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ABSTRACT

Die s tu d y  o f  p lasm a in h o m o g e n e itie s , i . e . ,  a  sy stem  o f  io n s  and 

e le c t r o n s  w ith  a  nonuniform  d i s t r i b u t i o n  o f  d e n s i ty  has In c re a s e d  in  

im portance in  view  o f  r e c e n t  r e s e a rc h  a c t i v i t i e s  in  io n o sp h e r ic  m otions 

and in  p lasm a p h y s ic s  r e l a t e d  t o  th e rm o n u c lea r fu s io n . A u ro rae , a l r -  

g lo v , f l a r e s  and sp o ra d ic  b u r s t s  in  th e  F la y e r  o f  th e  io n o sp h e re  a re  

w e ll  o b serv ed  phenomena o f  n a tu r a l  p lasm a in h o m o g en e itie s . S im u la tio n s  

o f  th e s e  p lasm a phenomena have r e c e n t ly  been  ach iev ed  by a r t i f i c i a l l y  

r e le a s in g  m e ta l l ic  vapor p lasm as in  th e  u p p er a tm osphere , o r  by 

a r t i f i c i a l l y  h e a t in g  th e  io n o sp h ere  by means o f  h ig h  energy  l a s e r s  and 

r a d a r s .  One o f  th e  Im p o rtan t a p p l ic a t io n s  o f  t h i s  r e se a rc h  r e s id e s  in  

enhancing  o r  g u id in g  com m unication system s a t  la r g e  d is ta n c e s .  A nother 

a re a  o f  c u r re n t  i n t e r e s t  among th e  n a t io n s  p e r ta in B  to  th e  in te n s e  

e f f o r t  d i r e c te d  a t  a c h ie v in g  c o n t r o l le d  n u c le a r  fu s io n  by means o f  

c o n t r o l la b le  p lasm as f o r  th e  p u rpose  o f  energy  co n v e rs io n . T h eo ries  

on th e  dynamics o f  p lasm as have been d ev o ted  m o stly  to  homogeneous 

p lasm as. However, th e  plasm as a s s o c ia te d  w ith  th e s e  in v e s t ig a t io n s  

a re  g e n e ra l ly  inhom ogeneous. T h e re fo re  i t  i s  th e  o b je c t iv e  o f  th e  

p r e s e n t  t h e s i s  to  an a ly ze  th e  m otions o f inhomogeneous p la sm as , t h e i r  

I n te r a c t io n  w ith  th e  env iro n m en t, t h e i r  p r o p e r t i e s  and c e r t a in  new 

phenomena p e r t in e n t  to  p lasm a in h o m o g e n e itie s . More s p e c i f i c a l l y  one 

can d i s t in g u is h  th e  m otions o f  th e  Inhom ogeneity  to  o ccu r on th r e e  

In te rc o n n e c te d  s c a le s .  The l a r g e s t  s c a le  i s  t h a t  o f  th e  g ro ss  m otion
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c h a r a c te r iz in g  th e  tim e  e v o lu t io n  o f  a  p lasm a inhom ogeneity  by d i f f u s io n  

and by d r i f t  due t o  th e  e a r t h 's  e l e c t r i c  and m agnetic  f i e l d s  and 

a tm ospheric  w inds. As t h i s  g ro ss  e v o lu t io n  I s  s u b je c t  t o  p e r tu r b a t io n s ,  

o s c i l l a t i o n s  may ap p ear on a  somewhat s m a lle r  s c a l e ,  grow and become 

s a tu r a te d .  These o s c i l l a t i o n s  a re  c a l le d  s t r i a t l o n s ,  and have been  

observed  in  p lasm a c louds r e le a s e d  a r t i f i c i a l l y  In  th e  io n o sp h e re . I f  

th e  i n s t a b i l i t y ,  which g iv es  r i s e  t o  th e s e  s t r i a t l o n s ,  i s  s t r o n g ,  mode 

in te r a c t io n s  In  th e  o s c i l l a t i o n s  become im p o r ta n t. As a  consequence, 

th e  cascade mechanism o f  t r a n s f e r  and th e  g e n e ra tio n  o f  modes from  

la rg e  t o  sm all s c a le s  o c c u r. The f lu c tu a t io n s  o f  th e  l a s t  c a teg o ry  

w i l l  be c a l le d  p lasm a tu rb u le n c e .  The fundam ental s tu d y  o f  th e  m otions 

o f  p lasm a in h o m o g e n e itie s , in  th e  sequence o f  th e  g ro ss  e v o lu t io n  o f  

th e  p lasm a by d i f f u s io n ,  th e  o s c i l l a t i o n s  and th e  developm ent o f  

tu rb u le n c e ,  f o n t  th e  main theme o f  th e  p r e s e n t  r e s e a rc h . P a r t i c u l a r  

em phasis i s  p la c e d  on p ro v id in g  th e o r e t i c a l  i n t e r p r e t a t i o n s  and 

p re d ic t io n s  f o r  c e r t a in  anomalous and n o n l in e a r  f e a tu r e s ,  such as th e  

s p l i t t i n g  o f  th e  p lasm a inhom ogeneity  in  th e  co u rse  o f  d i f f u s io n ,  th e  

s te e p e n in g  o f  i t s  f r o n t  as a  consequence o f  th e  n o n lin e a r  b e h a v io r ,  

th e  appearance o f  s t r i a t l o n s  and t h e i r  g overn ing  d is p e r s io n  r e l a t i o n ,  

and f i n a l l y  th e  s p e c t r a l  s t r u c tu r e  o f  tu rb u le n c e  p roduced  in  th e  

inhomogeneous p lasm a under th e  e f f e c t s  o f  d r i f t s .  Many o f th e  t h e o r e t i ­

c a l  r e s u l t s  o b ta in e d  h e re  co n cern in g  th e  p h y s ic a l  f e a tu r e s  and phenomena 

o f  th e  p lasm a in h o m o g en e itie s  a re  confirm ed  by ex p e rim en ts .
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C hapter I

G eneral C o n s id e ra tio n s  on th e  Dynamics o f  Plasma Inhom ogeneities

1 . NATURAL AND ARTIFICIAL PLASMA INHOMOGENEITIES

Plasm a in h o m o g e n e itie s , i . e . ,  a  system  o f  io n s  and e le c tro n s  w ith  a

nonuniform  d e n s i ty  d i s t r i b u t i o n ,  o ccu r n a tu r a l ly  in  th e  form o f  au ro rae

and a irg lo w  in  th e  s k ie s  o f  n o r th e rn  l a t i t u d e s .  These phenomena a re

caused by th e  e le c t r o n  and io n  bombardment o f  th e  n e u t r a l  a tm osphere ,

which bringB  abou t th e  io n iz a t io n  o f  some o f  i t s  c o n s t i tu e n ts .  A u ro ra l

b u r s t s  o ccu r a t  a l t i t u d e s  o f  100 km. B esides g ro ss  m o tion , such

plasm a in h o m o g en eities  a ls o  e x h ib i t  in te rm e d ia te  s c a le  o s c i l l a t i o n s  c a l le d

s t r i a t l o n s ,  and more r a p id  f lu c tu a t io n s ,  c a l le d  m ic ro p u lsa tio n  o r

tu rb u le n c e . The s t r i a t l o n s  i n  a u ro ra  have th e  appearance o f  ray ed  a r c s ,

1 -3ray ed  bands o r  hanging  c u r t a in s .  O ther exam ples o f  n a tu r a l  plasm a 

in h o m o g en eities  a re  th e  f la re B  and sp o ra d ic  b u r s t s  in  th e  F la y e r s  o f  th e  

io n o sp h e re . Plasm a in h o m o g en e ities  a re  a ls o  found in  in te r p la n e ta r y  

s p a c e , which c o n ta in s  p lasm a c o n c e n tra tio n s  o f  p ro to n s  and e le c t r o n s .

For th e  purpose  o f  s im u la t in g  th e s e  n a tu r a l  p lasm a phenomena, 

a r t i f i c i a l  m e ta l l ic  v a p o rs , io n iz e d  by p h o to io n iz a t io n ,  have been 

r e le a s e d  in  th e  upper atm osphere from ro c k e ts  and s a t e l l i t e s .  Plasm a 

in h o m o g en eities  have a ls o  been  produced a r t i f i c i a l l y  by h e a t in g  th e  

l a y e r  by means o f  a  h ig h  energy  r a d a r  beam. A p o s s ib le  and in t e r e s t i n g  

a p p l ic a t io n  o f  th e s e  ex p erim en ts  may be th e  enhancem ent and ch an n e lin g
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o f  long  d is ta n c e  com m unications. An obvious re a so n  f o r  r e c e n t  a c t i v i t i e s  

in  th e  dynamics o f  inhomogeneous plasm as l i e s  In  g u id in g  th e  la b o ra to ry  

re s e a rc h e s  on c o n tr o l le d  th e rm o n u c le a r fu s io n  in  a c h ie v in g  t h e i r  g o a l o f  

o b ta in in g  new methods o f  energy  co n v e rs io n . A nother a p p l ic a t io n  o f  

a r t i f i c i a l  p lasm as i s  th e  mapping o f  g eo p h y s ic a l p a ra m e te rs , such as th e  

e a r t h 's  m agnetic and e l e c t r i c  f i e l d s ,  p a r t i c u l a r l y  in  th e  io n o sp h e re , 

th e  re g io n  su rro u n d in g  th e  e a r th  where th e  l a r g e s t  c o n c e n tra tio n  o f  

charged  p a r t i c l e s  e x i s t s .  Once th e  in te r a c t io n s  betw een th e  plasm a and 

th e s e  f i e ld s  a re  u n d e rs to o d , th e  s t r e n g th  and o r ie n ta t io n  o f  th e  f i e ld s  

can be deduced from th e  observed  e v o lu t io n  o f  th e  plasm a in h o m o g en e itie s .

In  a d d i t io n ,  th e  p ro p e r t ie s  o f  th e  io n o sp h e re , such as  th e  co m p o sitio n , 

d e n s ity  and c o n d u c tiv ity  o f  th e  c o n s t i tu e n t  charged  p a r t i c l e s  can be 

d e te rm in ed .

2 . DYNAMICS OF PLASMA INHOMOGENEITY AS ILLUSTRATED BY BARIUM CLOUDS
RELEASED IN THE UPPER ATMOSPHERE

Ihe sequence o f  e v o lu tio n  c o n s is t in g  o f  g ro ss  developm ent, i n s t a b i l i t y ,  

and tu rb u le n c e , i s  m ost com prehensively  c o n ta in e d  in  th e  ex p e rim en ta l 

program  o f  barium  c louds perfo rm ed  by  th e  U nited  S t a t e s ,  West Germany and 

F ran ce , t h e r e f o r e ,  we s h a l l  d isc u s s  th e  e x p e rim e n ts , and e s p e c ia l ly  th e  

r e s u l t s  p e r t in e n t  to  th e  dynamics o f  p lasm a Inhom ogeneity  in  t h i s  s e c t io n ,  

and in d ic a te  th e  approach t h a t  i s  to  be ta k e n  in  th e  p r e s e n t  s tu d y  to  

e x p la in  th e s e  phenomena, th e  M ax-Planck I n s t i t u t e  f o r  E x t r a t e r r e s t i a l  

P h y s ic s , Munich, Germany, th e  European Space R esearch  O rg a n isa tio n  (ESRO) 

and th e  C en te r d*Etudes S p a t ia le s  in  F ra n c e , a re  th e  m ost p rom inent
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c e n te r s  fo r  such s tu d ie s  in  Europe. In  th e  U bited  S t a t e s ,  numerous 

t e s t s  have been conducted  recently** and a re  e x te n s iv e ly  d e sc rib e d  in  th e

+ 6-10l i t e r a t u r e .

In  a l l  o f  th e s e  experim en ts  a  m ix tu re  o f  chem icals  i s  s e n t  a l o f t  and 

Ig n i te d  a t  th e  d e s ir e d  a l t i t u d e .  M a te r ia ls  s e le c te d  as a c t iv e  components 

f o r  Ion  p ro d u c tio n  must have a  good p o te n t i a l  f o r  o b ta in in g  h ig h  d e n s ity  

and lo n g  d u ra tio n  plasm a in h o m o g en e itie s . Most r e c e n t  experim en ts have 

u t i l i z e d  barium  in  c o n ju n c tio n  w ith  an o x id iz in g  ag en t such as copper 

o x id e . Upon ig n i t i o n ,  a  m e ta l l ic  vapor i s  developed In s id e  th e  ro c k e t 

as a  r e s u l t  o f  a  chem ical r e a c t io n  such as

2. Ba. + Cn. 0  —* "Boc 0  +■ Co. +■ B>a. Vapor

and e je c te d  in to  th e  atm osphere th ro u g h  a  n o z z le . The vapor expands 

r a p id ly  fo r  a  few seconds u n t i l  e q u il ib r iu m  w ith  th e  su rro u n d in g  

atm osphere i s  reach ed . The vapor c o n c e n tra tio n  th en  has a  d iam ete r o f  

1 t o  5 km. A h ig h  f r a c t io n  o f  th e  r e le a s e d  Ba vapor ( ~ 80)C) I s  in  th e  

io n iz e d  form , which appears  in  a  tim e ra n g in g  from 5 seconds a t  160 km 

t o  30 seconds above 220 k m .^  A d d itio n a l io n s  a re  form ed by a  slow er 

p h o to io n iz a tio n  p ro cess  in  a  c h a r a c t e r i s t i c  tim e o f  abou t 100 s e c ,  w ith  

th e  energy  f o r  th e  p ro c e ss  s u p p lie d  by th e  s o l a r  r a d ia t io n .  The u n - lo n lz e d  

c o n s t i tu e n t  forms a  n e u t r a l  c loud  which d r i f t s  a p a r t  from th e  io n  

inhom ogeneity  (F ig .  1 .1 a ) .  The shape o f  th e  n e u t r a l  c lo u d  rem ains 

s p h e r i c a l .  The two ty p e s  o f  in h o m o g en eities  can be d is t in g u is h e d  by
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I n i t i a l  c o n f ig u ra t io n  ( io n  and 
n e u t r a l  c louds a re  coab ined)

Ion
cloud

n e u t r a l
c loud

t B

Ion  c lo u d  emerges 
w ith  a s te e p e r  f r o n t

N eu tra l c lo u d

N e u tra l and ion 
c loud  become 
s e p a ra te d

Ion  cloud  s p l i t s  w ith  
o ccu rren ce  o f  s t r i a t l o n s

(a )  With D r i f t  P re se n t

t B

Ion  c loud

N e u tra l c loud

(b ) No D r i f t

F ig . 1 .1 .  Development o f  Plasm a and N eu tra l Clouds
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t h e i r  c o lo r  and o p t i c a l  sp ec tru m . More r e c e n t l y ,  r a d a r  s ig n a l s  have b een  

u t i l i z e d  t o  o b ta in  a d d i t i o n a l  d a ta  on th e  dynam ics o f  p lasm a in h o m o g e n e itie s .

From th e  r e le a s e  t o  d is a p p e a ra n c e , a  tim e sp an  o f  20 t o  60 m in u te s , 

th e  ex p e rim en ts  r e v e a l  th e  e v o lu t io n  o f  th e  p lasm a inhom ogeneity  in  th e  

fo llo w in g  seq u en ce :

( i )  I n  th e  ab sen ce  o f  d r i f t s  due t o  a  n e u t r a l  w in d , g r a v i ty ,  o r  an 

e x te r n a l  e l e c t r i c  f i e l d ,  th e  p lasm a c lo u d  ta k e s  on an e l l i p t i c a l  shape 

w ith  th e  m ajo r a x is  o r ie n te d  in  th e  d i r e c t io n  o f  th e  e a r t h 's  m agnetic  

f i e ld ( F i g .  1 .1 b ) .  The case  w ith o u t d r i f t  i s  n o t o f  g r e a t  i n t e r e s t ,  and 

w i l l  n o t be d is c u s s e d  f u r th e r .

( i i )  Soon a f t e r  r e l e a s e ,  th e  io n  c lo u d  s e p a r a te s  from  th e  n e u t r a l  

c lo u d ; each  d r i f t s  o f f  from th e  p o in t  o f  o r ig in  in  s p e c i f i c  d i r e c t i o n s ,  

depend ing  upon th e  am bien t e l e c t r i c  and m agnetic  f i e l d s , th e  n e u t r a l  

w inds and th e  g r a v i ty .  I b i s  d r i f t  i s  accom panied by a  p ro c e s s  o f  

d i f f u s io n .  An u n u su a l f e a tu r e  o b se rv ed  in  many te s tB  i s  th e  fo rm a tio n  o f  

a  s te e p  d e n s i ty  g r a d ie n t  a t  th e  f r o n t  s id e  o f  th e  io n  c lo u d  w hich i s  th e  

s id e  f a c in g  th e  d i r e c t i o n  o f  th e  d r i f t  m o tio n . I h i s  s te e p e n in g  i s  

cau sed  by th e  n o n l in e a r  b e h a v io r  o f  th e  p lasm a d i f f u s io n .  The l i n e a r  and 

n o n l in e a r  f e a tu r e s  o f  th e  d i f f u s io n  p ro c e ss  a r e  d ev elo p ed  in  C h ap te r I I I  

a f t e r  th e  fundam en ta l e q u a tio n s  w hich govern  th e  g e n e ra l  dynam ics o f  a  

p lasm a inhom ogeneity  have been  fo rm u la te d  in  C h ap te r  I I .

( i i i )  S t r i a t l o n s ,  g e n e r a l ly  b e l ie v e d  t o  be p e r io d ic  a re a s  o f  h ig h  

d e n s i ty  c o n c e n tr a t io n s  ap p e a r  w ith  many o f  th e  a r t i f i c i a l  p lasm a
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in h o m o g e n e itie s , s t a r t i n g  abou t 10 to  15 m inutes a f t e r  r e le a s e  (F ig . 1 .1 a ) .  

Hie c lo u d  s t r i a t l o n s ,  a re  a l ig n e d  n e a r ly  alw ays w ith  th e  l i n e s  o f  fo rc e  

o f  th e  e a r t h 's  m agnetic  f i e l d  and t h e i r  w id th  i s  e s tim a te d  to  be about 

1 km.

Tbese s t r i a t l o n s  a re  o s c i l l a t i o n s  which o ccu r w ith in  th e  plasm a 

c lo u d  and a re  th e r e fo r e  a  m a n ife s ta t io n  o f  th e  i n s t a b i l i t y  o f  p lasm a 

under d r i f t .  A th e o ry  as to  th e  o r ig in  and c h a r a c t e r i s t i c s  o f  th e se  

o s c i l l a t i o n s  i s  p re se n te d  in  C hapter IV.

( iv )  Of s p e c ia l  i n t e r e s t  i s  th e  f e a tu re  o f  th e  s e p a ra t io n  o f  th e  

io n  c lo u d  in to  two p a r t s  which has been  o b serv ed  in  some barium  r e le a s e s  

in  th e  l a t e r  s ta g e s  o f  e v o lu tio n  such as th e  one shown in  th e  photographs 

o f  F ig . 13 o f  R eference 11 . I h is  anomalous e f f e c t  a r ise B  from  th e  

d if f e r e n c e  in  d r i f t  v e lo c i t i e s  betw een th e  io n s  and e le c t r o n s .  I h i s  d i f ­

fe re n c e  g iv es  r i s e  to  an e l e c t r i c  f i e l d  t h a t  causes th e  inhom ogeneity  to  

move a t  some mean v e lo c i ty  in te rm e d ia te  betw een th e  io n  and e le c t r o n  d r i f t  

v e lo c i t i e s  and r e s u l t s  in  a  sp re a d in g  a c t io n  c h a r a c te r iz e d  by two p o in ts  

o f  peak c o n c e n tra t io n  which move f a r t h e r  and f a r th e r  a p a r t  from  each 

o th e r ,  a  p ro c e ss  which e v e n tu a l ly  le a d s  to  a  s e p a ra t io n  o f  th e  

inhom ogeneity . To d e r iv e  t h i s  f e a tu re  o f  s p l i t t i n g  t h e o r e t i c a l l y ,  i t  i s  

n e c e ssa ry  to  fo rm u la te  th e  e q u a tio n s  o f  m otion so t h a t  th e  in e q u a l i ty  o f  

io n  and e le c t r o n  v e lo c i ty  i s  m a in ta in e d . Ih e  r e s u l t i n g  eq u a tio n s  and th e  

method o f  s o lu t io n s  a re  g iv en  in  C hap ter I I I .  S o lu tio n s  a re  p re s e n te d  in  

th e  form  o f  d e n s i ty  co n to u r p lo t s  f o r  a  ran g e  o f  p lasm a c o n d i t io n s .
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(v ) In  s tro n g  plasm a in h o m o g en e itie s , tu rb u le n c e  e v e n tu a l ly  s e t s  in .  

The sp ec tru m  o f  th e  tu r b u le n t  f lu c tu a t io n s  o f  d e n s i ty  and e l e c t r i c  f i e l d  

have been  o b serv ed  by means o f  r a d a r .  This ty p e  o f  plasm a tu rb u le n c e  can 

b e  c a l l e d  " d r i f t  tu rb u le n c e ,"  b ecau se  i t s  energy  i s  e x c i te d  by an u n s ta b le  

d e n s ity  g r a d ie n t ,  and cascades down th e  spec trum  in to  s m a lle r  and s m a lle r  

s c a l e s .  We a re  i n t e r e s t e d  in  p r e d ic t in g  a n a ly t i c a l l y  th e  s p e c t r a l  s t r u c ­

tu r e  o f  such a d r i f t  tu rb u le n c e . This i s  done in  C hapter V, by means o f  

a  th e o ry  b ased  on s im ple  d im en sio n a l argum ents.

(v l ) B esides th e  d r i f t  tu rb u le n c e  g e n e ra te d  by a  plasm a inhom ogeneity  

as  d e s c r ib e d  above, we may ex p ec t t h a t  th e  a tm o sp h eric  medium p re s e n ts  

tu rb u le n t  m otions o f  i t s  own, c a l l e d  am bient tu rb u le n c e . When a plasm a 

inhom ogeneity  ev o lv es  in  such a  tu rb u le n t  en v iro n m en t, itB  tu rb u le n t  

d i f f u s io n  w i l l  n o t fo llo w  th e  developm ent o f  a  la m in a r  d i f f u s io n .  As a  

r e s u l t ,  o b s e rv a tio n s  on th e  d i f f u s io n  o f  an a r t i f i c i a l  io n  c lo u d , have 

been  r e p o r te d  to  p o ssess  a  l a r g e r  grow th r a t e  in  th e  d i r e c t io n  t ra n s v e r s e  

to  th e  m agnetic  f i e l d  th a n  p r e d ic te d  by a  lam in a r  d i f f u s io n  th e o ry . F o l­

low ing  a  la m in a r  th e o ry , th e  r a t i o  o f  e lo n g a tio n  o f  a  plasm a inhom ogeneity  

in  th e  d i r e c t io n  p a r a l l e l  and p e rp e n d ic u la r  t o  th e  m agnetic  f i e l d ,  i s  

g iv en  by
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where _fZ , - 0 - ^  a re  th e  io n  and e le c t r o n  g y ro fre q u e n e ie s , re e p e c -
i  ^

t i v e l y  and . 2 ^ ^  a re  th e  c o l l i s i o n  f re q u e n c ie s  o f  th e  ions

and e le c t ro n s  w ith  th e  n e u t r a l s .  For exam ple, a c co rd in g  to  th e  d a ta  o f  

F i g . (1 .2 )  and T a b l e ( l . l )  a t  a l t i t u d e s  betw een l^O to  200 km* th e  above 

fo rm ula  p r e d ic ts  an e lo n g a tio n  o f  th e  o rd e r  o f  from 500 t o  5000, w h ile  

th e  o b serv ed  v a lu e  i s  betw een 5 t o  50. Hius a  d isc re p a n c y  o f  a  f a c to r  o f
1 P

abou t 100 e x i s t s  betw een experim ent and th e  s a id  th eo ry *  see  F ig . ( 1 .3 ) .  

To c o r r e c t  th e  d e f ic ie n c ie s  o f  a  lam in a r  th e o r y , a  tu rb u le n t  th e o ry  o f  d i f ­

fu s io n  i s  o u t l in e d  in  C hap ter V, fo llo w in g  th e  s tu d y  o f  th e  s p e c t r a l  

s t r u c tu r e  o f  tu rb u le n c e .

From th e  sequence o f  ev e n ts  J u s t  d e s c r ib e d  we conclude th a t  we can 

d is t in g u is h  th re e  scaleB  o f  m otion in  th e  developm ent o f  a  plasm a 

inhom ogeneity .

( i )  Hie l a r g e s t  s c a le  i s  t h a t  o f  th e  g ro ss  m otion  o f  th e  inhom ogeneity  

and i s  c h a ra c te r iz e d  by th e  growth o f  th e  inhom ogeneity  by d i f f u s io n .  A 

c h a r a c t e r i s t i c  f e a tu r e  a s s o c ia te d  w ith  th e  n o n l in e a r  d i f f u s io n  i s  th e  

appearance o f  th e  s te e p e n in g  o f  th e  f ro n t  s id e  o f  th e  inhom ogeneity , and

as a  r e s u l t  o f  th e  v a r ia b le  d r i f t *  a  s e p a ra t io n  o f  th e  c lo u d  in to  two 

p a r ts  o c c u rs .

( i i )  Hie s t r i a t l o n s *  w hich ap p ear in  most o f  th e  a r t i f i c i a l  io n  

c louds*  b e lo n g  to  s m a lle r  s c a le  o s c i l l a t i o n s .

( i i i )  F in a l ly  th e  tu r b u le n t  m o tio n s , e i t h e r  g e n e ra te d  by th e  d r i f t  

i n s t a b i l i t y  o f  th e  p lasm a c lo u d , o r  as  p r e e x i s t in g  in  th e  am bient
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F ig . 1 .2 . T ran sp o rt C o e f f ic ie n ts  and E lo n g a tio n  o f  Cloud a t  V arious 
A l t i tu d e s .
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T able 1.1 P h y s ic a l  P ro p e r t ie s  o f  Io n  Clouds a t  
185-200 km A lt i tu d e

Background p r o p e r t ie s  

D en sity  o f  n e u t r a l s  

D en sity  o f  io n s  

Tem perature 

Wind V e lo c ity  

D if fu s io n  C o e f f ic ie n t

G eophysical p r o p e r t ie s

E le c t r i c  f i e l d  s t r e n g th ,  
a u ro ra l  re g io n

M agnetic f i e l d  s t r e n g th ,  
a u ro ra l  re g io n

Symbol Approximate
Value

,« 1°  "3l*n 10 cm

5 -3H 10 cm J

T 300°K

U 100-200 m /sec

D 0 .0 5 -0 .0 0  km2 /s e c
n

E0 lOV/km

B 0 .5  gauss

Ion p r o p e r t ie s

Maas

E le c t r i c  charge

Ctyrofrequency

C o ll is io n  frequency  v i t h  
n e u t r a l s

Average d e n s ity  ( e a r ly  tim e)

mt  2 .2 9  x  10*22 g

e^ 1 .6  x 10-1 ^ coulombs

SL  i  2 5 s e c *1
-1■jf 1 .0  sec

in

n^ 10  ̂ cm 1
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T able 1 .1  (co n tin u e d )

E le c tro n  p ro p e r t ie s  

Mena

E le c t r i c  charge

G yrofrequency

C o l l ibio n  frequency  w ith  
n e u tr a ls

Average d e n s ity  ( e a r ly  tim e )

Am bipolar p r o p e r t ie s

D iffu s io n  c o e f f i c i e n t  p a r a l l e l  
t o  m agnetic  f i e l d  ( e a r ly  
tim e)

D iffu s io n  c o e f f i c i e n t  t r a n s v e r s e  
to  m afpietic f i e l d  ( e a r ly  
tim e)

A pproxim ate 
Symbol Value

-20
me 9 .1 1  x  10 "  g

—19e - 1 .6  x 10 coulombs

e 6 x 10^ s e c "1

- j j  250 s e c -1
en

n ft 107cm"3

0 .25  km2 /se c

0 .0 0 7 -0 .0 7  km2 /s e c
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t B

I 500-5000

t §

4  -  5-50 
d

(a ) 0 >)

F ig . 1 .3 .  C o n fig u ra tio n  o f  Cloud by D if fu s io n  [The e lo n g a­
t i o n  c a lc u la te d  by th e  c l a s s i c a l  d i f f u s io n  c o e f f i c i e n t  
shown in  (a )  i s  much h ig h e r  th a n  t h a t  found in  e x p e r im e n ts , 

(b).]see
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atm o sp h ere , have been o b serv ed  to  p o ssess  th e  s m a lle s t  s c a le s .

The above sequence o f  ev en ts  In  th e  developm ent and m otions o f  a 

plasm a inhom ogeneity  form th e  main s u b je c t  o f  th e  p r e s e n t  r e s e a rc h .

3. REVIEW OF EXISTING THEORIES

B efore p ro ceed in g  w ith  th e  t h e o r e t i c a l  fo u n d a tio n s  o f  th e  p re s e n t  

w ork, we s h a l l  f i r s t  g iv e  a  b r i e f  rev iew  o f  e x i s t in g  th e o r ie s  r e l a t i n g  

to  th e  th re e  ty p es  o f  m otion m entioned above in  S e c tio n  2 ; d i f f u s io n ,  

s t r i a t l o n s  and tu rb u le n c e .

D if fu s io n  th e o r ie s  f o r  plasm as have been  advanced among o th e rs  by

P e r k in s , 13 Holway,1^ H a e ren d e l,1 ^*1^ G urev ich1^*1® and K a ise r1^ .

13P e rk in s  re p o r te d  a  n u m erica l com putation  o f  d i f f u s io n  which i l l u s t r a t e s

th e  n o n lin e a r  phenomenon o f  s te e p e n in g  o f  th e  p lasm a f r o n t .  His model i s

two d im en sio n a l. The n o n lin e a r  model i s  to o  d i f f i c u l t  t o  be amenable to

a n a ly t i c a l  s o lu t io n s .  T h e re fo re , th e  s im p l i f ie d  l i n e a r  model w ith  eq u a l

v e lo c i t i e s  f o r  io n s  and e le c t r o n s  have been amply r e p o r te d  in  th e  

lU - l6 19l i t e r a t u r e .  * A more com plete model w ith  d i f f e r e n t i a l  v e l o c i t i e s

IT 18has been r e p o r te d  by G urev ich . '*  Our method i s  s im i la r  to  t h a t  o f  

G urevich b u t a tte m p ts  t o  In c lu d e  n o n l in e a r i ty  and tu rb u le n t  e f f e c t s .

20 21 22T heories  o f  s t r i a t l o n s  have been  p roposed  by Simon '  , L inson ,

23 2U 25Hendel and o th e r s .  * These ran g e  from  sim p le  i n s t a b i l i t y  a n a ly se s

o f  e lem en tary  second o rd e r  l i n e a r  d i f f u s io n  eq u a tio n s  to  more co m p lica ted

n o n lin e a r  a n a ly se s  so lv e d  by num erica l m ethods. None o f  th e s e  an a ly se s
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a re  b a se d  on a  s o re  com plete d i f f u s io n  m odel, l . e . f one w hich le a d s  t o  

a  f o u r th  o rd e r  d i f f e r e n t i a l  e q u a tio n , as fo rm u la ted  In  th e  p re s e n t

s tu d y .

2 6T h eo rie s  o f  p lasm a tu rb u le n c e  have been advanced by Kadomtsev,

27-31and Tchen. K adom tsev's th e o ry  a p p lie s  on ly  to  weak ttu rbu lence

and T ch en 's  th e o ry  on s tro n g  tu rb u le n c e  I s  b a sed  upon a  re p e a te d -  

c as cade p ro c e ss  which r e q u ire s  a  rank  ensem ble av erag e  o v er many 

s c a le s .  The J u s t i f i c a t i o n  on th e  baB ls o f  d i s t r i b u t i o n  fu n c tio n s  I s  ex­

c eed in g ly  co m p lica ted . In  o rd e r  n o t to  o b scu re  th e  p h y s ic a l  f e a t u r e s , 

a  d im en sio n a l th e o ry  i s  p roposed  b ased  on p h y s ic a l  and phenom enological 

c o n s id e r a t io n s .

I t  i s  hoped t h a t  th e  re se a rc h  r e p o r te d  h e re  w i l l  c o n tr ib u te  t o  a  

b e t t e r  u n d e rs ta n d in g  o f  th e  d i f f u s io n  p r o c e s s , p a r t i c u l a r l y  as 

a p p lie d  to  p lasm a in h a m o g e n e itie s , and as such w i l l  have g e n e ra l 

a p p l ic a t io n  in  many a re a s  o f  p h y s ic s  and e n g in e e r in g .
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C hapter I I

Dynamical E q u a tio n s  o f Plasm a Inhom ogeneity

1 . FUNDAMENTAL EQUATIONS

In  o rd e r  t o  s tu d y  th e  m otion o f  a  p lasm a inhom ogeneity  in  th e  form 

o f  d i f f u s io n , o s c i l l a t i o n  and tu rb u le n c e ,  i t  i s  n e c e ssa ry  t o  f i r s t  

fo rm u la te  th e  fundam ental e q u a tio n s  which govern  th e  dynamic b e h a v io r  

o f  th e  p lasm a inhom ogeneity .

C onsider a  p lasm a c o n s is t in g  o f  io n s  and e l e c t r o n s , embedded in  a 

medium w ith  a  c o n s ta n t m agnetic  f i e l d  B, a  c o n s ta n t e l e c t r i c  f i e l d  £ 0  , 

and a  n e u t r a l  mean v e lo c i ty  0  .

The c o n t in u i ty  e q u a t io n s ,  th e  momentum e q u a t io n s ,  th e  energy  

e q u a tio n s  and th e  Maxwell eq u a tio n s  a re  as f o l lo w s :

( 1. 1)

*  -  J e  ▼(‘*vT 0 + w  %

* n K e*  ( & + & *  &AD -  (■>&- U)

*  , (1 . 2 )

(1 .3 )
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and

( i ’M

Here th e  s u h s c r ip t  <s r e p re s e n ts  an Ion o r  an e le c t r o n .  F u r th e r , £  Is  

th e  t im e ,  TtA 1b th e  d e n s i ty ,  TK*. th e  maBS, th e  v e lo c i ty ,

th e  te m p e ra tu re , ^  th e  e l e c t r i c  charge o f each s p e c ie s ,  and

a re  th e  k in em a tic  v i s c o s i ty  and th e rm a l c o n d u c tiv ity  o f  th e  s p e c ie s ,

i s  th e  c o l l i s i o n  frequency  betw een sp e c ie s  <x and th e  n e u t r a l s ,

£  i s  th e  p e r tu rb e d  e l e c t r i c  f i e l d ,  Ol i s  th e  a c c e le r a t io n  o f  g r a v i ty ,

C, i s  th e  speed  o f  l i g h t  and a t  i s  B oltzm ann 's  c o n s ta n t.

Ihe above e q u a tio n s  a re  b ased  on th e  fo llo w in g  a ssu m p tio n s:

( i )  The chem ical e f f e c t s  a re  n e g le c te d  in  th e  c o n t in u i ty  e q u a tio n , 

because th e y  a re  im p o rta n t on ly  i n  th e  e a r ly  fo rm atio n  o f  plasm as by 

p h o to -ch em ica l r e a c t io n s .

( i i )  In  th e  momentum e q u a tio n , th e  u su a l p re s s u re  te rm  V p  can be 

re p la c e d  by The e l e c t r i c  f i e l d  £  i s  conposed o f  an

e x te rn a l  e l e c t r i c  f i e l d  EA and a  s e l f  c o n s is te n t  f i e l d  E  ,  . The— o b

i n t e r a c t io n  betw een th e  charged  p a r t i c l e s  i s  c h a r a c te r iz e d  by a  

f r i c t i o n a l  fo rc e  -  y j  . The in t e r a c t io n  betw een io n s  and

e le c t r o n s  i s  weak and can be n e g le c te d .

( i l l )  The energy e q u a tio n  i s  s im p l i f ie d  by n e g le c t in g  c o m p re s s ib il i ty  

and R ay le iqh  d i s s ip a t io n .
26



( i r )  In  th e  Maxwell e q u a tio n s ,  I t  i s  assumed t h a t  th e  m agnetic  f i e ld  

la  c o n s ta n t;  and t h a t  th e  e l e c t r i c  f i e l d  l a  lo n g i tu d in a l .

2 . TRANSPORT PROPERTIES

The t r a n s p o r t  p r o p e r t ie s  o f  a  p lasm a r e s u l t i n g  from  th e  coup led  

m otion o f  Ions and e le c tro n s  can he d e r iv e d  from  th e  fundam ental e q u a tio n s  

fo rm u la ted  sh o v e , a f t e r  some s im p lify in g  assum ptions a re  made.

Let

y  *  ) ( 2 . i )

Eq. (1 .2 )  th e n  tra n s fo rm s  in to

> /  4 * d u  *
y >  * y « + 3 f +  y - v  u + v

-  - ( e » y * v c )

+  n A V L *  ■£-* *  ? V '

+ 7LJ . (2>2)

In  a  plasm a dom inated by c o l l i s i o n s ,  2 ^  i s  la rg e  and th e  r e la x a t io n

tim e f o r  th e  approach  to  e q u il ib r iu m  o f th e  t r a n s p o r t  p r o p e r t ie s  i s

s h o r t ,  so  t h a t  any f lu x  sh o u ld  be p ro p o r t io n a l  to T J y i  o r  V X  o n ly ,
4  ^

and n o t to  t h e i r  h ig h e r  powers o r  d e r iv a t iv e s .

T h e re fo re  th e  te rm s ,

| f  *  ■ * '> * .*

a re  n e g l ig ib le .  This p ro ced u re  can be c a l le d  th e  a d ia b a t ic  ap p ro x i­

m ation . We can d e f in e  a tu r b u le n t  frequency  f^Uj due t o  w ind v e lo c i ty
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and ex p re ss  th e  te rm  1JT » V (J  a s l T * | y U l  which can th e n  he cceibined 

w ith  th e  te rm  to  ®*ve

^ v u + ^ a t ^ f t l + i w g o v *  -  * t V \  (s-s>

where 7^ I s  an e f f e c t iv e  freq u en cy  d e f in e d  by

3 ' * ,  ^ n  + | 7 0 l .  <*•>>)

F u rth e rm o re . s in c e  th e  second d e r iv a t iv e s  o f  IK .  and U  a re

s m a ll ,  th e  l a s t  two term s o f  Eq. ( 2 . 2 )  can be n e g le c te d  and Eq. ( 2 .2 )  

becomes

o -  - 4 ( " 5 .v ,ti(j_+iia v T l )  -  | j |  -  u  • v u )  (g + u » b /c )

+  A»«V>£*< | / c  . ( a . s )

The s o lu t io n  o f  t h i s  e q u a tio n  i s ,

n  i r \  &■ • ( & 4 -t- E .* ' ^ E a > ' D  • V r t  ,~  a. g, v ^ e- ^  ck /  a .* (2 . 6 )
a

where th e  e l e c t r i c  f i e ld s  a re

E *  =■ E 0 +  U * B / ca /  iw w ^

and

^ * ^ - 5 T - y v y - i . v T j  .

(2 .T)

The d i f f u s i v i t y  and th e  c o n d u c tiv ity  can be w r i t t e n  as

P a  ~ e T ^  ( 2 . 8 )
and

Si ’ a  z  d  ( 2 . 9 )
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w ith  v

K * * “ sr K. , (2.10)
' £  ST A-

Here

J2 = •— - (2.11)
**■ A ^  _

i s  a  c y c lo tro n  freq u en cy . Hie te n s o r  xN- has  th r e e  nonT sn lsh lng  

com ponents:

K " . .
(2.12)

j d  =  ^
J  *+a, 1 *■ K i t

where

and Is  p o s i t  I r e  f o r  io n s  and n e g a tiv e  f o r  e le c t r o n s  . 1^, , T^T
~  ild  " 1-a

and £ C  a re  th e  p a r a l l e l ,  t r a n s v e r s e  and H a ll  com ponents, r e s p e c t iv e ly .
Ha

I f  th e  m agnetic  f i e l d  i s  i n  th e  r e d i r e c t i o n  v e  f in d  th e  components o f  

to  h e ,
~ a  «-

K  - K l t - K ,t-t a- A ^

=■ , ( 2 ‘ 13)

K n . »  ”  - r

* ’ - ^ " 1} <%. ~  ^
Hie d i f f u s i v i t y  D and th e  c o n d u c tiv ity  a -  a r e  plasm a t r a n s p o r t  p r o p e r t i e s ,iC -
because  th e y  r e l a t e  th e  d e n s ity  g ra d ie n t  and th e  e l e c t r i c  f i e ld s  o f  th e  

p lasm a t o  th e  io n  and e le c t r o n  c u r r e n t s .  T h is can he seen  in  Eq. ( 2 . 6 )  

which can he  c o n s id e re d  a  g e n e ra l iz e d  Ohm's la w . Hie e f f e c t  o f  tu rb u ­

le n c e  on th e s e  t r a n s p o r t  p r o p e r t ie s  can be s ig n i f i c a n t  and i s  d is c u s s e d  

In  C hapter V.
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3. SYSTEM OF EQUATIONS GOVERNING PLASMA MOTION

For f u r th e r  s lm p li f l e e t  io n  o f  th e  p lasm a e q u a tio n s  th e  io n  and 

e le c t r o n  v e l o c i t i e s  a re  e lim in a te d  betw een th e  c o n t in u i ty  and momentum 

e q u a t io n s .

By w r i t in g  th e  s e l f - c o n s i a t e n t  f i e l d ,  E in  Eq. ( 2 . 6 )  in  term s o f

a  p o t e n t i a l  » EQ* ( 2 . 6 )  tra n sfo rm s  to

- t a X  -  -  y  ' v , V -  ( 3 . 1 )
U. "

S u b s t i tu t io n  o f  Eq. (3 .1 )  in to  Eq. ( l . l )  r e s u l t s  In

(3>8,

Die Maxwell e q u a tio n  C l .1*) tra n sfo rm s  to

=  -  4 / t £  ( « '  -  n e )  , ( 3 . 3 )

We now have a  system  o f  th r e e  eq u a tio n s  w ith  th r e e  unknowns, 

and <P , w hich in  p r in c ip l e  can be so lv e d . Here i t  i s  assumed t h a t  th e  

s p e c ie s  tem p e ra tu re  i s  known, which e lim in a te s  th e  n e c e s s i ty  o f

so lv in g  th e  coup led  energy  e q u a tio n s .

To s im p lify  th e  e q u a tio n s  f u r t h e r ,  we In tro d u c e  two new v a r i a b l e s ,  

n  = i-  (-11; 4- Wa)

and ( 3 . M

P * r K  ■
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To a b b re v ia te  th e  w r i t in g ,  we in tro d u c e  th e  fo llo w in g  n o ta t io n s

-  - £ % o  +  U * * i  + - g - f j * y  , ( 3 . 5 )

& « .  *  - •  v 4 >  +  v * . ) ( 3 .6 ,

a *  «  h q  * & o , ( 3 - T )

P s - U f c + ? 0 . (3 .8 )

where i s  c a l l e d  th e  d r i f t  v e lo c i ty  .

For th e  caBe where E^z O and and U have o n ly  components 

t r a n s v e r s e  t o  th e  m agnetic  f i e l d ,  we o b ta in ,  by s u b s t i t u t i n g  th e  

components o f  th e  te n s o r  in  ( 3* 5 ) ,  th e  d r i f t  v e lo c i ty ,

I t * ..  . s . ^

1  c « t - f  * 1 • (3-9)( ♦ X *
A  A*

w here X. and X a re  u n i t  v e c to r s  in  th e  x and * - d i r e c t i o n ,I T l &

r e s p e c t iv e ly .  To s im p lify  f u r t h e r ,  l e t

u *  *  -
and

Jr<a
Ihen

y »  *  T T ^ S * + f a )  • (3 .10)

a  « k .  - ( * * ■ & )  + y- a  a  «•
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and w ith
K g * -  *:■ t >  i

Q v  ■ )F - t y * +  U t ) +  f t # - W t ' ) ^  e o +  ~  . ( 3 . u )A * ” t

< ? » “  +  +  J t W . 2 . * U  . (3 .1 8 )
A

where CL i s  a  u n i t  v e c to r  in  th e  X .- d i r e c t io n .
9  3

E quation  ( 3 . 2 )  f o r  io n s  and e le c t r o n s  can be  w r i t t e n  a s ,

£  ♦ v - n & + + v . p a ' -  ^ v n - v . J f . v p  , (3<13)

I p  + v * n < Q  « v D t v p w ^  - V r t  . o . i u j
7 k  ' ^  ~

Ih e se  two e q u a tio n s  to g e th e r  w ith  th e  P o isso n  e q u a t io n ,  ( 3 . 3 )  which 

can be w r i t t e n  as

v < |  * — 4 r r e p  ( 3 . 1 5 )

c o n s t i t u t e  th e  g e n e ra l  eq u a tio n s  o f  m otion  fo r  a  plasm a.

a . High Frequency P lasm a

For a  h ig h  freq u en cy  p lasm a , p  v a r ie s  much more r a p id ly  th a n  ~r\ 

so  t h a t  "ft can be re g a rd e d  as q u a s i - s ta t io n a r y  and e l im in a te d . The 

system  o f  e q u a t io n s ,  (3 .1 3 )  and (3 .1*0  th e n  red u ces to

g  +  v - e « + -  v y - v e , ( 3 1 g )

• (3 .1 7 )

S u b tra c tin g  th e s e  tw o e q u a tio n s  y ie ld s

. o .  n O  * v n  (3 .1 8 )
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E quation  ( 3 . IT ) and (3 .1 8 )  to g e th e r  w ith  Eq. (3 .1 5 )  d e te rm in es

in  th e  te rm s o f  th e  e x te r n a l  f i e l d s ,  w ind , g r a v i ty  and te n p e ra tu re  e f f e c t s
* a

re p re s e n te d  by U 1 end (J

b . Low Frequency Plasm a

For a  low freq u en cy  p la sm a , q u a s i - n e u t r a l i ty  betw een io n s  and 

e le c t r o n s  i s  reach ed  so  t h a t

p  «  r u  .

As a  consequence, Eq. ( 2 . 35 )  becom es,

(3 .1 9 )

and term s c o n ta in in g  in  e q u a tio n s  (3 .1 3 )  and (3 .1*0  can be 

e l im in a te d . These e q u a tio n s  becom e,

2 2 - + v - n g + «  ( 3 . 20 )

V - n G T  *  V ' g c * V r v .  0 . 2D

S u b tra c t in g  th e s e  tw o e q u a tio n s  y i e l d s ,
OVL
—  +  V * n < 3 .e  *  v » B ' V 7 n .  ( 3 . 22 )

E q u a tio n  (3 .2 1 )  and (3 .2 2 )  r e p re s e n t  th e  system  o f  eq u a tio n s  which
*

determ ine  th e  d e n s ity  n  and th e  s e l f  c o n s is te n t  f i e l d  'U. f o r  a  low

freq u en cy  p lasm a. These e q u a tio n s  can be w r i t t e n  in  term s o f  U and

U by s u b s t i t u t i n g  f o r  iQ . and Q ' from  Eq. (3 .1 1 )  and (3 .1 2 )  as*■ c.

fo l lo w s :

+  v - n U  ( «  +  y ^ > c 0 £ e]

- V D e - 7 U  (3 .2 3 )
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v * u  r  b e . ( ~ ( v * y *) ■ J
i

*  V ' P '  v u ,  (3 .2 lt)

c . Two d im e n sio n a l M otion

In  a  p la n e  p e rp e n d ic u la r  t o  th e  m ag n e tic  f i e l d ,  th e  system  o f  

e q u a t io n s ,  Eq. (3*17) and (3*18) and Eq. (3 .2 1 )  and ( 3 . 2 2 )  red u ce  t o :

(1 )  f o r  h ig h  freq u en cy  p lasm a w ith  P , , ^  O ,  ,
i t  A & *

%  f  7 - p [ «  -  (H,** ¥ e  )  ( 3 . 25 )

and

V ' f C x f ,  (3 .26 )

(11) f o r  a  low freq u en cy  p la sm a ,

- a t

and

5 ?  +  V - n [ l J  +  ( u V y 2 ) *  v l  *  T>a e w r u  (3 .2 7 )

V - W . [  P .  ( « * *  ( J / ) ]  *  Da . v n ,  . ( 3. 28)
i  *

o r ,  r e w r i t t e n  In  an a l t e r n a t e  fo rm ,

+ v -n ^ 'u ’+ye*)’1^  • 1>i t ,7n t3-29)
flfld  _  j  n  A  ‘n

v ■ ■n-C^ + y<: J+ U* ■ D̂ Vn- • (3.30)
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k. CONCLUSIONS

Cl) The fundam ental e q u a tio n s  g overn ing  th e  n o tio n  o f  a  plasm a 

Inhom ogeneity  in  a  m agnetic  f i e l d  under th e  a c tio n  o f  an e x te r n a l  

f i e l d  and an a tm o sp h eric  v in d  a re  th e  c o n t in u i ty ,  momentum, energy  and 

M axvell e q u a tio n s  f o r  io n s  and e le c t r o n s .  The coup led  system  has heen 

reduced  to  a  system  o f  two e q u a tio n s  w ith  two unknowns, th e  d e n s ity  

and th e  s e l f - c o n s i s t e n t  f i e l d .

(11) The t r a n s p o r t  c o e f f ic ie n t s  govern ing  th e  io n  and e le c t r o n  

m otions a re  th e  d i f f u s i v i t y  and c o n d u c tiv ity  te n s o r s  J? and ,

which a re  fu n c tio n s  o f  A / , th e  r a t i o  o f  th e  gyro freq u en cy  t o  th e  c o l­

l i s i o n  frequency  w ith  th e  n e u t r a l s .  The c o n d u c tiv ity  te n s o r  i s  p ro p o r­

t i o n a l  to  th e  d e n s ity  i t  , and le a d s  t o  th e  n o n lin e a r  b e h a v io r  o f  th e  

p lasm a Inhom ogeneity .
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C hapter I I I

D if fu s io n  o f  a  Plasm a Inhom ogeneity  in  th e  Upper Atmosphere

1 . THEORETICAL MODELS OF DIFFUSION

In  C hap ter I I ,  a  system  o f  e q u a tio n s  I I , ( 3 . 2 )  and I I , ( 3 . 3 )  govern ing  

th e  m otion o f  a  plasm a inhom ogeneity  has been  d e r iv e d . These eq u a tio n s  

ex p re ss  th e  e v o lu tio n  o f  p lasm a d e n s ity  in  th e  p re se n c e  o f  d e n s ity  

dependent f o r c e s ,  and th e r e fo r e  th e y  a re  n o n lin e a r .

In  view o f t h i s  f a c t ,  th e  d i f f u s io n  p o s se s se s  th e  fo llo w in g  c h a ra c te r ­

i s t i c  f e a t u r e s :

( i )  S p l i t t i n g  o f  an inhom ogeneity  in to  two p a r t s .

(11) S teep en in g  o f  th e  f ro n t  ( le a d in g  edge) o f  a  moving inhom ogeneity .

( i l l )  Development o f  s t r l a t i o n s ,  as  th e  r e s u l t  o f  i n s t a b i l i t y .

( i v )  Onset o f  tu rb u le n c e .

The f i r s t  two f e a t u r e s ,  i . e . ,  th e  s p l i t t i n g  o f  th e  p lasm a inhom ogeneity  

and th e  s te e p e n in g  o f  th e  f ro n t  a re  la rg e  a c a le  e f f e c t s  and w i l l  be 

d isc u s s e d  in  th e  p re s e n t  c h a p te r ,  w h ile  th e  s t r l a t i o n s  and th e  s t r u c tu r e  

o f  tu rb u le n c e  a re  s m a lle r  a c a le  e f f e c t s  and w i l l  be In v e s t ig a te d  in  

C hap ters IV and V.

The system  o f  two eq u a tio n s  developed  i n  C hap ter I I  r e f e r s  to  Ions 

and e le c tro n s  and governs th e  m otions o f  a  p lasm a inhom ogeneity . I t
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can be tra n sfo rm e d  I n to  a  s in g le  e q u a tio n  o f d i f f u s io n ,  d e s c r ib in g  th e  

e v o lu tio n  o f  th e  d e n s ity  o f  th e  q u a s i - n e u t r a l  p lasm a in  tim e and sp a c e , 

m e  d i f f u s io n  e q u a tio n  th e n  ta k e s  th e  form  o f  a  f o u r th  o rd e r  n o n lin e a r  

p a r t i a l  d i f f e r e n t i a l  e q u a tio n , w h ich , in  a  c e r t a in  s e n s e ,  i s  s im p le r  to  

so lv e  th a n  th e  coup led  sy s te m s , b ecause  th e  s e l f - c o n s i s t e n t  e l e c t r i c  

f i e l d  has been  e l im in a te d . F o r th iB  p u rp o se , ve assume th e  q u a s i­

n e u t r a l  c o n d it io n

n  = n .  = n .  
t *■

and r e w r i te  E q . I I , ( 3 . 2 )  s e p a ra te ly  f o r  io n s  and e le c t r o n s  as fo llo w s :

-  v»n i i . + v- n V.» v P j-’Vn, d.n

'3Yl + v-n  f t .  \7<J>+v r\ye « ?n . U-2)

where 1fl i e  th e  d e n s i ty ,  <£> i s  th e  p o t e n t i a l  o f  th e  s e l f - c o n s i s t e n t  

e l e c t r i c  f i e l d ,   ̂ o ^  a re  t r a n s p o r t  p r o p e r t i e s ,  and \/^ / \ j^  

a re  d r i f t  v e l o c i t i e s ,  d e f in e d  in  C hap ter I I .  We n o te  t h a t  th e  v a r ia b le  

i s  a s s o c ia te d  w ith  th e  o p e ra to rs

V-  y i  * V  (1 .3 a )

and

V 1 n  1 ^  ( i . 3 b )

in  Eqs. ( l . l )  and (1 .2 )  r e s p e c t iv e ly .  For th e  p u rp o se  o f  e l im in a tin g  

we o b ta in  a  un ifo rm  o p e ra to r

v n v e - v )
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a s s o c ia te d  w ith  ^  , i f  we m u ltip ly  E qs. ( l . l )  and (1 .2 )  by th e  o p e ra to rs  

( l . 3 a )  and ( l .3 b )  r e s p e c t iv e ly .  A su b seq u en t a d d i t io n  w i l l  g ive

[  (  V • • ? )  +  (  V  ■ M 06£ - ? ) ]  

.*0.. ?)(v .n*e ■ v) - (v>t«k' ?)(<?' *<*,• v ) ] . v<f 

- (v>icf1. .v )[v -(-n yt +Pe. v*)]

4 +  ^ ' 7 n ) ]  . (x.i.)

With th e  use  o f  th e  commit a b i l i t y  r e l a t i o n

( V ' T i * . ' 7 ) ( 7 ' n ^ v ) .  « * , . ■ ? )  u . s )

th e  te rm  c o n ta in in g  (f> in  (1 .4 )  v a n ish e s  and th e r e  re m a in s ,

[C V T i^ .vM v.njfe .v)]  £
- ( v n * . . v )  [ v - f - ^ y f c + P f c  V n J ]

+  ( y  ' « ^ t ' V )  + ? c ' v n ) l  • ( 1 -6)

I h ia  i s  a  d i f f u s io n  e q u a tio n  d e s c r ib in g  th e  e v o lu t io n  o f  th e  d e n s ity  

w ith  t r a n s p o r t  c o e f f i c i e n t s  and ^  and w ith  a  d r i f t  V  

d e f in e d  by 1 1 ,( 2 .1 0 ) ,  I I , ( 2 . 8 )  and I I , ( 3 . 5 ) ,  r e s p e c t iv e ly ,  where a =  

d en o tes  io n s  o r  e l e c t r o n s .  E qu a tio n  (1 .6 )  d e s c r ib e s  th e  n o n lin e a r  

d i f f u s io n  o f  a  p lasm a inhom ogeneity . In  o rd e r  t o  d i s t in g u is h  betw een
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th e  l i n e a r  and n o n l in e a r  e f f e c t s ,  we w r i te  th e  o p e ra to r  V  * 71 0 ^ '  ^  

o f  Eq. (1 .6 )  In  two p a r t s ,

v  -  ; (1 ,7 )

which upon d iv id in g  by H  , becanes

I  [ y . r f ,. y  +  (  g t . . 7j ]  + [ V  v  +  ^  ( * t  • V ) ] }

- [ V • • V + ^  (oC.• ?)] C- V' «V,+ V- ge 7n)]

+ ( t ~ ~ e ) .  ( 1 . 8 )

w here (■£«-*€) r e p re s e n ts  s im i la r  term s o b ta in e d  by in te rc h a n g in g  th e  

s u b s c r ip ts  i  and e . In  o rd e r  t o  f u r th e r  s im p lify  th e  w r i t in g ,  we 

in tro d u c e  a  new d i f f e r e n t i a l  o p e r a to r ,

A4 =  « ■ ? £ ( . * * •  V ) ,  (1 .9 )

w hich red u ces Eq. ( 1 .8 )  t o  th e  fo m

LAC+Ae ) w  - A . ( - 7 » y e . V ^ V n ) + A <( - 7 . n y . + V . p . - v r lj .  (1.10)

We n o te  t h a t  th e  l i n e a r  and n o n lin e a r  term s a re  now s e p a ra te d  and 

a s s o c ia te d  w ith

A °  - ^

and

a ;  -  ^  ( * * • * )

r e s p e c t iv e ly ,  w ith

\  ‘  K  + A * . (1.11)
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More s p e c i f i c a l l y  v e  h a v e

\  '  ^  +  5 ?  )  + 5 ^  (1 .1 2 )

i otj* / 2 !1 J L  2 ?  2 .  ^  ^  J L
*  7 v t' ^ ) ^ t + 3 ^ 3 * , /  n  3 * ^  3 ^

f W / 2 l L ^ _  2 _ >
YV \  3A, 3 * j.~  3 x t  ><( /  '  (1 .1 3 )

where of. , oC, . o f . ,  a re  th e  t r a n s v e r s e ,  lo n g i tu d in a l  and 
x a. Ha. Ho.

H a ll t r a n s p o r t  c o e f f i c i e n t s ,  d e f in e d  by 1 1 ,(2 .1 0 )  and 1 1 ,(2 .1 2 ) .  

S im i la r ly ,  we w r i te

n * n 0 + n  , u . u o

where >1 i s  th e  d e n s i ty  governed by a  l i n e a r  e q u a tio n  o f  d i f f u s io n ,  and 

n j  r e p re s e n ts  th e  n o n lin e a r  e f f e c t .  Upon s u b s t i t u t i o n  o f (1 .1 2 )  and 

(1 .1 3 )  i n t o  Eq. (1 .1 * 0 , ve o b ta in

A i M  ~  A ( - y c, 7 n  + V - ? e ' V 'r l )  + ( <' ^ <:)

.  fl.' >j_ + a ! (-V • v n + 7-gt'Vn)+ (< -»e)

=  • (1 -1 5 )

This i s  a  fo u r th  o rd e r  n o n lin e a r  p a r t i a l  d i f f e r e n t i a l  e q u a tio n , govern ing  

th e  d e n s i ty  ^ i"t) • For th e  d i f f u s io n  o f  a  p lasm a inhom ogeneity  con­

n e c te d  w ith  th e  r e le a s e  o f  an a r t i f i c i a l  p lasm a c lo u d  in  th e  io n o sp h ere  

o f  a  c o n s ta n t d e n s i ty  background , ve can assume t h a t  th e  c o n c e n tra tio n  

i s  weak. The z e ro th  o rd e r  s o lu t io n  can be  approx im ated  by l i n e a r i z in g  

Eq. (1 .1 5 )  to  th e  form

\  I r  ~  Ai C ' ^ * ' v ' h ' V n o ) + ( t - * * c )  “ ° . (1,16)



o b ta in e d  by n e g le c t in g  t e r n s  a s s o c ia te d  w ith  4^ and . The z e ro th  

o rd e r  s o lu t io n  7 ia o f  Eq. ( l . l f i )  can th e n  be s u b s t i t u t e d  in to  th e  non­

l i n e a r  t e r n s » in  Eq. ( 1 .1 5 ) ,  as re p re s e n te d  by t o  g ive

< | r X K Vn + * H . M .  c i . i t )

w h ere ,

3  a ; h  ♦ a s k - y e - i : v n , ) * ( w «=3 ( ! . « ,

i a  c a lc u la te d  from  H o f  Eq. (1 .1 5 )  by ta k in g  T L ® !^ .® 1® te r n

M0 ( < ^  In  Eq. (1 .1 7 )  th e r e f o r e  becomes a  so u rce  t e r n  which i s  a  known

fu n c tio n  o f  t  and x ,  as d e te rm in ed  by ( l . l 8 ) .  The l e f t  hand s id e  o f
o

Eq. (1 .1 T ) c o n ta in s  o n ly  l i n e a r  t e r n s ,  as ^  i s  a  l i n e a r  o p e ra to r  

d e f in e d  by Eq. ( 1 .1 2 ) ,  and a n d £ ^  a re  independen t o f  71 , w h ile  th e  

r i g h t  hand s id e  becomes a known fu n c tio n  o f  * and t  , as m entioned above. 

The . '" t l o n  o f  t h i s  e q u a tio n  w i l l  be in v e s t ig a te d  in  th e  nex t s e c t io n .

2 . GENERAL FORMULATION OF THE RELATIONS GOVERNING THE DIFFUSION OF A 
PLASMA INHOMOGENEITY

We w r i te  th e  d i f f u s io n  e q u a tio n  (1 .1 7 )  e x p l i c i t l y  upon s u b s t i t u t i n g  

f o r  th e  d i f f e r e n t i a l  o p e ra to rs  from Eq. ( 1 .1 2 ) ,  and o b ta in



For tb e  purpose  o f  f in d in g  th e  s o lu t io n ,  ve make a  F o u r ie r  tra n s fo rm  o f  

Eq.. (2 .1 )  v l t h  r e s p e c t  to  th e  sp ace . We o b ta in

A -  ( ^ )  =  “  * ! * (  K  +  )  ~  < * ||a  ,  ( 2 < 2 )

which le ad s  to

[ « *  i v H , * , ' ]  ^
♦ K  (‘-H’K  K ]  { i H  +K (I’>^)

=■ H 0 fc) , ( 2 . 3 )

where 7i ( .4 ;^ )  and H0 (4(t^  a re  th e  F o u r ie r  tra n sfo rm s  o f  *l (&, and 

Mo ( ? , t )  r e s p e c t iv e ly .  C onsider s p h e r ic a l  c o o rd in a te s ,  v l t h  wave number

v e c to r

and u n i t  v e c to r
k . e t

where 4> i s  th e  an g le  b e tv e e n  4  and th e  X d i r e c t io n .  With

K  ~  (2,1°
and upon d iv id in g  by

*  l * > i  *  * < * ) K

Eq. (2 .3 )  can be red u ced  t o  th e  s im p le r  form

^  + ( 2*5)
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where

. ( 2 . 6) 

jf 'e W ~  C * ^  «• ^ i g X ' - /* * )  +  0*11,' *■'“'ne ) f ^

( 2 . 7 )

( o c ^ . + ^ ( l - /u l ) t  ( o ( „ . +  ^ ( t ) ^ ^  • ( 2 ‘8)

In  E qs. ( 2 . 6 )  and ( 2 . 7 )  th e  am bipo lar d r i f t  V ;£ ( /* )  “ * an ib ipo lar d i f ­

fu s io n  c o e f f i c i e n t  D(‘£ ( ^ )  ^ave been d e r iv e d  t o  be fu n c tio n s  o f ^  .

The s o lu t io n  o f  Eq. ( 2 . 5 )  in  k -Bpace can be w r i t t e n  a s ,

T i l* ,* )  = V o t e i ^ + J  <Lt 6  ( *  I€ ' e )  • ( 2 -9 >

where 0 r e p r e . e n t .  °  ^  ^  v  +  (-fc - t '  )

$  ( & ,  - t - t ' )  =  e  '  <2 - « »

and Ho i s  found t o  be

'n 0 ( ^ . i ) “  n ^ ° )  e  ( 2 -u )  

and i s  th e  s o lu t io n  in  Jk -sp a c e  o f  th e  l i n e a r  d i f f u s io n  e q u a tio n  ( l . l 6 ) ,

I t s  in v e r s io n  ta k e s  th e  form
, r ~  ,  . i k - L i - m - w j

<̂ Tl( ~ 'c) e  • (2-i 2 >
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We in v e r t  Eq. ( 2 . 9 )  t o  o b ta in ,  ^

' h ( % , * ) =  * 0  ( ( , * )  + t _ t J  , ( 2 . 1 3 )
- 0  - o o

where GOl*Jf| ^ * 0  w® th e  in v e r te d  F o u r ie r  tra n sfo rm s  o f

^ t f c ( 4 J‘fcl)  and g ( 4 ,  t ' t ' J  t r e s p e c t iv e ly .  I t  may be rem arked t h a t ,  in  

two d im en sio n s , i . e . ,  in  th e  t r a n s v e r s e  p lan e  

M = O

and e q u a tio n s  (2 . 6 )  and ( 2 . 7 )  reduce  t o  th e  s im p le r  e x p re ss io n s

^ *  2  V l .  . ( 2 -i k >

(2 .1 5 )

* H  +  * A _

D  U - - o )  -  - x> p-̂  =  b
,£  r  * j . ;  +  < l e

known as am bipo lar d r i f t  and am bipo lar d i f f u s io n  in  th e  c l a s s i c a l  

l i t e r a t u r e .  S im i la r ly ,  in  th e  d i r e c t io n  p a r a l l e l  to  th e  m agnetic 

f i e l d ,  ( 2 . 6 )  and ( 2 . 7 )  reduce t o

&  H -  ■■ ^  +  „  = v  ( * .* >
*H<;  +  * | l £  H J

* ‘ ( H -  -  D ,  .

Ih e  r a t i o  ia  o b ta in e d  from (2 .1 5 )  and (2 .1 7 )  by s u b s t i t u t i o n

o f  th e  and D components from  I I , ( 2 . 6 )  and 1 1 ,(2 .1 0 )  le a d in g  t o
ft ft

I
r — = ------ r----------, • ( 2 . 18 )
*>., I +  * .
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3. LINEARIZED DIFFUSION EQUATION FOR A PLASMA HfHQMOOENEITY

The l i n e a r  s o lu t io n  ">i0 , as g iv en  by (2 .1 2 )  i s  one component o f  th e  

g e n e ra l  s o lu t io n  (2 .1 3 )  which d e s c r ib e s  th e  n o n lin e a r  f e a tu r e s  o f  th e  

d i f f u s io n  p ro c e s s . In  th e  p re s e n t  s e c t io n ,  ve an a ly ze  th e  p h y s ic a l  

f e a tu re s  co nnected  w ith  th e  l i n e a r  s o lu t io n ,  such  as th e  s p l i t t i n g  o f  

th e  p lasm a inhom ogeneity . For th e  sake o f  s im p l i c i t y ,  we assume t h a t  th e

inhom ogeneity  I s  a  p o in t  so u rc e  a t  tim e t * 0  in  which 

re p re s e n te d  as a  S - f u n c t i o n , co rresp o n d in g  t o

VhiC^1 W A ^ilr tA a  Pn / O ID) +■ n

k ' D ^ t

(3 .1 )

i f  we n o te  t h a t  t l c i s  r e a l .

We c a lc u la te  th e  t r i p l e  i n te g r a t io n  w ith  r e s p e c t  t o  I k  in  s p h e r ic a l

p o la r  c o o r d in a te s , by w r i t in g

A ,

^  *  k  c o i  *5

and

K  *  / t s i n d  to% 'Q

ft m. SiA £ ( 3 . 2 )



^  = H Col, d

w ith

I t  -  t - v . t- I t

g iv in g

.  k x a, + ^ ^  *3

=. Jkfl  ( s i n  ^

+  S m 0  J in 'V ^ 'i tn  ^ 5 ' n  <f> +

-  [] S i n 0  5 m  I ?  (  &>S f  ^ s < J > +  5 m f ’

+  £ 0 5  0  J

Sivi© j i „ ' D  £ d > 5 ^ 4 > -  < £ j  + 6 0 S 0  Cc> ( 3 .3 )

coa ( ^ ' f )  can be w r i t t e n  as  c o e ^  w ith o u t lo s s  o f  g e n e r a l i t y , i f  ve choose 

*f*C so  t h a t  ( 3 . 3 )  s im p l i f i e s  t o

f e ' % -  £ a [ * i " 0  + e c i d t c i . ' d ]

\  k a r
w ith

F  = V O ' ^ ' X 1 - ’* '* )  £ 0 * 4  +  (3.k)
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and.

d f e  *  <tk S ? - d \ !

~  •  i k V - A n A Q .  (3-5)

where

fX  ~ c,o$ &  ) ^  m Cc*5 0 '

Upon s u b s t i t u t i n g  ( 3 . ^ )  and ( 3 . ? )  in to  ( 3 . 1 ) .  ve o b ta in

V * . * ) *  $ $ > 1  ' C 0}^ ' l T ) -  <3-6)

The i n t e g r a l  w ith  reB pect to  k i s

f  d k  A V ^ c e ^ T ) .  V * .  [ l -  ^  1
J  ̂ '  4 D * L  iUfct- J

C? (€.

_ Vn r. -1  „ *
4 f ie

(* t t  
r -  t 5 - V -  ■

S u b s t i tu t in g  ( 3 . 7 )  i n  Eq. (3*6) g iv e s

I

r f - J ( 3-7)

( 3 . 8 )

i r t  _ 1

( 3 . 9 )

As th e  fu n c tio n  t o  be in te g r a te d  I s  sym m etrica l about y H * 0  and <j>~ 7Z

ve can change th e  l im i t s  o f  i n t e g r a t io n  to  gtYe £

" o ( 8 . 0 -  1 ‘ ( 3 ' 10)

The double i n t e g r a l  o f  Eq. (3 .1 0 )  has been  e v a lu a te d  n u m e ric a lly . R esu lts  

a re  g iv en  in  S e c tio n  5.
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k. ANOMALOUS DIFFUSION FROM A SEPARATION OF THE PLASMA INHOMOGENEITY

a . G eneral B ehavior

The most s t r i k i n g  and i n t e r e s t i n g  f e a tu r e  re v e a le d  from th e  l i n e a r  

s o lu t io n  (3 .1 0 )  and th e  n o n lin e a r  s o lu t io n  (2 ,1 3 )  i s  th e  anomalous 

s p l i t t i n g ,  which i s  d is c u s se d  below :

I t  i s  a p p a re n t t h a t  ? l c w i l l  be a  maximum when ^  -  O . T his o ccu rs  

a t  p o in ts  where IV * O . The p o in ts  o f  maximum d e n s ity  th e r e fo r e  occu r a t

S ince  th e  in te g r a t io n  o f  (3 .1 0 )  in c lu d e s  a l l  ra l lie s  o f  , th e r e  i s  a

l i n e  o f  maximal d e n s i t i e s  w ith  ex trem a lo c a te d  a t  £ 8114 j) "t

r e s p e c t iv e ly ,  s e p a ra te d  by a  sad d le  p o in t  o f  low d e n s i ty .  Such a  l i n e

o f  ex trem a does n o t a r i s e  when V  ■ i s  a  c o n s ta n t as in  c l a s s i c a l  diffU -
^lC

s i o n ,  b u t on ly  when J i s  a  v a r i a b l e ,  s p e c i f i c a l l y  a fu n c tio n  o f  JA , 

as d e r iv e d  in  th e  p r e s e n t  th e o ry . T h e re fo re , th e  d i f f u s io n  w ith  a  lo cu s  

o f  maxima w i l l  be c a l l e d  anomalous d i f f u s io n .  The fundam ental maximum 

i s  th e  maximum lo c a te d  a t  V*e ^J t*  Ojt> . The v e lo c i ty  V. ^jtt-O ) t  

has been  d e f in e d  by ( 2 . 1 4 ) .  The o th e r  maximum, lo c a te d  a t  

i e  c a l le d  th e  secondary  maximum,with v e lo c i ty  g iv en  by ( 2 . 1 6 ) .  E quation

(3.10) with y / 'M and P ,V  defined by (2.6) and (2 .7) ,  describes thet c.

evolution o f density, ^lc (_ * l^) in the presence o f d r ift  by neutral wind 

and external e lec tr ic  f ie ld . To be sp e c if ic , two special cases w ill be 

discussed:

ha



( i )  Case A -  Plasm a Inhom ogeneity  in  a  n e u t r a l  wind t r a n s v e r s e  t o  

th e  m agnetic  f i e l d ,  v i t h

™ °  ^  ' (U.2)
Ci i )  Case B -  Plasm a Inhom ogeneity  in  an am bient e l e c t r i c  f i e l d

which i s  p e rp e n d ic u la r  to  th e  m agnetic  f i e l d ,  w ith

y - ° -  ( u . 3 )

b .  Plasm a in  a  N eu tra l Wind

Under th e  c o n d itio n s  (*+.2) o f  Case A, we reduce  I I , (3*9) t o

V  ■*   —  0  •+■ -------—— U  * € «  / j,
- a .  1+JC*- ~  i + y c x *1 a  <\

and a  f u r th e r  s u b s t i tu t io n  o f  (U.U) i n t o  ( 2 .6 )  red u ces  ( 2 . 6 )  t o

Vle(/*) = • (»■«
where

A W

A  ( y u )  -  I + W x j  + / c 2 ( l  +  x ? ' ) y u 1 .

In  w r i t in g  (U.5)  we have made use  o f  th e  a p p r o x im a t io n |/G ^ ^  /C ^  , v a l id  

fo r  most p lasm a. The v e l o c i t i e s  o f  th e  two maxima a re  o b ta in e d  from 

(If .5) w ith

( W‘ o)  -  ------ !--------- U «  V
" i t  V  /  j +1 j c  i r  I *  ^ ,

and

where

i 4 **  ~ ‘■■L ( l , ' 6>

( / * " ' )  =  a I ^ o  ' v < ‘ > «  *  * 1  ^  ‘  • C M )

-  I +l^e x;.| ■*■*£(1+**) .
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On th e  o th e r  h an d , th e  am bipo lar d i f f u s io n  c o e f f i c i e n t  as  d e f in e d  by ( 2 . 7 )  

red u ces  t o

For n u m eric a l s o lu t io n s  i t  i s  d e s ir a b le  t o  ex p re ss  U  in  term s o f  b
,ft Hi

w ith

Te = T. * T  , (*■»>

s im p lify in g  ( b . 6 )  t o

P  I / ' ) -  l P | 1 ^ f  I ' 1

where

k rV -1 *>i* >

on acco u n t o f  I I , ( 2 . 8 ) .

An ex am in a tio n  o f  Eq. (U.6)  and (U.7)  show t h a t  th e  fundam ental 

maximum moves In  th e  same d i r e c t io n  a s  th e  n e u t r a l  wind 0  i . e . ,  in  th e  

X - d i r e c t io n  w h ile  th e  secondary  maxlmun moves a long  th e  d i r e c t io n  makingI

an ang le  oC w ith  th e  a x i s ,  and g iv en  b y ,

■U-n £  Jc> (* .1 1 )
I + x£ ~  <•

aa shewn in  F ig . ( 3 . 1 ) .

Two d is ta n c e s  and 4^ a re  c h a r a c t e r i s t i c  o f  lo c a t io n s  o f  th e  maxima, 

where d  i s  th e  d is ta n c e  o f th e  fundam en ta l maximum from th e  o r ig i n ,  andi
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c l-  1b the distance between the two maxlna. We have

, u t
d ' *  \ + \ K ; K c \ 1 ‘ ’

j  .  J O Q

1  y + i ^ g N ( i  +  ^ ‘ ) C ' + « e - ) '  ,1 3

F o r J C ^ X .  a n d J C t ^ l  i th e s e  e x p re ss io n s  red u ce  t o ,

O t

= K i K e ,  > ( l t ’ 110

I u t
U™ e /  1 ' ( ^ .15)V h x j *

From CU.lU) and (U.15)  i t  can be concluded  th a t

( i )  The secondary  maximum moves f a s t e r  th a n  th e  fundam ental 

maximum;

( i i )  The d is ta n c e  b e tv ee n  th e  maxima in c re a s e s  w ith  tim e le a d in g  t o  

th e  s p l i t t i n g  o f  th e  in h am o g en e ity ;

( i l l )  The s p l i t t i n g  v i l l  be more pronounced , th e  s m a lle r  th e  v a lu e  

o f X. .
t

c . P lasm a in  an E le c t r i c  D r i f t

Under th e  c o n d it io n s  ( U.3)  o f  Case ( B) ,  I I , (3*9) red u ces  t o

y. ■ ■ »•“ >
We in tro d u c e  a d r i f t  speed

v y .  *■ ■  ( k -i T)
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to  s im p lify  ( * . l 6 )  t o

(U.18)

and reduce (2.6} t o

£q. (b .1 9 )  red u c es  t o  th e  v e l o c i t i e s  o f th e  two maxima:

II • ( ^ . 21 )

A com parison b e tv e e n  Eq. (1+.5) and (^ .1 9 )  shows t h a t  th e  aa fc ip o la r d r i f t s  

f o r  th e  tw o cases  o f  th e  d i f f u s io n s  in  a  n e u t r a l  w ind and in  an e x te r n a l

f i e l d  t r a n s p o r t s  th e  p lasm a w ith  a  c o n s ta n t speed  -  . Because o f  th e

s i m i l a r i t y ,  we s h a l l  n o t p r e s e n t  co m p u ta tio n a l d a ta  o r  g raphs f o r  th e  

d i f f u s io n  by an e l e c t r i c  d r i f t ,  b u t r e s t r i c t  o u rse lv e s  t o  th e  d i f f u s io n  

by a  n e u t r a l  w ind.

5. NUMERICAL SOLUTION OF THE LINEARIZED EQUATIONS OF DIFFUSION

We now e la b o r a te  on th e  n w e r i c a l  com putation  o f  th e  e x p re ss io n  fo r  

th e  d i f f u s io n  in  Eq. ( 3 .1 0 ) .  In  o rd e r  to  e x p re ss  th e  v a r ia b le s  in  term s 

o f  d in e n s io n le s s  p a ra m e te rs ,  we in tro d u c e  a  r e fe r e n c e  l e n g th .

e l e c t r i c a l  f i e l d  a re  s im i l a r ,  ex cep t f o r  a  s h i f t  o f  a  speed  -W 0 in  th e  

ca se  o f  th e  d i f f u s io n  i n  an e l e c t r i c  f i e l d ,  i b i s  o ccu rs  b ecause  th e

( 5 .1 )
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a  r e fe re n c e  tim e

■C ■ - j t -  ' (5-2)

a  r e fe r e n c e  d e n s i ty  ,

^  =  ^  D ,e  '  ( 5 , 3 )  

which r e p re s e n ts  th e  d e n s i ty  a t  0 f o r  a  d i f f u s io n  w ith o u t d r i f t ,

i . e . ,  w ith  V-0 - O  . We o b ta in  th e  fo llo w in g  d im en sio n le ss  v a r i a b l e s ,1C

I  -  ' t / ' t ,

fc = * ! t  , ( S . 4)

=  ' V ' n ,  •

I t  i s  t o  be  remembered t h a t ,  by e l im in a tin g  (J b e tv ee n  ( 5 . 1 )  and ( 5 . 2 ) ,  

we o b ta in

\  -  I / m .

a  r e l a t io n s h ip  w e ll  known in  d i f f u s io n .  That i s  th e  re a so n  th e  r e f e r ­

ence le n g th  has been  d e f in e d  w ith  a  c o e f f i c i e n t  o f  2 in  ( 5 . 1 ) .

The c o o rd in a te s  a re  chosen so  t h a t  U i s  in  th e  X ( d i r e c t i o n ,  -  ( 0 *  B )  

in  th e  d i r e c t io n  and th e  m agnetic  f i e l d  B in  th e  d i r e c t io n  w ith  u n i t

v e c to rs  X, f ( 5^ r e s p e c t iv e ly .  Then Eq. (3 .1 0 )  can be r e w r i t t e n  in  th e  

fo llo w in g  d im en sio n le ss  foxm,

r i A

/ *■ I a

dimensionless form,  ̂ A ^

* . * )  =  - k l  [  f y W t )  ’’J  / ‘W M  l .  (5-5)
O  ri

where

^  W  * = — r—— i  r ± £ -  +  ’ (5 .6 )
l e vn  l , £ H + X jV  ,



a  -  , (5.7)

v  i \  Vie [ f e M *  * / ] y « * G S M * > g ^ ] v ;  (5 8)

Ir i x
y ,  -  ^  »  — L _  /  k, -  K> x \
* t  U |+ ) C >  v t ;

( 5 .9 )

^ = TT -  - i T K r ( * > + ' « y V -c*

Here th e  e x p re s s io n  f o r  \ / ^  , ( 5 . 8 ) i s  th e  e x a c t  fo rm u la tio n  o b ta in e d  

from  ( 2 . 6 ) ,  r a t h e r  th a n  th e  a p p ro x im a tio n  g iv en  in  (U .5 ) .

U sing a  d i g i t a l  co m p u te r, th e  r e q u i r e d  s in g le  and doub le  i n t e g r a t i o n  

in  Eq. (3 .1 0 )  a r e  p erfo rm ed  by an a p p l ic a t io n  o f  S im p so n 's  r u l e .  R ie 

ra n g e s  o f  ^ l/o + e  l)  and <$(0*o rt] a r e  s u b d iv id e d  i n t o  T5 in c rem en ts  

each . D e n s ity  p r o f i l e s  a re  c a lc u la te d  f o r  p la n e s  p a r a l l e l  and t r a n s ­

v e r s e  t o  th e  m ag n etic  f i e l d s , w ith  d i f f e r e n t  t r a n s p o r t  c o e f f i c i e n t s

R e s u lts  a re  shown in  F ig . ( 3 .2 )  t o  (3 .110  in  t h e  form  o f  c o n to u rs  

o f  c o n s ta n t  d e n s i t i e s .  3heae f ig u r e s  c l e a r l y  ahow th e  i n t e r e s t i n g  

f e a tu r e s  o f  t h e  s p l i t t i n g  o f  th e  inhom ogeneity  and  th e  e lo n g a t io n  o f  

th e  p lasm a  in  th e  d i r e c t i o n  o f  th e  m ag n e tic  f i e l d .  The above f e a tu r e s  a re  

a c c e n tu a te d  by ch o o sin g  low v a lu e s  o f  th e  t r a n s p o r t  c o e f f i c i e n t s  and •
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For com pleteness a  caae whore Km< K* has a ls o  been  In c lu d ed . As I s€ it
d isc u s s e d  In  C hap ter V, such low v a lu e s  o f  K  ■ and a re  re a so n a b le  

fo r  tu r b u le n t  p lasm as. A smmnary o f  th e  c h a r a c t e r i s t i c s  o f  th e  cases  

p re se n te d  I s  g iv en  In  T ab le  (3 * 1 ). Of p a r t i c u l a r  i n t e r e s t  a re  th e  

d is ta n c e s  d ( and , which g ive  th e  s e p a ra t io n  o f  th e  two maxima, 

and as  su c h , in d ic a te  th e  m agnitude o f  th e  d r i f t  and th e  degree o f  

s p l i t t i n g .  In c lu d e d  in  th e  ta b le  a r e  a l s o  th e  d isp lacem en ts  o f  th e  

c e n te r  o f a  s im i la r  n e u t r a l  c lo u d .

Hie s p e c i f i c  f e a tu re s  o f  th e  n u m erica l r e s u l t s  a re  now d isc u s se d  

by means o f  th e  fo llo w in g  f ig u r e s .  As m entioned  e a r l i e r ,  th e  a x is

i s  chosen t o  be  along  th e  m agnetic  f i e l d ,  c a l l e d  th e  lo n g i tu d in a l  d i r e c ­

t i o n ,  th e  X '- a x is  i s  a lo n g  th e  n e u t r a l  w ind v e lo c i ty ,  and th e r e fo r e  th e  

x^_ a x is  becomes p a r a l l e l  t o

- y * s / c •

The p la n e  x,  ̂ i s  c a l le d  th e  t r a n s v e r s e  p la n e .  The p lasm a d i f f u s e s  

more r a p id ly  in  th e  lo n g i tu d in a l  d i r e c t io n  th an  in  th e  t r a n s v e r s e  

d i r e c t io n ,  in  view o f  th e  r e l a t io n s h ip

«  I .

As shewn in  F ig . ( 3 .1 ) ,  th e  2 maxima develop  a lo n g  th e  a x is  a t  an 

a n g le  from th e  a x i s ,  w ith  c h a r a c t e r i s t i c  d is ta n c e s  and 4^ .

F i g s . (3 .2 )  and (3 .3 )  r e p re s e n t  two t r a n s v e r s e  c ro ss  s e c t io n s  a t  

X « o  and * .•  10 , r e s p e c t iv e ly ,  w h ile  F ig . (3.*+) r e p re s e n ts  a  c ro ss
■w

s e c t io n  in  th e  ( y , ^ )  p la n e . At th e  e a r ly  t im e ,  chosen to  be t *  3 0 ,  th e  

developm ent o f  th e  second maximum i s  found in  F ig . (3 .2 )  a t  4 VS 10.3
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Table 3 .1  C h a ra c ter is tic s  o f  th e  D iffu s io n  o f  Plasma and N eutral Clouds

F ig u re  No. K  JC t
1 e

3.2-3.1* 0 .7 5 12 .0 30

3 .5 -3 .6 0 .75 1 2 .0 60

3 .7 -3 .8 0 .75 50 .0 60

3 .9 -3 .1 0 0.75 0 .7 5 60

3 .1 1 -3 .1 2 1 2 .0 12 .0 60

3.13-3.11* 1 2 .0 1 .0 60

/ -< d o f
d eg rees  d d? n e u tr a l

c louds

U .5  1 .5  1 0 .3  15

1*1.5 3 .0  2 0 .6  30

38.1 0 .7 8  21.1* go

9 0 .0  1 9 .2  0 30

9 0 .0  0 .2 1  0 30

130.0  2 .3  1 9 .3  30



and i s  n o t a p p a re n t In  F ig .  (.3.3) w hich i s  a  c ro ss  s e c t io n  a t  a  d is ta n c e

F ig . (3.1*) c l e a r l y  shows th e  developm ent o f  th e  second max 1mm as w e ll  

a s  th e  e lo n g a tio n  o f  th e  p lasm a along  th e  m agnetic  f i e l d .

The l a t e r  developm ent o f  th e  plasm a d i f f u s io n  a t  t  * i s  g iv en

r e s p e c t iv e ly .  These p lo t s  show a more pronounced e f f e c t  o f  s p l i t t i n g  

o f  th e  p lasm a c lo u d  i n t o  two maxima.

I t  i s  t o  he ex p ec ted  t h a t  th e  valueB JCe and K 4, have an e f f e c t  

on th e  d i f f u s io n  o f  th e  p lasm a. W hile th e  d i f f u s io n  w ith  th e  r a t i o

i s  re p re s e n te d  in  F ig s .  (3 .5 )  and (3 .6 )  th e  d i f f u s io n  w ith
TO G

a h ig h e r  r a t i o  o f  f^ /K ^  * “ 5 " i s  g iv en  by F ig s . (3 .7 )  and ( 3 .8 ) .  

A ccording t o  EqB. (h . i h ) and (U .1 5 ) , we have

in d ic a t in g  a more s ig n i f i c a n t  developm ent o f  th e  2nd maximum w ith  a  h ig h

r a t i o  K . l j C '  . This i s  c l e a r lv  Bhown in  Fist. (3 .7 )  w ith  JC ^ /)T

to o  f a r  removed t v  cm th e  c e n te r  f o r  A t o  a p p ea r . On th e  o th e r  handX

in  F ig s .  (3 .5 )  and (3 .6 )  in  th e  p la n e  and X j) p lan e

as compared to  F ig . (3 .5 )  w ith  I t  * S ince  th e  e lo n g a tio n

can be approxim ated  by

g iven  by Eq. (2 .1 0 )  weand w ith  th e  r e l a t io n s h ip  f o r  th e  r a t i o

o b ta in

(5 .1 0)

( 5 .H )
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Thus we s e e  t h a t  th e  e lo n g a tio n  l a  p ro p o rtio n e d  t o  K - XI  ̂ . The l a r g e r  

e lo n g a tio n  i a  shown in  P ig . (3 .8 )  w ith  Â * •3 7 ,5 ' as  compared to

F ig . (3 .6 )  w ith  K i  K e  * 4  •

F ig . (3 -9 ) to  (3 .121 a re  p lo t t e d  f o r  JCj * K e . A ccording t o  Eq.

(U.1 3 ) ,  f o r  t h i s  c o n d it io n  O , and no s e p a ra t io n  o f  maxima o ccu rs . 

S ince  acco rd in g  t o  Eq. ( 5 .1 1 ) ,  th e  e lo n g a tio n  i s  p ro p o rtio n e d  t o  JK  ̂JCq 

ve f in d  a sm a ll e lo n g a tio n  o f  th e  c lo u d  w ith

in  F ig . (3 .1 0 )  and a  l a r g e r  e lo n g a tio n  w ith  JL±* 145 in  F ig , (3 .1 2 ) .

In  th e  above we have d is c u s se d  m ain ly  th e  cases  w ith  JC% \ and 

w hich a re  i l l u s t r a t e d  in  F ig s .  (3 .2 )  t o  (5 .1 2 ) .  The 

fundam ental f e a tu r e  i s  th e  developm ent o f  th e  secondary  maximum a t  0  

in  th e  % ax iB , The o p p o s ite  c irc u n s ta n c e  w ith

JC ; &  I ATe  / / t . «  I

i s  ex p ec ted  t o  y i e l d  a  d i f f e r e n t  c o n f ig u ra t io n .  In  such a  c a s e ,  ve

have from  Eq. (U .13)

<L  ̂ =  ~ U t  (5 .1 2 )
V n - w -  ,

w hich shows t h a t  th e  2nd maximum develops a t  a  n e g a tiv e  d is ta n c e  \  .

A p l o t  to r )C .* \l  K _*l f o r  which d -  -14 ,3  i s  shown in  F ig . ( 3 .1 3 ) .1 t c i

Plasm a in h o m o g en e ities  in  th e  io n o sp h ere  would r a r e ly  p o sse s s  th e  

assumed p r o p e r t ie s  and th e r e f o r e  th e  r e s u l t  o f  F ig s . (3 .1 3 )  and (3.1*0 

a re  no t t o  be found under p r a c t i c a l  c ircu m stan ces  b u t a re  in c lu d e d  fo r  

com pleteness o f  th e  u n d e rs tan d in g  o f  th e  p lasm a d i f f u s io n .

72



Ik e  Im p o rtan t f e a tu r e s  o f  th e  d i f f u s io n  p ro c e ss  can be summarized 

a s  fo llo w s ;

Ci 1 The inhom ogeneity  sp rea d s  in  th e  d i r e c t io n  o f  a  £  - a x is  which 

t i e s  th e  two lo c a te d  a t  1/**°)^ and V(Ĉ * lJfc r e s p e c t iv e ly .

The d is ta n c e  betw een th e  maxima,  ̂ i s  g iv en  by

, __ 'iC . g e l Q C t l - z c ; )  u t

^  "  ( 14- \ K : K t \ ) ^ ( \ * K } ) ( \ * K t '-
u

see  Eg. (U-13) which f o r  red u ces  to

d .  -  ’ u t
1 V T + x

The sp re a d in g  shows m ost d i s t i n c t l y  in  F ig . (3 .5 )  and ( 3 .7 ) .

( i i )  The e lo n g a tio n  o f  th e  inhom ogeneity  i s  g iv en  by th e  

e x p re ss io n  „ .
I * / -  I *  ' C;  K c  t

see  Eq. (5 .1 1 ) .  C om paratively  la rg e  e lo n g a tio n s  o ccu r fo r  plasm as w ith  

h ig h  v a lu e s  o f  JĜ  and , such as shown in  F ig . ( 3 .6 )  and F ig . ( 3 .1 2 ) .

( i l l )  The d i f f u s iv e  sp rea d in g  due t o  th e  a c t io n  o f  an e x te rn a l  

e l e c t r i c  f i e l d  o f s t r e n g th  1 0 i s  th e  same as  t h a t  due t o  th e  a c t io n  

o f  a  w ind w ith  v e lo c i ty  s  — ^  b u t s h i f t e d  by th e

v e c to r  , b ecause  th e  p lasm a m otion i s  r e s t r a in e d  by an e l e c t r i c

f i e l d  and n o t by a  n e u t r a l  w ind.
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6 , APPROXIMATE SOLUTION OF THE NONLINEAR DIFFUSION OP A PLASMA 
HTHOMOGENEnT

One o f  th e  f e a tu r e s  w hich r e s u l t s  from th e  n o n lin e a r  d i f f u s io n  I s  

th e  s te e p e n in g  o f  th e  f r o n t  a id e  o f  an Inhom ogeneity  w hich d i f f u s e s  in  

a  n e u t r a l  w ind. T h is  phenomenon h as  been  observed  in  p lasm a e x p e r i ­

m ents in  th e  io n o sp h e re , e . g . ,  barium  c lo u d  ex p e rim en ts .

To in v e s t ig a te  th e  s te e p e n in g  e f f e c t  ve c o n s id e r  th e  n o n lin e a r  

d i f f u s io n  e q u a tio n  1 1 1 , ( 1 . 1 0 ) i n  x sp a c e .

where th e  o p e ra to r  has  been  d e f in e d  by Eq. ( l . l l ) ,  o r  tra n s fo rm in g

( 6 .1 )

t o  4  ap*ce and d iv id in g  by A  ̂ ■+•

(6 .2 )

) (6 .3 )

\ ( « 0  * '  

Hie l i n e a r  d i f f e r e n t i a l  o p e ra to r  (fe) has been  d e f in e d  by (2 . 2 ) 

and th e  n o n lin e a r  d i f f e r e n t i a l  o p e ra to r  A.' i s  e v a lu a te d  from th e  l i n e a rA
s o lu t io n  such  t h a t



where

4r =  i - v n ,

l a  assumed sm a ll f o r  & vcak  inhom ogeneity  so  t h a t  term s In  th e  second 

o rd e r  o f  a re  n e g l ig ib le .  As th e  n o n lin e a r  d i f f u s io n  e f f e c t s  can 

be seen  m oat e a s i ly  In  th e  t r a n s v e r s e  p la n e ,  in  v ie v  o f  th e  r a t i o

I n  << 21! 2 ^
3 n 3  I

ve may assum e f o r  th e  in v e s t ig a t io n  of th e  n o n lin e a r  e f f e c t  th a t

k -  °
w h ile  r e t a in in g  a  th re e  d im en sio n a l g eo m etric  c o n f ig u ra t io n  in  th e  g ro ss  

e v a lu a t io n  o f  d i f f u s io n .  I t  may a ls o  be  assumed t h a t  th e  s lo p e  o f  th e  

d e n s ity  v a r i e s  s lo w ly  so  t h a t  A a C^o) can be tra n sfo rm e d  in to  i  space 

w ith  homogeneous t r a n s p o r t  c o e f f i c i e n t s ,

A«‘ ( * ) “ * [  + ( W ) , ]

*  <■ [ 4 )  •

When we assume f o r  th e  p lasm a

K  * *  k > . £ >  I
'  t

we can w r i te  acco rd in g  to  1 1 , ( 2 .1 0 )

' S * V  * 7 t * r r  "  “  °
and o b ta in

A ; +  A t  =  C ( 4 1-  -i - fe )  •
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S u b s t i tu t in g  f o r  A '(^ ) A g (^ )  , (6*3) and (6 .10  becamey

n y  .  [  * ' * <  [“‘ i M

( - 0^  fe^-cIT^ £> ^ ] j y  ( * * * )

^  =  K i + o i e X - f e ' - t f e r - f e )

S u b s t i tu t in g  f o r  and from E q. (U.M and s e p a ra t in g  in to  

and Im aginary  p a r t s ,  (6 . 6 ) and (6 . 7 )  becom e,

t f .  J L  t f

- " * * *  /cc ■ V * < M r

^ )  .  TY + £  > .  -  M K 4 < * ) »  *  D
e  / C t  1 i * * ( M ) '  ;  J

A

^  . e i i . * * ) ,  D

+  4  i v ( V * r  *

As *!0 i s  assumed s m a l l .

( 6 . 6 )

( 6 . 7 )

r e a l

( 6 . 8 )

( 6 . 9 )
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and ve can n e g le c t  t h e  4?0> k  t e r n  In  th e  denom inators o f  ( 6 . 8 ) 

(6 . 9 } and second  o rd e r  te rm s In  in  th e  n u m era to r. With 

d e f in e d  by Eq. (2 .1*0 and Eq. (2 .1 5 )  su ch  t h a t

—  -  v

and

(6 . 8 ) and (6 . 9 ) s im p lify  t o ,

p .  [ £ . „ . ? , ]

S u b s t i tu t in g  in to  ( 6 . 2 ) ,  we o b ta in ,

" 3 t ♦ ( * . » * ) »

where

The s o lu t io n  o f  Eq. (6 .1 2 )  i s

n ( A , t )  =  n ( i o )  e.  '

and 

and t>x

(6.10)

(6.11)

( 6 . 12)

(6 .1 3 )

(6.H0
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w h ile  I t  a  in v e r s io n  ta k e s  th e  fo rm ,

 ̂ ^ r /  i *1 _\ * I Ai * ' '
(6 .1 5 )

T h is  e x p re ss io n  shows t h a t  th e  e f f e c t a  o f  n o n l in e a r i ty  a re  t o  m odify th e  

d r i f t  and d i f f u s io n  b y  th e  te rm s F and P , r e s p e c t iv e ly .

F o r th e  sake  o f  s im p l ic i ty  and in  c o n s is te n c y  w ith  th e  l i n e a r  d i f ­

fu s io n  a ssu n p tio n s  o f  S e c tio n  3 , we ta k e  th e  inhom ogeneity  to  be a  p o in t

so u rce  a t  tim e t * o ,  in  which c a se  i s  r e p re s e n te d  by a  S  - fu n c t io n

co rresp o n d in g  in  th r e e  dim ensions t o

w ^ . 0)  = ( z * v 3 ^ o ,
which red u ces  Eq. (.6.15) to

e  ■ t 6 - 1 6 )

The e q u a tio n  i a  b ro u g h t to  th e  same form as th e  l i n e a r  s o lu t io n ,  ex cep t 

f o r  th e  a d d i t io n a l  d r i f t  te rm  F and th e  d i f f u s io n  te rm  P .

I t  i a  t o  be  rem arked t h a t  th e  s e p a ra t io n  o f th e  inhom ogeneity  in to  

s e v e ra l  maxima, as d e r iv e d  in  th e  l i n e a r  d i f f u s io n  o f  S ec tio n  3 ,  i s  

due to  a  v a r ia b le  d r i f t  i s  developed  a t  a  l a t e r  tim e t ,  w h ile

th e  n o n l in e a r i ty  develops a t  an e a r ly  tim e n ea r  th e  fundam ental maximum.

T h e re fo re  in  c o n t r a s t  to  th e  s p h e r ic a l  c o o rd in a te s ,  & <P and k ,  we now 

choose a  new s p h e r ic a l  c o o rd in a te  sy stem , ^  , 4 > end k ,  where {$ i s  th e  

a n g le  betw een k and X-V^t in d  ^  i s  in d ependen t o f  k . This system  la  

s i l l e r ,  and d e s c r ib e s  th e  e a r ly  developm ent w ith  a  s u f f i c i e n t  accu racy .
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Hence ve  w r i te

d.t -  dkA'dfi  *n(J d<|>

and o b ta in

■ t v
i *  w r  r ' n  * r ~  >. ' ' f c - W h  

^  ( l Z F ’J  A<* J

J .  , (6 .1 7 )

■where

6 0  S  W >  ,

f'(«j) < ( t o ' / l - w 1,-  n’\ - i~ <

P H  =  r ^ , ( , v ) ^ u ? - ( ^ A ) ^ ^ ] o .

Follow ing th e  method o f  S e c tio n  3, ve I n te g r a te  w ith  r e s p e c t  t o  k ,  and 

g e t th e  e x p re ss io n

J dkk* -  m d'- T v j -  J,0  4 - ( R ) ,M  l o r  j e

which le a d s  t o ,  ( t
i " /  i L \ *

I ^  r\
t̂U € (| * 2.̂ LJ e  , (6 .1 8 )

where

i ^k  - 1 7 W -  —  . ,
‘ aW dJ  

^  *  A  -  Vx t

V 4 ^ t " r ’ Klo

■*(*,*) = n  ( jf ,-fc) L j(ncvt)^ J .
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In  o rd e r  to  p erfo rm  th e  in t e g r a t io n  in  ( 6 . l 8 ) , ve in tro d u c e  th e  fo llo w ­

in g  s im p l i f i c a t io n s :

( i )  Inasmuch a s  ve a re  i n t e r e s t e d  in  th e  I n i t i a l  developm ent o f

so t h a t  t h e i r  second  pow ers a re  n e g l i g i b l e ,  p e rm it t in g  th e  Berles expansions
-Pfc - k r

o f  £  and &

Ci i )  The i n t e g r a l  in  (6 .1 8 )  co v erin g  th e  l i m i t s  ( - 1 , + l)  o f  

r e q u ir e s  t h a t  th e  in te g ra n d  be an even fu n c t io n .  T his p ro p e r ty  p e rm its  

n e g le c t in g  th e  odd term s in  th e  in te g ra n d .

W ith th e  above s im p l i f i c a t i o n s ,  and a f t e r  same a u x i l i a r y  c a lc u la t io n s  

w hich a re  o m it te d , (6 . 1 8 } red u ces  to

s te e p e n in g  due to  n o n l in e a r i ty ,  i t  can b e  assumed t h a t  and a re  sm a ll

where

1.



and $(■*[) i s  th e  e r r o r  fu n c t io n .  Upon s u b s t i t u t i n g  ( 6 . 2 0 ) ,  ve t r a n s ­

form (6 .191 in to

'VL =■ TLC +• Ot%>  (6 .2 1 )

w ith

nQ = e ,

V  V ^ i ) ,

r t f ’W " 3 f  i t s )  (' - t  - tf* ^>)+ (i-
4>i

The fu n c tio n s  X X , and I .  a r e  p lo t t e d  in  F ig . ( 3 . 1 5 ) .  For 4e 0  / ^ 5 C\ *H
Eq. (6 .2 1 )  re d u ce s  to  th e  G aussian  d e n s i ty  d i s t r i b u t i o n ,

n  ’  " •  ’  K n « > t ) *  e  4 1 > lt  > « - * 3 )

w hich i a  th e  a o lu t io n  o f  th e  l i n e a r  d i f f u s io n  e q u a tio n  w ith  c o n s ta n t 

d r i f t  and d i f f u s io n  c o e f f i c i e n t ,  a  r e s u l t  w hich i s  to  be e x p e c te d .

The v a r i a t io n  o f  th e  fu n c tio n  w ith  Yf i s  p l o t t e d  in  F ig . (3 .1 6 )  fo r

^ o \  ■ k c
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and v a lu e  & o f  %  ra n g in g  from  Q to  1*. The n o n lin e a r  d e n s i ty  p r o f i l e t 

U  from  Eq. (6 .2 1 1  i a  shown in  P ig . ( 3 .IT) f o r  c o n s ta n t | i r j  * c o r re ­

sponding to  an e x p o n e n tia l  mean d e n s ity 1 d i s t r i b u t i o n ,

v 0 =  e

f o r  w hich th e r e  l a  a  s te p  change from p o s i t iv e  t o  n e g a tiv e  ^  a t  ^  = O

and w hich cau ses  a  d is c o n t in u i ty  in  th e  d e n s i ty  p r o f i l e .  The s te e p e n in g

e f f e c t  o f  th e  n o n lin e a r  te rm  can be seen  by  co n p arin g  t i  a t  and .

For e x a n p le , a t  *J = - |  f n * w h i l e  a t  + n *  0 , l t f7  in d ic a t in g  a

r a p id  drop  in  d e n s ity  on th e  f ro n t  s id e  o f  th e  inhom ogenelty . The p lo t

i s  f o r  *■ Z , co rresp o n d in g  t o

U = O .i i i  $e.r» j ^ t c  f t  - loo  sec and t>x = 0.01 f s-ed .

To i l l u s t r a t e  th e  f e a tu r e  o f  s te e p e n in g  more c l e a r ly  ve ta k e  th e  

case  w here th e  mean d e n s ity  i s  c lo se  t o  th e  G aussian  l i n e a r  d e n s ity  

d i s t r i b u t i o n ,  f o r  which th e  s lo p e  v a r ie s  w ith  p o s i t io n  app ro x im ate ly  

as Jso *  • Now changes d i r e c t io n  g ra d u a lly  so t h a t  no d is c o n t in u i ty

o c c u rs . The n o n lin e a r  d e n s ity  p r o f i l e  fo r  t h i s  case  i s  p lo t t e d  in  F ig . 

( 3 . 1 6 ) and shows a  d i s t i n c t  s te e p e n in g  in  t h i s  p o s i t iv e  ^  d i r e c t io n .

Ve now examine a number o f  s p e c ia l  c a s e s ,  which can  be d e r iv e d  

from th e  g e n e ra l  e x p re ss io n  (6 . 2 1 ) .

a . Caae W ith + 0 ,  — O

T his  g iv e s  th e  d e n s i ty  p r o f i l e  in  th e  O  p la n e ,  and th e r e fo r e  

in  th e  y  d i r e c t io n  and red u ces  (6 . 21 ) to

1 / -  k o t I , .  (6.2U )
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Aa seen  from F ig . ( 3 .1 5 ) ,  X ( 1b p o s i t iv e  f o r  a l l  tj? and th e r e fo r e  

adds t o  th e  l i n e a r  d e n a i ty  n e f o r  t j < 0  and s u b tr a c ts  from  v\c f o r  

r] > o  f le a d in g  t o  a  s te e p e n in g  ( r a p id  drop In  d e n s ity )  on th e  v rj 8 ^ e 

f a c in g  In  t h e  jC(- d i r e c t I o n .  n i l s  e f f e c t  i s  shown f o r  an e x p o n e n tia l 

mean d e n s i ty  d i s t r i b u t i o n  In  F ig . (3*19) and f o r  a  G aussian  mean 

d e n s i ty  d i s t r i b u t i o n  In  F ig . ( 3 .2 0 ) .  I t  can be  concluded  th a t  b o th  

th e  g e n e ra l  c a se  o f  ^  an(1 s p e c ia l  case  0  g iv e

s im i la r  f e a tu r e s  o f  n o n lin e a r  B teepen ing .

To I l l u s t r a t e  th e  s te e p e n in g  more c l e a r l y ,  th e  s lo p e  o f  th e  d e n s ity  

p r o f i l e  | ^ |  l o r  a  G aussian  mean d e n s ity  d i s t r i b u t i o n  I s  p lo t t e d  in  

F ig . (3 .2 1 )  fo r -H < 0  "*1^0 • The p lo t  shows t h a t  th e  l a r g e r  s lo p e  

and th e r e f o r e  th e  s te e p e n in g  o ccu rs  a t  r j > 0  f o r  a l l  v a lu e s  o f  V  .

T h is  i s  th e  p r o f i l e  In  th e  X(* 0  p lan e  and th e r e f o r e  i n  th e  -  U * b  

d i r e c t io n  and red u ces  (6 . 2 1 ) t o

The n o n lin e a r  d e n s i ty  p r o f i l e s  f o r  th e  e x p o n e n tia l  and G aussian  mean 

d e n s ity  d i s t r i b u t i o n s  a re  shown in  F ig . (3 .2 2 )  and (3 .2 3 ) . r e s p e c t iv e ly .  

The s te e p e n in g  e f f e c t , w h ile  p r e s e n t , ia  n o t as pronounced as in  th e

b . Caae With k o x + o ,  %  = o

(6 .25)

case  w ith  4?0- ^  ® O  . T his can a ls o  b e  seen  in  th e  p lo t  o f  

I I v e rsu s  shown in  F ig . ( 3 .2 ^ ) .
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c . Case W ith  Ut m Q

F or th is -  c a se  C6 . 2 1 } red u ces  t o

v  =  k „  ^ V i £ t  I i  • ( 6 -26)

A p lo t  o f  th e  n o n lin e a r  d e n s i ty  p r o f i l e  i a  g iv en  in  F ig . (3 .2 5 )  an d , as 

e x p e c te d , shows no s te e p e n in g . However, th e r e  i s  a  d i s t o r t i o n  o f  th e  

l i n e a r  d e n s i ty  p r o f i l e ,  b u t  t h i s  d i s t o r t i o n  i s  sym m etrica l about th e  

o r i g i n .

We can conclude th e  fo llo w in g  from th e  above a n a l y s i s :

( i )  The n o n l in e a r  e f f e c t s  a r i s e  from  th e  H a ll components o f  th e  

t r a n s p o r t  c o e f f i c i e n t s .  The r e t e n t io n  o f  th e  n o n lin e a r  term s r e s u l t s  

in  a  d e n s ity  p r o f i l e  which shows a s te e p e r  d e c re a se  in  d e n s i ty  a t  th e  

f r o n t  s id e  o f  th e  in h cm o g en e ity . The amount o f  s te e p e n in g  in c re a s e s  

withJf^Ufc , i . e . ,  w ith  w ind v e lo c i ty  and w ith  t im e ,  and i s  B e lf -  

a c c e le r a t in g  ( i t  In c re a s e s  w ith  k Q } , and th e r e fo r e  a  h ig h ly  d e s t a b i l i z ­

in g  p ro c e s s .

( i i )  The s te e p e n in g  i s  p r im a r i ly  in  th e  0  d i r e c t io n  w ith  o n ly  

s l i g h t  e f f e c t s  in  t h e - 0 *& d i r e c t io n .

( i i i )  In  th e  absence o f  a  wind th e r e  i s  no s te e p e n in g . However, 

th e r e  i s  a d i s t o r t i o n  o f  th e  l i n e a r  d e n s i ty  p r o f i l e  sy m m etrica l about 

th e  c e n t e r ,  which i s  p ro p o r t io n a l  t o
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7. NUMERICAL SOLUTION OF THE NONLINEAR SYSTEM OF EQUATIONS OF A 
PLASMA INKOMOGENEITY

As th e  a n a ly t i c a l  s o lu t io n  o f  th e  n o n l in e a r  d i f f u s io n  e q u a tio n  

p re se n te d  in  th e  p re v io u s  s e c t io n  i s  b ased  on a  number o f  s im p lify in g  

a ssu m p tio n s , th e  n u m erica l s o lu t io n  o f  th e  e x a c t e q u a tio n  in  th re e  

dim ensions I s  u n d e r ta k e n . In  p r in c ip l e  i t  i s  ex p ec ted  th a t  such a 

s o lu t io n  would show th e  f e a tu r e s  t h a t  a riB e  from  n o n l in e a r i ty ,  such as 

s te e p e n in g , an d , in  a d d i t io n ,  th o se  t h a t  a re  due t o  th e  3 d im en sio n a l 

e f f e c t ,  such as th e  s p l i t t i n g .  However, due t o  th e  long  com putation  

tim e r e q u ire d  th e  c a lc u la t io n s  have n o t been c a r r ie d  t o  a  p o in t  where 

th e  s p l i t t i n g  can be se e n .

To o b ta in  a  n u m erica l s o lu t io n  o f  th e  n o n lin e a r  eq u a tio n s  w ith o u t 

a p p ro x im a tio n s , i t  has been  deemed a d v isa b le  to  program  th e  system  o f  

two second  o rd e r  e q u a tio n s

o b ta in e d  from  Eq. 1 1 ,(3 .2 0 )  and 1 1 ,(3 .2 1 ) ,  r a t h e r  th an  t o  a tte m p t to  

so lv e  a  s in g le  fo u r th  o rd e r  d i f f e r e n t i a l  e q u a t io n ,  such as th e  d i f f u s io n  

e q u a tio n  1 1 1 ,(1 .6 ) .

The c o o rd in a te s  a re  ta k e n  t o  be th e  same as  th o se  employed 

p r e v io u s ly ,  w ith  th e  wind in  th e  x f - d i r e c t i o n  and th e  m agnetic  f i e l d  

in  th e  x ^ - d i r e c t io n .
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For n u m eric a l s o lu t io n  Eq. (7 -1 )  and (7 .2 )  a re  w r i t t e n  as f i n i t e  

d i f f e r e n c e  e q u a t io n s , u s in g  th e  fo rw ard  d i f f e r e n c e  method f o r  a  n o d a l 

p o in t  lo c a te d  a t  X ^ k ^  g, and

1* 1 )  = n  r T  ( ? ; < *  , ^  n

4  D $ & )  + D  5 k 2
t '  A*l &*t a x l  A* i /  " t A * ,

+ Pi-fM M .  $1^Ml _ v \i 
M  ax,  7 Tl a x , J  v' < a * : - \

V . n
i A * i

+  +  ^ z l w d  V*v
* V . r  A J v  v (7 .3 )

and

7i . , [  ( P j . . 4 d .  )  (  V h4>  \
(AX,)

P i U + f r k .

m u

t

<7**0
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where

A *  * node sp ac in g  in  M. d i r e c t io n ,<tL

A  t  ■ tim e i n t e r v a l  #

[ \  Y l  * in c re m e n ta l d e n s ity  in  tim e in t e r v a l  A ' t - 1

D u : =

v ,; =

1
-€-

1
4 0 +' ^ it) }

i  • ^»l€. “

1/̂ C.I

^ « e . *

1/CicJ
4-(i+yc^)

1
V , =

i
H ' + Q )

A>; 
!+ * >  '

II t * e J

l ( H v V )

V  ( *  ‘  ^ > 5 ? + k  * v )  * ( v ^ ) [ &

■i
and and ^  a re  th e  f i r s t  and second d e r iv a t iv e s

w ith  r e s p e c t  t o  m, g iv en  by

* f w * l  j
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where

m * h ,  J , k   ̂

f  « n , $  .

S o lv in g  Eq. (7***) f o r t y  we o b ta in

< t .  =  J . r «  ^ 4 4  + a . i = 0 i t k
A j . t  'f  L  K ^ y  j  t  ( ^ x) )

+ b ^ 4 4 -  1- b. l iH t  + u hiM J -Q  *■ (£>*>f  d (AVf M is ) J s
where

V  «  t T ♦ D-te ,
L w  ( M ty  +  ( 4 ^ ) » J

+ P ^ t y r V ^ n . + i « ]  J i A ^

% * .  W  % f c  (A S f

V * D » « r  M i f c - S . j . ,  f e i  

\ , , t  L  A * , A S  j  -

a. = P t(- +
h

n *\ t o ,)1 s
4, ^ K>l + IVe.

> ”V fe j*Jv ’V 3 fe
a —

t)û  + Pllt 7*"-^4 - j' fe M '  1

I V
(A*,r

1 b.
3

b f D«i + V  
(A*>)‘

*

■/

\  + c.

( A s . )

J-e.
)
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Inasmuch as  an inhom ogeneity  u s u a lly  s t a r t s  as a  sp h ere  v i t h  a  

G aussian  d e n s ity  d i s t r i b u t i o n ,  th e  com putation  has been  s t a r t e d  v i th  

such a  d e n s ity  d i s t r i b u t io n  a t  tim e t  ■ o ,  v i t h  an a r b i t r a r y  peak 

d e n s i ty  o f  100 , and a c o n s ta n t background d e n s ity  o f  0 . 05 . Nev d e n s ity  

d i s t r i b u t io n s  a re  th e n  c a lc u la te d  a t  su cceed in g  tim es  t  +  A t  w here A t  

i s  a sm a ll tim e i n t e r v a l .  E qua tion  (7 .5 )  i s  so lv e d  f i r s t  f o r  th e  

c o r r e c t  ^  a t  a l l  p o in ts  by an i t e r a t i v e  p ro ced u re  u s in g  th e  S e id e l -  

Gauss method w ith  s c a l in g .  In  c a lc u la t in g  , th e  n o n lin e a r  te rm s a re  

formed from  th e  known d e n s ity  d i s t r i b u t i o n  o f  th e  p re v io u s  tim e s te p .

The v a lu e s  o f  a re  th e n  s u b s t i tu t e d  in  Eq. ( 7 . 3 )  and —— c a lc u la te d .
f i t

H ie d e n s ity  a t  tim e t +  & t i s  th e n  o b ta in e d  from  th e  r e l a t io n

n h . . C t .

Hie system  o f  eq u a tio n s  (7 .3 )  and ( 7 . 5 )  has  been  p ro g ra m e d  in  

F o r tra n  IV and com putations s t a r t e d  on an IBM 360/190 d i g i t a l  com puter. 

Hie com putations have been  perfo rm ed  f o r  a  th r e e  d im ensional a r ra y  o f  

1 7 ,k2k sp ace  p o in t s .  For convenience th e  same no n -d im en sio n a l tim e t  

and s c a le  X d e v ise d  f o r  th e  l i n e a r  s o lu t io n  and g iv en  by (5**0 a re  u sed . 

However, th e  d e n s i ty  n i s  n o t tra n sfo rm ed  t o  n on -d im ensional form  as i t  

r e p re s e n ts  an a r b i t r a r y  i n i t i a l  v a lu e .  To m ain ta in  co m p u ta tio n a l 

s t a b i l i t y  a  sm a ll tim e s t e p ,  0 .015 has been  r e q u ire d .  T his has

le d  to  la r g e  amounts o f  co n p u te r tim e f o r  c o o p e ra t iv e ly  sm a ll r e a l  tim e  

p e r io d s .  H ie tim e developm ent o f th e  inhom ogeneity  th e r e f o r e  has been 

c a r r ie d  o u t to  on ly  a  tim e o f  t  ■ 0 .8 .  Hie d e n s ity  p r o f i l e  in  th e  

x ( - d i r e c t i o n  a t  t h i s  tim e  i s  shown in  F ig . ( 3 . 2 6 ) .  I t  c l e a r ly  e x h ib i ts
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th e  s te e p e n in g  f r o n t  In  th e  x ^ - d ir e c t io n  in  agreem ent v i t h  o b se rv a ­

t io n s  o f  Ion  c lo u d  ex p e rim en ts .

As th e  com putation  has n o t been c a r r ie d  o u t f o r  a  lo n g e r  tim e 

p e r io d ,  th e  s p l i t t i n g  o f  th e  Inhom ogeneity  I s  n o t y e t  a p p a re n t.

8 . CONCLUSIONS

Cl) The d i f f u s io n  o f  a  p lasm a inhom ogeneity  i n  a  m agnetic  f i e l d ,  

as d r iv e n  by an e x te r n a l  e l e c t r i c  f i e l d  o r  an a tm o sp h eric  v in d ,  i s  

found t o  be governed  by a  fo u r th  o rd e r  n o n lin e a r  d i f f e r e n t i a l  e q u a tio n  

w ith  v a r ia b le  am blpo lar d r i f t  and v a r ia b le  am bipo lar d i f f u s io n  

c o e f f i c i e n t .

C l l )  The l i n e a r iz e d  s o lu t io n  o f  th e  d i f f u s io n  e q u a tio n  p r e d ic ts  

th e  s e p a ra t io n  o f  th e  inhom ogeneity  v i t h  t im e , and an in c re a s e  in  th e  

sp re a d  o f  th e  inhom ogeneity  which i s  p r o p o r t io n a l  t o  th e  p ro d u c t

( H i )  The d i f f u s iv e  e f f e c t s  o f  an e x te r n a l  e l e c t r i c  f i e l d  o f  

s t r e n g th  £  can be reduced  to  t h a t  o f  a  wind w ith  v e lo c i ty  ^  5

by s h i f te d  by a  v e c to r  -  W B .

( i v )  A n a ly tic a l  and n u m erica l s o lu t io n s  o f  th e  n o n l in e a r  d i f f u s io n  

e q u a tio n  show th a t  th e  n o n l in e a r i ty  le a d s  t o  a  s te e p e n in g  o f  th e  f ro n t  

s id e  o f  th e  inhom ogeneity . T his s te e p e n in g  i s  p ro p o r t io n a l  to  

and th e r e f o r e  d e s ta b i l i z e s  th e  p lasm a i n  th e  co u rse  o f  t im e .
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t v l  In  th e  absence o f  a  w ind o r  e l e c t r i c  f i e l d  th e  d i f f u s io n  may 

s t i l l  h e  n o n l in e a r ,  b u t  th e  c lo u d  rem ains sy m m etrica l.

t v l )  The t h e o r e t i c a l  r e s u l t s  o b ta in e d  g e n e ra l ly  ag re e  v i t h  

o b s e rv a tio n s  d u r in g  t e s t s  w ith  a r t i f i c i a l  p lasm a c lo u d s .
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Chapter IV

Theory o f  S t r i a t l o n s

1. INTRODUCTION

S t r i a t i o n a  a re  a  m an !fea t a t  io n  o f  th e  i n s t a b i l i t y  o f  plasm as and 

have been  observed  in  a u ro ra  and in  barium  r e le a s e s  in  th e  upper 

atm osphere. In  th e  b a r iu n  ex p erim en ts  s t r i a t l o n s  ap p ear about 10 

m inu tes a f t e r  r e l e a s e ,  u s u a lly  a t  th e  edge o f  th e  p lasm a c lo u d  c lo s e s t  

t o  th e  n e u t r a l  c lo u d , becau se  t h a t  edge i s  u n s ta b le  on th e  b a s is  o f  

d r i f t  i n s t a b i l i t y .

T h e o ries  e x p la in in g  th e  appearance o f  s t r i a t l o n s  due t o  p lasm a 

I n s t a b i l i t y ,  have been  r e p o r te d  by s e v e ra l  in v e s t ig a to r s  2° -2 5 ,  who 

shoved th a t  a  p lasm a in  a  m agnetic  f i e l d  i s  u n s ta b le  i f  an e l e c t r i c  f i e l d  

e x i s t s  p e rp e n d ic u la r  t o  th e  m agnetic  f i e l d  and th e  d e n s ity  g ra d ie n t  i s  

in  th e  same d i r e c t io n  as  th e  e l e c t r i c  f i e l d .  Because o f  th e  p re sen ce

o f  c ro sse d  e l e c t r i c  and m agnetic f i e ld s  t h i s  phenomenon has been c a l le d

32th e  E x  B I n s t a b i l i t y  , th e  c ro sse d  f i e l d  i n s t a b i l i t y ,  o r  th e  d e n s ity  

induced  d r i f t  i n s t a b i l i t y .  I t s  b a s ic  mechanism a r i s e s  from th e  unequal 

d r i f t  o f  io n s  and e le c t r o n s  i n  c ro sse d  e l e c t r i c  and m agnetic  f i e l d s .

The d r i f t  i n s t a b i l i t y  mechanism has been su g g e s te d  by H a se g a v a ^  to
Oji

e x p la in  th e  appearance o f  s t r i a t l o n s  in  a u ro ra .  Mare r e c e n t ly  CunnoldJ 

has p o s tu la te d  t h a t  a  s im i la r  ty p e  o f  i n s t a b i l i t y  in  th e  F la y e r s  o f  th e  

io n o sp h ere  can be caused  by a  te m p e ra tu re  g r a d ie n t  as  v e i l  as a  d e n s ity
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g r a d ie n t .  The p r e s e n t  th e o ry  o f  d r i f t  i n s t a b i l i t y  I s  developed  from  a 

new ap p ro ach , u s in g  a f o u r th  o rd e r  d i f f u s io n  e q u a tio n  in c lu d in g  d i s s ip a ­

t i o n s .  T his th e o ry  i s  more g e n e ra l  and s y s te m a tic  th a n  o th e r s .  The 

r e s u l t s  a re  c o l la r e d  w ith  o b s e rv a tio n s  o f  s t r i a t l o n s  in  a r t i f i c i a l l y  

r e le a s e d  plasm a c lo u d s .

2. BASIC EQUATIONS OP PEBTURBATION

C onsider th e  fo u r th  o rd e r  d i f f u s io n  e q u a tio n , d e r iv e d  in  Eq. 1 1 1 ,(1 .6 )  

f o r  a  p lasm a in  a  m agnetic f i e l d  and v i t h  a  n e u t r a l  wind o r  an e x te r n a l  

e l e c t r i c  f i e l d ,  r e w r i t t e n  a s ,

where ( i  e ) r e p re s e n ts  s im i la r  term s o b ta in e d  by in te rc h a n g in g  th e  

s u b s c r ip ts  i  and e .  The n o ta t io n s  u sed  a re

(2.1 )

( 2 . 2 )

( 2 . 3 )

( 2 . 1*)
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K =
/s. n,

Kax 0

-K ih K ‘i 0

o o K*

(2 .5 )

I V  X

K  =  ^X  *
K . . .  . =  - * £ -

>r — ~^ a
a  ~p  *

. V nj a.

(2 . 6 )

( 2 . 7 )

where i s  th e  e le c t r o n  o r  io n  mass* i s  th e  e f f e c t iv e  freq u en cy ,

th e  s u b s c r ip t  a  r e f e r s  to  Ions ( ) i  o r  e le c t r o n s  ( )e , U i s  th e

n e u t r a l  wind v e lo c i ty *  i s  an e x te r n a l  f ie ld *  B i s  th e  m agnetic  f i e l d ,
A

c I s  th e  speed  o f  l i g h t ,  ea  i s  th e  e le c t r o n  o r  io n  charge* efi i s  a  u n i t  

v e c to r  in  th e  d i r e c t io n  o f  th e  m agnetic  f i e l d .  H ie d e n s ity  r̂ > i s  

composed o f  two p a r t s

ne + n (2.8)

in c lu d in g  a  background d e n s ity  t v .  * and a  p e r tu r b a t io n  71/
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S u b s t i tu t io n  o f  ( 2 .8 )  in to  (2 .1 )  y i e l d s ,

.1

v - ( M  • ? )  [  s + ( % :  v *  ~  V i  v W ) ]

+ ^ ( u > , - v ) [ | f * ( V e - v n 0 - V - g e . v ^ ) ]

O  ■ ( 2 . 9 )

3. DISPERSION RELATION

To s tu d y  th e  s t a b i l i t y  o f  th e  p lasm a from Eq. ( 2 . 9 ) ,  we assume
I

th a t  TL i s  o f  th e  form ,

0
n .  -  r)„ e  o . D

in  th e  p la n e  t r a n s v e r s e  t o  th e  m agnetic  f i e l d ,  where u_> i s  th e  o s c i l l a ­

t io n  freq u e n c y , a  complex num ber, and & i s  th e  wave number o f  th e  e x c i t a ­

t i o n ,  a  r e a l  number. I t  i s  now r e q u ire d  t o  f in d  th e  so c a l l e d  d is p e rs io n  

r e l a t i o n ,  which i s  a  r e l a t i o n  betw een CO and A  . The background 

d e n s ity  n o i s  e x p re sse d  as a  fu n c tio n  o f  x and i . , w h ich , f o r  th e  

sake o f  s im p l i c i ty ,  i s  w r i t t e n  as an e x p o n e n tia l  fu n c tio n

fc • (  * -  V t )
n o -  N 0 e ,  < ( 3 . 2 )
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Here i s  th e  am M polar d r i f t  in  tv o  dim ensions g iv en  by I I I , (2 .1 .10,

\ i  ^ x « *  < le - ^  <3 - 3 >t
e.

nL  i s  th e  c o n s ta n t peak d e n s i ty ,  and _ i s  th e  d e n s i ty  g r a d ie n t

_  V vio
~ o  "  U e  *

The approx im ate  e x p o n e n tia l  shape o f  th e  c lo u d  as e x p re sse d  by ( 3 . 2 )  i s

n o t a  poor s im u la tio n  o f  th e  a c tu a l  G aussian  c lo u d  a t  leaB t f o r  a  sm a ll

re g io n . As b e f o re ,  ve assume t h a t  th e  m agnetic  f i e l d  i s  in  th e

X . - d i r e c t i o n  and th e  am bipo lar d r i f t  v e lo c i ty  V . in  th e  X  - d i r e c t i o n .  3  ^ j-  i

S u b s t i tu t io n  o f  ( 3 .1 )  and ( 3 . 2 )  in to  Eq. ( 2 . 9 )  f o r  two d im ensions y ie ld s

V  «<*>)- K .  S ) [ ( ^ + 4 ) y e .

-  (  V  + ^ u )  P d  +  ( e )  -  o  , (3.1.)

where
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and

a x =  V * A )

tL ; . t , : . t : - i ‘ - i  

*  fe« . ) .

As th e  e x i ta t Io n a  in  th e  io n o sp h e re  a re  bound t o  be l a r g e ,  ve can 

assume

and n a g la o t  h lg h a r  powera o f  ^ o ,  o r  L th a n  th e  f i r a t *  W ith t h i a

s im p l i f i c a t io n  th e  freq u en cy  <0 from  (3.U) becomes

■ f  VA ♦ ( M . - ' M . K

, r  KtrKK h y -JPfclL -J  ̂ (3 .5 )
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where

V
( 3 . 6 )

D ig *  ^ i e  Dj.^

S . t‘ +■
(3 .7 )

=
( 3 .8 )

E qua tion  ( 3 . 5 )  I s  th e  d e s ir e d  d is p e r s io n  r e l a t i o n  in  term s o f  th e  

a iib ip o la r  d r i f t  )l^  , th e  H a ll d r i f t  \ / ^  , th e  am bipo lar d i f f u s io n

c o e f f i c i e n t  and th e  H a ll d i f f u s io n  c o e f f i c i e n t  .

By l e t t i n g

CO ~ COc  + i  t  ( 3 . 9 )

we can o b ta in  th e  o s c i l l a t i o n  freq u en cy  tO 0 from th e  r e a l  p a r t  o f  

( 3 . 5 )  and th e  growth r a t e  X ' from  th e  im ag inary  p a r t .  A ccording to  

th e  d e f i n i t i o n  (3 .1 )*  th e  i n s t a b i l i t y  co rresp o n d s to  t>  O 

th e  am plitude  o f th e  o s c i l l a t i o n s  grow w ith  tim e  w h ile  fo r  < -0  any 

o s c i l l a t i o n s  w i l l  damp o u t .

We now I n v e s t ig a te  th e  a n p ll tu d e  and grow th r a t e  f o r  two s p e c ia l  

c a s e s ,  one where th e  p lasm a inhom ogeneity  i s  d r iv e n  by  a  n e u t r a l
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w ind, w ith

0 4 o  , e  - o-  '  ' ~  o

and th e  o th e r  where th e  in h o n o g en e ity  i s  d r iv e n  by an e x te r n a l  e l e c t r i c  

f i e l d ,  w ith

U  =  0  ;  £ a 4 °  .

1*. OSCILLATIONS IN A PLASMA INHOMOGENEITY IN A NEUTRAL WIND

( 0 4  0 ,  E 0 = o )

For t h i s  c a s e ,  from I I I , ( U . 6 )

u
V. =

■x. i *  K « « j

and by  s u b s t i t u t i n g  f o r  t h s  d r i f t  v e l o c i t i e s  V  1 and V  ̂  ( from

I I I , ( U .M  in  ( 3 .6 ) ,  we o b ta in  th e  H a ll d r i f t ,

t / (J  A . /"•
y „ =  ■  ~ i c ~ * . +  u  s .  - « * • «

A ^S-
where X, and a re  th e  u n i t  v e c to r s  in  th e  X ( and

d i r e c t io n ,  r e s p e c t iv e ly .  A s u b s t i t u t i o n  o f  U . l )  in  Eq. ( 3 .5 )  y i e l d s ,

o o  -  -f

U . 2 )
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To s im p l i f y ,  ve ta k e  th e  ca se  where A > , -  f e u  and c o n s id e r  

two d i r e c t io n s  f o r  A. . F i r s t  we l e t

( i )  k = o .(  ̂ t  '

whereupon from (1*.2 ) we o b ta in

u
(».3)

T =  -  —  -  £ d. 
m i  1

(k .k )

E quation  C1*-3) shows t h a t  th e  o s c i l l a t i o n  freq u en cy  *0 0 i s  p ro p o r t io n a l  

t o  4? w h ile  Eq. (U .1*) shows th a t  f o r  i n s t a b i l i t y  we r e q u i r e  t h a t

k , 0

X ,  • *

C ond ition  (4* 51 can on ly  o ccu r on th e  f ro n t  s id e  o f  th e  inhom ogeneity

where Hi <  O  ,0

Next we c o n s id e r  th e  case  where

Cii) i  •  O ; A  J* o  ,I / ** 7

so  t h a t  red u ces  to

* K O H - * M
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and

/ =  - * „ D  - i ? D x  , (1, . T)

w hich shows t h a t  th e  freq u e n c y  a g a in  i s  p r o p o r t io n a l  t o  jfe and t h a t  

th e  i n s t a b i l i t y  can on ly  o cc u r  on th e  f r o n t  s id e  o f  th e  in h cm o g en e lty .

5 . OSCILLATIONS IN A PLASMA INHOMOGENEITY IN AN EXTERNAL 
ELECTRIC FIELD ( 0  =  0 ,

When th e r e  i s  an e x te r n a l  e l e c t r i c  f i e l d  E_ i n  th e  X - d i r e c t i o n■V Q l

th e  inhom ogeneity  d r i f t s  in  th e  - d i r e c t i o n  w ith  an am b ip o la r d r i f t  

d e r iv e d  from  I I I , ( U .2 0 )  a s ,

W _  t o t  A
“ g “  * .  * ( 5 .1 )

A s u b s t i t u t i o n  o f  th e  d r i f t  v e l o c i t i e s  \ / ‘ and \J from  Eq. I I I , ( U , l 6 )f  I

in  (3 .6 )  le a d s  t o  th e  H a ll  d r i f t

S  »■ ' ( 5 .2 )

w hich upon s u b s t i t u t i o n  in  (.3 *5 ) y i e l d s ,

=  i . %

B -  * •  -LJ • ( 5 . 3 )

113



Again ta k in g  and exam ining tv o  s p e c i f i c  d i r e c t io n s  f o r

■ft . to r

( i )  k ^ - O '

we o b ta in

EoC,
<5-i >

r =  -  A X  , (5 .5 )

which shows th a t  th e  o s c i l l a t i o n  freq u en cy  i s  p ro p o r t io n a l  t o  ^  and 

th a t  th e r e  can be no I n s t a b i l i t y  as i s  always n e g a t iv e .

(11) F ar th e  second c a s e ,  ^  O

and (3 .3 )  red u ces  to

H =  M  < X - 2 V ) , <5-6 >

T  -  b  —  -  A X  . (5 .7 )
0 &

The freq u en c y , acco rd in g  t o  ( 5 .6 ) ,  i s  a g a in  p ro p o r t io n a l  to  ^  w h ile  

from ( 5 . 7 ) ,  an i n s t a b i l i t y  c o n d itio n  r e q u ir e s  th a t



a c o n d it io n  t h a t  can o n ly  o ccu r on th «  s id e  o f  th e  in h cn o g en e lty  where

X <  Vx t  .

6 . CRITICAL WAVE HUMBER DIVIDIHG A STABLE AND UNSTABLE OSCILLATION

As an a p p l ic a t io n  o f  th e  th e o ry  o f  o s c i l l a t i o n s  developed  ab o v e , 

th e  d is p e r s io n  r e l a t i o n  (U .7) i s  p lo t t e d  in  F ig . (U .l)  f o r  t y p i c a l  v a lu e s  

o f  an a r t i f i c i a l  p lasm a inhom ogeneity  in  an a tm o sp h eric  wind in  th e  

io n o sp h e re , about 10 m inu tes a f t e r  r e l e a s e :

U = OA Jk»jxct
D j_ =  0,0 01 (6 . 1 )

10 ^ .'rw

Here r  1b th e  ra d iu s  o f  th e  inhom ogeneity  in  th e  t r a n s v e r s e  d i r e c t io n .

The v a lu e  o f  a t  th e  le a d in g  edge o f  th e  inhom ogeneity  where th e

s t r i a t l o n s  s t a r t  can be e s tim a te d  a s ,

b  =  L  .  A -  1
"i A  —

and th e  c r i t i c a l  wave number ^ $ which s e p a ra te s  a  s ta b l e  o s c i l l a t i o n  

from  an u n s ta b le  one 1b o b ta in e d  by s e t t i n g  O  in  which

y i e l d s , .
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F ig . U .l .  D isp e rs io n  R ela tion^  Plasma Inhom ogeneity in  N eu tra l Wind.
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With th e con stan ts  o f  ( 6 .1 )  end ( 6 .2 ) ,

=  4 , 5  k * * C [

and th e  wave le n g th  co rresp o n d in g  t o  th e  c r i t i c a l  wave number th en  

i s ,

J t  = 4 p -  = l >  k m .  .

This d is ta n c e  i s  in  good agreem ent w ith  observed  w id ths o f  s t r i a t l o n s  

in  p lasm a c lo u d s ,  w hich a re  o f  th e  o rd e r  o f  1 km.

7 . CONCLUSIONS

The th e o ry  o f  s t r i a t l o n s  developed  above le a d s  to  th e  fo llo w in g  

r e s u l t s .

t i )  The am p litu d e  o f  th e  o s c i l l a t i o n s  1b p r o p o r t io n a l  t o  th e  

e x i t  a t  io n  wave number , f o r  sm all /k Q .

( i i )  U n stab le  o s c i l l a t i o n s  in  p lasm a in h o m o g en eltles  In  a  n e u t r a l  

wind develop  a t  th e  le a d in g  edge, which i s  th e  s id e  w ith  a n e g a tiv e  

mean d e n s ity  g r a d ie n t .  The m o le cu la r  d i s s ip a t io n  daapens th e  growth 

so  t h a t  a p o s i t iv e  grow th co rresponds to  th e  c o n d it io n

i ' o  >  f e Xo /
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s e e  ( 6 .3 ) .  The problem  o f  I n s t a b i l i t y  caused  by a  v ln d  d r i f t  I s  

s tu d ie d  In  S e c tio n  U.

( i l l )  The i n s t a b i l i t y  o f  a  p lasm a Inhom ogeneity  in  an e x te r n a l  

f i e l d  i s  s tu d ie d  in  S e c tio n  5 . The grcw th  o ccu rs  a t  wave numbers
A

s m a lle r  th an  a  c r i t i c a l  v a lu e  -fe* such th a t

•

As th e  H a ll  d r i f t  V , w hich causes th e  i n s t a b i l i t y  i s  in  th e
n

d i r e c t io n  o f  th e  e l e c t r i c  f i e l d  o n ly  e x i t a t i o n  modes in  t h a t  

( x g -d i r e c t io n )  d i r e c t io n  a re  e f f e c t iv e  in  cau s in g  i n s t a b i l i t i e s .

( iv )  R e s u lts  o b ta in e d  above ag re e  v i t h  a r t i f i c i a l  c lo u d  

e x p e r im e n ts .
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Chapter V

Theory o f  Turbulence G enera ted  by D r i f t  I n s t a b i l i t y  in  a
Plasm a Inhom ogeneity

1 . INTRODUCTION

In  p re v io u s  c h a p te r s ,  th e  l a r g e r  and in te rm e d ia te  s c a le  plasm a 

m o tio n s , c h a ra c te r iz e d  by d i f f u s io n  and s t r i a t i o n s  were an a ly zed .

Now we tu rn  o u r a t t e n t io n  t o  th e  sm all s c a le  f lu c tu a t io n s  in  a  plasm a 

inhom ogeneity , i . e . ,  t o  tu rb u le n c e .

As p o in te d  o u t in  C hapter I ,  th e  e f f e c t s  o f  tu rb u le n c e  have been 

observed  in  a r t i f i c i a l  b a r i m  clo u d  experim en ts where th e  morphology 

o f  th e  c lo u d  d id  n o t fo llo w  c l a s s i c a l  d i f f u s io n  la v s .  In  a d d i t io n ,  

r e c e n t exp erim en ts  in  beam -plasm a i n t e r a c t i o n s ^ ,  tu rb u le n t  h e a t i n g ^ ,  

d i f f u s io n  in  porous m edia and s to c h a s t ic  a c c e le r a t io n  o f p a r t i c l e s  in  

plasm a have shown th e  im portance o f  th e  r o le  o f  tu rb u le n t  p ro c e sse s  in  

d e te rm in in g  th e  t r a n s p o r t  p r o p e r t ie s  and p h y s ic a l  f e a tu re s  o f  p lasm as.

The e f f e c t s  o f  tu rb u le n c e  on plasm as a re  tw o -fo ld :

( i )  In  m ost problem s o f  tu rb u le n t  t r a n s p o r t ,  i t  i s  n e c e ssa ry  to  

e n te r  in to  th e  s tu d y  o f  th e  s t r u c tu r e  o f  tu rb u le n c e ,  e . g . ,  th e  tu rb u le n t  

s p e c t r a l  d i s t r i b u t io n s  o f  p lasm a k in e t i c  en e rg y , p lasm a d e n s i ty ,  and o f  

e l e c t r i c  f i e l d  f lu c tu a t io n s .
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( i l l  The tu rb u le n t  motionB In tro d u c e  new t r a n s p o r t  c o e f f i c i e n t s ,  

c a l l e d  anomalous o r eddy t r a n s p o r t  c o e f f ic ie n t s  and co n seq u en tly  m odify 

th e  d i f f u s io n  o f a  p lasm a inhom ogeneity .

These two to p ic s  a re  cowered In  t h i s  c h a p te r .  A th e o ry  on th e  

s t r u c tu r e  o f  tu rb u le n c e  i s  p re se n te d  f i r s t ,  fo llo w ed  by a  s tu d y  o f th e  

e f f e c t s  o f  tu rb u le n c e  on th e  t r a n s p o r t  p r o p e r t ie s  o f  a  plasm a 

inhom ogeneity .

2 . STRUCTURE OP TURBULENCE

In  t h i s  s e c t io n ,  a  s im ple  th e o ry  on th e  s t r u c tu r e  o f  tu rb u le n c e  i s  

g iv e n , w h ile  e x p e rim en ta l r e s u l t s  a re  p re se n te d  in  th e  fo llo w in g  s e c t io n .  

T urbulence in  a  p lasm a inhom ogeneity  r e s u l t s  from  energy  in p u t d e r iv in g  

from a  mean d e n s ity  g ra d ie n t  and a  non-un ifo rm  e l e c t r i c  f i e l d  w ith in  

th e  p lasm a inhom ogeneity  as w e ll  as from  th e  e f f e c t s  o f  tu rb u le n c e  in  th e  

background atm osphere in  which th e  inhom ogeneity  I s  embedded. This 

a n a ly s is  on ly  t r e a t s  th e  s e l f - g e n e r a t in g  plasm a tu rb u le n c e .

As seen  in  C hapter IV , an lnhomogeneous p lasm a can be u n s ta b le  t o  a  

d r i f t .  T his i n s t a b i l i t y  may le a d  to  tu rb u le n c e . In  view o f  th e  p re sen ce  

o f  th e  n o n - lin e a r  mode c o u p lin g , th e  flow  o f  energy  ac ro ss  a  tu rb u le n t  

spectrum  co v ers  th e  f u l l  sequence o f  p ro d u c tio n , I n e r t i a  and d i s s ip a t io n  

su b ranges in  th e  u n iv e r s a l  p a r t  o f  th e  spectrum .
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T h eo ries  on p lasm a tu rb u le n c e  a re  m o stly  co n fin ed  t o  week tu rb u le n c e '

f o r  th e  sake  o f  th e  s im p l ic i ty  o f  t r e a tm e n t . But th e  tu r b u le n t  m o tio n s , 

as o b se rv ed  In  atm ospheres and l a b o r a t o r i e s , o f te n  b e lo n g  t o  s tro n g  

tu rb u le n c e . The s im p le s t  model i s  th e  i s o t r o p ic  and homogeneous hydro - 

dynamic tu rb u le n c e ,  f o r  which d im en sio n a l methods a re  known t o  p r e d ic t  

c e r t a in  s p e c t r a l  la w s , v e r i f i a b l e  by e x p e r im e n ts , e . g . ,  th e  Kolm ogoroff 

law . Most a n a ly t i c a l  th e o r ie s  have n o t y e t  been  a b le  t o  p r e d ic t  t h i s  

law in  a  s a t i s f a c t o r y  manner.

The more co m p lica ted  problem  o f  plasm a tu rb u le n c e  canno t f r u i t f u l l y  

r e s o r t  t o  th e  above a n a ly t i c a l  m ethods. For t h i s  r e a s o n , T c h e n ^  has 

p roposed  a  re p e a te d  cascade  m ethod. S ince th e  m ath em atica l d e t a i l s  a re  

s t i l l  cumbersome, we s h a l l  p re s e n t  in  th e  p re s e n t  w ork, a  s im p l i f ie d  

m odel. T his o f f e r s  an o p p o r tu n ity  t o  d is c u s s  c e r t a in  fundam ental 

mechanism o f  tu rb u le n t  p ro c e sse s  In  p lasm a, and a t  th e  same to  p ropose 

a  d im en sio n a l th e o ry .

a . Fundam ental E qua tions

As a  m ath em atica l m odel, an inhomogeneous p lasm a can b e  d e sc r ib e d  

by a system  o f  two e q u a tio n s  g overn ing  d e n s i ty  and e l e c t r i c  f i e l d .

Those e q u a tio n s  have been  d e r iv e d  f o r  a  low freq u en cy  p lasm a by 

Eq. 1 1 ,(3 .2 9 )  and 1 1 ,(3 .3 0 )  and can be  w r i t t e n  a s ,

( 2 . 1 )

V  • * X  v \ u  ,
v

(2 . 2 )
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V '  t ( 6 o "  * < * ) * * •  J  ( 2 - 3)

«. = - | ( E . - V c J > )  - t - U x e S j  (2.*)

where IX i s  th e  p lasm a d e n s i ty ,  ^  i s  an e l e c t r i c  f i e l d  p o t e n t i a l ,  O  

i s  th e  n e u t r a l  wind v e l o c i t y ,  E i s  an e x te r n a l  e l e c t r a l  f i e l d ,  & i sP* C

th e  m agnetic  f i e l d  s t r e n g th ,  C i s  th e  speed  o f  l i g h t ,  D  and A
A.

a re  d i f f u s io n  c o e f f i c i e n t s  and i s  a  u n i t  v e c to r  in  th e  d i r e c t io n
D

o f  th e  m agnetic  f i e l d .

For th e  sake o f  s im p l i f i c a t i o n ,  th e  s t r u c tu r e  o f  tu rb u le n c e  w i l l  be 

s tu d ie d  in  th e  p la n e  t r a n s v e r s e  t o  th e  m agnetic  f i e l d ,  and th e r e f o r e  

Eq. (2 .1 )  and (2 .2 )  w i l l  be c o n s id e re d  in  two d im en sio n s. Hie v a r ia b le s  

n  , u. , and tat can be decomposed in to  a  mean v a lu e  deno ted  by a b a r  

and a  f lu c tu a t io n  deno ted  by a  p rim e , such as

' K  -  7X n.' . ( 2 .5 )

T his le a d s  t o

-  - |  (  -  *  '

-  -  £  W ,

v  =  1 l 2 ' 6)

I < A
^  * € e> ,

where E 0 and (J a re  mean en v iro n m en ta l q u a n t i t i e s ,  TX and <p a re
I L (

mean v a lu e s  o f  th e  p lasm a inhom ogeneity  and t i and a re
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f lu c tu a t io n s  r e p r e s e n ta t iv e  o f  th e  p lasm a tu rb u le n c e . S u b s t i tu t in g  in  

th e  e q u a tio n s  f o r  t o t a l  m otion and s u b tr a c t in g  th e  averaged  e q u a tio n  f o r  

mean m otion  we o b ta in  th e  e q u a tio n s  f o r  th e  f lu c tu a t io n s  o f  plasm a 

tu rb u le n c e  as f o l lo w s :

^  r u r <tf-n.' = - v x . ( V n .  W n )  ■+■ D V * .  ,
9 1  ~  '

u  * v n  +  v n ) +  • *2 ,7 *

» '
I t  i s  now n e c e s sa ry  to  f in d  e x p re ss io n  f o r  th e  f lu c tu a t io n s  y i  and <$> 

In  te rm s o f  th e  mean q u a n t i t i e s .  T his i s  accom plished  by  a p p l ic a t io n  

o f  th e  cascade  th e o ry  d e s c r ib e d  below .

b . Cascade Method

To s im p lify  th e  a n a l y s i s , in s te a d  o f  th e  more r ig o ro u s  re p e a te d  

cascade m e th o d ^ ,  th e  l e s s  cumbersome method o f  s in g le  ca scad e -*0 f o r  

s tu d y  o f  th e  s p e c t r a l  s t r u c tu r e  o f  hydrodynam ic and p lasm a tu rb u le n c e  

w i l l  be a p p lie d  t o  th e  dynamic sy stem , Eq. ( 2 .7 )  t o r  p lasm a tu rb u le n c e . 

For t h i s  p u rp o se , each o f  th e  f lu c tu a t in g  q u a n t i t i e s  i s  decomposed in to  

two g ro u p s , one r e p re s e n t in g  th e  la r g e  s c a le  f l u c tu a t i o n s , d eno ted  by th e  

s u p e r s c r ip t  ( °  ) and a n o th e r  group r e p re s e n t in g  th e  sm a ll s c a le  

f lu c tu a t io n s  i d e n t i f i e d  by s u b s c r ip t  ( 1 ) ,  such t h a t

i o CO 
\ L  *  U.  +■ U* . (2 . 8 )
'V  A , ^
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In  acco rd an ce  w ith  th e  m ix in g  le n g th  h y p o th e s is , as  in tro d u c e d  by
lil

B onsslnesq  in  s tu d y in g  tu r b u le n t  n o t io n ,  th e  two groups a re  a s s o c ia te d

w ith  d i f f e r e n t  m ixing  le n g th s ,  which can be in c o rp o ra te d  in to  th e  F o u r ie r
i

com ponents, such  t h a t  f o r  exam ple, f o r  th e  decom position  o f  V  ,  th e  

component w ith  th e  la rg e  s c a le  i s

u i i ' t )  = (  <Lk t ~  'U (£,fc)

and th e  o th e r  p a r t  w ith  f in e  s c a le s  i s

A

o r a l t e r n a t e l y  t h a t  U  tra n sfo rm s  in to  0 ^ (4 ,  "t) and I t  in to

lu > Se s c a le  components a re  a s s o c ia te d  w ith  wave 

number ra n g in g  from  0 t o  k and th e  sm a ll s c a le  components w ith  wave 

numbers ra n g in g  from k to  00  .

As a  q u a s i - s ta t io n a r y  p r o c e s s ,  th e  la r g e  s c a le s  farm  a  m acroscopic 

background , p r e s c r ib in g  th e  i n i t i a l  c o n d it io n s  f o r  th e  m otion  o f  th e  

s m a lle r  s c a le s .  Ih e  s m a lle r  s c a le s  move more random ly i n  th e  framework 

o f  th e  m acroscop ic  background , and as  a  r e s u l t  o f  th e  s t a t i s t i c a l  e f f e c t  

o f  f l u c tu a t i o n s , shape up c e r t a in  t r a n s p o r t  p r o p e r t ie s  in  th e  background 

medium. An ensem ble av erag e  s c re e n s  betw een th e  two e n t i t i e s .

The cascad e  ensem ble a v e ra g e s ,  d eno ted  by <  >  a re  d e term ined  by 

means o f  cascad e  d i s t r i b u t i o n  fu n c tio n s  w hich d e te rm in e  th e  r e l a t io n

12k



betw een th e  cascade  ensem ble av erag e  a p p lic a b le  t o  a  quaai-hom ogeneous 

system  and th e  g lo b a l  ensem ble average  a p p lic a b le  t o  a  homogeneous 

system . The cascade  system  I s  no t a  s e r i e s  o f  p e r tu rb a t io n s  o f  d e c re a s ­

in g  am plitude  as  In  an i t e r a t i o n  p ro c e d u re , b u t i s  a  s e r i e s  o f  p h y s ic a l
o

p ro c e s s e s . Hie ran k  U  r e p re s e n ts  a  f i e l d  v e lo c i ty  in  th e  p o r t io n  o f  

th e  spectrum  betw een wave numbers ze ro  and k and c o n tr ib u te s  t o  th e  

k in e t i c  en erg y . The t r a n s f e r  o f  energy  ac ro ss  th e  spectrum  I s  r e p re ­

s e n te d  by a  h ig h e r  o rd e r  c o r r e l a t i o n ,  c a l l e d  t r a n s f e r  fu n c tio n s  in  

F o u r ie r  s p a c e , w hich in  analogy  w ith  th e  m o lecu la r v i s c o s i ty  in  th e  

th e o r ie s  o f  g a s e s ,  d iv id e  th e  spectrum  In to  a  v o r t i c i t y  p o r t io n  and a 

p o r tio n  o f  s m a lle r  s c a le s  r e p re s e n t in g  eddy v i s c o s i ty .  !Die two p o r tio n s  

i n t e r a c t  in  a  cascade  mechanism. The d iv id in g  wave number k can be 

co n s id e red  an Independen t v a r ia b le  in  an i n t e g r a l  e q u a tio n . I t  i s  th en  

n e c e ssa ry  t o  s a t i r i c a l l y  p o s tu la te  th e  form al s t r u c tu r e  o f  eddy v i s c o s i t y ,  

in  o rd e r  to  reduce  th e  t r a n s f e r  fu n c tio n  which has th e  form o f  a  t r i p l e  

c o r r e l a t io n  e x p l i c i t y  in  term s o f  th e  s p e c t r a l  d i s t r i b u t i o n .  In  t h i s  

s tu d y , th e  s t r u c tu r e  o f  th e  eddy v i s c o s i ty  has been d e r iv e d  on th e  b a s is  

o f  th e  p h y s ic a l  s ig n i f ic a n c e  o f  th e  p a r t i c u l a r  fu n c tio n  and a  d im ensional 

fo rm u la tio n . As a  s o lu t io n ,  power law  s p e c t r a  a re  found f o r  th e  

u n iv e r s a l  range o f  tu rb u le n c e . In  th e  c o n te x t o f  s p e c t r a l  s t r u c t u r e ,  th e  

tu rb u le n t  m otion b e lo n g s t o  a q u a s i - s ta t io n a r y  p ro c e s s ,  in  which th e  

la r g e  s c a le  m otions a re  c o n s id e re d  r e l a t i v e l y  m acro sco p ic , bu lky  and 

i n e r t , w h ile  th e  s m a lle r  s c a le s  a re  more random and s w i f t . Such a

p ic tu r e  has a lre a d y  been  In c o rp o ra te d  in  e a r ly  tre a tm e n ts  by B o u ssln esq ,
1*3

R ich ard so n , R eyno lds, and L o ren tz .
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Upon ap p ly in g  th e  m ethod o f  caacade decom position  and I t s  r u le s  o f  

s c re e n in g ,  th e  dynam ical system  Eq. (2 ,7 )  can tra n sfo rm ed  in to  a  

cascad e  system  f o r  th e  la r g e  s c a le  f lu c tu a t io n s  by  means o f  co n v o lu tio n  

i n t e g r a l s ,

+ f  yf(A-&)n(4)

=  j  ~ d k U i ' - [ v ( i - ( S ) n { Q ) + <1? ( £ - f y

— do
(2 .9 )

r 4 k U ‘- ^ t ^ k " ) n ( ^ )

= p i ;  l 1- < v ' ( e - V )  *'(*)>] -A *V(t)

(2.10)

Hie e q u a tio n  f o r  th e  tim e  developm ent o f  th e  sm a ll s c a le  fu n c tio n  i s

+ f ~ d i ' i f -  u / ( t - i ' ) n ( V )

-OG

f  d i k -  y ( £ - i ' ) n ( V )  (211)
^  ftrt

In  Eq. (2 .9 )  and (2 .1 1 )  th e  second te rm  i s  a  co n v ec tio n  te rm  which can 

be n e g le c te d  f o r  l o c a l l y  homogeneous tu rb u le n c e .
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e. T u rb u len t T ra n sp o rt F u n c tio n s

C
'Hie d e n s ity  t l c and th e  e l e c t r i c  f i e l d  'U a re  governed by th e  

cascade sy stem , Eq. (2 .9 )  t o  (2 .1 1 )  from which th e  e q u a tio n s  f o r  th e  

developm ent o f  th e  s p e c t r a l  d i s t r i b u t io n s  can he d e r iv e d , lh e se  s o - c a l le d  

"eq u a tio n s  o f s p e c t r a l  b a la n ce "  g iv e  th e  d e n s ity  and f i e l d  s p e c t r a l  

d i s t r ib u t io n s

As s e v e ra l  t r a n s p o r t  p ro c e sse s  a re  in v o lv e d  in  th e  dynam ical system

( 2 . 9 )  t o  ( 2 . U ) ,  th e  eq u a tio n s  o f  s p e c t r a l  b a la n c e  w i l l  c o n ta in  o th e r  

s im i la r  c o r r e la t io n s  w hich a re  c a te g o r iz e d  as t r a n s p o r t  f u n c tio n s .  These 

tu rb u le n t  t r a n s p o r t  p ro c e sse s  a re  c o n tro l le d  by eddy m ix in g , and th e r e ­

fo re  w i l l  c a l l  f o r  "eddy d l f f u s l y i t i e s "  o f  d e n s ity  and f i e l d  f lu x e s .

The tim e e v o lu tio n  o f  th e  d e n s ity  spectrum

and

(2 .12)

i s  o b ta in e d  by m u ltip ly in g  Eq

n e g le c t in g  th e  co n v ec tio n  te rm  t h i s  le a d s  to
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^  < n  ( * )  =  - J  d t V h  <s u > ° ( £ -  k ) n ( -  4)> r L l & ) >
-o »

—eo

-  D  ^4 <  n  ( ' ^ ) >  + ( ^ : _* ' /̂ >) • (2 .1 3 )

The n o ta t io n  /& - r  -A  r e p re s e n ts  th e  complex c o n ju g a te  p a r t , o b ta in e d  by
vv

re p la c in g  k  by -  k  .

I n te g r a t in g  o v er a l l  wave numbers c o n tr ib u t in g  to  rank  ( 0 ) ,  I . e . ,  

c o v e rin g  th e  sp ec tru m  in  th e  range o f  wave numbers 0 t o  k we o b ta in

< * •» >

w here G(k) i s  th e  d e n s i ty  spec trum  d e f in e d  by

0  ( 4 )  =  X C< n "( ~1 ^  ( '  $ )  >

O
and ^  i s  th e  ensem ble le n g th  s e p a ra t in g  th e  z e ro  o rd e r  and f i r s t  o rd e r  

ra n k , and SQ0 , TQ°  and Dq°  a r e  c a l le d  p ro d u c tio n , t r a n s f e r  and d i s s ip a t io n  

f u n c t io n s ,  r e s p e c t iv e ly ,  and a re  d e f in e d  as  fo llo w s :

, (2 .1 5 )
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/ ( 2 - 1 6 )

j£ = » [ %  i t ’) ( < ^ W V L X ' ^ >  ■ ( 2 . i t )
Jo

I t  i s  u n d e rs to o d  th a t  each  o f  th e  above e x p re s s io n s  has a  complex 

c o n ju g a te  which a f t e r  i n t e g r a t io n  has th e  same v a lu e .

M u ltip ly in g  Eq. 12.10) by  n ( ' ^ J ,  n e g le c t in g  th e  co n v e c tio n  te rm  and 

a v e ra g in g , an e q u a tio n  f o r  th e  f i e l d  energy  anal&gous t o  Eq. (2 .lU ) i s  

o b ta in e d :

& c  o

^  ^  ~  ^ 4 > ^  t ( 2 . 1 8 )

o __ o •
w here , "T^ , and a re  p ro d u c tio n , t r a n s f e r  and d i s s ip a t io n

fu n c tio n s  r e s p e c t iv e ly ,  g o v ern in g  th e  f i e l d  spectrum . They a re  d e f in e d  as 

f o l lo w s :

S ^ - J J  o t t M U l i ’X  t (2 .1 9 )

j j k ^  ^  / (2 .20)

V  *  ( k ^  6 ^ * 7 4 ) * ^ )
J o

>  . (2.21)
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a . F u n c tio n s  f o r  P e n a lty  Spectrum

A spectrum  can be d iv id e d  in t o  a  n o n -u n iv e rs a l  r a n g e , which depends on 

p a r t i c u l a r  boundary c o n d it io n s  o r  g e n e ra t in g  a g en ts  and a  u n iv e r s a l  

range governed  e x c lu s iv e ly  by th e  t r a n s p o r t  f u n c t io n s ,  Eq. (3 .1 5 )  to  

(2 .1 7 )  and ( 2 . 1 9 ) to  ( 2 . 2 1 ) a t  la r g e  wave num bers.

The p ro d u c tio n  f u n c t io n ,  Sn° ,  g iv en  by Eq. (2 .1 5 )  g overn ing  th e  

i n t e n s i f i c a t i o n  o f  th e  tu r b u le n t  d e n s ity  f lu c tu a t io n s  i s  c o n t r o l le d  by 

th e  s t r e n g th  o f  th e  l o c a l  mean d e n s ity  g r a d ie n t ,  V771 . The la r g e  s c a le  

d e n s ity  f lu c tu a t i o n ,  71° , in  th e  cascade ensem ble average o f  Eq. (2 .1 5 )

can a l s o  be e x p re sse d  i n  term s o f  th e  mean d e n s ity  g r a d ie n t  by a  

r e la x a t io n  freq u en cy  60  such t h a t

i f  S  <  — > • v n .( 60
( 2 . 2 2 )

and t h a t  S °  o f  Eq. (2 .1 5 )  can be  w r i t t e n  asn

(2 .2 3 )

where

and

i s  c a l l e d  th e  eddy v i s c o s i t y ,  as i t  i s  a  m easure o f  th e  tu rb u le n t  

f lu c tu a t io n s .  i s  i s o t r o p ic  snd  has th e  d im ensions £ / t  o r  e n e rg y / 

r e la x a t io n  freq u en cy .
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Hie t r a n s f e r  fu n c tio n  TQ°  g iv e n  by Eq. (2 .1 6 )  r e p re s e n t  th e  t r a n s f e r  

o f  energy  from  th e  l a r g e r  to  th e  s n s l l e r  s c a le  f lu c tu a t io n s .  As su c h ,

I t  I s  th e  p ro d u c t o f  two tu rb u le n t  t e r n s .  T his can be seen  from  Gq. (2 .1 6 )
i

where we re p la c e  th e  vi component o f  th e  cascade ensem ble average  by 

an e x p re ss io n  analogous to  Eq. (2 .2 2 )  so  th a t  

JO ^  IS' o
*1 -  <  — > ■ V n  .

T h ere fo re  Tn°  can be approxim ated  by

V - n ’T ,
wllere

J 0 =  <  ( v n . ) ^

=  i f  d k ' h '  6  ( & ' )  t2.2U)
J  O

and

' 1 /ii
( 0  UR-MD10 b 

V  * O  — w Z  .
1 to

Analogous t o  th e  d e n s i ty  spectrum  a  s p e c t r a l  d i s t r i b u t i o n  F ( k ) , f o r  th e  

f i e l d  en erg y  can be d e f in e d  a s ,

i  < ( w * r >  = [ h i n t )

J o
(2 .2 5 )

J o
As a r e s u l t ,
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The d i s s ip a t io n  fu n c tio n  g iv en  by Eq.. (2 .1 7 )  re p re s e n ts  th e  d i s s ip a t io n  

o f  th e  tu rb u le n t  energy  In  th e  sm all s c a le  e d d ie s ,  i . e . , a t  th e  h ig h  wave 

num bers. As su c h , i t  c o n s is ts  o f  a  m o lecu la r d i f f u s io n  c o e f f i c i e n t  D and a 

tu rb u le n t  g ra d ie n t  re p re s e n te d  by J ° ,  such t h a t :

e .  F u n c tio n s  f o r  F ie ld  Spectrum

In  a  manner s im i la r  to  th e  e x p re ss io n s  d e r iv e d  f o r  th e  d e n s ity  s p e c t r a l  

f u n c t io n s ,  th e r e  i s  a  co rresp o n d in g  s e t  o f  fu n c tio n s  f o r  th e  f i e l d  

sp ec tru m , d e f in e d  by Eq. (2 .1 9 )  to  ( 2 .2 1 ) ,  in v o lv in g  th e  v e lo c i ty  

in s te a d  o f  W" . The p ro d u c tio n  fu n c tio n  (2 .1 9 )  now ta k e s  th e  form :

I) C

-  D J
o

(2 . 26)

(2 .2 7 )

where

c
Inasmuch aa /u y  = ^ i s  a n is o t r o p ic  and

( 2 . 28)

where

r
and
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0 '
Here i t  i s  c a l l e d  th e  eddy d la p e ra lo n  and has th e  d im ension >C and

as such I s  in d ependen t o f  7 . We can now w r i te

a o__ ~
s *  = v  t ;  j

and s im i la r ly

« tO —  «
— 2 * Xt. 3u. j

j > ; »  a t  •

As

0) -

and

<  -  S *  C*°— )  -  J ° ,

we can s u b s t i t u t e  i n  Eq. ( 2 .1 1*) and (2 .1 8 )  t o  o b ta in :  

(0 -  (0 o «,
1j J  + 7  T  -*-DJ -  ' b T  ; 

r  ( i> 0 ) f  +  2>° J ° ) + A t °  -  a t  .

(2 .2 9 )

(2 .3 0 )

As th e  p lasm a c o n s is t s  o f  io n s  and e l e c t r o n s ,  two d i f f u a i v i t i e s  D and 

X  d e te rm in e  th e  d i s s ip a t io n s  and The p lasm a i s  r e p re ­

s e n te d  by a  mean d e n s ity  g ra d ie n t  J  and th e  g ra d ie n t  o f  th e  mean

-n  0 )e l e c t r i c  f i e l d ,  1,^ . lh e  eddy v i s c o s i ty  7J c o n tro ls  th e

tr a n s fe r  o f  d en sity  from sm all to  la r g e  wave numbers across the
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(0
spectrum  in  a  homogeneous f i e l d ,  w h ile  th e  eddy d is p e r s io n  1? c o n tro ls  

a  s im i la r  t r a n s f e r  In  th e  g r a d ie n t  o f  th e  f i e l d .

f .  Power Laws f o r  I n e r t i a l  Subrange

The power laws f o r  th e  s p e c t r a l  d i s t r i b u t io n s  F and G a re  o b ta in e d  

by means o f  d im ensional a n a ly s is  and p h y s ic a l  argum ents. Each subrange 

o f  th e  u n iv e r s a l  spectrum  r e p re s e n ts  a  d i f f e r e n t  p h y s ic a l  p ro c e ss  and 

th e r e fo r e  may le a d  to  d i f f e r e n t  r e la t io n s h ip s  o r  power la v s  f o r  th e  

s p e c t r a l  d i s t r i b u t i o n s .

The i n e r t i a l  subrange i s  th e  s im p le s t  as i t  i s  governed by th e  

t r a n s f e r  fu n c tio n  a lo n e . A ll  o th e r  subranges r e q u ir e  th e  flow  from  one 

p ro c e ss  t o  a n o th e r  a lo n g  each  spectrum  o r  betw een th e  two s p e c t r a .  The 

i n e r t i a l  subrange i s  c h a r a c te r is e d  by th e  mode c o u p lin g  a lo n e  w ith  a  con­

s t a n t  t r a n s f e r  a c ro ss  each spec trum . N e g lec tin g  th e  p ro d u c tio n  and 

d i s s ip a t io n  f u n c t io n s ,  th e  e q u a tio n s  o f  s p e c t r a l  b a la n c e , Eq. (2 .2 9 )  

and (2 .3 0 )  d eg en e ra te  t o

vp 1 °  = t > T ,  (2-31)

( I ) a
V  X  ~  A T  . ( 2 . 32 )

By e l im in a tin g  J °  we o b ta in  

V 0 - r , b

p  '  T v  T  ■ ( 2 - 3 3 )

0)
On th e  l e f t  hand s id e  o n ly  i s  n e i th e r  a  fu n c tio n  o f  F o r  0 and

^  ^  i s  a  fu n c tio n  o f  F ; th e r e f o r e  F i s  dependent on k  w ith  A
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as a p a ra m e te r. W ith t h i s  p a ram e te r i t  fo llo w s  from  d im en sio n a l 

c o n s id e ra t io n s  t h a t

F  - (2 ,3*0

where c^ i s  a  d im en sio n le ss  c o n s ta n t .

The d im ensions o f  F , and k a re  ( *jt and

\jC » r e s p e c t iv e ly .  T h e re fo re , from  Eq. (2 .3*0 ^

^  = (t )VV

which le a d s  to

71 x 2  ( m  -  3  

and th e r e fo r e
T  tv \  „ - 3

(2 .3 5 )

To d e r iv e  th e  s p e c t r a l  law f o r  th e  d e n s i ty  spec trum  G we exam ine th e

s p e c t r a l  b a la n c e s  Eq. ( 2 .3 l )  and ( 2 .3 2 ) .  E qua tion  (2 .3 1 )  c o n ta in s  th e
CO

p aram e te r Yj , a  fu n c tio n  o f  F , and can th e r e fo r e  no t b e  used  t o  d e r iv e  

G. On th e  o th e r  h an d , Eq. (2 .3 2 )  i s  a  more d i r e c t  form  a p p ro p r ia te  f o r  

th e  d im en sio n a l a n a ly s is  as  i t  p u ts  th e  p a ram e te r  i n t o  e v id e n c e .

T his p a ram e te r  i s  a  c o n s ta n t w h ile  o f  th e  rem ain ing  p a ram e te rs  o f  Eq.

/ \ ^  o( 2 .3 2 ) ,  I s n o t a  f u n c t io n  o f  G, w h ile  J  i s  a  fu n c tio n  o f  G, as

shown by Eq. ( 2 .2 k ) .  For th e  pu rpose  o f  d im en sio n a l a n a ly s is  o f  th e
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s p e c t r a l  law  v e  p u t

where c^ i s  a  d im en slo n le ss  c o n s ta n t.

(2 .3 6 )

The dim ensions o f  G, and k a re  7̂  ̂ rv and ^  ^

r e s p e c t iv e ly .  T h e re fo re , from Eq. (2 .3 6 )
rv  s y*-

n £  -  ( V ) ^  ,

which le a d s  to

n  -  I 7 n  -  I}

and th e r e fo r e

A T
C2 ( -(— - )  A '  • (2 .3 7 )

IV

g . Power Laws f o r  th e  P ro d u c tio n  Subrange

In  th e  p ro d u c tio n  subrange m o lecu la r d i s s ip a t io n s  a re  n o t e f f e c t i v e ,  

so  t h a t  th e  te rm s 0 7  and A 3  can be e lim in a te d  from Eq. (2 .2 9 ) 

and (2.30). In  t h i s  ran g e  J ^  T° so  t h a t  th e  s p e c t r a l  b a la n c e

e q u a tio n s  can be red u ced  to

=  D T ,-  t \  t  (2 .3 8 )

r v “ t  = a t  . (2-3s»
I t
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As ab o v e , by d iv id in g  one e q u a tio n  by th e  o th e r  ve  o b ta in  th e  same ex p re s ­

s io n  as Eq. (2 .3 3 )  and by th e  sane d im en sio n a l argum ents o b ta in  th e  same 

7  spectrum  as above

F - e , ( ^ ) V 3 . ( 2 . t o )

To o b ta in  G ve d i f f e r e n t i a t e  Eq. (2 .3 9 )  v h ich  c o n ta in s  on ly  p a ram e te rs  

th a t  a re  fu n c tio n s  o f  G and k v i t h  r e s p e c t  to  k and o b ta in

T  T -  n
1 d &  ~ ( 2 . 1*1 )

and n o te  t h a t  th e  o n ly  c o n s ta n t in  t h i s  e q u a tio n  i t  T , le a d in g  t o

4  = c 3 £ x )  k ~  .

"a / i

j i  -  ( J / r ) n i *

The dim ensions o f  J  a r e  7i y > e v  so  th a t

v h ic h  le a d s  t o ,

T t - i  t ?n -  3, 

and th e r e f o r e

<3 =  C s  J  & ' *  . (2.1.2)

h .  Power Laws f o r  th e  D is s ip a t io n  Subrange

In  th e  d i s s ip a t io n  subrange th e  n o n lin e a r  mode t r a n s f e r s  a re  d i s ­

s ip a te d  by m o lecu la r d i f f u s io n .  In  t h i s  r e g io n ,  th e  p ro d u c tio n  fu n c tio n
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can be n e g le c te d  so  t h a t  th e  system  o f  e q u a t io n s ,  Eq. (2 .2 9 )  and (2 .3 0 )  

reduces t o

J ®  ( 7^  +  & )  «  D  1 , f2- ^ )

( v y ^ 7 i )  -  X T (2.W0

D iv id in g  th e  two eq u a tio n s  g iv e s

_ D  ( 2 . „ 5)

P 1' ^  A  -

The d i s s ip a t io n  re g io n  i s  c h a ra c te r iz e d  by la rg e  wave numbers t o  J u s t i f y  

th e  assum ption

J °  =  T  12 M )

and

( A )  =  / \  * ( 2 . 1*7 )

S u b s t i tu t io n  o f  (2.U 7) in  (2.1*5) le a d s  to

_ r , x >

y  l '> X  ‘

T his  e x p re ss io n  i s  th e  same as  Eq. (2 .3 3 )  and th e r e fo r e  F i s  th e  s



To o b ta in  G, in  T i e r  o f  th e  flo w  o f  th e  energy  from  th e  i n e r t i a  

subrange in t o  th e  d i s s ip a t io n  su b ran g e , we w r i te  ( 2 .H )  in  i t s  d i f f e r ­

e n t i a l  form :

j  tO
J V - p .  0 ) , C t-, „

j r  f t *  ♦  *  V i = ° -  ( 2 - k9)

S u b s t i tu t in g  Eq. ( 2 .h6) and (.2.U7) in  Eq. (2.1+9) y ie ld s

+ rr Av<1) - nI T  A J ' " T k  ~ ° ■ <2-5°>
From t h i s  e x p re ss io n  I t  i s  seen  th a t  th e  go v ern in g  p a ram e te r i s

a

w ith  d im ensions n2 /£ ^ . The d e n s ity  spectrum  th e r e f o r e  i s  t

<s

which has th e  dim ensions

i c - e .  =■

This le a d s  to

m - 1 5 -

and th e r e f o r e

< 3 - ^ ^ (2 .5 1 )
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1 . C r i t i c a l  Wacre Numbers

A c r i t i c a l  wave number s e p a ra t in g  th e  p ro d u c tio n  and I n e r t i a  subranges 

i s  g iv en  by th e  r a t i o

( - )  * |
'J '*.4,

w ith  J °  d e term ined  by th e  i n e r t i a l  sp ec tru m  (2 .3 2 ) .  T his le a d s  to

_ <

<2-52>

The c r i t i c a l  ware number s e p a ra t in g  th e  I n e r t i a  and d i s s ip a t io n  subranges 

i s  o b ta in e d  from  an e q u il ib r iu m  c o n d it io n  b e tv een  th e  t r a n s f e r  and d i s ­

s ip a t io n  f u n c t io n s ,

( / ')  -T>.
M

I b is  le a d s  to  t

‘ (2 .5 3 )

3. EXPERIMENTAL SPECTRA

Plasm a d r i f t  tu rb u le n c e  i s  o b serv ed  in  th e  io n o sp h ere  as  v e i l  as in  

p lasm a la b o ra to ry  e x p e rim e n ts . In  th e  la b o r a to r y ^ f ie ld  s p e c tra .h a v e  

been  m easured by n **"11 o f  Langmuir p robes and d e n s ity  s p e c t r a  by means
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o f  microwave s c a t t e r i n g .  An example o f  a  f i e l d  spec trum  o b serv ed  In  

Z eta  experim en ts  I s  shown In  F ig . ( 5 .1 ) ,  w h ile  a  d e n s ity  spectrum  

o b ta in e d  In  th e s e  ex p erim en ts^1 i s  shown In  F ig . ( 5 .2 ) .  A d e n s ity  sp ec­

trum  o f  em iss io n s  from a beam plasm a i n t e r a c t i o n ^  i s  g iv en  in  F ig .

( 5 .3 ) .  Hie k“ ^ low f o r  th e  f i e l d  spec trum  and th e  k- 1 , k- ^ law s d e r iv e d  

f o r  th e  d e n s i ty  spectrum  as p r e d ic te d  by Eq. ( 2 . 35) ,  (2 .3 7 )  and (2 .5 1 ) 

can be seen  in  th e s e  f ig u r e s .  A lthough th e  a b s c is s a  a re  p lo t t e d  in  

f r e q u e n c ie s , th e  s p e c t r a  a re  in  wave num bers, as th e  p lasm as a re  moving 

in h o m o g en e ities  w ith  c o n s ta n t d r i f t .

1*. EFFECTS OF TURBULENCE ON TRANSPORT PROPERTIES AND DIFFUSION

a . G enera l C o n s id e ra tio n s

As p o in te d  o u t in  S e c tio n  1 , 2 ,  th e r e  e x i s t s  a  d isc rep an cy  o f  s e v e ra l  

o rd e rs  o f  m agnitude betw een th e  m easured r a te s  o f  d i f f u s io n  in  th e  

io n o sp h e re , and v a lu e s  p r e d ic te d  by e x i s t i n g  t h e o r i e s .  Hence a new 

t r a n s p o r t  th e o ry  i s  n eed ed , b aaed  upon a  new m echanism , which in c lu d e s  

th e  e f f e c t s  o f  s to c h a s t ic  f lu c tu a t io n s  o r  m ic ro -p e r tu rb a t io n s ,  i . e .  

m ic ro tu rb u len ce  waves and i n s t a b i l i t y  in  a d d i t io n  to  m o lecu la r c o l l i s i o n s .  

In  d i f f u s io n  phenomena a t  a l t i t u d e s  below 50 km, th e  c o l l i e io n a l  mechan­

ism i s  dom inan t, so  t h a t  th e  tu rb u le n t  e f f e c t s  need  n o t be c o n s id e re d .

On th e  o th e r  hand a t  a l t i t u d e s  above 100 km th e  tu r b u le n t  e f f e c t s  become 

im p o r ta n t. Evidence o f  th e  e x is te n c e  o f  th e  c o l l i s i o n l e s s  mechanism i s  

a ls o  seen  from t e s t s  conducted  by NASA a t  h ig h  a l t i t u d e s  (n e a r  12 e a r th
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r a d i i  1, w here barium  h a s  been r e le a s e d  from  s a t e l l i t e s  in  re g io n s  where 

th e  m o lecu la r c o l l i s i o n s  a re  a b s e n t .  The t e s t s  show t h a t  th e  c lo u d  s t i l l

d i f f u s e s .  T his d i f f u s io n  o f  c o l l i s i o n l e s s  n a tu re  i s  a ls o  found in
20 23

la b o ra to ry  ex p erim en ts . *

To o b ta in  v a l id  r e s u l t s  f o r  p lasm a in  th e  io n o sp h e r ic  re g io n  {100 to  

250 km) th e  t r a n s p o r t  c o e f f i c i e n t s  m ust be re fo rm u la te d  to  In c lu d e  b o th  

c o l l i s i o n a l  and tu rb u le n t  d i f f u s io n  mechanisms. This te n d s  to  in c re a s e  

th e  d i f f u s io n  in  th e  p e rp e n d ic u la r  d i r e c t io n  and d ec re a se  th e  grow th in  

th e  lo n g i tu d in a l  d i r e c t io n ,  in  agreem ent w ith  ex p e rim e n ta l o b s e rv a tio n s .

The t r a n s p o r t  c o e f f ic ie n t s  a re  d e r iv e d  from  th e  fundam ental e q u a tio n s  

g iv en  in  C hapter I I  f o r  th e  m otion o f  a  p lasm a intaom ogeneity , i . e . ,  th e  

c o n t in u i ty  and momentum e q u a tio n s  ( I I  ,1 .1 )  and (1 1 ,1 .2 )  v h ic h  when 

w r i t t e n  w ith o u t th e  s u b s c r ip t  a ,  d en o tin g  io n s  and e le c t r o n s  a r e ,

O (l* .l)

and

2
-t- M H Z ' V (U.2)

1**5



Here m i s  th e  m ass, y  th e  v e l o c i t y , T th e  te m p e ra tu re , e th e  e l e c t r i c  

c h a rg e , ^ t h e  k in em a tic  v i s c o s i t y , 7^ th e  c o l l i s i o n  frequency  w ith  th e  

n e u t r a l s , E th e  e l e c t r i c  f i e l d ,  g th e  a c c e le r a t io n  o f  g r a v i ty  and k i s  

B oltzm ann 's  c o n s ta n t.  Follow ing th e  p r a c t i c e  o f  tre a tm e n ts  in  th e o r ie s  

o f  tu r b u le n t  m o tio n , th e  t o t a l  m o tion , as governed  by Eq. (U .l)  and ( k .2 ) t 

i s  decomposed in to  a  mean, o r  background p a r t ,  deno ted  by a  b a r ,  and a 

f lu c tu a t io n ,  denoted  by a  prim e as fo llo w s ,

i r  -
•*v

V + u*
r *

n. = 'Yt •*- Y \l

T  = f + T 1

£  = E e '

The e f f e c t s  o f  th e  f lu c tu a t io n  n ' a r i s in g  from  th e  term s

+  i  1 n r , i ; n  (  V - f e O

and

m n  V  Tf

a re  n e g l ig ib le .  T h e re fo re , w ith o u t much e r r o r  n can be r e p la c e d  by n 

in  th e s e  term s and Eq. ( ^ .2 )  reduced  t o
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m  n, ~  = -  J2 V* T tx +■ >n r\

+  7 l e  ( E  + y x  b / c ) - m ^ 2^ ( V - y )

z.
4- m n  ^  \7  y  . (4.U)

H iis  app rox im ation  i s  c u s to m a rily  known as th e  B oussinesq  approxlm at 1 on 

fo r  g r a v i ty  waves w here th e  f lu c tu a t io n  o f  d e n s ity  r e s id e s  on ly  w ith  th e  

g r a v i ty  and p re s s u re  te rm s . W ith t h i s  app rox im ation  th e  dynam ical 

e q u a tio n s  f o r  mean m otion and th e  f lu c tu a t io n s  can he d e r iv e d .

b . Dynamic E q u a tio n s  f o r  th e  Mean M otion

By ta k in g  th e  av erag e  o f  Eq. ( I t . l )  and (U .M  th e  e q u a tio n s  o f

momentum and c o n t in u i ty  f o r  th e  mean m otion a re  o b ta in e d :

  ______

-  + y. n v  = -  v7. n V  cu.5,
and

L - y)+ v v t  -(y.v)v
1

— T n '  V t  +  t V n '  1  
41 r  L -* ( t .6)
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Here

=  ( 0, 0, 0  

D _  £ t

S u b tra c tin g  Eq. 0**6) from Eq. (U.U) r e s u l t s  In  th e  momentum e q u a tio n  f o r  

th e  f lu c tu a t io n s ,  w r i t t e n  in  a  s im p l i f ie d  form by k eep ing  th e  fo rc in g  

term s o n ly :

-  L  - ( * ■ ■ * ) £  , t» .e )

m  v ~ H *  7  n  7 i  f  I  ■

11.8



The c o n t in u i ty  e q u a tio n  f o r  th e  d e n s i ty  f lu c tu a t io n  n 1 can he  o b ta in e d  

by s u b tr a c t in g  Eq. (U .5) from  Eq. ( U . l ) ,  and ta k e s  th e  s im p l i f ie d  form ,

I t  can be seen  t h a t  th e  mean v a r ia b le s  n and v  a re  governed  by  Eq. (U.5)  

and (U.6) and t h a t  th e s e  e x p re ss io n s  c o n ta in  th e  s t a t i s t i c a l  e f f e c t s  o f  

f lu c tu a t io n s  aB d e term ined  by Eq. (U.8)  to  (U.10) .

c . Eddy T ra n sp o rt Phenomena

The c o r r e la t io n s  in  Eq. (U.5)  and (U.6)  a re  th e  s t a t i s t i c a l  e f f e c t s  

o f  th e  f lu c tu a t io n s  on th e  mean m otions and r e p re s e n t  eddy t r a n s p o r t s .  

They w i l l  be  accoun ted  f o r  by r e t a i n in g ,  as an ap p ro x im a tio n , th e  fo rc in g  

term s o n ly , such as y  ^  , V T  , V'tL  , and e g . The s to c h a s t i c  term s

o f  Eq. (U.5)  and (U.6)  th e n  become th e  fa l lo w in g :

P  
3 > t

(U.9)

S im i la r ly ,  th e  te m p e ra tu re  f lu c tu a t io n  T ' i s  governed by

(U.10)
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In  o rd e r  to  s im p lify  th e  w r i t i n g ,  th e  fo llo w in g  t r a n s p o r t  o p e ra to rs  

have been  in tro d u c e d :

V - [ V V ^ J  , V - [ S ? v - v 5 ]  ( (U .w )

which c o n ta in  eddy d i f f u s i v i t i e e  o f  th e  form

K - [ ” i v  f  V) j'te) 
*> f-5 j » S '

where t \  g 1 r e p re s e n t  th e  f lu c tu a t io n s  v \  n 1 , T*, and fQi g ,̂ a re  

r e p r e s e n ta t iv e  o f  th e  mean q u a n t i t i e s  such t h a t  i f  f 1, g* ■ n * , T ’ th e n  

f Q, g0 ■ n ,  T , e t c .  The p re se n c e  o f  th e  te rm  cos -fl-'C in  Dfg  I s  due t o
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th e  I n te g r a t io n  a lo n g  th e  o r b i t  o f  th e  p a r t i c l e  in  th e  m agnetic f i e l d  

B, w ith  SI -  eB/mc, th e  g y ro freq u en cy  • The co n ju g a te  te rm  w ith  th e  

f a c to r  s in  J tV  has been  dropped in  view o f  th e  odd n a tu re  o f  th e  in te g ra n d ,  

which le a d s  t o  no c o n tr ib u t io n s  in  th e  i n t e g r a t io n  from -  c o to  + 0 0  •

d . T u rb u le n t T ra n sp o rt C o e f f ic ie n ts

By s u b s t i t u t i n g  th e  s to c h a s t i c  te rm s o f  ( U . l l ) ,  we tra n s fo rm  Eq. (U .5) 

and (U.6) in to

(U.lU)

(U .15)

where

V *  *  7 s- L  T  *  f u T *  +  ,

% • [ % * *  v v ' ) V  +  T
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By com paring I I , ( l . l )  and I I , ( 1 .2 )  f o r  th e  lam in a r m otion v i t b  th e  

c o rre sp o n d in g  e q u a tio n s  ( U. lU) and (U .15) f o r  th e  tu rb u le n t  m otion i t  can 

be  seen  th a t  th e  d i s s ip a t iv e  term  in  th e  momentum e q u a tio n  I I , (1 .2 )  de­

pends on v  o n ly , and t h a t  th e  c o n t in u i ty  e q u a tio n  I I , ( l . l )  does n o t even 

have a  d i s s ip a t iv e  te rm , w h ile  th e  new Eqs. ( . l U ) and (U .15) have t h e i r  

d i s s ip a t io n  depend on a l l  t r a n s f e r a b le  mean q u a n t i t i e s ,  v ,  T and n .

As was done in  C hapter I I ,  we can s im p lify  th e  momentum e q u a tio n  

(1+. 15) by d ropp ing  th e  i n e r t i a  term s on th e  l e f t  hand s id e .  A lso , we 

make a  f u r th e r  s im p l i f i c a t io n  by r e p la c in g  a l l  th e  v e lo c i ty  d is s ip a t io n s  

by a  f r i c t i o n  te rm  such th a t

where i s  a  c o l l i s i o n l e s s  o r  tu rb u le n t  d i s s ip a t io n  freq u en cy . Ihe  

momentum e q u a tio n  (1*.15) th e n  red u ces  to

i s  an e f f e c t iv e  d i s s ip a t io n  freq u en cy . At h ig h  a l t i t u d e s  where 

th e  tu rb u le n t  v a lu e  i s

( U. 16 )

(U.1T)

where

;
(U .I8)
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which i s  sm a lle r  th a n  th e  lam in ar v a lu e

S L
-  — r  (4 .1 9 )A  -J

This d i f f e r e n c e  betw een th e  above two v a lu e s  w i l l  change th e  t r a n s p o r t  

c o e f f ic ie n t s  and d i f f u s io n  c h a r a c t e r i s t i c s  o f  a  plasm a inhom ogeneity  

c o n s id e ra b ly .

S o lv in g  (4 .1 7 )  fo r  v as in  C hapter I I  and s u b s t i t u t i n g  in  th e  con­

t i n u i t y  e q u a tio n  ( 4 . l4 )  we o b ta in  a  tu rb u le n t  e q u a tio n  analogous to  th e  

lam in ar e q u a tio n  I I , ( 3 . 2 ) ,

where i s  an a d d i t io n a l  te rm  due to  tu rb u le n t  e f f e c t s .  I f  we

assume an iso th e rm a l p lasm a and n e g le c t  g r a v i ty  e f f e c ts *  and f u r th e r  

assume th a t  d e r iv a t iv e s  h ig h e r  th a n  th e  fo u r th  o rd e r  a re  n e g l ig ib l e ,  we 

can approxim ate*

red u c in g  th e  e q u a tio n  to  th e  same form as I I * (3 .2 )  ex cep t f o r  th e  

m agnitude o f  th e  t r a n s p o r t  c o e f f i c i e n t  D, which now c o n ta in s  an eddy 

d i f f u s iv i t y

=  V r w  +  f

( U.20)

(4 .2 1 )
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The t h e o r e t i c a l  v a lu es  o f  th e  tu rb u le n t  t r a n s p o r t  c o e f f ic ie n t s  

v h ich  In c lu d e  th e  e f f e c t s  o f  f lu c tu a t io n s  can he o b ta in e d  from an 

e v a lu a t io n  o f  th e  t r a n s p o r t  o p e ra to rs  and eddy d i f f u s i v i t i e s  g iv en  by 

(U .12) and (i*.13)> Measurements in  th e  atm osphere have g iv en  a  v a lu e

o f  0 .5 -5  f o r  / 0  . and a v a lu e  o f  50-200 f o r  K j • Those v a lu es  a re

c o n s id e ra b ly  s m a lle r  th a n  th e  lam in ar v a lu e s  o f  /C ^ » 5 0  and

JC *2 x 10 , Such an anomaly i s  due to  th e  e f f e c t s  o f  tu rb u le n te

f lu c tu a t io n s  in  th e  t r a n s p o r t  mechanism.

I t  i s  to  be rem arked t h a t  an a n a ly t i c a l  th eo ry  o f  th e  tu rb u le n t

t r a n s p o r t  p r o p e r t ie s  can be fo rm u la ted  on th e  b a s is  o f  th e  s p e c t r a l  

s t r u c tu r e  o f  tu rb u le n c e . A s p e c t r a l  th e o ry  has been developed in  

S e c tio n  2 o f  t h i s  C hapter v h ich  w i l l  con firm  th e  above phenom enological 

c o n s id e ra t io n s  o f  th e  anomalous t r a n s p o r t .

A d d itio n a l ev idence o f  th e  above m entioned  anomalous t r a n s p o r t  can 

be seen  from th e  fo llo w in g :

( i ) The e x p e r im e n ta lly  observed  r a t e  o f  d r i f t  o f  th e  plasm a 

inhom ogeneity  can be e x p la in e d  on th e  b a s is  o f  lo v e r  e f f e c t i v e  v a lu e s  

o f  and . As d e r iv e d  in  S e c tio n  I I I , ^ f th e  fundam ental

and secondary  maxima o f  a  plasm a inhom ogeneity  a f t e r  tim e t  have 

moved a  d is ta n c e



12From a barium  clo u d  experim en t a t  195 km w ith  U ■ 0 .1  km /sec and 

t  ■ 678 s e c .*  ve observe  d^* 0 .3 5  km and d^* 35 km. Using th e s e  v a lu e s ,  

we f in d  from  ( h .22 ) and (U .23) th e  tu rb u le n t  v a lu es

XTt. - - 2  , X e  = t o o

in  c o n t r a s t  t o  th e  lam in a r v a lu es

S c  ,  JCe --Z*- to* .

T h ere fo re  i t  can be concluded  t h a t  th e  above experim en t su p p o rts  th e  

tu rb u le n t  e x p re ss io n  o f  , g iv en  by (U .1 8 ) and n o t th e  lam in a r

e x p re s s io n  (U .1 9 ).

( i i )  The phenomenon o f  th e  s e p a ra t io n  o f  a  plasm a inhom ogeneity  

has been  o b serv ed  in  many r e le a s e s  a t  a l t i t u d e s  betw een 185 and 200 km.

In  S e c tio n  I I I ,U  i t  i s  shown t h a t  th lB  phenomenon can o ccu r on ly  f o r  

v a lu es  o f  K  ‘ t h a t  a re  n o t to o  much l a r g e r  th an  1 , which a g a in  in d ic a te s
if

th e  n e c e s s i ty  to  in c lu d e  tu rb u le n t  e f f e c t s  in  th e  t r a n s p o r t  p r o p e r t i e s .

5 . CONCLUSIONS

( l )  I t  i s  known th a t  tu rb u le n c e  can be g e n e ra te d  by d r i f t  

i n s t a b i l i t y  in  a  plasm a inhom ogeneity . Based upon th e  fundam ental 

e q u a tio n s  govern ing  th e  d e n s i ty  and th e  e l e c t r i c  f i e l d  o f  an 

inhomogeneous p lasm a, a  d im en sio n a l th e o ry  i s  developed  t o  s tu d y  th e  

s p e c t r a l  d i s t r i b u t io n s  o f  d e n s i ty  and f i e l d  fo r  a  tu rb u le n t  plasm a 

inhom ogeneity . The d im ensional th e o ry  ag rees  w ith  th e  more com p lica ted
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a n a ly t i c a l  th e o ry  o f  Tchen, f o r  th e  p r e s e n t  purpose o f  e lu c id a t in g  

p henom enolog ically  th e  p lasm a n o n lin e a r  in te r a c t io n s  p ro c e s s e s ,

( i i )  A f te r  decomposing th e  e q u a tio n s  in to  th o se  f o r  mean m otion 

and th o se  fo r  f lu c tu a t io n s ,  th e  method o f  s in g le  cascade  vas  a p p lie d  t o  

fo rm u la te  th e  n o n lin e a r  tu rb u le n t  t r a n s p o r t  c o e f f i c i e n t s .  An energy 

b a la n c e  th e n  le d  to  th e  s p e c t r a l  r e l a t i o n s ,  from v h ic h , by means o f  

d im en sio n a l argum ents, th e  s p e c t r a l  la v s  govern ing  th e  s p e c t r a l  

d i s t r i b u t io n s  f o r  f i e l d  and d e n s i ty ,  F and G have been d e r iv e d . Over 

th e  e n t i r e  u n iv e r s a l  range o f  th e  spec trum

f  -  r e

v h i le  G fo llo w s a  d i f f e r e n t  la v  f o r  each  su b ran g e . For th e  p ro d u c tio n  

su b ran g e ,

<5 K f  A'* ;
fo r  th e  i n e r t i a l  su b ran g e ,

AT . -i
*(2.

and fo r  th e  d i s s ip a t io n  su b ran g e ,

T V .  , - i
6  *  - x -  *•

( i i i )  From th e  fundam ental e q u a tio n s  o f  an inhomogeneous p lasm a 

t r a n s p o r t  c o e f f ic ie n t s  a re  d e r iv e d  and in v o lv e  c o r r e l a t io n  f u n c t io n s .  

Those tu rb u le n t  e f f e c t s  a re  e x p e r im e n ta lly  found im p o rtan t in  c e r t a in

156



io n o sp h e r ic  re g io n s  such  as th e  Fg r e g io n . Ih e  in c lu s io n  o f  tu rb u le n t  

e f f e c t s  le a d s  to  anomalous d i f f u s io n  r a t e s  in  th e  lo n g i tu d in a l  and 

t r a n s v e r s e  m agnetic  f i e l d  d i r e c t i o n s , v h ich  axe in  b e t t e r  agreem ent w ith  

o b serv ed  v a lu es  th an  r e s u l t s  b ased  upon a  lam in ar th e o ry .
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Chapter VI

G enera l C onclusions

1 . SUMMARY OF METHODS AMD RESULTS

T his c h a p te r  summarizes th e  p r in c ip a l  a sp e c ts  o f  th e  re s e a rc h  which 

has been  p re se n te d  in  th e  p re c e d in g  c h a p te r s .

As an in v e s t ig a t io n  o f  th e  dynamics o f  a  plasm a inhom ogeneity  i t s  

o v e r a l l  m otion has been s tu d ie d  in  th r e e  phases co rresp o n d in g  to  l a r g e ,  

in te rm e d ia te  and sm all s c a le  m o tio n , t y p i f i e d  by d i f f u s io n ,  s t r i a t i o n s  

and tu rb u le n c e , r e s p e c t iv e ly .  The re s e a rc h  has em phasized th e  develop ­

ment o f  t h e o r e t i c a l  i n t e r p r e t a t i o n s  and p r e d ic t io n s  f o r  e x p la in in g  

anomalous f e a tu r e s  in  th e  e v o lu tio n  o f  p lasm a in h o m o g en eities  u nder th e  

a c t io n  o f  m ag n e tic , e l e c t r i c  and wind f o rc e s .  T h is has been  accom plished 

by th e  in c lu s io n  o f  a  v a r ia b le  am b ip o lar d r i f t ,  n o n l in e a r i t i e s  and 

tu rb u le n t  e f f e c t s  in  th e  dynam ics o f  th e  plasm a inhom ogeneity .

The t h e o r e t i c a l  I n v e s t ig a t io n  o f  th e  m otion in  th e  inhom ogeneity  i s  

b ased  on th e  fundam ental e q u a tio n s  g o v ern in g  io n s  and e l e c t r o n s , th e  

c o n t in u i ty ,  momentum and Maxwell e q u a tio n s .  By re s o lv in g  th e se  equa­

t io n s  we red u ce  to  a  system  o f  two e q u a tio n s  c o n ta in in g  th e  d e n s i ty  and 

th e  s e l f - c o n s i s t e n t  f i e l d  as unknowns, and th e  c o n d u c tiv ity  and th e  

d i f f u s l v i t y  te n s o r s  as  t r a n s p o r t  c o e f f i c i e n t s .  The c o n d u c tiv ity  te n s o r  

i s  a  fu n c tio n  o f  d e n s ity  and th e re b y  In tro d u c e s  n o n l i n e a r i t l e s .
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The system  o f  eq u a tio n s  can toe reduced  to  a  s in g le  d i f f u s io n  e q u a tio n  

w ith  th e  d e n s ity  th e  on ly  unknown. This bin g le  e q u a tio n  i s  a  fo u r th  o rd e r  

n o n lin e a r  p a r t i a l  d i f f e r e n t i a l  e q u a tio n  w ith  v a r ia b le  am bipolar d r i f t  and 

v a r ia b le  am bipo lar d i f f u s io n  c o e f f i c i e n t .  A l in e a r iz e d  s o lu t io n  o f  th e  

d i f f u s io n  e q u a tio n , o b ta in e d  by means o f  a  F o u r ie r  tra n s fo rm , shows th a t  

under c e r t a in  c o n d itio n s  th e  inhom ogeneity  s e p a ra te s  in to  two p a r t s ,  a 

f e a tu r e  which has been  observed  in  barium  c lo u d  ex p e rim en ts . A r e q u i r e ­

ment fo r  s p l i t t i n g  i s  t h a t  th e  t r a n s p o r t  c o e f f i c i e n t  be  n o t too

la r g e ,  which la  in  agreem ent w ith  th e  r e s u l t s  o b ta in e d  by in c lu d in g  th e  

e f fe c tB  o f  tu rb u le n c e  in  th e  fo rm u la tio n  o f  th e  t r a n s p o r t  c o e f f i c i e n t s .  

D en sity  p lo t s  f o r  l i n e a r  plasm a o v er a  range o f ^  andjC^ a re  o b ta in ed  

by means o f  a  com puterized  c a lc u la t io n .

The n o n lin e a r  d i f f u s io n  e q u a tio n  i s  so lv e d  a n a l y t i c a l l y ,  by assum ing 

sm all d e n s i ty  g ra d ie n ts  in  th e  l i n e a r  te rm s . Rie s o lu t io n  c o n s is t s  o f  

th e  l i n e a r  d e n s ity  and a c o r r e c t io n  te rm  due th e  n o n l in e a r i t i e s .  In  

agreem ent w ith  barium  c lo u d  ex p e rim e n ts , r e s u l t s  show th a t  a  s te e p e n in g  

o c c u rs , i . e . ,  th e  d e n s ity  f a l l s  o f f  r a p id ly ,  on th e  s id e  o f  th e  

inhom ogeneity  t h a t  fa c e s  in  th e  d i r e c t io n  o f  a  n e u t r a l  w ind. A n um erica l 

s o lu t io n  o f  th e  e x a c t th r e e  d im ensional n o n lin e a r  d i f f u s io n  e q u a tio n , 

perform ed on a  d i g i t a l  com puter, a l s o  shows t h i s  s te e p e n in g .

The developm ent o f  s t r i a t i o n s  i s  p r e d ic te d  from an i n s t a b i l i t y  

a n a ly s is  b ased  on th e  n o n lin e a r  d i f f u s io n  e q u a tio n , a t  th e  edge o f  th e  

plasm a Inhom ogeneity  fa c in g  a  n e u t r a l  c lo u d , which i s  a ls o  th e  s id e  

where s te e p e n in g  o c c u rs ,  in  agreem ent w ith  o b s e rv a tio n s  d u r in g  a r t i f i c i a l
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clo u d  ex p e rim e n ts . The num erica l v a lu e  o f  th e  wave le n g th  o f  a  s ta b le  

o s c i l l a t i o n  o b ta in e d  from th e  th e o ry  ag rees  w ith  observed  v a lu e s  o f  

abou t 1 km.

T u rb u len t s p e c tr a  f o r  th e  d e n s i ty  and energy  d i s t r i b u t i o n  fu n c tio n s  

o f  a  d r i f t  i n s t a b i l i t y  g e n e ra te d  tu rb u le n c e  a re  o b ta in e d  by means o f  a  

d im ensional th e o ry  b ased  on a  s im p l i f ie d  model uBing th e  s in g le  cascade
_3

method. The energy  d i s t r i b u t i o n  fu n c t io n ,  F , fo llo w s th e  k  law o v er

th e  e n t i r e  u n iv e r s a l  sp ec tru m , w h ile  th e  d e n s ity  s p e c t r a l  fu n c tio n  G,

-3  -1  -5fo llo w s th e  k , k  and k l a v s ,  f o r  th e  p ro d u c tio n , i n e r t i a l  and 

d i s s ip a t iv e  su b ra n g e s , r e s p e c t iv e ly .  Die s p e c t r a l  la v s  a re  confirm ed  

by experim en ts  w ith  Z e ta  and w ith  beam -plasm a in t e r a c t io n s .

As an a p p l ic a t io n  o f  tu rb u le n t  th e o ry ,  th e  tu rb u le n t  t r a n s p o r t  

c o e f f ic ie n t s  f o r  a  p lasm a inhom ogeneity  a re  fo rm u la ted  by in c lu d in g  in  

a d d i t io n  to  th e  m o lecu la r d i s s ip a t io n ,  c o l l i s i o n l e s s  d is s ip a t io n s  

r e s u l t i n g  from tu rb u le n t  f lu c tu a t io n s  in  d e n s i ty ^ v e lo c i ty  and tem p e ra tu re . 

The e f f e c t  o f  th e s e  f lu c tu a t io n s  on th e  mean m otion can be ex p re ssed  in  

term s o f  s to c h a s t i c  c o r r e la t io n s  betw een th e  v a r io u s  f lu c tu a t in g  

q u a n t i t i e s .  The e f f e c t  o f  t h i s  tu rb u le n c e  i s  to  red u ce  th e  r a t e  o f  d i f ­

fu s io n  o f  th e  inhom ogeneity  in  a  d i r e c t io n  p a r a l l e l  to  th e  m agnetic  f i e l d  

and in c re a s e  i t  in  a  t r a n s v e r s e  d i r e c t io n ,  in  agreem ent w ith  o b se rv a tio n s  

o f  barium  clo u d  d i f f u s io n s .

2 . SUGGESTIONS FOR FUTURE WORK

A d d itio n a l s tu d ie s  t h a t  co u ld  c o n tr ib u te  t o  a b e t t e r  u n d e rs ta n d in g  

o f  th e  d i f f u s io n  p ro c e ss  o f  plasm a in h o m o g en eities  a re  among th e
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fo l lo w in g :

( i )  H ie e f f e c t  o f  te m p e ra tu re  g r a d ie n ts  on d i f f u s io n  and i n s t a b i l i t y

phenomena can  he  i n v e s t ig a te d .  T em perature g r a d ie n t s ,  s im i la r  t o  d e n s i ty

gradients, provide driving forceB that induce additional d iffusion
3U

mechanisms and i n s t a b i l i t i e s .

( i i )  Ion  and e l e c t r o n  mass in te rc h a n g e  w ith  th e  background  can be  

in c lu d e d . In  th e  p r e s e n t  a n a ly s i s ,  i t  h as  been  assumed t h a t  th e  flow  

o f  io n  and e le c t r o n s  t o  and from  th e  su rro u n d in g s  i s  s m a l l .  A c tu a l ly ,  

e l e c t r o n  c u r re n ts  e x i s t  in  th e  io n o sp h e re  v h ich  may t r a n s p o r t  ch arg ed  

p a r t i c l e s  from  io n o s p h e r ic  re g io n s  (su ch  as th e  F la y e r )  t o  th e  

inh o m o g en eity . T h is e f f e c t  has been  p o s tu la te d  by a  number o f  i n v e s t i -  

g a to r s ,  6 ,1 6 ,1 9 * ^ 5 ,^ 6  co u ld  be  in c o rp o ra te d  w ith  th e  th e o r ie s  

p r e s e n te d  h e re .

( i i i )  Hie anom alous t r a n s p o r t  c o e f f i c i e n t s  a re  form ed phenom enologi­

c a l l y  in  C h ap te r V, and a re  in  good agreem ent w ith  e x p e r im e n ta l e v id e n c e . 

Ve have a ls o  p re s e n te d  a  d im en sio n a l th e o ry  o f  th e  s p e c t r a l  s t r u c t u r e

o f  p lasm a tu rb u le n c e  in  C h ap te r V. T h is  la y s  th e  fo u n d a tio n  f o r  

d e v e lo p in g  an  a n a ly t i c  th e o ry  o f  tu r b u le n t  t r a n s p o r t  c o e f f i c i e n t s .

( iv )  H ie th e o ry  o f  s t r i a t i o n s  p r e s e n te d  in  C h ap te r IV i s  a  q u a s i-  

l i n e a r  th e o r y ,  i . e . ,  th e  n o n l in e a r  d i f f u s io n  e q u a tio n  has been  so lv e d  

by i t e r a t i o n .  A co m p le te ly  n o n l in e a r  developm ent may show a d d i t io n a l  

f e a t u r e s .
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