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Abstract

Impurity States in Solids
and
Density Functional Theory

by

Pinchus M. Laufer

Adviser: Professor Joseph B. Krieger This work is divided into three
sections: (1) In the first section we have investigated the basis
dependence of calculated energy eigenvalues of gap states, introduced
by ideal vacancies and surfaces, in the tight binding (orbital removal)
method by employing a Green's function analysis. We find that (a) if
Wannier functions are employed there are no ideal vacancy or surface
gap states; (b) if atomic orbitals are used, no ideal vacancy gap states
exist in the limit as the number of orbitals on the atom to be removed
approaches infinity, although (c) spurious solutions for finite band
models can exist. We find the reason for these results is that the
orbital removal method is not equivalent to removing the potential of the
removed atom. Thus, if the size of the basis is allowed to increase
without limit, the orbital removal method yields the same energ&
eigenvalues as the Hamiltonian of the unperturbed system. This result
is independent of the method used to solve the eigenvalue equation.

(2) In the second section we develop a generalized effective mass

equation to deal with rapidly varying perturbations. (Our analysis is

_iii_
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limited to a single non-degenerate band.) We apply this formalism to
calculate the binding energy of an impurity and then a vacancy within
the exactly soluble Kronig-Penney model. In each case our formalism
shows a considerable improvement over the results of a standard EMT
calculation. In the case of the impurity, for a small but rapidly
varying perturbation, the generalized form yields the exact result,
while EMT never achieves more than 25% of the correct energy. For
the vacancy as well the results of our formalism are clearly superior
although here it is clear that for large perturbations the one band
formalism is inadequate.

(3) In the third section we present an exactly soluble model system of
two interacting electrons attracted to a common force center by a
harmonic oscillator potential. This model is wused to test the
appropriateness of various approximation schemes for the ch[n(r)] and
Exc[n(r)] .  In addition, we show analytically that the exact Kohn-
Sham eigenvalue for the highest occupied orbital equals the difference
between the ground states of the two and one particle systems. Our
analysis leads us to conclude that (a) Single particle (Kohn-Sham)
energy eigenvalues may be poor even if the corresponding total
energies are approximated very well. (b) The functionals for
correlation energies and potentials are inadequate. (c) Although the
exchange energy functionals (including correction terms) yield good

energies, the corresponding potential functions are much worse.

-iv-
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Chapter |
Chapter One - Critique of Tight Binding Orbital

Removal Method

In the last few years there has been considerable interest in calculating
the electronic states introduced in the band gaps of semiconductor
crystals by vacancies and surfaces. Excellent reviews of the various
methods have been published by Pantelides1 for vacancy state
calculations and by Pol.lman2 for surface state calculations. In this
chapter we critically examine the tight binding orbital removal method
as applied to both problemss’q. The application of this
method,employing a Green's function analysis, has been generalized and
extended to the study of the electrical properties of interfaces5 and
superlattices6 and has become an important technique in semiconductor

calculations.

1.1 The Tight Binding Method
The gengral problem which we wish to solve is Hy = Eyp in the case of a
perturbation in an otherwise perfect crystal. We approach this by first

obtaining a description of the perfect crystal band structure.
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Let ¢a(f) be the atomic-like basis functions centered at T = 0, then
in order to get a solution which satisfies the Bloch condition we create

a new set of basis states

LK (gjﬁtd)

X,z () = I‘—;‘—- Xe t, (- -tL) (V-
J

where Rj is the jth lattice vector; a denotes the orbital type; v is the
location of the vth atom in the unit cell and N is the number of Bravais

lattice points in the bulk. Then the Bloch function ‘pgk may be

written
"b?lii(-f) - zavcnu\)xvaﬁ(f) (L)
B (%) = E_ (%) (»
yielding
0‘ o o ° o - Xch (-| - 0
Z §<X¢’\'€ | v lx’.('&) - Ev& <X-(§ l'y'.u'z'> (€)=
<,
or

W) -Efg(vcf‘;lﬁ&ll =0 (v

det H(Xi-z

which could be solved for each individual k to yield Egk' The matrix
elements which appear in (1) can be reduced to matrix elements

involving the atomiclike basis ¢a and a sum over lattice sites.
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32
z?'a“ 4 a ?) >
= T o T ST (@R W 4, (oRye - R0
J"

?"E"’a’-) - - - -
Ze" > <+.(\’)|H°I¢.‘("-P~,-t.,,,.))_

J

]

(5)

For localized ¢a we expect that as the distance between centers
increases the size of the matrix element of H0 decreases. Thus the
number of "integrals" <¢a,(r)|Hol¢u(r - Rj - Tv)> depends on how many
neighbors are considered before neglecting the remaining contributions.

Rather than actually constructing the ¢a and computing the matrix
elements, we can approach this problem from the opposite end. Since
we know the energy band structure from optical data we can treat the
matrix elements as free parameters and choose values which will best fit
the known features of the band structure. This approach is known as

the empirical tight-binding method.
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1.2 Generalized Koster Slater Method

The basis for the method is the early work of Koster and Slater7, who
showed that the electronic energy levels introduced in the band gaps
by a localized perturbation could be calculated from a knowledge of the
Green's function for the perfect crystal and the matrix elements of the
potential, both calculated in the Wannier representation. Moreover, the
rank of the determinant required for the calculation of the energy
eigenvalues was shown to be equal to the rank of the nonzero elements
of the perturbing potential matrix in this representation.

Further amplification of this method has been given by Callaway8
and calculations of the electronic states in the band gap have been
performed for the vacancy9 and divacancylo of Si in the Wannier
representation. The calculations turned out to be difficult because of
the complexity inherent in calculating the Wannier functions and few
subsequent calculations have been performed in this representation11

However, Lannoo ;and Lenglart12 observed that the Green's-function
method is not limited to employing Wannier functions as a bas.is, but can
be applied using some other localized basis set as well. We present the
generalized Koster Slater method along with its derivation in this
section.

Given any complete orthonormal set of functions {¢a} we can

expand any wavefunction ¢ = Ea Cadba ( 6)
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5
We are interested in finding the bound states, in the energy gap,
induced by a general perturbation. That is we wish to solve for the

eigenstates of Hy = E¢ where H = Ho +V,

H0 - the perfect crystal Hamiltonian,
V - the perturbation potential

The method (based on Koster-Slater) proceeds as follows,

i + V)v = Ev
E - v = Vo
Define c%E) = (E - 1%!
then v = GBIV v
or n-c®Evie= o (%)

Using a complete orthonormal set { ¢m} ,
L6 -2z G0 E v c- =0
a[ aa’ a! ( )alall ana] a -
det 116, - £ WG (E) v v V.ou Il = O 3
et || ea’ o )a'a" o'l | = ( )
for non-trivial expansion coefficients Ca.
0 _opx 0= §]
e (E) = ro.(E - ) Y dr )

Let |nk> be the eigenstates of Ho; then we can expand the above in

some more convenient manner.
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o 2K Y {hE 1L
G.‘¢'(E) = g E - E:\\-‘. (iO)

where Egk is the nth energy band function.
If instead of a C-O-N set {¢a} we only have a limited number of

basis functions which are not complete, we still want to write

- 1
¥ = za Ca¢a

and fit the Ca,‘ variationally to get the best result. This leads to the
iden'tical equation for the Ca : Det(1 - GOV) = 0 except that now the
solution is variational - not exact.

At this stage the Green's function method is just as unwieldly as
solving Hy = E¢ , but under the following conditions, which are just
those in which tight binding is usually employed, it yields a wvast
improvement over other methods by dramatically reducing the rank of
the matrix equation.

If (1) the {¢a} are chosen as a localized set
and

(2) V, the perturbing potential, has a finite range
then since <¢a|V|¢a,> # 0 only if ¢a" ¢a, and V overlap, there is only a -
small number of matrix elements V  which are non-zero.

Thus V can be written schematically as
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A% 0
v = (Mq)
0 0
and
0 0
Gll(E) GIZ(E)
0 -
G (E) = (“5)
0 0
GZI(E) G22(E)
and thus
0
1 Gll(E)V 0
1-c%®yv = (1)
0
G21(E)V 1
and Det(1 - GO(E)V) = Det(1 - G21V) reducing the size of our problem

to the order of the overlap of V, ¢q and ¢a' .

The Green's function method is exactly equivalent to solving the

problem through the Schroedinger equation. Thus it provides a useful

analytical tool for studying the implications of approximations introduced

in the solution of the problem.

It is also worth noting that this can be done for many different

perturbing potentials V with little additional effort.
Gga,(E) need only be calculated once, since it is depends solely upon

This is because

the properties of the perfect crystal. Thus the only changes are in

the matrix elements of V.
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8
In solving Hy = E¢ we are led to Det(H - E) = 0, which is of large
rank even in the case of localized perturbaltions. If Wannier functions
are used as a basis, the rank of (H - E) is equal to the number of
sites included times the number of bands. Since the number of sites
depends on the extent of the wavefunction - which can be quite
extended even for highly localized perturbations - the matrix is still of
considerable rank.
However, the Green's function method which yields Det(1l - GOV) =
0 is limited by the size of V. Thus if V is localized we need only the
number of bands times the number of sites over which the perturbation
extends. This causes a vast reduction in the size of the determinantal

equation to be solved.

1.3 The ldeal Vacancy

1.3.1 Definition and Background
In the empirical tight binding method (ETBM) a linear combination of
atomic orbitals (LCAO) band structure is performed treating the matrix
elements of the Hamiltonian as parameters to be fit to known energy
bands13

The_ ideal vacancy is then defined by removing an atom from the
perfect crystal leaving all other atoms at the same positions. The
Hamiltonian matrix elements between orbitals centered on t,he atom to be

removed and all other basis states of the system are removed; while
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9
the basis states centered on all other sites are retained, and all their
Hamiltonian matrix elements are assumed unaltered.

We shall refer to this procedure as the orbital removal method since
the resulting Hamiltonian matrix from which the eigenvectors and
eigenvalues of the vacancy state are derived is identical to the
Hamiltonian matrix that would be obtained if the orbitals on the central
atoin were removed from the basis set and no other changes were made
in thé Hamiltonian matrix.

The orbital removal method has been employed in a variety of
calculational techniques. Cluster calculations have been éerformed
using this method to investigate the vacancy in diamondm. However, it
was found that even clusters of 71 atoms were not large enough to
contain the wave function sufficiently so as to eliminate undesirable
surface-vacancy interactions which introduce uncertainty in the
determination of the bound state energy levels. An alternative
technique to deal with the difficulties inherent in the cluster
calculations is to impose periodic boundary conditions, which.correspond
to an infinite crystal with a superlattice of defectsls. This technique
then leads to the necessity of performing the calculations for a
supercell which must be considerably larger than the unit cell of the
host material in order to decrease the dispersion of the vacancy 'band'.
Similarly, calculations of ideal surface states have been performed
employing the orbital removal method on finite slabs16 as well as

employing transfer matrix techniques17
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10
Bernhole and Pantelides3 further developed the Green's function
technique in the case of the ideal vacancy as defined above. They
showed (and we will reproduce this in greater detail) that in an
arbitrary localized representation the gap states introduced by the
vacancy are given by the zeros of Gga where G0 is the perfect crystal
Hamiltonian and «, o' are the atomiclike orbitals on the atom to be
removed.
For our Green's function formalism we need to know the form of the
perturbation V, which is simply H - HO, but this requires H be cast in
a form of the same rank as Ho.

He Ho W .. .. H.,

] L
o H 2 1:. .. Han

which can be written as

E=)
)

H® =

H

> O
w o

0
where HX represents <a|H|a'> when o and o' are orbitals centered on
atom X, the atom which is to be removed in creating the vacancy. H%

then represents the block of matrix elements on the remaining atoms,
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11
while Hg is the overlap of H? between orbitals on atom "X" and all
other atoms.

In accordance with the orbital removal definition of a vacancy given
above we can get the Hamiltonian for the perturbed problem by

eliminating the rows and columns containing orbitals centered on atom

"X" from the matrix.

However, this new matrix H?; is of inappropriate rank for the
calculations at hand. Thus we seek a matrix of the same rank of H0
which will yield the same eigenvalue spectrum as H% (which is of

lesser rank).

One choice consistent with the definition is

EOI 0
g - I has rank of Ho
0
0 HB
This clearly has the same spectrum as Hg with an additional n-fold
degenerate occurrence of Eo. V would depend on the size of H?; in

this instance.

...... -~
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12

A second choice which is more advantageous for manipulations is

0 0
Hx + EOI HA
1)
0 0
HA HB

We claim that in the limit that EO--> » the eigenvalue spectrum is the

same as for H%, and thus it is valid for our purposes.

Then

EJ O
v=u® -1 -
o o

which would be very easy to handle.

As this is an important point we shall pause here to prove the
equivalence of the eigenvalue spectra.

Proof:

0 0
HX + EOI HA
e
0 0
HA I-IB
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13

0
H, + E.I - Al HA
Det = 0
H 0

w O
(&)

0
A HB Al

is solved for xi to get the spectrum. If H()){ is of rank ng, x ng,

proceed by factoring E, out of each of the first n, rows,and dividing

0
both sides of the resultant equation by (Eo)n,

7' [u2 +(E,-2)I) \_\:/so

—
m
e _
Ly
e
n
o

™" He -2

If we collect terms in orders of Eo (or more simply let EO--> » first),
we see that the term which has all the diagonal elements of the upper

left-hand block is the highest power of E This is the only term

0

which survives as Eo--> », Thus

oot = [T (1 B Vo (g -21) = 0

e

The second part just reproduces the spectrum of H% and the first part

is equal to 1 in the limit as E --> ». Q.E.D.

0

Now
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and we must take lim Eo--> %

Det(1 - GOV) = 0 was the condition for finding the bound state energy.
0 _ _ 0 . 0

Thus Det(1 - Gll(E)V) = Det(1 EOGll(E))’ where Gll(E) has

dimensions n x n. Dividing by E 1

o 8ives

10 )
Det (E;" - Gy, (E)) = O
and taking lim E--> = ===> Det(G(l)l(E)) =0

Thus for the case of the ideal vacancy defined by the orbital removal
method we need only solve
Det(G2, (E)) = 0 (e
11 ’ 2)
where Ggl(E) is the block corresponding to the atom which is being
removed.

Furthermore, Bernholc and Pan’ce].ides3 proceed to point out that if
an sp3 basis is used, as is quite common in these calculations, then by
symmetry the s and p orbitals on the central atom do not mix, from
which it follows that there are no off-diagonal elements of Gcl)l'

Thus Det Ggl(E) = 0 reduces to HaGga(E) = 0 where a labels the
orbitals on the atom under consideration. States of A, symmetry are

1

given by the zeros of Gcs)s and states of T, symmetry are given by the

2
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zeros of Ggp. For Si, they find a bound state of T, symmetry 0.27

2
eV above the valence-band edge using the tight-binding parametrization
of the best energy bands obtained by Pandey and Phil.lipsle. Earlier
calculations of this quantity by Callaway9 and Hughes using the Koster-
Slater method in the Wannier representation yielded no gap states
unless the vacancy potential was made stronger than the negative of the
atomic potential that was removed. Kauffer et al.lg, employing an
identical definition of the ideal vacancy as given in Ref. 3 but using a
different parametrization of the energy bands, find a bound state 0.12
eV above the valence-band edge.

Calculations of the Si vacancy states directly employing the vacancy
potential have also been performed. Louie et al.zo, employing a
periodically spaced vacancy in a pseudopotential calculation which
involved the self-consistently determined potential near the defect, find
a bound state at approximately 0.5 eV above the valence-band edge.
More recently, other -calculations directly employing the vacancy
potential have been performed by Bernhole, Lipari, and Pantelides21
and by Baraff and Schluterzz, who find the unrelaxed vacancy state
0.76 and 0.7 eV above the valence band, respectively. When self-
consistency is included the eigenvalue is lowered by about 0.1 eV21.
In compéring the resuits of Refs. 3 and 21, Bernholc et al.16 speculate

that the level obtained in the tight-binding method is too low because

the conduction bands are not adequately represented by the tight-
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binding parameters. Support for this argument has been given by
Papaconstantopoulos and Economou,23 who used 20 adjustable parameters
in an sp3 basis which include first-, second-, and third-neighbor
interactions to fit a band structqre obtained from a pseudopotential
calculation. Performing the same calculation given in Ref. 3 they find
a bound state of T2 symmetry 0.75 eV above the top of the valence
band.

In applying the orbital-removal method, certain questions naturally
arise24 which have not previously been systematically studied. One
such question is whether the calculated binding energy of a vacancy
staté (or a surface state) depends on the choice of localized basis
states used to parametrize the Hamiltonian matrix. That is, would the
set of basis states we could employ - s, p, etc., atomiclike orbitals,
Wannier functions or the true atomic orbitals - affect the value obtained
for the energy. In each case the matrix elements appearing in the
Hamiltonian will be different but can correspond to the same energy-
band eigenvalues. Recent work by Das Sarma and Madhukar25 has
shown that for three different choices of tight-binding parameters such
that the fitting of the energy bands appears "equally good", the A1
vacancy energy levels for GaAs calculated by this method are
significéntly different, essentially covering the entire band gap.

Similar variations are found for the other vacancy states as well. A

second question involves the convergence of the solutions for gap states
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as the number of orbitals and hence the number of bands is increased,
i.e., can spurious solutions exist for gap states in a finite-band
approximation which will disappear (merge into the bands) as the
number of bands is increased.

Our analysis24 is based on the Green's-function technique developed
by Bernholc and Pantelides3 As we have already stated, this technique
is exactly equivalent to finding the eigenvalues and eigenfunctions of
the vacancy states in the orbital-removal method as defined above.
Moreover, the Green's-function method provides a wuseful analytic
technique for studying the implications of the definition of the vacancy
in the tight-binding method. We wish to stress that our analysis is
therefore not a critique of the Green's-function method but rather of
the tight-binding method and is equally applicable to whatever
technique is employed to solve the Schroedinger equation when the

tight-binding definition of the vacancy is employed.

1.3.2 Orbital-Removal Method in the Wannier Representation for
Vacancy States
The bound-state energy eigenvalues for ideal vacancy states in the
band gaps of the perfect crystal are given by the solutions of
Det Ggu,(E) = 0, (13)
where {¢a} denote the orthonormal set of orbitals associated with the

atom to be removed creating the vacancy. Here
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ng
where the matrix elements of the perfect-crystal Green's function G
are given in terms of the Bloch states of the perfect crystal, |nk>, and

the corresponding energy bands E?lk’ and the {¢a} are the set of

orbitals which are localized .about the site of the atom to be removed.

Case of one atom per unit cell

-
Suppose the {qba} are Wannier functions, An(; - Rj)’ where

*
-2k R
. A 3 =2
A-__\ = 5 _Z € *ni’ (¥) (\'S)
X
Seo -
z?-'k,

<A63l\¥nu> -y '\"‘/.‘F é Saw (16)

Then removing an atom at R, yields

0 L (A nRKnR A D
( GJJ ».{n“ - z:‘_‘. E - th'\'e

)

1
— | ) - r0
— —‘;‘ Shn Z E-E - (|?‘)

vy we

Thus in this representation (G?j)n'n" is diagonal, so

0 - _'. ‘F|—'—
pet e = M 3 g EoEs (18)
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and the solutions of Eq. (13) are the solutions of

\ : - (19)
~ L 0

E-ELd

"3
for some n. But if E is in a band gap, for a given n, E - Egk always
has the same sign for all k. Therefore there are no solutions of Eq.
(19) in the band gaps. The discussion above is also valid for removing
an entire cell of a crystal with more than one atom per unit cell and so
leads to the result that there are no gap states for the divacar_lcy of Si
or Ge, etc., predicted by this calculation.

We observe, however, that in the Kronig-Penney model, the removal
of one "atom", i.e., one delta function, can be treated exactly. It is
well known that in such a model one gap state is introduced between
every two successive bandszs, which is a counter-example to the result
given by Eq. (19).

We also note that in the empirical tight-binding method, it is not
necessary to know the functional form of the Wannier functions. In
this method the matrix elements of the Hamiltonian between localized
atomiclike orbitals are adjusted to reproduce the band structure
obtained from other methods. If thé Wannier functions are taken as
this set of localized orbitals then the matrix elements of the
unperturbed Hamiltonian are given by <An'j'|H0|An°> =

E_ . .0 '
) n,j-}y n,n

where
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Thus for any given band structure en(k) we can make the eigenvalues

of the empirical Hamiltonian approximate sn(k) as closely as we desire

with the resulting Bloch states satisfying Eq. (16) exactly, from which

Eq. (19) immediately follows.

It can, of course, be argued that such localized states, i.e.,
Wannier functions, are not the true atomic orbitals that should be
removed but rather a combination of many orbitals - not only from the
atom to be removed, but from other atoms as well. However, the same
argument can be made as well in the cases in which this method has
been employed. In such cases the orthonormal set of atomiclike
functions that are removed are constructed, using Lowdin'sla"z7
method, by taking linear combinations of the atomic orbitals from
different atoms in different cells. This is necessary because the actual
atomic orbitals on two atoms will not in general be orthogonal to each
other. When this orthogonalization process is completely carried out the
resulting atomiclike orbitals include contributions from essentially all
atomic orbitals in the system. It thus appears that if unambiguous
results are to be obtained, the orbitals that should be removed are the
true atomic orbitals related to the removed atom rather than some set

which has been obtained by taking linear combinations of orbitals which

include contributions from other atoms.
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1.3.3 Orbital-Removal Method Using Atomic Orbitals
We consider the basis functions {¢aj} to be the true atomic orbitals
where j denotes the jth atom in the crystal. Then since orbitals on the
same atomic site are eigenfunctions of thé same atomic Hamiltonian we
can take
<¢ .|¢ ,.> =86 , (ZO)
but
<¢ .|o > # O, i*' (21)
Employing the same arguments as Bernholc and Pantelides (see the
Appendix) it can be shown that in the orbital-removal method the
ener.gy levels in the band gaps introduced by the ideal vacancy are

given by the solutions of

~0
Det G, = 0 (22)
where
O - 57101 (23)

and S is the overlap matrix, i.e.,

aj’aljl = <¢aj| ¢alj|> (2:")

It follows from Eq. (20) that

S = (25)
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It is convenient to take linear combinations of the {¢aj} to form a set
{¢ '.} such that
o]

‘tl‘o = 4-(0

(26)

and

£ +¢(o l ¢“‘J'> = Sau SJJ‘
where j = 0 denotes the atom to be removed. Thus the orbitals on the
atom to be removed are still the atomic orbitals and in this

representation S has the form

5= : (2%)
0 S,
Then
I 0
s - (22)
o s

and it follows from Eqgs. (23) and (28) that

~0 0
Gy % CG1n1 (29)

with matrix elements

ao = Ge = z; id\hz)(hihiz (30)

[} (] [-]
ool olel " E - E“?
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where o,a' are orthonormal atomic orbitals on the j = 0 atom. In a
finite-band approximation there will’be r orbitals « =1, . . . , r. We
can make a unitary transformation to another set of r orthonormal

functions A' without changing the value of the determinant, i.e.,

0

1
Det G0 = Det UGYU* = Det UU'Det G° = Det G°. (31)

We choose the A'a as follows. Let A'1 be that linear combination of

the ¢a0 which gives the maximum overlap with the Wannier function A1

belonging to the lowest energy band and centered in the cell of the
atom j = 0. Similafly, let AZ' be that linear combination of the ¢a0

which is orthogonal to A,' and gives the maximum overlap with the

1

Wannier function A2 belonging to the next highest energy band, etc.
For any finite set of r atomic orbitals these functions cannot, in
general, be made identical to the Wannier functions. However, as r
increases the fit can be made better until in the limit as r-->e, A'n-->
An for n £ r because the {¢a0} then span a complete set for any
square integrable function since they are the eigenfunctions of an
atomic Hamiltonian.
Thus in the limit of lérge r

-1
2

5 n< r (32)

<A' |nk>--> <A |nk> = N
[+ [+ an

For one atom per cell there are only r bands if there are r orbitals
taken as the basis on each atom. Then the contribution from these

higher-lying bands to Gga,(E) is
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However, as r -->= Enk--> » for n 2 r and since there are a finite

number of such bands and the matrix elements appearing in G:a'(r)
are non-singular we have that for any finite energy E,
Ggi\r)--> 0 as r --> ‘3"")

Substituting the results of Egs. (30) - (34) into Eq. (22) yields a

diagonal matrix with the resulting eigenvalue equation

\ - .

v T T © oe
which has no solution for E in an energy gap. Equation (35) results
only in the limit r --> . This result is also obtained if any complete
set of basis functions is employed and is not limited to the use of the
true atomic orbitals. In a finite-band model solutions for E can exist in
the energy gaps {as shown in the following section) depending on the
choice of basis functions, but Eq. (35) implies that these solutions will
disappear (the energy level will mdve into a band) when a complete set

of basis functions is employed.

1.3.4 Vacancy States in a Finite Band Model
The sensitivity of the calculated energy eigenvalues to the choice of
basis functions can most easily be seen in a two-band model. If we

take two orthonormal orbitals per unit cell ¢1 and ¢2, the eigenvalue-
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eigenvector equation for the energy bands and Bloch functions can be

written
LA.C, = EC,, Q)
i i
where
Ay(k) = <x IHolxj> (3%)
b p = zici(n)(z)xi(f,z), (3 9)

and xi is the Bloch sum arising from the ¢i orbital.
Taking only two orbitals per unit cell results in Eq. (36) being a 2
x 2 matrix equation which can be solved analytically for the energy

bands and the Bloch functions. Employing these results we find

0.

LY B 2
N [(E- lk)(E EZk) N (E'Enc)(E (z)k)

_f_ A _1__ A1
N (E-E‘;k)(E-Ek) N{ (E - Ek)(E gk)

(39)
If we take ¢n = An’ the Wannier function belonging to the nth band for
=1, 2, then .&k"\!
Xt = Fog = 75 € Unt (D) (o)
and
Anw = Epg Sow (40

Substituting Eqs. (40) and (41) into Eq. (39) yields
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1 1
e ARGy °
N/ E-E
1k
0 (42)
<¢.|G |¢.> =
i j
o 1 1
- o
N/ E-E
2k

which is just a special case of the result obtained previously, yielding

no vacancy states in the gap.

However, if instead of Eq. (40) we take
X ¢ -

h’K

!
-

corresponding to atomiclike orbitals

- =5 ' -
+h,1 = ‘#n(?'l‘ = ﬁ gc Ix“l“

-—
-

L U (¥ ) e ()
[%) X .

-d -y
then, as with the case of Wannier functions, the functions ¢n(r - %)

are localized28 about the cell ¢ and satisfy

<¢n2|¢n'2'> = ann'su' (us)
Then
. Wit
A = €., * - W= 42 (W)
b
wlau o W
H M\.. = G"‘ “o (H?)
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and
-» -»
An“‘ = Sw_‘ K ¢ P\\“\ 3 14 *V)' <q 9)
whene

Paw = Uae \ B lUno> (49)

Substituting Eqs. (45) through (48) into Eq. (39) we see immediately

that the off-diagonal terms in Go are zero because A, is odd in k and

12
Elk and E2k are both even and
RER
Ga= Z. ,__E"i‘-‘__,_‘*-_""' — (50)
[ b3 (E'E\&)(E'Ezu\
e
GO - Z E - é\ = Zm (:D

22 (E'E‘\’K)(E'E:J

-
K

W 4\

" Va
E t\zkz » (E““Gz) * [(eq'e:.)l + 4 \K'hx‘l]
P =

2 2 ma 2

(52)

If the two orbitals refer to two different atoms in the unit cell, then

the eigenvalues for states in the gap are given by Grcl)1 = 0 if atom 1 is
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removed or ng = 0 if atom 2 is removed. In either case (E - Elk) (E
- EZk) < 0 for E in the gap. Then for any E in the gap E - (81 +
2.2 _ 0

h“k“/2m) < 0 because (El)min =g, so G22 # 0 for such E. However,

the term E - (s2 + h2k2/2m) can change sign for E in the gap, so
removing atom 1 (i.e., the one associated with the conduction band)
can lead to gap states. A more careful analysis shows that for
sufficiently large P9 the energy 6f this vacancy state can be made as
close to the top of the valence band as desired, and as Pig is
decreased the energy of this state can be made to rise to the bottom of
the conduction band. In addition, if the two orbitals refer to the same
atom (there is thus one atom per unit cell) then the condition for a gap

state is

o_._ 0.0
Det G = 0 = G, G, (53)

so the above analysis still obtains, i.e., depending on the magnitude of

there can be a gap state corresponding to G0 = 0. Thus the

Pia 11

results depend on the choice of localized orbitals describing the
atomiclike states to be removed. If Wannier functions are employed
there will be no gap states, but with another similar - but not identical
- choice of a localized basis set we can obtain gap states in a finite-

band model even though the energy bands in both cases are the same.
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1.4 Discussion of Assumptions in ldeal Vacancy Calculations
The results of Section 3 lead to the conclusion that either there are no
gap states introduced in a crystal by an ideal vacancy, i.e., that some
relaxation must be assumed if any gap states are to exist, or there is
some fundamental problem with the orbital-removal method. However,
since it can be shown that in the Kronig-Penney model gap states exist
even if there is no relaxation, we examine the latter possibility.

There are two fundamental assumptions from which Eq. (13) directly
follows. The first asserts that when an atom is removed from a perfect
crystal all the other atoms retain their original position;.s. This
essentially defines the ideal vacancy and, although it may not be true
in practice, yields a well defined problem that can fruitfully be used as
a starting point for vacancy calculations.

The second assumption is that the atomiclike orbitals are retained on
all other atoms and their interactions are assumed unaltered. However,
the matrix elements of the full Hamiltonian between any two orbitals (in
the single-particle approximation) depend in principle on th’e potential
'ghroughout the solid and not merely on the contribution of these two
atoms to the crystal potential. Thus this assumption is not equivalent
to asserting that each atom continues to make the same contribution to
the crystal potential as it did originally (except of course for the
vacancy atom); rather, it is equivalent to assuming that the crystal

potential has not changed at all anywhere within the solid. For
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example, the second assumption requires that the matrix elements of the
potential between orbitals from atoms adjacent to, but on opposite sides
of, the vacancy be unchanged. This clearly cannot be true except
when all interactions other than those from nearest neighbors are
neglected. Even in the case of nearest-neighbor interactions only, the
matrix elements of the potential between states on a single atom adjacent
to the vacancy will change because these states will partially overlap
the vacancy site.

This point is most simply illustrated by the following model
calculation. We first observe that the orbital-removal method is not
restricted to a crjstal but can be applied to aﬁy multi-atom system
provided that the Bloch states in the Green's function are replaced by
the complete set of quantum states q, with er;ergy Eq, of the
unperturbed system. Here q denotes all the guantum numbers
associated with a given state. Equation (13) then is valid for states

not degenerate with any Eq with

v <19 R i) (54)

Q
G.(.‘\ E - E?

12

Consider two identical atoms separated by a finite distance. For
simplicity we take one orbital on each atom ¢1 and ¢2, both of which

are eigenfunctions of the Hamiltonian of the isolated atom, and assume
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they are orthonormal for the given separation distance. It is then
trivial to calculate the Green's function given by Eq. (54). The
resulting eigenvalue when atom 1 is removed is then obtained from

G(ljl(E) = 0 which results in

E=c+ <4,V e, (59)

with wave function ¢ = ¢2, where ¢ is the eigenvalue for the isolated
atom and V1 is the potential due to the presence of atom 1. We thus

see that even though atom 1 has been removed, its contribution through

the potential, V remains and leads to an incorrect energy eigenvalue

1’
for an electron in the presence of the remaining atom even though the
wave function is correct.

An even simpler way of seeing that this must happen is to first
recall that the eigenvalues obtained from setting the determinant of the
appropriate block of the Green's function equal to zero are identical to
the eigenvalues obtained from the Hamiltonian matrix when all rows and
columns involving matrix elements with the removed orbitals are

eliminated. In our two atom, one orbital per atom model the initial

Hamiltonian matrix is only 2 x 2, i.e.,

0 0
H11 H12
0 0
H21 H22

and removing the matrix elements involving ¢1 immediately yields
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~ 0 _ 2
E = sz - <¢2|(p /zm + Vz) + V1‘¢2>

=&+ <4,IV, 19, (%)

as obtained from the Green's-function calculation.

Moreover, it is clear that if we assume a continually larger set of
orbitals as a basis on each atom, the Hamiltonian matrix still has the
form given by Eq. (56) with the Hij each being a matrix containing
matrix elements of the full Hamiltonian between orbitals on atom i with
orbitals on atom j. If we proceed to calculate the eigenvalues for the

isolated atom 2 by the orbital removal method, i.e., set the matrix

elements involving atom 1 equal to zero, then the matrices Hcl)l’ Hcl)2

and H(Z)l are removed and the resulting Hamiltonian matrix is given by
ng ; the resulting Hamiltonian matrix is then composed of matrix

elements of the full Hamiltonian H0 = p2/2m + Vl + V2 between all states

of the isolated atom 2. Then since the atomic orbitals on isolated atom
2 span a complete set for any square integrable function, as the
number of these orbitals increases without limit, the eigenvalues of the
Hamiltonian matrix approach the eigenvalues of HO = p2/2m + V1 + V2 of

which Eq. (55) is the first approximation, and not the eigenvalues of H

= p2/2m + V,_; thus, we see the "ghost" potential, V., continues to

2’ 1’

contribute as if atom 1 were still present.
This is also what happens in the case of the ideal vacancy in an

otherwise perfect crystal. The orbital-removal method yields the same
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eigenvalues as obtained from setting to zero the matrix elements
involving the orbitals from the atom to be removed but not modifying
the other elements. Thus the other elements of the Hamiltonian matrix
involve matrix elements of the full Hamiltonian including the potential of
the atom that was removed. Then, as the number of orbitals is allowed
to approach infinity and the set becomes complete, the resulting
eigenvalues become those of the perfect crystal with no vacancy
present. This is the reason why in Section 3 we found no gap states
when we allowed the number of orbitals to approach infinjty and
assumed completeness of the set of orbitals.

Thus, although the orbital-removal method is very appealing, it
cannot be correct because it does not actually change the potential from
that of the perfect crystal. At best it will result in spurious results
for a finite-band model as indicated by Eq. (56) for the two-atom
problem and these solutions must ultimately converge to the band
energies of the perfect crystal when the method is made fully
convergent. Since the cluster calculation14 employing th;e orbital-
removal method is an approximation to treating the vacancy in an
infinite crystal, it too suffers from the same defect as well as do other
non-Green's-function techniques empldying the tight-binding (orbital-
removalj definition of the vacancy.ls-17
Nothing stated above, however, should be construed as implying

that the original Koster-Slater method -is incorrect. When this latter
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method is employed in the case of a vacancy, orbitals are not removed
but rather the crystal Hamiltonian is perturbed by adding a term that
represents the change in the potential due to thé removal of the atom.

Recall, that in the Green's-function approach'7 this yields

8
(1 - c%uyy = o, (59
and the energy eigenvalues are given by
0 -
Det (I - G U) = 0. (54)

where U is the perturbation potential, G0 is the Green's function for
the unperturbed Hamiltonian, and ¢ is the wave function for the
electron state.

In the two-atom model discussed above U = -V1 for the removal of
atom 1. We have exactly solved the preceding equations assuming only

one atomic orbital on each atom where each orbital is the true atomic

state in the absence of the other atom. We find for the ground state

and

¥ ¢2 exactly.
Thus, unlike the orbital-removal method, the original Koster-Slater
method yields the exact result both for the energy and the wave

function when the perturbation created by the vacancy is treated

correctly.
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In other words, a correct quantum mechanical calculation concerning
the effects of removing an atom can not be obtained by merely reducing
the size of the basis set without making any other changes in the
Hamiltonian matrix (which is what is done in the orbital removal method)
but requires the incorporation of the change in the potential caused by
the removal of an atom.

The assumption that the orbitals on the atom to be removed may be
eliminated from the basis set (thus ensuring that the calculated vacancy
eigenfunction will have zero overlap with these orbitals) has recently
been criticized by Pena and Mattiszg. They argue that just as an
impufity atom, the vacancy contributes its own set of orbitals, these
orbitals being linearly independent of the set of states belonging to the
neighboring atoms and the rest of the crystal. This view is necessary
mathematically to obtain a complete set of states as well as to make the
connection between the pseudopotential and LCAO methods. They
illustrate this point for the case of a halogen vacancy in sodium
chloride where a pseudopotential calculation of the vacancy state yields
a bound state having considerable amplitude at the vacancy site which
would not be reproduced by an LCAO calculation using atomic orbitals
centered on the neighboring atoms exclusively.

An even simpler example is given by the vacancy states in the
Kronig-Penney model of a one dimensional periodic array of delta

function potentials. Since the Schroedinger equation for a one
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dimensional potential has two linearly independent solutions for a given
energy, then for E in the band gap the solutions for the perfect
crystal are two states satisfying Bloch's theorem but with complex k.
When a vacancy is created by removing one of the delta functions,
these states still satisfy the Schroedinger equation to the left and right
of the point where the delta function has been removed. The vacancy
state is then obtained by matching the logarithmic derivative of these
functions that decay as the distance to the vacancy becomes large.
The resulting vacancy state is then strongly peaked at the wvacancy
site. Numerical examples are provided by Saxon and Hutner30 who find
for a typical case that the probability density at the vacancy site is
more than twice as large as that on the nearest neighbor.

Thus, even if the potential is treated correctly the exclusion of the
on-site orbitals from the basis set cannot, in general, be expected to
yield the correct result because the wave function may have significant

overlap with the orbitals on the "central" atom.

1.5 implications for Surface State Calculations

The orbital removal method has been extended to the problem of surface
state calculations. In this case two non-interacting surfaces are
created by the removal of atomic planes. If only nearest neighbor
interactions are included, one plane of atoms is removed; if next

nearest neighbor interactions are included, two planes are removed, and
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so on. Since this method is equivalent to creating a "planar vacancy"
or a -"multiplanar vacancy" by the orbital-removal method without taking
into consideration any change in the matrix elements of the Hamiltonian
between orbitals on atoms that are not removed, it must suffer from the
same difficulties as the orbital-removal method in the vacancy
calculation.

We can show this directly by demonstrating that as in the case of
the vacancy calculation there are no surface-state energy eigenvalues in
the band gaps when Wannier functions are employed as the localized
atomiclike orbitals. For simplicity we consider the case of one atom per
unit surface cell. Then, employing the orbital removal method the
energy eigenvalues, E(q), for surface states in the energy band gaps

are given by the solutions of4
0
Det |1G", (E,@)l] =0, (6o)

where ng, is the Green's function in the layer-orbital representation,
i.e.,

0 - am, .0, am'

ngl(E;Q) - <¢q IG |¢q >: (ll ()
where % is a composite subscript for the orbital ¢ on the atomic plane
m, and ¢,2' in Eq. (60) run only over those layers to be removed
creating the two non-interacting surfaces. Here the layer orbitals ¢qam

are defined by4
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@,m 3 id*p + _m (62)
¢q’ =N Xje i ¢ (r-p),

where p;n are the two-dimensional lattice vectors connecting sites
t .

occupied by the atoms with orbital type « on the m h lattice plane and

q is a vector in the two-dimensional Brillouin zone defined by a surface

cell. Let

Y
t
o

3
e
(1]
>
L)
(X
)
©

¢ _(

o j a j

Then the layer orbitals can be written

R jze‘“? A (- 10 (e
and
Yor = 7= Em SN ALl C64)
LimKa

&, m y—" Shg g @f)
<+”)2|A1— >= 3 < A" (

where we have used .‘.);n =3 +m and k|| is the projection of k on the

. -
surface, while k, is the projection of k on a. Then
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L

[-] L
(’U.'(E’%) n,¥

CAS InRY ¢n 1 AT ™)
E - End

1o (m'-w)

SJ.L‘

N,

X,

which is diagonal in band index so Eq.

t
where Go ¢ 'a
mm

When only one layer
1]

interactions only) m = m' =

eigenvalue condition is

e
2 E - Eu (§,K)

is to be removed (i.e.,

1 so Go
mm

(66

(60) becomes I detGo%,® =0
a mm

are the elements of G0 belonging to band «.

nearest-neighbor

'aa is a 1 x 1 matrix and the

N2 l L —~ =0 (6#)
—N—. E - E.( (t)KL)
Ky
which yields no gap solutions.
If we must remove two layers (i.e., next-nearest-neighbor
interactions), then G?nm,aa is a 2 x 2 matrix, and the eigenvalue

condition is

: Z

Na
det Go::' = (-)

o

or

E- E.lq k)

-1.“1 o 1

Z e
j KL. E"E;((t)lt)

Kye

Z e
E -~ E‘(iﬂ&)
Ky :

Z G- E((zm)
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2 ctno. 2
: - —
I g E- E.((i,!;) ‘ - \ KZ_L E -E‘(in) o (68)

s

But for E in an energy band gap E - Ea always has the same sign for a
given a so the first term is always larger than the second. Thus for
the case of next-nearest-neighbor interactions there are no gap states.

In general, if we have a Hamiltonian with n nearest-neighbor
interactions we can remove n layers to decouple the two solids to create
two non-interacting ideal surfaces. Since GOM(E,q) is diagonal in band
index in the Wannier representation, the ideal surface-state energy
spectrum is obtainable from the zeros of detG?nm,aa = 0 where, for a
given a, Gglm,au has rank n. For n > 2 it is difficult to proceed as
above to show no solutions exist in the gap by direct evaluation of the
determinant.

Consider the case where we take an infinite solid in all directions

and take the limit

N a
— Z Dam— w SJKL
N k.
Then
0 ool a. -1“1‘&‘“\-‘\&‘)
Cm'_\, = Y- S'g.ti (k) e dk, (LD
where
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1

fu3 )y = € - Eu(F.k)

(70

For interactions between n nearest neighbors we can decouple the
two solids to create two noninteracting surfaces by removing any
number of layers greater or equal to n. If we let the number of layers

. . < 1 Oa a'
removed become increasingly large, i.e., m, m' = M >> n, then Gmm'
looks the same as the Hamiltonian matrix in the Wannier representation
of a one dimensional problem with energy-band function faéf(kl)’ i.e.,
if faa(k ;) is the energy-band function of some Hamiltonian h, then in
terms of Wannier functions Zam’

<A IhIZ > = £ T
am am ag,m'-m

where

- & -
fqm = 3 (Eg(ke

ik am dk, .

In the limit of large M. the matrix representation of h in the Wannier
representation can be diagonalized by a unitary transformation to a

Bloch representation

0 «

Det G ' 0 ao - =0 aa
mm

® = Det G, ., nG, .=,

ii iii

where 69."“’ is the ith eigenvalue of -éOa'u but since GOa'a is the
ii mm mm

Hamiltonian matrix of h with eigenvalues fa&'(k 1), we have

' t
Fo%t = —~ Sia (#1)
G 12 E ..E" (},K;)

so Det Gg;l,a can never be equal to zero for E in the band gap.
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Despite the results above for vacancy states and surface states, the
orbital-removal method may be applicable to problems involving
overlayers, heterojunctions, and superlattices. This is due to the fact
that in these cases not only is a plane or planes of atoms removed, but
they are replaced by another set of atoms having interactions with the
other atoms in the crystal and thus the potential is actually changed.
The analysis of the last two sections however, suggests that if accurate
quantitative results are to be obtained, the matrix elements of the
Hamiltonian between states that are near the removed layers must be
adjusted to take account of the change in potential due to the existence

of the interface.
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Appendix A

Green's-Function Method With A Nonorthogonal Basis

Let {¢a} be a complete set of functions with overlap matrix

Saal = <¢a| ¢at>

The Schroedinger equation for the energy and eigenfunction of a state

in a band gap can be written

n-cevr = o, (Al)

where V is the perturbation potential on the unperturbed Hamiltonian
Ho and GO = (E = HO)-I. Since the set {¢u} is complete we may expand

¥ in terms of its elements:

p = 2u| Ca'¢c' (A?-)

Substituting Eq. (A2) into Eq. (A1), multiplying both sides of the

e

resultant equation by ¢;, and integrating yields

(A3)

i
o

§ [ S-(.-c - (C’ov)“'] C.u

If the {¢a} were a complete orthonormal set, then

- 43 -
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T &7« = 1

4'!

from which it immediately follows that

6Vl = L Guw Voo

4“

In general, for a nonorthonormal set {¢a},

£ = L 1Kl h4

Equation (A4) follows from noting that since {¢a} is complete,
£ = z IR 29

Therefore,

<+F\f> = % 'Cc( SP-(

and multiplying by S’1 and summing over ‘s gives

-1 5 -l
E Sep <4’P\f) = %_P;ds

]
“'f\

TP SPJ = ‘Z-L SIr.(

Therefore
\§) = 5 f,.H’*) = ‘Z)\;S FP\‘h) <+PH>

from which Eq. (A4) immediately follows.
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Using Eq. (A4) we obtain

o o ot (AS)
(6"V)ae = I, Cop (e e

and substituting (A5) into Eq. (A3) and multiplying both sides of Eq.

(A3) by (S-l)s‘ and summing over « yields
-l o !
Z(S‘.‘o - Z SS-(GdP SP" V".u)c.u = ©
o “ B

which has nontrivial solutions if and only if

det | Sew - Z" (,:‘“V‘“,H = o (A¢)

where

a° Z S:p Go‘sf S:.{" (A?)

B

We may now proceed in exactly the same manner as given in Ref.
3, i.e., we write for a potential having only a finite number of nonzero

matrix elements with the basis states {¢a},

and partition G° so that it is written
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=0 =0
Gy G2

s =
-0 =0
G21 G22

It then follows that

=0 -0

Det ||l -G V|| = Det || | -G11V|| (A8)

Again using the arguments of Ref. 3, the eigenvalues of the Hamiltonian
for which all the matrix elements with orbitals on the atom to be
removed are set equal to zero are the same as those obtained by V =

EOI and letting EO--> = . We obtain from Eqs. (A6) and (A8)

-0 -
Det |G, Il = 0. (A9)
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Chapter Il

Chapter Two - Generalized Effective Mass Theory

2.1 Introduction

The results of the previous chapter leave us without a simplified
method with which to approach the impurity or defect problem. At this
stage we would be compelled to perform a full scale calculation of Det(1
- G%(E)V) = 0 to find the binding energy.

It has been suggested1 that the vacancy in Si may be treated by
the Kohn-Luttinger effective mass theory (EMT). This was based on
the observation that the k vector decomposition of the wavefunction (as
calculated within a Green's function formalism using self-consistent
techniques) is comprised almost entirely of Bloch functions with k
values near the nearby band extrema.

The three valence bands degenerate at k = 0 contribute 79.6% of
the wavefunction of the Si vacancy while the next nearest band, the
lowest lying conduction l;and, contributes an additional 10.9%. This
prompted Pantelides, Lipari and Bernholc1 (PLB) to attempt a
calculation of the Si vacancy energy and wavefunction within the EMT

using the three valence bands.

-47_
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Although the value obtained for E, (0.9eV as compared to 0.8eV

b
using a non self-consistent Green's function -calculation) was quite
good, they noted that the corresponding wavefunction did not have the
correct structure. While " . . . the Green's-function theoretic
wavefunction has a dangling-hybrid-like character the EMT wavefunction
does not. Instead, it looks like a bonding function with maximum
amplitude in the region where the vacancy potential is large."

In addition, the inclusion of Umklapp terms in the calculation of
the energy added a correction (~2eV) of greater magnitude than the
first order term, which precluded any possibility of a vacancy bound
state in the energy gap.

PLB argue that inclusion of conduction band Bloch functions,
(which are antibonding in nature) would rectify this problem. If the
EMT included the conduction bands as well, then the maximum of the
vacancy wavefunction would be shifted away from the vacancy site,
thus lowering the value of the potential matrix elements <wni€|Vlwn'R'>
used in calculating the additional energy due to Umklapp corrections.

The good values for the energy levels obtained in EMT are due to
cancellations of large corrections - Umklapp which increases the
potential matrix elements and inclusion of conduction bands which would
decrease them.

As is well known, effective mass theory is based upon the

assumption that we are dealing with a weak, slowly varying
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perturbation potential and thus a wavefunction which is strongly peaked
about a band extremum.

However, the vacancy hardly qualifies as a slowly varying
potential, so it is not surprising that neither the wavefunction nor the
energy with Umklapp terms included turn out correctly.

Although a direct application of EMT leads to results which are
inconclusive at best, the observation made by PLB is an important one.
Since the wavefunction is comprised to a great extent of Bloch functions
with K value belonging to nearby band extrema, it suggests that an
extension of EMT may be made to include this class of potential as well.

This led us to enquire into the nature of EMT and whether we could
make a successful generalization to encompass perturbations such as
defects, and to include the rapid variation of the potential near the
ionic core of impurities. That is, can we modify the theory to enable

us to treat the case of rapidly varying potentials.

2.2 Effective Mass Equations for Envelope Wavefunctions

The first successful derivation of an effective mass Schroedinger
equation that is capable of deriving both energy eigenvalues and
eigenfunctions using envelope wavefunctions was given by Luttinger and
Kohnz.

They showed that if the perturbing potential, V(F), was slowly

varying in space over the unit cell of the crystal, and one assumed
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that the wavefunction was mainly composed of a superposition of Bloch
waves from near the band extremum, then through second order in the
expansion of en(i{), the eigenvalue-eigenfunction equation can be

written (assuming an extremum at K = 0)

[e_(-i¥) + U(D]EF () = EFn(‘f) (1)
where
F (5 = 2 21 Tc (%) (2)
n K n

(@ = 2l c @y (D) | (3)

= F_(D)¢__(3) (4)

Thus far we have considered the effective mass theory for
potentiais that vary slowly over the dimensions of several unit cells of
the crystal. This formalism, however, is often employed to calculate

the energy levels of donors and acceptors in semiconductors in which
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case the potential ~ 1/r, i.e., a singularity at the position of the
ionized impurity. Faulkner3 has shown that the excited states of such
a system can be quantitatively described by the effective mass theory
for the envelope function discussed above, but discrepancies appear
when the ground state of the system is considered. This is as to be
expected since the ground state envelope function is greatest in the
region of the potential singularity and it is there that corrections to the
simple theory given above are most likely to be important.

We are interested in extending the EMT to enable us to treat rapidly
varying potentials which are weak in the sense that the binding
energies for the states they produce is small. That is, Eb as measured
as a distance from the nearest band edge is a small fraction of the
energy band gap. (This criterion is satisfied for donor and acceptor
states in semiconductors.) In this situation it is reasonable to assume
that the wavefunction for this state can be described adequately by
restricting ourselves to a superposition of Bloch states from a small
region of K space around the band extremum of the nearest band.
(Assuming for simplicity a non-degenérate band structure.)

We can thus neglect the effect of band mixing in deriving an
expansion for the wavefunction and calculate the corrections to the EMT
using an envelope function belonging to only one band.

Although all of this is easily extended to a time dependent potential
as well (with the restriction that it have no high frequency components)

we will restrict our discussion to the time independent case.
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Let Y(¥) = ZRCn(KNnR(r) where ¢n_’€(r) are Bloch functions of
quasimomentum ¥ in band n, the nearest band. If V is the

perturbation on the perfect crystal periodic potential, then:

(H0 + VY(E) = e¥Y(¥) (3)
and
0 - " -
H'¢ () = e (R)¢ -(T) (6
—y th .
where En(K) is the n~ energy band function.
Recall:
<¢nil¢n’i€'> - 6nn"siﬁi' ()
and
o= 2 Ty __(3) (%)
nK nK -
thus
U 1?2 a8 = 9 ()
nk
Then:
=y = - -y 1KY (o)
Y(7) (1/Q)E'K'Cn(K)UnR(r)e

<YIH|Y> -« A<¥|¥> = <¥[HO+V|¥> -A<¥|¥>

e - - iRT . i-‘l" -
= (1/9)2R,§,CD(K)CH(K') <™ U__(D)IHe K rUnE,(r)>
3I— s - -—.'*

_ . ~ ikt -y, KT -
/DI (C (RIC (R < U (D) U \(P)>
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_ ¢ - - ) _ 3k . 1
= B fCa(RIC (RVe ()6 Mg iC(RIC (R)bg

* X

- o iKT - iK'E -
+ (l/ﬂ)EE’R.Cn(K)Cn(K) <e Uni(r)lVle U z()>

()

If one assumes the Cn(iE) are peaked about the band extremum,
then in the sum over ¥ and &K', which contains terms of the form

Cn(R')Cn(iZ), we can to a good approximation replace

- ] -

w* o 1y KT iK'T
I, ,C (R)C _(kMY<e "U__|V]e U __»>
,k' n n ni nk

* 1y JRE ‘
2-’K,Cn(K)Cn(K')<e Uni{ |Vi]e Un_’E )> C12)

s s Pt s .
ie., <®U _|VIeMTU > ==> <™'U__ Vi FU _, > in the final
nk n&k nk ni’
term of equation (11). This would be exact if the periodic part ofthe
Bloch function Uni(f) were independent of K (as is the case for plane
waves).
Variation of <Y|H|Y> subject to the normalization, <Y|Y¥> being

constant yields:

S{<Y|H|Y> - A\<¥|¥>} = O (13)

or using (12)

8{2C (R)C_(R)[z (R)-A] + (1/9)2R’R'C;(§)Cn(§')
- saf=e
x<el KTy |V|elK Ty >} = 0
nR nk
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_ . L o\ IRE iR'F
= L(C_(R)[e (R)-A] + (/DELC (R)<e Um.(olVle U“Eo>}

s
x8C_(k) + C.C. =0
==>

., . iy IRE ik'F _
[ (R)-AIC_(R) + (L/DELC (R))<e Un_ﬁ°|V|e Un"z: =0 (14)
'(z-izo)'f'

Multiply by e and sum over K:

i(R-% )E

i(R-R )F )
o’" ¢ (/)% LC (R)e o

ZE[En(K)-)‘]Cn(K)e
- setl-e
X<elKrU _ IVlelK Iy s>z
nk nK
o o

or
o o
ZE[sn(z)—ucn(z)e‘(" T (l/Q)ZE’R,an(gf)el(K R )T

cp=l_=y=
xe (¥ K)r|UnE () 12V(F)dF = 0

(o]
Define
- (-7 V&
F (2 = 2 f1c (R)el(RRHE (15)
n K
.4
and using
e (-i)[e™T] = & (R)e™T
n
we obtain:
-¥)

e (R -IV)F_(F") + (1/Q)JER{Fn(f)ei(K-Ko)(r

- 2. .
V(D) |U__ (})|°dE = \F_()
fo) .
- i(R-% Y(F'-%
A(E-F) = @ ter el (RTRI(ET) (16>
Ket=
B.3
thus

e (R_-iNF_(F) + an(f')V(f')|Un§°(f')|2A(E-E')df‘ =2F_(B) (1P
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where Fn('f) is the envelope wavefunction, and the generalized effective

mass wavefunction is given by:

- - - _ o2 iR T -
Y= F ()¢ . (}) =92 % oU . (5
(o] (o]

3

oA - IK T -
= Q ZRCn(K)e o UnK (%)

o]

Multiplying equation (14) by C:(R) and summing over K yields:
o - o * 1y _IKT iK't

ZECn(K)Cn(K)en(K) + ZE,R.CH(K)Cn(K )<e UnROIVIe Uniio)

*

= )‘XRCn(K)Cn(K)
or
<Y|H|Y> = A<Y|¥> = )

thus

A= E
and

e (R -iNF_(F) + !Fn(f')V('f')lUnEO(f')le(f-f')df' = ExF_(%) (19)

Although the wavefunction may be in error by O(§) (since we have
included only one band) it follows from the variational principle that the
energy will be in error by only 0(62).

The function A(F - T') is a delta function-like expression which is
strongly peaked for T = T' and has a width of order a lattice vectorz.
Since by hypothesis the Cn(ii) are strongly peaked near k = 'K’o, the

envelope function Fn('f) will be slowly varying (it has only long

wavelength fourier components) and so can be considered approximately
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constant over the range where A(f - ¥') is appreciable. Therefore,

Equ. (18) can be approximated by

e (R-V)F(F) + fV(f')lUnRO('f')IZA(f-f')df'F(f) = ExF(3) (1)

Equation (19) represents the time independent version of the
results of Resca and Resta5 for the differential equation satisfied by
the envelope function. It is equivalent to the usual effective mass
equation except that the effective potential is

V_go(B) = IV('f')IUnRO(f‘)le(f - £)ds' (20)
In the regions of space in which V(Z) is slowly varying we would like
to show that this reduces to the usual effective mass equation, i.e.
Veff('f) = V(F). Since A(F' - ©) is sharply peaked about ¥ = ¥' and
V(¥) is slowly varying, V(I') can be evaluated at ' = f and removed

from the integral thus:

B S T
”Unko(r)I A(E-T)V(r)dr' = V(r)”Unko(r)l A(Y-T')dT

. — — — -.'
1(K—K r-r -
-‘281» e ( 0)( )dri

= (V@M 11U, @)1
o n.t.

» _-. - -. -‘--0 -0'
- (V(f)/g)zzglt’ e1(|< KO)I lo i(K Ko)r |

-1 2 -1 (2|
U, (E)1%dE )
3.3, o

The integral is just the Fourier transform of ]UnE ('f)l2 for each k-
o
value within the first Brillouin zone.

But Uno('r') is just the cell periodic part of the Bloch function at K

= iZo, and thus has the periodicity of the lattice.
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Therefore the only K values for which the Fourier transform is non-

zero are where K - io is equal to a reciprocallattice vector. But if the

sum is restricted to the first Brillouin zone the only reciprocal lattice
vector contained in the sum is when K - k= 0,

(o]

Thus
V(5 = V@ U @) e (22)
eff nRo

and given the normalization of the UniZ to a unit volume we finally
arrive at the desired result, °

Ve (E) = V(D) (L3
under the conditions normally employed in EMT.

Thus Equ. (19) reduces to the usual effective mass equation in the
spatial regions in which V(Z) is slowly Var.ying. However, in regions
of rapid variation the potential function is modulated by the variation of
the periodic part of the Bloch function at the band extremum as given
by Equ. (20).

Resca and Resta claim that the use of the many valley generalization
of Equ. (19) resolves the existing discrepancies between theory and
experiment for the ground state of donors in silicon. However, since
they employed a spherical effective mass approximation for the
conduction band minima which in fact is significantly anisotropic having
m"/ml = 5, their results may not be considered a definitive test of the

improvement that Equ. (19) makes over Equ. (1), the standard

effective mass equation.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



58

We note that while Resca et.al.5 employ the approximation

6.() = el(K'Ko)r¢Ko(.f) ‘
our derivation relies only on the strongly peaked character of the
Cn(iZ). The approximation above is equivalent to saying that the
periodic part of the Bloch function is essentially constant throughout
the Brillouin zone.

We employ the Kronig-Penney model as a guide in this work since
it is an exactly soluble case of a rapidly varying potential. The
probability density for a typical "vacancy" in the Kronig-Penney model
is given in Figure 1. We observe that this has periodic maxima which
are steadily declining in magnitude.

This suggests that it may be possible to treat this problem in the
EMT where the solution will turn out to be an envelope function times a
Bloch function of fixed k value and thus a specific periodicity in real
space. The probability density for a delta function impurity, i.e. the
depth of the particular "well" is not the same as those of the
background, shows similar behavior.In fact the vacancy is jus‘t a special

case in which the strength of the impurity is zero.
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Fiz. 1. Psobability function associated with an extra encrey level due to a single defect

Iattice point. .

Figure 1: Probability Density for a KP Vacancy (P/m = -0.5)
From Saxon and Hutner (Reference 6)
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2.3 Kronig-Penney Model

= - ! (2
Vit = En#oé(x na) + \' 8(x) 4)

where X\ < 0, an attractive potential. Then:

82 9
- Lo v, 001 Y0 = E¥(R)

[v? - (ka/ﬁz)znmﬁ(x-na) - (2m\'/E2)8(x) ] ¥(x) = -(2mE/B2)¥(x)
or
v2 - (me/ﬁz)zna(x—na) - 2m(M-N)/B28(x)]¥(x) = -(2mE/E2)¥(x) (15)
Let P = ma/k’ , P' = m\a/k, p=7P - P (W0
[v* - (2P/a)5_8(x-na) - (2p/a)8(x)]¥(x) = -(2mE/A2)Y(x) Q2

E = K2k2/2m %)
Saxon and HutnerG derive the relationship for the discrete level due

to the presence of an impurity in a KP model:
. - 2, .2 2.3
cos(ka) + Psin(ka)/xa = £[1 + p~(sin“ka)/(ka)"] | (24)

[In "perfect crystal" case P' = P --> p = 0, cos ka + Psinka/ka =t 1
which is just the band edge dispersion relation, and thus does not yield
an additional state in the energy gap.]

This transcendental equation is then solved numerically to arbitrary

precision to yield E of the impurity.

binding
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2.4 Kronig Penney Impurity using Effective Mass Theory
If we use the standard EMT for a weak repulsive perturbing
potential to attempt a solution of the KP model V(x) = (X' - ) &(x)

where \', A <0 and \' - X > 0. Then

82 a2
[~ —— .+ (A\'-0)8(x)]F(x) = (E - £ )F(x) (30)
4 2 emt )\
2m, dx
is the equation for the envelope function, with m‘; the effective mass
at the top of the valence band; Eemt pL the energy measured from

the top of the valence band.

e

Then since mV <0

82 a2
[- o—-—- —5 (M=) 8(x)]F(x) = (8V - Eemt)F(X)
2im,| dx

which is just the equation for the bound state of a particle of mass
*

Imvl encountering a single attractive spike of magnitude |\' - \|.
Using continuity and derivative jump conditions we arrive at the

well known solution

i - e
F(x) = ql/"e axl yhere q-= |mv|(x'—).)/r,2 >0 (31
and

_ - 2 2 E3 _ 242 ' 2 2
E . - ¢, =09 /@2m,l) = fm |(\-})7/(2h) (32)

Although the behavior of E, as a function of perturbation strength is

b
correct for small perturbations, i.e., it goes as the square of the

potential strength p, the quantitative results of the EMT are poor.
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In fact we find in this limit in which the strength of the
perturbation is small compared to the background periodic potential that
the eigenvalues predicted by the usual effective mass equations are too
low by at least a factor of 4 (measured from the top of the valence
band) compared to an exact calculation of the energy eigenvalues. This
discrepancy increases with the strength of the background although the
ratio of the perturbation to the background remains unaltered.

A first attempt at improvement is the inclusion of Umklapp terms

E = <‘HH0 +V |Y> (33)

emtu pert

where

Py .
A2t ikx
¥=Q° % Cn(k)e Unk(x)

Recalling that because of the peaked value of the Cn(k) we can
replace Unk(x) by Unko(x) in the matrix elements we get:

_ _ 3N - 2 2 -
emty " Sy = IMUL(NT/(26T) ¢ <¥| V> - <F|V|F>

val

= mo-nZErdye moen?aAuo)? - e jo-n e

e = Umo oo+ 200" ) 121

Gy)

Figure 2 is a plot of the binding energy for a small§ function
perturbation calculated within the effective mass approximation as a

function of increasing background potential P. For each value of P,
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p/P = .01 for this calculation. The energy is given as a fraction of the
exact binding energy, which can be found by numerical solution of the
transcendental equation, and the measure of the background potential is
sg/E0 - the energy gap divided by the width of the free electron
valence band. E0 = ﬁz-nz/ (2ma2) which in the KP model is the energy
of the n’ﬁnimum of the lowest lying conduction band, irrespective of the
strength of the background potential. Thus Eg is expressed in units
normalized such that the energy of the conduction band minimum is 1.

The graph (Figure 2) clearly indicates the great improvement
introduced by the Umklapp terms, while at the same time suggesting the
inadequacy of this approach. The Umklapp term which should be a
small correction in order for the standard EMT to be valid is always at
least twice the size of the original term, as reported by PLB in the
case of the Si vacancy, and furthermore, even with its inclusion the
result starts at 75% of the true value and becomes steadily worse.

‘This demonstrates that for rapidly varying potentials the Umklapp
terms cannot be treated as a perturbation on the envelope wa;vefunction
and energy, but must be included from the start in the eigenvector
equation for the wavefunction and energy.

In the following sections we will show that in the limit of weak
perturbing potentials the generalized effective mass equation, equation
(18), leads to the exact result. Moreover, it is clear why this

happens. The use of equation (20) for Ve for a delta function

ff
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perturbation, essentially - results in multiplying the potential by the
factor 1Uva1(0) |2 where Uval(O) is the cell periodic part of the Bloch
function at the top of the valence band evaluated at a lattice site
located at x = 0.

In the limit in which the attractive background periodic potential is
weak, the Bloch waves near the band extrema closely resemble their
forms for the "nearly free electron" approximation. That is Zécos(kx)
and Z%Sin(kx), i.e. the wavefunction for the fop of the lower (valence)
band has a maximum at the lattice sites because we are dealing with an

val0)12 = 2, and since

attractive potential7. This yields a factor of |U
the energy eigenvalue is proportional to the square of the strength of
the perturbation, this results in a factor of 4 in the energy.
Furthermore, for stronger background periodic potential, the wvalence
band wavefunction is even more strongly localized about the lattice site
and thus the correction factor increases.

The preceding analysis demonstrates that the observation of PLB
that the wavefunction for an electron bound to a vacancy in silicon is
mainly composed of Bloch states from the nearby band extrema is not
sufficient to employ the multi-band generalization of equation(1) in the
calculation of the energy and wavefunction of such states. One must
also take into consideration the fact that the potential is rapidly

varying over the unit cell and employ the multi-band generalization of

equation (19) i.e. the effective potential will depend on a convolution of

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



o-
A
éExAc‘!’
0.4
0.a

Figure 2:

65

.4
01 ) (:" 1] o‘ . | |
)
-l o.q.
o-n".... | O.?
a ‘.".'.0.i....‘.al.o...l... -
E MTU oooo-.o.o.-..o--.o..---
4 0-5
1
- 0'3
..nno-'“"."; o-‘.
EMT .
$ 1 , | ’
] ] 1 : ) i |
o4l 2 3 .1
/
€ /e °

Binding Energies for a KP Defect (p << P)

[Calculated/Exact for a Range of Backround
Potentials]

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



66
the perturbation potential and the Bloch functions at the nearby band
extrema. This explains why their final result for the energy eigenvalue
employing the effective mass approximation was in such poor agreement

with the results of more detailed calculations.

2.5 Kronig Penney Impurity Using Generalized Effective Mass Theory
If we employ the generalized form of the effective mass equation,
[equation (19)] for rapidly varying perturbations, the equation for the

envelope function is:

2 2
- -ﬁ—i-é B + 00U 1 2aex-x") 8(x) B(x') dx!
2mv dx
= (B - & )F(x) (35)
or
1’12 d2 val 2
- ——;,;—-ZF(X) + (M'-2) U (0) | TA(x)F(0) = (E - EV)F(X)
2m, dx

Since A(x) is sharply peaked about x = 0 with width = a (the lattice
spacing) and for a weak perturbation F(x) will be slowly varying over

a lattice constant, we can approximate
A(x) ~ 8(x)

and thu_s

V() = (0860 V(0] (3¢)
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The potential now includes the effect of the valence band Bloch function
at k = mn/a and therefore can make a considerable differepce in the
value of the calculated binding energy.

Now by the identical arguments as in the preceding section:

F = ae 81Xl here g = {lmj|(k' -x)/(zhz)nUK"aI(onz
(o]

and

- =522 *N = 1Ay pop2 val = 4
E-e =h"g/(Cm) = {Im [(A-}) /(2 )}IU'<o (0) 1 33)

In the next section we will calculate the exact result analytically for the
case of wea1.< perturbations. In addition, in order to enable a
comparison between GEMT and the exact result we will derive
expressions for Imz:l/m and |Unval(0)|2.

o
2.6 Exact Solution of KP Impurity For Small p

We have the relationship:
cos(ka) + Psin(ka)/ka = £[1 + pz(sinzna)/(na)zlé (24)

which gives the exact ehergy of the impurity in the Kronig Penney
model.

In general this must be solved numerically, however for the case of
p << P we can derive an expression for Eb which can then' be compared

with the expressions obtained in approximate theories.
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Let ¥ = ka
For the band structure we have:

cos¥ + Psin¥/¥ = cos(ka) (38)
then at the top of the valence band where ka = m, ¥ = Xo

cos¥ + Psin¥ /¥ = -1
o o o

from which it follows that:
(39)

P = -Xocot(%lfo)

For small p we expect the energy to be slightly higher than the valence

band edge i.e.,
E = ﬁzxz/(.'lmaz)
¥ =% + 8§ where § << ¥ .
o o
_ . _ 2, .2 2.3
F(¥) = cos(¥) + Psin(¥)/¥ = x[1 + p (sin ¥)/(¥) ] (29)

So expanding about Xo yields:

F(8) = F(s) + (dF/d®)|, (-3 ) = -[1 + p(sin )/ (¥ )" o>
(o]
-, ]
to order p°. But F(Xo) = -1 (4y)
F'(XO) = [Pcos¥/¥ - PsinX/Xz - sin¥] 1=1 (CEN)
o

using equation (39)
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F'(KO) = cot(%to)[sinro/xo - 1} (4%
so
(¥ - KO) = -%pz(sinzxo/B’g)/F'(Ko)
or
(¥-%)= %p (sxn ¥/%, )/{cot(%x )[1 - sin¥ /% ]} (44)
: L g % - X, ~ /t’ % -
c = a (‘ -‘o) = Z—-t(x X“) (¥ ¥) % -a (¥-%.)
b
x. “t ?15““. T. |
E.L. = — - 3 - T (45)
b mat 2 %, M({f‘) I~ -;-:-

However we would like to compare this to the effective mass results and

3

so we need to eliminate m in favor of mv.

p = m()"-)‘)a/ﬁ2

Thus k\‘ . W-Na : vat LY
{ X, qﬁ(“)t‘s“ﬂj

zhag" 'f“'

IRE]
o
"

- (N-A) , 4 s (5) <o (3)
2%, 8" et () [1- %]

3 SNL (T.) Can (Yc)
[ (V.\ L Smml

(4¢)

(!2 ) th Oﬂﬂ)L

M: N )6‘ ¥o

We now use equation (38), the equation which defines the band

e
structure to find m/mv.
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£(¥) = Psin¥/¥ + cos¥ = cos(ka) (39
Expand about L3 the top of the band , then to lowest order
er )+ | (1) = 1 - d(ka-m)?
o 3% Ko o
= 3+ [ol, 17 Hkaem)® W
= ¥ = X°+[ax|xo] 4 (ka-m)

) = 52
e (k) =—,
2ma

+ [3—‘. ] <, (K&-n)l.... }

xt n
= —. g LY %
Z\:\g X,
d
‘ ‘ ‘3 é (K) - ' n _)‘ -}
o vl B L 1Y
t:ﬁ,ﬁ k'zﬁ,(.
-1
. s X ]
- Ve LAY
So xb .
- Sy e ("f‘()
o A [ ]
Gw A X
Ly L ‘ g 8 10\
WWV ()“)) 2 S\ (: (49)
E = - Siu ¥
tb 20" | - —
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2.7 Calculation of the Valence Band Bloch Function at the Zone Edge
For a Kronig Penney potential V = inﬁ(x-na), we note that in the
regions between the potential spikes, x # na, the solutions to the

Schrodinger equation are just plane waves.

T | Region | Region | Region |
I 0 I 1 I 2 I
Fat | | |
;! | | |
-a o a 2a
Following the exposition of Gasiorowiczaz
qbo(x) = Aosmr:x + Bocosr:x
¢1(x) = A151m<(x-a) + Blcosn(x~a)
Matching the wavefunction at x = 0 and using the derivative jump
condition (due to § potential) we get:
(1) $,(0) = ¢,(0)
===>
Bo = -Alsmnca + Blcosna (Sv
and
1 ' _ 2 2
(2) ¢o(‘8) - ¢ 1(s) = 2m\/h"¢(0) = a"¢(0)
===>
kA - [kA_ cosxka - kB_sinka] = azB (s
o 1 1 o
© e — ika
(3) Periodicity ===> ¢(x+a) = e  ¢(x)
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For the valence edge k = m/a (zone edge).
¢(x+a) = -¢(x)
a. ¢(0) = -¢(a) ==> B =-B
b. ¢(-%a) = -¢(3a) ==> A =-A
Substituting equation (53) into equation (51) yields:
Bo = Aosinna - Bocosna
Bo = Aosimca/(l + coska) = w(n)Ao

where w = sinka/(1 + cosxka). Then from equation (50)

in
b
A

¢va1(x) = Ao[sinkx + w(k)coskx] -a

and

¢val

1672017 = 14 1% (0)

where |A0|2 can be determined from normalization, that is

val 2
spacel$ ()] “dx = 1

72

(53)

(s4)

(55)

After some manipulation (which is presented in the appendix) this leads

to

|Uval(0)|2 = wZIAI2 = Zsinz(%na)/(l - sinka/ka)
where

IAI2 = xa(l + coska)/(xa - sinka)
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where k must be evaluated at the valence edge.

Thus recalling that the exact binding energy was given as:

E gl Ot [ 2set ()
- e ——————— S ——"
b 24> 4- $n Yo (“I‘i)
Ye
we can rewrite this as follows:
o o y 2 2 val 4
Eb = {lmvl(X \)7/(2h )}IUK 0) | (s®

o
which is exactly the expression obtained in the generalized effective
mass theory [equation (37)].

In figure 2 we do not plot the result for the generalized EMT. The

calculation confirmed our analysis that E /E

gemt’ Fexact = 1 for the limiting

case of a weak perturbation. Thus we see that for a potential as
rapidly varying as the 6 function we get the correct binding energy
within GEMT provided we restrict ourselves to potentials which are

weak.

2.8 Vacancy in the KP Model

The great success of the generalized effective mass theory for rapidly
varying though weak potentials suggest that it may be applied to
potentials which are stronger as well. As a test of this we investigate
a vacancy in the Kronig Penney model, within each of the formalisms

previously presented, and compare the results to an exact calculation.
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= = - 3 ' L.
For the vacancy at x = 0O, Vtot X}Zn#oa(x na). That is A, P 0

==> p = -P and \'-\ = -\. Then using the expression for the defect

cos¥ + Psin¥/¥ = £[1 + pzsinZX/Xz]% (29

i
1l
\

¥tan¥ = 2P for the vacancy (S

Similarly the band edge is obtained from the expression for the band

structure evaluated at the zone edge, ka = 7, which yields:

Xocot(%to) = -P (39)
and

a2 2.2 _ .2
E, = §/(2ma”) (1" - ¥}

For our various emt results we have:

) =12 2y bo
E_, -e, = (W8} m | (ko)
- = 3N2/8%)m | {4sin(3% )/(1-sin¥ /¥ ) - 1} (1)
emtu v v o o o .
) 2,2, % L2 . 2 6L)
gemt g, = {H: )\ /h }ImV|{2s1n (%Ko)/(l s1n?{o/3’o)} (

Employing the expression for Im’;l/m we can see that if P is given
, § and Xo may be obtained from equations (59) and (39) which could
then be used to calculate E. for all four cases. We divide out the

b
2 2 : 2 2
common factor £°/(2ma”) and express the energy as ¥ - Xo.
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1. Exact = 2{2 - Kz
[o]
2 (12 - ¥ . = P2 cot(3¥ )(1 - sin¥ /¥ )/%)
) o'emt o o o o
2 .2 22 val = 2 _
3. (6" - ¥ .= ¥ - ¥ 20U (0)]" - 1)
2 .2 a2 42 val, . 4
4. [ - 0] e = 8 Ll U (0] (63)
where

val, . .2 _ . .2 o
U (0)]” = 2 sin (é%’o)/(l szo/Ko)

The results of this calculation for values of -P/m ranging up to 0.5
are tabulated in Table 1, and presented in Figure 3. For a reason
which will be explained later the GEMT which we have been discussing
up to this point is listed as GEMT® in both the figure and the table.

The EMT is clearly inadequate with its predicted binding energy
hovering at about 20% of the true value. The inclusion of Umklapp
terms as a first order correction (EMTU) looks much more promising
until we recall that it is being treated as a perturbative correction on
EMT. Then we perceive that it can not be relied upon since it is in
fact much greater than the term it is supposed to be correcting. In
fact even in the "best" case it is twice the size of the EMT result.

For low background P it seems that GrEMT0 is accurate to ~ 10%.

However, with increasing background potential it is also poor. The
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-P/w EXACT EMT EMTU GEMT® GEMT £G
.10 .001525 .000340 .001109 .001545 .001531 .13147
.15 .005560 .001188 .004040 .005752 .005627 .20042
.20 .01406 .002917 .01034 .01506 .01445 .27161
.25 .02885 .005910 .02182 .03253 .03035 .34511
.30 .05147  .01061 .04078 .06224 .05599 .42100
.35 .08288 .01751 .07009 .1096 .09404 .49936
.40 .1234 .02722 .1133 .1815 .1470 .58026
.45 .1726 .040389 1750 - .2871 .2170 .66378
.50 .2301 .05783 .2605 .4380 .3051 .75000

Table 1: Vacancy Binding Energies in the Various Approximations

. T . -
(Units Normalized to (Econduction)min 1)
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failure of all these techniques for the KP vacancy may be attributed to
the strength of the potential, which makes it necessary to use a many
band theory to take into account band mixing.

Nevertheless, ‘for semiconductors sg/wV (where WV is the width of
the valence band) is on the order of a few tenths for donor and
acceptor states and for this region GEMT0 makes a major improvement
over ordinary EMT.

We now investigate the reason for the failure of GEMT0 to provide
accurate energies for the vacancy state and whether it can easily be
improved upon.

There are two approximations built into our treatment of the
vacancy - one, the restriction to only one band is inherent in our
derivation of the generalized effective mass equation, while the other,
the replacement of A(x) with 6(x) is made to simplify the calculation.

The replacement of A(x) by &§(x) is valid provided that F(x), the
envelope wavefunction, is relatively constant over the range of A(x).
However, for the vacancy, the wavefunction varies considerably over a
single cell (see Figure 1), which is the width of A(x). Therefore the
GEMT demands a more accurate determination of Veff and what we have
previously calculated is merely a first approximation to the GEMT.

Thus eciuation (35) now becomes:

2 2

2 S5 e - MU0 20RO = (E - e )F(x)
2|m,| dx (6
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Note that this is still a one band approximation.

We now employ the preceding equation to derive the eigenvalue
condition for the energy of the bound state introduced by the vacancy
in the GEMT formalism. We shall then derive the exact quantization
condition for the energy so that we can analyze the differences between

the respective expressions and the effect it has on the energy

calculation.
Let £(x) 3 F(x)/E(0) = (1/Q)E' a(k)e * ¥o)¥ (6S
then
ﬁz d2 val 2
- £(x) - MU (0] A(x)E(0) = (E - & )f(x)
Zlm | dx

where f£f(0) = 1. Using the definition of f(x) we obtain:

W

val
By lu ml (66)
(E-ey) + —— (K-Ko)"

a(k) =

and thus:
£(0) =1 = (l/Q)Z'ka(k) = (Zw)-lfB z a(k)dk
or 1,.1/‘.
2 A
1 = 2 W (“" S (E-€v) + 25 (k-
v : T R

(63)

Performing the integration we obtain:
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1= @Rl U W) Han wese) 1] W0
2 _ 2 2.,2 . o . 1 .
where 6 = (¥ - Xo)/n , which is just the binding energy in our
scaled units, and w = m/Iij
Thus
1= @21p1/75100) 1 2oy an 1wt 0)
or
6 = (2P|/7)) U0 % Han L (wd/e) (69)

which can be solved numerically for 8 and hence the energy.
We now derive a similar quantization relation for the exact
eigenvalue. Recall

Vpert = =A8(Xx) = [X]6(x) since A < 0

Thus
0 R
(H” + |)6(x) )Y = EY
v= zn,kcn(kwnk

Lo 1 Ca e Elo () + IMBG)L, (C 1 (K)6,(0) =0 (70

*

Multiplying by ¢:;,k,(x) and integrating yields:

_ K 3¢ _
e - BICLGY + IMe (05 C ()6 (0) =0

)]
C (k") = ————1  C (K¢, (0) GV
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Multiply each side by ¢n.k,(0) and sum over n' k'

1
- C -(t')' 4ol 4
' - = ) (o)
T Cotedd, > = N Q) F o éck(u e

: !
wox h

Dividing through by the expression on the left hand side yields:
1= DS 060 (O2E - & o 37 (F2)
n'k' "n'k' n'k'

or

1
1= (I\/2n)E J1U ) %E - e i) K &2))

n'k'
The integrél expression for GEMT [equation(67)], differs from the

exact expression [equation (73)] in three particulars.

(1) The periodic part of the Bloch function is only evaluated at
k = w/a while in the exact expression |Uk(0)l2 is used and thus it
cannot be removed from the integral.

(2) The integral is over all bands in the exact expression as
opposed to over only one band in the GEMT expression.

(3) ¢ is replaced by an effective mass expansion about the

nk
top of the valence band foi- the GEMT integral.

~ That is L + ﬁz(k - ko)z/(‘zm::) is used for the energy band structure
over the range of integration.

For small enough |[\X| the energy E is very close to the band edge

e, Under these circumstances the major contribution to the integral
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will come from a small region in k-space about the zone edge k = m/a.
Thus if the limits of integration are extended in both directions to % «
the E which satisfies the relationship would not be appreciably affected.
This is equivalent to replacing the sum over one Brillouin zone to a sum

over all k. That is

A(x) = sz'lzkei(k'ko)x = 5(x) ()

However, for )\ such that E is far above €, extending the range of
integration would affect the value of E necessary to preserve the
equality and thus we are not justified in letting A(x) ---> §(x).

We now show that if the range of integration is extended to include
all of k-space, we recover the result of our first approximation to

GEMT as previously claimed. Under these circumstances we get:

- -1 i -
1= @100 @) an  whe/o)1 (3s)
thus
o = (IPI/m V()%
or
o2 = 2wy U (7e>
thus
2 .2 52 ooy 14 (79
(3 - P2 e = Py 1/m) [T

which is identical to the result obtained previously.
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It is worth noting that in using the proper GEMT, which is achieved

by limiting the range of integration to one Brillouin zone, the change in
E is in the correct direction. Recall that our first approximation to

GEMT always yielded values of E, which were greater than the true

b
value. Note that the integrand is positive definite and hence the
reduction of the interval of integration implies that for a fixed E, the
value of the integral will decrease. Thus the integrand must be
increased and this is achieved through lowering E and hence the
denominator at each value of k.

If we consider the exact quantization condition for Eb we can
determine the effect of omitting the first conduction and all higher lying
is

bands from the calculation. Since the denominator, E - ® Ak’

negative for all k in all bands that have been omitted, we can write:
1 = a(E) - B(E)

a(E), B(E) > 0. When we sum over the valence band alone it is
equivalent to setting B = 0, and thus a(El) = 1. If we now include all

other bands,

thus
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thus the energy, El’ arrived at through ignoring all higher lying
bands must be too large.

This is in agreement with our results in both GEMT® and GEMT.
However, standard effective mass theory even with the inclusion of
Umklapp corrections underestimates the energy for low background,
although for large enough background potentials it eventually yields an
overestimate as well. Thus it seems clear that this problem is not
within the realm of standard EMT.

Despite the impressive results obtained from the GEMT for both the
impurity and vacancy energies, one must be cautious in applying this
formélism to a 3-dimensional system. We argued earlier that the
singular nature of the energy denominator for systems in which Eb is
small guarantees that the major contribution to the integral (sum)
accrues from the region near the top of the valence band. However, in
three dimensions di = kzdk and thus the "singularity" near the band
edge is wiped out, while in addition larger |K| values contribute
proportionally more to the integral since they occupy a larger
component of the phase space. Yet under the conditions stated in the
work of Resca and Resta, i.e., that the perturbing potential is only a
small perturbation on the background,and thus has little effect on the
wavefunction which is slowly varying over the range of the perturbation

potential, the GEMT should be applicable.
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Appendix B

Normalization of the Valence Band Edge Bloch Function

q)val(x) = Ao[sinKx + w(k)coskx] -as<x<0
thus
IUVE"I(x)|2 = |AI2{sinnx + w(n)cosnx}z. (8L
where
2 _ 2
|A1% = 2la|

10012 = 18122 (k)

and |A|2 can be determined from the normalization of U(x) to a unit

volume.

(l/a)J‘_"alUval(x)lzdx =1 (825
- 2.0 ;... 2 2 2 .
= (1/a)|A] /] a{sm kX + w (k)cos kx + 2w(k)sinkxcoskx}dx
Employihg half-angle and double-angle formulae:
= (l/a)|A|2.f_°a{%(1-c052|cx) + %wz(l + cos2kx) + wsin2kx}dx  (i33})
- 2., 2 2 .
= (1/a)|A|"S a{%(w + 1) + #(w - 1)cos2kx + wsin2kx}dx

_85-
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= (l/a)LAJZ{%(wz + 1)a + é(wz- 1)sin2ka/(2x) - #(w/k)(1-cos2ka)}

(B4)
w = sin2n<a/(1+cosn<a)2 = (1-coska)/(1l+coska)
2 -
w+ 1= 2/(l+coska)
(BS)H
wz- 1 = -2coska/(1l+coska)
Thus
1= (l/a)|Al2{21<a-cosnaxsinZKa-sinKa(1-cosZKa)}/[2K(1+cosna)]
2 . 2 . .2
= (1/a)| A| " {2xa-2sinkaxcos ra-2sinkaxsin”“ka}/[2x(1l+coska)]
= (l/a)|A|2{Ka-sinna}/[n(1+cosv<a)]
Thus
|A|2 = ka(l + coska)/(xa - sinka) (RLD
-val 2 _ 2 2 _ i
[T"7(0)]” = w |[A]T = {(1-coska)/(1l+coska)}ka(l+coska)/(ka-sinka)
= (1-coska)/(1 - sinka/xka) = Zsinz(%na)/(l - sinka/ka) (b3

IUvaI(O)I2 = Zsinz(%na)/(l - sinka/xa)
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Chapter I1I

The Density Functional Formalism

3.1 Introduction
Ever since the development of quantum mechanics it has been known
that the solutions of the appropriate Schrodinger equation provide, from
first principles, the basis for understanding the properties of atoms,
molecules and solids.

However, for a system containing N electrons, the Schrodinger
equation is a 3N dimensional differential equation and consequently our
ability to obtain the exact analytic solution is rather limited. Thus
even the simplest multi-electron system, the Helium atom, has so far
eluded an exact analytic solution.

This state of affairs has led to the development of several
approximation methods among whose number are the Thomas-Fermil,
ﬁartreez, Hartree-Fock3 and configuration in’ceraction4 techniques.

In the Thomas-Fermi (TF) method, the system of electrons is
treated as essentially a continuous liquid of density n(f) with a kinetic
energy density equal to that of a homogeneous electron gas of the local
density, n(¥). The original TF theory can be improved to include

exchange and correlation effects in terms of local energy densities

_87-
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derived from the homogeneous electron gas results, and it is
particularly appealing because it replaces the 3N dimensional
wavefunction of the system by a 3 dimensional function, n(f¥), as the
basic function describing the system. However, the method is
inherently flawed in that it replaces a highly non-local quantity, the
kinetic energy, by a local function of the density. As a result, the
quantum oscillations of charge densities cannot be obtained, and even in
cases where the charge densities do not oscillate the comparison of the
results of this theory with other more detailed calculations can only be
considered approximate.

In the Hartree approximation each electron is considered as moving
in the external potential plus the self consistent coulomb field of the
other electrons in the system. This method can be derived from the
original Schrodinger equation employing the variational principle and
assuming a product wavefunction composed of single particle
wavefunctions. The Pauli principle is satisfied by allowing only one
electron to occupy each electron state. The method leads naturally to
an understanding of the shell structure of atoms. However, it neglects
electron correlation as well as not satisfying the requirement that the
wavefunction be totally ahti-symmetric with respect to the interchange
of any two electréns, thus neglecting the exchange energy as well,

The latter problem can be handled through the Hartree-Fock (HF)

approximation which assumes a trial variational wavefunction in the form
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of a determinant of single particle wavefunctions. As ‘in the Hartree
approximation this leads to a set of coupled differential equations for
the ¢i (the coupling in the Hartree case arising from the electron
density from all other electrons in the self consistent coulomb term)
with an aditional non-local exchange contribution. The equations are
much more difficult to solve than in the Hartree case, the complexity
rapidly increasing with the number of particles in the system. The
system of equations may be simplified by approximating the non-local
exchange by a local function depending on the electron density, as
suggested by Sla‘cer5 who used a particular average obtained from the
resu.lts of the exchange energy for the uniform electron gas. However,
the HF method in either case neglects electron correlation and the
replacement of non-local exchage by a local form can at best only be
justified a priori in the case of slowly varying electron density.
Moreover, it is not entirely obvious which value of the average
exchange should be employedG.

Finally, the configuration interaction (CI) technique circumvents the
approximations inherent in the HF method by expanding the
wavefunction as a sum of determinantal wavefunctions with undetermined
constants, the constants being obtained from employing the variational
principlé for the energy. As the number of configurations
(determinants) in the expansion increases so that the set approaches

completeness, the calculated wavefunction should approach the exact
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wavefunction. This technique therefore takes into consideration
exchange and correlation but is very difficult to implement in practice.
Its major applications have been on systems containing only a few
electrons. For these systems in which CI has been employed, the
results obtained are particularly useful in testing the ability of other
simple approximation methods to reproduce the highly accurate CI
results7.

Thus the standard approximations employed in multi-electron
calculations are either not exact in principle with no apparent method of
improving them (TF, H, and HF) or really not practical to employ on
systems with a large number of electrons (CI).

More recently, the work of Hohenberg and Kohn8, and Kohn and
Sham9 heralded a new era in the approach to this problem. In their
papers they set forth theorems which dramatically altered the
philosophical approach to this problem. They developed a new method
of calculating the ground state density and energy eigenvalue. Like
TF, this method employs the density instead of the N particle
wavefunction as the basic variable describing the system,but unlike TF,
it provides a framework which is in principle exact for dealing with
the ground state of electronic systems in terms of the electron density.

The remainder of our work is concerned in particular with the
ground state of many electron systems. In the following section we
give a brief review of the Hohenberg-Kohn-Sham density functional

theory and discuss the major difficulty in its implementation.
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3.2
We will restrict ourselves to a presentation of the ideas and results
(i.e., theorems) of Hohenberg, Kohn and Sham and omit the proofs
since they have been reproduced extensively in the literaturelo
Consider the general problem HY = EY
where H=T +v + U, then in atomic units:
T - the total electron kinetic energy is -%Ziviz,
v - the external potential,
U - the electron-electron interaction is %Z'i,jl'fijl-l
Hohenberg and KOhI}S (HK) showed that:
(1) v(%) is a unique functional of n(¥) (up to an additive
constant) and thus Yg.s.. and other properties of
the ground state are completely and uniquely

determined by the electron density n(T)

(2) The ground state energy can be written as follows -
Ev[n('r’)] = In(¥)v(f)dr + F[n(¥)]

where v(%) is the external potential, n(¥) is the
electron, density, and F[n(f)] = <¥|T + U|Y> is a
universal functional of the density (i.e., the form
of F is independent of v(¥)). Furthermore, it is this
expression for the energy which is minimized by

the correct density.The functional F[n(¥)] is not

given directly by the theory.
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The major advance is contained in these two theorems in that
(a) The many-body problem has been converted into one
concerned only with the density and not the details
of the N-particle correlated wa{re function;
(b) More importantly, we have a method which is in
principle exact.
Thus the functional F[n(T)] which contains both the kinetic energy
and the electron-electron interaction now becomes the central item of

interest. Should this functional be known we could solve our problem

exactly.
F[n(¥)] is commonly rewritten as : F[n(¥)] = G[n(r)] +
$/n(F)n(F')/|F - T'|dTdT¥' , thus explicitly taking care of the classical

electrostatic term. G[n(%)] is clearly also a functional of n(r).

Exc[n], the exchange-correlation functional, is then defined as G[n]
- Ts[n] where Ts[n] is the kinetic energy of an auxiliary system of N
non-interacting particles with the same total density as the interacting
system, |

Then Ev[n(f)] =
Jv(T)n(T)dr+ Ts[n(’r’)] + 3In(F)n(f") /| - T'| dF dF' + Exc[n('f)].
At this point the method of calculation resembles the Thomas-Fermi

theory in that all quantities entering into a calculation of the total

energy are functionals of the density. However, instead of making the
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usual Thomas-Fermi assumption that the kinetic energy can be written
in terms of the local density, Kohn and Sham9 (KS), expanding on the
earlier work by HK, derived a set of self-consistent (non-interacting)
single particle equations from whose solutions one can construct the
ground state electron density of the original interacting N particle
system. |

In this formulation the equations to be solved are

(-3v% + 8(%) + 8 [n(D1e, = e 6, i=1,..,N 1)

where &(%) = vext('f) + In(z")/|T-7'|d7T, (2)
the sum of the external potential and the Hartree potential,and

%@ = SE  [n(H)]/n(3). (3

To avoid confusion, we shall denote the external potential by Veoxt’
thus distinguishing it from other potentials that appear.

The density of the interacting system is just the density of the
equivalent non-interacting system n(f) = £i|¢i|2, where ¢i are the

solutions to the Kohn-Sham equation.

The'ground state is then given by:
= ’ = - =2V 3T - = =t -_=t = 1=t 1)
E=3e +E_[n(®] - /9 n(EdE - ¥in(@)n(F')/|E-F| drds (W)

Furthermore, Kohn and Sham showed that in the limit of slowly varying

density, the functional Exc[n(f)] is just the total exchange correlation
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energy of the homogeneous electron gas through O(Vn), from which it
follows that if we write 0xc = \'}x + 00 then 0x equals 2/3 of the usual
Slater exchange in this local density approximation (LDA). However,
unlike other self consistent field calculations, KS caution that the g
have no direct physical significance and consequently should not be
interpreted as electron removal energies i.e., there is no "Koopman's
theorem" for the ;-

The early work employing the LDA by Tong and Sham11 on atomic
structure and by Lang and Kohn12 on jellium surfaces demonstrated the
usefulness of these ideas for the study of systems with as few as 2
electrons to the many body problem presented by solids.

In this approach ﬁxc[n('f)] is a universal functional of the density
(as F[n(¥)] was in HK) and it now becomes the focal point of the
problem. If the functional Exc were known, and conseqﬁently its
functional derivative x‘}xc, the problem would be solved. Thu; the main
thrust of much contemporary research in density functional theory is
geared toward providing more accurate functionals for Exc than given
by the LDA, extending the formalism to excited systems, and applying
the formalism to calculate properties of molecules and solids.

In light of the above we note that if we could solve a problem for
the wave function which included the electron-electron interaction
exactly, we could then obtain both the electron density and the ground

state energy as well. Furthermore, because of the simple relationship
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between n(¥) and the single particle wave function (¢i) of the
equivalent K-S Schroedinger equation, if we were dealing with a system
of only two particles we éould then obtain the ¢i. This could then be
used, by inverting Equation (1), to find the exchange correlation

functional axc as a function of radial distance, r.

9 (D) =g - ) ¢ %v2¢i/¢i(f) (55

This can then be compared to the values obtained in various local and
non-local approximations to \?xc[n('f)] .

In seeking improvements to the LDA the belief that the £ g Vere not
physically significant led to a relative neglect of the examination of the
accuracy of the 0xc’ The total energy as calculated using Exc was
considered to be the test of the accuracy of the functional, while ch
was simply taken as its functional derivative.

However, recently Perdew et. a1.13 have argued that the exact

(sks) = E(N) - E(N-1) where E(M) is the exact ground state energy

max

of the M electron system. Thus (e is the negative of the

ks)max
ionization energy of a system of N electrons to the totally relaxed state
of the remaining N-1 electron system.

Thus the calculated (Eks)max provided by Langreth and Mehl14 can

be compared to experimental and self consistent calculations of the
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ionization energy of the atoms they treat. For Helium , we find that

their (¢ is more than an electron volt too large in magnitude

ks) max
even though their total energy for the Helium atom is within only ~ 0.1

eV of the exact value. Similar results obtain for the (e of other

ks)max

atoms calculated by them, i.e., their calculated (e are greater

ks)max
than the exact value by more than the error in the total energy of the
atom. Thus, it may be that their very accurate total energies are
partly fortuitous i.e., the accuracy of their calculation may in part be
due to the cancellation of having too large valence electron binding
energies with too small core electron binding energies.

It thus appears that it would be useful to test the validity of the
various density functionals that have been proposed for \‘}xc[n] not
merely by seeing whether they produce accgrate total energies and good
electron densities, but to actually compare the exact values of ch(i")
necessary to give the exact density with that given by the functional
i.e., in a given case a x‘}xc' that is considerably different from the
exact one might give good overall agreement for n(f) and E because the
external potential plus the Hartree term is so large as to make the
error in oxc unimportant. However, when this same \‘)xc[n(f)] is used
in another calculation where the Voxt plus Hartree term is small these
errors in 0xc[n] may lead to substantial errors. Moreover, even for

the former calculation the KS eigenvalues must be investigated to see

how well they are reproduced.
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It would therefore be useful to construct an exactly soluble model so
this program of comparison could be implemented.

Such an analysis of \?c has already been performed | by
Jagannathanls, who considered the 2 electrpn atoms H-, He, and Li+
and compared his results to the LDA. The densities he employed were
obtained from CI wavefunctions that minimized the energy. However,
such analysis on 2 electron atoms suffers from certain inherent
limitations. Firstly, it is not possible to adjust the nuclear charge Z to
make the density arbitrarily slowly varying because H is barely bound
relative to H + a free electron and any further decrease in Z (if we
allow non-integral nuclear charge,while maintaining exactly 2 electrons)
leads to a physically unbound state. Secondly, when only integral
values of Z are employed, the density varies significantly from one atom
to the next which makes it more difficult to understand the trends in
the comparison of the exact and approximate \‘}XC. Thirdly when a
variational calculation is used to obtain a wavefunction for a two
electron atom it is always possible to add an additional term ;)f the form

—a(r, + r.) . .
1 2” where a is smaller than any other such « in the

Ae
expansion. Normally, wunless this is added to the exact solution,
minimizing the energy will result in A # 0. Thus as r --> o the
asymptotic density will be determined by this term which can be quite

arbitrary unless one knows what the asymptotic density is prior to

starting the calculation. Thus the variational solution can lead to the
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wrong asymptotic density. As we will show below the Bl 2T related
to the asymptotic density and thus this will lead to incorrect &1 and
ﬁxc('r‘).

Since the validity of the density functional theory is not limited to
having Vot given by the coulomb potential due to protons in nuclei, we
are free to use any Voxt that gives rise to an exactly soluble model.

Such a model would be most useful if the Ve contained a parameter

xt
which would give rise to a whole family of exactly soluble problems with
densities which vary as slowly or rapidly as we wish to study. Such a
model is presented in the next section.

Within the framework of the model to be presented we can
investigate total energies and their constituents (i.e. exchange,
correlation etc. ) as well as the exact eigenvalues and eigenfunctions of
the Kohn-Sham equation along with the corresponding expéctation values
of constituents of the potential (i.e. <¢kslﬁx|¢ks> , <¢ksléc|¢ks> ).

The exact values which can be obtained for this problem will then
be compared to those obtained by evaluating approximate functionals
which are in current use, using the exact electron density.

We will demonstrate that although total energies for the system are
in quite good agreement for the entire range of densities considered,
the cori'esponding Kohn-Sham eigenvalues are significantly worse. We

attribute this to error in the exchange potential functional and thus

conclude that if improvement is to be made in the approximations of
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density functionals, then the expression for Ex[n('f)] must be changed
in a manner that will not affect the energy much, while making a
considerable correction to its functional derivative 0x[n('f)] .

We will show analytically for our case, without resort to the theorem
recently proved by Perdew and co-workers, that the energy of the
highest occupied Kohn-Sham orbital is of significance, in that it
represents the difference in energy between the ground state of the
two electron system and the ground state of the one electron system
including all relaxation effects. Thus, in our case where the only ek
is that of the "highest occupied orbital" it is reasonable to use this

energy as a test of the efficacy of various approximate functionals.

3.3 The Model

To this end we consider two electrons attracted to a force center by a
harmonic oscillator potential. This model has been employed previously
by Kestner and Sinanoglouls, using the variational principle, to study
electron correlation in Helium-like atoms. Thus

2

~h° 2 2 2 . 2 2, (6
H ="5=(V] *+ V) + %k(rl*‘rz) te/|T )

12’

where 'fi are the coordinates of electron i i=1, 2.

Note that k is just a measure of the strength of the attractive
center and thus can be adjusted to model an entire range of "physical"
situations - from dominance of the electron-electron interaction down to

the case where the electron-electron interaction is negligible.
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It is also worth mentioning that this model will have no free

parameters - i.e., once we choose a value of k for our Hamiltonian the

analysis leads inexorably to a specific energy eigenvalue, density, and

exchange-correlationpotential _functional as a function of radial distance
r.

The problem we wish to solve is HY = EY. We start by making the

standard transformation to relative and center of mass coordinates as

follows:
F=F - E R= (3, + 1,)/2
2 = 3m the reduced mass, MT = 2m the total mass.
>
‘l’('fl,'fz) = p(R,T)
H(R,E) = -z-f‘,é v ;"‘:vi + dk(r® +aR%} o7/r )

Now we separate variables:
. ) - £
¥(%,R) = £(¥)g(R)

Substituting into the previous equation and dividing both sides by

v(%,R), yields:

-5 (VAN KR‘] (R) '”‘zV; + Lyt +§-]§"
ﬁ.‘- R 3 {F Y 4 \-\g‘ (¥)

. - F
q (%) * £
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which leaves us with two equations:

2

) -~ 2, (R) = 51 ¥a)
[2R, Vg * kR1(R) = E__g(R) (
[--f-‘-z-v2 + ke + e2/T)E(R) = £ £(E) (¥b)
Tr rel
where the total energy E is given by Ee.m. + € el - E.
At this point we shall convert to atomic units:
e2=ﬁ=m=1 a=ﬁ2/mez=1

0

Thus the unit of energy is the Hartree (27.2 eV).Then

(-2 + kRYg@®) = E__ a®)
or
-v.2 + axr?)g(®) = 4E _ e(R) (A)
R c.m.
and
[-vr2 + zll-krz + U/TEE) = e f(F) Qb

We need not concern ourselves with the separate normalization
factors in f and g Because they will be taken into account through the
normalization of the density. We must constrain our solution to those
where /n(T¥)dr= 2, i.e., the integral of the electron density should
equal the total number of electrons in the system. Thus AS fzgzd't = 2

will determine the overall normalization constant.
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In the density functional formalism the object of interest is the
ground state electron density; thus we need only solve for the ground
state wave function and eigenenergy. The equation for g (i.e., Eq.

(9a)) is the equation of a spherical harmonic oscillator, sol7:

_k%Rz | (10)

I - 3
4, = 3{4k}* = E__ =15k (W)

For the relative coordinate equation, the situation is not that
simple. However, with one more transformation we can reduce it to a
manageable form. Since the ground state of a one particle Schroedinger
equation with a spherically symmetric potential must be an s statelg, we
make the following transformation:

Let f(r) = u(r)/r. This leads to the one-dimensional differential

equation:

[-dz/o:ir2 * %kr2 + 1/rju(r) = u(r)

£
rel

subject to u(0) = 0 and lim u(r)--> 0, and there are no other zeros.
v b0

No analytic solution of this equation is known and we must employ
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numerical methods. We will postpone a discussion of this procedure for

a later section while we continue to describe the method of solution.

At this stage we have both f(r) and g(R) and proceed to calculate

the electron density.

- 2 -
niv,) = 2 s§“‘ LY@ af,

= 2§85 0nn) (3F) a2 =2 {¢'@yq* (§44) a7

- -4 -—
v = Y, ~VY So for £ixed \ I AY = 4?'

1§ e2e) g vR)ar

2 aktrL.e
¢t fer@e s ErR
~tk"‘¥28 -KRy - KR T

J
—~
n
-~
H

H

L
dv
-
f‘

2

= - e * € £Y4¥) av

oY "
2 .
-4 %4 _ ¢ ~§7n
wiv) = N S— S‘Fz“')‘ [e¥ - }“‘*"
1T1 o
1)

Yy .
where q = {4k}® (the coefficient of the harmonic term). We can get the

normalization factor by

In(¥)dr = N, where N = 2 is the number of-electrons.
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We are now in possession of an exact electron density for a problem
with an electron-electron interaction. Because of the simple nature of
this problem we can obtain oxc’ the exchange and correlation energy
density of the system. We recall that the same densities would result if .

we were to solve a system of non-interacting electrons moving in an

effective potential &(r) + \?xc[n('r')], where

3(T) = vext('f) + In(EY)/|5-F'|dE., (2)

Thus we need merely solve the single particle Schroedinger equation
(392 + 8 + 0_ (D], (D) = £6.(D)
Xc i il

with n(%) = 2i|¢i('r')|2, N the number of electrons.
In our case N = 2, and we have 2 equivalent electrons

n@ = 2000 > e = @210

Since we know n(¥), we have ¢i as well and can invert the equation to

get:
axc[n(i-')] = T &(x) + %quﬁi('f)/gbi(f) (5

where &(T) is as defined above, and vext(r) = %krz. The second term

in ¥(%) is easily evaluated usingl9

2 ¢ ' r<Q ¥ N
' - 4 2 Z 7_7_” \777-'\ Yam (e,kf) Yﬁw (9)?\ (v3)

qam—
43
]
AV,
=

28 m:-e
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We now return to the method of obtaining the solution of the
relative coordinate equation.

3.3.1 The Relative Coordinate Problem

Recall that we had reduced our problem to a solution of the following
equation: [dz/dr2 + ékr2 + 1/rju(r) = srelu(r), subject to conditions

u(0) = 0, lim u(r)--> 0, and there are no additional zeros.
L ok TV
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The system under consideration must have a solution which is totally
antisymmetric with respect to interchange of the co-ordinates (both
space and spin) of the two electrons. Referring to the Hamiltonian we
observe S2 and s, to be good quantum numbers, then the wavefunction
can be written as either ‘l’sxo or Y A)cl(where S means symmetric and A
means antisymmetric space part).

Then Egs = <‘l’gs|Hl‘i'gs> = <¢space|HN’space>’ and thus proceeding
to obtain the ground state energy leads us to a symmetric space part of
the wavefunction, necessitating the use of xo - the antisymmetric
singlet state. This means that the ground state consists of 2 electrons
of opposite spin - a point which will be exploited in our analysis.

A numerical approach [variable Gear methodzo] is employed to
integrate the differential equation out from r = 0. However, the
boundary condition at « does not lend itsélf to this procedure, so we
make a convenient replacement - we let u(0) = 0 and u'(0) = C, C # 0.

The constant C is totally arbitrary at this stage and (because of the
linearity of the o. d. e.) only affects the normalization. After the
correct € el has been found, a scale factor is introduced to achieve
normalization. Thi% is gquivalent to choosing C equal to the correct
value of u'(0) for the properly normalized wave function. We then
carry out the integration with a specific ¢ trial for €. Then if we find

an ¢ which satisfies the boundary conditions, the only question is one

of normalization which has already been anticipated.
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the numerically integrated solution will diverge21

For ®trial ’ ®rel
It ®trial g ®rel u(ry--> "=
®trial < ®rel u(r)=-> te ,
provided that €, . . is less than ¢ the energy of the second energy

trial 2’

state. We can use this to home in on the correct energy eigenvalue.

However, as r grows, the numerical error inherent in the procedure
starts piling up. Since the value of u(r) is falling off the error may
become a significant fraction of the total value, thus affecting our
calculated values of u(r) dramatically.

A serious problem arises out of this difficulty. From the equation
(5) for 0xc it is clear that the Kohn-Sham single particle eigenvalue Brs
enters into 0xc(r) as an additive constant at all values of r. However,
the condition that vxc--> 0 as r--> « is sufficient to determine the ¢

ks

without actually solving the KS equation,

i.e., Ers © lim {\‘)xc[n(r)] + ¥(r) -%Vzd:ks(r)/ctks(r)} (16)

A first attempt to establish ¢ by looking at "xc vs. 1/r and

ks
extrapolating to 1/r = 0 was unsatisfactory because of the incremental
relative error in the f(r), and hence the wave function at very large r.
If we are to know "xc exactly, not just to within an additive constant,

it becomes necessary to find f(r) accurately for very large r. To

achieve this we would like an analytic form for u(r) at large r. In the
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next section we show how to derive, within the WKB approximation, an
analytic expression for u(r)/r at large r. We then compare our
calculated values to the analytic form - when we find agreement over a
considerable range of values for u(r) [in actual practice as much as 3 -
4 orders of magnitude], we feel justified in using the analytic form of
f(r) for all larger values of r. This WKB form will also be used in

Equation (16) to determine the value of &gt

3.3.2 WKB Form for u(r)
One of the earliest and simplest methods of obtaining approximate
eigenvalues of the one-dimensional Schroedinger equation was originally

proposed by Wentzel, Kramers, and Brﬂlouin22_24. The method was

further developed by Dunhamzs’ze, who obtained the higher-order
correction terms to the WKB quantization condition. The evaluation of
these correction terms is very useful in improving the precision of the

2

WKB calculated eigenvalues2 and wavefunctions.

The ordinary differential equation for u(r), although one-
dimensional, arises out of a radial portion of a spherical problem. In
this circumstance the potential V(r) must be replaced by V(r) + 'r;lz(l +
1/2)2/2mr2 in doing a2 WKB expansion.

That. this is the correct form for Veff(r)’ in a spherical case - and
not V(r) + ﬁzz(z + 1)/2mr2 - was first proved by Langerzg, although it
was recognized much earlier that this was necessary to obtain correct

results.
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Krieger and Rosenzweig30 extended Langer's work to obtain the

higher-order terms for the radial problem -

W ()
£y = ¥

. % 2 %
™) L4
= A A .o,‘,‘,{:'.‘:_ ;[E'V(v) -"‘z&r:)l F L
Oy X

F 3
(1™ B {& Ce(un -]} e

0% 3
- Giw {E'V( v)- x\;\:ﬁr})} ré

'/I.

[ E - V(r) - 4-.."(1**)1]

Lva?

o
<
i

It is important to note that this expression is not equivalent to

2 2
)“ /2mr® in Dunham's expression for

(3159

letting Veﬂ.(r) = V(r) + ﬁz(ﬂ. +
the higher-order one-dimensional WKB expansion.

If we only consider the first integral in the exponential, i.e., u(r)
= Ae(i/ﬁ)fprdr/v/pr, which is just standard second order WKB, we get
the correct energy for the harmonic oscillator3o from the WKB
quantization condition for the energy. However, the replacement of
2(2+1) by (J?.+21)2 is no longer valid if higher order integrals are to be

included. It is the formula derived in Krieger and Rosenzweig which is

the correct form and must be used for a general potential.
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Our potential, V(r) = :}kr2 + 1/r is rapidly varying for large r;
however, the third order WKB gives the exact wavefunction
asymptotically for the harmonic oscillator V = %krz. In addition, all
higher-order terms in the expansion for the energy are identically
zeroso. Thus, we can look on 1/r as a small perturbation (at large r)
on this, and thus expect the WKB to give a good approximation to the
wave function.
Thus we include the integral Iz below as well and consider the fact
that we are only concerned with the region of large r. Therefore we

can expand the terms in orders of 1/r and then collect terms of leading

order to get the results as r --> » .

§ [E-vw) - (ff),f‘ ]

H
]

s {ﬁ Oe* (Voo -E)]}

I - :‘-1-% \,ﬂ i E -V(v) - at(z*\A)I-VS/‘L

2>

(1#)

In the following calculp.tion we will retain both h and e in order to
make the analysis more transparent. This will allow one to see
immediately that in the limiting case of no e-e interaction our resuit
reduces to the simple harmonic oscillator. Furthermgre, it will

demonstrate an interesting feature of our WKB expansion (which is an
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expansion in orders of h) - that it is necessary to collect terms from
different terms in the expansion if we are to go to the same order in h
consistently. This is because of the form of the centripetal potential.

We are treating the ground state of a spherically symmetric potential

which must be an s state, so ¢ = 0.

Since we have a bound state Veff > E

Jo= ALl Iy =L,
u(r)/r = A/(r/pr)xexp[-(zm)%(Jl + 3, /8]
3= 1V + e (2me?y - E)dr
V(r) = 3ke® + e2/r

J1 = f[‘%kr2 + e2/r+ ﬁ2(2+%)2/(2mr2) - E]%dr

* L\t -
o\ NI T 0
= (;) S\— [l* e 2w KY 4 et

4e* %

Y _ac
e T
~ ( E) L S\- [\ + 1 Ky 2wmxe® 1 <1

.__\ i‘-le" _':‘__ QE} -v] A<

£ % et Toe

A X3 2e L (at 'LF-’“ 3
X _E L 2e - 0(3+) |ar
- (_‘.’\ S[\- * +0y ]

+ = - -
3 ket kel 1‘0\\ X
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' (18)
-S - gt zd [\' (v E)]} 2y Sh dv
2 64w 't g\l(v)-E' “;_‘ff“ }
— -k E [ (et r= :E\]}! A
— ‘qw\ 4 %l'pr ?% - :‘w(‘x -E }/z
o _ kY (x¥3) dve - —3“1 . 4% SY N
~ m 2} (_qkrz)slz 64w K
% R |
wooA o (K —_—
]‘z = Zwm  KBr? (4) 2wmKY (1)

So AT vt € 2e Bk’- \ ]
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pha (m) e * [ % (2%
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Now let us convert to the specific case at hand:
= %qr2 + 1/r where q = %k,
m = %me= 1 in atomic units so mk = %k,

q/m = k, and now setting h=1,

3 e}
kA Bl e " ““""{ '

_ueey e Y e e
fee) = & < A E
(1- /Kr‘ )
(22)
Now since this is an harmonic oscillation with a perturbation we can
write E as EH.O. + additional terms.
E: 3
i.e., E = (q/m)°[3/2 + 6] = Kk (3/2 + &) (23
32
1 -31°
by ~ 011 - sy @ktrD] e X T exple/ (k)] (24)

where we expanded the rightmost exponential. A comparison of the
numerically calculated f and the WKB form (after including a constant
multiplicative factor) shows very good agreement for large r (Table 2).
In fact for very large r we believe that because of round off error the
WKB form is more accurate than that obtained from integration of the
Schroedinger equation.

We can now proceed to use this WKB wave function to find the

behavior of the density at large r, and hence the value of Els through

£y = lim [3  [n(r)] + &(r) -%v2¢ks(x-)/¢ks(r)] (16)

ks

and using lim r--> e \') [n(r)]--> 0, we get

vn mJ} £ [ Y v[v\"(nj]

- £ —-
€y = 2 ke + ¢ - EXD)

e 20" (v)
(25)
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0.18000D
0.19000D
0.20000D
0.21000D
0.22000D
0.23000D
0.24000D
0.25000D
0.26000D
0.27000D
0.28000D
0.29000D
0.30000D
0.31000D
0.32000D
0.33000D
0.34000D
0.35000D
0.36000D
0.37000D
0.38000D
0.39000D

—— e ——————— e —_———————_—_——_—_E—_E——E———_E e ——_———_E— e —

(e ——————— e —

.12662386D 00
.96052897D-01
.71677787D-01
.52620554D-01
.38004823D-01
.27005284D-01
.18879846D-01
.12986724D-01
.87894743D-02
.58532651D-02
.38354337D-02
.24729767D-02
.15689984D-02
.97955532D-03
.60179151D-03
.36381459D-03
.21644003D-03
.12671444D-03
.73005831D-04
.41395924D-04
.23104473D-04
.12699517D-04

.11819712D 00
.89445185D-01
.66608350D-01
.48810667D-01
.35197462D-01
.24975664D-01
.17439423D-01
.11982791D-01
.81020873D-02
.53907813D-02
.35296003D-02
.22741638D-02
.14419288D-02
.89869494D-03
.55243305D-03
.33381081D-03
.19850018D-03
.11616210D-03
.66898176D-04
.37915206D-04
.21147783D-04
.11608375D-04

.11040167D
.11032221D
.11025790D
.11020528D
.11016180D
.11012557D
.11009512D
.11006936D
.11004741D
.11002859D
.11001236D
.10999830D
.10998606D
.10997537D
.10996602D
.10995791D
.10995110D
.10994606D
.10994446D
.10995156D
.10998390D
.11009473D

The relative coordinate wavefunction, £, and the WKB form
used to approximate it for large r. Div is the ratio of f
to the WKB form. The table is for k=10.

L.._.___.___._____._._______._..__.___.___..___._____._..___._____.__._.—__.__..—__.._._._.__._J
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Ordinarily the normalization of n(r) would require us to find an

appropriate method of matching the WKB form of the wave function to

the wave function computed at small r. However, since we only
3 %

encounter n(r) in the ratio Vz(n }/n°, the normalization constant will

cancel and we need not concern ourselves with it.

Recall
o0
e 'F(Y)e B e - e X d(
nir o
(r) T
Further analysis leads to the result :
28 -arz
n(r) ~r e ‘ (26)

[The details of the calculation can be found in the Appendix.]
A numerical calculation of n(r) using the WKB form for the relative
coordinate wavefunction at large values of r is in good agreement with
the WKB form of the density, n(r), as can be seen by referring to
Table 3. The WKB form is used from the point where the ratio of f(r)
to the WKB is stable and' on out. We reason that from that point on
the WKB is improving (since we are going to ever increasing r) while
the numerically integrated f is deteriorating.

The column labeled DIV in Table 3 is just for convenience in making
comparisons. There is no significance in DIV being equal to 1.0; or in

that corresponding value of r.
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0.30000D
0.31000D
0.31500D
0.32000D
0.32500D
0.33000D
0.33500D
0.34000D
0.34500D
0.35000D
0.35500D
0.36000D
0.36500D
0.37000D
0.37500D
0.38000D
0.38500D
0.39000D
0.39500D
0.39900D

e —— i ——— . —— ——— — . —— — — — —— — — — — — ——— —— — —— — —

—F————— e ——— e .

.17819613D-11
.26459797D-12
.99551443D~13
.36862754D-13
.13434082D-13
.48184677D-14
.17009495D-14
.59095739D-15
.20207098D-15
.68004178D-16
.22524335D-16
.73426707D-17
.23558238D-17
.74390817D-18
.23119834D-18
.70719647D-19
.21290536D-19
.63084888D-20
.18397441D-20
.67865799D-21

.17819613D-11
.26622702D-12
.10046084D-12
.37306236D-13
.13633550D-13
.49032278D-14
.17354155D-14
.60447123D-15
.20720536D-15
.69900747D-16
.23207072D-16
.75826092D-17
.24382534D-17
.77161872D-18
.24032133D-18
.73662983D-19
.22221605D-19
.65973929D-20
.19277098D-20
.71218079D-21

.10000000D
.99388098D
.99094778D
.98811239D
.98536933D
.98271339D
.98013965D
.97764354D
.97522083D
.97286768D
.97058067D
.96835674D
.96619321D
.96408777D
.96203837D
.96004322D
.95810071D
.95620936D
.95436775D
.95292936D

The electron density, n(r), and a numerical tabulation of
the WKB expression employed for large r. Div is the ratio
of n(r) to the WKB form. The table is for k=10.
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Now that we have the form of n(r) for large r we are ready to
proceed in our calculation of s To find s We need to calculate

Vz(né)/Zn%

2
v2(n?) =-}(d2/dr2)[m*] = (/) (@/ardy potle iy

2
= 5+ 1)r0 2 - a28+3)r® + o?r¥*le tar (%)
and
%Vz(né)/n% = %~‘{¢S(6+1)/r2 - a(26+3) + azrz} (2 ¥
Using equation (25):
1 2 ;.22
£ = lim {$4kr” -3[a"r -a(26+3)]} (2%)
ks voo
I _ 3
But a = k and E = k(1.5 + 6)
rel
Thus:
3 -
®ks k(1.5 + 8) = E (30>
Thus the ¢ is just equal to the energy eigenvalue of the relative

ks

coordinate equation, i.e. = € In a two particle problem we

! Eks rel’

have an additional simplification which allows us to investigate

correlation and exchange independentl'y.
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3.4 Analytic Demonstration Of Significance Of (eks)max
In this section we shall show analytically that the theorem of Perdew et.
31.13 regarding the relationship between the separation energy of the
system and the maximum Kohn-Sham eigenvalue (in the g.s.) is

satisfied for our model.

For the two particle problem we have written the energy:

E + €
c.m. rel

1.5k + £ ol (3N

E(N=2)

For the case of one particle in an harmonic oscillator potential:

E(N=1) = 1.5k%, for the lowest state.

thus

D = - N = =

E(N=2) E(N=1) £ ol (32)
However, we have shown (eqn. 30) that el - Fks exactly for this two
particle problem, and thus

E(N=2) - E(N=1) = ¢, (33
In this case there is only one €xs’ SO Epg = (Eks)max.’ which is a
direct confirmation of the theorem.
3.5 Exact Densities, Exchange and Correlation Functionals

Figures 4-7 are densities generated by our program to evaluate
equation (11). We shall present figures and tables for k = .01, 1, and

100 to show the evolution of certain features as k varies. We include k
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= 10 since it is a density which corresponds to the "physical range" if

we gauge that by an average T

(r) = In(r)r_(n)d¥ (3%)

s’avg

where (rs)avg is ~ 1 a.u.. (Using this measure (rs)an varies from
.517 at k= 100 to 5.87 at k=.01.)

Figure 8 shows n(r)/nk(r) vs. k%r for three values of k, where
nk(r) is the electron density of two particles in a harmonic oscillator
potential with no e-e interaction. From these figures we see the effect
of the e-e interaction on the dehsity profile. We observe that as k
decreases, i.e. the relative strength of the e-e interaction increases,
the electron repulsion causes a spreading out of the electrons
increasing the density at large distances, while dropping the value of
the central density in order to conserve the number of particles. This
is evident in Figure 8 as well, since as was to be expected the smaller
k values show a larger deviation from the h.o. density since it is for
this region that the e-e interaction is important . In fact in the limit k
=> «» we would expect no deviation at all.

For k%r = 2.6, the endpecint of the plot, the ratio of n(r) to n(0) for k

= 100, 1, .01 is .0015, .0024, and .0081 respectively.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



120.

16

10

n(r)

0

v [e.w)

F:lgure\i: n(r) vs, r for k = .01

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



121.

0.3

0.1 -

10 -

N(r)

10 -

o

o]
Ixl0

05 0 Py 25 3b
rerau]

Figure 5: n(r) vs. r for k=1
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Figure 7: n(r) vs. r for k = 100
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Figure 8: Scaled Density vs. k;‘r for k= .01, 1, 100
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For two particles

8 = -¥n(2)/If - '] dF' (3%
and thus
3 = + V6,2 - v(r) - Mn(E)/|E - P dF. (36
c i i i
In Figure 9 we present 0}(‘DA and \‘f{xaCt Vs. T_. Note that the

exchange potential functional is non-local and always of greater
. LDA

magnitude than \‘}x . As k decreases and we approach the free

electron gas 0‘( appears to approach the free electron gas results.

However, this way of representing it is deceptive - we know that for

large distances the LDA exchange falls as an exponential,while the

exact exchange falls as 1/r. Furthermore, for our case we shall see

that for the entire range of k values treated the exchange in the LDA

will not approach the exact value.

exact

In Figure 10 we present Oc Vs. 1 for k = .01, 1, 100 and in
. exact .
Figure 11 \?c vs. T_ for k = 10, .01 along with the Ceperley-Alder

and Wigner local forms of Oc. It appears from Figure 11 that for k =
.01 the .correlation functional does quite well - which is what we would
like to believe as these should be accurate for the uniform electron gas.

LbAa aexact

Figures 12-15 show 3 / x

X and 41rr2n(r) vs. r for 4 k

values. This demonstrates that in the region of interest, i.e. when the

weighted density is substantial, the ratio is ~ 0.6 for all values of k.
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3.6 Energies and Expectation Values of Potentials

We have within the Kohn-Sham theory the expression :
- = - =243 - = =1 =_=t ==t
E=ZLe + Exc[n(r)] J\‘.’rxcn(r)dr #In(Z)n(z')/|t-%'| didE

which gives the total energy of the interacting N electron system in
terms of the single particle eigenvalues and various functionals of the

derived density.
For our model system Etot[n] is known exactly, as is s’ n(r),

Gx[n(r)] , and 00 [n(r)]. In fact we can invert the previous equation to

write:
Exc[n('f)] = E - Zisi + f\‘}xcn('f)d'f + éffn('f)n(f’)/lf-’f'l dzdF' (3

and obtain E__ exactly.
]

Moreover, for the 2-particle case it is clear that
9 = -¥n(¥)/|E - '] dF' (3s)
and thus,
E_[n] = -¥/n(F)n(F')/|7-F'|d7dF’ 3

enabling us to obtain Ex[n] and Ec [n] = Exc[n] - Ex[n] exactly.
We wish to investigate the accuracy of various approximate
functionals in predicting energies and related potentials. One approach

would be to use these functionals for the potential,\?‘{c, in the Kohn-
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Sham equations and solve for the density n(r) and the corresponding

tapp.

ks These could then be used to obtain total energies as well.

An alternative approach - the one which we employ - is to evaluate
the approximate functionals using the exact density, n('f)ex, generated
by the solution of the Schrodinger equation, to obtain potentials (as
projected on r space), energies, and potential expectation values to be
compared to the correct ones. It is worth noting that if we use this
second method the only terms in which error can be introduced (in
considering energies) are Ex’ Ec’ <‘i’ks|0x|‘l’ks> and <Yks|-&c|‘l‘ks>, since
the other terms are exact. Thus we are actually testing the functional
form's of exchange correlation energies and potentials.

It is also to be expected that if there is a significant error in the
terms under investigation e\{aluated in the second manner, a calculation
of the first type would not rectify matters. This is because in order to
offset a change of order § in the energies calculated the density would
need to be changed even more drastically, i.e. of 0(5%) thus giving
rise to a poor density profile.

We now proceed to set forth the various approximations employed.

3.6.1 Functionals and Expectation Values

(1) Exchange Only - Because correlation makes a contribution to the

total energy which is never more than ~5% for our model, a first

approximation of interest is to consider exchange only.
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(a) LDA: The LDA8 treats exchange by taking the energy density
at each point in space as if there were a uniform electron gas of the
local electron density.
s . 1/3
i.e., the exchange energy density, L -(3/4)(3n/T)

1/3 1/3

E_[n] = /e n(F)dE = -(3/4)(3/7) (F)n(?) df

and
9 = 8E /én(¥) = d [ne_]
' X * dn" x
in the local approximation

s (r) = -@n(r)/m

(b)Non-Local: LDA with Gradient Energy Expansion (GEA)a’Sl-33
E [n] = E0% - C_/|%n|’n “4/3 4z
X X
C, = Tm (31%)” 4/3 /144 = 0.001667 a.u.

and the corresponding potential term is:

3
_ LDA a \Womt y In
9. =9 -Climy ~* wn |
34,14
(c¢) Non-Local: LDA + Langreth-Mehl (LM)
EiM = Ei‘DA - a(7/9 + 18f ) Vn(x )|2n 4/3
where a = 1r/[16(31r2 4/3] = 2.144 x 10 3 . and we used f = 0.15

as suggested by LM.

(2) Exchange and Correlation

A. Local: Exc[n] = Ex[n] + Ec[n], where exchange is given by

LDA (as in 1A} and Ec has a local form as well. i.ce.,
*
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RPA Ceperley-Alder
Parameter V) P ) P
A 0.0311 0.01555 0.0311 0.01555
B -0.071 -0.0499 -0.048 -0.0269
Cc 0.0021 0.0005 0.0020 0.0007
D -0.0078 -0.0020 -0.0116 -0.0048
¥ -6. 2044 -0.1104 -0.1423 -0.0843
Bl 1.5023 1.1102 1.0529 1.3981
82 0.0916 0.0170 0.3334 0.2611
Table 4

Parameters used in the Ceperley-Alder form of the correlation energy
density as given by Perdew and Zungerss, and Cole and Perdew3‘7

(U denotes unpolarized, while P denotes completely polarized.)
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£, = In(r)ec(n) dr

where € the correlation energy density per electron, is given by the

parametrization of Perdew and Zunger35 of a form due to Ceperley and

Alder36:

= <
e, A P.n(rs) +B +C rszn(rs) +D T T 1
£, = ¥/(1 + Bl/rs + Bzrs) L or 2 1

where 4(1!1'53)/3 = n—1

B. Non-Local:

E [n] = EPA 4 gRPA | jpIM LM
Xc X C X c

In this case it is necessary to use the RPA parametrization of the
Ceperley-Alder parametrization as given by Cole and Perdew37. This is
because LM has been derived within the RPA scheme.

EXM = £ PP s am ™ 2e7F 4 1867 1vn(e) 1 Par

a and f are as noted previously (le) and F = b|Vn('f)|/n('f)7/6,

where b = (91)/% = 0.2618
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-

(3) Self-Interaction Correction

We employ a Local Spin Density (LSD) formalism in this instance.
This is designed such that for a two fermion system the exchange
cancels half the Hartree term thus ensuring that at least in this simple
case there is no electrostatic self interaction remaining.

In this formalism, we .define ¢ = (nu-nd)/n, as the degree of
polarization (where u and d denote spin up and down respectively).
Then ¢ = 0 corresponds to an unpolarized system, while § = 1
corresponds to a completely polarized configuration. For intermediate
polarizations (0 < ¢ < 1), the interpolation formula of Von Barth and

Hedin38 is employed.
e (T,8) = £a(r) + £(2) [e(r) - £ (r)] (29)
where  £(2) = [(1+0)*3 + (1-0)"%1/12% 32

We implement this using the Ceperley-Alder form for L

The expression for self-interaction corrected correlation is35’39’40:

SIC _ - ~\y =
Ec = f[sc(nu,nd)n(r) Zaoec(nac,O)nac(r)]dr o)

The parameters used can be found in Table 4. In this case, because
there is only one particle with spin up and one with spin down,
exchange is given exactly and thus the only source of error is in the
approximation for correlation. In our case of two identical particles

this reduces to:
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B5'C = Je (n, n)n(D)aF - 15 (In,0)-¢ (0,4n) Iin()aE

= fn(f)s::(n)d'r' - 21§n(f)e’c’(%n)df
= Ieg(n) - D (n)In(Daz “)

In the next section we consider the following quantities to ascertain

the efficacy of the various approximations.

1. Ex = fn('r')sx[n] dr

2. Ec = fn('f)ec[n] dr

3 Vx - <‘pksl"xlwl‘:;

4 Vc ) <‘bksmcl‘pk;

5. Etotal B (Etotal- xc)exact * Eizp.
6. fks ~ (gks- ch)exact * Vizp.
3.7 Results and Conclusioné

Recall that over the range of k values under consideration, the central
density varies by a factor of almost 2,000. While in T space the

densities evolve with increasing k, from slowly to rapidly varying, the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



140
criterion for applicability of the LDA or fhe GEA expansion based on
the local fermi wavevector, |Vn}/ (an) << 1, is never satisfied for our
model. However,since this is the case for other systems as well, in
which LDA has achieved some success we will apply it here as well.
Various arguments have been proposed to explain the success of LDA
and GEA in such systems where the aforementioned criterion is not

satisfied‘{u"43 .

3.7.1 Total Energy and Kohn Sham Single Particle Eigenvalues

Table 5 lists the total energy of our model system, for a series of k
values, calculated exactly and within various approximations. Figure 16
is the % error in the -calculations of Etotal using the same
approximations. As can be seen by reference to both table and graph,
the discrepancies in the total energy are quite small - on the order of
hundredths of a.u. (i.e. ~ 5%) in the worst case (k = .01) and in the
range of 1% or better over the remainder of the range.

That is, for the entire range, any approximation we use for
exchange-correlation is quite good for the calculation of the total
energy. Referring to the tables and figures on exchange and
correlation energies (Tables 7 and 10; Figures 18 and 20) we see that
exchange-correlation ranges from 8% to 48% of the magnitude of the total

energy. Thus the good agreement of E irrespective of the

total’
approximation for Exc’ cannot be attributed to exchange-correlation

being a small component of the energy in this problem.
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K 01 0.1 1.0 4.0 10 100
EXACT .50000 1.33605 3.73012 7.05788 10.83377 32.44869
(LDA+GEA)X .5371 1.3893 3.8052 7.1510 10.9420 32.6121
(LDA+LM)x .5256 1.3682 3.7666 7.1108 10.8761 32.4864
LDAxc .5038 1.3526 3.7777 7.1401 10.9485 32.6968
(RPA+LM)XC .4728 1.3074 3.7037 7.0516 10.8222 32.4619
SIC .5007 1.3323 3.7191 7.0415 10.8133 32.4158
Table 5

Total energy of the two particle system, for a range of k values,

exact and within various approximations. (See the text for -legend.)
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Note that using a strictly local (LDAxc) approximation the error is
always on the order of 1%. Of course SIC yields even better results
since it eliminates the error in exchange and thus limits the
introduction of error to the correlation term alone which only varies
from 0.2% to 5.8% of the total energy.

We next consider the Kohn-Sham eigenvalue xs (Table 6 and Figure
17). Table 6 shows that the discrepancy in £ Can be comparatively
large - on the order of 1 a.u. . Figure 17 shows the percentage error
in the calculation of the eigenvalue within the given approximations.

We observe that although the SIC gives remarkable agreement (~
0.2% or better, ~.01 a.u. or better), all the other approximations, both
local and non-local, are quite poor. That is, for high k, where the
error in the total energy is ~ 1% the error in the corresponding ¢ is

ks

> 5% while for low k, where Eto is in error from 1% - 5% depending

tal

on the approximation employed, €1s is in error by approximately 20 to
30 percent. |

Thus we may draw the following significant conclusion: Although a
given approach may yield highly accurate total energies, this does not
ensure the accuracy of the corresponding Kohn-Sham eigenvalues.
We now endeavor to obtain an understanding of this phenomenom by

investigating the exchange and correlation terms (the only terms which

are being approximated) individually.
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K 01 0.1 1.0 4.0 10 100
EXACT .3500 0.8617 2.23012 4.05788 6.09035 17.44869
(LDA+GEA)X .4530 1.0455 2.5552 4.5156 6.6642 18.4630
(LDA+LM) X .4493 1.0385 2.5424 4.4972 6.6409 18.4212
LDAxc .4275 1.0141 2.5222 4.4851 6.6373 18.4565
(RPA+LM) %o .4130  0.9952 2.4942 4.4478 6.5918 18.3779
SIC .3531 0.8636 2.2295 4.0549 6.0855 17.4378
Table 6
The Kohn-Sham eigenvalues - both exact and in various approximations
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3.7.2 Exchange
Table 7 contains the negative of the exchange energy for each case and
approximation; Figure 18 shows the percent error in the calculated
values.

Before examining these displays we digress to make an observation
with regard to the LM and GEA approximations. If we refer to section
3.6 in which we define the different approximations we find that both
LM and the second order gradient energy expansion for exchange can

* be written as:

EL = E-P% + Y jvn)®n ¥ 3az

where i = GEA, LM. Thus the correction to LDA afforded by each of
these differs only through the multiplicative constant c'.

i.e.

AE)I:M CI;M a(7/9 + 18£%)
pECEA  CGEA o 11aa(an?) Y3
X X
where a = 1r/(16(3ﬂ2)4/3)
LM
AE
A = - ('3*"4") SRR N AL ARE]
A *

for £ = 0.15, the value given by LM.
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K 01 0.1 1.0 4.0 10 100

EXACT .2110 _ .4014 .7467 1.0757 1.3654 2.4684

LDA .1811 .3438 .6389 0.9201 1.1677 2.1104

GEA .2031 .3844 .7130 1.0262 1.3020 2.3519

M 2146 4055 7516 1.0814 1.3718 2.4775
Table 7

Exchange energy expectation value, -Ex’ exact, LDA, and corrections

to LDA, for a range of k values
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Figure 18 shows the % error for (-Ex). Along the upper border is

the percentage of E1:ota1, in magnitude that Ex represents.This is not

an alternate scale (x - axis) for the plot, but only shows the values we
have calculated and can be used at most as a guide to determine the
relative importance of exchange for the given k region. We observe
that in the LDA the exchange energy is ~ 14% less than the exact value
throughout . The GEA correction reduces the error to ~ 5% and the LM
form overcompensates slightly yielding values between 0.2% and 2% too
large.

When considering the companion quantity -Vx, the negative of the
expectation value of \‘}x[n], we see a very different picture. Table 8
and Figure 19 make it evident that the exchange potential is not being
modelled well at all. We find that for the LDA the % error is ~ 43%
throughout (as compared to 14% for Ex) and although both the GEA and
the LM improve Ex considerably they have a much smaller effect on the
expectation value Vx' In fact the % error even after the corrections is
never less than 37% as compared to roughly 1% error in the total energy
for the corresponding k value within the same approximation (LM).

Some of the points which have been touched upon in the discussion

of results for exchange can be understood with a little analysis:

(a)Ef{'DA = ~85% of EixaCt for the entire range of k values.
(b)Vj::DA = ~57% of VixaCt for the entire range of k values.
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K 01 0.1 1.0 4.0 10 100

EXACT 2110 4014 . 7467 1.0757 1.3654 2.4684

LDA 1207 2292 4259 0.6134 0.7785 1.4070

GEA 1280 2427 4506 0.6487 0.8232 1.4874

M 1318 2497 4634 0.6671 0.8465 1.5292
Table 8

Exchange potential expectation value exact,-VK, LDA and corrections

to LDA, for a range of k values
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Two questions present themselves here:(1) Why does LDA (and its
corrections) work so well for the energy, Ex’ but not for Vx? (2) Why
does LDA give approximately the same value- i.e., the same percentage
of the exact answer - over the entire spectrum of densities we have
investigated?

The second question can be answered by reference to Figures
12-15, which show that for the region of space where the quantity
41rr2n(r) is substantial ,the ratio \‘}i'DA to {}ixact is ~ 0.6. In
addition, we shall present a calculation which should make this plausible

on analytic grounds as well.

To address the first question: Recall that for any 2 electron system

Ex[n] -3 n(E)n(£')/|t-T'| dFdE' 3o
and,
¥ = ~¥n(@)/|E - ¥ dF (3s)
so
VX - <wks|°x|¢ks !2. S h”’ \\:'(:?\ AT 8%
- _\gw.\?w = F,
= 4 T
Thus
Vixact - Eixact (4‘»
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However, in the LDA:

ELPA = -4y 3m PP myar
e Sy /3,173 2y
] ) 1/3, 4/3,.. ..
VX = <4’ks|\7x|\bks> = % (3/17) In (r)dr
Therefore: ViDA = (z/s)EiDA (45)

Thus comparing equations (44) and (45) , it is evident that if the LDA
is a good first approximation for Ex’ as it is in Helium-like atomsM, it
is necessarily poor for the exchange potential Vx' [It is interesting to
note that Slater Exchange, i.e. (3/2)LDA, will give very good results
for the exchange potential in the case of 2-electron atoms, when LDA is
a good approximation for the exchange energy.] This points up the
inadequacy in attempts to improve LDA by addressing the issue of the
energy alone. It is clear that merely seeking a correction to EiDA
which is assumed small without reference to \‘)x will not necessarily lead
to improvement in the Vx' thus leaving a major source of error in the
calculation of Eps”

In fact it may be argiled that a more meaningful approach would be
to begin by attempting to improve the potential functional 0x' Then an
appropriate energy functional from which this \‘}x can be derived may be
constructed. Since Ex[n] is a far smoother object than its functional

derivative \‘}x, the matching of Ex should be a far less difficult task

(given a reasonable potential) than that of matching the potential.
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Some light may be shed on the second question through
consideration of limiting cases. First let us consider two electrons in a
spherical harmonic oscillator potential with no e-e interaction. This can
be thought of as the k ==> » limit or alternatively we can think of it as
a first approximation to our model where the e-e term, 1/|f| is treated

as a perturbation.

Then ‘l’('r‘l,'r'z) = (a/v)3/4exp[-§a(ri + rg)] where a = k%.

2
and n(r) = 2(a/m)> % ¥

Then a calculation of the exchange energies and potentials yields:

Eixact - -(2&/11‘)% - Vixact
E)I('DA = -(9/16)(6/m) Y3 (3asm?
==> Vi’DA = -(3/8)(6/m 3 (3asm?
Thus ” v
EiDA/Ei" = :‘T (-% ’ 2 = .855
and vEPAveX = 570
In addit;on:
AEL = -7@mes2)i2tdcl
X X

where i = LM or GEA.

then the correction term due to LM or GEA is:
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GEA _ex IM,  ex

AE -8 /ESX = 0972 while AE~/ES® = 1478
X X xX X
v = -[9(:;1r<,;/z)"}><zl/6]ci
X X

avOEA yeX  0p4s while avEM/veX - oogs
X b, 4 X xX

The analysis above shows that for large k, ( or to first order for all
k) the LDA will give 85.5% of the correct exchange energy. This
explains why we find a %error of approximately 14+% throughout
regardless of k. In addition, it shows that when GEA is taken for the
correction, the energy is then ~ 95% of the correct value, while LM
yields approximately 100.3%, which is consistent with our findings. We
do not expect to get these values exactly as that would only be in the
limit of 1/r being a negligible perturbation, however, we do get an idea
of where our answers should lie and this is borne out by the
calculations.

In a similar vein, we find that for the expectation value of the
exchange potential the LDA is 57.0% of the exact value - corresponding
to the -43% error we found in our calculations. For the Vx we see that
the GEA only brings us to 63.5% and the LM to 66.9%. Thus we see
that the exchange potential is not as well given as the exchange
energy. It is interesting to note that the correction to the expectation
value of the potential as calculated deviates from the limiting value to a
far greater extent than is the case for the energy. Thus we see that

the exchange potential is not as well given as the exchange energy.
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We can also consider another 2 electron model in which the e-e

interaction is negligible compared to the strength of the central

potential; i.e., a Helium-like ion in the limit of large Z.
H = -3v2 -3v2 - Z(1/r, + Ur,)
1 2 1 2

Pl

Then Y(%,%,) (Zs/ﬂ)exp[-Z(r1 + rz)]'

2(Z3 /mye 22T

and n(r)

Then a calculation of the exchange energies and potentials yields:

exact _ _ _ sexact
E_ = -(5/8)Z = V_
gLDA = -(81/64)x(31/3/22/3)xn'2/3z
X
. .ViDA - _27(31/3/217/3)”-2/3z
Thus
gl ‘SV’
LDA _ex _ S -
ES/E T o= v N .8577
and vEDA yeX - 5718
X X
In addition:
i _ 1/3, i
AE_ = -[27(w/2) ]sz
sED = _9[“1/321/6101Z
X X
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where i = IM or GEA. then the correction term due to LM or GEA is:

AECEA peX . 4837 while AEM/ES® - 1am4
X X X p. 4

aVvCEA VX - 0333 while aVI/VER = L0507
X X X X

In this case as well, the LDA exchange energy is ~ 85.8% of the exact
exchange energy, and GEA and LM bring that value to 94.4% and 98.5%
respectively. For the exchange potential the percentages of the exact
expectation value for LDA, GEA, and LM are 57.2%,. 60.5%,and 62.3%
respectively. These values are similar to those obtained in the exact
calculations and our other model calculation as well. The LM value of
62.3% is indeed what we see in the exact caiculation over almost all of
the range. The results of these two limiting cases substantiate the
reliability of the numerical calculations. It also shows that for a totally
different central potential we get similar results. Thus, our results
can not be brushed aside as merely an artifact of the harmonic
oscillator potential, as we see it persists for the physical coulomb
attractive center as well.

We observed earlier that second order GEA and LM differ only in
the constant used in the correction term. For all our 2-particle model
systems the LM coefficient yields far more accurate results. We
investigate this further by looking at results for real systems as
well. Table 9 is a display from reference 32 of the "exact" Kohn-Sham

and Hartree-Fock exchange energies and the % errors obtained when
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calculating the Ex in the LDA or GEA. (The values were gleaned from
various sources as noted in reference 25.) "Exact" in this context
means exchange only Kohn-Sham. Expanding the table we have added a
column labeled "LM". This is the % error an LM calculation would have
resulted in for these noble atoms. The method of obtaining these value

was:

LM = LDA + (GEA - LDA) «x CI’:M GEA (4e)

/C
X

Once again we see LM yielding results superior to GEA.
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Exact values (a.u.) % Error
Atom HF KS LDA GEA LM
H 0.3125 0.3125 -14.2 -5.9 -1.6
He 1.03 1.03 -13.6 -5.3 -1.0
Ne 12.13 12.10 - 8.8 -4.6 -2.4
Ar 30.30 30.16 - 7.5 -4.2 -2.5
Kr 94.63 93.78 - 5.4 -3.2 -2.1
Table 9

Hartree-Fock and Kohn Sham exchange energies for a series of atoms
and the % errors (relative to Kohn-Sham) of the local density (LDA),
second order gradient expansion (GEA), and Langreth-Mehl (LM),
a:pproximations for the exchange energy (-Ex). All entries except

LM obtained from Ref. 32.
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3.7.3 Correlation
The contribution to the total energy due toc correlation is shown in
Table 10 and Figure 20. The correlation as a percentage of the total
energy is given inside the upper border for each of the points actually
calculated. We see that correlation varies from 0.2% to 5.8% of the total
energy and thus it is a significantly smaller percentage of the total
energy than is exchange. However, it is worth noting that with the
exception of the SIC none of the approximations for correlation give
reasonable results - the errors varying from 50% to more than 300%.
Among these the RPA+LM is best in that its error ranges between -50%
and +80%. This is because the sign on the LM correction for correlation
is opposite that of all other terms, and for large k the correction term
is even greater in magnitude than the RPA value. Furthermore, the
error in correlation is 2 orders of magnitude worse than that in
exchange for the LM, therefore the relative success of LM does not
indicate that it is a satisfactory approximation.

Even the SIC which does give better results is not very promising.
For low k the error is ;)n the order of 6% but this grows with k until at
k = 100 it is on the order of 70%. However as we have noted
previously this will not affect the very fine results for total energy
because SIC gets exchange exactly for the two particle problem and the
correlation energy for k = 100 is only 0.2% of the total energy. Table

11 and Figure 21 give the results for -Vc. The upper border of the
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K 01 0.1 1.0 4.0 10 100

EXACT 0292 036 041 044 045 047

RPA .0830 .109 .137 .155 .167 .198

CEP-ALD .055 077 .101 .117 .128 . 157

RPA+LM .053 .061 .063 .059 .054 .024

SIC .0285 .040 .052 .060 .065 .080
Table 10

Correlation energy expectation, -Ec, values exact and in various

approximation schemes
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figure contains -Vc as a percentage of the Kohn-Sham eigenvalue.
Unlike exchange ,the expectation value of the correlation potential is
more accurate than the correlation energy,though when dealing with
such large errors it is doubtful whether there is any significance to
this at all. It is evident from these results that neither Ec nor VC is
modelled satisfactorily by any of the functionals.

However, we do now have an explanation for the excellent agreement
for the values of total energy. Referring to the figures (and tables)
we see that the correlation energy is overestimated by large relative
amounts(which are not large in absolute terms since correlation is only
a small part of the total energy). For exchange exactly the opposite is
the case - the energy was consistently underestimated. Thus the
errors in exchange and correlation being of opposite sign cooperate to
give very good results for total energy through large cancellation. It
also becomes clear that if correlation, although small,was given
accurately , then the error in total energy as given by LDA would

increase appreciably, while the (LDA + LM) result would improve.

3.7.4 Summary

In this concluding section we collect the results in a concise manner.

1. Total energies are obtained to good accuracy in the LDA along
with standard corrections.

2. Exchange energies are obtained to good accuracy in the LDA

along with standard corrections.
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3. Kohn-Sham (maximal) energy eigenvalues are given very poorly
within these same approximations.

4, Expectation values of the exchange potential are given very
poorly in these same approximations.

5. Correlation energies are given very poorly in the LDA along
with standard corrections.

6. Expectation values of the correlation potential are given very
poorly in these same approximations.

7. The SIC gives good results for the exchange-correlation
potential and thus for the Kohn-Sham eigenvalues as well.

The results quoted above lead us to conclude that:

(A) Total energies are not an adequate measure of the
efficacy of an energy functional. The functional derivative,i.e. the
potential functional, must be considered as well.

(B) From the large errors in exchange potential expectation
values we infer that improving correlation alone will not cure the
difficulties of density functional theory but rather improvement of

exchange potentials is still the first priority.
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K 01 0.1 1.0 4.0 10 100

EXACT 0201  .0251 .0290 0307 0316 0333

RPA .0477  .0615 .0765 .0859 .0922 .1086

CEP-ALD  .0329  .0449 .0577 .0658 .0716 .0869

RPA+LM .0363  .0433 .0482 .0494 .0491 .0434

SIC .0170  .0232 .0296 .0337 .0365 .0442
Table 11

Correlation potential expectation values, -Vc, exact and in various

approximation schemes
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Appendix C

WKB Approximation - Expression For Density

In this section we will show two things in the limit of large r:

(1) The integrand has a maximum value at r' = r

32
(2) n(r) ~ 2% ¥T

The physical significance of r' < r governing the behavior of n(r)
can be explained in the following manner. In the case of two non-
interacting particles, it is clear that the probability of finding a
particle at a distance r from the origin depends very heavily on the
separation between the two particles being approximately that same
distance. This is because the wavefunction of each particle falls off
exponentially as we move away from the origin, and thus one-particle in
the vicinity of the origin with the other at a distance r away will be far
more probable than any other configuration. (For example ,the second
particle at r/2, so the distance between them would only be r/2.)
Thus the probability (when cast in our formulation, which gives the

probability of a particle being at r, as an integral over the relative co-

1

ordinate) will depend almost entirely on the region where r' ~ r.

Then the addition of the coulomb term merely acts as a small
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perturbation thus shifting the most important region slightly from r' =r
tor' =r + A.

Since we are only interested in obtaining an expression for the
density at asympioticaly large r, the precediné argument indicates that
it is adequate to employ a form of f(r') which is in itself valid only for
large r' in the calculation of the density.

i.e.,

2
dop!
£f(r') = 10 %0F

[Where we have replaced k% by a]. Recall
_2aet ® 2 --UZ wWre' kvt
¢ & -e } vt Ay

nir) « seve  [e
LY b
2arr' -2err' L.
For large r, e >>e , ' non-negligible. Thus as r--> =
-1‘“'1 bod _dett 2<vr!
T =
nir) o« & f() e e ¢! de!
oty Py
Then 4 \
SHT( S - «YL - %4 YT A
e <' ac¥
Nir) & \ ¢ ¢ ¢
oy o
NTLAN 1k ce - nv'?)
- e \‘ls'ﬂ) ( \
- A g e av
« ¥ &
L8 \
e- 24X o (2‘&\) [/ g (Zo(ﬂ"—&""')
T —— (2 4 - dv'
Y
2

2

- 1
Thus n(r) = Ce or /(ar) x M, where M = Ieh(r ’r)dr'.
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We would like to investigate the behavior 6f M by expanding the
integrand about a maximum. Note that the integrand has an extremum
where h(r',r) is extremized. Since we are dealing with fixed r we

treat h as a function of r'alone.
Thus

h(r') = h(r,) + '@ (- )b ()] (e )P e L

o
o o

where the primes on h denote derivatives with respect to r'.

h(r') = (26+1)In(r") + 2arr' - ar'z

h'(r') = (26+1)/r' + 2ar - 2or'

-{ (25+1)/r'2 + 2a}

h'(r') = -(26+1)/r'> - 2a
Thus we have a maximum at h'(r') = 0
'2 1
r'" - rr' - 3(26+1)/a = 0
2 3
ro' = 3r +3{r" + 2(28+1)/a}

or expanding the square root for large r:
ro' =r + (26+1)/(2car)

So

h(r') = h(r_) + $h"()|_ (@ e

(o]

= (26+1){In[r + (26+1)/(2ar)] - 1} -3{2a + (26+1)/r°'2}(r'-r°')2
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- h(r'nr) 1 - -
M =Je dr'. and r --> », thus we only keep terms of order In(r)

or higher in h(r,r').

h(r',r) = (26+1)In(z) - (26+1) - a(r' - ro')z

= (26+1)In(r) - (26+1) - afr' - [r + (26+1)/(2ar)] )2

2

= (26+1)In(r) - (26+1) - cz{r'2 -r - (20+1)/a -(26+1)2/(2ar)2}

thus to leading order:

2 2
t -
jeh(r ’r)dr' - r26+1e (2¢S+1)ear = const x r.‘26+1eczr
Thus as r ===>w L @ .
- 2dY 28«1 «r ;
- e Y e S ') A
w(¥) oL T2
Q
or
n(r) ~ I‘26e~mr
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