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Abstract

Electrodynamics of
Nearly Ferroelectric Superconductors

in the local London and non-local Pippard limits

by

Upali Aparajita

Advisor: Distinguished Professor Joseph L. Birman

In this work, electrodynamics of a Nearly Ferroelectric Superconduct-

ing (NFE-SC) material in local London limit and nonlocal Pippard limit is

reported. NFE-SC materials exhibit superconductivity and are in a nearly-

ferroelectric state. One example of such materials is n or p doped SrT iO3.

The structure of a single vortex in an NFE-SC thin film is explored. Taking

n−SrT iO3 as our sample of choice, the frequency dependent magnetic field

and current within the sample are calculated. The expulsion of the vortex

from the sample at resonances is observed. The interaction between two

vortices due to the presence of high background dielectric is explored. The

effect of finite thickness on the vortex structure is explored for an NFE-SC



iv

film. With increase in film thickness, the resonances become sharper and

as a result the system undergoes oscillatory transition between ferroelectric,

superconducting and Meissner-like states.

Nonlocal effects in the NFE-SC thin film are explored in the Pippard

limit. Specular Reflection and Random scattering are studied. Analytical as

well as numerical methods are used to investigate the nature of the material

and solve for the current and magnetic field within the sample. The current

is found to be non-zero within the sample. The material properties can be

manipulated to enhance or expel the current from within the sample with

the change in frequency. The material shows complex transitions between

Type-I, Type-II superconducting as well as Dielectric states. Numerical codes

developed for the solution of the integro-differential equations are given.



Preface

We discuss the electrodynamics of a Nearly-Ferroelectric Superconducting

(NFE-SC) material in the local London approximation and non-local Pip-

pard limit. An NFE-SC material exhibits superconductivity and is in a

nearly ferroeletric (NFE) state. An example of such materail is n or p doped

SrT iO3.

In the first chapter, we give an overview of Ferroeltricity and in the second

chapter we discuss Superconductivity. These two review chapters provide the

necessary background physics behind the Neraly-Ferroelectric Superconduc-

tors. In the third chapter, the initial work done on the electrodynamics of

NFE-SC materials by Birman and Zimbovskaya are discussed which gives us

an understanding of this novel material. In the fourth and fifth chapter we

discuss the new work we have done on the vortex structure inside an NFE-SC

thin film and film of finite thickness in the London limit as well as extend

and explore the physics behind it in the non-local Pippard limit.
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Chapter 1

FERROELECTRICITY

1.1 Introduction

The unusual dielectric properties of Rochelle salt ( Sodium potassium tartrate

tetrahydrate,NaKC4H4O6.4H2O) were reported by Pockels in 1894 (Kanz-

ing, 1957). But after J. Valesek in 1920 reported that the dielectric properties

of the Rochelle salt were analogous to the magnetic properties of the ferro-

magnetic materials the interest in Ferroelectrics intensified. Ferromagnetism

was already known at that time. Ferroelectricity is named in analogy with

ferromagnetism which occurs in such materials as iron.

The term ferromagnetism is used for materials that exhibit spontaneous

magnetization or a net magnetic moment in the absence of an external mag-

netic field. For example, consider the case of iron atoms. They are tiny

magnets which spontaneously align themselves in clusters called ferromag-

1



CHAPTER 1. FERROELECTRICITY 2

netic domains below some transition temperature called Tc. These domains

can be oriented in a particular direction by application of an external mag-

netic field.

Similarly, in ferroelectric materials, the crystal has a net macroscopic po-

larization even in the absence of an externally applied field. Ferroelectric

materials, for example, Barium Titanate (BaTiO3) and Rochelle Salt are

composed of crystals in which the structural units are tiny electric dipoles.

In each of these units the centers of positive charges and those of the negative

charges are slightly separated. In some crystals, these dipoles spontaneously

align themselves into domains which are basically clusters of dipoles. In ferro-

electric crystals these domains can be oriented predominantly in a particular

direction by the application of a strong external electric field.

Due to the similarity between properties, presence of net magnetic mo-

ment in ferromagnets and net dipole moment in ferroelectrics, the prefix

’ferro’, which means iron, was used to describe the property despite the fact

that most ferroelectric materials do not have iron in their lattice.

To understand how ferroelectricity arises, we should look at the molecular

structure of the ferroelectric materials[14] . A centro-symmetrical molecule

such as methane (CH4) has no dipole, but many molecules are not symmetric

(e.g., H2O) and have a dipole moment.
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Figure 1.1: Water Molecule

Dipole moment is defined as

p =

∫
ρ (r)rdv (1.1)

where ρ (r) is the charge density of the molecule.

If we consider atoms as the point charges Qi at positions ~Ri, then the

polarization can be written as

p =
∑

QiRi (1.2)

To understand the origin of ferroelectricity, its necessary to understand

the concept of electric polarization. Appearance of ferroelectricity can be

found in crystallized nonconducting substances having at least one polar

axis. These type of materials have no center of symmetry. Lets consider the

following situations to understand the concept of polar axis[15]. If the two
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directions of a line can be distinguished then its considered polar. A polar

line has a ’head’ and a ’tail’. Similarly, a plane is called polar if its two

surfaces are not equivalent. Polarity of the plane arises from having a ’front’

and a ’back’. This definition of polarity is different than charge separation.

A sheet of paper with one side painted is polar with respect to its color and

a vertical line on Earth’s surface is polar with respect to gravity. An axis

is polar if its two ends are not brought into coincidence by the symmetry

transformations of the symmetry group of its figure. Polarity is excluded if

a symmetry group includes a center of symmetry. When a centrosymmetric

figure under goes inversion, a directed line or a segment of a face changes

direction. In the case of the absence of a center of symmetry, there will be

at least one directed line or face which is not accompanied by its parallel

counterparts reversed in direction,[1].

The significance of polar axis is clear in crystal morphology. Fig. (1.3)(a)

shows two centrosymmetric acetanilide crystals, following Curtin and Paul[16]

. The faces occur in parallel pairs in both habits. On the other hand, the

p-chloroacetanilide crystal shown in Fig. (1.3)(b) is noncentrosymmetric,

and some of the faces occur without parallel ones at the opposite end of the

crystal. This crystal has a polar axis parallel to its long direction.

Polar axis is not exclusive to complicated systems. Very simple systems
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Figure 1.2: Diagram of a Parallelepiped, an object with a center of
symmetry[1].

can also form polar crystals. For example, lets consider a polar crystal com-

posed of diatomic moleculesAB[16]. The molecular axis will be oriented more

along the polar direction of the crystal than perpendicular to it. The crystal

has an ABAB.. array. In order to have polar axis, the spacings between the

atom A and the two adjacent atoms B must be unequal as demonstrated in

fig. 1.4. One can try to understand this concept from the point of view of a

submicroscopic traveller proceeding along this array of atoms . The traveller

is able to determine the direction due to the difference in spacings. The dis-

tance is always longer from atom B to atom A and shorter from atom A to

the next atom B in one direction whereas the reverse is true in the opposite



CHAPTER 1. FERROELECTRICITY 6

Figure 1.3: (a) Centrosymmetric rhombic hipyramidal acetanilide; (b) Non
centrosymmetric rhombic pyramidal p-chloroacetanilide,[1]

Figure 1.4: Polar crystal composed of diatomic molecules AB,[1]
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direction [1].

Polar crystals exhibit important physical properties such as pyroelectric-

ity, piezoelectricity and ferroelectricity. The primitive cell of a pyroelectric

crystal possesses a dipole moment. The separation of the centers of the pos-

itive and negative charges changes upon heating. In this process the two

charges migrate to the two ends of the polar axis. Piezoelectricity is the

separation of the positive and negative charges upon expansion/compression

of the crystal.

Presence of a center of symmetry prohibits ferroelectricity. Ferroelectric

crystals have one polar axis and show a spontaneous ferroelectric polariza-

tion. Crystals with more than one polar axis can have induced electrical

polarization by the application of elastic stress. Such crystals are called

piezoelectrics. Extension or compression will induce electrical polarization of

opposite signs. Ferroelectric materials have a noncentrosymmetric unit cell

and a spontaneous electrical polarization at room temperature. The direc-

tion of the spontaneous polarization can be switched by applying an external

electric field. This aligns the dipoles so that the total dipole moment can be

written as[14]

p =
∑

molecules

pmolecule (1.3)
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Defining the dipole moment per unit volume as P we can write P as

P =
p

V
(1.4)

where V is the total volume of the system(though it should be noted that

for ultrasmall systems, the boundaries of the system are not sharp) .

Figure 1.5: Model crystal,[2],[3]

A defining property of the ferroelectric crystals is the switching between

different metastable states by the application and removal of an electric field.

To better understand the properties of ferroelectrics let us consider a one-

dimensional crystal made up of two atoms of opposite charge as seen in

fig.(1.5). The system can be manipulated so that all the dipoles point to the

right or to the left. This does not make a difference to the structure or energy

of the system except the signs of the dipole moments will have opposite signs

[2],[3].

When the crystal undergoes a change in polarization, provided it is stable

in both polarized states, there exists an energy barrier between the two states.

A curve for the energy as a function of polarization is given in Fig. (1.6)
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Figure 1.6: Schematic potential well,[2],[3]

If an electric field E is applied to this crystal, the two stable states will

no longer have the same energy because of the electric polarization energy

−P·E. The wells in the energy vs. polarization curve are no longer balanced,

they become rather tilted. A small electric filed will not act immediately to

overcome the energy barrier needed to reverse the polarization. In the ideal

ferroelectric, where all the dipoles have to be overturned together, there will

be hysteresis schematically demonstrated in Fig. (1.7).

1.2 Macroscopic Properties of Ferroelectrics

1.2.1 Ferroelectric Phase Transitions

Generally above the Curie temperature Tc, ferroelectric materials exist in a

non-polar state. They also have high static dielectric constants close to the

Curie temperature. In certain temperature regions, one can observe hystere-
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Figure 1.7: Hysteresis in an idealized ferroelectric,[2],[3]

sis loops. For T > TC , the crystal exhibits dielectric behavior. Figure(1.8)

represents the variation of dielectric constant vs. temperature. As we can

see from this figure, there is a sharp increase in the dielectric constant at Tc.

The dielectric constant εr is said to have an ’anomalous value’ in the neigh-

borhood of Tc. For T > Tc, this anomalous behavior follows the Curie-Weiss

relation

εr =
C

T − Tc
(1.5)

where C is the Curie constant. In general, anomalous behavior is observed

near any point of phase transition, [2],[3].

One of the identifying characteristics of a ferroelectric material is the non-

zero value of polarization in the absence of an externally applied electric field.
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It can be said that the ferroelectric materials have spontaneous polarization.

The direction of the polarization can be reversed by reversing the direction of

the applied field. The value of the spontaneous polarization increases rapidly

once the transition point is crossed, then gradually reaches a saturation point

at a lower temperature. The polarization P shows non-linear behavior and

hysteresis w.r.t. the applied electric field E as shown in the figure(1.9) .

These are the most prominent features of a ferroelectric material, [4].

Figure 1.8: Variation of the dielectric constant εr and polarization P w.r.t.
temperature T ,[4]
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Figure 1.9: Hysteresis curve,[4]

As shown in the figure (1.9), the value of polarization increases linearly

with the applied electric field. The reason behind it is that the applied field

is not strong enough to cause orientation of the domains (portion OA). As

the strength of the applied field increases, the domains start to orient them-

selves along the direction of the applied filed and the increase in polarization

shows non-linearity (portion AB). With further increase in the field, the po-

larization reaches a saturation (portion BC) where most of the domains have

aligned themselves along the filed. If the value of the electric field is grad-

ually decreased to zero, the polarization decreases following the path CBD.
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OE represents spontaneous polarization Ps and OD represents the remnant

polarization Pr. Pr < Ps because when the field is reduced and goes to zero,

some domains return to their original orientation hence reducing their con-

tributions to the net polarization The electric field required to make P zero

is called the ’coercive field’, Ec (portion OR). This coercive field depends on

the temperature as well as the frequency and the wave form of the applied

field. The area of the hysteresis loop gives the energy dissipated in the form

of heat inside the specimen during each cycle. The measurements for hys-

teresis are generally done with low frequency(60 Hz or lower) AC fields so as

not to heat the specimen [4].

In ceramics which are polycrystalline materials composed of crystallites,

ferroelectricity is harder to demonstrate due to the random orientation of the

crystallites. Ferroelectricity is rather easily detected in single crystal speci-

men. In these materials the change in polarization is abrupt thus creating

a square hysteresis loop as shown in the figure (1.10)(a). In case of ceram-

ics, the reversal of polarization is sluggish which makes the hysteresis loop

rounded as shown in the figure (1.10)(b), [4].

Ferroelectric materials are not polar above Tc. The shape of a hystere-

sis loop depends on temperature. Figure (1.11) represents the hysteresis

loop for Rochelle salt for two different temperatures. For T > Tc, the loop
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Figure 1.10: Schematic diagram of ’square’ and ’rounded’ hysteresis loops,[4]

becomes diminished and then eventually degenerates to a straight line for

temperatures much greater than Tc. At this temperature, the ferroelectricity

is completely destroyed. The applied electric field affects the appearance of

ferroelectrics. A paraelectric material ,which exists at a temperature greater

than Tc, can be driven into the ferroelectric state by increasing the applied

electric field beyond a critical value Et. This shifts the Curie point to a

higher temperature [4].

In a crystal lattice the size of the unite cells a well as the force of ions are

temperature dependent. At the transition temperature or critical tempera-

ture, the structure of the crystal becomes unstable which paves the path for

transition to a more stable structure. The small ionic movements involved
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Figure 1.11: Temperature dependence of the hysteresis loop for Rochelle
salt,[4]

in the transition create internal stresses in the material. If the magnitude of

the stresses is strong enough it can cause internal cracks. Transition from

one crystal structure to another generally involves changes in volume and

entropy. When the spontaneous polarization goes from zero to a finite value

or from one finite value to another, the change in polarization can be con-

tinuous or discontinuous. If discontinuity is involved, then the transition is

called a ’first order transition’ as in BaTiO3 and KNbO3. In case of first

order transitions, the change in entropy occurs at a constant temperature.

Latent heat also changes during the transition. If the change in polarization

is continuous, this is a ’second order transition’ as in KH2PO4 and Rochelle

salt. Entropy and latent heat do no change at the transition temperature [4].
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1.2.2 Ferroelectric Materials

Ferroelectricity was first discovered in hydrogen-bonded materials Rochelle

Salt and KDP . The 1949 discovery of ferroelectricity in the perovskite oxide

BaTiO3 revolutionized the understanding of the phenomenon. Perovskites

are now widely studied and BaTiO3 is a typical example of this family. The

simplicity of the perovskite structure provides a better understanding of the

origin of ferroelectricity. Additional examples of ferroelectric materials in-

volve intergrowth of perovskite layers with other oxides. Also some additional

ferroelectric oxides exist which are not related to perovskites.

1.2.3 Perovskite Oxides

Perovskite oxides are the materials which have the same type of crystal struc-

ture as CaTiO3, known as the perovskite structure. Perovskites take their

name from this compound which was first discovered in the Ural mountains

of Russia by Gustav Rose in 1839 and is named after Russian mineralogist

L.A. Perovski (1792-1856). A brief discusiion of the perovskite crystal struc-

ture is given here due to our interest in perovskite like materials in the study

of Nearly Ferroelectric Superconductors (discussed in Chapter 3).

Ideal perovskites are simple cubic in structure. There are five atoms in

unit cell. Its structure can be compared to that of the molecular struture
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of the family ABO3. In an ideal unit cell of such compund, the cube corner

position (0,0,0) is occupied by an A atom, whereas the bodycenter position

(1/2,1/2,1/2) is occupied by a B atom and the (1/2,1/2,0) or the face cen-

tered position is taken by the oxygen atom [3],[17].

Figure 1.12: Two different views of the unit cell of the ABO3 ideal cubic
perovskite structure. The B atom (grilled pattern) is at the center of an
octahedron composed of oxygen atoms (white pattern). The A atom (dashed
pattern) has 12 oxygen first neighbors,[3]

The B atom is the center of six oxygen first neighbors occupying the cor-

ners of a regular octahedron as shown in the figure (1.12). The octahedras

are connected at their corners thus making a simle cubic network and enclos-

ing large holes that are occupied by A atoms. each A atom is surrounded by

twelve oxygen atoms.The arrangement and size requirement for the atoms

to maintain stability are quite strict. Any slight distortion or bulking can

produce lower symmetry distorted versions where the coordination numbers

of A and B are both reduced. There is empirical criterion for the stability of

perovskite-like structures, as proposed by Goldschmidt in 1926. Ionic radius
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plays a big role in Goldschmidt’s model. The rules are : ”(i) a cation will

be surrounded by as many anions as can touch it, but no more; (ii) all the

anions must touch the cations and the anion-cation distance is obtained as

the sum of their ionic radii.” [3]. The relationship between ionic radii follows

from these rules as

rA + rO =
√

2 (rB + rO) (1.6)

An ideal cubic perovskite structure does not satisfy this condition. Introduc-

tion of ’tolerance factor’ takes care of the deviation from this condition. The

tolerance factor t is defined as

t =
rA + rO√

2 (rB + rO)
(1.7)

t ≈ 1 is suitable condition for the formation of perovskites. For t > 1, a

small disrotion develops in the material. This occurs due to the imposition

of the A − O distance and the Perovskite structure is formed when t ≈ 1.

When t > 1, the structure develops a small polar distortion, because the

structure is imposed by the A−O distance and the B atom is too small for

the oxygen octahedron. An example is BaTiO3. When t < 1, the atom A is

small compared to the hole in the octahedra and it cannot effectively bond

with all 12 of its neighboring O atoms. If t is only slightly less than one, the

oxygen octahedra undergo rotation and tilting as in SrT iO3 and CaTiO3.
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For smaller t, the compound favors a strongly distorted structure with only

six neighbors for the A atoms as in LiNbO3. If the value of t is very different

than one, the perovskite structure is not favorable [3].

The first perovskite oxide compound identified as being ferroelectric was

BaTiO3. It is a ferroelectric ceramic material with piezoelectric proper-

ties. It has different phases as solid depending on the temperature. At high

temperature, it has a paraelectric cubic perovskite structure. As the temper-

ature is lowered, at 393 K, it transforms from a cubic phase to a ferroelectric

tetragonal phase. This phase remains stable until 278 K, where there is a

second transformation to a ferroelectric phase of orthorhombic symmetry.

The last transition occurs at 183 K. The low-temperature ferroelectric phase

is rhombohedral. All of the structures exhibit ferroelectricity except the cu-

bic structure. KNbO3 is isostructural with BaTiO3, exhibiting the same

sequence of phases, though the transition temperatures are different; 701 K

for cubic to tetragonal, 488 K for tetragonal to orthorhombic and 210 to 265

K for orthorhombic to rhombohedral [3].

Another widely studied material of interest is SrT iO3. It is a centro-

symmetric paraelectric material with a perovskite structure. At room tem-

perature it exists in the cubic form, but transforms into the tetragonal fer-

roelectric structure at temperatures close to 120 K.As the temperature is
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lowered a structural phase transition occurs at 120 K in which the oxygen

octahedra rotate around a cartesian axis to lower the symmetry to tetragonal

and Ti ion is no longer in the center. At very low temperature SrT iO3 ex-

hibits piezoelectric and superconducting characteristics. Strontium titanate

also exhibits a very large dielectric constant (300).

1.2.4 Landau-Devonshire Theory

The study of the critical phenomena which occur very close to a second order

phase transition is rather interesting. The apparent close similarity of critical

behavior in widely different physical contexts is noteworthy. For example the

behavior of a ferromagnet near its Curie point is very similar to that of a

liquid near its critical point. Many similarities can be noticed between a su-

perconducting transition and a second order ferroelectric transition[18]. The

simplest view of a phenomena near a critical point is universal in character

and attributes certain common characteristics to all phase transitions. Lan-

dau theory was introduced by Lev Landau in an attempt to formulate a gen-

eral theory of second-order phase transition[19]. Landau’s symmetry-based

treatment of phase transitions was first applied to the case of ferroelectrics

by Devonshire[20].

Thermodynamical variables such as temperature T , entropy S, electric
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field E, polarization P , stress σ and strain s can completely define the ther-

modynamic equilibrium state of a crystal[14]. The external variables are the

externally applied electric field and the the elastic stress. The polarization

and the strain are the internal variables.

The free energy F can be expressed as a function of ten variables; three

components of polarization, six components of the stress tensor and temper-

ature. Values of the dependent variables in thermal equilibrium are obtained

at the minimum of the free energy. The free energy can be expanded in terms

of the dependent variables and the coefficients of expansion can be obtained

from experimental data or microscopic theory. If we take a free, unpolarized

and unstrained crystal, the origin of energy for such a crystal can be taken

as zero, hence

FP =
1

2
aP 2 +

1

4
bP 4 +

1

6
cP 6 + ...− EP (1.8)

Here E is the electric field. The unknown coefficients a, b, c.. etc are tempera-

ture dependent and can be of either positive or negative sign. At equilibrium

∂F

∂P
= 0 (1.9)

The free energy has a minimum at the origin for E = 0 when the coefficients

are all positive. If we ignore the higher order terms, the induced polarization
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Figure 1.13: Schematic diagram of the Free energy vs Polarization for (a)
Paraelectric material and (b) Ferroelectric material,[2],[3]

can be obtained from

∂F

∂P
= aP − E = 0 (1.10)

The dielectric susceptibilty can be obtained from (1.10) such as

χ =
P

E
=

1

a
(1.11)

Spontaneous polarization occurs when a < 0 but b, c > 0. Here the free enrgy

shows a minimum at a finite polarization P as shown in the figure (1.13 (b)).

In this case the material is ferroelecric. At the Curie point T0, a(T ) changes

sign and varies linerly with temperature as a′ × (T − T0). When it comes to

predicting the behaviour of free energy, polarization and susceptibility, this

is an useful phenomenological theory, as shown in figure (1.14), [2],[3].

When b < 0, but c is positive, the free energy may have a subsidiary min-
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Figure 1.14: Second order phase transition. (a) Free energy as a function
of the polarization at T > T0,T = T0 and T < T0 ; (b) Spontaneous
polarization,[2],[3]

imum abruptly at non-zero P as shown in the figure (1.15). When the value

of a goes down with lowering of the temperature, the minimum of energy

drops below that of the unpolarized state and is favoured thermodynami-

cally. This happens at the Curie temperature Tc. Within the temperature

range Tc and T0, the unpolarized phase exista as a local minimum of the free

energy. Here its noteworthy that the order parameter jumps discontinuously

to zero at Tc. Such phase transitions are called first-order phase transition.

A common example of such transition is solid-liquid transition [2],[3].
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Figure 1.15: First order phase transition. (a) Free energy as a function of
the polarization at T > Tc,T = Tc and T = T0 < Tc ; (b) Spontaneous
polarization as a function of temperature (c) Susceptibility χ,[2],[3]

Effect of Strain

Elastic stress strongly affects ferroelectric materials. To understand the effect

of strain, a related term can be added to equation (1.8). For a uniaxial

ferroelectric the equation can be written as

Fs =
1

2
Ks2 + dsP 2 + ...− sσ (1.12)

Here s represents a componet of the strain field. The first term of this

expansion can be recognised as Hooke’s law. K is the elastic constant. The

second term of this equation gives us the soupling between the polarization

P and the elastic strain s. If we consider the variation of displacement u of
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a point in the solid with position r, the strain can be written as

sij =
1

2

(
∂ui
∂rj

+
∂uj
∂ri

)
(1.13)

Here i,j mean the x,y,z components of the vectors. s is therefore a 3x3 sym-

metric matrix, with six independent components. Generally polarizationcan

couple to one or more type of starin. In a cubic crystal such as BatiO3

polarization can point along one of the six orthogonal cubic directions [2],[3].

The free energy can now be written as a combination of the terms from

(1.8) and (1.12) , F = FP + Fs. At equlibrium, the properties of the free

energy can be determined by minimizing it with respect t the plarization P

and strain s, such as

∂F (P, s)

∂P
=
∂F (P, s)

∂s
= 0 (1.14)

From the minimisation of free energy w.r.t. s, we obtain

∂F (P, s)

∂s
= Ks+ dP 2 − σ (1.15)

When P = 0, this becomes Hook’s law where s = σ/K. If there is no external

stress applied so that (σ = 0), then one obtains

s = −dP 2
/
K (1.16)

This implies that a ”spontaneous (tetragonal strain) occurs proportional to

the square of the polarization”.
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Figure 1.16: Surface charge density generated by a bulk polarization at an
interface,[2],[3]

Substituting the strain s as a fucntion of the polarization P in the ex-

pansion of free energy, we obtain

F (P, s (P )) =
1

2
aP 2 +

1

4

(
b− 2d2

/
K
)
P 4 +

1

6
cP 6 + ...− EP (1.17)

If we compare the expression for free energy without strain (clamped

system) to this expression with strain, we that there is no dependence on the

sign of d. For a first order transition where b < 0, the transition is even more

first-order and the value of Tc goes up [2],[3].

1.2.5 Domains

Ferroelectrics do not always have uniform polarization throughout. The rea-

sons for the non-uniform polarization can be attributed to defects on a mi-

croscopic level, the material undergoing non-uniform strain and the thermal
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and electrical history of the sample. Even the most ideal ferroelectric crystals

can have domains. The polarization in the bulk is the result of separation

or displacement of the positive charge with respect to the negative charge.

This can produce net positive and negative charge density on the opposite

sides of the crystal(Fig. 1.16). We can write the surface charge density per

unit area as

σ = P · n (1.18)

where n is the vector normal to the boundary. The charges accumulated on

the surface produce fields internal and external to the material. These fields

store energy in the manner of a capacitor [2],[3].

Figure 1.17: Ideal domain configuration in a single crystal of cubic ferro-
electric material, where the coupling strain is negligible. On the right is the
configuration adopted when strain affects are important,[2],[3]

The system tries to minimize its energy by getting rid of the charges on
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the surface. For example in a ferroelectric thin film the polarization vector

would ’prefer’ to be oriented ’lying down’ in the plane of the film rather

than ’standing up’ or pointing towards the direction which is perpendicular

to the film. In a thick crystal, where all the dimensions are considerable in

size, polarization is always oriented along the direction that is parallel to the

crystal surface. Domains walls can be introduced in such case. This produces

polarization charges unless the walls are appropriately oriented [2],[3].

The charge density between the interface of two neighboring domains can

be written as, analogous to the formula for charge density at a free surface,

σ = (P1 −P2) · n (1.19)

where P1, P2 are the polarizations of the two domains, and n is a unit vector

normal to the interface. We can see from this equation that the surface

charge density will vanish when the polarizations are oriented in opposite

directions of each other or are anti parallel to each other and are parallel to

the domain walls or a 180◦ domain wall. σ also goes to zero when the domain

wall bisects the angle between two domains pointing ’head to tail’. In most

common variety of crystals, the possible polarizations are perpendicular to

each other, called a 90◦ domain wall. Both 90◦ and the 180◦ domain walls

are shown in figure (1.17), [2],[3].
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The ferroelectric domains walls differ from the magnetic domain walls

when its comes to ’charge screening’. Since magnetic monopoles do not exist,

the (fictious) magnetic charges generated on the magnetic boundaries can not

be screened. In ferroelectric materials, the surface polarization charges are

screened by electrical charges from impurieties, defects and wandering ions.

Domains, their motion, ’pinning’ and ’switing’ are very interesting topics for

discussion. This review is an introdution on the topic [2],[3].

1.3 Microscopic Properties

1.3.1 Phonons

A phonon is a quantum mechanical description of a special type of vibra-

tional motion, known as normal modes in classical mechanics, in which a

lattice uniformly oscillates at the same frequency. In this section phonons

are discussed from a microscopic point of view. The principles of lattice vi-

brations are described by the use of a simple one-dimensional crystal model.

One-dimensional mono atomic chain

The atomic model is composed of atoms that are identical and are connected

to each other by springs. Its illustrated in figure (1.18) [14], [7].

At the equilibrium position, the atoms in the crystal are separated from

each other by distance a . The atoms exhibit harmonic motion about the
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Figure 1.18: A one dimensional linear chain. The atoms are shown in their
equally spaced equilibrium conditions in the top row, and with a periodic
distortion below. The bottom figure plots the displacements un as arrows,
and the curve shows how this is a sine-wave of period 6a, in this case,[2],[3]

equilibrium position during oscillations. The restoring force acting on an

atom here is directly proportional to its displacement from the mean posi-

tion. Considering the position of the nth atom to be rn = na and the its

displacement from the equilibrium position to be un, its equation of motion

can be written as

m
∂2un
∂t2

= K (un+1 − un) +K (un−1 − un) (1.20)

The trial solution is taken as a wave of the form

un (t) = u0 cos (qrn − ω (q) t) (1.21)

The wavelength of the wave is λ = 2π/q , and the period is T = 2π/ω (q)

The solution equation (1.21) exists provided that

mω2 (q) = 2K (1− cos (qa)) = 4K sin2
(qa

2

)
(1.22)
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so that

ω (q) = 2 (K/m)1/2 sin
(qa

2

)
(1.23)

Equation (1.23) gives us the relationship between the frequency of the mode

and its wave vector or the relationship between the wavelength and the pe-

riod. This is called a dispersion relation [2],[3].

The wave vector q and the wavelength are inversely proportional to each

other. When one considers the long wavelength mode for which q → 0, the

relationship between the wave vector and the wavelength is linear,

ω (q) = (K/m)1/2 (qa) (1.24)

This expression is comparable to a wire with tension Ka and density m/a.

For q → 0 or the long wave length limit, one obtains sound waves traveling

with a velocity v = a (K/m)1/2 . These modes are called acoustic modes

because of their similarity to the sound wave.

As the value of q gets larger, the dispersion gets periodic and is not linear

anymore (Fig. 1.19). The periodic behavior can be understood by recalling

equation (1.21). For q = 2π/a,

qrn =
2π

a
× na = 2πn (1.25)

From this equation, it can be concluded that the all the atoms in the



CHAPTER 1. FERROELECTRICITY 32

Figure 1.19: Dispersion relation between frequency and wave vector for a
one-dimensional monatomic chain,[2],[3]

crystal displace together, similar to the situation when q = 0. The displace-

ments do not change even if q is replaced by q + 2πna. Hence the discussion

can be simplified by using only q vectors in the range

−π
a

6 q 6
π

a
(1.26)

This is the first Brillouin zone [2],[3].

One-dimensional diatomic chain

A monoatomic chain model adequately explains the principles behind disper-

sion of lattice vibrations in solids. However, to fully understand the physics

of a ferroelectric material one needs to have a diatomic basis.

This model, though similar to that of a ball and chain model as seen in

the previous section, has two different atoms in a unit cell. These atoms
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Figure 1.20: Diatomic chain,[2],[3]

differ from each other in terms of mass and spring constant. Different spring

constants can be obtained by unequally spaced atoms as shown in Fig.(1.20).

The equations of motion for the two types of atoms can be written as [2],[3]

mA
∂2un,A
∂t2

= K (un,B − un,A) +K ′ (un−1,B − un,A)

mB
∂2un,B
∂t2

= K ′ (un+1,A − un,B) +K (un,A − un,B) (1.27)

If the two atoms are strongly bound to each other (Fig.1.20) , then one can

consider K � K ′ and to a first approximation the pairs can be treated

as independent molecules. In this case, when the atoms in the molecule

oscillate out of phase with each other, each molecule will have a vibrational

mode where the frequency of the mode

ω2
0 = 2K/m (1.28)

The corresponding coordinate which undergoes this oscillation is

uopt (q = 0) = uA − uB (1.29)
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Figure 1.21: Dispersion of the optical and acoustic phonon branches in a
diatomic chain, and a schematic picture of the atomic displacements in the
optical mode at q = 0,[2],[3]

A wave-like solution can be found by choosing the correct phase rela-

tionship from one unit cell to the next, (Fig.1.21). If K ′ � K, restoring

force does not undergo any noticeable change. In this case the frequency of

the optical phonon mode is nearly independent of q. As shown in the figure

(1.22), the dispersion curve now has two branches. The frequency vanishes

linearly with the wave vector along one branch. The other mode has a finite

frequency as q → 0(Fig. 1.22). These phonons can interact with light via

absorption or scattering at these long wavelengths. Hence the name ”Optical

Phonon” [2],[3].
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Figure 1.22: Pattern of atomic displacements for an acoustic and optical
phonon of the same wave vector,[2],[3]

Phonons in three-dimensional solids

The one dimensional theory discussed so far can be generalized for three

dimensional solids. To express the waves traveling in different directions in

the three dimensional solid, ω
(
~k
)

takes the place of the one dimensional wave

vector k. There are transverse or shear waves in addition to the longitudinal

or compressional waves giving rise to new dispersion relation. For each atom

in the unit cell, there are three (two transverse and one longitudinal) branches

of phonons. There are three acoustic branches. Hence a solid with N atoms

in the unit cell will have 3(N − 1) optical modes. Each optical mode is then

separated into two transverse branches and one longitudinal branch.

1.3.2 Soft modes

Lets go back to the discussion of ferroelectric phase transitions (as in fig.1.6).

When the temperature reaches the transition temperature, the free energy

exhibits a double minima. The behavior of phonons at this transition point
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is quite interesting. In the previous sections, the motions of the atoms about

their equilibrium position were considered harmonic. The amplitude of the

vibrations are considered to be very small, hence the potential can be ex-

panded about the minimum of the free energy. The spring constant K is

found by assuming that the elastic energy stored in the spring or in the bond

between the atoms obeys Hooke’s law [2],[3],

u (x) =
1

2
Kx2 (1.30)

A relationship between the stiffness constant for the q = 0 optic phonon above

the transition temperature and the coefficient a(T ) (from Landau Theory)

can be found when one substitutes the internal energy in the above equation

with the free energy from Landau Theory.

The polarization P and the amplitude of the corresponding lattice dis-

placement are directly related to each other. Hence the free energy in equa-

tion (1.8) can be expanded as a function of the lattice displacement u. The

displacement coordinate for a diatomic chain is same as the amplitude of the

optical phonon,

uopt = uA − uB (1.31)

Polarization P is related to the optical phonon amplitude as
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P =
1

Vcell

(
e∗Tuopt +O

(
u3
opt

))
(1.32)

Here e∗T is called the ”transverse effective charge”. It signifies that for

rigid ions with charge ±Ze the dipole moment is Zeuopt . In the harmonic

approximation, the frequency of the q = 0 optical phonon vanishes as it

approaches the transition. This is because

m
∂2uopt
∂t2

= − ∂F

∂uopt
∝ −a (T )uopt (1.33)

Hence,

ω (q = 0)2 ∝ 1

χ
(1.34)

This relationship (1.34) is valid in many materials. An example for SrT iO3

is given in figure (1.23)

Landau theory takes into account only the uniform components of the

polarization and works well when q = 0. From the simple harmonic model of

ball and springs, K → 0 at transition temperature. One can conclude that

all the phonons, both acoustic and optical, for all the momenta would soften

to zero frequency at transition. This, however, is not correct.

Fig (1.24) shows the phonon spectra of SrT iO3. Here the lowest optical

phonon branch is soft near the origin. However the stiffness of the branch

sharply increases as q becomes larger. The softening of the modes happen
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Figure 1.23: Comparision of the temperature dependence of the square of
an optic phonon frequency with the inverse of the dielectric susceptibility in
SrT iO3,[2],[3]

Figure 1.24: Phonon dispersion relation for SrT iO3 at different temperatures
for those modes where a considerable change with temperature is seen,[2],[3]
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only for the long wavelength mode over a small part of the zone. The modes

are strongly dependent on temperature. Fig.(1.24) shows the softening of an

acoustic mode at the zone edge. It is important to note that the acoustic

mode goes soft in SrT iO3 which is not quite a ferroelectric even at high

dielectric constant. Here the zone boundary has a periodicity of two lattice

constants in each of the x-,y-, and z- directions. It corresponds to a soft

mode where the articulated octahedra rotate alternately in opposite direc-

tions [2],[3].

1.3.3 A microscopic mean field theory

The role of Mean field theory in ferroelectricity can be compared to that of

Weiss theory in ferromagnetism. The ions in solids are themselves polarizable

in an electric field. In addition to the polarization caused by displacement of

ions from their lattice sites, there is an electric polarization which is generated

by the electric field inside the solid.

To understand this we can again consider the diatomic ball and spring

model. In the paraelectric phase the ions are at equidistance from each other.

If inside each unit cell the ions undergo the displacement u with respect to

each other, the induced polarization can be written as

P =
1

Ω0

[Zeu + αEloc] (1.35)
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Here the ions have charges ±Ze, Ω0 is the volume of the unit cell and α is

the ionic polarizability. Eloc is the local electric field which is the field at the

site of the atom and is produced by the dipoles throughout the rest of the

solid. This local field can be estimated by a simpler method called the ’cavity

method’. If the dipoles are at a large distance from the site where the field is

calculated, they are treated as a continuum with uniform polarization P and

a small imaginary sphere is considered around the site. In bulk polarization,

the discontinuity is accounted for by the surface charge density σ = P · n.

This approach works in the case of this imaginary sphere as well. One can

have a non-uniform charge density on the surface of the small sphere (Fig.

1.25). The field produced by this charge density is in the same direction as

that of the polarization. The electric field inside the sphere is given by

Eloc = P/3ε0 (1.36)

(ε0 ≈ 9 × 10−12Fm−1 is the permittivity of free space). Substituting this

expression in equation (1.31), and solving for P, gives

P =
Zeu/Ω0

[1− α/3ε0Ω0]
=
Z∗eu

Ω0

(1.37)

The polarizability of the ions adds to the effective charge Z∗. In this

case Z∗ > Z, where Z is the bare charge. With sufficiently large α, the
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Figure 1.25: Local electric field in a cavity inside a ferroelectric,[2],[3]

denominator goes to zero. At this point the induced polarization will diverge.

This divergence marks the onset of the ferroelectric instability [2],[3].

1.3.4 The Lyddane-Sachs-Teller (LST) Relation

This is a review section on the interaction of transverse optical (TO) phonon

with electromagnetic waves in an ionic crystal [5], [21], [7]. To better un-

derstand this lets us consider the linear chain of ions as illustrated in figure

(1.26). The black dots in this linear chain represent a series of positive ions

and the grey dots represent negative ions. The waves are propagating along

the z-direction. Since this a transverse mode, the atoms are displaced along

the x and y directions.

The interaction between a transverse optical (TO) phonon with q ≈ 0 and

an infrared light of same frequency and wave vector is considered here.The

spatial dependence of the AC electric field of the infrared light is represented

by the solid line in figure(1.26). The phonon and the photon both have the
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Figure 1.26: Interaction between a TO phonon mode propagating along the
z direction with an electromagnetic wave with same wave vector. Positive
ions are represented by the black circles and negative ions by grey circles.
The spatial dependence of the electric field is given by the solid line,[5]

same wave vector at resonance. This implies that the light is a driving force

acting on the positive and negative ions of the crystal and its in phase with

the lattice vibration. At resonance, the interaction between the TO phonon

and the AC field is strong. This interaction can be modeled by formulating

the equations of motion for the displaced ions. Writing the displacement

of the positive and negative ions in a TO mode as x+ and x− respectively

(Fig.1.26), the equations of motion are [5]:

m+
d2x+

dt2
= −K (x+ − x−) +QE (t) (1.38)
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and

m−
d2x−
dt2

= −K (x− − x+)−QE (t) (1.39)

where m+ and m− are the masses of the positive and the negative ions

respectively. K is the restoring constant of the medium and E (t) is the

external electric field due to light wave. ±Q is the effective charge per ion.

If we divide equation (1.38) with m+ and equation (1.39) with m− and

then subtract, we get

d2

dt2
(x+ − x−) = −K

µ
(x+ − x−) +

Q

µ
E (t) (1.40)

Here µ is the reduced mass given by

1

µ
=

1

m+

+
1

m−
(1.41)

Substituting x = x+ − x−, equation (1.40) can be written as

d2x

dt2
+ ω2

TOx =
Q

µ
E (t) (1.42)

where ωTO = K/µ is the natural vibrational frequency of the TO mode

at q = 0 in the absence of an external electric field. Equation (1.42) repre-

sents the equation of motion of the undamped lattice oscillation driven by

the external electric field. To account for the damping, a phenomenological

damping rate γ is introduced. Now equation (1.42) can be rewritten as [5]
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d2x

dt2
+ γ

dx

dt
+ ω2

TOx =
Q

µ
E (t) (1.43)

This equation represents the response of a damped TO phonon mode to

an external light wave at resonance. The electric field can be written as

E (t) = E0eiωt

The formula for frequency dependent dielectric constant is

εr (ω) = 1 + χ+
NQ2

ε0µ

1

(ω2
TO − ω2 − iγω)

(1.44)

where εr (ω) is the complex dielectric constant at angular frequency ω. χ

represents the non-resonant susceptibility of the medium, and N is the num-

ber of unit cells per unit volume. The static dielectric constant ε (0) and the

high frequency dielectric constant ε (∞) can be defined as

ε (0) ≡ εr (0) = 1 + χ+
NQ2

ε0µω2
TO

(1.45)

and

ε (∞) ≡ εr (∞) = 1 + χ (1.46)

Hence,

εr (ω) = ε (∞) + (ε (0)− ε (∞))
ω2
TO

(ω2
TO − ω2 − iγω)

(1.47)

If the system is lightly damped, then γ can be set to zero, giving us
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εr (ω) = ε (∞) + (ε (0)− ε (∞))
ω2
TO

(ω2
TO − ω2)

= ε (∞)

(
ω2
L − ω2

ω2
T − ω2

)
(1.48)

The zero of εr (ω) defines the frequency ωL, as the pole of εr (ω) defines

ωT . The zero gives

ε (∞)ω2
L = ε (0)ω2

T (1.49)

or

ω2
L

ω2
T

=
ε (0)

ε (∞)
(1.50)

which is the Lyddane-Sachs-Teller (LST) relation [5].
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SUPERCONDUCTIVITY

2.1 Introduction

Superconductivity is a phenomenon occurring in certain materials generally

at low temperatures, characterized by exactly zero electrical resistance and

the exclusion of the interior magnetic field (the Meissner effect).The electrical

resistivity of many metals and alloys drop suddenly to zero when the spec-

imen is cooled to a sufficiently low temperature, close to the liquid helium

temperature range.At a critical temperature Tc, the specimen undergoes a

phase transition from a state of normal electrical resistivity to a supercon-

ducting state. The phenomenon of superconductivity was first discovered

in mercury by Dutch physicist Heike Kamerlingh Onnes in 1911. When he

cooled it to the temperature of liquid helium, 4 degrees Kelvin (-452F, -

269C), its resistance suddenly disappeared. Later, in 1913, he won the Nobel

46



CHAPTER 2. SUPERCONDUCTIVITY 47

Prize in physics for his research in this area.

The dc electrical resistivity goes to zero or approaches very close to zero

in the superconducting state so that persistent electrical currents have been

observed to flow without attenuation in superconducting rings forever in

a closed loop of superconducting material, making it the closest thing to

perpetual motion in nature. The magnetic properties of superconductors

are equally interesting. A bulk superconductor in a weak magnetic field

acts as a perfect diamagnet with zero magnetic induction in the interior of

the sample.When a specimen is placed in a magnetic field and then cooled

through the transition temperature for superconductivity, the magnetic flux

originally present is ejected from the specimen. This phenomenon is called

”‘Meissner effect”’ discovered by German physicists Walter Meissner and

Robert Ochsenfeld in 1933.

The degree of flux expulson depends upon the material or the measure-

ment conditions. The combination of zero resistance and perfect diamag-

netism distinguishes a superconductor from a hypothetical ’perfect conduc-

tor’(which has the unique transport property of zero resistance).

The figure (2.2) illustrates the the response each would have if cooled

below the transition temperature Tc. In the first case the magnetic field is

applied after the samples are cooled to a temperature below Tc. In this case
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Figure 2.1: Meissner effect in a superconductor cooled in a constant applied
magnetic field. When the temperature is below the transition temperature
Tc, the lines of induction B are ejected from the sphere
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Figure 2.2: Hypothetical experiments showing the difference between a super-
conductor and a perfect conductor. In the first experiment, sample cooled
in zero magnetic field after which the field is applied. In experiment two,
sample cooled in applied magnetic field,[6]
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both samples exclude the magnetic field. In the second case the samples are

initially in a magnetic field and then the temperature is lowered below Tc. In

this case only the superconductor ejects the magnetic flux from its interior

while the ’perfect conductor’ does not.It remains fully permeated by the field.

These experimental surveys confirm that superconductivity is indeed a phase

transition since an equilibrium thermodynamic state is characterized by its

independent thermodynamic variables (in this case T and H) and does not

depend on its history.

The superconducting state is an ordered state of the conduction electrons

of the metal. The order is in the formation of loosely associated pairs of

electrons. The electrons are ordered at temperatures below the transition

temperature, and they are disordered above the transition temperature. The

nature of the ordering was explained by Bardeen, Cooper and Schrieffer. The

starting point was the consideration that phonons introduce an attractive

interaction between electrons close to the Fermi surface (overscreening). The

key idea is that an (isotropic) attractive interaction leads here to bound

electron pair states (Cooper pairs). These pair states are no longer obliged

to obey the Fermi-Dirac statistics, which enforced the electrons to occupy

high kinetic energy single particle states due to the Pauli principle. The

energy gain of the SC state with respect to the normal state does not result
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from the small binding energy of the pairs but it is the condensation energy

of the pairs merging into the macroscopic quantum state. It can be measured

as an energy gap for electron excitations into single particle states [6], [7],

[22].

2.2 Superconducting materials

We give a review of superconducting materials of interest to our research.

following Narlikar [23], and Tinkaham [22]. Superconductivity can be ob-

served in many metallic elements as well as in some alloys, intermetallic

compounds and doped semiconductors. Superconductivity was discovered in

Niobium Nitride (NbN) at 16K in 1941. Vanadium Silicon (V3Si) was found

to be a superconductor at 17.5K in 1953. In 1962, the first commercial su-

perconducting wire made of an alloy of niobium and titanium (NbTi) was

manufactured by researchers at Westinghouse. In the 1960’s, the Rutherford-

Appleton laboratory in the UK developed electromagnets made of copper

clad niobium-titanium. These electromagnets were first used in a supercon-

ducting accelerator at the Fermilab Tevatron in 1987.

Although the BCS theory for superconductors is a highly successful the-

ory, the discovery of the copper oxide high temperature superconductors

(HTS) in 1986 required the development of a new type of theory. Before the
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discovery of the HTS, the highest recorded temperature for the occurrence

of superconductivity was 23K. In some HTS, the Tc has been found to be

as high as 138K under normal pressure. In layered cuprate HTS, there is

a small magnitude of charge carriers(kBTc ∼ EFermi). These charge carriers

have to be introduced in the insulating antiferromagnetic (AF) stoichiomet-

ric compound by appropriate doping. This gives us a ’bad’ metal in which

the charge and spin degrees of freedom are strongly correlated by Coulomb

interaction. The metal-insulator, magnetic and superconducting transitions

involved here require a far more complicated theory than that of a traditional

superconductor. For HTS like cuprate, layered cobaltate and ruthenate com-

pounds, the SC instability is believed to be of magnetic rather than phononic

origin as in traditional superconductors [23].

Even before the discovery of HTS in 1986, a magnetic mechanism was

already suspected for Heavy-Fermion superconductors discovered in 1979.

These Heavy-Fermion superconductors are intermetallic compounds where

the electronic degrees of freedom are responsible for superconductivity. The

magnetic moments of the partially filled f-shells of the Ce or U atoms couple

with the electronic degrees of freedom.

In 1960s, Ginzburg and Little came up with the idea that conductive

polymer chains with polarizable molecular groups may be able to provide
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a highly effective Cooper pair coupling for the electrons that run along the

polymer chains. This coupling can be achieved by means of energy exchange

via localized excitons. This propelled a search for organic superconductors

and in 1980 the discovery of first organic superconductor with Tc > 10K

was made. However, the superconductivity in organic superconductors is

not excitonic in nature as suggested by Ginzburg and Little. The π electrons

in the stacked aromatic rings of the compound form one or two dimensional

delocalized electron systems which are the reason behind superconductivity

here. Like HTS, the strong Coulomb repulsion and restriction on effective

dimensionality drive the system towards metal-insulator, magnetic and SC

transitions [23].

Fullerenes (C60, C70, ...) were discovered in 1985 at Rice University and

have been a much studied group of materials since then. Fullerenes are a

modification of the elementary carbon and similar in structure to graphite.

Superconductivity in C60 can be achieved by doping and intercalation of

alkali-metal atoms. The value of Tc was found to be up to 33K under nor-

mal pressure. The conventional BCS theory fully explains the occurrence of

superconductivity in fullerenes.

Researchers have investigated borides for superconductivity since the

1950s. Metal-rich borides such as MgB2 exhibit superconductivity at Tc
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39K. The discovery of superconductivity in MgB2 in 2001 was a big sur-

prise as its a very well known material since the 1950s and is available by

metrical tons. The phonon interaction mechanism is only part of the story

behind the superconductivity in such materials. Sodium Tungsten Bronze

(NaxWO3) is another non-cuprate to exhibit superconductivity at Tc 90K.

A more recent (2008) surprise is the discovery of of superconductivity at 50K

in Fe (iron) pnictides which are compounds of Fe and As. The discoveries of

all these new type of superconducting materials require development of new

theories, hence making the field of superconductivity a forefront of Physics

and materials research for years to come [23].

2.3 Dependence on Magnetic Fields and Tem-

perature

Superconductivity depends on the temperature as well as the applied mag-

netic field. It is possible to destroy superconductivity by the application of

sufficiently high magnetic field. The field is temperature dependent and

at critical field Hc(T ), the superconductivity disappears[8]. Figure (2.3)

shows the variation of the critical field with respect to the temperature.

At T = Tc, Hc(T ) goes to zero. The threshold curve separates the super-

conducting state(lower left of the figure) from the normal state(upper right
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of the figure). There is also a discontinuous increase in the specific heat of

the superconductor at T = Tc because of the absence of latent heat at zero

field. For T < Tc, the value of the specific heat drops rapidly and assumes

an exponential form for low temperatures. The discontinuity in the specific

heat is an identifying feature of second order phase transition.

Figure 2.3: .
The temperature dependence of the critical field Hc (T ),[6]
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2.4 Type I and Type II superconductors

When one studies the magnetization curve of a bulk superconductor vs the

applied magnetic field, one can distinguish between the two types of super-

conductors,type I and type II.

Figure 2.4: The dependence of the magnetization of a type II superconductor
as function of the applied magnetic field.

Type I superconductors are superconductors that cannot be penetrated by

magnetic flux lines (Meissner-Ochsenfeld effect). The magnetization versus

applied magnetic field for a bulk type I superconductor exhibits complete

Meissner effect or perfect diamagnetism. As such, they have only a single

critical temperature at which the material ceases to super conduct, becoming

resistive. The origin of their superconductivity is fully explained by BCS

theory. Elementary superconductors, such as aluminum and lead are typical

Type I superconductors.
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As explained by BCS theory, type I superconductivity is exhibited by

materials with a regularly structured lattice. This allows electrons to be

coupled over a relatively large distance (compared to the size of an atom).

These pairings are called Cooper pairs.

Figure 2.5: Schematic representation of the scattering of electrons as they
pass through a vibrating lattice.

Though normally electrons exhibit Coulomb repulsion when displayed to

each other, when they interact within a lattice, via a phonon interaction

they display an attractive force. As this is not a normal state for an electron

pair to be in, it is only achieved at very low temperatures. This is because,

modeling it as a bond, it has a low bond energy, thus requiring very little

force to break it. As such, if the temperature of the material is high, the

energy in the vibrations of the lattice are sufficient to break the bond.

The reason for this force of attraction is an effect known as ’the mattress
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Figure 2.6: Schematic representation of the Cooper pair coupling model.

effect’. This comes about due to spins of electrons. As an electron passes

through a lattice, the attractive forces between it and the protons in the

nuclei of the atoms cause a ripple in the lattice structure. This means that

there are ripples through much of the lattice. These ripples are vibrations

called ’phonons’. The ripples induced throughout the lattice will affect other

electrons passing through it. This creates the weak link between two electrons

being affected by one phonon. This coupling means that even if one electron

is presented with resistance the effect of the resistance is minimized as it is

’pulled along’ by the other electron.

The extremely low value of Hc for type I superconductors renders them

unsuitable for technical applications in coils and superconducting magnets.

A Type-II superconductor is a superconductor characterized by its grad-

ual transition from the superconducting to the normal state within an increas-

ing magnetic field. Typically they super conduct at higher temperatures and

magnetic fields than Type-I superconductors. This allows them to conduct
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Figure 2.7: Cooper-pair states in real space p-wave

Figure 2.8: Cooper-pair states in real space d-wave
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higher currents.

Type-II superconductors are usually made of metal alloys or complex ox-

ide ceramics, whereas most pure metals are Type-I superconductors. All high

temperature superconductors are Type-II superconductors, and (as of early

2008) are mostly complex copper oxide ceramics. While most pure metal or

pure element superconductors are Type-I, Niobium, Vanadium, Technetium,

Diamond and Silicon are pure element Type-II superconductors. Some metal

alloy superconductors also exhibit Type-II behavior (eg. niobium-titanium,

niobium-tin)

Other Type-II examples are the cuprate-perovskite ceramic materials

which have achieved the highest temperatures to reach the superconduct-

ing state.These include La1.85Ba0.15CuO4, BSCCO, and YBCO (Yttrium-

Barium-Copper-Oxide), which is famous as the first material to achieve su-

perconductivity above the boiling point of liquid nitrogen, as well as the

highest temperature superconductor to date: mercury thallium barium cal-

cium copper oxide (Hg12T l3Ba30Ca30Cu45O125) with Tc of 123K. Type II

superconductors have superconducting electrical properties up to a field de-

noted by Hc2. The flux density is not zero i.e., B 6= 0 between the lower

critical field Hc1 and the upper critical field Hc2
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2.5 Theoretical Survey of Superconductors

2.5.1 The London-London Equation

Many important results of superconductivity can be explained by phenomeno-

logical equations: the London equations and the Ginzberg-Landau equa-

tions.The older approach was used by F. London and H. London[24], [25] in

1935. It starts with Drude-Lorentz equations of motion for electrons in a

metal.For an electron of mass m and charge e,moving in an electric field E

with a velocity v we have [6]

m

(
·
v +

1

τ
v

)
= eE (2.1)

with a phenomenological viscous drag proportional to v/τ . For a perfect

conductor τ → ∞. With j = nev, where n is the conduction electron

density,the above equation can be written as

dj

dt
=
ne2

m
E (2.2)

This is referred to as the first London equation. Taking the time derivative

of Maxwell’s fourth equation (in cgs unit) we get

∇× ∂H

∂t
=

4π

c

∂j

∂t
+
ε

c

∂2E

∂t2
(2.3)
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where ε is the dielectric constant.Taking the curl of equation (2.3) and using

equation (2.2) we have

∇×
(
∇× ∂H

∂t

)
=

(
4πne2

me
+
ε

c

∂2

∂t2

)
∇× E (2.4)

Using ∇× E = −1
c
∂H
∂t

, we have

∇×
(
∇× ∂H

∂t

)
+

(
1

λ2
L

+
ε

c2

∂2

∂t2

)
∂H

∂t
= 0 (2.5)

Here λL is called the London depth defined by 1
λ2

L
= 4πne2

mc2
. from equation

(2.5) we can deduce that

∇× (∇×H) +

(
1

λ2
L

+
ε

c2

∂2

∂t2

)
H = 0 (2.6)

This is referred to as the second London equation also referred as the London

equation.

Alternative derivation of the above equation is possible by considering

the superconducting electrons to be a super fluid which has no viscosity.We

assume that it is consisting of two fluids, a super fluid with no viscosity and

a normal liquid with finite viscosity. We assume that the free energy of a

super fluid consists of three parts [6]

F = FN + Ekin + Emag (2.7)
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where FN is the free energy associated with the normal liquid, Ekin is the ki-

netic energy of the moving super fluid and Emag is the energy of the magnetic

field. We can write these quantities as

Emag =
1

8π

∫
H2 (r)d3r (2.8)

and

Ekin =
1

2

∫
ρ (r)v2 (r) d3r (2.9)

Here ρ (r) is the mass density associated with the super fluid. With the

use of ρ = nm, v = (1/ne) j and the fourth Maxwell equation which is

∇×H = (4π/c) j, equation (2.9) becomes

Ekin =
1

8π

∫
mc2

4πne2
(∇×H)2 d3r (2.10)

Here n is the density of the superconducting electrons in the material. To

minimize the free energy, the superconducting electrons adjust their motion.

Hence, we get δ (Emag + Ekin) = 0 or

∫ {
H (r) · δH (r) +

mc2

4πne2
[∇×H (r)] · [∇× δH (r)]

}
d3r = 0 (2.11)

Integrating by parts, we obtain [6]



CHAPTER 2. SUPERCONDUCTIVITY 64

∫ [
H (r) + λ2

L∇× (∇×H)
]
· δH (r) d3r = 0 (2.12)

Since δH (r) is arbitrary, the term in the bracket must vanish, hence

1

λ2
L

H (r) +∇× (∇×H) = 0 (2.13)

We can apply the above equation in the following two cases.

In the first case, lets consider the applied magnetic field perpendicular

to the surface of the superconductor. The surface in consideration, say,

lies in the xy-plane with no current flowing in the z-direction. From second

Maxwell’s equation∇·H = 0, we obtain ∂Hz/∂z = 0 or H = const. From the

fourth maxwell’s equation, ∇×H = (4π/c) j, the first term in the equation

(2.13) vanishes leaving H = 0 the only solution.Therefore a superconductor

exhibiting the Meissner effect cannot have a field component perpendicular

to its surface [6].

Lets consider the following case as the second example. For a super-

conductor with the applied field parallel to the surface, say, H ‖ x̂ or

H = H (z) x̂. Equation (2.13) can be written as

∂2Hx

∂z2
− 1

λ2
L

Hx = 0 (2.14)
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Considering the superconductor occupies the region z > 0, we can write

the solution to the above equation as

H (z) = x̂Hx (0) e−z/λL (2.15)

Hence, a field parallel to the surface is possible, although it decays ex-

ponentially with a characteristic length λL. Depending on the material,λL

can range from 500 to 1000 A◦ in the interior. A surface current density

accompanies this parallel field and is responsible for shielding the magnetic

field from the interior of the superconductor. The decrease of the magnetic

induction described by (2.15) is a result of a screening of the external field

by the superconducting currents. These currents flow within a surface layer

of thickness λL.

The current density can be written as

j (z) = − c

4πλL
Hx (0) e−z/λL ŷ (2.16)

The length λL is denoted the ’London penetration length’ [6], [8].

2.5.2 Pippard’s Equation

A weak magnetic field H < Hc generally does not penetrate a type-I su-

perconductor on a microscopic scale. However, on a microscopic scale the

field does penetrate a certain depth λ into the metal. This length is differ-
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ent than the London penetration depth λL and represents a different scale

affecting the behavior of a superconductor. It can be interpreted as a charac-

teristic length which measures the spatial response of the superconductor to

some perturbation. In other words it can be thought of as the distance over

which the superconducting state develops at a normal metal-superconductor

boundary [6],[22] .

London equation (2.13)can be re-written in the following manner. If we

substitute ∇×H = (4π/c) j in the London equation, we have

∇× j = − c

4πλ2
L

H = −ne
2

mc
H (2.17)

However, this equation is not valid for superconductors of the first kind(ξ0 >

λ). A more general approach is needed when dealing with the current and

the fields. The equation should be applicable even when the current and the

magnetic field have rapid variations in space.

The variable which is most convenient in this situation is the magnetic

vector potential A. We can write H = ∇ × A. This equation with the

supplementary condition

∇ ·A = 0 (2.18)

and the boundary condition
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An = 0 (2.19)

where An is the component of A perpendicular to the sample surface, define

A completely. Equation (2.18) is the London gauge. London’s equation can

be rewritten as

j = −ne
2

mc
A (2.20)

Insertion of the above conditions into equation (2.20) gives

∇ · j = 0 (2.21)

jn = 0 (2.22)

the first condition being the continuity equation. The latter condition

which is vanishing of the normal component of the current is satisfactory if

no external current is fed to the sample.

Equation (2.20) applies only when the variation of A and j is slow in

space on the scale ξ0. However, the current j (r) at point r also involves

contributions from A (r′) at all neighboring points r′ located in a volume
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with a radius of order ξ0 surrounding r or |r− r′| < ξ0. A phenomenological

relationship was proposed by Pippard; in the London gauge it has the form

j (r) = −C
∫

R [R ·A (r′)]

R4
e−R/ξdr′ (2.23)

Here the constant C is determined by the condition that when A varies

slowly spatially over distances ∼ ξ0, it can be taken out of the integral and

one must obtain the London equation.This gives

C

∫
cos2 θdΩ

∫
e−R/ξ0dR =

ne2

mc
(2.24)

from which we obtain C = 3ne2/4πξ0mc. The generalized London equa-

tion,by Pippard, can then be written as

j (r) = − 3ne2

4πξ0mc

∫
[A (r′) ·R] R

R4
e−R/ξ0d3r′ (2.25)

Substituting H = ∇×A in the fourth Maxwell’s equation we obtain

∇× (∇×A) =
4π

c
j (2.26)

Equation (2.25) is valid for a bulk superconductor.If the penetration phe-

nomena near a sample surface is to be studied, the relationship between j and

A needs modification. In equation (2.25), the integration can be modified by

integrating over points r′ restricted to the interior of the superconductor and
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more restrictively to points r′ from which an electron can travel in a straight

to a point r. In the case of a highly contoured surface, its possible that

two points near the surface separated by about a coherence length cannot be

connected by a straight electron trajectory without passing through the vac-

uum. Or if there is a small empty cavity in the metal,one must exclude the

”‘shadow”’of the cavity[7] as shown in the figure (2.9). We restrict ourselves

Figure 2.9: Shadow Effect,[7]

to plane boundaries which we take to be normal to the z direction.

In the limit of λL � ξ0, equation (2.25) reduces to the London equation.In

the opposite limit λL � ξ0, A (r) varies rapidly. Assume that A (r) is non

zero only in a small thickness or characteristic length λ. When λ < ξ0, the

value of the integral reduces to
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j (r) = − λ
ξ0

ne2

mc
A (r) (2.27)

Using this relation along with ∇× h = (4π/c) j, equation (2.27) can be

written as

∇×∇× h +
λ

ξ0λ2
L

h = 0 (2.28)

Solving equation (2.28), we get an approximate penetration law of the

form h (z) = h (0) e−z/λ where λ is defined by

1

λ2
=

4πne2

mc2

λ

ξ0

(2.29)

or λ3 = λ2
Lξ0. A more rigorous calculation gives λ3 = 0.62λ2

Lξ0.The

conclusion that can be drawn is that in the Pippard limit, λ becomes larger

than the London value (λ/λL) ∼ (ξ0/λL)1/3 > 1, but λ remains much smaller

than the coherence length (λ/ξ0) ∼ (λL/ξ0)2/3 < 1 .

If impurities are present inside the metal, then the relationship between

the vector potential and the current will be modified. To account for the

electron scattering, Pippard modified the coherence length in the exponent

of equation of (2.25) such as 1/ξ0 → (1/ξ0) + (1/l) where l is the electron

mean free path.
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In the limit of λ� (l, ξ0), the current can be written as

j (r) = −ne
2

mc

1
1
ξ0

+ 1
l

A (r) (2.30)

In the case of very dirty metal, the current can be written as

j (r) = −ne
2

mc

l

ξ0

A (r) (2.31)

The effective penetration depth then can be written as

λ =

(
λ2
Lξ0

l

)1/2

(2.32)

If λ � (l, ξ0), we continue to use λ3 = λ2
Lξ0. The magnetic response

of a superconductor depends on the relationship between λ and ξ. Type I

superconductors are characterized by λ < ξ and for Type II superconductors

λ > ξ.

2.5.3 Ginzberg-Landau Theory

Ginzburg-Landau theory was proposed in 1950 by Vitaly Lazarevich Ginzburg

and Lev landau. This phenomenological theory describes some macroscopic

mechanism of a both classical and high temperature superconductors with

the help of general thermodynamical principles. This section gives a brief

review of the theory following Ginzberg [26], Bennenman [27] and Poole [8].
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According to the GL theory, the super current in the superconducting state

is carried by ’super electrons’ of mass m∗, charge e∗, and density n∗. Here

m∗ = 2m∗, e∗ = 2e, and n∗ = 1
2
nS. m, e and nS are the mass, charge and

the density for free electron. The complex order parameter ϕ (r) is [8]

ϕ (r) = |ϕ (r)| eiθ (2.33)

The super electron density is defined as the square of the order parameter

such as

nS = |ϕ|2 (2.34)

For a uniform homogeneous field nS and ϕ can be taken as constants. For

the temperature above Tc, the value of ϕ is zero. As the temperature goes

below Tc, the value of ϕ increases as shown in the figure (2.10 a). The first

Ginzburg-Landau equation is obtained by expanding the Gibb’s free energy

per unit volume Gs in terms of the order parameter ϕ and then minimizing it

with respect to it. The condition here is that the temperature is less than but

close to Tc and London gauge ∇·A = 0 is satisfied. The first GL equation is

(1/2m∗)
[
~2∇2ϕ− 2i~e∗A · ∇ϕ− e∗2A2ϕ

]
− aϕ− b |ϕ|2 ϕ = 0 (2.35)

If we minimize the free energy Gs with respect to the vector potential A, we



CHAPTER 2. SUPERCONDUCTIVITY 73

Figure 2.10: (a) Temperature dependence of GL parameter, (b) variance of
order parameter w.r.t. coherence length,[8]
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obtain the second GL equation

∇× (∇× A) +
i~e∗

2m∗
(ϕ∗∇ϕ− ϕ∇ϕ∗) +

e∗2

m∗
A |ϕ|2 = 0 (2.36)

The macroscopic properties of a superconducting state can be determined

with the help of these two equations. The coefficients a and b are determined

in the following manner. When the temperature is below but near Tc, the

dependence of a on T is linear and can be written as [8]

a (T ) ≈ a0 [(T/Tc)− 1] (2.37)

b is independent of temperature. The value of a(T ) is negative below Tc,

hence

|ϕ|2 = n∗s = −a/b = (a0/b0 [1− (T/Tc)]), (2.38)

The temperature dependence of the oder parameter is given in the figure

(2.10a) and the dependence on coherence length ξ is given in (2.10b). Co-

herence length is the characteristic length over which the order parameter

varies and it is written as [8]

ξ2 = ~2
/

2m∗ |a|. (2.39)

The condensation energy of the super electrons can be written as

Econd =
1

2

(
a2
/
b
)

= B2
c

/
2µ0 (2.40)
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When an external magnetic field is applied the flux Φ enclosed in a path

given by the line integral of J
/
|φ|2 around a closed path is

(
mµ0

/
e∗2
) ∮ (

J
/
|φ|2
)
· dl + Φ = nΦ0, (2.41)

where n is an integer and the quantum of flux Φ0 has the value

Φ0 = h/e∗. (2.42)

If the applied magnetic field B (x) is parallel, the field as well as the current

density J (x) decay exponentially with the distance x within the surface of

the superconductor such as

B (x) = B0e
−x/λL (2.43)

and

J (x) = Jce
−x/λL (2.44)

where the London penetration depth λL, the second fundamental length

scale, is given by

λ2
L =

m∗

µ0e∗2 |ϕ∞|2
, (2.45)

The ratio κ = λ/ξ = 1
/√

2 divides superconductors into two types
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κ ≤ 1
/√

2 (Type (I)) and κ ≥ 1
/√

2 (Type (II)) Type II superconductor

have lower, thermodynamic, and upper critical fields given by

Bc1 =
ϕ0 lnκ

4πλ2
L

, Bc =
ϕ0

2
√

2πξλL
, Bc2 =

ϕ0

2πξ2
, (2.46)

respectively, where Bc1Bc2 = B2
c lnκ. Complete Meissner effect occurs when

Bapp < Bc1. With the increase in the applied field above the first critical

field Bc1, flux lines penetrate the material in form of vortices. Magnetization

continues to increase with the increase in field. When the field crosses the

threshold Bc2, the vortex cores almost overlap and the superconductivity is

destroyed. In case of a thin sheath, residual superconductivity may persist

up to a higher critical field Bc3 where Bc3 =
√

3Bc2. Above Bc3, the sample

is in a truly normal state [8].

2.5.4 Vortices

An identifying feature of a superconductor is the expulsion of magnetic field

from its interior which is the Meissner effect. However, with a sufficiently

strong magnetic field, flux lines enter the some superconductors (Type II)

in form of vortices. each vortex carries a quantized amount of magnetic

flux through the superconductor. Meanwhile, the superconducting state is

maintained in the regions around the vortex. Over some enclosed area A,
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the magnetic flux is [8]

∫
B · dA = Φ0 (2.47)

and it equals to the flux quantum Φ0,

Φ0 = h/2e = 2.0678× 10−15Tm2 (2.48)

This flux quantum Φ0 is associated with the Hall effect quantum of resistance

RH ,

RH = h/e2 = 2Φ0/e = 25, 813Ω (2.49)

For cuprates, where κ has a high limit, λL >> ξ. In this case, for r > ξ,

the local magnetic field due to the vortex B(r) and the shielding current

Js(r) outside the vortex core are radially dependent and can be written as

[8]

B (r) =
Φ0

2πλ2
L

K0 (r/λL) (2.50)

Js (r) =
Φ0

2πµ0λ3
L

K1 (r/λL) (2.51)

where K0(r/λL) and K1(r/λL) are the zero order and first order modified

Bessel functions, respectively, with the properties that K1(r) � K0(r) for

small r � λL, and K1(r) ≈ K0(r) for larger r � λL.
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For r ≤ ξ, or inside the vortex core, the magnetic field can assumed to

be a constant and the current Js(r) = 0. The field can be written as [8]

B(r) =
Φ0

2πλ2
K0 (r/λL) (2.52)

Near the core, equations (2.50) and (2.51) behaves asymptotically

B (r) =
Φ0

2πλ2
L

ln (1.123λL/r) , r � λL (2.53)

Js (r) =
Φ0λL

2πµ0λ3
Lr
, r � λL (2.54)

and far away from the core

B (r) =
Φ0

2
√

2πλ2

e(−r/λL)√
(r/λL)

, r � λL (2.55)

Js (r) =
Φ0

2
√

2πµ0λ3
L

e(−r/λL)√
(r/λL)

, r � λL (2.56)

where the numerical factor 1.123 in equation (2.53) is 2e−γ and γ = 0.57721566..

is the dimensionless Euler-Mascheroni constant.

Vortices generally arrange themselves in a hexadic pattern as shown in

the figure (2.11). The distance between the cores of each flux line is d and

the area occupied by each vortex is
√

3
2
d2. The separation between vortices
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Figure 2.11: Hexagonal vortex lattice,[8]

changes with the change in the applied field. Near Bc1, d ≈ 2λ and near Bc2,

d ≈ 2ξ. The average field Bin inside the superconductor is given by

Bin =
Φ0(√

3/2
)
d2

= NAΦ0 (2.57)

where NA is the number of vortices per unit area [8]. A superconductor is

not really superconducting when vortices are present. Vortices move inside

the field and this creates a resistance to the flow of current. If the material

has enough flaws to ’pin’ down the vortices, then the resistance goes to zero

and a well defined vortex lattice is formed.

2.6 Magnetic Properties of Superconductors

The magnetic properties of a superconductor is greatly affected by the vortex

structure. The macroscopic properties of a superconductor due to the vortex

structure are discussed here. The vortex structure depends on the shape of
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the superconductor. It also affects the super current inside the sample.

2.6.1 Internal Fields and Magnetization

The fields B and H are related to each other as

B = µ0 (H +M) = µH = µ0H (1 + χ) , (2.58)

This relationship holds true for both inside and outside of the sample. Here

M is the magnetization which can be defined as the magnetic moment per

unit volume, χ is the magnetic susceptibility and µ0 is the permiability of

free space. When an external magnetic field Bapp = Happ/µ0 is applied, the

magnetization M is obviously zero outside the sample. Inside the sample [8],

Bin = µ0Hin (1 + χ) , (2.59)

where the dimensionless susceptibility χ

χ = M/Hin (2.60)

For an ideal Type I superconductor χ = −1. Assuming that no demagne-

tizing effect are present, the B field and the magnetization M can be written



CHAPTER 2. SUPERCONDUCTIVITY 81

as [8]

Bin = 0

M = −Hin = −Bapp/µ0

(2.61)

B and M for an ideal Type-I superconductor are plotted in figure (2.12).

Figure 2.12: Internal field and magnetization for ideal Type I
superconductor,[8]

In case of a Type-II superconductor, the vortex state exists between the

lower critical field Bc1 and the upper critical field Bc2. The expressions for
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the field and magnetization are

Bin = 0

0 ≤ Bapp ≤ Bc1

M = −Hin = −Bapp/µ0

(2.62)

The plot for the internal field and the magnetization for the Type-II super-

conductor is given in the figure (2.13). The critical field Bc corresponds to

Figure 2.13: Internal fields Bin, Hin and magnetization M for an ideal Type
II superconductor,[8].
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the integral
Bc∫

Bc1

(Bapp + µ0M) dBapp = µ0

Bc2∫
Bc

(−M)dBapp (2.63)

Here M is a negative quantity and energetically Bc involves the difference

between the Gibbs free energies of the normal and the superconducting states,

Gn −Gs = B2
c/2µ0 (2.64)

where B2
c/2µ0 is the condensation energy. This expression is valid for both

Type-I and Type-II superconductors. The magnetization shows hysteresis

as shown in the figure(2.14). Figures (2.15) and (2.16) give the variation of

Figure 2.14: Low field hysteresis loop showing the coercive field Bcoer where
the magnetization is zero, and the remnant magnetization Mrem that remains
when the applied field has been reduced to zero,[8].

some low-field and high-field hysteresis loops respectively.
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Figure 2.15: Low field hysteresis loop of Y Ba2Cu3O7 cycled over the same
field scan, −3mT ≤ Bapp ≤ 3mT , for several temperatures. The loops
gradually collapse as the temperature increases,[8].
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Figure 2.16: High field hysteresis loop of Y Ba2Cu3O7 cycled over the same
field scan −3mT ≤ Bapp ≤ 3mT for several temperatures. The loops gradu-
ally collapse as the temperature increases,[8].
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2.6.2 Critical Fields

For an isotropic Type-II superconductor, the lower and upper critical fields

can be written as

Bc1 =
Φ0 lnκ

4πλ2
(2.65)

and

Bc2 =
Φ0

2πξ2
(2.66)

Here λ is the penetration depth and ξ is the coherence length. The thermo-

dynamic critical field can be defined as

Bc =
Φ0

2
√

2πλξ
(2.67)

The upper and lower critical fields can be written in terms of Bc such as

Bc1 =
Bc lnκ√

2κ
(2.68)

and

Bc2 =
√

2κBc. (2.69)

Here κ = λ/ξ is called the Ginzburg-Landau parameter. Bc, Bc1 and Bc2

are represented in figure (2.13) [8].



Chapter 3

NEARLY FERROELECTRIC
SUPERCONDUCTORS

3.1 Introduction

In 2001, Prof. Joseph Birman and Dr. Natalya Zimbovskaya of the City

College, CUNY published an article in PRB regarding Nearly Ferroelectric

Superconductors which gave us a theoretical understanding of these materials

[9]. An NFE-SC material exhibits superconductivity (SC) and is in a nearly

ferroelectric (NFE) state. Its a material that is a typical soft-mode phonon

Cochran-Anderson system[18], with high-static dielectric constant. Exam-

ples of materials in this class include the sodium tungsten bronze (NaxWO3)

and n or p doped SrT iO3 systems.

Sodium tungsten bronze (NaxWO3) with x ∼ 0.05 is a high-temperature

superconductor[28] with Tc ∼ 90K. For 0.1 < x < 1, Mattheis and collab-

87
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orators long ago reported superconductivity[29]. However, the temperature

reported by them was Tc ∼ 1 − 3K. Mattheis and Wood were also among

the first to report ferroelectricity in a host of Tungsten Oxide (WO3) sys-

tem. Its long since known that a superconductor can be created by increas-

ing the density of charge carriers (electrons or holes) in the solid to high

levels. Chemical doping is one route to achieve this. For example, n or p

doped SrT iO3 exhibits superconductivity with Tc ∼ 1 − 3K. SrT iO3 can

be regarded as a ”nearly ferroelectric material”. It is of particular interest

because of its unusual properties at low temperatures. It has been shown

that SrT iO3 possesses a static dielectric constant ε(0) of the order of 104 in

the temperature range where superconductivity occurs.

The Nearly Ferroelectric Superconductor considered here is an ionic lat-

tice with a high static dielectric coefficient ε(0). The assumption taken here

is that the induced or injected charge careers to boost up the superconducting

property of the host fully condensate into s−wave Cooper pair[30]. Conven-

tional BCS superconductors are characterized by a standard s−wave, spin

singlet pairing state with s = 0 and l = 0 Cooper pairs. The two electrons of

a pair have equal and opposite momenta ~k and −~k so that the center of mass

momentum of a Cooper pair is zero. For an attractive electron-electron in-

teraction, the bound state is symmetric upon exchange of electron positions,
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so it must be an antisymmetric singlet upon exchange of electron spins to

satisfy the pauli exclusion principle. Thus, at any instant of time, one can

think of the electrons in a Cooper pair as being in state
(
~ki ↑,−~ki ↓

)
, and

the wave function describing the pair consists of all states i occupied by the

pair during its lifetime. An attractive interaction between electrons results

in a potential energy contribution which is negative, and thus lowers the to-

tal energy of the system. The negative potential energy associated with the

Cooper pair is the binding energy of that pair.

In metallic superconductors , the attractive interaction between electrons

originates from the electron-phonon interaction, which is short range and

retarded in space-time. The lattice deformation resulting from the first elec-

tron takes a finite time to relax and thus a second electron can be influenced

by the lattice deformation at a later time. The attraction arising from the

electron-electron interaction overcomes the screened Coulomb repulsion be-

tween the electrons due to the presence of other electrons and ions in the

solid. This screening aids in reducing the natural Coulomb repulsion be-

tween two electrons, leading to an effective interaction which is relatively

short range compared with the unscreened Coulomb potential.

Since its considered that the free electrons condense into Cooper pairs,

its logical to assume that the free charge density ρe = 0 and the free current
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density Je = 0. While treating the problem of a nearly ferroelectric supercon-

ductor, one needs to take into account both superconducting and ferroelectric

properties. The equations for lattice vibration (Born-Huang equations) are

coupled with the equations for superconducting electrons in a local London

approximation and the transverse electromagnetic field. The NFE-Sc mate-

rials considered are Type II where λL > ξ. λL is the well known London

penetration depth and ξ is the coherence length. In this work, Birman and

Zimbovskaya did not consider the effect of the high background dielectric on

a vortex in this system.

3.2 The Model

The NFE-SC material is subjected to a transverse electric field. Maxwell’s

equations for the transverse macroscopic fields can be written as [31]

∇ ·B = 0;∇ ·D = 0;

∇× E +
1

c

∂B

∂t
= 0;

∇×H− 1

c

∂D

∂t
= 0,

(3.1)

with the corresponding equations of the medium taken as B = H + 4πM
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and D = E + 4πP = ε (ω) E.

A diatomic basis is considered for the host diatomic lattice. For the

diatomic ionic lattice under discussion, the macroscopic theory is fully em-

bodied in the following pair of equations[32];

d2w

dt2
= b11w + b12E;

P = b21w + b22E, (3.2)

where P and E are the dielectric polarization and the electric field, as

defined by the Maxwell’s equations (3.1.) Here w is the relative displacement

vector of the positive and negative ions, w = u+ − u− . The linearity of the

equations of motion for the diatomic lattice is an assumption analogous to

Hooke’s law in the theory of elasticity. The coefficients bij are frequency

dependent . A plane wave solution is sought for equation (3.2) in the form

exp(ik ·r− iωt) in the Long wave approximation. For these transverse waves,

in the ionic medium with a single resonance frequency ωTO the expression

for the dielectric function is obtained as

ε (ω) = ε∞
(ω2

LO − ω2)

(ω2
TO − ω2)

(3.3)

The b coefficients in equation (3.2) are expressed in terms of measurable
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constants as follows:

b11 = −ω2
0,

b12 = b21 =

(
ε0 − ε∞

4π

)1/2

ω0,

b22 =
ε∞ − 1

4π
.

(3.4)

In perovskites, cuprates or bronzes, one has to take into account the other

non-soft LO and TO modes. This is achieved by renormalizing ε∞ to some

effective value ε′∞ [33] where ε′∞ = ε∞
∏

i
′ω2
Li/ω

2
T i . The primed product

includes all oscillations except the soft mode. In this case, equation(3.3)

is modified with ε∞ replaced by ε′∞. The generalized Lyddane-sachs-Teller

(LST) relation[17], [33] is

ε0

ε∞
=
∏

i

ω2
Li

ω2
T i

(3.5)

In this generalized relation, all the oscillators, including the soft mode

are included in the product.

London equation[22] can be written as

∇×M =
1

c
Js = − 1

c2Λ
A = − nse

2

m∗c2
A (3.6)
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In this equation, A is the vector potential which obeys the London gauge

∂A

∂t
= −cE,∇×A = B (3.7)

Combining the equation (3.1), (3.6) and (3.7) the equation for the electric

field is obtained

∇× (∇× E) = − 1

c2
ε (ω)

∂2E

∂t2
− 4π

c2Λ
E (3.8)

This is a coupled equation between the soft-mode NFE oscillators and

the London supercurrent.

Reminding ourselves that the fields considered here are transverse and

a plane wave solution is sought here, we can write ∇ × ∇ × E = −∇2E,

equation (3.8) can be written as

−∇2E = k2E (3.9)

where

k2 =
ω2

c2
ε (ω)− 4π

c2Λ
(3.10)

In this equation if the London term is absent, it is the usual equation for

transverse phonon polaritons; on the other hand , if the displacement term

due to the polarization is absent , then the field attenuates at a distance

λ−1
L =

√
4π/c2Λ, where λL is the London penetration depth.
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Solution of equation (3.10) produces interesting results. Depending on the

sign of k, it is either real and the electromagnetic waves propagate through

the medium or imaginary and the wave damps with frequency dependent

penetration depth λ∗L where

λ∗L = λL

/(∣∣∣∣1− ω2

c2
ε (ω)λ2

L

∣∣∣∣)1/2

(3.11)

Figure 3.1 illustrates this. When ω = 0, λ∗L → λL, the usual London

Figure 3.1: Solution of the dispersion equation (3.10) for zero damping.
The intervals ωc1 < ω < ωTO and ω > ωc2 correspond to real root of the
equation,[9]

penetration depth. With the increase in frequency, λ∗L increases as well. At

ω = ωc1, k2 (ωc1) = 0 and λ∗L (ωc1) becomes infinite. This makes the field

uniform within the medium. For ωc1 < ω < ωTO, k2 < 0. In this case the

penetration depth again depends upon the frequency. This is equivalent to
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the Meissner effect. At ω = ωLO, ε (ωLO) = 0. Hence, λ∗L (ωLO) → λL. For

ωc1 < ωLO < ωc2, k
2 < 0 giving increasing λ∗L (ω), and at k2 (ωc2) = 0, a

uniform field. For ω > ωc2, k
2 > 0 and the wave propagates in the medium

again, as in a dielectric.

In short, equation (3.10) can be summarized as a function of frequency

and it describes the interesting behavior of the medium switching between

dielectric and superconducting as the frequency of the applied electromag-

netic field changes. For the frequency ranges described in the paragraph

above, the material behaves like a superconductor with frequency dependent

penetration depth λ∗L (ω). For x > λ∗L (ω), magnetic field B is excluded from

the sample. With change in frequency, the material switches to dielectric

behavior where the field propagates through the material with frequency de-

pendent real wave number as in a real dielectric material. One can conclude

that a quantum phase transition occurs between these two states driven by

the changing frequency.

In order to include damping, equation (3.3) can be modified by adding a

phenomenological damping coefficient Γ such as

ε(ω) =
ε′∞(ω2

L0 − ω2)

(ω2
T0 − ω2)− 2iωΓ

(3.12)

As shown on figure (3.2), including ”moderate” damping Γ of the soft-
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Figure 3.2: Solution of the dispersion equation (3.10) for non-zero damping
coefficient. For moderate damping, the ’anomalous’ frequency range still
exists. This is demonstrated in curve 1. With enhancement in Γ, such
frequency intervals disappear,[9]

mode oscillator changes the results quantitatively but the above qualitative

features remain the same.

The roots of this equation are,

ω1,2 = ωT0

√√√√1

2
N1 −

2Γ2

ω2
T0(1 + a2)

± 1

2

√
N2

2 −
4Γ2

ω2
T0(1 + a2)

N1 (3.13)

Here N1 =
[
1 + (1 + a2)

−1
]

, N2 =
[
1− (1 + a2)

−1
]

and a2 = ωLOε
′Λ/4π

is a dimensionless that can take on values of the order of unity in nearly

ferroelectric materials such as n− SrT iO3. Birman and Zimbovskaya go on

to study a semi-infinite medium and a thin film of the NFE-SC material. The

material of their choice is n − SrT iO3 for which the lattice, dielectric and

electronic data are available. In the following chapters, we study structure
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of vortices in NFE-SC thin film and film of finite thickness as well as the

non-local effects in the NFE-SC film. Hence its logical for us to give a review

of the electromagnetic theory of the NFE-SC film as proposed by Birman

and Zimbovskaya.

3.3 A Thin Nearly-Ferroelectric Superconduct-

ing Film

The film in consideration here occupies the region 0 ≤ z ≤ L . It has

thickness L and the term ’thin’ here indicates an infinite surface area (xy-

plane) rather than an infinitesimally thin film. An electromagnetic wave is

propagating in a direction normal to the film (along the z axis) at interface

z = 0. The electric field E is polarized along the x axis and the magnetic field

B is polarized along the y axis and have z dependence. The electromagnetic

field can be expanded in a Fourier series[34]

E (z) =
2

L

∞∑
N=0

(
1− 1

2
δN0

)
EN cos (kNz) +

2

L

∑
N=1

ẼN sin (kNz) (3.14)
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The expressions EN and ẼN are

EN =

∫ L

0

E(z) cos(kNz)dz;

ẼN =

∫ L

0

E(z) sin(kNz)dz; kN =
πN

L
.

Combined with the dispersion equation (3.10), the expressions become

EN =
λ∗2L

∓λ∗2L k2
N − 1

[
E ′(0)− (−1)NE ′(L)

]
;

ẼN =
λ∗2L

kN(∓λ∗2L k2
N − 1)

[
E(0)− (−1)NE(L)

]
. (3.15)

In equation (3.15), the ′−′ sign is used for frequency ranges where k2 < 0

and the ′+′ sign is when k2 > 0. Here the frequency range considered is when

k2 > 0, and δω = ωC1 − ωTO. The material exhibits dielectric like behavior

in this frequency range. No damping effect is considered here. Substitution

of equation (3.15) into (3.14) produces

Ex(0) =
iωλ∗L
c

By(0) cot

(
L

λ∗L

)
− iωλ∗L

c
By(L) sin−1

(
L

λ∗L

)
;

Ex(L) =
iωλ∗L
c

By(0) sin−1

(
L

λ∗L

)
− iωλ∗L

c
By(L) cot

(
L

λ∗L

)
(3.16)
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For the magnetic field, the solutions are

By(0) =
ic

ωλ∗L
Ex(0) cot

(
L

λ∗L

)
− ic

ωλ∗L
Ex(L) sin−1

(
L

λ∗L

)
;

By(L) =
ic

ωλ∗L
Ex(0) sin−1

(
L

λ∗L

)
− ic

ωλ∗L
Ex(L) cot

(
L

λ∗L

)
. (3.17)

The boundary conditions that govern the system at the interfaces z = 0

and z = L are fairly standard and can be written as

Eix(0) + Erx(0) = Etx(0);

Eix(0)− Erx(0) = By(0);

Ex(L) = By(L) (3.18)

These boundary conditions combined with equation (3.17) gives the ex-

pression for the reflection coefficient and transmission coefficient as

R =
1

1 + ρ2(ω) sin−2(L/λ∗L)
;

T =
ρ2(ω) sin−2(L/λ∗L)

1 + ρ2(ω) sin−2(L/λ∗L)
, (3.19)

where the function ρ (ω) can be written as

ρ(ω) =
2ck∗

ω

1

1− c2k∗2/ω2
. (3.20)
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Here k∗ = 1/λ∗L is the solution of the dispersion equation (3.10) in the ’ana-

malous’ frequency range ωC1 < ω < ωTO. When ω is very close to ωTO, then

k ∼= (ω/c)
√
ε . This corresponds to a polariton-phonon transverse wave.

Plots of the reflection coefficient and the transmission coefficient vs. nor-

malized frequency (ω/ωTO) produces very interesting result when λ∗L = L/(πN)

or the effective London penetration depth is in resonance with the Fourier

component k = kN . At resonance sin (L/λ∗) → 0 in equations (3.19) and

(3.20) making the reflection coefficient R = 0 and the transmission coefficient

T = 1. At this point the film becomes totally transparent to the propagat-

ing electromagnetic wave. In general when the quantity
√
ε (ω)− 4π/ω2Λ =√

ε̃ (ω) ≡ ñ (ω), the ”effective reflective index” of the film, goes to unity

the electromagnetic field goes through the film with zero reflection. Other

situations when R = 0 are when k = k0 = ω/c.

With the inclusion of damping, near the resonances, the expressions for

R and T are

R =
1

1 + ρ2(ω) + S2(ω) sin−2(L/λ∗L
′)

; (3.21)

T =
ρ2(ω) sin−2(L/λ∗L

′)

1 + ρ2(ω) + S2(ω) sin−2(L/λ∗L
′)
, (3.22)
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Figure 3.3: Transmission coefficient vs. normalized frequency for an NFE-Sc
film of thickness L in the anamalous frequency range ωc1 < ω < ωTO. The
parameters for SrT iO3 are used,[9].
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where

S(ω) = ρ(ω) cos

(
L

λ∗L
′

)
+
√

1 + ρ2(ω) sinh

(
L

λ∗L
′′

)
(3.23)

and 1/λ∗L = 1/λ∗L
′ + i/λ∗L

′′.

Here

1

λ∗L
′ ≈

√
ω2

c2
ε′ (ω)− 1

λ2
L

(3.24)

1

λ∗L
′′ ≈

(
2ωΓ

ω2
TO − ω2

)1/2
1

λL
(3.25)

With the inclusion of damping the anamalou effects in the frequency range

δω. It only slightly modifies the sharp resonances occurring at k = kN and

k = k0.

3.4 Application to N − SrT iO3

n−SrT iO3 can be considered a prototype of the NFE-SC material. the lattice

parameters, dielectric and electronic data are known for n − SrT iO − 3. It

is a widely studied material. The parameters[35], [36], [37] are

ε∞ = 5.5, ωLO = 5.2× 1012s−1,
Π′iω

2
Li

ω2
T i

= 4.1.
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Using the LST relation , at ∼1K

ωTO = 1.6× 1011s−1

and at 1K

ε(0) ∼ 2.25× 104.

The damping constant for the soft TO mode from equation (3.13) is measured

from optical line width Γ2/ω2
T0 ∼ 0.2

The effective mass is m∗ ∼ 10me. Here me is the free electron mass. For

doping, ns = 9× 1017cm−3

Figure (3.3) represents the transmission coefficient of n − SrT iO3 for

L = 2λL and L = 10λL. The peaks arise due to the complete propagation of

the transverse mode corresponding to the solution of the dispersion equation

(3.10). It is reasonable to predict that these picks can be observed exper-

imentally in any NFE-SC material in the appropriate frequency range and

temperature below the transition temperature Tc. Although the calculations

presented in this chapter are for n − SrT iO3, the general theory developed

by Birman and Zimbovskaya can be applied to any NFE-SC material such as

sodium tungsten bronzes and possibly high temperature cuperates. The main

assumption here is that all free careers condense into Cooper pairs, hence the

resulting coupled modes can be treated as ”phonon polaritons dressed by the



CHAPTER 3. NEARLY FERROELECTRIC SUPERCONDUCTORS104

supercurrent or electromagnetic waves in a London superconductor dressed

by the transverse optic waves (TO phonon)”. the system can be considered

undergoing a phase transition between the superconducting and the dielectric

states with the change in frequency.



Chapter 4

VORTEX STRUCTURE IN
NFE-SC: LONDON LIMIT

4.1 Introduction

The experimental report of high temperature superconductivity at Tc ∼ 90K

in the ’Sodium Tungsten Bronze’ materials in 1999 resulted in renewed in-

terest in the coexistence and competition of Superconductivity and ’Near-

Ferroelectricity’ . These bronzes are non-cuprates typified by NaxWO3 with

reported superconducting transition temperature around 90K for x ≈ 0.05;

other reported examples involve K, and Cs substituting for Na, with Tc’s in

the same range. It has long been known that the host tungsten oxide mate-

rial WO3 is ferroelectric with several phase transitions reported . Also many

years earlier Mattheis et.al. reported superconductivity in the bronzes with

much larger values of x ≈ 1 and Tc’s in the 3-5K range. Other well known

105
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cases of low temperature(Tc ≈ 1 K) superconductivity in impurity doped

perovskites such as n−SrT iO3 are also examples of ’Nearly-Ferroelectric Su-

perconductors’ (NFE-SC). We use this term to describe materials which have

high background static (or low frequency) dielectric coefficients(ε (0) ∝ 103

in SrT iO3) and which become superconducting when doped n or p.

Theoretical studies of microscopic mechanisms for superconductivity in

doped semiconductors including perovskite (high dielectric coefficient) di-

electrics were also initiated in the 1960’s by M.L. Cohen and collaborators

in the framework of Eliashberg theory, and have continued. In some recent

work a microscopic ’dynamical symmetry’ model for NFE-SC was proposed

which predicted, inter alia, a new magnetoelectric effect .

In this previous work on electrodynamics of NFE-SC, Birman and Zim-

bovskaya investigated the frequency-dependent optical response of such a

material especially near to the infra-red resonance frequency of the Trans-

verse Optical(lattice mode). In that work they found highly unusual behavior

of the London penetration depth of the fields depending on frequency: the

material can be tuned by changing the electromagnetic frequency to behave

as a conventional dielectric , a ’mixed’ dielectric superconductor, or a Lon-

don superconductor with more conventional Meissner effect. The predicted

frequency-dependent reflectivity showed a ’comb-like’ structure of peaks and
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dips.

In the present work we generalize the electromagnetic theory of a nearly

ferroelectric superconductor by including the vortices. General vortex struc-

ture as well as the interaction between the vortices are investigated.Properties

of vortices in the NFE-SC system in the framework of local ’London’ elec-

trodynamics are considered. In this chapter we take into account nearly

ferroelectric superconducting films of various thicknesses, namely, thin and

finitely thick. We explore the structure of a single vortex and the vortex-

vortex interaction in a nearly ferroelectric medium. The nearly-ferroelectric

nature of the matter with a high background dielectric constat renders sig-

nificant changes to the structure of the vortices in the material.

Although much work has been done on the electrodynamics of the NFE-

SC material, to the best of our knowledge the structure of a single vortex or

vortex-vortex interaction in such materials have not been investigated. This

work fills this gap.

4.2 Structure of a Single Vortex in an NFE-

SC Thin Film

A thin film is a film where the thickness of the film d is smaller than the

London penetration depth λL. In such thin films we consider the structure
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of the vortices as point vortices, similar to the Pearl vortices. London theory

assumes that all vortex cores (of radius ∼ ξ, the coherence length) to be sep-

arated and the Ginzberg-Landau (GL) parameter κ =
(
λ/ξ

)
� 1 to be large.

Hence the London theory is applicable to infinitely large superconductors. In

this chapter we investigate the structure of Pearl-like vortices [38] and their

interactions in a two dimensional scenario.

We consider a NFE-SC thin film of thickness d. A transverse magnetic

field H is applied to the film. The applied field considered here is strong

enough to form vortex structure in the film. The magnetic flux quanta φ0 =

ch/2e penetrate into the film in form of a single vortex.

We make the usual London assumption that the vortex is represented as a

one dimensional line singularity. With inclusion of the vortex the London-like

equation for the NFE-SC thin film can be written as[39], [40], [38]

h +
4πλ (ω)2

c
∇× j = φ0δ2 (r) ẑ (4.1)

where j is the current density and ẑ is the unit vector normal to the film.

δ2 (r) = δ (r)/πr is the two dimensional delta function in cylindrical coordi-

nates. Here

λ (ω) =
λL√∣∣1− ω2

c2
ε (ω)λ2

L

∣∣
as discussed in chapter three of this thesis[9]. Its the modified London pen-
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etration depth due to the presence of background dielectric.

The current density j (x, y, z) in thin films is nearly independent of the

z coordinate (perpendicular to the film) and the sheet current in the film is

thus J (x, y) =
d/2∫
−d/2

j (x, y, z) dz ≈ jd. For a thin film its reasonable to assume

that d � λ. Also the magnetic field can be written in therms of the vector

potential A such as h = ∇×A.

Considering these assumptions, equation (4.1) can be written as

A +
4πλ (ω)2

c

J

d
= φ̂ (4.2)

where φ̂ = (0, φ0/2πr, 0) .

Equation (4.2) can be written as

J =
cd

4πλ (ω)2

(
φ̂−A

)
(4.3)

In the thin film limit, one can replace the film with an infinitely thin current

carrying sheet in the plane z = 0. Te current density can then be written as

Jδ (z) Taking the curl of equation (4.2), we have the equation expressed in

London gauge as

−∇2A = (ϕ−A)
d

λ (ω)2 δ (z) (4.4)

We intend to take a Fourier transformation of the vector potential A.

The three dimensional Fourier transformation of the vector potential gives



CHAPTER 4. VORTEX STRUCTURE IN NFE-SC: LONDON LIMIT110

us

Aqk =

∫
Axyz exp (iqxx+ iqyy + ikz) dxdydz

and the two dimensional Fourier transformation is

Aq =

∫
Axyzδ (z) exp (iqxx+ iqyy) dxdydz

. Using the property dnf(t)
dtn

= (iω)n F (ω) of Fourier transform[41], the LHS

of equation (4.4) gives us

Fqk
[
∇2A (x, y, z)

]
= (iq)2Aqk = −

(
q2 + k2

)
Aqk

. Fourier transform of the first term of the RHS of equation (4.4) leads to

Fqk

[
φ (x, y)

d

λ2 (ω)
δ (z)

]
=

d

λ2 (ω)

∫
φ (x, y)δ (z) exp {−i (qxx+ qyy + kz)} dxdydz

=
d

λ2 (ω)

∫
φ (x, y) exp {−i (qxx+ qyy)} dxdy

=
d

λ2 (ω)

∫
φ (x, y) exp {−i (q · r)} dxdy

=
d

λ2 (ω)

∫
φ0

2πr
exp (−iqrr) rdrdθ =

d

λ2 (ω)

iφ0

q

Fourier transform of the second term of the RHS of equation (4.4) gives

us the following :
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Fqk

[
A (x, y, z)

d

λ2 (ω)
δ (z)

]
=

d

λ2 (ω)

∫
A (x, y, z)δ (z) exp {−i (qxx+ qyy + kz)} dxdydz

=
d

λ2 (ω)

∫
A (x, y)δ (z) exp {−i (qxx+ qyy)} dxdy

=
d

λ2 (ω)
Aq

Combining all the Fourier transformed terms, we obtain

(
q2 + k2

)
Aqk =

d

λ2 (ω)
(φq − Aq) (4.5)

Solving equation (4.5), we get

Aq = φq
1

1 + 2qd/λ2 (ω)
(4.6)

From this expression of the vector potential, one can extract all the neces-

sary information regarding the magnetic field and the current in the material.

The magnetic field can be calculated[22] by using

hzq = |iq×Aq|

=
φ0

1 + 2qλ2 (ω)/d
∼ ϕ0

2qλ2 (ω)/d

(4.7)
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From the previous work by Birman and Zimbovskaya[9], we recall comb-

like structure at resonances. The material properties are highly dependent

on the frequency of the applied field. At resonances the electromagnetic

wave passes through the material without reflection. Even though the film

has a thickness d, with the change in frequency the film behaves as if the

thickness fluctuates to accommodate or repel the external electromagnetic

field. We recall that λ (ω) includes the effect of the background dielectric.

Hence, we can modify the thickness of the film into something called ”effective

thickness”, from d to L (ω) such that the effective thickness is proportional

to the reflection coefficient

L (ω) = dR =
d

1 + ρ (ω)2 sin−2 (d/λ (ω))
(4.8)

Here R is the reflection coefficient as for the thin film as described in chapter

three.Taking into account the modified thickness of the film, the magnetic

field can be written as

hz (r) =
φ0d

4πλ2 (ω) r
[
1 + ρ (ω)2 sin−2 (d/λ (ω))

] (4.9)

We take the normalized frequency ω/ωTO = x and plot the dimensionless

magnetic field versus x. Here the damping constant Γ is taken as zero. The

plots are given in figures (4.1) and (4.2)
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Figure 4.1: A two dimensional view of the magnetic field vs. the normalized
frequency. At resonance the magnetic field goes to zero. The thickness of
the film considered here is d = 0.1λL

4.3 Vortex-Vortex Interaction in an NFE-SC

Thin Film

In a superconductor, Pearl vortices interact mainly via their stray field which

extends far into the vacuum and which in the film causes a current density

j that decreases as 1/r at large distances r . The force between two such

Pearl vortices with one quantum of flux φ0 is unscreened and of long range.

In case of a NFE-Sc film,the cores are normal electron (currents) which feel

each others effect through the dielectric function.

We consider two parallel line vortices on the z axis situated at r1 = (x1, y1)
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Figure 4.2: In this plot( L (ω) = Rd) the magnetic field goes to zero at certain
frequencies. At these frequencies the vortex disappears and the material
behaves like a regular dielectric.



CHAPTER 4. VORTEX STRUCTURE IN NFE-SC: LONDON LIMIT115

Figure 4.3: In this figure, magnetic field h is plotted as a function of nor-
malized frequency x and the distance from the vortex core r . The thickness
of the film here is d = 5λL. With the increase in thickness, the resonances
become more pronounced.

Figure 4.4: In this figure, magnetic field h is plotted as a function of normal-
ized frequency x . The thickness of the film here is d = 10λL.
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and r2 = (x2, y2). With two vortices equation (4.1) can be generalized as

h + λ (ω)2∇×∇× h = ϕ0 [δ (r− r1) + δ (r− r2)] (4.10)

The resulting magnetic field is a superposition of the individual fields due

to the filaments (1) and (2) such as

h (r, ω) = h1 (r, ω) + h2 (r, ω) (4.11)

Solution for the magnetic field can be written as[38]

h1 (r, ω) =
ϕ0

2πλ (ω)2K0

(
r − r1

λ (ω)

)
(4.12)

If one sets

h12 = h1 (r2, ω) = h2 (r1, ω) =
ϕ0

2πλ (ω)2K0

(
r1 − r2

λ (ω)

)
(4.13)

then the energy of interaction can be written as

U12 =
ϕ0

4π
h12 (r, ω) (4.14)
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4.4 Generalized Vortex Structure in an NFE-

SC Film of Finite Thickness

In this section we try a more generalized approach towards the NFE-SC mate-

rial by considering an NFE-SC film of finite thickness. We follow Agassi and

Cullen[10] who gave the expression for the magnetic field for a superconduct-

ing film of finite thickness. The approach here is based based on combining

London equation and Ampere law along with the transverse optical lattice

vibration. We modify the theory for a Nearly ferroelectric Superconductor

taking into account the high background static dielectric constant of the

material.

We consider a single pancake vortex with its core aligned along the z axis

and pointing in the ϕẑ direction (ϕ = ±1). The pancake vortex considered

here is cylindrical in geometry, hence we consider the cylindrical system of

coordinates here.

The symmetry between the domains makes it possible to consider only do-

mains (I) and (II). Here hIz (ρ, z) = hIIIz (ρ,−d− z) and hIρ (ρ, z) = −hIIIρ (ρ,−d− z)

The structure of vortex implies that the field needs to be investigated only

in the tangential ρ and the normal z directions. In case of a nearly ferro-

electric superconductor, the background dielectric effect is contained in the
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Figure 4.5: Schematic diagram of an NFE-SC film in the presence of a single
vortex. Shown are the chosen cylindrical system, the domains (I), (II) and

(III), the thickness d, the induction ~h (~r) field-lines flow and the cylindrical
shaft around the core-line at {x, y, z} = {0, 0,−d ≤ z ≤ 0},[10]

Figure 4.6: Cylindrical coordinate system
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effective London penetration depth or the frequency dependent penetration

depth λ (ω). Incorporating this factor, the equations for the magnetic field

h[22],[10] in regions I and II can be written as

∇2hIρ,z (ρ, z) = 0(
∇2 − β (ω)2)hIIz (ρ, z) = −ϕφ0β (ω)2 δ (ρ)(

∇2 − β2
)
hIIρ (ρ, z) = 0 (4.15)

where

β (ω) =
1

λ (ω)

and the frequency dependent penetration depth, as discussed in the chapter

for NFE-SC materials,

β (ω) =
λL√∣∣1− ω2

c2
ε (ω)λ2

L

∣∣
λL is the usual London penetration depth. From the condition ~∇ ·

~h = 0, it can be concluded that the tangential and the normal compo-

nents of the magnetic induction are related, and thsi relationship can be

found by considering the vector potential in the London gauge [22] ~A =

(Aρ = 0, Aϕ (ρ, z) , Az = 0). From calculations[10]

hρ = −1

ρ

ρ∫
0

dr
∂hz (r, z)

∂z
r (4.16)
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The boundary conditions complementing the equation above are the continu-

ity of hρ and hz across the z = 0 surface and that no field exists at |z| → ∞.

The set of equation (4.15) are solved by a Fourier-Bessel transformation. The

transformation takes into account the symmetries and the boundary condi-

tions. As shown in figure (4.5) and in coordinate system, the transformations

are[10]

hIz (ρ, z) =

∞∫
0

J0 (qρ)e−qzhIz (q) dq

hIIz (ρ, z, ω) = ϕ
φ0β (ω)2

2π
K0 (β (ω) ρ) +

∞∫
0

J0 (qρ)× cosh (D[q, ω] (z + d/2))

cosh (D[q, ω]d/2)
hIIz (q) dq

(4.17)

where

D[q, ω] =

√
q2 + β (ω)2

Here K0 (z) and J0 (z) are the modified and regular Bessel function of order

zero respectively. The effect of finite thickness of the film is contained in the

second term of equation (4.17) for hIIz (ρ, z, ω). Utilizing the integral results

[42], [10]
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∞∫
0

dx
xJ0 (ρx)

x2 + β2
= K0 (βρ)

∫
xJ0 (x)dx = xJ1 (x)

(4.18)

the magnetic field for the domains I and II can be written as [10]

hIz (q, ω) = ϕ
φ0β

2

2π
× q tanh (D[q, ω]d/2)

D[q, ω] (q +D[q, ω] tanh (D[q, ω]d/2))

hIIz (q, ω) = −ϕφ0β
2

2π
× q2

D2[q] (q +D[q, ω] tanh (D[q, ω]d/2))

(4.19)

Inserting equation (4.19) into equation (4.16) and 4.18) yields

hIρ (ρ, z, ω) =

∞∫
0

J1 (qρ)e−qzhIz (q, ω) dq

hIIρ (ρ, z, ω) = −
∞∫

0

J1 (qρ)

q

sinh (D[q, ω] (z + d/2))

cosh (D[q, ω]d/2)
×D[q, ω]hIIz (q, ω) dq

(4.20)

Equations (4.18), (4.19) and (4.20) constitute the vortex structure in a

film of arbitrary thickness d.
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4.4.1 The Half space Limit

For the half-space limit, we consider δ = d/λ→∞. In this limit tanh [z]→ 1

and cosh (D[q, ω] (z + d/2)) → exp [D[q, ω]z] can be replaced in equation

(4.17) , The expression for the dimensionless tangential and vertical compo-

nents are [10].

hIIz (ρ̃, ς)

φ0β2/2π
= K0 [ρ̃]−

∞∫
0

dvJ0 (vρ̃)eD[v]ς ×
{

v2

D2 [v] (v +D [v])

}
(4.21)

and

hIIρ (ρ̃, ς)

φ0β (ω)2/2π
=

∞∫
0

J1 (vρ̃)eD[v]ς

{
v

D [v] (v +D [v])

}
dv (4.22)

where D[v] =
√
v2 + 1. ρ̃ = βρ ≥ 0 , ς = β (ω) z ≤ 0 are the dimension-

less coordinates.

When |z|/λ� 1,deep inside the film only the first term of the equation(4.17)

survives. This is Abrikosov-like vortex structure. This effect is Meissner-like

in its nature. The delocalization effect due to the weakened screening capac-

ity are accounted for by substituting ς = 0 in(4.17). Using standard integral

results [42],[10] yields
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hIIz (ρ, z = 0; d =∞)

φ0β2/2π

=
1

2

{
I0

[
ρ̃

2

]
K0

[
ρ̃

2

]
− I1

[
ρ̃

2

]
K1

[
ρ̃

2

]}
(4.23)

and

hIIρ (ρ, z = 0; d =∞)

φ0β2/2π

=
1

8ρ̃2


I − 8e−ρ̃ (1 + ρ̃)

+ρ̃2

(
−I2

[
ρ̃

2

]
K0

[
ρ̃

2

]
+ I0

[
ρ̃

2

]
K2

[
ρ̃

2

])
(4.24)

The graphs represent a single vortex structure near the surface of the

film. As we can see, due to resonance, the magnetic field goes to zero at

certain point resulting the expulsion of the vortex from the material.x is the

normalized frequency. There is a mix of ferroelectric, superconducting and

Meissner-like effects here which needs further investigation.
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Figure 4.7: A single vortex in NFE-SC film of finite thickness. The magnetic
field goes to zero at resonance frequency thus expelling the vortex out of the
material

Figure 4.8: Variation of magnetic field with respect to the distance from the
vortex core as well as the frequency .



CHAPTER 4. VORTEX STRUCTURE IN NFE-SC: LONDON LIMIT125

Figure 4.9: Magnetic field vs. r and the normalized frequency x.



Chapter 5

NFE-SC THIN FILM IN
NONLOCAL PIPPARD LIMIT

In chapters three and four we discussed the electrodynamics of nearly fer-

roelectric superconductors in London limit. The approach was local, effects

from the surrounding were not considered. In this chapter we generalize this

theory further by considering a non-local approach. Scrieffer [11] investi-

gated specular and random scattering for superconducting films subjected to

a steady external magnetic field H0.

For a superconductor, a weak external magnetic field acts as a perturba-

tion on the ground state. Within the perturbation expansion one can show

that the following non-local relation between the supercurrent density j and

the vector potential A holds (in Coulomb gauge ∇ ·A = 0 )[43]:

126
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jα (r) = −
∑
β

∫ [
Rαβ (r − r′)− e2nS

m∗
δ (r − r′) δαβ

]
Aβ (r′) dr′

= −
∑
β

∫
Gαβ (r − r′)Aβ (r′) dr′ (5.1)

where e is the electron charge, nS is the super carrier density, m∗ is the

effective electron mass and ∇ × A = B[6]. The first term in the square

brackets, Rαβ, describes the paramagnetic response, whereas the second re-

flects the diamagnetic one. Gαβ is called the kernel. If the wave function

of the electronic ground state were ”rigid” with respect to all perturbations

(rather than only those which lead to transverse excitations), Rαβ would be

identically zero and equation (5.1) would reduce to the local j−A relation

jα (r) = − 1

µ0λ2
L

Aα (r) (5.2)

with µ0 the magnetic permeability of the vacuum[22][44]. This combined

with the London equation ∇×M = 1
c
JS yields, at a plane superconductor-

vacuum interface, the result of an exponentially suppressed magnetic field

B (z) = Bext exp (−z/λL) (5.3)

with the London penetration depth λL =
√

m∗

µ0e2nS
, which is the well known

result[22].
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However. Rαβ has a range of the order parameter of the Cooper pairs, i.e.,

of the coherence length ξ. The magnetic penetration depth sets the length

scale for the decay of the magnetization; for λ � ξ the spatial variation of

the vector potential A over the superconducting pairs is negligible and the

one-parameter local description of equation (5.2) holds. If ξ ≥ λ the full

non-local description has to be taken into account.

Using the Maxwell equations and the relation between A and B, equation

(5.1) transforms to an integro-differential equation

[∇×∇×A]α (r) = −
∑
β

∫
Gαβ (r − r′)Aβ (r′) d3r′ (5.4)

In the non-local Pippard electrodynamics the current is generally written

as[45],[46],

Js (r) =
−3

4πξ0Λc

∫
R [R ·A (r′)]

R4
e−R/ξd~r′ (5.5)

and

J (k) = −
[

3π2

ξ0Λck

]
2

(ξk)2

{[
1 + (ξk)2] tan−1 ξk − ξk

}
A (k)

' −
[

3π2

ξ0Λck

]
A (k) , ξk � 1 (5.6)

where R = r− r′ and 1
ξ

= 1
ξ0

+ 1
l
, l=mean free path in the normal state



CHAPTER 5. NFE-SC THIN FILM IN NONLOCAL PIPPARD LIMIT129

and ξ0=coherence length.

Equation (5.4) can be solved if the boundary conditions are known. For

two different boundary conditions a modified version of equation (5.4) has

been discussed which are specular reflection and random or diffuse scattering[11].

The equation is modified because we consider a nearly ferroelectric supercon-

ductor here.

In case of specular reflection, the electrons, Cooper pairs are perfectly

reflected from the interface where the incoming angle is equal to the outgoing

angle. In this case a Fourier transform method simplifies equation (5.4) for

us.

In case of diffuse scattering or random scattering, the electrons, Cooper

pairs loose all their memory upon scattering on the interface. This type of

scattering is mathematically the more difficult one.

We consider the electromagnetic wave propagating along the z-direction

with electric field E (r) polarized along the x-direction and the magnetic

field B (r) polarized along the y-direction. Lattice equations not including

the damping are[32],[47]

d2w

dt2
= b11w + b12E,P = b21w + b22E (5.7)
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where[32]

ε (ω) = ε∞
(ω2

LO − ω2)

(ω2
TO − ω2)

(5.8)

London gauge is

∇×A = B ,
∂A

∂t
= −cE (5.9)

Considering there are no free careers and all the careers in the system have

condensed into Cooper pairs, we have

∇×M =
1

c
Js (5.10)

Taking curl of Maxwell’s equation, we get

∇×
(
∇× E +

1

c

∂B

∂t

)
= 0 (5.11)

Further substitution gives us

−∇2E +
1

c2
ε (ω)

∂2E

∂t2
+

4π

c2

∂Js
∂t

= 0 (5.12)

Considering the London gouge ∂A
∂t

= −cE we can write down equation (5.12)

as

∇2A +
ω2

c2
ε (ω) A− 3

ξ0Λc2

∫
R (R ·A)

R4
e−R/ξdr′ = 0 (5.13)

This is the general integro-differential equation for the non-local nearly fer-

roelectric superconductors. We aspire to solve this for a thin film (where the

thickness is much smaller compared to the available surface area.)
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5.1 Specular Reflection in NFE-SC Thin Film

were not considered. In this chapter we generalize this theory further by

considering a non-local approach. Schrieffer [11] investigated specular and

random scattering for superconducting films subjected to a steady external

magnetic field H0. Although we follow Schrieffer’s approach, our approach

is significantly different in terms of the material studied, application of the

field and solving the system of equations numerically.

Figure 5.1: An NFE-SC film of thickness 2a is placed in an externally applied
magnetic field H (z, t). Supercurrent jx shields the interior,[11]

We consider an NFE-SC film of finite thickness 2a and infinite surface area

with normal to the surface in the z-direction. An external electro-magnetic



CHAPTER 5. NFE-SC THIN FILM IN NONLOCAL PIPPARD LIMIT132

field is applied parallel to the film surface in the direction y .The incident

electro magnetic field is also taken in the symmetrical form as[31]:

Ei(z, t) = x̂ (Ei exp (i(kzz − ωt)) + E?
i exp (−i(kzz − ωt))) (5.14)

The applied magnetic field can be written as H (z, t) = H0e
ikz−iωt

This external electric field creates nonlocal Pippard current in the sample.

Diamagnetic super currents are established along the x direction which shield

the interior of the film. Maximas for image current densities are established

at z = 0,±2a,±4a, ... etc[48],[11].

Figure 5.2: An array of image current sheets are induced because of the
supercurrent at positions z = 0,±2a,±4a, .. etc,[11]

Magnitude of the image surface current can be written as

σ =
cH0

2π
cos (kz) e−iωt (5.15)
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Fourier analysis of the image current sources give us the expression for

the source current density

jσx (z) =
−cH0

2πa

∞∑
n=0

e−iωt cos (kz) cos (qnz) (5.16)

where qn = (2n+ 1) π/a

Substituting the expressions above in the Maxwell’s equation

∇×H =
1

c

∂D

∂t
+

4π

c
Je (5.17)

we get

1

c

∂D

∂t
=

1

c

∂

∂t
(ε (ω) E) (5.18)

Substituting equation (5.9) leads us to

1

c

∂D

∂t
= −ω

2

c2
ε (ω) A (5.19)

The momentum space relation between J and A can be written as[22]

J (q) =
−c
4π
K (q) a (q) (5.20)

and

∇×H = ∇×∇×A = q2
nAx (qn) (5.21)

Combining all these terms, in momentum space,

q2
nAx (qn) = −ε (ω)

ω2

c2
Ax (qn)− 2H0

a
e−iωt −K (qn)A (qn) (5.22)
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Solving the equation gives us the expression for the vector potential

Ax (z) = −2H0

a

∞∑
n=0

e−iωt
cos (kz) cos (qnz)

q2
n +K (qn) + ω2

c2
ε (ω)

(5.23)

We shall calculate the magnetic susceptibility[49] of the thin film which

is given by

κ

κ0

=
1

2a

a∫
−a

H0e
ikz−iωt −Hy (z)

H0eikz−iωt
dz = 1− eiωt

2aH0

a∫
−a

e−ikz
∂A

∂z
dz (5.24)

For the thin film we can take the approximation eikz ∼ 1 . This gives us

−4πκ = 1− eiωt

2aH0

a∫
−a

∂A

∂z
dz = 1− eiωtA (a)

aH0

(5.25)

where κ0 ≡ −1/4π and we have used Ax (a) = −Ax (−a) due to symmetry.

With the increase in the thickness of the film , there would be more correc-

tions to the susceptibility and the integration in equation (5.24) has to be

calculated numerically.

Substituting the expression for Ax (z) in the equation above we obtain

the expression for magnetic susceptibility of a thin NFE-SC film for specular

reflection, such as

−4πκ = 1− 2 cos (2ka)

a2

∞∑
n=0

1

q2
n +K (qn) + ω2

c2
ε (ω)

(5.26)

where cos (qnz)|z=2a → 1
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5.2 Random Scattering

Due to symmetry, equation (5.13) can be reduced to an one dimensional

problem as

d2Ax (z)

dz2
+
ω2

c2
ε (ω)Ax (z)−

a∫
−a

G (z − z′)Ax (z′) dz′ = 0 (5.27)

where G (z − z′) is the Pippard kernel which in this case is defined as[45],

[46]

GP (z − z′) =
3π

ξ0Λc

∞∫
|z−z′|

(
1

η
− |z − z

′|2

η3

)
e−η/ξdη (5.28)

With separation of variables for Axi,Axr and Axt (incident,reflected and

transmitted or inside the film)

d2Axr (z)

dz2
+
ω2

c2
ε0Axr (z) = 0 (5.29)

d2Axt (z)

dz2
+
ω2

c2
ε (ω)Axt (z)−

a∫
−a

G (z − z′)Axt (z′)dz′ = 0 (5.30)

The boundary conditions are

Bi +Br = Bt,

Bi −Br = Et (5.31)

which could also be written as
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2Bi = Bt + Et =
∂Axt
∂z

∣∣∣∣
z=a

+

(
−1

c

)
∂Axt
∂t

∣∣∣∣
z=a

or

2B0e
ika−iωt =

∂Axt
∂z

∣∣∣∣
z=a

+
iω

c
Axt

∣∣∣∣
z=a

(5.32)

We assume that at the boundary the plane wave part is still dominant.We

are looking for the vector potential Axt(z) inside the medium. So we have

the integro-differential equation only for Axt. At this point we can drop the

suffix t for the transmitted wave and we are left with

d2Ax (z)

dz2
+
ω2

c2
ε (ω)Ax (z)−

a∫
−a

G (z − z′)Ax (z′) dz′ = 0 (5.33)

for the vector potential Ax(z) inside the medium.

At this point let us introduce the following functional:

F (x,A (x) , A′ (x)) =
1

2

(
dA

dx

)2

− 1

2

ω2

c2
ε (ω)A2+ (5.34)

+
1

2

a∫
−a

A (x)A (y)G (x− y) dy − 2B0e
ika−iωt

(
dA

dx
+
iω

c
A
dA

dx

)

A variational equivalent of equation (5.33) with the boundary conditions

(5.32) can be written as

δI = δ

a∫
−a

F (x,A (x) , A′ (x))dx = 0 (5.35)
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where the use of the functional F in the Euler-Lagrange equation[50], [51]

leads us back to equations (5.32) . We have used the following condition

∂F (a)

∂y′1
+
∂F (a)

∂y′2
+
∂g (a)

∂y1

+
∂g (a)

∂y2

= 0 (5.36)

with g(a) = 0 in our case. Substituting F in equation (5.35) we get

δ

1

2

a∫
−a

(
dA

dx

)2

dx− 1

2

ω2

c2
ε (ω)

a∫
−a

A2dx


+δ

1

2

a∫
−a

a∫
−a

A (x)A (y)G (x− y) dxdy


−δ

2B0e
ika−iωt

a∫
−a

(
dA

dx
+
iω

c
A
dA

dx

)
dx

 = 0 (5.37)

We choose a trial function of the form

A (z) =
∑
n,odd

Cnz
n (5.38)

After substituting into equation 5.37, we have the algebraic equation

∑
n,odd

Cn

(∑
m,odd

Cm

(
nman+m−1

n+m− 1
− ω2

c2
ε (ω)

an+m+1

n+m+ 1
+Gmn

)
− 4B0e

ika−iωtan

)
= 0

(5.39)

or

∑
m,odd

Cm

(
nman+m−1

n+m− 1
− ω2

c2
ε (ω)

an+m+1

n+m+ 1
+Gmn

)
= 4B0e

ika−iωtan

(5.40)
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where

Gmn =

a∫
−a

a∫
−a

xmynG (x− y) dxdy

Within the non-local theories such as BCS and Pippard, there is no ana-

lytical formula available for the magnetic field h (z). It has to be calculated

numerically. Equation (5.40) can lead to approximate solution for the vec-

tor potential and ultimately the magnetic field. But we solved the integro-

differential equation (5.27) using powerful programming techniques in Math-

ematica, which lead us to elegant solution for the magnetic field inside the

sample.

We start with the integro-differential equation (5.27)

d2Ax (z)

dz2
+
ω2

c2
ε (ω)Ax (z)−

a∫
−a

G (z − z′)Ax (z′) dz′ = 0

with the Pippard Kernel given by equation(5.28) as

GP (z − z′) =
3π

ξ0Λc

∞∫
|z−z′|

(
1

η
− |z − z

′|2

η3

)
e−η/ξdη

We introduce a set of dimensionless variables such as [12]

s = η/ξ
∆ = 2a/ξ
α = 3πξ3/(ξ0Λc)
F (s) = Ax (z)/(ξHext)
k (|s|) = ξ0ΛcG (|z|)/(3π)
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and

ω2
LO/ω2

TO = ε0/ε∞ = ε′

ω/ωLO = ω′

β′′ = ω2
LOε

′ξHextε∞/c2 = ω2
0ε0ξHext/c

2

β (ω) = β′′ω′2 (1− ω′2)/(1− ε′ω′2)

which transforms the integro-differential equation (5.27)

F ′′ (s)− β (ω)F (s) = α

∆∫
0

k (|s− s̃|)F (s̃) ds̃ (5.41)

F ′ (0) = F ′ (∆) = 1 (5.42)

F (0) = 1/2 (5.43)

where the prime symbol ’on F indicates the derivative w.r.t. s. F (s) can

be written as[49], [52],[12]

F (s) = ψ (s)− ψ (∆− s) (5.44)

The film thickness ∆ is divided into n intervals such as l = ∆/n [53]. For

convenience, we write ψ (k.l) = ψk, (k = 0, ..., n). The second derivative of

this expression can be approximated as

ψ′′k '
1

l2
(ψk+1 − 2ψk + ψk−1) +

β (ω)

c2
ψk (5.45)

The following identities are used [54], [53], [55]:
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v (s) = −v (−s) =

s∫
0

k (|t|)dt

=
2

3
+

1

6
e−s [s (s− 1)− 4]− 1

6
s
(
s2 − 6

)
Γ (0, s) (5.46)

We also define

w (s) = w (−s) =

s∫
0

v (t) dt

=
1

12
(8s− 3) +

1

24
e−s
(
s3 − s2 − 10s+ 6

)
− 1

24
s2
(
s2 − 12

)
Γ (0, s) (5.47)

for s ≥ 0. The gamma function is defined as

Γ (a, s) =

∞∫
s

ta−1e−tdt (5.48)

The behavior of the w, v and Γ function are presented in figure (5.3) From

the identities above, it follows that k (s) = v′ (s) = w′′ (s), hence

∆∫
0

k (|s− s̃|)ψ (s̃) dt = v (|s− s̃|)ψ (s̃)|∆0 −
∆∫

0

k (|s− s̃|)ψ (s̃) dt

= vn−iψn − v−iψ0 −
n−1∑
k=0

1

l
(ψk+1 − ψk) (wk+1−i − wk−i) (5.49)
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Figure 5.3: Behavior of w, v and Γ functions used in the calculation, [12]

Equations (5.46) and (5.49) together with equation (5.41) lead us to the

set of linear equations such as

1

αl2

[
ψi+1 −

(
2 + β′′ω′2

1− ω′2

1− ε′ω′2

)
ψi + ψi−1

]
=

ψ0

[
−v−i +

1

l
(w1−i − w−i)

]
+

n−1∑
k=0

ψk
1

l
[wk+1−i − 2wk−i + wk−1−i] + ψn

[
vn−i −

1

l
(wn−i − wn−i−1)

]
(5.50)

The boundary conditions should be formulated in such a manner so as to
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satisfy the condition that the current should remain in the boundary of the

sample. It can be written as

ψ′ (0) =
1

2l
[−3ψ0 + 4ψ1 − ψ2] = 0 (5.51)

ψ′ (∆) =
1

2l
[−3ψn − 4ψn−1 + ψn−2] = 1 (5.52)

The equations can be written in the matrix form as

(D − C)ψ = d (5.53)

where

D =
1

αl2



0 0 0 . . . 0 0 0
1 −2 + f (ω) 1 0 . . . 0 0
0 1 −2 + f (ω) 1 0 . . . 0
. . . . . . . . .
. . . . . . . . .
. . . . . . . . .
0 0 . . . 0 1 −2 + f (ω) 1
0 0 0 . . . 0 0 0


(5.54)

Here

f (ω) = β′′ω′2
1− ω′2

1− ε′ω′2
(5.55)

The C matrix can be written as
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C =



−3/(2l) 4/(2l) −1/(2l) 0 . . . 0 0
a1 c11 c21 c31 . . . cn−1,1 b1

a2 c12 c22 c32 . . . cn−1,2 b2

. . . . . . . . .

. . . . . . . . .

. . . . . . . . .
an−1 c1,n−1 c2,n−1 c3,n−1 . . . cn−1,n−1 bn−1

0 0 . . . 0 1/(2l) −4/(2l) 3/(2l)


(5.56)

Matrix elements a, b, and c in the C matrix are the following:

ai =

[
−v−i +

1

l
(w1−i − w−i)

]
bi =

[
vn−i −

1

l
(wn−i − wn−i−1)

]
cki = [wk+1−i − 2wk−i + wk−1−i] (5.57)

The d matrix in equation (5.53) is

d =
[

0 0 0 . . . 0 0 1
]

(5.58)

with n+ 1 elements.

We solved this system of equations using Mathematica. To the best of our

knowledge, the software developed here is one of the most efficient methods

to solve integro-differential equations and the results given here represent
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the distribution of current in an NFE-SC Thin film in various frequency

range. The plots are normalized current vs. normalized frequency. In stan-

dard superconducting film in the non-local Pippard limit, supercurrent does

not penetrate inside the sample and has the highest value at the boundary.

However, in an NFE-SC material with its high background dielectric, the

current enters the medium unlike a regular superconductor. At certain fre-

quencies, the magnetic field is expelled from the interior of the NFE-SC film

thus making it behave like a standard superconductor. We have given all the

numerical parameters and data for the current here, which can be verified by

any suitable experiment on NFE-SC films.

We also compare the nature of current inside an NFE-SC sample to that

of a regular superconductor to show the stark difference between these two

similar yet different materials. Figure (5.7) represents the current potential

A within a superconducting film. The value of A inside the sample remains

zero indicating exclusion of magnetic filed from the interior.
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Figure 5.4: Normalized current vs. normalized frequency for ω = 0 and ω =
0.1. As can be seen here, near the boundary of the sample, the current has
a higher value. Inside the sample, the current penetrates unlike a standard
superconductor.
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Figure 5.5: Normalized current vs. normalized frequency for the normalized
frequencies ω = 0.5 and ω = 0.8. At ω = 0.5, the current is nearly expelled
from the sample like a standard superconductor.
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Figure 5.6: Normalized current vs. normalized frequency for ω = 0.9. The
current maintains a non-zero value inside the sample.

Figure 5.7: A linear finite approximation to the current potential in Pippard’s
nonlocal superconductivity model. Image source [13]



Summary

We explored the vortex structure in a nearly-ferroeletric thin film and film of

finite thickness in London limit. The NFE-SC material having a high back

ground dielectric expels the vortex structure from the sample at resonances

thus exhibiting the nearly-ferroelectric behavior. In our work on NFE-SC

material in nonlocal Pippard limit, we studied the specular and random

reflection for a thin film. We found that the current penetrates the sample

unlike a standard superconductor. At certain frequencies it gets nearly-

expelled from the sample thus rendering its behavior superconductor-like.
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Appendix A

Codes used in solving Non-local
Random Reflection

The numerical implementation of the equations in Chapter 4 is done in Math-

ematica and the codes are given below:

Solution for the current in an NFE-SC Thin film in the Pippard limit.

PsiOmega[CapitalDelta_, bEta_, NumberOfItterations_, \[Omega]_] :=

Module[

{v, w,

lEngth = CapitalDelta/NumberOfItterations,

a, b, c,

DMatrix, dMatrix, CMatrix, aa, bb, cc},
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v[s_ /; s > 0] := 2/3 + Exp[-s]/6 (s (s - 1) - 4) -

(s (s^2 - 6))/6 Gamma[0, s];

v[s_ /; s < 0] := -(2/3 + Exp[s]/6 (-s (-s - 1) - 4) -

(-s (s^2 - 6))/6 Gamma[0, -s]);

v[0] = 0;

w[s_ /; s > 0] := 1/12 (8 s - 3) + 1/24 Exp[-s] (s^3 - s^2 - 10 s + 6) -

1/24 s^2 (s^2 - 12) Gamma[0, s];

w[s_ /; s < 0] :=

1/12 (8 (-s) - 3) + 1/24 Exp[s] ((-s)^3 - s^2 + 10 s + 6) -

1/24 s^2 (s^2 - 12) Gamma[0, -s];

w[0] = 0;

a = Array[(-v[-#*lEngth] + (w[1 - #*lEngth] - w[-#*lEngth])/lEngth) &,

NumberOfItterations - 1] // N;

b = Array[(v[

NumberOfItterations - #*

lEngth] - (w[NumberOfItterations - #*lEngth] -

w[NumberOfItterations - 1 - #*lEngth])/lEngth) &,

NumberOfItterations - 1] // N;

c = Array[(w[#2*lEngth +
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1 - #1*lEngth] - (2 + (bEta*(\[Omega]^2)*(1 - \[Omega]^2)/(1 -

4.1*\[Omega]^2)))*w[#1*lEngth - #2*lEngth] +

w[#1*lEngth - 1 - #2*lEngth])/lEngth &, {NumberOfItterations - 1,

NumberOfItterations - 1}] // N;

DMatrix =

SparseArray[{{1, 1} -> 0, {1, 2} ->

0, {NumberOfItterations + 1, NumberOfItterations + 1} -> 0,

{NumberOfItterations + 1, NumberOfItterations} -> 0, Band[{1, 1}] -> -2,

Band[{2, 1}] -> 1, Band[{1, 2}] -> 1}, {NumberOfItterations + 1,

NumberOfItterations + 1}];

dMatrix =

SparseArray[(NumberOfItterations + 1) -> 1, NumberOfItterations + 1];

Module[

{tempMatrixUpper =

SparseArray[{1 -> -3, 2 -> 4, 3 -> -1},

NumberOfItterations + 1]/(2 lEngth),

tempMatrixLower =

SparseArray[{(NumberOfItterations + 1) -> 3,

NumberOfItterations -> -4, (NumberOfItterations - 1) -> 1},

NumberOfItterations + 1]/(2 lEngth)},
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CMatrix =

Prepend[Append[Transpose[Prepend[Append[c, b], a]], tempMatrixLower],

tempMatrixUpper]];

LinearSolve[DMatrix - CMatrix, dMatrix]

];

GraphicsColumn[

Table[ListLinePlot[

PsiOmega[10, 0.1, 100, \[Omega]] -

Reverse[PsiOmega[10, 0.1, 100, \[Omega]]], Filling -> Axis,

PlotRange -> All,

AxesLabel -> {\[CapitalDelta]/

s, ( -Subscript[\[Mu], 0] \[Lambda]^2/\[Zeta] Subscript[B,

ext]) Subscript[J, y]},

PlotLabel ->

"\[Beta]’’=" <> ToString[0.1] <> ", \[Omega]=" <>

ToString[\[Omega]]], {\[Omega], {0.0, 0.1, 0.5, 0.8, 0.9}}]]
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