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Abstract
NON-LINEAR DEFORMATION

OF THIN, SHALLOW, SPHERICAL SHELLS

by

Maria C Sinay

Adviser: Professor Harry E. Rauch

In this thesis a theoretical and numerical analysis of large
axisymmetric deflections and stresses of a thin,shallow spherical

shell 1is presented.

We consider the shell as an initially clamped, flat,circular
plate which has suffered a deformation wo,thus the geometrical
characteristics of the shell are represented by the parameter )
defined in chapter 1,

In considering large deflection bendings,i.e.,deflections up
to several thickness of the plate,we are led to a system of two
coupled differential equations,each one of them an inhomogeneous
form of the Bessel equation of index 1,.An approximate solution of the
system is represented as a finite sum of n eigenfunctions of the
Bessel operator of index 1,(n modes).This yields a non-linear
algebraic system of coupled equations which is solved numerically,
The numerical results are used to calculate the deflection of the
shell as well as bending and membrane stresses.

We find that 4if )\ > ), = 3.4001,buckling pressures P, are
determined even for a one-mode solution. When ) < A, »two modes
are necessary if ) is very close to ) ,otherwise,the buckling pressure
becomes too large to be determined even with g ten-modes solution.

Our results agree in the range 3.4 <) < 5 with those found
by most of previous suthors.When ) > 5,three different kinds of
dependence of P On ) have been obtained in other papers.The
buckling pressure increases monotonically,[ 7 ) *,tonda monotonically

* Numbers in brackets refer to bibliography listed in page 51



to one,[ 2 ],or behave in an oscillatory way,[ 6],[ 18 ].
Our results agree with those of Chen,[ 7 ] and Budiansky,[ 6 ]
for 5 < )\ < 6, and with those of Budiansky for ) > 6.
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Introduction

A theoretical and numerical analysis will be presented for
the elastic,axisymmetric deflections and stresses of a shallow portion
of an axisymmetrical spherical shell,clamped along a circular

boundary,and subjected to & uniform,normal pressure.
The term thin shell is applied to bodies bounded by two

curved surfaces,where the distance between the surfaces is assumed
to be small compared to other dimensions in the problem,

The shell is assumed to be constructed of homogeneous,
isotropic and elastic material,i.e.,the shell returns to its original
undeformed shape when the pressure is removed,and Hooke's law is
valid,namely,strains are linear functions of the stresses.

Experimental results show that as the pressure increases
from zero,the shell deforms continuously until a critical pressure

is reached,buckling pressure,where the shell jumps to a nonspherical

shape,reaching the so called buckling state,.

The response curve pressure-maximum deflection for a spherial
cap subjected to a uniform,normal pressure is frequently aseumed to
be similar to that of fig. 2 .This curve implies that for all p > Py
and p < P there is only one equilibrium state while for each p in
Py <P <P there are three equilibrium states and the cap must
buckle at some p on this interval.

The edge support of the shell is assumed to clamp it in
such a way that not only the deflection is zero at the edge,but
radial displacements and rotation around the edge are not possible.

The shell under consideration has a circular boundary of
radiug F,and its thickness is called h,

We shall be working with thin shells,so,as we said above,
h is small compared with other dimensions of the problem,In particular
h << R.No prior assumption is made about the ratio h/ R but we shall
see later that when all the quantities are written in dimensionless
variables,the results are independent of it.

The literature on the determination of critical pressures
for spherical shells is vast,Studies done by Von Karman end Tsien,[ 17 ],
Friedrichs,{ 10 ],Yoshimura and pgoura,[ 25 ],Mushtari and Surkin,| 15 1,



and Feodosiev,[ g ],involve the determination of buckling
pressures by minimization of a potential energy expression for
the shell with respect to a special class of deflection functions.

The works of Biezeno,[ ) ],Kaplan and Fung ,[ 11],are
based on integrations of non linear differential equations corres-
ponding to those which are used in this thesis.

Archer,[ 2 ],Wilson and Spier,[ 2)],have employed a Gaussian
procedure,whereas Thurston,[ 20],has utilized Newton's method,
Mescall,[ 14],applied the Newton's method to obtain a system of linear
correctional equations for an initial approximate solution and the
Gaussian procedure for the solution of the finite difference;

Way,[ 22),applied the method of power series and Keller and Reiss,[13],
the method of finite differences.

We shall find an approximate solution of the problem in
the form of finite Fourier-Bessel series. After substitution of these
series in the differential equations and boundary conditions
representing the states of the shell,the problem is reduced to a
system of non linear,coupled algebraic equations in a finite number
of unknowns.These equations can be viewed as truncations of an
infinite system corresponding to an exact solution,

We shall find that the method,outlined in caapter 1,is
simpler in principle than other asut-zor‘s metnods,and can be uced to
solve many related problems,[ 1¢4].

Since . the solutions obtained by this method can be decom-
posed into what we shall call modes,we can see how the different
modes contribute to the results, Furthermore,this method allows us
to impose all the boundary conditions at once which is an improvement

over some of the methods mentioned above.



1. Mathematical model

We consider the axisymmetric deformations of a clamped shell
of thickness h,that result from a uniform, inwardly directed,normal
pressure P

Let R be the radius of the shell's base and H its high,(see
Fig. 1 for the geometry of the shell)., We shall study the case in which
H /R << 1,(shallow),and h << R,(thin),

Let

1.1) wy = -H[1-( %)2]

be the vertical displacement of a point at a distance r from

the vertical axis when P = 0,and let

(1.2) wp =W+ w
be the vertical displacement of the point for a non-zero pressure P

The differential equations that describe the deformation of the
shell have been derived by several authors,[ 217],[ 17 ].They can be
written as,(See Appendix A for their derivation):

byp - Byr

R

2

(L]

(1.3) D[ ra" + ¢ - %]. - P

2
" v _ ¥ _.Eh 2ZEhHAar
(L&) ry eyt =L a-2TR —?-&
In (1.3%),(1.4) we have used the following notation:
= - dw, v=~h g—L ( ¢ stress function)
r
dr
E: Young's modulus

u: Poisson's ratio

3
(1.5 pa=-BB

12(1 - 4?)



To complete the formulation of the problem,conditions at
the center r = O and at the edge r = R are required From the symmetry
of the deformation and the regularity of the radiai membrane stress

at the center,we obtain:

"
o

(1.6) #c0)
1.7 w(0)

"
(o]

The fact that the shell is clamped implies the following
condition at the edge:

(1.8) P(R) =0

In addition,we require that no radial displacement at the
edge be possible,i.e.:

(1.9 ¥'(R) - R ¥(R) =0

We now define the geometrical parameter ) and the dimensionless

variables g and ¢ as follows :

4 48 (1 - D

. r
(1-10) A = h2 ’ X = i
2
(1.11)  o(x) = % (Rx ; o(x) = 12( 1 .%) Ry (Bx)
2 H | E h

Substituting @ and y in (1.3),(1.4) by (1.11) we obtain

the boundary value problem

)
(1.12) e" + & - £2 =-12¢-2px+ -e--;°

X X X
' : 2
(L13) o+ & . 2. 3. &
x x 2x



(1.14) (0) =0
(1.15) o(1) =0
(1.16) ¢(0) =0
(1.17)  ¢'(1) - ue(l) =0

where
N/ 2.5 _4

Eh

The left hand sides in equations (1.12),(1,13) are the

Bessel's operator of order 1,

£ £
= " - - -

applied to o and ¢ respectively,thus we have

(1.,20) B(g) + k2¢ +2PX%X -~ 3;9 =0

2 e2
(1.21) B(¢) =rg+5— =0

2 x
In order to solve the equations (1.20),(1,21) subjected to
(1.14)-(1,17) we apply the Bubnov - Galerkin variant of Rayleigh -~ Ritz
method, [ 1¢]. To find approximate solutions of (1.20),(1,21) we assume
formal finite eigenfunction expansions of ¢ and ¢ consisting in the
sum of n terms,(modes), of the form aiJl(kix),where J. 1is the Bessel

1

i is its i-th positive zero and a, is a coeffi-

cient to be determined.Introducing these expansions in the boundary

function of order 1, k

value problem,carrying out the multiplications,and applying the
orthogonality properties of the Bessel functions,one obtains a coupled,
finite quadratic algebraic system of equations in the unknown coeffi-
cients,which can be solved numerically.
Thus we assume
n
(1.22)  o(x)

1 Jl(kix)
( Jl(ki) = 0)

(1.23)  o(x) o

[}
o
b
+
o
[y
(&
S
~~
MR‘
b
~



We observe that (1.14)-(1.17) are automatically satisfied,
and the term box in (1,23) 1is consistent with an eigenfunction expan-

sion since
Bl x}=0 (see (1.19))

Substituting ¢ and ¢ in (1.20),(1.21) by (1,22),'1,2%),
multiplying both equations by le(kmx) and integrating from O to 1

we obtain, for every m:

2 2 2 2 2
(1.26) -k_ & Jp(k) AT b Tk ) AT b o J5(k)
+ + +
) k 2
m
2 p J.(k) b a Ji(k) L
P 2 m - o m 2'm - ab, j =0
k. 2 t°1 Jeim
t,1-1
n
2 2 2 2
(1.25) = ko by Jp(k) - 2% a Jy(k ) + 8,8, 3,0 <O,

L,i=1

where
1

(1.26) jzim = g Jl(ktx) Jl(kix) Jl(kmx) dx
o]

In addition,(1,17) yields

- 1 E ,
(1.27) bo = 1T biki J2 ki)
i-

We now summarize some relevant properties of the Bessel
functions which have been used in obtaining (1.24)-(1.27),[ 8 ].
1
= 2 '
(1.28) S x 3, (k%) J (kx) dx = ;em 3, (k) , (8, Kroenecker's delta)
0




J. (k. ,x)
(1.29) 4 ) e At
ax 1 (kP = Ryl I (k) k¥ ]
hence:
4, (k,x) = - k, Jo(k)
dx"1' 1 - i 72"
x=1
From (1.25) we have
n
)\2 - 1
(1.30) bm = -3 a + NCI PN aa, jum (for every m)
ko km JZ(km) i,t=1

Substituting b1 in (1.27) by (1.3%0) and introducing the
resulting expression,as well as (1,29),in (1.24) we obtain

(1.31) (k4+)\4)J(k)a . (5)\“-25)\2J(k)ka)3(k)l
: m 2' m oo - * 2'' m mm.21:l
m 1=1

1-yu k:l
n

2
PN k
- [_.lg.;—(._l-+—m3)aa +
ZkL i

J 2’\ km) Akm

2 Jz(km)kmam jszi asat

(- ) -
2 2(1-u)k1J2(ki)
n
k j aa
m “itm 28 i 3 jsvz av )]} = p (for eyery m)
sz(km)Jz(kz)kz o=



. Approximate expansions of the deflection,radial and tangential

membrane and bending stress functions

In order to obtain approximate expansions of the shell's
deflection and stress functions,we recall that » and y were defined
in (1.3),(1.4) by

(2.1) P =- du/dr ; ¥ =hdg /dr,

thus, introducing (1.1),(1.10),(1,22) and (1,23) in (1,2) we have:

n
(2.2) a 2 2
wp(Rx) = T LI (k) +0,(k) ] - A% 1 - x5
i 2
i=
n
(2.3%) = 2
i=1
In particular,the central deflection of the shell is given by
n
(20 oy = ) il 1+ 3yk))
i
i=1
We define the radial membrane stress following Volmir,[ 217,
by

(2.5) o (r) = r)/ b,

which, in terms of x,and using (1.22),(l.23),becomes
n
2 1 J (k ) 1(k x)
(2.8) R = =M1y o T

i=1

D ’ a

1 s %% | T1® 34508 xto
-y kg Jo(ky) x k2 22k )
8 8

1,¢,s=1 1,1,8=1




And,since

2.7 Jl(kix)
lim . X = %ki
x -0
n n
J.(k,) a
_ 2 1 2° i § i
Ur(o) = e [m Tli + ﬁi] +
i=1 i=1
n n
_11_ Ji0s 1% . Jis 248
ks Jz(ks) 2 ks Jz(ks)
i, ¢,s=1 i,t,s-1
ie,,
n
J.k,) a
2 2 i i
(2.8)  0(0) = -1 e +}_]k—i+
i=1
n
3 a.a
[ 1 + 1 its it
1-u 2J.(k) k_J. (k)
1,7, 5=1 2 s s 2°'s

In (2.6),(2.8) we have used

2 2
(2.9) o = 12ZR(1-p) =

r Eh2 T

Also according to Volmir,[ p1],we have that the tangential

membrane stress is

*» .14
(2.10) o (r) = ¥

and therefore
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2 J,(k,) h)
(2.11) o (Rx) = - 3 2t %y 1 its
e — cnnmm— 0 ) =
lep Ei lep kiJ2(k1) st

i=1 i,¢,s=1

2 Jo(kyX) ay To(kyX) 34,5 8,8,

3 +
i ki Jz(ki)
i=1 i,¢,s=1

n n
2 J,(kgx) ay Jp(kyX) 34,5 8,2
» k2 x i K2 32k
X Xy Y2
i=1 i,¢,s=1

L x$ 0

g

Where

12 1 - ) r? «

(2.12) o
E h2 e

Applying (2.7) we obtain

(2.13) 0 (0) = - A2 Jo(ky) 1 Ji1s %1%

1l -y ki

n

-2 4, 1 Jips 242

k., T-u k, J.(k,)

i i72%14
i=1 i,t,s=1

N>

It follows from (2.8) and (2.13) that
(2.14) . (0) = g (0)
The radial bending stress o: b and the tangential bending
’

stress o: b calculated at the face of the plate where they reach

their maximum,namely, z = h /2, are



(2.15)
and

(2.16)

(2.17)

(2.18)

and

(2.19)

(2.20)

6 D
°:,b' —hr[% +ul)

» _ 6D d
ob- hzluae."e]

Proceeding as above,we have

n

J. (k,x)
_ 1° 1
op p(RX) = } [ kJgk®) - (l-u)—=—1a  xbo0

i=1

i=1
n
uH dJl(kix) .
AZRZ ax i
i=1
n
Jl(kix)
ce’b(Rx) = [ (1 «p) + k,J (k%) ]ai x$0
i=1
n
_ 1 +yu
%,b(0) = —7 agk,

i=1

11
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Where
J 2,3
48(1 - 2 %
(2.2) o, = _J?l%.). R? o)
and
‘, 2.3
- V48(1 - 2 *
(2.2 o, —ﬁl R o,
We now observe that at the boundary x = 1,(r=R),we have
n
2 J.(k,)a b a.a
_ A 21771 1 it 1L
(2-23) Ur(R) = - 1 -u ki + 1 - m k-. Jzziz‘)
i=1 i,¢,8=1
n
J, (k) j,, a,8
(2.24) o (R) = — 1 2 kz 1 ag + Ats it
1-y4 i ki Jz(ki)
i=1 i,¢,s8=1
Therefore:
(2.25) p g (R) = g (R)
And, since
(2.26) °r,b(R) = - Jz(ki) kiai
i=1
and
n
(2.27) g (R) = - Z I (k Ok, 8y
1=1
we obtain
(2.28)  u g (R) = g (K)

Equation (2.25) and (2.28) can now be used to verify

numerical results
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3. Approximate solution 25'525 boundurz value problem,
$3.1 Analysis of a one-mode solution.

In order to gain insight on the method of solution outlined
in chapter 2,we shall now analyze a one-mode spproximate solution
in the form (1.22),(l.23),0f the boundary value problem (1.12)-(1.17).
The order of the approximation is n=l1,that is

(3.1.1)  0(x)

alJl(x)
liz(kl)

b—
1[ 1 -4

(3.1.2) ®(x)

x + Jl(klx)] = b1[2.204656 x + Jl(klx)]

Although no claims on the accuracy of this approximate solution
can be made,some of its salient features,such as the dependence on ),
can be used toward a better understanding of an approximate n-mode
solution with n > 1,

The analysis is restricted to a steel shell for which ; = .3;
the constants k1 = 3,83171 and J2(k1) = .40276 were taken from
Archer,[ 2 ],and Abramowits,[ 1 ];j111 = ,082111 was calculated
using different FORTRAN programs, it has been verified withthe
corresponding one displayed in [ 1 ].A detailed explanations of the
calculations is given,in a more general context,in § 3.2,

For n = 1,equation (1.31) is reduced to

(3.1.3) p = [5.664534 + .101358 1“]a - .135843 3%al +
042791 &3,
From (2.4) we have
%
(3.1.4) w0y = E;{'l (k5 1 = 3660924 a
thus,
(3.1.5) p = [15.472962 + .276865 2*1w(0) - .371062 2 %?(0) +

.116887 w>(0).
The advantage of this last equation resides in the fact that

the conclusions drawn from it can be interpreted in terms of a
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pressure-maximm deflection relation and its dependence on )
We now observe that p is a cubic polynomial in w(O) ((3.1.%),

with coefficients which are functions of ),therefore,depending on
the value of ),p can be a monotone increasing function of w(0),
it can have an inflection point or extrema.This later case 1is
characterized by the fact that the equation

(5.1.6) ﬁ(o) =0

posseses real solutions.The discriminant of this quadratic equation
in w(0) is

(3.1.7) A = .040601 24 - 5.425760

Let

(3.1.8) A = 3.40001

be the positive root of (3.1.7),then,if A < Ax,the pressure is a
monotone increasing function of w(0) for every w(0),and if

A > 1,, there exist two values of w(0), w and wb,for which p attains
a local minimum and maximum respectively.The physical phenomenon can
be better understood if the roles of the parameters p and w(0Q) are
interchanged,that is,if one studies the dependence of wW(0) on p.

We have sketched in fig.3 this dependence for A > Ax. One can
observe that w(0) = 0,(the shell is not deformed),if f = 0,and it

is an increasing function of the pressure until the critical value Py
is reached, for which w(0) = wb,If the pressure is increased beyond
ttis point,a sudden jump to a higher value of the deflection takes
place,this is the so called buckling of the shell.On the other hand,
if the point (p, w(0)) with p > P, is in the upper branch of fig.3

(buckled branch), and p is decreased, w(0) decreases continuously

until P, is reached,with w(0) = ws.If p is decreased still further,
i.e., p becomes less than Py, 8 jump to a smaller value of (,(0) occurs,

this phenomenon is known as snapping of the shell

The qualitative aspects of these two phenomena can actually
be observed in nature.For instance,if a thin, shallow spherical cap
is buckled,warmed up to about 37°C and put on a cold plate,(approxima-
tely 0°C),the released potential energy at the snapping point makes
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the shell to jump up to several inches high,depending on the material
the shell is made of,In this experience,the variation of pressure
has been simulated by a change in temperature,

In addition to the phenomena explained above,we can also
find an explicit dependence of the buckling and snapping pressures
on ),that is,solving (3.1.6) for A > Ay.,and substituting ((0) in
(3.1.5) we have

(3.1.9) Py = .015977 16 + 16.373159 12 + .233774 ’5%
6 2 ~¥,

(3.1.10) p, = .015977 1~ + 16.373159 1" - .233774 A

where

(3.1.11) A = .3301190 2% - 44.125129

We can see in fig, L ,where these two equations have been
plotted,that Py is an increasing function of ).It follows from (1,10)
that ) can be increased either by increasing the rise H of the shell
or by decreasing its thickness h, Since in the derivation of (1.3),
(1.4),terms of order 4 rzﬂz/'R4 have been neglected,caanges in H
should be accompanied by changes in R in order to keep H/R << 1,
thus,is preferable to think variations in )\ as variations in
thickness rather than in the geometry.The monotonicity of Py with
respect to )\ is then congistent with the fact that for a given
material,(fixed ;, ),the thinner the shell,the more elastic it is
and therefore,it can stand greater loads before buckling.

The state of the shell is unstable for ps's p< pb,that is,
small perturbations can have large effects on the shell, Since ps
is a decreasing function of ),the thinner the shell,the wider the
instability region is.Moreover,it can be shown that if

(3.1.12) A > A* = 5,443475,

the snapping point corresponds to a negative pressure,which means
that if (p, w(0)) is in the buckled branch,and p is diminished,the
shell will not recover its original,undeformed shape,even for p = O,

it can only be done by reverting the pressure to an outward one.
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Fig. 2 was first proposed by Von Karman and Tsien,[ 12],
as the response curve of the shell . Latter studies,[ 10],[ 13],[ 19],
have shown that this graph does no quite correspond to reality.

Experimental data indicates that for some types of shells,
buckling occurs for pressures which are smaller than Py-

Friedrich,[ 10],have determined that there exists an
intermidiate value of the pressure, P, <pg < Py for which buckling
takes place,and H.Keller and E.Reiss,[ 13], have justified the
buckling at pressures smaller than pb studying neighboring states
of the shell with different potential energies.

This shows that a one-mode solution and its response curve
can result in an oversimplified analysis of the problem, however, some
of its features are still important for a numerical study of
approximate solutions with more than one mode since it providesthe
order of magnitude of Py and the general behavior which one should
expect of the numerical results. Furthermore,this analysis shows that
the theory might fail for large values of ) since,as we saw above,
the shell does not return from a buckled state to its undeformed form
for p = 0 1f ) > A* contradicting the assumption of elastic shell
for which the equations where derived,i.e.,for A > )3*,(or latter
refinements of it),the limit of pressure for which the properties
of an elastic shell hold,is exceeded before buckling,

We wish to point out that is precisely for values of A > 5
that different authors differ in their respective results,
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$3.2 Analysis of n-mode solutions,( n < 10)

We have seen in chapter 2 that the boundary value problem
(1.12)~(1.17) is reduced to the non-linear algebraic system of
coupled equations represented by (1.31) for 1 < m < n for each
fixed n., It remains now to solve this system of n equations in
the n uvnknowns a, 1 <1 < n. In order to solve it numerically for
a given ),it is necessary to have as data the zeros k, of the

i

l,the values of J2 at ki and the triple integrals
1<14,¢,m<n ((1.26)).

These number can be found in the literature,for instance,

Bessel function J

J ilm

Archer,[ 2 ],and Abramowits,[ 1 ],however,the limited scope of these
tables does not allow to attempt finding a solution of (1.31) for n
greater than 8 Therefore,independent calculations were done so it
would be possible to solve (1.31) for n < 15,Furthermore,computing
programs were designed to deal with the problem for n < 20 in case
it was needed.

In a preliminary step,we calculated the values of the
Bessel functions Jv(kix) » v=0,1,2 ,1 <1i<15,with 0 <x<1
at intervals of length ,01 using the subroutine BESJN from Los
Alamos Laboratories as the package programs to compute them in
the IBM 370 at CUNY was found to be inadequate with regard to
precision. The results were compared with the corresponding ones
in [ 1 ].

BESIN was given as argument to the subroutine SIMPSN, also
from Los Alamos,to compute jizm' We found total agreement of our
calculations with those,that for 1 < i,!{,m < 8 have been published
by Archer.

Finally, the roots k
from [ 1 ].

In a second step,we proceeded to find numerical solutions
of (1.31) for fixed A and n < 10 using the FORTRAN program BUCKLD,
(Appendix C),.

As we pointed out in § 3.1,several solutions 6f (1.31)

i and the values 32“‘1) were taken

must be expected for p within some ranges,therefore,in order to

determine all of them,the coefficient a, was chosen as the independent

1
paraneter.The reasoning is that different values of it can lead to
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the same value of p while,for a given p,it is impossible for the
computer to determine more than one value of a at the time,

The program BUCKLD consists of the main program, the
double precision function F,the subroutine ORIGIN,and it calls
the subroutine ZSYSTM of the IMSL library.

The system (1,31) was given in the function

(3.2.1) F(X,K,PAR, IER),

where X is a n-dimensional array with X(1) = p and X(I) = ai »2<1i<n
if n > 2, K is a pointer which indicates the k-th equation in (1.31).
The variable PAR is a scalar used to pass the value of a.
The function F was verified to actually represent the

system (1,31) with an equivalent program written in the symbolic
manipulation computer language ALTRAN,(ALgebra TRANslator),[ 51,
which was run at the Courant Institute of Mathematical Sciences,NYU,
(Appendix C).

The subroutine
(3.2.2) ZSYSTM(F,EPS,NSIG,N,X, IMAX ,WA,PAR, IER)

solves a system of N simultaneous non-linear equations in N unknowns.
using an iterative method. The subroutine returns an approximate
solution X if the norm of the system F is less than EPS,or an error
message if the iteration does not converge after IMAX steps.Finally,
the subroutine ORIGIN was used to calculate the deflection and

stress functions at the origin.
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4, Discussion 2£ results

We have seen in the analysis of a one-mode solution in § 3,1
that buckling of the shell can be expected from the first mode for
A > 2, ~ 3,and that a negative value of snapping pressure is obtained
if A > a* ~ 5,furthermore,when )\ 1is in this region,the results in the
literature are qualitatively different,Chosing the intermidiate value
A = 4, (Tables I-X),we have found that the cubic-like relationship
between pressure and deflection at the centre,(w(0)),holds for solutions
with more than one mode,(fig. 5 ).

A good convergence is observed for solutions containing two
or more modes in the untuckled branch of fig. 2 ; a three-modes
solution shows little difference with a 10-modes one in the
unbuckled and middle branch,and solutions with five or more modes
closely agree with the 10-modes solution in the whole range p-w(d)

Let us define the relative rate of convergence as

P_-P
(4.1) Cr(m) = 100 n;lx__,_m__l_O’

P10

where P10 in the denominator is taken equal to the value where lpm-plol
is maximum for each m,f.e.,for each p in the region under consideration,
the m-modes solution is at most Cr(m) % off the corresponding values of
the 10- modes solution, We then find that Cr(é) = 8,25% for
p = 1.971930, w(0)=13,690367,while Cr(5)= 2.87% for p=1,8496272,
w(0)=13%.735734.

Approximate values for the buckling and snapping pressures,
Py and P, are displayed in Table XI.It can be observed in it that
the difference between the values of pb corresponding to four and

-4 and it decreeses to 10"6 for

five modes solutions is of order 10
the 9 and 10 modes.

The convergence of the snapping is not so good, seven and
eight modes were necessary in order to obtain a difference of
order 10”4

as well as their differences are displayed in table XI1I.Once again,

. The corresponding values of the deflection,wb and w

the convergence of w, is better than the convergence of ws

b
The analysis of the relation pressure-deflection was

completed with the calculation of the shell's deflection w(x)



for 0 <x <1, (fig.6 ),and the shape of the shell at five different
pressures, p, 1<1<5. P ~ %Pb and it corresponds to an
unbuckled state, Py ~ Pp» 93 > Py and therefore the shell is buckled,
P, ~ P, and finally, P, < P < Py corresponds to a point in the
middle branch of fig.2 We now observe that for p = P, the shell
still has a parabolic shape:when p = Py ~ pb,the shell becomes

almost flat in its central part,more specificaly,the average slope
for the central half of the shell is approximately .021,or an

angle of 1.29° . When p is greater than pb,for instance pB,the shell
presents a wave-like shape in a clearly buckled state,moreover, for
this pressure,which is approximately 2 times pb,the concavity of

the shell is reverted in 76 % of the radius,corroborating the fact
that rapid changes in the shape of the shell take place in a boundary
layer near the clamped edge.

Stress functions were analyzed along the same lines,i.e.,
we found their dependence at the origin on the pressure p and their
behavior along the radius for the five representative values of p,

Py 1 <1<5, chosen for the analysis above,

It can be observed in fig.8 that the tangential bending

stress at the origin increases with the pressure in the unbuckled
branch of fig.2 ,it also increases with deacreasing pressures in
the middle branch,while it remains in a narrow range for buckled
states.It must be pointed out that the curves representing the
pressure-tangential bending stress at the centre of the shell fan
around some middle value which is approximately 55 Stresses corres-
ponding to solutions with an even number of modes tend to decrease
remaining below 55 with increasing pressure,while those corresponding
to solutions wicth an odd number of modes increase beyond 55,
Fig. 9 shows that in a pre-buckling state,the value taken on at
the centre of the shell remains almost constant along the radius;
for unstable states corresponding to pressures smaller than Pps
the values of the sgtress function tend to values of the same order
of the one of the unbuckled state as x — 1,but for p = p3 > Py
the values of the stress sharply decay to zero in the outer 33 %
of the radius,

In addition to these properties,we can observe that the
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curves corresponding to unstable states present an oscillatory

character near the center.Similar comment can be made about the
radial bending stress.

The different behavior of the curves for solutions with an
even or odd number of modes is also found in fig. 11 where we have
plotted the radial membrane stress at the center of the shell vs.
the pressure.

In order to determine the behavior of P On ),we

calculated approximate solutions of (1.31) for different values of ).

Thus we found that for A = 3.4 <), buckling is found considering
an at least two-modes solution.It was not possible to determine

a buckling pressure for )\ = 3.2 even with a ten-modes solution.For )
between 3 and 5,our results agree with those of previous authors.
for A > 5 but less than 6,our values are close to those obtained
by Chen,[ 7 ],and Budiansky,[ 6 ].Outside this range,i.e., A > 6,
the magnitudes of the numbers involved in the problem made, for most
values of A, fail the iterative process due to overflow,however, for
those for which our program run succesfully,the results closely agree
with those of Budiansky. See fig. 1L for a comparison of results
from different authors and this thesis.

We think that a different approach should be tried for
large values of ) ,perhaps considering higher order terms in the
derivation of the equations might allow to find solutions of the
problem for middle size A,while this,together with an asymptotic
analysis could yield a solution for )\ >> T7.Then,if these solutions
would be valid in overlapping intervals of A,they could be matched.
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Appendix A
§A.1 Derivation of equations (1.3) and (1.4).

We consider the axisymmetric,finite,deformations of a
clamped shell of thickness h,that result from a uniform, inwardly
directed,normal pressure P,

Let R be the radius of the shell's base and H its high,
We study the case in which H/ R << 1,(shallow),and h << R,(thin).

Let

2

(A11) w ==-H[1-(g)]

be the vertical displacement of a point at a distance r from the

vertical axis when P = 0,and let

(A.1.2) Wp = W + wy

be the vertical displacement of the point for a non-zero pressure P,
According to Volmir,[ 21],the coupled system of two partial

differential equations that describe the deformation of the shell are

(A.1.3) D_2_2 _
o vC o W L( wT,o ) +

=i

(A1.8) 1.2 2, _
EVVO-’iL(wTaUT)»

where the operator L is given by

2, 2 2 2
3(;)

(A.1.5) L( wp,0) = IZT(lM +12.a_%)+(1 T+l§ b‘:r)_)_%

¥ rar r 29 r dr TTdp or

Since ¢ and Wy are independent of @, intpvoducing (A.1.5) in
(A.1.3),(A.1,4) we have:

22



dw, dwT o P r2

(A.1.6) Drg;(tg;(ralr—.r))-ha-r—a;q.j—.'.cl

Jos

d
a1n rE (1L (8L BTy o,

Cl, C2 constants.

Since the shell is complete we can assume the existence
of both dwT/ dr and do/ dr at r = O,moreover,the axisymmetry implies
that both derivatives are zero,therefore, C1 = C2 = 0,

Introducing (A.1.1),(A.1.2) in (A.1.6),(A.1,7),we have:

3 2 2
(A.1.8) Dr[% +l£—?-lﬂ 3 4 +h2229 +hﬂ°29
dr r dr r2dr 2 dr dr dr dr
g . d% 14 E dw .2 dw dw
(A.l.g) r——3 +—2--—— = -_[ (__) + 2__°]
dr dr r dr 2 dr dr dr

In (A.1.8),(A.1.9) we have neglected the term

(w2 4 r? w2
a” T T

in virtue of the shallowness of the shell, ( H/R << 1),

Let
dw
Kx) = -3¢
= h 3

thus,equations (A.1.8),(A.1.9) become:

2
(A.1,10) D[ rp"+ o -81=-55 4yp - i

R
2h 2EHN
(A,l.ll) r \l!" + W' - ¥ = - ELz- + ——#
R

()' =d/dr.
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$A.2 The geometrical parameter ) and the dimensionless variables 2%

Let x «x/R, 0 < x < 1, then

da_14d8 _ ., dy 1y '
ar Rax ~® » & R& "V

w1th this change of variables, equations (A 1,10),(A.1.11)

are transformed into:

2.
xpn,',Pv_s: 12( l-u)R[ '%mzxz"'ﬂlp'z};‘ﬁx]

(A.2.1)
Eh3
(A.2.2) xw"+w'-¥ = EhR [ -§92+ﬁi&§]
Let

(A.2.3) pA(Rx) = A(R)6(x)

Vv(Rx) = B(R)o(x).

Introducing (A.2.3) in (A.2.1),(A.2.2) we get

2
a2 AR x 4o - ) = HESEE L AmAE L amnm e
E
- B R)o(x) )

(4.2.5) B(R)[ x o" + o' - % ] =EhR [ -3 2Ry o%(x) +M%Mﬁ 1

(A.2.6)

obtain

(A.2.7)

(A.2.8)

Let us define

hl Eh>

2
A (r) = e —————————— ; B(R) = eeeeeeset—
12( 1 - pHr? 12¢ 1 - yHR

Substituting A(R),B(R) in (A.2.4),(A.2.5) by (A.2.6), we

L2/ 2,3
8. _12RxV3(1 -u7)” o, o0 . §~/h8(1 - 12y xo

Il+ ! o 2=
<} e x Eh,"l’

=- 362+ Bfusah o

xle

x¢" + ¢' -
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Finally,let us introduce the geometrical parameter ) as
follows:

2.2
(A.2.9) 24 = 48C1 it JH
h

Tnen,equations (A.2,7),(A.2,8) become

(A.2.10)  xo"+6' -2 2px” + 00 - 2%
e, .9, 2
” ' o = =
(A.211)  x"+0' -2--8 4 2%,
where
/ 2 4 4
(A.2.12) p=E& 31 - uH%R P = A p

E h4 %

The parameter

8EhZH2

A .2, S c—
EER % LS

is the classical buckling pressure of a complete spherical shell
with radius equal to the radius of curvature of the shell under

consideration in this thesis at the origin,namely p = R2 / 2H,
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$A.3 Derivation of equations (2.3) and (2.4)

Assuming that we have computed the coefficients a8, and bi’
for i = 1,2., .,n,wvhere n has been fixed previously,we can write down
our approximate solutions (1,22) and (1,23).We can proceed further
to calculate the approximate deflection of the plate at any point
at radial distance r from the center of the plate,as well as the
approximate stresses,both,membrane and bending,for fixed pressure p.

Since the deflection at the edge of the plate is zero,i.e.,
w*(l) = w;(R) = 0,
we have

r
(A.3.1) u%(r) = w%(r) - u%(R) = SR %%*ds + wo(r) =

T R
SR (- P(s))ds + wo(r) = S p(s)ds + wo(r)

r

In addition, since

3.2 LUV 1= 0,

introducing (1.11) and (1.22) in (A.3.1) we obtain

n

A ) w*(Rx)-z-Ii ' J. (k d H( 1 2)-
(A.3.3 % = 12 i} a, 1( is) s - - x°) =
i=1

n a
2H i 2
?[-k—;[Jo(kix)-Jo(ki)]-H(l-x)
i=1

Let us define the non dimensional deflection as follows:

2
A
(A.3.4) wT(Rx) = 3 w;(Rx).
Since
(A.3.5) I @) +3 (0 = 23 (x), (see [ 1],pp %D



we have
n

kg

J (k,x) + J,(k,)
(A.3.6) wﬂk)-z; e 1 21

1 -

hence,the shell's dimensionless deflection is

n

Jo(kix) + Jz(k

g

(A.3.7) Ww(Rx) =

i
In particular:
n
J. (k)
1+
(A.3.8)  w(0) = r 2L,
i
i=1

i

$A.4 Derivation of equations (2.6) and (2.8)

2
Y14

2
A
,(w ﬁh’*)

The radial membrane stress,cX, is defined as,[21 ],

(A.4.1) ox(r) = v(r)/ hr

Introducing (1.11) and (1.23) in (A 4.1) we get

Ehzw(x)

Eh

(A.4.2) o:(Rx) =

Substituting (1.27) and (1.30):

2
(A.4.3)  ox(RR) = ——s
128%(1-u?)
n
1 Jies 342
T s 28

12

l-y

n

i=1

2 b, J, (k,x)
[ b+ i "1V
i)Ri o x
i=1
n
J.(k,)
2' 1 a +
k i
=1 !
Jl(kix) -
x k1 i

12x(1-.HR?  12(1-y

n

(for all x % 0)

]
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If we now define

2 2
(Ab8) o (rx) =« LRI H) uirx),
Eh
we obtain:
n n
J.(k,) J, (k, x)
(A.4.5) o (Rx) = % 5L Pla+) Lptoa e
H i ki x
i= 1=l
n
J
1 ils a,s J.(k x) j a,a
-— 1L 1''s its 1L
l-p + (x$0)
kg Tp(k.) x k2 55k ) 0
1,t,8=1 i,0,s=1 ° &

The stress function is undefined at the center of the sghell
because the expression Jl(x)/ x approaches the form 0/ 0 as x tendsto O
However, o, can be extended by continuity to x = O since

J, (%) 3 5
Lo r3.X s E g x=doay D
x 272! 272!3!
thus
’ J,(k,x) k
(A.4.6) liml—-i—=—£
x 2
x- 0

So,for x = O,one can use (A.4,6) to compute the radial

membrane stress as follows:
n

J,(k,) a

2 §

A4 00 =) [ +3 ]k—i +
1
n_
3
1 1 its
ot T,ap ) I, 1%

i,!,8=1
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where
2 2
12R 1l =
op = ‘J—r“—z“:

Eh

is the dimensionless stress function,

YA.5 Derivation of equations (2.11) and (2.13)

The tangential membrane stress, cr: , 1s defined as

(A.5.1)  oX(r) = %%

Introducing (1.11) and (1.23) in (A.5.1) we get:
n

E hl d
(A.5.2)  ox(Rx) = —, [ b, + by S (k) )
12( 1-,2 )R —

Substituting (1,27) and (1.30) and using (1.29) in (A.5.2)
we obtain:

n
k., J.(k,) J, (k,x)
_ i"2 1 1'4
(A.S.}) Oe(RX) = Z{Tu_— + kiJO(kix) - ——;‘-—
i=1
n
B a + 1 } j ., aa (x ¢ 0)
° T2 % 2 2 sit “s L[’
k k, J.(k,)
i i"2"% 5 io1
where 2 2
12( 1 -~ u )R
°e(Rx) = Eh2 O:(Rx)

Using (A.4.6),the tangential membrane stress at the center

of the shell,i.e., x = 0, results:

n n
2 J. (k) : 3 a,a
A 2' 1 1 sit 17t
(Ansol‘) (] (0) = = a, + r.— ——— -
e -y ki i ) ks Jz(ks)
i=1 i,¢,8=1
n n
2\ +3 Je1021%,
2 k 2
1 ks Jz(ks)

i=1 i,¢,8=1
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§ A.6 Derivation of equations (2.18), (2.19) and (2.20).

The bending struul,rad:lal,o; b and circunfonnthl,uz b’
» 1 4
are calculated at the face of the plate where they attain their
maximum,i.e.,at z = h/2.We have

A6 o, =Fr @+

Introducing (1.11),(1.22) and (1.29) we get

J. (k,x)a
Eh H d 1'V17 % .
r’b 1- u2 lg! = )‘Zkz x

J (k x)a
ky I (kx)a, - (1-p) x$0
" - 2)R212{Z }

I1f we define the dimensionless radial bending stress as

ST
(A.6.3)  op p =Fm °r,b ?
we get
n n
Jl(kix)ai
(A.6.4) °r,b(Rx) = kiJo(kix)ai =(1-y) —_— x$0

1=1 1'-‘1

Applying (A.4.6),we compute the radial bending stress at the

center of the shell,
n

(A.6.5) o, (0) = [[ kg - % (1 - wkda, = _EZ ke,

i=1 i=1
The tangential bending stress is given by

M66 oy - Frl +ugl



Introducing (1.11),(1.22) and (1.29) we obtain

n

3. (k,X)
(A.6.7) o* (Rx) = =20 {H 1 1 .4
=1

n

H
'Jzti T (kgx) 8 ) =

b
i=1

[N

EhH [Jl(kix)

(L-p™)\'R
i=

(1-u) + kJ (kxu ] e

I1f we define the dimensionless tangential bending stress as

2,.2 2
(A.6.8) o, () = UBARE x| (Rx)
we then get n
Jl(kix)
(A.6.9) o, (R0 = | [(low) 22— +ukJ(kx Ja, x40
i=1

Finally,we use(A.4.6) to compute the nondimensional

tangential bending stress at the center of the shell,
n

n

1
(A.6.100 o, (0) = [ 3(L-wk, + pk,]- a =—-;‘-F-l kya

i=1 i=1
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Azgndi.x B
Derivation 25 equation 51.212

As we deduced in chapter 1,the state of the shell under
study is represented mathematically by the boundary value problem

(B.1) 0" +2 32 = - 1?0 - 2px + 2

x x x
' 2

(B.2) @"+2-22 = ;‘2.,9_
X x 2x

(B.3) e(0)=0

(B 4) o(1)=0

(B.5) ¢(0)=0

(B.6) $'(1) - ue(l)=0

We pointed out in chapter 1 that the left hand side of equations
(B.1),(B.2) are the Bessel operator of index 1l,namely:

f' £
(3.7) B[f] = f" +; - ;2 ’

thus,we can rewrite (B.1),(B.2) as

(L]

(B.8) B[ s] =§[ (x¢')' - % 8] = - lzo - 2px +

2
(B.9) Blo] = % [ (x¢")' - %'¢] =% - =

From the theory of Bessel functions,[ 8 1,we know that
if £ = J (kr),then B[f] = -k?f where k? can be called the formal
eigenvalue associated with the formal eigenfunction £

We now reason as follows: if equations (1.20) and (1.21) have
solutions they could certainly be expanded in an infinite geries of
Bessel functions since the set {Jl(kix)} ;;1 is complete in [0,1]
It is also an orthonormal set in the same interval with respect to
the weight function x.The boundary condition (3 4) suggests as a

tentative choice
- )

(3-10) o(x) = Z; ‘1‘]1“1")
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1f we ask the k1 to be such that Jl(ki) = 0 for every n,(with chiq,
each term of the series will satisfy the two boundary conditions
for o,namely (B.3) and (B.4)).

For ¢ the choice will be ‘

(B.11) o(x) = box +Z bi Jl(kix)

Each term satisfies (B.5) and they will also satisfy (B.6)

if we require

d 4
(B.12) b + Z SJ1(k® by - Hb_ =0 at x = 1
i=1

The undetermined coefficients a,'s and b,'s are formally

i i
given in the Fourier-Bessel manner,i.e.,

2 gR
(B.13) a xJ_(k x)o(x)dx
i Rsz(k R) 0 1 1
R
2
(B.14) b ————— g xJ. (k x)¢(x)dx
i° 2 2(k R) o 1'1

Purely formally,one could find the ai's and bi's as follows:
we insert the expansions for ¢ and ¢ into equations (1.,12) and (1.13),
multiply each term of the resulting equations by le(kix) and integrate
from 0 to R for each 1=1,2,,,

We arrive at a doubly infinite set of coupled quadratic
equations for the ai's and the bi's.We note that equation (1,13)
allows us to eliminate the bi's and we can thus obtain a singly

infinite set of cubic equations in the a,'s.

Since there is no way that we c:n deal with the full infinite
set of equations at once,we will attempt to find approximate solutions
for ¢ and ¢ in the form of finite series of Bessel functions and obtain
finite set of equations in a finite number of varisbles,equations which
may be viewed as truncations of the infinite set.A paper by Rsuch,[ 16 ],

dealing with a similar problem, suggests just such a solution
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Since
J. (k,x)
(B.15) S5 (k0 =kl Ik - L2 (8 1,pp 170)
i
then
(B.16) d
ale(kix) x=l™ kiJo(ki)

Also,since
(B.17) %XJV"'I(X) = 2y Jv(x) - X Jv-l(x) ([ 8 ],PP 170,(4))
then
(b.18) Jo(ki) = - Jz(ki)

which introduced in (B.16) yields

(B.19) d
BT [xap = - RyTplky)

which replaced in (B.12) gives

o 1.4 Z biki Jz(ki)

(B.20) b =
i=1

[

Now,we proceed to use the method of Boubnov-Galerkin,[ 16 ],
i.e.,we introduce ¢ and ¢ as defined in (1,22) and (1,.23) in (1.12)
and (1,1%3),we multiply each term by le(kmx),integrate from O to R,
and set the resulting expressions equal to zero,

We will use the following properties which can be deduced from
Churchill,[ 8 ],

' 2 Y
(B.21) x“J (k. x) dx =
144 ¥,
0
1
2
8, J. (k)
(B.22) xJ(kx) J(kx) de = Jm 2 m
11 1 m 2
0

where Bim is Kroenecker's delta.
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Equation (1,12) yields

1
(B.23) 0=~ ki a, g Jl(kix)Jl(k-x) x dx + xzsl[bcx + Z bf’l(kf)]
) 0
{=

©

2
Jl(knx) x dx + 2]’8l x Jl(kmx)dx -

0
1 n n
g [ Zaf!l(kix)][ box +Z szl(kzx)]Jl(kmx) dx =
0 = )
2 .2 2
- k% Jo (k) Jo(k ) Jo(k )
m° 2 " m 2 "2''m 2°2'\'m
—_— nm+)\ —_km bo+)‘ "_f_bm+
J.(k) L
2' m 2
2p ko 1 Tplkp)boa, - 2 Igem®1 e (for every m)
Equation (1,13) yields:
1 1
(B.24) 0 =S - ki Z bLJl(kcx)Jl(kmx) x dx - )‘2315 Jl(kmx)Jl(kix)xdx +
0 0
t=1

n
3 r [ aLJl(kzx)]z 3,(k %) & =
0

1

{=
n

2 2 2 2 2
= -3k kb, - BT gk e + 3 Im?iPe

where

1
Yyem -g 3, (k)3 (k,x)T) (k%) dx
o



Prom (B.2L4) we get

)‘2

1 -é
(8.25) w2 Wtz 2(x) Jim®1%  (for every m)
m m 2 n

i,v=1

which substituted in (B.23) together with (1.27) gives

(k: + )‘h)J?.(kn).m

2
(B.26) L T t21-a D" - é"2("‘-)"‘-.‘-]
n ‘'n
J.(k,)a 2
2\"1/% A E
= - J, a.a
Z k, hkaz(im) tvm 1y
f=] 1,v=1
n
2
M % ety 1 2 Tp (k) gty ]
2 2
2J2(km) = kv 2(1- )
n n
js i a‘a + km jlﬂjlt!.t‘l.!
ky Jp(ky) © 2 3(ic) K B(k)
',1"’-1 v 2' v
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Appendix C
§C.1 Fortran program BUCKLD

It computes deflections and stresses at the origin

IV G LEVEL 21 MAIN OATE = 781%8 00713729

c

I ¢

999
1
2

- 100
3

—— . .

T_

6

&

101

102

81

88L

s T T CONTINUE

EXTERNAL F

T REAL®E KU15)oT(15,15,15)0A10,DA0,Y(15),FEPS,WALLIT0) WySTEP,J(1)

1oL AMBDA s MUGPTEENORTMEMD o X{3),2(1%,100)

COMMON/BESSEL/JeKyT

COMMOUN/ZPARAM/L AMEDA oMU

COMMON MODF

X()ewW, X{2)=RTBENO,X (3 )sRTMFMNO

T 3isATIY AFTER J INCRENMENYS OF AT -~ —~ — 7 T th o TmE
_READ 1oLAMBOA,MU,LAST

FORMAT(2F10.6,50X,12)

JFILAST.E0.99)G0 TO 1000
READ 29A10,DAL10,EPS JMAXMOD ¢MAXAIONSIG,,TMAXD
_FORMATI3F10.6,415)

PRINTY 100 ’ o
FORMAT(1MY)
READ 3,(K{I)eJ(1)y 1I=],MAXMODN)
FORMAT(2F10,.6)
PRINT 3,K(1),J(1)
DO & J=1,MAXMOD
DO™S M= ,MAXMOD
D0 6 L=M,MAXMOD
READ 7,TRIPLE
FORMAT(1F10.6)
PRINT 7,TRIPLE
J(IMyL)=TRIPLE
T, 3,L)I=TRIPLE
T¢ lyLy”)‘lePLe
T(MyLoI)=TRIPLE
TLyIoM)=TRIPLE
T(LM,1)=TRIPLE
CONYINUE

CONTINUE

PRINT 100

PRINY 101 ,LAMBDA MULAT0,NATO,FPS,NSIGoMAXMOD ¢ IMAXO

FORMAT(//710X, *SHELL PARAMETERS®//10X, *LAMBDAE F10,6//10X, MU=,
1F10.6//710X 4 *INITIAL GUESS:2A10=,F10.6//10X, *INCRFMENT FOR A10:DA10=

" 2%, F10.6/7/710X, *FIRST ERROR ALLOWESEPS=?yF10.6/7/10X,° SECOND ERROR

SALLOWED SNSIGE=? g15//710X o, *NUMBER OF MODESIMAXMOD=®415//710X, *NUMBER
40F ITERATIONS ALLOWED:IMAXNE®,]15)

PRINT 100

PRINY 102

FORMAT(//7643Xy*F 1 P S T MO0 FO/7/7162, *PRESSURE *412Xe%A1%,16X,
1°UEFLECTION® G 12X o *RTRENO® 12X, 'RTMFMO?// )

MCDE=]

DO 8 L=l,MAXALD

IF (L.NE.50)GC TO Bl

PR INT 100

STEP=FLOAT(L~1)

AlsAl0+LAL0®STEP

YU )=Fl)oeleAd,ylER)/100C.

2U1,L0=Y (1)

CALL CRICINIY AL, X)

PRINT Ool oY1 oAlyo(X(]1)T21,47)

WRPITELTHEEEY YUL1Do(X(T)y1x=1,42)

FORMATI4F15.6)
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v 6 LEVEL 21 MAIN DATE = 78158 00/13/29

102

121

122

T TIF(1ER.EC.130)G0 TO 502

FORMAT (I X T3,6Xe5(F15%5.6, 5!’?
CONTINUE

TF (MAXMOD.EC.L1IGN TO 999
Yil)=2{1,41)

00 10 M=2,MaXM0OD

NCOE=M

PRINTY 100

PRINT 103,M

FORMATL /723X *MUDE NUMEFR ® (2X 12//716X ¢ 'PRESSURE® , 16X , *DEFLECTION®
1912X,*RTRENO¢ 13X, *RTMEMO*//)
Y(M)=0.0

DO 12 L=1,MAXA]O
lF(L-Nf.QO'Qp_IgAL?!

PR INT 100

INAXz IMAXD

STEP=FLODAT(L-1)
AlzA10¢DALOSSTEP

CALL 2SYSTMIF oEPSoNSIG oMY TMAX WA AL, IEK)
JIF(IER.EQL.129)0G0 TD S00

2(1,L)=A1

DO 122 1=2,M0OCE
Zil,L0=YI])

TER=MODE]

1F (JER.GT.15)GC TO 128

T DO Y23 IsiER,1S T T T T

123
128

14

—

124

- ———

129
10

500
501

502
503

TCONTINUE

Zlle.L)=0.

CALL ORIGIN(YoAYyX)

PRINT 144LoY(1)p(XIT)o12),2)
FORMATEIXNoI3¢6XeolF15.6,10X)42Xe15)
WRITE(T,88R) Y{1D)e(X{])y1=1,3)

PRINT 100

PRINT 126,(Lo(Z0T4L),151,8),L21,80)
FORMAT(1X,13,2X,8F1%5,6)

PRINT 125,0Lo(2(148,4L),1=1,7)sL=1,80)
FORMAT(1X,13,2X,7F15.6) . L
60 129 Is2,M

Y(I)=201,1)

CONTINUE

GC Y0 999

PR INT 501,TMAX M

FORMAT(//10Xy YFATLURE TO CONVERGE WITHIN® (1X¢1541X,*ITERATIONS/
110X, *MODE NUMBER® ,1X¢13)

60 Tu 1000

PRKINY 503, IMAX oM

FORMAT(/710Xs *SINGULAR JACORTAN AFTER®,1X,15/10X o *MODE NUMRER®,
11x,13)

10600 PPINT 100

cTO0P
END



IV G LEVEL

21 ORIGIN ‘DATE = 78158

SURRCUTINF CFIGIN(Y,PAR,YX)

REALSE YI1S) o X(3)4PARGJIIS I {15 ) oMU, LAMBDA,T{15,15,15),0
COMMON/BESSEL/ZJoK, T

COMMCN/PARAM/LAMBDA 4 MU

COMMUN MODE

u=y(l)

Y{1)=PaAPR

X(1)=0.0

Xt21=0.0

X(3)=0.0

DO 1 N=),MUDE

$=0,0

DO 2 LL=1,M0ODE

00 3 I=]1,M0DE

S=SeT(loLLNI®Y(LLI®YL(])

CUNTINUE
X(3)eX(3)eS8(1.70)=MUI . S/ZJIN)I/ZIKINISI(N))
X{3)=X(3)~-LAMBOA®$28( JIN) /(1. MU)+,S)*YIN]}/K(N)
X(2)=X(2)4.50 (1. +MUISKINI®YIN)
X(II=X{1)eY(N)IS(1,¢JIN)I/K(N)

CONTINUE

Y{l1)=u

RE TURN

END
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§C.2 Fortran program RADIUS

It computes the deflection and stresses along the radius

Iv € LiviL 21 nawv UVATE = 7R178 23700737

FPAL®E LANILA MU b Y oW ROENRY TEINY RMEMX , TMI MY TRIPLF GE(3415,101)
BoZNUIS Do T U ATl Sed ) od 1 ) 176 12),PART(1])
FEINT 100
100 FURMAT(IM])
0 2 Jel, s
O 2 L=1,10]
READ 4y (P(),3JyL)sl21,23)
FOIRMAT (SX42F15.10)
CONTINUE
CUNT INUE
READ S50(2x()),121,1% )
FOEMATIIFI0.6)
OC € IX1E1,15
00 7 IXx2r3Xx1,1%
(0 8 IX3=1X2,15
READ S5,TKIPLE
TOIX143X2,1X3)=TRIPLE
TOIX1oIX3IX2)=TRIPLE
CTUIX241X1,1X3)=TRIPLE
TOIXEIX3,IX1)=TRIPLE
TOIX3,1X1,1X2)=TRIPLE
TUIX34IX241X1)=TRIPLE
CONTINUE
CONTINUE
L _ CONTINUE . - e e e
PEAD 1.LAMPDA MU
1 FORMAT (2F10.¢) . -
985 READ 10 4MPDEGPLAST
10 FORMAT(15,F10.6455X,12) . L. . . . L
JIFILAST.EC.99)G0 TO 1000
. PRINT 110,LAMBDA yMU1,MODE 4P . -
110 FURMAT(/Z10X, *SHELL PARAMETFRS /710X, *LAMRDA=Z?,F10.6//710X,'Mys"?,
1F10.6/7/7/7710X *MLOE=?413//7]10X 4 *PRESSUREE? 4 F15,6)
PRINT 100
PRINT 120 . s e .- .- -
120 FCRMATL/ZZ1TX o *PRESSURE® oS Xy '*DFFLECTION® o TX o *RADIAL®*¢5X, *TANGENT AL
1% TX g PRADIALY 3 TX *TANGENTIAL /LTINS 'RENDINGY 8 Xy "RENDING® 48Xy *MEMER
CANE ® oSX o *PEMERANE ' //TTX P STRPESS o TXL*STRESS?//)
FEAD R14(A(])o1=1,MDDE)
11 FORMAT(5F16.4)
CO 12 1=2,101
X=,01%(]1-1)
\l=0_.0,_,
RBENXZO,
IBENXSO, L. * -
RMEMY20,
TMEMX=0,
N0 13 N=}l MODE
TER(Y)=0, _ __ e eem — e —
TER(D?)=0,
L0 1« L=],m0ODE
O 15 M=1,M(CE
PART(LIZTIMGL NYZ(ZRIMISR {2, ¥, 10108 ( ], =M1))
PAOTIZ )T (ML NIPE(2,M,T)/7L(2K(M)ISR(A,M,101))8820X)
TERILII=TER(LIICA(LISIPART(]II+PART(2)) L - .
FARTIAIsT ML oNISP (1M 1) /7(7K(#)108(2,M,10]1)002)

W VW >

L X )

— - — . Cm— ———




IV ¢ LIVEL

15
14

12
.20

50

12
1000

21 PAIN DAYE = TE17P
TERAZ)sTEPIZ)oA(L)®IPARTIL)~FCART(2)ePAPT (3))

CONT INUE

CONTINUE

PART(&)=P (] Ny])/2KIN)

FART(S)I=R(2,N,101)/72K(IN)

WeWOAIN)O(PARTY (4 JoPART(R))

PART(6)z2IRIN)I®PB(14N,])

PART(T7)z(1e=MU)SR(P,N1)/Y
FRERXEREENXGAIN)SIPART{6)=PART(T))
PART(B)=MUsPAKT(S)
TEANXZTRENXGAIN)IS{PART{R)ePART(T))

FART(9)= (~LAMEDAS®Z )#PART(¢) /(] . ~MU)
PARTII0I=(—LAMEDARSZ )OSR (2 N, 1)/12KIN)SB20)X)
PMEMXERMEMXSA(N)S (PAKT(OVePAFT(10)+TERI]))
CPART(11)s=LAMBDASR2ePART (&)
TMEMY=TMEMXSIAIN)S(PART(O)+FART(IOI+PARTIIL)+TERI2))
CONTINUE

PRINT 209X oW oREPENX o TRENX (RMEMY , TMEMX
FOFMAT(10X,46F15.6) _ e
WPITE(T9e50) XoWoRPENXTRENX gFMEMX o THEMX
FORMAT(OF12.6)

JF{1.NELSIIGC TO 12

PRINT 100
CONTINUE
GO YO 985
STOP

END _

- e - T e cvmme c—— . ——— s

——— . ——— v — —— — . m— e —-—— e e e
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It computes J, (k¢x), 0 € x € 1,i=0,1,2 ,1 € ¢ & 15

.3 Fortran program JILK

$c

1«i,,k €15

é integrals jilk

and the tripl
FCRIRAN IV G LEVEL

oAl

MAIN

21

m
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OONOWVMALGIN-

#C.4 Altran program

It verifies the system of equations in BUCKLD for the
2-modes solution N

ALTRAN VERSIIN 1 LEVEL 9

PROZEDURE malv
ALGILAILD,PI3.J(2)25,K(2)15,A115,A215,1(2,2,2)15,MUt5)
ALGEBRAIC ARRAY(10) COE
ALGEBRAIC ARRAY(2) X

ALGEBRAIC V4SsPAR,F

INTEGER N,LL,YODE»l,JV0L
M0Dcs2

X(3)sP

X(2)3A2

PAR=sAL

Do rnP.N

I%X300¢ Vsl

UO ZINQJOOM

DO Li®31,MIDE

po Is1,400¢

Ss¢0

DO JJy=zi,43DE

IF(JJ.GT,1)30 T2 IxiC

ELSE COE(L1)8TL],JJ,LL)»PAR
GO TO X1t

1%X101 CoE()eTi],JJ,LL)eX(Ju)
IxX313 S=2Se20E(1)

DCEND

IF(N,GT,1,AND,1,G7,1)G0 YO Ix2¢C

ELSE IF(N.ES¢1,AND, ] ,EC,1)G0 TO JX30
ELSE IF(N,EG,1,AND,I,5T,19060 YO IX40
ELSE COE(R)SKI(L)eT(N,LL,LYSPAR®X(N)/2
GO Yo jx21

] X303 COEC(2)=K(L)eT(N,LL,L)sPAR®#2/2
GO TDp }x21

x40} COE(2)SKIL)®*T(N,LL,L)*PAReX(])/2
GO 79 jx2it

1%203 COECR2)=K(L)eT(N,LL,LYOX(N)eX(])/2

1x231 COE(3)3COE(2)eS/((M(LL)®J(LL) )ew2ny(L))
IF(L,GT,1)G2 TO IX50

ELSE COE(4)s(LAew2=J(L)*K({LY®PAR/2)/((1 "ML )e2)
GO 7O }xS51

1x501 CoS(ays(LAow2-J( L) ek(LIeX(L)/2)/(2%29NV)
I1X5114 1F(LW GTe1,AND.1,6T7,1)G0 TC 1IX60

ELSE IF(LL,EQ,1,AND,1,E0,1)GD YO IX70

ELSE COE(S)STUI,LL,N)eX(LL)®PAR/(XK(N)oJIN))
GO TO Jx81

1X8018 COS(S)8T(I,LL,N)aX(1)OPAR/(K(N)nJI(N))
GO TO 1xe3

1X703% COE(S)®TCl,LLsN)ePARCS2/(KINI®»JI(N)?

GO TO [x81

1X604 COE(S) eTUI,LL,NYeX(LL)*X(])/(KIN)nG(N))
1x81 COE(6)8COE(I)=COE(4)eCOES)

veyeCOE(S)

DOEND

COECT7IBL/(4eK(L))OR(LY/(2eK( L)oe2)
IFCLLGT 1, AND N,6Y,4)G0 7O IX90

ELSE IFCLL.EQ41,AND N,EQ,12G] TO IX95

ELSE 1FCLL.EQs2,AND.N,GT,2)G) TO 1X93

ELSE COE(S)mLAee2eT(N,LL,L)*PAReX{_L)*CCE(T7)/J(L}
GO YO jX91

193} COE(B)BLAe02eT(N,LL,LI*PARCX(N)eCOE(Y) /2 J(L)

- -—e— - . s .. N ca e ae . P PO

4
»
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GO TO [x9¢ -
1X951 COE(B)sLAnw2eT(N,LL,L)*PAR*«2«CO0E(?)/J(L)

G0 TO IX91 .

1X9013 COS(O)sLAve2eT (N, LL,LIOX(NIOX(LLISCOE(T)/J(L)
1X9118 Veve2QJE(8)

DOEND

JF{N,GT,1)G) TO IX1S

ELSE COE(P)IBJINIaLACw2«4COE(4)*PAR/K(N)

GO 70 jx21

1X351 COE(P)BIINIoLA®e24COE(4)*XINI/K(N)
1X0118 VsVeZOE(9)

DOEND
1F{LeGT(1)GY TQ IX00

ELSE COE(10)8(K(L)wedolAaod)eJ(L)ePAR/ (4eK (L))
GD TO }x3

1%g01¢ COS(10)S(K(L)eode Anad)ed(L)oX(L)/Ca0K(L))
§x11 V=Vve20E(10)

Fesye100ex(1)

WRITE F

SX1P

DOEND

END

- M - -
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TT1.390735°

M0DI NUMRFR ?

PRESSURE

0.,32%K1°
0.60%241
0.8641043
1.,03%5933
1.162566
1.313604
_ 1.401803
1.460149
1.491987
1.50105¢
1.491459
1.6673467
lebszb64]

1.3464357
1.29%55€1
1.245932
1.196%3¢
1.14826°%

1.101864
1.056048
1.017578
0.961218
0.950280

 0.925652
0.908822
0.901406z
0.90%z28
0.92257%
G.955141
1.N06054%
1.077836
1.1733%0C
1.295T6%
1.648120
1.633¢690

1.R557%¢
2.1175%6
2.42248¢C

2773659
3.,1764299
3.627532
4130424
4,T703983
%.3331%7
6.026045
6. 767699
T.619131
8.,523319
9.503211

TABLE 1I
DFFLECTINN RYBENO
0.32¢307 0.671970
LT TS A 1.67%072
1.00160% 3,063752
1.2516%7 4.81025¢
1.711100 7.00099¢
2.08033%% 9.63112¢
2.45%°0n70 12.69742%
T 2.86660L T T T T T 16.1704625
3,241721 12.9RB30A
3.,64621222 264.056247
£.065773 2R.,25408%
4 669203 32.4% 1434
b,04L992R 36.525111
TR0 T T T T 4003814
5.634R63 ©3.91760)
6.015312 ©7.110174
6.3R0418 ©9,921260
6.T52R93 52,33803¢
7.1006P% 54,35782¢
T.4a56864 T TB8985278
7,705 713 57.229206
0.126297 58.10101¢%
8.646921% 58.613736
8.764649] 50.78151¢
9,0775%2 50.619447
e sTaTMe T T T 7T 58,143%593
9,66F456 57,37109R
9,9%7073 56.320342
10.2640036 55.011070
10.517R07 53,406b642
10,7¢NRTR 51.70297%
T 11.05¢768 — 49.750380
11.32%013 47.63118%
11,587160 45.370356
11.8644750 £2.992692
12.104313 40.57220¢
12260264 37.9R204;
12.61%312 315,393007
12.86%62R 32.774201
13.12345%6 30.1622R¢
12.3777n¢ 27.51150%
13.632066 26.8936E7
13.886876 22.29840%
14147363 16.733157
14.39R631 17.203611
14 .655760 164.713856
14,9132 12.26665F
15.172R76 9.86369])
15 . 432RCA T.5057%1
15.69200A 5.192964

RTMEMN

54

-4,305017

-8 0376‘56
-12.2062%9
-15.781618
~19.086140
-22.,0896133
~24.769111
-27.001736
-30.566%66
~31.7000%3
=32.44T7778
-32.843390

T232.930980

=32.757854
=32.269403
~31.80%5156
-31.0097481
-30.271608

T =29.345741

-28,332115%
-27.237631
=26.064526
-24.810919
~23.471465%6
~22.037407
=20.4973%7
-18.837511
-17.061973
=-15.093436
-12.9736R2

T=10.,663%39

-8,145642
"5 0502006
=2.,416016
0.826440
4 .,337700
8.12771¢
12.204344

16.573091
21.23772¢
26.,200194
31.461112
37,019923
42,075270
49.02557%
55,468093
62.,200504
69.22009C
76.524121
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TABLE IIX
MODE NUMBER a

PRESSUKE DEFLECTION RTRENO RYMEMO
0.332195 0.346hths 1.762100 -%,530P %4
0.61P242 0.695714 3.603466¢ T=8,7846503
0.857947 1.,064R225 5.E650AR ~12.753602
1.055038 1.405269 7.6R7661 ~16.425040
Tezlcz0? 1.767240 10.006R04 -19,779022
1.332203 2.13408% 12.5457%3 ~22.700317
1.417965 _ 2.50P120 15.30716¢ =25.425640
1.672801 2.88A219 T 18.26%5072 T =27.658093
1.500503 A,267927 21.362385 ~29.,4 596 R2
1.505336 3.65134¢ 24.51635%] =30.854241
1.461C.0 4,036376 27.6326253 ~31.831626
1.666377 4 416012 30.622%97 -32.,639426
1.426%86 o 4701258 33,416892 ~32.728048
1.382¢71 €, 162630 25.971056 =32,7522323
1.334951 5.528171 38.264289 =32.564276
1.28461°¢ 5, ARTR2] 40.254435 -32.209817
1.234348 6.2417%3 4£2.072206 ~-31.726911
1.164357 6.590756 43,616234 ~31.164%647
1.135805 6.932740 €6,949477 ~30.4R900R

“T1.089387 T} L2 ¥ Ne T T T T Teb.096817 T 20,7 741610
1.045711 T7.6076¢1 47.0£3%74 -29.012R79
1.00539 7.93902¢ 47.936738 -28.212041
0.9¢C887 8.267276 48.674503 -27.37R2086
0.936%53 R.5CP20A2 46,326145 -26.5096R¢
0.910:56 _ £.516266 49.,912012 -2%,605%7]

T0.869608 TTTT T 23k T 50.453624 e ~24.66106%
0.875958 ©,5%AN20 50.9717A8 -23,669114
0.870e16 9.877107 51.,486769 ~22.6199%0
0.B74286 1C. 108722 $2,018323 ~21.5012P5
0.889081 10.516043 $2.586002 ~20.298696
0.916577 _ 10.832%00 53,209007 . _=18.994781
0.958813 11.151491 - TT T 53.,906288 ~17.569600
1.016125 11.4713¢GR 54.696431 -16.001261
1.097161 11.722403 $6,507467% -14.265596
1.196883 12.11%4P2 5H.626612 -12,226356
1.326%64 12 .640396 £7.799197 ~10.1862P4&
1.483761 12.7676°1 £9.1312%7 -7.7876C0
1.6764207 13.007428 60.632070 -5.112598
1.902205 13.43050% €2.316140 -2.124724
2.171622 13,766 54 641 ROTAE 1.170610
2.4R0.004 16, 108RD2 66.235264F 4.825%20
2.852002 14 46042 6R.&T6PTT A.84LB&09
3.271625% 14.794272 70.200802 12,254241
3.74v1080 15163547 73.469572 18.054422
4.269282 15.49%p07 7¢.263061 23,256391
%.895549 15.85%1174 7©.17919¢ 28.864562
5.,57108¢ 16.209211 £2.236613 34,800267
6.321223 16.5A97¢7 85.6152R¢ ©1.302730
T.1675t0 16.9325603 8870708 48.129172
8.054035 17.297477 $2.096074 85,.355518



TABLE 1V
MODL NUMBRER &

PRESSURE CEFLECTINN RTHENO
0.33%717 0.3416235% 1.034(4E
0.6220631 TTT 0.68716) ) 2.33%2%3
0.0635%59 1.0273%¢ 3.936104
1.061254 1.292n¢6 5.067322
1.218648 1.7%5021 8.152605
1.337957 2.123408% 10.801093

__1.42282% _ __2e49838) 13.758344
1.6764%6 - Z.8TRATE ' - 17.00052%
1.502928 3.24%54 20.62232¢
1.5065%2 3.650022 26.264307
1491686 4£.036260 27.9094¢84
1.463762 4.42001) 31.,452375

_1.4258B66 o _%e799%92 _ ) 34.8112%4
1.381609 § 172000 T T T 37.932970
1.32357R 5.562391 &0.790677
1.2€3721 5.904914 43.37651¢8
1.233483 6.261619 4%.6G6R54
1.183939 6.612R2% £7.764692
1.134914 6.958079 L 49,596710
1.090074 7.3004 08 51.210485

14066992 _ T.637671 ) 52.622958
1.00720¢ T.971170 53.849593

04971265 _a301310 54,903974
0.939677 B.62R67S 55,797662
0.913122 8.9%2019 560540215
0.802280 ©.27%770 T T BT 136278 T

0.8677953 9,595%3? 57.600726
0.871063 9,9140%0 57.928836
0.672678 10.231208 58.1264%3
0.864032 10.567140 58.,195185

__0.906555 10.662123 56.1355E%
0.941086 11.1763FT “€7.947376
0.991912 11.6490157 57.629629
1.058702 11.8036%0 57.181018
1.144057 12.11707¢ 56.60005¢
1.25%120 12.4206°2 55,8p%343
1.38¢ 386 12.74457% 5%,03582¢6
1.54R114 12,080046 54,051 066
1.741917 13.3747¢2 52.,03136¢
1.971%30 13.697247 $1.678152
2.242169 14 .0nT7%4P %0.293908
2.557075> 16.3250264 ©8.762321
2.9:11%0 16 .64 ¢ A0O7 £7.148240
3.33FK968 16.96A064 £5.397567
3.615089 15.2P0127 ©3.537089
4.354017 15.613032 £1.576265
4.9601a1 15.920226 39,51699¢
5.637712 16264068 37.373390
6.39081% 16.592RR2 35,151564
7.2233066 16.921077 32.859470

56

RTME MO

-4 ,512970
-8,755]138
-12.71024]
~16.388332
-19.T744018
-22.7576R8
-25,397%72
-27.633%11
~29,465247
-~30.830536
-31.809116
=32.42032¢8
-~32.715892
~32,749874
-32.574190
-32.232558
~31.760905%
-21.186312
_-30.5?9201
=29.804099°
-29.020440
-28.183989
«27.297403
=26 ,360495
~25,371458
-24.32623%
| =23.218829
=22 ,042214
«20.787421
~19.,463946
-17.999986
T =16.4419%97
=12.922212
=~10.9256%46
’6 .7‘60‘8
~6.362596
-3,7%4117
~-0.898710

2225093
5.638490
9.36107R
13,4107} 8
17.803124
22.%51168
2T7.664907
33.151701
39.016340
45.,260759
51.085289



TABLE V
MGCDE NUMEER &

PRESSURE DEFLECTICN RTEENO
0.33679% 0.34%226 1.56322)
0.6264493 T 0.692376 -7 3.253065
0.8¢%920 1.06523%4 5.111390
1.06384 1 1.40204¢ 7.178657
1.221017 1.7¢61P4 9.4 Q9575
1.340297 2.122199 12.063525%
1.42476( 2506072 14.897622
1677971 TTT2.8869137 T 7T 17.9%8109
1.503pP9% 3.267423 21.17R613
1.507037 3,651543 24.467532
1.492089 £ .025045 27.723940
1.463569 &, L15PT6 30.855B02

_1e4z5483 4.792444 _ 33.7930%5
1.381156 T 5,163727 h 36.692089
1.333100 5.£20229 3£.933200
1.283313 5 ,8RARS4 41.116686
1.232209 6.242788 43.066630
1.1838%5% 6.591372 44, T45B406

_l.13e07) 6.935040 L 46.2323%06
1.090%14 Te274261 £7.527097
1.0647750 7.609509 4B8.650741
1.008303 ToG4126R 49,622931

0.972693 8.269922 50.462068
0.94 1465 8.%059%1] 51.105264

_0.915215 _ 8.919732 ) $1.808439
0.89460°% 9. 241648 $2,36464084

 0.8603%1 9.,562067 52.813453
0.873432 9.881282 53,222774
0.8746717 10.1996F2 53,587440
0.885379 10.517567 53.,920210

_0.906710 _ 10.835254 54.23277¢ _
0.940217 11.153042 64,560937
0.967576 11.6712¢9 54.856694
1.050719 11,7020 55.18R387
1.131P26 12.110179 55,5557234
1.23334¢ 12.431477 £5,970848
1.35R009 12. 7544 C0 56.644819¢6
1.506869 "13.,07¢22% £7.0024R6
1.60918¢ 13,4042A1 57.66846;
1.6020647 13.72¢72% 56,4 008N]
2.1531009 14, 0nTFC] 59.272%0¢
Ze066707 14 ,400637 60.27%9E40
2.76177% 14,764102P 61.43179¢
3.168804 15.0P7571 62.739760
3.610387 15.4246PK3 66,212169
4.111161 18 . TP4kC2 65.6552717
407575 16.12%701 67.573006
£.30675% 16.4R0091 69.666915
6.014633 16.8376RA 71.836203
6.7977%3 17.197835 T6.170346

RTMEMO

57

- ,5515234

-B8.824129
-12.809277
=16.692663
~19.,853230
—-25.493102
=27.713035%
-29.505023
-30.8691¢1
~31.827164
~32,419725%
~32.698R03
=32.719429
-32.531R79
-32.180075
-31,60908003
=31.116172
-30.451707
-29,720498
=20.932685
-28.094762
-26.,280788
~25,305238
=24,281670
-23 0205366'
=22.072564
-20.8749%1
-19,605118
~18.253542

-16.809394 ~
~-15.260419
-13.592743
-11.791117
-9.R38710
~7.717711
-8 LORLT A
~2.800514

~0.142900
2.R5502¢0
6.127462%
G.6w2T2A
13.571551
17.781907
22.340896
27.262271
32.558187
38.238032
46,309117



PRESSURE

0.337331
0.625%415
0.86708]
1.065107
1.222265
1361427
1.,625716

1506353
1.507271
1.492138
1463483
_1.625311
1.380922
1.332864
1.203126
1.233080
1.183808
1126120

“1.4706727

MODE NUMRER 6

TABLE

T 1.09065%
1.048070
1.008776
0.973329
0.962267
0.916176

T 0.895706"

0.88160C
0.8740665
0.875929
Ookboold

0.907393

0.940282
0.9€669%
1,06 64%5
1.127616
lez206670
1347608
1.492834
Y1.66F27¢
187463005
2.1155¢E3
395998
2eT196%9
3.09085%
3.51401¢
3.9936%¢
6536340
5.14064%8
$5.,81706R
6.568137

VI

DEFLECTION RYBEND
0.36380% 1.1%701¢
TN 601N0YT - 2.5%1%24
1042440 £,21733¢
/ 1.308R26 6.186662
1.760040 B.686T20
2.129200 11.122060
~ : 2507473 @ 14085434
2.887904 - T 17.3302393
2,266235 20.779376
3.651176 24,329704
&,0355L45 27.870117
L. 617206 31.295540
L &JT96726 i 364.540413
5,14K097 37.543134
5,5322¢62 40.283270
5.809373% 42.755352
6.2604P2 L46,966362
6.590TR4E 66.930638
o 6,9622%0 _ 4B.66513
7.2871%8 $0.189027
7.618025 51.520299
7.950319 52.67%972
8.279%04 53,671568
8.605940 54.520891
e 8930028 55236236
- T e.252153 ss . p28201 7
9.572637 56.306303
9.891813 56.67828%
10.2099°0 56.951047
10527447 57.130366
10.866521 57.221008_
11.1614660 §7,227234
11.4TP%25 s7.1520¢8¢8
11.79%99} 56.996287
12.116116 56.767895
12.,67321¢2 56.,462467%
12.752234¢ 56.0631%2
T13.07%927 © T 5%,.630673
13.390119 55.105654
13.722126 54,507637
14.0%0121 53,p237122
14.37020) £3.063616
1.710730 52.276663
15,0665 K7 51.3R56R7
15.3UCRO" 50.4 2002k
15.710564 46.,378990
16.060730 ©8.261R85
16.406207° - 4£7.068086
16.7501F2 45,797080
17.0982%5 £6,46468523

RTME MO

58

~%o565362

-8.813673
-12,796309
-16.478711
-16.08395]13
-22.8510%8
~25.482N47

- =27.7034P0

=29.696R37
=30.861982
-31.820657
=32.413565
-32.713289
-32.525513
=-32.173141
-BIIOQl5°7
-31.108042
=30.442R23

T=29.710596

-28,921222
-28.,0R1408
=2T.19428&0
-26.,261022
~2%.,280268

T224.2649632

=23.164852
~22.019890
~20.807601
-19.519782
-18.146828
-16.67726%
=15.099435
=13.399189
~11.56186R
-9.571501
=7.410797
=5.061718
-20506?58

0.276171

3.3081%7
6.603917
10.1R4560
164.06R225
16.271215
22 .R09216
27 .69 565%]
32.9388F09
38.551003
46 .537701



MODE NUMBEP

PRESSULRL

0.337¢L26
0.62%620
0.067717
1.065796
1.222961
1.,3620306
1.602621%
1.479048
1.504%97
1.5073%96
1.6921¢%
l.663438
1.62%222
1.380F11
1.332771
1.263029
1233015
1.183783
1.13615%6
1.090764
1.0656230
1.009014
0.9730649
0.942671
0.916662
0.696270
0.882220
0.875342
0.876%75
0.88699%
G.907822
0.4 0444
0.986632
1.047L60
1.12%61¢
1.22362¢
1.36c80%
1.4868057
1.658392
1.860720
2.097329
2.371967
ebBEARLD
3,0%513«1
Jebbbelt?
3,937346
b ohS5945¢
5.050275
5.709276
6.,44C895

7

TABLE VI
DEFLECTINN RTBEND
0.34¢07? 1.481692
- 0.69202% 2.111%66
1.044921 £.920516
1.4015R7 6.972101
1.7637%0 9.286916
2.121F%¢ 11.875021
2.50%790 _ 16.736939
2.0RLAN? T T 17.836113
3.2A74619 21.103222
3.6%1616 26.643923
%,0351A0 27.755069
4.416000 30.943029
4. T925%¢ 33.936657
T 8.1A3817 - T 36.691%89
5,.52029% 39.107561)
5 . BAKO02 “1.422318
6.262824 ©3,60%853
€£.591410 4%,153646
___6.93090 .|| 46.668620%
k%5 755 L R 4B.023796
7.600610 49.18663¢
T.961405 50.193917
8.270126 51.063491
8.596232 51.811833
___8.9200f0 o $2.454099
9.2420P4 53,.006258
9.562%571 53,475266
9.881P90 53.R79243
10.2002¢7 564,2276%3
10.518316 54,531471
. _10.824062 . %6.8013&¢
11.153P67 85.04773F
11.472001 5¢,2£1059
11.7090p%2 85,611764
12.11(&29 86 ,750463
12.471476 56.007R76
12.754119 564295049
13.07R371 56.623146
13.406626 57.003490
13.7321€2 7 bbThlT
164 ,06412¢ 57.9662609
164.3677°3 58.571C24
l6.T72467€P 56.27219s
15,073603 60.0796A1
15.4161F; 61.002676
15.7617F3 62.068520
16.110%11 63.226%62
16.462%240 64.535698%7
16.817274 65.986R23
17.175082 67.579841

RTME MO

59

-4 o55%7109

-8.034577
-12.823648
-16 DIQOQO'
~19.871701
=22.881942
=22.509¢77

Te27.726121

-30.872976
-31.826113
~32.4616268
-32.6R9654
=32.707R16
~32.5176PRR
-32.166128
~31,681748
-31.,097794
~30,432790
~29,700268
-28.911448
-28.072263
-27.185%065
~26.254093
-25.275712
-24 ,2684R7
'NWon?DMbﬂ
-22.029617
~19.,550161
-18,192671
=16.763200
-15,191204
~12,523549
~11.72678%
-9,TR6217
~T.6R6263

=5.409865
=2.940138

-0.,258965
2.6%2311
5.611267
9.236600

12.96543¢

16.,9530q7

21.277420

25.92965%9

30.922098S

36.267485

41.972203



MODE NUMBER 8

PRESSURE

0.,3378062
0.626421
0.£60062
1.0664C3
1.223340
1.3623%4
C1.626514
1475267
1.504739
1.50746€
1.4621¢81
lebb3013
1.625%171
1.360G748
1.332707
1.282974
1.23297%
1.183766
1.090835
1.048321
1.009148
0.975829
0.942098
0.916935
0.896584
0.6825%6¢
0.875709
0.876941
0.887327

T0.9405%6
0.986318
1.047107
1.126878
1.221013
1.3603323
1.4E3104
1653044
1.8523]R
R.087323¢
2.358729
2.671346)
3.0291091
3.436443
3.£9737°¢
&o6163258
4.997720
5.645910
6.36%300

1.136171

0.908075_

TABLE VIII

DEFLECTICN RIBENC
_ 0344508 1.214640
T 0.692172 - T 24651726
1.06237C4 4,3686104
1.4600348 6.331061
1.762%1% £.622681
2.120703 11.263130
. 2.504R09 _ 14,206416
P ARL0FT T T T TTT T T T 17.620852
3.2669%8 20.844432
3,651672 26.355047
4,03%3%2 27.8%1023
b.,616561 31.232960
_ 4793450 34,426877
§ 165062 T T T 37.3718%0%
5.,5308R7 ©0.07045%
5.800P 2% 42.496066
6.2450P% 44,662855
6.59309F4& 46,585487
6927962 _4E.281895
1.27748% «9.771028
T.61302¢ 51.,071443
7.945040 52.200561
f,273971 53,174331
8.600233 54,007115
o __R,92621R_ 5¢.711727
] 9.,2646296 55,299522
9.564E18 55,780529
9.886117 556.163596
10.204510 56.456519
10.522303 56.666180
s _10.8397%6 _ 56, 798662
11.157260 56.85935R
11.47%010 56.852054
11.793292 56,T84016
12.112284 56.656048
12.422%48 St L Ti56h
12.75604n £6,236517
12.077103 T 88950621
12.401€69 55,617155
13,720P%¢ §%,23E0%2
14 05 795F 56.,816R6%
[4.3R044c 54.34873¢8
14.722471 £3,840382
15.062137 5%.2900%2
15.,266525 52.697537
1£.761676 $2.062163
16.0P650% 51.382813
16.6362¢3 £0.65797¢
16. 7865 Ho 49.88%807
17.137%502 £9,06L183

RTMEMO

60

- o584420

~-8,.026005%
=-12.817013
-16.‘03‘80
-19,86%%42
«22.876244
=25.504590
«27.721927
-29.%510279
-30.870120
-31.823694
-32.412020
=32.687516
=32.705794
-32.51531%
-32.16135%8
’3‘.670‘59
-31.093715
=30,42737%

T=29.6944027

-28.,904352
-28.063987
=27.1763%2
=26.242R16
-25.262602

T4 ,2327R%

-23.149663
-22.007707
-20.800031
~19.519096
-18.,155"N6

-15.13022¢4
=13,64624643
-11.65505¢
-9.70222P
~-T.5PRCCT
-5,297771
-2.811992

-0.113768
2.815124
5.992¢€2
9.63607¢

13.162717

17.18A338

21.5273PR7
26.1923n7

31.197982

36.550772

62.260464

~16.699653



MUDT NUMBER

PRESSURE

0.3379153
0.6264]10
0.86A330
1.0066456
1.223589
le34z01k
1.626607
1.6754013
1.5068627
1.507513
1e692191
1663397
1.62%1239
1.380709
le3320606
1.282%41
1.232952
1.183761
1.126181
1.090866
1.048376
1.,006729
0.973937
0.943035%
0.917100
0.896774
O.68277¢€
0.875931
0.677161
0687527
0.908228
0940625
0.9862%3
1.066841
1124323
1.2<G8%7
1336835
1448087
1.669047
184061 Sh
2408140
2.350771
266006 7=
3.01560%
30194408
3.8760¢2
44385928
& .,965358
$.6CH6T9
6.310202

9

TABLE IX

ODEFLECTINN

C.34407¢
0.692%49
1.044P 2P
1.401404
1.7623670
?2.131R00
2.5057h&
2 .884LANG
3,267647
3,651640
4.03°1¢n
b ,HLYECLE
b,TODSKE
5,1627¢7
5.5292€€
S, 8NARLT
6.2642758
6.591323%
6.93%014
7.274261
7.6@0&:3
7.9612%5]
R.270M9P
8.596214
8.920008%
9.26211F
9.567629
9.8P1CT77
10.20n4 R2
10.51P6%7
10.83620%
11.154024
11.672203
11.79102¢
12.110772
12.431717
2.7%412%
13.07P2%¢
13.,4046340
13.737A40
14 ,0A32139
14 4396430
16, T226T7%
15.071600
15.412400
15.75P&1?
16.106418
T16.45T74423

16.8114661

17.168393

RIBENO

1.639406
Z.03PS3R
4.837¢11
6.875307
©.1F3314
11.778639
14 .656595
17.7733064
21.064086
26.631338
27.T70¢64*
30.06810.2
34,011534
26.756141
39.321332
©1,5F6602
43.595306
45.369580
46,9267T7
4R.267207
49,670819
50.496516
$1.,361852
$2.162965
824794640
53,350434
53.,822041
54.223462
54.563175
54.852209
£%,100705
55.318041
55.£13754
£5,697257
5S.8778%7
56.065208
56,268736
£6,498136
£6.T83117
€7.07238¢
5T.42043P
£7.867699
5¢,327009P
56.954073
59.627391
60,397026
61.26%070
62.248¢3P
63.339871
64.54593)

RTME MO
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~4 550227
-R,R3A%21
-12.0290]10
-16.5161%1
-19,878407
=-22.888A410
-25.5158¢62
=2T7.730922
-29.51696%
-30.8764%17
-3]1.025072
=32.612560
~32.686860
=32.706291
-32.513265
=32.159015%
~31.676029
~31.091309
=30.625271
-29.692581
=-26.903073
=-28.063149
27176208
’26‘2‘3621
=25.264518
-24.236106
=23.154940
=22.015492
-20.8111%7
=19.534359
~18.176326
-16.727269
=15.175701
=13.509980
-11.716372
-9. 780782
=T.68RAA2
=5.4623049
«2.967724
-0.306217
2.57022¢
£.705560
Q,089%594
12.748048
16.£95¢1n
20.,9472)9
25.5151%0
30.410807
3% 644127
41.,223624



TABLE X

MODE NUMBER 147

PRESSIPE

0.337°06
0.6206%36
O.MNERGRT
1.060662¢
1.2237%4
1.34276%
1.62681R
1,679492
1.504FRS
1.507%42
1.492168
1.646338R
1.42%120
1.380685%
1.332644
1.282920
1.232937
1.1237%%
1.136187
1.090RAA
1.04R4]11
1.009281
0.974007
0.943122
0.91720°%
N.B896P9%
0.882912
0.876072
N.RTT302
O RETHS
0.90R327
0.940670
0.986214
1.06¢67
1.123974
1.2702%2
1.2378%)
1.67964])
1.667638
1.P&5054
2.0775%60
2.3645702
20654305
3.007239
3.,640853¢
3.062328
©£,3772860
L.94436]
5.561111
6.287369

DEFLFCTION

0.344720
0.607527
1.06420%
1400007
1.762NP0
2.1312%2
2.50%29n
< BB4&%N
3.267722
2,651%500
4.03%2P7
L b1R2TT
&, T929R4
5 ,1866394
5.520020
£,RR0776
6026 2R4A
6.500676
6.,926209

Teb1119R
7.963107
8,27)082
R.59P 140
8.,92200?2
9, 264154
QS6LATA
Q,BALNPK
10.20%4°1
10.5202394
10,.P2ARN2D
11.155%6%4
11.672471
11. 70322
12.1116A1
12.63221¢
12.754152
13,077726
13,4021 AP
12,.730K00
j6 . 06NRY0
14 ,397804
164.,727704
15.06522%
15,60%7R0O
15,7400
16, 095270

16.460622% T

16.796172
17.150743

7375797

RTBENO

1.266891

2.T707%2¢
bob17641

6.6 10617

8.7164012
11.339P7%
16.276662
17.6P1534
2C.87R795
24.367611
27.040052
31.190666
346,38254%
37.29006%
39.956344
42.3%7086
“4,500172
46,60066s
£8.076069
“9.5646107
$0.82°591
5]1.943p0%
52,905297
53,728433
B4 26617
5$5,01096%
55,65243]
5¢,88016¢
56.182373
56.406%17
56,5%925¢6

56.646610

56.676112
56.66L06TT1
£6,560231
ShbbTTT
56.280366
R6.NTHEL]
56,037022
&¢,.56T71R2
6£88.267014
54,6 30608
54 . 586606
54,20922°%
53,£60806%
K3,3R2]1F2
£2,934L03%¢

T 52,45%59554

€1.,9%01%%
51.427624

RTMEMO

62

-4,557870

=R, R361R0
~16.%12961
-19.875226
=22.8P544R
~25.%1790)
=27 .T2RTTIR
-29.515%52%¢6
-30.87312%
-21.,824P22
-32.411576
=32.685668
=22.7035RQ
-32.512516
=32.157904
=31.67450R
=31,0093%7
=30.622P06

T =29.609449

«28,0899429
-28,05882R
-27.171224
=26.23T762%
=25.257515
=24 o22RNP2
=23.14%620
=22.0066%0
~-20.T7984R0
-19.5196%3
-18.15917¢
=16.707278
-15.152222
~13,.68250P
~11.6843%
-9,743614
=5 o273347
-2.9108P2
=0.7260624
£ 0653400
5.7092373
9.1PL)sr
12.853417
16.R12¢674
21.07%P40
25.6%5AK5
30.563404
35,80872%
41,6400362



Buckling

1.416978

1.501058

1.505%36

1 506543

1.507037

1.507271

1.507396

1,507468

1.507513

1.507543

TABLE XI

PRE SSURE
Ab Snapping

.97482
.08408

. 901402
004278

.870416
.001207

.871063
. 000494

.873432
.0002%4

.874688
.000125

.875342
. 000072

.875709
. 000045

.875931
. 000030

.876072

-.073418
- 0%0986
. 000647
.002%69
.001256
000654
.000367
.000222

.000141

Buckling

4 027017

2 642332

% 651 %69

3. 650023

3.651543%

3 651176

3.651616

3.651472

3.651649

3.651580

TABLE XII
DEFLECTION

By

- . 384685

0090%7

Snapping

8

9

- 001246

.001520

-.000367

. 000440

9

9

9.

9

-.000144

.000177

- . 000069

9

9.

9.

420128

668454

877187

914090

881282

891813

.881890

.886117

881977

884025

1 248326

208772%

02690*

- 022808

.01053%1

-.009923

.004227

-.004140

.002026

€9
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e S ——————————————

DEFLECTION PA0I. TANGENTIAL RADIAL TancENTiaL
. . L o PEMDIN. _ BEMDING  _ _ MEMBRANE _ MEMERANE
. - N - STRESS ___ STmESS
0.010000 3.650639  24.3 .73
_ . . __0.,0:0000 _ 3.AMTR29 26,328737 26.345307 =30.866649 -72.308%12
0.030000 3.643147 24.279922 24.3170R¢ ~30.850948 ~72.244927
e .0.040000 _ 3.636600 24.210081 _26.2TT190___ ~30.8408144_____ ~72.160082
0.050000 3.62019) 24.110P668 26.22%%3 -30.834268  ~72.051058
9,000000  3.e1793)  20.000389 __  24.1¢)720 __ -20.01728) _ -TL.917734
0.070000 3.60%832 ATS1T3 24.005609 ~30.797168 ~11.760209
. 0.080000____ 3.591902 3..4.....”3- 23.996943 ~30.773949 ~71.578491
0.090000 3.576158 23.341022 23.895500 ~30.747580 ~71.372%49
0.100000______ 3.9%0612  23.341207 23.70119% =30.710049 ~T1.14244)
0.110000 3.539200 23110119 23.653998 ~30.68%373 ~70.00027)
0:120000 2.519200 22072639 23,5139%¢ ~30,649313 ~70.610064
0.130000 3.495376 22 .A0%332 23.36122) =30.610484 ~70.3079%0
0.34000Q 34470839 22.316707 23.196082 =30.568264 ~e9,
0.150000 3.446618 27.007783 23.010709 ~30.522047 ~49.632790
9.160000 3.410729 21-67%158 22.929%%9 -30.474219 ~$9.239177
0.170¢00 3307216 21331197 -.o~08u =30.822%88 —$0.062577
0218 a,® -30.367 2442728

-30.30907¢

=30.102071

0.190000 3.323%24 20.%504097 nwonlw-ﬂ
020000 3.200211 nb s19¢ 21..962600
0.210000 3.29351% 21.720012
0.22000Q 3.216359 .k -319788 21.467626
0.230000 3.177703 19.093022 21.20%633
0,240 9346

0.250000 3.096%42 17.9%4006 20.6%3338 =29.0916%0
0.260000 3.0539¢2 11,004312 70.36320¢
0.270000 3.01013¢ 16.9%7307 20.0063863
0.,280000 ____ __ 2.965106_ 10.,435363 19.753390

0.290000 2.910923 1%.000533 19.43792¢

0300000 2,871632  19,367253 19, AAAGAT _ -29.45457) _ -$1.660629
0.310000 2.823286 14,.702127 10.776783 ~29,357407 -80.9%7472
0.320000 _ _ __ 2.773932___ _16.203037___ 10.43362& ____=29.2357000
0.330000 2.723029 13.813432 18.00 338 ~20.133367
0.340000 _ 2.672826 13.01179¢ _17.723921 ~29.040316 73127
0.330000 2.62037 12 .400091 17.350249 <20.936470 ~87.9%162)
Puoooo[»»u»un ..|L.».H3.nn 18.905%4 =29.923233 =57.1300 12
0.370000 2.513957 «151043 16.6075%3 -28.706032 -56.339701
0.380000 __ ~.33oo.|ln.o. 19948 10.223%20_____-279.%072%8 -95.3001495
0.390000 26004032 878078 15.03429%0 4846637 ~54.080319
0.400000 2369303 9.229201__ ___15.440296 __ <20.330938 _ ___ -33,796792
0.410000 2.293484 n.57933) 15.001917 -20.210187 ~52.010262
0,4 2000 9 4,839 =20,07082¢ ___ -52.075178
0.430000 2.100:09% T26003) 14,233207 «2T.9037318 -31.11832¢
0.,440000 . 24123180_  ____ G.0001T78_____ 13.823447____ -27.80600)_ ___
0.4%50000 2.06%5803 R 48977 13.4103%99 -27.66%5%0% -A9.2630880
0.460000  _ 2.000216__ ___3.202597 _ 12.994302___-27.522277_ __-48.321702
0.470000 1.95047% &,.616378 12.97537% -27.376109 ~AT7,368A0)3
0,400000 _ __ 3.09:080 _ _ 3,900802  }2,153909____ -27.2274)0____ ~48,80104Q
0.490000 3. 200818 ti.73018 ~27.075%% -43.4261%
0.300000 1.776936  ___ 2.612266 11.304042 ~26.922006 _ ___ ~44.4427%9

~30.083742
=29.969322

~30.24158¢ -%7.533%96¢)
~30.114923  ~46.334236

-$7.99%¢

-£7.04%360

-£6.000781

AIX 3JT9%L

99



0.510000 1.719177 1.944014 10.077577 -26.76%%1% ~43.451%63 ) -I.
0430000 1.661%69 1.279%00 10,44949¢ ~26.606599 ~42,453%% R
0.530000 1.604162 0.617342 10.020057 ~26.443334 —1.449600
o 0.540000 1.547021 . =0,080526 __  __ 9,592216 _ __=26,20181% ___ _=40.ea0%0 _ _ —
0.550000 1.4%01v8 ~0.692868 9.1640%9 ~26.116110 ~39.427726
e . _ 0.%60000 _ Yes337%2 —1.3%0%12 8,736906 _ ~25,948329 -30.411843 e
0.570000 1.37774)3 ~1.976329 8.311208 ~25.770568 «37.393519
0.340 60343 1629 374263
0.590000 1.267251 -3.,27%012 T.466361 -25.43348) -33.3%4973
0.,600000 __ __ },212000 =3,034492 7,067827 =23.250%99 =34,3364 06 _— e
0.610000 1.159160 —4,433517 ©.63229 -25.081738 =33.319904
L 0.620000 ___ ___}.106148 =$,021783 _$,220030 =24.903640 _ __ ~32,306260 - S
0.630000 1.053093 -5.399187 5.811213 ~24.T26214 ~31.296337
0,640000 A,00;083 —6,165706 5,60399% =24,%4358) =30,291729 _ . -
0.650000 0.951851 -6.721251 $.004543 ~24.361870 =29.292909 ‘
— . 0.660u00_ _ ____0,%2]0] =72205708 45606903 244179097 -20,301040 - —— e =
0.670000 0.853622 -7.79011% 4,213511 ~23.99%701 =27.31720%
0.680000 0.805678 -8,320003 3.824%2¢ ~23.011%02 —26.342¢2} _— e
0.690000 0.758974 ~0.030691 3.439693 ~23.626742 ~23.377732
9,700000 0,7133%% ~9,3277%0 3.05993 461560 ~34,424229 .
0.710000 0.6680862 ~9.811390 2.685413 =23.256092 =23.482947
_0,720000 _____ 0,62%52) ~10,200%92 22316504 =23,070470 __ _ ~22.554004 e e R
0.730000 0.9834613 ~10.734323 1.9%3876 ~22.0048%)3 ~21.041167
0.740000 0.562534 ~11.17)627 1.997333 ~22.699374 IR
0.750000 0.502938 ~11.591%17 1.24792¢ -22.51419%
0.160000 2449
0.770000 0.427720 =12.376163 0.571209 -22.145207 10149597
Q.700000 _ __ 0.392104 =12,729950 02244040 _____=21,910T76 __ =17.32243] ———
0.790000 0.350016 -13.0R4%32 -0.073993 -21.779364 -16.5153%60
0.800000 00325303 _ =13,41009_ _ —0,3045%% =21.95970%3 =}9.729319%
0.010000 0.2940%2 -13. 717111 -0.6870%8 =21.417557 ~14.965102
02820000 02204283 _  -14,006248 ___ -0.90)el6 _ -20.230592 _ -14,223443
0.030000 0.236023 ~14,278227 ~1.268346 -21.081110 -13.505304
0,064000Q0 _ ___ 0,209209 __ —14,333062  -1,%47616___ _ -~20.803200 =12:8})1297 —_ -
0.850000 0.104101 -14,773081 ~1.810986 -20.711221 ~12.142079
0060000 _  __0,000077____ =]4,99000% ____ =2,003157 __ -20,339000__ _-]l.4%0680 — -
0.870000 0.130432 -15.208912 ~2.3309%¢ =20.%69033
D.880000 404096 [
0.890000 0.099136 -15.583084 ~2.031051 ~20.0356% ~9.728850
—_— 00900000 ____0,001912 _ -]5.747321 =2:0000819 =)9,087270% 9,)94712 - e
0.910000 0.066318 ~15.893091 -3.290167 ~19.7123%0 ~8.609320
0,920000 _ ____ 0,052360 ____ ~]6,019334 =3+506330 =19,5%4760 ~0,2130%0 - - -
0.930000 0.060047 ~16.324650 ~3.7132% =~19,400003 ~7. 768269
0.940000 0:029384 1€ 2200314 =3,909319 ~19.268446 =7.393270 —
0.950000 0.020372 ~16.262370 —4.094633 ~19.09987¢ -$.969259%
— e ....0,960000 _  _ _0.01301) =J0,2%73)_ ___ _=4,2067004__ -]0,954007 __ _ ~6.6)6508 _ _ e oo
0.970000 0.00730) ~16.289578 —4,428)68 ~10.813061 ~$.29350¢
— 0,980000 __0.003236 . _ =16,2%7442 -4.573702 _=}0.674861 --.00817 B
0.990000 0.00080% -16.1933%8 -4,70936% -10.%4031% -3.740637
1.000000 —0.000002 =16,09085%1] =4,829070 ~19,409532 =5:322019

L9



-1 odnwroﬁ

T TotfLECTION PanT AL YanNGENTIAL wabTar FanCENTYAC
ATNDING RENDING MEMARANE  MEMARANE
e - i SYRESS _STRESS
0.010000 . . .
. . 0.020000 __ __ 7.93%113_ 31.7°1029 51.853607 ___-20.063600 n-o.o3.~uo
0.030000 7.92%161 $1.607004 S1.740970 073073 -119.425308
) 0.040000 _7.911206 $]1.36353 9].608342 085679 __ ~119,351998_
0.030000 7.093331 $1.076261 $1.433752 +102303 <119.257701
——— _0.06000Q __ 7.071333)  5Q,733730 __ Sl.2378e2 _  -20.122273 __—lL9,1431200
0.070000 7.045850 50.411013 $1.025568 —26.164573) =119.005391
o 0.080000 _ __ _ 7.816311 $0.062030 50.803519 ___ -20.172633 -110.847273
0.090000 T.702943 49.716748 $0.577102 -20.202073 -118.667420
e el _.. 04100000 ___7.745780 49.38009] 30.350786 ~20.2363%0 =110.46%83)
0.110000 T.704849 49.0%8249 $0.126046 ~28.27299% -110.241606
Q2120000 H.pba—un 49,740%21 49,9039
0.130000 7.611803 5 47002¢ 49.600792 =26.353279
e . 0160000 __ ___7,959740 118212 69,466524 ___ =28.400063 ~117.432622
0.150000 7.504022 5 81479 49.240003 =20.400009 -117.119%29
— . 0.160000_ _ _ T.A48874 47.410%10 _49.00636] -20.499206___ -
0.170000 7.381733 «7.011927 48.751600 -20.85204% -
04100000 H.u-uwuu 46,54989) 49,470930 =28.607
0.190000 T.265216 %6.021326 %8.115369 ~20.06401% -115.594¢
e __ .. 0s200000__ T7.1NIN 49,420632 A7.062079. ~20.722772____-119.140220
0.210000 7.094833 48,7442%8 aT.476¢779 -20.783122 ~116.673919
e 0.220000 7.014583 47,073020 -20.0440%0 -114.170903%
0.230000 ©.9310%2 a3.171101 46.640202 ~20.907766 ~113.630798
042400090 Gafl64318  42,20000¢ _ Se.lT7]see  -20.971628 ___-113,07642¢
0.250000 6.756452 41.347423 *9.672182 ~29.036190 ~112.403233
... .. 0.260000 _____ 6.0661552_____40,36%68) ____ 43,145606 =29.101269 __ _-111.05001¢
0.270000 6.565708 39.351300 44,5933533 =29,168%10 -111.20113%
. 0s200000 ___ __6.467007__ 30.33332& _$4.025240 =29.231760 ___ —110.510643
0.290000 37.2506808 43.437650 ~29.296604 -109.70%99%
0300000 $.201826  36,191169 __ &2,83e094 ___ =29.361047 ___ =109.026310
0.310M00 6.156740 3811129 “©2.217922 -29,624%404 -100.23127%
. . ——  0.320000 _ _ 41.586%2% ~29.406092 ___ -107.39%47)
0.330000 40.939409 -29.547779 -106.530249
e .. _0.30000_______9%.020280 _____ 31.7%53287 _40.274270 =29.606916____-105.622044
0.3%0000 $,704334 30.567514 39.980157 ~29.664002 -106.676330
09.2369000 22506326 29,332]49 39.87JMe 29, T18704 ___ -10).4%92)
0.370000 S.466309 20.037720 38.139822 ~29.770123 =102.664107
—_—_——— . .. 0,300000___ 5.344627 20,6771 37371109 -29.819749 ____ -l0l.
0.390000 S.221163 25.245%0¢ 36.570046 ~29.003474 ~100.408020
e —— 0.,400000 3.096120_ ?23,741932 _ _ 3S.TININY___ -29.907902 ____ -99.33731¢
0.410000 4.96971 22.140788 34.0072408 ~29,.945779 -99.144422
ENQS[EEFFEE
0.430000 ©.713032 1R, 840260 33.03696) =30.009230 ~93,630777
e e 0.440000 _ ____ 4,583170 L7.10%8S___ 32,080670 __ _-30.033904 _ _-94,3090%0
0.450000 4,452482 15.97%738 31.10201% -30.0%3%11 -92,946200
e ___  0.,460000 __ _ 4.321137 ____ }3.5%50643 __ _ 30.10%273 <30.067776 ____ =91.54000%
0.470000 ..109292 ' 11.765292 29.09% 509 -30.076430 -90.091306
0.48000 $,037000 ' 9.977%99 . 20.07318  -30,07923L __ -99.600831
0 .490000 3.924762 ®. 199653 27.0644933 =30.074948 ~87.06A8 Y9
e .. 0.500000 3.792404___6.4349s1 26.010974 ____ _=30.066337 ____ ~03.49%093

AX JT9VYL

89



69

CIT I LE€9% L 22= 024090 ° 9= LEVT98~¢Z="  *+00000°0- — 0000001 T T
. ) o 09IElvl- esvive~22- SOLEYI -  sddlve g~ ¥21100°0 0000660
805590°0~ 1e8201°€2~ 290 105° 9=~ Uee k€2~ €35$900°0 000006°0
e e P T 11 Y8 AL I T o0 109626°9- 290101 ve~ 0€€010°0 00N0LA*0
" ~ 00vEL Y o~ VidEsvE2~ 059019°9- 2290450° 62~ 196210°0 0000Yvs°0
016042°01=  _ v02i9°€2~ L00S89°9- wyzZilt9e- 942620°0 0010560
19T 11= t2iste ey~ voo (I 9= — titictI2- S99i¥8%0 T 0000%°d T —
e . _ 6444€0°21- _  1£0200°¥2- 6£0050° 9~ 109%09° w2~ 2994$0°0 0000£6°0
olillo*cl~ 2sstel w2~ 099269~ OLCiu"6Z- = 096110°0 000026°0
R Y8 {1 T 296€0€° v2- Ovel9e®y- *0Lell® 16~ <11001%0 000016°0
e LMLELI°ET~ viewis  v2- (T E so0O52° 25~ 2%vs21°0 000006°0
v0L€62°91- 4S004L°92=  SS06L8°9~  92ewal°EE-_ 1019510 00004370
L06008°11="" sidsie-vZ= G1e0vL 9= TREfive€="T  cateeico T T 000098°0 ~ -
L96L8L°81- _ 11ESL1°S2- _ 1L0066°9~ _ $24408° vE- 208122°0 000018°0
s5s021°02~ C149L€° 62~ SeeveZo9— 08e€02° 56~ $20192°0 000099°0
_ _SSLNIS IZ- sl S 2~ 209908°%-  1116ds°nE~ 916€0€°0 000069°0
Liiisec 22~ 2te08L 52~ e0T66 v 5~ 1evioL  s6- 22505€°0 000099°0
Elucey w2~ ¥9Z2ue° 2= SLTOYe® - 1929v9°§€~ 69000%°0__  _ 000uE8°0
. w!.oom.ow- — Ziteetr92= 0N0 12> v 2o vy ok~ 949Cv°0 000028°0 -
P9%0LI°LL- _ 6920€°92~- _ W6S20°€~ _ _ SMEllcsE~ e18215°0 000019°0
1EtLvE a2~ 055006° 92~ SIce0t €~ 906 vd9° v~ 06€946°0 000003°0
099090°16~ _ 1S2944°92- __  (s0els°2~_  €29lel*wg~  Z096€9°0 000064°0
e0sL10° 26~ e25096° 92~ tez0cu° 1~ slces e~ ave80L"0 00008440
€99C19° vE- (I €94960° 1~ 09019e° 26~ L2210L°0 0000L4°0_
2T0ev e €=  12esvC i2- o008 T=  eleidl" Tt~ vovice-d 000094°0 -
TS0006°06~__ _«l9826°82-_  122119°0  _ 106$3°1€~  ollL€e"0 Q0uasL -0 _
996902° 00~ €€0L00°L 2~ tigeu2*1 099L44°06~ 10€070°1 0000%4°0
SUVNZ1°2y= _  B20090°12- __ S9IS20°Z ___ _ Ive0vetel- _ 9ev0L°1 VouoEL0 _
20us90° ¥y T 929ev0° @2~ s19090°2 T999€0° 62~ €99961°1 QoVoZL*0
2Z9620° 99~ _oote12 92~ SIESYL € €999v0° 92~ Ovi0e2Z°1 __ _ 00001L*0
$U0000°8v— Tere04692- TN 19009692 <ecvec 000004°0
e _s15686%60- 964229°92~ _ 0%2166°S ___ _ €WNiea*52~ av(9ge( 000069°0
) Lveuteis- 19w 99° 92~ 1995L8°® L292un°v2- 19L9ds°l 000039°0
_GLASL6"ES- _  1S9L00°82-  L05L106°L L sywiitez- 652969°1 000029°0
109€L6° 56~ 1si0ve v~ 9% L0E9° 0 dvwizvTi2- Lys200°1 00NgYe 0
211096° 46~ SYL$90° 62~ e6210L°8 S49LLU UL~ tevElecl 0000§9°0_
C0v9Se° o6 LTINS SEives 01 neciE Rl ©96920°7 000v9°0 -
- _ _. %usEe 1y- $96562° 62~ 19¢600° 11 L OyvewW 9l 6082%1°2 000069°0
410006°C9~ LITTYY LY 199€20°€1 o9Zedu vi- "°"eu92°2 00V029°0
. 962058°59-  8%545ev e~ 906LvItel  wev290°cl- _ l0o0lNE°2 000019°0
609004° 49~ 1€6v06° 62~ 1251L2°61 o9ty LI~ $€0€06°2 000009°0
9L 26089°69~ 29€9v9° 62~ 02LeNE® 9l ey e- 208929°2 000063°0
f10645°12~ 261002~ 09166% sl  tewwivii- velZsl 2 00009%°0 -
————— _ QlLeZv L=  wuy- . $20066°01 _ 4WEOINTN- S0s0L8°2 Q00045°0
04962 %2~ W0ES W yavoR9 el 262CE0° v 216900°¢ 0000950
. o 99€250°¢LL~ 209916° 05L664°02 022w 2 ¢~ 9109€1°€E 0010$$°0
[§3< 28 M TRY 190096 62~ [ 15124 M8 ¥4 SoCels* 0~ 150992°¢ 0000950
—_— R e e e ___Y0L0Y5° 08~ Zlutob 62~ L6L00N°22 99ZL02°1 16396€°¢ __ 00vots*d_ )
01E2°20~ 29€4 20706~ 122626°¢2 [YVYRL L] 962926°€ 000025°0

_—— 490€00°¢co- $02050°0¢~ WeZieve €26€09° (L3000 0 4 Youolso




PENDING

sTRESS

OFFLECTION — FIBTAL  VARCERYIIU — WIOTit  TARCENYTAU
BENDING _

NERPR ANE

STRESS

HIIIII

6.010000 -039260 =} -1%7.
0,020000Q o.ouuVoulll..bhpMuuoo:va.ooo =22.960230 ____ ~]132.31%032
0.030000 9.824012 a49.%%0020 49.530433 =132.257030
0.040000__ 9.010670 49,580682 49.%56%681 =22.976420 =132.1707%6
0.0%0000 9.793518 9.6270%% 49.597039 <22.908679 <132.070747
0+060000 9,772337 49,71021% 49,626103 =23,003772
0.070000 9. 747036 a9.940708 49.600134 =23.021779
0.000000 9.719094 30.026930 49.778423 =23.042001 =131.,650030
0.090000 .60659) 50.273407 49.099462 ~23.066920 131.469340
_ ___0.100000 __ _ 9.6%021s $0,500627 $0.05279) =23.0042%8 __ -131.260909
0.110000 .60992¢ 0 .942998 80.2375A1 -23.124931 ~131.03677S
05120000 9,565896 43052 =23.139983 ~130.793382
0.130000 9.51T7480 1.78946 C.6061%3 -23.
. . 0.,140000 _ _  9.46%9257 82.239134 30.936907 ~23.290359 __ -130.251078
0.150000 9.400967 $2.67R013 $1.193632 =23.203773 7 =129.932872
0160000 9.349%572 $3.002552 $1.446000 - uml.uuuuuu =129.636951
9.170000 9.200043 §3.429373 S1.003677 ~129.30375¢
0.100 3979 -120.953307
0.190000 9.142467 3.865T01 2.073373 = (1111)
o e . _0s200000 __ ___9.06%37¢ 53.921997 92.207584_ ~23.574318 =126.20102¢
0.210000 $3,055707 $2.292070 =23.645954 -127.790763
_ _0.220000 —- 53.662202 92.322263 =-23.722302 «127.370664
0.230000 §3.342002 82,293520 =23.003402 <126.940290

t’oSPIhEEurmn.w 1119 owm.mmm ®

0.2%50000 0.61727% 342440 2.069637 =23.879064 —126.00%721
R - e — .9.260000 _ $).8T3TI0___ =24.075149 __ -]295.507734
0.270000 91.62%546% -24.17%021 ~124.9977468
o 0.200000 _ 0.29% 97 50.0063%0 $1.320043 =20,279363___ ~124.4445080 _
0.290000 9.186107 49,1710R2 $0.994127 =24.307990 -123.076621
04300000 8,00879% 40,]0720]1 30,393900 =24,500730 =123.202923
0.310000 T.947057 47.13536 $0.164504 =24,617324 -122.660498
0.320000 T7.023307 ___86,01%380 _69,690822 =26.737950% «}22.000004
0.330000 7.69%%09 44,024060 49,172607 =24 ,0609%) =121.32%A80
o 0.340000 7564322 _  _43,.%%5407 _60.809030 =24.907330 __ ~120.800400
0.3%50000 T.4299%) 42.202901 47.999019 ~25.11629% ~119.0%64 00
Q.360000___ __ _T.792333 40, 739569 8 7,240370 _ -23.24739¢ ___ -119.0667]35
0370000 7T.1521023 39.219683 46.679433 -29.300224 ~110.2373%69
0.380000 7.009074  __ 37500319 _ _ 43.065T37 __ =25.%54334 ___ =)17.3564304
0.390000 00063362 35.041313 45.040907 ~25.049247 ~116.452138
. 0.400000 . 6715185 _ 34,0065TS__ __ AAL1TOTIS _  ~23.704406 __~115.49227¢
0.410000 6.504090 32.0r4216 43,200%10 ~25.91960% =114 ,40%166
9420000 6432121 —D0,00%60] _  42,294780 __ -26.033703 __ -]1]3.420073
0.430000 6.2576%5 26.0259% 41.207409 -26.106823 =112.321917
I - .. 0.440000 6.100606 _ _ 2%.922114 40.264130 =20.31006% _ -111.162636
0.450000 $.943752 23,7919 3e.1712M =26.846970 «109.949749
— . 0.4060000 S.T0ATI® 21.853013 __ _30.075286_ __ ~26.3572900 ___ ~100.4020%4
0.470000 5.624%%7 19.5200%0 36.962217 «26.69%56% ~107.35041)
.40 e De%062465  17,400087  33,837437 _  -26.014176 __ -103.970174
0.490000 $.301646 1%.32%60 34,705204 -26.928288 o_%l.u::uu
—_— e . ~. 0.500000 _5.139289 13271906 _33,560536__ __ =2T7.037370___ =103.04%61

IAX 3TVl

oL



71

U (70 {1 S 11 4 ey 17O T L

—_—— _ L. SeceYLca-  T260L1°€2- SLYvE° L1~ €Le%2L°0Y 810200°0 000066°0
— - LLOSLY 0~ se00€C°C2- ao~o~o.= T 2elveZ* I~ $21900°0 " 0O0N0es°D

_ L02969° ¢ 981606°€ 2~ oestve il- $19000° 29— $6€010°0 0000L6°0

002008°01-"  008%99°C 2= B8O 1= $61990° 2% T042¢0°0 — 000004°0
009%66° 11~ 006299°€2- 06021°11- Yy9918° €9 £¥L150°0 000056°0
cvos 2°Ci- [ [

—_— 8L2v9° o1~ STVRIT 92~ To690L°01~ 22204 5w~ 960201°0 0070€6°0
009v60° 91~ L0095 92~ GMNeES 0T seoL0L*9v=  B2vETPTT  000026°0
2LEOEP LT~ 204265" 92~ €80922°01~ 106£05° L9~ L9L221°0 ©00016°0

- Sisdodtel- tleos®vi- YL 2650~ $02c T — THWIZ'T B00004°D

9€€ v6° 02~ MONOOOnQNI 06v689° 46—

(Rl M A od

000068°0

460292°¢
v

€1109¢° 92~ !l.mwn.:c 0S4 9$€° 8- 90LOVY° 09~ MEL1LE°0 000048°0
To6Cav°92- 160008°6 2= T62269°T=  Vuceic v W2BEEe"F D00
2EO2SY° 02~ CEL6L9° 62~ SESYI0° 9~ COZv20° LY #61106°0 SOLUSe*0
Cvilev* ot~ BLOLIETY-  Wedes T~ 1825 X L 115304 V000VE™T
194006° 26~ 990910° 92~ 16€$90° - nﬂ.ao.o? $960$9°0 0000¢9° 0
¥, -
491066 9%~ O126EE" 92~ 010680°¢~ c—no_o.nf 962020°0 ©000019°0
FZ{{1) B3 PeZeodv 9z O0v1e96°T=  CLleZTIvw  &vO21E™0 0005046*0
SOIIEY" Iy~ €96029° 92~ 00CS18° 0~ SEILIL VY- 92€000°1 000064 °0
eci* o $00991°92- IR 2*T Em«ﬁlﬁlﬂaj 00080

209.L68°92~ 000044°0

966020° 42~ 0
498424°08~ 4L26€1°2 2~ 990609°€ 199629° 96~ £069€9° 1 0000640
Thoicl®ce- OColoZ L E= 0691y 640890°CE~  dLtess’lU 000 0% ™D
$LEOES SS- sELOEC L2~ SSLYLO S €oplev 16~ co26L9°1 0000%4°0
oo de®it~ TSt iy U ) £ 7 U T4{{ 7Y T
219502°09- 89$806°L 2~ av2eLlce SY6262° 82~ 202026°1 000014°0
406259% 89~ (S ITY U S R T3 ¢ 155 S & A LTS S 1 1 T ik . T L 1A )
949400°£9- 0Z00Y9°4 2~ 990295°01 099220° 92~ Tvovel2 000069°0
PeosoE L9 Pecied*12- 002051711 Closioie- $5626€°T  000009%0
26LE99° 69~ 290E€L L2~ €s29206°21 0c0C1° 12~ 08ECLY 2 000049°0
$OL8e° VI= ({33 04 ¢ ammmmit {<1 ) ¢ 4C) SEEEENE T 773 b3 CHNE {13 L ot Summ—T 1110 ]

CPVETT i~ 0v0L8L L2~ ~°~4h0'n- n.OOO- 41~ 131694°2 000069° 0

[ v oi- [ 120
22€659° 04~ 200200° L 2~ no.!.loe.._ o.-:.e.n.a $€9290°€ 0000€9°0
*%6220°08- Yesool®1 3= BlosiZ%eU  Sislie0l=—  RITT o000 *d
005996° 20~ 9"yeLLo L2~ 2494€$°02 YIv990° 8- SLOGIEE 000019°0
V2EiT0°S= B i0I*IT=  SR2eBL"TT  SI0eSL%  SITIZX"C  BOOGOS°D
e1€90°L8~ eESLIL L2~ e9EL20°€2 008169° - L26€89°€ 000066°0
MM v [114d )
290066°06~ _€L0029°42- 205659° 62 $49519°0~ 000£00°Y 0000£$°0
12400026~ CoLess L= 9sesv9* 9T Swmriec®i ¥oive1®s 000095°0
OZollL vo~ ¥69069° L2~ 262020°L2 09WSE°E €9082€°Y 00006$°0
« diotev*9e- [ TYTs L ¥ 25 $90906° 92 J20€2¢°% ({21 [T 00009540
§Y0S12°6e 1962€°4 2~ 1900€1°0¢€ 810992° p 620059°Y 0000£5°0
LSV oo se€Z Le- S50 ow0Ze*0
e e i st 101 £66091° L2~ 909029° 2¢€ .n::.: TLCOLG°Y o0VoLE 0

79




72

TABLE XVII

POROT I~ TRV MWHYEE - oI iy - BT SO0

$Z1600°011- 9°01042°6 SYS Y ES Y¥9900° 0% 6LL099%6 000069° 0
I = (3
TLve0L 611~ 26€098°§ 209605 °v§ €04629° 1% 925122°01 0000Lv*0
926506°021- 26295T°¥ —  IELGCI®VE  WRMAITIT  STUNIR°BT 58005 D
29694 2°121~ 208€9° 9 SYE v96° ve 2N4L06°26 184999°01 ©0005%°0
P10 221- (YN 4084 ) L0 LT TRHI'TC [ A2 01 0d ) SRS 11204 ]
0 02€L°221~ 161200°9 6L16€2°5% 1E19E1°ES 6L1990°T1 0000€%°0
[<{32{ad 148 A (44144 THLITC . Wt MRIZTT — SoOors v
elviot w21~ zos11S L 9LEEOVES L06996°C§ 92660911 00001 +°0
L2t [IA24 8 WRITIT TORZV' LT L2480 {0 1] PORITIT SO0 O0V'D
0LOGSE" 621~ 209210° 0 €Y06LL°SS 2EE9Z1° 9§ 929952°11 00006£°0
12132 { M 248 TLSTTLY BLITR LT TZOEER ST SZOSZETT  U00Ouc™U
TyveEe 92i~ 169809° 0 1SI911°9§ 0Zs224°v§ $12L00°21 0000L€°0
[ 22 {2of 4 CHENNES + {18 {0; SENNNNNN 17 Y od ] SNENNNN 7 7{3 041 SENNNNNNY + (112 o4 4 GEENNNN | .1 4 ]
oliviec L2t~ 92650v6° 9 £09099°9¢ ¥9oluB" 86 9 1109°21 00006€°0
YZLELTUTN=" SLLIST"E LR W2O°WT — BOEIOT ST CCIITT 2T BODOM"D
10€426°021- ¥9069€°6 YEYVOL VG *5£0000° 96 ©86L69° 21 0000¢€°0
(481424 %483 TWHSIC™T (1428 ] A 14 L1242 &f 81 TVRMET"ZT 000 0ZX"0
206v90° 621~ €S0ELL"6 €E21€6°96 ZvevCY LS ZICLLe 21 000016°0
111026°0€1~ e42951°01 SYVZE6° 9§ TiLe19°48 T160€2°€1 000062°0
2212 44148 ({01414 ) g BEISI 9  BTOITE IT  GLOESE"tT 5000w~
€0s264°1€1~ $91605°01 92600L°96 Lo96€E°L$ €0L209° €1 000042°0
ECLE6T°2CT- L {3478 0 ) — TV IWEIE T CRIEROTIR -  SSEIATVTY . UUoDAYYD
€0€696°2€1~ 4214£8°01 9005L5°96 0v995L°96 881802°€1 000052°0
() (173418 TS0 OY 12249824 / S {<4 (424 ] SRR 6 246 bd 4 SN L1 1244
Tyel2E°CCl- SLILET 1T 00LS6E° 96 10LLE1° 9§ SOELTL €L 0000€2°0
TEtOLF°CTT-— WWITIT SR IC Ca0b0e s SIZTOvsT 0000 2Z"0
610900° vE 1~ ¥ 160911 €099€C 9§ ©220LL° 66 TeL901°91 0000120
TR62EE T~ BUNOCE Y IH20E™¥C  WULINI"ST CIOWET ST U0OdUZT"0
£90699°¥E 1~ 290959°11 FVLEEY S ©0L020°$6 2400€02° ot 000061°0
[ {TT 348 7731700 4 SRR .} { {44 SN [ 1<7{ 0L - 54 4<) Summmm— 1) ) 4 ]
196092° €1~ 1eL€40°11 209699°9¢ €O00IE€° 9§ €51099° o1 0000L1°0
TowOtC SET= INO0C1&°YY SOAVLI*IT  SLACo<T"9C WQLZIT™/T  DOOOSt™D
CECLOL SEL~ 1€6020°21 £0€100°9¢ €68920°4% 110095°o1 000061 °0
[119X7.0 (4 G TELTHTI°TY b0 2475 IS ) { {1 14 £ 1 [ L 2{12 Md) ¢ (11 1) ad )
024842°9€1- 2244 92°21 -Av0L466°9€ 122449°48 86220L°%1 0000€1*0
L 0T Chd 4 O L T 1t 4 SRR {T 7Y % J SEN < { {71 A SN ¢ YL 7040 S 1114 8 ]
06Y8L9° 91~ S0550v° 21 2561 00° 96 99€EI6° LS 194908°%1 000011°0
1Tsvve* o= [{ZI¥X04 4 6601793 02904 1C \L12{{ b7 80000177
29LL06° %1~ €00v95°21 Z11006°9¢ SIvlIL*LS 992€68° 1 000060°0
Te200t*ITT- Y vs09° TV L4t { t44d 11 (-1t {1 [3d %1 PE13246°%Y B00080°0
*82402°2€1~ *06199°21 $26506°§E 199996° 9% 2LO196° 91 0000£0°0
It = > (3]
9LYEYE LEL~ t12vse 2t S09C12°%S 909269° §$ €€8210°51 000050°0
109ve€ 1€~ P1¢0ei™2( 062800°vS 2969t ®cd SALITO'CYT  BO00+0'D
¥90029°461- ¥56818°21 0vE009° v§ 60LE60° S 90 v990°61 0000€0°0
0 I0ev aTl=- £0LaCH™IT — set2ef® T Cols2i® 8  THITOIT — 000020°0
995299°4€1~ 292260°21 o10552°9¢ 906042° %S ¥22690°61 000010°0
L3 ET7Y 53w’
INVIRNIN T T INVEeNIN ~ SnIoNI0 SNTGONIS

IVEANIONYL IviQvy AVEANIOINYL Avigvy NO11)3V430




0.510000

9.43%176 aT.647120 §2.900098 4,670404 ~116.166040

0,520000 9.2]17087 46.1992%8 $2.324088 4.361010 ~119.188469

Y 0.995638 44 ,60991 S1.60400 4.040109  -1i4.172918

9.77100) 42,90429% 30,900363 3.732352 ~113.117223

0.543327 41.112140 50.245%461 3.413802 ~-112.,022111

9.312782 39.260937 49.463663 3.0020% ~110.00%509%

8.079%64 37.372013 48.049926 2.7690%9 -109.70712%

72843833 35.456849 47,008243 2:64%16]) ~108,4083329

7.605791 33.51%477 “5.93%81 2.119138 <107.211546

Ts303010 31,32541¢ 46,000462¢ 1.792219 =109 ,007989

7.123479 29.491900 45.103866 1.464877 ~104.500168

$,079%9% 27,350%00 44,119363 1.1376%8 ~103,067308

$.634172 29.06%421 43.07339¢ 0.011148 ~101.56012¢

74 2,603407 41,95168 488 -99.901349

.139540 19.90085¢ 40.738723 0.162936 -99.32%061

9.09084]) 16,967%2 39,4209]19 =0.,1357316 ~9¢,30809

S.64157 13.691514 37.987312 ~0.473949 -94,766513

9,39200) 10.12%001 36.4306%4 —0.786167 -92,09531}

$.142633 6.2904%0 34.748338 ~1.093104 —-%0.033063

EBu 4,89361) 2500189 750349

0.710000 4.645572 =2.351042 31.02108% -1.608100 86,5314

—.— - 04720000 .o.u.....»l'&&.i5[_.303[—.,353 e 04,209507

0.730000 4.193650 -11.0304%6 20.877120 -2.292%00 ~81.91639¢

04740000 3,v10738 ~16.774278 24,605009 =2521304 ~T9,451076

0.750000 3.670491 -21.76251 22.434009 «2.780463 -70.89729%

o - - * =74,293724

0.770000 3.199868 -31.0%5%871 17.807068 =3.266571 “Ti1.822177

0780000 22970449 -38.009323 _ 19.4476070 =3.,492342 —40.703762

0.790000 2.745%901 ~41.860038 13.080070 ~3.7035009 ~65.799137

0000000 2.925TTQ -0, 072714 ____ 10.639233 ~3,906362 ~62.809310

0.010000 2.311451 -51.921%14 0.17%148 ~4.,093459 -59,736514

0.020000  2,103098 _ __ -57.003612 _____ 2.022099 =6,206342 =26.382384

0.930000 1.901209 —$2.3%1%8 3.05059% —4.42516% ~53.3510%0
04840000 1.700272 “ST.007649 ______ 0.300000 —4,360021 =50.04813%. —

0.0%0000 1.518810 ~73.509343 -2.42597 -4.697150 ~46.601%19
02000000 1,339354____ -79,609%04 ______ -5.33T746b —4,80990Q ~43.2610%9 -

0.870000 1.168672 -05.914392 ~0.369%00 -4.906004 -39,002090

D.000000 ______ 1.000760  -92,601199 =21.316730 —4,980]13 =242321258

0.090000 0.8%4823 -99,.2%4961 ~16.76398% -$.053778 -32.037026

0.700000Q aT1IT ___ ~1062146026_ _____ -10.004639 =9:10423% ~29.37207Q

0.910000 0.502082 -113.035978 =21.44180% =5,140002 ~23.9%53902
0.920000 0et@A ISl __ =119.,T73720  =26,70Q779____ -95.]62148 _  -22,60713% . —_—— ——

0.930000 0.357765 ~126.109498 ~20.070793 ~S.171473 -19.360311

0.240000 D.266323 =132,099064 ~31.221108 -3,169333 —18.261232

0.9%0000 0.184354 ~137.31919¢ ~34.197297 ~5.15720% ~13.276614

0.960000Q 0118243 =160a0000T]  -26,9%10166  -5,136720 _ -10,49092%

0.970000 0.066678 -1604,993132 -39,.333261 ~$,109697 ~7.908778
0960000 _ 0029628 =16T7,15969 41,3964 ___ -3,07790Q _ =5.530490 ————

0.990000 0.007392 ~140,077292 —43.0608%9 -9,043%32 ~3.401%62

La000000 =

€L



74

TABLE XVIII

«000034 1 5 12 «,C000958 2 2

082111 i 1 1 -+00002¢ b 5 13 «000372 2 2
0024521 1 1 2 « 000018 1 b l4 -«00C186 e 2
=+C0l064 1 1 3 -.00C014 1 5 15 «060107 2 2
«0C( 564 1 1 ) +017663 1 ] 6 -+ 00C007 2 2
=+ 000240 1 1 5 «0006616 i 6 7 ¢ 000045 2 e
ewvC 125 1 1 ] -+ G00577 1l ° 8 =.000031 2 ra
- 00CUT2 1 1 7 «000230 1 6 9 « 000023 2 2
¢« 00G045 1 1 3 -.00C118 1 6 10 ~+000017 2 2
=+000030 1 1l 9 «00€070 1 6 11 « 000013 2 2
«G000G21 1 1 10 =+ 000045 1 (-} 12 «+CCOC10 2 2
=+060015 1 i 11 « 000031 1 € i3 0027917 2 3
« 300011 1 1 12 -+ 000022 i 6 14 «02495¢ 4 3
=e+CQUCH l 1 13 W L0COL7? 1 6 15 +008550 2 3
«00C300 1l 1 le V1236 1 7 7 = 0CCTTV 2 3
=.000905 1 1 15 002765 1 7 8 +000312 2 3
« 040220 1 2 2 -.000508 1 7 9 -+ 000162 2 3
0016629 1 2 3 «000204 1 7 10 + 000096 P2 3
-¢001235 1 2 4 =.000106 1 7 11 =+000061 2 3
e0(Ces2 1 2 5 « 0000064 1 7 a2 e 0CG062 2 3
=+C0C2CH 1 2 6 =« 000041 1 7 13 -+000030 2 3
«000114 1 2 7 «000029 1 7 14 «000022 2 3
=+0C0069 1 2 6 -.000021 1 7 15 =+ 000017 2 3
¢ 000045 1 2 9 13395 1 8 8 +000013 2 3
=«0GC03J 1 2 10 «002108 1 8 9 « 021699 2 “
«Q0CG22 1 2 i1 -e0CC454 1 8 10 +019854 2 “
=+00C016 1 4 12 «00C1l8¢ i e 41 + 000519 é 4
«0C0012 1 4 13 =-,00C096 i & 12 =+000LA] 2 4
=.000009 1 2 14 « 000058 1 & 13 « 0002060 2 “
« 006007 1 2 15 -+000038 1 & 14 =+00Cl4] 4 4
«033739 1 3 3 « 0000260 1l & 15 «JU008% 2 4
2011842 1 3 4 «011650 1 9 9 =+ 000056 2 4
=e00( 966 1 3 5 «0045680 i 9 10 +«00C038 2 4
e 000C362 l 3 (3 = 000410 1 9 11 =e00C028 2 4
=.000177 i 3 7 s JUCLET 1 9 12 +000cC2!) 2 4
«00C100 i 3 6 =+000068 l 9 13 =¢000010 Z 4
=¢00C 062 1 3 9 +«660C53 1 9 14 «016056 2 o
e 0uC06]) 1 3 10 =+000035 1 G 15 e0le«bo 2 s
=«000029 1 3 i1 «01C787 1 1C 10 «005811 2 5
0060021 1 3 12 e CC4L160 1 10 il =s00C54b 2 5
=«G00C15 1 3 43 -e 000374 1 ic 12 « 060232 4 5
« 020012 1 3 14 «00C153 1 ic 13 =+000125 2 S
=+0GuU009 1 3 15 -+000081 i 10 14 «000076 2 5
025901 i 4 4 «C00043 1 10 15 =+000050 2 H
« 006377 1 o 5 « 009829 1 11 il «000035 rd 5
=+.000790 i 4 6 «0C3807 1 11 12 -+000026 2 5
« 000304 i 4 7 =ew00344 i 11 13 «0V0019 2 5
=«000153 1 4 o «0C0141 1 il le «012282 2 6
«C0C0BB 1 4 9 ~+000075 1 11 15 «014058 2 6
=+000056 1 L] 10 + 009028 l 12 12 +005009 2 3
«0C0037 1 4 11 +003504 1 12 13 «¢00C479 2 6
-¢000026 1 4 12 -+000310 1 12 14 +000205 2 6
«0C0019 1 4 13 « 000131 1 12 15 -+000112 2 6
=e 000014 1 “ 1e «008347 1 i3 13 « 600069 2 6
0006011 i L 45 « 003254 i 13 14 =+0G00406 2 ]
2021006 1 5 5 -e0C0296 1 a3 15 « 000032 2 ¢
«007759 1 5 6 « 007702 1 14 14 =+¢000024 2 6
=« 00C667 1 5 7 +003033 1 14 i5 «013235 2 7
+ 000262 1 5 8 2007254 b 15 15 0012262 2 7
-+000133 1 5 9 «036835 2 2 2 ¢ 004401 2 4
e LouC78 1 5 10 «033373 2 2 3 =e000425 2 7
=«000050 i 5 1l 011177 2 2 4 « 000183 2 7



«.000101
+000C 63
=+000042
«000030
e0110665
0010371
«003925
=-+000362
«00C166
-+000092
+ 000058
=+0000139
010425
« 0367062
«003562
-+000346
«000152
-,30C03¢
000053
0009422
« 008859
« 003227
=-.C0C317
+000139
~4900C78
2 0CEH94
«00b108
«0C2963
-¢G00292
+ 000129
« 0070599
« 007474
¢ 002739
=¢000271
«CGUT300
¢ 006932

e 002547

00798
2 00064E3
«006355
028093
eC227F1
«019339
e 006084
=e000629
«0C0265
-e000142
«000086
- 200057
+0C0039
=-+,0CC029
«000C21
=e 000U LG
0022752
0018826
« 0157135
¢ 005490
-,000531
« 000229
-+000125
«000Q78
-+000052

W WOLWLWWWWWLWWLBWLLLWWWLBLWWWWNINNNNAANRNNENNNNNODAOANNDNNNNANNMNNNNNNNBRDNNNIDNNNNDNNONNDN

QO OVLOOOT PO E NNw~N

L 0 B O I B R R PO TUR T TY R TR T T T P TUR TR T

« 000037
-, 000027
« 000020
«018893
«015721
e013251
« 0040661
~e00C 458
+000201
-+000112
« 000070
=.0C00047
+ 000034
=, 000025
«016069
«013531
« 011440
«004051
e 000403
« 000179
-e0C0101
« 000064
«+000G43
+«000031
eV136G34
«011661
0010062
«003582
=+03C 360
«00C 161
-¢00C091
« 000058
= 000040
0012355
«01G551)
« 0068960
«003211
-e¢00C325
«00C 147
«e000CE4
«C00C54
«011060
e 009497
«008107
«002610
-+00C290
«00C134
'0000017
«G1C007
«00t033
+ 007389
«002661
-+ 000272
«00012¢
«00913%
«C07911
« 006787
« 002451
-+ 000251
« 008402
« 007300
« 006276

WO WWWLWWWWLWWWWLWLOLWWWWWWLWRLWWRWWWLLWEWRWLWEWWWWWRWWLRWLWWLWWLWRRWWLW WL WL WWWW

T OV OO OO TETRCTDROEROCT NNNNNNNNNCOCCOCOOCOCOCOOCVVOVMIOPVLVLOEVVBRELSS

P b ot s G et B G B B s e =
NN~ =~ C0O000C

« 002272
«007777
«000776
« 0058136
«007238
« 006321
« 0006766
¢ 020176
«019233
«015709
+013G00
2004559
-,000452
«G0C20C
-400G112
« 006070
=¢00C048
« 0000134
-o 000025
«017301
«01€4900
0013443
«C11670
«003903
=e00C393
e 000477
-400C100
«000ub4
=-e00G044
«000032
2014966
0014218
«011713
« 006637
«003414
=e000348
«00L 158
-+000091
«00C058
=+¢000040
«013120
« 012518
¢0103562
+ 008533
«003035
-,000312
«000143
-+0006083
« 000054
0011662
«011167
«009284
« 007656
+ 002732
-¢000283
« 000131
=+000076
+010480
«016072
« 006405
0006542
« 002485

S L L PP LIS LED LD L DL LT L L P LI ELELDPD 2L P LIPS TSIV WW

75

VOO OODOTDETOEOENNNNNNNNNOTCOCOCCCOOCCOOC VUV VUMMV VOROVL S ST Lsdrsrsrr



=+000258 4 9 16 « 009718 5 9 19 2009021
«C00120 L} 9 15 « 009005 5 9 11 + 006166
« 009508 4 1C 10 « 007478 5 9 12 « 007520
« 005168 4 10 11 « 0006081 5 9 13 « 006180
« 007675 4 10 12 «002176 5 9 164 « 004984
«L0635%50 L] 10 43 -+000230 5 9 15 0028566
« 002279 4 10 14 ¢ 0096064 5 10 a0 «00e309
-.00(2386 L] 10 15 « 008673 5 10 11 «0G7540
« 008697 4 11 11 « 008292 5 10 12 « 008651
+00b411) L} 11 12 + 006856 H 10 13 « 005721
«027C61 4 11 13 «005580 5 10 14 «007919
« 005051 4 11 14 « 902001 5 10 15 « 007698
«CU2105 4 11 15 2008873 5 i1 il « 007000
«CCECL] 4 12 i2 0 C0B152 5 11 12 0 0006461
«CI7767 L 12 13 « 007036 5 11 13 « V07359
¢ 006537 4 12 lé «CJ06328 5 11 14 « 007167
«0CS425 4 12 15 +CCH155 5 11 15 «0CE530
e007423 4 13 13 « 008184 5 i2 i2 « 006871}
«0C7214 4 13 14 « 007546 5 12 13 «00£703
« 0006085 4 13 15 «007078 2 12 14 2 U004G4]
«00e915 LY 16 14 «00587> 5 12 1% 0012248
V00734 4 ie 15 «V07591 5 13 13 «011376
«COG4GT7) L] 15 15 «00701¢ 5 13 lé «01C387
2017041 5 5 5 « 006594 S i3 15 «009768
0015254 5 5 'y « 007077 5 16 14 «008949
«0l4238 5 5 7 « 006558 5 ib 15 «0073184
e0lloed 5 5 8 0008627 5 15 1 05887
« 009505 5 ] 9 e13850 [} ] ° « 002302
«0033¢2 5 5 10 «013395 o [} 7 -o000223
=+00C344 5 5 11 «012015 [ 6 8 «Cl11%0
«00C157 5 & 12 «011087 -} [} 9 «01037¢
~+000G90 1] 5 i3 «C05069 6 [ 10 ¢ 006907
« 000058 5 % lé4 «007339 [} 6 11 «006363
=+000041 5 5 1% « 002610 6 [ 12 « 008131
«0l4e906l 5 [ [ -.000273 -] ¢ 13 «0V0651
0013447 5 ® 7 0 G0C127 ] [} 14 0005364
«012503 5 [y [ -+000075 [} [ 15 «001910
« 0102406 5 6 Q 0012464 6 7 7 910177
2U0E330 5 Iy 10 «012018 6 7 8 © 009494
« 002956 5 ] 11 «010790 6 7 9 « 009065
-+ 00C300 5 'y 12 « 009931} 6 7 10 + 008146
«00C1lel 5 [ 13 «008127 6 7 11 0007445
-+ 000062 5 [} le « 006561 -] 7 12 «0U6V93
+00C054 5 [} 15 «002339 [} 7 13 «0064889
«013228 5 7 7 ~e 0002406 [ 7 le «009333
«0116954 5 7 8 « 000116 6 7 i5 +008731
«011115 5 7 9 «Cl1243 [} ] 8 + 008342
« 009124 5 7 10 «010841 [} 8 9 «007509
0007415 H 7 11 2006762 6 [] 10 « 00066862
0 G02639 5 7 12 + 008980 6 8 11 sOusn2l
-¢00C27 5 7 13 «007358 6 8 12 »006002
«00G128 5 7 lé «0CH5934 6 8 13 « 008070
=-+¢000075 5 7 15 +002120 6 8 14 + 007718
«011812 5 8 8 -.006225 6 8 15 + 006959
«010730 5 8 9 «010202 (-} 9 9 «006361
« 00999} 5 8 10 «009855 6 9 10 « 007969
«0GB221 5 ] 11 «006898 6 9 11 « 0074695
« 006682 5 ] 12 «00b188 6 9 12 «007177
« 002385 5 ] 13 «006719 6 9 13 « 006680
-+¢000250 5 ] lé 2005417 ] 9 16 «007417
« 000117 5 8 15 «001939 6 S 15 «006992
+010650 5 9 9 + 009319 ] 10 10 «006703

— b s P
ococoo©

-~
[y

[oyeye
[oyeye

-
WwwproNNN

e
verw

OO O LCOD OOV PMEXGETO Vol N~

NNNSNNNNNNNNNNNNNNNNNNSNNNNNNNNNNNNNSNNNSNNNNY000000000000C00C0CC0OCO0
[ Y o o L L o
WWNRONANREFHEFEQOOO OO0

-
w



« 006933
« 006549
00065060
«010543
« 0102606
0009541
+006C7e
+OUE 139
+ 007419
« 006065
«CJ6859
« 0097206
+ 006453
V06792
+ 008347
« 007468
« 0006410
2005572
«0CB8982
«CUET729
« 008130
UCT7T718
¢ 3006927
+0UE301
«00&319
+ 006092
0007549
«GGT165
e COLG39
0037734
«007532
« 007038
«0CH0684
+007218
«007C38
U0b587
«COb761
« 006601
« 006354
+ 0095865
¢ 009054«
«00ET765
« 008146
2007712
« 006915
«006281
+00€e808
«00€420
« 006140
e 0075067
«007155
«0CH4LG
« 006266
« 007845
« 007581
« 007053
« 0066060
« 007710

« 007328

«G07084
« 036598
«007212

VOOV O OOELCIOIOV O LCOV IOV O OVOVOIOVOCOOVLCTWOELAROTTRALMWATAEAET DD LD SNDPREECTOTADEATERETBEE®A I~

e g
CO0COCCIOOIVIOIOVILTATETD DO

[N SN N e
R T Y S R SR o)

-
,0ww

-
VOLCOOC OvwSs

[l el et el sdet ot et el el od rdadd g
WNNNNEREE OO0 O00O0

14
15
15

10
11
12
13
14
15

10
11
12
13
lé
15
10
11
12
13
lé
15
11
12
i3
a6
1>
12
13

15
13
14
19
16
15
15

10
il
12
13
16
15
10
11
12
13
14
15
11
12
13
le
15
12
13
16
15
13

« 006867
+ 0006462
« 00617067
«00C454
2006369
«00E506
«008320
«007677
« 007595
«007057
«0006660
2« 007970
«OUTT80
07374
« 007132
« 0006599
« 007471
«007296
« 006917
« 00t 659
007014
2 0G6853
¢ 00650«
+ 0066060
e 006453
« 006220
« 007846
«0C7514
«007322
«00¢931
« 006663
«007349
«+007C78
e 006590
0 GG0524
« 006961
« 006674
« 006495
« 0065606
+0063C3
« 000206
« 007128
¢ 006993
« 006696
« 006507
« 006750
«CO06616
2000337
« 0006302
« 006264
+006059
« 006654
« 006420
« 006282
« 006323
0006102
«006010
« 006134
« 006032
«005853
« 005776

O O%wOow

10
10

10
10
10
10
10
10
19
10
a0
10
10
10
10
12
40
10
1w
10
1l
al

-

11

h ]
-

11
il
11
1l
il
11
11
11
1l
a1
L2
12
12
12
12
12
a2
12
12
12
13
13
13
13
43
14
14
14
15

77



o ————— e e

TABLE XIX

r-
€ LA*odoJ{l)eede)(2)0e2sK(2)0020AleMl » 3-La;-‘t.(1)0-4-J(2)o-2'K(2)-'2'
Al o 20LAeeqo (1)ee3r)(2)en3eK(1)0X(2)0A2 o LACeZaJ(1)we5uJ(2)0n2eK(1)e
K(2)0e2vilee2 o _Ave2¢J){1)eadnJ(2)eaIeX(L)ee2eX(Z)epAt0A2

2eLA*e20 (1) 0a3ej(2)0K(1)oK(2)eALlee29T(1,1,2) ¢ ZeLAve2ej(1)eeIej(2)n
K(L)*K(2)0AeaA2eT(1,2,2) o 2eLAee2eJ(1)0e3eJ(2)eK(1)eK(2)0AL0A2e
T02,1,2) ¢ 20 h0020){1)ee30)(2)eK(1)0K(2)0A29e267(2,2,2) =

29LA%e20 (1) ve20)(2)002eK(1)en20ALeA2eT(1,2,1)0ML o 2¢LA0*20)(])ee2e
JU2)*020K(1)0a20h10A29T(1,2,1) o 20LA®020 (100920 ,(2)0e2eK(1)ee20A200e20
T02,2,1)0MJ o 20 _pee20 (1) wea2nJ(2)ow20K(1)0e2eh2¢02e7(2,2,)1)

SeLAve2e (1)e020)(2)ve20K(2)on20Alee29T(1,1,1)8ML ¢ SelAew2e j(1)ee2e¢
JU2)2e2eK(2)sn2ed10e2¢T(1,1,1) o LAROZ20J(1)e920)(2)we2eK(2)002¢0A0A2¢
T(L,2,1)%h) ¢ 3o _aveel(l)weleJ(2)0e2¢K(2)0e20A10A2eT(1,29)]1)

3eLA®e20 (1) ve20)(2) 020K (2)an2ehl®A20T(2,1,1)0ML o SwlAve2e j(1)0e2e
JI2)0020K(2)0e20h 1 0A20T(2,1,1) » LAW®29J(1)992¢J(2)ee2eK(2)we20A2we2e
Y(2,2,11%%) ¢ 30 A9920)(1)0e20)(2)9429K(2)ws2042002¢7(2,2/1) »

400ePe (1) 0e3eJ(2)0e2eK(1l)eK(2)0e2oMU ¢ 800ePoy(l)neIn){2)ve2eK(])w
K(2)%e2 o J(1)0e0ée0J(2)002eK(1)wadeK(2)veaploNl ¢ J(1)evdw j(2)ne2s
K(1)ovdeK(2)ee2ed) o J(l)wedo j(2)0K(l)ne2eK(2)0A2eea3eT(,1,2)
JUL)eedeJ[(2) oK (1) e2oK(2)wAlee2ed2¢T(1,2,2) » J(1)eodeJ(2)eK(1)we2eK(2)e
Alee20A2eT(2,1,2) o J(1)vede (2)eK(1)0e2eX(2)0h10A2002eT(2,2,2) =
J(1)ee3e (270020 (1) 0K (2)0v2eAl0030T(1,1,1) @ J(1)ee3eJ(2)ee2eK(l)e
K(2)*e2¢Alee2eA2°T(1,2:1) = J(1)eeIej(2)en2eK(l)eK(2)0e2eA1nn2eA2e
T(2,1,1) o Jlg)ee3eJ{2)eeeK(1)aK(2)e020AL0A2e022T(2,2,1) »

20 )(1)ee2eK(1)Pe2pAleeIeT(1,1,2)eT(1,2,3)0MU = 20 (1)e002eK(1)0e20Alvale
TC3,1,2)0T(3,251) ¢ 20J(1)ee2eK(1)0029A10e20A20T(1,1,2)0T(2,2,1)0M) «
20J(1)0020K(1)0e20A19020h2eT(]1,1,270T(2,2,1) & 294(1)enleK({L)ee20A1002¢
A20703,2,1)07(1,2,2)0HU o 2aJ(1ljeeeK(1)ee2eAl0e2aA2e7(1,2,1)07(1,2,2) »
20 (2) 0020 (1) 0e2ehlov2eh2eT(1,2,1)0T(2,1,2)eML @ 2¢)(1)e¢2eK(1)002¢
410e20029T(1,2,1)07(2,2,2) ¢ 20 (1)002eK(1)0020A10A200207(1,2,1)¢
TC2,2,2)0MJ » 20J)(1)002eK(1)ee20Al®A2992eT(1,2:1)07(2,2,2) o

20 (1)ev2ex(f)ev2edleAev2eT(1,2,2)0T(2,2,1)0ML » 2¢J(1)0020K(1)0e2¢Ale

78

o




A20020T(2,2,2)°702,2/1) ¢ 200(1)#92eK(1)0020A10A20020T(2,1,2)07(2,2,1)¢
MU @ 204(31)002eK(1)wo20A1aA20020T(2,1,2)0T(2+201) ¢ 29J(1)0e2eK(1)ww2e
A20e307(2)2,1)°7(2,2,2)9NU » 20(1)0920K(1)0%20A200307(2,2,1)¢7(2,2,2) ¢
20J(2)0920K(2)0v2eh17e3eT(1,8,1)0020%) o 20)(2)092eK(2)0e20p 0039
01,1,1)002 ¢ 20)(2)0e20K(2)0020ALle22vA2eT(1,101)0T(1,2,1)0MU »
20J(2)0929K(2)0¢20A19920A2eT(1,1,1707(1,2,1) ¢ 49J(2)en2eK(2)0020A1002¢
A20T(2,2,1)0T(2,1,1)9HU » 4o (2)ev2eK(2)ee20A10020A2¢7(1,1,1)07(2,1,1) ¢
20J(2) 020K (2)0%20A1"A20®27(1,1,1)0T7(2,2,1)0ML o 20 (2)evw2eK(2)ee0Alr
A2ev29T(1,1,1)°T(2,201) & 20 J(2)0e2eX(2)0020A10A2¢02eT(1,2,1107(2,1,4)¢
HU o 29J(2)0020K(2)we20Al0Ah2292eT(1,2:1)0T(20101) ¢ 2¢){2)0e2eK(2)0e20
Alep2e0207(2,1,1)0020MJ = 20 )(2)0925K(2)0e20A10A20020T(2,1,1)9e2 ¢
20J(2)ev204(2)0020A2793eT(2,1,1)0T(2,2,1)¢MU » 20 (2)0ee2eK(2)ve2¢A20eTs
02,1,2007(2,2010) ) /7 ( ¢ deJ(1)es3et(2)ee20K(1)0K(2)922 ) o ( MU = 1 )
)

o { 2olAvedeJ(1)ee30J(2)0e3oK(1)8K(2)%A1 o LAevdse j(1)er2eJ(2)0ede
K(1)oe2eA2eM) o SelAvedaJ(1)ee2eJ(2) vdaK(1)%e2ahA2 o [AP?e2¢j{1)ee]n
J(2)eodeK({1)oK(2)eo2¢AleA2 o LAee2vJ(l)ve2e)(2)0e50K( ) Pe2eK(2)0A2002 »
LA®e2eJ(1)2e2el(2)re2eK(1)ew2nAses2eT(1,1,2)oML ¢ el Ave2e ({)0e2n
J(2)*e2eK(1)oe2wa 0e20T(1,1,2) ¢ JoLA®r2eJ(1)0¢20)(2)ee2eK(])0w2eAt0A2¢
T(1,2,2)0Md « Se ave200(1)ea2e (2)ee2oK(1)ee20A10A20T(1,2,2) o

LAes2e (1) *902eJ(2)0026K(1)ve2nAgeA2eT(2,1,2)9ML o 3w Aew2w j(1)ee2e
J(2)oe2eK (1) 0e20412A207(2,1,2) ¢ J9LAve20 J(1)002¢ (2)0e2eK(1)e020A2¢002¢
T62,2,2)%MJ o Se pe02¢ /(1) 0e2ej(2)0029K(1)0v2082002e7(2,2,2) ¢

20LACe2e (1) 002w j(2) 000X (2)0w2eAlee2nT(1,1,2)0M, = 20LA0e2e (1)0e2¢
J(2)ev2ex(2)ee20i10920T7(1,1,2) o 2°LA%e20 J(1)0020,(2)0020K(2)ee2¢A1uA2e
T(2,1,2)%MJ) o 290 _A0020)(1)ee2eJ(2)0e20K(2)0e2ed 0A20T(2,1,2) -
20LA®e2¢J({1)0J(2)weIoK(1)eK(2)vAL992eT(1,4,1) = 2eLAee2vj{1)eJ(2)ee]e
K(1)PK(2)eA1ea20T(1,2,1) o 20LAes20)(1)0J(2)0eIek(1)eK(2)PA1eA2"
T02,1,1) o 20 Aee2¢)(1)0J(2)023eK(3)0K(2)0A2002e7(2,2,1) ¢

79

[T S

—— - —




400ePeJ (1) 0e2eJ(2)003eK(L1)ee2eK(2)0MU o 400ePey(1)ee20J(2)ea3IeK(3)ee2e
K(2) o J(3)ee20)(2)e0duK(1)ea2eK(2)0080A2¢MY ¢ J(1)we20)(2)wedeK(1)0e2e
K(2)9040A2 o Jll)ee2e(2)eeIoK(1)ve20K(2)0AL®e20h20T(1,1,2) «

JE1) 20201 2)0eTac(1)0020K(2)eALleh200297(1,2,2) ¢ J(L)we20J(2)eeJe
K(1)9e20K(2)0Alea20v20T(2,1,2) o J(1)e020 (2)0e30K(L)0s20K(2)eA2003¢
Y02,2,2) o 204(1)0020K(1)er20a1e03°T(1,1,2)0T(1,2,2)eMU o
200(1)0e20K(1)0e2oAlen3eT(1,1,2)0T(1,2,2) » 20J(S)ee2eK(1)eeeAl0e2es2e
T01,3,2)9T(2,2:2) MU & 2+ J(1)0e2eK(1)902eA10e2002e7(1,1,2)07(2,2,2) »
20J(1)o029K(1)0020A1%920A20T(1,2,2)9%2%MU ¢ 2¢J(1)ev2eK(1)ee2eAl0020)2¢
T01,2,2)v02 o 20)(1) 020K (1)002eAlwe20A2¢T(1,202)07(2,1,2)¢MU o
20J(1)e02eK(1)0eeAlee20A247(1,2,2)0T7(2,1,2) = 40 (1)es2eK(1)ee20Ale
A20020T(1,2,2)0T(2,2:2)0MU ¢ 4vJ(L)ee29K(1)0020A10A2002¢7(1,2,2)¢
102,2,2) » 209010 0e2¢K(1)ow20AlaAzee2eT(2,1,2)97(2,2,2)9MU
29J(1)ee2eX({1)0e20Al®A2002¢T(2,1,2)0T7(2,2,2) = 2%J(1)ve2eK(1)ne20A2¢e3¢
T(2,2,2)0020My & 20J(1)e02eK(1)0e29A2v03eT(2,2,2)0¢2 @

JIL) P J(2)evdoK(L)eK(2)0e20AL0020A2*T(1,1,1) & J(i)oJ(2)0edaK(1)eK(2)wn2e
AleA2e020T(1,2,1) ¢ J(1)2J)(2)evdoR(1)oK(2)wn2ediep20e2¢T(2,1,1) ¢

JI3)e (2 eeqex(1)eK(2)wve20A20030T(2,2,1) o 2¢,(2)002eK(2)0020ALee]e
PCL,3,43)00T(21,102)0MU o 22)(2)0020K(2)ee20A190e30T(1,1,1)°7(1,1,2)
290J(2)0w2uK(2)0020A10020A2¢T(1,1,1)¢T(2,1,2)eML ¢ 2a)(2)ev2eK(2)002e
A39020A20T(1,1,1)0T7(2,1,2) » 20j(2)ee2eK(2)0020A30e2eA20T(1,1,2)
TC1,2,1)0M) ¢ 20J(2)°020K(2)ee2eAlee29A20T(3,152)07(1,2,:1) o 20J(2)0e2¢
K 2)9020A v e20420¢T(1:1,2)eT(2,1,3)°MU @ 20J(2)0020K(2)0r20A10024A2¢
TC1,102)0T(2,441) o 20J(2)0e20K(2)v029AleA2002¢T(1,1,2)07(2,2,1)*MU o
20J(2)¢020K(2)0020AleA20%20T(1,1,210T7(2,2,1) « 20)(2)ee20K(2)0020ALe
42002¢7(1,2,1)°T(2,202)0MU ¢ 20 (2)0e20K(2)002¢0430A20e297(1,2,1)
Y02,3,2) o 20402)0020K(2)0e20Al0A2¢92¢T7(2,1,1)07(2,1,2)°MU »
20J(2)0e2eK(2)002eAi®A2090207(2,1,1)07(2,1,2) = 29,(2)0e2¢K(2)0020A2003¢

-

80




81

TC2,3,2)°7€202:100MU ¢ 29(2)0e2eK(2)0¢204200307(2,1,2)%7(2,2,1) ) / r
€ 8o (L)ee2e)(2)0e3eK(1)0e2eK(2) ) * ( MU e 1 ) )

R Lk R .




10.

11.

12,

13.

Captions for Figures
Geometry of the thin,shallow spherical shell,
Rise of the shell: H
Radius at the base: R

Thickness: h

Load deformation curve proposed by v, Karman and Tsien,

(v.K=-T curve)
Same as Fig. 2,with p as independent parameter.The broken
lines indicate where the shell buckles and snaps according

to a one-mode solution,

Buckling and snapping pressures as functions of ) given by

a one-mode solution

v.K-T curves given by n-modes solutions with 1<n<10 (¥
Deflection,(of the shell),w(x) for the five displayed pressures,
Shell's shape for the five displayed pressures,

Tangential,(=radial) bending stress function at the centre of

the shell vs, pressure for n-modes solutions with 1<n<10 (%)

Tangential bending stress along the radius for the five pressures

in Fig. 6
Same as 9 with radial bending stress.

Tangential,(= radial) membrane stress function at the centre of

the shell vs. pressure for n-modes solutions with 1'5 n < 10 (%)

Tangential membrane stress along the radius for the five

pressures in Fig, 6

Same as 12 with radial membrane stress
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14, Comparison of results of this thesis with previous results,

(*) The number at the end of the curve indicates the number of
modes in the approximate solution,
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Fig. 8
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