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ABSTRACT

The study of plasma inhomogeneities, i.e., a system of ions and
electrons with a nonuniform distribution of density has increased in
importance in view of recent research activities in ionocspheric motions
and in plasma physics related to thermonuclear fusion. Auroraes, air-
glow, flaree and sporadic bursts in the F layer of the ilonosphere are
well observed phenomena of natural plasma inhomogeneities., Simulations
of these plasma phenomena have recently been achieved by artificially
releasing metallic vapor plasmas in the upper atmosphere, or by
artificially heating the ionosphere by means of high energy lasers and
radars. One of the important applications of this research resides in
enhancing or guiding communication systems at large distances. Another
area of current interest among the nations pertains to the intense
effort directed at achieving controlled nuclear fusion by means of
controllable plasmas for the purpose of energy conversion, Theories
on the dynamics of plasmas have been devoted mostly to homogeneous
plasmas. However, the plasmas associated with these investigations
are generally inhomogeneous. Therefore it is the obJective of the
present thesis to manalyze the motions of inhomogeneous plasmas, thelr
interaction with the environment, their properties and certain new
phenomena pertinent to plaama inhomogeneities. More specifically one
can distinguish the motiona of the inhomogeneity to occur on three

interconnected scales. The largest scale is that of the gross motion
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characterizing the time evolution of a plasma inhomogeneity by diffusion
and by drift due to the earth's electric and magnetic fields and
atmospheric windas. As this gross evolution is subject to perturbations,
oscillations may appear on a somewhat smaller scale, grow and become
saturated. These oscillations are called striations, and have been
observed in plasma clouds released artificially in the ionosphere. If
the instability, which gives rise to these striations, is strong, mode
interactione in the oscillations become important. As a conseguence,
the cascade mechanism of transfer and the generation of modes from
large to small scales occur. The fluctuations of the last category
will be called plasma turbulence. The fundamental study of the motiouns
of plasma inhomogeneities, in the sequence of the gross evolution of
the plasma by diffusion, the oscillations and the development of
turbulence, form the main theme of the present research., Particular
emphasis is placed on providing theoretical interpretations and
predictions for certain anomalous and nonlinear features, such as the
splitting of the plasmsa inhomogeneity in the course of diffusion, the
gteepening of its front as a consequence of the nonlinear behavior,

the appearance of striations and thelr governing dispersion relation,
and finally the spectral structure of turbulence produced in the
inhomogeneous plasma under the effects of drifts. Many of the theoreti-
cal results obtained here concerning the phyeical features and phenomena

of the plasma inhomogeneities are confirmed by experiments.
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Chapter I

General Coneiderations on the Dynamics of Plasma Inhomogeneities

1, NATURAL AND ARTIFICIAL PLASMA INHOMOGENEITIES

Plasma inhomogeneities, i.e., a syatem of ions and electrons with a
nonuniform density distribution, occur naturally in the form of aurorae
and airglow in the skies of northern latitudes. These phenomena are
caused by the electron and ion bombardment of the neutral atmosphere,
vhich brings about the ionization of some of its constituents. Auroral
bursts occur at altitudes of ~ 100 km. Besides gross motion, such
plasma inhomogeneities also exhibit intermediate scale oscillations called
striations, and more rapid fluctuations, called micropulsation or
turbulence. The striations in surora have the appearance of rayed arcs,

1-3 Other examples of natural plasma

rayed bands or hanging curtains.
inhomogeneities are the flares and sporadic bursts in the F layers of the
ionosphere. Plasma inhomogeneities are also found in interplanetary

space, which contains plasma concentrations of protons and electrons.

For the purpose of simulating these natural plasma phenomena,
artificial metallic vapors, ionized by photojonization, have been
released in the upper atmosphere from rockets and satellites. FPlasma
inhomogeneities have also been produced artificially by heating the F2
layer by means of a high energy radar beanm, A possible and intereating

application of these experiments may be the enhancement and channeling
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of long distance communications. An obvious reason for recent activities
in the dynamics of inhomogeneous plasmas lies in guiding the laboratory
researches on controlled thermonuclear fusion in achieving their goal of
obtaining new methods of energy conversion. Another application of
artificial plasmas is the mapping of geophysical parameters, such as the
earth's magnetic and electric fields, particularly in the ionosphere,
the region surrounding the earth where the largest concentration of
charged particles exists. Once the interactiomsbetween the plasms and
these fields are understood, the strength and orientation of the fields
can be deduced from the observed evolution of the plasma inhomogeneities.
In addition, the properties of the jonosphere, such as the composition,
density and conductivity of the constituent charged particles can be

determined.

2, DYNAMICS OF PLASMA INHOMOGENEITY AS ILLUSTRATED BY BARIUM CLOUDS
RELEASED IR THE UPPER ATMOSPHERE

The sequence of evolution consisting of gross development, instability,
and turbulence, 1s most comprehensively contained in the experimental
program of barium clouds performed by the United States, West{ Germany and
France, Therefore, we shall discuss the experiments, and especially the
results pertinent to the dynamice of plasma inhomogeneity in thie section,
and indicate the approach that is to be taken in the present atudy to
explain these phenomena. The Max-Planck Institute for Extraterrestial
Physics, Munich, Germany, the Buropean Space Research Organization (ESRO)

and the Center 4'Etudes Spatiales in France, are the most prominent

12



centers for such studles in Europe.h In the United States, numerous
tests have been conducted recently5 and are extensively described in the

11terature.6-10

In all of these experiments a mixture of chemicals is sent aloft and
ignited at the desired altitude. Materials selected as active components
for ion production must have a good potential for obtaining high density
and long duration plasma inhomogeneities. Most recent experiments have
utilized barium in conjunction with an oxidizing agent such as copper
oxide. Upon ignition, a metallic vapor is developed inside the rocket

as a result of a chemical reaction such as

2 Ba +Cu 0O ‘—"BaO*'CuL*'Ba.VaP“

and ejected intc the atmosphere through a nozzle., The vapor expands
rapidly for a few seconds until equilibrium with the surrounding

atmosphere is reached. The vapor concentration then has a diameter of

1 to5 km. A high fraction of the released Ba vapor ( ~ 80%) is in the
ionized form, which appears in a time ranging from 5 seconds at 160 km

to 30 seconds sbove 220 km.lo Additional ions are formed by a slower
photoionization process in a characteristic time of about 100 sec, with

the energy for the process supplied by the solar radiation. The un-ionized
constituent forms a neutral cloud which drifts apart from the ion
inhomogeneity (Fig. 1.1a). The shape of the neutral cloud remains

spherical. The two types of inhomogeneities can be distinguished by

13
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Fig. 1.1. Development of Plasma and Neutral Clouds

1L



their color and optical spectrum. More recently, radar signals have been

utilized to obtain additional data on the dynamics of plasma inhomogeneities.

From the relesse to disappearance, a time span of 20 to 60 minutes,
the experiments reveal the evolution of the plasma inhomogeneity in the

following sequence:

(1) In the absence of drifts due to a neutral wind, gravity, or an
external electric field, the plasma cloud takes on an elliptical shape
with the major axis oriented in the direction of the earth's magnetic
field(Fig. 1.1b). The case without drift is not of great interest, and

will not be discussed further.

(11} Soon after release, the ion cloud separates from the neutral
cloud; each drifts off from the point of origin in specific directions,
depending upon the ambient electric and magnetic fields, the neutral
winds and the gravity. This drift is accompanied by a process of
diffusion. An unusual feature observed in many teste is the formation of
8 steep density gradient at the front side of the ion cloud which is the
slde facing the direction of the drift motion. This steepening is
caused by the nonlinear behavior of the plasma diffusion. The linear and
nonlinear features of the diffusion process are developed in Chapter III
after the fundamental equations which govern the general dynamics of a

Plasma inhomogeneity have been formulated in Chapter II.

(ii1) Striations, generally believed to be periodic areas of high

density concentrations appear with many of the artificial plasma

15



inhomogeneities, starting about 10 to 15 minutes after release (Fig. l.la).
The cloud striations, are aligned nearly always with the lines of force
of the earth's magnetic field and their width ie estimated to be about

1 km.

These striations are oscillations which occur within the plasma
cloud and are therefore a manifestation of the instability of plasma
under drift. A theory as to the origin and characteristics of these

ogcillations is presented in Chapter IV,

(iv) Of special interest is the feature of the separation of the
ion cloud into two parts which has been ohserved in some barium releases
in the later stages of evolution such as the one shown in the photographs
of Fig., 13 of Reference 1l1. This anomalous effect arises from the
difference in drift velocities between the ions and electronsg, This dif-
ference gives rise to an electric field that causes the inhomogeneity to
move at some mean veloclty intermediate between the ion and electron drift
velocitles and results in a spreading action characterized by two points
of peak concentration which move farther and farther apart from each
other, a process vhich eventually leads to a separation of the
inhomogeneity. To derive this feature of splitting theoretically, it is
necessary to formulate the equations of motion so that the inequality of
ion and electron velocity is maintained. The resulting equations and the
method of solutions are given in Chapter III. Solutions are presented in

the form of density contour plots for a range of plasma conditions.
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(v} 1In strong plasma inhomogeneities, turbulence eventually sets in.
The spectrum of the turbulent fluctuations of density and electric field
have been observed by means of radar. This type of plasma turbulence can
be called "drift turbulence,”" because its energy is excited by an unstable
denaity gradient, and cascades down the spectrum into smaller and smaller
scales. We are interested in predicting analytically the spectral struc-
ture of such a drift turbulence. This is done in Chapter V, by means of

& theory based on simple dimensional arguments.

(vi) Besides the drift turbulence generated by a plasma inhomogeneity
as described above, we may expect that the atmospheric medium presents
turbulent motions of its own, called ambient turbulence. When a plasma
inhomogeneity evolves in such a turbulent environment, its turbulent
diffusion will not follow the development of a laminar diffusion. As a
result, observations on the diffusion of an artificial ion cloud, have
been reported to possess a larger growth rate in the direction transverse
to the magnetic field than predicted by a laminar diffusion theory. Fol-
lowing a laminar theory, the ratio of elongation of a plasma inhomogenelty
in the direction parallel and perpendicular to the magnetic field, is

glven by
L./L, = (D“/DJ_)"-L

T
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vhere .Il( y L are the ion and electron gyrofrequencies, respec-

e

tively and 2131 ’ 2/2' are the collision frequencies of the ions

n
and electrons with the neutrals. For example, according to the data of
Fig.(1.2) and Teble(l.1) at altitudes between 140 to 200 km, the above
formula predicts an elongation of the order of from 500 to 5000, while
the observed value is between 5 to 50. Thus a discrepancy of a factor of

12 between experiment and the said theory, see Fig. (1.3).

about 100 exists
To correct the deficiencies of a laminar theory,a turbulent theory of dif-
fusion 1s outlined in Chapter V, following the study of the spectral

structure of turbulence.

From the sequence of events Just described we conclude that we can
distinguish three scales of motion in the development of a plasma

inhomogeneity.

{1) The largest scale is that of the gross motion of the inhomogeneity
and is characterized by the growth of the inhomogeneity by diffusion. A
characteristic feature associated with the nonlinear diffusion is the
appearance of the steepening of the front side of the inhomogeneity, and
as & result of the variable drift, a separation of the cloud into two

parts occurs.

{ii) ‘The striations, which appear in most of the artificial ion

clouds, belong to smaller scale oscillations.

(111) Finally the turbulent motions, either generated by the drift

instability of the plasma cloud, or as preexisting in the ambient
18
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Table L1 Physical Properties of Ion Clouds at

185-200 km Altitude

Symbol
Background properties
Density of neutrals Nn
Dengity of ions Ni
Temperature T
Wind Veloeclty U
Diffusion Coefficient Dn
Geophysical properties
Electric field strength, Eo
auroral region
Magnetic field strength, B
auroral region
Jon properties
Mass mi
Electric charge e
Gyrofrequency e i}
Collision frequency with 74
neutrals in
Average density (early time) B,

20

Approximate
Value

lOlocme

loscm,-3
300°K
100-200 m/sec

0.05-0.08 ku°/sec

10V/kn

0.5 gauss

2.29 x 10722 ¢

1.6 x 10~19 coulonbs

25 sec-l

1.0 sec-l

lOTcl_a



Table 1.1 (continued)

Approximate
Symbol Value
Electron properties
Mass m, 9.11 x 10728 ¢
Electric charge e, 1.6 x 101? coulombe
Gyrofrequency ANq 6 x 106 sec~l
Collieion frequency with .y 250 gec™l
neutrals en
Average density (early time) n, 107em™3
Ambipolar properties
Diffusion coefficient parallel
to magnetic field (early f 0.25 km®/sec
time)
Diffusion coefficient transverse 2
to magnetic field (early D 0.007-0.07 km“/sec

time) +

2l



— d

L.
7~ 500-5000

(a)

{v)

Fig. 1.3. Configuration of Cloud by Diffusion [The elonga-
tion calculated by the classical diffusion coefficient
shown in (a) is much higher than that found in experiments,

see (b).)
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atmosphere, have been observed to possess the smallest scales,

The above sequence of events in the development and motions of a

plasma inhomogeneity form the main subject of the present research.

3. REVIEW OF EXISTING THEORIES

Before proceeding with the theoretical foundations of the present
work, we shall first give a brief review of existing theories relating
to the three types of motion mentioned above in Section 2; diffusion,
striations and turbulence.

Diffusion theories for plasmas have been advanced among others by

13 15,16 17,18 19

Perkins, Holway,lh Haerendel, and Kaiser

Gurevich
Perkinsl3 reported a numerical computation of diffusion which illustrates
the nonlinear phenomenon of steepening of the plasma front. His model is
two dimensional. The nonlinear model is too difficult to be amenable to
analytical solutions. Therefore, the simplified linear model with equal
velocities for ions and electrons have been amply reported in the

14-16,19 A more complete model with differential velocities

17,18

literature.

has been reported by Gurevich. Our method is similar to that of

Guravich but attempts to include nonlinearity and turbulent effects.

20,21 22

Theories of striations have been proposed by Simon , Linson™ -,

2k,25 These range from simple instability analyses

Hende123 and others.
of elementary second order linear diffusion equations to more complicated

nonlinear analyses solved by numerical methods. None of these analyses

23



are based on a more complete Aiffusion model, i.e., one which leads to
a fourth order differential equation, as formulated in the present

study.

Theories of plasma turbulence have been advanced by Kndomtsev,zG

and Tchen.27-3l Xadomtsev's theory applies only to weak turbulence

and Tchen's theory on strong turbulence is hased upon a repeated-
cascade process which requires a rank ensemble average over many

scales. The justification on the basis of distribution functions is ex-
ceedingly complicated. In order not to obscure the physical features,

a dimensional theory is proposed based on physical and phenomenclogical

considerations.

It is hoped that the research reported here will contribute to a
better understanding of the diffusion process, particularly as
applied to plasma inhomogeneities, and as such will have general

application in many areas of physics and engineering.
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Chapter II

Dynamical Equations of Plasma Inhomogeneity

1. FUNDAMENTAL EQUATIONS

In order to study the motion of a plasma inhomogeneity in the form
of diffusion, oscillation and turbulence, it is necessary to first
formulate the fundamental equations which govern the dynamic behavior

of the plasma inhomogeneity.

Consider a plasma consisting of ions and electrons, embedded in a
medium with a constant magnetic field B, a constant electric field Eo ’

and a neutral mean velocity g .

The continuity equations, the momentum equations, the energy

equations and the Maxwell equations are as follows:

an,
2—t + VO(TL"B&)z @) , (1.1)

mana L% * '!J‘-' V‘?’“) - k v(‘nnT‘L) + mq"t.z

+‘n&ea( §+1)"Lx ‘g/Co) - maﬂgj%u.‘l’\ (_1’;—' U)

7
*'mnnm:uq.vl'& ; {(1.2)

3 . - Z

(ﬁ+yx v)-‘:-- Ahvn, (1.3)
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and

V'E’q'ﬂgﬂrb'eq , (1.1&)

Here the subscript 4 represents an ion or an electron. Further, t is
the time, M, 1is the density, MM, the mass, yo. the veloclty, T,_
the temperature, e‘a the electric charge of each species, 7% and )‘\
are the kinematic viscosity and thermal conductivity of the species,

))a,n_ is the collision frequency between species a and the neutrals,

E 1s the perturbed electric field, 3, is the acceleration of gravity,

—t
¢ 1is the speed of light and é is Boltzmann's constant.,
The above equations are based on the following assumptions:

(1) The chemical effects are neglected in the continuity equation,
because they are important only in the early formation of plasmas by

photo-chemical resctions.

(11) In the momentum equation, the usual pressure term VP can be
replaced by kV('T; 'H(). The electric field § is composed of an
external electric field E_ and a self consistent field g g - The
interaction between the charged particles is characterized by a
frictional force 74“ (fy; - J . The interaction between ions and

electrons is weak and can be neglected,

(111) The energy equation is simplified by neglecting compressibility

and Rayleigh dissipation.
26



{(iv) In the Maxwell equations, it is assumed that the magnetic field

is conetent; and that the electric field is longitudinal.

2. TRANSPORT PROPERTIES

The transport properties of a plasma resulting from the coupled
motion of ions and electrons can be derived from the fundamental equations

formulated above, after some simplifying assumptions are made.

Let
Va-U=W,; (2.1)

Eq. (1.2) then transforms into
F

mone [T (B U) VU, + S+ U7 Qe 0L
= - R(TRIN 4+ N VT )+ Mun, § + Mg, (E+UrB/)
+ naealr:x B/c-mMm, 22 g_)f +mn2) v'ly:
+ Tﬂ.‘n‘I{ 719, . (2.2)

In a plasma dominated by collisions, 7{.“' is large and the relaxation

time for the approach to equilibrium of the transport properties is
short, so that any flux should be proportional to V‘n‘. or VT;,L only,

and not to their higher powers or derivatives.

Therefore the terms,

3
2y (wrey)-vws
ot

are negligible. This procedure can be called the adiabatic approxi-

mation. We can define a turbulent frequency |v9| due to wind velocity

27



and expreas the term V% VU as "l)' |VUl vhich can then be combined

with the term ‘Uaj}" to give

4 L. e 3 X &
VoVU+ P UTT (R +IVIDYT = Y, (2.3)
A
where 7‘{ is an effective frequency defined by
»x
Z = Za + VY. (2.4)
%
Furthermore, since the second derivatives of V7, and g are

small, the last two terms of Eq. (2.2) can be neglected and Eq. (2.2)

becomes
0= - &[T In+ M VT) +me(§- E-U-90) s, (2euprc)
e e Bfe - MM I (2.5)

The solution of this equation is,

n“_“ géh (E +-E_ -t-E ) E , (2.6)
where the electric fields are
vt
E = E,+UrB/c
and (2-7)
[9- = -0 VY- VT
The diffusivity and the conductivity can be written as
kT
PA * e," g'q, (2.8)
and
o™ Ta¥a (2.9)
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T
& - 616 .
ol —_— = .
2w, Ba * B I§.a. (2.10)
Here
€n®d
L2 = ’M“ (2.11)
o aC
is a cyclotron frequency. The tensor Kc\ has three nonvanishing
components:
K%
K Ka (2.12)
La o "'za"
i Ka®

Hal— |+Jca3’

€
ba = "O"a./ 7/&
and is positive for ions and negative for electrons, _l_{‘ , K N
na a

and K'H are the parallel, transverse and Hall components, respectively.

o
If the magnetic field is in the x3-direction we find the components of
K to be,
Da
K,-K,.-K,
K = K“a {2.13)

Kua,‘ K-}La_ = K’wz, o K3la= ©.
The diffusivity 2 and the conductivity g~ are plasma transport properties,
because they relate the density gradient and the electric fields of the
plasma to the ion and electron currents. This can be seen in Eq. (2.6)
which can be considered a generalized Chm's law. The effect of turbu-
lence on these transport properties can be significant and is discussed

in Chapter V.
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3. SYSTEM OF EQUATIONS GOVERNING PLASMA MOTION

For further simplification of the plasma equations the ion and

electron velocities are eliminated between the continuity and momentum

equations.

By writing the self-consiatent field, E‘s in Eq. {2.6) in terms of

a potential -ch » Eq. (2.6) transforms to

e, (FOPrEHEN-D VR, . (30)

@“’9‘

01 ]f = =N U +Nn,

78

Substitution of Eq. (3. 1) into BEq. (1.1) results in
’3;,,.+V (" u)ﬁ'n ( Ve *Ea.) VD Ve, (3.2)

The Maxwell equation (1.4) transforms to
Vi =- 4"6(”6“’1&) - (3.3)

We nov have a system of three equations with three unknowns, TL(‘ ,Ne
and ¢ , vhich in principle can be solved. Here it is assumed that the
species temperature Ta is known, which eliminates the necessity of

solving the coupled energy equations.

To simplify the equations further, we introduce two new variables,

Q= 2l (”i “Ne) .



To abbreviate the writing, we introduce the following notations

-~ €o.
e Ko ($E+Urép +5E)+Y, (3.5)
£
Qo =- 2" V0 +Y, (3.6)
* .!- '
Q> = (8 *Qe), (3.7)
D* = 3 ( Di +De), (3.8)

where Y, 1is called the arift velocity .

For the case where g d=O and E_ and g have only components

~0
transverse to the magnetic field, we obtain, by substituting the

components of the tensor K in (3.5), the drift velocity,

V, = s (Rag B K B, r U K0
el R, o

-
where X and X1 are unit vectors in the X, and X, - directiom,

respectively. To simplify further, let

and
.l:l: = %CE**':aJ . (3.10)
Then
> ¥
., * I,Sa.(% + ..a)+ Q



and with

K> le y >
\ . * * A
Q = (U Y ) + (prli)xe, + U, (3.11)
Qe' (‘."}"*ye*)*ea“”ce(!ﬁ*‘:)e)'eu@a*g , (3.12)
where 3; is a unit vector in the xs' direction.

Equation (3.2) for ions and electrons can be written as,

el + - + -

NG v o8 s TR I Ee, oy
+ - . -

2% ..-V.PQ +V-TIQ - V.va()i-v']_) I . (3.1%)

P = ~

These two equations together with the Poisson equatiom, (3.3) which

can be written as
V4 =—amep (3.15)

congtitute the general equations of motion for a plasms.

a. High Frequency Plasma

For a high frequency plasma, fD varies much more rapidly than 7 ,
so that " can be regarded as quasi-stationary and eliminated. The

system of equations, (3.13) and (3.1k) then reduces to

3 + +
£ +Ve@ - vehve, (3.26)
v PR =9 D.vC, (3.17)
Subtracting these two equations yields
‘gg + v ()_Qe' = V'Pc' V() . (3.18)
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Equation (3.17) and (3.18) together with Eq. (3.15) determines (3

in the terms of the external fields, wind, gravity and temperature effects

* X
represented by 9" smnd U .

—

b, Low Freguency Plasma

For a low frequency plasma, quasi-neutrality between ions and
electrons is reached so that

(3<<‘n_,,

As a consequence, Eq. (2.35) becomes,
2
Ve =0 (3.19)
and terms containing (_-, in equations (3.13) and (3.1L4) can be

eliminated, These equations become,

m + o
i, . = vV -IYn (3.20)
Frvn@ - v,
TnQ = V-U 9N, (3.21)
Subtracting these two equations ylelds,
n
eral V@, = ¢ D, In. (3.22)

Equation (3.21) and (3.22) represent the system of equatione which
determine the density m and the self consistent field 1_; for a low
frequency plasma. These equations can be written in terms of Q‘ and
U by substituting for €. and &), from Eq. (3.11) and (3.12) as

~ %
followsa:

‘a‘”- L ®,. A AN
¢ +vnd "'V'nt(% +9:)“€s*‘ce (1.4*"'91.)'%69]

= VD, In (3.23)
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"a:
\.J

]

P
~
+’
\C

1~ 3

A —_—
.;:)

>

il

= V- (3.24)

nl;
2V

c. Two dimensional Motion

In a plane perpendicular to the magnetic field, the system of

equations, Eq. (3.17) and (3.18) and Eq. (3.21) and (3.22) reduce to:

(1} for high frequency plasma with D : > 'ch )

%@ -+ V-P[g + @:,. gg)xé‘g] = D.LQ‘V?) (3.25)
and : . " .
V()E/E,: (1‘4" +Q‘:)J = Dl{:v()’ (3.26)

(11) for a low frequency plasma,

, T
3T * V'nLL-.’*(":’:“" e )* %5) = LA AL (3.27)
and
- 1 > T
von[ g (w4 )] =D vn., (3.28)
b N 4
or, rewritten in an alternate form,
;": vn[(#+Y > = D, vn (3.29)
and < * A L4
v-n[(‘!& + U )+ Q“‘s] : DJ-"'V"" (3.30)
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4. CONCLUSTONS

(1} The fundamental equations governing the motion of a plasma
inhomogeneity in a magnetic field under the action of an external
field and an atmospheric wind are the continuity, momentum, energy and
Maxwell equations for ions and electrons. The coupled system has been
reduced to a system of two equations with two unknowns, the density

and the self-consistent field.

(11) The transport coefficients governing the ion and electron
motions are the diffusivity and conductivity tensors 2 and g R
which are functions of X , the ratio of the gyrofrequency to the col-
lision frequency with the neutrals. The conductivity tensor is propor-
tional to the density M. , and leads to the nonlinear behavior of the

plasma inhomogeneity.
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Chepter III

Diffusion of a Plaama Inhomogeneity in the Upper Atmosphere

1. THEORETICAL MODELE OF DIFFUSION

In Chapter II, a system of equations II,(3.2) and II,(3.3) governing
the motion of a plasma inhomogeneity has been derived. These equations
express the evolution of plasma density in the presence of density

dependent forces, and therefore they are nonlinear.

In view of this fact, the diffusion possesses the following character-

istic features:
(1) Splitting of an inhomogeneity into two parts.
(i1} Steepening of the front (leading edge) of a moving inhomogeneity.
(i11) Development of striations, as the result of instability.
(1v)} Onset of turbulence.

The first two features, l.e., the splitting of the plasma inhomogeneity
and the steepening of the front are large scale effects and will be
discussed in the present chapter, while the striations and the structure
of turbulence are smaller scale effects and will be investigated in

Chapters IV and V,

The systen of two equations developed in Chapter II refers to ions

and electrons and governs the motions of a plasme inhomogenelity. It
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can be transformed into a single equation of diffusion, describing the
evolution of the density of the quasi-neutral plasma in time and space.
The diffusion equation then takes the form of a fourth order nonlinear
partial differential equation, which, in a certain sense, is simpler to
solve than the coupled systems, because the self-consistent electric
field has been eliminated. For this purpose, we assume the quasi-
neutral condition

’nl =N, =1

and rewrite Eq.II,{3.2) separately for ions and electrons as follows:

d'n
3—1;-- P ve+vnV.x v Doy, (1.1)
’%’é‘+v.n %Ec.v¢+v-ﬂye= v.p,vn, (1.2)

vwhere N\ is the deneity, 4) is the potential of the self-consistent
electric field, ol , g{e, ?t l 9&. are transport properties, and ‘\_/( , ye

are drift velocities, defined in Chapter II. We note that the variable

(P is associated with the operators

Vng v (1.3a)
and
Vi Ne:'V (1.3v)

in Eqs. (1.1) and (1.2) respectively. For the purpose of eliminating ¢

we obtain a uniform operator

(v.m59)(7 e )
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associated with ¢ , if we multiply Eqs. (1.1) and (1.2) by the operators

(1.3a) snd (1.3b) respectively. A subsequent addition will give
m
[ (vng, )+ (vng - 9)] 5§
(v g 7Y (7 N, - V) - (Ve OY & ML, 9)]-v¢
- (V'”z‘-:"’)[v' (-nYe+ By )]

(V-1 9)[9:(mY, +D{,-V‘n)] ‘ (1.4)

With the use of the commutability relation

(v-n%, 9)(V g, )= (g, OYONg V) .s)
the term containing cp in (1.4) vanishes and there remains,
m
[(vng - 9)+(vng, 9)] 55
= (vny, v) [V' (’“,\./e+ Oe’ V“)]

+(9nte0) [0 (Y R V], (1.6)

Thia is a diffusion equation describing the evolution of the density
n(gg,-l:) with transport coefficients % and D, and with a drift )_'/4
defined by II,{(2.10), II,(2.8) and II,(3.5), respectively, vhere a = 4,¢
denotes ions or electrons. Equation (1.6) describes the nonlinear

diffusion of a plesma inhomogeneity. In order to distinguish between
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the linear and nonlinear effects, we write the operator .7 9‘"4' v
of Bq. (1.6) in two parts,

VNV = n{v.x. v +g.n_3(g(q- V)], (1.7)

which upon dividing by n. , becomes
{[V';“;'V*'%(g‘,-’@} [v59+ Rz V)]} 3t
- [V % R g 9] (T Y, 9D, 9]

+ (twe), (1.8)

where ({€»€) represents similar terms obtained by interchanging the
subscripts 1 and e. In order to further simplify the writing, we

introduce a new differential operator,

A= Vg,V “‘"(aa'v) (1.9)

which reduces Eq. (1.8) to the form

(AC +Ae)2 s A (vnV +V. DCV‘“)*'A (- VHV +v.D V"l) (1.10)

We note that the linesar and nonlinear terms are now separated and

associated with
A o = v ' %1 ' v

a

and

Al s (24 7)
respectively, with

Q ]
Aa = Aa. +t A, . (1.11)



More specifically we have

o > P 2

A‘\ = _La.(g_‘;l. + 3% + °"n43;; (1.12)
- TR "B T S

A, = “«T@,ﬁ*?ﬁﬁ)”’ nIK, N,

LY L e LS
MTONQR I, AKXy WS (1.13)

vhere d"a. , K . 0(“& are the transverse, longlitudinal and

Wa,
Hall transport coefficients, defined by II,(2.10) and II,(2.12).
Similarly, we write

N =m,+ TL' j (1.14)
where M is the density governed by a linear equation of diffusion, and
n represents the nonlinear effect. Upon substitution of (1.12) and

(1.13) into Eq. (1.1k), we obtain

om o .
e ap ~ ALYty v DoV ()

At.' %’,c‘— + A'; (-}/C' yn+ V-QCvVn)+ (4'#5)

H(E;t " (1'15)

This is & fourth order nonlinear partial differential equation, governing
the density n(z ,9 . For the diffusion of a plasma inhomogeneity con-
nected with the release of an artificial plasma cloud in the ilonosphere
of & constant density background, we can assume that the concentration
is weak. The zeroth order solution can be approximated by linearizing

Eq. (1.15) to the form

A. %’g-’ = A (Mo VN + V'P,'Vno)*'(i""—) =0 (1.16)

4

ko



] t
obtained by neglecting terms associated with 4; and A,_ . The zeroth
order solution M, of Eq. (1.16) can then be substituted into the non-

linear term, in Eq. (1.15), as represented by H(x f) to give

at - A; (V vn +v.D, V'n)-u-(«.e-pg) = K89, (1.17)

l.

vhere,
Ho(X,t) = H(m=m.)
Au )37'\0 A("o V‘n +v V'no) (t«»e) (1.18)

1a calculated from H(%t) of Eq. (1.15) by taking M=T,.The tern

l-lc(g ,'t) in Eq. (1.17) therefore becomes a source term which is a known
function of t and x, as determined by (1.18). The left hand side of

Eq. (1.17) contains only linear terms, as A: is a linear operator
defined by Eq. (1.12), and yau and B“ are independent of N , while the
right hand side becomes a known function of X and t, as mentioned above.

The .'—tion of this equation will be investigated in the next aection.
2, GENERAL FORMULATION OF THE RELATIONS GOVERNING THE DIFFUSION OF A
PLASMA INHOMOGENEITY

We write the diffusion equation (1.17) explicitly upon subatituting

for the differential opera.tors from Eq. (1.12), and obtain

2
[ (;ﬁ‘ * o—q) =] 5%
[+ ;)-'-«n(-%l;lf-xa-wv-&vnl
s(dere) = H (%Y, (2.1)
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For the purpose of finding the solution, ve make a Fourier transform of

Eq. (2.1) with respect to the space. We obtain

AJ) = o, (BT B) - ) (2.2)

’

vhich leads to

[, (&.1,, ‘p) o, k'z.] 3‘"(,.("')
b [otag (oBE) +ot, &]{ ky o (b +E) D, & T n (8 Y
+(ie) = H (&Y), (2.3)

vhere 'nU,!,,'é) and H_ (5'{:) are the Fourier transforms of "H(&,*) and
Ho(flt) respectively. Consider spherical coordinates, with wave number
vector

k- bk po)

and unit vector N
ue B
| Ae|

where ¢ 1is the angle between ¥ and the X direction. With
2 T z T
'&I +£‘_ :'...k (\—M)
3 z,,v
.,&3 - &/u. (2.%)
and upon dividing by

(“ﬁ: + °‘J.¢_) (‘&.1“’ ﬁ:) + (d',: + l’(uc) ‘E-:

Bq. (2.3) can be reduced to the simpler form

?g(:.‘,t) +(€¥_y&+k Dc)n(b*-) = H (ﬁt) - (2.5)
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vhere

Y, () = [ets; -0+ o]V, + [ (-4) %, ]YJ (2.6)
‘(H) B (9, « oty ) (1-p%) + (S *’“ue)/ﬂ ’

Dy i) p IR (02 opJ LaelA) k1P ) B
18/‘ (oé t*“*c)("/") (¢, +u“e))u

i
(2.7)

H-@t) = Ho(&'t)
et (o(J,t- wlq_)(\-,w) * (o(,,(. H’{'E)/AL ' (2.8)

In Eqs. (2.6) and (2.7) the ambipolar drift \"'/CC (}1) and ambipolar dif-

fusion coefficient Dte (}L have been derived to be functions of /1 .

The solution of Eq. (2.5) in ﬁ -space can be written as,

n(k,b) = n(&thf de B, (&, t) G (&t *) : (2.9)
where G represents (
- ¢ k X ‘."élD' (t"t )
G (& tt) = e 3 2 (2.10)

and 7. is found to be
- (41!_!-\(;,_ * é‘D,‘t)t
n, (k,t)= n(Ro) e (2.11)

and is the solution in ,& —space of the linear aiffusion equation (1.16).

Its inversion takes the form
':‘& ‘ é) ‘PDuet
o(«l ) ‘—') k ‘"'(Q ) . (2.12)
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We invert Eq. (2.9) to o'btain,

n(X,t) = M (£,t) fdtf dx H (6, ) G (5t ¢) | (o)

vhere H'-e(é ‘E}and G- j, t t) are the inverted Fourier transforms of
He (éit') and G(‘E' &‘t') , respectively. It may be remarked that, in
two dimensions, i.e., in the transverse plane

p=0

and equations (2.6) and (2.7) reduce to the simpler expressions

Y, U,(:o)= i Ve * g Yo = V (2.1k)
L€ dJ_‘: + d“'&. Rt S '
d ' D +- d D ]
D 20) = iy te e Yhe =
e (}‘ ) oy, + °(-Le. = D_L (2.15)
known as ambipolar drift and ambipolar diffusion in the classical
literature. Similarly, in the direction parallel to the magnetic
field, (2.6) and (2.7) reduce to
V . Uy, \_/e. + "("e. Y'
~le. (/"") = 4 : =V (2.16)
“"t: + a("e_ ~“un oy,
o Doy + e Uiy
= l = e ¥€ 4 1 =
Die (47 1) e % ng =D, . (2.17)

The ratio D, /D. 1is obtained from (2.15) and (2.17) by substitution
k. "

of the ;( andg components from II,(2.8) and II,{2.10) leading to

D
C \ . (2.18)

D, |+ |AC‘. Kl
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3. LINEARIZED DIFFUSION EQUATION FOR A PLASMA INHOMOGENEITY

The linear solution M, , as given by (2.12) is one component of the
general solution (2.13) which describes the nonlinear features of the
diffusion process., In the present section, we analyze the physical
features connected with the linear solution, such as the splitting of
the plasms inhomogeneity. For the sake of simplicity, we assume that the
inhomogeneity is a point source at time =0 in which case ‘)1.(15'0 1is
represented as a S-function, corresponding to

n (k,0) = (21) 7 N,

which reduces Eq. (2.12) to

q’lo(ﬁtt)

[
-
a

a

=

o

"
Z
o]
R
}
o
‘+
o
)
L
.
—~
7(
<
\-_-/
w
c

if we note that M, is real.

We calculate the triple integration with respect to J& in spherical

l di t‘- Tnee sommd ded o an
polar coordina k i 6(‘.0)4’

k sin \J o3 4’

k;, = ksmVUsnd
,&3 = kdo&‘s

and

ho= L sn0 €05\
n, = fsing sin € (3.2)
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with

giving
.}.‘?& = 'kun'l * ktnt."' &) T,

= kn (sin8sinTeosecos ¢
+ 51‘\‘\9 5()\'\75{7\ ‘le'n(p + CO)GCOJ\Q

= fn [Sine sin U ( Cos € cos P+ Sinsp sin )
+ cos Beoy Y ]

=]<rz,[5‘m9 Sin‘D t‘-’os(d>- *0)4- cocho:,O_]- (3.3)

coa (¢- P) can be written as coa(f without loss of generality, if we choose

¥*0 8o that (3.3) simplifies to
Pon = knl[sin@smOcosd + eos 6 eos O]
z kn-.r‘

with

T = VO0-#)0-T%) cosd +/ur (3.4)
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and

d&_ qk ﬁtd’VjSl‘n’O’d.CP

= dk k'dude, (3.5)

Yl

vhere

MH=eosT 5 o =cosb.
Upon substituting (3.%) and (3.5) into (3.1), we obtain
N | e o2 . —"'D;et'
n,(Xt)= (_L_;PLdﬁfodcp‘/; dk & ¢ cos(limT'). (3.6)

The integral with respect to k is

o - _lz"D‘-ct ! -
ld& ke COJ(QQT).::_/]&_T-{_['_ (aT Je 4D, t

LD, t

vhere ;”,],_
= . (3.8)

3 ?—Dict
Substituting (3.7) in Eq. (3.6) gives

N [0 o lieg)
'n,(gt{:) = WI| d/"' Dl.e [o d¢ (‘—?)e . (3.9)

As the function to be integrated is symmetrical about /4’0 and d>=n:

we can change the limits of integration to give 1
2

! R =
”0(’5'*’)”8?'&—3::‘&5‘/‘2’1: _/;d‘P("ﬂ)e‘ . (3.10)

The double integral of Eq. (3.10) has been evaluated numerically. Results

are given in Section 5.
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k. ANOMALOUS DIFFUSION FROM A SEPARATION QF THE PLASMA INHOMOGENEITY
a. General Behgvior

The most striking and interesting feature revealed from the linear
solution (3.10) and the nonlinear solution (2,13) is the snomalous

splitting, whlch is discussed helow:

It is apparent that M, will be a maximum when a = O, This occurs

at points where N = O. The points of maximum density therefore occur at

X = \(l.&(ﬂ)t (k1)

S8ince the integration of (3.10) includes all values of /Ll , there is a
line of maximal densities with extrema located at Ym (ﬂso)tmd yfc [/u:l) f
respectively, separated by a saddle point of low density. BSuch a line
of extrema does not arise when ytlt is a constant as in classical diffu-
sion, but only vhen I/, o it a varisble, specifically a function of M ,
as derived in the present theory. Therefore, the diffusion with a locus
of maxima will be called anomalous diffusion. The fundamental maximm
is the maximum located at l/‘-c (/ls O)'C . ‘The velocity _\,/‘&(}bo) t

has been defined by (2.14). The other maximum, located at g'.c ( ’l.-‘-l)t
in called the secondary maximum, with velocity given by (2.16). Equation
(3.10) with 5-/(& and J e defined by (2.6) and (2.7), describes the
evolution of density, "o (’.‘. 1t) in the presence of drift by neutral wind
and external electric field. To be specific, two special cases will be

discussed:
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(1) Case A ~ Plasma inhomogeneity in a neutral wind transverse to
the magnetic field, with
E,=0.

~

(4.2)
(11) Case B - Plasma inhomogeneity in an ambient electric field

vhich 18 perpendicular to the magnetic field, with

Y=-o, (4.3)

~~

b, Plasma in a Neutral Wind

Under the conditions (4.2) of Case A, we reduce II,(3.9) to

= | U b ol K:o' U?’-E
~ A |.|.£a'l. A |+)Ca1. ~ » (,'Iv.h)

and a further substitution of (b.4) into (2.6) reduces (2.6) to

V., (4 = ‘#F—)[(‘”CZ/";)Q*&: Jc:/,(‘ysé‘,,], (h.5)
where
A(p) = 1ebead +m QD

In writing (4.5) we have made use of the approximtionllcc\? /Ci-' valid
for most plasma. The veloclities of the two maxima are obtained from

(4.5) with

. l
.-\-/fc (f‘-o) = l +')cc JC,J Y = y.l. (4.6)

and

»u'e.(/“:‘) = qu‘[('*’c:)g*’cineg“o]‘yu. (4.7)

A(p=1) = 145 K| +r (1+1;) .
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On the other hand, the ambipolar diffusion coefficient as defined by (2.7)

reduces to

'D'.e(/.t) )

For numerical solutions it is desirable to express ) e in terms of D'
i L
"

[, ]

| L0 I+)Ge"y~"

with
Tﬂ = T;-' = T ) (4.9)
simplifying (4.8) to
19,, [+ JCY rxe 1!
De (M) = * ,_[ t— + L+ Jee ] (4.10)
| +US; Xe) |+ 0Cu 1+ JC S put
where
kT
"l: - m“. 1)"' 7

on account of II,(2.8).

An examination of Eq. (4.6) and (4.7) show that the fundamental
maximum moves in the same direction as the neutral wind U i.e., in the
L% direction while the secondary maximum moves along the direction making
an angle { with the x. axis, and given by,

K, e
|+ X"

fam « . (4.11)
<
aa shown in Fig. (3.1).

Two distances d. and dl are characteristic of locations of the maxima,

where d| is the distance of the fundamental maximum from the origin, and
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Fig. 3.1. Fundamental and Secondary Maxima.
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A‘l. iz the distance between the two maxima. We have

d = ut (4,12)
' I+ K Kol

L ¢ Kel (iKel- Jo! 0
L (l+|)c.|:(.|) |+ )0 (l+fcef-)' 13)

For Ke? )C(: and K;Q»] , these expressions reduce to,

Jt
di * ke (b.14)
d Ut '
IRV ATy (4.15)

From (k.1k) and (4.15) it can be concluded that

(1) The secondary maximum moves faster than the fundamental
maximun;

(11) The distance between the maxima increases with time leading to
the splitting of the inhomogeneity;

(111) The splitting will be more pronounced, the smaller the value

of xc.

t

¢, Plasma in an Elsctric Drift

Under the conditione (4.3) of Case (B), I1I,(3.9) reduces to

V, = |+J;‘-c|-_§o*'/° = xe] (4.16)
We introduce a 4rift speed
Wo = - T E es (4.17)
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to simplify (4.16]) to
- X ~
Yo = Tﬁ}" [~ KW, + W, “ ] (4.18)
and reduce (2.6) to

V() Wt (ORI B].

Eq. (4.19) reduces to the velocities of the two maxima:

Wo _
y(c(f“’o)" -We + l+lc rel = \-/.L , (4.20)

Y{e (/‘“D = - Y.do * IW/!;T) [(ng)wo*xc’c:%"ed =}'!n . (k.21)

A comparison between Eq. (4.5) and (4.19) shows that the ambipolar drifts
for the two cases of the diffusions in a neutral wind and in an external
electrical field are similar, except for a shift of a speed '!Jo in the
case of the diffusion in an electric field. Thie occurs because the E‘g
field transports the plesms with a constant speed - W/ . Because of the
similarity, we shall not present computational data or graphs for the
diffusion by an electric drift, but restrict ourselves to the diffusion

by a neutral wind.

5. NUMERICAL SOLUTION OF THE LINEARIZED EQUATIONS OF DIFFUSION

We nov elaborate on the numerical computation of the expression for
the diffusion in Eq. (3.10). 1In order to express the variables in terms

of dimensionless parameters, we introduce a reference length,

7.D|l£
/z - U ) (5.1)
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a reference time

D. !
T = U':: ) (5-2)
a reference density i
N D - 3’1
n = ° f d}A I‘C (5 3)
' YW 4+ M ’ *
Jn't L 0
wvhich represents the density at Xs0 for a diffusion without drift,
i.e., with V(e 20 ., We obtain the following dimensionless variables,
t = t/r,
x = e, (5.4)
mn,6 = ’HJ’}’L' .

It 18 to be remembered that, by eliminating U between (5.1) and (5.2),

Dut' - £-74t,

a relationship well known in diffusion. That is the reason the refer-

we obtain

ence length has been defined with a coefficient of 2 in (5.1).

The coordinates are chosen so that U is in the X, directiom, -(Q* Q)

in the X  direction and the magnetic field B in the !3 direction with unit

o

vectors ; “; \ 35 respectively. Then Eq. (3.10) can be rewritten in the

fonow:{s(d;;“;i:“z'ﬁzgflt ) ] f d}A .e) f dg(! ‘3)2 s (5.5)

where

ICF) |+)f |"'K¢,1' -1
Ie(}‘]_ ,' |‘{(K¢\ I'—|+)( ,M H_xtl.ﬂt] (5.6)
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— i r R
9 = h" tl T , (5.7)
t

V. [“xt“?‘) L TR BT I 08 Y 0

Ve (1) = i
~te (/)= el

e

.
H-K,; l+)CeJ(' ( td&l)ﬁ
~ _ Y ) ' ~ =
y"T |+)c_1.(x' K %),
B y ¥ (5.9)
Y B .
yﬂ"J v (X, + G, %),
Here the expression for yic , (5.8) is the exact formulation obtained

from (2.6), rather than the approximation given in (4.5).

Using a digital computer, the required aingle and double integration
in Eq. (3.10) are performed by an application of Simpson's rule. The
ranges of /1(040 l) and ¢ {0+ K) _are subdivided into 75 increments
each. Density profiles are calculated for planes parallel and trans-
verae to the magnetic fielda, with different transport coefficients

)fil}ce.

Results are shown in Fig. (3.2) to (3.14) in the form of contours
of constant densities. Theae figures clearly show the interesting
features of the splitting of the inhomogeneity and the elongation of
the plasms in the direction of the magnetic field. The above features are

accentuated by choosing low values of the transport coefficients b{ and Ao, .
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For completenesz a caae vhere K‘<)C‘: has also been included., As is
discussed in Chapter V, such low values of JC‘- and K, are reasonable
for turbulent plasmas. A summary of the characteristics of the cases
presented is given in Table (3.1). Of particular interest are the
distances d, and d:. , which give the separation of the two maxima,
and as such, indicate the magnitude of the drift and the degree of
splitting. Included in the table are also the displacements of the

center of a similar neutral cloud.

The specific features of the numerical results are nov discussed
by means of the following figures. As mentioned earlier, the K,- axis
is chosen to be along the magnetic field, called the longitudinal direc~-
tion, the x'-uis is along the neutral wind velocity, and therefore the
x:.' axis becomes parallel to

-UxB/c,

The plane x ) X, 1is called the transverse plane. The plasma diffuses
more rapidly in the longitudinal direction than in the transverse

direction, in view of the relationship

D,/D, « 1.

As shown in Fig. (3.1), the 2 maxima develop along the axis at an

angle & from the X - axis, with characteristic distances J, and d.._ .

Figa.(3.2) and (3.3) represent two transverse cross sections at
;3-0 and i‘s' 10 , respectively, while Fig. (3.l4) represents s crosa
section i{n the (&ﬁ,) plane. At the early time, chosen to be 'i- 30, the
development of the second maximum is found in Fig. (3.2) at dt'-'- 10.%
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Table 3.1 Characteristics of the Diffusion of Plasma and Neutral Clouds

Figure No. /b’i

3.2-3.1 0.75
3.5-3.6 0.75
3.7-3.8 0.75
3.9-3.10 0.75
3.11-3.12 12.0
3.13-3.1b 12.0

12.0
12.0
50.0
0.75
12.0

1.0

ot

2 2 8 & 2 8

d /
degrees

k1.5
k1.5
38.1
90.0
90.0

130.0

[

1.5
3.0
0.78
19.2
0.21

2.3

%

10.3
20.6

21,4

19.3

d of
neutral
clouds

=
wn

8 8 8 B8 ¥



and iz not apparent in Fig. (3.3} which is a cross section at a distance
too far removed from the center for dz. to appear., On the other hand
Fig. (3.4} clearly shows the development of the second maximum as well

ags the elongation of the plaama along the magnetic fleld.

The later development of the plasma diffusion at ‘{':'-"- €0 1is given
in Fige. (3.5) and (3.6) in the (K.} X,} plane and (é} X,) plane
respectively. These plots show a more pronounced effect of splitting

of the plasma cloud intoc two maxima.

It is to be expected that the values X, and g have an effect
on the diffusion of the plasma. While the diffusion with the ratio
"-'e/*:'; = |6 is represented in Figs. {3.5) and (3.6) the diffusion with
a higher ratio of K¢/K, * iogo- is given by Figs. (3.7) and (3.8).

According to Eqgs. (4.1k) and (4.15), we have

A | Ke

d Y )
indicating a more significant development of the 2nd maximum with a high
ratio K"/Kt' . This is clearly shown in Fig. (3.7) with Kc/)f,:- 200
as compmred to Fig. (3.5) with K./K‘-s {6 . Since the elongation 1,,/61_

can be approximated by

1
.g_'.‘ = (-2!'—)1 (5.10)
£y P,
v
and wvith the relationship for the ratio % glven by Eq. (2.18) we
i
obtain,
" ~
7, " \TVKel = kike . (5.12)
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Thus we see that the alongation is proportioned to K.X,. The larger
elongation is shown in Fig. (3.8) with A K¢ » 375 as compared to

Fig. (3.6) with K, Kp,=9 .

Fig. (3.9) to (3.12) are plotted for J; = K, . According to Eq.
(4.13), for this condition dtso , and no separation of maxima occurs.
Since according to Eq. (5.11), the elongation is proportioned to X /(e
we find a small elongation of the cloud with f,,/,ﬁl_ =1+ XK = 1L.S6

in Fig. (3.10) and a larger elongation with l“/ﬂ*z 145 1in Fig. (3.12).

In the sbove we have discussed mainly the cases with )Ce »\ and
x‘/‘ti"')' which are illustrated in Figs. (3.2) to (5.12). The
fundapental feature is the development of the secondary maximunm at A'_> 0
in the 5 axis, The opposite circumstance with

)f‘- > | Ke_//t" < |
is expected to yleld a different configuration. In such a case, we

have from Eq. (L4.13)

d, = =8t (5.12)
J | + Ko+
which shows that the 2nd maximum develops at a negative distance d,_ .

A plot for K{”z' Ke=1 for which d1= -143 {s shown in Fig. (3.13).

Plasma inhomogenejties in the ionosphere would rarely possess the
assumed properties and therefore the result of Figs. (3.13) and (3.14)
are not to be found under practical circumstances but are included for

completeness of the understanding of the plasma diffusion.
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The Important features of the diffusion process can be summarized

as follows:

(1] The inhomogeneity spreads in the direction of a f -axis which
ties the two maxima located at ,\,/‘.c (}«lso)t and y'-c (F")t respectively.
The distance between the maxima, d,_‘ is given by

g L Mk (el - &) Ut
Y (14 i KDV (T
see Eq. (h.lB), which for /CQ?/C‘- reduces to
4 . Ut
t V4 K

The spreading shows most distinctly in Fig. (3.5) and (3.7).

(ii) The elongation of the inhomogeneity is given by the

expression

‘eu/lL - |+'IC‘-_ Ke ;
see Eq. (5.11). Comparatively large elongations occur for plasmas with

high values of /C‘- and X , such as shown in Fig. (3.8) and Fig. (3.12).

(1i1) The diffusive spreading due to the action of an external
electric field of strength £_ is the same as that due to the action
of a wind with velocity W, = — % (E,*B)  vut shifted by the
vector -W because the plasma motion is restrained by an electric

~o ¥

field and not by a neutral wind.
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6. APPROXIMATE SOLUTION OF THE RONLINEAR DIFFUSION OF A PLASMA
INHOMOGENEITY

One of the features which results from the nonlinear diffusion is
the steepening of the front aide of an inhomogeneity which diffuses in
a neutral wind. This phenomenon has been observed in plasma experi-

ments in the ionoephere, e.g., barium cloud experiments.

To investigate the steepening effect we conaider the nonlinear

diffusion equation III,(1.10) in x space.

(A; +A¢) ?{j = AL ("V-nye -t-v-?e- V’n)
+A¢(-vmyi+v-9{ﬂ‘n), (6.1)

wvhere the operatar Aa\ has been defined by Eq. (1.11), or transforming

to 4 spsce and dividing by A + 4, ,

__"‘_:#-ﬁf - _(,;43.}‘2’4. k’g)n(@,e) ) (6.2)
A- V - A V|
Y = B Ve A) Y, , (6.3)
~ A ) ~ A, &)
D . Al AR (6.)
Al)+ A k)
A= A'R) ~ A (k). (6.5)

° i
The ﬁj@lz,,_{‘!\a ,(&) * A? (k) 'r A:(ﬂ?) has been defined by (2.2)
and the nonlinear differential operator A‘; 15 evaluated from the linear

solution M such that

Th



A:(‘“o) = 0(1.4 &o‘," VJ. + dH‘ ( go"ﬂV), + 0(“‘ (’%e‘ V)5

vhere

k = -,F‘,: un,
is assumed small for a weak inhomogeneity so that terms in the second
order of ko are negligible, As the nonlinear diffuaion effects can

be seen most easily in the transverse plane, in view of the ratio

n < M In
CLYY K, I,

ve may assume for the investigation of the nonlinear effect that
P

ST 0O
vhile retaining a three dimenaional geometric configuration in the gross
evaluation of diffusion. It may also be assumed that the slope of the
i
density varies slowly so that Aq ("o) can be transformed into é space

with homogeneous transport coefficients,
A )= i [ oo, (28),])
® ["‘J-b(ko-éu + &o; e’z) * %y (l::, k—b,l b:)..l

When we assume for the plasma
‘
we can write according to II,(2.10)

x>
£ oro, = 8 [ L o ]
H{  The ) |+ )b

Il?.

and obtain
A by = (el Y(E-i R R) .
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Substituting for AL-(G) and A k), (6.3) and (6.4) become,

3w fra Eei (ke by (428 3V liere)
~ (dJ.': +e ) (Y- < Ko k)

, (6.6)

{-0(_1_': &1"'4‘-[0{-"{ ko' '& *dut (&O‘ &),]}D_Le... ( (:QC) .

. (6.
2 (% +%4) (£1-A Ko &) o

Subatituting for \_,/( and \_/ . fromEq. (4.4) and separating into real

and imaginary parts, (6.6) and (6.7) become,

'17: ¢ - (ﬁo'éﬂlé’l&):ﬁ (éé)(gbx‘é)g A
~ ~; ke N (%o,g)z &44_@0‘&)1_ Qfen (6.8)

+ [/kifﬁ’o‘é)s e, L(tor8)s
FCRT N R TN

Y
K,

Q‘Es] )

v 60"6 (‘éoxé
@" D-le"' Fi:'e.:o*i - (l,.é"‘;.)@: é)_?_a» K“: D.n.;'

. G k)
t < £ (b b)?:. C‘; D.L{" ' (6.9)

As éo is assumed small,
(,’.éo' é)l < ‘(34-
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and we can neglect the '?o'é term in the dencminators of (6.8) and
(6.9) and secend order terms in ?o in the numerator. With _YJ‘ and D.s..

defined by Bq. (2.1h4} and Eq.(2.15) such that
Yoo
A
and i

K _
Pie ¥ K Pt =D

(6.8} and (6.9) simplify to,
B A
' (&o‘..)‘b [i.‘_ g*e ] (6.10)

and

D = D+l =g = - (6.11)

Subastituting into (6.2), we obtain,

cul®) = —{i [%'YJ.*' (@o’é)b el

ot t

+ k'ID.L*-(%O‘E)}(EL- %‘:) E_t} ﬂt?'t)

=[,£(&.‘YL+F)+ED_L+PJ m(k t), (6.12)
where
F oo (b -, b)) BeD
é' .
P s (k‘!l bg—ﬁotﬁl)(kb--ﬂ)%' (6.13)

The solution of Eq. (6.12) is

4Ry, +F)+ (£D+P)It

-~ ~ L

ni&t) = n(oje ) (6.14)
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while its inversion takes the form,

n(xt)= oy, | dk (9

L

i[Rx- (kY rF)e]-(£D0)

. {6.15)

Thiz expreasion shows that the effects of nonlinearity are to modify the

drift and diffusion by the terms F and P, respectively.

For the sake of simplicity and in consistency with the linear dif-
fusion assumptions of Section 3, we take the inhomogeneity to be a point
source at time t=o0, in which case T\(E,O) is represented by a S -function
corresponding in three dimensions to

£.0) = (27) 2N,

which reduces Eq. (6.15} to

L[ (&Y, +FEI-f'D, +P)t
’n(!'t)-(hmf e . (6.16)

The equation is brought to the same form as the linear solution, except

for the additional drift term F and the diffusion term P.

It ia to De remarked that the separation of the inhomogeneity into
several maxima, as derived in the linear diffusion of Section 3, is
due to a variable drirt'yl(g) and 1s developed at & later time t, while
the nonlinearity develops at an early time near the fundamental maximum.
Therefore in contrest to the spherical coordinates, @ and k, we now
choose e new spherical coordinate system, ﬁ »$ and k, vhere (3 is the
angle between k and E-Y*t and Y.l is independent of k. This system is

simpler, and describes the early development with a sufficient accuracy.
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Hence wve write

d% - d&/&‘d{; sinp dé

and obtain
i[k-(x-Y Y- F]-&Der)
Xt) n)"[ dd;f dps\n(ﬁfd&ka
Pt o Lh{( x- Vt)w F(w)t] &
Ne [y
(zrt)",_[l e fo thke ., (6a)

where

w = cos (3,

Flw) = (oo V100" o) B2k,
Pw) = [ 4o !w)*k"" 5 - &°‘+&o)w\/l wt .

Following the method of Section 3, we integrate with respect to k, and

get the expression

PR FeI-EDE o (’.‘_;ﬂ”_.ﬁ
f 4(pt)* ‘L[ L.t ,
which leads to, Pt k
n(xt) = if dw e l Lh ) : (6.18)
vhere F{_
h =qw - VTT
= V-Lt
W

~

A(xt) = n(xd) [ _(W'v-]
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In order to perform the integration in (6.18), we introduce the follow-

ing simplifications:

(i) Inasmuch as we are interested in the initial development of
steepening due to nonlinearity, it can be assumed that &,‘ and éo;_ are small
80 that their second powers are negligible, permitting the series expansions

-t -h?*
of & and £ .

(1) The integral in (6.18) covering the limits (-1, +1) of W
requires that the integrand be an even function. This property permite

neglecting the odd terms in the integrand.

With the above simplifications, and after some auxiliary calculations

which are omitted, (6.18) reduces to
;L = 4:0 - 2111{‘1.-0- Ut '% [{o-(I*ZTI)Lt-{-Z?’(‘_]

SN ETRATRN TCTELS S| S

where
Ke {2 i
rg Y (_ti) ’
| -
L = dwe * =JZ—/TT1?—Q("Z),
0
' ' T 'nl | ' ‘721
A = | ww e z’l_'q‘[ﬁ@(q)-e ]} (6.20)
‘ l o Mt . -
e [ B ) (20



and Q(‘Q) is the error function. Upon substituting (6.20), we trans-
form (6.19] into

M= N, + Uty (6.21)
with

-

}

b, Tk, (g I,+8T,)

"
o}

n,
P

-1]1'
Lo = YEGO)(1- it )+ & (1-2), (6

L) = W e(i-2)« 3

The functions I, T, ana I, are plotted in Fig. (3.15). For k=&, = 0
1

Eq. (6.21) reduces to the Gaussian density distribution,

N _ x-ve)®
o e 49, t

n=n, = 8(nbt)3h_ / (6.23)

which ia the asolution of the linear diffusion equation with constant
drift and diffusion coefficient, a result wvhich is to be expected.
The variation of the function 3/ with 7] is plotted in Pig. (3.16) for

ko' » ko-,_,‘ 'ba
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and valuyes of g reuging fram Q to 4. The nonlinear density profile,
M from Eq. (6.21) im shown in Fig. (3.17) for constant |k°| , corre-
sponding to an exponential mean density distribution,

tik ix

P

N, = €

for which there iz a step change from positive to negative éc at 12=O
and which causes a discontinuity in the density profile. The steepening
effect of the nonlinear term can be seen by comparing n at ~-n snd +%.
For example, at Tz:-lj n=0.5S while at ‘z:*—li n=0207 indicating a
rapid drop in density on the front side of the inhomogeneity. The plot

is for S e 2 , corresponding to
k"
U= ouxy ﬂem/s&c, t = 00 »ec and DJ_': 0.0\ km /sec .

To illustrate the feature of steepening more clearly we take the
caae where the mean density is close to the Gaussian linear density
distribution, for which the slope varies with poesition approximately
a8 Lo:"’? . Now bo changes direction gradually so that no discontinuity
occurs. The nonlinear density profile for this case is plotted in Fig.

(3.18) and shows a distinct steepening in this positive 7 direction.

We now exsmine a number of special cases, wvhich can be derived

from the general expression (6.21).

a._Case With R, %0 ko, =0

This gives the density profile in the X, * O  plane, and therefore
in the | direction and reduces (6.21) to
Y = ‘&o‘ Il- (6.2L)
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As seen from Fig. (3.15), Il is positive for all 7 and therefore

adds to the linear denaity :ﬁo for 'q<0 and subtracts from ;“o for

v > O , leading to a steepening (rapid drop in density) on the 47 side
facing in the Kl-direction. Thia effect 1s shown for an exponential
mean density distridutfon in Fig. (3.19) and for a Gaussian mean
density distridution in Fig. (3.20). Tt can be concluded that both
the general case of éo' s ko,_* J¢, and the spectal case ,»sus O give

similar features of nonlinear steepening.

To illustrate the steepening more clearly, the slope of the density
profile |';'—:” for a Gaussian mean density distribution is plotted in
Fig. (3.21) for <0 and M>0 . The plot shows thet the larger slope

and therefore the steepening occurs at n >0 for all values of '72 .

b. Case With &, =0, %o, +40, ,E =0

This is the profile in the X *O plane and therefore in the -U0x®

direction and reduces (6.21) to
(R
—_ +
V=& (;c‘. I,.*¢ I3) ' (6.25)
The nonlinear density profiles for the exponential and Gauasian mean
density distributions are shown in Fig. (3.22) and (3.23),respectively.
The steepening effect, vhile present, ia not as pronocunced as in the

case with ko‘ #0, &o,f O . This can also be seen in the plot of

In
' S| Versus M showm in Fig. (3.24).
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c. Came With Ut = O

For this case (6.21] reduces to
<,
v =k, FVpt 1, . (6.26)
A plot of the nonlinesr density profile is given in Fig. (3.25) and, as
expected, shows no steepening., However, there is a distortion of the
linear density profile, but this distortion is aymmetrical about the

origin.
We can conclude the following from the asbove analysis:

(i) The nonlinear effects arise from the Hall components of the
transport coefficients. The retention of the nonlinear terms results
in a density profile which shows a steeper decrease in density at the
front side of the inhomogeneity. The amount of steepening increases
with KU£ ,i.e., with vind velocity and with time, and is self-
accelerating (it increases witha&o ), and therefore a highly destabiliz-

ing process.

(1i) The steepening is primarily in the { direction with only

slight effects in the -Us® direction.

(4ii) In the absence of a wind there is no steepening. However,
there is a distortion of the linear density profile symmetrical about

the center, which is proportional to &. K‘GVQLt .
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7. NUMERICAL SOLUTION OF THE NONLINEAR SYSTEM OF EQUATIONS OF A
PLASMA INHOMOGENEITY

As the analytical solution of the nonlinear diffusion equation
presented in the previous section is based on a number of simplifying
assumptions, the numerical solution of the exact equation in three
dimensions is undertaken. In principle it is expected that such a
solution would show the features that arise from nonlinearity, such as
steepening, and, in addition, those that are due to the 3 dimensional
effect, such as the splitting., However, due to the long computation
time required the calculations have not been carried to a point where

the splitting can be seen.

To obtain a numerical solution of the nonlinear equations without
approximations, it has been deemed advisable to program the system of

two second order equations
VP +vnY. = VP IMm, (7.1)

.éV.n(%(Lf%{&).v¢+Vﬂ(vc-¥-)sv-(QC-P{)-VYL (7.2)

obtained from Eq. II,(3.20) and II,(3.21), rather than to attempt to
solve a single fourth order differential equation, such as the diffusion

equation III,(1.6).

The coordinates are taken to be the same as those employed
previously, with the wind in the x -direction and the magnetic field

in the x;-direction.
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For numerical solution Eq. (7.1) and (7.2) are written as finite
difference equations, using the forward difference method for a nodal

point located at X sh X = 4 amd x, = b)

An Vet 9
(At)h' jl L = nh'j‘b[-p-l-‘.( (Axl]-:. + UM(;J ) CH (N‘a) _-]

Vnt W . Un W
‘ Yn 't VaG Ven Ve
J_"( ~+ —ﬁ) +‘D"¢—ﬁ-£ﬂ_-; ﬁ’

2
v.n v.n Y.
D«.((a:g']\"' (Tsaaw_)*-.[)uéﬁ'%l (7.3)
and
Y, v, ¢
" h[ (D*t “Oie) | (Aﬁ" (i"db |
Du( *Dilc.

w((b“.i:*"-z%J’*C‘Pn.j,k-n)]“' DJA?CU il h'iﬁ)

* %in (ch'.j*',k-qj*-i-:,t)] 4 *0-¢ ?"n(d)d't”- "fi'"")]+(D“"+D”‘)[‘YJ‘:%=—(¢"'JM

3

- ¢|.4'-|.6,) - %‘(Qw,jthcﬁl“lé\k)] = Qh' }’k . (T.4)
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where

Axm = node spacing in M direction,

At = time interval

A "N = incremental density in time interval AL,

Dy, = 4(11—;63) 1 D, = 4.:_(1_125_ ,
Dug = TL' ) Dye =‘%%E"'

Dy, = 4(/7:;43) ' Do =~ ﬁ%
Ve = o) Ve = e

_ . K _ _1Kel
v‘al - I+/<.L-'-’ Vie = 1(;4.)(,35 )

_ - Va L ) : X
Dja= (Ve Ve) BT+ (57 %e) B+ ()L,

(—k]*‘( ke Dnt)(Ax’]

1
amd V, { and Vm{ are the first and second derivatives

with respect to m, given by

ﬁm—q -{m,
V"“‘f = 'ﬁuﬂ m t fln l
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Solving Eq. (7.4) for § we obtain

\ hel, A (N ¢h,° b+t
¢-3'.n= Y[a w CELL'_ -(Zi'?)‘

) Y Ay T
+b¢nla| + b, ¢h,;-l +b4’n'k-l]_a
@ g (A R (ix»]‘
vhere
D D +D n :+ D
= ]| —=¢ CThe *e- 1 *E Ve
[ A,\TJ'I- ]
¢ 2 +D;¢,[Vm, J Du‘+bu¢ %en
e - A & ik R
Dy, + Dh[ LW ik~ n, “, ,EJ
’nhfi!‘.. 6\‘ AK )
D+ Dip Y Du. +D :
N i A L
I}fk ) h,g,& A",&‘L /
d,- )J..L + DJ.C_ n DHI *DHC- th
T j ke (&il_" Mk 4AY,aK
Du¢+ D.,c Vk
Q&= N, S
ik (AX-,)
D 4D > .4+D
bh.: JLAK*{. ) L = "'*+'Le' |
( I) p (sz)-;
by~ it e
(Ax%s)*
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Inasmuch as an inhomogeneity usually starts as a sphere with a
Gauasian density distribution, the computation has been started with
such a density dlstribution at time t = 0, with an arbitrary peeak
density of 100, and a constant background density of 0.05. New density
distributions are then calculated at succeeding times t+ At where At
is a small time interval. Equation (7.5) ie solved first for the
correct § at all points by an iterative procedure using the Seidel-
Gauss method with scaling. In calculating 4’ , the nonlinear terms are
formed from the known density distribution of the previcus time step.

The values of ¢ are then substituted in Eq. (7.3) and 2—:' calculated.

The density at time £+At is then obtained from the relation

An
T 4 e Lt O8) = g i (8 4—(—&7C y km-_ .

The syastem of equations (7.3) and (7.5) has been programmed in
Fortran IV and computations started on an IBM 360/190 digital computer.
The computations have been performed for & three dimensional array of
17,424 sp-ace points. For convenience the same non-dimensional time FE
and scale X devised for the linear solution and given by (5.4) are used.
However, the density n is not transformed to non-dimensional form as it
represents an arbitrary initial value. To meintain computational
stability a small time step, AE- 0.015 has been required. This has
led to large amounts of computer time for comparatively small real time
periods. The time development of the inhomogeneity therefore has been
carried out to only a time of t =0.8. The densfty profile in the

%, -direction at this time is shown in Fig. (3.26). It clearly exhibits
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the steepening froat in the xl-direction in agreement with observa-

tions of ion cloud experiments.

As the computation has not been carried cut for a longer time

period, the splitting of the inhomogeneity is not yet apparent.

8. CONCLUSIONS

(1) e diffusion of & plasma inhomogeneity in a magnetic field,
as driven by an external electric field or an atmospheric wind, is
found to be governed by a fourth order nonlinear differential equation
with variable ambipolar drift and varieble ambipolar diffusion

coaefficient.

(11} The linearized solution of the diffusion equation predicts
the separation of the inhomogeneity with time, and an increase in the

spread of the inhomogeneity which ies proportional to the product j‘; - }Gc'

(111) The diffusive effects of an external electric field of
strength € can be reduced to that of a wind with velocity Wo= - %’éo*g

by shifted by a vector - W _.

(iv) Analytical and numerical solutions of the nonlinear diffusion
equation show that the nonlinearity leads to a steepening of the front
side of the inhomogensity. This steepening is proportional to lc.Ut

and therefore destabilizes the plasma in the course of time.
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(v1 1In the ahsence of a wind or electric field the diffusion may

still be nonlinear, but the cloud remains symmetrical.

(vi) The theoretical reaults ohtained generally agree with

obseryvations during tests with artificial plasma clouds.
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Chapter IV

Theory of Striations

1. INTRODUCTION

Striationa are a manifestation of the instability of plasmas and
have been observed in aurora and in barium releases in the upper
atmosphere. In the barium experiments striations appear about 10
minutes after release, usually at the edge of the plasma cloud closest
to the neutral cloud, hecause that edge is unstable on the basis of

drift instabllity.

Theorieas explaining the appearance of striations due to plasma
instability, have been reported by several investigators 20-25, who
shoved that a plasma in a magnetic field is unstable if an electric field
exista perpendicular to the magnetic field and the density gradient is
in the same direction as the electric field. Because of the presence
of crossed electric and magnetic fields this phenomenon has been called

the E x B inatability>2

, the crossed field instablility, or the density
induced drift instability. Its basic mechaniem arises from the unequal
drift of iona and electrons in crossed electric and magnetic fields.

The drift instability mechaniem hae been suggested by Hasegswa33 to
explain the appearance of striations in aurora. More recently Cunnold3h
has postulated that a similar type of instability in the F layers of the

ionosphere can be caused by a temperature gradient as well as a density
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gradient. The present theory of drift lnstability ia developed from a
new approach, using a fourth order diffusion equation including dissipa-
tiona. This theory is more general and systematic than others. The
results are compared with observations of striations in artificially

released plasma clouds.

2. BASIC EQUATIONS OF PERTURBATION

Consider the fourth order diffusion equation, derived in Eq. III,(1.6)
for a plasma in & magnetic field and with a neutral wind or an external

electric field, rewritten as,

(Vg V[ %% +(Ye v - v D, vn)]
+ (4',1-—»6,) = Q, (2.1)

vhere (i <+e) represents similar terms obtained by interchanging the

subscripts 1 and e, The notations used are

¢ - A
,\./Q=I§;(—E,“EO+Q*%)+Q, (2.2)
o = LaC

£T,
D =P, (2.4)
20 €
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K= “Kay Ray O ' (2.5)

K = (2.6)
2 IT)()“."
- v— _..‘t—é’——
“H I"'J('L }
Q
N,
/C:q= — )
a
€, B
£, = me (2.7)

¥
where m, is the electron or ion mass, Z/_ 1s the effective frequency,

the subscript a refers to ions ( )i or electrons ( ),, U is the
neutral wind velocity, E, is an external field, B is the magnetic field,
¢ is the speed of light, e, is the electron or ion charge, ;B is 8 unit
vector in the direction of the magnetic field., The density n isa

composed of two parts

[
including a background density 7, , and a perturbation 7 .
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Substitution of (2.8) into (2.1) yielas,

v-(n,,ggiov) %E'-x»(y&- I - on&-Vh')]
+ Ve (n'g, ) %%o*(\'(e"vnfv'ge'vn")]
+ (-(.,96) = O . (2.9)

3. DISPERSION RELATION

To study the stability of the plasma from Eq. (2.9), we assume

that n' is of the form,
, - (wt-kox)
nw=m"n=~e (3.1)

o

in the plane transverae to the magnetic field, where w is the oscilla-
tion frequency, a complex number, and @ is the wave number of the excita-
tion, a real number. It is now required to find the so called dispersion
relation, which is a relation between & and & . The background
density n, is expressed as a function of X and t ., Which, for the

sake of simplicity, is written as an exponential function
Bo(x-Y,¢t)

My = No € (3.2)
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Here yl is the ambipolar Adrift in two dimensions given by III,(2.1k),

‘ 13

°('.I.£Ye, v Ky, VY (3.3)
- }

~ l d’li + Q(-Le,

!\10 is the constant peak density, and ‘%o is the density gradient

Y
k-

The approximate exponential shape of the cloud as expressed by (3.2) is
not a poor simulation of the actual Gaussian cloud at least for a smail
region. As before, we assume that the magnetic field is in the

X, -direction and the ambipolar drift velocity y_l_ in the X -direction.

Suiatitution of (3.1) and (3.2) into Eq. (2.9) for two dimensions yields
07 (ks Yy 20)- (4 B B (6B,
_1io, ] (@ B o Ve
(&, k)P ] + (ie) =0, | (3.4)
vhere
D=2 (b k) - (b7 1)
+ 35 (Rby + &y R, )
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and

Q= 2(hot+bF) 4 i (B b+ B ko)

4

PH - 4 ('éo, E?,_“‘ba,. &,)

L, = ko_fw* Loi - »@,"-/@.:
+ ZL('é, &o"‘"éz. on;,) .

As the exitations in the ionosphere are bound to be large, we can

R, <k

and neglect higher powers of 2o, or #,, than the first. With this

simplification the frequency « from (3.4) becomes

RN AR SARSIMLEE &Y

- bV o+ (ko k- 4o 8)D, - (ko kb, )20,

4 .LE ‘kor'&.;é,,o‘ ‘bz_ k"\"/H —-ED.L] y

(3.5)
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vhere

vV o= 2 Ve + %ue Y, ,
i Dap £ %, Dy
Xy, t Vie
_ d“; D-le_ + b{” e D‘Lg: (3.8)
D, = . -
‘Li Lo

Equation (3.5) is the desired dispersion relation in terms of the
asbipolar drift Y , the Hall drift YH , the ambipolar diffusion

coefficient D  and the Hall diffusion coefficient D, .

By letting

= w, +< T (3.9)

we can obtain the oscillation frequency «J, from the real part of
(3.5) and the growth rate T  from the imaginary part. According to
the definition (3.1), the instability corresponds to >0 , 1.e.,
the amplitude of the oscillations grov with time while for J <O any

oscillations will dsmp out.

We now investigate the amplitude and growth rate for two special

cases, one where the plasma inhomogeneity is driven by & neutral
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wind, with

;  E,=0

U #0

and the other where the inhamogeneity is driven by an external electric

field, with

U=0 ;  E,#0.

4. OSCILLATIONS IN A PLASMA INHOMOGENEITY IN A NEUTRAL WIND

(U#0, E,=0)

For this case, fram III,(4.6)

V =

-~ | + )thCd

and by substituting for the drift velocities yt. and l/& , from

III,(4.4) in (3.6), we obtain the Hall drift,

_ Jd 2 ’~
yH = - fc"' Xl + UKL ; (4.1)
where Q' and ;l are the unit vectors in the X, and X_
direction, respectively. A substitution of (4.1) in Eq. (3.5) yields,
EU (kb -4 B)D,- (ki + b, 6,) 2D
w = “'x‘.k‘l"' o1~ Koy a) u"( Rty z)Z_L
. & - | b Aéa t
+ 4 -—’-‘-—’—-——h 'ﬁ‘é‘" = (Ez -'L—i)u -£& D.L] . (%.2)
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To aimplify, we take the case where ’EC’I - k‘_ and consider

two directions for ﬂt . First ve let

W k*0 k=0,

vhereupon from (4.2) we obtain

w":k[ﬁmf_ fo(D“+LD_,_)]) (k.3)
AT

A

'5-': - — AID_L ‘ (4.4)

¢

Equation {4.3) shows that the oscillation frequency «, 1s proportional
to £ while Eq. (4.b) shows that for instability we require that

épu
)(I'

t

A
> £ D (h.5)

Condition (4.5] can only occur on the front side of the inhomogeneity

where bo <O,

Next we consider the case vhere

(11) £'=0 ; /éLfO,

80 that (4.2) reduces to

t, = k4, (>, -20,) (4.6)
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and
'f: _kOU -,&zD_L , (4.7)

which shows that the frequency again is proportional to é and that

the instabllity can only occur on the front side of the inhomogeneity.

5, OSCILLATIONS IN A PLASMA INHOMOGENEITY IN AN EXTERNAL
ELECTRIC FIELD (U =0, E_# o)

When there is an external electric field gc in the xt-direction

the inhomogeneity drifts in the :c' ~direction with an ambipolar drift

derived from III,(4.20) as,

_ Eoe A
Yl- ‘é o (5.1)

A substitution of the drift velocities Vi and \/, from Eq. ITI,(4.16)

-

in (3.6) leads to the Hall drift

E,c A
\.{H_-Bx ‘ (5.2)

which upon substitution in (3.5) ylelds,

W = /@. Foc ¥ (éo, bt-’éﬂzéu)bl-( - (ko, &l*éo;&rjzbi-
[Ptk g e g

(5.3)
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Again taking k,l « b 0, 904 examining two specific directions for

&,for
(1) 11',7&0 b =0

z 2

we obtain
w= 4[5 4 (D +D
o 8 0 ( H .L.)] , (5.4)
T;" —‘ktD.L ' (5.5)

which shows that the oscillation frequency is proportional to E and

that there can be no lnstabllity as 7'- is always negative.

(11) For the second case, }2.- o, ,&;*O

and (5.3) reduces to

w, = kk, (db,-27) (5.6)

T- b

c T

¢ _ 4 P . (5.7)
B

The frequency, according to (5.6}, 1s again proportional to y-] vhile

from (5.7), an instability condition requires that

- T
,ko%c—'> &D_L (5.8)

I'4
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a condition that can only occur on the side of the inhomogeneity where

x <V t.

6. CRITICAL WAVE NUMBER DIVIDING A STABLE AND UN3TABLE OSCILLATION

As an application of the theory of oscillationes developed above,
the dispersion relation (Lk.7) is plotted in Fig. (4.1} for typical values
of an artificial plasma inhomogeneity in an atmoapheric wind in the

ionosphere, about 10 minutes after release:

U = o ku/%c)

D, = 0.00! &,.."/se;.., (6.1)

R.‘L: e, &

Here r is the radius of the inhamogeneity in the transverse direction.

The value of ko at the leading edge of the inhomogeneity where the

striations start can be estimated as,

-
= - O,Z. /&m (6.2)

b2 -

and the critical wave number ii’s which separates a stable oscillation

from an unstable one 1s obtained by setting r: O in (4.7), which

ylelds,

A _(_k,U)'?_ . (6.3)

S D.L
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With the constants of (6.1) and (6.2),

ES = 4,5 a&mﬂl

and the wave length fs corresponding to the critical wave number then

is,

,€=——:|,4-ﬂ2m.

This distance is in good agreement with observed widths of striations

in plasma clouds, which are of the order of 1 km.

T. CORCLUSIONS

The theory of striations developed above leads to the following

resylts.

(1) The amplitude of the oscillations is proportional to the

exitation wave number b , Tor small 'Eo .

(11) Unstable oscillations in plasme inhomogeneities in a neutral
wind develop at the leading edge,6 which is the slde with a negative
mean density gradient. The molecular dissipation dampens the growth

so that a positive growth corresponds to the condition
2
s D
kau > &D_ ’
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see (6.3). The problem of instability caused by a wind drift is

studied in Section 4.

(1i1) The instahility of a plasma inhomogeneity in an external
field is studied in Section 5. The growth occurs at wave numbers
smaller than a critical value £ such that

E.E,c
B

>‘&DJ..-

As the Hall drtft Y, which causes the instability is in the
direction of the electric fleld only exitation modes in that

(xo-direction) direction are effective in causing instabilities.

(iv) Results obtained above agree with artificial cloud

experiments.
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Chapter V

Theory of Turbulence Generated by Drift Instability in a
Flasma Inhomogeneity

1. INTRODUCTION

In previous chapters, the larger and intermediate scale plasma
motions, characterized by diffusion and striations were analyzed.
Now we turn our attention to the small scale fluctuations in a plasma

inhomogeneity, i.e., to turbulence.

As pointed out in Chepter I, the effects of turbulence have been
observed in artificiel barium cloud experiments where the morphology
of the cloud did not follow classical diffusion laws. In addition,
recent experiments in beam-plasma interactions35, turbulent heatin336,
diffusion in porous media and stochastic acceleration of particles in

plasma have shown the importance of the role of turbulent processes in

determining the transport properties and physical features of plasmas.
The effects of turbulence on plasmas are two-fold:

(1} In most problems of turbulent transport, it is necessary to
enter into the study of the structure of turbulence, e.g., the turbulent
spectral distributions of plasma kinetic energy, plasma density, and of

electric field fluctuations.
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(1ii] The turbulent motions introduce new transport coefficients,
called anomalous or eddy transport coefficients and consequently modify

the diffusion of a plasma inhomogeneity.

Theee two topics are covered in this chapter. A theory on the
structure of turbulence is presented first, followed by a study of the
effects of turbulence on the transport properties of a plasma

inhomogeneity.

2. STRUCTURE OF TURBULENCE

In this section, a simple theory on the structure of turbulence is
given, while experimental results are presented in the following section.
Turbulence in a plasma inhomogeneity results from energy input deriving
from a mean density gradient and a non-uniform electric field within
the plasma inhomogeneity as well as from the effects of turbulence in the
background atmosphere in which the inhomogeneity is embedded. This

analysis only treats the self-generating plasma turbulence.

As seen in Chapter IV, an inhomogeneous plasma can be unstable to a
drift. This instability may lead to turbulence. In view of the presence
of the non-linear mode coupling, the flow of energy across e turbulent
spectrum covers the full sequence of production, inertia and dissipation

subranges in the universal part of the spectrum,
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Theories on plasma turhulence are moatly confined to weak turbulence26

for the sake of the simplicity of treatment. But the turbulent motions,
a8 obaerved in stmospheres and laboratories, often belong to strong
turbulence. The simplest model is the isotropic and homogeneous hydro-
dynamic turbulence, for vhich dimensional methods are known to predict
certain spectral laws, verifiable by experimente, e.g., the Kolmogoroff
law. Most analytical theories have not yet been able to predict this

law in a satisfactory manner.

The more complicated problem of plasma turbulence cannot fruitfully
resort to the above analytical methods. For this reason, Tchen3! has
proposed a repeated cascade method., Since the mathematical details are
still cumbersome, we shall present in the present work, a simplified
model. This offers an opportunity to discuss certain fundamental
mechanism of turbulent processes in plasma, and at the same to propose

a dimensional theory.

a. Fundamental Equations

As a mathematical model, an inhomogeneous plasma can be described
by a system of two equations governing density and electric field.
Those equations have been derived for a low frequency plasma by
Eq. II,(3.29) and II,(3.30) and can be written as,

X
?—"'»rv-nur.-_'bvv\-, (2.1)
at ~
F 3
Vinu = Avn (2.2)
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.
- vd))xee , (2.3)

w= £(E,-Vo) + Ux&, (2.4)

-~ 4

where M. is the plasma density, ¢ 1is an electric field potential, U
is the neutral wind velocity, go is an external electral field, B is
the magnetic field strength, € is the speed of light, D and A
are diffusion coefficients and 2 is a unit vector in the direction

8
of the magnetic field.

For the sake of simplification, the structure of turbulence will be
studied in the plane transverse to the magnetic field, and therefore
Eq. (2.1) and {2.2) will be considered in two dimensions. The variables
no o, w o, and W can be decomposed into a mean value denoted by a bar

and a fluctuation denoted by a prime, such as

no=men . (2.5)
This leads to

%= £(€,-9d) +uxe,

w = -%VCD{,

v = %(EO—VEP)"éa, (2.6)

i < /c}

wo= U HC

vhere E_ and U are mean envircomental quantities, . and < are
]

mean values of the plasma inhomogeneity and M and ¢' are
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fluctuations representative of the plasme turbulence. Substituting in
the equations for total motion and subtracting the averaged equation for
mean motion we obtain the equations for the fluctuations of plasma

turbulence as follows:

H

i | 1
2_1; c ovn' = —w (TR TN + DY,

~—

U .vy{.-_..%'-(vﬁ+vn')+’)\vzn'. (2.7)

Ny

] I
It is now necessary to find expression for the fluctuations m and ¢
in terms of the mean quantities. This is accomplished by spplication

of the cascade theory described below.

b. Cascede Method

To ailmplify the analysis, instead of the more rigorous repeated
caacade nethod3l, the less cumbersome method of single casca.de3O for
study of the spectral structure of hydrodynamic and plasma turbulence
will be applied to the dynamic system, Eq. (2.7) for plasms turbulence,
For this purpose, each of the fluctuating quantities is decomposed into
two groups, one representing the large scale fluctuations, denoted by the
superscript { © ) and another group representing the amall scale

fluctuations identified by subscript ( 1 ), such that

\ o )
u-u_i"‘:é . (2.8)

.
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In accordance with the mixing length hypothesis, as introduced by

41

Bouasinesq = in studying turbulent motion, the two groups are associated

with different mixing lengthe, which can be incorporated into the Fourier
'
components, such that for example, for the decamposition of 1_1 » the

component with the large scale is
(kx |
w (k,t)
P

k
L 4
W(x t) = f dé ¢
<
and the other part with fine scales 1is

0) "t Lk
‘!:L (gﬁ:):[ dé e ,’,(_,L(Ant),
£

L4 ]
or alternately that 1_4.(‘.*) transforms into Eo(@.f) mdﬁ(&,‘t) into
,u_'(é ’t) . The large scale camponents are associated with wave
number ranging from O to k and the small scale components with wave

numbers ranging from k to °° .

As a quasi-stationary process, the large scales form a macroscople
background, prescribing the initial conditions for the motion of the
smaller scales. The smaller scales move more randomly in the framewvork
of the macroscopic background, and as a result of the statistical effect
of fluctuations, shape up certain transport properties in the background

medium. An ensemble average screens between the two entities,

The cascade ensemble averages, denoted by < <> are determined by

means of cascade distribution functions vhich determine the relation
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between the cascade ensemdble average applicable to a quasi-homogeneous
system and the global ensemble average applicable to a homogeneous
system. The cascade system is not a series of perturbations of decreas~
ing amplitude as in an iteration procedure, but is a series of physical
processes, The rank 1f’ represents a field velocity in the portion of
the spectrum between wave numbers zero and k and contributes to the
kinetic energy. The transfer of energy across the spectrum is repre-
sented by a higher order correlation, called transfer functione in
Fourier space, which in analogy with the molecular viscosity in the
theories of gases, divide the spectrum into a vorticity portion and a
portion of smaller scaleas representing eddy viscosity. The two portions
interact in a cascade mechanism. The dividing wave number k can be
considered an independent variable in an integral equation. It is then
necessary to empirically postulate the formal structure of eddy viscosity,
in order to reduce the transfer function which has the form of a triple
correlation explicity in terms of the spectral distribution. 1In this
study, the structure of the eddy viscosity has been derived on the basis
of the physical significance of the particular function and a dimensional
formulation. As a solution, power law spectra are found for the
universal range of turbulence. In the context of spectral etructure, the
turbulent motion belongs to a quasi-stationary process, in which the
large scale motions are considered relatively macroscopic, bulky and
inert, while the smaller scales are more random and swift. 8Such a
picture has already been incorporated in early treatments by Boussinesq,

Richardson, Reynolds, and Lorentz!‘ 3
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Upon applying the method of caacade decomposition and its rules of

screening, the dynamical system Eq. (2.7) can be transformed into a

cascade system for the large acale fluctuations by means of convolution

integrals,

) g F )
= [ "4E (e 8)R ) <wllb)nik)r]-oE),

(2.9)

The equation for the time development of the small scale function is
9'".‘ > P! o él lkl
-0

- [Clig w ) DERE) oy,

In Eq. (2.9) and (2.11) the second term ie a convection term which can

be neglected for locally homogeneous turbulence.
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¢, Turbulent Trlnsggrt Functions

The density "M, and the electric field 3}9 are governed by the
cascade syatem, Eq. (2.9) to (2.11) from which the equations for the
development of the spectral distributions can be derived. These so-called
"equations of spectral balance" give the density and field spectral

distributions

< %°(é.b)ﬂ°('ént) >

and

< 1}°(é,t) @o(“é,t)> .
As several transport procesaes are involved in the dynamical system
{2.9) to {(2.11), the equations of spectral balance will contain other
similar correlaticns which are categorized as transport functions. These
turbulent transport processes are controlled by eddy mixing, and there-
fore will call for "eddy diffusivities" of density and field fluxes.

The time evolution of the density spectrum
[n] -
<nik)n -8)> (2.12)

is obtained by multiplying Eq. (2.9) by '(-£)end averaging. By

neglecting the convection term this leads to

127



3 (k) 8)> = [ A8 bt Bt b)> wlk)

A PR YIS,
-[ déiéd«“ﬁ' (k-£')n (£)>n"(-€)>

-o0

DA A(-R)> ¢ (£-k) (2.13)

The notation /é-p -/é represents the complex conjugate part, obtained by

replacingé by -é .

Integrating over all wave numbers contributing to rank ( © ), i.e.,

covering the spectrum in the range of wave numbers 0 to k we obtain

,i';—tf dk G l&)=5° -1 -, (2.14)
&

)
where G(k) is the density apectrum defined by
G8) = X< (&) n°(-£)>

-]
and')( {8 the ensemble length separating the zero order and first order
rank, and Sn°, Tn° and Dn° are called production, transfer and dissipation

functions, respectively, and are defined as follows:

& , @ o o -
57 [[HAEEA S EHTPAL) |
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0 '3 o0 Q) ¢ 0
Tn_ffo dédgi%x«ug(_,-g')-rffg')m(-g)) , (2.16)

L ¢ o 0
D_:=Df dk fz;;l’<"(g)"('é)> . (2.17)
o

It is understood that each of the above expressions has a complex

conjugate which after integration has the same value.

Q
Multiplying Eq. (2.10) by n(-‘), neglecting the convection term and
averaging, an equation for the field energy analagous to Eq. (2.1L) is

obtained:

< < <

0=~ T "D, (2.18)

< [+] ©
where S¢ ’ T; , and qu are production, tranafer and diasipation

functions respectively, governing the field spectrum. They are defined as

follows:
é o 0 0 -
© e CE XU (B-B)n(A)> (k) _
- -f[ X GEDIRRE), e
k / 0 U] | ) o
o- ‘fb' uu k"'g é‘ -é>’ .
E-ffod&dé Y (k-£)n (£)> n(4) o)
o & 2 0 o O_
D, - )\fo db B <n(f)n(4)> . (2.21)
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d. Functions for Densig Spectrum

A spectrum can be divided into a non-universal range, which depends on
particular boundary conditions or generating agents and a universal
range governed exclusively by the transport functions, Eq. (2.15) to

(2.17) and (2.19) to {(2.21) at large wave numbers.

The production function, Sno, given by Eq. (2.15) governing the
intensification of the turbulent density fluctuations is controlled by
the strength of the local mean density gradient, Vf?l . The large scale
density fluctuation, M.° , in the cascade ensemble aversge of Eq. (2.15)
can also be expressed in terms of the mean density gradient V';t by a

relaxation frequency () such that
O

n° = <%->-V’R (2.22)

and that Sn" of Eq. (2.15) can be written as

S-no = 7(“7' (2.23)
where

J =<(¥Vn)>
and

7 =Ly

is called the eddy viscosity, as it is a measure of the turbulent
t
fluctuations. 77, is isotropic and has the dimensions £ / € or energy/

relaxation frequency.

130



The transfer function Tn° given by Eg. (2.16) represent the transfer
of energy from the larger to the smaller scale fluctuations. As such,
it is the product of two turbulent terms. This can be seen from Eq. (2.16)
where we replace the n' component of the cascade ensemble average by

an expression analogous to Eq. (2.22) so that
'
{4 w
=< =S on’

Therefore T,° can be approximsted by

ln = q j‘ol
where
T, =<(vn)">
k
= z[ Ae' 6 (#') (2.24)
D
and

)
=<—a-’-‘5“ .

Analogous to the density spectrum & spectral distribution F(k), for the

field energy can be defined as,
3 < (w')" f dé F(k) . (2.25)

As a resuylt,

’7“) e e(&F—)‘i_

LFE

it
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The Aissipation function given by Eq. (2.17) represents the dissipation
of the turbulent energy in the small scale eddies, 1.e., at the high wave
numbers. As such, it conaists of a molecular diffusion coefficient D and a
turbulent gradient represented by J°, such that:

o <]

D, «DT

n (2.26)

e, Functions for Field Spectrum

In a manner similar t¢ the expressions derived for the density spectral
functions, there is a corresponding set of functions for the field
spectrum, defined by Eq. (2.19) to (2.21), involving the velocity WU

instead of W . The production function (2.19) now takes the form:

0 c =
5¢ "'7’”_ I, (2.27)

where
o

ot
- =< ]
it 2% 2

2]

7

©
Inasmuch as 40’ = UX 6‘, p 7?“ is anisotropic and

[4 “l.“.
171:. ="<_“TJ-> (2,28)
0 e -
SRR/ NN LI i INCALL
WK TS w3
_—.-_-7;°Tl';_

vhere

X
and 0
2° = %
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=

[
Here 7/ ia called the eddy diapersion and has the dimension £ and

as such is independent of P. We can now write

Se =27

and similarly
Ty = T
AT .

—S (Q w) 7’0)"

and
o o () o
5o — Sp (Ree2)=2 T I°
we can substitute in Eq. (2.14) and (2.18) to obtain:

() - (
?) J + ’7 T+-D1' bT, 2.29)

1) - ) _o o
T (-,)‘3-_._7/1)-..',\]'_7\'_['. (2.30)
e

As the plasma consista of iona and electrons, two diffusivities D and
A determine the dissipstions D~ and 'Dq, . The plasma is repre-
aented by a mean density gradient 5 and the gradient of the mean

|
electric field, 1:;_ » The eddy viscosity ’rIU controls the

transfer of density from small to large wvave numbers across the
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()
spectrum in a homogeneous field, while the eddy dispersion Z/ controls

& simllar transfer in the gradient of the field.

f. Power Laws for Inertial Subrange

The power laws for the apectral distributions F and G are obtained
by means of dimensional analysis and physical arguments. Each subrange
of the universal spectrum represents a different physical process and
therefore may lead to different relationships or power laws for the

gpectral distributions.

The inertial subrange is the aimplest as it is governed by the
transfer function alone, All other suybranges require the flow from one
process to anothey along each spectrum or between the two spectra. The
inertial subrange is characterized by the mode coupling alone with a con-
stant transfer across each spectrum. Neglecting the production and
dissipation functions, the equations of spectral balance, Eq. (2.29)

and (2.30) degenerate to
170‘ 19 = DT, (2.31)
(l) o
v T =2AT. (2.32)
By eliminating J° we obtain

t) D
—77)3 -T. > - (2.33)

{
On the left hand side only 7/ ) is neither s function of F or G and

n"

is a function of F; therefore F is dependent on k with T;. D/;l
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as a parameter. With this parameter it follows from dimensional

considerations that

F =¢ (TxD)nk-m (2.34)

where ¢y is a dimensionless constant.
The dimensions of F, T,',_DIR and k are fs/t , '/t and

l/f, , respectively. Therefore, from Eq. (2.34)

L@
t :
vhich leads to
n= 2 m= 3
and therefore
F=c (=2 )1 £ (2.35)

To derive the apectral law for the density spectrum G we examine the
spectral balances Eq. (2.31) and (2.32). Equation (2.31) contains the
parameter ‘qm, a function of F, and can therefore not be used to derive
G. On the other hand, Eq. (2.32) is a more direct form appropriate for
the dimensional analysis as it puts the parameter 7\3'/ T:'.‘_ into evidence.
This parameter is a constant while of the remaining parameters of Eq.
(2.32), val is not & function of G, while J° is a function of G, as

shown by Eq. (2.24). For the purpose of dimensional analysis of the
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spectral law we put

. T m
G=c, (A) & (2.36)
S
W1
where c, is a dimensionless conatant,
1 3
The dimensions of G, 7\'.171’:'., and k are 111'2’ »n and ,ﬂj
respectively. Therefore, from Eq. (2.36)
* " L
nh=m*) AL,
which leads to

1’L=l} M = |\

and therefore

G = c’(,\{ )j{' . (2.37)

g. Power Laws for the Production Subrange

In the production subrange molecular dissipations are not effective,
80 that the terms DT. and }\30 can be eliminated from Eq. (2.29)
and (2.30). 1In this range T » T° 8o that the spectral balance

equations can be reduced to

,7(') F =D j-' ’ (2.38)
U)_ —
Tv 7=2T. (2.9)
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As above, by dividing one equation by the other we obtain the same expres-
sion as Eq. (2.33) and by the ssme dimensional arguments obtain the same

F apectrum as above

F=c (%\—D-)1 s (2.40)

To obtain G we differentiate Eq. (2.39) which contains only parameters

that are functions of G and k with respect to k and cbtain

j-' jZ =0 (2.h1)

and note that the only constant in thie equation is T , leading to
_—l M o, -
=¢,(T) &
The dimensions of i' are 'rf/f." sc that

= (/)L

which leads to,

and therefore

aG= C3 j: ,&‘Bo (2.42)

h. Power Laws for the Dissipation Subrange

In the dissipation subrange the nonlinear mode transfers are dis-

sipated by molecular diffusion. In this region, the production function
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can be neglected so that the system of equations, Eq. (2.29) and (2.30)

reduces to
7°( 7“)+D) = DT, (2.43)
IO(EWU)*'}‘) = AT (2.4%)

Dividing the two equations gives

)

7 +D _ B (2.45)
AUNES) A

The dissipation region is characterized by large wave numbers to justify

the assumption

T =7 (2.46)
and
Q)]
(T:L‘U + R) = R ’ (2_]‘7)
Substitution of (2.47) in (2.45) leads to
)
1 _TLD
y u) - 2
This expression is the same as Eq. (2.33) and therefore F is the same
as (2.35)
-3
Fee (B2) 8 2.)
4 A

138



To obtain G, in view of the flow of the energy from the inertia

subrange into the dissipation subrange, we write (2.44) in its Aiffer-

ential form:
)
d3° ) oy AV
T (T.:_'I)-fk)*-IT‘;_Z—é = O, (2.19)

Substituting Eq. (2.46) and (2.47) in Eq. (2.49) yields

G)
ATe dv
1E n*':”;.‘;(‘; =0, (2.50)

From this expresaion it is seen that the governing parameter is

ITa

A

with dimensions n2/£!‘. The density spectrum therefore is,

G =%(J—7\m )‘"/&-m

which has the dimensions

WL = (ML

This leads to
nel ms=5s

and therefore ¢
G-a[RE)E

(2.51)
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i. Critical Waye Numbers

A critical wave pnumber separating the production and inertia subranges

is given by the ratio
(F),.,
I l&: bs
with J° determined by the inertial spectrum (2.32). This leads to

ks = (-Elj-})i. (2.52)

The critical wave number separating the inertia and dissipation subranges

is obtained from an equilibrium condition between the transfer and dis-

sipation functions,

(") =>.

’k - ‘eA
This leads to T" v
- Y .

3. EXPERIMENTAL SPECTRA

Plasma drift turbulence is observed in the ionosphere as well as in
rlasma laboratory experiments. In the 1nboratory'field epectra have

been measured by means of Langmuir probes and density spectra by means
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of microwave acattering. An example of a field spectrum observed in
Zeta experiments is shown in Fig. (5.1), while a density spectrum
obtained in these experiments3l is shown in Fig. (5.2). A demsity spec-
trum of emissions from a bheam plasma interaction35 is given in Fig.
(5.3)., The k™3 1aw for the field spectrum and the kL, k™” laws derived
for the density spectrum as predicted by Eq. (2.35), (2.37) and (2.51)
can be seen in thege figures. Although the sbscissa are plotted in
frequencies, the spectra are in wave numbers, as the plasmas are moving

inhomogeneities with constant drift.

4, EFFECTS OF TURBULENCE ON TRANSPORT PROPERTIES AND DIFFUSION

a. General Considerations

As pointed out in Section I, 2, there exists a discrepancy of several
orders of magnitude between the measured rates of diffusion in the
ionosphere, and values predicted by existing theorles. Hence a new
transport theory 18 needed, based upon a new mechanism, which includes
the effects of stochastic fluctuations or micro-perturbations, i.e.
microturbulence waves and instability in addition to molecular collisions.
In diffusion phenomena at altitudes below 50 km, the collisional mechan-
ism is dominant, so that the turbulent effects need not be considered.

On the other hand at altitudes above 100 km the turbulent effects become
important. Evidence of the existence of the collisionleas mechanism is

also seen from tests conducted by NASA at high altitudes (near 12 earth
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Plg. 5.1. Spectrum of Electric Field Fluctuations in Zeta (from Ref. 31).
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radii), where hariim has been released from satellites in regions where
the molecular collisions are absent!.‘h The tests show that the cloud still
diffuses. This diffusion of collisionless nature is also found in

2
laboratory experiments. 9,23

To obtain valid results for plasma in the ionospheric region (100 to
250 km) the transport coefficients must be reformulated to include both
collisional and turbulent diffusion mechanisms. This tends to increase
the diffusion in the perpendicular direction and decrease the growth in

the longitudinal direction, in agreement with experimental observations.

The transport coefficients are derived from the fundamental equations
given in Chapter II for the motion of a plasma inhomogeneity, i.e., the
continuity and momentum equations (II,1.1) and (II,1.2) which when

vritten without the subscript a, denoting ions and electrons are,

9

£ + V- (nY) =0 (k.1)
and

mn(%+g'Vg):-kVnT+ mna

+ne(l::'+17*§/ﬁ) -mn (‘}J-Q)

2
+mnzv Vv (4.2)
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Here m is the mass, v the velocity, T the temperature, e the electric
charge, 7/the kinematic viscosity, -7{Lthe collision frequency with the
neutrals, E the electric field, 8 the acceleration of gravity and k is
Boltzmann's constant. Following the practice of treatments in theories
of turbulent motion, the total motion, as governed by BEq. (L4.l) and (k.2),
is decomposed into a mean, or background part, denoted by a bar, and a
fluctuation, denoted by a prime as follows,

Vo= o+

S

(4.3)

_I
=1
+
p

rr
1]

Iy
..',

2T

The effects of the fluctuation n' arising from the temms

S
and

mnv Vl’?j

are negligible. Therefore, without much error n can be replaced by n

in these terms and Eq. (4.2) reduced to
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dy
m n-c-&— =- v Tn rmng

+ne (E+vxp/c)-muy, (V-U)

_— i
+ MNP VY. (kL)

This approximation is customarily known as the Boussinesq approximation
for gravity waves where the fluctuation of density resides only with the
gravity and pressure terms. With this approximation the dynamical

equations for mean motion and the fluctuations can be derived.

b. Dynamic Equations for the Mean Motion

By taking the average of Eq. (4.1) and (4.4) the equations of

momentum and continuity for the mean motion are obtained:

St VAT = o'y (4.5)

and

S =L -2 (2-9)+ V9D - (£0)

B oT + T o
ST eTVR] (x.6)
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Here

5’% . %«-ﬂf-v,

L - &2 ®e)-u(P T T,

V. = (%f—)%, (4.7)
,?3: (O:O:');

Ao &7

Subtracting Eq. (4.6) from Eq. (4.4) results in the momentum equation for

the fluctuations, written in a simplified form by keeping the forcing
terms only:

b - (297

)

; (4.8)

3|2
+
-41‘3
23
+
<
3',3:
U]
e
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The continuity equation for the density fluctuation n' can be obtained
by subtracting Eq. (4.5) from Eq. (4.1), and takes the sinmplified form,

Dn _
i ANACE (6.9)

Similarly, the temperature fluctuation T' is governed by

T v .
bt | -'g-VT _ (4.10)

It can be seen that the mean variables n and v are governed by Eq. (b.5)
and (4.6) and that these expressions contain the statistical effects of

fluctuations as determined by Eq. (4.8) to (L4.10).

c. FEddy Transport Phencmena

T™e correlations in Eq. (4.5) and (4.6) are the statistical effects
of the fluctuations on the mean motions and represent eddy transports.
They will be accounted for by retaining, as an approximation, the forcing
terms only, such as Vi; . vT . vn , and eg. The stochastic terms

of Eq. (4.5) and (4.6) then become the following:

LA T R § . vT w €
7Ny _'v"\(b"‘\r V)+DM$ "'Dnr_aﬁ-* _'-?'Dn'n

A

_v-nzz‘=£(l”wl7+ Yo T+ Ve 0+ Yan ®) | (4.11)
- (1)".9]1[', Ww? + Yo T+ Ve N Yyt

2 _ v -
- :':; net 2, T, - %% LA



In order to aimplify the writing, the following transport operators

have been introduced:

- L _ _ | _
Vou T %7 [ 20,97] W, 7= 9,970y V8] |

- Ak - - 3 -
qj‘“fn= %V D’hf Vn } w‘an= v& V[:‘: Dh.g‘ VT ;
Ww“}: V-[D-M_y ' V'}?_] ) erl): V'[D?,\_y . V’Q] ’ (4.12)

Y 2= Ve[ 20,7, Y- wv[F0",

€y T- %v 7K, V7] e A=y [z A,

which contain eddy diffusivities of the form

IJ]: oo ' l

- AT £ q x

"1 foa"fo f N (4.13)
Ve [ Ty

vhere f', g' represent the fluctuations v', n', T', and f,, g, are
representative of the mean quantities such that if £', g' = n', T' then

for 8o ™ n, T, etc. The presence of the term cos 2T 1in ng is Que to
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the integration along the orbit of the particle in the magnetic field
B, with Sl = eB/mc, the gyrofrequency. The conjugate term with the
factor sin [} U has been dropped in view of the 0dd nature of the integrand,

wvhich leads to no contributions in the integration from - ofto + ao .

d. Turbuient Transport Coefficients

By subetituting the stochastic terms of (4.11), we transform Eq. (k.5)

and (4.6) into

In -
5T TV w'n., (L.14)
D -
= - Lo by a9

vhere
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By comparing 1I,(1.1) and II,{(1.2) for the laminar motion with the
corresponding equations (4.14) and (4.15) for the turbulent motion 1t can
be seen that the dissipative term in the momentum equation IT,(1.2) de-
pends on f only, and that the continuity equation I1,(1.1) does not even
have a dissipative term, while the new Egs. {b4.14) and (4.15) have their

dissipation depend on all transferable mean quantities, E, T and n.

As was done in Chapter II, we can aimplify the momentum equation
(4.15) by dropping the inertia terms on the left hand side. Also, we
make & further simplification by replacing all the velocity dissipations

by a friction term such that
1//
ﬁ,lr

where 7/1, is a collisionlesa or turbulent dissipation frequency. The

1]

-y (v-4), (4.16)

momentum equation (4.15) then reduces to

0=L -3 (v-d), (b.17)

where

]6)5.7/,1+2j_

is an effective dissipation frequency. At high altitudes where 7/ ]Jn
2

4

the turbulent value is
Ko =12/2],
=/ (%+%)
/2,

i

(4.18)
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which is smaller than the laminar value

{1
Ka= 3L

o (4.19)

This difference between the above two values will change the transport
coefficients and diffusion characteristics of a plasma inhomogeneity
considerably.

Solving (4.17) for‘i'as in Chapter II and substituting in the con-
tinuity equation (4,14) we obtain a turbulent equation analogous to the
laminar equation II,(3.2),

ng( *:"_;»
2‘:' 7 (nU)+V'—e_—o(“V<P E")

(4.20})

vhere ‘Jﬂb is an additional term due to turbulent effects. If we
assume an isothermal plasma and neglect gravity effects, and further
assume that derivatives higher than the fourth order are negligible, we

can approximate,

V- RwR+Y SV (DD VA, (k.21)

reducing the equation to the same form as II,(3.2) except for the
magnitude of the transport coefficient D, which now contains an eddy

difrfusivity D,
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The theoretical values of the turbulent transport coefficients
which include the effects of fluctuations can be obtained from an
evaluation of the transport operators and eddy diffusivities given by
(4.12) and (4.13). Measurements in the atmosphere have given & value
of 0.5-5 tor /< 4 and a value of 50-200 for )C}e- Those values are
considerably smaller than the laminar values of f<31-50 and

ACe=2 X 10“. Such an anomaly is due to the effects of turbulent

fluctuations in the transport mechanism.

It is to be remarked that an analytical theory of the turbulent
transport properties can be formulated on the basis of the spectral
structure of turbulence. A spectral theory has been developed in
Section 2 of this Chapter which will confirm the above phenomenologilcal

considerations of the anomalous transport.

Additional evidence of the above mentioned sanomalous transport can

be seen from the following:

(1) The experimentally observed rate of drift of the plasma
inhomogeneity can be explained on the basis of lower effective values
ot /G, and K, . As derived in Section III,b, the fundamental
and eecondary maxima of a plasma inhomogeneity after time t have

moved a distance

~ Ot
A. - Wk, (4.22)

A Ut
ookl (4.23)
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From a barium cloud experiment12 at 195 km with U = 0.1 km/sec and
t = 678 sec., we observe dlt 0.35 km and d = 35 km. Using these values,

ve £ind from (4.22) and (4.23) the turbulent values

Ko= 2 X, = 100
t ’ 4

in contrast to the laminar values

4
K/o=50 , Kg=2xi0,

Therefore it can be concluded that the above experiment supports the
turbulent expression of .Jq& , given by (L.18) and not the laminar

expression (14.19).

(11) The phenomenon of the separation of a plasma inhomogeneity
has been observed in many releases at altitudes between 185 and 200 km.
In Section III,k it is shown that thie phenomenon can occur only for
values of JC; that are not too much larger than 1, which again indicates

the necesgity to include turbulent effects in the transport properties.

5. CONCLUSIONS

(1) It is known that turbulence can be generated by drift
instability in a plasma inhomogeneity. Based upon the fundamental
equations governing the density and the electric field of an
inhomogenecus plasma, a dimensional theory is developed to study the
spectral distributions of density and field for a turbulent plasma

inhomogeneity. The dimensional theory agrees with the more complicated
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analytical theory of Tchen, for the present purpose of elucidating

phenomenologically the plasma nonlinear interactions processes,

(11} After decomposing the equations into thoee for mean motion
and those for fluctuations, the method of single cascade was applied to
formulate the nonlinear turbulent tranaport coefficients. An energy
balance then led to the spectral relatione, from which, by means of
dimensional arguments, the spectral laws governing the spectral
distributions for field and density, F and G have been derived, Over

the entire universal range of the spectrum

P (B2 g
= 7\) }
while G follows a different law for each subrange. For the production

subrange,
= 5=
G~ Tk ;
for the inertial subrange,

AT -
TR

&

and for the dissipation subrange,

TTh 45
Ga® 5 &

(141) From the fundamental equationa of an inhomogenecus plasma
transport coefficients are derived and involve correlation functions.

Those turbulent effects are experimentally found important in certain
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lonospheric regions such as the F2 region. The inclusion of turbulent
effects leads to anomalous diffusion rates in the longitudinal and
transverse magnetic fleld directions, which are in better agreement with

observed values than results based upon a laminar theory.
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Chapter VI

General Conclusions

1. SUMMARY OF METHODS AND RESULTS

This chapter summarizes the principal aspects of the research which

has been presented in the preceding chapters.

As an investigation of the dynamics of a plasma inhomogenelty its
overall motion has been atudied in three phases corresponding to large,
intermediate and small scale motion, typified by diffusion, striations
and turbulence, respectively. The research has emphasized the develop-
ment of theoretical interpretations and predictions for explaining
anomalous features in the evelution of plasma inhomogeneities under the
action of magnetic, electric and wind forces. This has been accomplished
by the inclusion of a variable ambipolar drift, nonlinearities and

turbulent effects in the dynamics of the plasma inhomogeneity.

The theoretical investigation of the motion in the inhomogeneity is
based on the fundamental equations governing ions and electrons, the
continuity, momentum and Maxwell equations. By resolving these equa-
tions we reduce to a system of two equations containing the density and
the self-consistent field as unknowns, and the conductivity and the
diffusivity tensors as transport coefficients. The conductivity tensor

is a function of density and thereby introduces nonlinearities.
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The system of equations can be reduced to a single diffusion equation
with the density the only unknown. This single equation is a fourth order
nonlinear partial differential equation with variable ambipolar drift and
variable ambipolar diffusion coefficient. A linearized solution of the
diffusion equation, obtained by means of a Fourier transform, shows that
under certain conditions the inhomogeneity separates into two parts, a
feature which has been cobserved in barium cloud experiments. A require-
ment for splitting is that the transport coefficient Jf“; be not too
large, which ia8 in agreement with the results obtained by including the
effects of turbulence in the formulation of the transport coefficients.
Density plots for linear plasma over a range oihtl :md.l:,e are obtalned

by means of a computerized calculation.

The nonlinear diffusion equation is solved analytically, by assuming
small density gradients in the linear terms. The solution consists of
the linear density and a correction term due the nonlinearities. 1In
agreement with barium cloud experiments, results show that a steepening
occurs, i.e., the density falls off rapidly, on the side of the
inhomogeneity that faces in the direction of a neutral wind. A numerical
gsolution of the exact three dimensional nonlinear diffusion equation,

performed on a digital computer, also shows this steepening.

The development of atriations 1s predicted from an instability
analysis based on the nonlinear diffusion equation, at the edge of the
plasma inhomogeneity facing a neutral cloud, which is alsc the side

where steepening occurs, in agreement with cobservations during artificial
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cloud experiments. The numerical value of the wave length of a stable
oscillation obtained from the theory agrees with observed values of

about 1 km.

Turbulent spectra for the density and energy distribution functions
of a drift instability generated turbulence are obtained by means of a
dimensional theory based on & simplified model using the single cascade
method. The energy distribution function, F, follows the k3 1aw over
the entire universal spectrum, while the density spectral function G,

follows the k >, k™ and k™ laws, for the production, inertisl and
dissipative subranges, respectively. The spectral laws are confirmed

by experiments with Zeta and with beam-plasma interactions.

As an application of turbulent theory, the turbulent transport
coefficients for a plasma inhomogeneity are formulated by including in
addition to the molecular dissipation, collisionless dissipations
resulting from turbulent fluctuations in density, velocity and temperature.
The effect of these fluctuations on the mean motion can be expressed in
terms of stochastic correlations between the various fluctuating
quantities, The effect of this turbulence is to reduce the rate of dif-
fusion of the inhomogeneity in a direction parallel to the magnetic field
and increase it in a transverse direction, in agreement with observations

of barium cloud diffusions.

2. SUGGESTIONS FOR FUTURE WORK
Additional studies that could contribute to a better understanding

of the diffusion process of plasma inhomogeneities are among the
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following:

(1) The effect of temperature gradients on diffusion and instability
phenomena can be investigated. Temperature gradients, similar to density
gradients, provide driving forces that induce additional diffusion

mechanisms and instabilities.3h

(11) 1Ion and electron mass interchange with the background can be
included. In the present analysis, it has been assumed that the flow
of ion and electrons to and from the surroundings is small. Actually,
electron currents exist in the ionosphere vwhich may transport charged
particles from ionospheric regions (such as the F layer) to the
inhomogeneity. This effect has been postulated by a number of investi-

6,16,19,45 k6

gators, and could be incorporated with the theories

presented here,

(1i1) The anomalous transport coeffcients are formed phenomenologi-
cally in Chapter V, and are in good agreement with experimental evidence.
We have also presented a dimensional theory of the spectral structure
of plasma turbulence in Chapter V. This layas the foundation for

developing an analytic theory of turbulent transport coefficients.

L

(iv) The theory of striationes presented in Chapter IV is a quasi-
linear theory, i.e., the nonlinear diffusion equation has been solved
by iteration. A completely nonlinear development may show additional

features,
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