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A b s t r a c t

S C H E D U L I N G  P E R I O D I C  T A S K S  

A M O N G  

M U L T I P L E  P R O C E S S O R S

by

J a n e  C . H s u  

Advisor: P r o f e s s o r  E r a l p  A . A k k o y u n lu

This d isserta tion addresses the problem of scheduling periodic tasks on 

a  m ultiple processor system. Individual requests of each of N  task  types 

arrive periodically with known fixed period and service requirem ent, and 

each request of a  given task  type m ust be completed before the  next 

arrival of a request of its type. The tasks are processed on a  system  of 

M  equivalent processors, M  > 2. Though a  task m ay be scheduled on 

m ore th an  one processor, it may run on only one processor a t  a  time. For 

system s in which the to tal processing dem and does not exceed th a t  avail­

able ( “feasible system s” ), algorithms are presented th a t  always produce a  

viable schedule. These algorithms are of two types. T h e  “Q ueue-B ased” 

A lgorithm s partition  tasks into queues and assign queues to processors 

for servicing. T he  “F la t” Algorithms implement a  modified deadline al­

gorithm  augm ented  with auxiliary deadline-type constra in ts  th a t  serve 

to prevent the typical failure modes of the s tandard  deadline algorithm  

in the  multiple processor setting. The Queue-Based Algorithm s typically 

require tasks to be shared by and switched between processors, while the 

F la t  Algorithms require additional preem ptions of active tasks. For both 

classes of algorithms, the am ount of switching required by the  sched­

ules produced is quantified and modifications which result in reduced 

processor switching are given.
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Chapter 1

Introduction

This research disserta tion falls in the  general a rea  of scheduling. T he  

specific problem considered is th a t  of scheduling periodic tasks on a  

multiple processor system. We require th a t  each individual task  m ust 

be com pleted before the  nex t periodic request. Only one processor m ay 

work on an individual request a t  any given time.

T he problem  of scheduling periodic tasks under the  constra in t th a t  each 

individual request of a  given task be com pleted before the  next periodic 

request is encountered in hard real-tim e environm ents where the  service 

requirem ents of each task and its recurrence ra te  are  known in advance. 

Examples of such environm ents include aircraft and  m anufacturing  sys­

tems, where periodic sensor d a ta  m ust be processed and control signals 

sent before the arrival of the  next packet of sensor d a ta .  In telecom m u­

nications, transm ission lines/channels m ust be shared  between d a ta  and 

voice users. Voice users need the  channel in a  s tr ic tly  periodic fashion; 

d a ta  users may get the  channel only when voice users are  not present.

T he general problem of scheduling tasks on m ultiple processor systems 

has received increasing a tten tion  in the  research com m unity  as such 

system s become m ore prevalent and real-tim e applications proliferate. 

A com pendium  of on-going research, available techniques, and new a p ­

proaches is provided by Van T ilborg  and  Koob [23, 24]. F rom  the  

Foreword of [23]:



O f course, the general problem o f  scheduling resources optimally is NP-  

hard, and the addition o f  deadline tim ing constraints offers no relief 

from that fa c t  o f  life. Somewhat surprisingly, however, research over the 

past few  years has demonstrated that there are m any  practical, som e­

times subtle and counter-intuitive, techniques that can be used to ex­

tract both predictable performance from  real-time system s and also better 

overall ability to satisfy deadlines.

The real-tim e scheduling problem has been studied in the li te ra tu re  in 

various forms [23]. Typically the schedule to  be derived is expected 

to satisfy all constrain ts , w ithout any room for error. However, some 

researchers consider models which to lera te  an occasional missed dead ­

line [19]. This is a  reasonable approach for some applications, such as 

upda ting  a  raste r  display, where a  missed upd a te  is unlikely to have 

any effect provided it does not occur too often. In some studies [16] 

the  tasks to be scheduled are composed of a  set of periodic, predictable 

tasks mixed with a  s tream  of random ly arriving aperiodic tasks. This 

model is im portan t in applications where there  are two kinds of chores: 

a  set of periodic updates , to which is superim posed the  need to respond 

to  unan tic ipated  events. In this d isserta tion, however, a  schedule will 

only be considered valid if all deadlines are  m et, and all tasks will be 

periodic, i.e., there are no aperiodic or random ly  arriv ing tasks to be 

serviced.

At present there  is no known algorithm  which is guaranteed  to  generate  

a  valid schedule for periodic tasks with deadline in feasible multiproces-
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sor applications. T he term  feasible refers here to the assum ption  th a t  

the  required to ta l  com putational load of the  m ultiple tasks does not ex­

ceed the available processing capacity. T he  goal of this d isserta tion  is to 

develop, analyze, and evaluate new algorithms for scheduling periodic 

tasks with deadline in feasible multiple processor system s. To be valid, 

a  schedule m ust meet all deadlines. In addition , a  valid schedule m ust 

no t schedule a  task to  run on more than  one processor a t  any  given 

time. Thus, the systems addressed in this d isserta tion  are assum ed to 

satisfy the  following restrictions:

R l  No task requires more processing than  can be provided by a  single 

processor.

R 2  No task  may run on more than  one processor a t  any given time.

Clearly, R l  is necessary for R 2  to be satisfiable. In addition , th ro u g h ­

out this d isserta tion we will assume th a t  tasks are  independent. By 

this  we m ean th a t  the  processing of individual requests  of a  given task 

does not depend on the processing of o ther tasks. We will also assume 

th a t  the run-tim e of individual requests of a  given task  is constan t and 

does not depend on which processor executes the  request. Thus, the 

processors are  assumed identical (i.e., equally powerful) w ith respect to 

the  tasks. Finally, our initial m odel assumes th a t  the  tim e required to 

switch a  processor from one task to  ano ther  is zero. T h e  im portance  of 

this assum ption will be clear la ter  on when we present our algorithm s 

for solving such scheduling problems. As we will see, scheduling peri­
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odic tasks on multiprocessor systems often requires pre-em pting  tasks 

actively being processed by newly arriving tasks.

O ur research has focused on two classes of scheduling algorithm s:

- Q u e u e - b a s e d  a l g o r i t h m s ,  which impose a  s tru c tu re  by partit ion ing  

the  set of tasks into queues, and restricting processor sharing to  a t  most 

a  single task being serviced by two neighboring processors.

- F l a t  a l g o r i t h m s ,  where a  modified deadline algorithm  is applied to 

the  uns truc tu red  set of tasks.

Queue-based algorithm s, such as “Algorithm A ” presented in C h ap ­

ter  3, provide a  straightforw ard m ethodology for generating the  desired 

schedules. Similar to the approach described in [7], A lgorithm  A works 

in two stages: a  task  assignment stage and a  task  scheduling stage. Al­

gorithm  A assigns most tasks to individual processors and limits the 

sharing of any task  to a t  m ost two neighboring processors, i.e., proces­

sors with successive labels. A cyclic schedule is then  derived for each 

processor. W ithin each cycle the tasks are processed in order with each 

task  getting  its proportionate  share of processing time. In addition , Al­

gorithm  A never schedules a  task for service on more than  one processor 

a t  the  sam e time. Algorithm A produces a  valid schedule whenever it 

is possible to  do so, and therefore we say th a t  A lgorithm  A is op ti­

mal. In addition , in schedules generated by A lgorithm  A a  task  may be 

shared by a t  most two processors. F inally, A lgorithm  A yields a  sched­
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ule feasible on the m inim um  num ber of processors, while the  algorithm s 

presented in [7] may require as m any as twice th a t  num ber. As noted 

earlier, we will first work under the assum ption th a t  the  time required 

for a  processor to switch from one task  to ano ther  is zero. In actuality, 

the  tim e required to perform such a  switch, though small, is no t zero 

and so each switch has a  cost in term s of lost processing. T hus, as p a r t  

of our analysis we s tudy  the switching properties (e.g., the  m axim um  

num ber of switches required) of Queue-Based Algorithm s and  F la t  Al­

gorithm s. In particu lar,  we quantify the worst-case cost of switching, 

and develop algorithm ic modifications to  reduce this cost.

O u r  second class of algorithm s, the  F la t  A lgorithms, involves the  app li­

cation of a  modified deadline algorithm  to the  uns truc tu red  set of tasks. 

I t  is well known (see Liu and Layland [20]) th a t  the  deadline a lgorithm  

always generates a  valid schedule for feasible single processor systems. 

However, it is equally well known th a t  the  straightforw ard  deadline algo­

r ithm  can fail in the  multiple processor setting. In the F la t  Algorithms 

we in troduce techniques for modifying the deadline a lgorithm , prim arily  

through  the  incorporation of additional deadline constra in ts , in order 

th a t  a  valid schedule is guaranteed. In addition , we derive bounds for 

the  switching ra te  of the F la t  Algorithms.

T h e  disserta tion is organized as follows. In C h ap te r  2 we in troduce no­

ta t ion , basic concepts and assum ptions, and  give m ore detailed descrip­

tions of commonly studied approaches to  scheduling single and  multiple 

processor systems. In C h ap te r  3 we describe Algorithm  A, a  partit ion -
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based a lgorithm , and  give the necessary and sufficient conditions for it 

to generate  a  viable schedule for feasible systems. We illustra te  the  type 

of schedules generated by Algorithm  A by examples involving two p ro ­

cessor systems. In C h ap te r  4 we consider the  switching properties of the 

schedules generated  by Algorithm  A and  develop upper  bounds on the 

num ber of switches required. We show these bounds m ay be improved 

by various modifications and extensions. C h ap te r  5 describes the  first 

of these more general queue-based algorithm s, the Fair a lgorithm  and  

its “F lip-F lop” variant. C h ap te r  6 gives the second queue-based algo­

r ithm , the  Balanced algorithm , which has additional good properties. 

In C h a p te r  7 we in troduce the  F la t  A lgorithms, our p rim ary  examples 

being the Paris and KL Algorithms. In C h ap te r  8 we s tudy  the F la t 

algorithm s in detail and establish the  optim ality  of the Paris and KL 

Algorithm s. In C h ap te r  9 we derive bounds on the  switching ra te  of 

the  F la t  Algorithm s and show th a t  Paris A lgorithm  is event-driven in 

the  m ultiprocessor setting. In C h ap te r  10 we present the  results of 

our exhaustive simulation studies of the switching rates  of the  various 

scheduling algorithm s. In C h ap te r  11 we sum m arize our results and 

pose problems for future research.
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Chapter 2

N otation , Basic Concepts, and Background

2.1 Tasks

T h e  system s and scheduling problems considered in this d isserta tion 

involve a  set S  of N  periodic tasks and a s e tl l  of M  processors. In 

its most general form, a periodic task J  £  S  is characterized by the 

quadruple

J  =  (p, e, s ,d )

where

p  is the  task period,

e is the  com putation  time required during  each period,

8 is the  task offset (i.e., the arrival times for the individual task  requests 

are  s +  kp, k > 0), and

d  is the  deadline (i.e., the e units of service m ust be com pleted within 

d units  of tim e after the  arrival of the task  request).

A very im p o rtan t  special case occurs when « =  0 and  d  =  p for all J  €  S .  

Such a system  is called synchronous  . Each task  in a  synchronous system
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is represented as the  ordered pair J  =  (e,p). In a  synchronous system, 

each request of a  given task m ust be completed before the  arrival of 

the next request of the  task. Thus, a  task J  requires exactly  e units of 

processing during the  interval

\kp, ( A + l ) p ) ,  k > 0

In this disserta tion we will work only with synchronous systems. 

We note th a t  the modifications required to apply  our results to 

asynchronous systems are not s tra ightforw ard, and  th a t  the  problem 

of scheduling asynchronous systems is generally more difficult than  

scheduling synchronous systems.

For synchronous systems we define for each task

e
/* =  -  

P

as a  measure of the com puting  power (i.e., the  fraction of one processor) 

required by the  task. We confine our a tten tion  to system s of N  tasks

S  = {A  =  [eA ,p A)}

which satisfy the  restriction

R l  eA <  Pa  holds for all tasks A €  S.
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and so the  relation

0 <  flA <  1

holds for every task A .  This is equivalent to assum ing th a t  no single task 

requires more com putation  than  can be supplied by a  single processor. 

In addition , we will assum e th a t  individual tasks are  not parallelizable, 

and so impose the restriction

R 2  No task may be scheduled to run on more than  one processor a t  

the  same time.

A system  for which there  exists a  valid schedule is called feasible. The 

relation

^ 2  I* a  <  M
A E S

bounds the  to ta l am ount of processing required to  service the  tasks by 

the  num ber of processors and is clearly a  necessary condition for feasi­

bility. O u r  goal is to develop algorithm s for generating these schedules. 

We say a  scheduling algorithm  is optimal  when it generates a  valid 

schedule for any  system  th a t  satisfies this relation.
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2.2 S ch ed u les in G en era l

A schedule a  is a  m apping

<r : II x T  —► S  U {idle}

<r(k,t) remains constant in intervals of the  form [<1 ,^ 2 ) and  cr(k,t) de­

notes the  task which is active on processor k  a t  tim e t.

In priority-driven scheduling each task is assigned a  priority which de­

termines all scheduling decisions: high priority  tasks are serviced before 

lower priority tasks. Fixed priority  a lgorithm s [7, 18] associate a  single 

unchanging priority  with each task. D ynam ic priority  [15, 17, 20] al­

gorithm s, on the  o ther hand , allow for the  priority  of a  task  to change 

between different periodic arrivals of the  task , as well as during  a  given 

period.

Both preemptive  and non-preemptive  schedules have been considered in 

the litera ture . In preem ptive scheduling, a  task can be in te rrup ted  and 

remain tem porarily  inactive while a  higher priority task receives service. 

In non-preem ptive algorithm s [26], a  task which has been activated  al­

ways runs to  completion w ithout in terruption . These algorithm s are 

obviously less flexible, in th a t  they  fail for some system s which can 

be scheduled by preem ptive algorithms. Nonetheless, such an approach 

may be acceptable in applications where, for example, m any tasks share 

common d a ta  in such a  way th a t  a  partia lly  com pleted transaction  

would have to  be pro tected  from o ther tasks.

11



2.3 S in g le  P ro cesso r  Sch ed u lin g  A lg o r ith m s

T he  single processor scheduling problem has been studied  in the  li t­

e ra tu re  in various forms [23]. In real-time scheduling, also referred to 

as deadline-driven scheduling, a  schedule m ust satisfy ell task  d ead ­

lines to  be acceptable. Alternatively, one m ay allow schedules which 

miss deadlines provided the results obtained horn tasks which are  te r ­

m inated before completion are sufficiently precise [19]. Scheduling with 

both  lateness and earliness penalties has also been considered [3].

The problem of scheduling periodic tasks on a  single processor has re­

ceived considerable a tten tion . The three best known algorithm s for the 

one-processor case are the  Rate-M onotonic A lgorithm , the  Deadline Al­

gorithm , and the Slacktime Algorithm:

•  T he Rate-M onotonic Algorithm  [7] (for scheduling periodic tasks) 

gives highest priority  to tasks with the highest recurrence ra te  (i.e., 

the  smallest period). I t  is a  fixed priority  scheduling algorithm  and is 

not pre-emptive.

•  T he  Deadline Algorithm  [2, 4, 18] schedules for im m ediate  processing 

(i.e., gives highest priority  to) the task  with the  earliest deadline. It is 

preemptive.

•  T he  Slacktime Algorithm  [21] schedules for im m ediate  processing (i.e., 

gives highest priority  to) the task with the  smallest slacktime. I t  is

12



preemptive.

T he  slacktime of a  task  a t  a  given tim e t  is defined as follows: if do 

is the  tim e of the next deadline and eo is the  rem aining service which 

m ust be provided to the task before this nex t deadline, the  slacktime 

a t  time t is the  quan tity  (do _  0 — eo- Thus, the Deadline Algorithm 

selects the task with the m ost pressing deadline to run nex t,  while the 

Slacktime Algorithm selects the task for which we have the least surplus 

(i.e., slack) t im e remaining. For both algorithm s, in the  case of a  tie all 

such tasks are run in round-robin fashion.

Recall th a t  a  scheduling algorithm is said to be op tim al if it produces a 

valid schedule in all cases where it  is possible to  do so, i.e., for all feasible 

systems. Liu and Layland have shown th a t  the  Deadline A lgorithm  

always generates a  valid schedule for feasible single processor systems 

[20, Theorem  7] and so the  Deadline A lgorithm  is op tim al in the  single 

processor setting. However the straightforw ard Deadline A lgorithm  is 

sub jec t to  failure in the  m ultiple processor setting. We will see examples 

of how this can happen in the  next section.

2.4 Pitfalls when Scheduling on M ultiple-Processor System s

Algorithm s which are op tim al with one processor m ay fail for two- 

processor systems. For example, the two-processor system

13



A  = B  = { 2 ,4 ),  C  =  (4 ,5)

can be scheduled by the  Slacktime Algorithm  b u t  no t by the  Deadline 

Algorithm . This is because the Deadline A lgorithm  will ignore C  until 

it is too late. Conversely, the system

A  = B  = C  =  (2 ,4), D  =  (4,8)

can be scheduled by the  Deadline A lgorithm , b u t  not by the Slacktime 

Algorithm . This is because the Slacktime A lgorithm  would run a  round- 

robin of A , B , and  C  during the  interval (0,3) using both  processors, 

leaving one processor idle during the  interval (3,4), causing failure. Note 

th a t  the  slacktime algorithm  has to service all tasks with the  smallest 

slacktime in a  round-robin, otherwise it would fail to  schedule the  two- 

processor system

A  = B  = C =  (2,3)

2.5 M ultiprocessor Scheduling Algorithm s

T h e  multiple processor scheduling problem has also received consider­

able a tten tion  in the  li terature  [23]. T he  use of a lgorithm s found to be 

effective for scheduling single processors, such as the  R ate-M onotonic

14



Algorithm , the  Deadline A lgorithm, and the Slacktime Algorithm , for 

scheduling multiple processor systems has proven to be of enduring  in­

terest. While we have seen in the previous section th a t  the  simple 

application of these algorithms to  multiple processor system s can lead 

to d isaster , they  are of great utility  when su itab ly  augm ented.

M ost algorithm s proposed for scheduling on m ultiple processors gener­

ally fall into one of two categories;

•  Partitioning algorithms which d is tr ibu te  the  tasks am ong the  proces­

sors and then  apply an optim al algorithm  (such as a  Deadline Algo­

rithm ) locally.

•  Non-partitioning algorithms which keep all tasks in one pool and select 

the task  to be processed next according to an assigned priority.

Perhaps  the  first partition ing  algorithm  to appear  in the  li te ra tu re  was 

th a t  of Horn [13]. He considered both  single and m ultiprocessor schedul­

ing with the  objective of minimizing m axim um  lateness and to ta l delay. 

His approach  to partition ing  involved assigning tasks to processors in 

a  cyclic fashion. Parti t ion ing  algorithm s for scheduling real-time m ul­

tiprocessor system s have been studied by Dhall and Liu [7]. T hey  pro­

posed a  partit ion ing  s tra tegy  whereby a  task is assigned to  a  processor 

provided it will be scheduled to run  on th a t  processor before its deadline 

by a locally applied single-processor scheduling algorithm .

15



Questions relating to the complexity of scheduling periodic tasks with 

deadlines on a  multiprocessor system have also been addressed in the 

li terature . Leung and  W hitehead [18] have shown th a t  in the  fixed- 

priority  case, the  problem of determ ining w hether or no t such a schedule 

exists is generally N P -hard  and th a t  partition ing  and  non-partition ing  

techniques are incom parable in the  sense th a t  there  are examples in 

which one m ethod  is successful bu t the  o ther one fails.
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Chapter 3

Algorithm  A

In this chap ter  we introduce a  partition-based  scheduling a lgorithm  we 

call Algorithm A. A lgorithm  A has a  fixed system  interval we call a 

scheduling quantum. Algorithm A assigns m ost tasks to individual pro­

cessors and limits the sharing of any task to a t  m ost two neighboring 

processors, i.e., processors with successive labels. M ost tasks will be 

assigned to one processor only, and any sharing will be limited to a t  

most one task by each pair of neighboring processors. A cyclic schedule 

is then derived for each processor. This schedule has a  period equal 

to  the system  quan tum . T he task periods are assum ed, w ithout loss 

of generality, to take integer values (in some unspecified unit of time). 

W ithin each cycle, the tasks are processed in order with each task  get­

ting its p roportionate  share of processing time. Finally, A lgorithm  A 

never schedules a  shared task for service on more than  one processor a t 

the  same time.

Recall th a t  in order for a  system be feasible it m ust satisfy the  condition

i* a < m
A e s

since M  is the  to ta l com puting  power of M processors over a  unit interval 

of tim e while the sum m ation  on the  left hand  side is the  am oun t of 

processing required by the tasks over the  same tim espan. We show in

17



this chap ter  th a t  Algorithm  A always produces a  viable schedule for 

such a  system , in effect giving a  constructive proof th a t  the  condition 

is also sufficient. Since Algorithm A always generates a  valid schedule 

for a  feasible system , we say it is optim al. As we will see, Algorithm  A 

has complexity linear on the num ber of tasks [28].

As m entioned earlier, for now we will work under the  assum ption  th a t  

the  tim e required for a  processor to switch from one task  to ano ther  is 

zero. In actuality, the tim e required to perform  such a  switch is small 

bu t not zero. Thus, as p a r t  of our analysis we s tudy  the switching p rop ­

erties (e.g., the m axim um  num ber of switches required) of Algorithm 

A.

3.1 System  Period and Quantum

T he de&nition and analysis of A lgorithm  A require us to assume, w ith ­

out loss of generality, th a t  task  periods take integer values (in some 

unspeciGed unit of tim e). We deGne the  system  period

T  =  LCM{ pA : A e  S)

and the  system  quantum

q =  G C D { p a  • A 6  5}

The following two facts are obvious, bu t will prove useful as we continue 

our development.
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F a c t  3 .1 .1 :  T  is the system period in the  sense th a t  any schedule

which is valid for the  interval [0,7*) can be used to generate  the steady 

s ta te  schedule, i.e.,

o[ k , t )  =  <r(k,t m od T )

Thus, it suffices to generate  a  schedule for the  interval [0 ,T ).

F a c t  3 .1 .2 :  If o  is a valid schedule for a  system , then  so is o REV ,

the reverse of a  where

<rREV (k, t) = <r(k,T — t)

Thus, viable schedules are typically not unique.

3 .2  A l g o r i t h m  A

Algorithm A works in two steps: a task  assignm ent s tep  and a  task 

scheduling step. M ost tasks are uniquely assigned to  one processor, 

though each processor m ay share a t most one task  with each of its 

neighbors. A cyclic schedule is then derived for each processor. W ithin 

each cycle th e  tasks are processed in order with each task  getting  its 

p roportionate  share of processing time.

At the task  assignm ent s tep , each processor is assigned a  set of lo c a l
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tasks for which it supplies all the com puting  required. In addition , there 

are a t  most (and in general) M  — 1 s h a r e d  tasks

{ S H A R E D k , . .. ,0  <  k < M )

Each shared task S H A R E D k will receive its processing tim e from the 

two neighboring processors 7r fc and 7r*+1. Each processor runs the tasks 

it has been assigned in a  round robin during each scheduling quan tum  

q. T h a t  is, during each time interval [ jq , ( j  +  l)g ) ,  j  =  0 , 1 , 2 ,..., 

processor k services, in order, the task it shares with processor k — 1 , 

its local tasks, and the task it shares with processor 1 , a llocating to 

each the  appropria te  am ount (/x,- x q) of service.

•  •  •

LOCAL'm

•  •  •

1 k-1 SHARD SHARD"‘ 9HARD■
lc+1

SHARD1
m-1

Figure 3.2.1: Topology of Algorithm A 

S t e p  1 : P arti t ion  the tasks into queues.

We first define the partia l sums th a t  represent the cumulative processing



requirem ent of tasks 1,2, . .. ,h , for h =  1 ,2 ,. . . , .N . Let

h
«k =  X > .  0 <  h <  N

*=i

T he  idea is th a t  each tim e exceeds the  integer k , k  =  1 ,2 ,. . . ,  M  — 1, 

the task associated with the exceedance is to be shared by processors k 

and +  1 , while the intervening tasks are assigned to a  single processor. 

More explicitly, letting k(k)  denote the value of h such th a t

s h(k)- i  < k < k =  1 , 2 , . . . ,M  -  1

and setting  /i(0 ) =  1 and h ( M )  =  N  +  1 , then task Jh(k) is shared  by 

processors k and k +  1 , while the tasks J h (k - i )+ u  A ( * - i ) + 2i •••» 

are assigned to (i.e., local to) processor k , k  =  1 ,2 , . . . ,M .  Thus, each 

processor k is associated with three queues:

1. the  queue consisting of the task shared with processor k — 1,

2 . the  queue consisting of the  its local tasks, and

3. the  queue consisting of the  task  shared with processor k +  1.

These queues are defined as follows:

a. for j  — 2k — 1 , the local queue Q j  of processor k  is:

L O C A L k =  Qj  =  {Ji  : 1 < i < N  : k — 1 <  8j_j  <  s* <  k}
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6 . for j  = 2k ,  Q j  consists of a  single task  shared by processors k and 

k -{-It

S H A R E D k = Q j  =  { J ,  : <  k < a,}

S t e p  2: Define the scheduling sequence.

D uring each scheduling q uan tum  q processor k  services, in order

а. the  shared queue S H  A R E D k ~ l ,

б . its local queue L O C A L k , and

c. the  shared queue S H A R E D k+1.

S t e p  3: Define the processing times.

For processor n k , 1 <  k < M ,  we define the values /*£ and  the 

processing required by the (part of) the task it shares with its left-hand 

neighbor 7rfc_1  and its r ight-hand neighbor ?rfc+ 1 , respectively, as follows:

0, if fc =  0 or S H A R E D k~ 1 =  0,
s, -  {k -  1 ), if S H A R E D k~ l =  Ji.

Similarly,

0, if k =  M  or S H A R E D k =  0,
k - s, — 1 , if S H A R E D k =  J , .
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T hus , for each shared task  A = S H  A R E D k we have

P l  + P kR l =  P a

D uring an interval of du ra tion  q , each processor k  allocates each of 

its queues the app rop ria te  am ount of service, which for k =  1 ,2 , . . . ,  M  

equals

a. y.kL for the shared queue S H A R E D fc_1,

b- J2iLkh (k - i )  + itii f°r l ° ca l q ueue L O C A L k~ l , and

c. / i^ + 1  for the shared queue S H A R E D k.

LOCAL

1*1
'LOCAL

Step  4:

We are now able to produce a  schedule <r0  for the interval (0,q). This
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is the  collection of individual schedules for each processor k

°o[0 i9 ) =  K ( ( 0 ,? ) ) ,  1 <  * < M )

so th a t  <r0[k,t )  =  <To(t). To form the  schedule <rk for processor k, we 

define

*l  =  9 x ^ l  and lR ~ 9 x (1 “  A)-

For t : Ji  e  L O C A L k~ \  let

t f  =  q x (s ,_ !  -  (k -  1 )).

We now specify o k , the  schedule for n k over the interval [0,g), as follows:

1- ^o ([0 ,< l))  =  S H A R E D k~ l

2 . If  L O C A L k ~ l =  0, then <r*([f *, t kR)) = {idle}.

Otherw ise, for » : e  L O C A L k~ l , o'* ([*?>*? +  QUi)) = Ji-

Note th a t  if J s  G L O C A L k~ l then 0o([9(aAr — (A: — 1 ) ) ,^)) =  {idle} .

3- <rZ{[tkR ,q)) =  S H A R E D k .

S t e p  5: I te ra te  the  q uan tum  schedule.

T he  final schedule a  is generated  by repetition of the  schedule Oq gen­

era ted  for the interval (0,g). In particu la r,  the  schedule for the  system
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period T  is

a T =  {<Tj., 1 <  k < M )

where

<r^(t) =  <Tq(< mod 9 ), 0 < t < T  

is the  local schedule of processor k. End  o f  Algor ithm A

Fact 3.2.1 Optim ality Theorem

For any feasible system satisfying R l ,  A lgorithm  A produces a  valid 

schedule.

Proof:

T he proof th a t  Algorithm A produces a  valid schedule o  follows from 

assertions 1 , 2 , and 3 which follow.

1 . Oq is well defined, i.e., a k , as specified in Step 4 is well-defined. 

Specifically,

«• 0  < t k < t kR < q ,

1l = lio 1 =  min { * : J* £  LO C A L k~1}

c. +  q m  =  , Vi : J iy J i+l e  L O C A L k ~ l

d■ t iX +  qfiix =  t kR , ** =  m ax  {t : Ji  €  Q 2 k  -  1 }
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These all follow directly from the definition of

1 <  * <  N

and

1 < k < M

2. Each task  Ji  G S  receives exactly et units  of com pu ta tion  tim e during 

each period p». This is easy to see. F irs t,  each task  Ji  receives q/i,- units 

of service during  each quan tum  q (if =  S H A R E D fc, this to ta l is 

m ade of qfikR units from processor k, and 9 / * £ + 1  units from processor 

k + 1). T hen , since q divides p,, each period p» consists of exactly  (pi/q)  

q u an ta  of length q. Thus the to ta l service received by Ji  during  each 

period is

(p»/9)9Mi =  e*

3. No (shared) task  is scheduled on two processors a t  the  sam e time. 

This is a  s tra ightforw ard consequence of the constra in t

/* ,<  1 , l < i < N

from which

t kL+1 < t kR , l  < k < M

im m ediately  follows.
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rk-1

, k-1

SHARED4 *2 y i Jj « LOCAL4 " 1

0  l Lk 1 r  q
|  J t €  LOCAL4 SHARED4

0  t i i * 1 t k» i  
l R

«-------  «J Mr ----- 4
"  q

SHARED4 I, «  LOCAL4 * 1 u|  SHARED4 * 1
r k*l

q ^ - l

No o v e r la p  for SHARED1' s in c e  :

q Ml4 *’ ♦ q MRk * q Mi <  q

Figure 3.2.2 Scheduling System of Algorithm A
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Part II

Q ueue-B ased  A lgorithm s
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Chapter 4

S w itch in g  R a tes A n d  E ven t-D r iv en  S ch ed u les

In a  practical system , d ispatching a task involves an overhead which 

was ignored in the  idealized model, for which the  constra in t

H = ^ 2  (*a < M  (4.1)
A € S

is sufficient. This overhead, caused by process switching (when one 

task  is in te rrup ted  in favor of another)  consists of a  fixed num ber € of 

processor cycles wasted during  each switch. This loss of processing can 

be meaningful if

a. p. ~  M ,  or

b. t i  «  e or pi e.

In such cases, schedules which minimize the  ra te  of process switching 

become highly desirable. At the  sam e tim e, the  com puta tiona l com plex­

ity of scheduling algorithm s which com pute  schedules which are  efficient 

from the  poin t of view of switching ra te  tends to be high: We suspect 

th a t  finding the  best schedule (e.g., a  valid schedule with the m inim um  

num ber of switches) is N P-hard .
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In this chap ter  we in troduce basic quantities and no ta tion  used in s tu d y ­

ing the switching properties of scheduling algorithm s. We count as a  

switch both  preem ptions of one task  by ano th e r  task on an active pro­

cessor and the  run-initialization of a  task on a  previously inactive p ro ­

cessor. We s tudy  the tradeoff between the  com puta tional com plexity 

of the  switching algorithm s and the  (switching) efficiency of the  sched­

ules they  produce. Complexity theory  provides us with  well-understood 

measures for assessing the  com putational complexity of our scheduling 

algorithm s. To obtain  a  meaningful m easure for the  switching ra te  of 

our schedules, we consider the num ber of switches in the  fundam ental 

system  period

T =  L C M { p A : A  €  S ) .

This is reasonable because if a 0 is a  schedule for the  interval [ 0 ,T ) , then 

<t * , the  infinite repetition of <r0, is a  schedule for [ 0 , oo).

4 .1  S w i t c h i n g  B a s ic s  

We will use the  quan tity

'  V a
A £ S

the  num ber of task arrivals during the interval [ 0 ,T ) , as a  yardstick by
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which to  measure the  switching perform ance of the  schedule a o . Lo  is 

an app rop ria te  measure because

a. it is easy to  com pute and  depends only on fixed, known task  p a ra m ­

eters, and

b. it is, in fact, a  lower bound on the num ber of switches in the  interval 

[ 0,T) since each arriving task m ust be dispatched.

Note th a t  Lo  is a  loose lower bound. For exam ple, the  system

S = { A , B , C ) ,  A  =  B  = C  =  { 2 ,3)

has T  =  3 and  Lo  =  3. Yet any schedule m ust have 4 switches in the 

system  period [ 0,3).

We define one class of efficient schedules which we call e v e n t - d r i v e n .  

An event consists of

•  the  arrival of a  task , or

•  the  completion of a  task.

A schedule is event-driven if,

•  every process switch is associated with an event, and
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•  each event is associated with at most one switch.

It is clear th a t ,  for an event-driven schedule, the num ber of switches in 

the interval [ 0,T) is bounded from above by 2 L q.

F A C T  4 .1 .1  : In the single processor case, the  Deadline A lgorithm  is 

event-driven.

P r o o f :  In the deadline algorithm , a task is d ispatched only 

when it arrives, or

when some other task completes. QED

F A C T  4 .1 .2 :  In the single processor case, the Deadline Algorithm  is 

not minimal.

P r o o f :  T he  Deadline Algorithm applied to  the  system

5  =  {>1,B}, A  =  (1 ,2 ),  B  =  (4 ,8)

yields the schedule

(r =  A B A B A B B A

with 7 switches; bu t there  is a schedule

o '  =  A B B A A B B A  

32



with 6 switches. QED

4 .2  S w itch in g  P ro p ertie s  o f  A lg o r ith m  A

We will now derive an upper bound for the  num ber of switches required 

by Algorithm A during a system period [ 0 ,T  ). In s tudying  the  switching 

rates of partition-based and queue-based algorithm s such as A lgorithm  

A, we distinguish between two types of switching:

•  A q u e u e  s w i tc h  ( g lo b a l  s w i tc h )  occurs when a  processor preem pts 

a  task  in one queue in favor of a  task in ano ther  queue.

•  An i n t e r n a l  s w i tc h  ( lo c a l  s w i tc h )  occurs when a  processor preem pts 

one task for ano ther  task of the same queue.

It is fairly straightforw ard to calculate the m axim um  num ber of switches 

required by Algorithm  A. Recall th a t  Algorithm  A constructs  a  cyclic 

schedule on subintervals of duration  q ( the system  quan tum ) given by

q =  G C D ( { p a  : A  €  5 } )

and  so there are ^  q u a n ta  in one system  period. Since q is bounded 

below by 1 , there are a t  most T  q u an ta  in a  system  period. D uring each 

system  q uan tum , each of the (at most) M  — 1 shared tasks is run twice 

(once by each processor by which it is shared), while the  rem aining tasks
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are run once. T hus, the to ta l num ber of switches for A lgorithm  A in 

the interval [ 0, T  ) is bounded above by

T{ N +  M -  1 )

As we will see, it is possible to reduce the ra te  of switching from th a t  

required by Algorithm  A.

34



Chapter &

T h e Q u eu e-B ased  A lg o r ith m s

O ur simplest queue-based algorithm  is A lgorithm  A. A lgorithm  A p ro ­

duces a  valid schedule whenever it is possible to do so, i.e, for all feasible 

systems. In addition , A lgorithm  A never schedules a  task  for service 

on more than  one processor a t  the  same time. As noted earlier, we are 

working under the assum ption  th a t  the tim e required for a  processor 

to  switch from one task to ano ther  is zero. In ac tua l applications, the 

tim e required to  perform such a  switch is small b u t  no t zero. As we 

have shown in the previous chapter, A lgorithm  A involves a  high level 

of process switching, requiring as m any as T ( N  + M  — 1).

In this chap ter we will in troduce o ther queue-based algorithm s with 

reduced am ounts  of switching. As a  class, the  queue-based algorithm s 

generalize Algorithm A by relaxing the  requirem ent th a t  the  sys tem  

interval  be fixed. T h a t  is, the notion of system  q u an tu m  introduced 

in the  contex t of Algorithm  A is replaced a  notion of system  interval 

which is no t fixed bu t ra th e r  dynam ically  defined in te rm s of the  task  

deadlines. T he payoff for using an a lternative  system  interval definition 

is a  reduction in the num ber of switches. Like A lgorithm  A, queue-based 

algorithm s impose s tru c tu re  by partit ion ing  the  tasks in to  queues, b u t  

in the  more general queue-based algorithm s the  notion of a  shared  task  

is replaced by the notion of a  shared queue being serviced by neighboring 

processors. We will characterize the  switching properties  of queue-based
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algorithm s in term s of their worst case perform ance with upper  bounds 

on the  num ber of switches required.

5.1 Queue-Based Algorithm s W ith Reduced Switching

T he  queue-based algorithms generalize Algorithm  A by relaxing the  re­

quirem ent th a t  the system  interval be periodic. T h a t  is, the notion of 

system  quan tum  introduced in the  context of A lgorithm  A is replaced 

a notion of system  interval which is no t fixed bu t ra th e r  dynam ically  

defined in term s of the  task deadlines. For example, for the  Fair Algo­

rithm , any  two successive task deadlines creates a  system  interval.

Like Algorithm  A, queue-based algorithm s impose s tru c tu re  by p a r t i­

tioning the  tasks into queues. Having allocated tasks to  queues and  

queues to processors, a deadline-based schedule (not a  cyclic schedule) 

is generated for each queue. This schedule operates on two levels:

•  a  global schedule which allocates the processors to  each queue,

•  a  local, deadline-based schedule internal to each queue.

Possible advantages of the  queue-based approach are

•  T he  tasks run in a  highly localized setting , so th a t  the  da tabases  they 

require can be localized. M ost tasks run on a  single processor, and  even 

those th a t  are shared are shared by only two processors.
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•  T he scheduling algorithm s are efficient and generate schedules w ith­

out excessive com putational overhead, even for M  > 2.

•  T he ra te  of processor switching is reasonable, i.e., less than  for Algo­

r ithm  A.

5 .2  T h e  F a i r  A l g o r i t h m

The basic queue-based algorithm  is the Fair A lgorithm. All queues are 

partitioned  in the same way as the local queues are defined in Algorithm  

A. The basic unit for scheduling is the system interval between two 

successive deadlines [ . This is convenient because the sequence

in which tasks are scheduled within a  system  interval is n o t  im portan t.

Let

be the load of the  queue Q r .

D uring an interval [ ), the am oun t of time allocated to Q r , is

1 <  r <  2 M  -  1
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As in Algorithm  A, during  each interval, processor n k services its queues 

in a  cyclic fashion in the  prescribed order:

•  S H A R E D k - \ Q 2k- 2) first,

•  L O C A L k ( Q 2k) next,

•  S H A R E D k+ l{Q2K) last.

It is easy to see th a t ,  if the  tasks in each queue are run in deadline 

order, every deadline will be met. It will again be helpful to  use the 

q uan tum

q =  G C D { e A , p A : A  6  5})

in generating task schedules internal to each queue. For each queue Q r , 

1 <  r <  2 M  — 1, we also define

to,y : the  num ber of q u an ta  allocated to queue Q r in the  interval 

and

W ir : the  to ta l number o f quanta given the queue Q r in the  interval 

[ 0 , t j  ), so th a t

ft'
W ir =  ^ 1Ufcr.

* = 0

T h e  m ost im p o rtan t th ing  abou t the  Fair A lgorithm  is th a t  it gives a 

fair share of processing service to  the queues. T h a t  is, in each interval in
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which com puting  power is allocated to the  queues, the  am ount actually  

given will be approxim ately  equal to the ra tio  /x for the  queue. In o ther 

words, we allocate an am ount of processing to the queue between the 

(integer) floor  and  ceiling of  /x. However, we require th a t  when each task 

meets its deadline it m ust have received sufficient com puta tion  tim e for 

completion.

T h e  F a i r  A l g o r i t h m :

For i, r  such th a t  1 <  r < 2M  — 1, 0 <  < 7 \

a. D uring the interval [ , queue Q r is allocated tutr q u an ta ,

com puted  as follows:

W0r =  0  

<  w v  <
9 9

2 M - 1

E  w «  =
r — 1 9

Wtr =  “  ^ . - l r
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b. D uring  this interval, for 1 < k < M  , processor tt* services its queues 

in the  order:

•  S / / A J 2£ D fc- 1 (Q 2 k - 2)first,

•  L O C A L k ( Q 2k - i ) next,

•  S H A R E D k last.

c. T h e  in ternal scheduling of a  queue is by deadline.

d ead lin e

interval

deadline
t

 *l

TT,

n2

TT*

A B

B | C | D

0  . . .
C

C 1 H 1 I

I i J

2 queue switches

-  3 queue switches for 
M • 2 processors

2 queue switches

F i g u r e  5 .2 .2  F a i r  A l g o r i t h m

F a c t  5 .2 .1  : T he Fair A lgorithm  is optim al.
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P r o o f

1 . D uring each interval, each queue receives the  integral p a r t  of its fair 

share of service. Since this is true  a t each deadline, and  queues are run 

in deadline order, every deadline is met.

2. Restriction R \  is satisfied because

•  each shared queue S H A R E D k(Q 2 k) is run 

early on processor 7r*+i 

late on processor

there is no conflict involving Q 2k because the load of the  queue

S H A R E D k {Q2k) is

H2k < 1

Q .E .D .

5 .3  S w i t c h i n g  R a t e  o f  t h e  F a i r  A l g o r i t h m

In this section we derive the  switching properties  of the  Fair A lgorithm, 

in particu la r  an upper  bound on the  num ber of switches m ade in the 

interval [ 0 ,T  ).
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F a c t  5 .3 .1  The num ber of intervals between d is tinct consecutive dead ­

lines in [ 0 ,T  ) is bounded from above by L q — { N  — 1 ).

P r o o f :  T here  are Lo task  arrivals, b u t  all N  tasks have a  coinciding 

deadline a t  T.

Q .E .D .

F a c t  5 .3 .2  T he  quantity  2Lo — N  — (2M  — 1) is an upper  bound on 

the  to ta l num ber of local switches in the  interval [ 0 ,T  ).

P r o o f  : Since the local scheduling of each queue is done indepen­

dently, we have 2 M  — 1 local system s (queues) each running  a  dead ­

line algorithm . T he quan tity  Lo  gives the to ta l num ber of task arrivals 

in the  interval [ 0 ,T  ), and so in this interval there  are 2Lo  task  a r ­

rival/com pletion events. These 2Lo  events are partit ioned  am ong the 

queues. However, certain events cause no (local) processor switching:

•  All initial arrivals, except one in each queue : N  — (2M  — 1)

•  T h e  last arrival in each queue : ( 2 M  — 1)

•  T h e  last completion in each queue : (2M  — 1)

Q .E .D .

F a c t  5 .3 .3  In an algorithm  which
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•  allocates service tim e to  every queue in every interval, and

•  uses a  Deadline Algorithm within each queue,

each local switch in a  queue either

•  coincides with a  queue switch, or

•  corresponds to a  completion event,

so th a t  the cost of local switching is L q — (2M  — 1 )

P r o o f : A switch due to an arrival can only occur when the  queue is first 

executed upon the  arrival of the  task. Also, in each queue, there  can be 

a t m ost one switch due to an arrival a t  each deadline. If each interval 

contains a  queue switch for each queue, all of the arrival switches will 

coincide with queue switches.

Q .E .D .

Since it is reasonable to assume th a t  in an interesting system

M  < N  «  L 0

we shall find it convenient to simplify (and loosen) these bounds as 

follows:
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•  T he num ber of intervals in [0,!T) <  Lo  .

•  T he to ta l num ber of local switches in [O.T) <  2Lo  .

For the Fair A lgorithm , during each interval,

•  processors 1 and M  service two queues each, while

•  the  remaining M  — 2 processors serve three queues each

for a  to ta l of 2 M  — 2 queue switches inside each interval. In addition , 

there are M  queue switches a t the seams  between the intervals. T he  

num ber of queue switches is therefore 3M  — 2 per interval. T he  upper 

bound on to ta l  switching is then

5 .4  M o d i f i c a t i o n s  o f  t h e  F a i r  A l g o r i t h m :  T h e  F l i p - F l o p  F a i r  

A l g o r i t h m

(3M  -  2 )L q 

+  L q

queue switches 

local switches

(3M  -  1)L q to ta l switches

T he  Fair Algorithm is the basic queue-based algorithm , and Algorithm  

A is a  version of the  Fair A lgorithm  in which the  shared queues are
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restricted  to  having a  single task. O th e r  variations on the  Fair Algo­

r ithm  are possible and may serve to reduce the  am o u n t of switching 

required. T he  first modification we describe involves reversing the o r­

der of task servicing in every o ther service interval. This will eliminate 

v irtually  half of the queue switching, as shown in the  following theorem. 

We call the algorithm  th a t  incorporates this modification the  Flip-Flop 

Fair Algorithm  .

F a c t  5 .4 .1  If step  (b) of the Fair A lgorithm  is modified to:

(6 ') D uring the  i th interval, for t odd , processor 7T* , ( 1  <  k <  M )  

services its queues in the following order:

•  S H A R E D k~ l {Q2k - 2 .) first,

•  L O C A L k (Q 2k - 1) next,

•  S H A R E D k (Q 2k) last.

while for t even , the order is reversed to

•  S H A R E D k (Q 2k) first,

•  L O C A L k (Q 2k - i )  next,

•  S H  A R E D k~ l (Q 2k~ 2) last.

Then the  to ta l  num ber of switches in (0,T) is bounded  by 2 M L q
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P r o o f  : T h e  intervals will now concatenate seamlessly. There will be a 

to ta l  of 2 M  -  2  internal queue switches, and a t  most 2 Lo local switches, 

for a  to ta l switches in (0 ,T )  is (2 M  -  2)Lo +  2Lo =  2 M L q.

Q .E .D .

interval
n te rv a l

A
i

B 1 B A • —  1 / interval

B c D ! D C B

-  ( M • 2 ) i  2 /  nterval
i
i
i

C H < ! ■
.

H C

1 j ; j  i «—  1 / interval

I ,------- 1--------- ,--------- 1

FI Flop
( 2M * 2 )Lo queue (witches ♦ 2Lo local

F i g u r e  6 .4 .1  T h e  F l i p - F l o p  F a i r  A l g o r i t h m
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C h a p t e r  6

T h e B a lan ced  A lg o r ith m

W ith the  Fair Algorithm and its Flip-Flop variant we have m ade signif­

icant progress in reducing the ra te  of switching to its m inim um , mainly 

by reducing the am ount of queue-switching. As we have seen, switching 

performance can generally be improved by either

•  increasing the  length of the scheduling interval, or

•  rearranging the topology of the queues.

Additional improvements of this type  are im plem ented in the Balanced 

Algorithm. The Balanced Algorithm requires th a t  the  load of the  queues 

be more or less even. Where it does yield a viable schedule, th a t  schedule 

has extremely good switching properties.

In the Balanced Algorithm we elim inate the d istinction between shared 

and dedicated queues, as well as the  topology of the  Fair A lgorithm .

6 .1  U n i f o r m  Q u e u e  S t r u c t u r e

For the  Balanced Algorithm, we begin by defining queues in term s of 

partia l  cum ulative sums of the task  processing loads f ia , A  G S ,  in the 

same m anner in which every individual queues are defined for Algorithm 

A. However, we now impose in additional condition th a t  for any two
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queues the sum of their required processor loadings m ust be greater 

than  1 . For any pair of queues Q r and Q , ,  with 1 <  r <  2M  — 1 , 

1 <  8 <  2 M  — 1 , we have th a t

(Hr > 0 and fiB > 0 ) => f i r + fi t  > 1 (6 .1.1)

For the  Balanced Algorithm we require th a t  the  num ber of queues s a t ­

isfying (6.1.1) in fact exactly equals 2M  -  1. Note th a t ,

•  for small M this is easy to achieve (it is inevitable for M equal to 1 or

2 .)

•  for large M, it is easy to  achieve if the  fi of the  individual tasks is 

small.

6 .2  T h e  S c h e d u l in g  I n t e r v a l

Having generated 2M  — 1 queues, the  Balanced Algorithm  now assigns 

queues to  processors and sets the processor schedules. Associated with 

each queue is a  queue deadline , the  first (i.e., next im m ediate) deadline 

for a  task  in the  queue. For the  Balanced Algorithm , the  scheduling 

interval consists of the first (i.e., m ost im m ediate) M  (not necessarily 

d istinct)  queue deadlines. Thus, com pared with previous queue-based 

a lgorithm s described in earlier chapters, the  Balanced A lgorithm  ex­

tends the  length of a  scheduling interval by tak ing  M  deadlines a t  a  

tim e for a  scheduling interval.
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6 .3  T op ology

D uring each scheduling interval, the Balanced Algorithm splits the 

2M  — 1 queues into two groups: the  foreground queues and the  back­

ground queues. The M  — 1 foreground queues include all queues having 

deadlines inside the scheduling interval. T he M  rem aining queues are 

in the  background.

Assume th a t  for the kth scheduling interval, queues Q i ..  . Q m - i  are 

in the  foreground, and Q m  . .  . Q 2M - 1  are in the  background. In each 

scheduling interval, processors tti th ru  t t m - i  run foreground queues 

Q i  th ru  Q m -  1, respectively, with high priority  and background queues 

Q m  th ru  Q 2 M - 2 > respectively, with low priority. Processor t m  runs 

background queues Q m  th ru  Q 2M - 2  in sequence except th a t  it has 

low priority  in any conflict: if some processor ttj th ru  k m - i  is a lready 

running one of these background queues, then ^ m  has low priority  to  run 

th a t  particu la r  queue. Processor n m  will then run the next background 

queue for which no conflict exists with any processor irj to  k m - i ,  and 

re tu rn  to  run any background queue skipped due to such a  conflict a t  

the  earliest possible time. Finally, processor * m  ru n s its background 

queue Q 2 M - 1  whenever it would otherwise be idle (i.e., with lowest 

priority  of all of the queues it processes). Thus, for processors ttx to 

7Tm-i the  background queues are shared with processor n m  while the 

foreground queues run in a  dedicated fashion.

W ithin each scheduling interval, queues and tasks receive their  fair
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share of processing. T h a t  is, letting 5* denote the dura tion  of the k-th 

scheduling interval and fi j the  load of queue Q } , then during  scheduling 

interval k queue j receives 5* x p j  units of processing time.

At the end of a  scheduling interval, the  next scheduling interval is de te r­

mined, again in terms of the of the first (i.e., m ost im m ediate) M  (not 

necessarily distinct) queue deadlines. T h e  foreground and background 

queues are redefined in terms of these deadlines, i.e., as M  — 1 queues 

having deadlines inside the scheduling interval, and the  queu es /ta sk s  re­

ceive their fair share of processing time as app rop ria te  for the  duration  

of this new scheduling interval.

T he  topology and  scheduling sequence of the Balanced Algorithm  is 

illustrated  in F igure 6.3.1.
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6.4 T he B a lan ced  A lgorith m

S t e p  1 T he  scheduling interval [ Tj_i,r,-) of the Balanced Algorithm 

will s tre tch  over M  (not necessarily d istinct) deadlines.

For each deadline t u we define the set

S u =  {A  : A  €  5 , 3k  : t u =  kp

of tasks which have a deadline which coincides with £u . We use this to 

define the scheduling intervals [ r i - ^ r ,  ) in [ 0,T).

F irs t ,  we set

and

We define « as

and finally,

To — to  =  0

U - 1 =  t v f o r  r t _ 1 <  T.

s =  m tn { r  : M  <  ^  |5 U|}

Thus, for 1 <  r <  2M  -  1, » : 0 < r, <  T.
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S t e p  2 During the interval [ r j_ i ,r»  ) , each queue Q r is allocated tu,r 

qu an ta ,  com puted as follows:

W0r =  0 

l ( r A ) j  <  W ir <  r ( r ^ ) l

2 M - 1

W.r =  W .r -  IV .-I n

S t e p  3 Processor allocation during the interval is done by the  Tiling 

Algorithm  described below.

S t e p  4 T he in ternal scheduling of each queue is by deadline.

T h e  T i l in g  A l g o r i t h m

T h e  Tiling Algorithm  does the ac tua l scheduling of the  tasks during  

the  interval ). This is done by try ing  an initial configuration

which meets all the deadlines, bu t may include scheduling conflicts, i.e., 

a  pair  of processors may be assigned the sam e task  a t  the  sam e time.
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Any such conflicts are  then eliminated in a  sequence of transform ations 

until a valid schedule is obtained.

1. P r e l i m i n a r i e s  We partition  the  tasks into two sets f/t and V,, 

where

|t / , | =  M  -  1 , |Vi| =  M

where the urgent set (/* includes all queues with deadlines inside the 

interval [ r ^ ^ r ,  ). For 1 < r < 2M  -  1,

3 A,k : (Ta e  Qr^i-x  <  kpi < u ) => (Qr e  Ui)

Let Qo €  Vi be some queue such th a t

Vr : Q r G Vi => f ir < fiQ (6.4.1)

2. Initial Configuration

Initially,

•  Each of the  first M  — 1 processors is assigned two queues Q r and Q e 

where

Q r e U i , Q . e V i - { Q 0 } 
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The processor allocates totr units to Q r , and  the rem aining

9. -  v ir

q u an ta  to Q t . It gives high priority to the urgent queue Q r , runn ing  Q ,  

in the  background until Q r receives its full allocation for the  interval.

•  Processor M  has to supply the balance of the  service due to the queues 

Q ,  in U i~  {Qo}- For each such queue Q r , if (Q r , Q ») is the pair assigned 

to the same processor 7rm , then

w *V  =  9 i  “  {Vir ~  Vi ' )

is the contribution of processor M  to Q We construc t a  schedule 

stub Ho, a  string  which includes a  substring 6' of length for each

Q ,  e  Vi -  Q 0-

n 0 = C O N C A T { s  : Q . e V i -  {Qo} : ^ . )

T he  initial schedule for the  processor itm is Q qQ q.

F a c t  6 .4 .1  No deadlines are missed in the i th interval. 

P r o o f :
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1. At the  end of each interval, each queue receives its fair share of service 

time. Thus, a t  the s ta r t  of the  i th interval, each queue has received its 

fair share.

2. Similarly, a  queue Q t e  Vi has no internal deadlines in the i th 

interval. By the end of the interval, it will have once again received its 

fair share of service.

3. Queues Q r €  t/» m ay have internal deadlines in the  t th interval. 

Queues in Ui are serviced with high priority during  the  i th interval. 

Therefore Q r will receive a t least its fair share a t  each in terna l deadline 

and cannot cause failure.

Q .E .D .

V: tf
n , A B

TT, C D

• E F

•

TTm B D r 0-

F i g u r e  6 .4 .1  I n i t i a l  C o n f i g u r a t i o n

F a c t  6 .4 .2  If each queue Q r €  l/» can be serviced w ithout in terrup tion , 

the  initial allocation is a  valid schedule and the  tiling is complete.
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P r o o f  : T he first M  -  1 processors each schedule a pair of disjoint 

queues, so th a t  the only possible conflicts would involve the s tu b  no- 

B ut the  relations

MO +  Mr >  1, Q r  €  Ui (6.4.2)

preclude this possibility.

Q .E .D .

I t  is possible th a t  some Q r €  Ut cannot receive its whole allo tm ent for 

th e  interval w ithout in terruption. In this case, the associated processor 

7Tj m ust interleave Q r and Q , , invalidating the assum ptions of Fact 

6.4.2 above and perhaps violating restriction R \  by having Q ,  running 

sim ultaneously  on and * m .

F a c t  6 .4 .3  Any ex tra  switching caused by this interleaving is already 

accounted  for as par t  of the  local switching for Q r.
deadline ( Q r )

I  T

F a c t  6 .4 .4  Each such interleaving is associated with an internal d ead ­

line of the  interval which involves Q r . There can therefore be a t  most 

M  — 1 such interruptions in the  interval (each involving Ui).
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T he  following transform ation, applied repeatedly, will result in a  feasible 

schedule for the interval. Let r be the first instant where there is a  clash 

in the ten ta tive  schedule for the interval.

T i-v-1

TT,

TT,

TTu

o Y

u p p

: ^

u 0, Y

X S I p p

Figure 6.4.3 Transformation (a)

a. Assuming th a t  H, the tail of the  s tub  excluding Q ,  is not empty, the 

transform ation  (a) above will eliminate any conflict at time r.

b. In case the remainder of the stub is exhausted, the transform ation 

below will eliminate the conflict at time r.

Q o can cover any remaining conflicts with Q t . Figure 6.4.3 shows the 

general case, where the schedule for 7r; includes more occurrences of Q , ,
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s ta r t in g  a t  r ' .  In any case, since Qo was selected to have

Vs : Q ,  G Vi =>■ n ,  < Ho (6.4.3)

all Q t — co n f l i c t s  between 7r; and itm can be eliminated.

f t T '

■"I 0, 0, z

TTm

%

u p p 1

u 1 o •< p

X 0 , j . 0 , I 2

F i g u r e  6 .4 .4  T r a n s f o r m a t i o n  (b )

F a c t  6 .4 .5  T he  transform ation  step

1. M aintains Fact 6.4.1 invariant.

2. Leaves the  num ber of processor switches in the interval invariant.

3. Increases the  length [ r* _ i , r )  of the conflict-free section of the  ten­

ta tive  schedule.

59



P r o o f  : By construction. In particu lar a  queue Q r €  Ui retains the 

tim e slices it was assigned.

6 .5  A m o u n t  o f  S w i t h c h i n g  in  t h e  B a l a n c e d  A l g o r i t h m

F a c t  6 .5 .1  T h e  Balanced Algorithm  is optim al. T he  num ber of 

switches in the  interval (0,T) is bounded by

<5 -  £>*>•

P r o o f :  T he  optim ality  of the Balanced Algorithm  follows from Facts

6.4.1 and 6.4.5. Since Fact 6.4.5 s ta tes  th a t  the transform ation  step 

does not change the am ount of processor switching, we use the initial 

configuration to  com pute the  bound.

We see from Figure 6.4.1 th a t  in the  initial configuration

a. Each interval includes 2 ( M  — 1) in ternal queue switches,

b. Since we have no choice in selecting the set Ui, it is possible th a t  

M  — 1 queue switches occur a t  the join of two intervals. (Since there  

are 2A/ -  1 queues, any two subsets of size M  will always have a t  least 

one common element.)

c. T he  to ta l num ber of queue switches in each of the  intervals is 

3 ( M -  1).
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d. As before, we have an additional 2 L q local switches.

e. T he to ta l is therefore

(5 -  > o .

Q .E .D .

6.6 Disscussing of Switching Rate

As M  is increased, the bound approaches 5 L q. A m easure of in terest is 

the  ratio
Lo
M

which refers to the activ ity  of a  single processor. This  ra tio  is the  av­

erage num ber of arrivals per processor. O ur main result s ta tes  th a t  

the  switching bound is less than  5 times the  num ber of arrivals per 

processor. This compares well with the deadline a lgorithm  for a  single 

processor, where the  bound is twice the  num ber of arrivals. T h e  sw itch­

ing cost of multiple processors is therefore to increase the  bound  on the  

am oun t of processor switching by a  constan t factor less th an  2.5.

6.7 D edicating Processors to Queues

One of the a ttrac tiv e  features of the  earlier queue-based algorithm s 

(the Fair A lgorithm , and its variants) is the  s ta tic  n a tu re  of the  queue- 

processor assignm ent logic, in th a t  queues are assigned to  one or two
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processors and are serviced by those processor(s) henceforth. W ith  the 

Balanced Algorithm and the dynamic nature  of the scheduling in ter­

val and queue-processor assignments we lose this unique association of 

queues to  processors. As a result, we cannot simply “hard-wire” queues 

to processors and associated peripherals, e.g., local memory, o u tp u t  

busses, etc.

Nevertheless, we can still associate one queue to a  particular processor. 

Say we wish to  uniquely assign queue “X” to the “red” processor. T hen, 

in a  given scheduling interval, if queue X is in the foreground, it is simply 

assigned to  run on the red processor. If it is not in the foreground, it 

becomes the  “apeciaP background queue 2M  — 1 and the red processor 

becomes the  “speciaV processor to which it is assigned.

foreground

background

red

□ 0

Figure 6.7.1 Dedicating Processors to Queues
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6 .8  G en era liz in g  th e  B a lan ced  A lg o r ith m

T he  discussion of the unique role played by the  “red” processor irj\f in 

allowing a specific queue to  be assigned to a  specific processor suggests 

a  generalization of the Balanced Algorithm. In essence, the  Balanced 

Algorithm  splits the processors into M  — 1 “blue” processors and  one 

“red” processor. In fact, we m ay split the  processors up arbitrarily . We 

illustra te  the required modifications by describing below the  Balanced 

A lgorithm  with two “red” processors and M  — 2 “blue” processors. T he 

changes required for r “red” processors and M  — r “blue” processors will 

be obvious. T he  payoff is th a t  with r  “red” processors we can uniquely 

assign r queues to specified processors.

M o d i f i e d  S c h e d u l in g  I n t e r v a l :  T he scheduling interval consists of

the  first (i.e., most im m ediate) M  — 1 (not necessarily d istinct) queue 

deadlines.

M o d if i e d  T o p o lo g y :  The to ta l 2M  — 1 queues are split into M  — 2

foreground queues having deadlines and M  +  1 background rem ain­

ing queues. In each scheduling interval, processors 7Ti th ru  k m - 2 run 

foreground queues Q i  th ru  Q m - 2 , respectively, with high priority  and 

background queues Q m -  1 th ru  Q 2 A/ - 4 1  respectively, with low priority. 

Processors n M - 1 and k m  run queues Q 2M - 3  and  Q 2M - 2 , respectively, 

and background queues Q m -  1 th ru  Q 2 M - 4  ^  a  group, avoiding con­

flicts w ith  processors 7Tj th ru  t t m - 2 -

Thus, processors k m - i an(i a re “red” processors, to which queues
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Q 2 M - 3  aQd Q 2 M - 2 ,  respectively, are uniquely assigned.
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Part III

F lat A lgorithm s
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Chapter 7

T h e F la t A lg o r ith m s

It is well known th a t  the Deadline A lgorithm , which is op tim al with one 

processor, is not optim al with multiple processors. This is illustrated  

by the following example.

E x a m p l e  7.1: A two processor system with tasks {A , B , C }, where 

A  = B  =  (2,4) and C  =  (7,8) has a  valid schedule:

A A B B A A B B
C C C C C C C -

However, a  schedule generated by the  Deadline Algorithm  would s ta r t  

with the prefix

AA.. . .
B B . . . .

which canno t be completed for a  valid schedule.

T h e  inadequacy of the Deadline Algorithm  in Exam ple 1 is a  result 

of not giving sufficient early a tten tion  to  task  C, the  task  with the 

least im m ediate  deadline. If we wish to use a deadline-based scheduling 

a lgorithm  in the m ultiprocesor setting, we m ight consider augm enting
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the  deadline algorithm  with a  process for introducing add itional effective 

deadlines designed to prevent tasks with d is tan t  deadlines from being 

ignored until it is too late to run them  successfully. Thus, if task  C  has 

to  receive e units of service by its deadline t, and if t \  is a  tim e which 

satisfies

t — e < t x < t

then  C  has an effective deadline t \  before which it has to  receive

e - ( t -  t x)

units  of service. In Exam ple  1, C  needs 7 units  of service by <=8. This 

can be refined to:

C  : 3 units by t \  =  4 ; 4 add itional units  by t  =  8

While this type  of refinement will succeed in Exam ple 1 (basically, an 

added deadline is required for deadline-based scheduling here), we shall 

d em o n stra te  below th a t  it is no t enough in general.

T h e  following is a  more in teresting example of how the  D eadline Algo­

r ithm  can fail in the  multiple processor setting:

E x a m p l e  7.2: A two-processor system with tasks
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S = { A , B , C , D ) ,  A  =  (1 ,2), £ = ( 1 , 3 ) ,  C = ( 4 , 6 ) ,  D = ( 5 , 1 0 )

This system  has period T  =  30. Consider the  initial p a r t  of the  schedule 

obtained  by applying the  Deadline A lgorithm  to  this  system :

01 2 3 45
A C A B A D
B D C C C -

At time t = 5, the only task on hand to  be run is D , and  so (since a  

task  may only run on one processor a t  a  tim e, restriction R l )  one of 

the  processors will be idle during  the interval [ 5,6). However, a  valid 

schedule for this system cannot have any idle cycles since

/* =  2

and  so the deadline algorithm  again fails. In con trast to  Exam ple 1, 

a t  tim e t= 6  there  is still sufficient time left to  run each individual job; 

ra th e r ,  there is no longer enough tim e to  run all of the  jobs.

It is not hard  to see th a t  any schedule for Exam ple 2 m ust satisfy the 

condition:

D  receives a t  least 3 units of service in the interval [ 0 ,6  ). (7.1)
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The Paris  C onstra in ts  are a  formalization of such restrictions. In the 

two-processor case, the  Paris constrain ts  in fact am oun t to  additional 

deadlines imposed on a  task to force compliance with restrictions similar 

to  (7.1) above.

7.1 The Two Processor Case: Paris Constraints

For the  im p o rtan t special case of only two processors ( M  =  2), the Paris  

constrain ts  associated with a  deadline k  are given by a  set of recurrence 

relations. Let

tv~ represent the work a t  hand im m ediately before the deadline <t , and

tv*  be the  work a t hand im m ediately  after the  deadline t t .

For A  €  5 ,  the quan tity  <,modp; represents the  tim e elapsed since the 

arrival of task A.  Then

biA — m a x (  0, e^  — tim odpy)

is a  lower bound on the  work rem aining to be done on behalf  of task  A  

a t  tim e t. We define the  auxiliary variables

A:ti  m odpj=0
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and

bi =  ^ 2  biA
A e s

Then

а, is the to ta l work which arrived a t  », and

б, is a  lower bound on w ~ .

Consider now the i’th interval [ i-1, i). It is easy to see th a t  , w * 

satisfy the following recurrence relations:

W q  =  0

w i - i  =  w 7- i  +  a » - i i  * >  0

w ~ = m a x ( w ^ ’_ 1 — M  x (t, — 6<), * > 0

T h e  final relation describes the requirem ent th a t  M  processors all be 

kept busy to the extent th a t  there are a  sufficient num ber of tasks and 

available work to  keep them  busy.

Let ot iA  denote the unfinished work for A  a t  deadline t*. T h e  constra in t 

C i j  for task  A  a t  deadline t ,  is expressed in terms of a,-^ :
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c  . f <*%a  = 0, if t im o d p A  =  0; 
tA ' \  a , ^  <  tut~, otherwise.

The first p a r t  of the constrain t simply s ta tes  th a t  all tasks meet the 

usual (regular) deadlines. The second p a r t  of the cons tra in t essentially 

defines additional deadlines for each task . These new deadlines require 

th a t  each task receive as much processing tim e as possible in each in­

terval. The rationale for this constrain t is as follows:

Consider the situation a t  the end of the interval [ i-1, i), ju s t  before the 

arrival of new tasks. Denote this instan t by t ~ . Also, let

N

=  <7 1 1 ) 
y= i

denote the actual work left a t  t ~ . We assert

a. 0 '  > wtr

b. 0 J  >  w~  => the  interval [ i-1, i ) will have idle cycles.

c. (3A  : A  £  S  : a , ^  <  w ~ ) => [07  =  w ~ ) or

(3 B : B e S , B £ A :  a iB > 0)

d. (3A , B  €  S  : A  ^  B , a { A > 0,a»B > 0) no idle cycles in [ i-1, i )
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From which we conclude th a t

( VA:  A e S  : a iA <  ) =► =  w { )

T h e  key point is (d): if there  are two tasks left a t  the  end of the  interval 

[ * i - i ,  ), then there canno t be any idle cycles inside the  interval, since

the  unassigned task  (which has, of course, a  deadline) replaces the  idle 

cycle w ithout clashing with the task th a t  is scheduled on the  active 

processor.

Let us now re tu rn  to  our two examples to see how the  new constraints  

enable the generation of viable schedules.

E x a m p l e  7 .1  R e v i s i t e d :  A two processor system with tasks

{ j4 ,R ,C } ,  where A = B  =  (2,4) and C  =  (7 ,8). Recall th a t  a  sched­

ule generated by the s tandard  deadline algorithm  would s ta r t  w ith the 

prefix

A A C C . . . .
B B  ....

resulting in failure to  complete task  C .  T h e  add itional constrain ts  de­

fined above prevent this failure. Note first th a t  a t  tim e 1 =  0 a  to ta l of 

11 units  of work arrived. Since the system  has two processors (M  =  2), 

the  constra in t requires th a t  by tim e t =  4 only 3 units  of this work
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remains. T h a t  is, the constra in t requires th a t  no task , in particu lar  

task  C,  have more than  3 units of work rem aining a t  tim e t =  4. Thus, 

under the constra in t task C  has a  deadline a t  t =  4 to have received 

4 units  of processing. Now, all th ree tasks have deadlines a t  t  =  4. A 

deadline a lgorithm  will successfully schedule this augm ented  system.

C C C C C C C -
A B A B A B A B

E x a m p l e  7 .2  R e v i s i t e d :  A two processor system  has tasks

S  = { A , B , C , D ) ,  A  =  (1 ,2), B  =  (1 ,3 ),  C  =  (4 ,6),  £ > = ( 5 ,1 0 ) .

Recall th a t  the initial p a r t  of the  schedule obtained  by applying the 

s tan d a rd  deadline algorithm  to this system is:

01 2 3 45
A C A B A D
B D C C C -

T he occurrence of an idle cycle in a  two processor system  for which ft =  2 

means the schedule m ust eventually fail. T he  additional constrain ts  

defined above prevent this failure as well. Note first th a t  up  to tim e 

t =  6 a  to ta l  of 14 units  of work has arrived (three arrivals of task  A, 

two arrivals of task B, and one arrival each of tasks C and  D). Since 

the  system  has two processors (M  =  2), the  constra in t requires th a t  by 

tim e t =  6 only 2 units  of this work remains. T h a t  is, the  constra in t
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requires th a t  no task , in particu la r  task D , have more th an  2 units of 

work rem aining at time t =  6. Thus, under the  constra in t task D  has 

a  deadline a t  t =  6 to  have received 3 units  of processing. Adding this 

cons tra in t yields the  following deadline-algorithm  schedule:

01 2 3 45
A C A C C D
B D C D A B

It may seem som ew hat mysterious as to why we can reduce the  deadline 

constra in t

Ci'. The to ta l work rem aining < w ~ .

to the  seemingly weaker constrain t

C-i'. Work rem aining for each task <  w ~.

and  so ob ta in  a  useful augm ented  system  of deadlines. W hile it is clear 

th a t  C i =>■ C*2 , in the  context of deadline-based scheduling the  two 

constra in ts  are in fact equivalent. This is shown in the  following proof.

F a c t  7 .1 .1  : In a  two processor system scheduled by a  s tan d a rd  deadline 

a lgorithm , C \  and C 2 are equivalent.

P r o o f  :

a. I t  is clear th a t  C \  =>• C 2 .
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b. To see th a t  C 2 ^  C \  , suppose th a t  C\  is false (and so the to tal 

am oun t of work remaining exceeds w~)  and C 2 is true  (and so the 

am oun t of work rem aining for each task is less than  or equal to tv~) .  

Then

1. T here  is an idle cycle in the scheduling period, and

2. More th an  one task remains unfinished a t  the deadline.

This is a  contradiction, because under a  deadline algorithm , the  one of 

the  unfinished tasks would be used to  fill in the  idle cycle. Q .E.D .

7.2 The General M ultiple Processor Case

W ith more than  two processors (M  >  2), the  reasoning is basically the 

same, except th a t  the constraints

unfinished work at t ime  t, <  w~  

m ust hold for every subset of size (M  -  1) of the  set:

S{ =  { A  : A  G S,  t .m o d p ^  >  0}

This is because in the multiple processor setting , the equivalent of A s­

sertion (d) would require a t  least M  unfinished tasks a t  the end of the 

period to guarantee  no idle cycles in the  period: the  idle cycle on one

75



processor occurs concurrently  with up to M  — 1 tasks scheduled on the 

rem aining processors. To avoid a  po ten tia l clash, we need a  pool of 

a t  least M  tasks to choose from. This suggests th a t  the generalization 

of the Paris Constrain ts  to (M  > 2) processors would lead to  a  linear

for each interval. T he two processor case is therefore a serendipidous 

simplification, and owes its efficiency to the fact th a t  M  — 1 =  1 so th a t  

the  constraints  reduce to N  restrictions on the N  individual tasks. As 

we have seen, these can be incorporated into the  deadline tab le  w ithout 

causing any expansion of the table.

The Constraints

T he  Paris  constraints  have the effect of postponing  the  idle cycles in the 

schedule. We now explore this notion further and prove th a t  application 

of the Paris constrain ts  results in a  schedule in which idle cycles are 

postponed  to  the m axim um  extent possible.

Consider a  feasible system  S  of tasks. Let T  be the  system  period, and 

let k  be the  num ber of intervals between successive deadlines in [ 0 ,T). 

T  and k  are determ ined by S  and  are independent of any particu lar

program . A bound on the  num ber of constrain ts  required in this setting 

is

schedule.

We confine our a tten tion  to viable schedules E  where the  u n it  of allo­
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cation q u a n t u m  q

q = G C D ( { e A , p A : T A e S } )

is the G C D  of the system param eters . Then  every schedule <r G E  will 

have the  same num ber r of idle q u an ta  in the period [ 0 ,T) .

For each schedule a  6  E , define the k — tuple

( r i , r 2, . . . , r fc)

where r ,  is the num ber of idle q u an ta  in the i ' t h  interval between d ead ­

lines. Each such k  — tuple  defines an equivalence class on the  set E  in 

the  following way: we say two schedules in E  are (idle-cycle) equivalent 

if they  are associated with the same k — tuple  ( r i , r 2, . . .  , r*).

Define a  lexicographic order -< such th a t ,  if a  and <r; are  schedules 

characterized by k-tuples ( r l5 r 2, . . . ,  r*) and ( r j ,  r '2, . . . ,  r'k) , we say 

th a t

*7/3j : 0 < j  < i r'i =  riyi <  j , r j  <  rj

So, for example, (0 ,0 ,0 ,3 ) -< (0 ,0 ,1,2).

Consider the  equivalence class [<r0] such th a t ,  for all a  €  E  , either



o G [0 0 ] or else <r0« r  • Then [<ro] is the  set of viable schedules for which 

the  idle cycles appear  as late as possible. In the following sequence of 

theorem s, we will show

1. th a t  the  set [0 0 ] is not empty,

2. th a t  if a  schedule does not satisfy the Paris  constra in ts  then  it is not 

an element of [0 0 ], and

3. th a t  if a viable schedule satisfies the Paris constrain ts  then  it is an 

element of [a0].

F a c t  7 .2 .1  : For a  feasible system , the  equivalence class [0 0 ] is not 

empty.

P r o o f  : Since both  the num ber of intervals in [ 0,T) and  the  to ta l 

num ber r  of idle q u an ta  is fixed, there  can only be a  finite num ber of 

equivalence classes. Thus,

3 0  =» 0  €  [0 0 ] or (30 ' :  (V0 "  : o'~«y" or 0 "  €  [0 ']))

QED

F a c t  7 .2 .2 :  Every schedule in [0 0 ] satisfies the  P aris  C onstra in ts .
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P r o o f  : Assume the  contrary: th a t  a  €  [oo] does not satisfy the  Paris 

constrain ts. Let i  be the first deadline where a  violates the Paris C on­

stra in ts .

1. From these assum ptions we have

3 A  : A e  S a iA >  w- (7.2.1)

Vo7 : a '  6  [a] o r  a « r '  (7.2.2)

2. From (7.2.1) and  (7..2.2) we have th a t

Pi >  *>r (7.2.3)

3. From (7.2.3) and Assertion (b) above we conclude th a t  the i ’th 

interval contains idle cycles.

4. Let d A be the next deadline of T A :

4 a  =  U  +  P a  ~  t i m o d p A

Since >  0 ,
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S t  : t i  <  t  <  d A : T j  €  < t [ t ]  

and there  is an occurence of A  in [ t i , d A ) .

5. Since i  is the  first deadline where a  violates the  Paris  C onstra in ts ,

tti-i.M  <  1

and , using (7.2.1) we have

<*iA >  b iA

From this, we conclude th a t  the  interval [ *,_!,<») contains fewer than

t i — t i—i

q u a n ta  of A  . There  m ust exist a  q u an tu m  r '  in the  interval [ )

during  which A  is not scheduled.

3 t '  : t , - !  <  t '  < U : <r[r'J =  (X , Y ), X  ?  Y , X  #  Th Y ?  Tj

6. Also, e ither
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a. X  =  idle or Y  =  idle, or

b. 3 r "  : j <  r "  <  : < t \ t " \  =  (IV, td/e)

We construct a  schedule <r' which differs from a  as follows:

a. If case a  holds, and , say X  =  idle :

<r[r'] =  (*dfe ,y ),  <r[r] =  (7y ,Q )
=  ( 7 ^ ,7 ) ,  <r'[r] =  ( id le ,Q)

b. If case b holds, then since X  ^  Y  , then either X  ^  W  or Y  ^  W  . Say

o [ T « \ = ( W , U l e ) ,  <r[r'] =  ( X . F ) ,  <r[r] =  (TS,Q )
„ y ’) = (w,x), cy\ = (ThY), <,y = (uu,Q)

In either case, a '  is a  valid schedule for the  system S  . Also, a ' « j  since 

r [ < r i  VJfc : 0 <  k < i  : r'k =  r k

which contradicts  (7.2.2).

F a c t  7 .2 .3 :  If a  €  £  satisfies the  Paris C onstra in ts ,  then  a  G [<r0] .

P r o o f  : Assume th e  contrary: Suppose a  satisties the  Paris  C onstra in ts  

b u t  th a t  there  exists o ' « j  . Then
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3 j  : 0 <  j  <  t|r( =  r», » <  r j  <  r;

Since a satisfies the  Paris  C onstra in ts ,  by (b), we get

0 J  =  w~  (7.2.4)

Since r[ =  r* for 0 <  j  <  t , we have

wj-_ i+=wy- i+  (7.2.5)

=  wj

and since r '  <  ry , we have

(7.2.6)

0 J  < (7.2.7)

From (7.2.6) and  (7.2.7) we conclude th a t

0 J  > w -

which contradicts  (7.2.4). QED
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7.3 T he F la t A lgor ith m s

The F la t Algorithms we consider here obey the  Paris Constrain ts . The 

s truc tu re  of our algorithms is

1. Build a  constrain t table.

2. Traverse the constrain t table in some order to  construc t a  schedule.

The first step am ounts  to specifying the l e a s t  equivalence class of sched­

ules [(To] described above. The second s tep  selects o n e  m em ber of this 

class of schedules.

In chap te r  8 we show th a t  there is an effective way of constructing 

a  schedule from the constrain t table. Note th a t  the original, simple 

constra in t table where the  only constrain ts  are  the basic deadlines of 

each task also specifies a  set of schedules (in fact, it specifies the  set of a l l  

schedules.) In a  sense then , the  scheduling problem is simply finding 

an effective s tra tegy  for satisfying these constraints  in the  course of 

constructing  a  schedule.

T h e  K L  A l g o r i t h m

As shown above, the  Paris C onstra in ts  have the effect of postponing  idle 

cycles which m ight otherwise occur in the  early p a r t  of the  schedule. 

In practice, they  confine our search to  the ‘least ’ equivalence class [<r0] 

of schedules. If, however, the  system  under consideration satisfies the
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relation

fi ~  M

so th a t  a  valid schedule cannot contain any  idle cycles, all schedules 

a  will be in the  same equivalence class [oo]. In this case, the  Paris 

constrain ts  will be feasibility constraints, in the  sense th a t  they  do not 

exclude any  valid schedule from consideration. Exam ple  7.2 is an ex­

am ple where every schedule m ust obey the  Paris  C onstra in ts .

T he  question of w hether a  group of valid schedules is excluded from 

consideration is an im portan t one, since we are searching for schedules 

with a  certain p roperty  ( th a t  being a  low switching rate .)  I t  is therefore 

comforting th a t  the Paris Constrain ts  can be modified so as no t to rule 

out any schedule. T he  idea is to ‘a u g m en t ’ the  given system  S  into a  

new system  S '  by adding suitable ‘d u m m y ’ tasks so th a t  the  load of 

the augm ented  system S ’ is

H' =  M

There  is then  a  m any-to-one m apping between the  set E '  of schedules 

of S '  and  the  set E  of schedules of S  : the  dum m y tasks are  simply 

place holders for idle periods in the  schedules for S .

This modification of the  Paris C onstra in ts  ac tually  simplifies the  algo­

rithm . For S ,  the  num ber of idle processor cycles for the  interval [0,T ) 

is:

r  =  M  : 1 < j  < N )
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Logically, S '  =  S  U R  , where R  is a  set of r  identical tasks whose 

param eters  are ( L T ) .  Each of these dum m y tasks s tands  for a  single 

idle cycle; this circumvents any problems with restric tion R l .

In practice, we need not represent the dum m y tasks in our deadline

table a t  all. T he ir  sole effect is to add r to the  initial work a t  hand.

In addition , since the augm ented system 5 '  canno t have idle cycles, the 

recurrence relations are simplified. In the two processor case, they  are

w~ =  r

w *  = w ~  +  a , ,  t >  0 

w ~  = - M y  (ti -  t i - i ) ,  * >  0

where, as before,

(eA I J : li mod pi =  °)
Aes

and  the  constra in t for task A  a t  deadline ti is still

c  . f <*iA =  0, if t i m o d p A =  0;
tA ‘ \  atiA < u\“ , otherwise.
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Chapter 8 

The O ptim ality o f the Paris A lgorithm

In this chap te r  we show th a t  the  Deadline Algorithm  applied to the set 

of Paris C onstra in ts

A £  S  : * : 0 <  » <  T  :

is optim al, in the sense th a t  it is an effective procedure for constructing 

a schedule. It is more expedient to work with the KL A lgorithm , and 

no generality is lost. We therefore confine our a tten tio n  to fully loaded 

systems (n = 2). O ur approach is to show th a t  any feasible system 

has a  schedule in deadline order (in the  Paris sense of deadline.) We 

proceed as follows:

F irs t we define perm uta tions  which transform  one schedule into ano ther  

and  establish sufficient conditions for the  existence of such p e rm u ta ­

tions. We then define a  lexicographic ordering of schedules for a  given 

system. This ordering has the property  th a t ,  assum ing th a t  they  ex­

ist, deadline schedules for the system would precede all o thers. We 

then  show th a t  for a  feasible system, every schedule which violates the 

deadline property  is preceded by another.

8.1 Definitions and Transformations

We begin by defining some mechanisms for transform ing one schedule 

into ano th e r  and by s ta ting  certain  basic facts ab o u t such transform a-
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tions. Let <r be a  schedule for a  system  S.  We define, for k  : 0 <  k < T ,  

subschedules er0k and such th a t ,

a  =  a 0 k  <*kT

and ,

o’ok is the  schedule for the interval [ 0,k )

CkT ls the schedule for the interval [ k ,T  )

We extend this notation  and write for the  “slice” 0k,k+i  

We also let the ordered N  — tuple

. . . ,<*kN)

be the  s ta te  of the  system in term s of the unfinished work a t  k.

W here necessary, we use superscripts  + ,  — to avoid am biguity  a t  the 

discontinuity. Thus, we write,

0 j  =  ( e i , . . . , e j v )  and  6 j  =  ( 0 , . . . , 0 )

A s ta te  Ofc is valid a t k  if there exists a  schedule

ff = <rok (Tier
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such th a t  the  system is in s ta te  0 *  a t  time k.  In this case, <r0fc is a  valid 

prefix, and a^T  is a  valid suffix, provided they  are well-formed (each 

slice <Ti contains 2 distinct tasks).

Well-Formed aok ::

Vi : 0 <  i  < k  : <rt =  { X , Y }  =» X  £  Y  

Equivalently, a  s ta te  0 *  is valid iff Q* holds:

Qfc • &k =  (a* i, • • • ,<*)cn)

V A : A e S :

l>kA < <*kA < m tn(V i : k < i  < t kA : ciA -  (i -  *))

The prefix <rok is valid iff

Pfc A Qjt A Well -  Formedoo*

where

P fc : Vi : 0 <  i  <  k  :

Vyl €  S  : biA < otiA < CiA

We use t)eA as shorthand  for the next deadline of A  following k :

tkA = k + pA -  k  m od pA 
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and,

S L A C K kg :: V» : k < i < t kg : a kg < Cig +  (t — t kg)

Also for 0 < k < T  , we use 0 *  to define sets R k and L k '■

Lk = {A : a kA > bkA} 

Rk = {B  : S L A C K kB}

A task in Lk has received more than  the m inim um  am ount of service 

at k with respect to  its Paris Constrain ts . Similarly, a  task  in L k has 

received less than  the m axim um  am ount of service. L k and  R k constrain  

the possible transform ations allowed on a  schedule: a  task  in R k can be 

speeded up (i.e., receive more service in the interval [ 0, k ), whereas a 

task in L k can be delayed (i.e., receive fewer q u an ta  in [ 0, k ).)

8.2 Pertinent Facts 

Fact 8.2.1
a. W e L m , W t < r m ^  W  e  L m+l

b. Z  €  RmtZ  G <Tm => Z G  Rm+ 1

P roof : These follow directly from the definition of R k and L k.

Fact 8.2.2
tTj — { y ,  Z } , Y  G Lj, Z  G Rj+1 

=> 3W : W G Lj+i — {Zj
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Proof :

Z  €  R j+ i  => S L A C K j + x z

=> a> + i2  <  w J+i

It follows th a t  during [ j, j+ 1  ),

3 W  : W  £  Z  : c t j + u W  > 0 

Now, since W  is available during [ j, j+ 1  ),

W £  Y => bj+i tw < a j + i fW 

=> w  e  L y+1 

Also, since Y  6  L j , Y  €  <Jj ,

W  = Y  => W  e  Lj+i

Q E D

8.3 Perm utations

We now obtain  sufficient conditions for obta in ing  one schedule as a 

perm uta tion  of ano ther. A perm uta tion  consists of a  chain of exchanges
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between adjacent slices. The proposition (8.3.1) below is a requirem ent 

for each link in the  perm uta tion .

A  <--------

B ------- >!

3A , B  : B e  Rj+i ,A €  L J+1 -  { £ }  : (A e  <Tj V B $ <Tj)

=>3 A , B :

B  e  R j ,

A  e  ({A} U <Tj) D L j  -  { # }  :

A 6  <Tj => A =  A

B<£<Tj=> B  = B  (8.3.1)

We write

=  {&ok ’ A *-* B)

for the pe rm uta tion  obtained by modifying the  prefix <r0k by removing 

one unit of service for task  B , and adding one unit of service to A 

(assum ing th a t  such a perm uta tion  exists.)

A

B

A  A f

A B B

C

D ■ * B

Similarly, to  describe a  perm uta tion  for a  suffix, we write
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& kT =  [ A  *-* B  : (Tjct)

We compose perm uta tions  to describe the resulting schedule

=  (*ok ’• A  B  : ffkT)

8.4  A n o t h e r  L e x ic o g r a p h ic  O r d e r i n g  o f  S c h e d u le s

Consider a  (possibly augm ented) fully loaded system and its set of Paris 

C onstra in ts . If a  is a  valid schedule for this system , it m ust satisfy the 

Paris C onstra in ts  (Fact 7.2.2). We can associate each en try  in this 

schedule with a  specific Paris deadline.

Let

a  = { X , Y )

denote the i ' t h  slice of the  schedule, ie., the  pair  of tasks (including 

possibly dum m ies) scheduled during the i ' th  quan tum .

For th is  slice o, we define the  ordered pair

~  (z»,y»), *» — y.

where and y,- are the  Paris deadlines for the  tasks scheduled in a
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We define a  deadline ordering C  between two such pairs

C  = ( x ,y )  and C  = (x ,y )

in the  usual way:

1 .  C  C  iff x < x

or x  =  x  and y < y

2. C  iff x — x and y  =  y

We extend this ordering to valid schedules of a  given KL system:

If a  and a  are 2 such schedules, we say

1. a a  iff 3t : * <  T  : C% C,

Vj : 0 <  j  < Cj  «  Cj

2. a  % d iff Vi : 0 <  » < T  : C , w C,

We are  now ready to prove the following theorem .

F a c t  8 .4 .1  O p t i m a l i t y  T h e o r e m

Every feasible two processor system has a valid Paris Deadline schedule.

P r o o f  : For a  feasible system, the deadline-order schedules, if they 

exists, m ust belong to the  equivalence class.
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[<r0] : : a  £  [<r0] => tr0 <  a

T he  proof will be by contradiction. We shall con trad ic t the  proposition:

There  exists a  feasible KL system  which has no valid deadline schedule.

Assume th a t  such a  system exists. T he  following 2 s ta tem en ts  flow from 

this assum ption .

1. There  exists a  schedule a  such th a t ,  every schedule a obeys the 

relation

o  « ;  o

2. a  is not in (Paris-)deadline order.

It follows from (2) th a t  the schedule a  contains 2 slices Oi and  <Tj which 

violate the  deadline order, so th a t  for some *,y,

for 0 <  i  <  j  < T ,

<Ti = { X , Z ] ,  <7, =  {K,IV}, C i =  (* ,* ) ,  Cy =  (» ,« .),

X ± Y ,  y < z ,

Vk  : i  < k < j  +  1 : Z  €  Rj+ 1

Vk  : i <  k < j :  Y  e L k

F urther ,  let » be the smallest index for which such an i  exists, and  j  be 

the  largest index which forms the  above pa tte rn .
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We now proceed to construc t a  schedule a such th a t  a a

•  We m ust assume th a t  W  =  Z , otherwise the swap Y  «-* Z  will give 

us a .

•  Similarly, we m ust assume the relation x < y  m ust hold, for o ther­

wise the  simple swap X  *-* Y  would give us a.

To recap, we have a ,  =  { X , Z } ,  <Tj =  {Y ,  Z ) ,  where x < y  < z.

We shall construct a  by delaying task Z  in (essentially, shifting the 

s tr ing  of Z ' s  a t  <Xj to the  right, and  “bubbling” some o ther task  W  into



so th a t  the  swap Y  «-» Z between oy and try can be performed.

i  j  r

  X ..................  z............................

  Y .....................W_____ Z. . . C _____

To prove th a t  there  exists

a  « :  o

we use the Tail P e rm uta tion  Lemm a, whose proof is deferred to the 

next 2 sections:

Z  €  Rj+i  A 3  W  : W  e  L J+1 -  {Z }

=> =  [W «-» Z  : ffy+i.r]

Since try  =  {T, Z}, Y  E L } , and  Z  €  - R y + i by assum ption , we use 

Fact 8.2.2 to conclude th a t  there  exists W  which satisfies the premise.

We now specify a .

O — tTot, O'ij 0 j + i , t

where

^  =  { x , y } ,  * ,  =  { z , w }

Since the perm uta tion  leaves the prefix troi invariant and C t C t , we 

conclude

96



a «  a

so th a t

<t $ [<r0]

contradicting  the  assum ption.

8.4 More Prelim inaries

In this section we develop 2 prelim inary facts to be used in the  proof of 

the Tail P erm uta tion  Lem m a in the  next section.

Fact 8.4.1 Fairness

Every Paris C onstra in t of the form

a iA <  CiA

imposed on some task A  a t  time i  obeys the condition

g/4 ~  CiA < 
i  mod Pa  ~  ^

P r o o f  : T h e  condition above is a  s ta tem en t th a t  a  P aris  C onstra in t 

canno t require th a t  a  task  receive m ore than  its fair  ra te  of service 

during any interval [ 0, i ). To prove this, we simply note  th a t

•  for a fully loaded system  (p. =  2), the  Paris C onstra in ts  are  feasibility 

conditions, and
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•  there  exist op tim al fair algorithm s such as Algorithm  A (or any other 

fine grained processor-sharing algorithm ).

Q E D

Let a  be a  schedule, and  let <rmr be a  segment of this schedule for a  

p roper subinterval (m ,r )  of the system period [0,7'). Also, let

5 mr — U k : m  < k < r : a

be the  set of tasks scheduled during the interval (m ,r ) ,  and ,

m

L'-mr nr

Lmr  — Lm  D Smr  

Rmr ~  Smr  U  Rr

Fact 8.4.2

L mr ±  0 V R mr 7£ 0

If any of the  following holds

1 .  3  Z ' . Z $ S m r

2. 3 Z  : Z  e  S mr : H z  < 1
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3. m  > 0 

Proof

T he  proof is by contradiction. Assume th a t  for all A,

A  €  Smr A  (fc. Lm, A  (fc R r

A:
t,

i  -  • — _-____ A

( f  ;  iAAA, A __________ A  A _________ | AAA
m  r

# a

and consider any task A  (figure above) where

a. 11 is the latest arrival of A  s.t. t \  < m

b. <2 is the earliest Paris Deadline for A  s.t. t i >  r 

and [ t i , <2 ) covers [m ,r)

Let # a  1 , # a  and # 0 2  denote  the num ber of occurences of A  in 

|m , r )  and [ M 2 ) respectively. Since A  L m

#a.i  =  m i n ( e A , m  — t \ )

so th a t
# f l i

<1 <  m  =* 7 7 T  > P a(m  -  11)

99



Similarly, since A  R r, we use Fact 8.4.1 to write

# « 2
h  >  r  =>  >  Mm

(* 2  -  r)

and we conclude

# a
Mm > ( r - m )

€  5 mr ^  ^  Mm>
(r -  m)

# at i  < m V r  <  <2 => /x,4 >
(r -  m )

Finally, sum m ing over all tasks in the interval,

xA € r AE Sffi r
£  M m >  X )  - ^ "  =  2  ( 8 -4 -3 )x—' * r — m

Given 8.4.3, and any one of the conditions listed, the  assum ption  is 

contradicted:

1. 3 Z  : Z  <£. S mr =► /iZ +  E x e s mr Mm > 2

2. 3 Z  : Z  €  S mr : <  1 =►

3^4 : A  6  5 m r  • Mm ^  1

3. m  >  0 =>• 3 Z  : t \  < m
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Z i  Smr => P z  +  H Ae s mr P a  > 2  

Z  £  S m r  • P Z  ^  1 ^

3 A  : A  €  •S’mr • P a  ^  1

Q E D

8 .5  O n  t h e  E x i s t e n c e  o f  P e r m u t a t i o n s

The basic support  for the O ptim ality  Theorem  flows from the  Fact 

below.

F a c t  8 .5 .1  T a i l  P e r m u t a t i o n  L e m m a

If <rmT s.t.

Z e R m, 3 W : W  e L m - { Z }

then

3&mT =  W  <-> Z  : a mT

P r o o f

T h e  proof will be by induction on the  length T  — m  =  k.

-  B a s e  : k =  1
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Using Fact 8.2.1, we have.

&mT =  ° m ,

Z  £  ^  Z  (£. (J m

w eLm^w eam

W

z
w X

X z

so th a t  we conclude

*mT =  W <-> Z : <rm =  <rm U {Z} -  {W}

-  Induction Step :

We assum e the s ta tem en t is valid for all perm uta tions  s.t. T  — m  < k. 

Let <rm T be a  suffix where T  — m  =  k.  T here  are 2 cases to  consider.

Case 1 : Z € om :

From Fact 8.2.1a :

Z  €  i? m + l

From (8.3.1) :

3W e L m+1A{W t<rm =>W = W)  
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w
z

X

Y

W  : W  = X V W  = W  

Z

0 m T  —  W  *-* Z  \ OjnT

= W<- +Z: <xm : W < - + Z :  <rm + i , T

where we appeal to the induction hypothesis for the existence of

t m + i ,T  = W  ~ Z : a m + 1

and

C a s e  2 : Z  $  <rm •

Let

r > m , L mr -  { Z )  =  0, W  G L mr+1 -  { Z} ,  (8.5.2)

V  : Vk : m  < k < r :

3 A k : Ak e R m k U { Z } ,  

A k G V A k =  A k- \

We set

A m  — £  
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and state

“’V  => 3 &m T s -t. Z  E Om (8.5.3)

To prove this, assume the premise.

3u  : m  <  u <  r : R mu =  0 A Z  £  R u 

From Fact 8.4.2, we have,

Lmu  7* 0

and , from (8.5.2),

Z  G <Smu

Let i  be the smallest index s.t. i  >  m  and Z  E Since Z  £  S m, 

Lmi  =  0, we can write Fact 8.4.2.

Am  =  Z,

'ik : m  < k < i  :

3 A k € . R mk, A k = (Tk-i V Ak = A k- i

and the  sequence of transform ations

&0m ~  GQm

m  < k < i  : &ok = aok • Z  ■*-> A*

is valid.

,, and

104



If A i  E  <r», we also have to transform  the  tail We have (Fact

8 .2 .1)

Ai E  Ri+i.

Also, since

Z  E  o\  and  Z  E

From Fact 8.2.2

3 ^» + i €  L i+ 1

Since t >  m , we again use the  induction hypothesis to write

_  f <t{ : B i
iT ~  I /T

a  _  . fi+ i *-* A i  : 0»+i,Ti if A , E  <r»
,T otherwise

and

a  =  (Z  ~  A i  : a iT )

this proves (8.5.3). Since

i V  => Z  £ &m

reduces to Case 1, we assume V .

F irs t ,  if necessary, we transform  the tail. As before, we appeal to  the 

induction hypothesis (r >  m ),  and write,
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- /  Br+i  *•* A r : <rr+i,T  if A P G <rr
p  _  I  «  m  “  «  ’

’ ^ r + i , r »  otherwise

Finally, the  entire transform ation is

G m T  — <*mr & r & r + l , T

where
& =  / » r U { B r+1} - { W } ,  if v4r €  <rr

r \  <rr U { A r} -  {W'}, otherwise

*m = < T m U { W } - { Z }

Vk : m  < k < r : o = a k U {Ak} ~ { A * +1}

Q E D
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C h a p t e r  9  

S w i t c h i n g  R a t e s  o f  F l a t  A l g o r i t h m s

In this chap ter  we will derive bounds on the  switching rates for the  F la t 

Algorithms. O ur analysis depends on the  fact, which we prove, th a t  the 

F la t  Algorithms are event-driven. By this we m ean th a t  its transitions 

from processing one task  to ano ther  (i.e., processor switches) are not 

spontaneous bu t instead are in itiated  by arrival events (i.e., the arrival 

of a  task  for processing a t  the  beginning of its processing period) and 

completion events (i.e., the  completion of processing of a  task before 

or a t  the end of its processing period). We s ta r t  by proving th a t  the 

deadline algorithm  is event-driven in the  single processor case. We then 

address the  multiprocessor case, and  show th a t  the  deadline algorithm 

is event-driven in the multiple processor se tting  as well. F inally we show 

th a t  the Paris A lgorithm  is event-driven.

9 .1  T h e  S in g le  P r o c e s s o r  D e a d l i n e  A l g o r i t h m

In this section we will derive a  bound on the  switching ra te  of the  s ta n ­

dard  deadline algorithm . The following fact will be ex trem ely  useful:

F a c t  9 .1 .1  For single processor systems, the deadline algorithm  is event- 

driven.

P r o o f :  T here  are two kinds of process switches in a  single processor
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deadline algorithm.

1. A switch occurs whenever the currently  running task  completes, allow­

ing ano ther  task  to be processed.

2. A preem ptive switch occurs whenever an arriving task  has an earlier 

deadline than  the  currently  running  task.

A completion event always causes a  process switch (unless the  processor 

becomes idle.) An arrival event may cause a t  most one preem ptive 

process switch. The proof is complete since no o ther process switches 

occur in a  single processor deadline algorithm .

Q E D

Fact 9.1.1 allows us to  note the following consequences:

1. If Lo  is the num ber of arrivals in the system  period [ 0 ,T  ), the  quan tity  

2Lo is an u pper  bound for the num ber of process switches in [ 0 ,T  ).

2. T h e  upper  bound above is realistic, since there  are  system s whose dead ­

line schedule approaches it. For exam ple, the  system  A  =  (1 ,2) , 

B  =  (4,8) has a  deadline schedule A B A B A B A B  w ith  2 L q — 2 =  8 

switches.

3. T he  deadline algorithm  does no t minimize the num ber of switches. The 

above example above has a  schedule A B B A A B B A  with — | r * =  6
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switches.

4. Small modifications to the s tandard  deadline a lgorithm  can reduce the 

num ber switches. Com paring the schedules in the  preceding two items, 

we see th a t  by modifying the basic deadline schedule we can ob ta in  a 

schedule with the  minimum num ber of switches for the  example above.

9.2 The M ultiple Processor Deadline Algorithm

There  are  two m ajo r  differences between the single processor and m ul­

tiple processor cases of the deadline algorithm.

1. In the  m ultiprocessor case, the  deadline algorithm  is no t optim al in th a t  

there are  feasible systems which have no deadline algorithm .

2. In addition  to  uJree” (i.e., unforced) decisions to switch processes, 

the  m ultiprocessor deadline algorithm  includes forced process switches 

caused by the  fact th a t  some task (or some queue) can become “urgent” 

in th a t  it m ust run immediately even though no arrival or completion 

event has occurred. This occurs, for example, in the  system

.4 =  (2 ,4 ),  B  =  (2 ,4 ),  C  =  (7 ,8)

whose deadline schedule includes a  forced switch a t  tim e t =  1 :

A C C C C C C C
BBA-AABB
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Surprisingly, in spite of these differences, the  multiple processor deadline 

algorithm is still event-driven in the sense th a t  all switches can still 

be identified with a unique (i.e., d istinct) arrival or completion event. 

Thus, as in the  single processor case, num ber of switches required by 

the m ultiple processor deadline algorithm is bounded  above by 2 L q.

In addition to  the s tandard  switches inherent to the  single processor 

deadline algorithm , the multiple processor deadline algorithm s (such as 

the  F la t  algorithm s which implement the Paris constrain ts) include two 

additional types of switches:

1. switches to  tasks which become urgent in th a t  if they  do not receive 

processing immediately they  will fail, and

2. Paris C onstra in t switches propes.

We show th a t  these "forced” process switches do not invalidate this 

property , so th a t  each switch can still be identified with a  unique arrival 

or completion event.

F a c t  9 .2 .1  A m ultiprocessor deadline algorithm  which includes urgency 

switches is event-driven.

P r o o f  : We arrive a t our result by increments. F irs t  we consider

the  non-optim al class of deadline algorithms which allow urgency-based 

switching.
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W hen the  system  is running,each task is in one of three possible s ta tes  

a t  any given time:

- it is Idle : there  is no work th a t  remains to  be done on th a t  task  until 

the  next arrival,

- it is Urgent : unless the task begins processing im m ediately  it will fail,

- it is Ready : work remains to be done on the  task  bu t it has some 

“slack” and can wait.

For a  feasible system , the  initial s ta te  of a  task  is either 

Idle : fi =  0,

Ready : 0 <  n  <  1, or 

Urgent : fi =  1.

Note th a t

1. A task  which is initially Idle or Urgent will never change s ta te .

2. A task  whose initial s ta te  is Ready may change s ta te  b u t  will always 

re tu rn  to Ready sta te .

3. T here  are no direct transitions

Idle —» Urgent, U rgent—» Idle
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Thus, during each period of the system , a task may go through a se­

quence of transitions

( R e a d y —* U r g e n t  —* R e a d y  || R e a d y  —* Id le  —► R e a d y ) *

While the  transition R e a d y  —* U r g e n t  seems spontaneous, in th a t  

it is not directly linked to an event (arrival or completion), each such 

transition  corresponds one-to-one with a transition U r g e n t  —* R e a d y .  

This la t te r  transition occurs a t  a  deadline so th a t  it is linked to  two 

events: a completion and an arrival.

*  h

X Ready X Urgent X Ready

.......  V
1 switch 1 switch
0 events 2 events

no preemptions!

Figure 9.1 event, switch.

Each of the transitions R eady  —► Urgent and Urgent —* Ready causes a 

process switch, and there are  two events associated with the pair. We 

select the following m apping,

a. the R eady —♦ Urgent switch a t  tim e k is m apped to the arrival at 

tim e h,
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b. the  U rgen t—* Ready switch a t  time h  is m apped to  the  completion 

a t  tim e h.

To sum m arize, each transition of system  s ta te  is the  result of an arrival 

or completion event. A deadline algorithm  causes three kinds of process 

switches, depending on the  event which triggers th e  switch.

Com pletion Switches:

•  T he completed task  has a  s ta te  change

Ready —* Idle or Urgent —♦ Ready.

Arrival Switches:

•  A newly arrived task  preem pts  a  currently  running  task. This occurs 

when the curren t task is Ready, and the new task has an earlier deadline. 

This type of preem ption  is never delayed, bu t occurs im m ediately  upon 

the  arrival of the  preem pting  task.

•  A (previously arrived) waiting task has a  s ta te  change Ready —* 

U rgent and  so preem pts a  Ready task with an earlier deadline. This 

type of preem ption does not occur in single processor systems.

T h e  key is to note th a t  the  types of preem ptions above occur on dis­

joint arrival events: a  simple preem ption can only be m apped  to  an 

arrival which occurs a t  th a t  m om ent, bu t urgent switches are  m apped  

to arrivals which occur a t  a different (later) time.
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9.3  S w itch in g  R a te  o f  T h e P aris A lg o r ith m

Next, we consider the Paris Algorithm in its general form. We derive 

bounds on the  switching ra te  of the  Paris A lgorithm , which is optim al 

(C h ap te r  8).

F a c t  9 .3 .1 :  The Paris Algorithm is event driven.

P r o o f :  To prove the  proposition, we show th a t  we can extend the m a p ­

ping between process switches and  events (arrivals and com pletions), so 

th a t  we m ainta in  the desirable properties:

- every process switch is associated with an event,

- each event is associated by a t most one switch.

Note first th a t  the Paris Algorithm is a  deadline a lgorithm  which works

off the augm ented  set

C  =  {C ij  T )

of Paris  C onstra in ts ,  and  involves the  same th ree  types of process

switching discussed above. We can partit ion  this set of constrain ts  into 

two subsets

C  = C '  U C "

where C 1 is the  set of basic (original) constrain ts, and  C "  is the  add i­
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tional (Paris) Constrain ts . We have already shown th a t  every switch 

in a  deadline algorithm driven by the set C '  of basic constra in ts , in­

cluding urgency deadlines, is event-driven: i.e., the  m apping  of process 

switches into arrival and completion events has the  desired properties. 

All we need is to  show th a t  the  additional switches due to  the set C "  

of secondary constrain ts  m ap  into a  disjoint set of events, and th a t  this 

m apping itself satisfies the properties above.

Each Paris C onstra in t can be m apped to a  completion event which is 

not the image of any process switch associated with the  set C". To prove 

this assertion, note th a t  some of the Paris Constrain ts  do not cause any 

switching and are redundant.

E x a m p l e  9 .3 .1 :  Consider again the system

A =  (1,2) £ = ( 1 , 3 )  C  =  (4,6) £  =  (5,10) p  =  30

and a particu la r  schedule, where the Paris Constrain ts  are emphasized.

A C C C C B  |ACABAD |A CCCCA  |AC |CC CA  |A CA CCC 
B D A D A D  |B D D C C C  |BD ABDD |DB |A BD D  jBDDDAB

obtained drom  the  Paris deadline table below.
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deadline A B c D
0 — ► I 0 0 0 0
2 — > [ 1 0 0 0
3 — ► ( 0 1 0 0
4 — » [ 1 0 0 0
6 -* [ 1 1 4 3
8 — > { 1 0 0 0
9 - » 1 0 0
10 [ 1 0 0 2
12 — ► [ 1 1 4 1
14 - 4 [ 1 0 0 0
15 - 4 1 0 0
16 — [ 1 0 0 0
18 - * [ 1 1 4 3
20 — ► [ 1 0 1 1
21 - 4 1 0 0
22 — [ 1 0 0 0
24 — ► [ 1 1 3 2
26 -> [ 1 0 0 0
27 —» 1 0 0
28 —► [ 1 0 0 0
30 -► [ 1 1 4 3

P arisC onstra in t : D

P arisC onstra in t : D

ParisC onstra in t : D  
P a risC onstra in t : C

P arisC onstra in t : D

I t  is easy to verify th a t  two of the  five constrain ts  in C "  did not cause any 

additional switching in the schedule above, while the rem aining three 

constrain ts  (involving task D  a t  deadlines 6, 18, and  24) each caused 

an additional switch. To show th a t  these switches are  associated with 

events which are disjoint from events linked to  o ther  switches, we note  

th a t  each constra in t in C n serves to  prevent one or m ore idle cycle 

in the interval preceding th a t  particu la r  deadline. Thus, if the  given 

constra in t were eliminated, the  interval would contain an idle cycle and 

a  processor transition BUSY —» Idle caused by a  completion event. This 

completion event is not linked to any o ther process switch. Recall th a t
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a BUSY —» Idle transition  for a  processor is N O T  a process switch.

We now display th e  m appings between process switches and events for 

the  three nonredundan t Paris  C onstra in ts  on D  a t  times 6, 18, and 24. 

In each case, we display the  prefix which would result if the  constrain t in 

question were removed. In each case, the  transition  to  an idle processor 

is caused by the  completion of task  C ,  so th a t  the  e x tra  switch can 

be associated with this event. For example, in case (1) below, each of 

the  eight switches in the invalid prefix is m apped 1-1 to the  following 

events:

- the first three arrivals and completions of A

- the  first arrival and  completion of B

and no switch is associated to the  completion of task C.

(1) a t  tim e =  6: 

invalid prefix

A C CCC -
BD A BA D

valid prefix

A C C C C B
BDADAD

(2) a t  tim e =  18:
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invalid prefix
A C C C C B |A C A B A D |A C C C C -|

B D A D A D |B D D C C C |B D A B A D |

valid prefix
A C C C C B |A C A B A D |A C C C C A |
B D A D A D |B D D C C C |B D A B D D |

(3) a t  tim e =  24: 

invalid prefix

A C C C C B \ A C A B A D \ A C C C C A \A C \ C C C  -  | 
B D A D A D \ B D D C C C \ B D A B D D \ D B \ A B A D \

valid prefix

A C C C C B \ A C A B A D \ A C C C C A \A C \ C C C A \ A C A C C C \  
B D A D A D \ B D D C C C \ B D A B D D \ D B \ A B D D \ B D D D A B \

9.4 D iscussion

As we have shown above, the  Paris  Algorithm  is event-driven. This 

m eans th a t  the  am oun t of switching in one system  period[ 0 ,T  ) is 

bounded  from above by 2Lo, where L 0 is the  num ber of arrivals in the  

interval. In this context, we note the  following.

1. T h e  bound  is within a  constan t factor of 2 of the  theoretical lower 

bound  I/o which, as we have seen, is not in general achievable.
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2. T he  bound is independent of the num ber of processors, and is the 

same as the  bound for a  single processor deadline algorithm .

3. As in the  single processor case, there  are system s which reach the 

bound.

4. There  exist systems for which the Paris A lgorithm  (or any deadline 

a lgorithm ) does not minimize the  am ount of switching.

5. W ith  m inor cosmetic changes, such as,

using the interval between successive deadlines instead of a  single q u a n ­

tu m  as the  basic scheduling step,

paying a tten tion  to continuity  in assigning tasks to  processors during 

the  interval,

we can improve substantia lly  on this bound. For the  example above, 

the  num ber of arrivals is L q =  33. T he  resulting schedule
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has 35 switches (i.e., 1.061 L q)

6. We note  th a t  the  small changes mentioned above improve the perfor­

mance of the  worst examples of the  deadline a lgorithm . For example, 

the single processor system

A  =  (1 ,2), £ = ( 1 , 8 )

whose deadline schedule A B A B A B A B  has 2L q — 2 =  8 switches also 

has the schedule A B B A A B B A  with 6 switches. This last is obtained  by 

allocating scheduling tim e for each interval of length 2 between deadlines 

(an A  and a  B  each time,) and then tiling the  schedule for continuity.
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P art IV

N um erical R esu lts  and C onclusion
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C h ap ter  10

Sim ulation Results

In conjunction with the theoretical analysis of the scheduling algorithm s 

presented in the  preceding chapters, a  g reat num ber of sim ulation s tu d ­

ies were performed. T he initial m otivation for these studies was to 

develop an understand ing  of the problems and pitfalls of various a p ­

proaches. In particu lar, while a proposed algorithm m ight ap p ear  op­

tim al for logical reasons, simulation studies enabled us to  find counter­

examples (i.e., feasible task sets for which a  proposed algorithm  failed 

to  generate  a  viable schedule) and so avoid effort wasted in analysis. 

Such counter-examples helped sharpen our reasoning and arrive a t b e t ­

ter  (i.e., optim al) algorithms.

In this chap ter  we present the results of simulation studies of the 

switching properties of the queue-based and flat a lgorithm s for the two- 

processor case (M  =  2). These have been gathered up in one chap ter  

to  facilitate comparison of the various algorithm s. For the  queue-based 

algorithm s, previous chapters have presented theoretical bounds on the 

num ber of switches required by analysis of the  worst case. For the  Paris 

A lgorithm , we have shown th a t  the  bound is 2 L q. It is of in terest to 

know the  num ber of switches required in general, i.e., average perfor­

mance. Simulation studies such as those presented here represent an 

a t te m p t  to  evaluate average-case performance.

For each of the  scheduling algorithm s, the  same procedure was used
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to generate a  set of tasks. This procedure consisted of the  following 

sequence of steps:

Step 0: Set n =  1, ptotal =  0.

S tep  1: G enerate  two random  integers between one and  twelve, inclu­

sive. Set en equal to the  smaller of these integers, pn equal to  the  larger, 

and f in =

Step 2: If fitotai + f*n > 2, STO P.

S tep  3: If L C M { p i , 1 <  i <  n} >  1024 STO P.

S tep 4: Set fitotai — Ptotai +  A*m N  =  n, n  =  n  +  1, and  G O T O  Step 

1.

T hus, the  period and required processing tim e of each task  is an in te je r  

drawn random ly from the se t{ l ,  2 ,.. .,  12} (Step 1). Tasks are added u n ­

til the to ta l processing load first exceeds two (Step 2). For convenience 

(i.e., ease of exam ining the schedules actually  generated), the  system 

period is restricted to be less than  1024 (Step 3).

For each a lgorithm , more than  2 ,000,000 task  sets were used in testing. 

Recall th a t  for any algorithm , the  m inim um  num ber of switches in a  

system  period is Lo, the  num ber of task arrivals in a  system  period. 

For the Fair A lgorithm  1.4Lo switches were required on average. This is 

substan tia lly  less than  the  analytically  derived worst-case u p p er  bound
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of 2M Lo =  4Lo. In comparison, for the Paris A lgorithm  1.2Lo switches 

were required on average while for the Bali A lgorithm  1.05Lo switches 

were required on average.
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C h ap ter  11

C o n c lu s io n

11 .1  S u m m a r y  o f  R e s u l t s

In this d isserta tion we have considered the problem of scheduling pe­

riodic tasks on real-time (i.e., deadline-driven) m ultiple processor sys­

tems. In order for a  schedule to  be valid each individual task  m ust be 

com pleted before the next periodic request (i.e., we to lera te  no missed 

deadlines). T he processors are assumed identical, th a t  is, equally pow­

erful with respect to the tasks to be seviced. T he service requirements 

of the  tasks and  their recurrence ra te  are assumed to  be known in a d ­

vance. T he  tasks are assumed to  be independent, m eaning th a t  the 

processing of individual requests of a  given task does no t depend on the 

processing of o ther tasks. T he task /processor system is assumed to be 

feasible in th a t  the  to ta l  processing load does no t exceed th a t  available. 

Finally, we assume th a t  no task  requires more processing th an  can be 

provided by an individual processor, and we allow only one processor 

to  work on an individual request a t  any given time.

We have focused on two classes of scheduling algorithm s:

- Q u e u e - b a s e d  a l g o r i t h m s ,  which partit ion  the se t of tasks into 

queues and  assign queues to processors, with m ost ta sks /queues  being 

serviced by a  single dedicated processor and  the rem aining tasks/queues  

being serviced by a t most two processors,

125



- F l a t  a l g o r i t h m s ,  whereby a modified deadline algorithm  is applied to 

the uns truc tu red  set of tasks augm ented with additional deadline con­

s tra in ts  which serve to 1) ensure th a t  tasks w ith m ore d is tan t deadlines 

are not deferred processing until it is too late and  2) keep all processors 

busy (i.e., delay idle cycles) as far into the  system period as possible.

O ur initial analysis assumed th a t  the  tim e required to switch a  processor 

from one task  to ano ther  is zero. We show th a t  under this assum ption 

the p .oposed algorithms are optim al in th a t  they  yield a  valid sched­

ule for any feasible system. In actuality, the tim e required to perform 

such a  switch, though small, is not zero and so each switch has a  cost 

in term s of lost processing. Thus, as p a r t  of our analysis we s tudy  

the  switching properties (e.g., the  m axim um  num ber of switches re­

quired), of the  queue-based and the  flat algorithm s. In particu la r,  we 

quantify  the  worst-case cost of switching, and develop algorithm ic m o d ­

ifications to reduce this cost. Finally, we use M onte Carlo simulations 

to  estim ate  the  switching perform ance one might reasonable expect to 

observe in practice. These estim ate  are significantly smaller than  the 

upper bounds, and are in fact much closer to  the lower bound (the 

arrival ra te  of tasks).

1 1 .2  A r e a s  f o r  F u t u r e  R e s e a r c h

T he  m any assum ptions m ade regarding tasks and  processors suggest 

a  num ber of areas for future research. T he following areas are, to us, 

am ong the  more interesting.
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11.2.1 Real-Tim e Scheduling on System s of Unequally Power­

ful Processors

T hroughou t this dissertation we have worked under the  assum ption th a t  

the  processors are identical, th a t  is, equally powerful with respect to 

each of the  tasks. Suppose we relax this assum ption  and  instead allow 

the  power of each processor to arb itrary . Scheduling on such a  system 

would app ear  to be far more difficult than  on a  system  of identical 

processors.

While it is not our intention to give a  thorough t re a tm e n t of such sys­

tems, it would appear  th a t  perhaps the algorithm s developed in this 

d isserta tion  can be easily extended to the  unequal-processor case. To 

see how this is done, let us first consider a  two processor system  in which 

processor rr2 is r times as powerful as processor tti where r is an integer. 

It is easy to see th a t  this unequal-processor system  is equivalent to (i.e., 

has the same processing power as) a  system of r  +  1 identical proces­

sors, each of which has the  power of processor 7rj. T h u s , for scheduling 

purposes, we model this system of two unequally powerful processor in 

term s of a  v irtual system  of r  +  1 equally powerful processors, with the 

tasks of the  first v irtual processor assigned to and  the  tasks of the 

last r  v irtual processors running in sequence on 7r2 . N o w , instead of 

being an integer, suppose th a t  r  is a  ra tional num ber, th a t  is, r  =  

where v  and w  are integers. Such a  system is equivalent to a  system 

of v +  w  identical processors, where the first v processors have to ta l 

power equal to ttj and the last w  processors have to ta l  power equal to
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7r2. This approach m ay be extended to  M  >  2 processors. Doing so 

involves defining, in effect, a  “virtual processor power q u an tu m ” p such 

th a t  all system processors 7rt have power r ,  x  p where r t is an integer. 

This yields a v irtual system model with r j  +  r 2 +  ... +  t m  un it-quan tum  

processors.

11.1.2 Real-Time Scheduling of D ependent Tasks

T hroughou t this disserta tion we have assumed th a t  the tasks are inde­

pendent, m eaning th a t  the processing of individual requests of a  given 

task does not depend on the processing of o ther tasks. Suppose we re­

lax this assum ption and are instead given a  set of task  processing order 

specification which require th a t  certain tasks m ust have completed pro­

cessing before certain o ther tasks m ay begin being processed. The first 

question one m ust face for such a  s ituation is w hether or no t a  viable 

schedule even exists. This appears  to be a  very difficult problem. The 

difficulty of this problem is illustrated by our familiar example of a  two- 

processor system  with tasks A  =  B  =  (2,4) and C  =  (7 ,8). W hile this 

a  viable schedule for this system exists when the  tasks are independent, 

no viable schedule exists if we require th a t  1 (A or B preceed C, or 2) 

C preceed A or B. (Note th a t  a  viable schedule does exist if we require 

th a t  A preceed B or B preceed A.)

Again, it is not our intention to give a  thorough tre a tm e n t  of this prob­

lem b u t  merely to suggest avenues of approach. W ith  respect to the 

Fair Algorithm , it may be possible to satisfy fairly simple precedence
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constrain ts  by carefully assigning tasks to foreground and  background 

queues as appropria te . W ith respect to the F la t  A lgorithm s, perhaps it 

is possible to model precedence constrain ts  in a  way th a t  allows them  

to be handled as a  modification a n d /o r  augm enta tion  (by adding  new 

individual task constraints) of the  deadline table.

11.2.3 Dynam ic On-Line Schedule Reconfiguration

Throughou t this disserta tion we have assumed th a t  the service require­

ments of the  tasks and their recurrence ra te  are  be known in advance. 

However, suppose the service requirem ents a n d /o r  recurrence rates in­

crease or th a t  new tasks are added to  the  system , b u t in such a  way so 

th a t  the  system reamins feasible. Then th a t  it is likely th a t  the  existing 

schedule will have to be reconfigured on-line. How can this be done so 

as to minimize disruption , e.g., the  assignm ent of tasks to  a  different 

processor. W hat are the characteristics of schedules which are, in some 

sense, maximally to leran t of changes in tasking?
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