.597675 -16
56.626612 -12
57.799797 -10
59.131257 -7 ' O

60.632*70 -5
62.316160 -2
66.180766 1
66.23*368 6
68.676*77 8
7O.*0OPO? 13
73.66657? 18
76.263061 23
79.179196 28
82.236613 36
85.615286 61 0
88.707056 68
92.096076 55



56
TABLE IV

MODI NUMBER 4

PRESSURE CFFIECTIPN RT8ENO RTMEMO

0.33*717 0.341635 1.034(46 “4.5120 20
0.622631 0.68714] 2.3352*3 -6.7*5138
0.863*59 1.0373*8 3.936104 -12.718341
1.061254 1.3930*6 5.867322 -16.388332
1.?18*48 1.754021 8.152605 -19.744018
1.337957 2.123*95 10.801093 -22.757688
1.422825 2.49P3P1 13.798344 -25.397*72
1.476**6 ' ~  *2.87887* 17.098535 -27.6334 11
1.50292P 3.?*’494 20.622326 -29.445247
1.506*45 3.6*002? 24.264307 -30.830536
1.491465 4.036260 27.909464 -31.809119
1.463762 4.420011 31.452375 -32.420328
1.42*666 4.799* °2 34.8112*4 -32.71*492
1.381609 5 .173904 37.932970 -32.7498 74
1.33357P 5.542391 40.790477 -32.574190
1.263721 5.904914 43.376518 -32.232*58
1.233463 6.261619 44.6568 54 -31.760905
1.163939 6.615P24 47.764692 -31.186312
1.13*914 6.95P999 49.596710 -30.529201 

*■^29.804099 ‘1.090074 t•3004 05 *1.210485
1.04699? 7.637671 52.622958 -29.020440
1.007206 7.971170 53.849593 -28.183989
0.9712*5 8.301310 54.903974 -27.297403
0.939677 8.62R474 55.797662 -26.360495
0.913122 8.943019 56.54021* -25.371458 

-24.326234 *0.692280 9.275776 57.139278
0.6779*3 9.594432 57.600726 -23.218829
0.871063 9.9140*0 57.928836 -22.042214
0.672678 10.231208 58.126453 -20.7874 21
0.8640?? 10.547140 58.195185 -19.443046
0.9065*5 10.662123 56.135*64 -17.999986

" 0I941P66 11.1^6387 57.947378 -16.441959
0.991912 11.490147 57.629629 -14.754087
1.058763 11.8036*0 57.161016 -12.922212
1.144937 12.117078 56.6C0056 -10.9256*4
1.255120 12.4306*2 55.8P4343 -8.74604 8
1.366366 12.744474 55.035826 -6.36 2*96
1.54P114 13.0*9046 54.041046 -3.7*4117
1.741977 13.3742*2 *2.031365 -0.898710
1.971930 13.690?47 51.6781*2 2.225003
2.242169 14.097*4P *0.293008 5.638400
2.557073 14.32*o ?6 48.762321 9.361078
2.9211*0 14.64* 607 47.148240 13.410718
3.336968 14.966664 45.397*67 17.803124
3.61*089 15.280137 43.537060 22.551168
4.3*4017 15.613042 41.57426* 27.664907
4.9601*1 15.9? 8 326 39.516906 33.151701
5.637712 16.264068 37.373390 39.016340
6.390615 16.592RP2 35.151564 45.260759
7.223366 16.921977 32.859470 51.885289
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TABLE V

MGOE NUH8E8 5

PRESSURE PFPLECTll* RTEENO RTMF*0

0.33*795 0.34*226 1.*63221 -4.5*153*
0.62*453 0.69*376 3.253064 -8.824129
0.6(5920 1.04*3*6 5.111390 -12.809277
1.0636* I 1.402046 7.178857 -16.492663
1.221017 1.7641P4 9.489575 -19.853230
1.340297 2.132199 12.063525 -22.663700
1.92*761 2.506022 14.897623 -25.493182
1.477971 2.864913 ... ... "f7.958l09 -27.713035
1.503695 3.267423 21.178613 -29.505023
1.507037 3.651443 24.467532 -30.8691*1
1.492089 4.03*045 27.723940 -31.827164
1.463569 4.41*676 30.855802 -32.419725
1.425463 4.792*44 33.793055 -32.698803
1.361136 ' 5.163727 36.492089 -32.7194*9
1.333100 5.529229 3e.933200 -32.531879
1.283313 5.869846 41.114666 -32.160075
1.233209 6.242788 43.046630 -31.698993
1.183855 6.591372 44.745846 -31.116172
1.13(071 6.935040 46.232346 -30.451707

-29.720*981.090514 7.274261 47.527097
1.047750 7.609509 48.650741 -28.932685
1.008303 7.941248 49.622931 -28.094762
0.972693 8.269922 50.462068 -27.210340
0.941465 8.5949*1 51.184264 -26.280788
0.915215 8.919733 51.P08439 -25.305238
0.894605 9.241645 52.346484 -24.281670
0.860391 9.5620*7 52.813453 -23.205846
0.873432 9.8812P2 53.222774 -22.072544
0.874717 10.1996f2 53.587440 -20.8749*1
0.885379 10.517567 53.920210 -19.605116
0.906716 10.835254 54.23*77* -18.253543

-f6.~B093940.940217 11.153042 54.540937
0.967576 11.471269 54.85*694 -15.260*19
1.050719 11.790210 55.188387 -13.592743
1.131826 12.110179 55.55573* -11.791117
1.233344 12.431477 55.970848 -9.838710
1.356009 12.7544C0 56.448196 -7.717711
1.506844 13.070234 *7.002486 -5.408**6
1.68*»189 13.406261 57.64849i -2.890514
1.502647 13.73*7*4 56.4 00801 -0.142900
2.153109 14.0676 c 1 59.273506 2.65*929
2.444707 14.407437 60.279640 6.127425
2.7b1773 14.741038 61.431798 5.692728
3.168804 15.OP?32 1 62.739760 13.571551
3.610387 15.426P63 64.212169 17.781997
4.111161 15.7746*2 65.655277 22.340896
4.6 75-758 16.12*701 67.673006 27.262*7]
5.306755 16.4R0O91 69.666915 32.458187
6.014633 16.837486 71.836293 38.238032
6.797753 17.197833 74.1783*6 44.309117



TABLE VI
58

MODE NUMPEft 6 

MRESSUPC DEFlECTfflW

0.337331 0.3*3895
0.623*13 0.6*1081
0.867081 1.042**0
1.063107 f 1.30ftft?6
1.222263 1.7600*8
1.3*1*27 2.12O200
1.*25716 2.50’*73
1.*78672 - ' ■JT88298*'"
1.50*333 3.266235
1.507271 3.651176
1.492138 4.0355*5
1.463*83 4.417264
1.425311 4.74*72*
1.38092? 5.16684?
1.33288* 5.573262
1.283126 5.893735
1.233080 6.2*8*83
1.183808 6.597846
1.136121 6.9*2250
1.090654 7.2821*8
1.04 8070 7.618035
1.008776 7.950330
0.973329 8.27050*
0.942267 8.6059*0
0.916176 8.93003*
~0.895706"' 9.252-155“
0.66160C 9.572637
0.87466ft 9.891813
0.875929 10.209900
0.666*13 10.427*67
0.407393 10.84*531
0.940282 11.161*60
0.986693 11 .4784?5

1.0*6*55 11.704491
1.127616 12.11*116
1.226476 1?•*??15?
1•3* 7606 12.7*’?*6
1.49383* '13.074927
1.666272 13.398119
1.874305 13.723126
2.11556 3 14.040131
2.39599ft 14.37o?0?
2.719654 l*.7ir7?o
3.040835 14 ,044* 67
3.61*012 15.3808?*
3.093652 14.710*6*
4.53*3*0 16.060730
5.1406*2 16.40*307
5.81706ft 16.750183
6.366137 17.0082*5

RT8ENP RTMEMO

1.1*7018 -4.5*53*2
2.841*?* -8.813673
4.21733* -12.796309
6.18666? -16.478711
8.48*720 -19.839513

11.122040 -22.851058
14.084*3* -25.482047
17.330393 ' -22.703480
20.779376 -29.*96P37
24.32970* -30.861983
27.870117 -31.820657
31.299540 -32.413565
34.540*13 -32.692734
37.5*3134 —32.713,89
40.283270 -32.525513
42.755352 -32.1731*1
44.96636? -31.691597
46.930438 -31.1080*2
48.66513* -30.442823
50.189027 -29.710596
51.520299 -28.92122?
52.67597? -28.081*08
53.671548 -27.194280
54.520891 -26.261022
55.236236 -25.28036ft
54.826281 " 24.249632
56.306303 -23.164852
56.678285 —22.019S90
56.9510*7 -20.807601
57.130366 -19.519782
57.221088 -18.1*6828
57.22723* ' .....  —16^677364
57.152088 -15.099435
56.998287 -13.399189
56.767895 -11.561868
56.462*75 -9.571501
56.06314? -7.410797
55.630673 -5.061716
55.105*54 -2.505268
54.507637 0.278171
53.P3712? 3.3081*7
53.093616 6.603917
52.276663 10.184560
51.385687 14.06«??5
50.4 20026 IP.271315
49.378990 22.809216
48.261885 27.6°4641
47.068086 32 .9388P9
45.797080 38.551003
*4.448523 44.537781
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TABLE VIII
60

w o r  MUH8FR R '

PRESSURE DEFLECTION RTBENP RTMENO

0.337602 0.366*03
0.62622 1 0.69?1'68
O.E68093 1.063706
1.0662C3 1.6003*6
1.223360 1.762513
1.362396 2.130703
1.626516 2.506609
1.676267 ' 2 .>860*7....
1.506739 3.266958
1.507666 3.651672
1.692161 6.03*3*3
1.663613 6.616561
1.625171 6.793650
1.360766 ^16506}
1.332707 5.530867
1.262976 5.8°0P36
1.232976 6.265085
1.163769 6.593986
1.136171 6.937967
1.090835 7.277685
1.068321 7.61302*
1.009168 7.965060
0.973829 8.273971
0.96 2698 8.600733
0.916935 8.92621P
0.896586 9.266296
0.682566 9.566818
0.875709 9.886117
0.876961 10.206510
0.887327 10.522303
0.906075 10.8397*6
0.'960556 fl.157769
0.986318 11.675010
1.067107 11.79379?
1.126676 12.117386
1.221813 12.637*68
1.360333 12.756066
1.663106 13.077103
1.653C66 13.601*69
1.853318 13.77*9*5
2.0E723* 16.05 79*8
2.35872V I6.38966C
2.671361 16.723*71
3.029101 15.060137
3.6 3666 3 15.3&95?5
3.697375 15.7*1676
6.616338 16.0P65°5
6.997720 16.*3*7*3
5.663916 16.78*586
6.365300 17.137*02

1.216# *0 -6.556*20
2.651726 -8.829095
6.366106 -12.817913
6.331061 -16.503*80
8.637681 -19.8655*2

11.263130 -27.876766
16.209619 -25.506590

‘ 17.628852 “ -77.721977
20.866632 -29.510779
26.355067 -30.870120
27.8*1023 -31.823696
31.732960 -32.612080
36.626877 -32.687516
37.378505* -3 2.>05796
60.070655 -32.51531*
62.696066 -32.1613*5
66.667855 -31.678659
66.585687 -31.093715
68.281895 -30.627375
69.771028 -2>9;696607'~
51.071663 -28.9063*2
52.700561 -28.063987
53.176331 -27.17635?
56.007115 -26.262816
56.711727 -25.26260?

* 55.29952? ■-26.23778*
55.780529 -23.169663
56.163596 -22.007707
56.656519 -20.800031
56.666180 -19.519096
56.798663 -18.155*06
56.859358 ' “  —16.699**3
56.853056 — 15.139’?6
56.786016 -13.6626*3
56.6*60*8 -11.655058
56.672*6* —9.7027’P
56.236*17 —7.5P8r'c7

‘ 55.950621 -5.297771
55.617155 -7.81199?
5*.23FO*2 —0.1137*8
56.P1*865 2.81*12*
5*.36873P 5.992* « 2
5 3.8*0382 9.67607*
53.29005? 13.162717
52.697537 17.188338
52.062163 21 .527387
51.382813 26.193307
*0.65797# 31.197982
*9.885802 36.550773
69.066183 62.260666



TABLE IX
61

MUOI NUMHtR 9

PRESSURE OEFlFCTirN R7BENO RTMFMO

0.33791 a C.344076 1.439406 -4.559737
0.67M1O 0.697949 2.038438 -6.638471
0.668330 1.044P7P 4.837*11 -12.679019
1.066459 1.401404 6.874307 -16.516151
1.773589 1.763670 °.1*3316 — 19.676497
1.342616 ?•131RCO 11.778639 -27.668610
1.4?66°7 2.50*764 14.654495 -25.515*62
1.479403 2.884804 17.773304 -27.7309??
1.504627 3.26744? 21.064086 -29.51699*
1.507313 3.65164® 24.431336 -30.874*17
1.4 9?191 4 .034190 27.77084* -31.67597?
1.463397 4.416T1P 30.O68H.2 -37.412550
l.4?513v 6 .79 7 5 *6 34.011*34 -32.686660
1.380709 5.167747 36.796141 -37.704791
1.33?666 5.529?" 39.321332 -37.513765
l.?8?44l 5.8P°R47 41.584602 -32.159015
1.23295? 6.247746 43.595306 -31.676079
1.163761 6.591335 45.369580 -31.091389
1.136161 6.934014 46.926777 -30.475771
1.090666 7.274761 48.287207 -29.692561
1.046376 7.600**3 49.470819 -28.903073
1.009229 7.9413«! 50.4 96516 -26.063149
0.973937 6.270098 51.36185? -27.176306
0.943036 8.596214 5?.147965 -26.243621
0.917100 6.920094 52.794640 -25.264518
0.896774 9.24?11« 53.3*0434 -24.736106
0.682776 9.56? 6?9 53.822841 -23.154940
0.875931 9.661177 54.77346? -22.015492
0.677161 10.20046? 54.563175 -20.811137
0.687627 10.5184*7 54.8*2269 -19.534359
0.908726 10.836704 55.100705 -16.176336
0.940625 11.154074 55.316041 -16.727269
0.966253 11.477703 55.513754 -15.175701
1.04 6841 11.791026 *5.697237 -13.509960
1.124323 12.11077? 55.877897 -11.71637?
1.22066 7 12.431717 56.065208 -9.760782
1 .33te's(’ 12.7441?* *6.266736 -7.66646?
1.480673 13.078754 56.498136 -5.423049
1.649P67 13.404 349 56.76311? -7.967724
1 .64bl 13.737640 *7.07334* -0.306317
2.081 >4(, 14.063"* 39 57.438438 7 .57°??t
2.350771 14.39fc630 *7.667695 5.705560
2 ,660°4 ? 14.73767* 58.370098 9.089494
3.015606 15.071600 56.9*4073 12.74804 6
3.419446 15.4134 00 59.627391 16.695*10
3.87606? 15.75843? 60.397025 20.9473 19
4.386928 16.106416 61.265070 25.5151*0
4.965358 16 .4*7443 62.248836 30.410607
S.6C6679 16.611461 63.339671 35.644127
6.316202 17.166393 64.545931 41.223624
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TABLE X

MODE NUMBER 16"
PRESSURE DEFLECTION RTBENO 8TNF**0

0 . 3 3 7 * 8 6  
0 . 6 2 6 6 3 6  
0 . 8 6 8 4 8 7  
1 . 0 6 6 6 2 8  
1 . 7 7 3 7 * 4  
1 . 3 4 2 7 6 6  
1 . 4 2 6 8 1 8  
1 . 4 7 9 4 9 3  
1 .5 0 4 P P 5  
1 . 5 0 7 * 4 3  
1 . 4 9 2 1 9 8  
1 . 4 6 3 3 8 8  
1 . 4 2 * 1 2 0
1 .3806831.332644 
1 . 2 8 2 9 2 0  
1 . 2 3 2 9 3 7  
1 •  I P  3 7 6 6  
1 . 1 3 6 1 P 7  
1 . 0 9 0 P P 6
1 . 0 4  8411  
1 .0 0 O ? 8 1  
0 . 9 7 4 0 0 7  0.943122
0 . 9 1 7 2 0 ?  
0 . B 9 6 P 9 *  
0 . 8 8 ? 9 ] 2
0 . 8 7 6 0 7 ?
0 . 8 7 7 3 0 2
0 .P P 7 6 5 *
O. OOB3 77
0 . 9 4 0 6 7 0
0 . 9 0 6 2 1 4
1 . 0 4  6 6 7 4  
1 . 1 2 3 9 7 4  
1 . 2 2 0 2 6 ?  
1 . 3 3 7 P P 1  
1 . 4 7 9 4 6 1
1 . 6 4 7 P 3 P
1 . 8 4 6 0 9 4  
2 . 0 7 7 3 4 0  
2 . 3 4 5 7 0 ?  
2 . 6 5 4 3 0 3  
3 . 0 0 7 2 3 9  
3 . 4 0 0 5 3 6  
3 . P 6 2 3 3 6  
4 . 3 7 2 0 6 0  
4 . 9 4 4 3 6 1  
3 . 5 8 1 1 1 1  
6 . 2 8 7 3 6 9

0.344770 
0 . 6 0 ? * ? 1! 
1.044 2«6 
1.400907 
1.76?oP9 
2.131267 
2.50*398 
2.804460
3.767227 
3 . 6 6 16 PO 
4 . 0 3 *  ? p ? 
4 . 4 1 6 7 7 7  
4 . 7 9  29P4  
6 . 1 6 4 6 9 4  
5 . 5 3 0 0 2 0  
5.889776 
6 . 2 4 7 R 4 6  
6 . 6 9 7 6 7 6

 6 . 9 3 6 3 9 9
7 . 2 7 *  7 " ?  
7 . 6 1 1 1 9 8  
7 . 9 4 7 1 0 7  
8 . 2 7 1 9 6 ?  
8 . 5 9 8 1 4 0  
8 . 9 2 2 0 9 ?
9 . 2 4 4 1 6 4
9 . 5 6 4 6 8 6  
9 . 8 8 4 0 2 6  10.2024O1 

1 0 . 5 7 0 3 9 4  
1 0 . 8 3 8 0 7 ?  
1 1 . 1 5 6 6 9 6  
1 1 . 4 7 7 6 7 1  
11 . 7 °  ■>276 
1 2 . 1 1 1 6 6 1  
1 2 . 4 3 7 2 1 6  
1 2 . 7 5 4 1 6 ?  
1 7 . 0 7 7 7 7 6  
1 3 . 4 0 3 1 6 8  
1 3 . 7 3 0 6 0 9  
1 4 . 0 6 0 ' 1 0  
1 4 . 3 9 2  8 04 
1 4 . 7 7 7 7 0 4  
1 5 . 0 6 * 3 7 4  
1 5 . 4 0 6 7 0 0  
1 5 . 7 4  9 0 9  1 
1 6 . 0 9 * 2 7 0
] 6 . 4 4 4 7 7 6  
1 6 . 7 9 6 1 7 ?  
1 7 . 1 * 0 7 4 3

1 . 2 4 6 8 9 1
7.707*28
4 . 4 1 7 4 4 1
6 . 4 1 0 6 1 2
8 . 7 1 4 0 1 2

1 1 . 3 3 9 8 7 5
1 4 . 2 7 6 6 6 2
1 7 . 4 8 1 5 3 4
20.878796
24.367911
27.840057
3 1 . 1 9 6 6 6 6
3 4 . 3 6 2 5 4 5
'3 7 . 2 9 0 0 6 6
3 9 . 9 5 6 3 4 4
4 2 . 3 * 7 0 8 6
4 4 . 5 0 0 1 7 2
46.400444
4 8 . 0 7 6 0 6 9
4 9 . 5 4 6 1 9 7
5 0 . 8 2 9 5 9 1
51.943P9*
5 2 . 9 0 * 2 9 7  
5 3 . 7 2 8 4 3 3  
5 4 . 4 2 6 4 1 7  

" 5 5 . 0 1 0 9 4 5  
5 5 . 4 9 2 4 3 1  
5 * . 8 8 0 1 4 8  
5 6 . 1 8 2 3 7 3  
5 6 . 4 0 6 6 1 7  
5 6 . 5 * 9 7 5 4  
5 6 . 6 4 6 6 1 9  
5 6 . 6 7 4 1 1 ?  
5 6 . 6 4 6 7 7 1  
6 6 . 5 6 9 7 3 1  
5 6 . 4 4 5 7 7 7  
5 6 . 2 8 0 3 6 6  
6 6 . 0 7 6 6 4 1  
5 6 . 8 6 7 9 ? ?
* ? . 5 6 7 1 8 3  
* 6 . 2 6 7 0 1 * .54.939896
5 4 . 5  8 6 6 0 6  
5 4 . 2 0 9 2 2 5  
5 3 . 6 0 8 0 6 4  
* 3 . 3 8 3 1 8 2  
* 2 . 9 ? 4 0 ? 6  

' 5 7 . 4 5 9 5 5 4  
5 1 . 9 6 8 1 6 *  
5 1 . 4 7 7 6 2 4

- 4 . 5 5 7 8 7 0  
- 8 . 8 3 6 1 8 0  

- 1 2 . 8 2 6 0 7 7  
- 1 6 . 5 1 2 9 6 1  
- 1 9 . 8 7 5 3 2 6  
- 2 7 . 8 8 * 6 6 8  
- 2 5 . 5 1 2 9 9 1  
- 2 7 . 7 2 8 7 7 8  
- 2 9 . 5 1 5 2 * 6  
- 3 0 . 8 7 3 1 7 *  
- 3 1 . 8 2 4 8 7 3  
- 3 2 . 4 1 1 5 7 6  
- 3 2 . 6 8 5 6 6 8  
- 3 2 . 7 0 3 5 8 9  
- 3 2 . 5 1 2 * 1 6  
- 3 2 . 1 6 7 9 0 4  
- 3 1 . 6 7 4 5 0 8
- 3 1 . 0 8 9 3 * 7  
- 3 0 . 4 2 2 8 0 6  
- 2 9 . 6 8 9 6 4 9  
- 2 8 . 8 9 9 4 3 *  
- ? e . 0 5 8 8 3 8  
- 2 7 . 1 7 1 2 2 4  
- 2 6 . 2 3 7 6 3 5  
- 2 5 . 2 5 7 * 1 5  
- 2 4 . 2 7 8 0 8 2  
- 2 3 . 1 4 * 6 3 0  
- 2 2 . 0 0 4 6 * 0  
- 2 0 . 7 9 8 4 8 0  
- 1 9 . 5 1 9 6 * 3  
- 1 8 . 1 5 9 1 7 4  
- 1 6 . 7 0 7 2 7 8  
- 1 5 . 1 5 7 3 2 ?  
- 1 3 . 4 8 2 5 0 8  
- 1 1 . 6 8 4 3 * 4  

- 9 . 7 4 3 6 1 4  
- 7 . 6 4 * 1 7 2  
- * . 3 7 3 3 6 7  
- 2 . 9 1 0 6 8 2
- 0 . 2 4 0 6 2 4  

2 . 6 * * 6 0 0  
5 . 7 8 9 3 7 3  
9 . 1 8 4 ] 4 *  

1 2 . 8 5 3 4 1 7  
1 6 . 8 1 2 6 7 4  
2 1 . 0 7 * 8 6 0  
2 5 . 6 * 5 6 6 5  
3 0 . 6 6 3 4 8 4  
3 5 . 8 0 8 7 7 5  
4 1 . 4 0 0 3 6 7



Buckling

1.416978

1.501058

1.505556

1 506545

I.507057

1.507271 

1.507596 

1.507468 

1.507515 

1.507545

T A B L E  XI 
PRESSURE

A fe Snapping 

.97482
.08408

.901402
004278

.870416
.001207

.871065
.000494

.875452
.000254

.874688
.000125

.875542
.000072

.875709
.000045

.875951
.000050

.876072

-.07^418 

- 050986 

.000647 

.002569 

.001256 

.000654 

.OOO567 

.000222 

.000141

Buckling

4 027017

* 642552

* 651*69 

5.650025 

5.651545 

5.651176 

5.651616 

5.651472 

5.651649 

5.651580

T A B L E  XII 
DEFLECTION

Ab Snapping

8 420128
-. *84685

9 668454
0090*7

9 877187
- 001*46

9 914090
001520

9 881282
-.OOO567

9.891815
.000440

9.881890
-.000144

9.886117
.000177

9.881977
-.000069

9.884025

1 248 526 

2087** 

0*690*

- 0*2808 

.010551 

-.009925 

.004227 

-.004140 

.002026

o*OJ
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Captions for Figures 82

1. Geometry of the thin,shallow spherical shell.
Rise of the shell: H
Radius at the base: R 
Thickness: h

2. Load deformation curve proposed by v. Karman and Tsien,
(v.K-T curve)

3. Same as Fig. 2,with p as independent parameter.The broken 
lines indicate where the shell buckles and snaps according 
to a one-mode solution.

4. Buckling and snapping pressures as functions of X given by 
a one-mode solution

5. v.K-T curves given by n-modes solutions with 1 < n < 10 (*)

6. Deflect ion, (of the shell), to(x) for the five displayed pressures.

7. Shell's shape for the five displayed pressures.

8. Tangential,(=radial) bending stress function at the centre of
the shell vs. pressure for n-modes solutions with 1 < n < 10 (*)

9. Tangential bending stress along the radius for the five pressures 
in Fig. 6

10. Same as 9 with radial bending stress.

11. Tangential,(= radial) membrane stress function at the centre of
the shell vs. pressure for n-modes solutions with 1 < n < 10 (*)

12. Tangential membrane stress along the radius for the five
pressures in Fig. 6

13. Same as 12 with radial membrane stress
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14. Comparison o£ results of this thesis with previous results.

(*) The number at the end of the curve indicates the number of 
modes in the approximate solution.
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