70-12,958

GOLDSTEIN, Eleanor Marion Zeitlin, 1941-
SOME EXTENSIONS AND APPLICATIONS OF

WEYL'S IDENTITY.

The City University of New York, Ph.D., 1969
Mathematics

University Microfilms, Inc., Ann Arbor, Michigan




SOME EXTENSIONS AND APPLICATIONS OF WEYL'S IDENTITY
by

ELEANOR ZEITLIN GOLDSTEIN

A dissertation submitted to the
Graduate Faculty in Mathematics in
partial fulfillment of the requirements
for the degree of Doctor of Philosophy,
The City University of New York

1969



This manuscript has been read and accepted for the
University Committee in Mathematics in satisfaction
of the dissertation requirement for the degree of
Doctor of Philosophy.

August 28, 1969 _ﬁﬂ? ~j;£~14224;/£5:

date Chairman of Examining Committee
August 28, 1969 % Dﬁ% (ﬂz, #5)
date Exeéutive Officef

Professor Burton Randol

Professor Alphonse Vasquez

Supervisory Committee



ACKNOWLEDGEMENTS

In connection with this work, it 1s a pleasure
to acknowledge my indebtedness to Professor Richard
Sacksteder and Dr. Martin Katzen. Also I wish to
thank my husband Gerald for his patience and under-
standing and my parents for their support.

A1l of this work was done while I was on full

time fellowships at the City University of New York,.



ii

" Table of Contents

page
ACKNOWLEDGEMENTS 1
Chapter 1. Introduction 1
Chapter 2. Preliminaries 3
1. Fundaméntals from the theory of
manifolds 3

2. Expressions involving the gradient for
degenerate metrics 7

3. Some formulas from the theory of

surfaces 8

- i, Some remarks on notation 12
Chapter 3. The Weyl identity 13

1. Preliminaries to the concise proof 14

2. Conecise proof of the Weyl didentity

for a surface which is free from

umbillics , 20
3. The generalized Weyl identity 25
', Umbillics 27

5. Some consequences when K is
identically zero 28

Chapter 4. Reconciliation of Chern's work with the

Weyl identity 30
Chapter 5. An application of the Weyl identity 4y
Bibliography 52

Autobiographical Statement 54



Chapter 1. " Introduction

In his paper on convex surfaces [10], Herman Weyl
proved an identity which relates the Gaussian curvature
to the mean curvature by using differential operators.

He used the identity to obtain an a priori bound for the
mean curvature. Wintner [12] pointed out that Weyl's
identity has other interesting applications. Recently
Martin Katzen [5] found and corrected an error in Weyl's
statement of the identity which affected some earlier
applications. Here we are concerned with certain exten-
sions and applications of the Weyl-Katzen identity.

Weyl indicated that he was dissatisfled with his proof
and asked for a shorter one. With the exception of S. S.
Chern's result discussed below, no attempt to satisfy
Weyl's request has been carried out, In Chapter 2 we give
a concise proof of the Weyl-Katzen identity which, unlike
Chern's work, uses the notation of Wevl rather than the
exterior algebra of Cartan,

Weyl was concerned with surfaces of positive Gaussian
curvature but, as Wintner pointed out, the identity is
meaningful and correct for surfaces of negative Gaussian
curvature; however the identity is definitely not meaning-
ful when the Gaussian curvature is zero. In view of the
large number of important and difficult unsolved problems
involving surfaces whose Gaussian curvature changes sign,

it is desirable to extend the Weyl-Katzen identity to this
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case. We make this extension in Chapter 3, and also, using
an idea due to Wintner, we modify the identity to include
umbillics. We conclude this chapter by showing some pro-
perties of surfaces for which the Gaussian curvature is
identically zero can be derived from the extended formula.

In S8.S. Chern's paper [2], he derives some formulas
which he claims are essentially equivalent to the Weyl
identity, although they are expressed in different formal-
ism. In view of the fact that M. Katzen proved the iden-
tity incorrect, we feel it was desirable to check Chern's
work., In Chaptér 4 we verify that Chern's results cor-
respond to the correct form of the Weyl-Katzen identity.
However, perhaps due tb a typographical error, the formula
in [ 2] which corresponds most closely to the Weyl identity
is not the one claimed by Chern.

In Chapter 5 we attempt to extend the theorem, which
asserts that on a surface of positive Gaussian curvature
the mean curvature cannot have a local maximum where the
Gaussian curvature has a local minimum, to the case where
curvature can vanish., We are not completely successful;
however we can prove a result which suggests that such an

extension is possible.



Chapter 2. Preliminaries

For purposes of the following work we need some funda-

mental formulas from the theory of manifolds and surfaces.

Let M be an n-~dimensional manifold of class
Cr(rzu) with Riemannian structure ( , ). We will denote

¥
by T and T the tangent space and cotangent space of M

respectively. Ak will be the space of k forms for
k=20,1,2,...,n, T will be the vector fields on M and
d the exterior derivative., Corresponding to the local co-

ordinates (ul,...,un) we will let (B/Sul,...,a/aun) de-~
note the basis in the tangent space and let (dul,.,.,dun)

be the dual basis in the cotangent space. For each voint
x g M, the metric induces an isomorphism between the
tangent and cotangent spaces and herce leads us to define

the operator
g: T ~» A1

as follows:

For v and w e T
(2.1.1) (g(v))(w) = (v,w).

Let f e CO(M,R1). Then the gradient of f is given

by
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g

;

(2.1.2) grad f = g_ldf.

We now introduce an operator

Let ®w be a volume element, that is an element of AT
that does not vanish. The Hodge star operator depends on
the metric while m depends only on the choice of w,
This property of m facilitates our later calculations,
To define m we identify T with its double dual T**

-1
For o e AP

m(a): AL =+ CO(M,Rl)
where for B ¢ AL
(2.1.3) (m(a))(B) = s where o ~ B = sw

if w 1is taken to be the volume element naturally associated
with the metric. We note that m is related to % by the
equation m =g “x.

Finally we define the divergence as the operator

aiv: 1 - c%m,r1)



by the formula

-1

(2.1.4) v e = (1) Tam~(x)

for a vector field X,
Clearly the divergence depends only on the volume

element and not on the metric; however in all of our appli-

cations it should be understood that w is taken to be the
volume element associated with the metric, (Equivalently

one can also view div X 1in terms of the Lie derivative of

X, namely (div X)w = wa, cef. [1])

We state two n-dimensional versions of commonly used

three deminsicnal formulas whose proofs we sketch below,.
1 1 2 1
Let ¢,6 ¢ C*(M,R”) and f & C°(M,R7). Then

(2.1.5) grad(¢6) = ¢ grad 6 + O grad ¢

(2.1.6) div(d grad f) = ¢ div grad £ + (grad ¢, grad f)

The proof of (2.1.5) follows immediately from the
definitions of g and grad in (2.11) and (2.1.2), the
derivation property of d, and the linearity of g'l

To prove (2.1.6) we have by the definition of diver-

gence in (2.1.4)

div(é grad g = (1) Tam™t(¢ grad ).

By the linearity of m™% we replace m (¢ grad £) by



¢m"1(grad f) 1in the above equation, and we expand, using

the derivation property of d, to get

(2.1.7) div(é grad flw = ¢(div grad flw + m Y (erad £) ~ 4a¢.

We will show that for B8 € T

(2.1.8) m~1(8) ~ a9 = (dd(B))w = (grad ¢,8)w

where the second equality is immediate from the definition

(2.1.2) of grad ¢, It suffices to prove the first equality

in (2.1.8) for a basis (ei) i=1,2,...,n of T. We ob-

serve from the definition of m in (2.1.,3) that for

™

g = e ; : *) the dual basi
% w=e; "~ e, cooo~oens (e he dual basis,
-1 _ n-i * * R A¥ . %
m (ei) = (-1) e ~ e, R e, ce e,

where the superscript + indicates that the term is

omitted. Then for i = 1,2,...,n

nei, ¥ % N %
(1) (egra . nBniie) (kzld¢(ek)ek)

-1
m (ei) d¢

A

n-i * A */\ A * A *
Ag(e;)(=1)7 " (eqr. .. nByniine )~ ey

n

ad(e;) w,

The result (2.1.6) follows from (2.1.7) and (2.1.8) with

B = grad f,



2. Expressions involving the gradient for degenerate metrics

The Weyl identity has not been interpreted at points
where the Gaussian curvature is zero. In this case the
determinant of the second fundamental form is zero and the
difficultv stems from the fact that certain quantities in the
identity involve the gradient with respect to the second
fundamental form. In this section we develope an operator
S which handles the undefined cuantifties and which permits
us in Chapter 3, Section 3 to generalize the identity for
all values of K,

Let hij be the inner product of the vectors B/Bui

and a/auj with respect to the given metric. 1In later
sections we will have occasion to interprete relations re-
garding the gradient of a function with respect to a

"metric" when det(hij) is non-positive., As Wintner [12]

observed, our formula for the gradient is still well-defined

when det(hi ) is negative. It turns out that, in our work

J
leading to the Weyl-Katzen identity (%) of Chapter 3,

Section 2, the gradient is multiplied by det(hij). This

leads us to define the operator
s: cr,RrY) » 1 as
(2.2.1) S(f) = det(hij) grad £ for det(hij) > 0.

It is easy to see that the expressions for grad f



e A

and S(f) are given by

(2.2.2) grad £ = (1/(det(h, ))) iXK (3f/3u;dh, (380 )

and
(2.2.3) s(£) = J (f/auy)h ,(@/8u,)
ik
where hpq is the cofactor of hD . Since (2.2.2) is

well-defined when det(hij) < 0 and (2.2.3) is well-defined

for all values of det(hi ), we extend the definitions of

J

grad £ and S(f) by the above equations. We remark that

(2.2.1) is now valid for det(hij) # 0.

3. Some formulas from the theory of surfaces

Let M be a surface in Euclidean 3-space of class

Cr(riU) given locally by a one-to-one parameterization
of the form X(u,v) = (x(u,v), y(u,v), z(u,v)) where the
pair (u,v) ranges over a sufficiently small open domain

G of the Cartesian (u,v)-plane, X(u,v) is a function of
class C'(r>4) and the vectors X, = (3x/du, 3y/du, 3z/3u)
and X2 = (9x/9v, 9y/9v, 8z/9v) are linearly independent

at each point of G.

The functions gij = Xi . Xj and zij = XiJ « N are

of class Cr_l and cP-2 respectively where N is the

unit normal to the surface so chosen that .. >0, 1 =1,2
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if det(zij) > 0. Thus we have a 2-dimensional Riemannian

manifold where the metric induced by the imbedding X cor-

responds to the matrix I = (gij).

In the discussion below we will be using a special
parameterization, lines of curvature coordinates. We note
the following theorem in [6, p. 56] which permits such a
parameterization:

Let PO be a point on a surface (of class Cr, r>5)

which is neither an umblllic nor a flat point., Then

there exists a neighborhood of PO on the surface

and a parameterization (u,v) of that neighborhood
such that the parametric curves are the lines of

curvature.

We remark that there 1s a loss of differentiability
involved in changing to lines of curvature coordinates.
(See [11, p. 860] for a discussion of this point,) However
because of the invariant nature of the Weyl-Katzen identity,
the formula (%) in Chapter 3, Section 2 which we will de-
rive remains valid for surfaces of class CLl by a standard
approximation argument.

We also note that the parametric curves are the lines

of curvature if and only if 815 = = 0 and in this

212

case =k i = 1,2 where &k

g and k2 are the

244 %412 1

principal curvatures.
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In lines of curvature coordinates the Gaussian
curvature, K, 1is given by

(2.3.1) K = det ITI/det I = k1k2 where II = (lij)

and the mean curvature by

1l

(1/2)(k1 + kz).

We also define the quantity
(2.3.3) J = (1/2)(ky - k,)

and note that

(2.3.4) J¢ = HS - K.

The Mainardi-Codazzi equations in lines of curvature

coordinates become as in [6, p. 66]

(2.3.5) (299)y = (897)y H

(222) = (ggg) H

u u

and Theorem Egregium takes the form (in any orthogonal

coordinates):




L
(2.3.6) K = ~(1/(2(878,,) %)) (a + b)

1

a = ((g22%l/(g11g2253)u

1

" Beltrami Parameters

In what follows let us refer to our coordinates

(u,v) of M as (ul,uz). Let 8 and ¢ be elements

1

of CP(M,R ) for r>2., Using the metric corresponding to T =

(gij) and letting (glj) be the inverse of I, we denote
by v'(¢,e) the inner product of grad ¢ with grad 6

which equals

AR

7 (3¢/3u*)e®8 (50/5uf) .
o, B

For 9 = ¢, V'(é,¢) 1is more briefly denoted by V'¢. V!
is called the first differential parameter of Beltrami
with respect to the first fundamental form,

We denote by v"(¢,6) the expression we get by re-

placing g% by ¢%B in the above eguation where the

matrix (3%8) is the inverse to TII = (ZGB). g"  is

called the first Beltrami parameter with respect to the

second fundamental form,

Tt is easy to check that (ecf. [8, p. 227]1)
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1 1
div grad ¢ = (1/(det I)2)J3((det T)2g"B(ae/auf))/ou®.

oB
This expression is denoted by A'¢ and A' 1is called
the second differential parameter of Beltrami with respect
to the first fundamental form. For X > 0 replacing I
by II and g*® by 2%F in the right hand side of the
above eguation gives an expression denoted by A" and A
is called the second differential parameter of Beltrami with

respect to the second fundamental form.

4, Some remarks on notation

In much of our future work we will have occasion to
consider two distinct metrics on our manifold M, Cor-

responding to the metric given by the matrix I, we will

denote the inner product of two vector fields v and w

: by (V,W)I, the operator between T and G given in
(2.1.1) by g; and the gradient of a function f by

grad.f, We will denote our volume element by w and

I I

choose it to be

1

= _2— A A
(2.4.1) g (det I) duy - du, .

An—l

We denote the operator between and T defined

in (2.1.3) by m Finally the divergence defined by the

Il
volume element wI of a vector field X will be denoted

by diVIX.
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Chapter 3, The Weyl Identity

The nroof of the Weyl identitv that appears in Katzent's
thesis is accomplished éssentially by following the pre-
scription set down by Weyl in [10], but using lines of
curvature coordinates to simplifyv the computations. It re-
mains a lengthy procedure in which one starts with the
formulas for the mean and Gaussian curvatures in terms of
the first and second fundamental forms, the Theorem Egregium,
the Mainardi-Codazzi equations and five formulas gotten by
differentiating some of the above. From these ten eaquations,
the second dérivatives of the coefficients of the second
fundamental form are eliminated. The remaining equations
are manipulated by a tedious algebraic procedure to yield the
identity (%) in Chapter 3, Section 2. Because of the
lengthyness of these computations Weyl omitted the proof
and requested that a more direct proof be found, The proof
in this chapter fulfills his reaquest.

In Section 2 we assume that our surface is free of
umbillics and, for X # 0, we prove the correct form of the
Weyl identity (%) as established in Katzen's thesis. 1In
the course of this work we will interpret certain surface
invariants when K < O,

In Sectiocn 3 we generalize the result obtained in
Section 2 by eliminating the restriction K # 0.

In Section I we employ an idea of Wintner's to get a
Weyl-type identity for the case where our surface has um-

tillies.,
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1. Preliminaries to the concise proof

Before we go on to the concise proof of the Weyl

identity we éstablish two lemmas.

‘Lemma'g; Given'g_Riemannian'n—dimenSiOhal manifold M " with

two Riemannian metrics corresponding to the matrices I and

IT. Then Tor any vector field v

1
. _ . 2
(3.1.1) dle(v)wI = dleI((det I/det II) v)wII

Proof. We first claim that
=~ 1
-1 2 -
(3.1.2) m;"" = (det I/det IT)’m
e aas . n-1 1
By definition (2.1.3) if a e A and B ¢ A then
(3.1.3) mI(a)(B) = s where o ~ 8 = Sug
mII(u)(B) =t where o ~ B = thI'

IR

1
Since wq = (det I/det II)2w;; wusing (3.1.3)

1
s(det I/det II)?

Q
>
W
1

W1
L
s(det I/det II)?2
1
(det I/det II)zmI which gives (3.1.2).

1

or t

Thus mII

We now prove the lemma,
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(—1)n“ldmI'1(v)

(diVIV)wI

1
(-1)"Ta((det I/det TDm  TH(v)) by (3.1.2)

1
(-1?’1dm£%((det I/det IT)2v) by the linearity of mox

M1y

1
N 2
= dleI((det I/det II) v)wII.

Lemma 2: Let M ‘Qggg;twO;dimensiOhal Riemannian manifold.

Let eys e2 pg;gg;oPthOnormal'basis'ig;the'tangent'Space.

Then the Gaussian curvature K becomes

Kw = div((div el)e1 + (div e2)e2)w

where the volume element w 1is chosen in accordance with
the metric as in Chapter 3, Section .
We note here that Weatherburn first proved this re-

sult for surfaces in [9] by direct computation,.

Proof: Choosing orthogonal parametric curves let I = (gij)

where 815 = 8y = 0. In the notation of Section U, Chapter

1

= 2 ~ .
2, wp = (g11g22) du ~ dv and we will prove the lemma in

the form

(3.1.4) Kup = divI((divIel)e1 + (divIeg)eg)wI.

In orthogonal coordinates Theorem Egregium becomes as

in (2.3.6)
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1
K = -(1/(2(g11g22)2))(a + b)

1

= ((8,,),7/ (8118, %)

1

= ((gll)v/(gllggg)z)

o
|

u

o)
I

v

If E = (sij), the usual Euclidian metric, we have for

the vector field X = c3/3u + d3/5v

divE(X) = 3c/3u + 3d/sv

Thus we can write Theorem Egregium as

1
K(gllg22)? = -(1/2)divg(X)
1
where e = (8y5),/(811855)°
R
and 6 = (£7),/ (8118,

1

Since Y2du ~ dv we have

wp = (89185,

i

Ku —dlvE(X/2)wE,

I

Writing the right hand side in terms of the metric I,

by Lemma 1 we have

1
(3.1.5) Kwp = -diVI(X/(2(gllg22)2))wI,

1
We now examine the vector field X/(2(g11g22)2). After
1

replacing 3/3u and 3/9v by (gii)2ei i=1,2 re-
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spectively and by observing

L L
((817)2), = (817)/(2(g,)%)

and
. N

((255)2), = (855)/(2(855)2)

v

we have

1 1 1

(3.1.6)  %/(2(81,8,,)2) = (((8,,)2) /(8118,5)2)e,

1 1

+ (((g11)?) /(8118,5)2)e,

We will show that in (3.1.6) above the coefficient of

e, 1s div,e, for 1 = 1,2.
i 171

L
(divIel)mI = divI((l/(%ll)z)(a/au)wI

L
divg ((855)2) (3/5Wwy

1
s 2

Therefore

1 ES

(3.1.7) dtvie; = ((855)2),/(8y0817)
]

since wgp = (1/(g11g22)2)w1.

The same argument gives

1

RS
(3.1.8) divoe, = ((g;22)2)V/(gllg;22)2
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And so finally we have from (3,1.6), (3.1.7), (3.1.8)

1

=

(3.1.9) X/(2(g11g22)2) = (d:‘wlel)e]L + (divIe2)62'

Thus from equations (3.1.5) and (3.1.9) we obtain the
desired result (3.1.4).

In the rest of this section we use the notation intro-
duced in Chapter 2, Section 3 to consider a two dimensional
surface imbedded in three space with XK > 0 which is free
from umbillics. The restrictions of K> 0 and J # O
willl be dealt with in later sections,

Let (u,v) be lines of curvature coordinates in what
follows and let the coefficients of the first and second

fundamental forms be represented by I = (gij) B1o = B85y = O

and II = (gij) L95 = o7 = 0 respectively and let

= k.g.. 1 = 1,2 where ki are the principal curvatures,
Let (el,ez) be an orthonormal basis in the directions of
the u and v parametric curves respectively and let

(eﬁ, e§) be its dual basis in the cotangent space. Then

we have according to our convention in Chapter 2, Section 4

= * 1 =
(3.1.10) a) gI(ei) e¥ i 1,2
-1
= ¥ =
b) gII(ei) k,e¥ i=1,2

-1, %y o
gII (ei) - ei/ki
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The first statement in (b) follows from

(gII(el))(el) = (el,el)II = ky = (klef)(el) and

(gII(el))(eg) = (el,eg)lI = 0,

Thus gII(el) = klef.
We will later make use of the observation that given

two metrics I = (g..,) and II = (g..') then for any
iJ ij

T el and feg Cl(M,Rl)
(3.1.11) (gradIf,T)I = (gradIIf,T)II = df(t)

We may sometimes write gradIf * T for any of the

expressions in (3.1.11).
The Mainardi-Codazzi equations in lines of curvature

coordinates as given earlier are

(2.3.5) (1y7)y = (Ey9) E
(250)y = (85)F

We also have from (2.3.2) and (2.3.3)

(3.1.12) kl =H+J

We will rewrite the Mainardi-Codazzi equations (2.3.5)

replacing the coefficients of the second fundamental form
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by expressions involving H and J. We substitute

L =k in the first Mainardi-Codazzi equation and

11 1811

carry out the differentiation to obtain
(kpdygyp + Ky (Egn)y = (Byp ) H.

Differentiating the first equation in (3.1.12) with respect
to v, substituting in the above and rearranging terms

gives

(3.1.13) (&yq) /By = (k) /() = (Hy + J)/(=0).

A similar procedure on the second Mainardi-Codazzi

R ST e s S

equation yields

R B B

(3.1.14) (g22)u/g22 = (kg)u/J = (Hu - Ju)/J.

Section 2. " Concise proof of the Weyl identity for a surface

which is free from umbillics,

We are now in a position to prove the following form
of the Weyl identity (%) 1in the neighborhood of a point

P which is not an umbillic and at which X # 0. We will

interpret this formula for K < 0,

(#) 2KIZ = KAWH_KY"(J2,H)/J24+y" (K, H)/2-A 'K/ 247 1(T°,K)/(23°).

By Lemma 2

KmI = divI((divIel)e1 + (divIeg)ez)wI
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We proceed to write the vector (divIe + (div

] 182)¢)

; in terms of H, J and K. From (3.1,7) in the proof of

Lemma 2 we have

1 1

divie; = ((85,)7),/(8180,)2

L
(1/(2<g11)2)((g22)u/g22)

which becomes by (3.1.14)

L
(3.2.1) divee, = (1/(2(gy1)2)(Hy - J)/T)

Similarly from (3.,1.8) and (3.1.13) we have

1
(3.2.2)  divie, = (1/(2(8,,)2)) ((g7),/817)

1
(1/(2(g,,)2)) (H_ - 3 )/3

From J° = H° - K we have

(3.2.3) J

]

(32),/(27)

(2HHu - Ku)/EJ

and an analagous equation with u replaced by vVv. By
substituting (3.2.3) in (3.2.1) and the analogue to (3.2.3)

in (3.2.2) and using (3.1.12) we write divie; and div.ie,

in terms of H, J K, k; and k, as follows:
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L
(3.2.4)  divpe; = (1/(2(gy1)2)) (K /3° + K _/25°)

1
divie, = (1/(2(g22)2)(-k1HV/J2 + KV/2J2)

By writing k; = K/ki for 1 =1,2 1 # j and rearranging

v

terms we have

(3.2.5) (diVIel)el + (div = A + B where

1%2)¢
L L
= (/832 (K /(ey) P ey + (K /(g,5)2)e,)

>
1

and
1 1

= (K272 (H /(21 2) (e /ky) + (Hy/((2,,)%) (e,/k,))

vs}
!

It is easily seen that (3.2.5) can be expressed by

(3.2.6) & = (1/45%)(aK(e)e, + dK(e,)e,)

lus]
i

~(k/27%)(aH(e ) (e /ky) + dH(e,)(ey/k,))

We note here that the discussion up to this point
holds for X > 0 and K < 0. We now assume that X > 0,
Using eguations (3.1.10) a) and b) and the linearity

of g1 and Brr WE get

(3.2.7) A = (1/43%) (g, " (aK(e et + dK(e,)e}))

B = ~(K/2J2)(gII—1(dH(el)e§ + dH(e2)e§))

which is simply
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(3.2.8) A= (1/45%)g, M (AK)
= (1/47%)grad; ¥ and
B = ~(K/20%)g " (eH)
= —(¥/27%)grad H.

Thus from (3.2.5) and (3.2.8) we write in terms of H, J, K

the vector

(3.2.9) (divie;)e;+(divie,)e, = (1/uJ2>gradTv_(K/2J2>grad H

1817€1 II

S0 by Lemma 2 we have

(3.2.10) Ky = divI((K/ZJg)grad H - (1/uJ2>gradIK)wI.

I I

Using Lemma 1 on the first factor of the right hand
side of (3.2.10) and noting that K = det II/det I we have
1
. 2 2
= w
(3.2.11) KwI leII(((K) /2J )gradIIH) T
. 2
- w
div((1/43%)grad K)u .
1
Observing wpq = (K)zwI, equating the coefficients
of wp in (3.2.11), using the expansion properties (2.1.5)

and (2.1.6), substituting gradjx(l/Jg) = —(gradA(Jz))/Ju

for A =1 and IT and finally multiplying by J2 we get

the Weyl identity (x).
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Suppose now that XK < 0. The use of a metric correspond-
ing to a negative definite matrix does not affect the formal
definition of g and thus the proof is valid through (3.2.10).
The proof appears to break down at equati?n (3.2.11) since the

volume element wrr 1is equal to (detII)?du ~ dv where

1
det II 1is negative and also we see a factor of (K)2, We
overcome this difficulty by considering the complex tangent
space as generated by the vectors 3/3u and 5/3v over the

complex field C. VWe denote this space by Tc' Accordingly

1

we replace R7, Al,P by C, AC,FC. After making these

replacements m, d and div are defined by exactly the
same formulas as in Chapter 2, Section 2. The expansion
formulas (2.1.5) and (2.1.6) and Lemma 1 for real vector
fields v ©remain valid. That Lemma 1 is still valid for

real v follows directly by observing that for
! L
= (det A)2du ~ dv, mA_l(a/au) = —-(det A)2dv and
1

mA‘l(a/av) = (det A)2du, for A =T and II. The entire

Wp

proof for K < 0 follows verbatim from the proof above
which was done in the real Grassman manifold., If K < 0
the identity (%) is still a real valued identity since
of a real vector field is real.

divII
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3. The generalized Weyl identity

We now examine a form of the Weyl idéntity Oon & sur-
facé which is free from umbillics but where K 1s permitted
to be zero., The Beltrami parameters of the first and second
kind with respect to the second fundamental form, V" and
A", which appear in (%) in Section 2 of this chapter are
not well defined if the Gaussian curvature is zero. Further-
more some of the quantities in question appear in the terms

KA"H and K grad_ . H which take the form 0/0 when K = 0.

1T
We alter the statement of the Weyl identity to obtain a
form which is valid for all values of K.

(3.3.1) 2KJ< = L,.H - L.K

where the Li i1 =1,2 are differential operators Tor

is hyperbolic, parabolic or

2

‘elliptic'gg;g;point'according'gﬁ' K gz_that‘point'ig less

Specifically

LH = divy(Sp(B)/det I) - (1/J2)(SII(H)/det ) . gradIJ2

(1/2)A"K - (1/2J2>v'(K,J2)

(i
=~
]

" where SII(H)"iS'defined'in'equation (2.2.3) for (hi )y = IT

=2 ubutell J

and where the inner product in L,H is given as in (3.1.11.)
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We remark that for det II # 0, SII(H)/det I =

K grad;;H and by using the expansion formulas (2.1.5) and

g

I
(2.1.6) we obtain (%) again.

The proof of the Weyl identity in lines of curvature

coordinates is valid up to equation (3.2.4) when K = 0.

Using (3.2.4) we obtain

+

e )e2 = (l/(MJZ))grad K

(3.3.2) (diVIel)e1 + (divI 5 T

L s
~(1/(23%)) ((kpH, /(817) B eq +(kgH /(8,55) P e,) .

SRR

T

TRl
B

oy

We note that the second vector on the right hand side

of (3.3.2) is precisely SIT(H)/det I. Thus from (3.3.2),

the above remark and Lemma 2 we have
(3.3.3) K = divI((1/2J2)<sII(H)/det ) - (1/uJ2)gradIK

Again using the expansion formulas (2.1.5) and (2.1.6) on
. 2 4 2
(3.3.3), letting (gradTJ Y/J replace -gradI(l/J ) and

2

multiplying by 2J° we have equation (3.3.1) which is

valid at nonumbillics for all values of K,

To see that L is an elliptic operator on K and

1

that L is an operator on H whose type is determined

2

by the sign of K we compute the coefficients of the higher
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derivatives and we obtain

i - - IR
LK = (gpoK = 281K, + 81K, )/ (2(8y18,5-81,7)
; + Ku(...) + KV(...) and
) , 2
LoH = (R H o= 20 o0 o B9 H )/ (808558 57)

FE (L) +H (L),

We see that L is elliptic since the matrix

1

2 .
(gij/(g(gllg22‘gl2 ))) has determinant equal to

1/(M(gugg2—gl22)) which is strictly greater than zero.

. 2 .
The matrix (Qij/(gllgzg—glg )) corresponding to L2

. 2 2.2 . .
has determinant (211122—212 )/(g11g22—g12 ) which is

A O S T S B T G P OB s =~

equal to K/(g11g22_g122) and hence L2 is a hyperbolic,

parabolic or elliptic operator at a point P according to

whether K at P is negative, zero or positive respectively,

4., Umbillics

Following the method of Wintner [12], we will show
that (3.4.1) below which is obtained from (3.3.1) by
multiplying by 2J2 and which has been proven for non-

umbillics is valid at an umbillic P,

L

(3.4.1) UkJ' = J2(2divI(SII(H)/det T) - A'K) +

—2(8  (H)/det I) . gradIJ2 + V(KT

Either the umbillic P 1is a 1imit of nonumbillics
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or P has a neighbtorhood consisting entirely of umbillics,

In the former case using the continuity of the quantities

involved (M was assumed to be of class e, r > 4),
by taking limits we obtain (3.4.1) at P, In the latter
case, this neighborhood of P lies on a sphere or is part

of a plane. In each instance, J is identically zero

causing (3.4.1) to be trivial and true.

5. Some conseaquences when K 1is identically zero,

We want te illustrate how the extended form of the
Weyl-Katzen identity can be used to obtain some known re-

sults on surfaces where K 1s 1dentically zero.

g From the Weyl identity (3.3.1), 2KJ° = L.H - L

2 1%

we have for K didentically zero

(3.5.1) L.H = 0,

if k2 =0 then H =J = Zkl and (3.5.1) becomes

(3.5.2) H2Qiv (S (H)/ (B2det 1))

1
(@]

Upon using definition (2.2.5) for SII(H), (3.5.2) becomes

(3.5.3) HgdivI((2Hv/(g22H>)Xl)

i
o

1
2 2 -
(3.5.4) Therefore 2H ((gll/g22)2(1nH)v)v =0,
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In a neighborhood of a nonflat point (u,,v

0°Vo’ V€
have from (3.5.4)

) [n-.

(3.5.5) ((1nH)v(g11/822) )v = 0 and integrating we obtain

L
2

(3.5.6) (lnH)V = c(ggz/gll) for a constant c.

We now restrict our discussion to the 1line of curva-

ture u = u,. Integrating (3.5.6) from v, to v we get

1
v 1
(3.5.7) H(uo,v) = H(uo,vo)exp i c(ggg(uo,v)/gll(uo,v)zdv.
0

From (3.5.7) if H(uo,vo) # 0 then H(uo,v) Z 0

along the line of curvature lying in any compact neighborhood

of (uo,vo)

Furthermore if Hv(uo,vo) = 0, then H 1is identically

a constant on the line of curvature u = uo. For from

(3.5.6) the constant ¢ is zero hence (3.5.7) gives

H(ug,v) = H(uy,v,) .
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Chapter 4. Reconciliation Q_Z_f_'_ Chern's work with the Weyl

“identity.

In his paper [10], Weyl describes the computations
which should lead to his identity as a M"langweilige Rech~
nung." He statés "Es ist wahrscheinlich, dass ein
geschickterer Rechner die Formel (33) auf veil leichteren
Wege wird ermitteln konnen, als hier angeduetet wurde."

In 1945 S.S. Chern published the paper "Some new
characterizations of the Euclidean sphere" [2] in which

he derives an equation (32) which he states is essentially
the equation in Weyl's paper for K > 0. Actually this
remark of Chern's was probably a misprint since this equa-
tion turns out to be Theorem Egregium in terms of the prin-
cipal curvatures. Eaguation (38) in Chern's paper more
closely resembles the Weyl identity. However, as will be
seen, it will take a lengthy calculation to get from
Chern's formulas (32) and (38) to the Beltrami parameters
which appear in the Weyl identity.

The following computations show that Chern's work
implies the identity (#) din Chapter 3, Section 2 and not
the incorrect form of the Weyl identity which appears in
Weyl's paper [10]. Chern uses the notation of E, Cartan
to arrive at his formula (32). First we will write Chern's
equation (32) in the notation of the previous sections and

then we will reconcile this formula with the identity (%).
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Chern takes a differentiable, closed, orientable
surface S and attaches right handéd rectangular trihedrals

Pe1e2e3 at nonumbillic points P .  of S as follows, At
P there are two principal curvatures ry i =1,2 and cor-
responding directions di i = 1,2 which are fixed by the

convention rl > r2. The trihedral Pe,e.e is attached

17273

to P so that (1) eg is the unit vector along the out-
ward normal and (2) e;,e, are the unit vectors along

dl,d2 respectively, In what follows the reference to

equation (X) in Chern's paper will be denoted by C:(X),.
Between these trihedrals he has the vectorial differential

equation C:(5). Concerning these formulas we claim
1

(4.1) W Y2du

1 = (814
1
(4.2)  w, = (ggg)zdv
L
(4.3) 0y, = (1/(2(8118,55) ")) (~(877)du + (g,5) ,dv)

(4.4) dwy = =W, N 0,

(L.5) dw., = Wy, ~ ®

2 1 12

To verify (U4.1) and (4.2) we need only examine dP,
1

Recalling that e, 1s the unit vector (gii)—zPi for
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ap P,du + P,dv

1 p)
1 1
(gq9)2(du)eq + (g22)2(dV)e2

I}

wlel + w2e2.

Relations (4.4) and (L4.5) come easily after examining

d(dP) = 0. To acauire (4.3) let

(4.6) wy, = bdu + adv
From (4.1)
1
dw, = <(g11)2)vdv ~ du and from (4.4)
1
dw, = —(ggg);(b)dv ~ du. Thus
1
2

Asimilar manipulation gives

© |

(4.8) a = (ggz)u/(2(g11g22) )

Thus (4.6), (4.7) and (4.8) give (4.3).

In Chern's equations C:(23) he defines iy

We find the r,
iJ

and r and the metric coefficients to be:

2

in terms of the principal curvatures

i=1,2,

1
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k3
(4.9) rq = (r'l)u/(gll-)2
1
(4.10) ri, = (ry),/(8,5,)°
1
(4.11) ryy = (r2)u/(g11)2
1
2

(4.12) v, = (1) /(85

We show the evaluation of rlj’ J 1,2 below.

rgj, j=1,2 1s done similarly,
§ drl = (rl)udu + (rl)vdv
1 1
- 2 2
(L‘-:I-B) - ((rl)u/(gll) wl + ((rl)v/<g22) )(1)2

Thus from C: (23) by using (4.1), (4.2) and (4.13)
we obtain (4.9) and (4.10).

The Mainardi-Codazzi equations in lines of curvature

coordinates become for J = (rl - rz)/2
(4.14) (8170, = —(r{) 8q1/7
(4.15) (8550, = (r5),855/7
In C:(31) Chern defines rijk's' We will show below
that
(4.16) T =W + X where

122
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L L
(4.17) W = (1/(8,,) ) ((r) /(850 %), and
(4.18) X = ((ry)y = 2(r,) )((&55),/(281185,))  and that
(B.19)  ryqq =Y + 2 where
L L
(4.20) Y = (1/(gy)2)((r,) /() "), and
(4.21) 2z = -(2(ry), - (r,) ) (1), /(281855)).

In the first equation of C: (31) we replace w1 5

by (4.3) and, collecting terms with respect to du and dv,

we observe that the dv term on the left hand side is
(wl + Xl)dv where

% wl = (r12)v which by (4.10) is

1
((r'l)v/(g22)2)V and by (4.3)

1

<
1

which becomes using (4.9) and (4.11)

1 1
2

£
xt = ((r) /(g17)? - 2(ry) /(811) ) ((8h,) 7/ (2(8118,5)

).

Hence from the first equation in C: (31) we have
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1

(w> + Xl)dv or by (4.,2)

Piloo
1 1 =

= 2

150 (W- + X )/(%22).

1

Finally we obtain (4.16) by observing W = W'/(g,,)?

and X = Xl/(ggz)z. In a similar manner using (4.11), (1,3),

(4.,10), (4.,12) and (4.1) we can prove (4.19).
We now show equation C: (32) of Chern's is Theorem
Egregium in lines of curvature coordinates with terms in-

volving (gll)v and (g22)u replaced by the Mainardi-

Codazzi equations (4.14) and (4.15). Substituting in

C: (32), (h4.,14), (4.15) and ry =T, = 2J we have

(4.22) KT = W+ X =Y ~ 7.

Carrying out the differentiation in (4.17) and (4.20)

W and -Y become

=,
1

= (r)), /By = (1) (8,,) /(2(£,,)7) and

Y = ey ey - (r) (), /(2(81)7).

uu
Substituting (4.15) in the expression (4.,18) for X gives

X = (rl)u(rg)u/(zgllJ) - (rg)u(rg)u/(gllJ).

Substituting (4.14) in the expression (4.21) for -Z gives
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-7 = -<rl>v<r1>v/<g22m + (rl)v(rg)v/(EgggJ).

Thus (4.22) becomes after replacing X, Y, Z, W from the

above and dividing by 2J

(4.23) K = (r)), /(208,,)~(ry),/(2781,)~((r]) )/ (23%,,) +
2 2 2
—((r ) ) 2/(20% N4 ) (r,) /(8T%8 ) +
(e (80 (M (8, ,)2) =(r,) (87), /(4T (g11)) +
+(r)) (r,) /(41%,,).

(4.23) is an expression for the Gaussian curvature K in

terms of the principal curvatures rl and T and the

coefficients of the first and second fundamental forms

using lines of curvature coordinates as our parameteriza-

tion.
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To reconcile our form of the Weyl identity with Chern's
work we use Chern's equation C: (38) in addition to C: (32)
which we examined in the previous paragraph, In C: (38),
2(K) dis the second differential Beltrami parameter of K
with respect to the first fundamental form which Chern writes
in terms of the principal curvatures, With regard to C: (38)
all the ingredients have been calculated in (4.16), (4.19)

and (M;g) - (4.,12). It remains for us to obtain r111 and

and T5oo in terms of the principal curvatures and the
metric coefficients.

Chern defines 91 and Thoo by successivly applying

the exterior differential operator d to K = rlr2 in his

equations C: (33) - C: (37). From C: (33) and (4.1) and

(4,2) it is easy to observe

=
)
SR

r =

(4,25) K, = Kv/(85,)

* ! 1]
To calculate Kll in terms of the r;'s and the gij S
we examine the du term on the left hand side of the first

equation in C: (34) which becomes from (4,3)

L
((rq) + Tyl /(2(8118,5)2))du.

Thus using (4.1) we obtain from the first equation in
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C: (31)

T 1
2

! Ky = (K /(81902 + Ky(g)q),/ (2817 (85)%)

Hence by (4.24) and (4,25)

1

1
(4.26) Ky = (1/871)%(K,/(8¢)"

), K (gg,) /(220 18,5)

A similar examination of the dv term in the second equa-

tion in C: (34) and use of (4,3), (4.2), (4.24) and
(h.25) give

1 L
(H.27) K,y = (/g0 ) (K /(855)2), + K (855),/(2878,55) .

We will show that

1 1

(h.28) rqqy = (1/g11);k(rl)u/(gll);5u+((gll)v/(g11g22))(rl/rg)(rl)v
L L
(4.29) 15, = (1/8,5)2((r,) /(855)2) +((85,) /(8118550 ) (T 5/r1) (7)),

+(g22)u(r2)u/(2g11g22).

In (4.26) we substitute for K,» K,» Ky 2and Koo the

expressions

>~
1

=ry(ry), + rordy,

Kuu = l"1(r'2)uu + 2(Tl)u(r‘2)u + rZ(rl)uu
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and the corresponding expressions with u replaced by V.

Thus we get

K =

11 o7 o5 + u3 where

L £y
oy = r(1/81)2((r,) /(811)2)

1 L
2(r2)u(r1)u/gll + rz(l/gll)z((rl)u/(gll)z)

i

OL2 u

and ag = ((899)/ (2818550 (wy(ry)  + 1y (ry) ).

Using the notation (4.19) we have

= Trayp (TS (Ege,,) - ry () (80 /(2885))
which, modifying the middle term by multiplying by rg/rg,

can be rewritten as .

n =

ay = 2r vy + ry(1/zy )2 ((r) /(8103

Thus oq + a, + Cg takes the form of the right hand side

[l

of the third equation in C: (37) and, if we collect the

coefficients of Ty, We have the expression for given

111
in (4.28). Similarly from the fourth equation of C: (37)

we examine X,, and using (4.10), (4.12), (L4.,16) and (4.27)
and, collecting the coefficient of r,, we get (4.29) as

the expression for Yoo
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We are now in a position to obtain the Weyl identity
(¢) 1in the notation of Beltrami parameters from equations

C: (32) and C: (38). We write

2J° = (J3/K)(2K/J) which by C:( 32)
= (J/K)(r122 - r211) which by
letting ry -r, = 2J becomes

(4.30) 27°% = ((rq = v,)/(2K)) (P 55 = Tpyq)

Adding C: (38) and (4.30) and letting K = r,r

(4.31) (1/2K)A'K+2J° = (P gty ) /(20 ,) +(0 1147511 /(20)) +

F0q P oo/ (0T ) + Ty o1,/ (rrs) .

Substituting from equations (4.16), (4.19), (4.28), (4.29)
we have the right hand side of (4.31) is equal to
A+B+C+D+E+F where

L L RS
((rg)v/(ggg)z)v/(z(ggz)2r2)+((rl)V/(ggg)z)v/(E(gll) r,)

[

(h.32) A

- . 1 1
2

(1) /(811) D)/ (2081 ) 2r )+ (1) /(81) D)/ (2(8g 1) P2 y)

(4.33) D
(L.34) B = (gy7),(ry) /(28 18,5, ,) =(8y1) (ry) /(U 8,55r) +

ey (rp)y/ ey 0Ty
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(4.35) E = (85,),(r,) /(281 18,571)=(8,5,),(r5)  /(Hey85,75) +
Heyp)y )y /(e p070)

(4.36) ¢

ryprs/ (ryTy

(4.37) F = ri1T51/(ry75) .

We observe the following symmetry in the equations

above, If we replace P by 811> V by u and rs by
ry then A becomes D, B becomes E and C becomes F

using (4.9) - (4.12). 1In the computations which will fol-
low we write only the derivatives with respect to v and
will denote the v components of the Weyl identity with

the superscript v. Thus we are examining (4.31) in the

form
(4,38) ((1/2K)D 1k + 272)Y = A + B + C

We first reexamine A. Recalling 2H = rq + r, and
8iq = 2ii/ri for i = 1,2, we have

1 ! 1 1

Py 2 2 2
A= (/)2 (178 18550 (B (R /0,550 % (/%010 )

Using the product rule for differentiation on the last
equation and keeping the first two factors together we

arrive at

(4.39) A=A + A where
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T 1

(4.50) Ay = (1/8978,5) 2(H (29,/055) %)y and

L 1 1
| (h.41) A, = ((rg/zll)Z)V(Hv(zll)Z/(122<r2)2)).

We note that Al is precisely the v component of the

second Beltrami differential varameter with respect to the
second fundamental form which we denote by (A"H)'. Thus

(4,38) becomes

(u.h2y (/AR + (239 = a7V o+ A, +B +C

Using (4.41), Li4 = Ty844 i=1,2 and 2H = (rl)v+(r2)vz

(b, 13) A, = st where

2}
|

= (l/(ﬂrz))((rl)v/g22 + (P2)V/g22)

and ¢t

((rg)v/r2 - (r’l)v/r1 - (gll)v/gll),

and using (4.9) - (4.12) and rearranging terms (4.43)

becomes:
(3.45) B, = (r)2((r4r,)/ ey (2 )+ (r ) 2 (1/ (M2 ) %) +
41 1 (17 (U () D)+ (e e )/ (e ey (70 ,)

Using (4.14) and then (4.10) we have

1 1
2

(£11)4/(811(8y0) ) = =(rq) /((8,,) %)

= -r,/d
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Thus examining B in (4.34) we have

? (4.45) B = (r))°(-1/(r (r -r,)) + 1/(2ry (v r,))) +

+r12r22(—1/(2r1(r1-r2)),
So from (4., 44), (b4.,45) and (4.36) we have

(4.46) A +B+C = <r12>2<3r2_3r1>/(ur1r2<r1_r2>) +

tr ) 0o (B =50 )/ (hryr (2 -1 ,)) <1/ (K (r ) ) +

()2 (1/(B(r,) ).
Finally from (4.42) we have

(w7 Y - (@/2ra )Y - (23%)Y = (A, + B + 0.
We claim that

~(A,+B+C) = 2(v"(H,3)/3) (V1 (K,T)/KT) ~(V" (K, H) /(2K)) 7

Using the technigues and equations above we have
(4.48)  2(y"(H,5) /DY = ((rq,)°=(2,,)%) /(r (r, -r )
’ > 12 22 2172

(3.89)  —(T'(K,3)/(KI))Y = ((ry,) =(ryory5) )/ (ry(ry-r,)) +

X CIR O G L VI G D

(4.50) (V"(K,H)/(2K))Y = ~((r,) %40, 57,00/ (hryry) +

(1 g (15) 2N/ (H(r ) ).
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Adding (4.48), (4.,49), (4.50) and collecting terms in

iJ
we have precisely the negative of equation (4.46), Thus

(4.47) pecomes

(4.51)  (A"H=(1/2K)A'K=232)7 = (2V"(H,T)/J+V" (K,T)/(KJ) -V "(K,H)/(2K))

Hence by symmetry the Weyl identity (%) follows.
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Chapter 5. An application of the Weyl identity

Let S be a surface which is free from umbillics

so that a Weyl identity of the form

_ 2
(3.31) LH - LK = 2KJ

helds on S, If X > 0 then L1 and L2 are both elliptic

operators, Therefore we have the known result that H can-
not have a maximum where K has a minimum, for then the
right hand side of (3,3.1) is strictly positive while the
left hand side is non-positive. There is reason to believe
that the requirement of X > 0 can be relaxed to X > 0 to
vield the following result: If H has a positive maximum
at the same point P where K takes on a minimum of zero,
then H assumes its maximum value at every point along a
line of curvature through P, Furthermore if we add the
assumption that the set of points at which K is minimized
is a subset of the set of points at which H 1is maximized
then this line of curvature is an asymptotic curve of S,
One reason for believing that the conjecture is true
is that the conjecture seems to be related to the known re-
sult in the same way that Hartman and Sacksteder's result
on elliptic and parabolic operators in [3] is related to E.
Hopf's result on elliptic operators in [4].

One might guess that it would be possible to prove the
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‘maximum for H and K(Q) = 0 is a minimum for K at a

L6

conjecture by imitating the technique of E, Hopf, that is
by perturbing H and =K as functions on S and using
L2H + Ll(—K)'Z_O in a region. A more thorough examination
of the problem indicates that it is more probable that the
surface itself must be perturbed., We state and prove the
following theorem whose corollary suggests that the con-

Jecture is true,

Theorem: Let a surface S of non-negative Gaussian curva-

“ture K and positive mean curvature H "~be given by

(x,y,2(x,y)) where z € Cr, r L, " Suppose H(Q) is a

point Q " on S. Then for an appropriate reparameterization,

the Taylor expansion for z(x,y) is given by

z(x,y) = ZXX(Q)X2/2 + z (Q)xu/ﬂ! + R(x,y)

XXXX

where 1z (0) > 0, R(x,y) = 0( (x2+y%)%72y  ana

() < 3(z,(a))3.

ZXXXX

Remark In the proof of the theorem, using the Weyl identity,
we compile the following data: Under the stated hypothesis

and reparameterization

Kex (@) = K (@) = K (@) = H _(Q) =H  (Q) =0.
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- Corollary: If z(x,y) ~1s a polynomial of degree = < b,

“then K " is identically 3zero.

From the corollary and Section 5, Chapter 3 we have
that H dis equal to its maximum value everywhere on the
line of curvature corresponding to the principal curvature
zero and thus the conjJecture is true for this class of sur-

faces,

Proof” of Theorem Let 5z/9x = p, 23z/3y = q, 822/3X2 =1,

322/(8X8y) = s and 822/8y2 = t. Then for any surface of

the form (x,y,z(x,y)) we have the following formulas:

- 2
(5.1) g9 1+0p
) (5.2) gy, = D
_ 2
(5.3) Byp = 1+ g
1
(5.4) By, = /(14 p° 4 g°)?
3
(5.5) 8, = s/(1 + p° + 0®)?
1
(5.6) Py, = £/(1 + p® + ¢°)2
(5.7) K = (rt - s2)/(1 + p° + g2)°
3
(5.8) H = ((1+a2)r - 2pas + (1+p°)t)/(2(1+p°+q2)°

).

We reparameterize our surface in the following way.
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Let us pick the (x,y) plane so that it is tangent to
the surface at @ and so that thé origin corresponds to

Q. Thus we have
(5.9) 2, () = 2,(0) = z(Q) = 0.

Now we rotate the plane so that the x and y axes point
in the directions of the lines of curvature corresponding
to the positive principal curvature and the zero principal
curvature respectively. Thus from (5.4), (5.5), (5.6) and

the relationship of the 2.,.'s to kl(Q) = 0 and kg(Q) > 0

1J
we have
A 7, @) =0
(5.10) yy(_)
z . (Q) >0
zxy(Q) =0

Differentiating formulas (5.7) and (5.8) and using the con-
ditions (5.9) and (5.10) to evaluate these derivatives at

the origin we obtain

(5.11) K (0) = 2, (0)z, ()
(5.12) K, (0) = 2, (Q)z  (Q)
(5.13) K (9) = 2y (D)2 (O)
(5.14) K, () =z, (z, ()

Xy XX T OXyyy



(5.15) Kyy(Q) =
and

(5.16) H (Q) =
(5.17) Hy(Q) =
(5.18) H, (@) =
(5.19) e, (0) =
(5.20) Hyy(Q) =

The condition that

: ZXX(Q)Z

ZXX'yy

b9

yyyy(Q)

(@)

nyy(Q) t Zexx

(Q)

+
Zrxy () Zyyy

XXy

(0 (@) - 3(z ()3

ZXXyy )+ zyvxx

(@) + (Q)

ZXyyy ZXXXY

(Q) + (Q).

Z
yyyy

K dis minimized at @ gives,

from equations (5.11) and (5.12),

(5.21) % xyy

(5.22) Zyyy

From the fact that ¥H

(@)

(Q)

is

]
o

and

n
o

extremal at © we have, from

(5.16), (5.17), (5.21) and (5.22) that

(5.23) 2y vx

(5.24) Zyxy

(0)

(Q)

-
(@

and

li
o

Thus from equations (5.21) - (5.24) we see that all the

third order derivatives

of =z at @ are zero.
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When H has a maximum at ¢ and K has a minimum

of zero at © we have

(LH)(Q) < 0 and

(LlK)(Q) > 0 and the Weyl identityv

for K> 0 gives from (3.31)

Thus (LlK)(Q) = 0 and, since (LlK)(Q) becomes simply

KXX(Q) + Kyy(Q), we have
(5.25) KXX(Q) + Kyy(Q) = 0.

(5.25) together with the fact that the quantities KXX(Q)

and K__(Q) are nonnegative give

yy
g (5.26) K (@) = 0
é (5.27) Kyy(Q) =0 and hence
(5.28) ny(Q) =0

From (5.13) - (5.15) in light of (5.26) - (5.28) we have

(5.29) zxxyy(Q) =0

(5.30) Zeyyy (S = O
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(5.31) (Q) = 0.

Zyyyy

(L2H)(Q) = 0 also follows from (5.25) but yields no

new iInformation,

Since Hyy(Q) =0 and H is maximized at § we have
that H, (0) =0 and H (Q) £ 0. The equality yields

from equation (5.19) for ny(Q) and from (5.30)

(5.32) z (Q) = 0.

XXXy

Hence from (5.29) - (5.32) we see that all the fourth order
derivatives of z at 0 are zero except possibly
The inequality H__(Q) <0, (5.29) and (5.18) give

Z .
XXXX

(5.33) (@) < 3(z,, ().

ZXXXX

Thus from equations (5.21) - (5.24) and (5.29) - (5.33) the
Taylor expansion for =z agrees with the one in the state-
ment of the theorem.

If z is a polynomial of degree < 4 1ts Taylor ex-
pansion, by the above theorem, is free from any terms in-

volving y. Thus ny and Zyy are identically zero

which give K identically zero from (5.7).
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