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C h a p t e r  1 .  I n t r o d u c t i o n

I n  h i s  p a p e r  on c o nv e x  s u r f a c e s  [ 1 0 ] ,  Herman Weyl  

p r o v e d  a n  i d e n t i t y  w h i c h  r e l a t e s  t h e  G a u s s i a n  c u r v a t u r e  

t o  t h e  mean c u r v a t u r e  by  u s i n g  d i f f e r e n t i a l  o p e r a t o r s .

He u s e d  t h e  i d e n t i t y  t o  o b t a i n  a n  a  p r i o r i  b o und  f o r  t h e  

mean c u r v a t u r e .  W i n t n e r  [ 1 2 ]  p o i n t e d  o u t  t h a t  W e y l ' s  

i d e n t i t y  h a s  o t h e r  i n t e r e s t i n g  a p p l i c a t i o n s .  R e c e n t l y  

M a r t i n  K a t z e n  [ 5 ] f o u n d  a nd  c o r r e c t e d  a n  e r r o r  i n  W e y l ' s  

s t a t e m e n t  o f  t h e  i d e n t i t y  w h i c h  a f f e c t e d  some e a r l i e r  

a p p l i c a t i o n s .  H e r e  we a r e  c o n c e r n e d  w i t h  c e r t a i n  e x t e n ­

s i o n s  a n d  a p p l i c a t i o n s  o f  t h e  W e y l - K a t z e n  i d e n t i t y .

Weyl  i n d i c a t e d  t h a t  he  was d i s s a t i s f i e d  w i t h  h i s  p r o o f  

a n d  a s k e d  f o r  a  s h o r t e r  o n e .  W i t h  t h e  e x c e p t i o n  o f  S.  S.  

C h e r n ’ s r e s u l t  d i s c u s s e d  b e l o w ,  no a t t e m p t  t o  s a t i s f y  

W e y l ’ s r e q u e s t  h a s  b e e n  c a r r i e d  o u t .  I n  C h a p t e r  2 we g i v e  

a  c o n c i s e  p r o o f  o f  t h e  W e y l - K a t z e n  i d e n t i t y  w h i c h ,  u n l i k e  

C h e r n ’ s wo r k ,  u s e s  t h e  n o t a t i o n  o f  Weyl  r a t h e r  t h a n  t h e  

e x t e r i o r  a l g e b r a  o f  C a r t a n .

Weyl  was c o n c e r n e d  w i t h  s u r f a c e s  o f  p o s i t i v e  G a u s s i a n  

c u r v a t u r e  b u t ,  a s  W i n t n e r  p o i n t e d  o u t ,  t h e  i d e n t i t y  i s  

m e a n i n g f u l  and  c o r r e c t  f o r  s u r f a c e s  o f  n e g a t i v e  G a u s s i a n  

c u r v a t u r e ;  h ow ev er  t h e  i d e n t i t y  i s  d e f i n i t e l y  n o t  m e a n i n g ­

f u l  when t h e  G a u s s i a n  c u r v a t u r e  i s  z e r o .  I n  v i e w  o f  t h e  

l a r g e  number  o f  i m p o r t a n t  a nd  d i f f i c u l t  u n s o l v e d  p r o b l e m s  

i n v o l v i n g  s u r f a c e s  wh o se  G a u s s i a n  c u r v a t u r e  c h a n g e s  s i g n ,  

i t  i s  d e s i r a b l e  t o  e x t e n d  t h e  W e y l - K a t z e n  i d e n t i t y  t o  t h i s
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c a s e .  We make t h i s  e x t e n s i o n  i n  C h a p t e r  3 ,  a nd  a l s o ,  u s i n g  

a n  i d e a  d ue  t o  W i n t n e r ,  we m o d i f y  t h e  i d e n t i t y  t o  i n c l u d e  

u m b i l l i c s .  We c o n c l u d e  t h i s  c h a p t e r  by s h o w i n g  some p r o ­

p e r t i e s  o f  s u r f a c e s  f o r  w h i c h  t h e  G a u s s i a n  c u r v a t u r e  i s  

i d e n t i c a l l y  z e r o  c a n  b e  d e r i v e d  f r om t h e  e x t e n d e d  f o r m u l a .

I n  S . S .  C h e r n ’ s p a p e r  [ 2 ] ,  he  d e r i v e s  some f o r m u l a s  

w h i c h  h e  c l a i m s  a r e  e s s e n t i a l l y  e q u i v a l e n t  t o  t h e  Weyl  

i d e n t i t y ,  a l t h o u g h  t h e y  a r e  e x p r e s s e d  i n  d i f f e r e n t  f o r m a l ­

i s m .  I n  v i e w  o f  t h e  f a c t  t h a t  M. K a t z e n  p r o v e d  t h e  i d e n ­

t i t y  i n c o r r e c t ,  we f e e l  i t  was  d e s i r a b l e  t o  c h e c k  C h e r n ’ s 

w o r k .  I n  C h a p t e r  If we v e r i f y  t h a t  C h e r n ' s  r e s u l t s  c o r ­

r e s p o n d  t o  t h e  c o r r e c t  f o r m  o f  t h e  W e y l - K a t z e n  i d e n t i t y .  

However ,  p e r h a p s  d u e  t o  a  t y p o g r a p h i c a l  e r r o r ,  t h e  f o r m u l a  

i n  [ 2 ]  w h i c h  c o r r e s p o n d s  m o s t  c l o s e l y  t o  t h e  Weyl  i d e n t i t y  

i s  n o t  t h e  one  c l a i m e d  by C h e r n .

I n  C h a p t e r  5 we a t t e m p t  t o  e x t e n d  t h e  t h e o r e m ,  w h i c h  

a s s e r t s  t h a t  on a  s u r f a c e  o f  p o s i t i v e  G a u s s i a n  c u r v a t u r e  

t h e  mean c u r v a t u r e  c a n n o t  h a v e  a  l o c a l  maximum wh e re  t h e  

G a u s s i a n  c u r v a t u r e  h a s  a  l o c a l  minimum,  t o  t h e  c a s e  w h e r e  

c u r v a t u r e  c a n  v a n i s h .  We a r e  n o t  c o m p l e t e l y  s u c c e s s f u l ;  

h o w e v e r  we c a n  p r o v e  a  r e s u l t  w h i c h  s u g g e s t s  t h a t  s u c h  a n  

e x t e n s i o n  i s  p o s s i b l e .
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C h a p t e r  2.  P r  e l  im' i r iar  Tes

F o r  p u r p o s e s  o f  t h e  f o l l o w i n g  w or k  we n e e d  some f u n d a ­

m e n t a l  f o r m u l a s  f r o m  t h e  t h e o r y  o f  m a n i f o l d s  a n d  s u r f a c e s .

1 .  F u n d a m e n t a l s '  from'  t h e '  t h e o r y  o f  m a n i f o l d s

L e t  M b e  a n  n - d i m e n s i o n a l  m a n i f o l d  o f  c l a s s  

Cr ( r>A)  w i t h  R i e m a n n i a n  s t r u c t u r e  ( , ) .  We w i l l  d e n o t e

by T and. T t h e  t a n g e n t  s p a c e  a n d  c o t a n g e n t  s p a c e  o f  M

r e s p e c t i v e l y .  w i l l  b e  t h e  s p a c e  o f  k f o r m s  f o r

k = 0 , 1 , 2 ,  . . . , n 5 f  w i l l  b e  t h e  v e c t o r  f i e l d s  on M and  

d t h e  e x t e r i o r  d e r i v a t i v e .  C o r r e s p o n d i n g  t o  t h e  l o c a l  c o ­

o r d i n a t e s  ( u i a . . . , u  ) we w i l l  l e t  O / S u - ^ ,  . . . , 3 / S u ^ )  d e ­

n o t e  t h e  b a s i s  i n  t h e  t a n g e n t  s p a c e  a n d  l e t  ( d u ^ , . . . , d u  )

be  t h e  d u a l  b a s i s  i n  t h e  c o t a n g e n t  s p a c e .  F o r  e a c h  p o i n t  

x s M, t h e  m e t r i c  i n d u c e s  a n  i s o m o r p h i s m  b e t w e e n  t h e

t a n g e n t  a nd  c o t a n g e n t  s p a c e s  and  h e n c e  l e a d s  u s  t o  d e f i n e  

t h e  o p e r a t o r

g

a s  f o l l o w s :

F o r  v a nd  w e f

( 2 . 1 . 1 ) ( g ( v ) ) (w) = ( v , w ) .

L e t  f  e C^ClY^R1 ) . Then t h e  g r a d i e n t  o f  f  i s  g i v e n

by
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( 2 . 1 . 2 ) g r a d  f  = g - 1d f .

We now i n t r o d u c e  a n  o p e r a t o r

. n - 1   ̂-pm: A -*■ T

w h i c h  i s  c l o s e l y  r e l a t e d  t o  t h e  Hodge s t a r  o p e r a t o r

* : An_1  -> A1 .

I"!L e t  w b e  a v o l u m e  e l e m e n t ,  t h a t  i s  a n  e l e m e n t  o f  A 

t h a t  d o e s  n o t  v a n i s h .  The Hodge s t a r  o p e r a t o r  d e p e n d s  on 

t h e  m e t r i c  w h i l e  m d e p e n d s  o n l y  on  t h e  c h o i c e  o f  « .

T h i s  p r o p e r t y  o f  m f a c i l i t a t e s  o u r  l a t e r  c a l c u l a t i o n s .

To d e f i n e  m we i d e n t i f y  T w i t h  i t s  d o u b l e  d u a l  T

F o r  a e  A n  ^

m( a ) :  A 1  -> C ° ( M , R l )  

w h e r e  f o r  B e A^

( 2 . 1 . 3 ) ( m ( a ) ) ( B )  = s w h e r e  a  ~ 3 = sio

i f  w i s  t a k e n  t o  b e  t h e  v o l u m e  e l e m e n t  n a t u r a l l y  a s s o c i a t e d  

w i t h  t h e  m e t r i c . We n o t e  t h a t  m i s  r e l a t e d  t o  * by t h e

e q u a t i o n  m = g - 1 *.

F i n a l l y  we d e f i n e  t h e  d i v e r g e n c e  a s  t h e  o p e r a t o r

d i v :  f  -> C° (M , R1 )
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by t h e  f o r m u l a

( 2 . 1 . 4 )  d i v ( X ) w  = ( - 1 ) n - 1dm- 1 (X)

f o r  a  v e c t o r  f i e l d  X.

C l e a r l y  t h e  d i v e r g e n c e  d e p e n d s  o n l y  on t h e  vo lu me  

e l e m e n t  and  n o t  on t h e  m e t r i c ;  h o w e v e r  i n  a l l  o f  o u r  a p p l i ­

c a t i o n s  i t  s h o u l d  b e  u n d e r s t o o d  t h a t  a' i s  t a k e n  t o  b e  t h e  

v o l u m e  e l e m e n t  a s s o c i a t e d  w i t h  t h e  m e t r i c .  ( E q u i v a l e n t l y  

o ne  c a n  a l s o  v i e w  d i v  X i n  t e r m s  o f  t h e  L i e  d e r i v a t i v e  o f  

X, n a m e l y  ( d i v  X)w = L w, c f .  [ 1 ] )X

We s t a t e  two  n - d i m e n s i o n a l  v e r s i o n s  o f  commonly u s e d  

t h r e e  d e m i n s i o n a l  f o r m u l a s  whose  p r o o f s  we s k e t c h  b e l o w .

L e t  d 3 e e C 1 (M,R1 ) a n d  f  e C2 (M,R1 ) .  Then

( 2 . 1 . 5 ) grad(cf>0 ) = $ g r a d  0 + 0 g r a d  <f>

( 2 . 1 . 6 ) div(t j)  g r a d  f )  = cj) d i v  g r a d  f  + ( g r a d  <£, g r a d  f )

The p r o o f  o f  ( 2 . 1 . 5 )  f o l l o w s  i m m e d i a t e l y  f r om  t h e  

d e f i n i t i o n s  o f  g a nd  g r a d  i n  ( 2 . 1 1 ) a nd  ( 2 . 1 . 2 ) ,  t h e  

d e r i v a t i o n  p r o p e r t y  o f  d ,  a nd  t h e  l i n e a r i t y  o f  g - 1 .

To p r o v e  ( 2 . 1 . 6 )  we h a v e  by t h e  d e f i n i t i o n  o f  d i v e r ­

g e n c e  i n  ( 2 . 1 . 4 )

div(cb g r a d  f ) w  = ( - l ) n - 1 dm“1 (<J> g r a d  f )  .

— 1 —1By t h e  l i n e a r i t y  o f  m“ we r e p l a c e  m ( ^  g r a d  f )  by
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cj>m'’1 ( g r a d  f )  i n  t h e  a bove  e q u a t i o n s  and  we e x p a n d ,  u s i n g

t h e  d e r i v a t i o n  p r o p e r t y  o f  d,  t o  g e t

( 2 . 1 . 7 ) div(<f> g r a d  f ) w  = <f>(div g r a d  f)co + m“ ^ ( g r a d  f )  A d<f>.

We w i l l  show t h a t  f o r  6 £ T

( 2 . 1 . 8 ) m- 1 ( 8 ) ~ d<p =  (d<K$)) io = ( g r a d  <f> 3 3) ^

w h e r e  t h e  s e c o n d  e q u a l i t y  i s  i m m e d i a t e  f rom t h e  d e f i n i t i o n

( 2 . 1 . 2 )  o f  g r a d  cj). I t  s u f f i c e s  t o  p r o v e  t h e  f i r s t  e q u a l i t y  

i n  ( 2 . 1 . 8 )  f o r  a  b a s i s  ( e ^ )  i  = l , 2 , . . . , n  o f  f .  We o b ­

s e r v e  f r om t h e  d e f i n i t i o n  o f  m i n  ( 2 . 1 . 3 ) t h a t  f o r  

m A e 2 ~ . . .  ^ e n , ( e^ )  t h e  d u a l  b a s i s ,

- 1 ,  s , n n - i  * * *m ( e 1 ) = ( - 1 ) ~ e,p ~ . . . ^ e 1 ^ • • • e n

w h e r e  t h e  s u p e r s c r i p t  * i n d i c a t e s  t h a t  t h e  t e r m  i s  

o m i t t e d .  Then f o r  i  = 1 , 2 ,  . . . , n

= d<|,(e1 ) ( - l ) n " i ( e *-' . A A. . e 1 .
*

* e .i

= d(j)(e1 )w.

The r e s u l t  ( 2 . 1 . 6 )  f o l l o w s  f r om  ( 2 . 1 . 7 )  a n d  ( 2 . 1 . 8 )  w i t h  

$ = g r a d  f .
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2.  E x p r e s s i o n s '  i n v o l v i n g  t h e  g r a d i e n t  f o r  c l e g e n e r a t  e m e t r i c  s

The Weyl  i d e n t i t y  h a s  n o t  b e e n  i n t e r p r e t e d  a t  p o i n t s

wh er e  t h e  G a u s s i a n  c u r v a t u r e  i s  z e r o .  I n  t h i s  c a s e  t h e

d e t e r m i n a n t  o f  t h e  s e c o n d  f u n d a m e n t a l  f o r m i s  z e r o  and  t h e

d i f f i c u l t y  s t e m s  f r om t h e  f a c t  t h a t  c e r t a i n  q u a n t i t i e s  i n  t h e

i d e n t i t y  i n v o l v e  t h e  g r a d i e n t  w i t h  r e s p e c t  t o  t h e  s e c o n d

f u n d a m e n t a l  f o r m .  I n  t h i s  s e c t i o n  we d e v e l o p e  a n  o p e r a t o r

S w h i c h  h a n d l e s  t h e  u n d e f i n e d  q u a n t i t i e s  and  w h i c h  p e r m i t s

us  i n  C h a p t e r  3 ,  S e c t i o n  3 t o  g e n e r a l i z e  t h e  i d e n t i t y  f o r

a l l  v a l u e s  o f  K.

L e t  h . . be  t h e  i n n e r  p r o d u c t  o f  t h e  v e c t o r s  9/ 9 u .
i j  '  i

a nd  9 / 9 Uj w i t h  r e s p e c t  t o  t h e  g i v e n  m e t r i c .  I n  l a t e r  

s e c t i o n s  we w i l l  h a v e  o c c a s i o n  t o  i n t e r p r e t e  r e l a t i o n s  r e ­

g a r d i n g  t h e  g r a d i e n t  o f  a f u n c t i o n  w i t h  r e s p e c t  t o  a 

" m e t r i c "  when d e t ( h . . )  i s  n o n - p o s i t i v e .  As W i n t n e r  [ 1 2 ]i j

o b s e r v e d ,  o u r  f o r m u l a  f o r  t h e  g r a d i e n t  i s  s t i l l  w e l l - d e f i n e d

when d e t ( h . . )  i s  n e g a t i v e .  I t  t u r n s  o u t  t h a t ,  i n  o u r  work  
a J

l e a d i n g  t o  t h e  W e y l - K a t z e n  i d e n t i t y  ( * )  o f  C h a p t e r  3 ,

S e c t i o n  2,  t h e  g r a d i e n t  i s  m u l t i p l i e d  by  d e t ( h . . ) .  T h i s
J

l e a d s  u s  t o  d e f i n e  t h e  o p e r a t o r

S: C1 (M,R1 ) -j- r a s

( 2 . 2 . 1 ) S ( f ) = d e t ( h ^ j  ) g r a d  f  f o r  d e t C h ^ . ) > 0 .

I t  i s  e a s y  t o  s e e  t h a t  t h e  e x p r e s s i o n s  f o r  g r a d  f
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and  S ( f )  a r e  g i v e n  by

( 2 . 2 . 2 ) g r a d  f  = ( l / ( d e t ( h  ) ) )  I  (3 f / 8 u . ) h k i ( 3 / 8 u k )
i , k

and

( 2 . 2 . 3 )  S ( f )  = I  (3 f / 3 u i ) h k l (3 / 3 u )
i , k

w h e r e  h p ’ ’ i s  t h e  e o f a c t o r  o f  h p a_* S i n c e  ( 2 . 2 . 2 )  i s

w e l l - d e f i n e d  when d e t ( h ^ j )  < 0 and  ( 2 . 2 . 3 ) i s  w e l l - d e f i n e d

f o r  a l l  v a l u e s  o f  d e t ( h . . ) ,  we e x t e n d  t h e  d e f i n i t i o n s  o f

g r a d  f  a nd  S ( f )  by t h e  a b o v e  e q u a t i o n s .  We r e m a r k  t h a t

( 2 . 2 . 1 ) i s  now v a l i d  f o r  d e t ( h . . )  /  0 .
J

3.  Some f o r m u l a s '  f r om t h e  t h e o r y  o f  s u r f a c e s

L e t  M be  a  s u r f a c e  i n  E u c l i d e a n  3 - s p a c e  o f  c l a s s

Cr ( r > 2j )  g i v e n  l o c a l l y  by a  o n e - t o - o n e  p a r a m e t e r i z a t i o n  

o f  t h e  f o r m X ( u , v )  = ( x ( u , v ) 3 y ( u , v ) ,  z ( u , v ) )  w h e r e  t h e

p a i r  ( u , v )  r a n g e s  o v e r  a  s u f f i c i e n t l y  s m a l l  o p e n  d om a in

G o f  t h e  C a r t e s i a n  ( u sv ) - p l a n e ,  X ( u , v )  i s  a  f u n c t i o n  o f

c l a s s  Cr ( r > 4 )  and  t h e  v e c t o r s  X^ = ( 3x / 3u ,  9y / 9u ,  9 z / 9 u )

and  X2 = ( 9x / 9v ,  3y / 3v,  9 z / 9v )  a r e  l i n e a r l y  i n d e p e n d e n t

a t  e a c h  p o i n t  o f  G.

The f u n c t i o n s  g . .  = X. . X. a nd  i .  . = X . . • M a r e
l j  1  J  -L J  -LJ

o f  c l a s s  Cr - 1  a nd  Cr ~ 2 r e s p e c t i v e l y  w h e r e  N i s  t h e  

u n i t  n o r m a l  t o  t h e  s u r f a c e  so  c h o s e n  t h a t  > 0 , i  = l i 2
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i f  d e t ( & . . )  > 0 .  Thus  we h a v e  a 2 - d i m e n s i o n a l  R i e m a n n i a n  
a J

m a n i f o l d  w h e r e  t h e  m e t r i c  i n d u c e d  by t h e  i m b e d d i n g  X c o r ­

r e s p o n d s  t o  t h e  m a t r i x  I  = ( g . . ) .a J

I n  t h e  d i s c u s s i o n  b e l o w  we w i l l  b e  u s i n g  a  s p e c i a l  

p a r a m e t e r i z a t i o n ,  l i n e s  o f  c u r v a t u r e  c o o r d i n a t e s .  We n o t e  

t h e  f o l l o w i n g  t h e o r e m  i n  [ 6 , p .  5 6 ] w h i c h  p e r m i t s  s u c h  a 

p a r a m e t e r i z a t i o n :

L e t  PQ b e  a p o i n t  on a  s u r f a c e  ( o f  c l a s s  C , r>_5)

w h i c h  i s  n e i t h e r  a n  u m b i l l i c  n o r  a  f l a t  p o i n t .  Then  

t h e r e  e x i s t s  a  n e i g h b o r h o o d  o f  P q on  t h e  s u r f a c e

a n d  a  p a r a m e t e r i z a t i o n  ( u , v )  o f  t h a t  n e i g h b o r h o o d  

s u c h  t h a t  t h e  p a r a m e t r i c  c u r v e s  a r e  t h e  l i n e s  o f  

c u r v a t u r e .

We r e m a r k  t h a t  t h e r e  i s  a  l o s s  o f  d i f f e r e n t i a b i l i t y

i n v o l v e d  i n  c h a n g i n g  t o  l i n e s  o f  c u r v a t u r e  c o o r d i n a t e s .

( S e e  [ 1 1 ,  p .  860]  f o r  a  d i s c u s s i o n  o f  t h i s  p o i n t . )  However

b e c a u s e  o f  t h e  i n v a r i a n t  n a t u r e  o f  t h e  W e y l - K a t z e n  i d e n t i t y ,

t h e  f o r m u l a  ( * )  i n  C h a p t e r  3,  S e c t i o n  2 w h i c h  we w i l l  d e ­
ll

r i v e  r e m a i n s  v a l i d  f o r  s u r f a c e s  o f  c l a s s  C by a  s t a n d a r d  

a p p r o x i m a t i o n  a r g u m e n t .

We a l s o  n o t e  t h a t  t h e  p a r a m e t r i c  c u r v e s  a r e  t h e  l i n e s  

o f  c u r v a t u r e  i f  and  o n l y  i f  g - ^  = Z j _ 2  =  ® and

c a s e  o . .  = k . g . . ,  i  = 1 , 2  w h e r e  k n a nd  k 0  a r e  t h ei  i x 5 5 1 2

p r i n c i p a l  c u r v a t u r e s .
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I n  l i n e s  o f  c u r v a t u r e  c o o r d i n a t e s  t h e  G a u s s i a n  

c u r v a t u r e ,  K, i s  g i v e n  by

( 2 . 3 . 1 )  K = d e t  I I / d e t  I  = k ^ kg  w h e r e  I I  = 

and  t h e  mean  c u r v a t u r e  by

( 2 . 3 . 2 )  H = ( l / 2 ) ( ( A 1 1 / g 1 1 ) + U 22 / g 2 2 ) )  

= ( l / 2 ) ( k 1 + k 2 ) .

We a l s o  d e f i n e  t h e  q u a n t i t y

( 2 . 3 . 3 ) J  = ( l / 2 ) ( k 1 -  k 2 )

a nd  n o t e  t h a t

( 2 . 3 . 4 )  J 2 = H2 -  K.

The M a i n a r d i - C o d a z z i  e q u a t i o n s  i n  l i n e s  o f  c u r v a t u r e  

c o o r d i n a t e s  become  a s  i n  [ 6 , p .  6 6 ]

( 2 . 3 . 5 )  U n ) v = ( S i i ) v H

( £ 2 2 ^ u  = ( g 2 2 ^ u  H

a n d  Theorem E g r e g i u m  t a k e s  t h e  f o r m  ( i n  any  o r t h o g o n a l  

c o o r d i n a t e s ) :



Be' l ' t r ami '  P a r a m e t e r s

I n  w h a t  f o l l o w s  l e t  us  r e f e r  t o  o u r  c o o r d i n a t e s  

1 2( u 3v )  o f  M a s  (u  , u  ) .  L e t  0 a n d  $ b e  e l e m e n t s

■vo n
o f  C (M,R ) f o r  r>_2. U s i n g  t h e  m e t r i c  c o r r e s p o n d i n g  t o  I

( g . . )  a nd  l e t t i n g  (g  ) b e  t h e  i n v e r s e  o f  I ,  we d e n o t e  
J

by V ' C d j S )  t h e  i n n e r  p r o d u c t  o f  g r a d  cp w i t h  g r a d  e

w h i c h  e q u a l s

I  ( 3 tj)/3ua ) g aB ( 9 0 / 9 U 5 ) . 
a ,  6

F o r  0 = (j)3 v'((f>,<p) i s  mo r e  b r i e f l y  d e n o t e d  by  V ’

i s  c a l l e d  t h e  f i r s t  d i f f e r e n t i a l  p a r a m e t e r  o f  B e l t r a m i  

w i t h  r e s p e c t  t o  t h e  f i r s t  f u n d a m e n t a l  f o r m .

We d e n o t e  by  v"(<J>,9) t h e  e x p r e s s i o n  we g e t  by  r e ­

p l a c i n g  g a  ̂ by i a $ i n  t h e  a b o v e  e q u a t i o n  w h e r e  t h e

m a t r i x  ( n a $ )  i s  t h e  i n v e r s e  t o  I I  = ( %  ) . V" i sOi p
c a l l e d  t h e  f i r s t  B e l t r a m i  p a r a m e t e r  w i t h  r e s p e c t  t o  t h e  

s e c o n d  f u n d a m e n t a l  f o r m .

I t  i s  e a s y  t o  c h e c k  t h a t  ( c f .  [ 8 , p .  2 2 7 ] )
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i_ JL
d i v  g r a d  4, = ( l / ( d e t  I ) 2 ) £ 9 ( ( d e t  I ) 2 ga(3 (3 <f>/d u 3 ) ) / 9  ua  .

a£

T h i s  e x p r e s s i o n  i s  d e n o t e d  by  A '<j> and  A ’ i s  c a l l e d  

t h e  s e c o n d  d i f f e r e n t i a l  p a r a m e t e r  o f  B e l t r a m i  w i t h  r e s p e c t  

t o  t h e  f i r s t  f u n d a m e n t a l  f o r m .  F o r  K > 0 r e p l a c i n g  I  

by I I  a n d  ga3 by  £a3  i n  t h e  r i g h t  h a n d  s i d e  o f  t h e  

a b o v e  e q u a t i o n  g i v e s  a n  e x p r e s s i o n  d e n o t e d  by A"(p and  A" 

i s  c a l l e d  t h e  s e c o n d  d i f f e r e n t i a l  p a r a m e t e r  o f  B e l t r a m i  w i t h  

r e s p e c t  t o  t h e  s e c o n d  f u n d a m e n t a l  f o r m .

4 . Some r e m a r k s  on 'n o t a t i o n

I n  much o f  o u r  f u t u r e  wo r k  we w i l l  h a v e  o c c a s i o n  t o  

c o n s i d e r  two d i s t i n c t  m e t r i c s  on o u r  m a n i f o l d  M. C o r ­

r e s p o n d i n g  t o  t h e  m e t r i c  g i v e n  by  t h e  m a t r i x  I ,  we w i l l  

d e n o t e  t h e  i n n e r  p r o d u c t  o f  two v e c t o r  f i e l d s  v a nd  w 

by ( v , w ) j j  t h e  o p e r a t o r  b e t w e e n  r  a nd  A1 g i v e n  i n

( 2 . 1 . 1 ) by g j  a n d  t h e  g r a d i e n t  o f  a  f u n c t i o n  f  by 

g r a d j f .  We w i l l  d e n o t e  o u r  v o l u m e  e l e m e n t  by  ojt  and  

c h o o s e  i t  t o  b e

i_
( 2 . 4 . 1 )  u)j = ( d e t  I ) 2d u 1 * . . .  A d u ^ .

n -1We d e n o t e  t h e  o p e r a t o r  b e t w e e n  A a n d  r  d e f i n e d

i n  ( 2 . 1 . 3 )  by m ^ . F i n a l l y  t h e  d i v e r g e n c e  d e f i n e d  by t h e

vo lu me  e l e m e n t  o f  a  v e c t o r  f i e l d  X w i l l  b e  d e n o t e d

by d iVpX.
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C h a p t e r  3 .  The'  Wey 1 I'd e n t i t y

The p r o o f  o f  t h e  Weyl  I d e n t i t y  t h a t  a p p e a r s  i n  K a t z e n ' s  

t h e s i s  i s  a c c o m p l i s h e d  e s s e n t i a l l y  by f o l l o w i n g  t h e  p r e ­

s c r i p t i o n  s e t  down by  Weyl  i n  [ 1 0 ] ,  b u t  u s i n g  l i n e s  o f  

c u r v a t u r e  c o o r d i n a t e s  t o  s i m p l i f y  t h e  c o m p u t a t i o n s .  I t  r e ­

m a i n s  a  l e n g t h y  p r o c e d u r e  i n  w h i c h  one  s t a r t s  w i t h  t h e  

f o r m u l a s  f o r  t h e  mean a n d  G a u s s i a n  c u r v a t u r e s  i n  t e r m s  o f  

t h e  f i r s t  a n d  s e c o n d  f u n d a m e n t a l  f o r m s ,  t h e  Theorem E g r e g i u m ,  

t h e  M a i n a r d i - C o d a z z i  e q u a t i o n s  a nd  f i v e  f o r m u l a s  g o t t e n  by 

d i f f e r e n t i a t i n g  some o f  t h e  a b o v e .  From t h e s e  t e n  e q u a t i o n s ,  

t h e  s e c o n d  d e r i v a t i v e s  o f  t h e  c o e f f i c i e n t s  o f  t h e  s e c o n d  

f u n d a m e n t a l  f o r m  a r e  e l i m i n a t e d .  The r e m a i n i n g  e q u a t i o n s  

a r e  m a n i p u l a t e d  by a  t e d i o u s  a l g e b r a i c  p r o c e d u r e  t o  y i e l d  t h e  

i d e n t i t y  ( « )  i n  C h a p t e r  3,  S e c t i o n  2 .  B e c a u s e  o f  t h e  

l e n g t h y n e s s  o f  t h e s e  c o m p u t a t i o n s  Weyl  o m i t t e d  t h e  p r o o f  

and  r e q u e s t e d  t h a t  a mo re  d i r e c t  p r o o f  b e  f o u n d .  The p r o o f  

i n  t h i s  c h a p t e r  f u l f i l l s  h i s  r e q u e s t .

I n  S e c t i o n  2 we a s s u m e  t h a t  o u r  s u r f a c e  I s  f r e e  o f  

u m b i l l i c s  a n d ,  f o r  K ^  0 , vie p r o v e  t h e  c o r r e c t  fo rm o f  t h e  

Weyl  i d e n t i t y  ( * )  a s  e s t a b l i s h e d  i n  K a t z e n ’ s t h e s i s .  I n  

t h e  c o u r s e  o f  t h i s  wo r k  we w i l l  I n t e r p r e t  c e r t a i n  s u r f a c e  

i n v a r i a n t s  when K < 0.

I n  S e c t i o n  3 we g e n e r a l i z e  t h e  r e s u l t  o b t a i n e d  i n  

S e c t i o n  2 by e l i m i n a t i n g  t h e  r e s t r i c t i o n  K ^  0.

I n  S e c t i o n  4 we empl oy  an i d e a  o f  W i n t n e r * s  t o  g e t  a 

W e y l - t y p e  i d e n t i t y  f o r  t h e  c a s e  w h e r e  o u r  s u r f a c e  h a s  um­

b i l l i c s  .
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I .  PreTimTn' a r  i  e s  t o  t h e '  'c o n ' c i s e  p r o o f

B e f o r e  we go on  t o  t h e  c o n c i s e  p r o o f  o f  t h e  Weyl  

i d e n t i t y  we e s t a b l i s h  two  l emma s .

Lemma' 1_: G i v e n  a  R i em ' an n i an  n - d i m  e ns  i  o n a 1 m a n i f o l d  M w i t h

two  Ri'ema'n'n' ian m e t r i c s  c o r r e s p o n d i n g  t o  t h e '  m a t r i c e s  I  and

I I . Th e n  f  o r  any'  v e c t o r '  f  i e l d  v

( 3 . 1 . 1 ) d i v ^ v ) ^  = d i V j ^ C C d e t  I / d e t  I I ) 2v ) w I I

P r o o f .  We f i r s t  c l a i m  t h a t

i
( 3 . 1 . 2 ) = ( d e t  I / d e t  I I )  ^

By d e f i n i t i o n  ( 2 . 1 . 3 )  i f  a e a ” - 1  a nd  3 e A1 t h e n

( 3 . 1 . 3 ) m j ( a ) ( 3 ) = s w h e r e  a ~ 8 = sw^.

mn ( a ) ( 3 ) = t  w h e r e  a  * 3 = t u i j j  .

i

S i n c e  tuj = ( d e t  I / d e t  I I ) 2u)-j-t  u s i n g  ( 3 . 1 . 3 )

a  ~ 3 = s ( d e t  I / d e t  I I ) 2aj-]-j

o r t  = s ( d e t  I / d e t  I I ) 2
i

Thus  m = ( d e t  I / d e t  1 1 ) % ^  w h i c h  g i v e s  ( 3 . 1 . 2 ) .

We now p r o v e  t h e  lemma.
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( d l v I v ) w j  = ( - l ) n ""1dmI  ^ ( v )

2.

= ( - l ) n - 1d(  ( d e t  I / d e t  i t ) 2̂ - 1 ^ ) ) by ( 3 . 1 . 2 )

=  ( - l ) P “^dm^ ^( ( d e t  I / d e t  I I )  2v )  by  t h e  l i n e a r i t y  o f  m“ j

= d i v ]. j ( ( d e t  I / d e t  I I ) 2v)w

Lemma 2_: L e t  M be. a_ t  wo- d i m e n s  1 'oha 1 Ri ' emannian '  m a n i f o l d .

L e t  e ^ ,  be_ ari o r t h o  no r ma l '  b a s i s  In '  t h e '  t a n g e n t '  s p a c e .

Then t h e  G a u s s i a n  c u r v a t u r e  K becomes

Koj = d i v ( ( d i v  e ^ ) e ^  + ( d i v  e 2 ) e 2 )w

w h e r e  t h e  v o l u m e  e l e m e n t  oj i s  c h o s e n  i n  a c c o r d a n c e  w i t h

t h e  m e t r i c  a s  i n  C h a p t e r  3,  S e c t i o n  4 .

We n o t e  h e r e  t h a t  W e a t h e r b u r n  f i r s t  p r o v e d  t h i s  r e ­

s u l t  f o r  s u r f a c e s  i n  [ 9 ] by  d i r e c t  c o m p u t a t i o n .

P r o o f :  C h o o s i n g  o r t h o g o n a l  p a r a m e t r i c  c u r v e s  l e t  I  = ( g ^ n. )
" J

w h e r e  g ^2 = § 2 1  = s t a t i o n  ° ?  S e c t i o n  C h a p t e r

2 ,  Wj = ( g - ^ g 2 2 ) zdu *  dv a n d  we w i l l  p r o v e  t h e  lemma i n

t h e  fo r m

( 3 . 1 . 4 )  KtOj = d i v ]-( ( d i v ]. e 1 ) e 1 + ( d i v ]. e 2 ) e^io-j.  .

I n  o r t h o g o n a l  c o o r d i n a t e s  Theorem E g r e g i u m  b e co me s  a s  

i n  ( 2 . 3 . 6 )
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K = - ( 1 / ( 2 ( g 11g 2 2 ) 2 ) ) ( a  + b )

a  ^ S 22^u'/ ^S11S 2 2 ') 2 ^u

b ( ( g 1 1 ) v / ( g ^ g 2 2 ) 2 ) v

I f  E = ( 6 . . ) j t h e  u s u a l  E u c l i d i a n  m e t r i c ,  we h a v e  f o r  
I J

t h e  v e c t o r  f i e l d  X = c 3 / 3u + d g / 3v

d i v E (X) = 3c / 3u + 3 d / 3 v

Thus  we c a n  w r i t e  Theorem E g r e g i u m  a s

K ( g i i g 2 2 ) 2 = - ( 1 / 2 ) d i V g ( X )

w h e r e  c = ( g 2 2 ^u/ ' (' g l l S 2 2 ') 2

JL
a n d  d = ( g n  ) y / (  g 11S 2 2 ) 2

S i n c e  ojj = ( g ^  g 2 ) 2du  * dv we h a v e

KwI  = - d i v E ( X / 2 )  toE .

W r i t i n g  t h e  r i g h t  h a n d  s i d e  i n  t e r m s  o f  t h e  m e t r i c  I ,  

by Lemma 1 we h a v e

i_
( 3 . 1 . 5 )  = - d i v I ( X / ( 2 ( g n g 2 2 ) 2) ) ^ I .

i_
We now e x a m i n e  t h e  v e c t o r  f i e l d  X / ( 2 ( g ^ g 2 2 ) 2) . A f t e r

i_

r e p l a c i n g  3/ 3u and  3/ 3v by * = 2 r e ~
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s p e c t i v e l y  and. by o b s e r v i n g

a n d

( ( g 2 2 ) 2 ) v = ( g 2 2 ) v / ( 2 ( g 2 2 )2 )

we h a v e

(3 .1 .6)  X/ (2( g11g22) i ) = ( ( ( g 22) 2 ) u/ ( g l l g 22) 2 ) e l

+ ( ( ( g l x ) 2 ) v / ĝ 11e 2 2 ) 2 >e 2

We w i l l  show t h a t  I n  ( 3 . 1 . 6 )  a b o v e  t h e  c o e f f i c i e n t  o f

e .  i s  d i v - e .  f o r  i  = 1 , 2 . i  I  i

( d i v Te 1 ) Wl = div-j. ( ( i / ( g 2 1 ) 2) ( a / a i O u j

= d i v E ( ( g 2 2 ) 2) ( a / 3 u ) u E

d i v E ( ( g 2 2 ) 2 ) u Wg•

T h e r e f o r e

i_

( 3 . 1 . 7 )  d i v I e 1 = ( ( g 2 2 ) 2 ) u / ^g 22g l l ^

s i n c e WE d / ( g l:Lg 2 2 ) 2) Wj

The same a r g u m e n t  g i v e s

( 3 . 1 . 8 ) d i y i e 2 = ^ g 2 2 ’) ZK ^ ^ g l l S 2 2  ̂ 2
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And so  f i n a l l y  we h a v e  f r om ( 3 . 1 . 6 ) ,  ( 3 . 1 . 7 ) ,  ( 3 . 1 . 8 )

i

( 3 . 1 . 9 ) X / ( 2 ( g i:Lg 2 2 ) 2 ) = ( d i v I e 1 ) e 1 + ( d i v ]. e 2 ) e 2 .

Thus  f r o m  e q u a t i o n s  ( 3 . 1 . 5 )  and  ( 3 . 1 . 9 )  we o b t a i n  t h e  

d e s i r e d  r e s u l t  ( 3 . 1 . ^ ) .

I n  t h e  r e s t  o f  t h i s  s e c t i o n  we u s e  t h e  n o t a t i o n  i n t r o ­

d u c e d  i n  C h a p t e r  2, S e c t i o n  3 t o  c o n s i d e r  a  two d i m e n s i o n a l  

s u r f a c e  i m be dd ed  i n  t h r e e  s p a c e  w i t h  K > 0 w h i c h  i s  f r e e

f r om  u m b i l l i c s .  The r e s t r i c t i o n s  o f  K > 0 and  J  /  0

w i l l  b e  d e a l t  w i t h  i n  l a t e r  s e c t i o n s .

L e t  ( u , v )  b e  l i n e s  o f  c u r v a t u r e  c o o r d i n a t e s  i n  wha t  

f o l l o w s  and  l e t  t h e  c o e f f i c i e n t s  o f  t h e  f i r s t  and  s e c o n d  

f u n d a m e n t a l  f o r m s  b e  r e p r e s e n t e d  by  I  = S]_2 = g 21 = 0

a nd  I I  = & 1 2  =  &pi  = 0 r e s P e c t i v e l y  and

p . .  = k . g . .  i  = 1 , 2  w h e r e  k .  a r e  t h e  p r i n c i p a l  c u r v a t u r e s ,^ l l  1H  5 x

L e t  1° e  a n  or>t h o n o r m a l  b a s i s  i n  t h e  d i r e c t i o n s  o f

t h e  u and  v p a r a m e t r i c  c u r v e s  r e s p e c t i v e l y  and  l e t  

( e | ,  e* )  b e  i t s  d u a l  b a s i s  i n  t h e  c o t a n g e n t  s p a c e .  Then

we h a v e  a c c o r d i n g  t o  o u r  c o n v e n t i o n  i n  C h a p t e r  2,  S e c t i o n  4

( 3 . 1 . 1 0 ) a) = ef i  = 1 , 2

g j ' h e * ) e .l
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The f i r s t  s t a t e m e n t  i n  ( b )  f o l l o w s  f r om

( g n ( e l ) ) ( e l )  = ( e ^ j  e i ^  i i  = k i  ~ ^k i e f ^ e i ^  a n d

( g n ( e l ) )  ( e 2 ) = ( e i s e 2 ^ i i  = °*

We w i l l  l a t e r  make u s e  o f  t h e  o b s e r v a t i o n  t h a t  g i v e n  

two m e t r i c s  I  = ( g . . )  a n d  I I  = ( g . .  f ) t h e n  f o r  anyl j  l j

T e r  a n d  f  e C1 (M,R1 )

( 3 . 1 . 1 1 )  ( grad-j-f 5 t  ) ^ = ( g r a d ^ f  , t  ) I]; = d f ( x )

We may s o m e t i m e s  w r i t e  g r a d ^ f  • x f o r  a n y  o f  t h e

e x p r e s s i o n s  i n  ( 3 . 1 . 1 1 ) .

The M a i n a r d i - C o d a z z i  e q u a t i o n s  i n  l i n e s  o f  c u r v a t u r e  

c o o r d i n a t e s  a s  g i v e n  e a r l i e r  a r e

( 2 . 3 . 5 )  ^ l l V  ^g l l V H

(‘£ 2 2 ^u = ^g 2 2 ^uH

We a l s o  h a v e  f r om ( 2 . 3 . 2 )  a nd  ( 2 . 3 . 3 )

( 3 . 1 . 1 2 )  k 1 = H + J

k 2 = H -  J

We w i l l  r e w r i t e  t h e  M a i n a r d i - C o d a z z i  e q u a t i o n s  ( 2 . 3 . 5 )  

r e p l a c i n g  t h e  c o e f f i c i e n t s  o f  t h e  s e c o n d  f u n d a m e n t a l  f o r m
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by e x p r e s s i o n s  i n v o l v i n g  H a nd  J .  We s u b s t i t u t e  

Ji ^ = k - j g ^  i n  t h e  f i r s t  M a i n a r d i - C o d a z z i  e q u a t i o n  and

c a r r y  o u t  t h e  d i f f e r e n t i a t i o n  t o  o b t a i n

^k l V gl l  + k l ^ s l l V  = ^g l l V H *

D i f f e r e n t i a t i n g  t h e  f i r s t  e q u a t i o n  i n  ( 3 . 1 . 1 2 )  w i t h  r e s p e c t  

t o  v ,  s u b s t i t u t i n g  i n  t h e  a b o v e  and  r e a r r a n g i n g  t e r m s  

g i v e s

( 3 . 1 . 1 3 )  ( S 1 1 )v / g 11 = ( k ]_)v / ( - J )  = (Hv + J v ) / ( - J ) .

A s i m i l a r  p r o c e d u r e  on  t h e  s e c o n d  M a i n a r d i - C o d a z z i  

e q u a t i o n  y i e l d s

( 3 . 1 . 1 *) (E2 2 ) u/ g 22 -  C*2 ) uAT = CHU -  J u ) / J .

S e c t i o n  2.  Cone i s  e p r o o f  o f  t h e  Weyl  i d e n t i t y  f o r  a_ s u r f a c e  

w h i c h  i s  f r e e '  f r om u m b i l l i c s  «

We a r e  now i n  a p o s i t i o n  t o  p r o v e  t h e  f o l l o w i n g  f o r m

o f  t h e  Weyl  i d e n t i t y  ( * )  i n  t h e  n e i g h b o r h o o d  o f  a  p o i n t

P w h i c h  i s  n o t  a n  u m b i l l i c  a n d  a t  w h i c h  K ^  0 .  We w i l l  

i n t e r p r e t  t h i s  f o r m u l a  f o r  K < 0 .

( * )  2KJ2 = KA"H-KV"(J2 j H ) / J 2+ V " ( K , H ) / 2 - A , K / 2 + V ' ( J 2 3K ) / ( 2 J 2 ) . 

By Lemma 2

Kwj = d i V j (  ( d i v I e 1 ) e 1 + ( d i v ^ ^ ) e^)
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We p r o c e e d  t o  w r i t e  t h e  v e c t o r  ( d i v ^ e ^ e ^  + ( d i V j e 2 ) e 2

i n  t e r m s  o f  H, J  and  K. From ( 3 . 1 . 7 )  i n  t h e  p r o o f  o f  

Lemma 2 we h a v e

A. A.
d i V I e l  = ^S 2 2 ^  •)u / /^e l l S 2 2 ^2

i_
=  ( l / ( 2 ( g i;L) 2 ) ( ( g 2 2 ) u / g 2 2 ) 

w h i c h  becomes  by ( 3 . 1 . 1 ^)

i_
( 3 . 2 . 1 ) d i v I e 1 = ( l / ( 2 ( g i:L) 2 ) ( H u -  J u ) / J )

S i m i l a r l y  f r o m  ( 3 . 1 . 8 )  a n d  ( 3 . 1 . 1 3 )  we h a v e

_i_
( 3 . 2 . 2 ) d i v ]. e 2 = ( l / ( 2 ( g 2 2 ) 2 ) ) ( ( g 1 1 ) v / g 1 1 )

_i_
= ( l / ( 2 ( g 2 2 ) 2 ) ) ( - H v -  J y ) / J  

From J 2 = H2 -  K we h a v e

( 3 . 2 . 3 )  J u = ( J 2 )u / ( 2 J )

= ( 2HH -  K ) / 2 J  u u

a n d  a n  a n a l a g o u s  e q u a t i o n  w i t h  u r e p l a c e d  by  v .  By

s u b s t i t u t i n g  ( 3 . 2 . 3 )  i n  ( 3 . 2 . 1 ) and  t h e  a n a l o g u e  t o  ( 3 . 2 . 3 )

i n  ( 3 . 2 . 2 ) a nd  u s i n g  ( 3 . 1 . 1 2 ) we w r i t e  d i v ^ e ^  a n d  d i v ^ e 2

i n  t e r m s  o f  H, J  K, k 1 and  k 2 a s  f o l l o w s :
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_i_
( 3 . 2 . 4 )  d i v ^  = ( l / ( 2 ( g i:L) 2 ) ) ( - k 2Hu/ J 2 + Ku/ 2 J 2 )

_i_
d i v  j-e 2 = ( l / ( 2 ( g 2 2 ) 2 ) ( - k 1Hv/ J 2 + Ky / 2 J 2 )

By w r i t i n g  k .  = K / k .  f o r  i  = 13 2 i  ^  j  and  r e a r r a n g i n g  

t e r m s  we h a v e

( 3 . 2 . 5 )  ( d i v ]-e1 ) e 1 + (d iv- j . e2 ) e 2 = A + B w h e r e

JL i_
A = ( l / 4 j 2 ) ( ( K u / ( g 1 1 ) 2 ) e 1 + (Kv / ( g 2 2 ) 2 ) e 2 )

a nd
i_

B = - ( K / 2 J 2 ) ( H u/ ( g 1 1 ) 2 ) ( e 1/ k 1 ) + (Hv / ( ( g 2 2 ) 2 ) ( e 2/ k 2 ) )  

I t  i s  e a s i l y  s e e n  t h a t  ( 3 . 2 . 5 )  c a n  b e  e x p r e s s e d  by

( 3 . 2 . 6 )  A = ( l / 4 j 2 ) ( d K ( e i ) e x + d K ( e 2 ) e 2 )

B = - ( K / 2 J 2 ) ( d H ( e 1 ) ( e 1/ k 1 ) + d H ( e 2 ) ( e 2/ k 2 ) )

We n o t e  h e r e  t h a t  t h e  d i s c u s s i o n  up  t o  t h i s  p o i n t

h o l d s  f o r  K > 0 a nd  K < 0 .  We now as s ume  t h a t  K > 0 .

U s i n g  e q u a t i o n s  ( 3 . 1 . 1 0 )  a )  a n d  b )  and  t h e  l i n e a r i t y  

o f  g T and  g.,..,. we g e t
-L _L -L

( 3 . 2 . 7 )  A -  ( l / 4 J 2 ) ( g I " 1 ( d K ( e 1 ) e*  + d K ( e 2 ) e * ) )

B = - ( K / 2 J 2 ) ( g I I " 1 ( d H ( e 1 ) e |  + d H ( e 2 ) e * ) )

w h i c h  i s  s i m p l y
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( 3 . 2 . 8 )  A = ( l / 4 j 2 ) g I “ 1 (dK)

= ( l / 4 j 2 ) g r a d j  K and

B = - ( K / 2 J 2 ) g I I " 1 (dH)

= - ( K / 2 J 2 ) g r a d T I H.

Thus f r om ( 3 . 2 . 5 )  a nd  ( 3 . 2 . 8 )  we w r i t e  i n  t e r m s  o f  H, J ,  K 

t h e  v e c t o r

( 3 . 2 . 9 )  ( d i v I e 1 ) e 3 + ( d i v I e 2 ) e 2 = ( 1 / 4 J 2 ) g r a d TK - ( K / 2 J 2 ) g r a d I I H 

So by Lemma 2 we h a v e

( 3 . 2 . 1 0 )  Kwj = d i v I ( ( K / 2 J 2 ) g r a d I ] .H -  ( l / ^ J 2 ) g r a d ]-K)mI .

U s i n g  Lemma 1 on  t h e  f i r s t  f a c t o r  o f  t h e  r i g h t  hand

s i d e  o f  ( 3 . 2 . 1 0 )  and  n o t i n g  t h a t  K = d e t  I I / d e t  I  we h a v e

i_

( 3 . 2 . 1 1 )  KUj = d i v I I ( ( ( K ) 2 / 2 J 2 ) g r a d I I H)wi I

-  d i v ^ (  ( l / 4 J 2 ) g r a d I K ) ^ I .

i_

O b s e r v i n g  = (K' )2w e q u a t i n g  t h e  c o e f f i c i e n t s

o f  u)j i n  ( 3 . 2 . 1 1 ) ,  u s i n g  t h e  e x p a n s i o n  p r o p e r t i e s  ( 2 . 1 . 5 )

a n d  ( 2 . 1 . 6 ) ,  s u b s t i t u t i n g  g r a d ^ d / J 2 ) = - ( g r a d ^  ( J 2 ) ) / J ^

2
f o r  A = I  a nd  I I  a nd  f i n a l l y  m u l t i p l y i n g  by  J  we g e t

t h e  Weyl  i d e n t i t y  ( # ) .
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S u p p o s e  now t h a t  K < 0 .  The u s e  o f  a  m e t r i c  c o r r e s p o n d ­

i n g  t o  a  n e g a t i v e  d e f i n i t e  m a t r i x  d o e s  n o t  a f f e c t  t h e  f o r m a l  

d e f i n i t i o n  o f  g and  t h u s  t h e  p r o o f  i s  v a l i d  t h r o u g h  ( 3 . 2 . 1 0 ) .  

The p r o o f  a p p e a r s  t o  b r e a k  down a t  e a u a t i o n  ( 3 . 2 . 1 1 )  s i n c e  t h e  

v o lu m e  e l e m e n t  i s  e q u a l  t o  ( d e t l l ) 2du  ~ dv w h e r e

d e t  I I  i s  n e g a t i v e  a n d  a l s o  we s e e  a  f a c t o r  o f  ( K ) 2 . We

o ve r c o m e  t h i s  d i f f i c u l t y  by c o n s i d e r i n g  t h e  c o mp l e x  t a n g e n t

s p a c e  a s  g e n e r a t e d  by  t h e  v e c t o r s  3 / 9u and  9/ 9v o v e r  t h e

c o mp l e x  f i e l d  C.  We d e n o t e  t h i s  s p a c e  by T . A c c o r d i n g l yc
n •

we r e p l a c e  R , A1 , !  by C, Ac , r c ’ A f t e r  mak i n g  t h e s e

r e p l a c e m e n t s  m, d a n d  d i v  a r e  d e f i n e d  by  e x a c t l y  t h e  

same f o r m u l a s  a s  i n  C h a p t e r  2,  S e c t i o n  2.  The e x p a n s i o n  

f o r m u l a s  ( 2 . 1 . 5 )  a n d  ( 2 . 1 . 6 )  and  Lemma 1 f o r  r e a l  v e c t o r  

f i e l d s  v r e m a i n  v a l i d .  T h a t  Lemma 1 i s  s t i l l  v a l i d  f o r  

r e a l  v  f o l l o w s  d i r e c t l y  by  o b s e r v i n g  t h a t  f o r

a) = ( d e t  A ) 2du  ~ d v ,  mfl_ 1 ( 9 / 9 u )  = - ( d e t  A ) 2dv and
1

m/. - 1 ( 9 / 8 v )  = ( d e t  A ) 2du ,  f o r  A = I  a n d  I I .  The e n t i r e

p r o o f  f o r  K < 0 f o l l o w s  v e r b a t i m  f r om t h e  p r o o f  a b o ve  

w h i c h  was d one  i n  t h e  r e a l  G r a s s m a n  m a n i f o l d .  I f  K < 0

t h e  i d e n t i t y  ( * )  i s  s t i l l  a  r e a l  v a l u e d  i d e n t i t y  s i n c e

d i v ^  o f  a  r e a l  v e c t o r  f i e l d  i s  r e a l .
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3• The g e n e r a l i z e d  Weyl  i d e n t i t y

We now e x a m i n e  a  f o r m o f  t h e  Weyl  i d e n t i t y  on a  s u r ­

f a c e  w h i c h  i s  f r e e  f r om u m b i l l i c s  b u t  w h e r e  K i s  p e r m i t t e d  

t o  b e  z e r o .  The B e l t r a m i  p a r a m e t e r s  o f  t h e  f i r s t  and  s e c o n d  

k i n d  w i t h  r e s p e c t  t o  t h e  s e c o n d  f u n d a m e n t a l  f o r m ,  V" and 

A",  w h i c h  a p p e a r  i n  ( * )  i n  S e c t i o n  2 o f  t h i s  c h a p t e r  a r e  

n o t  w e l l  d e f i n e d  i f  t h e  G a u s s i a n  c u r v a t u r e  i s  z e r o .  F u r t h e r ­

mor e  some o f  t h e  q u a n t i t i e s  i n  q u e s t i o n  a p p e a r  i n  t h e  t e r m s  

Ka "H and  K g r a d ^ H  w h i c h  t a k e  t h e  f o r m 0 / 0  when K = 0.  

We a l t e r  t h e  s t a t e m e n t  o f  t h e  Weyl  i d e n t i t y  t o  o b t a i n  a 

f o r m w h i c h  i s  v a l i d  f o r  a l l  v a l u e s  o f  K.

( 3 . 3 . 1 )  2 K J 2  =  L 2 H -  L -jK

w h e r e  t h e  i  = 1 , 2  a r e  d i f f e r e n t i a l  o p e r a t o r s  f o r

w h i c h  is_ e l l i p t i c  a n d  L2 ls_ h y p e r b o l i c , ' p a r a b o l i c  o r

e l l i p t i c  a t '  a  p o i n t '  a c c o r d i n g  a s  K at_ t h a t '  p o i n t  i s  l e s s  

t h a n  z e r o ,  e q u a l  t o  z e r o '  o r  g r e a t e r '  t h a n  z e r o  r e s p e c t i v e l y . 

S p e c i f i c a l l y

L2H = d i v I ( S I I ( H ) / d e t  I )  -  ( l / J 2 ) ( S i ; [ ( H ) / d e t  I )  . g r a d j J 2 

L,  K = ( 1 / 2 ) A " K  -  ( 1 /  2 J 2 ) V ' ( K , J 2 )

w h e r e  S^^CH) ■ i s '  d e f i n e d  i n  e q u a t i o n  ( 2 . 2 . 3 )  f o r  ( h ^ j )  = I I  

and  w h e r e  t h e  i n n e r '  p'ro'du'ct'  i n  L 2H ' i s  g i v e n  a s  i n  ( 3 . 1 . 1 1 . )
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We r e m a r k  t h a t  f o r  d e t  I I  ^  0,  S j j ( H ) / d e t  I  =

K g r a d ^ j H  a n d  by u s i n g  t h e  e x p a n s i o n  f o r m u l a s  ( 2 . 1 . 5 )  a nd

( 2 . 1 . 6 )  we o b t a i n  ( * )  a g a i n .

The p r o o f  o f  t h e  Weyl  i d e n t i t y  i n  l i n e s  o f  c u r v a t u r e  

c o o r d i n a t e s  i s  v a l i d  up t o  e q u a t i o n  ( 3 . 2 . 4 )  when K = 0 .  

U s i n g  ( 3 . 2 . 4 )  we o b t a i n

( 3 . 3 . 2 )  ( d i v I e 1 )e-L + ( d i v I e 2 ) e 2 = ( l / ( 4 j 2 ) ) g r a d ].K +

I  i .
- ( l / ( 2 J 2 ) ) ( ( k 2Hu / ( g 1 1 ) 2 ) e 1 + ( k 1Hv / ( g 2 2 ) 2) e 2 ) .

We n o t e  t h a t  t h e  s e c o n d  v e c t o r  on  t h e  r i g h t  h a nd  s i d e  

o f  ( 3 . 3 . 2 )  i s  p r e c i s e l y  S j T ( H ) / d e t  I .  Thus f r om ( 3 . 3 . 2 ) ,

t h e  a b o v e  r e m a r k  a nd  Lemma 2 we h a v e

( 3 . 3 . 3 )  K = d i v I ( ( l / 2 J 2 ) ( S T I ( H ) / d e t  I )  -  ( l / 4 j 2 ) g r a d ].K

A g a i n  u s i n g  t h e  e x p a n s i o n  f o r m u l a s  ( 2 . 1 . 5 )  and ( 2 . 1 . 6 )  on

( 3 . 3 . 3 ) ,  l e t t i n g  ( g r a d TJ 2 ) / J ^  r e p l a c e  - g r a d ^ l / J 2 ) and

p
m u l t i p l y i n g  by 2J  we h a v e  e q u a t i o n  ( 3 . 3 . 1 )  w h i c h  i s  

v a l i d  a t  n o n u m b i l l i c s  f o r  a l l  v a l u e s  o f  K.

To s e e  t h a t  i s  a n  e l l i p t i c  o p e r a t o r  on K and

t h a t  L2 i s  a n  o p e r a t o r  on  H whose  t y p e  i s  d e t e r m i n e d

by t h e  s i g n  o f  K we c o m p u t e  t h e  c o e f f i c i e n t s  o f  t h e  h i g h e r
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d e r i v a t i v e s  and  we o b t a i n

L1K = ^S22Kuu “ 2 g 12Ku v  + S l l Kv v ^ 2 ^S l l g 2 2 “g 12 ^

+ Ku ( . . . )  + Kv ( . . . )  and

L2H = ^ 2 2 Huu * 2 l 12Rm  + !1l l HTv'/<'g l l e 22"g 12 '

+ Hu ( . . . )  +

¥ e  s e e  t h a t  i s  e l l i p t i c  s i n c e  t h e  m a t r i x

( g 1 J / ( 2 ( g 11g 2 2 - g 1 2 2 ) ) )  h a s  d e t e r m i n a n t  e q u a l  t o

l / ( 4 ( g 1j g 2 2~ g i 2 2^  w h i c h  i s  s t r i c t l y  g r e a t e r  t h a n  z e r o .

2
The m a t r i x  ^S l l S2 2 “g 12 ^  c o r r e s p o n d i n g  t o  L 2

2 2 2 , 
h a s  d e t e r m i n a n t  ( ■?' n ^ 2 2 ’’^12 ) / / ( g n g 22'"g 12  ̂ w h i c h  i s

2
e q u a l  t o  K / ( Sq q S 2 2 _ g i 2   ̂ and  h e n c e  L 2 iS a  h y p e r b o l i c ,

p a r a b o l i c  o r  e l l i p t i c  o p e r a t o r  a t  a  p o i n t  P a c c o r d i n g  t o  

w h e t h e r  K a t  P i s  n e g a t i v e ,  z e r o  o r  p o s i t i v e  r e s p e c t i v e l y

4 .  Umbi l  l i ' c s

F o l l o w i n g  t h e  m e t h o d  o f  W i n t n e r  [ 1 2 ] ,  we w i l l  show

t h a t  ( 3 . 4 . 1 )  b e l o w  w h i c h  i s  o b t a i n e d  f r om ( 3 . 3 . 1 )  by
2

m u l t i p l y i n g  by 2J  and  w h i c h  h a s  b e e n  p r o v e n  f o r  n o n -  

u m b i l l i c s  i s  v a l i d  a t  a n  u m b i l l i c  P .

( 3 . 4 . 1 )  4KJ21 = J 2 ( 2 d i v I ( S I I ( H ) / d e t  I )  -  A ’ K) +

- 2 ( S i ; r ( H ) / d e t  I )  . g r a d j J 2 + V ' ( K , J 2 ) .

E i t h e r  t h e  u m b i l l i c  P i s  a  l i m i t  o f  n o n u m b i l l i c s
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o r  P h a s  a  n e i g h b o r h o o d  c o n s i s t i n g  e n t i r e l y  o f  u m b i l l i c s  

I n  t h e  f o r m e r  c a s e  u s i n g  t h e  c o n t i n u i t y  o f  t h e  q u a n t i t i e s

i n v o l v e d  (M was a s s u m ed  t o  b e  o f  c l a s s  C , r  >_ 4 ) ,  

by t a k i n g  l i m i t s  we o b t a i n  ( 3 . 4 . 1 )  a t  P .  I n  t h e  l a t t e r  

c a s e ,  t h i s  n e i g h b o r h o o d  o f  P l i e s  on  a  s p h e r e  o r  i s  p a r t  

o f  a  p l a n e .  I n  e a c h  i n s t a n c e ,  J  i s  i d e n t i c a l l y  z e r o  

c a u s i n g  ( 3 . 4 . 1 )  t o  be  t r i v i a l  and  t r u e .

5.  Some c o n s e q u e n c e s  when K 1s t  i d e n t i c a l l y z e r o .

We w a n t  t o  i l l u s t r a t e  how t h e  e x t e n d e d  f o r m o f  t h e  

W e y l - K a t z e n  i d e n t i t y  c a n  b e  u s e d  t o  o b t a i n  some known r e ­

s u l t s  on s u r f a c e s  w h e r e  K i s  i d e n t i c a l l y  z e r o .

Prom t h e  Weyl  i d e n t i t y  ( 3 . 3 . 1 ) ,  2KJ2 = L^H -  L^K,

we h a v e  f o r  K i d e n t i c a l l y  z e r o

( 3 . 5 . 1 )  L2H e  0

I f  k 2 e 0 t h e n  H = J  = 2k^ and  ( 3 . 5 . 1 )  b ecomes

( 3 . 5 . 2 )  H2d i v I ( S I I ( H ) / ( H 2d e t  I ) )  e  0

Upon u s i n g  d e f i n i t i o n  ( 2 . 2 . 5 )  f o r  S j j ( H ) ,  ( 3 . 5 . 2 )  becomes

( 3 . 5 . 3 )  H2d i v I ( ( 2 H v/ ( g 22H) ) X1 ) e  0

( 3 . 5 . 4 )  T h e r e f o r e  2H2 ( ( g ^ / g ^ )  2 ( l n H ) v ) y = 0
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I n  a  n e i g h b o r h o o d  o f  a  n o n f l a t  p o i n t  (Uq ,Vq ) we 

h a v e  f r o m  ( 3 . 5 . ^ 0

( 3 . 5 . 5 )  ( ( l n H ) v ( g i:L/ g 2 2 ) 2 ) v = 0 and i n t e g r a t i n g  we o b t a i n

( 3 . 5 . 6 )  ( l n H )  = c ( g 22/ g i;L) 2 f o r  a  c o n s t a n t  c .

We now r e s t r i c t  o u r  d i s c u s s i o n  t o  t h e  l i n e  o f  c u r v a ­

t u r e  u = u I n t e g r a t i n g  ( 3 . 5 . 6 )  f r om v Q t o  v we g e t

v —
( 3 . 5 . 7 )  H ( u Q, v )  = H ( u 0 , v 0 ) e x p  /  c ( g 2 2 ( u Q5v ) / g n ( u QJv)  2d v ,

v 0

From ( 3 . 5 . 7 )  i f  H ( u 0 , v Q) ^  0 t h e n  H ( u Q, v )  ^  0

a l o n g  t h e  l i n e  o f  c u r v a t u r e  l y i n g  i n  a ny  c o m p a c t  n e i g h b o r h o o d  

o f  ( u 0 , v 0 )

F u r t h e r m o r e  i f  Hv (Uq3v q ) = 0,  t h e n  H i s  i d e n t i c a l l y

a c o n s t a n t  on  t h e  l i n e  o f  c u r v a t u r e  u = u ^ . F o r  f r om

( 3 . 5 . 6 )  t h e  c o n s t a n t  c i s  z e r o  h e n c e  ( 3 . 5 . 7 )  g i v e s  

H ( u q 3 v )  =  H ( u q 5 v 0 ) .
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C h a p t e r  4 . R e c o r . c i l i a  t i o n  o f  C h e r n ’ s' work'  w i t h  t h e  Weyl  

i d e n t i t y .

I n  h i s  p a p e r  [ 1 0 ] ,  Weyl  d e s c r i b e s  t h e  c o m p u t a t i o n s  

w h i c h  s h o u l d  l e a d  t o  h i s  i d e n t i t y  a s  a  " l a n g w e i l i g e  R e c h -  

n u n g . "  He s t a t e s  "Es i s t  w a h r s c h e i n l i c h ,  d a s s  e i n  

g e s c h i c k t e r e r  R e c h n e r  d i e  P o r m e l  ( 3 3 )  a u f  v e i l  l e i c h t e r e n  

Wege w i r d  e r m i t t e l n  k o n n e n ,  a l s  h i e r  a n g e d u e t e t  w u r d e . "

I n  19^5  S . S .  Ch e r n  p u b l i s h e d  t h e  p a p e r  "Some new 

c h a r a c t e r i z a t i o n s  o f  t h e  E u c l i d e a n  s p h e r e "  [ 2 ]  i n  w h i c h  

h e  d e r i v e s  a n  e q u a t i o n  ( 3 2 )  w h i c h  h e  s t a t e s  i s  e s s e n t i a l l y  

t h e  e q u a t i o n  i n  W e y l ' s  p a p e r  f o r  K > 0 .  A c t u a l l y  t h i s  

r e m a r k  o f  C h e r n ’ s was p r o b a b l y  a  m i s p r i n t  s i n c e  t h i s  e q u a ­

t i o n  t u r n s  o u t  t o  b e  Theorem E g r e g i u m  i n  t e r m s  o f  t h e  p r i n  

c i p a l  c u r v a t u r e s .  E q u a t i o n  ( 3 8 ) i n  C h e r n ' s  p a p e r  more  

c l o s e l y  r e s e m b l e s  t h e  Weyl  I d e n t i t y .  Howeve r ,  a s  w i l l  be  

s e e n ,  I t  w i l l  t a k e  a  l e n g t h y  c a l c u l a t i o n  t o  g e t  f r om 

C h e r n ’ s f o r m u l a s  ( 3 2 )  a n d  ( 3 8 )  t o  t h e  B e l t r a m i  p a r a m e t e r s  

w h i c h  a p p e a r  i n  t h e  Weyl  I d e n t i t y .

The f o l l o w i n g  c o m p u t a t i o n s  show t h a t  C h e r n ' s  work  

i m p l i e s  t h e  i d e n t i t y  (* )  i n  C h a p t e r  3 S S e c t i o n  2 and  n o t  

t h e  i n c o r r e c t  f o r m o f  t h e  Weyl  i d e n t i t y  w h i c h  a p p e a r s  I n  

W e y l ’s p a p e r  [ 1 0 ] .  C h e r n  u s e s  t h e  n o t a t i o n  o f  E .  C a r t a n  

t o  a r r i v e  a t  h i s  f o r m u l a  ( 3 2 ) .  F i r s t  we w i l l  w r i t e  C h e r n ’ 

e q u a t i o n  ( 3 2 )  i n  t h e  n o t a t i o n  o f  t h e  p r e v i o u s  s e c t i o n s  and  

t h e n  we w i l l  r e c o n c i l e  t h i s  f o r m u l a  w i t h  t h e  i d e n t i t y  ( * )
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C h e r n  t a k e s  a  d i f f e r e n t i a b l e ,  c l o s e d ,  o r i e n t a b l e  

s u r f a c e  S a n d  a t t a c h e s  r i g h t  h a n d e d  r e c t a n g u l a r  t r l h e d r a l s  

P e ^ ^ e ^  a t  n o n u m b i l l i c  p o i n t s  P . o f  S a s  f o l l o w s .  At

P t h e r e  a r e  two p r i n c i p a l  c u r v a t u r e s  r ^  i  = 1 , 2  and  c o r ­

r e s p o n d i n g  d i r e c t i o n s  d^  1 = 1 , 2  w h i c h  a r e  f i x e d  by  t h e  

c o n v e n t i o n  r ^  > r 2> The t r i h e d r a l  ^ e i e 2e 3 -*-s a t t a c h e d  

t o  P s o  t h a t  ( 1 )  I s  t h e  u n i t  v e c t o r  a l o n g  t h e  o u t ­

wa rd  n o r m a l  and  ( 2 )  e ^ , e ^  a r e  t h e  u n i t  v e c t o r s  a l o n g

d l , d 2 r e s p e c t i v e l y .  I n  w h a t  f o l l o w s  t h e  r e f e r e n c e  t o

e q u a t i o n  (X) i n  C h e r n ' s  p a p e r  w i l l  be  d e n o t e d  by C : ( X ) .  

B e t w e e n  t h e s e  t r l h e d r a l s  h e  h a s  t h e  v e c t o r i a l  d i f f e r e n t i a l  

e q u a t i o n  C : ( 5 ) .  C o n c e r n i n g  t h e s e  f o r m u l a s  we c l a i m
l

( 4 . 1 ) W1 = ( g i:L ) 2du

( 4 . 2 ) w2 =

1

( g 2 2 ) 2dv

( 4 . 3 )

iiC\J 
1—1 

3

X

( l / ( 2 ( g 11g 2 2 ) 2) ) ( - ( g 1 1 )v du + ( S 2 2^u d v ^

( 4 . 4 ) IIi—1
3T3

"“ 2 " “ l 2

( 4 . 5 ) dio2 = W1 A W12

To v e r i f y  ( 4 . 1 )  a n d  ( 4 . 2 )  we n e e d  o n l y  e x a m i n e  d P . 

R e c a l l i n g  t h a t  e^  i s  t h e  u n i t  v e c t o r  ^g i i ^ _2 p i  f o r



32

i  = 1 , 2

dP = P-^du + P 2dv

= (g  1 ) 2 ( d u ) e 1 + ( g 9 o ) 2 ( ^ v ) e ,

ui1 e 1  + w2e 2 .

R e l a t i o n s  ( 4 . 4 )  and  ( 4 . 5 )  come e a s i l y  a f t e r  e x a m i n i n g  

d ( d P )  = 0 .  To a c q u i r e  ( 4 . 3 )  l e t

( 4 . 6 )  w12 = bdu  + a dv

From ( 4 . 1 )

dco-  ̂ = ^ S n ) 2 ) v d v  ~ d u  a n d  f ro ln

dw = - ( g 2 2 ) a ( b ) d v  ~ d u . Thus

_i_

( 4 . 7 )  b = - C g 1 1 ) v/ ( 2 ( g 1 i g 2 2 ) 2)

A s i m i l a r  m a n i p u l a t i o n  g i v e s

_i_

( 4 . 8 )  a  = ( g 2 2 ^u / , ^2 ^S l l S 22^

Thus  ( 4 . 6 ) ,  ( 4 . 7 )  and  ( 4 . 8 )  g i v e  ( 4 . 3 ) .

I n  C h e r n ' s  e q u a t i o n s  C : ( 2 3 )  h e  d e f i n e s  r ^ ^ , i  = 1 , 2 ,

We f i n d  t h e  r ^  i n  t e r m s  o f  t h e  p r i n c i p a l  c u r v a t u r e s

a n d  r 2 a nd  t h e  m e t r i c  c o e f f i c i e n t s  t o  be :
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( 4 . 9 )  r 1:L = ( ^ V I S n )

2.
( 4 . 1 0 )  v 1 2  = ( r 1 ) v / ( g 2 2 ) 2

_i_

( 4 . 1 1 )  r 21 = 2

_i_

( 4 . 1 2 )  r 22 = ( r 2 ) y / ( g 2 2 ) z

We show t h e  e v a l u a t i o n  o f  J = 1 j 2 b e l o w

r ^ j ,  j  = 1,  2 i s  d on e  s i m i l a r l y .

d r l  = <r i > u du  + ^r l ^ v dv
2_ i_

( 4 . 1 3 )  = ( ( r i ) u / ^ n ) 2wi  + ( ( r l ) v / ( s 2 2 ) 2 ) w 2

Thus  f r om C : ( 2 3 )  by  u s i n g  ( 4 . 1 ) ,  ( 4 . 2 )  and  ( 4 . 1 3 )  

we o b t a i n  ( 4 . 9 )  a nd  ( 4 . 1 0 ) .

The M a i n a r d i - C o d a z z i  e q u a t i o n s  i n  l i n e s  o f  c u r v a t u r e  

c o o r d i n a t e s  become  f o r  J  = ( r ^  -  r ^ ) / 2

( 4 . 1 4 )  ( g 1 1 ) v =

( 4 . 1 5 )  ( g 22^u  = ^r 2 ^ u g 22/ J

I n  C: ( 3 1 )  C h e r n  d e f i n e s  r ^ . ^ ' s .  We w i l l  show b e l o w

t h a t

( 4 . 1 6 ) r 122 = ^  + ^  w h e r e
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j_ i_
( 4 . 1 7 )  W = ( l / ( g 2 2 ) 2 ) ( ( r 1 ) v / ( g 2 2 ) z ) v and

( 4 . 1 8 )  X = ( ( r 1.)v 2 ( r 2 )u ) ( (g 2 2 ) u / ( 2 g i i g 2 2 ) )  a n d  t h a t

( 4 . 1 9 )  r 2 1 l  = Y + 2 w h e r e
_i_ i_

( 4 . 2 0 )  Y = ( l / ( g 1 1 ) 2 ) ( ( r 2 ) u / ( g 1 1 ) 2 ) u and

( 4 . 2 1 )  Z = - ( 2 ( r 1 ) y -  ( r 2 ) v ) ( ( g 1 1 ) v/ ( 2 g 1 1 g 2 2 ) ) .

I n  t h e  f i r s t  e q u a t i o n  o f  C: ( 3 1 )  we r e p l a c e

hy ( 4 . 3 )  a n d ,  c o l l e c t i n g  t e r m s  w i t h  r e s p e c t  t o  du and  dv ,

we o b s e r v e  t h a t  t h e  dv t e r m  on t h e  l e f t  h a n d  s i d e  i s

(W^ + X^")dv w h e r e

W1 = ( r ]_2^v w h i c h  by  ( 4 . 1 0 )  i s

= ( ( p 1 )v / ( s 2 2 ) 2) v a nd  by ( 4 . 3 )

X = ^r l l  ~ 2 r 1 2 ^  ^g 2 2 ^ u / ^2(' g l l g 22^ ^

w h i c h  b ecomes  u s i n g  ( 4 . 9 )  a nd  ( 4 . 1 1 )

i_ JL 1
X1 = ( C r p / t g ^ ) 2 -  2 ( r 2 ) u / ( g 1 1 ) 2) ( ( g 2 2 ) u / ( 2 ( g 11g 2 2 ) 2) .

Hence  f r om  t h e  f i r s t  e q u a t i o n  i n  C: ( 31 )  we h a v e
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r 122w 2 = ^  + x l ) dv  o r  by  ( ^ - 2 )

r 122 = ('W'L + x l ) / ^ S 2 2 ) 2 .

F i n a l l y  we o b t a i n  ( 4 . 1 6 )  by o b s e r v i n g  W = W"V(g2 2 ) 2

and  X = X / ( g 2 2 ) 2 . I n  a  s i m i l a r  m a n ne r  u s i n g  ( 4 . 1 1 ) ,  (4 . 3 ) ,

( 4 . 1 0 ) ,  ( 4 . 1 2 )  a n d  ( 4 . 1 )  we c a n  p r o v e  ( 4 . 1 9 ) .

We now show e q u a t i o n  C: (3 2) o f  C h e r n ’ s i s  Theorem 

E g r e g i u m  i n  l i n e s  o f  c u r v a t u r e  c o o r d i n a t e s  w i t h  t e r m s  i n ­

v o l v i n g  ^S1 1 )y a nd  (®2 2 ) u r e p l a c e d  by  t h e  M a i n a r d i -

C o d a z z i  e q u a t i o n s  ( 4 . 1 4 )  a nd  ( 4 . 1 5 ) .  S u b s t i t u t i n g  i n  

C: ( 3 2 ) ,  ( 4 . 1 4 ) ,  ( 4 . 1 5 )  and. r 1 -  r 2 = 2J  we h a v e

( 4 . 2 2 )  2KJ = W + X -  Y -  Z.

C a r r y i n g  o u t  t h e  d i f f e r e n t i a t i o n  i n  ( 4 . 1 7 )  and  ( 4 . 2 0 )

W a n d  -Y become

W = ( r 1 ) v v / S 22 ~ ( r 1 ) v ( g 2 2 ) v / ( 2 ( g 2 2 ) ) a nd

-Y = - ( r 2 ^uu / s l l  ~ ^r 2 ^ u ^ g l l ^ u / ^2(' S l l ^   ̂ '

S u b s t i t u t i n g  ( 4 . 1 5 )  i n  t h e  e x p r e s s i o n  ( 4 . 1 8 )  f o r  X g i v e s

X = ^r l ^ u ^ r 2 ^u / /^2 g l l J  ̂ ”  <' r 2 ^u ^r 2 ^u / /^g l l J ') • 

S u b s t i t u t i n g  ( 4 . 1 4 )  i n  t h e  e x p r e s s i o n  ( 4 . 2 1 )  f o r  -Z g i v e s
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-Z = - ( r 1 ) v ( r 1 ) v / ( g ^ ^ J )  + ( r 1 ) v ( r 2 ) v / ( 2 g 22J ) •

Thus  ( 4 . 2 2 )  b e c o m e s  a f t e r  r e p l a c i n g  X, Y, Z, W f r o m  t h e  

a b o v e  a n d  d i v i d i n g  by  2J

( 4 . 2 3 )  K = C’1 ) w / ( 2 J g 2 2 ) - ( r 2 ) uu/ ( 2 J g 1 1 ) - ( ( r 1 ) T) 2/ ( 2 J 2g 2 2 ) + 

- ( ( r 2 ) u ) 2 / ( 2 J 2g 1 1 ) + ( r 1 ) u ( r 2 )u / ( 4 J 2g 1 1 ) +

- ( r 2 ) v ( g 2 2 ) v / ( 4 j ( g 2 2 ) ) - ( r 2 ) u ( S n ) u ^ ^ l4J ^g l l ^   ̂ +

+ S 2 2 ) .

( 4 . 2 3 )  i s  a n  e x p r e s s i o n  f o r  t h e  G a u s s i a n  c u r v a t u r e  K i n  

t e r m s  o f  t h e  p r i n c i p a l  c u r v a t u r e s  r ^  a n d  r ^  and  t h e

c o e f f i c i e n t s  o f  t h e  f i r s t  a n d  s e c o n d  f u n d a m e n t a l  f o r m s  

u s i n g  l i n e s  o f  c u r v a t u r e  c o o r d i n a t e s  a s  o u r  p a r a m e t e r i z a ­

t i o n .
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To r e c o n c i l e  o u r  f o r m o f  t h e  Weyl  i d e n t i t y  w i t h  C h e r n ' s  

w or k  we u s e  C h e r n ' s  e q u a t i o n  C: ( 3 8 )  i n  a d d i t i o n  t o  C: ( 3 2 )  

w h i c h  we e x a m i n e d  i n  t h e  p r e v i o u s  p a r a g r a p h .  I n  C: ( 3 8 ) ,

Jt( K) i s  t h e  s e c o n d  d i f f e r e n t i a l  B e l t r a m i  p a r a m e t e r  o f  K

w i t h  r e s p e c t  t o  t h e  f i r s t  f u n d a m e n t a l  f o r m  w h i c h  C h e r n  w r i t e s

i n  t e r m s  o f  t h e  p r i n c i p a l  c u r v a t u r e s .  W i t h  r e g a r d  t o  C: ( 38 )

a l l  t h e  i n g r e d i e n t s  h a v e  b e e n  c a l c u l a t e d  i n  ( 4 . 1 6 ) ,  ( 4 . 1 9 )  

and  ( 4 . 9 )  -  ( 4 . 1 2 ) .  I t  r e m a i n s  f o r  u s  t o  o b t a i n  a nd

a nd  r 222 i n  t e r m s  of> t h e  Pr i n c i P a l  c u r v a t u r e s  a n d  t h e  

m e t r i c  c o e f f i c i e n t s .

Ch e r n  d e f i n e s  a n d  r 222 s u c c e s s i v l y  a p p l y i n g

t h e  e x t e r i o r  d i f f e r e n t i a l  o p e r a t o r  d t o  K = t j t 2  an

e q u a t i o n s  C: ( 33 )  -  C: ( 3 7 ) .  From C: ( 33 )  a nd  ( 4 . 1 )  and

( 4 . 2 )  i t  i s  e a s y  t o  o b s e r v e

_i_
( 4 . 2 4 )  K1 = K u / ( g 1; i ) 2

( 4 . 2 5 )  K2 = K v / ( g 2 2 ) 2

To c a l c u l a t e  K-,, i n  t e r m s  o f  t h e  r  . ' s  and  t h e  g .  . ' s
-L _L -L -L{J

we e x a m i n e  t h e  du t e r m  on  t h e  l e f t  h a n d  s i d e  o f  t h e  f i r s t  

e q u a t i o n  i n  C: ( 3 4 )  w h i c h  b ecomes  f r om  ( 4 . 3 )

_i_

( ( r l>u + r 2^e l l V // 2̂ ĝ l l S22^2^ dU- 

Thus u s i n g  ( 4 . 1 )  we o b t a i n  f r om t h e  f i r s t  e q u a t i o n  i n
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C: ( 3 ^ )
_i_ i.

K11 = ^Kl ^ u / ,^Sll'-)2 + K2^g l l ^ v ,/(-2 s l l ^ S22') ^

Hence  by  ( 4 . 2 4 )  a n d  ( 4 . 2 5 )

x. JL
( 4 . 2 6 )  KX1 = ( l / g 1 1 ) 2 (Ku / ( g n ) 2 ) u  + Kv ( g 1 1 ) v / ( 2 g 11g 2 2 ) .

A s i m i l a r  e x a m i n a t i o n  o f  t h e  dv t e r m  i n  t h e  s e c o n d  e q u a ­

t i o n  i n  C: ( 34 )  and  u s e  o f  ( 4 . 3 ) ,  ( 4 . 2 ) ,  ( 4 . 2 4 )  and  

( 4 . 2 5 )  g i v e

( 4 . 2 7 )  K22 = ( l / g 2 2 ) 2 (Kv / ( g 2 2 ) 2 ) v  + V S 2 2 )u / C 2 g l l g 2 2 ) •

We w i l l  show t h a t

i_ i_

( 4 . 2 8 )  r 11q = ( l /g]_]_) 2 ^ r i ^ u / /^S l l ^  ^  u + ^ g l l ^ v /^ g l l g 2 2 ^  <' r l / / r 2 ^ r l ^ v

+ ̂  g l l ^ v ^ r l ^ v / /  ̂2 g l l g 22^ a nd

( 4 . 2 9 )  r 222 = ( l / g 2 2 ) 2( ( r 2 ) v / ( g 2 2 ) 2) v + ( ( g 2 2 ^ v / ( s l l S 2 2 ) ) ( r 2/ r l ) ( r 2 ) u

+ ( g 2 2 ) u ^r 2')u / ^2 g l l S22-) ‘

I n  ( 4 . 2 6 )  we s u b s t i t u t e  f o r  K , Kv , Kyu and  Kv v  t h e  

e x p r e s s i o n s

Ku = r l ( r 2 , u + r 2 ( r l ) u

Kuu = r l ( r 2>uu + + r 2 ( r l h u
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and  t h e  c o r r e s p o n d i n g  e x p r e s s i o n s  w i t h  u r e p l a c e d  by  v .  

Thus  we g e t

K11 = a !  + a 2 + a 3 w h e r e

a i  r i ( 1 / S n ) 2 ^ r 2 ^u / ( ' S l l ^ 2

i_ 2.

a 2 = 2 ( r 2 ) u ( r 1 ) u / g 11 + i*2 ( 1 / e l l )2 ( ( r l ) u / ( e l l )2 }u

a n d  a  ^ _ 2g l l g 22^ v r l ^ ' r>2^v^

U s i n g  t h e  n o t a t i o n  ( 4 . 1 9 )  we h a v e

a l  “ r l Y

= r l r 211 + r l l' :rl ^ v / / ^S l l g 22^ “  r l ^ r 2 ^ v ^ g l l ’)v / /^2 s l l g 22^

w h i c h ,  m o d i f y i n g  t h e  m i d d l e  t e r m  by m u l t i p l y i n g  by  r 2/ r 2 , 

c a n  b e  r e w r i t t e n  a s i_ i_

a l  =  2 r l l r 21 + r 2^ 1 '/ g l l ^ 2 ^ r l ^ u / ^Sl l ' > ^u*

Thus  a 1 + a Q + t a k e s  t h e  f o r m o f  t h e  r i g h t  h a n d  s i d e  

o f  t h e  t h i r d  e q u a t i o n  i n  C: ( 3 7 )  a n d ,  i f  we c o l l e c t  t h e  

c o e f f i c i e n t s  o f  r 2 , we h a v e  t h e  e x p r e s s i o n  f o r  r ]_]_]_ g i v e n

i n  ( 4 . 2 8 ) .  S i m i l a r l y  f r o m  t h e  f o u r t h  e q u a t i o n  o f  C: ( 3 7 )  

we e x a m i n e  K22 a n d  u s i n g  ( 4 . 1 0 ) ,  ( 4 . 1 2 ) ,  ( 4 . 1 6 )  a n d  ( 4 . 2 7 )

a n d ,  c o l l e c t i n g  t h e  c o e f f i c i e n t  o f  r ^ ,  we g e t  ( 4 . 2 9 )  a s  

t h e  e x p r e s s i o n  f o r  r 2 2 2 '
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We a r e  now i n  a  p o s i t i o n  t o  o b t a i n  t h e  Weyl  i d e n t i t y  

( * )  i n  t h e  n o t a t i o n  o f  B e l t r a m i  p a r a m e t e r s  f r o m  e q u a t i o n s  

C: ( 3 2 )  a n d  C: ( 3 8 ) .  We w r i t e

2 J 2 = ( J / K ) ( 2 K / J )  w h i c h  by C: ( 32)  

= ( J / K ) ( r 122 -  r 2 i i ) w h i c h  by

l e t t i n g  r i  “  r 2 = ^  becomes

( 4 . 3 0 )  2 J 2 = ( ( r 1 -  r 2 ) / ( 2 K ) ) ( r 122 -  r 2 n )

Ad d i n g  C: ( 3 8 )  a nd  ( 4 . 3 0 )  a n d  l e t t i n g  K = ^ 1r 2 we h a v e

( 4 . 3 1 )  ( 1 / 2 K ) A ’ K+2J2 = ( r 2 22+ r 1 2 2 ) / ( 2 r 2 ) + ( r l l l + r 2 1 1 ) / ( 2 r l ) +

+ r l l r 22/ ^r l r 2^ + r 12r 22/ ^r l r 2-> *

S u b s t i t u t i n g  f rom e q u a t i o n s  ( 4 . 1 6 ) ,  ( 4 . 1 9 ) ,  ( 4 . 2 8 ) ,  ( 4 . 2 9 )  

we h a v e  t h e  r i g h t  h and  s i d e  o f  ( 4 . 3 1 )  i s  e q u a l  t o  

A + B + C + D + E + P  w h e r e

( 4 . 3 2 )  A = ( ( r 2 ) v / ( g 2 2 ) 2) v / ( 2 ( g 2 2 ) 2r 2 ) + ( ( r 1 ) v / ( g 2 2 ) 2) v / ( 2 ( g 1 1 ) 2r 2 )

' L  L  L  1
( 0 . 3 3 )  D = ( ( r 1 ) u / ( g 1 1 ) 2) u/ ( 2 ( g 1 1 ) V 1 ) + ( ( r 2 ) u / ( g 1 1 ) 2) u / ( 2 ( g 1 1 ) S 1 )

( 4 . 3 4 )  B = ( g 1 1 )v ( :!:,1 ) v / ( 2g 11g2 2 r 2 ^ S l l ^ v <' r l V / ^ i |Sl l S22r l ^  +

+ ^g l l V ^ r 2 ^ v //<' i l g l l S 2 2 r l ^



Hi

+ ( E-i n )  / ( H g n l g 0 0 P 0 )l l ' u vx l ' l /  v &11&22 2

( 4 . 3 6 )  C = r i 2 r 2 2 / ' ( r l r 2 ' )

( H.  3 7 )  P = r n r 2 1 / / ^r l r 2^ *

We o b s e r v e  t h e  f o l l o w i n g  symmet r y  i n  t h e  e q u a t i o n s  

a b o v e .  I f  we r e p l a c e  g 22 by  Sqq j  v by u and r 2 by

r ^  t h e n  A becomes  D, B b ecomes  E and  C becomes  F

u s i n g  ( 4 . 9 )  -  ( 4 . 1 2 ) .  I n  t h e  c o m p u t a t i o n s  w h i c h  w i l l  f o l ­

low we w r i t e  o n l y  t h e  d e r i v a t i v e s  w i t h  r e s p e c t  t o  v and  

w i l l  d e n o t e  t h e  v  c o m p o n e n t s  o f  t h e  Weyl  i d e n t i t y  w i t h  

t h e  s u p e r s c r i p t  v .  Thus  we a r e  e x a m i n i n g  ( 4 . 3 1 )  i n  t h e  

f or m

We f i r s t  r e e x a m i n e  A. R e c a l l i n g  2H = r ^  + r 2 and  

g .  . = H . . / r .  f o r  i  = 1 , 2 ,  we h a v e

U s i n g  t h e  p r o d u c t  r u l e  f o r  d i f f e r e n t i a t i o n  on  t h e  l a s t  

e q u a t i o n  a n d  k e e p i n g  t h e  f i r s t  two f a c t o r s  t o g e t h e r  we 

a r r i v e  a t

( 4 . 3 8 ) ( ( 1 / 2 K ) A 1K + 2 J 2 ) V = A + B + C

l i l i  l

( 4 . 3 9 ) A = A 1  + A2 w h e r e
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•L JL
( 4 . 4 0 )  A1 = 2(Hv U 1:L/ j l 2 2 ) 2) v and

' JL L  L
( 4 . 4 1 )  A2 = ( ( r 2/ i l i;L) 2) v (Hv ( £ ;L1) 2/ ( s , 2 2 ( r 2 ) 2 ) )  •

We n o t e  t h a t  A-  ̂ i s  p r e c i s e l y  t h e  v  c omp o n en t  o f  t h e

s e c o n d  B e l t r a m i  d i f f e r e n t i a l  p a r a m e t e r  w i t h  r e s p e c t  t o  t h e  

s e c o n d  f u n d a m e n t a l  f o r m w h i c h  we d e n o t e  by  ( a "H)v . Thus  

( 4 . 3 8 )  becomes

( 4 . 4 2 )  ( ( 1 / ( 2K)A' K)V + ( 2 J 2 ) V = (A"H)V + A2 + B + C

U s i n g  ( 4 . 4 1 ) ,  = r 1g l i  i  = 1 , 2  a n d  2Hv = ( r 1 )v + ( r 2 ) v :

( 4 . 4 3 )  A 2 = s t  w h e r e

s = ( l / ( 4 r 2 ) )  ( ( r 1 ) v / g 22 + ^r 2 ^v/ /g2 2 ^

a n d  t  = ( ( r 2 ) v / r 2 — ~ ^g l i ^ v //,gl l ^ 5

a n d  u s i n g  ( 4 . 9 )  -  ( 4 . 1 2 )  and  r e a r r a n g i n g  t e r m s  ( 4 . 4 3 )  

b e c o m e s :

( 4 . 4 4 )  A2 = ( r 1 2 ) 2 ( ( r 1 + r 2 ) / ( 4 r 1r 2 ( r ’1 - r 2 ) )  + ( r 2 2 ) 2 ( 1 / ( 1+( :i:,2 ^ 2  ̂ +

+ r i 2 v 2 2 ( 1 / ( k ( r 2 ) 2 ) + ( r 1 + r 2 ) / ( H r 1 r 2 ( r i ~ r 2 ) ) .

U s i n g  ( 4 . 1 4 )  and  t h e n  ( 4 . 1 0 )  we h a v e

' i_ ' i_

^S l l ^ v / /^g l l ^ S22' ) ^  = “ ^ l V ^  ^g 22^
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Thus e x a m i n i n g  B i n  ( 4 . 3 4 )  we h a v e

( 4 . 4 5 )  B = ( r 1 2 ) 2 ( - l / ( r 2 ( r 1 - r 2 ) )  + 1 / ( 2 r 1 ( r 1 - r 2 ) ) )  +

+ r l 2r 2 2 ( “ 1 / ( 2 r i ( r i ~ r 2 ) ) .

So f rom ( 4 . 4 4 ) ,  ( 4 . 4 5 )  a n d  ( 4 . 3 6 )  we h a v e

( 4 . 4 6 )  A2+B+C = ( r 1 2 ) 2 ( 3 r 2 - 3 r 1 ) / ( 4 r ]_r2 ( r 1 - r 2 ) )  +

+ r l 2r 2 2 ( (5r ,1 - 5 r 2 ) / ( 4 r 1r 2 ( r 1 - r 2 ))  - l / ( 4 ( r 2 ) 2 ))  + 

+ ( r 2 2 ) 2 ( l / ( 4 ( r 2 ) 2 ) ) .

F i n a l l y  f r o m  ( 4 . 4 2 )  we h a v e

( 4 . 4 7 )  (A"H)V -  ( ( 1 / 2 K ) A ’K)V -  ( 2 J 2 ) V = - ( A 2 + B + C ) .

We c l a i m  t h a t

- ( A 2+B+C) = 2 ( V " ( H , J ) / J ) V- ( V ' ( K , J ) / K J ) V- ( V » ( K , H ) / ( 2 K ) ) V . 

U s i n g  t h e  t e c h n i q u e s  a n d  e q u a t i o n s  a b o v e  we h a v e

( 4 . 4 8 )  2 ( V" ( H , J ) / J ) v = ( ( r 1 2 ) 2 - ( r 2 2 ) 2 ) / ( r 2 ( r 1 - r 2 ))

( 4 . 4 9 )  - ( V ' ( K , J ) / ( K J ) ) v = ( ( ^ 2 2 ) 2 - ( r 22r 1 2 ) ) / ( r 2 ( r 1 - r 2 ))  +

o
+ ( r i 2 r 2 2 - ^r 12^ ) / ( r’1 ( ^ 1 - :a 2 ) ) .

( 4 . 5 0 )  ( V" (K,H) / (  2 K ) ) V = - ( ( r 1 2 ) 2 + r ]_2r 2 2 ) / ( 4 r 1r 2 ) +

“ ^r 12 r 22 + ̂ r 22^
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Ad di n g  ( 4 . 4 8 ) ,  ( 4 . 4 9 ) ,  ( 4 . 5 0 )  a n d  c o l l e c t i n g  t e r m s  i n  r ^

we h a v e  p r e c i s e l y  t h e  n e g a t i v e  o f  e q u a t i o n  ( 4 . 4 6 ) .  Thus

( 4 . 4 7 )  becomes

( 4 . 5 1 )  ( A" H- (1 /2 K) A ' K - 2 J 2 ) V = ( 2V " (H,  J ) / J + V ' (K, J ) /  ( KJ) -V "(K,H)/(2K))V

Hence  by s ymme t r y  t h e  Weyl i d e n t i t y  (# )  f o l l o w s .
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C h a p t e r  5 .  An a p p l i c a t i o n '  of '  t he '  Weyl '  i d e n t i t y

L e t  S be  a s u r f a c e  w h i c h  i s  f r e e  f r om  u m b i l l i c s  

so  t h a t  a  Weyl  i d e n t i t y  o f  t h e  f o r m

( 3 . 3 1 )  L2H -  L1K = 2KJ2

h o l d s  on S .  I f  K > 0 t h e n  and  a r e  b o t h  e l l i p t i c

o p e r a t o r s .  T h e r e f o r e  we h a v e  t h e  known r e s u l t  t h a t  H c a n ­

n o t  h a v e  a  maximum w h e r e  K h a s  a minimum.,  f o r  t h e n  t h e  

r i g h t  h an d  s i d e  o f  ( 3 . 3 . 1 )  i s  s t r i c t l y  p o s i t i v e  w h i l e  t h e  

l e f t  h a nd  s i d e  i s  n o n - p o s i t i v e .  T h e r e  i s  r e a s o n  t o  b e l i e v e  

t h a t  t h e  r e q u i r e m e n t  o f  K > 0 c a n  b e  r e l a x e d  t o  K >_ 0 t o  

y i e l d  t h e  f o l l o w i n g  r e s u l t :  I f  H h a s  a p o s i t i v e  maximum

a t  t h e  same p o i n t  P w h e r e  K t a k e s  on  a  minimum o f  z e r o ,  

t h e n  H a s s u m e s  i t s  maximum v a l u e  a t  e v e r y  p o i n t  a l o n g  a 

l i n e  o f  c u r v a t u r e  t h r o u g h  P.  F u r t h e r m o r e  i f  we a dd  t h e  

a s s u m p t i o n  t h a t  t h e  s e t  o f  p o i n t s  a t  w h i c h  K i s  m i n i m i z e d  

i s  a  s u b s e t  o f  t h e  s e t  o f  p o i n t s  a t  w h i c h  H i s  m a x i m i z e d  

t h e n  t h i s  l i n e  o f  c u r v a t u r e  i s  a n  a s y m p t o t i c  c u r v e  o f  S.

One r e a s o n  f o r  b e l i e v i n g  t h a t  t h e  c o n j e c t u r e  i s  t r u e  

i s  t h a t  t h e  c o n j e c t u r e  seems  t o  be  r e l a t e d  t o  t h e  known r e ­

s u l t  i n  t h e  same way t h a t  H a r t m a n  a n d  S a c k s t e d e r ’ s r e s u l t  

on e l l i p t i c  a n d  p a r a b o l i c  o p e r a t o r s  i n  [ 3 ]  i s  r e l a t e d  t o  E.  

H o p f ’ s r e s u l t  on  e l l i p t i c  o p e r a t o r s  i n  [ 4 ] ,

One m i g h t  g u e s s  t h a t  i t  w o u ld  b e  p o s s i b l e  t o  p r o v e  t h e
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c o n j e c t u r e  by i m i t a t i n g  t h e  t e c h n i q u e  o f  E.  H o p f ,  t h a t  i s  

by p e r t u r b i n g  H a n d  -K a s  f u n c t i o n s  on  S a n d  u s i n g  

L2H + L^C-K) >_ 0 i n  a  r e g i o n .  A mo r e  t h o r o u g h  e x a m i n a t i o n  

o f  t h e  p r o b l e m  i n d i c a t e s  t h a t  i t  i s  mo re  p r o b a b l e  t h a t  t h e  

s u r f a c e  i t s e l f  m u s t  b e  p e r t u r b e d .  We s t a t e  and  p r o v e  t h e  

f o l l o w i n g  t h e o r e m  whose  c o r o l l a r y  s u g g e s t s  t h a t  t h e  c o n ­

j e c t u r e  i s  t r u e .

T h e o r e m : L e t  a  s u r f a c e  S o f  n o n - n e g a t i v e  G a u s s i a n  c u r v a ­

t u r e  K and'  p o s i t i v e  mean c u r v a t u r e  H ' b b  g i v e n  by

( x , y , z ( x , y ) )  ' wh'er e z e Cr , r  >_ 4 . S u p p o s e  H ( Q) i d  a_ 

maximum' f o r  H a n d  K(Q) = 0  ij3_ a  minimum f o r  K a t '  a 

p o i n t  Q on S . Then'  fOr '  a n  a p p r o p r i a t e  r e p ' a r ' a m e t e r i z a t i o n ,  

t h e  T a y l o r  e x p a n s i o n  f o r  z ( x , y )  is_ g i v e n  by

z ( x , y )  = z x x ( Q ) x 2 / 2  + zx x x x ( Q ) x ^ / 4 ! + R ( x , y )  

w h e r e  z (Q) > 0,  R ( x , y )  = 0( ( x 2+ y 2 ) ^ / /2) and
X X

z (Q) < 3 ( z  ( Q ) ) ^ .xxxx  -'  — xx

Remark  I n  t h e  p r o o f  o f  t h e  t h e o r e m ,  u s i n g  t h e  Weyl  i d e n t i t y ,  

we c o m p i l e  t h e  f o l l o w i n g  d a t a :  U nd e r  t h e  s t a t e d  h y p o t h e s i s

and r e p a r a m e t e r i z a t i o n

'  Kx y ( «  = Ky y (Q) = Hy y (Q) = Hx y (Q)
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C o r o l l a r y ; I f  z ( x , y )  ' l a  a  p o l y n o m i a l '  of '  d e g r e e  <_ k ,

t h e n  K ' l a  i d e n t i c a l l y  z e r o .

Prom t h e  c o r o l l a r y  a n d  S e c t i o n  5,  C h a p t e r  3 we h a v e  

t h a t  H i s  e q u a l  t o  i t s  maximum v a l u e  e v e r y w h e r e  on t h e  

l i n e  o f  c u r v a t u r e  c o r r e s p o n d i n g  t o  t h e  p r i n c i p a l  c u r v a t u r e  

z e r o  a n d  t h u s  t h e  c o n j e c t u r e  i s  t r u e  f o r  t h i s  c l a s s  o f  s u r ­

f a c e s  .

P r oo f '  o f  Theo r em L e t  g z / 9 x  = p ,  3 z / 9 y  = q ,  9 2 z / 9 x 2 = r ,

P P P9 z / ( 9 x 3 y )  = s a nd  8 z / 3 y  = t .  Then  f o r  a n y  s u r f a c e  o f

t h e  f o r m ( x , y j Z ( x , y ) )  we h a v e  t h e  f o l l o w i n g  f o r m u l a s :

( 5 . 1 ) 2

( 5 . 2 )

( 5 . 3 ) g 22 = 1 + q

l
( 5 . 4 ) a  1 1  =  r / d  + p 2 + q 2 ) 2

( 5 . 5 ) &12 = s / ( l  + p 2 + a 2 ) 2

i
( 5 . 6 ) ^ 2 2  = t / / ^1 + P 2 + P 2 ) 2

( 5 . 7 ) K = ( r t  -  s 2 ) / ( l  + p 2 + q 2 ) 2

( 5 . 8 ) H = ( ( l + q 2 ) r  -  2pqs  + ( l + p 2 ) t ) / ( 2 ( l + p 2+ q 2 ) ; .

We r e p a r a m e t e r i z e  o u r  s u r f a c e  i n  t h e  f o l l o w i n g  w a y .

onloj
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L e t  u s  p i c k  t h e  ( x , y )  p l a n e  so  t h a t  i t  i s  t a n g e n t  t o  

t h e  s u r f a c e  a t  Q a n d  so t h a t  t h e  o r i g i n  c o r r e s p o n d s  t o  

Q. Thus  we h ave

Now we r o t a t e  t h e  p l a n e  so t h a t  t h e  x a n d  y a x e s  p o i n t  

i n  t h e  d i r e c t i o n s  o f  t h e  l i n e s  o f  c u r v a t u r e  c o r r e s p o n d i n g  

t o  t h e  p o s i t i v e  p r i n c i p a l  c u r v a t u r e  a n d  t h e  z e r o  p r i n c i p a l  

c u r v a t u r e  r e s p e c t i v e l y .  Thus  f r om ( 5 . 4 ) ,  ( 5 . 5 ) >  ( 5 - 6 ) a n d  

t h e  r e l a t i o n s h i p  o f  t h e  ’ s t o  k^(Q)  = 0 a nd  kgCQ) > 0

we h a v e

D i f f e r e n t i a t i n g  f o r m u l a s  ( 5 - 7 )  a nd  ( 5 . 8 )  and  u s i n g  t h e  c o n ­

d i t i o n s  ( 5 . 9 ) a n d  ( 5 . 1 0 ) t o  e v a l u a t e  t h e s e  d e r i v a t i v e s  a t  

t h e  o r i g i n  we o b t a i n

( 5 . 9 ) z „ ( Q )  = z „ ( Q)  = z (Q)  = 0.A y

( 5 . 1 0 )

z (Q.) > 0

( 5 . H )

( 5 . 1 2 )

( 5 . 1 3 ) x xy y (Q)

( 5 . 1 4 ) xyyy (Q)



( 5 . 1 5 )  K ( 0 )  = z ( 0 ) z (Q)yy x x '  ■' yyyy

a nd

( 5 - 16> Hx (Q) = z x y y (Q) + z x x x <6)

( 5 . 1 7 )  Hy (Q) -  x x x y (Q) + Z y y y (Q)

( 5 . 1 8 )  Hx x ( e )  = z x x y y (Q) + z x x x x <Q) -  3 ( z x x (Q) ) 3

( 5 . 1 9 )  Hx y ( 0 )  = z x y y y (Q> + z x x x y (Q>

( 5 . 2 0 )  Hy y (Q) -  z x x y y (Q) + z y y y y (Q)

The c o n d i t i o n  t h a t  K i s  m i n i m i z e d  a t  Q g i v e s ,  

f r om e q u a t i o n s  ( 5 . 1 1 ) a n d  ( 5 . 1 2 ) ,

( 5 . 2 1 ) z ( 0 ) = 0 andW  / ^ X y y

( 5 . 2 2 )  z (Q) = 0.
yyy

From t h e  f a c t  t h a t  H i s  e x t r e m a l  a t  0 we h a v e ,  f rom

( 5 . 1 6 ) ,  ( 5 . 1 7 ) ,  ( 5 . 2 1 ) a n d  ( 5 . 2 2 ) t h a t

( 5 . 2 3 )  zx x x ( 0 )  = 0 a n d

( 5 . 2 4 )  zx x y (Q) = 0

Thus  f r o m  e q u a t i o n s  ( 5 . 2 1 )  -  ( 5 . 2 4 )  we s e e  t h a t  a l l  t h e  

t h i r d  o r d e r  d e r i v a t i v e s  o f  z a t  Q a r e  z e r o .
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When H h a s  a  maximum a t  Q a n d  K h a s  a  minimum 

o f  z e r o  a t  Q we h a v e

( L 2H)(Q)  £  0 a nd

(L1 K) CQ) >_ 0 a n d  t h e  Weyl  i d e n t i t y

f o r  K > 0 g i v e s  f r o m  ( 3 . 3 1 )

L2H >_ L1K ,

Thus  (L-jKHQ) = 0 a n d ,  s i n c e  (L-^KHQ) b e co me s  s i m p l y

K (Q) + K (Q) j  we h a v e  x x v yy

( 5 . 2 5 )  KXx (Q) + Ky y (Q) = ° ‘

( 5 . 2 5 )  t o g e t h e r  w i t h  t h e  f a c t  t h a t  t h e  q u a n t i t i e s  K (Q)X.X.

and  K (Q) a r e  n o n n e g a t i v e  g i v e
y y

( 5 . 2 6 ) KXX(Q) = 0

( 5 . 2 7 )  K (Q) = 0 a n d  h e n c e
y y

( 5 . 2 8 )  K J Q )  = 0
Ay

Prom ( 5 . 1 3 )  -  ( 5 . 1 5 )  i n  l i g h t  o f  ( 5 . 2 6 )  -  ( 5 . 2 8 )  we h a v e

( 5 . 2 9 )  z (Q) = 0

( 5 . 3 0 ) z (Q) = 0u  xyyy
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( 5 . 3 1 )  z (Q) = 0 .yyyy

( L^H)(Q)  = 0 a l s o  f o l l o w s  f r o m  ( 5 * 2 5 )  b u t  y i e l d s  no

new i n f o r m a t i o n .

S i n c e  H (Q) = 0 a n d  H i s  m a x i m i z e d  a t  Q we h a v e
yy

t h a t  H (Q) = 0 and  H (Q) < 0 .  The e q u a l i t y  y i e l d s  x y xx “~

f r om e q u a t i o n  ( 5 . 1 9 )  f o r  H (Q) and  f r om  ( 5 . 3 0 )xy

( 5 . 3 2 )  zxxxy( 0 > = °-

Hence  f r o m  ( 5 . 2 9 )  -  ( 5 . 3 2 )  we s e e  t h a t  a l l  t h e  f o u r t h  o r d e r  

d e r i v a t i v e s  o f  z a t  0 a r e  z e r o  e x c e p t  p o s s i b l y  

z The i n e q u a l i t y  H (0.) < 0 ,  ( 5 - 2 9 )  a nd  ( 5 . 1 8 )  g i v e
X X X X  X X  ■“

<5-33) Zxxxx(Q) i  3 ( Zxx(Q>)3 .

Thus  f r om e q u a t i o n s  ( 5 . 2 1 )  -  ( 5 . 2 4 )  and  ( 5 . 2 9 )  -  ( 5 . 3 3 )  t h e  

T a y l o r  e x p a n s i o n  f o r  z a g r e e s  w i t h  t h e  one  i n  t h e  s t a t e ­

m e n t  o f  t h e  t h e o r e m .

I f  z i s  a  p o l y n o m i a l  o f  d e g r e e  <_ 4 i t s  T a y l o r  e x ­

p a n s i o n ,  by  t h e  a b o v e  t h e o r e m ,  i s  f r e e  f r om  a n y  t e r m s  i n ­

v o l v i n g  y .  Thus  z a n d  z a r e  i d e n t i c a l l y  z e r o  & J xy  yy

w h i c h  g i v e  K i d e n t i c a l l y  z e r o  f r o m  ( 5 . 7 ) .
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Aut ob  i o g r a p h i c a  1' S t a t e m e n t

E l e a n o r  M a r i a n  Z e i t l i n  was b o r n  i n  New Yo rk  C i t y  on 

May 26 ,  1 9 4 1 .  She  was g r a d u a t e d  f r om Seward  P a r k  H i gh  

S c h o o l  i n  195 7 ,  r e c e i v e d  a  B a c h e l o r  o f  S c i e n c e  d e g r e e  f rom 

t h e  C o l l e g e  o f  t h e  C i t y  o f  New Yo r k  i n  1961  and  a  M a s t e r  o f  

S c i e n c e  d e g r e e  f r om Case  I n s t i t u t e  o f  T e c h n o l o g y  a t  C l e v e ­

l a n d ,  Ohio i n  1 9 6 3 .  F o r  t h e  n e x t  t h r e e  y e a r s  s h e  was a 

f u l l  t i m e  i n s t r u c t o r  o f  m a t h e m a t i c s  a t  W e s t e r n  R e s e r v e  U n i ­

v e r s i t y  i n  C l e v e l a n d .  I n  S e p t e m b e r  1 9 6 6 , s h e  r e s u m e d  g r a ­

d u a t e  s t u d i e s  a t  t h e  C i t y  U n i v e r s i t y  o f  New York  w h e r e  i n  

A u g u s t  1969  s h e  c o m p l e t e d  h e r  d i s s e r t a t i o n .  She m a r r i e d  

G e r a l d  G o l d s t e i n  i n  A u g us t  1 9 6 8 .


